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Abstract

The work in this thesis is inspired by the fabrication of Zn45Au30Cu25. This is the

first alloy undergoing ultra-reversible martensitic transformations and closely satisfy-

ing the cofactor conditions, particular conditions of geometric compatibility between

phases, which were conjectured to influence reversibility. With the aim of better

understanding reversibility, in this thesis we study the martensitic microstructures

arising during thermal cycling in Zn45Au30Cu25, which are complex and different in

every phase transformation cycle.

Our study is developed in the context of continuum mechanics and nonlinear elastic-

ity, and we use tools from nonlinear analysis.

The first aim of this thesis is to advance our understanding of conditions of geomet-

ric compatibility between phases. To this end, first, we further investigate cofactor

conditions and introduce a physically-based metric to measure how closely these are

satisfied in real materials. Secondly, we introduce further conditions of compatibility

and show that these are nearly satisfied by some twins in Zn45Au30Cu25. These might

influence reversibility as they improve compatibility between high and low tempera-

ture phases.

Martensitic phase transitions in Zn45Au30Cu25 are a complex phenomenon, especially

because the crystalline structure of the material changes from a cubic to a mono-

clinic symmetry, and hence the energy of the system has twelve wells. There exist

infinitely many energy-minimising microstructures, limiting our understanding of the

phenomenon as well as our ability to predict it. Therefore, the second aim of this the-

sis is to find criteria to select physically-relevant energy minimisers. We introduce two

criteria or selection mechanisms. The first involves a moving mask approximation,

which allows one to describe some experimental observations on the dynamics, while

the second is based on using vanishing interface energy. The moving mask approxi-

mation reflects the idea of a moving curtain covering and uncovering microstructures

during the phase transition, as appears to be the case for Zn45Au30Cu25, and many



other materials during thermally induced transformations. We show that the mov-

ing mask approximation can be framed in the context of a model for the dynamics

of nonlinear elastic bodies. We prove that every macroscopic deformation gradient

satisfying the moving mask approximation must be of the form

1 + a(x)⊗ n(x), a.e. x.

With regards to vanishing interface energy, we consider a one-dimensional energy

functional with three wells, which simplifies the physically relevant model for marten-

sitic transformations, but at the same time highlights some key issues. Our energy

functional admits infinitely many minimising gradient Young measures, representing

energy-minimising microstructures. In order to select the physically relevant ones,

we show that minimisers of a regularised energy, where the second derivatives are

penalised, generate a unique minimising gradient Young measure as the perturbation

vanishes.

The results developed in this thesis are motivated by the study of Zn45Au30Cu25, but

their relevance is not limited to this material. The results on the cofactor condi-

tions developed here can help for the understanding of new alloys undergoing ultra-

reversible transformations, and as a guideline for the fabrication of future materials.

Furthermore, the selection mechanisms studied in this work can be useful in selecting

physically relevant microstructures not only in Zn45Au30Cu25, but also in other ma-

terials undergoing martensitic transformations, and other phenomena where pattern

formation is observed.
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Chapter 1

Introduction

1.1 Martensitic transformations

Crystals are solid materials where atoms are highly ordered in three-dimensional

periodic structures called lattices. In nature crystalline solids appear as single crys-

tals or as polycrystals. While in the former the periodic structure is repeated without

changes in the whole sample, the latter can be divided in regions, called grains, where

the same lattice structure has different orientations.

In certain alloys or ceramics, the crystalline structure is different at different tem-

peratures. The high-temperature crystalline structure is called austenite, or parent

phase, while the low-temperature one is usually called martensite. Austenite has

often a crystalline structure with cubic symmetry, and is more ordered than marten-

site, in the sense that its crystalline structure enjoys more symmetries. When the

temperature is moved across a certain critical temperature θT , a phase transition

takes place from austenite to martensite, or vice-versa. These solid to solid phase

transitions are called martensitic transformations, and are diffusionless and of first

order. Diffusionless means that locally it is possible to deduce one crystalline struc-

ture as a linear deformation of the other. Of first order means that the lattice change

is abrupt. Examples of alloys undergoing martensitic transformations are In77Tl23,

Ni50Ti50, Zn45Au30Cu25, as well as many steels, while among ceramics we mention

BaTiO3. As austenite has usually higher symmetry than martensite, there are differ-

ent ways to deform the lattice of the former and obtain the latter (cf. Figure 1.1). We

call the different symmetry-related types of martensitic lattices, obtained by deform-

ing austenite in different ways, variants of martensite. Often, martensitic variants

appear finely mixed, creating beautiful and interesting microstructures. However, in

general, predicting the microstructures appearing during the phase transformation is

1



cooling

heating

Figure 1.1: On the left cubic austenite, stable at high temperature; on the right

tetragonal martensite, stable at low temperatures.

still an open problem.

In reality, nucleation and propagation of martensite into austenite (or vice versa of

austenite into martensite) is obstructed by energy barriers, and the phase transition

does not occur at an exact temperature value. Experimentally, we usually observe

that when we cool a material in its austenite phase, martensite starts to appear at a

temperature Ms, while the sample is fully transformed just at Mf < Ms. Vice versa,

when we heat up a sample in its martensitic phase, austenite starts to appear at a

temperature As, and the transformation ends at Af > As. In general As > Mf , and

we define the thermal hysteresis of the transformation as

thermal hysteresis :=
Ms +Mf − As − Af

2
.

Given As, Af ,Ms,Mf measured experimentally, an estimate of the theoretical critical

temperature is given by

θ̃T =
Ms +Mf + As + Af

4
.

Another way to induce martensitic transformations is via external loading. Indeed,

external forces may change the energy landscape, and make some variants of marten-

site stable and the austenite unstable, above the critical temperature (cf. Figure 1.2).

In this thesis, however, we focus on thermally induced transformations.

It is important to remark that, in reality, the sample might not fully transform. This

may occur for many reasons, for example due to incompatibility of microstructures in

neighbouring grains [14], or due to a very small size of some grains [5]. Furthermore,

forces exerted on the boundary of a grain by its neighbours may affect the phase

transformation. For these reasons, when studying martensitic transformation from a

mathematical perspective, authors in the literature often restrict to single crystals.

The same simplification is adopted in this thesis.

2



force

Figure 1.2: On the left, cubic austenite, which under a sufficiently large vertical force

can have greater free energy than particular martensitic variants, on the right.

stretching heating cooling

Figure 1.3: Example of shape memory. A curved wire is stretched and deformed into

a straight wire. The deformation is apparently plastic as the wire does not recover

its curved shape when the stretching force is released. When the sample is heated, it

recovers its original shape. The shape remains unchanged when the material is cooled

down again.

Shape memory

Shape memory is the ability of certain materials to recover, upon heating, de-

formations which are apparently plastic (cf. Figure 1.3). From a physical point of

view, shape memory is based on martensitic phase transitions. Indeed, there is a one

to one correspondence between the macroscopic effects presented in Figure 1.3, and

the microscopic changes in the lattice depicted in Figure 1.4. The phenomenon can

be described in four steps:

• we take a sample in its martensite phase, at temperature θ < θT ;

• we stretch the sample in some direction. Locally, the martensitic microstructure

changes in order to reduce the stress generated by the external force. When the

external forces are released, the shape of the sample remains distorted, as the

new microstructures are still energy minimising;

3



stretching heating

cooling

Figure 1.4: Representation of shape memory at a microscopic scale.

• we heat up our sample to a temperature θ > θT . The material undergoes a

phase transformation from martensite to austenite. Given the higher symmetry

of the austenite lattice, all the different variants of martensite transform back

in an unique way, recovering the shape of the sample;

• we cool the material down to θ < θT until a phase transformation from austenite

to martensite occurs. Macroscopically, that means on average, the shape of the

sample does not change, due to a phenomenon called self-accommodation, which

is achieved by finely mixing martensitic variants.

As is easy to imagine, shape-memory alloys have a wide range of applications, from

smart actuators to medical stents, energy conversion devices and many others, which

make these materials interesting for the automotive, spacecraft, medical and robotic

industries.

Hysteresis and reversibility

Major obstacles towards application of shape-memory alloys are the hysteresis

and the lack of reversibility of the transformation. Indeed hysteresis can be up to

70 ◦K in NiTi alloys, which is too big for making shape memory efficient in many

practical applications. Lack of reversibility in the transformation means that during

4



every thermal cycle, the material is damaged by plastic effects and by the nucleation

of micro-cracks. This leads to the formation of islands in the sample which do not

change phase, while the latent heat of the transformation and transition temperature

change, and rupture due to fatigue occurs after a few thousand cycles.

An important step towards understanding hysteresis can be found in [84], where the

hysteresis is proved to be a function of λ2, and is minimised at λ2 = 1. Here, λ2 is

the middle eigenvalue of the transformation strain converting the austenite lattice

into the martensite lattices (see e.g., (2.8) for cubic to monoclinic transformations).

This result seems in good agreement with experimental evidences for many different

alloys. It is worth remarking that experiments show a very sensitive dependence of

λ2 on the alloy composition, and that hysteresis increases very rapidly with |λ2 − 1|.
Unfortunately, up to now, our understanding of reversibility in martensitic trans-

formations is not as good as our understanding of hysteresis. The biggest step in

this direction has been achieved in [26], where the authors study some particular

conditions of geometric compatibility between phases, called cofactor conditions, and

conjecture that these might affect reversibility (see also [51] where a relation between

cofactor conditions and reversibility was already speculated). The cofactor conditions

include, among others, λ2 = 1, and were first introduced in [18], as conditions of de-

generacy for the equations of the crystallographic theory of martensite (see Theorem

1.4.1 below).

The recent fabrication announced in [76] of Zn45Au30Cu25, the first material closely

satisfying the cofactor conditions (the relative error is of order 10−4), partially con-

firms this conjecture. Indeed, this material exhibits ultra-low hysteresis (about 2 ◦K)

and does not seem to incur any loss of reversibility after more than 16, 000 thermal

cycles. Furthermore, the hysteresis loop in this new material remains unchanged after

105 cycles of uniaxial compressive loading (see [67]). After Zn45Au30Cu25, other al-

loys closely satisfying the cofactor conditions have been fabricated (see [28] and [45]),

whose hysteresis curve does not change after 107 cycles of uniaxial tension. We refer

the reader also to [49] and [50] for two reviews on the topic.

Despite these recent successes in constructing materials undergoing ultra-reversible

transformations, a rigorous mathematical explanation of reversibility is not available

yet, and the influence of cofactor conditions still needs understanding as well as a

rigorous justification.

5



1.2 Calculus of variations and quasiconvexity

We consider the following problem

minimise I(u) :=

∫
Ω

f(x,u(x),∇u(x)) dx among u ∈ Ag, (1.1)

where Ω ⊂ RN is an open, bounded, connected and Lipschitz domain, f : RN ×RM ×
RM×N is a smooth non-negative function such that

c|A|p−C ≤ f(x, s,A) ≤ C(1+ |A|p), for every x ∈ Ω, s ∈ RM , A ∈ RM×N , (1.2)

for some c, C > 0, p ∈ (1,∞), and, for some g ∈ W 1,p(Ω;RM),

Ag :=
{
v ∈ W 1,p(Ω;RM) : v = g on ∂Ω

}
.

Quasiconvexity

The usual approach to prove existence of minimisers for I in Ag is the direct

method of the calculus of variations, based on the following three steps:

• take a minimising sequences uj ∈ Ag for I;

• show that the minimising sequence is weakly relatively compact in Ag;

• show that I is sequentially weakly lower semicontinuous.

The second point of the above list can be easily addressed as follows: by (1.2),

c‖uj‖pW 1,p − C ≤ inf I + ε ≤ I(g) + ε ≤ C(1 + ‖g‖pW 1,p) ≤ Ĉ.

for some ε, Ĉ > 0. Therefore, by the Banach-Alouglu theorem there exist u ∈ Ag and

a subsequence ujk of uj converging weakly in W 1,p(Ω;RM) to u. It is usually more

difficult to show that I is sequentially weakly lower semicontinuous. To address this

issue, let us introduce the notion of quasiconvexity first introduced by Morrey [59]:

Definition 1.2.1 ([34, Def. 1.5]). A function h : RM×N → R which is Borel measur-

able and locally bounded is said to be quasiconvex if

h(A) ≤ 1

L N(D)

∫
D

h(A +∇φ(x)) dx,

for every open set D ⊂ RN , A ∈ RM×N and every φ ∈ W 1,∞
0 (D;RM).
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The notion of quasiconvexity is a generalisation of convexity, and the two notions

are equivalent if M = 1 or N = 1. However, the importance of quasiconvexity is given

by its strong relationship with sequential weak lower semicontinuity. Indeed, under

standard assumptions on f , quasiconvexity is a necessary and sufficient condition:

Theorem 1.2.1 ([34, Thm. 1.13]). Let 1 ≤ p <∞, Ω ⊂ RN bounded open Lipschitz

set and

f : Ω× RM × RM×N → R,

be a continuous function satisfying

0 ≤ f(x,v,A) ≤ c
(
1 + |A|p

)
,

for some c > 0. Let

I(u) =

∫
Ω

f(x,u(x),∇u(x)) dx.

Then, I is sequentially weakly lower semicontinuous in W 1,p(Ω;RM) if and only if

A→ f(x,v,A) is quasiconvex for every (x,v) ∈ Ω× RM .

There are other generalisations of convexity, which have been introduced to bet-

ter understand quasiconvexity, in particular polyconvexity [7], and rank-one convexity

(see e.g., [34]):

Definition 1.2.2. We say that h : RM×N → R is rank-one convex, if

h(λA + (1− λ)B) ≤ λh(A) + (1− λ)h(B),

for every λ ∈ [0, 1], and every A,B ∈ RM×N such that rank(A− B) ≤ 1.

We say that h : RM×N → R is polyconvex, if there exists ĥ : Rτ(M,N) → R convex,

such that

h(A) = ĥ(T (A)), for every A ∈ RM,N ,

and where T : RM,N → Rτ(M,N) is such that

T (A) =
(
A, adj2 A, . . . , adjmin{M,N} A

)
.

Here, adjs A, with s ∈ [2,min{M,N}], stands for the matrix of all s × s minors of

A ∈ RM,N , and

τ(M,N) =

min{M,N}∑
j=1

σ(s), σ(s) =

(
N

s

)(
M

s

)
.
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The relations between the different generalisations of convexity are given by the

following result:

Proposition 1.2.1 ([34, Thm. 1.7]). Let h : RM×N → R be Borel measurable and lo-

cally bounded. Then, if h is quasiconvex, it is also rank-one convex. If h is polyconvex,

it is also quasiconvex. The converses are false in general.

Therefore, an easy way to prove that a function h is not quasiconvex is to show

that it is not rank-one convex. Conversely, to show that a function h is quasiconvex,

it is sufficient (but not necessary) to show that h is polyconvex.

Lack of quasiconvexity

In certain physically relevant situations, as for the case of martensitic phase

transitions discussed in Section 1.3, the energy density f is not quasiconvex, and the

question arises as to what happens to minimising sequences. One possible approach

is to consider the relaxed energy functional Irel defined as

Irel(u) := inf
{

lim inf
j

I(uj) : uj − u ⇀ 0 weakly in W 1,p
0 (Ω;RM)

}
.

This is always sequentially weakly lower semicontinuous, and hence admits a min-

imiser. The following result holds.

Theorem 1.2.2 ([34]). Let h : RM×N → R be continuous and satisfy

c|A|p − C ≤ h(A) ≤ C(1 + |A|p), (1.3)

for some c, C > 0 and p ∈ (1,∞). Let also

E(u) =

∫
Ω

h(∇u(x)) dx.

Then,

Erel(u) =

∫
Ω

hqc(∇u) dx,

where

hqc(A) := sup
{
g(A) : g ≤ h and g quasiconvex

}
.

Therefore, under the hypotheses of Theorem 1.2.2, relaxation of an energy func-

tional is equivalent to the quasiconvexification of its energy density. However, follow-

ing this approach, information about minimising sequences is usually lost, and the

relaxed problem may have infinitely many minimisers.
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Young measures

A way of capturing the oscillations in minimising sequences for non-quasiconvex

functionals is given by Young measures, which are parametrised families of probability

measures, generated by weakly converging sequences. Before stating a version of

the fundamental theorem for Young measures we need to introduce some notation.

Below, we denote byM(RM) the space of positive Radon measures with finite mass,

and by C0(RM) its predual, the space of continuous functions f : RM → R such

that lim|x|→∞ f(x) = 0. We can now introduce the space L∞w∗(Ω;M(RM)), which is

the space of essentially-bounded measure-valued functions equipped with the weak∗
topology. We remark that, as Y := L∞w∗(Ω;M(RM)) =

(
L1(Ω;C0(RM))

)∗
, it is a

Banach space with the norm

‖ν‖Y := ess sup
x∈Ω

‖νx‖M.

We are now ready to state the following theorem:

Theorem 1.2.3 ([8, 69]). Let Ω ⊂ RN be measurable, K ∈ RM closed, and let

zj : Ω → RM be a sequence of measurable functions such that for any open set U ,

K ⊂ U ,

lim
j

L N
{
x ∈ Ω: zj(x) /∈ U

}
= 0.

Then there exists a subsequence zjk , and ν ∈ L∞w∗(Ω;M(RM)), such that

•
∫
RM dνx ≤ 1, for a.e. x ∈ Ω;

• supp νx ⊂ K for a.e. x ∈ Ω;

• f(zjk) ⇀
∫
RM f(a) dνx(a) weakly* in L∞(Ω), for every f ∈ C0(RM).

If further

sup
j

∫
Ω

ψ(|zj|) dx <∞,

for some continuous non-decreasing ψ : [0,∞) → [0,∞) such that limt→∞ ψ(t) = ∞,
then

∫
RM dνx = 1, for a.e. x ∈ Ω, and

g(zjk) ⇀

∫
RM

g(a) dνx(a), weakly in L1(Ω),

for every continuous g : RM → R such that g(zjk) is weakly relatively compact in

L1(Ω).
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In the situation of the above theorem, we say that the sequence zjk generates a

Young measure ν. Let us consider the measure νk,rx defined by

νk,rx (A) =
LM

({
s ∈ Br(x) ∩ Ω: zjk(s) ∈ A

})
LM

(
Ω ∩Br(x)

) , (1.4)

for every Lebesgue-measurable set A ⊂ RM , every x ∈ Ω, and where we denoted

by Br the ball of radius r centred at x ∈ RN . It is possible to check (see e.g., [8])

that, for a.e. x ∈ Ω, limr→0 limk→∞ ν
k,r
x = νx, where the convergence is weak* in

the sense of measures. The characterisation of Young measures in (1.4) shows how

these objects capture the fine oscillations of the sequence zjk . In other words, νx can

be thought as the limiting probability distribution for the values of zjk close to x ∈ Ω.

The characterisation of Young measures generated by sequences of gradients is

less trivial. Indeed, in the general case M,N > 1, not all Young measures can be

generated by sequences of gradients. The following theorem due to Kinderlehrer and

Pedregal [53, 54] relates Gradient Young measures to quasiconvexity:

Theorem 1.2.4 ([69]). Let ν ∈ L∞w∗(Ω;M(RM×N)). There exists a sequence zj

bounded in W 1,p(Ω;RM), p > 1, such that ∇zj generates ν as j →∞ if and only if

1.
∫
RM×N A dνx(A) = ∇y(x), for a.e. x ∈ Ω, some y ∈ W 1,p(Ω;RM);

2.
∫

Ω

∫
RM×N |A|

p dνx(A) dx if p ∈ (1,∞), supp νx ⊂ K̂, for a.e. x ∈ Ω, for some

K̂ ⊂ RM×N compact, if p =∞;

3.
∫
RM×N ψ(A) dνx(A) ≥ ψ(∇y(x)), for a.e. x ∈ Ω,, every quasiconvex and bounded

from below ψ : RM×N → R, such that, |ψ(A)| ≤ c(1 + |A|p). If p =∞, no growth

condition is required on ψ.

A possible way to relax I without losing all the information about the minimising

sequences is to consider the problem

minimise IGYM :=

∫
Ω

∫
RM×N

f(x,y(x),A) dνx(A) dx,
among ν satisfying 1–3,

y ∈ Ag.

In this case, by (1.2) we can guarantee the existence of minimisers, and at the same

time keep track of the fine oscillations in the minimising sequences.
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Existence without weak lower semicontinuity

Following the pioneering work of Nash [66] and Kuiper [56] on isometric embed-

dings, and the later work of Gromov [44] we can construct minimisers of suitable

energy functionals

E(u) :=

∫
Ω

h(∇u) dx,

for some bounded Lipschitz domain Ω ⊂ RN and non-negative continuous h : RM×N →
R, by solving a partial differential inclusion problem of the type

find u ∈ W 1,∞(Ω;RM) such that

{
∇u(x) ∈ K, for a.e. x ∈ Ω

u(x) = g(x), for all x ∈ ∂Ω,
(1.5)

for some g ∈ W 1,∞(Ω;RM), where

K := {F ∈ RM×N : h(F) = 0},

and K is assumed to be compact non-empty. We remark that if K is big enough to

have existence of solutions to (1.5), then no quasiconvexity of the energy density h is

required to have existence of minimisers. We follow here the approach of Müller and

Šverák [65] (see also [62, 64]), but we refer the reader to the work of Dacorogna and

Marcellini (see [34, 35] and references therein) and to [63, 78] for different approaches

to the topic.

Let us start by recalling that, given a set B ∈ RM×N , its rank-one convex hull Brc is

defined by

Brc :=
{
F ∈ RM×N : h(F) ≤ sup

G∈A
h(G), for each h : RM×N → R rank-one convex

}
.

We are now ready to introduce the following definition:

Definition 1.2.3 ([65, Def. 1.2]). Let Σ ⊂ RM×N and B ⊂ Σ. A sequence of sets

Ui ⊂ Σ is an in-approximation of B in Σ, if

• the Ui are open in Σ;

• the Ui are uniformly bounded;

• Ui ⊂ U rc
i+1;

• if Fi ∈ Ui and Fi → F, then F ∈ B.

Under suitable assumptions, existence of solutions to (1.5) is given by the fol-

lowing theorem:
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Theorem 1.2.5 ([65, Thm. 1.3]). Let Σ := {F : detF = t}, t 6= 0, or Σ = RM×N .

Let K ⊂ Σ, and Ui be an in-approximation of K in Σ. Suppose g ∈ C2,α(Ω;RM) (or

piecewise linear) and that ∇g(x) ∈ U1 for every x ∈ Ω. Then, there exists a solution

to problem (1.5).

Thanks to Theorem 1.2.5, in many cases of relevance for martensitic transforma-

tions, we can construct existence of exact minimisers, despite the lack of weak lower

semicontinuity of the energy functional. Furthermore, these solutions are minimisers

also to the relaxed functionals Erel, EGYM . However, solutions constructed in this

way are in general infinitely many, and it is an open problem to select the physically

relevant ones.

1.3 Nonlinear elasticity model

In order to describe austenite to martensite phase transitions in crystalline solids,

one of the most successful mathematical continuum models is nonlinear elasticity,

which has proved to capture many aspects of the physical phenomena such as the for-

mation of twins (see [18]), and to be useful in understanding related behaviour such

as the shape-memory effect (see [22]), and, more recently, hysteresis (see [84]). In

this and the next subsection, we give a brief overview of the theory following closely

[20, 26]. For more details we refer the reader to [18, 19, 23].

In order to understand the nonlinear elasticity model, we need to introduce first

the concept of Bravais lattice, which is a defect-free perfectly periodic lattice, as

stated in the following definition:

Definition 1.3.1 ([23]). Let {e1, e2, e3} be three linearly independent vectors. We

say that

L(ei,o) :=
{

x ∈ R3 : x = o +
3∑
i=1

νiei, and ν1, ν2, ν3 ∈ Z
}
,

is a Bravais lattice through the point o ∈ R3, generated by {e1, e2, e3}.

Bravais lattices are often an approximation of real lattices, not only due to the

presence of defects, but also due to the lack of periodicity. Indeed, often real lattices

can be better approximated as the union of more than one Bravais lattice, called

multi-lattices. In what follows, for simplicity, we restrict ourselves to the case of a
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single lattice, referring the reader to [23, 72] for more complex situations.

It is possible to show that there are fourteen types of Bravais lattices, which can be

divided into the following seven symmetry groups: cubic, tetragonal, orthorhombic,

monoclinic, trigonal, hexagonal and triclinic.

We remark that the representation of a Bravais lattice is non-unique. Indeed, given

any matrix M ∈ Z3×3, detM = 1, it is possible to show that

L(ei,o) = L(fi,o), where fi =
3∑
i=1

Mijej, i = 1, 2, 3.

Both rotations and simple shears can map a Bravais lattice into itself, but as plastic

effects are usually negligible in martensitic transformations, of more interest is the

point group of a lattice P(ei) defined as

P(ei) :=
{
R ∈ SO(3) : L(ei,o) = L(Rei,o)

}
.

This is the set of rotations that send a Bravais lattice into itself.

The main ingredient to pass from an atomistic to a continuum theory is the Cauchy-

Born hypothesis. To give an idea of this concept, we consider a sample occupying

a region Ω ⊂ R3, and we assume that at every x ∈ Ω there exists a Bravais lattice

generated by the vectors {e0
1(x), e0

2(x), e0
3(x)}. Let us further assume that our sample

gets smoothly deformed, and that the position of the material point initially in x ∈ Ω

is now given by y(x), where y ∈ C1(Ω;R3). The Cauchy-Born hypothesis states

that the lattice vectors deform according to the deformation gradient, that is, the

Bravais lattice at the point y(x) after the body has been deformed is generated by

{e1(y(x)), e2(y(x)), e3(y(x))}, and

ei(y(x)) = ∇y(x)e0
i (x).

We remark that simple shears may macroscopically deform a body, but locally leave

the vectors generating the Bravais lattice unchanged. The Ericksen-Pitteri neighbour-

hood [38, 71, 72] provides a framework where the Cauchy-Born can be legitimised.

The nonlinear elasticity model is based on the idea of looking at changes in the

crystal lattice as elastic deformations in the continuum mechanics framework, and

legitimised by the Cauchy-Born hypothesis. Following [18], we hence assume that the

deformations minimize a free energy of the type

E(y, θ) =

∫
Ω

φ(∇y(x), θ) dx. (1.6)
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Here, θ denotes the temperature of the crystal. Three different regimes are distin-

guishable depending on this parameter: θ < θT and θ > θT , where respectively

martensite and austenite phases minimize the energy, and θ = θT where these are en-

ergetically equivalent. In (5.2), the bounded Lipschitz domain (open and connected)

Ω stands for the reference configuration of a single crystal of undistorted austenite

at θ = θT and y(x) denotes the position of the particle x ∈ Ω after the deforma-

tion. Finally, φ is the free-energy density, depending on the temperature θ and the

deformation gradient ∇y, satisfying the following properties:

• D := {F ∈ R3×3 : detF > 0},

φ(·, θ) : D → R

is a function bounded below by a constant depending on θ for each θ > 0;

• φ(·, θ) satisfies frame-indifference, i.e., for all F ∈ D and all rotations R ∈ SO(3),

φ(RF, θ) = φ(F, θ). This property reflects the invariance of the free-energy

density under rotations;

• φ respects lattice symmetries, i.e., φ(FQ, θ) = φ(F, θ) for all F ∈ D and all

rotations Q in the point group of austenite Pa, usually the group of rotations

sending a cube into itself;

• denoting by Kθ the set of minima for the free-energy density at temperature θ,

i.e., Kθ := {F ∈ D : F ∈ argmin(φ(G, θ))},

Kθ =


α(θ)SO(3), θ > θT

SO(3) ∪
⋃N
i=1 SO(3)Ui(θT ), θ = θT⋃N

i=1 SO(3)Ui(θ), θ < θT .

(1.7)

Here, α(θ) is a scalar dilatation coefficient satisfying α(θT ) = 1, while Ui(θ) ∈
R3×3
Sym+ are the N positive definite symmetric matrices corresponding to the

transformation from austenite to the N variants of martensite at temperature

θ. Here and below R3×3
Sym+ represents the set of 3 × 3 symmetric and positive

definite matrices. From now on, we omit the dependence on the temperature

in Kθ when θ < θT , and neglect the dependence on θ of the Ui. We remark

that N = #Pa
#Pm , where Pm is the point group of martensite, and that for each

Ui,Uj there exists R ∈ Pa such that RTUjR = Ui, so that Ui,Uj share the same

eigenvalues.
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Figure 1.5: Example of minimising sequence ∇yk involving both austenite and

martensite. Here, R1U1 − R2U2 = b ⊗m, and (1 − λ)R1U1 + λR2U2 = 1 + a ⊗ n.

Therefore compatibility between phases is achieved on average. As k tends to infinity,

the grey region, the only one where the energy is different from zero and the material

is not stress-free, vanishes.

1.3.1 Lack of quasiconvexity and relaxation

Based on both experimental evidence and the mathematical complexity of other

cases, most results in the literature are related to planar austenite-martensite inter-

faces {x ∈ R3 : x · n = k}, with normal n, at θ = θT . In this case, under suitable

conditions on the lattice deformation and for some n ∈ R3, it is possible to construct

a sequence yj such that

∇yj → SO(3) in measure for x · n < k (1.8)

∇yj →
N⋃
i=1

SO(3)Ui in measure for x · n > k. (1.9)

Denoting by L 3 three-dimensional Lebesgue measure, we notice that (1.8)–(1.9)

imply

lim
j→∞

L 3{x ∈ Ω: ∇yj(x) /∈ KθT } = 0,

and, under some further hypotheses on φ, yj is a minimizing sequence for E(·, θT )

(see [18] for more details). Furthermore, since yj can be constructed so as to be

bounded in W 1,∞(Ω,R3), there exists a subsequence ykj and y ∈ W 1,∞(Ω,R3) such

that ykj converges to y weakly* in the same space. However, the energy functional is

not quasiconvex and, in general, the minimum is not attained in the classical sense.

Therefore, ∇y is not a minimizer for E(·, θT ), but just of its relaxation, Eqc(·, θT ). It

is worth remarking that the relaxation result in Theorem 1.2.2 does not apply to the

context of nonlinear elasticity. Indeed, the energy density φ must satisfy φ(F, ·) =∞
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for every F ∈ R3×3 \ D, and (1.3) is not satisfied. We refer the reader to [30, 55]

for relaxation results in case of energy densities which are not locally finite. From

a physical point of view, ∇y represents the deformation gradient in the sample at a

macroscopic scale, an average of the fine microstructures with gradients in

K :=
N⋃
i=1

SO(3)Ui.

It is important to remark that, in general, macroscopic deformation gradients ∇y are

not elements of K a.e. in Ω. Instead, we have ∇y ∈ Kqc a.e. in Ω, where

Kqc :=

{
M ∈ R3×3

∣∣∣ f(M) ≤ max
K

f , for all continuous

quasiconvex f : R3×3 → R

}
,

is the quasiconvex hull of the set K (see [62]).

On the other hand, a way to deal with the lack of weak lower semicontinuity of the

functional is thus to consider the relaxed problem

Er(y, νx) =

∫
Ω

∫
R3×3

φ(F, θT ) dνx dx,

where νx is a gradient Young measure with barycentre ∇y for some y ∈ W 1,∞(Ω;R3).

In this way, under mild assumptions on φ the problem always admits minimisers,

and the gradient Young measure can keep track of the oscillations in the minimis-

ing sequences. Thus, νx embeds the information about the microstructures, while

the barycentre of νx, namely ∇y(x) :=
∫
R3×3 F dνx(F), is called the macroscopic (or

average) deformation gradient, because it is an average of the fine microstructures

of ∇ykj . However, minimising gradient Young measures for Er can sometimes be

infinitely many, and is an open problem to select the physical ones.

1.3.2 Hadamard jump conditions

Characterizing the set of possible macroscopic deformations Kqc is very impor-

tant in order to fully understand the nonlinear elasticity model. On the other hand,

the set of constant macroscopic gradients B which can form an interface with austen-

ite, having constant gradient A, is in general smaller then the whole of Kqc. Indeed,

a Lipschitz function whose gradient is equal to A,B a.e. in Ω, with A,B ∈ R3×3

must satisfy a generalized version of the Hadamard jump condition proved in [18]

(see Figure 1.6):
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Figure 1.6: Example of incompatible deformation gradients (on the left) and com-

patible deformation gradients (on the right) at a crystalline length-scale.

Proposition 1.3.1 ([18, Prop. 1]). Let Ω ∈ R3 be open and connected. Assume

y ∈ W 1,∞(Ω,R3) satisfies

∇y(x) = A, a.e. x ∈ ΩA; ∇y(x) = B, a.e. x ∈ ΩB,

where A, B ∈ R3×3 and ΩA, ΩB are disjoint measurable sets such that

ΩA ∪ ΩB = Ω, L 3(ΩA) > 0, L 3(ΩB) > 0.

Then,

A− B = a⊗ n, a,n ∈ R3, |n| = 1.

This result forces a fixed macroscopic gradient of martensite with constant gra-

dient B to be rank-one connected to austenite, having constant gradient A, across

every interface between the two. Furthermore, it implies that, in this case, every

phase interface is planar. For these reasons, Proposition 1.3.1 is the background for

many results for compatibility between phases.

However, this type of result fails to be true for more general gradients ∇y ∈
L∞(Ω;R3×3). As a matter of fact, as shown in [18], it is possible to construct a Lips-

chitz function z ∈ W 1,∞(Ω,R3) which is constant in the set Ω∩{x : x·n > c} for some

c ∈ R, n ∈ R3, and whose gradient ∇y ∈ {F1,F2,F3,F4} in Ω∩{x : x ·n < c} for some

matrices Fi, such that ∇y is not rank-one almost everywhere in Ω ∩ {x : x · n < c}.
Indeed a fractal behaviour of ∇y close to x · n = c, finely mixing martensitic vari-

ants near the interface, allows one to achieve compatibility between incompatible

gradients. That is, compatibility is achieved on the average. Possible approaches to

recovering the Hadamard jump condition in an average sense can be found in [11], or

in Remark 4.5.1 below. Another generalization of Proposition 1.3.1 was proved in [20]
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by assuming y ∈ W 1,∞(Ω,R3) to be C1 both in ΩA and ΩB, with ΩA,ΩB two open

disjoint subdomains of Ω, separated by a piecewise C1, possibly curved, 2-dimensional

interface Γ such that Ω = ΩA ∪ ΩB ∪ Γ. In the case of martensitic transformations,

∇y = 1 in ΩA, while in ΩB ∇y represents a continuously varying macroscopic defor-

mation gradient corresponding to a continuously varying martensitic microstructure.

This result can be extended to y ∈ H1(Ω,R3) with ∇y ∈ BV (Ω;R3×3) as done in the

two dimensional setting in [37], or more generally in Lemma 4.5.1 below. However,

the deep result of [48] states that, in the case where y ∈ W 1,∞(R3,R3), and y is

constant in {x · n > c}, the polyconvex hull of the set
{
∇y(x) : x ∈ {x · n < c}

}
,

which contains
{
∇y(x) : x ∈ {x · n < c}

}qc
, might not contain a matrix which is

rank-one connected to 0, the deformation gradient in {x · n > c}.
On the other hand, in order to fully capture the complex microstructures ob-

served in Zn45Au30Cu25, we are interested in macroscopic deformation gradients that

are just in L∞(Ω,R3×3). Therefore, in Section 4.4 we generalize Proposition 1.3.1 to

non-constant deformation gradients in L∞(Ω;R3×3) and to curved interfaces. How-

ever, given the above mentioned counterexamples of [18, 48], we need to change

perspective and introduce some further hypotheses. This is done by introducing the

idea of moving mask in Chapter 4.

1.4 Twinning theory and the cofactor conditions

As explained in the previous section, the existence of a constant macroscopic

martensitic deformation compatible with austenite, is related to the existence of a

matrix F ∈ Kqc such that F = 1 + a⊗ n. Conditions on the deformation parameters

under which such matrices exist have been first investigated in [18] in the case of

two wells, i.e., N = 2, and then generalized in [12, 13]. The case where N = 2 is

the most widely studied, as it is the only one for which an explicit characterization

of Kqc is known, and turns out to be a fundamental tool to explain a wide range of

experimental observations. Therefore, we now focus on the possibility of a pair of

martensitic variants forming interfaces with austenite. The notation and results of

this section follow closely those in [26].

Let us first recall that given two different variants of martensite, represented by

U,V ∈ R3×3
Sym+ , there exists a rotation R ∈ SO(3) satisfying V = RURT . A first useful

result is the following:
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Proposition 1.4.1 ([26, Prop. 12]). Let U,V ∈ R3×3
Sym+ with U 6= V. Suppose further

that they are compatible in the sense that there is a matrix R̂ ∈ SO(3) such that

R̂V − U = b⊗m, (1.10)

b, m ∈ R3. Then there is a unit vector ê ∈ R3 such that

V = (−1 + 2ê⊗ ê)U(−1 + 2ê⊗ ê). (1.11)

Conversely, if (1.11) is satisfied, then there exist R̂ ∈ SO(3), b,m ∈ R3 such that

(1.10) holds.

Equation (1.10) is called the compatibility condition for two variants of marten-

site; the solutions to this equation can be classified into three categories: compound,

type I and type II twins. It is possible to prove that (see e.g., [23]), once U and

V are given and (1.11) holds, the compatibility condition always has two solutions

(R̂I ,bI ⊗mI) and (R̂II ,bII ⊗mII). The solutions can be expressed as follows:

type I mI = ê, bI = 2
( U−1ê

|U−1ê|2
− Uê

)
, (1.12)

type II mII = 2
(
ê− U2ê

|Uê|2
)
, bII = Uê, (1.13)

where ê is as in (1.11). If ê satisfying (1.11) is unique up to change of sign, we call

(U,bI ,mI) and (U,bII ,mII) respectively the type I and type II twin generated by

U,V. In case there exist two different non-parallel unit vectors satisfying (1.11), the

resulting pair of solutions (1.12)–(1.13) are called compound twins. Nonetheless, it

is possible to prove (see e.g., [23]) that in the case of compound twins, given two

different unit vectors satisfying (1.11), namely ê1 and ê2, then

b1
I ⊗m1

I := 2
( U−1ê1

|U−1ê1|2
− Uê1

)
⊗ ê1 = Uê2 ⊗ 2

(
ê2 −

U2ê2

|Uê2|2
)

=: b2
II ⊗m2

II .

Therefore, there are just two solutions to (1.11), even in the case of compound twins,

each of which can be considered as both a type I and a type II twin. Below, however,

when we refer to type I or type II solutions of (1.10) we assume implicitly that they

are not compound solutions. Furthermore, we sometimes abuse the notation and

write that U,V generate a compound twin if the solutions of the twinning equations

(1.10) are compound twins. The following characterization of compound twins is used

below:
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Proposition 1.4.2 ([26, Prop. 1]). Let U and V be two different variants of marten-

site and ê1 a unit vector such that (1.11) is satisfied. Then there exists a second unit

vector ê2 not parallel to ê1 satisfying (1.11) if and only if ê1 is perpendicular to an

eigenvector of U. When this condition is verified, ê2 is unique up to change of sign

and is perpendicular to both ê1 and that eigenvector.

Let us now consider a simple laminate, i.e., a constant macroscopic gradient

∇y equal a.e. to λR̂V + (1 − λ)U for some λ ∈ (0, 1) and some rank-one connected

RU,U ∈ K. Following [18, 26] we focus on the possibility for such∇y to be compatible

with austenite. By Proposition 1.3.1, a necessary condition is that SO(3) has a rank-

one connection with λR̂V + (1− λ)U. The existence of (R, λ, a⊗ n) solving

R
[
λR̂V + (1− λ)U

]
− 1 = R

[
λ(U + b⊗m) + (1− λ)U

]
− 1 = a⊗ n, (1.14)

that is a twinned laminate compatible with austenite, was first studied in [82] and

later in [18]. Lattice deformations and parameters of materials that are usually con-

sidered in the literature lead to twins with exactly four solutions to equation (1.14).

Nonetheless, in some cases the number of solutions can be just zero, one or two, and,

under some particular condition on the lattice parameters, as in the case of the ma-

terial discovered in [76], (1.14) is satisfied for all λ ∈ [0, 1]. The following result gives

necessary and sufficient conditions for this to hold:

Theorem 1.4.1 ([26, Thm. 2]). Let U,V ∈ R3×3
Sym+ be distinct and such that there

exist R̂ ∈ SO(3) and b,m ∈ R3 \ {0} satisfying

R̂V = U + b⊗m.

Then, (1.14) has a solution R ∈ SO(3), a,n ∈ R3 for each λ ∈ [0, 1] if and only if the

following cofactor conditions hold:

(CC1) The middle eigenvalue λ2 of U satisfies λ2 = 1,

(CC2) b · U cof(U2 − 1)m = 0,

(CC3) trU2 − detU2 − 1
4
|b|2|m|2 − 2 ≥ 0.

The condition (CC2) can be rewritten as (see [26, Coroll. 5])

(v2 · b)(v2 ·m) = 0,
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Figure 1.7: Example of triple junctions for type I and type II twins when the cofactor

conditions are satisfied (see Theorem 1.4.2 and Theorem 1.4.3).

where v2 is the eigenvector of U related to the eigenvalue λ2 = 1. Another equivalent

formulation of (CC2) for type I/II twins is given by the following chains of equivalences

(see [26, Prop. 6])

(CC2)⇔ (v2 · bI) = 0, and (v2 ·mI) 6= 0⇔ |U−1ê| = 1, for type I twins (1.15)

(CC2)⇔ (v2 ·mII) = 0 and (v2 · bII) 6= 0⇔ |Uê| = 1, for type II twins (1.16)

where ê is given by (1.11).

Remark 1.4.1. Let (U,b,m) be as in Theorem 1.4.1 and satisfy (CC1)–(CC3).

Then, [26, Coroll. 3] states that the smallest and the largest eigenvalue of U, namely

λ1 and λ3, satisfy λ1 < 1 < λ3.

We now report two results from [26] related to the cofactor conditions in type I/II

twins. These results state the possibility to have exact stress free interface between

a martensitic laminate and austenite as shown in Figure 1.7.

Theorem 1.4.2 ([26, Thm. 7]). Let U,V ∈ R3×3
Sym+ be distinct and such that R̂ ∈

SO(3), bI ,mI ∈ R3 is a type I solution to (1.10). Suppose further that U,bI ,mI

satisfy the cofactor conditions. Then, there exist R0 ∈ SO(3), a0 ∈ R3, n0,n1 ∈ S2

and ξ 6= 0 such that

R0U = 1 + a0 ⊗ n0, R0(U + bI ⊗mI) = 1 + a0 ⊗ ξn1. (1.17)

Furthermore,

R0[U + λbI ⊗mI ] = 1 + a0⊗
(
λξn1 + (1− λ)n0

)
, for all λ ∈ [0, 1]. (1.18)
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The three deformation gradients 1, R0U, R0R̂V can form a compatible austenite-

martensite triple junction in the sense that

R0U− 1 = a0 ⊗ n0, R0R̂V − 1 = a0 ⊗ ξn1, R0R̂V − R0U = R0bI ⊗mI .

There is a constant c 6= 0 such that cmI = ξn1 − n0, so that the three vectors n0, n1

and mI lie in a plane.

Theorem 1.4.3 ([26, Thm. 8]). Let U,V ∈ R3×3
Sym+ be distinct and such that R̂ ∈

SO(3), bII ,mII ∈ R3 is a type II solution to (1.10). Suppose further that U,bII ,mII

satisfy the cofactor conditions. Then, there exist R0 ∈ SO(3), a0, a1 ∈ R3, n0 ∈ S2

and ξ 6= 0 such that

R0U = 1 + a0 ⊗ n0, R0(U + bII ⊗mII) = 1 + ξa1 ⊗ n0. (1.19)

Furthermore,

R0[U + λbII ⊗mII ] = 1+
(
λξa1 + (1− λ)a0

)
⊗n0, for all λ ∈ [0, 1]. (1.20)

The normal n0 to the austenite-martensite interface is independent of the volume

fraction λ and is parallel to the martensite-martensite interface normal mII .

Following Theorem 1.4.2 and Theorem 1.4.3, if a martensitic type I/II twin sat-

isfies the cofactor conditions, then it can form exact phase interfaces, that is without

a non stress-free transition layer, between austenite and a martensitic laminate, inde-

pendently of the volume fractions within the laminate. Therefore, from a theoretical

point of view, these materials can convert extremely easily a laminate of martensite

into austenite and vice versa, without any elastic stress, and hence without the need

to incur plastic deformation. The condition λ2 = 1 guarantees already the possibility

of having exact stress-free austenite-martensite phase interfaces. However, during

martensitic transformations, nucleations occur often at different points of the sam-

ple, and, without further compatibility, the single variants of martensite cannot grow

further after they have met [47].

1.5 Overview

A better understanding of the microstructures arising in martensitic transfor-

mations is an important step to capture the factors influencing reversibility. This
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is particularly necessary in materials with six or twelve martensitic variants, like the

ultra-reversible ones mentioned in Section 1.1, as the analytical predictions have been

mostly developed for the case where just two variants are involved. Furthermore, even

in the two variants case, convex integration can lead to infinitely many minimisers

for the energy of the system, making the model unhelpful for predictions.

For this reason, the aim of this thesis is to better understand and characterise the

microstructures arising in martensitic transformations, with a particular focus on

Zn45Au30Cu25, the first alloy undergoing an ultra-reversible phase transition, and

closely satisfying the cofactor conditions. Indeed, it looks striking and unusual that,

in this material, microstructures look completely different at every thermal cycle, and

are very complex, despite the possibility to reach stress-free phase compatibility at

every scale with very simple deformation gradients.

This thesis is divided as follows:

• in Chapter 2 we study further the cofactor conditions from an analytical per-

spective. We also introduce a physically motivated metric to measure how

closely a material satisfies the cofactor conditions, as the two currently used in

the literature often give contradictory results, and are not physically grounded.

In the same chapter, we show that Zn45Au30Cu25 not only closely satisfies the co-

factor conditions with type II twins, but also some further compatibility between

martensitic laminates, which improves the ability of this material to change

phase.

• In Chapter 3 we introduce a new system of partial differential equations as a sim-

plified model for the evolution of reversible martensitic transformations under

thermal cycling in low hysteresis alloys. The model is developed in the context

of nonlinear continuum mechanics, where the developed theory is mostly static,

and cannot capture the influence of dynamics on martensitic microstructures.

First, we prove existence of weak solutions; secondly, we study the physically

relevant limit when the interface energy density vanishes, and the elastic con-

stants tend to infinity. The limit problem provides a framework for the moving

mask approximation introduced in Chapter 4. In the last section of Chapter

3 we study the limit equations in a one-dimensional setting. After closing the

equations with a constitutive relation between the phase interface velocity and

the temperature of the one-dimensional sample, the equations become a two-

phase Stefan problem with a kinetic condition at the free boundary. Under
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some further assumptions, we show that the phase interface reaches the domain

boundary in finite time.

• In Chapter 4 we introduce a moving mask approximation, which is based on

experimental observations in Zn45Au30Cu25 but which appears to be relevant

also for thermally induced transformations in many other materials. Roughly,

the moving mask approximation reflects the idea of a moving mask (or a moving

curtain) continuously uncovering (or covering) a microstructure of martensite.

Under this hypothesis, we can prove a new type of Hadamard jump condition,

from which we deduce that the deformation gradient must be of the form

1 + a(x)⊗ n(x), (1.21)

for almost every x in the martensite phase. This is useful to better understand

the complex microstructures and the formation of curved interfaces between

phases in new ultra-low hysteresis alloys such as Zn45Au30Cu25. In particular,

we use the new type of Hadamard jump condition to deduce a rigidity theorem

for compound twins, and to study curved phase interfaces in type I laminates

satisfying the cofactor conditions. The rigidity result can be extended to gen-

eral two well problems under some additional, physically relevant assumptions.

Furthermore, by assuming the further compatibility between martensitic lami-

nates introduced in Chapter 2, and that is closely satisfied by Zn45Au30Cu25, we

can easily construct infinitely many macroscopic deformation gradients which

are non-constant and satisfy (1.21). This is in agreement with experimental

observations for Zn45Au30Cu25 (see [76]), where the microstructures drastically

differ at every thermal cycle.

• In the last chapter we study the influence of interface energy in modelling mi-

crostructures. In particular, the aim of Chapter 5 is to show that interface

energy can be used to select minimising sequences, and minimising gradient

Young measures, in the case when these are infinitely many. We do this in a

simplified one-dimensional setting for the energy functional

E(u) =

∫ 1

0

(
W (ux) + u2

)
dx,

where W ≥ 0 has three wells, that is W (s) = 0 if and only if s = z1, z2, z3 ∈ R,

and z1 < 0 < z2 < z3. As E is not quasiconvex, minimisers do not necessarily

exist. Furthermore, minimising sequence have gradients taking values close to
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the three wells, but without any preference as to which of the three. Minimising

sequences thus generate infinitely many gradient Young measures supported on

{z1, z2, z3} without any preference on the volume fractions. We introduce a

regularization

Eε = ε6

∫ 1

0

u2
xx dx+ E(u),

of E with an ε-small penalization of the second derivatives, and we obtain the

first and, under some further assumptions, the second Γ−limit of Eε as ε ↓ 0.

The latter selects a unique minimizing gradient Young measure of the former,

which is supported just in two wells and not in three. We show that some

assumptions are necessary to derive our second Γ−limit, but not to prove that

minimizers of Eε generate, as ε ↓ 0, Young measures supported just in two wells

and not in three.
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Chapter 2

On the cofactor conditions and

further conditions of

super-compatibility between phases

The aim of this chapter is to study further the cofactor conditions, with a par-

ticular focus on cubic to monoclinic transformations, such as for Zn45Au30Cu25. The

case of cubic to orthorhombic transformations, which is relevant for the new materials

in [28, 45], is a special case of cubic to monoclinic, and hence all our results apply.

In Section 2.1 we prove that once the cofactor conditions are satisfied by a type I/II

twin, they are satisfied by all symmetry related twins. As a consequence, in the cubic

to monoclinic case, if a twin satisfies the cofactor conditions, then eleven other dif-

ferent twins enjoy the same property (see Table 2.1). This generalises previous work

in [26] (and Table 2 therein) where only three such twins were noted. The presence

of multiple twins satisfying the cofactor conditions gives to a material many possi-

bilities to change phase without inducing any elastic stress. We prove that the same

pair of martensitic variants cannot satisfy at the same time the cofactor condition

as a type I and a type II twin. This result is puzzling because, as discussed below

and in Section 2.5, in Zn45Au30Cu25 the same pair of martensitic variants seems to

satisfy very closely the cofactor conditions with both the type I and the type II twin

generated by the same pair of martensitic variants. However, being close is a matter

of metric, that is, of how we measure the cofactor conditions. Indeed, as the cofactor

conditions can never be satisfied exactly by real materials, in Section 2.5 we discuss

how these are measured in the literature, and introduce a new metric which we believe

to be related to reversibility. We find that in Zn45Au30Cu25, the stress required to

deform austenite in such a way that is exactly compatible (that is with no interface

layer) with a laminate of martensite is very small for type II twins, and almost ten
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times bigger for type I twins. Therefore, according to our new metric, it seems that

Zn45Au30Cu25 satisfies the cofactor conditions with type II twins much better than

with type I twins.

In Section 2.2 we study the possible homogeneous average deformations (also called

constant macroscopic deformation gradients in the literature [19]) that can be ob-

tained by finely mixing two unstressed martensitic variants, and we study which are

compatible with austenite across a plane. Despite what one might think in a first

instance, if the cofactor conditions are satisfied just by the type I (or just by the type

II) twinning system the set of average deformation gradients which are compatible

with austenite across a plane is of the same dimension as in standard shape-memory

alloys.

In Section 2.3 we introduce a new condition of super-compatibility between phases

which supplements the cofactor conditions. We call the twins satisfying these con-

ditions star twins. If the cofactor conditions are satisfied by (V1,b12,m12), the

type I/II twin generated by the two martensitic variants V1,V2 ∈ R3×3
Sym+ and where

b12,m12 ∈ R3, then Theorem 7 and Theorem 8 in [26] (reported here as Theorem 1.4.2

and Theorem 1.4.3) imply the existence of a1, a2,n1,n2 ∈ R3, and R12, R̂12 ∈ SO(3)

such that

R̂12

(
(1− µ)V1 + µR12V2

)
= 1 + b12 ⊗

(
(1− µ)n1 + µn2

)
, for type I twins,

(2.1)

R̂12

(
(1− µ)V1 + µR12V2

)
= 1 +

(
(1− µ)a1 + µa2

)
⊗m12, for type II twins,

(2.2)

R12V2 − V1 = b12 ⊗m12, (2.3)

for every µ ∈ [0, 1]. For any fixed µ0 ∈ [0, 1] the average deformation gradient

F0 = R̂12

(
(1− µ0)V1 + µ0R12V2

)
, (2.4)

is compatible with austenite without an interface layer (cf. Figure 1.7), and can hence

easily propagate in austenite. We call such a constructed F0 an exactly compatible

laminate generated by V1,V2, of volume fraction µ0. In cubic to monoclinic phase

transitions, in general, given F0 as in (2.4), there exists no exactly compatible laminate

F1 generated by the martensitic variants V3,V4 ∈ R3×3
Sym+ , of volume fraction µ1 ∈

[0, 1], and such that

rank
(
F0 − F1) = 1, (2.5)

that is, such that F0 and F1 are different but compatible on average. Such compati-

bility is possible only for specific values of µ0, µ1. However, in general, given F0 as in
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(2.4) there exists at most one exactly compatible laminate F1 such that (2.5) is sat-

isfied. Exceptions to this fact occur when (V1,b12,m12) is a star-twin (or a half-star

twin). In this case, there exist values of µ0 such that, given F0 as in (2.4), there exist

three exactly compatible laminates F1,F2,F3 ∈ R3×3 (resp. two exactly compatible

laminates in the case of half-star twins) with

rank
(
Fi − Fj) = 1, for every i, j = 0, 1, 2, 3. (2.6)

Furthermore, any three of F0,F1,F2,F3 are linearly independent (see Figure 2.1). For

general cubic to monoclinic transformations there are four deformation parameters

determining the transformation strain (cf. a, b, c, d in (2.8)). The cofactor conditions

impose two relations between these four parameters, so that there is a two-parameter

family that satisfies them. For the existence of star twins a further relation has to be

satisfied, reducing the set of possible deformation parameters to a one-dimensional

family. The compatibility between different laminates which form an exact interface

with austenite is only on average. Nevertheless, this allows three different laminates,

nucleated in different regions of the sample, to grow further after they meet, and not

to stop due to incompatibility. Also, as emphasised in Remark 2.3.3, in the presence

of type II star twins macroscopically curved interfaces whose normal does not lie in

a plane are possible between austenite and martensite without an interface layer (cf.

also Figure 2.3 and Figure 2.4).

In Section 2.4 we show under which conditions on the eigenvalues of the transforma-

tion matrices for cubic to monoclinic phase transitions a twin satisfying the cofactor

conditions is actually a star twin. It is striking to notice that in Zn45Au30Cu25, the

smallest eigenvalue is approximately 0.9363 and the largest is 1.0600. In order to have

type II star twin, the largest should be 1.0609, so that the error is about 9 ·10−4, very

similar to the approximate error of 6 ·10−4 which separates λ2 from 1 in this material.

Denoting by Ur1 the measured deformation gradient in Zn45Au30Cu25 related to the

first martensitic variant (see (2.8)), and by Ue1 the same matrix, but allowing a type

II star twin, we have

Ur1 =

 1.0015 0.0073 0

0.0073 1.0591 0

0 0 0.9363

 , Ue1 =

 1.0010 0.0078 0

0.0078 1.0594 0

0 0 0.9368

 ,
which are very close as ‖Ur1 − Ue1‖ ≈ 1.1 · 10−3. As a comparison, the closest matrix

to Ur1, say Uc1, satisfying the cofactor conditions and describing a cubic to monoclinic

phase transformation is such that ‖Ur1 − Ue1‖ ≈ 0.9 · 10−3. Experimental images of
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Figure 2.1: Example of average compatibility between three different laminates oc-

curring in type II star twins. Here R1, . . . ,R6 ∈ SO(3) and V1, . . . ,V6 ∈ R3×3
Sym+ are

six deformation gradients corresponding to six martensitic variants (possibly Vi = Vj
for i 6= j). We have RiVi = 1 + ai ⊗ nα for i = 1, 2, RiVi = 1 + ai ⊗ nβ for i = 3, 4,

and RiVi = 1+ai⊗nγ for i = 5, 6, for some a1, . . . , a6 ∈ R3,nα,nβ,nγ ∈ S2. Further-

more, there exist µ ∈ (0, 1), a∗ ∈ R3 such that µR1V1 + (1 − µ)R2V2 = 1 + a∗ ⊗ nα,

µR3V3 + (1− µ)R4V4 = 1 + a∗ ⊗ nβ and µR5V5 + (1− µ)R6V6 = 1 + a∗ ⊗ nγ, where

rank(R2iV2i − R2i−1V2i−1) = 1 for i = 1, 2, 3. In the centre we have a transition layer

which makes the two laminates exactly compatible in the limit ε→ 0. This image is

a projection of a plane, but we remark that nα,nβ,nγ are linearly independent.
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martensitic microstructures for Zn45Au30Cu25 show the presence of inexact junctions

between three different laminates (see Figure 2.2). The influence of star twins on

these microstructures needs however to be confirmed with further experimental in-

vestigations. We remark that in Zn45Au30Cu25 the type I twins are not close to being

Figure 2.2: Examples of junctions between three different laminates observed in

Zn45Au30Cu25 (cf. Figure 2.1). Courtesy of Xian Chen, Yintao Song and Richard

James.

star twins. As proved in Chapter 4, in a first approximation the average deformation

gradients in the martensite phase of Zn45Au30Cu25 are of the form

1 + a(x)⊗ n(x), a.e. x. (2.7)

The presence of star twins makes it extremely easy to construct very complex average

deformation gradients of the form (2.7), and this might explain the presence of such

colourful microstructures, as much as the ability of this material to “perform a much

wider and more efficient collection of adjustments of microstructure to environmental

changes”(ref. [50]).

2.1 Martensitic transformations from cubic to mon-

oclinic lattices

We start this section by proving Proposition 2.1.1 below, stating that the pres-

ence of a twin system satisfying the cofactor conditions (CC1)–(CC3) often implies

the existence of many other twin systems enjoying the same property
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Proposition 2.1.1. Let U,V ∈ R3×3
Sym+ satisfying (1.11) be such that R ∈ SO(3),b ∈

R3,m ∈ S2 is a solution of the twinning equation (1.10). Suppose further that

(U,b,m) satisfies the cofactor conditions. Then, for every Q ∈ SO(3), QUQT ,QVQT ∈
R3×3
Sym+ are such that QRQT ∈ SO(3),Qb ∈ R3,Qm ∈ S2 is a solution of the twin-

ning equation (1.10) for QUQT ,QVQT , and (QTUQ,Qb,Qm) satisfies the cofactor

conditions. Furthermore, if (R,b,m) is a type I solution (or a type II or a compound

solution) to the twining equation (1.10), then so is (QRQT ,Qb,Qm).

Proof. Multiplying (1.10) by Q on the left, and by QT on the right we get

QRQTQUQT − QVQT = (Qb)⊗ Qm.

Furthermore, (1.11) becomes

QVQT =
(
−1 + 2(Qê)⊗ (Qê)

)
QUQT

(
−1 + 2(Qê)⊗ (Qê)

)
.

Therefore, if (R,b,m) was a type I (or a type II) solution of the twinning equation

(1.10) for U,V, then so is (QRQT ,Qb,Qm) for QUQT ,QVQT . If the solutions of (1.10)

for U,V are compound twins, then so are the ones for QUQT ,QVQT . Also, it is clear

that (CC1) and (CC3) are satisfied.

It just remains to prove that (CC2) holds. But (CC2) can be rewritten as

(λ2
1 − 1)(λ2

3 − 1)(b · v2)(m · v2) = 0.

Here λ1 ≤ λ2 ≤ λ3 are the eigenvalues of U, and v2 is the eigenvector of U related to

the eigenvalue λ2 = 1. But as QUQTQv2 = Qv2, we get that (CC2) reduces to

(λ2
1 − 1)(λ2

3 − 1)(Qb · Qv2)(Qm · Qv2) = 0,

which concludes the proof.

In case of cubic to monoclinic transformations, the twelve transformation matri-
ces are given by

U1 =

 a b 0

b c 0

0 0 d

 , U2 =

 a −b 0

−b c 0

0 0 d

 , U3 =

 c b 0

b a 0

0 0 d

 , U4 =

 c −b 0

−b a 0

0 0 d

 ,
U5 =

 a 0 b

0 d 0

b 0 c

 , U6 =

 a 0 −b
0 d 0

−b 0 c

 , U7 =

 c 0 b

0 d 0

b 0 a

 , U8 =

 c 0 −b
0 d 0

−b 0 a

 ,
U9 =

 d 0 0

0 a b

0 b c

 , U10 =

 d 0 0

0 a −b
0 −b c

 , U11 =

 d 0 0

0 c b

0 b a

 , U12 =

 d 0 0

0 c −b
0 −b a

 .
(2.8)
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R(θ,v) type I/II twins (A) type I/II twins (B) compound twins (C)

π, (1, 0, 0) (1, 2), (5, 6)

π, (1, 0, 0) (3, 4), (7, 8)

π, (0, 1, 0) (1, 2), (11, 12)

π, (0, 1, 0) (3, 4), (9, 10)

π, (0, 0, 1) (5, 6), (9, 10)

π, (0, 0, 1) (11, 12), (7, 8)

π, (1, 0, 1) (1, 12), (2, 11) (3, 10), (4, 9) (5, 7), (6, 8)

π, (1, 0,−1) (1, 11), (2, 12) (3, 9), (4, 10) (5, 7), (6, 8)

π, (1, 1, 0) (5, 10), (6, 9) (8, 11), (7, 12) (1, 3), (2, 4)

π, (1,−1, 0) (5, 9), (6, 10) (7, 11), (8, 12) (1, 3), (2, 4)

π, (0, 1, 1) (3, 8), (4, 7) (1, 6), (2, 5) (9, 11), (10, 12)

π, (0,−1, 1) (3, 7), (4, 8) (1, 5), (2, 6) (9, 11), (10, 12)
π
2 , (0, 1, 0) (1, 12), (2, 11) (3, 10), (4, 9) (5, 8), (6, 7)

−π
2 , (0, 1, 0) (1, 11), (2, 12) (3, 9), (4, 10) (5, 8), (6, 7)

π
2 , (0, 0, 1) (5, 9), (6, 10) (7, 11), (8, 12) (1, 4), (2, 3)

−π
2 , (0, 0, 1) (5, 10), (6, 9) (8, 11), (7, 12) (1, 4), (2, 3)

π
2 , (1, 0, 0) (3, 7), (4, 8) (1, 5), (2, 6) (10, 11), (9, 12)

−π
2 , (1, 0, 0) (3, 8), (4, 7) (1, 6), (2, 5) (10, 11), (9, 12)

Table 2.1: Table containing all possible twinning systems for cubic to monocinic

transformations.

Following [26, Table 1], in Table 2.1 we listed all the possible twinning systems for

cubic to monoclinic transformations, denoting by (i, j) the twins generated by Ui,Uj.

The angle and axis of the rotation R ∈ SO(3) such that Uj = RUiR
T are given in the

first column of the table.

Thanks to Proposition 2.1.1, if a pair of variants in column (A) (or column (B))

generates a twin which satisfies the cofactor conditions, then all the pairs in the same

column, that is column (A) (resp. column (B)) satisfy the cofactor conditions for the

same type of twin solution. The situation of column (C) is more complex: if a pair

of variants generates a twin which satisfies the cofactor conditions, then all possible

compound-twins solutions generated by pairs of variants in column (C) satisfy (CC1)–

(CC2). However, in general, not all possible compound-twin solutions satisfy (CC3).

This is the case for example for

U1 =

 0.95 0.0073 0

0.0073 1.2 0

0 0 1

 .
In this case, (CC3) is satisfied by both compound solutions generated by U1,U2, but

by neither of the two compound solutions generated by U1,U3. Nevertheless, Propo-

sition 2.1.1 implies that if a pair of variants in the upper box of column (C) (or in
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the lower box of column (C)) generates a twin satisfying the cofactor conditions, then

all other pairs of variants in the same box generate a twin satisfying the cofactor

conditions.

The difference from the table in [26] is that we passed from thirteen boxes of this

type to four, that is, we have shown that if a twin satisfies the cofactor conditions,

there are many different twins enjoying the same property. Furthermore, also thanks

to Remark 2.2.1 below, we have clarified the situation of compound twins, which was

not completely investigated in [26].

In case of cubic to orthorhombic transformations, the deformation gradients re-
lated to the six martensitic variants are

Ũ1 =

 a b 0

b a 0

0 0 d

 , Ũ2 =

 a −b 0

−b a 0

0 0 d

 , Ũ3 =

 a 0 b

0 d 0

b 0 a

 ,
Ũ4 =

 a 0 −b
0 d 0

−b 0 a

 , Ũ5 =

 d 0 0

0 a b

0 b a

 , Ũ6 =

 d 0 0

0 a −b
0 −b a

 .
(2.9)

Furthermore, Table 2.1 simplifies to Table 2.2. In the following proposition, we

R(θ,v) type I/II twins compound twins

π, (1, 0, 0) (1, 2), (3, 4)

π, (0, 1, 0) (1, 2), (5, 6)

π, (0, 0, 1) (3, 4), (5, 6)

π, (1, 0, 1) (1, 6), (2, 5)

π, (1, 0,−1) (1, 5), (2, 6)

π, (1, 1, 0) (3, 6), (4, 5)

π, (1,−1, 0) (3, 5), (4, 6)

π, (0, 1, 1) (1, 4), (2, 3)

π, (0,−1, 1) (1, 3), (2, 4)

Table 2.2: Table containing all possible twinning systems for cubic to orthorhombic

transformations.

prove that in materials undergoing cubic to monoclinic or cubic to orthorhombic

transformations, the two martensitic variants cannot satisfy the cofactor conditions

both with the type I and with the type II twinning systems.

Proposition 2.1.2. Let Ui,Uj ∈ R3×3
Sym+ be as in (2.8) for some i, j = 1, . . . , 12, and

Ui 6= Uj. Let us suppose also that ê ∈ S2 satisfying

Uj = (−1 + 2ê⊗ ê)Ui(−1 + 2ê⊗ ê)
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is unique up to a change of sign. Then the type I and type II solutions of the twinning

equation (1.10) for Ui,Uj cannot satisfy (CC1)–(CC2) at the same time.

Proof. By Corollary 2.1.1 (see also Table 2.1) we can restrict ourselves to checking

just two cases: Ui = U1,Uj = U5 and Ui = U1,Uj = U11. We focus on the latter, as

the former can be deduced similarly.

We now assume that both the type I and the type II twins generated by U1,U11 satisfy

(CC1)–(CC2), and we aim at a contradiction. Suppose first d 6= 1. By (1.16) we have

that a type II twin satisfies (CC1)–(CC2) if and only if the middle eigenvalue λ2 of

U1 satisfies λ2 = 1 and |U1e| = 1 with e = 2−
1
2 (1, 0, 1)T . That is, we must satisfy at

the same time

a+ c = 1 + λ, ac− b2 = λ, (2.10)

a2 + b2 + d2 = 2. (2.11)

Here λ is the eigenvalue of U1 which is neither 1 nor d. At the same time, if the type

I twin generated by U1,U11 satisfies (CC2), by (1.16) |U−1
1 e| = 1 and hence

c2

λ2
+
b2

λ2
+

1

d2
= 2. (2.12)

From (2.10)–(2.11) we deduce

(1 + λ)2 − c(1 + λ) = 2− d2 + λ.

On the other hand, (2.10) together with (2.12) imply

c(1 + λ) = λ2(2− d−2) + λ. (2.13)

Collecting the last two identities to get rid of c we get

(1 + λ)2 − 2 + d2 = λ2(2− d−2) + 2λ,

which can be rewritten as
λ2

d2
(1− d2) = (1− d2).

Having assumed d 6= 1, and keeping in account that U1 is positive definite, we must

have d = λ. However, as the middle eigenvalue of U1 has to be equal to one (cf.

(CC1)), we deduce that d = λ = 1, which implies a = 1, c = 1, b = 0, that is

U1 = U11. Therefore we reached a contradiction.

Suppose now d = 1, then |U−1
1 e| = 1, |U1e| = 1 reduce to solve

a2 + b2 = 1, c2 + b2 = (ac− b2)2.
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But these imply either a = −c, thus contradicting the fact that U1 is positive definite,

or a = ±1, b = 0, which in turn contradict being positive definite or the fact that

U1 6= U11.

Remark 2.1.1. Following the strategy of Proposition 2.1.2 we can actually prove

that in the pure cubic to monoclinic case (that is when a 6= c in (2.8)) it is not

possible to satisfy (CC1)–(CC2) with the type I twins (or with the type II twin) of

both columns (A) and (B) of Table 2.1 at the same time. In the degenerate case

where a = c in (2.8), that is for cubic to orthorhombic transformations, column (A)

and column (B) coincide (see Table 2.2).

Despite this result, it is easy to construct examples of matrices Ui as in (2.8),

such that the cofactor conditions are satisfied by the type I twins in column (A) of

Table 2.1 (or column (B)) and by the type II twins in column (B) (resp. column (A))

of Table 2.1. It is also possible to construct matrices Ui as in (2.8), such that d = 1,

and the cofactor conditions are satisfied by some compound twins in column (C) and

by the type I/II twins in column (A)/(B) of Table 2.1. If d = 1 and the smallest and

the largest eigenvalues of the Ui’s, namely λ1, λ3, satisfy λ1 = λ−1
3 it is possible to

satisfy the cofactor conditions with type I, type II and compound twins at the same

time.

2.2 Cofactor conditions for two wells

In this section we study the quasiconvex hull of the set

Kij := SO(3)Ui ∪ SO(3)Uj,

where Ui 6= Uj are as in (2.8). We recall that the set of matrices Kqc
ij , that is the qua-

siconvex hull of Kij, is the set of average deformation gradients which can be achieved

by finely and homogeneously mixing the two variants of martensite Ui,Uj (see e.g.,

[19, 62]). If Ui,Uj generate a compound twin we show that a necessary condition to

satisfy the cofactor conditions is to have d = 1. Furthermore, we show that if Ui has

a middle eigenvalue which is equal to one, but d 6= 1, then the only constant average

deformation gradients in Kqc
ij which are rank one connected to the identity, and are

hence compatible with austenite, are the pure phases, that is R1Ui,R2Ui,R3Uj,R4Uj

for some R1,R2,R3,R4. On the other hand, if Ui,Uj generate a type I/II solution of

the twinning equation (1.10), say (R,b,m), satisfying the cofactor conditions, then

there exist two smooth functions R1,R2 : [0, 1]→ SO(3) such that the only matrices
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in Kqc
ij rank one connected to the identity are given by Rk(µ)(Ui + µb ⊗m), with

µ ∈ [0, 1] and k = 1, 2.

2.2.1 Compound twins

We start by recalling the following result that characterizes the quasiconvex hull

of a two well problem in some simple case

Lemma 2.2.1 ([36, Thm 2.5.1]). Let A,B ∈ R3×3
Sym+ with detA = detB = D > 0.

Suppose that there exists λ > 0 and v ∈ S2 such that Av = Bv = λv. Then, defined

K̂ as

K̂ := SO(3)A ∪ SO(3)B,

we have

K̂qc =
{
F ∈ R3×3 : det(F) = D, FTFv = λ2v, |Fe| ≤ max{|Ae|, |Be|}, for each e ∈ S2

}
.

Also, a consequence of the proof of Lemma 4.5.2 in Chapter 4 is the following

result

Lemma 2.2.2. Let A,B ∈ R3×3
Sym+ be such that Ae3 = Be3 = λe3 for some λ 6=

1, λ > 0. Assume also det(A) = det(B) = D > 0. Then, necessary conditions for the

existence of a ∈ R3,n ∈ S2 satisfying 1 + a⊗ n ∈ Kqc are

|a| = λ−1|D− λ2|, n2
3 =

λ2(1− λ2)

D2 − λ4

and

a = (D− λ2)n− 1

n3

(1− λ2)e3.

Now let us consider the cubic to monoclinic transformation, and let Ui with

i = 1, . . . , 12 be as in (2.8). We can prove the following statement

Proposition 2.2.1. Let U1 ∈ R3×3
Sym+ be as in (2.8), with a, c, d > 0, b ≥ 0, and

d 6= 1. Let also 0 < λ1 ≤ λ2 = 1 ≤ λ3 be the eigenvalues of U1. Then, for every

i, j ∈ {1, . . . , 4} (or, equivalently, i, j ∈ {5, . . . , 8}, or i, j ∈ {9, . . . , 12}) with Ui 6= Uj,

there exist exactly four matrices al ⊗ nl, l = 1, . . . , 4 satisfying

1 + al ⊗ nl ∈
(
SO(3)Ui ∪ SO(3)Uj

)qc
. (2.14)

Furthermore, there exist four rotation matrices Rl, l = 1, . . . , 4 such that

RlUi = 1 + al ⊗ nl, l = 1, 2 (2.15)

RlUj = 1 + al ⊗ nl, l = 3, 4. (2.16)
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Proof. Let us deal with the case i = 1, j = 4: the other cases can be treated in a

similar way.

On the one hand, given the assumptions on U1,U4, [18, Prop. 4] assures the

existence of four matrices al⊗nl ∈ R3×3, and four rotations Rl ∈ SO(3), l = 1, . . . , 4,

satisfying (2.15)–(2.16).

On the other hand, from Lemma 2.2.2 we know that the first two components of

n, namely n1, n2, must lie on a circle

n2
1 + n2

2 = 1− n2
3 =

D2 − d2

D2 − d4
, (2.17)

where D = detU1, and that

F := 1 + a⊗ n = 1 + (D− d)n⊗ n− 1

n3

(1− d2)e3 ⊗ n. (2.18)

Let us now look for unit vectors v = (v1, v2, 0) satisfying |U1v| = |U4v|, that is

(av1 + bv2)2 + (bv1 + cv2)2 = (cv1 − bv2)2 + (−bv1 + av2)2.

There are up to a change of sign two such unit vectors v+,v− satisfying the above

identity. Respectively they are such that

v+
1 (a− c) = v+

2 (2− a− c− 2b), v−1 (a− c) = v−2 (a+ c− 2b− 2), v+
1 v
−
1 = −v+

2 v
−
2 .

Here we have used the fact that, as λ2 = 1, ac − b2 = λ and a + c = 1 + λ, with

λ = λ1 if λ3 = d and λ = λ3 if λ1 = d. We remark also that, v+
1 v
−
1 = −v+

2 v
−
2 together

with |v+| = |v−| = 1 imply v−1 = −v+
2 and v−2 = v+

1 . Now, Lemma 2.2.1 implies that

a necessary condition for F to be in Kqc
ij is

|Fv+| ≤ |U1v
+|, |Fv−| ≤ |U1v

−|.

By (2.18), after a few computations these two inequalities become

v+
1 (v+

1 α + v+
2 β) + v+

2 (v+
1 β + v+

2 γ) ≤ (av+
1 + bv+

2 )2 + (bv+
1 + cv+

2 )2, (2.19)

v−1 (v−1 α + v−2 β) + v−2 (v−1 β + v−2 γ)v−2 ≤ (av−1 + bv−2 )2 + (bv−1 + cv−2 )2, (2.20)

where

α = 1 +
n2

1

d2
(D2 − d4), γ = 1 +

n2
2

d2
(D2 − d4), β =

n1n2

d2
(D2 − d4).
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Summing up the last two inequalities and exploiting the fact that v−1 = −v+
2 , v−2 = v+

1 ,

(v+
1 )2 + (v+

2 )2 = 1 we get

α + γ ≤ a2 + c2 + 2b2 = (a+ c)2 − 2λ = 1 + λ2.

Here, as above, we used the fact that ac− b2 = λ and a+ c = 1 + λ. Now, we notice

that (2.17) implies

α + γ = 2 + (n2
1 + n2

2)
1

d2
(D2 − d4) = 2 +

1

d2
(D2 − d2) = 1 + λ2.

Thus, (2.19)–(2.20) are actually equalities, that is

v+
1 (v+

1 α + v+
2 β) + v+

2 (v+
1 β + v+

2 γ) = (av+
1 + bv+

2 )2 + (bv+
1 + cv+

2 )2,

v−1 (v−1 α + v−2 β) + v−2 (v−1 β + v−2 γ)v−2 = (avi1 + bvi2)2 + (bvi1 + cvi2)2,

Exploiting the values of α, β, γ we can rewrite these identities as

(v+
1 n1 + v+

2 n2)2 =
d2

D2 − d4

(
(av+

1 + bv+
2 )2 + (bv+

1 + cv+
2 )2 − 1

)
:= r2

1,

(v+
2 n1 − v+

1 n2)2 =
d2

D2 − d4

(
(av+

1 + bv+
2 )2 + (bv+

1 + cv+
2 )2 − 1

)
:= r2

2.

Therefore, n1, n2 must be at the same time on one of the lines (v+
1 n1 + v+

2 n2) = ±r1

and on one of the lines (v+
2 n1 − v+

1 n2) = ±r2. Therefore there exist a maximum of

four couples (nl1, n
l
2) such that |Fv+| ≤ |U1v

+| and |Fv−| ≤ |U1v
−|. As n3 can have

both a positive and a negative sign, we hence found eight n and, by Lemma 2.2.2

eight a, such that (2.14) is satisfied. These can be expressed as

(a1,n1), (a2,n2), (a3,n3), (a4,n4),

(−a1,−n1), (−a2,−n2), (−a3,−n3), (−a4,−n4).

Therefore, there exist exactly four matrices a ⊗ n satisfying (2.14), which are given

by (2.15)–(2.16).

Remark 2.2.1. Consequence of the above result is that a compound twin in a cubic

to monoclinic transformation (and hence also in its special cases as the cubic to

orthorhombic or the cubic to tetragonal) can satisfy the cofactor conditions if and

only if d = 1. As shown in Remark 4.5.3 in Chapter 4, if d = 1 the set of matrices

F ∈ (SO(3)Ui ∪ SO(3)Uj)
qc such that F = 1 + a ⊗ n for some a ∈ R3,n ∈ S2 can

have dimension two if Ui,Uj generate a compound twin. Indeed, by Lemma 2.2.1, all

matrices in the quasiconvex hull of K have 1 as a singular value.
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2.2.2 Type I/II twins

Let now U,V ∈ R3×3
Sym+ satisfy (1.11), and (U,b,m), (U, b̂, m̂) be the type I/type

II solutions of the twinning equation (1.10). Suppose further that either (U,b,m)

or (U, b̂, m̂) satisfies the cofactor conditions. We are interested in which constant

average deformation gradients obtained by finely mixing the two martensitic variants

U and V are compatible with austenite. We can prove the following result.

Proposition 2.2.2. Suppose (U,b,m), (U, b̂, m̂) are the type I/type II (non nec-

essarily in order) solutions of the twinning equation (1.10) for U,V ∈ R3×3
Sym+, with

U,V satisfying (1.11). Suppose further that (U,b,m) satisfies the cofactor conditions,

while (U, b̂, m̂) does not satisfy (CC2). Then, F ∈ (SO(3)U ∪ SO(3)V)qc is such that

F = 1 + a⊗ n for some a ∈ R3,n ∈ S2 if and only if

FTF = (U + µb⊗m)T (U + µb⊗m),

for some µ ∈ [0, 1].

Proof. Let us first define

u1 := U−1m|U−1m|−1, u3 := b|b|−1, u2 = u1 × u3,

δ =
1

2
|b||U−1m|, L := U−1(1− δu3 ⊗ u1).

Thanks to [19, Section 5], we know that, defined

KUV := SO(3)U ∪ SO(3)V,

its quasiconvex hull is given by

Kqc
UV =

{
F ∈ R3×3 : FTF = L−TM(α, β, γ)L−1, 0 < α ≤ 1+δ2, 0 < γ ≤ 1, αγ−β2 = 1

}
,

where

M(α, β, γ) := αu1 ⊗ u1 + u2 ⊗ u2 + γu3 ⊗ u3 + βu1 � u3,

and we denoted u1�u3 = u1⊗u3 + u3⊗u1. Let us first consider the scalar function

f1(α, β, γ) = det(L−TM(α, β, γ)L−1 − 1).

We define φ(α, β, γ) = λM(α, β, γ)λm(α, β, γ), where λm, λM are respectively the

largest and the smallest eigenvalue of L−TM(α, β, γ)L−1 − 1. We denote by A the

region

A :=
{

(α, β, γ) ∈ R3 : 0 < α ≤ 1 + δ2, 0 < γ ≤ 1, αγ − β2 = 1
}
.
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We are interested in the set

B :=
{

(α, β, γ) ∈ A : f1(α, β, γ) = 0, φ(α, β, γ) ≤ 0
}
,

which characterises the set of F ∈ (SO(3)U∪SO(3)V)qc which are rank-one connected

to the identity (see e.g., [18, Prop. 4]). We first notice that

f1 =
1

detU2
det
(
M− LTL

)
,

and that

g(β, γ) := detU2f1

(1 + β2

γ
, β, γ

)
,

must be of the form

g(β, γ) =
c1β

2 + c2

γ
+ c3β + c4γ + c5,

We also point out that, by (1.12)–(1.13) together with (1.15)–(1.16), we have

LTLu1 = u1, if (U,b,m) is a type I twin,

LTLu3 = u3, if (U,b,m) is a type II twin.
(2.21)

Here we have also used the fact that, by (1.15)–(1.16), |U−1ê| = 1 and |Uê| = 1,

respectively for type I and type II twins satisfying the cofactor conditions, with ê

being as in (1.11). Let us define Q := 2uj ⊗ uj − 1, with j = 1 if (U,b,m) is a type

I twin, and j = 3 if (U,b,m) is a type II twin. By (2.21) we have that

g(β, γ) = det
(
(M(γ−1(1 + β2), β, γ)− LTL)

)
= det

(
Q(M(γ−1(1 + β2), β, γ)− LTL)Q

)
= g(−β, γ).

For this reason, g(β, γ) is even in β, and is of the form

g(β, γ) =
c1β

2 + c2

γ
+ c4γ + c5. (2.22)

Now, we notice that

(U + µb⊗m)L = (1 + 2µδu3 ⊗ u1)UL = (1 + δ(2µ− 1)u3 ⊗ u1). (2.23)

Therefore, the fact that (U,b,m) satisfies the cofactor conditions implies

1

detU2
g(β, 1) = det

(
(U+µ(β)b⊗m)T (U+µ(β)b⊗m)−1

)
= 0, for all β ∈ [−δ, δ],

where µ(β) = β+δ
2δ
. Thus, (2.22) simplifies to

g(β, γ) = c2

(1

γ
− 1
)

+ c4(γ − 1), (2.24)
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that means, g is constant in β. Now consider the solution of the twinning equation

(1.10) other than (U,b,m), namely (U, b̂, m̂). By [18, Prop. 5] we have

det
(
(U + µb̂⊗ m̂)T (U + µb̂⊗ m̂)− 1

)
= c0µ(1− µ), (2.25)

for some c0 ∈ R. Now, we notice that

LT (U+µb̂⊗m̂)T (U+µb̂⊗m̂)L = M
(

1+δ2, δ(2µ−1),
1 + δ2(2µ− 1)2

1 + δ2

)
, µ ∈ [0, 1].

(2.26)

This can be shown by using (1.12)–(1.13) and the fact that, by (1.15)–(1.16), |U−1ê| =
1 and |Uê| = 1, respectively for type I and type II twins satisfying the cofactor

conditions, with ê being as in (1.11). Thus, setting

β̂(µ) := δ(2µ− 1), γ̂(µ) :=
1 + δ2(2µ− 1)2

1 + δ2
,

(2.25) becomes

det
(
(U + µb̂⊗ m̂)T (U + µb̂⊗ m̂)− 1

)
=
c0(1 + δ2)

4δ2
(1− γ̂(µ)).

Therefore, by (2.26),

g(β̂(µ), γ̂(µ)) = detU2 c0(1 + δ2)

4δ2
(1− γ̂(µ)).

But recalling that g(β, γ) is independent of β, a comparison with (2.24) yields

g(β, γ) = detU2 c0(1 + δ2)

4δ2
(1− γ). (2.27)

Here, c0 6= 0 as we assumed that (U, b̂, m̂) does not satisfy (CC2). Therefore, by

(2.23) and Theorem 1.4.1, we get that (α, β, γ) ∈ B if and only if γ = 1, β ∈ [−1, 1]

and α = 1 + β2, that is (see (2.23)), if and only if

L−TML−1 = (U + µb⊗m)T (U + µb⊗m), µ ∈ [0, 1],

which is the claimed result.

Remark 2.2.2. From (2.27) we notice that if both (U,b,m) and (U, b̂, m̂) satisfy

the cofactor conditions f1 = 0 everywhere at the interior of A. Therefore, in this

case, the set B is two-dimensional and not one-dimensional as in the case proven in

Proposition 2.2.2. Indeed, φ is a smooth function of α, β, γ, and is strictly negative

on the boundary of (SO(3)U ∪ SO(3)V)qc, except for at most two points. Thus,

by continuity, there exists an open two-dimensional region contained in (SO(3)U ∪
SO(3)V)qc, where φ is negative.
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Remark 2.2.3. Under the hypotheses of Proposition 2.2.2, the set of matrices in

Kqc
U,V which are rank-one connected to the identity coincides with two smooth and

one-dimensional curves of finite length. The dimension of this set is hence the same

as it is in the case of twins not satisfying the cofactor conditions. Indeed, for example,

in [12] (see also Lemma 2.2.2 above) it is shown that for

U = diag(a, b, c), V = diag(b, a, c),

for some a, b, c > 0, a, b, c 6= 1, the set of matrices in Kqc
U,V which are rank-one con-

nected to the identity coincides with four smooth and one-dimensional curves of finite

length. Nonetheless, the difference is in the fact that, when the cofactor conditions

are satisfied, the microstructures which can form an interface with austenite are just

simple laminates, and not laminates within laminates.

The following corollary is a straightforward consequence of [18, Prop. 4] and

Proposition 2.2.2:

Corollary 2.2.1. Suppose (Ui,b,m), (Ui, b̂, m̂) are the type I/type II solutions of the

twinning equation (1.10) for Ui,Uj ∈ R3×3
Sym+ (not necessarily in order), with Ui 6= Uj

as in (2.8). Suppose further that (Ui,b,m) satisfies the cofactor conditions. Then,

there exist R1,R2 : [0, 1]→ SO(3) such that F ∈ Kqc
ij is of the form F = 1 + a⊗ n for

some a ∈ R3,n ∈ S2 if and only if

F = Ri(µ)(U + µb⊗m),

for some µ ∈ [0, 1], i = 1, 2.

2.3 Type I and II star twins

Let us first recall the following results from [26]

Theorem 2.3.1 ([26, Thm. 7]). Let U,V ∈ R3×3
Sym+ satisfying (1.11) be such that

RI ∈ SO(3),bI ∈ R3,mI ∈ S2 is a type I solution of the twinning equation (1.10).

Suppose further that (U,bI ,mI) satisfies the cofactor conditions. Then there exist

RU,RV and a ∈ R3,nU,nV ∈ S2 such that

RUU = 1 + a⊗ nU, RVV = 1 + a⊗ nV,

RUbI × a = 0, (nU × nV) ·mI = 0, and RV = RURI .
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Theorem 2.3.2 ([26, Thm. 8]). Let U,V ∈ R3×3
Sym+ satisfying (1.11) be such that

RII ∈ SO(3),bII ∈ R3,mII ∈ S2 is a type II solution of the twinning equation (1.10).

Suppose further that (U,bII ,mII) satisfies the cofactor conditions. Then there exist

RU,RV and aU, aV ∈ R3 such that

RUU = 1 + aU ⊗mII , RVV = 1 + aV ⊗mII ,

and RV = RURII .

Let us now introduce the definition of type I/II star twin. Below we will make

use of the notation of Theorem 2.3.1 and of Theorem 2.3.2.

Definition 2.3.1. Let M be a subset of R3×3
Sym+ . Let U,V ∈ M, U 6= V, satisfying

(1.11) and let RI ∈ SO(3),bI ∈ R3,mI ∈ S2 be a type I solution of the twinning

equation (1.10) for U,V. Suppose further that (U,bI ,mI) satisfies the cofactor con-

ditions. Then we say that (U,bI ,mI) is a type I star twin generated by (U,V) if there

exist three different rotations Q1,Q2,Q3 ∈ SO(3), Qi 6= 1 for each i = 1, . . . , 3, and

µ∗ ∈ (0, 1) satisfying

(S1) QiUQ
T
i ,QiVQ

T
i ∈M, for each i = 1, . . . , 3,

(S2) Qi

(
µ∗nU + (1− µ∗)nV

)
= χi

(
µ∗nU + (1− µ∗)nV

)
for each i = 1, . . . , 3 and with

χi = ±1,

(S3)
(
(Qia)×(Qja)

)
·a 6= 0 for each i, j = 1, . . . , 3, i 6= j and

(
(Q1a)×(Q2a)

)
·(Q3a) 6=

0.

If the number of Qi satisfying (S1)–(S3) is two and not three we say that (U,bI ,mI)

is a type I half-star twin.

Definition 2.3.2. Let M be a subset of R3×3
Sym+ . Let U,V ∈ M, U 6= V, and let

RII ∈ SO(3),bII ∈ R3,mII ∈ S2 be a type II solution of the twinning equation (1.10)

for U,V. Suppose further that (U,bII ,mII) satisfies the cofactor conditions. Then

we say that (U,bII ,mII) is a type II star twin generated by (U,V) if there exist three

different rotations Q1,Q2,Q3 ∈ SO(3), Qi 6= 1 for each i = 1, . . . , 3, and µ∗ ∈ (0, 1)

satisfying

(T1) QiUQ
T
i ,QiVQ

T
i ∈M, for each i = 1, . . . , 3,

(T2) Qi

(
µ∗aU + (1− µ∗)aV

)
= χi

(
µ∗aU + (1− µ∗)aV

)
for each i = 1, . . . , 3 and with

χi = ±1,
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(T3)
(
(QimII) × (QjmII)

)
·mII 6= 0 for each i, j = 1, . . . , 3, i 6= j and

(
(Q1mII) ×

(Q2mII)
)
· (Q3mII) 6= 0.

If the number of Qi satisfying (T1)–(T3) is two and not three we say that (U,bII ,mII)

is a type II half-star twin.

Remark 2.3.1. It would be possible to generalise (T2) (or similarly (S2)) in the

definition of star twins by requiring the existence of µ∗1, µ
∗
2 ∈ [0, 1] such that

Qi

(
µ∗1aU+(1−µ∗1)aV

)
= χi

(
µ∗2aU+(1−µ∗2)aV

)
for each i = 1, . . . , 3 and with χi = ±1.

However, a fine observation of the proof of Theorem 2.4.1 (resp. Theorem 2.4.2)

yields that, in the cubic to monoclinic case, the only interesting case is when µ∗1 = µ∗2,

making the generalisation not relevant to our context.

Remark 2.3.2. Definition 2.3.1 and Definition 2.3.2 both imply the existence of

four exactly compatible twins F0,F1,F2,F3 satisfying (2.6). Conversely, in cubic to

monoclinic transformations, given four exactly compatible twins F0,F1,F2,F3 of type

I (or of type II) satisfying (2.6), we have that Proposition 2.1.1, Remark 2.1.1 and

Remark 2.3.1 imply the satisfaction of Definition 2.3.1 (resp. Definition 2.3.2).

The following two propositions state that, in the presence of star-twins, the

set of homogeneous average deformation gradients which can form stress free phase

interfaces with austenite is unusually large:

Proposition 2.3.1. Let M be a finite subset of R3×3
Sym+ , U,V ∈M satisfying (1.11),

and let (U,bII ,mII) be a type II half-star twin generated by (U,V). Then,

1 +
(
µ∗aU + (1− µ∗)aV

)
⊗mII , 1 +

(
µ∗aU + (1− µ∗)aV

)
⊗ Q1mII ,

1 +
(
µ∗aU+(1− µ∗)aV

)
⊗ Q2mII ,

and all their convex combinations are contained in the set Kqc, where

K :=
⋃

M∈M

SO(3)M.

If (U,bII ,mII) is a type II star twin generated by (U,V), then also

1 +
(
µ∗aU + (1− µ∗)aV

)
⊗ Q3mII ∈ Kqc.
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Proof. We restrict to the case of half-star twins; the case of star twins follows similarly.

From [62] we know that given a set C ∈ R3×3, the lamination convex hull of C, namely

C lc, is contained in Cqc. We recall for the benefit of the reader that

C lc :=
∞⋃
i=1

C(i),

where C(1) = C and

C(i+1) := C(1) ∪
{
µA + (1− µ)B : A,B ∈ C(i), rank(A− B) = 1, µ ∈ (0, 1)

}
.

Therefore, let K :=
⋃
M∈M SO(3)M . By Theorem 2.3.2 we know that

RUU = 1 + aU ⊗mII , RVV = 1 + aV ⊗mII ,

Q1RUQ
T
1 Q1UQ

T
1 = 1 + Q1aU ⊗ Q1mII , Q1RVQ

T
1 Q1VQ

T
1 = 1 + Q1aV ⊗ Q1mII ,

Q2RUQ
T
2 Q2UQ

T
2 = 1 + Q2aU ⊗ Q2mII , Q2RVQ

T
2 Q2VQ

T
2 = 1 + Q2aV ⊗ Q2mII ,

are all in K. Thus,

µ∗RUU + (1− µ∗)RVV = 1 +
(
µ∗aU + (1− µ∗)aV

)
⊗mII ,

µ∗Q1RUQ
T
1 Q1UQ

T
1 + (1− µ∗)Q1RVQ

T
1 Q1VQ

T
1 = 1 +

(
µ∗aU + (1− µ∗)aV

)
⊗ Q1mII ,

µ∗Q2RUQ
T
2 Q2UQ

T
2 + (1− µ∗)Q2RVQ

T
2 Q2VQ

T
2 = 1 +

(
µ∗aU + (1− µ∗)aV

)
⊗ Q2mII ,

are in K(2), and all their convex combinations are in K(3).

Remark 2.3.3. Type II half-star/star twins are interesting also because, by combin-

ing laminates, we can easily construct macroscopic curved interfaces between austen-

ite and martensite whose normal does not lie in a plane. Indeed, in the notation of

Proposition 2.3.1, let us define

a∗ := µ∗aU + (1− µ∗)aV.

Then,

G(µ1, µ2) := 1 + a∗ ⊗
(
µ1(µ2mII + (1− µ2)Q1mII) + (1− µ1)Q2mII

)
is in the Kqc for every µ1, µ2 ∈ [0, 1], and mII ,Q1mII ,Q2mII span R3. Therefore,

given a smooth bounded domain Ω, one can choose µ1, µ2 : Ω → [0, 1] to be space

dependent, and, provided

µ1

(
∇µ2 × (mII − Q1mII) +∇µ1 × (µ2mII + (1− µ2)Q1mII)−∇µ1 × Q2mII = 0,
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G(µ1(x), µ2(x)) is an average deformation gradient. Choosing for example

µ2(x) = f(x · (mII − Q1mII)),

and

µ1(x) = c1

(∫ x·(mII−Q1mII)

0

f(s) ds+ x · (Q1mII − Q2mII)

)
+ c2,

for some smooth f : R→ [0, 1] and some c1, c2 ∈ R such that µ2(x) ∈ [0, 1] for every

x ∈ Ω, will give an average deformation gradient of martensite, which is compatible

with austenite across an interface whose normal does not lie in a plane.

In the same way we can prove

Proposition 2.3.2. LetM be a finite subset of R3×3
Sym+ , U,V ∈M and let (U,bI ,mI)

be a type I half-star twin generated by (U,V). Then

1 + a⊗
(
µ∗nU + (1− µ∗)nV

)
, 1 + Q1a⊗

(
µ∗nU + (1− µ∗)nV

)
,

1 + Q2a⊗
(
µ∗nU + (1− µ∗)nV

)
,

and all their convex combinations are contained in the set Kqc, where

K :=
⋃

M∈M

SO(3)M.

If (U,bI ,mI) is a type I star twin generated by (U,V), then also

1 + Q3a⊗
(
µ∗nU + (1− µ∗)nV

)
∈ Kqc.

2.4 Star twins in cubic to monoclinic transforma-

tions

In this section we want to find conditions on the eigenvalues of the matrices Ui

in (2.8) so that there exist type I and type II star twins. We start with the following

simple lemma

Lemma 2.4.1. Let v ∈ R3, v 6= 0, then Q ∈ SO(3) satisfies Qv = −v if and only

if Q is a rotation of π and axis uR ∈ S2, that is, R = 2uR ⊗ uR − 1, and uR · v = 0.

The matrix Q ∈ SO(3), Q 6= 1 satisfies Qv = v if and only if the axis of Q is parallel

to v.
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nα

nβ
nγ

1

nα

nβ

1

1

Figure 2.3: Three different views of a pyramidal microstructure constructed with

type II half-star twins (also possible with star twins). The polyhedron is divided

into a blue, a yellow and a green region, in each of which we have a different exactly

compatible laminate, namely F1 = 1+a∗⊗nα, F2 = 1+a∗⊗nβ and F3 = 1+a∗⊗nγ,

for some a∗ ∈ R3 \ {0}. The three constant average deformation gradients F1,F2,F3

satisfy (2.6), that means that nα,nβ,nγ are linearly independent. At the three faces

of the pyramid with normals nα,nβ,nγ the martensitic laminates are compatible with

austenite without an interface layer. Such pyramid can be used as a building block

for three-dimensional curved interfaces.

nα

nβ

nγ

nδ

1

1

Figure 2.4: Two different views of a pyramidal microstructure constructed with type

II star twins. The polyhedron is divided into a blue, a yellow, a red and a green

region, in each of which we have a different exactly compatible laminate, namely

F1 = 1 + a∗ ⊗ nα, F2 = 1 + a∗ ⊗ nβ, F3 = 1 + a∗ ⊗ nγ and F4 = 1 + a∗ ⊗ nδ, for some

a∗ ∈ R3 \ {0}. The four constant average deformation gradients F1,F2,F3,F4 satisfy

(2.6), that means that nα,nβ,nγ,nδ are linearly independent. At the three faces

of the pyramid with normals nα,nβ,nγ,nδ the martensitic laminates are compatible

with austenite without an interface layer. Such pyramid can be used as a building

block for three-dimensional curved interfaces.
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Proof. We can write R in terms of its angle of rotation θ and its rotation axis uR as

R = cos(θ)1 + sin(θ)[uR]× + (1− cos(θ))uR ⊗ uR,

where [uR]× is the cross product matrix of uR. Therefore, after decomposing v into a

parallel and an orthogonal part to uR, vuR
and vu⊥R

, we get that Rv = −v is equivalent

to

cos(θ)
(
vuR

+ vu⊥R
) + sin(θ)

(
uR × vu⊥R

)
+ (1− cos(θ))uR

(
uR · vuR

)
= −vuR

− vu⊥R
.

Thus, multiplying the equation by vu⊥R
we get that either θ = π, or vu⊥R

= 0. But

multiplying the equation by vuR
leads to vuR

= 0, and therefore θ = π. The second

statement follows from the definition of rotation axis.

The lemma below states that, if a type II twin generated by Ui,Uj, where (i, j)

are a pair in column (A) (resp. (B)) of Table 2.1, is a type I (or a type II) star twin,

then all the other type I (resp. type II) twins generated by Uk,Ul, where (k, l) is a

generic pair in column (A) (resp. (B)) of Table 2.1, is a type II star twin.

Lemma 2.4.2. Let M := ∪12
i=1Ui, where the Ui are the positive definite matrices,

with a, b, c, d > 0, given in (2.8). Suppose also that Ui,Uj, i 6= j = 1, . . . , 12, generate

a type I/II star twin (resp. a half-star twin). Then, for every Q ∈ P24 the type I/II

twins generated by QUiQ
T ,QUjQ

T are star twins (resp. a half-star twin).

Proof. We prove the result for type II star twins, the case of type I star twins follows

a similar argument.

The fact that Uk,Ul, where Uk = QUiQ
T ,Ul = QUjQ

T for some Q ∈ P24, generate

a type II twin satisfying the cofactor conditions is a consequence of Corollary 2.1.1.

Let µ∗ ∈ (0, 1), Q1,Q2,Q3 ∈ SO(3) be such that (Ui, aII ,nII), the type II twin

generated by Ui,Uj, satisfies Definition 2.3.2. Let also Q̂m = QQmQ
T for every

m = 1, 2, 3, and (Uk, b̂II , m̂II) be the type II twin generated by Uk,Ul. We claim that

µ∗, Q̂1, Q̂2, Q̂3 ∈ SO(3) are such that (Uk, b̂II , m̂II) satisfies (T1)–(T3) in Definition

2.3.2. Indeed, we recall that QVQT ∈ M for every V ∈ M,Q ∈ P24 (see e.g., [23]).

Thus, as

Q̂mUkQ̂m = QQmUiQmQ, Q̂mUlQ̂m = QQmUjQmQ,

and given that Ui,Uj satisfy (T1), we can write

Q̂mUkQ̂m, Q̂mUlQ̂m ∈M, for all m = 1, 2, 3,
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that is, (T1). As aUk = QaUi , aUl = QaUj , we also have

Q̂m(µ∗aUk + (1− µ∗)aUl) = Q(µ∗aUi + (1− µ∗)aUj) = µ∗aUk + (1− µ∗)aUl ,

for all m = 1, 2, 3, which is (T2). Finally, as m̂II = QmII , we have((
Q̂1m̂II

)
×
(
Q̂2m̂II

))
·
(
Q̂3m̂II

)
=
((

Q1mII

)
×
(
Q2mII

))
·
(
Q3mII

)
6= 0,((

Q̂mm̂II

)
×
(
Q̂nm̂II

))
· m̂II =

((
QmmII

)
×
(
QnmII

))
·mII 6= 0,

for every m,n = 1, 2, 3, which is (T3).

We are now in the position to prove the following result:

Theorem 2.4.1. Let M := ∪12
i=1Ui, where the Ui are the positive definite matrices,

with a, b, c, d > 0, given in (2.8). Then, a type II twin generated by Ui,Uj, i 6=
j = 1, . . . , 12, satisfying the cofactor conditions is a half-star twin if and only if

the eigenvalues of U1, namely 0 < λ1 ≤ λ2 = 1 ≤ λ3 satisfy one of the following

conditions

4d2
(
d2 + λ2

3 − 2
)

= (d− λ3)2(1− d2), if d 6= 1 and λ1 = d,

4d2
(
d2 + λ2

1 − 2
)

= (d− λ1)2(1− d2), if d 6= 1 and λ3 = d,

λ2
1

(
5λ2

3 − 1
)

= 8λ1λ3 − 5 + λ2
3, if d = 1 and λ3 > 1.

(2.28)

A type II twin generated by Ui,Uj, i 6= j = 1, . . . , 12, satisfying the cofactor conditions

is a star twin if and only if a 6= c and one of the following holds

d2
(
d2 + λ2

3 − 2
)

= (d− λ3)2(1− d2), if d 6= 1 and λ1 = d,

d2
(
d2 + λ2

1 − 2
)

= (d− λ1)2(1− d2), if d 6= 1 and λ3 = d.
(2.29)

Remark 2.4.1. It is possible to solve the equations in (2.28)–(2.29) to get a direct

relation between the eigenvalues of the Ui’s. Indeed, (2.28) is equivalent to

λ1 =
d− d3 − d2

√
2
√

6d2 − 1− 3d4

1− 5d2
, if λ3 = d ∈ (1,

√
1 + 2

1
2 3−

1
2 ),

λ1 =
d− d3 + d2

√
2
√

6d2 − 1− 3d4

1− 5d2
, if λ3 = d ∈ (

√
5−19,

√
1 + 2

1
2 3−

1
2 ),

λ3 =
d− d3 − d2

√
2
√

6d2 − 1− 3d4

1− 5d2
, if λ1 = d ∈ (

√
1− 2

1
2 3−

1
2 , 1),

λ1 =
4λ3 ±

√
5(λ2

3 − 1)

5λ2
3 − 1

, if λ3 > 1, d = 1,
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when 0 < λ1 ≤ 1 ≤ λ3. Similarly, the condition (2.29) can be rewritten as

λ1 =
d− d3 − d

√
6d2 − 2− 3d4

1− 2d2
, if λ3 = d ∈ (1,

√
1 + 3−

1
2 ),

λ1 =
d− d3 + d

√
6d2 − 2− 3d4

1− 2d2
, if λ3 = d ∈ (

√
2−13,

√
1 + 3−

1
2 ),

λ3 =
d− d3 − d

√
6d2 − 2− 3d4

1− 2d2
, if λ1 = d ∈ (

√
1− 3−

1
2 , 1),

when 0 < λ1 ≤ 1 ≤ λ3.

Proof. We deal with the case where the twins generated by Ui,Uj, with (i, j) in col-

umn (A) of Table 2.1, satisfy the cofactor conditions. The case where (i, j) are in

column (B) of Table 2.1 can be treated similarly and leads to the same results. Fur-

thermore, thanks to Lemma 2.4.2 and Proposition 2.1.1 we can carry on the proof by

considering just (U1,bII ,mII) the type II twin generated by U1,U11. We divide the

proof in three cases, based on the eigenvalues of U1 λ1 < λ2 = 1 < λ3 (cf. Remark

1.4.1): the cases are λ2 = 1 > d, λ2 = 1 < d and 0 < λ1 < d = 1 < λ3.

Case 1: 0 < d < 1 < λ, λ = ac − b2. Here, the eigenvectors of U1 related to

λ1 = d, λ2 = 1, and λ3 = λ are

e1 = (0, 0, 1)T , e2 = (−z2, z1, 0)T , e3 = (z1, z2, 0)T ,

while the ones for U11 are given by

v1 = (1, 0, 0)T , v2 = (0, z1,−z2)T , v3 = (0, z2, z1)T .

Here, z1, z2 are such that z1
z2

= λ−c
b

, z2
1 + z2

2 = 1, and we assume without loss of

generality that z1 > 0. We can neglect the cases z1 = 0 and z2 = 0, as by (2.10)–

(2.11) they would imply b = 0 and U1 = U11. For the same reason we can neglect the

case z2 = 0. Using [18, Prop. 4] we get that

R±1 U1 = 1 + a±1 ⊗ n±1 , R±11U11 = 1 + a±11 ⊗ n±11,

where

a±1 = β0(−λη1e1 ± dη2e3), n±1 = η1e1 ± η2e3, (2.30)

a±11 = β0(−λη1v1 ± dη2v3), n±11 = η1v1 ± η2v3, (2.31)

and

η1 = −
√

1− d2

√
λ2 − d2

, η2 =

√
λ2 − 1√
λ2 − d2

, β0 = λ− d.
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Since the cofactor conditions are satisfied, by Theorem 2.3.2 we know that one of the

following identities must hold

n+
1 × n+

11 = 0, n+
1 × n+

11 = 0, n−1 × n+
11 = 0, n+

1 × n−11 = 0.

Keeping in mind that (2.10)–(2.11) imply η1 = −z1η2, we get that, in the notation of

Theorem 2.3.2, the only possibility up to a sign change is

aU1 = β0(dη1,−z2dη2,− λη1), aU11 = β0(−λη1,−z2dη2, dη1),

mII = (η1,−z2η2, η1),

Therefore,

µaU1 + (1− µ)aU11 = η1β0

(
µd− (1− µ)λ, d

z2

z1

, −µλ+ (1− µ)d
)
. (2.32)

We are now interested in finding which rotations R ∈ SO(3), and which µ ∈ [0, 1]

are such that (T1)–(T3) are satisfied. First, we claim that R ∈ P24 and R is a

rotation whose angle and axis given in the first column of Table 2.1. Indeed, given

R ∈ SO(3), by Proposition 2.1.1 (RU1R
T ,RbII ,RmII) is a type II twin generated by

RU1R
T ,RU11R

T and satisfies the cofactor conditions. Therefore, (T1) together with

Remark 2.1.1 imply that RU1R
T ,RU11R

T must be a pair in column (A) of Table 2.1

(or in the second column of Table 2.2 in the degenerate case where a = c). As a

consequence, there exists Q ∈ P24, with Q being a rotation of angle and axis given

in the first column of Table 2.1, such that QU1Q
T = RU1R

T and QU11Q
T = RU11R

T .

Thus, U1 = QTRU1R
TQ, U11 = QTRU11R

TQ, and Remark 1.4.1 together with Lemma

2.4.1, imply that QTR = 1 or QTR = (2v⊗ v− 1) where v ∈ S2 must be at the same

time an eigenvector for U1 and for U11. Under our hypotheses, there exists no v ∈ S2

being at the same time an eigenvector for U1 and for U11. Thus Q = R concluding

the proof of the claim.

Now, by Lemma 2.4.1 we have to check for which µ, and which rotation axis u ∈ S2

among the ones given in the first column of Table 2.1, µaU1 + (1− µ)aU11 is parallel

or perpendicular to u. Table 2.3 below illustrates the possible cases. As a result,

we have two different rotation axes u which are either parallel or perpendicular to

µaU1 + (1− µ)aU11 if and only if

1. µ = 1
2

and z2
z1

= ±d−λ
2d

,

2. µ = d
λ+d

and z2
z1

= ±d−λ
d

,

3. µ = λ
λ+d

and z2
z1

= ±d−λ
d

.
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Rotation axis e Parallel Orthogonal

(1, 0, 0) never µ = λ
λ+d

(0, 1, 0) d = λ (never) never

(0, 0, 1) never µ = d
λ+d

(1, 0, 1) never λ = d (never)

(1, 0,−1) never µ = 1
2

(but RnII = −nII)

(1, 1, 0) µ = d
λ+d

and z2
z1

= d−λ
d

d z2
z1

= (1− µ)λ− µd
(1,−1, 0) µ = d

λ+d
and z2

z1
= λ−d

d
d z2
z1

= −(1− µ)λ+ µd

(0, 1, 1) µ = λ
λ+d

and z2
z1

= d−λ
d

d z2
z1

= −(1− µ)d+ µλ

(0,−1, 1) µ = λ
λ+d

and z2
z1

= λ−d
d

d z2
z1

= (1− µ)d− µλ

Table 2.3: Conditions on µ to have (2e⊗ e− 1)(µaU1 + (1−µ)aU11) = ±µaU1 + (1−
µ)aU11 , under the assumption that d < 1 < λ.

We remark that, in the last two cases, the rotation axes which are either parallel or

perpendicular to µaU1 + (1−µ)aU11 are actually three and not two. As (U1,bII ,mII)

satisfies the cofactor conditions as a type II twin, from (2.10)–(2.11) we deduce that

b =

√
−d4 + d2(3− λ2) + (λ2 − 2)

1 + λ
, λ− c =

1− d2

1 + λ
,

which implies
z2

z1

=

√
−d4 + d2(3− λ2) + (λ2 − 2)

1− d2
.

After some computations we finally deduce that, under the hypothesis d < 1 < λ,

there exist at least two different rotations such that (T1)–(T2) are satisfied if and

only if

z2

z1

= ±d− λ
2d

⇐⇒ d24
(
d2 + λ2 − 2

)
= (d− λ)2(1− d2),

z2

z1

= ±d− λ
d
⇐⇒ d2

(
d2 + λ2 − 2

)
= (d− λ)2(1− d2).

It remains to check that (T3) is satisfied by the Q ∈ P24 such that Q(µaU1 + (1 −
µ)aU11) = ±µaU1 + (1 − µ)aU11 . Under our assumptions, there always exist two

such Q for type II half-star twins. For type II star twins this happens if and only if

η1 6= ±z2η2. But, recalling that η1 = −z1η2, we need z2
1 6= z2

2 . As U1e2 = e2 implies
z21
z22

= (a−1)2

(c−1)2
, we hence deduce that (T3) is satisfied by type II star twins if and only

if a 6= c or a+ c 6= 2. But the latter case never occurs as by (2.10) a+ c = 2 implies

λ = 1, contradicting our assumption that λ > 1.
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Case 2: 0 < λ < 1 < d, λ = ac− b2. Here, the eigenvectors related to λ, 1, d for

U1 and U11 are respectively ei and vi, given by

e1 = (z1, z2, 0)T , e2 = (−z2, z1, 0)T , e3 = (0, 0, 1)T ,

v1 = (0, z2, z1)T , v2 = (0, z1,−z2)T , v3 = (1, 0, 0)T .

where, again, we assume without loss of generality that z1 > 0. Here

R±1 U1 = 1 + a±1 ⊗ n±1 , R±11U11 = 1 + a±11 ⊗ n±11,

where, n±1 ,n
±
11 are still given by (2.30)–(2.31), and

a±1 = β0(−dη1e1 ± λη2e3), a±11 = β0(−dη1v1 ± λη2v3),

but this time

η1 = −
√

1− λ2

√
d2 − λ2

, η2 =

√
d2 − 1√
d2 − λ2

, β0 = d− λ.

From these, we can again find

aU1 = β0(dη2,−z2dη1,−λη2), aU11 = β0(−λη2,−z2dη1, dη2),

mII = (−η2, z2η1,−η2),

and z1η1 = −η2. Thus,

µaU1 + (1− µ)aU11 = η2β0

(
µd− (1− µ)λ, d

z2

z1

, −µλ+ (1− µ)d
)
,

which is the same as (2.32). We can hence argue as in the first case, and deduce that,

if d > 1, (U1,U11) generate a half-star twin if and only if

d24
(
d2 + λ2 − 2

)
= (d− λ)2(1− d2).

In the same way, (U1,U11) generates a star twin if and only if a 6= c, and

d2
(
d2 + λ2 − 2

)
= (d− λ)2(1− d2).

Case 3: 0 < λ1 < d = 1 < λ3, where λ1λ3 = ac− b2 and λ1 + λ3 = a + c. Repeating

the above arguments, this time we deduce that

aU1 = β0η1(−z1(λ1 + λ3), (λ1z
2
1z
−1
2 − λ3z2), 0),

aU11 = β0η1(0, (λ1z
2
1z
−1
2 − λ3z2),−z1(λ1 + λ3)),

mII = (0, η1z
−1
2 , 0),

53



where

η1 = −
√

1− λ2
1√

λ2
3 − λ2

1

, η2 =

√
λ2

3 − 1√
λ2

3 − λ2
1

, β0 = λ3 − λ1,

and z1η1 = z2η2. Thus,

µaU1 + (1− µ)aU11 = −η1β0

(
µz1(λ1 + λ3), (λ3z2 − λ1z

2
1z
−1
2 ), (1− µ)z1(λ1 + λ3)

)
.

Define

β1 = z1(λ1 + λ3), β2 = (λ3z2 − λ1z
2
1z
−1
2 ).

In this case, Table 2.3 becomes Table 2.4. Here we neglected all the rotations whose

Rotation axis e Parallel Orthogonal

(1, 1, 0) µ = 1 and β1 = β2 µβ1 = −β2

(1,−1, 0) µ = 1 and β1 = −β2 µβ1 = β2

(0, 1, 1) µ = 0 and β1 = β2 (1− µ)β1 = −β2

(0,−1, 1) µ = 0 and β1 = −β2 (1− µ)β1 = β2

Table 2.4: Conditions on µ to have (2e⊗e−1)(µaU1+(1−µ)aU11) = µaU1+(1−µ)aU11 ,

under the assumption that λ1 < 1 < λ3.

axes, due to Lemma 2.4.1, do not satisfy (T3). Thus, the only option to form a type

II half-star twin is

µ =
1

2
and

1

2
β1 = ±β2.

As 0 < λ1, λ3 and λ1, λ3 6= 1, 1
2
β1 = ±β2 simplifies to

λ2
1(5λ2

3 − 1)− 8λ1λ3 − λ2
3 + 5 = 0,

and the solutions satisfying λ3 > 1 > λ1 are

λ1 =
4λ3 ±

√
5(λ2

3 − 1)

5λ2
3 − 1

, λ3 > 1.

In a similar way, we can prove

Theorem 2.4.2. Let M := ∪12
i=1Ui, where the Ui are the positive definite matrices,

with a, b, c, d > 0, given in (2.8). Then, a type I twin generated by Ui,Uj, i 6=
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j = 1, . . . , 12, satisfying the cofactor conditions is a I half-star twin if and only the

eigenvalues of U1, namely λ1 ≤ λ2 = 1 ≤ λ3 satisfy one of the following conditions

4
(
2d2λ2

3 − λ2
3 − d2

)
= (d− λ3)2(1− d2), if d 6= 1 and d = λ1,

4
(
2d2λ2

1 − λ2
1 − d2

)
= (d− λ1)2(1− d2), if d 6= 1 and d = λ3,

λ2
1

(
5λ2

3 − 1
)

= 8λ1λ3 − 5 + λ2
3, if d = 1 and λ3 > 1.

(2.33)

A type I twin generated by Ui,Uj, i 6= j = 1, . . . , 12, satisfying the cofactor conditions

is a I star twin if and only if a 6= c and one of the following holds(
2d2λ2

3 − λ2
3 − d2

)
= (d− λ3)2(1− d2), if d 6= 1 and d = λ1,(

2d2λ2
1 − λ2

1 − d2
)

= (d− λ1)2(1− d2), if d 6= 1 and d = λ3.
(2.34)

Remark 2.4.2. It is possible to solve the equations in (2.33)–(2.34) to get a direct

relation between the eigenvalues of the Ui’s. Indeed, (2.33) is equivalent to

λ1 =
d3 − d+ d2

√
2
√

6d2 − 3− d4

9d2 − 5
, if λ3 = d ∈ (1,

√
3 +
√

6),

λ1 =
d3 − d− d2

√
2
√

6d2 − 3− d4

9d2 − 5
, if λ3 = d ∈ (

√
5,

√
3 +
√

6),

λ3 =
d3 − d+ d2

√
2
√

6d2 − 3− d4

9d2 − 5
, if λ1 = d ∈ (

√
3−
√

6, 1),

λ3 =
d3 − d− d2

√
2
√

6d2 − 3− d4

9d2 − 5
, if λ1 = d ∈ (

√
3−
√

6,

√
5

3
),

λ1 =
4λ3 ±

√
5(λ2

3 − 1)

5λ2
3 − 1

, if λ3 > 1, d = 1,

when 0 < λ1 ≤ 1 ≤ λ3. Similarly, the condition (2.29) can be rewritten as

λ1 =
d3 − d+ d

√
6d2 − 3− 2d4

3d2 − 2
, if λ3 = d ∈ (1,

√
(3 +

√
3)

2
),

λ1 =
d3 − d− d

√
6d2 − 3− 2d4

3d2 − 2
, if λ3 = d ∈ (

√
2,

√
(3 +

√
3)

2
),

λ3 =
d3 − d+ d

√
6d2 − 3− 2d4

3d2 − 2
, if λ1 = d ∈ (

√
(3−
√

3)

2
, 1),

λ3 =
d3 − d− d

√
6d2 − 3− 2d4

3d2 − 2
, if λ1 = d ∈ (

√
(3−
√

3)

2
,

√
2

3
),

0 < λ1 ≤ 1 ≤ λ3.
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Figure 2.5: Given matrices Ui ∈ R3×3
Sym+ as in (2.8) describing cubic to monoclinic

phase transitions, with eigenvalues 1, λ, d, we plot in cyan and in blue the curves of

lattice parameters such that respectively type I star and type II star twins exist. In

green and in black the curves of lattice parameters such that respectively type I half-

star and type II half-star twins exist. In red the curve of lattice parameters such that

both, type I and type II twins exist (see Remark 2.1.1). In magenta and in yellow we

plot the curves where a = c (cubic to orthorhombic transformation), and the cofactor

conditions are satisfied for type II and type I twin respectively. Finally, the dashed

line is the curve where detUi = 1.
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2.5 How closely does a material satisfy the cofac-

tor conditions?

In practice the cofactor conditions are never satisfied exactly. For this reason,

an interesting question for application is how closely must a material satisfy the co-

factor conditions, in order to behave as if these were satisfied exactly. The problem

is complex not only from the point of view of establishing a threshold, but especially

in terms of choosing the right metric. There are various ways to measure how closely

a material satisfies the cofactor conditions, but, up to our knowledge, just two have

been used in the literature up till now. Provided (CC3) holds, the first, more intu-

itive, way is to check (CC1)-(CC2) directly, that is, to see how close the numbers

|λ2 − 1|, |b · U cof(U2 − 1)m| are to zero. This is, for example, the way the cofactor

conditions are measured in [28, 45]. However, there is no physical motivation behind

these quantities. On the other hand, provided (CC3) holds, a second way to mea-

sure how closely the cofactor conditions are satisfied is to measure how small are the

quantities |λ2− 1|, and
∣∣|Uê| − 1

∣∣, ∣∣|U−1ê| − 1
∣∣, respectively in the case of type II and

type I twins. Here ê is as in Proposition 1.11. This approach has been adopted for

example in [76] and relies on (1.15)–(1.16). However, if we apply these two different

metrics to Zn45Au30Cu25, we obtain contradictory results. Indeed, while following the

first approach we get that the lowest value of |b ·U cof(U2− 1)m| among the possible

twin systems is approximately equal to 4.11 · 10−5 for type I twins, and to 3.76 · 10−5

for type II twins, while we have that the second approach leads to lowest values of∣∣|U−1ê|−1
∣∣ = 8.1·10−3 and

∣∣|Uê|−1
∣∣ = 4.15·10−4. Therefore, while the first approach

entails that the cofactor conditions are closely satisfied by both type I and type II

twins, the second states that Zn45Au30Cu25 satisfies the cofactor conditions with type

II twins much better than with type I twins. Furthermore, for the completely differ-

ent alloy Ti23Nb3Al74 (see [47]), where the experimentally observed microstructures

look very different from those in Zn45Au30Cu25, we have λ2 = 0.999996 and values for

|b ·U cof(U2−1)m| of 4.3754 ·10−5 and 3.7524 ·10−5 respectively for type I and type II

twins. These values would lead to the conclusion that Ti23Nb3Al74 satisfies the cofac-

tor conditions as closely as Zn45Au30Cu25, even if their behaviours are quite different.

However, in Ti23Nb3Al74 we get
∣∣|U−1ê| − 1

∣∣ = 9.9 · 10−3 and
∣∣|Uê| − 1

∣∣ = 8.3 · 10−3,

which seem to confirm that the cofactor conditions are not so closely satisfied in this

material.
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Following the results of Section 2.2.1 (see Remark 2.2.1), it seems reasonable for

compound twins to measure the quantity |d − 1|, under the condition that d is the

middle eigenvalue. For type I and type II, we want to use a different strategy, which

is based on critical shear stresses, which generate plastic effects. Theorem 2.3.1 and

Theorem 2.3.2 tell us that if a material satisfies the cofactor conditions, then there

exist triple junctions. These allow a lot of flexibility in the microstructures, as one

can create a laminate with an arbitrary volume fraction, which is compatible with

austenite without an interface layer. For these reasons, the presence of triple junctions

might play an important role in the reversibility of the transformations. We want thus

to measure how close a certain twin is to create triple junctions. Under some simpli-

fying assumptions, below we quantify the shear stress necessary to deform austenite

in such a away that triple junctions are possible. If this shear stress is small, then

the material behaves as if the cofactor conditions were satisfied; if this shear stress is

large, then triple junctions are energetically too expensive to be observed. We then

apply the new metric to Zn45Au30Cu25 and to Ti23Nb3Al74. We deduce that, in the

former material, the cofactor conditions are better satisfied by type II twins than by

type I twins; in the latter material our metric seems to confirm that triple junctions

require enough elastic energy to induce plastic deformation.

Below we consider U,V ∈ R3×3
Sym+ satisfying (1.11), U 6= V, and assume that

(U,bI ,mI), (U,bII ,mII) are respectively the type I and type II twins generated by

U,V. We now want to look for ε ∈ R3×3, such that

R̃aU = 1+ ε+ ca⊗ oa, R̃bV = 1+ ε+ cb⊗ ob, R̃bV− R̃aU = R̃ab⊗m, (2.35)

for some R̃a, R̃b ∈ SO(3), ca, cb ∈ R3, oa,ob ∈ S2 and where either b = bI and m = mI

or b = bII and m = mII . Here and below we also assume that (U,b,m) satisfies

1.4.1. Physically, we want to find an elastic deformation of austenite, which allows for

triple junctions, and hence is compatible with a laminate without an interface layer

(see Figure 2.6). This is an approximation of what happens in reality, where also

martensite is deformed, but the above assumptions allow us both to stick to simple

computations, and to get qualitative results. Since we are interested in the case where

we are close to satisfying the cofactor conditions, by Theorem 2.3.1 and Theorem 2.3.2

we expect this deformation to be small, and we hence stick to the context of linear

elasticity, where we can express the deformation gradient of the elastically perturbed

austenite as 1 + ε. Furthermore, as ε is expected to be small, we will also adopt the
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oa

ob

m

R̃aU

R̃bV

R̃aU

R̃bV

R̃aU

R̃bV

R̃aU

R̃bV

m

1 + ε

1 + ε

Figure 2.6: Example of triple junctions for type I and type II twins with perturbed

austenite.

following approximation

ε+ εT ≈ ε+ εT + εT ε = (R̃aU− ca ⊗ oa)
T (R̃aU− ca ⊗ oa)− 1. (2.36)

We remark that the conditions in (2.35) imply

cb ⊗ ob − ca ⊗ oa = R̃ab⊗m

that is, either oa = ±ob = ±m, or ca ‖ cb ‖ R̃ab. Therefore, the only possibilities are:

ca ⊗ oa = −R̃ab⊗ o, (2.37)

ca ⊗ oa = −R̃ac⊗m, (2.38)

for some c,o ∈ R3.

We now want to minimise the energy of ε + εT with respect to c,o depending

on the case. For simplicity, following the approach in [84], we consider just the shear

component of the energy, that is we consider the energy of ε+ εT to be given by

G

2
‖ε+ εT‖2, (2.39)

where G is the shear modulus for the material. The following two lemmas are useful

in what follows, as they allow to find the energy minimisers, under the assumption

that our elastic deformation is small enough.
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Lemma 2.5.1. Let U,V ∈ R3×3
Sym+ satisfy (1.11), and let (U,b,m) be a type I or a

type II solution of the twinning equation (1.10) for U,V. Suppose further that the

minimum and the maximum eigenvalues of U, denoted respectively by λ1 and λ3,

satisfy 2λ2
1 − λ2

3 > 0, and define

C(c) = (U + c⊗m)T (U + c⊗m)− 1.

Assume also

min
c∈R3
‖C(c)‖2 < min{(2λ2

1 − λ2
3)2, 1}.

Then,

‖C(ĉ)‖2 = min
c∈R3
‖C(c)‖2,

if and only if ĉ = ĉ± = ± U−1m
|U−1m| − Um. The eigenvalues of C∗ := C(ĉ+) = C(ĉ−) are

1

2

(
tr(C∗)−

√
2 tr(C2

∗)− (trC∗)2
)
, 0,

1

2

(
tr(C∗) +

√
2 tr(C2

∗)− (trC∗)2
)
.

Finally, ‖C∗‖2 = 0 if and only if (U,b,m) is a type II twin satisfying the cofactor

conditions.

Proof. We first notice that ‖C(c)‖2 is a smooth function of c, so its minimizer c must

satisfy the equation(
U + c⊗m

)(
U2 − 1 + |c|2m⊗m + Uc�m

)
m = 0, (2.40)

where we denoted by � the symmetrised tensor product u � w := u ⊗ w + w ⊗ u.

We introduce a change of variable v = c + Um, so that, after rearranging the terms,

(2.40) becomes (
U2 − 1− Um⊗ Um

)
v = −|v|2v. (2.41)

Therefore, v is either zero or is an eigenvector of

D :=
(
U2 − 1− Um⊗ Um

)
,

and the related eigenvalue must me be equal to −|v|2. We first notice that −1 is an

eigenvalue for D related to the eigenvector w1 := U−1m
|U−1m| . Let w2,w3 be the other two

eigenvectors of D. We have

D = −w1 ⊗w1 + λ̄2w2 ⊗w2 + λ̄3w3 ⊗w3,

for some λ̄2, λ̄3 ∈ R, λ̄2 ≤ λ̄3. Let now α1, α2, α3 ∈ [0, 1] be such that

Um

|Um|
= α1w1 + α2w2 + α3w3.
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The following identity must hold

α2
1 + α2

2 + α2
3 = 1. (2.42)

Furthermore,

α1 =

∣∣∣∣w1 ·
Um

|Um|

∣∣∣∣ =
1

|Um||U−1m|
≥ λ1

λ3

, (2.43)

where λ1, λ3 are respectively the minimum and the maximum eigenvalue of U. Thus,

(λ2
3 − 1) ≥ max

w∈S2,w⊥w1

Dw ·w = λ̄3 ≥ λ̄2 = min
w∈S2,w⊥w1

Dw ·w

≥ (λ2
1 − 1)− max

w∈S2,w⊥w1

|Um ·w|2.
(2.44)

The last term on the right hand side can be estimated by,

−|Um ·w|2 ≥ −|Um|
(
(α2w2 + α3w3) ·w

)2 ≥ −λ2
3(α2

2 + α3
3) ≥ λ2

1 − λ2
3, (2.45)

where we made use of (2.42)–(2.43) in the last inequality. Thus, collecting the in-

equalities in (2.44)–(2.45), we prove

λ̄2 ≥ 2λ2
1 − 1− λ2

3. (2.46)

In this way, we have

‖C(v − Um)‖2 ≥ max
w∈S2

∣∣C(v − Um)w ·w
∣∣2 ≥ ∣∣C(v − Um)m ·m

∣∣2 = (1− |v|2)2.

Now, (2.41) implies that, if v 6= w1, |v|2 is equal to −λ̄2,−λ̄3, 0. Hence, by (2.44)–

(2.46), together with the assumption 2λ2
1 − λ2

3 > 0, we can conclude

‖C(v − Um)‖2 ≥ min{(2λ2
1 − λ2

3)2, 1}.

We have hence proved that, if minc∈R3 ‖C(c)‖2 < min{(2λ2
1 − λ2

3)2, 1}, the only mini-

mizers are ĉ± = ±w1 − Um. In this case, we obtain

C∗ := C(±w1 − Um) = U2 − 1 + (1 + |Um|2)m⊗m− U2m�m.

Clearly, m is an eigenvector of C∗ related to the null eigenvalue. Thus, the two

remaining eigenvalues are given by the solutions ρ of

−ρ2 + tr(C∗)ρ−
1

2

(
(tr(C∗))

2 − tr(C2
∗)
)
= 0.

We now claim that, if (U,b,m) satisfies the cofactor conditions as a type II twin, then

C∗ = 0. Indeed, by (1.16) we have that m · v2 = 0, where v2 is such that Uv2 = v2.

61



Then, clearly w1 ·v2 = 0, and v2 is an eigenvector for C∗ related to a null eigenvalue.

Therefore, as C∗ is symmetric, we just need to show that trC∗ = trU2−2−|Um|2 = 0.

But if the cofactor conditions hold as a type II twin, then, thanks to Theorem 2.3.2

and [18, Prop. 4] we deduce that

|Um|2 = (λ2
1 + λ2

3 − 1),

that is trC∗ = 0, and thus C∗ = 0. Conversely, let C∗ = 0, and define R̃a ∈ R3×3 by

R̃Ta = U + ĉ± ⊗m.

First, by the fact that C∗ = 0, we have R̃aR̃
T
a = 1, thus R̃Ta is an orthogonal matrix,

and det R̃Ta = ±1. Furthermore,

det R̃a = detU(1 + U−1ĉ± ·m) = ±|U−1m| detU.

Therefore, if we choose ca = ĉ+, R̃a ∈ SO(3), we have

R̃aU = 1− R̃aca ⊗m, R̃bV − R̃aU = R̃ab⊗m, R̃bV = 1− R̃a(ca + b)⊗m,

for some R̃b ∈ SO(3). We can hence construct laminates

R̃a(U + µb⊗m) = µR̃vV + (1− µ)R̃aU = 1 + R̃a(ca + µb)⊗m,

which are rank-one connected to 1 for arbitrary volume fractions µ ∈ [0, 1]. As a

consequence of Theorem 1.4.1 (U,b,m) satisfies the cofactor conditions. Furthermore,

as C∗ = 0, v2 := m×U2m satisfies Uv2 = v2, and is thus the eigenvector corresponding

to the eigenvalue of U equal to one. Therefore, (1.15) finally implies that (U,b,m)

cannot be a type I twin, and, by assumption, must hence be a type II twin.

In a similar way, we can prove the following result

Lemma 2.5.2. Let E(o) = (U + b⊗ o)T (U + b⊗ o)− 1. Let also

min
o∈R3
‖E(o)‖2 < 1.

Then,

‖E(ô±)‖2 = min
o∈R3
‖E(o)‖2,

if and only if ô± = ± U−1b
|U−1b||b| −

Ub
|b|2 . The eigenvalues of E∗ = E(ô+) = E(ô−) are

1

2

(
tr(E∗)−

√
2 tr(E2

∗)− (trE∗)2
)
, 0,

1

2

(
tr(E∗) +

√
2 tr(E2

∗)− (trE∗)2
)
.

Finally, ‖E(ô)‖2 = 0 if and only if (U,b,m) is a type I twin satisfying the cofactor

conditions.
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Proof. Again, ‖E(o)‖2 is a smooth function of o, so its minimizer o must be a sta-

tionary point, that is(
U2 − 1 + |b|2o⊗ o + Ub� o

)(
Ub + |b|2o

)
= 0.

The change of variable v = |b|2o + Ub thus entails(
U2 − 1− 1

|b|2
Ub⊗ Ub

)
v = −|v|

2

|b|2
v.

As in the case of Lemma 2.5.1, v is either zero or is an eigenvector of

F := U2 − 1− 1

|b|2
Ub⊗ Ub,

and the related eigenvalue must me be equal to − |v|
2

|b|2 . As in the previous case, −1

is an eigenvalue for F related to the eigenvector w1 := U−1b
|U−1b| . If we choose v 6= ±w1,

then it must hold v ·w1 = 0, and therefore

E
(
± v

|b|2
− Ub

|b|2
)

= U2 − 1− 1

|b|2
Ub⊗ Ub +

1

|b|2
v ⊗ v,

has −1 as eigenvalue related to the eigenvector w1. In this case, hence,∥∥∥E(± v

|b|2
− Ub

|b|2
)∥∥∥2

≥ max
w∈S2

∣∣∣E(± v

|b|2
− Ub

|b|2
)
w ·w

∣∣∣2≥∣∣∣E(± v

|b|2
− Ub

|b|2
)
w1 ·w1

∣∣∣2≥ 1.

Therefore, ‖E(n)‖ < 1 if and only if v = ±|b|−1w1. On the other hand,

E∗ := E
(
±w1

|b|
− Ub

|b|2
)

= U2 − 1− 1

|b|2
Ub⊗ Ub + w1 ⊗w1,

has always 0 as an eigenvalue related to the eigenvector w1. Therefore the other two

eigenvalues are given by the solutions ρ of

−ρ2 + tr(E∗)ρ−
1

2

(
(tr(E∗))

2 − tr(E2
∗)
)
= 0.

We now want to prove that, if (U,b,m) satisfies the cofactor conditions as a type I

twin, then E∗ = 0. By (1.15) we have that b ·v2 = 0, where v2 is such that Uv2 = v2.

So that v2 is also an eigenvector of E∗, and E∗v2 = 0, as much as w1 · v2 = 0.

Therefore, we just need to check that trE∗ = 0, that is, |b|−2|Ub|2 = (λ2
1 + λ2

3 − 1).

But again, by Theorem 2.3.1, we know that |b|−1RUb = |a|−1a, and

|b|−1Ub = |b|−1URTURUb = |a|−1(1 + nU ⊗ a)a.
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Therefore, exploiting [18, Prop. 4] we thus deduce

|Ub|2

|b|2
=

∥∥∥∥ a

‖a‖
+ ‖a‖nU

∥∥∥∥2

= (λ2
1 + λ2

3 − 1),

as required. Conversely, let E∗ = 0, and define R̃a ∈ R3×3 by

R̃Ta = U + b⊗ ô±.

As E∗ = 0, we have R̃aR̃
T
a = 1, thus R̃Ta is an orthogonal matrix, and det R̃Ta = ±1.

Furthermore,

det R̃a = detU(1 + U−1b · ô±) = ±|U−1b| detU.

Therefore, if we choose oa = ô+, R̃a ∈ SO(3), we have

R̃aU = 1− R̃ab⊗ oa, R̃bV − R̃aU = R̃ab⊗m, R̃bV = 1− R̃ab⊗ (oa + m),

for some R̃b ∈ SO(3). We can hence construct laminates compatible with 1 for

arbitrary volume fractions, and hence, by Theorem 1.4.1 the cofactor conditions must

be satisfied. Furthermore, as E∗ = 0, v2 := (Ub) × (U−1b) satisfies Uv2 = v2, and

hence v2 is the eigenvector related to the eigenvalue of U equal to one. Therefore,

v2 ·b = v2 ·Ub = 0, and (1.15) finally implies that (U,b,m) cannot be a type I twin.

As a consequence, by hypotheses, (U,b,m) must be a type I twin.

By putting together (2.36) and (2.39), together with Lemma 2.5.1 and Lemma

2.5.2 we have that, if we are close to satisfy the cofactor conditions, the stress induced

by ε is given by

σ(ε) = GRSI diag(0, ω1, ω2)RTSI , for type I,

σ(ε) = GRSII diag(0, θ1, θ2)RTSII , for type II,

for some RSI ,RSII ∈ SO(3), and where

ω1 =
1

2

(
trE∗ −

√
2 tr(E2

∗)− (trE∗)2
)
, ω2 =

1

2

(
tr(E∗) +

√
2 tr(E2

∗)− (trE∗)2
)
,

θ1 =
1

2

(
tr(C∗)−

√
2 tr(C2

∗)− (trC∗)2
)
, θ2 =

1

2

(
tr(C∗) +

√
2 tr(C2

∗)− (trC∗)2
)
.

Here, as above,

E∗ := U2 − 1− 1

|b|2
Ub⊗ Ub +

U−1b

|U−1b|
⊗ U−1b

|U−1b|
,

C∗ := U2 − 1 + (1 + |Um|2)m⊗m− U2m�m.
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If we think now of reversibility as the lack of plastic effects during the phase transition,

we can say that we are close to the cofactor conditions if our principal stresses satisfy

some yield criterion. Adopting for simplicity Tresca’s yield criterion, we can say that

we are closely satisfying the cofactor conditions if

G

2
max{|ω1 − ω2|, |ω1|, |ω2|} ≤ σC , for type I,

G

2
max{|θ1 − θ2|, |θ1|, |θ2|} ≤ σC , for type II,

where σC is the shear yield stress. In the absence of experimental values for G and

σC we can measure how closely the cofactor conditions are satisfied in a certain alloy

by simply computing

max{|ω1 − ω2|, |ω1|, |ω2|}, for type I twins,

max{|θ1− θ2|, |θ1|, |θ2|}, for type II twins.

Lowest values among the possible twin systems for Zn45Au30Cu25 are 0.0173 and

0.0021 respectively for type I and type II twins. These values seem to confirm that

the satisfaction of the cofactor conditions in this material is much closer with some

type II twins than with type I twins, in agreement with Proposition 2.1.2. Values for

Ti23Nb3Al74 are 0.0267 and 0.0225 respectively for type I and type II twins, confirming

that triple junctions require high elastic energy in this material.
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Chapter 3

A model for the evolution of highly

reversible martensitic

transformations

3.1 Introduction

Based on experimental observations for Zn45Au30Cu25, in Chapter 4.3 we intro-

duce the moving mask approximation. This, under suitable assumptions, enables

characterisation of the macroscopic deformation gradients for martensite as the ones

of the form

1 + a(x)⊗ n(x), a.e. x,

for some a,n ∈ L∞(Ω;R3). This result, which would not have been achievable in a

static framework, turned out to be in accordance with experiments on Zn45Au30Cu25

[27, 76], and appears relevant for many other alloys.

In order to frame the moving mask approximation in a dynamical model in the con-

text of continuum mechanics, with the aim of better understanding the complex

microstructures arising in Zn45Au30Cu25, in this chapter we introduce a simplified

model to describe the evolution of thermally induced martensitic phase transitions

with ultra-low hysteresis, and hence taking place in a small range of temperature val-

ues. This is the case, for example, for Zn45Au30Cu25 where the experimental values

of hysteresis are of 2 ◦K, in contrast to values up to 70 ◦K in NiTi alloys. Our model

results in a system of partial differential equations, for which we prove existence of

weak solutions, and that we relate to the moving mask approximation of Chapter 4.3.

The structure of this chapter is the following: in Section 3.2, we recall the equations
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describing the balance of momentum and the balance of energy in continuum me-

chanics. Indeed, following the work in [1, 2], it seems relevant for the evolution of the

austenite-martensite interface to take into account thermodynamic effects. In Sec-

tion 3.3, we introduce the assumptions on the free-energy density of the system, and

the boundary conditions, which reflect the experimental setup for Zn45Au30Cu25 (see

[76]). Furthermore, we justify the linearization of the equation for the conservation

of energy around the critical temperature. Existence of solutions to the resulting

system of partial differential equations is proved in Section 3.4. This proof requires

the application of a version of the div-curl lemma (see e.g., [31]) to show that the

solutions to a suitably defined approximated problem converge to weak solutions of

our problem, when the regularisation vanishes. In Section 3.5 we study the limit of

the solutions as the elastic constants tend to infinity and the interface energy den-

sity goes to zero. This approximation is physically relevant and has been already

adopted, for example in [15] and [21]. Here we prove that the deformation gradients

∇y generate in the limit a gradient Young measure νx,t which is supported on the

phases, and whose evolution cannot be deduced from the conservation of momentum

alone. On the other hand, the equation for the conservation of energy becomes a heat

equation with a source term of the type d
dt

∫
R3×3 η1(A) dνx,t(A), where η1 − log

(
θ
θT

)
is the entropy of the system, and η1 is supposed to be a smooth function, assuming

different values in austenite and martensite. In Section 3.6 we recall the moving mask

approximation introduced in Chapter 4.3, and explain how it can be framed in the

context of our limit problem. In this section, we also devise a possible strategy to

make the connection rigorous.

In the last section, we study the propagation of a laminate in a long bar, where we

can simplify the problem, under some further assumptions, to a one-dimensional one.

The resulting equation is an easier version of the equations introduced in [2], that are

underdetermined, and should be closed with a constitutive relation for the velocity

of the phase boundary. After introducing a constitutive relation between the velocity

and the temperature of the phase boundary, our problem becomes a two-phase Stefan

problem with kinetic condition at the free boundary (see e.g., [80, 81]). We prove

that, under our assumptions, the position of the austenite-martensite phase interface

is a monotone function of time, which reaches the domain boundary in finite time.

This simple, one-dimensional case is an example of solution satisfying the moving

mask approximation to the limit problem obtained in Section 3.5.
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3.2 Dynamics of martensitic phase transitions in

continuum solid mechanics

As mentioned in the previous section, the statics of martensite to austenite phase

transitions can be successfully modelled in the framework of nonlinear elasticity. For

these reasons, many authors have tried to study the evolution of martensitic phase

transitions within the same theory, where the conservation of linear momentum can

be expressed in Lagrangian coordinates as

ρ0ÿ = Divσ. (3.1)

Again, here y(x, t) is the position at time t of the material point x ∈ Ω, ρ0(x) the

density of the body in its reference configuration, and σ the Piola-Kirchhoff stress

tensor, whose dependence on y and the deformation gradient F = ∇y is given in

terms of the free energy φ of the material through the relation

σ(F, θ) =
∂φ

∂F
(F, θ). (3.2)

However, as φ is in general not rank-one convex, the operator Div(σ(∇y, θ)) is not

elliptic, making the problem extremely complex from a mathematical point of view,

and the related initial value problem formally ill posed. Furthermore, the total energy

is conserved in the model for smooth solutions, which is not coherent with physical

observations, where heat is absorbed or released during the process. Therefore, one

should seek solutions with shocks that, as explained for example in [1], dissipate

energy, but which are mathematically very difficult to study. Also studied in the

literature are viscoelastic models. In the case of viscoelasticity of rate type the stress

tensor has the form

σ = σ(∇y,∇ẏ, θ),

in (3.1), or in its quasi-static variant where ÿ is assumed to be negligible. However,

many difficulties arise in dimension greater than one due to the fact that frame-

indifference prohibits a linear dependence on ∇ẏ (see e.g., [74]). For further discus-

sion, we refer the reader to [9, 17, 10, 70, 74] and references therein.

On the other hand, the phase transition generates heat, and it is therefore reason-

able, when modelling the evolution for the austenite to martensite phase transition,

to take into account thermal effects. The equations of continuum mechanics express-

ing the balance of linear momentum and energy in the absence of heat supply and
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neglecting body forces are given by (see e.g., [9, 79])

∂

∂t

(
ρ0

1

2
|ẏ|2 + U

)
−Div(C(∇y, θ)∇θ)−Div(ẏσ(∇y, θ)) = 0,

ρ0ÿ −Divσ(∇y, θ) = 0.

Here, U is the internal energy of the system, and we also made use of the Fourier law

for the heat flux q, that is q = −C∇θ. For simplicity C will be considered to be a

constant, symmetric, positive definite matrix in R3×3 with smallest eigenvalue equal

to cm and ρ0 is assumed constant. Thus, after exploiting the relation U = φ + θη

relating the internal energy to the entropy η and the free energy φ, the above equations

become

ρ0θη̇(∇y, θ)−Div(C∇θ) = 0,

ρ0ÿ −Divσ(∇y, θ) = 0,
(3.3)

where we also made use of

η(∇y, θ) = −∂φ
∂θ

(∇y, θ). (3.4)

3.3 Hypotheses, boundary conditions and approx-

imations

The aim of this section is to introduce some hypotheses on the free-energy den-

sity φ. Given the fact that we are restricting ourselves to elastic deformations, and

that elastic moduli are in general considerable in metals, minimisers of the free energy

lie extremely close to the wells. Therefore, it is a reasonable approximation to adopt

in Section 3.5 the approach of [21], and let φ grow to infinity outside the wells, thus

neglecting the influence of the shape of φ(F) for F /∈ K ∪ SO(3) on our results.

Following the approach of [52] and references therein, we split the energy contributions

into a term, φ3 below, responsible for the increase of energy with temperature, and

terms, namely φ1, φ2, describing the energy thermo-mechanical effects. As hysteresis

is smaller than 5 ◦K in materials undergoing ultra-reversible martensitic transforma-

tions such as Zn45Au30Cu25, we can neglect the effects of thermal expansion, and we

also neglect the heat generated by elastic deformations which are not a change of

phase, which, as mentioned above, are usually observed to be small. For k ≥ 1 we

thus consider

φk(F, θ) = φ1(F, θ) + kφ2(F) + φ3(θ), (3.5)

where:
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• φ2 : R3×3 → [0,∞) is smooth and satisfies

φ2(F) = 0⇔ F ∈ K ∪ SO(3), c2(|F|p + 1) ≥ φ2(F) ≥ c0|F|p − c1,

with c0, c1, c2 > 0 and p ∈ (2,∞). When k � 1, the φ2 term is responsible for

the growth of the energy outside the wells, and k plays the role of an elastic

constant;

• φ3(θ) = γθ
(

1 − log
(

θ
θT

))
, arises naturally by assuming that the specific heat

γ > 0 is constant, and hence independent of the phase and of the temperature.

Indeed, φk must satisfy γ = −θ ∂2φk
∂θ2

(see [2]);

• ρ0φ1 = φ̄1(F)− θη1(F), where φ̄1, η1 : R3×3 → R are smooth and such that

min
R3×3

φ1(·, θ) = min
{

0,−α
(

1− θ

θT

)}
,

φ̄1(F) = −α, and η1(F) = − α

θT
, for every F ∈ K,

φ̄1(F) = 0 and η1(F) = 0, for every F ∈ SO(3),

for every F ∈ R3×3, for some positive constants α, ca, cb and q ∈ (1, p). This

term is responsible for the phase transition, that is, this term is responsible for

changing the global minimizers of φk from SO(3) above θc to K below θc. The

behaviour is chosen to be linear in θ because of the small hysteresis;

• the following growth conditions hold∣∣η1(F)
∣∣+
∣∣φ̄1(F)

∣∣+
∣∣∣∂φ2

∂F
(F)
∣∣∣+
∣∣∣∂φ̄1

∂F
(F)
∣∣∣ ≤ cd(1 + |F|r),∣∣∣∂η1

∂F
(F)
∣∣∣ ≤ cf (1 + |F|r̃),

(3.6)

for some positive constants cd, cf , r < p, r̃ < 5
6
p and for all F ∈ R3×3.

The choice of our free energy is coherent with the one adopted in [52] and references

therein, and works particularly well for computations; other choices for the free energy

reflecting the change of energetically preferable phase across θT would be possible.

We finally add to the energy of the system also a term of the type 1
k
|∆y|2, which

penalizes interfaces between martensitic variants. A term of this type is often kept

in account when modelling martensitic transformations (see e.g., [18, 33, 37]) and

makes the model more accurate. This term is going to disappear from the equations

when we send k → ∞, in the next section. We remark that we could choose
cβ
kβ

for

some cβ, β > 0 in front of |∆y|2 instead of 1
k

without affecting the results below.
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Furthermore we can replace |∆y|2 with |∇∇y|2. Indeed, as these terms differ only

by a null Lagrangian, the equations governing the evolution are the same.

Remark 3.3.1. In the definition of the energy we did not take into account the

constraint φk(F, ·)→∞ as det F→ 0, which is usually introduced to avoid interpene-

tration. This constraint is extremely difficult to handle from a mathematical point of

view, as, in this case, there exists no c > 0 such that
∣∣∣∂φk(F,·)

∂F

∣∣∣≤ c(1 + |φk(F, ·)|).
That is, a finite energy deformation map y ∈ W 1,p(Ω;R3) might be such that
∂φk(∇y,·)

∂F
/∈ L1(Ω;R3×3), and there is, up to our knowledge, no reference in the litera-

ture on how to control this term. We refer the reader to Section 2.4 in [9]. Nonetheless,

the interpenetration constraint holds in the limit k →∞, as shown in Section 3.5.

Under the above assumptions, and after adding the term responsible for the

interface energy, (3.3) becomes{
ρ0ÿ −Divσk(∇y, θ) + 1

k
∆2y = 0,

γρ0θ̇ −Div(C∇θ) + θη̇1(∇y) = 0,
(3.7)

where

σk(F, θ) :=
∂φk

∂F
(F, θ), η1(F) := −∂φ1

∂θ
(F).

We supplement the problem with initial and boundary conditions for θ and for y

reflecting the experimental setup for Zn45Au30Cu25 in [76]. The initial conditions

θ0(x),ya(x),yb(x) respectively represent from a physical point of view the tempera-

ture, the position and the velocity at the point x at t = 0. The boundary conditions

for the equation describing the conservation of momentum reflect the lack of external

forces imposed at the boundary of the sample. We consider Ω ⊂ R3 to be bounded

and smooth, ∂ΩD ⊂ ∂Ω to be open and non-empty in ∂Ω, ∂ΩN = ∂Ω \ ∂ΩD, and set

θ = θB, on ∂ΩD × (0, T ),

C∇θ·m = 0, on ∂ΩN × (0, T ),(
σk(∇y, θ) +∇∆y

)
·m = 0, on ∂Ω× (0, T ),

∆y = 0, on ∂Ω× (0, T ),

θ|t=0 = θ0(x), in Ω,

y|t=0 = ya(x), in Ω,

ẏ|t=0 = yb(x), in Ω,

(3.8)

where θB, θ0, yb, ya are functions in suitable function spaces, and m is the unit outer

normal to Ω. In a consistent way with the experiments in [76] on Zn45Au30Cu25, for
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which θT ≈ 240 ◦K and the hysteresis is about 2 ◦K, we can assume ‖θB − θT‖L∞ +

‖θT − θ0‖L∞ � θT . In this way, we can formally justify the replacement of the θ in

front of η̇1 with θT , thus rewriting (3.7) as{
ρ0ÿ −Divσk(∇y, θ) + 1

k
∆2y = 0,

γρ0θ̇ −Div(C∇θ) + θT η̇1(∇y) = 0.
(3.9)

Under suitable assumptions on η1, a maximum principle such as the one in Proposition

3.7.1 could be proved to rigorously justify this approximation.

Below c, cT represent two positive constants whose value is dependent just on the

parameters, and, in the case of cT , on the final time T and the initial data. Their value

may change from line to line or even within the same line, but is always independent

of n, k, ε,M,N . When there is a dependence on k or on M , this constant will be

denoted by cT,k, cT,M respectively.

Below, we will denote by A : B the Frobenius product between matrices A,B ∈ R3×3

defined as A : B = tr(ATB).

3.4 Existence of weak solutions

Existence of solutions in a suitable sense to (3.8)–(3.9) is given by Theorem 3.4.1

below. We will denote by H1
D the space of functions ξ ∈ H1(Ω) such that ξ = 0

on ∂ΩD, by H−1
D its dual, and by Lsw(Ω) the Ls(Ω) spaces endowed with the weak

topology. Finally, we will denote by V the Hilbert space

V :=
{
u ∈ L2(Ω;R3) : ‖u‖V <∞

}
, ‖u‖2

V :=

∫
Ω

(
|u|2 + |∇u|2 + |∆u|2

)
dx,

endowed with the scalar product (·, ·)V defined by

(u,w)V :=

∫
Ω

(
u ·w +∇u : ∇w + ∆u ·∆w

)
dx.

Given the boundary conditions for our problem, we are not able to apply the Miranda-

Talenti inequality, and therefore the embedding V ↪→ H1(Ω;R3) might not be com-

pact. The following lemma gives us sufficient conditions for this to hold:

Lemma 3.4.1. Let uj ∈ V be such that ‖uj‖V ≤ c and such that |∇uj|2 is uniformly

integrable. Then, there exists u ∈ V and a non-relabelled subsequence uj converging

weakly in V and strongly in H1(Ω;R3) to u. Furthermore, the space V∩W 1,p(Ω;R3)

is compactly embedded in H1(Ω;R3) for every p > 2.
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Proof. By Banach-Alaoglu, we get the existence of u ∈ V and of a non-relabelled

subsequence uj converging weakly in V. By Sobolev embeddings, uj → u also

strongly in L2(Ω;R3). Now, we notice that, on the one hand, ∇×∇(u− uj) = 0 in

the sense of distributions. On the other hand ‖Div∇(u − uj)‖2 ≤ c. Therefore, an

application of a version of the div-curl lemma (see e.g., [31]) entails

lim
j
‖∇uj −∇u‖2

2 = lim
j

∫
Ω

∇(u− uj) : ∇(u− uj) dx = 0.

Now, we recall that for a sequence uj ∈ W 1,p(Ω;R3) with ‖uj‖W 1,p ≤ c, for some c > 0

p > 2, |∇uj|2 is uniformly integrable. Therefore, thanks to the first statement of the

lemma, we deduce that V ∩W 1,p(Ω;R3) is compactly embedded in H1(Ω;R3).

We are now ready to state the existence theorem:

Theorem 3.4.1. Let θB ∈ H1(Ω) ∩ L
p
p−r (Ω), θ0 ∈ L2(Ω;R+), yb ∈ L2(Ω;R3), ya ∈

W 1,p(Ω;R3) ∩V. Then, there exist (yk, θk) such that for every T > 0

yk ∈ L∞(0, T ;W 1,p(Ω;R3) ∩V) ∩W 1,∞(0, T ;L2(Ω;R3)),

θk ∈ L2(0, T ;H1(Ω)) ∩ L∞(0, T ;L2(Ω)),

and∫ T

0

∫
Ω

ζC∇θk · ∇ω dxdt

=

∫ T

0

∫
Ω

(
θTη1(∇yk) + γρ0θk

)
ζ̇ω dx dt+ ζ(0)

∫
Ω

ω
(
γρ0θ0 + θTη1(∇ya)

)
dx,

(3.10)∫ T

0

∫
Ω

(
ξ

k
∆y ·∆ψ + ξ∇ψ :

∂φk

∂F
(∇yk, θk)− ρ0ξ̇ẏk ·ψ

)
dx dt = ρ0ξ(0)

∫
Ω

y1 ·ψ dx,

(3.11)

for all ξ, ζ ∈ C1
c (−T, T ), ψ ∈ C1(Ω;R3)∩V, and all ω ∈ C1(Ω)∩H1

D. Furthermore,

θk = θB on ∂ΩD in the sense of traces for a.e. t ∈ (0, T ),

ẏk ∈ C([0, T ];L2
w(Ω;R3)), θk + η(∇yk) ∈ C([0, T ];Lmin {2,p/r}

w (Ω))

and(
‖θk‖2

2 + ‖ẏk‖2
2 + ‖yk‖pW 1,p +

1

k
‖∆yk‖2

2

)
(t) +

∫ t

0

‖∇θk‖2
2(τ) dτ + k

∫
Ω

φ2(∇yk) dx

≤ CT + c

∣∣∣∣ ∫
Ω

ya(x) dx

∣∣∣∣p +
c

k
‖∆ya‖2

2 + ck

∫
Ω

φ2(∇ya) dx,

(3.12)
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for a.e t ∈ (0, T ), for some positive CT depending on the parameters and on ‖θB‖ p
p−r

,

‖θB‖H1, ‖θ0‖2, ‖yb‖2 and T only, and for some c depending solely on the parameters.

Proof. Let {ωj}j∈N ⊂ H1
D(Ω) and {ψj}j∈N ⊂ H2(Ω;R3) be bases of H1(Ω) and

H2(Ω;R3) respectively. We assume that the first is constructed by taking the eigen-

vectors of the Laplacian with homogeneous Dirichlet boundary conditions on ∂ΩD

and homogeneous Neumann on ∂ΩN . The second one is constructed by taking

the eigenvectors of the compact, symmetric, and linear operator A : H2(Ω;R3) →
(H2(Ω;R3))∗, where

〈Au,w〉 = (u,w)H2 ,

for each u,w ∈ H2(Ω;R3). Here (·, ·)H2 is the scalar product in the space H2(Ω;R3).

We can define Pn and Pn to be respectively the L2(Ω) and the L2(Ω;R3) projec-

tors on the finite subspaces {ωj}j=1,...,n and {ψj}j=1,...,n. Let us consider k to be

fixed, we drop the subscript k to simplify notation, and we will suppose without

loss of generality that ρ0 = θT = γ = 1. Furthermore, we start by assuming that

ya ∈ H2(Ω;R3) ∩W 1,p(Ω;R3). The strategy of the proof is the following: we show

existence of solutions via the Galerkin method to an approximated problem depend-

ing on parameters M,N ∈ N. Then we send first M and then N to infinity, and show

that solutions to the approximated problems converge to solutions to the original

problem. Finally, we recover the result for general ya ∈ V ∩W 1,p(Ω;R3).

For every n ≥ 1 let us consider the following functions

θn(x, t) = θB +
n∑
j=1

b
(n)
j (t)ωj(x), yn(x, t) =

n∑
j=1

c
(n)
j (t)ψj(x),

satisfying∫
Ω

(
θ̇nωj + C∇θn · ∇ωj

)
dx = −

∫
Ω

η̇1(HM(∇yn))ωj dx, (3.13)

∫
Ω

(
∂φk

∂F
(HM(∇yn), θn)

∂HM(∇yn)

∂F
: ∇ψi +

1

N

(
yn,ψi

)
H2

)
dx

= −
∫

Ω

(1

k
∆ψi ·∆yn + ÿn ·ψi

)
dx,

(3.14)

θn(x, 0) = Pn(θ0(x)− θB) + θB, yn(x, 0) = Pnya(x), ẏn(x, 0) = Pnyb(x),
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for all i, j = 1, . . . , n, for almost every x ∈ Ω, for M,N ∈ N fixed, and where HM is

a smooth function such that

HM(F) =

{
F, if |F| ≤M,

(M + 1) F
|F| , if |F| ≥M + 1,

(3.15)

and
∣∣∣∂HM (F)

∂F

∣∣∣ ≤ 2. We remark that ∂HM (F)
∂F

is a fourth order tensor, and ∂φk(HM (F))
∂F

∂HM (F)
∂F

should read as

(∂φk(HM(G))

∂F

∂HM(G)

∂F

)
lm

=
3∑

i,j=1

∂φk(H)

∂Hij

∣∣∣
H=HM (G)

∂(HM(F))ij
∂Flm

∣∣∣
F=G

=
∂φk(HM(F))

∂Flm

∣∣∣
F=G

.

The above system of differential equations in b(n), c(n) admits locally in time a smooth

solution by standard ODE theory. Define

θ̂n := θn − θB and θ̂0,n := Pn(θ0(x)− θB).

After multiplying (3.13) tested against ωj by b
(n)
j , we can sum over j and get

1

2

d

dt
‖θ̂n‖2

2 + cm‖∇θ̂n‖2
2 ≤ −

∫
Ω

η̇1(HM(∇yn))θ̂n dx−
∫

Ω

∇θB · ∇θ̂n. (3.16)

Here we have also used the fact that cm is the minimum eigenvalue of C to bound

C∇θ̂n ·∇θ̂n from below with cm|∇θ̂n|2. Thanks to the Cauchy-Schwarz and the Young

inequalities, (3.16) becomes

1

2

d

dt
‖θ̂n‖2

2 +
cm
2
‖∇θ̂n‖2

2 ≤ −
∫

Ω

θ̂nη̇1(HM(∇yn)) dx + c‖∇θB‖2
2.

On the other hand, testing (3.14) with ψi, multiplying it by ċ
(n)
i and summing over

i from 1 to n we get

1

2

d

dt

(
‖ẏn‖2

2 +
1

k
‖∆yn‖2

2 +
1

N
‖yn‖2

H2

)
+
d

dt

∫
Ω

(
kφ2(HM(∇yn)) + φ̄1(HM(∇yn))

)
dx

=

∫
Ω

θnη̇1(HM(∇yn)) dx.

Therefore, summing the last two inequalities and integrating in time between 0 and
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t ∈ (0, T ) we get

1

2

(
‖ẏn‖2

2 + ‖θ̂n‖2
2 +

1

k
‖∆yn‖2

2 +
1

N
‖yn‖2

H2

)
(t) +

cm
2

∫ t

0

‖∇θ̂n‖2
2 dτ

+

∫
Ω

(
kφ2(HM(∇yn(t))) + φ̄1(HM(∇yn(t)))

)
dx

≤
∫

Ω

(
kφ2(HM(∇Pnya)) + φ̄1(HM(∇Pnya))

)
dx

+

∫
Ω

η1(HM(∇yn(t)))θB dx−
∫

Ω

η1(HM(∇Pnya))θB dx + ct‖∇θB‖2
2

+
1

2

(
‖Pnyb‖2

2 + ‖θ̂0,n‖2
2 +

1

k
‖∆Pnya‖2

2 +
1

N
‖Pnya‖2

H2

)
.

(3.17)

Now, we notice that by means of the assumptions on η we can deduce∣∣∣∣∫
Ω

η1(HM(∇Pnya))θB dx

∣∣∣∣ ≤ c‖θB‖ p
p−r

(
1 + ‖HM(∇Pnya)‖rp

)
≤ c
(
1 + ‖θB‖

p
p−r
p
p−r

)
+
c0

4
‖HM(∇Pnya)‖pp

≤ c
(
1 + ‖θB‖

p
p−r
p
p−r

)
+
k

4
φ2(HM(∇Pnya)).

In the same way,∣∣∣∣∫
Ω

η1(HM(∇yn(t)))θB dx

∣∣∣∣ ≤ c
(
1 + ‖θB‖

p
p−r
p
p−r

)
+
k

4

∫
Ω

φ2(HM(∇yn(t))) dx,∣∣∣∣∫
Ω

φ̄1(HM(∇Pnya)) dx

∣∣∣∣ ≤ c+
k

4

∫
Ω

φ2(HM(∇Pnya)) dx,∣∣∣∣∫
Ω

φ̄1(HM(∇yn(t))) dx

∣∣∣∣ ≤ c+
k

4

∫
Ω

φ2(HM(∇yn(t))) dx.

Thus, (3.17) becomes(
1

k
‖∆yn‖2

2 + ‖ẏn‖2
2 + ‖θ̂n‖2

2 +
1

N
‖yn‖2

H2

)
(t)

+ cm

∫ t

0

‖∇θ̂n‖2
2 dτ + k

∫
Ω

φ2(HM(∇yn(t))) dx

≤ 1

k
‖∆Pnya‖2

2 + ‖Pnyb‖2
2 + ‖θ̂0,n‖2

2 + ct‖∇θB‖2
2 + c

(
1 + ‖θB‖

p
p−r
∞
)

+ 3k

∫
Ω

φ2(HM(∇Pnya)) dx +
1

N
‖Pnya‖2

H2 .

(3.18)
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We remark that as Pnya → ya strongly in H2(Ω;R3), and Pnyb → yb strongly

in L2(Ω;R3), the sequences ‖Pnya‖H2 , ‖Pnyb‖2 are bounded. Therefore, by the

boundedness of HM(cf. (3.15)), and thanks to the fact that φ2 is non-negative, we

deduce that for every T > 0 there exists a constant C̃ = C̃(T,M, k,N), independent

of n, such that

1

k
‖∆yn‖2

2(t) + ‖ẏn‖2
2(t) + ‖θ̂n‖2

2(t) + cm

∫ t

0

‖∇θ̂n‖2
2 dτ +

1

N
‖yn‖2

H2(t) ≤ C̃,

for a.e. t ∈ (0, T ). Hence, there exists

yM ∈ L∞(0, T ;H2(Ω;R3)) ∩W 1,∞(0, T ;L2(Ω;R3)),

θM ∈ L2(0, T ;H1(Ω)) ∩ L∞(0, T ;L2(Ω)),

such that, up to a subsequence,

θn ⇀ θM weakly in L2(0, T ;H1(Ω)), weakly* in L∞(0, T ;L2(Ω)), (3.19)

yn ⇀ yM weakly* in L∞(0, T ;H2(Ω;R3)) ∩W 1,∞(0, T ;L2(Ω;R3)). (3.20)

Furthermore, (3.20) together with a version of the Aubin-Lions lemma (see e.g., [24,

Thm. II.5.16]) imply

yn → yM , strongly in C([0, T ];H1(Ω;R3)), (3.21)

that is, up to a further subsequence, ∇yn → ∇yM for each t ∈ (0, T ), a.e. x ∈ Ω.

Thus, asHM is continuous and bounded, by Vitali’s convergence theoremHM(∇yn)→
HM(∇yM) strongly in Lq̃(0, T ;Lq̃(Ω)) for each q̃ ∈ [1,∞).

We can thus multiply (3.13) and (3.14) by ζ, ξ ∈ C1
c (−T, T ) and integrate in

time between 0 and T . After an integration by parts these become∫ T

0

∫
Ω

(
ζC∇θn · ∇ωj − ωj ζ̇(η1(HM(∇yn)) + θn)

)
dx dt

= ζ(0)

∫
Ω

(
η1(HM(∇Pnya)) + θ0,n

)
ωj dx,

(3.22)

∫ T

0

∫
Ω

(
ξ

k
∆yn ·∆ψi + ξ

∂φk

∂F
(HM(∇yn), θn)

∂HM

∂F
(∇yn) : ∇ψi

)
dx dt

=

∫ T

0

∫
Ω

(
ξ̇ẏn ·ψi −

ξ

N

(
ψi,yn

)
H2

)
dx dt+ ξ(0)

∫
Ω

Pnyb ·ψi dx,

(3.23)

for each i, j = 1, . . . , n. Passage to the limit and recovering the equations for every

ω ∈ H1
D(Ω) ∩ C1(Ω), ψ ∈ C1(Ω;R3) ∩ H2(Ω;R3) is standard. Thus, (3.22)–(3.23)

77



become∫ T

0

∫
Ω

(
ζC∇θM · ∇ω − ωζ̇(η1(HM(∇yM)) + θM)

)
dx dt

= ζ(0)

∫
Ω

(
η1(HM(∇ya)) + θ0

)
ω dx,

(3.24)

∫ T

0

∫
Ω

(
ξ

k
∆yM ·∆ψ + ξ

∂φk

∂F
(HM(∇yM), θM)

∂HM

∂F
(∇yM) : ∇ψ

)
dx dt

=

∫ T

0

∫
Ω

(
ξ̇ẏM ·ψ −

ξ

N

(
ψi,yn

)
H2

)
dx dt+ ξ(0)

∫
Ω

yb ·ψ dx,

(3.25)

for every ω ∈ H1
D(Ω) ∩ C1(Ω), ψ ∈ C1(Ω;R3) ∩ H2(Ω;R3), ζ, ξ ∈ C1

c (−T, T ). A

passage to the limit as n → ∞ in (3.18) and the weak lower semicontinuity of the

norms leads to

1

N
‖yM‖2

H2(t) +
1

k
‖∆yM‖2

2(t) + ‖ẏM‖2
2(t) + ‖θ̂M‖2

2

+ cm

∫ t

0

‖∇θ̂M‖2
2 dτ + k

∫
Ω

φ2(HM(∇yM(t))) dx

≤ cT +
1

N
‖ya‖2

H2 +
1

k
‖∆ya‖2

2 + 3k

∫
Ω

φ2(HM(∇ya)) dx,

(3.26)

for a.e. t ∈ (0, T ). Now, given the fact that ya ∈ W 1,p(Ω;R3), we have that HM(∇ya)

converges strongly to ∇ya as M → ∞ by dominated convergence in Lp, and hence,

by (3.6), φ2(HM(∇ya)) converges strongly in L1 to φ2(∇ya). Therefore, inequality

(3.26) yields

‖yM‖L∞(0,T ;H2) + ‖ẏM‖L∞(0,T ;L2) + ‖θ̂M‖L∞(0,T ;L2) + ‖∇θ̂M‖L2(0,T ;L2)

+ ess sup
t∈(0,T )

∫
Ω

φ2(HM(∇yM(t))) dx ≤ cT,k,N .
(3.27)

We can hence deduce the existence of

yN ∈ L∞(0, T ;H2(Ω;R3)) ∩W 1,∞(0, T ;L2(Ω;R3)),

θN ∈ L2(0, T ;H1(Ω)) ∩ L∞(0, T ;L2(Ω)),

such that, up to a subsequence, θM → θN and yM → yN as M → ∞ in the sense of

(3.19)–(3.21). Furthermore, by (3.27) and (3.6) we also have

‖HM(yM)‖L∞(0,T ;Lp) ≤ cT,k,N . (3.28)

Therefore, as HM(∇yM) → ∇yN for a.e. (x, t) ∈ Ω× (0, T ), by Vitali’s theorem we

deduce

HM(∇yM)→ ∇yN , strongly in Lq̄(Ω× (0, T )), (3.29)
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for every q̄ ∈ (1, p). We remark that Fatou’s lemma and the fact that HM(∇yM)→
∇yN for a.e. (x, t) ∈ Ω× (0, T ), imply∫

Ω

φ2(∇yN(x, t)) dx ≤ lim inf
M→∞

∫
Ω

φ2(HM(∇yM(x, t))) dx, for a.e t ∈ (0, T ).

This inequality, together with the lower semicontinuity of the norms, and the conver-

gences (3.19)–(3.21) entail( 1

N
‖yN‖2

H2 +
1

k
‖∆yN‖2

2 + ‖ẏN‖2
2 + ‖θN‖2

2

)
(t)

+ cm

∫ t

0

‖∇θN‖2
2 dτ + k

∫
Ω

φ2(∇yN(t)) dx

≤ C∗T +
1

N
‖ya‖2

H2 +
1

k
‖∆ya‖2

2 + 3k

∫
Ω

φ2(∇ya) dx,

(3.30)

for a.e. t ∈ (0, T ), for some C∗ > 0 depending on ‖θB‖H1 , ‖θB‖ p
p−r
, ‖yb‖2, ‖θ0‖2 and

T only. By (3.6), together with (3.30), we thus have also

yN ∈ L∞(0, T ;W 1,p(Ω;R3)).

The assumptions in (3.6), and the bound on ∂HM
∂F

, together with (3.29) imply also

that

∂φ2

∂F
(HM(∇yM))

∂HM

∂F
(∇yM)→ ∂φ2

∂F
(∇yN), strongly in L1(Ω;R3×3), (3.31)

∂φ̄1

∂F
(HM(∇yM))

∂HM

∂F
(∇yM)→ ∂φ̄1

∂F
(∇yN), strongly in L1(Ω;R3×3). (3.32)

Hence, passage to the limit as M →∞ in (3.24)–(3.25) is standard thanks to (3.19)–

(3.21) together with (3.31)–(3.32). The only difficulty is to show that, defined

RM :=
∂η1

∂F
(HM(∇yM))

∂HM

∂F
(∇yM),

we have∣∣∣∣∫ T

0

∫
Ω

ξ∇ψ :
(∂η1

∂F
(∇yN)θN −RMθM

)
dx dt

∣∣∣∣
=

∣∣∣∣∫ T

0

∫
Ω

ξ∇ψ :
(∂η1

∂F
(∇yN)(θN − θM) + θM

(∂η1

∂F
(∇yN)−RM

))
dx dt

∣∣∣∣→ 0,

as M →∞, for every ψ ∈ C1(Ω;R3) ∩H1(Ω;R3), every ξ ∈ C1
c (−T, T ). On the one

hand, ∣∣∣∣∫ T

0

∫
Ω

ξ∇ψ :
(∂η1

∂F
(∇yN)(θN − θM)

)
dx dt

∣∣∣∣→ 0, as M →∞,
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because of the fact that θM → θN weakly in L2(0, T ;L6(Ω)) as M →∞, and that (3.6)

together with ∇yN ∈ L∞(0, T ;Lp(Ω;R3×3)) imply ∂η1
∂F

(∇yN) ∈ L∞(0, T ;L
6
5 (Ω)). On

the other hand,∣∣∣∣∫ T

0

∫
Ω

ξ∇ψ :
(
θM

(
RM −

∂η1

∂F
(∇yN)

))
dx dt

∣∣∣∣
≤ ‖θM‖L2(0,T ;L6)‖ψ‖C1‖ξ‖C1

∥∥∥∂η1

∂F
(∇yN)−RM

∥∥∥
L2(0,T ;L

6
5 )
→ 0

because of (3.29). In the limit, (3.24)–(3.25) thus become∫ T

0

∫
Ω

(
ζC∇θN · ∇ω − ωζ̇(η1(∇yN) + θN)

)
dx dt = ζ(0)

∫
Ω

(
η1(∇ya) + θ0

)
ω dx,

(3.33)∫ T

0

∫
Ω

(
ξ

k
∆yN ·∆ψ + ξ∇ψ :

∂φk

∂F
(∇yN , θN)

)
dx dt

=

∫ T

0

∫
Ω

(
ξ̇ẏN ·ψ −

ξ

N

(
ψ,yN

)
H2

)
dx dt+ ξ(0)

∫
Ω

yb ·ψ dx,

(3.34)

for every ω ∈ H1
D(Ω) ∩ C1(Ω), ψ ∈ C1(Ω;R3) ∩ H2(Ω;R3), ζ, ξ ∈ C1

c (−T, T ). Now,

we want to send N to infinity. To this end, we first suppose N ≥ N∗, where N∗ =

N∗(‖ya‖H2) is the smallest integer such that N−1
∗ ‖ya‖2

H2 ≤ 1. In this case, by (3.30)

we have

‖∇yN‖pp(t)− c ≤
∫

Ω

φ2(∇yN) dx ≤ cT,k, a.e. t ∈ (0, T ). (3.35)

Therefore, (3.35) together with (3.30) entail( 1

N
‖yN‖2

H2 + ‖∆yN‖2
2 + ‖ẏN‖2

2 + ‖∇yN‖pp + ‖θN‖2
2

)
(t) + cm

∫ t

0

‖∇θN‖2
2 dτ ≤ cT,k,

(3.36)

for a.e. t ∈ (0, T ). Let {e1, e2, e3} be a Cartesian coordinate system for R3. We can

choose ψ = ei with i = 1, . . . , 3 in (3.34) and deduce that

d2

dt2

∫
Ω

yN(t) · ei dx = − 1

N

∫
Ω

y(t) · ei dx,

for a.e. t ∈ (0, T ). This implies,∫
Ω

yN(t) · ei dx = cos
( t√

N

)∫
Ω

ya · ei dx +
√
N sin

( t√
N

)∫
Ω

yb · ei dx,

and therefore, for every T finite, we deduce that∣∣∣∣ ∫
Ω

yN(t) · ei dx

∣∣∣∣ ≤ ∣∣∣∣ ∫
Ω

ya · ei dx

∣∣∣∣+ T

∣∣∣∣ ∫
Ω

yb · ei dx

∣∣∣∣ ≤ cT , (3.37)
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where, again, cT is independent of N, k. Therefore, an application of the Poincaré

inequality, together with (3.35) leads also to

‖yN‖W 1,p(t) ≤ cT,k, a.e. t ∈ (0, T ). (3.38)

Therefore, from (3.36)–(3.38) we deduce the existence of

y ∈ L∞(0, T ; V ∩W 1,p(Ω;R3)) ∩W 1,∞(0, T ;L2(Ω;R3)),

θ ∈ L2(0, T ;H1(Ω)) ∩ L∞(0, T ;L2(Ω)),

and a non-relabelled subsequence, such that

θN ⇀ θ weakly in L2(0, T ;H1(Ω)), weakly* in L∞(0, T ;L2(Ω)), (3.39)

yN ⇀ y weakly* in L∞(0, T ; V ∩W 1,p(Ω;R3)) ∩W 1,∞(0, T ;L2(Ω;R3)). (3.40)

Furthermore, from the fact that p > 2, and Lemma 3.4.1 we known that the Banach

space V ∩ W 1,p(Ω;R3) is compact in H1(Ω;R3). Hence, by (3.39)–(3.40) and the

Aubin-Lions lemma, yN converges to y also in the sense of (3.21). This, together

with (3.36), (3.38) and Vitali’s theorem, lead

∇yN → ∇y, strongly in Lq̄(Ω× (0, T )), (3.41)

for every q̄ < p. We can thus pass again to the limit in (3.30), and deduce(1

k
‖∆y‖2

2 + ‖ẏ‖2
2 + ‖θ‖2

2

)
(t) + cm

∫ t

0

‖∇θ‖2
2 dτ + k

∫
Ω

φ2(∇y(t)) dx

≤ C∗T +
1

k
‖∆ya‖2

2 + 3k

∫
Ω

φ2(∇ya) dx,

a.e. t ∈ (0, T ). Now the Poincaré inequality, together with (3.35) lead to∫
Ω

φ2(∇y) dx ≥ ‖∇y‖pp−c ≥ c0‖y‖pW 1,p−c−c
∣∣∣∣ ∫

Ω

y dx

∣∣∣∣p ≥ c0‖y‖pW 1,p−C∗T−c
∣∣∣∣ ∫

Ω

ya dx

∣∣∣∣p,
where we made use of (3.37) in the last inequality. Combining the last two estimates

we thus deduce (3.12). Furthermore, by arguing as above, we can use (3.6) and (3.41)

to pass to the limit as N → ∞ in (3.33)–(3.34) and deduce (3.10)–(3.11). Here, the

only additional difficulty is to pass to the limit in the term (yN ,ψ)H2 , which, thanks

to (3.36) can be treated as follows

1

N

∣∣(yN ,ψ)H2

∣∣ ≤ 1

N
‖yN‖H2‖ψ‖H2 ≤

√
cT,k√
N
‖ψ‖H2 → 0, as N →∞, a.e. t ∈ (0, T ).
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Now, the existence result for a generic initial datum ya ∈ V ∩W 1,p(Ω;R3) can be

recovered as follows: we take a sequence of y
(j)
a ∈ H2(Ω;R3)∩W 1,p(Ω;R3) converging

strongly in V ∩W 1,p(Ω;R3) to ya. In this case,∫
Ω

φ2(∇y(j)
a ) ≤ c,

∫
Ω

φ2(∇y(j)
a )→

∫
Ω

φ2(∇ya), (3.42)

so thanks to (3.12), the sequence of solutions (θj,yj) related to y
(j)
a satisfies

(
‖∆yj‖2

2 + ‖ẏj‖2
2 + ‖∇yj‖pW 1,p + ‖θj‖2

2

)
(t) + cm

∫ t

0

‖∇θj‖2
2 dτ ≤ cT,k, a.e. t ∈ (0, T ).

(3.43)

Therefore we can deduce the existence of

y ∈ L∞(0, T ; V ∩W 1,p(Ω;R3)) ∩W 1,∞(0, T ;L2(Ω;R3)),

θ ∈ L2(0, T ;H1(Ω)) ∩ L∞(0, T ;L2(Ω)),

such that, up to a non relabelled subsequence, (θj,yj) converge to (θ,y) in the sense

of (3.39)–(3.41). Passage to the limit to recover that (θ,y) satisfy (3.12), (3.10)–

(3.11) follows the steps above.

Finally, by comparison in (3.11) we also know that

ÿ ∈ L2(0, T ; (W 1,p̃(Ω;R3) ∩V)∗).

Hence, by [24, Prop. II.5.11] and [24, Lemma II.5.9] we deduce ẏ ∈ C([0, T ];L2
w(Ω;R3)).

On the other hand, (3.10) implies also θ̇ + η̇1(∇y) ∈ L2(0, T ;H−1
D (Ω)). As by (3.6)

and y ∈ L∞(0, T ;W 1,p(Ω;R3)),

ess sup
t∈(0,T )

∫
Ω

∣∣η(∇yn(t))
∣∣ pr dx ≤ c+ ess sup

t∈(0,T )

∫
Ω

∣∣∇yn
∣∣p dx ≤ cT,k,

it must hold η1(∇y) ∈ L∞(0, T ;Lp/r(Ω)). Therefore, again by [24, Prop. II.5.11] and

[24, Lemma II.5.9] we thus deduce that

θ + η1(∇y) ∈ C([0, T ];Lmin {2,p/r}
w (Ω)).
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3.5 Convergence as k → +∞ to a limiting con-

strained theory

As mentioned above, in this section we send k to∞ in (3.10)–(3.11), and obtain

in the limit a constrained theory for the deformation gradient ∇y. This is equivalent

to assuming that elastic constants tend to infinity, which, as remarked in [15], is usu-

ally a reasonable approximation when studying martensitic phase transitions with no

external (or at least small) load. In this way we capture the essential behaviour of a

generic free energy satisfying the properties listed in Section 1.3, and neglect at the

same time all aspects depending on the growth of the energy density. In the limit, the

weak formulation of the energy conservation equation (3.10) becomes a heat equation

with a heat source at the austenite-martensite phase interface. This heat source is

proportional to the difference of entropy between martensite and austenite, that is

to the latent heat, is concentrated at the phase boundary, which might be sharp or

diffuse, and depends also on the velocity of the phase transition. Where the transition

is from austenite to martensite, the heat source has a positive sign, while its sign is

negative where the transition is from martensite to austenite. The deformation gra-

dient ∇yk generates as k tends to infinity a Gradient Young Measure supported on

K ∪SO(3). As shown in Remark 3.5.1 the evolution of the obtained Gradient Young

Measure cannot be deduced from the conservation of momentum alone.

In what follows we will make use of Young Measures, for which we refer the

reader to [8, 21, 69] and references therein. Below, the space of Young Measures is

denoted by L∞w∗(Ω × (0, T );M1(R3×3)), where M1(R3×3) is the space of probability

measures on R3×3 and where the subscript w∗ stands for the fact that we endow this

space with the weak∗ topology.

Proposition 3.5.1. Let T > 0, let (θk,yk) be a solution of (3.10)–(3.11) given by

Theorem 3.4.1 and such that y|t=0 = ya,k ∈ W 1,p(Ω,R3) ∩V. Assume also ya,k to be

such that ∫
Ω

φ2(∇ya,k) ≤ ck−1,

∣∣∣∣ ∫
Ω

ya,k dx

∣∣∣∣ ≤ c, ‖∆ya,k‖2 ≤ ck

for every k ≥ 1, and for some positive constant c independent of k. Then there exist

y ∈ L∞(0, T ;W 1,p(Ω;R3)) ∩W 1,∞(0, T ;L2(Ω;R3)),

θ ∈ L2(0, T ;H1(Ω)) ∩ L∞(0, T ;L2(Ω)),
(3.44)
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and νx,t ∈ L∞w∗(Ω × (0, T );M1(R3×3)), νx,0 ∈ L∞w∗(Ω;M1(R3×3)) such that, up to a

subsequence,

yk ⇀ y, weakly* in L∞(0, T ;W 1,p(Ω;R3×3)),

θk ⇀ θ, weakly in L2(0, T ;H1(Ω)),

δ∇yk(x,t) ⇀ νx,t, weakly* in L∞w∗(Ω× (0, T );M1(R3×3)),

δ∇ya,k(x) ⇀ νx,0, weakly* in L∞w∗(Ω;M1(R3×3)).

(3.45)

Furthermore, νx,t, νx,0 satisfy

supp νx,t ⊂ K ∪ SO(3), for a.e. (x, t) ∈ Ω× (0, T ),

supp νx,0 ⊂ K ∪ SO(3), for a.e. x ∈ Ω,
(3.46)

and (θ,∇y, νx,t) are satisfying the following weak formulation of the equation govern-

ing the conservation of energy∫ T

0

∫
Ω

ζC∇θ · ∇ω dx =

∫ T

0

∫
Ω

(
θT

∫
R3×3

η1(A) dνx,t(A) + γρ0θ

)
ζ̇ω dxdt

+ζ(0)

∫
Ω

ω

(
θT

∫
R3×3

η1(A) dνx,0(A) + γρ0θ0

)
dx,

(3.47)

for each ζ ∈ C1
c (−T, T ), ω ∈ C1(Ω) ∩H1

D, and∫
R3×3

A dνx,t(A) = ∇y(x, t), a.e. (x, t) ∈ Ω× (0, T ). (3.48)

Also θ = θB on ∂ΩD for a.e. t ∈ (0, T ) and θ̇ + ∂
∂t

∫
R3×3 η(A)νx,t(A) ∈ L2(0, T ;H−1

D ).

Proof. Thanks to the hypotheses on ya,k we can deduce the existence of a positive

constant cT such that (3.12) becomes(
‖ẏk‖2

2 + ‖θk‖2
2 + ‖yk‖pW 1,p +

1

k
‖∆yk‖2

2

)
(t)

+

∫ t

0

‖∇θk‖2
2(τ) dτ + k

∫
Ω

φ2(∇yk(x, t)) dx ≤ cT ,

for a.e. t ∈ (0, T ). Therefore, we can deduce the existence of (y, θ) satisfying (3.44),

and of a converging subsequence satisfying (3.45)1–(3.45)2.

Now, for fixed ε > 0 we have that the above inequality implies

cTT

k
≥
∫ T

0

∫
Ω

φ2(∇yk) dx dt

≥ cεL
4
{

(x, t) ∈ Ω× (0, T ) : |∇yk(x, t)− F| ≥ ε, ∀F ∈ K ∪ SO(3)
}
,
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for some constant cε > 0 depending on ε and on the continuous function φ2. Therefore,

lim
k→∞

L 4
{

(x, t) ∈ Ω× (0, T ) : |∇yk(x, t)− F| ≥ ε, ∀F ∈ K ∪ SO(3)
}

= 0,

which is convergence in measure of ∇yk to K ∪ SO(3) on Ω× (0, T ). Thus, the fun-

damental theorem of Young measures (see e.g., Theorem 1.2.3) assures the existence

of a non-relabelled subsequence and of a family of parametrized probability measures

νx,t ∈ L∞w∗((0, T )× Ω;M1(R3×3)) such that

supp νx,t ⊂ K ∪ SO(3), for a.e. (x, t) ∈ Ω× (0, T ),

and

lim
n

∫ T

0

∫
Ω

h(∇yk(x, t))ζ(x, t) dx dt =

∫ T

0

∫
Ω

∫
R3×3

h(A) dνx,t(A)ζ(x, t) dx dt,

for every h : R3×3 → R of growth strictly less than p, and every ζ ∈ L∞((0, T )× Ω).

Choosing h(A) = A, by (3.20) we immediately get that (3.48) holds. Furthermore,

η1(∇yk) ⇀

∫
R3×3

η1(A) dνx,t(A), in Lq(Ω× (0, T )),

for every q ∈ [1, p
r
). A similar argument entails that ya,k generates νx,0 and that

supp νx,0 ⊂ K ∪ SO(3), for a.e. x ∈ Ω,

η1(∇ya,k) ⇀

∫
R3×3

η1(A) dνx,0(A), in Lq(Ω),

for every q ∈ [1, p
r
).

We can thus pass to the limit in (3.10) and get (3.47). Finally, by comparison,

we deduce θ̇ + ∂
∂t

∫
R3×3 η(A)νx,t(A) ∈ L2(0, T ;H−1

D ).

Remark 3.5.1. Under the assumptions of Proposition 3.5.1, when passing to the

limit as k →∞, we notice that the equation for the conservation of momentum, that

is (3.11), reduces to∫
Ω

∫
R3×3

∂φ2

∂F
(A) dνx,t(A) dx : ∇ψ dx = 0, ∀ψ ∈ C1(Ω;R3), a.e. t ∈ (0, T ).

(3.49)

Indeed, (3.11) with ξ ∈ C1
c (0, T ) becomes∫ T

0

∫
Ω

ξ
∂φ2

∂F
(∇yk) dx : ∇ψ dx dt

= −1

k

∫ T

0

∫
Ω

(
ξ
∂φ1

∂F
(∇yk, θ) : ∇ψ − ρ0ξ̇ẏk ·ψ +

1

k
∆yk ·∆ψ

)
dx dt.

(3.50)
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By the Cauchy-Schwarz and the Hölder inequalities, thanks to (3.6) we get∫ T

0

∫
Ω

(
ξ
∂φ1

∂F
(∇yk, θ) : ∇ψ

)
dx dt

≤ ĉT
(
1 + ‖∇yk‖pL∞(0,T ;Lp) + ‖∇yk‖r̃L∞(0,T ;Lp)‖θk‖L2(0,T ;L6)

)
‖ξ‖C1‖ψ‖C1

≤ ĈT‖ξ‖C1‖ψ‖C1 ,

where cT , ĈT are positive constants independent of k, and where we also made use of

the bounds on (θk,∇yk) in the proof of Proposition 3.5.1. On the other hand,∫ T

0

∫
Ω

ρ0ξ̇ẏk ·ψ dx dt ≤ cTρ0‖ẏk‖L∞(0,T ;L2)‖ψ‖2‖ξ‖C1 ≤ c̃T‖ξ‖C1‖ψ‖C1 ,∫ T

0

∫
Ω

1

k
ξ∆yk ·∆ψ dx dt ≤ cT

k
‖∆yk‖L∞(0,T ;L2)‖ξ‖C1‖ψ‖H2 ≤ c̃T‖ξ‖C1‖ψ‖H2

for some positive constant c̃T independent of k. A passage to the limit in (3.50),

together with (3.6) and the fact that ∇yk generates νx,t (cf. (3.45)) lead to (3.49). In

conclusion, (3.9)2 does not determine the evolution for νx,t after taking the limit k →
∞. Actually, given that φ2 is smooth, and hence ∂φ2

∂F
(F) = 0 for each F ∈ SO(3)∪K,

(3.49) does not even add any further information to (3.46).

Remark 3.5.2. After taking the limit k → ∞, the only information on the time

evolution of y is embedded in ∂
∂t

∫
R3×3 η1(A) dνx,t, and in y ∈ W 1,∞(0, T ;L2(Ω)) ∩

L∞(0, T ;W 1,∞(Ω)). Indeed, we point out that, by (3.46),
∫
R3×3 η1(A) dνx,t ∈ L∞(Ω×

(0, T )). Thus,∫
R3×3

η1(A) dνx,t + θ ∈ H1(0, T ;H−1
D ) ∩ L∞((0, T );L2(Ω)).

By [24, Lemma II.5.9] this also belongs to C(0, T ;L2
w(Ω)), from which we can make

sense of the initial conditions. Furthermore, we also have that [24, Lemma II.5.9]

together with (3.44) imply that y ∈ C(0, T ;W 1,∞
w (Ω)).

Remark 3.5.3. The gradient Young measure generated by ∇yk as k → ∞ is in

general non-trivial, that is not of the form δ∇y(x,t) for a.e. (x, t) ∈ Ω× (0, T ). Indeed,

we know from the static theory (see Section 1.3) that martensitic microstructures

may arise in order to achieve compatibility between phases, and hence, as k → ∞
faster and faster oscillations may occur in ∇yk, generating non-trivial gradient Young

measures.
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Remark 3.5.4. If we assume as in Chapter 4 or in Section 3.7 below that there exist

ΩA(t),ΩM(t) ⊂ Ω open such that

ΩA(t) ∩ ΩM(t) = ∅, L 3
(
Ω \ (ΩA(t) ∪ ΩM(t))

)
= 0, a.e. t ∈ (0, T ), (3.51)

and

νx,t(SO(3)) = 1, a.e. x ∈ ΩA(t), a.e. t ∈ (0, T ),

νx,t(K) = 1, a.e. x ∈ ΩM(t), a.e. t ∈ (0, T ).

then ∫
R3×3

η1(A) dνx,t = −αχΩm ,

where by χΩm we denoted the indicator function on ΩM . The formula for differentia-

tion of integrals on time dependent domains implies

〈χ̇ΩM (∇y), ψ〉 =
d

dt

∫
ΩM

ψ dx =

∫
Γ(t)

(v · n)ψ dH 2, ∀ψ ∈ C∞0 (Ω), (3.52)

provided ΩA(t),ΩM(t) and v · n are smooth enough (see e.g., [42]). Here Γ(t) :=

Ω \ (ΩA ∪ ΩM)(t) is a surface separating ΩA(t) from ΩM(t), n denotes the outer

normal to ΩM and v(s) is the velocity of the interface at the point s ∈ Γ(t) at time

t. By 〈·, ·〉 we denoted the duality pairing between a distribution and a test function.

A version of (4.4) under the moving mask approximation can be found in Corollary

4.4.4 in Chapter 4. It thus appears clear from (4.4) that the model needs to be closed

with some relation between v and ∇y, θB, and possibly θ, as much as it requires an

initial condition for ΩM(t).

3.6 Connections with the moving mask assump-

tion

In this section we draw connections between the results of Section 3.5, and the

moving mask assumptions introduced in Chapter 4. Let us start by recalling the

moving mask assumptions:

(MM1) the phases are separated, that is at almost every point we have either austenite

or martensite but not both, so that phase interfaces between austenite and

martensite are sharp (cf. (3.51));
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(MM2) during the phase transition, the deformation gradient remains equal to the

identity in the austenite region. This is the case, for example, when the austenite

region is connected;

(MM3) microstructures do not change after the transformation has happened;

(MM4) the phase interface moves continuously. More precisely, for almost every point

x in the domain, there exists a time when x is contained in the phase interface.

As proved in Section 3.5, in the limit as k tends to ∞, the system (3.9) reduces to

finding a function θ and a time-dependant gradient Young measure νx,t satisfying

supp νx,t ⊂ K ∪ SO(3), a.e. (x, t) ∈ Ω× (0, T ), (3.53)

and the weak formulation in (3.47) of

γρ0θt −Div(C∇θ) = −θT
∂

∂t

∫
R3×3

η1(A) dνx,t(A). (3.54)

On the one hand, it is clear that, given an arbitrary parametrised family of measures

νx,t ∈ L∞(Ω × (0, T );M1(R3×3)) satisfying (3.46), (3.48), ∂
∂t

∫
R3×3 η1(A) dνx,t(A) ∈

L2(0, T ;H−1
D ) and (MM1)–(MM4), then one can find the related temperature field

θ(x, t) ∈ L2(0, T ;H1
D) by solving the weak form of the heat equation (3.54). This

means that sufficiently regular moving mask solutions are solutions to (3.53)–(3.54).

On the other hand, as pointed out in Remark 3.5.4, the system (3.53)–(3.54) is under-

determined, and should be closed with some constitutive relation between the velocity

of the phase interface and the temperature, νx,t, and possibly other quantities. This

is done, for example, in Section 3.7 in a one dimensional context. However, we conjec-

ture that (MM1)–(MM4) can be deduced to hold in the limit as k →∞ for (θk,yk),

weak solutions to (3.8)–(3.9) provided by Theorem 3.4.1.

In order to justify (MM1) one should prove that ,

L 4
({

(x, t) : νx,t(K) ∈ {0, 1}
})

= 0,

where νx,t is as in Proposition 3.5.1. We recall that (see e.g., [8, 62, 69]), defined νk,δx,t

as

νk,δx,t (B) =
L 4
({

(z, s) ∈ B((x, t); δ) ∩ (Ω× (0, T )) : ∇yk(z, s) ∈ B
})

L 4
(
B((x, t); δ) ∩ (Ω× (0, T ))

) ,

for every B ⊂ R3×3 Borel, for every (x, t) ∈ Ω × (0, T ), and where B((x, t); δ) is the

open ball of radius δ centred at (x, t), we have

lim
δ→0

lim
k→∞

νk,δx,t = νx,t,
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for a.e. (x, t) ∈ Ω × (0, T ), and where the convergence is weak* in the sense of

measures. Here, ∇yk is the sequence generating νx,t as in (3.45). Therefore, to

rigorously prove (MM1), one could prove that for almost every (x, t) ∈ Ω× (0, T ), for

every Borel set B ⊂ R3×3, and for every ε > 0 there exist δ0 > 0 such that for every

δ ∈ (0, δ0)

lim
k→∞

L 4
({

(z, s) ∈ B((x, t); δ) ∩ (Ω× (0, T )) : ∇yk(z, s) ∈ B
})

L 4
(
B((x, t); δ) ∩ (Ω× (0, T ))

) ∈ (0, ε)∪(1−ε, 1+ε).

This result should be easier to prove in the case of materials satisfying the cofactor

conditions where martensitic laminates can form exact austenite-martensite interfaces

(see [26]). Furthermore, one should restrict to initial data ya,k generating a gradient

Young measure νx,0 such that νx,0(K) ∈ {0, 1} for a.e. x ∈ Ω.

Regarding (MM2), it is a consequence of a well known result by Reshetnyak (see [73],

but also [19, 62]) that a parametrised measure µx with suppµx ⊂ SO(3) for a.e. x in

an open connected subset A ⊂ Ω must be of the form µx = δR for a.e. x ∈ A, some

R ∈ SO(3), and where δR denotes a Dirac delta at R. So the problem reduces to show

that the set {x : νx,t(SO(3)) = 1} is connected, or, more in general, indecomposable

(see [37, 62]).

A context where it might be easier to show that (MM1)–(MM2) hold is when | det(F)−
1| > δ for every F ∈ K, and for some δ > 0. Indeed, in this case, we expect for k

large enough to just have nucleations at the corners of the sample (see [21, 22]), and

the presence of martensitic islands in austenite (or viceversa) to be energetically too

expensive.

Proving (MM3) rigorously from the solutions to (3.8)–(3.9) in the limit as k tends to

infinity might be very difficult in general. Assuming for simplicity (MM1), we now give

an intuitive explaination of why (MM3) should hold based on rigidity, which is well

known to play an important role in vectorial problems. As the map y ∈ W 1,∞(Ω;R3),

with ∇y satisfying (3.48), is Lipschitz continous, its gradient cannot be arbitrary (see

e.g., [18, 19, 62]). Therefore, changing the macroscopic deformation gradient ∇y in

a subset of {x : νx,t(K) = 1} of positive measure, might require changing ∇y in a

much larger set, leading to discontinuities in t of y on a subset Ω of positive mea-

sure. But such a jump in t would contradict the fact that, by Proposition 3.5.1,

y ∈ W 1,∞(0, T ;L2(Ω;R3)).

The continuous movement of the phase interface, that is assumption (MM4), is par-

tially a consequence of the observations in Remark 3.5.2. Indeed, let us assume that
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(MM1) and (MM3) hold, and, for simplicity, that

min
F∈Kqc

min
R∈SO(3)

|F− R| ≥ ε,

for some ε > 0. Here we are taking SO(3) and not SO(3)qc as these two sets coin-

cide (see e.g., [19]). In this case, suppose (MM4) is not satisfied. Then there exist

t0 ∈ (0, T ), and a measurable set A, with L 3(A) > 0, such that the macroscopic

deformation gradient ∇y satisfies ∇y(x, s) ∈ SO(3) for a.e. (x, s) ∈ Ω× (0, t0), and

∇y(x, s) ∈ K for a.e. (x, s) ∈ Ω× [t0, t0 + δ), for some δ > 0. Given the fact that we

are assuming that (MM3) also holds, there exist ψ ∈ W 1,∞(Ω;R3), independent of

time, such that ∇ψ = ∇y(x, t)−∇y(x, s), for every s, t satisfying s < t0 < t < t0 +δ.

In this case,∫
Ω

(∇y(x, t)−∇y(x, s)) : ∇ψ dx =

∫
Ω

|∇y(x, t)−∇y(x, s)|2 dx ≥ ε2L 3(A) > 0,

for every s < t, thus contradicting the fact that, by Remark 3.5.2, y is in the space

C([0, T ];W 1,∞
w∗ (Ω;R3)), which implies∫

Ω

(∇y(x, t)−∇y(x, s)) : ∇ψ dx→ 0, as s→ t.

3.7 The evolution of a simple laminate in a one-

dimensional context

The aim of this section is to introduce some hypotheses that allow us to con-

struct solutions to the limit problem (3.46)–(3.47) by solving a one-dimensional heat

equation with a measure valued source depending nonlinearly on the unknown. This

models the evolution of the phase boundary between a laminate of martensite and

austenite and is a simplified version of the model in [2, 52]. The resulting solutions

are an example of solutions to (3.53)–(3.54) satisfying (MM1)-(MM4).

3.7.1 An example: the simple laminate

Let us suppose that an austenite to martensite phase transition takes place in a

parallelepiped with a circular base, that is, in cylindrical coordinates, ΩC := (0, 2π)×
(0, r) × (0, L) for some 0 < r � L. Suppose further that there exists a single phase

interface Γ(t) = {x ∈ ΩC : x · e3 = u(t)}, u(t) ∈ (0, L) perpendicular to e3 for every
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n

Ω

Figure 3.1: Picture of a section of ΩC , on the left ΩM(t) where ∇y = 1 + a ⊗ n, on

the right ΩA, where ∇y = 1 .

t, and that

νx,t = λδA + (1− λ)δB, a.e. in ΩM(t), a.e. t > 0,

νx,t = δ1, a.e. in ΩA(t), a.e. t > 0,

with A,B ∈ K, λ ∈ [0, 1] fixed, and

ΩM(t) = {x ∈ ΩC : x · e3 < u(t)}, ΩA(t) = {x ∈ ΩC : x · e3 > u(t)}.

Here and below δF is a Dirac measure at F. By (3.48), the macroscopic deformation

gradient, that is an average of the fine microstructures, is given by the barycentre of

the Young measure, that is, in our case

∇y =

∫
R3×3

F dνx,t(F) = λA + (1− λ)B, a.e. in ΩM(t), a.e. t > 0,

∇y =

∫
R3×3

F dνx,t(F) = 1, a.e. in ΩA(t), a.e. t > 0.

However, as shown in [18],∇y is a gradient of a continuous deformation map y : ΩC →
R3 if and only if there exist a ∈ R3 such that

λA + (1− λ)B = 1 + a⊗ e3.

We can hence deduce that

y =

{
x + a(x · e3) + c1(t), in ΩM(t),

x + c2(t), in ΩA(t),

for some time dependent vectors c1, c2 : [0,∞)→ R3 such that c1(t)− c2(t) = au(t).

In an equivalent way, knowing c1, c2 we can determine the position of the phase

boundary given by those x satisfying (x · e3) = |c2(t)−c1(t)|
|a| . For simplicity we choose

constant Dirichlet boundary conditions θB 6= θT for x3 = 0, L, and ∂θ
∂m

= 0 on the
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other face, having normal m. In this case, the equation governing the conservation

of energy simplifies to a one-dimensional equation. We define s ∈ (0, L) to be the

coordinate in direction e3, we assume the phase interface to be located at s = u0

when t = 0, and assume without loss of generality that ΩM(0) = {s : s < u0}. In this

case, the classical formulation of (3.47) reduces to

ρ0γθ̇ −Kθss = αχ̇ΩM (t), in Ω× (0, T ),

χΩM (s, t) = χ{s<u(t)}, in (0, T ),

θ(0, t) = θ(L, t) = θB, in (0, T ),

θ
∣∣
t=0

= θ0, in (0, L),

u(0) = u0,

(3.55)

where we denoted by χB the indicator function on the Borel set B. Without loss of

generality, below we assume α = γ = ρ0 = 1 to simplify notation. This system of

equations describes the evolution of a sharp phase interface at u(t). However, this is

underdetermined, and needs to be closed with a constitutive relation for the interface

speed v = d
dt
|c2(t)−c1(t)|

|a| = u̇ depending on the temperature at u(t) and possibly other

variables (see also Remark 3.5.4). In order to respect the physics of the problem we

want the martensite domain to expand when θ < θT and to shrink when θ > θT .

Mathematically, this means that we assume{
v(θ) > 0, if θ < θT ,

v(θ) < 0, if θ > θT .
(3.56)

Imposing

u̇(t) = v(θ(u(t), t)) (3.57)

makes the problem a two-phase Stefan problem with a kinetic condition at the free

boundary (see e.g. [80, 81, 83]). The one-dimensional two-phase Stefan problem

is usually closed by imposing that the temperature θ is equal to θT at the phase

interface located in s = u(t). However, in martensitic transformations nucleation

usually happens strictly below the critical temperature due to hysteresis (see e.g.,

[84]). Given the high thermal conductivity of metals, the high-temperature phase,

that is austenite, as much as the phase interface, can be at a temperature strictly lower

than the critical-one. This is usually called undercooling in the literature of the Stefan

problem (see e.g. [81]). Therefore, the condition θ = θT at s = u(t) is inaccurate,

and is better replaced by (3.57) (see also [2, 52]). Existence of a weak solution to

system (3.55) has been studied in [80], while existence and uniqueness of suitably
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defined classical solutions is achieved in [83], under the assumption that v is linear.

The aim of the next section is to show that, if min{0, θB} ≤ θ0(s) ≤ max{0, θB} for

a.e. s ∈ (0, L), then the position of the phase interface u is a monotone function of t,

and reaches the domain boundary in a finite amount of time.

3.7.2 Behaviour of solutions to the 1-dimensional problem

For simplicity, we define a rescaled temperature θ̄ = θ− θB, the rescaled critical

temperature θc := θT − θB, and below we consider the following definition of weak

solution

Definition 3.7.1. Let T > 0, and Ω := (0, L). We say that (θ̄, u) is a weak solution

to problem (3.55) if

u ∈ H1(0, T ),

θ̄ ∈ L2(0, T ;H1
0 (Ω)) ∩H1(0, T ;H−1(Ω)),

θ̄ + θB > 0, a.e. x ∈ Ω, t ∈ (0, T ),

and

〈 ˙̄θ, ψ〉+

∫
Ω

Kθ̄sψs dx = 〈u̇δu, ψ〉, a.e. t ∈ (0, T ), ∀ψ ∈ H1
0 (Ω), (3.58)

u(t) = u(0) +

∫ t

0

χ{u(τ)∈Ω}v(θ̄(u(τ), τ)) dτ, ∀t ∈ (0, T ). (3.59)

Furthermore, θ̄(0, x) = θ̄0 := θ0 − θB almost everywhere in Ω.

Remark 3.7.1. For the sake of coherence, we multiplied by χ{t : u(t)∈(0,L)} the velocity

v of the interface, in order to avoid the non-physical situation where the interface

moves out of the sample. This does not affect the H1(0, T ) regularity of u.

The following result concerning weak solutions holds

Theorem 3.7.1. Let v be Lipschitz, θ̄0 ∈ L2(Ω) and u(0) ∈ Ω. Then there exists

(θ̄, u) weak solution in the sense of Definition 3.7.1 to (3.55).

We refer to [80] for the proof of this result that can be carried out via a Galerkin

approximation.

The following proposition gives some good behaviour of the solutions dependent

only on (3.56):
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Proposition 3.7.1. Let (θ̄, u) be a weak solution as in Definition 3.7.1, θ0 be mea-

surable and let v satisfy (3.56). Then, if θc ≤ 0 and θc ≤ θ̄0 ≤ 0 a.e. in Ω, we

have

θc ≤ θ̄(s, t) ≤ 0, ∀s ∈ Ω, a.e. t ∈ (0, T ). (3.60)

If θc ≥ 0 and θc ≥ θ0 ≥ 0 a.e. in Ω, we have

θc ≥ θ̄(s, t) ≥ 0, ∀s ∈ Ω, a.e. t ∈ (0, T ). (3.61)

Proof. The proof of a similar statement can be found in [80], but we report here the

proof for the sake of completeness. We start with the proof of (3.60). Let us choose

as a test function ψ in (3.58) ψ = (θ̄ − θc)
− := −max (0, θc − θ̄). In this case, by

using (3.56) we have

1

2

d

dt
‖(θ̄−θc)−‖2

2+‖∇(θ̄−θc)−‖2
2 ≤ v(θ̄(u(t), t))(θ̄(u(t), t)−θc)− ≤ 0, a.e. t ∈ (0, T ).

An integration in time, using the hypothesis on θ̄0 leads to ‖(θ̄− θc)−‖H1 = 0 for a.e.

t ∈ (0, T ), that is θ̄(s, t) ≥ θc everywhere in Ω, for almost every t ∈ [0, T ). Let us now

choose in (3.58) ψ = θ̄+ := max (0, θ̄), and notice that (3.56) together θc ≤ θ̄ implies

v ≤ 0. Therefore,

d

dt
‖θ̄+‖2

2 + ‖∇θ̄+‖2
2 ≤ v(θ̄(u(t), t))θ̄+(u(t), t) ≤ 0, a.e. t ∈ (0, T ).

This, together with the fact that ‖θ̄+
0 ‖2 = 0, proves the first statement. The second

statement can be proved in an analogous way by first testing against (θ̄ − θc)+ and

then against θ−.

Remark 3.7.2. The above proposition states that, under hypothesis (3.56), a weak

solution is bounded between θB and θT . Therefore, if our boundary condition θB is

close to θT , then the temperature solutions θ̄ have small L∞ norm. Furthermore, this

implies that the position of the interface is monotone, in the sense that if the boundary

of the martensite sub-domain is expanding (resp. shrinking) then, as long as the

boundary conditions do not change, the domain keeps expanding (resp. shrinking).

We can prove further regularity for θ, as stated in the following

Proposition 3.7.2. Let θ̄0 ∈ H1
0 (Ω), 0 ≤ θ̄0(s) ≤ θc (or 0 ≥ θ̄0(s) ≥ θc) for each

s ∈ [0, 1], u0 ∈ Ω and v ∈ W 1,∞
loc (R) satisfy (3.56). Then, for every T > 0,

˙̄θ ∈ L2(0, T ;L2(Ω)), θ̄ ∈ L2(0, T ;W 1,∞(Ω)) ∩ L∞(0, T ;H1
0 (Ω)).

Furthermore, for a.e. t ∈ (0, T ) θ̄s is continuous in [0, u(t)) ∩ (u(t), L].
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The proof of this result relies on

Lemma 3.7.1. Let v ∈ W 1,∞
loc (R). Let (u, θ̄1) and (u, θ̄2) be two weak solutions

to Problem (3.55) sharing the same u(t) ∈ H1(0, T ) and the same initial datum

θ̄0 ∈ L∞(Ω) such that θ̄0 ∈ [min{0, θc},max{0, θc}] a.e. in Ω. Then, θ̄1 = θ̄2.

Proof. Let θ := θ̄1 − θ̄2. Then, it satisfies

〈θt, ψ〉+

∫
Ω

θsψs ds = (v(θ̄1(u(t), t))− v(θ̄2(u(t), t)))ψ(u(t)),

for every ψ ∈ H1
0 (0, L), a.e. t ∈ (0, T ). By testing this equation with ψ = θ and using

the fact that v is Lipschitz we thus get

1

2

d

dt
‖θ‖2

2 + ‖θs‖2
2 ≤ cθ2(u(t), t).

Now, [75, Cor. 27], implies

|θ(u(t), t)| ≤ c‖θ‖W r,2(t),

with r = 1
2

+ η and η > 0 arbitrary. An interpolation inequality thus leads to

1

2

d

dt
‖θ‖2

2 + ‖θs‖2
2 ≤ c(‖θ‖2

2 + ‖θs‖2r
2 ‖θ‖

2(1−r)
2 ) ≤ c‖θ‖2

2 +
1

2
‖θs‖2

2.

The Gronwall lemma and the fact that θ(0, s) = 0 for a.e. s ∈ Ω conclude the

proof.

Proof of Prop. 3.7.2. Let us fix a solution (θ̄, u) among the possible solutions to Prob-

lem (3.55). We drop the bar over θ̄, and we put all the constants equal to one to

simplify notation. Let us also define δεu(t)(s) = δε0(s− u(t)) as the convolution of the

Dirac measure centred in u(t) with a smooth mollifier. δεu(t) is positive and converges

weakly* in the sense of measures to δu(t) for every fixed t as ε→ 0 (see [4] for details).

Furthermore, Fubini’s Theorem yields ‖δεu(t)‖M ≤ c, where c is independent of u(t)

and ε. For every fixed ε > 0 the approximate problem

〈θ̇ε, ψ〉+

∫
Ω

θε,sψs ds =

∫
Ω

v(θε(s, t))δ
ε
u(t)(s)ψ(s) ds, ∀ψ ∈ H1

0 , a.e. t ∈ (0, T )

(3.62)

θε(s, 0) = θ0(s), a.e. s ∈ Ω (3.63)

admits a solution θε. The following bound can be obtained thanks to Proposition

3.7.1 by choosing ψ = θε in (3.62)

‖θε‖L∞(0,T ;L2) + ‖θε,s‖L2(0,T ;L2) + ‖θ̇ε‖L2(0,T ;H−1) ≤ cT , (3.64)
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so that, by Lemma 3.7.1, we may assume that

θε ⇀ θ weakly in L2(0, T ;H1
0 ) ∩H1(0, T ;H−1), (3.65)

θε → θ strongly in L2(0, T ;C[0, L]). (3.66)

We recall that here u̇(t) = v(θ(u(t), t))χ{u(t)∈(0,L)}, as the equation for u has not

been approximated. Besides, by bootstrapping and using standard regularity for

the heat equation (see e.g., [39]) we also have θε,ss ∈ L2(0, T ;H2(Ω)) and θε,t ∈
L2(0, T ;L2(Ω)). Finally, an argument similar to that used to prove Proposition 3.7.1

entails maxs∈[0,L] |θε(s, t)| ≤ θc for a.e. t ∈ (0, T ). We can hence choose ψ = θ̇ε in

(3.62) and get

‖θ̇ε‖2
2 +

1

2

d

dt
‖θε,s‖2

2 =

∫
Ω

v(θε)δ
ε
u(t)θ̇ε ds

=
d

dt

∫
Ω

V (θε)δ
ε
u(t) ds− u̇

∫
Ω

V (θε)(δ
ε
u(t)),s ds

=
d

dt

∫
Ω

V (θε)δ
ε
u(t) ds+ u̇

∫
Ω

θε,sv(θε)δ
ε
u(t) ds,

(3.67)

where V (r) =
∫ r

0
v(τ) dτ , and we integrated by parts in the last term. In addition,

exploiting the additional regularity of θε, we notice that

|θε,s(x, t)| ≤ c
(
‖θε,s‖1 + ‖θε,ss‖1

)
≤ c
(
‖θε,s‖2 + ‖θ̇ε‖1 +

∫
Ω

|v(θε(s, t))δ
ε
u(t)(s)| ds

)
.

As δεu(t) is positive, and v is Lipschitz,∫
Ω

|v(θε)δ
ε
u(t)| ds ≤

∫
Ω

δεu(t)|v(θε)| ds ≤ c(1 + ‖θε‖C[0,L])

∫
Ω

δεu(t) ds ≤ c(1 + ‖θε‖C[0,L]),

which yields

max
x∈[0,L]

|θε,s(x, t)| ≤ c
(
‖θε,s‖2 + ‖θ̇ε‖2 + 1 + ‖θε‖C[0,L]

)
.

Therefore,

|u̇|
∣∣∣∫

Ω

θε,sv(θε)δ
ε
u(t) ds

∣∣∣ ≤ c|u̇|
(
‖θε,s‖2 + ‖θ̇ε‖2 + 1 + |θε|C[0,L]

)
(1 + ‖θε,s‖2)

≤ c+ c|u̇|2(1 + ‖θε,s‖2
2) +

1

4

(
‖θε,s‖2

2 + ‖θ̇ε‖2
2 + ‖θε,s‖2

2

)
.

(3.68)

Let us now consider a sequence of εj > 0 such that εj → 0. We remark that (3.66)

implies θεj → θ strongly in L2(0, T ;C[0, L]) and hence in C[0, L] for almost every t ∈
(0, T ). Furthermore, as mentioned above, an argument as in the proof of Proposition
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3.7.1 tells us that ‖θεj(·, t)‖C[0,L] ≤ θc for almost every t. We denote by JT the set of

points in (0, T ) where the above uniform convergence holds and where the uniform

bound for θεj(·, t) holds for every εj. We point out that this set is measurable and has

full measure. After exploiting (5.54) in (3.67), and integrating the resulting inequality

in time between 0 and t ∈ JT , we obtain∫ t

0

‖θ̇εj‖2
2(τ) dτ + ‖θεj ,s‖2

2(t)

≤ c+ 2

∫
Ω

V (θεj(s, t))δ
εj
u(t)(s) ds− 2

∫
Ω

V (θεj(s, 0))δ
εj
u(0)(s) ds

+ 2‖θεj ,s‖2
2(0) + c

∫ t

0

|u̇|2(1 + ‖θεj ,s‖2
2) dτ +

∫ t

0

‖θεj ,s‖2
2 dτ.

(3.69)

Now, by means of the regularity on the initial condition we easily deduce

−2

∫
Ω

V (θεj(s, 0))δ
εj
u(0)(s) ds+ ‖θεj ,s‖2

2(0) ≤ c.

and, as V ∈ C1(R) and t ∈ JT ,

2

∫
Ω

V (θεj(s, t))δ
ε
u(t) ds ≤ 2‖δεu(t)‖M‖V (θεj)(·, t)‖C[0,L] ≤ c.

Finally, we know that (3.64) holds, and that, thanks to Proposition 3.7.1 and Remark

3.7.2, u̇ ∈ L∞(0, T ). Therefore,∫ t

0

|u̇|2(1 + ‖θεj ,s‖2
2) dτ ≤ c,

and (3.69) becomes∫ t

0

‖θ̇εj(τ)‖2
2 dτ + ‖θεj ,s‖2

2(t) ≤ c, a.e. t ∈ (0, T ),

where c depends neither on t ∈ (0, T ), nor on εj. We can thus pass to the limit as

ε→ 0, and obtain

θ ∈ L2(0, T ;L2(Ω)), θs ∈ L∞(0, T ;L2(Ω)).

By comparison, this also implies that θss + u̇δu(t) ∈ L2(0, T ;L2(Ω)), that is

θs + u̇χ{s<u(t)} ∈ L2(0, T ;C[0, L]),

which yields

θ ∈ L2(0, T ;W 1,∞(Ω)).
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Remark 3.7.3. The regularity proved in Proposition 3.7.2 entails uniqueness thanks

to an argument as that in [83] for classical solutions. We remark that without having

θ̄ ∈ L2(0, T ;W 1,∞(Ω)) uniqueness of the equation u̇ = v(θ̄(u(t), t))χ{u(t)∈(0,L)} would

be hopeless. Nonetheless, we point out that even if θ̄0 /∈ H1
0 , the proof of Proposition

3.7.2 entails that an instantaneous regularization takes place, and that in this case

θ̄ ∈ L2(ρ, T ;W 1,∞(Ω)), for each ρ > 0.

As a corollary to the above regularity result we can prove that the austenite-

martensite interface reaches the domain boundary in finite time, and that θ̄ → 0 as

t→∞.

Theorem 3.7.2. Let (θ̄, u) be a weak solution in the sense of Definition 3.7.1, let

u0 ∈ (0, L) and let θ̄0 ∈ H1
0 (Ω) be such that 0 ≤ θ̄0(s) ≤ θc (or 0 ≥ θ̄0(s) ≥ θc) for

every s ∈ [0, L]. Let also v ∈ W 1,∞
loc (R) satisfy (3.56). Then there exists t∗ > 0 such

that u(t∗) = L (resp. u(t∗) = 0). Furthermore, ‖θ̄‖2(t)→ 0 as t→∞.

Proof. We assume without loss of generality that θc > 0 and prove the theorem for the

case where 0 ≤ θ̄0(s) ≤ θc for every s ∈ Ω. The other case can be proved similarly. We

remark that thanks to Proposition 3.7.1 and (3.56) we have 0 ≤ u̇(t) ≤ maxs∈[0,θc] v(s)

for almost every t ≥ 0, so that u is non-decreasing. Therefore limt→∞ u(t) exists.

Suppose now that there exists no t∗ <∞ such that u(t∗) = L. Then, for every ε > 0

there exists t0 such that ∫ ∞
t0

u̇(τ) dτ ≤ ε.

Let us now test (3.58) with θ̄ to obtain

1

2

d

dt
‖θ̄‖2

2(t) + ‖θ̄s‖2
2(t) = u̇(t)θ̄(u(t), t), a.e. t ≥ 0.

Thanks to the Sobolev inequality ‖ψ‖C[0,L] ≤ c‖ψs‖2, which holds for every ψ ∈
H1

0 (Ω), by Young’s inequality we thus deduce

d

dτ
‖θ̄‖2

2(t0 + τ) + ‖θ̄s‖2
2(t0 + τ) ≤ c|u̇|2(t0 + τ) ≤ ĉ|u̇|(t0 + τ), a.e. τ ≥ 0,

for some constants c, ĉ > 0 and where we made use of |u̇| ≤ c. Using once again

Sobolev embeddings we have

d

dτ
y(τ) + cPy(τ) ≤ ĉ|u̇|(t0 + τ), a.e. τ ≥ 0,

for some cP > 0 and where we defined y(τ) := ‖θ̄‖2
2(t0 + τ). Using the comparison

principle for ordinary differential equations we get that

y(τ) ≤ y(0)e−cP τ + e−cP τ
∫ τ

0

ecP τ̂ ĉ|u̇|(t0 + τ̂) dτ̂ .
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As ‖θ̄‖2 is a continuous function of time and as ‖θ̄‖2 ≤ L
1
2 θc for a.e. t ≥ 0, we

have y(0) ≤ Lθ2
c . Let us now choose τ such that Lθ2

ce
−c0τ ≤ ε, and such that

θ̄(u(t0 + τ), t0 + τ) ≥ 3θc
4

. This is possible because, as u ∈ (0, L) for each t ≥ 0, u̇ = 0

if and only if θ̄(u(t), t) = θc, and because v(s) > 0 if 0 ≤ s < θc (cf. (3.56)). Indeed

ε ≥
∫ ∞
t0

u̇(τ) dτ ≥ min
{
v(s) : s ∈

[
0,

3θc
4

]}
L
({
t ∈ [t0,∞) : θ̄(u(t), t) ∈

[
0,

3θc
4

]})
,

that is θ̄(u(t), t) /∈
[

3θc
4
, θc

]
only for a finite amount of time. Thus, as we are assuming

that the interface position stays in (0, L) for infinite time, such a value of τ exists.

We obtain

y(τ) ≤ ε+ ĉ

∫ τ

0

|u̇|(t0 + τ̂) dτ̂ ≤ (1 + ĉ)ε. (3.70)

On the other hand, there exists c̃ > 0 such that for almost every t ≥ 0 we have

|θ̄(u(t), t)− θ̄(x(t), t)| ≤ c̃‖θ̄s‖2(t)|u(t)− x(t)|
1
2 . (3.71)

Proposition 3.7.2 also implies that θ̄ ∈ L∞(0, T ;H1
0 (Ω)), and we can therefore assume

without loss of generality that ‖θ̄s‖2(t0 + τ) ≤ α̂, for some constant α̂ > 0. Let us

now consider

Dτ :=
{
s ∈ (0, u(t0 + τ)) : θ̄(s, t0 + τ) =

θc
4

}
.

This set is closed, and non-empty given the fact θ̄(·, t0 +τ) is continuous, that θ̄(0, t0 +

τ) = 0 and that θ̄(u(t0 + τ), t0 + τ) > 3θc
4

. Let us hence choose x(τ) = maxDτ so that

(3.71) becomes

θc
2

= |θ̄(u(t0 + τ), t0 + τ)− θ̄(x(τ), t0 + τ)| ≤ c̃α̂|u(t0 + τ)− x(τ)|
1
2 .

This yields

‖θ̄‖2
2(t0 + τ) =

∫
Ω

|θ̄(s, t0 + τ)|2 ds ≥ θ2
c

16
|u(t0 + τ)− x(τ)| ≥ θ4

c

64c̃α̂
.

Combining this inequality with (3.70), by choosing ε small enough, we are led to a

contradiction. Therefore, for every t ≥ t∗ (3.58) simplifies to a standard homoge-

neous heat equation with initial datum in H1
0 (Ω), for which convergence to the only

equilibrium, namely 0, is a well-known result (see e.g., [39]).
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Chapter 4

Analysis of a moving mask

approximation for martensitic

transformations

4.1 Introduction

The aim of this chapter is to study from a mathematical point of view the com-

plex microstructures arising during the austenite to martensite phase transition in

ultra-low hysteresis alloys such as Zn45Au30Cu25 (see [76]). As remarked in [76], it

is intriguing and unusual that martensitic microstructures in Zn45Au30Cu25 are dras-

tically different in consecutive thermally induced transformation cycles, this being

partially motivated by the fact that the cofactor conditions are close to being sat-

isfied by both some type I and some type II twins, which can all form zero energy

interfaces with austenite.

The aim of this chapter is to further study these microstructures, and to identify

a common characterization for all of them. To this end we start from the following

observation: from the dynamical point of view, it looks as if in every thermally in-

duced phase transformation cycle in Zn45Au30Cu25 there was a mask moving across

the domain covering and uncovering martensite microstructures. This is equivalent to

saying that the martensitic microstructures do not change after the phase transition

has happened, which seems to be a particularly legitimate approximation in materials

satisfying the cofactor conditions, where no interface layer is needed between phases.

But this hypothesis makes sense also in many other materials as long as one considers

macroscopic deformations.

As a first step, we frame the moving mask approximation in the context of

nonlinear elasticity, where phase changes are interpreted as elastic deformations. In
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particular, we start from a simplified model for the dynamics of martensitic trans-

formations which was introduced in Chapter 3. In this context, one can describe

the evolution of the phase interface as a moving shock wave. The model equations

have to be closed with some constitutive relation for the phase boundary velocity.

This should depend on the local temperature of the sample, the thermal boundary

conditions, and on the local martensitic microstructures, and is therefore not easy

to determine. Nonetheless, by deriving a new type of Hadamard jump condition

which is based on the moving mask assumption, we prove that every martensitic mi-

crostructure arising from the evolution and satisfying this assumption must be of the

form

∇y(x) = 1 + a(x)⊗ n(x), a.e., (4.1)

where n(x) is, up to a change of sign, the phase interface normal at x when the point

x is on the interface. The above result does not follow directly from the assumption

that the deformation gradient is unchanged after the phase transition, and is not

a direct consequence of previously known Hadamard jump conditions if y is just

Lipschitz as in our case. We refer the interested reader to Section 1.3 for a brief

review on known versions of the Hadamard jump conditions and on why they do not

imply (4.1). Subsequent experiments (see [27]) have measured ‖ cof(∇y − 1)‖ in a

sample of Zn45Au30Cu25. The measured values are of the order of 10−4, which seem

to be small enough to partially confirm the validity of (4.1) and of the moving mask

approximation.

Under suitable hypotheses, we prove also that ∇ · a = 0. This result relies on

a Hadamard jump condition for strains in BV (Ω) that is proved in Section 4.5 and

generalizes that in [37]. As a consequence of the fact that ∇y = 1 + a ⊗ n almost

everywhere in the martensitic microstructures, we can prove a rigidity theorem for

compound twins, a rigidity theorem for general two wells problem, and a result that

allows for a better understanding of the nature of curved austenite-martensite inter-

faces for type I twins satisfying the cofactor conditions.

The dynamics of the phase transition in Zn45Au30Cu25 are very complex, and far

from being completely understood. As in the static case, a major obstacle towards

a good understanding of the phenomenon remains the lack of a characterization of

the quasiconvex hull of the set of possible deformation gradients. Nonetheless, our

results provide an interesting set of tools that can be used to understand further the

complex microstructures arising in martensitic phase transitions.

Further investigation on why martensitic microstructures are so different in dif-

ferent thermal cycles in Zn45Au30Cu25 is carried out in Chapter 2. Indeed, in Chapter
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2 we show that this material satisfies some further conditions of compatibility that

makes the set of possible macroscopic deformation gradients of the form (4.1) unusu-

ally large.

The plan for the chapter is the following: in Section 4.2 we recall the definition

and the main properties of k-rectifiable sets. In Section 4.3 we recall results from

Chapter 3 and in this context we introduce the mathematical definition of moving

mask approximation. In Section 4.4 we prove a dynamic variant of the Hadamard

jump condition for Lipschitz functions and curved interfaces. As explained above, the

results rely on the hypothesis that the deformation gradient remains constant in time

at a point of the domain, once the phase transition has occurred. The last two sec-

tions are devoted to proving some results on moving austenite-martensite interfaces

and on possible microstructures that can be explained using our model.

4.2 Some preliminaries on k-rectifiable sets

In this section we recall some standard results on Lipschitz functions and k-

rectifiable sets from [4, 41, 58] (see also [3] for properties of level sets of Lipschitz

functions). We denote by H k the k-dimensional Hausdorff measure, and write H k

E for its restriction to an H k measurable subset E. Cc(Rd) stands for the space

of continuous functions with compact support in Rd, while Bd(x, r) denotes the d-

dimensional ball centred at x, with radius r and of volume ωdr
d. We start with the

following definitions:

Definition 4.2.1. A Lipschitz k-graph G is a set of points in Rd with d > k such

that there exists an open and connected set ω ⊂ Rk, a Lipschitz map ψ : ω → Rd−k,

and a rotation Q ∈ SO(d) satisfying

G :=
{
Qx, x = (x′,ψ(x′)), x′ ∈ ω

}
.

Definition 4.2.2. Let E ⊂ Rd be an H k-measurable set satisfying H k(E) <∞. We

say that E is k-rectifiable if there exist countably many Lipschitz mappings fi : Rk →
Rd such that

H k
(
E \

∞⋃
i=1

fi(Rk)
)

= 0.

An equivalent characterization for such sets is given by the following result:
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Proposition 4.2.1 ([4, Prop. 2.76]). Any H k-measurable set E is countably H k-

rectifiable if and only if there exist countably many Lipschitz k-graphs Gi ⊂ RN , such

that

H k
(
E \

∞⋃
i=1

Gi
)

= 0.

In what follows, a particular case of [41, Theorem 3.2.22] is also used:

Theorem 4.2.1. Let Ω ⊂ R3 be open, bounded and connected, Z ⊂ R3 be a 1-

rectifiable set and f : Ω→ Z a Lipschitz function. Define the 1-dimensional Jacobian

of f by:

J1f :=

√∑
i,j

(∇f)2
ij.

Then:

• for L 3 almost every x ∈ Ω, either J1f(x) = 0, or the image of ∇f(x) is a

1-dimensional vector space, i.e., rank∇f(x) ≤ 1, L 3-almost everywhere in Ω;

• for H 1 almost all ξ ∈ Z, f−1(ξ) is 2-rectifiable;

• for every integrable g : Ω→ [−∞,∞]∫
Ω

g(x)J1f(x) dx =

∫
Z

∫
f−1(ξ)∩Ω

g(s) dH 2(s) dH 1(ξ) (4.2)

4.3 The moving mask assumption

In Chapter 3 we introduced a continuum model for the evolution of martensitic

transformations. After passing to the limit in which the elastic constants tend to in-

finity and the interface energy density tends to zero, we deduced that the deformation

gradients and the temperature field generate in the limit a Young measure νx,t (see

as a reference [62, 69]) and a function θ satisfying in a suitable sense

ρ0θt − d∆θ = −θT
∂

∂t

∫
R3×3

η1(A) dνx,t(A), a.e. in Ω× (0, T ),

supp νx,t ⊂ SO(3) ∪K, a.e. in Ω× (0, T ),

complemented with some initial and boundary conditions. Here, ρ0 > 0 is the density

of the body, d > 0 is a diffusivity coefficient which is supposed to be constant, and η1

is a smooth function such that

η1(F) = 0, for all F ∈ SO(3), η1(F) = − α

θT
, for all F ∈ K,
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for some constant α > 0 representing the latent heat of the transformation. This

system of equations is underdetermined, and should therefore be closed with some

constitutive relation between
∫
R3×3 η1(A) dνx,t(A), and θ and νx,t. Nonetheless, we

aim to characterise solutions independently of the constitutive relation. In order to

do this we introduce some hypotheses on the solutions, that are based on experimen-

tal observation and that together we call the moving mask approximation, defined

precisely in Definition 4.3.1 below, using the following ingredients:

• the phases are separated, that is there exist open sets ΩA(t),ΩM(t) ⊂ Ω such

that

ΩA(t) ∩ ΩM(t) = ∅, L 3
(
Ω \ (ΩA(t) ∪ ΩM(t))

)
= 0, a.e. t ∈ (0, T ),

and

νx,t(SO(3)) = 1, a.e. x ∈ ΩA(t), a.e. t ∈ (0, T ),

νx,t(K) = 1, a.e. x ∈ ΩM(t), a.e. t ∈ (0, T ).

The domain can hence be divided for almost every t ∈ (0, T ) into two regions,

the region with martensite ΩM(t), and the region with austenite ΩA(t). Thus,∫
R3×3

η1(A) dνx,t(A) = − α

θT
χΩM (x, t), (4.3)

where χΩM (x, t) is the characteristic function of ΩM(t). The austenite-martensite

phase boundary is sharp in this case. In terms of macroscopic deformation gra-

dients this reads

∇y(x, t) ∈ Kqc, a.e. in ΩM(t), a.e. t ∈ (0, T ),

∇y(x, t) ∈ SO(3), a.e. in ΩA(t), a.e. t ∈ (0, T ),

• during the phase transition, the macroscopic deformation gradient remains

equal to a constant rotation in the austenite region. This is the case, for exam-

ple, when the austenite region is connected;

• the phase interface moves continuously. More precisely, for almost every point

x in the domain, there exists a time when x is contained in the phase interface

(see also Section 3.6);

• the microstructures do not change after the transformation has happened. This

assumption makes particular sense in the context of materials satisfying the
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cofactor conditions, where austenite and finely twinned martensite can be ex-

actly compatible across interfaces, and even more in Zn45Au30Cu25 where the

phase transition has very low thermal hysteresis and thermal expansion is hence

negligible.

As remarked in the introduction, this construction reflects the idea of a moving mask

that uncovers a martensitic microstructure, as can be seen in the video of [76]. Math-

ematically we can define the moving mask approximation as follows:

Definition 4.3.1. We say that ∇y ∈ L∞(Ω;R3×3) satisfies the moving mask approx-

imation if

• for each t ∈ [0, T ] there exist ΩM(t),ΩA(t) ⊂ Ω disjoint and open, such that

L 3
(
Ω \ (ΩA(t) ∪ ΩM(t))

)
= 0;

• either

ΩA(t2) ⊂ ΩA(t1), for all 0 ≤ t1 ≤ t2 ≤ T ,

or

ΩA(t1) ⊂ ΩA(t2), for all 0 ≤ t1 ≤ t2 ≤ T ;

• for a.e. x ∈ Ω there exists t = t(x) ∈ [0, T ] such that x ∈ ΩA(t) ∩ ΩM(t);

• there exists Q ∈ SO(3) such that for every t ∈ [0, T ] the map yM(·, t) satisfying

∇yM(x, t) =

{
∇y(x), a.e. in ΩM(t)

Q, a.e. in ΩA(t)

is in W 1,∞(Ω;R3).

Remark 4.3.1. We note that, in the case ΩM(s) ⊂ ΩM(t) for each s, t ∈ [0, T ] with

s < t, we have ⋂
t∈[0,T ]

ΩA(t) = ∅,
⋃

t∈[0,T ]

ΩM(t) = Ω.

Remark 4.3.2. If we assume (4.3), then the formula for differentiation of integrals

on time dependent domains implies that〈 ∂
∂t

∫
R3×3

η1(A) dνx,t(A), ψ
〉

= 〈χ̇ΩM (∇y), ψ〉 =
d

dt

∫
ΩM

ψ dx

=

∫
Γ(t)

(v · n)ψ dH 2, ∀ψ ∈ C∞0 (Ω),

(4.4)
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provided ΩA(t),ΩM(t) and v · n are smooth enough (see e.g., [42]). Here Γ(t) :=

Ω \ (ΩA ∪ ΩM)(t) is a surface separating ΩA(t) from ΩM(t), n denotes the outer

normal to ΩM and v(s) is the velocity of the interface at the point s ∈ Γ(t) at time

t. By 〈·, ·〉 we denoted the duality pairing between a distribution and a test function.

A version of (4.4) in a case of interest can be found in Corollary 4.4.4 below. It thus

appears clear from (4.4) that the model needs to be closed with some constitutive

relation for v · n in terms of ∇y, θ, and possibly other quantities as the curvature of

the phase interface.

4.4 Generalized Hadamard conditions

In this section we restrict our attention to deformation gradients ∇y that satisfy

the moving mask approximation as stated in Definition 4.3.1. In order to say some-

thing more about solutions under these assumptions, we prove below a variant of the

Hadamard jump condition reflecting this hypothesis. In what follows, we restrict,

without loss of generality, to the case ΩM(s) ⊂ ΩM(t) for every s < t. As before,

below Ω ⊂ R3 is an open bounded connected set with Lipschitz boundary.

Proposition 4.4.1. Let Γ(t) be a family of parallel planes perpendicular to n ∈ S2,

Γ(t) :=
{
x ∈ R3 : x · n = h(t)

}
,

for some non-decreasing function h ∈ C([0, T ]) satisfying

h(0) = inf
x∈Ω

x · n, h(T ) = sup
x∈Ω

x · n.

For t ∈ [0, T ] define

ΩM(t) := Ω ∩
{
x · n < h(t)

}
, ΩA(t) := Ω ∩

{
x · n > h(t)

}
.

Let z ∈ W 1,∞(Ω;R3) be such that Z = Z(x, t) satisfying

∇Z(x, t) =

{
∇z(x), a.e. in ΩM(t)

0, a.e. in ΩA(t)
(4.5)

is in W 1,∞(Ω;R3) for a.e. t ∈ (0, T ). Then,

1. there exists a ∈ L∞(Ω;R3) such that

∇z(x) = a(x)⊗ n, a.e. x ∈ Ω.
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2. if Ω ∩ Γ(t) is connected for every t ∈ (0, T ) then z = f(x · n) for some f ∈
W 1,∞((0, T );R3).

Proof. By rotating the system of coordinates we can assume without loss of generality

that n = e3. Let us consider the set B1 ⊂ Ω of points where z is differentiable, and

the set B2 of points x ∈ Ω such that there exists t∗ ∈ (0, T ) for which x ∈ Γ(t∗)

and Z(·, t∗) ∈ W 1,∞(Ω;R3). By continuity of h we have that L 3
(
Ω \ (B1 ∩ B2)

)
= 0.

Let us thus consider a generic point x ∈ B1 ∩ B2, and notice that, since Ω is open,

there exists r > 0 such that the ball B(x, r) ⊂ Ω. By (4.5), Z(·, t∗) must be constant

in each connected component of ΩA(t). In particular, as Z(·, t∗) ∈ W 1,∞(Ω,R3) is

continuous, it must be a constant on Γ(t∗) ∩ B(x, r). At the same time, continuity

of z and Z(·, t∗) implies also z(x) = Z(x, t∗) for every x ∈ Γ(t∗)∩B(x, r). Therefore,

the function z(x) must be constant on Γ(t∗) ∩B(x, r). This implies,

∂z

∂xi
(x) = 0, i = 1, 2,

which is the first statement. On the other hand, if Ω ∩ Γ(t) is connected for a.e.

t ∈ (0, T ), then z(x) is constant on Γ(t∗) ∩ Ω for a.e. t ∈ (0, T ) and hence z = z(x3).

This concludes the proof.

Remark 4.4.1. We could replace the hypothesis concerning the connectedness of

ΩA(t) by assuming that Z(x, t) is equal to a constant in ΩA(t) for a.e. t ∈ [0, T ].

Both these assumptions are automatically satisfied if Ω is convex.

Remark 4.4.2. In the case z = f(x · n), and Γ(t) is a single plane, the phase

interfaces must coincide with the level sets of f . Therefore, given an experimentally

measured martensitic macroscopic deformation gradient, under the assumption that

it satisfies the moving mask approximation, and is of the form 1 + a(x · n) ⊗ n, for

some a ∈ R3,n ∈ S2, we can reconstruct the position of austenite-martensite phase

interfaces, by taking the level sets of f(x · n) =
∫ x·n

0
a(s) ds. Furthermore, in the

case z = f(x · n), and Γ(t) is a single plane, the discontinuities in the macroscopic

deformation gradient can occur only across the planes x · n = constant. This is, for

example, the case for type II twins satisfying the cofactor conditions, for which we

refer the reader to Proposition 4.6.2.

Proposition 4.4.1 can be partially generalized to the case where Γ(t) is a family

of curved interfaces. As a first step, we need to introduce the concept of moving

interfaces for our problem, generalizing the previous requirements on planar such

interfaces.
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xa

xb

Γ(t)

Γ(t)

ΩM(t)

ΩA(t)

Figure 4.1: Points which are not regular: xa is in a smooth k-graph contained in Γ(t),

but is not separating ΩA from ΩM . Γ(t) does not coincide with a Lipschitz function

differentiable at xb.

Definition 4.4.1. We say that Γ(t) ⊂ Ω is a family of moving interfaces in Ω if:

(a) there exist two families of open disjoint sets ΩM(t),ΩA(t) ⊂ Ω and a bounded

open interval IT := [0, T ] such that for every t in IT ,

Ω = ΩM(t) ∪ ΩA(t) ∪ Γ(t) and Γ(t) ∩ ΩM(t) = Γ(t) ∩ ΩA(t) = ∅.

Furthermore, ΩM(t) is non-decreasing in t, i.e.,

ΩM(t) ⊂ ΩM(s), ΩA(s) ⊂ ΩA(t), ∀t < s ∈ IT ;

(b) the set

B :=

 x ∈ Ω

∣∣∣∣∣
x ∈ Γ(t∗), t∗ ∈ IT and there exist Ux ⊂ Ω

open and connected, x ∈ Ux, and a Lipschitz

2-graph Gx differentiable at x such that

Gx ∩ Ux ⊂ Γ(t∗) ∩ Ux ⊂ ΩM(t∗) ∩ΩA(t∗) ∩ Ux


is measurable and L 3

(
Ω \ B

)
= 0.

Points in B are called regular points for Γ(t).

At this point we can also introduce the concept of a regular moving mask ap-

proximation:

Definition 4.4.2. We say that y ∈ W 1,∞(Ω;R3) satisfies a regular moving mask

approximation if it satisfies the moving mask approximation and

Γ(t) = Ω \ (ΩA(t) ∪ ΩM(t))

is a family of moving interfaces in Ω, where ΩA,ΩM are as in Definition 4.3.1.
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Remark 4.4.3. The requirement Γ(t∗) ∩ U ⊂ ΩA(t∗) ∩ ΩM(t∗) ∩ U in Definition

4.4.1((b)) is mainly to guarantee that the set where an interface is cutting either ΩA

or ΩM and not separating one from the other is small (see e.g., the point xa in Figure

4.1). In this way, families of moving interfaces satisfying the separation condition may

also describe further nucleations in the interior of ΩA during the phase transition.

Below, we say that a curve c : [t0, t1] → R3, for some t0, t1 ∈ R, is simple if

c(s) 6= c(t) for each s, t ∈ [t0, t1]. The following theorem generalizes Proposition 4.4.1

to curved interfaces:

Theorem 4.4.1. Let Γ(t) be a family of moving interfaces in Ω. Assume z ∈
W 1,∞(Ω;R3) is such that the function Z = Z(x, t) satisfying{

∇z(x), a.e. in ΩM(t)

0, a.e. in ΩA(t)
(4.6)

with ΩA(t),ΩM(t) as in Definition 4.4.1, is in W 1,∞(Ω;R3) for every t ∈ IT . Then,

there exist a ∈ L∞(Ω;R3), n ∈ L∞(Ω;S2) such that

∇z(x) = a(x)⊗ n(x), a.e. x ∈ Ω. (4.7)

Conversely, let z ∈ W 1,∞(Ω;R3) be such that (4.7) is satisfied and z(Ω) is contained

in the image of an absolutely continuous simple curve c : IT → R3 of finite length.

Then, if |a| > 0 a.e. in Ω, there exists a family of moving interfaces in Ω, and a

Z = Z(x, t) in W 1,∞(Ω;R3) satisfying (4.6) for every t ∈ IT . Furthermore, L 3
(
Ω \

(ΩA(t) ∪ ΩM(t))
)

= 0 for every t ∈ IT .

Remark 4.4.4. The assumptions on the image of z in Theorem 4.4.1 are motivated

by the following observation: if z ∈ C1(Ω;R3), and ∇z is rank-one everywhere in

Ω, then the constant rank theorem implies that, around every x ∈ Ω, the image of

z is a simple absolutely continuous curve. However, the set z(Ω) can a priori show

branching and other complex structures even in the regular case (e.g., if Ω is non-

convex). For the sake of clarity of the proof, in this chapter we restrict ourselves to

the easier case where z(Ω) is a simple absolutely continuous curve. Nonetheless, it is

possible to generalise the second implication in Theorem 4.4.1 to maps z : Ω → R3

whose image satisfies

• z(Ω) is 1−rectifiable;

• for H 1−a.e. ξ ∈ z(Ω) there exist an open ball Dξ ⊂ R3 such that Dξ ∩ z(Ω) is

a simple curve of finite length which is absolutely continuous.
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Remark 4.4.5. Assume that the moving mask assumption holds, and that we can

reconstruct z from experimental observations. Then, provided the image of z satis-

fies the stated assumptions, the second part of Theorem 4.4.1 gives a useful tool to

reconstruct phase interfaces during the phase transformation.

Lemma 4.4.1. Let f ∈ L∞(Ω;R3×3) be such that f(x) = (b⊗m)(x) for a.e. x ∈ Ω.

Then, there exist a,n ∈ L∞(Ω;R3) such that f(x) = a(x) ⊗ n(x) and |n(x)| = 1 for

a.e. x ∈ Ω.

Proof. This is just a matter of measurability of a,n. As f is measurable, so is fT f =

(|b|2m⊗m), so is its trace tr(fT f) = |b|2|m|2 and so is the function

g :=

{
|b|−2|m|−2fT f, if |b|2|m|2 6= 0,

0, otherwise.

Therefore, we define Ω1 := {x ∈ Ω: g11(x) 6= 0} and

n(x) =
(
(g11(x))

1
2 , g12(x)(g11(x))−

1
2 , g13(x)(g11(x))−

1
2

)T
,

for almost every x ∈ Ω1. This is actually possible because gii ≥ 0 a.e. in Ω, for

i = 1, 2, 3. Define also

Ω2 := {x ∈ Ω \ Ω1 : g22 6= 0}, Ω3 := {x ∈ Ω \ (Ω1 ∪ Ω2) : g33 6= 0},

and define n in Ω2, Ω3 respectively by

n =
(
g21(g22)−

1
2 , (g22)

1
2 , g32(g22)−

1
2

)T
,

n =
(
g31(g33)−

1
2 , g32(g33)−

1
2 , (g33)

1
2

)T
.

Therefore, choosing n arbitrarily and such that |n| = 1 in the set where g = 0, we

have constructed n ∈ L∞(Ω;R3) as desired. Defining a := fn, we thus conclude the

proof.

Proof of Theorem 4.4.1. We first prove (4.7).

Let Nz be the set where z is not differentiable and remark that, by the hypotheses,

N := Nz ∪ (Ω \ B) is an L 3-negligible set. Let x0 ∈ Ω \ N and take Ux0 to be

a neighbourhood of x0 as in Definition 4.4.1 ((b)). By taking a smaller connected

neighbourhood of x0, which we still denote by Ux0 , we can assume that Gx0 ∩ Ux0 is

connected. As ∇Z(x, t∗) = 0 a.e. in ΩA(t∗), the continuity of Z(x, t∗) implies that

Z(x, t∗) must be constant on every connected component of ΩA(t∗). Since Definition

4.4.1 ((b)) implies Gx0 ∩ Ux0 ⊂ ΩA(t∗), we must have Z(·, t∗) = ĉ for some ĉ ∈ R3 on
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Gx0∩Ux0 . On the other hand, continuity of z,Z(·, t∗) together with (4.6) imply that on

every connected component of ΩM(t∗) z = Z(·, t∗) + c̄ for some c̄ ∈ R3 depending on

the connected component. Therefore, as by Definition 4.4.1 ((b)) Gx0∩Ux0 ⊂ ΩM(t∗),

the fact that Z(·, t∗) is constant on Gx0 ∩ Ux0 implies that so must be z.

Now, as Gx0 is a Lipschitz 2-graph, we can find a Lipschitz change of coordinates

ψ : Ux0 → V such that

ψ(Gx0 ∩ Ux0) =
{
x ∈ R3 : x · n(x0) = cΓ

}
∩ V,

for some V ⊂ R3, cΓ ∈ R and where n(x0) is the normal vector to Gx0 at x0 pointing

outwards from ΩM(t∗). Let us denote ψ(x) = x̄ for every x ∈ Ux0 . We define z̄ as

z̄(x̄) = z(ψ−1(x̄)), and assuming without loss of generality that n(x) = e3, we get

that

z̄(x̄0) = z̄(x̄0 + sei) = ĉ, i = 1, 2,

for each s such that x̄0 + sei ∈ V. This is due to the fact that z(x) = ĉ for every

x ∈ Ux0 ∩ Gx0 . Therefore,

∂z̄

∂x̄i
(x̄) = 0, i = 1, 2.

On the other hand, as x0 ∈ Ω \N , we have

∇xz(x0) = ∇x̄z̄(ψ(x0))∇xψ(x0).

Since x0 is a regular point, ψ can be chosen to be differentiable in x0, and therefore

x̄0 is a point of differentiability for z̄. Therefore, there exists a ∈ R3 such that

∇x̄z̄(x̄0) = a⊗ n(x0).

By putting together the last two identities and using the fact that N is negligible we

finally deduce (4.7). Measurability of a,n follows from Lemma 4.4.1.

We now prove the second statement. We first remark that since c is absolutely

continuous and of finite length, it belongs also to W 1,1(IT ;R3) and there exists d ∈
W 1,∞(I∗T ;R3) for some I∗T ⊂ R such that c(IT ) = d(I∗T ) (see e.g., [3] and references

therein). Therefore c(IT ) is 1-rectifiable. By Theorem 4.2.1, Γ(t) := z−1(c(t)) ∩ Ω

are 2-rectifiable surfaces for almost every t, and z is equal to a constant on them.

Defining

ΩM(t) :=
{
x ∈ Ω: ∃s ∈ [0, t) such that x ∈ z−1(c(s))

}
,

ΩA(t) :=
{
x ∈ Ω: x /∈ z−1(c(s)), ∀s ∈ [0, t]

}
,

(4.8)
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it is easy to see that Definition 4.4.1((a)) is satisfied. We only need to check that

ΩA(t),ΩM(t) are open. To this end, let us fix x̂ ∈ ΩM(t), and let us denote by

sx̂ ∈ [0, t) the point such that z(x̂) = c(sx̂). As z is Lipschitz, we can define R :=
1
2
‖∇z‖−1

L∞|c(t)− z(x̂)|, so that

|z(x)− z(x̂)| ≤ ‖∇z‖L∞ |x− x̂| ≤ 1

2
|c(t)− z(x̂)| = 1

2
|c(t)− c(sx̂)|, (4.9)

for all x ∈ BR(x̂). Suppose now that in BR(x̂) there exists a point x0 such that

z(x0) = c(t0) for some t0 ≥ t. Then the segment connecting x0 to x̂ is still contained

in BR(x̂) and its image through z must be a connected part of the image of c. But as

c is a simple curve, this implies that there exists x1 ∈ BR(x̂) such that z(x1) = c(t),

which is in contradiction with (4.9). Therefore, for every x̂ ∈ ΩM(t) there exists an

open ball centred at x̂ contained in ΩM(t), and therefore ΩM(t) is open. The same

argument can be used to show that also ΩA(t) is open for each t. Clearly, Γ(t) is

sequentially closed in Ω and ΩM(t)∪Γ(t),ΩA(t)∪Γ(t) are closed in Ω as well. In this

way we have also shown that Z(x, t) defined as

Z(x, t) =

{
z(x), in ΩM(t)

c(t), in ΩA(t)

is in W 1,∞(Ω;R3) for every t ∈ IT .

Since Γ(t) is 2-rectifiable for almost every t, in order to show that

L 3
(
Ω \ (ΩA(t) ∪ ΩM(t))

)
= 0

for every t ∈ IT we just need to prove that

C :=
{
x ∈ Ω: x ∈ Γ(t), t ∈ IT , Γ(t) is not 2-rectifiable

}
has null L 3 measure. By Theorem 4.2.1, C is the preimage through z, which is

continuous, of a set of measure zero, and is hence measurable. Now, we notice that

by choosing g to be the indicator function on C in the coarea formula (4.2), and

identifying Z with the support of c, we have

0 ≤
∫

Ω

g(x)|a| dx =

∫
Z

∫
z−1(ξ)

g(s) dH 2(s) dH 1(ξ) = 0 (4.10)

as, by Theorem 4.2.1, this can just happen for a set of measure zero in Z. This leads

to L 3(C) = 0.
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Now we claim that for every point x ∈ D, with

D :=
{
x ∈ Ω: ∇z(x) exists, and ∇z(x) 6= 0

}
,

there exist a Lipschitz 2-graph Gx which is differentiable at x, an open neighbourhood

Ux and a t∗ ∈ IT satisfying Gx ∩Ux ⊂ Γ(t∗)∩Ux. In order to do that, we would need

a generalised version of the constant rank theorem. However we were not able to find

a version of it in the literature suitable to our application. We hence strongly exploit

the structure of the image of z and a weak version of the implicit function theorem.

Let us consider a generic x̂ ∈ D and suppose, without loss of generality, that a1(x̂) 6= 0

and n(x̂) = e3. In this case, a version of the implicit function theorem as the one in

[46, Thm. E] gives the existence of a connected neighbourhood N of (x̂1, x̂2), and of

a function ψ : N → R, such that ψ(x̂1, x̂2) = x̂3, and z1(x1, x2, ψ(x1, x2)) = z1(x̂) for

every (x1, x2) ∈ N . Furthermore ψ is differentiable in (x̂1, x̂2) and hence continuous

and Lipschitz in N , and ∇ψ(x̂1, x̂2) = 0.

Fixed ε = |a1(x̂)|
2

, the fact that z is differentiable in x̂ implies the existence of δ > 0

such that

z1(x̂ + ρe3)− z1(x̂) = ρa1 + rρ, ∀|ρ| < δ,

and where |r| < ε. Therefore,

z1(x̂ + ρe3) > z1(x̂), if a1(x̂)δ > a1(x̂)ρ > 0,

z1(x̂ + ρe3) < z1(x̂), if −a1(x̂)δ < a1(x̂)ρ < 0,
(4.11)

for all |ρ| < δ. This implies the existence of h > 0 and c(t∗ + h), c(t∗ − h) in z(Ω)

such that

c1(t∗ + h) > c1(t∗) > c1(t∗ − h).

Here, t∗ ∈ IT is such that z(x̂) = c(t∗). Furthermore, since z is Lipschitz, the depen-

dence of c(t(x)) := z(x) is continuous. This together with (4.11) and the fact that c

is simple, imply that the unique path connecting c(t∗±h) to c(t∗) must be such that

c1(t∗ + s) > c1(t∗) > c1(t∗ − s) either for every s ∈ (0, h) or for every s ∈ (−h, 0).

Suppose now the existence of (x1, x2) ∈ N such that z(x1, x2, ψ(x1, x2)) 6= c(t∗). By

continuity of c(t(x)) there exist (x̃1, x̃2) ∈ N such that z(x̃1, x̃2, ψ(x̃1, x̃2)) = c(t∗+ s)

for some s with |s| < h. Thus, at the same time we should have c1(t∗ + s) = c1(t∗)

because we are on a level set for z1, and c1(t∗ + s) 6= c1(t∗), which leads to a contra-

diction. We hence showed that c1 is constant implies also that c2, c3 are constants,

that is z(x1, x2, ψ(x1, x2)) = z(x̂) = c(t∗) for every (x1, x2) ∈ N . This concludes the

proof of the claim.
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It remains to prove that for all x ∈ D, it holds Γ(t∗) ∩ Ux ⊂ ΩL(t∗) ∩ ΩR(t∗) ∩
Ux, where again t∗ ∈ IT is such that x ∈ Γ(t∗). Suppose first that there exists a

neighbourhood U of x0 ∈ Γ(t∗) for some t∗ ∈ IT such that

ΩA(t∗) ∩ U = ∅ or ΩM(t∗) ∩ U = ∅. (4.12)

This is z(x0) = c(t∗), and z(x) = c(s(x)) with s(x) > t∗ or s(x) < t∗ for every x ∈ U .
We want to prove that either z is not differentiable in x0, or ∇z(x0) = 0. Suppose

not, then there exists βj 6= 0 and a unit vector vj such that ∇zj(x0) · vj = βj for

some j = 1, 2, 3. Observe also that the differentiability of z implies the existence of

δj ∈ (0, 1) such that

zj(x0 + αvj)− zj(x0)− αβj = αrj(αvj), ∀α : |α| < δj, (4.13)

for some continuous functions rj bounded in modulus by
βj
2

. This implies that

zj(x0 +αvj)−zj(x0) has the same sign as αβj. Therefore, as c is simple, there exists

an interval (tδj , t
∗) (or (t∗, tδj)) where cj(t)−cj(t∗) is both strictly positive and strictly

negative for every t ∈ (tδj , t
∗) (or in (t∗, tδj)), thus leading to a contradiction. There-

fore, if z is differentiable at x0 ∈ Γ(t∗) and ∇z(x0) 6= 0, then x0 ∈ ΩA(t∗) ∩ ΩM(t∗).

By the coarea formula (4.2) with g chosen to be the characteristic function of D,

we notice that

0 =

∫
Z

∫
f−1(ξ)∩Ω

g(s) dH 2(s) dH 1(ξ),

and we deduce that z is differentiable with ∇z 6= 0 for H 2-almost every x ∈ Γ(t)

for almost every t ∈ IT . Let us call JT the subset of IT such that x ∈ D H 2-almost

everywhere in Γ(t) for every t ∈ JT . By arguing as above for the set C, the coarea

formula implies that the set of x ∈ Ω such that z(x) ∈ c(IT \ JT ) has measure

zero. We can hence focus without loss of generality on Γ(t∗) for some t∗ ∈ JT .

Suppose now that there does not exist a neighbourhood of xs ∈ Γ(t∗) such that

Γ(t∗) ∩ U ⊂ ΩA(t∗) ∩ ΩM(t∗). In this case, as Γ(t∗) is closed in Ω, there exists a

neighbourhood Us of xs satisfying (4.12). However, as ∇z exists and is non null H 2

almost everywhere on Γ(t∗), there exists xa ∈ Γ(t∗) ∩ Us satisfying this properties,

and which must hence be in ΩA(t∗) ∩ ΩM(t∗), thus leading to a contradiction. We

have therefore proved that the constructed family of moving interfaces Γ(t) satisfies

the condition in Definition 4.4.1 ((b)), which concludes the proof.

The following corollaries are straightforward consequences of the above theorem:
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Corollary 4.4.1. Let y ∈ W 1,∞(Ω;R3) satisfy a regular moving mask approximation.

Then, there exist a ∈ L∞(Ω;R3),n ∈ L∞(Ω;S2) such that

∇y = Q + a(x)⊗ n(x), a.e. x ∈ Ω. (4.14)

Conversely, if y ∈ W 1,∞(Ω;R3) satisfies (4.14) for some Q ∈ SO(3), a ∈ L∞(Ω;R3),n ∈
L∞(Ω;S2) and z(Ω), with z(x) = y(x)−Qx, is contained in an absolutely continuous

simple curve of finite length, then y satisfies a regular moving mask approximation.

Corollary 4.4.2. Let T > 0, Γ(t) be a family of moving interfaces and ΩA(t), ΩM(t)

be connected for every t ∈ (0, T ). Then, Z ∈ W 1,∞(Ω,R3) for each t ∈ (0, T ) satisfy-

ing (4.6) is equal to

Z(x, t) =

{
z(x) + c1(t), in ΩM(t),

c2(t), in ΩA(t),

for some z ∈ W 1,∞(Ω,R3) such that ∇z = a⊗ n almost everywhere.

Proof. The statement follows directly from Theorem 4.4.1, the fact that Z(x, t) is

continuous in x for each t and the hypothesis that ΩA(t),ΩM(t) are connected.

Corollary 4.4.2 hence implies that, under the above hypotheses, for each t ∈ IT ,

the interface Γ(t) is a subset of {x ∈ Ω: z(x) = c2(t)− c1(t)}, that is of a level set of

z. This also means that the image of z is a one-dimensional curve. However Γ(t) does

not need to coincide with the family of moving interfaces constructed in the proof of

Theorem 4.4.1, even if c2 − c1 is absolutely continuous, simple and of finite length.

Indeed, in the proof of Theorem 4.4.1 the phase interfaces must be constructed as

subsets of level sets for z, but the construction of ΩA(t),ΩM(t) is arbitrary and could

be done differently. For example one could swap the definition of ΩA(t) and ΩM(t) in

(4.8), or replace s ∈ [0, t) and s ∈ [0, t] in the definition of ΩM and ΩA respectively

with |s− t0| < t and s ∈ IT \ [t0 − t, t0 + t] for some t0 ∈ IT , thus getting a different

family of moving interfaces.

The next corollary gives some information about the interface velocity. We define

the normal velocity of Γ(t∗) at time t∗ ∈ IT and at x ∈ Γ(t∗), namely (v ·n)(x, t∗), as

γ̇(t∗) · n(x, t∗), where n(x, t∗) is the unit normal to Γ(t∗) at x ∈ Γ(t∗), and γ(t) is a

generic absolutely continuous path differentiable at t∗ such that γ(t) ∈ Γ(t) for each

t ∈ IT and γ(t∗) = x. Clearly (v · n)(x, t∗) is well defined if its value is independent

of the choice of γ among the admissible paths, and if n(x, t∗) is well defined.
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Corollary 4.4.3. Let z ∈ W 1,∞(Ω,R3) satisfy (4.7), |a| > 0 a.e. in Ω, and z(Ω)

be contained in the image of an absolutely continuous simple curve c : IT → R3 of

finite length. Assume further that Γ(t) is the family of moving interfaces constructed

in the proof of Theorem 4.4.1. Then, the normal velocity of Γ(t) at a point x ∈ Γ(t),

denoted (v · n)(x, t), satisfies

a(x)(v · n)(x, t) = ċ(t), a.e. t ∈ (0, T ), H 2-a.e. x ∈ Γ(t). (4.15)

Proof. By the coarea formula (4.2) with g chosen to be the characteristic function of

the set where z is not differentiable and |a| > 0, we notice that

0 =

∫ T

0

∫
z−1(c(t))∩Ω

g(s) dH 2(s)|ċ(t)| dt.

As the argument in the integral is non negative, we deduce that z is differentiable

and |a| > 0 for H 2-almost every x ∈ Γ(t) for almost every t ∈ IT . As showed in

the proof of Theorem 4.4.1 n is well defined for all these x. Let us consider γ(t), an

absolutely continuous path in Ω such that γ(t) ∈ Γ(t) for every t ∈ IT . We have

z(γ(t)) = c(t), ∀t ∈ (t0, t1),

for some 0 ≤ t0 < t1 ≤ T . Taking the time derivative of this identity we get

ċ(t) = ∇z(γ(t))γ̇(t) = a(γ(t))
(
γ̇(t) · n(γ(t), t)

)
= a(x)

(
γ̇(t) · n(x, t)

)
,

which is the claimed result, as
(
γ̇(t) · n(x, t)

)
is independent of γ chosen for a.e.

t ∈ IT , a.e. x ∈ Γ(t).

Remark 4.4.6. An important consequence of the above corollary is that a(x)
|a(x)| is

constant H 2 almost everywhere on Γ(t) for almost every t. At the same time, there

might be jumps in |a(x)| along a single interface and jumps for a(x)
|a(x)| across interfaces.

Remark 4.4.7. If we assume the determinant of ∇y = 1 + ∇z = 1 + a ⊗ n to be

a positive constant D almost everywhere in Ω, than we can deduce that on almost

all interfaces |a(x)| can jump if and only if there is a jump in n(x). Indeed, this is

a direct consequence of the following two facts: the first is that the direction of a(x)

is fixed on almost all interfaces, the second is that, det(∇y) = D a.e. in Ω implies

a · n = D − 1 a.e. in Ω, and hence, by the coarea formula (see the argument in the

proof of Corollary 4.4.3), a ·n = D− 1, H 2-almost everywhere on Γ(t) for almost all

t.
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A different perspective on the velocity of Γ(t) is given by

Corollary 4.4.4. Let z ∈ W 1,∞(Ω,R3) satisfy (4.7), |a| > 0 a.e. in Ω, and z(Ω) be

contained in the image of an absolutely continuous simple curve c : IT → R3 of finite

length. Assume further that Γ(t) is the family of moving interfaces constructed in the

proof of Theorem 4.4.1. Then,

〈χ̇ΩM , ξ〉 = |ċ(t)|
∫

Γ(t)

ξ(s)

|a(s)|
dH 2(s), ∀ξ ∈ C0(Ω), a.e. t ∈ (0, T ).

Proof. We first notice that, by the coarea formula,∫
Ω

χΩM (x, t)ξ(x) dx =

∫ T

0

∫
z−1(c(τ))∩ΩA(t)

ξ(s)

|a(s)|
dH 2(s)|ċ(τ)| dτ

=

∫ t

0

∫
z−1(c(τ))∩Ω

ξ(s)

|a(s)|
dH 2(s)|ċ(τ)| dτ.

Therefore,

d

dt

∫
Ω

χΩM (x, t)ξ(x) dx = |ċ(t)|
∫
z−1(c(t))∩Ω

ξ(s)

|a(s)|
dH 2(s).

which is the claimed result.

4.5 Basic properties of microstructures

According to the results of the previous sections, we can restrict our attention

to deformation gradients satisfying for every t ∈ (0, T ){
∇y(x, t) = 1 + a(x)⊗ n(x), a.e. x ∈ ΩM(t),

∇y(x, t) = 1, a.e. x ∈ ΩA(t),

for some a(x) ∈ L∞(Ω,R3), n(x) ∈ L∞(Ω,S2) such that n(x) is normal to the

austenite-martensite interface in x at a certain time t∗ ∈ (0, t). Here we assumed

without loss of generality to have Q = 1 in Definition 4.3.1. In this way the marten-

sitic macroscopic deformation gradient is a function of the moving, possibly curved,

austenite-martensite interface during phase transition. In light of the above con-

siderations, we assume that martensitic microstructures arising from austenite to

martensite phase transitions are described by deformation gradients ∇y of the form

∇y(x) = 1 + a(x)⊗ n(x), ∇y ∈ Kqc, a.e. x ∈ Ω. (H1)
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As the determinant is constant in K, it follows that

det∇y(x) = D a.e. x ∈ Ω, (H2)

for some constant D > 0. (H1) and (H2) imply

a(x) · n(x) = D− 1, (4.16)

for a.e. x ∈ Ω, and

∇× (ai(x)n(x)) = 0 for each i = 1, 2, 3, (4.17)

in a weak sense.

In conclusion, in what follows we look at martensite microstructures as a part of

the domain where (H1) and (H2) hold. We first begin with an estimate for the norm

of a(x):

Proposition 4.5.1. Let λmax and λmin be respectively the biggest and the smallest

eigenvalues of the martensite deformation matrices Ui ∈ K. Let also y ∈ W 1,∞(Ω;R3)

satisfy (H1), (H2). Then, we have

|D− 1| ≤ |a| ≤ λmax − λmin, a.e. in Ω.

Proof. The first inequality follows trivially from Cauchy-Schwarz and the fact that

a·n = D−1. In order to get the other one, we observe that by the polar decomposition

theorem we have that

∇y(x) = R(x)F(x),

for almost every x ∈ Ω, where R(x) ∈ SO(3) and F(x) is symmetric positive definite.

The argument below holds for almost every x ∈ Ω. By arguing as in [13] one can

deduce that, in order to have a rank-one connection with the identity matrix, the

eigenvalues of F, namely σmin ≤ σmid ≤ σmax, must satisfy

σmid = 1, σminσmax = D.

Therefore, we have

detF = D = σminσmax, tr(FTF) = 1 + σ2
min + σ2

max. (4.18)

On the other hand,

∇yT∇y = FTF = 1 + a⊗ n + n⊗ a + |a|2n⊗ n,
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which yields

tr(FTF) = 3 + 2a · n + |a|2 = 1 + 2D + |a|2. (4.19)

Therefore, by putting together (4.19) and (4.18) we deduce

0 ≤ |a|2 = (σmax − σmin)2 ≤ (λmax − λmin)2.

Here we also made use of the following relation between eigenvalues proved in [13]:

λmin ≤ σmin ≤ 1 ≤ σmax ≤ λmax.

Another interesting property regards the divergence of n⊗ a:

Proposition 4.5.2. Let z ∈ W 1,∞(Ω;R3) be such that

∇z(x) = a(x)⊗ n(x), a · n = D− 1 ∈ R, a.e. in Ω.

Then, ∇ · (n⊗ a) = 0 in the sense of distributions. Furthermore, if n ∈ W 1,1(Ω;R3)

with |n| = 1 a.e. in Ω, then ∇ · a = 0 in the sense of distributions.

Proof. On the one hand, we have

∇(∇ · z) = ∇(D− 1) = 0.

On the other hand

∇(∇ · z) = ∇ · (∇z)T = ∇ · (n⊗ a).

Here, both identities should be understood in the sense of distributions. By putting

them together we hence get the first statement. As a consequence, if n ∈ W 1,1(Ω;R3)

such that |n| = 1 a.e. in Ω, we can write,∫
Ω

a · ∇ϕ dx =

∫
Ω

nTn⊗ a · ∇ϕ dx

=

∫
Ω

n⊗ a : ∇(nϕ) dx−
∫

Ω

ϕn⊗ a : ∇n dx

= −1

2

∫
Ω

ϕa · ∇|n|2 dx = 0,

for every ϕ ∈ C∞c (Ω).
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Ω

a = e1
n = e1

a = −e1
n = −e1

Figure 4.2: Picture of two parallel interfaces moving in opposite directions and

meeting at a certain interface where a, n are discontinuous. In this case, ∇·(n⊗a) =

0, but ∇ · a 6= 0.

In general, it is not true that ∇ · a = 0. Indeed, let us fix e ∈ R3 with |e| = 1,

and consider z to be of the form z(x) = e(x · e). Let us also fix c ∈ R such that

x · e = c for some x ∈ Ω and define

a = n =

{
e, x · e < c,

−e, x · e > c;

In this case, clearly a ·n = 1 a.e. in Ω, and ∇· (n⊗a) = 0 in the distributional sense.

However, a ∈ BV (Ω;R3) satisfies

∇a = −2e⊗ eH 2 {x : x · e = c},

and, as |e| = 1 by hypothesis, ∇ · a 6= 0 in the distributional sense.

Keeping in mind the counterexample above, we extend the validity of the identity

∇ · a = 0 in the following Corollary 4.5.1. In this result we use the space of special

functions with bounded variation on Ω, namely SBV (Ω). If ϕ ∈ SBV (Ω), its gradient

is the sum of two Radon measures, one absolutely continuous with respect to the

Lebesgue measure L 3, and the other concentrated on a 2-rectifiable set Sϕ, usually

called the jump set. We denote by ϕ−, ϕ+ the trace of ϕ on the two sides of the jump

set Sϕ respectively. We refer the interested reader to [4] and [40] for more details on

this space.

Corollary 4.5.1. Let z ∈ W 1,∞(Ω;R3) be such that

∇z(x) = a(x)⊗ n(x), a · n = D− 1 ∈ R, a.e. in Ω. (4.20)

Let a,n ∈ SBV (Ω;R3) ∩ L∞(Ω;R3), |n| = 1 a.e. in Ω and let

n−(x) 6= −n+(x), if D 6= 1, (4.21)

a−(x) = −a+(x)⇒ n−(x) 6= −n+(x), if D = 1, (4.22)

for H 2−a.e. x ∈ Sa ∩ Sn. Then, ∇ · a = 0 in the sense of distributions.
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The following lemma is needed for the proof of Corollary 4.5.1:

Lemma 4.5.1. Let ϕ ∈ H1(Ω,R3), with ∇ϕ ∈ BV (Ω;R3×3). Then, there exists

b(x) ∈ L1(S∇ϕ;R3) such that

(∇ϕ)+(x)− (∇ϕ)−(x) = b(x)⊗m(x), H 2-a.e. x ∈ S∇ϕ,

with m(x) being the normal to S∇ϕ in x.

Proof. The proof of this type of result is usually done via a blow up argument and

exploits continuity. This may be possible here, but we use a slightly different proof.

Let ϕ ∈ H1(Ω;R3) and let A be a Lipschitz open subset of Ω. Since ∇ × ∇ϕ = 0

in the sense of distribution, we have that the following integration by parts formula

holds (see [43, Ch. 2, (2.18)])∫
A

∇ϕi · ∇ ×ψ dx =

∫
∂A

(∇ϕi ×m) ·ψ dH 2, ∀ψ ∈ H1(Ω;R3), (4.23)

with m being the outpointing normal to A. We remark that, as stated in [43, Ch.

2, Thm 2.5], (∇ϕi × m) is a well defined object in H−
1
2 (∂A), and the integral on

the right hand side should be interpreted as 〈∇ϕi × m,ψ〉
H−

1
2 ,H

1
2
. Let now S be

a Lipschitz 2-graph contained in Ω with normal m and let Ui be a countable set of

open neighbourhoods such that Ui ⊂ Ω, Ui\S has exactly two connected components,

namely U+
i and U−i , and

H 2(S \
⋃

Ui) = 0.

We now define (∇ϕi×m)± to be the objects of H−
1
2 (S) satisfying (4.23) respectively

for A = U±i . From (4.23) we deduce

0 =

∫
Ui

∇ϕi · ∇ ×ψ dx =

∫
U+
i

∇ϕi · ∇ ×ψ dx +

∫
U−i

∇ϕi · ∇ ×ψ dx

=

∫
S∩Ui

(
(∇ϕi ×m)+ − (∇ϕi ×m)−

)
·ψ dH 2,

for every ψ ∈ C∞c (Ui;R3). By repeating this argument on all Ui, this implies

‖(∇ϕi ×m)+ − (∇ϕi ×m)−‖
H−

1
2 (S)

= 0, i = 1, 2, 3, (4.24)

which is a weak Hadamard jump condition for H1(Ω;R3) on Lipschitz 2-graphs. Fur-

thermore, if ∇ϕ ∈ SBV (Ω), we know that the set where it is discontinuous, namely

S∇ϕ is 2-rectifiable (see e.g., [4]). Therefore, by Proposition (4.2.1) we can cover S∇ϕ

with countably many Lipschitz graphs where (4.24) holds. On the other hand, from

[4, Thm 3.77] we know that the trace of ∇ϕi is well defined for almost every point of

S∇ϕ. Collecting these two facts we thus deduce the desired result.
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Remark 4.5.1. Equation (4.24) is a very weak version of the Hadamard jump con-

dition on Lipschitz surfaces Γ with normal m for functions y ∈ H1(Ω;R3). Indeed,

we can only make sense to the tangential trace ∇y ×m of y on Γ as an object of

H−
1
2 (Γ), and (4.24) states that, across Γ, ∇y ×m must not jump as an object of

H−
1
2 (Γ), which is kind of an average sense.

Proof. It follows from the definition of jump points of a BV function (see e.g., [4, 40])

that (4.20) and |n| = 1 hold H 2–almost everywhere on Sa∪Sn. Therefore, under our

hypotheses a ⊗ n ∈ SBV (Ω) ∩ L∞(Ω) and Sa⊗n = Sa ∪ Sn up to an H 2–negligible

set. Here, a = n are chosen to be the precise representatives for a,n. Furthermore,

Lemma 4.5.1 implies that a Hadamard jump condition must hold across Sa⊗n, so that

a+ ⊗ n+ − a− ⊗ n− = b⊗m, H 2-a.e. on Sa⊗n, (4.25)

for some b ∈ L∞(Sa⊗n;R3) and with m being the normal to Sa⊗n. In case D 6= 1,

this, together with (4.21) and |n| = 1, imply that the only possible scenarios are the

following on Sa ∪ Sn:

(I) n+ = n− = m, in which case b = a+ − a−;

(II) a+ = ξa−, in which case m ‖ ξn+ − n− and b ‖ a+ ‖ a−,

for some ξ ∈ L∞(Sn). Taking the trace of (4.25) implies also b · m = 0. As a

consequence, (a+ − a−) ·m = 0 H 2-a.e. on Sa ∪ Sn, that is, the divergence of a

has no singular part. In case D = 1, (4.22) allows also to have n+ = −n− = m in

Sa, when a+ 6= −a−. In which case (a+ − a−) ·m = 0 follows just by the fact that

a · n = 0.

It just remains to check that the part of ∇ · a which is absolutely continuous

with respect to L 3 is null as well. To this aim, we first observe that, by the chain

rule for BV functions (see e.g., [4, Example 3.97])

0 = ∇· (n⊗a) =
(
n(∇a ·a)+∇ana

)
L 3 +

(
n+⊗a+−n−⊗a−

)
m H 2 Sa⊗n, (4.26)

where we denoted by ∇a the absolutely continous part of the gradient. Given (I)–(II)

above, under our hypotheses we have
(
n+⊗ a+−n−⊗ a−

)
m = 0 H 2−a.e. on Sa⊗n.

Furthermore, as |n| = 1 a.e., we have

0 = ∇|n|2 = nT∇an L 3.

Therefore, multiplying (4.26) by n and exploiting the fact that |n| = 1 a.e., we thus

get

∇a · a = 0, a.e. in Ω.
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Therefore, as a ∈ SBV (Ω), for every φ ∈ C1
c (Ω) we have

−
∫

Ω

∇ϕ · a dx =

∫
Sa

ϕ(a+ − a−) ·m dH 2 +

∫
Ω

ϕ∇a · a dx = 0

which concludes the proof.

We now focus on compound twins. Thanks to Proposition 1.4.2 we know that if two

martensite variants U1,U2 ∈ R3×3
Sym+ form a compound twin, then there exists µ > 0,

v ∈ S2 such that U1v = U2v = µv. In this case, [36, Theorem 2.5.1] states:

Theorem 4.5.1. Let U1, . . . ,Un ∈ R3×3
Sym+, such that detUi = D > 0, and such that

Uiv = µv for some µ > 0,v ∈ S2, for each i = 1, . . . , n. Let also

H =
n⋃
i=1

SO(3)Ui.

Then, there exists l ∈ N,w1, . . . ,wl such that

Hqc =

 F ∈ R3×3

∣∣∣∣∣
detF = D, FTFv = µ2v and

|Fwi|2 ≤ max
j=1,...,n

|Ujwi|2 for each

i = 1, . . . , l.


Therefore, in this simple case which includes compound twins, we can actually

construct the quasiconvex hull of the set. An interesting result is given by the follow-

ing lemma:

Lemma 4.5.2. Let U1, . . . ,Un ∈ R3×3
Sym+, such that detUi = D > 0, and such that

Uiv = µv for some µ > 0,v ∈ S2, for each i = 1, . . . , n. Let also

H =
n⋃
i=1

SO(3)Ui,

and µ 6= 1. Then every map y ∈ W 1,∞(Ω;R3) satisfying ∇y(x) ∈ Hqc and ∇y(x) =

1+a(x)⊗n(x) for a.e. x in Ω is such that a⊗n is constant, and |a| = |µ|−1|D−µ2|.

Remark 4.5.2. It comes up in the proof of Lemma 4.5.2 that the following condition

1 ≥ µ2(1− µ2)

(D2 − µ4)
> 0 (4.27)

is necessary in order to have the existence of a ∈ R3,n ∈ S2 such that 1+a⊗n ∈ Hqc.

We refer the reader to [13] for some stricter necessary conditions for this to hold.
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Proof. Thanks to a change of coordinates, we can suppose without loss of generality

that v = e3. In this case, every F ∈ Hqc satisfies

FTF =

 α γ 0

γ β 0

0 0 µ2

 (4.28)

and

αβ − γ2 = D2µ−2. (4.29)

We are first interested in solving 1 + a⊗ n ∈ Hqc for a ∈ R3,n ∈ S2. By (4.28), the

first step is to solve the following nonlinear system of equations for the components

of a and n: 

1 + 2a1n1 + |a|2n2
1 = α

1 + 2a2n2 + |a|2n2
2 = β

a1n2 + a2n1 + |a|2n1n2 = γ

a3n1 + a1n3 + |a|2n1n3 = 0

a3n2 + a2n3 + |a|2n2n3 = 0

1 + 2a3n3 + |a|2n2
3 = µ2

(4.30)

subject to the constraint (4.29). As a first step we compute αβ − γ2 using system

(4.30). After rearranging terms

αβ − γ2 = 2(a1n1 + a2n2) + 1 + |a|2(n2
1 + n2

2)− (a1n2 − a2n1)2.

Since |n| = 1, using last equation of (4.30) follows that

|a|2(n2
1 + n2

2) = |a|2(1− n2
3) = |a|2 + 1 + 2a3n3 − µ2,

which leads to

αβ − γ2 = 2(a · n) + 2 + |a|2 − µ2 − (a1n2 − a2n1)2.

Finally, by recalling (4.16) we deduce

αβ − γ2 = 2D + |a|2 − µ2 − (a1n2 − a2n1)2. (4.31)

Thus, it is immediately seen that (4.31) together with the first of (4.29) implies

(a1n2 − a2n1)2 = 2D + |a|2 − µ2 − D2

µ2
= |a|2 − 1

µ2
(D− µ2)2. (4.32)
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On the other hand, exploiting the last equation of (4.30) in the fourth and fifth one

we have

a2n3 − a3n2 = −n2

n3

(µ2 − 1) (4.33)

a3n1 − a1n3 =
n1

n3

(µ2 − 1). (4.34)

We note that it is legitimate to divide by n3 since the last identity in (4.30) together

with µ 6= 1 implies n3 6= 0. By putting together (4.32)-(4.34) we thus get

a× n =

 −n2

n3
(µ2 − 1)

n1

n3
(µ2 − 1)

±
√
|a|2 − 1

µ2
(D− µ2)2

 . (4.35)

Since (a× n) · n = 0 we have

n3

√
|a|2 − 1

µ2
(D− µ2)2 = 0, (4.36)

which, as n3 6= 0, leads to |a|2 = 1
µ2

(D − µ2)2. In this case the norm of a is hence

forced to be constant. We restrict ourselves without loss of generality to the case

D 6= µ2.

We now want to write a in terms of the orthogonal vectors (n,n⊥,n×n⊥), where

n⊥ :=

 n2

−n1

0

 , n× n⊥ =

 n1n3

n2n3

n2
3 − 1

 . (4.37)

It is important to remark that, if n1 = n2 = 0 then it is easy to see from (4.30) that

a1 = a2 = 0, so we do not lose any generality with this representation. We have,

a = a(1)n + a(2)n⊥ + a(3)n× n⊥.

As a first thing, recalling that det(1+a⊗n) = D, we deduce that a(1) = a ·n = D−1.

On the other hand, taking cross product of a with n follows that

n× a = a(2)n× n⊥ − a(3)n⊥. (4.38)

A comparison of (4.38) with (4.35) and (4.36) thus leads to a(3) = 1
n3

(1 − µ2), and

a(2) = 0, which implies

a = (D− 1)n +
1

n3

(1− µ2)n× n⊥ = (D− µ2)n− 1

n3

(1− µ2)e3, (4.39)
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with e3 = (0, 0, 1)T . As a first thing now we want to check whether it is possible to

have |a|2 = 1
µ2

(D − µ2)2. Since the orthogonal vectors n and n × n⊥ satisfy |n| = 1

and |n× n⊥|2 = 1− n2
3, by rearranging the terms it is possible to obtain

n2
3 =

(1− µ2)2

(1− µ2)2 + 1
µ2

(µ2 −D)2 − (D− 1)2
=

(1− µ2)
1
µ2

(D2 − µ4)
. (4.40)

It is easy to check that a pair of vectors (n, a) with a defined in terms of

n as in (4.39), and where n3 is given by (4.40), satisfies the equations of (4.30).

Thus, it turns out that (4.27) in necessary in order not to contradict |n| = 1,

1− n2
3 = n2

1 + n2
2 ≥ 0 and n2

3 > 0 (see also Remark 4.5.2).

Let us now check when a map y ∈ W 1,∞(Ω;R3) such that ∇y(x) satisfies (4.28)–

(4.29) and ∇y(x) = 1+a(x)⊗n(x) for a.e. x in Ω. We have to verify that conditions

expressed in (4.17) hold, that is, we have to check when the constructed deformations

are actually gradients, by verifying that ∇ × (ain) = 0 for i = 1, 2, 3, in the distri-

butional sense. Since D and µ are constants, so is |n3| =
√

(µ2 − µ4)(D2 − µ4)−1

. Hence, by (4.39), |a3| is constant and non zero as long as µ2 6= D and µ 6= 1,

which is our case. Furthermore, n3 = sign(n3)|n3| and a3 = ±|a3| sign (n3), where the

sign depends on µ,D only and is hence fixed. We can hence suppose without loss of

generality a3 = |a3| sign (n3). Therefore,

∇× (a3n) = |a3|∇ × (sign(n3)n) = 0,

implies

∇× (sign(n3)n) = 0,

in the sense of distributions. This implies the existence of ψ ∈ W 1,2(Ω) such that

sign(n3)n = ∇ψ (see e.g., [43]). On the other hand, by Proposition 4.5.2

∇ · (an3) = |n3|∇ · (sign(n3)a) = 0,

which implies

∇ · (sign(n3)a) = 0,

in the sense of distributions. Furthermore, we have from (4.39) that

∇ · (sign(n3)a) = (D− µ2)∇ · (sign(n3)n)

which thus implies that ψ is harmonic in the sense of distributions. By using standard

elliptic theory (see e.g., [39]) we can thus deduce that ψ ∈ C∞(Ω). On the other hand,

as |∇ψ|2 = 1, we have

∇ψT∇2ψ = 0, for all x ∈ Ω,
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which implies that one eigenvalue of the Hessian matrix is null. Another eigenvalue

is 0 as e3 is a left eigenvector related to 0 for ∇2ψ, and is not parallel to n unless

n = e3, in which case (4.40) forces sign(n3)n = e3 everywhere. The fact that ψ is

harmonic, i.e., tr∇2ψ = 0, thus means that ∇ψ is constant. Therefore, sign(n3)n is

constant, and as a consequence of (4.39), so is sign(n3)a and a⊗ n.

Remark 4.5.3. In case µ = 1, it is not possible to deduce the same rigidity as in

Lemma 4.5.2. Indeed, it can be deduced from equations (4.30) that µ = 1 implies

either n3 = a3 = 0, or a = (D− 1)n, but in the latter case the last equation in (4.30)

implies a⊗ n = 0. The problem becomes thus two-dimensional, and we can rewrite

n =
(
n1, n2, 0

)T
, n⊥ =

(
n2,−n1, 0

)T
, a(s) = (D− 1)n + sn⊥,

for some s ∈ R, n1, n2 ∈ [−1, 1] with n2
1 + n2

2 = 1. Now, take two martensite variants,

for example,

U1 =
1

2

 λm + λM λm − λM 0

λm − λM λm + λM 0

0 0 2

 , U2 =
1

2

 λm + λM λM − λm 0

λM − λm λm + λM 0

0 0 2

 ,
generating a compound twin, and such that their biggest and smallest eigenvalue,

namely λM and λm, satisfy λm < 1 < λM . Assume further, for simplicity, λ2
m+λ2

M > 2

and 1
2
≤ λmλM < 1. We can take for example λm = 0.9 and λM = 1.1. It can be

computed that (SO(3)U1 ∪SO(3)U2)qc coincides with the set of matrices F satisfying

(4.28)–(4.29), where 0 ≤ α, β ≤ 1
2
(λ2

m + λ2
M). Consider now F = 1 + a(s)⊗ n, then

α = 1 + n2
1(D2 − 1 + s2) + sn1n2, β = 1 + n2

2(D2 − 1 + s2)− sn1n2.

Choosing for simplicity n2 = 0 and s small enough, we get

0 < α, β <
1

2
(λ2

m + λ2
M), αβ > D2.

Thus, there exists ε > 0, and an open interval [â0 − ε, â0 + ε] such that for every

smooth function f : R→ [â0 − ε, â0 + ε] we have that

1 + a(f(x · n⊥))⊗ n,

is the gradient of a smooth map y, which is not constant, and which satisfies ∇y(x) ∈
(SO(3)U1 ∪ SO(3)U2)qc and (H1)–(H2) for each x. Therefore, a rigidity result as the

one in Lemma 4.5.2 does not hold in general when µ = 1.
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By adding the further hypotheses that y|∂Ω is the restriction on ∂Ω of a 1 − 1

map, we can extend Lemma 4.5.2 to general two well problems

Proposition 4.5.3. Let U,V ∈ R3×3
Sym+ and RI ,RII ∈ SO(3), bI ,bII ,mI ,mII ∈

R3 \ {0} satisfy

RiV = U + bi ⊗mi, i = I, II,

where (U,bI ,mI), (U,bII ,mII) do not fulfil (CC2). Assume y ∈ W 1,∞(Ω;R3) is such

that y|∂Ω = y0|∂Ω for some y0 ∈ C(Ω;R3) which is 1− 1 in Ω, and

∇y(x) ∈
(
SO(3)U ∪ SO(3)V

)qc
, ∇y(x) = 1 + a(x)⊗ n(x), (4.41)

a.e. in Ω, for some a ∈ L∞(Ω;R3),n ∈ L∞(Ω;S2). Then,

∇y = constant

Proof. Following the approach devised in [19], we introduce the orthonormal system

of coordinates

ui1 :=
U−1

1 mi

|U−1
1 mi|

, ui3 :=
bi
|bi|

, ui2 := ui3 × ui1,

with i = I, II to be chosen later, and let

Li := U−1
1

(
1− δiui3 ⊗ ui1

)
, δi =

1

2
|U−1

1 mi||bi|.

We set zi(x) := y(Lix) and the problem becomes equivalent to find a map zi ∈
W 1,∞(Ω;R3) such that

∇zi(x) ∈
(
SO(3)S−i ∪ SO(3)S+

i

)qc
, a.e. x ∈ ΩLi :=

{
x : Lix ∈ Ω

}
, (4.42)

with S±i = 1± δiui3 ⊗ ui1, and

∇zi(x) = Li + a(Lix)⊗ LTi n(Lix), a.e. in ΩLi , (4.43)

where a ∈ L∞(Ω;R3), n ∈ L∞(Ω;S2) are as in (4.41). By [6], zi is a plane strain and

satisfies

zi(x) = Q
(
zi1(si1, s

i
3)ui1 + s2u

i
2 + zi3(si1, s

i
3)ui3

)
, (4.44)

for some Q ∈ SO(3), some Lipschitz functions zi1, z
i
2, and where sij = x ·uij, j = 1, 2, 3.

As a consequence, from (4.43)–(4.44) we deduce

ui2 = QT∇zi(x)ui2 = QTLiu
i
2 + QTa(Lix)

(
n(Lix) · Liui2

)
,

ui2 = (∇zi(x))TQui2 = LTi Qui2 + LTi n(Lix)
(
a(Lix) · Qui2

)
,
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a.e. in ΩLi . That is,

a(x)
(
n(x) · Liui2

)
= (Q− Li)u

i
2, (4.45)

n(x)
(
a(x) · Qui2

)
= (L−Ti − Q)ui2, (4.46)

a.e. in Ω. Let us now consider the function

fi(µ) = det
(
(U + µbi ⊗mi)

T (U + µbi ⊗mi)− 1
)
, µ ∈ [0, 1], i = I, II.

Thanks to [18, Prop. 5] we know that fi is a quadratic polynomial and fi(µ) =

fi(1− µ). We first notice that

fi(µ) =
(
detU

)
det
(
(U + µbi ⊗mi)− (U + µbi ⊗mi)

−T )
=
(
detU2

)
det
(
(1− U−2) + µ2δ(ui3 ⊗ ui1 + ui1 ⊗ U−2ui3)

)
= det

(
(U2 − 1) + µ2δ(ui3 ⊗ U2ui1 + ui1 ⊗ ui3)

)
.

A derivation of fi with respect to µ leads

f ′i(µ)

= 2δ
(
detU2

)
cof
(
(1− U−2) + µ2δ(ui3 ⊗ ui1 + ui1 ⊗ U−2ui3)

)
: (ui3 ⊗ ui1 + ui1 ⊗ U−2ui3)

= 2δ
(
detU2

)(
cof(1− U−2)ui1 · (ui3 + U−2ui3) + µ4δ(1− U−2)ui2 · (ui1 × U−2ui3)

)
= 2δ

(
cof(U2 − 1)ui3 · (ui1 + U2ui1) + µ4δ(U2 − 1)ui2 · (U2ui1 × ui3)

)
.

We now fix i = I and claim that, under our hypotheses, there exist no Q ∈ SO(3)

such that (Q − L−TI )uI2 = 0. This, by (4.46) and the fact that |n| = 1 a.e. implies

that n is, up to a change of sign, equal to a constant. That is, n sign(nj) is constant,

for some j = 1, 2, 3 such that |nj| 6= 0 a.e. in Ω. To prove the claim we argue by

contradiction, and notice that the existence of Q ∈ SO(3) satisfying (Q−L−TI )uI2 = 0

implies

(U2 − 1)uI2 · uI2 = 0. (4.47)

Let us notice now that

(U2uI1 × uI3)× uI2 =
(
U2uI1 · (uI1 × uI3)

)
uI3. (4.48)

By making use of (1.12) in (4.48) we show that U2uI1 · (uI1×uI3) = 0, which by (4.48)

implies that U2uI1×uI3 is parallel to uI2. Therefore, by (4.47), we get that f ′I is constant

in µ. Furthermore, as fI is a quadratic polynomial and fI(µ) = fI(1 − µ) we have

that f ′I

(
1
2

)
= 0 and hence f ′I is identically 0. But, as

f ′I(µ)|µ=0 = 2bI · U cof(U2 − 1)mI = 0,
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we contradict the assumption that (U,bI ,mI) does not satisfy (CC2) concluding

the proof of the claim. We now fix i = II and claim that, under our hypotheses,

there exist no Q ∈ SO(3) such that (Q − LII)u
II
2 = 0. This, by (4.45) and the fact

that sign(nj)n is a constant implies that sign(nj)a is also a constant. To prove the

claim we argue again by contradiction, and notice that the existence of Q ∈ SO(3)

satisfying (Q− LII)u
II
2 = 0 implies

(U−2 − 1)uII2 · uII2 = 0. (4.49)

By making use of (1.13) we can now show that uII1 × U−2uII3 is parallel to uII2 , and

hence, by (4.49), that f ′II is constant in µ and identically 0. But, noticing that

f ′II(µ)|µ=0 = 2bII · U cof(U2 − 1)mII = 0,

we contradict the assumption that (U,bII ,mII) does not satisfy (CC2) concluding

the proof of the second claim.

In conclusion, we proved that sign(nj)n and sign(nj)a are constants, and there-

fore so must be ∇y.

Remark 4.5.4. It is clear from the proof of Proposition 4.5.3 that, if the type I

solution (U,bI ,mI) of the twinning equation (1.4.1) does not satisfy (CC2), but the

type II solution (U,bII ,mII) of (1.4.1) does, then we can guarantee that n in (4.41)

is constant up to a change of sign. Similarly, if the type I solution (U,bI ,mI) of the

twinning equation (1.4.1) does satisfy (CC2), but the type II solution (U,bII ,mII) of

(1.4.1) does not, then the direction of a in (4.41) is constant. That is, there exists

v ∈ R3 such that a× v = 0 a.e. in Ω. We refer the reader to Proposition 4.6.1 and

Proposition 4.6.2 for further examples under these hypotheses.

4.6 Macroscopic moving interfaces

In this section, we use the theory of the previous sections to prove some results

about martensitic microstructures. The results are different for different type of

twins. We start with compound twins and we recall that, by Proposition 1.4.2, two

martensite variants U1,U2 ∈ R3×3
Sym+ form a compound twin if and only if there exist

µ > 0,v ∈ S2 such that U1v = U2v = µv. Thanks to Lemma 4.5.2 we can prove that

in this case moving interfaces need to be planar and the related macroscopic gradient

constant.
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Theorem 4.6.1. Let U1,U2 ∈ R3×3
Sym+ be a compound twin and such that

U1w = U2w = µw

for some w ∈ R3, µ 6= 1. Then, every y satisfying the regular moving mask approxi-

mation and such that

∇y ∈ (SO(3)U1 ∪ SO(3)U2)qc, a.e. in Ω

is constant, and the related moving interfaces planar.

Proof. As y satisfies a regular moving mask approximation, by Theorem 4.4.1 we

know that ∇y = 1 + a ⊗ n for some a ∈ L∞(Ω;R3),n ∈ L∞(Ω;S2). Since µ 6= 1,

we can apply Lemma 4.5.2 and thus deduce that ∇y is constant in Ω. The function

z(x) := y(x) − x is such that z ∈ W 1,∞(Ω;R3) and is constant in every connected

component of ΩA(t), for each t ≥ 0. Thus, Γ(t) must be a (or at least the union of

disconnected subsets of a) level-set for z, and hence a plane (or union of disconnected

planes) as ∇z is constant and rank-one in Ω.

By arguing in the same way, Theorem 4.6.1 can be generalised to a wider range

of situations as stated in Theorem 4.6.2 below. This is relevant, for example, in the

cubic to monoclinic transformation occurring in Zn45Au30Cu25, where there are 3 sets

of four deformation gradients satisfying the hypotheses of Theorem 4.6.2.

Theorem 4.6.2. Let U1, . . . ,UN ∈ R3×3
Sym+ be such that Uiw = µw and detUi = D

for some w ∈ R3, µ 6= 1 and every i = 1, . . . , n. Then, every y satisfying the regular

moving mask approximation and such that

∇y ∈ (∪Ni=1SO(3)Ui)
qc, a.e. in Ω

is constant, and the related moving interfaces planar.

The second result is related to type I twins satisfying the cofactor conditions. In

this case we can prove that simple laminates can form macroscopically curved families

of austenite-martensite interfaces with no transition layer. The proof strongly relies

on Theorem 1.4.2.

Proposition 4.6.1. Let U1 and U2 be two martensitic variants and R̂ ∈ SO(3),

bI ,mI ∈ R3 be a type I solution to (1.10) and satisfying the cofactor conditions.

Then, there exist R0,R1 ∈ SO(3), ξ ∈ R, a0 ∈ R3, n0,n1 ∈ S2 such that for every
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λ ∈ L∞(Ω; [0, 1]) satisfying ∇λ × (ξn1 − n0) = 0 in the sense of distributions, there

exists y ∈ W 1,∞(Ω;R3) with

∇y = R0[(1− λ)U1 + λR̂U2] = 1 + a0⊗
(
λξn1 + (1− λ)n0

)
, a.e. in Ω.

Furthermore, y satisfies a regular moving mask approximation, the related moving

interfaces are curved, and ∇·
(
|λξn1 +(1−λ)n0|a0

)
= 0 in the sense of distributions.

Proof. From Theorem 1.4.2 and in particular from (1.18) we know the existence of

R0,R1 ∈ SO(3), ξ ∈ R, a0 ∈ R3, n0,n1 ∈ S2 such that

R0[(1− λ)U1 + λR̂U2] = 1 + a0⊗
(
λξn1 + (1− λ)n0

)
, for all λ ∈ [0, 1].

We thus choose λ ∈ L∞(Ω) to be a function such that λ ∈ [0, 1] a.e., and define

a(x) := a0|n0 + λ(x)(ξn1 − n0)|, n(x) :=
n0 + λ(x)(ξn1 − n0)

|n0 + λ(ξn1 − n0)|
,

so that n has unitary norm. In the notation of Theorem 1.4.2, we have

det(R0[(1− λ)U1 + λR̂U2]) = det(R0) det(U1 + λbI ⊗mI) = detU1

where the Sherman-Morrison inversion formula and the fact that U−1
1 n · a = 0 have

been used. That is,

a0 · (n0 + λ(ξn1 − n0))

is constant independently of λ, or, in an equivalent way,

a0 · (ξn1 − n0) = 0. (4.50)

We just need to check if it is possible to have

∇× (ain) = 0.

Exploiting the definition of a and n get that this is satisfied if and only if

∇λ× (ξn1 − n0) = 0, (4.51)

in a weak sense. Therefore, if Ω is convex λ must satisfy λ(x) = f(x · (ξn1−n0)), for

some f ∈ L∞(R; [0, 1]), and thus

y = x + a0(n0 · x + F (x · (ξn1 − n0)) + c,
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for some constant c ∈ R3, and where F (s) =
∫ s

0
f(s) ds. Therefore, after choosing

IT :=
(

inf
x∈Ω

G(x), sup
x∈Ω

G(x)
)
,

where G(x) = n0 ·x +F (x · (ξn1−n0)), we deduce that the image of z(x) = y(x)−x

is c + ta0, for t ∈ IT . If Ω is connected but not convex, then λ might not be of the

form f(x · (ξn1 − n0)), but the image of z(x) = y(x) − x is still contained in the

one-dimensional line c + ta0, for some c ∈ R3 and t in some bounded interval ÎT . We

can thus use Corollary 4.4.1 and deduce the existence of a family of moving interfaces,

which are also level sets for z(x).

In order to prove that ∇ · a, we first mollify λ and, defined m as m := ξn1 − n0,

notice that thanks to Fubini’s theorem for distributions we can write〈
∇λε ×m,ψ

〉
D′,D =

〈
∇λ, (m×ψε)

〉
D′,D =

〈
∇λ×m,ψε

〉
D′,D = 0,

thanks to (4.51), for all ψ ∈ C∞c (Ω,R3). Therefore, ∇λε ‖m, and, by (4.50),

∇λε · a0 = 0. (4.52)

On the other hand, exploiting the smooth dependence on λ of a and the fact that

λε → λ in Lp(Ω) for every p ∈ [1,∞), we have∫
Ω

a(λ) · ∇ψ dx = lim
ε→0

∫
Ω

a(λε) · ∇ψ dx = − lim
ε→0

∫
Ω

g′(λε)a0 · ∇λεψ dx

for every ψ ∈ C∞c (Ω) and where g(s) = |n0 + s(ξn1−n0)|. The last term in the chain

of identities above is null due to (4.52), and therefore the proof is concluded.

Finally, a result related to type II twins satisfying the cofactor conditions:

Proposition 4.6.2. Let U1 and U2 be two martensitic variants and R̂ ∈ SO(3),

bII ,mII ∈ R3 be a type II solution to (1.10) and satisfying the cofactor conditions.

Then, there exist R0 ∈ SO(3), ξ ∈ R, a0, a1 ∈ R3, n0 ∈ S2 such that for every

λ ∈ L∞(Ω; [0, 1]) satisfying ∇λ × n0 = 0 in the sense of distributions, there exists

y ∈ W 1,∞(Ω;R3) with

∇y = R0[(1− λ)U1 + λR̂U2] = 1+
(
λξa1 + (1− λ)a0

)
⊗n0, a.e. in Ω.

Furthermore, y satisfies a regular moving mask approximation, and

∇ ·
(
λξa1 + (1− λ)a0

)
= 0

in the sense of distributions.
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Proof. From Theorem (1.4.3) and in particular from (1.20) we know the existence of

R0,R1 ∈ SO(3), ξ ∈ R, a0, a1 ∈ R3, n0 ∈ S2 satisfying

R0[(1− λ)U1 + λR̂U2] = 1+
(
λξa1 + (1− λ)a0

)
⊗n0, for all λ ∈ [0, 1].

Thus choose λ ∈ L∞(Ω) to be a function such that λ ∈ [0, 1] a.e., and define

a(x) := (a0 + λ(x)(ξa1 − a0))

It is trivial to check, by arguing as in the proof of Proposition 4.6.1, that also (H2)

holds.

Now, by taking the curl of ∇yi we deduce that

∇× (λn0) = ∇λ× n0 = 0,

in the sense of distributions. Therefore taking λ such that ∇λ ‖ n in a weak sense,

by Proposition 4.4.1 and Remark 4.4.1 follows the existence of a family of moving

planar interfaces. The fact that ∇·a = 0 in the sense of distributions trivially follows

from Proposition 4.5.2.

4.7 Experimental evidence

The physical assumptions which were made in this work and some of the prop-

erties that have been deduced here are currently being investigated from an experi-

mental perspective. Indeed, the authors of [27] have used X-ray Laue microdiffrac-

tion to measure the orientations and structural parameters of variants and phases in

Zn45Au30Cu25. With this modern technique, the scanned area is meshed with small

rectangles (e.g., in [27] authors use 2 µm wide squares), and one can identify the

phase and variant in each cuboid which has as a basis a rectangle of the mesh and

depth of approximate 2 µm from the sample surface. In cubes where a single phase or

variant has been recognised, one can also measure the lattice parameters necessary

to compute the average deformation gradient. In this way one can investigate what

is happening at the phase interface by studying the lattice parameters in mesh rect-

angles where a martensite variant has been recognised and which have at least one

neighbouring rectangle where the Laue microdiffraction was able to identify austen-

ite.

In this way, the authors of [27] compute in some of the mesh cubes lying on the
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interface the number ‖ cof(∇y− 1)‖, which, as it is easy to verify, is zero if and only

if ∇y− 1 is rank-one. Experimental results give ‖ cof(∇y− 1)‖ to be of the order of

10−4, which seems small enough to be considered zero, and hence to justify (H1).

Further investigations are ongoing to verify that ∇y(x) remains constant in time

when x is not on the interface. This seems a reasonable assumption, as long as no

external force acts on the sample and as long as one neglects other internal stresses

giving rise to elastic deformations which, anyway, seem to be small compared to the

deformations induced by the phase transition.

In conclusion, the data collected up till now seem to confirm the validity of the

assumptions that we made in the present work. However, in the images in [27] there

are many mesh cubes close to some of the phase interfaces where the X-ray Laue

microdiffraction is not able to recognize any single variant or phase, and hence where

the validity of the assumptions to get (H1) could be questioned or should be verified

in some other way.
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Chapter 5

Vanishing interfacial energy as a

selection mechanism for minimising

gradient Young measures

A common problem that arises when studying martensitic transformations in

the context of nonlinear elasticity (see e.g., [18, 19, 23, 62]) is to minimize an energy

functional

E(y) =

∫
Ω

φ(∇y(x)) dx,

where Ω is an open and bounded Lipschitz domain, and y : Ω → R3 is a map in a

suitable Sobolev space satisfying y = ȳ on ∂Ω, for some smooth enough mapping ȳ.

In this context, the continuous function φ : R3×3 → [0,+∞] is generally such that

φ(F ) = 0 ⇐⇒ F ∈ K :=
n∑
i=1

SO(3)Ui,

where n ≥ 1 and Ui are positive definite symmetric matrices representing the different

variants of martensite. As in general E is not quasiconvex, minimizers for this energy

might not exist. Therefore, following the idea of [18] one can study the behaviour of

minimizing sequences, having a gradient that tends in measure toK, and characterised

by interesting microstructures. In order to capture the limiting behaviour of the

minimising sequences, one can study the relaxed functional

Ē(ν) =

∫
Ω

∫
R3×3

φ(F ) dνx(F ) dx,

where ν is a gradient Young measure containing the information about microstruc-

tures in the crystal (see e.g., [19, 62, 69]). DefiningM1(R3×3) as the set of probability
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measures on R3×3, let us consider

A :=

 ν ∈ L∞w∗(Ω;M1(R3×3))

∣∣∣∣ supp νx ⊂ K, ∃y ∈ W 1,∞(Ω;R3) s.t. y = ȳ on ∂Ω,

and

∫
R3×3

Fdνx(F ) = ∇y(x) a.e. in Ω

 ,

and notice that this set is the set of minimizers of Ē whenever min Ē = 0. Here, we

denoted by L∞w∗(Ω;M1(R3×3)) the space L∞(Ω;M1(R3×3)) endowed with the weak*

topology. The solutions constructed in [65] with the technique of convex integration,

show that the set A might contain infinitely many minimizers for Ē, and its elements

might sometimes appear non-physical. In agreement with the physics, many authors

in the literature (see e.g., [16, 18, 37, 60, 32, 33]) have considered a regularization of

E that penalizes the second derivatives of y such as

Eε(y) =

∫
Ω

(
ε2|∇2y|2 + φ(∇y(x))

)
dx, or Ẽε(y) = ε|∇2y|(Ω) +

∫
Ω

φ(∇y(x)) dx.

(5.1)

Here, ε > 0 is small and |∇2y|(Ω) is the norm of ∇2y as a measure on Ω. Many

results have been proved in the case n = 2 and without boundary conditions. For

example, it is proved in [37] that the requirement ∇y ∈ BV (Ω;K) forces the gradient

discontinuities to be just on planes that never intersect in Ω. In [32] the limit solu-

tions for Eε as ε → 0 when K = {A,B} are characterized via a Γ-limit argument.

In the two-dimensional setting with K = {SO(2)A, SO(2)B} the generalised Γ-limit

has been analysed in [33], and strongly exploits the above mentioned result of [37].

More generally, we could argue that the physically relevant minimizers of Ē are

not those in A, but those belonging to the subset

B :=

{
ν ∈ A

∣∣∣∣ ∃ minimizers uεj of Eεj , with εj ↓ 0, such that

δ∇uεj → ν in L∞w∗(Ω;M1(R3×3))

}
,

or equivalently B̃ where Eεj is replaced by Ẽεj .

Finding an explicit characterization for B seems however out of reach for the

general three-dimensional problem. For this reason, in this work we focus on the

one-dimensional energy functional

E(u) =

∫ 1

0

(
W (ux) + u2

)
dx, (5.2)

which has been often considered in the literature (see e.g., [17, 60, 61, 68]) as a one-

dimensional prototype for E. Indeed, the role of the boundary conditions in more
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Figure 5.1: Minimizing sequences for E when 0 /∈ Z.

dimensions is played here by the term u2 in the energy, which forces the L2−norm

of the minimisers (or of the minimising sequences) to be close to a prescribed value,

which is chosen to be null for simplicity, and whose gradient does not sit on the wells.

Suppose W satisfies

(H1) W : R 7→ R+ is a continuous non-negative function;

(H2) there exist c1, c2, c3 > 0 and p ∈ (1,∞) such that

c1|s|p − c2 ≤ W (s) ≤ c3(|s|p + 1), ∀s ∈ R;

(H3) W (s) = 0, ∀s ∈ Z, W (s) > 0, otherwise, where

Z := {s ∈ R : s ∈ argmin(W )}.

If Z has a finite number of elements, if there exist z1, z2 ∈ Z with z1 < 0 < z2, and if

0 /∈ Z, then W is not convex and E does not have minimizers in W 1,p
0 (0, 1). Indeed,

by constructing arbitrarily small saw-tooth functions (cf. Figure 5.1) with gradient

in Z one can show that inf E = 0. Therefore, the existence of a minimizer u ∈ W 1,p
0

would imply u = 0, and hence ux = 0 a.e. in (0, 1), which is in contradiction with the

fact that, by (H3), W (0) 6= 0. For this reason, we consider the regularized problem

Eε(u) =

{∫ 1

0

(
ε6|uxx|2 +W (ux) + u2

)
dx, if u ∈ W 1,p

0 (0, 1) ∩H2(0, 1),

+∞, otherwise,
(5.3)
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which is the one-dimensional analogue of (5.1). Eε can also be rewritten by using

gradient Young measures (see e.g., [62, 69]) as

Ēε(u, ν) =

{
Eε(u), if u ∈ W 1,p

0 (0, 1) and νx = δux(x) a.e. in (0, 1),

+∞, otherwise,
(5.4)

with δs denoting the Dirac mass at s. In this case the problem admits a solution in

W 1,p
0 (0, 1) ∩ H2(0, 1) and the question arises as to what happens to the limit of the

minimizers uε as ε ↓ 0. For every u ∈ W 1,p
0 (0, 1) let us define the set of its gradient

Young measures

GYMp(u) :=

 ν ∈ L∞w∗(0, 1;M1(R))

∣∣∣∣
∫
R
s dνx(s) = ux(x) a.e. x ∈ (0, 1),∫ 1

0

∫
R
|s|p dνx(s) dx <∞

 ,

GYM∞(u) :=

 ν ∈ L∞w∗(0, 1;M1(R))

∣∣∣∣
∫
R
s dνx(s) = ux, supp νx ⊂ K a.e. in

(0, 1), K ⊂ R compact

 .

Here, M(R) and M1(R), often abbreviated below by M and M1, are respectively

the space of bounded Radon measures µ on R, and its subset of probability measures.

A preliminary result that is proved later in Section 5.1 is the following

Proposition 5.0.1. Let W satisfy (H1)–(H3). Then, Ēε Γ−converges to

E0(u, ν) =

{∫ 1

0

(
〈νx,W 〉+ u2

)
dx, if u ∈ W 1,p

0 (0, 1), ν ∈ GYMp(u),

+∞, otherwise,

in the L2(0, 1)× L∞w∗(0, 1;M) topology as ε tends to 0.

If Z = {z1, z2} with z1 < 0 < z2, then under (H1)–(H3) minimizers (u, ν) of E0

must satisfy

u(x) = 0, ν ∈ GYMp(0), supp νx ∈ Z, a.e. in (0, 1). (5.5)

These conditions determine a unique minimizer (u, ν) to E0, namely

u(x) = 0, νx =
z2

z2 − z1

δz1 −
z1

z2 − z1

δz2 , a.e. x in (0, 1).

Let us assume

(H4) Z =
{
z1, z2, z3

}
, and, without loss of generality, that z1 < 0 < z2 < z3.
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In this case, given any arbitrary measurable

λ : (0, 1)→
[
0,
(

1− z2

z1

)−1]
,

the pair (u, ν) defined for almost every x ∈ (0, 1) as u(x) = 0 and

νx = −z3 + λ(x)(z2 − z3)

z1 − z3

δz1 + λ(x)δz2 +
z1 + λ(x)(z2 − z1)

z1 − z3

δz3 ,

minimises E0. As a consequence, by assuming (H1)–(H4), uniqueness of minimizers

for E0 is lost, that is, the gradient of the minimizing sequences for E oscillate, and

converge in measure to {z1, z2, z3} without any particular preference. The aim of this

work is to prove that minimizers of Eε generate gradient Young measures supported

in {z1, z2}, but not in z3. Therefore, by choosing minimisers of Eε with ε ↓ 0 as min-

imizing sequences for E we can select a unique minimising gradient Young Measure,

out of the infinitely many given above.

Let

V := H2(0, 1) ∩W 1,p
0 (0, 1).

Then we define Iε by

Iε(u) = Iε(u, ν) :=

{
ε−2
∫ 1

0

(
ε6u2

xx +W (ux) + u2
)

dx, if u ∈ V, νx = δux(x),

+∞, otherwise.

We remark that this problem was thoroughly studied in [60, 61], under the assumption

that W is a double-well potential, and where quasi-periodicity of the minimizers was

also proved. As shown below, however, generalization to a three well problem is non-

trivial and requires a good understanding on the possible shape of the minimizing

sequences. We also point out that the behaviour of Iε is different from the one of

Modica-Mortola type functionals (see e.g., [29, 57]) as ε ↓ 0. Indeed, in our case the

term in u2 forces minimizers of Iε to oscillate faster and faster as ε ↓ 0, making the

number of oscillations in the gradient tend to infinity. In what follows we define

E0 := 2

∫ z2

z1

|W (s)|
1
2 ds, E1 := 2

∫ z3

z2

|W (s)|
1
2 ds,

and

A0 := inf
d

(
3−1z2

2z21d
2 + E0d

−1) = (2−13)
2
3E

2
3
0

(
z2

2z21

) 1
3 ,

B0 := inf
d

(
3−1z2

3z31d
2 + (E0 + E1)d−1) = (2−13)

2
3 (E0 + E1)

2
3

(
z2

3z31

) 1
3 .

where zi1 := (1− zi
z1

) for i = 2, 3. Further assumptions on W are:
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(H5) (Coercivity) There exist η0 ∈ (0,min{1,−z1, z2,
z3−z2

2
}), c0 > 0, q > 0 such that

W (s) ≥ c0 min
{

min
i
|s− zi|q, |η0|q

}
, ∀s ∈ R;

(H6) Let f6(y) := 9(E0 + E1)2
(
z2

2 + y3z2
3 + 3yz2(yz3 + z2)

)
, then

f6(y)−
(
A0 +B0y

)3 ≥ 0, for every y ≥ 0;

(H7) Let f7(y) := 9
4
(E0 + 2E1)2

(
z2

2z21 + y3z2
3z31 + 3yz2z31(yz3 + z2)

)
, then

f7(y)−
(
A0 +B0y

)3 ≥ 0, for every y ≥ 0;

(H8) Let

f8(y) := 9(E0 + E1)2

(
z2

2z21 + y3z2
3z31 − 3

(y2z31z3 − z2z21)2

4(z21 + yz31)

)
,

then,

f8(y)−
(
A0 +B0y

)3 ≥ 0, for every y ≥ 0;

These technical assumptions are used to guarantee that the microstructures con-

structed in Section 5.2 are energetically preferable to those constructed in Proposition

5.6.1 and Proposition 5.6.2 (see also Figure 5.7). Here by microstructure we mean the

shape of a building block which is repeated quasi-periodically in configurations of low

energy for Iε. The period gets smaller with ε. The preferred microstructure clearly

depends on the position of the wells, that is on z1, z2, z3, and on the cost of passing

from one well to the other, that is on E0, E1. (H6) and (H7) reduce to checking that

two cubic polynomials are non-negative on R+. (H6)–(H8) can be verified easily with

a computer and hold in a wide range of cases. We refer the reader to Section 5.6.1

for more details and for a couple of examples.

The first result that we prove is a second Γ−limit for Ē

Theorem 5.0.1. Assume (H1)-(H8). Then Iε(u, ν) Γ−converges in the L2(0, 1) ×
L∞w∗(0, 1;M) topology to

I0(u, ν) =

A0

∫ 1

0
νx(z2) dx+B0

∫ 1

0
νx(z3) dx,

if u = 0, ν ∈ GYM∞(0),

supp ν ⊂ Z a.e.,

+∞, otherwise.
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We remark that, as ν ∈ GYM∞(0), and supp ν ⊂ Z a.e., we must have∫ 1

0

νx(z3) dx = z−1
31 −

z21

z31

∫ 1

0

νx(z2) dx.

On the other hand A0 <
z21
z31
B0, so that I0(0, ν) is a linearly decreasing function of∫ 1

0
νx(z2). Therefore, the minimum for I0 is attained for∫ 1

0

νx(z3) dx = 0,

∫ 1

0

νx(z2) dx = z−1
21 .

Thus minimizing sequences for Eε have gradients tending in measure to {z1, z2}, and

z3 is not seen in the limit. That is, the vanishing interfacial energy limit selects a

unique minimizer out of the infinitely many minimizers of E0.

As shown in Section 5.6, (H7) and (H8) are necessary conditions to prove the

above Γ−limit result. Nonetheless, it turns out that we can characterize the set of

gradient Young measures generated by minimizing sequences for Iε, even without the

second Γ−limit for Ē . This is the result of the following theorem, where also (H6) is

relaxed:

Theorem 5.0.2. Assume (H1)–(H5) and z3 ≤ 3|z1|. Then every gradient Young

measure ν ∈ GYM∞(0) generated by a sequence uεj of minimizers for Eεj , satisfies

supp νx ∈ {z1, z2}, νx =
z2

z2 − z1

δz1 −
z1

z2 − z1

δz2 , a.e. x ∈ (0, 1).

In this way we have shown that, in our case, even if the set of gradient Young

measures minimizing E0 has infinitely many elements, its subset generated by mini-

mizers for the regularized and rescaled problem Iε, which are also minimizers for Eε,
contains just one element.

Therefore, the one-dimensional model problem studied in this chapter confirms that

vanishing interface energy can be used as a tool to select minimizing gradient Young

measures. This suggests that for the three-dimensional problem E the set B is actu-

ally much smaller than A. Furthermore, our results show that the shape of the second

Γ−limit for Eε might change with the shape of φ. Nonetheless, as in our model prob-

lem, it might be possible to characterize B independently of the second Γ−limit for Eε.

The plan for the chapter is the following: in Section 5.1 we prove Proposition

5.0.1, in Section 5.2 and 5.3 we compute some upper and lower bounds for Iε. Section

5.4 is devoted to prove Theorem 5.0.1, while Section 5.5 is devoted to prove Theorem
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5.0.2. Finally, in Section 5.6 we sketch necessity of (H7)–(H8) and give an example

where (H7)–(H8) hold, and one where they don’t.

In the following sections we will denote by c a generic positive constant depending

only on the parameters of the problem, and not on the quantities N,M, η, ε, µ, j

appearing below. Its value may change from line to line or even within the same line.

5.1 Proof of the first Γ−limit

In this section we prove Proposition 5.0.1.

We first observe that, as Ēε(u, ν) is a monotone sequence in ε, the Γ−limit

exists and is given by the lower semicontinuous envelope of the pointwise limit of the

sequence (cf. [25, Remark 1.40]), that is, the Γ−limit is given by

sc

{∫ 1

0

(
〈νx,W 〉+ u2

)
dx, if u ∈ V, νx = δux(x) a.e. in (0, 1),

+∞, otherwise,
(5.6)

where sc denotes the lower semicontinuous envelope with respect to the topology

L2(0, 1)× L∞w∗(0, 1;M). We first claim that (5.6) is equal to

sc

{∫ 1

0

(
〈νx,W 〉+ u2

)
dx, if u ∈ W 1,p(0, 1), νx ∈ GYMp(u),

+∞, otherwise,
(5.7)

that is we can relax the requirement u ∈ V, νx = δux(x) a.e. in (0, 1). Indeed,

given an u ∈ W 1,p
0 (0, 1), we can approximate it by uj ∈ H2(0, 1) such that uj → u

strongly in W 1,p
0 (0, 1). Therefore, by passing into the limit as j tends to ∞ we

can drop the requirement u ∈ H2(0, 1) in (5.6). Now, let ν ∈ GYMp(u) for some

u ∈ W 1,p
0 (0, 1). Then by [69, Thm. 8.7] we know the existence of a sequence uj ∈

W 1,p(0, 1) converging weakly to u in W 1,p(0, 1), strongly in L2(0, 1), such that δujx
converges to ν in L∞w∗(0, 1;M). Thanks to [69, Lemma 8.3] the sequence can actually

be chosen in W 1,p
0 (0, 1). Therefore, the fact that (cf. [69, Thm. 6.11])

lim inf
j

∫ 1

0

〈δujx ,W 〉 dx ≥
∫ 1

0

〈νx,W 〉 dx,

allows us to drop also the requirement on ν that νx = δux(x) in (5.6), concluding the

proof that (5.6) is equal to (5.7). We now claim that we can drop sc from (5.7), that

means, that{∫ 1

0

(
〈νx,W 〉+ u2

)
dx, if u ∈ W 1,p(0, 1), νx ∈ GYMp(u),

+∞, otherwise,
(5.8)
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is already lower semicontinuous in the L2(0, 1)×L∞w∗(0, 1;M) topology. To prove this

claim, it is sufficient to show that for every sequence (uj, ν
j) ∈ L2(0, 1) × GYM(uj)

converging to (u, ν) in L2(0, 1)× L∞w∗(0, 1;M), we have lim infj E0(uj, ν
j) ≥ E0(u, ν).

We will follow the approach devised in [20]. If lim infj E0(uj, ν
j) = ∞, the thesis

follows trivially. Therefore, by passing without loss of generality to a subsequence,

we can assume E0(uj, ν
j) ≤ C. By (H2), this implies that∫ 1

0

〈νjx, | · |p〉 dx ≤ C,

and, by [77, Thm. 3.6], we deduce that νx is a probability measure for almost every

x ∈ (0, 1). Jensen’s inequality and the fact that | · |p is convex yield∫ 1

0

|ν̄jx|p dx ≤
∫ 1

0

〈νjx, | · |p〉 dx ≤ C, where ν̄j :=

∫
R
s dνj(s).

It follows that ν̄j ⇀ ν̄ in Lp(0, 1) and, therefore, that uj ⇀ u in W 1,p(0, 1), where ux =

ν̄. A result like the one in [77, Prop. 4.5] finally gives us that ν ∈ GYMp(u). At this

point, an application of [77, Prop. 3.7] allows us to deduce that lim infj E0(uj, ν
j) ≥

E0(u, ν), thus concluding the proof.

Remark 5.1.1. Following the same strategy it is actually possible to prove that Eε

and Ẽε Γ−converge in the L1(Ω)× L∞w∗(Ω;M1(R3×3)) topology to Ē as ε→ 0.

5.2 Construction of an upper bound

In this section we prove the following proposition:

Proposition 5.2.1. Assume (H1)–(H5). There exist ζ > 0 and ε0 > 0, such that for

every λ1, λ2, λ3 ∈ [0, 1] satisfying

λ1 + λ2 + λ3 = 1, z1λ1 + z2λ2 + z3λ3 = 0, (5.9)

and every ε ≤ ε0 we can find u ∈ V with

Iε(u) ≤ (A0λ2 +B0λ3) + cεζ . (5.10)

Furthermore, for every σ ∈ (ε
1

max{3,q} , η0)∣∣L ((0, 1)∩{|ux− z2| ≤ σ}
)
−λ2

∣∣+ ∣∣L ((0, 1)∩{|ux− z3| ≤ σ}
)
−λ3

∣∣ ≤ cεζ . (5.11)
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Proof. Here we generalise the approach devised in [60]. Let us divide the interval

(0, 1) into the subintervals (0, l0), with l0 := (1 − z2
z1

)λ2 = z21λ2 and (l0, 1), noticing

that, by (5.9), 1− l0 = (1− z3
z1

)λ3 = z31λ3. We first construct the bit of u with energy

A0λ2 in (0, l0), and then use the same argument to construct on (l0, 1) the bit of u

which has energy B0λ3.

We start by splitting the interval (0, l0) into N pieces of length lN := z21λ2
N

= l0
N

.

Let us also consider ŵ(x), solution of

ε3ŵx =
√
W (ŵ), ŵ(0) = 0. (5.12)

Standard ODE theory tells us that ŵ exists, and that ŵ is strictly increasing with x

when ŵ(x) ∈ (z1, z2). We point out that, in case q < 2, the solution might not be

unique. In this case, when solutions encounter z1 or z2 we choose the one that stays

bounded in [z1, z2] and does not decease/increase further. As ŵ(x− ω) still satisfies

the equation in (5.12) for every ω ∈ R, we will choose ω = ω∗ so that

F (ω∗) :=

∫ lN

0

ŵ(s− ω∗) ds = 0. (5.13)

Indeed, this is possible as F is negative for ω →∞, positive when ω → −∞, contin-

uous and decreasing. Now we define w as

w(x) =

{
ŵ(x− ω∗ − xi), if x ∈ (xi, xi+1) when i even,

ŵ(xi+1 − ω∗ − x), if x ∈ (xi, xi+1) when i odd,
(5.14)

where xi := ilN for i = 0, . . . , N . We are now ready to construct u as

u(x) :=

∫ x

0

w(s) ds, (5.15)

and to notice that u(xi) = 0 for each i = 0, . . . , N by (5.13). By (5.12) we have∫ xi+1

xi

(
ε4u2

xx+ε−2W (ux)
)

dx = 2ε

∫ xi+1

xi

|W (ux)|
1
2 |uxx| dx ≤ 2ε

∫ z2

z1

|W (s)|
1
2 ds = εE0.

On the other hand, called x∗i the point in (xi, xi+1) such that ux(x
∗
i ) = 0, and assuming

without loss of generality that ux > 0 in (xi, x
∗
i ) (the case ux < 0 is similar), we have∫ xi+1

xi

u2 dx ≤
∫ x∗i

xi

(
z2(x− xi)

)2
dx+

∫ xi+1

x∗i

(
z1(xi+1 − x)

)2
dx = 3−1

(
z2

2α
3 + z2

1γ
3
)
l3N ,

(5.16)
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where

α := L
(
(x0, x1) ∩ {w ≥ 0}

)
l−1
N , γ := L

(
(x0, x1) ∩ {w < 0}

)
l−1
N .

Therefore,∫ l0

0

(
ε4u2

xx + ε−2W (ux) + ε−2u2
)

dx ≤ N

(
3−1ε−2

(
z2

2α
3 + z2

1γ
3
)
l3N + εE0

)
= l0

(
3−1
(
z2

2α
3 + z2

1γ
3
)
d2
ε + E0d

−1
ε

)
,

(5.17)

where dε = lN
ε

. Now, chosen η ∈ (0, η0) we notice that

0 =

∫ lN

0

ŵ(s− ω∗) ds ≤ (z2α + (z1 + η)γ)lN + r, (5.18)

with r := −(z1 + η)L ({s : ŵ(s − ω∗) ∈ (z1 + η, 0)}). But r can be estimated as

follows: we can rewrite (5.12) in terms of v̂ := ŵ − z1 as

ε3v̂y = −
√
W (v̂ + z1), v̂(0) = −z1,

where we also made the change of variable y = −x. Now, called y∗ the point in R+

where v̂(y∗) = η0, by (H5) we have

ε3v̂y(y) ≤ −ĉ, for all y ∈ (0, y∗],

for some ĉ > 0. After an integration in y between 0 and y∗, this leads to

y∗ ≤ ĉ−1ε3(|z1| − η0) ≤ cε3.

In the same way, when η ≤ v̂ < η0

ε3v̂y ≤ −c0|v̂|
q
2 ≤ −c0|v̂|

max{3,q}
2 ,

where we made also use of (H5). Let us now denote by ỹ the point in R+ such that

v̂(ỹ) = η. An integration between y∗ and ỹ yields

ỹ − y∗ ≤ cε3η1−max{3,q}
2 .

Thus, as L ({s : ŵ(s− ω∗) ∈ (z1 + η, 0)}) = ỹ, we have obtained

|r| ≤ |z1|ỹ ≤ cε3η1−max{3,q}
2 . (5.19)

This together with (5.18) thus imply

γ ≤ z2

|z1|
α + cr̄, (5.20)
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where r̄ := η +Nε3η1−max{3,q}
2 . On the other hand,

0 =

∫ l

0

ŵ(s− ω∗) ds ≥ ((z2 − η)α + z1γ)lN + r1,

where now r1 := (z2−η)L ({s : ŵ(s−ω∗) ∈ (0, z2−η)}). By arguing as to get (5.20),

we have
z2

|z1|
α ≤ γ + cr̄,

and, as α + γ = 1, by (5.20) we thus deduce

z1

z1 − z2

− cr̄ ≤ α ≤ z1

z1 − z2

+ cr̄.

The fact that, by construction, l0
z1

z1−z2 = λ2 also implies

λ2 − cr̄ ≤ αl0 ≤ λ2 + cr̄. (5.21)

We now choose N as the smallest even integer larger than l0(εd∗)−1, where

d∗ = (3E0)
1
3

(
2λ3

2l
−3
0 z2

2

(
1− z2

z1

))− 1
3
.

In this way, dε ≤ d∗, d−1
ε ≤ cε+(d∗)−1 and N ≤ cε−1. Let us also choose η = ε

4
max{3,q} ,

so that r̄ ≤ cε
4

max{3,q} and ε
4

max{3,q} < 1 for each ε ≤ ε0 < 1. By exploiting (5.20) in

(5.17) we thus get∫ l0

0

(
ε4u2

xx + ε−2W (ux) + ε−2u2
)

dx ≤ l0

(
3−1α3z2

2

(
1− z2

z1

)
d2
ε + E0d

−1
ε

)
+ cr̃

≤ l0

(
3−1λ3

2l
−3
0 z2

2

(
1− z2

z1

)
d2
ε + E0d

−1
ε

)
+ cr̃

≤ λ2A0 + cr̃.

(5.22)

Here and below r̃ := ε
4

max{3,q} + ε. We remark that α depends on ε, but for every

σ ∈ (ε
1

max{3,q} , η0), we have that

L
(
(0, l0) ∩ {|ux − z2| ≤ σ}

)
= αl0 −R, (5.23)

where R = NL ((x0, x1) ∩ {s : 0 < w(s) < z2 − σ)}. By arguing as in the proof of

(5.19) with η replaced by σ, we have that |R| ≤ cNσ1−max{3,q}ε3 ≤ cσ−max{3,q}ε2.

Thus, since we assumed σ ≥ ε
1

max{3,q} , we deduce |R| ≤ cε. Therefore, by recalling

(5.21) with η = ε
4

max{3,q} , from (5.23) we finally obtain∣∣L ((0, l0) ∩ {|ux − z2| ≤ σ}
)
− λ2

∣∣ ≤ cε
4

max{3,q} + cε. (5.24)
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(a) (b)

Figure 5.2: Piecewise approximation of the constructed function: in Figure 5.2a we

show the function constructed in (0, l0), whose gradient oscillates between z1 and z2.

In Figure 5.2b we show the function constructed in (l0, 1), whose gradient oscillates

between z1 and z3.

Let us now focus on the interval (l0, 1), where we want to construct the part of

u related to the B0−term of the energy in (5.10). This part of the argument is very

similar to the one above, but, as there might be no solution to (5.12) connecting z1 to

z3, this time we need to construct an u whose gradient is slightly more complicated.

Below, we try to highlight the differences from the case above without incurring into

many repetitions. Let us consider w̃ to be the solution to

ε3w̃x =
√
W (w̃), w̃(s0 + 2µθ+1) = z2 + µ, (5.25)

where s0 > 0 is such that ŵ(s0) = z2−µ, ŵ is as in (5.12), and θ = 3
2
(max{q, 3}− 2).

Here and below µ = ε
2

max{3,q}−2 , so that µθ = ε3. We remark that am argument as the

one to prove (5.19) yields

s0 ≤ cε3µ1−max{3,q}
2 ≤ cε2,

so that s0 does not explode but actually goes to zero faster than ε. Again, if q < 2 ŵ

might not be unique, but we choose the one which stays bounded in [z2, z3]. Let us

define v as

v(s) =


ŵ(s), if s ≤ s0,

µ−θ(s− s0) + (z2 − µ), if s0 < s ≤ s0 + 2µθ+1,

w̃(s), if s0 + 2µθ+1 < s.
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Again, we divide (l0, 1) into M subintervals of equal length lM := M−1(1 − l0), and

notice that, as v is strictly increasing, we can find ω∗ such that∫ lM

0

v(s− ω∗) ds = 0.

As in the previous part of the proof, we construct

w(x) =

{
v(x− ω∗ − yi), if x ∈ (yi, yi+1) when i even and i 6= 0,

v(yi+1 − ω∗ − x), if x ∈ (yi, yi+1) when i odd,
(5.26)

with yi := l0 + ilM , for i = 0, . . . ,M , and u as in (5.15). We remark that, as in general

lim
s↑l0

w(s) = ŵ(−ω∗) 6= ŵ(−ω∗),

w needs to be defined differently in (y0, y1) in order to be continuous and to have

u ∈ H2(0, 1). For this reason, we construct w as follows in (y0, y1):

w(x) =



ŵ(−ω∗) + s−y0
ρ

(z1 − ŵ(−ω∗)), if x ∈ (y0, y0 + ρ),

z1, if x ∈ (y0 + ρ, y0 + ρ+ a) ,

z1 + s−y0−ρ−a
ρ

(z3 − z1), if x ∈ (y0 + ρ+ a, y0 + 2ρ+ a),

z3, if x ∈ (y0 + 2ρ+ a, y1 − ρ) ,

ŵ(−ω∗) + y1−s
ρ

(z3 − ŵ(−ω∗)), if x ∈ (y1 − ρ, y1),

where ρ = ε3, and a is such that
∫ y1
y0
w(s) ds = 0. We point out that such a exists for

each ε ≤ ε0, for some ε0 < 1 depending on z1 and z3 only. After defining u in (y0, y1)

as in (5.15), we have u(y0) = u(y1) = 0 and∫ y1

y0

u2(s) ds ≤
(
max{|z1|, z3}

)2
∫ y1

y0

(s− y0)2 ds ≤ cl3M ,∫ y1

y0

W (ux(s)) ds ≤ cρ,∫ y1

y0

|uxx(s)|2 ds ≤ cρ−1.

Thus, ∫ y1

y0

(
ε4u2

xx + ε−2W (ux) + ε−2u2
)

ds ≤ c(ε+ ε−2M−3).
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On the other hand, if i > 0, by the definition of E0, E1 and by the way we constructed

u we have∫ yi+1

yi

(
ε4u2

xx + ε−2W (ux)
)

dx

≤ 2ε

(∫ z2

z1

|W (s)|
1
2 ds+

∫ z3

z2

|W (s)|
1
2 ds

)
+ cµθ+1(ε4µ−2θ + ε−2)

≤ ε(E0 + E1) + cµε.

Furthermore, once defined

β := L
(
(y1, y2) ∩ {w ≥ 0}

)
l−1
M , γ := L

(
(y1, y2) ∩ {w < 0}

)
l−1
M ,

by arguing as in the proof of (5.16) we deduce∫ yi+1

yi

u2 ≤ 3−1
(
z2

3β
3 + z2

1γ
3
)
l3M .

Therefore, collecting the inequalities above∫ 1

l0

(
ε4u2

xx + ε−2W (ux) + ε−2u2
)

dx ≤ c(µεM + ε+ ε−2M−3)

+(1− l0)
(

(E0 + E1)h−1
ε + 3−1(z2

3β
3 + z2

1γ
3)h2

ε

)
,

(5.27)

where now hε = lM
ε

. As in (5.18) we have

0 =

∫ lM

0

v(s− ω∗) ds ≥ (z1γ + (z3 − µ)β)lM − r2,

with r2 := (z3 − µ)L
(
{s : v(s− ω∗) ∈ (0, z3 − µ)}

)
. We first notice that

r2 = (z3 − µ)
(
µθ+1 + s0 + L

(
{s : w̃(s) ∈ (z2 + µ, z3 − µ)}

))
.

Thus, by arguing as in the proof of (5.19) we first deduce

L
(
{s : w̃(s) ∈ (z2 + µ, z3 − µ)}

)
≤ cε3µ1−max{3,q}

2 ,

and therefore

|r2| ≤ c(ε3µ1−max{3,q}
2 + µθ+1) ≤ cε2. (5.28)

Define r̄M := Mε2 + µ, then (5.28) implies

z3

|z1|
β ≤ γ + cr̄M . (5.29)
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In the same way, we can prove that

γ ≤ z3

|z1|
β + cr̄M , (5.30)

and, recalling that β + γ = 1, by (5.29) we obtain

z1

z1 − z3

− cr̄M ≤ β ≤ z1

z1 − z3

+ cr̄M .

Since, by construction, (1− l0) z1
z1−z3 = λ3, we also have

λ3 − cr̄M ≤ β(1− l0) ≤ λ3 + cr̄M . (5.31)

Then, after choosing M to be the smallest integer larger than (1− l0)(εd∗2)−1, with

d∗2 :=
(
3(E0 + E1)

) 1
3

(
2λ3

3(1− l0)−3z2
3

(
1− z3

z1

))− 1
3
,

and exploiting (5.30)–(5.31), (5.27) becomes∫ 1

l0

(
ε4u2

xx + ε−2W (ux) + ε−2u2
)

dx

≤ (1− l0)
(

(E0 + E1)h−1
ε + 3−1z2

3λ
3
3(1− l0)−3

(
1− z3

z1

)
h2
ε

)
+ cr̂

≤ βB0(1− l0) + cr̂

≤ B0λ3 + cr̂,

where r̂ = ε + µ. Here, we repeatedly used the fact that M ≤ cε−1,M−1 ≤ cε and

that µ, ε < 1 in order to estimate the above error. This together with (5.22) proves

(5.10).

Now, since σ > ε
1

max{3,q} > µ,

L
(
(l0, 1) ∩ {|ux − z2| ≤ σ}

)
≤L

(
(l0, 1) ∩ {|ux − z2| ≤ µ}

)
+ L

(
(l0, 1) ∩ {µ ≤ |ux − z2| ≤ σ}

)
≤ cM(µθ+1 + ε3σ1−max{3,q}

2 ) + cρ ≤ c(ε2σ−max{3,q} + ε−1µθ+1) + cρ ≤ cε,

where we argued as to get (5.19) in order to bound L
(
(l0, 1)∩ {µ ≤ |ux− z2| ≤ σ}

)
.

Furthermore,

L
(
(l0, 1) ∩ {|ux − z3| ≤ σ}

)
= β(1− l0) +R2 − βlM + L

(
(y0, y1) ∩ {|ux − z3| ≤ σ}

)
,

where R2 := (M − 1)L
(
(y1, y2) ∩ {v(s − ω∗) ∈ (0, z3 − σ)}

)
. As R2 ≤ cM |r2| ≤ cε

and lM ≤ cε we have∣∣L ((l0, 1) ∩ {|ux − z3| ≤ σ}
)
− β(1− l0)

∣∣ ≤ cε.
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Now, (5.31) implies

|λ3 − β(1− l0)| ≤ cr̄M ≤ cr̂,

and hence, by the triangular inequality,∣∣L ((l0, 1) ∩ {|ux − z3| ≤ σ}
)
− λ3

∣∣ ≤ cr̂.

This together with (5.24) lead to the second statement of the result.

5.3 Construction of a lower bound

This section is the core of this chapter, and is where we prove a lower bound

for the energy depending on the volume fractions ληk(v) defined in (5.32) below. We

point out that the presence of a third well gives the possibility of many different

microstructures (see e.g., figure 5.2b and figure 5.7), and makes the estimates below

long and technical.

Let η0 > 0 be as in (H4). Given a generic v ∈ H2(0, 1), η ∈ (0, η0) let us define

the k-th volume fraction for v as

ληk(v) := L
({
x ∈ (0, 1) : |vx(x)− zk| ≤ η

})
, k = 1, 2, 3, (5.32)

and let us also generalize the definition of transition layers given in [60]

Definition 5.3.1. Let v ∈ H2(a, b) and η ∈ (0, η0). An interval (x−, x+) is called

Aη+−transition (resp. Aη−−transition) layer for v if

vx(x) ∈ (z1 + η, z2 − η), ∀x ∈ (x−, x+),

vx(x
−) = z1 + η, (resp. vx(x

+) = z1 + η),

vx(x
+) = z2 − η, (resp. vx(x

−) = z2 − η).

An interval (x−, x+) is called Bη
+−transition (resp. Bη

−−transition) layer for v if

vx(x) ∈ (z2 + η, z3 − η), ∀x ∈ (x−, x+),

vx(x
−) = z2 + η, (resp. vx(x

+) = z2 + η),

vx(x
+) = z3 − η, (resp. vx(x

−) = z3 − η).
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Given a function v ∈ H2(0, 1) and η ∈ (0, η0) we denote by #Aη+ (or by #Aη−,

#Bη
+, #Bη

−) the number of Aη+−transition layers for v (resp. #Aη−, #Bη
+, #Bη

−

transition layers for v) in the interval (0, 1). The number of transition layers of a

function v with bounded energy can be controlled nicely:

Lemma 5.3.1. Assume (H1)–(H5), η < η0, and let ε > 0 and v ∈ H2(0, 1) be such

that Iε(v) ≤ C. Then, there exists c = c(C) > 0 such that

max
{

#Aη+,#A
η
−,#B

η
+,#B

η
−
}
≤ cε−1.

Proof. Let us first recall that, given 0 ≤ a ≤ b ≤ 1 we have∫ b

a

(
ε4v2

xx + ε−2W (vx)
)

dx ≥ 2ε

∫ b

a

|
√
W (vx)vxx| dx ≥ 2ε

∣∣H(vx(b))−H(vx(a))
∣∣,

(5.33)

where H(s) =
∫ s

0

√
W (r) dr.

Now, let us restrict ourselves to the case of the Aη±−transition layers, as the

proof for the Bη
±−transition layers follows the same strategy. Let (x−, x+) be an

Aη±−transition layer, then by (5.33) and the fact that η < η0 we have∫ x+

x−

(
ε4v2

xx + ε−2W (vx)
)

dx ≥ 2ε(H(z2 − η0)−H(z1 + η0)) > εc̃,

for some positive constant c̃. Summing all the Aη±−transition layers we thus get

C ≥ Iε(v) ≥ εc̃(#Aη+ + #Aη−),

which concludes the proof.

We can now introduce also the D−intervals, which are the intervals between an

Aη+−transition layer (y−, x−) and the first Aη−−transition layer (y+, x+) in order of

appearance in (0, 1) after (y−, x−) (see Figure 5.3):

Definition 5.3.2. Let v ∈ H2(a, b) and η ∈ (0, η0). Let (y−, x−) be an Aη+−transition

layer for v and (y+, x+) be an Aη−−transition layer for v, with x− ≤ x+. We say that

(y−, y+) is a L−interval for v, if

vx(x) > z1 + η, for each x ∈ (y−, y+), and vx(y
+) = vx(y

−) = z1 + η.

(5.34)

If (5.34) holds, the interval (x−, x+) is called a D−interval for v.
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x

Aη− Aη+ Aη−D−interval

L−interval

Figure 5.3: Example of L−interval and D−interval defined in Definition 5.3.2. In this

picture, the red, the blue and the green intervals are respectively the sets of points

where |vx − z1| ≤ η,, |vx − z2| ≤ η, and |vx − z3| ≤ η. The Bη
±−transition layers are

coloured in yellow.

It is important to notice that vx might take negative values in a D−interval. For

every v ∈ V , the number

Nv = number of D−intervals for v in (0, 1),

is finite. Indeed, for every v ∈ V , vx is continuous and Nv is equal to the number

of Aη+−transition layers, which is finite by Lemma 5.3.1. We denote by Di the i-th

D−interval in order of appearance in the interval (0, 1), where i goes from 1 to Nv.

This means that, given two D−intervals Di = (x−i , x
+
i ) and Dj = (x−j , x

+
j ), we have

that x+
i < x−j if i < j. The same can be done for L−intervals. Given v ∈ H2(0, 1) we

define also the following quantities

αηi (v) := L
({
x ∈ Di : |vx(x)− z2| ≤ η

})
,

βηi (v) := L
({
x ∈ Di : |vx(x)− z3| ≤ η

})
,

measuring the subset of Di where vx is respectively close to z2 and z3. For ease of

notation, we omit the dependence on v of αηi , β
η
i and ληk. In what follows we will

also drop the η from αηi , β
η
i , keeping their dependence from this variable implicit. We

remark that, denoting D1 = (x−1 , x
+
1 ), DNv = (x−Nv , x

+
Nv

), we have

Nv∑
i=1

αi + L
({
x ∈ (0, x−1 ) ∪ (x+

Nv
, 1) : |vx(x)− z2| ≤ η

})
= λη2,

Nv∑
i=1

βi + L
({
x ∈ (0, x−1 ) ∪ (x+

Nv
, 1) : |vx(x)− z3| ≤ η

})
= λη3,
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x
ba b− l2b− l1 − l2

Figure 5.4: The aim of Lemma 5.3.2 is to show that, on the interval (a, b), the

L2−norm of the red function in this picture is bigger or equal than the L2−norm of

the blue one. Here both, the red and the blue functions, are piecewise linear, with

derivative in {0, τ1, τ2} for almost every x ∈ (a, b). Furthermore, C1, C2 are the sets

where the derivative of the red function is respectively τ1 and τ2. We have l1 = L (C1),

l2 = L (C2), that is, the measure of the set where the blue curve has gradient τ1 (resp.

τ2) is equal to the measure of the set where the blue curve has gradient τ1 (resp. τ2).

and that, in general,

αi + βi < L (Di).

Below, we estimate the energy of a generic v ∈ V on every D−interval in terms of

the quantities αi, βi. In order to do that, we first need to prove the following lemma

whose meaning is given in Figure 5.4

Lemma 5.3.2. Let 0 ≤ a < b ≤ 1, and let C1, C2 ⊂ (a, b) be two Borel sets such that

C1 ∩ C2 = ∅. Let also τ2 > τ1 ≥ 0. Then,∫ b

a

(∑
i=1,2

τiL
(
(a, x) ∩ Ci

))2

dx ≥
∫ L (C1)

0

(τ1x)2 dx+

∫ L (C2)

0

(τ1L (C1) + τ2x)2 dx.

(5.35)

Proof. Let us define li := L (Ci), i = 1, 2. The right hand side of (5.35) can be

rewritten as ∫ l1+l2

0

g2(x) dx =

∫ b

a

χ(b−l1−l2,b)(x)g2(x− b+ l1 + l2) dx,

where g(x) := τ1xχ(0,l1](x) + ((τ1 − τ2)l1 + τ2x)χ(l1,l1+l2)(x) and χB is the indicator

function on the Borel set B. Therefore, in order to prove (5.35) it is sufficient to show

that

ĝ(x) :=
∑
i=1,2

τiL
(
(a, x) ∩ Ci

)
≥ χ(b−l1−l2,b)(x)g(x− b+ l1 + l2),
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for every x ∈ (a, b). Suppose not, then there exists x̂ ∈ (a, b) such that ĝ(x̂) <

χ(b−l1−l2,b)(x̂)g(x̂ − b + l1 + l2). As g, ĝ ≥ 0 in (a, b), x̂ cannot be in (a, b − l1 − l2].

Suppose without loss of generality that x̂ ∈ (b − l1 − l2, b − l2]. The same argument

can be used to get a contradiction in the case where x̂ ∈ (b− l2, b). Then,

ĝ(x̂) = τ1l1 + τ2l2 −
∑
i=1,2

τiL
(
(x̂, b) ∩ Ci

)
< τ1(x̂− b+ l1 + l2) = g(x̂),

that is,

τ2l2 + τ1(b− l2 − x̂) <
∑
i=1,2

τiL
(
(x̂, b) ∩ Ci

)
.

On the other hand, as C1, C2 are disjoint, we have∑
i=1,2

τiL
(
(x̂, b) ∩ Ci

)
= τ2l2 + τ2

(
L
(
(x̂, b) ∩ C2

)
− l2

)
+ τ1L

(
(x̂, b) ∩ C1

)
≤ τ2l2 + τ1

(
L
(
(x̂, b) ∩ (C1 ∪ C2)

)
− l2

)
≤ τ2l2 + τ1(b− x̂− l2).

Combining the last two inequalities we thus get a contradiction.

Remark 5.3.1. By arguing as in the proof of Lemma 5.3.2, and under the same

hypotheses, (5.35) can be easily generalised to∫ b

a

(
τ0+

∑
i=1,2

τiL
(
(a, x)∩Ci

))2

dx ≥
∫ L (C1)

0

(τ0+τ1x)2 dx+

∫ L (C2)

0

(τ0+τ1L (C1)+τ2x)2 dx

for any τ0 ≥ 0.

We can now start to estimate the energy in the D–intervals. Thanks to the

following lemma, we can restrict our estimates to those Di’s where αi and βi are

neither too small nor too big.

Lemma 5.3.3. Assume (H1)–(H5), and let v ∈ H2(0, 1), η ∈ (0, η0) and ε ≤ ηq be

such that Iε(v) ≤ C, with C > 0. Then, there exist R∗, R
∗(C) > 0 such that for any

Li = (y−i , y
+
i ), with max{αi, βi} ≥ R∗ε or max{αi, βi} ≤ R∗ε,∫ y+i

y−i

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ A0αi +B0βi. (5.36)

Proof. First we want to prove that if αi or βi is too big, then v is growing too much,

and hence its L2−norm on Di is big enough to show (5.36). In order to do this, let

max{αi, βi} = Rε for some R > 0. As∫ y+i

y−i

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ ε−2

∫ x+i

x−i

v2 dx,
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we are interested in an estimate of the right hand side. We assume the existence of

x∗i ∈ (x−i , x
+
i ) such that v(x∗i ) = 0, but the following estimates hold in the case v > 0

(or v < 0) in (x−i , x
+
i ) by taking x∗i = x−i (resp. x∗i = x+

i ). Assume also without loss

of generality that

max
{
L
(
(x∗i , x

+
i ) ∩ {|vx − z2| ≤ η}

)
,L
(
(x∗i , x

+
i ) ∩ {|vx − z3| ≤ η}

)}
≥ ε

R

2
, (5.37)

the alternative case where

max
{
L
(
(x−i , x

∗
i ) ∩ {|vx − z2| ≤ η}

)
,L
(
(x−i , x

∗
i ) ∩ {|vx − z3| ≤ η}

)}
≥ ε

R

2
,

can be proven similarly. We remark that, as (y−i , y
+
i ) is a L−interval for v, vx(x) >

z1 + η for each x ∈ (y−i , y
+
i ). Therefore,

v(x) ≥
∫ x

x∗i

vx dx ≥ (z2 − η)L
(
(x∗i , x) ∩

{
vx − z2 ≥ −η

})
+ (z1 + η)L

(
(x∗i , x) ∩ {z1 + η < vx ≤ 0}

)
.

(5.38)

Now, we notice that

L
(
(x∗i , x) ∩ {z1 + η < vx ≤ 0}

)
≤ L (Ση),

where

Ση := {x ∈ (0, 1) : |vx − zk| > η, ∀k = 1, 2, 3}. (5.39)

Thus, by the boundedness of Iε(v) and (H5), we can write

c0L
(
Ση
)
ηq ≤

∫
Ση
W (vx) dx ≤

∫ 1

0

W (vx) dx ≤ Cε2,

which implies

L
(
Ση
)
≤ cε2η−q. (5.40)

It follows then from (5.38), (5.40) and ε ≤ ηq that

v(x) ≥ ĉL
(
(x∗i , x) ∩

{
vx − z2 ≥ −η

})
− cε, (5.41)

for every x ∈ (x∗i , x
+
i ) and some positive constant ĉ. Therefore, thanks to (5.37),

together with Lemma 5.3.2 with τ1 = 0,

2

∫ x+i

x∗i

v2 dx+ cε2(x+
i − x∗i ) ≥ ĉ2

∫ x+i

x∗i

(
L
(
(x∗i , x) ∩

{
vx − z2 ≥ −η

}))2

dx

≥ ĉ2

∫ εR
2

0

x2 dx ≥ ĉ2

8
ε3R3,
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which, by using the fact that

(x+
i − x∗i ) ≤ 2Rε+ L (Ση) ≤ cε(1 +R), (5.42)

yields ∫ y+i

y−i

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ c̄εR3 − cε(1 +R), (5.43)

for some c̄ > 0. On the other hand, there exists c∗ > 0 such that

A0αi +B0βi ≤ c∗Rε. (5.44)

Therefore, setting R∗ as the biggest root of c̄R3 = (c + c∗)(R + 1), we deduce that,

if R ≥ R∗, (5.43)–(5.44) imply (5.36). On the other hand, we recall that in every

L−interval there are exactly two Aη±− transition layers. By (5.33) we thus have∫ y+i

y−i

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥
∫ y+i

y−i

(
ε4v2

xx + ε−2W (vx)) dx

≥ 4ε(H(z2 − η0)−H(z1 + η0)) ≥ εc̃,

for some c̃ > 0. Hence, if we set R∗ = c̃
c∗

, by (5.44) we deduce that (5.36) holds for

every R < R∗. We remark that R∗, R∗ do not depend on i, v, ε, η in any way. R∗ does

not depend on C either.

Let ni be the even number of Bη
±−transition layers for v in Di. If ni = 2, we

denote the Bη
+ and the Bη

−−transition layers for v in Di respectively by (z−i,1, z
+
i,1)

and (z−i,2, z
+
i,2), and we define Ei as Ei := (z+

i,1, z
−
i,2). We remark that, in general,

βi < L (Ei), but that vx(x) > z2 + η for every x ∈ Ei. We now prove an estimate for

the L2−norm of v in the Di’s. The estimates are different for the different types of

D−intervals given in the following definition (see Figure 5.5)

Definition 5.3.3. Let v ∈ V , η ∈ (0, η0) and ε ≤ ηq be such that Iε(v) ≤ C, with

C > 0. Let Di = (x−i , x
+
i ) be the i−th D−interval for v, and ni ∈ 2N be the number

of Bη
±−transition layers for v in Di. Then we say that Di is of

• type 0: if max{αi, βi} /∈ (εR∗, εR
∗);

• type I: if max{αi, βi} ∈ (εR∗, εR
∗) and v(x−i )v(x+

i ) ≥ 0;

• type II: if max{αi, βi} ∈ (εR∗, εR
∗), v(x−i )v(x+

i ) < 0 and either ni = 0 or

ni ≥ 4;
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x

Aη+ Aη−Di

Li

(a) D−interval of type I

x

Aη+ Aη−Di

Li

(b) D−interval of type II

x

Aη+ Aη−

Ei

Di

Li

(c) D−interval of type III

x

Aη+ Aη−

Ei

Di

Li

(d) D−interval of type IV

Figure 5.5: Classification of D−intervals. In this picture, the red, the blue and the

green intervals are respectively the sets of points where |vx − z1| ≤ η,, |vx − z2| ≤ η,

and |vx − z3| ≤ η. The Bη
±−transition layers are coloured in yellow.
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• type III: if max{αi, βi} ∈ (εR∗, εR
∗), v(x−i )v(x+

i ) < 0, ni = 2 and there exists

x∗i ∈ Ei such that v(x∗i ) = 0;

• type IV: if max{αi, βi} ∈ (εR∗, εR
∗), v(x−i )v(x+

i ) < 0, ni = 2 and there exists

no x∗i ∈ Ei such that v(x∗i ) = 0.

In this definition R∗, R
∗ are as in the statement of Lemma 5.3.3.

We are now ready to prove the following lemma:

Lemma 5.3.4. Assume (H1)–(H5), and let η ∈ (0, η0), ε ≤ ηq+1, and v ∈ H2(0, 1)

be such that Iε(v) ≤ C. Then, for every Di = (x−i , x
+
i ), such that max{αi, βi} ∈

(R∗ε, R
∗ε), with R∗, R

∗ as in Lemma 5.3.3, we have∫ x+i

x−i

v2 dx ≥ 3−1h(αi, βi, 1)− cε3η, if Di is of type I, (5.45)∫ x+i

x−i

v2 dx ≥ 12−1h(αi, βi, 1)− cε3η, if Di is of type II, (5.46)∫ x+i

x−i

v2 dx ≥ 3−1ĥ(αi, βi, ω
a
i , ω

b
i )− cε3η, Di is of type III, (5.47)∫ x+i

x−i

v2 dx ≥ 3−1h(αi, βi, ω
a
i )− cε3η, Di is of type IV, (5.48)

where

h(a, b, ωai ) := z2
2a

3 + z2
3b

3 + 3
(
z2

2ω
a
i (ω

a
i − 1)a3 + abz2ω

a
i (z2ω

a
i αi + z3βi)

)
,

ĥ(a, b, ωai , ω
b
i ) := 3abz3

(
ωai ω

b
i (z2ω

a
i αi + z3ω

b
iβi)

)
+ 3
(
z2

2ω
a
i (ω

a
i − 1)a3 + z2

3ω
b
i (ω

b
i − 1)b3

)
+ z2

2a
3 + z2

3b
3 + 3abz3

(
(1− ωai )(1− ωbi )(z2(1− ωai )αi + z3(1− ωbi )βi)

)
,

and ωai , ω
b
i ∈ [0, 1].

Proof. Let us first focus on the case v(x−i )v(x+
i ) < 0. We notice that the continuity of

v, implies the existence of x∗i ∈ (x−i , x
+
i ) such that v(x∗i ) = 0. We estimate separately∫ x+i

x∗i
v2 ds and

∫ x∗i
x−i
v2 ds. Let us start with the first. As vx > z1 + η in (x−i , x

+
i ), we

have

v(x) ≥
∫ x

x∗i

vx dx ≥
∑
k=2,3

(zk−η)L
(
(x∗i , x)∩

{
|vx−zk| ≤ η

})
+(z1 +η)L

(
Ση
)

(5.49)

where Ση is as in (5.39) and satisfies (5.40). It follows then from (5.49) and the

assumption max{αi, βi} ≤ R∗ε that

v(x) ≥
∑
k=2,3

zkL
(
(x∗i , x) ∩

{
|vx − zk| ≤ η

})
− C ε

2

ηq
− 2εηR∗, (5.50)
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for every x ∈ (x∗i , x
+
i ). We now use the fact that, as η ∈ (0, 1), (1 − η)(a + b)2 ≤

a2 + 2η−1b2. This yields

(1− η)

∫ x+i

x∗i

(
v(x) + c(ε2η−q + εη)

)2
dx ≤

∫ x+i

x∗i

v2 dx+ cr̂(x+
i − x∗i ), (5.51)

with r̂ := η−1(ε2η−q + εη)2. On the other hand, by Lemma 5.3.2,∫ x+i

x∗i

(
v(x) + c(ε2η−q + εη)

)2
dx ≥

∫ x+i

x∗i

(∑
k=2,3

zkL
(
(x∗i , x) ∩

{
|vx − zk| ≤ η

}))2

dx

≥ z2
2

∫ ωai αi

0

x2 dx+

∫ ωbiβi

0

(z3x+ z2ω
a
i αi)

2dx

≥ 3−1
(
z2

2(ωai αi)
3 + z2

3(ωbiβi)
3 + g0(αi, βi, ω

a
i , ω

b
i )
)

(5.52)

where, ωa,bi ∈ [0, 1] are such that

L
(
(x∗i , x

+
i ) ∩

{
|vx − z2| ≤ η

})
= ωai αi, L

(
(x∗i , x

+
i ) ∩

{
|vx − z3| ≤ η

})
= ωbiβi,

(5.53)

and g0(a, b, ωa, ωb) = 3z2abω
aωb(z2aω

a + z3bω
b). Therefore, putting together (5.51)–

(5.52), by (5.42) we obtain∫ x+i

x∗i

v2 dx+ cε(1 +R∗)r̂ ≥ (1− η)3−1
(
z2

2(ωai αi)
3 + z2

3(ωbiβi)
3 + g0(αi, βi, ω

a
i , ω

b
i )
)
.

Recalling max{αi, βi} ≤ R∗ε and noticing that ε ≤ ηq+1 implies r̂ ≤ 4ε2η we hence

have ∫ x+i

x∗i

v2 dx+ cε3η ≥ 3−1
(
z2

2(ωai αi)
3 + z2

3(ωbiβi)
3 + g0(αi, βi, ω

a
i , ω

b
i )
)
. (5.54)

In the same way, we prove∫ x∗i

x−i

v2 dx+ cε3η ≥ 3−1
(
z2

2((1− ωai )αi)3 + z2
3((1− ωbi )βi)3 + g0(αi, βi, 1− ωai , 1− ωbi )

)
.

(5.55)

It turns out that if we sum (5.54) to (5.55) the right hand side is a convex quadratic

polynomial in ωai , ω
b
i with minimum in ωai = ωbi = 1

2
. Therefore, optimizing over ωa,bi ,

from (5.54) and (5.55) we finally get (5.46). The estimate (5.45) follows again from

(5.54) (or (5.55)) if v(x−i ) > 0 (resp. v(x+
i ) < 0) which can be deduced via the same

argument by setting x∗i = x−i (resp. x∗i = x+
i ). In this case, the above estimates hold

with ωai , ω
b
i = 1 (resp. ωai , ω

b
i = 0).
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Let us suppose now that v(x−i )v(x+
i ) < 0 and that ni = 2. We notice that if x∗i /∈ Ei,

it must hold ωbi ∈ {0, 1} and we get, after assuming without loss of generality that

ωbi = 1, (5.48). On the other hand, if x∗i ∈ Ei, by using Lemma 5.3.2 first with

τ2 = z3, τ1 = 0,A2 = {x ∈ (x∗i , x
+
i ) : |vx(x) − z3| ≤ η}, (a, b) = Ei and then with

τ2 = z2, τ1 = 0,A2 = {x ∈ (x∗i , x
+
i ) : |vx(x) − z2| ≤ η} (cf. Remark 5.3.1), we can

modify (5.52) as follows∫ x+i

x∗i

( ∑
k=2,3

zkL
(
(x∗i , x) ∩

{
|vx − zk| ≤ η

}))2

dx

≥ z2
3

∫ ωbiβi

0

x2 dx+

∫ ωai αi

0

(z2x+ z3ω
b
iβi)

2 dx

≥ 3−1
(
z2

2(ωai αi)
3 + z2

3(ωbiβi)
3 +

z3

z2

g0(αi, βi, ω
a
i , ω

b
i )
)
,

which by (5.51) becomes∫ x+i

x∗i

v2 dx+ cε3η ≥ 3−1
(
z2

2(ωai αi)
3 + z2

3(ωbiβi)
3 +

z3

z2

g0(αi, βi, ω
a
i , ω

b
i )
)
.

In the same way, we prove∫ x∗i

x−i

v2 dx+ cε3η

≥ 3−1
(
z2

2((1− ωai )αi)3 + z2
3((1− ωbi )βi)3 +

z3

z2

g0(αi, βi, 1− ωai , 1− ωbi )
)

(5.56)

By summing up the last two inequalities, we hence get (5.45). We remark that, in this

case, the determinant of the Hessian matrix of ĥ with respect to ωai , ω
b
i is negative,

and hence ĥ cannot be bounded from below by choosing ωai = ωbi = 1
2
.

The lower bound for
∫ 1

0
v2(s) ds on the D−intervals is sufficient just in the case

where a D−interval is of type I; in the other cases we need also a lower bound of

the L2−norm of v in the region where vx ≤ z1 + η (see Figure 5.6). This is done in

Proposition 5.3.1 below.

Proposition 5.3.1. Assume (H1)–(H5) and let C > 0. Then, there exists η1 =

η1(C) ∈ (0, η0) such that, for every η ∈ (0, η1), ε ≤ ηq+1 and v ∈ V satisfying

Iε(v) ≤ C, there exists a collection of (possibly empty) Borel sets Σi, i = 1, . . . , Nv

such that

Σi ∩ Σj = Σi ∩ Lj = Σi ∩ Li = ∅, for every j 6= i ∈ {1, . . . , Nv},
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x

Gm
i Gd

i Gd
iAη+ Aη+ Aη−Aη−Di

Li+1

Di+1

Li

Figure 5.6: The set Σi constructed in the proof of Proposition 5.3.1: Σi+1 = ∅, while

Σi = Σd
i ∪ Σm

i , where Σd
i ⊂ Gd

i , Σm
i ⊂ Gm

i . In this picture, the red, the blue and the

green intervals are respectively the sets of points where |vx − z1| ≤ η,, |vx − z2| ≤ η,

and |vx − z3| ≤ η. The Bη
±−transition layers are coloured in yellow.

and, for every i = 1, . . . , Nv,∫
Li∪Σi

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ A0αi +B0βi, if Di is type 0,∫
Li∪Σi

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ A0αi − cεη, if Di is type I/II, ni = 0,∫
Li∪Σi

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ αif
1
3

6

(βi
αi

)
− cεη, if Di is type I, ni > 0,∫

Li∪Σi

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ αif
1
3

7

(βi
αi

)
− cεη, if Di is type II, ni > 0,∫

Li∪Σi

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ αif
1
3

8

(βi
αi

)
− cεη, if Di is type III/IV

(5.57)

where f6, f7, f8 are as in (H6)–(H8).

Remark 5.3.2. The first, the third and the fourth lower bounds in Proposition 5.3.1

are sharp up to an error proportional to some positive power of ε. Sharpness of the

first bound is given by Proposition 5.2.1. For the third and the fourth bound we refer

the reader to the proofs of Proposition 5.6.1 and Proposition 5.6.2 respectively.

Proof. Let C > 0, v ∈ V, ε ≤ ηq+1 with Iε(v) ≤ C and η ∈ (0, η1) with η1 to be

determined later. For every i = 1, . . . , Nv, we now construct Σi such that (5.57) hold.

Thanks to Lemma 5.3.3 we can set Σi = ∅ for all the i’s such that max{αi, βi} /∈
(R∗ε, R

∗ε), and restrict ourselves to the case max{αi, βi} ∈ (R∗ε, R
∗ε). Let us notice
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that, by (5.33)∫
Li∪Σi

(
ε4v2

xx + ε−2W (vx)
)

dx

≥ 2ε
(
H(z2 − η)−H(z1 + η)

)
+ niε

(
H(z3 − η)−H(z2 + η)

)
≥ ε(2E0 + niE1)− cηε.

(5.58)

We first deal with the i’s where Di is of type I, and set Σi = ∅. Recalling (5.45) we

thus get∫ y+i

y−i

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx+ cεη ≥
(
ε(2E0 + niE1) + 3−1ε−2h(αi, βi, 1)

)
≥ min

d

(
d(2E0 + niE1) + 3−1d−2h(αi, βi, 1)

)
≥ 3

2
3 (E0 +

ni
2
E1)

2
3h

1
3 (αi, βi, 1),

(5.59)

which leads to (5.57) both in the case where ni = 0 and in the case where ni > 0.

Here h is as in the statement of Lemma 5.3.4.

We can hence focus on the i’s where Di = (x−i , x
+
i ) is such that v(x+

i )v(x−i ) < 0.

As in the proof of Lemma 5.3.4 we will denote by x∗i a point in Di such that v(x∗i ) = 0.

From (5.50) we have

v(x+
i ) ≥

∑
k=2,3

zkL
(
(x∗i , x

+
i )∩

{
|vx−zk| ≤ η

})
−cε2η−q−ηεR∗ ≥ z2ω

a
i αi+z3ω

b
iβi−cηε,

(5.60)

and, in a similar way, we can prove

v(x−i ) ≤ −
∑
k=2,3

zkL
(
(x−i , x

∗
i ) ∩

{
|vx − zk| ≤ η

})
+ cε2η−q + ηεR∗

≤ −(z2(1− ωai )αi + z3(1− ωbi )βi) + cηε,

(5.61)

where ωai , ω
b
i are as in (5.53). We now claim that there exist η1 ∈ (0, η0] depending just

on R∗, R
∗ and C, such that, for every η < η1, v(x+

i ) > 0 and v(x−i ) < 0. Indeed, we

recall that we are working under the assumption max{αi, βi} ≥ R∗ε, and we suppose

without loss of generality that αi ≥ R∗ε; the case βi ≥ R∗ε can be treated similarly.

Suppose first that ωi ≥ 1
2
, then (5.60) implies

v(x+
i ) ≥ 1

2
z2εR∗ − cηε.
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Thus, choosing η small enough, we get v(x+
i ) > 0, and, by the fact that v(x+

i )v(x−i ) <

0, also that v(x−i ) < 0. If ωai ≤ 1
2
, then (1− ωai ) ≥ 1

2
, and (5.61) yields

v(x−i ) ≤ −1

2
z2εR∗ + cηε,

so that for every η small enough v(x−i ) < 0, and hence v(x+
i ) > 0.

In the same spirit of (5.60) we have

v(x)− v(x+
i ) ≥

∫ x

x+i

vx dx ≥ (z1 − η)L
(
(x+

i , x) ∩
{
|vx − z1| ≤ η

})
− r̃, x ≥ x+

i ,

(5.62)

v(x+
i ) ≤

∫ x+i

x∗i

vx dx ≤
∑
k=2,3

zkL
(
(x∗i , x

+
i ) ∩

{
|vx − zk| ≤ η

})
+ r̃ + ηεR∗,

(5.63)

where

r̃ =

∫
Ση
|vx| dx, Ση =

{
x ∈ (0, 1) : |vx(x)− zk| > η, k = 1, 2, 3

}
. (5.64)

We now give an estimate for r̃. To this aim, we split Ση into

Ση
1 :=

{
x ∈ Ση : |vx(x)| ≤ t0

}
, Ση

2 :=
{
x ∈ Ση : t0 < |vx(x)|

}
,

where t0 is such that W (s) ≥ c1
2
|s|p for each s satisfying |s| > t0, and its existence is

guaranteed by (H2). By (5.40), we have∫
Ση1

|vx| dx ≤ t0L (Ση) ≤ c
ε2

ηq
. (5.65)

On the other hand,

c1

2
L (Ση

2)|t0|p ≤
∫

Ση2

W (vx) dx ≤ Cε2,

implies

L (Ση
2) ≤ cε2.

Therefore,∫
Ση2

|vx(x)| dx ≤ c

∫
Ση2

W
1
p (vx(x)) dx ≤ c

(
L (Ση

2)
) p−1

p

(∫
Ση2

W (vx(x)) dx

) 1
p

≤ cε2,

(5.66)
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where we also made use of the fact that Iε(v) ≤ C. Collecting (5.65)–(5.66) we thus

get

r̃ ≤
∫
∪kΣηk

|vx| dx ≤ c(ε2η−q + ε2) ≤ cr∗, (5.67)

with r∗ := εη. By (5.62)–(5.63), (5.67) together with max{αi, βi} ≤ R∗ε, we obtain

v(x)− v(x+
i ) ≥ (z1 − η)L

(
(x+

i , x) ∩
{
|vx − z1| ≤ η

})
− cr∗, x ≥ x+

i , (5.68)

and

0 ≤ v(x+
i ) ≤ c(εη + r∗ + ε) ≤ cε. (5.69)

Now let

gb(x) = v(x+
i )− cr∗ − (|z1|+ η)L

(
(x+

i , x) ∩
{
|vx − z1| ≤ η

})
.

Let x̄i ∈ [x+
i , 1] be the smallest x in [x+

i , 1] such that gb(x) ≤ 0, and let us set

Σd
i := (x+

i , x̄i) ∩
{
|vx − z1| ≤ η

}
.

The existence of x̄i is guaranteed by the continuity of v and the fact that v(1) = 0

together with (5.68) imply gb(1) ≤ 0. Thus, Σd
i = ∅ if and only if gb(x̄i) < 0. Now,

if Σd
i 6= ∅, that is v(x+

i ) > cr∗, by (5.68) we have that

v(x) ≥ gb(x) > 0, for ever x ∈ (x+
i , x̄i). (5.70)

Now, from (5.70) we deduce that∫
Σdi

v2 dx ≥
∫

Σdi

g2
b (x) dx

≥(|z1|+ η)−1

∫ v(x+i )−r∗

0

x2 dx ≥ (|z1|+ η)−1v3(x+
i )− cε3η.

Here we have used the change of variable y = gb(x), and, in the last inequality,

we exploited (5.69). The same conclusion hods if Σd
i = ∅, and hence v(x+

i ) ≤ cr∗.

Indeed, ∫
Σdi

v2 dx = 0 ≥ (|z1|+ η)−1v3(x+
i )− cε3η.

Therefore, as (|z1|+ η)−1 ≥ |z1|−1 − |z1|−2η, by (5.60) we obtain∫
Σdi

v2 dx ≥ 3−1|z1|−1
(
z2ω

a
i αi + ωbiβiz3

)3 − crb, (5.71)
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where rb := ε3η and we made use of (5.69) and the fact that max{αi, βi} ≤ εR∗. In

the same way, letting

gm(x) = v(x−i ) + cr∗ + (|z1|+ η)L
(
(x, x−i ) ∩

{
|vx − z1| ≤ η

})
,

and x̃i ∈ [0, x−i ] be the largest x ∈ [0, x−i ] such that gm(x) ≥ 0, we can define

Σm
i := (x̃i, x

−
i ) ∩

{
|vx − z1| ≤ η

}
and deduce ∫

Σmi

v2 dx ≥ 3−1|z1|−1
(
z2(1− ωai )αi + (1− ωbi )βiz3

)3 − crb. (5.72)

Define now Σi := Σm
i ∪ Σd

i . We remark that vx(x) ≤ z1 + η for each x ∈ Σi, while

vx(x) > z1 + η in every Lj, j = 1, . . . Nv. In this way Lj ∩ Σi = ∅ for every

i, j = 1, . . . Nv. We now claim that Σj ∩ Σi = ∅ for every j = 1, . . . Nv with i 6= j.

Indeed, let x−j , x
+
j be such that Dj = (x−j , x

+
j ), then in case v(x−j )v(x−j ) ≥ 0 we de-

fined Σj = ∅ and the conclusion follows trivially. We can hence focus on the case

v(x−j )v(x+
j ) < 0, and recall that η < η1, implies v(x+

j ) > 0 and v(x−j ) < 0. Now, the

construction of the Σd
j ,Σ

m
j is such that Σd

j ⊂ (x+
j , x̄j) (resp. Σm

j ⊂ (x̃j, x
−
j )). Fur-

thermore, as stated in (5.70), v is strictly positive in (x+
i , x̄i) (resp. strictly negative

in (x̃i, x
−
i )). Therefore, Σd

i ∩ Σm
j = ∅ for every i, j = 1, . . . , Nv. Finally, assuming

without loss of generality i < j, we have that Σd
i ⊂ (x+

i , x̄i) and Σd
j ⊂ (x+

j , x̄j) with

v(x) > 0 for every x ∈ (x+
i , x̄i) ∪ (x+

j , x̄j). But as v(x−j ) < 0 and x−j ∈ (x+
i , x

+
j ),

(x+
i , x̄i) and (x+

j , x̄j) have to be disjoint, and so must be Σd
i and Σd

j . In the same way

we prove Σm
i ∩ Σm

j = ∅ for every j = 1, . . . , Nv, i 6= j, concluding the proof of the

claim.

Now, if ni = 0 or ni ≥ 4, we sum (5.71)–(5.72) and minimise the right hand side

over ωai , ω
b
i ∈ [0, 1]. This is a convex quadratic function attaining its minimum at

ωai = ωbi = 1
2
. We thus have

∫
Σi

v2 dx ≥ 12−1|z1|−1
(
z2αi + z3βi

)3 − crb. (5.73)
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Hence, by (5.58) and Lemma 5.3.4,∫
Li∪Σi

(
ε2v2

xx + ε−2W (vx) + ε−2v2
)

dx+ crb

≥ ε(2E0 + niE1) +
1

12ε2

(
z2

2z21α
3
i + z2

3z31β
3
i + 3αiβiz2z31(βiz3 + αiz2)

)
≥ 3

(E0 + ni
2
E1)

2
3

12
1
3

(
z2

2z21α
3
i + z2

3z31β
3
i + 3αiβiz2z31(βiz3 + αiz2)

) 1
3

= αif
1
3

7

(αi
βi

)
.

(5.74)

In case of type IV D−intervals, we recall that ωbi ∈ {0, 1}. Therefore, coherently

with the proof of Lemma 5.3.4 we assume without loss of generality that ωbi = 1 and

deduce

crb +

∫
Σi∪Di

v2 dx

≥ 3−1
(
h(αi, βi, ω

a
i ) + |z1|−1

(
z2αiω

a
i + z3βi

)3
+ |z1|−1

(
z2αi(1− ωai )

)3
)

≥ min
ωa∈[0,1]

3−1
(
h(αi, βi, ω

a) + |z1|−1
(
z2αiω

a + z3βi
)3

+ |z1|−1
(
z2αi(1− ωa)

)3
)

≥ 3−1
(
z2

2z21α
3
i + z2

3z31β
3
i − 3α3

i f0

(βi
αi

))
,

(5.75)

where, f0 is defined by

f0(y) =
(y2z31z3 − z2z21)2

4(z21 + yz31)
. (5.76)

We remark that the last lower bound in (5.75) is sharp if and only if βi
αi
≤
√

z2z21
z3z31

.

For type III D−intervals, (5.71) and (5.72), together with (5.47) yield

crb +

∫
Σi∪Di

v2 dx ≥ h∗(αi, βi, ω
a
i , ω

b
i ) (5.77)

where,

h∗(αi, βi, ω
a
i , ω

b
i ) := 3−1|z1|−1

(
z2αi(1− ωai ) + z3βi(1− ωbi )

)3

+ 3−1
(
ĥ(αi, βi, ω

a
i , ω

b
i ) + |z1|−1

(
z2αiω

a
i + z3βiω

b
i

)3
)
.

We claim, that

min
(ωa,ωb)∈[0,1]2

h∗(αi, βi, ω
a, ωb) ≥ 3−1

(
z2

2z21α
3
i + z2

3z31β
3
i − 3α3

i f0

(βi
αi

))
,
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with f0 is as in (5.76). Indeed, h∗ is a second order polynomial in ωai , ω
b
i with negative

Hessian determinant. Therefore, the minimum among the ωai , ω
b
i ∈ [0, 1] is attained at

ωai ∈ {0, 1}, or ωbi ∈ {0, 1}. More precisely, if βi
αi
≥
√

z2z21
z3z31

, the minimum is attained

at ωai ∈ {0, 1} and a minimization over ωbi ∈ [0, 1] gives

h∗(αi, βi, ω
a
i , ω

b
i ) ≥ 3−1

(
z2

2z21α
3
i + z2

3z31β
3
i − 3α3

i f
(βi
αi

))
. (5.78)

The same lower bound can be achieved when βi
αi
<
√

z2z21
z3z31

. Indeed, in this case, the

minimum is attained at ωbi ∈ {0, 1}, and, by using the fact that z2 < z3, we can bound

from below h∗(αi, βi, ω
a
i , ω

b
i ) with

3−1
(
h(αi, βi, ω

a
i ) + |z1|−1

(
z2αiω

a
i + z3βi

)3
+ |z1|−1

(
z2αi(1− ωai )

)3
)
.

The minimization of (5.75) over ωai ∈ [0, 1] thus yields again to (5.78). Therefore, for

type III/IV D−intervals (5.75)-(5.78) yield

crb +

∫
Σi∪Di

v2 dx ≥ 3−1
(
z2

2z21α
3
i + z2

3z31β
3
i − 3α3

i f
(βi
αi

))
.

Finally, by (5.58) we get∫
Li∪Σi

(
ε2v2

xx + ε−2W (vx) + v2
)

dx+ cεη

≥ min
ε>0

(
ε(2E0 + 2E1) +

1

3ε2

(
z2

2z21α
3
i + z2

3z31β
3
i − 3α3

i f
(βi
αi

)))
≥ 3

2
3 (E0 + E1)

2
3

(
z2

2z21α
3
i + z2

3z31β
3
i − 3α3

i f
(βi
αi

)) 1
3

= αif8

(αi
βi

)
,

which, together with (5.59) and (5.74) conclude the proof.

As a corollary of the previous results, we can prove

Theorem 5.3.1. Assume (H1)–(H8), and let C > 0. Then there exists η1 = η1(C) ∈
(0, η0) such that, if η ∈ (0, η1), ε ≤ ηq+1 and v ∈ V satisfies Iε(v) ≤ C, it holds∫ 1

0

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥
(
A0λ

η
2 +B0λ

η
3

)
− cη. (5.79)

Proof. Thanks to Proposition 5.3.1 and (H6)–(H8) we have∫
Li∪Σi

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ A0αi +B0βi − cηε,

169



for every i = 1, . . . , Nv. Thus, we can write∫
∑Nv
i Li∪Σi

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ A0

Nv∑
i=1

αi +B0

Nv∑
i=1

βi − cNvηε

≥ A0

Nv∑
i=1

αi +B0

Nv∑
i=1

βi − cη,

where we made use of Lemma 5.3.1 to bound Nv in the last inequality. It just remains

to provide an estimate for the intervals D0 := (0, y−1 ) and DNv+1 := (y+
Nv
, 1). We deal

with the first case, as the second can be treated similarly. If L ({x ∈ D0 : |vx(x)−zk| ≤
η}) > R∗ε for some k = 2, 3, then, by arguing as in the proof of Lemma 5.3.3 we

deduce ∫
D0

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ A0α0 +B0β0.

On the other hand, if L ({x ∈ D0 : |vx(x)− zk| ≤ η}) ≤ R∗ε for k = 1, 2, then∫
D0

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ A0α0 +B0β0 − (A0 +B0)R∗ε. (5.80)

Therefore,∫ 1

0

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≥ A0

Nv+1∑
i=0

αi +B0

Nv+1∑
i=0

βi − cη,

which, by the definition of the αi’s, βi’s, and of λη2, λ
η
3 coincides with (5.79).

5.4 The second Γ–limit

In this section we prove the Γ−limit for Iε, that is a second Γ−limit for Eε, as

stated in Theorem 5.0.1. The first step is to prove compactness for the family of

energy functionals Iε.

Proposition 5.4.1. Assume (H1)–(H5). Let C > 0, εj ↓ 0 and (uj, νj) be such that

Iεj(uj, νj) ≤ C, ∀j ∈ N. (5.81)

Then, up to a subsequence, (uj, νj) converges to (u, ν) in L2(0, 1) × L∞w∗(0, 1;M).

Furthermore, u = 0 and ν ∈ GYM∞(u) satisfies

νx = λ1(x)δz1 + λ2(x)δz2 + λ3(x)δz3 , a.e. x ∈ (0, 1), (5.82)
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and λ1, λ2, λ3 ∈ L∞(0, 1; [0, 1]) are such that

λ1(x) + λ2(x) + λ3(x) = 1, and
3∑

k=1

zkλk(x) = 0, (5.83)

for a.e. x ∈ (0, 1).

Proof. We first notice that (5.81) implies strong convergence of uj to u = 0 in L2(0, 1).

Furthermore, as W (s) ≥ c1|s|p − c2, we also have

‖uj,x‖Lp ≤ c, (5.84)

and, therefore, up to a subsequence uj → 0, weakly in W 1,p
0 (0, 1). In fact, (5.84) also

implies that, up to a further non-relabelled subsequence, uj,x generates a gradient

Young measure νx, weak* limit of νj in L∞w∗(0, 1;M). Defined Ση
j as

Ση
j :=

{
x ∈ (0, 1) : |uj,x(x)− zk| > η, k = 1, 2, 3

}
, (5.85)

for some η ∈ (0, η0), by (H5) we have

Cε2
j ≥

∫ 1

0

W (uj,x) dx ≥
∫

Σαj

W (uj,x) dx ≥ c0η
qL (Ση

j ).

This implies

L (Ση
j ) ≤ c

ε2
j

ηq
, (5.86)

which is convergence in measure of uj,x to Z. Therefore, νx is a probability measure

supported on Z (see e.g., Theorem 1.2.3), and hence νx = λ1(x)δz1+λ2(x)δz2+λ3(x)δz3

for a.e. x ∈ (0, 1), as claimed. The fact that ν is a probability measure implies the

first identity in (5.83). By [69, Thm. 8.7] we also know that ν is the gradient

Young measure related to u = 0, and therefore the average of ν must be 0, that is∑3
k=1 λk(x)zk = 0 for a.e. x ∈ (0, 1), which is the last identity in (5.83).

Given a sequence uj ∈ W 1,p
0 (0, 1) and η > 0, let us define

ληk,j := L
({
x ∈ (0, 1) : |uj,x(x)− zk| ≤ η

})
, k = 1, 2, 3.

The following result is used below:

Lemma 5.4.1. Assume (H1)–(H5). Let C > 0, η ∈ (0, η0), εj ↓ 0 and (uj, νj) be

a sequence converging to (0, ν) in L2(0, 1) × L∞w∗(0, 1;M) such that Iεj(uj) ≤ C for

each j. Then ν satisfies (5.82)–(5.83). and

lim
j
ληk,j =

∫ 1

0

λk dx. (5.87)
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Proof. The fact that ν satisfies (5.82)–(5.83) follows directly from Proposition 5.4.1.

We just need to prove (5.87). Let us consider a continuous function fk : R → [0, 1],

which is equal to 1 for those s such that |s− zk| ≤ η, and equal to 0 for |s− zk| ≥ η0.

We have ∫ 1

0

λk dx =

∫ 1

0

〈ν, fk〉 dx = lim
j

∫ 1

0

〈νj, fk〉 dx = lim
j

∫ 1

0

fk(uj,x) dx.

Now, we notice that, as η0 <
|zk−zh|

2
for each h, k = 1, 2, 3, h 6= k (cf. (H5)),∫ 1

0

fk(uj,x) dx = ληk(uj) + r,

where

0 < r ≤ L
(
{x ∈ (0, 1) : η < |uj,x(x)− zk| ≤ η0}

)
≤ L

(
Ση
j

)
≤ cε2

jη
−q.

Here, Ση
j is as in (5.85), and we also made use of (5.86). Therefore, collecting all

previous identities we finally get

lim
j
ληk(uj) =

∫ 1

0

λk dx,

which concludes the proof.

We are now ready to derive the Γ−limit of Iε

Theorem 5.4.1. Assume (H1)–(H8). Then Iε Γ−converges to

I0(u, ν) =

A0

∫ 1

0
νx(z2) dx+B0

∫ 1

0
νx(z3) dx,

if u = 0, ν ∈ GYM∞(0),

supp ν ⊂ Z a.e.,

+∞, otherwise.

in the L2(0, 1)× L∞w∗(0, 1;M) topology as ε ↓ 0.

Proof. The Γ − lim sup inequality is a direct consequence of Proposition 5.2.1 and

Lemma 5.4.1. Therefore we just need to prove the Γ− lim inf inequality. In order to

do that, we need to consider a generic sequence εj converging to 0, a sequence uj ∈ V
converging strongly in L2(0, 1) to u ∈ L2(0, 1) and a sequence of parametrized mea-

sures νj converging weakly* to ν in L∞w∗(0, 1;M). If lim infj I
εj(uj) = ∞, the liminf

inequality is trivial. Otherwise, up to a subsequence we can assume the existence of

C > 0, independent of εj, such that

Iεj(uj) ≤ C, ∀j ∈ N.

172



As a consequence of Proposition 5.4.1, u = 0 and the related gradient Young measure

ν must satisfy (5.82)–(5.83). Now, Theorem 5.3.1 guarantees the existence of η1 > 0

such that, fixed η ∈ (0, η1),∫ 1

0

(
ε4
ju

2
j,xx + ε−2

j W (uj,x) + ε−2
j u2

j

)
dx ≥

(
A0λ

η
2,j +B0λ

η
3,j

)
− cη,

for all εj < ηq+1. Now, by taking the lim inf on both sides, and recalling Lemma

5.4.1, we deduce

lim inf
j

∫ 1

0

(
ε4
ju

2
j,xx + ε−2

j W (uj,x) + ε−2
j u2

j

)
dx ≥ A0

∫ 1

0

λ2 dx+B0

∫ 1

0

λ3 dx− cη.

The arbitrariness of η yields to the desired Γ− lim inf inequality.

5.5 Selecting Minimizing sequences without

Γ−convergence

In this section we prove Theorem 5.0.2. In order to do this we strongly rely on

the estimates of Section 5.3, to which we refer the reader for the notation. We start

with the following theorem:

Theorem 5.5.1. Assume (H1)–(H5) and z3 ≤ 3|z1|. Then, there exist ε1 > 0 and

ξ > 0 such that, if ε < ε1

inf
v∈V

∫ 1

0

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx = A0z
−1
21 + o(εξ). (5.88)

Furthermore, every minimizer u of Iε satisfies

L
(
{x ∈ (0, 1) : |ux(x)− z3| ≤ ε

1
q+1}

)
≤ cεξ. (5.89)

Proof. We first notice that Proposition 5.2.1 implies

inf
v∈V

∫ 1

0

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx ≤ A0z
−1
21 + cεζ . (5.90)

Let us assume η ∈ (0, η1), with η1 as in the statement of Proposition 5.3.1, ε ≤ ηq+1,

and define

K :=
z31

z21

3

√
(E0 + E1)2

E2
0

> 1.

We notice that B0 > KA0. We now look for a lower bound for the energy Iε of

the type (5.79), but with B0 replaced by KA0. This new bound does not rely on
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(H6)–(H8), but is deduced by strongly exploiting the estimates in Section 5.3.

It can be checked by using

z2 < z3, z21 < z31, z2z31 < z3z31,

that f7, f8 given in (H7)–(H8) satisfy

f7(y) ≥ A0 +KA0y, f8(y) ≥ A0 +KA0y, for every y ≥ 0. (5.91)

Furthermore, as we assumed z3 ≤ 3|z1|, we also have

f6(y) ≥ A0 +KA0y, for every y ≥ 0. (5.92)

Therefore, collecting the estimates for every L−interval, from Proposition 5.3.1 to-

gether with (5.91)–(5.92) and the fact that B0 > KA0 imply∫
∑
i(Li∪Σi)

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx+ cη ≥ A0

∑
i

(αi +Kβi).

Here we also made use of Lemma (5.3.1) to bound Nv with cε−1. Finally, recalling

(5.80) we deduce∫ 1

0

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx+ cη ≥ A0(λη2 +Kλη3). (5.93)

Now, thanks to (5.39)–(5.40), and the fact that ε ≤ ηq+1, we can write

1 ≥ λη1 + λη2 + λη3 = 1−L (Ση) ≥ 1− cεη, (5.94)

while, on the other hand,

0 =

∫ 1

0

vx dx ≤
3∑

k=1

(zk + η)ληk + r̃ ≤
3∑

k=1

zkλ
η
k + cη, 0 =

∫ 1

0

vx dx ≥
3∑

k=1

zkλ
η
k − cη

(5.95)

where r̃ is defined as in (5.64), and has been bounded according to the estimate in

(5.67). By combining (5.94)–(5.95) we are led to

z−1
31 (1− z21λ

η
2) + cη ≥ λη3 ≥ z−1

31 (1− z21λ
η
2)− cη, (5.96)

so that, by (5.93),∫ 1

0

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx+ cη ≥ A0

(
λη2 +

K

z31

(1− z21λ
η
2)
)
. (5.97)
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The right hand side of the above inequality is a decreasing function of λη2 so minimised

by the biggest admissible λη2. But as λη3 ≥ 0, (5.96) entails λη2 ≤ z−1
21 +cη, thus implying∫ 1

0

(
ε4v2

xx + ε−2W (vx) + ε−2v2
)

dx+ cη ≥ A0z
−1
21 . (5.98)

Choosing η = ε
1
q+1 and ε1 = min{ηq+1

1 , ε0}, where ε0 is as in Proposition 5.2.1 we

complete the proof of (5.88). Finally, combining (5.90) and (5.97) we get

cεξ + A0z
−1
21 ≥ A0λ

η
2 + z−1

31 KA0(1− z21λ
η
2) ≥ A0z

−1
21 − cεξ,

which is ∣∣(λη2 − z−1
21 )(1−Kz21

z31

)
∣∣ ≤ cεξ.

This implies |λη2 − z−1
21 | ≤ cεξ which, by (5.96), concludes the proof.

This finally allows us to prove the following

Corollary 5.5.1. Assume (H1)–(H5) and z3 ≤ 3|z1|. Then, every gradient Young

measure ν ∈ GYM∞(0) generated by a sequence uε of minimizers for Iε as ε ↓ 0,

satisfies

supp νx ∈ {z1, z2}, νx =
z2

z2 − z1

δz1 −
z1

z2 − z1

δz2 , a.e. x ∈ (0, 1).

Proof. By Proposition 5.0.1 we know that supp νx ⊂ Z almost everywhere in (0, 1),

and so νx is of the form

νx = λ1(x)δz1 + λ2(x)δz2 + λ3(x)δz3 ,

with the λi’s satisfying (5.9) for a.e. x ∈ (0, 1). Therefore we just need to show that

λ3 = 0. Let us consider a continuous function f3 : R→ [0, 1] which is equal to 1 for all

s ∈ R such that |s−z3| ≤ η0
2

, and 0 if |s−z3| ≥ η0. Take a sequence uεj of minimizers

of Iεj generating ν. By arguing as in the proof of Lemma 5.4.1 we get

0 ≤
∫ 1

0

λ3 dx = lim
j

∫ 1

0

f3(uεj ,x) dx ≤ lim
(
λη3(uεj) + cε2

jη
−q).

After choosing η = ε
1
q+1

j , (5.89) gives the sought result.
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5.6 Some remarks on the assumptions

It is worth spending some words on assumptions (H6)–(H8). Hypothesis (H6) is

needed in our construction of a lower bound, but it might be possible to remove it by

making the arguments of Section 5.3 more involved. It is easy to check that it fails

whenever z3 > 3|z1|. On the other hand, as mentioned in the introduction, it turns

out that (H7)–(H8) are necessary conditions in order to prove Theorem 5.0.1, and the

second Γ–limit would have a different form without these assumptions. Indeed, as

explained in the introduction, these hypotheses guarantee that the microstructures

used in the construction of Proposition 5.2.1 are energetically preferable to those

constructed in the following Propositions, and shown in Figure 5.7.

Proposition 5.6.1. Assume (H7) is not satisfied. Then, there exist λ1, λ2, λ3 ∈ (0, 1)

satisfying (5.83), uε ∈ V such that (uε, δuε,x)→ (0, ν) in L2(0, 1)×L∞w∗(0, 1;M), where

νx = λ1δz1 + λ2δz2 + λ3δz3 a.e. in (0, 1), and

lim sup
ε↓0

Iε(uε) < A0λ2 +B0λ3.

Proof. The proof of the Proposition is very similar to the one of Proposition 5.2.1 in

many details. For this reason we skip some long computation and just give the idea

of the proof.

Let ŷ ≥ 0 such that the inequality in (H7) does not hold. Let us choose

λ2 = (ŷz31 + z21)−1, λ3 = z−1
31 −

z21

z31

λ2, λ1 = 1− λ2 − λ3, (5.99)

so that λ3
λ2

= ŷ. It is easy to check that λ1, λ2, λ3 ∈ (0, 1) and satisfy (5.9). We divide

(0, 1) in Nε subintervals (xi, xi+1) of length N−1
ε , where xi = iN−1

ε for i = 0, . . . , Nε.

On every interval we construct vε as a suitable continuous approximation (see the

proof of Proposition 5.2.1) of the function (see the derivative of the function in Figure

5.7a)

v̂ε(s) =


z2, if 0 ≤ |s− (2Nε)

−1| ≤ λ2(2Nε)
−1,

z3, if λ2N
−1
ε < |s− (2Nε)

−1| ≤ λ2(2Nε)
−1 + λ3(2Nε)

−1

z1, if λ2(2Nε)
−1 + λ3(2Nε)

−1 ≤ |s− (2Nε)
−1| ≤ (2Nε)

−1.

Therefore, after defining wε as the N−1
ε −periodic extension of vε, we construct uε as

in (5.15). Now, an argument as the one in the proof of Proposition 5.2.1, allows us
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(a) (b) (c)

Figure 5.7: 5.7a. Microstructure of lower energy in case (H7) does not hold. Mi-

crostructures of low energy in case (H8) does not hold are represented in Figures 5.7b

and 5.7c, respectively in the case where ŷ ≤
√

z2z21
z3z31

and ŷ >
√

z2z21
z3z31

.

to prove that

Iε(uε) ≤ 3
2
3 2−

2
3 (E0 + 2E1)

2
3

(
z2

2z21λ
3
2 + z2

3z31λ
3
3 + 3λ2λ3z2z31(λ3z3 + λ2z2)

) 1
3

+ cεξ

≤ λ23
2
3 2−

2
3 (E0 + 2E1)

2
3

(
z2

2z21 + z2
3z31ŷ

3 + 3ŷz2z31(ŷz3 + z2)
) 1

3
+ cεξ,

for some ξ > 0, and that (5.11) holds. Here we have used that, by construction,
λ3
λ2

= ŷ. As ŷ contradicts (H7), we have

Iε(uε) < A0λ2 +B0λ3 + cεξ. (5.100)

Furthermore, we can deduce that estimates as the one in (5.11) hold. Thus, taking

the lim sup in (5.100), by Lemma 5.4.1 we obtain the sought result.

Proposition 5.6.2. Assume (H8) is not satisfied. Then, there exist λ1, λ2, λ3 ∈ (0, 1)

satisfying (5.83), uε ∈ V such that (uε, δuε,x)→ (0, ν) in L2(0, 1)×L∞w∗(0, 1;M), where

νx = λ1δz1 + λ2δz2 + λ3δz3 a.e. in (0, 1), and

lim sup
ε↓0

Iε(uε) < A0λ2 +B0λ3.

Proof. Again, the proof of this Proposition is very similar to the one of Proposition

5.2.1 and of Proposition 5.6.1 in many details. For this reason we skip some long

computation and just give the idea of the proof.

Let ŷ ≥ 0 such that (H8) does not hold. Let us choose λ1, λ2, λ3 that satisfy

(5.9) as in (5.99). Again, we divide (0, 1) in Mε subintervals (xi, xi+1) of length M−1
ε ,

where xi = iM−1
ε for i = 0, . . . ,Mε. We have two cases:

0 ≤ ŷ ≤
√
z2z21

z3z31

, and

√
z2z21

z3z31

< ŷ.
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In the first case (see Figure 5.7b), we define ωa := (z2z21− z3z31ŷ
2)(2z2(z21 + ŷz31))−1

and

v̂εa(s) =



z1, if 0 ≤ s < z2
z1

(1− ωa)λ2M
−1
ε ,

z2, if z2
z1

(1− ωa)λ2M
−1
ε ≤ s <

(
z2
z1

(1− ωa) + 1
)
λ2M

−1
ε ,

z3, if
(
z2
z1

(1− ωa) + 1
)
λ2M

−1
ε ≤ s <

(
z2
z1

(1− ωa) + 1
)
λ2M

−1
ε + λ3M

−1
ε ,

z1, if
(
z2
z1

(1− ωa) + 1
)
λ2M

−1
ε + λ3M

−1
ε ≤ s.

In the second (see Figure 5.7c), we define ωb := −ωa and

v̂εb(s) =



z1, if 0 ≤ s < z3
z1

(1− ωb)λ3M
−1
ε ,

z3, if z3
z1

(1− ωb)λ3M
−1
ε ≤ s <

(
z3
z1

(1− ωb) + 1
)
λ3M

−1
ε ,

z2, if
(
z3
z1

(1− ωb) + 1
)
λ3M

−1
ε ≤ s <

(
z3
z1

(1− ωb) + 1
)
λ3M

−1
ε + λ2M

−1
ε ,

z1, if
(
z3
z1

(1− ωb) + 1
)
λ3M

−1
ε + λ2M

−1
ε ≤ s.

Now, let us consider suitable continuous approximations vεa and vεb of v̂εa and v̂εb , which

can be obtained in the same way as the one in Proposition 5.2.1. Let wεa, w
ε
b be the

M−1
ε −periodic extensions of vεa and vεb respectively, and define uε as in (5.15). It is

easy to compute that∫ N−1

0

(∫ x

0

v̂εa(s) ds
)2

dx ≤ 3−1
(
z2

2z21λ
3
2 + z2

3z31λ
3
3 − 3λ3

2f(ŷ)
)
,∫ N−1

0

(∫ x

0

v̂εb(s) ds
)2

dx ≤ 3−1
(
z2

2z21λ
3
2 + z2

3z31λ
3
3 − 3λ3

2f(ŷ)
)
,

respectively if ŷ is smaller or bigger than
√

z2z21
z3z31

. An argument as the one in Propo-

sition 5.2.1 allows hence to prove

Iε(uε) ≤ 3
2
3 (E0 + E1)

2
3

(
z2

2z21λ
3
2 + z2

3z31λ
3
3 − 3λ3

2f(ŷ)
) 1

3
+ cεξ

≤ 3
2
3λ2(E0 + E1)

2
3

(
z2

2z21 + z2
3z31ŷ

3 − 3f(ŷ)
) 1

3
+ cεξ,

for some ξ > 0, for some ε0 > 0, and for every ε ∈ (0, ε0). Again, here we used the

fact that, by construction, λ3
λ2

= ŷ. The fact that ŷ violates the inequality in (H8)

yields

Iε(uε) < A0λ2 +B0λ3 + cεξ. (5.101)

Furthermore, by arguing as in the proof of Proposition 5.2.1 we can prove estimates as

the ones in (5.11). Therefore, by taking the lim sup in (5.101) and exploiting Lemma

5.4.1 we conclude the proof of the proposition.
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(a) (b) (c)

Figure 5.8: Verification of the hypotheses (H6)–(H8) for the examples of Section 5.6.1.

Figure 5.8a is the graphical verification of (H6) for the two examples: in blue the case

z2 = 1
3
, in red the one with z2 = 1

2
. Figure 5.8b and 5.8c verify (H7) and (H8) in the

example with z2 = 1
3
.

5.6.1 Two examples

An easy example where hypotheses (H1)-(H8) hold is when

W (s) = (s− 1)2(s+ 1)2(s− 3−1)2.

Indeed, in this case E0 ≈ 1.054, E1 ≈ 0.165, A0 ≈ 0.718, B0 ≈ 1.883, z1 = −1, z2 = 1
3
,

z3 = 1. It is trivial to check that in this context (H1)–(H5) hold. Hypotheses (H6)–

(H8) are here verified graphically (cf. Figure 5.8). It can be proved that (H6)–(H8)

hold for W of the form

W (s) = (s− 1)2(s+ 1)2(s− z2)2,

whenever z2 ∈ (−0.49, 0.49). The bound on z2 is not sharp.

On the other hand, let us consider

W (s) = (s− 1)2(s+ 1)2(s− 2−1)2,

where, in our notation, E0 ≈ 1.406, E1 ≈ 0.073, A0 ≈ 1.186, B0 ≈ 2.143, z1 = −1,

z2 = 1
2
, z3 = 1. In this case (H1)–(H6) hold (cf. Figure 5.8a). However, hypotheses

(H7) and (H8) fail respectively in a neighbourhood of ŷ7 = 0.585 and ŷ8 = 0.204.

Here, it is energetically very cheap to pass from z2 to z3 so other microstructures are

energetically favourable for λ3
λ2

close to ŷ7 or ŷ8. Nonetheless, as z3 ≤ 3|z1|, thanks to

Theorem 5.0.2 we can still select minimizing sequences by adding vanishing interfacial

energy.
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