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Abstract

Advances in machine learning have had, and continue to have, a profound effect
on scientific research and industrial activities. We are able to uncover insights
contained within large troves of data and develop models to solve problems that
seemed infeasible until recently. Before we can train a model, we have to define
high-level properties, also known as the model’s hyperparameters. Examples include
the architecture of a neural network, the class and parameters of a stochastic
optimisation algorithm, the number of trees in a random forest or the kernel in a
Gaussian process. One of the key challenges in developing good machine learning
models is choosing good values for these hyperparameters.

Evaluating the quality of a set of hyperparameters is usually computationally
costly, as it requires us to first train a model specified by the hyperparameters
before we can evaluate a score. The computational costs of scoring a configuration
means that we want to perform this hyperparameter search with as few trials
as possible. Bayesian optimisation (BO) is a general-purpose efficient global
optimisation technique that has proven to be remarkably effective for many expensive
optimisation tasks, including hyperparameter tuning. This thesis brings together
multiple contributions aimed at making BO more practically applicable, focussing
on uncertain-input measurements as well as model hyperparameter tuning.

The case of data with input noise is relevant when we are modelling (or
finding extremal values of) a quantity defined on a spatial grid. We undertake a
comparative study evaluating existing uncertain-input GP methods, and develop
a novel approach based on the unscented transform that outperforms existing
uncertain-input methods.

We then address the question of parallelising BO to make optimal use of available
computing resources. We develop a novel class of methods for asynchronous parallel
BO, and demonstrate empirically the benefits of our approach, as well as more
generally showing the advantages of asynchronous over synchronous BO.

Finally, we propose a new framework for dealing with a mixture of categorical
and continuous hyperparameters. With few exceptions, model hyperparameters
consist of both categorical and continuous variables, but BO approaches have mainly
focussed on continuous search spaces. We present a novel framework that combines
multi-armed bandits with continuous BO methods and leverages each of their
strengths to achieve state-of-the-art performance on real-world optimisation tasks.
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1.1 Introduction

Advances in artificial intelligence and machine learning (ML) have had, and continue
to have, a profound effect on scientific research and industrial activities. With the
advent of ever-increasing volumes of data and cheap computational resources, ML
is enabling us to uncover insights contained within large troves of data and develop
models to solve difficult problems that were infeasible until recently.

The effects of this interest in data-driven modelling and decision-making has
led to many exciting developments in different areas of life and scientific research,
such as healthcare (Miotto et al., 2017; Ghassemi et al., 2018), genomics (Libbrecht
and Noble, 2015), natural language processing (Deng and Liu, 2018), autonomous
vehicles (Gonzdlez et al., 2015), manufacturing (Wuest et al., 2016), drug discovery

(Lavecchia, 2015), and many more.
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With very few exceptions, ML models are accompanied by hyperparameters
that define higher-order concepts of the model, such as the model class or structure.
Before a model can be trained, the values of these hyperparameters must be
selected. These hyperparameters can take many different forms, such as defining the
architecture of a neural network (numbers of units, types of activation functions),
optimiser choices (Adam, AdaDelta, SGD), kernel hyperparameters in Gaussian
processes (GPs), regularisation parameters in support vector machines, etc. Selecting
these hyperparameters defines the model’s set of parameters (e.g. weights and biases
in a neural network) that are then often optimised via gradient-based optimisers.

We can summarise this optimisation of the hyperparameters in the following
concise problem statement:

x* = max f(x), (1.1)

xeX

where f : R? — R is the metric we wish to maximise (or minimise) to identify
the optimal model, and the hyperparameters are summarised in the d-dimensional
vector x in the bounded hyperparameter space X. For example, f(x) could be the
predictive log likelihood, the mean squared error or the classification accuracy of
a model, defined by hyperparameters x, evaluated on unseen data.

What makes these hyperparameter selections difficult is the fact that a single
model training procedure can take anywhere from seconds to multiple hours or days.
This duration depends on various factors such as the model class, the size of the
training data, the optimisation algorithm used etc., and generally the training time
increases as models become more complex or the data volumes increase. Completing
such a training run allows us then to compute the desired performance metric,
which estimates the quality of the selected hyperparameter values.

In practice, hyperparameter tuning is often performed manually by the model
developers. In such cases a practitioner relies on the intuitions developed from past
experience to be able to identify a good configuration of the hyperparameters. This

can be a frustrating exercise, and the space of hyperparameter configurations X
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is not guaranteed to be explored in a consistent manner, as there are often more
hyperparameters than can be visualised effectively by a practitioner.

Popular naive approaches for selecting model hyperparameters automatically,
such as grid-search, are likely to take too long, as we train a lot of models to
cover as many possible combinations of hyperparameters as we can (exponential
in d). It also stands to reason that evaluating many models with incrementally
differing hyperparameters is an inefficient approach to exploring the hyperparameter
space X, since we would reasonably expect models with similar hyperparameters to
perform similarly. This motivates the use of efficient global optimisation approaches
(Jones et al., 1998), that more effectively search the hyperparameter space X', while
taking as few samples of f as possible to minimise the time taken to arrive at the
best model configuration. One such optimisation method is Bayesian optimisation
(BO) (Shahriari et al., 2016).

BO was recently shown to be a powerful method for optimising ML model
hyperparameters in Snoek et al. (2012), and many further successes have been
recorded since. Arguably one of the most highly-publicised recent developments
in ML is AlphaGo, the agent developed by Google DeepMind that achieved
super-human ability at the board game Go (DeepMind, 2016). The developers
of AlphaGo also used BO to tune its hyperparameters to improve the agent in
self-play games (Chen et al., 2018).

The desire to capitalise on the wide-spread interest in ML methods has also lead
to the emergence of AutoML platforms (Quanming et al., 2018). The value in these
platforms lies in the fact that they enable non-experts to leverage ML methods to
tackle problems without needing a ML education. For such systems to work, they
need to include techniques that automate the steps of a data scientist’s modelling
process in order to create models with minimal human input. A key skill in such a
system is the ability to find optimal settings for model hyperparameters to solve
a user’s task. This is an expensive, and often black-box, optimisation task, which

is an application domain for which BO is particularly suitable.
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Published research in BO relies on empirically demonstrating the quality
of proposed algorithms, which is also reflected in the work presented in this
thesis. This is due to the fact that developing formal guarantees without making
significant assumptions, such as fixing the hyperparameters of the BO surrogate (see
Section 2.3), has proven to be a challenging task. In practice, the hyperparameters
of the BO surrogate are often optimised throughout the procedure, so guarantees
for fixed hyperparameters may not be relevant.

Taking this into account, we will evaluate the performance our methods on
synthetic problems widely-used in the BO literature, as well as on machine learning

hyperparameter tuning tasks, which are the primary motivator for this work.

1.2 Thesis outline and summary of contributions

Drawing our motivation from the breadth of applications of BO, this thesis brings
together multiple pieces of work addressing practical challenges related to BO, in
particular when considering noisy domains and hyperparameter optimisation.

In Chapter 2 we introduce relevant concepts of probability theory, GPs and
BO and bandit algorithms.

In Chapter 3 we investigate GP regression with input uncertainty. GPs are
the dominant surrogate model used in BO and by default only model uncertainty
on the observed function values. They do not consider input uncertainty in the
standard formulation. Being able to deal with input uncertainty is relevant to
situations where we are modelling (or finding extremal values of) a quantity over a
spatial grid, and where the positional data is derived from noisy methods such as
triangulation or GPS. We undertake a comparative study of existing uncertain-input
GP methods and the standard GP, and also develop a novel approach based on the
unscented transform. We find that a standard GP with a stationary kernel is able to
model input-corrupted data as well as, if not better than, existing GP variants that
explicitly incorporate input noise. Our method based on the unscented transform

outperforms existing uncertain-input GP methods, as well as the standard GP.
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We then proceed to discuss questions that arise when applying BO in practice.
In Chapter 4 we address a practical question of applying BO, while making optimal
use of parallel computing resources. Many parallel BO methods have been developed
recently, primarily driven by the success of BO for optimising ML hyperparameters.
These approaches predominantly consider synchronous evaluation of jobs, which
has disadvantage in terms of resource utilisation in cases for which the runtimes
of evaluations differ from each other. We make the case for asynchronous parallel
BO, and show the benefits of asynchronous over synchronous BO. We also propose
a novel method for asynchronous BO that outperforms existing synchronous and
asynchronous methods in terms of both optimisation runtime and sample efficiency.

The majority of BO research considers the optimisation of a black-box function
with a bounded continuous input space. This is a reasonable assumption for many
applications, but not for ML systems, where the parameter space is, almost without
exception, made up of both continuous and categorical variables. In Chapter 5 we
present a new approach for explicitly dealing with both categorical and continuous
variables by bringing together multi-armed bandits and continuous BO methods
for both sequential BO as well as batch evaluation.

Finally, in Chapter 6 we conclude the thesis and present possible future research

directions that relate to the work presented here.
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2.1 Bayesian probability theory

We begin our survey of background methods with the philosophy that underpins
all of the work in this thesis: Bayesian statistics. The theorem underpinning
Bayesian statistics is Bayes’ rule, which provides a framework for performing

inference about unobserved random variables and observed data. Assume A and
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B are two (discrete) random variables corresponding to two different events. The
joint probability of these two random variables can be decomposed using their

conditional distributions in two equivalent ways:
P(A,B) = P(A)P(B|A) = P(B)P(A|B), (2.1)

by using the sum and product rules of probability (Jaynes, 2003), as well as symmetry
P(A,B) = P(B, A). Rearranging Equation (2.1) gives us Bayes’ rule:

P(A|B)P(B)

P(BIA) = =5

(2.2)
The denominator can be expressed solely in terms of quantities in the numerator, i.e.
P(A) = ZP(A|B)P(B), (2.3)

B

so we can view this term as a normalising constant, ensuring that the resulting
distribution sums to one.
For continuous quantities, we define a probability density function, p(x), where

x 1s a continuous random variable:

b
Pla<z<b)= / p(z)dz, (2.4)

for which we also require:
p(z) =0, (2.5)
/OO p(z)dz = 1. (2.6)

This allows us to use Bayes’ rule to perform inference on continuous spaces, such
as selecting model parameters, which is a key objective in our work.

A Bayesian approach to inferring a model’s parameters proceeds as follows.
Consider a model class M with parameters 6, as well as observed data D. Applying

Bayes’ rule to this scenario, we can write

p(D|0, M)p(6| M)

e N T(ARY)

(2.7)

Let us discuss each term in turn. Before we have observed any data, the model

class allows us to define the list of parameters and their likely ranges, e.g. from
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past experience on similar types of problems or by engaging a domain expert for
advice. This is summarised in the prior distribution p(8|M), as it encodes all
of our beliefs prior to observing any data.

The second term in the numerator, p(D|0, M), can have two different meanings
depending on the context. In the case where we have not yet observed any data,
we can sample from this distribution to generate data for different values of 6.
Once we’ve observed data, we consider the data fixed and this term is considered
the likelihood of the parameters. In this case, the likelihood is a function of
the parameters € and represents how well different parameter choices explain
the observed data.

The denominator, p(D|M), is called the marginal likelihood or model evidence

and is defined as
p(DIM) = [ p(DIo, M)p(6M)0. (2.8

The model evidence can also be used as measure of how well the model class M is
suited to the modelling question. Comparing the model evidences for different model
classes allows us to perform model selection by evaluating p(D|M;), p(D|Ma), . ..
for model classes M7, Ms, ... and choosing the best one.

The left-hand side, p(6|D, M), is our posterior distribution over the parameters
6, which updates our prior (expert) knowledge with the observed data.

Moments of distributions

Two properties of probability distributions that we will make use of in this thesis
are the mean and the covariance. They are also referred to as the first and second
moment of a distribution respectively.

For a probability distribution p(a) for a vector-valued random variable a the

mean is defined as

Ela] = /ap(a)da, (2.9)

and the covariance is

Cla]=E [(a — Ela])(a — E[a])T] : (2.10)



2. Background 9

2.1.1 Parameter inference

In many cases, full Bayesian inference of a model’s parameters may not be possible,
as computing the posterior distribution may be too challenging. This could be
caused by posterior being analytically intractable or computationally too expensive
to compute accurately. Instead of performing exhaustive sampling over the domain
of 0, two simplifications are often used in practice. Mazimum likelihood estimation
(MLE) optimises the likelihood, or equivalently its logarithm, to find the mode
of the likelihood:

Ouie = arg max (logp(D|9,M)>. (2.11)

This approximates the posterior by placing all of the probability mass on the MLE
estimate éMLE. Since the logarithm is a monotonic transformation, the locations
of the extrema of p(.) and logp(.) are the same, and performing a log transform
may improve the numerical stability of such an optimisation.

The second option is mazimum a posteriori (MAP), where the (optionally

log-transformed) joint distribution is optimised:
Oriap = arg max <logp(D]9, M) + logp(H\J\/l)). (2.12)

MAP inference is widely utilised, as it allows us to incorporate the prior into
the parameter selection, while also leveraging popular gradient-based methods

in the optimisation.

2.1.2 Priors

A key ingredient of the Bayesian approach is the choice of prior distribution p(6|M).
This distribution encodes our knowledge about the domain we are reasoning about,
so it should be chosen carefully. As a general rule, in the small-data domain that
we are investigating in this thesis, it is always preferable to provide as much useful
information to the inference as possible. On the opposite end of the spectrum, if
we know little about the application domain, we should take care to define priors

that do not inadvertently mislead the model. This reliance on the prior is also the
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main criticism of Bayesian approaches, since different practitioners can arrive at
different results given the same data as a result of differing priors.

The prior choice can also be influenced by the mathematical form of the likelihood.
If we wish to arrive at an analytic posterior p(f|D, M), then we can adapt our
prior and likelihood by choosing a conjugate pair, which would result in a posterior
distribution of the same functional form as the prior. This also gives us the
functional form of the marginal likelihood p(D|M) for “free”, though the values of
its parameters may still be expensive to compute. Examples of conjugate pairs are a
Gaussian likelihood with a Gaussian prior, or Bernoulli likelihood with a Beta prior.

If we do not require a normalised posterior distribution, then we have more
flexibility with the choice of priors as we do not need to compute the denominator
in Equation (2.7). This situation is relevant to MLE and MAP inference, where
we are interested only in the location of the mode of the distribution, or if we
decide to use a sampling technique for unnormalised distributions, such as slice

sampling (Murray et al., 2010; Murray and Adams, 2010).

Informative and noninformative priors

Regardless of whether we use a conjugate prior or not, it is important to carefully
construct the prior, starting with deciding between using an informative or noninfor-
mative prior (Bishop, 2006). If we do not have a strong intuition about the quantity
we wish to perform inference about, but want to constrain the variable within a
range, then we can use a uniform prior over a bounded region, which assigns zero
probability mass outside the bounded region and equal probability to values within.
This allows us to “let the data speak for themselves” (Bishop, 2006).

If we have an intuition about the likely range for a scalar parameter ¢, which
could be derived from past experience or access to an expert, then we may decide to
use an informative prior. Examples include using a normal distribution (if § € R)
or gamma distribution (if § € R*). The spread of the prior distribution allows us
to encode the strength of our belief, as it affects how much data will be needed

to move away from the prior and accept an alternative hypothesis.
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Regularisation and priors

There exists an interesting link in the ML literature between priors and regularisation
that may help further develop an intuition of the effect of priors. Consider a
model f with parameters § being fit to data {x;,y;}¥, using a least squares loss
function. We can write the error as

= 3 (i) — ). (2.13)

=1

[\D\»—t

In order to ensure that the model does not overfit', we often add an additional

regularisation term to the loss (Bishop, 2006), e.g. ls-regularisation:

= > (F(xi0 ) +;||9||2. (2.14)

=1

l\D\»—l

Now consider the case where we are performing MAP optimisation to find a
model’s optimal parameters 6 by using a Gaussian likelihood N (v;; f(x;,0), 0?)
and a Gaussian prior N (6;0,1):

p(6]D; M) o< p(D|8, M)p(0|M) (2.15)
= HN(%; f(x:,0),0*)N(0;0,1). (2.16)

Taking logarithms and collecting terms independent of 8 in C, we can write
log (p(0]D, M)) = ifj (f(xi y-)2 + 1Heu? +C (2.17)
2 — 'L? (2 2 . .

When we compare the terms in Equations (2.14) and (2.17), we see that lo-regularised
optimisation of the squared error is equivalent to MAP inference with a Gaussian
likelihood and Gaussian prior. There is a similar link between [;-regularisation
and the zero-mean Laplacian prior that can be used to enforce sparsity in 6. So
MAP estimation of € is equivalent to regularised minimisation of a training loss,
where the likelihood is matched with the loss function and the prior with the

regularisation term.

'We use the term “overfit” to refer loosely to the problem of the parameters being fit to
non-generalisable properties, such as the noise in the training data.
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2.2 Gaussian processes

Gaussian processes (GPs) (Rasmussen and Williams, 2006) are a class of models that
allow us to perform Bayesian inference over functions. We will focus our discussion
on GPs for regression, which is the most popular surrogate model used in BO.
A GP is defined as a collection of random variables, any finite number of which
have a joint Gaussian distribution (Rasmussen and Williams, 2006, Sec. 2.2). A

GP is fully specified by its mean function m(x) and covariance function k(x,x’):

f(x) ~ GP(m(x), k(x,x)), (2.18)

where
m(x) = E[f(x)], (2.19)
k(x,x') = E[f(x) — m(x)(f(x) —m(x'))]. (2.20)

Note that we are considering a scalar function f : R? — R here, as this is relevant
to the applications in this thesis. GPs defined over vector-valued outputs are
discussed in e.g. Journel and Huijbregts (1978).

The mean and covariance functions allow us to define prior beliefs about the
function f(x) that are then combined with observed data, resulting in a posterior
distribution over f. Note that the GP is a distribution over functions, analogous to
how the Gaussian distribution is a distribution for a random variable. Setting the
mean function to zero for notational simplicity, the joint distribution between the
function values at observed locations X and a new location x* can then be written as

[ F(X) ] NN(O’ [ KX, X) k(X x") ]) (2.21)
fx7) R, X)) k(x7,x7))

where k(X,X) is the matrix made up by evaluating the covariance function, or
kernel, on all pairs of input locations in the training data and k(X, x*) is the matrix
of kernel evaluations between the training data and the new location. The kernel
is a function k : X x X — R that defines the similarity of two locations X and

allows us to define descriptive concepts about the functions being modelled, such



2. Background 13

as smoothness, periodicity, stationarity etc. Many kernels have hyperparameters
that allow us to define these properties a priori, or alternatively learn them from
observed data. We will introduce some popular kernels in the following section.
Equation (2.21) describes the case where we have access to perfect realisations of
the function f at the input locations X, which is rarely the case. In most cases we
interact with f via a noisy observation process. This observation process is referred to
as the link function, and describes how our N observationsy = {1, ..., yn} at inputs
X = {x1,...,xn} relate to their respective true function values { f(x1),..., f(xn)}.
Assuming additive Gaussian noise on the observations, i.e. y = f(x) 4 ¢ with

e ~ N(0,02), the joint distribution becomes:

[ y ]NN<O’[I<:(X,X)+UZI k(X, x*) D (229
f(x") k(x*X)  k(x",xY))

Using standard results of Gaussian random variables (Rasmussen and Williams,
2006), we can write the distribution over the function values f(x*) conditioned

on the observations as

P(F) x5 X, y) ~ N(u<x*>, c<x*>), (2.23)
pw(x*) = k(x*, X)(k(X,X) + o21)" 'y, (2.24)

C(x*) = k(x*,x*) — k(x*, X)(k(X, X) + ¢21) 'k(X,x¥). (2.25)

Assuming additive Gaussian noise allows us to write the posterior in closed form,
but if the observation process is non-Gaussian, e.g. sigmoidal for classification, then
the posterior may not necessarily have a closed-form solution and would require
approximations or sampling (Rasmussen and Williams, 2006, Ch. 3).

Figure 2.1 demonstrates how a GP updates its beliefs as a result of observing
data. The prior in Figure 2.1a encodes the class of functions, before any data has
been observed. Conditioning on the observations has the effect of making certain
functions more probable than others, by “clamping” the posterior to the observed

values, which is reflected in the shape of the sampled functions in Figure 2.1b.
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(a) Prior (b) Posterior

Figure 2.1: Sampled functions from a GP (a) before and (b) after conditioning on two
observations (red). After observing the data, the posterior is restricted to functions that
pass through (or close to) the observed data.

2.2.1 Covariance kernels

The covariance kernel is the key component that allows us to provide domain-specific
information to the GP, as it encodes the class of functions being modelled. It allows
us to encode higher-order properties about the function we are modelling, such
as smoothness, periodicity /seasonality, range of function values, etc. There are a
few kernels that are particularly popular, so we will discuss them here. We will
focus on stationary kernels, which are all parameterised by the distance between
input locations, and hence are invariant to translation in the input space. These
kernels make use of the Mahalanobis distance r (Mahalanobis, 1936), which for

two locations x and x’ is defined as
P =(x—-x) A (x—x), (2.26)

where A is a diagonal matrix with the squared lengthscale hyperparameters
[13,...,13] for each input dimension. If we assume that [; = [ for i = 1,...,d,
then A = [?] giving us an isotropic kernel. Kernels with unique values for each
dimension are also known as automatic relevance determination kernels (Rasmussen
and Williams, 2006, Ch. 4), as the lengthscales also simultaneously provide feature

relevance information.
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RBF kernel

The radial-basis-function (RBF, squared exponential, exponentiated quadratic,

Gaussian) kernel is by far the most popular kernel used in the GP literature.
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(e) 02 =05,1=0.7 (f) 02 =05,1=0.7

Figure 2.2: Kernel matrix k(X,X) (left) and sample functions (right) drawn from RBF
kernels with different lengthscales on an equally-spaced grid X € [0, 1]. As the lengthscale
increases, the variability of the functions reduces and more long-term trends are sampled.
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It is defined as
/ 2 1 2
kg (x,X") = 0% exp <—§7‘ > . (2.27)

When we use the RBF kernel, we are asserting that f is a smooth, infinitely-
differentiable function. This is rarely accurate in cases where f is a real-world

phenomenon, but despite that the RBF remains the default kernel for many users.

0 1
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(a) 02 =0.1,1=10.3

0 1
0 1.0
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0.4
0.2
1 0.0

(c) 02=1.0,1=10.3 (d) 02 =1.0,1=0.3

Figure 2.3: Kernel matrix k(X,X) (left) and sample functions (right) drawn from RBF
kernels with different variances on an equally-spaced grid X € [0, 1]. Note the different
ranges of values between the two kernel matrices.

The RBF kernel in one dimension has two hyperparameters. The variance, o2,
controls the output scale of the function, and the lengthscale, [, controls the degree
of variability of the function across the input domain. Figure 2.2 shows how the
lengthscale of the RBF kernel leads to different types of functions by drawing samples
from the prior on a grid in the range [0, 1]. Figures 2.2a, 2.2c and 2.2e show the
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values of the kernel matrix k(X, X) for lengthscales | € {0.1,0.3,0.7} respectively.
We drew sample functions from each kernel and show them in Figures 2.2b, 2.2d
and 2.2f for the three lengthscales. Figure 2.3 similarly shows the effect of the
variance parameters o2 € {0.1,1}.

A high lengthscale leads to slowly-varying functions, as the kernel’s similarity
measure between points is larger (the diagonal in Figure 2.2e is much wider than
in Figure 2.2a). As the lengthscale decreases, the functions vary more in the same
input range. The effect of the variance parameter is straightforward, as it simply

scales the output value of the sampled functions.

Matérn kernel

Another popular class of kernels is the Matérn kernel. In addition to the lengthscale

and variance, the Matérn kernel also has a smoothness parameter v and is defined as

21—1/

(Varr) K, (Vaur), (2.28)

where K,(-) is a modified Bessel function of the second kind.
By choosing different values for v we can control the smoothness of the function:
v € {3/2,5/2} correspond to functions that are once- and twice-differentiable respec-

tively, and those variants are referred to as the Matérn-3/2 and Matérn-5/2 kernels:

ks (x,x') = 0% exp(—v/3r)(1 4+ V/3r), (2.29)
ks (x,x') = 0% exp(—v/5r) (1 + /51 + 27’2) : (2.30)

These kernels are often used to model physical phenomena, due to the limited
differentiability and smoothness properties of these kernels. These properties make
them a popular choice GP surrogates when used in the context of a Bayesian
optimisation surrogate (see Section 2.3).

Setting v = 1/2 results in the Ornstein-Uhlenbeck process (Uhlenbeck and
Ornstein, 1930) for d = 1

(x,x') = 0% exp(—7), (2.31)
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Figure 2.4 shows example functions drawn from the Matérn kernel for different
values of the smoothness parameter v. Note how, as v increases, the functions
become smoother. The Matérn kernel is often used when real-world phenomena
are being modelled, as its smoothness and finite differentiability more closely

model the data in question.

2.2.2 Inference of GP hyperparameters

The discussion until now focussed on GP inference with a known kernel, and hence
known hyperparameters. If enough information is known about the problem being
modelled, then the kernel parameters may be able to be defined a priori, but this
is rarely the case in practice. Particularly in the case of black-box optimisation,
where we might only know that the unknown function f is smooth. In such cases,
we can utilise Bayesian techniques to perform inference over the hyperparameters

6 by solving the following equation:

_ pyIX.00(6)
PO =0

Evaluating the term p(y|X) in order to perform full Bayesian inference is challenging,

(2.33)

as it involves integrating out the kernel hyperparameters

P(y1X) = [ ply|X. 0)p(6)ds. (2:34)

Finding a conjugate prior that would simplify computation of p(y|X) is also not
possible, due to the complex dependency of p(y|X,#) on the hyperparameters via
the inverse of the kernel matrix. We can instead focus on using the numerator to
find the optimal values for #, as the denominator is a fixed quantity independent of
the hyperparameters. Taking logarithms and focussing on terms that are dependent

on f, we can write

log p(f]y, X) o< log p(y|X, 0) + log p(f), (2.35)

where log p(y|X, 0) is referred to as the marginal (log) likelihood (Rasmussen and
Williams, 2006), and p(f) is the hyperparameter prior. The marginal likelihood
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is a Gaussian distribution in the observations y

L =logp(yl|X,¥0) (2.36)
1 + .4 1 n
=-3¥ K,y — 5 log | K| — §log 27, (2.37)

where K, = k(X, X) + 021 is the covariance matrix including the observation noise
process. In the presence of an uninformative prior, e.g. a uniform distribution for
p(0), finding the maximum of the marginal log likelihood is equivalent to finding
the MLE estimate of the hyperparameters. If we have an informative prior, then

we simply maximise the joint distribution to perform MAP inference:

Ore = arg max (log p(y|X., 0)), (2.38)
Oviap = arg max (10gp(y|X, 0) + 1ogp(9))- (2.39)
The maximisation of the MLE or MAP objectives is often performed using gradient-

based optimisers, which require the derivative of Equation (2.37) w.r.t. each

hyperparameter ¢; (Rasmussen and Williams, 2006, Equation 5.9):

9 1 oK. 1 oK
—1 X,0)=_—y' K1 YKy — —tr | K1 /Y 2.4
50, ogp(y|X.0) =3y K, o0, oY 2r< v 00j> (2.40)
1 T 1\ 9K,
_2tr<<aa - K, 5. ) (2.41)
where a = Ky,

2.3 Bayesian optimisation

When building machine learning systems, we invariably make choices about the
class of models being used as well as their hyperparameters, before providing data
to the models to train their parameters. We differentiate between parameters and
hyperparameters. We will use “parameters” to refer to variables such as weights
of neurons in neural networks, or the weights in linear or logistic regressors, and
“hyperparameters” to refer to higher-level decisions that affect the structure of the
model, such as the number of neurons and layers of a neural network, the number

of trees in a random forest or the choice of optimisation routine or preprocessing
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algorithms. In general we can view hyperparameters as choices that are made first,
as they define the parameter space of the model. For hyperparameter optimisation,

we are ultimately interested in the equation
x" = argmax f(x), (2.42)

where f : R — R is the performance metric that we wish to optimise and x
are the d hyperparameters.

While gradient-based local optimisation methods are often used for training
model parameters, hyperparameter optimisation is less amenable to such methods.
Gradient-based methods are suitable for functions that evaluate quickly, which
is rarely the case when we are evaluating a selection of hyperparameters, as we
need to train the model and then compute the score.

This motivates the use of efficient global optimisation techniques, that are also
efficient in the number of required samples, as this would allow us to identify an
optimum while minimising the number of training runs of the model. Bayesian
optimisation (BO) (Osborne et al., 2009; Brochu et al., 2010; Shahriari et al., 2016)
is one such efficient global optimisation technique.

Global optimisation tasks exist in many different areas of research and industry,
but BO has recently enjoyed particular success in the domain of machine learning
hyperparameter optimisation (Snoek et al., 2012; Swersky et al., 2013; Thornton
et al., 2013; Bergstra et al., 2013; Swersky et al., 2014; Gardner et al., 2014; Klein
et al., 2016). For example, BO found better hyperparameter settings for deep
convolutional neural networks evaluated on the CIFAR-10 (Krizhevsky, 2009) task
without data augmentation (Snoek et al., 2012; Domhan et al., 2015). It was
also used to select hyperparameters of Google Deepmind’s AlphaGo agent (Chen
et al., 2018). In such cases, the function f being sampled is the accuracy score
of a model, after training it on a (usually large) training set and then evaluating
the model performance on a held-out test set.

The BO algorithm, described in pseudocode in Algorithm 1, depends on two

components, a probabilistic surrogate model and an acquisition function. The
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surrogate is a regression model that combines our prior beliefs with the information
gained from observations of f. The acquisition function leverages this surrogate
model to select the configuration that will provide the most information about the
location of the optimum of f(x). It is therefore important to choose a surrogate
model, most often a GP, that is able to reason well about f, as well as selecting an
acquisition function that can identify a good sequence of experiments to perform.

It is important to note that, while (global) hyperparameter optimisation is a
challenging task, the task is made even more challenging if we optimising many
different hyperparameters (e.g. more than 10). Learning useful GP models using
the popular Matérn kernel, and many other stationary kernels, can be challenging
in a high-dimensional space. We present some approaches that were developed

to mitigate this weakness in Section 2.3.2.

Algorithm 1 Generic Bayesian optimisation algorithm

1: Input: A black-box function f, observation data Dy, acquisition function «,
budget T
Output: The best recommendation x*
fort=1,...,T do
Create surrogate model given current observations My;_1 = p(f|Ds—1)
Select the next best evaluation x, = arg maxy a(x|M;;_1)
Evaluate y; = f(x;)
Dy < Dyy U {Xs, yi}
end for
return x* corresponding to the best value in Dy

2.3.1 Acquisition functions

Having decided to use a GP as the surrogate, we need to choose the acquisition
function, a(x). The acquisition function scores each potential input location
and its maximum corresponds to the configuration that will provide the most

information about the optimum:
x; = arg max o(x|Dy ). (2.43)

There exist a number of different acquisition functions that are derived by minimising

the cumulative or simple regret, which (loosely defined) is a measure for how much
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worse the algorithm performs compared to the best possible outcome, or satisfy other
desirable properties. The key requirements for an acquisition function are that it
should be cheap to compute, and that it should balance exploration and exploitation.

The acquisition function needs to be cheap to compute, as it is optimised over the
search space of x. The acquisition function surface is often highly non-convex with
multiple local optima, so popular global optimisers for this task include DIRECT
(Jones et al., 1993) and multi-started gradient descent (GPyOpt authors, 2016).

Along with being cheap to compute, the acquisition function also needs to
identify configurations that provide information about the location of the optimum
over the course of the algorithm. This can be in the form of configurations that lie
close to a region we have identified as likely to contain the optimum (“exploitation”),
in order to refine our knowledge of f in that region. Alternatively, it could select
configurations that lie far away from existing data, in order to discover potentially
new fruitful regions in the search space (“exploration”).

Exploration and exploitation are useful, but fundamentally opposite behaviours,
so the task of balancing them falls to the acquisition function. In the best case,
we would expect a BO procedure to spend most of the early iterations exploring
the search space, and then gradually shifting to a more exploitative behaviour
as we approach the end of the optimisation algorithm. We now introduce some

popular acquisition functions below.

Probability of improvement

Arguably the earliest acquisition function is the probability of improvement (PI)
(Kushner, 1964)
() = (110 2 ) = & (21, .41
o(x)
where 7 is the current incumbent best function value and ® is the cumulative
standard Gaussian distribution. This acquisition function simply looks for values
that may have a larger value than the incumbent best with high probability,

regardless of how large the potential improvement may be. This may lead to
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locations that are highly likely to be slightly larger than the incumbent to be selected

over locations where the value is less certain, but potentially more favourable.

Expected improvement

Building on the formulation of PI, the expected improvement (EI) criterion (Jones

et al., 1998) takes into account the magnitude of the improvement as well as the cer-

tainty:
amr (% Dn) = E [max (f(x) = n) ; Dn] (2.45)
() - [T g (F) T
— o) =@ (PO oo (BT an

where ¢ is the standard Gaussian probability distribution. This is one of the most
popular acquisition functions, perhaps in part because it has no parameters that need
to be chosen by the user. The functional form of the EI acquisition function shows
how exploration and exploitation are balanced automatically. The first term scores
locations where the posterior mean is is more promising (exploitation of our current
knowledge) and the second term scores unexplored, uncertain areas (exploration). In
the early iterations of a BO procedure, the uncertainty (second term) will dominate
the acquisition function’s value, and lead to locations in unexplored regions being
selected. As more data is acquired, the function’s predicted value (first term)
becomes increasingly dominant, as the uncertainty across the search space decreases,
gradually shifting the selection towards a more exploitative behaviour.

Despite this balance of exploration and exploitation, it has been shown to weight
its selections more towards exploitation (Calandra et al., 2014). A recent adaptation
called ScaledEI (Noe and Husmeier, 2018) was developed that may discourage
this overly exploitative behaviour. The authors defined their acquisition function
to take into account both the expectation of the improvement (as in Equation
(2.46)) as well as the variance of the improvement, which encouraged areas of higher

uncertainty more than the standard EI formulation.
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Figure 2.5: PI, EI and LCB (k = 2) in action. Top: Surrogate and current data.
Bottom: Acquisition functions. Note how PI and EI choose a location quite close to the
data (exploitative) and LCB is more exploratory. The acquisition surfaces for PI and EI
are characteristically defined by flat regions, making them challenging to optimise.

Upper/Lower confidence bound

Cox and John (1992) introduced an acquisition function termed lower confidence

bound (LCB), which is defined as
arcs = u(x) + ko (x), (2.47)

where the parameter x controls affects how much the algorithm will explore vs
exploit. Higher values of k increase the effect of the posterior uncertainty, and
hence lead to more exploratory behaviour.

In the case of minimisation, the acquisition function is referred to as upper

confidence bound (UCB) and is defined as
aycs = p(x) — ko (x). (2.48)

An added benefit of using LCB is the fact that strong theoretical results regarding

convergence have been developed (Srinivas et al., 2010; De Freitas et al., 2012).
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Srinivas et al. (2010) showed that the convergence rate of BO is O (@) where
T is the number of samples, and the optimal convergence rate for fixed surrogate
hyperparameters is shown to be O(T~"/?), where v is the smoothness parameter
of the Matérn kernel (Bull, 2011).

Figure 2.5 shows the EI and LCB acquisition functions in practice. The top figure
shows the data and the surrogate, and the bottom plot shows the values of the two
acquisition functions across the search domain. The shape of EI in the figure is often
observed in practice, namely it is mostly flat across most of the search space with
one pronounced mode. This can be particularly challenging to optimise. The shape
of the LCB function is more smoothly varying across the domain, but also illustrates

the highly non-convex nature of the optimisation problem mentioned earlier.
Information-theoretic acquisition functions

In contrast to the methods introduced so far, information-theoretic acquisition
functions consider the posterior over the location of the optimum value p(x*|D).
Our belief over f in the form of the probabilistic surrogate model implicitly induces
this posterior over x*. Entropy search (Hennig and Schuler, 2012) selects locations
in order to minimise the entropy of the optimum’s posterior distribution. However,
this distribution p(x*|D) is not analytically tractable, so approximations must be
made. Extensions to this idea have been made by Herndndez-Lobato et al. (2014)
and Wang and Jegelka (2017), but in general, these methods are more challenging
to compute than the previously-mentioned alternatives, so EI and LCB remain

the default choice for acquisition functions.
Choosing the acquisition function

We have presented a number of different acquisition functions, but this raises the
question of how to choose the best acquisition function for a given task? This
remains an open question. The choice of acquisition function often depends on the
personal preference of a practitioner, or on properties of the shape of the acquisition
function that may make it a better fit for a certain application. We make one such

choice in our work in Chapter 4. We require a multi-modal acquisition function
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for the BO algorithm to identify a diverse set of configurations to test in parallel,
so we selected the UCB acquisition function.

Similarly, the choice of surrogate model, whether GP, Random forest, neural
network or a different class of models altogether, also falls to personal preferences
at this stage. Developing guidelines for when, given an optimisation task, certain
acquisition functions and surrogate models are more suitable than others is an
open question, but one with the potential for significant impact in this area of
research. The work by McLeod et al. (2018) touches upon this question indirectly

by developing an algorithm that chooses between BO and local optimisation.

2.3.2 Research trends

Having provided an overview of BO, we will now highlight some trends and open

questions in the research area.

Stopping criterion Our discussion so far has focussed on applying BO given
a fixed budget of T evaluations. Popular gradient-based local optimisation
algorithms that are used to optimise machine learning parameters often contain
early-stopping criteria, that interrupt the optimisation when no further benefit
is likely to be achieved by continuing the algorithm. Developing such a stopping
criterion for BO remains an open question, with some strides having been
made towards this goal by McLeod et al. (2018), where the authors propose a

criterion to switch from global BO to local gradient-based optimisation.

High-dimensional BO BO algorithms in most cases make use of a GP surrogate.
GPs have many properties that make them well-suited for this task, but
they often struggle in cases where the input dimensionality is high. The use
of the Mahalanobis distance in stationary kernels means GP surrogates are
particularly sensitive to the “curse of dimensionality”, which states that the
complexity of a search space, and hence also the distances therein, grows
exponentially as we increase the dimensionality. With larger distances between

points, this means that the kernel will struggle to learn useful relationships
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from the data and will therefore be less useful. Some recent approaches tackle
this problem using random embeddings (Wang et al., 2016) and searching
within a sampled low-dimensional space, learning additive structures of the
hyperparameters (Kandasamy et al., 2015; Gardner et al., 2017; Rolland et al.,
2018) to reduce the distances computed inside the kernel, or optimising subsets

of the parameter space (Li et al., 2018).

Non-myopic BO BO is a sequential, myopic optimisation algorithm. Maximising
the EI or PI criterion assumes that the current sample is the last one. Srinivas
et al. (2010) proposed a schedule for the tradeoff parameter in LCB that
reduces the contribution of the posterior variance as the algorithm progresses,
but in most practical applications, the LCB parameter is fixed to the same
value for all iterations. Using knowledge of the remaining budget when
selecting locations seems natural, as this would provide additional motivation
for exploratory or exploitative behaviour towards the beginning and end of
the BO algorithm respectively. Gonzalez et al. (2016) proposed a lookahead
BO procedure called GLASSES that considers not only the current iteration,
but extends the decision horizon beyond the myopic to consider “dozens of

future evaluations”.

Scaling BO to larger sample sizes BO is often applicable when the function
f is very expensive to compute, such that we do not expect large volumes
of data to be provided to the optimisation algorithm. This has meant that
much research effort has been focussed on the acquisition function and related
algorithmic concerns, while accepting the use of a GP surrogate. Using a GP
does however unnecessarily restrict the applicability of BO exclusively to the
small-data domain due to GP posterior inference scaling cubically with the
number of training points, unless we resort to approximations (Hensman et al.,
2013). There has been some work that explored the use of neural networks

as alternative surrogates (Snoek et al., 2015) and the more recent interest in
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Bayesian neural networks (Gal and Ghahramani, 2016) may provide fruitful

directions for research.

Multi-task BO In this thesis we are concerned with the optimisation of a single
objective function, f, but in other applications the objective may combine
multiple different cost functions together, e.g. if we wish to find a model
architecture that performs well on more than one task (Swersky et al., 2013).
The existence of multiple cost functions that may conflict with each other
turns the task from finding a single optimum location into one of discovery
of a Pareto front, which is the set of all Pareto optimal points (Paria et al.,

2018).

2.4 Multi-armed bandits

We now introduce another class of algorithms concerned with balancing exploration
and exploitation, which will be relevant to our discussion in Chapter 5: the multi-
armed bandit (MAB) (Robbins, 1952; Gittins and Jones, 1979; Berry and Fristedt,
1985). MABs are concerned with selecting a sequence of actions from a discrete
action space in order to maximise the cumulative reward, or equivalently to minimise
the cumulative regret 2. This differs from BO, which considers only the immediate
regret, as well as the fact that BO operates on a continuous space and MABs
on a discrete set of options.

MABSs can be thought of simulating a gambler’s decision-making process when
faced with a fruit machine with multiple levers. The gambler has to decide between
either learning about the different levers’ reward distributions or exploiting his
current knowledge of the value of the possible actions could be taken, with the
overall aim being maximising the total monetary reward at the end. This scenario is
applicable to a wide range of real-world problems, and has received a lot of attention

from the research community as a result. Successful industrial applications include

2We define “regret” to be the difference in utility between a selected action compared to the
best possible action that could have been selected in hindsight.
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online advertisements (Radlinski et al., 2008), crowd sourcing (Liu and Liu, 2015)
and dynamic pricing problems (Sauré and Zeevi, 2013; Badanidiyuru et al., 2013).

In the medical domain, MABs are a good fit for driving clinical trials, as the aims
of the algorithm, namely the exploration-exploitation tradeoff while maximising
the total number of successes along the way, align particularly well with those of
such medical trials (Chow and Chang, 2008; Gittins et al., 2011)

A MAB aims to maximise the cumulative reward over the course of T iterations,
in which we select one of K possible actions out of a pre-defined action space
A = {a1,...,ax} per iteration. When action a; is taken in iteration ¢, we
observe a reward r;; which is drawn from the action’s associated (unknown) reward
distribution R; € {R4,..., Rk}, parameterised by 6; € {6;,...,0x}. Observing
the reward allows us to update our beliefs about the action’s reward distribution,
which in turn informs our decisions in subsequent iterations.

Most MAB algorithms assume that the rewards for the different actions are
sampled independently and each action’s reward distribution has fixed parameters
(i.i.d.). This applies to the e-first, e-greedy (Watkins, 1989) and UCB (Auer
et al., 2002a) algorithms. Assuming i.i.d. rewards may not always be applicable
to typical real-world tasks, and a further class of MAB algorithms was developed
that relax the independence assumption by assuming instead that the rewards are
adversarial. One such algorithm is EXP3 (Auer et al., 2002b), which assumes that
the action-reward pairs have been fixed beforehand by an adversary. This can be
seen as solving a worst-case scenario, with the odds of success stacked against us.
In the sections below we introduce the MAB algorithms we mentioned relating
to i.i.d. and adversarial rewards. Further generalisations exist, for example the
reward distributions themselves may evolve over time, which is referred to as the
restless bandit problem, (Whittle, 1988). This could apply in applications for
managing financial portfolios or online advertisements. In other cases, we may
receive additional information or hints at each iteration, also called a context, which
may help us select the optimal action. Algorithms solving this class of problems

are known as contextual bandits (Abe et al., 2003).
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2.4.1 e-strategies

The simplest approach to solve the gambler’s dilemma is to use a greedy approach
(Algorithm 2). We first collect one reward from each arm by performing each action
in A once, which takes K iterations. Thereafter we select the action with the
highest sampled reward for the remainder of the budget. It is evident that this is
a highly exploitative algorithm, since the reward distributions are explored only
in the first K iterations. This initial exploration is insufficient, since we believe
that the rewards are not fixed, but rather they stem from unknown distributions.
One sample is not sufficient to give us meaningful information about the reward
distribution, which renders the greedy strategy suboptimal (Sutton et al., 1998;
Scott, 2010). The e-strategies, where 0 < € < 1, we discuss below improve upon the

greedy approach by introducing elements that allow for more exploration.

Algorithm 2 Greedy MAB

fort=1,...,K do
Perform action a; and note the reward r;.
end for
Identify action apest = a; where j = argmax;{ry,...,rx}.
fort=K+1,...,T do
Perform action apegt.
end for

e-first

The e-first strategy (Algorithm 3) extends the exploration phase of the greedy
strategy to €1 steps, and performs random selections in this period. Once the
exploration budget is exhausted, the remaining iterations perform the action with
the highest mean reward p;. One problem with this approach is that its performance
is likely to be poor in the exploration phase (Slivkins, 2019), as the first samples
are taken without any consideration of the rewards each action has received. Also,
it is likely to perform poorly if there is any drift in the reward distributions across

iterations, as learning only occurs at the start of the algorithm.
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Algorithm 3 e-first

1: fort=1,...,¢I do
2:  Select an action uniformly at random from A.
3: end for
4: Compute the mean rewards {1, ..., pux} for each action.
5: Identify action apest = a; where j = argmax;{p, ..., ux}.
6: fort =¢T,...,T do
7 Perform action apest.
8: end for
e-greedy

Rather than front-loading the exploration phase, the e-greedy strategy (Algorithm 4)
spreads out this behaviour more evenly across the iterations (Watkins, 1989). In
each round a uniformly-sampled random variable u decides between exploration
and exploitation. If u < e, then the MAB will perform an exploratory step by
selecting an action uniformly at random from the available actions A. Otherwise

the action that has the best average reward so far will be selected.

Algorithm 4 e-greedy

1: fort=1,....,T do
2:  Sample u uniformly in the range [0, 1].

3: if u < e then

4 Select an action uniformly at random from A.

5. else

6 Perform action with the highest average reward so far.
7. end if

8: end for

The e-greedy strategy has the benefit of guaranteeing that we try every action
as t — 0o, but this can simultaneously also be a disadvantage. Once the optimal
action is known, we should exclusively perform that action until we exhaust our
budget, as this would maximise the cumulative reward. The e-greedy strategy will
instead continue sampling the non-optimal action space with probability €. This
observation led to the development of e-decreasing strategies, that define a schedule
to reduce € as t increases (Auer et al., 2002a; Vermorel and Mohri, 2005). On the

other hand, if the reward distributions change over time, then the e-greedy strategy
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is able to capture this drift to a certain degree, as there is a finite chance that it will

take an action that differs from what is believed to be the optimal action at the time.

2.4.2 Upper confidence bound

Another class of MAB algorithms called upper confidence bounds (UCB) was
developed by Lai and Robbins (1985). The authors showed that asymptotically,
this strategy selects the best action (i.e. the action with the highest expected
reward) exponentially more often than the others. The UCB algorithm in Lai and
Robbins (1985) is difficult to compute, as it relies on the entire sequence of rewards
generated from every action up until now, so Auer et al. (2002a) introduced a
number of UCB-based strategies that were more scalable. The first one, called
UCBI, is widely-used and often simply referred to as UCB.

This algorithm’s approach can be summarised as “optimism in the face of
uncertainty”. Despite our limited knowledge, at each iteration we create optimistic
estimates of the probable payoff of the different actions and then pick the most
promising one. The UCBI strategy in Auer et al. (2002a) forms an upper confidence

uj; on the true expected reward for each of the actions, such that
Elr;] < 7;(t) + u;(t), (2.49)

where 7;(t) is the sample mean of the rewards of action a; up to iteration t. The

upper bound for each action is defined as

u;(t) = | ]2\5125 (2.50)

where () is the number of times action a; has been performed so far. From the

formulation of the upper bound, we can see that as we progress through time, the
upper bound inflates the score of an action if it hasn’t been chosen for some time
(increasing ¢ while N;(¢) remains constant). It also reduces the contribution of the
upper bound to the utility if an action it has been explored often (large N;(t)), so

the mean reward estimate 7;(¢f) dominates the score of the action.
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This means that if we decide to perform a low-reward action, we will be less
likely to repeat that action, the sample mean 7;(t) will be small and its upper
bound w;(t) will also decrease. Guessing correctly will make that action more
attractive by increasing 7;(¢). UCB additionally prevents good actions from being
penalised too harshly in case they performed badly early on, as the “optimism”
term wu;(t) will ensure that we get further chances to update the sample means

of less-explored actions.

2.4.3 EXP3

So far the MAB methods have assumed i.i.d. rewards. We now discuss EXP3 (Auer
et al., 2002b), which stands for “Exponential-weight algorithm for Exploration
and Exploitation”, and was developed to deal with the case where the rewards
are adversarial. We mentioned that UCB can be seen as “optimism in the face of
uncertainty”. EXP3 is quite the opposite: it assumes the rewards have been defined
adversarially, which is a more pessimistic world view. Real-world rewards rarely are
truly adversarial, but instead often lie somewhere in the middle of adversarial and
i.i.d. So a method developed to beat the worst-case adversarial setting will probably
do well in an easier setting, where the rewards are not adversarially selected.

The adversarial bandit problem differs from the i.i.d. case in that we assume
the problem is defined by the pair (A,r), where A is the action space with K
actions, and r is a pre-defined sequence of action-reward pairs for each time step:
r={r(1),...,r(T7)}, where r(t) = {ri(t),...,rx(t)} are the rewards for each action
at iteration ¢. Note that even though r defines the rewards for every action at every
iteration, the MAB only gets to observe the reward for the action it performs at
each iteration. The algorithm is presented in Algorithm 5.

The EXP3 algorithm defines an exploration parameter, v € [0, 1], which controls
the degree to which past experience influences future choices. Choosing v = 0
corresponds to selecting actions based solely on observed rewards and v = 1
ignores observed rewards and samples uniformly from the available actions instead,

similar to the e parameter in Section 2.4.1. Choosing a value within this range
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Algorithm 5 EXP3

1: Input: v € [0,1].

2: Initialise the weights wy (1) = wy(1) = ... = wk (1) = 1.
3: fort=1,...,7T do

4:  Define the probabilities for each i € {1,..., K} as

pi(t) = (1— ’Y)m + %

ot

Sample the action a; from the discrete probability distribution

p(t) = {pi(t),- - px(t)}.

6:  Perform action a; and observe the reward r;(t).

7. Define the estimated reward 7;(t) = r;(t)/pi(t).

8:  Update the selected action’s weight w;(t) = w;(t) exp [y7;(t)/K].
9: end for

makes the algorithm more robust to observing a succession of low rewards from
a high-value action.

Having selected the value for ~, we initialise the weights for each action to
be equal (line 2), since each action is equally promising in the beginning. The
algorithm maintains one weight parameter for each action, which summarises
the past observations and drives the sampling behaviour. At each round, these
weights are used to compute the probabilities for each action to be selected in
that round (line 4).

After observing the reward of the selected action, the value of the reward is
scaled by the probability that was assigned to that action (line 7). This means
that actions that had a high probability of being selected, e.g. because they have
historically yielded high rewards, change our beliefs about their value less than
actions, whose rewards run counter to our belief (i.e. we expected a low reward but
received a high reward). The weights are then updated according to an exponential

weighting, giving the algorithm its name (line 8).
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EXP3.M

EXP3 was extended by Uchiya et al. (2010) to allow for multiple actions to be chosen
at each iteration and is called EXP3.M. The algorithm is outlined in Algorithm 6.

The main ideas remain the same in both EXP3 and EXP3.M. The weight
parameters encode our belief of how good we believe the different actions to be.
The v tradeoff parameter allows us to control how much effect the observations
have on the selections. Having observed the reward of performing an action, we
scale the reward by the probability of choosing that action and update the weight
parameter through an exponential re-weighting.

There are two main differences in EXP3.M compared to the original EXP3
algorithm, stemming from the multiple plays setting. First, the weight parameters
w; cannot exceed (% — %) /(1 —7) Zle wj, where k is the batch size and K is the
total number of possible actions. There is an additional step in the algorithm, that
thresholds the weight parameters in case they do exceed this limit, as seen in lines 4-
10. The second difference lies in the fact that the algorithm selects a batch of distinct
actions each round. Using the DepRound (Gandhi et al., 2006) algorithm (line 12)
ensures that each action is chosen efficiently and according to its assigned probability,

but any reasonable alternative approach can be substituted instead if so desired.

2.5 Summary

In this chapter we introduced the main concepts that are relevant to this thesis.
We discussed Bayesian probability theory and model selection and introduced
the Gaussian process, which is a Bayesian modelling approach well-suited to the
problem domain discussed in this thesis. We discussed posterior inference and kernel
choices, as well as model selection in the GP context. Our discussion on Bayesian
optimisation focussed on its two main building blocks, the surrogate model, in our
case a GP, and the acquisition function, of which we discussed a number of popular
variants. We also highlighted research directions and open questions in the BO space

that we believe can widen its relevance and extend its reach to more application
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domains. Finally, we introduced the multi-armed bandit, a class of algorithms that
also considers the exploration-exploitation tradeoff, but applies it to discrete action

spaces. We discussed popular approaches for i.i.d. as well as adversarial rewards.
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Algorithm 6 EXP3.M

1: Input: v € [0, 1], number of choices per iteration k.

2: Initialise the weights wy (1) = wq(1l) = ... = wg(1l) = 1.

3: fort=1,...,7 do

4:  if argmaxjeqr . gy wj(t) > (% - %) S K w;(t)/(1 —+) then
5: Find the value of «(t) such that

1
u —(z-2%) /-
Zwi(t)ZOct 0% + Z’wi(t)<06t Wy (t) k K

6: Set So(t) = {i : wi(t) > oy} and wi(t) = oy for i € Sy(t).
7. else

8: Set So(t) = 0.

9: end if

10:  Set

wi(t) = w;(t) for i € {1,2,..., K} — Sy(t).
11:  Define the probabilities for each action as

pi(t) —k((l—y)%—k—;) fori=1,2,..., K.

Jj=1%7
12:  Sample the set of &k actions S(t) from the discrete probability distribution

S(t) = DepRound (k, (p1(t),...,px(t))).

13:  Observe rewards r;(t) for i € S(¢).
14:  Define the estimated rewards for i € {1,..., K’}

0 otherwise

Pi(t) = { ri(t)/pi(t) ifi € S(t)

15:  Update the actions’ weights for i € {1,..., K}

wi(t +1) = { w;(t) exp (kyfi(t)/K) if i & So(t)

w;(t) otherwise

16: end for
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Applications of BO usually consider the optimisation of a black-box function

f(x), where x is a quantity we have full control over, e.g. hyperparameters of a

model. This is reflected in the fact that both the acquisition function «(x) as well

as the surrogate model treat x as exact (i.e. its value is known perfectly).

Cases where this assumption does not hold include situations where the inputs,

x, are spatial coordinates, and the task involves acquiring measurements on a spatial

grid. Relevant applications include measuring concentrations of air pollutants (COa,

39
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NO; etc.) and terrestrial or marine wildlife studies. When measurements are
acquired using drones or sensors attached to road vehicles, then triangulation (e.g.
with mobile phone towers) or GPS (Kumar and Moore, 2002) are obvious choices for
acquiring the position of the measuring device. The positional readings x, though,
will actually be noisy estimates of the (unknown) true position X.

Following the Bayesian modelling philosophy, we want to include as much
knowledge as possible about the problem into the algorithm in order to develop a
high-quality, data-efficient model. In this case we consider the fact that the values
of the inputs x are uncertain or noisy. We suggest that a natural approach for
BO would be to use a surrogate model that models input uncertainty. There are a
number of adaptations of GPs that allow it to incorporate input uncertainty, but
there exists no head-to-head analysis comparing the different methods as uncertain-
input regression models, as far as we are aware. Research on uncertain-input GP
models has instead focused on autoregressive modelling, where GP predictions for
previous time are used as inputs of to predict a trajectory of future values (Girard
et al., 2003; McHutchon and Rasmussen, 2011).

It is helpful to differentiate between two types of uncertainty, aleatoric and
epistemic uncertainty. Aleatoric uncertainty, also known as statistical uncertainty,
is caused by unknown processes that differ each time an experiment is conducted,
and hence cannot be reduced by repeated measurements. Epistemic uncertainty,
or systematic uncertainty, is the type of uncertainty we are investigating in this
chapter. Repeated measurements of a property, e.g. positioning via GPS, can
provide a more accurate understanding, i.e. we can achieve lower variance in our
predictions than the variance in the underlying noise process.

In this chapter we conduct a comparison of a number of existing uncertain-input
GP models that have been proposed thus far, and also propose a new uncertain-
input GP method based on the unscented transform (UT), and analyse their
performance as regression methods for data with uncertain inputs. We aim to
provide a better understanding of the state-of-the-art approaches, so that a BO

practitioner can make a more informed choice regarding which uncertain-input GP
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surrogate model to choose for their application. Our investigation showed that
our proposed method utilising the UT showed the best predictive performance,

with the standard GP coming in at a close second.

3.1 Problem definition

When using Gaussian processes for regression, we generally consider the situation
where we are given a data set D = {x;,y;}Y,, where x; € R? are d-dimensional
inputs and y; € R are realisations of a latent function f : R — R, corrupted by

additive noise (Rasmussen and Williams, 2006):

yi = f(xi) + €y (3.1)

If the noise is assumed Gaussian, i.e. ¢, ~ N(0,0,), then that leads to a closed-form
solution for the posterior (see Section 2.2).

In the applications we mentioned above, assuming noise existing solely on the
outputs does not fully capture the underlying truth. The general uncertain-input

uncertain-output situation with varying input noise is:
yi = f(xi + €) + €y, (3.2)

where the use of a separate noise term, €;, for each input location emphasises that
each input location may be corrupted by different amounts of noise.

A simple approach to this problem could be the following. Given a data set
D = {x;,y;}¥, and assuming the noise distribution can be parameterised by 0;,
ie. € ~ g(0;) for some distribution g, a simple approach could be to add these
parameters as additional features such that x = [x;6;] (Almosallam, 2017). In other
words, we rely on our GP model to learn the effects of the noise parameters ;. In
order for this approach to provide useful results, we need a lot of data, as well as
varying input noise in the training data: a global noise model would extend every
input vector with the same constant values: 0; = 0,Vi, so x = [x;6,], rendering
the noise parameters uninformative. This idea was explored in Almosallam (2017)

and was shown to not work well for these reasons.
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Approaching the uncertain-input problem from a more Bayesian standpoint,
and given we know the input noise distribution x ~ p(x | X, 6,.), where X is the true
(unobserved) value of the input x and 6, are the global input noise distribution’s

parameters, we should marginalise out the input uncertainty from our GP posterior:

p(fI ) = [ o1 ud ) TLpa ) s, (33)

where we have dropped the conditioning on #, and the kernel hyperparameters for
clarity. This is similar to how we combine the observation noise p(y|f) with the
GP posterior p(f|D,0) to explicitly represent the uncertainty in our data. The
difference here is the fact that the integral in Equation (3.3) is intractable, since
the posterior requires inverting the covariance matrix, e.g. to compute the posterior

mean (Rasmussen and Williams, 2006):
-1
p(x) = k(x., X) [K(X,X) +031] . (3.4)

The models we will consider approximate the intractable integral in Equa-
tion (3.3) in different ways. We will focus on the case of a global noise process on
the inputs, so all noise terms €; follow the same distribution. And in particular
we will consider the case where the noise process is a zero-mean (Gaussian with

kIlOWIl covariance:
€ ~N(0,3,). (3.5)

This is a practical assumption, since this models the situation where we know the
accuracy of the positioning technology being used (triangulation, GPS, etc.). We
will compare a standard GP with three existing popular uncertain-input methods
that each extend GPs in different ways, and a novel method based on the UT.
The standard GP will be the baseline method and we will use the popular RBF

as well as the rational quadratic (RQ) kernels:

r(xi, ;) = (% = x5) T8 (x5 — %), (3.6)
brsr(r) = o exp(—;TQ), (3.7)

kro(r) = o (1 + ;;) N 7 (3.8)
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where Y, is the d x d diagonal matrix with the lengthscales for each input dimension,
o? is the kernel variance and « is the power parameter in the RQ kernel.
Although the RBF kernel is a popular choice for GP regression, we also include
the rational quadratic kernel for comparison, because it represents a mixture of
RBF kernels with different lengthscales (Rasmussen and Williams, 2006), which
may provide the GP with more flexibility to adapt to the uncertain-input setting.

We will now introduce the uncertain-input models.

3.2 Analytic model

One way to approximate the integral in Equation (3.3) is to integrate the Gaussian

input noise distribution into a RBF kernel (Dallaire et al., 2011):

kni(x;, %) = // krpr (xi,%;) p (x;) p (x;) dx;dx;. (3.9)

Using a RBF kernel results in an analytic result by making use of properties of
products of Gaussians, which several authors have used. One particularly clear
derivation of this model is that of Dallaire et al. (2011), whose procedure we use to
guide the derivation below. We will refer to this model as the Analytic model.
We begin by deriving the uncertain-input kernel evaluated for two input locations

x; and x;. Start with the RBF kernel

1
krpr(X,X;) = 0} exp (—2(Xi —x;) "8 (% — xj)> : (3.10)

This is an unnormalised Gaussian distribution, so we can rewrite it as
krer(xi,x;) = ¢ N (x4, %5, Zg) (3.11)

where

c = o2(2m) P2 |5, V2. (3.12)

Writing the distributions that represent the noise over our inputs as

p(xi) = N (x5 %, i) (3.13)
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where X; is the (unknown) true location and x; is the observed input location,

allows us to write the marginalisation in Equation (3.9) as
kINI(Xi, Xj) = // C N (Xu X, Ek)N (Xz, )A(Z', Ez) N (Xj; )Ej, 2]) dXide. (314)

Equation (3.14) consists of convolutions of Gaussian distributions, once w.r.t. each

input x; and x;, which we can perform sequentially:

kNI(Xiaxj) = C/N(XZ,)A(Z,ZZ) [/N(Xi;Xj,Ek>N(Xj;ﬁj,Ej) de dXZ' (315)

Writing out the kernel gives us

ki (xi,x;) = 0,%(271')D/2‘2k|1/2/\/' (X%, 8 + 2 + X)) (3.18)
|Zk§|1/2 2 1 A A N\T —1/Aa A
= SR Ej|1/20k exp (—2(xi — ) (Ep+ 2 +5) (% — xj)>
(3.19)
ofexp (=% — %)T(Sk + T+ ;) (ki — &
_ Tk ( a( i) (Zk i) ])) 3.20)

11+ 208 + %5) Y2 ’
where the original RBF kernel parameters are (oy, X;). The variance at a location

x; can be computed as:

kNI(XiaXi) = /kRBF(XiaXi)N (Xi;fiuzi)dxi (3-21)
=0}, (3.23)

We can combine the results in Equations (3.20) and (3.23) by using the Kronecker
delta 6;; (0;; = 1if i = j and J;; = 0 otherwise):

o exp (‘%(ﬁi — %) (S + 2+ 5) 7 (R — ﬁj))
T+ S0 (55 + 25) (1 — 65)[/2

kNI<Xi7 Xj) = (324)

This ensures that the diagonal of the covariance matrix is only scaled by the

variance at the input locations, without affecting the covariance in the off-diagonal
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elements of the kernel matrix. When i # j we get Equation (3.20), and when
i = j we recover Equation (3.23).

This analytic kernel is a modified RBF kernel, where the lengthscale is adapted
by the variance of the noise on the inputs. High input noise will have a large noise
covariance, which will reduce the value of kyi, and the GP’s predictions will rely
more on the prior mean. Higher input noise variance will also have the effect of
reducing the output variance, again reducing the similarity between points, and
hence the effect a training point has on the posterior. As a sanity-check, we should
expect any kernel that models input noise to reduce to the standard noise-less kernel
when we set the covariances ¥; and X; to zero. Substituting 3; = ¥, = 0, the
denominator reduces to one and the sum of covariances ¥; + ¥; + X; reduces to
just the lengthscale parameter ¥, resulting in the standard RBF kernel.

This modelling approach for input noise restricts us to using the RBF kernel,
which may not always be appropriate if we are modelling real-world phenomena,
where f is unlikely to be infinitely-differentiable. Though we are focussing on
a global noise process in our work, we note that this approach could also allow
us to incorporate heteroscedastic input noise (spatially-varying noise), if desired.
This could be relevant in cases where measurements are collected from different
measurement techniques, e.g. creating a combined data set of measurements
with triangulated position data as well as measurements with finer-grained GPS
positions. In this case, the values of 3; and X; would be observed along with the
input location, and likely vary across the data.

Similarly, if we are modelling data with a single, global noise process, i.e.
Y = X; = X, then this simplifies the kernel’s expression. If the noise process is
known, then we can provide the correct noise variance values to the calculation,
but alternatively we can also treat the noise parameter as a hyperparameter and
learn it together with the other hyperparameters of the kernel.

It is important to note the differences between this model and the original task

in Equation (3.3). We are in effect defining a kernel between Gaussian distributions
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that are centred around the samples, which is a simplification of the true problem

of integrating a global noise process on the input locations.

3.3 RandFunc model

We now introduce an uncertain-input model developed in Girard and Murray-Smith
(2003). Due to its derivation relying on random function theory, we will refer
to it as the RandFunc model. The authors begin with the same assumptions

as in Equation (3.2):

Y; = f(Xl) + €y, (325)

X; = )/iz + €., (326)

but make the added assumption that the noise distribution is isotropic: €, ~
N(0,v,I). They state that the expected output value at a random location x is given

by

Ely |%,v.] = [ fGp(x)dx, (3.27)

where X is the true value of the noise-corrupted location x. The authors approach

this problem by approximating f(x) using a second-order Taylor expansion:

F0) % F®) + (= RTFE) + - R ®x %), (329

where f/'(X) = %(XAX) and similarly for f”(x). The authors then substitute Equa-

tion (3.28) into Equation (3.27), which gives us

Bly | % 0]~ [ (£8)+x =7 &)+ 50— 97/ R)6x - R) ) pix)dx (329
= J(3) + STl (R)] = g% w). (3.30)

If we use a GP with kernel function k(.) to model the function f(X), then the
quantity ¢g(X,v,) can be seen as the sum of two correlated random functions. The

authors suggest using results from random function theory (Pugachev, 1967) to
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find an expression for the covariance function for g(%,v,). This allows us to

write the covariance as:

v
cov[g(Ri, v), 9(Rj,v,)] = k(Ri, X;) + —=Tr

2 la? la%(;zi,ﬁj)H

1 |arRT | orRT
O?k(%;, %))

Note that the kernel is assumed to be four times differentiable. In the second term,

[ 8?2@ {82]65%?;(7' )H is the result of a d x d matrix differentiated w.r.t. another d x d
RiX; ijxj
matrix, which results in a matrix of size d? x d?, where d is the dimensionality
of x. Since we only need the trace of this quantity, we only need to compute the
d? diagonal terms of the matrix. The third term with the second-order derivative
similarly only requires d computations instead of d?.

Letting v, — 0, we can attest to the fact that the model does indeed revert

back to a standard GP model, since the kernel in Equation (3.31) reduces to the

simple zero-input-noise kernel k(%;,%;) in this case.

3.4 NIGP

The Noisy-Input Gaussian Process (NIGP) was developed in McHutchon and
Rasmussen (2011) and also takes a Taylor expansion approach to approximating
the effect of uncertain inputs. They began by considering the Taylor expansion

about the observed state x,

O+ er) = fx) + XD+ (3.32)

where we follow the authors’ nomenclature 9y = 8{)(;). Rather than trying to

exactly model the Taylor series expansion’s terms (as the derivative of a GP is
another GP), the authors advocated considering only up to first order terms. This
was motivated by the difficulty in defining a tractable distribution over all of the
Taylor expansion terms — one would have to find a distribution that represents

derivatives of ever increasing orders.
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Instead, the result of truncating the Taylor expansion after the first order

term is a linear model in the noise:
Yy~ f(x)+ €D+ e, (3.33)
This changes the likelihood of the GP to include a term due to the noise on the inputs:
p(y | f) = N(f, 0, + 87 %,8y), (3.34)

which allows us to write the posterior mean and variance equations for the NIGP as:

nix.) = k(x., X) [k(X, X) + 021 + ding{A,Z,A7}] 'y, (3.35)
V(x,) = k(x4, X)) — k(x4, X) [k(X,X) +o.1+ diag{AszA?}}_l k(X x,),

(3.36)

where X = {xi,Xs,...,Xy} are the training points, diag{.} creates a diagonal

matrix with diagonal elements equal to the diagonal of its argument, and Ay is
a N x d matrix of first derivatives of f evaluated at each of the training points.
McHutchon and Rasmussen (2011) use the derivative of the posterior mean for Ay.

Looking at the posterior mean and variance expressions gives us an intuition
of how the NIGP models input uncertainty. At locations where the gradient of
f is zero, the model predictions are equal to a standard GP, but as the gradient
increases, the contribution of the uncertain-input term increases. This behaviour
makes sense if you consider that input noise would have little effect on the value
of the output if the function were mostly flat in the region being considered —
changes in x would not change our belief about y by a lot. If the function was
changing rapidly, corresponding to larger values for 8y, then errors in x would lead
to greater inaccuracies in the predictions, which is reflected in an inflated posterior
variance in such regions. Similarly, the posterior mean reduces the contribution of
the data and moves closer to the prior mean in high-gradient regions, reflecting
our reduced trust in the data.

Also note that the model satisfies our requirement that it revert to a noiseless

GP for ¥, = 0.
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One important consideration is the fact that the NIGP inference contains a
recursive relationship between the posterior and its derivative. In order to evaluate
the posterior, we need the derivative of its mean, which in turn requires the value
of the posterior in the first place. In our implementation, we initialise the model
without the input noise term and find its gradient. Then we update the posterior
followed by the gradient of the mean a set number of times until we are satisfied
that the value will have converged. We chose to repeat the loop 20 times after
evaluating the convergence for different initialisations. This was a trade-off between
execution time and the fact that the model seemed to stabilise most of the time, i.e.
the posterior changed minimally across iterations. For a more detailed discussion

and some examples of different behaviours we observed see Section 3.7.

3.5 Unscented transform GP (UTGP)

In this section we develop a novel extension of GPs to modelling uncertain inputs
by using the unscented transform (UT) (Julier and Uhlmann, 1997a, 2004). The
UT was developed as an alternative method for adapting the popular Kalman filter
(KF) (Kalman, 1960) to model nonlinearities, called the unscented Kalman filter
(UKF). Before the UT, the extended Kalman filter (EKF) (Jazwinski, 1970) was
the most popular adaptation of the KF for such tasks. The shortcoming of the EKF
is that it uses first-order information to linearise the state and observation models,
leading to predictions that can be inaccurate and overconfident in regions of highly
nonlinear behaviour. The benefit of using the UT is that no such linearisation
is required. First-order linearisations are also used in the RandFunc and NIGP
methods discussed earlier, so developing a UT-based approach for GPs is a natural
choice. Below, we will first provide an overview of the UT and then show how we

use it to extend GPs to perform inference with uncertain inputs.

3.5.1 Unscented transform

Let a be a vector-valued random variable with mean a and covariance Y,. Define a

second random variable, b, that is related to a via a nonlinear function b = g(a)
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Figure 3.1: Unscented transform in action: EKF vs. UKF (Wan and Van Der Merwe,
2000, Figure 1). The left example shows a Monte Carlo estimate of the transformation
through f(x), resulting in highly non-Gaussian surface. The first and second moment of
this surface are shown as the black ellipse (“true mean” and “true covariance”) and are
the target quantities to be estimated. The EKF and UKF are shown in the center and
right respectively, as well as the resulting estimates for the first two moments. We can
see that the mean and covariance of the UKF are closer to the true values than the EKF.

and we wish to find its mean b and covariance X,. In this case an initial approach
to finding the distribution p(b) could be to sample a large number of points from
p(a), transform them by computing g(a) and then computing the moments of the
transformed samples. While such approaches often are guaranteed to converge to the
correct values, they often require a large number of samples to give a low-variance
estimate (Bishop, 2006). The UT is a procedure that defines a set of rules for
deterministically selecting a set of points, called “sigma points”, that allow us to
calculate the moments of p(b) (Julier and Uhlmann, 1997a).

The UT is defined as follows: Given a nonlinear function g : R — R% and a
d-dimensional random variable a ~ p(a), where the first and second moments of p(a)
are 4 and X, respectively, we can define (2d + 1) sigma points {a(® a) .. . aGd}

and weight parameters {W© WO WEIY where W® € R and 3, W® = 1.



3. Noisy-input Gaussian processes o1

We can compute the mean and covariance of the distribution b ~ p(b), where
b = g(a), b € R?, by applying the nonlinearity g to the sigma points and

computing their sample mean and covariance:

b = g(a®), (3.37)

b=> wip®, (3.38)
1=0

5= WObY —b) (bW —b)T. (3.39)
=0

The sigma points are selected according to the following scheme:

al® =3, (3.40)
al® :a+( (d+k)2a>‘ Vi=1...d, (3.41)

a® — 4 — (,/(dm)za) Vi=(d+1)...2d, (3.42)

where k is a free parameter (Julier and Uhlmann (1997a) suggest using the heuristic
k+d = 3), and (\/')Z denotes the i-th column of the matrix square root of the
argument. We use the Cholesky decomposition (Stachniss, 2006; Press et al.,
2007), but any matrix square root can be used in its place. For the weights,

Julier and Uhlmann (1997a) suggest

k
, k
(6 — _ 44
W 2(d+ k)’ (3:44)

where i € {1,...,2d}. This version of the UT is called the simplex formulation.
Other adaptations of the UT exist that can capture more information, e.g. the
first three moments (Julier, 1998), or the first four nonzero moments of a Gaussian
(Julier and Uhlmann, 1997b). See Figure 3.1, which is taken from Wan and
Van Der Merwe (2000), for an illustration of Kalman filters utilising linearisation
(EKF) and the UT (UKF) for modelling nonlinearities compared to a sampled
ground truth. The first-order linearisation is unable to capture the nonlinearities
accurately, so the transformed distribution’s mean and covariance differ significantly

from the ground truth. The UKF on the other hand is able to model the effect
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of the nonlinear transform better, and its calculated mean and covariance are

both closer to the ground truth.

3.5.2 Scaled unscented transform

The simplex UT exhibits an unwanted behaviour as the dimension of a increases.
We can see in Equations (3.41) and (3.42) that the distance between sigma points
increases due to the additive term scaling with v/d. So with increasing d, the UT
increasingly models global variations at the expense of local features. Note also
that the weights are not restricted to being positive, and indeed with k < 0 they are
likely to have negative values, which can lead to numerical problems (Julier, 2002).

To address this shortcoming, Julier (2002) proposed a generalisation of the UT,
the scaled UT, which allows us to control the spread of the sigma points while still
capturing the desired moments of the transformed distribution p(b).

Starting with the definitions of the sigma points and weights of the simplex
UT, the scaled UT can be written as (Julier, 2002):

a® = a® 1 o(a® — a®), (3.45)

b = g(al), (3.46)

WO =w©®/a% 4 (1-1/a?), (3.47)

WO =wW/a?  i=1,2...,2d, (3.48)

b= % WOpH, (3.49)
=0

2d
2 =Y WO (b —b)(b{) —b)"
i=0
+ (WO +1-0a+p) (b - b) (b —b)7, (3.50)
where 0 < a < 1 is the scaling parameter and [ is a parameter that allows higher-

order effects to be incorporated, and usually 5 = 2. Additionally, Stachniss (2006)

suggest the following scheme for choosing the k parameter:

k=a*(d+ k) —d, (3.51)
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where the new parameter k > 0 gives added control over the spread of the sigma
points. We use the recommended values for the UT parameters o = 0.001, § =
2 and k = 0 (Fisher, 2009).

The scaled UT is similar in computational complexity as the simplex UT, and it
addresses the numerical and modeling weaknesses of the simplex UT directly. This

makes it a good choice to use for extending GPs to modelling input noise.

3.5.3 The unscented transform GP (UTGP)

The RandFunc (Section 3.3) and NIGP (Section 3.4) models both are derived from
first-order linearisation via Taylor expansion, which is also the method utilised in
the EKF. The motivation for investigating the UT for GP regression for uncertain
inputs comes from the fact that the UT was developed to avoid such first-order
approximations and the UKF performs well as an alternative to the EKF' .

Our modeling task is the same as in the uncertain-input GP models above.
We re-state the uncertain-input regression objective from above to facilitate the
discussion below:

N
PR y) = [ pUr1%o) T el dx, (3.52)
i
where we have collected the observed values as y = {y;},, the observed loca-
tions as X = {x;})¥,, and the unknown (true or noiseless) locations as X =
{%;}, for brevity.

Drawing the links with the UT, our input distribution is the noise distribution
over input locations p(x) = N (x; X, Y,) and our nonlinearity is the GP. Here the
first difference emerges, since the nonlinear transformation (g(.) in the section above)
is a deterministic function, and here the nonlinearity is the GP posterior. We will
focus on the case where we wish to model input uncertainty where the input noise
process is known. This assumption relates to the setting where the data is acquired
using a single measurement process (GPS, triangulation etc.), whose precision

is known a priori. This assumption will also simplify our model development in
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the following section. Learning the input noise directly from the data, e.g. as an
additional hyperparameter, could constitute an interesting future research direction.

In the past, the UT has been used in two settings related to GPs: in Nogueira
et al. (2016) the authors applied the UT to the acquisition function in Bayesian
Optimisation and in Steinberg and Bonilla (2014) the UT is used for GP inference
with non-Gaussian likelihoods. An analysis of the UT applied directly to GPs for
regression has not been undertaken in the literature as far as we are aware.

We begin by assuming that the noise process in Equation (3.52) is Gaussian
with known parameters, i.e. p(x;) = N (x;;%;,2,) for each input location x; in
the training set. On a high level, the UT approaches this integral by replacing
the probability distributions [T, p(x;|%;) with delta functions at the sigma points’
locations, turning the continuous integral into a (weighted) sum of evaluations
of p(f{xs,y:}X,). In our case this turns our posterior, after marginalising out
the input noise, into a weighted sum of GPs.

In our approach we propose that our sigma points can be seen as sigma data sets,
where we define X(®) = X according to Equation (3.40) and we apply the sigma
transformations in Equations (3.41) and (3.42) to each instance in X to create 2d
new data sets {X(l), . ,X(Qd)}. We then train a separate GP on each data set X®
to create our 2d + 1 sigma GPs {QP(O), QP(l), e QP(Qd)}. Note that we still use
dim(x) = d when computing the locations of the sigma points and the weights, and
the process of finding the weights {W(O), U WW)} remains unchanged. Now we
can find the posterior mean at a test location x,, referring to the posterior means

of each sigma GP as () (x,), by applying the UT formula in Equation (3.38):

2d
pur(x) = S WM (x,). (3.53)
=0

To compute the UTGP posterior variance we need to combine the posterior variance
from each sigma GP as well as variance provided by the UT. We chose to combine
both of these variances by moment-matching the weighted sum of posterior sigma

GP variances and adding it to the UT variance:

Vurap(Xs) = Vi (%) + Vur(x.). (3.54)
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This is a simple approach, that arrives at a simple-to-compute model, but these
variances could conceivably be combined in a different way by leveraging ideas
from other bodies of research such as signal fusion.

For the moment-matched variance, V,,,,, we make use of a Gaussian identity
(as seen in e.g. Osborne (2010)), that states that for a probability distribution

that is a mixture of weighted Gaussians

p(x | ©) Zp, X; Wiy Ay), (3.55)

where the conditioning variables are collected into ©, the mean and covariance

of this mixture respectively are

m(x | ) = [xp(x' | O)dx’ = 3 pups(x). (356)
C(x|©) = / X'xTp(x' | ©)dx' — m(x | ©)m(x | ©)F (3.57)
=2 pi(Ai+ pipi ) —m(x | ©)m(x | ©)7. (3.58)

This is analogous to our situation, since at any location x, that we are evaluating
the posterior at, we have a weighted mixture of the posterior sigma GPs evaluated
at this location. Using Equation (3.58) allows us to write our moment-matched
posterior variance at a location x, as
2d
V(%) = 3 WOV (x) + p@ (¢ )p (x.)") = porpie(x)?, (3.59)
=0
where p and V@ are the posterior mean and variance of GP® respectively. We
note that we used the scaled UT in our work, so the UT’s contribution to the
variance, Vyr(x,), is computed as in Equation (3.50).

We approximated the mixture of Gaussians with a single Gaussian distribution
as a simple solution in order to facilitate initial empirical tests of the approach.
From initial testing, this approach tends to predict higher uncertainties than the
other methods in our comparison. Other methods for combining the mixture
of Gaussians may be reasonable, so investigating the effectiveness of alternative

methods could constitute future research directions.
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Training the UTGP

Two approaches are often used in practice to train GPs: optimisation and integration.
When optimising the model hyperparameters €, we maximise the marginal log

likelihood of the model (Rasmussen and Williams, 2006):

1 1
L£0)=—y'K'ly— -1

N
K| — —log?2 .
5 2Og\ | 5 log 2, (3.60)

where K = k(X X|6) is the GP covariance kernel with hyperparameters 6 evaluated
at all pairs of input locations.

Integration requires marginalising out the hyperparameters, which can be
achieved by using slice sampling (Murray and Adams, 2010), which is a Markov
Chain Monte Carlo sampling technique that can be used to generate samples from
the unnormalised distribution in Equation (3.60). Slice sampling also has the
benefit of not needing any helper distributions like Metropolis Hastings or Gibbs
sampling. It also doesn’t require full conditionals of the joint distribution, which
is a requirement for Gibbs sampling.

Each of our sigma GPs provides one such log marginal likelihood £® for its
own perturbed data set X, We need to combine the log marginal likelihoods so
that the weight parameters of the UT are taken into account, giving us the total
marginal likelihood Lyt. This turns out to be a straightforward application of
the transform, as the log likelihood is a deterministic, non-linear transformation.
For both the optimisation and integration approaches, the objective needs to be
deterministic, so we define the UTGP marginal likelihood as

2d
Lyr =Y WHLH, (3.61)

=0
This also gives us easy access to the derivative of the transformed log likelihood,

which we use in gradient-based optimisers:

aEUT - 2d (Z) aﬁ(l)
5 —ZWm 50 (3.62)

This shows that the training overhead is increased by a factor of (2d + 1), as we

are evaluating the log likelihood for each of the sigma GPs, each necessitating
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an inversion of the covariance matrix K. Our simple UTGP further simplifies
learning the hyperparameters: for a stationary kernel, we train one sigma GP
on its own dataset (e.g. 973(0)) and set the hyperparameters of all the other
sigma GPs equal to those of GPs hyperparameters. This becomes clear when
we look at how the datasets differ: they are simply copies of each other shifted
by «a ( (d+ k)Zx)l along one dimension of x, so the intra-dataset distances are

the same in every sigma data set.

Choosing the number of sigma points

There are two possible ways of applying the UT to GP regression. The first option
is outlined above, where we apply the same sigma point transformation to every
instance in the data set, and create 2d+1 sigma data sets and GPs (“simple” UTGP).
The other option would be to define 2d sigma points for each point in the
training set, in order to create 2Nd + 1 sigma data sets for a training set with
N instances (“full” UTGP). Considering the computational complexity of the full
UTGP, it is clear that creating 2Nd + 1 GPs and combining their outputs becomes
computationally expensive even for moderately-sized training sets of a few hundred
instances. If we were to perform GP inference via slice sampling with s samples, then
this increases the number of GPs whose posteriors we are combining to s(2Nd + 1),
making the full UTGP model unattractive from a computational point of view.
To visualise the differences of the simple and full UTGP models, we will train
both models on data from the following one-dimensional test function defined

over the range —1 < x < 1:

t= ;(:1: +1),
f(t) = tsin(3t) exp(—t). (3.63)

Note that the transformation of x to ¢ is simply a scaling of the input domain to
achieve the desired shape when evaluated in the range [—1,1]. We refer to this

function as decaying-sin and it is plotted in Figure 3.2.
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Figure 3.2: Visualisation of the decaying-sin test function defined in Equation (3.63).

Figure 3.3 shows a comparison of the posteriors of the simple UTGP and the
full UTGP. We sampled 30 training locations in the range [—1, 1] and optimised the
model hyperparameters using multi-started gradient descent. The posteriors for €, ~
N(0,0.05%) are shown in Figures 3.3a and 3.3b, and ¢, ~ N(0,0.1%) in Figures 3.3c
and 3.3d. We also sampled 30 test points (magenta points) and evaluated the sum
of the predictive log likelihood of the simple and full UTGPs on these points.

The predictive log likelihoods have similar values for both the simple and full
UTGP models, with the simple UTGP combining the results of 3 GPs and the
full UTGP utilising 61 GPs. The predictive log likelihood of the full UTGP was
lower than the simple UTGP in the low-noise scenario, but higher in the high-noise
scenario, which may suggest that the more complete treatment of the input noise in
the full UTGP may make it more robust to higher amounts of noise. We observed
this behaviour for a number of different random initialisations, and suggest that
using the simple UTGP should be sufficient to gain an idea of the efficacy of the
UT for GP regression with uncertain inputs at a fraction of the computational cost.

Further exploration of the full UTGP is computationally prohibitively expensive,
but points towards an interesting research direction focusing on developing an

efficient scheme for computing and combining the posteriors of multiple GPs. In
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(a) Simple UTGP. log £ = 44.1 (b) Full UTGP. log £ = 42.0
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(c) Simple UTGP. log £ = 26.4 (d) Full UTGP. log £ = 28.5

Figure 3.3: Comparing the posteriors of the simple and full UTGP models. Training
points are shown as black stars, test points are in red. The posterior mean (solid blue) and
two standard deviations (shaded blue area) are shown. The ground truth decaying-sin
function is shown as the dashed grey curve. The case o, = 0.05 is shown in (a) and (b),
and o, = 0.1 is shown in (c) and (d). The predictive log likelihood of each posterior on
the test points is reported in each subfigure’s caption.

light of this computational limit, we will compare only the simple UTGP against
the other uncertain-input GP models described thus far, and will refer to the

simple UTGP as just the UTGP henceforth.

3.6 Experimental evaluation

In this section we will empirically compare the uncertain-input methods discussed
above. A number of different metrics can be used to analyse regression performance
of models, e.g. mean squared error, mean absolute error or predictive log likelihood
of the posterior on the test samples. The predictive log likelihood, which is the
probability to which the posterior explains the test data, takes into account both

the accuracy of the posterior mean, as well as the model’s uncertainty, so we
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will use this metric in our evaluation below to give a more complete picture of
a model’s performance. Since the test set is the same for every iteration, we
do not need to scale the predictive likelihood by the number of data points to

facilitate a like-for-like comparison.

3.6.1 Experiment setup

In all of our experiments, we trained our models on data where the inputs have
been corrupted by a known noise distribution. We started by choosing a function
f and randomly sampling locations X uniformly in a bounded region [—1,1]%.
The input domain of f was scaled to this region. We then split the sampled
locations into Xipaim and Xies . For the test data, we evaluated f at each test input:
fiest = f(Xtest). For our training data, we evaluated f at perturbed versions of
Xirain, by adding independent noise to each dimension, to simulate an observation
process with input noise: Yipain = f(Xain + €2) + €,. The additive input noise
was drawn from a Gaussian distribution €, ~ N(0,¢2I) with o, € {0.05,0.1}. We
added a small amount of noise to the function values from a Gaussian €, ~ N (0, 05)
with o, = 0.001 to improve numerical stability.

During initial testing, we noticed that choosing o, > 0.1 lead to the posterior very
often reverting to a flat mean. After testing different values we chose o, € {0.05,0.1}
to simulate low and medium amounts of noise respectively while reducing the chance
of the models falling back to the prior during training.

We fixed the input noise parameter in the NIGP, Analytic, RandFunc and UTGP
models to the true value. The UTGP model as shown above does not allow us to
learn the noise parameter, so this decision facilitates a like-for-like comparison of
the models. Fixing the noise parameter also means that all models (with exception
of the RQ kernel) are optimising the same number of hyperparameters, so the

uncertain-input models are not disadvantaged from an optimisation point of view.

1Since our target application domain is Bayesian optimisation, we are primarily interested in
the performance for interpolation, rather than extrapolation, so it is fine to select training and
test examples from the same hypercube.
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Hyperparameter inference was performed using multi-started gradient descent on

the marginal log likelihood with 10 restarts.

3.6.2 Comparing model posteriors in 1D

We repeated the 1-D posterior comparison from the previous section that used
the decaying-sin test function in Equation (3.63) and compared the posteriors
of the uncertain-input models and the standard GP. We used 30 training points
and evaluated each model on 30 held-out test locations.

In this comparison we added a further illustrative sampling-based model to
visualise the “ideal” posterior that could result from solving Equation (3.3). For
this baseline, we trained 50 GPs with a RBF kernel on {Xain + €2, f(Xirain + €2)}
for 50 different realisations of €, ~ AN (0,02I). We then sampled 100 functions from
the posterior of each trained GP, which together form the sampling baseline for
our comparison. Figures 3.4a and 3.5a show a subset of these function samples
for o0, = 0.05 and o, = 0.1 respectively, and the sampled functions have been
summarised into the “ideal” posterior in Figures 3.4b and 3.5b.

Figure 3.4 show the posterior mean and the 20 confidence interval for all
models for o, = 0.05. Figure 3.5 shows the resulting posteriors for o, = 0.1.
Each model caption also reports the predictive log likelihood of each model on
the 30 held-out test data points.

In the o, = 0.05 case, we can see that visually the uncertain-input models and
the RBF and RQ kernel GPs are quite similar. The predictive log likelihoods are
very similar to each other, and the UTGP predictive likelihood is lower than the
other models, which can be attributed by the slightly inflated posterior variance
compared to the other models. Somewhat surprisingly, the GP models with the
RBF and RQ kernels are doing as well as the uncertain-input GP models that
are designed specifically to tackle this setting.

When we increase the noise to o, = 0.1, the RandFunc and UTGP models
deviate from the other models. Visually, the posterior of the RandFunc model

is more varied, compared to the more smoothly-varying posteriors of the other
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Figure 3.4: Posteriors of the trained models for the 1D sample function for o, = 0.05.
The shading represents the 95% confidence interval.
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Figure 3.5: Posteriors of the trained models for the 1D sample function for o, = 0.1.
The shading represents the 95% confidence interval.
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models. The predictive log likelihoods show no difference in predictive performance
between the RBF and RQ kernels as well as the Analytic and NIGP models. The
RandFunc and UTGP models’ predictive log likelihoods, 28.4 and 26.4 respectively,
are both lower than the other models’ 30.0. Despite these differences, the posteriors
all look sensible, so the 1D comparison does not highlight any obvious issues that
would discount a model at this stage.

It is surprising how well the standard GP (RBF and RQ kernels) compares
against models that are especially designed to solve this setting of uncertain-
inputs. The standard GP’s RBF kernel is quite similar to the Analytic model’s
kernel in Equation 3.24, so it is possible that training the models yields similar
results. The Analytic model’s kernel can indeed be roughly approximated as a

RBF with an inflated lengthscale.

3.6.3 Higher-dimensional experiments

We now move to testing the models’ regression performance with varying amounts
of data on a number of different tasks. We chose the following test functions

for the evaluation:
e The decaying-sin test function from Equation (3.63).

« Functions (2D, 3D and 4D) drawn from a GP with an RBF kernel. This
is an in-model test, since the function is generated by a kernel of the same
class as the one used in the models. We selected a RBF kernel with known
hyperparameters and sampled a function defined on a large random grid.
Since we need to evaluate the sampled function at new locations, we trained
a GP with an RBF kernel on these samples and used its posterior mean as

the value of the function at a queried location.

e Popular mathematical test functions. These functions are often used to
test optimisation algorithms, due to their complex surfaces, which makes
these tasks well-suited to our evaluation, since we are interested in how

well the different GP methods can model these challenging surfaces. We
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chose the following tasks: branin-2d, ackley-2d, ackley-4d, ackley-8d,
michalewicz-2d, michalewicz-4d and michalewicz-8d, which are defined
in Table 3.1. Details on these (and many other) popular test functions can be

found at https://www.sfu.ca/~ssurjano/optimization.html.

Table 3.1: Mathematical expressions of the synthetic test problems.

Function Mathematical expression Input range

branin (z2 — 2Lat+ 22y — 6)2 +10(1 — g=) cos (z1) + 10 x1 € [-5,10], 22 € [0, 15]
egg — (w2 +47) sin(y/|z2 + 5 +47]) — xysin(y/|z1 — (22 4 47)]) [-512,512)2

ack —20 exp (—0.2\/ : Zle xf) — exp (é Zle cos (27rxi)> +20 +exp(l) [-32.768,32.768]¢

mic — Z‘j:l sin () sin?® (%) [0, 7]¢

All test functions’ input spaces were scaled to [—1,1]%. For each experiment we
first created a test set with 50 observations {Xyest, fiest } Of the test function. We
then evaluated the predictive log likelihoods of the different models when trained
on 10, 20, ..., 100 training points. Since our motivation stems from the domain of
Bayesian optimisation, we focus on cases with small to medium amounts of data.

Selecting the train and test data from the same space is reasonable for our
purposes, as we are interested in evaluating the models’ efficacy as regression models
for use in BO, where the surrogate model is used to interpolate between known
values, rather than extrapolation (more relevant in forecasting applications).

The predictive log likelihoods for the different regression models are shown in
Figures 3.6 and 3.7 for o, = 0.05 and o, = 0.1 respectively. We immediately see
that the NIGP and RandFunc methods display large swings in their predictive
log likelihoods, whereas the Analytic, UTGP and standard GP (RBF and RQ)
methods perform more reliably — there are no significant swings in their predictive
performance across the experiments. Since the training data, test data and
hyperparameter optimisation approaches are identical across all methods, this
points to some pathologies unique to the NIGP and RandFunc approaches, which

we will discuss below.
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Figure 3.6: Mean and standard error of the test set predictive log likelihood on test
functions with o, = 0.05.

Our empirical evaluation is summarised in Tables 3.2 and 3.3. In Table 3.2 we
show the mean and standard error of the predictive log likelihoods of the models
for Nigain = 50 and Nipam = 100. Table 3.3 shows the squared difference between
each model’s posterior mean and the test points. We chose to also compute the
squared error of the mean, as this can provide an additional understanding for a
model’s performance: If a model has a low predictive likelihood but also a low
squared error, this indicates that there may be issues in the variance computation,

since the posterior mean is still close to the test data.



3. Noisy-input Gaussian processes

500
0 \/
2] 0 7]
= = =500
2 —— RBF 2 —— RBF
B -500 —— Analytic B -1000 —— Analytic
J — NIGP B — NIGP
o —— RandFunc o —— RandFunc
-1000 — UTGP 1500 — UTGP
—— RatQuad —— RatQuad
-2000
20 40 60 80 100 20 40 60 80 100
N N
(a) branin-2d (b) ackley-2d
ol 7= 200 | s
2 -500 a 0
- -
° —— RBF o —— RBF
= _ = -200
©° 1000 —— Analytic © —— Analytic
8 —— NIGP ® 400 — NIGP
a -1500 —— RandFunc o —— RandFunc
— UTGP — UTGP
-2000 —— RatQuad ~600 —— RatQuad
20 40 60 80 100 20 40 60 80 100
N N
(c) ackley-4d (d) ackley-8d
0 /7 0
4 -20000 3 -100000
2 — RBF 2 — RBF
©° —4 —— Analytic ©° —— Analytic
K 0000 —— NIGP ‘g ~200000 —— NIGP
o —— RandFunc o —— RandFunc
-60000 — UTGP — UTGP
—— RatQuad -300000 —— RatQuad
20 40 60 80 100 20 40 60 80 100

N

(e) michalewicz-4d

N

(f) michalewicz-8d

67

Figure 3.7: Mean and standard error of the test set predictive log likelihood on test

functions with o, = 0.1.

In terms of predictive log likelihood, the UTGP was the best model more often
than any other model (14 instances), followed by the standard GP with a RQ
kernel. The RandFunc and NIGP methods performed very poorly in some cases,
which we will analyse in the model discussion below.

This is a surprising result: existing uncertain-input models perform worse than
a standard GP when modelling noisy-input data. Comparing the performance of
the RandFunc and NIGP models with the UTGP, we see a similar pattern emerge
as the one we see when comparing the EKF with the UKF. The linearisation of the
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uncertainty, which is the common thread between the RandFunc, NIGP and EKF,
could be the cause of the weaker performance compared to the UT-based alternatives.

The standard GP and the UTGP both do well, often achieving similar perfor-
mance to each other. Our analysis of the simple and full UTGP formulations provides
an additional avenue of research that could improve the modelling performance of the
UTGP even further (as we saw in the medium-noise example in Figure 3.3). Until
a scalable formulation of the UTGP is developed, this leads us to conclude that, for

most purposes, the standard GP is sufficient for modelling data with noisy inputs.

3.7 Model discussion

Standard GP

The standard GP with both RBF and RQ kernels performed well in our empirical
evaluation. The RQ kernel’s predictive likelihoods were often better than the
RBF kernel, but even then the difference is often quite small. This performance
difference could be explained by the fact that the RQ kernel models a weighted
sum of RBF kernels, and so it is more able to model variations that arise from

the noise on the inputs.

Analytic model

The Analytic model performed well, but rarely reached the scores of the standard
GP. This is surprising, as our earlier discussion highlighted its similarity to a RBF
kernel with an inflated lengthscale. The noise parameter was fixed for the Analytic
model, so the optimisation of the hyperparameters was of equal complexity as
the standard GP with RBF kernel. On the other hand, fixing the input noise
parameter may have restricted its ability to fit the data as well as it could have

with a free input noise hyperparameter.

RandFunc

The performance of the RandFunc model was unreliable in our evaluation. This can

be explained by the fact that it was one of the more numerically unstable models
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in our comparison. The training objective of the RandFunc model requires the
fifth-order derivative of the kernel: twice w.r.t. the first input, twice w.r.t. the
second input (as seen in Equation 3.31), and then once w.r.t. the hyperparameter in
question to compute the gradient of the log marginal likelihood (Equation (2.41)).
For the RBF kernel, this results in a term containing =, where [ is the lengthscale.
We observed lengthscales of the order of magnitude between 0.01 and 100, so
this can lead to terms in the kernel of the order 107'® or 10'*®, which can cause

numerical instability.

NIGP

The NIGP performed similarly to the other methods in some cases, and performed
very poorly in others. It is also the most computationally intensive model in our
comparison, due to the recursive computation involved in integrating the input
noise into the posterior via the term A fExA?, that occurs in both the mean and
variance equations (see Equations (3.35) and (3.36)).

Once the extra term is computed and the posterior mean and variances have
been updated, this changes our derivative of the posterior mean and hence Ay,
so we need to repeat this step. This is the part of the model inference that takes
most of the computation time. Empirically, we often see this recursive relationship
settling quite fast, say in 4-5 steps, but sometimes it takes many more iterations or
doesn’t converge to a single solution at all. It is not clear how often this update
should be repeated and if at all convergence can be guaranteed.

In Figure 3.8 we show results after having trained a NIGP with RBF ker-
nel on the decaying-sin function and tracked how the total covariance matrix
(K + ol + diag{A meA:]f}) evolved across recursive steps, computing the deriva-
tive of the posterior mean and then updating the posterior mean and variance for 10
steps. The left column of plots shows the difference between the covariance matrices
evaluated after the recursive steps. We defined two matrices to be “equal” if the
absolute difference between every element in the first matrix and its corresponding

element in the second matrix was within a tolerance of 107%. Light squares indicate
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Figure 3.8: NIGP recursive step analysis. The left column shows whether K-matrices
of the model are similar to each other across multiple recursive steps. The right column
shows how the trace of the K-matrix evolves over the recursive steps. The optimal model
behaviour is shown in the central row.
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that the selected matrices are equal according to this definition. This means that
we expect to start with light boxes along the diagonal only, which should then grow
into a large light block, like in Figure 3.8c, which means that the covariance matrix
has stabilised and is not changing any more across recursive steps.

The right column of plots shows the trace of the noise-related term. As only
the trace of the NIGP’s extra term affects our covariance matrix, we are primarily
interested in how those values develop across iterations. Here the optimal desired
behaviour is shown in Figure 3.8d, where the trace is stabilising quickly.

There are two failure modes that we experienced in our analyses. The first
failure mode is shown in Figures 3.8a and 3.8b, corresponding to slow convergence.
We can see that 20 recursive steps are not enough, as the trace is still oscillating
and decaying slowly. Increasing the number of recursive steps allows the posterior
to stabilise, but this comes at the expense of increased computational effort.

The second failure mode is shown in Figures 3.8e and 3.8f, where the matrix
does not settle at all, and instead oscillates between two distinct (and equal)
states. No convergence is observed in this case, even after running an increased
number of recursive steps. The values of the matrices oscillate between a matrix
with small diagonal values and one with an inflated diagonal. The fact that it
is oscillating between two equal matrices is made clear in Figure 3.8e, as the
checkered shape means that the matrices at steps 8, 10, 12, ...are the same, as
are the matrices at steps 7, 9, 11, ....

So in conclusion, the oscillatory behaviour of the recursive computation in the
NIGP often decays quite quickly in practice, but it is not clear what properties of
hyperparameters or the training data lead to the non-decaying behaviour. The NIGP
incurs a higher computational cost than the other models in our comparison and

when used in practice we will not be able to tell if the model will be well-behaved.

UTGP

Our empirical evaluation considered only the simple UTGP, and we see that it

performs competitively. It also inherits the numerical stability of the standard
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GP, as a result of the form of its training objective (Equation (3.61)). It was the
best method more often than any other method, and close to the standard GP
in many cases, and we believe further improvements to the model could provide
even better results than the ones we see here. The simple UTGP is very simple
computationally, as it only scales with the dimensionality of the input space. GPs
are often restricted to relatively low dimensional data, due to the fact that in high
dimensions the distances between points are larger and hence learning based on
distance metrics becomes challenging. This means that the UTGP can be viable
in practice and our brief comparison of the full and simple UTGPs provides an

incentive to find a scalable formulation of the full UTGP.

3.8 Conclusion

In this chapter we contrasted a total of five models for modelling smooth functions
where the data is corrupted on both the inputs and the outputs: three existing
uncertain-input GP approaches, a novel approach based on the unscented transform,
and a standard GP. As far as we are aware, the experiments conducted here
provide the first side-by-side comparison of popular uncertain-input GP methods for
regression. Our novel method, the UTGP, was analysed in its “simple” formulation,
due to scaling challenges of the “full” formulation. The simple UTGP was the best-
performing uncertain-input approach, which is an encouraging result and motivates
researching methods to make the full UTGP scalable.

We note that the models here were all provided with the true underlying noise
variance. The three existing uncertain-input GP models (Analytic, RandFunc,
NIGP) allow this variance to be treated as a hyperparameter that can be learnt
from the data if we wish to. Since the UTGP does not allow the noise to be
learnt in its current formulation, we defined experiments with fixed input noise
variance to facilitate a comparison for all models.

Finally, we conclude that specialised uncertain-input methods perform as well
as, and often worse than, a standard GP. The UTGP was the best-performing

uncertain-input model, but the results suggest that when we turn to using Bayesian
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optimisation in an uncertain-input environment, taking into account computational
complexity and model accuracy, using a standard GP surrogate is likely to be

sufficient to model the input-uncertainty in the data.
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4.1 Introduction

Bayesian optimisation is at its heart a sequential algorithm. In situations where

the cost incurred is mainly driven by acquiring samples of f, sequential BO is a

76
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good fit. It is often the case, though, that multiple experiments can be run at the
same time in parallel at little to no extra cost. For example, in the case of drug
discovery many different compounds can be tested in parallel via high throughput
screening equipment (Herndndez-Lobato et al., 2017).

Another area amenable to parallelisation is machine learning hyperparameter
optimisation. Here in particular BO has been remarkably successful (Snoek et al.,
2012), for example it was used to improve the performance of DeepMind’s highly-
publicised AlphaGo agent (Chen et al., 2018). In such cases, the search space is
made up of the hyperparameters of the model (e.g. the numbers of units in each
layer of a neural network), and we are interested in identifying the best model
according to an error (or accuracy) metric. With the advent of cloud computing and
other easily-available computing resources, we are often able to evaluate multiple
hyperparameter configurations at the same time. This lead to the development of a
number of parallel BO methods that evaluate a batch of k£ configurations in parallel
at each iteration of the optimisation (Contal et al., 2013; Shah and Ghahramani,
2015; Wu and Frazier, 2016; Kathuria et al., 2016; Kandasamy et al., 2018).

While (synchronous) batch BO methods are well-motivated and a good fit for
parallelisable tasks, asynchronous BO has received surprisingly little attention by
the research community. In this chapter, we motivate the use of asynchronous
BO and develop a new method to address this setting. Our contributions can

be summarised as follows:

o We analyse the benefits and weaknesses of synchronous batch BO methods

and make the case for asynchronous batch BO.

o We develop a new approach to asynchronous parallel BO, Penalising Locally
for Asynchronous Bayesian Optimisation on k workers (PLAyBOOK), which
uses penalisation-based strategies to prevent redundant batch selection. We
show that our approach compares favourably against existing asynchronous

methods.
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o We propose a new penalisation function, which prevents redundant samples
from being chosen. We also propose designing the penalisers using local
(instead of global) variability features of the surrogate to more effectively

explore the search space.

o We demonstrate empirically that asynchronous methods perform at least as
well as their synchronous variants. We also show that PLAyBOOK outperforms
its synchronous variants both in terms of wall-clock time and sample efficiency,
particularly for larger batch sizes. This renders PLAyBOOK a competitive
parallel BO method.

4.2 Related work
4.2.1 Batch BO

We can probably credit the work in Snoek et al. (2012) for leading to a surge in
interest in developing batch BO methods. The authors demonstrated the efficacy
of BO to optimise hyperparameters of expensive-to-train machine learning models,
which was particularly well-timed to occur alongside a renewed interest in deep
neural networks and a need to find their optimal hyperparameters. The application
domain of machine learning hyperparameter tuning naturally leads to the desire to
parallelise BO to make use of multi-GPU machines and supercomputers.

An early batch BO method called ¢-FEI was proposed in Ginsbourger et al.
(2008) and Ginsbourger et al. (2010), where the expected improvement acquisition
function is extended to evaluate the utility of a collection of points. The authors
show that an analytic result only exists for a batch with 2 points. Larger batch sizes
are evaluated using sampling approaches, which quickly becomes computationally
intensive. Countering the computational complexity of the multi-point g-EI criterion,
the authors suggested heuristics-based strategies that are meant to approximate
the sampling-based method and which are computationally more feasible. These

heuristics were named Kriging believer (KB) and constant liar (CL).
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The idea behind these heuristics is simple: we create a batch of k points by
finding the configurations that a sequential BO algorithm would choose if it were
run for k steps. This is achieved by optimising the acquisition function a(x) to
identify the configuration x; to sample at next, and then updating the surrogate
GP data with this configuration paired with the result of the chosen heuristic
D + D U{x;, h(x;)}, where h(-) is the KB or CL heuristic function, until we have
filled the batch. The KB heuristic is defined as h(x;) = u(x;), i.e. the value of
the posterior mean of the surrogate at the configuration x;, and the CL heuristic
is defined as h(x;) = ¢, where ¢ is a constant (often the incumbent best value
min(yy,...,y:)). In practice, KB is a remarkably effective batch BO technique
and provides a strong baseline for comparison.

Other approaches include using knowledge gradient (Wu and Frazier, 2016),
Determinental point processes (Kathuria et al., 2016), adding random samples to
the sequential BO choice (Contal et al., 2013), maximising an information-theoretic
criterion (Shah and Ghahramani, 2015), and sampling-based simulation (Azimi
et al., 2010; Kandasamy et al., 2018; Hernandez-Lobato et al., 2017)

Another recent batch BO method that demonstrated promising empirical results
is Local Penalisation (LP) (Gonzalez et al., 2016). After adding a configuration x; to
the batch, LP penalises the value of the acquisition function «;(x) = a(x)érp(x|x;)
in the neighbourhood of x;, encouraging diversity in the batch selection. The

penalisation function, ¢pp (x|x;), is defined as

Li|x—x;|| — |pu(x;) — M

dur () :<I>( Pl ) ')7 (4.1)

where ® is the Gaussian c.d.f., L is the estimated Lipschitz constant of the black-box

function f, M is the current best estimate of the optimum location, x; is a batch

point, and where p(x;) and o (x;) are the posterior mean and variance of the
surrogate GP respectively evaluated at the batch point.

The benefit of a penalisation-based approach over the heuristics (KB and CL)

is that we avoid updating the surrogate model (k — 1) times for a batch of size k.

Updating a GP surrogate model can quickly become expensive, as it necessitates
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computing the inverse of the NV x N covariance matrix (V is the number of instances
in the GP’s data), so side-stepping this operation makes for a computationally
attractive algorithm for larger batch sizes.

The common theme across all batch BO methods is the desire to identify a
collection of configurations that each provide a distinct understanding about the

function f and its global optimum configuration.

4.2.2 Asynchronous BO

Asynchronous BO has received surprisingly little attention compared to synchronous
BO to date, even though it is a natural extension to the synchronous case. In
(Ginsbourger et al., 2011) the authors proposed an approach based on g-EI to
incorporate knowledge of the busy configurations. Due to its reliance on sampling,
it still suffers from poor scaling.

A more recent method (Kandasamy et al., 2018) utilises Thompson Sampling
(TS) to select new batch points. The authors state that the method has attractive
scaling, since the method samples and minimises realisations from the surrogate’s
posterior distribution, one for each configuration in the batch. In the case of a GP
surrogate model, it is not clear how we should optimise a sample we draw from
the posterior. The practical work-around is to draw a sample defined over a large
random grid and to pick the configuration of the maximum value (or minimum in
the case of minimisation), forgoing optimisation altogether. The disadvantage of
using TS in this context is that it relies heavily on the uncertainty in the surrogate

model to ensure that the batch points are well-distributed in the search space.

4.3 Asynchronous vs synchronous BO

In synchronous batch BO algorithms, at the s-th step, a batch By = {xs1,...,Xsx}
with k configurations is created for evaluation. The BO algorithm then waits until
all k£ jobs in the batch have completed before updating the surrogate model and

identifying the next batch By, . In cases where different configurations take roughly
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the same time to evaluate, this will probably lead to good utilisation of the available
hardware, so this approach is well-motivated and a good fit.

Consider the case of optimising a deep neural network, where the BO algorithm
is trying to identify the number of units in each layer of the network, as well as
other hyperparameters like learning rate, momentum and batch size. It is clear that
different values for the hyperparameters can lead to significantly different runtimes —
training a network with 10 units per layer will take less time than training a network
with 1000 units per layer. Alternatively, consider the case of training a random
forest (Breiman, 2001), where the BO algorithm is searching for the best number of
trees (amongst other hyperparameters). Again, it is clear that random forests with
a smaller number of trees will complete training faster than ones with more trees.

When creating a batch of configurations, we are interested in evaluating a diverse
set of configurations so as to efficiently gain the most information about f. This
means that a batch could contain very different configurations with very different
evaluation runtimes, which would lead to inefficient utilisation of our compute
resources. Since we wait for all of the configurations in the batch to complete before
choosing new jobs, the slowest configuration in the batch will dictate the runtime
of the batch, leaving the other workers idle until it has completed its task. In
order to improve the utilisation of parallel computing resources, we can run the
batch evaluation asynchronously: we start with a batch of k tasks, and choose new
tasks as soon as ¢ workers (¢ < k) complete their jobs — we do not wait for all jobs
in the batch to complete. It is obvious that asynchronous evaluation has a clear
advantage over synchronous batch BO in terms of the number of jobs evaluated in
a fixed period of time (Kandasamy et al., 2018); see Figure 4.1 for an illustration.
It is unclear whether asynchronous evaluation translates into a better optimisation
performance over time. Asynchronous BO may also lose out in terms of sample
efficiency, as an asynchronous method takes decisions about the next configuration(s)
to evaluate with fewer data than its synchronous counterpart at each stage of the
optimisation. It is not clear then, whether asynchronous BO is competitive, or

preferable, to synchronous BO. We investigate this empirically in this chapter.
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Figure 4.1: Ilustration showing the difference between synchronous and asynchronous
batch BO in the case of k = 3 parallel workers and ¢ = 1. A blue bar indicates that a
worker is evaluating its assigned task and a red bar indicates a worker waiting for its next
job. It is clear that asynchronous batch BO, which makes better use of the computing
resources, can complete a greater number of evaluations than its synchronous counterpart
within the same duration.

4.3.1 Batch selection

Many batch BO algorithms convert the selection of B, into a sequential procedure,
adding one point at a time to the batch. At the sth BO step, the choice of batch point
x; (j € {1,2,...,k}) should then not only take into account our current knowledge
of f, but also marginalise over possible function values at the configurations {x; }f;il

that we have chosen so far for the batch:

j—1
x; = arg max / o(x | D, Dj_1) [T p(: | X6 D, Do)y, (4.2)

bS =1
where D, are the data we have gathered so far and D;_; = {x;,y; 5;11 and

Dy = @ (Gonzalez et al., 2016).
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In asynchronous BO, after a desired number of workers ¢ < k complete their
tasks, we assign new tasks to them without waiting for the remaining b = (k—c) busy
workers to complete their tasks. Thus, the general design for selecting the next query
point marginalises over the likely function values both at configurations currently
under evaluation by busy workers, as well as the already-selected points in the batch:

—argmax// (x| Ds_, Dy, Dj—1) %

xeX

Hp Yi | Xlapsfapbapz—l)x

=1

b
[T (| %1, D, )dyidy,, (4.3)
=1

where j € {1,...,c} and D, = {x;,y;}}_, are the configurations and function
values of the busy configurations selected at previous BO iterations. Ds_ are the
data available at the point of constructing the asynchronous batch. In general,
D,_ contains fewer data than the D, that would be used to select the equivalent
batch of evaluations in the synchronous setting. Figure 4.1 shows the case of
¢ =1and thus b = k-1 = 2.

In a given period of time, asynchronous batch BO is able to process a greater
number of evaluations than the synchronous approach, so asynchronous BO offers
clear gains in resource utilisation. However, Kandasamy et al. (2018) claim that the
asynchronous setting may not lead to better performance when measured by the
number of evaluations. The authors point out that a new evaluation in a sequentially-
selected synchronous batch will be selected with at most £ — 1 evaluations “missing”
(that is, with knowledge of their configurations x but absent the knowledge of
their values y), corresponding to the previously-selected points in the current batch
(i.e. j —1 <k —1in Equation (4.2)). Evaluations in the asynchronous case are
always chosen with £ — 1 “missing” values.

However, to our knowledge, there exists little empirical investigation of the
performance difference between synchronous and asynchronous batch methods.
We conducted this comparison on a large set of benchmark test functions and

found that asynchronous batch BO can be as good as synchronous batch BO
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for different batch selection methods. Additionally, for the penalisation-based
methods we propose, asynchronous operation often outperforms the synchronous
setting, particularly as the batch size increases. We will discuss this interesting

empirical observation in Section 4.6.2.

4.3.2 An aside about parallel BO algorithms

It is useful to think a little more closely about Bs. What makes a collection of
configurations a good batch? A sequential BO algorithm is often straightforward
to understand, since it is often derived using an explicit one-step regret measure
that is being minimised. This understanding becomes less clear when we start
thinking about a batch of points.

Our aims in parallel BO are not different from sequential BO, in that we wish
to identify configurations that allow us to learn the most about the configuration of
the optimal configuration x*. We still wish to balance exploration and exploitation
behaviours of the algorithm so that we have good coverage of the search space, as
well as an accurate understanding of the likely values of f in promising regions. The
issue we face, though, is that acquisition functions are one-step criteria. Maximising
the acquisition function results in us finding a single optimal configuration.

In an ideal scenario, we would want to have an acquisition function apagen(B)
that takes in a batch B and returns a score for the utility of that batch. This
would allow us to optimise the configurations inside the batch collectively and

identify the optimal batch
B, = arg max Qpateh (B)- (4.4)

Such an acquisition function, that is also scalable, does not exist yet as far as we
are aware. Instead, parallel batch BO methods make use of the same acquisition
functions as used in sequential BO, and introduce heuristics or other intuitions

to allow us to identify multiple configurations:

x; = argmax a;(x|{x1, ..., x;-1}), (4.5)
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where j € {1,...,k} and we call the “batch” acquisition function for the j-th point
a;.
In these cases, the first point added to the batch is the same one that would
have been selected by a sequential BO algorithm. It is not clear what trade-offs, if
any, we are making by approximating the “ideal” procedure (Equation (4.4)) by
using an iterative one (Equation (4.5)). Rather than questioning the relevance of
batch BO, since those methods perform very well in practice, we instead wish to
highlight the open question of how much better a batch acquisition function (as in
Equation (4.4)) could perform in practice, once a scalable variant is developed.
On a related note, it is useful to differentiate between non-myopic and parallel
BO, as they may seem to be closely related. In both cases we simulate future
actions taken by the BO algorithm and use that information to inform the selected
configuration(s). The key difference between the two methods is that parallel
BO methods aim to create a batch of diverse points, whereas the target of a
non-myopic, or multi-step lookahead, BO procedure is to select a configuration

that takes into account explicitly the remaining budget and the possible future

evaluations the algorithm may encounter.

4.4 Penalisation-based asynchronous BO

As discussed in Section 4.2, the existing asynchronous BO methods suffer drawbacks
such as the prohibitively high cost of repeatedly updating GP surrogates when
selecting batch points (Ginsbourger et al., 2011) or the risk of redundant sampling
at or near a busy configuration in the batch (Kandasamy et al., 2018). In view
of these limitations, we propose a penalisation-based asynchronous method which
encourages sampling diversity among the points in the batch as well as eliminating
the risk of repeated samples in the same batch. Our proposed method remains
computationally efficient, and thus scales well to large batch sizes. We list the
properties of our “ideal” penalisation method in Section 4.4.1 below.

Inspired by the Local Penalisation approach (LP) in synchronous BO (Gon-
zalez et al., 2016), see Equation (4.1), we approximate Equation (4.3) for the



4. Asynchronous batch Bayesian optimisation 86

case of ¢ = 1 as:

s ~argma fatx | 2. Tl otx [ .00}, (4.6)

xeX b
where ¢(x | x;, Ds_) is the penaliser function centred at the busy configurations
{x;}F=!. In the following subsections, we design effective penaliser functions by
harnessing the Lipschitz properties of the function and its GP posterior. To
simplify notation, we denote ¢(x | x;,Ds_) as ¢(x | x;) and «a(x | Ds_) as a(x)

in the remainder of the section.

4.4.1 Hard Local Penaliser

Assume the unknown objective function is Lipschitz continuous with constant L.
Lipschitz continuity is a relatively weak assumption, as this assumes that the
function is smooth, and hence an optimum can be found by reasoning about the
function’s shape between acquired data. We also assume that the function has a

global minimum value f(x*) = M, and that x; is a busy task,
|f(x;) = M| < Li[x; —x7. (4.7)

This implies x* cannot lie within the spherical region centred on x; with

f(xJ')—M:

radius r; = 7

S(xj,rm) ={xe X :|x—x;| <r;} (4.8)

If x; is still under evaluation by a worker, there is no need for any further selections
inside S(x;, ;).

Given that f(x;) ~ N(u(x;),0%(x;)) and thus E(r;) = M, applying

Hoeffding’s inequality for all € > 0 (Jalali et al., 2013) gives

2¢?L?

. , < _ 2L |

P(r; > E(r;) +¢€) <exp ( a(xj)2> (4.9)
Substituting in € = ISGT(XJ)
1.50(x;) 202 (1.50(x;) 2
P\ry>E(r;) + j) <exp |- ( J (4.10)
< ’ ! L o(x;)? I

= exp(—2 x 1.5%) (4.11)

~ 0.0111 (4.12)
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Figure 4.2: Illustration of asynchronous batch selection by naive LP and HLP. The
top left plot shows the acquisition function «(x) and the configurations (i.e. xp; and
xp2 denoted in black dots) under evaluation by busy workers. The top right plot shows
the shapes of two penalisers at the busy configuration xp;. Their respective penalisation
effects on a(z) at xp; and xp2 as well as the new batch point z3 to be assigned to the
available worker are shown in the subplots that follow, LP on the left and HLP on the
right.

so therefore

]..50'<Xj)

P(?“jéE(?"j)"‘ I

) > 0.99, (4.13)

which implies there is a high probability (around 99%) that r; < lu (sz_M‘ + 1.50(29 )

The penalisation function ¢(x | x;) should incorporate this belief to guide
the selection of the next asynchronous batch point by reducing the value of the
acquisition function at configurations {x € S(x;,7;)}. A valid penaliser should

possess the several properties:

« the size of the penalisation region reduces as the expected function value at
x; gets close to the global minimum (i.e. small |p(x;) — M]) (Gonzalez et al.,

2016);

o the penalisation region shrinks as L increases (Gonzalez et al., 2016);
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 the extent of penalisation on a(x) increases as x gets closer to x; with

a(x;) =0if a(x) > 0 for all x € X.

The Local Penaliser (LP) in Gonzalez et al. (2016) fulfils the first two properties
but not the final one which we believe is crucial. Thus, directly using it for
the asynchronous case makes the algorithm vulnerable to redundant sampling as
illustrated in Figure 4.2. In view of this limitation, we propose a simple yet effective

Hard Local Penaliser (HLP) which satisfies all three conditions

¢(x | x;) = min {M, 1} : (4.14)

where 7 is a constant.

The above expression can be made differentiable by the approximation:

p
SIS
E(r;) + =72

with ¢(x | x;) = @(x | x;) as p — —oco. Note that p tends to negative infinity,

1/p

o(x | x;) = , (4.15)

so that the central area of the penaliser follows the desired shape and it tends
to 1 as the radius grows.

In addition, the global optimum M is unknown in practice and is usually
approximated by the best function value observed M = min{ f(x;)}? (Gonzalez et al.,
2016). This approximation tends to lead to underestimation of y(x;) — M and thus
E(r;) (by over-estimating M > M), reducing the extent of the penalisation at x; and
in the region nearby. HLP mitigates this effect by penalising significantly harder than
the penaliser proposed by Gonzalez et al. (2016), and maximally at x; (a(x;) = 0).

Thus, our method is less affected by over-estimation of the global minimum M > M.

4.4.2 Locally-estimated Lipschitz constants

In BO, the global Lipschitz constant L of the objective function is unknown.
Assuming the true objective function f is a draw from its GP surrogate model,
we can approximate L with [ = maxyey ||po (x)|| where g (x) is the posterior

mean of the derivative GP (Gonzalez et al., 2016). However, using the estimated
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global Lipschitz constant L to design the shape of the penalisers at all busy
configurations in the batch may not be optimal. Consider the case where a point
in an unexplored region is still under evaluation. If Lis large, then the penaliser’s
radius will be small and we will end up selecting multiple points in the same
unexplored region, which is undesirable.

Therefore, we propose to use a separate Lipschitz constant, which is locally
estimated, for each busy configuration. Here, “locality” is encoded in our choice of
kernel and its hyperparameters, e.g. via the lengthscale parameter in the Matérn
class of kernels. The use of local Lipschitz constants will enhance the efficiency
of exploration because they allow the penaliser to create larger exclusion zones
in areas in which we are very uncertain (the surrogate model is near its prior or
has low curvature) and smaller penalisation zones in interesting, high-variability,
areas. This insight is also corroborated in Blaas et al. (2019), who used this fact
to develop a fast optimisation algorithm for 1D functions.

We demonstrate the different effects of using approximate global and local
Lipschitz constants with a qualitative example in Figure 4.3. In Figure 4.3a,
the estimated global Lipschitz constant is used for penalisation at both busy
configurations x,; = —1 and X = 1 (denoted as black dots). The relatively large
value of the global Lipschitz constant (f)bl =Ly =1= 3.47) due to the high
curvature of the surrogate in the central region leads to a small penalisation zone
around the two busy configurations at the boundary. This causes the algorithm to
miss the informative region in the centre and instead revisit the region near x;; to
choose the new point in the asynchronous batch. On the other hand, in Figure 4.3b,
the use of a locally estimated Lipschitz constant allows us to penalise a larger zone
around points where the surrogate is relatively flat (ﬁbl = 0.712 for x;7), while still
penalising smaller regions where there is higher variability (Ls = 3.45 at x3).

In our experiments we used a Matérn-52 kernel and defined the local region for
evaluating the Lipschitz constant for a batch point x; to be a hypercube centred
on x; with the length of the each side equal to twice the lengthscale corresponding

to that input dimension, as illustrated in Figure 4.4.
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(a) Penalisation with global L. (b) Penalisation with local L

Figure 4.3: Different penalisation effects on «a(x) of using a single global Lipschitz
constant compared to local Lipschitz constants. The top plots in both (a) and (b) show
the true objective function (red line), six observed points (black crosses), the GP posterior
mean (blue line) and variance (blue shade), the two busy configurations (black dots) and
the next query point (red dot) selected by using the HLP with global and local Lipschitz
constants respectively. The dashed blue line is the original (non-penalised) acquisition
function. The plots in (a) show the penalisation effect on busy configurations using the
same global Lipschitz constant while those in (b) show the effect of using local Lipschitz
constants. It is clear that penalising the busy configurations based on local Lipschitz
constants allows the algorithm to capture the informative peak at the central region while
selection based on the single global Lipschitz constant leads us to revisit the flat region
near the boundary due to insufficient penalisation at x;.

In our empirical evaluation we differentiate between PLAyBOOK-L, which
uses a naive Local penaliser, PLAyBOOK-H, that uses the HLP penaliser, as well
as their variations with locally estimated Lipschitz constants, PLAyBOOK-LL
and PLAyBOOK-HL.

4.5 Practical considerations

There are some practical details that are worth discussing before we move to

the experimental evaluation.
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Figure 4.4: We estimate the local Lipschitz constant within a hypercube centred around
the batch point x;, with each side’s length being twice the kernel lengthscale corresponding
to that dimension. Here shown for d = 3.

Multimodality of «a(x)

One of the advantages of penalisation-based batch methods is that we avoid
performing costly re-computations of the inverse of the surrogate GP’s covariance
matrix, as is the case in the heuristics-based methods in Ginsbourger et al. (2010).
Instead we leverage the given acquisition function together with the penaliser
function, both of which are cheap to compute. An important practical requirement
is that the acquisition function should have multiple peaks spread out in the search
space. This is so that successive penalisations can uncover other promising areas,
which we define as regions with a high value for a(x).

From practical experience, the popular EI acquisition function does not reliably
provide a multi-modal acquisition surface, but rather quickly turns into a single
peak (see e.g. Figure 2.5). Applying a penalisation-based batch method to EI
is still possible, but its usefulness is then unclear, because after the first few
penalisations we would then be choosing configurations that have roughly equal
values of a(x). In such cases then the selection would be driven by the randomness
in our optimisation approach for a(x), rather than any inherent utility of the
selected configurations over others.

We found that using UCB as the acquisition function provided a surface with

multiple peaks, as required, but there exist alternative choices in the literature.
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ScaledEl is a variant of EI that was proposed in Noe and Husmeier (2018), in
which the uncertainty in the estimate of EI is integrated into the criterion, allowing
more variability across the search space, and hence leading to a more multi-modal
surface. Another extension of EI was proposed in Berk et al. (2019), in which
the authors adapt the acquisition function to create a more multi-modal surface

for early iterations.
Requiring a(x) > 0

Figure 4.2 shows that the penaliser’s value is in the range ¢(x) € [0, 1], and it
is applied to the acquisition function via multiplying the penaliser with «a(x),
as in Equation 4.6. This means that we require the acquisition function to be
positive across the search space, so that multiplication with ¢(x) attenuates the
acquisition value.

If the acquisition function at a selected configuration was negative, then we would
have a(x)¢p(x) > a(x) at that configuration, which would increase rather than
decrease the value of the acquisition function after penalisation. This would cause
subsequent optimisations of the “penalised” acquisition function to select the same
configurations repeatedly. This is particularly relevant to us, since we chose to use
UCB as our acquisition function, which provides us with no positivity guarantees.

We tried two different approaches to enforce positivity of a(x): offsetting a(x)
and using a “softplus” transform. In order to find the correct offset, we optimised
a(x) in order to find its minimum. We then replaced the acquisition function

for the remainder of the algorithm by
o' (x) = a(x) — min(a(x)). (4.16)

Even though «(x) is a cheap function to evaluate, the search space is often quite
large if we are optimising multiple parameters of a model, so we want to reduce
computation effort for selecting batch points where possible. In this case, it is not
critical to identify the global minimum of «(x). Finding a value that makes sure

that, after offsetting c(x), the peaks are positive is sufficient, so instead of running
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an exhaustive optimisation, we evaluated the acquisition function on a large random
grid and selected the minimum value of that grid to act as min(«(x)).
The “softplus” transform was suggested in Gonzalez et al. (2016) and suggests

transforming the acquisition function using
o' (x) = log(1 + exp(a(x))). (4.17)

This transform has a negligible effect for large positive values of a(x)), and squeezes
all negative values of a(x)) into [0, 1]. Empirically we saw no significant difference
in performance between the two, but since offsetting the acquisition function
requires an extra optimisation step, we suggest using the “softplus” transform

to save on computation effort.

Choosing M when its true value is known

Both LP and HLP require an estimate of the true global minimum of f for sizing
the penalisation region correctly. One of the motivations for us to develop the HLP
penaliser was LP’s over-reliance on the value of M and its insufficient penalisation
resulting from estimating M incorrectly.

There arises a natural question: what do we do when the true value of the
global minimum is known? This is the case for example when the quantity we are
minimising is an error metric of a model, so miny(f(x)) = 0. In our evaluation
below we show results for using LP and HLP with estimates of M, as when we
tested all of the PLAyBOOK methods with estimated M as well as the actual value

of M, we found that using the latter did not provide a significant difference.

4.6 Experimental evaluation

We begin our empirical investigations by performing a head-to-head comparison
of synchronous and asynchronous BO methods, to test the intuitions described in
Section 4.3. We specifically look at optimisation performance for asynchronous

and synchronous variants of the parallel BO methods measured over time and
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number of evaluations, and we show empirically that asynchronous is preferable
over synchronous BO on both counts.

We then evaluate our proposed asynchronous methods (PLAyBOOK-L, PLAyBOOK-
H, PLAyBOOK-LL and PLAyBOOK-HL) on a number of benchmark test functions
as well as a real-world expensive optimisation task. We compare against the
state-of-the-art asynchronous BO methods, Thompson sampling (TS) (Kandasamy
et al., 2018), as well as the Kriging Believer heuristic method (KB) (Ginsbourger
et al., 2010) applied asynchronously.

For all the benchmark functions, we measure the log of the simple regret
R, which is the difference between the true minimum value f(x*) and the best

value found by the BO method:

log(R) = log | f(x") — ‘minnf(xi) : (4.18)

-----

This is a popular performance metric used in the BO literature, as it captures
the ability of the algorithm to identify locations with functional values close to
the true optimum. We are not necessarily interested in identifying a specific
optimum, as there may exist more than one, or we may only know the value of
the true optimum and not its location, so the distance in the input space is not

relevant in our empirical evaluation.

4.6.1 Implementation details

To ensure a fair comparison, we implemented all methods in Python using the
same packages!.

In all experiments, we used a zero-mean Gaussian process surrogate model
with a Matérn-52 kernel with ARD. We optimised the kernel and likelihood
hyperparameters by maximising the log marginal likelihood. For the benchmark
test functions, we fixed the noise variance to 02 = 107% and started with 3d random
initial configurations. Each experiment was repeated with 30 different random

initialisations and the input domains for all experiments were scaled to [—1,1]%.

! Implementation available at https://github.com/a5a/asynchronous-B0


https://github.com/a5a/asynchronous-BO

4. Asynchronous batch Bayesian optimisation 95

All methods except TS used UCB as the acquisition function «(x). For our
PLAyBOOK-H and PLAyBOOK-HL, we choose v = 1 and p = —5 in Equation
(4.15). Larger values of p did not provide much benefit in terms of the shape of
the penaliser. For TS, we use 10,000 sample points for each batch point selection.
For the other methods, we evaluate a(x) at 3,000 random configurations and then
choose the best location after locally optimising the best 5 samples for a small
number of local optimisation steps.

We evaluate the performance of the different batch BO strategies using popular

global optimisation test functions?®:

o The tasks mat-2 and mat-6 refer to functions drawn from a Gaussian process

with Matérn-52 kernel in R? and RS respectively.

o The global optimisation tasks that we considered are the Ackley function
defined on R® and R!'° (ack-5 and ack-10), the Michalewicz function defined
on R®> and R (mic-5 and mic-10) and the Eggholder function in R? (egg-2).

The mathematical expressions for these test problems are shown in Table 3.1.

o We also selected a robot pushing simulation experiment, nrobot-4, which was
first explored in a BO context by Wang and Jegelka (2017). Here the task is
to learn the correct pushing action to minimise the distance of the robot to a
goal. The problem has 4 inputs: the robot’s location (r,,r,), the angle of the
pushing force ry and the pushing duration ¢,.. We used the domain suggested
by Wang and Jegelka (2017), namely r, € [-5,5], r, € [=5,5], 19 € [0, 27]
and ¢, € [1,30].

4.6.2 Synchronous vs asynchronous BO

In this section we address the question of choosing between asynchronous and
synchronous BO. In order to investigate their relative merits, we compared asyn-
chronous and synchronous BO methods’ performance as a function of evaluation

time and number of evaluations.

?Details for these and other challenging global optimisation test functions can be found at
https://www.sfu.ca/~ssurjano/optimization.html


https://www.sfu.ca/~ssurjano/optimization.html
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Figure 4.5: A head-to-head comparison of synchronous (orange) vs asynchronous (blue)
versions of a parallel BO method in terms of evaluation time for k = 4 and k = 16. The
mean (solid line) and standard error (shaded region) of the regret for optimising ack-5 for
30 random initialisations are shown. Notice how the asynchronous methods outperform
their synchronous counterparts in terms of evaluation time.

Evaluation time

In order to perform a time-based comparison, we needed to inject a measure of
runtime for different tasks, as the test functions can be evaluated instantaneously.
We followed the procedure proposed in Kandasamy et al. (2018) to sample an
evaluation time for each task so as to simulate the asynchronous setting. We chose
to use a half-normal distribution with scale parameter o = \/7r7/2, which gives us
a distribution of runtime values with mean at 1.

Results on the ack-5 task are shown in Figure 4.5 and ack-10 in Figure 4.6.

Note that each subplot should be considered separately, as we are showing the
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Figure 4.6: Head-to-head comparison as in Figure 4.5 on ack-10.

difference between synchronous and asynchronous evaluation in a specific setting.
We know that asynchronous BO has the advantage over synchronous BO in terms
of utilisation of resources, as shown qualitatively in Figure 4.1, simply due to the
fact that any available worker is not required to wait for all evaluations in the
batch to finish before moving on. Therefore, given the same time budget, a greater
number of evaluations can be performed in the asynchronous setting than in the
synchronous setting, as we see in Figures 4.5 and 4.6. Our experiments show that
this also translates to faster optimisation of f in terms of the (wall-clock) time
spent evaluating tasks. We observed this behaviour for PLAyBOOK, as well as
TS and KB. This shows that asynchronous evaluation should be preferred over

synchronous evaluation, when the cost is dominated by (wall-clock) time.
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Figure 4.7: A head-to-head comparison of synchronous (orange) vs asynchronous (blue)
versions of a parallel BO method in terms of number of samples. The mean (solid line)
and standard error (shaded region) of the regret for optimising ack-5 for 30 random
initialisations are shown. PLAyBOOK-HL outperforms its synchronous variant in terms

of sample efficiency, especially as k increases, whereas asynchronous and synchronous KB
are quite similar.

Number of evaluations

A more interesting question to investigate is whether asynchronous BO methods are
really less data efficient than synchronous BO methods as discussed in Section 4.3.
Figures 4.7 and 4.8 show the same experiments as above, this time evaluating the
BO methods in terms of their sample efficiency.

An unexpected yet interesting behaviour we note is that as k increases, the
PLAyBOOK methods tend to clearly outperform their respective synchronous

counterparts even in terms of sample efficiency, as seen in Figures 4.5¢, 4.5d and
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Figure 4.8: Head-to-head comparison as in Figure 4.7 on ack-10.

Figures 4.6c, 4.6d. This observation runs counter to the guidance provided in
Kandasamy et al. (2018) and such behaviour is less evident for the other two
batch methods, TS and KB.

We think this observation may be explained by the difference in nature between
the PLAyBOOK and TS/KB: in the case of T'S we rely on stochasticity in sampling,
and in KB we are re-computing the posterior variance and a(x) each time a batch
point is selected. The penalisation-based methods, on the other hand, simply
down-weight the acquisition function, and in the synchronous case these penalisers
coincide with the high-value regions of the acquisition function. This means that
unless the acquisition function has a large number of spaced-out peaks, we will

quickly be left without high-utility configurations to choose new batch points from.
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This explains the superior performance of asynchronous PLAyBOOK methods
over their synchronous variants because they benefit from the fact that the busy
configurations being penalised do not necessarily coincide with the peaks in a(x), as
the surrogate used to compute a(x) is more informed than the one used to decide
the configurations of the busy configurations previously. This means that points
with high utilities are more likely to to be preserved.

Taking into account the fact that the asynchronous PLAyBOOK methods tend
to perform at least equally well, if not significantly better, than their synchronous
variants on both time and efficiency, and that the asynchronous PLAyBOOK
methods gain more advantage over synchronous ones as the batch size increases, we
believe that this points to the fact that penalisation-based methods are inherently
better suited as asynchronous methods. Hence, for users that are running parallel
BO and have selected LP, we recommend they consider running PLAyBOOK

instead due to its attractive benefits.

4.6.3 Asynchronous parallel BO

Now that we have strengthened the appeal of asynchronous BO, we turn to evaluating

PLAyBOOK against existing asynchronous BO methods.

Synthetic experiments

We ran PLAyBOOK and competing asynchronous BO methods on the global
optimisation test functions described in Section 4.6.1. Some results are are shown
in Figure 4.9, while a comprehensive summary of the evaluation is presented
in Tables 4.2-4.4.

On the global optimisation test functions we noted that in most cases PLAy-
BOOK outperforms the alternative asynchronous methods TS and KB. The TS
algorithm performed poorly on these tasks, which we believe is caused by the fact
that TS relies heavily on the surrogate’s uncertainty to explore new regions.

PLAyBOOK methods show strong performance, achieving better optimisation

performance than both TS and KB baselines. Our experiments are summarised in
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Figure 4.9: The mean (solid line) and standard error (shaded region) of the regret
for different asynchronous BO methods on the global optimisation test functions for 30
random initialisations is shown. We can see that our proposed PLAyBOOK methods
perform competitively, especially when we start choosing larger batch sizes k.

Tables 4.2, 4.3 and 4.4, showing the mean and standard error of the optimisation
methods when terminated after 50, 75 and 100 BO iterations respectively. The
best method for each task is highlighted in each row in the tables. We can see

that PLAyBOOK outperforms TS and KB in most cases.

For future investigations, it would be interesting to explore why the ordering
of the best variant within the PLAyBOOK framework changes across tasks. Our
initial hypothesis is that this may be related to how the shape of the function
being optimised may be more or less amenable to optimisation with local vs
global Lipschitz constants. For smaller numbers of BO iterations PLAyBOOK-
HL shows strong performance across most tasks, and as the number of iterations
increases, the difference between the PLAyBOOK methods reduces, while still

outperforming TS and KB in most cases.
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Real-world optimisation

We experimented on a real-world application of tuning the hyperparameters of a
6-layer Convolutional Neural Network (CNN)? for an image classification task on
CIFARI10 dataset (Krizhevsky, 2009). The 9 hyperparameters that we optimise
with BO are the learning rate and momentum for the stochastic gradient descent
training algorithm, the batch size used and the number of filters in each of the
six convolutional layers. We trained the CNN on half of the training set for 20
epochs and each function evaluation returns the validation error of the model. We
tested the use of k = 2 and k = 4 parallel workers to run this real-world experiment.
The results are shown in Figures 4.10a and 4.10b.

We can see that for both £ = 2 and k = 4 parallel settings, all PLAyBOOK
methods outperform the other asynchronous methods, TS and KB. In the case
of k = 2 (2 parallel processors), only one busy configuration is penalised in each
batch so there is little gain from using a locally estimated Lipschitz constant.
However, as the batch size increases to k = 4, we see that methods using estimated
Lipschitz constants (PLAyBOOK-LL and PLAyBOOK-HL) show faster decrease
in validation error than PLAyBOOK-L and PLAyBOOK-H with PLAyBOOK-LL
demonstrating the best performance.

As a final check, we took the final configurations recommended by each asyn-
chronous BO method in the k£ = 2 and k = 4 settings and retrained the CNN
model on the full training set of 50K images for 80 epochs. The accuracy on the
test set of 10K images achieved with the best model chosen by each BO method is
shown in Table 4.1. In both settings, our PLAyBOOK methods achieve superior
performance with PLAyBOOK-H providing the best test accuracy when k = 2

and PLAyBOOK-LL doing the best when k& = 4.

3We followed the implementation shown in https://blog.plon.io/tutorials/
cifar-10-classification-using-keras-tutorial/


https://blog.plon.io/tutorials/cifar-10-classification-using-keras-tutorial/
https://blog.plon.io/tutorials/cifar-10-classification-using-keras-tutorial/

4. Asynchronous batch Bayesian optimisation

-1.00

-1.05

-1.101 |

- KB
TS

—— PLAyBOOK-H

—— PLAyBOOK-HL

PLAYBOOK-L

—— PLAYyBOOK-LL

-1.00

-1.05

KB
TS
PLAYBOOK-H
PLAyBOOK-HL
PLAYBOOK-L
PLAYBOOK-LL

103

-1.10
-1.15

] S-1.15
o _
o120 “C’
2 i}
© ©
2 )
£-1.25 g -1.20
-1.30 ~1.25
-1.35
-1.30
-1.40
-1.35
0 10 20 30 40 50 60 0 10 20 30 40 50
iteration iteration

(a) k=2 (b) k=4

Figure 4.10: Asynchronous optimisation of 9 hyperparameters of a 6-layer CNN for
image classification on the CIFAR10 dataset. The network is trained on half of the
training set and evaluated on the second half. The objective being minimised is the
classification accuracy on the validation set. PLAyBOOK outperforms both KB and TS
in this expensive optimisation task.

Table 4.1: Test accuracy (%) on CIFAR-10 after training the best model chosen by
various asynchronous BO methods for 80 epochs

LTS KB PLAYBOOK

L H LL HL

2 81.0 839 847 85.2 841 849
4 81.2 828 825 838 84.2 &83.0

4.7 Conclusion

We argue for the use of asynchronous (over synchronous) Bayesian optimisation

(BO), and provide supporting empirical evidence. Additionally, we developed a



4. Asynchronous batch Bayesian optimisation

104

KB TS PLAyBOOK-L PLAyBOOK-LL PLAyBOOK-H PLAyBOOK-HL

k  Task
2 ack-10 -0.3 (0.0)  -0.0 (0.0) -0.2 (0.0) -0.4 (0.0) -0.3 (0.0) -0.3 (0.0)
ack-5 -0.6 (0.1)  -0.2 (0.0) 0.9 (0.1) 0.5 (0.1) -0.6 (0.1) 0.7 (0.1)
egg-2 3(0.2) 0.9 (0.2) 0.1 (0.2) -0.0 (0.2) 0.4 (0.4) -0.3 (0.3)
mat-2 8 (0.1) 1.0 (0.0) 0.8 (0.1) 0.8 (0.0) 0.8 (0.0) 0.9 (0.0)
mat-6 0 (0.0) 1.1 (0.0) 0.9 (0.1) 0.9 (0.1) 0.9 (0.0) 0.9 (0.1)
mic-10 8 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0)
mic-5 7 (0.1) 1.0 (0.0) 0.7 (0.0) 0.7 (0.0) 0.7 (0.1) 0.9 (0.0)
nrobot-4  -0.7 (0.2) -0.5 (0.2) 0.9 (0.2) 0.8 (0.2) 0.9 (0.1) -0.9 (0.2)
4  ack-10  -0.3 (0.0)  -0.0 (0.0) -0.3 (0.0) -0.3 (0.0) -0.2 (0.0) -0.3 (0.0)
ack-5 -0.5 (0.1)  -0.2 (0.0) -0.7 (0.1) -0.4 (0.0) -0.5 (0.1) -0.7 (0.1)
egg-2 0.2 (0.2) 0.8 (0.2) 0.5 (0.2) 0.2 (0.2) 3 (0.2) 0.1 (0.2)
mat-2 0.8 (0.1) 1.0 (0.1) 0.9 (0.0) 1.0 (0.1) 8 (0.0) 0.9 (0.0)
mat-6 1.1 (0.0) 1.1 (0.0) 1.0 (0.0) 1.0 (0.0) 0 (0.0) 0.9 (0.0)
mic-10 1.8 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 8 (0.0) 1.8 (0.0)
mic-5 0.7 (0.0) 1.0 (0.0) 0.8 (0.0) 0.9 (0.0) 0.8 (0.0) 0.8 (0.1)
nrobot-4  -0.7 (0.2)  -0.4 (0.2) -1.0 (0.2) -0.9 (0.2) -0.8 (0.1) -0.6 (0.1)
6 ack-10  -0.2 (0.0)  -0.0 (0.0) -0.3 (0.0) -0.2 (0.0) -0.2 (0.0) -0.3 (0.0)
ack-5 0.5 (0.1)  -0.2 (0.0) -0.5 (0.1) -0.3 (0.0) -0.3 (0.0) -0.5 (0.0)
egg-2 0.4(0.2) 0.8 (0.2) 0.7 (0.1) 0.8 (0.1) 0.1 (0.2) 0.3 (0.2)
mat-2 0.8 (0.0) 1.0 (0.0) 1.0 (0.1) 1.1 (0.0) 0.8 (0.0) 0.9 (0.0)
mat-6 1.0 (0.0) 1.1 (0.0) 1.0 (0.1) 1.0 (0.1) 1.0 (0.0) 1.0 (0.0)
mic-10 1.8 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0)
mic-5 0.8 (0.0) 1.0 (0.0) 0.8 (0.0) 0.9 (0.0) 0.9 (0.0) 0.9 (0.0)
nrobot-4  -0.6 (0.2)  -0.2 (0.2) 0.7 (0.2) 0.5 (0.2) -0.6 (0.2) 0.5 (0.2)
8 ack-10  -0.2 (0.0)  -0.0 (0.0) -0.3 (0.0) -0.3 (0.0) -0.2 (0.0) -0.4 (0.0)
ack-5 -0.4 (0.0)  -0.2 (0.0) -0.6 (0.1) -0.3 (0.0) 0.4 (0.1) -0.7 (0.1)
egg-2 0.3 (0.2) 0.7 (0.2) 0.6 (0.2) 0.9 (0.1) 4(0.1) 0.2 (0.2)
mat-2 0.8 (0.0) 0.9 (0.0) 0.8 (0.1) 1.1 (0.0) 9 (0.0) 0.8 (0.1)
mat-6 1.0 (0.0) 1.1 (0.0) 1.0 (0.0) 1.0 (0.0) 0 (0.0) 1.0 (0.0)
mic-10 1.8 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0)
mic-5 0.7 (0.1) 1.0 (0.0) 0.7 (0.1) 0.8 (0.0) 0.7 (0.1) 0.7 (0.1)
nrobot-4  -0.6 (0.1)  -0.2 (0.2) -0.9 (0.2) -0.6 (0.2) -0.8 (0.2) 0.4 (0.1)
16  ack-10  -0.1 (0.0)  -0.0 (0.0) -0.2 (0.0) -0.2 (0.0) -0.2 (0.0) -0.4 (0.0)
ack-5 -0.4 (0.1)  -0.2 (0.0) -0.5 (0.1) 0.4 (0.0) -0.3 (0.0) -0.7 (0.0)
egg-2 0.6 (0.2) 0.6 (0.2) 1.0 (0.1) 1.2 (0.1) 3 (0.2) 0.7 (0.1)
mat-2 0.8 (0.0) 0.9 (0.0) 1.1 (0.0) 1.1 (0.0) 9 (0.1) 0.9 (0.1)
mat-6 1.1 (0.0) 1.1 (0.0) 1.0 (0.0) 1.1 (0.0) 0 (0.0) 1.0 (0.0)
mic-10 1.9 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 8 (0.0) 1.8 (0.0)
mic-5 0.8 (0.0) 1.0 (0.0) 0.9 (0.0) 0.8 (0.0) 0.8 (0.0) 0.8 (0.0)
nrobot-4  -0.4 (0.2)  -0.2 (0.2) 0.8 (0.2) -0.1 (0.1) -0.4 (0.1) 0.4 (0.1)

Table 4.2: Mean and standard error of the log(regret) after 50 steps of asynchronous

BO over 30 random initialisations.
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KB TS PLAyBOOK-L PLAyBOOK-LL PLAyBOOK-H PLAyBOOK-HL

k  Task
2 ack-10 -0.4 (0.0)  -0.0 (0.0) -0.5 (0.0) -0.6 (0.0) -0.6 (0.1) -0.5 (0.0)
ack-5 0.9 (0.1)  -0.3 (0.0) -1.2 (0.1) -0.8 (0.1) -1.0 (0.1) 0.9 (0.1)
egg-2 0.1 (0.2) 0.9 (0.2) 0.6 (0.2) -1.1 (0.4) 0.8 (0.4) -0.8 (0.3)
mat-2 8 (0.1) 1.0 (0.0) 0.8 (0.1) 0.8 (0.0) 0.8 (0.0) 0.9 (0.0)
mat-6 0 (0.0) 1.2 (0.0) 0.7 (0.1) 0.9 (0.1) 0.8 (0.1) 0.9 (0.1)
mic-10 8 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0)
mic-5 5 (0.1) 1.0 (0.0) 0.6 (0.1) 0.6 (0.0) 0.6 (0.1) 0.7 (0.0)
nrobot-4  -1.1 (0.2)  -0.8 (0.2) -1.2 (0.2) -1.3 (0.1) -1.2 (0.1) -1.3 (0.1)
4 ack-10 -0.5 (0.0)  -0.0 (0.0) -0.5 (0.0) 0.4 (0.0) -0.5 (0.0) -0.5 (0.0)
ack-5 0.8 (0.1)  -0.3 (0.0) -1.1 (0.1) -0.6 (0.1) -0.7 (0.1) 0.9 (0.1)
egg-2 -0.2 (0.2) 0.7 (0.2) 0.2 (0.3) -0.8 (0.5) 0.2 (0.2) 0.9 (0.4)
mat-2 0.7 (0.1) 1.0 (0.1) 0.9 (0.0) 1.0 (0.1) 0.8 (0.0) 0.9 (0.0)
mat-6 0(0.0) 1.2 (0.0) 1.0 (0.0) 1.0 (0.0) 0.9 (0.1) 0.9 (0.1)
mic-10 8 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 1.7 (0.0) 1.8 (0.0)
mic-5 6 (0.1) 1.0 (0.0) 0.7 (0.0) 0.8 (0.0) 0.6 (0.0) 0.7 (0.1)
nrobot-4  -0.9 (0.2)  -1.0 (0.2) -1.5 (0.2) 1.2 (0.2) -1.1 (0.1) -1.0 (0.1)
6  ack-10 -0.4 (0.0)  -0.0 (0.0) -0.5 (0.0) -0.3 (0.0) -0.3 (0.0) -0.4 (0.0)
ack-5 -0.8 (0.1)  -0.3 (0.0) 0.9 (0.1) 0.4 (0.0) -0.5 (0.1) -0.8 (0.1)
egg-2 2(0.2) 0.6 (0.2) 0.6 (0.2) 0.8 (0.2) -0.3 (0.3) -0.2 (0.2)
mat-2 8 (0.0) 1.0 (0.0) 1.0 (0.1) 1.1 (0.0) 0.8 (0.0) 0.8 (0.0)
mat-6 0.9 (0.0) 1.1 (0.0) 0.9 (0.1) 1.1 (0.0) 1.0 (0.1) 0.9 (0.0)
mic-10 1.8 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0)
mic-5 0.6 (0.0) 1.0 (0.0) 0.7 (0.1) 0.8 (0.0) 0.8 (0.0) 0.7 (0.1)
nrobot-4  -1.0 (0.2) -0.7 (0.2) -1.0 (0.2) 0.8 (0.2) -1.0 (0.2) -1.0 (0.2)
8 ack-10  -0.4 (0.0)  -0.0 (0.0) -0.5 (0.0) 0.4 (0.0) -0.3 (0.0) -0.5 (0.0)
ack-5 0.8 (0.1)  -0.3 (0.0) -1.0 (0.1) -0.4 (0.0) -0.5 (0.1) 0.9 (0.1)
egg-2 0.1 (0.2) 0.6 (0.2) 0.4 (0.2) 0.9 (0.2) 0.2 (0.1) 0.1 (0.2)
mat-2 0.8 (0.0) 0.9 (0.0) 0.8 (0.1) 1.1 (0.0) 0.8 (0.0) 0.8 (0.1)
mat-6 1.0 (0.0) 1.2 (0.0) 1.0 (0.0) 1.1 (0.0) 0.9 (0.0) 1.0 (0.1)
mic-10 1.8 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0)
mic-5 0.6 (0.1) 1.0 (0.0) 0.6 (0.1) 0.7 (0.0) 0.6 (0.1) 0.5 (0.1)
nrobot-4  -0.9 (0.2)  -0.7 (0.2) -1.3 (0.1) -0.9 (0.2) -1.1 (0.2) 0.9 (0.2)
16  ack-10  -0.3 (0.0)  -0.0 (0.0) -0.4 (0.0) -0.3 (0.0) -0.3 (0.0) -0.5 (0.1)
ack-5 -0.6 (0.1)  -0.3 (0.0) -0.8 (0.1) 0.4 (0.0) -0.4 (0.1) 0.9 (0.1)
egg-2 0.3(0.2) 0.4 (0.2) 0.9 (0.1) 1.2 (0.1) -0.4 (0.3) 0.4 (0.1)
mat-2 0.8 (0.0) 0.9 (0.0) 1.1 (0.0) 1.1 (0.0) 9 (0.1) 0.9 (0.1)
mat-6 1.0 (0.0) 1.2 (0.0) 0.9 (0.0) 1.1 (0.0) 9 (0.0) 1.0 (0.1)
mic-10 1.8 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 8 (0.0) 1.7 (0.0)
mic-5 0.7 (0.0) 1.0 (0.0) 0.8 (0.0) 0.7 (0.1) 0.7 (0.0) 0.7 (0.0)
nrobot-4  -0.7 (0.2)  -0.8 (0.2) -1.0 (0.2) -0.6 (0.2) -0.7 (0.1) -0.8 (0.1)

Table 4.3: Mean and standard error of the log(regret) after 75 steps of asynchronous

BO over 30 random initialisations.
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KB TS PLAyBOOK-L PLAyBOOK-LL PLAyBOOK-H PLAyBOOK-HL

k  Task
2 ack-10 0.7 (0.0) -0.0 (0.0) 0.7 (0.1) 0.7 (0.1) -0.8 (0.1) -0.6 (0.0)
ack-5 -1.3(0.1)  -0.3 (0.0) -1.5 (0.1) 0.9 (0.1) -1.4 (0.1) -1.1 (0.1)
egg-2 -0.4 (0.3) 0.8 (0.2) -1.1 (0.3) -1.6 (0.4) -1.5 (0.4) -1.3 (0.4)
mat-2 0.8 (0.1) 1.0 (0.0) 0.8 (0.1) 0.8 (0.0) 0.8 (0.0) 0.9 (0.0)
mat-6 1.0 (0.0) 1.3 (0.0) 0.9 (0.1) 1.0 (0.1) 0.9 (0.0) 1.0 (0.0)
mic-10 1.8 (0.0) 1.9 (0.0) 1.7 (0.0) 1.7 (0.0) 1.7 (0.0) 1.8 (0.0)
mic-5 0.4 (0.1) 0.9 (0.0) 0.5 (0.1) 0.5 (0.0) 0.4 (0.1) 0.7 (0.0)
nrobot-4  -1.3 (0.2)  -1.1 (0.2) -1.5 (0.2) 1.5 (0.2) -1.5 (0.1) -1.6 (0.1)
4 ack-10 -0.7 (0.0)  -0.0 (0.0) -0.7 (0.0) -0.5 (0.0) -0.7 (0.0) -0.6 (0.0)
ack-5 -1.1(0.1)  -0.4 (0.0) -1.5 (0.1) 0.7 (0.1) -1.0 (0.1) -1.0 (0.1)
egg-2 -0.3 (0.2) 0.6 (0.2) 0.2 (0.3) 1.1 (0.5) 0.5 (0.2) -1.2 (0.5)
mat-2 0.7 (0.1) 1.0 (0.1) 0.9 (0.0) 1.0 (0.1) 0.8 (0.0) 0.9 (0.0)
mat-6 1.0 (0.0) 1.3 (0.0) 1.1 (0.0) 1.1 (0.0) 1.0 (0.0) 1.0 (0.0)
mic-10 1.7 (0.0) 1.9 (0.0) 1.7 (0.0) 1.7 (0.0) 1.7 (0.0) 1.7 (0.0)
mic-5 0.4 (0.1) 1.0 (0.0) 0.6 (0.0) 0.6 (0.0) 0.5 (0.0) 0.6 (0.1)
nrobot-4  -1.1 (0.2)  -1.2 (0.2) -1.7 (0.2) 1.5 (0.1) -1.3 (0.1) -1.2 (0.1)
6  ack-10 -0.6 (0.0)  -0.0 (0.0) 0.7 (0.1) -0.4 (0.0) -0.4 (0.0) -0.4 (0.0)
ack-5 -1.2 (0.1)  -0.4 (0.0) -1.2 (0.1) 0.4 (0.0) 0.7 (0.1) 0.9 (0.1)
egg-2 0.2 (0.2) 0.6 (0.2) 0.5 (0.2) 0.7 (0.2) -0.5 (0.3) 0.5 (0.2)
mat-2 0.8 (0.0) 1.0 (0.0) 1.0 (0.1) 1.1 (0.0) 0.8 (0.0) 0.8 (0.0)
mat-6 1.0 (0.0) 1.2 (0.0) 1.0 (0.1) 1.2 (0.0) 1.0 (0.0) 1.0 (0.0)
mic-10 1.8 (0.0) 1.9 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0) 1.8 (0.0)
mic-5 0.5 (0.1) 1.0 (0.0) 0.7 (0.0) 0.7 (0.0) 0.7 (0.1) 0.6 (0.1)
nrobot-4  -1.3 (0.1) -1.1 (0.2) -1.2 (0.2) 1.0 (0.2) -1.3 (0.2) -1.3 (0.2)
8  ack-10 -0.6 (0.0)  -0.0 (0.0) -0.6 (0.0) -0.4 (0.0) -0.4 (0.0) -0.6 (0.0)
ack-5 -1.2 (0.1)  -0.4 (0.0) -1.3 (0.1) -0.5 (0.0) -0.7 (0.1) -1.1 (0.1)
egg-2 -0.2 (0.2) 0.4 (0.2) -0.0 (0.4) 0.8 (0.2) -0.0 (0.1) 0.3 (0.2)
mat-2 0.8 (0.0) 0.9 (0.0) 0.8 (0.1) 1.1 (0.0) 0.8 (0.0) 0.7 (0.1)
mat-6 1.0 (0.0) 1.3 (0.0) 1.1 (0.0) 1.2 (0.0) 1.0 (0.0) 1.0 (0.0)
mic-10 1.8 (0.0) 1.9 (0.0) 1.7 (0.0) 1.7 (0.0) 1.7 (0.0) 1.7 (0.0)
mic-5 0.5 (0.1) 0.9 (0.0) 0.5 (0.1) 0.7 (0.0) 0.5 (0.1) 0.5 (0.1)
nrobot-4  -1.2 (0.1)  -1.2 (0.2) 1.4 (0.2) 1.2 (0.2) -1.3 (0.2) -1.1 (0.2)
16 ack-10 -0.4 (0.0)  -0.0 (0.0) -0.6 (0.0) -0.4 (0.0) -0.4 (0.0) -0.6 (0.1)
ack-5 -0.8 (0.1)  -0.4 (0.0) -1.0 (0.1) 0.4 (0.0) -0.4 (0.1) -1.1 (0.1)
egg-2 -0.4 (0.5) 0.3 (0.2) 0.8 (0.1) 1.2 (0.1) 0.9 (0.4) 0.5 (0.4)
mat-2 0.8 (0.0) 0.9 (0.0) 1.1 (0.0) 1.1 (0.0) 0.9 (0.1) 0.8 (0.1)
mat-6 1.1 (0.0) 1.3 (0.0) 1.0 (0.0) 1.2 (0.0) 1.0 (0.0) 1.0 (0.1)
mic-10 1.8 (0.0) 1.9 (0.0) 1.7 (0.0) 1.8 (0.0) 1.8 (0.0) 1.7 (0.0)
mic-5 0.5 (0.1) 0.9 (0.0) 0.7 (0.0) 0.7 (0.1) 0.7 (0.1) 0.6 (0.1)
nrobot-4  -1.1 (0.2)  -1.1 (0.2) -1.4 (0.2) 1.0 (0.2) -0.9 (0.1) -1.1 (0.2)

Table 4.4: Mean and standard error of the log(regret) after 100 steps of asynchronous

BO over 30 random initialisations.
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new approach, PLAyBOOK, for asynchronous BO, based on penalisation of the
acquisition function using information about tasks that are still under evaluation.
Empirical evaluation on synthetic functions and a real-world optimisation task
showed that PLAyBOOK improves upon the state of the art. Finally, we demonstrate
that, for penalisation-based batch BO, PLAyBOOK’s asynchronous BO is more

efficient than synchronous BO in both wall-clock time and the number of samples.
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So far, we have discussed applications of BO to continuous input spaces, which
have historically been the preferred application domain in research (Snoek et al.,
2012; Hennig and Schuler, 2012; Hernandez-Lobato et al., 2014; Ru et al., 2018;

Shahriari et al., 2016; Frazier, 2018; Alvi et al., 2019). However, in many situations,
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optimisation problems involve a mixture of continuous and categorical variables. For
example, with a deep neural network, we may want to adjust the learning rate and the
number of units in each layer (continuous), as well as the activation function type in
each layer (categorical). Similarly, in a gradient boosting ensemble of decision trees,
we may wish to adjust the learning rate and the maximum depth of the trees (both
continuous), as well as the boosting algorithm and loss function (both categorical).

Having a mixture of categorical and continuous variables presents unique
challenges. If some inputs are categorical variables, as opposed to continuous,
then the common assumption that the BO acquisition function is differentiable
and continuous over the input space, which allows the acquisition function to be
efficiently optimised, is no longer valid. Recent research has dealt with categorical
variables in different ways. The simplest approach for BO with GP surrogates
is to use a one-hot encoding on the categorical variables so that they can be
treated as continuous variables, and perform BO on the transformed space (GPyOpt
authors, 2016). Alternatively, the mixed-type inputs can be handled by a surrogate
with a hierarchical structure, such as using random forests (Hutter et al., 2011;
Bergstra et al., 2011) or multi-armed bandits (MABs) (Gopakumar et al., 2018).
These approaches come with their own challenges, which we will discuss below (see
Section 5.2). In particular, existing approaches are not well designed for multiple
categorical variables with multiple possible values. Additionally, no GP-based BO
methods have explicitly considered the batch setting for continuous-categorical
inputs, to the best of our knowledge.

In this chapter, we present a new Bayesian optimisation approach for optimising
a black-box function with multiple continuous and categorical inputs, termed
Continuous and Categorical Bayesian Optimisation (CoCaBQ). Our approach is
motivated by the success of MABs (Auer et al., 2002a,b) in identifying the best
value(s) from a discrete set of options.

Our main contributions are as follows:
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o We propose a novel method which combines the strengths of MABs and BO to
optimise black-box functions with multiple categorical and continuous inputs.

(Section 5.3.1).

o We present a GP kernel to capture complex interactions between the con-
tinuous and categorical inputs (Section 5.3.2). Our kernel allows sharing of
information across different categories without resorting to one-hot transfor-

mations.

o We introduce a novel batch selection method for mixed input types that
extends CoCaBO to the parallel setting, and dynamically balances exploration

and exploitation and encourages batch diversity (Section 5.3.3).

o We demonstrate the effectiveness of our methods on a variety of synthetic
and real-world optimisation tasks with multiple categorical and continuous

inputs (Section 5.4).

5.1 Problem definition

In this chapter, we consider the problem of optimising a black-box function
f(z) where the input z consists of both continuous and categorical inputs,
z = |h, x|, where h = [hy, ..., h.] are the categorical variables, with each variable
h; € {1,2,...,N;} taking one of N; different values, and x € R? is a point in
a d-dimensional hypercube X. Formally, we aim to find the best configuration

to maximise the black-box function
z" =[h" x| = arg max f (z) (5.1)

by making a series of evaluations zi,..., zp. Later we extend our method to
allow parallel evaluation of multiple points, by selecting a batch {zgi)}le at each

optimisation step f.
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5.2 Related work
5.2.1 Omne-hot encoding

A common method for dealing with categorical variables is to transform them into
a one-hot encoded representation, where a variable with N choices is transformed
into a vector of length N with a single non-zero element. This is the approach
followed by the popular BO packages like Spearmint (Snoek et al., 2012) and
GPyOpt (Gonzalez et al., 2016; GPyOpt authors, 2016).

There are two main drawbacks with this approach. First, the commonly-used
RBF (squared exponential, radial basis function) and Matérn kernels in the GP
surrogate assume that f is continuous and differentiable in the input space, which
is clearly not the case for one-hot encoded variables, as the objective is only defined
for a small subspace within this representation.

The second drawback is that the acquisition function is optimised as a continuous
function. By using this extended representation, we are turning the optimisation
into a significantly harder problem due to the increased dimensionality of the search
space. Additionally, the one-hot encoding makes our problem sparse, especially
when we have multiple categories, each with multiple choices. This causes distances
between inputs to become large, reducing the usefulness of the surrogate at such
locations. As a result, the optimisation landscape is characterised by many flat

regions, making it difficult to optimise (Rana et al., 2017).

5.2.2 Hierarchical approaches

Random forests (RFs) (Breiman, 2001) can naturally consider continuous and
categorical variables, and are used in the SMAC (Sequential Model-based Algorithm
Configuration) global optimisation algorithm proposed in Hutter et al. (2011) as the
underlying surrogate model for f. However, the predictive distribution of the RF,
which is used to select the next evaluation, is less reliable, as it relies on randomness
introduced by the bootstrap samples and the randomly chosen subset of variables

to be tested at each node to split the data. Moreover, RFs can easily overfit and we
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need to carefully choose the number of trees. Another tree-based approach is Tree
Parzen Estimator (TPE) (Bergstra et al., 2011) which is an optimisation algorithm
based on tree-structured Parzen density estimators (Rosenblatt, 1956; Parzen, 1962).
TPE uses nonparametric Parzen kernel density estimators to model the distribution
of good and bad configurations w.r.t. a reference value. Due to the nature of kernel
density estimators, TPE also supports continuous and discrete spaces.

Another more recent approach is EXP3BO (Gopakumar et al., 2018), which
can deal with mixed categorical and continuous input spaces by utilising a MAB.
When the categorical variable is selected by the MAB, EXP3BO constructs a GP
surrogate specific to the chosen category for modelling the continuous domain, i.e. it
shares no information across the different categories. The observed data are divided
into smaller subsets, one for each category, and as a result EXP3BO can handle

only a small number of categorical choices and requires a large number of samples.

5.3 Continuous and Categorical Bayesian Opti-
misation (CoCaBO)

5.3.1 CoCaBO acquisition procedure

Our proposed method, Continuous and Categorical Bayesian Optimisation, harnesses
both the advantages of multi-armed bandits to select categorical inputs and the
strength of GP-based BO in optimising continuous input spaces. The CoCaBO
procedure is shown in Algorithm 7. CoCaBO first decides the values of the categorical
inputs h; by using a MAB (Step 4 in Algorithm 7). Given hy, it then maximises
the acquisition function to select the continuous part x; which forms the next point
z; = [hy, x| for evaluation, as illustrated in Figure 5.1.

First selecting the categorical component, h,, followed by the continuous
dimensions, x;, streamlines the acquisition procedure, but also mirrors the approach
followed in practice for hyperparameters optimisation. Categorical parameters often
describe higher-order properties of the algorithm, which influence the values of the

continuous parameters, e.g. selecting the layer type followed by the number of units.
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Algorithm 7 CoCaBO Algorithm

1: Input: A black-box function f, data Dy, maxi- h X
mum number of iterations 7'. .w

2: Output: The best recommendation z;p =
[XT7 hT] . h, X

3: fort=1,...,7T do

4: Select ht = [hl,ta ce ahc,t] < EXPS({hZ, fz}f_l)

7= h, Xy

5. Select x; = argmax a;(x|D;_1, hy).

6: Query at z, = [x;, hy] to obtain f. Figure 5.1: Optimisation pro-

T Dy =Dy Uz, i) cedure in CoCaBO

8: end for

For the MAB, we chose the EXP3 (Auer et al., 2002b) method because it makes
comparatively fewer assumptions on reward distributions and can be used under
more general conditions than UCB and e-greedy. The latter methods assume i.i.d.
rewards, whereas EXP3 assumes an adversarial ordering of the rewards. For our
procedure, we define the MAB’s reward for each category as the best function value
observed so far from that category, which is a monotonically-increasing quantity.
Since this best-so-far statistic is not independent across iterations, the reward
distribution is not i.i.d., and EXP3’s assumption of an adversarial ordering of the
rewards can model the true behaviour.

By using the MAB to decide the values for categorical inputs, we only need
to optimise the acquisition function over the continuous subspace X € R?. In
comparison to one-hot based methods, whose acquisition functions are defined
over RT2; Ni) - our approach enjoys a significant reduction in the difficulty and
cost of optimising the acquisition function®.

In Figure 5.2, we demonstrate the effectiveness of our approach in dealing with
categorical variables on a simple synthetic example func-2C (described in Section
5.4.1), which comprises two categorical inputs, hy (N7 = 3) and hy (N3 = 5), and

two continuous inputs. The optimal function value lies in the subspace when both

!To optimise the acquisition function to within ¢ accuracy using a grid search or branch-and-
bound optimiser, our approach requires only O({~%) calls (Kandasamy et al., 2015) and one-hot

approaches require O(( —(@+) ] Ni)) calls. The cost saving grows exponentially with the number
of categories ¢ and number of choices for each category N;.
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categorical variables hy = hy = 2, and we show a BO run with 200 iterations. Though
we show only the categories selected by the CoCaBO acquisition procedure, we
selected the corresponding continuous dimensions at each iteration before evaluating
the function on the combined categorical and continuous configuration.

The correct categories are shown in strong red (hy) and blue (hs), with the
non-optimal categories shown in a lighter red and blue. The categories selected
by the CoCaBO procedure at each iteration are shown in Figure 5.2a and are
summarised for the whole BO procedure in Figure 5.2b. We can see that the
algorithm increasingly focuses on the correct categories hy = 2 and hy = 2 as we
gather more data. Figures 5.2¢ and 5.2d show the EXP3 algorithm’s scores for
each category, and reflect the belief that the correct selections contain higher-value
configurations. This results in the correct categories being chosen increasingly
often. This demonstrates the suitability of using EXP3 as the MAB algorithm

in the context of hyperparameter optimisation.

5.3.2 CoCaBO kernel design

We propose to use a combination of two separate kernels: k,(z,2z’) will combine a
kernel defined over the categorical inputs, kj(h, h') with k,(x,x’) for the continuous
inputs.

For the categorical kernel, we propose using an indicator-based similarity metric,

kn(h, h') = i (5.2)

= \

where o is the kernel variance and I(h;, k) = 1 if h; = h} and is zero otherwise.
We use this form for the categorical kernel, as it allows for covariances to exist
across different categorical dimensions (hq, hs,...), but not between cateogrical
selections (e.g. between h; = 1 and hy = 2, ...). This is a key weakness of the
one-hot encoded approach. Our kernel can also be derived as a special case of
a RBF kernel, which is explored below.

There exist an infinite number of combinations of kernels that result in valid

kernels (Duvenaud et al., 2013). One approach is to sum them together. Using a
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Figure 5.2: CoCaBO correctly optimises the two categorical inputs h; (Red) and hg
(Blue) of the func-2C test function over 200 iterations. The best category is h; = 2 for
both hy (N1 = 3) and ha (N2 = 5), and is highlighted in all plots with strong red and
blue colours. (a) shows the selections made for both categorical inputs by CoCaBO at
each iteration, showing the algorithm increasingly focus on the best categories as the
algorithm progresses. (b) shows the histogram of categories selected for each variable,
also showing that the best category is being selected most frequently. (c¢) and (d) show
the rewards associated with each possible categorical value for hy and ho respectively
across iterations. Again, we see the correct category being identified for both categorical
inputs and being assigned the highest rewards.

sum of kernels (which are each defined over different subsets of an input space) has
been explored successfully for BO in the context of high-dimensional optimisation
in the past (Kandasamy et al., 2015). Simply adding the continuous kernel to
the categorical kernel k,(z,2z') = k,(x,x’) + k,(h,h’), though, provides limited
expressiveness, as this translates in practice to learning a single common trend
over x, and an offset depending on h.

An alternative approach is to use the product k,(z,2") = k,(x,x") X ky(h,h’).

This form allows the kernel to encode couplings between the continuous and
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categorical domains, allowing a richer set of relationships to be captured. If there are
no overlapping categories in the data, which is likely to occur in early iterations of BO,
this would cause the product kernel to be zero and prevent the model from learning.

We therefore propose our CoCaBO kernel to automatically exploit the strengths
and avoid the weaknesses of the sum and product kernels by combining them
using a trade-off parameter 0 < A\ < 1. This parameter can be optimised jointly

with the GP hyperparameters:
k.(z,z') = (1 —X) (kp(h,h') + k. (x,x")) + Mk, (h, h') k. (x, X). (5.3)

It is worth highlighting a key benefit of our formulation over alternative
hierarchical methods discussed in Section 5.2.2: rather than dividing our data
into a subset for each combination of categories (i.e. one dataset, and hence one
surrogate model, for each setting of h), we instead leverage all of our acquired
data at every stage of the optimisation. This is made possible by the fact that our
kernel is able to combine information from data within the same category as well as
from different categories, as shown in Equation (5.2), which improves its modelling
performance. We compare the regression performance of the CoCaBO kernel and a

one-hot encoded kernel on some synthetic functions in Section 5.4.2.

Relationship between k;, and the RBF kernel

The form of the categorical kernel k;, in Equation (5.2) follows not only from the
intuitive argument, that it allows us to model the degree of similarity between
two selections h and h’, but also directly as a special case of an RBF kernel.
Consider the standard RBF kernel with unit variance evaluated between two

scalar locations a and a’:

1(a—d)?
k N = ——— . 5.4
() o (5 (5.4
The lengthscale in Equation 5.4 defines the similarity between the two inputs, and,
as the lengthscale becomes smaller, the distance between locations that would

be considered similar (i.e. high covariance) shrinks. The limiting case [ — 0
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Algorithm 8 CoCaBO batch selection

1: Input: Surrogate data D;_;. (ug, 1) | x®
2: Qutput: The batch B, = {zgl), . ,ng)}.
3: Hy = {h{", ... h{"} « EXP3-M(D,_,). (up, ) | x® | [ (u,2) | x® | x®
4: (uyg,v1),. .., (u,,v,) are the unique categorical
values in H,; and their counts. (ug, 1) | x® ) (wy, 1) | x®
5: Initighse By =@ and D, ; = D;_. (1) | x® (. 1) | x®
6: for j=1,...,¢qdo
7 {xi}il + KB(u;, Dp_ ). Case A Case B
8 Z;={u;,x;};2, and B; + B, UZj.
9: Dllf N Dllt—l U {ZJ’M(Zj)}' Figure 5.3: Two example cases

10: end for for selecting a batch (b = 4)
11: return B;.

states that if two inputs are not exactly the same as each other, then they provide
no information for inferring the GP posterior’s value at each other’s locations.

This causes the kernel to turn into an indicator function as in Equation (5.2)

above (Kulis and Jordan, 2011):

1, ifa=d
ka,a)=4" "47¢ (5.5)

0, otherwise.
By adding one such RBF kernel with [ — 0 for each categorical variable in h and

normalising the output we arrive at the form in Equation (5.2).

5.3.3 Batch CoCaBO

Our focus on optimising computer simulations and modelling pipelines provides
a strong motivation to extend CoCaBO to select and evaluate multiple tasks at
each iteration, in order to better utilise available hardware resources (Snoek et al.,
2012; Wu and Frazier, 2016; Shah and Ghahramani, 2015; Contal et al., 2013).

The batch CoCaBO algorithm uses the “multiple plays” formulation of EXP3,
called EXP3.M (Auer et al., 2002b), which returns a batch of categorical choices,
and combines it with the Kriging Believer (KB)? (Ginsbourger et al., 2010) batch

2Note that our approach can easily utilise other batch selection techniques if desired.
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method to select the batch points in the continuous domain. See Section 2.4.3
for a description of the EXP3.M method.

We choose KB for the batch creation, as it can consider already-selected batch
points, including those with different categorical values, without making significant
assumptions that other popular techniques may make, e.g. local penalisation
(Gonzalez et al., 2016) and our PLAyBOOK method discussed in Chapter 4 (Alvi
et al., 2019) assume that f is Lipschitz continuous. KB on the other hand makes
no further assumptions than those already made in the surrogate model, which
in our case leverages the kernel in Equation (5.3).

Our novel contribution is a method for combining the batch points selected by
EXP3.M with batch BO procedures for continuous input spaces. Assume we are
selecting a batch of b points B; = {zii) b | at iteration t. A simple approach is to
select a batch of categorical variables {h§")}§?:1 and then choose a corresponding
continuous variable for each categorical point as in the sequential algorithm above,
thus forming {zﬁ")}ﬁ?:l = {hgi),xgi) b ,. However, such a batch method may not
identify b unique locations, as some values in {hii) b | may be repeated, which is even
more problematic when the number of possible combinations for the categorical
variables, [[{_; V;, is smaller than the batch size b, as we would never identify
b unique values for h.

Our batch selection method, outlined in Algorithm 8, allows us to create a
batch of unique choices by allocating multiple continuous batch points to categories
associated with higher rewards. The key idea is to first collect all of the unique
categorical choices and how often they occur from the MAB. These counts define
how many continuous batch points will be selected for each categorical choice.
For each unique h, we select a number of batch points equal to its number of
occurrences in the MAB batch using a continuous-space batch BO method, since
EXP3.M can select the same values for h multiple times in the same batch, but

we want a batch of unique configurations z;.
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This is illustrated in Figure 5.3 for two possible scenarios. The benefit of using
KB here is that the algorithm can take into account selections across the different

h to impose diversity in the batch in a consistent manner.

5.3.4 Learning the hyperparameters in the CoCaBO kernel

We now discuss how we learn the parameters of our CoCaBO surrogate. The

CoCaBO kernel is reproduced here:
k.(z,2') = (1 = \) (kp(h,h') + k. (x,x")) + Mk (h, W)k, (x, x). (5.6)

As before, we follow the standard practice of learning hyperparameters maximising

the log marginal likelihood L£(0, D) of the GP surrogate
0" = arg max L(0,D), (5.7)

where we collected the the hyperparameters of both kernels as well as the CoCaBO
hyperparameter into 6 = {0,,,0,,\}. We restate the log marginal likelihood and

its derivative here (introduced in Chapter 2) for ease of access:

1 1
5(9) _ _§yTK—1y —5 log |K| + constant, (5-8)
oL 1 K 0K
_ - T _1‘ -1 - !
5% = 3 (y K 50 Ky —tr <K 90 )) ; (5.9)

where y are the function values at sample locations and K is the kernel matrix
of k.(z,2z') evaluated on the training data.
We optimised this quantity via multi-started gradient descent. The gradient in

Equation (5.9) relies on the gradient of the kernel k, w.r.t. each of its parameters:

ok, Okp, Ok,

=(1—-—AN)— —_— 1
2, ( A)80h+)\kxaeh, (5.10)
Ok, Ok, Ok,
90, = (1 — )\) 90, + )\aiexkih, (5.11)
ok,
B3 = —(/{Zh + km) + kpk,, (512)

where we used the shorthand k, = k,(z,2'), k;, = kp(h,h’) and k, = k,(x,%’).
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5.4 Experiments

We compared CoCaBO against a range of existing methods which are able to
handle problems with mixed type inputs: GP-based Bayesian optimisation with
one-hot encoding (One-hot BO) (GPyOpt authors, 2016), SMAC (Hutter et al.,
2011) and TPE (Bergstra et al., 2011). For all the baseline methods, we used
their publicly available Python packages®. CoCaBO and One-hot BO both use the
UCB acquisition function (Srinivas et al., 2010) with x = 2.0, as is the popular
default choice. We did not compare against EXP3BO (Gopakumar et al., 2018)
because we focus on optimisation problems involving multiple categorical inputs
with multiple possible values, and EXP3BO is able to handle only one categorical
input with few possible values as discussed in Section 5.2.2.

In all experiments, we tested four different A\ values for our method*: \ =
1.0,0.5,0.0, auto, where A = auto means A is optimised as a hyperparameter. This
leads to four variants of our method: CoCaBO-1.0, CoCaBO-0.5, CoCaBO-0.0 and
CoCaBO-auto. We used a Matérn-52 kernel for k., as well as for One-hot BO, and
used the indicator-based kernel in Equation (5.2) for k. For both our method and
One-hot BO, we optimised the GP hyperparameters by maximising the log marginal
likelihood every 10 iterations using multi-started gradient descent. When A is
learned as a hyperparameter in CoCaBO-auto, we learn its value every 25 iterations.

We tested all these methods on a diverse set of synthetic and real problems
in both sequential and batch settings. TPE is only used in the sequential setting
because its package HyperOpt does not provide a synchronous batch implementation.
For all the problems, the continuous inputs were normalised to x € [—1,1]¢ and
we started each optimisation method with 24 random initial points. We ran each
sequential optimisation for T' = 200 iterations and each batch optimisation for
T = 80 iterations. All experiments were conducted on a 36-core 2.3GHz Intel

Xeon processor with 512 GB RAM.

30ne-hot BO: https://github.com/SheffieldML/GPyOpt, SMAC: https://github.com/
automl/pysmac, TPE: https://github.com/hyperopt/hyperopt
4Implementation available at https://github.com/rubinxin/CoCaB0_code
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5.4.1 Experiment definitions

We defined a number of synthetic and real-world optimisation tasks for our empirical

evaluation.

Synthetic tasks

We generated the following synthetic test functions: func-2C, func-3C, ackley-5C5
and a series of functions ackley-cC for different values of c. Each function’s input
space comprises of both continuous variables and multiple categorical variables and

in all cases the categorical inputs each have multiple possible values.

Table 5.1: Continuous and categorical input range of the synthetic test functions

Function f Inputs z = [h,x] Input conversion
hy {ros(x), cam(x), bea(x)}
func-2C
(d=2,c=2) ha {+ros(x), +cam(x), +bea(x), +bea(x), +bea(x)}
X [—1,1]2
hi {ros(x), cam(x), bea(x)}
func-3C ha {+ros(x), +cam(x), +bea(x), +bea(x), +bea(x)}
(d=2 c=3) hs {+5 X cam(x), +2 X ros(x), +2 X bea(x), +3 x bea(x)}
x [—1,1]2
ackley—cC for h; for {z:=—-1+0125x (j—1), for j =1,2,...,17}
c=1{2,3,4,5} i=1,2,...,5
(d=1, N; = 17)
X [—1,1]
h; for {zi=-1+40.125x (j — 1), for j=1,2,...,5}

ackley-5C5 for .
(d=1,c=5 N,=5) =125
X [_171]

func-2C is a test problem with 2 continuous inputs (d = 2) and 2 categorical
inputs (¢ = 2). The categorical inputs decide the linear combinations between three
2-dimensional global optimisation benchmark functions: beale (bea), six-hump
camel (cam) and rosenbrock (ros)®. func-3C is similar to func-2C but with 3

categorical inputs (¢ = 3) which leads to more complicated linear combinations

5The analytic forms of these functions are available at https://www.sfu.ca/~ssurjano/
optimization.html
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among the three functions. The ackley-cC functions, where ¢ defines the number
of categorical inputs, were generated for ¢ = {2,3,4,5} categorical inputs and 1
continuous input (d = 1). Here, we converted ¢ dimensions of the ¢+ 1-dimensional
Ackley function into 17 categories each by subdividing the space into equal parts
and choosing the midpoint of each section as the chosen value. Lastly, we generated
a variant of ackley-5C, named ackley-5C5, which divides 5 dimensions of the
6-D Ackley function into 5 categories each.

The value ranges for both continuous and categorical inputs for all of these
functions are shown in Table 5.1. We report the highest function value found by the

BO algorithm in the evaluation on these synthetic tasks in the following sections.

Real-world tasks

We defined three real-world tasks of tuning the hyperparameters for ML algorithms:
SVM-Boston, NN-Yacht and XG-MNIST.

SVM-Boston outputs the negative mean square error of support vector machine
(SVM) for regression on the test set of Boston housing dataset. We used the Nu
Support Vector regression algorithm in the scikit-learn package (Pedregosa et al.,
2011) and used 30% of the data for testing.

NN-Yacht returns the negative log likelihood of a single-hidden-layer neural
network regressor on the test set of the Yacht hydrodynamics dataset (Gerritsma
et al., 1981). We followed the MC Dropout implementation and the random
train/test split on the dataset proposed in Gal and Ghahramani (2016)5. The
neural network was trained using the mean squared error objective for 20 epochs
with a batch size of 128. We ran 100 stochastic forward passes in the testing stage
to approximate the predictive mean and variance.

Finally, XG-MNIST returns classification accuracy of a XGBoost algorithm (Chen
and Guestrin, 2016) on the test set of the MNIST dataset. We used the zgboost

python package” and adopted a stratified train/test split of 7 : 3.

6Code and data are available at https://github.com/yaringal/DropoutUncertaintyExps
"https://github.com/dmlc/xgboost
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Table 5.2: Continuous and categorical input ranges of the real-world problems

Problems Inputs z = [h, x| Input values
kernel type hy {linear, poly, RBF, sigmoid}
SVM-Boston
(d=3,c=3) kernel coefficient hg {scale, auto}
shrinking hg {shrinking on, shrinking off}
penalty parameter x; [0, 10]
tolerance for stopping z» 10010 1]
lower bound of the fraction
[0,1]
of support vector x3
activation type hi {ReLU, tanh, sigmoid}
NN-Yacht optimiser type hs {SGD, Adam, RMSprop, AdaGrad}
(d=3,c=3) suggested dropout value hy  {0.001,0.005,0.01,0.05,0.1,0.5}
learning rate x 10=5—1
number of neurons - 2[4.7]
aleatoric variance x3 [0.2,0.8]
booster type h {gbtree, dart}
XG-MNIST grow policies ha {depthwise, loss}
(d=5,¢c=3)

training objective hg
learning rate x;
maximum depth o
minimum split loss 3
subsample x4

regularisation xs

{softmax, softprob}
[0,1]
1,2,...,10]
[0, 10]
0.001, 1]

[0, 5]

We show the hyperparameters of each ML task optimised by the different

BO approaches in Table 5.2. Note that we present the unnormalised range for

the continuous inputs in Table 5.2 but rescaled each continuous input to [—1, 1]

in our experiments. All the remaining hyperparameters of the models are set

to their default values.

5.4.2 Evaluation on synthetic tasks

We tested the different CoCaBO methods and baselines on the synthetic functions

outlined in Table 5.1. func-2C, func-3C and ackley-5C5 are examples with a

small number of categorical variables, with few choices each. ackley-cC with ¢ =
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{2,3,4,5} tests the algorithms for more complex cases with many categorical choices.

Predictive performance of the CoCaBO posterior

We first investigated the quality of the CoCaBO surrogate by comparing its modelling
performance against a standard GP with one-hot encoding. We used the test
functions func-2C, func-3C, ackley-cC with ¢ € {2,3,4,5} in order to evaluate

the surrogate models’ accuracies for increasingly complex tasks.

Table 5.3: Mean and standard error of the predictive log likelihood of the CoCaBO and
the One-hot BO surrogates on synthetic test functions. Both models were trained on
250 samples and evaluated on 100 test points. We see that the CoCaBO surrogate can
model the function surface better than the One-hot surrogate as the number of categorical
variables increases.

func-2C func-3C ackley-2C ackley-3C ackley-4C  ackley-5C

CoCaBO  -531 260 -435 £85.7 -74.7 £9.42 -47.2 £9.20 -28.3 £13.7 23.5 +5.50
One-hot  -254 +98.0 -748 +424 -77.9 +14.2 -73.4 £183 -59.8 £18.0 7.98 £12.5

We trained each model on 250 randomly sampled data points and evaluated
the predictive log likelihood on 100 test data points. The mean and standard error
over 10 random initialisations are presented in Table 5.3. The results showcase
the benefit of using the CoCaBO kernel over a kernel with one-hot encoded inputs,
especially when the number of categorical inputs grows. The CoCaBO kernel, which
allows the GP to learn a richer set of variations from the data, leads to better out-
of-sample predictions. Particularly as the number of categorical choices increases
from ackley-2C to ackley-5C, our CoCaBO approach increasingly outperforms

the one-hot model.

Optimisation performance of CoCaBO on synthetic test functions

Having confirmed the modelling strength of our proposed kernel, we now move to
testing the CoCaBO optimisation algorithm against the baselines.

We tested the BO methods for the sequential setting with 7" = 200 iterations
and in the batch setting b = 4 with T" = 80 iterations on func-2C, func-3C,

ackley-5C5 and ackley-5C. We repeated each experiment for 20 different random
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Figure 5.4: Performance of CoCaBO and existing methods on synthetic test functions
in the sequential setting (b = 1).
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Figure 5.5: Performance of CoCaBO and existing methods on synthetic functions in
the batch setting (b = 4).

initialisations and report the mean and standard error of the best function value
identified by each algorithm.

In the sequential setting (Figures 5.4 and 5.6a) the four CoCaBO variants
outperform the baseline methods, where we should note that TPE is the strongest
competing method, having performed better than CoCaBO-0.0 once (in the func-2C)
task, but in general showing weaker performance than CoCaBO. CoCaBO-auto

(blue) and CoCaBO-0.5 (green) show the best results most often across our
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Figure 5.6: Performance of CoCaBO and existing methods on ackley-5C5 (IV; = 5).
The results show the comparison in both sequential (a) and batch (b) setting.

evaluation. As the number of categories increases, TPE’s performance falls off and
CoCaBO remains the best-performing method. In the batch setting (Figures 5.5
and 5.6b) CoCaBO outperforms both baseline methods in all of the synthetic tasks
with CoCaBO0O-0.5 and CoCaBO-auto again demonstrating the best performance
across all tasks in the batch setting.

In both the sequential and batch settings, SMAC and One-hot BO often are the
weakest method, with One-hot BO being the weakest method 5 times, compared
to SMAC’s 3 times. We note that CoCaBO outperformed One-hot BO on the
func-2C optimisation task, despite its surrogate performing worse in the prediction
experiment in Table 5.3. We attribute this to the strength of CoCaBO in selecting
better configurations at each iteration compared to One-hot BO.

This evaluation on synthetic tasks indicates that CoCaBO may indeed be a

strong method for dealing with challenging global optimisation tasks.
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Figure 5.7: Performance of CoCaBO and existing methods on real-world tasks in the
batch setting (b = 4).

5.4.3 Evaluation on real-world tasks

Now we move to experiments on real-world tasks of hyperparameter tuning for
machine learning algorithms.

The mean and standard error of the optimisation performance on our real-world
optimisation tasks (Table 5.2) over 10 random repetitions for batch size b = 4
is presented in Figure 5.7. CoCaBO methods again show superior performance
over other batch methods in these real-world problems. In the XG-MNIST task
(Figure 5.7c), where all the categorical inputs have only binary choices, SMAC
performs well but it is still overtaken by CoCaBO-0.0. We note that despite
this, CocaBO-auto still remains very competitive. The strong performance of
CoCaBO0O-0.0 may indicate a level of independence between the categorical and
continuous input spaces in these real-world tasks, making the additive kernel
structure sufficient to optimise the model parameters. A similar behaviour is
observed in the SVM-Boston task (Figure 5.7a), where again CoCaBO-0.0 is the
strongest method, followed by CoCaBO-auto.

In the neural network optimisation task NN-Yacht (Figure 5.7b), the different

CoCaBO variants perform similarly well, followed by One-hot BO and SMAC.
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5.4.4 Performance for different batch sizes
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Figure 5.8: Performance of CoCaBO-auto for different batch sizes b € {1,2,4,8}. We
see that increasing the batch size provides a good performance improvement per iteration.
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Figure 5.9: Performance of CoCaBO-auto for different batch sizes b € {1,2,4,8}.
Optimisation performance shown against number of data points. We see that increasing

the batch size provides a performance increase also in terms of sample efficiency.
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Having shown that CoCaBO outperforms the state of the art on synthetic and
real-world hyperparameter optimisation tasks in both the sequential as well as the
batch setting, we finally evaluated the effectiveness of the CoCaBO batch algorithm
(Algorithm 8) for different batch sizes. Here we want to ascertain the ability of the
algorithm to identify batches that explore the input space efficiently. If the batch
algorithm is effective, then we expect to see an improved per-iteration optimisation
performance as we increase the batch size.

In Figures 5.8 we show CoCaBO-auto with different batch sizes b € {1,2, 4,8} on
the ackley-5C and SVM-Boston tasks in terms of iteration number. In both cases,
we see that increasing the batch size leads to more efficient optimisation, which
suggests that the CoCaBO batch algorithm does indeed identify useful batches that
explore the search space efficiently. This is confirmed in Figure 5.9, where we show
the optimisation performance for different batch sizes against the amount of data
acquired by the BO algorithm. Increasing the batch size does indeed also provide
a benefit when measured against the number of samples, too.

This may indicate that the CoCaBO sequential procedure might be more
exploitative than expected. The added diversity enforced by the batch setting
could alleviate this behaviour and allow the algorithm to explore the parameter

space more effectively.

5.5 Conclusion

Existing BO literature uses one-hot transformations or hierarchical approaches to
encode real-world problems involving mixed continuous and categorical inputs. We
presented a solution from a novel perspective, called Continuous and Categorical
Bayesian Optimisation (CoCaBO), that harnesses the strengths of multi-armed
bandits and GP-based BO to tackle this problem. We find CoCaBO to offer a
very competitive alternative to existing approaches. Our method uses a new kernel
structure, which allows us to capture information within categories as well as across

different categories. This leads to more efficient use of the acquired data and
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improved modelling power. We extended CoCaBO to the batch setting, enabling
parallel evaluations at each stage of the optimisation.

Looking at the CoCaBO results across all of the experiments, using CoCaBO-
auto or CoCaBO-0.5 leads to consistently strong performance, and so we recommend
choosing one of these variants. If further information is known about the problem
domain that may inform the kernel choice, then that could suggest choosing one of
the other variants, but we believe A = 0.5 or treating A as a learnable hyperparameter

provides a reliable optimisation algorithm.
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6.1 Conclusions

In this thesis we have explored research questions that arise when applying Bayesian
optimisation to uncertain-input domains as well as hyperparameter tuning.

We considered how to choose the BO surrogate, if the data contains noise on
both the inputs as well as the observed values. This scenario is relevant if the
quantity being modelled is measured on a spatial grid, with the locations being
determined by noisy technologies, such as triangulation or GPS. Gaussian noise on
the observations is easily incorporated into the standard GP regression model via
its observation likelihood, but Gaussian noise on the inputs is more challenging.

There exist a number of approaches that extend GPs to allow for input
uncertainty to be modelled, with the vast majority of these extensions focussing on

the autoregressive modelling use case. Despite the specific application context, all
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of these models were derived by considering input uncertainty more generally. We
conducted what is, to the best of our knowledge, the first empirical head-to-head
analysis of uncertain-input GP methods on uncertain-input training data. We
focussed on evaluating their performance as regression, rather than autoregressive,
models, which reflects how they would be used in BO.

We developed a novel extension to the GP, termed UTGP, which leverages
the unscented transform to model input uncertainty. A remarkable result from
this empirical comparison was the fact that a standard GP outperformed all of the
existing uncertain-input methods that formed our baselines in the regression tasks
we tested. Our UTGP outperformed both the standard GP and the uncertain-input
baselines, making it the best method for modelling uncertain-input data. The
standard GP provided good modelling accuracy, both in terms of squared error and
predictive log likelihood on held-out test data, and also avoided the computational
overhead of explicitly modelling input uncertainty.

We then moved to applying BO to machine learning hyperparameter tuning,
and discussed the question of running parallel BO while optimally utilising parallel
computing resources. Running multiple configurations on separate machines allows
for the hyperparameter space to be explored more effectively per iteration, without
adversely affecting the runtime of the optimisation.

We advocated for asynchronous parallel execution of batches, to allow for the
computing resources to be utilised more efficiently. We developed PLAyBOOK, a
penalisation-based approach, which achieves state-of-the-art performance compared
to existing asynchronous BO methods on both synthetic and real-world optimisation
tasks. We also showed that the nature of penalisation-based approaches makes them
more effective for asynchronous BO, and hence they should be considered primarily
as asynchronous BO methods. A key result of our analysis was that there seems to
be no disadvantage to running parallel BO asynchronously. Whether the chosen
approach is an existing batch BO approach from the literature, or our proposed
PLAyBOOK approach, running the algorithm asynchronously provides optimisation

runtime and hardware utilisation benefits, without sacrificing sample efficiency.
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Finally, we analysed BO for hyperparameter spaces that consist of both
categorical and continuous variables. When optimising machine learning models,
the hyperparameters are often a mixture of continuous and categorical variables,
but BO approaches usually assume a continuous search space. Categorical variables
are often dealt with by applying one-hot transformations and treating the resulting
transformed space as continuous. This approach has disadvantages, both for the
surrogate GP, as well as the optimisation of the acquisition function.

We developed a framework, termed CoCaBO, achieves optimisation performance
superior to both one-hot encoded standard BO, as well as BO methods that
replace the GP with a tree-structured surrogate to allow categorical variables to
be modelled more easily. Our framework utilises a kernel structure that avoids
one-hot transforming the categorical variables and instead explicitly models the
similarity between configurations with different degrees of overlapping categorical
values. CoCaBO also utilises a MAB to perform the selection of the categorical
variables and a continuous-space BO algorithm for the continuous ones. Using a
MAB to choose the values of the categorical variables bypassed the undesirable
computational and modelling limitations outlined above, and also resulted in better
sample efficiency compared to one-hot encoded BO and hierarchical baselines.

We extended CoCaBO by developing a batch-selection scheme that ensures that
there are no redundant selections in the batches. The key requirement for the
scheme was to maximise the diversity of each selected batch, which was reflected
in the superior performance of batch CoCaBO, when compared to the batch
BO baselines. We also found that CoCaBO’s batch setting gave even better
sample efficiency than its sequential setting, further incentivising parallel BO in

general over the sequential setting.

6.2 Further work

The work presented in this thesis goes some way towards making BO more widely
applicable, but there still remain a number of exciting related avenues of research

that we have not yet investigated. Promising paths for future work could include
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developing extensions to the methodologies we presented along with ideas that

emerged over the course of our research but have not been explored yet.

6.2.1 Extensions of our work

o We developed two formulations of the UTGP, the simple and full UTGP,
but focussed on the simple UTGP in our empirical evaluation due to the
challenging computational requirements of the full UTGP. Comparing the
simple and full UTGP indicated that we may be able to achieve even better
performance in the regression setting by using the full UTGP. This would

require a more scalable approach to computing the full UTGP to be developed.

The key computational and memory bottlenecks in the full UTGP arise from
the larger number of sigma points, and hence sigma GPs, compared to the
simple UTGP. Training the full UTGP becomes challenging very quickly, as
each hyperparameter update requires O(N3(2N D + 1)) matrix inversions —
one O(N?3) operation for each sigma GP. One possible avenue could leverage
Cholesky update/downdate algorithms to speed up the training of the model.
It may be possible to perform a smaller number of O(N?) operations and
utilise the Cholesky update/downdate to compute the inverse covariance

matrix for other sigma GPs more efficiently.

o Our analysis relating to the UTGP focussed on regression on a spatial grid,
which is relevant to the BO context. We mentioned a popular domain for
uncertain-input models is the development of autoregressive models. The
strong performance of the UTGP, as well as its superior stability compared
to some of the alternatives, make it a good candidate for autoregressive
modelling. We believe that applied researchers utilising input uncertainty
in their work could include the UTGP as one of the tools used in these
contexts. Example domains include autoregressive time-series modelling and

reinforcement learning (e.g. PILCO (Deisenroth and Rasmussen, 2011)).
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e One aspect of the unscented transform the we did not explore in detail
was how to set its parameters. IN our investigation we used the parameter
settings recommended in the literature. Considering we have knowledge
of the properties of the function we are modelling (in the form of the
kernel hyperparameters), it may be possible to leverage this knowledge when
specifying the UT parameters. One avenue that could be explored could look
at how the lengthscale of the GP kernel could inform the spread of the sigma

points.

o In PLAyBOOK, we approximately estimate the Lipschitz constant in the
penalisers as the maximum gradient of the posterior mean. Due to the
probabilistic nature of a GP, this approximation for the Lipschitz constant
is likely to be incorrect for many sample functions drawn from the posterior.
Alternative approaches for estimating the Lipschitz constant of a GP posterior
could form an interesting research path that could be of use for PLAyBOOK,

but also other areas of machine learning e.g. robust regression.

A naive approach to estimating a Lipschitz constant could be to sample a large
number of functions from the posterior and use the highest gradient across the
samples as the Lipschitz constant. Alternatively, recent work on quantifying
robustness of a GP to input perturbations (Cardelli et al., 2019) could be

adapted to compute bounds on the Lipschitz constant more efficiently.

Due to our focus on parallel BO, we want to maintain the attractive
computational complexity of the algorithm, so resorting to a expensive
sampling-based estimate may not be adequate unless material performance
gains are observed. Therefore it would be essential to evaluate such approaches
in terms of their effect on the sample efficiency of the BO algorithm, while

also being mindful of their computational complexity.

e Our CoCaBO framework proves that the combination of MABs and contin-

uous BO can result in superior optimisation performance over alternative
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approaches. There do remain a number of interesting research questions that

would further explore some of the decisions we made.

— The MAB algorithm EXP3 is particularly well-suited to the non-
stationary nature of the rewards, but the MAB literature covers a wide
range of applications that can extend CoCaBO. For example contextual
bandits (Zhou, 2015) could allow us to combine cost information into the
algorithm, if the cost of taking a sample varies across the search space

(Swersky et al., 2013).

— The categorical kernel we use in CoCaBO encodes our belief that different
values of the categorical variables do not contribute to the covariance
between two configurations. Intuitively this is a good assumption, as the
kernel’s definition still allows for covariances to exist between significantly
differing configurations via the additive term. Alternative choices for
the categorical kernel’s form are of course possible and could constitute
further research. These would probably be driven by properties of the

model hyperparameters being optimised.

— Our batch algorithm for CoCaBO utilises Kriging Believer to ensure
that selections across different categories are considered throughout the
batch selection procedure. There are a plethora of batch BO algorithms
that could take its place, and an exploration of their performance in this

context could provide further insights.

6.2.2 New directions

Two directions that we did not explore in this thesis’ research relate to the GP
surrogate’s hyperparameters. The first direction relates to the inference approach
and frequency during a BO algorithm, and the second direction considers the

link between BO and active learning.
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Surrogate hyperparameter inference

There exists an extensive literature on acquisition functions, but comparatively
little time and effort has been spent on the surrogate model. We have focussed
on GPs in this thesis, but alternatives have been proposed over the years. Hutter
et al. (2011) make use of random forests as surrogates in their method, and Snoek
et al. (2015) investigated the use of deep neural networks as the surrogate, but
still the GP remains the dominant choice in most cases.

An important question, that has received very little mention in the literature, is
how best to perform hyperparameter inference on the surrogate GP hyperparameters.
In the BO literature there are two approaches that each boast a strong following;:
MLE/MAP optimisation and marginalisation. There exist highly-cited research
papers on both sides of the divide. And once we have decided which technique to
use to optimise the surrogate, what should the optimisation frequency be? These
are questions that we believe are of critical importance to explore.

If we decide to perform MAP inference on the hyperparameters every 10th
iteration, then the runtime of each BO step will be much less than if we decided
to marginalise the hyperparameters using a MCMC scheme at every iteration.
Marginalising the GP hyperparameters is concerned with computing the following

integral:
ply' X, D) = [ p(y’Ix", D, O)p(0I D), (6.1)

where p(y*|x*, D, 0) is the posterior GP evaluated at x* given hyperparameters
0, and p(0|D) is the hyperparameter posterior. Marginalising € has the effect of
inflating the uncertainty of the GP over that of a GP with fixed parameters. The
inflated uncertainty stems from the uncertainty over the value of 6 represented
by the hyperparameter posterior. The dominant sampling scheme used in this
case is slice sampling (Murray et al., 2010; Murray and Adams, 2010) as it can
sample from unnormalised probability distributions. This is an important property,
as we usually do not have access to the proper distribution p(6|D), but instead

only know the joint distribution p(D, ).
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It is obvious that performing marginalisation is more computationally taxing
than simple optimisation, both from a compute and memory point of view. There
exists another class of methods that can be relevant in this context: approximate
marginal GPs. Two GP extensions, BBQ (Osborne et al., 2012) and MGP (Garnett
et al., 2014), both approximately marginalise the GP hyperparameters, resulting in
an analytic form that has the attractive computational scaling of a MAP-trained
GP, while their predictive variances also reflect the hyperparameter posterior, such
as we would expect from a marginalisation.

The two key assumptions made in the MGP, which is the more recent of the

two approaches, are a Laplace approximation for the hyperparameter posterior:
p(6|D) ~ N (6;0,%), (6.2)

where 6 is the MAP estimate of 6, and ¥ is the Hessian of the hyperparameter
posterior distribution at 0. Secondly, the hyperparameters’ effect on the GP

posterior is simplified to:

p(ylx,0,D) = q(y; 0), (6.3)

q(y;0) =N (y; a'f+ b, V2) , (6.4)

for constants a, b and v. These approximations give rise to an analytic posterior,
where the mean of the marginal GP coincides with the mean of the parameterised

GP p(y*|x*,D,0) and the posterior variance becomes:

V(x) ::if/(x) aﬁgéx) zaﬁ;(ex) (6.5)
1 8‘7(X)T vV (x)
+ 3500 09 D (6.6)

where 7(x) and V(x) are the posterior mean and variance of the parameterised

GP respectively.



6. Conclusions and Further Work 139

BO and active learning

BO and active learning (AL) can be considered to be closely related algorithms. BO
can be thought of as an AL algorithm that efficiently reduces our uncertainty in the
location of the optimum of an unknown function, whereas typical AL approaches
reduce the uncertainty in our model parameters. Having discussed the reliance
of BO on a good quality surrogate model, as well as the challenges relating to
hyperparameter inference, we believe that introducing AL into the BO algorithm
may be beneficial to the BO procedure.

Early iterations of BO are usually quite random, as the surrogate model is
still relatively uninformative, so most locations in the search space are equally
attractive. This means that selections are going to be affected primarily by the
early-stopping criteria of the optimiser, as the acquisition function surface will
be predominantly flat.

In this phase, a better strategy could be to utilise an active learning criterion,
rather than the BO acquisition function, so that any samples that are taken provide
maximal information about the model parameters, rather than leaving the early
samples to chance. Incorporating BO with alternative sampling schemes has been
proposed before in Ahmed et al. (2016), where the authors combined BO with
random sampling. We believe that using a more intelligent alternative scheme than
random sampling can provide more targeted benefits.

One potential active learning scheme that could be used is BALD (Houlsby
et al., 2011), which identifies samples that are maximally informative about the GP
hyperparameters. Garnett et al. (2014) showed how the MGP can be leveraged to
make computing this criterion scalable, as they avoid the estimation of entropies
that would require sampling schemes. A batch formulation, batchBALD, was also
recently proposed by Kirsch et al. (2019).

Once an active learning criterion has been selected, how do we merge it with
the BO acquisition function. We believe this choice can be dictated by the user’s
intuitions, for example we could alternate active learning and BO as in Ahmed

et al. (2016). Alternatively, we could choose between AL and BO by sampling
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from a Bernoulli distribution Ber(p) beginning with parameter p = 1 (focus on
AL) and linearly decreasing to p = 0 (focus on BO) when the budget is exhausted.
This imposes a preference for active learning early on in the budget and BO

for later iterations.
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