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Abstract

In this paper we present a mathematical model describing the effect of polar lipids on the
evolution of a precorneal tear film, with the aim of explaining the interesting experimentally
observed phenomenon that the tear film continues to move upwards even after the upper eyelid
has become stationary. The polar lipid is an insoluble surface species that locally alters the
surface tension of the tear film. In the lubrication limit, the model reduces to two coupled
nonlinear partial differential equations for the film thickness and the concentration of lipid. We
solve the system numerically and observe that the presence of the lipid causes an increase in
flow of liquid up the eye. We further exploit the size of the parameters in the problem to explain
the initial evolution of the system.

Keywords Tear Films; Lipids; Blinking; Fluid Mechanics; Lubrication Theory.

1 Introduction

The dynamics of tear films are of particular interest to ophthalmologists due to the prevalence of
dry eye [16], a multifactorial disease of the tears and ocular surface that results in symptoms of
discomfort, visual disturbance, and tear film instability with the potential to damage the ocular
surface. It is accompanied by increased osmolarity of the tear film and inflammation of the ocular
surface. In severe dry eye, the tear film can thin to rupture over short periods of time; frequent
blinking is vital to reform and re-establish the tear film and alleviate these symptoms.

The functions of the tear film are: to provide an optically smooth surface, to protect against the
bacterial contamination of the exposed sclera, and to lubricate the gap between the eyelids and the
cornea of the eye (Holly [8]). The tear film comprises three layers: an aqueous layer sandwiched
between a bi-component oily lipid surface layer and a mucous coating that lies on the corneal
epithelium. The aqueous component is produced by the lacrimal glands, fills the sacks under the
upper and lower eyelids and accounts for the majority of the tear fluid. The lipid layer is secreted
from the meibomian glands of the eyelid, decreases the surface tension of the tear film and reduces
evaporation of the aqueous layer. The lipid layer contains both polar and nonpolar lipids, which
are present in the ratio of about 1:10. The polar lipids reside at the aqueous interface, while the
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Figure 1: The above sequence of fluorescein images of a human left eye, taken after a blink, shows
the upward movement of the lipid layer. Image 1 was taken immediately after the upstroke motion
of the upper eyelid, followed closely by 2, 3 and then 4. (Image kindly supplied by A. Bron and J.
Tiffany, courtesy of N. Yokoi.)

non-polar lipids reside above. A study by Nagyovéd and Tiffany [21] found almost no dissolved lipid
in tears extracted from human eyes, indicating that both components of the lipid layer are insoluble.
The mucus layer is secreted from cells which are situated in the conjunctival epithelium. McCulley
and Shine [19] claim that data supports the case for a mucus layer that blends with the aqueous
layer without any interfacial tension between the two. Holly [8] argues that, physico-chemically,
the mucus layer should be considered part of the solid epithelium.

Blinking is the mechanism by which the tear film gets redistributed over the surface of the eye.
Blinking is predominately attributed to the movement of the upper eyelid, which sweeps down to
meet the nearly stationary lower eyelid, and then sweeps upwards and redistributes the tear film
over the eye surface. The deposited tear film has menisci at each of the eyelids, joined by a thin
layer that covers the eye surface. The opening phase takes approximately a third of a second, and
then the eye remains open for “the interblink”, a further period of five to ten seconds, before the
process is repeated, normally involuntarily. Some people only undergo partial blinks, where the
upper eyelid only travels part of the way over the eye surface before returning upwards. The tear
film provides a separation between the cornea and the lids, as well as between the upper and lower
eyelids when the eyelid is in the closed position, reducing the surface-to-surface friction during the
blinking process. During a blink, there is exchange of liquid between the exposed tear film and
the fluid under the upper eyelid. However, experiments by MacDonald and Maurice [17], involving
the deposition of a small drop of fluorescein solution at the bottom of the the lower fornix, found
that the average time for the fluorescein to appear in the tear film was around four minutes. This
indicates that there is no appreciable transfer of liquid from under the lower eyelid on the timescale
of an individual blink.

During the interblink, the tear film thins due to a combination of evaporation and capillary



suction into the menisci. Further, the lipid layer on the tear film is still observed to move upward
after the eyelids have stopped moving, as can be seen in Figure 1. Here, it is the nonpolar lipid
that can be seen as the lighter coloured layer advancing up the stills. In King-Smith et al [14],
the upward motion of the lipid is also noted. They examine the liquid motion caused by capillary
suction into the menisci and conclude that it is not large enough to account for the thinning rate
inferred from their data.

Tear films are have previously been modelled as a thin film of Newtonian liquid moving over a
solid surface. The aspect ratio of the problem is used to reduce the Navier-Stokes equations to the
equations of lubrication theory [2, 3, 7, 11, 12, 26].

The upward drift of the tear film after a blink is studied by Berger and Corrsin [2]. By examining
the movement of particles on the tear film they conclude that the upper tear film thickens for one
second immediately after the upper eyelid has stopped moving, while the lower tear film thins
simultaneously. The surface tension is assumed to be a known function of the lipid concentration.
Utilising a small displacement approximation, they solve the resulting system of equations for the
film thickness and the lipid concentration in the case when the eye was open. They calculate
particle trajectories and compare these with experimental data, finding good agreement.

The coating model presented by Wong et al[26] is the simplest model to capture the dynamic
evolution of the tear film thickness. The model includes capillary and viscous forces and assumes
that the surface velocity is equal to the upper eyelid velocity so that the lipid is dragged along
with the movement of the upper eyelid. By decomposing the tear film (at the upper eyelid) into
a meniscus, deposition layer and central region, they predict a power law behaviour for the film
thickness in the central region as a function of the capillary number.

Braun and Fitt [3] investigate the influence of gravity and evaporation on an established tear
film. They solve for the temperature in the film and relate the rate of evaporation to the surface
temperature. They argue that evaporation plays a small role during the early stages of the thinning
process but that it plays a more significant role once the film has thinned to approximately 1um.
They conclude that evaporation always shortens the lifetime of the tear film and that gravity
dominates the evolution away from the menisci and causes the region near the upper lid to thin
faster than the region near the lower eyelid.

Jones et al[12] extend the model used by Braun and Fitt [3] to include lipids in a rudimentary
way. Their model includes capillary, viscous and gravity forces and assumes that the lipid generates
a surface velocity, ug, given by us = (2/L)L, where z is the distance along the film, and L is the
position of the moving upper eyelid. This is analogous to a uniform stretching of a “membrane” of
lipid on the surface. They allow for the transfer of liquid from underneath the eyelids (assuming
that there is a liquid layer of uniform thickness under the upper eyelid). They conclude that the
supply of liquid from under the eyelids is crucial to establish a tear film that covers the whole of
the open eye: it’s not possible to fully deposit a tear film without this flux. The presence of the
lipid assisted with the deposition of the tear film, but the film was again not fully deposited when
there was no flux under the eyelids.

In Jones et al[11], the model from [3] was extended to track the concentration of the lipid. The
coupled equations for the film thickness and the lipid concentration were first solved on a stationary
domain with a nonuniform initial concentration of lipid to assess spreading, and then solved on the
moving domain. In the dynamic case they include a flux from under the upper eyelid, and they
reaffirm that the tear film cannot be fully deposited without this flux. They highlight that the
evolution of the lipid layer can have a strong influence on the height of the tear film.



In Braun and King-Smith [4], the coupled model for the thickness of the film and the concentra-
tion of lipids is extended to include “slip” at the eye surface. The model is solved in the stress-free
surface case and in the large Marangoni number limit, where the model reduces to that of [12].
Sinusoidal motion of the eyelids is considered and both blinks and half-blinks are examined. They
conclude that the model reproduces tear film profiles measured in vivo for half blinks. This work is
extended in Heryudono et al[7] to incorporate a more realistic eyelid velocity and flux under both
eyelids to take account of supply from the lacrimal gland and drainage due to the puncta. The
model is solved in the two cases described in [4] and compared with the solution of previous models
and with experiments.

In this article, we formulate and study a model for the evolution of the thickness of the tear film
and the concentration of polar lipids! during the blinking process, with the aim of understanding
how the presence of polar lipids influences the liquid flow. In Section 2, we present some experi-
mental data on the motion of the eyelids and fit the data to a model. In Section 3 we formulate
a model for the aqueous and lipid components of the system. This model is nondimensionalised
and the size of the nondimensional parameters discussed. Utilising the lubrication approximation,
we reduce the equations and boundary conditions to a thin-film limit, and the resulting model
comprises two coupled nonlinear PDEs for the thickness of the tear film and the concentration of
the nonpolar lipid. In section 5 we present numerical simulations of the reduced system and discuss
their behaviour as various critical nondimensional parameter groups are varied. In section 6, the
asymptotic behaviour of the model at the start of the blink is examined and compared with the
numerical solutions. Finally, we draw together our conclusions and suggest possible future avenues
for investigation.

2 Experimental data on the motion of the eyelids

To determine the typical position and velocity of the upper eyelid at a particular time we will use
the measurements presented by Wong et al [26]. However, we use a different functional form than
the one employed by Jones et al[12], because their form for the velocity dictates that it takes an
infinite amount of time for the eyelid to come to rest. In this paper, we study the fluid motion as
the eyelid opens and after it becomes stationary for a situation where the eye is held open for an
sustained length of time.

The strong initial acceleration motivates us to use the form

vl - {Uo (A\/tTTe*t/T _ t/’/‘) 0<t <t )

0 t>t*,
where Uy, A, and 7 are found by fitting (1) to Wong’s data [26] and take the approximate values
Up=0.0163m/s, A=11.6, 7 =0.0865s, (2)
see Figure 2. The constant t* is the time at which the velocity becomes zero, found by solving
Nre= 2"/ = ¢*| yielding t* ~ 0.180s. .
The position, L(t), of the upper eyelid is defined by U(t) = L(t), so that

Vo <\/7) -2 /D )

¢ 2
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T

1We will neglect the non-polar lipid in this paper.



U (m/s)

0.08

0.04 | | Uy

L (m)

t* 0.2 t* 0.2

t(s) t (s)

Figure 2: (a) The speed of the upper eyelid during the opening phase of a blink, U(t) (1) with
parameters (2) data points extracted from Wong [26] fit to (1, 2). (b) Corresponding separation
length L(t) given by (3).

where L is the effective position of the closed upper eyelid at ¢ = 0. For 7' = 0.180 s we use (3)
to determine that L, = 0.002 m is consistent with a distance between the eyelids, L., of 0.01 m
when the eye is fully open. The finite separation for the closed eyelids accounts for volume of the
tear fluid that will spread out over the eve when the eyelids separate. Using these values, we are
able to calculate an average velocity for the opening phase, which is found by calculating

1 /7
Uw = / U(t)dt,= 0.044m/s. (4)
T Jo

These are approximate values and, in particular, from the data we are only able to determine the
distance that the upper eyelid had moved (i.e. Lo, — L) rather than L,, and L independently.?

3 Mathematical model for the evolution of the tear film

In this paper we are primarily interested in assessing whether the Marangoni traction exerted by
the polar lipid can result in the upward movement of the tear film shown in Figure 1. The liquid of
the tear film is constrained to lie on the surface of the eyeball and between the eyelids. We assume
that the tear film thickness is always thinner than its length?, and we will exploit the slenderness
of the geometry in order to simplify the problem, see Figure 3. We neglect the presence of the
non-polar lipid.

We treat the aqueous and mucus layers as one continuous layer of a Newtonian liquid. The
eyeball will be assumed to remain stationary during the blink. Owur starting point is the two-

20f course, another choice for the distance between the eyelids when open would have resulted in a different value
for L.;. We proceed on the assumption that this will not significantly alter our results, and that, in future, a more
complete data set may become available.

3We note that this may not be true when the eyelids are very close together, but we proceed anyway.
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Figure 3: Schematic of the tear film problem. The shaded layer on the tear film surface indicates
the insoluble lipid.

dimensional Navier-Stokes equations [22],
V-u=0, (5a)

p(u + (u-V)u) = —Vp + uVu — pgi, (5b)

where, in Cartesian coordinates, the fluid velocity is given by u = (u(x, y,t), v(z,y,t)), with pressure
p, density p, viscosity u and gravity g (acting in the —i direction). These equations represent
conservation of mass and momentum, respectively.

The radius of curvature of the eyeball is similar to the distance between the eyelids when the
eye is open, and so, strictly speaking, we should work in curvilinear coordinates and consider the
effect of the (constant) curvature of the eyeball on the evolution of the film. However, to focus the
influences of the forces, we neglect geometrical effects, by assuming that the eyeball surface is flat.
The corneal epithelium is assumed to be a flat impermeable solid surface, and so we assume no slip
and no flux conditions, given by the boundary conditions

u=0, v =0, at y = 0. (6a)
The motion of the tear film free-surface, y = h(z,t), is given by the kinematic boundary condition,
v =hy +uhy — E\/1+ h2, at y = h, (6b)

where F is the mass transfer through the surface due to evaporation. We denote the stress in the
fluid by 7 = —pl + p [Vu + VuT} and let n be the unit normal to the surface and t be the unit
tangent. At the air-liquid interface, the normal stress is balanced by the surface tension,

n-(7-n) ="k, (6c)

where k is curvature of the interface and 7 is the surface tension (which depends on the local
concentration of the lipid). Similarly, the tangential stress is balanced by the surface tension

gradient (or Marangoni stress)
t‘(T'n):t‘Vs’% (Gd)



where V; is the surface gradient.
For the free surface y = h(x,t) these stress balances reduce to

v +'Uza:h2 —h/m(u +Um) h
_ 9 Y x Yy — Txr
2(vy — uz)h 1—h2 .
i (vy = ug)he + (uy + ve)( ) _ 7. (7b)

L+ R V1+h2

where pg is the atmospheric pressure.

We assume that the polar lipid layer acts like an insoluble surfactant, that is, it is present only
on the film surface and absent in the bulk of the liquid. The dynamics of such a species is driven
by surface convection and diffusion as described in the mass transport equation (see [24])

2
Iy + (;Z(USF) - Dsgsl; + ku, ' =0, ()
where us = u - t\y:h(x,t) and u, = u- n\y:h(xyt) are the surface velocity and velocity normal to the
surface, Dy is the surface diffusion coefficient and we have written out the derivatives with respect
to arc length to avoid confusion with the use of subscript s to denote the surface velocity.

In order to complete the model we have to relate the surface tension of the liquid to the
concentration of the lipid. We assume that the lipid is present in dilute concentration, which allows
us to adopt a linearised version of the model derived by Burdon [6],

¥ = Y% — RTT, (9)

where R is the universal gas constant R = 8.31 J/mol K and T'(~ 310 K) is the absolute tempera-
ture. This model was also employed by Berger and Corrsin [2].

3.1 Boundary conditions at eyelids

The meibomian glands are situated at the division between the hydrophilic and hydrophobic region
of the lid margins, known as the muco-cutaneous junction. The aqueous component of the tear
liquid cannot pass onto the hydrophobic cells and the liquid becomes pinned along this line, where
the fluid film is able to assume any contact angle. Hence we prescribe the height of the tear film
at either end of the region,

h(0,t) = h(L,t) = h™. (10)

We assume that no liquid escapes under the lower eyelid and we assume that the upper eyelid
delivers a flux @ of liquid into the tear film as the eye opens. The simplest assumption for the flux
supplied by the upper eyelid is that the gap h; between the bottom of the eyelid and the eyeball is
fixed, giving Q = hyL. We proceed under this assumption, noting that we expect that, in practice,
the height of this gap will vary as the speed of the eyelid changes. Additionally, we suppose that
no lipid is supplied through either eyelid.

At the lower eyelid the boundary conditions read

u =0, us = 0, at x =0, (11)



where @ is the average velocity of the liquid in the tear film, while at the upper (moving) lid we
must impose

o\ . )
ﬂz(l—%)L, s =1L, at =L, (12)

where L is given by (3).

3.2 Initial conditions

We suppose that, initially, the eyelids are almost closed, with distance between them as determined
in section 2. Further, we suppose that the fluid layer has uniform thickness A* and that the amount
of lipid is known and evenly distributed with concentration I'*. Thus we write,

L=Ly, h=h*, T=I* at t=0. (13)

4 Nondimensionalisation

We assume that it is always true that the typical distance between the eyelids is much larger than
the height of the pinned meniscus, h* and that hA* is much larger than the thickness hg of the
majority of the film. We define an aspect ratio based on the thickness of the majority of the film,
€ = ho/Lop < 1. We anticipate that, because the film thickness near the eyelids is significantly
larger than in the majority of the film, there may be “boundary layers” close to the eyelids in which
different scalings may be more appropriate.

We proceed by nondimensionalising (3), (5a), (5b), (6b), (8) and (9) using the following scalings,

= Lopa!, y=eLopy, L=L,L, t= L(jp v,
u=Uu, v=€eUV, p=po+ #gegp’, h = eLoph/ (14)

I =I*T", E=EFE.

Since we assume that the concentration of lipid is small, variations in v are assumed to be small,
i.e. gradients are given by v, = RTT, but the concentration is approximated by ~ ~ ~y5. We note
that we have not yet specified the velocity scaling U that we wish to employ: we do this later in
section 4.1.

Immediately dropping the primes, the nondimensional model reads

Uz +vy = 0, (15a)
Re (ug + uug +vuy) = — pr — St + Eugy + Uy, (15b)
¢'Re (ve +uvy +vvy) = —py+ Mgr + 627)yy, (15¢)

where Re = pU L),/ is the Reynolds number, and the scaled Stokes number is St = nggpe2 /uU.
The boundary conditions at y = h(x,t) become,

1
v = hy +uhy — (1 + €*h2)2 EvE, (16a)



3 2, 12 2
€ 3 B o Uy + €*uzhy — hy (uy+e vm)
— — e’Mal _— | = — 2 16b
<Ca € a ) ((1+€2h%)3/2> p+ € 1+62h:2£ ) ( 6 )

Maly _ 2e(vy — ua)ha + (uy + *va) (1 = €h7) (16¢)
(1+e2h2)> 1+ 2h2 ’ c

where Ev = Ey/eU is the evaporation constant, Ca = ulU /v is the capillary number and Ma =
RTT*/pU is the Marangoni number.
The equation for the lipid concentration (8) becomes

| . 9T hay (v —uhy)
6 pr—y

l
(14 €h2)2 Ty + (usD), — —— .
Pe (1 + €2h2)2 (14 €2h2)2

(17)

where the surface Peclet number is Pe = UL,,/D;. The nondimensionalised boundary conditions

read
U

where H = h*/(eLop), H; = hi/(eLop) and L is given by the nondimensionalised version of (3),

namely
2
L(t)=6+U*r" (—% [Tt*} + A ferf( :*) — :*6_'5/7*]> ) (19)

where § = L /Loy, U* = Uy /U, 7" = T7U/ Ly, and the initial conditions are given by

us =0, h="MH, at =0, (18a)

0,
Z) us = L, h=H a =1L, (18b)

L=6 h=H, T=1 at t=0. (20)

4.1 Parameter values

We use the following values (Jones et al: [11], Tiffany et al[25])
p o~ 1.3x107% Ns/m?,  p ~ 1.0x10° kg/m®, v =~ 4.5x107% N/m, (21)
and we further assume that
Lop=0.0lm,  hg=10""m, A" =10"°m (22)

We do not have data on the size of I'* but by analogy with other problems involving surface
tension gradients (see, for example, Figure 5 in Breward et al[5]), we expect RTT* to be around
1073 N/m or smaller which gives

I ~ 4 x 107" mol /m? (23)

In determining the evaporation rate, we follow the same argument set out by Braun and Fitt [3]
and Jones et al[11]. They both assume that the relationship between the rate of evaporative mass
flux and the difference between the film surface temperature, 7" and the saturation temperature
of the vapour T, is linear, thus F oc T — T4, where, since the film is very thin, 7' &~ constant,
equal to the ocular surface temperature. The average rate of evaporation in normal eyes is given



as 1.5 x 107%kg /m?s (Mathers [18]). Our Ej is a mass transfer coefficient, so we must divide
the Mathers figure by the density of the liquid, yielding Ey = 1.5 x 1078, The work by Mishima
[20] estimates that evaporation causes the thickness to decrease by approximately 40 per cent
after several minutes, suggesting that evaporation has a negligible effect on the time scale we are
considering.
The surface diffusivity Dy for ocular lipids is unknown and we employ the estimate made by
Sakata and Berg [23],
D, ~ 3x10%m?/s. (24)

There are various options for our choice of velocity scale. For example, we could use the velocity
Up from the formula for L, or we could use the average velocity during the opening phase, or we
could pick one of the intrinsic velocity scales in the problem (determined by setting one of the
dimensionless groups to unity). We choose to use the average velocity, Uy, = 0.044m/s which is
appropriate for the blink, but will be higher than the intrinsic velocity induced by Marangoni effects
after the upper eyelid has stopped moving. A consequence of this choice of velocity scale is that
the capillary number is smaller than we would have anticipated. The dimensional parameter h; is
the distance between the bottom surface of the upper eyelid and the eyeball surface. In keeping
with papers such as Maki et al[13], we suppose that this thickness is of the order of 3um.

Using these parameters, we determine that

e=10"3, St=17x10"2, Re=3.38x10%, Ca=1.27x1073,
Ma =17.5, Ev=3.4x10"% Pe=1.5x 104, H = 100, H; =0.3. (25)
It is clear from the size of €’Re that inertia may be neglected, from the size of Pe that surface
diffusion may be neglected, and from the size of Ev that evaporation can be neglected. Further,
despite the evidence in Jones et al[11] that one should account for liquid flow under the eyelid,
we choose to neglect the effect, based on the size of H;/H; this giving us the worst possible case
where no liquid is supplied to the tear film from under the upper eyelid. Since the focus of our
investigation is how the presence of the polar lipid layer alters the behaviour of the tear film,
we choose to retain both the capillary term €3/Ca and the Marangoni term eMa, as well as the
gravitational term. Retaining the capillary term might look dubious, given its size, but remember
that, for small times, the film thickness is large, and also the horizontal distance is small, and
we expect this term to have a significant influence on the film’s evolution. We write C = €3/Ca,
B = St/C (the Bond number) and M = eMa.

We substitute perturbation expansions for our dependent variables in terms of powers of €, and
formulate the leading-order problem. The pressure is found to be constant across the film and,
from (16b) the pressure gradient is found to be

Consequently from (15¢) the liquid velocity is given by

2
u = —C (hags — B) <y2 - hy> — MT,y, (27a)
and thus the average velocity, @ is given by
U = 1Ch* (hype — B) — sMT4h, (27b)

10



and the surface velocity at y = h is
us = 3Ch* (hgge — B) — MI;h. (27c)
Obtaining v by integrating (15a) and applying the kinematic boundary condition (16a) gives,
h¢ + (ah), = 0. (28)

While, neglecting both surface diffusion and evaporation for the reasons described earlier, (17)
becomes

T; + (usl), = 0. (29)

The nondimensionalised boundary conditions read

=0, us = 0, h="H, at =0, (30a)
u=1L, us = L, h="H, at  z =1L, (30b)

while the initial conditions are
L(0) =0, ['(z,0) =1, h(z,0) =H. (31)

In summary, our nondimensionalised model comprises two coupled nonlinear partial differential
equations for h and I" on 0 < z < L(t),

he + 3C (h* (hgae — B)), — s M (R*T2) . = 0, (32a)
Ty + 3C (h°T (haga — B)), — M (hITy), =0, (32b)

with
hpwe = B, r,=0, h="™H, on =0, (32¢)

6L 2L

hxwx =B + 077_{2, FCIS == m, h = H, on T = L(t), (32d)

and
L(0) = 6, [(z,0) =1, h(z,0) = H, (32e)

where we have used (27b) and (27c¢) to re-write (30a) and (30b) as boundary conditions for h and
T.

The coupled equations (32a), (32b) with boundary conditions (32cd) and initial conditions (32e)
along with the equation for the eyelid position (19) specify the complete model for the dynamics
of the thickness of the tear film and the concentration of lipid. In the sections that follow we
will examine the behaviour of the system and its dependence on the capillary and Marangoni
parameters.

In Section 5 we present results from a numerical solution of these equations, while in Section 6
we formulate an asymptotic solution to the problem for early time and then compare this with the
numerics. We keep in mind that our ultimate goal is to examine whether the Marangoni traction
exerted by non-uniform distribution of the lipid can cause the tear film to continue to move upwards
after the upper eyelid has stopped moving.

11
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Figure 4: Numerical solution of (32) showing h (top row) and I (bottom row) for the dynamics of
the early (left), intermediate (middle), and late (right) stages. The motion of the upper eyelid is
shown in the early plots only. System parameters were H = 100, C = 7.8 x 1077, B = 21, 800, and
M=18x10"2

5 Behaviours observed from numerical simulations

In order to obtain the parameter-dependence and general behaviours of system (32), we perform
numerical simulations of the system. We compute the solution to this problem using a second-order
accurate finite-difference scheme on a uniform spatial grid. For convenience we use a coordinate
transformation to map the moving boundary problem (32) to a problem on a fixed computational
domain (see appendix). Time-evolution is done in terms of an implicit backward Euler discretization
and a Newton-Raphson method is used to solve the resulting nonlinear equations.

Figure 4 shows profiles of the tear film thickness and the lipid concentration at different times
during the simulation. We observe that there are three distinct stages in the dynamics:

(a)

Early stage: (left-hand column of Figure 4) As the eye begins opening, the film thins with a

roughly parabolic profile whose minimum is steadily decreasing. The lipid evolves a minimum
in concentration which has a position which roughly corresponds with the minimum in film
thickness.

Intermediate stage: (central column of Figure 4) The minimum film thickness has reached

the capillary lengthscale and the fluid is collected in two quasi-steady menisci at the upper
and lower eyelids. A thin film of liquid evolves between the two menisci, which is thinner near
the upper eyelid than the lower one. The lipid becomes trapped in the two menisci, with a
small amount on the surface of the thin film.
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Figure 5: (Left) Comparison of tear film profiles produced by model (32a-e) with the influence of
lipid (solid curves), and by model (33) (dashed) with no lipid (dashed). The inset shows details of
the structure of the deposited thin film. (Right) Depth-averaged film velocity @ (27b) produced by
model (32a-e); the dashed envelope curve indicates the motion of the upper eyelid.

(c) Later stage: (right-hand column of Figure 4) After the upper eyelid has stopped moving the
thin tear film between the menisci continues to slowly evolve, as does the lipid concentration.
The concentration of lipid on the thin film is much lower than in the menisci, resulting in a
much higher local surface tension. The lipid can be seen to be spreading back onto the thin
film from both menisci, and, in this parameter regime, the concentration of lipid on the upper
meniscus is smaller than that on the lower meniscus.

The behaviours in stages (a,b) have been computed in previous studies of tear films where the
lipid component has been neglected, for example in [3]. Without lipid, (32) reduces to the simpler
model,
s 3L

ht+§c(h (h:mm_B)):B =0, h(O) = h(L) =H, hmzx(o) = B> hzx:}c(L) = B+07,H2 (33)
Note that the boundary condition hg., (L) is modified to satisfy the no-flux condition for this case.
Figure 5(left) shows the the dynamics of (33) qualitatively matches the structure of the solution
from the full system. However, careful examination of the thin film deposited on the eye (see inset)
shows that the solution with the lipid is always thicker than the corresponding pure liquid film.
This suggests that the presence of the lipid is beneficial in preventing extreme thinning of the film
which may lead to dry-eye. Film rupture instabilities (with A — 0 in finite time) observed in
previous studies [3, 26, 12, 11] for (33) have not been an issue in our study of (32).

A physical analogy can be drawn between stage (b) and the Landau-Levich problem (see, eg
[15]) for a solid plate being drawn out of a bath of viscous fluid [12, 26]. The classic result for the
drag-out problem is that the thickness of the film coating the plate scales with the capillary number
to the two-thirds, or h = O(C~%/3) in our notation. Figure 6 shows how the film thickness in the
middle of the domain scales with the capillary number. System (32) was solved with a range of C
values; the problem was also solved with B = 0, i.e. neglecting gravity, appropriate for a horizontal
eye orientation. It is interesting to note that the presence of gravity causes additional thinning and
drainage into the lower meniscus. These results are compared against computations from model
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Figure 6: Plot of the film thickness in the middle of the domain at ¢t = 2, hy,;q for (32) and (33) with
and without gravitational draining over a range of different values for the surface tension (inverse
capillary number C). The dotted line indicates the prediction of the behaviour of h,,;4 for the drag
out problem, namely C~%/3.

(33), without lipid. For larger values of C, the influence of the lipid appears negligible and the
Landau-Levich scaling is obtained. For smaller values of C (the regime appropriate to tear films)
the influence of lipids in increasing the film thickness becomes significant.

As noted above, when the surface of the eye is oriented vertically and the influence of gravity
is present then the film will be thinned by an additional draining component to the flow. In the
very early stages of the dynamics, this yields a local maximum of the film thickness and lipid
concentration near the lower eyelid, see Figure 4(left), but this is a very short-time transient
behaviour. The lasting influence of gravity is to create a stronger gradient of the thickness of the
deposited thin film, favoring the meniscus at the lower eyelid over that at the upper eyelid, see
Figures 4(right) and 5. A negative film velocity is required to do this, as seen in Figure 5(right).

The scaled Marangoni parameter M describes the coupling of the lipid concentration to the
film thickness; the associated behaviours are less straightforward. Formally, setting M = 0 in
(32a) yields the same PDE for h(x,t) as (33). However if the eyelid is moving, then the boundary
conditions for h are different. For M > 0, distributions of lipid as shown in Figure 4 generate
a gradient in the surface tension which promotes fluid flow from the menisci into the deposited
thin film. Hence decreasing M — 0 can be expected to reduce the thickness of the film; indeed
simulations show that a height profile similar to the one produced by (33) is obtained, as shown in
Figure 7(left). Yet, increasing M does not indefinitely increase the thickness of the central film;
observe the approximate saturation in maximum height in Figure 7(left). To understand this, we
turn to (32b) where M has the role of a diffusion coefficient controlling the rate of spreading of T".
If M is large then we expect I' to rapidly equilibrate to a uniform distribution and so we see that
increasing M decreases the variation in lipid concentration. A consequence of this is to reduce the
flux of fluid in equation (32a) into the central region. Figure 7(right) show the nearly constant
lipid profile at ¢ = 2 with large M and the formation of concentration plateaus at the menisci with
sharpening transition layers for M — 0. It also demonstrates that it is possible to get more lipid
on the upper meniscus than on the lower one, at least at this transient time. However, we note
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Figure 7: (left) Film height profiles at t = 2 for various M. Arrows indicate the trend for decreasing
M — 0. Dotted curve is the height profile from (33). (right) Corresponding lipid concentration
profiles.

that, while ', — 0 as M increases, the product MTI'; is not everywhere small, with the result that
the surface velocity does not vanish.

To describe transport in the late stage dynamics of the film, we reconsider the velocities (27b)
and (27c). We eliminate the competing draining due to gravity by setting B = 0 and plot the
depth-averaged and surface velocities in Figure 8, for ¢t = 1 (which is after the eyelid has stopped
moving). Our first observation is that the liquid is still moving despite the eyelids being fixed (and
recall that we have neglected fluid inertia). This motion is driven by the interplay between capillary
forces trying to drain the film into the menisci, and the Marangoni forces, trying to move liquid
from the upper menisci into the film.

Figure 8(top left) shows the surface velocity. The parameter values used in Figure 4 give the
bold curve. We see that there are regions where the fluid on the surface is moving up the eye,
for example, from the lower eyelid out into the film, and regions where the fluid on the surface is
moving down the eye, for example, from the upper meniscus into the film. Increasing the value
of the Marangoni number results in the region of the fluid surface where the velocity is positive
increasing in size, which tells us that the effect of the lipid is to drag the liquid up the eye. We
note the interesting behaviour that increasing the Marangoni number also results in a change in
the number of stagnation points on the surface, from three to one. Figure 8(top right) shows the
corresponding values of the average velocity. Here, with our baseline parameter values we see, as
expected, that the liquid is pulled out of the thin film and into both menisci (as a result of the
negative pressure in the menisci generated from their curvature). As the Marangoni number is
increased, the influence of the menisci decreases, and bulk fluid starts to be transported up the eye
too. We note the interesting behaviour that, as the Marangoni number increases, a region just below
the upper meniscus develops in which the fluid flows away from the meniscus. In Figure 8 (bottom
left) and Figure 8 (bottom right), we see how the limit M — 0 compares with the “M = 0" (no
lipid) case. We see that the average velocity appears to match well, but that the surface velocities
are different, as expected (recall that the boundary conditions on the surface velocity are different
in each case).

As suggested by Figure 5(left), the presence of lipid increases the thickness of the tear film.
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Figure 8: (Top row) The influence of increasing M on the surface velocity (left) and bulk velocity
(right) evaluated at ¢ = 1 relative to the simulations from Fig. 4 (bold curves). (Bottom row)

surface plots for surface and bulk velocities over a wider range of M compared to the no-lipid case
(33) (bold curves).
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Figure 9: Variation in time of the thickness of the tear film in the middle of the eye with increasing
Marangoni numbers.

In Figure 9, we investigate this further by showing the thickness of the midpoint of the tear film
for various values of the Marangoni parameter. We see that the film thickness increases as M
increases, suggesting that the lipid reduces the likelihood of film rupture.

In this section we have looked at the evolution of the tear film and shown that the presence of the
lipid layer causes an upward motion of the free-surface of the liquid layer. During the initial stages
of opening, the film thickness appears to be roughly parabolic. In the next section we examine the
initial stages of the evolution asymptotically.

6 Asymptotic behaviour of the solution

At the start of the blink, the eyelids are close together and the film thickness is everywhere large.
We examine this behaviour by setting

h=Mh, a=06z, L=6L, T =TI, t=1 (34)

with L(0) = 1, which results in the following set of equations

[;+ 35C (BT (hazz — B)), — M (hITz)_ =0, (35b)
with boundary conditions at = 0:
Bjjj; = B, Fj = 0, ]TL = ]., (35C)
and at 7 = L(#): B B
_ 6 dL _ 2 dL -
hiii‘:B —~ 370 Pizii—a h:17 d
+ C dt M dt (35d)
and initial conditions at t = 0: B
h=1, =1, (35e)
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where 5 53
CH MH B
C=— M="— B=—.
647 62’ H
Using the same parameter values as before yields C ~ 490, Ml ~ 44, and B ~ 1.7.
We take B = O(1) and consider two asymptotic regimes in the following subsections: (i) with

C = O(M) and both being > O(1), and (ii) with C > M and M = O(1).

(36)

6.1 C,M> O(1)

We let x = M/C be fixed and take the limit C — oco. Our small parameter is C~! and we seek
expansions of the dependent variables of the form h = hg + C 'h; + O(C™2), T =Ty + C~'I'; +
O(C~2). The leading-order problem becomes:

(%Bg(EOEif - B) - %XB(Q)I;O@)Q—c =0, (37a)
(3h8T0(hozzz — B) — xholol'oz) . =0, (37b)
with boundary conditions
ho =1, hozzz = B, Loz = 0, at =0, (37c)
ho =1, hozzz = B, Toz =0, at z=1L. (37d)

We integrate (37a) and (37b), apply the boundary conditions and rearrange to find that
hozzz =B,  Toz = 0. (38)
Thus hg has the solution

., i
ho(z,t) = 1 — 6n(1 —n) (1 - }> + @n(l -n)(1-2n), n= 0

L 12 (39)

where we have appealed to global conservation of mass in order to determine one of the constants
of integration. Equation (38) also dictates that I'g is a function of time only. In order to determine
Iy we use the global conservation of lipid, yielding

Po(f) = — (40)

A (2)

This result effectively gives us I'g(#) as the mean lipid concentration over the domain. To obtain
information about the spatial structure of the lipid concentration we proceed to the next order in
the expansion:

hot + ($h§hizzz — %xﬁgfm)j =0, (41a)
Loz + (3hL0hizzz — xholol'1z),, = O, (41Db)
with boundary conditions
h1=0,  hizzz =0, Tiz=0, at z=0, (41c)
- dL 2dL _

[z = at  z=L. (41d)

X dt’
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Figure 10: Comparison of the asymptotic model from section 6.1 (dotted) with the numerical
solution from Fig. 4 (solid curves): (left) excellent agreement of the height profiles with (39),
(right) reasonable qualitative correspondence for the lipid concentration.

We integrate these equations and apply the boundary conditions at £ = 0 to find that

/0 " horda’ + Yhidhuase — LxRalws = 0, (42a)
7T or + $hiToh1zzz — xhoLoT'1z = 0. (42b)
We then rearrange to get differential equations for h; and I'y, which read
Pizzz = _}%:El_;cjé - illg /Of Bofdf/a (43a)
s = _X:;”E‘;f - Xig /0 "o di (43D)

These are two decoupled boundary value problems (ODEs in Z) for hiand Ty on 0<Z < L; they
depend only parametrically on ¢. Integrating them numerically is straightforward and the solutions
can be obtained via shooting to satisfy the conditions

L L
h1(0) = h1(L) =0, / hidz = 0, / ' dz =0. (44)
0 0

Note that all terms on the right hand sides of (43) are proportional to dL/dt, so these corrections
are strictly due to the motion of the eyelid (when motion stops, these become zero). In Figure 10
we compare solutions to the asymptotic problem with those calculated numerically for the full
problem. We can see that the agreement between the two is excellent for the film thickness, but
that the agreement is less good for the lipid concentrations, which deviate even for short times.

6.2 C>M

Motivated by the need to get a more accurate description of the lipid concentration we consider
a different limiting approximation, where we assume that C > M. Again, taking C — oo and
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Figure 11: Comparison of the asymptotic model from section 6.2 (dotted) with the numerical
solution from Fig. 4 (solid curves): far better agreement is observed than in Fig. 10.

expanding our dependent variables in powers of C™!, i.e. h = hg+ C7'hy +O(C™ %), T =Ty +
O(C™'). We find, at leading order, that
hozzz = B, (45)

which has the solution given by (39).
The next-order corrections to the two field equations and boundary conditions read

hot + % (hihizaz),, — sM (RgToz) , = 0, (46a)
fof + % (ng\oﬁljjj)f - M (EOFOFOj)i =0, (46Db)
hizzz = 0, Loz =0, hiy=0 at z=0, (46¢)
. dL . 2 dL . _
hizzz = 6&; Loz = M’ hy1 =0 at T=1L, (46d)

Integrating (46a) and applying the boundary conditions, we find that

L3 Fgas = AMA2Ts — / o A (47)
0

Subsequently by using (47) for hizzz, equation (46b) can be written as and (46b) reduces to

T

_ B Lo ("2
Loz — iM (hOFOFOx)j_?2)<hO/O h()td$/) =0. (48)

With hg(z,t) given by (39), equation (48) is a nonlinear convection-diffusion equation for ['g. If
needed, hi can then be found by solving (47). In Figure 11 we compare our new asymptotic
approximation for 'y with the same numerical solution as in Figure 10. We see that there is much
improved agreement between the asymptotic solution and the solution to the full problem and the

agreement is sustained for longer.
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Figure 12: The dependence of a measure of spatial variation in the lipid distribution vr as a function
of M at time ¢ = 0.15. The solid curve is from the numerical solution from Fig. 4, solid circles give
the asymptotic model from Sect. 6.1 and open circles give the model from Sect. 6.2.

In order to evaluate how the spatial variation of the lipid profile changes with Marangoni
parameter, we calculate

L(t)
vr = / 2 dz. (49)
0

Examining the value of this integral at a fixed time (¢ = 0.15) over a range of values for M allows us
to concisely compare the two asymptotic models with the full numerical simuation. The resulting
curves are shown in Figure 12. full problem, the closed circles correspond to the solution presented
in Section 6.1 while the open circles correspond to the solution presented in Section 6.2. We can
easily see from this curve that the spatial variation in the lipid profile decreases as the Marangoni
parameter increases, and that the second of these asymptotic solutions accurately captures the
behaviour of the numerical solution to the full PDE system. The figure shows convergence of the
asymptotic models in the limits of M — oo and Ml — 0 respectively as expected from Sects. 6.1
and 6.2.

The asymptotic solution breaks down when the minimum in h becomes zero (which, when
B = 0, occurs when L = 3 and = 1/2, see appendix). In order to advance our asymptotic solution
to later times, we must decompose the region into a thin film, a capillary static region, and a
transition region between the two. This asymptotic decomposition will form the basis of future
work.

7 Discussion and conclusion

In this paper we presented a mathematical model to describe the influence of lipid on the evolution
of a tear film. We assumed that the lipid could be described as an insoluble surfactant which locally
modified the surface tension. In the lubrication limit, our model reduced to a pair of coupled partial
differential equations for the evolution of the thickness of the tear film and the concentration of
the lipid. The key parameters in the model are the capillary number, the Bond number and the
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Marangoni number. We focus on the influence of the lipid on the evolution of the tear film by
varying the Marangoni number.

We were able to draw an analogy between the drainage of our tear film and the classical “drag
out” problem. In particular, we saw that the the film thickness follows the standard “capillary
number to the two-thirds” rule established for other thin film drainage problems. However, we
note that the operating regime for tear film drainage is away from this asymptotic limit of the
model [12].

In the absence of lipid we see that the tear film evolves in the same manner as described by
other authors, and that after the eyelid has stopped moving there is a small drainage flow which
moves liquid from the thin films into the menisci. However, in the absence of flow from under
the eyelids, our tear film does not “dry out”. With lipid present, the motion of the upper eyelid
generates a nonuniform concentration of lipid which generates a Marangoni stress on the air-liquid
interface and modifies the underlying flow. We find that surface velocity increases as the Marangoni
number increases, and thus that the presence of the lipid causes a flow that resists the drainage
caused by the curvature of the meniscus. The resulting tear films are thicker as a consequence. We
highlighted the interesting behaviour that increasing the Marangoni number alters the number of
stagnation points on the air-liquid interface. We will further investigate this phenomenon in future
work.

We examined the initial motion of the tear film using asymptotic methods, and solved the
resulting system of equations to find an approximation for the film shape and the lipid concentration.
In one asymptotic limit, these matched up well with the numerical solution of the full problem.
The agreement between the two solutions worsened as the minimum thickness of the film became
small: continuing this asymptotic approach will be future work.

In our model, we have see that reducing the Marangoni number decreases the tear film thickness
and reduces the surface velocity. We recall that the Marangoni number is directly proportional to
the initial concentration of lipid. Experimentalists concur that in dry eye sufferers the tear film
thickness is smaller and the spreading of the lipid layer is slower than compared with those with
normal eyes. We conclude that a reduction in the initial concentration of lipid generates flows
which are consistent with experimental observations of dry eye, and thus we speculate that dry eye
sufferers may have reduced (polar) lipid production.

However, in order to examine dry eye comprehensively, we need to return to the issue of evap-
oration, which crucially depends on the thickness of the nonpolar lipid layer (which provides a
barrier to evaporation). Nonpolar lipids are present in much larger quantities than the polar com-
ponent and reside as a contiguous layer above the aqueous interface. While the layer is small
when compared with the aqueous layer, the lines seen in Figure 1 are the edge of the nonpolar
lipid layer as it spreads (and experiments that look at lipid distribution only look at nonpolar
lipids). Preliminary work modelling the polar lipid suggests that it cannot support shear and acts
as an extensional layer. The resulting model comprises of four coupled nonlinear partial differential
equations describing the thickness of the aqueous layer, the thickness of the nonpolar lipid layer,
the velocity in the nonpolar lipid layer and the concentration of polar lipid. It is unclear from
experiments whether the nonpolar lipid layer has a sharp “front”, or whether the layer extends
all the way across the eye surface, but in places is thinner than the experimentalists can resolve
[1]. The boundary condition to be imposed at the advancing front of nonpolar lipid layer is crucial
to determining how and where the evaporation takes place following a blink, provides nontrivial
mathematical challenges, and is the subject of ongoing work.

22



Our ultimate goal is to produce a mathematical model for a blink which incorporates both types
of lipid, evaporation and the supply of water from under the lids, so that both aqueous-deficient
and evaporative dry eye can be examined.
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A Asymptotics of the basic moving boundary problem

Insights on numerical and analytical issues for the full tear film problem (32) can be gained by
considering the basic moving boundary problem for the thin film equation. Consider (33) in the
absence of the influences of the lipid and gravity, i.e. with B =0,
1028 3L
he + §C(h h’$$1‘)$ =0, h(07t) = h(L(t)vt) =H, hzzx(ovt) =0, hzzx(L(t>vt) = W’
(50)
with initial condition h(z,0) = H on 0 < 2 < L(0) at t = 0. As done in other studies [11, 12,
7, 13, 3, 4], for computations it is convenient to map the problem onto a fixed computational
domain using the change of variables © = L(t)n, with 0 < 7 < 1 and the normalized film thickness
h(z,t) = HH(n,t), yielding the governing equation
i 3
Hy — %TIHn + %(HSHnnn)n =0, (51a)

with boundary conditions

3L3L
H3C’
and initial condition H(n,0) =1 on 0 < n < 1. The statement of conservation of mass then takes
the form

H(O,t) = H(1,t) =1,  Hypp(0,8) =0,  Hppy(1,1) = (51b)

' L(0)
H(n,t)dn = —=. 52
| e o0 52)
It is helpful to multiply (51a) by L(t) to produce an equation in conservation-law form [10, 9]
H3C .
(LH), + (H [?)L?)Hannn - nL]) = 0; (53)

n

this form allows for numerical methods that are much more accurate in preserving the tear film
mass than for (51a). Factoring L out of the flux, we can write the problem as

(LH), + L (H [;HQHW — n} )n =0, (54a)

23



H(0,t)=H(1,t) =1 Hypyp(0,8) =0 Hyyp(1,t) = a, (54b)
where .
3L3L
H3C
The parameter « is like a Peclet number (a ratio of convective to diffusive transport speeds) allowing
us to compare the influences of the flow generated by the moving boundary vs. capillarity. Its value
is time-dependent, but during the opening of the eye, it will be positive and bounded proportional
to the maximum speed of the eyelid.

«

(55)

A.1 Case 1: Behaviour for a — 0

Consider the limit of small «; this is the case where surface tension is the dominant effect and
works to smooth out variations in the curvature. It is convenient to re-write (54a) as

(H3H,py)y + o [(LH); — L(nH),| =0 (56)

and expand the solution as a regular perturbation series, H ~ Hq+aH; +O(a?). At leading order
we get a quasi-static problem for Hy,

Hopn = 0, Hy(0) = Ho(1) =1, HUnrm(O) = HOnnn(l) =0 (57)

with the solution

where v(t) = L(0)/L(t) < 1, see Fig. 13. Equation (39), that played the key role of leading order
solution in both of the asymptotic models in section 6 (where a = O(1073)), is a generalization of
this solution. Requiring the film thickness predicted by (58) to remain positive gives an estimate of
the duration of the “early stage” (described at the beginning of section 5) as times 0 < ¢ < ¢ such
that L(t) < 3L(0). Figure 13 shows very good agreement with numerical computed profiles during
this regime. Profiles past the end of the early stage still show some resemblance to the positive
truncation of the parabolic profile (58); see the last dotted profile in Figure 13.

A.2 Case 2: Short-time behaviour for large «

For o — oo the film behaviour is primarily controlled by the motion of the moving eyelid. This
limit is a singular perturbation as the highest-order spatial derivative term in (54a) has a vanishing
coefficient. Moreover, from (54b) we expect formation of a boundary layer at the moving boundary,
as the gradients of the film thickness vary rapidly there. Away from a neighborhood of n = 1, the
singular term can be neglected to leading order, yielding the problem

(LHy); — L(nHo), = 0. (59)

Solving via the method of characteristics yields Ho(n,t) = H(L(t)n), i.e. a steady solution for h(x).
In fact by the initial conditions, Hy = 1, uniform constant for 0 < n < 1. This state is maintained
until the influence of the moving eyelid propagates into the film from n = 1. We will not pursue
the full matched asymptotic analysis of this behaviour; instead we will describe how the short-time
dynamics can be approximated by a self-similar solution.
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Figure 13: Numerically calculated solution profiles for (54ab) with H3C = 1000 and L(t) = €' at
times t = 0,0.2,0.4,--- (solid curves) and predicted profiles given by (58) (dotted). The vertical
line at x = 3 indicates the end of the predicted “early stage” regime.

In this limit for short times, ¢ — 0, consider the general form for the boundary motion, L(t) ~
Lo + Lit? with 8 > 1. We write the solution of (54a) as

H(n,t) =1+0¢(n,t), o<1, (60)

where from the initial conditions, ¢(n,0) = 0. For ¢t — 0, using L ~ Ly, L~ ﬂthﬁfl, the linearized
problem for ¢ is

ﬁthﬁ_l 1 ~5L1 _
- Tﬁﬁ% + 5¢nnnn =0, ¢(1) =0, ¢777777(1) = aTUtﬁ 1: (61)

o

where & = 3L3/(H3C). Neglecting higher order terms as ¢t — 0, this problem has an asymptotic
similarity solution of the form

d(n,t) =t""M9(0),  ¢=(m-1),(a/t)"* (62)
where ¢(() satisfies
dg  d*
(ﬁ—}l)g—ingrdCﬂzo (63a)
9o = =00 =0 gO=0  ¢"0)=a (63b)

The similarity function ¢g(¢) can be obtained numerical via a two-parameter shooting search. Cal-
culation of the similarity solution can be obtained via a 2-parameter shooting search. Figure 14
shows good quantitative agreement with the similarity solution during the beginning of the motion
of the upper eyelid.
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