K-STABILITY OF CONTINUOUS (C(X)-ALGEBRAS
APURVA SETH, PRAHLAD VAIDYANATHAN

ABSTRACT. A C*-algebra is said to be K-stable if its nonstable K-groups
are naturally isomorphic to the usual K-theory groups. We study con-
tinuous C'(X)-algebras, each of whose fibers are K-stable. We show that
such an algebra is itself K-stable under the assumption that the under-
lying space X is compact, metrizable, and of finite covering dimension.

Nonstable K-theory is the study of the homotopy groups of the unitary group
of a C*-algebra. The study of these groups was initiated by Rieffel [13], who
showed that, for an irrational rotation algebra A, the inclusion map from
A to M, (A) induces an isomorphism between the corresponding homotopy
groups. In other words, the nonstable K-groups are naturally isomorphic to
the usual K-theory groups of the algebra.

The theory was further explored by Thomsen [16], who used the notion of
quasi-unitaries to profitably extend nonstable K-theory to encompass non-
unital C*-algebras. Furthermore, he showed that this forms a homology
theory, which allowed him to explicitly calculate these groups for certain
C*-algebras. In particular, he showed that certain infinite dimensional C*-
algebras (including the Cuntz algebras and simple infinite dimensional AF-
algebras) satisfy the property enjoyed by the irrational rotation algebra men-
tioned above; a property he termed K -stability.

Since then, it has been proved (See Section 1.1) that a variety of interesting
simple C*-algebras are K-stable. The goal of this paper is to enlarge this
class of C*-algebras to include non-simple C*-algebras.

By the Dauns-Hoffmann theorem (See [11] or [14]), any non-simple C*-
algebra may be represented as the section algebra of an upper semi-continuous
C*-bundle over a compact space. If we assume that the underlying space X
is Hausdorff, then such an algebra carries a non-degenerate, central action
of C(X), and is called a C(X)-algebra. An interesting sub-class of C'(X)-
algebras are ones that come equipped with a natural continuity condition.
These algebras, called continuous C(X)-algebras, are particularly tractable
as one can often take phenomena that occur at each fiber and propagate
them to understand local behaviour of the algebra. Using a compactness
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argument, one may even be able to understand global behaviour. It is this
idea that we employ in this paper to prove our main theorem.

Theorem A. Let X be a compact metric space of finite covering dimension,
and let A be a continuous C(X)-algebra. If each fiber of A is K -stable, then
A is K-stable.

1. PRELIMINARIES

1.1. Nonstable K-theory. We begin by reviewing the work of Thomsen
of constructing the nonstable K-groups associated to a C*-algebra. For the
proofs of all the facts mentioned below, the reader may refer to [16].

Let A be a C*-algebra (not necessarily unital). Define an associative com-
position - on A by

(1) a-b=a+b—ab

Henceforth, if a,b € A, then ab will denote the usual multiplication in the
algebra, and should not be confused with a - b, which will denote the above
composition.

An element a € A is said to be quasi-invertible if there exists b € A such that
a-b=b-a =0, and we write Q/Z(A) for the set of all quasi-invertible elements
in A. An element u € A is said to be a quasi-unitary if v -u* =u* - u = 0,
and we write I/(A) for the set of all quasi-unitary elements in A.

If B is a unital C*-algebra, we write GL(B) for the group of invertibles in
B and U(B) for the group of unitaries in B. Let A* denote the unitization
of A. It follows by [16, Lemma 1.2] that an element a € A is quasi-invertible
if and only if 1 —a € GL(A™); and similarly, u € A is a quasi-unitary
if and only if (1 — u) € U(A'). Therefore, GL(A) is open in A, U(A) is
closgii in A, and they both form topological groups. Furthermore, the map
r: GL(A) — U(A) given by

r(a)=1-(1-a)((1-a")(1— a))_1/2

is a strong deformation retract, and hence a homotopy equivalence.

For elements u,v € U (A), we write u ~ v if there is a continuous function
£ :[0,1] = U(A) such that f(0) = w and f(1) = v. We write Uy(A) for
the set of u € U (A) such that uw ~ 0. The next result, which we will use
repeatedly throughout the paper, follows from [16, Theorem 1.9] and [3,

Theorem 4.8].

Theorem 1.1. If o : A — B is a surjective x-homomorphism between two
C*-algebras, then the induced map ¢ : Uy(A) — Up(B) is a Serre fibration.
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For a C*-algebra A, the suspension of A is defined to be SA := Cy(R) ® A.
For n > 1, we set S"A := S(S"1A). We then have

Lemma 1.2. [16, Lemma 2.3] For any C*-algebra A, mp(U(A)) = mo(U(S™A)).
Definition 1.3. The nonstable K-groups of a C*-algebra A are defined as
ken(A) i= T (U(A)), for n = —1,0,...

By Lemma 1.2 and Bott periodicity, it follows [16, Proposition 2.6] that, if
A is a stable C*-algebra, then k,(A) = K,(A), where K,,(A) denotes the
usual K-theory groups of A. Motivated by this, Thomsen defines the notion
of K-stability of a C*-algebra.

Definition 1.4. Let A be a C*-algebra and m > 2. Define ¢y, : My,—1(A4) —
M (A) by

We say that A is K-stable if ()« @ kn(Mp—1(A)) = kn(Mp(A)) is an
isomorphism for all n = —1,0,1,2... and all m =2,3,4....

Remark 1.5. The following C*-algebras are known to be K-stable:

e If Z denotes the Jiang-Su algebra, then A® Z is K-stable for any C*-
algebra A [7]. In particular, every separable, approximately divisible
C*-algebra is K-stable [17].

e Every irrational rotation algebra is K-stable [13].

e If O, denotes the Cuntz algebra, then A ® O,, is K-stable for any
C*-algebra A [10].

e If A is an infinite dimensional simple AF-algebra, then A ® B is

K-stable for any C*-algebra B [10] .

If A is a purely infinite, simple C*-algebra, and p any non-zero pro-

jection of A, then pAp is K-stable [185].

Note that some of the examples mentioned above may be subsumed into

the first example as they are known to absorb Z tensorially. However, it is

worth mentioning that the original proofs of K-stability for these algebras
does not use Z-stability. Furthermore, in the case where the algebras are

Z-stable, Theorem A may be deduced from [0, Theorem 4.6].

We conclude this section with an important observation about K-stable
C*-algebras.

Lemma 1.6. If A is K-stable, then for any m > 2, 1y (U(Mpy_1(A)) is a
strong deformation retract of U(M,,(A)).

Proof. Note that C:Z(A) is an absolute neighbourhood retract [12, Theorem
5], and therefore, the pair (Q/Z(Mm(A)), Lm(g/Z(Mm_l(A)))) has the homo-
topy extension property with respect to all spaces [12, Theorem 7]. If A is K-
stable, then ¢y, : Q/Z(Mm_l(A)) — Q/Z(Mm(A)) is a weak homotopy equiv-
alence. However, since Q/Z(A) is an open subset of a normed linear space,
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Q/Z(A) has the homotopy type of a CW-complex [10, Chapter IV, Corollary
5.5]. By Whitehead’s theorem, it follows that ¢y, is a homotopy equivalence,
S0 Lm(Cjz(Mm_l(A)) is a strong deformation retract of éZ(Mm(A)) by [5,
Theorem 0.20]. Since the retractions r : C;Z(Mk(A)/)\ — U(My(A)) commute

with the inclusion map ¢, we conclude that ¢y, (U(M,,—1(A)) is a strong
deformation retract of U(M,,(A)). O

1.2. C(X)-algebras. Let A be a C*-algebra, and X a compact Hausdorff
space. We say that A is a C(X)-algebra [3, Definition 1.5] if there is a unital
s-homomorphism 0 : C(X) — ZM(A), where ZM(A) denotes the center of
the multiplier algebra of A.

If Y C X is closed, the set Cy(X,Y) of functions in C(X) that vanish on Y
is a closed ideal of C'(X). By the Cohen factorization theorem [!, Theorem
4.6.4], Co(X,Y)A is a closed, two-sided ideal of A. The quotient of A by
this ideal is denoted by A(Y'), and we write 1y : A — A(Y') for the quotient
map (also referred to as the restriction map). If Z C Y is a closed subset
of Y, we write 73 : A(Y) — A(Z) for the natural restriction map, so that
7z =y omy. If Y = {2} is a singleton, we write A(x) for A({z}) and
7wy for mg;). The algebra A(z) is called the fiber of A at z. For a € A,
write a(x) for m;(a). For each a € A, we have a map I', : X — R given by
x + |la(z)||. We say that A is a continuous C'(X)-algebra if I', is continuous
for each a € A.

If A is a continuous C(X)-algebra, we will often have reason to consider
other C'(X)-algebras obtained from A. At that time, the following result of
Kirchberg and Wasserman will be useful.

Theorem 1.7. [9, Remark 2.6] Let X be a compact Hausdorff space, and let
A be a continuous C(X)-algebra. If B is a nuclear C*-algebra, then A ® B
is a continuous C(X)-algebra whose fiber at a point x € X is A(x) ® B.

Finally, one fact that plays a crucial role in our investigation is that a
C(X)-algebra may be patched together from quotients in the following way:
Let B,C, and D be C*-algebras, and 6 : B — D and v : C — D be
x-homomorphisms. We define the pullback of this system to be

A=BapC:={(b,c) e B&C:6(b)=n~(c)}
This is describe by a diagram

ALB

P 5
c—-D

where ¢(b,c) = b and ¥ (b, c) = c.
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Lemma 1.8. [2, Lemma 2.4] Let X be a compact Hausdorff space andY and
Z be two closed subsets of X such that X =Y UZ. If A is a C(X)-algebra,
then A is isomorphic to the pullback

A—"C L A®Y)

Tz i \L Tz
zZ

A(Z) 222 Ay n 2)

1.3. Notational Conventions. We fix some notational conventions we will
use repeatedly: If A is a C*-algebra, we write 14 : A — Ms(A) for the nat-
ural inclusion map. When there is no ambiguity, we write ¢ for this map.
Moreover, if ¢ : A — B is a x-homomorphism between two C*-algebras,
then the induced map from U(A) to U(B) is also denoted by ¢.

If A is a continuous C'(X)-algebra, then Ma(A) is also a continuous C'(X)-
algebra with fibers Ma(A(x)) by Theorem 1.7. We will often consider both
simultaneously, so we fix the following convention: If Y C X is a closed
set, we denote the restriction map by ny : My(A) — My(A(Y)), and write
ty + A(Y) = M3(A(Y)) for the natural inclusion map. If Y = X, we simply
write ¢ for tx. Note that 7y ot = 1y o my. Once again, if Y = {z}, we
simply write ¢y for ¢(,y.

Finally, suppose f and ¢ are two continuous paths in a topological space
Y. If f(1) = g(0), we write f e g for the concatenation of the two paths. If
f and g agree at end-points, we write f ~j, g if there is a path homotopy
between them. Furthermore, we write f for the path f(t) := f(1 —t). If

Y =U(A) for some C*-algebra A, we write f - g for the path ¢ — f(t)- g(t),
and we write f* for the path ¢ — f(t)*.

2. MAIN RESULTS

Lemma 2.1. Let A be a K-stable C*-algebra and X a locally compact Haus-
dorff space, then Co(X) ® A is K-stable.

Proof. Suppose first that X is compact. For simplicity of notation, we write
B for C(X) ® A. By Lemma 1.6, for each m > 2, there is a retraction

r o UMy (A)) — U(Mp—1(A)) and a homotopy F : [0,1] x U(Myp(A)) —
U(M,,(A)) such that F(0,v) = v and F(1,v) = r(v) for all v € U(M,(A)).
Clearly, we may identify U(M,,(B)) with C(X,U(M,,(A)), where the latter
denotes the space of continuous functions from X to U(M,,(A)), equipped
with the uniform topology (which coincides with the compact-open topol-

ogy). Therefore, we may define 7 : U (M (B)) — U(M,—1(B)) by
r(f)(x) = r(f(z))
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and F : [0,1] X U(My,(B)) = UMy (B)) by
F(s, f)(z) == F(s, f(x))

It is easy to see that 7 is a retraction, and that Fis continuous, and imple-

ments a homotopy between ¢p7,_, (gyor and idz?(Mm(B))' Thus, B is K-stable.

If X is not compact, let X' denote its one-point compactification. We now
have a short exact sequence 0 — Co(X)® A — C(XT)® A — A — 0, which

induces a long exact sequence of k-groups by [16, Theorem 2.5]. By the first
part of the argument, C(X 1) ® A is K-stable, so the result follows from the
five lemma. U

Let A be a C*-algebra, and ¢ € A a self-adjoint element. We define

Mo = =3 o
n=1 ’

Observe that, in AT, A(c) = 1 — exp(ic), so that A(c) ~ 0 in U(A) via the
path ¢ — A(tc). The next lemma is implicit in [16, Lemma 1.7], but we spell
it out since its proof is crucial to us.

Lemma 2.2. Let a,b € U(A) such that |la — b|| < 2, then a ~ b in U(A)
Proof. Consider A as an ideal in AT. If |la — b|| < 2, then d := a-b* satisfies
]l =111 = (1 = a)(X =) = [[(1 =) = (1 = a))(1 =) <[la—b] <2

Hence, (1 — d) is a unitary in AT, whose spectrum does not contain 1.
Therefore, there is a continuous function g : S — R such that g(1) = 0
and exp(ig(x)) = x for all z € o(1 —d). Define ¢ := ¢g(1 — d), then c is
self-adjoint and a - b* = A(c). Thus a = A(c) - b ~ b in U(A). O

The next lemma is a variant of [15, Exercise 2.8] for quasi-unitaries.

Lemma 2.3. Given € > 0, there is a § > 0 with the following property: If
A is a C*-algebra and a € A such that ||a - a*|| < § and ||a* - al| < 0, then
there is a quasi-unitary u € LAl(A) such that ||a — ul| < e.

Proof. Fix 0 < § < min{e, 1}, and consider A as an ideal in A*. If b := (1 —
a), the hypothesis implies that |1 —bb*|| = ||a-a*|| < 0 < 1, and ||[1-b"D|| < 1
as well. Hence, bb* and b*b are both invertible, and therefore b and b* are
also invertible. Thus, |b| = (b*b)'/? € GL(A™), and v := bJb| ' € U(A™).
Furthermore, o(b*b) C (1 — 4,1+ 6), so o(|b]) C ((1 —&)V2, (1 +6)Y?)
(1—6,146). Hence, |||b| — 1]| <, so that u := 1 — v € U(A), and

lw —all = flo—bll = flo(t = )| < |1 —[bl]] <6 < e
as required. O

Lemma 2.4. Let X be a compact, Hausdorff space and let A be a continuous
C(X)-algebra. Let a € U(A) and x € X such that a(z) ~ 0 in U(A(x)).
Then there is a closed neighbourhood Y of x such that wy (a) ~ 0 inU(A(Y)).
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Proof. Since m, : Up(A) — Up(A(z)) is a fibration, there is a path H :
[0,1] — Z:{\(A) such that H(0) =0 and H(1)(x) = a(z). Let b:= H(1), then
since A is a continuous C'(X)-algebra, there is a closed neighbourhood Y of
x such that |7y (a — b)|| < 2. It follows by Lemma 2.3 that 7y (a) ~ my (b)
in U(A(Y)). Furthermore, the path G : [0,1] — H(A(Y)) is of the form
G(t) = my (b) - Altmy (c))

for some self-adjoint element ¢ € A (since every self-adjoint element in
A(Y) lifts to a self-adjoint element in A). Since a(x) = b(x), the proof
of Lemma 2.2 in fact ensures that we may choose ¢ such that c¢(x) = 0.
Therefore, 7, 0 G(t) = a(x) for all t € [0,1]. Concatenating the paths 7wy o H
and G, we obtain a path connecting 0 to 7y (a) in U(A(Y)). O

Our proof of Theorem A is by induction on the covering dimension of the
underlying space. The next theorem is the base case, and it holds even if
the space is not metrizable.

Theorem 2.5. Let X be a compact Hausdorff space of zero covering dimen-
sion, and let A be a continuous C(X)-algebra. If each fiber of A is K -stable,
then so is A.

Proof. If A is a continuous C(X)-algebra, then so is every suspension of
A. Furthermore, (S™A)(z) = S™(A(z)) by Theorem 1.7, and S™(A(z)) is
K-stable by Lemma 2.1. Hence, by Lemma 1.2, it suffices to show that, for
each m > 2, the map

(tm )+ To(Min—1(A)) — mo(Mm(A))
is an isomorphism. However, by Theorem 1.7, each M, (A) is also a con-

tinuous C(X)-algebra, with fibers M, (A(x)), which is K-stable if A(z) is
K-stable. Therefore, suffices to show that the map

~

Ly WO(LA{(A)) — mo(U(Mn(A))

is an isomorphism for each n > 2. For simplicity of notation, we fix n = 2.

We first consider injectivity. Suppose a € u (A) such that t(a) ~ 0 in
U(Mz(A)). Then, for any z € X, 1z(a(x)) ~ 0 in U(M2(A(x)). Since A(z)
is K-stable, a(x) ~ 0 in U(A(x)). By Lemma 2.4, there is a closed neigh-

bourhood Y, of x such that 7y, (a) ~ 0 in ﬁ(A(Yw)) Since X is compact
and zero dimensional, we obtain disjoint open sets {Y,,, Ya,, ..., Yz, } which
cover X. Then by Lemma 1.8,

A AYe) ® AYay) ® ... ® A(Ya,)

via the map b — (7y,, (0), 7y, (b),...,7y,, (b)). Since my, (a) ~ 0 for each
1 <1 < n, it follows that a ~ 0, so ¢4 is injective.

For surjectivity, choose u € U(M3(A)), and we wish to construct a quasi-
unitary w € U(A) such that v ~ ¢(w). To this end, fix z € X. Then
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u(z) € U(My(A(x)). Since A(x) is K-stable, there exists f, € U(A(x)) and
a path g5 : [0,1] — Z;{\(MQ(A(I‘)) such that ¢,(0) = u(z) and g;(1) = t2(fz)-
Choose e; € A such that ey(z) = f, (Note that e, may not be a quasi-
unitary).

Since the map 7, : Z:{\[)(MQ(A)) — Z:{\O(MQ(A(m))) is a fibration, g, lifts to a
path Gy : [0,1] — U(Mz(A)) such that G(0) = u. Let by := G4(1), and
so that by (z) = tx(ex(x)). Choose § > 0 so that conclusion of Lemma 2.3
holds for e = 1. Since A is a continuous C(X)-algebra, there is a closed
neighbourhood Y, of z such that

17y, (b2) =y, (e(e2))|| < 1, [y, (€ - ex) || <0, and[my, (ex - €3)|| < 6
By Lemma 2.3, there is a quasi—unitary dy € U(A(Y;)) such that ||dy —

7y, (ez)|| < 1, so that ||ty,(dz) — ny, (bz)]] < 2. By Lemma 2.2, vy, (dy) ~
ny, (bz) inU(A(Yz)). Hence, vy, (dy ) ~ 1y, (u). As before, since X is compact
and zero-dimensional, we may choose disjoint, open sets {Y,,Ys,,..., Yz, }
so that
A2 AY,) DAY D ... 0 A(Yy,)
via the map a — (7y,, (@), 7y,,(a),..., Ty, (a)). Similarly,
My(A) = My(A(Yz,)) ® Ma(A(Yz,)) ® ... © Ma(A(Y,))

via the map b — (ny,, (b),ny,, (), ...,nv,, (b)). Therefore, there exists w €
U(A) such that 7y, (w) = dy, for all 1 < i < n. Furthermore, for each
1 <i<mn,ny, (1(w)) =1y, () ~ny,, (v) in U(A(Y, ;)), so that ¢(w) ~ u in
U(A), as required. O

The next two lemmas help us to extend the above argument to higher di-
mensional spaces.

Lemma 2.6. Let X be a compact Hausdorff space, and A be a continuous
C(X)-algebra. Let f; : [0,1] — Z/A{(A),i = 1,2 be two paths, and x € X be a
point such that m, o fi = 7, 0 fa.
(1) There is a closed neighbourhood Y of x and a homotopy H : [0,1] X
[0,1] = U(A(Y)) such that H(0) = 7y o f1 and H(1) = mty o fs.
(2) If, in addition, f1(0) = f2(0) and fi1(1) = fa(1), then the homotopy
in part (1) may be chosen to be a path homotopy.

Proof. For the first part, note that C[0,1] ® A is itself a continuous C(X)-
algebra by Theorem 1.7. Hence, there is a closed neighbourhood Y of = such
that ||y o fi — 7y o fa|| < 2. The result now follows from Lemma 2.2.

For the second part, an examination of Lemma 2.2 shows that the homotopy
is implemented by a path H : [0,1] x [0,1] — U(A(Y)) given by

H(s,t) = my (fa(t)) - A(sh(t))
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where h(t) = g(1—my (f1)(t)-my (f2)(t)*) for an appropriate branch g : S1 —
R of the log function such that g(1) = 0. Since f; and f2 agree at end-points,
it follows that h(0) = h(1) = 0. Hence, H is a path homotopy. O

Lemma 2.7. Let X be a compact Hausdorff space, A be a continuous C(X)-
algebra, and x € X be a point such that A(x) is K-stable. Let a € U(A) be
a quasi-unitary and F : [0,1] — U(M2(A)) be a path such that

F(0)=0 and F(1) = t(a)
Ihen, there is a closed neighbourhood Y of x and a path Ly : [0,1] —
U(A(Y)) such that
Ly(0) =0, Ly(1)=my(a)
and vy o Ly is path homotopic to ny o F in U(My(A(Y))).

Proof. Let 1y : U(A(x)) — U(M2(A(x)) be the natural inclusion map. Since
A(x) is K-stable, Lemma 1.6 implies that there is a continuous function

re 1 U(Mp(A(x))) = U(A(x)) such that ;07 ~ idg 1 (4, Furthermore,

since r,, is a retract, the function F’ := r, on, o F' is a path in Z:{\(A(x)) such
that F’'(0) = 0 and F'(1) = a(z). Consider the commutative diagram

U(A) —=U(M(A))

U(A(z) ==~ UM (A(x))

The map m, : Up(A) — Up(A(z)) is a fibration, so F’ lifts to a path Gy :
[0,1] — U(A) such that G,(0) = 0. Set b, := G,(1), then 14 0 G, : [0,1] —
U(Mz(A)) is a path such that 14 0 G4(0) = 0 and 14 0 G4(1) = 1a(by).

Furthermore,
/
Neotao Gy =tp0mp0Gy =10 F =1,0rp0n,0F

Since 1, (U(A(z)) is a strong deformation retract of U(Ms(A(z))), it follows
that there is a path homotopy H : [0,1] x [0, 1] — U(M2(A(z))) such that,
for all s,t € [0,1],

H(0,t) =ny 0 F(t), H(1,t) = 0y 0140 Ga(t), H(s,0) = 0, H(s,1) = 1p(a(x))

The map 7, : Z:{\O(MQ(A)) — Z/A{O(MQ(A(:L‘)) is a fibration, and 7, o F has a lift,
so H lifts to a homotopy Hj : [0,1] x [0, 1] — U(Mxz(A)) such that Hy(0,t) =
F(t), and n, o Hy = H. Similarly, 7, 0 t4 o G, lifts to 14 0 G, so H lifts to
a homotopy Hy : [0,1] x [0,1] — U(Ms(A)) such that Ha(1,t) = 14 0 Go(t),
and 1, o Hy = H. Note that

Mg o F(t) =ny 0 He(0,t) and 1, 0o H1(1,t) =1y 014 0 Gx(t)
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Therefore, by Lemma 2.4 applied to the continuous C'(X)-algebra C[0, 1]® A,
there is a closed neighbourhood Y” of x and a homotopy H : [0,1] x [0,1] —

~

U(M2(A(Y")) such that
H(0,t) = nys o F(t), H(1,t) = gy 0 14 0 G(t), and 1} o H(s,1) = t5(a(x))
and a path Gy : [0,1] — U(A(Y")) such that Gy+(0) = my(by), Gy (1) =

my+(a), and 77" o Gy’ is a constant path a(z) in U(A(z)) (the last state-
ment follows from the proof of Lemma 2.4). Furthermore, f : [0,1] —

U(Ma(A(Y")) given by f(s) := H(1 — s,1) is a path such that f(0) =
tyr omyr(by) and f(1) = tys o mys(a). Also,

77;// o f(s) = Lm(a(x)) - 7735/, Otlyro GY’(S) Vs € [07 1]
Thus, by Lemma 2.6 applied to f and ¢y’ o Gy, there is a closed neighbour-
hood Y of & such that Y € Y” and 7 oty oGy ~p, Y o f in U(Ma(A(Y)).
But ny o F ~p (ny ctaoGy) e (n)’f' o f), so ny o F ~p 1y o Ly where
Ly : [0,1] = U(A(Y)) is given by

LY = (7TY o GI) ® (7T¥/ o Gy/)
and Ly satisfies the required conditions. O

Remark 2.8. We are now in a position to prove Theorem A, but first, we
need one important fact, which allows us to use induction: If X is a finite
dimensional compact metric space, then covering dimension agrees with the
small inductive dimension [/, Theorem 1.7.7]. Therefore, by [{, Theorem
1.1.6], X has an open cover B such that, for each U € B,

dim(0U) < dim(X) — 1

Now suppose {U;,Us,...,Up} is an open cover of X such that dim(0U;) <
dim(X) — 1 for 1 <i < m, we define sets {V; : 1 <1i < m} inductively by

Vi :=Uq, and Vi, == Uy, \ (U Ul) for k> 1
i<k
and subsets {W; : 1 < j <m —1} by

J

W = (U V) NVt
i=1

It is easy to see that W; C ngl 0U;, so by [4, Theorem 1.5.3], dim(WW;) <

dim(X)—1foralll<j<m-—1

Proof of Theorem A. Let X be a compact metric space of finite covering
dimension, and let A be a continuous C(X)-algebra, each of whose fibers
are K-stable. We wish to show that A is K-stable. As in the proof of
Theorem 2.5, it suffices to show that the map

~

Ly WO(LA{(A)) — mo(U(M2(A)))
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is bijective. The proof is by induction on dim(X), so by Theorem 2.5, we
assume that dim(X) > 1, and that A(Y) is K-stable for any closed subset
Y of X such that dim(Y) < dim(X) — 1.

For injectivity, suppose a € U(A) such that u(a) ~ 0 in U (My(A)). Let
F :[0,1] — U(Ms(A)) be a path such that F(0) = t(a) and F(1) = 0. For
x € X, by Lemma 2.7, there is a closed neighbourhood Y, of  and a path
Ly, : [0,1] = U(A(Y:)) such that

Ly, (0) = 7y, (a), Ly, (1) =0

and vy, o Ly, is path homotopic to 7y, o F' in U(A(Y,)). By Remark 2.8,
we may choose Y, to be the closure of a basic open set U, such that
dim(9U;) < dim(X) — 1. Since X is compact, we may choose a finite sub-
cover {Uy,Us, ..., Up}. Nowdefine {Vi, Vo, ...,V }and {W1, Wo, ... . W,,,_1}
as in Remark 2.8. We observe that each V; is a closed set such that 7y, (a) ~ 0
in ﬁ(A(VZ)) since V; C U; for all 1 < i < m.

Note that W7 = Vi3 N V,, and dim(W;) < dim(X) — 1. By induction
hypothesis, A(W)) is K-stable. Let H; : [0,1] — U(A(V;)),i = 1,2 be
paths such that H;(0) = my;(a), Hi(1) = 0, and ¢y, o H; ~p, ny, o F'. Let
S :[0,1] — U(A(W1)) be the path

S(t) = myf, (H1 (1)) - myg, (Ha(t)"
Note that S(0) = S(1) =0, so S is a loop, and

w08 = (it 0wy 0 Hy) - (2, oty © Hy) ~p iy o F - (qw, 0 F)* =0

~

Hence, tyy, o S is null-homotopic. Since the map (tw, )« @ m1(U(A(W1))) —
w1 (U(M2(A(W1)))) is injective, it follows that S is null-homotopic in U (A(W7)).
Since the map 71'1‘//‘?1 U (A(Va)) = Up(A(W71)) is a fibration, it follows that S
has a lift f : [0, 1] — U(A(V2)) such that f(0) = f(1) = 0 and T o f =8
Define H) : [0,1] — U(A(V2)) be defined by

Hy(t) = f(t) - Ha(t)
Then H,(0) = my,(a), H5(1) = 0, and

ﬁ“,/[}l oH) = Tr“% o H},
By Lemma 1.8, A(V; U V3) is a pullback

AVLUVa) —— A(W1)

l l

A(Vz) A(Wn)
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so we obtain a path H : [0,1] — U(A(V1UV3)) such that WXIUVQOH H; and
W“gUVQ o H = HJ. In particular, 7T“§1UV2 o H(0) = 7y, (a) and 7TV1UV2 oH(0) =
vy, (a) so H(0) = my,uv,(a). Similarly, H(1) = 0, so that 7TV1U\/2( ) ~ 0 in
UA(VL U V2)).

Now observe that Wy = (V3 U V2) N V3, and dim(Ws) < dim(X) — 1. Re-
placing Vi by Vi U Vs, and V5 by V3 in the earlier argument, we may repeat
the earlier procedure. By indug‘\cion on the number of elements in the finite
subcover, we see that a ~ 0 in U(A). This completes the proof of injectivity
of ty.

Now consider the surjectivity of ¢,: Fix u € U(Ms(A)), and we wish to show
that there is a quasi-unitary w € Z/(A) such that u ~ 1(w). So fix = € X.
Then by K-stability of A(z), there exists f, € U(A(z)) such that 1, (u) ~
tz(fz). As in the proof of Theorem 2.5, there is a closed neighbourhood Y,
of  and a quasi-unitary d, € U(A(Y,)) such that

ny, (u) ~ ty, (ds)

As in the first part of the proof, we may reduce to the case where X = ViUV,
and there are quasi-unitaries dy;, € U(A(V1)),dv, € U(A(V2)) such that

v (u) ~ w; (dv;) in UM(A(V;)),i = 1,2
and if W := V1 N V,, then
dim(W) < dim(X) — 1

~

Fix paths H; : [0,1] — U(M2(A(V;)) such that Hi(0) = wy;(dy;) and
Hi(1) = ny,(u), H2(0) = 77V2( ) and Ha(1) = ty,(dy,) and consider the
path F : [0,1] — U(M2(A(W)) given by

= (13 o H1) ® (myf © Ho)

Then F(0) =ty o WW(dvl) and F(1) =ty o Wgﬁ(d%). By induction, A(W)
is K-stable, so by Lemma 1.6, there is a retraction ry : U(My(A(W)) —
U(A(W)). Define H := ry o F, then H : [0,1] — U(A(W)) is a path such
that

H(0) = ﬂ'W(dvl) and H(1) = WW(dVQ)

The map WXV Us(A(V2)) — Us(A(W)) is a fibration, so there is a path
H':[0,1] — U(A(V3)) such that

H'(1) = dy,, and myz o H' = H
Define ey, := H'(0) so that

W{‘/{g (6V2) = 771‘/{} (dvl)
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By Lemma 1.8, A = A(V; U V3) is a pullback

7'('\/1

A A(W)

V;
Ty e
Va

A(Ve) 2 A(W)

so that w := (dy,, ey;,) defines a quasi-unitary in A. We claim that «(w) ~ u
in U(A). To this end, define Hs : [0,1] — U(M2(A(V2)) by

Hs3 := Hy e (1y, 0 H')
then Hz(0) = nvy(u) and H3(1) = wy(evy) = vy (m1p(w)) = vy (ip(w)). So
if §:100,1] = U(M2(A(W)) is given by
S(t) = g (Hs(t)) - g (H (1 = 1))
Then S is a path with S(0) = nw(u) - nw(u)* = 0 and S(1) = L%(evg) .
Mt (tva (dvy)) = 0. Furthermore,
me o Hy = (my o Ha) @ (2 o vy, 0 H') = (132 0 Ha) @ (twy oyt o HY)
= (ny3 o Ha) @ (uw o H) = (2 0 Ha) ® (L o ryy o F)
~n (M2 o Hy) o F
Hence,
S ~n [(ny2 0 Ho)  F] - (ny} o Hy)*
= [(my} © Hz) o (my? o Haz) o (myy} o Hy)] - (ny} o H1)*
~n (g o Hr) - (myt o Hi)* = 0
Hence, S is null-homotopic. Once again, the map 771‘//1} : U (Ma(A(VL)) —

Z:{\O(MQ(A(W)) is a fibration, so there is a loop f : [0,1] — LA{(Mg(A(Vl)) such
that f(0) = f(1) =0 and 17%,/[} of =S. Define Hy : [0,1] — U(M2(A(V1)) by

Hy(t) := f(t) - Hi(1—1)
Then Hy(0) = ny; (uw), Hy(1) = vy, (dvy) = v, (t(w)). Finally, by construc-
tion
17“//{} oHy = 771‘/?3 o Hs

Therefore, the pair (Hs, Hy) defines a path in ﬁ(Mg(A)) connecting u to
t(w). This concludes the proof that ¢, is surjective. O
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