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Groundstate dispersion interaction between �-conjugated polymers
William Barforda� and Xibai Xub�
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The line-dipole approximation is used to investigate the scaling of the groundstate dispersion
interaction, EW, between parallel conjugated polymers of length L and transverse separation D. Both
a second-order perturbation theory calculation using the Mott-Wannier exciton model of excited
states and a semiclassical analysis of distributed dipoles indicate that at L�D there is a crossover
from the point-dipole approximation result of EW�L2 /D6 for L�D to the thermodynamically
expected result of EW�L /D5 for L�D. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2822127�

I. INTRODUCTION

The dispersion �or London� interaction1 between a pair
of closed shell molecules separated by a distance D is

EW = −
3

2�4��0�2� IAIB

IA + IB
��A�B

D6 , �1�

where �X is the polarizability and IX is the ionization energy
of molecule X. Since the Kuhn oscillator sum rule implies
that the polarizability scales as N, where N is the number of
electrons in the molecule, the London result therefore pre-
dicts that the interaction energy scales as N2. In the
asymptotic limit of the molecular size much larger than the
molecular separation this result is evidently unphysical, as it
implies that matter can be spontaneously created. Asymptoti-
cally the interaction energy should scale as N. The origin of
this incorrect asymptotic prediction arises from the applica-
tion of the point-dipole approximation to the interaction be-
tween a pair of molecules. Evidently, for molecules whose
physical size exceeds the separation between them this ap-
proximation is invalid. This observation is particularly perti-
nent to �-conjugated chromophores and polymers, where the
conjugation length is typically much larger than the separa-
tion of nearest neighbor molecules.

Besides these physical reasons for expecting a crossover
in the behavior of EW as a function of separation, there are
also mathematical reasons for expecting such a crossover
arising from the expression for EW derived from perturbation
theory. As described in the next section, according to second-
order perturbation theory the expression for EW involves the
intermolecular exciton transfer integral. As was shown nu-
merically in Refs. 2–5 and analytically in Ref. 6, the exciton
transfer integral scales as L for L�D and as L−� for L�D
�with �=1 in the plane-wave approximation�,6 where L is the
polymer length. Mathematically, therefore, it is also reason-
able to expect that there will be a crossover in the scaling
behavior of EW at L�D.

The groundstate dispersion interaction between large

saturated molecules can be calculated assuming pairwise ad-
ditive London interactions. In this case, as shown by Salem
in 1962,7

EW � −
L

D5�3 tan−1�L/D� +
L/D

1 + �L/D�2� , �2�

satisfying the physical constraints discussed above.
A noninteracting description of �-electrons in unsatur-

ated �-conjugated systems was adopted by Coulson and
Davies,8 and Haugh and Hirschfelder9 to predict the ground-
state dispersion interactions, while Sternlicht10 adopted a
Luttinger liquid approach to describe the dispersion interac-
tions between metallic systems of interacting electrons.

In this paper we calculate the dispersion interaction be-
tween semiconducting �-conjugated polymers using the line-
dipole approximation,6,11,12 which assumes �as can be rigor-
ously justified for polymer separations much larger than the
monomer size� that the polymeric transition dipole moment
is distributed as a coherent sum of dipoles over the entire
chain. In the next section we develop a second-order pertur-
bation theory based on the Mott-Wannier exciton model of
conjugated polymers. In the following section we confirm
these predictions via a semiclassical calculation that does not
assume pairwise additive interactions. As expected, in both
cases we show that for L�D, EW�L2 /D6, while for L�D,
EW�L /D5.

II. PERTURBATION THEORY CALCULATION
OF THE GROUNDSTATE INTERACTION

We consider an idealized “polyacetylene” geometry of
two parallel conjugated polymers labeled 1 and 2 of length L
and separated by a transverse distance D, as illustrated in
Fig. 1. The groundstate is denoted by �A	. In the absence of
intermolecular interactions �A	 is the product state,

�A	 = �GS	1�GS	2, �3�

where �GS	m represents the groundstate of polymer m.
To second order in perturbation theory the change in the

groundstate energy arising from the intermolecular Coulomb
interactions is
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EW = − 

A��A

�VAA��
2

�E1 + �E2
, �4�

where �A�	 is the excited state product,

�A�	 = �EX	1�EX	2, �5�

and �EX	m and �Em represent an excited state and transition
energy of polymer m, respectively. The matrix element VAA�,
defined as13

VA�A = �A��V̂�A	

= 

i�1,j�2

Vij�1�GS��N̂i − 1��EX	1��2�EX��N̂j − 1��GS	2� ,

�6�

is formally the exciton transfer integral between both chains.
Vij is the Coulomb interaction between electrons in orbitals

�i and � j, and N̂i is the number operator for electrons in
orbital �i. When �ri−r j� is large compared to the interatomic
spacing the Coulomb potential is

Vij =
q2

4��0��ri − r j�
, �7�

where ri is the coordinate of atom i.
As shown in Ref. 6, for polymer chains whose separa-

tion exceeds their monomer size, d, the exciton transfer in-
tegral can be expressed as

VAA� = 	n1

�1�	n2

�2� 

l1�1



l2�2


�1
�Rl1

�
�l1l2

4��0�rl1l2
3 
�2

�Rl2
� , �8�

where

	n = � dq

2�2
�
n�0� �9�

is the monomeric transition dipole moment, rl1l2
is the

separation between the monomers l1 and l2, and �l1l2
= �1−3 cos2 �l1l2

� is an orientational factor, as defined in Fig.
1. Here, indices 1 and 2 refer to polymer chains 1 and 2,
respectively. 
n�r� is the relative wavefunction of the exci-
ton, labeled by the principle quantum number, n, and r is the
relative coordinate. 
��R� is the exciton center-of-mass
wavefunction labeled by the pseudomomentum, �, and R is
the center-of-mass coordinate.14,15 For linear polymers with
N equivalent monomers and open boundary conditions the
exciton center-of-mass wavefunction satisfies


�Rl� =� 2

N + 1
sin��Rl� , �10�

where �=�j / �N+1� with 1� j�N.
An analytical expression was developed for VAA� in Ref.

6, where it was shown �assuming a plane-wave expansion for
the center-of-mass wavefunction, 
� that

VAA� � � 1

DL
��1 −

D
��L2 + D2�

� , �11�

and therefore VAA��L /D3 for L�D, while VAA��1 /LD for
L�D. Thus, the condition required for the perturbation
theory to be valid, namely, that VAA�� ��E1+�E2�, remains
valid in the asymptotic limits. We also note that the crossover
in scaling for VAA� as a function of L /D implies a crossover
in scaling for EW.

Identifying the excited state �EX	 with the quantum num-
bers n and �, the correction to the groundstate energy is thus

EW = − �q2d2

8
� 


n1,�1



n2,�2

�

�
n1
�0�
n2�0� 


l1�1



l2�2

�1

�Rl1
�

�l1l2

4��0�rl1l2
3 
�2

�Rl2
��2

�E�n1,�1� + �E�n2,�2�
.

�12�

To proceed further with the computation of Eq. �12� we need
to evaluate the exciton wavefunction, 
n�r�, and the transi-
tion energy, �E, for particular molecular systems with the
appropriate Hamiltonian. We model the system by the semi-
empirical Pariser-Parr-Pople Hamiltonian, with parameters
chosen to accurately model conjugated polymers. The
Pariser-Parr-Pople model is

H = − 

i�

ti�ci�
† ci+1� + ci+1�

† ci��

+ U

i
�N̂i↑ −

1

2
��N̂i↓ −

1

2
� +

1

2

i�j

Vij�N̂i − 1��N̂j − 1� ,

�13�

where ti= t�1+ �−1�i�� is the hybridization integral, � is the
bond dimerization parameter, and U=V�rij→0�.

In the weak-coupling limit, defined by U�4t, the exci-
tations of this Hamiltonian are Mott-Wannier excitons de-
scribed by the relevant exciton Schrödinger equation.14,15 It
is convenient to introduce this exciton Schrödinger equation
in the effective mass �or continuum� limit, and to rescale
energies by the effective Rydberg, EI, and lengths by the
effective Bohr length, a0. This procedure is described in the
Appendix. Taking d=2.8 Å, �=0.1, t=2.5 eV, and �=2.25
implies that EI=0.58 eV and a0=5.51 Å. The low-lying ex-
citon wavefunctions and energies are shown in Fig. 7 and
Table I for these parameters.

Now, scaling energies by the effective Rydberg, EI, and
lengths by the monomer length, d, Eq. �12� becomes

FIG. 1. The geometry of two conjugated polymers. D is the transverse
separation. Also shown are the definitions of d, L, and �.
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EW� = − � 1

16a�
�2



n1,�1



n2,�2

�

�
n1
� �0�
n2

� �0� 

l1�1



l2�2


�1
�Rl1

�
�l1l2

�rl1l2
� �3
�2

�Rl2
��2

�E��n1,�1� + �E��n2,�2�
,

�14�

where a�=d /a0, r�=r /d, and E� represents an energy scaled
by EI. 
�=
 /�a� to account for the change of normalization
arising from the change of scale from that used in the Ap-
pendix in the definition of 
.

We first establish the convergence of Eq. �14� with re-
spect to the number of exciton families included in the sum-
mation. Figure 2 shows the computed EW� versus n−1, where n
is the cumulative sum of all exciton families up to an includ-
ing n. Extrapolating to n−1→0 indicates that retaining just
the first exciton family, n=1, gives results within 10% of the
converged value.

Retaining just the n=1 exciton family, we now investi-
gate the scaling of EW� versus L and D. Figures 3 and 4 show
EW� versus D for fixed L. In the limit L�D, EW� �D−6,
whereas in the limit L�D, EW� �D−5. Figures 5 and 6 show
EW� versus L for fixed D. In the limit L�D, EW� �L2, whereas
in the limit L�D, EW� �L. The scaling limits for L�D con-
form to the point-dipole London prediction, Eq. �1�, whereas

those for L�D satisfy the correct thermodynamic properties,
as discussed in Sec. I. In the next section these scaling results
are justified by a semiclassical derivation of the dispersion
interaction using the line-dipole approximation.

III. DISTRIBUTED DIPOLE MODEL
OF VAN DER WAALS INTERACTIONS

The scaling dependence of the groundstate interaction,
EW, on both the chain length, L, and the chain separation, D,
can be determined semiclassically via the distributed dipole
approximation without any assumptions of pairwise additive
interactions.

The distributed �or line-dipole� approximation, which
becomes essentially exact for D�3d, states that the transi-
tion dipole moment for a chain of N repeat units is6,11,12

TABLE I. The excitation energies for the lowest member of each of the
lowest four exciton families in units of EI using the parameter set
d=2.8 Å, �=0.1, t=2.5 eV, and �=2.25, implying that EI=0.58 eV and
a0=5.51 Å.

Exciton, n Excitation energy, �E��n�

1 3.157
2 4.711
3 5.133
4 5.220

FIG. 2. The groundstate dispersion interaction, �EW� �in units of EI

=0.58 eV�, vs n−1, where n is the number of exciton families retained in the
calculation. D=5d, L=200d, and d=2.8 Å.

FIG. 3. The scaling relation for �EW� �in units of EI=0.58 eV� vs D �in units
of d=2.8 Å� in the limit L�D. L is fixed at 200d. EW is found to scale
as D−6.

FIG. 4. The scaling relation for �EW� �in units of EI=0.58 eV� vs D �in units
of d=2.8 Å� in the limit L�D. L is fixed at 2000d. EW is found to scale
as D−5.
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	N = 

l=1

N

	l, �15�

where 	l is the transition dipole moment for the lth repeat
unit,6

	l = 	
�Rl� , �16�

	 is the monomeric transition dipole moment, as defined in
Eq. �9�, and 
�Rl� is the exciton center-of-mass wavefunc-
tion.

Suppose that chain 1 undergoes a spontaneous fluctua-
tion such that the instantaneous transition dipole is 	N

�1�. Then
its subdipole on the l1th repeat unit of chain 1 is thus

	l1
�1� = 	�1�
�Rl1

� . �17�

This subdipole creates a longitudinal electric field, Ez
l1l2, at

the l2th monomer on chain 2,

Ez
l1l2 = 	l1

�1�
�3 cos2 �l1l2

− 1�

4��0�rl1l2
3 . �18�

The total longitudinal electric field, Ez
l2, at the l2th monomer

on chain 2 arising from all the monomers on chain 1,

Ez
l2 = 


l1�1
Ez

l1l2, �19�

induces a subdipole on the l2th monomer on chain 2,

	l2
�2� = �Ez

l2, �20�

where � is the polarizability of the monomer, and is inde-
pendent of chain length.

The induced dipoles on chain 2 cause an interaction be-
tween the two chains in two ways. First, there is the direct
interaction between the subdipoles on chain 1 and those on
chain 2,

EW
�1� = 


l1�1,l2�2
Vl1l2

, �21�

where

Vl1l2
= − 	l1

�1�	l2
�2�

�3 cos2 �l1l2
− 1�

4��0�rl1l2
3 . �22�

Thus,

EW
�1� = − � 


l1�1,l1��1

	l1
�1�	l1�

�1� 

l2�2

�
�3 cos2 �l1l2

− 1�

4��0�rl1l2
3

�3 cos2 �l1�l2
− 1�

4��0�rl1�l2

3

= − 

l1�1,l1��1

	l1
�1�Ũl1l1�

	l1�
�1�, �23�

where

Ũl1l1�
= � 


l2�2

�3 cos2 �l1l2
− 1�

4��0�rl1l2
3

�3 cos2 �l1�l2
− 1�

4��0�rl1�l2

3 �24�

is the effective interaction between the subdipoles 	l1

�1� and

	
l1�
�1�

on chain 1 mediated by 	l2

�2� on the opposite chain.

Second, the subdipoles induced on chain 2 by the subdi-
poles of chain 1 interact between themselves causing an ef-
fective interaction between the chains,

EW
�2� =

1

2 

l2�2,l2��2

Vl2l2�
, �25�

where

FIG. 5. The scaling relation of �EW� �in units of EI=0.58 eV� vs L �in units
of d=2.8 Å� in the limit L�D. D is fixed at 2000d. EW is found to scale
as L2.

FIG. 6. The scaling relation for �EW� �in units of EI=0.58 eV� vs L �in units
of d=2.8 Å� in the limit L�D. D is fixed at 20d. EW is found to scale as L.
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Vl2l2�
=

2	l2
�2�	l2�

�2�

4��0�rl2l2�
3 . �26�

Thus,

EW
�2� = − �2 


l2�2,l2��2

1

4��0�rl2l2�
3

� 

l1�1

	l1
�1�

�3 cos2 �l1l2
− 1�

4��0�rl1l2
3

� 

l1��1

	l1�
�1�

�3 cos2 �l1�l2�
− 1�

4��0�rl1�l2�
3 . �27�

Assuming a plane-wave approximation for the center-of-
mass wavefunction, namely, that 
�Rl��1 /�L implying that
	l�	 /�L, allows Eq. �23� to be integrated analytically to
give

EW
�1� = −

�

�4��0��2� 4�L4 − 3D2L2 − 4D4�
LD�L2 + D2�1/2�L2 + 4D2�2

+
tan−1�L/D�

8D3 −
L

2�L2 + D2�� . �28�

For L�D, EW
�1�→L2 /D6, whereas for L�D, EW

�1�→1 /LD3.
Equation �27� cannot be evaluated analytically. However,
anumerical integration indicates that for L�D, EW

�2�

→ �L /D���L��1 /D4� with ��L��2, whereas for L�D, EW
�2�

→L /D5.
Thus, for L�D, EW

�1� dominates and EW=EW
�1�+EW

�2�

→L2 /D6, while for L�D, EW
�2� dominates and EW→L /D5.

The semiclassical result is therefore in agreement with the
quantum mechanical calculation presented in the previous
section. We also note that although this result has the same
asymptotic predictions as the pairwise additive expression
shown in Eq. �2�,7 no such assumption about pairwise addi-
tive interactions has been made here.

IV. CONCLUDING REMARKS

In conclusion, the line-dipole approximation has been
used to investigate the scaling of the groundstate dispersion
interaction, EW, between conjugated polymers of length L
and transverse separation D. Both a second-order perturba-
tion theory calculation using the Mott-Wannier exciton
model of excited states and a semiclassical analysis of dis-
tributed dipoles indicate that at L�D there is a crossover
from the point-dipole approximation of EW�L2 /D6 for L
�D to the thermodynamically expected result of EW

�L /D5 for L�D. We note that for L�D, EW��D /L�EL,
where EL�L2 /D6 is the London expression for the disper-
sion interaction. Thus, �up to numerical coefficients� the cor-
rect dispersion interaction is smaller than the London predic-
tion in this limit.

The London expression for the dispersion interaction has
been used to interpret spectral diffusion in conjugated poly-
mer chains.16,17 It would be informative to reexamine this
analysis in the light of the present work. It would also be

instructive to investigate the scaling dependence of the ex-
cited state screening energy as a function of D using a simi-
lar perturbation theory analysis with the Mott-Wannier exci-
ton model. Soos et al.18 have shown using a model of
correlated electrons that the screening energy scales as D−3

for L�D. Finally, the role of retardation effects—which be-
come important for dispersion interactions when conjugated
segments are separated by distances comparable to the wave-
length of light—also needs to be investigated in the context
of the current work.
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APPENDIX: EXCITON SCHRÖDINGER EQUATION

The exciton Schrödinger equation for Mott-Wannier ex-
citons, derived from the Pariser-Parr-Pople model, was intro-
duced in Refs. 14 and 15. In making the connection to the
effective mass �or continuum� limit it is convenient to define
the reduced mass as 	=�2 /2t�1−��d, where d is the mono-
mer size. Then, scaling lengths by the effective Bohr radius,

a0��� =
4��0��2 cos��d/2�

	e2 �A1�

and the energy by the effective Rydberg,

EI��� =
	e4

2�2 cos��d/2��4��0��2 , �A2�

the exciton Schrödinger equation becomes

FIG. 7. The exciton wavefunction, 
, derived from the exciton Schrödinger
equation, Eq. �A3�, using the parameter set d=2.8 Å, �=0.1, t=2.5 eV, and
�=2.25, implying that EI=0.58 eV and a0=5.51 Å.
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−
1

a�2 �
n�r� + a�� + 
n�r� − a��� −
2
n�r��

a��1 + r�2�1/2

= En�
n�r�� , �A3�

where r�=r /a0���, a�=d /a0���, En�=En /EI���, and ��
= t�1+�� /EI���.

The excitation energy relative to the groundstate energy
is given by

�En� = En� + Ũ� + 2��, �A4�

where �En�+2 /a�2� is the exciton binding energy relative to
the electron-hole continuum and

Ũ� =
1

a�
�1 +

1

�1 + �1/2�2�1/2� , �A5�

using the Ohno form for the Coulomb interaction, which
remains finite as r�→0.

The low-lying excitations are listed in Table I and plot-
ted in Fig. 7 for the parameter set d=2.8 Å, �=0.1, t
=2.5 eV, and �=2.25, implying that EI=0.58 eV and a0

=5.51 Å.
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