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Abstract

In this thesis, we focus on the numerical approximation of SDEs with
a drift which is not globally Lipschitz, and corresponding sensitivity

calculations.

First, we propose an adaptive timestep construction for an Euler-
Maruyama approximation of these SDEs over a finite time interval.
It is proved that if the timestep is bounded appropriately, then over a
finite time interval the numerical approximation is stable, and the ex-
pected number of timesteps is finite. Moreover, we extend this scheme
to ergodic SDEs with contractivity over an infinite time interval and
prove that the bound for moments and the strong error of the numeri-
cal solution are uniform in 7', which allow us to introduce the adaptive
multilevel Monte Carlo (MLMC) method to further improve the effi-

ciency.

Next, we apply a new MLMC method for the ergodic SDEs without
contractivity. By introducing a change of measure technique, we simu-
late the paths with contractivity and add the Radon-Nikodym deriva-
tive to the estimator. It is shown that the variance of the new level
estimators increases linearly in 7', which is a great reduction compared

with the exponential increase in the standard MLMC.

Lastly, we derive a new pathwise sensitivity estimator for chaotic SDEs
by introducing a spring term between the original and perturbed SDEs.
The variance of the new estimator increases only linearly in time T
compared with the exponential increase of the standard pathwise es-
timator. We also consider using this estimator for the SDE with
Richardson-Romberg extrapolation on the volatility parameter to ap-

proximate the sensitivities of the invariant measure of chaotic ODEs.

All of the analysis is supported by numerical results.
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Chapter 1

Introduction

Throughout this thesis, we consider an m-dimensional stochastic differential equa-

tion (SDE) driven by a d-dimensional Brownian motion:
dX, = f(X,) dt + g(X;) AW;, (1.1)

for t € (0,00) with a fixed initial value zg, the drift coefficient f : R™ — R™ and
the diffusion coefficient g : R™ — R™*.

We assume that the following settings are satisfied. Let T € (0,00) be a fixed
positive real number, and let (2, 7, P) be a probability space with normal filtration
(Ft)tepo,r for chapter 2 and (F)ico,00) for chapters 3, 4 and 5 corresponding to a
d-dimensional standard Brownian motion W, = (WM W Ww@d),.

We denote the vector norm by [[v|| = (|v1]? 4 |v2|2 + ... 4 |um|?) 2, the inner product

of vectors v and w by (v, w) = viw; + Vaws + ... + VW, for any v,w € R™ and
the Frobenuius matrix norm by [[A[ = /3", ; A7, for all A € R™*4,

In the following sections, we first introduce the standard theory on globally Lips-
chitz SDEs and their numerical methods, and then consider the SDEs with non-
globally Lipschitz coefficients and their finite time approximations and computa-

tions of ergodic limits, and finally give an overview of this thesis.
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1.1 Standard theory

1.1.1 Globally Lipschitz SDEs & Euler-Maruyama method

The following theorem, which can be found in many textbooks, for example [53],
gives a simple criterion for the existence and uniqueness of strong solutions of
SDEs.

Theorem 1.1.1. Assume that there exist constants Ky, Ko € (0, 00) such that

1. (Lipschitz condition) for all x,y € R™ it holds that

If (@) = f@II* < Killz —yl?, (@) — g < Killw —ol* (12)

2. (Linear growth condition) for all x € R™ it holds that

1F @I+ Ng(@)I* < Ka(1+ [l2]). (1.3)

Then, for each real number T € (0,00), there exists a unique strong solution
(Xt)o<t<r to equation (1.1).

Under the globally Lipschitz assumption, one simple and straightforward numer-
ical method is the explicit Euler-Maruyama method [72] using N € N uniform
timesteps. It is given by mappings )A(nh : Q= R™ for any n € {0,1,...., N}, h =
T/N, satisfying X, = 7 and

)?(n+1)h = th + f()?nh>h + g()?nh)AWna (14)

where AW,, = Wi, — Wap. For any t € (nh, (n + 1)h), we use the standard

continuous interpolation for )/ft that
X, = Xon + F(Xun)(t — nh) + g(Xon) (Wy — Wop). (1.5)

Kloeden & Platen [58] show the mean square stability of this numerical solution,
that is,
E ||| X7lf?] < o, (1.6)

2



first-order weak convergence, that is,
E [XT - )?T] = 0(h), (1.7)

and %—order strong convergence, that is,

}1/2 - O(h1/2)> (1.8)

E || Xr — Zr?
which can be used to estimate the error in the simulated terminal value. However,
when considering the estimation of path-dependent functions of (X;)o<i<r, We
show these results in a stronger sense than (1.8), that is the strong mean square

stability of the scheme,

E { sup || X || < oo, (1.9)
0<t<T
and the strong convergence that
12
E [ sup || X; — Xt”2:| = O(h'?). (1.10)
0<t<T

By the Ito-Taylor expansion, this can be easily extended to higher convergence

order schemes, such as the Milstein method [76].

To estimate E[p(X7)], for some function ¢, numerically we use an average of N
independent samples (X7 (w™)) with w™ coming from the probability space
(Q, F,P)

3 (™)), (111)

The variance of this standard Monte Carlo estimate is N~'V[po(X7)]. In order to
achieve €2 mean square error (MSE), we need O(¢72) samples. For the explicit
Euler-Maruyama method, the first-order weak convergence requires h = O(e).

Therefore, the total computational cost of the standard Monte Carlo Euler method
is O(e73).



1.1.2 Multilevel Monte Carlo

One approach to reduce the computational cost is the Multilevel Monte Carlo
(MLMC) method, proposed by Giles in [30, 32]. Instead of direct estimation, a

telescope summation is estimated:
L

Elp(Xf)] = Elp(X0)] + > Elp(X4) — o(X51)], (1.12)

(=1

where )A(fp is the estimator using step size M ~‘hq for some constant hg € (0, 00)
and M €{2,3,...}. The benefit of MLMC is that it can greatly reduce the compu-

tational cost by the following theorem.
Theorem 1.1.2 (Giles [32]). If there exist independent estimators Yy based on N,
Monte Carlo samples, each with expected cost Cp and variance Vy, and positive

constants «, 3, 7y, ¢1, ¢a, c3 such that o > %min(ﬁ,’y) and
i) Efp(X) — X)) < 127,

E[p(X)], ¢=0,
i) E[Y;| - [p(X7)]

E[p(XY) — o(X), £€{1,2,..,L},
iii) Vo = VI[Y)] <277,
i) Cp < c3 2t

then there exists a positive constant c4 such that for any € <e™! there are values

L and N, for which the multilevel estimator

Y =)V (1.13)

has a mean square error (MSE) with bound

E[(Y - Elp(X)])"] <<’ (1.14)



with a computational cost C,ppme with bound

4

Cyq 6_27 5 > 77
E[Crime] < 4 ¢4 e %(loge)?, B =, (1.15)

Cy 6—2—(’)’—,{3)/&7 6 < r-)/

\

We should remark here that MLMC can be applied to any stable numerical scheme,
where a and  can be determined by the weak convergence order and strong con-
vergence order separately. Besides, strong convergence implies weak convergence
in most cases. Therefore, it is crucial to analyse the strong convergence of the

scheme to determine the MLMC complexity.

1.2 Non-globally Lipschitz SDEs

1.2.1 Strong solutions of non-globally Lipschitz SDEs

Although a relatively complete theory for globally Lipschitz SDEs and their ap-
proximations has been established, it is still far from satisfactory since many prac-
tical examples have only locally Lipschitz coefficients. The following theorem, see
Theorem 3.6 in [67], shows an extended criterion for strong existence and unique-
ness of SDEs.

Theorem 1.2.1. Assume the following conditions are satisfied:
(i) (Locally Lipschitz condition) for any R€ (0,00), there ezists a positive constant
Cr such that for all x,y € R™ with ||z||, ||y|]| < R it holds that

1 () = FWIl + llg(@) — g < Crllx =yl (1.16)

(7i) (One-sided linear growth condition) there exist constants «, 5 € (0,00) such

that for all x € R™ it holds that
1
(. f(2)) + 5 lg@)I* < allz|* + 5. (1.17)

5



Then, for each real number T € (0,00), there ezists a unique strong solution
(Xt)o<t<r to equation (1.1).

In addition, we introduce the one-sided Lipschitz condition, that is there exists a
constant K € (0,00) such that for all z,y € R™ it holds that

(@ =y, fl2) = f(y)) < Kz —ylP, (1.18)

which facilitates the analysis of the strong convergence order of the numerical
scheme. By taking y = 0 and using the Cauchy-Schwartz inequality, we obtain the

one-sided linear growth condition for f :
1 1
(. f(2)) < Klll* + (2, £(0)) < (K + Z)llz|* + 5ILF O] (1.19)

The one-sided Lipschitz condition for the drift coefficient and the globally Lip-
schitz diffusion coefficient together imply the one-sided linear growth condition
and the locally Lipschitz condition, and therefore ensure the strong existence and

uniqueness of SDEs.

1.2.2 Ergodicity of SDEs

The stochastic process (X;):>o satisfying the SDE (1.1) is also a Markov process,
and ergodicity is an important property to investigate. We will introduce some

basic theory about a specific class of ergodic SDEs in [73]: dissipative SDEs.
Assumption 1.2.1 (Dissipativity Condition). There exist constants a, € (0, 00)
such that for all x € R™ it holds that

(z, f(2)) + % lg(@)II* < —allz|® + 5. (1.20)

Assumption 1.2.2 (Minorization Condition [73]). The Markov process (Xi)i>o
with transition kernel Pi(x; A) = P[X; € A| Xy = x| for any A € B(R™) the Borel

o-algebra on R™, satisfies that for some fized compact set C,



1. for some y* € int(C) there is, for any § € (0,00), a t; = t1(6) such that for
all x € C' it holds that

P, (z,B5(y*)) € (0,00), (1.21)

where Bs(y*) denotes the open ball of radius § centered at y*.

2. for any t€(0,00), the transition kernel Py(x; A) possesses a continuous den-

sity py(x,y), precisely
P A) = [ ple) . (1.22)
A

Theorem 1.2.2 (Mattingly et al. [73]). Let f is locally Lipschitz, g is bounded,
and Assumptions 1.2.1 and 1.2.2 hold, then the solution to the SDE (1.1) has a
unique invariant measure w, and there exist constants | € [1,00),\,k € (0,00)

such that for any o(z) < a||z||* + B, and for all t€ (0, 00) it holds that
[Elp(Xo)] = m(e)] < w1+ | Xol)e™, (1.23)

where w(¢) = [ @(x) dn(x).

We should remark here that if the diffusion coefficient ¢ is bounded and non-
degenerate, the work of Has'minskii (1980) [56] implies that the dissipativity con-
dition (1.20) ensures the ergodicity of the SDE (1.1). However, when m # d or g

is degenerate, we should check the minorization condition carefully [73].

1.2.3 Examples of non-globally Lipschitz SDEs

In this subsection, following the format of Hutzenthaler et al. [47], we give some
important examples of non-globally Lipschitz SDEs arising from different research

areas.



1. Stochastic Ginzburg-Landau equation

This describes a phase transition from the theory of superconductivity [47]:
1
dXt = ((77 + 50'2) Xt — )\th) dt + O'Xt th, XO = X € (O, OO), (124)

where 7 € [0,00), A\, 0 €(0,00). It has analytical solution:

xoexp(nt + oWy)

Xt - .
\/1 + 222\ f(f exp(2ns + 20W)ds

(1.25)

The drift coefficient is one-sided Lipschitz continuous and satisfies the one-
sided linear growth and dissipativity conditions. The diffusion coefficient is

globally Lipschitz continuous.
2. Stochastic Verhulst equation

This is a model for a population with competition between individuals [47]:
1
dX; = ((77 + 502) X — )\Xt2> dt + o X, dW;, Xo=20€(0,00), (1.26)

where 7, A\, 0 € (0, 00). It has analytical solution:

B zo exp(nt + oWi)
HREES) fot exp(ns + aW,)ds

(1.27)

The drift coefficient is locally Lipschitz continuous and the diffusion coef-
ficient is globally Lipschitz continuous. The drift coefficient satisfies the

one-sided linear growth and dissipativity conditions since X; is positive.
3. Feller diffusion with logistic growth

The branching process with logistic growth is a stochastic Verhulst equation
with Feller noise [47]:

dXt = )\Xt(K — Xt) dt + o/ Xt th, X() =TpE (O, OO), (128)

where A\, K, 0 € (0,00). The drift coefficient is locally Lipschitz continuous
and satisfies a one-sided linear growth condition and dissipativity condition

provided X, is positive, but the diffusion coefficient is only Holder continuous.

8



4. Ohta-Kimura model

This is a population model with two types, fixed total population and random

selection [45]:
dXt = O'Xt(l — Xt) th, X() =I9€E (07 1), (129)

where o € (0,00). The diffusion coefficient is locally Lipschitz continuous
but does not satisfy the one-sided linear growth condition. However, we can
perform a transformation by taking Y; = log X; — log(1 — X), which yields

that
o2e¥t — 1

2 e+ 1
and this SDE has a globally Lipschitz drift and a constant diffusion coeffi-

clent.

dY; =

dt + o dW,, (1.30)

5. Volatility Process

This is a general model for a stochastic volatility process [46]:
dXt = [(5 + ’}/Xt - Oé(Xt>a] dt + /B(Xt)detu (131)

where a € [1,00), b € [%,oo), a,f€(0,00), v €R, 4 € [0,00), satisfying

: 1 b5
a+1>20b; 1fb:§,525. (1.32)

The drift coefficient is locally Lipschitz continuous, but the diffusion coeffi-
cient is Holder continuous and it does not usually satisfy the one-sided linear
growth condition for general a and b.
6. Stochastic van der Pol oscillator
This describes state oscillation [46]:
axV = x® at,
1.33
ax® = [@ (7 - (X,f”)?) x® —5xW at + gaw, (1.33)

where a, 7, d, 5€(0,00). The drift coefficient is not one-sided Lipschitz con-
tinuous but satisfies the locally Lipschitz condition and the one-sided linear

growth condition. The diffusion coefficient is constant.

9



7. Stochastic Duffing-van der Pol oscillator

The Duffing equation is a further model for an oscillator. The Duffing-van
der Pol equation unifying both the Duffing equation and the van der Pol

equation has been used in certain aeroelasticity problems [46]:
axt = x® ar,
ax® =[x — ap X — asXP(x(")? — (x| @t (1.34)
+ 51X AW+ B X AW+ aw?,

where a1, o, az, 81, B2, f3 € R. The drift coefficient is not one-sided Lipschitz
continuous and even fails to satisfy the one-sided linear growth condition.

The diffusion coefficient is globally Lipschitz continuous.
8. Stochastic Lorenz equation

This is a three-dimensional system modelling convection rolls in the atmo-
sphere [46]:

axt” = o X[ = oy x{"] @t + g X0 aw?,

ax® = [axx" = X - xxP| at + gxP aw ), (1.35)

ax? = [ x{Vx — agxX{P] at+ X awl?,

where aq, as, asg, B1, B2, B3 € R. The drift coefficient is not one-sided Lipschitz
continuous but satisfies the global one-sided linear growth condition. The

diffusion coefficient is globally Lipschitz continuous.
9. Stochastic Brusselator in the well-stirred case

This is a model for a trimolecular chemical reaction [46]:

ax® = [5 “(a+ XY £ xP (Xg“)?} dt + g (XY awY,
(1.36)
ax? = [ax{ — XP(XVP] dt 4 (X awi?),

where 0, € R. The drift coefficient is not one-sided Lipschitz continuous
and even fails to satisfy the one-sided linear growth condition. The diffusion

coefficient ¢ is usually globally Lipschitz continuous.

10



10.

11.

Wright Fisher diffusion

The Wright-Fisher family of diffusion processes is a class of evolutionary
models widely used in population genetics, with applications also in finance

and Bayesian statistics:
dX; = (a —bXy) dt + v/ | X, (1 — Xp)| AW, Xo =20€(0,1), (1.37)

where a, b, € (0,00) and if 2a/~* € [1,00), 2(b—a)/~v* € [1,00). This SDE

has a unique strong solution with
P[X,€(0,1),t>0] = 1. (1.38)

The drift coefficient is globally Lipschitz continuous but the diffusion coeffi-
cient is not even locally Lipschitz continuous, though it satisfies the one-sided
linear growth condition. However, we can perform a transformation by tak-
ing Y; = log X; — log(1 — X}), which yields that

2
Y; Yy
+ v <67 + 6_7) dW;.

1 1
dY; = (2(1 —b+(a—=e M+ (a—b+ —’)/2)€Yt) dt
2 (1.39)

By this transformation, we can see that the condition for a, b,y can ensure
that the coefficient of e¥* is negative and the coefficient of e~¥* is positive

and satisfies the one-sided linear growth condition.
Constant Elasticity of Variance (CEV)

The CEV model is a stochastic volatility model, which attempts to capture
stochastic volatility and the leverage effect. The model is widely used by
practitioners in the financial industry, especially for modelling equities and
commodities [1]:

dX; = uX; dt + o(X;")P dW;, (1.40)
where p € [3,1), 4 € R, o € (0,00) and X;* is the positive part of X;. It
features a non-Lipschitz diffusion coefficient and gets absorbed at zero with

a positive probability.
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12.

13.

Stochastic Langevin equation

The stochastic Langevin SDEs describe the position ¢ and momentum p of

a particle of unit mass in a damped-driven Hamiltonian system [78], namely

dg = pdt,

(1.41)
dp = —ypdt — VF(q)dt + o dW,,

where v,0 € (0,00). There is another special class of Langevin equations

described by its invariant measure:
1

where 7 is the probability density function of the invariant measure.
FENE model

FENE stands for the Finitely Extensible Nonlinear Elastic model of a long-
chained polymer. It simplifies the chain of monomers by connecting a se-
quence of beads with nonlinear springs. The spring force law is governed by

an inverse Langevin function or approximated by the Warner’s relationship
[35]:

Ap
R
where 1 € (0,00) is a constant and W, is a 3-dimensional Brownian motion.
The drift term ensures that for all ¢ € (0,00) it holds that ||X:|| < 1 as is

shown in [6] and satisfies (x, f(z)) < 0.

dXt = Xt dt + 2th7 ||X0|| < 1a (143)

1.3 Numerical methods

Globally Lipschitz continuity and linear growth on both the drift coefficient f

and the diffusion coefficient ¢ imply the stability and strong convergence of the

explicit Euler-Maruyama scheme (1.4). It has been shown to be divergent in the

strong LP-sense and the weak sense to the exact solution for super-linearly growing

12



coefficients by Hutzenthaler, Jentzen & Kloeden in [47]. For example, for the scalar
SDE
dX, = —X2dt + dW,, (1.44)

it has been shown that for any p € [1, 0c0) it holds that
lim E [HXT - )?THP] = . (1.45)
h—0

In the following subsections, we review the existing numerical methods for non-
globally Lipschitz SDEs with uniform timesteps, the variable timestep schemes for
SDEs and the numerical methods for ergodic SDEs.

1.3.1 Uniform timestep

A good fundamental work on the numerical solutions for non-globally Lipschitz
SDEs is an instructive conditional result by Higham, Mao & Stuart in [42]: by
assuming the boundedness of the p-th moment of the exact solution and the nu-
merical solution, strong convergence of Euler-type schemes for locally Lipschitz
coefficients has been proved. With the one-sided Lipschitz condition and poly-
nomial growth condition on drift, and Lipschitz condition on diffusion coefficient,
they also show the stability and the standard strong convergence order for two

implicit schemes:

The split-step backward Euler method (SSBE)is
Xin = Xt F(X0) b,
Ko = X+ 9(X00) AW, (1.46)
and the drift-implicit backward Euler method (BEM) is
X(Tkﬂ)h = Xon + f()?(nﬂ)h) h+ g(Xon) AW, (1.47)

Mao & Szpruch [71] proved the strong convergence of BEM for the SDEs with
dissipative drift and diffusion coefficient with polynomial growth. In [70], they
also proved that the implicit #-Euler method

Xy = Xon + 0F K in) b+ 1=0) £(Xon) b+ g(X ) AW, (1.48)
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converges strongly for % < 0 <1 under more general conditions, which permit a

non-globally Lipschitz diffusion coefficient.

However, except for some special cases, implicit methods can require significant
additional computational costs, especially for multi-dimensional SDEs; therefore,
a stable explicit method is desired. Milstein & Tretyakov proposed a general
approach, which discards approximate paths that cross a sphere with a sufficiently
large radius R [77]. However, it is not easy to quantify the errors due to R. The
explicit tamed Euler method proposed by Hutzenthaler, Jentzen & Kloeden [48] is

o o F(Xon) -
Xmyn = Xon + ——h+ g(Xu) AW, (1.49)
14+C Al f(Xon) ||

for some fixed constant C' € (0, 00). They prove both stability and the standard or-
der % strong convergence. This approach has been extended to the tamed Milstein
method by Wang & Gan [105], proving order 1 strong convergence for SDEs with
commutative noise, and by Sabanis [90] to the case of superlinearly growing diffu-
sion coefficient satisfying a Khasminskii-type condition. Next, Mao [68] proposes

a truncated FEuler method which has the form

A~

X = Xon + f(mmmu)?nh“—l, 1))?nh)h

t g <mm(K||)?nh||—1, 1) )?nh> AW,,. (1.50)

By making K a function of h, strong convergence is proved for SDEs satisfying
the Khasminskii-type condition; in [69] it is proved the order of convergence is
1

arbitrarily close to 5. This approach has also been extended to the truncated

Milstein method by Guo et al. [40] for SDEs with commutative noise.

Finally, we mention the projected schemes by Beyn, Isaak & Kruse [9, 10], the
balanced schemes by Tretyakov & Zhang [99], the semi-tamed Euler method by
Zong, Wu & Huang [107], and the stopped Euler method by Liu & Mao [66]. We

refer to [7] for a comprehensive summary of the numerical methods for the SDEs

and SPDEs with superlinearly growing nonlinearity.
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1.3.2 Adaptive timestep

There have been two main kinds of variable timestep schemes for SDEs.

One, following the adaptive idea in ODE discretizations, is to choose the step size
by estimating the local error for each time step. Gaines & Lyons [28] show that to
guarantee the convergence of this kind of variable timestep scheme, a strong order
of at least one is needed. They estimate the error propagation by running a sample
path with a timestep which is small enough, and then do the approximation by
halving and doubling the timestep based on the estimated local error. Mauthner
[74] uses the stochastic Runge-Kutta method (SRK) and estimates the local error
by the difference between the approximations of the fine and coarse paths. Bur-
rage & Burrage [12] extend the halving and doubling strategy to general variable
timestep and Burrage, Herdiana & Burrage [13] introduce proportional integral
control to estimate the stepsize. Valinejad & Hosseini [101] propose two local

error estimates based on drift and diffusion coefficients respectively.

All the schemes above show point-wise convergence in the sense of the final point
value ||)?T — X7|| — 0, which is relatively stronger than strong convergence we
defined before. The reason is that they are mainly concerned with the Stratonovich
SDEs to describe the evolution of a physical system and need to investigate the

approximation for a single path with given Brownian path.

Lamba [59], Lamba & Seaman [61], and Lamba, Mattingly & Stuart [60] continue
to use the local error estimation but analyse the scheme in the mean-square sense.
Romisch & Winkler [87] estimate the local error for all the paths simultaneously
to choose the timestep but use a semi-implicit method to treat the general drift
and small diffusion. Ilie, Jackson & Enright [50] develop a cheaper way to estimate

the local error for globally Lipschitz coefficients.

All of this kind of schemes based on local error estimation are hard to extend to
MLMC. Besides, the main difficulty for this kind of scheme is that, when rejection
of step size is allowed, the solution should remain on the same Brownian path,
otherwise a bias will be introduced. One approach to solving it is to introduce the

a Brownian bridge, which increases the complexity. However, from the view point
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of the Ito integral, it is not reasonable to choose the current timestep based on

future information.

Another kind of variable timestep scheme is setting the timestep in advance us-
ing all the available information and avoiding the rejection. Hofmann, Miiller—
Gronbach & Ritter [43, 44] introduce a conditional Holder constant and set the
timestep to be proportional to the inverse of the constant using the Euler and
Milstein scheme respectively. Miiller-Gronbach [79] achieves the asymptotically
optimal pointwise approximation of SDEs. However, all three schemes assume
the globally Lipschitz continuity of the coefficients. Kelly & Lord [55] propose an
adaptive strategy for the timestep function, but the scheme is not a pure adap-
tive scheme but an adaptive tamed scheme, which imposes a lower bound for the

timestep and uses a tamed Euler scheme in extreme cases.

1.3.3 Ergodic methods

For ergodic SDEs, evaluating the expectation of some function ¢(z) with respect
to that invariant measure 7 is of great interest in mathematical biology, physics

and Bayesian inference in statistics. For any ¢ € L'(), it holds that

t—o0

() = / o(z) dn(z) = lim E [p(X,)] (1.51)

Several different methodologies have been developed to estimate it.

First Approach

First, we can compute the probability density function p(z) of 7 by solving the cor-
responding stationary Fokker-Planck equation, see [91]. However, the stationary
Fokker-Planck equation is a partial differential equation (PDE) and its numerical
solution becomes extremely expensive when the dimension of the PDE becomes

large.
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Second Approach

The second approach is based on the ergodicity of the SDEs, that is

1 T
lim T/ o(Xy)dt = 7m(p), a.s., (1.52)
0

T—o00

where the limit does not depend on initial value zy. This approach uses discretized
numerical schemes to approximate the SDEs and requires the numerical solution
)/ft to preserve the ergodicity. In practice, we can choose a sufficiently large N and

compute
RN
n=1

where )?nh is the numerical solution at the nth discretized time point using an
ergodic method with a uniform timestep h. Under the dissipativity condition (1.20)
together with the globally Lipschitz condition for f, Talay [93] shows the standard

weak convergence order for the Milstein method

N
1 >
dm oy 3ot = [ o) arto) + 000 (154
Roberts & Tweedie in [86] analyse the ergodicity of the unadjusted Langevin al-
gorithm for the Langevin equation, which has a uniform diffusion coefficient and
satisfies the dissipativity condition (1.20). This scheme corresponds to the stan-

dard Euler-Maruyama method
)?(n—l—l)h = )?nh + f(jenh) h + AW?M (155)

using a uniform timestep of size h with Brownian increments AW,,. The paper
shows that the numerical solution is not ergodic when f has a polynomial degree
larger than 1. A Metropolis-adjusted Langevin algorithm (MALA) is introduced
by adding an accept/reject step to correct the empirical distribution to the target
distribution, but the numerical solutions are still not exponentially ergodic for
non-linear drift f. For non-globally Lipschitz drift, they propose without proof
the Metropolis-adjusted Langevin truncated algorithm (MALTA) by bounding the

drift with a large positive constant D.
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For globally Lipschitz SDEs satisfying the dissipativity condition (1.20), the stan-
dard Euler-Maruyama method is shown in [73] to inherit ergodicity provided the
timesteps are sufficiently small. However, the standard Euler-Maruyama method
and the Milstein method fail to be stable for non-globally Lipschitz ergodic SDEs.
The split-step backward Euler method (1.46) and the drift-implicit backward Euler
method (1.47) are proved to be ergodic in [73]. Talay [94] showed the ergodicity
of the implicit Euler method for non-globally Lipschitz stochastic Hamiltonian

systems.

Under the same conditions, Hansen in [41] considers the local linearization of the
drift coefficient, that is the first-order Taylor approximation of X;: given X,, = z,
for any t € [nh, (n + 1)h),

dX, = (f(z) + Vf(x)(X; — ) dt + dW, (1.56)

which is an Ornstein-Uhlenbeck diffusion and we can calculate the analytical con-
ditional distribution of X(n+1)h. However, this analytical treatment only applies

when the diffusion coefficient is uniform.

An adaptive timestepping algorithm proposed by Lamba, Mattingly & Stuart in
[60] chooses the step size by halving or doubling based on local error estimation

and a user-input tolerance 7. More precisely,

X: =X, + f(X,,) hn

. . A (1.57)
th+1 = Xt*n + g(th) AWTL
where h,, = 27 h, .. satisfies
hy < Min(2hy, 1, hpay), kp =min(k € Z: |f(X;) — f(X,)| < 7). (1.58)

This scheme is proved to preserve the ergodicity of the original SDE under the
dissipativity condition (1.20) and boundedness and invertibility of the diffusion
coefficient g. Lemaire [64] considers an infinite time interval under the dissipativity
condition generated by a general Lyapunov function using a timestep with an
upper bound which decreases towards zero over time, and proves convergence

of the empirical distribution to the invariant distribution of the SDE. Pages &
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Panloup [82] extend this scheme to a weighted multilevel estimator using the idea

of multilevel Richardson-Romberg extrapolation introduced in [65].

Brosse et al. [11] introduce the tamed unadjusted Langevin method, which extends
the finite time tamed Euler method to an infinite time interval. With the dissi-
pativity condition, the convergence to the invariant measure in V-total variation

norm and Wasserstein distance are proved.

Third Approach

Finally, without requiring the ergodicity of the scheme, for exponentially ergodic

SDEs, we can choose a sufficiently large T" such that

[Elp(Xr)] —7(p)| <e. (1.59)

Then, for this fixed T, we can use of all the methods mentioned in the previous
subsections to estimate E[p(X7)]. Milstein & Tretyakov [78] analyse the error
of this kind of approach based on their quasi-symplectic method. In practice,
a suitable choice of initial data is important because the transition period to a
sufficient proximity of the equilibrium can be rather long. Therefore, running a
small number of pioneer paths can be employed to obtain a good initial distribution

for the overwhelming majority of simulations.

We should remark here that the first PDE approach is far too expensive in high
dimensions. The second time-averaging approach (1.52) requires the numerical
methods to preserve the ergodicity but the third approach does not. The length
of the time interval [0,7] used in the time-averaging approach is much longer
than the third approach, for it needs not only to ensure that the distribution of
)/(\'T is sufficiently close to the invariant measure w, but also to guarantee a small
variance for the average. Therefore, the second approach needs to simulate a
single long path but the third one needs to simulate a lot of relatively short paths,
which allows multilevel Monte Carlo (MLMC) and parallel computing techniques
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to be employed. One important concern about the third approach is that in the
numerical analysis of existing algorithms in the case of a finite time interval [0, 77,
the strong error increases exponentially as T' increases. This is not acceptable
when we need to simulate for a much larger T" and it will be a key concern in this
thesis. The final issue about the second and third approaches is how to choose a

good T such that the weak error is bounded appropriately.

1.4 Overview of the thesis

In this thesis, we propose instead to use the standard explicit Euler-Maruyama
method, but with an adaptive timestep h, which is a function of the current
approximate solution )?tn. The idea of using an adaptive timestep comes from
considering the divergence of the uniform timestep method for the SDE (1.44).
When there is no noise, the requirement for the explicit Euler approximation of the
corresponding ODE to have a stable monotonic decay is that its timestep satisfies
h < )A(tf. An intuitive explanation for the instability of the uniform timestep
Euler-Maruyama approximation of the SDE is that there is always a very small
probability of a large Brownian increment AW, which pushes the approximation
)A(tn ., into the region h>2 )?t:fu leading to an oscillatory super-exponential growth.

Using an adaptive timestep avoids this problem.

In addition, we are concerned with strong convergence, not weak convergence,
because our interest is in using the numerical approximation as part of a multi-
level Monte Carlo (MLMC) computation [30, 32] for which the strong convergence
properties are key in establishing the rate of decay of the variance of the multilevel
correction. Usually, MLMC is used with a geometric sequence of time grids, with
each coarse timestep corresponding to a fixed number of fine timesteps. However,
it has been shown that it is not difficult to implement MLMC using the same
driving Brownian path for the coarse and fine paths, even when they have no time

points in common [35].
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In chapter 2, it is proved that if the timestep is bounded appropriately, then over
a finite time interval the numerical approximation is stable, and the expected
number of timesteps is finite. Furthermore, the order of strong convergence is
the same as usual, i.e. order 1/2 for SDEs with a non-uniform globally Lipschitz
diffusion coefficient, and order 1 for Langevin SDEs with unit diffusion coefficient

and a drift with sufficient smoothness.

Paper [35] also provides another motivation for this thesis, the analysis of the
invariant distribution of Langevin equations with a drift —VV (X;) where V (z) is
a potential function which comes from the modelling of molecular dynamics. [35]
considers the FENE model (13) which in the case of a molecule with a single bond
has a 3D potential —plog(1—||z||*). Considerations of stability and accuracy lead
to the use of a timestep of the form & (1—||X,||)2/ max(2s, 36), for some § € (0, 1].
Because of this, we pay particular attention to the case of ergodic SDEs satisfying

the dissipativity condition.

In chapter 3, we extend the adaptive scheme proposed to the ergodic SDEs with a
drift which is not globally Lipschitz but contractive over an infinite time interval.
The benefit of contractivity is that it ensures that two solutions to the SDE starting
from different initial data but driven by the same Brownian motion, will come
together exponentially. For numerical schemes, this means the error made on
previous time steps will decay expoentially. By setting a suitable condition for h,
we can show that, instead of an exponential bound, the numerical solution has a
uniform bound with respect to T' for both moments and the strong error. Then,
MLMC methodology [30, 32] is employed and non-nested timestepping is used to
construct an adaptive MLMC [35]. Following the idea of Glynn and Rhee [38] to
estimate the invariant measure of some Markov chains, we introduce an adaptive
MLMC algorithm for the infinite interval, in which each level ¢ has a different time
interval length 7}, to achieve a better computational performance. Note that using
different time interval lengths allows us not to worry how to choose an appropriate
T before simulation. The MLMC algorithm will automatically terminate at a level
L with a sufficiently large 7. With the contractivity, the optimal computational

cost to achieve mean square error O(g?) for the expectation with respect to the
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invariant measure of the ergodic SDEs is O(¢72), compared with O(e~3|loge|) for
the standard Monte Carlo method.

However, a larger class of SDEs satisfying the dissipativity condition does not sat-
isfy the contractivity condition and instead only satisfies the one-sided Lipschitz
condition. Without the contractivity, the strong error may increase exponentially
with respect to 7. Then the multilevel correction variances V, also increase ex-
ponentially, which, as shown in Theorem 4.2.5, increases the total computational
cost to O(e~27 2"

is the exponential convergence rate to the invariant measure. For some SDEs with

log e|), where & is the Lyapunov exponent of the system and \*

a chaotic property, the Lyapunov exponent x can be sufficiently large such that

5 > 1 and MLMC loses its advantage over the standard Monte Carlo method.

In chapter 4, a change of measure technique is employed to deal with SDEs with
f satisfying the one-sided Lipschitz condition : there exists a constant A € (0, 00)
such that for any x,y € R™ it holds that

(w—y, f(@)=f(y) < Xz—yl* (1.60)

and ¢ is an identity matrix. The key feature of this class of SDEs, especially
the chaotic SDEs, is that the behaviour of solutions is highly sensitive to initial
conditions and the difference between the fine path and coarse path will increase
exponentially. An intuitive way to avoid this kind of divergence is by adding a

spring between the fine path and coarse path to draw them closer to each other.

Mathematically, instead of simulating the fine path and coarse path of the original
SDEs, that is, in their separated path spaces with different measures

Q: dx{ = fx))dt+aw?,

Q°: dX¢f = f(XO)dt+dw¥, (1.61)
we add a spring term with spring coefficient S > % for both fine path and coarse
path for all ¢ € {1,2,..., L}, and simulate the fine path and coarse path in the
same probability measure P, that is,

vy = SYF-v/)dt+ f(v/)dt +dwy,
vy = S/ —ve)dt+ f(ve)dt +dwr. (1.62)
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Girsanov’s theorem implies that

f ¢ c de cd@c
where % and % are the corresponding Radon-Nikodym derivatives of the mea-

sure Q7 on the fine path space and measure Q° on the coarse path space with
respect to the P measure in which we are simulating both paths. In practice,
we will derive the Radon-Nikodym derivative exactly for the numerical solution
instead of numerically approximating the derivatives above. In the new MLMC
scheme, essentially, the fine path Y;f and coarse path Y© share the same driving
Brownian motion W; in measure P. Correspondingly, the Brownian motions for
the original SDEs

aw® = S(vE—Y/)dt +dwP,
aw? = S/ —ve)dt+dwp, (1.64)

are slightly different in measure PP, which is different from the standard MLMC.
The benefit of this change is that the difference between the new simulated SDEs

satisfies
A, =) =25(v7 = v dt + (f(¥,)) = F (Y1) dt, (1.65)

and provided S > %, Ito’s formula and the one-sided Lipschitz condition (1.60)
ensures that
Ay = v <20 - 29y - vl ar, (1.66)

which will recover the contractivity between the fine and coarse paths. Note that
the choice of the simple form of the spring term is motivated by this intuitive
explanation and makes it easy to prove that contractivity is recovered. It also
works well in practice, but we do not claim it is optimal and further research is
required to investigate and analyse possible improvements. Due to the contrac-
tivity, we can prove that the strong difference between the coarse and fine paths
is uniformly bounded with respect to 7. More importantly, we can show that,
together with the Radon-Nikodym derivatives, the variance of the new MLMC
correction estimator increases only linearly in 7', which is a great improvement

compared with the exponential increase without the change of measure. The total
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computational cost can be reduced to O(¢7?|loge|?), where the order is indepen-
dent of the convergence rate A* of the original SDE and the Lyapunov exponent
k. We provide the numerical analysis only for the case of a globally Lipschitz drift
but this scheme works well for SDEs with non-globally Lipschitz drift such as the
stochastic Lorenz equation which is only locally one-sided Lipschitz. Furthermore,
we extend this scheme to the computation of mean exit times for multi-dimensional
SDEs and associated functionals corresponding to solutions to high-dimensional
parabolic PDEs.

In chapter 5, continuing with the estimation for the expectation with respect to the
invariant measure, we consider the computation of the sensitivities of the quantity
with respect to the parameters of the chaotic system, which are of great interest
and are helpful for calibrations and further considerations in real-world applica-
tions, such as aerodynamic shape optimization [51], statistics and weather forecast
[96]. However, the computations of the sensitivities for both ODEs and SDEs are
difficult due to the chaotic property. A small perturbation of the coefficient re-
sults in a large divergence of two solutions. Lea, Allen & Haine [62] use the Lorenz
equation (ODE) as an example to illustrate the failure of the pathwise sensitivity
method due to the blow-up of the variation process. A similar problem remains
for the stochastic Lorenz equation. The variation process may become not ergodic
and blow up exponentially, even though the chaotic system itself is ergodic, see

section 5.4 for detailed numerical results.

Similarly to chapter 4, by introducing a spring term between the original and
perturbated SDEs, we derive a new pathwise sensitivity estimator by importance
sampling. The variance of the new estimator increases only linearly in time T
compared with the exponential increase of the standard pathwise estimator. We
compare our estimator with the Malliavin estimator and extend both of them to
the Multilevel Monte Carlo method with the change of measure technique intro-
duced in the previous chapter, which further improves the computational efficiency.
Lastly, we also consider using this estimator for the SDE with small uniform diffu-
sion coefficient to approximate the sensitivities of the invariant measure of chaotic

ODEs using Richardson-Romberg Extrapolation.
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Finally, in chapter 6, we summarize the thesis and discuss possible directions for

future research.
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Chapter 2

Finite time interval

This chapter is an extended version of the Arxiv paper [22]. In this chapter, we
introduce our adaptive scheme on a finite time interval. The rest of this chap-
ter is organised as follows. Section 1 states the main theorems and proves some
minor lemmas. Section 2 has a number of example applications, many from [46],
illustrating how suitable adaptive timestep functions can be determined. It also
presents some numerical results comparing the performance of the adaptive Euler-
Maruyama method to other methods. Section 3 contains the proofs of the three

main theorems. Finally, section 4 concludes this chapter.

2.1 Adaptive algorithm and theoretical results

2.1.1 Adaptive Euler-Maruyama method

The adaptive Euler-Maruyama discretisation is

tn+1 =ty + hny )?t = )?tn + f()?tn) hn + g()?tn> AWTH (21)

n+1

26



where h,, = h()?tn) and AW, = W, ., —W,,, and there is fixed initial datum
tOZO, XOII().

One key point in the analysis is to prove that ¢, strictly increases without bound as
n increases. More specifically, the analysis proves that for any 7' € (0, 00), almost
surely for each path there exists an integer N € {0, 1,2, ...} such that ¢ty >T.

We use the notation ¢t = max{t, : t, <t}, n, = max{n : ¢, <t} for the nearest

time point before time ¢, and its index.

We denote the piecewise constant interpolant process X; = )?i and also use the

standard continuous interpolant [58] as that satisfying
Xi = X+ f(X) (1) + g(X)(We = WW)), (2.2)
so that )?t is the solution of the SDE
dX, = f(X,)dt + g(X,) AW, = f(X,)dt + g(X,) dW,. (2.3)
In the following subsections, we state the key results on stability and strong con-

vergence, and related results on the number of timesteps, introducing various as-

sumptions as required for each. The main proofs are deferred to Section 2.3.

2.1.2 Stability

Assumption 2.1.1 (Locally Lipschitz and linear growth). Assume that f and g
are both locally Lipschitz. Furthermore, assume that there exist constants o, €

[0,00) such that for all x € R™, f satisfies the one-sided linear growth condition
(z, f(2)) < allz]* + B, (2.4)
and g satisfies the linear growth condition

lg(@)I* < allz]* + 8. (2:5)
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Together, (2.4) and (2.5) imply the one-sided linear growth condition for f and g :

(@, f(@) + 5llg@)II* < 3(allzl*+8), (2.6)

which is a key assumption in the analysis of Mao & Szpruch [70] and Mao [68] for
SDEs with volatilities which are not globally Lipschitz. However, in our analysis
we choose to use this slightly stronger assumption than (2.6), which provides the

basis for the following lemma on the stability of the SDE solution.
Lemma 2.1.1 (SDE stability). If the SDE satisfies Assumption 2.1.1, then for
all p € (0,00) it holds that

E{ sup || X¢||”| < oo. (2.7)

0<t<T

Proof of Lemma 2.1.1. The proof is given in Lemma 3.2 in [42]; the statement of
that lemma makes stronger assumptions on f and g, corresponding to (2.17) and
(2.18), but the proof only uses the conditions in Assumption 2.1.1. This completes
the proof of Lemma 2.1.1. O

We now specify the critical assumption about the adaptive timestep.
Assumption 2.1.2 (Adaptive timestep). The adaptive timestep function h :
R™ — (0,00) is continuous and strictly positive, and there exist constants «, 3 €

(0,00) such that for all z € R™, h satisfies the inequality that
(z, f(2)) + 5 h(2) | f(@)]* < aflz]* + 5. (2.8)

Note that if another timestep function h’(x) is smaller than h(z), then hd(z)
also satisfies the Assumption 2.1.2. Note also that the form of (2.8), which is
motivated by the requirements of the proof of the next theorem, is very similar to
(2.4). Indeed, if (2.8) is satisfied then (2.4) is also true for the same values of «
and £.

Theorem 2.1.1 (Finite time stability). If the SDE satisfies Assumption 2.1.1,

and the timestep function h satisfies Assumption 2.1.2, then T is almost surely
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attainable (i.e. forw € Q, P(IN (w) < 00 s.t. tnw)>T) = 1) and for allp € (0, 00)
there ezists a constant C,, 1 € (0, 00) which depends solely on p, T and the constants

a, B in Assumption 2.1.2, such that

E l sup || X, |P] < Cpor. (2.9)
0<t<T
Proof of Theorem 2.1.1. The proof is deferred to Section 2.3. [

To bound the expected number of timesteps, we require an assumption on how

quickly h(z) can approach zero as ||| — oc.
Assumption 2.1.3 (Timestep lower bound). There exist constants &, (, q€ (0, 00)

such that the adaptive timestep function satisfies the inequality
h(z) > (Ellel4+¢) 7 (2.10)

Given this assumption, we obtain the following lemma.
Lemma 2.1.2 (Bounded timestep moments). If the SDE satisfies Assumption
2.1.1, and the timestep function h satisfies Assumptions 2.1.2 and 2.1.3, then for
all p € (0,00) it holds that

E [N%] < o0, (2.11)

where Ny = min{n : t, > T} is the number of timesteps required by a path

approximation.

Proof of Lemma 2.1.2. Assumption 2.1.3 implies that

1 ~
Np<1+T sup ——<14T (5 sup || X7 + C) : (2.12)
0<t<T h(X;) 0<t<T
Combining this and Theorem 2.1.1 completes the proof of Lemma 2.1.2. O
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2.1.3 Strong convergence

Standard strong convergence analysis for an numerical approximation with a uni-
form timestep h considers the limit h— 0. This clearly needs to be modified when
using an adaptive timestep, and we will instead consider a timestep function h°(z)

controlled by a scalar parameter ¢ € [0, 1], and consider the limit 6 — 0.

Given a timestep function h(z) which satisfies Assumptions 2.1.2 and 2.1.3, ensur-
ing stability as analysed in the previous section, there are two quite natural ways

in which we might introduce § to define h’(x):

R (z) = 6 min(T, h(x)),
R (z) = min(6 T, h(z)). (2.13)
The first refines the timestep everywhere, while the latter concentrates the compu-

tational effort on reducing the maximum timestep, with h(z) introduced to ensure

stability when ||X,|| is large.

In our analysis, we will cover both possibilities by making the following assumption.

Assumption 2.1.4. The timestep function h° satisfies the inequality
§ min(T, h(z)) < h®(x) < min(6 T, h(z)), (2.14)

with h satisfying Assumption 2.1.5.

Given this assumption, we obtain the following theorem:

Theorem 2.1.2 (Strong convergence). If the SDE satisfies Assumption 2.1.1, and
the timestep function h® satisfies Assumption 2.1.4 with h satisfying Assumption
2.1.2, then for all p € (0,00) it holds that

1imE{ sup ||)A(t—Xt||p] =0. (2.15)

6—0 0<t<T

Proof of Theorem 2.1.2. The proof is essentially identical to the uniform timestep

Euler-Maruyama analysis in Theorem 2.2 in [42] by Higham, Mao & Stuart.
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The only change required by the use of an adaptive timestep is to note that
X, =X, = [(X,) (s=5) + g(X,) (W= W) (2.16)

and s—s < 0T and E[||W,—W,||? | Fs] = d(s—s). This completes the proof of
Theorem 2.1.2. [

To prove an order of strong convergence requires new assumptions on f and g:
Assumption 2.1.5 (Lipschitz properties). There exists a constant o € (0,00)
such that f satisfies the one-sided Lipschitz condition: for any x,y € R™ it holds
that

(z—y, f(x) = f(y)) < sallz—yl?, (2.17)
and g satisfies the globally Lipschitz condition: for any x,y € R™ it holds that

lg(z)—g)II* < zalz—yl*. (2.18)

In addition, f satisfies the locally polynomial growth Lipschitz condition: there
exist constants 7y, i, q € (0,00) such that for any x,y € R™ it holds that

1f ()= F)ll < Oy Qi+l + 1) 2=yl (2.19)

Note that setting y =0 ensures that

(@, f(2)) < zollzl® + (2, f(0)) < al|®+ 3o F(O)],
lg@)I* < 2llg(x)—g(O)* + 2llgO)I* < ellzl* +2[lg(0)]. (2.20)

Hence, Assumption 2.1.5 implies Assumption 2.1.1, with the same « and an ap-

propriate (3.

Also, if the drift and volatility is differentiable, the following assumption is equiv-

alent to Assumption 2.1.5, and usually easier to check in practice.

31



Assumption 2.1.6 (Lipschitz properties). There exists a constant a € (0,00)
such that for all x,e € R™ with ||e||=1, f satisfies the one-sided Lipschitz condition

(e, V f(z)e) < 3o (221)
and g satisfies the globally Lipschitz condition
IVg(@)[* < 30, (2.22)

and in addition f satisfies the locally polynomial growth Lipschitz condition (2.19).
Theorem 2.1.3 (Strong convergence order). If the SDE satisfies Assumption
2.1.5, and the timestep function h® satisfies Assumption 2.1.4 with h satisfying

Assumption 2.1.2, then for all p>0 there ezists a constant C,r € (0, 00) such that

]E[ sup ||)?t—Xt||p} < Cyp 672, (2.23)
0<t<T
Proof of Theorem 2.1.3. The proof is deferred to Section 2.3. O

Lemma 2.1.3 (Number of timesteps). If the SDE satisfies Assumption 2.1.5, and
the timestep function h’(x) satisfies Assumption 2.1.4, with h satisfying Assump-

tion 2.1.2, then for all p € (0,00) there exists a constant c,r € (0,00) such that
E[NP] <cpro?. (2.24)

Proof of Lemma 2.1.3. Equation (2.14) and Assumption 2.1.3 implies that

Nr < 14T su =
g ogth ho(Xy)

< 1+460'T sup max(h™'(z),T7")
0<t<T

< §'T (5 sup || X)) + ¢ + (1+6) T1> : (2.25)
0<t<T

since hd(x) < h(z) and h°(z) satisfies the requirements for stability. Combining

this and Theorem 2.1.1 completes the proof of Lemma 2.1.3. O]
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The conclusion from Theorem 2.1.3 and Lemma 2.1.3 is that
o Vp 1/p 1/2
B | sup [R-XlP| < P EINa) (2.26)
0<t<T

which corresponds to order % strong convergence when comparing the accuracy to
the expected cost.
First order strong convergence is achievable for Langevin SDEs in which m=d and
g is the identity matrix I,,,, but this requires stronger assumptions on the drift f.
Assumption 2.1.7 (Enhanced Lipschitz properties). There exists a constant o €

(0,00) such that for any x,y € R™, f satisfies the one-sided Lipschitz condition

(x—y, f2)=f(y)) < allz—yl*. (2.27)

In addition, f is differentiable, and f and V f satisfy the locally polynomial growth
Lipschitz condition (2.19).

We now state the theorem on improved strong convergence.

Theorem 2.1.4 (Strong convergence for Langevin SDEs). If m =d, g = I,
f satisfies Assumption 2.1.7, and the timestep function h® satisfies Assumption
2.1.4 with h satisfying Assumption 2.1.2, then for all T,p € (0,00) there ezists a

constant C,p € (0,00) such that

E{ sup ||)?t—Xt||p} < Cpr . (2.28)
0<t<T
Proof of Theorem 2.1.4. The proof is deferred to Section 2.3. O

Comment: first order strong convergence can also be achieved for a general g(x)
by using an adaptive timestep Milstein discretisation, provided Vg satisfies an
additional globally Lipschitz condition. A formal statement and proof of this is
omitted as it requires a lengthy extension to the stability analysis. In addition, this
numerical approach is only practical in cases in which a commutativity condition
is satisfied and therefore there is no need to simulate the Lévy areas which the

Milstein method otherwise requires [58].
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2.2 Examples and numerical results

In this section we discuss a number of example SDEs with non-globally Lipschitz
drift. In each case we comment on the applicability of the theory and a suitable
choice for the adaptive timestep. We then present numerical results for three test

cases which illustrate some key aspects.

2.2.1 Scalar SDEs

In each of the cases to be presented, the drift is of the form
f(z) = —csign(x) |z]?, as |z] = oo, (2.29)

for some constants ¢ € (0,00), ¢ € (1, 00). Therefore, as |z| — 0o, the maximum sta-
ble timestep satisfying Assumption 2.1.2 corresponds to (z, f(z)) +sh(z) | f(z)]* =
0 and hence h(z) ~ 2|z|/|f(z)| = 2c¢ ! z|'~% A suitable choice for h(x) and hd(x)
is therefore

h(z) = min (T, ¢ '|z|'"%), Rh(z) =6 h(z). (2.30)

Stochastic Ginzburg-Landau equation (1.24)

This SDE is usually defined on the domain (0, 00), since if X, € (0, 00), for all
t € (0,00), X; € (0,00). However, the numerical approximation is not guaranteed

to remain strictly positive and the domain can be extended to R without any
change to the SDE.

The drift and volatility satisfy Assumptions 2.1.1 and 2.1.5, and therefore all of the
theory is applicable, with a suitable choice for h’(x), based on (2.29) and (2.30),
being that

ho(z) = § min (T, A" '27?). (2.31)
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Stochastic Verhulst equation (1.26)

This SDE is defined on the domain (0, 00), but can be extended to R by modifying
it to
dXt = ((7’] + %02) Xt - A ’Xt‘Xt) dt -+ O'Xt th, (232)

so that the drift is positive in the limit  — —o0.

The drift and volatility then satisfy Assumptions 2.1.1 and 2.1.5, and therefore all
of the theory is applicable, with a suitable choice for h°(z), based on (2.29) and
(2.30), being that

h(z) = & min (T, A"z ™") . (2.33)

2.2.2 Multi-dimensional SDEs

With multi-dimensional SDEs there are two cases of particular interest. For SDEs
with a drift which, for some § € (0,00) and sufficiently large ||x||, satisfies the

condition

(z, f(x)) < =Bzl f ()], (2.34)

one can take (z, f(z)) + 3h(z) |f(z)|* ~ 0 and therefore a suitable definition of
h(zx) for large ||z is that

h(x) = min(T, [lz|[/[[f (2)])- (2.35)

For SDEs with a drift which does not satisfy the condition, but for which || f(z)| —

oo as ||z|]| — oo, an alternative choice for large ||x|| is to use
h(a) = min(T, 7y [[«]|/ f(2)[*), (2.36)

for some v € (0,00). The difficulty in this case is choosing the best value for 7,

taking into account both accuracy and cost.
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Stochastic van der Pol oscillator (1.33)

This SDE can be put in the standard form by setting

)

10 = (s — )+ 90 = (3)- (2.37)

It follows that

(0. f(z)) = —azla}+apa)+(1=6)aiay < (ap+i1-0)) 2% (238)

Therefore the drift and volatility satisfy Assumption 2.1.1 and the numerical ap-

proximations will be stable if the maximum timestep is defined by (2.36).

However, it can be verified that (e, V f(z) e) is not uniformly bounded for an ar-
bitrary e such that ||e|| = 1, and therefore the drift does not satisfy the one-sided
Lipschitz condition. Hence the stability and strong convergence theory in this
chapter is applicable, but not the theorems on the order of convergence. Nev-
ertheless, numerical experiments exhibit first order strong convergence, which is
consistent with the fact that the volatility in uniform, so it seems there remains a

gap here in the theory.

Stochastic Lorenz equation (1.35)

This SDE can be put in the standard form by setting

ay(xe — x1) Gy 0 0
fla) =gty —zog —maz |, glx)=| 0 foxs 0 |. (2.39)
T1T2 — (33 0 0 fBzzs

The diffusion coefficient is globally Lipschitz, and since (x, f(x)) consists solely of
quadratic terms, the drift satisfies the one-sided linear growth condition. Noting
that || f||*> ~ 23(23 + 22) < ||z||* as ||z|| = oo, an appropriate maximum timestep
is

h(x) = min(T, 2] ), (2.40)
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for any v € (0,00). However, the drift does not satisfy the one-sided Lipschitz
condition, and therefore the theory on the order of strong convergence is not

applicable.

FENE model (1.43)

The unusual feature of the FENE model is that the potential V' (x) becomes infinite
for finite values of x. In the simplest case of a molecule with a single bond, z is
three-dimensional and V(z) takes the form V(z) = —log(1—|z||*). The SDE is
defined on ||z|| < 1, with the drift term ensure that || X;|| <1 for all ¢t € (0, c0).
Also, it can be verified that (z, f(x)) <O0.

Because the SDE is not defined on all of R3, the theory in this chapter is not
applicable. However, it was one of the original motivations for the analysis in this
thesis, since it seems natural to use an adaptive timestep, taking smaller timestep
as H)?tH approaches 1, to maintain good accuracy, as the drift varies so rapidly
near the boundary, and to greatly reduce the possibility of needing to clamp the
computed solution to prevent it from crossing a numerical boundary at radius 1—9
for some 0 <1 [35]. Numerical results indicate that the order of strong convergence

is very close to 1.

2.2.3 Numerical results

The numerical tests include three test cases from [48] plus one new test which

provides some motivation for the research reported in this chapter.

Test case 1

The first scalar test case taken from [48] is that

dX, = - X7 dt + X, dW,;, Xyp=1, (2.41)
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with T'=1. The three methods tested are the Tamed Euler scheme, with C'=1,

the implicit Euler scheme, and the new Euler scheme with adaptive timestep

max(1, |z
h(z) = A (2.42)
max(1,|f(z)|
Error in final solution . Error in sup norm
—x— New - —x— New
o Tamed e o Tamed
Implicit Implicit
w107 - o
e e
5] 5]
o N o
\ Q
e o
1072 . : : :
10" 102 10" 102
Number of timesteps Number of timesteps

Figure 2.1: Numerical results for test case 1

Figure 2.1 shows the the root-mean-square error plotted against the average num-
ber of timesteps. The plot on the left shows the error in the terminal time, while
the plot on the right shows the error in the maximum magnitude of the solution.
The error in each case is computed by comparing the numerical solution to a

second solution with a timestep, or ¢, which is 4 times smaller.

When looking at the error in the final solution, all 3 methods have similar accu-
racy with % order strong convergence. However, as reported in [48], the cost of
the implicit method per timestep is much higher. The plot of the error in the
maximum magnitude shows that the new method is slightly more accurate, pre-
sumably because it uses smaller timesteps when the solution is large. The plot
was included to show that comparisons between numerical methods depend on the

choice of accuracy measure being used.
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Figure 2.2: Numerical results for test case 2

Test case 2

The second scalar test case taken from [48] is that
dX, = (X,— X2 dt + X, dW,, X, =1, (2.43)

with T'=1. The results in Figure 2.2 are similar to the first test case.

Test case 3
The third test case taken from [48] is 10-dimensional SDE that
dX; = (X = [|X[]* Xo) dt +dW;, Xo =0, (2.44)

with T'=1. The results in the left-hand plot in Figure 2.3 show that the error in the

final value exhibits order 1 strong convergence using all 3 methods, as expected.
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Figure 2.3: Numerical results for test cases 3 (on left) and 4 (on right)
Test case 4

The final test case is for the 3-dimensional FENE SDE discussed previously,

Xy

dX, = ——t
X

At +dW,, X, =0, (2.45)

with T'=1. As commented on previously, this SDE is not covered by the theory
in this chapter, but it was a motivation for the research because it is natural to

use an adaptive timestep of the form

() = 5 (1=]z?) (2.46)

NS

to reduce the timestep when || X,|| approaches the maximum radius.

All three methods are clamped so that they do not exceed a radius of r,., =

1—10719; if the new computed value )A(tn . exceeds this radius then it is replaced

by (rmaw/ Hth+1 || )th+1‘

The numerical results in the right-hand plot in Figure 2.3 show that the new
scheme is considerably more accurate than either of the others, confirming that an
adaptive timestep is desirable in this situation in which the drift varies enormously

as || X,|| approaches the maximum radius.
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2.3 Proofs

This section has the proofs of the three main theorems in this chapter, one on

stability, and two on the order of strong convergence.

2.3.1 Theorem 2.1.1

Proof of Theorem 2.1.1. The proof proceeds in four steps. First, we introduce
a constant K to modify our discretisation scheme. Second, we derive an upper
bound for || XX|[. Third, we show that the moments E[supg<;<r | XX||P] are each
bounded by a constant €, which depends on p and 7" but is independent of K.
Finally, we reach the desired conclusion by taking the limit K — oo and using the

Monotone Convergence Theorem.

The proof is given for p € [4,00); the result for p € (0,4) follows from Holder’s

inequality.
Step 1: K-Scheme definition
For any K > || Xj||, we modify our discretisation scheme to

)A(K

tn+1

= Prc (X5 + J(XE) o+ g(XE) AW, (2.47)

where P (Y) £ min(1, K/||Y|)Y and therefore for all n € {0,1,2,...} it holds
that ||)?t{f || < K. The piecewise constant approximation for intermediate times is

again YtK = )/(\'LK , and the continuous approximation is
X = Pic (X + F(RE) (=) + 9(XF) (W= W) ) (2.48)
Since h(x) is continuous and strictly positive, it follows that
hk.. = inf h(z) € (0,00). 2.49
S 2 inf h(a) € (0.00) (249)
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This strictly positive lower bound for the timesteps implies that T is attainable.
Step 2: pth-moment of K-Scheme solution

[P (Y)|| <|IY]l, so let ¢ be a function given by ¢(z) = x+h(z)f(x). Then (2.47)
implies that

IXELIE < IXEN2 2 ((RE SRED) + Shall FRE))

tn+1

+2(0(X0)), g(X5) AW) + (X5 AW . (2:50)
Using condition (2.8) for h(z) then ensures that

XS < IXEN + 20l XEIPha + 280

tn+l —_—

+2(0(X[), g(X[) AW,) + [|lg(XE) AW, |2 (251)
Similarly, for the partial timestep from ¢ to ¢, since (t—t) < h,,, it holds that
(XL FEO) + 5 =D IFX)P < a | XEP + 5, (2:52)
and therefore we obtain that

IXEIP < (1XFI1P + 20 XEIP(E—t) + 28(t-1)
+2(XF+ F(XE) (t-1), g(XE) (W =)
+ (XY (W =) |12 (2.53)

Summing (2.51) over multiple timesteps and then adding (2.53) implies

ntfl
IXE1P < Xl + 2a (Z \\Xf,szhkﬂL\!Xf(l\Q(t—t)) + 2p1

nzfl k:O ntfl
+2 > (A(X[), g(XEDAW ) + > [lg(Xf) AW (2.54)
k=0 k=0

F2(XE 4 F(X) (t—1), g(XFV W= W) + [lg(X[) (W= W) 1%

Re-writing the first summation as a Riemann integral, and the second as an Ito

integral, raising both sides to the power p/2 and using Jensen’s inequality, we

42



obtain that

p/2

t
XK < 71’/2-1{||Xo||p ; (2a / ||75||2ds) (281"
0

+ |2 [ (60 o | (nil|g<fi>Awk|2>p/2

b &) 0.0 X Wiy

(XS W Wt>llp}- (2.55)

Step 3: Expected supremum of pth-moment of K-Scheme

For any t € [0,7] we take the supremum on both sides of inequality (2.55) and
then take the expectation to obtain that

E |:Sllp H)/ESKHP:| S 7p/271 (I1+Ig+[3+[4+[5), (256)

0<s<t

where

+ (28172,

t K p/2
<2a/ i< ||2ds>
0

i s K K p/2

IL = || Xo|P+E

0<s<t
[ /ne—1 p/2
—K
L= E (Zugatkmwkn?) 7 (257
k=0
_ _ — /2
I, = E[Oiug 2<Xf+f(Xf) (S—ﬁ)ag(Xf)(Ws_V[@»p ],
<s<t

0<s<t

L= B sup (X 0Vl

We now consider Iy, I, I3, I, I in turn. Using Jensen’s inequality, we obtain that

t
I < ||x0||p+(2a)p/2Tp/2—1/ E[sup ||Xf||p] ds 4 (23T)P/>. (2.58)

0 0<u<s
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For I5, we begin by noting that due to condition (2.8), for u <t it holds that

lo(XIP = 1% 12 +2A(X) (<Yff,f<7K>>+ OISR
< XGNP+ 20K (@I X + 8)

< (1+2aT)|X0 >+ 28T, (2.59)

and hence by Jensen’s inequality, we obtain that

l6CT )2 < 2240 (1 -+ 2a TP P2 + (28T)1) (2:60)

In addition, the linear growth condition (2.5) ensures that
e ILL: p/a=1 ( \p/4 X5 p/2 p/4
lg(XDIP= <2 i D e A (2.61)

and combining the last two inequalities, there exists a constant ¢, € (0,00)

depending on p and T', in addition to «, 3, such that

l6CE) 9K < cpur (I +1) (2.62)

Then, by the Burkholder-Davis-Gundy inequality, there is a constant C, € (0, c0)

([ 1ocx >||2du)p/4]

< CPPTIE [ / 16T g (X 72 du]

t
¢y C, 202 TP/41 (/ E [ sup ||Xf||p} ds + T) . (2.63)
0

0<u<s

such that

I, < C,2"*E

IN

For I3, we start by observing that by standard results there exists a constant

€ (0,00) which depends solely on p such that for any t; <s < t;4; it holds that

E[ sup [|Wu=W,, [P Fy) = ¢ (s—5)"". (2.64)

tr<u<s
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One variant of Jensen’s inequality, when hy,uy are both positive and p € [1, 00),

is that
P p—1
k k k

Using this, and (2.64) with s = t;,; so that s — s = hy, it holds that

nt—l
) e AW
I; < TPP'E thHg(th)HpW
k=0 k
t
_ —K
< 7o E[ / ||g<Xs>||pds]. (2.66)
0

Using condition (2.5), and Jensen’s inequality, we then obtain that

t
I3 < (2T ¢, (oz”/2/ E[sup HXfHP] ds + 5P/2T). (2.67)
0

0<u<s

For I, using (2.52) and following the same argument as for I, there exists a

constant ¢, 7 € (0, 00) depending on both p and 7" such that

K —K K —K
IXE+ (XD =P g (X2 < e (IXW+1). (268)

p/2}

Therefore, again using (2.64), we obtain that

L o< 2?/2E{sup X4 £ (5—5), 9(X) (Wa W)

0<s<t

ne—1

K
S (IXGIP+1) sup (W= W)
k=0

tp<s<tp+1

IN

Cp, T 2p/2 E

+ (XL P+1) sup 07, -w [P
t<s<t

< T op/2p/A-1 g

SRS+ (I H”Q“_D]

k=0
t

< cppacpr 2PA TP (/ E l sup ||)A(ff”p] ds + T) . (2.69)
0

0<u<s

Similarly, using the same definition for ¢,, we obtain that

t
I < ¢, (2T)P*! (of’/?/ E[sup HXfHP] ds + ﬁp/2T>. (2.70)
0

0<u<s
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Collecting together the bounds for I, I, I3, 14, I5, we conclude that there exist
constants C) », C2 1 € (0,00) such that

t
| sup X6 | < lt 62 ] swp %8P a5 27
0

0<s<t 0<u<s
and Gronwall’s inequality gives the result that there exists a constant C), 7 € (0, 00)
such that

E [ sup ||)A(tK||p] < Cop exp(CrrT) = Cpr. (2.72)

0<t<T
Step 4: Expected supremum of pth-moment of )A(t

For any w € Q, X, = XX for all 0 <¢ < T if, and only if, SUPg<i<T 1X,)| < K.
Therefore, Markov’s inequality ensures that

P(sup |Xi| < K) = P(sup | XE|<K)
<t<T

0<t<T 0

> 1-E[sup |[XF|/E - 1 (2.73)
o<t<T

as K — oo. Hence, almost surely, sup ||)/ft|| < oo and T is attainable. Also, we
0<t<T
obtain that
lim sup [ X (w)[l = sup [|X;(w)] (2.74)
0<t<T

K—oo 0<t<T

and for 0 < K7 < Ks, it holds that

sup [ X W)l < sup [X{P ()] < sup [ Xe(w)]- (2.75)
0<t<T 0<t<T 0<t<T

Therefore, the Monotone Convergence Theorem ensures that

]E[sup ||)?t\|p} — lim E[sup H)?;fup] < Cyr. (2.76)
0<t<T K—=oo  |o<t<T
This completes the proof of Theorem 2.1.1. O]
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2.3.2 Theorem 2.1.3

Proof of Theorem 2.1.3. The approach which is followed is to bound the approx-

imation error e; £ )A(t — X; by terms which depend on either )A(s—ys or ez, and

then use local analysis within each timestep to bound the former, and Gronwall’s

inequality to handle the latter.

The proof is again given for p € [4,00); the result for p € (0,4) follows from

Holder’s inequality.
We start by combining the original SDE with (2.3) to obtain that
de; = (f(yt)_f<Xt)) dt + (g(yt)—g(Xt)) dWx,

and then the Ito’s formula, together with eq=0, implies that
t

led? < 2 / (enr F(R)— F(X)) ds — 2 / (ex () — (X)) ds

0 0
t t
4 [ 9T g (X ds+ 2 [ en (o(F)=g(X)) AW,
0 0
Using the conditions in Assumption 2.1.5, (2.17) implies that
(es, [(Xo) = F(X,)) < galles],
(2.19) ensures that
(e, F(X)—F(XN| < llesll L(X, Xo) | X = X
< %HGSHQ + %L<X8778)2HXS_78H27
where L(x,y) = v(||z|? + ||y||?) + p, and (2.18) assures that
lg(X)—g(XII* < 5o X=XI* < ofles]® + ol X=X ]%
Hence, we obtain that

t t
||et||2 < (20z—|—1)/ ||es||2ds+/ (L(XS,YS)Q—i—oz) ||XS—75||2ds
0 0
t
2 / (0, (9(X ) —g(X.)) dITL),
0

47

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)



and then the Jensen’s inequality ensures that
¢

e < GTP a1 [ e s
0

¢ ~ — /2~ —
bt [ (LR TP a) IR T P ds
0

p/2

g / (0, (9(X)—g(X.)) AW, (2.83)

Taking the supremum of each side, and then the expectation ensures that

t
B | s edr| < @I 2oty [E| s ] o
0

0<s<t 0<u<s

t o /2 R o
+ (3T)7’/2‘1/E[(L(XS,XS)2+a)p ||XS—XS||p] ds (2.84)
0

p/2]

s

0

+ 3P/2719P2E | gup

0<s<t

By Holder’s inequality, it holds that
S = .o p/2 o~
E|(L(X. X)) X=X
~ P ~ 1/2
< (E [(L(XS,XS)Q—i—a) ]E [||XS—XS||2P]) , (2.85)

and E [(L()?S,YS)Q—i—oz)p} is uniformly bounded on [0,7] due to the stability
property in Theorem 2.1.1.

In addition, by the Burkholder-Davis-Gundy inequality (which gives the constant
C, which depends only on p) followed by Jensen’s inequality plus the globally
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Lipschitz condition for g, we obtain that

E | sup

0<s<t

/Os<€u> (g<7u) _g(Xu)) qu>

P/2]
(/Ot lles| 2 1lg(Xs) —g(X,)|1? ds>p/4] |

r t
< O, TV (LaplE / \|esup/2ux—xsup/2ds] (2.86)

< C,E

t
< €, T (Lo 'E / éuesuu%r%—&r\pds}

r t
< G oy e | [ el + 2R Kl o).
L/ O

Hence, using E[|| X,—X,|[?] < (E[||X,—X,||?"])"/2, there are constants Cor Cop €
(0, 00) such that

t
E [sup ||es||p} < C;7T/E{ sup ||eu||p} ds
0

0<s<t 0<u<s

+C2, / t (]E[|])?S—75H2p]>l/2ds. (2.87)
0

For any s € [0,T], X, — X, = f(X,)(s—s) + g(X,)(W,—W,), and hence, by a
combination of Jensen’s and Holder’s inequalities, we obtain that

B[I5-X] < 2t (B[R] B -0"])

b2 (B[l @] E w-wav) L )

E[||f(X,)]|*] and E[||g(X,)||*] are both uniformly bounded on [0, 7] due to sta-
bility and the polynomial bounds on the growth of f and ¢g. Furthermore, it holds
that E[(s—s)%] < (67)% < §*T*, and by standard results there is a constant
¢, such that E[|W,—W||*] = E[ E[||W,—W||* | Fs] | < ¢,(6T)?. Hence, there
exists a constant C 1 € (0,00) such that E[ X, —X,[|%] < C3 67, and therefore

equation (2.87) implies that

t
E [Sup ||es|\¥’} < C;’T/OE[Osup ||eu||”] ds + C2py/C3, T 67, (2.89)

0<s<t <u<s
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and Gronwall’s inequality then completes the proof of Theorem 2.1.3. O

2.3.3 Theorem 2.1.4

Proof of Theorem 2.1.4. The proof is again given for p € [4,00); the result for
p € (0,4) follows from Holder’s inequality.

The error ¢; £ )?t — X, satisfies the SDE de; = (f(yt)—f(Xt)) dt and hence we
obtain that
t . t . o
Jed? = 2 [ ew fR)=FXD s =2 [ fen F(R = (R s
0 0
t
< af |es|*ds— 2/ (s, [(Xo)—f(X,)) ds, (2.90)
0

due to the one-sided Lipschitz condition (2.17), so therefore it holds that

t
E [sup Hesle < ap/2(2T)p/21/ E { sup Hequ] ds
0

0<s<t 0<u<s

+2P71F | sup

0<s<t

/0 ew SR~ F(X)) du

p/2
] . (2.91)

Within a single timestep, it holds that X,— X, = f(X,)(s—s) + (Ws—W,), and
therefore Lemma C.1 implies that
(e F(X)—F(Xe)) = (es, VAX)(X,—X,)) + Ry

= (es, (5_§)vf(YS)f(y8)> + ((es—es), Vf(ysst_wg»

+Hes, VA(X)(We=Wy)) + R, (2.92)

where |R| < (7(||)?5||q+||78||q) —I—,u> lles|| |Xs — X 4|2 Hence, it holds that

E /Os<eu7 f()?u)_f(yu» du

sup
0<s<t

p/2
] <P VL4 L+ L+ 1), (293)
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where

[ s o p/2
I, = E|sup /0<6u7(u—u)vf(Xu)f(Xu)>du ]

0<s<t

p/2

I, = E|sup /Rudu
0

0<s<t

)

[ s o p/2
Iy = E|sup /O<(eu_6u)avf(XU)(Wu_Wu)>du ]:

0<s<t

[ s L p/2
I, = E|sup /0<eu,Vf(Xu)(Wu—Wu)>du ] (2.94)

0<s<t
We now bound Iy, I5, I3, I in turn. Noting that s—s < § T, we obtain that

t
L o< e / E [[le.[P20T2) £ (K) PRIV £(X)[P?] ds
0

t
< 4 B | sup ] as
0

4y [EEIPIVAEIP) ds (2.95)

The last integral is finite because of stability and the polynomial bounds on the
growth of both f and V£, and hence there is a constant C} ;, € (0, 00) such that

t
I < %T”/Ql/o E ngs Hequ} ds + C, 1 6”. (2.96)

Similarly, Holder’s inequality ensures that

B t ~ — P2~
A [ CC s AU R R A
0

t
< Lv / E[sup Hequ} ds (2.97)
0

0<u<s
1/2

¢ ~ — 2p ~  —
w31 [ (] ( 0% I%n + )| B [IR-X00])as

and hence, using stability and bounds on E [H)’ES_YSHMJ ] from the proof of The-

orem 2.1.3, there is a constant C’;T € (0,00) such that

t
I < %T”/?‘l/ E { sup ||eu||p] ds + C2.07. (2.98)
0

0<u<s

51



For the next term, I3, we start by bounding ||es—el|. Since it holds that

comea= [ (FOR) = 1K) du (2.99)

by Jensen’s inequality and Assumption 2.1.7 it follows that

leses? < (ST / 1 (X — (X P du

< (2(5T)p‘1/ 12X X, (leall?+ 1%~ Xl ) . (2:200)

where L(X,, X)) = (| Xu|*+ | Xu|*) + . We again have an O(6”/2) bound for
E[|| X, —X,||], while Theorem 2.1.3 proves that there is a constant cpr € (0,00)
such that

Ellles||”] < ¢y 67/, (2.101)

Combining these, and using Holder’s inequality and the bound for E[LP(X,,, X,,)]
for all p € [2,00), due to the usual stability results, we find that there is a different

constant ¢, r such that

E[lles—es|l”] < cpr 6°/2, (2.102)

Now, we obtain that
t
I3 < Tp/Q_l/ E [Hes_€§”p/2l|vf(78)||p/2||WS_W§||p/2] ds, (2.103)
0

so using Holder’s inequality and the usual stability bounds, we conclude that there

is a constant C? ;. € (0, 00) such that

I3 < C2 6. (2.104)

Lastly, we consider I. For the timestep [t,,t,11], we obtain that

d ((t_tn+1)(Wt_th>> - (Wt_th) dt + (t_tn+1) th (2'105)
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and therefore, integrating by parts within each timestep implies that
[ e V0V, 1) du
0

= /Os(ﬂ—wem VF(X)dW,) — (5—s)(es, V(X)) (Ws—W,)), (2.106)

where @ = min{t, : t, >u} = t,, 1. Hence, it holds that I, < 2P/27 (I, + I5)

where
S P/2
Iy = E|sup /(ﬂ—u)(eu,Vf(Yu)qu> ],
o<s<t |.Jo
e = | sup [(5-9) (o TIRIW-W] 220
0<s<t

The Burkholder-Davis-Gundy inequality ensures that

(/ot(5—8>2|les||2||Vf<x>||2dS)ﬂ

t
< C,TVE [ [ ez 02 191X, ds}
0

Iy < CE

t
< 10, T%ME {/o ( sup e, + 67 ||Vf(ys)||l’) ds] , (2.108)

0<u<s
with E[||V f(X,)||] uniformly bounded on [0, 7] so that there is a constant Ci. €
(0, 00) such that

¢
Iy < %CPT3P/4_1/ E { sup ||eu||p} ds + Cylp 0P (2.109)
0

0<u<s

Turning to I42, Young’s inequality and Holder’s inequality establish that

1
Iy < iE[SUP ||€s||p}

0<s<t
§

1/2
+—(25T)p(E{sup HVfH%’} E{sup HWSHQP]) : (2.110)
2 0<s<t

0<s<t

for any ¢ € (0,00), and hence there is a constant C}% € (0, c0) such that

1
Iy < —E {Sup \|es||1’} +£C% 67 (2.111)
28 |o<s<t ’

23



Returning to (2.91), and inserting the bounds for Iy, Iy, I3, Iy, 141, and I3, with
£ = 2°°/2=4 implies
t
B[ sup le.lP] < 48| sup flel?| + G [ 8| sup Jleul?] as+ Clpon, 2112)
0<s<t 0<s<t “Jo 0<u<s '

for certain constants Cpp, Cfp € (0,00). Rearranging and using Grénwall’s in-

equality we obtain the final conclusion that there exists a constant C, 1 € (0, 00)

such that
E [ sup Heth} < Cprd’. (2.113)
0<t<T
This completes the proof of Theorem 2.1.4. O]

2.4 Conclusion

In this chapter, we introduced an adaptive timestepping method for SDEs with
non-globally Lipschitz drift. We established the stability of the adaptive scheme
for a finite time interval as shown in Theorem 2.1.1. For the strong convergence of
the adaptive scheme, we introduced a scalar factor d to control the average size of
the time step and established the strong convergence with respect to 9, as shown
in Theorem 2.1.2. When looking at the accuracy versus the expected cost of each
path, if the drift f also satisfies a one-sided Lipschitz condition, then the order of
strong convergence is %, as shown in Theorem 2.1.3. For the important class of
Langevin equations with unit volatility, we showed in Theorem 2.1.4 that the order
of strong convergence is 1. The analysis is supported by numerical experiments

for a variety of SDEs in section 2.2.
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Chapter 3

Infinite time interval

This chapter is an extended version of the Arxiv paper [23]. In this chapter, we
extend our adaptive scheme to an infinite time interval. The rest of the chapter is
organised as follows. Section 1 states the main theorems and proves some minor
lemmas. Section 2 introduces the MLMC schemes, and the relevant numerical
experiments are provided in section 3. We extend our MLMC schemes to a larger
class of ergodic SDEs in section 4. The proofs of the three main theorems are

deferred to section 5. Finally, section 6 concludes this chapter.

3.1 Theoretical results for infinite time interval

The adaptive algorithm considered in this chapter is the same as the one introduced
in section 2.1.1. In the following subsections, we state some preliminary lemmas,
the key results on stability and strong convergence, and related results on an
number of timesteps, introducing various assumptions as required for each over

infinite time interval.
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3.1.1 Stability

Assumption 3.1.1 (Locally Lipschitz and linear growth). Assume that f and g
are both locally Lipschitz. Furthermore, assume that there exist constants o, 5 €

(0,00) such that for all z € R™, f satisfies the dissipativity condition that

(z, f(2)) < —allz]|* + 8, (3.1)

and g s globally bounded satisfying that

lg(@)I* < B, (3.2)

and non-degenerate with full rank m for all x € R™.

Theorem 4.4 in [73] and Theorem 6.1 in [75] show that this Assumption ensures
the existence and uniqueness of the invariant measure. We can also prove the

following uniform moment bound for the SDE solution.

Lemma 3.1.1 (SDE stability). If the SDE satisfies Assumption 3.1.1 with Xo =
xg, then for all p € (0,00), there is a constant C, € (0,00) which only depends on
xo and p such that for all t € [0,00) it holds that

E[[IXe[”] < Gy (3.3)

Proof of Lemma 3.1.1. The result follows Theorem 1.8 in [56]. This completes the

proof of Lemma 3.1.1. O

We now specify the critical assumption about the adaptive timestep.
Assumption 3.1.2 (Adaptive timestep). The adaptive timestep function h :
R™ — (0, hmax] s continuous and bounded, with hya, € (0,00), and there exist

constants «, 5 € (0,00) such that for all x € R™, h satisfies the inequality that

(@, f(@) + 5 h(@) | f(@)|* < —allz]* + 8. (3.4)
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Compared with the Assumption 2.1.2 in the finite time analysis, this assumption

additionally bound h to achieve the uniform bound.

Theorem 3.1.1 (Infinite time stability). If the SDE satisfies Assumption 3.1.1,
and the timestep function h satisfies Assumption 3.1.2, then for all p € (0, 00)
there exists a constant C, € (0,00) which depends solely on p, xy, hmax and the

constants o, B in Assumption 8.1.2 such that for all t € [0,00) it holds that

E[I%IF] < Gy, E[IK]7] < C,. (3.5)

Proof of Theorem 3.1.1. The proof is deferred to Section 3.5. O

Then, we obtain the following lemma.

Lemma 3.1.2 (Bounded timestep moments). If the SDE satisfies Assumption
3.1.1 , and the timestep function h satisfies Assumptions 3.1.2 and 2.1.3, then for
allT € [1,00), p € (0,00) there exists a constant Cy, € (0,00) which depends on
p and C, in Theorem 3.1.1 such that it holds that

E[(Ny — 1)7) < Cp, T". (3.6)

Proof of Lemma 3.1.2. By Assumption 2.1.3, we obtain that

Nr X T
Np=) 1= Xu,) —dt+1 < (5||XA|"+<+ )dt+ 1. (3.7)
k=1 th

Therefore, the Jensen’s inequality ensures that

E[(Np —1)P] < 2°71 (Tp—l/o E[(£1X)194¢)"] dt + 1) . (3.8)

Combining this and Theorem 3.1.1 completes the proof of Lemma 3.1.2. O]

3.1.2 Strong convergence

To prove an order of strong convergence requires new assumptions on f and g:
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Assumption 3.1.3 (Contractive Lipschitz properties). For some fized p* € [2, 00),
there exist constants A,n € (0,00) such that for all x,y € R™, f and g satisfy the

contractive Lipschitz condition

ey, F@) =)+ L @) —g@)P< A=yl (39

and g satisfies the Lipschitz condition

lg(z)—g(W)II> < nllz—yll. (3.10)

In addition, [ satisfies the local polynomial growth Lipschitz condition (2.19).

This Assumption ensures that two solutions to this SDE starting from different
places but driven by the same Brownian increment, will come together exponen-

tially, as shown in the following lemma.

Lemma 3.1.3 (SDE contractivity). If the SDE satisfies Assumption 3.1.3, then
for any p € [2,p*], any two solutions to the SDE: X; and Y}, driven by the same
Brownian motion but starting from xo and 1y, where xo # o, satisfy, for all

t € (0,00), the bound
E (|| X = Yil"] < e [|lzo — woll". (3.11)

Proof of Lemma 3.1.3. First, we define that e; 2 X, —Y;, and since X, and Y; are

driven by the same Brownian motion, we obtain that
de; = (f(Xy) — f(V2)) dE + (9(Xy) — g(V1)) AWL. (3.12)
By Ito’s formula, we have for any t € (0,7 that
e = lealls [ e e ds + [ ple 70X) - 0D e -2 ds
0 0
# [ P2 — g P edas

T / PP lealP (en, (9(X.) — g(¥a)) AWL). (3.13)
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Therefore, by taking expectations on both sides and using the contractive Lipschitz

property (3.9), we obtain that
E [e¥[les]I] < lleoll” = [lzo — yoll”- (3.14)

This completes the proof of Lemma 3.1.3. O

This lemma means that the error made in previous time steps will decay exponen-

tially and then we can prove a uniform bound for the strong error.

Theorem 3.1.2 (Strong convergence order). If the SDE satisfies Assumption
3.1.3, and the timestep function h® satisfies Assumption 2.1.4 with h satisfying
Assumption 3.1.2, then for all p € (0,p*], there exists a constant C, € (0,00) such
that for all t € [0, 00) it holds that

E [H)?t—xtup] < ¢, 872, (3.15)
Proof of Theorem 3.1.2. The proof is deferred to Section 3.5. [

For the finite time interval [0,7], we can show that the expected number of
timesteps per path increases linearly in 7" which is the same as for the case of

uniform timesteps.

Lemma 3.1.4 (Number of timesteps). If the SDE satisfies Assumption 3.1.1 , and
the timestep function h? satisfies Assumption 2.1.4 with h satisfying Assumptions
3.1.2 and 2.1.3, then for all T,p € (0,00) there exists a constant C, € (0,00)

same as in Lemma 3.1.2 such that

E[(Ny — 1)?] < C,, TP 577 (3.16)

Proof of Lemma 3.1.4. The proof is very similar to the proof of Lemma 3.1.2,
noting that
() > 6 h(x) > 6 (&l + Q)7 (3.17)

due to Assumptions 2.1.3 and 2.1.4. Combing the uniform moment bound from

Theorem 3.1.1 and the inequality (3.8) completes the proof of Lemma 3.1.4. [
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Again, we can prove first order strong convergence for SDEs with a uniform diffu-

sion coefficient.
Assumption 3.1.4 (Enhanced contractive Lipschitz properties). There ezists a
constant X € (0, 00) such that for all z,y € R™, f satisfies the contractive one-sided

Lipschitz condition that

(=y, f(2)=f)) < =Az—yl* (3.18)

In addition, f is differentiable, and f and V f satisfy the local polynomial growth
Lipschitz condition (2.19).

We now state the theorem on improved strong convergence.

Theorem 3.1.3 (Strong convergence for Langevin SDEs). If m=d, g = I,,, f
satisfies Assumption 3.1.4, and the timestep function h® satisfies Assumption 2.1.}
with h satisfying Assumption 2.1.3, then for all p € (0,00) there exists a constant
C, € (0,00) such that for all t € [0,00) it holds that

E [||)?t—Xt|yp} <O, . (3.19)

Proof of Theorem 3.1.3. The proof is deferred to Section 3.5. m

3.2 Adaptive MLMC for invariant distributions

We are interested in the problem of approximating

() = Enp = / o(@)m(dz), (3.20)

m

where 7 is the invariant measure of the SDE (1.1). Numerically, we can approxi-
mate this quantity by simulating E [p(X7)] for a sufficiently large T'. In the follow-
ing subsections, we will introduce our adaptive multilevel Monte Carlo algorithm

and its numerical analysis.
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3.2.1 Algorithm

Consider the identity of the standard MLMC (1.12) that

Efpr) = Elpo] + > Elpr — ¢ral, (3:21)

=1
where ¢ 1= p(X%) with X% being the numerical estimator of X7, which uses the
adaptive function h® with =M ~* for some fixed M € [1,00). Then the standard
MLMC estimator is the following telescoping sum

No L Ny
1 v (n,0 1 v (nt v (n,l—1
TODCERUEDY {E > (9 - (XY >>)} S (322)
n=1 /=1 n=1

where )A(én’é) is the terminal value of the nth numerical path in the time interval

[0, 7] using a suitable adaptive function h? with § = M~

In contrast with the standard MLMC with a fixed time interval [0, 7], we now
allow different levels to have different lengths of the time interval T}, satisfying
O0<Ty<Ti<---<Ty<---< Ty, =T, which means that as the level ¢ increases,
we obtain a better approximation not only by using smaller timesteps but also by
simulating a longer time interval. However, the difficulty is how to construct a
good coupling on each level ¢ since the fine path and coarse path have different

lengths of time interval T, and T,_;.

Following the idea of Glynn and Rhee [38] to estimate the invariant measure of
some Markov chains, we perform the coupling by starting a level ¢ fine path sim-
ulation at time tg = —T, and a coarse path simulation at time t; = —T,_; and
terminate both paths at ¢ = 0. Since the drift f and volatility g do not depend
explicitly on time ¢, the distribution of the numerical solution simulated on the
time interval [—T7, 0] is same as one simulated on [0, 7;]. The key point here is that
the fine path and coarse path share the same driving Brownian motion during the
overlap time interval [—T,_1,0]. Owing to the result of Lemma 3.1.3, two solu-
tions to the SDE satisfying Assumption 3.1.3, starting from different initial points

and driven by the same Brownian motion will converge exponentially. Therefore,
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the fact that different levels terminate at the same time is crucial to the variance

reduction of the multilevel scheme.

Our new multilevel scheme still satisfies the identity (3.21) but with ¢, = ¢(X{)
with )?g being the terminal value of the numerical path approximation on the time

interval [T}, 0] using adaptive function A’ with §=M—*. The corresponding new
MLMC estimator is

No L Ny

> 1 v (n, 1 v (n,l v (n,l—

TP EDY {E > (PR = (X)) } . (3.23)
n=1 /=1 n=1

where )?én’g) is the terminal value of the nth numerical path through the time
interval [—T,0] using the adaptive function h° with § = M~‘. Figure 3.1 and
Algorithm 1 illustrate the detailed implementation of a single adaptive MLMC

sample using a non-nested adaptive timestep on level ¢ with M = 2.
to=—T,, 1§ =t5+h2(X¢)  t5=15+h(X7)...

Coarse Path
AW = AWpp1 + AW,go + AW,y s

. & 'S o o o
Fine Path AWf = aWo AWn AWni1 AW, (=AW, 1o AW, 15
AW = AW, + AW,
L,
J_ VY SN o AN | I f S f
th=—T, t]=tJ+hr(XJ) t thy =th +h(X])

Figure 3.1: Algorithm of the adaptive MLMC for an infinite interval

3.2.2 Numerical analysis

First, we state the exponential convergence to the invariant measure of the original
SDE, which can help us to measure the approximation error caused by truncating

the infinite time interval.
Lemma 3.2.1 (Exponential convergence). If the SDE satisfies Assumptions 3.1.1
and 3.1.8 and ¢ satisfies the polynomial growth Lipschitz condition (2.19), then
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Algorithm 1: Outline of the algorithm for a single adaptive MLMC sample
for scalar SDE on level £ in time interval [—1}, 0].

pt=—-Ty t°=—-T)_1; tI =T,
he = 0; hf = 0;
AWe = 0; AW/ = 0;
X =0, XT = ay;
while t < 0 do
toid = t;
t == min(t, t/);
AW = N(O, t— told>;
AWE = AW+ AW,
if t = —Tg_l then
‘ AWe = 0;
end
AW = AWT + AW;
if t =t° then
update coarse path Xe using h¢ and AW¢;

compute new adapted coarse path timestep h® = h%()? );
h¢ = min(h¢, —t);

1= 1° + b

AWe = 0;

end

if t =t/ then

update fine path X/ using h/ and AW/,

compute new adapted fine path timestep h/ = h‘s()A( ),
h' = min(h/, —t7);

AWT =0,
end

end
Result: X/ — X°¢
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there exists a constant uo € (0,00) depending on xy and the constants in Lemma

3.1.1 and 3.1.8 such that
E [p(Xy) — 7()]| < poe™. (3.24)

Proof of Lemma 3.2.1. Let Yy be a new random variable which follows the invari-
ant measure w. Then the solution Y; to the SDE with the initial value Y, will
also follows the invariant measure for any ¢ € (0,00). Therefore, by the polyno-
mial growth Lipschitz property of ¢ and Lemmas 3.1.1 and 3.1.3 and Holder’s

inequality, there exist constants g, 11 € (0, 00) such that

[Elo(X)—m(@)]l = [Elo(Xe) — oY) <E[(Y(IXell*+[[Ye]|) + 1) [[ X2 = Yi]

1/2

IN

1/2
E [[y(IXll 7+ Yell ) + ] 7 E [ X, - Yi[?] (3.25)

A

1/2 _ _ _
E [ Xo=Yoll2]? e <2 [|zo]|+Ca] e = poe ™,

This completes the proof of Lemma 3.2.1. O]

Note that Assumption 3.1.3 is a sufficient condition for this Lemma. We use it
here to show that the contractivity rate A is a lower bound for the true convergence
rate A* and it is A that determines the choice of T, shown in the following results.
Now, we first bound the variance of the MLMC correction for each level.

Lemma 3.2.2 (Variance of MLMC corrections for a bounded diffusion coeffi-
cient). If ¢ satisfies the polynomial growth Lipschitz condition (2.19), the SDE
satisfies Assumption 3.1.3 and the timestep function h® satisfies Assumption 2.1./
with h satisfying Assumption 3.1.2, and § = M~° for each level, then for each
level £, there exist constants ¢; and co such that the variance of correction Vy :=

V (X8 — @()?é’l)] satisfies that

V, <oy M~F 4 cge™ i1 (3.26)
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Proof of Lemma 3.2.2. By the polynomial growth Lipschitz condition (2.19) of ¢,
Holder’s inequality and Theorem 3.1.1, there exists a constant k € (0,00) such

that

~ ~ 2 - = «72/p"
Vi< [Joth - ok 0[] < o [|R- 2] (3.27)

)/(\'f and )?f’l share the same driving Brownian motion from —7, ; to 0. We can
denote the corresponding solution to the SDE (1.1) starting from z( at time —7},_;
and driven by the same Brownian motion as )A(f_l through time interval [—7}_1, 0]
by X{, and the solution starting from x, at time —7} driven by the same Brownian

motion as X! through the time interval [~T}, 0] by X/.

Then, by Jensen’s inequality, we obtain that

~ ~ p* .
E {ng _ X } <3 U(E + By + By), (3.28)

where

E = E Xg—Xg‘lp],

B = E||X-x! p], (3.29)

- -
Ey = E|||x{-xg ]

Theorem 3.1.2 implies that there exists a constant Cp € (0,00) which does not

depend on T} such that
By < Cp M P2 By <M (3.30)

and Lemma 3.1.1 and Lemma 3.1.3 imply that there exists a constant C' € (0, c0)

depending on zy and C4 in Lemma 3.1.1 such that

By < E||X.g,, —aol] e (3.31)

< 217*—1 <||£Uo

YL |[1Xy,

p*}>e—p*>\Te—1 < Ce_p*)\Té—l‘
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Finally, by the fact that a” + b” > (a + b)" for any a,b € (0,00) and v € (0,1),

there exist constants ¢y, o € (0,00) such that

Vi < R[5 (G MO GNP 4 G T

< oy M0 4 e (3.32)

This completes the proof of Lemma 3.2.2. O

Given this, we obtain the following theorem for the complexity of the MLMC

algorithm to achieve a specified MSE accuracy.

Theorem 3.2.1 (MLMC for invariant measure). If ¢ satisfies the polynomial
growth Lipschitz condition (2.19), the SDE satisfies Assumption 3.1.3 and the
timestep function h® satisfies Assumption 2.1.4 with h satisfying Assumption 3.1.2
and § =M~* for each level, then by choosing suitable values for L and T;, Ny for
each level {, there exists a constant cs such that the MLMC' estimator (3.23) has
a MSFE satisfying the bound

~

E[(¥ - n(0)] <<, (3.33)
and an expected computational cost Cyrparo satisfying the bound
CMLMC S 035_2|10g5|3. (334)

Proof of Theorem 3.2.1. By Jensen’s inequality, the mean square error can be de-

composed into three parts:

~

E[(¥ - n(0))?] =V [7] + (E 7] - ()

<V [7]+2|E [7] - Elp(xr,)]

(3.35)

‘ 2

2B [p(Xn,)] — 7(@)]?

which enables us to achieve the MSE bound by bounding each part by £2/3.

If we set that
Ty = ({+1)logM /2, (3.36)
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then it holds that V; < (¢1 + o) M ~!_ which has the same order of magnitude as
the variance bound for the standard MLMC theorem. Lemma 3.2.1 implies that

2
_ €
2[E [p(Xn,)] = m(p)[" < 2pe7 T < =, (3.37)
provided that
2|loge| | log(64)
L> : .
- [logM + log M (3.38)

By Theorems 3.1.1 and 3.1.2, the polynomial growth Lipschitz condition (2.19) of
¢ and Holder’s inequality, there exist constants k1, ko € (0, 00) such that

2 2

2|E 7] - Elp(Xx,)

= 2[E [@(X4,) - ¢(Xn,)]

~ 1/2
< QKlE[HX%L—XTLHﬂ < mME <

(3.39)

<

3 J
provided that

(3.40)

> 2|loge| = log(3k2) |
| logM log M

Combining the requirements (3.38) and (3.40), we choose

_ [2]loge| | log (max(6ug,3k2))
| logM log M ’

(3.41)

giving L = O(|loge|) as ¢ — 0. Therefore, we have V, = O(M~*) and C; =
O(EM?*), where Cy is the expected cost of a sample on level £. Following the analysis
in [32], by choosing

—L

M
Ng = {3 (Cl + CQ)

VeS| g2 ;) \/£/+1w : (3.42)

to ensure that the overall variance is less than E— then the expected total cost is

bounded by, for some constant Cy € (0, 00),

L

L 2
Curme < 3Co(c1+c2)e (Z (+1 ) +Co Yy (t+1)M". (3.43)
=

=0
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Since

L L+1
> Vi+1 < Va+lde < 2(L+2)%% = O(|loge|*?), (3.44)
=0 0
and
L
S ()M < (L+1)°MF = O(e7|loge]?), (3.45)
=0

we obtain the desired final result that there exists a constant ¢z such that
CMLMC S 03872|1Og€|3. (346)
This completes the proof of Theorem 3.2.1. ]

For the SDEs with uniform diffusion coefficient, the computational cost can be

reduced to O(e72).

Theorem 3.2.2 (SDEs with uniform diffusion coefficient). If ¢ satisfies the poly-
nomial growth Lipschitz condition (2.19), and for the SDE, m=d, g = I,,, f sat-
isfies Assumption 3.1.4, and the timestep function h® satisfies Assumption 2.1.}
with h satisfying Assumption 8.1.2 and 6 = M~* for each level, then for each level

C, there exist constants c1, ca € (0,00) such that
Ve <op M2 4 ey, (3.47)

Furthermore, by choosing suitable L, T, and N, for each level ¢ in the MLMC
estimator (3.23), one can achieve the MSE bound &2 at an expected computational
cost bounded by

CMLMC S C3 8_2, (348)

for some constant c3 € (0, 00).

Proof of Theorem 3.2.2. Following a similar argument to the proof of Lemma
3.2.2, Theorem 3.1.3 implies V; < ¢; M2 + cye -1 and by choosing T} to
be

Ty = (0+1)1logM/\, (3.49)
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we obtain V, < (¢; + CQ)M*%. The computational cost of a single MLMC sample

on level ¢ satisfies

Cy < Co(b+1)M* < ¢ M+ (3.50)

for any 0 <e<1 and some C' € (0,00). Therefore, the standard MLMC Theorem
1.1.2 is applicable with v < 3, giving an O(¢72) complexity. This completes the
proof of Theorem 3.2.2. O

Note that the choice of T (3.49) for the equation with a uniform diffusion coefficient
is different from (3.36) for SDEs with bounded diffusion coefficient. In other words,
the strong convergence result and the contractive convergence rate A\ together
determine T;. In some cases, A\ needs to be estimated numerically through Lemma
3.1.3. The difference in the variance convergence rate also affects the choice of M.
Based on the analysis in [30], the optimal M for SDEs with general g is in the
range 4 — 8, while in the uniform diffusion coefficient case the optimal M is around
2.

3.3 Numerical experiment

In this section we present numerical results for the following scalar SDE
dX; = (—Xt - Xf) dt + dW, (3.51)

which satisfies both the dissipativity condition (3.1) and the contractive condition
(3.18). Our interest is to compute 7(p) where ¢(z) = (z + 1)? satisfying the

polynomial growth Lipschitz condition.

Since the probability density function 7 is

exp(—az? — 12%)

ffooo exp(—122 — %x‘*) dx’

(3.52)

we can use numerical integration to calculate an approximate value: ¢(m) ~ 1.2896

with accuracy 107°, and use this value as a benchmark for our numerical tests.
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Next we need to determine T; for each level. Linear perturbations to the SDE
satisfy the ODE
4y, = — (1+3X7) Y, dt, (3.53)

and therefore A>1. Hence we choose to use T) = ({+1)log2 to ensure that the

truncation error is acceptably small.

Figure 3.2 displays the variance of the multilevel correction on each level as a
function of T; this is to be compared to the bound in result (3.47). The exponential
part dominates the variance at the beginning, so the variance decays exponentially.
As time increases, the M ~2¢ term becomes the major part of the variance, and the

variance stops decreasing.

5 T

level 1
level 2
level 3
0 level 4
level 5
level 6
level 7
5t level 8
level 9

level 10

log, Vi

-20

0 1 2 3 4 5 6 7
SDE time T

Figure 3.2: Variance of corrections on each level ¢ (test case)

Figure 3.3 presents the MLMC results. The top right plot shows first order con-
vergence for the weak error and the top left plot shows second order convergence
for the multilevel correction variance. Hence the computational cost for RMS ac-
curacy ¢ is O(e~2) which is verified in the bottom right plot, while the bottom left
plot shows the number of MLMC samples on each level as a function of the target

accuracy. Here, we also compared our MLMC scheme with standard Monte Carlo
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Figure 3.3: Adaptive MLMC for invariant distribution (test case)

(Standard MC) method directly simulating )A(TL, the adaptive scheme proposed by
Lemaire using same step sequence as in Example 7.1 in [64], and the MATLA algo-
rithm in [86] with timestep h = 0.1. Both standard MC and the adaptive scheme
by Lemaire have the order O(¢7%). MLMC and MATLA have the optimal com-
plexity O(¢72). In this case, MATLA performs better due to the relatively short
mixing time and low correlations. However, MATLA and the adaptive scheme by
Lemaire only simulate one path and are difficult to perform by parallel comput-
ing. In addition, MATLA can only be applied when the density of the invariant

measure is known up to a constant.
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3.4 Extension to a larger class of ergodic SDEs

In practice, the condition (3.9) in Assumption 3.1.3 is restrictive and means that
the SDE is contractive everywhere in the whole space. However, this condition is
only a sufficient condition to make the adaptive MLMC work. Numerically, our
adaptive MLMC does not need contractivity everywhere but do require contractiv-
ity in a global sense. For example, the double-well potential SDEs which only lose
the contractivity near the connection area of the two wells. Therefore, intuitively,

our scheme works well for the systems with negative Lyapunov exponent.

3.4.1 Double-well potential SDE

First, we apply adaptive MLMC for a 100-dimensional SDEs

1
dXt = <Xt — mHXtHQXt> dt -+ th, To = 0. (354)
Our interest is to compute () with p(z) = ||z||* satisfying the polynomial growth

Lipschitz condition. Although this SDE does not satisfy the Assumption 3.1.3, it
has negative Lyapunov exponent and the numerical estimation of the contractivity
rate A in Lemma 3.1.3 is 0.15. We choose T} based on equation (3.49).

Figure 3.4 shows the variance decays due to the contractivity and the first order
strong convergence. The convergence results for the adaptive MLMC and compar-
isons with other schemes are shown in Figure 3.5. We use MATLA with timestep
h = 0.02 as the optimal scaling suggested in [85] and the adaptive scheme proposed

by Lemaire using same step sequence as in Example 7.1 in [64].

3.4.2 FENE model

We extend our adaptive MLMC scheme to the FENE model from test case 4 in
the previous chapter. Figure 3.6 shows that the adaptive MLMC also works well
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Figure 3.4: Variance of corrections on each level ¢ (double-well)

and achieves the optimal computational cost O(e™2) for the invariant measure

computation. None of the other methods are applicable here.
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Figure 3.5: Adaptive MLMC for the invariant distribution (double-well)
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3.5 Proofs

This section contains the proofs of the three main theorems in this chapter, one

on stability, and two on the order of strong convergence.

3.5.1 Preliminaries

In this subsection, we introduce some inequalities and results we use frequently in

the following sections.

Young’s inequality

For any ¢ € (0,00) and P,Q € (1,00) satisfying %+% =1, and for any A, B €
(0, 00), the following inequality holds
B AP¢P B
AB = A — < ——+ —=.
¢ P Q@
In this chapter, we use two particular cases. First, we take P = () = 2, and
¢? = 2¢ € (0,00) and obtain that

(3.55)

BQ
AB <A + —. (3.56)
4¢
Second, for any p € [2,00) and € (0, 00), we take P= L5, Q=1£, A=aP2, B=0?
and (=£P=2/P and obtain that

—2;2 (p—2)§ 2
al~ b < » al + D2 b, (3.57)

When using these in proofs, we often keep £ arbitrary initially and choose it later

to make one term sufficiently small, as needed.
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Jensen’s inequality

One variant of the Jensen’s inequality is

N P N =1 N
(Z M hy, uk> < (Z eAtkhk> > eMehul, (3.58)
k=0 k=0

k=0

where p € [1,00) and hy, ui € [0,00). Its continuous version is

p t p=1 ¢
< (/o e”sds) /O|¢(3)\pe7sds, (3.59)

where v € (0,00) and ¢ is a real-valued function with finite p-th moment with

/t o(s)e’ ds
0

respect to the distribution with density proportional to €7 in a finite time interval

0, 1].

Exponentially weighted supremum

For simplicity, for &> 0, we can denote MP = SUP< s< e“?%|| X,||P, and then by
Young’s inequality (3.56), for any £ >0, it holds that

— — 1
MM < ¢ MoP + I (3.60)

We can also denote M, " = SUPg<s<; €[] X, [P, which implies that

M?ap S eaphmax ]/\Ztavp? (361)

since X=X, and |s—s| < hpay, and

t t

/ ews/2||ys||p/2ds < M?’p/Q e(r=)ps/2 14
0 0

2e(y—a)pt/2

ey A U (3.62)

<

provided v>a>0.
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3.5.2 Theorem 3.1.1

Proof of Theorem 3.1.1. By Theorem 2.1.1, we know that 7" is almost surely at-
tainable. Therefore we can directly analyse our discretization scheme without the
K truncation which was used in that proof. The proof proceeds in three steps.
First, we derive an upper bound for e®”|| X,||?. Second, we show that the moments
E[]\/Zta’p ] and E[M,™] are each bounded by C,e®”* where C, is a constant which
only depends on p, xg, hpnax and the constants «a, f in Assumption 3.1.2. Finally,

we get the uniform bound for E[|| X, ||P] and E[[|X||?].

The proof is given for p € [4,00); the result for p € (0,4) follows from Holder’s

inequality.

Step 1: If we denote ¢(x) = x+h(z)f(z), then we obtain that

1Xe > = 11X +2hy (<)?tn,f<)?tn>>+%hnuf@n)rr?)
+2(0(X,), 9(X0) AW, + 1g(Xy,) AW,,|1%. (3.63)

Using condition (3.4) for h then implies that

X l® < 1Xl? = 20l Xe, IPha + 28

20tp 41

Since 1—2ah,, < e~2*hn and g and h are both bounded, we multiply by e on
both sides to obtain that
A = bl R e PN
F2e2t (X, ), g( Xy, ) AW,.). (3.65)
Similarly, for the partial timestep from ¢ to ¢, since (t—t) < h,,, it holds that
(Xi, f(X0) + 5 = DI F XN < —al Xl + 8, (3.66)
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and therefore we obtain that

X <X |P 4 202U ) B (¢ — 1) 4 2 I B Wy — W2

+2e2o(X,), 9(X,) (W, — W,)). (3.67)

Summing (3.65) over multiple timesteps and then adding (3.67) ensures that

ne—1
X P < ol + 2@e2ahmax(Ze2atkhk+e2at(t— ;)) (3.68)
ng—1 k=0 ne—1
+23 e (B(X,), g(Xy ) AT ) + Belmax S 2ot | AT |2
k=0 k=0

_}_2€2at<)?§_’_f()?§) (t—t), g()AQ)(Wt—Wg» + 5e2a(§+hmax)||Wt_Wé||2.

Bounding the first summation using a Riemann integral, and re-writing the second
as an Ito integral, raising both sides to the power p/2 and using Jensen’s inequality,

we obtain that

¢ p/2
P X, [P < 6P/ eophmas { [zoll” + (w e ds) (3.69)
0
p/2

ny—1 p/2
+ (ﬂ > emknAwkn?)
k=0

+ 2% X, + f (X)) (t_l_g)’g(yt)(wt_wt)>|p/2+ Bp/zeaptHWt—Wt”p} :

t -
+ ‘ 2 / 2 X $(X ), g(X ) AW,
0

Step 2: For any t € [0,7], we take the supremum on both sides of inequality
(3.69) and then take the expectation to obtain that

E []\Za’p} =FE [Sup ea”sHXs”p} < G e (I Iy o+ Iy + Iy + 1) (3.70)

0<s<t
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where

t p/2
L = ||x0\|p+<2ﬁ/ eQasds) ,
0

I, = E

I, = E

I5IE

i s - . . p/2
sup 2/ 2 WX (6(X,), g(Xu) dW.) ]
0

0<s<t

|
|

ng—1 p/2
(5 > GM’“HAWkH?) :
k=0

oiligt |2€2a§<78+f(ys) (3_§)a 9(75)(WS_W§)> ‘p/ﬂ J

sup 5p/2€ap§ H Ws— Ws,‘pl .

0<s<t

We now consider [y, I5, I3, I, I5 in turn. It holds that

I = ol + (28)"" (

e2at -1

2a

p/2
) < llzoll? + (8/a) 2.

(3.71)

(3.72)

By the Burkholder-Davis-Gundy inequality, there exist a constant C; € (0,00)

such that

<

[ S o o o P/2
E | sup 2/ e2a(g+h(Xu))<¢(XU>>g(Xu) qu) ]
0

0<s<t

E|C, ( /0 te““qu(Yu)Tg(Yu)HQdU)p/4] :

Due to condition (3.4), for u<t we obtain that

le(X)1”

<

<

I%ull? +25(%) (X FE) + 3 FFP)

IXull* +2h(X0) (—all Xu]* + 8)

||7U/H2 + 2 /maa){)

(3.73)

(3.74)

and hence by Jensen’s inequality and the boundedness condition (3.2) of g, we

obtain that

J6(X ) g (K772 < 24715774 (X172 + (2 Bl
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Therefore, using Jensen’s inequality (3.59) with v = 2q, followed by (3.62) with
v=(144/p)a and then (3.60) with { =e~*?/2(, there exists a constant C2 € (0, c0)
which is linearly dependent on ¢~! such that

i t
L o< B/t | e“(p““>“||¢<7u>Tg<7u>umdul

0

B t
< B{Che gt [ (T (2B du]
0

) (B\"" _ M \ P/ 26
< E _r (= ap(t+hmax)/2Ma7p/2 Cl p/2 max
R (04> ‘ ' TG0 e! p+4
C’l 6 p/4 —
< 3 (5) emmrcr i) v ozen (3.76)

Using Jensen’s inequality (3.58), we obtain that
t p/2—1 nyg—1
I, < pr? < / e2“3d3>
0

ST AR
hp/2
2

t p/
< ¢ (ﬁ/ eQasds) < ¢, (B/20)P 2P (3.77)
0

where ¢, = E[supg<;<; [|W; — Wo||P] < co. so that E[||AW[|P] < cphz/z.

In considering I, we start by observing that for s € [tg, ;1) it holds that

E{ sup [|(Wy =W, )| | fs} = ¢ (5=9)"* < Gphuax7 (s 5). (3.78)

tr<u<s

In addition, using (3.66) and following the same argument as for I ensure that
X+ F(Xo) (s=8) P2l g(Xo)|[P2 < 207471 214 ([ X172 + (2 Bhuma)?') - (3.79)

Therefore, combining the estimates (3.78), (3.62) with v = 2« and (3.60) with

§ = e P!/2(, there exists a C3 € (0,00) which is linearly dependent on ¢~! such
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that

[4 S 2p/2E |:Sllp eap§ ‘(78+f<73>(5_§>7g(78) (WS_WS)>‘p/2:|

0<s<t
< 2P | sup X (R s g (R 07 - W) P
0<s<t
ng—1
< PR | 3 e (I, 2 + (2Bha)?’t) sup W= TV
P tp<s<tp41

e (P 4 (20 ) s, W= W]

t<s<t
< AP R TR [ / o (X172 + (2Bhumae)”*) dS}
0
Byl e e B[] e, (a0
Similarly, again using the same definition for c,, we obtain that

Is < ¢ P2 hanax?* 1P [ (ap). (3.81)

Collecting together the bounds for I, Iy, I3, I4, I5, we conclude that we can choose
¢ € (0,00) sufficiently small so that there exist constants C, C> € (0,00) such
that

1
2

E |M?] < LE[M?] + Chllao P + C5 e, (3.82)

and hence
E [J\Za’p] < 204 ||zo|]” + 2C7 7", (3.83)
Step 3: Due to the definition of M,” and inequality (3.61), for any t € [0, oc)

it holds that

E[|XPP] < e E[M,”]

IN

e opt eaphmax E [ Mta@}

< e (200 |zo||P + 2C0) £ C,, (3.84)
and similarly
E[H)?t”p] < e—apt]E[J\Zavp] < 2CH |a|lP +2C7 < G, (3.85)
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This completes the proof of Theorem 3.1.1. O

3.5.3 Theorem 3.1.2

Proof of Theorem 3.1.2. The proof is for p € [2, p*]; the result for p € (0, 2) follows

from Holder’s inequality.

We start by combining the original SDE (1.1) with (2.3) that to obtain

o= [ -0 ds+ [ (R -gX0)awi s

and then by It6’s formula and Young’s inequality (3.56), together with ¢y = 0, and
A, n as defined in Assumption 3.1.3, we obtain that

t t
A —
A Plelr < [ BRI ds [ plen 1)~ FX e ds
0

0

t
rip—1), ~ s -
+f <2 )H ()= g [P e ds

/ D (e (9(F0)—g(X)eP/2 e [P~ dIV)
0

IN

+
pA K N
/ 2| |e, [P ds +/ ples, F(Ra)— F(X))eM™2 e, |72 ds

(X = FX))e™? ey P2 ds

e

o [ (L ) l9(R0) ~ (X[ ey s
(
(

p ~N S —
i [ (B + HEE Y o) g (e e

t
+ / D (e (9(F0)—g(X)eP/2 ey [P~ d1V) (3.87)
0

lg(X,) = g(X)II* <l X, — X% (3.88)
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(3.9) and (3.10) imply that

~ 3\

(e dR) 1000 + (257 4 3 ) Io(Ra) o) < =2 el (389)

(2.19) and Young’s inequality (3.56) imply that

(o F(X)=FX)| < lleall LK, K) 18, =K

)\ 2 f _ =~ —_
Sllesll® + L XX = X% (3.90)

where L(x,y) = v(||z|| + ||y||?) + p. Hence, it holds that

¢ ¢

A P

e’\pt/2||et||p < / —p—8 e’\ps/2||es||p ds—l—/pL(XS,XS)||X5—XS||26)‘pS/2||es||p_2ds
0 0

T / ples, (9(X)—g(X.))ew 2 |e P2 AW, (3.91)

where L(x,y) = 2L(x, y)z—l—(p;l)" + nz(pgl)Q. Young’s inequality (3.57) implies that

¢ . p/2—1 o ~ _
Ml < 2 (MEB) T LR TS s
0 p

t
+ [ plealo-g(XM Pe 2 awy. (392
0
Taking the expectation of each side ensures that

8=\ T % v e v
E [eApt/zHeth] < 2(—/\> /]E [L(Xs,Xs)p/ZHXs—XsHp} es/2ds. (3.93)
p 0

By Holder’s inequality, it holds that
N o~ ~ _ o~ —~ _ 1/2
E [L(XS,XS)WHXS—XSHP} < <E [L(XS,XS)’?] E [||XS—XS||2P]) . (3.94)

and E [[:()A(s, Ys)p] can be bounded by a constant C) due to the stability property
in Theorem 3.1.1. For any s€[0,T], X,— X, = f()?i)(s—g) +g()?§)(WS—W§), and

hence, by a combination of Jensen’s and Hoélder’s inequalities, we obtain that

E [H)ACS—YSH%} < 2%t (E [Hf(Ag)Hﬂ B [(s—§)4p]>1/2

b2 (B[l @)1 E w-wa) L 3.05)
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E[||f()?§)||4p] and ]E[||g()A(§)||4p] are both finite, due to stability and the polynomial
bounds on the growth of f(x) and g(z). Furthermore, we have E[(s— )] <
((5hmax)4p < hmax4p52p, and by standard results there is a constant ¢, such that
E[||Ws —Ws||*?] = E[ E[||Ws—W||*” | Fs] | < ¢(0hmax)?. Hence, there exists a
constant C7 € (0,00) such that E[ I1X, — X,|7] < C? 67, and therefore equation
(3.93) implies that

8(p—2 p/2—-1 t
elvelel] <2 (BF2) GG ereras au

which provides the final result: there exists a constant C, € (0, 00) such that for

all t € [0,00) it holds that

4 (8(p—2)\"*"
E[le”] < b (p—A) CIC2 6/ = C, 67 (3.97)
This completes the proof of Theorem 3.1.2. O]

3.5.4 Theorem 3.1.3

Proof of Theorem 3.1.3. The proof is given for p € [4, 00); the result for p € (0,4)
follows from Holder’s inequality. The error e, = )?t — X, satisfies the SDE de; =
(f(X:)—f(X;)) dt and hence by It6’s formula, it holds that
t t
et = [ et [ 26 e, (R s(X))ds

0

- [ 2 e HER) =S (R s
< - /0 262 (e,, f(R,)— (X)) ds (3.98)

due to the one-sided Lipschitz condition (3.18), so therefore we obtain that

p/2
] . (3.99)

sup

E {sup e)‘psHeSHp} < 2PR
0<s<t

0<s<t

/0 ey, ()~ F(K)) du
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Within a single timestep, it holds that X, — X, = f(X,)(u—u) + (W,—W,), and
therefore, following a similar approach to the proof of Theorem 2.1.4, Lemma C.1

implies that

-~

ey, f(X)—f(Xu) = (e, VX)X~ X)) + ™R,

= ey, (u—w)Vf(X,)f(XW) + MR,
+ (P =) ey, VF(X,) (Wu—Wy))
+e? (e, —ey), V(X)) (Wy=Wy))
+ ey, V(X)) (W, =W,)) (3.100)

where |R,| < (7 (1 Xull9+]Xu]7) + u) llew|| | Xu—X4|[2 and hence it holds that

\ 100/2
E {sup e P8||es||p} < (L + I+ I3+ I + I5), (3.101)

0<s<t 5

where

i s p/2
L = E{sup |[ ey, (u—u)V[f(X,)f(X,)) du ]

0<s<t

S—

s P/2
I, = K| sup /e”“Ru du ,
_Ogsgt 0
[ s . p/2
I, = E|sup / (e —e® %) (e, V(X)) (Wy—W,)) du . (3.102)
0<s<t |Jo

S~

s p/2
Iy = E|sup e”@«eu_e@)vvf(YU)(Wu_WQ» du ]7

0<s<t
p/2]

We now bound Iy, Iy, I3, I4, I5 in turn. Noting that u—u < dhnax, by Young’s

Is = E /| sup /e2>‘“<€u,vf(7u)(Wu—Wu)>du
0

0<s<t
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inequality (3.56) and Jensen’s inequality (3.59), we obtain that

eMp/2-1)t . o .
hs—pE [ / P12 (Ol e[ f (X )IIIIVf(Xu)II)” & du] (3.103)
erMp/2-1)t
(Shma)"*E [ sup e¥2]le, |/ Hf DIV £ (X [P du
)\ /2 ! 0<s<t
p 1t o .
<& E | sup e>\p8H65||p P 5hmaX)P/ E [Hf(Xu)Hpva(Xu)Hp] M das.
0<s<t 4§ A\P— 0

The last integral is finite because of stability and the polynomial bounds on the
growth of both f and V f, and hence there is a constant C; € (0,00) such that
IL <¢E [sup e)‘ps||es||p] + (C;/{) et P, (3.104)
0<s<t

Similarly, using Young’s inequality (3.56), Jensen’s inequality (3.59) and the Holder

inequality, we obtain that

Ap/2-1)t pt o
I, < W/ E (X2, |[P2L72( R, X )| X=X ] € du (3.105)
0

e)\(pfl)t t O N L 1/2
<¢E [sup e)‘pSHeSHp}—l— : / (E[L?P(Xu,xu)] E[HXU—XUH‘*”D My,
0<s<t 4§ At

where L()?u,yu) =y (||)?u||q+||yu||q)+u. Hence, using stability and bounds on
E [H)/EU—YUHM’] from the proof of Theorem 3.1.2, there is a constant C?> € (0, o0)
such that

L <¢R {Sup e)‘p5||es||p] +(C2/E) e 6P, (3.106)

0<s<t

The fact that e***—e?* < 2) e (y —u), and Jensen’s inequality (3.59) imply that

(p/2—-1)t pt
U 5% /2 u
I3 < W/OE[&P /2(2)\5hmax||eu||||Vf(Xu)|| ||Wu—WQ||)p }e’\ du, (3.107)
and using the approach to estimating [y, there is similarly a constant Cg € (0,00)
such that

I, <¢R {Sup e)‘p5||es||p] +(C2/E) e 6P, (3.108)

0<s<t
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For the next term, I, similarly to the estimation of the bound of ||e;— e in
the proof of Theorem 2.1.4, by Theorem 3.1.2, we find that there is a constant
¢, € (0,00) such that

E[lles—ed?] < ¢, 6P/ (3.109)

Now, by Jensen’s inequality (3.59), we obtain that

e)\(p—Q)t

I, < —<2)\)p/271

t
/ E [|les—esl PV (X2 W= Wl[P?] e*ds,  (3.110)
0

so using Holder’s inequality and the usual stability bounds, we conclude that there

is a constant C € (0,00) such that
Iy < Chetév. (3.111)
Lastly, considering that
d((t—tnsr) We=Wr4,)) = We=Wy,) dt + (t—tpy1) AWV, (3.112)
in the time interval [t,,t,.1] conditioned on F;_ , we obtain that

tnt1 tni1
/ (W, ) du = — / (U—tsr) AW, (3.113)
tn tn

and therefore we can split I5 into two parts

p/2

I, < 227V E | sup
0<s<t

ns—1 g .
S [ st e VA A

k=0 Ytk

+E

0<s<t

s L p/2
sup /e2’\“<eu,Vf(Xu)(Wu—Wu)>du ]}

= 1N + Iny). (3.114)

By the Burkholder-Davis-Gundy inequality, Young’s inequality (3.56) and Jensen’s
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inequality (3.59), there exists a constant c, € (0, 00) such that

i S p/2
Iy < E|sup / 62/\2(“ T h(yg)ﬂ% vf(yg)dWU> ]
0

0<s<t

IN
=

t p/4
! ( / e““(ahm)?||eu||2||w<m||2du) ] (3.115)

[ t p/4
< o sup e’ ([ Ghun IV FK )P0 ]
0<s<t 0
E ey 7]+ LE [ )2 [ b [V 5 (X )
< s — S “du .
< 68 | sup | + 2B | (@) i | Ghamd IVA TP
Hence, there exists a constant C’;’l € (0,00) such that
I5; <¢ER {sup e)‘ps||65]|p] +(C1/€) e 6. (3.116)
0<s<t
Finally, for I55, the Young’s inequality (3.56) and Jensen’s inequality (3.59) imply
s p/2
Is; = E | sup / {ew, V(X ) (W, —W,))e* e du ] (3.117)
o<s<t |Js

< <5hmax>p/“E[ up H@qu/QHVf(yu)HpﬂHWu—Wqu/ze’\p“du}
<

S
0<Sit S

t
< B2 18| (sup @ 2e2) [T FCE P, -0 2 |
0

0<s<t
Apt/2

e
< EE | sup eles||P| +
=¢ {p | “] 26\

Thus, we find that there exists a constant C5* > 0 such that

t
(5hmax)3p/“/ E [|V£(X.)["] " du.
0

a < 6 [ sup P lealP] + (€270 (3.118)

0<s<t

Combining the five bounds, and choosing £ to be sufficiently small, we conclude
that there is a constant C,, € (0, 00) such that
E {sup e)‘psHeSHp} < C, et P, (3.119)
0<s<t
and therefore for all ¢ € [0, 00) it holds that
E [|le:||!] < C,0". (3.120)
This completes the proof of Theorem 3.1.3. m
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3.6 Conclusion

In this chapter, we considered the adaptive approximations of the ergodic SDEs
in an infinite interval. The uniform bound with respect to 1" are established for
the moments, as shown in Theorem 3.1.1, and strong error of the numerical solu-
tions when the contractivity condition is satisfied, as shown in Theorem 3.1.2. In
addition, we extended this adaptive scheme to the MLMC method for the ergodic
limits by using different time intervals on different levels, as shown in Algorithm
1. By shifting the time intervals we constructed an efficient coupling of the fine
path and the coarse path with different simulation times. The numerical results
contained in section 3.3 support our analysis. Last but not least, we extended
without proof our scheme to a larger class of SDEs with contractivity on average,
for example, the FENE model and SDEs with a double-well potential, in section

3.4. Our adaptive scheme still works well and achieves an optimal complexity.
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Chapter 4

SDEs without contractivity

This chapter is an extended version of the published paper [25]. In this chapter,
we construct a new MLMC scheme for ergodic SDEs without contractivity by
using change of measure techniques, as we outlined in the introduction. However,
due to loss of contractivity, adaptively choosing T, does not work and we simply
simulate the SDE for a sufficiently long time 7. The exponential convergence to

the invariant measure [75] is given by
IE [0(X7) — ()]l < pre™™7 (4.1)

for some constant p*, \* € (0, 00), and bounding this truncation error by ¢ requires

*

1 1
T > ;log(é‘*l)—i— Oif :

(4.2)

Change of measure techniques have been used in previous research to reduce the
variance of corrections in MLMC. Giles proposed to use the same Gaussian sam-
ples for the final step of both fine and coarse paths with a change of measure for
the pricing of the digital option on page 38 in [32]. To cope with SDEs with path-
dependent jumps, Xia & Giles [106] used a change of measure so that the accep-
tance probability of the jumps is the same for both fine and coarse paths. Kebaier

& Lelong [54] optimize over a class of measures to optimally reduce the variance of

91



MLMC corrections. Andersson & Kohatsu-Higa [2] change the sampling distribu-
tion to make the MLMC correction variance finite for unbiased simulation of SDEs
using parametrix expansions. Stilger & Poon [92] apply it for MLMC calculation
of an interest rate model and Gasparotto [29] for deep out-of-money options to

reduce the variance.

The change of measure technique together with the Lamperti transform is also
the core part in the exact simulation of SDEs, see [8] and the references therein.
Importance sampling (change of measure technique) has also been widely used in
rare event simulations, see [19, 52] for a good introduction and review and the

references therein.

Lastly, the construction of good coupling between paths is also useful for theoret-
ical results. Eberle et al. [20] proposed a new coupling method to estimate the
theoretical convergence rate for Langevin dynamics. See [16] and its references for

further exploration.

The rest of this chapter is organised as follows. Section 1 introduces the new
MLMC method with the change of measure. Section 2 states the main theorems,
and the relevant numerical experiments are provided in section 3. Numerical
results for SDEs with non-globally Lipschitz drift are given in section 4. We apply
this technique to the numerical method for some elliptic PDEs in section 5. The
proofs of the main theorems are deferred to section 6. Finally, section 7 concludes

this chapter.

4.1 New MLMC with change of measure

In this chapter, we use the standard Euler-Maruyama method to simulate the

original SDE (1.1) using N uniform timesteps under the measure PP, that is
tost =to+h, X, = X, + (X )0+ AWE, (4.3)

where AW; £ WE  — W[ for n € {0,1,..., N—1} with o = T/N and there is

fixed initial data ty = 0, )?to = xy. Then, the standard Monte Carlo estimator for
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EP [o(X7)] is the mean of the values o(X%), from N, independent path simulations

using h = 27Lhq for some suitable constant hy € (0,00) and positive integer L is
Np
~ — >L,(n
Bata = N> p(Xp™). (4.4)
n=1

For standard MLMC, instead of directly estimating E¥ [cp()?%)} , we have the

following telescoping sum in the same probability measure P :
E” [o(XF)] = BF |o(X9)] + ZEP [P(RE) (X H],  @s)

where )A(%E and )A(;’e_l share the same driving Brownian motion. Then, the stan-
dard MLMC estimator becomes

No
Goime = Ny 'S (XY +ZN Z( (REA) = (X5 H)) . (46)
n=1

Now we introduce the new MLMC scheme with change of measure using a spring
coefficient S € (0, 00).

For level 0, the numerical estimator is the same as the standard MLMC go()?%)

For level ¢ € {1,2,..., L}, we simulate the SDE with the additional spring terms
using the timestep h = 27 hy for the fine path and 2h for the coarse path.

o At ty, we set }//\;g = }//\;g = x9.

e At odd timesteps to,+1 = to, +h for n € {0,1,2,..., N/2—1}, we update both

paths
Vi = Y +S( =YI)h+ [V )h+ AW, (4.7)

e At even timesteps to, 1o = to,i1 + h for n € {0,1,2,..., N/2—1}, we update
the spring term and drift term of the fine path, but keep both the same for

the coarse path

}/;Zn+2 = }/;Zn-‘—l + S( f - Yc )h + f( C )h _'_ AWQFTL-F]_?
}/;J;n+2 = t2 +1 + S( ton+1 }/tjzc +1)h‘ + f( ton +1)h + AWQPTL+1' (48)
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Note that the coarse path updates can be combined to obtain that

AC
}/t?n+2

= Y + SV, —Ye2h+ f(YE )2h + AWy, + AWE . (4.9)

Next, we derive the exact Radon-Nikodym derivatives for both fine and coarse
paths. To begin with, suppose we only apply the change of measure to the nth

timestep. Under the measure P, we obtain that
Vi = Xt St f(X DA AWS = ¥,y ~ NF(Xy, 4/ (X, )hSh, hI), (4.10)

where [ is the identity matrix, N¥(u, ¥) is a normal distribution under the measure
P and S is the spring term. Under a new measure @n with AW2» = Sh+ AWE

we get
Vie = Yo, + V) + AWR = Y, ~ NOY, 4+ f(V, )b, D). (4.11)
Then the exact Radon-Nikodym derivative for this single step is that

AQ, oV Ve, + FVi )R RD) (3
= — — = = — tnt1s
AP (Y., |Ye, + f(Ye, )b+ Sh, ki) o

Y, .S, h), (4.12)

where p(z|u, X)) is the probability density function of N(u,¥) and
R(Voois V0 80) = exp (= (Fis = Tiy = F(T )0, ) + |15)20/2)
— exp (— <AW$§”, §> - H§||2h/2> . (4.13)
Now, suppose that we introduce such changes on each timestep of the whole path,
so under a new measure @, we have AWY = §h+AWE, foralln € {0,1,2,..., N—
1}. Since AWE and AW, for all n € {0,1,2,..., N—1}, are sets of independent

Brownian increments under the measure P and @ respectively, the exact Radon-

Nikodym derivative becomes

aQ.
dP

N—-1

= [[ R(Y..,..Y... 5. h). (4.14)
n=0

Numerically we obtain two new measures Q/ and Q° with Ang = §,{h + AWE
and AW,;@C = :S'\flh + AWPE respectively for all steps on the fine and coarse paths,
where g,{ and §5 are the spring terms on nth step for fine and coarse paths. Then
we can calculate the exact Radon-Nikodym derivatives step by step at the same

time as updating the paths.
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o At g, we set R{O =R§ = 1.

e At odd timesteps to, 11 = to, +h for n € {0,1,2,..., N/2—1}, we only update
R/
Rf

f v/ v/
ton41 Rtgn R (Y;fgwrla Y;ana

SV, V4, h). (4.15)

e At even timesteps to, o = to,i1 + h for n € {0,1,2,..., N/2—1}, we update
both R/ and R¢

Rtf2n+2 = Rthn-ﬁ-lR ( 1/vt‘fn+27 S/;;‘.n+l7 S(}/;Zn-&-l - }/;fn-&-l)’ h) ?
R§2n+2 = Ri?n R <Y;/§n+27 }/t;n’ S(}/tgn - }/tgn)7 2h> : (416)

Then, after N steps, we obtain the exact Radon-Nikodym derivatives for the whole
path

dQf T St Df ove _of

W = RT: H R<Y;E,L+17 )/tnv S(Y;tn _Ytn)’ h)?
n=0

d@c N/2—-1

= = Ro= ] R(Ve,. Ve, SOL-Te). 20).  (4a7)
n=0

Finally, the multilevel correction estimator becomes
o(Y1) RE — (V) RS, (4.18)

and the identity we use in the new MLMC is that
L
B [o(R5)] =B [@(XD)] + DB [w(VEORE — oV 'REH], (419)
=1

where R%’e and R%Z are the exact Radon-Nikodym derivatives for the fine and

coarse paths on level /. The new MLMC estimator becomes

No
Poew = Ng' Y p(X7™) (4.20)
n=1

L Ny

_ 1l (n L, (n vel—1,(n c,l,(n
FINTS (REOREAD — o R0 Rt
/=1

n=1

In the following sections, we only work under measure P, so we use W; to denote

WFE for simplicity.
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4.2 Theoretical results

In this section, we state the key results on the stability and strong error of the
path after the change of measure, and then the variance of the estimator (4.18)

and the resulting MLMC complexity.

Assumption 4.2.1 (Lipschitz continuity and dissipativity). Assume f is globally
Lipschitz so that there is a constant K € (0,00) such that for any z,y € R™ it
holds that

1 ()= F)ll < K flz—yl| (4.21)

Furthermore, assume that there exist constants &,B € (0,00) such that for all

x € R™, f satisfies the dissipativity condition
(, f(x)) < =) + 5. (4.22)

Note that a consequence of the globally Lipschitz condition is that

Lf@) < [1FO)+ Kzl = [f (@) <2 (IFO)* + K2||=[) . (4.23)
This assumption ensures the existence and uniqueness of the strong solution to the
SDEs [67] and the convergence to the invariant distribution [73]. Note that the
globally Lipschitz assumption is needed for simplicity of the proof but numerical
experiments in section 4.4 show that the change of measure technique also works
well for SDEs with non-globally Lipschitz drift. The following theorem, based
on this assumption, shows that our numerical scheme with sufficiently small A is
stable and the moments of the numerical solution are uniformly bounded with
respect to 7.
Theorem 4.2.1 (Stability). If the original SDE satisfies Assumption 4.2.1 using
the new change-of-measure algorithm with S € (0,00), then for any T € (0,00),p €
[1,00), there exist constants C1y, Croy € (0,00) independent of T and p such that

for all h € (0,Cy), it holds that

~ 1/p ~ 1/p
s E[IVI1P] T <o swp E[ITP] T < Coppt
ne{0,1,2,...,N} n€{0,1,2,...,N}
(4.24)
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Proof of Theorem 4.2.1. The proof is deferred to section 4.6.1. [

It is important to note that the constants C(1), C(2) depend on the specifics of the
original SDE and the value of S, but not on T, h or the moment power p. This result
is expected since the spring term is only a linear function of the numerical solution
and the magnitude is small which does not destroy the dissipativity condition and
allows us to obtain the uniform bounds. For the first-order strong convergence, we

need the following assumption.
Assumption 4.2.2 (One-sided Lipschitz property). There ezists a constant A €
(0,00) such that for all z,y € R, f satisfies the one-sided Lipschitz condition

(@ =y, f(2) = f(y)) < Az =yl (4.25)

and f is differentiable and V f(x) satisfies the globally Lipschitz condition (4.21).

Note that the globally Lipschitz condition (4.21) implies this one-sided Lipschitz
condition (4.25). However, the one-sided Lipschitz condition can give a sharper
bound for the positive side, which means that K can be much larger than \. The
spring term in our algorithm is only needed when the inner product (z —y, f(z) —
f(y)) is positive, to prevent the exponential divergence of the fine and coarse paths.
See the adaptive spring for double-well potential energy SDE in section 4.4 where
we choose S to be a function of the current state to minimize the spring term and
thereby reduce the size of the Radon-Nikodym derivative. The other consideration
is that possibly we can extend this scheme to SDEs with locally one-sided Lipschitz
drift, for example the stochastic Lorenz equation. Therefore, this condition helps
us to obtain an accurate choice of the spring term S as shown in the following

theorem.

Theorem 4.2.2 (Difference between fine and coarse paths). If the original SDE
satisfies Assumptions 4.2.1 and 4.2.2 using the new change-of-measure algorithm
with S > \/2, then for any T € (0,00) and p € [1,00), there exist constants
C1y, Cio) € (0,00) independent of T and p such that for all h € (0,C) it holds
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that

~ ~ 1/p
sup B[V = Ve r] " < Cap min (o2 012, ph). (4.26)
ne{0,1,2,...,N}

Proof of Theorem 4.2.2. The proof is deferred to section 4.6.2. O

The L, norm of the difference between the fine and coarse paths, as we expected,
is uniformly bounded since we add a sufficiently strong spring term to recover
the contractivity. With this result, we can bound the pth-moment of the Radon-
Nikodym derivatives and then the MLMC estimator (4.18).

Theorem 4.2.3 (Radon-Nikodym moments). If the original SDE satisfies As-
sumptions 4.2.1 and 4.2.2 using the new change-of-measure algorithm with S >
A2, then for any T € (0,00) and p € [1,00), there exist constants C),Cay €
(0, 00) independent of T and p such that for all h € (0, min(Cpy, C2)/(Tp?))) it
holds that

-~ |P ~ . |P
dQc dQ’
< —_— < 2. .
E P <2, E 0 ] <2 (4.27)
Proof of Theorem 4.2.3. The proof is deferred to section 4.6.3. O

Theorem 4.2.4 (MLMC moments). If the original SDE satisfies Assumptions
4.2.1 and 4.2.2, and ¢ : R™ — R s globally Lipschitz using the new change-of-
measure algorithm with S > \/2,, then for any T € (0,00) and p € [1,00) there ex-
ist constants C1y, Cz), Cs) € (0,00) such that for all h € (0, min(C(1), C(2)/(Tp?))
it holds that

~ ~ p71/p
op QoA
E ||e(Y) p P07 3 ] < Cap* VT h. (4.28)
Proof of Theorem 4.2.4. The proof is deferred to section 4.6.4. O

Note that this theorem implies that the variance of the estimator (4.18) is bounded

by CoTh?, which increases linearly in 7.

We now have everything we require to determine the MLMC complexity.
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Theorem 4.2.5 (MLMC for invariant measure). If ¢ satisfies the globally Lip-
schitz condition and the SDE satisfies Assumption 4.2.1 and 4.2.2 with conver-
gence rate \* and constant p* in (4.1), and Lyapunov exponent k, then by choos-
ing suitable values for L, S, hg and N, for each level {, there exist constants
1, 2, c3 € (0,00) independent of T and p such that the estimator @ has a mean

square error (MSE) satisfying the bound

E[(&—m(e)] <&,

with ¢ € (0,1) and an expected computational cost Cgyq for the standard Monte

Carlo estimator @gq (4.4) satisfying the bound
Caqa < ¢ €3 logel, (4.29)

and an expected computational cost Come for the standard MLMC' estimator Qime

(4.6) satisfying the bound

_9_ _K_
lemc S Cy € 2o

loge|, (4.30)

provided k/X\* < 2, and Cop, for the new MLMC' estimator with change of measure
Pnew (4.20) satisfying the bound

Ceom < c3 € 2|logel? (4.31)

Proof of Theorem 4.2.5. By Jensen’s inequality, the MSE can be decomposed into

three parts:

E[@—(¢)] = VIE+IER] (o) (4.32)
< VI +2|E @] - Elp(Xn)lI*+ 2 [E[p(Xr)] — n(p)],

which enables us to achieve the MSE bound by bounding each part by 2/3. Due
to the exponential convergence to the invariant measure (4.1), we bound the third

part by setting
(4.33)



to bound the truncation error. The first order weak convergence requires hy =

O(e) and L > [vylogy(e71) + (] for some v, ¢ € (0, 00).

For the standard Monte Carlo method using hy, the computational cost for each
path is O(e~!|loge|) and the bound on variance requires O(¢~%) samples, which

gives a total computational cost
Cuqg < c1 3| loge, (4.34)
for some constant ¢; € (0, c0).

The analysis for the two MLMC schemes is similar to the MLMC theorem in [32]

and shows that the optimal computational cost is bounded by

L 2 L
32 (Z\/W Cg> + > Ce, (4.35)
£=0 £=0

where C, and V, are the cost and variance for each level.

For standard MLMC, we have first order weak convergence but the variance of V

for ¢ € {1,2,..., L} increases exponentially in 7', which implies that
Vo< i (ho27")? e, (4.36)

for some constant 1, € (0,00). A good MLMC coupling requires CyVy > CyV4,
and given this condition and 8 = 2, v = 1, the optimal cost is O(¢72Cy). The

condition CyVy > C;V] requires

ho = 791 eiNT/Q = CO = 192 gfﬁ

loge|, (4.37)

for some 91,15 € (0,00). The condition k/\* < 2 ensures that hg is greater than
the timestep required by the standard Monte Carlo method so additional MLMC
levels are required to achieve the desired weak convergence. Therefore, there exists

a constant ¢y € (0, 00) such that

K
2- 2%

Cotme < €9 €~ logel. (4.38)
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For the new MLMC with the change of measure, Theorem 4.2.4 ensures that

Ve < mo(ho27)T, (4.39)
for some 7, € (0,00). The condition CyVy > C;V; requires

ho = 05 T7Y2, (4.40)
for some 93 € (0, 00), but the bound in Theorem 4.2.4 requires the tighter condition
ho =947 = Co=1;s|logel?, (4.41)
for some 94,95 € (0,00). Therefore, there exists a constant ¢z € (0,00) such that
Ceom < c3e?|logel? (4.42)

This completes the proof of Theorem 4.2.5. O]

4.3 Numerical results

In this section, we present the numerical results for a globally Lipschitz version of

the stochastic Lorenz equation with additive noise:

T 10(B(zg) — 1)
T3 B(Il)l'g — %Ig

where B(z) = 652/ max (65, |z|). When |z1| € (65, 00) and |z2| € (65,00), we have

T 650 sgn(zq) — 10z
flaa| = [ 65sgn(z)(28 —a3) — a2 | . (4.44)
T3 65 sgn(xy)re — %xg

Therefore, f satisfies the globally Lipschitz condition (4.21) and the dissipativity
condition (4.22). In the region of |z;| € [0,65] and |z3| € [0,65], which contains

the chaotic attractor, this function will retain the chaotic property of the original
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Lorenz equation. Our interest is to compute 7(y), where p(z) = ||z|| satisfying
the globally Lipschitz condition. We ran 10000 sample paths from 7" = 0 to 20 to

get the following results.

Figure 4.1 is a semi-log plot of the variance on each level as a function of 7" without
the change of measure. The blue to red lines correspond to the variance on each
level £ =1 to 8 with hy = 27¢hy and hg =279 :

Vo(X5) = o(XF)| ~mhi e, (4.45)

for some 1, € (0,00), which increases exponentially with respect to 7' and stops
increasing when it reaches the decoupling upper bound V [gp()?f)] +V [gp()?tf )}
shown in yellow to green lines. In addition, as the level increases, the variance
decreases at rate 2. For T' € [10, 20|, we can see that the standard MLMC on level
¢ = 8, using h = 2717, still can not achieve a good coupling, that is, the variance of
the level estimator is approximately the sum of the variances of the fine and course

estimators. In order to see this exponential increase, we plot the log variance on

10 T T T T

log variance

30 | | | | 1 | | | |
0 2 4 6 8 10 12 14 16 18 20

SDE time T'

Figure 4.1: Variance for each level without change of measure

level 8 using h = 277 with respect to T' and the fitted linear function on time
interval [5, 10], see Figure 4.2(a). The x we fit is 1.36.
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Figure 4.2: Variance on level 8 with/without change of measure

Similarly, for the new MLMC with spring term S = 10, Figure 4.3 is the semi-log
plot of the variance on each level as a function of 7" with change of measure using

same hy:
V{o(Y))RE — o(YH)RG| ~ 12 i T, (4.46)

for some 7, € (0,00). As the level increases, the variance decreases at a rate 2.

In order to see the linear increase in T', we plot the variance on level ¢ = 8 with

log variance

.10 i

15 I I I I 1 I I I I
0 2 4 6 8 10 12 14 16 18 20

SDE time T

Figure 4.3: Variance for each level with change of measure
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respect to T and the fitted linear function on time interval [5, 20], see Figure 4.2(b).

We have investigated and illustrated the dependence of V;, on T for both schemes.
Next, we investigate the impact of this increase on MLMC schemes, that is the
requirement of hg to achieve a good coupling, that is V > 2V;. We plot log hg with
respect to 1" in Figure 4.4. The blue line confirms the exponential decrease of hg
with respect to 7' in (4.37). The coefficient of the log function fit is 0.49 which
confirms the relationship (4.40).

—#— std MLMC
4 ©—new MLMC | 1
Linear fit
e N — — Logfit
I L
N\
-8 — *
S 0o TR 6 00L00000Q__
* -4
gp 10 S 1
Q \&
-~
12 e
N
E3
N
-14 *\*\
16 B
h
-18
0 5 10 15 20
SDE time T

Figure 4.4: The required hg to achieve a good coupling

Lastly, we estimate the convergence rate A\* to the invariant measure. Figure 4.5(a)
plots the function value ¢(X;) with respect to time ¢ and its moving upper bound
and lower bound. We plot the error bound (the difference between the moving
upper bound and the moving lower bound) in Figure 4.5(b) and the exponential
fit. The fitted \* is 0.1741. Therefore, in this case with A* = 0.1741 and k = 1.3601,
the standard MLMC fails to achieve any computational savings by Theorem 4.2.5.

4.4 Extension to non-Lipschitz SDEs

In this section, we extend this change of measure technique to ergodic SDEs with

non-Lipschitz drift using the adaptive timestepping method proposed in subsection
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Error bound

0 5 10 15 20 0 5 10 15
SDE time T' SDE time T’

(a) E o(Xt) (b) Error bound

20

Figure 4.5: Estimation of the convergence rate to the invariant distribution

2.1.1. Without any proof, we show some numerical results for the SDE with a

double-well potential energy and the stochastic Lorenz equation.

4.4.1 Double-well potential energy

We consider

1

The probability density function of its invariant distribution is

exp(22? — )

[ exp(2a? — jxt)da’

and it has two different wells, at x = +2, see Figure 4.4.1.

(4.47)

(4.48)

This SDE satisfies the dissipativity condition (4.22) and one-sided Lipschitz con-
dition (4.25) with A = 2 but the drift is non-globally Lipschitz. For the standard
MLMC scheme, the issue is that the fine and coarse paths may diverge to different

wells, which can result in a large variance and high kurtosis. Using the change of

measure technique can reduce the divergence and then improve the efficiency.
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Figure 4.6: Probability density function of the invariant distribution

We simulate the SDE with initial value x¢ = 0 to time T" = 5, and use the adaptive
function
h5(x) — maX(L ’$‘)1
8max(1, |2z — 523|)

9, (4.49)

with § = 27¢ for each level . We compare three different schemes:
e standard MLMC with adaptive timestepping.

e MLMC with adaptive timestepping and change of measure with a constant

spring coefficient S = 1.

e MLMC with adaptive timestepping and change of measure with an adaptive
spring coefficient
S(r) = max(0,2 — 1.52%). (4.50)

The second scheme uses S = 1 following the suggestion of Theorem 4.2.4. The
third scheme improves on the second by choosing an adaptive S and avoiding
unnecessary spring term, reducing the variance without losing the control on the
divergence. By performing a first order Taylor expansion on (1.65), we choose
S(z) = max(0, f'(x)) to deal with the divergence locally.

We ran 10000 samples for each level ¢ for the three schemes. The numerical results

are shown in Figure 4.7.

106



>
h=1 —*— std MLMC —#—std MLMC
E -6 —O&— Const spring —6— Const spring
< —O— Adaptive spring 5 —O— Adaptive spring
2 7 -
o
&
o 8 =
Q o
g gp 10
o -9 =]
o =
o
g 10 i
= -15
A
b?}l -1 ~
2 ¢
-12 -20
1 2 3 4 5 6 0 2 4 6 8
Level ¢ Level ¢
12 2000
—*— std MLMC X —>— std MC
10 |Zo- Adspive spn \ S Constspn
prve sping 1500 ! Zo ndaptve sprin
\ ptive spring
o 8 % \
(=]
1000 |
~ &)
g, 3 \
= %) \
\
500 Y
4 -
[E8
~ _ A
-0 —8 o —B -y BO- O — = %
2

0
0 2 4 6 8 0
Level ¢

0.002 0.004 0.006

3

0.008 0.01

Figure 4.7: MLMC convergence test for the double-well potential energy

The top left figure plots the divergence probability with respect to the level /,
where the divergence probability is defined as

E [lllii—)?;nx] =P [IIXzJi — Xzl > 1) (4.51)

The probability decreases as ¢ increases since the timestep h, is smaller and the

difference between the fine and coarse path decreases. The decrease rate we fit is

P [||)?;i ~Xe| > 1} ~ O(hL). (4.52)

The two schemes with change of measure have zero divergence on all levels.

The top right figure plots the variance of corrections V;, with respect to level ¢.
The V; of the two schemes with change of measure decrease at the similar rate
2 while the standard MLMC has a slower rate of approximately 1.28 since the

divergence of the fine and coarse paths dominated the variance. The scheme with
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the adaptive spring coefficient has lower V;, than the scheme with constant spring
coefficient since the unnecessary spring will increase the variance of the Radon-

Nikodym derivative.

The bottom left figure shows the log kurtosis with respect to level £. The kurtosis of
standard MLMC will increase exponentially while the kurtosis of the schemes with
change of measure will stay constant. A similar intuitive explanation applies here.
The divergence samples again dominate the 4th moment and then the kurtosis on

each level is R R
EIX] - X5
K, ~

P E hy 2, (4.53)
E|IXf - X5]

The rate of increase in the figure is 1.06 which is quite close to the rate of decrease

of the divergence probability.

The bottom right figure plots the costs of the three schemes together with the
standard Monte Carlo method with respect to €. The costs of all the MLMC
schemes are O(¢7?) while the standard MC is O(¢7?) and the scheme with adaptive

spring has the lowest cost.

Overall, the new MLMC schemes with change of measure perform better especially
the one with an adaptive spring. They can not only keep the kurtosis constant

but also reduce the variance and hence the total computational cost.

4.4.2 Stochastic Lorenz equation

This is a three-dimensional system modelling convection rolls in the atmosphere:
diUt = f($t) dt + th, with

T 10(1’2 - 1'1)
f ) = 1'1(28 — 1'3) — T | . (454)
I3 179 — §x3

3
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This SDE does not satisfy the dissipativity condition (4.22) and one-sided Lips-
chitz condition (4.25), and is more chaotic compared with the truncated Lipschitz

version in previous section.

We simulate the SDE with initial value xy = 0 to time 7" = 10, and use the

adaptive function:
max (100, ||z[|?)

T ol max (100, || f(2)][?)

ho(z) (4.55)

with 6 = 27¢ for each level . We compare two different schemes:
e standard MLMC with adaptive timestepping.

e MLMC with adaptive timestepping and change of measure with a constant

spring coefficient S = 10.

A possible third scheme is the scheme with an adaptive spring, which requires us

to calculate the largest positive eigenvalue of the Jacobian matrix %.

We ran 10000 samples for each level ¢ for the two schemes. The numerical results

are shown in the Figure 4.4.2.

The top left figure shows that the change of measure technique can greatly reduce

B e ”>10} and actually no divergence occurs in this
T T

numerical experiment at any of the levels. The rate of decrease for standard MLMC

is 0.82.

the ratio of divergence E [Il

The top right figure illustrates the variance reduction of the change of measure
technique, and the rate of decrease of the variance for level corrections V; is ap-
proximately 2 for change of measure and 0.83 for standard MLMC, which is similar

to the rate of decrease of the divergence probability.

The bottom left plot shows that the kurtosis of standard MLMC increases expo-
nentially as the level ¢ increases while the kurtosis of change of measure remains
constant. The increase rate is 0.96 which is close to the decrease of the divergence

rate.

The bottom right plot implies that the total computational cost is O(e72) for the
MLMC with change of measure and O(e~3) for the standard Monte Carlo method.
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Figure 4.8: MLMC convergence test for the Lorenz equation

The computational cost for standard MLMC is worse than the standard Monte
Carlo method due to the high kurtosis and large variance V; and it is already quite

hard to get the result for £ = 0.01 in a reasonable computational time.

4.5 Extension to elliptic PDEs

In [33], Giles & Bernal proposed a new splitting method for MLMC to estimate
the mean exit times for multi-dimensional SDEs and associated functionals cor-
responding to the solutions to high-dimensional parabolic PDEs. When the time
horizon goes to infinity, the mean exit times with its functionals correspond to the
solutions to elliptic PDEs. In this section, we will explore the possible application

of the change of measure technique to this research direction.
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The benefit of performing a change of measure for MLMC is similar as in the
previous sections, since in some cases, like for a double-well potential SDE and
the Lorenz equation, the fine path and coarse path may diverge to different wells
or diverge exponentially. Adding a spring term to the two paths can avoid the
divergence and reduce the distance when one path exits the domain, which can

reduce the variance and kurtosis.

We add the spring term to both paths until one of them leaves the domain and after
that, we use the splitting method proposed in [33] to simulate the remaining path
without the spring term and use the boundary correction technique proposed in
[39]. Now, we present some numerical results for the double-well potential energy
SDE. We consider the SDE (4.47) and estimate the expected exit time E [7] from
the domain {z € R: |z| < 2}, which correspond to the solution to the following
one-dimensional elliptic PDE (actually an ODE):

10°V 1 5,0V

éw + (233 — 5233)% +1 = 0, (456)
V() = o0
V(-2) = 0.

We use the finite difference method:

Vn+1 - 2Vn + Vn—l 1 3 Vn+1 - Vn—l
2, — o)L Tt
TN + (22 = 57— 5A;

+1=0, n=1,--- ,N—1,
V=0, V=0,

where N = Aix and solve it by solving a linear system. For the initial point of SDE
Xo =0, we get

E[r] =V(0) =1.3722 (4.57)
with Az = 2% 1074,
We simulate the SDE with initial value o = 0 to a sufficiently long time T" = 10
to control the truncation error of the infinite time interval. Although (4.47) is
non-globally Lipschitz, we simulate it in a bounded region and in this region it is

Lipschitz and we can use the Euler-Maruyama method with a uniform timestep

272 for each level. We compare the following three schemes:
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e standard MLMC,;
e MLMC with splitting proposed in [33];

e MLMC with splitting and change of measure with adaptive spring coefficient

S =max (0,2 — 1.52%) . (4.58)

We ran 10000 samples for each level ¢ for the three schemes. The numerical results
are shown in Figure 4.9. The top left figure shows the weak convergence rate; both
algorithms have a rate 1. The top right figure demonstrates that the change of
measure technique can reduce the variance and result in a higher decrease rate than
the standard MLMC method. The bottom left figure plots the kurtosis with respect
to the level ¢ and illustrates that the change of measure technique does reduce the
kurtosis significantly and the kurtosis remains bounded while the kurtosis for the
standard MLMC increases exponentially. The bottom right figure shows that
the computational cost is reduced by a constant factor and both MLMC schemes
achieve O(e7?) cost while standard Monte Carlo method has O(¢~%) computational

cost.

4.6 Proofs

For simplicity of the proof, we introduce the notation a(h) < b(h) which means
that there exists a constant ko € (0,00) such that for all h € (0, h) it holds that
a(h) < b(h), where ho is allowed to depend on constants such as S, K, &, 3, f(0)

but not on stochastic samples w or Brownian paths.

Note that for all § € (0, 00), it holds that

1/(1— Sh) < 1/(1—2Sh) <1+ 2Sh+6h < 2. (4.59)
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4.6.1 Theorem 4.2.1

Proof of Theorem 4.2.1. The proof is given for p € [4, 00); the result for p € [1,4)
follows from Holder’s inequality. We start our proof by analyzing the numerical
paths step by step. When t = t; = 0, the two numerical paths are both at the

s . s s
initial point zo, i.e. Yy =Y,o = zo.

For the odd time point tg,,1 for n € {0,1,2,..., N/2 — 1}, we obtain that

Yo = Yo + S — Y h+ [V )h+ AlWay, o)
Vi = VL 4S5V — VI h+ fVL )b+ AW,

Squaring both sides of the first equality in (4.60) implies that

~ 2
=, N . S )b+ AW,
Ve, 117 = Shn;+«1—5h)<n%4- Sy : (4.61)
Due to the convexity of 22, for any £ € [0,1], it holds that
IEA+ (1 =&)BI* <€[lAI*+ (1 =& B (4.62)

provided h € (0,1/S), so we can choose & = Sh to obtain that

1Y

ton+1

P S SAIYL P+ (1 - Sh)|Y

~ ton

2+ 4| AW, |12+ 2(YE , F(YE )R

+ 4| f (Y IR +2(Y

ton?

AWay,). (4.63)
The globally Lipschitz condition (4.21) ensures that
1F Y )IIPR* < v h(IYE, I + 1) (4.64)

for any v € (0,00). Combining this with the dissipativity condition (4.22), we
obtain, for some fixed a € (0, &) and § € (B, 00), that

IYs, . 17 S SRIYE P+ (1= Sh—2ah)|[Yg, [P+ 4| AWan|* + 25k

~Y

12(VE AWy, (4.65)
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Similarly, we obtain that

IV 17 S SHIVE NP+ (1= Sh—2ah) [V [I” + 4[| AWa,|* + 281
+2(Y]  AWL,). (4.66)

For an even point to,,9 for n € {0,1,2,..., N/2 — 1}, we obtain that

Ye o= Y+ S —YE 2k + f(YE)2h + AWay + AlWap,
Y;]zcn+2 = Ytjzcn+1 + S(Ytgmq - Ytjzcn+1)h + f(Y;fgn+1>h + AWQ"'H' (467)

Using the same approach and choosing & = 25h provided 2Sh € (0, 1), we obtain
that

IV, 17 S 2SRV P + (1 = 25k — 4ah) |V, |I* + 4| AW+ AWap ||

~Y

FABh 4 2(YE  AWap+AWap 1), (4.68)
and

12+ (1 — Sh —2ah)|Y/

ton+1

IY4,.I° S ShlY

~ ton+1

I* + 4[| AWzn 1 ||* + 260

+2(Y,

tan+41?

AWapni1). (4.69)
Therefore, for any fixed v € (0, ), we obtain that

1S (L=ay) (Ve [P+ 1Y 1) + 120 AW |+ [ AW a1 %)

2n 2n

P +11¥:

ton42

+8Bh + 2 e_4vh<¢t2m AWap) + 2 6_27h<¢t2n+17 AWapi1), (4.70)

1Y

ton42

where for n € {0,1,2,..., N/2 — 1}, it holds that

ey, = (14 SV +(1=Sh—=2aR)Y] | ey, = Y5 +V1 . (471)

2n+1"
Since 1 —4vh < e=*" and e*"* < 2, we multiply by e?"*2»+2 on both sides to obtain

that

62'7t2n+2 (H}//\'f

ton42

4175, B S e (1T, P19, %) + 1686

+24 272 (|| AW [P+ [ AWan 11 |?) + 2672 (¢, , AWap)
+2 QQW%JA <¢t2n+17 AW2n+1>' (472)
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Summing over multiple timesteps implies that

2n—1
(I P+ 1Y% S (VIR + 1) +24 ) AW,
k=0
2n—1
+1652e2mh+ 2 ) Mgy, AW).  (4.73)
k=0 k=0

For odd time points, combining (4.65) and (4.66), by the Cauchy-Schwarz inequal-
ity and Young’s inequality, there exist constants oy € (1,00), f; € (max(1, 1), 00)

such that

IV P+ 1Y, 7 S (U= 20R) (V1P + 1V, I%) + 8 | AWz, || + 48R
+2(Y,,

ton?

< (1= 29m) (@a(IV, 12 + 175, I + 12| AWa0 |12) + 4 811)

AWa,) + 2V AW,,) (4.74)

Multiplying by e®"*2m+1 on both sides and using the (4.73) ensures that

1 (T, P+ 19,17 S enlIT I + 195 >+24a12em|mw §

2n—1

+16 1 Z etk 4 2 oy Z e (¢, AW,). (4.75)

Then, combing (4.73) and (4.75), raising both sides to power p/2, taking the
supremum over n € {0,1,2,..., N} and taking the expectation on the both sides,

by using Jensen’s inequality, we obtain that

~ ~ p/2
E| swp e (VLR +T2)2)" | S 7 @42 (5 + b+ Iy + L),
N

ne{0,1,2,...,.N}

(4.76)
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where

L= E (I + 1T 2)72] = 272,

N-1 p/2
IQ = Zez’ytkh >
k=0
[\ N-1 p/2
I; = E 2| AW ||? ,
| k=0
om—1 p/2
I, = E sup > ey, AW) (4.77)
nef0,1,2,..N/2} | 475

We will bound these four parts separately. [; is a constant. For I5, we obtain that

T p/2
I, < ‘ / et dt
0

< T /(24)P/2, (4.78)
Next, if ¢z > 0, for any k& € {1,2,...,n}, is an arbitrary discrete probability

distribution, and by, for k € {1,2,...,n}, is a set of scalar values, then for any

p € (1,00) Jensen’s inequality implies that

n p n
> @b <D aulbl”- (4.79)
k=1 k=1
If ay, for any k € {1,2,...,n}, is a set of positive scalar values, then setting
Qr = ag/ > _, ap ensures that
n p n p=1 5
Z akbk S Z Qg Z ak|bk|p. (480)
k=1 k=1 k=1

For I3, using this inequality, we obtain that

p/2 p/2-1

N-1 N-1 N-1
_ 2y AW 214 2ty AW
[3 = E Ze’y}‘hT < Ze’”h E Ze'ykhw
k=0 k=0 k=0
< o2y, (4.81)

where ¢, is that ¢, = E [HAWka/hl’/Q] < dP/2 pll < qpl2pp/?,

For I,, we rewrite the summation as an Ito integral and then deduce by the
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Burkholder-Davis-Gundy inequality in [5] that there exists a positive constant
Cspe € (0,00) independent of p such that

t p/2
I, < E| sup / e2ﬂs/hjh<¢Ls/th7dWs> ]
0<t<T |Jo
p/4
< ( BDCpp/ E 4Wtk||¢ H h ) (4‘82)
where, by Young’s inequality, it holds that
166 I* S BUVEI +IVELIP) [l S 4UVEIP + 1V 1%, (4.83)

Then by Jensen’s inequality and Young’s inequality, for arbitrary ¢ € (0,00), we
obtain that

N-1 p/A=1rN_q
I < (12Cunep)™*| > " e®h Zew’“h sup PRV PV 1P
_ ne{0,1,2,...,N}
1 Stz oen2)?? 6 Choe \”/” 2 _pT
<E| swp e (BT R) | e (FRE) pe (484)
4¢ ne{0,1,2,...,N} Y

Finally, combining all the estimates above and choosing ¢ = 47/~ (24a, f;)P/?,

there exists a constant C(p) € (0,00) such that

~ ~ p/2
E| sup e (JT/H|T)2)
N

ne{0,1,2,...,N}

< Chy e, (4.85)

which implies that there exists a constant C(;y € (0,00) such that for all h €
(0,C(yy) it holds that

s E[|IT/P] <chyp? sw E[IVE] < cpyp (436)
n€{0,1,2,...,N} nef0,1,2,..,N}
This completes the proof of Theorem 4.2.1. n
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4.6.2 Theorem 4.2.2

Proof of Theorem 4.2.2. The proof is given for p € [4, 00); the result for p € [1,4)

follows from Holder’s inequality.

The different updates on odd and even time points imply that

V=V = (L= 2SWF, = F5) 4 GOL) = 1T (457)
Vi =V =SV =V )= Sh(VL Ve )+ (FVL )= F(VE )k,
and then

Ve Ve L =(1—4Sh+ 28202V, — Y )+ (1= Sh)(f(Y]) — F(YE )R

+ (F(V,) = FL ). (4.88)

Taking the square of both sides ensures that

IV o = Vil = (1= 48k +28%0%) [V -V | (4.89)
+(1 = SPIFVL) = PO IPR + (VL) = FOL )12

+2(1 — 4Sh + 25202 (1 — Sh)(Y,] — Ve f(YL) = F(YE)h
+2(1 — 4Sh + 2S*RA)(Y. — Ve f(VL ) — F(VI
+2(1 = Sh)(f(V,) = F(V ), F(VE L) = FLOM.

Then provided S > \/2, Assumption 4.2.2, the globally Lipschitz condition (4.21),
the Cauchy-Schwarz inequality and Young’s inequality imply, for any fixed v €
(0,25 — \), that

Vi = Ve ol S A=dn)|V, =V IP +2K2V ., -V |I°K?

ton+2 tont2 ~ ton+1

+2(1 = 4Sh +28°W*) (Y], =Y f(V], ) — F(VL )k (4.90)

Following this estimate, we use two different approaches to get different upper

bounds.
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FIRST APPROACH. We continue to use Young’s inequality and the globally
Lipschitz condition (4.21) to obtain that

1YL, —Ye P SQ—29m)|Y] - Ye |2 o
()2 KA Y. Y 1Pk

Then we multiply by e?27+2 on both sides and e*"* < 2 to deduce that

e’yt2n+2||}//\;f _ }//\‘C

2n+42 ton+2

I ser Y, ~ Y, I

~ ~ (4.92)
+ (v K2V Y

t2n+1 ton

1%h.

Summing over multiple timesteps and noting that S//\;fj — }A/;‘é = 0 ensures that

n—1
VI =Y P S ()R e |V =Y |1Ph (4.93)
k=0

Raising both sides to the power p/2, taking the supremum over n€{0, 1, 2, ..., N/2},
taking the expectation and by applying Jensen’s inequality, we obtain that

Nj2—1 B/2
B sw RV ST AR E | ST T
n 1,200 k=0
N/2-1 PR Ty
R D I A B SRSl A A
k=0 k=0
N/2-1 p/2_1N/2—1
< (VHAPRR? | eth| Y et [I!Y'tfm—Y;kap]h- (4.94)
k=0 k=0

By the update on the fine path, the globally Lipschitz condition (4.21), Theorem

4.2.1 and Jensen’s inequality, there exists a constant C € (0, 00) such that

EI%,., — VLIP] = E|IFFL )0+ ST, -V

tog

Vh o+ AW2k||p]

< 2B [IA(TL) + SO~ TP 1 + 2 Bl AW ]
5 Cfpp/th/Q, (495)
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which implies that

E sup ¢ Ptan/2 H}Aft];n— ye

C P S 2Py AP R RPCT 2T pr2(4.96)
ne{0,1,2,....N/2}

SECOND APPOACH. We directly multiply by e?7*2m+2 on both sides of (4.90)

and note that e** < 2 ensures that

S AT (N S A R a1

2n+2 ton+2 ~ ton+1

—Y! |??

+2(1 — 4Sh + 282R2) Xtz (Y,

Summing over multiple timesteps and noting that 2?: — ?tg = 0 implies that

n—1
S LA A I D (e AR G (4.98)
k=0
n—1
+2(1 — 4Sh 4 2571) Y "V~ Ve f(VE ) = Y ))h.
k=0

Raising both sides to the power p/2, taking supremum over n € {0, 1,2, ..., N/2},

taking expectation and by Jensen’s inequality, we obtain that

E| sup ™|V — Ve P <o 4 1), (4.99)
ne{0,1,2,...,N/2}
where
[ N/2-1 p/2
L= E| ) KV -V |Ph’ , (4.100)
k=0
- n p/2
L = E sup MtV Ve F(YL ) — FYI R
ne{0,1,2,..,N/2-1} |

For Iy, Jensen’s inequality and the estimate (4.95) implies that

N/2-1 P21 gy
I, < Z FRALTIN Z o272k ) KPR, HY;;QH _Y;JQ;HP} L2
k=0 k=0
< (29)PRRPCY pPl? TP, (4.101)
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For I5, we perform a Taylor expansion and by the mean value theorem obtain that

Y =Y fV L ) -y = L —Ye ViYLV Y+ Re

= (V) =Y VXL FYI N+ (Y, =Y VYL ) AWy)
+S(V, =Y VY)Y, = Y+ Ry, (4.102)
where |Ry| < 2K\|}Z§k - }A/tZkH H?tfkﬂ - }/}t];k |? and then Jensen’s inequality implies
that
I = 427V 4 S+ Js + Jy), (4.103)
where
[~ n p/2
Ji = E oS S ety — Yo VYLV
n 1,2, - k=0
[ n p/2
J, = E oS eV~ Ve VIV, - YI |,
n 1,2, - k=0
[ n p/2
b= B e{mgupN/Q 1} egvt2k<Yt£k - }/;gk’ vf(ng)AW%)h )
n 1,2, - k=0
i n p/2
Jy = E sup > &M Ry h . (4.104)
n€{0,1,2,...N/2-1} |3

For Ji, by the Cauchy-Schwarz inequality, Jensen’s inequality, Young’s inequality,
the globally Lipschitz property of f and V f and Theorem 4.2.1, for any ¢ € (0, c0),

there exists a constant C3; € (0, 00) such that
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p/2—1

N/2-1
L < E sup PRy Ve PR Y T e
ne{0,1,2,...,N/2} om0
N/2—-1
DB NI R I 7] e
k=0
1 t. o f e
< —E sup ey —Ye |IP
4C | nefo,1,2,...N/2} "
N/2-1 P Njaca
FCRE || D ehl > VYL FY )P
k=0 k=0
1 SN
< —E sup e ||V e |P| + ¢ OB pP T R (4.105)
4C | nefo,1,2,...N/2} m 2

Similarly, for Jy, there exists a constant Css € (0, 00) such that for any ¢ € (0, c0)
it holds that

1
< —E
J2_4C

sup ewtanf/tJ;n _ye

ton ||p
0<n<N/2

+ ¢ Ch,pP el P, (4.106)

Then, for J3, by the Burkholder-Davis-Gundy inequality in [5], the globally Lips-
chitz property of V f and Theorem 4.2.1, there exists a constant C33 € (0, 00) such
that for any ¢ € (0,00) it holds that

N/2-1 p/4
T3 < (Cacp)P* B || D ™|V = Ve PIVAYL IR
k=0
N/2—1 i1
ton ~ ~
< (ConeD)"'E sup o 2|V <Y B D eh
ne{0,1,2,...,N/2} prd
N/2-1
x Y ER|V(YL)IERS
k=0
1 N .
< —E sup el ||y, — Y|P 4 ¢ ChypP e b, (4.107)
4¢ ne{0,1,2,...,N/2}
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Similarly, for J4, by Jensen’s inequality, Young’s inequality, the globally Lipschitz
property of f and Vf and Theorem 4.2.1, there exists a constant C34 € (0, 00)
such that for any ¢ € (0, 00) it holds that

N/2-1 P20 4
J, < E Z e2tar ], Z e2vt2khevpt2k/2||n£k_y;§k||p/2Kp/2||(Yté‘kﬂ_ytzk)np
k=0 k=0
[ N/2-1 p/2-1
< E sup eWPt2n/2||§/>tJ; _?tg ||P/2 Z 2Vt py
ne{0,1,2,..,N/2} " " o
) N/2—1
x Y KPR (YL =V
k=0
N/2-1 p-1
< _E sup evptanYtJ;n _Yg 1P| +CE Z o2tk
4¢ ne{0,1,2,...,N/2} " v
N/2—1
xS et nr2 (|| F(VL )48V, — VLI R+ AW 1)
k=0
1 ~ ~
< SE|  sup e[V —Te |P| 4 ¢ OB pPeT . 4.108
~ ton ton 34
4C | nefo,1,2,....N/2}

Finally, by choosing ¢ = 2°?/272 there exists a constant Cy € (0, 00) such that

p

E sup Pt Hl?;fn — Y

ton
nef0,1,2,...,N/2}

SOV pP TP, (4.109)

which together with (4.96) implies that there exists a constant C5 € (0, 00) such
that
sup  E [Ilﬁfn - 2gn||p] < CP min (pP2 P2, g AP (4.110)
n€{0,1,2,...,N/2}
For the odd time points, the globally Lipschitz condition (4.21) and (4.25) imply
that

IV =Y

ton+1 ton+1

1< (1 — 2Sh)? + 2hA(1 — 28h) + K2h?) |V — V¢ |1

S20VE, - VeI, (4.111)
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which, by raising both sides to power p/2 and taking the expectation, there exist
constants C(1y, C(z) € (0,00) such that for all h € (0,C(y)) it implies that
sup E [Hfft{ —yr Hp} < €7y min (p/2 1P, P P). (4.112)
ne{0,1,2,...,N}

This completes the proof of Theorem 4.2.2. O

4.6.3 Theorem 4.2.3

dQe
apP

Proof of Theorem 4.2.3. For simplicity, we only demonstrate the proof for

and the result for dc% follows similarly.

Now we write down the details of the exact Radon-Nikodym derivative (4.17).

Note that
d@c p N/2—-1
ENap ] — E [exp | -pS > (VA Vi, AWay+ Aoy )
n=0
» N/2—1 )
n=0
(2p—1) N/2—1 )
= Eexp [ 5222 3 |19 -7 | 2 (4.113)
n=0
N/2—1 N/2—1 )
xexp| —pS D (VL =T AWaut AWaa) = 252 Y ||V, -V, | 2
n=0 n=0
Holder’s inequality implies that
~ P
d C
E d% ] < n*p? (4.114)
where
N/2—-1 )
I = Elexp[p2p—1)8> Y |V Y5 | 2], (4.115)

n=0
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N/2—1 N/2—1

L=E |exp [ ~2pS Y~ (V] ~ Vs, AWau+ AWapi) - 2p2522‘

n=0

2
f ~
}/;2 }/;gn

<1,
since the exponential term in I, is a super-martingale.
For I, by Fatou’s lemma and Jensen’s inequality, we obtain that
2 N/2 1 Se 1203 |F
w E| 2082 )5 IV, - Vi, P2
- k!

(pS)Qka 121\7/2 1 U
k!

;™
[e=]

/\f B /\C
}/;Qn }/;277‘

2k
K

Mg

(4.116)

b
I

0

Then by Theorem 4.2.2 and Stirling’s approximation k! > +/27k**1/2e=* for any
ke {1,2,...}, there exist constants C;, Cy € (0,00) such that

2L (2pSCy)*(Th/e)*
L < 1+ <2 4117
b ,; V2rk e

provided (2pSCy)*Th/e € (0,1/2).

Therefore, for all T € (0,00) and p € [1,00), there exist constants C(y), C(z) €
(0, 00) such that for all A € (0, min(Cpy, C(2)/(Tp?))) it holds that

~ 1P
dQc

E < 2. 4.118

This completes the proof of Theorem 4.2.3. O]
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4.6.4 Theorem 4.2.4

Proof of Theorem 4.2.4. By Jensen’s and Holder’s inequalities, we split the expec-

tation into three parts

E (o714 — (VD4

]
f ~ ~ Se Se Serdoe P

=E [[o(P) % — (V) + o(Tf) — o(Ff) + 0(75) — oV X[

1 S Se p 1 S 2p 1/2 de

< 3 EH@(YT)—SO(YT) ]+3p E ‘QO(YT)‘ E )1— i

2p] 1/2 12
d C

By Theorems 4.2.1 and 4.2.2 and the globally Lipschitz condition, there exists a

:| 1/2

p} " (4.119)

13-1E ng(?f)

constant C; € (0, 00) such that

p /\f ~
| <[5

E[|e(7) - ¢(¥f) Tscww.

E ngo?g)fp <Py, E “so(?f)

2”} <o (4.120)

Next we estimate E H @ } with 92 = exp(H) where

N/2—1 52 N/2—1
H=-53 (VY5 AW2n+AWQn+1> Z ] v vz | 2 (a121)
Taylor expansion implies that
e® = 14 @z for some &(z) with |¢(z)] < |z|, (4.122)

which, combined with Hélder’s inequality, implies that

B |- S5 | = E [(exp(e) 1] <E [lesp(e(H)| ) B [117]

(4.123)
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First, by Theorem 4.2.3, we obtain that
E [lexp(¢(H))|"] < E [max(exp(4pH), 1)] < E [exp(dpH)] + 1 $ 3,  (4.124)

provided h € (0, Cy/(T p?)) for some constant Cy € (0, 00).

Second, by Jensen’s inequality and the Burkholder-Davis-Gundy inequality in [5],

there exists a constant C3 € (0, 00) such that

N/2-1 4p
E[|H"] < 2% 'S*E Z <Y2{1—Y2il, AW2n+AW2n+1>
n=0
N/2—-1 ) i»
+artsvE || S (|9 - i
n=0
N/2—1 ) 2p
< awisveppE || S |9, - V| 20
n=0
N/2—-1 R R 8p
ratrisvrir g | S - T
n=0
N/2-1 I
< 2T E | Y ‘1/2@—1/2; h (4.125)
n=0
N/2—-1 R R 8p
rartsvrie g | S - Vs
n=0

Then, provided h € (0, Cy/+/Tp) for some constant Cy € (0, 00), by Theorem 4.2.2,

there exists a constant C5 € (0, 00) such that

E [|H["] < CsPp® T% n, (4.126)
and then
~ |2p
dQ* 1/2 ~2p 3 2
E|l-—5 < 3Y2 o T R, (4.127)
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_ dof
P

2p:|
Since 1/+/Tp > 1/(v/Tp) > min(1,1/(Tp?)), the condition h € (0,C,//Tp) can
be replaced by h(0,Cymin(1,1/(Tp?))).

Similarly, we can get the same result for E U

Overall, combining all the estimates above, there exist constants C(1), C(a), C(3) €

(0, 00) such that for any h € (0, min(C(1), C2)/(Tp?))) it holds that

~ ~ P
~ . dQf e dQ°
E (,D(ijj)d—]P) — ()| | < Ch PP TP hP. (4.128)
This completes the proof of Theorem 4.2.4. ]

4.7 Conclusion

In this chapter, we considered a larger class of ergodic SDEs without contractivity
and introduced a new MLMC scheme by adding a spring term to link the coarse and
fine path approximations as is shown in section 4.1. We obtained the new MLMC
identity with Radon-Nikodym derivatives. When computing the expectations with
respect to the invariant measures of chaotic ergodic SDEs, which satisfy a one-
sided Lipschitz condition, we reduced the exponential increase of the variance of

the MLMC level estimator to a linear increase with respect to 7.

Our numerical analysis only works for SDEs with globally Lipschitz drift. The-
orem 4.2.1 shows the stability of the paths after adding a spring term. Uniform
bounds for the strong error and the Radon-Nikodym derivative are established
in Theorems 4.2.2 and 4.2.3, which implies the linear growth of the variances of
the level estimators in Theorem 4.2.4. Then, the MLMC Theorem 4.2.5 shows
that our new MLMC scheme does improve the accuracy and reduce the computa-
tional cost. The numerical experiments in section 4.4 demonstrate that the new
MLMC with the proposed change of measure technique works well for the case

with non-globally Lipschitz drift using adaptive timestepping.
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Figure 4.9: First exit time for the double-well potential energy SDE
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Chapter 5

Sensitivity of chaotic system

This chapter is an extended version of an unpublished paper co-authered with my
supervisor Prof. Mike Giles. In this chapter, we consider an m-dimensional chaotic

SDE driven by an m-dimensional Brownian motion with parameter ¢
axX? = f0: x"ydt +odw,, (5.1)

which has a fixed initial datum &, and a locally Lipschitz drift f : R™ — R™ such

that the strong solution exists uniquely and the SDE is geometric ergodic, that is,
0 _
E [o(x?) = 70(p)]| < pe™ (5:2)

for some constants u, A € (0,00), where ¢ is a differentiable function with polyno-
mial growth and 7 () is the expectation of ¢ with respect to the invariant measure
of the SDE. For the computation of 7% (), one common approach is to truncate

the infinite time interval at a sufficiently large finite time 7" and estimate
F() = E |o(x{")]. (5.3)

For the computation of the sensitivity of 7(!)(¢) with respect to 6, Assaraf et al.
[4] showed that

% _ % (Jim E [o(x®)]) = Jim (%E [¢(X}9’)]> (5.4)



under some restrictive conditions. The exchangeability of the limit and the dif-
ferentiation for general ergodic SDEs is unknown, and in this chapter we assume
that this holds and the convergence speed is still exponentially fast, i.e.,

9, 6) 37(9)(90) * _—NT
’%E X = =g s wte (5:5)

for some constants p*, \* € (0,00). Therefore we approximate the sensitivity of
the 7% (p) by 0F/06 with a sufficiently large T.

There are several approaches to computing sensitivities of SDEs [36]: finite differ-
ence (FD) method, likelihood ratio method (LR [37]), pathwise sensitivity calcu-
lation (PS), the weak derivative method (WD [83]) and Malliavin calculus (MA
[26]). The FD estimator is straightforward to implement. For example, we can use
the central difference (F(0 +¢/2) — F(0 —¢/2))/e to approximate the first-order
derivative. Using the same Brownian paths for both F'(6 +¢/2) and F(0 —¢/2))
greatly reduces the variance, but the estimator is biased. Both LR and PS es-
timators are unbiased. The difference is in the choice of the sample space ) to
perform the differentiation [63]. By choosing the discrete numerical solution paths
as w, differentiating their log joint distribution gives the LR estimator. However,
the variance of the LR estimator in most cases is O(h™') as h — 0, where h is
the timestep size of the numerical approximation. Again, a tradeoff between bias
and variance is needed. The PS estimator, based on choosing the independent
U(0,1) variates as the sample space, is more popular due to its low variance and
applicability of the adjoint method, which improves the efficiency when calculating
many sensitivities [34]. It requires differentiating the original SDE (5.1) to obtain
the variation process. In our case, the plain PS estimator suffers from the prob-
lem that the variation process blows up exponentially. Similarly to LR, the WD
method differentiates the probability measure but it may require resimulations,
which increases the computational cost greatly. Lastly, Malliavin calculus estima-
tors can be viewed as a combination of the LR and PS methods [17], but are less
popular in practice due to the heavy machinery of Malliavin calculus. However,
we will show later that in our case, the Malliavin calculus provides a comparable

estimator.
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Another issue for the computation of sensitivities is the extension to functions
¢ with discontinuity, which is out of our scope in this chapter but may provide
possible future research directions. LR, WD and MA all cope with this difficulty
but FD and PS suffer. Giles [31] proposed the vibrato Monte Carlo method, which
can be viewed as a combination of PS and LR for the final timestep. Chan & Joshi
[14] proposed partial proxy schemes by approximately shifting the means of the
standard normal variables that govern the system. Tong & Liu [98] derived a
new estimator for discontinuous ¢ and used importance sampling to make all the

samples fall into the same set to avoid the discontinuity.

In this chapter, we first derive the Malliavin estimator for the chaotic SDEs fol-
lowing the idea in [26], since it expresses the sensitivity by the process itself and
avoids the variation process. However, it only works for the sensitivity of the
drift parameter and fails for others since the estimators again involve the variation
process. The other drawback is that it is difficult to apply the adjoint method.
Therefore, we propose a new PS estimator with importance sampling. Similar to
the idea of introducing a spring term between fine and coarse paths in previous
chapter, we add a spring term between Xt(e) and Xt(aJrE) and derive the new PS
estimator with the Radon-Nikodym derivative and take the differentiation limit
€ — 0. The benefit of this change is that the variation process with spring term
becomes ergodic again, which allows the computation of sensitivities of the volatil-
ity parameter and initial condition. The variances of both Malliavin and the new
PS estimators increase only linearly in time 7" which is a great improvement com-
pared with the exponential increase of the plain PS estimator. Next, we apply
the MLMC method [30, 32] to improve the efficiency further. Since the estimator
involves the original ergodic SDE which is not contractive, we need to employ the
change of measure technique from the previous chapter to add another spring term
between the fine and coarse paths for level estimators. Then, we can use the same
MLMC scheme with the same random samples and Radon-Nikodym derivatives
to calculate the original value F'(#) and its derivative simultaneously. Finally, we
consider the approximation of the sensitivities of chaotic ODEs by the stochastic

version with small volatility o.
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The rest of the chapter is organised as follows. Section 2 reviews the pathwise
sensitivity method and explains the problem of the plain PS estimator. Section
3 derives the Malliavin estimator and the new pathwise sensitivity method with
importance sampling is introduced in Section 4. Numerical results are shown in
section 5. The applications of MLMC schemes are presented in section 6. Finally,

section 7 concludes this chapter.
To focus on the computation of the sensitivity, we assume the existence and strong
convergence of a suitable numerical scheme.
Assumption 5.0.1 (Numerical Solution). For the ergodic SDE (5.1), we assume
that there exists a numerical solution )?t, whose moments are uniformly bounded
with respect to time T, that is, there exist constants C,, c, € (0,00) independent of
T such that for any p € [1,00),T € (0,00), it holds that
sw E[|%)7] <6, (5.6)
0<t<T
and the strong error is also uniformly bounded
sup E [||)/(>t - Xt||p] <, h?, (5.7)
0<t<T
where h is the average timestep size.
For simplicity, for rest of the chapter, we denote the discrete points of a numerical
solution by )A(tn for n € {0,1,2..., N}, and t,4; = t, + h,, which is suitable
for both uniform timestep and adaptive schemes. For the numerical experiments
on the stochastic Lorenz equation, we use the adaptive Euler-Maruyama method

proposed in previous chapters, in which the uniform bounds for moments and the

strong error are achieved for a class of ergodic SDEs.

5.1 Pathwise sensitivity

Pathwise sensitivity is a standard approach also known as Infinitesimal Perturba-

tion Analysis (IPA) [63]. Assuming the exchangeability of the integral and the
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differentiation. (Theorem 1 in [63] provides a practical and general sufficient va-
lidity condition for the exchange of derivative and integral. Fortunately, these
conditions are satisfied in most cases.) By Leibniz’s integral rule and chain rule,
we obtain from (5.3) that

OF () dp( X)) @, Xy
For 29 — axi? . . . . .
or xp' = —5F—, again assuming the exchangeability of the integral and the dif-

ferentiation (guaranteed by Theorem 39 in chapter 7 in [84]), by Leibniz’s integral

rule, we have the variation process

0
Q20— (210X o5
a0 0X

X(G))
| dt. (5.9)
t

Numerically, we can simulate X:(pe) and 1:%9 ) simultaneously:

X0, = X0+ f0: X)) by + 0 AW, (5.10)
C o i
20 _ 20 3f(@;an))+3f(9;an)) NOAW
thrl tn 86 a)?t(f) tn n-

with initial conditions )?ée) = ¢ and 7y = 0. We then have the standard PS
estimator R

OF > ~

S5 = E[(ve@?), 3], (5.11)

which is the unbiased estimator of the sensitivity of E [(p()?f(pe))] with respect to 6.

The original process Xt(e) is ergodic and under suitable conditions, the moments

)

of the numerical solution Xt(f are uniformly bounded. However, for the variation

process z? of the chaotic system, it may be no longer ergodic and the moments

may increase exponentially in 7. As a result, we have the following theorem.
Theorem 5.1.1 (Standard Pathwise). If the moments of the original variation
process x; increase exponentially with respect to time t, then for any numerical

solution T; with first order strong convergence, the variance of the standard PS
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oF

estimator 50

also increases at most exponentially, that is

<neT, (5.12)

for some constant n, k' € (0,00). The constant k' is the Lyapunov exponent of the

variation process.

Proof of Theorem 5.1.1. Holder’s inequality implies that

2 RE%
| e[l

oF

00

oF

M

~ 412
<E <E [vap(xﬁ)) ] . (5.13)

The first expectation on the right hand side is bounded uniformly in 7" due to
the Assumption 5.0.1 and polynomial growth of (. For the second one, the strong

convergence of I; implies
ez ||
Ty <8E |||zy + A, (5.14)

for some constant A\ € (0,00). Then combining this and the exponential increase

of the E {

4
xg,? ) H } completes the proof of Theorem 5.1.1. m

If we consider the sensitivity of the outputs related to the invariant measure, we

need to choose T ~ 5= [loge| due to (5.5) to bound the truncation error, which

together with Theorem 5.1.1 implies that

~

OF

V&&

~m e (5.15)

Therefore, in order to achieve the 2 MSE, we need to simulate O(e™27%/*")
paths and for each path, we need h, = O(e) to bound the weak error and
T = O(|loge|). The total computational cost of the standard Monte Carlo method

becomes O(e 737/ |log ¢|).
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5.2 Malliavin estimator

Following the idea in [26], we derive the sensitivity estimator using Malliavin cal-
culus. (The derivation is similar to the proof in Proposition 3.1 in [26], we include
it here for clarity and simplicity of this case and it is also similar to our approach
to derive the new PS estimator.) Without loss of generality, we assume we are
calculating the sensitivity at § = 0. Under the measure P, the original SDE with
0 =0is

X = f(XV)dt + o dWF (5.16)

and the perturbed SDE is
dx® = [ FXY+0 V(Xt(@))} dt + o dW7, (5.17)
where v : R™ — R™ is the perturbation term. We then consider the expectations
FO) =E [p(Xi)] . F(O) =B [p(x}")]. (5.18)

and the derivative by taking the limit

31;_2@ = lim £6) — F(0) g o) (5.19)
Considering a new measure Q with

AWR = 0y(X?) /o dt + dWF (5.20)
being the standard Brownian motion, we obtain that

dx? = f(xPydt + o daW2, (5.21)
under the measure Q. Therefore, Girsanov’s theorem ensures that

F(6) = E [o(X{")Rr(6) (5.22)

where Rp(0) is the Radon-Nikodym derivative

ri) = 3o =ew ([ 200 awd) - 3 [ Lo an). e2s)
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Since (Xt(g), W) under the measure Q has the same joint distribution as (Xt(o), WFE)

under the measure P, we obtain that
F(6) =B [o(X{")Rr(0)] . (5.24)
with
"o 0 P L[ 0
Ri(0) = exp (/ - <7(X1S ), dw,) — 5/ ) [v(X X || du) : (5.25)
00 00

By the definition of the exponential martingale and Ito6 formula, we obtain that
Rr(0) — 1 Gl
BO=1 - [ 2 R0 (), awy), (5.26)
0 O
and as # — 0, it holds that

-1 %/ dW[P> in L% (5.27)

Finally, we take the limit § — 0 to obtain that

F(0)— F(0 Rr(0
O-FO) _ [ B =1
0 0
N X(O) <7 dWP>] , (5.28)
and obtain the Malliavin estimator
oOF@)| (0) /T (X" P
|, =E [p(X}) i p— dw, , (5.29)
and numerically
90 ¢(Xr) nZ:o <T’ AW, ). (5.30)

The benefit of this approach is the avoidance of the variation process and then the
variance of the Malliavin estimator increases only linearly in 7', as shown in the

following theorem.
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Theorem 5.2.1 (Malliavin Estimator). If X, satisfies Assumption 5.0.1 and the
perturbation term ||y(x)|| increases at most polynomially when ||z|| is large, the
variance of the Malliavin estimator increases at most linearly with respect to T,

that s _
oF

M

< LT (5.31)

for some constant n € (0, c0).

Proof of Theorem 5.2.1. By Holder’s , the Burkholder-Davis—Gundy and Jensen’s

inequalities and the uniform moments in Assumption 5.0.1, we obtain that

Ya Ya 11/2 N-1 ’Y(X ) 4] 1/2
- - < v tn P
ViNaal = Ella0 —]EU“O(XT)” E nz:%< o ’AW">
1/2
o 2 S &, | :
< \VE ‘ X E RASV NN < T 32
e[| e || <Tr (5

for some constant X', ' € (0,00). This completes the proof of Theorem 5.2.1. []

Choosing T' ~ /\i

log ¢| implies that

/

n
M\ o?

OF
00

\Y%

~

llog | . (5.33)

Therefore, in order to achieve the e MSE, we need to run O(¢~?|log ¢|) paths and
the total computational cost of the standard Monte Carlo method is O(e 73| log e|?),
which is a great improvement over the standard PS method. However, this ben-
efit is limited to the sensitivity with respect to the drift parameters. For the
sensitivity with respect to the volatility parameters and the initial condition, the
Malliavin estimators again involve the variation process so that the variance of
the estimator increases exponentially. Another consideration is the application of
the adjoint technique. Since we have to derive different Malliavin estimators for
different parameters, we are unable to apply the adjoint technique and then the

computational cost increases linearly with the number of sensitivities.
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5.3 Importance sampling for sensitivity

In this section, we consider how to use the importance sampling technique to
derive the new PS estimator. The main idea is that by introducing a spring
term between the original and perturbed SDEs, we obtain a new variation process
which is ergodic again. Without loss of generality, we assume we are calculating

the sensitivity at 6 = 0.

Let X% be the solution to equation (5.16) when 6 = 0, and consider the new
perturbed SDE under the measure @,

v — (f(g;yt(e)) 45 (yt(o) . yj‘”)) dt +odW2, (5.34)

with
dWE =S (Yt(O) - Yt”)) Jodt + dW2, (5.35)

which introduces a spring term with sufficiently large S € (0,00) to prevent
HY;(O) —Yt(e) H from increasing exponentially. Note that Yt(e) = Xt(o) and W2 = wE

when 0 = 0. Girsanov’s theorem implies that
F(o) = B¢ [p(v;")Rr(6)] (5.36)

where R;(0) is corresponding Radon-Nikodym derivative

Ry(0) = S_IED
Q (5.37)

t 5 t Q2
— exp (_/ s <y<0) _y® dW@> _ l/ Sy —ye? du)
p u [T u 9 o2 u u :
0 0

By Leibniz’s integral rule, we obtain that

OF(6) 5 [ 8p(V) 0. OR7(0)
il A - Nl ARG S I vy _
and the variation process yf@ = 8Yt(9)/ 00 satisfies that
af(e Y(9)> af(e Y(g))
o _ Xy Xy ) (0)
dy,’ = ( 50 + 8Yt(9) SI |y, | dt, (5.39)
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where [ is the m-dimensional identity matrix, and

t N 2
ORO) _ (o) /5@9@M§ﬁ/s@ﬁ—%%ﬁww~ (5.40)
00 0 O 0

o2
Therefore, taking § = 0 and again under the measure P, it holds that

OF ()
0

(et o + o) [ 20 awg)] sy

0=0

Numerically, we only need to simulate Y ) and yt :

av” = fo;v")dt +o Wy,
Ay® = <3f (%;/t(o)) i <—af (;;?2;0)) - 51) y§°)> dt, (5.42)
0=0 t 6=0
and the new PS estimator is
OF 0y ~0) O)N= S /o0 Ay
= <Vga(Y ), J >+<,0(Y )n_0;<ytn , AWn>. (5.43)

Note that we still simulate the same original process under the measure P with
Yt( ) = = X, but with a new variation process yt 7é x;. Comparing the two variation
processes (5.9) and (5.42), the new one has an additional linear term, which makes
the process become ergodic again for a sufficiently large S > 0. By Assumption
5.0.1, it is possible to find a suitable numerical scheme such that the moments
and the strong error of 7; are uniformly bounded Then, similarly to the Malliavin

estimator, the variance of the new estimator 2 increases linearly in T, as is shown

89
in the following theorem.

Theorem 5.3.1 (Importance Sampling). Suppose Y, and Uy satisfy the Assump-
tion 5.0.1, the variance of the new pathwise estimator with importance sampling

increases at most linearly with respect to T', that is,

v

oOF

00

i

\% < % T, (5.44)

for some constant " € (0, 00).
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Proof of Theorem 5.3.1. Using the same approach as in the proof of Theorem 5.2.1

completes the proof of Theorem 5.3.1. O
Choosing T' ~ 5=|loge| implies that
oF|
VI|—=]| ~ 1 . 5.45
50 | ~ g 1108l (5.45)

Therefore, in order to achieve the ¢ MSE, we need to run O(¢~?|log ¢|) paths and
the total computational cost of the standard Monte Carlo method is O (™3| log &|?),

which is of the same order as for the Malliavin estimators.

However, one of the additional benefits of this approach is that fundamentally it
changes the property of the variation process and we can easily extend it to the
computation of other sensitivities with respect to volatility parameters and the

initial condition.

The other benefit is that the pathwise sensitivities fit into the structure of the
adjoint technique naturally which calculates all the sensitivities with a fixed upper

bound for the computational cost (up to a factor 4 of the cost for the original
SDE) [34].

5.4 Numerical results

In this section, we present some numerical results for the stochastic Lorenz equa-
tion
10(X7 — X))
dX, = | X}0—-X})— X2 |dt +o0 dW/, (5.46)
XIx?— %Xf’
with initial condition zy = (—2.4,-3.7,14.98)7 and o = 6. We estimate the
sensitivity of E [X3] with respect to 6 at 6 = 28.
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For the standard pathwise sensitivity method, we directly derive the variation

process following (5.9):

0 —10 10
dxt = th + | 28 — Xt3 -1 —th Tt dt (547)
0 xz X} -8

and the standard PS estimator

OF

0 = T (5.48)
Numerically, we set T'= 20 and o = 6 using the same adaptive timestep function
as in previous chapter with § = 272 and simulate N = 4 x 107 paths. Then

we plot the log variance of the estimator % with respect to T in Figure 5.1. It

—original
-20 —linear fit

0 5 10 15 20

Figure 5.1: Exponential increase of the variance of the standard PS estimator

shows clearly that the log variance increases linearly in 7', which implies that the
variance itself increases exponentially. The slope we fitted is 3.37 which is an
approximation of x’/A\* and indicates that the computational cost the standard
Monte Carlo method using standard PS estimator to achieve O(g?) MSE becomes
O(g7%%|logel).

142



Next, following (5.29) and (5.30), we have v(X;) = (0, X},0)T and get the Malli-

avin estimation

OF(# T
% = EP [X% /0 Eth dvvf"ﬂ : (5.49)
and the Malliavin estimator
Y =
i p AW, (5.50)
n=0

Finally, following (5.42), we obtain the new SDEs with importance sampling,

10(Y? = Y3
dy, = | VH(28 - Y?) = Y2 | dt + o dW], (5.51)
VYR - 3YP

and
0 ~-10—-S 10
dy, = | [V +[28-Y2 —1-85 =Y |u|dt, (5.52)
0 V7 v, -£-S

for some S > 0. We get the new PS expression

OF () s
—g = EF [y% + Y;‘:/O - {ye, AW, (5.53)
and the new PS estimator
OF o, can=S
90 = y% + Y;:pg ; p <ytn7 AWE> . (5.54)

Numerically, we again set the same T, h, ¢ and N as above and choose S = 10.
Then we plot the variances of the Mallianvin estimator and the new PS estimator

with respect to 7" in Figure 5.2(a).

Figure 5.2(a) shows clearly the variances of both the Malliavin and the new PS
estimator increase linearly in 7T, but the variance of the new PS estimator has a
smaller constant factor and is slightly more efficient. Figure 5.2(b) shows that
both methods give similar estimates and confirms that the estimators are ergodic

and converge to the sensitivity under the invariant measure.
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Figure 5.2: Comparison of Malliavin and new PS estimators

5.5 MLMUC for sensitivity

20

In this section, we extend both the Malliavin and the new PS estimators to MLMC
[30, 32]. For ergodic SDEs without contractivity, we need to employ the change

of measure technique introduced in the previous chapter to add a spring term

between the fine and coarse paths, since otherwise the fine and coarse paths may

diverge exponentially due to the chaotic property. We first quickly review this

technique and then present the numerical results.

5.5.1 MLMC with change of measure

Instead of considering the fine and coarse paths of the original SDEs under the

same measure P,

dx/

dXe =

f(xXHyat + caw?,
f(XO)dt + odW/,
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we add a spring term with spring coefficient S > 0 for both the fine path and the

coarse path and consider both paths under different measures

Q: ay) = f)dt+odw?,

Q°: dYF = f(YS)dt+odw?, (5.56)
with
Qf _ E c_~vf P
dw;m = —( =Yy )dt+dWy,
. S
AR = S/ —YS)dt +dwt. (5.57)
g

Therefore, under the simulation measure P, we obtain that
vy = S -yt + f(v7)dt + oWy,
dye = S(Y/ —ve)dt+ f(Ye)dt + o dWE. (5.58)

Girsanov’s theorem ensures that

EF[p(X1)] - E¥[p(X5)] = E¥ [p(Y])] - E¥ [p(Y7)

dQ/ dQe (5.59)
=EF | oY) = — o(Y5
D D
where % is the corresponding Radon-Nikodym derivative with the following form

Y/ - Yy

d@f_ /s ¥ . P 1 [7s?
E—GXP(—/O <;(Yt = Y5), dW, _5/0 o2

and % is similar. The benefit of this technique is that under the measure P, we

i dt) (5.60)

recover the contractivity between Y,* and Y, and the variance of the level estima-
tor increases linearly in 7' instead of exponentially. Note that for the numerical
implementation we derive the exact Radon-Nikodym derivative for the numeri-
cal solution instead of the numerical approximation of (5.60). For the detailed

numerical scheme, see section 2 in previous chapter.

However, in this chapter, we observe that both the Malliavin and the new PS
estimations (5.29) and (5.41) involve It6 integrals and we need to be careful when

performing the change of measure and respect the following identity:

e[ (o), av?)] e [ T<w<nf>, Sp-vharawf \i2 . o
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where the Ito integral is viewed as a functional of the whole path. The identity
for the coarse path is similar. Therefore, for numerical experiments, we need to
use WY to reconstruct Wth and W to calculate the integral following (5.57).

Theorem 5.5.1 (Level Estimators with Change of Measure). Suppose Y, and
Yp satisfy the Assumption 5.0.1 under the measure P and f and 7 are globally
Lipschitz, the variance of the new MLMC' level estimator with change of measure
(5.59) and timestep h increases at most quadratically with respect to T, that is

i

1
<3 T? b, (5.62)

VAR %S

dQf o, dQ°
N~ 5(ve

dP, o(Yr) d]P’T]
for some constant n" € (0,00), where @ is the functional of the Malliavin or new

PS estimator.

Proof. Using the same approach as in the proof of Theorem 4.2.4 in the previous
chapter and the fact that E [WJ(?]{C )]”] < \'/oP TP/? gives the final result. Intu-
itively, the first order strong convergence gives h?, the It integral gives a factor
T /o? by Theorem 5.3.1 and another factor of T'//o? comes from the Radon-Nikodym
derivative (5.60). O

The MLMC theorem in the previous chapter applies here except that Vo = O(T/0?).
By choosing T' = O(|loge|) we have Vj = O(|logel), and the optimal computa-
tional cost of the MLMC with change of measure to achieve O(g?) MSE becomes
O(e7?|loge|?). Compared with the results in the previous chapter, the additional

log term comes from the order of V4.

5.5.2 Numerical results

In this subsection, we discuss the applications of standard MLMC and MLMC
with change of measure to both the Malliavin estimator (5.29) and the new PS

estimator (5.41). Numerically, we use adaptive timestepping with hg = 277 and
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N = 10° to compute the variances V; on level 0 and V; on level 1 with respect to

T for the stochastic Lorenz equation with o = 6.

First, we directly use the standard MLMC scheme for both estimators without
change of measure. The variance on level 0 increases linearly in T, which is the
same as the standard Monte Carlo method. However, for level ¢ € {1,2,..., L},
the variance of the level estimator still increases exponentially due to the chaotic

property of the original SDEs.

14000

12000 -

10000 -

8000

6000

4000

2000

Variance of level estimator

Variance of level estimator

(a) Malliavin estimator (b) New PS estimator

Figure 5.3: MLMC variances on levels 0 and 1 without change of measure

In Figure 5.3, we plot the Vy and V; with respect to T" and it confirms the linear
increase of V and the initial exponential increase of V. For both estimators, V;
becomes larger than Vj as T' increases due to the bad coupling between fine and

coarse paths.

Second, we add the spring term between the fine and coarse paths and perform
the change of measure on the level estimator following (5.59) with S = 10. The
variance on level 0 increases linearly. For level ¢ € {1,2, ..., L}, the variance of the

level estimator increases only quadratically as shown in Theorem 5.5.1.

In Figure 5.4, we plot Vi and V; with respect to T and it confirms the linear
increase of Vj and the good coupling on level 1. The quadratic increases with

respect to T’ are shown in Figure 5.5 by plotting V; with respect to T2
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Figure 5.4: MLMC variances on levels 0 and 1 with change of measure

Finally, we ran the MLMC scheme for both estimators and 7' = 10, which is

sufficiently large for acceptable weak convergence by Figure 5.2(b).

Figures 5.6 and 5.7 show that MLMC for both the Malliavin and the new PS esti-
mator works well. The top left plot shows that the variance of the level estimator
decreases at rate 2, i.e. the variance is proportional to 272¢ corresponding to first
order strong convergence. The top right plot shows first order weak convergence.
The bottom left plot shows the different number of paths on different levels for
different accuracies. The bottom right plot shows that the computational cost for
MLMC is O(e~?) and for standard Monte Carlo is O(e™3).

5.6 Other sensitivities

In this section, we consider the sensitivities of the invariant measure with respect
to the volatility parameter o and the initial datum &p; the latter should be 0. Note
that the Malliavin estimators fail here since they involve the variation process

shown in Proposition 3.3 in [26].

Assume that we are calculating the sensitivity at oy and consider the perturbed

volatility o. The derivation is similar to Section 5.3 except that we have the new
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Figure 5.5: Quadratic increase with respect to T

variation process with respect to o :

Y(U) N
42 = &f)) — 1) 2 dt +aw?, (5.63)
oY,
and the derivative of the Radon-Nikodym derivative with respect to o,
o) t B t ~
Ok _ g < / 5 (=), aw2) + / s (v v, aw?) (5.64)
do 0 0 0 0

t52 (ox ag ag t52 (X g 2
+/0 F<Yu< 0 Y[ >,zg>>du+/0 ;HYJM—Yg)H du>.

Therefore, taking o = 0y and again under the measure P, it holds that

0F (o)

T
_ wP (00)y (00 (00) S/ (00) /P
o= (et ) ™) [ 2 (s, awE)) . (59

o=00

Numerically, we only need to simulate Y, and y°® :

dYt(Uo) _ f(Yt(Oo)) dt + o, th[P”
Y(UO)
42 = oFv™) o ) g1 27at + awp, (5.66)
oY,
and the new PS estimator is
OF _ Sy ~0) SN X S /o) P
90 <V90(YT )>ZT > + ‘P(YT ) 2 P <ztn ) AWn> . (5.67)
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Figure 5.6: MLMC for the Malliavin estimator

We perform the numerical experiment on the stochastic Lorenz equation with
o = 6. Figure 5.8(a) shows the estimator is ergodic and the expectation converges
to the sensitivity of the invariant measure 0.1274, which is close to the finite
difference value 0.1268 using the data in Figure 5.11. Figure 5.8(b) confirms the

linear increase of the variance.

For the initial condition &y, we get the new variation process

of(Y;
dz = < J(;(Y;) — 51) 2z dt, (5.68)
with zg = 1 and the new PS estimator
oF o~ - S

n:O
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Figure 5.7: MLMC for the new PS estimator
Figure 5.9(a) shows that the estimator is ergodic and the expectation converges

to 0 since the initial condition won’t affect the invariant measure. Figure 5.9(b)

shows the variance is uniformly bounded.

5.7 Extension to the Lorenz problem

In this section, we consider using the new PS estimator for stochastic SDEs to
approximate the sensitivities of invariant measures of chaotic ODEs, which is a

long-standing problem. For the invariant measure of a chaotic ODE, the main
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Figure 5.8: The sensitivity with respect to volatility o

concept is the Sinai-Ruelle-Bowen (SRB) measure. An invariant probability mea-
sure 7° for a flow Z, is a physical probability measure if the subset of z satisfying

for all continuous function ¢

1

Jim / P(Z(2))dt = 7(p). (5.70)

has positive volume in space. [3] and [100] together show that the Lorenz equation
has a unique SRB measure. For the SRB measure of the system, we are also
concerned about the the sensitivity with respect to some parameters of the system.
It is shown in [88, 89| that statistical quantities are differentiable with respect to
small perturbations of parameters for quasi-hyperbolic systems, for example, the

Lorenz system.

However, the sensitivity computations of chaotic systems like the Lorenz system
are difficult due to the ill-conditioned initial value problem. Lea, Allen & Haine
[62] used the Lorenz equation as an example to illustrate the failure of adjoint
methods as the computed sensitivity blows up exponentially. They also proposed
an ensemble-adjoint approach, which uses the average of the computed sensitivi-
ties in a intermediate time scale. Choosing the time scale is a hard problem and
this approach is unlikely to be stable for more complex systems. Wang [102] intro-

duced a shadow operator to the original system and found the shadow trajectory
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Figure 5.9: The sensitivity with respect to the initial value

by inverting the shadow operator and then calculated the sensitivity. Further,
Wang, Hu & Blonigan [104] found the shadow trajectory by solving a constrained

minimization problem and the corresponding convergence result is shown in [103].

Our approach is to estimate the sensitivity of the ODE by estimating the sensitivity
of the SDE with small volatility o € (0, 00). The consideration is that, without the
random force, the evolution of the invariant measure of the ODE is governed by
the corresponding Liouville equation which may not have a well-behaved steady
solution. By adding the random noise, the evolution of the invariant measure of
the SDE is governed by the corresponding steady Fokker-Planck equation which
has a smooth, well-behaved solution. Thuburn [97] appreciated this point and
introduced the small diffusion term and calculated the sensitivities by considering
the Fokker-Planck equation, but it required the solution of the high-dimensional
elliptic PDE numerically, which is computationally expensive. In addition, as
shown in Figure 5.10(a) later this section, the random noise also accelerates the
convergence speed to the equilibrium of the system. Next, we first state some
theoretical results about the convergence of the solution and invariant measure
from the SDE to the ODE, and then show our numerical results for the ordinary

Lorenz system.
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5.7.1 Convergence of SDEs to ODEs

Freidlin & Wentzell [27] provide a systematic framework for the convergence of
SDEs to ODEs. Theorem 1.1 in chapter 2 in [27] shows that if f is continuous and

the ODE has a unique solution x;, then for sufficiently small o € (0, 00), we have

P <lim max ||.X;7 — x| = 0) =1, (5.71)

o—00<t<T

where X7 is the solution to the SDE with volatility o and Theorem 1.2 shows that
if the drift is globally Lipschitz and increases no faster than linearly in x, then for
all t € (0,00), we obtain that

E [|X7 - ] < a(t) o, (5.72)
where a(t) is a monotonic increasing function depending on the initial data and
the Lipschitz constant.

For the invariant measure, Theorem 4.2 in chapter 6 in [27] shows that if the drift
f(z) is bounded and uniformly continuous, and the deterministic system has a
unique invariant measure 7°, then 7 converges weakly to 7% as ¢ — 0, where 7°

is the invariant measure of the SDE with volatility o.

5.7.2 Numerical investigation

Now we investigate the ordinary Lorenz equation

10(xf — ;)

d
% =z} (0—x})—2?|. (5.73)
via} — S

We estimate the sensitivity of Z3 = limy_ 7 fOT x? dt with respect to 0 at 6 = 28,
which is approximately 0.981, by an average of 50 finite difference estimates using

different initial conditions as in [15].

Theorem 3.1 in chapter IV in [57] shows that the invariant measure 7 of the

stochastic Lorenz equation weakly converges to 7° as ¢ — 0 in discrete version,
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but the convergence speed is not known. Before we numerically investigate the
convergence speed, we first notice that the magnitude of the volatility o affects

the speed of convergence starting from the same initial point.

First, we plot the expectation E [X;’f’} with respect to time T for different o from
the same initial point [—2.4, —3.7,14.98]. See Figure 5.10(a).

40 T T T T T 25

""lllnm....... ..... |

f 1 ’ —original
{ —linear fit
10 - . 0 :
0

5 10 15 20 25 30 0 50 100 150 200 250 300

T o?

bﬁ
el
Iil

€a)

(a) Evolutions of different o (b) Convergence speed for different o2
Figure 5.10: The effect of o on convergence speed \*

We see that the time period needed to approach equilibrium decreases and the
equilibrium value increases as ¢ increases, which indicates that ¢ affects the con-
vergence speed \*. Next, to quantify this effect, we calculate the error bound using
the moving maximum and minimum and then perform a linear regression of log
error bound on 7" to get the estimated convergence speed \*. We plot the estimated
A* with respect to o2 in Figure 5.10(b), which shows clearly that the estimated
convergence rate \* is approximately proportional to o2. Therefore, we need to use
a longer T' to simulate the SDE with a smaller o to achieve the same truncation
error in T'. It also indicates that the convergence speed of the ODE is far slower
than the SDE since ODE has o = 0.

Next, we investigate the weak convergence order of the invariant measures with
respect to 0. First, we estimate z3 for different values of 6 ranging from 27.50
to 28.50 using the 4th-order Runge-Kutta method with h = 0.001, 7" = 300 and
zo = (—2.4,-3.7,14.98)7. See the black line in Figure 5.11. It oscillates wildly

which adversely affects the accuracy of the finite difference method.
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Figure 5.11: ODE and SDEs with different o

For SDEs, we know from the previous estimates of \* that we need to choose
different times T for different o to ensure that the equilibrium is achieved. Figure
5.11 shows that, by introducing a small random noise term, the solutions of the
SDE become smoother with respect to different 8 and they converge to the solution
of the ODE as o decreases. Simultaneously the sensitivity problem becomes better-
posed and the finite difference method already can provide a good estimate of the

sensitivity.

Next, based on Figure 5.11, we estimate the weak convergence order with respect

to o, see Figure 5.12(a). It shows first order weak convergence.

Similarly, we plot the evolutions of E [%—Z(o)] with respect to T for different o and
observe the same results as the original value. Compared with Figure 5.10, the
time period needed to achieve the equilibrium of the sensitivities is longer since

the estimator is a path integral of the original value.

We also plot the sensitivity with respect to 0 for the SDE with different values of o
in Figure 5.14. The black line shows the sensitivity of the ODE, a constant 0.981

shown in [15]. For the SDE, we use the new PS estimator and similarly simulate
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Figure 5.12: Weak convergence with respect to o

longer T for smaller 0. As shown in Figure 5.14, the sensitivities of the SDE are less
smooth with respect to 6 due to the large variance. We plot the average value in
the same color and observe that the sensitivity E [%(0)] increases as o decreases
and converges to the one for the ODE. The first order weak convergence is shown
in Figure 5.12(b). Now, we analyze the computational cost first by stating the

following numerical results obtained from the previous experiments.

e The convergence speed \* is proportional to o2, that is A* ~ O(0?). See
Figure 5.10(b).

e The weak convergence order of invariant measure from SDE to ODE with
respect to o is 1, see Figures 5.12(a) and 5.12(b).

e The variance of the new PS estimator linearly increases as T’ increases see
Figure 5.2(a) and as o2 increases by Theorem 5.3.1, that is V ~ O(T/c?).

Theorem 5.7.1 (ODE Approximation). Suppose that the conclusions above hold.
Then, to achieve O(e?) MSE, the optimal complexity of the standard Monte Carlo

method to approzimate the sensitivity of the ODE is O(e7°|log¢|?)

Proof of Theorem 5.7.1. Denoting the sensitivity of the ODE by 7’ and that of
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Figure 5.13: The effect of o on convergence speed \*

the SDE by II’, the weak error can be decomposited into

oF , Ela OF OF S
E %(0) —7'l = |E %GJ')—%(O')—F%(O‘)—H +1II' — 7
(OF . OF OF
< v v v T I
< E| %0 -2 '+ |G ||+ e -7
= O(h)+0(e™") +0(0). (5.74)
Bounding the weak error by O(e), we obtain that
h~O0(), o~ O0(), (5.75)
and
e T~ 0(e) = NT ~ O(|loge|) = T ~ O(e2|logel), (5.76)

which implies that the computational cost per path is T/h ~ O(e73|loge]).

Next, the variance of the MC estimator also needs to be bounded by O(e?), which

requires that the number of paths IV satisfies

T/(0*N) ~ O(e?) = N ~ O(c | loge|). (5.77)
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Figure 5.14: Sensitivities of ODE and SDEs with different o

Therefore, the total computational cost is O(e~%| loge|?). This completes the proof

of Theorem 5.7.1. O

For MLMC, we still require 7'~ O(s7?|1log €|) and the timestep in the finest level
is O(g). The key point here is efficient coupling, that is the choice of the timestep
size hg on level 0, which requires CyVy > C1V, that is, following Theorem 5.3.1
and 5.5.1, we have that

Vi = O T?/0*) ~ Vi = O(T/o?), (5.78)

and then
ho ~ O(0/VT) = hy ~ O(e*|loge|~V/?), (5.79)

which means that the required hg is far smaller than the size we need and as a re-
sult, MLMC with change of measure doesn’t work. The main issue here is that the
small o destroys the variance of the Radon-Nikodym derivatives. Therefore, con-
structing an estimator with higher order convergence in o to the ODE sensitivity

is the key, and we deal with that in the next subsection.
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5.7.3 Richardson-Romberg extrapolation

In this subsection, we construct new estimators by applying Richardson-Romberg
(R-R) extrapolation to o to improve the weak convergence order of o and then
reduce the complexity. R-R extrapolation was first introduced in [95] and extended
to multi-step R-R extrapolation in [81] to achieve a higher order weak convergence

rate, and further extended to multilevel R-R extrapolation in [65].

We assume that under suitable conditions the sensitivity II'(c) of the invariant
measure of SDEs with volatility ¢ has the following expansion at ¢ = 0 with
IT'(0) = 7" which is the sensitivity of the ODEs,
R—1
(o) =7+ ao*+0(c") (5.80)
k=1
where the real constants ¢y, for k& € {1,2,..., R — 1}, do not depend on . De-
noting I1'(¢) = (I'(¢/1),1"(0/2), ...,1'(6/R))7, and following the multi-step R-R
extrapolation procedure, there exists a weight vector @ = (w, ..., wg) € R such

that
R

DI (0) = > w0 /k) = 7' + O(c™), (5.81)
k=1
where wy, = %—:Z;R for k =1, ..., R. Specifically, we obtain that
R=1 wy, = 1,
R=2 wl——l,w2—2,
R=3 w =1/2, wy=—4, w3 =9/2. (5.82)

Similarly, we construct new estimators with higher order weak convergence rate

for 0. For the original expectation F'(,0), we obtain that

R=1 F(0,o0)
R=2 —F(0,20)+2F(0,0);
1
R=3 S F(0,30) —4F(0,150) + 2 F (0, 0): (5.83)
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where we use o as the smallest value for each estimator since the estimator with
smallest o converges slowest, which determines the simulation time 7. The con-
struction of the estimators for the sensitivities is exactly the same. Numeri-
cally, we plot the weak errors for these three estimators with the same smallest
o=1/4,1/2,1,2,...,20 for the Lorenz problem in Figure 5.15(a) for the original
expectation and Figure 5.15(b) for the sensitivity.

Richardson-Romberg extrapolation Richardson-Romberg extrapolation
T T T T T T T T T 0.02 T T T T T T
0
RR3
» i\/ \/\

Expectation Weak Error
Sensitivity Weak Error

| |—— Standard
—e—RR2

(a) Original value (b) Sensitivity

Figure 5.15: Weak convergence of different R-R estimators

We see that the R-R extrapolation improves the weak convergence rate signifi-
cantly. Especially for the sensitivity, the 2nd order R-R estimator already gives an
accurate estimate, which may be due to the linearity of the sensitivity in 0. The
computational cost increases linearly in R since we need to simulate R paths with

different ¢ but with the same driving Brownian motion to reduce the variance.

Therefore, following the same approach as in Theorem 5.7.1, for the estimator
with order R weak convergence rate for o, to achieve €2 MSE, we only need
o~ O(YE) and T ~ O(e~¥"|logel), and reduce the computational cost of the
standard Monte Carlo method to O(Re™3%%|log|?). The optimal R to minimize
the cost is [6|loge|] which gives a total cost O(e73| logel|?).

Similarly, for the MLMC with change of measure, to achieve a good coupling,

we require hy ~ O(e%F|loge|~1/?), and then the optimal computational cost of
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MLMC is O(e~%7%/%|loge|®). The optimal R to minimize the cost is [8|loge|],

which gives a total cost O(e7?|logel|?).

For the Lorenz problem, Figure 5.15(b) shows that the 2nd order R-R estimator
with ¢ = 15 is accurate enough. The convergence rate A\* is much larger and we
only need to simulate the SDEs to time 7" = 2, which is already sufficiently large
to achieve equilibrium. Another benefit is that the hy used on level 0 is much

larger.

Compared with Figure 5.7, the new R-R estimator has a much better accuracy
and much smaller computational cost. The following table gives the details of the
comparison. Note that the standard estimator still have a large bias due to o
and reducing o to a sufficiently small value to achieve higher accuracy becomes
computationally infeasible within a reasonable time period, while the 2nd order
R-R estimator has achieved good accuracy with a much smaller computational

cost.

Table 5.1: Computation cost comparison

o | T | hy | Computational cost | Estimated value

Standard | 6 | 10 | 277 2.450e + 13 0.93264

RR2 15 2 |24 2.668e + 11 0.97793

5.8 Conclusion

In this chapter, following the idea of introducing a spring proposed in the previous
chapter, a new pathwise sensitivity estimator using importance sampling for the
sensitivities of chaotic SDEs is derived in section 5.3. Numerical results in section
5.4 show that both the new estimator and the Malliavin estimator perform well.

The variance of the new pathwise estimator increases linearly in 7', which is a
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great improvement compared with the exponential increase of the standard path-
wise estimator. Next we extended them to MLMC scheme with change of measure
successfully in section 5.5. Similarly, the estimators for the sensitivities with re-
spect to the initial value and the volatility parameters are derived in section 5.6.
Last, we used the new estimator for SDEs with small volatility to approximate the
sensitivity of ODEs. By combining this with a Richardson-Romberg extrapolation,
we also obtained a new efficient estimator to avoid the effect of small volatility on

the variance of the estimator.
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Chapter 6

Conclusions

6.1 Summary of results

The central conclusion of this thesis is that by using an adaptive timestep it is
possible to make the Euler-Maruyama approximation stable for SDEs with glob-
ally Lipschitz volatility and a drift which is not globally Lipschitz but is locally

Lipschitz and satisfies a one-sided linear growth condition.

In chapter 2, we proved the stability and strong convergence of the adaptive scheme
for a finite time interval. If the drift also satisfies a one-sided Lipschitz condition
then the order of strong convergence is %, when looking at the accuracy versus the
expected cost of each path. For the important class of Langevin equations with unit
volatility, the order of strong convergence is 1. The orders of strong convergence
are important because they lead to MLMC results for the computational cost to
achieve a desired MSE for a certain class of functionals. The numerical experiments
suggest that in some applications the new method may not be significantly better
than the tamed Euler-Maruyama method proposed and analysed by Hutzenthaler,
Jentzen & Kloeden [48], but in others it is shown to be superior. For the FENE
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model, although the theory does not apply, the adaptive scheme is natural and

works best compared with others.

In chapter 3, we extended the analysis to the ergodic SDEs and proved that the
moments and strong error of the numerical solutions are uniformly bounded in
time T. Moreover, we extended this adaptive scheme to the MLMC method for
expectations with respect to the invariant measure by using different time intervals
on different levels, and constructed an efficient coupling of the fine path and the
coarse path with different simulation times. Numerical results support our theory.
For SDEs with contractivity on average, for example, the FENE model and SDEs
with a double-well potential, our scheme with adaptive T works well and achieves

an optimal complexity.

In chapter 4, we introduced a new change of measure technique for multilevel
Monte Carlo estimators by adding a spring term to link the coarse and fine path
approximations. For chaotic ergodic SDEs satisfying the one-sided Lipschitz con-
dition, we reduced the exponential increase of the variance to a linear increase,
which greatly reduces the computational cost when our interest is in the expecta-
tion with respect to the invariant measure. The numerical analysis only works for
globally Lipschitz drift, but numerical experiments in section 4.4 show that the
change of measure technique works well for the case with non-globally Lipschitz

drift using adaptive timestepping.

In chapter 5, we proposed a new pathwise sensitivity estimator using importance
sampling for the sensitivities of chaotic SDEs. Both the new estimator and Malli-
avin estimator perform well and have been extended to MLMC successfully. The
benefit of the new pathwise estimator fundamentally changes the variation pro-
cess and is easily extended to sensitivity with respect to the initial value and the
volatility parameters. In addition, we also considered using this estimator for
SDE with small volatility to approximate the sensitivity of ODEs. Together with
the Richardson-Romberg extrapolation, we constructed a new efficient estimator

overcoming the effect of the small volatility.
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6.2 Future work

A number of areas for further research arise this work. One area for research con-
cerns the restriction of the current assumptions. The first direction is to extend
the numerical analysis to ergodic SDEs with non-globally Lipschitz drifts using
adaptive timestepping and the change of measure technique, since numerical ex-
periments in section 4.4 show it works well. Another direction for extension of
the theory is to SDEs with a volatility which is not globally Lipschitz, but instead
satisfies the Khasminskii-type condition used by Mao & Szpruch [68, 70]. A third
option is to use a Lyapunov function V(z) in place of ||z||* in the stability anal-
ysis; this might enable one to prove stability and convergence for a larger set of
SDEs. For SDEs such as the stochastic van der Pol oscillator and the stochastic
Lorenz equation, if we could prove exponential integrability using the approach of
Hutzenthaler, Jentzen & Wang [49] then it may be possible to establish an order of
strong convergence using a locally one-sided Lipschitz condition. The other option
is to apply adaptive methods to SDEs with a discontinuous drift. Neuenkirch et

al. [80] have done some pioneering work in this direction.

Next, we can explore other applications of spring couplings between coarse and
fine paths. For the simulation of the invariant measure of some Markov chains
arising from chemical reactions, we can extend the results in [38] by Glynn and
Rhee to non-contractive Markov chains by introducing a spring term to couple
coarse and fine Markov chains. Another possible application may be to computing

the invariant measure of SPDEs [18].

Lastly, we can continue to improve our algorithms. One possibility is to extend
the analysis to Milstein approximations, which are particularly important when
the SDE is scalar or satisfies the commutativity condition, which means that the
Milstein approximation does not require the simulation of Lévy areas. Another
direction is to develop a more efficient scheme for the sensitivity of the expectation
of a discontinuous functional ¢ with respect to the invariant measure. For example,
we could consider the combination of our technique with vibrato Monte Carlo
method [31].
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Appendix A

Multi-dimensional Ito formula

For a SDE:
dX; = f()_(t) dt + g()_(t) dW;, (A.1)

we assume that f and g are locally Lipschitz and satisfy the one-sided linear growth

condition. Note that

a | X|P 01Xl o X B
aXxiP L
— plIX|P2X
R
o || x| i )
I 1P+ ol — 2) X2 (A2)
o |X|r

L p(p—2)|| XXX
XX~ P~ XXX,
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and then by Ito’s formula, we obtain that
d| X P =p <)?t, (Xt» X P~2dt + p XT g(X,) || X,|[P~2aw,

1 § E 0 H‘<th v
2 pr e SXZ aX ( )g]( t)

=p (Ko F(X) X2t 4+ p X g(X0) | K2,
1
24

+ PlIXP2g:(Xe)ga(Xo) T dt

+

IngRRiNgEg=
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p(p — 2)|| X |P~ X, X 9:(X) g5 (X)T dt,

DN | —

2 1

1y

where g; is the i-th row vector of g. By the definition of the Frobenius norm of a

matrix, we obtain that
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Therefore, the definition implies that

AR < (R 000+ L5 100l ) 1R

+p X7 g(Xy) || X, |P2aws,

from which we can derive that

%0 1%l + [ o (R + 230

||g<Xs>||2) 1R.JP2ds

t
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0
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Appendix B

Inequalities

Lemma B.1 (Markov’s inequality). If X is a nonnegative random variable and

a > 0, then it holds that
E[X]

a

P(X > a) < (B.1)

If ¢ is a monotonically increasing function from the nonnegative reals to the non-
negative reals, X is a random variable, a > 0, and ¢(a) > 0, then it holds that

E [6(1 X)) B2)

P(X| 2 0) < =2

In this thesis, we usually take ¢(x) = z?.
Lemma B.2 (Jensen’s inequality). For a real convex function ¢, real numbers
X1, Xo, ..., X, in its domain, and positive weights a;, Jensen’s inequality can be

stated as
YD w
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In this thesis, we have two different forms: a; = %, Y a; =1 and ¢(x) = 2P :

<Z %X) % (B.4)

a; = h;, Y- h; =T and ¢(z) = 2P :

(Z#) Zh = (Xnx) <Y mxy. o (B5)

Lemma B.3 (Generalized Jensen’s inequality). Let (£, F,pn) be a probability
space, such that p(2) = 1. If g is a real-valued function that is p-integrable,

and if ¢ is a convex function on the real line, then it holds that
¢</gdu> S/d)oydm (B.6)
Q Q

S(E[X]) <E[p(X)]. (B.7)

that is

In this thesis, we have two different forms: assume p to be uniform distribution

on [0, T]; then,
¢ (%/0 dt) < —/ o(g (B.8)

Assume g to be exponential distribution on [0, 77,

¢ (ﬁ/{) g(t)e”tdt) < m/() d(g(t))et dt. (B.9)

Lemma B.4 (Hélder’s inequality). For any scalar random variables X, Y,, and

any p,q > 1 such that 1/p+ 1/q = 1, it holds that
E[|XY|| <E[IX])/PE Y1) (B.10)
Lemma B.5 (Young’s inequality). Forrt+¢ 1 =1, r>1, ¢ > 1,

1
ab< Za" + b7 Ya,bo > 0. (B.11)
T qa?

170



In this thesis, we also use three special cases: r = g = 2,

ab < oa® + §b2; (B.12)
r=-5,q=1%,
2 < P pz)aap 2w, (B.13)
po’
and r = z%’ q=np,
a1y < %ap + pgi_lb”. (B.14)

Lemma B.6 (Cauchy-Schwartz inequality). For all vectors X and Y of an inner
product space it holds that
(X, Y) < | XYY (B.15)

Lemma B.7 (Doob’s inequality). If M, is a martingale with My = 0, then for
any p > 1 it holds that

Bl <E | sup (M| < (25) E (1P, (B.16)

0<s<t
Lemma B.8 (Burkholder-Davis-Gundy (BDG) inequality). If M is a martingale
with My = 0, then for any p > 1, there are constants c,, C, such that

,E [|[M]T|§} <E [sup |Ms|p} < C,E [|[M]T|ﬂ , (B.17)

0<s<t
where [M]; is the quadratic variation process of M,.

Lemma B.9 (BDG inequality for multi-dimensional Ito integral). If there is an
m-dimensional Ito integral [, ¢(X,)dW, satisfying [, E[||o(X.)|[] du < oo, then

for p > 1, there exists a C, > 0 such that

e [ [l au

0<s<t

/ (X,

P
} < CE

] ey
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Proof of Lemma B.9. By Jensen inequality and Lemma B.8, we obtain that

s p
E[sup /(p(Xu)qu }
0<s<t |JO
m s 'p
sup Z/ vi( X dWl <mP'E | sup /gpi(Xu)dW;
0<s<t o<s<t = |Jo

/m D2 du

0<s<t

]

] mP1C, Z]E

<mP~ IZE [sup

/ (X, )dWi

< 1C, 3 E \ / le(X)I* du ] < m'C,E \ / le(X)|* du ] .
i=1 0 0
(B.19)
This completes the proof of Lemma B.9. n

Lemma B.10 (Gronwall’s inequality). Assume that the continuous functions u, k :

[0,7] — [0,00) and K > 0 satisfy that

u(t) < K+/O k(s)u(s)ds, (B.20)

for allt € [0,T). Then the Gronwall’s inequality is that

ut) < K exp (/Ot k(s) ds) . (B.21)
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Appendix C

Useful lemmas

Lemma C.1. If f satisfies Assumption 4.2.2, then for any x,y,v € R™, it holds
that

(v, f(@)=f(y)) = (v, Vf(2)(z—y)) + R(z, y, v), (C.1)

where the remainder term has the bound
|R(x,y,v)| < Lijvl| lz—yl*. (C.2)
Proof of Lemma C.1. If we define the scalar function u(\) for 0<A<1 by

u(A) = (v, fly + Mz—y))), (C.3)

then w(\) is continuously differentiable, and by the Mean Value Theorem wu(1)—
u(0) = u/(X\*) for some 0 < A* <1, which implies that

(v, f(2)=f(y)) = (v, V(y + A (z=y)) (z=y)). (C.4)

The final result then follows from the Lipschitz property of V f. This completes
the proof of Lemma C.1. O]
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