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Abstract

Part I presents a model for fingerprint matching using Bayesian alignment
on unlabelled point sets. An efficient Monte Carlo algorithm is developed
to calculate the marginal likelihood ratio between the hypothesis that an
observed fingerprint and fingermark pair originate from the same finger
and the hypothesis that they originate from different fingers. The model
achieves good performance on the NIST-FBI fingerprint database of 258
matched fingerprint pairs, though the computed likelihood ratios are

implausibly extreme due to oversimplification in our model.

Part II moves to a more theoretical study of proper scoring rules. The
chapters in this section are designed to be independent of each other.
Chapter 9 uses proper scoring rules to calibrate the implausible likelihood
ratios computed in Part I. Chapter 10 defines the class of compatible
weighted proper scoring rules. Chapter 11 derives new results for the
score matching estimator, which can quickly generate point estimates
for a parametric model even when the normalization constant of the
distribution is intractable. It is used to find an initial value for the iterative

maximization procedure in §3.3.

Appendix A describes a novel algorithm to efficiently sample from the
posterior of a von Mises distribution. It is used within the fingerprint
model sampling procedure described in §5.6. Appendix B includes various
technical results which would otherwise disrupt the flow of the main

dissertation.



iv

Contents

Glossary

I Fingerprint Modelling

1 Preliminaries

1.1
1.2
1.3
1.4
1.5

History . . . . o o e e e e e e
Motivation . . . . .. .. .. e
Likelihood representation of fingerprint evidence . ............
Representation of fingerprints . ... .....................
Overview of distributions . . .. ... ... ..... ... ... ......

2 Fingerprint models

2.1
2.2

2.3

A generic marked point processmodel . . .. ... ... ... .......
Densities under the two hypotheses . . . . .. ................
2.2.1 Density under the defence hypothesis . . . ... ..........
2.2.2 Density under the prosecution hypothesis . ............
2.2.3 Defining the matching . ........................
Parametricmodels . ... ... .. ... ... L
2.3.1 Density under the defence hypothesis . . . ... ... .......
2.3.2 Density under the prosecution hypothesis . ............
2.3.3 Estimating or marginalizing the parameters . ... ........

3 Profile likelihood ratio

3.1
3.2

3.3

Maximizing the likelihood underH; . ... .................
Iteratively maximizing the likelihood under H,, . . . .. ..........
3.2.1 Maximizing over the matching £|0 . ... .............
3.2.2 Maximizingover 0 & ... ... ... .. ...
Find an initial value for 0 |E,H, . . . .. ...................

4 Marginal likelihood ratio

4.1

4.2
4.3

Distributions on parameters . . . . . . .. ...ttt
4.1.1 Invariance under similarity transformations . ... ........
Integrating the likelihood underH; . . . . .. ... ... ... ......
Approximating the marginal likelihood underH, . ............

vii

[

NOY U1 w DN

10
11
13
13
15
17
19
20
21

23
24
24
25
26
28



CONTENTS

4.3.1 Harmonic means estimate . . .. ...................
4.3.2 Chib’sestimate . . . .. ... ... ...
4.3.3 Bridge sampling estimate . ............. ... ......
4.3.4 Reversible jumpestimate. . ... ... ... .. .. ... .. ...,
43,5 Formofq(0,8) . .. ...

5 Sampling the posterior distribution

5.1 Sampling the thinning probabilities 6,,65 . . . . . . . .. ... ... ...
5.2 Sampling the translation parameters T,,Tg . .« - « v « « v v v v v v v v .
5.3 Sampling the scale parameters 04,05 . . . . . ... ...
5.4 Sampling the rotation parameter ) . . ... ... ... ... ... ..
5.5 Sampling the location distortion parameter & . .. ............
5.6 Sampling the orientation distortion parameter k . . . . ..........
5.7 Sampling the matching & ... ... ... ... ... ... ... ...

Results

6.1 Ourdataset. . . .. .. it i e e e

6.2 Fixed parameter estimation . . . . ... ... ... ... .. .. ...,

6.3 Marginalized likelihood computations . ... ................
6.3.1 Results on simulated dataset . ....................
6.3.2 Resultsonrealdataset . ............ ... ... ......
6.3.3 DiSCUSSION . . . . . . v it e e e e e e

Model validation

7.1 Test the number of observed points . . . . ... ...............
7.2 Test the location distributions . ... .....................
7.3 Test the orientation distributions . .. ... .................
7.4 Test for the location distortion distributions . . . ... ...........
7.5 Test for the orientation distortion distributions . . . ... .........
7.6 Test the Poisson point processmodel . . ... ................
7.7 Test the thinningmodel . . ... ... ... ... .. ... .. ... .. ...
7.8 Test for orientation independence . . . . ... ... .............
7.9 Testfor typeindependence . ... .. ... ... ... . ... .. ...,
7.10 Test for location distortion independence . . ................
7.11 Test for orientation distortion independence . ...............
7.12 Conclusions . . . . . ... e

Future work

8.1 Model enhancements. . . . . ... ...ttt
8.1.1 Alternative latent minutia distribution . ..............
8.1.2 Alternative thinning procedure . . . ... ... ...........
8.1.3 Alternative location distortion model ... ... ..........

8.2 Largerdatabases . .. ... ... .. ... ...

8.3 Use more of the fingerprint information . ..................

8.4 Alternative estimators for the fixed parameters . . . . .. ... ......

8.5 Conclusion . . ... ... ... e

36
36
40
41
43

45
46
47
48
48
48
49
50

52
52
53
56
60
62
63

69
71
73
76
78
79
80
83
84
85
86
87
88



vi

II Proper Scoring Rules

9 Calibrating the likelihood ratios

9.1 Preliminaries . . ... ... ... ... ...
9.1.1 Properscoringrules . ...................
9.1.2 Calibration functions . . .................

9.2 Examples . . ... ... ... ..
9.2.1 Affine calibration . ....................
9.2.2 Monotonic calibration .. ................
9.2.3 More sophisticated calibration methods. . . . . . ..

9.3 Comparing the calibration methods . . . . ... ... .....

10 Compatible proper scoring rules

10.1 Introduction . . . . . .. . .o i i e
10.2 Results. . . . . . .o e
10.3 Examples . . . . . .o e
10.4 DiSCUSSION . . . . v v v i e e e e e e e e e e e e e e e e e

11 Score matching estimator

11.1 Preliminaries . . . . . . . . . . v i
11.1.1 Scoringrules . .. ... ... ... .. ... .....
11.1.2 Score matching estimator . ...............

11.2 Exponential families . . ......................

11.3 Gaussian linear concentration models . ............
11.3.1 Jordan linear concentration models . . ... ... ..
11.3.2 Existence and uniqueness . ... ............

11.4 Gaussian graphical models with symmetries . ........
11.4.1 Model selection . .....................
11.4.2 Examples . ... ... ... .. .. ... .

11.5 DiSCUSSION . . . o vttt e e e e e e e e

III Appendices

A Sampling from the posterior of a von Mises distribution

A1l Introduction . . ... .. ... ... ...
A2 Thealgorithm ........ ... ... ... ... ......
A.3 Derivation of the algorithm . . . ... ..............
A.4 Further speed enhancements . . . .. ..............
A5 Efficiencyanalysis. . ... .. ... ... ... ... ... . ...

B Miscellaneous technical results

B.1 Derivation of the Radon-Nikodym derivative for { . . . . . .
B.2 Change of variables from 04,05 to 0p, 0. . . . . ... ...
B.3 Approximation for the normalized posteriorof x . . . . . ..
B.4 Approximation for the normalized posteriorof & . . .. ..
B.5 Expectation and variance of PPP test statistics . . ... ...

Bibliography

CONTENTS



vii

Glossary

This glossary contains a list of the nomenclature used throughout Part I. For brevity,
symbols which are only used in one location (e.g., the intermediate steps of the point
processes in chapter 2 and the test statistics in chapter 7) are not listed. Similarly,
since each chapter in Part II is self-contained with its own definitions, the symbols
from Part II are not listed.

A: the set of minutiae observed in the fingerprint, AC M. p.6

a,: the shape parameter for the distribution of the variable ¢, ¢ € {6, 0w, x}. p.32

B,: the rate parameter for the distribution of the variable ¢, t € {6, 0w, k}. p.32

B: the set of minutiae observed in the fingermark, B € M. p.6

C: the complex plane, used to represent the position of a minutia. p.6

¢(M): the normalizing constant for a MPPP density with respect to {, which depends
only on the observed marked point set M. p.12, 20

x: the probability that a latent minutia is a bifurcation. p.17

c,,: the lower bound on &, 1 <c, < &. p.21

0,4: the probability that a latent minutia is observed in A. Similarly 6. p.18

e: the probability that a observed minutia m has an unclassified type, t,, = 0. The
value of € does not affect the likelihood ratio. p.18

fig: the sample expectation operator for the sample S. p.35

1F;: the confluent hypergeometric function. p.34

fingermark: a residual finger ridge pattern left accidentally, typically low quality.
Mathematically represented by a finite set of points B C M. p.2

fingerprint: a residual finger ridge pattern left intentionally, typically high quality.
Mathematically represented by a finite set of points A C M. p.2

g(s, t): the density of the latent minutia marks. p.10

I'(a,z): the upper incomplete Gamma function for real variables. p.33

I'(z): the Gamma function for real variables. p.32

H: the binary variable H € {H,, H,}, used for reversible jump MCMC. p.41

H,: the defence hypothesis, that the fingermark and fingerprint originate from differ-
ent fingers. p.6, 9

H,: the prosecution hypothesis, that the fingermark and fingerprint originate from
the same finger. p.6, 9

I,(x): the modified Bessel function of the first kind and order zero. p.8

1(x): the indicator function for the event x. p.12
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K: the precision parameter for the orientation distortion. p.18

k.: concentration parameter for the distributions of the variables 74, T5. p.32

A: the marginal likelihood ratio between H, and H;. p.31

A(a,, B.): the normalization constant for the distribution of . p.33

M: an unobserved set of latent minutiae, M C M. p.9

M: the product space M = C x S! x T, used to represent a minutia. p.6

minutia: a feature of a finger ridge pattern, where a ridge ends or bifurcates. Each
minutia is mathematically represented by a point in M. p.5

MPPP(p, g): a marked Poisson point process with point intensity p and mark density
g.p-10

uc: the Lebesgue measure on C. p.7

ug: the Lebesgue measure on R. p.33

Ug : the uniform probability measure on S'. p.8

wr: the counting measure on T. p.10

Ue: the product measure for the variables in 6. p.33

Uz p): the counting measure on 2(A, B). p.16

n,: the number of minutiae in A. Similarly ng. p.16

n'": the number of minutiae of type t in A. Similarly n{. p.19

ng: the number of minutiae in the matching &, n; = |£]. p.16

ng): the number of minutia pairs (a, b) € & that satisfy t, =t, =t. p.21

w: the standard deviation of the distortion in an observed minutia’s location. p.18

&: a parameter for the inverse-variance of the minutia location distortions. p.19

Do: the prior odds of H;, used as a tuning parameter for the reversible jump MCMC
algorithm. p.41

¢: a fixed but arbitrary point in M \ (AU B) which is used to denote an unobserved
minutia. p.25, 39

¢(r;ry,02): the complex normal density with mean r, and variance . p.7

@(r): see p(r;ry,0?)withry=0and o?>=1. p.7

@,(r; 1y, L): bivariate complex normal density with mean r; and covariance X. p.7

@o(r1, 957, B): see @o(r; ), T) with r = (ry,1,)", where ry,r, € C. p.8

©,(r): see ,(r;r),x) with rj = 0 and X equal to the identity matrix. p.8

I1,: the projector (a, b) — a, where a, b € M. Similarly, IT;(a, b) = b. p.15

I1, ,(&): the minutia a € A which is matched to b € M. Similarly IT; ,(&). p.39

profile likelihood ratio: the likelihood ratio where the matching & is marginalized by
maximization rather than by summation. p.23

y: the relative rotation between between A and B. p.19

q(0,&): a normalized density which approximates of the posterior p(60,&|A,B,H,).
p.36, 43

Rf(ap ) various sums of the observed minutia locations, defined in (3.5). p.24

R,: n = 1-5. various functions of data and parameters; see (3.14),(3.18). p.27, 28

Re(z): the real part of a complex number z € C. p.8

Po: the expected number of latent minutiae in M, p, = fcp(r)d,uc(r). p.9

p(r): the intensity function of the MPPP for latent minutiae. p.9



GLOSSARY ix

r,,: the projection of m € M = C x S x T onto the location space C. p.6

rvM (v, x): the root von Mises distribution on S'. p.8

St various functions of the observed data, defined in (3.5). p.24

S: a sample from the posterior p(0, £|A,B,H,). p.35

S!: the complex unit circle, {s € C : |s| = 1}, used to represent the orientation of a
minutia. p.6

T: the discrete space {—1,0, 1}, used to represent the type of a minutia (ending= —1,
bifurcation= 1, unclassified= 0). p.6

o ,: the standard deviation of the scaled minutia locations. Similarly o;. p.19

Y45 the covariance matrix of the paired minutia locations. p.20

O p: the reparameterization o, = 1/(0,03). p.37

0, the reparameterization o, = o3/0,. p.37

s,,: the projection of m € M = C x S! x T onto the orientation space S!. p.6

©: the set of all parameters in our model. p.11, 33

0: the set of parameters which vary from finger to finger, and must be marginalized
by either integration or maximization. p.21

t,.: the projection of m € M = C x S x T onto the type space T. p.6

vM (7, x): the von Mises distribution on S'. p.8

X;: a generic MPPP over M with intensity ¢. p.70

&: the matching, i.e. the unobserved set of edges (a, b) which specifies which a € A
and b € B correspond to the same latent minutia in M. Under H; we have
E=0.p.15

£.: the manually-specified “true” matching for the observed fingerprint/fingermark
pair (A;, B;). p.54

E<p: the subset of & with b < . Similarly 4, _4,&-4. P-39

=(A, B): the space of possible values for the matching £. p.16

{: the density of a MPPP(p,1/3) on M. p.12

{,: the density of a MPPP(¢,,1/9) on M x M. p.14

Z: the base measure of p(4,B, £ |©, H,). p.16






Part 1

Fingerprint Modelling



Chapter One

Preliminaries

Societies have used the ridge patterns located on human fingers as a method of iden-
tification since at least 300 BC (Herschel, 1916). In recent times these ridge patterns
have been primarily used for either user authentication (for instance, smartphone
lock screens and airport immigration control) or forensics (providing evidence that a
suspect touched an item of interest). The forensic application exploits the fact that
fingers transfer marks to almost all surfaces they touch. When these transfers are
accidental we call them fingermarks: these are usually of low quality and permit only
a partial reconstruction of the source finger’s ridge pattern. Conversely, intentional
transfers, such as those taken at a police station, are called fingerprints and usually
permit near-complete construction of the source finger’s ridge pattern. We use the

term fingerprint evidence to refer to both fingerprints and fingermarks.

§1.1 History

The first extensive research into fingerprint evidence for identification was conducted
by Sir Francis Galton. In his book Finger Prints (Galton, 1892), he posited two key
assumptions:

e Persistence: the ridge patterns on an individual’s finger are invariant over time

e Individuality: a complete ridge pattern uniquely identifies an individual.

This chapter is an elaborated version of the introduction in Forbes et al. (2014).
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To this day these assumptions remain undisputed by mainstream forensic scientists
(Peterson et al., 2009). Furthermore, Galton used a crude model to estimate the
probability of two fingers having identical ridge patterns as 273°, or around 1 in
69 billion (Galton, 1892, p. 110), though the rationale for this number does not
stand up to any scrutiny. In addition to his book, Galton was an avid promoter of
fingerprint evidence. He published seventeen articles in Nature, Scientific American,
the Proceedings of the Royal Society, the London newspaper The Times, and the popular
science magazine Nineteenth Century from 1888 to 1896.

Galton’s work came at an opportune time. England had recently stopped exiling
criminals to Australia, choosing instead to deter repeat offenders through progres-
sively tougher sentences (Specter, 2002). Criminals would often use aliases, so police
departments required a reliable method to identify repeat offenders. Galton directly
influenced a 1894 parliamentary report that paved the way for fingerprint evidence
to be used in English courts (Troup, 1894). The use of fingerprint evidence quickly

spread to other nations.

§1.2 Motivation

Over the years fingerprint evidence developed an extremely strong reputation. For
instance, the Federal Bureau of Investigation’s 1963 training manual reads “Of all
the methods of identification, fingerprinting alone has proved to be both infallible
and feasible” (Hoover, 1963, p. iv). However, whether or not a given fingermark
is of sufficient quality to uniquely identify an individual is a subjective judgement:
“An individual examiner’s threshold for sufficiency is predicated on the examiner’s
education, knowledge, experience, and training” (Peterson et al., 2009). This subjec-
tive judgement of sufficiency is difficult to quantify and may lead to inconsistent
judgements across different examiners (Cole, 2005).

There have been many attempts to objectively determine when a partial or

distorted fingermark should be considered sufficient for unique identification. These



studies have been met with widespread criticism for their untested assumptions:

“From a statistical viewpoint, the scientific foundation for fingerprint
individuality is incredibly weak. Beginning with Galton and extending
through Meagher, Budowle, and Ziesig, there have been a dozen or so
statistical models proposed. These vary considerably in their complexity,
but in general there has been much speculation and little data...None
of the models has been subjected to testing, which is of course the basic
element of the scientific approach” (Stoney, 2001, p. 395).

The issue of determining whether a fingermark is sufficient for unique identi-
fication is exasperated by the strict rules governing its courtroom presentation. A
fingerprint expert must issue one of three mutually exclusive categorical conclusions:
the fingermark definitively came from the suspect, the fingermark definitively did
not come from the suspect, or the fingermark is of insufficient quality to draw a
conclusion. To issue a probabilistic statement (“the fingermark most likely came from
the suspect”) was considered unbecoming conduct and was grounds for the examiner
to be removed from the field’s professional association until 2010 (IAI, 2010)." Thus
potentially useful evidence is discarded whenever the examiner considers the quality
of a fingermark insufficient to draw a decisive conclusion (Neumann et al., 2012a).

One solution is to abandon the notion of sufficiency and present courtroom finger-
print evidence probabilistically rather than categorically. Then fingerprint evidence
could be synthesized by the judge or jury, alongside any other evidence, when
determining whether or not a suspect is guilty beyond a reasonable doubt. This
approach necessitates the development of a model to accurately compute the relevant
probability. One model was proposed in a recent paper by members of the now-
defunct Forensic Science Service (Neumann et al., 2012a). The fact that this paper was
presented to the Royal Statistical Society rather than a forensic journal is significant
and represents “a major step on the path to paradigm change in the operational world

of fingerprint identification” (Neumann et al., 2012a, p. 394).

"Though probabilistic statements are now permitted by the IAI, they are still prohibited in most
nation’s legal systems. In court, fingerprint evidence must still be presented categorically.
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In a response to that paper, Lauritzen et al. (2012) noted the similarity between
the proposed model for evidence and the alignment problems often studied in bioin-
formatics. We follow that idea here by adapting the hierarchical Bayesian model
for unlabelled point set matching of Green and Mardia (2006) to the problem of
fingerprint/fingermark matching. We develop an efficient Monte Carlo algorithm to
estimate the likelihood ratio for the prosecution hypothesis that the observed finger-
print and fingermark originate from the same finger against the defence hypothesis

that they originate from different fingers.

§1.3 Likelihood representation of fingerprint evidence

In England, fingerprint evidence has been used for criminal identification since the
late nineteenth century (Faulds, 1880). Fingerprint evidence is based on the simi-
larity of two or more pictures (see figure 1.1(a) for an example). It is difficult to
represent all the information from these pictures into a mathematically convenient
form. Thus most models consider only a subset of the information, namely, the points
on the image where a ridge either ends or bifurcates. These points, called minutiae
(see figure 1.1(c)), contain sufficient information to uniquely identify an individual

(Maltoni et al., 2009; Yager and Amin, 2004b).

(a) Exemplar fingerprint (b) Zoomed section (¢) Enhanced & labelled

Figure 1.1: A typical exemplar quality fingerprint from Garris and McCabe (2000).
The highlighted points in (c) are minutiae: circles are ridge endings and squares are
bifurcations.

As in Neumann et al. (2012a), we discuss the situation where we wish to compare



a high-quality fingerprint A, taken under controlled circumstances, with a fingermark
B found on a crime scene. A typical fingerprint contains 100-200 minutiae, while a
fingermark may contain fewer than ten (Garris and McCabe, 2000).

We consider two hypotheses:

H, : A and B originate from the same finger,

H, : A and B originate from different fingers, (1.1

where H,, is the prosecution hypothesis and H, is the defence hypothesis. Following a
tradition that goes at least back to Lindley (1977), we follow standards in modern
evaluation of DNA evidence (Balding, 2005) and other types of forensic evidence
(Aitken and Taroni, 2004) by quantifying the weight-of-evidence through a likelihood
ratio between H, and H;. This likelihood ratio will be based on probabilistic models

for the generation of the fingerprint and fingermark that shall be developed below.

§1.4 Representation of fingerprints

Each minutia m consists of a location, an orientation, and a type classification. We
represent the location with a point in the complex plane C. The orientation is
represented with a point on the complex unit circle s € S! such that the phase of
s is the counter-clockwise angle between the horizontal axis and the ridge which is
ending or bifurcating (see figure 1.1(c)). The type is represented by a number in
T = {—1,0,1}, where —1 denotes a ridge ending, 1 denotes a bifurcation, and 0
denotes an unclassified type (see figure 1.1(c)). Thus m lies in the product space
M =C xS! xT. We letr,,s,, and t,, denote the projection of m onto the location
space, orientation space, and type space respectively.

A fingerprint A (or a fingermark B) is represented by a finite set of points in M.T We
call this representation a minutia configuration. Since A and B are observed in arbitrary

and different coordinate systems, the observed minutiae are subjected to arbitrary

"We refrain from ordering the elements within A and B in order to avoid extra permutation factors
in the subsequent probability distributions.
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similarity transformations, which consist of translations, rotations, and scalings. Due
to our choice of representation for minutiae, we can simply represent these similarity
transformations with a translation parameter T € C and a rotation/scale parameter

Y € C )\ {0} via the mapping

from M to M.

81.5 Overview of distributions

We will need various probability distributions in the remainder of this dissertation,
some of which may not be well known to the reader. We define these distributions
here for easy reference. They are also listed in the glossary at the beginning of this
dissertation.

The complex normal distribution (Goodman, 1963) will be used to model random
variables related to the minutia locations. It is parametrized by its mean r, € C and

its variance o2 > 0, and has density
¢(r;re,0%) = exp(=|r —ro|*/0?)/(n0?) (1.3)

with respect to uc, the Lebesgue measure on C. Here |r — | is the modulus of the
complex number r — r,, defined by |r —ry|?> = (r —ry)(r — 1), where the overline
represents complex conjugation. The standard case of r, = 0 and o = 1 is denoted
by ¢(r).

The bivariate complex normal distribution will be used for paired minutia loca-
tions. It is parametrized by its mean r; € C? and a Hermitian positive definite complex

2 x 2 covariance matrix X. It has density
pa(15 75, B) = exp{—(r —rg) "=} (r — r)}/(*|Z]) (1.4)

with respect to uc X ¢, where |X| denotes the determinant and " denotes the vector

transpose. The standard case of r, = 0 and X equal to the identity matrix is denoted



¢,(r). When we wish to make the two arguments explicit we will write ¢, (ry, ry; 15, £)
for ry,r, € C.

The von Mises distribution (Mardia and Jupp, 1999) will be used to model random
variables related to the minutia orientations. It has support on the complex unit circle
S', and it is parametrized by its mean v € S! and its precision x > 0. Letting I,(k)
denote the modified Bessel function of the first kind and order zero (Olver et al., 2010,
§10), and letting Re(z) = (2+2)/2 denote the real part of z, the density of a von Mises

random variable s ~ vM (v, k) can be written as

pom(s; v, k) = exp{k Re(sv)} (1.5

1
Io(x)
with respect to the uniform probability measure ug on S'. Informally, the von Mises
distribution can be understood as the result of restricting a univariate complex normal
distribution ¢(s; v,2/x) onto the unit circle |s| = 1.

To facilitate the later mathematics we will also need a root von Mises distribution,

rvM (v, k), which we define by
XY ~vM (v, k) whenever X,Y are independent and X,Y ~ rvM (v,«x). (1.6)

This distribution is well defined because the von Mises distribution is infinitely divisi-
ble on S! (Kent, 1977). The density of the root von Mises distribution is determined

by a series expansion; we refrain from giving the details as we shall not need them.



Chapter Two

Fingerprint models

We consider the observed minutia configurations A,B C M as thinned and displaced
copies of a latent minutia configuration.” We assume that different fingers have inde-
pendent latent minutiae configurations, whether those fingers come from the same
individual or different individuals. Thus we can rephrase our two model hypotheses

(1.1) as

H, : A and B originate from a common latent minutia configuration M C M,

H, : A and B originate from independent latent minutia configurations M, M’ C M.

In the notation of marked point processes, each minutia m € M is a marked point.
The projection of m onto the location space C, r,,, is called a point and the projection
onto S! x T, (s,,, t,,), is called a mark.

We model a latent minutia configuration M C M, which consists of a finite number
of marked points in M, as a finite marked Poisson point process (MPPP) on C with
intensity function p : C — [0, 00) (see, e.g., Mpller and Waagepetersen (2004)). This
implies that the cardinality |[M| of M is Poisson distributed with mean p, = f cp(r)dr,
where dr = duc(r) denotes the Lebesgue measure. We assume that p, is both
positive and finite. Conditional on |M|, the points are independently and identically

distributed (i.i.d.) over C with density p/p, with respect to uc.

This chapter is a slight extension of Forbes et al. (2014).
TWe use the word latent as a synonym for unobservable, and thus neither A nor B are latent. This
contrasts with a common usage in fingerprints forensics: there a latent fingerprint refers to fingermark
which is difficult to see with the naked eye, but can be observed via specialized techniques.
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The marks are assumed to be i.i.d. and independent of the points. The marks
have density g with respect to the product measure ug X up, where g is the
counting measure on T. We write the resulting distribution for M succinctly as

M ~ MPPP(p, g).

§2.1 A generic marked point process model

We now describe a framework to model fingerprint and fingermark data. Section 2.3
will use this framework to specify a concrete model by choosing particular parametric
families for each of the distributions mentioned in this section.

In our framework, the observed fingerprint A is modelled as a MPPP which is
obtained from the latent minutia configuration M through three basic operations as

follows:

A1l: thinning Only a subset of the latent minutiae are observed, resulting in M,; =
{m e M : I,(m) = 1}, where the indicators I, are Bernoulli variables whose

success probabilities 6,(r,,) depend only on the location r,,. We then have

My, ~ MPPP(py;, 841) Where pyy(r) = p(r)04(r), &ga1 = 8- (2.1)

A2: displacement The locations r,, in M,; are subjected to additive errors e,, € C
with density f,, the orientations s,, are subjected to multiplicative errors v,, € S*
with density h,, and the types are subjected to classification errors ¢,, € T
with distribution d,. This results in My, = {(r,, + €., ViiSm> Cmti) : M € My}

Consequently, M,, ~ MPPP(p,,, £4,), Where

Pax(r) = fax par(7) :J fale)par(r—e)de (2.2)
C

is obtained by usual convolution in C. The mark density is

guols,t) = D dy(ut) f Pa(V)ga1 (57 1) dpis (0). 23)
Sl

ueT
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A3: mapping Finally, the marked points are subjected to a similarity transformation

parametrized by 7, € C and ¢, € C \ {0} to obtain

A= {("IJArm + Ta ¢Asm/|¢A|: tm) me MAZ} (24)

Thus A ~ MPPP(p 43, 843) Where p5(r) = pao{(r—7,)/1a}/|19al* and gus(s, t) =
gAZ(Sw_A/lwAL t).

The model for B is specified analogously: B is the MPPP derived from a latent
minutia configuration M’ by three similar steps B1-B3 obtained by replacing A with
B everywhere in A1-A3. That is, B ~ MPPP(p;,, g53) with the intensity function and
the mark density defined as above but using a new function 65, new indicators I5(m),
new distributions fg, hy,d, new error terms e/ ,v’ ,c/ , and new parameters T, .

Finally, we make the following independence assumptions. Under H; we have
M and M’ are i.i.d., while under H,, M = M’. In both cases they have distribution
MPPP(p, g). Conditional on M and M’, all the variables I,(m), e,,, V;n, C,, for m € M,
and Iz(m),e/ ,v/ ,c/ for m € M’ are mutually independent with distributions which
do not depend on M and M’.

In §2.3 we specify parametric models for p, g,0,, 05, fa, f5, s, hg,d,, and dg. We
use © as generic notation for the set of all relevant parameters, including 7,, 75,4,
and 5. The intensity functions and mark densities depend on ©, but for simplicity

we suppress this dependence in the notation.

§2.2 Densities under the two hypotheses

We are interested in computing a likelihood ratio between the two hypotheses H,
and H;. Thus we must find the normalized densities of the MPPPs A and B under
both H, and Hy. In order to rigorously define these densities, we must briefly detour
into measure theory. Let Z ~ MPPP(y, 1/3) be a marked Poisson point process on M

whose intensity is given by a standard complex normal density and whose marks are
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uniformly distributed over S! x T." Then Z takes values on the space of finite point
configurations, Ny = {M C M : [M| < oo} (Mgller and Waagepetersen, 2004, p.82).

The probability that Z lies in some set & C Ny is

o exp(—1) 3 e(rm,)
P(Z e %) :;TJ@”fM 1({my,...,m,} € &) {!:1[ 3 }dml...dmn,
(2.5)

where 1is the indicator function, and the integral over M is a shorthand for integrating
over the minutia location and orientation and summing over the type, fM f(m)ydm =
fc fsl >ierf (s, ) dugi (s) dr. We let { be the measure defined by (%) = P(Z € %);

we will use { as a dominating measure for the densities of A and B.

Now, using the fact that

f pa(r)dr = J pPa(r)dr = f pa(r)dr = f p(r)6,(r)dr, (2.6)
C C C C

we see that the marginal density of A with respect to ( is

pP(A|©) =c(A)exp {_J P(r)64(r) dr} l_[ {843 (5> tm)Pas(rin)} 2.7)
C meA

where

@) =3"exp()] [o(r)™ (2.8)

depends only on the data, see for example Mgller and Waagepetersen (2004, p.25).

The density of B with respect to { is obtained by replacing A by B everywhere
in (2.7). Notice the marginal density of A is identical under both H; and H,,

p(A|©,H;) = p(A|©,H,;). This is also true for B.

"Note that the uniform distribution on S* has density p(s) = 1 with respect to ug:. This is because
Ug: is the uniform probability measure on S*, rather than the more commonly seen Lebesgue measure.
This choice of measure greatly reduces the number of 27t factors appearing in later computations.
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§2.2.1 Density under the defence hypothesis

Under H; the fingerprint A and fingermark B are independent and thus the density

with respect to ¢ x ( is simply the product

p(A,B|©,H;) = c(A)c(B)exp {—J p(r)o,(r)dr —f p(r)5B(r)dr}
C C
X {l_[pAS(ra)gAS(sa’ ta)} {l—[pBB(rb)gBB(sb: tb)} . (2.9
acA beB

§2.2.2 Density under the prosecution hypothesis

In order to find the desired density p(4,B|©,H,) we need to account for missing
information, namely which minutia pairs (a, b) € A x B correspond to the same latent

minutia. To handle this, we first decompose M into four parts

Myy={meM :I1,(m)=1,I;(m) =1}, My, ={meM :1,(m) =1, I;(m) =0},

My ={meM :I,(m)=0, I,(m) =1}, Mgy ={m €M : I,(m) = 0,I3(m) = 0},
(2.10)

which are independent and disjoint MPPPs, and hence all four have known densities.

Their intensity functions are

P11(r) = p(r)6,(r)65(r), P10(r) = p(1)6,(r){1—65(r)},

Po(r) =p(r){1=5,(r)}65(r),  poo(r) = p(r){1—=564(r)H1—=55(r)},

(2.11)

and all four MPPPs have the same mark density g. Note that M,; = M;; U M;, and
Mg, = M;; UM,;, so M, will play no role in the sequel. This partitioning is visualized
in figure 2.1.

Applying steps A2-A3 to M, yields M,,; with distribution MPPP(p143, £43), Where

Plos(r):fA*Plo{(r_TA)/‘/)A}/|1/)A|2- (2.12)

Similarly, applying steps B2-B3 to My, yields M5 ~ MPPP(p;3, £53) With

P013(r):fB*901{(r_TB)/¢B}/|¢B|2- (2.13)



14

Figure 2.1: Visualization of the selection procedure under H,,. The red and blue ovals
correspond to My, and Mj,; respectively. The minutiae in their intersection comprise
M,;: these minutiae are observed twice, once in M,; and again in Mg,. The remaining
sets are My; = My, \ My,, Mo = Mg, \ M;,, and M, = M \ (M,; U Mg, ). For simplicity,
we have drawn each minutia configuration as a contiguous region of M, however
under our model this is unlikely to be the case since each minutia in M is allocated
independently to one of My, M;, Mgy, M;;.

Finally, for each m € M;,, we apply steps A2-A3 to m yielding a marked point a(m),
and separately we apply steps B2-B3 to m yielding a marked point b(m). The set of

paired marked points

Miq3 = {(a(m), b(m)) : m € My, } (2.14)

forms a MPPP on C x C. The paired points have the intensity function

p113(ra:rb):J P11(7”)fA{(ra_TA)/‘PA_’”}fB{(Tb_TB)/UJB—r}/|¢A¢B|2d7’ (2.15)
C

and the corresponding paired marks are i.i.d. with density (with respect to (g X ty)?)

§115(S0s tas S £5) = D da(ut,)dy(uty) f g(s, u)hA(slfff) (sl”ﬁf)dugﬂ(s).
ueT A B
(2.16)

The distribution of M;;; is dominated by the probability measure ¢, =
MPPP(y,,1/9), the MPPP whose points form a Poisson point process on C x C
whose intensity function is a bivariate complex normal density and whose marks are

uniformly distributed on (S* x T)?. From (2.15) we have

f pP113(rg, 1p)dredry, = f p11(r)dr, (2.17)
c2 C
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and hence from (2.11) we see the density of M;;; with respect to ¢, is

p(My131©,H,) = c(My;3) exp {_J P11(r)d”} l_[ P113(Tas T5)8113(Sa> Las Sb» £h),
C (a,b)eMq3
(2.18)
where the normalization constant is
¢;(Myp3) = 9Mlexp(1) [ | {o(ra)e(r)}™. 2.19)
(a,b)eM;q3

Since c(M;o3)c(Mo13)ca(Myy3) = exp(1)c(A)c(B), the density for (My43, Mo13, M113)

with respect to { x { x {, is
P(Myo3, Mo13, M1151©, Hp) = c(A)c(B) exp [1 —J P(r){6a(r) +65(r) —6,(r)55(r)} dr]
C

X{ l_[ P103(ra)€a3(54 ta)}{ l_[ p013(rb)g33(sb>tb)}

a€M;g3 beMo13

X { l_[ P113(T'a> T5)8113(Sa> La> St tb)} .

(a,b)eMy13

(2.20)

§2.2.3 Defining the matching

The three marked point processes (M43, My;3, M;;3) can be identified with a bipartite
graph (A, B, &) of maximum degree one with edge set & and vertex sets labelled by A
and B respectively. Thus, given the latent matching &, we can use (2.20) to find the

joint density of A and B under H,,. Specifically, we have the transformation

where I1,, [T project from point sets on M x M to point sets on M via

I1,(M;,5) = {a: (a, b) € M;;5 for some b € M},

[z(M;,3) = {b : (a, b) € M;;5 for some a € M}. (2.22)

The inverse transformation is given by

Myg3 =A\TI4(§), My =B\TI3(E), My;3={(a,b):({a,b) €&}, (2.23)
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where now we slightly abuse notation and write IT,, IT; for the functions which send
¢ to point sets on M via
[,(§) ={a€A: (a,b) €& for some b € M},
[I;(£)={b€B:(a,b) €& for some a € M}. (2.24)
Notice that we use the notation (a, b) for the edge between the vertex labelled a and
the vertex labelled b. Conversely, the notation (a, b) denotes a pair of marked points
and lies in Ml x M.
Now that we have a bijection between (M3, M3, M113) and (A, B, &), our goal is
to sum over the unknown matching & and thus find the desired density p(A,B|©, H,,).
This sum will be over the support of £, which we now derive.
Let n, = |Al,ng = |B|, and n; = |€| = |[M;y3| denote the cardinalities of A, B,
and & respectively. Let Z(A, B,n;) denote the space of all possible values for & with
cardinality n., where 0 < n; < min(n,, ng). That is, Z(A, B,n;) contains all possible

edge sets of size n; for the vertex sets labelled by A and B. It has cardinality

ny! ng!

|2(A, B, ng)| = (2.25)

ngl.
ngl(ng—ng)! ngl(ng —ng)!
This corresponds to choosing n; points each from A and B to be matched and

considering all n;! edge sets between those points. Let

min(ng,ng)
=@4,B)= | =@4B.n) (2.26)

n5:0

be the support of &, which consists of the union of the disjoint sets Z(A, B, n;). Note
that the cardinalities |=(A, B, n;)| and |=(A, B)| depend on A and B only through n,
and ny. We let uz, 5y be the counting measure on Z(A, B).

In order to sum over £ € Z(A, B), we must first change the base measure of (2.20)

from { x { x {, to ¢, which is defined by
d¢(A,B,X) = pg(am(X)dL(A)d{(B), (2.27)

where X C Z(A,B). The Radon-Nikodym derivative for this change of measure is

shown to be exp(—1) in §B.1. Thus

p(A,B, g | 81 Hp) = exp(_l)p(M103J M0135 M113 | e, Hp) (228)
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with respect to ¢, where p(M,g3, My13, Mi15 | ©,H,) is given in (2.20). Furthermore,
by summing over £ we can compute
p(AB|©,H,)= > p(AB,E|0,H,), (2.29)
£€E(A,B)
which is our desired density with respect to { x {. Since { x { is also the base measure
of p(A,B|©,H,) in (2.9), we have found our desired likelihood ratio between (2.29)

and (2.9).

§2.3 Parametric models

To complete the specification of our basic point process model we need to specify
parametric models for the basic elements p, g,04, 05, fa, f5, ha, hg, ds, dg in §2.1 that
define our MPPPs and the corresponding likelihood ratios. Clearly there are many
possibilities. Below we specify a simple choice with the purpose of illustrating and
investigating the methodology. We shall evaluate the fit of this simple model in
chapter 7 and suggest various model enhancements in chapter 8. A visual overview
of the parametric model is provided in figure 2.2, and a summary of the parameters is
provided in §2.3.3. The final parameters are also listed in the glossary at the beginning
of this dissertation for easier reference.

We model the latent minutia location intensity function p(r) as proportional to a
complex normal density, with intensity p, > 0, mean 7, € C and variance 0(2). We
model the latent orientations as uniform over S'. We assume that the latent types are
fully classified": the probability of a bifurcation is ¥ € (0, 1), and the probability of an

ending is 1 — y. Thus we have

p(r) = poe(r; o, 02),

X ift=1, (2.30)
g(s, ) =t|/ g1 — it ={1—y ift=—1,
0 ift=0.

TThe assumption that the latent types are all classified is without loss of generality, since any
observed minutia may still have an unclassified type due to step A2.
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Without loss of generality we assume that 7, = 0, since this parameter can be absorbed
into 7, and 7. Similarly, we assume that o, = 1, since this parameter can be absorbed
into ¢, and ¢5. Due to the latent mark distribution g(s, t) being uniform over s, we

have

gm(s, 1) =g(s,t),  gaals, t) = gas(s, ) = da(t)x + da(—t)(1 — y), (2.31)

and similarly for B.

A1l: thinning We assume the thinning probabilities are constant with §,(r) = 6, €

(0,1) and 6(r) = 65 € (0, 1) so that the intensities after thinning become

Par(r) =pbp(r), ppi(r)=pyopp(r). (2.32)

A2: displacement We assume the error distributions of the minutia locations have
complex normal distributions with mean zero and variance w?. The type errors
are Bernoulli distributed on {0,1} C T, where € is the probability that a type
is unclassified. This assumes that there are no type misclassifications: all types

are either correctly classified or else unclassified. Thus we have

fa(r) = fy(r) = @(r;0, %), da(c) = 1(c = 0)e + Uc = 1)(1 —e),
Pa2(r) = Po0ap(r;0,1+ ),  pga(r) = podp(r; 0,1+ w?), (2.33)
8a2(s, £) = gpa(s, t) = (1 —[t|)e + [¢[(1 —€)g(s, £).

The orientations errors h, = hy = h are assumed to be root von Mises distribu-

tions as defined in §1.5, with mean 1 (i.e., no distortion) and precision k.

A3: mapping After similarity transformations parametrized by 74,7, and 75,95

respectively, the observed locations in A and B have intensity functions

Pa3(r) = pobap{r; T4 (1 + w?)|Pul*},

Pps(r) = pope{r; T, (1 + )|y} (2.34)
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Latent minutia configuration
M = {(r,Sm, tn),m € M}

/ Independent \

Each minutia observed v_v.p. S, .Binf)mial Thinning Each minutia observed w.p. 65
MAl = {(ra:sa: ta)} cM yleldlng MAl and MBl MBl = {(rbasb: tb)} cM
l Parameters 64,65 € (0,1) l
ro < 1o+ CN(0, w?) Independent ry < rp, + CN(0, w?)
Sq < S X TvM(K) Observation Errors sp < Sp X T'vM(x)

t, « t, X Bern(e) yielding M,, and Mg, t, < t, x Bern(e)

1 Parameters w,x >0 l
rg = Yu(rg +74) Similarity transformation ry — Yp(ry+75)

Sq — WaS, yielding A and B Sp — YpSp
t, < tg Parameters T4, Tp € C%; 44,5 € C )\ {0} ty <t
Fingerprint Observed minutia sets Fingermark
A= {(razsaz ta)} B= {(rbisbn tb)}

Figure 2.2: Illustration of the generative procedure for A and B under H,,. The proce-
dure under H; is the same, except that A and B originate from separate, independent
latent minutia configurations M and M’.

For notational convenience, in the rest of this dissertation we will use the trans-

formed variables

o2 =(1+ )Y, ol =1+ )Yl

=PaPs/(Iallsl), &= (0 +1)*/{(0*+1) —1}.

(2.35)

§2.3.1 Density under the defence hypothesis

By letting ngt) = D .cq 1(t, = t) be the number of minutiae of each type t € T, and

similarly for ng), we can write the defence likelihood (2.9) as

p(A,B|©,H,) = E(A)E(B) exp {—po(8, + 55)} pp ™ 5757

@™, .1 =D, (1)
Xy (1 — y)a {l—[ cp(ra;TA,o'i)} {l_[ go(rb;TB,O'lzg)}. (2.36)
acA

beB



20

-1, 1
ATy

The normalization constant ¢(A) is given by c(A)e"fao)(l —e) , and similarly for

¢(B). We shall see that ¢(A) and ¢(B) appear under the prosecution hypothesis as
well, hence they will cancel in the likelihood ratio, and the value of € will not affect

the likelihood ratio.

§2.3.2 Density under the prosecution hypothesis

The transformed intensities for the unmatched minutiae become
P103(T0) = Po8a(1=85)9(re; T, %), Pors(ry) = Po(1—=8,)859(ry; T5,07). (2.37)
The matched density (2.15) becomes
P113(Tas T5) = 00465 P2(Tas T Tas Ths Zipp), (2.38)
where the covariance matrix is

(2.39)

5 _( o2 voBlp\/l—l/cb)
B\ o0 V/1—-1/6 o’ .

The mark density (2.16) becomes

g113(sa5 taasba tb) = gAZ(Sa’ ta)gBZ(sb: tb)T(taJ tb)exp{KRe(sa@)}/IO(K)
(1) Tt

Vet (1 — y)ltal=tatlts=ts exp{i Re(s,s, 1)},

€ Iy(x)
(2.40)
where T(t,, t,) is given by
1/x ift,=t,=1,
T(t,,t,) = 1/(1_’() g itjib(): —L (2.41)

0 if t t, =—1.
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By substituting these into (2.20) and using (2.28), we have
p(A,B,£1©,H,) =E(A)E(B)exp{—po (54 + 85— 5,85) py* ™ S84 (1 — 5,

o, m__ 1 -1, D_ (-1
ng np—n n,’+n,’—n n, '+n, ’'—n
X 8 (1—6p) ey ™ e (1 — ) T T

{ [] so(ra;rA,oj)}{ [ so(rb;fg,oé)}

a€A\I,(&) beB\I15(&) (2.42)

exp{x Re(s,s,)}
IO(K)

X l_[ (PZ(ra’ rb; TA: TB; Z:AB) ﬂ(tatb 2 0) N

(a,b)eg

where nf) =] . Ut = 1) (t, =t).

§2.3.3 Estimating or marginalizing the parameters

The densities in the parametric models specified above depend on the following set of

eleven variation independent parameters

{p07 X75AJ 5BJTA7 TB’ GA: O-B: #’;CNO;K}, (243)

where p, > 0, ¥,84,65 €(0,1), 7,753 €C, 04,05 > 0,9 € S}, > 1, and « > 0.
As 7, and 15 are complex numbers there are thirteen real parameters in total. Of
these, p, and y relate to the latent minutiae and are common to all fingerprints and
fingermarks under consideration. We treat both p, and y as known constants; their
estimation is addressed in §6.2.

The remaining parameters
9 = {5,45 535 TA; TB9O-AJ UB)w:(B)K} (244)

vary from one fingerprint or fingermark to the next, and must be estimated or
marginalized for each fingerprint/fingermark pair. We shall assume that ¢ has some
lower bound c,, > 1. This is equivalent to putting an upper bound on location noise
variance w?. This increases the stability of our estimates: it prevents the undesirable
scenario where our estimate of w? becomes very large and thus all matchings between

minutiae become plausible.
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There are two likelihood ratios of potential interest. The first maximizes the
likelihoods over 6 and £ and takes their ratio. This method has the advantage of
a relatively easy, computationally inexpensive implementation. Furthermore, since
courtrooms are already used to seeing maximized likelihood ratios in relation to
DNA evidence (Balding, 2005), this method may be preferred by practising forensic
scientists. However, it takes considerable care to ensure this likelihood ratio is well
defined. The details of this method are presented in chapter 3.

The second method assigns prior distributions to 6, sums p(A,B,0,&|H,) over &,
integrates both p(A,B, 0 |H,) and p(A,B, 6 |H,) over 6, and takes their ratio. The
prior distributions must be chosen with care, since they will affect the interpretation
of the resultant likelihood ratio. This method has the advantage of being independent
of the choice of base measure for our parameters. Furthermore, it more naturally
accounts for the high dimensionality of the matching &, and it is likely to be preferred
by Bayesian-inclined statisticians. However, this method is difficult and computa-
tionally expensive to implement. Our approach to estimating this likelihood ratio is
presented in chapter 4 and chapter 5.

Many parts of this report can be simplified by making additional assumptions.
Please refer to Forbes et al. (2014) for the special case where the scale parameters are
constrained to be equal, o, = o, and the variability parameters &, k are treated as

fixed and known constants.
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Chapter Three

Profile likelihood ratio

The standard maximized likelihood ratio is usually written as
maxep,g p(A7B | Gp: g: Hp)
maXGd p(A’ B | de Hd)

(3.1)

In our case the numerator is not even well defined: we showed in (2.26) that the
support of the matching & depends on the observed minutia configurations A and B,
and thus it does not make sense to condition the probability of A and B on £. One

alternative is to consider the ratio after summing over the matching:

maxepP(A:B | QpJHp) . maxep {deE(A’B)p(AJ B: 5 | Qp;Hp)}
maXde(A:BledaHd) maXde(A,Bled,Hd)

(3.2)

However, this sum is too large to compute, and thus we cannot find the maximum
over 6, marginal of £. We proceed by replacing the sum with its largest summand.
Letting

£(6,) = argmaxp(A,B,£16,,H,), (3.3)
3

we define the profile likelihood ratio as the ratio of (2.42) and (2.36),

maxgp p{A, B, g(ep) | GP’HP}
maxy, p(A,B| 64, Hy)

(3.4)

Since we have replaced the sum with a single term, the profile likelihood ratio is more
favourable to the defence hypothesis than (3.2). If the data A and B admit a single
likely matching, then & (6,) will dominate the sum and the profile likelihood ratio will

be similar to (3.2). Conversely, if there is not a single likely matching, then the profile
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likelihood ratio will be much smaller than (3.2); however, this is actually a desirable

property since we do not wish to have a high likelihood ratio if there is no single good

matching between the fingerprint and the fingermark.

We shall need various functions of the observed data. We define all such terms

now for easy reference:

RA\E = Z Tas
a€A\I,(&)
Ra= D, To
(a,b)eg
SA\E = Z | I'q |2)
a€A\I,(&)
SgA = Z |ra |2:
(a,b)eg
SgAB = Z arb:
(a,b)e&

RB\E = Z T'p,
beB\IIz(&)
RgB = Z T'ps
(a,b)eg
— 2
Sp\e = Z 71%, (3.5)
beB\IIz(&)
SgB - Z |rb|2)
(a,b)eg
S¢ = DL S
(a,b)eg

These functions depend on the matching £. Under H; we set & equal to the empty

set (; this means Ry, = Rgp = Sgp = Sgp = Sepp = Sy = 0 under Hy.

§3.1 Maximizing the likelihood under H,

The parameters 1, ®, and x do not enter into the likelihood under H;. We can

explicitly maximize p(A,B|6,H,), as given in (2.36), over the remaining parameters,

yielding
) R
5A = mln(l, nA/Po): TA = >
ny
) Rp\¢
65 =min(1,ngz/p,), Tp = —
B

0-2 _ SA\g - 2Re(RA\€TA)

A n + |TA|21
A (3.6)

+ |75/%

B ng

§3.2 Iteratively maximizing the likelihood under H,

Note that maxepp{A,B,g(Qp)wp,Hp} = maxep,gp(A,B,%;le,Hp), and thus we can

find the former by iteratively maximizing (2.42) over |6 and 6 |&. The first
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maximization can be done exactly, as described in §3.2.1. The latter maximization

is itself done iteratively, as described in §3.2.2.

Since our likelihood is multimodal this iterative approach may converge to a local
maximum rather than the global maximum.’ In practice we can often find the global
maximum by running the Markov Chain Monte Carlo (MCMC) procedure described
in chapter 5 to find a good initial position for £. The MCMC procedure is often able
to identify the global mode because it is usually much larger than any secondary
modes: when two minutia configurations match, there are typically a large number of
matching minutia pairs, and the posterior distribution is heavily concentrated around
the true matching. Given an initial value for £, we can use the score matching

estimator (see §3.3) to quickly find a good starting value for 6.

§3.2.1 Maximizing over the matching & | 6

We can find the maximizer over £ conditional on 6 using the Hungarian algorithm
(Kuhn, 1955). Formally, the Hungarian algorithm finds a bijection © : A; — B;
between two finite sets of the same cardinality which minimizes ZaeAl cost{a, m(a)},
where cost : A; x B; — R is some loss function. The bijection can be computed in a

time proportional to |A;|>.

We cast our problem into this form by setting A}, = AU {¢;; : 1 < i < ni} and
B, = BU{¢;, : 1 < i < n,}, where ¢,; € M are dummy elements whose only
relevant property is ¢;; ¢ AUB for all i,j. These dummy elements are necessary
because the Hungarian algorithm can only find a bijection between two sets of the

same cardinality, but we wish to consider partial matchings between A and B. The

TFor pathological A and B the procedure may not converge at all. Indeed, the likelihood may not
even have a unique global maximum; see Wu (1983) for examples of what may go wrong. However,
for the data we have considered this has not been an issue.
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cost function is cost(a, b) = —w(a, b | 0), where

w(a,b|0) = 1(a€A) 1(b €B) [Re (K‘Sa{p_sb_kzmwra_TA y _TB)

Oy Op

- [rg — Tal? |rb_TB|2) { T(ty, tp)d }]
— —1 + +1 , (3.7
(& )( o of o8 Polo(x)(1—6,)(1—06p) 37

and the function T(t,, t;) is defined in (2.41). We convert the optimal bijection 7t into

a matching via

= U Ham@)) (3.8)

a€A:nt(a)eB

§3.2.2 Maximizing over 0 | &

The product structure of the likelihood p(A,B|6,H,) means that we can maximize
over 6, and 65 directly. The remaining parameters in 6 are maximized one at a time,
and for fixed values of all other variables: first we maximize (74, T5), then (04, 05),
then 1, then &, and finally k. We iterate this procedure until the parameters converge.
If this procedure is to converge to the global maximum over 6 | £ we must find a good
initial position for 6, which will depend on the value of £. We describe our method

of finding this initial position in §3.3.

Maximizing over the thinning probabilities 04, 6

As a function of 5, and &5, the log-likelihood under H,, is proportional to

(3.9)
We find the maximizing value by setting the derivatives with respect to 6, and 65 to

zero. Solving for 65 yields the cubic equation
ponA5BB - po(nA + nB)532 + nB(po + nA + TlB - n§)5B - TLIZB == 0. (3.10)

One of the roots of this cubic is the maximizing value 6. The second equation yields

TlB - (TlA+ TlB - ng)BB }]
Po65(1—6p)

5A=max[0,min{1,1— (3.11)
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Maximizing over the translation parameters 7,, 7

We maximize the likelihood over 7, and 7 conditional on o,, 05,4, @, and &. The

maximizing values are

-2 -1 -2
B NpOp B T'B\¢ ¢B

where 2,5 is given in (2.39).

Maximizing over the scale parameters o,, 0y

As a function of 0, and 032, the log-likelihood (2.42) is proportional to

nlog(o,%) + nglog(c;*) —R,0,> —Ry0,° — 2R, \/ﬁ, (3.13)
where
Ry =Spe + @Sep— 2Re{(Ra\ + OR))TA} + {ny + ne (@ — D} 7al%,
R, = Sp\s + @Sep — 2Re{(Rp\ s + @R:5)T5} + {np + n:(& — 1} 7/% (3.14)
Ry =—V &2 —dRe {1/) (SgAB —R_gATB —RgpTat ngr_ATB)} .
Taking the derivative with respect to ¢,* and o;* and setting it to zero, we see the

maximizers are
2R;(R;R, —Ré)
(ng — nA)R§ +2n,R R, + R3]/ {(ng — ny)Rs}2 + 4n,nzRiR, ’

2
o =Rio% (nAoi—Rl) i (3.15)

Maximizing over the rotation parameter
Optimizing the likelihood over v yields ¢ = v/|v|, where

Y= KS_§+ 2V 2 — (Seap —R_gBTA—RgAT_B-i- n:T4T5)/(0a05). (3.16)

Maximizing over the location distortion parameter
As a function of @, the log-likelihood is proportional to

nglog & — R, + 2RV @2 — &, (3.17)
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where

Sea—2Re(RgyTa) + ng|TA|2 + Sep —2Re(RgpTg) + ng|73|2

4 2 2 ’
Oj Op

(3.18)

1 i —
0a0B

The maximizing value for & is either its boundary value c,, or a real root of
(R; —4R2)&° + (4R; — 2ngR, — R3O + (ng +2nR, —R)G —nz =0.  (3.19)

This can be solved using the cubic formula.

Maximizing over the orientation distortion parameter x

The maximizing value for xk depends on 1) and &; it solves

I(x)
n.——= =Re(vYS;), (3.20)
3 IO(K) ( 3 )
where I, is the modified Bessel function of the first kind and first order (Olver et al.,
2010, §10). This equation can be solved numerically using the Newton-Raphson

based technique described in §B.3.

§3.3 Find an initial value for 6 |, H,

In § 3.2.2 we described a method for iteratively maximizing the likelihood
p(A,B|6,&,H,) over 0 for fixed £. This iterative procedure can only produce a locally
optimal value for 6. In order for the procedure to be effective we must start the
iterations at a value of 6 close to the global maximum, which will depend on the
current value of £. We now describe a method to find such initial values.

The score matching estimator (see chapter 11; also Hyvéarinen (2005, 2007);
Forbes and Lauritzen (2014)) provides a computationally efficient and statistically
consistent estimate of a model’s parameters. We use it here to find initial positions for
Ty, Tg,Op, Op, P, @, and K.

The score matching estimate, which will be described in detail inchapter 11, is

defined as the minimizer of the objective function (11.8). In this case, the objective
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function is
2

2 2 2
Z {% d/ 1| de +d€ df}} (3.21)

e dr,, 2 |ds,, dr2 = ds2

where £ = logp(A,B,£|0©,H,) is given by (2.42). Note that this estimator is not

invariant under reparameterization of the observed data, nor is it invariant under

change of base measure.

~

By defining k, = o0,%ky = 059 = vd2—ady/(o,0p), and & =

A B
KO O/ V &% — &, we can write all the derivatives as polynomials in the positive
real variables (ky4, kg, @, &) and the complex variables (7, TB,lﬁ). Note that this is
an overparameterization of the parameter space and we have the constraint [{)|? =

For the locations, the derivatives are

ae .
—— =21, — 2k,(r, — TG HEE L2 N 4fi(r, — 1),
Ta b:(a,b)e&
de —
3 = 21— 2ky(ry = 7)) 42 > =),
b a:(a,b)e&
dax d

—— =292k (Dﬂ{GEHA(E)}’
dzra A dzrb

The first terms 2r, and 2r, appear due to ¢(A) and ¢(B), which in turn appear due to

= 2 — 2k > MO ()} (3.22)

our choice of base measure. Note that the above summations each contain at most
one term, and they contain no terms if the relevant minutia is unmatched.

The derivatives of our orientations over S' are

d/¢ e d2¢ P
F Z K Im(sg2sy), s Z —K Re(S,9sp),

a b:(a,b)eg a b:{a,b)e& (3.23)
d/ . — d¥ . - '
= 2, RImssd), —= > —RRe(sisyd),

Sb a:(a,b)e& Sb a:(a,b)e&

where Im(z) = (2 —%)/2 is the imaginary part of z. Substituting these derivatives into
(3.21) yields a sixth degree polynomial. To this polynomial we add the Lagrangian
constraint term A{|1/3|2 — k,ky(5* — @)}, yielding another sixth degree polynomial to
minimize.

This polynomial can be globally minimized via efficient semidefinite programming

methods (see, e.g., chapter 18 of Anjos 2012). In practice, even a basic Newton-
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Raphson approach suffices to quickly find the minimum. We use this minimizing value

as an initial value in our iterative maximization procedure.
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Chapter Four

Marginal likelihood ratio

We are interested in calculating the (marginal) likelihood ratio
A=p(AB|H,)/p(AB|Hy) (4.1)

for assessing the strength of the evidence for H,. Though some may prefer to call
A a Bayes factor, integrated likelihood ratio, or marginal likelihood ratio, we use the
term likelihood ratio to conform with standard terminology in forensic science. In this
chapter we will investigate methods to approximate A. We first specify distributions

for p(6 |H,) and p(6 | Hy).

84.1 Distributions on parameters

When specifying the distribution of 6, we require that it is uninformative for the
model choice. Formally, we follow Dawid and Lauritzen (2000) and ensure that we
use compatible distributions for the competing models H,; and H,,. This leads to the
condition that the marginal distributions of the print and mark are independent of
the model: p(A|H,) = p(A|H,) and p(B|H,) = p(B|H,). This leads to the constraint
Eq{p(A|0)|H,} = Eo{p(A|0)|H,} for any value of A, where the expectations are

taken under the model H, and H, respectively. For the parametric model described in

Sections 4.1, 4.2 and 4.3.2 are based off Forbes et al. (2014).
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82.3, the constraint becomes

f{P(5A; Tp> T4l Hp) — (04, Tas 04| Hg)}

5.\ T4 =2|Tar | + |15 ]2
X(O__g) exp(—p05A—| A |O'/; 1l )d(5A;TA:O'A):O (4.2)

A A

for all r;,r, € C, and all non-negative integers n,. The fundamental lemma of
the calculus of variations then implies p(84, 74, 04|H,) = p(84, 74, 04| Hy) almost
everywhere. The remaining parameters ), @,k do not enter under H; and are thus
unconstrained by this consideration. These parameters will be given priors which are
estimated using our dataset by empirical Bayes (see §6.1).

The print thinning probability 6, is given a conjugate beta distribution with
parameters (a5, B5); assuming that our dataset is representative for the number of
minutiae in a fingerprint, these parameters can be estimated reliably. Conversely, the
mark thinning probability &, is given a uniform distribution on (0, 1). This is because
our dataset is stratified on the fingermark qualities (see §6.1), and therefore it is not
representative for the number of minutiae in a generic fingermark.

The translation and scale parameters are given conjugate distributions. That is,
the scale parameters o, and o both have gamma distributions with shape a,, and
scale 3, and conditional on these, the translations 7, and 7, have complex normal
distributions with mean zero and variance o/k, and o2 /k, respectively for some

k. > 0. The densities for 7, and o, are thus

—2(a,—1)
k k |TA|2 ﬁao'o'A 7 — —
p(Taloa) = —=exp (—T—z , ploy) = —“—"—~—exp(—f,0,%) x 20,%,
o o; I'(a,)

(4.3)
where the final term 20;3 is a Jacobian, and I" is the gamma function (Olver et al.,
2010, 8§5). The densities for 75 and o are analogous.

We use a uniform distribution over S! for the rotation parameter ). For the
location distortion parameter & we use a gamma distribution with shape a, and

rate f3,,, left truncated at c,,. For the orientation distortion parameter k we use the
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conjugate distribution

A, By)
p(x) = Wexp{(zax—z—ﬂxk}, (4.4)

which, for large k, behaves like a Gammal(a,, ) since I,(x) — exp(k)/+v2nx as
Kk — 00 (Olver et al., 2010, §10.30). The normalization constant A.(a,, 3,.) depends
only on the hyperparameters, so it may be found once by a one-dimensional numeric
integration and used for all subsequent likelihood computations.

The joint density of 6 = {84, 85, T4, T, 04, Op, Y, O, K} is thus

p(0)=p(0|H,)=p(0|H,)
_AT(a5 + P22 Ble Ay, B)SL (1= 5,)P (0405) 20 2%
B 72T (a5)T(Bs)T(ap )2T (e, BeyCor )oK )2ex—D)

k |Ta? k. |tgl? _ _ -
xexp{— . ZA - TO_ZB - UO-AZ_/jUO-BZ_ﬁww_'_(zaK_z_ﬁK)K )
A B

(4.5)

where I'(a,,, B,,¢,,) is the upper incomplete Gamma function (Olver et al., 2010, §8.2).
This density is with respect to the measure py = g X Ug X e X Ue X Ug X Ug X g1 X
Ug X Ugr, Where ug is the Lebesgue measure on R.

In summary, our model contains the parameters
GZQU{pO,X,kT,Cw}U{aL,ﬁL:L:6,O',(,(),K}. (46)

The parameters in 6 vary from one fingerprint or fingermark to the next according
to the distribution (4.5). The remaining parameters in © \ 6 are viewed as known
constants which are common to all fingerprints and fingermarks. In practice, their
values may be specified by scientific expertise, or alternatively they may be estimated
using an appropriate database of fingerprints and fingermarks. The method for
determining these constants will affect the way in which the likelihood ratio should

be interpreted. We discuss our estimation approach for these fixed parameters in §6.2.

84.1.1 Invariance under similarity transformations

It would be intuitively pleasing if our likelihoods were invariant under similarity

transformations. This can be achieved with a specific choice of prior distributions
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for the parameters o,,05,7T,, T, and 2. For our likelihood to be invariant under

scale transformations, we require
p(A,B,&|0, H, IP(AAT s ApThs 2402, AgT5) A(AuTps Ap T, AnOa, AgOg) (4.7)

to be independent of the values of A,,A; > 0. For the likelihood to be invariant
under translation and rotation as well, we must have p(7,, T5, 04,05, 4) < 0,°05°.
This density is improper; it corresponds to the limit of (4.5) as k., a,, 8, — O, after
multiplying (4.5) by the divergent term {I'(a,)/(k, /33‘0)}2.

Normally such a prior may result in a meaningless likelihood ratio. However, in
our case the improper prior is common to both models H,; and H, under consideration
and the marginal likelihood ratio is equal to the limit described above. Nevertheless,
in order to avoid other potential difficulties with using improper prior distributions,
we do not pursue this invariance approach in this dissertation. The interested reader
is directed to Forbes et al. (2014), where the invariance approach is considered in

detail.

84.2 Integrating the likelihood under H;,

Under H; we can analytically integrate p(A,B|6,H;)p(6), the product of (2.36) and

(4.5), over 6. First, we note that

_ 2
krﬂ: " —2n, |RA\5| SA\5
o, "ex il
n,+ k., (ny+k)os oy

f p(ralo) [ [ eCatao?dr, =
c2

m,€A

(4.8)

The integral over 75 is analogous. Second, we integrate over 0 ,, yielding

—po I'(as +n,)T(Bs)
I'(as + s +na)

1F1(Bs, a5 + Bs + na, po),

(4.9

1
f e PoOgeTt (1 - 5,)P A5, = e
0

where , F; is the confluent hypergeometric function (Olver et al., 2010, §13). Similarly,

for 65, we have

1
e Po%s 523 ds, =e o 1
0 ng +

11F1(1,n3+2,p0). (4.10)
B
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Finally, for o, we have

f 022(0‘””’*_1) exp [—0;2 {SA\g + By — IRa e/ (ny + kf)}] x 20,%do,
0

—QgTy

=T(a +n2) {Sae + By — [Rare|*/(na + k:)} (4.11)
The integral over O'EZ is analogous. Combining these we have
[COIEY 1, D k2/52a"
P(A B Hy) = EA)E(Be 0 (po/ m)™ ™yt (1 — ) ¥ oy
aO'

y I'(as + Bs)T(as +n,) F1(Bs, as + Bs + 14, p0)1 F1(1,n5 +2, po)T (@, + 1)l (a, +ng)
I'(as)T(as + Bs +ny)(ny + k. )(ng + k. )(ng +1)

x {Sme + Bo — IRae [/ (na + k) }

A=y —Qg—Np

{SB\E + ﬁo - |RB\§|2/(nB + kT)} .

(4.12)

§4.3 Approximating the marginal likelihood under H,

The form of p(A,B|H,;) was readily computed in (4.12), but we cannot analytically
obtain p(A,B|H,) because the required sums and integrals are intractable. For
example, for n, = nz = 100, the number of possible values in the sum for & is
approximately 10%°. We detail several methods of estimating the sums and integrals
here.” In all cases, we rewrite p(A,B|H ») in terms of an expectation with respect to
the distribution p(6,&|A, B, H,), the product of (2.42) and (4.5), and approximate

the expectation with its sample average
IS|
B {£(0,8)} =187 D £(6,), (4.13)
i=1
where the sample S is obtained from the MCMC sampler described in chapter 5. We
shall compare the performance of the various estimation methods in chapter 6.
Several of the methods we describe require a normalized distribution with density

q(0, &) with respect to the measure gy X Uz ). We describe such a distribution in

"Most of the following methods provide estimators of the marginal likelihood p(A, B |H ). Since
p(A,B|Hy) is analytically available through (4.12), the resulting estimates can be immediately trans-
lated to estimates of the likelihood ratio A. Thus in the rest of this dissertation we shall sometimes
refer to the following estimators as estimators for the (log) likelihood ratio.
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§4.3.5. The accuracy of the methods depends on how well q(8, &) approximates the

posterior p(6,& |A,B,H,).

§4.3.1 Harmonic means estimate

By far the simplest method is the harmonic means estimate (Newton and Raftery,

1994; Raftery et al., 2007), which uses the identity

q(0,¢&)
p(A’B’ 0) 5 |Hp)

p(AB|H,)=1/Eq; { A,B,Hp} (4.14)

for any proper normalized density g, where the conditional expectation notation
denotes the expectation with respect to p(6,&|A, B,H,). The naive harmonic means

estimate chooses g to be the prior distribution of the parameters. In our case,

qnaive(ex 5) = p(Q)P(g | 9: Ny, nB)

p(0)p(n:|9) (n,—n)(ng —ng)!
= () exp(—po84B5) (00548 5)

(4.15)

We use the prior of £ after conditioning on n, and ng because it is uniform over Z(A, B),
whereas the distribution of £ marginal of n, and ny is much harder to define.

While this simple estimator is appealing, it often has infinite variance (see, for
example, the response to Raftery et al. (2007) by Robert and Chopin) and therefore
offers poor performance. A better approach sets g(6, &) to some normalized density
which approximates the posterior p(8, & |A, B, H,). This yields the estimate

-1

A . o q(6,8)
B(A,B|H,) =1/f{q(6,£)/p(A,B,0,E | H,)} =S| ZP( 7 ,
i=1 4

BJ Gi) gi | Hp)
(4.16)
where S is a sample from p(0,& |A,B,H,).
84.3.2 Chib’s estimate
To use Chib’s method (Chib, 1995; Chib and Jeliazkov, 2001), we notice that
p(A,B,0%,&"|H,)
p(A,B|H,) = : (4.17)

p(g*’ g* |A)B,Hp)
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for any fixed values of 6* of 6 and £* of £. The numerator of (4.17) can be computed

exactly, while the denominator can be rewritten as

p(6*,&"|A,B,H,) =p(6,|A B,H,)
x p(6,163,A,B,H,)
x p(t),T516},65,A,B,H,)
x p(y*| 6,05, T TyAB,H,)
xp(og 16y, 65, T, Tp YA B, Hp)
xp(oy 16,65, 7T, T Y",04,A B, Hy)
x p(&*]68},05, T Tp Y04, 05,A,B,H,)

A’ 7B’ A’ "B’

Xp(K*l(S* 5% 1*

A’ "B’ "A

* * * * ~ kK
2 TB’w > ()-AJ O.BJ w JA’BJHP)

X p(g* | 5* 6* T* T* 'L/)*J O-:’ O-;J 0’3*7 K*JA)BJHP)J (4‘18)

AYB A v

where o, = 1/(0,403) and o, = o0/0, (the reason for this parametrization will
become clear below). We shall approximate each term using a sample expectation of
the relevant normalized full conditional. For these approximations to be accurate, we
require that (6%, £*) has high posterior probability.

Our method for choosing (6*,£*) and performing the approximations is detailed
in algorithm 4.1. In the rest of this section we will investigate how to quickly evaluate
the (approximate) normalized full conditional densities in (4.18).

In the case of 64,05, (T4, Tp), and 4P, the full conditionals are all standard distribu-
tions (beta, bivariate complex normal, and von Mises respectively). The normalization
constants for these distributions are known.

The full conditionals for o, and o are generalized inverse Gaussian and gamma
respectively, both of which have known normalization constants. This is the reason
we used this particular parametrization: the full conditionals of o, and o are not
standard distributions. The change of variables and the normalization constants are
described in §B.2.

In the case of k and @, the distributions are non-standard and the normalization
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Algorithm 4.1 Chib’s method to approximate the marginal posterior p(A, B|H,).

# Let the sample sizes be N = 1,000 and N; = 200.

# All samples S; are generated by holding the starred variables constant while
# sampling the non-starred variables as described in algorithm 5.1.

re—1

Generate sample S; of size N from 84,05, T4, Tp, Y, 04,05, @, K, & |A, B, H,
6, E51(5A)

Generate sample S, of size N from &5, T4, Tp,v, 04,05, ®,%,&|6},A, B, H,
oy < ]ESZ(5B)

rerxEs {p(6,105, T4 Tp,P,04,05,d,k,&,A,B,H,)}

Generate sample S, of size N from 7, 75,4, 0,,05,0,x,&(0},65,A,B,H,
(T:, T;) — ]ES?,(TA’ Tp)

rerx ES3 {p(éz | 5;;’ TAJ TB) 7,/), O-A) GBJ (I)J K, £3A1B7Hp)}

Generate sample S, of size N from 0, 03,v, @, %, &0}, 65, 7), T5,A, B, H),
P —Eg, ()

rerxEs {p(t}, 75104 65,%,04,05,0,x,5,A,B,H,)}

Generate sample S; of size N from 0,05, ®,«,&(03,65, 75,75, Y, A, B, H,
o< Eg (0q)

r — r ><IESS{p(’!‘ﬂ*|5>(< 6* T:Z’ T;J O-PJ (DJ KJ gJA)B’Hp)}

A’ 7B’
Generate sample S of size N from 0, &,x,&(6,,05, T4, T5 Y7, O'Z;,A,B,Hp
op < ESGA(UP)
rerx IESS{p(cr(*2 167,05, Th Ty W™ 0p, @, %,8,A,B,H, )} # See §B.2

Generate sample S, of size N from &,«,&|06},65,7), 75, Y%, 04,05,A,B,H,
@ T (&)

rerx 1@57{p(a; 165,05, Ths Ths Y™ 04 @, K, &€,A,B,H,)} # See §B.2
Generate sample Sg of size N from «,& |6}, 03, 7,, T3, 04, 05, Y*, &",A,B,H,

N A
K* ESS(K)

Fer X I@SS{p(@* |65, 85,75, 5, 0%, 0%, 9%, x,8,A,B,H,)} # See §B.4
GenerateAsample Sy of size N from &{0},65,73, 75,04, 05, Y", &, k*,A,B,H,
rerxEs {p(x*|6},05, T4 T5 00 05 Y*, &%, E,A,B,Hp,)} # See §B.3
§* « argmax.{p(0*,&,A,B,H,)} # See §3.2.1
for 3 € B do
Generate sample Sy of size N; from £ | 67, zﬁ,A,B,HP # See (4.19)
rerx s {p(E518%,,E5p,0%,A,B,H,)} # See (4.22)
end for

return r, an estimate of p(A,B|H,)
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constants are intractable. We approximate these normalization constants as detailed
in §B.3 and 8§B.4 respectively.
Finally, we must approximate the final term p(&|6,A, B, H,). First we need some

more notation. Given 3 € B and £ € Z(A, B), we define the sub-matches by

gﬁ:{(a>ﬁ>€£}z gsﬁ:{<a:b)€€:b€B)bSﬂ}:

Ep={(a,b)e&:beB,b<P}, &.p={{a,b)e&:beB,b>p},

(4.19)

with respect to some arbitrary total ordering on B. Next, let ¢ be a fixed but arbitrary
element of M \ (AU B) which serves to denote an unobserved minutia. Given b € M,
define 1, , (&) : (A, B) » M by"

¢ if {{a,b) €& :a €A} =0,

2
a€A:{a,b) €& otherwise. (4.20)

HA,b(g) = {

That is, I, ,(&) returns the minutia a € A which is matched to b, if such an a exists,
and otherwise returns ¢. With this notation, we can write

p(g | Q’AﬁB:Hp) = l_[p(gﬂ | g<ﬁ) GJA)BaHp)

BeB

- l_[]EE>/5 {p(gﬂ | £<[35 €>/3: Q,A,B,Hp) | gg[j: G)AJBJHP} . (421)
BeB

We see from (2.42) that

p(Ep18<p:E-ps 0,AB,H,) o< exp[will (8), B16}] UTLyp(E) & Ma(E<p U Ep)},
(4.22)
where w is given in (3.7). The indicator function simply says that 3 cannot be matched
to any a € A which is already matched in §_g or . 4. The normalization constant of
(4.22) is obtained by summing over the support, which is £, = @ and &; = {{a, 8)}
for each a € A.
Thus we can evaluate and normalize (4.22), and therefore we can approximate

(4.21) by approximating each expectation with a sample average.

i A5 (&) is well-defined because & is the edge set of a bipartite graph with maximum degree one,
and hence each vertex b is adjacent to at most one edge in &.
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§4.3.3 Bridge sampling estimate

Bridge sampling (Meng and Wong, 1996) uses the basic identity

p(A,Bal) _ ]Ee,gqu{A‘BS(G) g)p(A:B; 9:€|Hp)}
deg(A’B)fq(Q,g)d,ue(Q) ]EQ,E{A'BS(QJ 5)‘1(9: g)lAJBJHp} ’

(4.23)

where E, -, denotes the expectation of (6, &) with respect to the density q(6, &), in
contrast to the denominator, which is the expectation with respect to p(6, & | A, B, H,).
This identity holds for any function Az(6,&) and any proper (potentially unnor-
malized) density q(6, &) such that the expectations are finite. The distribution with
density q is called the bridge. When ¢ is normalized, (4.23) can be used to estimate

p(A,B|H,) A
ESO[ABS(Qa g)P(A:B, 97 g |Hp):|
IIES[)'BS(Q’ g)‘](e, g)]
where S, is a sample from q(6, &) and S is a sample from p(0, £ |A,B,H,). Meng and

p(A,B|H,) = , (4.24)

Wong (1996) show that
A’BS(Q: 5)_1 = |S|p(A) B) 93 ‘5 |Hp) + |SO|q(95 g)p(AaB |Hp) (425)

minimizes the mean-squared error of log p(A, B| H,) for a fixed bridge q. This optimal
choice for Az; depends on the unknown quantity p(A,B|H,), so they recommend
finding it iteratively via A](BOS)(G, £)=1and

pUY(A B H,) = s, {1;3(6,E)p(A, B, 6,8 | H,)} Es{2;3(6,8)9(6, )},

255D(0,8) = |SIp(A,B, 0, E | H,) +1S01q(0, £)P (A, B H,).

(4.26)

In practice this procedure converges in fewer than ten iterations.

Mira and Nicholls (2004) show that the bridge sampling estimate reduces to Chib’s
estimate for a specific choice of bridge and Azs. Since the bridge sampling estimate
optimizes over Ags, we expect that the bridge sampling estimate corresponding to the
Chib bridge will outperform Chib’s estimate. However, for ease of implementation, we
use the simple bridge described in §4.3.5 rather than the Chib bridge for our bridge
sampling estimate. Therefore it is possible that our bridge sampling estimate will be

less accurate than our Chib’s estimate.
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§4.3.4 Reversible jump estimate

Suppose the hypothesis H € {Hy, H,} is a binary random variable with p(H,) = p, €

(0,1). Furthermore, suppose that the joint density of 6, &, H is given by

p(6,&,H|AB)= (4.27)

L {(1 —po)p(0)p(A,B,E16,H,) if H=H,,
where g is some normalized probability density for (8,&). Let S, be a sample from
(4.27). Then, for any value of p,, we can obtain an estimator for A by using Si; to

approximate both p(H, |A,B) and p(H, | A, B), taking the ratio, and correcting for the
prior odds (1 —p,)/po:

po s {1(H=H,)}

A= _ .
M 1—po g {1(H = H,)}

(4.28)

This estimation procedure contrasts with the previous methods, which approximated
p(A,B|H,) and divided by the known exact value of p(A,B|H,). Here we must do
two approximations, because p(A, B) is intractable and we cannot convert from the
known p(A, B|H,) to the desired p(H, | A, B).

We generate Si; by initializing H to H, and repeatedly performing the following

two steps, which define a Markov chain .#;:

1. If H = H,, then sample (6, &) using the Metropolis-within-Gibbs sampler as

described in algorithm 5.1. Otherwise, generate a sample (8, &) from q.
2. Sample H € {H,,H,} by noticing p(H | 6,&,A, B) has a Bernoulli distribution
with the probability of H, equal to

p(A:B7 95€|Hp)(1 _pO)
p(A:B) nglHd)pO +p(A)B7 ngal)(l _pO)

(4.29)

The distribution g can be viewed equally well as a pseudoprior for a Carlin—Chib-type
algorithm (Carlin and Chib, 1995), or as a proposal distribution for a reversible-jump
algorithm (Green, 1995). Usually, these algorithms are used to sample between two
or more models, each of which typically has several parameters. However, in our case,

the model under H; has zero parameters: they were all analytically integrated out in
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84.2. Thus, 5, can be viewed as a regenerative stochastic process (Smith, 1955),
whose regenerative points are the states with H = H,;. In effect, a sample from .,
can be viewed as a sequence of samples from i.i.d. sub-chains, where each sub-chain
is randomly terminated by visiting the state H,.

As (4.28) holds for any value of p,, we can use p, as a tuning parameter to control
the expected length of each sub-chain in .#;;. We use a pilot run to find p, such that
the marginal posterior probability of H), is approximately 1/2; the details are given in
86.3. We have not investigated how different values of p, affect the performance of
the estimation procedure.

An alternative estimator for A can be derived by analytically performing the

expectation over H in (4.28). Letting

p(AJB’ 975 |Hp) _ pO p(A7B) 95 g)Hp)

((A,B,0,8) = = (4.30)
p(AaBa 9;'€|Hd) 1_p0p(A3B599€:Hd)
be the likelihood ratio for fixed 6 and &, we notice from (4.27) that
p(A’B: 9}5’Hd) pO
(Hy10,&,A,B) = = :
p a p(A,B,Q, gst)+p(A7B: 95 g;Hp) p0+(1_p0)£(A3B59) g)
(4.31)

Similarly, we have p(H, | 0,&,A,B) = (1—p,)/{1—po + po/t(A,B,0,&)}. Combining
the above two equations yields
A__bo BogulIH=H)}  p, Eor{p(H,10,£,4B)|A B}
1 — Do EQ,&H{ ﬂ(H = Hd)} 1 — Do EG,{ {p(Hd | 9: gaAyB) |A)B}
_ Ee,g I:{l — Do +p0/€(A,B, 9: g)}_l |A’B:|

= — ; (4.32)
Eg ¢ [{po+ (1 —po)l(AB,0,8)} " |AB]
The corresponding estimator for A,
—~ ]I'I;:RJ {1_p +p /K(A,B,ng)}_l
— [ 0 -0 ] (4.33)

" R, [1po+ (1= po)(4,B,0,)) T
uses more of the information in the sample Sy, than A;,. After performing numerical
tests, we believe that Ay, provides a more accurate estimate of the likelihood ratio
than Ag,;, and hence we use Ay, as our representative reversible jump estimate in

the rest of this dissertation.
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Due to the nature of the Markov chain .#;; which we use to generate the sample
Sgs» we frequently jump from H, to H, via the proposal distribution q. Hence the
accuracy of our reversible jump estimate depends on how closely g approximates the
posterior distribution p(6,&|A,B,H,). We can improve the accuracy by tuning the
proposal distribution, as described in §4.3.5. In practice, the tuned proposal tends to
be concentrated about a single mode, while the posterior distribution p(6,&|A, B, H,,)
tends to be highly multimodal. This causes the Markov chain to frequently bounce
between H, and a single mode of H,, but it tends not to stay in H, long enough to
explore the remainder of the parameter space. We ameliorate this by decreasing p,
and by reducing the frequency with which we propose model jumps, but it remains a

significant issue that impacts the accuracy of our reversible jump estimate.

§4.3.5 Form of (0, &)

The harmonic means estimate, bridge sampling estimate, and reversible jump esti-
mate are only accurate if the normalized proposal distribution q(6, §) is close to the

posterior p(60, & |A, B,H,). We describe our choice of q(6, &) here.

For simplicity we consider a q(6) which factorizes as

q(8) = q(64)q(65)q(74, T5)a(c4)q(05)q(yp)q(B)q(x). (4.34)

We use beta distributions for 6, and 65, a bivariate complex normal distribution

for (74, 75), gamma distributions for o> and o>

5 » a von Mises distribution for v,

a gamma distribution left-truncated at c, for &, and a gamma distribution for «.
The parameters of these distributions are obtained by maximum likelihood estimation
using a pilot sample from p(60,& |A,B). In the cases of §,,05,04,05, @, and k, the

maximum likelihood estimates are found numerically.

It remains to define a normalized density q(& | 0) which approximates the posterior
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distribution of £. From (4.22) we have

p(£10,A4B,H)=] |E,

BeB
(eXP[W{HA,ﬁ(E),ﬁ 16} ] HTTy (&) & MA(Ep UEop)}
Dicenvg €XP{w(a, B10)} Ha ¢ T\(Ep UL p)}

Eps O,A,B,Hp). (4.35)

The expectation is difficult to compute. However, if we drop &5 from the indicators
in both the numerator and the denominator, the term inside the expectation becomes
independent of & 4 and we are left with

q&10)=] Jap(&s1E<p), (4.36)

peB
where the individual terms for each 3 € B are
eXp [W{HA,ﬁ(g):/} | 9}] ﬂ{HA,[:}(g) ¢ HA(§<ﬁ)}
S e €xp (W (a, 10D} 1{a ¢ 11, ()}

Each term qg is a normalized distribution function for which minutia a € AU ¢ is

qp(EplEp) = (4.37)

matched to 3, and hence q(& | 6) is a normalized distribution function over Z(A, B)
with respect to Uz, 3). The product form of q(& | 6) allows it to be quickly evaluated,
and furthermore we can easily generate samples from it by sequentially sampling the
discrete random variables qg(€5 &) for B € B. This makes (4.36) a convenient

choice for our proposal function q(& | 6).
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Chapter Five

Sampling the posterior distribution

The estimators of the likelihood ratio developed in chapter 4 require samples from
the distribution p(0,&[A,B,H,). In this chapter we describe a Metropolis-within-
Gibbs sampler that generates such samples. Our method is described in pseudocode in
algorithm 5.1. To ease the computation of the necessary full conditional distributions,

we explicitly compute the product of (2.42) and (4.5) to find the density under H %

4122 Aoy, BT (s + B)B

2T (as)T(B5)T (s )T (0t BesCe) °
% 5::5+HA—1 523(1 — &) (1 — 5A)/55+n3—n§_1Xngl).q.ng)_n(gl)(1 _ X)ng—lwn%—l)_né—l)

nytng—ng

p(A B, 0,8 |H,) = E(A)(B)

x 7 2ot g 2o S gautnc = ()21 exp {—py (8, + 5 — 5,455}

x exp {—(k:|Tal® + Bs)0,2 = (ke | T4 + B)o” — B @ + (2a, —2— Bk}
N eXp {_SA\& - 2Re(RA\€TA) + (nA_ n§)|TA|2 B SB\& —_— 2Re(RB\£TB) + (nB J— n§)|TB|2 }

2 2
O4 Op

0,03

Re Sean —RonTn —RenTa+ NrTAT
X exp ZM {w( AP AB Bl eA B)} +KRe(¢S§)]

Xexp| —w ) + 2 .
I Oa Op

(5.1)
The various R and S terms used in the above equation are defined in (3.5).
To generate our samples, we use Marsaglia and Tsang (2000b) for normally

distributed variables, Marsaglia and Tsang (2000a) for gamma distributed variables,

Sections 5.1 — 5.4 and 5.7 are based off Forbes et al. (2014).
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Algorithm 5.1 Metropolis-within-Gibbs sampler for the posterior of 6 and & under H,

Set 0@, £ set to some initial value.
forn=1,...,N do
ny < (n—1)
(52"), 5](3")) «— Sample(8,, 55 | A, B, 772”0), Tgl(’), 0/({“0), agl(’), (o), @3(mo) o) glmo)
(Tg’), 11(3”)) «— Sample(t,, 75 |A,B, 52"), 5](3"), 02"0), 0'1(3"0), Pp(0) | 10) (o) £no), H,)
(O'gl), 01(9“)) « Sample(o,, 0 | A, B, 521), 51(3"), 75‘"), 71(3"), o), @3(mo) o) glmo)
™ « Sample(v | A, B, 515‘”), 51(3”), TXI), T](B”), O'Xl), agl), >0 gelmo) 5(”0),Hp)
&M « Sample(& | A, B, 51%"), 5;”), 71(4”), ngn), GX‘), ag‘), P, o) gno) )
k(™ « Sample(x |A, B, 515\"), 5](3"), Tg"), ’L'gl), Gg"), O'gl), P, M, 5(”0),Hp)
g(n) - g(no)
forj=1,...,n,do # sample repeatedly to reduce autocorrelation
£  Sample(& |A,B, 57,60, 700 70 g g 4 G e, EM H,)
end for
Save desired statistics from (51(4”), 5;"), TE\"), ngn), O'gl), aé"), P B ) gm)
end for

Dagpunar (1978) for truncated gamma distributed variables, Cheng (1978) for beta
distributed variables, and Best and Fisher (1979) for von Mises distributed variables.
For those variables whose full conditionals are not one of the above type, we give a
detailed sampling algorithm below. All the sampling algorithms use Marsaglia (2003)

as a source of pseudo-random numbers.

§5.1 Sampling the thinning probabilities 6,4, 6
Define the distribution D(a, 3, A) to have density
fp(8) o< 8% (1 —5)F e ™® (5.2)

for 6 € (0,1) and a > 0,8 > 0, and A € R. Notice that if A = 0 this is a
beta distribution, and if = 1 it is a gamma distribution right-truncated at one.
The full conditionals of 6, and 6 have D(as; + n,, 85 + ng — ng, pg — Pe63) and
D(ng,ny—ng, pg— Po6,) distributions respectively.

Let 6, be the mode of D, which can be easily computed via the quadratic formula
applied to dlog f,(6)/dé = 0. To sample from D, first notice that log(1 — o) ~
1—6,—6/(1—6,) for 5§, < 1, and hence (1 —5)P"! ~ Cexp{—(f —1)5/(1—5,)}
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where C is a constant independent of 6. Plugging this approximation into f,(6) yields
a gamma density with shape a and rate (f —1)/(1 —6,) + A. Thus, when §, < 0.5,
we use rejection sampling with a gamma proposal right-truncated at one.

Similarly, when &, > 0.5, let § = 1 —6 so that § ~ D(f —1,a — 1,—A) with
mode 6, = 1 — &,. Using the same approximation as before, we can use rejection
sampling on & with a gamma proposal with shape 8 and rate (a —1)/(1 —5,) — A),
right-truncated at one.

The full algorithm is detailed in algorithm 5.2. In practice we achieve acceptance

rates greater than 0.9.

Algorithm 5.2 Rejection sampler for the thinning parameters D(a, 3, 1)
if A =0 then
6 < Sample{Gamma(a, )| 6 < 1}
else
5, « argmax{x*1(1—x)P~te™™ : x €[0,1]}
if 5,>0.5and A < (a—1)/(1—6,) then
6 < 1—Sample{D(f3,a,—A)} # Sample from reversed distribution
else
repeat
6 < Sample{Gamma{a, A+ (8 —1)/(1—56,)}|6 < 1}
U « Sample{Uniform(0, 1)}
until log(U)/(B —1) < log{(1—8)/(1— 8,)} + (5 — 5,)/(1—5,)
end if
end if
return 6

§5.2 Sampling the translation parameters 7,4, T

The full conditional distribution is bivariate complex normal with mean r, and inverse

variance K, where

K= ((nA tho,® 0 ) +no,, ro=K {(RA\E/GE‘) +3 (REA)} :
0 (nB +kT)O'];2 AB 123\&/0‘123 AB RgB

(5.3)

The matrix 3,5 is given in (2.39) and the R terms are given in (3.5).
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§5.3 Sampling the scale parameters 0,, 0

We make the change of variables k, = 0, and k; = 03> and note that the prior
distributions of k, and k; have gamma distributions with shape a, and scale f3,. The

full conditional posterior of k,, k is proportional to

KA exp{—(Ry + By + kel Ta ks — (Ro + By + k|75 )k — 2Ry y Kk}, (5.4)

where R, R,, R are given in (3.14).

We sample k, and kg using an auxiliary variable x. By defining

p(ka, kg, x) o< ki ko™ 1(x > 2R54/kaky)

X exp {_(Rl + P+ krlTAlz)kA_ Ry + B, + kr|TB|2)kB _X} (5.5)

for x € R, we see that (k,4, k;), marginal of x, has our desired distribution.
We sample k, |(kg, x), kg |(k4, x), and x |(k,, kg) as in algorithm 5.3. The auxiliary

variable x | k,, kz can be sampled by inverting the distribution function,
X < 2R3/ kyky —log U, (5.6)

where U is uniform on (0, 1). Finally k, | kg, x and kg | k4, x are independent truncated

gamma variables and can be sampled using a standard procedure (Dagpunar, 1978).

§5.4 Sampling the rotation parameter 1)

The full conditional of the phase 1 is von Mises with location v/|v| and concentration

|v|, where v is given in (3.16).

§5.5 Sampling the location distortion parameter @

The full conditional of & is proportional to

% e exp {—(ﬁw +R,)D + 2RV 0% — c”o} (o =c,), (5.7)
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Algorithm 5.3 Sampler for 04,0

Require: Previous values ago), O'g))
Compute R, R,, R, from (3.14)
if H=H, or R; =0 then
k, « Sample{Gamma(a, + n,,R; + f, + k.|74*)}
ky < Sample{Gamma(a,, + ng,R, + B, + k.| 75|}
else
U < Sample{Uniform(0, 1)}
X 2R3/(a§\0)aéo)) —logU
if R; > 0 and x > O then
k, < Sample{Gamma(a, + n,, R, + B, + k.|T4*) | ks < afgo)zxz/(4R§)}
kp < Sample{Gamma(a, + ng,R, + B, + k.|75|*) | kg < x*/(4R%k,)}
else if R; < 0 and x < 0 then
k, < Sample{Gamma(a, + n,, R, + By + k.|74*) | k4 > ag))zxz/(4R§)}
ky « Sample{Gamma(a,, + ng,R, + B, + k. |75[*) | ky = x*/(4R2k,)}
else
k, < Sample{Gamma(a, + n,, R, + B, + k.|74*)}
ky « Sample{Gamma(a, + ng,R, + B, + k.|75|*)}
end if
end if

return (o, = k'

—-1/2
o5 =k;"?)

where R, and R; are defined in (3.18). We sample this with an auxiliary variable.

Define z with support R by

p(&,2) o< &d** " exp{—(f, + R4 —22)d} W& =c,,) jl(z <RsvV1— cb—l).

(5.8)

By integrating out gz this reduces to (5.7). We sample z | & by direct inversion of the

distribution function,

1
z<—2—~logU+R5\/1—cI)—1,
)

(5.9

where U is uniform on (0,1). We sample & |z by noticing it is a Gamma(a,, + n; +

1, B, + R, — 22) left-truncated at max {cw, sgn(z) |1 —(2/Rs)? |_1}.

§5.6 Sampling the orientation distortion parameter x

The full conditional of x is proportional to

Io(k) 2D exp[ {2a, — 2 — B, + Re(Se)}x ], (5.10)

where S; is given in (3.5). We sample this using the algorithm in Appendix A.
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§5.7 Sampling the matching &

Finally, we sample the matching £. A possible Metropolis—Hastings sampler for & is
described in Green and Mardia (2006). They propose creating or breaking a single,
random matched pair at each iteration. In contrast, our algorithm 5.4 randomly selects
a minutia f € B and then considers creating an edge between 3 and each a € A, as
well as allowing 8 to be unmatched. Empirically our sampler converges faster than
the sampler in Green and Mardia.

We need one more piece of notation. In analogy with IT, , (4.20), for each a € M,

let ITp , be the minutia b € B which is matched to a:

¢ if {(a,b) €& :beB} =0,

5.11
beB:(a,b)€& otherwise, ( )

HB,a(g) = {

where, as before, ¢ is a fixed but arbitrary point in M\ (AUB) which is used to denote
the fact that a is not matched to any b € B.
Formally, we sample £ with the help of an auxiliary random variable 3. We use

the following transition kernel to move in the augmented state space from (&, 3) to

(&, B"):
q:(&',B'1&, B) o< p(A,B,6,&" | Hy)) 1(E"\ {{’, )} = €\ {(a, B), (&', 7)}),  (5.12)

where o' = II,4(&’) is the new match of 8, a = II,4(&) is the old match of 3,
y = M (&) is the old match of &, and p(A,B,6,&"|H,) is given in (5.1). If any
of these minutiae are unmatched, then the corresponding variable (a’, a or y) will be
equal to ¢. Note that (&', | £, B) is independent of the value of 8, and thus ' is
selected uniformly at random over B.

This transition kernel allows transitions to any &’ which differs from & only in its
matches for a’ and 8. The states £’ which are accessible from the state & are illustrated
in figure 5.1. We can move from any state & to any other state &£’ in at most ny steps, so
the Markov chain with this transition kernel is irreducible. Clearly it is also aperiodic

and therefore ergodic. Its stationary distribution is p(£ | 0,A, B, H,) as desired.
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o o0 o o 66 oo
a/ ﬁ a/ //,/ ﬁ /,/ /5 a/ \\\ [5 a/ :<: [5
'Y @ o O ©
a a Y a Y

(a) Add (b) SwaponA (c) Remove (d) Swap on B (e¢) Add/remove (f) No change
Figure 5.1: Illustration of which states for & are accessible from a given state £ when
the auxiliary variable is equal to 3, using the same notation as (5.12). The dashed
edges are the removed matches: (a, 8) € £ and (a’,y) € €. The solid edge is the new
match, (@', B) € &’. Edges that are common to both £’ and & are not shown.

The densities of the allowed states have many terms in common. By ignoring these

common terms, we have

q:(&,B'1&, B) ocexplw(a’, |0) —wia’,y|0}]

x 1(&"\ {{e, )} = &\ {{a, B), (&', 1)}), (5.13)
where w is given in (3.7). Thus the proposal function can be computed very quickly,
and it can be normalized over &’ by simply summing over the permitted moves. There
are n, + 1 such moves, one for each possible value of a € AU ¢. The full algorithm is

described in algorithm 5.4.

Algorithm 5.4 Sampler for £ using the auxiliary variable f3
Require: Previous value &
p < Sample from the uniform distribution on B
a—II,5(8) # find the old match of 3
& —&\{{a,pB)} # remove the old match, (a, )
a’ « Sample (p(a) o< exp[w(a, B |0) —w{a,II;,(&)|60}] fora € AU qb)
if a’ # ¢ then

g &\ {{a, 15 (&)} # remove the old match of o’
<& u{(ad,B)} # add the new match, (o, 8)
end if

return &’
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Chapter Six

Results

In this chapter we compare the performance of our various methods to estimate the
likelihood ratio between H, and H;. We test our methods on both simulated data

(86.3.1) and real data (86.3.2).

§6.1 Our dataset

To test the algorithm on real world data we use a small database provided by the
National Institute for Standards and Technology and the Federal Bureau of Investiga-
tion (Garris and McCabe, 2000). This database consists 258 fingerprint/fingermark
pairs, for a total of 516 digital images. The fingerprints (the As) are all of high
quality, and the fingermarks (the Bs) are of significantly lower quality. The finger-
print/fingermark pairs are partitioned into three sets based on the quality of the
fingermarks: 88 are “good”, 85 are “bad”, and 85 are “ugly” (see figure 6.1). All
fingermarks and fingerprint images have their minutiae hand-labelled by expert finger-
print examiners. Most fingermark minutia types are classified as bifurcations or ridge
endings, but almost all fingerprint minutia types are unclassified. This dataset is used
for estimation of unknown parameters, for model validation, and for evaluating the

performance of the calculated likelihood ratio.

Section 6.2 is based off Forbes et al. (2014).
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AN

the fingermark qualities are good, bad and ugly.

§6.2 Fixed parameter estimation

We must find point estimates for the fixed parameters p,, x,c¢,,, k., and {a,f, : t =
0,0,w,k}. We adopt an empirical Bayes approach and estimate the fixed parameters
by maximizing the likelihood of the observed data in our dataset. This implicitly
assumes that our dataset is a representative sample for the type of fingerprint evidence
which we wish to evaluate using our model. As our real dataset contains matched
fingerprint/fingermark pairs which conform with the prosecution hypothesis, we
estimate all parameters under H,,.

The parameter estimates in this section are specific to our dataset (Garris and
McCabe, 2000). If the model described here is used in a different context, the
parameters should be chosen appropriately: either by performing a similar estima-
tion procedure on a relevant dataset, or by exploiting prior scientific knowledge, or
by maximizing some desired objective function such as the discrimination between
ground-truth cases of H, and H,. The interpretation of the resulting likelihood ratio
will change depending on how the fixed parameters were chosen: while the first
two methods yield likelihood ratios which might reasonably be interpreted as the
ratio of two probabilities as computed by a scientific model, the latter method yields
“likelihood ratio” which should only be interpreted as discrimination score. Such
a discrimination score would have to be calibrated appropriately before it could be

viewed as a likelihood ratio (see chapter 9).
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We found it difficult to achieve reliable empirical Bayes estimates of the fixed
parameters without knowledge of the correct matching . Unfortunately our dataset
contains only the 258 paired minutia configurations without matching the correspond-
ing minutiae within a configuration; that is, it contains A; and B; but not &; for
i =1...258. Previous research (Mikalyan and Bigun, 2012) attempted to ameliorate
this by running an automated matching algorithm on the dataset Garris and McCabe
(2000). However, we found the quality of these matchings to be poor. Instead we
manually found and recorded what we believe to be the correct minutia matchings
3 ; for each of the 258 fingerprint/fingermark pairs in the dataset. With the “true”
matching 3 ; fixed, we proceeded with the parameter estimation. We emphasize that
this “true” matching was only used for estimation of the unknown parameters.

We estimate the fixed parameters by maximizing

258

l_[{f P(ALB, £, 6 |Hp)du9(ei)}

i=1
258

= l_[ {p(Ai:Bis gi |p0: X:Cwy kr, {aw ﬂL L= 65 o, w)K}’Hp)}J (61)

i=1
where p(A;, B;, év' i» 0| H,) is given in (5.1), and where the fixed parameters have been
suppressed on the left-hand side of this equation. Each integrand on the left-hand

side further factorizes into

p(AiJBi’ éi’ 0 |Hp) = fO(AiJBb él) X fl(AiJBi7 éi} 5A7 5B; As, ﬂ51 pO) X f2(AiaBi7 él? X)

X fB(Ai:BD gi’ TA’ TBJ lpJO-A) GB: (I): K;Cw: kf: {au ﬁL L=0,w, K}): (62)

where f, is independent of the parameters and can be ignored. The remaining
functions f1, f,, f5 are
I'(as + Bs)

I'(as)T(Bs)

x po BT T (1= 5 (1= 5T, (6.3)

fi(A B, 5, 04,0535, B5,00) = exp{—pg(6,+ 05— 0,03)}

W _pm (0) 4 40 _(0)
3

= n(l)n n n
folAB, & x)=x" T e (1 —y)a T e (6.4)
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X exp ZM {w( AP AB Bl e B)} +KR€(¢S§):|
0403
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(6.5)
Since (a5, Bs, Po) only enter into f;, the estimates for these parameters are the

maximizers of

258
l_[ {J f1(A;, By, éia Sai> Opi5 A5, By o) A(8; 5Bi)} . (6.6)
i=1
The integral over 6 can be done analytically as in §4.2. The integral over 6, can be
done numerically, and the resulting function can be maximized numerically. We used
the CRAN package pracma for the integrals and the base R function optim for the
optimization. The resulting estimates are a; = 14.7, B; = 3.30, and p, = 133.
Similarly, y only enters into f, and can be found by directly maximizing
Zif log f,(A;, B;, £ i> x). This yields a linear equation for y with solution ¥ = 0.384.
We use a stochastic expectation-maximization approach to estimate the
remaining fixed parameters. Specifically, let a,, B, a.,, B> %> Bew>Cw, and k.

be some initial values and for i = 1,...,258 generate a sample 6, =

(0ai> OBi> Tai> TBi> Tai» O Yi» @;, K;) from the distribution
p(e |Ai;Bisgi: F/)BJ f: Cw) k't: ag: ﬁ5s {aw [)’L L= 0-7 CO, K}sHp) (67)

using algorithm 5.1. We update a, 5, 2, B> X k. to the maximizers of

w>Cw>
258

oo
ZIOgJ F3(AiBis €1y Tais Tri Oais T i B K5 € Koy {a, 11 = 0, 0, 1) d .
i=1 Co
(6.8)
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Both the integration and the maximizations are done numerically. Note that the
integral over & is necessary to get a reasonable estimate for c,,: if we were to simply

~

;.

use the sampled value ®;, the estimate would always be c,, = min;,

We use the values for c,,k.,a,, By, %y, Buw> Ak, B to generate a new 6;. By
iterating this procedure the sequence of values will stabilize. After stabilization we
generate 500 more values and set our estimates of to the average of these samples.

Our estimates are ¢, = 65,k, = 0.25,@,; = 12.6,8, = 345,000,a, = 2.0,, =

0.0079, @, = 4.4, and B, = 0.087.

§6.3 Marginalized likelihood computations

We compute the likelihood ratio for each fingerprint/fingermark pair independently.
When the fingerprint and fingermark originate from the same finger we call them
a true match, otherwise they are a false match. We compute each likelihood ratio
using each of the four methods described in §4.3.1 to §4.3.4: harmonic means, bridge
sampling, Chib’s method, and reversible jump.

The code is written in C# version 4.51. We use this language due to its multi-
thread support and advanced data plotting capabilities. Our algorithm generates
approximately 1, 500 joint samples of 6 and & per thread per second on a 3GHz Intel
Xeon processor.

When computing a specific likelihood ratio, we start by setting the initial value of
¢ to the empty match. Within 10, 000 iterations the variable traces (figure 6.2) appear
to be stationary. We burn a further 5,000 samples to remove any transient effects of
our initial position. Next, we generate 5,000 samples which we use to estimate the
parameters for the proposal distribution q(8), as discussed in §4.3.5.

With our initialization completed, we generate a set S of 10,000 samples from the
model under H,. We use S to approximate the expectations with respect to p(A, B|H,)
in the harmonic means estimate (§4.3.1) and the bridge sampling estimate (§4.3.3).

We complete the bridge sampling estimate by generating S,,, which consist of 10,000
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Figure 6.2: Graphical user interface showing partial traces and the posterior distribu-
tion of the model parameters after an initial burn-in. These traces are typical when
the fingerprint and fingermark originate from the same finger, and hence the posterior

likelihood has a single prominent mode.
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samples from the distribution q(6,&). We have not investigated the extent of the
autocorrelation in these samples, though we expect it to be significant due to the
high-dimensionality of the matching . Despite this autocorrelation, 10,000 samples
seems sufficient to reduce the Monte Carlo error of the bridge sampling estimate of the
log-likelihood ratio estimate to less than 0.2. The Monte Carlo error of the weighted
harmonic means estimate is also usually below 0.2.

Let p(A,B|H,) be the bridge sampling estimate of the likelihood under H,. We
choose the reversible jump tuning parameter p, so that

po _ P(ABI|H,)
1-p, p(AB|Hy)

(6.9

where the denominator of the right-hand side is given in (4.12). This ensures that
p(A,B,H,) ~ p(A,B,H,) in the density (4.27) so that our chain mixes between the
two models H, and H,. We then generate 20,000 samples from a Markov chain with
the equilibrium distribution (4.27), which we use to approximate the expectations in
(4.33) and compute a reversible-jump estimate of the likelihood ratio. On average
half of these samples will have H = H,,.

We compute the Chib’s estimate of the likelihood ratio using algorithm 4.1. In
total, with N = 1,000 and N = 200, this algorithm requires 9,000+ 200n; ~ 25,000
samples per likelihood ratio estimated. The Monte Carlo error of the log-likelihood
ratio estimate is nearly always less than 0.2.

We compare these estimates of the marginalized likelihood ratio with an estimate
of the profile likelihood ratio, which is computed by following the iterative procedure
of chapter 3. We use a custom graphical user interface to enable visualization of the
maximizing parameters 6 and E and qualitatively evaluate the model fit under H,; an
example screenshot of this visualization is shown in figure 6.3.

To assess the relative performance of these estimation methods, we frame our
likelihood estimation problem as a binary classification problem and examine receiver
operating characteristic (ROC) curves. We classify each fingerprint/fingermark pair

with estimated likelihood ratio A as a match if A > Ay e fOr SOme Agecpod € R,
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Figure 6.3: Graphical user interface showing the fingerprint (top) and fingermark
(bottom) images, with the minutia configurations overlaid. Purple lines are drawn
between matched minutiae for the estimated matching &.
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and otherwise we classify it as a non-match. The shape of the ROC curve as Ay eshoid
ranges from negative infinity to infinity allows us to evaluate our model’s ability to
discriminate between H, and H,. Thus the ROC curves can be used to quantify the
predictive accuracy of our model when it is used as a classifier for true and false

matches.

§6.3.1 Results on simulated dataset

Before we compute the results for our real dataset, we first validate our algorithm
implementation by considering a simulated data set. We first generated several finger-
print/fingermark pairs of four minutiae each: these were small enough to compute the
likelihood ratio by brute force, which involved summing over the matching & € Z(A, B)
and numerically integrating over the parameters 0 for each match. We confirmed that
our algorithm computed the correct likelihood ratio for these small test pairs.

Next, we generated 258 fingerprint/fingermark pairs {(4;,B;) : 1 < i < 258}

according to the density

JP(A,B 10, Hy)p(8)du,(0), (6.10)

where the integrand is the product of (2.36) and (4.5). The integrand depends on
the fixed parameters p,, v, k., as, Bs, Ay, B,; We used the values estimated in §6.2,
which resulted in many of the simulated fingerprints having in excess of one hundred
minutiae. We will call the generated fingerprint/fingermark pair (A;, B;) a true match

if i = j, otherwise we call it a false match.

To ease the comparison with the real database, we also partitioned the simulated
data into a good set consists of those 88 pairs with the highest number of fingermark
minutiae ng, a bad set containing the next 85 pairs, and an ugly set containing those
85 pairs with the lowest nz. We then compute the estimated log-likelihood ratio for
all true matches and a random 5% subset of the false matches using each method

described in §4.3.
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The resulting ROC curves are shown in figure 6.4." A perfect classifier’s curve
would look like the letter “I””: the point located at the top-left corner of the plot
represents perfect discrimination between true and false matches. Conversely, a
method with no discrimination between true and false matches would have a straight
line from the bottom-left to the top-right corner. Thus, we can evaluate the discrim-
inatory power of each method by inspecting how closely the ROC curve approaches
the upper-left corner. As expected, we see that the discrimination is best for good
quality fingermarks and worst for ugly quality fingermarks. However, even for ugly
fingermarks, we have almost complete discrimination between H, and Hy. This

provides some evidence that our algorithm is performing as expected.

To investigate further, we plot the histograms of the computed log-likelihood ratios
in figure 6.5. Reassuringly, we see that all the methods give similar results except
for naive harmonic means. The failure of the naive harmonic means estimate is to
be expected because it often has infinite variance (see, for example, the response to
Raftery et al. (2007) by Robert and Chopin). Out of the remaining marginalization
methods, Chib’s estimate has the best performance: it is the only method without a
long tail of false matches with large positive log-likelihood ratios. This is likely because
our implementation of Chib’s method (algorithm 4.1) estimates the posterior distribu-
tions p(6 |A,B,H,) and p(§ | 6,4, B, H,) separately, whereas the other methods deals
with the joint distribution p(60, £ |A,B,H,). Due to the high dimensionality of £, the

former approach is easier.

As noted in §4.3.3, Chib’s method can be seen as a special case of bridge sampling.
Thus we would expect that an improved bridge sampling estimate, which uses a more
sophisticated bridge to estimate p(6 |A,B,H,) and p(§ | 6,A, B, H,) separately, would
dominate the performance of Chib’s estimate. We have not attempted to design or

implement such a bridge.

Finally, we note that our implementation of reversible jump has the largest tail of

"The figures 6.4-6.7 have been printed side-by-side at the end of this chapter.
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false matches with positive log-likelihood ratios. We suspect this is due to our proposal
distribution q(6, &) not being sufficiently close to the posterior distribution of (6, &).
In particular, our proposal distribution tends to be concentrated about a single mode
of the highly multimodal H, parameter space, which sometimes causes our Markov
chain to become stuck in a local mode of H,. This problem was also discussed near

the end of §4.3.4.

§6.3.2 Results on real dataset

We estimate the log-likelihood ratios for all 258 true matches and a random 5%
subset of the 258 x 257 false matches, for a total of 3,574 computed likelihood
ratios. Figure 6.4 shows the resulting ROC curves for each of the three subsets
described in §6.1. We immediately note that the discrimination is much worse than
for simulated data, which strongly implies that our model does not match the actual
data very well. We investigate this in more detail in chapter 7. Furthermore, while
we expect the discrimination between true and false matches to be lower for lower
quality fingermarks, we see that the model has almost no discriminatory power for
ugly fingermarks.

We investigate more closely by looking at the histograms of log-likelihood ratios
in figure 6.6. As in the simulated case, we note that every method (except for naive
harmonic means) yields similar estimates of the log-likelihoods, which lends some
credibility to our implementation’s correctness. We note many of the same features
exist here as in the simulated data. In particular, the relatively poor performance of
the naive harmonic means estimate can be explained by that method’s often infinite
variance, and the large tail of false matches with positive log-likelihood ratios can be
explained by poor mixing of the Markov chain over the highly multimodal parameter
space under H,,.

Notice that the log-likelihood ratios for false matches are positive on average. This
is a striking contrast to the simulated data, where almost all of the false matches had

negative log-likelihood ratios. This shift is caused by a poor model fit. In particular,
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our model assumes that the minutia positions and orientations within a given minutia
configuration should be independent, but in fact they are highly correlated for real-
world data. Thus minutia configurations from distinct fingers share many common
features which are unexplained under Hy, but can be partially explained under H,,.

We also notice that the true log-likelihood ratios are less positive for real data than
simulated data. Once again, this can be explained by a poor model fit. In particular,
the model under H, assumes that the latent minutia are subjected to independent
distortions, but in fact the distortions between nearby minutia are correlated (see
§7.10). This causes the distortion variance to be inflated, which in turn decreases the
likelihood of observed data under H,,.

The left-shift of the true log-likelihood ratios is strongest for the ugly quality finger-
marks, which have the most distortion and hence suffer most from the assumption of
independent distortions. Indeed, by considering only the good quality fingermarks,
we observe a substantial shift to the right for the positive log-likelihood ratios (see
figure 6.7). This implies that our current model may be adequate in a situation where

the fingermarks under consideration have relatively little distortion.

§6.3.3 Discussion

The likelihood ratios found in this chapter are truly astronomical, exceeding 10% in
many cases. For comparison, a typical DNA identification has a likelihood ratio around
10'* (Balding, 1999). Such extreme likelihood ratios are cause for concern, especially
since they are not supported by the relatively poor discrimination between true and
false matches observed in figure 6.6. Our inflated likelihood ratios are the direct
result of modelling inadequacies. The likelihood ratios must be calibrated against a
training dataset before they can be interpreted as an accurate measure of the strength
of evidence. We investigate methods of calibration and present the calibrated results
in chapter 9.

Notice from figure 6.4 that the profile likelihood ratios often provide better discrim-

ination than any of the marginalized likelihood ratios. The profile likelihood ratios are
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also easier to compute, since they do not require any MCMC techniques. Furthermore,
since the profile likelihood ratio is closely related to the standard maximized likelihood
ratio, it may be easier to explain in court than a marginalized likelihood ratio. In
fact, maximized likelihood ratios have already been used in many courts worldwide
in connection to DNA evidence (Balding, 2005; Cowell et al., 2014). Thus, based
on the results in this dissertation, the author advocates the use of profile likelihood
ratios for the courtroom presentation of fingerprint evidence. These profile likelihood
ratios should be based on a reasonable model for fingerprints and fingermarks. Since
the profile likelihood ratios are prone to inflation due to modelling inadequacies,
they should be calibrated against a large real-world database of fingerprints and
fingermarks. Example calibration procedures are given in chapter 9.

We note that for both simulated and real data, the discrimination between false
matches and true matches observed in this chapter is notably worse than the discrim-
ination observed in Forbes et al. (2014). That paper uses a simpler model than the
one described here. In particular, it assumes that the fingerprint and fingermark have
the same scale, o0, = 0, and furthermore that the location distortion parameter ¢
and the orientation distortion parameter k are fixed constants rather than random
variables. The loss of discrimination is likely because there is insufficient information
in a given fingerprint/fingermark pair to accurately infer the joint distribution of the

variability terms ¢ and « with the matching &.
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and McCabe, 2000), the simulated data, and their three subsets (good, bad and ugly).
The x-axis represents the proportion of false matches classified as matches, the y-axis
represents the proportion of true matches classified as matches.
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Chapter Seven

Model validation

In this chapter we will attempt to validate or refute our modelling assumptions.
Our observed data consists of 258 fingermark/fingerprint pairs (Garris and McCabe,
2000), {A;,B; : 1 < i < 258}. We augment the observed data with our manually-
chosen matchings {5’ ;+1 <1< 258}, described in §6.2. We can then use the bijection
(2.23) and represent the observed data as the three independent marked Poisson point

processes, {Myo3;, Moy, M35, 1 1 < 1 < 258}

All of the observed point sets are modelled as MPPPs with intensities proportional
to complex normals. By estimating the unknown parameters in these intensity func-
tions, we can use a similarity transformation on the observed MPPPs so the intensity

functions become proportional to the standard complex normal:

ro—Tai " ry =T
~ a Wi D oL
Ai:{(THd))saata):aEAi}: Bl:{( T ,Sb,tb):bEBi}s
O-A,i O-B,i

_ ——(H,)
o _ I'q TA,i .
M3 = — »Sasta | 1@ € Mg (5
& (Hp)

A
——(H,)
—_— —~H)Tp —Tp,; —(Hp)
Myi5; = i T @) ¥ Sely ¢ b€ Mgy, (-
Op; '

(7.1)

We similarly transform M,;;; so that its projections I1,(M;5;) and IIz(M,;5;) are
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proportional to standard complex normals:

ro=Tar " )Ty = T )
b p > P
M3, = ) Sasta |5 Wi W, i syt | | i(a,b) €My ¢
o o

Aji B,i
(7.2)

The necessary parameter estimates are found by maximizing the likelihood of the
observed MPPP. The estimates under Hy, ?;(Hd),ﬂ;md),@md) and @(Hd), are
given explicitly in §3.1. The estimates under H, are found using the iterative
maximization procedure described in §3.2.

We will use the notation X; to refer to a generic MPPP over C with inten-
sity ¢ and marks on S! x T. Thus any result derived for X; is applicable to

—~ P

A, By, Mygs 1, Mo1s 5, T (Myys,), and T15(Myy5,). We let X, = U*8X; be the union of

the point sets X;,i =1,...,258.
We will validate our model by considering some of its testable consequences. Some
of these follow directly from the model distributions:

T1 Each |X;| has a Poisson distribution;

T2 Conditional on |X;|, the minutiae locations within each X; have standard

complex normal distributions;
T3 The orientations are uniformly distributed on S';
T4 The location distortions {r, —ry : (a, b) € My;5;} have complex normal distributions;

T5 The orientation distortions {s,s; : (a,b) € M;;3,} have von Mises distributions.
Other consequences follow from independence assumptions in our model:

T6 The minutia locations within each X; are independent (when combined with T1,

this implies X; is a Poisson point process);

—_—

T7 M3, Moz, and M;;5; are independent for each i (equivalently, the thinning

of latent minutiae into observed and unobserved sets is independent of each

minutia’s location);

T8 The orientations are independent of the minutia locations and other orientations;
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T9 The minutia types t,, € T are independent of minutia locations, orientations,

and other types;

T10 The location distortions {r, —r, : (a,b) € M;;3;} are independent of their

locations and independent of other location distortions;

T11 The orientation distortions {s,s, : (a,b) € M;,3;} are independent of minutia

locations, orientations, types, and all other distortions.

We shall attempt to test each of T1-T11 below. However, by testing each consequence
independently we are implicitly assuming that the remainder of the model is correct.
In particular, since we shall see strong evidence against T1-T5, our tests for indepen-

dence T6-T11 must be viewed with suspicion.

§7.1 Test the number of observed points

Under both H,; and H, we expect n, | 5, to have a Poisson distribution with mean p,5,4
where 6,; ~ Beta(a,,, 8,,). The distribution of nj is expected to be Poisson with mean
PO where 6, is uniform on (0, 1). Figure 7.1 plots the empirical histograms against
these theoretical distributions. These plots must be interpreted carefully. Recall that
the distribution of 6; was not estimated from the dataset, but was rather assumed
to be uniform on (0,1): this is because we do not wish to assume that our dataset
is representative of future fingermarks. Thus the prior distribution over 6; (and
therefore also ng) represents our subjective opinion, and we should not expect our
subjective opinion of the distribution for n; to match the empirical distribution of
ng. Conversely, the parameters for the distribution of 6, were found by empirical
Bayes, so we expect the theoretical distribution of n, to roughly match the empirical
distribution.

The value of n; enters into the likelihood only under H,. Because of the strong
dependence of n; with n, and ny, it is not fruitful to investigate the marginal distribu-

tion of n; in a manner similar to figure 7.1. Rather, in order to investigate how well
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Figure 7.1: Histogram of n, and nz. The theoretical distributions under our model
are plotted for reference.

the model fits the empirical distribution of n,, we consider the statistic

T; = nyng; — (Po + Dng,;
(7.3)
_ 2
= |[Myy3,|" + (IMygs,:] + [Mo13:| — oo — DIMyy3,| + [Myg3 |1 Mo13,1,
where in the second line we use |Mygs;| = nu; — ng;, |[Mys;| = ng; —ng;, and
|My13;| = ng;. Recalling that M3/, |Mp3,], and [My,5;| have independent Poisson
distributions with means p6,;(1 —83;),0005,;(1 —0,;), and py0,;05; respectively,
we see that T; has mean zero. A positive T; implies that we have observed fewer
matched minutiae than expected under our model, while a negative T; implies we

have observed more matched minutiae than expected.

A lengthy but straight-forward calculation shows that the conditional variance is
V(Ti | 5A,i: 5B,i) = E(Tiz | 5A,i: 53,1’)
= 050405 {1+8,;0p; +0o(1+28,;65;,—64;,—065,)}. (7.4

Using the law of total variance we see that the variance of T; is

(a, +1)(po +2)}
a,+p,+1 )

2
awpo

6(a,, + )

V(Tl) == E{V(Tl | 6A,i’ 5371‘)} = {po + 3 + (7-5)
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Thus the random variables {T; = T,/+/V(T,) : 1 < i < 258} should be independent
with mean zero and unit variance under H,,. The histogram of T, is shown in figure 7.2.
We see that the empirical distribution of T; = T;/+/V(T,) has a slightly shorter left
tail than the theoretical distribution, which implies that we observe more matched
minutiae than expected. However, the discrepancy is small, and we do not expect it

to significantly hamper our model’s ability to explain the data.

08|

" T, from dataset

5 061 4] - - - Theoretical distribution
2 04|
o X “
D 0.2 [ ”’,’ \‘\\

O‘_-_\__---—_\— | | | _-\ ------- L L

) —2 —1 0 1 2 3 4 S
T,

Figure 7.2: Histogram of T; o< nyng; — (o + 1)n; ;. Under our model these should
have mean zero and unit variance. The theoretical model distribution is plotted for
reference; it was obtained numerically.

§87.2 Test the location distributions

We have assumed the latent intensity function is proportional to a standard complex
normal density. When combined with the independent uniform thinning assumption,
we expect all of &,E,M/T_’(m,m, HA(ME;), and HB(ME;-) to have intensities
proportional to standard complex normals.

We can get some intuition about the empirical intensity functions through exam-
ining figure 7.3, which plots the empirical intensities of X, as heat maps. Note in
particular that the intensities of A and M;; are multimodal, with a horizontal line
of high intensity below the centre mode. The remaining intensities are unimodal,
but all of them lack the expected circular symmetry. Furthermore, the empirical
intensity for HA(I’V[E) (figure 7.3(e)) has shorter tails than the unmatched points
m (figure 7.3(c)). This implies that the matched minutiae tend to come from the

centre of the finger rather than the edges, which contrasts with our assumption T7.
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Figure 7.3: Heat maps of the empmcal intensity functlons These were obt obtained
by taking the observed point sets A,, B,, Mg+, M; 030, M013,, HA(M113,) I (M113,) and
computing kernel density estimates.
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The heat maps do not provide much information about the empirical intensity
near the peak. To gain some insight, we consider the scaled squared distance from
the observed points to the origin, 2|r|?, in figure 7.4. We expect these to follow
independent chi-squared distributions with two degrees of freedom (equivalently,
exponential distributions with mean two). The empirical distribution of the distances

in A and B (the top plot in figure 7.4) have shorter and broader peaks than expected.

0.4 — 2lr,fraci} | |
oy — {2|r,|*: beB.}
5 02 % density
()

07 | | | | | | | | | | | | |
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Figure 7.4: Density estimate of the transformed squared distances from the observed
points to the origin.

Conversely, the bottom plot in figure 7.4 shows the minutiae which are observed
in both the fingerprint and fingermark are more narrowly peaked than expected. This
is likely because the minutiae which are observed in the fingermark tend to come
from the centre of the finger rather than the edges. This hypothesis is consistent

with the middle plot, which shows that the minutiae observed in the fingerprint alone
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are broadly distributed about the origin, but the points which are observed in the
fingermark alone are concentrated about the origin.

In summary, the model’s intensity functions do not adequately describe the
observed distributions of the minutia locations. We believe that this discrepancy has a
large effect on the the value of the computed likelihood ratios. One possible solution
is to allow the probability of observing a latent minutia to depend on that minutia’s
position. The spatially-dependent probabilities 6,(r) and &5(r) could potentially be

modelled by some stochastic field over C such as a Gaussian process.

§7.3 Test the orientation distributions

Ideally we want to test whether the latent minutiae orientations are uniformly
distributed over S'. Since the latent minutiae are unobserved, we will resort to testing
whether the fingerprint minutia orientations {s, : a € A,} are uniformly distributed.
This test is a good proxy under the reasonable assumption that a minutia’s orientation
is independent of whether that minutia is observed in a fingerprint. Figure 7.5 shows
a histogram of the orientations in A,.

We notice that there are several minor peaks, and one significant valley when
the phase is approximately —1.5. These peaks and valleys may be caused by the
tendency for fingerprint ridges to form “loop” patterns, as shown in figure 7.6. These
patterns create preferred directions which contrasts with our model’s rotation invari-
ance assumption. It appears that minutia configurations do in fact have a preferred
direction for their orientations.

To further investigate this preferred direction, we compute the Rayleigh statistic
(Mardia and Jupp, 1999, p. 94) for each fingerprint minutia configuration:

S

aEAi

2

Ny,

, 1<1<258. (7.6)

The Rayleigh statistic is large when the orientations are clustered and small when

the orientations are uniformly distributed. If the orientations are uniform, then for
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Figure 7.5: Histogram of the phase of minutia orientations over A,.

(a) (b) ©
Figure 7.6: An arch, loop and whorl fingerprint. So-called singular points in the ridge
curvatures are marked in red (Maltoni et al., 2009). The circles are points called cores
and the triangles are points called deltas; both types of singular points create preferred
directions for the minutia orientations. Images from Garris and McCabe (2000).
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Figure 7.7: Histogram of the values of the Rayleigh statistic (7.6) for each A;,1 <i <
258.

large ny;, the distribution of the Rayleigh statistic is approximately chi-squared with
two degrees of freedom. Figure 7.7 shows a histogram of our Rayleigh statistics.
The empirical statistics are much larger than expected, which gives further evidence
that the orientations are not uniform, but rather have a location-dependent preferred
direction. Thus the minutia orientations have less information (in the information

theoretic sense, see e.g. Shannon (1948)) than our model assumes, and hence
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our model may produce larger likelihood ratios than justified by the data. We will

investigate alternative models for our orientations in §8.1.1.

§7.4 Test for the location distortion distributions

Given (a, b) € M3, for some i, let

r Iy

_ o 1/2
d(a,b) = a - (1 T ) (r,—14) 7.7)
V2—2/1-1/6, 2

be the standardized distortion between a and b. Note that the computed values of

d(a,b) depend on the manually-chosen matchings £ ;» and therefore the following
analysis implicitly assumes those manual matchings are correct.

Under our model these distortions have independent standard complex normal
distributions. Figure 7.8 shows a heat map of the empirical density: it is circularly

symmetric, but it has much longer tails than a standard normal.

Lo

10,

5.

10,

%5 10 5 © 5 10 15

Figure 7.8: Heat map of the empirical distortion density. This was obtained by a kernel
density estimate on the observed distortions (7.7), {d(a, b) : (a,b) € My13.}-

This is further confirmed by figure 7.9, which shows a histogram of {2|d(a, b)|* :
(a,b) € M;13.}. According to our model this should follow a chi-squared distribution

with two degrees of freedom, and therefore have mean 2. In fact the mean is 255.
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Figure 7.9: Density estimate of the standardized squared magnitude of the distortions.
Under our model these should follow a y? density, but they are off by a factor ~ 255.

An appropriately rescaled chi-squared density matches the empirical histogram well

in the tails, but has a much wider peak than the empirical histogram.

We can conclude that our distortions are circularly symmetric, but they are not
Gaussian, and our model drastically underestimates their variance w?. This under-
estimation of the distortion in the minutia locations is likely a primary cause of the

inflated likelihood ratios observed in chapter 6.

Our model’s underestimation of the variance is likely caused by an overestimation
of c,,, which serves as a lower bound on & and hence an upper bound on w?, in §6.2.
This in turn is likely because our distortion model does not adequately describe the
observed location distortions in our dataset. In particular, our model assumes that the
location distortions are independent, but the observed location distortions are highly
correlated. We describe one way of extending our model to allow for correlation

location distortions in chapter 8.

§87.5 Test for the orientation distortion distributions

The orientation distortions {s,s; : (a,b) € M;;5;} are modelled with a von Mises
distribution with mean zero and concentration parameter k;, which has density (4.4)
with a, = 4.4 and f3, = 0.087. By integrating over k we can find the distribution for

{s,5p : (a,b) € M;,5.}. This is plotted alongside the empirical histogram in figure 7.10.
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The observed data fits the model well: we see little evidence against our model.
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Figure 7.10: Histogram of the phase of distortions {s,s; : (a,b) € M;;3.}.

§7.6 Test the Poisson point process model

We will now test whether there is evidence against the Poisson point process model
for each of the observed minutia configurations. This is equivalent to testing if the
minutia positions within a configuration are independent. Given a generic MPPP X;
with intensity p, we will consider the test statistic

KwX)=>" > kux,y), (7.8)

X€X; yexX;\{x}

where k(u; x, y) is some symmetric kernel function. One such kernel is

Wr,—r, | <uw)Ur,eV)i(r,eV)
|V|Px(rx)PX(ry)

k(u;x,y) = , (7.9)

where V C C has finite area |V|. In this case K(u,X;) becomes a variant of the
inhomogeneous K-function (Baddeley et al., 2000) and, ignoring boundary terms for
V, EK(u,X;) = mu®. However, the variance of the inhomogeneous K-function blows
up if py tends to zero at any point in the region V. This makes it a poor choice for
our purposes, since our intensity function py = ¢ tends to zero away from the origin.

We assume that py(r) = pxep(r) for some py, > 0 and use the kernel k(u; x,y) =
no{(r, — ry)/uz}. Instead of considering K(u,X;) directly we shall consider the

standardized statistic

I?(u X)= K(u:Xi)_EXi{K(u’Xi) | Ny i} (7.10)
o JVEK@WX)ng,t '
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where ny ; = |X;|. Whereas K(u,X;) depends heavily on the the number of observed
points, this standardized statistic controls for the number of observed points and
instead focuses on whether those points occur at locations consistent with a Poisson

point process model. Using the results derived in §B.5 we have

nX,i(nX,i —1u?

Exi{K(U,Xi”nx,i} =

b

uz+2
4nX,i(nX,i — 1)u2{u4 + (nX,i + 2)112 + 3} (7.11)
V{K(u,X;)| Tlx,i} = (12 + 1)(u2 + 2)2(u2 + 3)

These results were found under the assumption that p, is proportional to a standard
complex normal density. In §7.2 we observed evidence against this assumption, so we
must view (7.11), as well as the subsequent results, with suspicion.

If K (u, X,) is positive there is evidence that the points of X; are clustered (perhaps
due to an attraction between points). Conversely if K(u,X,) is negative there is
evidence that the points of X; are more regularly spaced than expected for a Poisson
point process (perhaps due to a repulsion between points).

In figure 7.11 we plot K (1, X,) for each point set
{IZ\;, E?i’]\4103,1'5]\4013,1'7 HA(MHS,i)J HB(MHS,i) 11< L < 258} (712)

We notice that many of the observed point processes show evidence of repulsion at
u~ 0.1 and attraction at u ~ 0.4.

Most strikingly, figure 7.11 shows strong evidence of clustering in M; This effect
is caused by a discrepancy between our model and the actual data: the model assumes
that the probability a latent minutia is observed is independent of its location, but the
fingermark is often only observed on a subregion of the finger (see figure 7.12 for an
illustration). As in §7.3, this clustering effect means that the minutia locations are
less informative (in the information theoretic sense) than our model assumes, which
in turn causes the computed likelihood ratios to be larger than justified by the data. As
in §7.2, the best solution might be to allow the probability of a minutia being observed

in the fingermark 65 to depend on the minutia’s location.
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Figure 7.11: Values of K (u,X;), as defined in (7.10), for each standardized observed
point set. The red line shows the average value for each u.
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—_—

Figure 7.12: Example of regional thinning. The model expects the points of M;;3; to
be uniformly distributed over the latent finger M. However, the points only occur
in the intersecting purple section. Thus the statistic K(u, M;3;) indicates strong
clustering of these points.

§7.7 Test the thinning model

In §7.2 we observed that minutiae near the centre of a finger are more likely to be
observed in the fingermark than minutiae near the edge of a finger. We also observed
that a Gaussian intensity is not a good fit for the data. Thus it makes sense to consider
more generic functions p(r),5,(r), 55(r) which depend on the minutia locations.
However, since the latent finger is unobserved, it is impossible to distinguish the actual
form of the latent intensity function p(r) from the form of the thinning probability

functions 6,(r), 65(r).

Faced with this non-identifiability, we cannot fruitfully investigate the thinning
model without an adequate model for the latent intensity. In §8.1.2 we discuss one
potential solution: let the thinning probabilities be smooth functions drawn from
some random field such as a Gaussian process, and investigate the form of the latent

intensity function by marginalizing these random fields.
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§7.8 Test for orientation independence

We have already seen evidence against a uniform distribution for minutia orientations
in §7.3. There are two ways to account for this discrepancy: we can allow the
distribution of a minutia’s orientation to depend on that minutia’s location, or we can
allow minutiae with nearby locations to have correlated orientations. In the absence
of a better model for the orientation distributions we cannot distinguish between these
two cases.

In this section we will assume that the minutia orientations have marginal uniform
distributions and that the non-uniformity of the observed orientations is due to
correlations in the orientations of nearby minutiae. As in §7.3 we will restrict our
attention to A;, which serves as a proxy for the latent minutia configuration M.

Examination of the fingerprint in figure 1.1(c) on page 5 suggests that nearby
minutiae often have either the same orientation or polar opposite orientations. In
either case, the squared orientations {5(21 ra e Ki} will be positively correlated for
nearby minutia. Under our model we assume that each orientation has a marginal
uniform distribution, which implies the squared orientations also have marginal
uniform distributions.

For each minutia a € A;, define S(u, a) to be the weighted average of the squared-

orientations of its neighbours:

ZXGANL'\{a} So{(ra - rx)/uz}si

ergi\{a} {(ry — 1) /u?}s?

S(u,a) = St (7.13)

The value of u determines the radius of the area which contributes most to the sum.
If the orientations are independent then S(u, a) is independent of s> for all a € A;, and
hence Corr,,,{s,,S(u,a)}, defined by (Jammalamadaka and Sarma, 1988)

E{Im(x)Im(y)}
VE{Im(x)2} E{Im(y)?}’

Corrg,(x,y) = (7.14)

has expectation zero. In the above Im(x) = (x —X)/2 is the imaginary part of x € C.
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In figure 7.13 we plot the empirical covariance over A,,

- _Im(s,) Im{S(x,
CorT 4y (113 ) = e, 1Mo Im{Sw, @)} . (7.15)

\/{Zaé\v Im(sa)Z} I:Zae;( Im{S(u, a)}2:|

Clearly there is a strong correlation in the orientations for minutiae separated by

less than 0.5, with decreasing correlations for minutiae further apart. However, at
least part of this correlation can be explained by the preferred orientation directions
which were observed in §7.3. Thus we expect that, provided the minutia orientations
themselves are accurately modelled, our current model of independent orientation

distortions should provide an adequate fit for the observed data.

o
(0]
T
|

Corry,, (u; S)
o
o
I
|

0.4 :

| | | | | | | | | | | | | |
0 02040608 1 12141618 2 22 24 26 28 3
u

Figure 7.13: Correlation of the squared orientation with its neighbouring orientations
as a function of the neighbourhood size u (7.15).

§7.9 Test for type independence

To test whether minutia types are spatially correlated, we will consider the weighted
average of the proportion of nearby minutiae with the same type. For each x € X;
with an observed type t, # 0, let

ZyeXi\{x} o{(r,— ry)/uz} i(t, =t,)
VI = S g @ {(re =) /u2) e, #0)

T(u,x)= (7.16)

Note that T(u, x) implicitly depends on which point set X; contains x. This is defined
as long as at least one minutia in X; \ {x} has an observed type. Under the assumption
that the types in X; are independent, the expectation of T (u, x) is one. If the types of

nearby minutia are correlated we expect T (u,x) > 1.
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In our dataset (Garris and McCabe, 2000) most of the fingermark minutia b € B,
are classified, but almost all of the fingerprint minutiae a € A, are unclassified.

Figure 7.14 plots the average value of T (u, b) over all fingermarks:

_ 2ibes; Wty #0)T(w, b)
T(u)= Zbez’;‘, w20 (7.17)

Figure 7.14 implies there is a slight tendency for nearby minutiae to be of the same

type. This may be due the tendency of ridge bifurcations to occurs near regions of high
ridge curvature called deltas (see figure 7.6). However, the overall effect seems to be
fairly small, and T (u) is less than 1.07 for all u. Thus the assumption that the types
are independent of location seems reasonable.

We have not investigated the joint dependence structure between a minutia’s
location, orientation, and type. It seems likely that nearby minutiae with similar orien-
tations will be of the same type, whereas nearby minutiae with different orientations
may be of different types. In order to test this we must first find a better model for

the minutia locations, orientations and types. We hope to address this in the future.
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Figure 7.14: Similarity between neighbouring types for neighbourhood size u, as
measured by the statistic T (u) (7.17).

§7.10 Test for location distortion independence

We will now investigate the independence assumption of the distortions d(a, b), as
defined in (7.7). For each (a, b) € M3, let
Z(a’,b’)em\{(a,b)} (P{(ra - ra/)/uz}d(a/J b/)

D(u,a,b) =
\/ 2w mreiimiay P —Ta)/u?}?

(7.18)
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be the weighted average of the distortions of points in M;,5; near (a, b). We compute

the empirical correlation matrix between d(a, b) and D(u, a, b),

S ORI d(@,)—d(®) T( d(a, b) —d(e) )
PR ERw) 22w)) 4 \D(u,a,b)—D(u,e) ) \D(u,a,b)—D(u,e))’

(a,b)eMy;3,
(7.19)

where d(e) and D(u, ®) are the average of d(a, b) and D(u,a, b) over m

The expectation of the off-diagonals of ¥,(u) is zero for all u. In figure 7.15 we
plot the empirical absolute correlation |Z1*(u)| /\/W. There is clearly a
strong correlation in the distortions of nearby minutiae. As mentioned in §7.4, this
correlation is likely a primary reason for why our model underestimates the variance
of the location distortions w?, which in turn leads to inflated likelihood ratios.

Future work will investigate a better model for location distortion. One solution
may be to use a Gaussian process rather than the current independent Gaussian

distortions.
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Figure 7.15: Correlation between the observed location distortions d(a, b) and the
average distortions in their neighbourhood D(u,a,b) (7.19), as a function of the
neighbourhood size u.

§7.11 Test for orientation distortion independence

For each (a, b) € M3, let

2w mreitmnitapy P {Ta =T [u}sesy

Sp(u,a,b) = es! (7.20)

(@,b')eMyp3,\{(a,b)} PA(ra —ro)/uP}sesy
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be the average orientation distortion of nearby points. We compute the empirical

angular correlation between s,s, and S,(u, a, b),
Z(a,b)em Im(sa‘g) Im{SD (ua a, b)}
\/{Z(a,b)em Im(Sag)z} [Z(a’b)em Im{S,(u,a, b)}Z]

and plot it in figure 7.16. There is a strong correlation between orientation distortions

COTT gy (15 Sp) = . (7.21)

that does not significantly decrease with distance. We will investigate the source of

this correlation in future work.
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Figure 7.16: Correlation between neighbouring orientation distortions, (7.20), as a
function of the neighbourhood size u.

§7.12 Conclusions

We have found substantial evidence against our model. In particular, there is strong
evidence against T2, T3, T7, T8, T10, and T11. Each of these model violations could
lead to an overvaluation of the amount of information in the observed data, and hence
to an inflated likelihood ratio. The model would benefit from a more sophisticated
model for the latent minutia locations and distortions, a location-dependent model
for the probability that a latent minutia is observed in the fingerprint or fingermark,
and a spatially-correlated model for the location and orientation distortions. We will
briefly explore these enhancements in §8.1.

The combined effect of the modelling errors means that the likelihood ratios
computed in chapter 6 are inflated and cannot be used as an honest measure of

the evidence. However, despite the poor model fit, the ROC curves in figure 6.4
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demonstrate that our model can often distinguish matching minutia configurations
from non-matching configurations. Thus, despite our model’s flaws, it seems suitable
for the purpose of classifying matches as true or false. With some calibration the
model’s computed likelihood ratios may be useful to quantify the strength of evidence

for H, against H;. We investigate this calibration in chapter 9.
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Chapter Eight

Future work

§8.1 Model enhancements

In chapter 7 we noticed several parts of our model which conflicted with observations.

In this chapter we will explore some ways to extend the model to better fit the data.

§8.1.1 Alternative latent minutia distribution

Our model assumes that the latent minutiae follow a Poisson process with the inten-
sity function p(r) = po¢(r) and a uniform distribution over minutia orientations.
Figure 7.3 and figure 7.5 show that these assumptions are not supported by the data.
We discuss a different model based on modelling the fingerprint ridges here.

Every finger has a small number of regions with high ridge curvature called critical
points. The two types of critical points observed in human fingers are called cores (the
centres of concentric ridge loops) and deltas (points where ridges in three different
directions merge). All fingers have an equal number of cores and deltas, and the vast
majority of fingers have two or fewer core-delta pairs. Examples of cores and deltas
are shown in figure 7.6.

Huckerman et al. (2008) describe how the broad-scale ridge pattern of a finger can
be succinctly described using quadratic differentials. Their model requires relatively
few parameters: one complex number for the location of each critical point, and five

real parameters to specify a conformal mapping. Conditional on these parameters



Chapter 8: Future work 91

their model describes a complex field Ridge(r) whose level curves correspond to the
ridge orientation at all locations r. It might be possible to add these parameters to
our model and marginalize them by extending the current MCMC algorithm.

Feng et al. (2011) show that minutiae tend to cluster in regions near these critical
points and in regions of high ridge curvature. Thus it makes sense to model the latent
minutia intensity as

d?Ridge(r)

p(r)=pof( 2r

)+Zpkcp(r;ck, o), (8.1)
P

where the sum runs over the critical points with locations ¢, and f is some increasing
function. The expected number of minutiae per finger would then depend on the ridge
pattern of the finger.

The latent minutia orientations could be given von Mises distributions centred

at Ridge(r) with some concentration parameter k Combined, these model

orientations*
extensions could correct the current violations of T2, T3 and T8. As a downside, in
this enhanced model the intensity functions for the observed minutiae, p,; and pgs,
would depend explicitly on the latent minutiae. These minutiae, which are analytically
marginalized in our existing model, would have to be marginalized numerically within

the MCMC algorithm under the new model. This would drastically slow down the

algorithm.

§8.1.2 Alternative thinning procedure

In §7.7 we found that, contrary to the existing model assumptions, the observed minu-
tiae are not selected uniformly at random from the latent minutiae. Rather, both the
fingerprint and the fingermark usually consists of an observed subregion of the latent
finger. Minutiae within this subregion have a high probability of being observed, and
minutiae outside of the subregion have zero probability of being observed. Modelling
this subregion could correct the observed violations of T1, T6 and T7.

There are at least two ways of modelling this. The first method tries to estimate the

observed subregion directly, by finding the the convex subregion which maximizes the
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likelihood. This method is likely extremely sensitive to local maxima in the likelihood
function. The second method introduces quality fields 6 ,(r) and 65(r) over the latent
finger. These quality fields, possibly transformed by the logistic function, could be
modelled with Gaussian processes, which could be marginalized within the MCMC
algorithm. Whether or not this model is adequate for real-world data, and whether it

is computationally feasible, remains to be investigated.

§8.1.3 Alternative location distortion model

The current model assumes that the observed minutia locations are generated from the
true latent minutiae using a global similarity transformation and some independent
normal location distortions. Evidence against this model is observed in §7.4 and §7.10.
One solution is to model the distortion globally, rather than allowing independent
distortions at each point. One model for such global distortions is the thin plate spline
(Bookstein, 1989). Kent and Mardia (1994) show that the thin plate spline is the
maximum point estimate (also the kriging estimate) of a specific Gaussian process.
We could model the distortions as a Gaussian process and marginalize them within
our MCMC algorithm to account for the observed violations of T4 and T10. Once
again, whether this model is adequate for our data needs to be investigated, as does

its computational feasibility.

§8.2 Larger databases

So far the model has been tested against a small NIST-FBI fingerprint database of

fingermarks and their corresponding fingerprints.

There are several more fingerprint databases available from the Fingerprint Veri-
fication Competition (FVC) (Biometric System Laboratory, University of Bologna,
2012). These databases each consist of 150 fingerprints, with each fingerprint
contributing 12 images. To use this database we must somehow extract the minutia

locations from the digital image files. Preliminary testing shows that the extraction can
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be done moderately well with a free, open source automated fingerprint identification
system (AFIS) such as Vazam (2012) or Gonzalez et al. (2012). Any test performed in
this way would confound the performance of our model with the performance of the
AFIS. Despite this, the FVC data could provide a useful secondary test database.
Finally, it may be possible to gain access to some government fingerprint databases

to test our model, as was done in Neumann et al. (2012a).

§8.3 Use more of the fingerprint information

Our model currently uses only minutia positions, orientations and types. These
are called type 2 features in the fingerprint literature (Maltoni et al., 2009). By
incorporating other information we could improve the performance of our model.

Type 1 features consist of the overall ridge pattern of a fingerprint. The ridge
patterns can be classified into six categories, or they can be modelled as a phase
portrait (Yager and Amin, 2004a). Neumann et al. (2012b) extend the model of
Neumann et al. (2012a) by setting the probability of a match between fingerprints
with different ridge pattern categories to zero. We can do the same with our model.
Similarly, in many cases the specific finger (e.g., left ring finger or right thumb) can
be inferred from the print. This information can be used to reduce the set of possible
matches.

Type 3 features include the shape of each minutia, the shape and curvature of each
individual ridge, and even the position of pores if the image quality is sufficiently
high. There has not been much success with using these features in AFISs so far
(Maltoni et al., 2009). This is partially due to the difficulty of translating type 3
information into a mathematically convenient form. However, this extra information
is used extensively by human fingerprint examiners (Peterson et al., 2009). Any good
model for generating likelihood ratios for courtroom use should take this additional
information into account, since it affects the fingerprint examiner’s decisions.

Of course, all of these improvements must be balanced against the corresponding
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reduction in algorithm speed.

§8.4 Alternative estimators for the fixed parameters

We currently estimate our fixed parameters through an empirical Bayes framework,
as described in §6.2. This is a reasonable approach under the assumption that our
training database is a representative sample for the population of fingerprints and
fingermarks that our model will encounter in the future. This approach also enables
us, in principle, to interpret the resulting likelihood ratio as the ratio of the strengths

of evidence of the two hypotheses.

One alternative approach to estimating the fixed parameters would be to find the
parameters which maximize the discriminatory power of the computed likelihood
ratios. This approach would likely improve the model’s discrimination between
true and false matches, but it would result in a “likelihood ratio” which cannot be

interpreted as anything more than a discrimination score.

In practice, our model does not adequately fit the observed data, and our computed
likelihood ratios do not permit a direct interpretation as the ratios of strengths of
evidence anyway. Thus we resort to calibrating our likelihood ratios, as described
in chapter 9. Since we are already subjecting our computed likelihood ratios to
calibration, there is an argument adopting the second approach and maximizing the
discriminatory power of our model. It would be interesting to determine how much
additional discriminatory power results from this alternative parameter estimation

procedure.

§8.5 Conclusion

We have described a marked Poisson point process model for paired minutia config-
urations in fingerprints and fingermarks, and the corresponding matching between

these minutia configurations. We can efficiently sample from the distribution of the
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unknown matching and parameters in this model using a Markov chain Monte Carlo
method. The resulting sample can be used to compute likelihood ratios for comparing
the hypothesis that the two configurations originate from the same finger against the
hypothesis that they originate from different fingers.

The method provides excellent discrimination on simulated data. Using the
method on a specific NIST-FBI database indicate that the model yields good discrimina-
tion between these two hypotheses as long as the fingermark is of reasonable quality.
However, model validation shows that our simple model does not describe real-world
fingerprints very well.

The likelihood ratios calculated are more extreme than what can be justified. The
ratios can still be used as a sensible model-based method for discrimination between
true and false matches, but they would have to be calibrated against a large real
dataset before they can be interpreted as an accurate measure of the strength of
evidence. We perform such a calibration in chapter 9. In any case, we believe
the framework developed here can be used to establish a sound and model-based

foundation for the analysis of fingerprint evidence.
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Chapter Nine

Calibrating the likelihood ratios

The likelihood ratios found in §6.3.2 are truly astronomical, exceeding 10%° in many
cases. These are more extreme than we can plausibly defend. Our inflated likelihood
ratios are most likely the direct result of modelling inadequacies. In this chapter we
will calibrate the likelihood ratios against a large real dataset so that they can be

interpreted as an accurate measure of the strength of evidence.

§9.1 Preliminaries

Let .o = {A; : 1 < i < 258} be the set of fingerprint minutia configurations in our
dataset (Garris and McCabe, 2000), and let 8 = {B; : 1 < i < 258} be the set
of fingermarks. Thus ./ x 9 contains all possible 258 pairs of fingerprints and
fingermarks. Let 1 : .o/ x 8 — {0,1} be the indicator function for a true match,

1(A;,B;)) = 1(i = j), and let A : ./ x B — R be the estimates of the log-likelihood

J
ratios computed in chapter 6 by some method from chapter 4. It will sometimes be
convenient to work with the probability of H,, rather than log-likelihood ratios. Letting

Ao = logit(1—p,) =log{(1—p,)/po}, we will use Z, to convert between the two:

1
1+exp{—A(A;,B;) — Ao}

p(H,) = Z, {A(A;,B))} = IOgit_l{A(Ai;B]‘) + 20} = (9.1

The contents of this chapter are original, but some of the material reviewed in §9.1 overlaps with
Forbes (2011).
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We are interested in calibrated functions A : .o/ x 8 — R such that the transformed

log-likelihood ratios i(Ai,B ) are reliably calibrated (in a sense to be defined below).

J
After reviewing the necessary background, we will give some examples of calibra-

tion techniques and apply them to the likelihood ratios computed in chapter 6.

§9.1.1 Proper scoring rules

The idea of using proper scoring rules for calibration dates back to at least Murphy
(1972), and is further explored in Dawid (1982) and DeGroot and Feinberg (1983).
More recently, Brimmer and Doddington (2013) investigated how to calibrate likeli-
hood ratios for forensic evidence.

In this section we will restrict ourselves to proper scoring rules for binary outcomes
x € {0,1}. The basis theory for the more general case of categorical outcomes is
discussed in §10.1, and the case of continuous outcomes is discussed in §11.1.1.

Let # = {(p,1—p)" : 0 < p < 1} be the set of Bernoulli distributions, which take
values on {0, 1}. A scoring rule for binary outcomes s(x,P): {0,1} x & — R is a loss
function which quantifies the accuracy of the prediction P after observing the binary
outcome x. We extend the domain of our scoring rules from {0,1} x & to 22 by

taking the expectation over x:
s{(r,1—r)",P}=rs(1,P)+ (1 —r)s(0,P). (9.2)

We can recover the original function by simply plugging in r = 0 or r = 1. A scoring
rule is (strictly) proper if s(R, P) is (uniquely) minimized over # at P = R. We will
abuse notation by writing s(r, p) for s{(r,1—r)",(p,1—p)'}.

Theorem 10.1 on page 111 shows that there is a correspondence between differ-

entiable concave functions on [0, 1] and proper scoring rules given by

$(p) =s(p,p);
(9.3)
P =)+ (=P
p

We call S(p) the optimal expected score corresponding to s(x, p).
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§9.1.2 Calibration functions

In practice we do not work with the set of all possible fingerprint/fingermark pairs
o x 9B, but rather with a subset € C . x 9%, which consists of all true matches (i.e.,
v such that 1(v) = 1) and a random 5% subset of the false matches as described
in §6.3.2. We consider functions A : € — R which lie in some suitable class
of functions .. We choose our particular A to minimize some objective function
F :{0,1}/! x ¥ — R which is a weighted sum of proper scoring rules,

F[{1(v):v € €}, 1= > s{1(v),Z,, o A(L)}/N{1(v)}, (9.4)

=

where N(i) = [{v € ¢ : 1(v) = i}| for i = 0, 1. Weighting the summands in this way
ensures that objective function F does not depend heavily on the fact that ¢ contains
only a 5% subset of the false matches in .of x 9. As long as € is large enough to be
representative of the population of fingerprints and fingermarks, we expect the below
calibration results to be independent of the size of 6.

The minimizing value of F, Z(Ai,Bj), clearly depends on both s and &. It also
depends on A, through Z, ; we will henceforth set A, = 0, which implies Z, (-) =
logit '(+). As an aside, note that we can view F itself as a proper scoring rule for
outcomes in {0, 1}/“!, which we are minimizing over the set of probability distributions
with densities

{l_[{zpo o AP N1=Z, 0 AW} A e z} : 9.5)

VEF
Ideally, a calibrated probability Z, o A(v) should be equal to the proportion of
fingerprint pairs similar to v which satisfy H,. That is, given an interval [c;_;,¢;) €

[0,1) and the corresponding subset of &,
(gk = {U €% Zpo ° i'(/U) € [ck—lack)}ﬁ (96)

we expect that the proportion of v € 6, with 1(v) = 1 should also lie in [c¢;_;, ¢;)-

This corresponds to the reliable calibration criterion of Dawid (1986). Formally, given
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any partition 0 =¢;, < ¢; <...<cg =1, we want
Yeans {2y, 0 A0) € GHI(V) = Z,, 0 A(v)}
Zveﬂx% ﬂ{Zpo ° A’(U) € (gk}

as the number of terms in each %, tends to infinity. However, since we have a finite

—-0 fork=1,....K 9.7)

number of terms in the sum, reliable calibration is a purely theoretical aim.

§9.2 Examples

In this section we describe some common methods for likelihood ratio calibration.
We apply these calibration methods to our estimates of the log-likelihood ratios
{A(v) : v € €}. We will consider several different choices of A, one for each

estimation method (harmonic means, Chib, bridge, reversible jump) used in §6.3.2.

§9.2.1 Affine calibration

The simplest method of calibration simply affinely transforms the original log-
likelihood ratios: & ={v— a+ BA(v): a,p € R}.
There are several common choices for the proper scoring rule in affine calibration,

including:
e the log-loss score s(x,p) = —xlogp — (1 —x)log(1—p),

e the probit score s(x,p) = —xlog{® o logit(p)} — (1 — x)log{1 — ® o logit(p)},
where ® is the cumulative distribution function for a standard one-dimensional

normal distribution,

e the Brier score s(x,p) = x(1—p)* + (1 —x)p>.

The first two are equivalent to a generalized linear regression of 1(v) onto A(v) using
the logit and probit link functions respectively. One advantage of the log-loss scoring
rule is that the computed values of A(v) are independent of A,: changing A, to Ay
simply changes a to a + 3(1, — A;), leaving A(v) unchanged.

Figure 9.1 shows the histogram of the calibrated log-likelihood ratios. Since the

transformation A — A is monotonic, the ROC curves (figure 6.4) are unchanged
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from the uncalibrated curves in figure 6.4. Note that the calibrated log-likelihood
ratios usually lie between —5 and 5, which is a far more moderate range than
the uncalibrated range of —20 to 120. This moderate range is consistent with the
discriminatory power of our model, as demonstrated by the overlap in the histograms
in figure 6.6 and figure 9.1.

All three proper scoring rules give broadly similar results. For instance, for
the log-likelihood ratios computed by Chib’s method, the optimal affine calibration
functions are A;og005(v) = —2.17 + 0.0930A(V), A0 (v) = —1.19 + 0.0451A(v),
and Ag,;,, (V) = —2.74 4 0.133A(v).

§9.2.2 Monotonic calibration

Briimmer and du Preez (2006) suggest calibrating the log-likelihood ratios by regress-

ing onto the observed outcomes, subject only to a monotonicity constraint:
L={1:.d x B—R;A(v") > A(v) whenever A(v') > A(v)}. (9.8)

They use the log-loss scoring rule, but Briimmer and du Preez (2013) shows the
minimizing function is invariant under the substitution of any other proper scoring
rule for binary outcomes.

The minimizing function can be written as A(v) = f o A(v) where f : R — R is an
increasing piecewise-constant function with jumps at {A(v) : v € & x %, 1(v) = 1}.
The function f can be found in linear time using the algorithm in Ahuja and Orlin
(2001).

The fact that the calibration function is independent of the choice of scoring rule
makes this approach initially appealing. However, in our experience it suffers from
extreme overfitting. The optimal A sends all v’ with A(v') < min,c x5 .100)=11A(V)}
to negative infinity, and it sends all v" with A(v") > max,c gz 100)=0iMV)} to
positive infinity. This results in a highly concentrated bimodal distribution for the
log-likelihood ratios (see figure 9.1). As in the affine calibration case, the ROC curves

are unchanged from the uncalibrated curves.
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The overfitting could be overcome by choosing f using only a training subset of
o/ x % and evaluating the calibration A = f o A on the remaining subset. However,
in our experience the resulting calibration function A depends strongly on the precise

training subset used. Thus this approach appears unsuitable for our purposes.

§9.2.3 More sophisticated calibration methods

The examples above are extreme opposites: affine regression restricts the calibration
function to be linear, while monotonic regression proceeds non-parametrically with
only a monotonicity restriction. The former leads to transformed likelihood ratios

which are non-reliably calibrated, while the latter leads to overfitted likelihood ratios.

A middle ground approach might consider higher-order parametric calibration
functions, such as polynomials or perhaps polynomial splines. By carefully choosing
the number of parameters, we might find a balance between allowing the calibration
function to fit the data and preventing its overfitting. Adding a shrinkage term to the
objective function could also assist with preventing overfitting.

However, here we will follow an alternative approach. The above methods used
only the computed log-likelihood ratios A(v). By including more information in
our calibration procedure we can achieve a more reliable calibration. We consider
regressing 1(v) onto multiple covariates: the uncalibrated log-likelihood ratios A(v),
the number of minutiae in the fingermark, and the fingermark quality indicator (good,

bad or ugly). This is equivalent to

£ ={v— By (v good) + f; U(v bad) + B, (v ugly) + f3ng, + BsA(v) : f; € R}
(9.9
When using the log-loss scoring rule this becomes logistic regression; the optimal
function for the log-likelihoods computed by Chib’s method has 3, = —1.62,;, =
—1.05, B, = —0.70, 33 = —0.068, and f, = 0.11. The most important correction is
the 35 term: it corrects for the fact that the number of plausible matches increases with

the number of minutiae, so that for large n; even a false match may have a plausible



104

matching. When using the probit scoring rule this calibration method becomes probit
regression; the regression coefficients are similar to the logistic regression case. The
histograms of the calibrated log-likelihood ratios for both methods are shown in
figure 9.1.

The ROC curves for the log-loss regression calibration is shown in figure 9.2. We
note the calibrated log-likelihood rations provide significantly better discrimination
than the uncalibrated values. Of particular interest is the naive harmonic means
curve. Recall from §6.3.2 that naive harmonic means provided the least accurate
estimate of the log-likelihood ratio. Yet, after calibration, it demonstrates the best
discrimination between true and false matches. It has been noted previously (Raftery
et al., 2007) that the naive harmonic means estimate of a marginalized likelihood is
insensitive to the prior distribution of the parameters: this is a main reason why it
typically provides a poor estimate of the marginalized likelihood. In effect, unless the
sample size is astronomical, the harmonic means estimate doesn’t approximate the
marginal likelihood at all, but rather approximates some other function of the data
which is insensitive to the prior distribution. In our case, where the model and the
prior distributions do not fit the data well (see chapter 7), it seems that this other
function actually provides better discrimination between true and false matches than

the likelihood ratio.

§9.3 Comparing the calibration methods

In order to assess if the probabilities are reliably calibrated, we consider the reliable
calibration test

> e 1{logio(e) x A(v) € [€—0.01,£ +0.01)}{1(v) — Z,, o A(v)}

G(0) = > 1{log,o(e) x A(v) € [ —0.01,£ +0.01)}

, (9.10)

which can be seen as a specific version of the reliable calibration definition (9.7). If
our probabilities are well calibrated we expect G({) to be approximately zero for all £.

It is plotted in figure 9.3. We notice that all of the calibration methods have a slightly
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negative G for values around zero, which implies that our calibrated probabilities
are still too large in that region. All four of the basic calibration methods (log-loss
calibration, probit calibration, monotonic calibration and Brier calibration) have a
large positive peak in G when log;,(e) x A(v) is approximately —3, which corresponds
to true matches with negative log-likelihood ratios. This peak vanishes for the two
regression methods, which implies that these matches’ negative log-likelihood ratios
were due to poor quality fingermarks with a low number of minutiae. The regression
methods were successful in calibrating these log-likelihood ratios.

Further insights are available from figure 9.4, which plots the calibrated probability
as a function of the uncalibrated log, ,-likelihood ratio. Notice that all of the calibration
methods result in a much smoother transition between p = 0 and p = 1 than the
uncalibrated probabilities p = Z, o A(v). The transformations A(v) — A(v) for the
regression models are not monotonic, since A(v) depends on both the fingermark
quality and the number of fingermark minutiae in addition to log-likelihood ratios.
These calibration curves show that the calibrated probabilities are less extreme (closer
towards the midpoint of 0.5) than the uncalibrated probabilities, which is to be
expected, since we anticipated that the uncalibrated probabilities were too extreme.
Conversely, if our model was able to adequately explain the observed data, we would
expect that the calibration procedure would not substantially change the computed
likelihood ratios, and the calibration curves would be closer to the uncalibrated curve
in figure 9.4.

In conclusion, we have shown that our model yields reasonable likelihood ratios
and strong discrimination between true and false matches after calibration. Thus the
calibrated likelihood ratios can be used as a model-based and justifiable measure of
the weight of evidence for the prosecution hypothesis that a given fingerprint and
fingermark originate from the same finger against the defence hypothesis that they

originate from different fingers.
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Figure 9.1: Histogram of the calibrated log-likelihood ratios on Garris and McCabe
(2000) as computed by profile maximization, naive harmonic means and Chib’s
method. The other marginalization methods’ histograms are similar to the Chib

histograms. Log-likelihood ratios corresponding to false matches are dashed and red,
while true matches are solid and blue.
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Figure 9.2: Receiver Operating Characteristic (ROC) curves for the calibrated and
uncalibrated log-likelihood ratios for the dataset (Garris and McCabe, 2000) and its
three subsets (good, bad and ugly). The x-axis represents the proportion of false
matches classified as matches, the y-axis represents the proportion of true matches
classified as matches.
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Figure 9.4: Plot of the calibration curves for the Chib-computed probabilities. Note
that the regression calibrations are not monotonic, since in addition to A(A, B), they
also depend on the fingermark quality and the number of minutiae in the fingermark.
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Chapter Ten

Compatible proper scoring rules

§10.1 Introduction

Many proper scoring rules such as the Brier and log scoring rules implicitly reward
a probability forecaster relative to a uniform baseline distribution. Recent work
has motivated weighted proper scoring rules, which have an additional baseline
parameter. To date two families of weighted proper scoring rules have been intro-
duced, the weighted power and pseudospherical scoring families. These families are
compatible with the log scoring rule: when the baseline minimizes the log scoring rule
over some set of distributions, the baseline also minimizes the weighted power and
pseudospherical scoring rules over the same set. In this chapter we characterize all
weighted proper scoring families and prove a general property: every proper scoring
rule is compatible with some weighted scoring family, and every weighted scoring
family is compatible with some proper scoring rule.

Suppose X is a random variable taking values in & = {1,...,m}. The valid

distributions for X are

P ={(p1,....pw) 10<p <1, p;=1} CR™ (10.1)

i=1

This chapter is a very slight modification of Forbes (2012).
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A scoring rule s(x, P) is a real-valued loss function which quantifies the accuracy
of a predictive distribution P € & upon observing the realized value x € &. It
is (strictly) proper if, for any R = (ry,...,r,,)| € %, the expected value s(R,P) =
ZTZI r;s(i, P) is (uniquely) minimized over & at P = R. Note s(R, P) is linear in its

first argument.

We say two scoring rules equivalent if they are linearly related for all BR € &
51(R,P):a{52(R,P)+ <b3R>}: (102)

where (-, -) is the standard inner product on R™, a > 0, and b € R™.
The main characterization theorem for proper scoring rules was stated by

McCarthy (1956) and proved by Hendrickson and Buehler (1971).

Theorem 10.1. Let &, extend & to a convex subset of R™ by
P ={AP:A>0,Pe@}={(y1,...,¥,) €ER™:y,>0for1<i<m}\{0}. (10.3)
A scoring rule s is proper if and only if the function S : 2, — R
S(AP)= As(P,P) (10.4)

is concave on &, and satisfies S(R) < s(R, P) for allR,P € &. The scoring rule is strictly

proper if and only if S is strictly concave on &,.

The function S is called the optimal expected score. Griinwald and Dawid (2004)
showed that the optimal expected score can be interpreted as a generalized entropy.

When S is differentiable on &, we have (Hendrickson and Buehler, 1971)

S(R,P)=(R, V;p)S(AP) = i r; ds{(lpl(’i'k'l;"lpm)—r}

i=1

(10.5)

which associates a proper scoring rule with any concave differentiable function S. For
the rest of this chapter we assume that S is strictly concave and twice differentiable
on #,. We further assume that S achieves its unique minimum over & in Z, = {p €

% :p; >0 for 1 <i<m}, the interior of &.
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We extend the domain of s to & x %, by s(R, AP) = s(R, P). This allows us to differ-
entiate s with respect to its second parameter. It also implies that (Vps(R,P), 1) =0
for any R, P € 2, where 1 € R™ has all entries equal to one.

Consider a sequence of observations xy, ..., x, with empirical distribution R € .
Let P(6) be some model which takes values in £, and is differentiable over some open
convex set ©. Then any scoring rule defines an optimal score estimator (Gneiting and
Raftery, 2007) via

O(R) = argmins{R, P(0)} = argrninzn:s{xi,P(G)}. (10.6)

1SS IS S —

From (10.2), all equivalent scoring rules have the same optimal score estimator. The
optimal score estimator is well behaved at R if 6(R) exists and is the unique root of
Vos{R,P(0)}in ©. Whens is the log scoring rule s(R, P) = _2?1:1 r;log p;, the optimal
score estimator becomes the maximum likelihood estimator.

A well behaved optimal score estimate O(R) yields the parameter choice that
minimizes the forecaster’s expected score under the assumption that the future is
similar to the past. Specifically, if we constrain the forecaster to issue a prediction
P(0) for some 6 € ©, and if she believes that the next observation’s distribution is R,
then P{6(R)} minimizes her expected score.

The optimal score estimator can be generalized so that each x; follows a different
probability distribution, as long as these distributions share a common parameter
6 € ©. Thus the optimal score estimator is applicable to regression models that
depend on both 8 and some additional covariates. For the sake of brevity we consider

only the basic optimal score estimator here, though all the results hold in general.

§10.2 Results

We define the baseline of a strictly proper scoring rule to be the unique Q € £, that
minimizes the generalized entropy S(P). For example, the log scoring rule’s general-

ized entropy is the Shannon entropy, which is minimized by the uniform distribution.
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Proper scoring rules tends to give smaller losses for riskier predictions which vary
significantly from the baseline. Given Q € &, and a strictly proper scoring rule s(R, P),
there is an equivalent rule with baseline Q given by §(R,P) =s(R,P) —s(R, Q).

A weighted scoring family
sSR,P[)={s(R,P[|Q): Qe Z,} (10.7)

is a family of strictly proper scoring rules where each member s(R, P || Q) has baseline
Q. Two weighted proper scoring rules families are equivalent if (10.2) is satisfied,
where now a and b are functions of Q. Different members from the same family
need not be equivalent. The dependence of s(R, P || Q) on Q is relatively arbitrary; we
require only that Q minimizes the generalized entropy, Q = argmin,., s(B P || Q).

Weighted scoring families allow us to tailor our scoring rule to the problem at hand,
as motivated in Jose et al. (2009) and Johnstone and Lin (2011). This tailoring is
achieved by modifying the baseline. The baseline is easily interpretable and justifiable
in many real world situations. For instance, weighted scoring families are used in
Jose et al. (2008) for a optimal portfolio allocation problem, where the baseline
corresponds to the market price.

Let s(R, P) be a proper scoring rule and s(R,P || -) be a weighted scoring family.

We say s(R, P || ) is compatible with s(R, P) if for any Q € #, andR € 2,
Vps(R,P)lp_q = a(Q)Vps(R, P || Q)lp—q (10.8)

for some function a(Q) > 0. In words, (10.8) says that the tangent of a weighted
scoring rule at its baseline Q is parallel to the compatible scoring rule’s tangent at Q.

By approximating s(R, P || Q) with its tangent at P = Q and applying (10.8), we obtain

1
sR,PIIQ~s(RQIQ+ @(vps(R,P)lp:Q ,P—Q). (10.9)

The first term corresponds to an equivalence factor (b(Q), R). Thus, up to equiva-
lence, every member of the weighted scoring family s(R, P || -) is linearly approximated

by the compatible proper scoring rule s(R, P) in the vicinity of its baseline.
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Theorem 10.2. Any proper scoring rule is compatible with at least one weighted scoring
family. Conversely, every weighted scoring family is compatible with some proper scoring

rule, which is unique up to equivalence.

Proof. Lets(R, P) be a proper scoring rule. From the definition (10.8), it is compatible

with the weighted scoring family where each member is equivalent to s(R, P):
s(R,P || Q) =s(R,P)—s(R,Q). (10.10)

Conversely, consider the weighted scoring family s(R, P || -). From (10.5) and (10.8),
a proper scoring rule s(R, P) is compatible with this family if and only if its optimal

expected score S(P) satisfies
VzS(Q) =a(Q ViSP 1 Q),_, (10.11)

for some a(Q) > 0 and all Q € &,. The right hand side is a negative definite matrix
since it is the Hessian of the concave function S(P || Q). Thus the S satisfying (10.11)
is concave and corresponds to a strictly proper scoring rule. This solution is unique
up to equivalence since the solution of a second-order differential equation is unique

up to a linear term. ]

Having shown that a compatible proper scoring rule always exists, we now provide
an alternative characterization for compatibility which has direct applications to

optimal score estimation and decision theory.

Lemma 10.3. A weighted scoring family s(R, P || -) is compatible with the proper scoring
rule s(R, P) if and only if Vs{R,P(0)}|g_g, = O implies Vys{R,P(0) || P(6p}g_¢, =0
for all differentiable models P(6), all 6, € ©, and allR € 2,.

Proof. Choose some model P(6) and R € &,. Suppose that s(R,P || -) is compatible
with s(R, P), so that (10.8) holds for all Q € #&,. Then (10.8) certainly holds when
Q = P(6,) for any 6, € ©. Left multiplying both sides of (10.8) with the matrix

VQPT(9)| o—g, and using the chain rule,

Ves{R, P(0)} =g, = a{P(00)} Vs{R,P(0) || P(65)}o-s, - (10.12)
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Thus if Vgs{R,P(0)}|g_g, = 0 then Vs{R,P(6) || P(6;)} g, = O.

Conversely, suppose V@.S{R,P(G)}lgzg0 = 0 implies Vys{R, P(0) || p(@o)}lezg0 =0.
When Q =R, both sides of (10.8) are being evaluated at their critical points and hence
are zero. We will show (10.8) holds for Q # R by showing that v = Vs(R, P || Q)|

is parallel to w = Vps(R, P)|p_,. Using (10.5) we can rewrite v as
v=ViS(P| Q)|P:QR, (10.13)

where VIZ,S (P || Q) is the negative definite Hessian of S(P || Q). This implies v # 0
since R # 0. Furthermore since v is a gradient of s(R,P || Q), (v, 1) = 0. The same
arguments show that w # 0 and (w, 1) = 0.

Suppose v is not parallel to w. Then we can define the non-zero vector

b=v— v, w)

)™ (10.14)

By construction (b, w) = 0. Consider the model P(0) = Q + 0 b where 6 takes values
on ©, an open neighbourhood of zero small enough such that {P(0): 60 € ©} C 2,.
It follows from (v, 1) = 0 and (w, 1) = 0 that P(0) is normalized for all 6 € ©. Thus

P(0) is a valid distribution for 8 € ©, and, by our choice of w and P(8),
Vos{R, P(0)}o—o = (VP(0)lg_q , w) = (b, w) =0. (10.15)
Hence by assumption, Vgs{R,P(0) || Q}|y—, = 0. By definition of v we have
Vos{R,P(0) | Qoo = (b, v) (10.16)

and thus (b, v) = 0. Substituting this into (10.14), (v, v) (w, w) = (v, w)? and
the Cauchy-Schwarz inequality implies that v is parallel to w: w = a(Q,R)v. Using

(10.13), we rewrite w = a(Q,R)v as
V2S(P 1Q)|,_R = a(R,Q) V3S(P)|,_,R. (10.17)

Since both matrices are negative definite, a(R, Q) > 0. Since the left hand side is linear

in R, we see a = a(Q), which proves (10.8). O
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Consider a forecaster motivated by a weighted scoring rule with baseline Q to issue
a prediction P(0) for X. She chooses her prediction based on some decision rule 6(R),
where R is the empirical distribution of the previous observations of X. For instance,
6 could be the optimal score estimator for her weighted scoring rule. Her expected
loss is s[P*, P{6(P*)} || Q], which depends on the unknown true distribution P* of X.
Since P* is unknown it is approximated with the empirical distribution R.

Suppose the baseline is determined by the optimal score estimator of the compat-
ible scoring rule, Q = P{6(R)}. Then, assuming 6 and 6 to be well behaved at R,
Lemma 1 implies that the forecaster’s loss is uniquely minimized when she issues the
prediction Q. The optimal score estimator of the compatible scoring rule dominates

any other estimator 6 for this choice of baseline.

§10.3 Examples

Define the quasi-Bregman weighted scoring families to be the proper scoring rules

with optimal expected scores

SPIQ=¢1)); 1%@1‘% {g(l)Zf(qj)} —h {Zf(qi)g (Iqi)} , (10.18)
i-1 i j=1 i=1 i

where g’ denotes the derivative of g with respect to its parameter, and similarly for h’.
We require that f is positive, g is twice differentiable and strictly convex, and that h is
twice differentiable and strictly increasing. This defines a weighted scoring family for
each choice of f, g, and h. The expected score S(P || Q) is strictly concave since g is
strictly convex, f is positive and h is increasing. Hence the quasi-Bregman weighted
scoring families are strictly proper. The first term of (10.18) ensures that S(P || Q) has
baseline Q. Removing it yields a simpler, equivalent rule for optimal score estimation.

The weighted power and pseudospherical scoring families of Jose et al. (2008),
-0 e e " 1-3 el
pi } P | 10.1
1 {1_ Z;n:lripi/qi }, (10-19)
(

_ m —B\1/B
p=1 Zizlpiﬁqil [j)

PR, P Q)=

sSP*(R,P Q)=
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for B > 1, are quasi-Bregman weighted scoring families with f (x) = x and

ow _ x—1 oW — B S _xl/ﬁ_l S — B
hP (x)——ﬁ( 0 gP"(x) = xF, hp(x)_—ﬁ(ﬁ—l)’ g%(x)=xP. (10.20)

Johnstone and Lin (2011) proved that Vys{R, P(6)}|y_s, = 0 implies
Vos{R, P(6) | P(8p}lg_g, = 0 (10.21)

when s(R, P || R) is a power or pseudospherical weighted scoring family and s(R, P) is
the log scoring rule. From Lemma 1, this is equivalent to showing that the power and

pseudospherical weighted scoring families are compatible with the log scoring rule.

Corollary 10.4. The log scoring rule is compatible with any quasi-Bregman weighted
scoring family with f (x) = x. This holds for any twice differentiable and strictly convex

g, and any twice differentiable and strictly increasing h.

Proof. By substituting f(x) = x into (10.18) and using (10.5), we obtain

/ C i C / pj
SR,P Q) =—h {Zqig (5)}erg (—]) (10.22)

i=1 i j=1 q;
The log scoring rule is s(R,P) = —Z;n:l r;logp;. Substituting (10.22) and the log
scoring rule into (10.8) shows that the equality holds with a = h’ {g(1)} g’(1). The

functions h and g enter only through their values and first derivatives at 1. ]

We define the Bregman weighted scoring families as the quasi-Bregman weighted
scoring families with h(x) = x. By substituting (10.18) into (10.5) and using

equivalence, the Bregman weighted scoring families take the simple form
c i +(Pi\Ti—Pi
swrlQ=-y @ e(2)+e(2)0L oz
=1 4i 4; 4;
We recover the unweighted Bregman scoring rules of Griinwald and Dawid (2004),

ie.,
m

sR,P)=—> {&(p)+& (p)(r,—p)} (10.24)

i=1

by using a flat baseline and rescaling g to §(p;) = f(q,)g(p;/q;) = f (m )g(mp;). The
unweighted Bregman scoring rules are uniquely specified through the convex function

g alone.
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Corollary 10.5. The unweighted Bregman rule specified by g is compatible with all
weighted Bregman families with f(x) = x2g"(x). This holds for any twice differentiable

and strictly convex g.

Proof. We use (10.8) with s(R,P || Q) given by (10.23) with f(x) = x2g”(x) and
s(R, P) given by (10.24). O

We illustrate the use of this corollary via an example. The unweighted power
scoring rule is defined by §(x) = x? /{B(B — 1)} for 8 > 1. Using the above corollary
with f(x) = xP, we see that the unweighted power scoring rule is compatible with all
weighted scoring families of the form

- i [ Pi\TiPi
SRPIQ == {g(lqi)+g (%)q—p}, (10.25)
i=1 i i i

for any choice of g.

§10.4 Discussion

As an application of compatible proper scoring rules, consider a portfolio allocation
problem similar to Jose et al. (2008). There is a market consisting of m assets, and a
market maker who sets the prices at Q. After one time period asset X will be worth
1 unit and the other assets will be worthless. The investor purchases a portfolio,
spending a proportion of his wealth p;(6) on each asset and thus receiving p;(8)/q;(6)
units of each asset. He chooses 6 based on the current prices Q and the historical
outcome distribution R. Suppose the investor’s risk is given by a weighted scoring
rule s{R,P(0) || Q}. The market maker does not know the form of the investor’s
scoring rule, but he believes it to come from a weighted scoring family compatible
with some known proper scoring rule. The market maker prices the assets using the
compatible rule’s optimal score estimator, Q = P{6(R)}. Then the market maker’s
price coincides with the investor’s minimal risk portfolio P(6): when the pricing is

done by a compatible proper scoring rule, the investor is best served by buying the
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same number of units of each asset. Johnstone (2011) interprets this minimal risk
portfolio from an economic perspective, for the special case where the compatible
rule is the log score.

Until now, the only weighted scoring families considered in the literature were the
weighted power and pseudospherical scoring rules. Since both are compatible with
the log scoring rule, their optimal score estimators are dominated by the maximum
likelihood estimator when the baseline is given by the latter. Johnstone and Lin (2011)
conjectured the existence of a characterization theorem for all weighted proper scoring
families whose optimal score estimators are dominated in this way. They suggested
that this theorem might reveal an unrecognized property of the log scoring rule.

We have found their conjectured characterization theorem: the optimal score
estimator of any weighted proper scoring rule is dominated by the compatible proper
scoring rule’s optimal score estimator when the baseline is set to the compatible proper
scoring rule’s optimal score estimate. However, instead of revealing a special property
of the log scoring rule, we have shown that every proper scoring rule is compatible

with some family of weighted proper scoring rules.
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Chapter Eleven

Score matching estimator

The increasing interest in analysis of high-dimensional data has necessitated the devel-
opment of parsimonious multivariate models with reliable, computationally efficient
estimation procedures. For example, sparse Gaussian graphical models (Dobra et al.,
2004; Ma et al., 2007; Rothman et al., 2008; Bickel and Levina, 2008; Chandrasekaran
et al., 2012) have drawn significant interest and several computationally efficient
estimation procedures have been developed (Banerjee et al., 2006, 2008; Friedman
et al., 2008). Gaussian graphical models with symmetry (Hgjsgaard and Lauritzen,
2008) form another example, though no efficient estimation procedures have yet
been developed. Here we describe and exploit a method which provides linear
estimating equations when applied to any exponential family, in particular to any
Gaussian graphical model with symmetry. In contrast to the maximum likelihood
estimator, which often requires iterative methods, this score matching estimator is
computationally efficient for such families. Even when the maximum likelihood
estimator is desired, it must be computed iteratively and the score matching estimator

may provide a useful initial value for the iterations.

This chapter is a slight modification of Forbes and Lauritzen (2014).
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§11.1 Preliminaries

Consider a random quantity taking values in an open subset & of RP, which is
equipped with the standard inner product (-,-),, the associated norm ||-||,, and the
canonical basis. Throughout the chapter, # denotes a class of distributions over &
with twice continuously differentiable densities with respect to the Lebesgue measure
on . The general developments below are equally valid for & being a Riemannian
manifold with associated geometric measure (Dawid and Lauritzen, 2005), but as our
main focus is the multivariate Gaussian distribution we shall refrain from working at
this level of generality. We use V for the gradient and A for the Laplace operator on

% so that

p 2
VI ={ @) R, ar0= 2w (L

2
= 9x;

§11.1.1 Scoring rules

A scoring rule S(x,Q) is a real-valued function which quantifies the accuracy of a
predictive distribution Q € & upon observing the realized value x € &'. It is (strictly)
proper if the expected value over X with respect to P, Ey_,S(X,Q), is (uniquely)
minimized over & at Q = P. Two scoring rules are equivalent if they differ by a
positive scalar multiple and a function of x alone.

Every proper scoring rule induces a divergence (Dawid, 1998; Griinwald and

Dawid, 2004):

d(PQ) =Ex.p{S(X,Q)—S(X,P)}. (11.2)

The divergences of equivalent scoring rules are proportional. A much used scoring
rule is the log score S(x,Q) = —log g(x), where g is the density of Q (Bernardo, 1979;
Good, 1952; McCarthy, 1956); the corresponding divergence is then the Kullback-
Leibler divergence.

Given an independent sample x!,...,x" with empirical distribution P and

unknown distribution Q, the optimal score estimator (Gneiting and Raftery, 2007) (5
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of Q is determined as the minimizer of the empirical score

-~

Q =argminE, {S(X,Q)} = argminZS(xi,Q) = argmind(ﬁ,Q). (11.3)
Qe Qe 3 Qe

The first two expressions are well-defined even when P ¢ % whereas the latter
may not be. Dawid and Lauritzen (2005) show that for a parametrized family
2@ ={Q, : 6 € ©} with © being an open subset of R¢, this minimization gives rise to

an unbiased estimating equation (Godambe, 1991)
> 8'(x,0)=0, (11.4)
i=1

where S’(x, 0) is the vector of derivatives of S(x,Q,) with respect to 6. Solutions to
such equations are also known as M-estimators (Huber, 1964, 1967) and these are
typically consistent and asymptotically normal although not necessarily efficient. If
S(x,Q) = —logg(x) is the log score, the equation (11.4) is the likelihood equation

and the corresponding estimator is the maximum likelihood estimator (MLE).

§11.1.2 Score matching estimator

Suppose the density g of Q € & is twice continuously differentiable and satisfies the

regularity assumptions:

EXNP||v10gg(X)||§ < oo forallBQ e 2, (11.5)

g(x) and [[Vg(x)||, tend to zero as x approaches the boundary of Z'. (11.6)

Then, using integration by parts, Hyvarinen (2005, 2007) showed that the divergence
function

dy(PQ) = Ex.p [[V1og g(x) — Vlog f (x)II7, (11.7)
where f is the density of P, is induced by the scoring rule
1
$:0x,Q) = 5 [IVlog g ()l + Alog g(x). (11.8)

This scoring rule can be shown to be proper (Dawid, 2007; Dawid and Lauritzen,

2005). The score matching estimator (SME) is the optimal score estimator for this
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scoring rule. Note that the SME is not invariant under transformations of x, nor under
change of base measure. Hence care must be taken when choosing the representation

of the data to ensure the resulting estimator is suitable for its intended purpose.

§11.2 Exponential families

As indicated in (Hyvérinen, 2007), the SME is particularly simple when £ is an
exponential family. In this section, we briefly review some theory about exponential
families and prove some results of the SME when it is applied to such a family. Let

g(x|0) be a family of densities defined by
logg(x|0)=1(0,t(x));—a(0)+b(x), 0Oe0. (11.9)

Here t(x) € L is the canonical sufficient statistic, L is a d-dimensional vector space,

(-,-)4 an inner product on L, and © C L is the (convex) canonical parameter space

0= int{e eL:a(f)= logJ e (0 ttNa+b() gy < oo}. (11.10)

x

Let D(x) be the linear map from L to R? determined by the equation D(x)n =

V (n, t(x)), for all n € L. Then we have
Vlogg(x|0)=D(x)0 + Vb(x). (11.11)

Further we get

Alogg(x|0)=(0,At(x))s+ Ab(x), (11.12)

where, similarly, At is given by (n, At(x)); = A (n, t(x)),;. We assume that the regu-
larity conditions (11.5) and (11.6) are satisfied; thus in particular both E, ||D(X )n||§
and E, ||[Vb(X )IIIZ) are finite, where we write E, for the expectation of X with respect
to the density g(x|6).

Let D(x)* be the transpose of D(x) given by (y, D(x)n), = (D(x)*y,n), foralln €
L and y € RP. We furthermore assume that the linear map ¥(0) = E,{D(X)*D(X)}

from L to L is invertible so the corresponding quadratic form

(n, (6)n)q =E, D1, (11.13)
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is positive definite, i.e. it is non-zero unless 7 = 0. The objective function J,(0) =

2?21 S,(x%,Qg) becomes

1 i 2 N i i 1 ]2 i
> 5 DGO+ (0, DOx) Vb (x)), +(6, At(x)), + 5 [VbG|| + ab(x).
i=1
(11.14)
The last two terms depend on x only and will henceforth be ignored: this yields an
equivalent scoring rule and does not alter the SME.

The objective function J, depends quadratically on 6 and the minimizer of J, is

unique if and only if the quadratic form on L
n l 9
Dy(n) =) ||PGx )|} (11.15)
i=1

is positive definite, i.e. if D(x!)n = 0 for i = 1,...,n implies n = 0. The SME is the

minimizer of J,(6) over ©, leading to the linear estimating equation for 6
J(0) = Zp(xi)* {D(x)6 + Vb(x)} + At(x") = 0. (11.16)
i=1

Thus, provided 2?21 D(x")*D(x") is invertible, the score estimation equation has the
unique solution
n -1 5
6 =— {Zp(xi)*D(xi)} Z {D(x")*Vb(x") + At(x)}. (11.17)
i=1 i=1
In the case b(x) = 0 this is equivalent to the variational estimator (eq. 1.9) of Almeida

and Gidas (1993) and to eq. 34 of (Hyvérinen, 2007). By taking the inner product of

(11.16) with the minimizer én we further obtain
> ||D(xi)9vn||§ == > {6, D(x)Vb(x)), + (6, At(x),} . (11.18)
i=1 i=1

Inserting this relation into the expression for J,(6,) yields a linear dependence of the

minimal value of J, on én with the simple expression

n

J5(8.) =" (6, D(xy'Vb(x) + At(x), /2, (11.19)

i=1

where we have ignored the terms depending on x alone.
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As mentioned earlier, SMEs are M-estimators and thus typically consistent, as also
claimed in Corollary 3 of (Hyvarinen, 2005). However, the argument in (Hyvarinen,
2005) is incomplete since the convergence of J,/n to its expectation does not imply
that the minimizer argmin, J,(¢) converges to 6 without additional conditions on
J,. General consistency results are established under suitable regularity conditions in

(Huber, 1967), but for an exponential family we can establish consistency directly.

Proposition 11.1. Assume & = P,,0 € © is an exponential family as above and
X',...,X" is a sample of size n from P,. Then the SME én is asymptotically consistent

for 6.
Proof. Each term in the last sum of (11.17) has expectation

Eo{D(X)*'Vb(X)+ At(X)} = J g(x|0)D(x)*Vb(x)dx + f g(x|0)At(x)dx
(11.20)
and both integrals on the right-hand side are finite by our assumptions. Using

integration by parts on the second term yields

J g(x|0)At(x)dx = —J D(x)*Vg(x|0)dx, (11.21)

since the boundary terms vanish by (11.6). Using that Vg(x) = g(x)Vlogg(x) and

substituting the expression (11.11) for log g(x | 6) on the right-hand side yields

J g(x|0)At(x)dx = —f 2(x|0)D(x)*{D(x)0 + Vb(x)}dx, (11.22)
which then gives

Eg{D(X)'Vb(X)+ At(X)} =—Eo{D(X)*D(X)}6 = —L(0)6. (11.23)

Thus, by the law of large numbers

n—oo

1< . , ,

lim = > {D(X)'Vb(X) + At(X)} =—¥(0)6 (11.24)
n i=1

with probability one. Similarly, for the first sum in (11.17) we get

: 1 C 1% i _
nliTo;;{D(X )*'D(X)} = ¥(6) (11.25)
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which is invertible by assumption. Hence the estimate 6, converges to 6 and is thus

consistent for 0, as desired. O

Under a few additional assumptions, we can also show that the SME is asymptot-

ically normally distributed.

Proposition 11.2. Assume & = P,,0 € © is an exponential family as above and
X1,...,X™"is a sample of size n from P,. Assume further that all of E, ||D(X)*Vb(X)||fi,
E, IIAt(X)Ilj, and E, ||D(X)*D(X)9||3 are finite. Then ﬁ(@vn — 0) converges in distri-

bution to a normal distribution on L with mean zero.

Proof. From (11.17) we get
Va(f,—0)=—u1 > {D(X)'Vb(X) + At(X) + D(X)'D(X)0} /v/n, (11.26)
i=1

where ¥, = £ > D(X')*D(X").

As in the proof of proposition 11.1, we conclude that ¥, converges in probability
to its expectation ¥(0), which is invertible by assumption. The i‘" term of the sum
in (11.26) has expectation zero and finite variance and hence, by the Central Limit
Theorem, the normalized sum converges in distribution to a normal distribution on L

with mean zero. By Slutsky’s theorem, so does ﬁ(én —0), as desired. O

The asymptotic inverse covariance of the SME is nG(0) where G(6) is the Godambe

information (Godambe, 1991), G(6) = ¥(0)H(6)*¥(8), and
H(0)=V,{D(X)'D(X)0 + D(X)*'Vb(X) + At(X)}, (11.27)

where V, is the variance with respect to the density g(x|6); see for example
(Barndorff-Nielsen and Cox, 1994, Section 9.2) or (van der Vaart, 1998, Theorem
5.21). Note that, as we have shown above, ¥, is a consistent estimator of ¥(6) and
H(0) can be estimated consistently by the corresponding empirical covariance.

For finite n it is possible that 6 ¢ ©. Even in this case 6 itself may be useful: the

value of Jz(é) can be very quickly computed and used for model screening, or 6 can
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be used as a starting value for iterative estimation methods. Consistency ensures that

6 €0 forn sufficiently large.

As noted earlier, the score matching equation is not invariant under data
reparametrization, nor under change of base measure. We could in principle use the
estimating equation after reducing to the sufficient statistic t = > t(x"'), which has

density g(t | ) where

logg(t|0)=(60,t);—na(0)+h,(t), (11.28)

and where exp{h,(t)} is the density of the product of measures exp{b(x')} dx' trans-
formed by the sufficient statistic. Then the SME becomes 6 = —Vh,(t)/n, which
coincides with both Martin-L6f’s exact estimator (Martin-Lof, 1977) and the maximum
plausibility estimator (Barndorff-Nielsen, 1976) for this case. The exact estimator is
known to be consistent and efficient (Hoglund, 1974). Unfortunately, the form of
h,(t) is often intractable and the exact estimator is often more difficult to calculate

than the MLE.

We have chosen not to reduce by sufficiency: our SME may lose statistical effi-

ciency, but it gains computational speed from the simplicity of its estimating equations.

§11.3 Gaussian linear concentration models

We now consider Gaussian models with linear structure in the concentration matrix
(Anderson, 1970), exploiting that they are special instances of the exponential families

discussed above.

Let L be a d-dimensional linear subspace of 7, the symmetric p x p matrices
equipped with the trace inner product (A, B); = tr(AB) and associated Frobenius norm

||A||(21 = tr(A?). This is the subspace which will contain the set of candidate models for
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the concentration matrix K. Consider the family of Gaussian densities
log p(x |K) = {logdet(K) — plog(27m) — (x,Kx),}/2
:—<K,xxT>d /2 + {logdet(K) — plog(2m)}/2 (11.29)
= (K, -1, (xx")/2), + {logdet(K) — p log(2m)}/2
which clearly has the form (11.9) with & = R?, § = K, a(K) = plog(2r)/2 —
logdet(K)/2, b(x) = 0, and t(x) = —II;(xx")/2, where II, is the orthogonal
projection onto L in &?. The canonical parameter space is ®@ = L N &7, where &
is the set of positive definite symmetric p x p matrices (Barndorff-Nielsen, 1978, p.

116). The maps discussed above become
D(x)K =—Kx, D(x)'y=-I(xy"+yx")/2, At(x)= —I1,(1,), (11.30)

where I, is the p x p identity matrix. For simplicity we assume in the following that
I, € ©; this can always be achieved for non-empty © by choosing a suitable basis for
RP. Then we have IT; (I,) = I, so the Laplacian becomes At(x) = —I,,.

To see that (11.30) holds, note that for any K € L we have
V (K, (xx")), =V(K,xx"), =Vir(Kxx") = 2Kx (11.31)

so D(x)K = —Kx. Furthermore we have

(D(x)'y,K) g = (y,D(x)K), =—(y,Kx), =—tr(xy 'K)
(11.32)

= —(xyT +yxT,K>d /2= (—HL(xyT +yxT)/2,K>d

and finally
A(K, T, (xx ")), = A(K,xx"), =2a(K) =2(K,I,), . (11.33)
In particular we get
D(x)*D(x)K = —D(x)*Kx =, (xx 'K +Kxx")/2 =TI, (Koxx"), (11.34)

where Ao B = (ABT + BA")/2 is the Jordan product (Albert, 1946) of the symmetric

matrices A and B. The estimating equation (11.16) now specializes to

M (KoW)=1,, (11.35)
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where we havelet W =n"' > xix!" be the scaled Wishart matrix of sums of squares
and products. The expression (11.19) for J, becomes simply —n tr K /2 which can be

evaluated very quickly.

We next verify that p(x | K) satisfies the assumptions for consistency and asymp-
totic normality. For consistency we must satisfy the regularity conditions (11.5) and
(11.6). It is obvious that both p(x|K) and [[Vp(x|K)||, = |p(x|K)|[[Kx]|, tend to

zero as ||x||, — oo, and furthermore, for any K, € L,
Eg [[Vlog p(X |Ko)||[2, = E{tr(KoXX "K)} = tr(KK 'Ky < 0. (11.36)

For asymptotic normality we note that E, ||D(X)Vb(X )IIE = 0 since b(x) = 0.

Furthermore Ey ||At(X)||(21 = Ex{tr(I,)} = p < oo. Finally,

E{IIDX)'DX)K} = Ex[{tr T, (K 0 XX T)}*]
< Eg[{tr(K o XX T)}?] (11.37)

=E{(XKX)*},

which is the fourth moment of a normal distribution and hence finite. Thus all the
conditions for consistency and asymptotic normality are satisfied.

Having established asymptotic normality, we next derive the asymptotic covariance
matrix of the SME and find its efficiency relative to the MLE. We introduce the

covariance form on L defined as

Cov, (K)[11,M,] =Cov<n1,Iv<>d,<n2,Iv<>d (11.38)

for any n;,7m, € L. Given a basis e!,...,e¢, this can be identified with a covariance

matrix with entries Cov, (K)[e*, e’ ]. Equation (11.26) implies

lim nCov, (K) [1:,1,] = C[n1,n,] = Cov, {DCX)* DEOK} [ ¥ (n1), ¥ (n,)].-
(11.39)
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From (11.34) we know that D(X)*D(X)K =TI,;(K o XX ") and thus

Cl1n1,m2] = Covy {T, (K o XX D} [¥7} (1), ¥} (n,) ]
= Cov; (K o XX ) [¥ (1), ¥ (n,)]
= Cov(K o XX, 07! (n,)),,(KoXX T, o7 (ny)), (11.40)
= Cov (XX T, KU (n,)),, (XX T, K¥}(n,)),

= Covy, (XX 1) [K¥™ (1), K& (n,)],

where Cov,,, ,(XX T) is the covariance form of XX " over the p x p matrices. Now XX
has a Wishart distribution with mean ~ = K~! and one degree of freedom, for which

it is well known that Covpxp(XXT) [M1,M2] = 2tr(n;Xn,2) (see, e.g. Lauritzen (1996,

p.258)). Hence we have

Clny, Mol = 2tr{@ ™ ()% ()} (11.41)

Taking the expectation of (11.34) we get W(K) = I,, and by linearity ¥(K on;) =

71,. Since W is invertible by assumption, this yields ¥"!(n;) = K o n; and thus

nCOVL(k) [11,m2]1 = Clny,mp] = 20{(K o ny)(K 0 m,)}- (11.42)

For comparison, the covariance form of the the maximum likelihood estimate can
be obtained from the inverse-covariance form, which is the Fisher information
S(K)[ny,m,] = ntr(Zn,5n,)/2 (Hojsgaard and Lauritzen, 2008). Specifically, given
a specific basis e!, ..., e for L, the covariance matrix (and hence the covariance form)
can be found by inverting the matrix with entries .#(K)[e", e"].

The relative efficiency of the score matching estimator for a specific model L and

1 € L is simply
Cov,(K)[n,7]

V . (11.43)
n=0 Cov,(K)[n,7]
For instance, for the four cycle (figure 11.1) with d = 2 and

01 01

o v 1010
K=oce'+pue*==-I,+ — , 11.44
He =5 T5/a10 1 01 (11.44)

1 010



Chapter 11: Score matching estimator 131

the asymptotic covariance matrix of the SME is

, 1 (o?+u* 2
Cov[k]——[7 TH =B (11.45)
2n\ 20u o°+2u
and the asymptotic covariance matrix of the MLE is
~ 2 o+ 2u? 20
Cov[R]—» —— e L (11.46)
2n(o? + u2) 20u  o*—ut+20°u

Thus the relative efficiency for o is 1 —u*(o? + u?)~2 and the relative efficiency for u

is 1 —402u?/(c* +302u? + 2u®).

§11.3.1 Jordan linear concentration models

Consider the special case where L is closed under the Jordan product, i.e. it forms
a Jordan subalgebra of #?, or equivalently ® = L N %" is closed under inversion.
Such hypotheses are exactly those which are linear in both the covariance and inverse
covariance (Jensen, 1988). In particular, L contains all models which are determined
by invariance under a subgroup of the general linear group (Andersson, 1975). There
are many such models, some examples are given in Jensen (1988).

We shall show that the MLE and the SME coincide for these models. First we need

a lemma.

Lemma 11.3. If L is a Jordan subalgebra of &? then for any A € L and B € &? we have

T,(AoB) =AoTI,(B).

Proof. Let B, =1I1,(B). Clearly we have Ao B, € L since L is closed under the Jordan

product. Further, for any K € L we have

where the last equality follows because K oA € L. Thus Ao B—Ao B, is orthogonal to

L and the lemma follows. O

We now obtain the desired result.
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Theorem 11.4. If the subspace L is a Jordan subalgebra then the SME is equal to the

MLE. Furthermore, if I1;(W) is invertible we have
K=K={mm,(w)}. (11.48)

Proof. The family is a full and canonical exponential family with II,(W) as the

canonical sufficient statistic, and hence the likelihood equation becomes
I,(W)=EAAII,(W)}=M,(KH)=K". (11.49)

This implies K = {II, (W)} .
As L is a Jordan subalgebra we have I, € L. Using lemma 11.3, the score matching

equation (11.35) reduces to
M (KoW)=KoIl;(W)=1,, (11.50)

whence we get K = {II,(W)}~'. This completes the proof. O

§11.3.2 Existence and uniqueness

Having observed a sample x = (x?,...,x™), the score matching equation (11.35) has
a unique solution if and only if any of the following equivalent conditions hold:

1. The quadratic form D,(K) = .., [[Kx'||* is positive definite on L

2. K =0 is the only element of L which maps all x! to zero

3. The kernel of the linear map K — II, (K o W) is trivial.
We say the SME exists if (11.35) has a unique solution, ignoring the fact that K may

not be positive definite. We have the following relation between existence of the SME

and the MLE.

Proposition 11.5. Consider a Gaussian linear concentration model and let W be an
empirical covariance matrix as above. If the SME for K given W exists, then the MLE for

W also exists.
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Proof. We proceed by assuming that the MLE for W does not exist and showing that
the SME does not exist either. If the MLE does not exist, the convex level set of the
likelihood function

C={Keo=LnF: {(K)=((,)} (11.51)

must be unbounded. Here ¢(K) is proportional to the logarithm of the likelihood
function

{(K) =logdet(K) —tr(KW), (11.52)

and we have assumed without loss of generality that I, € L. This implies (Barndorff-

Nielsen, 1978, Theorem 5.5) that there is an A € © such that I, +tA€ C forall t > 0:
((I, +tA)=((I,) forall t = 0, (11.53)
or equivalently that
logdet(I, + tA) = t tr(AW) for all t > 0. (11.54)
But if a; are the positive eigenvalues of A we have
p
logdet(I, + tA) = > log(1 + ta,) (11.55)
i=1
and for large t this grows slower with t than any line through the origin with positive
slope. Thus we must have tr(AW) = tr(Ao W) < 0. Hence, since A, W, and thus Ao W

are positive semidefinite, we have Ao W = 0 and thus IT; (Ao W) = 0. Thus the third

condition for the existence of the SME does not hold. O

By choosing an orthogonal basis e',...,e? for L, we can write the matrix for the

quadratic form D, as M (x) = {m,,(x)} where

m,,(x) = Z (e“xi, evxi>p =ntr(e“*We"). (11.56)

i=1
Hence D, is positive definite if and only if detM(x) > 0. This determinant is a
polynomial in x and hence it either holds that det M(x) = O for all x or detM(x) > 0

except for a set of Lebesgue measure zero (Okamoto, 1973). In other words, either
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the SME exists with probability one, or else it never exists. This is in contrast to the
MLE, which can exist with some probability strictly between zero and one (Buhl, 1993;
Uhler, 2012).

We shall say that the linear space L is n-estimable if the SME exists with probability
one, or equivalently, if there is an x = (x!,...,x") € RP*" such that det M(x) > 0.

For n > p it is well-known that W is positive definite with probability one and
hence M (x) is positive definite and any L is n-estimable. We may thus without loss of
generality assume n < p in the following. As many high-dimensional data sets have
n much less than p, this case is highly relevant. Let r = p—n and T, = k(k +1)/2

denote the k" triangular number.

Proposition 11.6. Let L be a linear subspace of &*. If dimL > T, — T, then L is not

n-estimable.

Proof. Let X = span{x’,...,x"} and let &/ (X) = {K € &? : X C ker(K)} be the
space of symmetric matrices that send all vectors in X to zero. Since dim(X) = n with
probability one, we have dim{#’(X)} = T,. Noticing that the quadratic form D, is

positive definite over L if and only if L N %"(X) = {0}, and that
dim{L N &’ (X)} = dim L + dim{~"(X)} —dim{(X)+ L} >d + T, —T,, (11.57)
we see that D, is not positive definite if T, +d > T,,. l

Unfortunately the converse is not always true and it may happen that L is not
n-estimable even if dimL < T, — T,. In particular we note that the subspace

L = span{ey, e,, e5,¢e,}, defined by

a ¢ 0 f
b —f 0

L={ae'+be?+ce®+ fe' = (C) o J C|abeferf,  a15®)
F oo b

yields a counterexample. We have p = 4 and dimL = 4 so if we consider a single

observation, we have T, — T, = T, — T; = 4 = dim L. Letting x = (x;, x5, X3, Xx,) be
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Figure 11.1: A four-cycle Gaussian graphical model.

our single observation, the corresponding quadratic form m,, (x) is

x?+x2 0 X1X5 + X3X4 X1X4— X5X3
24 42
0 x5+ xj X1Xo + X3X4 X1X4— XX (11.59)
X)Xy + XXy XX+ X3X, X7+ X5+ X5+ x] 0
_ _ 2 2 2 2
X1X4— X5X3 X1X4— X9X3 0 X7+ x5+ x5+ x5

Direct computation shows that m,,(x) is singular since it has the zero eigenvector

24 42 2 12
(x2+x4, X7+ X5, —X1Xy— X3Xy, x2x3—x1x4). (11.60)

This particular L, investigated by Jensen (1988), is an example of a Jordan subalgebra
and we conclude — as Jensen — that the MLE also fails to exist.

Gaussian graphical models (Dempster, 1972) are special instances of linear
concentration models. For example, in the model given by the four-cycle (figure 11.1),
the MLE can only be calculated with iterative methods. If n = 2, the MLE may or may
not exist, whereas for n = 3 the MLE always exists (Buhl, 1993). For n = 2 we have
T,—T.,=10—3 =7, and since dim L = 8, proposition 11.6 yields that the SME does
not exist. For n = 3 and above both the SME and MLE exist with probability one, the
SME being a solution to a system of eight linear equations.

In the following we list a number of facts about n-estimability which may assist in
determining whether a given subspace L is n-estimable. In particular, we show that
a subspace of an n-estimable space is n-estimable, and that a change of coordinate

system does not affect n-estimability.

Lemma 11.7. If L is n-estimable and L, C L, then L, is n-estimable. If L is n-estimable

with n’ > n, then L is n’-estimable.
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Proof. The first statement follows since L, N #"(X) € L N &7 (X) = {0}. If we let
Y = span{x},...,x"} we have #/(Y) € #F(X) and the second statement follows

since LN (Y) € LN (X)={0}. O

Lemma 11.8. IfA € GL? is invertible, then L is n-estimable if and only if L, = ALA" is

n-estimable.
Proof. This follows as L; N %/ (X) = LN S (ATX). O

We next identify n-estimability with the ability to transform L into what we call
standard form. This condition may be easier to check in some situations. We first

identify K € #? withAe ", B€ R and C € &’ via

-
KZ(;: BC). (11.61)

Denote by &’ the subspace of &? with C = 0. We then have dim? = T,

dim&" =T,, and dim #* = T,—T,. We say that L has n-standard form if

A BT y
L= :Ae "B R, (11.62)
B F(A,B)

for some linear function F : " xR™" — &". Note that if L has n-standard form then

we have d =dim L = dim &#* = T,—T,.
Lemma 11.9. If L has n-standard form then L is n-estimable.

Proof. If L has n-standard form we can choose x = (x!,...,x") as the first n standard
basis vectors e, ...,e" of RP. Then for any K of the form (11.62) we have Ke! = 0
foralli=1,...,nif and only if A= 0 and B = 0. Hence we must have K = 0, so the

quadratic form D,(K) is positive definite. O

Corollary 11.10. If L € L, and for some A € GLL?, L, = AL,A" has n-standard form,

then L is n-estimable.
Proof. This follows by combining lemma 11.7, lemma 11.8, and lemma 11.9. ]

We also note that the converse to corollary 11.10 holds.
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Lemma 11.11. If L is n-estimable then there exists A € GIL* and L, 2 L such that

L, =AL,A" has n-standard form.

Proof. Let n be the smallest integer m such that L is m-estimable. Then there exist
i iT

orthogonal vectors x'...,x" such that W : K — Ko >.7x'x' /n has full rank. Let A

denote the transformation to a coordinate system where x!,..., x" are the first n basis

vectors. In this coordinate system we have

- i il K11 K12/2
W(K)=K Ext = 11.63
(=Ko x'x"/n (Km/z o/, (11.63)
where
K K
Kz( 1 12), (11.64)
KZl KZZ

with K;; € ", K;, € R™" and K,, € &". Since L is n-estimable, this map is injective
and thus we must have K,, = F(K;;,K;,) for some linear function F. Thus in this basis

L C L, where L, has standard form. O

Finally we show that all non-trivial L withd < T,—T, andr =p—n =1 are

n-estimable.

Proposition 11.12. Suppose that L is a linear subspace of &? with LN? # @ and that

dimL < T, —T, with r = 1. Then L is n-estimable.

Proof. For contradiction, assume d =dim L = T, —1 and that L is not n-estimable for

n=p—1. Thus for any x?,...,x", the map
- T
W:K—)KOZ:xlxl /n (11.65)
1
has rank less than d. Assume now that x' = e',i = 1,...,n are orthonormal so that
el,...,eP form an orthonormal basis for R”. In this basis we have

LA I. 0
ZelelT (" 7). (11.66)
0 0

1

and thus

W(EK)=Ko Z elel’ /n= (klil/lz k(/)Z) /n, (11.67)
1
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where

K = 11.68
(kT k) (11.68)

with K;; € ™", k € RP! and k,, € R.
Since L is not n-estimable, there must be an A € L with W(A) = 0, which implies

that A;; = O unless i = j = p. We may thus assume that

0, O
A= " . 11.69
(%) (11:69)
In the original basis, we have A = elei’ . Since el,...,eP were arbitrary, we have shown

that for any vector u of length one, uu" € L. Since L is a linear subspace we conclude

that any matrix K of the form
p
K= e’ (11.70)
i=1

isin L, and hence &% C L. This implies d = T,,, which is a contradiction. We conclude

that L is n-estimable. O

Notice that even when L is n-estimable, the estimated concentration matrix may
not be positive definite if L is not a Jordan subalgebra. All we can say is that the
estimate will be positive definite for sufficiently large n by the consistency result in
proposition 11.1.

If K is not positive definite and the estimate of K itself is of interest, it may be
necessary to calculate the MLE K: the latter exists and is positive definite whenever K
exists. In any case, lack of positive definiteness of K indicates that the estimate may
not be reliable and that there could be too few observations to justify the use of a

model of such complexity.

§11.4 Gaussian graphical models with symmetries

Gaussian graphical models with symmetries (Hgjsgaard and Lauritzen, 2008) are
linear concentration models generated by a coloured graph. More precisely, we let

% = (¥,&) denote a coloured graph where ¥ is a partition of a finite vertex set V
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into vertex colour classes and & a partition of an edge set E into edge colour classes.
Such a graph determines a linear concentration model with L = (¥, &) being the
set of symmetric p X p matrices K with entries k,; = 0 whenever a and 8 are not
neighbours in ¥, any two off-diagonal elements being identical if the corresponding
edges are in the same colour class, and any two diagonal elements identical if the
corresponding vertices are in the same colour class. These constraints on K allow for
parsimonious models where the number of parameters can be much smaller than the
number of vertices or edges in the coloured graph. Such parsimonious models are
particularly useful when the dimension of the observations d is large but the number
of observations n is relatively small.

Let e* for u € ¥ denote the |V| x |V| diagonal matrix with e, = 1if a € u and
0 otherwise. Similarly, for each edge colour class u € & we let e be the |V| x |V]|
symmetric matrix with e;, = 1 if (a, B) € u and 0 otherwise. Then {e",u € ¥ U &}
form an orthogonal basis for L. The likelihood equations (Hgjsgaard and Lauritzen,

2008) become

tr(e“W) =tr(e*’K™Y), uevué, (11.71)

which are non-linear in K and must be solved by iterative methods in most cases.

One motivation for introducing these models was the potential reduction in
the number of parameters of the corresponding uncoloured graphical model. This
increases the stability of estimates and allows estimators to exist for a smaller number
of observations. The last issue was considered in detail by Uhler (2012) for specific
examples. As an aside we note that the models determined by the coloured graphs 11,
14 and 17 in (Uhler, 2012, Table 2) are supermodels of the Jordan linear concentration
model (11.58) and hence we can confirm Uhler’s conjecture that in these cases, the
MLE does not exist for n = 1.

We note that our proposition 11.6 implies that the SME does not exist if | | +|&| >
n(2|V| — n + 1)/2 and believe that the condition |¥| + |&| < n(2|V|—n + 1)/2

is sufficient to ensure n-estimability for this particular class of linear concentration
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Figure 11.2: The circular autoregressive process of order 2 with n = 7 as a coloured
Gaussian graphical model.

models, but have not been able to show this except for the case of n = p — 1, cf.
proposition 11.12. However, none of the examples in (Jensen, 1988) or (Uhler, 2012)
provide counterexamples to this conjecture. Note that the MLE may well exist even
if the SME does not exist; see for example the earlier discussion of the four-cycle. If
our conjecture is correct, proposition 11.5 implies that |¥| + |&| < n(2|V|—n+1)/2
is also sufficient for the existence of the MLE and hence provides a simple method of
checking for this.

The linear score matching equations (11.16) for graphical Gaussian models with

symmetries are

tr(e“WK) =tr(e"), uevué, (11.72)

which should be compared to (11.71); they have a strong similarity with the Yule-
Walker equations for estimating the parameters of autoregressive processes in a time
series, as also noted by Almeida and Gidas (1993).

Indeed, a circular autoregressive process of order g is an example of a coloured
graphical model with symmetry determined by the cyclic permutation group, as
displayed in figure 11.2. In this case the Yule-Walker equations are exactly equivalent

to the score matching equations.

§11.4.1 Model selection

Model selection in Gaussian graphical models with symmetry is problematic as the

number of possible models is enormous. This affects both stepwise methods, as used in
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Figure 11.3: A Gaussian graphical model with symmetries for the mathmarks dataset.

(Hgjsgaard and Lauritzen, 2007), and lattice based methods (Edwards and Havrdnek,
1987), as used in (Gehrmann, 2011). The computational efficiency of the SME allows
rapid screening of a large number of potential models as the minimized objective
function indicating the model fit JZ(QV) = —ntr(K)/2 is particularly simple to calculate.
Note that this minimum can be calculated even though K may not be positive definite;
in particular a time consuming check of positive definiteness can then be avoided.
In this case the minimum may overestimate the model fit as it corresponds to the
minimum of J, over the entire space L rather than over © C L.

To prevent overfitting a penalty for the number of parameters d = dim L should

be added to J, to give the objective function
\ 1 .
J (L) =J,(K)/n+ Ad :—Etr(K)+7Ld. (11.73)

The scalar multiple A for the penalty can, for example, be determined by a method
such as cross-validation. Such rapid model screening may be useful to identify a small

set of plausible models to be considered by more sophisticated search procedures.

§11.4.2 Examples

We briefly describe some numerical experiments with the SME for Gaussian graphical
models with and without symmetries. These indicate that the SME provides an
extremely fast estimate which is reasonably accurate for large n.

First we consider the mathmarks dataset (Mardia et al., 1979) included in gRe

(Hgjsgaard and Lauritzen, 2007). Following the analysis in (Hgjsgaard and Lauritzen,
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Figure 11.4: The scaled Frobenius distance between the SME and the MLE for the
mathmarks database as n increases.

2008), we use three vertex colour classes and three edge colour classes as shown in
figure 11.3. We vary the number of observations n from 4 to 88 and compute both
the SME and the MLE for each n. figure 11.4 shows how the SME approximates the
MLE as n grows. The SME appears to provide a computationally efficient estimator
with good accuracy for large n.

Next we shall give an example of the SME identifying a non-decomposable graph-
ical Gaussian model. We first simulated data from a square lattice model with p = s2
vertices: the concentration matrix for our model is symmetric with upper-triangular

entries
1 ifj=1,

K. = 0.2 ifj=i+s, (11.74)
Y7102 ifj=i+1andi%0mods, '

0 otherwise,

for 1 <i < j < s The previously mentioned four-cycle (figure 11.1) is such a model
with s = 2. We then used the SME to conduct a rapid model search over uncoloured
graphs G on p vertices.

We now describe our model search method. We began by initializing the graph to
the best-fitting tree via Kruskal’s algorithm (Kruskal, 1956) using squared correlations
as weights. This initialization is very fast, and if we were only searching over trees,
it corresponds to the maximum likelihood estimate (Chow and Liu, 1968; Edwards

et al., 2010). In our case we are searching among all undirected graphs, but the tree
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step provides a computationally efficient starting position for the search. Next we
conducted a greedy “forward search” and successively add edges to G. To ensure our
method is scalable for large p, we considered adding edges in order of decreasing
squared correlations and we terminated the forward search after attempting to add
an edge that fails to improve the objective function. Finally, we conducted a greedy
“backward search” by successively removing existing edges from G.

The algorithm is described in more detail below. In the following we use G + (i, j)
to denote the graph resulting from adding the undirected edge (i, j) to G, G \ (i, j)
to denote the graph after removing the edge (i,j), L(G) to denote the subspace

{K € #? : K;; = 0 whenever edge (i, j) ¢ G}, and J,(L) = argminy; J,(K).

Algorithm 11.1 Rudimentary model search algorithm utilizing the SME.

Construct the p x p sample covariance matrix W for the observed data.

Construct a complete graph G on p vertices with edge weights Wj [ WW;.

Initialization of G: let G be the maximum spanning tree for G.

Forward search: create a list A of the edges in G, ordered by decreasing edge

weight. Let a be the first edge in A.

If a € G then let a be the next edge in A and go to line 5.

: If J,[L{G + a}] < J,{L(G)}, then let G « G + a and go to line 5.

7: Backward search: create a list B of the edges in G ordered by decreasing
J,(G)—J,(G\ (i, ])). Let b be the first edge in B.

8: If J,[L{G\ b}] < J,{L(G)} then let G <~ G \ b and b be the next edge in B. Go to
line 8.

9: Repeat: If the number of repetitions so far is fewer than 3, then go to line 4.

oW

S

Before running this algorithm we first identified a suitable penalty A. We consid-
ered the change in the objective function J, after adding the single extra edge which
most improved the objective to the true model. By simulating several thousand
samples over the grid withs = 2,...,8 and n =52, 252,352, ..., 10s%, we found that the
expected change in J, was approximately proportional to ,/ploglog(np). We chose
to proceed with A = ,/ploglog(np)/(2n).

We quantified the accuracy of the fitted model K by considering the number of
missing edges (quj = 0 but the true K;; # 0) and extra edges (R'ij # 0 but the true

K;; =0) in figure 11.5.
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Figure 11.5: The number of missing (dashed line) and extra (solid line) edges in the
SME for the lattice with s = 4,8,16 and n from n = s to n = 10s2.

Finally, we visually inspect how the score matching estimate becomes more accu-
rate with increasing n in figure 11.6. We see that the estimate is unstable at n = p, but
for n = 10p the SME correctly identifies the majority of the true non-zero entries with
few extra edges. Note that for p = 256 and n = 10p the model is correctly identified.

In the case of searching for uncoloured graphical models as above, the SME may
be seen as alternative to the graphical lasso algorithm (Friedman et al., 2008). It is
difficult to directly compare the accuracy of the SME to the graphical lasso due to
the unspecified regularization parameter in the latter algorithm. The graphical lasso
estimate is extremely sensitive to the precise value of this regularization parameter:
by fine-tuning the parameter for each n and p we were able to achieve results equal
to or better than those of the SME, however the range of values which yields accurate
estimates is narrow and highly dependent on n and p. By contrast the SME seems
relatively robust against small changes in A.

We also suspect that the SME scales better for large p than the graphical lasso.
Using an implementation of the SME written in C# we were able to consider models
up to s = 100 (p = 10*) before running out of computer memory: even at this large p
each estimate of the SME could be completed within ten seconds, and with n = 10p

our rudimentary search procedure correctly identified the model. We attempted to
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Figure 11.6: Sparsity patterns of the estimated concentration matrices. Above the
diagonal is the SME K ; below the diagonal is the true concentration matrix K. Entries
that are present in both K and K are blue and entries which are present in only one
matrix are red. Thus red entries below the diagonal correspond to true edges that
were missed by the SME and red entries above the diagonal correspond to extra edges

in the SME.
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test the graphical lasso at such p using the R package glasso (Friedman et al., 2011),
however the R environment ran out of memory while attempting to load the sample
covariance matrix.

Finally, we should emphasize that, in contrast to the graphical lasso, the SME
can be used for graphical model with symmetries. Thus the SME may be useful for
model screening over such models, though this would require the development of
computationally efficient model search strategies. It is outside the scope of the present

article to study such strategies in any detail.

§11.5 Discussion

Score matching is an efficient method of parameter estimation for distributions with
intractable normalization constants. It is particularly suitable to parameter estimation
within an exponential family, where the score estimating equations are linear and yield
a consistent estimate. The ready availability of highly optimized algorithms for linear
equations means that the SME can be computed quickly and with a small memory
footprint, even when the number of parameters is very large.

The method seems particularly promising for rapid model screening and it would
be well worthwhile to further investigate the optimal form of the penalty for model
complexity, i.e. the coefficient A in (11.73), in particular how it should depend on n
to ensure consistent identification of the model along the lines in Hannan and Quinn
(1979), see also the discussion in van Erven et al. (2012). It would be an advantage to
have a simple sufficient condition for the existence of the SME — and hence also the
MLE — in Gaussian graphical models (with or without symmetries) so that a model
search could be automatically restricted to models of sufficiently limited complexity.
We believe the condition in proposition 11.6 is necessary and sufficient for the SME to
exist in this case and thus sufficient for existence of the MLE. Unfortunately we only
been able to show this in general for n > p — 1. We hope to return to these and other

questions in the future.
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Appendix A

Sampling from the posterior of a von

Mises distribution

§A.1 Introduction

There has been renewed interest in directional Bayesian analysis in view of its funda-
mental applications to molecular biology (Boomsma et al., 2008; Frellsen et al., 2009;
Mardia, 2013). Due to chemical constraints on the bonds of biomolecules, the geom-
etry of these molecules can be described by a set of angles. Other applications include
locating and tracking an electric signal (Guttorp and Lockhart, 1988) and the analysis
of forensic fingerprint evidence (Forbes and Lauritzen, 2013). All these applications
involve circular data which is naturally modelled by the von Mises distribution.

The probability density function of the von Mises distribution with mean v € S!

and concentration parameter k > 0 is (Mardia and Jupp, 1999)

1

p(y) = X

exp {k cos(yp — v)} (A.1)

with respect to the uniform probability measure ug, where I,,(-) is the modified Bessel
function of the first kind and order m. The circular variance can be described by
1 —r(x) where r(x) = I,(x)/I,(x). Let ¥ = (,...,,) be a vector of observations

from a von Mises distribution. When a conjugate prior is used, the posterior distribu-

This chapter is a slight modification of Forbes and Mardia (2014).
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tion of the mean v |,k is itself von Mises, and can be easily sampled via Best and
Fisher (1979).

Let (k) o< I,(x)~*exp(—bk) be the conjugate prior for the concentration. The

posterior is

p(x) = exp(—npyk) 1(x = 0) (A.2)

Io()n
with respect to the measure uz, where n > 0 and f3, € (—1,00) are observed
constants; in this case n = a+n and , = b/(a+n)—n"'._ cos(y; — v). For
the case n = 1 and 8, > 1 the normalization constant is A = /5 — 1, however in
general the normalization constant is intractable (Mardia, 2007). In this paper we

shall call (A.2) the Bessel exponential distribution.

Existing algorithms to sample (A.2) tend to generate from approximate distribu-
tions (Guttorp and Lockhart, 1988) or have a large overhead of sampled auxiliary
variables (Damien and Walker, 1999). We present a new, extremely fast algorithm to

sample from the Bessel exponential distribution.

For large k, I,(x) is approximately exp(x)/+/2nk (Olver et al., 2010, §10.30).
Plugging this approximation into (A.2) yields a gamma density with shape n/2 + 1

and rate n(f,— 1).

This insight motivates us to use a gamma-based acceptance-rejection sampler for
k. However, the above approximation for I,(x) breaks down for small k, and thus
great care is needed to ensure our rejection sampler is efficient for all values of k. We
derive the optimal gamma-based proposal distribution and show that the resulting
sampler has an acceptance probability of at least 0.7 for all n and f3,. The minimum
acceptance probability of ~ 0.7 occurs when the distribution is concentrated around

Kk =0.

The algorithm is described in §A.2 and derived in §A.3. Enhancements are

considered in §A.4 and the algorithm’s efficiency is explored in §A.5.
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8A.2 The algorithm

As discussed above, we can approximate the Bessel exponential distribution with a
gamma distribution. However, because the ratio of these densities diverges as k — 0,
we cannot directly use a gamma proposal for our rejection sampler. Instead we
propose values k = x — ¢ where ¢ > 0 and x has a gamma distribution. This is
an application of Marsaglia’s exact approximation procedure, see Marsaglia (1984)
for more details.

Using a shifted gamma proposal with shape na+1 > 1 and scale nf3 > 0 leads to

the envelope function
q(x;a,B,e)=M(a,pB,e)(x +¢e)"”exp(—nPx); k=0 (A.3)

for p(x), where the amplitude M (a, 3, €) is chosen to ensure the ratio p/q is bounded
below one. We can generate a sample from the Bessel exponential distribution by

generating a sample x from g and accepting it with probability

p(x)  _

exp{ng(x;a,p,e)}, (A.4)

where

g(k;a, B, e) = (B — Bo)x —alog(x + &) —log Io(x),
(A.5)

M(a7 /‘57 8) :AeXp{ng(K(): a, [53 8)};

and x, = argmax,.,g(x;a,,¢). This procedure is valid for any choice of the
proposal parameters a, f3, ¢, though the values of these parameters will affect the
algorithm’s efficiency.

In 8A.3 we show that the approximate optimal choices for the proposal parameters
are

Bo+1 if By < 1/(4m)—2/(3v7),

B = o+ () + 1—r(xy)
Pt T o Bo—1/Gm) + 2/ Gy

_ KkoWolcsexp(cs)} —(p_p
N cs— Wolcsexplcs)}’ #= P Pomrixo ot e,

otherwise,

(A.6)
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where the terms k, and c; are

_1-1/n+1/(27%) N 1+3/(2n)—1/(4n°)

T >
0 T)ﬁo-i'\/m (m+1)B, + \/2n+1+7)2[3§ A7)
c :—ﬁ_ﬁo_log{lo(Ko)}/Ko
’ 5 _ﬂo_T(KO) ?

and #,(:) is the principal branch of the Lambert W function defined as t =
Wo(t) exp{#,(t)} for #,(t) > —1 (Olver et al., 2010, §4.13).
The acceptance-rejection algorithm to generate a sample from the Bessel exponen-

tial distribution proceeds as follows:

1. Find efficient proposal parameters a, 3, €, which will depend 1 and f3,.
2. Draw x from a gamma distribution with shape na + 1 and rate nf.
3. Draw u from a Uniform distribution on [0, 1].

4. Accept k =x —¢ if logu < ng(x;a,pB,e)—nglky; a, B, €), else go to 2.

The detailed procedure is described in algorithm A.1. When implementing the
algorithm, both the Bessel functions and the Lambert W function can be computed
using software such as the General Scientific Library (Galassi et al., 2009) or its R
wrapper, the CRAN package gsl. In practice it is often possible to avoid computing

these functions, as we show in §A.4.

8A.3 Derivation of the algorithm

We will now derive the optimal parameters a, f3, ¢ for the proposal distribution of
x = k — ¢ which follows a gamma distribution with shape na + 1 and rate nf3. We do

so by maximizing the expected probability of acceptance,

Exla,ﬁ[ ﬂ(x = E)eXP{ng(x_i?; a’ﬂag)_lng(’co; a,ﬁ,s)}]

_ (np)r*?

- T(na+1) Io(x)n

over a, f3, €,k subject to the constraint k, = argmax,., g(x; a, 8, €). In order for the

exp{—npe—ng(xy;a,p,e)} f exp(—Por) dk, (A.8)
0

maximum to be finite as k — oo we require 3 < 3, + 1.
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Algorithm A.1 Rejection sampler for the Bessel exponential distribution
: # Initialization: find parameters for proposal distribution

k, 2/ (nfo+ /20 +12B3)

[\.JI—‘

3 kg — (2+1/m)/{(n+DPo+ /20 + 1+ n2BZ}
4 ¢ =1/2+{1-1/(2n)}/2n
5: Ko — (1 —c)x, + 1Ky
6: 1y < Io(x)
7: 1 I(K0) /1y
8: ¢, —1/(4n)—2/(3yM)
9: if B, < c, then
10: B—po+1
11: else
12: B Bo+r+(1—r)/{1+40n(B—cy)*}
13: end if
14: ¢ < {log(ip)/xo— B + Bo}/(B—Po—T1)
15: ¢, < #o{csexp(cs)} # Lambert’s W function, see §A.4

16: € « c4k0/(c5—c4)
17: @ — (B — fo—r)(io +£)
18: # Perform rejection sampling

19: repeat

20: x « sample from a Gamma(na + 1,n) left-truncated at ¢
21: Ke—Xx—¢

22: u « sample from a Uniform(0, 1)

23: until log(u)/n < (B — Bo)(x — o) —alog{(k +€)/(xo + €)} —log{Iy(x)/io}
24: return K

By taking logs we see that maximizing (A.8) with respect to k is equivalent to

maximizing
h(KO; a, /3: 8) = (a + 7)_1) 108(77/5) - T’_l log F('f’a + 1) - [38 - g(KO; a, /3’ 8)- (Ag)

The constraint k, = argmax,., g(x;a,8,¢) implies either k, = 0 or %g(K =
Ko; @, f3,€) = 0. The Lagrangians for constrained optimization corresponding to these
conditions are h + Ak, and h + A% g, neither of which have interior critical points
over (a,f3,e,A) because the a and ¢ derivatives have no common root. Thus the
optimal parameters must lie on the boundary of the parameter space. An examination
of the boundaries show that the maximum satisfies %g(rc = Kog;a,f,¢) = 0 and
g(xy;a,B,e) = g(0; a, B,¢). Intuitively, this says that for any k, we should pick ¢

as small as possible while still having k, be the maximizer of g. Thus our Lagrangian
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is
dg(K = KO; a:ﬁag)

dx
+ A’Z{g(KO; a, /5:8) - g(05 a, ﬁ’ 8)} (AlO)

L(xg; a,B,e,A1,Ay) =h(kg;a,B,€)+ A

Our optimal parameters are either a critical point of L or lie on one or more of
the boundaries ¢ = 0,6 = 0 or # = f3, + 1. If either a = 0 or ¢ = O then direct
differentiation shows the maximum occurs when a =0, =0, 8 = 3, + r(x), and «,
is the unique positive root of  —1/(nx). We shall see this is a limiting case of the
critical point solution. The only other boundary is f = 3, + 1; we shall see this is the
solution when f, is close to —1.

To find the critical points of L, we start by setting the derivatives with respect to
a, e, A, and A, to zero and rearranging yields the optimal parameters as functions of

Ko and f. This yields

a={f—Py—r(xe)}xy+¢),
Ko Wo{cs exp(c;)}

¢y — Wolcsexplcy)}’
_/5 - /50 - 1Og{Io(Ko)}/Ko

o B —Bo—r(xo) ’
A, = Yma+1)—loginf(io+e)} — 1+ flio+e)/a
2 log(1+x,/€)—K,/€ ’
A= '%a—:g{[jsz + (ko —a)e + aryKo}, (A11)

where ¥(x) = % log T'(x) is the digamma function (Olver et al., 2010, §5.2). We must
have f > f,+r(x,) so that a and ¢ are positive. Notice that the limit 8 — S, +r(x,)
corresponds to the boundary case a = ¢ = 0 discussed above.

The above equations give all optimal parameters in terms of 3 and k,. Note that
since constraint %g(K; a,fB,e) = 0 at k = K, is satisfied whenever a = {§ — 3, —
r(ko)}(x, + €), we are free to choose alternative, sub-optimal values for the other
parameters if the true optimal values are too difficult to compute. We shall explore

this in §A.4 when we use an approximation for the Lambert W function.
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Finally, we find the optimal 3 as follows. This value must either lie on the boundary
B =B, + 1 or else satisfy

aL(KO; a; ﬁ: 8) )'11 A'2)
op

=(a+1/n)/p—(kog+e)+ A, — Ak, =0. (A.12)

Unfortunately plugging (A.11) into (A.12) and solving for 3 as a function of k alone is
analytically intractable. However, one can check that dL/Jd 3 decreases from positive
infinity at § = B, + r(k,) to negative infinity as § — oo. Since all admissible f3 lie in

the finite interval

max{0, B, +r(ky)} < B < Po+1, (A.13)

we can easily find the optimal § through any standard one-dimensional root-finding
algorithm. If the root lies to the right of 3, + 1, the optimal value is 8 = 3, + 1.

We plug the optimal 8 into (A.11) to find all of our optimal parameters in terms
of k,. Doing this for each x, and plugging the resulting parameters (a, f3,¢) into
h(kq; a, B, €) yields a function which we numerically maximize over k,. Let k* be the
optimal value of k, and let (a*, *, €*) be the optimal parameters corresponding to k™.
These are the desired parameters that maximize the expected acceptance probability
(A.8).

The above numeric maximizations for # and k, may be acceptable when 7
and f3, are known a priori. However, they are computationally prohibitive in the
standard Monte Carlo case where we wish to generate many samples from the Bessel
exponential distribution with different values of 1 and f3, for each sample. Thus our
next task is to approximate the optimal parameters with easily computable functions
of 1 and f,.

For all ) and f,, * is well approximated by k,, the positive root of 3, + r(x) —
1/(nk); indeed k, is the exact optimum in the boundary case « = ¢ = 0. To

approximate k, we use the bounds (Amos, 1974, eq. 11),

(A.14)
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Rearranging these bounds shows that x; < k, < k;; where

o =2(nBo+y/2n+1262) . xp=@+1m{(n+ 1B+ 20+ 141262} .
(A.15)
These bounds are relatively tight, we found that the convex combination (1 —c¢; )k +
c;ky withc; =1/2+{1—1/(2n)}/2n provides a good approximation to x, and hence
to k™.
The parameter 3* is exactly equal to 3, + 1 when f3, is close to its lower bound of
negative one. For f3, sufficiently large, * drops from its upper limit 3,4+ 1 towards its
lower limit 3, + r(x*). The transition between the two limits is very rapid for n > 10.

We achieve good accuracy with the approximation

1—r(x%) . (A.16)
otherwise,
1+40n(By —cy)?

where ¢, = 1/(4n)—2/ (3 ﬁ) This approximation is very good when 7 is large or

*
ﬁ m

PBo +r(k*)+

when |f,] > 0.1. A slower, more precise approximation for 3* may lead to parameters
which provide better efficiency for small ) and f3, ~ 0; we address this in §A.5.
Given these approximations of k* and 3%, the parameters a* and ¢* are given by

(A.11).

8A.4 Further speed enhancements

The truncated gamma on line 20 can be sampled using Dagpunar’s algorithm
(Dagpunar, 1978). Alternatively, one can use a standard gamma sampling algorithm
such as Marsaglia-Tsang (Marsaglia and Tsang, 2000a) and reject when x < e.
Indeed, the Marsaglia-Tsang algorithm is itself a rejection sampler with a Gaussian
proposal, and its rejection step can be combined with the rejection step on line 23 for
an additional speed-up.

The function #/, on line 15 can be approximated by (Winitzki, 2003)

et
T = T et 1 22 + e =11 — 2172 (A-17)
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with no noticeable drop in the expected probability of acceptance.

Finally, we can implement the simple squeezes

I(x) < {1+1/(2k)}exp(k)/V2mK : k>0
(A.18)
Io(x) > exp(x)/v 27K : Kk > 0.259,

to avoid computing the Bessel function within the rejection loop on line 23. Specifi-

cally, the loop on lines 19 to 24 can be replaced with algorithm A.2.

Algorithm A.2 Optimized loop replacing lines 19-24 of algorithm A.1
¢s = log(ip)
loop
x « sample from a Gamma(na + 1, nf) left-truncated at ¢
Ke—X—¢
Co % log(2mx) —«
u « sample from a Uniform(0, 1)
v log(u)/n — (B — Bo)(x — o) + alog{(i + &)/ (1o + £)} — cs
if Kk <0.258 or v < ¢4 then
if v <cg—log{l+1/(2k)} or v < —log{l,(x)} then
return K
end if
end if
end loop

8A.5 Efficiency analysis

We now analyse the efficiency of algorithm A.1. When using the Winitzki approxi-
mation, the initial setup (lines 2-17) involve arithmetic operations, four square roots,
two Bessel function evaluations, one logarithm and one exponentiation. In total this
setup requires approximately 70 microseconds on a 2.4GHz Intel i5 computer when
using the R package gsl. Implementation in a lower-level language would increase
the speed significantly.

Each iteration of the rejection loop requires a gamma sample, a uniform sample,
between three and five logarithms, and in the worst case a Bessel function evaluation.
The squeeze in algorithm A.2 does a good job of avoiding the Bessel computation most

of the time, and each iteration of the loop requires approximately 10 microseconds.
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Most of these iterations are accepted, and the algorithm, implemented in R, yields
approximately 80,000 von Mises samples per second when 17 = 10 and f3, is drawn
uniformly over (—1,1). When using a compiled language such as C++, the algorithm
yields over one million samples per second.

In figure A.1 we plot the expected probabilities of acceptance as functions of 1 and
Po- The figures were generated by numerically integrating the expected probability
of acceptance (A.8) for each n = 1,5,10,100 and for each of 2,000 equally spaced
values of ff, € (—1,1).

There is a noticeable dip in efficiency near 3, = 0. Recalling that

n

Bo=—n"" Z cos(y; — v), (A.19)

i=1
we see that this region corresponds to diffused ;, i.e. the true « is near zero. This is
precisely the region where our Bessel function approximation fails, so this drop is to
be expected. Fortunately the drop in efficiency is not severe and our efficiency remains
above 0.7 for all n and f3,.

From figure A.1 we see that our algorithm with the approximate optimal param-
eters does noticeably worse than the numerically computed true optimal parameters
when f3, ~ 0. This corresponds to the transition region where the optimal 8 rapidly
drops from its upper limit of f, + 1 to its lower limit of f, + r(x,). Our approxi-
mation of the optimal f is inaccurate in this transition region. A more sophisticated
approximation of the optimal 8 would increase the algorithm’s efficiency, however,
the region x ~ 0 is not usually an area of primary interest and we prefer to use the

faster approximation.
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Appendix B

Miscellaneous technical results

§B.1 Derivation of the Radon-Nikodym derivative for {

To find the Radon-Nikodym derivative for the change of measure from ¢ x { x {, to 4

in §2.2.3, we first define 2, and 2, be the normalized distributions

d¢(A,B,¢)
12(A,B)| (B.1)

dQ,(A, B, &) = dJ{A\ TI,(8)} dZ{B \ TI5(E)} d,[{(a, b) : {(a, b) € E}].

dQ;(A,B, &) =

That is, Q, is the distribution induced by ¢ and €, is the distribution induced by
{ x ¢ x £, after applying the bijection (2.23). Note that, conditional on n, and ng, the

marked points m € AU B are i.i.d. with density ¢(r,,)/3 under both €, and Q,:

o(ry,)
3

dQl(A;B | Ny, nB) = l_[

meAUB

=dQ,(A, B|ny, ng). (B.2)

Furthermore, the marked points are independent of the matching &, which implies
that £ |A,B must be uniform over its support, which is the discrete space Z(A, B).

Recalling that |Z(A, B)| depends on A and B only through n, and ng, we have

1

U (E1AB) =2 (EInanp) = s

= Q,(& |y, ng) = Q,(E|A, B). (B.3)

Now, since |A| = n, and |B| = nyz have unit Poisson distributions under ,, we
have Q,(n,,ng) = exp(—2)/(n,!ng!). Furthermore, since |A\ I1,(&)| = n, — ng,

IB\ T14(&)| = ny —ng, and |E] = n; have unit Poisson distributions under ,, we
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have
exp(—3)
Q,(ny—ng,ng—ng,ng) = . B.4
2 &8 ¢ g) (ny—n)(ng —ng)ing! (B4)
By summing this over n;, we see that
min(ny,ng) exp(—3) exp(—3) min(ny,ng)
Qy(ny,ng) = Z (= )1y — )i, = — Z |2(A, B, ng)|
n:=0 ng Tlg \npg ng .ng. nying! n;=0 (BS)
exp(=3) -
= ———|E(A, B)| = exp(—1)|=(A, B)|2 (ny, 1),
n,'!ng!

where we used (2.25), the cardinality of (A, B, n;), in the second equality. Combining
the above equations, we have
dQ,(A,B, &) = (& |A, B, ny, np)Q2(ng, ng) A (A, B ny, ng)
= Q,(& | np, np)Qp(ny, ng) dQ,(A, B ny, ng)
= (& | np, np)Qp(ny, ng) dQy (A, B ny, ng) (B.6)
= exp(—1)IE(A, B)|Q2: (& | ny, np) (ny, np) dQ4 (A, B | ny, np)
= exp(—1)|Z(A, B)|dQ,(A, B, &)
and thus the ratio of 2, to €, is exp(—1)|Z(A, B)|. This implies the Radon-Nikodym

derivative for the change of measure from ¢ x { x , to is exp(—1).

§B.2 Change of variables from 04,03 to 0p, 0,

The full conditional for o, and o is proportional to

—2(ag+n,)—3 _—2(a,+ng)—3
04 Op

x exp{—(R; + 3, + kr|TA|2)O';2 —(Ry+ B, + kr|73|2)0';2 —2R;3/(0403)}, (B.7)

where Ry, R,,R5 are given in (3.14). This distribution has an intractable normalization
constant. That is not a problem for sampling, as shown in §5.3. However, it prevents
us from using directly using Chib’s method in §4.3.2. In this section we find a
reparameterization where the normalization constant can be easily computed.

In the following we assume n, > ny and define o0, = 03/0, and o, = 1/(0,03).

In those rare circumstances where the number of fingermark minutiae is greater than
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the number of fingerprint minutiae (i.e., ny > n,), we redefine o, as o,/0p and
change the following equations as appropriate.

By changing variables to op, 0, we have

2a,+ns+ng+1l _ny—ng—1
p(op,0q) 00y 7 P ot P

x exp[—op{(R; + B, + k’ClTAlZ)GQ +(Ry+Bs+ krlfBlz)/O'Q +2R5}]. (B.8)

Thus the full conditional of o, is a gamma density with shape 2a, + n, + nz +2 and
rate (Ry + fB, + k. |74l*)og + (R, + B, + k. |T51*)/0q + 2R,. The full conditional of o,
is a generalized inverse Gaussian density (Barndorff-Nielsen, 1997) with density

(R, + B, + kT|TA|2)(nA_nB)/2(R2 + P + kT|TB|2)(nB_nA)/2
2KnA—nB(ZO'P \/Rl + B+ kr|TA|2\/R2 + Bo t k.| T5%)

p(GQ) =

X O'gA_nB_l exp [_O'P{(R1 + B, + kT|TA|2)O-Q + Ry + o + kr|TB|2)/‘7Q}:| (B.9)

on o, = 0, where K, _,, is the modified Bessel function of the second kind and order

n,—ng (see Olver et al. 2010, §10 for definitions and properties).
Hence both o and o, have known normalization constants. In algorithm 4.1 we
need to simulate from the distribution o | o;, which is simply gamma. At no point

do we need to simulate from the Generalized Inverse Gaussian distribution o, |op,

though sampling algorithms do exist (Dagpunar, 1989; Héormann and Leydold, 2013).

§B.3 Approximation for the normalized posterior of «

In order to use Chib’s method we must find the normalized full conditional density of

k. It can be written as A" exp{f (x)} where

f(x) =—npPx—nlogl,(x). (B.10)

The normalization constant A,. = fooo exp{f (x)}dk is intractable. We will estimate it
with Laplace’s method. First we must find the mode of the distribution, k.
Define R(k) to be the ratio of the first- and zeroth- order modified Bessel functions

of the first kind,

R(k) = I,(x)/I,(x), (B.11)
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which is a strictly increasing function on [0, c0). Then «, satisfies R(x,) = —f. Note
if B = 0 the mode occurs at the boundary k = 0 and the Laplace approximation
will be inaccurate. Luckily for our application, 3 is almost always negative and the
approximation works well.

By rearranging the bounds in Amos (1974), we have

K K K
max , <R(x) £ ——, (B.12)
(1+1/K2+1 0.5+\/K2+2.25) VvKkZ+4

which yields the inequality for «,,

max( \/;2_7/5[52 1:/;32) <Ky < 1__2//;2. (B.13)

Given f3 we can use the Newton-Raphson method restricted to this interval to find

ko = r *(—p). The details are described in algorithm B.1.

Algorithm B.1 Newton-Raphson algorithm to find k = R™*(x), for x > 0.

L« max{2x/v1—x2,x/(1—x?)}
U« 2x/(1—x?)
K—(L+U)/2
repeat

Ko< K

R« I1(xo)/Io(x0)

g<—R—x

g —1—R/k,—1?

Kk « max(L, min(U,k,—g/g"))
until [k — x| < 0.001
return x # K solves g(k) =I,(x)/I,(k)—x =0

After computing «, Laplace’s method gives

27
AR
) {nlﬁz—ﬁ/Ko—ll

1/2
} o(kq)" exp(—ny). (B.14)

This approximation is accurate provided k is bounded away from the boundary at
zero. This is almost always the case in our application. On those rare instances when
Ko < 1 the Laplace approximation becomes inaccurate and we resort to numerical

integration to find A,.
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§B.4 Approximation for the normalized posterior of &

Chib’s method requires us to compute the normalized full conditional of &. It can be

written as A;l exp{f(®)} 1 > c,,) where
f@)=(a—1)logd— PO —7V d?—®. (B.15)

The normalization constant A, = fczo exp{f (&)} dao is intractable. Unlike §B.3, we
cannot use a Laplace approximation of A, here because the mode often occurs at the
boundary & =c,,.

We notice that for c,, sufficiently large, v@&2— & ~ & and the full conditional
is well approximated by a gamma distribution with shape a, rate § + y, and left-
truncation at c,. In our case c,, = 65 and the approximation is very good indeed.
Integrating the gamma density, we see A, ~ I'{a, (B +v)c,}(B +v)~% where ['(:,-) is

the upper incomplete gamma function (Olver et al., 2010, §8.2).

§B.5 Expectation and variance of PPP test statistics

We wish to find the mean and variance of functions like
FX)=>. > flxy) (B.16)
XX yex\{x}
where X is a Poisson point process with some intensity p and without loss of generality
f(x,y) = f(y,x). We shall use the Slivnyak—Mecke theorem (Mecke, 1967), which

states that
IEZh(x,X\{x})=fp(x)1E{h(x,X)}dx (B.17)

for any real-valued function h. By directly applying this theorem to h(x,X) =

Zyexf(x,y), we have EF(X) = fp(x)E{Zyexf(x,y)}dx. By fixing x, we can

applying it a second time with h(y,X) = f(x, y) to find

EF(X)= f p(X)p(y)f (x,y)d(x, y). (B.18)
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We are also interested in the variance of F(X), for which we need to compute

EFXP=E Y. >, >, flowf(y.v). (B.19)

x,yEX ueX\{x} vex\{y}

We can partition the sums over y € X and v € X \ y into a term involving x and sum
over X \ {x}, which allows us to apply (B.17). Repeating this procedure for the sum

over u, after some algebra we find

2
E{F(X)*} = U p(x)p(y)f(x,y)d(x,y)} + ZJ p()p(Y)f (x,y)*d(x,y)

+ 4J Pp(X)p()p)f (x,y)f (x,2)d(x, y,2) (B.20)

and

V{F(X)} = 2[ p()p(Y)f (x,y)*d(x,y)

+ 4J p(X)p(¥)p)f (x,y)f (x,z)d(x,y,2). (B.21)

A discrepancy between the observed F(X) and E F(X) provides evidence against
the hypothesis that X follows a Poisson point process with intensity p. This cause of
this discrepancy could be the number of points in X, or the position of those points,
or a combination of both. In order to separate these two effects, we will consider the

standardized statistic
F(X)—E{F(X)|ny}

vV V{F(X)|ny}

where n, = |X|. It is well known that for any Poisson point process, the density of

(B.22)

X |ny is pg ™ [ [.ex p(x), Where p, = f p(x)dx (see, e.g., Mgller and Waagepetersen
2004, Proposition 3.8). By expanding out the expectation and variances, we see the

expectation is

E{F(X)|ny} =n(n—1)p,> J p(x)p(y)f (x,y)d(x,y), (B.23)
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and the variance is

nn—1)(n—2)(n—3)
4

V{F(X)|ny} = JP(X)P(J’)P(W)p(z)f(x,y)f(W,Z)d(W,x,y,Z)

0
+4n(n_;3(n_2)fP(x)p(y)p(Z)f(x,y)f(x,z)d(x»%z)
0

N 2n(n—1)

P2

(B.24)
fp(X)p(y)f(x,y)zd(x,y)—{Ex|nXF(X)}2-

These integrals are analytically tractable for certain choices of p, including the
complex normal densities used in this dissertation. Thus the standardized statistic

(B.22) can be computed directly.
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