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Abstract

The Banach-Lie algebra £(A) of multiplication operators on the JB*-triple A is introduced and it is
shown that the hermitian part £(A);, of L(A) is a unital GM-space the base of the dual cone in the dual
GL-space (L(A)p)™* of which is affine isomorphic and weak*-homeomorphic to the state space of £L(A). In
the case in which A is a JBW*-triple, it is shown that tripotents u and v in A are orthogonal if and only if
the corresponding multiplication operators in the unital GM-space L£(A)y, satisfy

0< D(u,u)+ D(v,v) <idy,
and that u is a pre-associate of v if and only if
D(u,u) < D(v,v).
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1. Introduction

This paper presents a further investigation into the structure of JBW*-triples. The work of
Kaup and Upmeier [24-26] and Vigué [39—42] shows how the holomorphic structure of the open
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unit ball in a complex Banach space A leads to the existence of a closed subspace As of A and
atriple product {...} from A x Ay X A to A. The purely algebraic properties of the triple product,
namely the linearity and symmetry in the first and third variables, the conjugate linearity in the
second variable and, most important, the existence of a Jordan triple identity, relate any complex
Banach space to the Jordan triple systems studied by Koecher [27], Loos [28] and Meyberg [31].
When A; exhausts A or, equivalently, when the open unit ball in A is a bounded symmetric
domain, the complex Banach space A is said to be a JB*-triple. A JB*-triple that is the dual
of a complex Banach space is said to be a JBW*-triple. Because of the very intimate nature of
the relationship between their geometric and algebraic structure, considerable attention has been
given to their properties in recent years. See, for example, [4-6,11,13,14,16,18-20,22,37,38].

Examples of JB*-triples are C*-algebras and JB*-algebras and, therefore, examples of JBW*-
triples are W*-algebras and JBW™*-algebras. A question often asked is when a certain property
of a C*-algebra can be generalised to a JB*-triple. The main obstruction to such a programme
stems from the lack of a global order structure for a JB*-triple. Many of the generalisations that
have been proved depend upon developing new techniques that do not depend on order structure,
some of which lead to the discovery of new properties of C*-algebras.

This paper is devoted to the study of a rather different order structure associated with JB*-
triples. This structure is defined not on the JB*-triple A itself but within the complex unital
Banach algebra B(A) of bounded linear operators from A to itself. Whilst this was touched
upon in the formative work on JB*-triples mentioned above there appears not to have been a
systematic investigation into this aspect of the theory of JB*-triples. A multiplication operator
D(a, b) corresponding to elements a and b in the JB*-triple is the element of 5(A) defined, for
an element ¢ in A, by

D(a,b)c={abc}.

The main object of interest in this paper is the Banach-Lie subalgebra £(A) of B(A) which is
the norm-closed linear span of the family of all multiplication operators and the identity operator
on A. This possesses a natural involution and the self-adjoint part £(A);, of L(A) which forms
a linearly partially ordered real Banach space, which is, in fact, a unital GM-space. Moreover, it
can be shown that the base of the dual cone in the dual GL-space (L(A);)* consisting of elements
of unit norm is affine isomorphic and weak*-homeomorphic to the state space of L(A).

The part played by idempotents in algebraic structures endowed with a binary product is
played by tripotents in the theory of JB*-triples. A JBW*-triple A is particularly well-endowed
with tripotents. Indeed, the linear span of the set Z/(A) of tripotents in the JBW*-triple is norm-
dense in A. Furthermore, the set I/(A) also possesses a natural partial ordering which has been
much exploited in investigations into the properties of JBW*-triples. The main results of this
paper connect this partial ordering with that in the ordered Banach space £(A);,. These show that
tripotents # and v in A are orthogonal if and only if the corresponding multiplication operators
in the unital GM-space L(A)j, satisfy

0< D(u,u)+ D(v,v) <ida,
and that u is a pre-associate of v if and only if

D(u,u) < D(v,v).
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The paper is organised as follows. In Section 2, definitions and properties of unital GM- and
GL-spaces are given, their importance in the study of subspaces of the real Banach space of
hermitian elements in a complex unital Banach algebra is discussed, and the application of these
results to the complex unital Banach algebras B(X) and B(X*) of bounded linear operators on a
complex Banach space X and on its dual X* is explained. In Section 3, the basic definitions and
properties of JB*- and JBW*-triples are given and the main object under discussion in this paper,
the Banach-Lie algebra £(A) of multiplication operators on the JB*-triple A, is described. In
addition, the results of Section 2 are applied to £(A) and it is shown how the state space of L(A)
is related to the set of bounded sesquilinear functionals on A. The main results of the paper are
contained in Section 4, after the definitions and properties involved in the study of weak*-closed
inner ideals and tripotents in JBW*-triples are introduced.

2. Ordered Banach spaces and complex Banach algebras

In this section various preliminary results, some of them well known, are assembled. The first
task is to review some results about partially ordered real Banach spaces.

Recall that a unital GM-space E is a real Banach space, linearly partially ordered by a norm-
closed cone E, for which there exists an element 1 in £ such that the closed unit ball £ in E
coincides with the order interval (—1+ E;) N (1 — E4). In this case 1 is said to be the order unit
in E [1,43].

Lemma 2.1. Let E be a unital GM-space, with unit ball E1, cone E., and order unit 1, and let F
be a norm-closed subspace of E containing 1. Then, with respect to the restricted norm and cone
F N E4, the real Banach space F is a unital GM-space with order unit 1.

Proof. Clearly F N E is a norm-closed cone in F containing 1 and it only remains to show that
the unit ball F N E; in F coincides with the set (—1 + F N E;) N (1 — F N E4). Notice that if
T is an element of F N E; then there exist elements 77 and 7> in E such that

T=—-1+T1=1-T1>.
Since both 1 and T lie in F it follows that both 77 and 7> lie in F and
FNEIC(—14+FNE)NA—-FNEY).

Conversely, if T liesinthe set (—1+ FNE;)N (1 — FNEY) then T lies in the set F N (—1 +
E4) N (1 — E4) which coincides with F' N Ey, as required. O

Recall that a GL-space G is a real Banach space, linearly partially ordered by a norm-closed
cone G4, such that the norm is additive on G and the closed unit ball G in G coincides with
the convex hull conv((G4+ N G1) U (—G4+ N Gy)) of the set (G N G1) U (—G4 N Gy). In this
case the set K of elements of G of norm one forms a base for the cone G and

Gi=conv(KgU—-Kg).
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Lemma 2.2. Let E be a unital GM-space, with unit ball E1, cone E, and order unit 1, let E*
be its Banach dual space, with unit ball E¥, and let

Ei={¢€E* ¢(T)20VT € E.}.

Then, E is a weak*-closed cone in E* with respect to which the real Banach space E* is a
GL-space. Furthermore, the base K g+ of the cone E?; is given by

Kee={pEL: p()=1}={p e E: llp| =1}.
Proof. See [1, Proposition II.1.7]. O

Let B be a complex unital Banach algebra with unit 13 and let B* be its Banach dual space.
Then, the state space Sp of B consists of the set of elements ¢ in the unit ball B} in B* for which

¢(p)=1.
For an element T in B, the numerical range V (BB, T') is defined by
V(B,T)={¢(T): T € Sg}. 2.1

Observe that if C is a closed subspace of B containing 1z and T and the state space S¢ and
numerical range V (C, T') are similarly defined then

VI, T)=V(B,T), (2.2)

and, consequently, the numerical range of T is determined by the linear span of 15 and 7. The
numerical radius vg(T) is defined by

va(T) =sup{|rl: x € V(B,T)}.

An element T of B is said to be hermitian if the numerical range V (B3, T') is contained in R and
is said to be positive if V (BB, T) is contained in R.. Let B, and B+ denote the sets of hermitian
and positive elements of I3, respectively. Observe that, for each element 7 in By, the numerical
range V (B, T) is the closed convex hull of the spectrum o5(T) of T, and, denoting the spectral
radius of T by rg(T), it follows that

1Tl =vs(T) =rp(T). (2.3)

For details of this result and those quoted above the reader is referred to [7,36].
The connection between the results quoted above and partially ordered real Banach spaces is
described in the next lemma.

Lemma 2.3. Let B be a complex unital Banach algebra with unit 1g and let By, and Bj4 be
the sets of hermitian and positive elements of B, respectively. Then, By, is a norm-closed real
subspace of B, and By forms a norm-closed cone in By, containing 15, with respect to which
By, is a unital GM-space.
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Proof. That 5, forms a real Banach space with closed cone Bj,+ follows from [7, Lemma 2.6].
Moreover, since the numerical range V (B, 1) is the point {1} in Ry, the unit 153 lies in Bj.
Observe that if the element 7' of By, lies in the set (—15 + B,4+) N (1 — By+) then there exist
elements 77 and 75 of By, such that
T=—-1g+T1=15—T1.
It follows that
V(B.T)={¢(~15+T): ¢ € Sp} = {~1+¢(T1): ¢ € Sp}
={¢(p—T): ¢ Sp} = {1 —¢(I2): ¢ € Sp}

Hence, by (2.3),
17 < 1.
Conversely, if T lies in the unit ball By in B, again using (2.3),
VB, T)<[-1,1].
Hence, for all elements ¢ in Sg,
¢(p—T) =20, ¢(1p+T) =0,

which implies that the elements 13 — 7 and 13 + T lie in B4, and T lies in the set (—15 +
Bn+) N (1 — Bpy), asrequired. 0O

The complex unital Banach algebra 3 may also be regarded as a Banach-Lie algebra relative
to the Lie multiplication

(S,T) [S,T]1=ST —TS.

Recall that, by [7, Lemma 2.4], for elements S and T of By, the element i[S, T'] also lies in By,
and, therefore, the closed subspace B; of B, defined by

Bj =By +iBy,
is a Banach—Lie subalgebra of B every element T of which has a unique representation
T =T +iT>,
where T and T are elements of 3. For such an element T of 53; define

T =T —iTs.
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Then, the mapping T > T is a norm-continuous involution on B i, the corresponding norm-
continuous projections onto 3, being given by

1 1
- i (r—Tt
THZW+T) THmQ‘T)

Let £ be a norm-closed subspace of /3; which is closed under the involution T' T7 and con-
tains 15. For each element ¢ in the Banach dual space £* of L let ¢' be the element of L£*
defined, for an element 7 in L, by

¢"(T) =¢(T7).

Then, the mapping ¢ — ¢ is a weak*-continuous involution on £*, the corresponding weak*-
continuous projections onto the weak*-closed real subspace (L£L*);, of L* being given by

¢ (¢>+¢ ). ¢ %(¢—¢*).
Observe that (L*);, consists of those elements of £* that take real values on £ and that
L= (L @i(Lp.
Moreover, writing
Ly=LNDBy, Lyt =LN By,

it follows from Lemmas 2.1 and 2.3 that £ is a unital GM-space, the dual (£;)* of which
is a GL-space. In the next lemma the relationship that exists between the two real Banach
spaces (Lp)* and (L*), is clarified.

Lemma 2.4. Let B be a complex unital Banach algebra with unit 13, let B be the Banach—Lie
subalgebra of B equal to B), @ B}, where By, is the unital GM-space of hermitian elements of 3,
let T +— T be the norm-continuous involution on B ; defined, for elements Ty and T, in B, by

(T +iT) =T —iD,

let L be a norm-closed subspace of B containing 15 and closed under the involution, let Ly,
be the unital GM-space equal to L N By, with dual GL-space (Lp)*, let ¢ — ¢ be the adjoint
weak*-continuous involution on the Banach dual space L*, and let (L*);, be the weak*-closed
real subspace of L* consisting of elements ¢ for which ¢ and ¢* coincide. For each element ¢
of (L*)p, let ¢ be the restriction of ¢ to Ly. Then, the mapping ¢ — ¢ is a real linear weak*-
continuous isometry from the real Banach space (L*);, onto the GL-space (Lp)* mapping the
state space Sy of L onto the base K, of the cone (Lp)% in (Lp)*.

Proof. For each element ¢ in (£L*);, and each element T in Ly, ¢ (T) lies in R and,

lo(D)| < llpIITI
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Hence, the restriction qAb of ¢ to L, is a real linear functional on the unital GM-space £;, which
lies in (Lp)* and

o1l < Il (2.4)

It is clear that the mapping ¢ +— qg is real linear from (L*); to (L£)*. If, for all elements S in L,
$(S) =

then, for all elements 7 in L,
1
& (T) =¢<§(T + TT)) +1¢< (T TT)> 0,

and it follows that ¢ is equal to zero. Hence, the mapping ¢ ¢3 is an injection. For an element v
of (£;)* define the mapping ¢ on L, for each element T of L, by

1 .
¢(T) = w(E(T + T')) w( (T - TT)>
Then, ¢ is clearly linear and, since the involution is norm-continuous,

1
lo(T)| < 5||1/f||(||T+T*|| +|| T =T7]) <lIwllA+mITI,

for some positive real number y. It follows that ¢ lies in £*, and, since ¢ is real on Ly, qb lies
in (L*)j. Clearly ¢> and ¥ coincide, from which it can be seen that the mapping ¢ +— qb isa
bijection from (L*);, onto (Lj)*.

Now, consider the pair £, and (L*);, of real Banach spaces. If ¢ is an element of (L*); such
that, for all elements 7 in Ly, ¢ (T) is equal to zero then, from above ¢ is equal to zero. Notice
that, for each element ¢ of the state space Sy of £ and each element T in Ly, ¢(T) is real and,
hence, S/ is contained in (L£*);,. Therefore, if T is an element of £ such that, for all elements ¢
in (L*)p, ¢ (T) is equal to zero then, since Sy is contained in (L*);, by (2.1)—(2.3), the numerical
range V(B,T) of T is equal to {0} which implies that T is equal to zero. It follows that the
real Banach spaces £y and (£*), form a dual pair in which the weak topology o (L, (L*)p)
coincides with the weak topology o (L, £*) restricted to £ and the weak topology o ((L*)n, L)
coincides with the weak*-topology o (L*, £) restricted to (L*);. By definition, the mapping
¢+ dA) is a homeomorphism from (£*)j, endowed with the topology o ((L*)5, Lp,), onto (Lp)*,
endowed with the weak*-topology.

Observe that, since the positive cone Ly, in the unital GM-space L, is equal to the set of
elements T of £ for which the set S, (7T') is contained in R, by duality it follows that the dual
cone in (L£*)j, consists of the smallest weak*-closed cone in (L£*); containing S,.. Notice that,
since S, is a weak*-compact convex set, a straightforward limit argument shows that R S, is
a weak*-closed cone and, hence, the smallest such cone containing S, . It follows by duality that

Sc={peL" ¢p(Lny) >0, p(1p) =1},
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and, hence, that

Se={¥ e (L)* v(Lrp) =0, ¥(1p) =1} =K, (2.5)

the base of the cone (£;,)* in the GL-space (L;)*. Notice that, for an element v in (£;,)*, there
exist elements ¥ and ¥, in Kz, )+ and B in the real interval [0, 1] such that

v =1yIl(By1 — (1= B)va),

and, hence, elements ¢; and ¢, in S, such that
v =1y ll(B1 — (1 — B)éa) = 1w (Bé1 — (1 — B)ga).
It follows that ¥ coincides with ¢3, where

o= vl(Bo1 — (1 - B)h2).

Therefore,
Il < vl (Bllgill + (1 = B)ligall) = Ipll. (2.6)

That the mapping ¢ — qs is an isometry follows from (2.4) and (2.6), and that the mapping is an
order isomorphism follows from (2.5). O

In this paper, the complex unital Banach algebra B under consideration will be the set B3(X) of
bounded linear operators on a complex Banach space X, the unit being the identity operator idy
on X. The relationship that exists between the relevant properties of B(X) and B(X™*), where X*
is the Banach dual space of X is summarised in the result below.

Lemma 2.5. Let X be a complex Banach space, with dual space X*, let B(X) and B(X*) be
the complex unital Banach algebras of bounded linear operators on X and X*, respectively, and
let T +— T* be the isometric linear anti-isomorphism from B(X) onto the sub-unital Banach
algebra B(X)* of weak*-continuous elements of B(X*) obtained by taking adjoints. Then, the
following results hold.

(1) The restriction of the mapping T +— T™* to the unital GM-space B(X)}, of hermitian elements
of B(X) is an isometric real linear order isomorphism onto the unital GM-space (B(X)*)j,
of weak™*-continuous hermitian elements of B(X™).

(ii) The restriction of the mapping T — T* to the Banach-Lie algebra B(X) j, which is equal to
B(X), ®1B(X)p, is an isometric linear Lie anti-isomorphism onto the sub-Banach—Lie alge-
bra (B(X);)* consisting of weak*-continuous elements of the Banach—Lie algebra B(X™);
such that, for each element T ofB(X)j,

()" =",

where T +— T denotes the involution in B(X) and in B(X*).
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Proof. The result is an immediate consequence of standard properties of the adjoint mapping
and [7, Theorem 9.4 and Corollary 9.6(iii)]. O

3. JB*-triples and JBW*-triples

A complex vector space A equipped with a triple product (a, b, c) — {abc} from A x A x A
to A which is symmetric and linear in the first and third variables, conjugate linear in the second
variable and, for elements a, b, ¢ and d in A, satisfies the identity

[D(a,b), D(c,d)]=D({abc},d) — D(c,{dab}), 3.1)

where [, ] denotes the commutator, and D is the mapping from A x A to the algebra of linear
operators on A defined by

D(a,b)c ={abc},

is said to be a Jordan*-triple. A Jordan*-triple A for which the vanishing of {aaa} implies
that a itself vanishes is said to be anisotropic. For each element a in A, the conjugate linear
mapping Q(a) from A to itself is defined, for each element b in A, by

Q(a)b={aba)}.

The mappings D(a, b) and Q(a) are said to be multiplication operators and quadratic operators,
respectively. For details about the properties of Jordan*-triples the reader is referred to [28].

A Jordan*-triple A which is also a Banach space such that D is norm-continuous from A x A
to the complex unital Banach algebra B(A) of bounded linear operators on A, and, for each
element a in A, the multiplication operator D(a, a) lies in the positive cone B(A), in the unital
GM-space B(A);, of hermitian elements of B(A) and satisfies

|D@a. a)| = lall*, (3.2)

is said to be a JB*-triple. It follows from the results of [19] that, in this case, for elements a, b
and cin A,

[Habet|[< lallibllel. (3-3)

For details the reader is referred to [24,25,37] and [38]. Examples of JB*-triples are JB*-algebras,
for the properties of which the reader is referred to [10,21,44], and [45], and, consequently, to
C*-algebras [35].

The first main result shows how those of Section 2 apply to JB*-triples.

Theorem 3.1. Let A be a JB*-triple and let L(A) be the norm-closed subspace of the complex
unital Banach algebra B(A) of bounded linear operators on A which is the norm-closed complex
linear span

£(A) =ling({D(a, b): a.b e A} Ulidy))"

of the union of the set of multiplication operators on A and the identity operator idy on A. Then,
the following results hold.
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(1) The norm-closed subspace L(A) is a sub-Banach-Lie algebra of the Banach—Lie alge-
bra B(A); which is equal to B(A), @ iB(A)n, where B(A);, is the unital GM-space of
hermitian elements of B(A), and is closed under the involution T +> T on B(A);.

(i1) The real vector space

L(A)n = LA)NB(A)n

is a unital GM-space with order unit id 4 such that

n

L(A), =ling({D(a,a): a € A}U{ids})

(iii) The Banach—Lie algebra L(A) is given by

£(A) =tinc({D(a,a): a € A} Ulida}) .

Proof. (i) Let D(a, b) and D(c, d) be multiplication operators on A and let « and 8 lie in C.
Then, using (3.1),

[D(a,b) +aida, D(c,d) + Bida] = [D(a,b), D(c,d)]| = D({abc},d) — D(c,{dab}),
which lies in £L(A). By linearity and norm-continuity of the triple product it follows that L(A) is

a sub-Banach-Lie algebra of B(A). Observe that id4 lies in B(A);, and, for all elements a and b
in A,

D(a,b) = ! D(a+b,a+b)— D(a,a) — D(b, b)
2
- %(D(ia—i-b,ia—l—b) — D(a,a) — D(b, b)), (3.4)

which lies in B(A);, @ iB(A)p, or, equivalently, in B(A);. It follows that £(A) is a norm-closed
Lie subalgebra of B(A), as required. Moreover, by (3.4), for elements @ and b in A,

D(a,b)" = %(D(a +b,a+b)— D(a,a) — D(b, b))
+ %(D(ia +b,ia+b) — D(a,a) — D(b, b))

= %((D(a, b) + D(b,a)) +i(D(ia, b) + D(b,ia)))

=D(b,a).

Since (id4) is equal to id4, using the norm-continuity of the involution 7'+ T, it follows that
L(A) is closed under the involution, as required.

(i) That £y, is a unital GM-space follows from Lemma 2.1. From the definition of a JB*-triple
it can be seen that the real vector space ling ({D(a, a): a € A} U {id4}) is contained in L(A)j,
and, since L(A)y, is norm-closed, ling ({D(a, a): a € A} U {idA})n is contained in L(A)y. Let T




2876 N.A. Altwaijry, C.M. Edwards / Journal of Functional Analysis 254 (2008) 2866-2892

be an element of £(A); and let € be a positive real number. Then, there exists an element S in
linc({D(a, b): a,b e A} U{ida}) such that

IS—TIl<e
Suppose that
n
S= ZajD(aj, bj) + Bida.
j=l1
Then,
n
ST=>"a;D(b;.a;) + Bida,
j=l1
and

1 "1
§(S+ST):Z§(OJJ~-I—Oé_j)(D(ai,'+bj,aj+bj)—D(aj,aj)—D(bj,bj))

j=1

+Z —&)(D(a; +bj,ia; +bj) — D(aj,a;) — D(bj,b;))

+ 5(/3 + B)idy.

Hence, the element %(S + ST lies in linr({D(a,a): a € A} U {id4}) and, using the norm-
continuity of the involution, for some positive real number y,

T (54| <SIT =S+ 2| 7F = ST <201+ e
2 T2 2 2 '

Hence, T lies in ling({D(a,a): a € A} U {idA})n, as required.
(ii1) This is immediate since

L(A) =LA ®ILA). D

The Banach—Lie algebra £(A) is said to be the Banach—Lie algebra of multiplication oper-
ators on the JB*-triple A. The result below follows immediately from Lemma 2.4 and Theo-
rem 3.1.

Corollary 3.2. Under the conditions of Theorem 3.1, there exists a real linear weak*-
continuous isometric order isomorphism from the self-adjoint part (L(A)*)y, of the Banach dual
space L(A)* of L(A) onto the GL-space (L(A)y)* which maps the state space Sg 4y of L(A)
onto the base K (£ ay,)* of the cone (L(A)p)%.
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A JB*-triple A which is the dual of a Banach space A, is said to be a JBW *-triple. In this case
the predual A, of A is unique up to isometric linear isomorphism and, for elements a and b in A,
the operators D(a, b) and Q(a) are weak*-continuous. Examples of JBW*-triples are JBW*-
algebras, for the properties of which the reader is referred to [10,21,44], and [45], and, hence, to
W*-algebras [35]. The second dual A** of a JB*-triple A is a JBW*-triple. For details of these
results the reader is referred to [4,5,8,9,18], and [23].

Theorem 3.1 and Corollary 3.2 do, of course, apply to JBW*-triples. Since, for elements a
and b in the JBW*-triple A, the multiplication operator D(a, b) is weak*-continuous, there exists
an element D(a, b) in the complex unital Banach algebra B(A,) of bounded linear operators
on the predual A, of A with adjoint D(a, b). Clearly, the operators D(a, b), and D(c, d)4 also
satisfy the Jordan triple identity (3.1) and the result below follows immediately from this remark
and Lemma 2.5.

Theorem 3.3. Let A be a JBW*-triple with predual A, and let L(Ay) be the norm-closed sub-
space of the complex unital Banach algebra of bounded linear operators on A, which is the
norm-closed linear span

L(A,) =ling([D(a, b)s: a,be A} Ulida,})
where D(a, b), is defined, for each element x in A, and c in A, by

D(a,b).x(c) = x(D(a, b)c) = x({a bc}).
Then, the following results hold.

(1) The norm-closed subspace L(A) is a sub-Banach—Lie algebra of the Banach—Lie alge-
bra B(Ay)j which is equal to B(Ay)n ®1B(Ax)n, where B(Ay)y, is the unital GM-space of
hermitian elements of B(Ay), and is closed under the involution T +— TV on B(Ay);.

(ii) The real vector space

L(A)n = L(A) N B(An

is a unital GM-space with order unit id 4, such that

n

LA =ling({D(a,a): a € A} U{ida,})

(iii) The Banach-Lie algebra L(A) is given by

n

L(A,) =ling({D(a,a): a € A} U{ida,})
(iv) The mapping T +— T* is an isometric linear Lie anti-isomorphism from L(A,) onto the
Banach-Lie algebra L(A) of multiplication operators on A such that, for each element T
in L(Ay),
()" =",

the restriction of which to the unital GM-space L(Ay)y, is an isometric real linear order
isomorphism onto the unital GM-space L(A)y, which is the hermitian part of L(A).
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As a consequence of this result the study of the Banach—Lie algebra £(A) of multiplication
operators on a JBW*-triple A is equivalent to the study of the Banach-Lie algebra L£(A,) of
multiplication operators on its predual A,. In particular, the GL-spaces (L(A)*)n, (L(A)p)*,
(L(A)™)n, and (L(Ax)p)* are all real linearly isometric and order isomorphic to each other.

Before embarking upon the proofs of the main results of the paper one further property of
JB*-triples is required.

Lemma 3.4. Let A be a JB*-triple, let ¢ be an element of the state space Sp () of the Banach—Lie
algebra L(A) of multiplication operators on A and, for each pair a and b of elements of A, let

2¢(a,b) =p(D(a,b)),

where D(a, b) is the multiplication operator corresponding to a and b. Then, the following
results hold.

(i) The mapping $24: A x A — C is a positive bounded sesquilinear functional on A.
(i) The mapping || - |l2, : A — Ry defined, for an element a of A, by

lalla, = 2p(a, @)} = ¢(D(a, a))?

is a pre-Hilbertian semi-norm on A.
(iii) For all elements a in A,

lalle, < llal-

Proof. (i) Since ¢ is linear and the mapping D: A x A — A is sesquilinear, it can be seen that
£24 is a sesquilinear functional on A. Moreover, since for all elements a in A, the multiplication
operator D(a, a) is positive, it follows that the sesquilinear functional £24 is positive. Further-
more, for elements a and b in A, using (3.3),

|24(a,b)| = |¢(D(a. b))| < lgll| Da, )| < llalllizll, (3.5)

and the sesquilinear functional £2 is bounded.
(i1) This is an immediate consequence of (i).
(iii) This follows immediately from (3.5). O

4. Order theoretic properties of JBW*-triples

Before turning to the main results of the paper some more background material is summarised.

A subspace B of a JB*-triple A is said to be a subtriple if {B B B} is contained in B. A sub-
space B is clearly a subtriple if and only if, for each element a in B, the element {aaa} lies
in B. Observe that every subtriple of a JB*-triple is an anisotropic Jordan*-triple. A subspace J
of a JB*-triple A is said to be an inner ideal if {J A J} is contained in J. Every norm-closed
subtriple of a JB*-triple A is a JB*-triple [24]. It follows that a weak*-closed subtriple B of a
JBW*-triple A is a JBW™*-triple.

A pair a and b of elements in a JBW*-triple A is said to be orthogonal, when D(a, b) is equal
to zero. By [14, Lemma 3.1], it follows that orthogonality is a symmetric relation. For a subset B
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of A, denote by B the subset which consists of all elements in A which are orthogonal to all
elements in B. The subset B is said to be the annihilator of B. By [14, Lemma 3.2], Bt is
a weak™-closed inner ideal in A. Moreover, for subsets B, C of A, BL1NnBC {0}, B C BJ-J-,
B C C implies that C1 c BL, and B+ and Bt coincide.

An element u in a JBW*-triple A is said to be a tripotent if {uuu} is equal to u. The set of
tripotents in A is denoted by {/(A). Observe that, by (3.3), a tripotent is either equal to O or is
of norm one. For each tripotent u in the JBW*-triple A the weak*-continuous conjugate linear
operator Q(u) and the weak™-continuous linear operators, P;(u) are defined, for j equal to 0, 1,
and 2, by

Qwa={uau},  Pru)= Q)
Pi)=2(D@.u) = Qw)?),  Po(u) =ida —2D(u,u) + Q). @.1)
For j equal to 0, 1, and 2, the linear operators P;(u) are weak™-continuous projections onto the
eigenspaces A ;j(u) of D(u,u) corresponding to eigenvalues j/2. The corresponding decompo-
sition
A=Ao(u) ® A(u) ® Az(u),
or, equivalently,
idg = Po(u) + P1(u) + Py(u)
is said to be the Peirce decomposition of A relative to u. It follows that
2D(u,u) = Pi(u) + 2P (u) =idg — Po(u) + Pr(u). 4.2)
For j, k,and [ equal to 0, 1, and 2, A (u) is a sub-JBW*-triple such that
{Aj@) Akw) A} S Aj i) (4.3)
when j —k + [ isequalto O, 1 or 2, and
{Aj@) Ar(u) Aj(u)} = {0}, 4.4)
otherwise. Moreover,
{As(w) Ao() A} = {Ao(w) Ar(w) A} = {0} (45)
and Ao(u) and A, (u) are inner ideals in A. With respect to the product (a,b) — a o, b = {au b}
and involution @ — a™ = {uau}, A>(u) is a JBW*-algebra with unit u. By weak*-continuity,
for j equal to 0, 1, and 2, there exist contractive projections P;(u), on A, with ranges A ; (1),

which can be regarded as the preduals of the JBW*-triples A ; (i), and A, also enjoys the Peirce
decomposition

Ay =Ao()x @ A1 ()5 ® A2 (u)+.
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A pair u and v of elements of U/ (A) is said to be compatible if, for j and k equal to 0, 1, and 2,

[P;w), P(v)] =0,

or, equivalently, if

A= P (Aj@) N A ). (4.6)

2
J. k=0

Two tripotents are compatible if one lies in any one of the Peirce spaces of the other. The reader
is referred to [30] for details.

Observe that a pair # and v of elements of I/(A) is orthogonal if v is contained in Ag(u) or,
equivalently, if u is contained in Ag(v). For elements # and v of U/(A) write u < v if

{uvu}=u,

or, equivalently, if v —u lies in &/ (A) and is orthogonal to u. This clearly defines a partial ordering
onlU(A). Let U(A) be the disjoint union of the set /(A) and a point set {w} and define a relation
on U(A) by writing u < v if both u and v lie in U (A) and u < v if u is an arbitrary element
in U(A) and v is equal to w. It is clear that this defines a partial ordering on U/ (A). Notice that
if the supremum of a family (u;) of elements of {/(A) exists in U/ (A) then it is equal to its
supremum in /(A).

For each subset L of the unit ball A, in A, and each subset M of the unit ball A; in A, let

L'={aeA;:x(@)=1Vxel}, M={xe€A,: x(a)=1VaeM]. (4.7

Then, L is a norm-semi-exposed face of A, if and only if (L), is equal to L and M is a
weak*-semi-exposed face of A; if and only if (M,)’ is equal to M and the mappings L — L’ and
M — M, are anti-order isomorphisms between the complete lattices of norm-semi-exposed faces
of A, and weak*-closed semi-exposed faces of A and are inverses of each other. For further
details and the proof of the following result the reader is referred to [11] and [18].

Lemma 4.1. Let A be a JBW*-triple with predual A, and let A1 and A\ be the unit balls in A
and A, respectively. Then, the following results hold.

(1) The mapping u > {u}, defined, for an element u of the partially ordered set U(A) of tripo-
tents in A by (4.7) and for the element w of U(AY by putting {w} equal to Ay, is an order
isomorphism from the partially ordered set U(A) onto the complete lattice of norm-closed
faces of Ay.

(ii) The mapping u > {u}, is an anti-order isomorphism from the complete lattice U(AY onto
the complete lattice of weak*-closed faces of A1 such that, for an element u in U(A),

{u};=u+ Ao(u);.

(i) An element u in U(A) is maximal if and only if Ao(u) is equal to {0}.
(iv) For each element u in U(A) there exists a maximal tripotent w in U(A) for which u < w.
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Observe that, for each element a in the JBW*-triple A, there exists a smallest element r,
in U(A) for which a is a positive element in the JBW*-algebra A;(r,). The tripotent r, is said
to be the range tripotent of a. For a detailed proof, see [15, Lemma 3.3]. The spectral theorem
for JBW*-algebras can be used to show that a JBW*-triple coincides with the norm-closed linear
span of the set /(A) of tripotents in A. This fact can be exploited to show that the Banach—
Lie algebra £(A) of multiplication operators on the JBW*-triple A is also generated by the
multiplication operators corresponding to tripotents.

Theorem 4.2. Let A be a JBW*-triple, let L(A) be the Banach—Lie algebra of multiplication
operators on A, let L(A)}, be the unital GM-space of hermitian elements of L(A), and let U(A)
be the partially ordered set of tripotents in A. Then, the following results hold.

() L(A), =Ting((D(u, u): u e UA)}U{idsD)".
(i) L(A) =Tlinc({D@, u): u e UA)} Ufid "

Proof. Let a be an element of A and let r, be its range tripotent. Then a is a positive element in
the JBW*-algebra A, (r,) and it follows from [21, Proposition 4.2.3], that, given a positive real
number €, there exist pairwise orthogonal self-adjoint idempotents u1, uz, ..., u, in A>(r,) and
non-negative real numbers o, oz, ..., &, such that

< €.

n
a — E ajuj
Jj=1

Observe that
n n n
D(Zajuj, Zakuk) = Za?D(uj, uj),
j=1 k=1 j=1

and, hence, that

n
D(a,a) — Za?D(uj, uj)
j=1

<

n
D(a —Zajuj,a>
j=1

_I_

n n
D Zocjuj,a — Zozjuj
j=1 Jj=1

< llall +

n
a — E ajuj
j=1

< (2llall + €)e.

n
> aju;
j=1

n
a — E ozjuj
j=1

The result follows from Theorem 3.1. O
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Using Lemma 4.1, it can be seen that, for each non-zero element x in A,, there exists a
smallest element e, in /(A) for which

x(ex) = x|
Furthermore,
Pr(ex)sx = x, (4.8)

and the restriction of x to the JBW*-algebra A;(ey) is a faithful positive weak™-continuous linear
functional. Moreover, for & in R and non-zero and x in A, non-zero, it is clear that

C€ax = €x,
and, using Lemma 4.1, it can be seen that the weak*-closed face

{x/lx1} = ex + Ao(ex)r. (4.9)

When x is equal to zero, e, is defined to be the zero tripotent. The tripotent e, is said to be the
support tripotent of x [18]. The proof of the following result is essentially given in the proof
of [11, Theorem 4.4].

Lemma 4.3. Let A be a JBW*-triple, let v be an element of the partially ordered set U(A)
of tripotents in A, let {v}, be the corresponding norm-closed face of the unit ball A, in the
predual A, of A, and, for each element x in {v},, let e, be the support tripotent of x. Then, the
weak™*-closed linear span linc{e,: x € {v},} Y of the set {ex: x € {v},} coincides with the Peirce
two-space A>(v).

The next result, the second part of which owes much to [2], concerns the states of L(A) arising
from elements of A,.

Theorem 4.4. Let A be a JBW*-triple with predual A, let L(A) be the Banach—Lie algebra of
multiplication operators on A, let L(A), be the unital GM-space of hermitian elements of L(A),
and let (L(A)*)y, be the GL-space that is the self-adjoint part of the dual space L(A)* of L(A).
For each element x in Ay, let ¢, be the mapping from L(A) to C defined, for an element T
in L(A), by

Ox(T) =x(Tey),
where ey is the support tripotent of x. Then, the following results hold.

(1) The mapping x — ¢, is a positive homogeneous isometry from A, into the cone (L(A)*)p+
in the GL-space (L(A)*),, mapping the set of elements in A, of norm one into the state
space Spay of L(A).

(ii) For each non-zero element x in Ay, each element a in the weak*-closed face {x /|| x|} of Aq
and each element T in L(A),

¢x(T) =x(Ta).
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Proof. (i) For x non-zero, the mapping ¢, is clearly a linear functional on £(A), and, for an
element 7' in L(A),

|2 (T)| = |x(Tex) | < IxNITlexll = IxIIT I,

and ¢, is bounded with

gl < llx]l- (4.10)
Moreover,
¢x(ida) = |x(ex)| = lIx]l,
and, hence,
loxll = llxll. (4.11)
It follows from (4.10), (4.11) that
léxll = llx|l = ¢x(ida), (4.12)

and, hence, by Lemma 2.4, that ¢, lies in (L(A)*);4. Moreover, ¢ is equal to zero and, hence,
for each element x in A, and @ of R,

Qux = oy,

as required. Clearly, if x is an element of norm one in A, then, by (4.12), ¢, liesin Sg4).
(i) The proof can be found in [2, Proposition 1.2]. O

It is now possible to relate the pre-Hilbertian semi-norms introduced in Lemma 3.4 to those
introduced in [2] and subsequently used to define the strong*-topology on the JBW*-triple A.
For details, the reader is referred to [3,33], and [34].

Corollary 4.5. Under the conditions of Theorem 4.4, let x be an element of Ay, let §2¢, :
A x A — C be the positive bounded sesquilinear functional on A defined, for elements a and b
in A, by

2¢4.(a,b) = ¢X(D(a, b)) =x({abex}),

and let || - || 2, : A — Ry be the pre-Hilbertian semi-norm on A, defined, for an element a in A,
by

Bl—=

lall,, = (D@ @)? =x({aae))’.

Then, the following results hold.

@) {a € A: |lalle,, =0}=Ao(ex).
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(ii) For each pair a and b of elements of A,
29, (a.b) = 24, (P2(ex)a. Py(ex)b) + 24, (Pi(ex)a. Pi(ex)b),
and
2 2 2
lalig,, =[Paenalq, +[Pienalg, -

(iii) The restriction of the semi-norm a +— ||a |24, to A2(ex) ® Ai(ex) is a norm with respect to
which it forms a pre-Hilbert space.

Proof. This is immediate from the results of [2]. O

It is now possible to turn to the main results of the paper which relate the order structure of
the unital GM-space L£(A);, of hermitian elements of the Banach—Lie algebra of multiplication
operators on the JBW*-triple A to the order structure of the partially ordered set U/ (A) of tripo-
tents in A. Before stating the first theorem one further property of the states ¢, of £(A) which
arise from elements of norm one in A, is required.

Lemma 4.6. Let A be a JBW*-triple, with predual Ay, let L(A) be the Banach-Lie algebra of
multiplication operators on A, let Sg 4y be the state space of L(A), let x be an element of Ay of
norm one, let ¢, be the corresponding element of Sr (4, and let u be an element of the partially
ordered set U(A) of tripotents in A. Then,

¢x(D(u,u)) =1
if and only if x lies in the predual A (u)4 of the JBW*-algebra A;(u).

Proof. Let x liein Ay (u),. Then, by [16, Lemma 5.2], the support tripotent e, of x lies in A, (u),
which is the eigenspace of D(u, u) corresponding to the eigenvalue 1. It follows that

¢ (D(u, u)) = x(D(u, u)ex) = x(ex) = x|l =1,

as required.
Conversely, suppose that

1=¢, (D(u, u)) = x(D(u, u)ex).
Since, using (3.3),
ID@. we| < llull*llex] =1.

it follows that D(u, u)e, lies in the weak*-closed face {x} of the unit ball A; in A. Hence,
by (4.9), there exists an element by of the unit ball Ag(ex); in Ag(ey) such that

D(u,u)e, = ey + by. (4.13)

For j equal to 0, 1, and 2, let u ; be equal to P;(ey)u. Then, by (4.13), using (4.3)-(4.5),
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ex +bo={uuey} = {(uo+ur +uz)(uo+us +uz)ex}
={uourec}+{ururex} +{urusex} +{usuzec},

where the element {ugui e} + {u1 up ey} liesin Aj(ey) and the element {ujuq ey} + {uruz ey}
lies in A (ey). By linear independence, it follows that by is equal to zero, which implies that

D(u,u)e, =e.

It follows that e, lies in A>(x) and, hence, that the tripotents e, and u are compatible. Since
A (ey) is contained in A, (u), it follows that

Pr(ex) Pr(u) = Pr(u) Pa(ex) = Pa(ex). (4.14)

Therefore, for each element a in A, using (4.8) and (4.14),
Py(u),x(a) = x(P2(u)a) = Py(ex)sx (Pa(u)a) = x(Pa(ex) P2(u)a)
= x(Pa(ex)a) = Pa(ex)*x(a) = x(a),
and
Pry(u)yx =x,
which implies that x lies in Az (u)x, as required. O
It is now possible to state the first main result.

Theorem 4.7. Let A be a JBW*-triple with predual A, let L(A) be the Banach—Lie algebra of
multiplication operators on A, let L(A)y, be the unital GM-space of hermitian elements of L(A)
with order unit id, and let u and v be elements of the partially ordered set U(A) of tripotents

in A. Then, the following are equivalent:

(i) u and v are orthogonal,
(i) in the unital GM-space L(A)p,

0< D(u,u)+ D(v,v) <idy;

(iii) the spectrum ogay(D(u,u) + D(v,v)) in the complex unital Banach algebra B(A) of
bounded linear operators on A is contained in the unit interval [0, 1];
@iv) |1D(u,u)+ D, v)[| < 1.

Proof. (i) = (ii). Since both D(u, u) and D(v, v) lie in the cone L(A)p+ in L(A)p, it follows
that so also does D(u, u) + D(v, v). Since u# and v are orthogonal, it can be seen that u + v lies
in U(A) and, therefore, is of norm one. Let ¢ be an element of the state space S;4) of L(A).
Then, by Lemma 3.4(iii),
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O=1—fu+vl® <1—lu+v]},
=1- qb(D(u +v,u+ v)) =1- ¢(D(u, u)+ D(v, v))
=¢(ida — (D(u,u) + D(v,v))).
Since, by Lemma 2.4, L(A)s4 and Ry Sr(4) are dual cones, it follows that idg — (D(u, u) +

D(v,v)) lies in L(A)p+, as required.
(ii) = (iii). By [7, Lemma 1.2 and Theorem 1.6], and (2.1)—(2.2),

GB(A)(D(u, u) + D(v, v)) - V(B(A), D(u,u)+ D(v, v))
= V(E(A), D(u,u) + D(v, v))
={¢(D(w,u) + D, v)): ¢ € Sga ).

But, by hypothesis, for an element ¢ of S;4),
0=¢(0) <¢(Du,u)+ D(v,v)) < ¢p(idg) =1,
and
oB(a) (D, u) + D(v,v)) S [0, 1],

as required.
(iii) = (iv). Since D(u, u) + D(v, v) is a positive element of B(A);, by (2.3),

| D@, u) + D, v)| =rpay (D, u)+ D(v,v)) <1,
by hypothesis.
(iv) = (i). Suppose that x is an element of the norm-closed face {v}, of the unit ball A, in

the predual A, of A, and let ¢, be the corresponding element of Sz (4. Since {v}, is the state
space of the JBW*-algebra A;(v), it is a subset of A, (v), and, by Lemma 4.6,

¢x(D(v, v)) =1.

Therefore, using Corollary 4.5,

lulh,, +1=6:(D,u) + D@, v))
<lgell| DG, w) + D, v)| < 1.
It follows that
lullg,, =0,

and, by Corollary 4.5(i), that u is contained in Ag(ey). Using Lemma 4.3,
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ue [ Aolex) = (lingfes: x € {v},}w*)L

xe{v},

= Ay ()" = Ap(v).
Hence, # and v are orthogonal, as required. O

Let u and v be tripotents in the JBW™*-triple A. Then, u is said to be a pre-associate of v
if the Peirce two-space Aj(u) corresponding to u is contained in the Peirce two-space As(v)
corresponding to v. In the case in which u is a pre-associate of v and v is a pre-associate of u
then u and v are said to be associated. This relation was discussed in [32] in the more general
situation in which A is a Jordan*-triple. In the present situation considerably more can be proved
by taking advantage of the properties of the order structure of the Banach-Lie algebra £(A) of
multiplication operators on the JBW*-triple A. The results obtained in [32] are contained in the
following lemma.

Lemma 4.8. Let A be a JBW*-triple, and let u and v be elements of the partially ordered set
U(A) of tripotents in A. Then, the following results hold.

(1) The following conditions are equivalent:
(a) u and v are associated,
(b) for j equal to 0, 1 and 2, the Peirce j-spaces A;(u) and A;(v) coincide;
(¢) D(u,u) and D(v, v) coincide.
(ii) For an element w of U(A), for u and v associated, and for j and k equal to 0, 1, and 2,
if u lies in the Peirce j-space Aj(w) and v lies in the Peirce k-space Ar(w), then j and k
coincide.

Before attacking the second main theorem some further preliminary results are required.

Lemma 4.9. Let A be a JBW*-triple and let u and v be elements of the partially ordered set U(A)
of tripotents in A such that u is a pre-associate of v. Then, the following results hold.

(1) The tripotents u and v form a compatible pair.
(i) If w is an element of U(A) which is orthogonal to v then w is orthogonal to u.

Proof. (i) Since u is contained in A;(v), this follows from [30, Corollary 1.8].
(>i1) Since A;(u) is contained in A;(v) it follows that

w € Ag(v) = A2(0)" S A2 ()" = Ag(u),
and w is orthogonal to u, as required. O
For each non-empty subset B of the JBW*-triple A, the kernel Ker(B) of B is the weak*-
closed subspace of elements a in A for which {Ba B} is equal to {0}. It follows that the

annihilator B+ of B is contained in Ker(B) and that B N Ker(B) is contained in {0}. A sub-
triple B of A is said to be complemented [13] if A coincides with B & Ker(B). It can easily be
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seen that every complemented subtriple is a weak*-closed inner ideal. A linear projection R on
the JBW*-triple A is said to be a structural projection [29] if, for each element a in A,

RO(@)R = O(Ra). (4.15)

The main results of [12,16] and [13] show that the range RA of a structural projection R is
a complemented subtriple, that the kernel ker(R) of the map R coincides with Ker(RA), that
every structural projection is contractive and weak*-continuous, and, most significantly, that
every weak*-closed inner ideal is complemented. Let Z(A) denote the complete lattice of weak™*-
closed inner ideals in the JBW*-triple A and let S(A) denote the set of structural projections
on A. The results of [16] can be used to show that the set S(A) of structural projections on A
is a complete lattice with respect to the ordering defined, for elements R; and R, by R; < R»
if RyR; is equal to R and the mapping R — RA is an order isomorphism from S(A) onto the
complete lattice Z(A) of weak™-closed inner ideals in A.

Lemma 4.10. Let A be a JBW*-triple, let w and v be elements of the partially ordered set U(A)
of tripotents in A, with w a pre-associate of v, and, for j equal to 0, 1, and 2, let P;(w) and
Aj(w), and P;j(v) and A;(v) be the Peirce projections and Peirce spaces corresponding to w
and v, respectively. Then, the linear mapping R on A defined by
R = Py(w) + P1(w) Pi(v) + Po(v)

is a structural projection on A with range the weak*-closed inner ideal

RA=A2(w) ® A1 (w) N A1 (v) & Ap(v),
and kernel the weak*-closed subspace

ker(R) = (A1(w) N A2(v)) @ (Ao(w) N A2(v)) & (Ao(w) N A1(v)).

Proof. By Lemma 4.9(i), w and v form a compatible pair and, since A (w) is contained in A5 (v)
and, hence, Ag(v) is contained in Ag(w), it is clear that their intersection table is given by

N Az (w) Ay (w) Ap(w)
Az (v) Az (w) Ap(w) N Az (v) Aog(w) N Az (v)
Aq1(v) {0} Ap(w) N Ay(v) Ap(w) N Ay (v)
Ap(v) {0} {0} Ap(v)

It will first be shown that the weak™*-closed subspace
J=A(w)® A (w)NA(v) B Ap(v)

is an inner ideal in A. For elements a and c in J an b in A, with joint Peirce decompositions

a =ap +aii + aoo, c=cp + 11+ Coo,

b =by + b1z + boz + b11 + bo1 + boo,
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using the Peirce arithmetical relations (4.3)—(4.5) and the intersection table above,

{abc} ={axn by can}+{axn b cii} + {axn b coo} + {an biic11}
+{ax bi1 coo} + {ar1 bap e} + {ar1 baz c11} + {an b1 ca2}
+ {a11 bir e} + {ani bii coo} + {ar1 boo c11} + {ai1 boo coo}
+ {aoo b1 c22} + {aoo bri ci1} + {aoo bii 22}

e Ay(w)® A (w)NAI(v) D Ag(v) = J.
Therefore, J is a weak*-closed inner ideal in A. Now, let b lie in the weak*-closed subspace
L=A1(w)NAz(v) ® Ap(w) N Az(v) ® Ao(w) N A1 (v),

and let a and ¢ be elements of J. Then, again using the joint Peirce decompositions of a, b and c,
(4.3)—(4.5), and the intersection table above,

{abc}={ax + a1 + aoob12 + bop + bo1 ¢22 + ¢11 + coo} = 0.

It follows that L is contained in Ker(J). However, using the compatibility of w and v, (4.6), and
the intersection table above,

A=JLCJPdKer(J)=A,

and it can be seen that L and Ker(J) coincide. It follows that R is a linear projection on A
with range J and kernel Ker(J) and, therefore, by [16, Theorem 3.4], is the unique structural
projectiononto J. O

It is now possible to prove the final result in the paper.

Theorem 4.11. Let A be a JBW*-triple, let L(A) be the Banach—Lie algebra of multiplication
operators on A, let L(A)}, be the unital GM-space of hermitian elements of L(A), and let u and v
be elements of the partially ordered set U(A) of tripotents in A. Then, u is a pre-associate of v if
and only if, in the unital GM-space L(A)p,

D(u,u) < D(v,v).

Proof. Suppose that u is a pre-associate of v. Then, u lies in the JBW*-triple A,(v) and, by
Lemma 4.1(iv), there exists a maximal tripotent w in A2 (v) such that u is majorized by w. Then,
u and w — u are orthogonal tripotents and

Dw,w)=D(w—u+u,w—u-+u)
=Dw—-—u,w—u)+D(w—u,u)+Dw,w—u)+ Du,u)
=Dw—u,w—u)+ D(u,u).
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Hence, in the ordering of L(A)j,
D(u,u) < D(w, w). (4.16)

Since w lies in A3 (v), w is a pre-associate of v and, by Lemma 4.9(i), w and v form a compatible
pair. Moreover, since w is maximal in A, (v), by Lemma 4.1(iii),

Ap(w) N Az(v) =0, (4.17)
which implies that
Po(w) P> (v) = P2(v) Py(w) =0. (4.18)
It follows that Lemma 4.10 can be applied to conclude that the linear mapping
R = Py(w) + P1(w) Pi(v) + Po(v)

is a structural projection on A. Using (4.2) and (4.6), along with the joint Peirce decomposition
used in the proof of Lemma 4.10,

2(D(w, v) — D(w, w)) =ids + Pa(v) — Po(v) —ids — Pa(w) + Po(w)
= (P2(w) + P1(w) P2(v) + Po(w) P2(v)) — Po(v)
— Py(w) + (Po(v) + Po(w) Py (v) + Po(w) P2(v))
= Pi(w) P2(v) + Po(w) P (v).

Therefore, using (4.18),
ida —2(D(v,v) = D(w, w)) =ida — P1(w) P2(v) — Po(w) P1(v)
= P (w) + P1(w) P1(v) + Po(v) = R.
Since R is a structural projection it is of norm one and it follows that the element id4 —
2(D(v,v) — D(w, w)) lies in the unit ball in the GM-space L£(A);,. Therefore, since id4 is the
order unit in L(A)y,
idg — Z(D(v, v) — D(w, w)) <idy,
and, consequently,

D(w,w) < D(v,v). 4.19)

The result then follows from (4.17) and (4.19).
Conversely, if

D(u,u) < D(v,v),
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then, for any element ¢ of the state space Sz 4y of L(A),

(D, uw)) <¢(D(v,v)).

Observe that, by (3.2), the positive element D (v, v) of the unital GM-space L(A)j, is of norm
one and, since id4 is the order unit in £(A),

0< D(v,v) <idy
which implies that, for any element ¢ of Sz (4,
0<¢(Dw,v) < 1.

In particular, for any element x of norm one in the predual A;(u), of the JBW*-algebra A, (u),
by Lemma 4.6,

1=¢,(Du,u)) < ¢e(D(v,v)) < 1.

Therefore,

¢x(D(U’ U)) =1,

and, again using Lemma 4.6, x lies in the predual A, (v), of the JBW*-algebra A, (u). It follows
that A (u) is contained in A, (v), and, using the results of [17], A>(u) is contained in A, (v), as
required. O
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