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Abstract
We study correlation functions of the probabilistic
Schwarzian field theory.We compute cross-ratio correla-
tion functions exactly in the case when the correspond-
ingWilson lines do not intersect, confirming predictions
made in the physics literature via limit of the confor-
mal bootstrap and the DOZZ formula. Moreover, we
prove that these correlation functions characterise the
measure uniquely. We use them to define and com-
pute the stress-energy tensor correlation functions, and
demonstrate, in particular, that these agree with the
results obtained earlier by formal differentiation of the
partition function.
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1 INTRODUCTION ANDMAIN RESULTS

1.1 Introduction

Recently, the Schwarzian field theory has attracted a lot of attention in the physics literature. It
appears in the study of the AdS/CFT correspondence as a holographic dual of Jackiw–Teitelboim
(JT) gravity in the disk [24, 32, 36]. The Schwarzian field theory also emerges in the low energy
limit of the Sachdev–Ye–Kitaev (SYK) random matrix model (for example, see [25, 31]), and is
related to Liouville CFT, infinite-dimensional symplectic geometry, representation theory of the
Virasoro algebra and 2D Yang–Mills.
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In our companion paper [5] we have defined and proved uniqueness and existence of a finite
measure on Dif f 1(𝕋)∕PSL(2, ℝ), which corresponds to the Schwarzian field theory. The exis-
tence part follows the plan proposed in physics in [6, 7]. We have also rigorously computed its
partition function (that is, total mass) using methods of stochastic analysis. The obtained result
for the partition function agrees with the formula derived non-rigorously in [38] using a formal
application of the Duistermaat–Heckman theorem on the infinite-dimensional symplectic space
Dif f 1(𝕋)∕PSL(2, ℝ).
In this paper we continue the study of this measure and rigorously compute a natural class of

correlation functions of cross-ratio observables. These correlation functions were originally for-
mally derived in physics in [33] by taking a 𝑐 → ∞ limit of two-dimensional (2D) Liouville CFT
and, in particular, a limit of the DOZZ formula. Our results match the formulae obtained in [33].
Moreover, we prove that the computed correlation functions determine the measure uniquely,
which further confirms that the measure defined in [5] corresponds to the Schwarzian field the-
ory studied in the physics literature. This uniqueness theorem complements characterisation of
the measure via change of variables formula which was obtained in [5]. In addition, we show that
using these observables we can make sense of and compute the stress-energy tensor correlation
functions, using a procedure similar to one proposed in [33]. We also prove that the stress-energy
tensor correlation functions calculated this way agree with values obtained by differentiation of
the partition function, as proposed in [38] and carried out in [5]. This, in particular, proves a
conjecture from [33].
Formally, the measure corresponding to the Schwarzian field theory is supported on the

topological space Dif f 1(𝕋)∕PSL(2, ℝ) with density (see [38, (1.1)])

dℳ𝜎2(𝜙) = exp

{
+
1

𝜎2 ∫𝕋
[𝜙(𝜏) + 2𝜋2𝜙′ 2(𝜏)

]
d𝜏

}∏
𝜏∈𝕋

d𝜙(𝜏)

𝜙′(𝜏)

PSL(2, ℝ)
, (1)

where 𝜙(𝜏) is the Schwarzian derivative of 𝜙 given by

𝜙(𝜏) = (𝜙, 𝜏) =
(
𝜙′′(𝜏)

𝜙′(𝜏)

)′

−
1

2

(
𝜙′′(𝜏)

𝜙′(𝜏)

)2

. (2)

Here, 𝕋 = [0, 1]∕{0 ∼ 1} is the unit circle, Dif f 1(𝕋) is the space of 𝐶1 orientation preserving dif-
feomorphisms of 𝕋, and PSL(2, ℝ) is the group of Möbius transformations of the unit disk (that
is, conformal isomorphisms of the unit disk) restricted to the boundary which is identified with
𝕋. The group PSL(2, ℝ) acts on Dif f 1(𝕋) by post-compositions. Following [38] we call it a right
action, since in [38] it is interpreted as an action on the inverse elements. We denote the quotient
of Dif f 1(𝕋) by this action of PSL(2, ℝ) by Dif f 1(𝕋)∕PSL(2, ℝ), with the topology inherited from
𝐶1 topology on Dif f 1(𝕋). Heuristically, the formal density (1) only depends on the orbit of this
action and the quotient by PSL(2, ℝ) therefore makes sense. In Section 2 we recall the rigorous
construction of the measure corresponding to the Schwarzian field theory, carried out in [5].
In our investigation of correlation functions we consider bi-local observables given by cross-

ratios

(𝜙; 𝑠, 𝑡) = 𝜋
√
𝜙′(𝑡)𝜙′(𝑠)

sin (𝜋[𝜙(𝑡) − 𝜙(𝑠)])
, 𝑠, 𝑡 ∈ 𝕋. (3)
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These observables are defined for 𝜙 ∈ Dif f 1(𝕋) and are invariant under the PSL(2, ℝ) action;
see Proposition 20. Therefore, these cross-ratios naturally induce well-defined observables on
Dif f 1(𝕋)∕PSL(2, ℝ), for which we use the same notation. Correlations of these observables are
predicted to correspond to boundary-anchored Wilson line correlators in the JT gravity [10]. It
is also predicted that these correlations describe the boundary-to-boundary propagator of a mas-
sive particle in the metric formulation of JT gravity [24]. These observables are also known to be
related to the Green’s function of the SYK model [4, 35].
We rigorously compute cross-ratio correlation functions in the case when Wilson lines (lines

connecting 𝑠 and 𝑡 on the circle) do not intersect; see Figure 2a. In this case we call a set of observ-
ables non-interlaced; see Section 1.2. Moreover, we prove that the computed correlation functions
characterise the measure uniquely. Our methods rely on stochastic analysis and, as far as we
know, differ from themethods existing in the physics literature. In particular, we prove our results
directly, without relying on the 2D Liouville theory, and the DOZZ formula, which was rigorously
proved only recently in [28].
Furthermore, these observables are related to the stress-energy tensor of the Schwarzian field

theory. Formally, the stress-energy tensor is given by the Schwarzian derivative ( tan(𝜋𝜙), ⋅) =
𝜙(𝜏) + 2𝜋2𝜙′ 2(𝜏), which is connected to observables (3), at least for sufficiently smooth 𝜙, by

(
𝜋
√
𝜙′(𝑡)𝜙′(𝑠)

sin (𝜋[𝜙(𝑡) − 𝜙(𝑠)])

)2

= (𝑡 − 𝑠)−2 +
1

6
(tan(𝜋𝜙), 𝜏) + 𝑜(1), as 𝑡 − 𝑠 → 0. (4)

Even though regularity of diffeomorphisms under dℳ𝜎2 is not sufficient for the Schwarzian
derivative to exist, this relation can be used on the level of correlation functions. In Section 1.3 we
show that the corresponding limits of correlation functions exist, andwe compute them explicitly.
We show that this limit coincides with formulae obtained by differentiating the partition function
in [5], in particular confirming the conjecture from [33], which was checked numerically there.

1.2 Diagrammatic representation on 𝕋

In order to formulate the main results we develop a diagrammatic language. To a given set of
observables we associate a diagram in a disk, where every observable is represented with a chord.
Let

{(𝜙; 𝑠𝑗, 𝑡𝑗)}𝑁𝑗=1 be a set of observables. Given this set we draw a unit circle and all the
points {𝑠𝑗}𝑁𝑗=1 and {𝑡𝑗}

𝑁
𝑗=1

on it. For all 1 ⩽ 𝑗 ⩽ 𝑁 we connect the point 𝑠𝑗 with the point 𝑡𝑗 with a
line segment. These line segments also correspond to Wilson lines; see [10, 24].

Definition 1. We say that a set of observables
{(𝜙; 𝑠𝑗, 𝑡𝑗)}𝑁𝑗=1 is non-interlaced if interiors of

all drawn chords (Wilson lines) in the corresponding diagram are pairwise non-intersecting.

Figure 1 gives examples of graphic representations of two observables being interlaced and non-
interlaced.
Let

{(𝜙; 𝑠𝑗, 𝑡𝑗)}𝑁𝑗=1 be a set of non-interlaced observables. The 𝑁 drawn chords on the cor-
responding diagram divide the unit disk into 𝑁 + 1 connected domains. We number them with
integers from 1 to𝑁 + 1. For each𝑚 ∈ {1,… ,𝑁 + 1}we associate a Fourier variable 𝑘𝑚 to domain
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F IGURE 1 An example of two observables.

F IGURE 2 A diagrammatic representation of Fourier variables.

number𝑚. We also let 𝜏𝑚 be the total length of all arcs (parts of the initial circle) which form the
boundary of the𝑚th domain (see Figure 2a).
For each 𝑗 ∈ {1, …𝑁}we define𝑤1(𝑗) and𝑤2(𝑗) to be the Fourier variables corresponding to the

domains that contain the line segment connecting 𝑠𝑗 with 𝑡𝑗 in their boundaries (see Figure 2b).
All formulae will be symmetric in 𝑤1 and 𝑤2, so the exact order does not matter.

Definition 2. For all 𝑙, 𝑘, 𝑤 ∈ ℝ we define Γ(𝑙 ± 𝑖𝑘 ± 𝑖𝑤) as

Γ(𝑙 ± 𝑖𝑘 ± 𝑖𝑤) ∶= Γ(𝑙 + 𝑖𝑘 + 𝑖𝑤)Γ(𝑙 + 𝑖𝑘 − 𝑖𝑤)Γ(𝑙 − 𝑖𝑘 + 𝑖𝑤)Γ(𝑙 − 𝑖𝑘 − 𝑖𝑤). (5)

Remark 3. For any 𝑙 > 0, the function Γ(𝑙 ± 𝑖𝑘 ± 𝑖𝑤) is non-negative, since Γ(𝑧)Γ(𝑧̄) = |Γ(𝑧)|2.
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Remark 4. It is well known (see, for example, [19, 8.332, 8.331.1]) that for all positive integers 𝑛
and 𝑥 ∈ ℝ,

||Γ(1 + 𝑛 + 𝑖𝑥)||2 = 𝜋𝑥

sinh(𝜋𝑥)

𝑛∏
𝑘=1

(
𝑘2 + 𝑥2

)
, (6)

||||Γ( 1

2
+ 𝑛 + 𝑖𝑥

)||||2 = 𝜋

cosh(𝜋𝑥)

𝑛∏
𝑘=1

((
𝑘 − 1

2

)2
+ 𝑥2

)
. (7)

Using the diagrammatic language we can now formulate the main result about the correlation
functions, confirming predictions from [33].

Theorem 1. For𝑁 ⩾ 0 let
{(𝜙; 𝑠𝑗, 𝑡𝑗)}𝑁𝑗=1 be a set of non-interlaced observables, and {𝑙𝑗}𝑁𝑗=1 be a

set of positive integers. Let also {𝑘𝑚}𝑁+1𝑚=1
and {𝜏𝑚}𝑁+1𝑚=1

be as above. Then

∫
Dif f 1(𝕋)∕PSL(2,ℝ)

𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)
dℳ𝜎2(𝜙) = ∫ℝ𝑁+1

+

𝑁∏
𝑗=1

Γ

(
𝑙𝑗

2
± 𝑖𝑤1(𝑗) ± 𝑖𝑤2(𝑗)

)
2𝜋2 Γ(𝑙𝑗)

⋅
(
𝜎2

2

)𝑙𝑗

×

𝑁+1∏
𝑚=1

exp

(
−
𝜏𝑚𝜎

2

2
⋅ 𝑘2𝑚

)
sinh(2𝜋𝑘𝑚) 2𝑘𝑚 d𝑘𝑚, (8)

where the integral on the right-hand side converges absolutely.

Remark 5. Taking 𝑁 = 0 gives a formula for the total mass of the measure dℳ𝜎2 , which agrees
with the result first proposed in [38] and obtained rigorously in [5].

Remark 6. This is also true for 𝑙𝑗 = 0 if we interpret

Γ(±𝑖𝑘 ± 𝑖𝑤)

2𝜋2 Γ(0)
∶=

𝛿(𝑘 − 𝑤)

sinh(2𝜋𝑘) 2𝑘
, (9)

where 𝛿(⋅) is the delta function.

As an immediate corollary we obtain formulae for moments of the observables.

Corollary 7. For positive integers 𝑙 the moments of observables are given by

∫  𝑙(𝜙; 𝑠, 𝑡) dℳ𝜎2(𝜙) = ∫ℝ2
+

Γ
(
𝑙

2
± 𝑖𝑘1 ± 𝑖𝑘2

)
2𝜋2 Γ(𝑙)

⋅
(
𝜎2

2

)𝑙

× exp

(
−
(𝑡 − 𝑠)𝜎2

2
⋅ 𝑘21 −

(1 − (𝑡 − 𝑠))𝜎2

2
⋅ 𝑘22

)
sinh(2𝜋𝑘1) 2𝑘1 sinh(2𝜋𝑘2) 2𝑘2 d𝑘1 d𝑘2. (10)

As another useful corollary we show that all observables have exponential moments.
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Proposition 8. For any 𝜎 > 0 and any 𝑠 ≠ 𝑡 ∈ 𝕋,

∫ exp
{
8

𝜎2
(𝜙; 𝑠, 𝑡)} dℳ𝜎2(𝜙) < ∞. (11)

Remark 9. The constant 8∕𝜎2 in the exponential is sharp.

We demonstrate that the computed correlation functions determine the measure uniquely.
Recall that the topology of Dif f 1(𝕋)∕PSL(2, ℝ) is inherited from 𝐶1 topology on Dif f 1(𝕋).

Theorem 2. Let  be a Borel measure on Dif f 1(𝕋)∕PSL(2, ℝ). Suppose that for any𝑁 ⩾ 0, any set{(𝜙; 𝑠𝑗, 𝑡𝑗)}𝑁𝑗=1 of non-interlaced observables, and any set {𝑙𝑗}𝑁𝑗=1 of positive integers we have
∫

𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)
d(𝜙) = ∫

𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)
dℳ𝜎2(𝜙). (12)

Then for any Borel set 𝐴 ⊂ Dif f 1(𝕋)∕PSL(2, ℝ) we have

(𝐴) = ℳ𝜎2(𝐴). (13)

Remark 10. In this work we only consider non-interlaced observables. It would be interesting to
compute general correlation functions. It is expected that we get similar formulae, where every
crossing contributes an extra factor, called 6𝑗-symbol; see [10, 24, 33]. Theorem 2 tells us that, in
principle, it should be possible to deduce this from the correlation functions already computed in
Theorem 1.

The theorem above further confirms that the measure defined and constructed in [5] coincides
with the Schwarzian field theory studied in the physics literature. This uniqueness theorem com-
plements characterisation of the Schwarzianmeasure via change of variables formula established
in [5].

1.3 Stress-energy tensor

In this section we make sense of the stress-energy tensor correlation functions studied in [38].
Formally, in Schwarzian field theory the stress-energy tensor is given by the Schwarzian derivative
( tan(𝜋𝜙), ⋅). However, the Schwarzian derivative is a non-linear functional of the field which
is a priori not well defined on the support of dℳ𝜎2 due to lack of sufficient regularity (essentially,
the measure is supported on diffeomorphisms of regularity 𝐶3∕2−). Nevertheless, we show that it
is possible to make sense of its correlation functions.
Our approach is based on the fact that, at least for sufficiently smooth 𝜙, we can express the

stress-energy tensor ( tan(𝜋𝜙), ⋅) using cross-ratio observables (𝜙; 𝑠, 𝑡) by
(tan(𝜋𝜙), 𝜏) = 6 lim

𝑠→𝜏−
𝑡→𝜏+

( 2(𝜙; 𝑠, 𝑡) − (𝑡 − 𝑠)−2
)
. (14)

Even though the limit on the right-hand sidemight not exist on the support of dℳ𝜎2 , we can define
correlation functions of the stress-energy tensor ( tan(𝜋𝜙), ⋅) by taking the corresponding limit
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of the correlation functions of the expression appearing on the right-hand side of (14). However, in
order to match the resulting correlation functions to formulae obtained by formal differentiation
of the partition function in [5, 38] we need to add an extra shift by a constant. This is often expected
when dealing with correlations of classically ill-posed composite fields.
In the following theorem we compute the joint correlation functions of cross-ratio observables

and stress-energy tensors at non-coinciding points.

Theorem 3. Let𝑁 ⩾ 0,𝑀 ⩾ 0 be integers,
{(𝜙; 𝑠𝑗, 𝑡𝑗)}𝑁𝑗=1 be a set of non-interlaced observables,{

𝑙𝑗
}𝑁
𝑗=1

be non-negative integers,
{
𝑟𝑝
}𝑀
𝑝=1

be distinct points on the unit circle 𝕋, which are different

from
{
𝑠𝑗
}𝑁
𝑗=1

and
{
𝑡𝑗
}𝑁
𝑗=1

. For 𝑡 ∈ 𝕋 we write 𝑘(𝑡) for the Fourier variable which corresponds to the
diagram domain whose boundary contains 𝑡. Then for any 𝜎 > 0,

lim
𝜀1,…𝜀𝑀→0+∫ 6𝑀

𝑀∏
𝑝=1

(
 2
(
𝜙; 𝑟𝑝, 𝑟𝑝 + 𝜀𝑝

)
− 𝜀−2𝑝 −

𝜎4

240

) 𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)
dℳ𝜎2(𝜙)

= ∫ℝ𝑁+1
+

𝜎4𝑀
𝑀∏
𝑝=1

𝑘2(𝑟𝑝)

𝑁∏
𝑗=1

Γ

(
𝑙𝑗

2
± 𝑖𝑤1(𝑗) ± 𝑖𝑤2(𝑗)

)
2𝜋2 Γ(𝑙𝑗)

⋅
(
𝜎2

2

)𝑙𝑗

×

𝑁+1∏
𝑚=1

exp

(
−
𝜏𝑚𝜎

2

2
⋅ 𝑘2𝑚

)
sinh(2𝜋𝑘𝑚) 2𝑘𝑚 d𝑘𝑚. (15)

Remark 11. The Schwarzian derivative also appears in the expression of the stress-energy tensor
of Loewner energy; see [40].

As an immediate corollary, we verify that non-coinciding stress-energy tensor correlation func-
tions defined this way are given by the moments of spectral density, and thus agree with the
expressions obtained in [5, 38] by differentiating the partition function. This was conjectured and
numerically verified in [33] for a one-point function (that is, for𝑀 = 1).

Corollary 12. Let𝑀 > 0 be an integer, and
{
𝑟𝑝
}𝑀
𝑝=1

be distinct points on the unit circle 𝕋. Then for
any 𝜎 > 0,

lim
𝜀1,…𝜀𝑀→0+∫ 6𝑀

𝑀∏
𝑝=1

(
 2
(
𝜙; 𝑟𝑝, 𝑟𝑝 + 𝜀𝑝

)
− 𝜀−2𝑝 −

𝜎4

240

)
dℳ𝜎2(𝜙)

= ∫ℝ+

𝜎4𝑀 exp

(
−
𝜎2 𝑘2

2

)
sinh(2𝜋𝑘) 2𝑘2𝑀+1 d𝑘. (16)

Remark 13. We find it interesting that when we turn (14) into the regularisation, proposed in
Theorem 3, we do not introduce any new diverging constants, as it often happenswhen onemakes
sense of differential operators when there is not enough regularity.
It is also worth noting that the introduced shift by 𝜎4∕240 depends on 𝜎. However, if we change

the normalisation and, instead of fixing the length of the circle and varying the temperature, we
fix the temperature and vary the length of the circle (for example, in [33], where the temperature
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is taken to be 1 instead of 𝜎2∕2 here, and the length of the circle is taken to be 𝛽 instead of 1), this
term becomes an absolute constant.

1.4 Related literature

The measure corresponding to the Schwarzian field theory was defined in [5] as a finite Borel
measure satisfying a natural change of variables formula. It was further shown that such a mea-
sure is unique and can be explicitly constructed following the plan proposed in [6, 7]. Its partition
function (that is, total mass) was defined and computed in the same paper. For general references
about Schwarzian field theory and related topics see references therein, as well as [8, 9].
The cross-ratio correlation functions studied in this work were formally derived in the physics

literature in [33] by relating Schwarzian field theory to a certain degenerate limit of 2D Liouville
CFT, and using conformal bootstrap and the DOZZ formula. Alternatively, the same formulae
were formally obtained by connecting JT gravity (which is believed to be holographically dual
to the Schwarzian field theory) to 2D BF theory and weakly coupled limit of 2D Yang–Mills [10,
24]. There has been a lot of progress in understanding both 2D Liouville CFT (and conformal
bootstrap there) and 2D Yang–Mills from the probabilistic point of view. Below we briefly review
some recent progress in these directions. However, as of now, there is no rigorous connection
between Schwarzian field theory and either of these theories from the probabilistic perspective.
It would be interesting to rigorously understand relationships between Schwarzian field theories
and both 2D Yang–Mills and 2D Liouville CFT as predicted in the physics literature.
Two-dimensional Liouville CFT was rigorously constructed as a probability measure on a sur-

face in [16, 23]. For these probability measures the DOZZ formula was rigorously obtained in [28],
and the conformal bootstrap solution was derived in [21, 22]; see [20] and the references therein
for the review. In addition, it is possible to make sense of the stress-energy tensor and derive con-
formal Ward identities for probabilistic Liouville CFT [26, 27, 34]. The ideas used to make sense
of the stress-energy tensor in the context of Liouville CFT are similar to the approaches we take
here and in [5].
Two-dimensional Yang–Mills theory, in turn, can also be defined as a probability measure. One

of themain approaches is to view it as a stochastic process of observables given byWilson loops [29,
37]. Alternatively, one can also define 2DYang–Mills as a randomdistribution [13]. Recently, it was
proved in [12, 14] that these measures are invariant under the corresponding Langevin dynamics,
providing alternative perspective in the context of stochastic quantisation. In addition, Wilson
loops in 2D Yang–Mills are known to satisfy the Makeenko–Migdal equation [17, 18, 30], which,
in particular allows one to study certain limits of 2D Yang–Mills measure [15].
Schwarzian field theory has also been studied from the algebraic and geometric perspective

[1–3]. From this point of view, it is naturally associated to a particular coadjoint orbit of the Vira-
soro algebra. Changing the coadjoint orbit essentially corresponds to changing the regularisation
parameter 𝛼 in (30), where 𝛼 = 𝜋 corresponds to the Schwarzian field theory. In [1] it was shown
that coadjoint orbits corresponding to 𝛼 ∈ 𝑖ℝ (which are not PSL(2, ℝ) invariant) admit global
equivariant Darboux charts. Physically this amounts to a bosonisation (diagonalisation) of the
theory. As an application, they are able to obtain certain formulae for lower order correlation
functions. We remark that the observables considered in [1] are, basically, inverses of 𝛼

(
𝜙; 𝑠, 𝑡

)
,

as defined in (37).
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1.5 Organisation of the paper

In Section 2 we recall the construction of Schwarzian measure, corresponding to the Schwarzian
field theory, from [5].
In Section 3 we show how to express correlation functions of dℳ𝜎2 as a 𝛼 ↗ 𝜋 limit of cor-

relation functions of regularised observables 𝛼

(
𝜙; ⋅, ⋅

)
with respect to regularised measures

dℒ𝛼,0

𝜎2
over Dif f 1(𝕋), with regularisation parameter 𝛼 (see Proposition 22). We also show how

the derived expressions can be reduced to computing appropriate expectations for the case 𝛼 = 0

(see Proposition 23). The latter is computed in Section 4.
All the results from Section 1 are proved in Section 5.
Appendices A and B contain technical results, which are used throughout the proof.

1.6 Preliminaries and notations

Throughout the paper we will be using the following notations.

1. The unit circle is denoted by 𝕋 = [0, 1]∕{0 ∼ 1}, the non-negative real numbers are denoted
by ℝ+ = [0,∞), and for the open disk in the complex plane of radius 𝑟 we use 𝔻𝑟 =

{𝑧 ∈ ℂ ∶ |𝑧| < 𝑟}. Moreover, for 𝑠, 𝑡 ∈ 𝕋we write 𝑡 − 𝑠 for the length of the interval going from
𝑠 to 𝑡 in the positive direction. In particular, 𝑡 − 𝑠 ∈ [0, 1).

2. We use Dif f 𝑘(𝕋) for the set of orientation-preserving 𝐶𝑘-diffeomorphisms of 𝕋, that is, sat-
isfying 𝜙′(𝜏) > 0. Note that Dif f 𝑘(𝕋) is not a linear space. The topology on Dif f 𝑘(𝕋) is
inherited from the natural topology on 𝐶𝑘(𝕋). It turns Dif f 𝑘(𝕋) into a Polish (separable com-
pletely metrisable) space as well as a topological group. The topology on the quotient space
Dif f 𝑘(𝕋)∕PSL(2, ℝ) is inherited from Dif f 𝑘(𝕋).
It will also be useful to consider reparametrisations of [0,1], or more general intervals [0, 𝑇],

whose derivatives are not periodic. We write Dif f 𝑘[0, 𝑇] for the set of orientation-preserving
𝐶𝑘-diffeomorphisms of [0, 𝑇], that is, satisfying𝜙′(𝑡) > 0,𝜙(0) = 0, and𝜙(𝑇) = 𝑇. In particular,
the derivatives do not have to match at the endpoints. The topology onDif f 𝑘[0, 𝑇] is inherited
from the natural topology on 𝐶𝑘[0, 𝑇].
We further set 𝐶0,free[0, 𝑇] = {𝑓 ∈ 𝐶[0, 𝑇] |𝑓(0) = 0}, and 𝐶0[0, 𝑇] =

{𝑓 ∈ 𝐶[0, 𝑇] |𝑓(0) = 𝑓(𝑇) = 0}, with the topology inherited from 𝐶[0, 𝑇].
3. We will abuse the notation and for 𝜙 ∈ Dif f 1(𝕋) denote its conjugacy class in

Dif f 1(𝕋)∕PSL(2, ℝ) by 𝜙 as well.
4. Throughout the paper we will be encountering expressions of the form 𝑓

(
arccosh[𝑧]

)
, for

various even analytic functions 𝑓. Even though arccosh[𝑧] is not analytic at 𝑧 = 0, the compo-
sition𝑓

(
arccosh[𝑧]

)
still defines an analytic function around 𝑧 = 0.More precisely,we identify

𝑓
(
arccosh[𝑧]

)
with 𝑓

(
arccosh2[𝑧]

)
, where 𝑓 is an analytic function such that 𝑓(𝜔) = 𝑓(

√
𝜔),

and arccosh2[𝑧] is the analytic function described in Statement B.5.

2 MEASURE CONSTRUCTION AND OBSERVABLES

The Schwarzian field theory was defined in [5] as the unique finite Borel measure which satisfies
the expected change of variables formula. In this section we recall both the rigorous construction
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of this Schwarzian measure, which is based on the plan from [6, 7], and its main properties which
are used in the present work. For proofs and further details and discussions, see [5].

2.1 Unnormalised Brownian bridge measure

The definition of the Schwarzian measure is based on the appropriate reparametrisation of
unnormalised version of the Brownian bridge measure, which we discuss in this subsection.
The unnormalised version of the Brownian bridge measure is a finite measure on 𝐶0,free[0, 𝑇] =
{𝑓 ∈ 𝐶[0, 𝑇] |𝑓(0) = 0} formally corresponding to

d𝑎,𝑇

𝜎2
(𝜉) = exp

{
−

1

2𝜎2 ∫
𝑇

0
𝜉′ 2(𝑡) d𝑡

}
𝛿(𝜉(0))𝛿(𝜉(𝑇) − 𝑎)

∏
𝜏∈(0,𝑇)

d𝜉(𝜏). (17)

Definition 14. The unnormalised Brownian bridgemeasurewith variance 𝜎2 > 0 is a finite Borel
measure d𝑎,𝑇

𝜎2
on 𝐶0,free[0, 𝑇] such that

√
2𝜋𝑇𝜎 exp

{
𝑎2

2𝑇𝜎2

}
d𝑎,𝑇

𝜎2
(𝜉) (18)

is the distribution of a Brownian bridge
(
𝜉(𝑡)

)
𝑡∈[0,𝑇]

with variance 𝜎2 and 𝜉(0) = 0, 𝜉(𝑇) = 𝑎.

For us it will be important that the unnormalised Brownian bridge measure satisfies the
following property.

Proposition 15. For any 𝑇1, 𝑇2 > 0, 𝑎 ∈ ℝ and any positive continuous functional 𝐹 on 𝐶[0, 𝑇1 +
𝑇2], we have

∫ 𝐹(𝜉) d𝑎,𝑇1+𝑇2
𝜎2

(𝜉) = ∫ℝ ∫ ∫ 𝐹(𝜉1 ⊔ 𝜉2) d 𝑏,𝑇1
𝜎2

(𝜉1) d𝑎−𝑏,𝑇2
𝜎2

(𝜉2) d𝑏, (19)

where for 𝑓 ∈ 𝐶0,free[0, 𝑇1] and g ∈ 𝐶0,free[0, 𝑇2], we denote by 𝑓 ⊔ g ∈ 𝐶0,free[0, 𝑇1 + 𝑇2] the
function

(𝑓 ⊔ g)(𝑡) =

{
𝑓(𝑡) if 𝑡 ∈ [0, 𝑇1],

𝑓(𝑇1) + g(𝑡 − 𝑇1) if 𝑡 ∈ (𝑇1, 𝑇1 + 𝑇2].
(20)

2.2 Measure construction

In order to define the Schwarzian measure dℳ𝜎2 , we first need to construct a finite measure 𝜇𝜎2
on Dif f 1(𝕋) which is similar to what is known as the Malliavin–Shavgulidze measure; see [11,
Section 11.5]. Formally, this measure corresponds to

d𝜇𝜎2(𝜙) = exp

{
−

1

2𝜎2 ∫
1

0

(
𝜙′′(𝜏)

𝜙′(𝜏)

)2

d𝜏

} ∏
𝜏∈[0,1)

d𝜙(𝜏)

𝜙′(𝜏)
. (21)
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We can make sense of this measure by defining it as a push-forward of an unnormalised
Brownian bridge on [0,1] with respect to a suitable change of variables. We define 𝜇𝜎2 by

d𝜇𝜎2(𝜙) ∶= d 0,1

𝜎2
(𝜉) ⊗ dΘ, with 𝜙(𝑡) = Θ + 𝖯𝜉(𝑡) (mod 1), for Θ ∈ [0, 1), (22)

where dΘ is the Lebesgue measure on [0,1) and

𝖯(𝜉)(𝑡) ∶= 𝖯𝜉(𝑡) ∶=
∫ 𝑡
0 𝑒

𝜉(𝜏) d𝜏

∫ 1
0 𝑒𝜉(𝜏) d𝜏

. (23)

The variableΘ corresponds to the value of 𝜙(0). Note that themap 𝜉 ↦ 𝖯(𝜉) is a bijection between
𝐶0,free[0, 1] and Dif f 1[0, 1] with inverse map

𝖯−1 ∶ Dif f 1[0, 1] → 𝐶0,free[0, 1] (24)

𝜑 ↦ log𝜑′(⋅) − log 𝜑′(0). (25)

In view of (1) and (21), the unquotiented Schwarzian measure is constructed as

dℳ̃𝜎2(𝜙) = exp

{
2𝜋2

𝜎2 ∫
1

0
𝜙′ 2(𝜏) d𝜏

}
d𝜇𝜎2(𝜙). (26)

Since 𝜇𝜎2 is supported on Dif f 1(𝕋), this defines a Borel measure on Dif f 1(𝕋), which turns out to
be the unique measure satisfying the natural change of variables formula.

Theorem 16 [5, Theorem 1]. The measure ℳ̃𝜎2 is the unique (up to a multiplicative constant)
PSL(2, ℝ)-invariant Borel measure supported on Dif f 1(𝕋) that satisfies the expected change of
variables formula

d𝜓∗ℳ̃𝜎2(𝜙)

dℳ̃𝜎2(𝜙)
=
dℳ̃𝜎2(𝜓◦𝜙)

dℳ̃𝜎2(𝜙)
= exp

{
1

𝜎2 ∫𝕋
[(tan(𝜋𝜓), 𝜙(𝜏)) − 2𝜋2

]
𝜙′(𝜏)2 d𝜏

}
, (27)

for any 𝜓 ∈ Dif f 3(𝕋), and has a quotientℳ𝜎2 = ℳ̃𝜎2∕PSL(2, ℝ) that is a finite Borel measure on
Dif f 1(𝕋)∕PSL(2, ℝ).

Definition 17. The Schwarzian measure is given byℳ𝜎2 .

One of the main tools which will allow us to compute integrals with respect to d𝜇𝜎2 and dℳ̃𝜎2

exactly is the following analogue of Girsanov’s theorem (see [5] for the proof).

Lemma 18. For g ∈ Dif f 3[0, 1] we denote by 𝐿g the left composition operator on Dif f 1[0, 1]:

𝐿g (𝜙) = g◦𝜙. (28)

Suppose 𝑓 ∈ Dif f 3[0, 1]. Denote 𝑏 = log 𝑓′(1) − log 𝑓′(0). Let 𝑓♯𝑎,1

𝜎2
= 𝑓−1

♯
𝑎,1

𝜎2
be the push-

forward of 𝑎,1

𝜎2
under 𝖯−1◦𝐿𝑓−1◦𝖯 =

(
𝖯−1◦𝐿𝑓◦𝖯

)−1. Then for any 𝑎 ∈ ℝ, 𝑓♯𝑎,1

𝜎2
is absolutely
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continuous with respect to 𝑎−𝑏,1

𝜎2
and

d𝑓♯ 𝑎,1
𝜎2
(𝜉)

d 𝑎−𝑏,1
𝜎2

(𝜉)
=

1√
𝑓′(0)𝑓′(1)

exp

{
1

𝜎2

[
𝑓′′(0)

𝑓′(0)
𝖯′
𝜉
(0) −

𝑓′′(1)

𝑓′(1)
𝖯′
𝜉
(1)

]
+

1

𝜎2 ∫
1

0

𝑓

(
𝖯𝜉(𝑡)

)(
𝖯′
𝜉
(𝑡)
)2

d𝑡

}
.

(29)

2.3 Measure regularisation

In order to evaluate expectations with respect to the (finite) quotient measure dℳ𝜎2 , we approx-
imate the (infinite) unquotiented measure dℳ̃𝜎2 by a particular family of finite measures. Since
these measures are finite, they necessarily break the PSL(2, ℝ)-invariance. The following regular-
isation was proposed in [6] and used in [5] to calculate the partition function. For 𝛼 ∈ [0, 𝜋] ∪ 𝑖ℝ

consider the measures given by

dℒ𝛼,0

𝜎2
(𝜙) = exp

{
2𝛼2

𝜎2 ∫
1

0
𝜙′ 2(𝑡) d𝑡

}
d 0,1

𝜎2
(𝜉), where 𝜙 = 𝖯(𝜉). (30)

In [5] these measures are called pinned Virasoro 𝛼-orbital measures, where pinning refers to the
condition that 𝜙(0) = 0. In particular, dℳ̃𝜎2 differs from dℒ𝜋,0

𝜎2
only by rotation by the random

angle Θ, which is chosen independently and uniformly on 𝕋. This feature allows us to use these
measures to calculate expectations with respect to the Schwarzian measure dℳ𝜎2 .

Proposition 19. Let 𝐹 ∶ Dif f 1(𝕋)∕PSL(2, ℝ) → [0,∞] be a continuous function. Then

∫
Dif f 1(𝕋)∕PSL(2,ℝ)

𝐹(𝜙) dℳ𝜎2(𝜙) = lim
𝛼→𝜋−

4𝜋(𝜋 − 𝛼)

𝜎2 ∫
Dif f 1(𝕋)

𝐹(𝜙) dℒ𝛼,0

𝜎2
(𝜙), (31)

where, by slight abuse of notation, we denote the lift of 𝐹 along the quotient map Dif f 1(𝕋) ↠

Dif f 1(𝕋)∕PSL(2, ℝ) by 𝐹 as well.

Another advantage of using the constructedmeasures dℒ𝛼,0

𝜎2
is that for them integrals of certain

functionals can be computed explicitly; see Section 3.3.

3 OBSERVABLES AND THEIR REGULARISATION

3.1 Observables

The main property of cross-ratio observables (3) is that they define observables on the quotient
space Dif f 1(𝕋)∕PSL(2, ℝ).

Proposition 20. Observables (𝜙; 𝑠, 𝑡) are invariant under the action of Möbius transformations.
In other words, if 𝜓 ∈ PSL(2, ℝ), then

(𝜓◦𝜙; 𝑠, 𝑡) = (𝜙; 𝑠, 𝑡). (32)
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In particular, they inducewell-defined observables onDif f 1(𝕋)∕PSL(2, ℝ), whichwe, slightly abusing
the notation, also denote by (𝜙; ⋅, ⋅).
Proof. Let 𝜓 ∈ PSL(2, ℝ) be Möbius transformation of the unit circle. Fix 𝜙 ∈ Dif f 1(𝕋) and 𝑠 ≠
𝑡 ∈ 𝑇. Denote𝐹(𝜏) = tan

(
𝜋(𝜏 − 𝑎)

)
, where 𝑎 ∈ 𝕋 is such that 𝑎 ≠ 𝜙(𝑠), and 𝑎 ≠ 𝜙(𝑡). Also denote

𝑓 = 𝐹◦𝜙 and g = 𝐹◦𝜓◦𝐹−1. Then

g(𝑥) =
𝑎𝑥 + 𝑏

𝑐𝑥 + 𝑑
, (33)

for some 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ with 𝑎𝑑 − 𝑏𝑐 = 1, and all 𝑥 ∈ ℝ.
We have that

(𝜙; 𝑠, 𝑡) = ||0(𝑓; 𝑠, 𝑡)||, (34)

where

0(𝜙; 𝑠, 𝑡) =

√
𝜙′(𝑡)𝜙′(𝑠)

𝜙(𝑡) − 𝜙(𝑠)
. (35)

It is well known that the cross-ratio0

(
𝑓; ⋅, ⋅

)
is invariant under transformations of the form (33).

Thus,

(𝜙; 𝑠, 𝑡) = ||0(𝑓; 𝑠, 𝑡)|| = ||0(g◦𝑓; 𝑠, 𝑡)|| = (𝜓◦𝜙; 𝑠, 𝑡). (36)

□

3.2 Regularised observables

It turns out that in order to be able to compute correlation functions for the measures dℒ𝛼,0

𝜎2
we

need to modify the observables too. The new observables will depend on 𝛼, but they will agree
with (3) when 𝛼 = 𝜋. Thus, we will calculate the expectations of new observables against dℒ𝛼,0

𝜎2
,

and take 𝛼 ↗ 𝜋.
For 𝛼 ∈ [0, 𝜋] and 0 ⩽ 𝑠 ≠ 𝑡 ⩽ 1 we define

𝛼(𝜙; 𝑠, 𝑡) =

⎧⎪⎪⎨⎪⎪⎩
𝛼
√
𝜙′(𝑡)𝜙′(𝑠)

sin (𝛼[𝜙(𝑡) − 𝜙(𝑠)])
if 𝛼 > 0,√

𝜙′(𝑡)𝜙′(𝑠)

𝜙(𝑡) − 𝜙(𝑠)
if 𝛼 = 0.

(37)

In this definition we also adopt the convention that 𝜙(1) − 𝜙(0) = 1, meaning that

𝛼(𝜙; 0, 1) =

⎧⎪⎨⎪⎩
𝛼 𝜙′(0)

sin(𝛼)
if 𝛼 > 0,

𝜙′(0) if 𝛼 = 0.
(38)

Note that 𝜋

(
𝜙; 𝑠, 𝑡

)
= (𝜙; 𝑠, 𝑡). However, even though it is true that lim𝛼→𝜋−𝛼

(
𝜙; 𝑡, 𝑠

)
=

𝜋

(
𝜙; 𝑠, 𝑡

)
, this limit is not sufficiently uniform in 𝜙, and so it will not allow us to pass to the
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𝛼 ↗ 𝜋 limit for the integrals of new observables against dℒ𝛼,0

𝜎2
(in fact, doing so leads to wrong

answer).
Also observe that, generally, for 𝛼 < 𝜋 we have 𝛼

(
𝜙; 𝑠, 𝑡

) ≠ 𝛼

(
𝜙; 𝑡, 𝑠

)
, since, recall, with our

notation for 𝕋, 𝜙(𝑡) − 𝜙(𝑠) and 𝜙(𝑠) − 𝜙(𝑡) sum to 1. This will be important in Lemma 21, when we
exploit this property to approximate 𝜋

(
𝜙; 𝑠, 𝑡

)
sufficiently uniformly in 𝛼 ↗ 𝜋.

3.3 Observables approximation

Our goal in this subsection is to express correlation functions of(𝜙; ⋅, ⋅)with respect to dℳ𝜎2 as
appropriate limits of correlation functions of𝛼

(
𝜙; ⋅, ⋅

)
with respect to dℒ𝛼,0

𝜎2
; see Proposition 22.

For this, we first need to approximate products of(𝜙; ⋅, ⋅)with products of 𝛼

(
𝜙; ⋅, ⋅

)
uniformly

in 𝜙 when 𝛼 → 𝜋; see Lemma 21.
Let

{
𝑠𝑗
}𝑁
𝑗=1

and
{
𝑡𝑗
}𝑁
𝑗=1

be points on 𝕋. Enumerate the union of points
{
𝑠𝑗
}𝑁
𝑗=1

and
{
𝑡𝑗
}𝑁
𝑗=1

counter-clockwise as 𝑟1 ⩽ 𝑟2 ⩽ ⋯ ⩽ 𝑟2𝑁 ⩽ 𝑟2𝑁+1 = 𝑟1 + 1.
For 𝑥 ∈ 𝕋 define rotation as

(𝖱𝑥𝜙)(𝜏) = 𝜙(𝜏 + 𝑥) − 𝜙(𝑥), 𝖱𝑥𝑠𝑗 = min
{
𝑠𝑗 − 𝑥, 𝑡𝑗 − 𝑥

}
, 𝖱𝑥𝑡𝑗 = max

{
𝑠𝑗 − 𝑥, 𝑡𝑗 − 𝑥

}
.

(39)

Lemma 21. Let
{
𝑠𝑗
}𝑁
𝑗=1

and
{
𝑡𝑗
}𝑁
𝑗=1

be points on 𝕋, and
{
𝑙𝑗
}𝑁
𝑗=1

be positive numbers. Let also
{𝑟𝑗}

𝑁
𝑗=1

be as above. Then

2𝑁∑
𝑚=1

[(
𝜙(𝑟𝑚+1) − 𝜙(𝑟𝑚)

) 𝑁∏
𝑗=1

 𝑙𝑗
𝛼

(
𝖱𝑟𝑚+1𝜙; 𝖱𝑟𝑚+1𝑠𝑗, 𝖱

𝑟𝑚+1𝑡𝑗
)]

=
𝛼→𝜋

[
𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)]
(1 + 𝑜(1)),

(40)
uniformly in 𝜙 ∈ Dif f 1(𝕋).

Proof. We assume that 𝛼 > 𝜋 − 1

100
. Denote

𝑠𝑚𝑗 = 𝑟𝑚+1 + 𝖱𝑟𝑚+1𝑠𝑗, 𝑡𝑚𝑗 = 𝑟𝑚+1 + 𝖱𝑟𝑚+1𝑡𝑗. (41)

Note that ∀𝑚, 𝑗,

𝛼

(
𝖱𝑟𝑚+1𝜙; 𝖱𝑟𝑚+1𝑠𝑗, 𝖱

𝑟𝑚+1𝑡𝑗
)

(𝜙; 𝑠𝑗, 𝑡𝑗) =
𝛼 sin

(
𝜋
[
𝜙(𝑡𝑚

𝑗
) − 𝜙(𝑠𝑚

𝑗
)
])

𝜋 sin
(
𝛼
[
𝜙(𝑡𝑚

𝑗
) − 𝜙(𝑠𝑚

𝑗
)
]) . (42)

Thus, it is sufficient to prove that

2𝑁∑
𝑚=1

⎡⎢⎢⎢⎣
(
𝜙(𝑟𝑚+1) − 𝜙(𝑟𝑚)

) 𝑁∏
𝑗=1

sin𝑙𝑗
(
𝜋
[
𝜙(𝑡𝑚

𝑗
) − 𝜙(𝑠𝑚

𝑗
)
])

sin𝑙𝑗
(
𝛼
[
𝜙(𝑡𝑚

𝑗
) − 𝜙(𝑠𝑚

𝑗
)
])⎤⎥⎥⎥⎦ =

𝛼→𝜋
1 + 𝑜(1), (43)

We take 𝛿 =
√
𝜋 − 𝛼 ∈ (0, 1∕10). Let 𝑋 = 𝑋(𝜙) =

{
𝑚 ⩽ 2𝑁 ∶

(
𝜙(𝑟𝑚+1) − 𝜙(𝑟𝑚)

)
> 𝛿

}
.
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Note that since sin(𝑦)∕𝑦 is decreasing in 𝑦 we have

sin
(
𝜋
[
𝜙(𝑡𝑚

𝑗
) − 𝜙(𝑠𝑚

𝑗
)
])

sin
(
𝛼
[
𝜙(𝑡𝑚

𝑗
) − 𝜙(𝑠𝑚

𝑗
)
]) ⩽

𝜋

𝛼
. (44)

Therefore, for any 𝜙 ∈ Dif f 1(𝕋),

∑
𝑚∉𝑋

⎡⎢⎢⎢⎣
(
𝜙(𝑟𝑚+1) − 𝜙(𝑟𝑚)

) 𝑁∏
𝑗=1

sin𝑙𝑗
(
𝜋
[
𝜙(𝑡𝑚

𝑗
) − 𝜙(𝑠𝑚

𝑗
)
])

sin𝑙𝑗
(
𝛼
[
𝜙(𝑡𝑚

𝑗
) − 𝜙(𝑠𝑚

𝑗
)
])⎤⎥⎥⎥⎦ ⩽ 2𝑁

(
𝜋

𝛼

)∑𝑁
𝑗=1 𝑙𝑗

𝛿. (45)

Moreover, observe that for 𝑚 ∈ 𝑋 we have 𝜙(𝑡𝑚
𝑗
) − 𝜙(𝑠𝑚

𝑗
) ⩽ 1 − 𝛿, so applying Statement B.3

we get

|||||||log
𝑁∏
𝑗=1

sin𝑙𝑗
(
𝜋
[
𝜙(𝑡𝑚

𝑗
) − 𝜙(𝑠𝑚

𝑗
)
])

sin𝑙𝑗
(
𝛼
[
𝜙(𝑡𝑚

𝑗
) − 𝜙(𝑠𝑚

𝑗
)
]) ||||||| ⩽

(𝜋 − 𝛼)
∑𝑁

𝑗=1 𝑙𝑗

sin(𝜋𝛿∕2)
, for𝑚 ∈ 𝑋, (46)

∑
𝑚∈𝑋

(
𝜙(𝑟𝑚+1) − 𝜙(𝑟𝑚)

)
⩾ 1 − 2𝑁𝛿, (47)

which finishes the proof. □

Proposition 22. Let
{
𝑠𝑗
}𝑁
𝑗=1

and
{
𝑡𝑗
}𝑁
𝑗=1

be points on 𝕋, and
{
𝑙𝑗
}𝑁
𝑗=1

be positive numbers. Then

∫Dif f 1(𝕋)∕PSL(2,ℝ)
[

𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)]
dℳ𝜎2(𝜙)

= lim
𝛼→𝜋−

4𝜋(𝜋 − 𝛼)

𝜎2 ∫𝕋
[
∫Dif f 1(𝕋) 𝜙

′(0)

𝑁∏
𝑗=1

 𝑙𝑗
𝛼

(
𝜙; 𝖱𝑥𝑠𝑗, 𝖱

𝑥𝑡𝑗
)
dℒ𝛼,0

𝜎2
(𝜙)

]
d𝑥. (48)

Proof. From Proposition 19 and Lemma 21 we get

∫Dif f 1(𝕋)∕PSL(2,ℝ)
[

𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)]
dℳ𝜎2 (𝜙)

= lim
𝛼→𝜋−

4𝜋(𝜋 − 𝛼)

𝜎2 ∫Dif f 1(𝕋)
2𝑁∑
𝑚=1

[(
𝜙(𝑟𝑚+1) − 𝜙(𝑟𝑚)

) 𝑁∏
𝑗=1

 𝑙𝑗
𝛼

(
𝖱𝑟𝑚+1𝜙; 𝖱𝑟𝑚+1𝑠𝑗, 𝖱

𝑟𝑚+1 𝑡𝑗
)]

dℒ𝛼,0
𝜎2
(𝜙).

(49)

Moreover, since

∀𝑥 ∈ (𝑟𝑚, 𝑟𝑚+1] ∶ 𝛼

(
𝖱𝑥𝜙; 𝖱𝑥𝑠𝑗, 𝖱

𝑥𝑡𝑗
)
= 𝛼

(
𝖱𝑟𝑚+1𝜙; 𝖱𝑟𝑚+1𝑠𝑗, 𝖱

𝑟𝑚+1𝑡𝑗
)
, (50)
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we get

(
𝜙(𝑟𝑚+1) − 𝜙(𝑟𝑚)

) 𝑁∏
𝑗=1

 𝑙𝑗
𝛼

(
𝖱𝑟𝑚+1𝜙; 𝖱𝑟𝑚+1𝑠𝑗, 𝖱

𝑟𝑚+1𝑡𝑗
)
= ∫

𝑟𝑚+1

𝑟𝑚

𝜙′(𝑥)

𝑁∏
𝑗=1

 𝑙𝑗
𝛼

(
𝖱𝑥𝜙; 𝖱𝑥𝑠𝑗, 𝖱

𝑥𝑡𝑗
)
d𝑥.

(51)
Combining this with (49) and Tonelli’s theorem, we obtain that

∫Dif f 1(𝕋)∕PSL(2,ℝ)
[

𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)]
dℳ𝜎2(𝜙)

= lim
𝛼→𝜋−

4𝜋(𝜋 − 𝛼)

𝜎2 ∫𝕋
[
∫Dif f 1(𝕋) (𝖱

𝑥𝜙)
′(0)

𝑁∏
𝑗=1

 𝑙𝑗
𝛼

(
𝖱𝑥𝜙; 𝖱𝑥𝑠𝑗, 𝖱

𝑥𝑡𝑗
)
dℒ𝛼,0

𝜎2
(𝜙)

]
d𝑥, (52)

which together with invariance of dℒ𝛼,0

𝜎2
under 𝖱𝑥 finishes the proof. □

3.4 Observables and the weight

Now we reduce the integral with respect to dℒ𝛼,0

𝜎2
obtained in Proposition 22 to a calculation of

an appropriate integral with respect to dℒ0,0

𝜎2
.

Proposition 23. Let
{𝛼

(
𝜙; 𝑠𝑗, 𝑡𝑗

)}𝑁

𝑗=1
be a set of observables, and

{
𝑙𝑗
}𝑁
𝑗=1

be real numbers. Then

∫Dif f 1(𝕋) 𝜙
′(0)

𝑁∏
𝑗=1

 𝑙𝑗
𝛼

(
𝜙; 𝑠𝑗, 𝑡𝑗

)
dℒ𝛼,0

𝜎2
(𝜙)

= ∫Dif f 1(𝕋)0(𝜙; 0, 1) exp

{
8 sin2 𝛼

2

𝜎2
0(𝜙; 0, 1)

}
𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝜙; 𝑠𝑗, 𝑡𝑗

)
dℒ0,0

𝜎2
(𝜙). (53)

Proof. Take

𝑓(𝑡) =
1

2

[
1

tan 𝛼

2

tan
(
𝛼
(
𝑡 −

1

2

))
+ 1

]
. (54)

It is easy to check that

𝑓(𝑡) = 2𝛼2, 𝑓′(0) = 𝑓′(1) =
𝛼

sin 𝛼
, −

𝑓′′(0)

𝑓′(0)
=
𝑓′′(1)

𝑓′(1)
= 2𝛼 tan

𝛼

2
. (55)

Thus, it follows from Lemma 18 that for any non-negative continuous functional 𝐹 on Dif f 1(𝕋)

we have

∫Dif f 1(𝕋) 𝐹(𝜙) dℒ
0,0

𝜎2
(𝜙)

=
sin 𝛼

𝛼 ∫Dif f 1(𝕋) 𝐹(𝑓◦𝜙) exp
{
−
4𝛼

𝜎2
tan

𝛼

2
⋅ 𝜙′(0) +

2𝛼2

𝜎2 ∫
1

0
𝜙′ 2(𝑡) d𝑡

}
dℒ0,0

𝜎2
(𝜙). (56)
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Now we choose 𝐹 to be

𝐹(𝜙) = 𝜙′(0) exp

{
8 sin2 𝛼

2

𝜎2
⋅ 𝜙′(0)

}
𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝜙; 𝑠𝑗, 𝑡𝑗

)
, (57)

which guarantees that

𝐹(𝑓◦𝜙) =
𝛼

sin 𝛼
⋅ 𝜙′(0) exp

{
4𝛼

𝜎2
tan

𝛼

2
⋅ 𝜙′(0)

} 𝑁∏
𝑗=1

 𝑙𝑗
𝛼

(
𝜙; 𝑠𝑗, 𝑡𝑗

)
, (58)

whenever 𝜙(0) = 0. Observing that

𝜙′(0) = 0(𝜙; 0, 1) (59)

gives the desired claim. □

4 MAIN CALCULATIONS

Themain goal of this section is to calculate the integral involving0

(
𝜙; 𝑠, 𝑡

)
with respect to dℒ0,0

𝜎2

appearing Proposition 23. An important feature of0

(
𝜙; 𝑠, 𝑡

)
that we use here is that it is homoge-

neous in 𝜙. In other words, it does not change if multiply 𝜙 by a constant. This means that instead
of taking 𝜙 = 𝖯(𝜉), as in (30), we can consider 𝖰(𝜉), where we define

𝖰(𝜉)(𝑡) ∶= 𝖰𝜉(𝑡) ∶= ∫
𝑡

0
𝑒𝜉(𝑠) d𝑠. (60)

An advantage of using 𝖰 instead of 𝖯 is that it is given by a more ‘local’ and simpler expression.
We emphasise again that

0

(
𝖯𝜉; 𝑠, 𝑡

)
= 0

(
𝖰𝜉; 𝑠, 𝑡

)
. (61)

Therefore, in order to calculate the integral from the right-hand side of Proposition 23 it is
sufficient to study integrals involving 0

(
𝖰𝜉; ⋅, ⋅

)
with respect to d 0,1

𝜎2
(𝜉).

4.1 Key lemma

The following lemma is key for the main calculation. Informally, it means that when taking inte-
grals with respect to d𝑎,𝑇

𝜎2
we can trade exponentials of 0

(
𝖰𝜉; ⋅, ⋅

)
for the value of parameter

𝑎.

Lemma24. Fix𝑇 > 0. Let
{
𝑠𝑗
}𝑁
𝑗=1

and
{
𝑡𝑗
}𝑁
𝑗=1

be points on [0, 𝑇], and
{
𝑙𝑗
}𝑁
𝑗=1

be positive numbers.
Then for any 𝑧 < 0, we have

∫ exp
{
𝑧

𝜎2
0

(
𝖰𝜉; 0, 𝑇

)} 𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖰𝜉; 𝑠𝑗, 𝑡𝑗

)
d𝑎,𝑇

𝜎2
(𝜉) = ∫

𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖰𝜉; 𝑠𝑗, 𝑡𝑗

)
d 𝑏,𝑇

𝜎2
(𝜉), (62)

where 𝑏 = 2 arccosh
[
cosh

(
𝑎

2

)
− 𝑧

4

]
.
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Proof. For 𝑠 ∈ [0, 1] define 𝜉(𝑠) = 𝜉(𝑠 𝑇). If 𝜉 is distributed according to d𝑝,𝑇

𝜎2
(𝜉) for some 𝑝, then

𝜉 is distributed according to d𝑝,1

𝜎2𝑇
(𝜉).

Note that

0

(
𝖰𝜉; 𝑠, 𝑡

)
=

1

𝑇
0

(
𝖯(𝜉); 𝑠∕𝑇, 𝑡∕𝑇

)
. (63)

Therefore,

∫ exp
{
𝑧

𝜎2
0

(
𝖰𝜉; 0, 𝑇

)} 𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖰𝜉; 𝑠𝑗, 𝑡𝑗

)
d𝑎,𝑇

𝜎2
(𝜉)

= 𝑇−
∑𝑁

𝑗=1 𝑙𝑗 ∫ exp
{

𝑧

𝜎2𝑇
0

(
𝖯(𝜉); 0, 1

)} 𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖯(𝜉); 𝑠𝑗∕𝑇, 𝑡𝑗∕𝑇

)
d𝑎,1

𝜎2𝑇
(𝜉). (64)

Consider 𝑓 ∈ Dif f 3[0, 1] given by

𝑓(𝑡) =
𝑒𝜆 𝑡

(𝑒𝜆 − 1)𝑡 + 1
, (65)

with 𝜆 to be chosen later. It is easy to see that

𝑓′(𝑡) =
𝑒𝜆

((𝑒𝜆 − 1)𝑡 + 1)2
, 𝑓′′(𝑡) = −

2𝑒𝜆(𝑒𝜆 − 1)(
(𝑒𝜆 − 1)𝑡 + 1

)3 , 𝑓(𝑡) = 0. (66)

Moreover,

𝑓′′(0)

𝑓′(0)
= 2 − 2𝑒𝜆,

𝑓′′(1)

𝑓′(1)
= 2𝑒−𝜆 − 2. (67)

Also note that since 𝑓 is a fractional linear transformation, we get that observables are invariant
under the post-composition with 𝑓,

0(𝜙; 𝑠, 𝑡) = 0(𝑓◦𝜙; 𝑠, 𝑡), for all 𝜙 ∈ Dif f 1(𝕋), 𝑠, 𝑡 ∈ 𝕋. (68)

Therefore, by Lemma 18 we get

∫ exp
{

𝑧

𝜎2𝑇
0

(
𝖯(𝜉); 0, 1

)} 𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖯(𝜉); 𝑠𝑗∕𝑇, 𝑡𝑗∕𝑇

)
d𝑎,1

𝜎2𝑇
(𝜉)

= ∫ exp

{
𝑧

𝜎2𝑇
0

(
𝖯(𝜉); 0, 1

)
+
2 − 2𝑒𝜆

𝜎2𝑇
𝖯′(𝜉)(0) +

2 − 2𝑒−𝜆

𝜎2𝑇
𝖯′(𝜉)(1)

}

×

𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖯(𝜉); 𝑠𝑗∕𝑇, 𝑡𝑗∕𝑇

)
d𝑎+2𝜆,1

𝜎2𝑇
(𝜉). (69)

Note that if 𝜉 ∼ d𝑎+2𝜆,1

𝜎2𝑇
(𝜉), then

𝖯′(𝜉)(0) = 𝑒−𝜆−
𝑎
20

(
𝖯(𝜉); 0, 1

)
, 𝖯′(𝜉)(1) = 𝑒𝜆+

𝑎
20

(
𝖯(𝜉); 0, 1

)
. (70)
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Therefore,

2 − 2𝑒𝜆

𝜎2𝑇
𝖯′(𝜉)(0) +

2 − 2𝑒−𝜆

𝜎2𝑇
𝖯′(𝜉)(1) =

4
[
cosh(𝜆 + 𝑎

2
) − cosh(𝑎

2
)
]

𝜎2𝑇
0

(
𝖯(𝜉); 0, 1

)
. (71)

Taking

𝜆 = arccosh
[
cosh

(
𝑎

2

)
−
𝑧

4

]
−
𝑎

2
(72)

we get the desired claim. □

Now we can also prove that observables (𝖰𝜉; ⋅, ⋅
)
have exponential moments.

Proposition 25. Let 𝑇 > 0 and 𝑎 ∈ ℝ. For any 0 ⩽ 𝑠 < 𝑡 ⩽ 𝑇 we have

∫ exp
{
8

𝜎2
0

(
𝖰𝜉; 𝑠, 𝑡

)}
d𝑎,𝑇

𝜎2
(𝜉) ⩽

1√
2𝜋𝑇𝜎

exp

(
2000

(𝑡 − 𝑠)𝜎2
−

𝑎2

2𝑇𝜎2

)
. (73)

In particular, the expression above is finite.

Proof. We divide the interval [0, 𝑇] into three smaller intervals [0, 𝑠], [𝑠, 𝑡] and [𝑡, 𝑇]. Let 𝜉1 ∈
𝐶0,free[0, 𝑠], 𝜉2 ∈ 𝐶0,free[0, 𝑡 − 𝑠], and 𝜉3 ∈ 𝐶0,free[0, 𝑇 − 𝑡]. Note that

0(𝖰(𝜉1 ⊔ 𝜉2 ⊔ 𝜉3); 𝑠, 𝑡) = 0(𝖰(𝜉2); 0, 𝑡 − 𝑠). (74)

Thus, using (19) we get

∫ exp
{
8

𝜎2
0

(
𝖰𝜉; 𝑠, 𝑡

)}
d𝑎,𝑇

𝜎2
(𝜉) = ∫ℝ2

[
∫ d𝑢,𝑠

𝜎2
(𝜉1)

]
×

[
∫ exp

{
8

𝜎2
0(𝖰(𝜉2); 0, 𝑡 − 𝑠)

}
d 𝑣,𝑡−𝑠

𝜎2
(𝜉2)

]
×

[
∫ d𝑎−𝑢−𝑣,𝑇−𝑡

𝜎2
(𝜉3)

]
d𝑢 d𝑣. (75)

Therefore, it is sufficient to prove the Proposition for 𝑠 = 0 and 𝑡 = 𝑇.
From Lemma B.1 there exists 𝜀 > 0 such that

∫ exp
{
𝜀0

(
𝖰𝜉; 0, 𝑇

)}
d𝑎,𝑇

𝜎2
(𝜉) < ∞. (76)

Moreover, from Lemma 24 for any 𝑧 < 0 we get that

∫ exp
{
𝑧

𝜎2
0

(
𝖰𝜉; 0, 𝑇

)}
d𝑎,𝑇

𝜎2
(𝜉) =

1√
2𝜋𝑇𝜎

exp
(
−

2

𝑇𝜎2
arccosh2

[
cosh

(
𝑎

2

)
−
𝑧

4

])
. (77)

Using LemmaB.2 and (76)we deduce that the left-hand side is absolutely convergent for all 𝑧 ∈ 𝔻8

and the equality above holds for all 𝑧 ∈ 𝔻8. Applying Statement B.4 we get that for all 𝑧 ∈ [0, 8),

∫ exp
{
𝑧

𝜎2
0

(
𝖰𝜉; 0, 𝑇

)}
d𝑎,𝑇

𝜎2
(𝜉) ⩽

1√
2𝜋𝑇𝜎

exp

(
2000

𝑇𝜎2
−

𝑎2

2𝑇𝜎2

)
. (78)

Taking limit 𝑧 → 8 we finish the proof. □
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F IGURE 3 A diagrammatic representation of Fourier variables.

4.2 Diagrammatic representation on an interval

Herewe describe a diagrammatic representation for observables0

(
𝜙; ⋅, ⋅

)
defined on the interval

[0, 𝑇]. This representation is similar to the one described for the circle.

Let
{
𝑠𝑗
}𝑁
𝑙=1

and
{
𝑡𝑗
}𝑁
𝑙=1

be points on [0, 𝑇], such that ∀𝑗 ∶ 𝑠𝑗 < 𝑡𝑗 . Let also
{0

(
𝜙; 𝑠𝑗, 𝑡𝑗

)}𝑁

𝑗=1

be a set of observables. We are going to represent them as a diagram on the interval [0, 𝑇].
We draw the interval [0, 𝑇] and all the points {𝑠𝑗}𝑁𝑗=1 and {𝑡𝑗}

𝑁
𝑗=1

on it. For all 1 ⩽ 𝑗 ⩽ 𝑁 we
connect the point 𝑠𝑗 with the point 𝑡𝑗 with a half-circle in the upper half-plane.

Definition 26. We say that a set of observables
{0

(
𝜙; 𝑠𝑗, 𝑡𝑗

)}𝑁

𝑗=1
is non-interlaced if interiors of

all drawnhalf-circles on the corresponding diagram are pairwise non-intersecting. In otherwords,
∀𝑝, 𝑞 ∈ {1, … ,𝑁}wehave that one of the following holds: 𝑠𝑝 ⩽ 𝑠𝑞 < 𝑡𝑞 ⩽ 𝑡𝑝, 𝑠𝑝 < 𝑡𝑝 ⩽ 𝑠𝑞 < 𝑡𝑞, 𝑠𝑞 ⩽
𝑠𝑝 < 𝑡𝑝 ⩽ 𝑡𝑞, or 𝑠𝑞 < 𝑡𝑞 ⩽ 𝑠𝑝 < 𝑡𝑝.

Let
{0

(
𝜙; 𝑠𝑗, 𝑡𝑗

)}𝑁

𝑗=1
be a set of non-interlaced observables. The𝑁 drawn chords on the corre-

sponding diagram divide the unit disk into𝑁 + 1 connected domains, one of which is unbounded
and the 𝑁 others are bounded. We number the bounded domains with integers from 1 to 𝑁, and
assign number 0 to the unbounded domain. For each𝑚 ∈ {0,…𝑁}we associate a Fourier variable
𝑘𝑚 to domain number𝑚. We also let 𝜏𝑚 be the total length of all line segments (parts of the initial
interval [0, 𝑇]) which form the boundary of𝑚th domain (see Figure 3a).
For each 𝑗 ∈ {1, … ,𝑁} we define 𝑤1(𝑗) and 𝑤2(𝑗) to be the Fourier variables correspond-

ing to the domains that contain the half-circle connecting 𝑠𝑗 with 𝑡𝑗 in their boundaries
(see Figure 3b). All formulae will be symmetric in 𝑤1 and 𝑤2, so the exact order does not
matter.
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Proposition 27. Fix 𝑇 > 0, 𝑎 ∈ ℝ, and 𝑁 ⩾ 0. Let
{0

(
𝜙; 𝑠𝑗, 𝑡𝑗

)}𝑁

𝑗=1
be a set of non-interlaced

observables on [0, 𝑇], and
{
𝑙𝑗
}𝑁
𝑗=1

be positive integers. Then,

∫
𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖰𝜉; 𝑠𝑗, 𝑡𝑗

)
d𝑎,𝑇

𝜎2
(𝜉) = ∫ℝ𝑁+1

+

𝑁∏
𝑗=1

Γ
(
𝑙𝑗

2
± 𝑖𝑤1(𝑗) ± 𝑖𝑤2(𝑗)

)
2𝜋2 Γ(𝑙𝑗)

⋅
(
𝜎2

2

)𝑙𝑗

× exp

(
−
𝜏0𝜎

2

2
⋅ 𝑘20

)
cos(𝑎 𝑘0)

𝜋
d𝑘0 ⋅

𝑁∏
𝑚=1

exp

(
−
𝜏𝑚𝜎

2

2
⋅ 𝑘2𝑚

)
sinh(2𝜋𝑘𝑚) 2𝑘𝑚 d𝑘𝑚, (79)

where the right-hand side converges absolutely. Moreover, if ∀𝑗 ∶ either 𝑠𝑗 ≠ 0 or 𝑡𝑗 ≠ 𝑇, then the
integral on the right-hand side converges absolutely for any 𝑎 ∈ 𝔻2𝜋.

Proof. First, we show the absolute convergence.
From Remark 4 for every 𝜀 > 0 and any positive integer 𝑙 there exists 𝐶(𝜀, 𝑙) such that

Γ

(
𝑙

2
± 𝑖𝑘 ± 𝑖𝜔

)
⩽ 𝐶(𝜀, 𝑙) exp (−(𝜋 − 𝜀)(|𝑘| + |𝑤|)), ∀𝑘, 𝜔 ∈ ℝ. (80)

Furthermore, the boundary of the face number 0 (the unbounded face, corresponding to 𝑘0) con-
tains either at least 1 half-circle or a line segment, and boundary of any other face contains either
at least 3 half-circles or a line segment. Therefore, the integral on the right-hand side of (79)
converges absolutely.
Moreover, if ∀𝑗 ∶ either 𝑠𝑗 ≠ 0 or 𝑡𝑗 ≠ 𝑇, then boundary of the face number 0 (the unbounded

face) contains either at least 2 half-circles or a line segment. Thus, the integral on the right-hand
side of (79) converges absolutely for all 𝑎 ∈ 𝔻2𝜋.
Secondly, we prove (79) by induction on 𝑁.
Base case: 𝑁 = 0.
In this case 𝜏0 = 𝑇. Thus, the left-hand side of (79) equals

∫ d𝑎,𝑇

𝜎2
(𝜉) =

1√
2𝜋𝑇𝜎

exp

(
−

𝑎2

2𝑇𝜎2

)
(81)

and the right-hand side is equal to

∫ℝ1
+

exp

(
−
𝑇𝜎2

2
⋅ 𝑘20

)
cos(𝑎 𝑘0)

𝜋
d𝑘0 =

1√
2𝜋𝑇𝜎

exp

(
−

𝑎2

2𝑇𝜎2

)
, (82)

which proves the base case.
Induction step:𝑁 − 1 ↦ 𝑁. By renumbering observables we can assume that ∀𝑗 < 𝑁 we have

𝑠𝑁 ⩽ 𝑠𝑗 .
There are two possible cases.
Case 1: 𝑠𝑁 = 0 and 𝑡𝑁 = 𝑇. Renumber Fourier variables so that 𝑤1(𝑁) = 𝑘0 and 𝑤2(𝑁) = 𝑘1.

Using Lemma 24, and induction hypothesis we obtain for all 𝑧 < 0,

∫ exp
{
𝑧

𝜎2
0

(
𝖰𝜉; 𝑠𝑁, 𝑡𝑁

)}𝑁−1∏
𝑗=1

 𝑙𝑗
0

(
𝖰𝜉; 𝑠𝑗, 𝑡𝑗

)
d𝑎,𝑇

𝜎2
(𝜉)
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= ∫ℝ𝑁
+

⎡⎢⎢⎢⎣
𝑁−1∏
𝑗=1

Γ
(
𝑙𝑗

2
± 𝑖𝑤1(𝑗) ± 𝑖𝑤2(𝑗)

)
2𝜋2 Γ(𝑙𝑗)

⋅
(
𝜎2

2

)𝑙𝑗
⎤⎥⎥⎥⎦ exp

(
−
𝜏1𝜎

2

2
⋅ 𝑘21

)
cos (𝑏 𝑘1)

𝜋
d𝑘1

×

𝑁∏
𝑚=2

exp

(
−
𝜏𝑚𝜎

2

2
⋅ 𝑘2𝑚

)
sinh(2𝜋𝑘𝑚) 2𝑘𝑚 d𝑘𝑚, (83)

where 𝑏 = 2 arccosh
[
cosh

(
𝑎

2

)
− 𝑧

4

]
. Note that it follows from Proposition 25 that the left-hand

side is analytic for 𝑧 ∈ 𝔻8. Moreover, as we have already proved, the right-hand side is also
absolutely convergent whenever 𝑏 ∈ 𝔻2𝜋.
Applying Proposition A.1 we obtain

cos (𝑏 𝑘1) = cos(𝑎 𝑘1) + 2𝑘1 sinh(2𝜋𝑘1)∫
∞

0

∞∑
𝑙=1

Γ
(
𝑙

2
± 𝑖𝑘1 ± 𝑖𝑘0

)
2𝜋2 Γ(𝑙)

⋅
𝑧𝑙

2𝑙𝑙!
cos(𝑎 𝑘0) d𝑘0. (84)

Nowwe substitute this expression into (83). We obtain an absolutely convergent expression, since
it is dominated by the same expression with 𝑎 = 0 which, as we have already proved, is equal to
the left-hand side of (83) with 𝑎 = 0 which, in turn, is finite because of Proposition 25.
Substituting (84) into (83) and taking the coefficient in front of 𝑧𝑙0 we get the desired claim.
Case 2: 𝑡𝑁 < 𝑇. Now we divide the interval [0, 𝑇] into three smaller intervals [0, 𝑠𝑁], [𝑠𝑁, 𝑡𝑁]

and [𝑡𝑁, 𝑇]. Let 𝜉1 ∈ 𝐶0,free[0, 𝑠𝑁], 𝜉2 ∈ 𝐶0,free[0, 𝑡𝑁 − 𝑠𝑁], and 𝜉3 ∈ 𝐶0,free[0, 𝑇 − 𝑡𝑁]. Note that

0(𝖰(𝜉1 ⊔ 𝜉2 ⊔ 𝜉3); 𝑠, 𝑡) = 0(𝖰(𝜉2); 𝑠 − 𝑠𝑁, 𝑡 − 𝑠𝑁) if 𝑠, 𝑡 ∈ [𝑠𝑁, 𝑡𝑁]; (85)

0(𝖰(𝜉1 ⊔ 𝜉2 ⊔ 𝜉3); 𝑠, 𝑡) = 0(𝖰(𝜉3); 𝑠 − 𝑡𝑁, 𝑡 − 𝑡𝑁) if 𝑠, 𝑡 ∈ [𝑡𝑁, 𝑇]. (86)

Let 𝑋 = {𝑗 ∶ 𝑠𝑁 ⩽ 𝑡𝑗 ⩽ 𝑡𝑁} and 𝑌 = {𝑗 ∶ 𝑡𝑁 ⩽ 𝑠𝑗 ⩽ 𝑇}. Observe that 𝑋 ∪ 𝑌 = {1, …𝑁}, since our
observables are non-interlaced. Therefore, we get that

𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖰(𝜉1 ⊔ 𝜉2 ⊔ 𝜉3); 𝑠𝑗, 𝑡𝑗

)
=
∏
𝑗∈𝑋

 𝑙𝑗
0

(
𝖰(𝜉2); 𝑠𝑗 − 𝑠𝑁, 𝑡𝑗 − 𝑠𝑁

)
⋅
∏
𝑗∈𝑌

 𝑙𝑗
0

(
𝖰(𝜉3); 𝑠𝑗 − 𝑡𝑁, 𝑡𝑗 − 𝑡𝑁

)
.

(87)
Thus, using (19) we get

∫
𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖰𝜉; 𝑠𝑗, 𝑡𝑗

)
d𝑎,𝑇

𝜎2
(𝜉) = ∫ℝ2

[
∫ d 𝑏,𝑠𝑁

𝜎2
(𝜉1)

]

×

[
∫

∏
𝑗∈𝑋

 𝑙𝑗
0

(
𝖰(𝜉2); 𝑠𝑗 − 𝑠𝑁, 𝑡𝑗 − 𝑠𝑁

)
d 𝑐,𝑡𝑁−𝑠𝑁

𝜎2
(𝜉2)

]

×

[
∫

∏
𝑗∈𝑌

 𝑙𝑗
0

(
𝖰(𝜉3); 𝑠𝑗 − 𝑡𝑁, 𝑡𝑗 − 𝑡𝑁

)
d𝑎−𝑏−𝑐,𝑇−𝑡𝑁

𝜎2
(𝜉3)

]
d𝑏 d𝑐. (88)

Applying induction hypothesis to all three factors on the right-hand side (if 𝑌 = ∅, we apply Case
1 to the second factor) and (A.3) finishes the proof of Case 2. □
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A similar Proposition holds if we add an exponential of 0

(
𝖰𝜉; 0, 𝑇

)
in the expectation.

Proposition 28. Fix 𝑇 > 0, 𝑎 ∈ ℝ, and 𝑁 ⩾ 0. Let
{0

(
𝜙; 𝑠𝑗, 𝑡𝑗

)}𝑁

𝑗=1
be a set of non-interlaced

observables on (0, 𝑇),
{
𝑙𝑗
}𝑁
𝑗=1

be positive integers, and 𝛼 ∈ [0, 𝜋). Then,

∫ exp

{
8 sin2 𝛼

2

𝜎2
0

(
𝖰𝜉; 0, 𝑇

)} 𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖰𝜉; 𝑠𝑗, 𝑡𝑗

)
d 0,𝑇

𝜎2
(𝜉)

= ∫ℝ𝑁+1
+

𝑁∏
𝑗=1

Γ
(
𝑙𝑗

2
± 𝑖𝑤1(𝑗) ± 𝑖𝑤2(𝑗)

)
2𝜋2Γ(𝑙𝑗)

⋅
(
𝜎2

2

)𝑙𝑗

× exp

(
−
𝜏0𝜎

2

2
⋅ 𝑘20

)
cosh(2𝛼 𝑘0)

𝜋
d𝑘0 ⋅

𝑁∏
𝑚=1

exp

(
−
𝜏𝑚𝜎

2

2
⋅ 𝑘2𝑚

)
sinh(2𝜋𝑘𝑚) 2𝑘𝑚 d𝑘𝑚. (89)

Proof. Applying Lemma 24 and Proposition 27 we obtain

∫ exp
{
𝑧

𝜎2
0

(
𝖰𝜉; 0, 𝑇

)} 𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖰𝜉; 𝑠𝑗, 𝑡𝑗

)
d 0,𝑇

𝜎2
(𝜉)

= ∫ℝ𝑁+1
+

𝑁∏
𝑗=1

Γ
(
𝑙𝑗

2
± 𝑖𝑤1(𝑗) ± 𝑖𝑤2(𝑗)

)
2𝜋2 Γ(𝑙𝑗)

⋅
(
𝜎2

2

)𝑙𝑗

× exp

(
−
𝜏0𝜎

2

2
⋅ 𝑘20

)
cos(𝑏 𝑘0)

𝜋
d𝑘0 ⋅

𝑁∏
𝑚=1

exp

(
−
𝜏𝑚𝜎

2

2
⋅ 𝑘2𝑚

)
sinh(2𝜋𝑘𝑚) 2𝑘𝑚 d𝑘𝑚, (90)

with 𝑏 = 2 arccosh[1 − 𝑧

4
]. For 𝑧 ∈ 𝔻8 the left-hand side is analytic, and the right-hand side is

analytic for 𝑏 ∈ 𝔻2𝜋. Thus, using Statement B.5, we can analytically continue the equality above
for all 𝑧 ∈ [0, 8). Taking 𝑧 = 8 sin2 𝛼

2
we get 𝑏 = ±2𝑖𝛼, which gives the desired claim. □

5 PROOFS OF THEMAIN RESULTS

5.1 Proof of Theorem 1

Proof of Theorem 1. Using Propositions 22 and 23 we get

∫Dif f 1(𝕋)∕PSL(2,ℝ)
[

𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)]
dℳ𝜎2(𝜙) = lim

𝛼→𝜋−

4𝜋(𝜋 − 𝛼)

𝜎2

× ∫𝕋
[
∫Dif f 1(𝕋)0(𝜙; 0, 𝑇) exp

{
8 sin2 𝛼

2

𝜎2
0(𝜙; 0, 𝑇)

}
𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝜙; 𝖱𝑥𝑠𝑗, 𝖱

𝑥𝑡𝑗
)
dℒ0,0

𝜎2
(𝜙)

]
d𝑥.

(91)
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Using the fact that

dℒ0,0

𝜎2
(𝜙) = d 0,𝑇

𝜎2
(𝜉), where 𝜙 = 𝖯(𝜉) (92)

and

0(𝖯(𝜉); 𝑠, 𝑡) = 0(𝖰(𝜉); 𝑠, 𝑡) (93)

we obtain

∫Dif f 1(𝕋)0(𝜙; 0, 𝑇) exp

{
8 sin2 𝛼

2

𝜎2
0(𝜙; 0, 𝑇)

}
𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝜙; 𝖱𝑥𝑠𝑗, 𝖱

𝑥𝑡𝑗
)
dℒ0,0

𝜎2
(𝜙)

= ∫ 0

(
𝖰𝜉; 0, 𝑇

)
exp

{
8 sin2 𝛼

2

𝜎2
0

(
𝖰𝜉; 0, 𝑇

)} 𝑁∏
𝑗=1

 𝑙𝑗
0

(
𝖰𝜉; 𝖱

𝑥𝑠𝑗, 𝖱
𝑥𝑡𝑗
)
d 0,𝑇

𝜎2
(𝜉). (94)

Differentiating (89) in 𝛼 gives the desired claim. □

5.2 Proof of Proposition 8

Proof of Proposition 8. Using Corollary 7, for

𝐶 = 𝐶(𝜎, 𝑠, 𝑡) = sup
𝑘>0

{
exp

(
−
(1 − (𝑡 − 𝑠))𝜎2

2
⋅ 𝑘2

)
sinh(2𝜋𝑘) 2𝑘

}
(95)

and any positive integer 𝑙 we have

∫  𝑙(𝜙; 𝑠, 𝑡) dℳ𝜎2(𝜙) ⩽ 𝐶 ∫ℝ2
+

Γ
(
𝑙

2
± 𝑖𝑘1 ± 𝑖𝑘2

)
2𝜋2 Γ(𝑙)

⋅
(
𝜎2

2

)𝑙

× exp

(
−
(𝑡 − 𝑠)𝜎2

2
⋅ 𝑘21

)
sinh(2𝜋𝑘1) 2𝑘1 d𝑘1 d𝑘2. (96)

Using Tonelli’s theorem and Proposition A.1 for 𝛽 = 0 we get that for any 𝑧 ∈ [0, 8),

∫ exp
{
𝑧

𝜎2
(𝜙; 𝑠, 𝑡)} dℳ𝜎2(𝜙) ⩽ 𝐶 ∫ℝ+

exp

(
−
(𝑡 − 𝑠)𝜎2

2
⋅ 𝑘2

)
cos

(
2𝑘 arccosh

[
1 −

𝑧

4

])
d𝑘.

(97)
Take 𝑧 = 8 sin2 𝛼

2
, so that cos

(
2𝑘 arccosh

[
1 − 𝑧

4

])
= cosh (2𝑘𝛼). Therefore,

∫ exp

{
8 sin2 𝛼

2

𝜎2
(𝜙; 𝑠, 𝑡)

}
dℳ𝜎2(𝜙) ⩽ 𝐶 ∫ℝ+

exp

(
−
(𝑡 − 𝑠)𝜎2

2
⋅ 𝑘2

)
cosh (2𝑘𝛼) d𝑘

= 𝐶

√
𝜋√

2(𝑡 − 𝑠)𝜎
exp

(
2𝛼2

(𝑡 − 𝑠)𝜎2

)
. (98)

Taking 𝛼 → 𝜋 finishes the proof. □
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The fact that the constant 8∕𝜎2 in the exponent is optimal (as stated in Remark 9), essen-
tially, follows from the fact that analyticity of the right-hand side of (77) breaks down at 𝑧 =
4(1 + cosh(𝑎∕2)) ≈ 8 for 𝑎 ≈ 0. Below we sketch the proof.
Fix 𝜆 > 8. Without loss of generality we can assume that 𝑠 = 0. Let 𝑁 = 𝑁(𝜆) > 1 be a large

number to be chosen later. Take ℎ(𝑘) = 𝑘2 exp
(
−𝑁2𝜎2𝑘2∕2

)
. Then,

0 ⩽ ℎ(𝑘) ⩽ exp

(
−
(1 − 𝑡)𝜎2

2
⋅ 𝑘2

)
sinh(2𝜋𝑘) 𝑘, ∀𝑘 ∈ ℝ. (99)

Using Corollary 7 and Proposition 27 we can deduce that

∫ exp

{
𝜆

𝜎2
(𝜙; 0, 𝑡)

}
dℳ𝜎2(𝜙) ⩾ ∫ℝ ∫ exp

{
𝜆

𝜎2
0

(
𝖰𝜉; 0, 𝑡

)}
d𝑢,𝑡

𝜎2
(𝜉) ℎ̂(𝑢) d𝑢, (100)

whenever negative part of the integral in right-hand side is finite. Here, ℎ̂ is the Fourier transform
of ℎ; see (A.1) for the normalisation.
Note that ℎ̂(𝑢) > 0 for 𝑢 ∈ (−𝑁,𝑁). Using (77) one can show that if 𝑁 is large enough, then

∫ exp

{
𝜆

𝜎2
0

(
𝖰𝜉; 0, 𝑡

)}
d𝑢,𝑡

𝜎2
(𝜉) (101)

is equal to +∞ for 𝑢 sufficiently small (which follows from the fact that analyticity of the right-
hand side of (77) breaks down at 𝑧 = 4(1 + cosh(𝑎∕2)), which is smaller than 𝜆 for small 𝑎),
and bounded for |𝑢| > 𝑁. This means that the right-hand side of (100) is equal to +∞, finishing
the proof.

5.3 Proof of Theorem 2

Proof of Theorem 2. Denote D̃if f
1
(𝕋) =

{
𝜙 ∈ Dif f 1(𝕋) ||𝜙(0) = 0, 𝜙′(0) = 1, 𝜙(1∕2) = 1∕2

}
. It is

easy to see that as a topological space D̃if f
1
(𝕋) is isomorphic to Dif f 1(𝕋)∕PSL(2, ℝ). Let  ′ and

ℳ′
𝜎2
be the push-forward measures of  andℳ𝜎2 to D̃if f

1
(𝕋) respectively. Then,

∫
𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)
dℳ′

𝜎2
(𝜙) = ∫

𝑁∏
𝑗=1

 𝑙𝑗
(
𝜙; 𝑠𝑗, 𝑡𝑗

)
d ′(𝜙). (102)

Now we show that for all Borel𝐴 ⊂ D̃if f
1
(𝕋)we haveℳ′

𝜎2
(𝐴) =  ′(𝐴). It is sufficient to prove

this for all cylinder sets.
Take any set of points 0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑀−1 < 𝑡𝑀 = 1∕2 and 1∕2 < 𝑡𝑀+1 < ⋯ < 𝑡2𝑀−1 <

𝑡2𝑀 = 1. Consider observables
{(𝜙; 0, 𝑡𝑗)}2𝑀−1

𝑗=1
and

{(𝜙; 𝑡𝑗, 𝑡𝑗+1)}2𝑀−1

𝑗=0
. This set of observ-

ables is non-interlaced.
Observe that for all 𝜙 ∈ D̃if f

1
(𝕋) and 1 < 𝑗 < 2𝑀 − 1, using sin(𝑎 − 𝑏) = sin(𝑎) cos(𝑏) −

sin(𝑏) cos(𝑎), we get

(𝜙; 0, 𝑡𝑗)(𝜙; 0, 𝑡𝑗+1)
𝜋(𝜙; 𝑡𝑗, 𝑡𝑗+1) =

𝜙′(0) sin
(
𝜋
[
𝜙(𝑡𝑗+1) − 𝜙(𝑡𝑗)

])
sin

(
𝜋𝜙(𝑡𝑗+1)

)
sin

(
𝜋𝜙(𝑡𝑗)

) = cot
(
𝜋𝜙(𝑡𝑗)

)
− cot

(
𝜋𝜙(𝑡𝑗+1)

)
. (103)
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Moreover, for any 𝜙 ∈ D̃if f
1
(𝕋) we have cot

(
𝜋𝜙(𝑡𝑀)

)
= 0. Thus, for all 0 ⩽ 𝑗 ⩽ 2𝑀 − 1 it is

possible to express 𝜙(𝑡𝑗) in terms of observables in question using algebraic operations and

trigonometric functions. Since for all 𝜙 ∈ D̃if f
1
(𝕋) and 0 < 𝑗 ⩽ 2𝑀 − 1,

(𝜙; 0, 𝑡𝑗) = 𝜋
√
𝜙′(𝑡𝑗)

sin
(
𝜋𝜙(𝑡𝑗)

) , (104)

we can express 𝜙′(𝑡𝑗) in terms of our observables too.
Moreover, note that taking𝑁 = 0 implies that the total mass of both measures is equal to(𝜎).
Now take two random variables 𝜙1 ∼

1

(𝜎) ′ and 𝜙2 ∼
1

(𝜎)ℳ′
𝜎2
. Note that joint distribution

of observables
{(𝜙; 0, 𝑡𝑗)}2𝑀−1

𝑗=1
∪
{(𝜙; 𝑡𝑗, 𝑡𝑗+1)}2𝑀−1

𝑗=0
is the same for both 𝜙1 and 𝜙2, since

their correlation functions are equal, and all variables have exponential moments (hence, their
characteristic functions are equal). Moreover, we have already shown that we can express both
{𝜙(𝑡𝑗)}

2𝑀−1
𝑗=0

and {𝜙′(𝑡𝑗)}2𝑀−1
𝑗=0

as continuous functions of observables in question. Therefore, the
induced distributions on {𝜙(𝑡𝑗), 𝜙′(𝑡𝑗)}2𝑀−1

𝑗=0
are equal. This finishes the proof. □

5.4 Proof of Theorem 3

Theorem 3 follows immediately from the following lemma.

Lemma 29. For 𝜀 → 0 we have

exp

(
𝜀 𝜎2

2
⋅ 𝑘22

)
∫ℝ+

exp

(
−
𝜀 𝜎2

2
⋅ 𝑘21

)
sinh(2𝜋𝑘1)

Γ(1 ± 𝑖𝑘1 ± 𝑖𝑘2)

2𝜋2Γ(2)
2𝑘1 d𝑘1

= 𝜀−2 +
𝜎4

240
+
𝜎4𝑘2

2

12
+ (1 + 𝑘52) 𝑂(𝜀

1∕2). (105)

Proof. Using the fact that |Γ(1 + 𝑖𝑥)|2 = 𝜋𝑥∕ sinh(𝜋𝑥), and

sinh(2𝜋𝑘1)

sinh (𝜋(𝑘1 − 𝑘2)) sinh (𝜋(𝑘1 + 𝑘2))
= coth (𝜋(𝑘1 − 𝑘2)) + coth (𝜋(𝑘1 + 𝑘2)), (106)

we get

∫ℝ+

exp

(
−
𝜀 𝜎2

2
⋅ 𝑘21

)
sinh(2𝜋𝑘1)

Γ(1 ± 𝑖𝑘1 ± 𝑖𝑘2)

2𝜋2Γ(2)
2𝑘1 d𝑘1

= ∫ℝ exp
(
−
𝜀 𝜎2

2
⋅ 𝑘21

)
𝑘1(𝑘

2
1 − 𝑘22) coth (𝜋(𝑘1 − 𝑘2)) d𝑘1. (107)

It is well known (for example, see [19, 17.23.21]):

[coth(𝜋𝑥)](𝑤) = −𝑖 coth
(
𝑤

2

)
, (108)
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where by  we denote the Fourier transform (in the sense of tempered distribution, for example,
see [39, Chapter I.3]) normalised as in (A.1). Therefore, by Plancherel identity

∫ℝ exp
(
−
𝜀 𝜎2

2
⋅ 𝑘21

)
𝑘2𝑛+1
1

coth (𝜋(𝑘1 − 𝑘2)) d𝑘1

= (−1)𝑛
1√
2𝜋

(
𝜀 𝜎2

)−(𝑛+1)
∫ℝ exp

(
−

𝑤2

2𝜀 𝜎2

)
H2𝑛+1

(
𝑤√
𝜀𝜎

)
coth

(
𝑤

2

)
𝑒𝑖𝑘2𝑤 d𝑤,

= (−1)𝑛
1√
2𝜋

(
𝜀 𝜎2

)−(𝑛+1

2

)
∫ℝ exp

(
−
𝑤2

2

)
H2𝑛+1(𝑤) coth

(√
𝜀𝜎 𝑤

2

)
𝑒𝑖𝑘2

√
𝜀𝜎 𝑤 d𝑤, (109)

where H𝑘(𝑥) = (−1)𝑘𝑒𝑥
2∕2 d𝑘

d𝑥𝑘
𝑒−𝑥

2∕2 is the 𝑘th Hermite polynomial, and the integrals are
understood as Cauchy principal value integrals. It is easy to see that

coth
(
𝑥

2

)
=

2

𝑥
+
𝑥

6
−

𝑥3

360
+ 𝑂(|𝑥|5), (110)

𝑒𝑖𝑘2𝑥 = 1 + 𝑖𝑘2𝑥 −
𝑘2
2
𝑥2

2
−
𝑖𝑘3
2
𝑥3

6
+
𝑘4
2
𝑥4

24
+ 𝑂(𝑘52𝑥

5), (111)

where the remainder terms are uniform over 𝑘2 ∈ ℝ.
Therefore,

∫ℝ exp
(
−
𝜀 𝜎2

2
⋅ 𝑘21

)
𝑘1 coth (𝜋(𝑘1 − 𝑘2)) d𝑘1

=
1√
2𝜋

(
𝜀 𝜎2

)−1
∫ℝ exp

(
−
𝑤2

2

)(
2 + 𝑖 2

√
𝜀𝜎 𝑘2𝑤 + 𝜀 𝜎2

(
1

6
− 𝑘22

)
𝑤2 + (1 + 𝑘32)𝑂(𝜀

3∕2𝑤3)
)
d𝑤

= 2
(
𝜀 𝜎2

)−1
+
1

6
− 𝑘22 + (1 + 𝑘32) 𝑂

(√
𝜀
)
, (112)

and

∫ℝ exp
(
−
𝜀 𝜎2

2
⋅ 𝑘21

)
𝑘31 coth (𝜋(𝑘1 − 𝑘2)) d𝑘1

=
1√
2𝜋

(
𝜀 𝜎2

)−2
∫ℝ exp

(
−
𝑤2

2

)(
6 − 2𝑤2 + 𝑖

√
𝜀𝜎(6𝑤 − 2𝑤3) 𝑘2 + 𝜀 𝜎2(3𝑤2 − 𝑤4)

(
1

6
− 𝑘22

)

−𝑖(𝜀 𝜎2)3∕2(3𝑤3 − 𝑤5)
𝑘3
2

6
− (𝜀 𝜎2)2(3𝑤4 − 𝑤6)

(
1

360
+
𝑘2
2

12
−
𝑘4
2

12

)
+ (1 + 𝑘52) 𝑂(𝜀

5∕2𝑤5)

)
d𝑤

= 4
(
𝜀 𝜎2

)−2
+

1

60
+
𝑘2
2

2
−
𝑘4
2

2
+ (1 + 𝑘52) 𝑂(𝜀

1∕2). (113)

Hence,
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exp

(
𝜀 𝜎2

2
⋅ 𝑘22

)
∫ℝ+

exp

(
−
𝜀 𝜎2

2
⋅ 𝑘21

)
sinh(2𝜋𝑘1)

Γ(1 ± 𝑖𝑘1 ± 𝑖𝑘2)

2𝜋2Γ(2)

(
𝜎2

2

)2

2𝑘1 d𝑘1

= 𝜀−2 +
𝜎4

240
+
𝜎4𝑘2

2

12
+ (1 + 𝑘52) 𝑂(𝜀

1∕2), (114)

where the remainder terms are uniform over 𝑘2 ∈ ℝ. □

APPENDIX A: FOURIER CALCULATIONS
We use the following normalisation for Fourier transform:

𝑓(𝜔) = ∫ℝ 𝑓(𝑥)𝑒
−𝑖𝜔𝑥 d𝑥, (A.1)

𝑓(𝑥) = ∫ℝ 𝑓(𝜔)
𝑒𝑖𝜔𝑥

2𝜋
d𝜔. (A.2)

In our normalisation

∫ 𝑓(𝑦)g(𝑥 − 𝑦) d𝑦 = ∫ 𝑓(𝜔)ĝ(𝜔)
𝑒𝑖𝜔𝑥

2𝜋
d𝜔. (A.3)

The main goal of this section is to prove the following proposition.

Proposition A.1. For any 𝛽, 𝑘 ∈ ℝ and any 𝑧 ∈ 𝔻2 we have

cos (2𝑘 ⋅ arccosh [cosh(𝛽∕2) − 𝑧]) =

cos(𝑘𝛽) + 2𝑘 sinh(2𝜋𝑘)∫
∞

0

∞∑
𝑙=1

Γ
(
𝑙

2
± 𝑖𝑘 ± 𝑖𝑤

)
2𝜋2Γ(𝑙)

⋅
(2𝑧)𝑙

𝑙!
cos(𝑤𝛽) d𝑤, (A.4)

where the right-hand side converges absolutely.

Remark A.2. The right-hand side above can also be written as

2𝑘 sinh(2𝜋𝑘)∫
∞

0

∞∑
𝑙=0

Γ
(
𝑙

2
± 𝑖𝑘 ± 𝑖𝑤

)
2𝜋2Γ(𝑙)

⋅
(2𝑧)𝑙

𝑙!
cos(𝑤𝛽) d𝑤, (A.5)

if we interpret 𝑙 = 0 term as delta function 𝛿(𝜔 − 𝑘).

We will deduce it from the following two lemmas.

Lemma A.3. For all 𝑘,𝑤 ∈ ℝ and 𝑙 > 0 we have

Γ(𝑙 ± 𝑖𝑘 ± 𝑖𝑤)

Γ2(2𝑙)
=
1

2 ∫ℝ ∫ℝ(𝑒
𝑎∕2 + 𝑒−𝑎∕2 + 𝑒𝑏∕2 + 𝑒−𝑏∕2)−2𝑙𝑒𝑖𝑘𝑎+𝑖𝑤𝑏 d𝑎 d𝑏. (A.6)
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Proof. We start by writing

Γ(𝑙 + 𝑖𝑥) = ∫
∞

0
𝑡𝑖𝑥+𝑙−1𝑒−𝑡 d𝑡 = ∫

∞

−∞
𝑒𝑢(𝑙+𝑖𝑥)𝑒−𝑒

𝑢
d𝑢. (A.7)

Note that the integrand on the right-hand side decays exponentially as 𝑢 → ±∞. Applying the
equation above for 𝑥 ∈ {𝑘 + 𝑤, 𝑘 − 𝑤,−𝑘 + 𝑤,−𝑘 − 𝑤} and multiplying them we obtain

Γ(𝑙 ± 𝑖𝑘 ± 𝑖𝑤) = ∫ℝ4

exp
{
− 𝑒𝑢1 − 𝑒𝑢2 − 𝑒𝑢3 − 𝑒𝑢4

}
× exp

{
𝑙(𝑢1 + 𝑢2 + 𝑢3 + 𝑢4) + 𝑖𝑘(𝑢1 + 𝑢2 − 𝑢3 − 𝑢4) + 𝑖𝑤(𝑢1 − 𝑢2 + 𝑢3 − 𝑢4)

}
d𝑢1 d𝑢2 d𝑢3 d𝑢4.

(A.8)

Changing the variables

𝑣1 =
1

2
(𝑢1 + 𝑢4), 𝑣2 =

1

2
(𝑢1 − 𝑢4), (A.9)

𝑣3 =
1

2
(𝑢2 + 𝑢3), 𝑣4 =

1

2
(𝑢2 − 𝑢3), (A.10)

𝑣1 =
1

2
(𝑢1 + 𝑢4), 𝑣2 =

1

2
(𝑢1 − 𝑢4),

𝑣3 =
1

2
(𝑢2 + 𝑢3), 𝑣4 =

1

2
(𝑢2 − 𝑢3), (A.11)

we obtain

Γ(𝑙 ± 𝑖𝑘 ± 𝑖𝑤) = 4∫ℝ4
exp

{
− 𝑒𝑣1+𝑣2 − 𝑒𝑣1−𝑣2 − 𝑒𝑣3+𝑣4 − 𝑒𝑣3−𝑣4

}
× exp

{
2𝑙(𝑣1 + 𝑣3) + 2𝑖𝑘(𝑣2 + 𝑣4) + 2𝑖𝑤(𝑣2 − 𝑣4)

}
d𝑣1 d𝑣2 d𝑣3 d𝑣4. (A.12)

Next, we integrate out 𝑣1 and 𝑣3 using an equality

∫ℝ exp
{
− 𝑦 𝑒𝑥

}
𝑒𝜆 𝑥 d𝑥 = Γ(𝜆)𝑦−𝜆, (A.13)

and get

Γ(𝑙 ± 𝑖𝑘 ± 𝑖𝑤)

Γ2(2𝑙)
= 4∫ℝ2

(𝑒𝑣2 + 𝑒−𝑣2)−2𝑙(𝑒𝑣4 + 𝑒−𝑣4)−2𝑙 exp
{
2𝑖𝑘(𝑣2 + 𝑣4) + 2𝑖𝑤(𝑣2 − 𝑣4)

}
d𝑣2 d𝑣4

= 4∫ℝ2

(
𝑒𝑣2+𝑣4 + 𝑒−𝑣2−𝑣4 + 𝑒𝑣2−𝑣4 + 𝑒𝑣4−𝑣2

)−2𝑙
exp

{
2𝑖𝑘(𝑣2 + 𝑣4) + 2𝑖𝑤(𝑣2 − 𝑣4)

}
d𝑣2 d𝑣4. (A.14)

Changing the variables again

𝑎 = 2(𝑣2 + 𝑣4), 𝑏 = 2(𝑣2 − 𝑣4), (A.15)

we get the desired claim. □
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Lemma A.4. For all 𝑝, 𝑞 ∈ ℂ such that |𝑝| < 𝜋, |𝑞| < 𝜋 we have

cos(𝑝𝜔) − cos(𝑞𝜔)

sinh(𝜋𝜔)
=

𝑖

2𝜋 ∫ℝ
sinh(𝑥)(cosh(𝑝) − cosh(𝑞))

(cosh(𝑞) + cosh(𝑥))(cosh(𝑝) + cosh(𝑥))
𝑒𝑖𝑥𝜔 d𝑥. (A.16)

Note that the integrand on the right-hand side is exponentially decaying as 𝑥 → ±∞.

Proof. It is well known (see, for example, [19, 17.23.20]) that for 𝑎, 𝑏 ∈ ℝ with |𝑎| < |𝑏| we have
sinh(𝑎𝜔)

sinh(𝑏𝜔)
=
1

2 ∫ℝ
sin(𝜋𝑎∕𝑏)

𝑏[cos(𝜋𝑎∕𝑏) + cosh(𝜋𝑥∕𝑏)]
𝑒𝑖𝑥𝜔 d𝑥. (A.17)

Note that the formula above also holds true for 𝑎 ∈ ℂ with |𝑎| < |𝑏|, as both sides are analytic in
𝑎.
Now we write

cos(𝑝𝜔) − cos(𝑞𝜔)

sinh(𝜋𝜔)
= −

2 sin
(
(𝑝+𝑞)

2
𝜔
)
sin

(
(𝑝−𝑞)

2
𝜔
)

sinh(𝜋𝜔)
. (A.18)

Thus, combining this with (A.17) for 𝑎 = 𝑖(𝑝 + 𝑞)∕2 and 𝑏 = 𝜋 we obtain

cos(𝑝𝜔) − cos(𝑞𝜔)

sinh(𝜋𝜔)

=
𝑖

2𝜋 ∫ℝ
⎛⎜⎜⎜⎝

sinh
(
𝑝+𝑞

2

)
cosh

(
𝑝+𝑞

2

)
+ cosh

(
𝑥 −

𝑝−𝑞

2

) −
sinh

(
𝑝+𝑞

2

)
cosh

(
𝑝+𝑞

2

)
+ cosh

(
𝑥 +

𝑝−𝑞

2

)⎞⎟⎟⎟⎠𝑒
𝑖𝑥𝜔 d𝑥. (A.19)

Moreover,

sinh
(
𝑝+𝑞

2

)
cosh

(
𝑝+𝑞

2

)
+ cosh

(
𝑥 −

𝑝−𝑞

2

) −
sinh

(
𝑝+𝑞

2

)
cosh

(
𝑝+𝑞

2

)
+ cosh

(
𝑥 +

𝑝−𝑞

2

)

=
sinh

(
𝑝+𝑞

2

)(
cosh

(
𝑥 +

𝑝−𝑞

2

)
− cosh

(
𝑥 −

𝑝−𝑞

2

))
(
cosh

(
𝑝+𝑞

2

)
+ cosh

(
𝑥 −

𝑝−𝑞

2

))(
cosh

(
𝑝+𝑞

2

)
+ cosh

(
𝑥 +

𝑝−𝑞

2

)) . (A.20)

It is easy to show that the numerator on the right-hand side is equal to sinh(𝑥) (cosh(𝑝) − cosh(𝑞)),
and the denominator equals (cosh(𝑞) + cosh(𝑥)) (cosh(𝑝) + cosh(𝑥)), which finishes the
proof. □

Proof of Proposition A.1. Using Lemma A.4 we get

cos (2𝑘 ⋅ arccosh [cosh(𝛽∕2) − 𝑧]) − cos(𝑘𝛽)

sinh(2𝜋𝑘)

=
−𝑖

2𝜋 ∫ℝ
𝑧 sinh(𝑥)

(cosh(𝑥) + cosh(𝛽∕2))(cosh(𝑥) + cosh(𝛽∕2) − 𝑧)
𝑒2𝑖𝑥𝑘 d𝑥. (A.21)



PROBABILISTIC CORRELATION FUNCTIONS OF THE SCHWARZIAN FIELD THEORY 31 of 35

Now we Taylor expand in 𝑧

1

cosh(𝑥) + cosh(𝛽∕2) − 𝑧
=

∞∑
𝑙=0

(cosh(𝑥) + cosh(𝛽∕2))−𝑙−1𝑧𝑙, (A.22)

thus

𝑧 sinh(𝑥)

(cosh(𝑥) + cosh(𝛽∕2))(cosh(𝑥) + cosh(𝛽∕2) − 𝑧)
= sinh(𝑥)

∞∑
𝑙=1

(cosh(𝑥) + cosh(𝛽∕2))−𝑙−1𝑧𝑙.

(A.23)
Differentiating by parts and using Lemma A.3 we obtain that for any 𝑙 ⩾ 1,

∫ℝ

sinh(𝑥)(cosh(𝑥) + cosh(𝛽∕2))
−𝑙−1𝑒2𝑖𝑥𝑘 d𝑥 =

𝑖𝑘2𝑙+1

𝑙 ∫ℝ

(
𝑒𝑥 + 𝑒−𝑥 + 𝑒𝛽∕2 + 𝑒−𝛽∕2

)−𝑙
𝑒2𝑖𝑥𝑘 d𝑥

=
𝑖𝑘2𝑙

𝜋𝑙 ∫ℝ

Γ
(
𝑙

2
± 𝑖𝑘 ± 𝑖𝑤

)
Γ2(𝑙)

𝑒𝑖𝑤𝛽 d𝑤. (A.24)

In particular, taking 𝛽 = 0,

𝑘2𝑙

𝜋𝑙 ∫ℝ
Γ
(
𝑙

2
± 𝑖𝑘 ± 𝑖𝑤

)
Γ2(𝑙)

d𝑤 ⩽ ∫ℝ
||sinh(𝑥)||(cosh(𝑥) + cosh(𝛽∕2))−𝑙−1 d𝑥, (A.25)

and thus, summing over 𝑙 we obtain for any |𝑧| < 2

𝑘

𝜋

∞∑
𝑙=1

∫ℝ
Γ
(
𝑙

2
± 𝑖𝑘 ± 𝑖𝑤

)
Γ(𝑙)

⋅
(2|𝑧|)𝑙
𝑙!

d𝑤

⩽ ∫ℝ
||𝑧 sinh(𝑥)||

(cosh(𝑥) + cosh(𝛽∕2))(cosh(𝑥) + cosh(𝛽∕2) − |𝑧|) d𝑥 < ∞. (A.26)

Now using (A.24) again and summing over 𝑙 we obtain

−𝑖

2𝜋 ∫ℝ
𝑧 sinh(𝑥)

(cosh(𝑥) + cosh(𝛽∕2))(cosh(𝑥) + cosh(𝛽∕2) − 𝑧)
𝑒2𝑖𝑥𝑘 d𝑥

=
𝑘

2𝜋2

∞∑
𝑙=1

∫ℝ
Γ
(
𝑙

2
± 𝑖𝑘 ± 𝑖𝑤

)
Γ(𝑙)

⋅
(2𝑧)𝑙

𝑙!
𝑒𝑖𝑤𝛽 d𝑤, (A.27)

where the expression on the right-hand side converges absolutely because of (A.26). This, together
with (A.21) finishes proof. □

APPENDIX B: AUXILIARY ANALYTIC RESULTS
Lemmas B.1 and B.2 have already appeared in [5]. For the reader’s convenience we recall them
together with their proofs.
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Lemma B.1 [5]. Fix 𝜎, 𝑎, 𝑇 > 0. Then there exists 𝜀 > 0 such that

∫ exp

(
𝜀

∫ 𝑇
0 𝑒𝜉(𝜏) d𝜏

)
d𝑎,𝑇

𝜎2
(𝜉) < ∞. (B.1)

Proof. Let 𝜉 be a Brownian bridge distributed according to the probability measure√
2𝜋𝑇𝜎 exp

(
𝑎2

2𝑇𝜎2

)
d𝑎,𝑇

𝜎2
(𝜉). Then

ℙ

[
1

∫ 𝑇
0 𝑒𝜉(𝜏) d𝜏

> 𝜆

]
⩽ ℙ

[
min

𝑡∈[0,𝑒𝜆−1)]
𝜉(𝑡) < −1

]
⩽ 𝐶−1𝑒−𝐶𝜆, (B.2)

for some 𝐶 > 0, independent of 𝜆 > 10∕𝑇. □

Lemma B.2 [5]. Let  be a non-negative measure on ℝ+. Assume that there exists 𝜀 > 0 such
that the exponential moment generating function 𝐹(𝑧) = ∫ exp (𝑧𝑋) d(𝑋) exists for all 𝑧 ∈ [0, 𝜀).
Assume further that for some 𝑅 > 0, 𝐹(𝑧) can be analytically continued for all 𝑧 ∈ 𝔻𝑅 . Then∫ exp (𝑧𝑋) d(𝑋) converges absolutely for all 𝑧 ∈ 𝔻𝑅, and is equal to the analytic continuation of
𝐹(𝑧) to 𝔻𝑅.

Proof. Since  supported on ℝ+, by Fubini’s theorem,

𝐹(𝑧) =
∑
𝑛⩾0

𝑧𝑛
∫ 𝑋𝑛 d(𝑋)

𝑛!
, (B.3)

for 𝑧 ∈ [0, 𝜀). Given that 𝐹(𝑧) is analytic in 𝔻𝑅, we conclude that the right-hand side converges
absolutely for 𝑧 ∈ 𝔻𝑅. Thus, by Fubini’s theorem again, 𝔼 exp (𝑧𝑋) converges for 𝑧 ∈ [0, 𝑅) and is
equal to 𝐹(𝑧). We can continue the equality for the whole disk 𝔻𝑅, since |𝑧𝑛𝑋𝑛| ⩽ |𝑧|𝑛𝑋𝑛, and all
expressions are absolutely convergent in 𝔻𝑅. □

Statement B.3. For any 𝛿 ∈ (0, 1∕10), if 𝑥 ∈ (0, 1 − 𝛿), then for any 𝛼 ∈ (9𝜋
10
, 𝜋) we have

|||||log
(
sin(𝜋𝑥)

sin(𝛼𝑥)

)||||| ⩽ 𝜋 − 𝛼

sin(𝜋𝛿∕2)
. (B.4)

Proof. Since sin(𝑦)∕𝑦 is decreasing for 𝑦 ∈ [0, 𝜋], we get that

|||| dd𝛼 log (sin(𝛼𝑥))
|||| = 𝑥||cos(𝛼𝑥)||

sin(𝛼𝑥)
⩽

𝛼(1 − 𝛿)

𝛼 sin(𝛼(1 − 𝛿))
⩽

1

sin(𝜋𝛿∕2)
. (B.5)

□

Statement B.4. For any 𝑥 ∈ ℝ we have

arccosh2 [cosh(𝑥) − 2] > 𝑥2 − 1000. (B.6)

Proof. Since arccosh2 [cosh(𝑥) − 2] is even, it is sufficient to prove the inequality only for 𝑥 ⩾ 0
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For 𝑥 ∈ [0, 10] we see that

arccosh2 [cosh(𝑥) − 2] ⩾ −𝜋2 > 𝑥2 − 1000. (B.7)

For 𝑥 ∈ (10,∞) we have

cosh(𝑥) − 2 > cosh
(
𝑥 −

3

𝑥

)
, (B.8)

since

d

d𝑦
cosh(𝑦) = sinh(𝑦) > 𝑦 (B.9)

for 𝑦 > 5. Therefore,

arccosh2 [cosh(𝑥) − 2] >
(
𝑥 −

3

𝑥

)2
> 𝑥2 − 10. (B.10)

□

Statement B.5. Function arccosh2(𝑧) can be analytically continued from 𝑧 ∈ [1,∞) to 𝑧 ∈ Ω ∶={
𝑧 ∈ ℂ

|||ℜ𝑧 ⩾ −1
}
. Moreover, in this continuation arccosh2(𝑧) = −arccos2(𝑧) for 𝑧 ∈ (−1, 1).

Proof. Let 𝑓(𝑧) =
(
𝑧 + 1

𝑧

)
∕2, and g(𝑧) = 𝑒𝑧. Note that arccosh2(𝑧) =

[(
g−1◦𝑓−1

)
(𝑧)
]2
.

It is easy to see that 𝑓 is a double cover from ℂ∖(−∞, 0] to ℂ∖(−∞,−1]with only critical point
𝑧 = 1, and g is a bijection between

{
𝑧 ∈ ℂ

||| − 𝜋 < ℑ𝑧 < 𝜋
}
andℂ∖(−∞, 0]with 0 beingmapped

to 1.
Observation that

(
𝑓◦g

)
(−𝑧) =

(
𝑓◦g

)
(𝑧) finishes the proof of the first part.

The equality arccosh2(𝑧) = −arccos2(𝑧) for 𝑧 ∈ (−1, 1) follows from the fact that 𝜔 =

𝑖 arccos(𝑧) and 𝜔 = −𝑖 arccos(𝑧) are the only solutions of cosh(𝜔) = 𝑧 in the domain{
𝜔 ∈ ℂ

||| − 𝜋 < ℑ𝜔 < 𝜋
}
. □
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