
Adaptive Timestepping for SDEs
with Non-globally Lipschitz Drift

Wei Fang

St Hugh’s College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

Hilary 2019



2



To my Parents:

Chanlong Fang & Xiaoli Tian

for their unending support and encouragement.



Acknowledgements

I would like to express my gratitude to Prof. Mike Giles for being

my supervisor, mentor and friend, and also for the never-ending and

illuminating discussions and debates on SDEs, MLMC and in general

on maths and life.

Among my fellow DPhil students, I owe many thanks to Zhenru Wang,

Dunhong Jin, Guangyu Xi, and Yixuan Wang for numerous discussions

about maths and life, and reading and commenting on this thesis. I

cannot mention here all the students and other researchers I have had

the chance to talk to and learn about maths. I am grateful to all of

them.

I am thankful to Prof. Endre Suli and Prof. Ben Hambly to be the ex-

aminers of my transfer and confirmation at the Mathematical Institute,

and to Prof. Endre Suli and Prof. Arnulf Jentzen from ETH Zurich to

be the examiners of my viva. I am also grateful to Dr. Howard Thom

from University of Bristol for the cooperation on the EVPPI project

which is my first time to be an independent researcher.

I thankfully acknowledge the partial financial support from the Hubs

for Trials Methodology Research (HTMR) through EVPPI project

and the Engineering and Physical Sciences Research Council (EPSRC)

through the ICONIC project.

Finally, I am deeply grateful to my families for their many forms of

devoted support and in particular to my parents for their love and

unlimited patience.



Statement of Originality

I hereby declare that this thesis contains no material which has been

accepted or is currently being submitted for any other degree, diploma,

certificate or other qualifications at the University of Oxford or else-

where. To the best of my knowledge, this thesis contains no material

previously published and precise reference is made when a previously

published result is used or discussed.

This thesis includes three papers published and two Arxiv papers, the

first one is in Arxiv [22] (Chapter 2); the second one is in Arxiv [23]

(Chapter 3); the summary of the theoretical results of the two Arxiv

papers is in the conference paper [21] and their published version is

accepted in The Annals of Applied Probability [24]; the third paper is

accepted in the Journal of Mathematical Analysis and Applications [25]

(Chapter 4), all of which are co-authored with my supervisor Prof. Mike

Giles.

The remainder of the thesis (Chapter 5) contains one additional unpub-

lished papers, also co-authored with my supervisor Prof. Mike Giles.

The ideas, development and writing up of the thesis, and the papers

included in it, were the principal responsibility of myself, Wei Fang,

working under the supervision of Prof. Mike Giles.



Abstract

In this thesis, we focus on the numerical approximation of SDEs with

a drift which is not globally Lipschitz, and corresponding sensitivity

calculations.

First, we propose an adaptive timestep construction for an Euler-

Maruyama approximation of these SDEs over a finite time interval.

It is proved that if the timestep is bounded appropriately, then over a

finite time interval the numerical approximation is stable, and the ex-

pected number of timesteps is finite. Moreover, we extend this scheme

to ergodic SDEs with contractivity over an infinite time interval and

prove that the bound for moments and the strong error of the numeri-

cal solution are uniform in T , which allow us to introduce the adaptive

multilevel Monte Carlo (MLMC) method to further improve the effi-

ciency.

Next, we apply a new MLMC method for the ergodic SDEs without

contractivity. By introducing a change of measure technique, we simu-

late the paths with contractivity and add the Radon-Nikodym deriva-

tive to the estimator. It is shown that the variance of the new level

estimators increases linearly in T , which is a great reduction compared

with the exponential increase in the standard MLMC.

Lastly, we derive a new pathwise sensitivity estimator for chaotic SDEs

by introducing a spring term between the original and perturbed SDEs.

The variance of the new estimator increases only linearly in time T,

compared with the exponential increase of the standard pathwise es-

timator. We also consider using this estimator for the SDE with

Richardson-Romberg extrapolation on the volatility parameter to ap-

proximate the sensitivities of the invariant measure of chaotic ODEs.

All of the analysis is supported by numerical results.
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Chapter 1

Introduction

Throughout this thesis, we consider an m-dimensional stochastic differential equa-

tion (SDE) driven by a d-dimensional Brownian motion:

dXt = f(Xt) dt+ g(Xt) dWt, (1.1)

for t∈ (0,∞) with a fixed initial value x0, the drift coefficient f : Rm → R
m and

the diffusion coefficient g : Rm → R
m×d.

We assume that the following settings are satisfied. Let T ∈ (0,∞) be a fixed

positive real number, and let (Ω,F ,P) be a probability space with normal filtration

(Ft)t∈[0,T ] for chapter 2 and (Ft)t∈[0,∞) for chapters 3, 4 and 5 corresponding to a

d-dimensional standard Brownian motion Wt = (W (1),W (2), ...,W (d))t.

We denote the vector norm by ‖v‖ = (|v1|2 + |v2|2 + ...+ |vm|2)
1
2 , the inner product

of vectors v and w by 〈v, w〉 = v1w1 + v2w2 + ... + vmwm, for any v, w ∈ Rm and

the Frobenuius matrix norm by ‖A‖ =
√∑

i,j A
2
i,j for all A ∈ Rm×d.

In the following sections, we first introduce the standard theory on globally Lips-

chitz SDEs and their numerical methods, and then consider the SDEs with non-

globally Lipschitz coefficients and their finite time approximations and computa-

tions of ergodic limits, and finally give an overview of this thesis.
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1.1 Standard theory

1.1.1 Globally Lipschitz SDEs & Euler-Maruyama method

The following theorem, which can be found in many textbooks, for example [53],

gives a simple criterion for the existence and uniqueness of strong solutions of

SDEs.

Theorem 1.1.1. Assume that there exist constants K1, K2∈(0,∞) such that

1. (Lipschitz condition) for all x,y ∈ Rm it holds that

‖f(x)− f(y)‖2 ≤ K1‖x− y‖2, ‖g(x)− g(y)‖2 ≤ K1‖x− y‖2; (1.2)

2. (Linear growth condition) for all x ∈ Rm it holds that

‖f(x)‖2 + ‖g(x)‖2 ≤ K2(1 + ‖x‖2). (1.3)

Then, for each real number T ∈ (0,∞), there exists a unique strong solution

(Xt)0≤t≤T to equation (1.1).

Under the globally Lipschitz assumption, one simple and straightforward numer-

ical method is the explicit Euler-Maruyama method [72] using N ∈ N uniform

timesteps. It is given by mappings X̂nh : Ω→ Rm, for any n ∈ {0, 1, ..., N}, h =

T/N, satisfying X̂0 = x0 and

X̂(n+1)h = X̂nh + f(X̂nh)h+ g(X̂nh)∆Wn, (1.4)

where ∆Wn = W(n+1)h − Wnh. For any t ∈ (nh, (n + 1)h), we use the standard

continuous interpolation for X̂t that

X̂t = X̂nh + f(X̂nh)(t− nh) + g(X̂nh)(Wt −Wnh). (1.5)

Kloeden & Platen [58] show the mean square stability of this numerical solution,

that is,

E
[
‖X̂T‖2

]
<∞, (1.6)
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first-order weak convergence, that is,

E
[
XT − X̂T

]
= O(h), (1.7)

and 1
2
-order strong convergence, that is,

E
[
‖XT − X̂T‖2

]1/2

= O(h1/2), (1.8)

which can be used to estimate the error in the simulated terminal value. However,

when considering the estimation of path-dependent functions of (Xt)0≤t≤T , we

show these results in a stronger sense than (1.8), that is the strong mean square

stability of the scheme,

E
[

sup
0≤t≤T

‖X̂t‖2

]
<∞, (1.9)

and the strong convergence that

E
[

sup
0≤t≤T

‖Xt − X̂t‖2

]1/2

= O(h1/2). (1.10)

By the Itô-Taylor expansion, this can be easily extended to higher convergence

order schemes, such as the Milstein method [76].

To estimate E[ϕ(XT )], for some function ϕ, numerically we use an average of N

independent samples ϕ(X̂T (ω(n))) with ω(n) coming from the probability space

(Ω,F ,P)

1

N

N∑
n=1

ϕ(X̂T (ω(n))). (1.11)

The variance of this standard Monte Carlo estimate is N−1V[ϕ(X̂T )]. In order to

achieve ε2 mean square error (MSE), we need O(ε−2) samples. For the explicit

Euler-Maruyama method, the first-order weak convergence requires h = O(ε).

Therefore, the total computational cost of the standard Monte Carlo Euler method

is O(ε−3).
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1.1.2 Multilevel Monte Carlo

One approach to reduce the computational cost is the Multilevel Monte Carlo

(MLMC) method, proposed by Giles in [30, 32]. Instead of direct estimation, a

telescope summation is estimated:

E[ϕ(X̂L
T )] = E[ϕ(X̂0

T )] +
L∑
`=1

E[ϕ(X̂`
T )− ϕ(X̂`−1

T )], (1.12)

where X̂`
T is the estimator using step size M−`h0 for some constant h0 ∈ (0,∞)

and M ∈{2, 3, ...}. The benefit of MLMC is that it can greatly reduce the compu-

tational cost by the following theorem.

Theorem 1.1.2 (Giles [32]). If there exist independent estimators Y` based on N`

Monte Carlo samples, each with expected cost C` and variance V`, and positive

constants α, β, γ, c1, c2, c3 such that α ≥ 1
2

min(β, γ) and

i) |E[ϕ(X̂`)− ϕ(X)]| ≤ c1 2−α`,

ii) E[Y`] =

E[ϕ(X̂0)], ` = 0,

E[ϕ(X̂`)− ϕ(X̂`−1)], ` ∈ {1, 2, ..., L},

iii) V` = V [Y`] ≤ c2 2−β`,

iv) C` ≤ c3 2γ`,

then there exists a positive constant c4 such that for any ε< e−1 there are values

L and N` for which the multilevel estimator

Y =
L∑
`=0

Y` (1.13)

has a mean square error (MSE) with bound

E
[
(Y − E[ϕ(X)])2

]
≤ ε2 (1.14)
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with a computational cost Cmlmc with bound

E[Cmlmc] ≤


c4 ε

−2, β > γ,

c4 ε
−2(log ε)2, β = γ,

c4 ε
−2−(γ−β)/α, β < γ.

(1.15)

We should remark here that MLMC can be applied to any stable numerical scheme,

where α and β can be determined by the weak convergence order and strong con-

vergence order separately. Besides, strong convergence implies weak convergence

in most cases. Therefore, it is crucial to analyse the strong convergence of the

scheme to determine the MLMC complexity.

1.2 Non-globally Lipschitz SDEs

1.2.1 Strong solutions of non-globally Lipschitz SDEs

Although a relatively complete theory for globally Lipschitz SDEs and their ap-

proximations has been established, it is still far from satisfactory since many prac-

tical examples have only locally Lipschitz coefficients. The following theorem, see

Theorem 3.6 in [67], shows an extended criterion for strong existence and unique-

ness of SDEs.

Theorem 1.2.1. Assume the following conditions are satisfied:

(i) (Locally Lipschitz condition) for any R∈(0,∞), there exists a positive constant

CR such that for all x,y ∈ Rm with ‖x‖, ‖y‖ ≤ R it holds that

‖f(x)− f(y)‖+ ‖g(x)− g(y)‖ ≤ CR‖x− y‖; (1.16)

(ii) (One-sided linear growth condition) there exist constants α, β ∈ (0,∞) such

that for all x ∈ Rm it holds that

〈x, f(x)〉+
1

2
‖g(x)‖2 ≤ α‖x‖2 + β. (1.17)
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Then, for each real number T ∈ (0,∞), there exists a unique strong solution

(Xt)0≤t≤T to equation (1.1).

In addition, we introduce the one-sided Lipschitz condition, that is there exists a

constant K∈(0,∞) such that for all x, y ∈ Rm it holds that

〈x− y, f(x)− f(y)〉 ≤ K‖x− y‖2, (1.18)

which facilitates the analysis of the strong convergence order of the numerical

scheme. By taking y = 0 and using the Cauchy-Schwartz inequality, we obtain the

one-sided linear growth condition for f :

〈x, f(x)〉 ≤ K‖x‖2 + 〈x, f(0)〉 ≤ (K +
1

2
)‖x‖2 +

1

2
‖f(0)‖2. (1.19)

The one-sided Lipschitz condition for the drift coefficient and the globally Lip-

schitz diffusion coefficient together imply the one-sided linear growth condition

and the locally Lipschitz condition, and therefore ensure the strong existence and

uniqueness of SDEs.

1.2.2 Ergodicity of SDEs

The stochastic process (Xt)t≥0 satisfying the SDE (1.1) is also a Markov process,

and ergodicity is an important property to investigate. We will introduce some

basic theory about a specific class of ergodic SDEs in [73]: dissipative SDEs.

Assumption 1.2.1 (Dissipativity Condition). There exist constants α, β∈(0,∞)

such that for all x ∈ Rm it holds that

〈x, f(x)〉+
1

2
‖g(x)‖2 ≤ −α‖x‖2 + β. (1.20)

Assumption 1.2.2 (Minorization Condition [73]). The Markov process (Xt)t≥0

with transition kernel Pt(x;A) = P[Xt ∈ A|X0 = x] for any A ∈ B(Rm) the Borel

σ-algebra on Rm, satisfies that for some fixed compact set C,
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1. for some y∗ ∈ int(C) there is, for any δ∈ (0,∞), a t1 = t1(δ) such that for

all x ∈ C it holds that

Pt1(x,Bδ(y∗))∈(0,∞), (1.21)

where Bδ(y∗) denotes the open ball of radius δ centered at y∗.

2. for any t∈(0,∞), the transition kernel Pt(x;A) possesses a continuous den-

sity pt(x, y), precisely

Pt(x,A) =

∫
A

pt(x, y) dy. (1.22)

Theorem 1.2.2 (Mattingly et al. [73]). Let f is locally Lipschitz, g is bounded,

and Assumptions 1.2.1 and 1.2.2 hold, then the solution to the SDE (1.1) has a

unique invariant measure π, and there exist constants l ∈ [1,∞), λ, κ ∈ (0,∞)

such that for any ϕ(x) ≤ α‖x‖2l + β, and for all t∈(0,∞) it holds that

|E[ϕ(Xt)]− π(ϕ)| ≤ κ(1 + ‖X0‖l)e−λt, (1.23)

where π(ϕ) =
∫∞
−∞ ϕ(x) dπ(x).

We should remark here that if the diffusion coefficient g is bounded and non-

degenerate, the work of Has’minskii (1980) [56] implies that the dissipativity con-

dition (1.20) ensures the ergodicity of the SDE (1.1). However, when m 6= d or g

is degenerate, we should check the minorization condition carefully [73].

1.2.3 Examples of non-globally Lipschitz SDEs

In this subsection, following the format of Hutzenthaler et al. [47], we give some

important examples of non-globally Lipschitz SDEs arising from different research

areas.
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1. Stochastic Ginzburg-Landau equation

This describes a phase transition from the theory of superconductivity [47]:

dXt =

((
η +

1

2
σ2

)
Xt − λX3

t

)
dt+ σXt dWt, X0 = x0∈(0,∞), (1.24)

where η ∈ [0,∞), λ, σ∈(0,∞). It has analytical solution:

Xt =
x0 exp(ηt+ σWt)√

1 + 2x2
0λ
∫ t

0
exp(2ηs+ 2σWs)ds

. (1.25)

The drift coefficient is one-sided Lipschitz continuous and satisfies the one-

sided linear growth and dissipativity conditions. The diffusion coefficient is

globally Lipschitz continuous.

2. Stochastic Verhulst equation

This is a model for a population with competition between individuals [47]:

dXt =

((
η +

1

2
σ2

)
Xt − λX2

t

)
dt+ σXt dWt, X0 = x0∈(0,∞), (1.26)

where η, λ, σ∈(0,∞). It has analytical solution:

Xt =
x0 exp(ηt+ σWt)

1 + x0λ
∫ t

0
exp(ηs+ σWs)ds

. (1.27)

The drift coefficient is locally Lipschitz continuous and the diffusion coef-

ficient is globally Lipschitz continuous. The drift coefficient satisfies the

one-sided linear growth and dissipativity conditions since Xt is positive.

3. Feller diffusion with logistic growth

The branching process with logistic growth is a stochastic Verhulst equation

with Feller noise [47]:

dXt = λXt(K −Xt) dt+ σ
√
Xt dWt, X0 = x0∈(0,∞), (1.28)

where λ,K, σ ∈ (0,∞). The drift coefficient is locally Lipschitz continuous

and satisfies a one-sided linear growth condition and dissipativity condition

providedXt is positive, but the diffusion coefficient is only Hölder continuous.
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4. Ohta-Kimura model

This is a population model with two types, fixed total population and random

selection [45]:

dXt = σXt(1−Xt) dWt, X0 = x0∈(0, 1), (1.29)

where σ ∈ (0,∞). The diffusion coefficient is locally Lipschitz continuous

but does not satisfy the one-sided linear growth condition. However, we can

perform a transformation by taking Yt = logXt − log(1−Xt), which yields

that

dYt =
σ2

2

eYt − 1

eYt + 1
dt+ σ dWt, (1.30)

and this SDE has a globally Lipschitz drift and a constant diffusion coeffi-

cient.

5. Volatility Process

This is a general model for a stochastic volatility process [46]:

dXt = [δ + γXt − α(Xt)
a] dt+ β(Xt)

b dWt, (1.31)

where a ∈ [1,∞), b ∈ [1
2
,∞), α, β∈(0,∞), γ ∈ R, δ ∈ [0,∞), satisfying

a+ 1 ≥ 2b; if b =
1

2
, δ ≥ β2

2
. (1.32)

The drift coefficient is locally Lipschitz continuous, but the diffusion coeffi-

cient is Hölder continuous and it does not usually satisfy the one-sided linear

growth condition for general a and b.

6. Stochastic van der Pol oscillator

This describes state oscillation [46]:

dX
(1)
t = X

(2)
t dt,

dX
(2)
t =

[
α
(
γ − (X

(1)
t )2

)
X

(2)
t − δX

(1)
t

]
dt+ β dWt,

(1.33)

where α, γ, δ, β∈ (0,∞). The drift coefficient is not one-sided Lipschitz con-

tinuous but satisfies the locally Lipschitz condition and the one-sided linear

growth condition. The diffusion coefficient is constant.
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7. Stochastic Duffing-van der Pol oscillator

The Duffing equation is a further model for an oscillator. The Duffing-van

der Pol equation unifying both the Duffing equation and the van der Pol

equation has been used in certain aeroelasticity problems [46]:

dX
(1)
t =X

(2)
t dt,

dX
(2)
t =

[
α1X

(1)
t − α2X

(2)
t − α3X

(2)
t (X

(1)
t )2 − (X

(1)
t )3

]
dt

+ β1X
(1)
t dW

(1)
t + β2X

(2)
t dW

(2)
t + β3 dW

(3)
t ,

(1.34)

where α1, α2, α3, β1, β2, β3 ∈ R. The drift coefficient is not one-sided Lipschitz

continuous and even fails to satisfy the one-sided linear growth condition.

The diffusion coefficient is globally Lipschitz continuous.

8. Stochastic Lorenz equation

This is a three-dimensional system modelling convection rolls in the atmo-

sphere [46]:

dX
(1)
t =

[
α1X

(2)
t − α1X

(1)
t

]
dt+ β1X

(1)
t dW

(1)
t ,

dX
(2)
t =

[
α2X

(1)
t −X

(2)
t −X

(1)
t X

(3)
t

]
dt+ β2X

(2)
t dW

(2)
t ,

dX
(3)
t =

[
X

(1)
t X

(2)
t − α3X

(3)
t

]
dt+ β3X

(3)
t dW

(3)
t ,

(1.35)

where α1, α2, α3, β1, β2, β3 ∈ R. The drift coefficient is not one-sided Lipschitz

continuous but satisfies the global one-sided linear growth condition. The

diffusion coefficient is globally Lipschitz continuous.

9. Stochastic Brusselator in the well-stirred case

This is a model for a trimolecular chemical reaction [46]:

dX
(1)
t =

[
δ − (α + 1)X

(1)
t +X

(2)
t (X

(1)
t )2

]
dt+ g1(X

(1)
t ) dW

(1)
t ,

dX
(2)
t =

[
αX

(1)
t −X

(2)
t (X

(1)
t )2

]
dt+ g2(X

(2)
t ) dW

(2)
t ,

(1.36)

where δ, α ∈ R. The drift coefficient is not one-sided Lipschitz continuous

and even fails to satisfy the one-sided linear growth condition. The diffusion

coefficient g is usually globally Lipschitz continuous.
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10. Wright Fisher diffusion

The Wright-Fisher family of diffusion processes is a class of evolutionary

models widely used in population genetics, with applications also in finance

and Bayesian statistics:

dXt = (a− bXt) dt+ γ
√
|Xt(1−Xt)| dWt, X0 = x0∈(0, 1), (1.37)

where a, b, γ∈(0,∞) and if 2a/γ2 ∈ [1,∞), 2(b− a)/γ2 ∈ [1,∞). This SDE

has a unique strong solution with

P [Xt∈(0, 1), t > 0] = 1. (1.38)

The drift coefficient is globally Lipschitz continuous but the diffusion coeffi-

cient is not even locally Lipschitz continuous, though it satisfies the one-sided

linear growth condition. However, we can perform a transformation by tak-

ing Yt = logXt − log(1−Xt), which yields that

dYt =

(
2a− b+ (a− 1

2
γ2)e−Yt + (a− b+

1

2
γ2)eYt

)
dt

+ γ
(
e
Yt
2 + e−

Yt
2

)
dWt.

(1.39)

By this transformation, we can see that the condition for a, b, γ can ensure

that the coefficient of eYt is negative and the coefficient of e−Yt is positive

and satisfies the one-sided linear growth condition.

11. Constant Elasticity of Variance (CEV)

The CEV model is a stochastic volatility model, which attempts to capture

stochastic volatility and the leverage effect. The model is widely used by

practitioners in the financial industry, especially for modelling equities and

commodities [1]:

dXt = µXt dt+ σ(X+
t )p dWt, (1.40)

where p ∈ [1
2
, 1), µ ∈ R, σ ∈ (0,∞) and X+

t is the positive part of Xt. It

features a non-Lipschitz diffusion coefficient and gets absorbed at zero with

a positive probability.
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12. Stochastic Langevin equation

The stochastic Langevin SDEs describe the position q and momentum p of

a particle of unit mass in a damped-driven Hamiltonian system [78], namely

dq = p dt,

dp = −γp dt−∇F (q) dt+ σ dWt,
(1.41)

where γ, σ ∈ (0,∞). There is another special class of Langevin equations

described by its invariant measure:

dXt =
1

2
∇ log π(Xt) dt+ dWt, (1.42)

where π is the probability density function of the invariant measure.

13. FENE model

FENE stands for the Finitely Extensible Nonlinear Elastic model of a long-

chained polymer. It simplifies the chain of monomers by connecting a se-

quence of beads with nonlinear springs. The spring force law is governed by

an inverse Langevin function or approximated by the Warner’s relationship

[35]:

dXt = − 4µ

1− ‖Xt‖2
Xt dt+ 2 dWt, ‖X0‖ < 1, (1.43)

where µ∈ (0,∞) is a constant and Wt is a 3-dimensional Brownian motion.

The drift term ensures that for all t ∈ (0,∞) it holds that ‖Xt‖ < 1 as is

shown in [6] and satisfies 〈x, f(x)〉 ≤ 0.

1.3 Numerical methods

Globally Lipschitz continuity and linear growth on both the drift coefficient f

and the diffusion coefficient g imply the stability and strong convergence of the

explicit Euler-Maruyama scheme (1.4). It has been shown to be divergent in the

strong Lp-sense and the weak sense to the exact solution for super-linearly growing
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coefficients by Hutzenthaler, Jentzen & Kloeden in [47]. For example, for the scalar

SDE

dXt = −X3
t dt+ dWt, (1.44)

it has been shown that for any p ∈ [1,∞) it holds that

lim
h→0

E
[
‖XT − X̂T‖p

]
=∞. (1.45)

In the following subsections, we review the existing numerical methods for non-

globally Lipschitz SDEs with uniform timesteps, the variable timestep schemes for

SDEs and the numerical methods for ergodic SDEs.

1.3.1 Uniform timestep

A good fundamental work on the numerical solutions for non-globally Lipschitz

SDEs is an instructive conditional result by Higham, Mao & Stuart in [42]: by

assuming the boundedness of the p-th moment of the exact solution and the nu-

merical solution, strong convergence of Euler-type schemes for locally Lipschitz

coefficients has been proved. With the one-sided Lipschitz condition and poly-

nomial growth condition on drift, and Lipschitz condition on diffusion coefficient,

they also show the stability and the standard strong convergence order for two

implicit schemes:

The split-step backward Euler method (SSBE)is

X̂∗nh = X̂nh + f(X̂∗nh)h,

X̂(n+1)h = X̂∗nh + g(X̂∗nh) ∆Wn, (1.46)

and the drift-implicit backward Euler method (BEM) is

X̂(n+1)h = X̂nh + f(X̂(n+1)h)h+ g(X̂nh) ∆Wn. (1.47)

Mao & Szpruch [71] proved the strong convergence of BEM for the SDEs with

dissipative drift and diffusion coefficient with polynomial growth. In [70], they

also proved that the implicit θ-Euler method

X̂(n+1)h = X̂nh + θf(X̂(n+1)h)h+ (1−θ)f(X̂nh)h+ g(X̂nh) ∆Wn, (1.48)
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converges strongly for 1
2
≤ θ ≤ 1 under more general conditions, which permit a

non-globally Lipschitz diffusion coefficient.

However, except for some special cases, implicit methods can require significant

additional computational costs, especially for multi-dimensional SDEs; therefore,

a stable explicit method is desired. Milstein & Tretyakov proposed a general

approach, which discards approximate paths that cross a sphere with a sufficiently

large radius R [77]. However, it is not easy to quantify the errors due to R. The

explicit tamed Euler method proposed by Hutzenthaler, Jentzen & Kloeden [48] is

X̂(n+1)h = X̂nh +
f(X̂nh)

1+C h‖f(X̂nh)‖
h+ g(X̂nh) ∆W n, (1.49)

for some fixed constant C∈(0,∞). They prove both stability and the standard or-

der 1
2

strong convergence. This approach has been extended to the tamed Milstein

method by Wang & Gan [105], proving order 1 strong convergence for SDEs with

commutative noise, and by Sabanis [90] to the case of superlinearly growing diffu-

sion coefficient satisfying a Khasminskii-type condition. Next, Mao [68] proposes

a truncated Euler method which has the form

X̂(n+1)h = X̂nh + f
(

min(K‖X̂nh‖−1, 1) X̂nh

)
h

+ g
(

min(K‖X̂nh‖−1, 1) X̂nh

)
∆W n. (1.50)

By making K a function of h, strong convergence is proved for SDEs satisfying

the Khasminskii-type condition; in [69] it is proved the order of convergence is

arbitrarily close to 1
2
. This approach has also been extended to the truncated

Milstein method by Guo et al. [40] for SDEs with commutative noise.

Finally, we mention the projected schemes by Beyn, Isaak & Kruse [9, 10], the

balanced schemes by Tretyakov & Zhang [99], the semi-tamed Euler method by

Zong, Wu & Huang [107], and the stopped Euler method by Liu & Mao [66]. We

refer to [7] for a comprehensive summary of the numerical methods for the SDEs

and SPDEs with superlinearly growing nonlinearity.
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1.3.2 Adaptive timestep

There have been two main kinds of variable timestep schemes for SDEs.

One, following the adaptive idea in ODE discretizations, is to choose the step size

by estimating the local error for each time step. Gaines & Lyons [28] show that to

guarantee the convergence of this kind of variable timestep scheme, a strong order

of at least one is needed. They estimate the error propagation by running a sample

path with a timestep which is small enough, and then do the approximation by

halving and doubling the timestep based on the estimated local error. Mauthner

[74] uses the stochastic Runge-Kutta method (SRK) and estimates the local error

by the difference between the approximations of the fine and coarse paths. Bur-

rage & Burrage [12] extend the halving and doubling strategy to general variable

timestep and Burrage, Herdiana & Burrage [13] introduce proportional integral

control to estimate the stepsize. Valinejad & Hosseini [101] propose two local

error estimates based on drift and diffusion coefficients respectively.

All the schemes above show point-wise convergence in the sense of the final point

value ‖X̂T − XT‖ → 0, which is relatively stronger than strong convergence we

defined before. The reason is that they are mainly concerned with the Stratonovich

SDEs to describe the evolution of a physical system and need to investigate the

approximation for a single path with given Brownian path.

Lamba [59], Lamba & Seaman [61], and Lamba, Mattingly & Stuart [60] continue

to use the local error estimation but analyse the scheme in the mean-square sense.

Römisch & Winkler [87] estimate the local error for all the paths simultaneously

to choose the timestep but use a semi-implicit method to treat the general drift

and small diffusion. Ilie, Jackson & Enright [50] develop a cheaper way to estimate

the local error for globally Lipschitz coefficients.

All of this kind of schemes based on local error estimation are hard to extend to

MLMC. Besides, the main difficulty for this kind of scheme is that, when rejection

of step size is allowed, the solution should remain on the same Brownian path,

otherwise a bias will be introduced. One approach to solving it is to introduce the

a Brownian bridge, which increases the complexity. However, from the view point
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of the Itô integral, it is not reasonable to choose the current timestep based on

future information.

Another kind of variable timestep scheme is setting the timestep in advance us-

ing all the available information and avoiding the rejection. Hofmann, Müller–

Gronbach & Ritter [43, 44] introduce a conditional Hölder constant and set the

timestep to be proportional to the inverse of the constant using the Euler and

Milstein scheme respectively. Müller–Gronbach [79] achieves the asymptotically

optimal pointwise approximation of SDEs. However, all three schemes assume

the globally Lipschitz continuity of the coefficients. Kelly & Lord [55] propose an

adaptive strategy for the timestep function, but the scheme is not a pure adap-

tive scheme but an adaptive tamed scheme, which imposes a lower bound for the

timestep and uses a tamed Euler scheme in extreme cases.

1.3.3 Ergodic methods

For ergodic SDEs, evaluating the expectation of some function ϕ(x) with respect

to that invariant measure π is of great interest in mathematical biology, physics

and Bayesian inference in statistics. For any ϕ ∈ L1(π), it holds that

π(ϕ) =

∫
ϕ(x) dπ(x) = lim

t→∞
E [ϕ(Xt)] . (1.51)

Several different methodologies have been developed to estimate it.

First Approach

First, we can compute the probability density function ρ(x) of π by solving the cor-

responding stationary Fokker-Planck equation, see [91]. However, the stationary

Fokker-Planck equation is a partial differential equation (PDE) and its numerical

solution becomes extremely expensive when the dimension of the PDE becomes

large.
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Second Approach

The second approach is based on the ergodicity of the SDEs, that is

lim
T→∞

1

T

∫ T

0

ϕ(Xt) dt = π(ϕ), a.s., (1.52)

where the limit does not depend on initial value x0. This approach uses discretized

numerical schemes to approximate the SDEs and requires the numerical solution

X̂t to preserve the ergodicity. In practice, we can choose a sufficiently large N and

compute

1

N

N∑
n=1

ϕ(X̂nh), (1.53)

where X̂nh is the numerical solution at the nth discretized time point using an

ergodic method with a uniform timestep h. Under the dissipativity condition (1.20)

together with the globally Lipschitz condition for f , Talay [93] shows the standard

weak convergence order for the Milstein method

lim
N→∞

1

N

N∑
n=1

ϕ(X̂nh) =

∫
ϕ(x) dπ(x) +O(h). (1.54)

Roberts & Tweedie in [86] analyse the ergodicity of the unadjusted Langevin al-

gorithm for the Langevin equation, which has a uniform diffusion coefficient and

satisfies the dissipativity condition (1.20). This scheme corresponds to the stan-

dard Euler-Maruyama method

X̂(n+1)h = X̂nh + f(X̂nh)h+ ∆Wn, (1.55)

using a uniform timestep of size h with Brownian increments ∆Wn. The paper

shows that the numerical solution is not ergodic when f has a polynomial degree

larger than 1. A Metropolis-adjusted Langevin algorithm (MALA) is introduced

by adding an accept/reject step to correct the empirical distribution to the target

distribution, but the numerical solutions are still not exponentially ergodic for

non-linear drift f. For non-globally Lipschitz drift, they propose without proof

the Metropolis-adjusted Langevin truncated algorithm (MALTA) by bounding the

drift with a large positive constant D.
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For globally Lipschitz SDEs satisfying the dissipativity condition (1.20), the stan-

dard Euler-Maruyama method is shown in [73] to inherit ergodicity provided the

timesteps are sufficiently small. However, the standard Euler-Maruyama method

and the Milstein method fail to be stable for non-globally Lipschitz ergodic SDEs.

The split-step backward Euler method (1.46) and the drift-implicit backward Euler

method (1.47) are proved to be ergodic in [73]. Talay [94] showed the ergodicity

of the implicit Euler method for non-globally Lipschitz stochastic Hamiltonian

systems.

Under the same conditions, Hansen in [41] considers the local linearization of the

drift coefficient, that is the first-order Taylor approximation of X̃t: given X̃nh = x,

for any t ∈ [nh, (n+ 1)h),

dX̃t = (f(x) +∇f(x)(X̃t − x)) dt+ dWt, (1.56)

which is an Ornstein-Uhlenbeck diffusion and we can calculate the analytical con-

ditional distribution of X̃(n+1)h. However, this analytical treatment only applies

when the diffusion coefficient is uniform.

An adaptive timestepping algorithm proposed by Lamba, Mattingly & Stuart in

[60] chooses the step size by halving or doubling based on local error estimation

and a user-input tolerance τ . More precisely,

X̂∗tn = X̂tn + f(X̂tn)hn

X̂tn+1 = X̂∗tn + g(X̂tn) ∆Wn

(1.57)

where hn = 2−knhmax satisfies

hn ≤ min(2hn−1, hmax), kn = min(k ∈ Z : |f(X̂∗tn)− f(X̂tn)| ≤ τ). (1.58)

This scheme is proved to preserve the ergodicity of the original SDE under the

dissipativity condition (1.20) and boundedness and invertibility of the diffusion

coefficient g. Lemaire [64] considers an infinite time interval under the dissipativity

condition generated by a general Lyapunov function using a timestep with an

upper bound which decreases towards zero over time, and proves convergence

of the empirical distribution to the invariant distribution of the SDE. Pagès &
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Panloup [82] extend this scheme to a weighted multilevel estimator using the idea

of multilevel Richardson-Romberg extrapolation introduced in [65].

Brosse et al. [11] introduce the tamed unadjusted Langevin method, which extends

the finite time tamed Euler method to an infinite time interval. With the dissi-

pativity condition, the convergence to the invariant measure in V -total variation

norm and Wasserstein distance are proved.

Third Approach

Finally, without requiring the ergodicity of the scheme, for exponentially ergodic

SDEs, we can choose a sufficiently large T such that

|E[ϕ(XT )]− π(ϕ)| ≤ ε. (1.59)

Then, for this fixed T, we can use of all the methods mentioned in the previous

subsections to estimate E[ϕ(XT )]. Milstein & Tretyakov [78] analyse the error

of this kind of approach based on their quasi-symplectic method. In practice,

a suitable choice of initial data is important because the transition period to a

sufficient proximity of the equilibrium can be rather long. Therefore, running a

small number of pioneer paths can be employed to obtain a good initial distribution

for the overwhelming majority of simulations.

We should remark here that the first PDE approach is far too expensive in high

dimensions. The second time-averaging approach (1.52) requires the numerical

methods to preserve the ergodicity but the third approach does not. The length

of the time interval [0, T ] used in the time-averaging approach is much longer

than the third approach, for it needs not only to ensure that the distribution of

X̂T is sufficiently close to the invariant measure π, but also to guarantee a small

variance for the average. Therefore, the second approach needs to simulate a

single long path but the third one needs to simulate a lot of relatively short paths,

which allows multilevel Monte Carlo (MLMC) and parallel computing techniques
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to be employed. One important concern about the third approach is that in the

numerical analysis of existing algorithms in the case of a finite time interval [0, T ],

the strong error increases exponentially as T increases. This is not acceptable

when we need to simulate for a much larger T and it will be a key concern in this

thesis. The final issue about the second and third approaches is how to choose a

good T such that the weak error is bounded appropriately.

1.4 Overview of the thesis

In this thesis, we propose instead to use the standard explicit Euler-Maruyama

method, but with an adaptive timestep hn which is a function of the current

approximate solution X̂tn . The idea of using an adaptive timestep comes from

considering the divergence of the uniform timestep method for the SDE (1.44).

When there is no noise, the requirement for the explicit Euler approximation of the

corresponding ODE to have a stable monotonic decay is that its timestep satisfies

h < X̂−2
tn . An intuitive explanation for the instability of the uniform timestep

Euler-Maruyama approximation of the SDE is that there is always a very small

probability of a large Brownian increment ∆W n which pushes the approximation

X̂tn+1 into the region h>2 X̂−2
tn+1

leading to an oscillatory super-exponential growth.

Using an adaptive timestep avoids this problem.

In addition, we are concerned with strong convergence, not weak convergence,

because our interest is in using the numerical approximation as part of a multi-

level Monte Carlo (MLMC) computation [30, 32] for which the strong convergence

properties are key in establishing the rate of decay of the variance of the multilevel

correction. Usually, MLMC is used with a geometric sequence of time grids, with

each coarse timestep corresponding to a fixed number of fine timesteps. However,

it has been shown that it is not difficult to implement MLMC using the same

driving Brownian path for the coarse and fine paths, even when they have no time

points in common [35].
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In chapter 2, it is proved that if the timestep is bounded appropriately, then over

a finite time interval the numerical approximation is stable, and the expected

number of timesteps is finite. Furthermore, the order of strong convergence is

the same as usual, i.e. order 1/2 for SDEs with a non-uniform globally Lipschitz

diffusion coefficient, and order 1 for Langevin SDEs with unit diffusion coefficient

and a drift with sufficient smoothness.

Paper [35] also provides another motivation for this thesis, the analysis of the

invariant distribution of Langevin equations with a drift −∇V (Xt) where V (x) is

a potential function which comes from the modelling of molecular dynamics. [35]

considers the FENE model (13) which in the case of a molecule with a single bond

has a 3D potential −µ log(1−‖x‖2). Considerations of stability and accuracy lead

to the use of a timestep of the form δ (1−‖X̂n‖)2/max(2µ, 36), for some δ ∈ (0, 1].

Because of this, we pay particular attention to the case of ergodic SDEs satisfying

the dissipativity condition.

In chapter 3, we extend the adaptive scheme proposed to the ergodic SDEs with a

drift which is not globally Lipschitz but contractive over an infinite time interval.

The benefit of contractivity is that it ensures that two solutions to the SDE starting

from different initial data but driven by the same Brownian motion, will come

together exponentially. For numerical schemes, this means the error made on

previous time steps will decay expoentially. By setting a suitable condition for h,

we can show that, instead of an exponential bound, the numerical solution has a

uniform bound with respect to T for both moments and the strong error. Then,

MLMC methodology [30, 32] is employed and non-nested timestepping is used to

construct an adaptive MLMC [35]. Following the idea of Glynn and Rhee [38] to

estimate the invariant measure of some Markov chains, we introduce an adaptive

MLMC algorithm for the infinite interval, in which each level ` has a different time

interval length T`, to achieve a better computational performance. Note that using

different time interval lengths allows us not to worry how to choose an appropriate

T before simulation. The MLMC algorithm will automatically terminate at a level

L with a sufficiently large TL. With the contractivity, the optimal computational

cost to achieve mean square error O(ε2) for the expectation with respect to the
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invariant measure of the ergodic SDEs is O(ε−2), compared with O(ε−3| log ε|) for

the standard Monte Carlo method.

However, a larger class of SDEs satisfying the dissipativity condition does not sat-

isfy the contractivity condition and instead only satisfies the one-sided Lipschitz

condition. Without the contractivity, the strong error may increase exponentially

with respect to T. Then the multilevel correction variances V` also increase ex-

ponentially, which, as shown in Theorem 4.2.5, increases the total computational

cost to O(ε−2− κ
2λ∗ | log ε|), where κ is the Lyapunov exponent of the system and λ∗

is the exponential convergence rate to the invariant measure. For some SDEs with

a chaotic property, the Lyapunov exponent κ can be sufficiently large such that
κ

2λ∗
≥ 1 and MLMC loses its advantage over the standard Monte Carlo method.

In chapter 4, a change of measure technique is employed to deal with SDEs with

f satisfying the one-sided Lipschitz condition : there exists a constant λ∈ (0,∞)

such that for any x, y ∈ Rm it holds that

〈x−y, f(x)−f(y)〉 ≤ λ ‖x−y‖2. (1.60)

and g is an identity matrix. The key feature of this class of SDEs, especially

the chaotic SDEs, is that the behaviour of solutions is highly sensitive to initial

conditions and the difference between the fine path and coarse path will increase

exponentially. An intuitive way to avoid this kind of divergence is by adding a

spring between the fine path and coarse path to draw them closer to each other.

Mathematically, instead of simulating the fine path and coarse path of the original

SDEs, that is, in their separated path spaces with different measures

Qf : dXf
t = f(Xf

t ) dt+ dWQf
t ,

Qc : dXc
t = f(Xc

t ) dt+ dWQc
t , (1.61)

we add a spring term with spring coefficient S > λ
2

for both fine path and coarse

path for all ` ∈ {1, 2, ..., L}, and simulate the fine path and coarse path in the

same probability measure P, that is,

dY f
t = S(Y c

t − Y
f
t ) dt+ f(Y f

t ) dt+ dW P
t ,

dY c
t = S(Y f

t − Y c
t ) dt+ f(Y c

t ) dt+ dW P
t . (1.62)
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Girsanov’s theorem implies that

EQf [Xf
t ]− EQc [Xc

t ] = EP
[
Y f
t

dQf

dP
− Y c

t

dQc

dP

]
, (1.63)

where dQf
dP and dQc

dP are the corresponding Radon-Nikodym derivatives of the mea-

sure Qf on the fine path space and measure Qc on the coarse path space with

respect to the P measure in which we are simulating both paths. In practice,

we will derive the Radon-Nikodym derivative exactly for the numerical solution

instead of numerically approximating the derivatives above. In the new MLMC

scheme, essentially, the fine path Y f
t and coarse path Y c

t share the same driving

Brownian motion Wt in measure P. Correspondingly, the Brownian motions for

the original SDEs

dWQf
t = S(Y c

t − Y
f
t ) dt+ dW P

t ,

dWQc
t = S(Y f

t − Y c
t ) dt+ dW P

t , (1.64)

are slightly different in measure P, which is different from the standard MLMC.

The benefit of this change is that the difference between the new simulated SDEs

satisfies

d(Y f
t − Y c

t ) = 2S(Y c
t − Y

f
t ) dt+ (f(Y f

t )− f(Y c
t )) dt, (1.65)

and provided S > λ
2
, Ito’s formula and the one-sided Lipschitz condition (1.60)

ensures that

d ‖Y f
t − Y c

t ‖2 ≤ 2(λ− 2S)‖Y f
t − Y c

t ‖2 dt, (1.66)

which will recover the contractivity between the fine and coarse paths. Note that

the choice of the simple form of the spring term is motivated by this intuitive

explanation and makes it easy to prove that contractivity is recovered. It also

works well in practice, but we do not claim it is optimal and further research is

required to investigate and analyse possible improvements. Due to the contrac-

tivity, we can prove that the strong difference between the coarse and fine paths

is uniformly bounded with respect to T . More importantly, we can show that,

together with the Radon-Nikodym derivatives, the variance of the new MLMC

correction estimator increases only linearly in T, which is a great improvement

compared with the exponential increase without the change of measure. The total
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computational cost can be reduced to O(ε−2| log ε|2), where the order is indepen-

dent of the convergence rate λ∗ of the original SDE and the Lyapunov exponent

κ. We provide the numerical analysis only for the case of a globally Lipschitz drift

but this scheme works well for SDEs with non-globally Lipschitz drift such as the

stochastic Lorenz equation which is only locally one-sided Lipschitz. Furthermore,

we extend this scheme to the computation of mean exit times for multi-dimensional

SDEs and associated functionals corresponding to solutions to high-dimensional

parabolic PDEs.

In chapter 5, continuing with the estimation for the expectation with respect to the

invariant measure, we consider the computation of the sensitivities of the quantity

with respect to the parameters of the chaotic system, which are of great interest

and are helpful for calibrations and further considerations in real-world applica-

tions, such as aerodynamic shape optimization [51], statistics and weather forecast

[96]. However, the computations of the sensitivities for both ODEs and SDEs are

difficult due to the chaotic property. A small perturbation of the coefficient re-

sults in a large divergence of two solutions. Lea, Allen & Haine [62] use the Lorenz

equation (ODE) as an example to illustrate the failure of the pathwise sensitivity

method due to the blow-up of the variation process. A similar problem remains

for the stochastic Lorenz equation. The variation process may become not ergodic

and blow up exponentially, even though the chaotic system itself is ergodic, see

section 5.4 for detailed numerical results.

Similarly to chapter 4, by introducing a spring term between the original and

perturbated SDEs, we derive a new pathwise sensitivity estimator by importance

sampling. The variance of the new estimator increases only linearly in time T,

compared with the exponential increase of the standard pathwise estimator. We

compare our estimator with the Malliavin estimator and extend both of them to

the Multilevel Monte Carlo method with the change of measure technique intro-

duced in the previous chapter, which further improves the computational efficiency.

Lastly, we also consider using this estimator for the SDE with small uniform diffu-

sion coefficient to approximate the sensitivities of the invariant measure of chaotic

ODEs using Richardson-Romberg Extrapolation.
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Finally, in chapter 6, we summarize the thesis and discuss possible directions for

future research.

25



Chapter 2

Finite time interval

This chapter is an extended version of the Arxiv paper [22]. In this chapter, we

introduce our adaptive scheme on a finite time interval. The rest of this chap-

ter is organised as follows. Section 1 states the main theorems and proves some

minor lemmas. Section 2 has a number of example applications, many from [46],

illustrating how suitable adaptive timestep functions can be determined. It also

presents some numerical results comparing the performance of the adaptive Euler-

Maruyama method to other methods. Section 3 contains the proofs of the three

main theorems. Finally, section 4 concludes this chapter.

2.1 Adaptive algorithm and theoretical results

2.1.1 Adaptive Euler-Maruyama method

The adaptive Euler-Maruyama discretisation is

tn+1 = tn + hn, X̂tn+1 = X̂tn + f(X̂tn)hn + g(X̂tn) ∆W n, (2.1)
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where hn = h(X̂tn) and ∆W n = Wtn+1−Wtn , and there is fixed initial datum

t0 =0, X̂0 =x0.

One key point in the analysis is to prove that tn strictly increases without bound as

n increases. More specifically, the analysis proves that for any T ∈ (0,∞), almost

surely for each path there exists an integer N ∈ {0, 1, 2, ...} such that tN≥T .

We use the notation t = max{tn : tn ≤ t}, nt = max{n : tn ≤ t} for the nearest

time point before time t, and its index.

We denote the piecewise constant interpolant process X t = X̂t and also use the

standard continuous interpolant [58] as that satisfying

X̂t = X̂t + f(X̂t)(t−t) + g(X̂t)(Wt−Wt), (2.2)

so that X̂t is the solution of the SDE

dX̂t = f(X̂t) dt+ g(X̂t) dWt = f(X t) dt+ g(X t) dWt. (2.3)

In the following subsections, we state the key results on stability and strong con-

vergence, and related results on the number of timesteps, introducing various as-

sumptions as required for each. The main proofs are deferred to Section 2.3.

2.1.2 Stability

Assumption 2.1.1 (Locally Lipschitz and linear growth). Assume that f and g

are both locally Lipschitz. Furthermore, assume that there exist constants α, β ∈

[0,∞) such that for all x ∈ Rm, f satisfies the one-sided linear growth condition

〈x, f(x)〉 ≤ α‖x‖2 + β, (2.4)

and g satisfies the linear growth condition

‖g(x)‖2 ≤ α‖x‖2 + β. (2.5)
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Together, (2.4) and (2.5) imply the one-sided linear growth condition for f and g :

〈x, f(x)〉+ 1
2
‖g(x)‖2 ≤ 3

2
(α‖x‖2+β), (2.6)

which is a key assumption in the analysis of Mao & Szpruch [70] and Mao [68] for

SDEs with volatilities which are not globally Lipschitz. However, in our analysis

we choose to use this slightly stronger assumption than (2.6), which provides the

basis for the following lemma on the stability of the SDE solution.

Lemma 2.1.1 (SDE stability). If the SDE satisfies Assumption 2.1.1, then for

all p ∈ (0,∞) it holds that

E
[

sup
0≤t≤T

‖Xt‖p
]
<∞. (2.7)

Proof of Lemma 2.1.1. The proof is given in Lemma 3.2 in [42]; the statement of

that lemma makes stronger assumptions on f and g, corresponding to (2.17) and

(2.18), but the proof only uses the conditions in Assumption 2.1.1. This completes

the proof of Lemma 2.1.1.

We now specify the critical assumption about the adaptive timestep.

Assumption 2.1.2 (Adaptive timestep). The adaptive timestep function h :

Rm → (0,∞) is continuous and strictly positive, and there exist constants α, β ∈

(0,∞) such that for all x ∈ Rm, h satisfies the inequality that

〈x, f(x)〉+ 1
2
h(x) ‖f(x)‖2 ≤ α‖x‖2 + β. (2.8)

Note that if another timestep function hδ(x) is smaller than h(x), then hδ(x)

also satisfies the Assumption 2.1.2. Note also that the form of (2.8), which is

motivated by the requirements of the proof of the next theorem, is very similar to

(2.4). Indeed, if (2.8) is satisfied then (2.4) is also true for the same values of α

and β.

Theorem 2.1.1 (Finite time stability). If the SDE satisfies Assumption 2.1.1,

and the timestep function h satisfies Assumption 2.1.2, then T is almost surely
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attainable (i.e. for ω ∈ Ω, P(∃N(ω) <∞ s.t. tN(ω)≥T ) = 1) and for all p ∈ (0,∞)

there exists a constant Cp,T ∈ (0,∞) which depends solely on p, T and the constants

α, β in Assumption 2.1.2, such that

E
[

sup
0≤t≤T

‖X̂t‖p
]
< Cp,T . (2.9)

Proof of Theorem 2.1.1. The proof is deferred to Section 2.3.

To bound the expected number of timesteps, we require an assumption on how

quickly h(x) can approach zero as ‖x‖ → ∞.

Assumption 2.1.3 (Timestep lower bound). There exist constants ξ, ζ, q∈(0,∞)

such that the adaptive timestep function satisfies the inequality

h(x) ≥ (ξ‖x‖q + ζ)−1 . (2.10)

Given this assumption, we obtain the following lemma.

Lemma 2.1.2 (Bounded timestep moments). If the SDE satisfies Assumption

2.1.1, and the timestep function h satisfies Assumptions 2.1.2 and 2.1.3, then for

all p ∈ (0,∞) it holds that

E [Np
T ] <∞, (2.11)

where NT = min{n : tn ≥ T} is the number of timesteps required by a path

approximation.

Proof of Lemma 2.1.2. Assumption 2.1.3 implies that

NT ≤ 1 + T sup
0≤t≤T

1

h(X̂t)
≤ 1 + T

(
ξ sup

0≤t≤T
‖X̂t‖q + ζ

)
. (2.12)

Combining this and Theorem 2.1.1 completes the proof of Lemma 2.1.2.
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2.1.3 Strong convergence

Standard strong convergence analysis for an numerical approximation with a uni-

form timestep h considers the limit h→0. This clearly needs to be modified when

using an adaptive timestep, and we will instead consider a timestep function hδ(x)

controlled by a scalar parameter δ ∈ [0, 1], and consider the limit δ→0.

Given a timestep function h(x) which satisfies Assumptions 2.1.2 and 2.1.3, ensur-

ing stability as analysed in the previous section, there are two quite natural ways

in which we might introduce δ to define hδ(x):

hδ(x) = δ min(T, h(x)),

hδ(x) = min(δ T, h(x)). (2.13)

The first refines the timestep everywhere, while the latter concentrates the compu-

tational effort on reducing the maximum timestep, with h(x) introduced to ensure

stability when ‖X̂t‖ is large.

In our analysis, we will cover both possibilities by making the following assumption.

Assumption 2.1.4. The timestep function hδ satisfies the inequality

δ min(T, h(x)) ≤ hδ(x) ≤ min(δ T, h(x)), (2.14)

with h satisfying Assumption 2.1.3.

Given this assumption, we obtain the following theorem:

Theorem 2.1.2 (Strong convergence). If the SDE satisfies Assumption 2.1.1, and

the timestep function hδ satisfies Assumption 2.1.4 with h satisfying Assumption

2.1.2, then for all p ∈ (0,∞) it holds that

lim
δ→0

E
[

sup
0≤t≤T

‖X̂t−Xt‖p
]

= 0. (2.15)

Proof of Theorem 2.1.2. The proof is essentially identical to the uniform timestep

Euler-Maruyama analysis in Theorem 2.2 in [42] by Higham, Mao & Stuart.

30



The only change required by the use of an adaptive timestep is to note that

X̂s −Xs = f(Xs) (s−s) + g(Xs) (Ws−Ws) (2.16)

and s−s < δ T and E [ ‖Ws−Ws‖2 | Fs ] = d (s−s). This completes the proof of

Theorem 2.1.2.

To prove an order of strong convergence requires new assumptions on f and g:

Assumption 2.1.5 (Lipschitz properties). There exists a constant α ∈ (0,∞)

such that f satisfies the one-sided Lipschitz condition: for any x, y ∈ Rm it holds

that

〈x−y, f(x)−f(y)〉 ≤ 1
2
α‖x−y‖2, (2.17)

and g satisfies the globally Lipschitz condition: for any x, y ∈ Rm it holds that

‖g(x)−g(y)‖2 ≤ 1
2
α‖x−y‖2. (2.18)

In addition, f satisfies the locally polynomial growth Lipschitz condition: there

exist constants γ, µ, q ∈ (0,∞) such that for any x, y ∈ Rm it holds that

‖f(x)−f(y)‖ ≤ (γ (‖x‖q+‖y‖q) + µ) ‖x−y‖. (2.19)

Note that setting y=0 ensures that

〈x, f(x)〉 ≤ 1
2
α‖x‖2 + 〈x, f(0)〉 ≤ α‖x‖2 + 1

2
α−1‖f(0)‖2,

‖g(x)‖2 ≤ 2‖g(x)−g(0)‖2 + 2‖g(0)‖2 ≤ α‖x‖2 + 2‖g(0)‖2. (2.20)

Hence, Assumption 2.1.5 implies Assumption 2.1.1, with the same α and an ap-

propriate β.

Also, if the drift and volatility is differentiable, the following assumption is equiv-

alent to Assumption 2.1.5, and usually easier to check in practice.
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Assumption 2.1.6 (Lipschitz properties). There exists a constant α ∈ (0,∞)

such that for all x, e ∈ Rm with ‖e‖=1, f satisfies the one-sided Lipschitz condition

〈e,∇f(x) e〉 ≤ 1
2
α, (2.21)

and g satisfies the globally Lipschitz condition

‖∇g(x)‖2 ≤ 1
2
α, (2.22)

and in addition f satisfies the locally polynomial growth Lipschitz condition (2.19).

Theorem 2.1.3 (Strong convergence order). If the SDE satisfies Assumption

2.1.5, and the timestep function hδ satisfies Assumption 2.1.4 with h satisfying

Assumption 2.1.2, then for all p>0 there exists a constant Cp,T ∈ (0,∞) such that

E
[

sup
0≤t≤T

‖X̂t−Xt‖p
]
≤ Cp,T δ

p/2. (2.23)

Proof of Theorem 2.1.3. The proof is deferred to Section 2.3.

Lemma 2.1.3 (Number of timesteps). If the SDE satisfies Assumption 2.1.5, and

the timestep function hδ(x) satisfies Assumption 2.1.4, with h satisfying Assump-

tion 2.1.2, then for all p ∈ (0,∞) there exists a constant cp,T ∈ (0,∞) such that

E [Np
T ] ≤ cp,T δ

−p. (2.24)

Proof of Lemma 2.1.3. Equation (2.14) and Assumption 2.1.3 implies that

NT ≤ 1 + T sup
0≤t≤T

1

hδ(X̂t)

≤ 1 + δ−1 T sup
0≤t≤T

max(h−1(x), T−1)

≤ δ−1 T

(
ξ sup

0≤t≤T
‖X̂t‖q + ζ + (1+δ)T−1

)
, (2.25)

since hδ(x) ≤ h(x) and hδ(x) satisfies the requirements for stability. Combining

this and Theorem 2.1.1 completes the proof of Lemma 2.1.3.

32



The conclusion from Theorem 2.1.3 and Lemma 2.1.3 is that

E
[

sup
0≤t≤T

‖X̂t−Xt‖p
]1/p

≤ C
1/p
p,T c

1/2
1,T (E [NT ])−1/2, (2.26)

which corresponds to order 1
2

strong convergence when comparing the accuracy to

the expected cost.

First order strong convergence is achievable for Langevin SDEs in which m=d and

g is the identity matrix Im, but this requires stronger assumptions on the drift f .

Assumption 2.1.7 (Enhanced Lipschitz properties). There exists a constant α ∈

(0,∞) such that for any x, y ∈ Rm, f satisfies the one-sided Lipschitz condition

〈x−y, f(x)−f(y)〉 ≤ 1
2
α‖x−y‖2. (2.27)

In addition, f is differentiable, and f and ∇f satisfy the locally polynomial growth

Lipschitz condition (2.19).

We now state the theorem on improved strong convergence.

Theorem 2.1.4 (Strong convergence for Langevin SDEs). If m = d, g ≡ Im,

f satisfies Assumption 2.1.7, and the timestep function hδ satisfies Assumption

2.1.4 with h satisfying Assumption 2.1.2, then for all T, p ∈ (0,∞) there exists a

constant Cp,T ∈ (0,∞) such that

E
[

sup
0≤t≤T

‖X̂t−Xt‖p
]
≤ Cp,T δ

p. (2.28)

Proof of Theorem 2.1.4. The proof is deferred to Section 2.3.

Comment: first order strong convergence can also be achieved for a general g(x)

by using an adaptive timestep Milstein discretisation, provided ∇g satisfies an

additional globally Lipschitz condition. A formal statement and proof of this is

omitted as it requires a lengthy extension to the stability analysis. In addition, this

numerical approach is only practical in cases in which a commutativity condition

is satisfied and therefore there is no need to simulate the Lévy areas which the

Milstein method otherwise requires [58].
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2.2 Examples and numerical results

In this section we discuss a number of example SDEs with non-globally Lipschitz

drift. In each case we comment on the applicability of the theory and a suitable

choice for the adaptive timestep. We then present numerical results for three test

cases which illustrate some key aspects.

2.2.1 Scalar SDEs

In each of the cases to be presented, the drift is of the form

f(x) ≈ − c sign(x) |x|q, as |x| → ∞, (2.29)

for some constants c ∈ (0,∞), q ∈ (1,∞). Therefore, as |x|→∞, the maximum sta-

ble timestep satisfying Assumption 2.1.2 corresponds to 〈x, f(x)〉+ 1
2
h(x) |f(x)|2 ≈

0 and hence h(x) ≈ 2|x|/|f(x)| ≈ 2 c−1|x|1−q. A suitable choice for h(x) and hδ(x)

is therefore

h(x) = min
(
T, c−1|x|1−q

)
, hδ(x) = δ h(x). (2.30)

Stochastic Ginzburg-Landau equation (1.24)

This SDE is usually defined on the domain (0,∞), since if X0 ∈ (0,∞), for all

t ∈ (0,∞), Xt ∈ (0,∞). However, the numerical approximation is not guaranteed

to remain strictly positive and the domain can be extended to R without any

change to the SDE.

The drift and volatility satisfy Assumptions 2.1.1 and 2.1.5, and therefore all of the

theory is applicable, with a suitable choice for hδ(x), based on (2.29) and (2.30),

being that

hδ(x) = δ min
(
T, λ−1x−2

)
. (2.31)
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Stochastic Verhulst equation (1.26)

This SDE is defined on the domain (0,∞), but can be extended to R by modifying

it to

dXt =
((
η + 1

2
σ2
)
Xt − λ |Xt|Xt

)
dt+ σXt dWt, (2.32)

so that the drift is positive in the limit x→−∞.

The drift and volatility then satisfy Assumptions 2.1.1 and 2.1.5, and therefore all

of the theory is applicable, with a suitable choice for hδ(x), based on (2.29) and

(2.30), being that

hδ(x) = δ min
(
T, λ−1|x|−1

)
. (2.33)

2.2.2 Multi-dimensional SDEs

With multi-dimensional SDEs there are two cases of particular interest. For SDEs

with a drift which, for some β ∈ (0,∞) and sufficiently large ‖x‖, satisfies the

condition

〈x, f(x)〉 ≤ −β ‖x‖ ‖f(x)‖, (2.34)

one can take 〈x, f(x)〉 + 1
2
h(x) |f(x)|2 ≈ 0 and therefore a suitable definition of

h(x) for large ‖x‖ is that

h(x) = min(T, ‖x‖/‖f(x)‖). (2.35)

For SDEs with a drift which does not satisfy the condition, but for which ‖f(x)‖ →
∞ as ‖x‖ → ∞, an alternative choice for large ‖x‖ is to use

h(x) = min(T, γ ‖x‖2/‖f(x)‖2), (2.36)

for some γ ∈ (0,∞). The difficulty in this case is choosing the best value for γ,

taking into account both accuracy and cost.
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Stochastic van der Pol oscillator (1.33)

This SDE can be put in the standard form by setting

f(x) =

(
x2

α (µ−x2
1)x2 − δx1

)
, g(x) =

(
0
β

)
. (2.37)

It follows that

〈x, f(x)〉 = −αx2
1 x

2
2 + αµx2

2 + (1−δ)x1 x2 ≤
(
αµ+ 1

2
(1−δ)

)
‖x‖2. (2.38)

Therefore the drift and volatility satisfy Assumption 2.1.1 and the numerical ap-

proximations will be stable if the maximum timestep is defined by (2.36).

However, it can be verified that 〈e,∇f(x) e〉 is not uniformly bounded for an ar-

bitrary e such that ‖e‖ = 1, and therefore the drift does not satisfy the one-sided

Lipschitz condition. Hence the stability and strong convergence theory in this

chapter is applicable, but not the theorems on the order of convergence. Nev-

ertheless, numerical experiments exhibit first order strong convergence, which is

consistent with the fact that the volatility in uniform, so it seems there remains a

gap here in the theory.

Stochastic Lorenz equation (1.35)

This SDE can be put in the standard form by setting

f(x) =

 α1(x2 − x1)
α2x1 − x2 − x1x3

x1x2 − α3x3

 , g(x) =

β1x1 0 0
0 β2x2 0
0 0 β3x3

 . (2.39)

The diffusion coefficient is globally Lipschitz, and since 〈x, f(x)〉 consists solely of

quadratic terms, the drift satisfies the one-sided linear growth condition. Noting

that ‖f‖2 ≈ x2
1(x2

2 + x2
3) < ‖x‖4 as ‖x‖ → ∞, an appropriate maximum timestep

is

h(x) = min(T, γ‖x‖−2), (2.40)
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for any γ ∈ (0,∞). However, the drift does not satisfy the one-sided Lipschitz

condition, and therefore the theory on the order of strong convergence is not

applicable.

FENE model (1.43)

The unusual feature of the FENE model is that the potential V (x) becomes infinite

for finite values of x. In the simplest case of a molecule with a single bond, x is

three-dimensional and V (x) takes the form V (x) = − log(1−‖x‖2). The SDE is

defined on ‖x‖ < 1, with the drift term ensure that ‖Xt‖ < 1 for all t ∈ (0,∞).

Also, it can be verified that 〈x, f(x)〉≤0.

Because the SDE is not defined on all of R3, the theory in this chapter is not

applicable. However, it was one of the original motivations for the analysis in this

thesis, since it seems natural to use an adaptive timestep, taking smaller timestep

as ‖X̂t‖ approaches 1, to maintain good accuracy, as the drift varies so rapidly

near the boundary, and to greatly reduce the possibility of needing to clamp the

computed solution to prevent it from crossing a numerical boundary at radius 1−δ
for some δ�1 [35]. Numerical results indicate that the order of strong convergence

is very close to 1.

2.2.3 Numerical results

The numerical tests include three test cases from [48] plus one new test which

provides some motivation for the research reported in this chapter.

Test case 1

The first scalar test case taken from [48] is that

dXt = −X5
t dt+Xt dWt, X0 = 1, (2.41)
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with T = 1. The three methods tested are the Tamed Euler scheme, with C = 1,

the implicit Euler scheme, and the new Euler scheme with adaptive timestep

hδ(x) = δ
max(1, |x|)

max(1, |f(x)|
. (2.42)
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Figure 2.1: Numerical results for test case 1

Figure 2.1 shows the the root-mean-square error plotted against the average num-

ber of timesteps. The plot on the left shows the error in the terminal time, while

the plot on the right shows the error in the maximum magnitude of the solution.

The error in each case is computed by comparing the numerical solution to a

second solution with a timestep, or δ, which is 4 times smaller.

When looking at the error in the final solution, all 3 methods have similar accu-

racy with 1
2

order strong convergence. However, as reported in [48], the cost of

the implicit method per timestep is much higher. The plot of the error in the

maximum magnitude shows that the new method is slightly more accurate, pre-

sumably because it uses smaller timesteps when the solution is large. The plot

was included to show that comparisons between numerical methods depend on the

choice of accuracy measure being used.
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Figure 2.2: Numerical results for test case 2

Test case 2

The second scalar test case taken from [48] is that

dXt = (Xt−X3
t ) dt+Xt dWt, X0 = 1, (2.43)

with T =1. The results in Figure 2.2 are similar to the first test case.

Test case 3

The third test case taken from [48] is 10-dimensional SDE that

dXt = (Xt−‖Xt‖2Xt) dt+ dWt, X0 = 0, (2.44)

with T =1. The results in the left-hand plot in Figure 2.3 show that the error in the

final value exhibits order 1 strong convergence using all 3 methods, as expected.
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Figure 2.3: Numerical results for test cases 3 (on left) and 4 (on right)

Test case 4

The final test case is for the 3-dimensional FENE SDE discussed previously,

dXt = − Xt

1−‖Xt‖2
dt+ dWt, X0 = 0, (2.45)

with T = 1. As commented on previously, this SDE is not covered by the theory

in this chapter, but it was a motivation for the research because it is natural to

use an adaptive timestep of the form

hδ(x) =
δ

4
(1−‖x‖2) (2.46)

to reduce the timestep when ‖X̂t‖ approaches the maximum radius.

All three methods are clamped so that they do not exceed a radius of rmax =

1−10−10; if the new computed value X̂tn+1 exceeds this radius then it is replaced

by (rmax/‖X̂tn+1‖)X̂tn+1 .

The numerical results in the right-hand plot in Figure 2.3 show that the new

scheme is considerably more accurate than either of the others, confirming that an

adaptive timestep is desirable in this situation in which the drift varies enormously

as ‖X̂t‖ approaches the maximum radius.
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2.3 Proofs

This section has the proofs of the three main theorems in this chapter, one on

stability, and two on the order of strong convergence.

2.3.1 Theorem 2.1.1

Proof of Theorem 2.1.1. The proof proceeds in four steps. First, we introduce

a constant K to modify our discretisation scheme. Second, we derive an upper

bound for ‖X̂K
t ‖p. Third, we show that the moments E[sup0≤t≤T ‖X̂K

t ‖p] are each

bounded by a constant Cp,T which depends on p and T but is independent of K.

Finally, we reach the desired conclusion by taking the limit K→∞ and using the

Monotone Convergence Theorem.

The proof is given for p ∈ [4,∞); the result for p ∈ (0, 4) follows from Hölder’s

inequality.

Step 1: K-Scheme definition

For any K>‖X0‖, we modify our discretisation scheme to

X̂K
tn+1

= PK

(
X̂K
tn + f(X̂K

tn )hn + g(X̂K
tn ) ∆W n

)
, (2.47)

where PK(Y ) , min(1, K/‖Y ‖)Y and therefore for all n ∈ {0, 1, 2, ...} it holds

that ‖X̂K
tn‖≤K. The piecewise constant approximation for intermediate times is

again X
K

t = X̂K
t , and the continuous approximation is

X̂K
t = PK

(
X̂K
t + f(X̂K

t ) (t−t) + g(X̂K
t ) (Wt−Wt)

)
. (2.48)

Since h(x) is continuous and strictly positive, it follows that

hKmin , inf
‖x‖≤K

h(x) ∈ (0,∞). (2.49)
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This strictly positive lower bound for the timesteps implies that T is attainable.

Step 2: pth-moment of K-Scheme solution

‖PK(Y )‖≤‖Y ‖, so let φ be a function given by φ(x) , x+h(x)f(x). Then (2.47)

implies that

‖X̂K
tn+1
‖2 ≤ ‖X̂K

tn‖
2 + 2hn

(
〈X̂K

tn , f(X̂K
tn )〉+ 1

2
hn‖f(X̂K

tn )‖2
)

+ 2 〈φ(X̂K
tn ), g(X̂K

tn ) ∆W n〉+ ‖g(X̂K
tn ) ∆W n‖2. (2.50)

Using condition (2.8) for h(x) then ensures that

‖X̂K
tn+1
‖2 ≤ ‖X̂K

tn‖
2 + 2α‖ X̂K

tn‖
2hn + 2 β hn

+ 2 〈φ(X̂K
tn ), g(X̂K

tn ) ∆W n〉+ ‖g(X̂K
tn ) ∆W n‖2. (2.51)

Similarly, for the partial timestep from t to t, since (t−t) ≤ hnt , it holds that

〈X̂K
t , f(X̂K

t )〉+ 1
2

(t−t) ‖f(X̂K
t )‖2 ≤ α ‖X̂K

t ‖2 + β, (2.52)

and therefore we obtain that

‖X̂K
t ‖2 ≤ ‖X̂K

t ‖2 + 2α‖ X̂K
t ‖2(t−t) + 2 β (t−t)

+ 2 〈X̂K
t +f(X̂K

t ) (t−t), g(X̂K
t ) (Wt−Wt)〉

+ ‖g(X̂K
t ) (Wt−Wt)‖2. (2.53)

Summing (2.51) over multiple timesteps and then adding (2.53) implies

‖X̂K
t ‖2 ≤ ‖X0‖2 + 2α

(
nt−1∑
k=0

‖X̂K
tk
‖2hk + ‖X̂K

t ‖2(t−t)

)
+ 2 β t

+ 2
nt−1∑
k=0

〈φ(X̂K
tk

), g(X̂K
tk

)∆W k〉) +
nt−1∑
k=0

‖g(X̂K
tk

) ∆W k‖2 (2.54)

+ 2〈X̂K
t +f(X̂K

t ) (t−t), g(X̂K
t )(Wt−Wt)〉+ ‖g(X̂K

t ) (Wt−Wt)‖2.

Re-writing the first summation as a Riemann integral, and the second as an Itô

integral, raising both sides to the power p/2 and using Jensen’s inequality, we
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obtain that

‖X̂K
t ‖p ≤ 7p/2−1

{
‖X0‖p +

(
2α

∫ t

0

‖XK

s ‖2 ds

)p/2
+ (2 β t)p/2

+

∣∣∣∣ 2∫ t

0

〈φ(X
K

s ), g(X
K

s ) dWs〉
∣∣∣∣p/2+

(
nt−1∑
k=0

‖g(X
K

tk
) ∆W k‖2

)p/2

+
∣∣∣2 〈XK

t +f(X
K

t ) (t−t), g(X
K

t )(Wt−Wt)〉
∣∣∣p/2

+ ‖g(X
K

t )(Wt−Wt)‖p
}
. (2.55)

Step 3: Expected supremum of pth-moment of K-Scheme

For any t ∈ [0, T ] we take the supremum on both sides of inequality (2.55) and

then take the expectation to obtain that

E
[

sup
0≤s≤t

‖X̂K
s ‖p

]
≤ 7p/2−1 (I1 + I2 + I3 + I4 + I5) , (2.56)

where

I1 = ‖X0‖p + E

[(
2α

∫ t

0

‖XK

s ‖2 ds

)p/2]
+ (2 β t)p/2,

I2 = E

[
sup

0≤s≤t

∣∣∣∣ 2∫ s

0

〈φ(X
K

u ), g(X
K

u ) dWu〉
∣∣∣∣p/2
]
,

I3 = E

(nt−1∑
k=0

‖g(X
K

tk
) ∆W k‖2

)p/2
 , (2.57)

I4 = E
[

sup
0≤s≤t

∣∣∣2〈XK

s +f(X
K

s ) (s−s), g(X
K

s )(Ws−Ws)〉
∣∣∣p/2] ,

I5 = E
[

sup
0≤s≤t

‖g(X
K

s ) (Ws−Ws)‖p
]
.

We now consider I1, I2, I3, I4, I5 in turn. Using Jensen’s inequality, we obtain that

I1 ≤ ‖x0‖p + (2α)p/2T p/2−1

∫ t

0

E
[

sup
0≤u≤s

‖X̂K
u ‖p

]
ds+ (2 β T )p/2. (2.58)
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For I2, we begin by noting that due to condition (2.8), for u<t it holds that

‖φ(X
K

u )‖2 = ‖XK

u ‖2 + 2h(X
K

u )
(
〈XK

u , f(X
K

u )〉+ 1
2
h(X

K

u )‖f(X
K

u )‖2
)

≤ ‖XK

u ‖2 + 2h(X
K

u ) (α‖XK

u ‖2 + β)

≤ (1 + 2αT )‖XK

u ‖2 + 2 β T, (2.59)

and hence by Jensen’s inequality, we obtain that

‖φ(X
K

u )‖p/2 ≤ 2p/4−1
(

(1 + 2αT )p/4‖XK

u ‖p/2 + (2 β T )p/4
)
. (2.60)

In addition, the linear growth condition (2.5) ensures that

‖g(X
K

u )‖p/2 ≤ 2p/4−1
(
αp/4‖XK

u ‖p/2 + βp/4
)
, (2.61)

and combining the last two inequalities, there exists a constant cp,T ∈ (0,∞)

depending on p and T , in addition to α, β, such that

‖φ(X
K

u )Tg(X
K

u )‖p/2 ≤ cp,T

(
‖XK

u ‖p + 1
)
. (2.62)

Then, by the Burkholder-Davis-Gundy inequality, there is a constant Cp ∈ (0,∞)

such that

I2 ≤ Cp 2p/2 E

[(∫ t

0

‖φ(X
K

u )Tg(X
K

u )‖2 du

)p/4]

≤ Cp 2p/2 T p/4−1 E
[∫ t

0

‖φ(X
K

u )Tg(X
K

u )‖p/2 du

]
≤ cp,T Cp 2p/2 T p/4−1

(∫ t

0

E
[

sup
0≤u≤s

‖X̂K
u ‖p

]
ds + T

)
. (2.63)

For I3, we start by observing that by standard results there exists a constant

cp ∈ (0,∞) which depends solely on p such that for any tk≤s < tk+1 it holds that

E[ sup
tk≤u≤s

‖Wu−Wtk ‖p | Ftk ] = cp (s−s)p/2. (2.64)
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One variant of Jensen’s inequality, when hk, uk are both positive and p ∈ [1,∞),

is that (∑
k

hk uk

)p

≤

(∑
k

hk

)p−1∑
k

hku
p
k. (2.65)

Using this, and (2.64) with s = tk+1 so that s− s = hk, it holds that

I3 ≤ T p/2−1 E

[
nt−1∑
k=0

hk ‖g(X
K

tk
)‖p ‖∆W k‖p

h
p/2
k

]

≤ T p/2−1 cp E
[ ∫ t

0

‖g(X
K

s )‖p ds

]
. (2.66)

Using condition (2.5), and Jensen’s inequality, we then obtain that

I3 ≤ (2T )p/2−1 cp

(
αp/2

∫ t

0

E
[

sup
0≤u≤s

‖X̂K
u ‖p

]
ds + βp/2 T

)
. (2.67)

For I4, using (2.52) and following the same argument as for I2, there exists a

constant cp,T ∈ (0,∞) depending on both p and T such that

‖XK

s +f(X
K

s )(s−s)‖p/2‖g(X
K

s )‖p/2 ≤ cp,T

(
‖XK

s ‖p + 1
)
. (2.68)

Therefore, again using (2.64), we obtain that

I4 ≤ 2p/2 E
[

sup
0≤s≤t

∣∣∣〈XK

s +f(X
K

s )(s−s), g(X
K

s ) (Ws−Ws)〉
∣∣∣p/2]

≤ cp,T 2p/2 E

[
nt−1∑
k=0

(
‖XK

tk
‖p+1

)
sup

tk≤s<tk+1

‖(Ws−Ws)‖p/2

+
(
‖XK

t ‖p+1
)

sup
t≤s≤t

‖(Ws−Ws)‖p/2
]

≤ cp/2 cp,T 2p/2 T p/4−1 E

[
nt−1∑
k=0

(
‖XK

tk
‖p+1

)
hk +

(
‖XK

t ‖p+1
)

(t−t)

]

≤ cp/2 cp,T 2p/2 T p/4−1

(∫ t

0

E
[

sup
0≤u≤s

‖X̂K
u ‖p

]
ds + T

)
. (2.69)

Similarly, using the same definition for cp, we obtain that

I5 ≤ cp (2T )p/2−1

(
αp/2

∫ t

0

E
[

sup
0≤u≤s

‖X̂K
u ‖p

]
ds + βp/2 T

)
. (2.70)
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Collecting together the bounds for I1, I2, I3, I4, I5, we conclude that there exist

constants C1
p,T , C

2
p,T ∈ (0,∞) such that

E
[

sup
0≤s≤t

‖X̂K
s ‖p

]
≤ C1

p,T + C2
p,T

∫ t

0

E
[

sup
0≤u≤s

‖X̂K
u ‖p

]
ds, (2.71)

and Grönwall’s inequality gives the result that there exists a constant Cp,T ∈ (0,∞)

such that

E
[

sup
0≤t≤T

‖X̂K
t ‖p

]
≤ C1

p,T exp(C2
p,T T ) = Cp,T . (2.72)

Step 4: Expected supremum of pth-moment of X̂t

For any ω ∈ Ω, X̂t = X̂K
t for all 0 ≤ t ≤ T if, and only if, sup0≤t≤T ‖X̂t‖ ≤ K.

Therefore, Markov’s inequality ensures that

P( sup
0≤t≤T

‖X̂t‖ < K) = P( sup
0≤t≤T

‖X̂K
t ‖ < K)

≥ 1−E[ sup
0≤t≤T

‖X̂K
t ‖4]/K4 → 1 (2.73)

as K → ∞. Hence, almost surely, sup
0≤t≤T

‖X̂t‖ < ∞ and T is attainable. Also, we

obtain that

lim
K→∞

sup
0≤t≤T

‖X̂K
t (ω)‖ = sup

0≤t≤T
‖X̂t(ω)‖ (2.74)

and for 0<K1≤K2, it holds that

sup
0≤t≤T

‖X̂K1
t (ω)‖ ≤ sup

0≤t≤T
‖X̂K2

t (ω)‖ ≤ sup
0≤t≤T

‖X̂t(ω)‖. (2.75)

Therefore, the Monotone Convergence Theorem ensures that

E
[

sup
0≤t≤T

‖X̂t‖p
]

= lim
K→∞

E
[

sup
0≤t≤T

‖X̂K
t ‖p

]
≤ Cp,T . (2.76)

This completes the proof of Theorem 2.1.1.
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2.3.2 Theorem 2.1.3

Proof of Theorem 2.1.3. The approach which is followed is to bound the approx-

imation error et , X̂t − Xt by terms which depend on either X̂s−Xs or es, and

then use local analysis within each timestep to bound the former, and Grönwall’s

inequality to handle the latter.

The proof is again given for p ∈ [4,∞); the result for p ∈ (0, 4) follows from

Hölder’s inequality.

We start by combining the original SDE with (2.3) to obtain that

det =
(
f(X t)−f(Xt)

)
dt+

(
g(X t)−g(Xt)

)
dWt, (2.77)

and then the Itô’s formula, together with e0 =0, implies that

‖et‖2 ≤ 2

∫ t

0

〈es, f(X̂s)−f(Xs)〉 ds− 2

∫ t

0

〈es, f(X̂s)−f(Xs)〉 ds

+

∫ t

0

‖g(Xs)−g(Xs)‖2 ds+ 2

∫ t

0

〈es, (g(Xs)−g(Xs)) dWs〉. (2.78)

Using the conditions in Assumption 2.1.5, (2.17) implies that

〈es, f(X̂s)−f(Xs)〉 ≤ 1
2
α ‖es‖2, (2.79)

(2.19) ensures that∣∣∣〈es, f(X̂s)−f(Xs)〉
∣∣∣ ≤ ‖es‖L(X̂s, Xs) ‖X̂s−Xs‖

≤ 1
2
‖es‖2 + 1

2
L(X̂s, Xs)

2‖X̂s−Xs‖2, (2.80)

where L(x, y) , γ(‖x‖q + ‖y‖q) + µ, and (2.18) assures that

‖g(Xs)−g(Xs)‖2 ≤ 1
2
α ‖Xs−Xs‖2 ≤ α ‖es‖2 + α ‖X̂s−Xs‖2. (2.81)

Hence, we obtain that

‖et‖2 ≤ (2α+1)

∫ t

0

‖es‖2 ds+

∫ t

0

(
L(X̂s, Xs)

2+α
)
‖X̂s−Xs‖2 ds

+ 2

∫ t

0

〈es, (g(Xs)−g(Xs)) dWs〉, (2.82)
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and then the Jensen’s inequality ensures that

‖et‖p ≤ (3T )p/2−1(2α+1)p/2
∫ t

0

‖es‖p ds

+ (3T )p/2−1

∫ t

0

(
L(X̂s, Xs)

2+α
)p/2
‖X̂s−Xs‖p ds

+ 3p/2−12p/2
∣∣∣∣∫ t

0

〈es, (g(Xs)−g(Xs)) dWs〉
∣∣∣∣p/2 . (2.83)

Taking the supremum of each side, and then the expectation ensures that

E
[

sup
0≤s≤t

‖es‖p
]
≤ (3T )p/2−1(2α+1)p/2

∫ t

0

E
[

sup
0≤u≤s

‖eu‖p
]

ds

+ (3T )p/2−1

∫ t

0

E
[(
L(X̂s, Xs)

2+α
)p/2
‖X̂s−Xs‖p

]
ds (2.84)

+ 3p/2−12p/2E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

〈eu, (g(Xu)−g(Xu)) dWu〉
∣∣∣∣p/2
]
.

By Hölder’s inequality, it holds that

E
[(
L(X̂s, Xs)

2+α
)p/2
‖X̂s−Xs‖p

]
≤

(
E
[(
L(X̂s, Xs)

2+α
)p]

E
[
‖X̂s−Xs‖2p

])1/2

, (2.85)

and E
[(
L(X̂s, Xs)

2+α
)p]

is uniformly bounded on [0, T ] due to the stability

property in Theorem 2.1.1.

In addition, by the Burkholder-Davis-Gundy inequality (which gives the constant

Cp which depends only on p) followed by Jensen’s inequality plus the globally
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Lipschitz condition for g, we obtain that

E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

〈eu, (g(Xu)−g(Xu)) dWu〉
∣∣∣∣p/2
]

≤ Cp E

[(∫ t

0

‖es‖2‖g(Xs)−g(Xs)‖2 ds

)p/4]
.

≤ Cp T
p/4−1 (1

2
α)p/4E

[∫ t

0

‖es‖p/2‖Xs−Xs‖p/2 ds

]
(2.86)

≤ Cp T
p/4−1 (1

2
α)p/4E

[∫ t

0

1
2
‖es‖p + 1

2
‖Xs−Xs‖p ds

]
≤ Cp T

p/4−1 (1
2
α)p/4E

[∫ t

0

(1
2
+2p−2)‖es‖p + 2p−2‖X̂s−Xs‖p ds

]
.

Hence, using E[‖X̂s−Xs‖p] ≤ (E[‖X̂s−Xs‖2p])1/2, there are constants C1
p,T , C

2
p,T ∈

(0,∞) such that

E
[

sup
0≤s≤t

‖es‖p
]
≤ C1

p,T

∫ t

0

E
[

sup
0≤u≤s

‖eu‖p
]

ds

+C2
p,T

∫ t

0

(
E
[
‖X̂s−Xs‖2p

])1/2

ds. (2.87)

For any s ∈ [0, T ], X̂s−Xs = f(X̂s)(s−s) + g(X̂s)(Ws−Ws), and hence, by a

combination of Jensen’s and Hölder’s inequalities, we obtain that

E
[
‖X̂s−Xs‖2p

]
≤ 22p−1

(
E
[
‖f(X̂s)‖4p

]
E
[
(s−s)4p

])1/2

+ 22p−1
(
E
[
‖g(X̂s)‖4p

]
E
[
‖Ws−Ws‖4p

])1/2

. (2.88)

E[‖f(X̂s)‖4p] and E[‖g(X̂s)‖4p] are both uniformly bounded on [0, T ] due to sta-

bility and the polynomial bounds on the growth of f and g. Furthermore, it holds

that E[(s−s)4p] ≤ (δT )4p ≤ δ2pT 4p, and by standard results there is a constant

cp such that E[‖Ws−Ws‖4p] = E[ E[‖Ws−Ws‖4p | Fs] ] ≤ cp(δT )2p. Hence, there

exists a constant C3
p,T ∈ (0,∞) such that E[ ‖X̂s−Xs‖2p] ≤ C3

p,T δ
p, and therefore

equation (2.87) implies that

E
[

sup
0≤s≤t

‖es‖p
]
≤ C1

p,T

∫ t

0

E
[

sup
0≤u≤s

‖eu‖p
]

ds + C2
p,T

√
C3
p,T T δ

p/2, (2.89)
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and Grönwall’s inequality then completes the proof of Theorem 2.1.3.

2.3.3 Theorem 2.1.4

Proof of Theorem 2.1.4. The proof is again given for p ∈ [4,∞); the result for

p ∈ (0, 4) follows from Hölder’s inequality.

The error et , X̂t −Xt satisfies the SDE det =
(
f(X t)−f(Xt)

)
dt and hence we

obtain that

‖et‖2 = 2

∫ t

0

〈es, f(X̂s)−f(Xs)〉 ds − 2

∫ t

0

〈es, f(X̂s)−f(Xs)〉 ds

≤ α

∫ t

0

‖es‖2 ds− 2

∫ t

0

〈es, f(X̂s)−f(Xs)〉 ds, (2.90)

due to the one-sided Lipschitz condition (2.17), so therefore it holds that

E
[

sup
0≤s≤t

‖es‖p
]
≤ αp/2(2T )p/2−1

∫ t

0

E
[

sup
0≤u≤s

‖eu‖p
]

ds

+2p−1E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

〈eu, f(X̂u)−f(Xu)〉 du
∣∣∣∣p/2
]
. (2.91)

Within a single timestep, it holds that X̂s−Xs = f(Xs)(s−s) + (Ws−Ws), and

therefore Lemma C.1 implies that

〈es, f(X̂s)−f(Xs)〉 = 〈es,∇f(Xs)(X̂s−Xs)〉 + Rs

= 〈es, (s−s)∇f(Xs)f(Xs)〉+ 〈(es−es),∇f(Xs)(Ws−Ws)〉

+〈es,∇f(Xs)(Ws−Ws)〉+ Rs, (2.92)

where |Rs| ≤
(
γ (‖X̂s‖q+‖Xs‖q) + µ

)
‖es‖ ‖X̂s−Xs‖2. Hence, it holds that

E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

〈eu, f(X̂u)−f(Xu)〉 du
∣∣∣∣p/2
]
≤ 4p/2−1(I1 + I2 + I3 + I4), (2.93)
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where

I1 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

〈eu, (u−u)∇f(Xu)f(Xu)〉 du
∣∣∣∣p/2
]
,

I2 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

Ru du

∣∣∣∣p/2
]
,

I3 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

〈(eu−eu),∇f(Xu)(Wu−Wu)〉 du
∣∣∣∣p/2
]
,

I4 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

〈eu,∇f(Xu)(Wu−Wu)〉 du
∣∣∣∣p/2
]
. (2.94)

We now bound I1, I2, I3, I4 in turn. Noting that s−s ≤ δ T , we obtain that

I1 ≤ T p/2−1

∫ t

0

E
[
‖es‖p/2(δT )p/2‖f(Xs)‖p/2‖∇f(Xs)‖p/2

]
ds

≤ 1
2
T p/2−1

∫ t

0

E
[

sup
0≤u≤s

‖eu‖p
]

ds

+ 1
2
T p/2−1(δT )p

∫ t

0

E
[
‖f(Xs)‖p‖∇f(Xs)‖p

]
ds. (2.95)

The last integral is finite because of stability and the polynomial bounds on the

growth of both f and ∇f , and hence there is a constant C1
p,T ∈ (0,∞) such that

I1 ≤ 1
2
T p/2−1

∫ t

0

E
[

sup
0≤u≤s

‖eu‖p
]

ds+ C1
p,T δ

p. (2.96)

Similarly, Hölder’s inequality ensures that

I2 ≤ T p/2−1

∫ t

0

E
[
‖es‖p/2

(
γ (‖X̂s‖q+‖Xs‖q) + µ

)p/2
‖X̂s−Xs‖p

]
ds

≤ 1
2
T p/2−1

∫ t

0

E
[

sup
0≤u≤s

‖eu‖p
]

ds (2.97)

+ 1
2
T p/2−1

∫ t

0

(
E
[(
γ (‖X̂s‖q+‖Xs‖q) + µ

)2p
]
E
[
‖X̂s−Xs‖4p

])1/2

ds,

and hence, using stability and bounds on E
[
‖X̂s−Xs‖4p

]
from the proof of The-

orem 2.1.3, there is a constant C2
p,T ∈ (0,∞) such that

I2 ≤ 1
2
T p/2−1

∫ t

0

E
[

sup
0≤u≤s

‖eu‖p
]

ds+ C2
p,T δ

p. (2.98)
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For the next term, I3, we start by bounding ‖es−es‖. Since it holds that

es−es =

∫ s

s

(
f(Xu)− f(Xu)

)
du, (2.99)

by Jensen’s inequality and Assumption 2.1.7 it follows that

‖es−es‖p ≤ (δ T )p−1

∫ s

s

‖f(Xu)−f(Xu)‖p du

≤ (2 δ T )p−1

∫ s

s

Lp(Xu, Xu)
(
‖eu‖p+‖X̂u−Xu‖p

)
du, (2.100)

where L(Xu, Xu) ≡ γ(‖Xu‖k+‖Xu‖k) + µ. We again have an O(δp/2) bound for

E[‖X̂s−Xs‖p], while Theorem 2.1.3 proves that there is a constant cp,T ∈ (0,∞)

such that

E[‖es‖p] ≤ cp,T δ
p/2. (2.101)

Combining these, and using Hölder’s inequality and the bound for E[Lp(Xu, Xu)]

for all p ∈ [2,∞), due to the usual stability results, we find that there is a different

constant cp,T such that

E[‖es−es‖p] ≤ cp,T δ
3p/2. (2.102)

Now, we obtain that

I3 ≤ T p/2−1

∫ t

0

E
[
‖es−es‖p/2‖∇f(Xs)‖p/2‖Ws−Ws‖p/2

]
ds, (2.103)

so using Hölder’s inequality and the usual stability bounds, we conclude that there

is a constant C3
p,T ∈ (0,∞) such that

I3 ≤ C3
p,T δ

p. (2.104)

Lastly, we consider I4. For the timestep [tn, tn+1], we obtain that

d ((t−tn+1)(Wt−Wtn)) = (Wt−Wtn) dt+ (t−tn+1) dWt (2.105)
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and therefore, integrating by parts within each timestep implies that∫ s

0

〈eu,∇f(Xu)(Wu−Wu)〉 du

=

∫ s

0

(u−u)〈eu,∇f(Xu)dWu〉 − (s−s)〈es,∇f(Xs)(Ws−Ws)〉, (2.106)

where u = min{tn : tn > u} = tnu+1. Hence, it holds that I4 ≤ 2p/2−1(I41 + I42)

where

I41 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

(u−u) 〈eu,∇f(Xu) dWu〉
∣∣∣∣p/2
]
,

I42 = E
[

sup
0≤s≤t

∣∣(s−s) 〈es,∇f(Xs)(Ws−Ws)〉
∣∣p/2] . (2.107)

The Burkholder-Davis-Gundy inequality ensures that

I41 ≤ Cp E

[(∫ t

0

(s−s)2‖es‖2‖∇f(Xs)‖2 ds

)p/4]

≤ Cp T
3p/4−1 E

[∫ t

0

‖es‖p/2 δp/2 ‖∇f(Xs)‖p/2 ds

]
≤ 1

2
Cp T

3p/4−1 E
[∫ t

0

(
sup

0≤u≤s
‖eu‖p + δp ‖∇f(Xs)‖p

)
ds

]
, (2.108)

with E[‖∇f(Xs)‖p] uniformly bounded on [0, T ] so that there is a constant C41
p,T ∈

(0,∞) such that

I41 ≤ 1
2
Cp T

3p/4−1

∫ t

0

E
[

sup
0≤u≤s

‖eu‖p
]

ds+ C41
p,T δ

p. (2.109)

Turning to I42, Young’s inequality and Hölder’s inequality establish that

I42 ≤
1

2ξ
E
[

sup
0≤s≤t

‖es‖p
]

+
ξ

2
(2δT )p

(
E
[

sup
0≤s≤t

‖∇f‖2p

]
E
[

sup
0≤s≤t

‖Ws‖2p

])1/2

, (2.110)

for any ξ ∈ (0,∞), and hence there is a constant C42
p,T ∈ (0,∞) such that

I42 ≤
1

2ξ
E
[

sup
0≤s≤t

‖es‖p
]

+ ξ C42
p,T δ

p. (2.111)
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Returning to (2.91), and inserting the bounds for I1, I2, I3, I4, I41, and I42, with

ξ = 25p/2−4, implies

E
[

sup
0≤s≤t

‖es‖p
]
≤ 1

2
E
[

sup
0≤s≤t

‖es‖p
]

+ C5
p,T

∫ t

0

E
[

sup
0≤u≤s

‖eu‖p
]

ds+ C6
p,T δ

p, (2.112)

for certain constants C5
p,T , C

6
p,T ∈ (0,∞). Rearranging and using Grönwall’s in-

equality we obtain the final conclusion that there exists a constant Cp,T ∈ (0,∞)

such that

E
[

sup
0≤t≤T

‖et‖p
]
≤ Cp,T δ

p. (2.113)

This completes the proof of Theorem 2.1.4.

2.4 Conclusion

In this chapter, we introduced an adaptive timestepping method for SDEs with

non-globally Lipschitz drift. We established the stability of the adaptive scheme

for a finite time interval as shown in Theorem 2.1.1. For the strong convergence of

the adaptive scheme, we introduced a scalar factor δ to control the average size of

the time step and established the strong convergence with respect to δ, as shown

in Theorem 2.1.2. When looking at the accuracy versus the expected cost of each

path, if the drift f also satisfies a one-sided Lipschitz condition, then the order of

strong convergence is 1
2
, as shown in Theorem 2.1.3. For the important class of

Langevin equations with unit volatility, we showed in Theorem 2.1.4 that the order

of strong convergence is 1. The analysis is supported by numerical experiments

for a variety of SDEs in section 2.2.
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Chapter 3

Infinite time interval

This chapter is an extended version of the Arxiv paper [23]. In this chapter, we

extend our adaptive scheme to an infinite time interval. The rest of the chapter is

organised as follows. Section 1 states the main theorems and proves some minor

lemmas. Section 2 introduces the MLMC schemes, and the relevant numerical

experiments are provided in section 3. We extend our MLMC schemes to a larger

class of ergodic SDEs in section 4. The proofs of the three main theorems are

deferred to section 5. Finally, section 6 concludes this chapter.

3.1 Theoretical results for infinite time interval

The adaptive algorithm considered in this chapter is the same as the one introduced

in section 2.1.1. In the following subsections, we state some preliminary lemmas,

the key results on stability and strong convergence, and related results on an

number of timesteps, introducing various assumptions as required for each over

infinite time interval.
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3.1.1 Stability

Assumption 3.1.1 (Locally Lipschitz and linear growth). Assume that f and g

are both locally Lipschitz. Furthermore, assume that there exist constants α, β ∈

(0,∞) such that for all x ∈ Rm, f satisfies the dissipativity condition that

〈x, f(x)〉 ≤ −α‖x‖2 + β, (3.1)

and g is globally bounded satisfying that

‖g(x)‖2 ≤ β, (3.2)

and non-degenerate with full rank m for all x ∈ Rm.

Theorem 4.4 in [73] and Theorem 6.1 in [75] show that this Assumption ensures

the existence and uniqueness of the invariant measure. We can also prove the

following uniform moment bound for the SDE solution.

Lemma 3.1.1 (SDE stability). If the SDE satisfies Assumption 3.1.1 with X0 =

x0, then for all p ∈ (0,∞), there is a constant Cp ∈ (0,∞) which only depends on

x0 and p such that for all t ∈ [0,∞) it holds that

E [‖Xt‖p] ≤ Cp. (3.3)

Proof of Lemma 3.1.1. The result follows Theorem 1.8 in [56]. This completes the

proof of Lemma 3.1.1.

We now specify the critical assumption about the adaptive timestep.

Assumption 3.1.2 (Adaptive timestep). The adaptive timestep function h :

Rm → (0, hmax] is continuous and bounded, with hmax ∈ (0,∞), and there exist

constants α, β ∈ (0,∞) such that for all x ∈ Rm, h satisfies the inequality that

〈x, f(x)〉+ 1
2
h(x) ‖f(x)‖2 ≤ −α‖x‖2 + β. (3.4)
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Compared with the Assumption 2.1.2 in the finite time analysis, this assumption

additionally bound h to achieve the uniform bound.

Theorem 3.1.1 (Infinite time stability). If the SDE satisfies Assumption 3.1.1,

and the timestep function h satisfies Assumption 3.1.2, then for all p ∈ (0,∞)

there exists a constant Cp ∈ (0,∞) which depends solely on p, x0, hmax and the

constants α, β in Assumption 3.1.2 such that for all t ∈ [0,∞) it holds that

E
[
‖X̂t‖p

]
< Cp, E

[
‖X t‖p

]
< Cp. (3.5)

Proof of Theorem 3.1.1. The proof is deferred to Section 3.5.

Then, we obtain the following lemma.

Lemma 3.1.2 (Bounded timestep moments). If the SDE satisfies Assumption

3.1.1 , and the timestep function h satisfies Assumptions 3.1.2 and 2.1.3, then for

all T ∈ [1,∞), p ∈ (0,∞) there exists a constant Ch,p ∈ (0,∞) which depends on

p and Cp in Theorem 3.1.1 such that it holds that

E [(NT − 1)p] < Ch,p T
p. (3.6)

Proof of Lemma 3.1.2. By Assumption 2.1.3, we obtain that

NT =

NT∑
k=1

1 =

NT∑
k=1

h(X̂tk)

h(X̂tk)
=

∫ T

0

1

h(X t)
dt+ 1 ≤

∫ T

0

(ξ‖X t‖q + ζ+
1

T
)dt+ 1. (3.7)

Therefore, the Jensen’s inequality ensures that

E [(NT − 1)p] ≤ 2p−1

(
T p−1

∫ T

0

E
[(
ξ‖X t‖q + ζ

)p]
dt+ 1

)
. (3.8)

Combining this and Theorem 3.1.1 completes the proof of Lemma 3.1.2.

3.1.2 Strong convergence

To prove an order of strong convergence requires new assumptions on f and g:
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Assumption 3.1.3 (Contractive Lipschitz properties). For some fixed p∗ ∈ [2,∞),

there exist constants λ, η ∈ (0,∞) such that for all x, y ∈ Rm, f and g satisfy the

contractive Lipschitz condition

〈x−y, f(x)−f(y)〉+ p∗ − 1

2
‖g(x)−g(y)‖2≤ −λ ‖x−y‖2, (3.9)

and g satisfies the Lipschitz condition

‖g(x)−g(y)‖2≤ η ‖x−y‖2. (3.10)

In addition, f satisfies the local polynomial growth Lipschitz condition (2.19).

This Assumption ensures that two solutions to this SDE starting from different

places but driven by the same Brownian increment, will come together exponen-

tially, as shown in the following lemma.

Lemma 3.1.3 (SDE contractivity). If the SDE satisfies Assumption 3.1.3, then

for any p ∈ [2, p∗], any two solutions to the SDE: Xt and Yt, driven by the same

Brownian motion but starting from x0 and y0, where x0 6= y0, satisfy, for all

t ∈ (0,∞), the bound

E [‖Xt − Yt‖p] ≤ e−λpt ‖x0 − y0‖p. (3.11)

Proof of Lemma 3.1.3. First, we define that et , Xt− Yt, and since Xt and Yt are

driven by the same Brownian motion, we obtain that

det = (f(Xt)− f(Yt)) dt+ (g(Xt)− g(Yt)) dWt. (3.12)

By Itô’s formula, we have for any t ∈ (0, T ] that

eλpt‖et‖p − ‖e0‖p≤
∫ t

0

λp eλps‖es‖p ds+

∫ t

0

p〈es, f(Xs)− f(Ys)〉eλps‖es‖p−2 ds

+

∫ t

0

p(p− 1)

2
‖g(Xs)− g(Ys)‖2eλps‖es‖p−2ds

+

∫ t

0

p eλps‖es‖p−2〈es, (g(Xs)− g(Ys)) dWs〉. (3.13)
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Therefore, by taking expectations on both sides and using the contractive Lipschitz

property (3.9), we obtain that

E
[
eλpt‖et‖p

]
≤ ‖e0‖p = ‖x0 − y0‖p. (3.14)

This completes the proof of Lemma 3.1.3.

This lemma means that the error made in previous time steps will decay exponen-

tially and then we can prove a uniform bound for the strong error.

Theorem 3.1.2 (Strong convergence order). If the SDE satisfies Assumption

3.1.3, and the timestep function hδ satisfies Assumption 2.1.4 with h satisfying

Assumption 3.1.2, then for all p ∈ (0, p∗], there exists a constant Cp ∈ (0,∞) such

that for all t ∈ [0,∞) it holds that

E
[
‖X̂t−Xt‖p

]
≤ Cp δ

p/2. (3.15)

Proof of Theorem 3.1.2. The proof is deferred to Section 3.5.

For the finite time interval [0, T ], we can show that the expected number of

timesteps per path increases linearly in T which is the same as for the case of

uniform timesteps.

Lemma 3.1.4 (Number of timesteps). If the SDE satisfies Assumption 3.1.1 , and

the timestep function hδ satisfies Assumption 2.1.4 with h satisfying Assumptions

3.1.2 and 2.1.3, then for all T, p ∈ (0,∞) there exists a constant Ch,p ∈ (0,∞)

same as in Lemma 3.1.2 such that

E [(NT − 1)p] ≤ Ch,p T
p δ−p. (3.16)

Proof of Lemma 3.1.4. The proof is very similar to the proof of Lemma 3.1.2,

noting that

hδ(x) ≥ δ h(x) ≥ δ (ξ‖x‖q + ζ)−1 , (3.17)

due to Assumptions 2.1.3 and 2.1.4. Combing the uniform moment bound from

Theorem 3.1.1 and the inequality (3.8) completes the proof of Lemma 3.1.4.
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Again, we can prove first order strong convergence for SDEs with a uniform diffu-

sion coefficient.

Assumption 3.1.4 (Enhanced contractive Lipschitz properties). There exists a

constant λ ∈ (0,∞) such that for all x, y ∈ Rm, f satisfies the contractive one-sided

Lipschitz condition that

〈x−y, f(x)−f(y)〉 ≤ −λ‖x−y‖2. (3.18)

In addition, f is differentiable, and f and ∇f satisfy the local polynomial growth

Lipschitz condition (2.19).

We now state the theorem on improved strong convergence.

Theorem 3.1.3 (Strong convergence for Langevin SDEs). If m= d, g ≡ Im, f

satisfies Assumption 3.1.4, and the timestep function hδ satisfies Assumption 2.1.4

with h satisfying Assumption 2.1.3, then for all p ∈ (0,∞) there exists a constant

Cp ∈ (0,∞) such that for all t ∈ [0,∞) it holds that

E
[
‖X̂t−Xt‖p

]
≤ Cp δ

p. (3.19)

Proof of Theorem 3.1.3. The proof is deferred to Section 3.5.

3.2 Adaptive MLMC for invariant distributions

We are interested in the problem of approximating

π(ϕ) := Eπϕ =

∫
Rm

ϕ(x)π(dx), (3.20)

where π is the invariant measure of the SDE (1.1). Numerically, we can approxi-

mate this quantity by simulating E [ϕ(XT )] for a sufficiently large T. In the follow-

ing subsections, we will introduce our adaptive multilevel Monte Carlo algorithm

and its numerical analysis.

60



3.2.1 Algorithm

Consider the identity of the standard MLMC (1.12) that

E [ϕL] = E [ϕ0] +
L∑
`=1

E [ϕ` − ϕ`−1] , (3.21)

where ϕ` := ϕ(X̂`
T ) with X̂`

T being the numerical estimator of XT , which uses the

adaptive function hδ with δ=M−` for some fixed M ∈ [1,∞). Then the standard

MLMC estimator is the following telescoping sum

1

N0

N0∑
n=1

ϕ(X̂
(n,0)
T ) +

L∑
`=1

{
1

N`

N∑̀
n=1

(
ϕ(X̂

(n,`)
T )− ϕ(X̂

(n,`−1)
T )

)}
, (3.22)

where X̂
(n,`)
T is the terminal value of the nth numerical path in the time interval

[0, T ] using a suitable adaptive function hδ with δ = M−`.

In contrast with the standard MLMC with a fixed time interval [0, T ], we now

allow different levels to have different lengths of the time interval T`, satisfying

0 < T0 < T1 < · · · < T` < · · · < TL = T, which means that as the level ` increases,

we obtain a better approximation not only by using smaller timesteps but also by

simulating a longer time interval. However, the difficulty is how to construct a

good coupling on each level ` since the fine path and coarse path have different

lengths of time interval T` and T`−1.

Following the idea of Glynn and Rhee [38] to estimate the invariant measure of

some Markov chains, we perform the coupling by starting a level ` fine path sim-

ulation at time tf0 = −T` and a coarse path simulation at time tc0 = −T`−1 and

terminate both paths at t = 0. Since the drift f and volatility g do not depend

explicitly on time t, the distribution of the numerical solution simulated on the

time interval [−T`, 0] is same as one simulated on [0, T`]. The key point here is that

the fine path and coarse path share the same driving Brownian motion during the

overlap time interval [−T`−1, 0]. Owing to the result of Lemma 3.1.3, two solu-

tions to the SDE satisfying Assumption 3.1.3, starting from different initial points

and driven by the same Brownian motion will converge exponentially. Therefore,
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the fact that different levels terminate at the same time is crucial to the variance

reduction of the multilevel scheme.

Our new multilevel scheme still satisfies the identity (3.21) but with ϕ` = ϕ(X̂`
0)

with X̂`
0 being the terminal value of the numerical path approximation on the time

interval [−T`, 0] using adaptive function hδ with δ=M−`. The corresponding new

MLMC estimator is

Ŷ :=
1

N0

N0∑
n=1

ϕ(X̂
(n,0)
0 ) +

L∑
`=1

{
1

N`

N∑̀
n=1

(
ϕ(X̂

(n,`)
0 )− ϕ(X̂

(n,`−1)
0 )

)}
, (3.23)

where X̂
(n,`)
0 is the terminal value of the nth numerical path through the time

interval [−T`, 0] using the adaptive function hδ with δ = M−`. Figure 3.1 and

Algorithm 1 illustrate the detailed implementation of a single adaptive MLMC

sample using a non-nested adaptive timestep on level ` with M = 2.

Figure 3.1: Algorithm of the adaptive MLMC for an infinite interval

3.2.2 Numerical analysis

First, we state the exponential convergence to the invariant measure of the original

SDE, which can help us to measure the approximation error caused by truncating

the infinite time interval.

Lemma 3.2.1 (Exponential convergence). If the SDE satisfies Assumptions 3.1.1

and 3.1.3 and ϕ satisfies the polynomial growth Lipschitz condition (2.19), then
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Algorithm 1: Outline of the algorithm for a single adaptive MLMC sample
for scalar SDE on level ` in time interval [−T`, 0].

p t := −T`; tc := −T`−1; tf := −T`;
hc := 0; hf := 0;
∆W c := 0; ∆W f := 0;

X̂c = x0; X̂f = x0;
while t < 0 do

told := t;
t := min(tc, tf );
∆W := N(0, t− told);
∆W c := ∆W c + ∆W ;
if t = −T`−1 then

∆W c := 0;
end
∆W f := ∆W f + ∆W ;
if t = tc then

update coarse path X̂c using hc and ∆W c;

compute new adapted coarse path timestep hc = h2δ(X̂c);
hc := min(hc,−tc);
tc := tc + hc;
∆W c := 0;

end
if t = tf then

update fine path X̂f using hf and ∆W f ;

compute new adapted fine path timestep hf = hδ(X̂f );
hf := min(hf ,−tf );
tf := tf + hf ;
∆W f := 0;

end

end

Result: X̂f − X̂c
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there exists a constant µ0 ∈ (0,∞) depending on x0 and the constants in Lemma

3.1.1 and 3.1.3 such that

|E [ϕ(Xt)− π(ϕ)]| ≤ µ0 e−λt. (3.24)

Proof of Lemma 3.2.1. Let Y0 be a new random variable which follows the invari-

ant measure π. Then the solution Yt to the SDE with the initial value Y0 will

also follows the invariant measure for any t ∈ (0,∞). Therefore, by the polyno-

mial growth Lipschitz property of ϕ and Lemmas 3.1.1 and 3.1.3 and Hölder’s

inequality, there exist constants µ0, µ1 ∈ (0,∞) such that

|E [ϕ(Xt)−π(ϕ)]| = |E [ϕ(Xt)− ϕ(Yt)]|≤E [(γ(‖Xt‖q+‖Yt‖q) + µ) ‖Xt − Yt‖]

≤ E
[
|γ(‖Xt‖q+‖Yt‖q) + µ|2

]1/2 E [‖Xt − Yt‖2
]1/2

(3.25)

≤ µ1E
[
‖X0−Y0‖2

]1/2
e−λt≤2µ1 [‖x0‖+C1] e−λt := µ0e−λt.

This completes the proof of Lemma 3.2.1.

Note that Assumption 3.1.3 is a sufficient condition for this Lemma. We use it

here to show that the contractivity rate λ is a lower bound for the true convergence

rate λ∗ and it is λ that determines the choice of T` shown in the following results.

Now, we first bound the variance of the MLMC correction for each level.

Lemma 3.2.2 (Variance of MLMC corrections for a bounded diffusion coeffi-

cient). If ϕ satisfies the polynomial growth Lipschitz condition (2.19), the SDE

satisfies Assumption 3.1.3 and the timestep function hδ satisfies Assumption 2.1.4

with h satisfying Assumption 3.1.2, and δ = M−` for each level, then for each

level `, there exist constants c1 and c2 such that the variance of correction V` :=

V
[
ϕ(X̂`

0)− ϕ(X̂`−1
0 )

]
satisfies that

V` ≤ c1M
−` + c2 e−2λT`−1 . (3.26)
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Proof of Lemma 3.2.2. By the polynomial growth Lipschitz condition (2.19) of ϕ,

Hölder’s inequality and Theorem 3.1.1, there exists a constant κ ∈ (0,∞) such

that

V` ≤ E
[∣∣∣ϕ(X̂`

0)− ϕ(X̂`−1
0 )

∣∣∣2] ≤ κE
[∥∥∥X̂`

0 − X̂`−1
0

∥∥∥p∗]2/p∗

. (3.27)

X̂`
t and X̂`−1

t share the same driving Brownian motion from −T`−1 to 0. We can

denote the corresponding solution to the SDE (1.1) starting from x0 at time −T`−1

and driven by the same Brownian motion as X̂`−1
t through time interval [−T`−1, 0]

by Xc
t , and the solution starting from x0 at time −T` driven by the same Brownian

motion as X̂`
t through the time interval [−T`, 0] by Xf

t .

Then, by Jensen’s inequality, we obtain that

E
[∥∥∥X̂`

0 − X̂`−1
0

∥∥∥p∗] ≤ 3p
∗−1 (E1 + E2 + E3), (3.28)

where

E1 = E
[∥∥∥Xc

0 − X̂`−1
0

∥∥∥p∗] ,
E2 = E

[∥∥∥X̂`
0 −X

f
0

∥∥∥p∗] , (3.29)

E3 = E
[∥∥∥Xf

0 −Xc
0

∥∥∥p∗] .
Theorem 3.1.2 implies that there exists a constant Cp∗ ∈ (0,∞) which does not

depend on T` such that

E1 ≤ Cp∗M
−p∗(`−1)/2, E2 ≤ Cp∗M

−p∗`/2, (3.30)

and Lemma 3.1.1 and Lemma 3.1.3 imply that there exists a constant C ∈ (0,∞)

depending on x0 and C4 in Lemma 3.1.1 such that

E3 ≤ E
[
‖Xf
−T`−1

− x0‖p
∗
]

e−p
∗λT`−1 (3.31)

≤ 2p
∗−1
(
‖x0‖p

∗
+ E

[
‖Xf
−T`−1

‖p∗
])

e−p
∗λT`−1 ≤ C e−p

∗λT`−1 .
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Finally, by the fact that av + bv ≥ (a + b)v for any a, b ∈ (0,∞) and v ∈ (0, 1),

there exist constants c1, c2 ∈ (0,∞) such that

V` ≤ κ
[
3p
∗−1
(
Cp∗M

−p∗(`−1)/2 + Cp∗M
−p∗`/2 + Ce−p

∗λT`−1
)]2/p∗

≤ c1M
−` + c2 e−2λT`−1 . (3.32)

This completes the proof of Lemma 3.2.2.

Given this, we obtain the following theorem for the complexity of the MLMC

algorithm to achieve a specified MSE accuracy.

Theorem 3.2.1 (MLMC for invariant measure). If ϕ satisfies the polynomial

growth Lipschitz condition (2.19), the SDE satisfies Assumption 3.1.3 and the

timestep function hδ satisfies Assumption 2.1.4 with h satisfying Assumption 3.1.2

and δ=M−` for each level, then by choosing suitable values for L and T`, N` for

each level `, there exists a constant c3 such that the MLMC estimator (3.23) has

a MSE satisfying the bound

E
[
(Ŷ − π(ϕ))2

]
≤ ε2, (3.33)

and an expected computational cost CMLMC satisfying the bound

CMLMC ≤ c3 ε
−2| log ε|3. (3.34)

Proof of Theorem 3.2.1. By Jensen’s inequality, the mean square error can be de-

composed into three parts:

E
[
(Ŷ − π(ϕ))2

]
=V

[
Ŷ
]

+
∣∣∣E [Ŷ ]− π(ϕ)

∣∣∣2 (3.35)

≤V
[
Ŷ
]

+ 2
∣∣∣E [Ŷ ]− E [ϕ(XTL)]

∣∣∣2+ 2 |E [ϕ(XTL)]− π(ϕ)|2 ,

which enables us to achieve the MSE bound by bounding each part by ε2/3.

If we set that

T` = (`+1) logM/2λ, (3.36)

66



then it holds that V` ≤ (c1 + c2)M−`, which has the same order of magnitude as

the variance bound for the standard MLMC theorem. Lemma 3.2.1 implies that

2 |E [ϕ(XTL)]− π(ϕ)|2 ≤ 2µ2
0 e−2λTL ≤ ε2

3
, (3.37)

provided that

L ≥
⌈

2| log ε|
logM

+
log(6µ2

0)

logM

⌉
. (3.38)

By Theorems 3.1.1 and 3.1.2, the polynomial growth Lipschitz condition (2.19) of

ϕ and Hölder’s inequality, there exist constants κ1, κ2 ∈ (0,∞) such that

2
∣∣∣E [Ŷ ]− E [ϕ(XTL)]

∣∣∣2 = 2
∣∣∣E [ϕ(X̂L

TL
)− ϕ(XTL)

]∣∣∣2 (3.39)

≤ 2κ1 E
[
‖X̂L

TL
−XTL‖4

]1/2

≤ κ2M
−L ≤ ε2

3
,

provided that

L ≥
⌈

2| log ε|
logM

+
log(3κ2)

logM

⌉
. (3.40)

Combining the requirements (3.38) and (3.40), we choose

L =

⌈
2| log ε|
logM

+
log (max(6µ2

0, 3κ2))

logM

⌉
, (3.41)

giving L = O(| log ε|) as ε → 0. Therefore, we have V` = O(M−`) and C` =

O(`M `), where C` is the expected cost of a sample on level `. Following the analysis

in [32], by choosing

N` =

⌈
3 (c1 + c2)

M−`
√
`+1

ε−2

L∑
`′=0

√
`′+1

⌉
, (3.42)

to ensure that the overall variance is less than ε2

3
, then the expected total cost is

bounded by, for some constant C0 ∈ (0,∞),

CMLMC ≤ 3C0 (c1 + c2) ε−2

(
L∑
`=0

√
`+1

)2

+ C0

L∑
`=0

(`+1)M `. (3.43)
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Since
L∑
`=0

√
`+1 ≤

∫ L+1

0

√
x+1 dx ≤ 2

3
(L+2)3/2 = O(| log ε|3/2), (3.44)

and
L∑
`=0

(`+1)M ` ≤ (L+1)2ML = O(ε−2| log ε|2), (3.45)

we obtain the desired final result that there exists a constant c3 such that

CMLMC ≤ c3 ε
−2| log ε|3. (3.46)

This completes the proof of Theorem 3.2.1.

For the SDEs with uniform diffusion coefficient, the computational cost can be

reduced to O(ε−2).

Theorem 3.2.2 (SDEs with uniform diffusion coefficient). If ϕ satisfies the poly-

nomial growth Lipschitz condition (2.19), and for the SDE, m=d, g ≡ Im, f sat-

isfies Assumption 3.1.4, and the timestep function hδ satisfies Assumption 2.1.4

with h satisfying Assumption 3.1.2 and δ = M−` for each level, then for each level

`, there exist constants c1, c2 ∈ (0,∞) such that

V` ≤ c1M
−2` + c2 e−2λT`−1 . (3.47)

Furthermore, by choosing suitable L, T` and N` for each level ` in the MLMC

estimator (3.23), one can achieve the MSE bound ε2 at an expected computational

cost bounded by

CMLMC ≤ c3 ε
−2, (3.48)

for some constant c3 ∈ (0,∞).

Proof of Theorem 3.2.2. Following a similar argument to the proof of Lemma

3.2.2, Theorem 3.1.3 implies V` ≤ c1M
−2` + c2 e−2λT`−1 , and by choosing T` to

be

T` = (`+1) logM/λ, (3.49)
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we obtain V` ≤ (c1 + c2)M−2`. The computational cost of a single MLMC sample

on level ` satisfies

C` ≤ C0(`+1)M ` ≤ CM (1+ε)`, (3.50)

for any 0<ε�1 and some C ∈ (0,∞). Therefore, the standard MLMC Theorem

1.1.2 is applicable with γ < β, giving an O(ε−2) complexity. This completes the

proof of Theorem 3.2.2.

Note that the choice of T` (3.49) for the equation with a uniform diffusion coefficient

is different from (3.36) for SDEs with bounded diffusion coefficient. In other words,

the strong convergence result and the contractive convergence rate λ together

determine T`. In some cases, λ needs to be estimated numerically through Lemma

3.1.3. The difference in the variance convergence rate also affects the choice of M .

Based on the analysis in [30], the optimal M for SDEs with general g is in the

range 4−8, while in the uniform diffusion coefficient case the optimal M is around

2.

3.3 Numerical experiment

In this section we present numerical results for the following scalar SDE

dXt =
(
−Xt −X3

t

)
dt+ dWt, (3.51)

which satisfies both the dissipativity condition (3.1) and the contractive condition

(3.18). Our interest is to compute π(ϕ) where ϕ(x) = (x + 1)2 satisfying the

polynomial growth Lipschitz condition.

Since the probability density function π is

exp(−x2 − 1
2
x4)∫∞

−∞ exp(−x2 − 1
2
x4) dx

, (3.52)

we can use numerical integration to calculate an approximate value: ϕ(π) ≈ 1.2896

with accuracy 10−5, and use this value as a benchmark for our numerical tests.
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Next we need to determine T` for each level. Linear perturbations to the SDE

satisfy the ODE

dYt = −
(
1 + 3X2

t

)
Yt dt, (3.53)

and therefore λ≥ 1. Hence we choose to use T` = (`+1) log 2 to ensure that the

truncation error is acceptably small.

Figure 3.2 displays the variance of the multilevel correction on each level as a

function of T ; this is to be compared to the bound in result (3.47). The exponential

part dominates the variance at the beginning, so the variance decays exponentially.

As time increases, the M−2` term becomes the major part of the variance, and the

variance stops decreasing.
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Figure 3.2: Variance of corrections on each level ` (test case)

Figure 3.3 presents the MLMC results. The top right plot shows first order con-

vergence for the weak error and the top left plot shows second order convergence

for the multilevel correction variance. Hence the computational cost for RMS ac-

curacy ε is O(ε−2) which is verified in the bottom right plot, while the bottom left

plot shows the number of MLMC samples on each level as a function of the target

accuracy. Here, we also compared our MLMC scheme with standard Monte Carlo
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Figure 3.3: Adaptive MLMC for invariant distribution (test case)

(Standard MC) method directly simulating X̂TL , the adaptive scheme proposed by

Lemaire using same step sequence as in Example 7.1 in [64], and the MATLA algo-

rithm in [86] with timestep h = 0.1. Both standard MC and the adaptive scheme

by Lemaire have the order O(ε−3). MLMC and MATLA have the optimal com-

plexity O(ε−2). In this case, MATLA performs better due to the relatively short

mixing time and low correlations. However, MATLA and the adaptive scheme by

Lemaire only simulate one path and are difficult to perform by parallel comput-

ing. In addition, MATLA can only be applied when the density of the invariant

measure is known up to a constant.
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3.4 Extension to a larger class of ergodic SDEs

In practice, the condition (3.9) in Assumption 3.1.3 is restrictive and means that

the SDE is contractive everywhere in the whole space. However, this condition is

only a sufficient condition to make the adaptive MLMC work. Numerically, our

adaptive MLMC does not need contractivity everywhere but do require contractiv-

ity in a global sense. For example, the double-well potential SDEs which only lose

the contractivity near the connection area of the two wells. Therefore, intuitively,

our scheme works well for the systems with negative Lyapunov exponent.

3.4.1 Double-well potential SDE

First, we apply adaptive MLMC for a 100-dimensional SDEs

dXt =

(
Xt −

1

100
‖Xt‖2Xt

)
dt+ dWt, x0 = 0. (3.54)

Our interest is to compute π(ϕ) with ϕ(x) = ‖x‖2 satisfying the polynomial growth

Lipschitz condition. Although this SDE does not satisfy the Assumption 3.1.3, it

has negative Lyapunov exponent and the numerical estimation of the contractivity

rate λ in Lemma 3.1.3 is 0.15. We choose T` based on equation (3.49).

Figure 3.4 shows the variance decays due to the contractivity and the first order

strong convergence. The convergence results for the adaptive MLMC and compar-

isons with other schemes are shown in Figure 3.5. We use MATLA with timestep

h = 0.02 as the optimal scaling suggested in [85] and the adaptive scheme proposed

by Lemaire using same step sequence as in Example 7.1 in [64].

3.4.2 FENE model

We extend our adaptive MLMC scheme to the FENE model from test case 4 in

the previous chapter. Figure 3.6 shows that the adaptive MLMC also works well
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Figure 3.4: Variance of corrections on each level ` (double-well)

and achieves the optimal computational cost O(ε−2) for the invariant measure

computation. None of the other methods are applicable here.
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Figure 3.5: Adaptive MLMC for the invariant distribution (double-well)
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3.5 Proofs

This section contains the proofs of the three main theorems in this chapter, one

on stability, and two on the order of strong convergence.

3.5.1 Preliminaries

In this subsection, we introduce some inequalities and results we use frequently in

the following sections.

Young’s inequality

For any ζ ∈ (0,∞) and P,Q ∈ (1,∞) satisfying 1
P

+ 1
Q

= 1, and for any A,B ∈
(0,∞), the following inequality holds

AB = Aζ
B

ζ
≤ AP ζP

P
+

BQ

QζQ
. (3.55)

In this chapter, we use two particular cases. First, we take P = Q = 2, and

ζ2 = 2ξ ∈ (0,∞) and obtain that

AB ≤ ξA2 +
B2

4 ξ
. (3.56)

Second, for any p ∈ [2,∞) and ξ ∈ (0,∞), we take P = p
p−2

, Q= p
2
, A=ap−2, B=b2

and ζ=ξ(p−2)/p, and obtain that

ap−2b2 ≤ (p−2) ξ

p
ap +

2

p ξ(p−2)/2
bp. (3.57)

When using these in proofs, we often keep ξ arbitrary initially and choose it later

to make one term sufficiently small, as needed.
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Jensen’s inequality

One variant of the Jensen’s inequality is(
N∑
k=0

eλtkhk uk

)p

≤

(
N∑
k=0

eλtkhk

)p−1 N∑
k=0

eλtkhku
p
k, (3.58)

where p ∈ [1,∞) and hk, uk ∈ [0,∞). Its continuous version is∣∣∣∣∫ t

0

φ(s) eγs ds

∣∣∣∣p ≤ (∫ t

0

eγs ds

)p−1 ∫ t

0

|φ(s)|peγs ds, (3.59)

where γ ∈ (0,∞) and φ is a real-valued function with finite p-th moment with

respect to the distribution with density proportional to eγs in a finite time interval

[0, t].

Exponentially weighted supremum

For simplicity, for α> 0, we can denote M̂α,p
t = sup0≤s≤t eαps‖X̂s‖p, and then by

Young’s inequality (3.56), for any ξ>0, it holds that

M̂
α,p/2
t ≤ ξ M̂α,p

t +
1

4 ξ
. (3.60)

We can also denote M
α,p

t = sup0≤s≤t eαps‖Xs‖p, which implies that

M
α,p

t ≤ eαphmax M̂α,p
t , (3.61)

since Xs=X̂s and |s−s| ≤ hmax, and∫ t

0

eγps/2‖Xs‖p/2ds ≤ M
α,p/2

t

∫ t

0

e(γ−α)ps/2ds

≤ 2e(γ−α)pt/2

p (γ − α)
eαphmax/2M̂

α,p/2
t . (3.62)

provided γ>α>0.
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3.5.2 Theorem 3.1.1

Proof of Theorem 3.1.1. By Theorem 2.1.1, we know that T is almost surely at-

tainable. Therefore we can directly analyse our discretization scheme without the

K truncation which was used in that proof. The proof proceeds in three steps.

First, we derive an upper bound for eαpt‖X̂t‖p. Second, we show that the moments

E[M̂α,p
t ] and E[M

α,p

t ] are each bounded by Cpe
αpt where Cp is a constant which

only depends on p, x0, hmax and the constants α, β in Assumption 3.1.2. Finally,

we get the uniform bound for E[‖X̂t‖p] and E[‖X t‖p].

The proof is given for p ∈ [4,∞); the result for p ∈ (0, 4) follows from Hölder’s

inequality.

Step 1: If we denote φ(x) = x+h(x)f(x), then we obtain that

‖X̂tn+1‖2 = ‖X̂tn‖2 + 2hn

(
〈X̂tn , f(X̂tn)〉+ 1

2
hn‖f(X̂tn)‖2

)
+ 2 〈φ(X̂tn), g(X̂tn) ∆W n〉+ ‖g(X̂tn) ∆W n‖2. (3.63)

Using condition (3.4) for h then implies that

‖X̂tn+1‖2 ≤ ‖X̂tn‖2 − 2α‖ X̂tn‖2hn + 2 β hn

+ 2 〈φ(X̂tn), g(X̂tn) ∆W n〉+ ‖g(X̂tn) ∆W n‖2. (3.64)

Since 1−2αhn ≤ e−2αhn and g and h are both bounded, we multiply by e2αtn+1 on

both sides to obtain that

e2αtn+1‖X̂tn+1‖2 ≤ e2αtn‖X̂tn‖2+ 2e2α(tn+hmax) β hn + e2α(tn+hmax)β‖∆W n‖2

+ 2 e2αtn+1〈φ(X̂tn), g(X̂tn) ∆W n〉. (3.65)

Similarly, for the partial timestep from t to t, since (t−t) ≤ hnt , it holds that

〈X̂t, f(X̂t)〉+ 1
2
(t− t)‖f(X̂t)‖2 ≤ −α‖X̂t‖2 + β, (3.66)
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and therefore we obtain that

e2αt‖X̂t‖2≤ e2αt‖X̂t‖2 + 2e2α(t+hmax) β (t− t) + e2α(t+hmax)β‖Wt −Wt‖2

+ 2 e2αt〈φ(X̂t), g(X̂t) (Wt −Wt)〉. (3.67)

Summing (3.65) over multiple timesteps and then adding (3.67) ensures that

e2αt‖X̂t‖2 ≤ ‖x0‖2 + 2βe2αhmax

(
nt−1∑
k=0

e2αtkhk + e2αt(t− t)

)
(3.68)

+ 2
nt−1∑
k=0

e2αtk+1〈φ(X̂tk), g(X̂tk)∆W k〉) + βe2αhmax

nt−1∑
k=0

e2αtk‖∆W k‖2

+ 2e2αt〈X̂t+f(X̂t) (t−t), g(X̂t)(Wt−Wt)〉+ βe2α(t+hmax)‖Wt−Wt‖2.

Bounding the first summation using a Riemann integral, and re-writing the second

as an Itô integral, raising both sides to the power p/2 and using Jensen’s inequality,

we obtain that

eαpt‖X̂t‖p ≤ 6p/2−1eαphmax

{
‖x0‖p +

(
2 β

∫ t

0

e2αs ds

)p/2
(3.69)

+

∣∣∣∣ 2∫ t

0

e2α(s+h(Xs))〈φ(Xs), g(Xs) dWs〉
∣∣∣∣p/2 +

(
β
nt−1∑
k=0

e2αtk‖∆W k‖2

)p/2

+
∣∣2e2αt〈X t+f(X t) (t−t), g(X t)(Wt−Wt)〉

∣∣p/2+ βp/2eαpt‖Wt−Wt‖p
}
.

Step 2: For any t ∈ [0, T ], we take the supremum on both sides of inequality

(3.69) and then take the expectation to obtain that

E
[
M̂α,p

t

]
= E

[
sup

0≤s≤t
eαps‖X̂s‖p

]
≤ 6p/2−1eαphmax (I1 + I2 + I3 + I4 + I5) , (3.70)
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where

I1 = ‖x0‖p +

(
2 β

∫ t

0

e2αs ds

)p/2
,

I2 = E

[
sup

0≤s≤t

∣∣∣∣ 2∫ s

0

e2α(u+h(Xu))〈φ(Xu), g(Xu) dWu〉
∣∣∣∣p/2
]
,

I3 = E

(β nt−1∑
k=0

e2αtk‖∆W k‖2

)p/2
 , (3.71)

I4 = E
[

sup
0≤s≤t

∣∣2e2αs〈Xs+f(Xs) (s−s), g(Xs)(Ws−Ws)〉
∣∣p/2] ,

I5 = E
[

sup
0≤s≤t

βp/2eαps‖Ws−Ws‖p
]
.

We now consider I1, I2, I3, I4, I5 in turn. It holds that

I1 = ‖x0‖p + (2β)p/2
(

e2αt − 1

2α

)p/2
≤ ‖x0‖p + (β/α)p/2eαpt. (3.72)

By the Burkholder-Davis-Gundy inequality, there exist a constant C1
p ∈ (0,∞)

such that

I2 = E

[
sup

0≤s≤t

∣∣∣∣ 2∫ s

0

e2α(u+h(Xu))〈φ(Xu), g(Xu) dWu〉
∣∣∣∣p/2
]

≤ E

[
C1
p

(∫ t

0

e4αu‖φ(Xu)
Tg(Xu)‖2 du

)p/4]
. (3.73)

Due to condition (3.4), for u<t we obtain that

‖φ(Xu)‖2 = ‖Xu‖2 + 2h(Xu)
(
〈Xu, f(Xu)〉+ 1

2
h(Xu)‖f(Xu)‖2

)
≤ ‖Xu‖2 + 2h(Xu) (−α‖Xu‖2 + β)

≤ ‖Xu‖2 + 2 βhmax, (3.74)

and hence by Jensen’s inequality and the boundedness condition (3.2) of g, we

obtain that

‖φ(Xu)
Tg(Xu)‖p/2 ≤ 2p/4−1βp/4

(
‖Xu‖p/2 + (2 βhmax)p/4

)
. (3.75)
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Therefore, using Jensen’s inequality (3.59) with γ = 2α, followed by (3.62) with

γ=(1+4/p)α and then (3.60) with ξ=e−αpt/2ζ, there exists a constant C2
p ∈ (0,∞)

which is linearly dependent on ζ−1 such that

I2 ≤ E
[
C1
p(e2αt/(2α))p/4−1

∫ t

0

eα(p/2+2)u‖φ(Xu)
Tg(Xu)‖p/2 du

]
≤ E

[
C1
p(e2αt/α)p/4−1βp/4

∫ t

0

eα(p/2+2)u
(
‖Xu‖p/2 + (2 βhmax)p/4

)
du

]
≤ E

[
C1
p

2

(
β

α

)p/4
eαp(t+hmax)/2M̂

α,p/2
t

]
+ C1

pβ
p/2

(
2hmax

α

)p/4
2eαpt

p+ 4

≤
C1
p

2

(
β

α

)p/4
eαphmax/2 ζ E

[
M̂α,p

t

]
+ C2

p eαpt. (3.76)

Using Jensen’s inequality (3.58), we obtain that

I3 ≤ βp/2
(∫ t

0

e2αsds

)p/2−1

E

[
nt−1∑
k=0

hk e2αtk
‖∆W k‖p

h
p/2
k

]

≤ cp

(
β

∫ t

0

e2αsds

)p/2
≤ cp(β/2α)p/2eαpt, (3.77)

where cp = E[sup0≤t≤1 ‖Wt −W0‖p] <∞. so that E[‖∆W k‖p] ≤ cph
p/2
k .

In considering I4, we start by observing that for s ∈ [tk, tk+1) it holds that

E
[

sup
tk≤u≤s

‖(Wu−Wtk)‖p | Fs
]

= cp (s−s)p/2 ≤ cphmax
p/2−1(s−s). (3.78)

In addition, using (3.66) and following the same argument as for I2 ensure that

‖Xs+f(Xs)(s−s)‖p/2‖g(Xs)‖p/2 ≤ 2p/4−1βp/4
(
‖Xs‖p/2 + (2 βhmax)p/4

)
. (3.79)

Therefore, combining the estimates (3.78), (3.62) with γ = 2α and (3.60) with

ξ = e−αpt/2ζ, there exists a C3
p ∈ (0,∞) which is linearly dependent on ζ−1 such
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that

I4 ≤ 2p/2 E
[

sup
0≤s≤t

eαps
∣∣〈Xs+f(Xs)(s−s), g(Xs) (Ws−Ws)〉

∣∣p/2]
≤ 2p/2 E

[
sup

0≤s≤t
eαps‖Xs+f(Xs)(s−s)‖p/2‖g(Xs)‖p/2‖(Ws−Ws)‖p/2

]
≤ 23p/4−1βp/4 E

[
nt−1∑
k=0

eαptk
(
‖X tk‖p/2 + (2βhmax)p/4

)
sup

tk≤s<tk+1

‖Ws−Ws‖p/2

+ eαpt
(
‖X t‖p/2 + (2βhmax)p/4

)
sup
t≤s<t
‖Ws−Ws‖p/2

]
≤ 23p/4−1βp/4cp/2hmax

p/4−1 E
[∫ t

0

eαps
(
‖Xs‖p/2 + (2βhmax)p/4

)
ds

]
≤ 23p/4βp/4cp/2hmax

p/4−1 (pα)−1eαphmax/2 ζ E
[
M̂α,p

t

]
+ C3

peαpt. (3.80)

Similarly, again using the same definition for cp, we obtain that

I5 ≤ cp β
p/2hmax

p/2−1eαpt/(αp). (3.81)

Collecting together the bounds for I1, I2, I3, I4, I5, we conclude that we can choose

ζ ∈ (0,∞) sufficiently small so that there exist constants C4
p , C

5
p ∈ (0,∞) such

that

E
[
M̂α,p

t

]
≤ 1

2
E
[
M̂α,p

t

]
+ C4

p‖x0‖p + C5
p eαpt, (3.82)

and hence

E
[
M̂α,p

t

]
≤ 2C4

p ‖x0‖p + 2C5
p eαpt. (3.83)

Step 3: Due to the definition of M
α,p

t and inequality (3.61), for any t ∈ [0,∞)

it holds that

E
[
‖X t‖p

]
≤ e−αpt E

[
M

α,p

t

]
≤ e−αpt eαphmax E

[
M̂α,p

t

]
≤ eαphmax(2C4

p‖x0‖p + 2C5
p) , Cp, (3.84)

and similarly

E
[
‖X̂t‖p

]
≤ e−αpt E

[
M̂α,p

t

]
≤ 2C4

p ‖x0‖p + 2C5
p < Cp. (3.85)
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This completes the proof of Theorem 3.1.1.

3.5.3 Theorem 3.1.2

Proof of Theorem 3.1.2. The proof is for p ∈ [2, p∗]; the result for p ∈ (0, 2) follows

from Hölder’s inequality.

We start by combining the original SDE (1.1) with (2.3) that to obtain

et =

∫ t

0

(
f(Xs)− f(Xs)

)
ds+

∫ t

0

(
g(Xs)− g(Xs)

)
dWs, (3.86)

and then by Itô’s formula and Young’s inequality (3.56), together with e0 = 0, and

λ, η as defined in Assumption 3.1.3, we obtain that

eλpt/2‖et‖p ≤
∫ t

0

pλ

2
eλps/2‖es‖p ds+

∫ t

0

p〈es, f(Xs)−f(Xs)〉eλps/2‖es‖p−2 ds

+

∫ t

0

p(p− 1)

2
‖g(Xs)−g(Xs)‖2eλps/2‖es‖p−2 ds

+

∫ t

0

p 〈es, (g(Xs)−g(Xs))e
λps/2 ‖es‖p−2 dWs〉

≤
∫ t

0

pλ

2
eλps/2‖es‖p ds+

∫ t

0

p〈es, f(X̂s)−f(Xs)〉eλps/2 ‖es‖p−2 ds

−
∫ t

0

p〈es, f(X̂s)−f(Xs)〉eλps/2 ‖es‖p−2 ds

+p

∫ t

0

(
p− 1

2
+

λ

4η

)
‖g(X̂s)−g(Xs)‖2eλps/2 ‖es‖p−2ds

+p

∫ t

0

(
p− 1

2
+
η(p− 1)2

λ

)
‖g(X̂s)−g(Xs)‖2eλps/2 ‖es‖p−2ds

+

∫ t

0

p 〈es, (g(Xs)−g(Xs))e
λps/2 ‖es‖p−2 dWs〉 (3.87)

Using the conditions in Assumption 3.1.3, (3.10) implies that

‖g(X̂s)− g(Xs)‖2 ≤ η‖X̂s −Xs‖2. (3.88)
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(3.9) and (3.10) imply that

〈es, f(X̂s)−f(Xs)〉+

(
p− 1

2
+

λ

4η

)
‖g(X̂s)− g(Xs)‖2 ≤ −3λ

4
‖es‖2. (3.89)

(2.19) and Young’s inequality (3.56) imply that∣∣∣〈es, f(X̂s)−f(Xs)〉
∣∣∣ ≤ ‖es‖L(X̂s, Xs) ‖X̂s−Xs‖

≤ λ

8
‖es‖2 +

2

λ
L(X̂s, Xs)

2‖X̂s−Xs‖2, (3.90)

where L(x, y) , γ(‖x‖q + ‖y‖q) + µ. Hence, it holds that

eλpt/2‖et‖p ≤
∫ t

0

−pλ
8

eλps/2‖es‖p ds+

∫ t

0

p L̂(X̂s, Xs)‖X̂s−Xs‖2eλps/2‖es‖p−2 ds

+

∫ t

0

p〈es, (g(Xs)−g(Xs))e
λps/2‖es‖p−2 dWs〉, (3.91)

where L̂(x, y) = 2
λ
L(x, y)2+(p−1)η

2
+ η2(p−1)2

λ
. Young’s inequality (3.57) implies that

eλpt/2‖et‖p ≤
∫ t

0

2

(
8(p−2)

pλ

)p/2−1

L̂(X̂s, Xs)
p/2eλps/2‖X̂s−Xs‖p ds

+

∫ t

0

p〈es, (g(Xs)−g(Xs))e
λpt/2‖es‖p−2 dWs〉. (3.92)

Taking the expectation of each side ensures that

E
[
eλpt/2‖et‖p

]
≤ 2

(
8(p−2)

pλ

)p/2−1∫ t

0

E
[
L̂(X̂s, Xs)

p/2‖X̂s−Xs‖p
]

eλps/2ds. (3.93)

By Hölder’s inequality, it holds that

E
[
L̂(X̂s, Xs)

p/2‖X̂s−Xs‖p
]
≤
(
E
[
L̂(X̂s, Xs)

p
]
E
[
‖X̂s−Xs‖2p

])1/2

, (3.94)

and E
[
L̂(X̂s, Xs)

p
]

can be bounded by a constant C1
p due to the stability property

in Theorem 3.1.1. For any s∈ [0, T ], X̂s−Xs = f(X̂s)(s−s) + g(X̂s)(Ws−Ws), and

hence, by a combination of Jensen’s and Hölder’s inequalities, we obtain that

E
[
‖X̂s−Xs‖2p

]
≤ 22p−1

(
E
[
‖f(X̂s)‖4p

]
E
[
(s−s)4p

])1/2

+ 22p−1
(
E
[
‖g(X̂s)‖4p

]
E
[
‖Ws−Ws‖4p

])1/2

. (3.95)
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E[‖f(X̂s)‖4p] and E[‖g(X̂s)‖4p] are both finite, due to stability and the polynomial

bounds on the growth of f(x) and g(x). Furthermore, we have E[(s− s)4p] ≤

(δhmax)4p ≤ hmax
4pδ2p, and by standard results there is a constant cp such that

E[‖Ws−Ws‖4p] = E[ E[‖Ws−Ws‖4p | Fs] ] ≤ cp(δhmax)2p. Hence, there exists a

constant C2
p ∈ (0,∞) such that E[ ‖X̂s−Xs‖2p] ≤ C2

p δ
p, and therefore equation

(3.93) implies that

E
[
eλpt/2‖et‖p

]
≤ 2

(
8(p−2)

pλ

)p/2−1 ∫ t

0

√
C1
pC

2
p δ

p/2eλps/2 ds, (3.96)

which provides the final result: there exists a constant Cp ∈ (0,∞) such that for

all t ∈ [0,∞) it holds that

E [‖et‖p] ≤
4

λp

(
8(p−2)

pλ

)p/2−1√
C1
pC

2
p δ

p/2 = Cp δ
p/2. (3.97)

This completes the proof of Theorem 3.1.2.

3.5.4 Theorem 3.1.3

Proof of Theorem 3.1.3. The proof is given for p ∈ [4,∞); the result for p ∈ (0, 4)

follows from Hölder’s inequality. The error et , X̂t −Xt satisfies the SDE det =(
f(X t)−f(Xt)

)
dt and hence by Itô’s formula, it holds that

e2λt‖et‖2 =

∫ t

0

2λ e2λs‖es‖2 ds+

∫ t

0

2 e2λs〈es, f(X̂s)−f(Xs)〉 ds

−
∫ t

0

2 e2λs〈es, f(X̂s)−f(Xs)〉 ds

≤ −
∫ t

0

2 e2λs〈es, f(X̂s)−f(Xs)〉 ds (3.98)

due to the one-sided Lipschitz condition (3.18), so therefore we obtain that

E
[

sup
0≤s≤t

eλps‖es‖p
]
≤ 2p/2 E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

e2λu〈eu, f(X̂u)−f(Xu)〉 du
∣∣∣∣p/2
]
. (3.99)
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Within a single timestep, it holds that X̂u−Xu = f(Xu)(u−u) + (Wu−Wu), and

therefore, following a similar approach to the proof of Theorem 2.1.4, Lemma C.1

implies that

e2λu〈eu, f(X̂u)−f(Xu)〉 = e2λu〈eu,∇f(Xu)(X̂u−Xu)〉 + e2λuRu

= e2λu〈eu, (u−u)∇f(Xu)f(Xu)〉 + e2λuRu

+ (e2λu−e2λu)〈eu,∇f(Xu)(Wu−Wu)〉

+e2λu〈(eu−eu),∇f(Xu)(Wu−Wu)〉

+ e2λu〈eu,∇f(Xu)(Wu−Wu)〉 (3.100)

where |Ru| ≤
(
γ (‖X̂u‖q+‖Xu‖q) + µ

)
‖eu‖ ‖X̂u−Xu‖2, and hence it holds that

E
[

sup
0≤s≤t

eλps‖es‖p
]
≤ 10p/2

5
(I1 + I2 + I3 + I4 + I5), (3.101)

where

I1 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

e2λu〈eu, (u−u)∇f(Xu)f(Xu)〉 du
∣∣∣∣p/2
]
,

I2 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

e2λuRu du

∣∣∣∣p/2
]
,

I3 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

(e2λu−e2λu)〈eu,∇f(Xu)(Wu−Wu)〉 du
∣∣∣∣p/2
]
, (3.102)

I4 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

e2λu〈(eu−eu),∇f(Xu)(Wu−Wu)〉 du
∣∣∣∣p/2
]
,

I5 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

e2λu〈eu,∇f(Xu)(Wu−Wu)〉 du
∣∣∣∣p/2
]
.

We now bound I1, I2, I3, I4, I5 in turn. Noting that u−u ≤ δhmax, by Young’s
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inequality (3.56) and Jensen’s inequality (3.59), we obtain that

I1 ≤
eλ(p/2−1)t

λp/2−1
E
[∫ t

0

eλpu/2
(
δhmax‖eu‖‖f(Xu)‖‖∇f(Xu)‖

)p/2
eλudu

]
(3.103)

≤ eλ(p/2−1)t

λp/2−1
(δhmax)p/2E

[(
sup

0≤s≤t
eλps/2‖es‖p/2

)∫ t

0

‖f(Xu)‖p/2‖∇f(Xu)‖p/2eλudu
]

≤ ξ E
[

sup
0≤s≤t

eλps‖es‖p
]

+
eλ(p−1)t

4ξ λp−1
(δhmax)p

∫ t

0

E
[
‖f(Xu)‖p‖∇f(Xu)‖p

]
eλu du.

The last integral is finite because of stability and the polynomial bounds on the

growth of both f and ∇f , and hence there is a constant C1
p ∈ (0,∞) such that

I1 ≤ ξ E
[

sup
0≤s≤t

eλps‖es‖p
]

+ (C1
p/ξ) eλpt δp. (3.104)

Similarly, using Young’s inequality (3.56), Jensen’s inequality (3.59) and the Hölder

inequality, we obtain that

I2 ≤
eλ(p/2−1)t

λp/2−1

∫ t

0

E
[
eλpu/2‖eu‖p/2Lp/2(X̂u, Xu)‖X̂u−Xu‖p

]
eλudu (3.105)

≤ξE
[

sup
0≤s≤t

eλps‖es‖p
]

+
eλ(p−1)t

4ξ λp−1

∫ t

0

(
E
[
L2p(X̂u, Xu)

]
E
[
‖X̂u−Xu‖4p

])1/2

eλudu,

where L(X̂u, Xu) ≡ γ (‖X̂u‖q+‖Xu‖q)+µ. Hence, using stability and bounds on

E
[
‖X̂u−Xu‖4p

]
from the proof of Theorem 3.1.2, there is a constant C2

p ∈ (0,∞)

such that

I2 ≤ ξ E
[

sup
0≤s≤t

eλps‖es‖p
]

+ (C2
p/ξ) eλpt δp. (3.106)

The fact that e2λu−e2λu ≤ 2λ e2λu(u−u), and Jensen’s inequality (3.59) imply that

I3 ≤
eλ(p/2−1)t

λp/2−1

∫ t

0

E
[
eλpu/2

(
2λδhmax‖eu‖‖∇f(Xu)‖ ‖Wu−Wu‖

)p/2]
eλudu, (3.107)

and using the approach to estimating I1, there is similarly a constant C3
p ∈ (0,∞)

such that

I3 ≤ ξ E
[

sup
0≤s≤t

eλps‖es‖p
]

+ (C3
p/ξ) eλpt δp. (3.108)

87



For the next term, I4, similarly to the estimation of the bound of ‖es− es‖ in

the proof of Theorem 2.1.4, by Theorem 3.1.2, we find that there is a constant

cp ∈ (0,∞) such that

E[‖es−es‖p] ≤ cp δ
3p/2. (3.109)

Now, by Jensen’s inequality (3.59), we obtain that

I4 ≤
eλ(p−2)t

(2λ)p/2−1

∫ t

0

E
[
‖es−es‖p/2‖∇f(Xs)‖p/2‖Ws−Ws‖p/2

]
e2λsds, (3.110)

so using Hölder’s inequality and the usual stability bounds, we conclude that there

is a constant C4
p ∈ (0,∞) such that

I4 ≤ C4
p eλpt δp. (3.111)

Lastly, considering that

d ((t−tn+1)(Wt−Wtn)) = (Wt−Wtn) dt+ (t−tn+1) dWt, (3.112)

in the time interval [tn, tn+1] conditioned on Ftn , we obtain that∫ tn+1

tn

(Wu−Wtn) du = −
∫ tn+1

tn

(u−tn+1) dWu, (3.113)

and therefore we can split I5 into two parts

I5 ≤ 2p/2−1

E

 sup
0≤s≤t

∣∣∣∣∣
ns−1∑
k=0

∫ tk+1

tk

e2λu(u−tk+1)〈etk ,∇f(X tk)dWu〉

∣∣∣∣∣
p/2


+ E

[
sup

0≤s≤t

∣∣∣∣∫ s

s

e2λu〈eu,∇f(Xu)(Wu−Wu)〉 du
∣∣∣∣p/2
]}

= 2p/2−1 (I51 + I52). (3.114)

By the Burkholder-Davis-Gundy inequality, Young’s inequality (3.56) and Jensen’s
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inequality (3.59), there exists a constant c1
p ∈ (0,∞) such that

I51 ≤ E

[
sup

0≤s≤t

∣∣∣∣∫ s

0

e2λu(u− u− h(Xu))〈eu,∇f(Xu)dWu〉
∣∣∣∣p/2
]

≤ E

[
c1
p

(∫ t

0

e4λu(δhmax)2‖eu‖2‖∇f(Xu)‖2du

)p/4]
(3.115)

≤ E

[
c1
p sup

0≤s≤t
eλps/2‖es‖p/2

(∫ t

0

(δhmax)2‖∇f(Xu)‖2e2λudu

)p/4]

≤ ξE
[

sup
0≤s≤t

eλps‖es‖p
]

+
1

4ξ
E
[(
c1
p

)2 eλ(p−2)t

(2λ)p/2−1

∫ t

0

(δhmax)p‖∇f(Xu)‖pe2λudu

]
.

Hence, there exists a constant C51
p ∈ (0,∞) such that

I51 ≤ ξ E
[

sup
0≤s≤t

eλps‖es‖p
]

+ (C51
p /ξ) eλpt δp. (3.116)

Finally, for I52, the Young’s inequality (3.56) and Jensen’s inequality (3.59) imply

I52 = E

[
sup

0≤s≤t

∣∣∣∣∫ s

s

〈eu,∇f(Xu)(Wu−Wu)〉e2λu du

∣∣∣∣p/2
]

(3.117)

≤ (δhmax)p/2−1E
[

sup
0≤s≤t

∫ s

s

‖eu‖p/2‖∇f(Xu)‖p/2‖Wu−Wu‖p/2eλpu du

]
≤ (δhmax)p/2−1E

[(
sup

0≤s≤t
eλps/2‖es‖p/2

)∫ t

0

‖∇f(Xu)‖p/2‖Wu−Wu‖p/2eλpu/2 du

]
≤ ξ E

[
sup

0≤s≤t
eλps‖es‖p

]
+

eλpt/2

2ξ λp
(δhmax)3p/2−2

∫ t

0

E
[
‖∇f(Xu)‖p

]
eλpu/2du.

Thus, we find that there exists a constant C52
p > 0 such that

I52 ≤ ξ E
[

sup
0≤s≤t

eλps‖es‖p
]

+ (C52
p /ξ) eλpt δp. (3.118)

Combining the five bounds, and choosing ξ to be sufficiently small, we conclude

that there is a constant Cp ∈ (0,∞) such that

E
[

sup
0≤s≤t

eλps‖es‖p
]
≤ Cp eλpt δp. (3.119)

and therefore for all t ∈ [0,∞) it holds that

E [‖et‖p] ≤ Cp δ
p. (3.120)

This completes the proof of Theorem 3.1.3.
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3.6 Conclusion

In this chapter, we considered the adaptive approximations of the ergodic SDEs

in an infinite interval. The uniform bound with respect to T are established for

the moments, as shown in Theorem 3.1.1, and strong error of the numerical solu-

tions when the contractivity condition is satisfied, as shown in Theorem 3.1.2. In

addition, we extended this adaptive scheme to the MLMC method for the ergodic

limits by using different time intervals on different levels, as shown in Algorithm

1. By shifting the time intervals we constructed an efficient coupling of the fine

path and the coarse path with different simulation times. The numerical results

contained in section 3.3 support our analysis. Last but not least, we extended

without proof our scheme to a larger class of SDEs with contractivity on average,

for example, the FENE model and SDEs with a double-well potential, in section

3.4. Our adaptive scheme still works well and achieves an optimal complexity.
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Chapter 4

SDEs without contractivity

This chapter is an extended version of the published paper [25]. In this chapter,

we construct a new MLMC scheme for ergodic SDEs without contractivity by

using change of measure techniques, as we outlined in the introduction. However,

due to loss of contractivity, adaptively choosing T` does not work and we simply

simulate the SDE for a sufficiently long time T. The exponential convergence to

the invariant measure [75] is given by

|E [ϕ(XT )− π(ϕ)]| ≤ µ∗ e−λ
∗T (4.1)

for some constant µ∗, λ∗ ∈ (0,∞), and bounding this truncation error by ε requires

T ≥ 1

λ∗
log(ε−1) +

log µ∗

λ∗
. (4.2)

Change of measure techniques have been used in previous research to reduce the

variance of corrections in MLMC. Giles proposed to use the same Gaussian sam-

ples for the final step of both fine and coarse paths with a change of measure for

the pricing of the digital option on page 38 in [32]. To cope with SDEs with path-

dependent jumps, Xia & Giles [106] used a change of measure so that the accep-

tance probability of the jumps is the same for both fine and coarse paths. Kebaier

& Lelong [54] optimize over a class of measures to optimally reduce the variance of
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MLMC corrections. Andersson & Kohatsu-Higa [2] change the sampling distribu-

tion to make the MLMC correction variance finite for unbiased simulation of SDEs

using parametrix expansions. Stilger & Poon [92] apply it for MLMC calculation

of an interest rate model and Gasparotto [29] for deep out-of-money options to

reduce the variance.

The change of measure technique together with the Lamperti transform is also

the core part in the exact simulation of SDEs, see [8] and the references therein.

Importance sampling (change of measure technique) has also been widely used in

rare event simulations, see [19, 52] for a good introduction and review and the

references therein.

Lastly, the construction of good coupling between paths is also useful for theoret-

ical results. Eberle et al. [20] proposed a new coupling method to estimate the

theoretical convergence rate for Langevin dynamics. See [16] and its references for

further exploration.

The rest of this chapter is organised as follows. Section 1 introduces the new

MLMC method with the change of measure. Section 2 states the main theorems,

and the relevant numerical experiments are provided in section 3. Numerical

results for SDEs with non-globally Lipschitz drift are given in section 4. We apply

this technique to the numerical method for some elliptic PDEs in section 5. The

proofs of the main theorems are deferred to section 6. Finally, section 7 concludes

this chapter.

4.1 New MLMC with change of measure

In this chapter, we use the standard Euler-Maruyama method to simulate the

original SDE (1.1) using N uniform timesteps under the measure P, that is

tn+1 = tn + h, X̂tn+1 = X̂tn + f(X̂tn)h+ ∆W P
n , (4.3)

where ∆W P
n , W P

tn+1
−W P

tn for n ∈ {0, 1, ..., N−1} with h = T/N and there is

fixed initial data t0 = 0, X̂t0 = x0. Then, the standard Monte Carlo estimator for
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EP [ϕ(XT )] is the mean of the values ϕ(X̂L
T ), from NL independent path simulations

using h = 2−Lh0 for some suitable constant h0 ∈ (0,∞) and positive integer L is

ϕ̂std := N−1
L

NL∑
n=1

ϕ(X̂
L,(n)
T ). (4.4)

For standard MLMC, instead of directly estimating EP
[
ϕ(X̂L

T )
]
, we have the

following telescoping sum in the same probability measure P :

EP
[
ϕ(X̂L

T )
]

= EP
[
ϕ(X̂0

T )
]

+
L∑
`=1

EP
[
ϕ(X̂f,`

T )− ϕ(X̂c,`−1
T )

]
, (4.5)

where X̂f,`
T and X̂c,`−1

T share the same driving Brownian motion. Then, the stan-

dard MLMC estimator becomes

ϕ̂mlmc := N−1
0

N0∑
n=1

ϕ(X̂
0,(n)
T ) +

L∑
`=1

N−1
`

N∑̀
n=1

(
ϕ(X̂

f,`,(n)
T )− ϕ(X̂

c,`−1,(n)
T )

)
. (4.6)

Now we introduce the new MLMC scheme with change of measure using a spring

coefficient S ∈ (0,∞).

For level 0, the numerical estimator is the same as the standard MLMC ϕ(X̂0
T ).

For level ` ∈ {1, 2, ..., L}, we simulate the SDE with the additional spring terms

using the timestep h = 2−` h0 for the fine path and 2h for the coarse path.

• At t0, we set Ŷ f
t0 = Ŷ c

t0
= x0.

• At odd timesteps t2n+1 = t2n+h for n ∈ {0, 1, 2, ..., N/2−1}, we update both

paths

Ŷ c
t2n+1

= Ŷ c
t2n

+ S(Ŷ f
t2n − Ŷ

c
t2n

)h+ f(Ŷ c
t2n

)h+ ∆W P
2n,

Ŷ f
t2n+1

= Ŷ f
t2n + S(Ŷ c

t2n
− Ŷ f

t2n)h+ f(Ŷ f
t2n)h+ ∆W P

2n. (4.7)

• At even timesteps t2n+2 = t2n+1 + h for n ∈ {0, 1, 2, ..., N/2−1}, we update

the spring term and drift term of the fine path, but keep both the same for

the coarse path

Ŷ c
t2n+2

= Ŷ c
t2n+1

+ S(Ŷ f
t2n − Ŷ

c
t2n

)h + f(Ŷ c
t2n

)h + ∆W P
2n+1,

Ŷ f
t2n+2

= Ŷ f
t2n+1

+ S(Ŷ c
t2n+1

− Ŷ f
t2n+1

)h+ f(Ŷ f
t2n+1

)h+ ∆W P
2n+1. (4.8)
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Note that the coarse path updates can be combined to obtain that

Ŷ c
t2n+2

= Ŷ c
t2n

+ S(Ŷ f
t2n − Ŷ

c
t2n

)2h+ f(Ŷ c
t2n

)2h+ ∆W P
2n + ∆W P

2n+1. (4.9)

Next, we derive the exact Radon-Nikodym derivatives for both fine and coarse

paths. To begin with, suppose we only apply the change of measure to the nth

timestep. Under the measure P, we obtain that

Ŷtn+1 = X̂tn+Ŝh+f(X̂tn)h+∆W P
n ⇒ Ŷtn+1 ∼ NP(X̂tn+f(X̂tn)h+Ŝh, hI), (4.10)

where I is the identity matrix, NP(µ,Σ) is a normal distribution under the measure

P and Ŝ is the spring term. Under a new measure Q̂n with ∆W Q̂n
n = Ŝh+ ∆W P

n ,

we get

Ŷtn+1 = Ŷtn + f(Ŷtn)h+ ∆W Q̂n
n ⇒ Ŷtn+1 ∼ N Q̂n(Ŷtn + f(Ŷtn)h, hI). (4.11)

Then the exact Radon-Nikodym derivative for this single step is that

dQ̂n

dP
=

ρ(Ŷtn+1 |Ŷtn + f(Ŷtn)h, hI)

ρ(Ŷtn+1 |Ŷtn + f(Ŷtn)h+ Ŝh, hI)
:= R( Ŷtn+1 , Ŷtn , Ŝ, h), (4.12)

where ρ(x|µ,Σ) is the probability density function of N(µ,Σ) and

R( Ŷtn+1 , Ŷtn , Ŝ, h) = exp
(
−
〈
Ŷtn+1 − Ŷtn − f(Ŷtn)h, Ŝ

〉
+ ‖Ŝ‖2h/2

)
= exp

(
−
〈

∆W P
n , Ŝ

〉
− ‖Ŝ‖2h/2

)
. (4.13)

Now, suppose that we introduce such changes on each timestep of the whole path,

so under a new measure Q̂, we have ∆W Q̂
n = Ŝh+∆W P

n , for all n ∈ {0, 1, 2, ..., N−
1}. Since ∆W P

n and ∆W Q̂
n , for all n ∈ {0, 1, 2, ..., N−1}, are sets of independent

Brownian increments under the measure P and Q̂ respectively, the exact Radon-

Nikodym derivative becomes

dQ̂
dP

:=
N−1∏
n=0

R( Ŷtn+1 , Ŷtn , Ŝ, h). (4.14)

Numerically we obtain two new measures Q̂f and Q̂c with ∆W Q̂f
n = Ŝfnh + ∆W P

n

and ∆W Q̂c
n = Ŝcnh + ∆W P

n respectively for all steps on the fine and coarse paths,

where Ŝfn and Ŝcn are the spring terms on nth step for fine and coarse paths. Then

we can calculate the exact Radon-Nikodym derivatives step by step at the same

time as updating the paths.
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• At t0, we set Rf
t0 = Rc

t0
= 1.

• At odd timesteps t2n+1 = t2n+h for n ∈ {0, 1, 2, ..., N/2−1}, we only update

Rf

Rf
t2n+1

= Rf
t2n R

(
Ŷ f
t2n+1

, Ŷ f
t2n , S(Ŷ c

t2n
− Ŷ f

t2n), h
)
. (4.15)

• At even timesteps t2n+2 = t2n+1 + h for n ∈ {0, 1, 2, ..., N/2−1}, we update

both Rf and Rc

Rf
t2n+2

= Rf
t2n+1

R
(
Ŷ f
t2n+2

, Ŷ f
t2n+1

, S(Ŷ c
t2n+1

− Ŷ f
t2n+1

), h
)
,

Rc
t2n+2

= Rc
t2n

R
(
Ŷ c
t2n+2

, Ŷ c
t2n
, S(Ŷ f

t2n − Ŷ
c
t2n

), 2h
)
. (4.16)

Then, after N steps, we obtain the exact Radon-Nikodym derivatives for the whole

path

dQ̂f

dP
= Rf

T =
N−1∏
n=0

R
(
Ŷ f
tn+1

, Ŷ f
tn , S(Ŷ c

tn − Ŷ
f
tn), h

)
,

dQ̂c

dP
= Rc

T =

N/2−1∏
n=0

R
(
Ŷ c
t2n+2

, Ŷ c
t2n
, S(Ŷ f

t2n − Ŷ
c
t2n

), 2h
)
. (4.17)

Finally, the multilevel correction estimator becomes

ϕ(Ŷ f
T ) Rf

T − ϕ(Ŷ c
T ) Rc

T , (4.18)

and the identity we use in the new MLMC is that

EP
[
ϕ(X̂L

T )
]

= EP
[
ϕ(X̂0

T )
]

+
L∑
`=1

EP
[
ϕ(Ŷ f,`

T )Rf,`
T − ϕ(Ŷ c,`−1

T Rc,`
T )
]
, (4.19)

where Rf,`
T and Rc,`

T are the exact Radon-Nikodym derivatives for the fine and

coarse paths on level `. The new MLMC estimator becomes

ϕ̂new := N−1
0

N0∑
n=1

ϕ(X̂
0,(n)
T ) (4.20)

+
L∑
`=1

N−1
`

N∑̀
n=1

(
ϕ(X̂

f,`,(n)
T )R

f,`,(n)
T − ϕ(X̂

c,`−1,(n)
T )R

c,`,(n)
T

)
.

In the following sections, we only work under measure P, so we use Wt to denote

W P
t for simplicity.
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4.2 Theoretical results

In this section, we state the key results on the stability and strong error of the

path after the change of measure, and then the variance of the estimator (4.18)

and the resulting MLMC complexity.

Assumption 4.2.1 (Lipschitz continuity and dissipativity). Assume f is globally

Lipschitz so that there is a constant K ∈ (0,∞) such that for any x, y ∈ Rm it

holds that

‖f(x)−f(y)‖ ≤ K ‖x−y‖. (4.21)

Furthermore, assume that there exist constants α̃, β̃ ∈ (0,∞) such that for all

x ∈ Rm, f satisfies the dissipativity condition

〈x, f(x)〉 ≤ −α̃‖x‖2 + β̃. (4.22)

Note that a consequence of the globally Lipschitz condition is that

‖f(x)‖ ≤ ‖f(0)‖+K‖x‖ ⇒ ‖f(x)‖2 ≤ 2
(
‖f(0)‖2 +K2‖x‖2

)
. (4.23)

This assumption ensures the existence and uniqueness of the strong solution to the

SDEs [67] and the convergence to the invariant distribution [73]. Note that the

globally Lipschitz assumption is needed for simplicity of the proof but numerical

experiments in section 4.4 show that the change of measure technique also works

well for SDEs with non-globally Lipschitz drift. The following theorem, based

on this assumption, shows that our numerical scheme with sufficiently small h is

stable and the moments of the numerical solution are uniformly bounded with

respect to T.

Theorem 4.2.1 (Stability). If the original SDE satisfies Assumption 4.2.1 using

the new change-of-measure algorithm with S ∈ (0,∞), then for any T ∈ (0,∞), p ∈

[1,∞), there exist constants C(1), C(2) ∈ (0,∞) independent of T and p such that

for all h ∈ (0, C(1)), it holds that

sup
n∈{0,1,2,...,N}

E
[
‖Ŷ f

tn‖
p
]1/p

≤ C(2) p
1/2, sup

n∈{0,1,2,...,N}
E
[
‖Ŷ c

tn‖
p
]1/p

≤ C(2) p
1/2.

(4.24)

96



Proof of Theorem 4.2.1. The proof is deferred to section 4.6.1.

It is important to note that the constants C(1), C(2) depend on the specifics of the

original SDE and the value of S, but not on T, h or the moment power p. This result

is expected since the spring term is only a linear function of the numerical solution

and the magnitude is small which does not destroy the dissipativity condition and

allows us to obtain the uniform bounds. For the first-order strong convergence, we

need the following assumption.

Assumption 4.2.2 (One-sided Lipschitz property). There exists a constant λ ∈

(0,∞) such that for all x, y ∈ R, f satisfies the one-sided Lipschitz condition

〈x− y, f(x)− f(y)〉 ≤ λ ‖x− y‖2, (4.25)

and f is differentiable and ∇f(x) satisfies the globally Lipschitz condition (4.21).

Note that the globally Lipschitz condition (4.21) implies this one-sided Lipschitz

condition (4.25). However, the one-sided Lipschitz condition can give a sharper

bound for the positive side, which means that K can be much larger than λ. The

spring term in our algorithm is only needed when the inner product 〈x− y, f(x)−
f(y)〉 is positive, to prevent the exponential divergence of the fine and coarse paths.

See the adaptive spring for double-well potential energy SDE in section 4.4 where

we choose S to be a function of the current state to minimize the spring term and

thereby reduce the size of the Radon-Nikodym derivative. The other consideration

is that possibly we can extend this scheme to SDEs with locally one-sided Lipschitz

drift, for example the stochastic Lorenz equation. Therefore, this condition helps

us to obtain an accurate choice of the spring term S as shown in the following

theorem.

Theorem 4.2.2 (Difference between fine and coarse paths). If the original SDE

satisfies Assumptions 4.2.1 and 4.2.2 using the new change-of-measure algorithm

with S > λ/2, then for any T ∈ (0,∞) and p ∈ [1,∞), there exist constants

C(1), C(2) ∈ (0,∞) independent of T and p such that for all h ∈ (0, C(1)) it holds
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that

sup
n∈{0,1,2,...,N}

E
[
‖Ŷ f

tn − Ŷ
c
tn‖

p
]1/p

≤ C(2) min
(
p1/2 h1/2, p h

)
. (4.26)

Proof of Theorem 4.2.2. The proof is deferred to section 4.6.2.

The Lp norm of the difference between the fine and coarse paths, as we expected,

is uniformly bounded since we add a sufficiently strong spring term to recover

the contractivity. With this result, we can bound the pth-moment of the Radon-

Nikodym derivatives and then the MLMC estimator (4.18).

Theorem 4.2.3 (Radon-Nikodym moments). If the original SDE satisfies As-

sumptions 4.2.1 and 4.2.2 using the new change-of-measure algorithm with S >

λ/2, then for any T ∈ (0,∞) and p ∈ [1,∞), there exist constants C(1), C(2) ∈

(0,∞) independent of T and p such that for all h ∈ (0,min(C(1), C(2)/(Tp
2))) it

holds that

E

[∣∣∣∣∣dQ̂c

dP

∣∣∣∣∣
p]
≤ 2, E

[∣∣∣∣∣dQ̂f

dP

∣∣∣∣∣
p]
≤ 2. (4.27)

Proof of Theorem 4.2.3. The proof is deferred to section 4.6.3.

Theorem 4.2.4 (MLMC moments). If the original SDE satisfies Assumptions

4.2.1 and 4.2.2, and ϕ : Rm → R is globally Lipschitz using the new change-of-

measure algorithm with S > λ/2,, then for any T ∈ (0,∞) and p ∈ [1,∞) there ex-

ist constants C(1), C(2), C(3) ∈ (0,∞) such that for all h ∈ (0,min(C(1), C(2)/(Tp
2))

it holds that

E

[∣∣∣∣∣ϕ(Ŷ f
T )

dQ̂f

dP
− ϕ(Ŷ c

T )
dQ̂c

dP

∣∣∣∣∣
p]1/p

≤ C(3) p
2
√
T h. (4.28)

Proof of Theorem 4.2.4. The proof is deferred to section 4.6.4.

Note that this theorem implies that the variance of the estimator (4.18) is bounded

by C2Th
2, which increases linearly in T.

We now have everything we require to determine the MLMC complexity.
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Theorem 4.2.5 (MLMC for invariant measure). If ϕ satisfies the globally Lip-

schitz condition and the SDE satisfies Assumption 4.2.1 and 4.2.2 with conver-

gence rate λ∗ and constant µ∗ in (4.1), and Lyapunov exponent κ, then by choos-

ing suitable values for L, S, h0 and N` for each level `, there exist constants

c1, c2, c3 ∈ (0,∞) independent of T and p such that the estimator ϕ̂ has a mean

square error (MSE) satisfying the bound

E
[
(ϕ̂− π(ϕ))2

]
≤ ε2,

with ε ∈ (0, 1) and an expected computational cost Cstd for the standard Monte

Carlo estimator ϕ̂std (4.4) satisfying the bound

Cstd ≤ c1 ε
−3| log ε|, (4.29)

and an expected computational cost Cmlmc for the standard MLMC estimator ϕ̂mlmc

(4.6) satisfying the bound

Cmlmc ≤ c2 ε
−2− κ

2λ∗ | log ε|, (4.30)

provided κ/λ∗ < 2, and Ccom for the new MLMC estimator with change of measure

ϕ̂new (4.20) satisfying the bound

Ccom ≤ c3 ε
−2| log ε|2. (4.31)

Proof of Theorem 4.2.5. By Jensen’s inequality, the MSE can be decomposed into

three parts:

E
[
(ϕ̂− π(ϕ))2

]
= V [ϕ̂] + |E [ϕ̂]− π(ϕ)|2 (4.32)

≤ V [ϕ̂] + 2 |E [ϕ̂]− E [ϕ(XT )]|2+ 2 |E [ϕ(XT )]− π(ϕ)|2 ,

which enables us to achieve the MSE bound by bounding each part by ε2/3. Due

to the exponential convergence to the invariant measure (4.1), we bound the third

part by setting

T =
1

λ∗
log(ε−1) +

log
√

6µ∗

λ∗
, (4.33)
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to bound the truncation error. The first order weak convergence requires hL =

O(ε) and L ≥ dγ log2(ε−1) + ζe for some γ, ζ ∈ (0,∞).

For the standard Monte Carlo method using hL, the computational cost for each

path is O(ε−1| log ε|) and the bound on variance requires O(ε−2) samples, which

gives a total computational cost

Cstd ≤ c1 ε
−3| log ε|, (4.34)

for some constant c1 ∈ (0,∞).

The analysis for the two MLMC schemes is similar to the MLMC theorem in [32]

and shows that the optimal computational cost is bounded by

3ε−2

(
L∑
`=0

√
V` C`

)2

+
L∑
`=0

C` , (4.35)

where C` and V` are the cost and variance for each level.

For standard MLMC, we have first order weak convergence but the variance of V`

for ` ∈ {1, 2, ..., L} increases exponentially in T , which implies that

V` ≤ η1 (h0 2−`)2 eκT , (4.36)

for some constant η1 ∈ (0,∞). A good MLMC coupling requires C0V0 > C1V1,

and given this condition and β = 2, γ = 1, the optimal cost is O(ε−2C0). The

condition C0V0 > C1V1 requires

h0 = ϑ1 e−κT/2 ⇒ C0 = ϑ2 ε
− κ

2λ∗ | log ε|, (4.37)

for some ϑ1, ϑ2 ∈ (0,∞). The condition κ/λ∗ < 2 ensures that h0 is greater than

the timestep required by the standard Monte Carlo method so additional MLMC

levels are required to achieve the desired weak convergence. Therefore, there exists

a constant c2 ∈ (0,∞) such that

Cmlmc ≤ c2 ε
−2− κ

2λ∗ | log ε|. (4.38)
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For the new MLMC with the change of measure, Theorem 4.2.4 ensures that

V` ≤ η2 (h0 2−`)2 T, (4.39)

for some η2 ∈ (0,∞). The condition C0V0 > C1V1 requires

h0 = ϑ3 T
−1/2, (4.40)

for some ϑ3 ∈ (0,∞), but the bound in Theorem 4.2.4 requires the tighter condition

h0 = ϑ4 T
−1 ⇒ C0 = ϑ5 | log ε|2, (4.41)

for some ϑ4, ϑ5 ∈ (0,∞). Therefore, there exists a constant c3 ∈ (0,∞) such that

Ccom ≤ c3 ε
−2| log ε|2. (4.42)

This completes the proof of Theorem 4.2.5.

4.3 Numerical results

In this section, we present the numerical results for a globally Lipschitz version of

the stochastic Lorenz equation with additive noise:

f

x1

x2

x3

 =

 10(B(x2)− x1)
(28− x3)B(x1)− x2

B(x1)x2 − 8
3
x3

 . (4.43)

where B(x) = 65x/max(65, |x|). When |x1| ∈ (65,∞) and |x2| ∈ (65,∞), we have

f

x1

x2

x3

 =

 650 sgn(x2)− 10x1

65 sgn(x1)(28− x3)− x2

65 sgn(x1)x2 − 8
3
x3

 . (4.44)

Therefore, f satisfies the globally Lipschitz condition (4.21) and the dissipativity

condition (4.22). In the region of |x1| ∈ [0, 65] and |x2| ∈ [0, 65], which contains

the chaotic attractor, this function will retain the chaotic property of the original
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Lorenz equation. Our interest is to compute π(ϕ), where ϕ(x) = ‖x‖ satisfying

the globally Lipschitz condition. We ran 10000 sample paths from T = 0 to 20 to

get the following results.

Figure 4.1 is a semi-log plot of the variance on each level as a function of T without

the change of measure. The blue to red lines correspond to the variance on each

level ` = 1 to 8 with h` = 2−`h0 and h0 = 2−9 :

V
[
ϕ(X̂c

T )− ϕ(X̂f
T )
]
∼ η1 h

2
` eκT , (4.45)

for some η1 ∈ (0,∞), which increases exponentially with respect to T and stops

increasing when it reaches the decoupling upper bound V
[
ϕ(X̂c

t )
]

+ V
[
ϕ(X̂f

t )
]

shown in yellow to green lines. In addition, as the level increases, the variance

decreases at rate 2. For T ∈ [10, 20], we can see that the standard MLMC on level

` = 8, using h = 2−17, still can not achieve a good coupling, that is, the variance of

the level estimator is approximately the sum of the variances of the fine and course

estimators. In order to see this exponential increase, we plot the log variance on

Figure 4.1: Variance for each level without change of measure

level 8 using h = 2−17 with respect to T and the fitted linear function on time

interval [5, 10], see Figure 4.2(a). The κ we fit is 1.36.
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Figure 4.2: Variance on level 8 with/without change of measure

Similarly, for the new MLMC with spring term S = 10, Figure 4.3 is the semi-log

plot of the variance on each level as a function of T with change of measure using

same h`:

V
[
ϕ(Ŷ f

T )Rf
T − ϕ(Ŷ c

T )Rc
T

]
∼ η2 h

2
` T, (4.46)

for some η2 ∈ (0,∞). As the level increases, the variance decreases at a rate 2.

In order to see the linear increase in T , we plot the variance on level ` = 8 with

Figure 4.3: Variance for each level with change of measure
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respect to T and the fitted linear function on time interval [5, 20], see Figure 4.2(b).

We have investigated and illustrated the dependence of V` on T for both schemes.

Next, we investigate the impact of this increase on MLMC schemes, that is the

requirement of h0 to achieve a good coupling, that is V0 > 2V1. We plot log h0 with

respect to T in Figure 4.4. The blue line confirms the exponential decrease of h0

with respect to T in (4.37). The coefficient of the log function fit is 0.49 which

confirms the relationship (4.40).

0 5 10 15 20
-18

-16

-14

-12

-10

-8

-6

-4

-2

std MLMC

new MLMC

Linear fit

Log fit

Figure 4.4: The required h0 to achieve a good coupling

Lastly, we estimate the convergence rate λ∗ to the invariant measure. Figure 4.5(a)

plots the function value ϕ(Xt) with respect to time t and its moving upper bound

and lower bound. We plot the error bound (the difference between the moving

upper bound and the moving lower bound) in Figure 4.5(b) and the exponential

fit. The fitted λ∗ is 0.1741. Therefore, in this case with λ∗ = 0.1741 and κ = 1.3601,

the standard MLMC fails to achieve any computational savings by Theorem 4.2.5.

4.4 Extension to non-Lipschitz SDEs

In this section, we extend this change of measure technique to ergodic SDEs with

non-Lipschitz drift using the adaptive timestepping method proposed in subsection
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Figure 4.5: Estimation of the convergence rate to the invariant distribution

2.1.1. Without any proof, we show some numerical results for the SDE with a

double-well potential energy and the stochastic Lorenz equation.

4.4.1 Double-well potential energy

We consider

dXt = (2Xt −
1

2
X3
t ) dt+ dWt. (4.47)

The probability density function of its invariant distribution is

exp(2x2 − 1
4
x4)∫∞

−∞ exp(2x2 − 1
4
x4)dx

, (4.48)

and it has two different wells, at x = ±2, see Figure 4.4.1.

This SDE satisfies the dissipativity condition (4.22) and one-sided Lipschitz con-

dition (4.25) with λ = 2 but the drift is non-globally Lipschitz. For the standard

MLMC scheme, the issue is that the fine and coarse paths may diverge to different

wells, which can result in a large variance and high kurtosis. Using the change of

measure technique can reduce the divergence and then improve the efficiency.
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Figure 4.6: Probability density function of the invariant distribution

We simulate the SDE with initial value x0 = 0 to time T = 5, and use the adaptive

function

hδ(x) =
max(1, |x|)

8 max(1, |2x− 1
2
x3|)

δ, (4.49)

with δ = 2−` for each level `. We compare three different schemes:

• standard MLMC with adaptive timestepping.

• MLMC with adaptive timestepping and change of measure with a constant

spring coefficient S = 1.

• MLMC with adaptive timestepping and change of measure with an adaptive

spring coefficient

S(x) = max(0, 2− 1.5x2). (4.50)

The second scheme uses S = 1 following the suggestion of Theorem 4.2.4. The

third scheme improves on the second by choosing an adaptive S and avoiding

unnecessary spring term, reducing the variance without losing the control on the

divergence. By performing a first order Taylor expansion on (1.65), we choose

S(x) = max(0, f ′(x)) to deal with the divergence locally.

We ran 10000 samples for each level ` for the three schemes. The numerical results

are shown in Figure 4.7.
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Figure 4.7: MLMC convergence test for the double-well potential energy

The top left figure plots the divergence probability with respect to the level `,

where the divergence probability is defined as

E
[
1‖X̂f

T−X̂
c
T ‖>1

]
= P

[
‖X̂f

T − X̂
c
T‖ > 1

]
. (4.51)

The probability decreases as ` increases since the timestep h` is smaller and the

difference between the fine and coarse path decreases. The decrease rate we fit is

P
[
‖X̂f

T − X̂
c
T‖ > 1

]
∼ O(h1.28

` ). (4.52)

The two schemes with change of measure have zero divergence on all levels.

The top right figure plots the variance of corrections V` with respect to level `.

The V` of the two schemes with change of measure decrease at the similar rate

2 while the standard MLMC has a slower rate of approximately 1.28 since the

divergence of the fine and coarse paths dominated the variance. The scheme with
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the adaptive spring coefficient has lower V` than the scheme with constant spring

coefficient since the unnecessary spring will increase the variance of the Radon-

Nikodym derivative.

The bottom left figure shows the log kurtosis with respect to level `. The kurtosis of

standard MLMC will increase exponentially while the kurtosis of the schemes with

change of measure will stay constant. A similar intuitive explanation applies here.

The divergence samples again dominate the 4th moment and then the kurtosis on

each level is

K` ∼
E
[
‖X̂f

T − X̂c
T‖4
]

E
[
‖X̂f

T − X̂c
T‖2
]2 ∼ h−1.28

` . (4.53)

The rate of increase in the figure is 1.06 which is quite close to the rate of decrease

of the divergence probability.

The bottom right figure plots the costs of the three schemes together with the

standard Monte Carlo method with respect to ε. The costs of all the MLMC

schemes are O(ε−2) while the standard MC is O(ε−3) and the scheme with adaptive

spring has the lowest cost.

Overall, the new MLMC schemes with change of measure perform better especially

the one with an adaptive spring. They can not only keep the kurtosis constant

but also reduce the variance and hence the total computational cost.

4.4.2 Stochastic Lorenz equation

This is a three-dimensional system modelling convection rolls in the atmosphere:

dxt = f(xt) dt+ dWt, with

f

x1

x2

x3

 =

 10(x2 − x1)
x1(28− x3)− x2

x1x2 − 8
3
x3

 . (4.54)
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This SDE does not satisfy the dissipativity condition (4.22) and one-sided Lips-

chitz condition (4.25), and is more chaotic compared with the truncated Lipschitz

version in previous section.

We simulate the SDE with initial value x0 = 0 to time T = 10, and use the

adaptive function:

hδ(x) =
max(100, ‖x‖2)

211 max(100, ‖f(x)‖2)
δ, (4.55)

with δ = 2−` for each level `. We compare two different schemes:

• standard MLMC with adaptive timestepping.

• MLMC with adaptive timestepping and change of measure with a constant

spring coefficient S = 10.

A possible third scheme is the scheme with an adaptive spring, which requires us

to calculate the largest positive eigenvalue of the Jacobian matrix ∂f
∂x
.

We ran 10000 samples for each level ` for the two schemes. The numerical results

are shown in the Figure 4.4.2.

The top left figure shows that the change of measure technique can greatly reduce

the ratio of divergence E
[
1‖X̂f

T−X̂
c
T ‖>10

]
and actually no divergence occurs in this

numerical experiment at any of the levels. The rate of decrease for standard MLMC

is 0.82.

The top right figure illustrates the variance reduction of the change of measure

technique, and the rate of decrease of the variance for level corrections V` is ap-

proximately 2 for change of measure and 0.83 for standard MLMC, which is similar

to the rate of decrease of the divergence probability.

The bottom left plot shows that the kurtosis of standard MLMC increases expo-

nentially as the level ` increases while the kurtosis of change of measure remains

constant. The increase rate is 0.96 which is close to the decrease of the divergence

rate.

The bottom right plot implies that the total computational cost is O(ε−2) for the

MLMC with change of measure and O(ε−3) for the standard Monte Carlo method.
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Figure 4.8: MLMC convergence test for the Lorenz equation

The computational cost for standard MLMC is worse than the standard Monte

Carlo method due to the high kurtosis and large variance V` and it is already quite

hard to get the result for ε = 0.01 in a reasonable computational time.

4.5 Extension to elliptic PDEs

In [33], Giles & Bernal proposed a new splitting method for MLMC to estimate

the mean exit times for multi-dimensional SDEs and associated functionals cor-

responding to the solutions to high-dimensional parabolic PDEs. When the time

horizon goes to infinity, the mean exit times with its functionals correspond to the

solutions to elliptic PDEs. In this section, we will explore the possible application

of the change of measure technique to this research direction.
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The benefit of performing a change of measure for MLMC is similar as in the

previous sections, since in some cases, like for a double-well potential SDE and

the Lorenz equation, the fine path and coarse path may diverge to different wells

or diverge exponentially. Adding a spring term to the two paths can avoid the

divergence and reduce the distance when one path exits the domain, which can

reduce the variance and kurtosis.

We add the spring term to both paths until one of them leaves the domain and after

that, we use the splitting method proposed in [33] to simulate the remaining path

without the spring term and use the boundary correction technique proposed in

[39]. Now, we present some numerical results for the double-well potential energy

SDE. We consider the SDE (4.47) and estimate the expected exit time E [τ ] from

the domain {x ∈ R : |x| < 2}, which correspond to the solution to the following

one-dimensional elliptic PDE (actually an ODE):

1

2

∂2V

∂x2
+ (2x− 1

2
x3)

∂V

∂x
+ 1 = 0, (4.56)

V (2) = 0,

V (−2) = 0.

We use the finite difference method:

Vn+1 − 2Vn + Vn−1

2∆x2
+ (2xn −

1

2
x3
n)
Vn+1 − Vn−1

2∆x
+ 1 = 0, n = 1, · · · , N − 1,

V0 = 0, VN = 0,

where N = 4
∆x

and solve it by solving a linear system. For the initial point of SDE

X0 = 0, we get

E [τ ] = V (0) = 1.3722 (4.57)

with ∆x = 2 ∗ 10−4.

We simulate the SDE with initial value x0 = 0 to a sufficiently long time T = 10

to control the truncation error of the infinite time interval. Although (4.47) is

non-globally Lipschitz, we simulate it in a bounded region and in this region it is

Lipschitz and we can use the Euler-Maruyama method with a uniform timestep

2−`−2 for each level. We compare the following three schemes:
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• standard MLMC;

• MLMC with splitting proposed in [33];

• MLMC with splitting and change of measure with adaptive spring coefficient

S = max
(
0, 2− 1.5x2

)
. (4.58)

We ran 10000 samples for each level ` for the three schemes. The numerical results

are shown in Figure 4.9. The top left figure shows the weak convergence rate; both

algorithms have a rate 1. The top right figure demonstrates that the change of

measure technique can reduce the variance and result in a higher decrease rate than

the standard MLMC method. The bottom left figure plots the kurtosis with respect

to the level ` and illustrates that the change of measure technique does reduce the

kurtosis significantly and the kurtosis remains bounded while the kurtosis for the

standard MLMC increases exponentially. The bottom right figure shows that

the computational cost is reduced by a constant factor and both MLMC schemes

achieve O(ε−2) cost while standard Monte Carlo method has O(ε−3) computational

cost.

4.6 Proofs

For simplicity of the proof, we introduce the notation a(h) . b(h) which means

that there exists a constant h̃0 ∈ (0,∞) such that for all h ∈ (0, h̃0) it holds that

a(h) ≤ b(h), where h̃0 is allowed to depend on constants such as S, K, α̃, β̃, f(0)

but not on stochastic samples ω or Brownian paths.

Note that for all δ ∈ (0,∞), it holds that

1/(1− Sh) . 1/(1− 2Sh) . 1 + 2Sh+ δh . 2. (4.59)
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4.6.1 Theorem 4.2.1

Proof of Theorem 4.2.1. The proof is given for p ∈ [4,∞); the result for p ∈ [1, 4)

follows from Hölder’s inequality. We start our proof by analyzing the numerical

paths step by step. When t = t0 = 0, the two numerical paths are both at the

initial point x0, i.e. Ŷ f
t0 = Ŷ c

t0
= x0.

For the odd time point t2n+1 for n ∈ {0, 1, 2, ..., N/2− 1}, we obtain that

Ŷ c
t2n+1

= Ŷ c
t2n

+ S(Ŷ f
t2n − Ŷ

c
t2n

)h+ f(Ŷ c
t2n

)h+ ∆W2n,

Ŷ f
t2n+1

= Ŷ f
t2n + S(Ŷ c

t2n
− Ŷ f

t2n)h+ f(Ŷ f
t2n)h+ ∆W2n.

(4.60)

Squaring both sides of the first equality in (4.60) implies that

‖Ŷ c
t2n+1
‖2 =

∥∥∥∥∥Sh Ŷ f
t2n + (1− Sh)

(
Ŷ c
t2n

+
f(Ŷ c

t2n
)h+ ∆W2n

1− Sh

)∥∥∥∥∥
2

. (4.61)

Due to the convexity of x2, for any ξ ∈ [0, 1], it holds that

‖ξA+ (1− ξ)B‖2 ≤ ξ‖A‖2 + (1− ξ)‖B‖2, (4.62)

provided h ∈ (0, 1/S), so we can choose ξ = Sh to obtain that

‖Ŷ c
t2n+1
‖2 . Sh‖Ŷ f

t2n‖
2 + (1− Sh)‖Ŷ c

t2n
‖2 + 4 ‖∆W2n‖2 + 2 〈Ŷ c

t2n
, f(Ŷ c

t2n
)〉h

+ 4 ‖f(Ŷ c
t2n

)‖2h2 + 2 〈Ŷ c
t2n
,∆W2n〉. (4.63)

The globally Lipschitz condition (4.21) ensures that

‖f(Ŷ c
t2n

)‖2h2 . γ h(‖Ŷ c
t2n
‖2 + 1) (4.64)

for any γ ∈ (0,∞). Combining this with the dissipativity condition (4.22), we

obtain, for some fixed α ∈ (0, α̃) and β ∈ (β̃,∞), that

‖Ŷ c
t2n+1
‖2 . Sh‖Ŷ f

t2n‖
2 + (1− Sh− 2αh)‖Ŷ c

t2n
‖2 + 4 ‖∆W2n‖2 + 2βh

+2 〈Ŷ c
t2n
,∆W2n〉. (4.65)
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Similarly, we obtain that

‖Ŷ f
t2n+1
‖2 . Sh‖Ŷ c

t2n
‖2 + (1− Sh− 2αh)‖Ŷ f

t2n‖
2 + 4 ‖∆W2n‖2 + 2βh

+ 2 〈Ŷ f
t2n ,∆W2n〉. (4.66)

For an even point t2n+2 for n ∈ {0, 1, 2, ..., N/2− 1}, we obtain that

Ŷ c
t2n+2

= Ŷ c
t2n

+ S(Ŷ f
t2n − Ŷ

c
t2n

)2h+ f(Ŷ c
t2n

)2h+ ∆W2n + ∆W2n+1,

Ŷ f
t2n+2

= Ŷ f
t2n+1

+ S(Ŷ c
t2n+1

− Ŷ f
t2n+1

)h+ f(Ŷ f
t2n+1

)h+ ∆W2n+1. (4.67)

Using the same approach and choosing ξ = 2Sh provided 2Sh ∈ (0, 1), we obtain

that

‖Ŷ c
t2n+2
‖2 . 2Sh‖Ŷ f

t2n‖
2 + (1− 2Sh− 4αh)‖Ŷ c

t2n
‖2 + 4‖∆W2n+∆W2n+1‖2

+4βh+ 2 〈Ŷ c
t2n
,∆W2n+∆W2n+1〉, (4.68)

and

‖Ŷ f
t2n+2
‖2 . Sh‖Ŷ c

t2n+1
‖2 + (1− Sh− 2αh)‖Ŷ f

t2n+1
‖2 + 4 ‖∆W2n+1‖2 + 2βh

+2 〈Ŷ f
t2n+1

,∆W2n+1〉. (4.69)

Therefore, for any fixed γ ∈ (0, α), we obtain that

‖Ŷ c
t2n+2
‖2+‖Ŷ f

t2n+2
‖2 . (1−4γh)(‖Ŷ c

t2n
‖2+‖Ŷ f

t2n‖
2)+12(‖∆W2n‖2+‖∆W2n+1‖2)

+8βh+ 2 e−4γh〈φt2n ,∆W2n〉+ 2 e−2γh〈φt2n+1 ,∆W2n+1〉, (4.70)

where for n ∈ {0, 1, 2, ..., N/2− 1}, it holds that

e−4γhφt2n = (1+Sh)Ŷ c
t2n

+(1−Sh−2αh)Ŷ f
t2n , e−2γhφt2n+1 = Ŷ c

t2n
+ Ŷ f

t2n+1
. (4.71)

Since 1−4γh ≤ e−4γh and e4γh . 2, we multiply by e2γt2n+2 on both sides to obtain

that

e2γt2n+2(‖Ŷ f
t2n+2
‖2+‖Ŷ c

t2n+2
‖2) . e2γt2n(‖Ŷ f

t2n‖
2+‖Ŷ c

t2n
‖2) + 16βe2γt2nh

+24 e2γt2n(‖∆W2n‖2+‖∆W2n+1‖2) + 2 e2γt2n〈φt2n ,∆W2n〉

+2 e2γt2n+1〈φt2n+1 ,∆W2n+1〉. (4.72)
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Summing over multiple timesteps implies that

e2γt2n(‖Ŷ f
t2n‖

2 + ‖Ŷ c
t2n
‖2) . (‖Ŷ f

t0‖
2 + ‖Ŷ c

t0
‖2) + 24

2n−1∑
k=0

e2γtk‖∆Wk‖2

+16β
n−1∑
k=0

e2γt2kh+ 2
2n−1∑
k=0

e2γtk〈φtk ,∆Wk〉. (4.73)

For odd time points, combining (4.65) and (4.66), by the Cauchy-Schwarz inequal-

ity and Young’s inequality, there exist constants α1 ∈ (1,∞), β1 ∈ (max(1, α1β),∞)

such that

‖Ŷ f
t2n+1
‖2 + ‖Ŷ c

t2n+1
‖2 . (1− 2αh)(‖Ŷ f

t2n‖
2 + ‖Ŷ c

t2n
‖2) + 8 ‖∆W2n‖2 + 4βh

+ 2〈Ŷ c
t2n
,∆W2n〉+ 2〈Ŷ f

t2n ,∆W2n〉 (4.74)

. (1− 2γh)
(
α1(‖Ŷ f

t2n‖
2 + ‖Ŷ c

t2n
‖2 + 12 ‖∆W2n‖2) + 4 β1h

)
.

Multiplying by e2γt2n+1 on both sides and using the (4.73) ensures that

e2γt2n+1(‖Ŷ f
t2n+1
‖2 + ‖Ŷ c

t2n+1
‖2) . α1(‖Ŷ f

t0‖
2 + ‖Ŷ c

t0
‖2) + 24α1

2n∑
k=0

e2γtk‖∆Wk‖2

+16 β1

n∑
k=0

e2γt2kh+ 2α1

2n−1∑
k=0

e2γtk〈φtk ,∆Wk〉. (4.75)

Then, combing (4.73) and (4.75), raising both sides to power p/2, taking the

supremum over n ∈ {0, 1, 2, ..., N} and taking the expectation on the both sides,

by using Jensen’s inequality, we obtain that

E

[
sup

n∈{0,1,2,...,N}
eγptn

(
‖Ŷ f

tn‖
2 + ‖Ŷ c

tn‖
2
)p/2]

. 4p/2−1(24α1β1)p/2(I1 + I2 + I3 + I4),

(4.76)
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where

I1 = E
[
(‖Ŷ f

t0‖
2 + ‖Ŷ c

t0
‖2)p/2

]
= 2p/2‖x0‖p/2,

I2 =

∣∣∣∣∣
N−1∑
k=0

e2γtkh

∣∣∣∣∣
p/2

,

I3 = E

∣∣∣∣∣
N−1∑
k=0

e2γtk‖∆Wk‖2

∣∣∣∣∣
p/2
 ,

I4 = E

 sup
n∈{0,1,2,...,N/2}

∣∣∣∣∣
2n−1∑
k=0

e2γtk〈φtk ,∆Wk〉

∣∣∣∣∣
p/2
 . (4.77)

We will bound these four parts separately. I1 is a constant. For I2, we obtain that

I2 ≤
∣∣∣∣ ∫ T

0

e2γt dt

∣∣∣∣p/2 ≤ eγpT/(2γ)p/2. (4.78)

Next, if qk ≥ 0, for any k ∈ {1, 2, . . . , n}, is an arbitrary discrete probability

distribution, and bk, for k ∈ {1, 2, . . . , n}, is a set of scalar values, then for any

p ∈ (1,∞) Jensen’s inequality implies that∣∣∣∣∣
n∑
k=1

qkbk

∣∣∣∣∣
p

≤
n∑
k=1

qk|bk|p. (4.79)

If ak, for any k ∈ {1, 2, . . . , n}, is a set of positive scalar values, then setting

qk = ak/
∑n

k′=1 ak′ ensures that∣∣∣∣∣
n∑
k=1

akbk

∣∣∣∣∣
p

≤

∣∣∣∣∣
n∑
k=1

ak

∣∣∣∣∣
p−1 n∑

k=1

ak|bk|p. (4.80)

For I3, using this inequality, we obtain that

I3 = E

 ∣∣∣∣∣
N−1∑
k=0

e2γtkh
‖∆Wk‖2

h

∣∣∣∣∣
p/2
 ≤ ∣∣∣∣∣

N−1∑
k=0

e2γtkh

∣∣∣∣∣
p/2−1

E

[
N−1∑
k=0

e2γtkh
‖∆Wk‖p

hp/2

]
≤ cp eγpT/(2γ)p/2, (4.81)

where cp is that cp = E
[
‖∆Wk‖p/hp/2

]
≤ dp/2 p!! ≤ dp/2pp/2.

For I4, we rewrite the summation as an Itô integral and then deduce by the
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Burkholder-Davis-Gundy inequality in [5] that there exists a positive constant

CBDG ∈ (0,∞) independent of p such that

I4 ≤ E

[
sup

0≤t≤T

∣∣∣∣∫ t

0

e2γbs/hch〈φbs/hch, dWs〉
∣∣∣∣p/2
]

≤ (CBDG p)
p/4 E

 ∣∣∣∣∣
N−1∑
k=0

e4γtk‖φtk‖2h

∣∣∣∣∣
p/4
 , (4.82)

where, by Young’s inequality, it holds that

‖φt2k‖2 . 8(‖Ŷ c
t2k
‖2 + ‖Ŷ f

t2k
‖2), ‖φt2k+1

‖2 . 4 (‖Ŷ c
t2k
‖2 + ‖Ŷ f

t2k+1
‖2). (4.83)

Then by Jensen’s inequality and Young’s inequality, for arbitrary ζ ∈ (0,∞), we

obtain that

I4≤ (12CBDGp)
p/4

∣∣∣∣∣
N−1∑
k=0

e2γtkh

∣∣∣∣∣
p/4−1

E

[
N−1∑
k=0

e2γtkh sup
n∈{0,1,2,...,N}

eγptn/2(‖Ŷ c
tn‖

2+‖Ŷ f
tn‖

2)p/4

]

≤ 1

4ζ
E

[
sup

n∈{0,1,2,...,N}
eγptn

(
‖Ŷ f

tn‖
2+‖Ŷ c

tn‖
2
)p/2]

+ ζ

(
6CBDG

γ

)p/2
pp/2eγpT . (4.84)

Finally, combining all the estimates above and choosing ζ = 4p/2−1(24α1β1)p/2,

there exists a constant C(2) ∈ (0,∞) such that

E

[
sup

n∈{0,1,2,...,N}
eγptn

(
‖Ŷ f

tn‖
2+‖Ŷ c

tn‖
2
)p/2]

. Cp
(2) p

p/2eγpT , (4.85)

which implies that there exists a constant C(1) ∈ (0,∞) such that for all h ∈

(0, C(1)) it holds that

sup
n∈{0,1,2,...,N}

E
[
‖Ŷ f

tn‖
p
]
≤ Cp

(2) p
p/2, sup

n∈{0,1,2,...,N}
E
[
‖Ŷ c

tn‖
p
]
≤ Cp

(2) p
p/2. (4.86)

This completes the proof of Theorem 4.2.1.
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4.6.2 Theorem 4.2.2

Proof of Theorem 4.2.2. The proof is given for p ∈ [4,∞); the result for p ∈ [1, 4)

follows from Hölder’s inequality.

The different updates on odd and even time points imply that

Ŷ f
t2n+1
−Ŷ c

t2n+1
= (1− 2Sh)(Ŷ f

t2n − Ŷ
c
t2n

) + (f(Ŷ f
t2n)− f(Ŷ c

t2n
))h, (4.87)

Ŷ f
t2n+2
−Ŷ c

t2n+2
= (1−Sh)(Ŷ f

t2n+1
−Ŷ c

t2n+1
)− Sh(Ŷ f

t2n−Ŷ
c
t2n

) + (f(Ŷ f
t2n+1

)−f(Ŷ c
t2n

))h,

and then

Ŷ f
t2n+2
−Ŷ c

t2n+2
= (1− 4Sh+ 2S2h2)(Ŷ f

t2n − Ŷ
c
t2n

) + (1− Sh)(f(Ŷ f
t2n)− f(Ŷ c

t2n
))h

+ (f(Ŷ f
t2n+1

)− f(Ŷ f
t2n))h. (4.88)

Taking the square of both sides ensures that

‖Ŷ f
t2n+2

− Ŷ c
t2n+2
‖2 = (1− 4Sh+ 2S2h2)2‖Ŷ f

t2n − Ŷ
c
t2n
‖2 (4.89)

+(1− Sh)2‖f(Ŷ f
t2n)− f(Ŷ c

t2n
)‖2h2 + ‖f(Ŷ f

t2n+1
)− f(Ŷ f

t2n)‖2h2

+2(1− 4Sh+ 2S2h2)(1− Sh)〈Ŷ f
t2n − Ŷ

c
t2n
, f(Ŷ f

t2n)− f(Ŷ c
t2n

)〉h

+2(1− 4Sh+ 2S2h2)〈Ŷ f
t2n − Ŷ

c
t2n
, f(Ŷ f

t2n+1
)− f(Ŷ f

t2n)〉h

+2(1− Sh)〈f(Ŷ f
t2n)− f(Ŷ c

t2n
), f(Ŷ f

t2n+1
)− f(Ŷ f

t2n)〉h2.

Then provided S > λ/2, Assumption 4.2.2, the globally Lipschitz condition (4.21),

the Cauchy-Schwarz inequality and Young’s inequality imply, for any fixed γ ∈

(0, 2S − λ), that

‖Ŷ f
t2n+2

− Ŷ c
t2n+2
‖2 . (1− 4γh)‖Ŷ f

t2n − Ŷ
c
t2n
‖2 + 2K2‖Ŷ f

t2n+1
− Ŷ f

t2n‖
2h2

+ 2(1− 4Sh+ 2S2h2)〈Ŷ f
t2n − Ŷ

c
t2n
, f(Ŷ f

t2n+1
)− f(Ŷ f

t2n)〉h. (4.90)

Following this estimate, we use two different approaches to get different upper

bounds.
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FIRST APPROACH. We continue to use Young’s inequality and the globally

Lipschitz condition (4.21) to obtain that

‖Ŷ f
t2n+2

− Ŷ c
t2n+2
‖2 .(1− 2γh)‖Ŷ f

t2n − Ŷ
c
t2n
‖2

+
(
(2γ)−1 + 2

)
K2‖Ŷ f

t2n+1
− Ŷ f

t2n‖
2h.

(4.91)

Then we multiply by eγt2n+2 on both sides and e2γh . 2 to deduce that

eγt2n+2‖Ŷ f
t2n+2

− Ŷ c
t2n+2
‖2 .eγt2n‖Ŷ f

t2n−Ŷ
c
t2n
‖2

+ (γ−1+4)K2 eγt2n‖Ŷ f
t2n+1

− Ŷ f
t2n‖

2h.
(4.92)

Summing over multiple timesteps and noting that Ŷ f
t0 − Ŷ c

t0
= 0 ensures that

eγt2n‖Ŷ f
t2n − Ŷ

c
t2n
‖2 . (γ−1+4)K2

n−1∑
k=0

eγt2k‖Ŷ f
t2k+1
− Ŷ f

t2k
‖2h. (4.93)

Raising both sides to the power p/2, taking the supremum over n∈{0, 1, 2, ..., N/2},

taking the expectation and by applying Jensen’s inequality, we obtain that

E

[
sup

n∈{0,1,2,...,N/2}
eγpt2n/2‖Ŷ f

t2n−Ŷ
c
t2n
‖p
]
.(γ−1+4)p/2Kp E


∣∣∣∣∣∣
N/2−1∑
k=0

eγt2k‖Ŷ f
t2k+1
−Ŷ f

t2k
‖2h

∣∣∣∣∣∣
p/2


≤ (γ−1+4)p/2Kp

∣∣∣∣∣∣
N/2−1∑
k=0

eγt2kh

∣∣∣∣∣∣
p/2−1

E

N/2−1∑
k=0

eγt2k‖Ŷ f
t2k+1
− Ŷ f

t2k
‖ph


≤ (γ−1+4)p/2Kp

∣∣∣∣∣∣
N/2−1∑
k=0

eγt2kh

∣∣∣∣∣∣
p/2−1

N/2−1∑
k=0

eγt2kE
[
‖Ŷ f

t2k+1
−Ŷ f

t2k
‖p
]
h. (4.94)

By the update on the fine path, the globally Lipschitz condition (4.21), Theorem

4.2.1 and Jensen’s inequality, there exists a constant C1 ∈ (0,∞) such that

E
[
‖Ŷ f

t2k+1
− Ŷ f

t2k
‖p
]

= E
[
‖f(Ŷ f

t2k
)h+ S(Ŷ c

t2k
−Ŷ f

t2k
)h+ ∆W2k‖p

]
≤ 2p−1E

[
‖f(Ŷ f

t2k
) + S(Ŷ c

t2k
−Ŷ f

t2k
)‖p
]
hp + 2p−1E [‖∆W2k‖p]

. Cp
1p

p/2hp/2, (4.95)
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which implies that

E

[
sup

n∈{0,1,2,...,N/2}
eγpt2n/2‖Ŷ f

t2n−Ŷ
c
t2n
‖p
]
.2−p/2(γ−1+4)p/2KpCp

1 p
p/2eγpT/2hp/2. (4.96)

SECOND APPOACH. We directly multiply by e2γt2n+2 on both sides of (4.90)

and note that e4γh . 2 ensures that

e2γt2n+2‖Ŷ f
t2n+2

− Ŷ c
t2n+2
‖2 . e2γt2n‖Ŷ f

t2n − Ŷ
c
t2n
‖2 + 4 e2γt2nK2‖Ŷ f

t2n+1
− Ŷ f

t2n‖
2h2

+ 2(1− 4Sh+ 2S2h2) e2γt2n+2〈Ŷ f
t2n − Ŷ

c
t2n
, f(Ŷ f

t2n+1
)− f(Ŷ f

t2n)〉h. (4.97)

Summing over multiple timesteps and noting that Ŷ f
t0 − Ŷ c

t0
= 0 implies that

e2γt2n‖Ŷ f
t2n − Ŷ

c
t2n
‖2 . 4

n−1∑
k=0

e2γt2kK2‖Ŷ f
t2k+1
− Ŷ f

t2k
‖2h2 (4.98)

+ 2(1− 4Sh+ 2S2h2)
n−1∑
k=0

e2γt2k+2〈Ŷ f
t2k
− Ŷ c

t2k
, f(Ŷ f

t2k+1
)− f(Ŷ f

t2k
)〉h.

Raising both sides to the power p/2, taking supremum over n ∈ {0, 1, 2, ..., N/2},

taking expectation and by Jensen’s inequality, we obtain that

E

[
sup

n∈{0,1,2,...,N/2}
eγpt2n‖Ŷ f

t2n − Ŷ
c
t2n
‖p
]
. 2p/2−14p/2(I1 + I2), (4.99)

where

I1 = E


∣∣∣∣∣∣
N/2−1∑
k=0

e2γt2kK2‖Ŷ f
t2k+1
− Ŷ f

t2k
‖2h2

∣∣∣∣∣∣
p/2
 , (4.100)

I2 = E

 sup
n∈{0,1,2,...,N/2−1}

∣∣∣∣∣
n∑
k=0

e2γt2k〈Ŷ f
t2k
− Ŷ c

t2k
, f(Ŷ f

t2k+1
)− f(Ŷ f

t2k
)〉h

∣∣∣∣∣
p/2
 .

For I1, Jensen’s inequality and the estimate (4.95) implies that

I1 ≤

∣∣∣∣∣∣
N/2−1∑
k=0

e2γt2kh

∣∣∣∣∣∣
p/2−1

N/2−1∑
k=0

e2γt2khKpE
[
‖Ŷ f

t2k+1
− Ŷ f

t2k
‖p
]
hp/2

. (2γ)−p/2KpCp
1 p

p/2 eγpThp. (4.101)
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For I2, we perform a Taylor expansion and by the mean value theorem obtain that

〈Ŷ f
t2k
− Ŷ c

t2k
, f(Ŷ f

t2k+1
)− f(Ŷ f

t2k
)〉 = 〈Ŷ f

t2k
− Ŷ c

t2k
,∇f(Ŷ f

t2k
)(Ŷ f

t2k+1
− Ŷ f

t2k
)〉+Rk

= 〈Ŷ f
t2k
− Ŷ c

t2k
,∇f(Ŷ f

t2k
)f(Ŷ f

t2k
)〉h+ 〈Ŷ f

t2k
− Ŷ c

t2k
,∇f(Ŷ f

t2k
)∆W2k〉

+S〈Ŷ f
t2k
− Ŷ c

t2k
,∇f(Ŷ f

t2k
)(Ŷ c

t2k
− Ŷ f

t2k
)〉h+Rk, (4.102)

where |Rk| ≤ 2K‖Ŷ f
t2k
− Ŷ c

t2k
‖‖Ŷ f

t2k+1
− Ŷ f

t2k
‖2 and then Jensen’s inequality implies

that

I2 = 4p/2−1(J1 + J2 + J3 + J4), (4.103)

where

J1 = E

 sup
n∈{0,1,2,...,N/2−1}

∣∣∣∣∣
n∑
k=0

e2γt2k〈Ŷ f
t2k
− Ŷ c

t2k
,∇f(Ŷ f

t2k
)f(Ŷ f

t2k
)〉h2

∣∣∣∣∣
p/2
 ,

J2 = E

 sup
n∈{0,1,2,...,N/2−1}

∣∣∣∣∣
n∑
k=0

e2γt2kS〈Ŷ f
t2k
− Ŷ c

t2k
,∇f(Ŷ f

t2k
)(Ŷ c

t2k
− Ŷ f

t2k
)〉h2

∣∣∣∣∣
p/2
 ,

J3 = E

 sup
n∈{0,1,2,...,N/2−1}

∣∣∣∣∣
n∑
k=0

e2γt2k〈Ŷ f
t2k
− Ŷ c

t2k
,∇f(Ŷ f

t2k
)∆W2k〉h

∣∣∣∣∣
p/2
 ,

J4 = E

 sup
n∈{0,1,2,...,N/2−1}

∣∣∣∣∣
n∑
k=0

e2γt2kRk h

∣∣∣∣∣
p/2
 . (4.104)

For J1, by the Cauchy-Schwarz inequality, Jensen’s inequality, Young’s inequality,

the globally Lipschitz property of f and∇f and Theorem 4.2.1, for any ζ ∈ (0,∞),

there exists a constant C31 ∈ (0,∞) such that
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J1 ≤ E

∣∣∣∣∣ sup
n∈{0,1,2,...,N/2}

eγpt2n/2‖Ŷ f
t2n − Ŷ

c
t2n
‖p/2

∣∣∣∣∣
∣∣∣∣∣∣
N/2−1∑
k=0

e2γkhh

∣∣∣∣∣∣
p/2−1

×
N/2−1∑
k=0

e2γkhh‖∇f(Ŷ f
t2k

)f(Ŷ f
t2k

)‖p/2hp/2


≤ 1

4ζ
E

[
sup

n∈{0,1,2,...,N/2}
eγpt2n‖Ŷ f

t2n − Ŷ
c
t2n
‖p
]

+ζ E

∣∣∣∣∣∣
N/2−1∑
k=0

e2γkhh

∣∣∣∣∣∣
p−1

N/2−1∑
k=0

e2γkhh‖∇f(Ŷ f
t2k

)f(Ŷ f
t2k

)‖php


≤ 1

4ζ
E

[
sup

n∈{0,1,2,...,N/2}
eγpt2n‖Ŷ f

t2n − Ŷ
c
t2n
‖p
]

+ ζ Cp
31 p

p eγpT hp. (4.105)

Similarly, for J2, there exists a constant C32 ∈ (0,∞) such that for any ζ ∈ (0,∞)

it holds that

J2 ≤
1

4ζ
E

[
sup

0≤n≤N/2
eγpt2n‖Ŷ f

t2n − Ŷ
c
t2n
‖p
]

+ ζ Cp
32 p

p eγpT hp. (4.106)

Then, for J3, by the Burkholder-Davis-Gundy inequality in [5], the globally Lips-

chitz property of ∇f and Theorem 4.2.1, there exists a constant C33 ∈ (0,∞) such

that for any ζ ∈ (0,∞) it holds that

J3 ≤ (CBDG p)
p/4 E


∣∣∣∣∣∣
N/2−1∑
k=0

e4γt2k‖Ŷ f
t2k
− Ŷ c

t2k
‖2‖∇f(Ŷ f

t2k
)‖2h3

∣∣∣∣∣∣
p/4


≤ (CBDG p)
p/4E

∣∣∣∣∣ sup
n∈{0,1,2,...,N/2}

e
γpt2n

2 ‖Ŷ f
t2n−Ŷ

c
t2n
‖
p
2

∣∣∣∣∣
∣∣∣∣∣∣
N/2−1∑
k=0

e2γt2kh

∣∣∣∣∣∣
p
4
−1

×
N/2−1∑
k=0

e2γt2kh‖∇f(Ŷ f
t2k

)‖
p
2h

p
2


≤ 1

4ζ
E

[
sup

n∈{0,1,2,...,N/2}
eγpt2n‖Ŷ f

t2n − Ŷ
c
t2n
‖p
]

+ ζ Cp
33 p

p eγpT hp. (4.107)
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Similarly, for J4, by Jensen’s inequality, Young’s inequality, the globally Lipschitz

property of f and ∇f and Theorem 4.2.1, there exists a constant C34 ∈ (0,∞)

such that for any ζ ∈ (0,∞) it holds that

J4 ≤ E


∣∣∣∣∣∣
N/2−1∑
k=0

e2γt2kh

∣∣∣∣∣∣
p/2−1

N/2−1∑
k=0

e2γt2kheγpt2k/2‖Ŷ f
t2k
−Ŷ c

t2k
‖p/2Kp/2‖(Ŷ f

t2k+1
−Ŷ f

t2k
)‖p


≤ E

∣∣∣∣∣ sup
n∈{0,1,2,...,N/2}

eγpt2n/2‖Ŷ f
t2n−Ŷ

c
t2n
‖p/2

∣∣∣∣∣
∣∣∣∣∣∣
N/2−1∑
k=0

e2γt2kh

∣∣∣∣∣∣
p/2−1

×
N/2−1∑
k=0

e2γt2khKp/2‖(Ŷ f
t2k+1
− Ŷ f

t2k
)‖p


≤ 1

4ζ
E

[
sup

n∈{0,1,2,...,N/2}
eγpt2n‖Ŷ f

t2n − Ŷ
c
t2n
‖p
]

+ ζ E

∣∣∣∣∣∣
N/2−1∑
k=0

e2γt2kh

∣∣∣∣∣∣
p−1

×
N/2−1∑
k=0

e2γt2khKp22p−1
(
‖f(Ŷ f

t2k
)+S(Ŷ c

t2k
− Ŷ f

t2k
)‖2ph2p+‖∆W2k‖2p

)
.

1

4ζ
E

[
sup

n∈{0,1,2,...,N/2}
eγpt2n‖Ŷ f

t2n − Ŷ
c
t2n
‖p
]

+ ζ Cp
34 p

peγpT hp. (4.108)

Finally, by choosing ζ = 25p/2−2, there exists a constant C4 ∈ (0,∞) such that

E

[
sup

n∈{0,1,2,...,N/2}
eγpt2n‖Ŷ f

t2n − Ŷ
c
t2n
‖p
]
. Cp

4 p
p eγpThp, (4.109)

which together with (4.96) implies that there exists a constant C5 ∈ (0,∞) such

that

sup
n∈{0,1,2,...,N/2}

E
[
‖Ŷ f

t2n − Ŷ
c
t2n
‖p
]
. Cp

5 min
(
pp/2 hp/2, pp hp

)
. (4.110)

For the odd time points, the globally Lipschitz condition (4.21) and (4.25) imply

that

‖Ŷ f
t2n+1
−Ŷ c

t2n+1
‖2≤

(
(1− 2Sh)2 + 2hλ(1− 2Sh) +K2h2

)
‖Ŷ f

t2n−Ŷ
c
t2n
‖2

. 2 ‖Ŷ f
t2n − Ŷ

c
t2n
‖2, (4.111)
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which, by raising both sides to power p/2 and taking the expectation, there exist

constants C(1), C(2) ∈ (0,∞) such that for all h ∈ (0, C(1)) it implies that

sup
n∈{0,1,2,...,N}

E
[
‖Ŷ f

tn − Ŷ
c
tn‖

p
]
≤ Cp

(2) min
(
pp/2 hp/2, pp hp

)
. (4.112)

This completes the proof of Theorem 4.2.2.

4.6.3 Theorem 4.2.3

Proof of Theorem 4.2.3. For simplicity, we only demonstrate the proof for dQ̂c
dP ,

and the result for dQf
dP follows similarly.

Now we write down the details of the exact Radon-Nikodym derivative (4.17).

Note that

E

[∣∣∣∣∣dQ̂c

dP

∣∣∣∣∣
p]

= E

exp

−pSN/2−1∑
n=0

〈
Ŷ f
t2n − Ŷ

c
t2n
, ∆W2n + ∆W2n+1

〉

−p
2
S2

N/2−1∑
n=0

∥∥∥Ŷ f
t2n − Ŷ

c
t2n

∥∥∥2

2h


= E

exp

p(2p− 1)

2
S2

N/2−1∑
n=0

∥∥∥Ŷ f
t2n − Ŷ

c
t2n

∥∥∥2

2h

 (4.113)

×exp

−pSN/2−1∑
n=0

〈
Ŷ f
t2n−Ŷ

c
t2n
,∆W2n+∆W2n+1

〉
− p2S2

N/2−1∑
n=0

∥∥∥Ŷ f
t2n−Ŷ

c
t2n

∥∥∥2

2h

 .
Hölder’s inequality implies that

E

[∣∣∣∣∣dQ̂c

dP

∣∣∣∣∣
p]
≤ I

1/2
1 I

1/2
2 , (4.114)

where

I1 = E

exp

p(2p− 1)S2

N/2−1∑
n=0

∥∥∥Ŷ f
t2n − Ŷ

c
t2n

∥∥∥2

2h

 , (4.115)
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I2=E

exp

−2pS

N/2−1∑
n=0

〈
Ŷ f
t2n−Ŷ

c
t2n
,∆W2n+∆W2n+1

〉
−2p2S2

N/2−1∑
n=0

∥∥∥Ŷ f
t2n−Ŷ

c
t2n

∥∥∥2

2h


≤ 1,

since the exponential term in I2 is a super-martingale.

For I1, by Fatou’s lemma and Jensen’s inequality, we obtain that

I1 ≤
∞∑
k=0

E
[∣∣∣2(pS)2

∑N/2−1
n=0 ‖Ŷ f

t2n − Ŷ c
t2n
‖22h

∣∣∣k]
k!

≤
∞∑
k=0

2k(pS)2kT k−1
∑N/2−1

n=0 E
[∥∥∥Ŷ f

t2n − Ŷ c
t2n

∥∥∥2k
]

2h

k!
. (4.116)

Then by Theorem 4.2.2 and Stirling’s approximation k! ≥
√

2πkk+1/2e−k for any

k ∈ {1, 2, ...}, there exist constants C1, C2 ∈ (0,∞) such that

I1 . 1 +
∞∑
k=1

(2pSC2)2k(Th/e)k√
2πk

< 2, (4.117)

provided (2pSC2)2Th/e ∈ (0, 1/2).

Therefore, for all T ∈ (0,∞) and p ∈ [1,∞), there exist constants C(1), C(2) ∈

(0,∞) such that for all h ∈ (0,min(C(1), C(2)/(Tp
2))) it holds that

E

[∣∣∣∣∣dQ̂c

dP

∣∣∣∣∣
p]
≤ 2. (4.118)

This completes the proof of Theorem 4.2.3.
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4.6.4 Theorem 4.2.4

Proof of Theorem 4.2.4. By Jensen’s and Hölder’s inequalities, we split the expec-

tation into three parts

E
[∣∣∣ϕ(Ŷ f

T )dQ̂f
dP − ϕ(Ŷ c

T )dQ̂c
dP

∣∣∣p]
= E

[∣∣∣ϕ(Ŷ f
T )dQ̂f

dP − ϕ(Ŷ f
T ) + ϕ(Ŷ f

T )− ϕ(Ŷ c
T ) + ϕ(Ŷ c

T )− ϕ(Ŷ c
T )dQ̂c

dP

∣∣∣p]
≤ 3p−1E

[∣∣∣ϕ(Ŷ f
T )− ϕ(Ŷ c

T )
∣∣∣p]+ 3p−1E

[∣∣∣ϕ(Ŷ f
T )
∣∣∣2p]1/2

E
[∣∣∣1− dQ̂f

dP

∣∣∣2p]1/2

+3p−1E
[∣∣∣ϕ(Ŷ c

T )
∣∣∣2p]1/2

E
[∣∣∣1− dQ̂c

dP

∣∣∣2p]1/2

. (4.119)

By Theorems 4.2.1 and 4.2.2 and the globally Lipschitz condition, there exists a

constant C1 ∈ (0,∞) such that

E
[∣∣∣ϕ(Ŷ f

T )− ϕ(Ŷ c
T )
∣∣∣p] ≤ Kp E

[∥∥∥Ŷ f
T − Ŷ c

T

∥∥∥p] . Cp
1 p

p hp,

E
[∣∣∣ϕ(Ŷ f

T )
∣∣∣2p] . Cp

1 p
p, E

[∣∣∣ϕ(Ŷ c
T )
∣∣∣2p] . Cp

1 p
p. (4.120)

Next we estimate E
[∣∣∣1− dQ̂c

dP

∣∣∣p] with dQc
dP = exp(H) where

H = −S
N/2−1∑
n=0

〈
Ŷ f

2n−Ŷ c
2n, ∆W2n+∆W2n+1

〉
− S2

2

N/2−1∑
n=0

∥∥∥Ŷ f
2n − Ŷ c

2n

∥∥∥2

2h. (4.121)

Taylor expansion implies that

ex = 1 + eξ(x)x, for some ξ(x) with |ξ(x)| < |x|, (4.122)

which, combined with Hölder’s inequality, implies that

E

∣∣∣∣∣1− dQ̂c

dP

∣∣∣∣∣
2p
 = E

[
(exp(ξ(H)) |H|)2p] ≤ E

[
|exp(ξ(H))|4p

]1/2 E [|H|4p]1/2 .
(4.123)
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First, by Theorem 4.2.3, we obtain that

E
[
|exp(ξ(H))|4p

]
≤ E [max(exp(4pH), 1)] ≤ E [exp(4pH)] + 1 . 3, (4.124)

provided h ∈ (0, C2/(T p
2)) for some constant C2 ∈ (0,∞).

Second, by Jensen’s inequality and the Burkholder-Davis-Gundy inequality in [5],

there exists a constant C3 ∈ (0,∞) such that

E
[
|H|4p

]
≤ 24p−1S4p E

∣∣∣∣∣∣
N/2−1∑
n=0

〈
Ŷ f

2n − Ŷ c
2n, ∆W2n + ∆W2n+1

〉∣∣∣∣∣∣
4p

+24p−1S8p E

∣∣∣∣∣∣
N/2−1∑
n=0

∥∥∥Ŷ f
2n − Ŷ c

2n

∥∥∥2

h

∣∣∣∣∣∣
4p

≤ 24p−1S4pCp
3p

2pE

∣∣∣∣∣∣
N/2−1∑
n=0

∥∥∥Ŷ f
2n − Ŷ c

2n

∥∥∥2

2h

∣∣∣∣∣∣
2p

+24p−1S8pT 4p−1E

N/2−1∑
n=0

∥∥∥Ŷ f
2n − Ŷ c

2n

∥∥∥8p

h


≤ 26p−1S4pCp

3p
2pT 2p−1E

N/2−1∑
n=0

∥∥∥Ŷ f
2n − Ŷ c

2n

∥∥∥4p

h

 (4.125)

+24p−1S8pT 4p−1E

N/2−1∑
n=0

∥∥∥Ŷ f
2n − Ŷ c

2n

∥∥∥8p

h

 .
Then, provided h ∈ (0, C4/

√
Tp) for some constant C4 ∈ (0,∞), by Theorem 4.2.2,

there exists a constant C5 ∈ (0,∞) such that

E
[
|H|4p

]
. C4p

5 p6p T 2p h4p, (4.126)

and then

E

∣∣∣∣∣1− dQ̂c

dP

∣∣∣∣∣
2p
 . 31/2C2p

5 p3p T p h2p. (4.127)
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Similarly, we can get the same result for E
[∣∣∣1− dQ̂f

dP

∣∣∣2p] .
Since 1/

√
Tp ≥ 1/(

√
Tp) ≥ min(1, 1/(Tp2)), the condition h ∈ (0, C4/

√
Tp) can

be replaced by h(0, C4 min(1, 1/(Tp2))).

Overall, combining all the estimates above, there exist constants C(1), C(2), C(3) ∈

(0,∞) such that for any h ∈ (0,min(C(1), C(2)/(Tp
2))) it holds that

E

[∣∣∣∣∣ϕ(Ŷ f
T )

dQ̂f

dP
− ϕ(Ŷ c

T )
dQ̂c

dP

∣∣∣∣∣
p]
≤ Cp

(3) p
2p T p/2 hp. (4.128)

This completes the proof of Theorem 4.2.4.

4.7 Conclusion

In this chapter, we considered a larger class of ergodic SDEs without contractivity

and introduced a new MLMC scheme by adding a spring term to link the coarse and

fine path approximations as is shown in section 4.1. We obtained the new MLMC

identity with Radon-Nikodym derivatives. When computing the expectations with

respect to the invariant measures of chaotic ergodic SDEs, which satisfy a one-

sided Lipschitz condition, we reduced the exponential increase of the variance of

the MLMC level estimator to a linear increase with respect to T.

Our numerical analysis only works for SDEs with globally Lipschitz drift. The-

orem 4.2.1 shows the stability of the paths after adding a spring term. Uniform

bounds for the strong error and the Radon-Nikodym derivative are established

in Theorems 4.2.2 and 4.2.3, which implies the linear growth of the variances of

the level estimators in Theorem 4.2.4. Then, the MLMC Theorem 4.2.5 shows

that our new MLMC scheme does improve the accuracy and reduce the computa-

tional cost. The numerical experiments in section 4.4 demonstrate that the new

MLMC with the proposed change of measure technique works well for the case

with non-globally Lipschitz drift using adaptive timestepping.
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Figure 4.9: First exit time for the double-well potential energy SDE
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Chapter 5

Sensitivity of chaotic system

This chapter is an extended version of an unpublished paper co-authered with my

supervisor Prof. Mike Giles. In this chapter, we consider an m-dimensional chaotic

SDE driven by an m-dimensional Brownian motion with parameter θ

dX
(θ)
t = f(θ;X

(θ)
t ) dt + σ dWt, (5.1)

which has a fixed initial datum ξ0 and a locally Lipschitz drift f : Rm → Rm such

that the strong solution exists uniquely and the SDE is geometric ergodic, that is,∣∣∣E [ϕ(X
(θ)
T )− π(θ)(ϕ)

]∣∣∣ ≤ µ e−λT (5.2)

for some constants µ, λ ∈ (0,∞), where ϕ is a differentiable function with polyno-

mial growth and π(ϕ) is the expectation of ϕ with respect to the invariant measure

of the SDE. For the computation of π(θ)(ϕ), one common approach is to truncate

the infinite time interval at a sufficiently large finite time T and estimate

F (θ) = E
[
ϕ(X

(θ)
T )
]
. (5.3)

For the computation of the sensitivity of π(θ)(ϕ) with respect to θ, Assaraf et al.

[4] showed that

∂ π(θ)(ϕ)

∂θ
=

∂

∂θ

(
lim
T→∞

E
[
ϕ(X

(θ)
T )
])

= lim
T→∞

(
∂

∂θ
E
[
ϕ(X

(θ)
T )
])

(5.4)
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under some restrictive conditions. The exchangeability of the limit and the dif-

ferentiation for general ergodic SDEs is unknown, and in this chapter we assume

that this holds and the convergence speed is still exponentially fast, i.e.,∣∣∣∣ ∂∂θE [ϕ(X
(θ)
T )
]
− ∂ π(θ)(ϕ)

∂θ

∣∣∣∣ ≤ µ∗ e−λ
∗T (5.5)

for some constants µ∗, λ∗ ∈ (0,∞). Therefore we approximate the sensitivity of

the π(θ)(ϕ) by ∂F/∂θ with a sufficiently large T.

There are several approaches to computing sensitivities of SDEs [36]: finite differ-

ence (FD) method, likelihood ratio method (LR [37]), pathwise sensitivity calcu-

lation (PS), the weak derivative method (WD [83]) and Malliavin calculus (MA

[26]). The FD estimator is straightforward to implement. For example, we can use

the central difference (F (θ + ε/2)− F (θ − ε/2))/ε to approximate the first-order

derivative. Using the same Brownian paths for both F (θ + ε/2) and F (θ − ε/2))

greatly reduces the variance, but the estimator is biased. Both LR and PS es-

timators are unbiased. The difference is in the choice of the sample space Ω to

perform the differentiation [63]. By choosing the discrete numerical solution paths

as ω, differentiating their log joint distribution gives the LR estimator. However,

the variance of the LR estimator in most cases is O(h−1) as h → 0, where h is

the timestep size of the numerical approximation. Again, a tradeoff between bias

and variance is needed. The PS estimator, based on choosing the independent

U(0, 1) variates as the sample space, is more popular due to its low variance and

applicability of the adjoint method, which improves the efficiency when calculating

many sensitivities [34]. It requires differentiating the original SDE (5.1) to obtain

the variation process. In our case, the plain PS estimator suffers from the prob-

lem that the variation process blows up exponentially. Similarly to LR, the WD

method differentiates the probability measure but it may require resimulations,

which increases the computational cost greatly. Lastly, Malliavin calculus estima-

tors can be viewed as a combination of the LR and PS methods [17], but are less

popular in practice due to the heavy machinery of Malliavin calculus. However,

we will show later that in our case, the Malliavin calculus provides a comparable

estimator.
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Another issue for the computation of sensitivities is the extension to functions

ϕ with discontinuity, which is out of our scope in this chapter but may provide

possible future research directions. LR, WD and MA all cope with this difficulty

but FD and PS suffer. Giles [31] proposed the vibrato Monte Carlo method, which

can be viewed as a combination of PS and LR for the final timestep. Chan & Joshi

[14] proposed partial proxy schemes by approximately shifting the means of the

standard normal variables that govern the system. Tong & Liu [98] derived a

new estimator for discontinuous ϕ and used importance sampling to make all the

samples fall into the same set to avoid the discontinuity.

In this chapter, we first derive the Malliavin estimator for the chaotic SDEs fol-

lowing the idea in [26], since it expresses the sensitivity by the process itself and

avoids the variation process. However, it only works for the sensitivity of the

drift parameter and fails for others since the estimators again involve the variation

process. The other drawback is that it is difficult to apply the adjoint method.

Therefore, we propose a new PS estimator with importance sampling. Similar to

the idea of introducing a spring term between fine and coarse paths in previous

chapter, we add a spring term between X
(θ)
t and X

(θ+ε)
t and derive the new PS

estimator with the Radon-Nikodym derivative and take the differentiation limit

ε → 0. The benefit of this change is that the variation process with spring term

becomes ergodic again, which allows the computation of sensitivities of the volatil-

ity parameter and initial condition. The variances of both Malliavin and the new

PS estimators increase only linearly in time T which is a great improvement com-

pared with the exponential increase of the plain PS estimator. Next, we apply

the MLMC method [30, 32] to improve the efficiency further. Since the estimator

involves the original ergodic SDE which is not contractive, we need to employ the

change of measure technique from the previous chapter to add another spring term

between the fine and coarse paths for level estimators. Then, we can use the same

MLMC scheme with the same random samples and Radon-Nikodym derivatives

to calculate the original value F (θ) and its derivative simultaneously. Finally, we

consider the approximation of the sensitivities of chaotic ODEs by the stochastic

version with small volatility σ.
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The rest of the chapter is organised as follows. Section 2 reviews the pathwise

sensitivity method and explains the problem of the plain PS estimator. Section

3 derives the Malliavin estimator and the new pathwise sensitivity method with

importance sampling is introduced in Section 4. Numerical results are shown in

section 5. The applications of MLMC schemes are presented in section 6. Finally,

section 7 concludes this chapter.

To focus on the computation of the sensitivity, we assume the existence and strong

convergence of a suitable numerical scheme.

Assumption 5.0.1 (Numerical Solution). For the ergodic SDE (5.1), we assume

that there exists a numerical solution X̂t, whose moments are uniformly bounded

with respect to time T, that is, there exist constants Cp, cp ∈ (0,∞) independent of

T such that for any p ∈ [1,∞), T ∈ (0,∞), it holds that

sup
0≤t≤T

E
[
‖X̂t‖p

]
≤ Cp, (5.6)

and the strong error is also uniformly bounded

sup
0≤t≤T

E
[
‖X̂t −Xt‖p

]
≤ cp h

p, (5.7)

where h is the average timestep size.

For simplicity, for rest of the chapter, we denote the discrete points of a numerical

solution by X̂tn for n ∈ {0, 1, 2..., N}, and tn+1 = tn + hn, which is suitable

for both uniform timestep and adaptive schemes. For the numerical experiments

on the stochastic Lorenz equation, we use the adaptive Euler-Maruyama method

proposed in previous chapters, in which the uniform bounds for moments and the

strong error are achieved for a class of ergodic SDEs.

5.1 Pathwise sensitivity

Pathwise sensitivity is a standard approach also known as Infinitesimal Perturba-

tion Analysis (IPA) [63]. Assuming the exchangeability of the integral and the
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differentiation. (Theorem 1 in [63] provides a practical and general sufficient va-

lidity condition for the exchange of derivative and integral. Fortunately, these

conditions are satisfied in most cases.) By Leibniz’s integral rule and chain rule,

we obtain from (5.3) that

∂F (θ)

∂θ
= E

[
∂ϕ(X

(θ)
T )

∂θ

]
= E

[〈
∇ϕ(X

(θ)
T ),

∂X
(θ)
T

∂θ

〉]
. (5.8)

For x
(θ)
T =

∂X
(θ)
T

∂θ
, again assuming the exchangeability of the integral and the dif-

ferentiation (guaranteed by Theorem 39 in chapter 7 in [84]), by Leibniz’s integral

rule, we have the variation process

dx
(θ)
t =

(
∂f(θ;X

(θ)
t )

∂θ
+
∂f(θ;X

(θ)
t )

∂X
(θ)
t

x
(θ)
t

)
dt. (5.9)

Numerically, we can simulate X
(θ)
T and x

(θ)
T simultaneously:

X̂
(θ)
tn+1

= X̂
(θ)
tn + f(θ; X̂

(θ)
tn )hn + σ∆Wn, (5.10)

x̂
(θ)
tn+1

= x̂
(θ)
tn +

(
∂f(θ; X̂

(θ)
tn )

∂θ
+
∂f(θ; X̂

(θ)
tn )

∂X̂
(θ)
tn

x̂
(θ)
tn

)
hn.

with initial conditions X̂
(θ)
0 = ξ0 and x̂0 = 0. We then have the standard PS

estimator
∂F̂

∂θ
= E

[〈
∇ϕ(X̂

(θ)
T ), x̂

(θ)
T

〉]
, (5.11)

which is the unbiased estimator of the sensitivity of E
[
ϕ(X̂

(θ)
T )
]

with respect to θ.

The original process X
(θ)
t is ergodic and under suitable conditions, the moments

of the numerical solution X
(θ)
tn are uniformly bounded. However, for the variation

process xθt of the chaotic system, it may be no longer ergodic and the moments

may increase exponentially in T . As a result, we have the following theorem.

Theorem 5.1.1 (Standard Pathwise). If the moments of the original variation

process xt increase exponentially with respect to time t, then for any numerical

solution x̂t with first order strong convergence, the variance of the standard PS
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estimator ∂F̂
∂θ

also increases at most exponentially, that is

V

[
∂F̂

∂θ

]
≤ η eκ

′T , (5.12)

for some constant η, κ′ ∈ (0,∞). The constant κ′ is the Lyapunov exponent of the

variation process.

Proof of Theorem 5.1.1. Hölder’s inequality implies that

V

[
∂F̂

∂θ

]
≤ E

∣∣∣∣∣∂F̂∂θ
∣∣∣∣∣
2
 ≤ E

[∥∥∥∇ϕ(X̂
(θ)
T )
∥∥∥4
]1/2

E
[∥∥∥x̂(θ)

T

∥∥∥4
]1/2

. (5.13)

The first expectation on the right hand side is bounded uniformly in T due to

the Assumption 5.0.1 and polynomial growth of ϕ. For the second one, the strong

convergence of x̂t implies

E
[∥∥∥x̂(θ)

T

∥∥∥4
]
≤ 8E

[∥∥∥x(θ)
T

∥∥∥4
]

+ λ, (5.14)

for some constant λ ∈ (0,∞). Then combining this and the exponential increase

of the E
[∥∥∥x(θ)

T

∥∥∥4
]

completes the proof of Theorem 5.1.1.

If we consider the sensitivity of the outputs related to the invariant measure, we

need to choose T ∼ 1
λ∗
|log ε| due to (5.5) to bound the truncation error, which

together with Theorem 5.1.1 implies that

V

[
∂F̂

∂θ

]
∼ η ε−κ

′/λ∗ . (5.15)

Therefore, in order to achieve the ε2 MSE, we need to simulate O(ε−2−κ′/λ∗)

paths and for each path, we need hn = O(ε) to bound the weak error and

T = O(|log ε|). The total computational cost of the standard Monte Carlo method

becomes O(ε−3−κ′/λ∗| log ε|).
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5.2 Malliavin estimator

Following the idea in [26], we derive the sensitivity estimator using Malliavin cal-

culus. (The derivation is similar to the proof in Proposition 3.1 in [26], we include

it here for clarity and simplicity of this case and it is also similar to our approach

to derive the new PS estimator.) Without loss of generality, we assume we are

calculating the sensitivity at θ = 0. Under the measure P, the original SDE with

θ = 0 is

dX
(0)
t = f(X

(0)
t ) dt+ σ dW P

t (5.16)

and the perturbed SDE is

dX
(θ)
t =

[
f(X

(θ)
t ) + θ γ(X

(θ)
t )
]

dt+ σ dW P
t , (5.17)

where γ : Rm → Rm is the perturbation term. We then consider the expectations

F (0) = EP
[
ϕ(X

(0)
T )
]
, F (θ) = EP

[
ϕ(X

(θ)
T )
]
, (5.18)

and the derivative by taking the limit

∂F (θ)

∂θ

∣∣∣∣
θ=0

= lim
θ→0

F (θ)− F (0)

θ
. (5.19)

Considering a new measure Q with

dWQ
t = θ γ(X

(θ)
t )/σ dt+ dW P

t (5.20)

being the standard Brownian motion, we obtain that

dX
(θ)
t = f(X

(θ)
t ) dt+ σ dWQ

t , (5.21)

under the measure Q. Therefore, Girsanov’s theorem ensures that

F (θ) = EQ
[
ϕ(X

(θ)
T )RT (θ)

]
, (5.22)

where RT (θ) is the Radon-Nikodym derivative

Rt(θ) =
dP
dQ

= exp

(∫ t

0

θ

σ

〈
γ(X(θ)

u ), dWQ
u

〉
− 1

2

∫ t

0

θ2

σ2

∥∥γ(X(θ)
u )
∥∥2

du

)
. (5.23)
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Since (X
(θ)
t , WQ

t ) under the measure Q has the same joint distribution as (X
(0)
t , W P

t )

under the measure P, we obtain that

F (θ) = EP
[
ϕ(X

(0)
T )RT (θ)

]
, (5.24)

with

Rt(θ) = exp

(∫ t

0

θ

σ

〈
γ(X(0)

u ), dW P
u

〉
− 1

2

∫ t

0

θ2

σ2

∥∥γ(X(0)
u )
∥∥2

du

)
. (5.25)

By the definition of the exponential martingale and Itô formula, we obtain that

RT (θ)− 1

θ
=

∫ T

0

1

σ
Rt(θ)

〈
γ(X

(0)
t ), dW P

t

〉
, (5.26)

and as θ → 0, it holds that

RT (θ)− 1

θ
→
∫ T

0

1

σ

〈
γ(X

(0)
t ), dW P

t

〉
in L2. (5.27)

Finally, we take the limit θ → 0 to obtain that

F (θ)− F (0)

θ
= E

[
ϕ(X

(0)
T )

RT (θ)− 1

θ

]
→ E

[
ϕ(X

(0)
T )

∫ T

0

〈
γ(X

(0)
t )

σ
, dW P

t

〉]
, (5.28)

and obtain the Malliavin estimator

∂F (θ)

∂θ

∣∣∣∣
θ=0

= E

[
ϕ(X

(0)
T )

∫ T

0

〈
γ(X

(0)
t )

σ
, dW P

t

〉]
, (5.29)

and numerically

∂F̃

∂θ
= ϕ(X̂T )

N−1∑
n=0

〈
γ(X̂tn)

σ
, ∆W P

n

〉
. (5.30)

The benefit of this approach is the avoidance of the variation process and then the

variance of the Malliavin estimator increases only linearly in T, as shown in the

following theorem.
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Theorem 5.2.1 (Malliavin Estimator). If X̂t satisfies Assumption 5.0.1 and the

perturbation term ‖γ(x)‖ increases at most polynomially when ‖x‖ is large, the

variance of the Malliavin estimator increases at most linearly with respect to T,

that is

V

[
∂F̃

∂θ

]
≤ η′

σ2
T, (5.31)

for some constant η ∈ (0,∞).

Proof of Theorem 5.2.1. By Hölder’s , the Burkholder–Davis–Gundy and Jensen’s

inequalities and the uniform moments in Assumption 5.0.1, we obtain that

V

[
∂F̃

∂θ

]
≤ E

∣∣∣∣∣∂F̃∂θ
∣∣∣∣∣
2
 ≤ E

[∣∣∣ϕ(X̂T )
∣∣∣4]1/2

E

∣∣∣∣∣
N−1∑
n=0

〈
γ(X̂tn)

σ
, ∆W P

n

〉∣∣∣∣∣
4
1/2

≤ λ′ E
[∣∣∣ϕ(X̂T )

∣∣∣4]1/2

E

∣∣∣∣∣
N−1∑
n=0

‖γ(X̂tn)‖2

σ2
hn

∣∣∣∣∣
2
1/2

≤ η′

σ2
T, (5.32)

for some constant λ′, η′ ∈ (0,∞). This completes the proof of Theorem 5.2.1.

Choosing T ∼ 1
λ∗
|log ε| implies that

V

[
∂F̃

∂θ

]
∼ η′

λ∗σ2
|log ε| . (5.33)

Therefore, in order to achieve the ε2 MSE, we need to run O(ε−2| log ε|) paths and

the total computational cost of the standard Monte Carlo method is O(ε−3| log ε|2),

which is a great improvement over the standard PS method. However, this ben-

efit is limited to the sensitivity with respect to the drift parameters. For the

sensitivity with respect to the volatility parameters and the initial condition, the

Malliavin estimators again involve the variation process so that the variance of

the estimator increases exponentially. Another consideration is the application of

the adjoint technique. Since we have to derive different Malliavin estimators for

different parameters, we are unable to apply the adjoint technique and then the

computational cost increases linearly with the number of sensitivities.
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5.3 Importance sampling for sensitivity

In this section, we consider how to use the importance sampling technique to

derive the new PS estimator. The main idea is that by introducing a spring

term between the original and perturbed SDEs, we obtain a new variation process

which is ergodic again. Without loss of generality, we assume we are calculating

the sensitivity at θ = 0.

Let X
(0)
t be the solution to equation (5.16) when θ = 0, and consider the new

perturbed SDE under the measure Q̃,

dY
(θ)
t =

(
f(θ;Y

(θ)
t ) + S

(
Y

(0)
t − Y (θ)

t

))
dt + σ dW Q̃

t , (5.34)

with

dW P
t = S

(
Y

(0)
t − Y (θ)

t

)
/σ dt + dW Q̃

t , (5.35)

which introduces a spring term with sufficiently large S ∈ (0,∞) to prevent∥∥∥Y (0)
t −Y

(θ)
t

∥∥∥ from increasing exponentially. Note that Y
(θ)
t = X

(0)
t and W Q̃

t = W P
t

when θ = 0. Girsanov’s theorem implies that

F (θ) = EQ̃
[
ϕ(Y

(θ)
T )RT (θ)

]
, (5.36)

where Rt(θ) is corresponding Radon-Nikodym derivative

Rt(θ) =
dP
dQ̃

= exp

(
−
∫ t

0

S

σ

〈
Y (0)
u − Y (θ)

u , dW Q̃
u

〉
− 1

2

∫ t

0

S2

σ2

∥∥Y (0)
u − Y (θ)

u

∥∥2
du

)
.

(5.37)

By Leibniz’s integral rule, we obtain that

∂F (θ)

∂θ
= EQ̃

[
∂ϕ(Y

(θ)
T )

∂θ
RT (θ) + ϕ(Y

(θ)
T )

∂RT (θ)

∂θ

]
, (5.38)

and the variation process y
(θ)
t = ∂Y

(θ)
t /∂θ satisfies that

d y
(θ)
t =

(
∂f(θ;Y

(θ)
t )

∂θ
+

(
∂f(θ;Y

(θ)
t )

∂Y
(θ)
t

− SI

)
y

(θ)
t

)
dt, (5.39)
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where I is the m-dimensional identity matrix, and

∂Rt(θ)

∂θ
= Rt(θ)

(∫ t

0

S

σ

〈
y(θ)
u , dW Q̃

u

〉
+

∫ t

0

S2

σ2

〈
Y (0)
u − Y (θ)

u , y(θ)
u

〉
du

)
. (5.40)

Therefore, taking θ = 0 and again under the measure P, it holds that

∂F (θ)

∂θ

∣∣∣∣
θ=0

= EP
[
〈∇ϕ(Y

(0)
T ), y

(0)
T 〉+ ϕ(Y

(0)
T )

∫ T

0

S

σ

〈
y

(0)
t , dW P

t

〉]
. (5.41)

Numerically, we only need to simulate Y
(0)
t and y

(0)
t :

dY
(0)
t = f(0;Y

(0)
t ) dt + σ dW P

t ,

d y
(0)
t =

(
∂f(θ;Y

(0)
t )

∂θ

∣∣∣∣∣
θ=0

+

(
∂f(θ;Y

(θ)
t )

∂Y
(θ)
t

∣∣∣∣∣
θ=0

− SI

)
y

(0)
t

)
dt, (5.42)

and the new PS estimator is

∂F̆

∂θ
=
〈
∇ϕ(Ŷ

(0)
T ), ŷ

(0)
T

〉
+ ϕ(Ŷ

(0)
T )

N−1∑
n=0

S

σ

〈
ŷ

(0)
tn , ∆W P

n

〉
. (5.43)

Note that we still simulate the same original process under the measure P with

Y
(0)
t = Xt but with a new variation process y

(0)
t 6= xt. Comparing the two variation

processes (5.9) and (5.42), the new one has an additional linear term, which makes

the process become ergodic again for a sufficiently large S > 0. By Assumption

5.0.1, it is possible to find a suitable numerical scheme such that the moments

and the strong error of ŷt are uniformly bounded. Then, similarly to the Malliavin

estimator, the variance of the new estimator ∂F̆
∂θ

increases linearly in T, as is shown

in the following theorem.

Theorem 5.3.1 (Importance Sampling). Suppose Ŷt and ŷt satisfy the Assump-

tion 5.0.1, the variance of the new pathwise estimator with importance sampling

increases at most linearly with respect to T, that is,

V

[
∂F̆

∂θ

]
≤ η′′

σ2
T, (5.44)

for some constant η′′ ∈ (0,∞).
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Proof of Theorem 5.3.1. Using the same approach as in the proof of Theorem 5.2.1

completes the proof of Theorem 5.3.1.

Choosing T ∼ 1
λ∗
| log ε| implies that

V

[
∂F̃

∂θ

]
∼ η′′

λ∗σ
| log ε|. (5.45)

Therefore, in order to achieve the ε2 MSE, we need to run O(ε−2| log ε|) paths and

the total computational cost of the standard Monte Carlo method is O(ε−3| log ε|2),

which is of the same order as for the Malliavin estimators.

However, one of the additional benefits of this approach is that fundamentally it

changes the property of the variation process and we can easily extend it to the

computation of other sensitivities with respect to volatility parameters and the

initial condition.

The other benefit is that the pathwise sensitivities fit into the structure of the

adjoint technique naturally which calculates all the sensitivities with a fixed upper

bound for the computational cost (up to a factor 4 of the cost for the original

SDE) [34].

5.4 Numerical results

In this section, we present some numerical results for the stochastic Lorenz equa-

tion

dXt =

 10(X2
t −X1

t )
X1
t (θ −X3

t )−X2
t

X1
tX

2
t − 8

3
X3
t

 dt+ σ dW P
t , (5.46)

with initial condition x0 = (−2.4,−3.7, 14.98)T and σ = 6. We estimate the

sensitivity of E [X3
T ] with respect to θ at θ = 28.
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For the standard pathwise sensitivity method, we directly derive the variation

process following (5.9):

dxt =

 0
X1
t

0

+

 −10 10
28−X3

t −1 −X1
t

X2
t X1

t −8
3

xt

 dt (5.47)

and the standard PS estimator

∂F̂

∂θ
= x̂3

T . (5.48)

Numerically, we set T = 20 and σ = 6 using the same adaptive timestep function

as in previous chapter with δ = 2−9 and simulate N = 4 × 107 paths. Then

we plot the log variance of the estimator ∂F̂
∂θ

with respect to T in Figure 5.1. It
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Figure 5.1: Exponential increase of the variance of the standard PS estimator

shows clearly that the log variance increases linearly in T, which implies that the

variance itself increases exponentially. The slope we fitted is 3.37 which is an

approximation of κ′/λ∗ and indicates that the computational cost the standard

Monte Carlo method using standard PS estimator to achieve O(ε2) MSE becomes

O(ε−5.37| log ε|).
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Next, following (5.29) and (5.30), we have γ(Xt) = (0, X1
t , 0)T and get the Malli-

avin estimation
∂F (θ)

∂θ
= EP

[
X3
T

∫ T

0

1

σ
X1
t dW P,2

t

]
, (5.49)

and the Malliavin estimator

∂F̃

∂θ
= X̂3

T

N−1∑
n=0

X̂1
tn∆W P,2

n . (5.50)

Finally, following (5.42), we obtain the new SDEs with importance sampling,

dYt =

 10(Y 2
t − Y 1

t )
Y 1
t (28− Y 3

t )− Y 2
t

Y 1
t Y

2
t − 8

3
Y 3
t

 dt+ σ dW P
t , (5.51)

and

dyt =

 0
Y 1
t

0

+

−10− S 10
28− Y 3

t −1− S −Y 1
t

Y 2
t Y 1

t −8
3
− S

 yt

 dt, (5.52)

for some S > 0. We get the new PS expression

∂F (θ)

∂θ
= EP

[
y3
T + Y 3

T

∫ T

0

S

σ

〈
yt, dW P

t

〉]
, (5.53)

and the new PS estimator

∂F̆

∂θ
= ŷ3

T + Ŷ 3
T

N−1∑
n=0

S

σ

〈
ŷtn , ∆W P

n

〉
. (5.54)

Numerically, we again set the same T, h, σ and N as above and choose S = 10.

Then we plot the variances of the Mallianvin estimator and the new PS estimator

with respect to T in Figure 5.2(a).

Figure 5.2(a) shows clearly the variances of both the Malliavin and the new PS

estimator increase linearly in T, but the variance of the new PS estimator has a

smaller constant factor and is slightly more efficient. Figure 5.2(b) shows that

both methods give similar estimates and confirms that the estimators are ergodic

and converge to the sensitivity under the invariant measure.
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Figure 5.2: Comparison of Malliavin and new PS estimators

5.5 MLMC for sensitivity

In this section, we extend both the Malliavin and the new PS estimators to MLMC

[30, 32]. For ergodic SDEs without contractivity, we need to employ the change

of measure technique introduced in the previous chapter to add a spring term

between the fine and coarse paths, since otherwise the fine and coarse paths may

diverge exponentially due to the chaotic property. We first quickly review this

technique and then present the numerical results.

5.5.1 MLMC with change of measure

Instead of considering the fine and coarse paths of the original SDEs under the

same measure P,

dXf
t = f(Xf

t ) dt + σ dW P
t ,

dXc
t = f(Xc

t ) dt + σ dW P
t , (5.55)

144



we add a spring term with spring coefficient S > 0 for both the fine path and the

coarse path and consider both paths under different measures

Qf : dY f
t = f(Y f

t ) dt+ σ dWQf
t ,

Qc : dY c
t = f(Y c

t ) dt+ σ dWQc
t , (5.56)

with

dWQf
t =

S

σ
(Y c

t − Y
f
t ) dt+ dW P

t ,

dWQc
t =

S

σ
(Y f

t − Y c
t ) dt+ dW P

t . (5.57)

Therefore, under the simulation measure P, we obtain that

dY f
t = S(Y c

t − Y
f
t ) dt+ f(Y f

t ) dt+ σ dW P
t ,

dY c
t = S(Y f

t − Y c
t ) dt+ f(Y c

t ) dt+ σ dW P
t . (5.58)

Girsanov’s theorem ensures that

EP[ϕ(Xf
T )]− EP[ϕ(Xc

T )] = EQf [ϕ(Y f
T )]− EQc [ϕ(Y c

T )]

= EP
[
ϕ(Y f

T )
dQf

dPT
− ϕ(Y c

T )
dQc

dPT

]
,

(5.59)

where dQf
dPT

is the corresponding Radon-Nikodym derivative with the following form

dQf

dPT
= exp

(
−
∫ T

0

〈
S

σ
(Y f

t − Y c
t ), dW P

t

〉
− 1

2

∫ T

0

S2

σ2

∥∥∥Y f
t − Y c

t

∥∥∥2

dt

)
(5.60)

and dQc
dPT

is similar. The benefit of this technique is that under the measure P, we

recover the contractivity between Y c
t and Y f

t and the variance of the level estima-

tor increases linearly in T instead of exponentially. Note that for the numerical

implementation we derive the exact Radon-Nikodym derivative for the numeri-

cal solution instead of the numerical approximation of (5.60). For the detailed

numerical scheme, see section 2 in previous chapter.

However, in this chapter, we observe that both the Malliavin and the new PS

estimations (5.29) and (5.41) involve Itô integrals and we need to be careful when

performing the change of measure and respect the following identity:

EQf
[∫ T

0

〈
ψ(Y f

t ), dWQf
t

〉]
=EP

[∫ T

0

〈
ψ(Y f

t ),
S

σ
(Y c

t −Y
f
t )dt+dW P

t

〉
dQf

dPT

]
, (5.61)
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where the Itô integral is viewed as a functional of the whole path. The identity

for the coarse path is similar. Therefore, for numerical experiments, we need to

use W P
t to reconstruct WQf

t and WQc
t to calculate the integral following (5.57).

Theorem 5.5.1 (Level Estimators with Change of Measure). Suppose Ŷt and

ŷt satisfy the Assumption 5.0.1 under the measure P and f and γ are globally

Lipschitz, the variance of the new MLMC level estimator with change of measure

(5.59) and timestep h increases at most quadratically with respect to T, that is

V

[
ϕ̃(Ŷ f

T )
dQ̂f

dPT
− ϕ̃(Ŷ c

T )
dQ̂c

dPT

]
≤ η′′′

σ4
T 2 h2. (5.62)

for some constant η′′′ ∈ (0,∞), where ϕ̃ is the functional of the Malliavin or new

PS estimator.

Proof. Using the same approach as in the proof of Theorem 4.2.4 in the previous

chapter and the fact that E
[
|ϕ̃(Ŷ f

T )|p
]
≤ λ′′/σp T p/2 gives the final result. Intu-

itively, the first order strong convergence gives h2, the Itô integral gives a factor

T/σ2 by Theorem 5.3.1 and another factor of T/σ2 comes from the Radon-Nikodym

derivative (5.60).

The MLMC theorem in the previous chapter applies here except that V0 = O(T/σ2).

By choosing T = O(| log ε|) we have V0 = O(| log ε|), and the optimal computa-

tional cost of the MLMC with change of measure to achieve O(ε2) MSE becomes

O(ε−2| log ε|3). Compared with the results in the previous chapter, the additional

log term comes from the order of V0.

5.5.2 Numerical results

In this subsection, we discuss the applications of standard MLMC and MLMC

with change of measure to both the Malliavin estimator (5.29) and the new PS

estimator (5.41). Numerically, we use adaptive timestepping with h0 = 2−7 and
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N = 105 to compute the variances V0 on level 0 and V1 on level 1 with respect to

T for the stochastic Lorenz equation with σ = 6.

First, we directly use the standard MLMC scheme for both estimators without

change of measure. The variance on level 0 increases linearly in T, which is the

same as the standard Monte Carlo method. However, for level ` ∈ {1, 2, ..., L},
the variance of the level estimator still increases exponentially due to the chaotic

property of the original SDEs.
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Figure 5.3: MLMC variances on levels 0 and 1 without change of measure

In Figure 5.3, we plot the V0 and V1 with respect to T and it confirms the linear

increase of V0 and the initial exponential increase of V1. For both estimators, V1

becomes larger than V0 as T increases due to the bad coupling between fine and

coarse paths.

Second, we add the spring term between the fine and coarse paths and perform

the change of measure on the level estimator following (5.59) with S = 10. The

variance on level 0 increases linearly. For level ` ∈ {1, 2, ..., L}, the variance of the

level estimator increases only quadratically as shown in Theorem 5.5.1.

In Figure 5.4, we plot V0 and V1 with respect to T and it confirms the linear

increase of V0 and the good coupling on level 1. The quadratic increases with

respect to T are shown in Figure 5.5 by plotting V1 with respect to T 2.
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Figure 5.4: MLMC variances on levels 0 and 1 with change of measure

Finally, we ran the MLMC scheme for both estimators and T = 10, which is

sufficiently large for acceptable weak convergence by Figure 5.2(b).

Figures 5.6 and 5.7 show that MLMC for both the Malliavin and the new PS esti-

mator works well. The top left plot shows that the variance of the level estimator

decreases at rate 2, i.e. the variance is proportional to 2−2` corresponding to first

order strong convergence. The top right plot shows first order weak convergence.

The bottom left plot shows the different number of paths on different levels for

different accuracies. The bottom right plot shows that the computational cost for

MLMC is O(ε−2) and for standard Monte Carlo is O(ε−3).

5.6 Other sensitivities

In this section, we consider the sensitivities of the invariant measure with respect

to the volatility parameter σ and the initial datum ξ0; the latter should be 0. Note

that the Malliavin estimators fail here since they involve the variation process

shown in Proposition 3.3 in [26].

Assume that we are calculating the sensitivity at σ0 and consider the perturbed

volatility σ. The derivation is similar to Section 5.3 except that we have the new
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Figure 5.5: Quadratic increase with respect to T

variation process with respect to σ :

dz
(σ)
t =

(
∂f(Y

(σ)
t )

∂Y
(σ)
t

− SI

)
z

(σ)
t dt+ dW Q̃

t , (5.63)

and the derivative of the Radon-Nikodym derivative with respect to σ,

∂R
(σ)
t

∂σ
= R

(σ)
t

(∫ t

0

S

σ

〈
z(σ)
u , dW Q̃

u

〉
+

∫ t

0

S

σ2

〈
Y (σ0)
u − Y (σ)

u , dW Q̃
u

〉
(5.64)

+

∫ t

0

S2

σ2

〈
Y (σ0)
u − Y (σ)

u , z(σ)
u

〉
du+

∫ t

0

S2

σ3

∥∥Y (σ0)
u − Y (σ)

u

∥∥2
du

)
.

Therefore, taking σ = σ0 and again under the measure P, it holds that

∂F (σ)

∂σ

∣∣∣∣
σ=σ0

= EP
[
〈∇ϕ(Y

(σ0)
T ), z

(σ0)
T 〉+ ϕ(Y

(σ0)
T )

∫ T

0

S

σ

〈
z

(σ0)
t , dW P

t

〉]
. (5.65)

Numerically, we only need to simulate Y
(σ0)
t and y

(σ0)
t :

dY
(σ0)
t = f(Y

(σ0)
t ) dt + σ0 dW P

t ,

d z
(σ0)
t =

(
∂f(Y

(σ0)
t )

∂Y
(σ0)
t

− SI

)
z

(σ0)
t dt + dW P

t , (5.66)

and the new PS estimator is

∂F̆

∂σ
=
〈
∇ϕ(Ŷ

(σ)
T ) , ẑ

(σ)
T

〉
+ ϕ(Ŷ

(σ)
T )

N−1∑
n=0

S

σ

〈
ẑ

(σ)
tn , ∆W P

n

〉
. (5.67)
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Figure 5.6: MLMC for the Malliavin estimator

We perform the numerical experiment on the stochastic Lorenz equation with

σ = 6. Figure 5.8(a) shows the estimator is ergodic and the expectation converges

to the sensitivity of the invariant measure 0.1274, which is close to the finite

difference value 0.1268 using the data in Figure 5.11. Figure 5.8(b) confirms the

linear increase of the variance.

For the initial condition ξ0, we get the new variation process

d zt =

(
∂f(Yt)

∂Yt
− SI

)
zt dt, (5.68)

with z0 = 1 and the new PS estimator

∂F̆

∂ξ0

=
〈
∇ϕ(ŶT ) , ẑT

〉
+ ϕ(ŶT )

N−1∑
n=0

S

σ

〈
ẑtn , ∆W P

n

〉
. (5.69)
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Figure 5.7: MLMC for the new PS estimator

Figure 5.9(a) shows that the estimator is ergodic and the expectation converges

to 0 since the initial condition won’t affect the invariant measure. Figure 5.9(b)

shows the variance is uniformly bounded.

5.7 Extension to the Lorenz problem

In this section, we consider using the new PS estimator for stochastic SDEs to

approximate the sensitivities of invariant measures of chaotic ODEs, which is a

long-standing problem. For the invariant measure of a chaotic ODE, the main
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Figure 5.8: The sensitivity with respect to volatility σ

concept is the Sinai-Ruelle-Bowen (SRB) measure. An invariant probability mea-

sure π0 for a flow Zt is a physical probability measure if the subset of z satisfying

for all continuous function ϕ

lim
T→+∞

1

T

∫ T

0

ϕ(Zt(z))dt = π0(ϕ). (5.70)

has positive volume in space. [3] and [100] together show that the Lorenz equation

has a unique SRB measure. For the SRB measure of the system, we are also

concerned about the the sensitivity with respect to some parameters of the system.

It is shown in [88, 89] that statistical quantities are differentiable with respect to

small perturbations of parameters for quasi-hyperbolic systems, for example, the

Lorenz system.

However, the sensitivity computations of chaotic systems like the Lorenz system

are difficult due to the ill-conditioned initial value problem. Lea, Allen & Haine

[62] used the Lorenz equation as an example to illustrate the failure of adjoint

methods as the computed sensitivity blows up exponentially. They also proposed

an ensemble-adjoint approach, which uses the average of the computed sensitivi-

ties in a intermediate time scale. Choosing the time scale is a hard problem and

this approach is unlikely to be stable for more complex systems. Wang [102] intro-

duced a shadow operator to the original system and found the shadow trajectory
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Figure 5.9: The sensitivity with respect to the initial value

by inverting the shadow operator and then calculated the sensitivity. Further,

Wang, Hu & Blonigan [104] found the shadow trajectory by solving a constrained

minimization problem and the corresponding convergence result is shown in [103].

Our approach is to estimate the sensitivity of the ODE by estimating the sensitivity

of the SDE with small volatility σ ∈ (0,∞). The consideration is that, without the

random force, the evolution of the invariant measure of the ODE is governed by

the corresponding Liouville equation which may not have a well-behaved steady

solution. By adding the random noise, the evolution of the invariant measure of

the SDE is governed by the corresponding steady Fokker-Planck equation which

has a smooth, well-behaved solution. Thuburn [97] appreciated this point and

introduced the small diffusion term and calculated the sensitivities by considering

the Fokker-Planck equation, but it required the solution of the high-dimensional

elliptic PDE numerically, which is computationally expensive. In addition, as

shown in Figure 5.10(a) later this section, the random noise also accelerates the

convergence speed to the equilibrium of the system. Next, we first state some

theoretical results about the convergence of the solution and invariant measure

from the SDE to the ODE, and then show our numerical results for the ordinary

Lorenz system.
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5.7.1 Convergence of SDEs to ODEs

Freidlin & Wentzell [27] provide a systematic framework for the convergence of

SDEs to ODEs. Theorem 1.1 in chapter 2 in [27] shows that if f is continuous and

the ODE has a unique solution xt, then for sufficiently small σ ∈ (0,∞), we have

P
(

lim
σ→0

max
0≤t≤T

‖Xσ
t − xt‖ = 0

)
= 1, (5.71)

where Xσ
t is the solution to the SDE with volatility σ and Theorem 1.2 shows that

if the drift is globally Lipschitz and increases no faster than linearly in x, then for

all t ∈ (0,∞), we obtain that

E
[
‖Xσ

t − xt‖
2] ≤ a(t)σ2, (5.72)

where a(t) is a monotonic increasing function depending on the initial data and

the Lipschitz constant.

For the invariant measure, Theorem 4.2 in chapter 6 in [27] shows that if the drift

f(x) is bounded and uniformly continuous, and the deterministic system has a

unique invariant measure π0, then πσ converges weakly to π0 as σ → 0, where πσ

is the invariant measure of the SDE with volatility σ.

5.7.2 Numerical investigation

Now we investigate the ordinary Lorenz equation

dxt
dt

=

 10(x2
t − x1

t )
x1
t (θ − x3

t )− x2
t

x1
tx

2
t − 8

3
x3
t

 . (5.73)

We estimate the sensitivity of x̄3 = limT→∞
1
T

∫ T
0
x3
t dt with respect to θ at θ = 28,

which is approximately 0.981, by an average of 50 finite difference estimates using

different initial conditions as in [15].

Theorem 3.1 in chapter IV in [57] shows that the invariant measure πσ of the

stochastic Lorenz equation weakly converges to π0 as σ → 0 in discrete version,
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but the convergence speed is not known. Before we numerically investigate the

convergence speed, we first notice that the magnitude of the volatility σ affects

the speed of convergence starting from the same initial point.

First, we plot the expectation E
[
X3,σ
T

]
with respect to time T for different σ from

the same initial point [−2.4,−3.7, 14.98]. See Figure 5.10(a).
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Figure 5.10: The effect of σ on convergence speed λ∗

We see that the time period needed to approach equilibrium decreases and the

equilibrium value increases as σ increases, which indicates that σ affects the con-

vergence speed λ∗. Next, to quantify this effect, we calculate the error bound using

the moving maximum and minimum and then perform a linear regression of log

error bound on T to get the estimated convergence speed λ∗. We plot the estimated

λ∗ with respect to σ2 in Figure 5.10(b), which shows clearly that the estimated

convergence rate λ∗ is approximately proportional to σ2. Therefore, we need to use

a longer T to simulate the SDE with a smaller σ to achieve the same truncation

error in T . It also indicates that the convergence speed of the ODE is far slower

than the SDE since ODE has σ = 0.

Next, we investigate the weak convergence order of the invariant measures with

respect to σ. First, we estimate x̄3 for different values of θ ranging from 27.50

to 28.50 using the 4th-order Runge-Kutta method with h = 0.001, T = 300 and

x0 = (−2.4,−3.7, 14.98)T . See the black line in Figure 5.11. It oscillates wildly

which adversely affects the accuracy of the finite difference method.
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For SDEs, we know from the previous estimates of λ∗ that we need to choose

different times T for different σ to ensure that the equilibrium is achieved. Figure

5.11 shows that, by introducing a small random noise term, the solutions of the

SDE become smoother with respect to different θ and they converge to the solution

of the ODE as σ decreases. Simultaneously the sensitivity problem becomes better-

posed and the finite difference method already can provide a good estimate of the

sensitivity.

Next, based on Figure 5.11, we estimate the weak convergence order with respect

to σ, see Figure 5.12(a). It shows first order weak convergence.

Similarly, we plot the evolutions of E
[
∂F̆
∂θ

(σ)
]

with respect to T for different σ and

observe the same results as the original value. Compared with Figure 5.10, the

time period needed to achieve the equilibrium of the sensitivities is longer since

the estimator is a path integral of the original value.

We also plot the sensitivity with respect to θ for the SDE with different values of σ

in Figure 5.14. The black line shows the sensitivity of the ODE, a constant 0.981

shown in [15]. For the SDE, we use the new PS estimator and similarly simulate
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Figure 5.12: Weak convergence with respect to σ

longer T for smaller σ. As shown in Figure 5.14, the sensitivities of the SDE are less

smooth with respect to θ due to the large variance. We plot the average value in

the same color and observe that the sensitivity E
[
∂F̆
∂θ

(σ)
]

increases as σ decreases

and converges to the one for the ODE. The first order weak convergence is shown

in Figure 5.12(b). Now, we analyze the computational cost first by stating the

following numerical results obtained from the previous experiments.

• The convergence speed λ∗ is proportional to σ2, that is λ∗ ∼ O(σ2). See

Figure 5.10(b).

• The weak convergence order of invariant measure from SDE to ODE with

respect to σ is 1, see Figures 5.12(a) and 5.12(b).

• The variance of the new PS estimator linearly increases as T increases see

Figure 5.2(a) and as σ−2 increases by Theorem 5.3.1, that is V ∼ O(T/σ2).

Theorem 5.7.1 (ODE Approximation). Suppose that the conclusions above hold.

Then, to achieve O(ε2) MSE, the optimal complexity of the standard Monte Carlo

method to approximate the sensitivity of the ODE is O(ε−9| log ε|2)

Proof of Theorem 5.7.1. Denoting the sensitivity of the ODE by π′ and that of
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Figure 5.13: The effect of σ on convergence speed λ∗

the SDE by Π′, the weak error can be decomposited into∣∣∣∣∣E
[
∂F̆

∂θ
(σ)

]
− π′

∣∣∣∣∣ =

∣∣∣∣∣E
[
∂F̆

∂θ
(σ)− ∂F

∂θ
(σ) +

∂F

∂θ
(σ)− Π′ + Π′ − π′

]∣∣∣∣∣
≤

∣∣∣∣∣E
[
∂F̆

∂θ
(σ)− ∂F

∂θ
(σ)

]∣∣∣∣∣+

∣∣∣∣E [∂F∂θ (σ)− Π′
]∣∣∣∣+ |E [Π′ − π′]|

= O(h) +O(e−λ
∗T ) +O(σ). (5.74)

Bounding the weak error by O(ε), we obtain that

h ∼ O(ε), σ ∼ O(ε), (5.75)

and

e−λ
∗T ∼ O(ε)⇒ λ∗T ∼ O(| log ε|)⇒ T ∼ O(ε−2| log ε|), (5.76)

which implies that the computational cost per path is T/h ∼ O(ε−3| log ε|).

Next, the variance of the MC estimator also needs to be bounded by O(ε2), which

requires that the number of paths N satisfies

T/(σ2N) ∼ O(ε2)⇒ N ∼ O(ε−6| log ε|). (5.77)
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Therefore, the total computational cost is O(ε−9| log ε|2). This completes the proof

of Theorem 5.7.1.

For MLMC, we still require T ∼ O(ε−2| log ε|) and the timestep in the finest level

is O(ε). The key point here is efficient coupling, that is the choice of the timestep

size h0 on level 0, which requires C0V0 > C1V1, that is, following Theorem 5.3.1

and 5.5.1, we have that

V1 = O(h2
0 T

2/σ4) ∼ V0 = O(T/σ2), (5.78)

and then

h0 ∼ O(σ/
√
T )⇒ h0 ∼ O(ε2| log ε|−1/2), (5.79)

which means that the required h0 is far smaller than the size we need and as a re-

sult, MLMC with change of measure doesn’t work. The main issue here is that the

small σ destroys the variance of the Radon-Nikodym derivatives. Therefore, con-

structing an estimator with higher order convergence in σ to the ODE sensitivity

is the key, and we deal with that in the next subsection.
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5.7.3 Richardson-Romberg extrapolation

In this subsection, we construct new estimators by applying Richardson-Romberg

(R-R) extrapolation to σ to improve the weak convergence order of σ and then

reduce the complexity. R-R extrapolation was first introduced in [95] and extended

to multi-step R-R extrapolation in [81] to achieve a higher order weak convergence

rate, and further extended to multilevel R-R extrapolation in [65].

We assume that under suitable conditions the sensitivity Π′(σ) of the invariant

measure of SDEs with volatility σ has the following expansion at σ = 0 with

Π′(0) = π′ which is the sensitivity of the ODEs,

Π′(σ) = π′ +
R−1∑
k=1

ck σ
k +O(σR) (5.80)

where the real constants ck, for k ∈ {1, 2, ..., R − 1}, do not depend on σ. De-

noting Π̃′(σ) = (Π′(σ/1),Π′(σ/2), ...,Π′(σ/R))T , and following the multi-step R-R

extrapolation procedure, there exists a weight vector w̃ = (w1, ..., wR) ∈ RR such

that

w̃ Π̃′(σ) =
R∑
k=1

wk Π′(σ/k) = π′ +O(σR), (5.81)

where wk = (−1)R−kkR

k!(R−k)!
for k = 1, ..., R. Specifically, we obtain that

R = 1 w1 = 1;

R = 2 w1 = −1, w2 = 2;

R = 3 w1 = 1/2, w2 = −4, w3 = 9/2. (5.82)

Similarly, we construct new estimators with higher order weak convergence rate

for σ. For the original expectation F (θ, σ), we obtain that

R = 1 F (θ, σ)

R = 2 −F (θ, 2σ) + 2F (θ, σ);

R = 3
1

2
F (θ, 3σ)− 4F (θ, 1.5σ) +

9

2
F (θ, σ); (5.83)
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where we use σ as the smallest value for each estimator since the estimator with

smallest σ converges slowest, which determines the simulation time T. The con-

struction of the estimators for the sensitivities is exactly the same. Numeri-

cally, we plot the weak errors for these three estimators with the same smallest

σ = 1/4, 1/2, 1, 2, ..., 20 for the Lorenz problem in Figure 5.15(a) for the original

expectation and Figure 5.15(b) for the sensitivity.
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Figure 5.15: Weak convergence of different R-R estimators

We see that the R-R extrapolation improves the weak convergence rate signifi-

cantly. Especially for the sensitivity, the 2nd order R-R estimator already gives an

accurate estimate, which may be due to the linearity of the sensitivity in σ. The

computational cost increases linearly in R since we need to simulate R paths with

different σ but with the same driving Brownian motion to reduce the variance.

Therefore, following the same approach as in Theorem 5.7.1, for the estimator

with order R weak convergence rate for σ, to achieve ε2 MSE, we only need

σ ∼ O(ε1/R) and T ∼ O(ε−2/R| log ε|), and reduce the computational cost of the

standard Monte Carlo method to O(Rε−3−6/R| log ε|2). The optimal R to minimize

the cost is d6| log ε|e which gives a total cost O(ε−3| log ε|3).

Similarly, for the MLMC with change of measure, to achieve a good coupling,

we require h0 ∼ O(ε2/R| log ε|−1/2), and then the optimal computational cost of
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MLMC is O(ε−2−8/R| log ε|3). The optimal R to minimize the cost is d8| log ε|e,
which gives a total cost O(ε−2| log ε|4).

For the Lorenz problem, Figure 5.15(b) shows that the 2nd order R-R estimator

with σ = 15 is accurate enough. The convergence rate λ∗ is much larger and we

only need to simulate the SDEs to time T = 2, which is already sufficiently large

to achieve equilibrium. Another benefit is that the h0 used on level 0 is much

larger.

Compared with Figure 5.7, the new R-R estimator has a much better accuracy

and much smaller computational cost. The following table gives the details of the

comparison. Note that the standard estimator still have a large bias due to σ

and reducing σ to a sufficiently small value to achieve higher accuracy becomes

computationally infeasible within a reasonable time period, while the 2nd order

R-R estimator has achieved good accuracy with a much smaller computational

cost.

Table 5.1: Computation cost comparison

σ T h0 Computational cost Estimated value

Standard 6 10 2−7 2.450e+ 13 0.93264

RR2 15 2 2−4 2.668e+ 11 0.97793

5.8 Conclusion

In this chapter, following the idea of introducing a spring proposed in the previous

chapter, a new pathwise sensitivity estimator using importance sampling for the

sensitivities of chaotic SDEs is derived in section 5.3. Numerical results in section

5.4 show that both the new estimator and the Malliavin estimator perform well.

The variance of the new pathwise estimator increases linearly in T, which is a
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great improvement compared with the exponential increase of the standard path-

wise estimator. Next we extended them to MLMC scheme with change of measure

successfully in section 5.5. Similarly, the estimators for the sensitivities with re-

spect to the initial value and the volatility parameters are derived in section 5.6.

Last, we used the new estimator for SDEs with small volatility to approximate the

sensitivity of ODEs. By combining this with a Richardson-Romberg extrapolation,

we also obtained a new efficient estimator to avoid the effect of small volatility on

the variance of the estimator.
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Chapter 6

Conclusions

6.1 Summary of results

The central conclusion of this thesis is that by using an adaptive timestep it is

possible to make the Euler-Maruyama approximation stable for SDEs with glob-

ally Lipschitz volatility and a drift which is not globally Lipschitz but is locally

Lipschitz and satisfies a one-sided linear growth condition.

In chapter 2, we proved the stability and strong convergence of the adaptive scheme

for a finite time interval. If the drift also satisfies a one-sided Lipschitz condition

then the order of strong convergence is 1
2
, when looking at the accuracy versus the

expected cost of each path. For the important class of Langevin equations with unit

volatility, the order of strong convergence is 1. The orders of strong convergence

are important because they lead to MLMC results for the computational cost to

achieve a desired MSE for a certain class of functionals. The numerical experiments

suggest that in some applications the new method may not be significantly better

than the tamed Euler-Maruyama method proposed and analysed by Hutzenthaler,

Jentzen & Kloeden [48], but in others it is shown to be superior. For the FENE
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model, although the theory does not apply, the adaptive scheme is natural and

works best compared with others.

In chapter 3, we extended the analysis to the ergodic SDEs and proved that the

moments and strong error of the numerical solutions are uniformly bounded in

time T. Moreover, we extended this adaptive scheme to the MLMC method for

expectations with respect to the invariant measure by using different time intervals

on different levels, and constructed an efficient coupling of the fine path and the

coarse path with different simulation times. Numerical results support our theory.

For SDEs with contractivity on average, for example, the FENE model and SDEs

with a double-well potential, our scheme with adaptive T works well and achieves

an optimal complexity.

In chapter 4, we introduced a new change of measure technique for multilevel

Monte Carlo estimators by adding a spring term to link the coarse and fine path

approximations. For chaotic ergodic SDEs satisfying the one-sided Lipschitz con-

dition, we reduced the exponential increase of the variance to a linear increase,

which greatly reduces the computational cost when our interest is in the expecta-

tion with respect to the invariant measure. The numerical analysis only works for

globally Lipschitz drift, but numerical experiments in section 4.4 show that the

change of measure technique works well for the case with non-globally Lipschitz

drift using adaptive timestepping.

In chapter 5, we proposed a new pathwise sensitivity estimator using importance

sampling for the sensitivities of chaotic SDEs. Both the new estimator and Malli-

avin estimator perform well and have been extended to MLMC successfully. The

benefit of the new pathwise estimator fundamentally changes the variation pro-

cess and is easily extended to sensitivity with respect to the initial value and the

volatility parameters. In addition, we also considered using this estimator for

SDE with small volatility to approximate the sensitivity of ODEs. Together with

the Richardson-Romberg extrapolation, we constructed a new efficient estimator

overcoming the effect of the small volatility.
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6.2 Future work

A number of areas for further research arise this work. One area for research con-

cerns the restriction of the current assumptions. The first direction is to extend

the numerical analysis to ergodic SDEs with non-globally Lipschitz drifts using

adaptive timestepping and the change of measure technique, since numerical ex-

periments in section 4.4 show it works well. Another direction for extension of

the theory is to SDEs with a volatility which is not globally Lipschitz, but instead

satisfies the Khasminskii-type condition used by Mao & Szpruch [68, 70]. A third

option is to use a Lyapunov function V (x) in place of ‖x‖2 in the stability anal-

ysis; this might enable one to prove stability and convergence for a larger set of

SDEs. For SDEs such as the stochastic van der Pol oscillator and the stochastic

Lorenz equation, if we could prove exponential integrability using the approach of

Hutzenthaler, Jentzen & Wang [49] then it may be possible to establish an order of

strong convergence using a locally one-sided Lipschitz condition. The other option

is to apply adaptive methods to SDEs with a discontinuous drift. Neuenkirch et

al. [80] have done some pioneering work in this direction.

Next, we can explore other applications of spring couplings between coarse and

fine paths. For the simulation of the invariant measure of some Markov chains

arising from chemical reactions, we can extend the results in [38] by Glynn and

Rhee to non-contractive Markov chains by introducing a spring term to couple

coarse and fine Markov chains. Another possible application may be to computing

the invariant measure of SPDEs [18].

Lastly, we can continue to improve our algorithms. One possibility is to extend

the analysis to Milstein approximations, which are particularly important when

the SDE is scalar or satisfies the commutativity condition, which means that the

Milstein approximation does not require the simulation of Lévy areas. Another

direction is to develop a more efficient scheme for the sensitivity of the expectation

of a discontinuous functional ϕ with respect to the invariant measure. For example,

we could consider the combination of our technique with vibrato Monte Carlo

method [31].
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Appendix A

Multi-dimensional Itô formula

For a SDE:

dX̂t = f(X̄t) dt+ g(X̄t) dWt, (A.1)

we assume that f and g are locally Lipschitz and satisfy the one-sided linear growth

condition. Note that

∂ ‖X‖p

∂Xi

= p ‖X‖p−1∂ ‖X‖
∂Xi

= p ‖X‖p−1 Xi

‖X‖
= p ‖X‖p−2Xi

∂ ‖X‖p

∂X
= p ‖X‖p−2X,

∂2 ‖X‖p

∂X2
i

= p ‖X‖p−2 + p(p− 2) ‖X‖p−4X2
i , (A.2)

∂2 ‖X‖p

∂Xi∂Xj

= p(p− 2)‖X‖p−4XiXj,
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and then by Itô’s formula, we obtain that

d‖X̂t‖p = p 〈X̂t, f(X̄t)〉 ‖X̂t‖p−2dt+ p X̂T
t g(X̄t) ‖X̂t‖p−2dWt

+
1

2

m∑
i=1

m∑
j=1

∂2 ‖X̂t‖p

∂X̂i∂X̂j

gi(X̄t)gj(X̄t)
T dt

= p 〈X̂t, f(X̄t)〉 ‖X̂t‖p−2dt+ p X̂T
t g(X̄t) ‖X̂t‖p−2dWt

+
1

2

m∑
i=1

p‖X̂t‖p−2gi(X̄t)gi(X̄t)
T dt

+
1

2

m∑
i=1

m∑
j=1

p(p− 2)‖X̂t‖p−4X̂iX̂jgi(X̄t)gj(X̄t)
T dt,

(A.3)

where gi is the i-th row vector of g. By the definition of the Frobenius norm of a

matrix, we obtain that

1

2

m∑
i=1

p‖X̂t‖p−2gi(X̄t)gi(X̄t)
T =

1

2
p‖X̂t‖p−2‖g(X̄t)‖2, (A.4)

and

1

2

m∑
i=1

m∑
j=1

p(p− 2)‖X̂t‖p−4X̂iX̂jgi(X̄t)gj(X̄t)
T

≤ 1

4

m∑
i=1

m∑
j=1

p(p− 2)‖X̂t‖p−4X̂2
i gj(X̄t)gj(X̄t)

T

+
1

4

m∑
i=1

m∑
j=1

p(p− 2)‖X̂t‖p−4X̂2
j gi(X̄t)gi(X̄t)

T

=
1

2
p(p− 2)‖X̂t‖p−2‖g(X̄t)‖2.

(A.5)

Therefore, the definition implies that

d‖X̂t‖p ≤ p

(
〈X̂t, f(X̄t)〉+

(p− 1)

2
‖g(X̄t)‖2

)
‖X̂t‖p−2dt

+ p X̂T
t g(X̄t) ‖X̂t‖p−2dWt,

(A.6)

from which we can derive that

‖X̂t‖p ≤‖X̂0‖p +

∫ t

0

p

(
〈X̂s, f(X̄s)〉+

(p− 1)

2
‖g(X̄s)‖2

)
‖X̂s‖p−2ds

+

∫ t

0

p X̂T
s g(X̄s) ‖X̂s‖p−2dWs.

(A.7)
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Appendix B

Inequalities

Lemma B.1 (Markov’s inequality). If X is a nonnegative random variable and

a > 0, then it holds that

P(X ≥ a) ≤ E [X]

a
. (B.1)

If φ is a monotonically increasing function from the nonnegative reals to the non-

negative reals, X is a random variable, a ≥ 0, and φ(a) > 0, then it holds that

P(|X| ≥ a) ≤ E [φ(|X|)]
φ(a)

. (B.2)

In this thesis, we usually take φ(x) = xp.

Lemma B.2 (Jensen’s inequality). For a real convex function φ, real numbers

X1, X2, ..., Xn in its domain, and positive weights ai, Jensen’s inequality can be

stated as

φ

(∑
aiXi∑
ai

)
≤
∑
aiφ(Xi)∑
ai

. (B.3)
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In this thesis, we have two different forms: ai = 1
N
,
∑
ai = 1 and φ(x) = xp :(

N∑
i=1

1

N
Xi

)p

≤
N∑
i=1

1

N
(Xi)

p; (B.4)

ai = hi,
∑
hi = T and φ(x) = xp :(∑
hiXi

T

)p
≤
∑
hi(Xi)

p

T
⇒

(∑
hiXi

)p
≤ T p−1

∑
hi(Xi)

p. (B.5)

Lemma B.3 (Generalized Jensen’s inequality). Let (Ω,F , µ) be a probability

space, such that µ(Ω) = 1. If g is a real-valued function that is µ-integrable,

and if φ is a convex function on the real line, then it holds that

φ

(∫
Ω

g dµ

)
≤
∫

Ω

φ ◦ g dµ, (B.6)

that is

φ(E [X]) ≤ E [φ(X)] . (B.7)

In this thesis, we have two different forms: assume µ to be uniform distribution

on [0, T ]; then,

φ

(
1

T

∫ T

0

g(t) dt

)
≤ 1

T

∫ T

0

φ(g(t)) dt; (B.8)

Assume µ to be exponential distribution on [0, T ],

φ

(
1∫ T

0
eγt dt

∫ T

0

g(t)eγt dt

)
≤ 1∫ T

0
eγt dt

∫ T

0

φ(g(t))eγt dt. (B.9)

Lemma B.4 (Hölder’s inequality). For any scalar random variables X, Y,, and

any p, q > 1 such that 1/p+ 1/q = 1, it holds that

E [|XY |] ≤ E [|X|p]1/p E [|Y |q]1/q . (B.10)

Lemma B.5 (Young’s inequality). For r−1 + q−1 = 1, r > 1, q > 1,

ab ≤ σ

r
ar +

1

qσ
q
r

bq ∀ a, b, σ > 0. (B.11)
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In this thesis, we also use three special cases: r = q = 2,

ab ≤ σa2 +
1

σ
b2; (B.12)

r = p
p−2

, q = p
2
,

ap−2b2 ≤ (p− 2)σ

p
ap +

2

pσ
p−2
2

bp, (B.13)

and r = p
p−1

, q = p,

ap−1b ≤ (p− 1)σ

p
ap +

1

pσp−1
bp. (B.14)

Lemma B.6 (Cauchy-Schwartz inequality). For all vectors X and Y of an inner

product space it holds that

〈X, Y 〉 ≤ ‖X‖‖Y ‖. (B.15)

Lemma B.7 (Doob’s inequality). If Mt is a martingale with M0 = 0, then for

any p > 1 it holds that

E [|MT |p] ≤ E
[

sup
0≤s≤t

|Ms|p
]
≤
(

p

p− 1

)p
E [|MT |p] . (B.16)

Lemma B.8 (Burkholder-Davis-Gundy (BDG) inequality). If Mt is a martingale

with M0 = 0, then for any p ≥ 1, there are constants cp, Cp such that

cpE
[
|[M ]T |

p
2

]
≤ E

[
sup

0≤s≤t
|Ms|p

]
≤ CpE

[
|[M ]T |

p
2

]
, (B.17)

where [M ]t is the quadratic variation process of Mt.

Lemma B.9 (BDG inequality for multi-dimensional Ito integral). If there is an

m-dimensional Ito integral
∫ s

0
ϕ(Xu)dWu satisfying

∫ t
0
E [‖ϕ(Xu)‖p] du <∞, then

for p ≥ 1, there exists a Cp > 0 such that

E
[

sup
0≤s≤t

∣∣∣∣∫ s

0

ϕ(Xu)dWu

∣∣∣∣p] ≤ CpE

[∣∣∣∣∫ t

0

‖ϕ(Xu)‖2 du

∣∣∣∣
p
2

]
. (B.18)
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Proof of Lemma B.9. By Jensen inequality and Lemma B.8, we obtain that

E
[

sup
0≤s≤t

∣∣∣∣∫ s

0

ϕ(Xu)dWu

∣∣∣∣p]
≤E

[
sup

0≤s≤t

∣∣∣∣∣
m∑
i=1

∫ s

0

ϕi(Xu)dW
i
u

∣∣∣∣∣
p]
≤ mp−1E

[
sup

0≤s≤t

m∑
i=1

∣∣∣∣∫ s

0

ϕi(Xu)dW
i
u

∣∣∣∣p
]

≤mp−1

m∑
i=1

E
[

sup
0≤s≤t

∣∣∣∣∫ s

0

ϕi(Xu)dW
i
u

∣∣∣∣p] ≤ mp−1Cp

m∑
i=1

E

[∣∣∣∣∫ t

0

|ϕi(Xu)|2 du

∣∣∣∣
p
2

]

≤mp−1Cp

m∑
i=1

E

[∣∣∣∣∫ t

0

‖ϕ(Xu)‖2 du

∣∣∣∣
p
2

]
≤ mpCpE

[∣∣∣∣∫ t

0

‖ϕ(Xu)‖2 du

∣∣∣∣
p
2

]
.

(B.19)

This completes the proof of Lemma B.9.

Lemma B.10 (Grönwall’s inequality). Assume that the continuous functions u, κ :

[0, T ]→ [0,∞) and K > 0 satisfy that

u(t) ≤ K +

∫ t

0

κ(s)u(s) ds, (B.20)

for all t ∈ [0, T ]. Then the Gronwall’s inequality is that

u(t) ≤ K exp

(∫ t

0

κ(s) ds

)
. (B.21)
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Appendix C

Useful lemmas

Lemma C.1. If f satisfies Assumption 4.2.2, then for any x, y, v ∈ Rm, it holds

that

〈v, f(x)−f(y)〉 = 〈v,∇f(x)(x−y)〉+R(x, y, v), (C.1)

where the remainder term has the bound

|R(x, y, v)| ≤ L‖v‖ ‖x−y‖2. (C.2)

Proof of Lemma C.1. If we define the scalar function u(λ) for 0≤λ≤1 by

u(λ) = 〈v, f(y + λ(x−y))〉, (C.3)

then u(λ) is continuously differentiable, and by the Mean Value Theorem u(1)−

u(0) = u′(λ∗) for some 0<λ∗<1, which implies that

〈v, f(x)−f(y)〉 = 〈v,∇f(y + λ∗(x−y)) (x−y)〉. (C.4)

The final result then follows from the Lipschitz property of ∇f . This completes

the proof of Lemma C.1.
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of sensitivities for the invariant measure of a parameter dependent diffusion.

Stochastics and Partial Differential Equations: Analysis and Computations

6, 2 (2018), 125–183.

[5] Barlow, M. T., and Yor, M. Semi-martingale inequalities via the

Garsia-Rodemich-Rumsey lemma, and applications to local times. Journal

of Functional Analysis 49, 2 (1982), 198–229.
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