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Extracting classical information from quantum systems is of fundamental importance, and classical shadows
allow us to extract a large amount of information using relatively few measurements. Conventional shadow
estimators are unbiased and thus agree with the true mean in expectation. In this Letter, we consider a biased
scheme, intentionally introducing a bias in the expectation value by rescaling the conventional classical-shadow
estimators to reduce the error in the finite-sample regime. The approach is straightforward to implement and
requires no quantum resources. We analytically prove average-case as well as worst- and best-case scenarios,
and rigorously prove that it is, in principle, always worth biasing the estimators. We illustrate our approach in
a quantum simulation task of a 12-qubit spin-ring problem and demonstrate how estimating expected values of
nonlocal perturbations can be significantly more efficient using our biased scheme.
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Introduction. We are experiencing rapid progress in the
development of quantum hardware but also in theoretical ad-
vances [1–6]. Any quantum computational scheme needs to
extract classical information from a quantum device. How-
ever, this requires multiple repetitions of the experiment due to
fundamental limitations posed by quantum mechanics. Each
observation of the system collapses its quantum state, prevent-
ing one from extracting further information. For this reason,
one must extract classical information through the use of
statistical estimators [7–10]. It is thus an exciting and funda-
mentally important challenge to extract classical information,
for example, expected values of observables, such that the
statistical uncertainty (i.e., shot noise due to having access to
only finite samples or circuit repetitions) is minimised. Clas-
sical shadows [11] allow one to predict many such properties
of quantum states from very few samples (circuit repetitions)
and the statistical uncertainty due to shot noise can be rigor-
ously bounded. The approach yields unbiased estimators, i.e.,
estimators whose expected value agrees with the true value,
e.g., the true expected value of an observable.

In the present Letter, we explore the possibility of inten-
tionally introducing a small bias into the estimators, i.e., for a
fixed such bias, even an infinite number of samples would not
yield the true expected value, but in return the statistical uncer-
tainties are significantly reduced in the finite-sample regime.
A significant practical advantage of our biasing scheme is
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that it is implemented completely in classical post processing:
One collects a number of samples as classical shadows using
a quantum computer, and in postprocessing predicts many
properties of the quantum state. Our approach only slightly
modifies this prediction stage whereby the mean estimators
are simply scaled down by a factor quantified by a bias pa-
rameter ε. We choose this parameter to depend on the number
of samples in the experiment such that the resulting estima-
tor remains consistent, converging to the true value in the
infinite-sample limit. The approach is thus more general than
the standard, unbiased shadow techniques [11–20] which are
then contained as a special case at ε = 0.

We comprehensively and rigorously characterize the per-
formance of our biased scheme and find, somewhat sur-
prisingly, that biasing our estimators is always worthwhile
assuming that an optimal bias parameter ε that is specific for
the particular estimator is known. After briefly recapitulating
classical shadows, we start by mathematically deriving the
average-case gain of biased shadow tomography when the
aim is to predict local density matrices. We then analytically
characterize both the worst- and best-case scenarios of our
approach when the aim is to predict expected values of ob-
servables, and we provide explicit expressions for the optimal
bias parameter ε showing it depends only on the theoretical
mean value. We then argue that the biased scheme is not
specific to classical shadows but can generally be applied
to any estimation scheme, e.g., by directly estimating Pauli
expected values.

Classical shadows. A classical shadow is a description of
a quantum state that can be classically efficiently stored and
manipulated, enabling one to bypass the computationally hard
task of reconstructing the full density matrix. To construct a
classical shadow for an n-qubit quantum state ρ, we repeat
the following evolution-measurement process. We sample a
random unitary Ui from a suitable distribution U (Pauli and
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Clifford distributions are typical), apply this unitary to ρ, and
measure the resulting state UiρU †

i in the computational basis,
yielding a bit string b ∈ {0, 1}n. We store the index of the
unitary and the measurement outcome as a composite index
� = (i, b).

One considers the process channel M as the average over
the previously fixed distribution U as

M(ρ) =
∑

b∈{0,1}n

∫
U

dU 〈b|U †ρU |b〉U |b〉〈b|U †. (1)

Each composite index � then identifies a classical snapshot ρ̂�

such that

ρ̂� = M̃(Ui|b〉〈b|U †
i ), (2)

which is an unbiased estimator of ρ. Here, M̃ is the estima-
tor channel, which is implicitly defined by this equation. In
practice, one repeats the above procedure Ns times, generat-
ing the classical shadow of ρ as the collection S(ρ, Ns) =
{ρ̂1, . . . , ρ̂Ns}. When discussing averages over �, we drop the
corresponding dependence on ρ̂ and understand this estimator
to be a function of �.

Main result: Biased shadow estimators. A channel M̃ that
yields an unbiased estimator for the density matrix satisfies
the condition (M̃ ◦ M)[ρ] = ρ for all states ρ, and thus
guarantees M̃ = M−1 as

ρ = EU ,b[ρ̂] = (M̃ ◦ M)[ρ], ∀ρ. (3)

However, in the present work we focus on constructing a
biased estimator which does not necessarily satisfy the above
property but in return allows us to reduce the variance of the
estimator.

To simplify our presentation, we illustrate our results on
the simple uniform ensemble over n-qubit product Clifford
rotations U = C×n

1 . This is equivalent to uniformly sampling
a local Pauli basis in which to measure each qubit and thus ρ̂�

can be decomposed as a tensor product [11],

ρ̂� =
n⊗

j=1

ρ̂
( j)
� =

n⊗
j=1

[
3
(
U ( j)

i

)†|b( j)〉〈b( j)|U ( j)
i − 1

]
, (4)

where the superscript ( j) indicates that we consider the jth
term in the tensor product decomposition. We can then rewrite
ρ̂� and define M̃local as

ρ̂� ≡
n⊗

j=1

M̃local
[(

U ( j)
i

)†|b( j)〉〈b( j)|U ( j)
i

]
, (5)

in the same spirit as the definition of M̃, with

M̃local(ρ) = 3ρ − 1. (6)

As the effect of Mlocal is to contract the single-qubit Bloch
sphere uniformly by a factor of 3, the inverse channel is given
by dilating the Bloch sphere by the same factor [11]. Our
scheme biases this channel by effectively dilating the Bloch
sphere by a smaller factor tuned via a bias parameter ε.

Statement 1 (biased shadow estimators). Given a bias pa-
rameter ε we modify the conventional shadow estimator in
Eq. (6) and define the biased local estimator of Pauli shadows

FIG. 1. A geometric illustration of variance-bias tradeoff, dis-
played via the density of unbiased Pauli-X and -Z estimates, where
each estimate is obtained as the average over Ns = 100 samples. The
exterior of the dashed circle corresponds to the region where biasing
would hypothetically bring the estimate closer to the true expectation
value (with 〈X 〉 = 0 and 〈Z〉 = 0.453̄) for a biasing parameter of
ε = 0.1. That is, the color of the density cloud represents the sign
of the change in loss upon biasing. The radius of the dashed circle
is increasing with ε, but this is compensated by the magnitude of the
decrease in loss so that biasing improves the estimate for ε � εmin.
See details in the Supplemental Material [21].

M̃(ε)
local as

M̃(ε)
local(ρ) = 3

√
1 − ερ + 1

2

(
1 − 3

√
1 − ε

)
1. (7)

This channel dilates the Bloch sphere by a factor 3
√

1 − ε

and, indeed, for ε = 0 we recover the unbiased channel of
conventional classical shadows.

While the above channel does not converge to the true
state in the infinite-sample limit for fixed (independent of Ns)
ε 	= 0, it allows us to control shot noise (statistical uncer-
tainty) in the finite-sample regime as the variance is decreased
by (1 − ε). As we argue, by choosing the optimal ε as a func-
tion of Ns, we obtain a consistent estimator, which converges
to the unbiased estimate in the infinite-sample limit.

We now show that this trade-off is on average worthwhile
through defining the expected loss as a measure of the average
performance of the biased scheme as

LU (ρ, ε) = EU ,b{tr[(ρ − ρ̂ )2]}. (8)

In Fig. 1, we consider applying the Pauli shadows approach to
estimating local properties of a quantum system and consider
the reduced density matrix of a single qubit. We fix a number
of shots (samples) Ns = 100, a biasing parameter of ε = 0.1,
and the true state ρ on the Z axis of the Bloch sphere. We
calculate the change in loss for a set of averaged classical-
shadow estimates of ρ under biasing by ε. The exterior of the
dashed circle corresponds to estimates where the correspond-
ing biased estimator is actually more accurate in the particular
finite-sample regime than the original, unbiased one. We now
concretely state our analytical result that quantifies the ex-
pected loss for any particular local density matrix.
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Statement 2 (single-shot average-case loss). For a single-
qubit local density matrix ρ = 1

2 [1 + (r · σ)], where U forms
a 2-design, the expected loss for a single sample is

LU (ρ, ε) = 1
2 [‖r‖2 + 9(1 − ε)] − √

1 − ε‖r‖2. (9)

See Supplemental Material (SM) [21] (including
Refs. [22–24]) for the derivation. This is a quadratic
expression in

√
1 − ε and thus attains a minimum value

at
√

1 − εmin = 1
9‖r‖2 as

LU (ρ, εmin) = 1
18‖r‖2(9 − ‖r‖2). (10)

Thus, even if ρ is pure (‖r‖ = 1), it is worth introduc-
ing a strong bias for a single-shot estimator as εmin = 80

81
because it reduces the expected loss to 4/9 from the ex-
pected loss 4 of the unbiased scheme. However, in practice
the qubit is usually part of an entangled (computational)
state (‖r‖ < 1) which guarantees even more significant
gains. In the following sections we explain, however, that
the gain is less pronounced as we increase the number
of shots.

Analyzing worst- and best-case gain. While in Statement
2 we focused on the average performance of biased shadow
tomography, we now analytically predict the performance in
extremal scenarios. In particular, we consider the practically
pivotal task of predicting expected values of local Pauli ob-
servables from the snapshots as tr(Oρ̂) and analyze the worst-
and best-case scenarios. We note that we focus on the mean
estimator, which is then of course the primary component of
the median-of-means estimator [11].

As we will conclude below Eq. (14), our biased estima-
tor yields the least gain in the worst-case scenario that the
quantum state ρ is the eigenstate of the Pauli observable
via tr(Oρ) = +1 (where O is a Pauli string of weight wp

up to ± sign). The reason why we still gain even in this
worst-case scenario is the following: At each shot our estima-
tor tr(Oρ̂) yields the outcome either +1 (when we measure
in a compatible Pauli basis) or 0 (when we measure in an
incompatible basis). This indeed yields a binomial distribu-
tion B(Ns, p) with number of samples Ns and probability
of compatible measurements p = 3−w. As we illustrate in
SM [21], the binomial distribution is not symmetric around
the mean but has a tail, and the mean-squared error on the
right-hand side is higher than the mean-squared error on the
left-hand side—it is thus always worth biasing the estima-
tor by effectively rescaling the estimate. However, as we
increase Ns, the binomial distribution quickly tends to a sym-
metric normal distribution and thus rescaling will not yield
an advantage.

In SM [21] we analytically derive the mean error 〈Ew
n (ε)〉

in the expected value measurement and plot these relative
to the unbiased case in Fig. 2. Indeed, this confirms that (a)
the biased scheme is always advantageous as there is always
an optimal ε (the minimum of the curves indicated using
crosses) for which the relative mean error is smaller than 1.
(b) The advantage of the biased scheme grows exponentially
as we increase the weight of the Pauli string simply because
the contraction of the Bloch sphere is exponential via the
factor 3wp for locality wp while the tail of the distribution
of estimates (via the aforementioned binomial distribution)

FIG. 2. Mean-squared error 〈Ew
n (ε)〉 of the biased scheme rela-

tive to the unbiased one when the aim is to estimate Pauli expected
values of a weight wp observable on an n-qubit state tr(Oρ ). Ana-
lytical expression plotted for the worst-case scenario (O commutes
with ρ) for an increasing number of shots, weight of the Pauli string
(n = wp), and bias parameters ε. There is an optimal ε (crosses at the
minimum of the curves) for which the relative error is minimized.
When w = 1 and Ns = 1000 the minimum is attained outside the
plotted region.

gets exponentially long, i.e., compare blue, orange, and green
lines. (c) The advantage of the biased scheme diminishes as
we increase the numbers of shots.

In contrast, the best-case scenario is attained when the
quantum state is an eigenstate of an operator that anticom-
mutes with the observable which gives us Tr(Oρ) = 0. It
is then clear that biasing, which is equivalent to shrinking
the expectation value is always advantageous as it forces the
estimate to be closer to 0. In SM [21], we give an expression
for the mean error 〈Eb

n (ε)〉 which we numerically compute and
plot confirming that indeed increasing the bias parameter ε

monotonically decreases the expected error.
Relation to variances and quantum mechanical expected

values. In the previous section we analyzed the instances when
the expected values attain the extremal values tr(Oρ) = ±1
and tr(Oρ) = 0, and we now prove that indeed these are the
worst- and best-case scenarios, respectively. For this reason
we consider an arbitrary sample mean estimator R that one
obtains from averaging over Ns samples of a single-shot esti-
mator R̂, and compare R to the corresponding biased estimator
(1 − α)R that one obtains through rescaling with the factor
(1 − α). In order to derive the optimal biasing point, i.e., the
minimum of the curves in Fig. 2 (crosses), we first consider
the mean-squared error (MSE) of the unbiased estimator R
as MSE[R] = Var[R̂]/Ns. We can define and calculate the
signal-to-noise ratio (SNR) of R as

β := E[R]
2

MSE[R]
= E[R̂]

2

Var[R̂]/Ns
. (11)
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The MSE for the biased mean estimator (1 − α)R is then

MSE[(1 − α)R] = α2E[R̂]
2︸ ︷︷ ︸

bias

+ (1 − α)2Var[R̂]/Ns︸ ︷︷ ︸
variance

, (12)

which is minimized at the optimal biasing point α∗ =
(1 + β )−1 as we derive in SM [21]. Through Eq. (11), we
find that the optimal bias parameter approaches α∗ → 0 as
we increase the number of samples Ns → ∞. As such, our
(optimally) biased estimator is actually a consistent estimator,
i.e., it asymptotically approaches an unbiased estimator in the
infinite-sample limit [25].

We can make the following statement at the optimal biasing
point.

Statement 3 (biasing an estimator through rescaling). The
SNR of the optimally biased estimator is βbiased = 1 + β

which always guarantees an improved SNR over the unbiased
estimator β. The relative SNR gain through biasing is given
as

βbiased

β
= 1 + β−1. (13)

As further shown in SM [21], in the case of estimating
Pauli expected values for Pauli shadows, the mean and vari-
ance of the single-shot estimator are given as E[R̂] = tr[Oρ]
and Var[R̂] = 3w − tr[Oρ]2. Hence, the SNR of the unbiased
estimator is given as β = Ns[3w tr[Oρ]−2 − 1]−1 and the fac-
tor of SNR gain by biasing is given by

βbiased

β
= 1 + (3w tr[Oρ]−2 − 1)/Ns. (14)

The maximal and minimal gains are then obtained at
tr[Oρ] = 0 and tr[Oρ] = +1, respectively, which proves our
previous observations on worst- and best-case scenarios.

Let us note that, while the above SNR allows us to rigor-
ously prove that biasing is in principle always advantageous,
the mean-squared error analyzed in the previous section re-
mains the more practical measure and we will use it thereafter.
It is also worth noting that Statement 3 requires us to know the
expectation value E[R̂] exactly—which may not be possible
in practice—in order to predict the optimal biasing point.
Nevertheless, we demonstrate in the following section that bi-
asing is still worthwhile even if we can only have approximate
knowledge of the optimal bias.

Practical demonstration. We consider a potential practical
application whereby one aims to obtain the ground-state en-
ergy of a Hamiltonian H composed of only low-weight (local)
Pauli observables. In an experiment one first prepares the
ground state and collects a set of Pauli shadows from which
the ground-state energy can be predicted in postprocessing.
The significant advantage of classical shadows is that they
allow us to estimate further Pauli strings beyond the Hamil-
tonian terms, without repeating the experiment.

For example, one can consider perturbative corrections to
the Hamiltonian in the form of high-weight Pauli strings P and
predict the expected value of the sum H + P, such as when
computing a first-order correction to the energy in perturba-
tion theory. However, the variance in our example is increased
exponentially due to the high weight of P; this potentially ren-
ders a direct estimation impractical as the increased variance
may bring the SNR down below 1, as we detail in SM [21].

FIG. 3. Illustration of the impact of different biasing strategies.
In blue, we plot the MSE of fifty 8-local observables (whose SNR
is smaller than 1) sorted by how large the error is. While analyti-
cally choosing the optimal bias according to Statement 3 drastically
reduces the error (green), this assumes previous knowledge of the
exact expectation values, which is not available in practice. Through
estimating the optimal bias from experimental data (orange), one still
obtains a significant error reduction.

As we demonstrate, biasing then allows us to significantly
improve upon this potentially low SNR.

As a concrete example we consider a spin-ring
Hamiltonian as

H =
∑

k∈ring(N )

ωkZz
k + Jσk · σk+1, (15)

with coupling J = 0.3, on-site interaction strengths uniformly
randomly generated in the range −1 � ωk � 1 and
σk = (Xk,Yk, Zk )T is a vector of single-qubit Pauli matrices.
We prepare the ground state ρ of a 12-qubit Hamiltonian
through a variational Hamiltonian ansatz of l = 5 layers. We
generate a collection of shadows S(Ns, ρ) with Ns = 106 and
estimate the expected value tr[(H + P)ρ] with respect to
corrections P as w = 8 Pauli observables.

In Fig. 3, we plot the mean-squared error obtained by
averaging over 105 repetitions and consider different 8-local
observables with and without biasing (blue). We consider two
different biasing strategies. First, we analytically choose the
optimal bias parameter α∗ according to Statement 3 (green)
assuming direct access to the exact expected values (which
one does not have access to in practice). Second, we use the
experimentally estimated expected values using shadows to
estimate the optimal biasing point in Statement 3. While the
latter deviates from the exact α∗ due to shot noise, Fig. 3 (or-
ange) clearly demonstrates that the MSE is still significantly
reduced compared to the unbiased scheme. This confirms ro-
bustness against errors in our ability to determine the optimal
bias parameter, i.e., the approach can demonstrably be used
even when the optimal biasing point can only be estimated
from the experimental data.

Discussion and conclusion. In this Letter, we explore
the tradeoff between intentionally introducing a bias into
classical-shadow estimators which in return allows us to
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reduce statistical uncertainties due to finite samples—
ultimately enabling us to achieve the same precision but
using fewer samples. The implementation of the approach is
straightforward, and is performed completely in postprocess-
ing, as it is effectively just a rescaling of the conventional
shadow estimator.

We obtain rigorous analytical guarantees that biasing is, in
principle, always worthwhile given an optimal bias parameter
is known: First, optimal biasing improves the relative loss
of shadow tomography on average. Second, optimal biasing
improves expected value measurements even in the worst-case
scenario and may provide significant gains in other scenarios.
Third, optimal biasing is guaranteed to increase the signal
to noise of any statistical mean estimator. Although the op-
timal bias parameter is not known a priori, we demonstrate
in a practically motivated numerical experiment that an ap-
proximation directly determined form experimental data is
sufficient.

The gain using our biased estimator is more pronounced
for a small number of samples or when Pauli strings of high
weight are predicted. As such, our approach is thus partic-
ularly well suited for practical tasks where only a relatively
low number of shots is available, e.g., estimating gradi-
ents [26–29] or covariances [30] when training variational
circuits or when estimating time-dependent properties [31].
Another particularly interesting application area is quantum
error mitigation [32] whereby prior works aimed at recovering
an unbiased estimator from noisy measurements. Combina-
tions of QEM and classical shadows have similarly been
considered [33,34].

The insights and theoretical results provided in this Letter
may prove invaluable in developing further, more advanced
biased estimators. Given classical information from quantum

systems can only be extracted through statistical estimators,
this work is an important step in the crucial task of developing
applications of quantum computers that have minimal sample
requirements.
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