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1 Introduction

Special Lagrangian m-folds (SL m-folds) are a distinguished class of real m-
dimensional minimal submanifolds which may be defined in C™, or in Calabi—
Yau m-folds, or more generally in almost Calabi-Yau m-folds (compact Kahler
m-folds with trivial canonical bundle). We write an almost Calabi—Yau m-fold
as M or (M, J,w, ), where the manifold M has complex structure J, Kahler
form w and holomorphic volume form €.

This is the third in a series of five papers [I0, [T}, T2, [3] studying SL m-folds
with isolated conical singularities. That is, we consider an SL m-fold X in an
almost Calabi-Yau m-fold M for m > 2 with singularities at x1,...,x, in M,
such that for some special Lagrangian cones C; in T,,M = C™ with C; \ {0}
nonsingular, X approaches C; near x; in an asymptotic C! sense. Readers are
advised to begin with the final paper [I3], which surveys the series, and applies
the results to prove some conjectures.

The first paper [I0] laid the foundations for the series, and studied the
reqularity of SL m-folds with conical singularities near their singular points.
The second paper [I1] discussed the deformation theory of compact SL m-folds
X with conical singularities in an almost Calabi-Yau m-fold M.

This paper and the sequel [I2] study desingularizations of compact SL m-
folds X with conical singularities. That is, we construct a family of compact,
nonsingular SL m-folds N* in M for t € (0, ¢ such that N* — X as ¢t — 0, in
the sense of currents.

Having a good understanding of the singularities of special Lagrangian sub-
manifolds will be essential in clarifying the Strominger—Yau-Zaslow conjecture
on the Mirror Symmetry of Calabi—Yau 3-folds [20], and also in resolving conjec-
tures made by the author [7] on defining new invariants of Calabi—Yau 3-folds
by counting special Lagrangian homology 3-spheres with weights. The series
aims to develop such an understanding for simple singularities of SL m-folds.

Here is the basic idea of the paper. Let X be a compact SL m-fold with
conical singularities z1,...,2, in an almost Calabi-Yau m-fold (M, J,w, Q).



Choose an isomorphism v; : C™ — T, M for i = 1,...,n. Then there is a
unique SL cone C; in C™ with X asymptotic to v;(C;) at x;.

Let L; be an Asymptotically Conical SL m-fold (AC SL m-fold) in C™,
asymptotic to C; at infinity. As Cj is a cone it is invariant under dilations, so
tC; = C; for all t > 0. Thus tL; = {tx : x € L;} is also an AC SL m-fold
asymptotic to C; for t > 0. We explicitly construct a 1-parameter family of
compact, nonsingular Lagrangian m-folds Nt in (M,w) for t € (0,§) by gluing
tL; into X at z;, using a partition of unity.

When t is small, N is close to being special Lagrangian (its phase is nearly
constant), but also close to being singular (it has large curvature and small
injectivity radius). We prove using analysis that for small € € (0,d) we can
deform N to a special Lagrangian m-fold N* in M for all t € (0, €], using a
small Hamiltonian deformation. The proof involves a delicate balancing act,
showing that the advantage of being close to special Lagrangian outweighs the
disadvantage of being nearly singular.

Here are some of the issues involved in doing this in full generality:

(i) To ensure Nt and N are connected, we suppose X is connected. But
X' =X\ {«x1,...,2,}, the nonsingular part of X, may not be connected.
If it is not then the Laplacian A on N? has small positive eigenvalues, of
size O(t™~2). These cause analytic problems in constructing N*.

(i) Let ¥; = C; N8?™~1. Then ¥; is a compact (m—1)-manifold, and L;
effectively has boundary ¥; at infinity. There are natural cohomological
invariants Y (L;) € H(X;,R) and Z(L;) € H™1(%;,R). It turns out that
there are topological obstructions to the existence of Nt or Nt, involving
the Y (L;) and Z(L;).

(iii) Let {(M,J*,w®,Q°) : s € F} be a smooth family of almost Calabi-Yau
m-folds for 0 € F C R? with (M, J° w° Q%) = (M, J,w,). Then we
can consider special Lagrangian desingularizations N** of X not just in
(M, J,w, ) but in (M, J*,w*, Q%) for small s € F. To do this introduces
new analytic problems, and new topological obstructions involving the
cohomology classes [w®] and [Im °].

Rather than tackling these questions all at once, we prove our first main
result in § assuming that X’ is connected, that Y (L;) = 0 and L; converges
quickly to C; at infinity in C™, and working in a single almost Calabi-Yau
m-fold (M, J,w, Q) rather than a family. This simplifies (i)—(iii) above.

Section [0 extends this to the case when X’ is not connected, as in (i), but
still supposing Y (L;) = 0 and L; converges quickly to C;. The sequel [12] deals
with issues (ii) and (iii), allowing Y'(L;) # 0 and L; to converge more slowly to
C;, and working in a family of almost Calabi—Yau m-folds (M, J*,w?®, °).

We begin in §2 with an introduction to special Lagrangian geometry. Sec-
tions Bl and B discuss SL m-folds with conical singularities and Asymptotically
Conical SL m-folds respectively, recalling results we will need from [T0)].



Given a compact Lagrangian m-fold N in an almost Calabi—Yau m-fold
(M, J,w, ) which is close to being special Lagrangian, §8 uses analysis to con-
struct an SL m-fold N as a small Hamiltonian deformation of N. This existence
result, Theorem below, can probably be used elsewhere. In each of §8 and
0 we construct a family of Lagrangian m-folds Nt in (M, J,w, ), and apply
Theorem 3 to show that N* can be deformed to an SL m-fold N* for small ¢.

For simplicity we generally take all submanifolds to be embedded. However,
all our results generalize immediately to immersed submanifolds, with only cos-
metic changes.

We conclude by discussing similar work by other authors. Salur [I8] [[9]
considers a nonsingular, connected, immersed SL 3-fold N in a Calabi—Yau 3-
fold with a codimension two self-intersection along an S', and constructs new
SL 3-folds by smoothing along the S*.

Butscher [3] studies SL m-folds N in C™ with boundary in a symplectic
submanifold W?™~2 C C™. Given two such SL m-folds Ny, Ny intersecting
transversely at = and satisfying an angle criterion, he constructs a 1-parameter
family of connect sum SL m-folds N1#, N2 in C™, with boundary, by gluing in
an explicit AC SL m-fold L in C™ due to Lawlor [T4], diffeomorphic to S~ xR
and asymptotic to the union of two SL planes R™ in C™.

Closest to the present paper is Lee [6]. She considers a compact, con-
nected, immersed SL m-fold N in a Calabi-Yau m-fold M with transverse self-
intersection points x1,...,z, satisfying an angle criterion. She shows that N
can be desingularized by gluing in one of Lawlor’s AC SL m-folds L; at x; for
1=1,...,n, to get a family of compact, embedded SL m-folds in M. Her result
follows from Theorem below.

Acknowledgements. 1 would like to thank Stephen Marshall, Sema Salur and
Adrian Butscher for useful conversations. I was supported by an EPSRC Ad-
vanced Research Fellowship whilst writing this paper.

2 Special Lagrangian geometry

We introduce special Lagrangian submanifolds (SL m-folds) in two different ge-
ometric contexts. First we define SL m-folds in C™. Then we discuss SL m-folds
in almost Calabi—Yau m-folds, compact Kahler manifolds equipped with a holo-
morphic volume form, which generalize Calabi—Yau manifolds. Some references
for this section are Harvey and Lawson [] and the author [9]. We begin by
defining calibrations and calibrated submanifolds, following [4].

Definition 2.1 Let (M, g) be a Riemannian manifold. An oriented tangent
k-plane V on M is a vector subspace V' of some tangent space T, M to M with
dim V' = k, equipped with an orientation. If V' is an oriented tangent k-plane on
M then g|y is a Euclidean metric on V, so combining g|y with the orientation
on V gives a natural volume form voly on V', which is a k-form on V.

Now let ¢ be a closed k-form on M. We say that ¢ is a calibration on M if
for every oriented k-plane V on M we have p|y < voly. Here ply = a - voly



for some a € R, and ¢|y < voly if @ < 1. Let N be an oriented submanifold
of M with dimension k. Then each tangent space T, N for z € N is an oriented
tangent k-plane. We say that N is a calibrated submanifold if o|p, Ny = volp, N
forallz € N.

It is easy to show that calibrated submanifolds are automatically minimal
submanifolds [, Th. 11.4.2]. Here is the definition of special Lagrangian sub-
manifolds in C™, taken from [, §IIT].

Definition 2.2 Let C™ have complex coordinates (z1,...,2m), and define a
metric ¢, a real 2-form w’ and a complex m-form Q' on C™ by

g =|dz1P 4+ |dzm?, W = 1(dzr AdE 4+ Az AdZn), 1)

and Q' =dz A--- Adzp,.
Then Re) and Im§’ are real m-forms on C™. Let L be an oriented real
submanifold of C™ of real dimension m. We say that L is a special Lagrangian
submanifold of C™, or SL m-fold for short, if L is calibrated with respect to
Re ', in the sense of Definition Z11

Harvey and Lawson [d, Cor. IT1.1.11] give the following alternative charac-
terization of special Lagrangian submanifolds:

Proposition 2.3 Let L be a real m-dimensional submanifold of C™. Then L
admits an orientation making it into an SL submanifold of C™ if and only if
W' =0 and Im Q| = 0.

An m-dimensional submanifold L in C™ is called Lagrangian if «'|;, = 0.
Thus special Lagrangian submanifolds are Lagrangian submanifolds satisfying
the extra condition that Im |, = 0, which is how they get their name. We
shall define special Lagrangian submanifolds not just in Calabi—Yau manifolds,
but in the much larger class of almost Calabi—Yau manifolds.

Definition 2.4 Let m > 2. An almost Calabi—-Yau m-fold is a quadruple
(M, J,w,Q) such that (M, J) is a compact m-dimensional complex manifold,
w is the Kahler form of a Kahler metric g on M, and € is a non-vanishing
holomorphic (m, 0)-form on M.

We call (M, J,w, ) a Calabi—Yau m-fold if in addition w and Q) satisfy

W™ /m! = (=1)™m=D/2(;/2)m O A Q. (2)

Then for each x € M there exists an isomorphism T, M = C™ that identifies
9z, w, and Q, with the flat versions ¢',w’, Q' on C™ in [@l). Furthermore, g is
Ricci-flat and its holonomy group is a subgroup of SU(m).

This is not the usual definition of a Calabi—Yau manifold, but is essentially
equivalent to it.

Definition 2.5 Let (M, J,w, §2) be an almost Calabi—Yau m-fold, and N a real
m-dimensional submanifold of M. We call N a special Lagrangian submanifold,



or SL m-fold for short, if w|y = ImQ|y = 0. It easily follows that ReQ|y is a
nonvanishing m-form on N. Thus N is orientable, with a unique orientation in
which Re Q| n is positive.

Again, this is not the usual definition of SL m-fold, but is essentially equiv-
alent to it. Suppose (M, J,w,?) is an almost Calabi-Yau m-fold, with metric
g. Let v : M — (0, 00) be the unique smooth function such that

™ fml = (=)™ D3 2)m QA Q, (3)

and define § to be the conformally equivalent metric g on M. Then Re{) is a
calibration on the Riemannian manifold (M, g), and SL m-folds N in (M, J,w, Q)
are calibrated with respect to it, so that they are minimal with respect to g.

If M is a Calabi-Yau m-fold then ¢ = 1 by @), so § = g, and an m-
submanifold N in M is special Lagrangian if and only if it is calibrated w.r.t.
ReQ on (M, g), as in Definition ZZ2 This recovers the usual definition of special
Lagrangian m-folds in Calabi-Yau m-folds.

3 SL m-folds with conical singularities

The preceding papers [I0, [[1] studied SL m-folds X with conical singularities
in an almost Calabi—Yau m-fold (M, J,w, 2). We now recall the definitions and
results from [I0] that we will need later. For brevity we keep explanations to a
minimum, and readers are referred to [I0] for further details.

3.1 Preliminaries on special Lagrangian cones

Following [T0), §2.1] we give definitions and results on special Lagrangian cones.

Definition 3.1 A (singular) SL m-fold C in C™ is called a cone if C' = tC for
all t > 0, where tC = {tx : x € C}. Let C be a closed SL cone in C™ with an
isolated singularity at 0. Then ¥ = CNS?™~! is a compact, nonsingular (m—1)-
submanifold of S?™~!, not necessarily connected. Let g5 be the restriction of
g’ to X, where ¢’ is as in ().

Set C' = C'\ {0}. Define ¢ : 3 x (0,00) — C™ by ¢(o,r) = ro. Then ¢ has
image C’. By an abuse of notation, identify C' with ¥ x (0,00) using ¢. The
cone metric on ' 2 % x (0,00) is ¢’ = 1*(¢') = dr? + r?gs.

For a € R, we say that a function u : C/ — R is homogeneous of order
a if wuot = t% for all t > 0. Equivalently, u is homogeneous of order « if
u(o,r) = r*v(o) for some function v : ¥ — R.

In [T0, Lem. 2.3] we study homogeneous harmonic functions on C".

Lemma 3.2 In the situation of Definition B, let u(o,r) = r*v(o) be a homo-
geneous function of order o on C' =3 x (0,00), for v € C*(X). Then

Au(o,r) =r""?(Agv — a(a +m — 2)v),



where A, Ay are the Laplacians on (C',¢') and (X, gs). Hence, u is harmonic
on C" if and only if v is an eigenfunction of Ay with eigenvalue a(a+m —2).

Following [T0, Def. 2.5], we define:
Definition 3.3 In the situation of Definition Bl suppose m > 2 and define

Dy ={a € R:a(a+m—2) is an eigenvalue of A}. (4)

Then Dy is a countable, discrete subset of R. By Lemma B2 an equivalent
definition is that Dy is the set of o € R for which there exists a nonzero homo-
geneous harmonic function u of order « on C".

Define my, : Dy, — N by taking my(a) to be the multiplicity of the eigen-
value a(a +m — 2) of Ay, or equivalently the dimension of the vector space of
homogeneous harmonic functions u of order a on C’. Define Ny : R — Z by

Ne(@)=— > ms(a) if 6 <0,and No(§) = Y ms(a) if 6 >0,
a€DxN(4,0) a€DxN[0,0]

Then Ny, is monotone increasing and upper semicontinuous, and is discontinuous
exactly on Dy, increasing by my(«) at each o € Dy. As the eigenvalues of Ay
are nonnegative, we see that Dy N (2 —m,0) = 0 and Ny =0 on (2 —m,0).

3.2 The definition of SL m-folds with conical singularities

Now we can define conical singularities of SL m-folds, following [I0, Def. 3.6].

Definition 3.4 Let (M, J,w,Q) be an almost Calabi—Yau m-fold for m > 2,
and define ¢ : M — (0,00) as in ([@). Suppose X is a compact singular SL

m-~fold in M with singularities at distinct points z1,...,z, € X, and no other
singularities.
Fix isomorphisms v; : C"™ — T, M for i = 1,...,n such that v} (w) = &’

and v} (Q) = (z;)™Q, where ', are as in ([). Let C,...,C, be SL cones
in C™ with isolated singularities at 0. Fori =1,...,nlet ¥; = C;NS?™ !, and
let p; € (2,3) with (2, ;] N Dy, = 0, where Dy, is defined in @). Then we say
that X has a conical singularity at z;, with rate pu; and cone C; fori =1,...,n,
if the following holds.

By Darboux’ Theorem [I5, Th. 3.15] there exist embeddings Y; : B — M
for i = 1,...,n satisfying Y;(0) = x;, dY;|o = v; and T} (w) = w’, where Bg
is the open ball of radius R about 0 in C™ for some small R > 0. Define
ti:%; X (0,R) — Bg by t;(o,7) =rc fori=1,...,n.

Define X’ = X\{x1,...,2,}. Then there should exist a compact subset K C
X' such that X"\ K is a union of open sets S1,. .., S, with S; C T;(Bg), whose
closures S1, ..., S, are disjoint in X. Fori =1,...,n and some R’ € (0, R] there
should exist a smooth ¢; : 3; x (0, R") — Bpg such that Y;0¢; : 3;x(0,R') = M
is a diffeomorphism ¥; x (0, R') — S;, and

|V¥(¢i — v)| = O(r*~1%) asr — 0 for k=0,1. (5)



Here V, | .| are computed using the cone metric ¢} (¢’) on ¥; x (0, R’).

The reasoning behind this definition was discussed in [0, §3.3]. We suppose
m > 2 for two reasons. Firstly, the only SL cones in C? are finite unions of
SL planes R? in C? intersecting only at 0. Thus any SL 2-fold with conical
singularities is actually nonsingular as an immersed 2-fold. Secondly, m = 2 is
a special case in the analysis of [I{, §2], and it is simpler to exclude it. Therefore
we will suppose m > 2 throughout the paper.

3.3 Lagrangian Neighbourhood Theorems and regularity

We recall some symplectic geometry, which can be found in McDuff and Salamon
[I5]. Let N be a real m-manifold. Then its tangent bundle T*N has a canonical
symplectic form &, defined as follows. Let (x1,...,2,;,) be local coordinates
on N. Extend them to local coordinates (z1,...,%m,¥1,-..,Ym) on T*N such
that (z1,...,Ym) represents the 1-form yyday + -+ + ymda, in T(*zl.,...,
Then @ = dxy Adys + - -+ + dzy, A dypm,.

Identify NV with the zero section in T7*N. Then N is a Lagrangian submani-
fold of T*N. The Lagrangian Neighbourhood Theorem [I5, Th. 3.33] shows that
any compact Lagrangian submanifold N in a symplectic manifold looks locally
like the zero section in T*N.

Theorem 3.5 Let (M,w) be a symplectic manifold and N C M a compact
Lagrangian submanifold. Then there exists an open tubular neighbourhood U of
the zero section N in T*N, and an embedding ® : U — M with ®|y =id: N —
N and ®*(w) = @, where & is the canonical symplectic structure on T*N.

In [I0, §4] we extend TheoremBH to situations involving conical singularities,
first to SL cones, [T0, Th. 4.3].

Theorem 3.6 Let C' be an SL cone in C™ with isolated singularity at 0, and
set ¥ = CNS*L Definer: ¥ x (0,00) — C™ by t(o,r) = ro, with image
C\{0}. Foroc e X, 7€ T%, r € (0,00) and u € R, let (o,r,T,u) represent the
point T +wdr in T(, (£x(0,00)). Identify ¥ x (0,00) with the zero section

T=u=0 in T*(X x (0,00)). Define an action of (0,00) on T*(Xx (0,00)) by
t:(o,r,1,u) — (o, tr,t*1,tu)  fort € (0,00), (6)

so that t*(@)=t>®, for & the canonical symplectic structure on T* (X x (0, 00)).
Then there exists an open neighbourhood U of ¥ x (0, 00) in T* (% x (0, 00))
invariant under [Bl) given by

Us = {(o,7r,7,u) € T*(E x (0,00)) : |(T,u)| < 2¢r}  for some ¢ >0,

where | .| is calculated using the cone metric t*(g’) on X x (0,00), and an em-
bedding @ : Ue — C™ with ®c|sy(0,00) = ¢, Pe(W') =@ and Pcot =t Do for
all t > 0, where t acts on Us as in @) and on C™ by multiplication.



In [I0, Th. 4.4] we construct a particular choice of ¢; in Definition B4l

Theorem 3.7 Let (M, J,w,Q), ¥, X,n,x;,v;, Ci, X4, pui, R, Y, and ¢; be as in
Definition[34} Theorem [ZA gives ¢ > 0, neighbourhoods U, of £; x (0,00) in
T (Ei x (0, oo)) and embeddings ®., : Us, — C™ fori=1,...,n.

Then for sufficiently small R' € (0, R] there exist unique closed 1-forms
ni on X; x (0,R) fori = 1,...,n written n;i(o,r) = n}(o,r) + nZ(o,r)dr for
ni(o,r) € TxY; and n?(o,r) € R, and satisfying |ni(o,r)| < (r and |VFny;| =
O(r#=1=%) asr — 0 for k = 0,1, computing V,| .| using the cone metric .} (g'),
such that the following holds.

Define ¢; : ; x (0, R') — Bpg by ¢i(0, 1) = @, (0,7, n} (0,7),n?(0,7)). Then
Yio¢;: 3 x(0,R) — M is a diffeomorphism X; x (0, R') — S; for open sets
Sty Sn in X' with Sy,...,S, disjoint, and K = X'\ (S; U---US,) is
compact. Also ¢; satisfies @), so that R', ¢;,S;, K satisfy Definition [7-4)

In [I0, §5] we study the asymptotic behaviour of the maps ¢; of Theorem
B using the elliptic regularity of the special Lagrangian condition. Combining
[T0, Th. 5.1], [I0, Lem. 4.5] and [I0, Th. 5.5] proves:

Theorem 3.8 In the situation of Theorem [37] we have n;, = dA; for i =
1,...,n, where A; : ¥; x (0,R") — R is given by Ai(o,1) = fornf(a,s)ds.
Suppose pl; € (2,3) with (2, ;) Dy, =0 fori=1,...,n. Then

[VF(¢; — )| = O =17F), [VEn| = O~ 17%)  and

, (7)
‘VkAi‘ =0 ) asr—0forall k>0andi=1,...,n.

Hence X has conical singularities at x; with cone C; and rate p, for all
possible rates p; allowed by Definition [F.4} Therefore, the definition of conical
singularities is essentially independent of the choice of rate p;.

Finally we extend Theorem BH to SL m-folds with conical singularities [0}
Th. 4.6], in a way compatible with Theorems B and BT

Theorem 3.9 Suppose (M, J,w,Q) is an almost Calabi—Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1,...,x,. Let the nota-
tion v, vi, Ci, By, pi, R, Ty and v; be as in Definition[54}, and let {,Ue,, ®c,, R/,
Nisntsm?, i, Si and K be as in Theorem [37]

Then making R’ smaller if necessary, there exists an open tubular neighbour-
hood Uxr C T*X' of the zero section X' in T*X', such that under d(T; o ¢;) :
T*(EZ— X (O,R’)) —T*X' fori=1,...,n we have

(d(Ti o gbl-))*(UX/) = {(U, r,7,u) € T* (Ei X (O,R’)) : |(7', u)| < CT}, (8)
and there exists an embedding @ : Uxr — M with ®x/|x, =id : X' — X’ and

*(w) = &, where & is the canonical symplectic structure on T*X', such that

O 0d(Y;0¢;)(o,r,T,u) =T, 0P, (0, r 7 +nt(o,r),u+n(o, T‘)) 9)

forall i=1,...,n and (o,r,7,u) € T*(Ei X (O,R’)) with ‘(T,u)| < (r. Here
|(7,u)| is computed using the cone metric i (g") on X; x (0, R').



4 Asymptotically Conical SL m-folds

Let C be an SL cone in C"™ with an isolated singularity at 0. SectionBlconsidered
SL m-folds with conical singularities, which are asymptotic to C' at 0. We now
discuss Asymptotically Conical SL m-folds L in C™, which are asymptotic to C
at infinity. Here is the definition.

Definition 4.1 Let C be an SL cone in C™ with isolated singularity at 0 for
m > 2, as in Definition Bl and let ¥ = C' N S?™1, so that ¥ is a compact,
nonsingular (m — 1)-manifold, not necessarily connected. Let gy, be the metric
on ¥ induced by the metric ¢’ on C™ in (), and r the radius function on C™.
Define ¢ : ¥ x (0,00) — C™ by ¢(o,r) = ro. Then the image of ¢ is C'\ {0}, and
t*(¢') = r?gs + dr? is the cone metric on C'\ {0}.

Let L be a closed, nonsingular SL m-fold in C™ and A < 2. We call L
Asymptotically Conical (AC) with rate A and cone C if there exists a compact
subset K C L and a diffeomorphism ¢ : 3 x (T,00) — L\ K for some T > 0,
such that

‘Vk(sﬁ — L)’ = 0@ 1F) asr — oo for k=0,1. (10)

Here V,|.| are computed using the cone metric ¢t*(¢’') on ¥ x (T, 00).

This is very similar to Definition Bl and in fact there are strong parallels
between the theories of SL m-folds with conical singularities and of AC SL m-
folds. We recall some results from [I0} §7], including versions of the material in
§83 We continue to assume m > 2 throughout.

4.1 Cohomological invariants of AC SL m-folds

When Y is a manifold, write H*(Y,R) for the k™ de Rham cohomology group
of Y, and Hy(Y,R) for the k" real singular homology group of Y, defined us-
ing smooth simplices. Then the pairing between homology and cohomology is
defined at the chain level by integrating k-forms over k-simplices. We can also
define relative homology and cohomology groups in the usual way. The Betti
numbers of Y are b*(Y) = dim H*(Y,R).

Let L be an AC SL m-fold in C™ with cone C, and set ¥ = CNS?™~ L. As
Y is in effect the boundary of L, there is a natural map H*(L,R) — H*(Z,R).
Following [T, Def. 7.2] we define cohomological invariants Y (L), Z(L) of L.

Definition 4.2 Let L be an AC SL m-fold in C"™ with cone C, and let % =
CN&*= 1t As ', ImQ in (@) are closed forms with w'[;, = Im Q' = 0,
they define classes in the relative de Rham cohomology groups H*(C™; L, R)
for k =2, m. For k > 1 we have the exact sequence

0= H"'(C™ R) - H* Y(L,R)—H"(C™; L,R) — H*(C™,R) = 0.
Define Y(L) € H'(X,R) to be the image of [w'] in H*(C™; L,R) = H(L,R)

under H'(L,R) — H'(X, R), and Z(L) € H™ (X, R) to be the image of [Im ']
in H™(C™; L,R) = H™ (L, R) under H™~'(L,R) — H™ (X, R).



Here are some conditions for Y (L) or Z(L) to be zero, [0, Prop. 7.3].

Proposition 4.3 Let L be an AC SL m-fold in C™ with cone C and rate ),
and let X =CNS*™ 1 If A\<0orb (L) =0thenY(L)=0. If A\<2—-m
or b°(X) =1 then Z(L) = 0.

In this paper we will consider only AC SL m-folds L; with rates A; < 0.
These all have Y(L;) = 0 by the proposition. Because of this we shall avoid
some tricky issues of global symplectic topology in defining Lagrangian m-folds
Nt by gluing tL; in at a singular point z; of an SL m-fold X with conical
singularities, so §8l and § are simplified. The case Y (L;) # 0 will be considered
in the sequel [I2]. Here is a (trivial) lemma on dilations of AC SL m-folds.

Lemma 4.4 Let L be an AC SL m-fold in C™ with rate \ and cone C, and let
t>0. ThentL = {tx:x € L} is also an AC SL m-fold in C™ with rate A and
cone C, satisfying Y (tL) = t*Y (L) and Z(tL) = t™Z(L).

4.2 Lagrangian Neighbourhood Theorems and regularity

Next we generalize 83 to AC SL m-folds. Here is the analogue of Theorem
B proved in [I0, Th. 7.4].

Theorem 4.5 Let C be an SL cone in C™ with isolated singularity at 0, and
set ¥ = CNS*~L Define v : ¥ x (0,00) — C™ by o(o,7) = ro. Let ¢,
U.CcT* (E x (0, oo)) and ®. : Us — C™ be as in Theorem [Z4.

Suppose L is an AC SL m-fold in C™ with cone C and rate X\ < 2. Then
there exists a compact K C L and a diffeomorphism ¢ : ¥ x (T,00) — L\ K
for some T > 0 satisfying (@), and a closed 1-form x on ¥ x (T, 00) written
x(o,7) = x'(o,7) + X2 (o, r)dr for x'(o,r) € T and x*(o,7) € R, satisfying

Ix(o,7)] <Cr, glo,r) = (o7, xHo,7), xP (o, 7)) (1)
and |ka| =0 'F) asr — oo for k=0,1,

computing V,| .| using the cone metric :*(g').

Now suppose that the rate A of L satisfies A < 0. Then Y (L) = 0 by
Proposition 3 and the results of [I0, §7.3] simplify. Combining [I{), Prop. 7.6],
[I0, Th. 7.7] and [I0, Th. 7.11] gives an analogue of Theorem B8

Theorem 4.6 In the situation of Theorem [I.J, suppose A < 0. Then x = dE,
where E € C* (X x (T,00)) is given by E(o,r) = — [ x?(0,s)ds. If either
A= XN, or XN € (2—-m,0), or \, X lie in the same connected component of

R\ Dy, then L is an AC SL m-fold with rate N and

Vi@ —1)| = o 1=k, |VFx| = o =% and

, (12)
’VkE’ =0 %) asr — oo forall k>0.

Here V,| .| are computed using the cone metric v*(g') on ¥ x (T, 00).
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In particular, this shows that any AC SL m-fold L with rate A < 0 is also an
AC SL m-fold with rate X" for X' € (2 —m, (2 —m)). This will be important
in §62 where we need to assume that A < 3(2 — m) to make an error term
sufficiently small. Here [I0, Th. 7.5] is the analogue of Theorem B3

Theorem 4.7 Suppose L is an AC SL m-fold in C™ with cone C. Let X, ¢,
CUc,®o, K, T, 0, x, X", X2 be as in Theorem -8 Then making T, K larger if
necessary, there exists an open tubular neighbourhood U, C T*L of the zero
section L in T*L, such that under dyp : T*(X x (T, 00)) — T*L we have

(de)*(U,) = {(0, r,T,u) € T* (E x (T, oo)) : ‘(T, u)‘ < Cr}, (13)

and there exists an embedding ®, : U, — C™ with ®,|p =id : L — L and
O* (W) = &, where & is the canonical symplectic structure on T*L, such that

(I)L o d%’(Uv T, u) = (I)C (Uv T + Xl (Ua T)a U+ Xz(aa T)) (14)

for all (o,r,7,u) €T* (Xx(T,00)) with |(1,u)| < (r, computing | .| using .*(g’).

In [I0, Th. 7.10] we study the bounded harmonic functions on L.

Theorem 4.8 Suppose L is an AC SL m-fold in C™, with cone C. Let ¥,T
and ¢ be as in Theorem 3 Let | = b°(X), and ¥',..., 3 be the connected
components of 3. Let V be the vector space of bounded harmonic functions on
L. Then dimV = I, and for each ¢ = (c',... 7cl) € R! there exists a unique
v® €V such that for all j=1,...,1, k>0 and B € (2 —m,0) we have

Vk(QO*(UC) -d)= O(|c|rﬁ_k) on ¥ x (T,00) as r — oo.

Note also that V = {v°: ¢ € R'} and v} =1.

5 An analytic existence result for SL m-folds

We shall now use analysis to prove that under certain conditions a compact,
nonsingular Lagrangian m-fold N in an almost Calabi-Yau m-fold M which
is approximately special Lagrangian can be deformed to a nearby special La-
grangian m-fold N in M. We begin in §5.1] with some background material
from analysis. The main result, Theorem B3 is stated in §52, and proved
in 63951

Theorem 3] and its proof are based on results by the author [8, Th. 11.6.1
& Th. 13.6.1], which are used to construct compact 7- and 8-manifolds M with
holonomy G2 and Spin(7) by deforming a G- or Spin(7)-structure with small
torsion on M. The geometry is rather different, but the underlying conception
and structure of the proof is the same.

In each of 8 and A we will construct a family of compact, nonsingular
Lagrangian m-folds Nt in M for t € (0, ) by gluing AC SL m-folds Ly, ..., L,
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in at the singular points x1, ..., x, of a compact SL m-fold X in M with conical
singularities. We then apply Theorem to show that N* can be deformed to
a nearby compact, nonsingular SL m-fold N* in M for small ¢.

The proof of Theorem B3l is long and technical, and some readers may prefer
to skip over it. The rest of the paper will use only the statement of Theorem

B3 and not refer to its proof in §o3-90 1

5.1 Banach spaces of functions

Let (N, g) be a Riemannian manifold. To establish notation, we shall define
various Banach spaces of functions on N. Some references for these spaces
are Aubin [I] and Gilbarg and Trudinger [2]. For each integer k > 0, define
C*(N) to be the vector space of continuous, bounded functions f on N that
have k continuous, bounded derivatives, and define the norm ||.||cx on C¥(N)
by [|fllcx = Z?:o supy | V7 f|, where V is the Levi-Civita connection. Then
C*(N) is a Banach space. Let C°(N) = Niso Ck(N).

For k > 0 and a € (0,1), define the Hélder space C**(N) to be the subset
of f € C*(N) for which

k k
o= sup VIO V)]
r#YEN d(l‘, y)a
d(w,y)<d(g)
is finite. Here d(z,y) is the geodesic distance between x and y and 6(g) > 0 the
injectivity radius. Note that V¥ f(x) and V¥ f(y) lie in different vector spaces
QFT*N, ®kT;N when £ > 0, but we identify them by parallel translation using
V along the unique geodesic v of length d(x,y) joining x and y. The Holder
normis || fllore = [ fllox + [V* fla-
For ¢ > 1, define the Lebesgue space L1(N) to be the set of locally integrable
functions f on N for which the norm

1/q
|ﬂm—(LWH%)

is finite. Here dV/ is the volume form of g. Suppose r,s,t > 1 with 1/r =1/s+
1/t. I ¢ € L3(N) and ¢ € L'(N) then ¢y € L"(N), and || 9[- < [|¢]l 2= [1¥]] s
this is Holder’s inequality.

Let ¢ > 1 and k > 0 be an integer. Define the Sobolev space L} (N) to be the
set of f € LY(N) such that f is k times weakly differentiable and |V f| € LI(N)
for j < k. Define the Sobolev norm on L{(N) to be

k . 1/q
¢ = V2 fl4dV., .
Uuk<;ﬁgf|g>

Then L}(N) is a Banach space, and L} (N) a Hilbert space.
The Sobolev Embedding Theorem [I, Th. 2.30] gives inclusions between the
spaces L{(N) and Ch®(N).
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Theorem 5.1 Suppose (N, g) is a compact Riemannian n-manifold, k > 1> 0
are integers, a € (0,1) and ¢, 7 > 1. If % < L+E5L then LY(N) is continuously
embedded in L7(N) by inclusion. If % < k_fl_o‘, then LY(N) is continuously
embedded in CH-*(N) by inclusion.

5.2 Statement of the result

The following definition sets up the notation we shall use.

Definition 5.2 Let (M, J,w, Q) be an almost Calabi—Yau m-fold, with metric
g. Let N be a compact, oriented, immersed, Lagrangian m-submanifold in M,
with immersion ¢ : N — M, so that .*(w) = 0. Define h = 1*(g), so that (N,h)
is a Riemannian manifold. Let dV be the volume form on N induced by the
metric h and orientation.

Let ¢ : M — (0,00) be the smooth function given in ([B). Then Q|y is a
complex m-form on N, and using (@) and the Lagrangian condition we find that
‘Q|N’ = 9™, calculating |.| using h on N. Therefore we may write

Qly =¢™edV  on N, (15)

for some phase function e on N. Suppose that cosf > % on N. Then we can

choose 6 to be a smooth function  : N — (—%, %). Suppose that [t*(Im Q)] =0
in H™(N,R). Then [, ¢"™sinfdV =0, by (I3).

Suppose we are given a finite-dimensional vector subspace W C C°°(N)
with 1 € W. Define 7y, : L2(N) — W to be the projection onto W using the
L2-inner product.

For r > 0, define B, C T*N to be the bundle of 1-forms o on N with |a| < 7.
Regard B, as a noncompact 2m-manifold with natural projection « : B, — N,
whose fibre at € N is the ball of radius r about 0 in T; N. We will sometimes
identify N with the zero section of B,., and write N C B,..

At each y € B, with 7n(y) = « € N, the Levi-Civita connection V of h on
T*N defines a splitting T,B, = H © V into horizontal and vertical subspaces
H,V, with H=2T,N and V 2 T N. Write & for the natural symplectic struc-
ture on B, C T*N, defined using TB, =2 H &V and H = V*. Define a natural
Riemannian metric h on B, such that the subbundles H,V are orthogonal, and
hlg = 7*(h), hlv = 7 (h~1).

Let V be the connection on TB, = H @&V given by the lift of the Levi-Civita
connection V of h on N in the horizontal directions H, and by partial differ-
entiation in the vertical directions V', which is well-defined as T'B,. is naturally
trivial along each fibre. Then v preserves fL,dJ and the splitting TB, X Ha V.
It is not torsion-free in general, but has torsion T'(V) depending linearly on the
Riemann curvature R(h).

As N is a Lagrangian submanifold of M, by Theorem B the symplectic
manifold (M, w) is locally isomorphic near N to T*N with its canonical sym-
plectic structure. That is, for some small » > 0 there exists an immersion
® : B, — M such that ®*(w) = @ and ®|x = ¢. Define an m-form S on B,
by 8 = &*(Im ).
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If « € C®(T*N) with |a| < r, write I'(«) for the graph of « in B,. Then
P, (T'(a)) is a compact, immersed submanifold in M diffeomorphic to N.

With this notation, we can state our main result.

Theorem 5.3 Let k > 1 and Ai,...,As > 0 be real, and m > 3 an integer.
Then there exist e, K > 0 depending only on k, A1, ..., Ag and m such that the
following holds.

Suppose 0 < t < € and Definition [ZQ holds with r = Ait, and

(1) HU)m sin 9||L2m/(m+2) < A2tn+m/2’ HU)m Sin9||co < Agtﬁil,
|d(x™ sin @) L2m < Agt®3/2 and ||my (" sin0)|| g1 < Agthtm1L,

(ii) ¥ > A3 on N.
(i) ||[V*B|lco < Ast™* for k=0,1,2 and 3.

The Riemann curvature R(h) satisfies || R(h)||co < Agt™2.

(v

)
)
(iv) The injectivity radius 6(h) satisfies §(h) > Ast.
)
(vi)

If v € L3(N) with my (v) = 0, then v € L>™/(m=2(N) by Theorem [,
and HU||L2m/(m72) < A7||d’UHL2.

(vii) For all w € W we have ||d*dw|| pam/(mi2 < 2A7"||dw| 1z

For all w e W with [\, wdV =0 we have ||w||co < Agt'=™/2||dw|| 2.

Here norms are computed using the metric h on N in (i), (v), (vi) and (vii), and
the metric h on Ba,, in (iii). Then there exists f € C™(N) with Sy fdV =0,
such that ||df|jco < Kt* < At and N = ®, (T(df)) is an immersed special
Lagrangian m-fold in (M, J,w,Q).

The theorem will be proved in 63§50 In the rest of the section we work
in the situation of Theorem B3, so we suppose M, J,w,§2 and N are given, we
use the notation of Definition B2 and we suppose that k > 1, Ay,...,As > 0
and t > 0 are given such that parts (i)—(vii) of Theorem B3 hold.

5.3 Special Lagrangian submanifolds close to N

We begin the proof by studying the conditions for a submanifold N of M close
to N to be special Lagrangian. We write N as @(F(a)), where « is a small
1-form on N and I'(«) its graph in B4, C T*N.

Lemma 5.4 In the situation above, let o € C°(T*N) be a smooth 1-form with
lallco < Ait, and T'(a) the graph of o in Ba,;. Then N = ®(I'(«)) is a special
Lagrangian m-fold in M if and only if da =0 and 7, (ﬁ|p(a)) =0.
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Proof. Note that m : T'(a) — N is a diffeomorphism and ® : I'(a) — M an
immersion. By Definition B, N is an SL m-fold in M if and only if wlg =
Im Q|5 = 0. Pulling back by @, this holds if and only if &|r) = Blr@) = 0,
since ®*(w) =@ and *(Im Q) = 3.

Pushing forward by 7 : T(a) — N, we see that N is special Lagrangian if and
only if m, (@|r(a)) = T« (Blr(a)) = 0. But as Ba,s C T*N and & is the natural
symplectic structure on T*N we have m, ((.D|p(a)) = —da by a well-known piece
of symplectic geometry, and the lemma follows. O

We rewrite the condition 7, (ﬁ|p(a)) =0 in terms of a function F'.

Definition 5.5 Define A = {a € C®(T*N) : [lal|co < Ait}, and define
F: A — C®(N) by m(B|r@)) = F(a)dV. Then Lemma B4 shows that if
o € A then ®(I'()) is special Lagrangian if and only if da = F(a) = 0.

The value of F'(«) at z € N depends on the tangent space T,I'(«v), where
y € I'(a) with 7(y) = . But T,I'(«) depends on both a|, and Val|,. Hence
F(a)) depends pointwise on both o and Ve, rather than just «. Therefore we
may write

F(a)[z] = F'(z,a(x), Va(z)) for all z € N, where

) ) (16)
F':{(z,7,8):z € N, yET;N, |y| < Ait, 6 € @°T;N} - R

is a smooth, nonlinear function. Note that F' maps between infinite-dimensional
spaces A — C°°(N), but F’ maps between finite-dimensional spaces.

For fixed x € N the variables 7,4 in the domain of F’ lie in vector spaces
TN, ®2T}N. Thus we may take partial derivatives in these directions (without
using a connection), with values in the dual spaces T, N, ®2T,N. Write 01,0
for the partial derivatives in the «y,d directions respectively. Then we have

OF'(x,7,0) € TuN, 0oF'(x,7,6) € @*T,N, 0?F'(z,7,0) € S*(T.N),
0 F' (x,7,0) € @*T,N and 03F'(x,v,5) € S*(®*T,N).

We compute the expansion of F' up to first order in a.
Proposition 5.6 This function F' may be written
F(a) =¢™sinf — d* (¢ cos o) + Q(cv), (17)

where Q : A — C°°(N) is smooth with Q(a) = O(|a?*+|Va|?) for small c.

Proof. 1t is easy to see that F' depends smoothly on «. Therefore by Taylor’s
theorem we may expand F' about a = 0 up to second order, and get an equation
with the general form of (), with @ smooth. Since F(a) depends pointwise
on a, Va, the second-order remainder term Q(«) is of the form O(|a|?*+|Val?),
and the estimate valid when |/, [Va| are small, that is, when « is small in C*.
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So to prove () we need to compute F(0) and dF'(0) and show they coincide
with the first two terms on the right hand side of ([[). When o = 0 we have
®,(I'(0)) = N in M, and therefore 7, (8|r()) = ImQ|n = ¢™ sinf dV by ([IJ).
Thus F(0) = 4™ sinf by Definition BH, giving the zeroth order term in ().

Next we compute the first order term in «. Let v be the vector field on T* N
with v - & = —7*(«). Then v is tangent to the fibres of 7 : T*N — N, and
exp(v) maps T*N — T*N taking § — a + f for 1-forms 3 on N. Identifying
N with the zero section of T*N, the image exp(v)[IN] of N under exp(v) is
I'(a) € Ba,t € T*N. More generally, exp(sv)[N] = I'(sa) for s € [0, 1].

Therefore F(sa)dV = exp(sv)*(8) for s € [0, 1]. Differentiating gives

dF(0)[a] dV = 4 (F(sa))| dV = 4 (exp(sv)*(B))
=d

ds s=0 ds
- (,cvﬁ)\N = (d(v-B) +v- (dﬁ))‘N

s=0 (18)
((v-B)In),
where L, is the Lie derivative, ‘-’ contracts together vector fields and forms
in the usual way, and we have used the fact that d8 = 0 since  is closed
and = &*(Im Q).

Fix x € N. We may choose local real coordinates (z1,...,Zm,¥Y1,---,Ym)
on M near z such that at = we have

. 2 2 _
g=>"(da? +dy?), TxN_<6xl,...,8$m

j=1

) AV =dei A Adem

w=> du; Ady; and Q=" (dry +idys) A< A (T + idym).

J=1

Identify T, M with T,B4,+ using d®, so that ©® = w and 8 = Im Q.

Write a = >, a;dz; at x for a; € R. Then v = 377, aj% at = as
v+ w = —a. Calculation with the above expression for {2 then shows that

(w-B)|y =9™ cos@Z(—l)jflaJ— dzi A Adzjoi Adzjpa A Ada,
j=1

=Y™cosl *xp, n at x,

where *;, 5 is the Hodge star on T, /N, computed using the explicit expressions
for g and dV at z. Since *dV = 1 and *dx = —d* on 1-forms, equation (I8
gives

dF(0)[a] dV =d(¢™ cos )= (xd * (¥™ cosf ) AV = (—d* ()™ cos 6 o)) dV.

This shows that dF(0) : & — —d*(¢™ cos 0 o), which yields the first order term
in (@), and completes the proof. (]

Here are some properties of Q.

16



Lemma 5.7 This function Q satisfies Q(0) = dQ(0) =0 and [, Q(a)dV =0
forall « € A, and @(F(a)) is special Lagrangian if and only if

da=0 and d*(¢™cosfa) =™ sinf+ Q(w). (19)

Proof. Proposition B gives Q(a) = O(|a|*+|Va|?), which implies that Q(0) =
dQ(0) = 0. By definition 7. (8|r(a)) = F(a)dV for a € A, so

/NF(a)dVz/F(a)ﬁz/F(o)ﬁz/NL*(ImQ):0,

as ( is closed, I'(«r) and T'(0) are homologous, and [¢*(Im Q)] = 0 in H™(N,R)
by Definition Now F(0) = ¢™sin6 by [[@), so [y ™ sinf0dV = 0, and
I} N (¢m cos6‘a) dV = 0 by integration by parts. Therefore multiplying (1)
by dV' and integrating over N gives [, Q(a)dV = 0. Finally ®(I'(ax)) is special
Lagrangian if and only if da = F(a) = 0 by Definition BH and by () this is
equivalent to (). O

The notation Q(«) was chosen because @ is approzimately quadratic for
small . The following estimates of ) are modelled on the fact that if ¢ is a
homogencous quadratic polynomial on R then |¢(x)—q(y)| < Clx—y/|(|x|+lyl)
for some C > 0 and all x,y € R™.

Proposition 5.8 There exist Cy,...,Cq > 0 depending only on Ay, Ag, Ag,m
such that Cy < Ay and if o, € A with ||af/co,||B]lco < Cit and ||Va|co,
IVBIlco < Co then

Q) = Q(B)| < C3(t™ e — Bl + [Va = V)

(t al + 1B + [Va| +|V8]) and (20)
|d(Q(er) — Q(B))] < C4 (t’gla = BI(lel+18])+t?|a — BI(IVal+|VA])
+t o — BI(|V2a|+|V?8]) +t 2 Va — V| (|a]+]8]) 1)

+t [ Va=V|(IVal+|VE]) +|Va - VB|(IV2al+|V?3])
+471 V2 — V28] (jal+18]) + 92 — V2B|(|Val+|V5]) ).

Proof. Let o, € A, fix x € N, and define a real function P on the triangle
{(r;s) : 0 <r <s <1} by P(r,s) = Q(r(a — ) + sf)[z]. This is well-defined
as A is convex and contains 0, so r(a— 3) + s € A when 0 < r < s < 1. Then

1
(Qlo) = Q)lsl = P(L.1) = PO0.1) = [ Fo(w 1),

17



Lemma B gives dQ(0) = 0, so %—1:(0, 0) = 0. Therefore

op op "1 9?p 9°p
5 —(u,1) = /0 (8r (us, s))ds —/0 [um(us,s) + m(us,s)}ds.

Substituting this into the previous equation and changing variables to r = us
and s, we obtain

02 92
Qo) — / / ;2 arI; +§8T—§;(r,s)]drds. (22)

By the definitions of P,Q and F’ we have

P(r,s) :F’(:z:, r(a(z) — B(z)) + sB(x), r(Va(z) — V3(x)) + sVﬂ(z))
— (" sinO)[x] + rd* (" cos b (v — B)) [a] + sd* (™ cos O 3) [x].

Taking second derivatives, the last line drops out to give

o*p 2 2 1/ 2 2
W(T,S)Z(X) (Oé—ﬁ)'alF +& (Va—Vﬁ)-azF
+2(a—p)® (Va—Vp)-0,0F"  and
%(ns):(a—ﬁ)®6-3%F’+(va—v5)®V5~a§F’
—I—((a—ﬁ)@Vﬁ-l—ﬁ@(Va—Vﬁ))8182F’,

evaluating 9;0,F" at (z,r(a—pB)+sB,r(Va—VB)+sV3) and a, 8, Vo, V3 at z.
Substituting these two equations into ([22) and taking mods gives

1 s
QE@)-Q@lle) < [ [ [(rs =57 + 5 Ya—pl 18D |o2F

0 0
+ (2rs % ja—Bl[Va— VBl +s  a—BlIVE|+s1|8||Va—Va|)|00.F| (23)
+ (rs 2 Va—Vp)? + s~ [Va—V3||VA])|02F| }dr ds.

Here a, 8, Vo, V are independent of r, s and so |a— |, ..., |V[| are constants,
but 8;0,F" is evaluated at (z,7(a — 8) + s3,7(Va — V3) + sVj), so
is a function of r, s.

Let us interpret F’(x,~,d) in terms of . Regard (x,v) as a point in Ba,; C
T*N, with v € TN. Then T(m,v)BAlt = T,N & TN as in Definition
Using § € ®2T)N we define a map Is : T,N — T,N @ TN = Tz, Baye by
v +— (v,6 -v). Then F'(z,v,d)dV]|, is the pullback to T,,N under Is of the
restriction of B to Tz, Bayt-

Because of this, estimates on the derivatives of B imply estimates on the
derivatives of F’. In particular, as |[V¥8]|co < Agt™" for k = 0,1,2 by part (iii)
of Theorem we can show that there exist Cy,Cy,C' > 0 depending only on
Ay, m such that

|OTF'| < Ct™2, [|010,F'| < Ct™' and |03F'| < C  at (z,7,6), (24)
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provided |y| < Cit and |§] < Co. Here the power of t is determined by the
number of derivatives 0. This is because changing § does not affect the point
(z,7) in Ba,t, so J2 does not involve differentiating B on Ba,:. Note that @, oh
are the same in the fibre directions, both given by partial differentiation.
Substituting 4 into 23] and integrating we prove 20), for some C3 > 0
depending only on A4, m. Equation ([l can be proved by a similar but rather
more complicated argument, which we leave to the reader. The extra derivative
on @ means that we also use the inequalities || R(h)||co < Agt™2 and [|[V35]|co <
Ayt~ in Theorem O

5.4 Some analytic estimates on N

Section studied the geometry of M near N. We now give some estimates on
N itself, Propositions B2T1l and below, depending only on the Riemannian
manifold (N, k). The proofs are based on that of Theorem G1 in the author’s
book [8, §11.7].

These estimates are all proved by considering small balls in NV of radius O(t),
and comparing them with balls of the same radius in R™. We begin by showing
that the metric h on balls of radius O(t) in N is close to the Euclidean metric
go on R™ in the L3™ norm.

Proposition 5.9 Let Dy > 0 be smaller than a positive bound depending on
m. Then there exist Do, D3, Dqy > 0 depending only on As, Ag,m and Dy such
that the following holds. Let Bo, B3 be the balls of radii 2,3 about 0 in R™, and
go the Euclidean metric on Bs. Set r = Dot. Then for each x € N we have
Dst™ < VOl(BT(IE)) < VOl(B4T(I)) < Dyt™, where B.(x) is the geodesic ball of
radius r about x, and there is a smooth, injective map ¥, : B3 — N satisfying

|r—2Ws(h) — gOHLgm < Dy and B(z) C V,(Bg) C ¥, (Bs) C Byr(x).

Proof. For simplicity, first suppose that ¢t = 1. We require systems of coordi-
nates on open balls in N, in which the metric h appears close to the Euclidean
metric go in the L3™ norm. These are provided by Jost and Karcher’s theory of
harmonic coordinates [5]. Jost and Karcher show that if the injectivity radius is
bounded below and the sectional curvature is bounded above, then there exist
coordinate systems on all balls of a given radius, in which the C® norm of the
metric is bounded in terms of « for each o € (0, 1).

The C'* norm is not quite strong enough for our purposes, but fortunately
Jost and Karcher’s results can be improved to the L norm, for p > m/2. This
was done mainly by Anderson, and is described in Petersen [I7, §4-85]. From
[I7, Th. 5.1, p. 185] we deduce that since §(h) > As and ||R(h)[co < Ag (as
t = 1), for D2 > 0 depending only on A5, Ag, m and Dy, there exists a coordinate
system W, about x for each x € N, which we may write as a map ¥, : B3 — N
with W, (0) = z, such that || Dy 2W*(h) — gollLgm < D1, as we have to prove.

Now the radius and volume of balls are controlled by the C° norm of the
metric on the balls, which is controlled by the L3™ norm by Theorem Bl Thus
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if Dy is small enough in terms of m, the balls ¥, (Bs), ¥,(B3) in N must have
volume and radius close to those of the balls of radius 2Dy and 3Dy in R™.
By making D; and Dy smaller if necessary, we can ensure that Dz <
vol(Bp,(x)) and vol(Bap,(x)) < Dy for some D3, Dy > 0 depending only on
As, Ag,m and Dy, and that Bp,(x) C ¥, (B2) and ¥,(Bs) C Bap, (z), for all
x € N. This completes the proof when ¢t = 1. To prove the proposition for
general t > 0, apply the case t = 1 to the rescaled metric t~2h. (Il

By the Sobolev Embedding Theorem, Theorem B L?™ embeds in C°.
Using this we may prove the following result on balls in R™, following [Tl
Lem. 2.22]. It is easy to modify the proof to get a bound involving |lu|| 2
rather than ||u||p2m.

Lemma 5.10 Let By, B3 be the balls of radii 2,3 about 0 in R™. Then there
exist D5, Dg > 0 depending only on m such that if u € C1(B3) and v € L3™(Bj3)
then |[u|g,||co < Ds(|ldullco + [|ullz2) and |[v]s,co < De([|dvl|zzm + [|v]z2).

We can now prove a Sobolev embedding result for 1-forms on N.

Proposition 5.11 There ezist Cs,Cg > 0 depending only on As, Ag and m
such that if o € L3™(T*N) then o € CY(T*N) and

lallco < Cs(t[Vallgo + 72 |al|L2),  and (25)
IValco < Co(t/2| V2l p2m + ™3| Va L2). (26)

Proof. Let D1 > 0 be sufficiently small in terms of m, and let * € N. Then
Proposition B9 gives Dg, D3, D4y > 0 and ¥, : B3 — N. Define u € L3™(Bs)
and v € L{™(Bs3) by u = Wi (|aly) and v = W5 (|Valn), where |. |, is taken
using the metric h.

Lemma BT then applies to u and v, as u € C'(B3) by Theorem Bl The
norms in Lemma BT are calculated w.r.t. go on Bs. But Hr’z‘llz(h)—gOHL%m <
D1 by Proposition B, so if D; is small then the metrics r=2W%(h) and go are
close in CY. Hence we can increase D5, Dg to D%, Dj depending only on Dy, m
such that [Julp,[co < D5([ldullco + [[ullr2) and |v|s,llce < Dg([ldv]pzm +
|v]|2), where now all norms are taken w.r.t. the metric r~2W%(h) on Bs.

Pushing these forward via ¥, we deduce that

< Dj (r| +pmm/2 H and

e ‘d|a||\pz(Bg)Hco |a||\Pz(Bg)HL2)

< Dy(r' 2| diVallg, gyl 2 + 77 lellg,

w8 lleo

Ivedfg,

By lleo 5oyl 2):

where all mods and norms are taken w.r.t. h, and the powers of r compensate
for the change from r~2h to h. Substituting r = Dat, noting that |d|e|| < [Va
and |d|Va|| < |[VZal, and taking the supremum of these two inequalities over
all z € N, we quickly prove 1) and @) with C5 = Dj max(Dg,D;m/Q)
and Cs = D} max(Dy/?, D;™?). O

Next we prove some interior elliptic regularity estimates on By, Bs.
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Proposition 5.12 Suppose F1, Es > 0. Then there exist Es, E4 > 0 depending
only on Eq, E5 and m such that the following holds.

Let Ba, Bs be the balls of radii 2,3 about 0 in R™, and suppose a”’ € L3™(B3)
fori,j=1,...,m and b* € L3™(B3) fori=1,...,m such that

By <= a4¢ on By foral (&,...,6m) €ER™,
i=1 i,5=1 (27)
and ||a/inLgm,||biHL§m <E2 fOT all Z,]: 1,...,m

Then whenever o € L3™(Bs) and T € L¥™(Bs) with

m N )
> o g+ L g =" 28)

i,j=1 i=1
we have
V%05, | 2 < Es(ldollz> + lI7llL2),  and (29)
V3018, || om < Ea(lldollpz + [I7] p2m).- (30)

Proof. Aubin [I, Cor. 4.3] shows that if (M, g) is a compact Riemannian man-
ifold and ¢ € L}(M) with [,, odV = 0 then [j¢[/z2 < C||dg||p2 for C > 0
depending on (M, g). Using the technique of ‘doubling’ we see this also holds
for compact Riemannian manifolds with boundary. Therefore if ¢ € L?(Bs)
with st @ dVy, = 0 then |l¢||r2 < Es||dpl/r2 for E5 > 0 depending only on m.
Since ([E8)-@B) are unchanged by adding a constant to o, we may assume that
[, 7 dVy, = 0, and thus we have |02 < Es||do]|L:.

Equation [Z8) is a second-order linear elliptic equation, with coefficients
a¥,b'. As L¥™ — (C%1/2 by Theorem Bl the bounds [@7) imply a C%'/2
bound on the coefficients of [£8), and also show that (Z8) is uniformly ellip-
tic. By the interior elliptic regularity estimates of Gilbarg and Trudinger [2,
Th. 9.11, p. 235] there exists Eg > 0 depending only on F7, E5 and m such that
lol.llzs < Es([lollz2 + [[7]lz2). Combining this with V20|, |12 < [lo]B.ll L2
and ||o||rz < Es||do]|z2 we deduce B3), with F3 = Eg max(Fs,1).

We would like to apply the same approach to prove B). However, there is a
problem: to get an L3™ estimate of o we need a C"1/2 bound on the coefficients
of [2]), which we do not have. So we instead rewrite [ZJ) as

m

> “ijm = _Zblaxl =7 (31)

ij=1

Now the Lh.s. is a uniformly elliptic operator with coefficients a®, which are
bounded in C*/2 by [|a*| zm < E and the Sobolev embedding L3™ — C1/2.
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Let Bs/o be the ball of radius 5/2 about 0 in R™. Applying [2, Th. 9.19,
p. 243] to E) on B;/; we get a bound of the form

HU|Bz ||L§m < E7(||U|Bs/2HL2 + ||7-|Bs/2||L%m)v (32)

for E7 > 0 depending on E1, E5 and m. Now as L™ < C° by Theorem Bl we
can show that multiplication is a continuous map L™ (Bs,2) X Li"(Bs2) —
L™(Bj5/2), and so there exists C” > 0 depending only on m with

lenllzm < C”ll¢ll amlnllzm  for all g,n € LI™(Bs)s). (33)

But [b]|p2m < E», and by the method used to prove @J) we can bound
o] Bs,, | Lzm, and hence ||a‘r)7"j|35/2 | L2m , in terms of [|o|| 2 and [|7[| 2. Therefore

using B1) and (E3) we can bound |[7|p,, [|g2m in terms of [|of|z2 and [|7[|Lzm.
Combining this with (82) and ||o||z2 < Es||do|| L2, we prove @) for some Ey > 0
depending only on E;, Fs and m. O

Finally we prove an elliptic regularity result for v — d* (z/)m cosf du) on N.

Proposition 5.13 There exist C7,Cs > 0 depending only on As, A4, As, Ag
and m such that if we L§™(N), v € L™(N) with d* ()™ cosf du) = v then

IV2ull 2

HV3UHL27n

Cr(t™Hdullz + [0l L2), and (34)
Cs (t 32| dul| g2 + 7 o]l pam + [|dv]|p2m ). (35)

NN

Proof. Let x € N, and define 0 = W(u) € L2™(B3) and 7 = r2Wi(v) €
L3™(Bs). Then pulling the equation d* (/™ cos# du) = v back using ¥, and
rewriting it in the standard coordinates (z1,...,2,) on Bs, calculation shows
that (28) holds, where

a¥ = —U(¢p™ cos 6‘)[(7“_2\11*

x

(h))_l}ij and

i 8a¥  a¥ 09 —2qp*
¥ =3 (5, + 7 i, Gosdet 020 ).

Jj=1

(36)

Here (r=2W%(h))~! denotes the inverse in S?T Bs of the metric 7—2W*(h), and
[...]¥, [...]Jg is the index notation for tensors, and [r—2W*(h)]x is regarded as
an m X m matrix, so that we can take its determinant.

Now by Proposition EE4, if D; is small then r—2W%(h) is L3™ close to go,
and hence C?! close as L3™ — C* by Theorem Bl Therefore (r—2W%(h))~! is
L3™ and C* close to gy ', and thus [(r~2W;(h))~']¥ is L3™ and C" close to §}.

Since the component of 3|y in A" 1H* ® V* is )™ cosf, the inequality
IBllco < A4 in Theorem implies that ¢™cosf < Ay. Using cosf >
from Definition and ¥ > As > 0 by Theorem then gives 0 < %Ag” <
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U (1p™ cosf) < Ayq on Bz. Combining this with the fact that [(r=2W%(h))~1]¥
is CY close to 5;-, we can find F; > 0 depending only on D1, A3, A4 and m such
that the first equation of Z7) holds.

Again, the inequality ||@k6||co < Ayt™F for k = 0,1,2 in Theorem
implies that ‘Vk(z/)m cos 9)|N|h < Ayt™F for k=0,1,2 on N. As 7 = Dst, this
implies that |V*(¢™ cos 0)|N|7‘*2h < AyD§ for k=0,1,2 on N, taking | . | using
the metric r—2h rather than h. Pulling back to B; using ¥, and using the fact
that =20z (h) is C! close to g, we can find Eg > 0 depending on Ay, D1, D>
and m such that |9*W¥% (4™ cos 0)|q0 < Eg on Bs for k=0,1,2.

Combining this with @) and ||r~*®} (h) — go|| zm < D1 we can find E» >0
depending only on As, A4, D1, D2 and m such that the second equation of (27
holds. Therefore Proposition BT gives Es, E4 > 0 such that [29) and B0) hold.
Here V and all norms are taken w.r.t. go on Bs. But as |\T‘2\If;(h)—go|\Lgm <D
we can increase F3, E4 to EY, Ej depending only on E3, E4, D and m such that
29 and @) hold with V and all norms taken w.r.t. 7=2¥%(h) on Bs.

Pushing these inequalities forward with ¥, and remembering that o = U (u)
and 7 = r?V* (v) gives

[V2ulw, (B2 || .2

< By (r7Y| dulw, By || 2 + [, Byl 2) and  (37)
[V3ulw, (8,)|| pam < B

E4 (7"7<m+3)/2

| dulw, (5s)]] 2 (38)

+ 77 olw, o) o + || A0l (85) | o) -

Here V and all norms are taken w.r.t. h, and the powers of r compensate for
the change of metrics from r=2h to h, and the 72 factor in 7 = r? W% (v).
Raising 1) and BY) to the powers 2 and 2m respectively, we deduce

/ |V2u2dV < 2(Eg)2/ (r~2|dul* + [v[*)dV  and
¥, (B2)

W, (B3)

m m— m,,—m(m 2m—2
[t < g duly, g |35 Jdufay
\I/a:(BZ) ‘IJI(B3)

+32m71(E£/1)2m/ (T72m|v|2m 4 |d’U|2m)dV,
‘111(33)

since (a + b)? < 2(a® + ) and (a + b+ ¢)?™ < 32m~1(a?™ + b*™ + ™). As
By (x) C V. (B2) C ¥;(B3) C Bar(x) by Proposition B and ||du|y, (B> <
|dwl| 2, this gives

/ |V2u|?dV < 2(Eg)2/ (r~?|dul* 4 |[v|*)dV  and (39)
Br(x) Byr(z)
[ wtup g ez [ jdupav
Br(z) By (z

(40)

+32m71(E£/1)2m/ (T72m|v|2m 4 |dv|2m)dV
Bar(z)
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Integrate (BY) and ) over x € N. The left hand side of [BY) gives

/ / |Wwwmwﬁ/ / V22 (y)dV,dV,,
zeN JyeB, () yeEN JzeB,(y)

:/ vol (B, () |V2ul?(y)dV,,
yeN

exchanging the order of integration of z,y and noting that y € B,(x) if and
only if z € B,(y). Using D3t™ < vol(B,(y)) < vol(Bs(y)) < Dst™ from
Proposition B9 we get

/Dgtm|V2u|2dV<2(E§)2/ Dyt™ (r~?|dul® + [v|*)dV  and
N N
/Dstm|v3u|2m <32m71(EL/L)2mT,7m(m+3)HduH%ZL—Q/ D4tm|du|2dV
N N
+32m71(E£/l)2m/ D4tm(’l”72m|’u|2m—|—|dv|2m)dv,
N

or equivalently, dividing by Dst™ and substituting r» = Dat,

IV?ul|72 < 2D5' Dy(E3)? (D3 %t || dul|7 + [[v]|72) and (41)
m T — _ m ~—m(m+3) ,—m(m m
V30|25, < 321 D3 Dy(E)? Dy ™ mmt3)| 4y | 2

+ 32 DS Dy (B> (Dy ™t ol| P + [|dv][ 235

Raising @), @) to the powers 3, 7= and using (a+b)/2? < a'/2+b'/2 and
(a+bc)l/2m L gl/2m 4 pl/2m 4 /27 for q,b, ¢ > 0 yields ) and BH) with

07 — 21/2D3_1/2Di/2E§ max(Dgl, 1) and
Gl = 3172120 D5 V2 DY B (D 92, Dt ).

These depend only on As, Ay, A5, Ag and m, and the proof is complete. (|

5.5 The proof of Theorem (.3

We shall now prove Theorem B3 Let f € C*°(N), and apply Lemma B to the
1-form o = df. As da = 0 automatically, the lemma shows that if |df|co < At
then <I>(I‘(d f )) is special Lagrangian if and only if

d* ("™ cosOdf) =" sinf + Q(df). (43)

The idea of the proof is to construct by induction a sequence (f,,)%2, in C*°(N)
satisfying ||dfn|co < A1t and

d*(¥™cosBdf,) =" sinf + Q(dfr—1) (44)
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for n > 1. Then we prove using a priori estimates that the f, converge in
L3™(N) to f which satisfies @3), and finally we show that f € C°°(N) by
elliptic regularity.

We start with two lemmas. The first follows from Aubin [, Th. 4.7], and
will give existence for f,, in @) by induction.

Lemma 5.14 For each v € C®(N) with [,vdV = 0 there exists a unique
u € C®(N) with [yudV =0 and d* (™ cosf du) = v.

Lemma 5.15 Let v € C®°(N) with 7y (v) =0 and w € W. Then ||dv||p2 +
|[dwl||zz < 2||dv + dw]|z.

Proof. Using integration by parts and Hélder’s inequality gives
[dv + dwl||72 = [|dv][Z.+|ldwl|72+2{dv, dw) =|dv]Z. +||dw]|7-+2(v, d*dw)
> [|dvlZz + ldwlZz = 2[vl 2m/en-2 |d*dw] L2m /o2
> [|dv||2 + [[dw]|F: — 247[|dv]| 2 - 3 A7 |dw]| L2
= £ (Idv]l e + llde]2)* + 5 (|dv] 2 — [dw]z2)*,
by parts (vi), (vii) of Theorem The lemma follows. O

The following proposition constructs the sequence (f,,)22, and proves the a
priori estimates we need. At various points in its proof we shall need t to be
smaller than some positive constant defined in terms of x and A;,..., Ag. As
a shorthand we will simply say that this holds as t < €, and suppose without
remark that ¢ > 0 has been chosen so that the relevant restriction holds.

The constants C4,...,Cs > 0 appearing in the proposition and proof are
those of Propositions B8 BTl and Note that as C1,...,Cs depend only
on Aip,..., A7 and m, it is all right for €, K, F5, ..., F5 to depend on them.

Proposition 5.16 There exist €, K, Fy, ..., Fy > 0 depending only on m, k and
A1, ..., Ag, such that if 0 <t < e then there is a unique sequence (fp)o>q in
C>®(N) with fo =0 satisfying @A) and [y fndV =0 for all n > 1 and

() [dfulle < P2, (a) [[df = dfac]|ze < Fr2700550/2,

(B) [ldfullco < Kt <oty (b) [dfu — dfusflon < K277,

(C) V2 ullie < Bat™tm/20 (e) V2 f — V2 a2 < B2 ntntm/2-1,
(D) [V2fullco SEst™'<Ca, () V2 fu = V2 farilloo < Fy2775,

(B) [IV? fullpem SFgt"=%2, (&) ||V2fn = V3 faoillpem < Fy27m¢773/2,

Proof. First note that as fo = 0 we have fj = Zﬁ:l(fn — fn—1). Suppose that

(a) holds for n =1, ..., k. Then we have

k k
ldfelle < S Ndfn — dfncills < Fite™/2 3 27n < Fyentnd2,
n=1

n=1
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Therefore (a) for n = 1,...,k implies (A) for n = k. In the same way, (b)—(e)
forn=1,...,k imply (B)—(E) for n = k. The extra inequalities Kt" < C;t and
F3t"=1 < Cy in (B), (D) hold as k > 1 and ¢ < e.

Next suppose that f1,..., f, exist and (a), (c), (e) hold for n, for some
Fy, F5, Fy > 0 depending only on m, k, Ay, ..., As. We shall prove (b), (d) for
n. Apply Proposition BEIT to a = df,, — df,—1. Equation (28) yields

V2 fro= V2 fra |l co < Cs (t1/2||V3fn—V3fn—1||L2m +t%/2||v2fn_v2fn—l||L2)
g 06 (tl/2F42—ntﬁ—3/2 _|_t—’rn/2F22—’ﬂtfi+‘ﬂl/2—l) :F32—'ntﬁ:—l
for n by parts (c), (e), where F3 = C4(Fy+ F»). This proves (d). Similarly, 23
and parts (a), (d) prove part (b), with K = C5(F5 + F}).
Therefore, to complete the proof we only need to show that a unique sequence
(fn)p2 exists and satisfies @), [ fn dV = 0 and parts (a), (c) and (e) for all

n > 1. We will do this by induction on n. The first step is the case n = 1. As
fo=0and Q(0) = 0 by Lemma B, equation ) gives

d* (¢ cosOdfi) = ¢ siné. (45)
As in the proof of Lemma B fN Y™ sinf#dV = 0, so Lemma T4 shows there

exists a unique f; € C°°(N) satisfying @H) and [ f1dV = 0.
Let w = my (f1). Multiplying @H) by f1 and integrating over N yields

$AT NG < [ o eostlafiPav = [ fumsingay

= / (fi —w)yp™sinfdV + / wmy (Y™ sin @) dV
N N
<l fr—w| p2m/@m—2 | S0 0| L2/ (mt2) +[|w]| co HWW(@/’m sin 6) HLl
< A7||df1 - dw||L2 : Aztn+m/2 + Agtl_m/2||dw||L2 : Agt'ﬂ_m_l
< A7 -2||dfillpe - Ast™ T2 4 Agt! T2 2| d ]| e - Apti T
Here the first line uses part (ii) of Theorem and cosf > £ from Definition
B2 the second the fact that (w,¥™sin) = (w,m, ("™ sind)) as w € W, the
third Holder’s inequality, the fourth parts (i), (vi) and (vii) of Theorem B3] and
the fifth Lemma with v = f1 — w. Therefore ||dfi||f2 < 44247 (A7 +
Ag)t"t™/2 which proves part (a) for n = 1 with Fy = 8A3A; ™ (A7 +Ag).
Now apply Proposition BT3 with v = f; and v = ¢ sin6 by EZ), to get
IV2fillze < Cr(t7Idfullze + [l sin 0] 2)
< 07(t—1%Fltn+m/2 + Aztn+m/2—1) — %F2tn+m/2—l and
V2 fllam < Cs (=92 d full 2 + 7|90 sin 0] pom + | dg™ sin 0] p2m )
<Cy (t—(m+3)/2%Fltn+m/2 +t—1A2tn—l/2+A2tn—3/2) _ %F4tn_3/2,

where Fy = C7(F) 4+ 2As) and Fy = Cg(Fy + 4A45). Here we have used (a)
when n = 1 and part (i) of Theorem B3 noting that || sin || p2m/mi2) <
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Aot®t™/2 and || sin0]|co < Aot® ! imply that |4 sin 6|2 < Agt®tm/2-1
and |[¢" sin 6| 2m < Apt® /2 by interpolation. This proves (c) and (e) for
n = 1, completing the first step.

For the inductive step, suppose by induction that £ > 1 and that f1,..., fx
exist and satisfy @), [y fndV =0, (A)~(E) and (a)-(e) for n =1,... k. We
shall show that there exists a unique fi41 satisfying @), [ Ny fndV =0 and
parts (a), (c) and (e) for n =k + 1.

By (B) we have ||dfx|lco < Cit, and C; < A; by Proposition B8 so
[dfrllco < Ait, and Q(dfx) is well-defined. Also [, Q(dfx)dV =0 by Lemma
B and | N ¥™sin@dV = 0 as above. Therefore by Lemma T4 there exists a
unique frq1 € C*(N) satisfying @) for n = k+ 1 and [ fr11dV =0.

Let w = fr41 — fix- Subtracting @) for n = k4 1, n = k gives

d* (4™ cos 0.du) =d* (™ cos 0 (d fis1—dfi) = Q(dfr) ~Q(dfy_1) =v, (46)
say. We shall estimate some norms of v.

Lemma 5.17 There exist G1,G2 > 0 depending only on Cs,Cy, K, Fy, ..., Fy
and m such that ||v||p» < G127F2F+M/P=2 for p > 1, |Jullco < G127 F2572
and ||dv|| pom < G2 Ft25-5/2,

Proof. Observe that (B) and (D) for n =k, k — 1 give
ldfklloo, ldfi-illee < Cit and [|V2 fillco, [IV2 fi-illco < Co
So we may apply Proposition B with o« = dfy, and 8 = dfx—1, and @20) gives

| < C5(t M dfk — dfw—t| + V2 i — V2 fa1]):

47
(M dfel + M fomr] + [V ful + V2 fra]). 47

Integrating @) over N and using parts (A), (C), (a), (c) for n =k, k — 1
shows that ||v||;1 < 4C3(Fy + Fp)22~%¢2++m=2 Taking the supremum of (@)
over N and using parts (B), (D), (b), (d) for n = k,k — 1 gives ||v|co <
4C3(K + F3)?2 %2572 Define G; = 4C3 max((Fl + )2, (K + F3)2). Then
lvllnr < G127 Ft24m=2 and ||v]|co < G127 Ft272, 50 ||v||Lr < G127 Ft2ntm/p=2
for p > 1 by interpolation. A similar but longer proof using Z1l) and (A)—(E),
(a)—(e) for n = k,k — 1 gives Go with ||dv||p2m < G927 Ft2r=5/2, O

Let w = my (u). Multiplying ({8l by « and integrating over N yields

%A?Hdu”%z</1V1/Jmcost9|du|2dV:/NuvdV:/N(u—w)vdV—l—/vadV

lu — w|| 2m /-2 [|V|| L2m/m+2) + [[w] colJv]| £
ldu—duwl] s - Gu2= 242 A= o s - Gy 22

<
<
< Az - 2||dul|pz - G2 Rt/ 27 1 At =2 2| du| 2 - G2 R 2T 2
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Here the first line uses part (ii) of Theorem and cosf > % from Definition
B2 the second Holder’s inequality, the third parts (vi) and (vii) of Theorem B3
and Lemma |ET7 and the fourth Lemma BTH with v — w in place of v.

Cancelling shows that ||dulpz < 4G A3 ™ (A7 + Ag)2 Fe2r+m/2=1 Ay =
frot1 — fr and Fy = 842 A5™ (A7 + Ag), this implies part (a) with n = k4 1 if
t"=1G1 < As, which is true as k > 1 and t < e. Now apply Proposition BT to
Ed), so that B4, part (a) with n = k£ + 1 and Lemma BT give

IV fisr = V2 fillze < Cr (0 dfirs — dfill s + o] 22)
< Cy (t71F127k71tn+m/2 + G127kt2n+m/272).

Since Fy = C7(F; + 2A,), this implies part (c) with n = k + 1 if G1t"~ < Ay,
which is true as k > 1 and ¢t < e.
In the same way, from [B3), part (a) with n = k+ 1 and Lemma ET7 we get

IV fr1 = V2 fill p2m < Cs (62| d frgn — dffill 2+t [0l 2m+ [[dv] 2m)
< 08(tf(m+3)/2F12fkfltn+m/2+t71G127kt2n73/2+G227kt2n75/2)'

As Fy = Cs(Fy +4A53), this implies (e) with n = k+ 1 if (G1 + G2)t" " < 24,,
which holds as x > 1 and ¢t < e. This completes the inductive step, and the
proof. O

We can now finish the proof of Theorem Ifue CYN)and [yudV =0
then u(x) = 0 for some x € N. If y € N, then x and y are joined by a smooth
path v in N of length no more than diam(N), the diameter of N. Integrating
along 7 shows that |u(y)| < diam(N)||dul|co. Hence [Jul|co < diam(N)]||dul|co.

Applying this to part (b) of Proposition ETd gives

[/ — fa-1llco < K diam(N)27"t" for n > 1.

Combining this with parts (b) and (d) shows that (f,)32, is a Cauchy sequence
in the Banach space C?(N). Let f be the limit of (f,)3%, in C%(N).

Part (B) gives ||dfn|lco < Kt* < Cit < Agt, as C1 < A; by Proposition
Taking the limit as n — oo gives ||[df||co < Kt* < Ajt. Therefore Q(df) is
well-defined. Since Q(a) depends pointwise on a, Va and f,, — f in C?(N) it
follows that Q(df,) — Q(df) in C°(N) as n — oo. So taking the limit n — oo
in (@) we see that [E3) holds for f.

By Definition B and Proposition [, equation ([E3) is equivalent to

F'(z,df(z),V?f(x)) = 0. (48)

This is a second-order nonlinear elliptic equation on f. Note that F”’ is not linear
in V2f(z), so that [{@J) is not quasilinear, and that F’ is a smooth function of
its arguments. Now Aubin [T, Th. 3.56] gives a regularity result for C? solutions
of such equations, which implies that f € C*°(N), as we wish.

We have constructed e, K > 0 in Proposition BI6 depending only on m, k
and Aj,...,As, and f € C®°(N) with ||df||co < Kt" < Ajt satisfying E3J).
Taking the limit n — oo in [y f, dV = 0 yields [ fdV = 0. Finally, {@3) and
Lemma B show that @, (I‘(d f )) is an immersed special Lagrangian m-fold in
(M, J,w, ). This concludes the proof of Theorem B3
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6 Desingularization: the simplest case

Let (M, J,w,) be an almost Calabi—Yau m-fold, X be a compact SL m-fold
in M with conical singularities at x1,...,z, with cones C;, and L1,...,L, be
AC SL m-folds in C™, where L; has cone C; and rate A\; for i = 1,...,n. The
goal of the rest of the paper is to desingularize X by ‘gluing’ Li,...,L, in
at 21,...,2n, to produce a family of compact, nonsingular SL m-folds N* for
t € (0, €], which converge to X as t — 0 in an appropriate sense.

Very briefly, we do this by first shrinking L; by a small factor ¢ > 0 and
gluing tL; into X at z; to make a family of compact Lagrangian m-folds N* for
t € (0,6), and then applying Theorem B3] to show that N* can be deformed to
a nearby SL m-fold N* when 0 < ¢t < e < 8. Now to do this in full generality
is rather complex. Therefore we begin in this section with the easiest case, in
which A\; < 0 for all ¢ and X' = X \ {z1,...,2,} is connected.

As explained in Il this simplifies the problem, avoiding issues of small eigen-
values and obstructions to the existence of Nt from global symplectic topology.
Section [ will extend the results to the case when X' is not connected. The
sequel [T2] will study the case when A\; = 0 and Y (L;) # 0, and extend the
results to families of almost Calabi—Yau m-folds (M, J*,w® Q*) for s € F.

6.1 Setting up the problem

We shall consider the following situation.

Definition 6.1 Let (M, J,w, ) be an almost Calabi—Yau m-fold with metric
g, and define ¢ : M — (0,00) as in @). Let X be a compact SL m-fold in
M with conical singularities at x1,...,x, with identifications vy, ..., v,, cones
Cy,...,Cy, and rates py,...,un € (2,3), as in Definition B4l Define %, =
C;nNS?™ 1 fori=1,...,n. Let Ly,...,L, be AC SL m-folds in C™, where
L; has cone C; and rate \; for ¢ = 1,...,n, as in Definition EEIl Suppose that
Ai<3(2-m)fori=1,...,n.
We use the following notation:

e Let R,Bg, X’ and ¢;, T; for i =1,...,n be as in Definition B4l

o Let ( and Ug,, @, for i =1,...,n be as in Theorem 8

e Let R, K and ¢;,m;,n},n2,S; for i =1,...,n be as in Theorem B
e Let Uy, @y be as in Theorem B9

e Let A; be as in Theorem B8 for i = 1,...,n, so that n; = dA;.

e Apply Theorem EEH to L; with ¢, Ue,, ¢, as above, for i = 1,...,n. Let
T > 0 be as in the theorem, the same for all i. Let the subset K; C L;,
the diffeomorphism ¢; : ¥; x (T,00) — L; \ K; and the 1-form y; on
%, % (T, 00) with components !, x? be as in Theorem I

o Let U,,,®,, be asin TheoremEAfori=1,...,n.

o Let F; € C’OO(EZ- x (T, oo)) be as in Theorem Ef for ¢ = 1,..., n.
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In 54960 we will also suppose that X’ is connected, and in §6.0 we will
relax the condition A; < (2 —m) to A; < 0 using Theorem EE With this
notation, we define a family of Lagrangian m-folds N* in (M, w) for ¢ € (0, 6).

Definition 6.2 In the situation of Definition Bl choose a smooth, increasing
function F': (0,00) — [0, 1] with F'(r) =0 for r € (0,1) and F(r) = 1 for r > 2.
Write F’ for dF/dr. Let t > 0 act as a dilation x — tx on C™. Write tK;,tL;
for the images of K;, L; under ¢, so that tK; = {tx : x € K;}, and so on. Let
7 € (0,1) satisfy
m 4+ 2

i:l,..).(,n(Qui—i—m—2) <r<l, (49)
which is possible as p; > 2 implies (m + 2)/(2u; +m — 2) < 1.

For i = 1,...,n and small enough ¢ > 0, define P! = Y;(¢tK;). This is well-
defined if tK; C Bgr C C™, and is a compact submanifold of M with boundary,
diffeomorphic to K;. As K; is Lagrangian in (C™,w’) and T} (w) = w’, we see
that P} is Lagrangian in (M,w).

Fori=1,...,nand t > 0 with tT < t" < 2t < R/, define a 1-form ¢! on
S x (T, R') by

E(o,r) = d[F(t_TT)Ai(O', r) +t2(1 = F(t77r))Ei(o, t_lr)]
=F{t " r)ni(o,r) +t TF (t7"r)Ai(o,r)dr (50)
+t2(1 = F(t ™)) xi(o,t ) = > TF' (t 7 Tr)Ei (o, t'r)dr.

Let @M,{f’t be the components of ¢! in T*X and R, as for 7;, x; in Theorems
B2 and EE3 Note that when r > 2t™ we have F(t~"r) = 1 so that & (o,r) =
ni(o,r), and when 7 < t7 we have F(t~7r) = 0, so that & (o,7) = t>xi(o, t71r).
Thus &! is an exact 1-form which interpolates between 71;(o,7) near r = R’ and
t2xi(o,t~1r) near r = tT.

Choose ¢ € (0,1] with 6T < 6™ < 20" < R’ and 6K; C BRCC™ and

|&i(o,r)| <¢r on X x (tT,R') foralli =1,...,n and t € (0,4). (51)

Here ¢t € (0,6) and 07'< 8™ <207 < R imply that T <t™ <2t™ <R/, so &! exists.
As |n;(o,7)|] < ¢r in Theorem Bl and ¢! = n; when r > 2t7, equation (&) holds
automatically on X; x [2t™, R’). Similarly, as |xi(o,7)| < (r in Theorem B3
and &!(o,7) = t2xi(o,t71r) when r < 7, equation (El) holds on X; x (tT,¢7].
We can show using (@), (IZ) and &) that (BI) holds on %; x (¢7,2¢7) for small
enough ¢ > 0, so § exists.

Fori=1,...,nand t € (0,9), define E! : 3; x (tT,R’') — M by

El(o,r) = Ty 00c, (0,1, (0,7), & (0,7)). (52)

Then @, (.. .) is well-defined as |¢!(o,7)| < ¢r by (), and making R’ smaller
if necessary we can ensure that ®., ( ..) lies in Bpg, so E! is well-defined, and is
an embedding as T;, ®., are.

Define Qf = Z£(3; x (tT, R')) fori=1,...,nand t € (0,6). As T}(w) =/,
P (W) = & and £ is a closed 1-form we see that (Z})*(w) = 0. Thus Qj is
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Lagrangian in (M, w), and is a noncompact embedded submanifold diffeomor-
phic to ¥; x (tT, R’). For t € (0,4), define N* to be the disjoint union of K,
Pl .. Pl and Qt,...,Q!, where K C X' is as above.

Then N is Lagrangian in (M,w), as K, P! and Q! are. We claim that N* is
a compact, smooth submanifold of M without boundary. That is, the boundary
OP! = %, joins smoothly onto Q! = %; x (tT, R') at the X; x {tT'} end, and
the boundary 0K is the disjoint union of pieces ¥; for i = 1,...,n which join
smoothly onto Q! = ¥; x (tT, R') at the 3; x {R'} end.

To see this, note that & (o,7) = t2x; (o, t~1r) on X; x (¢T,17], and so

Eg(o” T) =Tio (I)Ci (07 T tQX} (Uv t_lr)a thZ (07 t_lr))
= Ti(t P, (Uv t= e, xi (0,67 1r), X3 (o, tilT))) = Ti(t vi(o, tilr))

on X; x (tT,t7], using () and the dilation equivariance of ®, in Theorem E6l
Thus the end Ef(3;x (¢T,t7]) of Q! is Y;(t i (T x (T,¢771])) C Yi(tL;), and as
@i (Sx(T, t™~1]) C L; joins smoothly onto K; C L; we see that Z! (S;x(tT,t™]) C
Q! joins smoothly onto P! = Y, (tK;).
In the same way, as £ =, on ; x [2¢7, R') Theorem B gives
E)z5 (Ua T) = TZ © (I)Ci (Ua T, 7711 (Ua T)a 7712 (Uv T)) = TZ © Qbi(U, T) on EZ X [2tT7 R/)a

so ZH(Z; x [2t7, R')) C Q! is T; 0 ¢(X; x [2t", R))) C S; C X', which joins
smoothly onto K. Therefore N is compact and smooth without boundary.

Here Nt depends smoothly on ¢, and converges to the singular SL m-fold
X in M as t — 0, in the sense of currents in Geometric Measure Theory. Also
N'is equal to X’ in K and the annuli Z¢(3; x [2t7, R')) C Q!, and equal to
Ti(tL;) on P! = Y;(tK;) and the annuli Z¢(3; x (tT,¢"]) C Q. In between, on
the annuli Zf(X; x (t7,2¢7)) C Q!, N' interpolates smoothly between X’ and
T;(tL;) as a Lagrangian submanifold.

At several points later on we shall make § > 0 smaller if necessary to ensure
that something works for all t € (0, ). This is for simplicity, to avoid introducing
a series of further constants §’,6”,... in (0,4).

6.2 Estimating Im Q|y:

We now prove estimates for Im Q| y+, to use in part (i) of Theorem Here is
some more notation.

Definition 6.3 In the situation of Definitions and B2 let h' be the re-
striction of g to Nt for t € (0,6), so that (N*, k') is a compact Riemannian
manifold. As X', L; are SL m-folds they are oriented, and N? is made by gluing
X', Ly,..., L, together in an orientation-preserving way, so N* is also oriented.
Let dV* be the volume form on N? induced by h! and this orientation. As in
([[3) we may write Q|+ = 1p™c?" dV! for some phase function ¢?* on N*. Write
el =™ sinf', so that Im Q| = &' dV? for t € (0, 9).

We compute bounds for ! at each point in N*.
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Proposition 6.4 In the situation above, making § > 0 smaller if necessary,
there exists C > 0 such that for all t € (0,6) we have e = 0 on K, the pull-back

(ED)*(e') of €' on Q! satisfies

Cr, re (tT,t7],
|(ED*(")|(o,r) < { Ct7wi=D 4 CtA=E=A) e (¢7,2t7), (53)
0, r € [2t", R),
C, re (tT,t7],
[(ED)*(de)|(o,r) < Q Ctri=8) 4 Ct=mI@=X)=7 g g (17, 2¢7), (54)
0, r €2t R),
and |e'| < Ct, |de'| < C on P! foralli=1,...,n. (55)

Here | .| is computed using the metrics (ZL)*(h') in BA) and h' in (EH).

Proof. Since N* coincides with X’ in K and Zf(%; x [2t7, R')), and Im Q]| x/ as
X' is special Lagrangian, we see that ¢/ = 0 on K and Z!(%; x [2t7, R')), giving
the bottom lines of (E3) and (B4l).

As Tr(Im Q) is a smooth m-form on Bg and Y;(Im Q)| = v;ImN) =
()™ Im QY by Definition Bl we see that T (Im Q) = ¢(x;)" Im Q' + O(r)
on Bg, by Taylor’s Theorem. Since tL; is special Lagrangian in C™ we have
ImQ'|¢r, = 0. Thus

IT;(ImQ)er,| = O(F) on tL; N B, (56)

computing |.| using the metric Y7 (g) on Bg, restricted to tL;.
Now N' coincides with Y;(tL;) on P} and Z{(%; x (tT,t7]), so edV?! =
Im Q|v,(¢1,) on these regions. As h' is the restriction of g to N* we have |[dV?| =

1, computing | .| using g, so

T ()] = [YiImQ)|er,| on t(K Ugi(S; x (T,t7']) CtL; N Br.  (57)

Combining (BH) and @) gives |e/| = O((T:).(r)) on P} and E{(%; x
(tT,t7]). As (T:)«(r) = O(t) on P!, we see that

|(ED*(EN|(o,r) =0O(r) forre (tT,t7], and [e'|=0(t) on Pf.  (58)
A similar argument for the derivative de? gives
|(ED)*(de")|(o,r) = O() forr e (tT,t7], and |de’|=0O(1) on P}. (59)

Next we estimate ¢’ and de’ on the annuli Zf(3; x (¢7,2t7)). First we bound
&t and its derivatives on 3; x (¢7,2t7). From (@) and () we find that

(VEA;(o,7)] =0 ™™™ and  |V*E;(o,t'r)| = O+ himk))
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for r € (t7,2¢7), computing V, |.| using the cone metric ¢ (g’) on 3; x (t7, 2¢7).
Substituting these into (&) gives

|Vk§f(a, r)| = O(tT(”i_l_k)) + O(t2_)‘i+7(’\i_1_k)) for r € (t7,2t7), (60)

computing V,| .| using the cone metric ¢f(g’).
Now T} (¢") depends pointwise on &! and V¢!, and when &!, V¢! are small the
dominant error terms in ' are linear in V&!. Similarly, de* depends pointwise on
1 Ve and V2¢E, and when £, VE! are small the dominant error terms in det are
linear in V2¢!. The metrics ¢} (g') and (Z%)*(h?) on X; x (¢7, 2t") are equivalent
uniformly in ¢, so @) also holds with V,|.| computed using (Z£)*(h').
Putting all this together we see that

| ‘ Nz_2 ) + O(t(l_T)(2_)‘i)) and

61
[(ED*(de’)| = O =3)) + Ot === for v € (17, 2t7), (61)

computing | .| using (=!)*(h'). Here we have used u; < 3 and 7 > 0 to absorb
error terms O(t7) and O(1) respectively into the first term on the right hand
side of each line of (1), from the same source as (BY) and @J). Making § > 0

smaller if necessary, the rest of (B3)—(Ed) now follow from [EX), (EJ) and (E]])
for some C' > 0 independent of t.

Now we can estimate norms of £ and de?, as in part (i) of Theorem

Proposition 6.5 There exists C' > 0 such that for all t € (0,0) we have

I amrmay < CHHTOFMD Y T(a7072) 4 1mTEA) - (62)
i=1
HEtHCU < Z tT (ni=2) 4 4(1=7) (2= )) (63)
and ||det||pom < C'ETT/2 Z(tT(#i—Q) _|_t(1—7-)(2—>\7_»))7 (64)
i=1

computing norms with respect to the metric ht on Nt.

Proof. As ¢’ and Y (g) are equivalent metrics on Bp, it is easy to see that there
exist D1, Dy, D3 > 0 such that for all ¢ € (0,6) we have

vol(P}) < Dyt™,  vol(Z(X; x (t7,2t7))) < Dat™"

I . (65)
and (2;)"(dV") < D3dVy on X; x (tT,17],

where dV, is the volume form of the cone metric ¢f(¢") on ¥; x (¢1,¢7].
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Combining (B3)), () and (GH) we find that

/ |Et|2m/(m+2) dvt < Dltm(Ct)Qm/(m+2)
Nt

+ Dot™ i(CtT(uifﬂ + Ct(17¢)(2,>\i))2m/(m+2)

=1

n tT
+ D3 Z vol(%;) / (CT)Qm/(an?)Tmfldr-
i=1 T

Raising this to the power (m + 2)/2m and manipulating, we can prove (G2) for
some C’ > 0 depending only on C, D1, Da, D3, m,n and vol(%;). Equations (G3])
and ([E4) follow by similar arguments. O

Now for part (i) of Theorem 3 to hold, we want ||&?|| f2m/m+2) < Aat"+m/2]
llet]lco < Aot~ 1 and ||det|| pom < Aot®3/2 for some k > 1. Clearly, as t < 1
from (E2)-@4) these hold with Ay = 2nC’ provided for all i = 1,...,n we have

T(1+m/2)+7(i—2)=k+m/2, T(1+m/2)+(1-7)(2=N\)=K+m/2, (66)
T(i—2)=2Kk—1, (I-7)2=N\)=2k—1, (67)
—7/247(n;i—2) > k—3/2, and —7/24+(1-7)(2—X\;) = k—3/2. (68)

Elementary calculations using 0 < 7 < 1, u; > 2 and \; < 2 show that the
first equation of (B0 admits a solution x > 1 provided 7 > (2+m)/(2p;—2+m),
and the second equation of ([B8) admits a solution x > 1 provided \; —1+m/2 <
0, that is, provided \; < 3(2 —m) as in Definition Also (@8l implies (7)
and (X)) as 7 < 1.

Therefore, in Definition we choose 7 € (0,1) to satisfy ([@d). Then there
exists k > 1 satisfying @@)—(E8) for all i = 1,...,n, and we have proved:

Theorem 6.6 Making § > 0 smaller if necessary, there exist Ay > 0 and k> 1
such that the functions €' = ™ sin @' on N* satisfy ||€t|| p2m/m+2 < Agthtm/2,
let]lco < Aot and ||det||p2m < Aot®3/2 for all t € (0,6), as in part (i) of
Theorem [23.

Here is why the condition A; < 3(2 —m) is needed in Definition In ([@3)
the term Ct1~7)(2=%) when r € (¢7,2t7) contributes C't2~Ai+7(Xi=14m/2) 4
the bound for ||e”|| f2m/(m+2) in @2). Now if A; > $(2 —m) then 2 — X; + 7(A; —
1+ m/2) <1+ m/2for all 7 € [0,1], so whatever value of 7 we choose our
estimate for €| 2m/(m+2) will be at least as big as O(t'+™/?).

But for Theorem B3 to work we need ||&t|| 2m/m+2 = Ot*T™/2) for k > 1,
that is, we need ||| p2m/(m+2) to be smaller than O(#'+™/2). If \; > £(2 —m)
then L; does not decay to the cone C; fast enough at infinity, so the errors we
make in tapering L; off to C; are too great for the method of §8 to cope with.

The condition \; < (2 —m) in Definition B will be relaxed to A; < 0 in
6.0 using Theorem EEH, so it is not as strong a restriction as it appears.
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6.3 Lagrangian neighbourhoods and bounds on R(h!),d(hY)

Next we show that parts (ii)—(v) of Theorem hold for N* when t € (0,4),
with appropriate Aj, As,..., Ag > 0 independent of t. We begin by gluing
together the Lagrangian neighbourhoods Uy, @ for X’ in Theorem and
U,,,®,., for L; in Theorem EE7 to get a Lagrangian neighbourhood Uy:, ® v+ for
Nt which we will use to define the m-form 3' on Ba,s C T*N' in Definition
B2 and so prove part (iii) of Theorem

Definition 6.7 Define an open neighbourhood Uy« C T*N? of the zero section
Ntin T*N' and a smooth map ®y¢ : Uyt — M as follows. Let 7 : T*N* — Nt
be the natural projection. As N' is the disjoint union of K and P},Q! for
i=1,...,n we shall define Uy+ and @+ separately over K, P} and Q!.

Define Uyt N 7*(K) and @yt |yyenq= (k) by

Uyt ﬂﬂ*(K) =Uyx/ ﬂTr*(K) and q)Nt|UNtﬁﬂ.*(K) = (I)X’lUX/ﬂﬂ-*(K)a (69)

recalling that K is part of N* and X', so Uyt N7*(K) and Uy, N7*(K) are both
subsets of T*K. For i = 1,...,n, define Uyt N 7*(P}) and @yt |ygenqe(pr) by

Ut NT*(P}) =d(Yiot)({a € T*K; : t 2 € U, })

s (70)
and ®yrod(Y;ot)(a) =T;0tod, (1 ).

Here the diffeomorphism T; ot : K; — P} induces d(Y; ot) : T*K; — T*P},

3
and o — t~2q is multiplication by =2 in the vector space fibres of T*K; — K.

As in @) @) and ([@E)- @A), define Uy N 7*(QF) and P yt|yyenq=(qt) by

(dEH* (Upt) = {(J, r,g,u) € T (Ei x (tT, R’)) : ‘(g,u)‘ < Cr} and (71)
d,i 0 dEﬁ(a, ¢ u) = Tio P, (U, ¢+ §i1’t(a, r),u+ {1-2’t(a, 7")) (72)

for all (o,7,¢,u) € T* (Ei x (T, R’)) with }(g,u)} < (r, computing V, | .| using
ti(g'). Here E : ¥; x (tT,R') — Q! is a diffeomorphism, and induces an
isomorphism dE} : T*(%; x (¢T, R')) — T*Q".

Careful consideration shows that Uy: is well-defined, and ® 5+ is well-defined
in (@) and [ for small ¢, so making § > 0 smaller if necessary ®y+ is well-
defined for ¢ € (0, ). Clearly @ y+ is smooth on each of Uyt N7* (K), Uy:N7*(PY)
and Uyt N 7*(Q1), but we must still show that ®y¢ is smooth over the joins
between them.

As &l =mn; on X;x[2t7, R'), comparing ([B)- (@) and (1) ([2) shows that over
EI(%; x [2t7,R)) € N*N X' we have Uyt = Uy, and ® 5+ = ® /. Therefore Uy
and ®y¢ join smoothly over the r = R’ end of Q! and the corresponding end of
K. Similarly, as & (o,7) = t?>x:(0,t71r) when r < ¢7, comparing (I3)-([@) and
([[M)-([Z2) shows that Uy: = d(T;0t)(t*U,,) and ®y+0d(YT;o0t) = T;0tod, ot 2
over 2! (X; x (tT,t7]). So Uy, @yt join smoothly at the r = ¢T" end of Q! and
OPt, by ().

Therefore Uy+ is an open tubular neighbourhood of Nt in T*N?, and @+ :
Uyt — M is well-defined and smooth. We shall show that ®%:(w) = &. On
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Uyt N7*(K) this follows from &%, (w) = &. On Uyt N 7*(P}) it follows from
Ti(w) =w', @} (W) =@, and the fact that the powers of ¢ in () cancel out in
their effect on @3 (w). On Uy:Nm*(Q}) it follows from T} (w) = o', ®F, (W) =@
and the fact that & is closed.

Define an m-form 3¢ on Uy: by 3t = ®%,(Im (), as in Definition

We now prove that parts (ii)—(v) of Theorem B3 hold for N* when ¢ € (0, d).

Theorem 6.8 Making 6 > 0 smaller if necessary, there exist Ay, As, ..., Ag >
0 such that for all t € (0,6), as in parts (ii)—(v) of Theorem [Z3 we have

(ii) ¥ > Az on Nt.

(iti) The subset Ba,s C T*N* of Definition [ZA lies in Uye, and |V*B [ co <
Ayt=* on Ba,t for k=0,1,2 and 3.

(iv) The injectivity radius 5(h') satisfies 6(h') > Ast.
(v) The Riemann curvature R(h') satisfies || R(h')||co < Agt™2.

Here part (iil) uses the notation of Definition [, and parts (iv) and (v) refer
to the compact Riemannian manifold (N, h').

Proof. All of (ii)—(v) are in fact elementary, following from obvious facts about
the behaviour of Nt, ht,Uyt, ®y¢ for small t. Let A3 = infp; 9. Then Az > 0
as M is compact and 3 : M — (0,00) is continuous, and 1) > A3 on Nt for all
t € (0,8) as N* € M. This proves (ii).

For part (iii), under Y; ot : K; — P! we have (T;0t)*(Uyt) = t?U,,. Hence
the radii of the fibres of 7 : (T; o t)*(Uyt) — K; scale like t? in the metric g’
on K;, and thus approximately like ¢ in the metric (T; o t)*(h') ~ t2¢' on K;.
Therefore Uy+ contains all the balls of radius At in T* P} for small A; > 0.

The fibre of 7 : Uyt N 7%(Q%) — Q! over El(o,7) for (o,r) € X; x (tT, R')
is a ball of radius (r about 0 in 7%, @} w.r.t. the metric (£}). (¢1(g")) on QL.
As h' and (Z!).(¢}(g')) are equivalent metrics uniformly in ¢, we see that Uy
contains all the balls of radius A;¢ in T*Q! for small A; > 0. And Uy and h'
are independent of ¢ over K, so this is obviously true over K. Thus for small
A1 > 0 we have Ba,; C Uyt for all t € (0,0).

To see that ||[VF3!|co < Agt™ for k = 0,...,3 in (iii), that d(h!) >
Ast in (iv) and ||R(hY)||co < Agt™2 in (v), consider the role of ¢ in defining
Nt Rt Uyt, ®ye and Bt in Definitions B2, and We make N? by shrink-
ing L; by a factor ¢t > 0 and gluing it into X’ using Y;. Therefore for small
t > 0 the metric A on P!, and on Q! near P}, approximates the metric t>¢’ on
L;, and the metric A’ on K, and on Q! near K, is g|x- and independent of .

Now under the homothety ¢’ — t2¢’ for ¢’ on L; we have §(t2g’) = td(g’)
and ||R(t*¢')||co = t72||R(¢")||co. Thus on and near P! we have §(h') = O(t)
and ||R(h%)||co = O(t~2), and it is easy to see that these are the dominant con-
tributions to §(h'), ||R(h')||co. (In particular, the derivatives of F/(t~"r) on the
annuli 3; x (¢7,2¢7) in B0) only contribute terms O(t7), O(t~27) respectively.)
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Thus making 0 smaller if necessary, there exist As, Ag > 0 such that (iv), (v)
hold for all ¢ € (0, 9).

In a similar way, on and near P! we can identify Uy+ with U,, by construc-
tion, and then for small ¢ € (0,8) we have h* ~ 2h and ' ~ "o} (ImQY),
where ht and h are the metrics constructed on T*N* using h? and on T*L; us-
ing ¢'|1., in Definition B4 Tt then follows that ||[V*5!||co = O(t~*) on and near
P! for small ¢t and all k > 0. This is the dominant contribution to ||[V*3[co on

Nt so making ¢ smaller if necessary, part (iii) holds for some A4 > 0. ]

6.4 Sobolev embedding inequalities on N°!

We now prove that parts (vi) and (vii) of Theorem B hold in the simplest case
that X’ is connected. The author learned the idea behind the next three results,
and the reference [16], from Lee [l §3].

Write CE (S) for the vector subspace of compactly-supported functions in
C*(S). In [T6], Michael and Simon prove a Sobolev inequality for submanifolds
S of R!, depending on their mean curvature vector H in R!. Applying [I6,
Th. 2.1] with h = |u[>("=1/(m=2) and using Holder’s inequality, we easily prove:

Theorem 6.9 Let S be an m-submanifold of R' for m > 2, and u € CL(S).
Then ||ul| p2m/n-2 < Di(||dul|p2 + ||uH||12), where Dy > 0 depends only on
m, and H is the mean curvature of S in R'.

If S is minimal in R™ then H = 0, and |[u|| 2m/m-2 < Di||dul|g2z. The SL
m-~folds tL; in C™ are automatically minimal, so we deduce:

Corollary 6.10 There exists D1 > 0 such that ||ul|pom/m—2 < Di||dul|g2 for
all t>0,i=1,...,n and u € CL(tL;).

Next we prove a similar inequality for X', when it is connected.

Proposition 6.11 Suppose X' is connected. Then there exists Dy > 0 such
that for all v € CL(X") we have

[vll L2m/ -2 < Da(lldvllze + | [x, vdVy |). (73)

Proof. By the Nash Embedding Theorem we can choose an isometric embedding
of (M, g) in some R!. Then X’ is also isometrically embedded in R!. The mean
curvature of X’ in M is zero, as X’ is minimal, and the mean curvature of M
in R is bounded, as M is compact. Thus the mean curvature H of X’ in R! is
bounded, say |H| < Ds. Applying Theorem Ed to X’ in R! then gives

||u||L2m/(m72) § D1(||du||L2 + DgHuHLz) fOI‘ all u e Ocls(Xl) (74)
By studying the eigenvalues of A on X', we show in [I0, Th. 2.17] that if
X' is connected then for some Dy > 0 and all u € CZ&(X’) with [y, udV, =0,
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we have ||u||p2 < Dyl|dulz: < D3||Aulpz. As C2(X’) is dense in CL(X’), the
first inequality [ul|r2 < Dyldul|r2 holds if u € C&(X') with [y, udV, = 0.
Combining this with () and setting Ds = D1(1 4+ D3D,) proves that

[l p2m/on-2 < Ds||dul|z2  for all w € C&(X') with [y, udVy=0.  (75)

Fix some w € CL(X') with [, wdV, = 1. For any v € CL(X'), define
u=v—w [y, vdVy. Then u e CL(X') with [, udV, =0, so [ gives

loll p2m/m—2) — |fX/Uqu | Nw|| pemsom—2y < ||u|| p2msom—2)
< Dslldu|zz2 < D5(||dv|\Lz + ‘ fX, vdVy |- Hdw||L2).

Equation (Z3) then follows with Dy = max(Ds, ||w|| 2m/m-2 +Ds||dwl|z2). O

We now combine the inequalities on L; and X’ in Corollary [E10 and Propo-
sition Bl to prove an equality on N for small t. The theorem implies parts
(vi) and (vii) of Theorem B3 with W = (1), as (vii) is trivial when W = (1).

Theorem 6.12 Suppose X' is connected. Making 6 > 0 smaller if necessary,
there exists A7 > 0 such that for all t € (0,6), if v € L}(N*) with [y, vdV' =0
then v € L*™/(M=2(N) and ||| p2m/m-2 < Az||dv]|g2.

Proof. Choose a,b € R with 0 < a < b < 7. Then for small ¢t > 0 we have
2t <t < t* < min(1, R)). (76)

Making § > 0 smaller if necessary, we suppose that ([Z@) holds for all ¢ € (0,0).
Let G : (0,00) — [0,1] be a smooth, decreasing function with G(s) = 1 for
s € (0,a] and G(s) =0 for s € [b,00). Write G’ for dG/ds. For t € (0,9), define
a function F*: N* — [0,1] by

1, z e K,
F'(z) = { G((logr)/(logt)), z=El(o,r)eQl, i=1,...,n, (77)
0, xePl, i=1,...,n

Then F* is smooth, and F* =0 on P! and Ef(%; x (tT,t%]) fori =1,...,n,
and F' =1 on K and E¢(3; x [t R')) for i = 1,...,n. It changes only on the
annuli Zf(X; x (t°,¢%)) for i = 1,...,n, and there we have

(EH*(dF") = (logt)™* - G’((logr)/(logt))rildr for r € (t°,t%). (78)

Suppose now that ¢ € (0,6) and v € C*'(N*) with [y, vdV* = 0. The main
idea of the proof is to write v = Flv + (1 — F')v, where we treat F'v as a
compactly-supported function on X’ and apply Proposition to it, and we
treat (1 — F'*)v as a sum over 4 = 1,...,n of compactly-supported functions on
tL;, and apply Corollary E10 to them.
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The first is straightforward. As 2¢t™ < t* by (f), the support of F? lies in
the union of K and Z!(X; x [2t™, R')) for i = 1,...,n, which is part of both N’
and X’. Thus, extending F'v by zero to the rest of X’ we can regard it as an
element of C(X"), and since [y, FlodV, = [, F'vdV" equation (Z3) gives

| E* 0| o yim 2y < D2(|| d(F )| o + | [y FrodV?])

t t t (79)
< Da(|IFdv]| g2 + [0l pamen—2 - (IAF [ Lm + (|1 = F*|| p2m/cms2)).-

Here all functions are on N* and all norms computed using h®. This is valid
because the metrics ¢ on X’ and h* on N coincide on the support of F*'. We
have also used Holder’s inequality upon |[v dF*| 2, and

| [yo FlodV = [y (1 = FodV| < [Jo]lg2m/on-2) - |1 = Ft|| g2m/ns2),

since dV, = dV* on the support of F* as g = ', and [, vdV’ = 0.
For the second, identify the subset tK; Ut o p; (Ei x (T, t’lR’)) intL; CC™
with the subset P UQ! in N* C¢ M fori=1,...,n by

tK; > tx — Y;(tz) € P! and
towi(Z x (T,t7'R')) 2 topi(o,r) — El(o,tr) € QL.

The restriction of (1 — F*)v to P! U Q! is compactly-supported, so using this
identification we can regard (1 — F')v as an element of CL (tL;), extended by
zero outside tK; Ut o p; (Ei x (T, t_lR')).

Under this identification between subsets of tL; and N!, on the support
tK; Utop;(; x (T,t°71)) of (1 — F')v in tL;, the metrics ¢’ on tL; and h'
on N are close when t is small. Applying Corollary GBI to (1 — F*)v on tL;
gives ||(1 — F')vl| p2m/m-2 < D1]|d((1 — F*)v)|| 2, where norms are computed
using ¢’ on tL;. As g’,h! are close for small ¢, increasing D; to 2D; the same
inequality holds with norms computed using k!, for small . So making § > 0

smaller if necessary, for all ¢t € (0,9) and i = 1,...,n we have
- PIUQt || f2m/(m-2) X 1 - PluQt||r2-
(1= F'vlproge| < 2D || d((1 = F')v)|proge ||, (80)
Now (1 — F")v is supported on [J;-_ (P} U Q). Therefore
H(l - Ft)’UHL2m/(m72) < ZH(I - Ft)v|PfUQ§ HL2m/(m72) and
=l (81)

PUQL]| 1,2 < \/EH d((l - Ft)v)Hsz

>l = F9)
i=1
proving the second equation using a; + - - - 4+ a, < v/n (a2 + --- +a2)'/?, which
gives the factor /n. Equations ([Bl) and &) give

0= Pl o < 20 D11 = ).

82
<2ADI (| (1= F)do o + ol - [ gm). )
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Combining ([[@), @) and ||Ftdv| 2, |[(1—F!)dv||z2 < ||dv|/z2 then proves

[1— (D2 +2y/nD1)||dF!||Lm — Da||L = F*|| p2msimia ] - |[0]| p2msom—2)

(83)

< (D2 + 2v/n Dy)||dv|| 2.

As the L™ norm of =1 on %; x (, %) with the cone metric is O(|logt|*/™),
using ([8) and vol(supp(l — F')) = O(t™*) we find that

[dEY Lm = O(|logt|=™/™) and |1 — F!|| pam/nany = Ot F2)/2)
for small ¢. Thus making § > 0 smaller if necessary we can suppose that

[1— (Ds+2y/nDy)||dF! || m — Da||L = F'|| p2m/omin ] > & for all t € (0,0).

1
2
Setting A7 = 2(D2 + 2y/n D), we see from (&3) that for all v € C'(N?) with
Sy vdV?t = 0 we have [[v]|p2m/m-2 < A7|dv|2. Since C'(N') is dense in
L3(N*) and L?(Nt) — L?>™/(m=2)(N*) by the Sobolev Embedding Theorem,
this completes the proof of Theorem O

6.5 The main result, in the simplest case

We can now prove our main result on desingularizations of SL m-folds X with
conical singularities, in the simplest case. To make the statement of the theo-
rem short and easily understood, we do not say much about the Nt. But the
construction gives a much more precise and detailed description of the topology
of N*, and the topology and geometry of its embedding in (M, J,w, ), which
we can read off from §0-§6] above if we need to.

Theorem 6.13 Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1,...,x, and cones
Ci,...,Cy. Let Ly,...,L, be Asymptotically Conical SL m-folds in C™ with
cones Cq,...,Cy and rates A, ..., \p. Suppose \; < 0 fori =1,....n, and
X' =X \{z1,...,2,} is connected.

Then there exists € > 0 and a smooth family {]\:ft 1t e (O,e]} of compact,
nonsingular SL m-folds in (M, J,w, ), such that Nt is constructed by gluing
tL; into X at x; fori=1,...,n. In the sense of currents, Nt — X ast — 0.

Proof. By assumption L; is an AC SL m-fold with rate A\; < 0. Now Theorem
Ed shows that if L is an AC SL m-fold in C™ with rate A < 0 then L is
also Asymptotically Conical with rate X for all N € (2 — m,0). It follows
that if \; > %(2 — m) then we can decrease the rate A\; of L; so that \; €
(2 —m, 3(2 — m)). Therefore we can suppose that \; < (2 —m) for all
1=1,...,n, as in Definition [E1]

Let 6 > 0 and N for t € (0,8) be as in Definition B2 and make § smaller if
necessary so that Theorems [6.6 and apply. For each t € (0,4), define
a finite-dimensional vector subspace W C C*(N?') by W' = (1), the constant
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functions. This will be W C C*°(N) in Definition The natural projection
Twe : L2(N*) — W' is given by my+(v) = vol(N) ™! [, vdV*E

Let et = ¢™sinft € C°(N') for t € (0,6) be as in Definition Then
Im Q|n+ = ™ sin 0§ dV. Thus

Y™ sin 0 AV = / Im Q = [ §] - [NY] = [Im 9] - [X] = 0,

Nt Nt

where [Im Q] € H™(M,R) and [N'], [X] € Hp,(M,R), as N*, X are homologous
in M and ImQ|x, =0 as X’ is an SL m-fold. This implies that

Twt (Y™ sin @) = vol(N)™* [ ¢™sinf*dV' =0 forallt e (0,5). (84)
Nt

Theorem B0 gives constants k£ > 1 and As > 0 such that

[ $i0 0" || 2m s mt2) < Agt™™2 [ sin 0| oo < Agt™' and

(1™ sin 07)|| L2m < Aot 3/2 for all t € (0,6). (85)
Equations (84) and (BH) imply that part (i) of Theorem B3 holds for N* for all
t € (0,6), replacing N, W, 0 by Nt Wt 0! respectively.

Let the Lagrangian neighbourhood ®y: : Uyt — M and the m-form 3¢ on
Uyt be as in Definition B Then Theorem R gives constants Ay, As, ..., Ag >
0 such that parts (ii)—(v) of Theorem B3 hold for N* for all ¢ € (0,4), replacing
N, 3,h by N, 3 ht respectively.

As my+(v) = 0 if and only if [, vdV" = 0, Theorem I gives A7 > 0 such
that if v € L3(N?) with 7y (v) = 0 then v € L>™/ (=2 (N*) and ||[v|| p2m/m-2 <
Az||dv| gz, for all ¢ € (0,6). Thus part (vi) of Theorem B3 holds for N* for all
t € (0,6), replacing N, W by N*, W respectively. As W' = (1) part (vii) of
Theorem is trivial for N*, W?, since d*dw = dw = 0 for all w € W?, and if
w e W' with [, wdV" =0 then w = 0. Thus part (vii) holds for any Ag > 0,
and we take Ag = 1.

We have not yet showed that the inequality cos 67 > % in Definition B holds.
From parts (i) and (ii) of Theorem B3 we see that |sin 6| < A2 A3™¢" " on N*.
Thus for small ¢ € (0,5) we have |sin 6| < @ as k > 1, so that |cos6’| > 1.
But cosf? is continuous, N is connected, and cos#* = 1 on K as K is special
Lagrangian, so we must have cos 6" > 3 on N* for small ¢ € (0,6).

We have constructed x > 1 and Ay,...,Ag > 0 such that parts (i)—(vii) of
Theorem hold for N* in M for all t € (0,8). Let ¢, K > 0 be as given in
Theorem B3 depending on k, A1, ..., As and m, and make € > 0 smaller if nec-
essary to ensure that € < § and cosf® > 5 on N' for ¢ € (0,¢]. Then Theorem
shows that for all ¢t € (0,€¢] we can deform N* to a nearby compact, non-
singular SL m-fold N, given by N* = (@), (T(df!)) for some f' € C®(N?)
with [|[dft||co < Kt* < Aqt.

Since Nt and ®,+ depend smoothly on t, we see that f¢ is the locally unique
solution of a nonlinear elliptic p.d.e. on N* depending smoothly on t. It quickly
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follows from general theory that f! depends smoothly on ¢, and so Nt does.
One can easily show from Definition B2 that N* — X as currents as t — 0.
But the estimates on df* and Vdf? in §5 imply that N* — N* — 0 as currents
ast — 0, so N* — X as t — 0. This completes the proof of Theorem BEI3 O

7 Desingularizing when X’ is not connected

We now generalize the material of 0 to the case when X’ is not connected.
Suppose X’ has ¢ > 1 connected components X7,..., X;. Then Theorem
no longer holds. The basic reason for this is that the Laplacian A on N*? has g
small eigenvalues 0 = Xf, ..., AL, with Aj = O(t™?).

The corresponding eigenfunctions 1 = vf, ... vl are approximately constant
on the part of N* coming from X, for each k = 1,...,q, and change on the part
of N* coming from tL; for i = 1,...,n. If ¢ > 1, calculation shows that the v}
for 1 < k < gsatisfy [y, vidV? = 0and [[v} || 2m/on-2 = O™ (M=2/2).||dv] || 2,
so that Theorem cannot hold.

To get round this, we define in §1] a vector subspace W' C C°°(N?) which
approximates (vf, ..., v}). This will be W in Theorem B3l In §73 we show that
if v € L3(N?) is L?-orthogonal to W then ||v||p2m/(m-2y < Az||dv||p2 for some
A7 > 0 independent of ¢, and this replaces Theorem B2

There is also some more work to do. Part (i) of Theorem requires that
[ 7we (™ sin %) L1 < Agt® ™1 In §Al this was trivial, as there W' = (1) and
Tt (1™ sin @) = 0 for topological reasons. We shall show in §2 that here for
Tt (1™ sin ') to be sufficiently small the invariants Z(L;) for i = 1,...,n must
satisfy equation (BH) below. The final results are given in 7.4

7.1 Setting up the problem
We shall consider the following situation, the analogue of Definitions ETHE3.

Definition 7.1 We work in the situation of Definition Bl Thus, (M, J, w, Q) is
an almost Calabi—Yau m-fold for m > 2 with metric g, ¥ : M — (0, 00) satisfies
@), X is a compact SL m-fold in M with conical singularities at x1, ..., x, with
identifications v;, cones C; and rates u;, and Lq,..., L, are AC SL m-folds in
C™ with cones C; and rates \; < 0. We write X’ = X \ {z1,...,2,} and
¥ = C;NS? ! and use the other notation of §Al

However, we do not assume that X’ is connected, as we did in §6.41 Set q =

b(X"), so that X’ has q connected components, and number them X7, ... , Xo-
For i = 1,...,n let I; = b°(3;), so that 3; has I; connected components, and
number them %}, ... Sk,

Now Y; o ¢; is a diffeomorphism ¥; x (0, R’) — S; € X'. For each j =
1,...,0; Tiop; (Ef x (0, R’)) is a connected subset of X', and so lies in exactly
one of the X}, for k =1,...,¢q. Define numbers k(i,j) =1,...,qfori=1,...,n
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and j=1,...,1; by T; 0 cpi(Eg x (0,R')) C Xi(i,j)- Suppose that

> (@) Z(L)-[2]]=0 forallk=1,...,q. (86)
1<ign, 1<5<;:
k(i) =k

Here Z(L;) € H™ (2, R) is as in Definition =2 and [%!] € H,,_1(%s,Z), and
‘.7 is the contraction H™ }(3;,R) x Hp,—1(3i,Z) — R. The reason for (B0)
will appear in Proposition [ below.

Define Lagrangian m-folds N for ¢ € (0,d) as in Definition B2, but when
we choose 7 € (0,1) to satisfy @) we also require that

g <7 <L (87)

Clearly this is possible. Suppose that the topology of X and L; is such that the
Nt are connected. This requires that X be connected, but not that X’ or the
L; be connected. A sufficient (but not necessary) condition for the N* to be
connected is that X and the L; are connected.

Let h' = g|n¢, so that (N?, h!) is a Riemannian manifold. As in Definition
the N are oriented, and Q|y: = e dV* for some phase function ¢
on N, where dV'? is the volume form on Nt. We write et = 1™ sin #, so that
ImQ|y: = et dV? for t € (0,0).

To apply Theorem B3 to N* we need a vector subspace Wt C C>°(N?), to
be W in Definition In §8 where X’ was connected, we took Wt = (1).
However, when X’ is not connected we must introduce a nontrivial W? with
dim W = b°(X’) to repair the proof of Theorem 12 Here is the definition.

Definition 7.2 We work in the situation of Definition [Tl For i = 1,...,n
apply Theorem to the AC SL m-fold L; in C™, using the numbering 3’
chosen in Definition [Tl for the connected components of ;. This gives a
vector space V; of bounded harmonic functions on L; with dim V; = [;. For each
c; = (c},...,c") € Rb there exists a unique v§* € V; with

i

3 K2

Vk(cp;‘(v»ci) — cJ) = O(|ci|rﬁ7k) on Eg x (T,00) as r — o0, (88)

foralli=1,...,n,j=1,...,0;, k> 0and 8 € (2—m,0).
We shall define a vector subspace W' C C*®(N*) for ¢t € (0,6), with an
isomorphism W* = R?%. Fix d = (dy,...,dy) € R?, and set ¢/ = dy ;) for

= ! i), This defines vectors

i=1,...,nand j = 1,...,l;. Let ¢; = (¢;,...,¢;
c; € Rl for i =1,...,n, which depend linearly on d. Hence we have harmonic
functions v§* € V; C C*°(L;), which also depend linearly on d.

Let F': (0,00) — [0,1] and 7 € (0,1) be as in Definition B2 Make 6 > 0
smaller if necessary so that tT < $t7 for all t € (0,6). For ¢ € (0,6), define a
function w} € C*°(N*) as follows:

(i) The subset K C N* has g connected components K N X, for k =1,....q.
Define w =d, on KN X, for k=1,...,q.

43



(ii) Define w} on P} C N* by (T;0top;)*(wh) =v§ on K, for i =1,...,n.
(iii) Define w) on Q! C N* by
(BN (wh)(o,r) = (1= F2t7Tr) ¢} (v ) (o, ™) + F(2t7Tr)e]  (89)
on Ef x (tT,R'),fori=1,...,nand j =1,...,1.

It is easy to see that w} is smooth over the joins between P!, Q! and K, so
wh € C(N?). Also wj is linear in d, as v{7 is. Thus W' = {w} :d € R} is a
vector subspace of C*°(N*) isomorphic to RY, for all ¢ € (0, 5).

Ifd=(1,...,1) thenc¢ =1,s0¢; = (1,...,1) for i = 1,...,n, and thus
v$* =1 for i = 1,...,n by Theorem Therefore wf;, ;) = 1 by (i)—(iii)
above, and 1 € W for all ¢ € (0,§). This corresponds to the condition 1 € W in
Definition Define 7y« : L2(N') — W? to be the projection onto W using
the L2-inner product, as for 7y, in Definition

In Definition we defined the N' by gluing together X’ and tL; using
F(t~7r) in (B). In contrast, equation (BJ) uses F(2t_ r). As F increases from
0 to 1 on [1,2], this means that in Definition 2 we glued X’ and tL; together
on the annuli Z¢(3; x (¢7,2t7)), but in ) we glue v§ and ¢ together on the
annuli = (E] (3t7,t7)). This will be important in §Z2 where the fact that
wk is constant on the annuli Zf(3; x (t7,2¢7)) will simplify the calculations.

The point of Definition [[Ais that w} is made by gluing together the constant
function dj on Xj, with the harmonic function ¢, (v§*) on tL;. This is asymptotic
to dy(i,;) on the j*" end of tL;, which is glued into Xi(i,j)- Thus, for small ¢ the
functions dy(; j) and t.(vf) are nearly equal in the annulus = (EJ ( T tT))
where they are glued together

Thus we expect wj to be nearly harmonic on N* for small t, that is, d*dwj
is small compared to w}. The next proposition estimates w}, dw} and d*dw}.

Proposition 7.3 In the situation of Definition [7.3 for all t € (0,6), d =
(di,....dg) €RY, B €(2—m,0) and i =1,...,n we have

lwg| < max(|dil,...,|dq]) on N, (90)

dwf = d* dwd =0 on K and E{(3; x [t", R')), (91)
[(E)*(dw})] (o, O(|d[tPrP=1)  on £; x (tT,t7), (92)
|(ED)*(d*dw})|(o, O(|d[t™PrP=1)  on £; x (¢T, $t7], (93)
|(ED)*(d*dw})] (o, O(|d[t=P+7=2))  on B x (3t7,17), (94)
(95)

and |dwd|: (jdf¢™"), |d*dwh|=O(|d[t™") on P

Here d* and |.| are computed using h' or (E)*(h').

Proof. Since v is harmonic it has no strict maxima or minima in L; by the
maximum principle, and as it approaches dy; ;) on the 7 end we see that
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|vf| < max(|dil, ..., |dg|) on L;. Equation (@) then follows from the definition
of wf above. Also w}; is constant on K and Zf(%; x [t7, R')), so (@) holds.
Let h; be the metric ¢'|r, on L;. Then we have

(i 0t)*(hY) = t2h; + O(t?) on K;, and (96)
(Y;otop)*(h) = t2¢; (hi) + O(t*r) on¥; x (tT,t7).  (97)

Therefore the metrics h' on P} and Z(X; x (tT,t7)) and t*h; on the corre-

K3
sponding regions of L; are uniformly equivalent for small ¢. Using this, (B) and

®3) we deduce ([@2) and the first equation of [{@H).
By the same method we also find that

|V2wh| = O(|d|t™?) on P!, and (98)
[(ED)* (V2wh)|(o,r) = O(|d]t"rP?) on X x (tT,t7),  (99)
computing V and |.| using h' or (2f)*(h'). Equation (@) then follows from
@) with r € (5t7,17), as |[d*dw}| < |[V2w)].
Now from (@) and a similar equation for derivatives we find that
dj.dwh = dfs, dwl + O(t) - [V2wh| + O(1) - |[dwh| on P, (100)

where dj¢, dj2;,, are d* computed using h',t?h;. But wf = (Y;0t).(vf") on Pf,
and v§' is harmonic w.r.t. h;, and so w.r.t. t*h;. Hence dj;hidwfi =0on P}, and
combining @), (I00) and the first equation of (@) gives the second equation

of [@). We prove ([@) in the same way, using (@), @) and @J). O

Another way to think about W? is that the Laplacian A! = d*d of A’ on
N* has q small eigenvalues Xi, ..., A, counted with multiplicity and including
0, and Wt approximates the sum of the corresponding eigenspaces of Af. From

Proposition one can show that
lwallzz = O(dl) and ||dwg] 2 = O(|d[t"™~>72),
so that [|dw}||2. = O™ 2)- ||wh||3.. This implies that the dominant eigenvec-
tors of A? in w} have eigenvalues O(t™2), so A\l = O(t™"2) as t — 0.
7.2 Part (i) of Theorem estimating ||m+(¢™ sin 0")|| 1

We need to bound |7yt (¢p™sin6")||z1 to prove part (i) of Theorem for
Nt Wt Writing e' = ¢ sin6" as in Definition B3, we shall do this by first
estimating [y, whe' dV* for all d € R?. As wh = di on K NX;, and on Ef (2] x
[t™,R’)) when k(i,j) = k, we see that

/ whet AVt = Z (/ whet AV + / whe th)
Nt P BL(S; X (£T,t7))

=1 =

> > Y
+ dk< / etdvt + / , stht).
1 KnX]|, 1<i<n, 1<j<ls: ¥ BV (E] X[t R")
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The next two propositions bound the bracketed terms on each line.

Proposition 7.4 For all t € (0,6), d € R? and i =1,...,n we have

/ whet AV + / whe' AV = O(|d|t(m+1)7). (102)
P! EHZix (tT,t7))

Proof. We have |w}| < |d| on N* by (@). On P} we have |¢| < Ct by [E3). As
vol(Pf) = O(t™), this implies that the first integral in ) is O(|d[t™ ).
Similarly, on ¥; x (tT,t7) we have |[(E})*(e')] < Cr < Ct™ by BF). As
vol(E4(Z; x (T,¢7))) = O(t™7), this implies that the second integral in ()
is O(|d[¢(m*+D7). The proposition follows. O

Proposition 7.5 For all t € (0,6), d € R? and k=1,...,q we have

etdvt + / etdvt =
~/KOX,’€ Z EH(SI x[t7,R"))

1<i<n, 1<5<ls:
k(i.g)=k
—t™ > p(a)MZ(L) - [S] 4+ Ot YT,

1<i<n, 1<
k(ij)=k

(103)

where Z(L;) € H™ (2, R) is as in G, and [X)] € Hp 1 (54, 7).

Proof. As 'dV' = Im Q|+, the left hand side of () is the integral of Im Q
over the m-chain

Zy=(KnXp)+ > B3 x[,R))
1<ign, 1<5<;:

for k=1,...,q, which is a closed subset of N*, with boundary (m—1)-chain

0Zx=— >, E(EIx{}). (104)
1<isn, 1K<
k(i,7)=k

For each i =1,...,nand j =1,....1; define an m-chain Ag in Bgr to be
the image of ¥ x [0, 1] under the map X7 x [0,1] — Bpg given by

(o,7) — 1P, (0, t7, tlel (o, tT_l), t2X12(U, tT_l)).

As Y0 @, (0,17, t2x 1 (0,677 1), 12X 3 (0,7 1)) = El(0,t7) for o € ; by Defini-
tion B2, we see that

O(1i(A])) = EL(Z] x {t7}), (105)
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regarding T;(A7) as an m-chain in M.
Now define another m-chain Zj, for k =1,...,q to be

I3 (AT
2y, = X — > Ti(A7).
1<i<n, 1K<y
k(i,j)=k

As X} is an m-chain without boundary, we see from () and ([[F) that 02}, =

0Zy, and in fact it is easy to see that Z; and Zj are homologous in M. Since

ImQ is a closed m-form on M, this implies that [, ImQ = ka ImQ. But
k

Im Q|X]/c = 0 as X, is special Lagrangian. Hence we see that

/ ImQ =—
Z

From Definition B we have v} () = ¢(x;)™€, where € is as in (). Thus
as T7(f2) is smooth on Bg, Taylor’s theorem gives

/‘T;‘(ImQ). (106)
1<i<n, 1<j<l;: Y Al
k(ioj)=k

Ti(ImQ) = Y(x;)" Im Q' + O(r) on Bg. (107)

Now Al is an m-chain in B € C™ with boundary in the AC SL m-fold
tL;, and [0AJ] € H,,_1(tL;,R) is the image of [%!] € H,,_1(X;,R) under the
map H,, 1(3;,R) — H,,_1(L;,R) dual to the natural map H™ *(L;,R) —
H™ (2, R). Tt then follows easily from Definition and Lemma ECA] that

/AImQ’ — Z(Ly) - [5] = " Z(Ly) - [27]. (108)
Al
But as 7 = O(t") on A7 and vol(A7) = O(t™) we see from ([II7) that
/ (T (Im Q) — ()™ Im Q) = Om+D7), (109)
A

Equation [3) now follows from (4, ((08), (), and the fact that the left
hand side of ([ is |, 7z, Im 2. This completes the proof. O

We can now explain the reason for the condition (88]) in Definition [l If (BH)
holds then the first term on the right hand side of ([{I3) is zero, and therefore
() and Propositions [ and [ZH show that [y, wie! dVt = O(|d[¢(m+D)7).
This in turn implies that ||, ("], = O(M+DT),

Therefore ||myt (™ sin0%)]| 1 < Aat™™ =1 for some Ay > 0 and x > 1 and
all t € (0,0), as e* = ¢™sinf" and 7 > %5 by 0). This is one of the
conditions in part (i) of Theorem B3 for N*, W, However, if (8H) does not hold
then [|mw+ (™ sin6)|| L1 = O(t™), and part (i) of Theorem B3 for N*, W does
not hold for all ¢t € (0,0) with x > 1, so the construction fails.

Here is the analogue of Theorem GG
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Theorem 7.6 Making 6 > 0 smaller if necessary, there exist As > 0 and
k > 1 such that €t = ¢™sin@® on N satisfies ||t pom/imrzy < Agtttm/2,
let]|lco < Agt™ 1, ||det||pom < Agt® 32 and ||y (eb)||1r < Aot for all
t € (0,0), as in part (i) of Theorem [Z3.

Proof. Theorem shows that there exist A3 > 0 and x > 1 such that

||€t||L2m/(m+2) < Azt'{+m/2, ||Et||co < Agtﬁfl, and ||d€t||L2m < Agtﬁfgﬂ for

all t € (0,6). It remains to consider the condition |my+(e?)]|z1 < Agt"Tm=L,
Combining equations (&f) and () and Propositions [ and [CH gives

/ whet AVt = O(|d|t(m+l)7) for all d € R? and ¢ € (0,9). (110)
Nt

One can show from Definition [ that ||w}| > > C|d| for some C > 0 and all
d € R? and t € (0,0). This and [[I) imply that ||mwe(e?)| 2 = O@m+DT),
But |7 (€)1 < vol(N*)Y 2|7yt (64| 12, and vol(N*') = O(1). Therefore

7wt (D)L = O™ DT for all t € (0,6). (111)

Make x > 1 smaller if necessary so that k+m—1 < (m+1)7. This is possible
as (m+1)7 > m by 0). Now make Ay > 0 bigger and § > 0 smaller if necessary
so that ||mye(e)||L1 < Aat"™ ™~ for all t € (0,5). This is possible by [[I), as
k+m—1< (m+1)7. The previous inequalities €| 2m/miz < AatFtm/2]
llet]|co < Agt® 1 and [|det||2m < Aot®3/2 for t € (0,6) still hold with the new
Ay, k, as we have increased As and decreased k, and t < 1. Thus there exist
As, k satisfying the conditions of the theorem. O

7.3 Parts (vi) and (vii) of Theorem B3

We now explain how to modify the material of §64 to the case when X' is not
connected. Thus we prove that parts (vi) and (vii) of Theorem [E3 hold for N*
and W', Here is the analogue of Proposition

Proposition 7.7 In the situation of §7.1), there exists Dy > 0 such that for all
v e CL(X") we have

el o < Da(ldvllz2 + ey | fy, vV |). (112)

Proof. Applying Proposition to each connected component X, of X’ gives
constants Dy, > 0 for K =1,...,¢q such that

HU|X{CHL2m/<m—2> < DM(H dolx; ||z + | fx,; vdV, ‘ )- (113)

Then summing ([[I3)) over k =1,...,q and using

||UHL2m/<m—2) < Z:1||U|X{C} L2m/(m—2 and EZ:lH d”|X,Q} 2 S q1/2|| deL2
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proves (1), with Dy = ¢'/2 max(DgJ, ooy Dag). O

Here is the analogue of Theorem BT The condition [, vw dV* = 0 for all
w € W' is equivalent to my+(v) = 0, so the theorem proves part (vi) of Theorem
for Nt, W?, with A7 independent of t.

Theorem 7.8 Making § > 0 smaller if necessary, there exists A7 > 0 such that
for all t € (0,9), if v e LI(N') with [y, vwdV" = 0 for all w € W' then
v € L2 M2 (N and ||v]| p2m/m-2 < Az||dv]|L2.

Proof. Let a,b,G and F*! be as in the proof of Theorem EI2 Then F!: Nt —
[0,1] is smooth with F* =1 on K, and F* = 0 on P} for i = 1,...,n. The
support of F! is a subset of N* N X', so we can also regard F* as a compactly-
supported function on X’. For k =1,...,q, let F} be the smooth, compactly-
supported function on X’ equal to F* on X} and zero on Xj, for k' # k.
Then F} is supported on Xj, and F* = >"1_, F}. Moreover, extending F} by
zero outside N* N X’ we can also regard F} as a smooth, compactly-supported
function on N, and F* = Y"7_, F{ holds on N* as well.

Suppose now that ¢ € (0,0) and v € C'(N') with [, vwdV* = 0 for all
w € Wt Then F*v is supported in N*N X', so we can regard it as a compactly-
supported function on X’ and apply Proposition [ to it. This gives

1 0]l pomsom-2 < Da([| A(F )| o + 5y | [y FrodVg|)

114
:D2(||Ftdv+vdFtHL2—|—ZZ:1‘thF,zvth‘). (114)

Here in the second line we use the fact that F is supported in Nt N X', so
h' = g|x+ and dV, = dV"* in the support of F*.

Let e1,...,eq be the usual basis of RY, so that ey = (d1x, 02k, - .., dgx) for
k=1,...,q. As [y, vw! dV*' =0 by choice of v we have

| Sy FrodV? | = ‘ St (B = wg, JvdV? ‘ S H”Hmm/(m—z) : HFli - we, HLzm/<m+2)-
Substituting this into ([Id) and using Holder’s inequality we get

[ F | L2m/en—2 < Da([|F'dv]| L2 + [[0]| pm/cm—2 - [|AF*|| Lm (115)
+ H’UHL?m/(mfm ’ Z:IHF;; - wngL2m/(m+2))'

This is the analogue of ().
Now by the definitions of F}} and w!, we have

1, ze KnXj,

1, z€Z4%] x [t* R)) when k(i,j) = k,
0, ze KnXj, for k' #k,

0, z€ZH(Z] x [t R")) for k(i,5) # k.

Fy(z) = w, (v) =
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Hence Ff — w!, is zero on most of N*. The support of F} —w

in the union of P} and Zf(¥; x (¢T,t*)) over i = 1,...,n, which has volume
O(t™*), and here |F} —w! | <1as0 < Ff,w!, <1. Hence

t

¢, 18 contained

| Ff = wE, || o jomsy = O™ T2/2) for k=1,...,q. (116)

Following the proof of Theorem without change, we prove ([&2). Using
(I3 instead of ([, in place of EJ) we obtain
[1— (D2 + 2v/n D1)||dF"||pm — D2 ZZ:1HFI§ —wl, HL2m/(m+2)} vl L2m/om-2)
< (Dg + 2v/n Dy)||dv]| 2.
Using (ITH) instead of ||1 — F*|| f2m/ms2) = O(t*™+2)/2) the rest of the proof
follows that of Theorem O
We now prove part (vii) of Theorem for Nt, Wt, with A7 as above.
Theorem 7.9 Making § > 0 smaller if necessary, for all t € (0,8) and w € W?
we have || d*dw||p2m/mr2) < %A;lﬂdw”Lz, where A7 > 0 is as in Theorem

[78 Also there exists As > 0 such that for all t € (0,6) and w € W' with
Sye wdV? =0 we have [|w]|co < Agtt=™/2||dw]| 2.

Proof. Following the method of Proposition B, using the estimates of Propo-
sition [[33 and taking 2 — m < 3 < 1(2 — m) we find that for some D5 > 0 and
all t € (0,6) and w} € W' we have

Ds|d|t™=2/2  and (117)
D3|d[t™/? 4 Dg|d[t2A(T D+ (m=2), (118)

[dwg|| > <
[ d*dwh || om/emi2 <

Also, as w4 = d on K N X}, from (@) we deduce that
lwgllco = max(|dal, ... |dg]) < |dI. (119)

However, ([T)-([{[Td) are not enough to prove the theorem, as [[I7) gives
an upper bound for ||dwj| 2, but we actually need a lower bound. Now on P}
and Zf (Ei x (T, %tT]), by definition w} coincides with v’ on the corresponding
regions of L;. Using ([@f) to compare the volume forms dV* of h* on N* and
dVp, of h; = ¢'|1, on L;, from @), (@) and ([@H) we can show that

ldwhl|F2 =272 [[dvf |72 +0 (1™ ) +O(|d DT =272) - (120)

=1

where ||dw}||z2 is computed on N* using h', and ||dv§i||z2 on L; using h;.

Now vf* depends only on d and not on ¢, and in fact only on dj; ;) for
Jj=1,...,1;. Also ||dvi*|| > depends only on the differences dy; jy — d ;) for
1< j < j <, as adding an overall constant to dj adds a constant to vi*, and
does not change dv;’.
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For each i = 1,...,n, define an equivalence relation ~ on pairs (i,7) for
j=1,...,0; by (i,j) ~ (i,5') if ¥ and XI are ends at infinity of the same
connected component of L;. Then one can show that

| dw;*

2,2 Z ki) — digignl?s (121)
15 <" <l
(4,5)~(4,3")

for all d € R? and C; > 0 depending only on L; for i = 1,...,n.

The point here is that if dy(; j) = di(,jr) whenever (i,7) ~ (i,7") then vj’
is constant on each connected component of L;, and dv;* = 0, so both sides of
([ZIM) are zero. But otherwise v;* is not constant, and both sides of ([[ZI)) are
positive. Summing ([ZI) over i = 1,...,n, and remembering that the N* are
connected by Definition [l we can prove that

n
> lldvf
i=1

for all d € R?, and some Dy > 0 depending only on Ci,...,C,, the k(i, j), and
the equivalence relations ~.

Combining (I2Z0) and ([Z2) shows that for all d € R with dy +---+d; =0
and t € (0,9) we have

722 2Di(|d]? = H(di + ... 4+ dy)?), (122)

||dwé||%2 > 2Di|d|2tm72 + O(|d|2tm71) + O(|d|2tﬁ(771)+7(m—2)/2)'

As 8 < $(2—m) and 7 € (0,1), both error terms are smaller than [d[*¢™~2 for
small ¢. Hence, making ¢ > 0 smaller if necessary we see that when ¢ € (0, 4),

|dwh]| > = Dy|d|t™= /2 for d € R? with dy + - -- + dy = 0. (123)
Now make § > 0 smaller if necessary so that for all ¢ € (0, ), we have
Ds|d[t™/? 4 Ds|d 2= DF7(m=2) < LA Dy dftm =272, (124)

This is possible as both powers of ¢ on the left are greater than the power on
the right. Combining [[I8), (Z3) and ([24)) shows that when ¢ € (0, ),

[d*dwh || am/onia < 2AT||dwh]| 2 for dER? with dy+---+dg=0. (125)
Now let ¢ € (0,d) and w € W*'. Then w = w}, for some d’ € R?. Let
¢=L(dj+.. ), let dy = d—c,and d = (du, .., d,). Thend;+...+d, =0,
and w = w§ + ¢, since wh depends linearly on d and w{; ;) = 1. Thus
dw = dwf, and ([[Z3) holds, giving [|d*dw||2m/(miz < 2A7"||dw| 12, as we
have to prove.
Suppose also that [, wdV* = 0. Then by the proof of ([TJ) we see that

min(dy, ..., d,) = IIJ%[lrIl <0< max w = max(dy, ..., d).
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Using this it is easy to show that
[ w]|co = max(|di],. .., |d]) < 2max(|di],. .., |dg]) < 2/d|. (126)
Define Ag = 2D} > 0. Then using ([Z3), ([ZA) and dw = dw} we find that
lwllco < 2/d] = Ast'=™/2 - Dy|d[¢™ 72 < Ast!™™/2 dwl] 2,

for all t € (0,0) and w € W* with [, wdV* = 0. This completes the proof. [J

7.4 The main results, when X’ is not connected

We can now state our second main result on desingularizations of SL m-folds
X with conical singularities, this time allowing X’ not connected.

Theorem 7.10 Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1,...,x, and cones
Cy,...,Cy. Definep: M — (0,00) as in @). Let Lq,..., L, be Asymptotically
Conical SL m-folds in C™ with cones C4,...,C, and rates A1, ..., \,. Suppose
N <0 fori=1,...,n. Write X' = X\ {x1,...,2,} and ¥; = C; N §?™~L.

Set ¢ =b°(X'), and let X{,..., X/} be the connected components of X'. For
i=1,...,n let l; =b%(%;), and let X},... 3k be the connected components of
Y. Define k(i,j) =1,...,q by T; 0 cpi(Eg x (0,R)) C Xy fori=1,....n
and j =1,...,1;. Suppose that

S W) Z(L) - [21]=0 foral k=1,...,q. (127)

Suppose also that the compact m-manifold N obtained by gluing L; into X'
at z; fori=1,...,n is connected. A sufficient condition for this to hold is that
X and L; fori=1,...,n are connected.

Then there exists € > 0 and a smooth family {Nt 1t e (0,6]} of compact,
nonsingular SL m-folds in (M, J,w,Q) diffeomorphic to N, such that N is
constructed by gluing tL; into X at x; fori=1,...,n. In the sense of currents
in Geometric Measure Theory, N* — X ast — 0.

The proof follows that of Theorem BI3 but using Definition [l instead of
Definitions EIHE3, and defining W' as in Definition L2 rather than W = (1).
We use Theorem [£8 instead of Theorem B8, and Theorems and [L9 instead
of Theorem Note that Theorem still holds in this situation, as it does
not assume that X’ is connected. The extra hypotheses ([Z1) and that N is
connected come from Definition [}

If X’ is connected, so that ¢ =1, then k(i,j) = 1 and ([[ZA) becomes

n l;

> @) 2 (L) Y% =0,

i=1 j=1
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But 2?:1[2“ = [%;], and Z(L;) - [%;] = 0 as Z(L;) is the image of a class in
H™ 1(L;,R) by Definition 2, and ¥; is the boundary of L;, so [¥;] maps to
zeroin H,,_1(L;,R). Therefore (I27) holds automatically when X’ is connected,
and Theorem [[T0 reduces to Theorem in this case.
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