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Abstract

The work in this thesis is inspired by the fabrication of ZnysAugyCugs. This is the
first alloy undergoing ultra-reversible martensitic transformations and closely satisfy-
ing the cofactor conditions, particular conditions of geometric compatibility between
phases, which were conjectured to influence reversibility. With the aim of better
understanding reversibility, in this thesis we study the martensitic microstructures
arising during thermal cycling in ZngsAugzoCuss, which are complex and different in
every phase transformation cycle.

Our study is developed in the context of continuum mechanics and nonlinear elastic-
ity, and we use tools from nonlinear analysis.

The first aim of this thesis is to advance our understanding of conditions of geomet-
ric compatibility between phases. To this end, first, we further investigate cofactor
conditions and introduce a physically-based metric to measure how closely these are
satisfied in real materials. Secondly, we introduce further conditions of compatibility
and show that these are nearly satisfied by some twins in ZngsAugyCuss. These might
influence reversibility as they improve compatibility between high and low tempera-
ture phases.

Martensitic phase transitions in ZnysAugyCugs are a complex phenomenon, especially
because the crystalline structure of the material changes from a cubic to a mono-
clinic symmetry, and hence the energy of the system has twelve wells. There exist
infinitely many energy-minimising microstructures, limiting our understanding of the
phenomenon as well as our ability to predict it. Therefore, the second aim of this the-
sis is to find criteria to select physically-relevant energy minimisers. We introduce two
criteria or selection mechanisms. The first involves a moving mask approximation,
which allows one to describe some experimental observations on the dynamics, while
the second is based on using vanishing interface energy. The moving mask approxi-
mation reflects the idea of a moving curtain covering and uncovering microstructures

during the phase transition, as appears to be the case for ZnysAuzyCugs, and many



other materials during thermally induced transformations. We show that the mov-
ing mask approximation can be framed in the context of a model for the dynamics
of nonlinear elastic bodies. We prove that every macroscopic deformation gradient

satisfying the moving mask approximation must be of the form
1+ a(x) ®n(x), a.e. X.

With regards to vanishing interface energy, we consider a one-dimensional energy
functional with three wells, which simplifies the physically relevant model for marten-
sitic transformations, but at the same time highlights some key issues. Our energy
functional admits infinitely many minimising gradient Young measures, representing
energy-minimising microstructures. In order to select the physically relevant ones,
we show that minimisers of a regularised energy, where the second derivatives are
penalised, generate a unique minimising gradient Young measure as the perturbation
vanishes.

The results developed in this thesis are motivated by the study of ZnysAuzoCugs, but
their relevance is not limited to this material. The results on the cofactor condi-
tions developed here can help for the understanding of new alloys undergoing ultra-
reversible transformations, and as a guideline for the fabrication of future materials.
Furthermore, the selection mechanisms studied in this work can be useful in selecting
physically relevant microstructures not only in ZngsAuzgCuss, but also in other ma-
terials undergoing martensitic transformations, and other phenomena where pattern

formation is observed.
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Chapter 1

Introduction

1.1 Martensitic transformations

Crystals are solid materials where atoms are highly ordered in three-dimensional
periodic structures called lattices. In nature crystalline solids appear as single crys-
tals or as polycrystals. While in the former the periodic structure is repeated without
changes in the whole sample, the latter can be divided in regions, called grains, where
the same lattice structure has different orientations.

In certain alloys or ceramics, the crystalline structure is different at different tem-
peratures. The high-temperature crystalline structure is called austenite, or parent
phase, while the low-temperature one is usually called martensite. Austenite has
often a crystalline structure with cubic symmetry, and is more ordered than marten-
site, in the sense that its crystalline structure enjoys more symmetries. When the
temperature is moved across a certain critical temperature 67, a phase transition
takes place from austenite to martensite, or vice-versa. These solid to solid phase
transitions are called martensitic transformations, and are diffusionless and of first
order. Diffusionless means that locally it is possible to deduce one crystalline struc-
ture as a linear deformation of the other. Of first order means that the lattice change
is abrupt. Examples of alloys undergoing martensitic transformations are In;;Tlys,
NisoTi5g, ZngsAusggCuss, as well as many steels, while among ceramics we mention
BaTiOg3. As austenite has usually higher symmetry than martensite, there are differ-
ent ways to deform the lattice of the former and obtain the latter (cf. Figure 1.1). We
call the different symmetry-related types of martensitic lattices, obtained by deform-
ing austenite in different ways, variants of martensite. Often, martensitic variants
appear finely mixed, creating beautiful and interesting microstructures. However, in

general, predicting the microstructures appearing during the phase transformation is



cooling
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Figure 1.1: On the left cubic austenite, stable at high temperature; on the right
tetragonal martensite, stable at low temperatures.

still an open problem.
In reality, nucleation and propagation of martensite into austenite (or vice versa of
austenite into martensite) is obstructed by energy barriers, and the phase transition
does not occur at an exact temperature value. Experimentally, we usually observe
that when we cool a material in its austenite phase, martensite starts to appear at a
temperature M, while the sample is fully transformed just at M; < M,. Vice versa,
when we heat up a sample in its martensitic phase, austenite starts to appear at a
temperature A;, and the transformation ends at Ay > A,. In general A, > My, and
we define the thermal hysteresis of the transformation as
Ms+ My — A, — Ay

2

Given Ay, Ay, My, My measured experimentally, an estimate of the theoretical critical

thermal hysteresis :=

temperature is given by
~  M,+ M+ Ag+ Af
Or = 1 .

Another way to induce martensitic transformations is via external loading. Indeed,

external forces may change the energy landscape, and make some variants of marten-
site stable and the austenite unstable, above the critical temperature (cf. Figure 1.2).
In this thesis, however, we focus on thermally induced transformations.

It is important to remark that, in reality, the sample might not fully transform. This
may occur for many reasons, for example due to incompatibility of microstructures in
neighbouring grains [14], or due to a very small size of some grains [5]. Furthermore,
forces exerted on the boundary of a grain by its neighbours may affect the phase
transformation. For these reasons, when studying martensitic transformation from a
mathematical perspective, authors in the literature often restrict to single crystals.

The same simplification is adopted in this thesis.
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Figure 1.2: On the left, cubic austenite, which under a sufficiently large vertical force
can have greater free energy than particular martensitic variants, on the right.

— | - —

stretching heating cooling

Figure 1.3: Example of shape memory. A curved wire is stretched and deformed into
a straight wire. The deformation is apparently plastic as the wire does not recover
its curved shape when the stretching force is released. When the sample is heated, it
recovers its original shape. The shape remains unchanged when the material is cooled
down again.

Shape memory

Shape memory is the ability of certain materials to recover, upon heating, de-
formations which are apparently plastic (cf. Figure 1.3). From a physical point of
view, shape memory is based on martensitic phase transitions. Indeed, there is a one
to one correspondence between the macroscopic effects presented in Figure 1.3, and
the microscopic changes in the lattice depicted in Figure 1.4. The phenomenon can

be described in four steps:
e we take a sample in its martensite phase, at temperature 6 < 0r;

e we stretch the sample in some direction. Locally, the martensitic microstructure
changes in order to reduce the stress generated by the external force. When the
external forces are released, the shape of the sample remains distorted, as the

new microstructures are still energy minimising;
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Figure 1.4: Representation of shape memory at a microscopic scale.

e we heat up our sample to a temperature § > 6. The material undergoes a
phase transformation from martensite to austenite. Given the higher symmetry
of the austenite lattice, all the different variants of martensite transform back

in an unique way, recovering the shape of the sample;

e we cool the material down to # < fr until a phase transformation from austenite
to martensite occurs. Macroscopically, that means on average, the shape of the
sample does not change, due to a phenomenon called self-accommodation, which

is achieved by finely mixing martensitic variants.

As is easy to imagine, shape-memory alloys have a wide range of applications, from
smart actuators to medical stents, energy conversion devices and many others, which
make these materials interesting for the automotive, spacecraft, medical and robotic

industries.

Hysteresis and reversibility

Major obstacles towards application of shape-memory alloys are the hysteresis
and the lack of reversibility of the transformation. Indeed hysteresis can be up to
70°K in NiTi alloys, which is too big for making shape memory efficient in many

practical applications. Lack of reversibility in the transformation means that during

4



every thermal cycle, the material is damaged by plastic effects and by the nucleation
of micro-cracks. This leads to the formation of islands in the sample which do not
change phase, while the latent heat of the transformation and transition temperature
change, and rupture due to fatigue occurs after a few thousand cycles.

An important step towards understanding hysteresis can be found in [84], where the
hysteresis is proved to be a function of Ay, and is minimised at Ay = 1. Here, Ay is
the middle eigenvalue of the transformation strain converting the austenite lattice
into the martensite lattices (see e.g., (2.8) for cubic to monoclinic transformations).
This result seems in good agreement with experimental evidences for many different
alloys. It is worth remarking that experiments show a very sensitive dependence of
Ao on the alloy composition, and that hysteresis increases very rapidly with |[Ay — 1].
Unfortunately, up to now, our understanding of reversibility in martensitic trans-
formations is not as good as our understanding of hysteresis. The biggest step in
this direction has been achieved in [26], where the authors study some particular
conditions of geometric compatibility between phases, called cofactor conditions, and
conjecture that these might affect reversibility (see also [51] where a relation between
cofactor conditions and reversibility was already speculated). The cofactor conditions
include, among others, Ay = 1, and were first introduced in [18], as conditions of de-
generacy for the equations of the crystallographic theory of martensite (see Theorem
1.4.1 below).

The recent fabrication announced in [76] of ZnysAuzgCuss, the first material closely
satisfying the cofactor conditions (the relative error is of order 10™%), partially con-
firms this conjecture. Indeed, this material exhibits ultra-low hysteresis (about 2 °K)
and does not seem to incur any loss of reversibility after more than 16,000 thermal
cycles. Furthermore, the hysteresis loop in this new material remains unchanged after
10° cycles of uniaxial compressive loading (see [67]). After ZnysAusgCugs, other al-
loys closely satisfying the cofactor conditions have been fabricated (see [28] and [45]),
whose hysteresis curve does not change after 107 cycles of uniaxial tension. We refer
the reader also to [49] and [50] for two reviews on the topic.

Despite these recent successes in constructing materials undergoing ultra-reversible
transformations, a rigorous mathematical explanation of reversibility is not available
yet, and the influence of cofactor conditions still needs understanding as well as a

rigorous justification.



1.2 Calculus of variations and quasiconvexity

We consider the following problem
minimise I(u) := / f(x,u(x), Vu(x))dx among u € A, (1.1)
Q

where 2 C R¥ is an open, bounded, connected and Lipschitz domain, f: RY x RM x

RM*N i5 a smooth non-negative function such that

c|AP—C < f(x,8,A) < C(1+|A]P),  forevery x € Q, s € RM A e RM*N (1.2)
for some ¢,C' > 0, p € (1,00), and, for some g € WP(Q; RM),

Ag = {v e WP(Q;RY): v =g on 00}

Quasiconvexity

The usual approach to prove existence of minimisers for I in Ag is the direct

method of the calculus of variations, based on the following three steps:
e take a minimising sequences u; € A, for I;
e show that the minimising sequence is weakly relatively compact in Ag;
e show that [ is sequentially weakly lower semicontinuous.
The second point of the above list can be easily addressed as follows: by (1.2),

el —C <infl+e<I(g)+e<C(L+|glfp,) < C.

p
Wwhlp

for some ¢, C' > 0. Therefore, by the Banach-Alouglu theorem there exist u € Ag and
a subsequence uj, of u; converging weakly in W'?(Q;RM) to u. It is usually more
difficult to show that I is sequentially weakly lower semicontinuous. To address this

issue, let us introduce the notion of quasiconvexity first introduced by Morrey [59]:

Definition 1.2.1 ([34, Def. 1.5]). A function h: RM*N — R which is Borel measur-

able and locally bounded is said to be quasiconver if

1
h(A) < ——— [ h(A d
(A < gy [, A+ T0) dx
for every open set D C RN, A € R™*N and every ¢ € Wy ™ (D;RM).

6



The notion of quasiconvexity is a generalisation of convexity, and the two notions
are equivalent if M = 1 or N = 1. However, the importance of quasiconvexity is given
by its strong relationship with sequential weak lower semicontinuity. Indeed, under

standard assumptions on f, quasiconvexity is a necessary and sufficient condition:

Theorem 1.2.1 ([34, Thm. 1.13]). Let 1 < p < oo, Q C RY bounded open Lipschitz
set and
f:QxRM x RM*N 4 R,

be a continuous function satisfying
0 < f(x,v,A) <c(1+]AP),
for some ¢ > 0. Let
1w = [ fecul). Valx) dx
Q

Then, I is sequentially weakly lower semicontinuous in WYP(Q;RM) if and only if

A — f(x,v,A) is quasiconvez for every (x,v) € Q x RM.

There are other generalisations of convexity, which have been introduced to bet-
ter understand quasiconvexity, in particular polyconvexity [7], and rank-one convexity
(see e.g., [34]):

Definition 1.2.2. We say that h: RM*N — R is rank-one convex, if
h(AA+ (1 — X)B) < AR(A) + (1 — M\)A(B),

for every A € [0,1], and every A,B € RM*N sych that rank(A — B) < 1.
We say that h: RM*N — R is polyconvex, if there erists h: RTMN) 5 R conver,
such that

h(A) = h(T(A)), for every A € RMAY

and where T: RMN — RTMN) s such that
T(A) = (A, adj, A, ... ,adjmin{MW} A).
Here, adj, A, with s € [2,min{M, N}|, stands for the matriz of all s X s minors of

A c RMN and

min{M,N}

N =Y ols), a(s):(]sv)<]‘j>.

j=1



The relations between the different generalisations of convexity are given by the

following result:

Proposition 1.2.1 ([34, Thm. 1.7]). Let h: RM*Y — R be Borel measurable and lo-
cally bounded. Then, if h is quasiconver, it is also rank-one convex. If h is polyconvex,

it 1s also quasiconvex. The converses are false in general.

Therefore, an easy way to prove that a function A is not quasiconvex is to show
that it is not rank-one convex. Conversely, to show that a function A is quasiconvex,

it is sufficient (but not necessary) to show that h is polyconvex.

Lack of quasiconvexity

In certain physically relevant situations, as for the case of martensitic phase
transitions discussed in Section 1.3, the energy density f is not quasiconvex, and the
question arises as to what happens to minimising sequences. One possible approach

is to consider the relaxed energy functional 1" defined as

I"(u) := inf{liminf I(u;): u; — u — 0 weakly in Wol’p(Q;RM)}.

J

This is always sequentially weakly lower semicontinuous, and hence admits a min-

imiser. The following result holds.
Theorem 1.2.2 ([34]). Let h: RN — R be continuous and satisfy
Al = C < h(A) < C(1+[AP), (1.3)

for some ¢,C >0 and p € (1,00). Let also

E(u) = /Q h(Vu(x)) dx.

Then,
E(u) = / hi¢(Vu) dx,
Q

where
hI¢(A) := sup{g(A): g<h andg quasiconvex}.

Therefore, under the hypotheses of Theorem 1.2.2, relaxation of an energy func-
tional is equivalent to the quasiconvexification of its energy density. However, follow-
ing this approach, information about minimising sequences is usually lost, and the

relaxed problem may have infinitely many minimisers.



Young measures

A way of capturing the oscillations in minimising sequences for non-quasiconvex
functionals is given by Young measures, which are parametrised families of probability
measures, generated by weakly converging sequences. Before stating a version of
the fundamental theorem for Young measures we need to introduce some notation.
Below, we denote by M(RM) the space of positive Radon measures with finite mass,
and by Cyo(RM) its predual, the space of continuous functions f: R® — R such
that limjx_ee f(x) = 0. We can now introduce the space L3 (€2; M(RM)), which is
the space of essentially-bounded measure-valued functions equipped with the weakx
topology. We remark that, as YV := L (Q; M(RM)) = (L(; Co(RM)))", it is a
Banach space with the norm

[v]ly == esssup [[vx|m-
x€e

We are now ready to state the following theorem:

Theorem 1.2.3 ([8, 69]). Let @ C RY be measurable, K € RM closed, and let
z;: Q — RM be a sequence of measurable functions such that for any open set U,
Kcu,

li}(an{X €Q:zj(x)¢U} =0.

Then there exists a subsequence zj,, and v € L% (Q; M(RM)), such that
o [ondrx <1, forae x e
e suppvy C K for a.e. x € );
o f(zj,) = [au f(a) dvx(a) weakly® in L>®(2), for every f e Co(RM).

If further
Sup/ Y(|z,]) dx < oo,
Jj Ja

for some continuous non-decreasing ¥ : [0,00) — [0,00) such that lim;_, ¥(t) = oo,

then [on dvx =1, for a.e. x € Q, and

9(z;,) = / g(a)dic(a),  weakly in L'(),
RM

for every continuous g: RM — R such that g(z;,) is weakly relatively compact in
LY(Q).



In the situation of the above theorem, we say that the sequence z;, generates a

Young measure v. Let us consider the measure 5" defined by

_ LM ({s € B, (x)NQ: z;,(s) € A})
20N B, (x)) ’

(1.4)

for every Lebesgue-measurable set A C RM, every x € , and where we denoted
by B, the ball of radius r centred at x € R™. It is possible to check (see e.g., [8])
that, for a.e. x € Q, lim,_limg_, l/fj’"" = Uy, where the convergence is weak™ in
the sense of measures. The characterisation of Young measures in (1.4) shows how
these objects capture the fine oscillations of the sequence z;,. In other words, v can

be thought as the limiting probability distribution for the values of z;, close to x € (2.

The characterisation of Young measures generated by sequences of gradients is
less trivial. Indeed, in the general case M, N > 1, not all Young measures can be
generated by sequences of gradients. The following theorem due to Kinderlehrer and

Pedregal [53, 54| relates Gradient Young measures to quasiconvexity:

Theorem 1.2.4 ([69]). Let v € LX(Q; M(RM*N)).  There exists a sequence z;
bounded in W'P(Q; RM), p > 1, such that Vz; generates v as j — oo if and only if

1. fornw Advg(A) = Vy(x), for a.e. x € Q, somey € WH(Q;RM);

2. [o Jarien |AlP dux(A) dx if p € (1,00), supprx C K, for a.e. x € Q, for some
K c RN compact, if p = oo;

8. Jaren V(A) dig(A) > 9(Vy(x)), for a.e. x € Q,, every quasiconvez and bounded
from below : RM*N — R such that, [1(A)| < c(1+ |AP). If p = oo, no growth

condition 1s required on 1.
A possible way to relax I without losing all the information about the minimising
sequences is to consider the problem

among v satisfying 1-3,

inimi JWM:// A) diy(A)d
minimise N f(x,y(x),A)drg(A) dx, ye A,

In this case, by (1.2) we can guarantee the existence of minimisers, and at the same

time keep track of the fine oscillations in the minimising sequences.
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Existence without weak lower semicontinuity

Following the pioneering work of Nash [66] and Kuiper [56] on isometric embed-
dings, and the later work of Gromov [44] we can construct minimisers of suitable

energy functionals
E(u) := / h(Vu) dx,
Q

for some bounded Lipschitz domain  C RY and non-negative continuous h: RM*V —

R, by solving a partial differential inclusion problem of the type

Vu(x) € £, forae x€Q

(1.5)
u(x) = g(x), for all x € 99,

find u € Wh*°(Q; RM) such that {

for some g € WH>(Q; RM), where
K :={F € RM*N: h(F) = 0},

and K is assumed to be compact non-empty. We remark that if K is big enough to
have existence of solutions to (1.5), then no quasiconvexity of the energy density h is
required to have existence of minimisers. We follow here the approach of Miiller and
Sverdk [65] (see also [62, 64]), but we refer the reader to the work of Dacorogna and
Marcellini (see [34, 35] and references therein) and to [63, 78] for different approaches
to the topic.

RMXN

Let us start by recalling that, given a set B € , its rank-one convex hull B"¢ is

defined by

B :={F € R™: h(F) < sup h(G), for each h: R**N — R rank-one convex}.
GeA

We are now ready to introduce the following definition:

Definition 1.2.3 (65, Def. 1.2]). Let ¥ C RM™*¥ and B C ¥. A sequence of sets
U; C X 1s an in-approximation of B in X, if

e the U; are open in X;

e the U; are uniformly bounded;

o Ui CUy;

o ifF, € U; and F;, — F, then F € B.

Under suitable assumptions, existence of solutions to (1.5) is given by the fol-

lowing theorem:

11



Theorem 1.2.5 ([65, Thm. 1.3]). Let ¥ := {F: detF = ¢}, t # 0, or & = RM*xV,
Let K C %, and U; be an in-approzimation of K in 3. Suppose g € C**(Q;RM) (or
piecewise linear) and that Vg(x) € Uy for every x € Q. Then, there exists a solution
to problem (1.5).

Thanks to Theorem 1.2.5; in many cases of relevance for martensitic transforma-
tions, we can construct existence of exact minimisers, despite the lack of weak lower
semicontinuity of the energy functional. Furthermore, these solutions are minimisers
also to the relaxed functionals E"¢, EGYM  However, solutions constructed in this
way are in general infinitely many, and it is an open problem to select the physically

relevant ones.

1.3 Nonlinear elasticity model

In order to describe austenite to martensite phase transitions in crystalline solids,
one of the most successful mathematical continuum models is nonlinear elasticity,
which has proved to capture many aspects of the physical phenomena such as the for-
mation of twins (see [18]), and to be useful in understanding related behaviour such
as the shape-memory effect (see [22]), and, more recently, hysteresis (see [84]). In
this and the next subsection, we give a brief overview of the theory following closely
20, 26]. For more details we refer the reader to [18, 19, 23].

In order to understand the nonlinear elasticity model, we need to introduce first
the concept of Bravais lattice, which is a defect-free perfectly periodic lattice, as

stated in the following definition:

Definition 1.3.1 ([23]). Let {e1,eq,e3} be three linearly independent vectors. We

say that
3

£(e;,0) = {X eR}: x=o0+ Zwei, and v, 15,15 € Z},
i=1
is a Bravais lattice through the point o € R3, generated by {ey, es, es3}.

Bravais lattices are often an approximation of real lattices, not only due to the
presence of defects, but also due to the lack of periodicity. Indeed, often real lattices
can be better approximated as the union of more than one Bravais lattice, called

multi-lattices. In what follows, for simplicity, we restrict ourselves to the case of a

12



single lattice, referring the reader to [23, 72] for more complex situations.

It is possible to show that there are fourteen types of Bravais lattices, which can be
divided into the following seven symmetry groups: cubic, tetragonal, orthorhombic,
monoclinic, trigonal, hexagonal and triclinic.

We remark that the representation of a Bravais lattice is non-unique. Indeed, given
any matrix M € Z3*3, det M = 1, it is possible to show that

3
£(e;,0) = £(f;,0), where  f; = Z M;e;, i=1,2,3.
i=1

Both rotations and simple shears can map a Bravais lattice into itself, but as plastic
effects are usually negligible in martensitic transformations, of more interest is the

point group of a lattice P(e;) defined as
P(e;) == {R € SO(3): £(e;,0) = £(Re;, 0)}.

This is the set of rotations that send a Bravais lattice into itself.

The main ingredient to pass from an atomistic to a continuum theory is the Cauchy-
Born hypothesis. To give an idea of this concept, we consider a sample occupying
a region € C R?, and we assume that at every x € ) there exists a Bravais lattice
generated by the vectors {e?(x), eJ(x), eJ(x)}. Let us further assume that our sample
gets smoothly deformed, and that the position of the material point initially in x € 2
is now given by y(x), where y € C'(€;R3). The Cauchy-Born hypothesis states
that the lattice vectors deform according to the deformation gradient, that is, the

Bravais lattice at the point y(x) after the body has been deformed is generated by
{e1(y(x)), e2(y(x)), es(y(x))}, and

e;(y(x)) = Vy(x)e)(x).

We remark that simple shears may macroscopically deform a body, but locally leave
the vectors generating the Bravais lattice unchanged. The Ericksen-Pitteri neighbour-

hood [38, 71, 72] provides a framework where the Cauchy-Born can be legitimised.

The nonlinear elasticity model is based on the idea of looking at changes in the
crystal lattice as elastic deformations in the continuum mechanics framework, and
legitimised by the Cauchy-Born hypothesis. Following [18], we hence assume that the

deformations minimize a free energy of the type

Ely,0) = /Q 6(Vy(x), 0) dx. (1.6)
13



Here, 6 denotes the temperature of the crystal. Three different regimes are distin-
guishable depending on this parameter: 6 < 6r and 6 > 6p, where respectively
martensite and austenite phases minimize the energy, and 6 = 61 where these are en-
ergetically equivalent. In (5.2), the bounded Lipschitz domain (open and connected)
Q) stands for the reference configuration of a single crystal of undistorted austenite
at § = Or and y(x) denotes the position of the particle x € ) after the deforma-
tion. Finally, ¢ is the free-energy density, depending on the temperature # and the
deformation gradient Vy, satisfying the following properties:

e D:={FeR¥>3: detF > 0},
o(,0): D—R
is a function bounded below by a constant depending on 6 for each 6 > 0;

e ¢(-,0) satisfies frame-indifference, i.e., for all F € D and all rotations R € SO(3),
o(RF,0) = ¢(F,0). This property reflects the invariance of the free-energy

density under rotations;

e ¢ respects lattice symmetries, i.e., ¢(FQ,0) = ¢(F,0) for all F € D and all
rotations Q in the point group of austenite P,, usually the group of rotations

sending a cube into itself;

e denoting by Ky the set of minima for the free-energy density at temperature 6,
ie., Ky :={F € D: F € argmin(¢(G,0))},

a(0)SO(3), 0> 0p
Ky = SOB3)UUL, SOB)Ui(0r), 0= 067 (1.7)
Ui, SO(3)U;(6), 0 < .

Here, «(0) is a scalar dilatation coefficient satisfying «(67) = 1, while U;(0) €
R‘ézgﬁ are the N positive definite symmetric matrices corresponding to the
transformation from austenite to the N variants of martensite at temperature
0. Here and below szg + represents the set of 3 x 3 symmetric and positive
ym
definite matrices. From now on, we omit the dependence on the temperature
in Ky when 6 < 0r, and neglect the dependence on # of the U;. We remark
that N = :f;;" , where P, is the point group of martensite, and that for each
U;, U; there exists R € P, such that RTUjR = U;, so that U;, U; share the same

eigenvalues.
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R,U, p n
1-A 1
R,U, F
R, U, 2
1=
RyUs k

Figure 1.5: Example of minimising sequence Vy; involving both austenite and
martensite. Here, RjU; — RoUs = b ® m, and (1 — A)RyU; + ARyUy = 1 +a ® n.
Therefore compatibility between phases is achieved on average. As k tends to infinity,
the grey region, the only one where the energy is different from zero and the material
is not stress-free, vanishes.

1.3.1 Lack of quasiconvexity and relaxation

Based on both experimental evidence and the mathematical complexity of other
cases, most results in the literature are related to planar austenite-martensite inter-
faces {x € R3: x-n = k}, with normal n, at § = 0. In this case, under suitable
conditions on the lattice deformation and for some n € R?, it is possible to construct

a sequence y’ such that

Vy! — SO(3) in measure forx-n <k (1.8)
N

Vy’ — U SO(3)Y; in measure  for x-n > k. (1.9)
i=1

Denoting by .Z? three-dimensional Lebesgue measure, we notice that (1.8)-(1.9)

imply
lim Z*{x € Q: Vy’/(x) ¢ Ky, } =0,

j—00
and, under some further hypotheses on ¢, y’ is a minimizing sequence for &(-,67)
(see [18] for more details). Furthermore, since y’ can be constructed so as to be
bounded in W1°°(Q, R3), there exists a subsequence y* and y € W>(Q, R3) such
that y* converges to y weakly* in the same space. However, the energy functional is
not quasiconvex and, in general, the minimum is not attained in the classical sense.
Therefore, Vy is not a minimizer for £(-,0r), but just of its relaxation, £9¢(-, 07). It
is worth remarking that the relaxation result in Theorem 1.2.2 does not apply to the

context of nonlinear elasticity. Indeed, the energy density ¢ must satisfy ¢(F,-) = oo
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for every F € R33\ D, and (1.3) is not satisfied. We refer the reader to [30, 55]
for relaxation results in case of energy densities which are not locally finite. From
a physical point of view, Vy represents the deformation gradient in the sample at a

macroscopic scale, an average of the fine microstructures with gradients in

K = JSO(3)U;.

i=1

It is important to remark that, in general, macroscopic deformation gradients Vy are

not elements of K a.e. in (2. Instead, we have Vy € K9 a.e. in (), where

Fete { M e R f(M) < max f, for all continuous } |

quasiconvex f: R*? & R

is the quasiconvex hull of the set K (see [62]).

On the other hand, a way to deal with the lack of weak lower semicontinuity of the

functional is thus to consider the relaxed problem
E(y,vx) = / o(F, 0r) dvy dx,
Q R3><3

where vy is a gradient Young measure with barycentre Vy for some y € W1 (Q; R?).
In this way, under mild assumptions on ¢ the problem always admits minimisers,
and the gradient Young measure can keep track of the oscillations in the minimis-
ing sequences. Thus, vy embeds the information about the microstructures, while
the barycentre of vy, namely Vy(x) := [ps.s Fduk(F), is called the macroscopic (or
average) deformation gradient, because it is an average of the fine microstructures
of Vyy,. However, minimising gradient Young measures for £" can sometimes be

infinitely many, and is an open problem to select the physical ones.

1.3.2 Hadamard jump conditions

Characterizing the set of possible macroscopic deformations K% is very impor-
tant in order to fully understand the nonlinear elasticity model. On the other hand,
the set of constant macroscopic gradients B which can form an interface with austen-
ite, having constant gradient A, is in general smaller then the whole of K. Indeed,
a Lipschitz function whose gradient is equal to A,B a.e. in Q, with A,B € R3*3
must satisfy a generalized version of the Hadamard jump condition proved in [18]

(see Figure 1.6):
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Figure 1.6: Example of incompatible deformation gradients (on the left) and com-
patible deformation gradients (on the right) at a crystalline length-scale.

Proposition 1.3.1 ([18, Prop. 1]). Let Q € R3 be open and connected. Assume
y € WL (Q,R3) satisfies

Vy(x) = A, a.e. x € Qu; Vy(x) =B, a.e. x € Qp,
where A, B € R¥3 and Q4, Qp are disjoint measurable sets such that
Qu UQp =Q, Z3(Q4) >0, Z3(Qg) > 0.

Then,
A—B=a®n, a,ncR’ |n|=1

This result forces a fixed macroscopic gradient of martensite with constant gra-
dient B to be rank-one connected to austenite, having constant gradient A, across
every interface between the two. Furthermore, it implies that, in this case, every
phase interface is planar. For these reasons, Proposition 1.3.1 is the background for
many results for compatibility between phases.

However, this type of result fails to be true for more general gradients Vy €
L>(Q; R3*3). As a matter of fact, as shown in [18], it is possible to construct a Lips-
chitz function z € W (Q, R3) which is constant in the set QN{x: x-n > ¢} for some
c € R, n € R? and whose gradient Vy € {F;,Fs,F3,F;} in QN{x: x-n < ¢} for some
matrices F;, such that Vy is not rank-one almost everywhere in Q N {x: x-n < c}.
Indeed a fractal behaviour of Vy close to x - n = ¢, finely mixing martensitic vari-
ants near the interface, allows one to achieve compatibility between incompatible
gradients. That is, compatibility is achieved on the average. Possible approaches to
recovering the Hadamard jump condition in an average sense can be found in [11], or

in Remark 4.5.1 below. Another generalization of Proposition 1.3.1 was proved in [20]
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by assuming y € W1>(Q,R?) to be C*! both in Q4 and Qp, with Q4, Q5 two open
disjoint subdomains of €, separated by a piecewise C!, possibly curved, 2-dimensional
interface I' such that 2 = Q4 UQp UT. In the case of martensitic transformations,
Vy =1 in Q4, while in Qg Vy represents a continuously varying macroscopic defor-
mation gradient corresponding to a continuously varying martensitic microstructure.
This result can be extended toy € H'(Q,R?) with Vy € BV (Q; R3*3) as done in the
two dimensional setting in [37], or more generally in Lemma 4.5.1 below. However,
the deep result of [48] states that, in the case where y € W1h*°(R3 R3), and y is
constant in {x-n > ¢}, the polyconvex hull of the set {Vy(x): x € {x-n < c}},
which contains {Vy(x): x € {x-n < ¢}}*, might not contain a matrix which is
rank-one connected to 0, the deformation gradient in {x-n > c}.

On the other hand, in order to fully capture the complex microstructures ob-
served in ZnysAusgCuss, we are interested in macroscopic deformation gradients that
are just in L°°(Q2, R3*3). Therefore, in Section 4.4 we generalize Proposition 1.3.1 to
non-constant deformation gradients in L>°(£2;R3*3) and to curved interfaces. How-
ever, given the above mentioned counterexamples of [18, 48], we need to change
perspective and introduce some further hypotheses. This is done by introducing the

idea of moving mask in Chapter 4.

1.4 Twinning theory and the cofactor conditions

As explained in the previous section, the existence of a constant macroscopic
martensitic deformation compatible with austenite, is related to the existence of a
matrix F € K% such that F =1 + a ® n. Conditions on the deformation parameters
under which such matrices exist have been first investigated in [18] in the case of
two wells, i.e., N = 2, and then generalized in [12, 13]. The case where N = 2 is
the most widely studied, as it is the only one for which an explicit characterization
of K% is known, and turns out to be a fundamental tool to explain a wide range of
experimental observations. Therefore, we now focus on the possibility of a pair of
martensitic variants forming interfaces with austenite. The notation and results of

this section follow closely those in [26].

Let us first recall that given two different variants of martensite, represented by
uVve R225’n+, there exists a rotation R € SO(3) satisfying V = RURT. A first useful

result is the following:
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Proposition 1.4.1 ([26, Prop. 12]). Let U,V € R§2i+ with U # V. Suppose further
that they are compatible in the sense that there is a matriz R € SO(3) such that

RV—U=b®m, (1.10)
b, m € R3. Then there is a unit vector € € R? such that
V= (-1+2608)U(-1+268). (1.11)

Conversely, if (1.11) is satisfied, then there ezist R € SO(3), b,m € R® such that
(1.10) holds.

Equation (1.10) is called the compatibility condition for two variants of marten-
site; the solutions to this equation can be classified into three categories: compound,
type I and type II twins. It is possible to prove that (see e.g., [23]), once U and
V are given and (1.11) holds, the compatibility condition always has two solutions

(IA?I, b; ® m;) and (fiff, by ® myr). The solutions can be expressed as follows:

type I : b 2( U~'e UA> (1.12)
e m; =e€ =2(—— —Ue .

type I1 my; = 2(6 - Ue ). by = Ue, (1.13)
|Uef?
where € is as in (1.11). If é satisfying (1.11) is unique up to change of sign, we call
(U,b;,m;) and (U, b;;, my;) respectively the type I and type II twin generated by
U,V. In case there exist two different non-parallel unit vectors satisfying (1.11), the
resulting pair of solutions (1.12)—(1.13) are called compound twins. Nonetheless, it
is possible to prove (see e.g., [23]) that in the case of compound twins, given two
different unit vectors satisfying (1.11), namely €; and é,, then
U-le

U2e,

b; ] ::2< T~ 12
1 ®@my Uéy|?

- Uél> ® 6, = Ué2®2(é2— ):: b2, @ m2,.

Therefore, there are just two solutions to (1.11), even in the case of compound twins,
each of which can be considered as both a type I and a type II twin. Below, however,
when we refer to type I or type II solutions of (1.10) we assume implicitly that they
are not compound solutions. Furthermore, we sometimes abuse the notation and
write that U,V generate a compound twin if the solutions of the twinning equations
(1.10) are compound twins. The following characterization of compound twins is used

below:
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Proposition 1.4.2 ([26, Prop. 1]). Let U and V be two different variants of marten-
site and &, a unit vector such that (1.11) is satisfied. Then there ezists a second unit
vector €y not parallel to €, satisfying (1.11) if and only if & is perpendicular to an
eigenvector of U. When this condition is verified, €, is unique up to change of sign

and is perpendicular to both €, and that eigenvector.

Let us now consider a simple laminate, i.e., a constant macroscopic gradient
Vy equal a.e. to ARV + (1 — AU for some A € (0,1) and some rank-one connected
RU,U € K. Following [18, 26] we focus on the possibility for such Vy to be compatible
with austenite. By Proposition 1.3.1, a necessary condition is that SO(3) has a rank-
one connection with ARV + (1 — A\)U. The existence of (R, \,a ® n) solving

RIARV4A (1 -MU] —1=RAU+b@m)+(1-MU] -1=aen, (1.14)

that is a twinned laminate compatible with austenite, was first studied in [82] and
later in [18]. Lattice deformations and parameters of materials that are usually con-
sidered in the literature lead to twins with exactly four solutions to equation (1.14).
Nonetheless, in some cases the number of solutions can be just zero, one or two, and,
under some particular condition on the lattice parameters, as in the case of the ma-
terial discovered in [76], (1.14) is satisfied for all A € [0, 1]. The following result gives

necessary and sufficient conditions for this to hold:

Theorem 1.4.1 ([26, Thm. 2]). Let U,V € RY® _ be distinct and such that there

Sym*

exist R € SO(3) and b,m € R3\ {0} satisfying
RV=U+b®m.

Then, (1.14) has a solution R € SO(3), a,n € R? for each X € [0, 1] if and only if the

following cofactor conditions hold:

(CC1) The middle eigenvalue Ay of U satisfies Ay =1,

(CC2) b-Ucof(U*—1)m =0,

(CC3) trU? —det U? — 1|b[*m|* — 2 > 0.

The condition (CC2) can be rewritten as (see [26, Coroll. 5])
(v2-b)(vz-m) =0,
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Figure 1.7: Example of triple junctions for type I and type II twins when the cofactor
conditions are satisfied (see Theorem 1.4.2 and Theorem 1.4.3).

where vy is the eigenvector of U related to the eigenvalue Ay = 1. Another equivalent
formulation of (CC2) for type I/II twins is given by the following chains of equivalences
(see [26, Prop. 6])
(CC2) & (vo-by) =0, and (vo-m;) #0 < [U'e| =1, for type I twins (1.15)
(CC2) < (vo-myy) =0and (vo-byy) #0 < |Uel =1, for type II twins (1.16)

where é is given by (1.11).

Remark 1.4.1. Let (U,b,m) be as in Theorem 1.4.1 and satisfy (CC1)-(CC3).
Then, [26, Coroll. 3] states that the smallest and the largest eigenvalue of U, namely

A1 and A3, satisfy Ay <1 < As.

We now report two results from [26] related to the cofactor conditions in type I/II
twins. These results state the possibility to have exact stress free interface between

a martensitic laminate and austenite as shown in Figure 1.7.

Theorem 1.4.2 ([26, Thm. 7]). Let U,V € Rgzi+ be distinct and such that R €
SO(3), by,m; € R? is a type I solution to (1.10). Suppose further that U, by, m;
satisfy the cofactor conditions. Then, there exist Ry € SO(3), ag € R?, ng,n; € S?
and & # 0 such that

ROU:1+aO®n0, RO(U+bI®m1):1+aO®§n1. (117)
Furthermore,
Ro[U -+ Ab; @ m;] = 1+ ap®(Aény + (1 — A\)ny), for all X € ]0,1].  (1.18)
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The three deformation gradients 1, RyU, RoRV can form a compatible austenite-

martensite triple junction in the sense that
RoU — 1 = ap ® no, RoRV — 1 = ay ® ¢ny, RoRV — RoU = Ryb; ® my.

There is a constant ¢ # 0 such that con; = £ny — ny, so that the three vectors ng, n;

and my lie in a plane.

Theorem 1.4.3 ([26, Thm. 8]). Let U,V € Rg;21+ be distinct and such that R €
SO(3), by, myr € R3 is a type II solution to (1.10). Suppose further that U, b, my;
satisfy the cofactor conditions. Then, there exist Ry € SO(3), ag,a; € R3, ng € S?
and & # 0 such that

R0U = 1—|—ao®n0, Ro(U+b[[®m1[) = 1+§a1®n0. (119)
Furthermore,
Ro[U -+ Ab;; ® my;] = 1+ (Aéa; + (1 — N)ag) ®@ny, for all X € ]0,1].  (1.20)

The normal ng to the austenite-martensite interface is independent of the volume

fraction A and is parallel to the martensite-martensite interface normal myy.

Following Theorem 1.4.2 and Theorem 1.4.3, if a martensitic type I/IT twin sat-
isfies the cofactor conditions, then it can form exact phase interfaces, that is without
a non stress-free transition layer, between austenite and a martensitic laminate, inde-
pendently of the volume fractions within the laminate. Therefore, from a theoretical
point of view, these materials can convert extremely easily a laminate of martensite
into austenite and vice versa, without any elastic stress, and hence without the need
to incur plastic deformation. The condition Ay = 1 guarantees already the possibility
of having exact stress-free austenite-martensite phase interfaces. However, during
martensitic transformations, nucleations occur often at different points of the sam-
ple, and, without further compatibility, the single variants of martensite cannot grow
further after they have met [47].

1.5 Overview

A better understanding of the microstructures arising in martensitic transfor-

mations is an important step to capture the factors influencing reversibility. This
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is particularly necessary in materials with six or twelve martensitic variants, like the
ultra-reversible ones mentioned in Section 1.1, as the analytical predictions have been
mostly developed for the case where just two variants are involved. Furthermore, even
in the two variants case, convex integration can lead to infinitely many minimisers
for the energy of the system, making the model unhelpful for predictions.

For this reason, the aim of this thesis is to better understand and characterise the
microstructures arising in martensitic transformations, with a particular focus on
ZngsAuzgCugs, the first alloy undergoing an ultra-reversible phase transition, and
closely satisfying the cofactor conditions. Indeed, it looks striking and unusual that,
in this material, microstructures look completely different at every thermal cycle, and
are very complex, despite the possibility to reach stress-free phase compatibility at
every scale with very simple deformation gradients.

This thesis is divided as follows:

e in Chapter 2 we study further the cofactor conditions from an analytical per-
spective. We also introduce a physically motivated metric to measure how
closely a material satisfies the cofactor conditions, as the two currently used in
the literature often give contradictory results, and are not physically grounded.
In the same chapter, we show that ZnssAusyCuss not only closely satisfies the co-
factor conditions with type II twins, but also some further compatibility between
martensitic laminates, which improves the ability of this material to change

phase.

e In Chapter 3 we introduce a new system of partial differential equations as a sim-
plified model for the evolution of reversible martensitic transformations under
thermal cycling in low hysteresis alloys. The model is developed in the context
of nonlinear continuum mechanics, where the developed theory is mostly static,
and cannot capture the influence of dynamics on martensitic microstructures.
First, we prove existence of weak solutions; secondly, we study the physically
relevant limit when the interface energy density vanishes, and the elastic con-
stants tend to infinity. The limit problem provides a framework for the moving
mask approximation introduced in Chapter 4. In the last section of Chapter
3 we study the limit equations in a one-dimensional setting. After closing the
equations with a constitutive relation between the phase interface velocity and
the temperature of the one-dimensional sample, the equations become a two-

phase Stefan problem with a kinetic condition at the free boundary. Under
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some further assumptions, we show that the phase interface reaches the domain

boundary in finite time.

In Chapter 4 we introduce a moving mask approximation, which is based on
experimental observations in ZngsAusgCuss but which appears to be relevant
also for thermally induced transformations in many other materials. Roughly,
the moving mask approximation reflects the idea of a moving mask (or a moving
curtain) continuously uncovering (or covering) a microstructure of martensite.
Under this hypothesis, we can prove a new type of Hadamard jump condition,

from which we deduce that the deformation gradient must be of the form
1+ a(x) ® n(x), (1.21)

for almost every x in the martensite phase. This is useful to better understand
the complex microstructures and the formation of curved interfaces between
phases in new ultra-low hysteresis alloys such as ZnssAugzgCusgs. In particular,
we use the new type of Hadamard jump condition to deduce a rigidity theorem
for compound twins, and to study curved phase interfaces in type I laminates
satisfying the cofactor conditions. The rigidity result can be extended to gen-
eral two well problems under some additional, physically relevant assumptions.
Furthermore, by assuming the further compatibility between martensitic lami-
nates introduced in Chapter 2, and that is closely satisfied by ZnysAugoCuss, we
can easily construct infinitely many macroscopic deformation gradients which
are non-constant and satisfy (1.21). This is in agreement with experimental
observations for ZngsAusyCusgs (see [76]), where the microstructures drastically

differ at every thermal cycle.

In the last chapter we study the influence of interface energy in modelling mi-
crostructures. In particular, the aim of Chapter 5 is to show that interface
energy can be used to select minimising sequences, and minimising gradient
Young measures, in the case when these are infinitely many. We do this in a

simplified one-dimensional setting for the energy functional

E(u) = /0 (W (ug) + v?) dz,

where W > 0 has three wells, that is W (s) = 0 if and only if s = 21, 29, 23 € R,
and 23 < 0 < 29 < z3. As £ is not quasiconvex, minimisers do not necessarily

exist. Furthermore, minimising sequence have gradients taking values close to
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the three wells, but without any preference as to which of the three. Minimising
sequences thus generate infinitely many gradient Young measures supported on
{z1, 22, 23} without any preference on the volume fractions. We introduce a

regularization
1
&= 66/ uZ, dx + E(u),
0

of £ with an e-small penalization of the second derivatives, and we obtain the
first and, under some further assumptions, the second I'—limit of £ as ¢ | 0.
The latter selects a unique minimizing gradient Young measure of the former,
which is supported just in two wells and not in three. We show that some
assumptions are necessary to derive our second I'—limit, but not to prove that
minimizers of £° generate, as € | 0, Young measures supported just in two wells

and not in three.
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Chapter 2

On the cofactor conditions and
further conditions of
super-compatibility between phases

The aim of this chapter is to study further the cofactor conditions, with a par-
ticular focus on cubic to monoclinic transformations, such as for ZnssAuzgCuss. The
case of cubic to orthorhombic transformations, which is relevant for the new materials
in [28, 45], is a special case of cubic to monoclinic, and hence all our results apply.
In Section 2.1 we prove that once the cofactor conditions are satisfied by a type I/II
twin, they are satisfied by all symmetry related twins. As a consequence, in the cubic
to monoclinic case, if a twin satisfies the cofactor conditions, then eleven other dif-
ferent twins enjoy the same property (see Table 2.1). This generalises previous work
in [26] (and Table 2 therein) where only three such twins were noted. The presence
of multiple twins satisfying the cofactor conditions gives to a material many possi-
bilities to change phase without inducing any elastic stress. We prove that the same
pair of martensitic variants cannot satisfy at the same time the cofactor condition
as a type I and a type II twin. This result is puzzling because, as discussed below
and in Section 2.5, in ZnysAusyCuss the same pair of martensitic variants seems to
satisfy very closely the cofactor conditions with both the type I and the type I twin
generated by the same pair of martensitic variants. However, being close is a matter
of metric, that is, of how we measure the cofactor conditions. Indeed, as the cofactor
conditions can never be satisfied exactly by real materials, in Section 2.5 we discuss
how these are measured in the literature, and introduce a new metric which we believe
to be related to reversibility. We find that in ZngsAusgCuss, the stress required to
deform austenite in such a way that is exactly compatible (that is with no interface

layer) with a laminate of martensite is very small for type II twins, and almost ten
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times bigger for type I twins. Therefore, according to our new metric, it seems that
Zmy5AugyCugs satisfies the cofactor conditions with type II twins much better than
with type I twins.

In Section 2.2 we study the possible homogeneous average deformations (also called
constant macroscopic deformation gradients in the literature [19]) that can be ob-
tained by finely mixing two unstressed martensitic variants, and we study which are
compatible with austenite across a plane. Despite what one might think in a first
instance, if the cofactor conditions are satisfied just by the type I (or just by the type
IT) twinning system the set of average deformation gradients which are compatible
with austenite across a plane is of the same dimension as in standard shape-memory
alloys.

In Section 2.3 we introduce a new condition of super-compatibility between phases
which supplements the cofactor conditions. We call the twins satisfying these con-
ditions star twins. If the cofactor conditions are satisfied by (Vi,bia, mjs), the
type I/II twin generated by the two martensitic variants Vi, Vy € Rng’)ﬁ and where
b, mys € R3 then Theorem 7 and Theorem 8 in [26] (reported here as Theorem 1.4.2
and Theorem 1.4.3) imply the existence of a;,as,n;, ny € R, and Ry, Ry, € SO(3)
such that

Iilg((]_ — /L)Vl -+ /LR12V2) =1+ b12 & ((]. — ,u)n1 + /Lng), for type I tWiIlS,

(2.1)
|§12((1 — Vi 4 pRi2Ve) = 14 ((1 — p)ag + paz) @ mys, for type II twins,
(2.2)
Ri2Va — Vi = by ® myy, (2.3)
for every u € [0,1]. For any fixed py € [0, 1] the average deformation gradient
Fo = |f312((1 — po)V1 + poR12Va), (2.4)

is compatible with austenite without an interface layer (cf. Figure 1.7), and can hence
easily propagate in austenite. We call such a constructed Fy an ezactly compatible
laminate generated by Vi, Vs, of volume fraction pg. In cubic to monoclinic phase

transitions, in general, given Fg as in (2.4), there exists no exactly compatible laminate

3x3

Fi generated by the martensitic variants V3, V, € Rsym .

0,1], and such that

of volume fraction p; €

rank(Fo — F1) = 1, (2.5)

that is, such that Fy and F; are different but compatible on average. Such compati-

bility is possible only for specific values of pg, 1. However, in general, given Fq as in
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(2.4) there exists at most one exactly compatible laminate F; such that (2.5) is sat-
isfied. Exceptions to this fact occur when (Vq, b2, mjs) is a star-twin (or a half-star
twin). In this case, there exist values of p such that, given Fy as in (2.4), there exist
three exactly compatible laminates Fy, Fy, F3 € R3*3 (resp. two exactly compatible

laminates in the case of half-star twins) with
rank(F; — F;) =1, for every 7,7 =0,1,2,3. (2.6)

Furthermore, any three of Fy, Fq, Fo, F3 are linearly independent (see Figure 2.1). For
general cubic to monoclinic transformations there are four deformation parameters
determining the transformation strain (cf. a, b, ¢,d in (2.8)). The cofactor conditions
impose two relations between these four parameters, so that there is a two-parameter
family that satisfies them. For the existence of star twins a further relation has to be
satisfied, reducing the set of possible deformation parameters to a one-dimensional
family. The compatibility between different laminates which form an exact interface
with austenite is only on average. Nevertheless, this allows three different laminates,
nucleated in different regions of the sample, to grow further after they meet, and not
to stop due to incompatibility. Also, as emphasised in Remark 2.3.3, in the presence
of type II star twins macroscopically curved interfaces whose normal does not lie in
a plane are possible between austenite and martensite without an interface layer (cf.
also Figure 2.3 and Figure 2.4).

In Section 2.4 we show under which conditions on the eigenvalues of the transforma-
tion matrices for cubic to monoclinic phase transitions a twin satisfying the cofactor
conditions is actually a star twin. It is striking to notice that in ZnysAusgCuss, the
smallest eigenvalue is approximately 0.9363 and the largest is 1.0600. In order to have
type II star twin, the largest should be 1.0609, so that the error is about 9-107%, very
similar to the approximate error of 6-10~* which separates Ay from 1 in this material.
Denoting by Uj the measured deformation gradient in Zng;AugyCuy; related to the
first martensitic variant (see (2.8)), and by U{ the same matrix, but allowing a type

IT star twin, we have

1.0015 0.0073 0 1.0010 0.0078 0
Ui = | 0.0073 1.0591 0 , Ui = | 0.0078 1.0594 0 ;
0 0 0.9363 0 0 0.9368

which are very close as [|[U] — U¢|| ~ 1.1-1073. As a comparison, the closest matrix
to U7, say U{, satisfying the cofactor conditions and describing a cubic to monoclinic

phase transformation is such that ||U7 — U§|| &~ 0.9 - 1073, Experimental images of
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1 n, ng 1
R1V1 X&?,u E—j 8”] R3V3 E
> >
RoV2 Xé(l - = e(l — u)] RV, =
g 8
e =
R2V2 »Ei R4V4 ,E‘

/ \

Figure 2.1: Example of average compatibility between three different laminates oc-
curring in type II star twins. Here Ry,...,Rg € SO(3) and V...,V € Rg;i+ are
six deformation gradients corresponding to six martensitic variants (possibly V; =V,
for i # j). We have RV, =1+ a;®n, fori =1,2, RV, =1+ a; ® ng for i = 3,4,
and R;V; = 1+a;®n, for i = 5,6, for some ai,...,as € R* n,,ng,n, € S?. Further-
more, there exist p € (0,1),a* € R? such that uRV; + (1 — p)RyVy = 1+ a* ® n,,
pR3Vs + (1 — p)RyVy = 1+ a* @ ng and pR5Vs + (1 — p1)ReV = 1+ a* ® n,, where
rank(Ro;Vo; — Rg;—1Va;—1) = 1 for i = 1,2,3. In the centre we have a transition layer
which makes the two laminates exactly compatible in the limit ¢ — 0. This image is

a projection of a plane, but we remark that n,,ng,n, are linearly independent.
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martensitic microstructures for ZngsAugygCuss; show the presence of inexact junctions
between three different laminates (see Figure 2.2). The influence of star twins on
these microstructures needs however to be confirmed with further experimental in-

vestigations. We remark that in ZngsAuggCusgs the type I twins are not close to being

7

Figure 2.2: Examples of junctions between three different laminates observed in
ZnysAusoCugs (cf. Figure 2.1). Courtesy of Xian Chen, Yintao Song and Richard
James.

star twins. As proved in Chapter 4, in a first approximation the average deformation

gradients in the martensite phase of Zny;AusyCuss are of the form
1+ a(x) ®n(x), a.e. X. (2.7)

The presence of star twins makes it extremely easy to construct very complex average
deformation gradients of the form (2.7), and this might explain the presence of such
colourful microstructures, as much as the ability of this material to “perform a much
wider and more efficient collection of adjustments of microstructure to environmental
changes” (ref. [50]).

2.1 Martensitic transformations from cubic to mon-
oclinic lattices

We start this section by proving Proposition 2.1.1 below, stating that the pres-
ence of a twin system satisfying the cofactor conditions (CC1)—(CC3) often implies

the existence of many other twin systems enjoying the same property
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Proposition 2.1.1. Let U,V € Ri’*ﬁ’w satisfying (1.11) be such that R € SO(3),b €
R3 m € S? is a solution of the twinning equation (1.10). Suppose further that
(U, b, m) satisfies the cofactor conditions. Then, for every Q € SO(3), QUQT, QVQT e
R%ZS# are such that QRQT € SO(3),Qb € R Qm € S? is a solution of the twin-
ning equation (1.10) for QUQT, QVQT, and (QTUQ, Qb, Qm) satisfies the cofactor
conditions. Furthermore, if (R;b,m) is a type I solution (or a type II or a compound
solution) to the twining equation (1.10), then so is (QRQT, Qb, Qm).

Proof. Multiplying (1.10) by Q on the left, and by QT on the right we get
QRQTQUQ" — QVQ" = (Qb) ® Qm.
Furthermore, (1.11) becomes
QVQ" = (-1 +2(Qe) ® (Qe))QUQ" (-1 +2(Qe) ® (Qe)).

Therefore, if (R,b,m) was a type I (or a type II) solution of the twinning equation
(1.10) for U, V, then so is (QRQT, Qb, Qm) for QUQT, QVQT. If the solutions of (1.10)
for U,V are compound twins, then so are the ones for QUQT, QVQT. Also, it is clear
that (CC1) and (CC3) are satisfied.

It just remains to prove that (CC2) holds. But (CC2) can be rewritten as

(A = 1D(A2 = 1)(b-vy)(m-vy) =0.

Here \; < Ay < A3 are the eigenvalues of U, and v, is the eigenvector of U related to
the eigenvalue Ay = 1. But as QUQT Qvy = Qvs, we get that (CC2) reduces to

(AT = 1)(A3 — 1)(Qb - Qv2)(Qm - Qvz) =0,

which concludes the proof. O]

In case of cubic to monoclinic transformations, the twelve transformation matri-
ces are given by

[a b 0 [ a —-b O c b 0 c —-b 0
Uy=|[b ¢c 0], U= b ¢ 0|, Us=|[b a 0|, Ug=]| b a 0|,
L0 0 d | . 0 0 d | L0 0 d | 0 0 d |
[a 0 b [ a 0 —=b ¢ 0 b ¢ 0 —b]
Us=| 0 d 0], Ug= 0 d 0 , U =0 d 0|, Ug= 0 4 0 |,
Lb 0 c | L -b 0 ¢ | L b 0 a | . b 0 ]
d 0 0 d 0 0 d 0 0 [d 0 T
ng[O a b]7 Ulo—lo a —b], U11—|:0 & b], U12: 0 C -b
0 b c 0 -b ¢ 0 b a L 0 =b a |
(2.8)



R(6,v) type I/II twins (A) | type I/II twins (B) | compound twins (C)
7, (1,0,0) (1,2),(5,6)
m, (1,0,0) (3,4),(7,8)
m,(0,1,0) (1,2),(11,12)
7, (0,1,0) (3,4),(9,10)
m,(0,0,1) (5,6),(9,10)
m,(0,0,1) (11,12),(7,8)
m,(1,0,1) (1,12),(2,11) (3,10), (4,9) (5,7),(6,8)

™, (1,0,—1) | (1,11),(2,12) (3,9), (4,10) (5,7),(6,8)

7, (1,1,0) (5,10),(6,9) (8,11),(7,12) (1,3),(2,4)

m, (1,—-1,0) | (5,9),(6,10) (7,11), (8,12) (1,3),(2,4)
m,(0,1,1) (3,8),(4,7) (1,6),(2,5) (9,11),(10,12)
m,(0,-1,1) | (3,7),(4,8) (1,5),(2,6) (9,11),(10,12)
5,(0,1,0) (1,12),(2,11) (3,10), (4,9) (5,8),(6,7)
—%,(0,170) (1,11),(2,12) (3,9), (4,10) (5,8),(6,7)
5,(0,0,1) (5,9), (6,10) (7,11), (8,12) (1,4),(2,3)
-%,(0,0,1) | (5,10),(6,9) (8,11),(7,12) (1,4),(2,3)
7,(1,0,0) (3,7),(4,8) (1,5),(2,6) (10,11),(9,12)
—75,(1,0,0) | (3,8),(4,7) (1,6),(2,5) (10,11),(9,12)

Table 2.1: Table containing all possible twinning systems for cubic to monocinic
transformations.

Following [26, Table 1], in Table 2.1 we listed all the possible twinning systems for
cubic to monoclinic transformations, denoting by (7, j) the twins generated by U;, U;.
The angle and axis of the rotation R € SO(3) such that U; = RU;R” are given in the
first column of the table.

Thanks to Proposition 2.1.1, if a pair of variants in column (A) (or column (B))
generates a twin which satisfies the cofactor conditions, then all the pairs in the same
column, that is column (A) (resp. column (B)) satisfy the cofactor conditions for the
same type of twin solution. The situation of column (C) is more complex: if a pair
of variants generates a twin which satisfies the cofactor conditions, then all possible
compound-twins solutions generated by pairs of variants in column (C) satisfy (CC1)—
(CC2). However, in general, not all possible compound-twin solutions satisfy (CC3).

This is the case for example for

0.95 0.0073 0
U = 00073 12 0
0 0 1

In this case, (CC3) is satisfied by both compound solutions generated by U;, U, but
by neither of the two compound solutions generated by Uy, Us. Nevertheless, Propo-

sition 2.1.1 implies that if a pair of variants in the upper box of column (C) (or in
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the lower box of column (C)) generates a twin satisfying the cofactor conditions, then
all other pairs of variants in the same box generate a twin satisfying the cofactor
conditions.

The difference from the table in [26] is that we passed from thirteen boxes of this
type to four, that is, we have shown that if a twin satisfies the cofactor conditions,
there are many different twins enjoying the same property. Furthermore, also thanks
to Remark 2.2.1 below, we have clarified the situation of compound twins, which was

not completely investigated in [26].

In case of cubic to orthorhombic transformations, the deformation gradients re-
lated to the six martensitic variants are

a b 0 a —-b 0 a 0 b
U1 = b a O 5 Ug = 71) a 0 5 U3 = 0 d 0
00 d| L0 0 d b 0 a

} - (2.9)
. a 0 -b ) d 0 0 . d 0 0
U4 = 0 d 0 5 U5 = 0 a b 5 Uﬁ = 0 a -b
-b 0 a L0 b a 0 -b a

Furthermore, Table 2.1 simplifies to Table 2.2.

In the following proposition, we

R(6,v) type I/II twins | compound twins
7, (1,0,0) (1,2),(3,4)

7, (0,1,0) (1,2), (5,6)

7, (0,0,1) (3,4), (5,6)
7(1,0,1) | (1,6),(2,5)

7, (1,0,—1) | (1,5),(2,6)

7, (1,1,0) | (3,6),(4,5)

7 (1,—1,0) | (3,5), (4,6)

7 (0,1,1) | (1,4),(2,3)

7 (0,—1,1) | (1,3),(2,4)

Table 2.2: Table containing all possible twinning systems for cubic to orthorhombic
transformations.

prove that in materials undergoing cubic to monoclinic or cubic to orthorhombic

transformations, the two martensitic variants cannot satisfy the cofactor conditions

both with the type I and with the type II twinning systems.

Proposition 2.1.2.

m

U; # U;. Let us suppose also that & € S* satisfying

U=(-1+2¢e®e)U;(-1+2e®e)
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s unique up to a change of sign. Then the type I and type II solutions of the twinning
equation (1.10) for U;,U; cannot satisfy (CC1)-(CC2) at the same time.

Proof. By Corollary 2.1.1 (see also Table 2.1) we can restrict ourselves to checking
just two cases: U; = Uy, U; = Uy and U; = Uy, U; = Uy, We focus on the latter, as
the former can be deduced similarly.

We now assume that both the type I and the type II twins generated by Uy, Uy satisfy
(CC1)—(CC2), and we aim at a contradiction. Suppose first d # 1. By (1.16) we have
that a type II twin satisfies (CC1)—(CC2) if and only if the middle eigenvalue Ay of
Uy satisfies Ay = 1 and |Ue| = 1 with e = 272(1,0,1)7. That is, we must satisfy at

the same time

a+c=1+), ac—b* =\, (2.10)
a®+ b +d*=2. (2.11)

Here X is the eigenvalue of U; which is neither 1 nor d. At the same time, if the type
I twin generated by Uy, Uy satisfies (CC2), by (1.16) |U;'e| = 1 and hence

St+tot+==2 (2.12)
From (2.10)—(2.11) we deduce
(T+A)2—c(l+N)=2—d*+ A\
On the other hand, (2.10) together with (2.12) imply
c(14+X) =M2—d?)+ A\ (2.13)
Collecting the last two identities to get rid of ¢ we get
(14+XN)2—2+d* =22 —d?) + 2\,
which can be rewritten as )
@
Having assumed d # 1, and keeping in account that U, is positive definite, we must

(1—d*) = (1—d*.

have d = \. However, as the middle eigenvalue of U; has to be equal to one (cf.
(CC1)), we deduce that d = A = 1, which implies a = 1,¢ = 1,b = 0, that is
U; = Uy;. Therefore we reached a contradiction.

Suppose now d = 1, then |U;'e| = 1, |U;e| = 1 reduce to solve
a®+ b =1, & +b* = (ac — b*)%
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But these imply either a = —c¢, thus contradicting the fact that U; is positive definite,
or a = +1,b = 0, which in turn contradict being positive definite or the fact that
U1 7é U11. OJ

Remark 2.1.1. Following the strategy of Proposition 2.1.2 we can actually prove
that in the pure cubic to monoclinic case (that is when a # ¢ in (2.8)) it is not
possible to satisfy (CC1)—(CC2) with the type I twins (or with the type II twin) of
both columns (A) and (B) of Table 2.1 at the same time. In the degenerate case
where a = ¢ in (2.8), that is for cubic to orthorhombic transformations, column (A)
and column (B) coincide (see Table 2.2).

Despite this result, it is easy to construct examples of matrices U; as in (2.8),
such that the cofactor conditions are satisfied by the type I twins in column (A) of
Table 2.1 (or column (B)) and by the type II twins in column (B) (resp. column (A))
of Table 2.1. Tt is also possible to construct matrices U; as in (2.8), such that d = 1,
and the cofactor conditions are satisfied by some compound twins in column (C) and
by the type I/II twins in column (A)/(B) of Table 2.1. If d = 1 and the smallest and
the largest eigenvalues of the U;’s, namely Aj, A3, satisfy \; = A\;' it is possible to
satisfy the cofactor conditions with type I, type II and compound twins at the same

time.
2.2 Cofactor conditions for two wells
In this section we study the quasiconvex hull of the set

Kij = SO(B)UZ U SO(S)U],

where U; # U; are as in (2.8). We recall that the set of matrices K,

siconvex hull of K, is the set of average deformation gradients which can be achieved

that is the qua-

by finely and homogeneously mixing the two variants of martensite U;, U, (see e.g.,
119, 62]). If U;, U; generate a compound twin we show that a necessary condition to
satisfy the cofactor conditions is to have d = 1. Furthermore, we show that if U; has
a middle eigenvalue which is equal to one, but d # 1, then the only constant average
deformation gradients in Ky which are rank one connected to the identity, and are
hence compatible with austenite, are the pure phases, that is R;U;, RoU;, RsU;, RyU;
for some Ry, Re, R3, Ry. On the other hand, if U;, U; generate a type I/II solution of
the twinning equation (1.10), say (R, b, m), satisfying the cofactor conditions, then
there exist two smooth functions Ry, Ry : [0, 1] — SO(3) such that the only matrices
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in K rank one connected to the identity are given by Ry(u)(U; + pb ® m), with
we 0,1 and k=1,2.

2.2.1 Compound twins

We start by recalling the following result that characterizes the quasiconvex hull

of a two well problem in some simple case

Lemma 2.2.1 ([36, Thm 2.5.1]). Let A,B € R%Z;Jr with det A = detB = © > 0.
Suppose that there exists X > 0 and v € S? such that Av = Bv = \v. Then, defined
K as

K = SO(3)AU SO(3)B,

we have
K9 = {F € R¥3: det(F) =D, F'Fv = \?v, |Fe| < max{|Ae|, |Be|}, for ecach e € SQ}.

Also, a consequence of the proof of Lemma 4.5.2 in Chapter 4 is the following

result

Lemma 2.2.2. Let A,B € ]Rg;gﬁ be such that Aes = Bes = \es for some \ #
1,A> 0. Assume also det(A) = det(B) = > 0. Then, necessary conditions for the
existence of a € R3 n € S? satisfying 1 + a®@n € K% are

_ N (1= N2
la] = 71D — A%, ni:ﬁ
and .
a= (D - A)n— —(1-\)es.
n3

Now let us consider the cubic to monoclinic transformation, and let U; with

i=1,...,12 be as in (2.8). We can prove the following statement

Proposition 2.2.1. Let U; € Rg;i+ be as in (2.8), with a,c¢,d > 0, b > 0, and
d# 1. Let also 0 < \y < Xy = 1 < A3 be the eigenvalues of Uy. Then, for every
i,j €{1,...,4} (or, equivalently, i,5 € {5,...,8}, ori,j €{9,...,12}) with U; # U,

there exist exactly four matrices al @ n!, l = 1,...,4 satisfying
l1+a @n e (SO(3)UZ- U 50(3)Uj>qc. (2.14)
Furthermore, there exist four rotation matrices R', | = 1,...,4 such that
RU; =1+a' ®@n, 1=1,2 (2.15)
RU; =1+a' ®n, [ =3,4. (2.16)

36



Proof. Let us deal with the case ¢ = 1,7 = 4: the other cases can be treated in a

similar way.

On the one hand, given the assumptions on Uy, Uy, [18, Prop. 4] assures the
existence of four matrices a' @ n' € R**3, and four rotations R' € SO(3),1=1,...,4,
satisfying (2.15)-(2.16).

On the other hand, from Lemma 2.2.2 we know that the first two components of

n, namely ny, ng, must lie on a circle

D% — 2
where ® = det Uy, and that
1
Fi=l+a®@n=1+® -dn®n— —(1—d*)e; @n. (2.18)
ns
Let us now look for unit vectors v = (v, vq,0) satisfying |U;v| = |Uyv/|, that is

(avy + buy)? + (bvy + cvp)? = (cvy — bvg)? + (—buy + avy)?.

There are up to a change of sign two such unit vectors v*, v~ satisfying the above

identity. Respectively they are such that
vi(a—c)=vy(2—a—c—2b), vi(a—c)=wvy(a+c—2b—2), vivy = —vfv; .

Here we have used the fact that, as Ay = 1, ac — b*> = X and a +c = 1 + \, with
A=\ if \3 =d and X\ = A3 if \; = d. We remark also that, v;v; = —v5 vy together
with |[vT| =|v7| =1 imply v; = —vy and v; = v. Now, Lemma 2.2.1 implies that

a necessary condition for F to be in K" is
Fvi < [UvT], RV < [UivT )

By (2.18), after a few computations these two inequalities become

of (vf @+ 03 B) +vf (vf B+ v y) < (avf + bvf)? + (bof + v )? (2.19)
vy (vy @+ vy B) + vy (v B+ vy y)vy < (avy + buvy)? + (buy + cvy)?, (2.20)
where
n2 n2 (ANLD)
a=1+5(0°-d),  y=1+2(0-d), p=-T2O -d).



Summing up the last two inequalities and exploiting the fact that v, = —vy, v, = v,
(v)2 + (v)? =1 we get

at+y<a?+E+20° =(a+c)’ 22 =1+ A%
Here, as above, we used the fact that ac — b*> = X and a + ¢ = 1 + X\. Now, we notice
that (2.17) implies

1 1
ﬁ(:o?—d‘*) :2+ﬁ(©2—d2) =1+\%

Thus, (2.19)-(2.20) are actually equalities, that is

a+7y=2+(ni+n3)

vf (v +v3 B) +v3 (vf B+ viy) = (avf + bvy)? + (bvf + cvf)?,

vy (vy a4+ vy B) + vy (v B+ vy y)vy = (av] + buy)* + (bv} + cv})?,

Exploiting the values of «, 3,7 we can rewrite these identities as

d2

(U;_nl + U;_n2)2 = m((avi’— + bU;)2 + (bvf_ + CU;)2 — 1) = 7”%,
d2

(U;nl - Ufn2)2 = m((avf’ + bU;_)2 + (bvf + CU;)Q — 1) = ’I"g.

Therefore, ni, ny must be at the same time on one of the lines (vfnl + U; ng) = +r
and on one of the lines (vyn; — v ny) = Fry. Therefore there exist a maximum of
four couples (n!,n}) such that |[FvT| < |[U;vT| and |[Fv~| < |U;v™|. As nz can have
both a positive and a negative sign, we hence found eight n and, by Lemma 2.2.2

eight a, such that (2.14) is satisfied. These can be expressed as

(a17n1)7 (a2,n2), (a37n3)7 (a4,n4),

(-a',—nm'), (—a? —n?), (—a® —n®), (—a* —n?).

Therefore, there exist exactly four matrices a ® n satisfying (2.14), which are given
by (2.15)—(2.16). O

Remark 2.2.1. Consequence of the above result is that a compound twin in a cubic
to monoclinic transformation (and hence also in its special cases as the cubic to
orthorhombic or the cubic to tetragonal) can satisfy the cofactor conditions if and
only if d = 1. As shown in Remark 4.5.3 in Chapter 4, if d = 1 the set of matrices
F e (SO(3)U; U SO(3)U;)% such that F = 14 a® n for some a € R*,n € S* can
have dimension two if U;, U; generate a compound twin. Indeed, by Lemma 2.2.1, all

matrices in the quasiconvex hull of K have 1 as a singular value.
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2.2.2 Type I/II twins

Let now U,V € R§§i+ satisfy (1.11), and (U, b, m), (U, b, m) be the type [/type
IT solutions of the twinning equation (1.10). Suppose further that either (U, b, m)
or (U,f), m) satisfies the cofactor conditions. We are interested in which constant
average deformation gradients obtained by finely mixing the two martensitic variants

U and V are compatible with austenite. We can prove the following result.

Proposition 2.2.2. Suppose (U,b,m),(U,B,rﬁ) are the type I/type II (non nec-

essarily in order) solutions of the twinning equation (1.10) for U,V € R;;Sﬁ, with

U,V satisfying (1.11). Suppose further that (U, b, m) satisfies the cofactor conditions,
while (U, b, 1) does not satisfy (CC2). Then, F € (SO(3)U U SO(3)V)% is such that
F=1+a®n for someacR® neS?if and only if

F'F = (U+ pb®@m)" (U + ub ® m),
for some p € [0, 1].
Proof. Let us first define

u; = U"'m|U 'm|™", wuz:=blb|", uw=u xu;z,

§= %|b||U_1m|, L:=U"(1-dus®@u,).

Thanks to [19, Section 5], we know that, defined
Kyy := SO(3)UU SO3)V,

its quasiconvex hull is given by
K ={FeR”: FIF=L"M(a, B,7)L7, 0 <2 <146%, 0 <y < 1, ay—f* = 1},

where

M(a, B,7) == au; ® u; + uy ® Uy + yuz @ uz + fu; © us,
and we denoted u; ®uz = u; @ uz +uz ® u;. Let us first consider the scalar function
fila, B,7) = det(L"M(ev, B,7)L7" — 1),

We define ¢(a, 8,7) = Am(a, 5,7)Am(a, B,7), where A, Ay are respectively the
largest and the smallest eigenvalue of L~"M(a, 8,7)L™t — 1. We denote by A the

region
A={(@B ) eR*0<a<1+8 0<y<l ay-F =1}
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We are interested in the set

B:={(a,8,7) € A: fi(a,3,7) =0, ¢(a,fB,7) <0},

which characterises the set of F € (SO(3)UUSO(3)V)% which are rank-one connected
to the identity (see e.g., [18, Prop. 4]). We first notice that

S

_ 1 T
= 2 det(M—L L),

and that

1+ B2
L 2
9(6,7) 1= det Uy (=, 5.7).
must be of the form

caB?+c
9(8,7) = % + c38 + cay + ¢s,

We also point out that, by (1.12)—(1.13) together with (1.15)—(1.16), we have

L7Lu; = wy, if (U,b,m) is a type I twin,
1=w, ) (2.21)
L"Lus = us, if (U,b,m) is a type II twin.

Here we have also used the fact that, by (1.15)-(1.16), |U"'é] = 1 and |Ué| = 1,
respectively for type I and type II twins satisfying the cofactor conditions, with €
being as in (1.11). Let us define Q := 2u; ® u; — 1, with j =1 if (U,b, m) is a type
I twin, and 7 = 3 if (U,b, m) is a type II twin. By (2.21) we have that
9(8,7) = det(M(y~"(1 + %), 8,7) — L'L))
= det(QM(y~'(1 + %), 8,7) - L'L)Q) = g(—5,7).

For this reason, g(f,7) is even in /3, and is of the form

caf?+c
9(B,v) = % + ¢y + os. (2.22)
Now, we notice that
(U+ub®@m)L = (1+2udus @ uy)UL = (1 +0(2p — 1)uz @ uy). (2.23)

Therefore, the fact that (U, b, m) satisfies the cofactor conditions implies

1
det UQQ

where p(8) = 62—*:56. Thus, (2.22) simplifies to

(8,1) = det ((U+p(B8)b@m)" (U+u(8)b®m)—1) = 0, for all g € [—4,4],

9(B,v) = CQG — 1) +ca(y — 1), (2.24)
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that means, ¢ is constant in . Now consider the solution of the twinning equation
(1.10) other than (U, b, m), namely (U, b, m). By [18, Prop. 5] we have

det((U+ pb @ m)T(U+ pb @ 1h) — 1) = cou(1 — p), (2.25)

for some ¢y € R. Now, we notice that

1+6*(2u — 1)2>

LT (U-+ @) (U pb@mi)L = M(146%,6(2u1), — o

w € [0,1].

(2.26)
This can be shown by using (1.12)-(1.13) and the fact that, by (1.15)-(1.16), [U~te| =
1 and |Ué| = 1, respectively for type I and type II twins satisfying the cofactor

conditions, with & being as in (1.11). Thus, setting

~ 52 _ 2
by =son 1), 4Gn = BT

(2.25) becomes

det ((U+ b @ m)"(U+ pb @ m) — 1) = %(1 — A(p)).

Therefore, by (2.26),

o). 4 = det 20T 05

But recalling that g(3, ) is independent of §, a comparison with (2.24) yields

Co(l + (52)

g(B,7) = det U? e (I—7). (2.27)

Here, ¢y # 0 as we assumed that (U, b,1m) does not satisfy (CC2). Therefore, by
(2.23) and Theorem 1.4.1, we get that (o, 8,7) € B if and only if vy =1, g € [-1,1]
and o = 1+ (2, that is (see (2.23)), if and only if

LML = (U+pb@m)"(U+pb@m),  pel01],
which is the claimed result. O

Remark 2.2.2. From (2.27) we notice that if both (U, b, m) and (U, b, ) satisfy
the cofactor conditions f; = 0 everywhere at the interior of A. Therefore, in this
case, the set B is two-dimensional and not one-dimensional as in the case proven in
Proposition 2.2.2. Indeed, ¢ is a smooth function of «, 3,~, and is strictly negative
on the boundary of (SO(3)U U SO(3)V)?, except for at most two points. Thus,
by continuity, there exists an open two-dimensional region contained in (SO(3)U U

SO(3)V)%, where ¢ is negative.
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Remark 2.2.3. Under the hypotheses of Proposition 2.2.2, the set of matrices in
Ky which are rank-one connected to the identity coincides with two smooth and
one-dimensional curves of finite length. The dimension of this set is hence the same
as it is in the case of twins not satisfying the cofactor conditions. Indeed, for example,

in [12] (see also Lemma 2.2.2 above) it is shown that for
U = diag(a, b, ¢), V = diag(b, a, c),

for some a,b,c > 0, a,b,c # 1, the set of matrices in Kﬁfv which are rank-one con-
nected to the identity coincides with four smooth and one-dimensional curves of finite
length. Nonetheless, the difference is in the fact that, when the cofactor conditions
are satisfied, the microstructures which can form an interface with austenite are just

simple laminates, and not laminates within laminates.

The following corollary is a straightforward consequence of [18, Prop. 4] and

Proposition 2.2.2:

Corollary 2.2.1. Suppose (U;, b,m), (U;, b, m) are the type 1/type 11 solutions of the

twinning equation (1.10) for U;,U; € RiZ% (not necessarily in order), with U; # U;

as in (2.8). Suppose further that (U;, b, m) satisfies the cofactor conditions. Then,
there exist Ry, Ry: [0,1] — SO(3) such that F € K5 is of the form F =14+a®n for
some a € R3, n € S? if and only if

F=Ri(1)(U+ pb @ m),

for some € [0,1],i =1, 2.

2.3 Typel and II star twins

Let us first recall the following results from [26]

mt

R; € SO(3),b; € R3 m; € S? is a type I solution of the twinning equation (1.10).

Theorem 2.3.1 ([26, Thm. 7]). Let U,V € R‘;Z?’ satisfying (1.11) be such that

Suppose further that (U, by, my) satisfies the cofactor conditions. Then there exist
Ru,Rv and a € R, ny,ny € S? such that

RUU:1—|—a®nU, va:1+a®nv,
Rub] X a:O, (IIU X l’lv) -1my :0, and RV = RuR[.
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Theorem 2.3.2 ([26, Thm. 8|). Let U,V € R?éZf’rﬁ satisfying (1.11) be such that
Rir € SO(3),br; € R3 my; € S? is a type 11 solution of the twinning equation (1.10).
Suppose further that (U,brr, my) satisfies the cofactor conditions. Then there exist
Ru,Rv and ay,ay € R? such that

RUU:1+aU®mH, va:1+av®m[[,
and RV = RuR[[.

Let us now introduce the definition of type I/II star twin. Below we will make
use of the notation of Theorem 2.3.1 and of Theorem 2.3.2.

Definition 2.3.1. Let M be a subset of Rnggn*' Let U,V € M, U # V, satisfying
(1.11) and let Ry € SO(3),b; € R3 m; € S? be a type I solution of the twinning
equation (1.10) for U,V. Suppose further that (U, by, m;) satisfies the cofactor con-
ditions. Then we say that (U, by, my) is a type I star twin generated by (U,V) if there
exist three different rotations Qq,Qa, Qs € SO(3), Q; # 1 for each i = 1,...,3, and
u* € (0,1) satisfying

(S1) QUQY, QVQT € M, for eachi=1,...,3,

(52) Qi(p'ny + (1 — p*)ny) = x;(p'ny + (1 — p*)ny) for each i =1,...,3 and with
Xi = il;

(53) ((Qia)x(Qja))-a# 0 foreachi,j=1,...,3,i# j and ((Qia)x(Qqa))-(Qsa) #
0

If the number of Q; satisfying (S1)-(S3) is two and not three we say that (U, by, my)
s a type I half-star twin.

Definition 2.3.2. Let M be a subset of R%ZiJr. Let UV € M, U # V, and let
R € SO(3), by € R3 my; € S? be a type I solution of the twinning equation (1.10)
for U, V. Suppose further that (U, by, myr) satisfies the cofactor conditions. Then
we say that (U, by, myy) is a type II star twin generated by (U,V) if there exist three
different rotations Q1,Qq2, Qs € SO(3), Q; # 1 for each i = 1,...,3, and pu* € (0,1)
satisfying

(T1) QUQT, Q;VQT € M, for eachi=1,...,3,

(T2) Qi(1ray + (1 — p*av) = x;(p*ay + (1 — pay) for eachi=1,...,3 and with
Xi = j:17
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(T3) ((Qimll) X (Qjmll)) -my; # 0 foreach 1,7 =1,...,3,1 % 7 and ((leu) X
(Q2mII)) - (Qsmyy) # 0.

If the number of Q; satisfying (T1)—(T8) is two and not three we say that (U, b, myy)
15 a type II half-star twin.

Remark 2.3.1. It would be possible to generalise (T2) (or similarly (S2)) in the
definition of star twins by requiring the existence of uj, u3 € [0, 1] such that

Qi (wrav+(1—pi)av) = xi(ubay+(1—p3)ay) for each i =1,...,3 and with y; = £1.

However, a fine observation of the proof of Theorem 2.4.1 (resp. Theorem 2.4.2)
yields that, in the cubic to monoclinic case, the only interesting case is when uj = i3,

making the generalisation not relevant to our context.

Remark 2.3.2. Definition 2.3.1 and Definition 2.3.2 both imply the existence of
four exactly compatible twins Fy, F1, Fo, F3 satisfying (2.6). Conversely, in cubic to
monoclinic transformations, given four exactly compatible twins Fg, Fy, Fo, F3 of type
I (or of type II) satisfying (2.6), we have that Proposition 2.1.1, Remark 2.1.1 and
Remark 2.3.1 imply the satisfaction of Definition 2.3.1 (resp. Definition 2.3.2).

The following two propositions state that, in the presence of star-twins, the
set of homogeneous average deformation gradients which can form stress free phase

interfaces with austenite is unusually large:

Proposition 2.3.1. Let M be a finite subset of RZZS#’ U,V € M satisfying (1.11),
and let (U, by, myy) be a type II half-star twin generated by (U,V). Then,

1+ (pray + (1 — pay) @ my, 1+ (pray + (1 — p)ay) @ Qumyy,
1+ (pfay+(1 — pfay) ® Qumyy,

and all their convexr combinations are contained in the set K, where

K= |J soawm.
MeM

If (U,byr,my;) is a type I star twin generated by (U,V), then also

1+ (M*au + (1 — u*)a\/) &® ng[] e K9,
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Proof. We restrict to the case of half-star twins; the case of star twins follows similarly.
From [62] we know that given a set C' € R3*3 the lamination convex hull of C, namely
(', is contained in C%. We recall for the benefit of the reader that

c'e = G o,
1=1

where CV) = C' and
it .= cWy {pA+(1—-p)B: A Be C®, rank(A—-B)=1, pue(0, 1)}
Therefore, let K := ;e SO(3)M. By Theorem 2.3.2 we know that

RyU=1+ay®my, RyV=1+ay®@my,
Q:RUQT QUQT =1+ Qay ® Qmy;, QRvQTQVQT =1+ Qiay ® Qumyy,
Q:RuQ:I QUQS =1+ Quay ® Qemy;, QuRvQ; QeVQL =1+ Qeay ® Qemyy,

are all in K. Thus,

wRuU + (1 — p*)RyV =1+ (pfay + (1 — p*)ay) @ myy,
*QRUQ QIUQT + (1 — 1) QiRVQ] Q1VQT =1+ (p*ay + (1 — p)ay) ® Qumyy,
1*QaRuQ3 QUQS + (1 — 1) QeRvQIQ2VQS =1+ (p*ay + (1 — p')ay) ® Qumyy,

are in K@, and all their convex combinations are in K®). O

Remark 2.3.3. Type II half-star/star twins are interesting also because, by combin-
ing laminates, we can easily construct macroscopic curved interfaces between austen-
ite and martensite whose normal does not lie in a plane. Indeed, in the notation of

Proposition 2.3.1, let us define
a*:=p'ay + (1 — pu*)ay.
Then,
G(pr, p2) =1+ a* @ (1 (pomyr + (1 — p2)Qumyy) + (1 — 1) Qomyy)

is in the K9 for every puy,us € [0,1], and m;;, Qumyr, Qum;; span R3. Therefore,
given a smooth bounded domain €2, one can choose py, us: @ — [0,1] to be space

dependent, and, provided

1 (V,LL2 X (myr — Qumyyr) + Vg X (pomyr + (1 — p2)Qimyy) — Vg X Qemyy = 0,
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G(u1(x), p2(x)) is an average deformation gradient. Choosing for example

p2(x) = f(x - (my — Qumyy)),

and

x:(m;r—Qimyy)
pi(x) = ¢y (/ f(s)ds +x- (Qumy; — szn)) + ¢,
0

for some smooth f: R — [0,1] and some ¢y, ¢y € R such that ps(x) € [0, 1] for every
x € (), will give an average deformation gradient of martensite, which is compatible

with austenite across an interface whose normal does not lie in a plane.
In the same way we can prove

Proposition 2.3.2. Let M be a finite subset of RY® . U,V € M and let (U, by, my)

Symt?

be a type I half-star twin generated by (U,V). Then

l+a® (uny+(1—pny), 1+ Qa® (u'nyg+(1-pu"ny),
1+Qa® (u*nu + (1 - u*)nv),

and all their convexr combinations are contained in the set K¢, where

K= ] so@)M.

Mem

If (U,b;,my) is a type I star twin generated by (U, V), then also

14+ Qa® (u'ny + (1 — p")ny) € K=

2.4 Star twins in cubic to monoclinic transforma-
tions

In this section we want to find conditions on the eigenvalues of the matrices U;
in (2.8) so that there exist type I and type II star twins. We start with the following

simple lemma

Lemma 2.4.1. Let v € R3, v # 0, then Q € SO(3) satisfies Qv = —v if and only
if Q is a rotation of ™ and axis ugr € S%, that is, R=2ur ® ur — 1, and ug - v = 0.
The matriz Q € SO(3), Q # 1 satisfies Qv = v if and only if the axis of Q is parallel

tov.
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Figure 2.3: Three different views of a pyramidal microstructure constructed with
type II half-star twins (also possible with star twins). The polyhedron is divided
into a blue, a yellow and a green region, in each of which we have a different exactly
compatible laminate, namely F; = 14+a*®n,, F; =1+a*®ng and F3 = 1+a*®n,,
for some a* € R3\ {0}. The three constant average deformation gradients Fy,Fs, F3
satisfy (2.6), that means that n,,ng, n, are linearly independent. At the three faces
of the pyramid with normals n,, ng, n., the martensitic laminates are compatible with
austenite without an interface layer. Such pyramid can be used as a building block
for three-dimensional curved interfaces.

Figure 2.4: Two different views of a pyramidal microstructure constructed with type
IT star twins. The polyhedron is divided into a blue, a yellow, a red and a green
region, in each of which we have a different exactly compatible laminate, namely
Fi=1+a"®n,, Fo,=1+a"®ng, F3=1+a"®n, and F, = 1+ a* ® ny, for some
a* € R3\ {0}. The four constant average deformation gradients Fy, Fo, F3, F, satisfy
(2.6), that means that n,,ng,n,,ns are linearly independent. At the three faces
of the pyramid with normals n,, ng, n,, ns; the martensitic laminates are compatible
with austenite without an interface layer. Such pyramid can be used as a building
block for three-dimensional curved interfaces.
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Proof. We can write R in terms of its angle of rotation # and its rotation axis ug as
R = cos(#)1 + sin(0)[ugr]x + (1 — cos(f))ur ® ug,

where [ug]x is the cross product matrix of ug. Therefore, after decomposing v into a
parallel and an orthogonal part to ug, vy, and Vi, we get that Rv = —v is equivalent

to
cos(0) (Vg + vyl) + sin(6) (ug % VuRL) + (1 — cos(0))ur (ur - Vug) = —Vuy — Vad-

Thus, multiplying the equation by Vai we get that either 6§ = 7, or Vat = 0. But
multiplying the equation by vy, leads to vy, = 0, and therefore § = 7. The second

statement follows from the definition of rotation axis. ]

The lemma below states that, if a type II twin generated by U;, U;, where (3, j)
are a pair in column (A) (resp. (B)) of Table 2.1, is a type I (or a type II) star twin,
then all the other type I (resp. type II) twins generated by Uy, U;, where (k,[) is a
generic pair in column (A) (resp. (B)) of Table 2.1, is a type II star twin.

Lemma 2.4.2. Let M := U!2,U;, where the U; are the positive definite matrices,
with a,b,c,d > 0, given in (2.8). Suppose also that U;,U;, i # j =1,...,12, generate
a type I/II star twin (resp. a half-star twin). Then, for every Q € Pay the type 1/I1
twins generated by QU,;QT, QUjQT are star twins (resp. a half-star twin).

Proof. We prove the result for type II star twins, the case of type I star twins follows
a similar argument.

The fact that Uy, U;, where U, = QU,;Q%,U; = QUJ-QT for some Q € Poy, generate
a type II twin satisfying the cofactor conditions is a consequence of Corollary 2.1.1.
Let pu* € (0,1), Q1,Q2,Qs € SO(3) be such that (U;,ars,nyy), the type II twin
generated by U;, U;, satisfies Definition 2.3.2. Let also Qn = QQ.QT for every
m =1,2,3, and (Uy, by, 1iay;) be the type IT twin generated by Uy, U;. We claim that
W, Ql,Qg, Q; € SO(3) are such that (Uk,f)n,rhn) satisfies (T1)—(T3) in Definition
2.3.2. Indeed, we recall that QVQT € M for every V.€ M,Q € Py (see e.g., [23]).
Thus, as

and given that U;, U, satisfy (T1), we can write
QuUrQumy QuUiQn e M, forall m =1,2,3,
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that is, (T1). As ay, = Qay,,ay, = Qay,, we also have
Qu(pay, + (1 — pay,) = Quray, + (1 - pay,) = pray, + (1 -y )ay,
for all m = 1,2, 3, which is (T2). Finally, as m;; = Qmy;, we have

((Qﬂhn Q2m11 ) Qsmn <(Q1mn) X (Q2m11)> : (ngn)?’é 0,
((Qmmff) (Q )> my = <(Qmm11) X (QnmII)> ~my; # 0,

for every m,n = 1,2,3, which is (T3). O
We are now in the position to prove the following result:

Theorem 2.4.1. Let M := U!2,U;, where the U; are the positive definite matrices,
with a,b,c,d > 0, given in (2.8). Then, a type II twin generated by U;, U;, i #
g = 1,...,12, satisfying the cofactor conditions is a half-star twin if and only if
the eigenvalues of Uy, namely 0 < A < Ay = 1 < A3 satisfy one of the following

conditions
AP (P + N —2) = (d—N)*(1—d?), ifd#1and \ =d,
AP (d®+ X7 —2) = (d—X)*(1—d?), ifd#1and \3=d, (2.28)
A (5N —1) =8\A3 =5+ A3,  ifd=1and Ay > 1.
A type II twin generated by U;,U;, 1 # j = 1,...,12, satisfying the cofactor conditions
is a star twin if and only if a # ¢ and one of the following holds
(P + 2 —2)=(d—N)*(1—d*), ifd#1and )\ =d,

PP 4N =2) = ([d =\’ —d), ifd#1and Ny =d (2:29)
1 1 , 3 ]

Remark 2.4.1. It is possible to solve the equations in (2.28)—(2.29) to get a direct

relation between the eigenvalues of the U;’s. Indeed, (2.28) is equivalent to

d2\/_\/6d2—1—3d4 . 11

>\1_ 1 —5d2 if \g=de (1,0/1+22372),
d— d3 + d2 \/6d2—1—3d4

A = * 1[_5612 it A\ = d e (vV519,\/1+253°4),

—d2v/2 \/6d2—1—3d4 _ / L
)\3: 152 lf)\lsz( 1—253_5,1),

4hg VBN —1) ,
Al = 5)\§_i’ , 1f)\3>1,d:1,
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when 0 < A; <1 < A3. Similarly, the condition (2.29) can be rewritten as

d—d?— dv6d®> — 2 — 3d°
A = 0 S if A3 =d e (1,\/1+372),

[~ 28
d— &+ dVe6E =2 =34

A= +1_2d2 L it —de (V231437
d—d —dVeP =2 =38 E—

)\3— Y7 s 1f/\1—d€( 1-3 2,1),

when 0 < A\ <1< As.

Proof. We deal with the case where the twins generated by U;, U;, with (7, ) in col-
umn (A) of Table 2.1, satisfy the cofactor conditions. The case where (i, j) are in
column (B) of Table 2.1 can be treated similarly and leads to the same results. Fur-
thermore, thanks to Lemma 2.4.2 and Proposition 2.1.1 we can carry on the proof by
considering just (Uy, b;r, m;;) the type II twin generated by Uy, U;;. We divide the
proof in three cases, based on the eigenvalues of U; A} < Ao = 1 < A3 (cf. Remark
1.4.1): thecasesare \a =1>d, sy =1<dand 0 < \; <d =1 < As.

Case 1: 0 <d <1< A\ X = ac—b* Here, the eigenvectors of U; related to
M =d, =1, and A3 = \ are
e, = (0,0,1)7, ey = (—2,2,0)7, es = (21, 2,0)7,
while the ones for U;; are given by
vi = (1,0,0)7, vy = (0,21, —22)7, vy = (0,29, 21)7.

Here, 21,29 are such that 2 = 2=¢ 22 4 »2 — 1 and we assume without loss of
) ) 29 b 1 2 )

generality that z; > 0. We can neglect the cases z; = 0 and 2, = 0, as by (2.10)—
(2.11) they would imply b = 0 and U; = Uy;. For the same reason we can neglect the
case zo = 0. Using [18, Prop. 4] we get that

RfU, =1+ af @ ni, REUy, = 1+af @ni,

where
a? = B()(—/\?]lel =+ d?']Qeg), l’lit = mex + 72€3, (230)
af, = Bo(—Amvi £ dnpavs), ni = vy +nyvs, (2.31)
and

B v1—d? _\/)\2—1 N4
Ul———w, 772——/m7 fo=A—d.
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Since the cofactor conditions are satisfied, by Theorem 2.3.2 we know that one of the

following identities must hold

+

+
n,

x nj; = 0, n; xnj; =0, n; xnj, =0, n/ xn; =0.

Keeping in mind that (2.10)—(2.11) imply 11 = —2172, we get that, in the notation of
Theorem 2.3.2, the only possibility up to a sign change is

ay, = Bo(dn, —z2dna, — Am), ay,, = Bo(—=An, —z2dne, dny),

mj; = (771, —227727771)7

Therefore,
)
pay, + (1= pay,, =mbo (ud — (1= p)A, dZ’ —pX + (1 — u)d). (2.32)

We are now interested in finding which rotations R € SO(3), and which u € [0, 1]
are such that (T1)-(T3) are satisfied. First, we claim that R € Py and R is a
rotation whose angle and axis given in the first column of Table 2.1. Indeed, given
R € SO(3), by Proposition 2.1.1 (RU;R”, Rb;;, Rmy;) is a type II twin generated by
RU;RT,RU;;RT and satisfies the cofactor conditions. Therefore, (T1) together with
Remark 2.1.1 imply that RU;R”, RU;;R” must be a pair in column (A) of Table 2.1
(or in the second column of Table 2.2 in the degenerate case where a = ¢). As a
consequence, there exists Q € Py, with Q being a rotation of angle and axis given
in the first column of Table 2.1, such that QU;Q” = RU;R” and QU;; Q" = RUy;R”.
Thus, U; = QTRU,RTQ, U;; = QTRU;RTQ, and Remark 1.4.1 together with Lemma
2.4.1, imply that QTR =1 or Q'R = (2v ® v — 1) where v € S? must be at the same
time an eigenvector for U; and for U;;. Under our hypotheses, there exists no v € S?
being at the same time an eigenvector for U; and for U;;. Thus Q = R concluding
the proof of the claim.

Now, by Lemma 2.4.1 we have to check for which y, and which rotation axis u € S?
among the ones given in the first column of Table 2.1, pay, + (1 — p)ay,, is parallel
or perpendicular to u. Table 2.3 below illustrates the possible cases. As a result,
we have two different rotation axes u which are either parallel or perpendicular to

pay, + (1 — p)ay,, if and only if

l.u:%andi—j:i@

2d
_d 29 __ d—\
2.,u——A+dand Zl—j:—d,
o zo L d=)
3.,u——A+dand Zl—:I:—d.
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Rotation axis e | Parallel Orthogonal

(1,0,0) never =537

(0,1,0) d = X (never) never

(0,0,1) never n= 4

(1,0,1) never A= d (never)

(1,0,-1) never =1 (but Rn;; = —nyy)
(1,1,0) u:%andj—f:ﬁ dz2:( A — pd
(1,-1,0) p=xiq and 2 = =3¢ dzf——( — WA+ pd
(0,1,1) uz%andz—i:ﬁ d;—f:—(l—u)d—i-,u)\
(0,-1,1) p= g and 2 =22% | d2 = (1 —p)d — pA

Table 2.3: Conditions on u to have (2e ® e — 1)(uay, + (1 — p)ay,,) = uay, + (1 —
()ay,,, under the assumption that d < 1 < A.

We remark that, in the last two cases, the rotation axes which are either parallel or
perpendicular to pay, + (1 — p)ay,, are actually three and not two. As (Uy, by, myy)
satisfies the cofactor conditions as a type II twin, from (2.10)—(2.11) we deduce that

V—dt+ 23— 22) + (A2 —2) \ 1—d?
—C =

h =
14+ ’ 14+ )\’

which implies

7 V—dt+ 23— 22) + (A2 —2)

2 1—d2 )
After some computations we finally deduce that, under the hypothesis d < 1 < A,
there exist at least two different rotations such that (T1)—(T2) are satisfied if and
only if

ZQ d— A

=d+—— <= PUP+ N —2) = (d— N)?*(1 - d),
Z1 2d
d—\
? =" e PPN -2) = ([d- A1 - D).
1

It remains to check that (T3) is satisfied by the Q € Pay such that Q(uay, + (1 —
way,,) = tpay, + (1 — p)ay,,. Under our assumptions, there always exist two
such Q for type II half-star twins. For type II star twins this happens if and only if
n # tz9me. But, recalling that 7, = —z17, we need 27 # 22. As Uje, = e, implies

ﬁ o (afl)2
22— (c—1)%

if a # ¢ or a + ¢ # 2. But the latter case never occurs as by (2.10) a + ¢ = 2 implies

we hence deduce that (T3) is satisfied by type II star twins if and only

A = 1, contradicting our assumption that A > 1.
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Case 2: 0 < A< 1<d, A =ac—b* Here, the eigenvectors related to A, 1,d for

U; and Uy are respectively e; and v;, given by

e = (217 Z9, 0)T7 € = (_227 21, O)T7 €3 = (07 07 1)T7

T

Vv = (0,2’2,21) 5 Vo = (O, 21, _ZQ)T> V3 = (17070)T'

where, again, we assume without loss of generality that z; > 0. Here
RiUi=1+af®@ny,  RjUn =1+aj ®@nj,
where, ni, nj; are still given by (2.30)-(2.31), and

ai = Bo(—dme; + \pes), af, = Bo(—dmvi £ Anavs),

but this time

V=2 Va2 -1
m=—- ) N = —F/—F—, Bo=d— M.
V2 —\? dz — N2

From these, we can again find

ay, = Bo(dnm —Z2d7717 —)\772), ay,; = 50(—/\7727 —Z2d7}1, dT}Q),
mjy; = (—7727 Z2M, —772),

and z1m; = —n. Thus,
z
pay, + (1 - /’l’)aull = 77260 (Md - (1 - ,u))\, dz—i, —M>\ + (1 — /L)d),

which is the same as (2.32). We can hence argue as in the first case, and deduce that,

if d > 1, (Uy,Uqp) generate a half-star twin if and only if
PA(d® + N —2) = (d— N (1 = ).
In the same way, (Uy, Ujq) generates a star twin if and only if a # ¢, and

P(d®+ N —2) = (d— N1 —d).

Case 3: 0 < A\ <d =1 < A3, where \;\3 = ac — b? and \; + A3 = a + c¢. Repeating

the above arguments, this time we deduce that

ay, = Bomi (—21(A1 + A3), (Miziz5 ' — A322),0),
au;; = 60771 (07 ()‘IZ%ZQ_I - )‘322)7 _Zl(>\1 + >\3))7

my; = (0,125 ,0),
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where

_ V1IN VAL
= /\:2))_/\27 N2 = \/7/\2, 0= A3 1

1

and 217 = z9m9. Thus,

pay, + (1 — pay,, = —nfo (M(M +A3), (As22 — Miziza t), (1 — p)za (Mg + >\3)>-

Define
B =z1(A1 + A3), By = (N3zg — \i2325 ).

In this case, Table 2.3 becomes Table 2.4. Here we neglected all the rotations whose

Rotation axis e | Parallel Orthogonal
(17170) p=1 and 51:62 Mﬂl :_ﬁ2
(1,—1,0) pw=1and By = =0 | uby = P
(0,1,1) p=0and = | (1—p)b=—PF
(0,-1,1) p=0and By =—0F | (1 —p)b =P

Table 2.4: Conditions on p to have (2e®@e—1)(puay, +(1—p)ay,,) = pay, +(1—p)ay,,,
under the assumption that \; < 1 < A3.

axes, due to Lemma 2.4.1, do not satisfy (T3). Thus, the only option to form a type

II half-star twin is

1
= B and 551 = +0,.

As 0 < A1, A3 and Ap, A3 # 1, %ﬁl = + 5 simplifies to
A(BA; —1) =8\ A3 — A3 +5=0,

and the solutions satisfying A3 > 1 > \; are

4Xs +v5(02 — 1)

A\ =
! BA2-1

Az > 1.

In a similar way, we can prove

Theorem 2.4.2. Let M := U!2,U;, where the U; are the positive definite matrices,
with a,b,c,d > 0, giwen in (2.8). Then, a type I twin generated by U;, U;, i #
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j =1,...,12, satisfying the cofactor conditions is a I half-star twin if and only the
eigenvalues of Uy, namely Ay < Ao = 1 < A3 satisfy one of the following conditions

4(2d2)\§—)\§—d2) = (d— X3)*(1 — d?), if d# 1 and d = A,
42d8°N =N = d®) = (d—N)*(1—d%), ifd#1andd= )\, (2.33)
A(BA; —1) =8MA3 =543, ifd=1and X3 > 1.
A type I twin generated by U;,U;, i # 5 =1,...,12, satisfying the cofactor conditions
s a I star twin if and only if a # ¢ and one of the following holds
(2d2/\§—/\§—d2) = (d— X3)*(1 — d?), ifd#1 and d = A\,

2142 2 2 2 2 . (2'34)
(2d°A7 = A} —d*) = (d—M)*(1—d%), ifd#1andd= ).

Remark 2.4.2. It is possible to solve the equations in (2.33)—(2.34) to get a direct

relation between the eigenvalues of the U;’s. Indeed, (2.33) is equivalent to

& —d+ d2VI/EE =5 =
A = +d2v2 L it —=de (1,/3+V6),

9d2 — 5
2v/2/6d2 —
>\1_ —d-d2y2 if \s =d € (vV5,\/3+V6),
9d2 — 5
—d+ d2v/2v/64d2 — 3 — d4 ,
Ag_ Vo if \y =de (\/3—6,1),
—d — d2v/2/6d2 — V5
— if \; =d - 2=
)\3 9d _5 1 1 6( 3 \/67 3)7
4)\3j:\/_()\§—1) _
)\1 5)\3_1 ) 1)\3> 7d )

when 0 < A; <1 < A3. Similarly, the condition (2.29) can be rewritten as

d® —d+ d6d? — 3 — 2d* . (3++/3)
A\ = SF 5 , ifAz=de (1, ——),
d® —d — dv6d® — 3 — 2d* . (34+/3)
A\ = 5 F 3 . if s =de (V2 )
d® —d+ d6d? — 3 — 2d* (3-v3) f)
A3 = 3F 5 ;o ifa =de( 1),

d®—d—dV6d® —3—2d% 3[\[
\g = SF 5 , it =de(yf

0</\1§]_§)\3
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| star

Il star

| half-star
Il half-star | 7
land Il
land a=c | -
—lland a=c
————detU=1 | -

Figure 2.5: Given matrices U; € R§§i+ as in (2.8) describing cubic to monoclinic
phase transitions, with eigenvalues 1, A, d, we plot in cyan and in blue the curves of
lattice parameters such that respectively type I star and type II star twins exist. In
green and in black the curves of lattice parameters such that respectively type I half-
star and type II half-star twins exist. In red the curve of lattice parameters such that
both, type I and type II twins exist (see Remark 2.1.1). In magenta and in yellow we
plot the curves where a = ¢ (cubic to orthorhombic transformation), and the cofactor
conditions are satisfied for type II and type I twin respectively. Finally, the dashed
line is the curve where det U; = 1.
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2.5 How closely does a material satisfy the cofac-
tor conditions?

In practice the cofactor conditions are never satisfied exactly. For this reason,
an interesting question for application is how closely must a material satisfy the co-
factor conditions, in order to behave as if these were satisfied exactly. The problem
is complex not only from the point of view of establishing a threshold, but especially
in terms of choosing the right metric. There are various ways to measure how closely
a material satisfies the cofactor conditions, but, up to our knowledge, just two have
been used in the literature up till now. Provided (CC3) holds, the first, more intu-
itive, way is to check (CC1)-(CC2) directly, that is, to see how close the numbers
A2 — 1|, |b - Ucof(U? — 1)m| are to zero. This is, for example, the way the cofactor
conditions are measured in [28, 45]. However, there is no physical motivation behind
these quantities. On the other hand, provided (CC3) holds, a second way to mea-
sure how closely the cofactor conditions are satisfied is to measure how small are the
,|[U-e|—1
type I twins. Here € is as in Proposition 1.11. This approach has been adopted for

quantities |Ay — 1|, and HUé| -1 , respectively in the case of type II and

example in [76] and relies on (1.15)—(1.16). However, if we apply these two different
metrics to ZnysAugoCugs, we obtain contradictory results. Indeed, while following the
first approach we get that the lowest value of |b- U cof(U? — 1)m| among the possible
twin systems is approximately equal to 4.11 - 1075 for type I twins, and to 3.76 - 107°
for type II twins, while we have that the second approach leads to lowest values of
[[lU'e|—1]| =8.1:10 and ||Ué|—1| = 4.15-10~*. Therefore, while the first approach
entails that the cofactor conditions are closely satisfied by both type I and type II
twins, the second states that Znys AuggCuss satisfies the cofactor conditions with type
IT twins much better than with type I twins. Furthermore, for the completely differ-
ent alloy TiggNbsAlyy (see [47]), where the experimentally observed microstructures
look very different from those in ZnysAusgCuss, we have Ay = 0.999996 and values for
|b-Ucof (U2 —1)m| of 4.3754-107° and 3.7524-10~° respectively for type I and type II
twins. These values would lead to the conclusion that TissNbsAly, satisfies the cofac-
tor conditions as closely as ZngsAusyCuss, even if their behaviours are quite different.
However, in TissNbzAly, we get ‘|U*1é| — 1’ =9.9-10"3 and }|Ué| — 1‘ =83-1073,
which seem to confirm that the cofactor conditions are not so closely satisfied in this

material.
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Following the results of Section 2.2.1 (see Remark 2.2.1), it seems reasonable for
compound twins to measure the quantity |d — 1|, under the condition that d is the
middle eigenvalue. For type I and type II, we want to use a different strategy, which
is based on critical shear stresses, which generate plastic effects. Theorem 2.3.1 and
Theorem 2.3.2 tell us that if a material satisfies the cofactor conditions, then there
exist triple junctions. These allow a lot of flexibility in the microstructures, as one
can create a laminate with an arbitrary volume fraction, which is compatible with
austenite without an interface layer. For these reasons, the presence of triple junctions
might play an important role in the reversibility of the transformations. We want thus
to measure how close a certain twin is to create triple junctions. Under some simpli-
fying assumptions, below we quantify the shear stress necessary to deform austenite
in such a away that triple junctions are possible. If this shear stress is small, then
the material behaves as if the cofactor conditions were satisfied; if this shear stress is
large, then triple junctions are energetically too expensive to be observed. We then
apply the new metric to ZngsAuzgCuss and to TiggNbsAly,. We deduce that, in the
former material, the cofactor conditions are better satisfied by type II twins than by
type I twins; in the latter material our metric seems to confirm that triple junctions

require enough elastic energy to induce plastic deformation.

Below we consider U,V € R%ZS# satisfying (1.11), U # V, and assume that
(U,b;,my), (U, by, my;) are respectively the type I and type II twins generated by
U,V. We now want to look for e € R3*3, such that

RU=1+€e+c,Q0,, RV =1+¢e+c, o0y, R,V —R,U =R,b®m, (2.35)

for some Ry, Ry, € SO(3), q, ¢, € R3, 0,, 0, € S? and where either b = by and m = m;
or b = b;; and m = my;. Here and below we also assume that (U, b, m) satisfies
1.4.1. Physically, we want to find an elastic deformation of austenite, which allows for
triple junctions, and hence is compatible with a laminate without an interface layer
(see Figure 2.6). This is an approximation of what happens in reality, where also
martensite is deformed, but the above assumptions allow us both to stick to simple
computations, and to get qualitative results. Since we are interested in the case where
we are close to satisfying the cofactor conditions, by Theorem 2.3.1 and Theorem 2.3.2
we expect this deformation to be small, and we hence stick to the context of linear
elasticity, where we can express the deformation gradient of the elastically perturbed

austenite as 1 + e¢. Furthermore, as € is expected to be small, we will also adopt the
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Figure 2.6: Example of triple junctions for type I and type II twins with perturbed

austenite.

following approximation
e+el met el + e =(RU—c,®0,)" (RU—c,®0,) — 1. (2.36)
We remark that the conditions in (2.35) imply
c,®op,—c, ®0o, = Iiab®m
that is, either o, = 0, = +m, or ¢, || ¢ || R.b. Therefore, the only possibilities are:

¢, ®0,=—-R,b®o, (2.37)
¢, ® 0, = —R,c ® m, (2.38)

for some c, 0 € R3.

We now want to minimise the energy of € + €/ with respect to c,o0 depending
on the case. For simplicity, following the approach in [84], we consider just the shear

component of the energy, that is we consider the energy of € + €’ to be given by

G
Slle+ €, (2:39)

where G is the shear modulus for the material. The following two lemmas are useful
in what follows, as they allow to find the energy minimisers, under the assumption

that our elastic deformation is small enough.
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Lemma 2.5.1. Let U,V € Rg;%r satisfy (1.11), and let (U, b, m) be a type I or a
type II solution of the twinning equation (1.10) for U,V. Suppose further that the

minimum and the mazimum eigenvalues of U, denoted respectively by Ay and A3,
satisfy 203 — A2 > 0, and define

Cle)=U+c®m)'(U+c®m)— 1.

Assume also
min ||C(c)||* < min{(2\? — \3), 1}.

ccR3
Then,
C(e 2 _ : C 2
IC(@)]" = min [C(c)[I%,

if and only if ¢ = ¢ =+ U—™ _ Um. The eigenvalues of C, := C(&+) = C(¢7) are

|U~"m]

5 (ir(C) — VER@ — (i C?), 0, o (tn(C) + v2(C) — (.2,

Finally, ||C.||* = 0 if and only if (U,b,m) is a type II twin satisfying the cofactor

conditions.

Proof. We first notice that ||C(c)||? is a smooth function of ¢, so its minimizer ¢ must

satisfy the equation
(U+c®om)(U* -1+ m®@m+ Uc®m)m =0, (2.40)

where we denoted by ® the symmetrised tensor product u© W :=u®@ w +w ® u.
We introduce a change of variable v = ¢ + Um, so that, after rearranging the terms,
(2.40) becomes

(U —1-Um®@Um)v = —|v|’v. (2.41)

Therefore, v is either zero or is an eigenvector of
D:=(U"-1-Um®Um),

and the related eigenvalue must me be equal to —|v|?>. We first notice that —1 is an

eigenvalue for D related to the eigenvector wy := % Let wy, w3 be the other two

eigenvectors of D. We have
D=—w QW + AWy ® Wy + /_\3W3 ® w3,

for some A, A3 € R, Ay < 3. Let now ay, as, a3 € [0, 1] be such that

Um
— = QW1 + QoW + Q3W3.

Um|
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The following identity must hold

o +as+as=1. (2.42)
Furthermore,
Um 1 /\1
— . = > — 2.43
o ‘Wl [Um|| ~ [Um[[U"m| = Xy’ (2.43)

where A1, A3 are respectively the minimum and the maximum eigenvalue of U. Thus,

(AM—-1)> max Dw-w=X>X\= min Dw-w
weS2 wlwy weS2 wlwy (2 44)
>\ —-1)— max |[Um-w|’ .

weS2,wlwy

The last term on the right hand side can be estimated by,
—|Um - w|* > —|Um)|((aows + asws) - w)2 > —A(a5+a3) > AT — )], (2.45)

where we made use of (2.42)—(2.43) in the last inequality. Thus, collecting the in-
equalities in (2.44)—(2.45), we prove

Ao > 27\ —1 -3 (2.46)
In this way, we have

|C(v — Um)|* = max [C(v — Um)w - w|* > |C(v — Um)m - m|* = (1 - |v[?).
weS?

Now, (2.41) implies that, if v # wy, |v|? is equal to —Ay, —A3,0. Hence, by (2.44)-
(2.46), together with the assumption 2% — A2 > 0, we can conclude

|C(v — Um)||* > min{(2\2 — A\3)? 1}.

We have hence proved that, if mingegs [[C(c)||* < min{(2A? — A\3)?, 1}, the only mini-

mizers are ¢ = £w; — Um. In this case, we obtain
C..=C(Ew; —Um)=U* -1+ (1+ |Um ) m® m — U’m ©® m.

Clearly, m is an eigenvector of C, related to the null eigenvalue. Thus, the two

remaining eigenvalues are given by the solutions p of
1
—p? +tr(C,)p — 5((tr(C*))2 — tr(Cf)): 0.

We now claim that, if (U, b, m) satisfies the cofactor conditions as a type II twin, then
C, = 0. Indeed, by (1.16) we have that m - vy = 0, where vy is such that Uvy = vs.
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Then, clearly wy - vo = 0, and vy is an eigenvector for C, related to a null eigenvalue.
Therefore, as C, is symmetric, we just need to show that tr C, = tr U?—2—|Um|? = 0.
But if the cofactor conditions hold as a type II twin, then, thanks to Theorem 2.3.2
and [18, Prop. 4] we deduce that

[Um[* = (AT + A3 — 1),
that is tr C, = 0, and thus C, = 0. Conversely, let C, = 0, and define R, € R**3 by
RI=U+¢t@m.

First, by the fact that C, = 0, we have feafe{ =1, thus I?if is an orthogonal matrix,
and det RT = 41. Furthermore,

detR, = det U(1 + U™*¢* - m) = +|U"'m)| det U.
Therefore, if we choose ¢, = ¢, R, € SO(3), we have
R,U=1-R,c, ® m, R,V — R,U =R,b ® m, R,V =1—R,(c, +b) @m,
for some R, € SO(3). We can hence construct laminates
Ro(U+pb®@m) = uR,V + (1 — p)R,U = 1 + Ry(cy 4 pb) @ m,

which are rank-one connected to 1 for arbitrary volume fractions p € [0,1]. As a
consequence of Theorem 1.4.1 (U, b, m) satisfies the cofactor conditions. Furthermore,
as C, = 0, vy := mxU?m satisfies Uvy = vy, and is thus the eigenvector corresponding
to the eigenvalue of U equal to one. Therefore, (1.15) finally implies that (U, b, m)

cannot be a type I twin, and, by assumption, must hence be a type II twin. O

In a similar way, we can prove the following result

Lemma 2.5.2. Let E(o) = (U+b®o)T(U+b®o)—1. Let also
- 2
min [[E(o)[|” < 1.
Then,

E ~+ 2: : E 2
IE(6™)II" = min [[E(o)[I%,

if and only if 6 = i% - %. The eigenvalues of E, = E(67) = E(67) are

%(tr(E*)—\/Qtr(Ez)—(trE*P), 0, %(tr(E*)+\/Qtr(Ez)—(trE*P).

Finally, ||E(6)]|*> = 0 if and only if (U, b, m) is a type I twin satisfying the cofactor

conditions.
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Proof. Again, ||E(0)|* is a smooth function of o, so its minimizer o must be a sta-

tionary point, that is
(U* -1+ |b*o® 0+ Ub ® o) (Ub + |b*0) = 0.

The change of variable v = |b|?0 + Ub thus entails
P

1
U’-1——Ub®Ub
( “ ) Y

[b|?

As in the case of Lemma 2.5.1, v is either zero or is an eigenvector of

|v|?
\b|2

is an eigenvalue for F related to the eigenvector wy :

and the related eigenvalue must me be equal to — AS in the previous case, —1

|U 1b| If we choose v # +wy,

then it must hold v - w; = 0, and therefore
v Ub 1
E(i———):U—l——Ub Ub + —
bFF  [bP? b TR Y

has —1 as eigenvalue related to the eigenvector wy. In this case, hence,
v Ub \ |2 \% Ub v Ub
HE@EW‘Ww > maxE (%5~ s ) w| = [E(t - g wiwi

bl* |bf? bl |bJ?
Therefore, ||[E(n)|| < 1 if and only if v = £|b|~'w;. On the other hand,

2
> 1.

—_—— — f— 2_ —_——
E. E<i|b| |b|2) U2 -1 |b|2Ub®Ub+W1®W1,

has always 0 as an eigenvalue related to the eigenvector w. Therefore the other two

eigenvalues are given by the solutions p of

0+ tr(E)p — 5 ((6r(EL))? — tr(E2)) = 0,

We now want to prove that, if (U, b, m) satisfies the cofactor conditions as a type I
twin, then E, = 0. By (1.15) we have that b - vy = 0, where vy is such that Uvy = v,.
So that v, is also an eigenvector of E,, and E,vo = 0, as much as w; - vo = 0.
Therefore, we just need to check that trE, = 0, that is, |b|72|Ub|? = (A2 + A2 — 1).
But again, by Theorem 2.3.1, we know that |b|"'Ryb = |a|'a, and

|b|~*Ub = |b| "UR{Ryb = |a| }(1 + ny ® a)a.
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Therefore, exploiting [18, Prop. 4] we thus deduce

2
a
T llalny)l = (AT + A5 - 1),

Ub[* _ ‘
a]

b2

as required. Conversely, let E, = 0, and define R, € R3*3 by
RT=U+boot

As E, = 0, we have R,RT = 1, thus R” is an orthogonal matrix, and det RT = +1.
Furthermore,
det R, = det U(1 + U™'b - 6%) = £|U'b| det U.

Therefore, if we choose 0, = 6™, R, € SO(3), we have

U=1-R,b® o, R,V — R,U =R,b ®m, R,V =1—R,b® (0, + m),

ki

for some R, € SO(3). We can hence construct laminates compatible with 1 for
arbitrary volume fractions, and hence, by Theorem 1.4.1 the cofactor conditions must
be satisfied. Furthermore, as E, = 0, v, := (Ub) x (U™'b) satisfies Uvy = vy, and
hence v, is the eigenvector related to the eigenvalue of U equal to one. Therefore,
vy-b =vy-Ub =0, and (1.15) finally implies that (U, b, m) cannot be a type I twin.
As a consequence, by hypotheses, (U, b, m) must be a type I twin. O

By putting together (2.36) and (2.39), together with Lemma 2.5.1 and Lemma
2.5.2 we have that, if we are close to satisfy the cofactor conditions, the stress induced

by € is given by

o(€) = GRgy diag(0, wy, wq)RE;, for type I,
o(€) = GRgyy diag(0, 6y, 02)RE,;, for type 11,

for some Rgy, Rgy; € SO(3), and where

1
o= 5 (0B~ V2uE) — (ME)),  w=

(tr(C*) —/20(C) — (tr c*)Q), 0, =

(tr(E.) + V2ur(E2) — (WE.)2),
(tr(C*) +/2tr(C2) — (tr C*)2>.

1
61 - 5
Here, as above,

1 U-'b U-'b
E,.=U’—1— —Ub®Ub ,
b0 TUTB] U
C..=U-1+(1+|Um ) m®m — U’m © m.
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If we think now of reversibility as the lack of plastic effects during the phase transition,
we can say that we are close to the cofactor conditions if our principal stresses satisfy
some yield criterion. Adopting for simplicity Tresca’s yield criterion, we can say that

we are closely satisfying the cofactor conditions if

G
Bl max{|w; — wsl, |wi], |we2|} < oc, for type I,

gmax{wl —0s],161],162]} < oc, for type II,

where o¢ is the shear yield stress. In the absence of experimental values for G and
oc we can measure how closely the cofactor conditions are satisfied in a certain alloy

by simply computing

max{|wy —wy, [wi, [wa|},  for type I twins,

max{|01 — s, |01, |02}, for type II twins.

Lowest values among the possible twin systems for ZnysAuzoCugs are 0.0173 and
0.0021 respectively for type I and type II twins. These values seem to confirm that
the satisfaction of the cofactor conditions in this material is much closer with some
type II twins than with type I twins, in agreement with Proposition 2.1.2. Values for
TissNbsAlzy are 0.0267 and 0.0225 respectively for type I and type I twins, confirming

that triple junctions require high elastic energy in this material.
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Chapter 3

A model for the evolution of highly
reversible martensitic
transformations

3.1 Introduction

Based on experimental observations for ZnssAusgCuss, in Chapter 4.3 we intro-
duce the moving mask approximation. This, under suitable assumptions, enables
characterisation of the macroscopic deformation gradients for martensite as the ones

of the form

l1+a(x)®n(x), ae. X,

for some a,n € L>®(9;R3). This result, which would not have been achievable in a
static framework, turned out to be in accordance with experiments on ZnysAusgCuss
[27, 76], and appears relevant for many other alloys.

In order to frame the moving mask approximation in a dynamical model in the con-
text of continuum mechanics, with the aim of better understanding the complex
microstructures arising in ZngsAusgCuss, in this chapter we introduce a simplified
model to describe the evolution of thermally induced martensitic phase transitions
with ultra-low hysteresis, and hence taking place in a small range of temperature val-
ues. This is the case, for example, for ZnysAuzgCuss where the experimental values
of hysteresis are of 2°K, in contrast to values up to 70 °K in NiTi alloys. Our model
results in a system of partial differential equations, for which we prove existence of
weak solutions, and that we relate to the moving mask approximation of Chapter 4.3.

The structure of this chapter is the following: in Section 3.2, we recall the equations

66



describing the balance of momentum and the balance of energy in continuum me-
chanics. Indeed, following the work in [1, 2], it seems relevant for the evolution of the
austenite-martensite interface to take into account thermodynamic effects. In Sec-
tion 3.3, we introduce the assumptions on the free-energy density of the system, and
the boundary conditions, which reflect the experimental setup for ZngsAusgCuss (see
[76]). Furthermore, we justify the linearization of the equation for the conservation
of energy around the critical temperature. Existence of solutions to the resulting
system of partial differential equations is proved in Section 3.4. This proof requires
the application of a version of the div-curl lemma (see e.g., [31]) to show that the
solutions to a suitably defined approximated problem converge to weak solutions of
our problem, when the regularisation vanishes. In Section 3.5 we study the limit of
the solutions as the elastic constants tend to infinity and the interface energy den-
sity goes to zero. This approximation is physically relevant and has been already
adopted, for example in [15] and [21]. Here we prove that the deformation gradients
Vy generate in the limit a gradient Young measure vy, which is supported on the
phases, and whose evolution cannot be deduced from the conservation of momentum
alone. On the other hand, the equation for the conservation of energy becomes a heat
equation with a source term of the type 4 [0, o1 (A)dvy,(A), where n; — log(%)
is the entropy of the system, and 7; is supposed to be a smooth function, assuming
different values in austenite and martensite. In Section 3.6 we recall the moving mask
approximation introduced in Chapter 4.3, and explain how it can be framed in the
context of our limit problem. In this section, we also devise a possible strategy to
make the connection rigorous.

In the last section, we study the propagation of a laminate in a long bar, where we
can simplify the problem, under some further assumptions, to a one-dimensional one.
The resulting equation is an easier version of the equations introduced in [2], that are
underdetermined, and should be closed with a constitutive relation for the velocity
of the phase boundary. After introducing a constitutive relation between the velocity
and the temperature of the phase boundary, our problem becomes a two-phase Stefan
problem with kinetic condition at the free boundary (see e.g., [80, 81]). We prove
that, under our assumptions, the position of the austenite-martensite phase interface
is a monotone function of time, which reaches the domain boundary in finite time.
This simple, one-dimensional case is an example of solution satisfying the moving

mask approximation to the limit problem obtained in Section 3.5.
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3.2 Dynamics of martensitic phase transitions in

continuum solid mechanics

As mentioned in the previous section, the statics of martensite to austenite phase
transitions can be successfully modelled in the framework of nonlinear elasticity. For
these reasons, many authors have tried to study the evolution of martensitic phase
transitions within the same theory, where the conservation of linear momentum can

be expressed in Lagrangian coordinates as
poy = Divo. (3.1)

Again, here y(x,t) is the position at time ¢ of the material point x € Q, po(x) the
density of the body in its reference configuration, and o the Piola-Kirchhoff stress
tensor, whose dependence on y and the deformation gradient F = Vy is given in

terms of the free energy ¢ of the material through the relation

o(F,0) = %(F,&). (3.2)

However, as ¢ is in general not rank-one convex, the operator Div(o(Vy,#)) is not
elliptic, making the problem extremely complex from a mathematical point of view,
and the related initial value problem formally ill posed. Furthermore, the total energy
is conserved in the model for smooth solutions, which is not coherent with physical
observations, where heat is absorbed or released during the process. Therefore, one
should seek solutions with shocks that, as explained for example in [1], dissipate
energy, but which are mathematically very difficult to study. Also studied in the
literature are viscoelastic models. In the case of viscoelasticity of rate type the stress
tensor has the form
o =o0(Vy,Vy,0),

in (3.1), or in its quasi-static variant where § is assumed to be negligible. However,
many difficulties arise in dimension greater than one due to the fact that frame-
indifference prohibits a linear dependence on Vy (see e.g., [74]). For further discus-

sion, we refer the reader to [9, 17, 10, 70, 74] and references therein.

On the other hand, the phase transition generates heat, and it is therefore reason-
able, when modelling the evolution for the austenite to martensite phase transition,
to take into account thermal effects. The equations of continuum mechanics express-

ing the balance of linear momentum and energy in the absence of heat supply and
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neglecting body forces are given by (see e.g., [9, 79])

dr 1. . e
o (3 l¥1? + U) = Div(C(Vy. 6)V6) — Div(o(Vy, 0)) = 0,

poy — Divo(Vy,0) = 0.

Here, U is the internal energy of the system, and we also made use of the Fourier law
for the heat flux q, that is q = —CV#. For simplicity C will be considered to be a
constant, symmetric, positive definite matrix in R3**® with smallest eigenvalue equal
to ¢, and pg is assumed constant. Thus, after exploiting the relation U = ¢ + 0n

relating the internal energy to the entropy n and the free energy ¢, the above equations

become
potn(Vy, ) — Div(CV0) = 0, (33
poy — Diva(Vy, ) = 0, '
where we also made use of
00}
n(Vy,0) = —%(Vy, 0). (3.4)

3.3 Hypotheses, boundary conditions and approx-

iImations

The aim of this section is to introduce some hypotheses on the free-energy den-
sity ¢. Given the fact that we are restricting ourselves to elastic deformations, and
that elastic moduli are in general considerable in metals, minimisers of the free energy
lie extremely close to the wells. Therefore, it is a reasonable approximation to adopt
in Section 3.5 the approach of [21], and let ¢ grow to infinity outside the wells, thus
neglecting the influence of the shape of ¢(F) for F ¢ K U SO(3) on our results.
Following the approach of [52] and references therein, we split the energy contributions
into a term, ¢3 below, responsible for the increase of energy with temperature, and
terms, namely ¢, @9, describing the energy thermo-mechanical effects. As hysteresis
is smaller than 5 °K in materials undergoing ultra-reversible martensitic transforma-
tions such as ZnysAusyCuss, we can neglect the effects of thermal expansion, and we
also neglect the heat generated by elastic deformations which are not a change of
phase, which, as mentioned above, are usually observed to be small. For k£ > 1 we

thus consider
¢"(F,0) = 61 (F,0) + kos(F) + ¢5(0), (3.5)

where:
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o ¢y: R¥3 — [0, 00) is smooth and satisfies
$(F) =0 Fe KUSO(3), ca(JFP 4+ 1) > ¢o(F) > ol FIP — 1,

with ¢g,¢1,¢0 > 0 and p € (2,00). When k > 1, the ¢ term is responsible for
the growth of the energy outside the wells, and £ plays the role of an elastic

constant;

o 93(0) = 79(1 — log<%>>, arises naturally by assuming that the specific heat
~v > 0 is constant, and hence independent of the phase and of the temperature.

Indeed, ¢* must satisfy v = —9% (see [2]);

o pop1 = ¢1(F) — Oy (F), where ¢1,n;: R¥*® — R are smooth and such that

0
]g%g?}¢l(a 0) = min{O, —Oé<1 - E) }7
¢1(F) = —a, and m(F) = —03, for every F € K,
T
$1(F) =0 and  n(F) =0, forevery Fe SO(3),

for every F € R®*3, for some positive constants «,c,, ¢, and ¢ € (1,p). This
term is responsible for the phase transition, that is, this term is responsible for
changing the global minimizers of ¢* from SO(3) above 6. to K below 6.. The

behaviour is chosen to be linear in 6 because of the small hysteresis;

e the following growth conditions hold

- oJo5 O .
[m(F)] + [6(F)] + | 2 (F)| + g—F<F>1 Sl T,
SEF)| < e+ IF).

for some positive constants cq, cf, r < p, 7 < %p and for all F € R3*3.

The choice of our free energy is coherent with the one adopted in [52] and references

therein, and works particularly well for computations; other choices for the free energy

reflecting the change of energetically preferable phase across 6y would be possible.

We finally add to the energy of the system also a term of the type %|Ay|2, which

penalizes interfaces between martensitic variants. A term of this type is often kept

in account when modelling martensitic transformations (see e.g., [18, 33, 37]) and

makes the model more accurate. This term is going to disappear from the equations

when we send k — oo, in the next section. We remark that we could choose z—’é for

some ¢z, 3 > 0 in front of [Ay|? instead of § without affecting the results below.
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Furthermore we can replace |Ay|? with [VVy|?. Indeed, as these terms differ only

by a null Lagrangian, the equations governing the evolution are the same.

Remark 3.3.1. In the definition of the energy we did not take into account the
constraint ¢*(F,-) — oo as det F — 0, which is usually introduced to avoid interpene-
tration. This constraint is extremely difficult to handle from a mathematical point of
view, as, in this case, there exists no ¢ > 0 such that ’%‘S c(1 + |o*(F, ).
That is, a finite energy deformation map y € WH'P(Q;R?) might be such that
% ¢ L'(2;R3*3), and there is, up to our knowledge, no reference in the litera-
ture on how to control this term. We refer the reader to Section 2.4 in [9]. Nonetheless,

the interpenetration constraint holds in the limit £ — oo, as shown in Section 3.5.

Under the above assumptions, and after adding the term responsible for the

interface energy, (3.3) becomes

poy — Div o*(Vy,0) + A% =0, (3.7
7P — Div(CV0) + 0y (Vy) =0, '
where " 5
k _ 9¢" _ _ 9%

We supplement the problem with initial and boundary conditions for # and for y
reflecting the experimental setup for ZngsAuzgCugs in [76]. The initial conditions
0o(x), ya(X), ys(x) respectively represent from a physical point of view the tempera-
ture, the position and the velocity at the point x at ¢ = 0. The boundary conditions
for the equation describing the conservation of momentum reflect the lack of external
forces imposed at the boundary of the sample. We consider 2 C R3 to be bounded
and smooth, 0Qp C 0N to be open and non-empty in 992, 0y = 0N\ IQp, and set

(6 =0, on dQ2p x (0,7,
CVO-m =0, on 0Qy x (0,7,
(0*(Vy,0) + VAy) -m =0, ondQx (0,7),
Ay =0, on 982 x (0,7, (3.8)
Ol = 00(), in ©,
Yli=0 = ¥a(X), in 2,
LY=o = ¥5(x), in ©,

where 05, 0y, V5, Yo are functions in suitable function spaces, and m is the unit outer

normal to €. In a consistent way with the experiments in [76] on ZnysAusoCusgs, for
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which 07 ~ 240°K and the hysteresis is about 2°K, we can assume ||0g — 07| 1~ +
|07 — Op||L~ < O7. In this way, we can formally justify the replacement of the 6 in
front of 7; with ér, thus rewriting (3.7) as

{poy —Divo*(Vy,0) + 1A% =0, (3.9)

vpofl — Div(CV0) + 6711 (Vy) = 0.

Under suitable assumptions on 1, a maximum principle such as the one in Proposition
3.7.1 could be proved to rigorously justify this approximation.

Below ¢, ¢ represent two positive constants whose value is dependent just on the
parameters, and, in the case of ¢y, on the final time 7" and the initial data. Their value
may change from line to line or even within the same line, but is always independent
of n,k,e, M, N. When there is a dependence on k or on M, this constant will be
denoted by crk, cr . respectively.

Below, we will denote by A : B the Frobenius product between matrices A, B € R3*3
defined as A : B = tr(ATB).

3.4 Existence of weak solutions

Existence of solutions in a suitable sense to (3.8)—(3.9) is given by Theorem 3.4.1
below. We will denote by Hj, the space of functions & € H'(2) such that £ = 0
on 0Qp, by Hpy' its dual, and by L2 () the L*(Q) spaces endowed with the weak
topology. Finally, we will denote by V the Hilbert space

V= {ue L*(%GR%): |ullv < oo}, a3 := / (Jul* + |Vul® + |Aul?) dx,
0
endowed with the scalar product (-, -)y defined by
(u,w)v ::/(u-w—l—Vu : Vw + Au - Aw) dx.
Q

Given the boundary conditions for our problem, we are not able to apply the Miranda-
Talenti inequality, and therefore the embedding V < H'(Q;R?) might not be com-

pact. The following lemma gives us sufficient conditions for this to hold:

Lemma 3.4.1. Let u; € V be such that ||u;||y < ¢ and such that |Vu,|* is uniformly
integrable. Then, there exists u € V and a non-relabelled subsequence u; converging
weakly in 'V and strongly in H'(Q;R3) to u. Furthermore, the space VNW1P(Q; R?)
is compactly embedded in H'(2;R3) for every p > 2.
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Proof. By Banach-Alaoglu, we get the existence of u € V and of a non-relabelled
subsequence u; converging weakly in V. By Sobolev embeddings, u; — u also
strongly in L?(Q; R*). Now, we notice that, on the one hand, V x V(u — u;) =0 in
the sense of distributions. On the other hand || DivV(u — u;)||2 < ¢. Therefore, an

application of a version of the div-curl lemma (see e.g., [31]) entails
lim | Vu; — Vul|3 = lim/ V(u—1u;):V(u—u;)dx =0.
J J 0

Now, we recall that for a sequence u; € WP(Q; R?) with ||u;|y1» < ¢, for some ¢ > 0
p > 2, |Vu;|? is uniformly integrable. Therefore, thanks to the first statement of the
lemma, we deduce that V N WHP(Q; R3) is compactly embedded in H*(;R3). [

We are now ready to state the existence theorem:

Theorem 3.4.1. Let 65 € H'(Q) N L7 (), 6 € L2(4R,), v, € L2 R3), y, €
WLP(Q;R3) N'V. Then, there exist (yx,0x) such that for every T >0

ye € L=(0, T, WH(Q;RY) N'V) N Whe(0, T; L* (% R?)),
O € L*(0,T; H'(Q)) N L¥(0,T; L*(Q)),

and

T
/ /CCVQk - Vw dxdt
0o Jo

T
— /0 /Q(QT?h(VYk) + Vpgﬁk)éw dx dt + ¢(0) / W(W?o@o + 9T771(Vya)) dx,

Q
(3.10)
¢k -
/ / ( Ay - Dap -+ EVap - S (Vi ) — pogyk-zb) dxdt = ot (0) /Q yi - dx,
(3.11)

forall&,¢C € CH=T,T), ¥ € CH{QR}) NV, and allw € C*(Q) N H},. Furthermore,
O = 0 on OQp in the sense of traces for a.e. t € (0,T),

yi € C([0,T); L2 (S R?), O +0(Vyr) € C([0,T); L2 2r/m(Q))
and

(10018 + 5l + Iyl + H1508) 0+ [ 19003 dr +k [ 0u(Tya)d

/Q Ya(x) dx ’
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for a.et € (0,T), for some positive Cr depending on the parameters and on HGBHﬁ’

108\ a1, |00ll2, [|¥sll2 and T only, and for some ¢ depending solely on the parameters.

Proof. Let {w;}jen C Hp(Q) and {%,}jen € H?*(Q;R?) be bases of H'(Q) and
H?(Q;R3) respectively. We assume that the first is constructed by taking the eigen-
vectors of the Laplacian with homogeneous Dirichlet boundary conditions on 9€p
and homogeneous Neumann on 9€2y. The second one is constructed by taking
the eigenvectors of the compact, symmetric, and linear operator A: H?(;R3) —
(H?(Q;R3))*, where

(Au, w) = (0, W)z,

for each u, w € H?(Q2;R?). Here (-, )2 is the scalar product in the space H?(€); R?).
We can define P, and P, to be respectively the L?*(Q) and the L?*(2;R3) projec-
tors on the finite subspaces {w;};—1..» and {t,}j=1. . Let us consider k to be
fixed, we drop the subscript k£ to simplify notation, and we will suppose without
loss of generality that pg = 6 = v = 1. Furthermore, we start by assuming that
Vo € H*(;R3) N WHP(Q; R3). The strategy of the proof is the following: we show
existence of solutions via the Galerkin method to an approximated problem depend-
ing on parameters M, N € N. Then we send first M and then N to infinity, and show
that solutions to the approximated problems converge to solutions to the original

problem. Finally, we recover the result for general y, € V. N W1P(Q;R3).
For every n > 1 let us consider the following functions
O, (x, 1) = 05 + zn: Y (wi(x),  yalx,t) =D A () (x),
j=1
satisfying

/ (énwj + CV0, - Vw;) dx = — / m(Hu(Vy,))w; dx, (3.13)
Q 0

OHy (Vy, 1
L(E(HM(vyn)’en)%ﬂ Vb + N(y“’¢i)H2> dx

(3.14)
= —[)(%Ad)l CAyn + Vi 17b1) dx,

0,(x,0) = P,(6o(x) — 0p) + 05, Vn(x,0) = P,y (%), Va(x,0) = P,yy(x),
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for all 7,7 = 1,...,n, for almost every x € Q, for M, N € N fixed, and where H), is
a smooth function such that

Hy(F) = (3.15)
(M + 1), if [F|>M+1,

and ‘aHM ‘ < 2. Weremark that 8HM OHum(F) 3o o fourth order tensor, and 0! (H (F)) 0Hw (F)

OF OF
should read as
(aqsk(HM(G))aHM(G)) iaw(m’ O(Hu(F)y | _ 08" (Hu(F))
OF OF m L= OH;; H=Hy ()  OF, F=G OF i, F=G

The above system of differential equations in b, ¢(®)

admits locally in time a smooth
solution by standard ODE theory. Define

0, := 0, — 0 and 0y, := Po(0o(x) — 05).

After multiplying (3.13) tested against w; by bg-n), we can sum over j and get

Mue 12+ en|[VO,|2 < /ﬁl(HM(Vyn))éndx—/QVHB-Vén. (3.16)

Here we have also used the fact that ¢,, is the minimum eigenvalue of C to bound

CVé,, -V, from below with cm|Vén|2. Thanks to the Cauchy-Schwarz and the Young
inequalities, (3.16) becomes

10,03+ 190,03 < / b i (Har (V) dx + ¢ VO3]
th o

On the other hand, testing (3.14) with %),, multiplying it by c'§")

and summing over
1 from 1 to n we get

DN | —

d ) 1 1 d _
(190l + 18wl + vl ) + 5 [ (oaltn(Ty) + a1 (Ty,))) dx
= [ Buin(Har (V)

Q

Therefore, summing the last two inequalities and integrating in time between 0 and

5



t € (0,T) we get
3 (198 + 10018 + HIAYalE + lyalle ) 0+ 2 [ 19013
[ (koalHar (D3 (0)) + &1 (o (V3 (11)) b
< [ (koalHa (TPoy) + 61 (VPy3a) ) e (317)
i / m (Fnt (Vyn ()05 dx — / 0 (Hor (VPya))0s dx + ctl| V053

1 A 1 1
+ 5 (WPl + 100,13 + LIAPal + 5 IPa3alfys ).
Now, we notice that by means of the assumptions on 7 we can deduce

< cllbsll_e (1 + || Har(VP,y)II7)

/Qm(HM(VPnya))HB dx

B &

< c(L+116511%0) + ZOIIHM(VPnya)HZ
2 k

< C(l + ||93||%) + Z¢2(HM<VPnYQ))

In the same way,

[ (@) dx| < e(1+ 108177) + 5 [ oalHuu(Vya(t) dx.

/ Gu(Ha(VP,y.)) dx| < ot / bs(Hng (VP ya)) dx,
Q Q

_ k
[ on(Ea(Vya @) x| < e [ Ga(Hu(Vy () dx
Q Q
Thus, (3.17) becomes
1 ) - 1
(150l + 1508 + I8 + 13l ) 0
+eu [ 19817+ [ oa((Ty, () dx

< | APLYa3 + IPaysll3 + 00.a]13 + ct| VOB + c(1 + [|05]1%7)

| =

1
43 [ Ga(Hu(VP3)) dx -+ [Pyl
Q
(3.18)
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We remark that as P,y, — y, strongly in H?(Q;R?), and P,y, — y; strongly
in L*(Q;R3), the sequences ||P,yallr2, ||Pnysll2 are bounded. Therefore, by the
boundedness of Hp(cf. (3.15)), and thanks to the fact that ¢, is non-negative, we
deduce that for every T' > 0 there exists a constant C=C (T, M, k, N), independent
of n, such that

1 . " LA 1 -
A ORI NAHORAHG +Cm/ IVOall3 A7 + < llyallz=(t) < C
0
for a.e. t € (0,7"). Hence, there exists

yar € L(0, T H*(Q;R?)) N WH(0, T; L2 RY)),
Orr € L2(0,T; H'(2)) N L>=(0,T; L*(Q)),

such that, up to a subsequence,

0, — 0y weakly in L*(0,T; H'(2)), weakly* in L>(0,T; L*()), (3.19)
Yo — yu  weakly® in L>®(0,T; H*(Q;R?)) n Wh>(0, T; L*(Q; R?)). (3.20)

Furthermore, (3.20) together with a version of the Aubin-Lions lemma (see e.g., [24,
Thm. I1.5.16]) imply

Yn — Y, strongly in C([0,T]; HI(Q;Rg)), (3.21)

that is, up to a further subsequence, Vy, — Vy,, for each t € (0,7), a.e. x € Q.
Thus, as H); is continuous and bounded, by Vitali’s convergence theorem H ), (Vy,) —
Hy(Vyyr) strongly in LI(0, T; LY(Q)) for each G € [1,00).

We can thus multiply (3.13) and (3.14) by (,& € C}(=T,T) and integrate in

time between 0 and 7T'. After an integration by parts these become

/0 /Q(CCven -Vwj — Wjé(Th (Hy (Vyn)) + gn)) dx dt

(3.22)
= C(0) | (m(H(TP,,)) + B0, )i dx
k oOH
/ / ( o A+ €0 (Hy (V). 0) T (V) wi) dxdt
(3.23)
/ [ (&0 @y ) dxdt€0) [ Puyadx
Q
for each 7,5 = 1,...,n. Passage to the limit and recovering the equations for every

w e HLHQ)NCYQ), ¥ € CHR3) N H2(;R?) is standard. Thus, (3.22)—(3.23)
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become

| (0o = 11 (Tyan)) + 00))
e (3.24)

= C0) [ (m(E(Ty)) + to)erix,

T k
/ / (éAyM-Aw&a—(HMWyM),eM)agF (Vya) w) dxdt
0

/ /<£yM Y- = (%yn) )dxdt+§(0)/yb.¢dx’

for every w € H,H(Q) N CHQ), ¥ € CHRY) N H(Q;R?), ¢, € CH-T,T). A

passage to the limit as n — oo in (3.18) and the weak lower semicontinuity of the

(3.25)

norms leads to

1 1 , .
Iyl (0) + ZNAYal5(0) + [19all5() + [10a]l2

1 1
<ot vl + L1858 + 3k [ oa(Huu(Vya) dx,
Q
(3.26)
for a.e. t € (0,7). Now, given the fact that y, € W1P(Q; R?), we have that Hy;(Vy,)

converges strongly to Vy, as M — oo by dominated convergence in LP, and hence,
by (3.6), ¢2(Hu(Vya)) converges strongly in L' to ¢o(Vy,). Therefore, inequality
(3.26) yields

|yl Lo o,msm2y + | asll Looo,ms22) + 1|00 oo 0,7:02) + || VOar || 20,1 02)

©esssup / bo(Hpr(Vyar(1)) dx < erpn.

te(0,T)

(3.27)

We can hence deduce the existence of
yn € L2(0,T; H*(R?) n Wh>(0, T'; L*(Q; R?)),
On € L*(0,T; H'(Q)) N L>®(0,T; L*(2)),

such that, up to a subsequence, 0,; — 0x and y; — yn as M — oo in the sense of
(3.19)—(3.21). Furthermore, by (3.27) and (3.6) we also have

|\ Har (ym) || oo o520y < Crgen- (3.28)

Therefore, as Hy (Vyy) — Vynw for ae. (z,t) € Q x (0,7), by Vitali’s theorem we
deduce

Hy(Vyn) = Vyn, strongly in LY(Q x (0,7)), (3.29)
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for every q € (1,p). We remark that Fatou’s lemma and the fact that Hy (Vyy) —
Vyn for ae. (x,t) € Q x (0,7), imply

/ 6s(Vyn (x,1)) dx < liminf / oy (Vyu(x, 1)) dx,  for ae t € (0,7).
Q Q

M —oc0

This inequality, together with the lower semicontinuity of the norms, and the conver-
gences (3.19)—(3.21) entail

(Il + 2 NAywl3 + w13 + loli2) 0
ben [ IV0I3ar & [ oOyaax @30
0 Q
.1 1
< Cy+ yyllvalle + 1Al + 3k [ 6a(Ty,)dx.
N k 0

for a.e. t € (0,7, for some C* > 0 depending on ||0g||x:, ||93Hﬁ> lysll2, [|6oll2 and
T only. By (3.6), together with (3.30), we thus have also

yn € L0, T; WP (O RY)).

The assumptions in (3.6), and the bound on 821,5” , together with (3.29) imply also
that
O OH P2 T1(0). T3%3
O (e (Vyar) S0 (Vo) —+ P2(Vyn),  strongly in L'(O:R), (3.31)
0 OH 0
(;bFl (Hy(Vy M))(9—FM<vy ) — aili(VyN) strongly in L'(Q;R**?).  (3.32)

Hence, passage to the limit as M — oo in (3.24)—(3.25) is standard thanks to (3.19)-
(3.21) together with (3.31)—(3.32). The only difficulty is to show that, defined

OH )y,
OF

om

= 5e

-5 (Hu(Vyu))—=—=(Vywm),

we have

a
/ £V : ”1 (Vyn)on — RMeM) dxdt‘

/ 699 (T2 (Tyx) 0 — ) + 0 (0

S (Vyw) - RM>) dx dt’ 0,

as M — oo, for every ¢ € CH(Q;R3) N HY(Q; R3), every £ € CH(—T,T). On the one
hand,

/ EVY - (9771 (Vyn)(Oy — HM)> dxdt‘ — 0, as M — oo,
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because of the fact that 0y, — 0y weakly in L?(0,T; L5(2)) as M — oo, and that (3.6)
together with Vyy € L>(0,T; LP(Q;R**?)) imply 5 Im E(Vyn) € L>(0,T; L3(9)). On
the other hand,

om
<6 ; o
< ol [l €ller | S5 (Tym) = e, o =0

because of (3.29). In the limit, (3.24)-(3.25) thus become

/O /Q(CCWN - Vw — w((m(Vyn) + 0y)) dxdt = ¢(0) /Q(m(Vya) + 6w dx,

(3.33)

k
/ /( Ay - At + EVap : 02 (VyN,eN)) dx dt

:/0 /Q(éYN~'¢_N(¢,YN)H2> dth+§(0)/ﬂyb.¢.dX7

for every w € HL(Q) N CY(Q), ¥ € CHQ; R} N H2 (4 R3), ¢, € € CH(-T,T). Now,
we want to send N to infinity. To this end, we first suppose N > N,, where N, =
N.(|lyallz2) is the smallest integer such that N !||y,[|%2 < 1. In this case, by (3.30)

we have

(3.34)

HVyNHg(t) — C S / ¢2(VyN) dx S CT k> a.e. t e (O,T) (335)
Q

Therefore, (3.35) together with (3.30) entail

1 ) ¢

(37 lylss + 18yl + vl + 195l + 6x18) () + o [ (V6] < en,
0

(3.36)

for a.e. t € (0,T). Let {e;,eq, e3} be a Cartesian coordinate system for R?. We can

choose 9 = e; with ¢ = 1,...,3 in (3.34) and deduce that
[y -eax= % [ yin)-ea
) YN €, dX = —— y + €; dX,
ez N

for a.e. t € (0,7"). This implies,

/QyN(t)-eidx:cos<\/%>/ﬂya-eidx+\/ﬁSiﬂ(#)/ﬂyb-eidx,

and therefore, for every T finite, we deduce that

< Cr, (337)

+T‘/yb-eidx
Q

yn(t) - e;dx| < Yo - €;dx
Q Q
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where, again, cr is independent of N, k. Therefore, an application of the Poincaré

inequality, together with (3.35) leads also to
lynllwie(t) < crp,  ae te(0,T). (3.38)
Therefore, from (3.36)—(3.38) we deduce the existence of

y € L=(0,T; VAW (Q;R*)) n W (0, T; L*(; R?)),
6 € L*(0,T; H'()) N L>(0,T; L*(2)),

and a non-relabelled subsequence, such that

On — 0 weakly in L*(0,T; H'(Q)), weakly™ in L>(0,T; L*(9)), (3.39)
yy =y weakly® in L®(0,T; VN W (Q; R*)) N W' (0,T; L*(Q; R?)).  (3.40)

Furthermore, from the fact that p > 2, and Lemma 3.4.1 we known that the Banach
space V. N IWHP(Q;R3) is compact in H'(;R3?). Hence, by (3.39)—(3.40) and the
Aubin-Lions lemma, yy converges to y also in the sense of (3.21). This, together
with (3.36), (3.38) and Vitali’s theorem, lead

Vyn — Vy, strongly in LI(Q x (0,T)), (3.41)

for every ¢ < p. We can thus pass again to the limit in (3.30), and deduce

(F1av13+ 1918+ 1618) )+ o [ 190137+ [ 629510
<Cp+ Ayl + 3k [ ox(Vy,)dx
Q

a.e. t € (0,7). Now the Poincaré inequality, together with (3.35) lead to

p
> colly[171,~Ci—c

p

)

/ 62(Vy) dx > [[Vy[2—c > colly [y

y dx
Q

/ya dx
Q

where we made use of (3.37) in the last inequality. Combining the last two estimates

we thus deduce (3.12). Furthermore, by arguing as above, we can use (3.6) and (3.41)
to pass to the limit as N — oo in (3.33)—(3.34) and deduce (3.10)—(3.11). Here, the
only additional difficulty is to pass to the limit in the term (yy, %) g2, which, thanks
0 (3.36) can be treated as follows

1 1 \/CT k
N|(yN7¢)H2| S NHyNHHQH’l/)HHQ S \/N ”¢HH2 — O, as N — o0, a.e. te (O,T)
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Now, the existence result for a generic initial datum y, € V N W5 (;R3) can be
recovered as follows: we take a sequence of y' € H2(€2; R?) N W»(Q: R?) converging
strongly in V. N WWHP(Q;R3) to y,. In this case,

[a@<e [ omd) - [ 6wy, (3.42)

so thanks to (3.12), the sequence of solutions (6;,y;) related to y((lj ) satisfies

(185,18 + 19513 + 1953 s+ 101) O+ e [ 190807 < crs ae 1€ 0.7
(3.43)

Therefore we can deduce the existence of

y € L=(0,T; VAW (Q;R?)) N W>°(0, T; L*(; R?)),
6 € L*(0,T; H'()) N L>(0,T; L*(2)),

such that, up to a non relabelled subsequence, (6;,y;) converge to (¢,y) in the sense
of (3.39)—(3.41). Passage to the limit to recover that (6,y) satisfy (3.12), (3.10)—
(3.11) follows the steps above.

Finally, by comparison in (3.11) we also know that
y € L*(0,T; (WP (Q; R*) NV)*).

Hence, by [24, Prop. I1.5.11] and [24, Lemma I1.5.9] we deduce y € C([0, T]; L? (€; R?)).
On the other hand, (3.10) implies also 8 + 7, (Vy) € L*(0,T; H;'(Q)). As by (3.6)
and y € L>=(0,T; WhP(Q; R?)),

ess sup /Q |77(Vyn(t))

dx < c+esssup/ ’Vyn‘ dx < erp,
te(0,T)

te(0,T)

it must hold 7, (Vy) € L>(0,T; LP/7(2)). Therefore, again by [24, Prop. I11.5.11] and
24, Lemma I1.5.9] we thus deduce that

0 +n(Vy) € C([0, T]; Lmn{2p/73(Q)).
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3.5 Convergence as k — +oco to a limiting con-
strained theory

As mentioned above, in this section we send k to oo in (3.10)—(3.11), and obtain
in the limit a constrained theory for the deformation gradient Vy. This is equivalent
to assuming that elastic constants tend to infinity, which, as remarked in [15], is usu-
ally a reasonable approximation when studying martensitic phase transitions with no
external (or at least small) load. In this way we capture the essential behaviour of a
generic free energy satisfying the properties listed in Section 1.3, and neglect at the
same time all aspects depending on the growth of the energy density. In the limit, the
weak formulation of the energy conservation equation (3.10) becomes a heat equation
with a heat source at the austenite-martensite phase interface. This heat source is
proportional to the difference of entropy between martensite and austenite, that is
to the latent heat, is concentrated at the phase boundary, which might be sharp or
diffuse, and depends also on the velocity of the phase transition. Where the transition
is from austenite to martensite, the heat source has a positive sign, while its sign is
negative where the transition is from martensite to austenite. The deformation gra-
dient Vy, generates as k tends to infinity a Gradient Young Measure supported on
K USO(3). As shown in Remark 3.5.1 the evolution of the obtained Gradient Young

Measure cannot be deduced from the conservation of momentum alone.

In what follows we will make use of Young Measures, for which we refer the
reader to [8, 21, 69] and references therein. Below, the space of Young Measures is
denoted by L, (Q x (0,T); M;(R3**3)), where M;(R3**?) is the space of probability
measures on R**? and where the subscript w* stands for the fact that we endow this

space with the weak* topology.

Proposition 3.5.1. Let T' > 0, let (0, yx) be a solution of (3.10)—(3.11) given by
Theorem 3.4.1 and such that y|i—o = yar € WHP(Q,R3) N'V. Assume also y, to be
such that

S C, ||AYGJ€||2 S ck

/ br(Vyar) < ok, ‘ / Yor dx
Q Q

for every k > 1, and for some positive constant c independent of k. Then there exist

y € L0, T; WHP(Q; R?)) n Whe(0, T L*(; R?)),

(3.44)
0 € L*(0,T; H(Q)) N L=(0,T; L*(2)),
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and vy € L%(Q x (0,T); My (R¥3)), v € L2%(Q; My (R3*)) such that, up to a
subsequence,

Ye =Y, weakly* in L0, T; WIP(Q; R¥3)),

O — 0, weakly in L*(0,T; H'(2)),

(3.45)
OVyr(xt) = Vxits weakly™ in Lo (£ X (O,T);/\/ll(]R{?’X?’))?
OVyar(x) — Vx,0s weakly* in L (Q; M, (R®*)).
Furthermore, vy, vx o satisfy
supp vy C K U SO(3), for a.e. (x,t) € Qx(0,7T), 6)

supp vx o C K U SO(3), for a.e. x € 0,

and (0,Vy,vx.) are satisfying the following weak formulation of the equation govern-

ing the conservation of energy

/OT | ccvo-viax - /OT J <6T 8 ) 7,,09) o (3.47)

+¢(0) / W(9T/ m(A) dvxo(A) + 7/0090) dx,
Q R3x3
for each ¢ € CH(-T,T), we CY Q)N H}, and
/ Adved(A) = Vy(x,1),  ae (x,) €Qx (0,T). (3.48)
R3x3

Also 6 = 0 on 0Qp for a.e. t € (0,T) and  + 9 [ (A s (A) € L2(0,T; Hp').

Proof. Thanks to the hypotheses on y,; we can deduce the existence of a positive

constant ¢r such that (3.12) becomes

. 1
(152103 + 196013 + Iyl + - 1AYLIE) @)

t
+ [ 190 dr k[ Ty ax < e
0 Q

for a.e. t € (0,T"). Therefore, we can deduce the existence of (y,#) satisfying (3.44),
and of a converging subsequence satisfying (3.45);—(3.45)s.

Now, for fixed € > 0 we have that the above inequality implies
T T
o > / / ¢2(Vyr) dx dt
k 0 Jao
> . 2 (x,t) € A x (0,T): [Vyr(x,t) — F| > &, VF € K USO(3)},
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for some constant ¢. > 0 depending on € and on the continuous function ¢5. Therefore,

lim 2 {(x,t) € Q% (0,T): |[Vyu(x,t) — F| > &, VF € KUSO()} = 0,

k—o00

which is convergence in measure of Vy; to K USO(3) on Q x (0,7). Thus, the fun-
damental theorem of Young measures (see e.g., Theorem 1.2.3) assures the existence

of a non-relabelled subsequence and of a family of parametrized probability measures
Vet € L25((0,T) x ; M;(R3*3)) such that

supp vx: C KU SO(3), for ae. (x,t) € Q2 x(0,7T),

hm/ / (Vyr(x,1))((x,t) dx dt = / // A) dvy 1 (A)((x,t) dx dt,
R3%3

for every h: R33 — R of growth strictly less than p, and every ¢ € L>((0,7T) x Q).
Choosing h(A) = A, by (3.20) we immediately get that (3.48) holds. Furthermore,

m(Vyr) — m(A) dvx(A),  in L9(Q x (0,7)),

R3x3

for every ¢ € [1,2). A similar argument entails that y, generates vy and that

suppvxo C K USO(3), forae. x € Q,

771(Vya,k) - 771(A) de,o(A)7 in Lq(Q)>

R3%x3

for every ¢ € [1,2).
We can thus pass to the limit in (3.10) and get (3.47). Finally, by comparison,
we deduce 6 + D [eses n(A)vxe(A) € L2(0,T; Hp'). O

Remark 3.5.1. Under the assumptions of Proposition 3.5.1, when passing to the
limit as & — oo, we notice that the equation for the conservation of momentum, that
(3.11), reduces to

/ / 3¢2 A)dvg(A)dx : Vipdx =0, Vip € CH(Q; RY), a.e. t € (0,7).
R

3x3 aF
(3.49)
Indeed, (3.11) with & € C}(0,T) becomes
/ /f% (Vyy)dx : Vi dx dt
(3.50)

:——/ /(‘%1 ,9>:w—poéyk-w%Ayk-Aw)dxdt.
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By the Cauchy-Schwarz and the Holder inequalities, thanks to (3.6) we get

// (%1 (Vys, ):Vzp)dxdt

< éT(l + ”vylfHIzoo(o,T;Lp) + ||VYk||Eoo(o,T;Lp)||9k||L2(0,T;L6)) ||§||C1 ”17/)||01
< Crllélleallllcr,

where cr, Cy are positive constants independent of k, and where we also made use of
the bounds on (6k, Vyy) in the proof of Proposition 3.5.1. On the other hand,

T
/ / Pl - dxdt < crpollillmo @l l€lor < arliélen [ llen,
0 Q
T 1 Cr ~
ey A dxdt < T Ayl r €lles bl < erlielles bl
0 Q

for some positive constant ¢7 independent of k. A passage to the limit in (3.50),
together with (3.6) and the fact that Vy,, generates vy (cf. (3.45)) lead to (3.49). In
conclusion, (3.9), does not determine the evolution for vy, after taking the limit £ —
00. Actually, given that ¢, is smooth, and hence a‘” Z(F) =0 for each F € SO3)UK
(3.49) does not even add any further information to (3.46).

Remark 3.5.2. After taking the limit & — oo, the only information on the time
evolution of y is embedded in £ [ro.s M (A) disy, and iny € WH(0,T; L*(Q)) N
L>(0,T; Wh>(Q)). Indeed, we point out that, by (3.46), [axs m1(A) drx, € L=(Q %

(0,7)). Thus,
/RS 3 m(A)dvy, +60 € HY(0,T; Hp') N L>=((0,T); L*(52)).

By [24, Lemma I1.5.9] this also belongs to C'(0,7; L2 (£2)), from which we can make
sense of the initial conditions. Furthermore, we also have that [24, Lemma I1.5.9]
together with (3.44) imply that y € C'(0,T; WL >=()).

Remark 3.5.3. The gradient Young measure generated by Vy; as k — oo is in
general non-trivial, that is not of the form dyy(x for a.e. (x,2) € Q2 x (0,7T). Indeed,
we know from the static theory (see Section 1.3) that martensitic microstructures
may arise in order to achieve compatibility between phases, and hence, as k — oo
faster and faster oscillations may occur in Vyy, generating non-trivial gradient Young

measures.
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Remark 3.5.4. If we assume as in Chapter 4 or in Section 3.7 below that there exist
Qa(t), 2 (t) C Q open such that

Qat) N Qu(t) = 2, .,2”3(9 \ (Qa(t)U QM(t))) =0, ae te(0,7), (3.51)
and

v t(SO(3)) =1, a.e. X € Q4(t), ae. t €(0,7),
ver(K) =1, a.e. X € Qy(t), ae. t € (0,7).

then
/ m(A) dvxs = —axa,,,
R3X3

where by xq,, we denoted the indicator function on €2);. The formula for differentia-

tion of integrals on time dependent domains implies

d
(o (V9).0) = 5 [ wax= [ Jepat WelE@), (3

provided Q4(t), Q2 (f) and v - n are smooth enough (see e.g., [42]). Here I'(t) :=
Q\ (Q4 U Qu)(t) is a surface separating Qa(¢) from Qu(¢), n denotes the outer
normal to 2, and v(s) is the velocity of the interface at the point s € I'(¢) at time
t. By (-, -) we denoted the duality pairing between a distribution and a test function.
A version of (4.4) under the moving mask approximation can be found in Corollary
4.4.4 in Chapter 4. It thus appears clear from (4.4) that the model needs to be closed
with some relation between v and Vy, g, and possibly 6, as much as it requires an

initial condition for Q/(t).

3.6 Connections with the moving mask assump-
tion
In this section we draw connections between the results of Section 3.5, and the

moving mask assumptions introduced in Chapter 4. Let us start by recalling the

moving mask assumptions:

(MM1) the phases are separated, that is at almost every point we have either austenite
or martensite but not both, so that phase interfaces between austenite and

martensite are sharp (cf. (3.51));
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(MM2) during the phase transition, the deformation gradient remains equal to the
identity in the austenite region. This is the case, for example, when the austenite

region is connected;
(MM3) microstructures do not change after the transformation has happened;

(MM4) the phase interface moves continuously. More precisely, for almost every point

x in the domain, there exists a time when x is contained in the phase interface.

As proved in Section 3.5, in the limit as k tends to oo, the system (3.9) reduces to

finding a function 6 and a time-dependant gradient Young measure vy, satisfying
supp vx; C K U SO(3), a.e. (x,t) € Qx(0,7), (3.53)

and the weak formulation in (3.47) of

0

vpobfy — Div(CVE) = _QTQ/ N (A) dvg(A). (3.54)
R3%3

On the one hand, it is clear that, given an arbitrary parametrised family of measures
Ve € L=(Q x (0,T); My (R3*?%)) satisfying (3.46), (3.48), 2 [oo.sm(A) dvs(A) €
L*(0,T; Hy') and (MM1)—(MM4), then one can find the related temperature field
0(x,t) € L*(0,T; H)) by solving the weak form of the heat equation (3.54). This
means that sufficiently regular moving mask solutions are solutions to (3.53)—(3.54).
On the other hand, as pointed out in Remark 3.5.4, the system (3.53)—(3.54) is under-
determined, and should be closed with some constitutive relation between the velocity
of the phase interface and the temperature, vy, and possibly other quantities. This
is done, for example, in Section 3.7 in a one dimensional context. However, we conjec-
ture that (MM1)—-(MM4) can be deduced to hold in the limit as k — oo for (6x,y),
weak solutions to (3.8)—(3.9) provided by Theorem 3.4.1.

In order to justify (MM1) one should prove that ,
L ({(x,1): v (K) € {0,1}}) =0,

where vy, is as in Proposition 3.5.1. We recall that (see e.g., [8, 62, 69]), defined V,]:Zf

as

_ ZL*({(z,s) € B((x,1);6) N (2 x (0,T)): Vyi(z,s) € B})
L4 (B((x,1);6) N (2% (0,7))) ’
for every B C R3*® Borel, for every (x,t) € Q x (0,7T), and where B((x,t);d) is the

open ball of radius d centred at (x,t), we have

yk";(B)

x,t

T ko
lim lim v} = vxy,
6—0k—oo O ’
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for a.e. (x,t) € Q x (0,7), and where the convergence is weak™ in the sense of
measures. Here, Vy; is the sequence generating vy as in (3.45). Therefore, to
rigorously prove (MM1), one could prove that for almost every (x,t) € Q x (0,7, for
every Borel set B C R3*3, and for every € > 0 there exist d; > 0 such that for every
d € (0,d)

. 2L ({(z,s) € B((x,1);0) N (2 x (0,T)): Vyi(z,s) € B})

ko0 ZL4(B((x,1);0) N (2 x (0,T))) € (0,e)U(l—e,1+4¢).

This result should be easier to prove in the case of materials satisfying the cofactor
conditions where martensitic laminates can form exact austenite-martensite interfaces
(see [26]). Furthermore, one should restrict to initial data y,; generating a gradient
Young measure vy o such that vy o(K) € {0,1} for a.e. x € Q.

Regarding (MM2), it is a consequence of a well known result by Reshetnyak (see [73],
but also [19, 62]) that a parametrised measure p, with supp p, C SO(3) for a.e. x in
an open connected subset A C 2 must be of the form uy, = dg for a.e. x € A, some
R € SO(3), and where dg denotes a Dirac delta at R. So the problem reduces to show
that the set {x: 15:(SO(3)) = 1} is connected, or, more in general, indecomposable
(see [37, 62]).

A context where it might be easier to show that (MM1)—(MM2) hold is when | det(F)—
1] > 4 for every F € K, and for some § > 0. Indeed, in this case, we expect for k
large enough to just have nucleations at the corners of the sample (see [21, 22]), and
the presence of martensitic islands in austenite (or viceversa) to be energetically too
expensive.

Proving (MM3) rigorously from the solutions to (3.8)—(3.9) in the limit as k tends to
infinity might be very difficult in general. Assuming for simplicity (MM1), we now give
an intuitive explaination of why (MM3) should hold based on rigidity, which is well
known to play an important role in vectorial problems. As the map y € Wh>(Q; R?),
with Vy satisfying (3.48), is Lipschitz continous, its gradient cannot be arbitrary (see
e.g., [18, 19, 62]). Therefore, changing the macroscopic deformation gradient Vy in
a subset of {x: vx+(K) = 1} of positive measure, might require changing Vy in a
much larger set, leading to discontinuities in ¢ of y on a subset ) of positive mea-
sure. But such a jump in ¢ would contradict the fact that, by Proposition 3.5.1,
y € Whe(0,T; L*(; R?)).

The continuous movement of the phase interface, that is assumption (MM4), is par-

tially a consequence of the observations in Remark 3.5.2. Indeed, let us assume that
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(MM1) and (MM3) hold, and, for simplicity, that

Flélllgql Rensl'g%S) F-Rize

for some £ > 0. Here we are taking SO(3) and not SO(3)% as these two sets coin-
cide (see e.g., [19]). In this case, suppose (MM4) is not satisfied. Then there exist
to € (0,T), and a measurable set A, with Z3(A) > 0, such that the macroscopic
deformation gradient Vy satisfies Vy(x, s) € SO(3) for a.e. (x,s) € Q x (0,), and
Vy(x,s) € K for a.e. (x,8) € QX [tg, o+ 0), for some 6 > 0. Given the fact that we
are assuming that (MM3) also holds, there exist ¢ € W1°°(Q;R?), independent of
time, such that Vi = Vy(x,t) — Vy(x, s), for every s, t satisfying s < to < t < to+9.

In this case,

/Q (Vy(x,1) — Vy(x,s)) : Vipdx — /Q Vy(x.1) — Vy(x, s)Pdx > 223 A) > 0,

for every s < t, thus contradicting the fact that, by Remark 3.5.2, y is in the space
C([0,T]; Wi°(Q;R?)), which implies

/(Vy(x, t) — Vy(x,s)) : Viodx — 0, as s — L.
0

3.7 The evolution of a simple laminate in a one-

dimensional context

The aim of this section is to introduce some hypotheses that allow us to con-
struct solutions to the limit problem (3.46)—(3.47) by solving a one-dimensional heat
equation with a measure valued source depending nonlinearly on the unknown. This
models the evolution of the phase boundary between a laminate of martensite and
austenite and is a simplified version of the model in [2, 52]. The resulting solutions
are an example of solutions to (3.53)—(3.54) satisfying (MM1)-(MM4).

3.7.1 An example: the simple laminate

Let us suppose that an austenite to martensite phase transition takes place in a
parallelepiped with a circular base, that is, in cylindrical coordinates, Q¢ := (0, 27) x
(0,7) x (0, L) for some 0 < r < L. Suppose further that there exists a single phase
interface I'(t) = {x € Q¢: x-e3 = u(t)}, u(t) € (0,L) perpendicular to ez for every
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Q

Figure 3.1: Picture of a section of Q¢, on the left Q,,(f) where Vy =1+ a®n, on
the right Q4, where Vy =1 .

t, and that

Vst = Aoa + (1 — \)dg, a.e. in Q(t), a.e. t >0,

Vst = 01, a.e. in Qa(t), ae. t >0,
with A,B € K, A € [0, 1] fixed, and
Qu(t) ={x€Qc: x-e3 <u(t)}, Qa(t) ={x€Qc:x-e3>u(t)}.

Here and below 0 is a Dirac measure at F. By (3.48), the macroscopic deformation
gradient, that is an average of the fine microstructures, is given by the barycentre of

the Young measure, that is, in our case
Vy = / Fdux:(F) = A+ (1 — \)B, a.e. in Qp(t), a.e. t >0,
R3x3
Vy = / Fduy(F) =1, a.e. in Qa(t), a.e. t> 0.
R3x3

However, as shown in [18], Vy is a gradient of a continuous deformation map y: Qo —
R3 if and only if there exist a € R? such that

M+ (1-MNB=1+a®e;.

We can hence deduce that

X+ a(x . e3) + C1(t>, in QM(t),
X + co(t), in Qu(t),

for some time dependent vectors ¢, cy: [0,00) — R? such that c;(t) — co(t) = au(t).

In an equivalent way, knowing c;,co we can determine the position of the phase

_ lea(®)—er(t)

al . For simplicity we choose

boundary given by those x satisfying (x - e3)

constant Dirichlet boundary conditions g # 6 for x3 = 0, L, and aaTi = 0 on the
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other face, having normal m. In this case, the equation governing the conservation
of energy simplifies to a one-dimensional equation. We define s € (0, L) to be the
coordinate in direction ez, we assume the phase interface to be located at s = uqg
when ¢ = 0, and assume without loss of generality that €2,,(0) = {s: s < up}. In this

case, the classical formulation of (3.47) reduces to

(:0079 — K055 = axq,,(t), inQx(0,7),
XQum (87 t) = X{s<u(t)}> in (07 T)a
0(0,t) = (L, t) = 5, in (0,T), (3.55)
0|,_,= bo. in (0,L),

L u(0) = u,

where we denoted by xp the indicator function on the Borel set B. Without loss of
generality, below we assume o = v = py = 1 to simplify notation. This system of
equations describes the evolution of a sharp phase interface at u(t). However, this is
underdetermined, and needs to be closed with a constitutive relation for the interface
%w = @ depending on the temperature at u(t) and possibly other

variables (see also Remark 3.5.4). In order to respect the physics of the problem we

speed v =

want the martensite domain to expand when # < 07 and to shrink when 6 > 6.

Mathematically, this means that we assume

v(d) >0, if 0 < Or, (3.56)
v(f) <0,  if > 6. '
Imposing
u(t) = v(0(u(t),t)) (3.57)

makes the problem a two-phase Stefan problem with a kinetic condition at the free
boundary (see e.g. [80, 81, 83]). The one-dimensional two-phase Stefan problem
is usually closed by imposing that the temperature 6 is equal to 61 at the phase
interface located in s = wu(t). However, in martensitic transformations nucleation
usually happens strictly below the critical temperature due to hysteresis (see e.g.,
[84]). Given the high thermal conductivity of metals, the high-temperature phase,
that is austenite, as much as the phase interface, can be at a temperature strictly lower
than the critical-one. This is usually called undercooling in the literature of the Stefan
problem (see e.g. [81]). Therefore, the condition § = 67 at s = u(t) is inaccurate,
and is better replaced by (3.57) (see also [2, 52]). Existence of a weak solution to

system (3.55) has been studied in [80], while existence and uniqueness of suitably
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defined classical solutions is achieved in [83], under the assumption that v is linear.
The aim of the next section is to show that, if min{0,0z} < 6y(s) < max{0,60z} for
a.e. s € (0, L), then the position of the phase interface u is a monotone function of ¢,

and reaches the domain boundary in a finite amount of time.

3.7.2 Behaviour of solutions to the 1-dimensional problem

For simplicity, we define a rescaled temperature § = § — 0, the rescaled critical
temperature 6. := 0r — 0, and below we consider the following definition of weak

solution

Definition 3.7.1. Let T > 0, and Q := (0, L). We say that (0,u) is a weak solution
to problem (3.55) if

u € H(0,7),
0 € L2(0,T; HL(Q) N H'Y(0,T; H(Q)),
0+ 0 >0, a.e. z€Q,te(0,7T),
and
(0, ) +/K§S¢S do = (udy,v),  ae t€(0,T), Vib € Hy(Q), (3.58)

Q

u(t) = u(0) + / X{U(T)EQ}U(H_(U<T>,T)) dr, vt € (0,7). (3.59)

0

Furthermore, 0(0,z) = 0y := 0y — 0 almost everywhere in Q.

Remark 3.7.1. For the sake of coherence, we multiplied by X{¢: u()e(0,z)} the velocity
v of the interface, in order to avoid the non-physical situation where the interface

moves out of the sample. This does not affect the H'(0,T) regularity of u.
The following result concerning weak solutions holds

Theorem 3.7.1. Let v be Lipschitz, 6y € L*(Q) and u(0) € Q. Then there exists
(0,u) weak solution in the sense of Definition 3.7.1 to (3.55).

We refer to [80] for the proof of this result that can be carried out via a Galerkin
approximation.

The following proposition gives some good behaviour of the solutions dependent
only on (3.56):
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Proposition 3.7.1. Let (0,u) be a weak solution as in Definition 3.7.1, 6y be mea-
surable and let v satisfy (3.56). Then, if 6. < 0 and 0, < 0y < 0 a.e. in €, we
have

0. < 0(s,t) <0, Vs €, a.e te(0,T). (3.60)

If0.>0 and 6. > 0y > 0 a.e. in S, we have
0. > 0(s,t) >0, Vs €Q, ae te(0,7). (3.61)

Proof. The proof of a similar statement can be found in [80], but we report here the
proof for the sake of completeness. We start with the proof of (3.60). Let us choose
as a test function ¢ in (3.58) ¢ = (6 — #,)” := —max (0,6, — 0). In this case, by
using (3.56) we have

SN0 BV 0013 < ofB(u(r), D) Bu(t), H-0)" <0, ae 1€ (0T

An integration in time, using the hypothesis on g leads to ||(6 — 6,) ||z = 0 for a.e.
t € (0,T), that is 0(s, t) > 6. everywhere in , for almost every ¢ € [0,T). Let us now
choose in (3.58) ¢ = f* := max (0, 0), and notice that (3.56) together 6, < # implies
v < 0. Therefore,

d - _ _ _
aH@*H% + VOIS < v(@(u(t), )07 (u(t),t) <0, ae te(0,T).

This, together with the fact that |0 |lo = 0, proves the first statement. The second
statement can be proved in an analogous way by first testing against (§ — 6,)" and

then against 6. O]

Remark 3.7.2. The above proposition states that, under hypothesis (3.56), a weak
solution is bounded between #g and 6. Therefore, if our boundary condition g is
close to f7, then the temperature solutions 8 have small L norm. Furthermore, this
implies that the position of the interface is monotone, in the sense that if the boundary
of the martensite sub-domain is expanding (resp. shrinking) then, as long as the

boundary conditions do not change, the domain keeps expanding (resp. shrinking).
We can prove further regularity for 6, as stated in the following

Proposition 3.7.2. Let 0, € H(Q), 0 < Oy(s) < 0. (or 0 > y(s) > 0.) for each
s €[0,1], up € Q and v € WL (R) satisfy (3.56). Then, for every T > 0,

e L20,T;L*Q)), 0 L*0,T; W 2(Q)) N L0, T; HL ().
Furthermore, for a.e. t € (0,T) Oy is continuous in [0,u(t)) N (u(t), L].
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The proof of this result relies on

Lemma 3.7.1. Let v € WL®(R). Let (u,6,) and (u,6;) be two weak solutions

loc

to Problem (3.55) sharing the same u(t) € H'(0,T) and the same initial datum
By € L>=(2) such that 6y € [min{0, 0.}, max{0,6.}] a.e. in Q. Then, O, = 0s.

Proof. Let 6 := 0, — 0,. Then, it satisfies
(00, 0) +/99st ds = (v(0i(u(t), 1)) — v(B2(u(t), 1)) ¥ (u(t)),

for every v € H}(0, L), a.e. t € (0,T). By testing this equation with ¢ = 6 and using
the fact that v is Lipschitz we thus get
1d
2 dt
Now, [75, Cor. 27|, implies

1015 + 1105115 < cf®(u(t), t).

10(u(t), )] < cl|0fwr=(t),
with r = % + 71 and 1 > 0 arbitrary. An interpolation inequality thus leads to

1d
2dt
The Gronwall lemma and the fact that 6(0,s) = 0 for a.e. s € Q conclude the

r 2(1—r 1
1615 + 116113 < cC113 + I6:l157 11615 < ell6ll5 + 5 61

proof. O

Proof of Prop. 3.7.2. Let us fix a solution (f, u) among the possible solutions to Prob-
lem (3.55). We drop the bar over 6, and we put all the constants equal to one to
simplify notation. Let us also define d;,,(s) = d5(s — u(t)) as the convolution of the
Dirac measure centred in u(t) with a smooth mollifier. d;,, is positive and converges
weakly™ in the sense of measures to d,) for every fixed ¢ as e — 0 (see [4] for details).
Furthermore, Fubini’s Theorem yields |[;,, [[s < ¢, where ¢ is independent of u(t)

and e. For every fixed ¢ > 0 the approximate problem

(0., ) +/Qea,sws ds = /921(95(3,25))(52@)(3)1&(8) ds, Vi € Hy, ae. t € (0,7T)
(3.62)
0.(s,0) = O(s), a.e. s €9 (3.63)

admits a solution #.. The following bound can be obtained thanks to Proposition
3.7.1 by choosing 1 = 0. in (3.62)

10| Lo (0,22) + 110z, 220,722y + ||‘9‘5||L2(0,T;H*1) <ecr, (3.64)
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so that, by Lemma 3.7.1, we may assume that

0. — 0 weakly in L*(0,T; Hy) N H(0,T; H1), (3.65)
0. — 6 strongly in L*(0,T;CI0, L]). (3.66)

We recall that here 4(t) = v(0(u(t),t))X{u@we©,L)}, as the equation for u has not
been approximated. Besides, by bootstrapping and using standard regularity for
the heat equation (see e.g., [39]) we also have .., € L?(0,T; H*(Q)) and 6.; €
L*(0,T; L*(©)). Finally, an argument similar to that used to prove Proposition 3.7.1
entails max,cp 1) [0-(s,t)| < 0. for a.e. t € (0,7). We can hence choose ¢ = 0. in
(3.62) and get

: 1d .
2 2 c
[10c |15 + 5&”95,3”2 = /Qv(ee)du(t)eg ds
d € . e
d £ . c
T dt g V(0:)0y) ds + U/QHE,SU(QE)(Su(t) ds,

where V(r) = fOT’U(T) d7, and we integrated by parts in the last term. In addition,

exploiting the additional regularity of 6., we notice that

e )] < (10l 10mels) < (10eull Wl + [ 1006205650 (5)] )

As 5§(t) is positive, and v is Lipschitz,

/Q 0(8)6% | ds < / 5 o 0(6) s < e(1 + 6o / 5 ds < e(1+ |f:llco.n):

which yields

max 1o 8)] < {10l + 10l + 1+ 16l o).

Therefore,

il] [ 0200005500 45| < il (162l + 162+ 1+ 16 egor) (1+ [6..]2)
Q (3.68)

. 1 ;
< e el (14 [16:,5112) + 7 (102115 + 119115 + 110=,115)-

Let us now consider a sequence of €; > 0 such that ¢; — 0. We remark that (3.66)
implies 6., — 6 strongly in L*(0,7; C[0, L]) and hence in C|0, L] for almost every ¢ €

(0,T). Furthermore, as mentioned above, an argument as in the proof of Proposition
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3.7.1 tells us that [|0.,(-,t)[|cp,z) < 0. for almost every t. We denote by Jr the set of
points in (0,7) where the above uniform convergence holds and where the uniform
bound for 6., (-, t) holds for every ;. We point out that this set is measurable and has
full measure. After exploiting (5.54) in (3.67), and integrating the resulting inequality

in time between 0 and t € Jy, we obtain

[ 1601+ 0, 1)

< c+2/ V(0e,(s,1))07, 0(s) ds—2/ V (0, (s,0))d. 0(s)ds  (3.69)
206, / (A2 (1+ (0., .|2) dr +/ 162, |2 dr.
Now, by means of the regularity on the initial condition we easily deduce
=2 [ V0, (5,087 (5) s + 102, B0 < e
and, as V € C'(R) and t € Jr,
2 [ V(05,50 ds < 208500 LV (02 Dllctons < c.

Finally, we know that (3.64) holds, and that, thanks to Proposition 3.7.1 and Remark
3.7.2, 4 € L*(0,T). Therefore,

t
/0 [a2(1 1 116, R dr < e,

and (3.69) becomes

t
[ W+ 10, B0 <. e te©T)
0

where ¢ depends neither on t € (0,7), nor on ;. We can thus pass to the limit as

€ — 0, and obtain
0 € L*(0,T; L*()), 0, € L>(0,T; L*(Q)).
By comparison, this also implies that 6y, + 00, € L*(0,T; L*(€)), that is
05 + Ux(s<uy € L*(0,T;C[0, L]),

which yields
0 € L*(0,T; W">(Q)).
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Remark 3.7.3. The regularity proved in Proposition 3.7.2 entails uniqueness thanks
to an argument as that in [83] for classical solutions. We remark that without having
0 € L?(0,T; Wh>=(Q)) uniqueness of the equation @ = v(0(u(t), t))X{uwe(o,r); would
be hopeless. Nonetheless, we point out that even if 6y ¢ H}, the proof of Proposition
3.7.2 entails that an instantaneous regularization takes place, and that in this case
0 € L?(p, T; W'>(Q)), for each p > 0.

As a corollary to the above regularity result we can prove that the austenite-
martensite interface reaches the domain boundary in finite time, and that § — 0 as

t — o0.

Theorem 3.7.2. Let (0,u) be a weak solution in the sense of Definition 3.7.1, let
ug € (0, L) and let Oy € HL(Q) be such that 0 < Oy(s) < 6, (or 0 > By(s) > 6,) for
every s € [0, L]. Let also v € W,o°(R) satisfy (3.56). Then there exists t* > 0 such

loc

that u(t*) = L (resp. u(t*) =0). Furthermore, ||0]]2(t) — 0 as t — oo.

Proof. We assume without loss of generality that 6. > 0 and prove the theorem for the
case where 0 < fy(s) < 6, for every s € 2. The other case can be proved similarly. We
remark that thanks to Proposition 3.7.1 and (3.56) we have 0 < 4(t) < max,ejo,,] v(5)

for almost every ¢t > 0, so that u is non-decreasing. Therefore lim; ., u(t) exists.

Suppose now that there exists no t* < oo such that u(¢*) = L. Then, for every € > 0

/oou(f)dfgg.

to

there exists ty such that

Let us now test (3.58) with @ to obtain
1d
2dt

Thanks to the Sobolev inequality ||v|cro,.; < cl[1s|l2, which holds for every 1 €

1O15() + 110:115(t) = a(®)f(u(t),t),  ae. t>0.

H; (), by Young’s inequality we thus deduce

d - ~ ) o
EHQHg(tO +7) + ||0s]12(t0 + 7) < clil?(to + 1) < éfal(to + 7), a.e. 7> 0,

for some constants ¢,¢ > 0 and where we made use of || < ¢. Using once again

Sobolev embeddings we have

d
E?J(T) + cpy(T) < ¢lul(to + 1), a.e. 7> 0,

for some cp > 0 and where we defined y(7) := ||0]|2(to + 7). Using the comparison

principle for ordinary differential equations we get that

y(7) < y(0)e o + P / P el (o + 7) di
0
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As ||@]|5 is a continuous function of time and as |||y < L2, for ae. t > 0, we
have y(0) < LA%. Let us now choose 7 such that Lf2e~“" < e, and such that
O(u(to+7),to+7) > 28=. This is possible because, as u € (0, L) for each t >0, @ =0
if and only if O(u(t),t) = 0., and because v(s) > 0if 0 < s < 0, (cf. (3.56)). Indeed

e > /t:o u(r)dr > min{v(s): s € [O, 326} }f({t € [tg,00): O(u(t),t) € [0, 320] }),

that is O(u(t),t) ¢ [3%0, GC] only for a finite amount of time. Thus, as we are assuming
that the interface position stays in (0, L) for infinite time, such a value of 7 exists.
We obtain i
y(r) <e+ é/ || (to + 7)d7 < (1 + ¢)e. (3.70)
0

On the other hand, there exists ¢ > 0 such that for almost every ¢ > 0 we have

0(u(t),t) — 0(x(t), )] < llfsll2(t)u(t) — z(t)]. (3.71)

SIS

Proposition 3.7.2 also implies that § € L>(0,T; H}(2)), and we can therefore assume
without loss of generality that ||0,]|2(to + 7) < @&, for some constant & > 0. Let us

now consider 0
D, = {s € (0,u(ty+7)): O(s,tg+7) = ZC}

This set is closed, and non-empty given the fact (-, to+7) is continuous, that 6(0, to-+
7) = 0 and that O(u(to+7),to+7) > 22=. Let us hence choose z(7) = max D, so that
(3.71) becomes

0.
5 =

This yields

D=

0(u(to +7),t0 +7) — O(x(7),to + 7)| < E&lu(ty +7) — z(7)|2.

B B 02

0)15(t = [ |0(s,t 2ds > < |u(t - > <
10180 +7) = [ 16050+ 7)ds = Tofutto +7) = a(r) 2 5y
Combining this inequality with (3.70), by choosing £ small enough, we are led to a
contradiction. Therefore, for every ¢t > t* (3.58) simplifies to a standard homoge-
neous heat equation with initial datum in H} (), for which convergence to the only

equilibrium, namely 0, is a well-known result (see e.g., [39]). O
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Chapter 4

Analysis of a moving mask
approximation for martensitic
transformations

4.1 Introduction

The aim of this chapter is to study from a mathematical point of view the com-
plex microstructures arising during the austenite to martensite phase transition in
ultra-low hysteresis alloys such as ZngsAusgCusgs (see [76]). As remarked in [76], it
is intriguing and unusual that martensitic microstructures in ZngsAuzgCuss are dras-
tically different in consecutive thermally induced transformation cycles, this being
partially motivated by the fact that the cofactor conditions are close to being sat-
isfied by both some type I and some type II twins, which can all form zero energy
interfaces with austenite.

The aim of this chapter is to further study these microstructures, and to identify
a common characterization for all of them. To this end we start from the following
observation: from the dynamical point of view, it looks as if in every thermally in-
duced phase transformation cycle in ZnysAuggCuss there was a mask moving across
the domain covering and uncovering martensite microstructures. This is equivalent to
saying that the martensitic microstructures do not change after the phase transition
has happened, which seems to be a particularly legitimate approximation in materials
satisfying the cofactor conditions, where no interface layer is needed between phases.
But this hypothesis makes sense also in many other materials as long as one considers
macroscopic deformations.

As a first step, we frame the moving mask approximation in the context of

nonlinear elasticity, where phase changes are interpreted as elastic deformations. In
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particular, we start from a simplified model for the dynamics of martensitic trans-
formations which was introduced in Chapter 3. In this context, one can describe
the evolution of the phase interface as a moving shock wave. The model equations
have to be closed with some constitutive relation for the phase boundary velocity.
This should depend on the local temperature of the sample, the thermal boundary
conditions, and on the local martensitic microstructures, and is therefore not easy
to determine. Nonetheless, by deriving a new type of Hadamard jump condition
which is based on the moving mask assumption, we prove that every martensitic mi-
crostructure arising from the evolution and satisfying this assumption must be of the
form

Vy(x) =1+ a(x) ® n(x), a.e., (4.1)

where n(x) is, up to a change of sign, the phase interface normal at x when the point
x is on the interface. The above result does not follow directly from the assumption
that the deformation gradient is unchanged after the phase transition, and is not
a direct consequence of previously known Hadamard jump conditions if y is just
Lipschitz as in our case. We refer the interested reader to Section 1.3 for a brief
review on known versions of the Hadamard jump conditions and on why they do not
imply (4.1). Subsequent experiments (see [27]) have measured || cof(Vy — 1)| in a
sample of ZnysAugyCusgs. The measured values are of the order of 10~*, which seem
to be small enough to partially confirm the validity of (4.1) and of the moving mask
approximation.

Under suitable hypotheses, we prove also that V -a = 0. This result relies on
a Hadamard jump condition for strains in BV (§2) that is proved in Section 4.5 and
generalizes that in [37]. As a consequence of the fact that Vy = 1+ a ® n almost
everywhere in the martensitic microstructures, we can prove a rigidity theorem for
compound twins, a rigidity theorem for general two wells problem, and a result that
allows for a better understanding of the nature of curved austenite-martensite inter-
faces for type I twins satisfying the cofactor conditions.

The dynamics of the phase transition in ZngsAusgCuss are very complex, and far
from being completely understood. As in the static case, a major obstacle towards
a good understanding of the phenomenon remains the lack of a characterization of
the quasiconvex hull of the set of possible deformation gradients. Nonetheless, our
results provide an interesting set of tools that can be used to understand further the
complex microstructures arising in martensitic phase transitions.

Further investigation on why martensitic microstructures are so different in dif-

ferent thermal cycles in Znys AusgCuss is carried out in Chapter 2. Indeed, in Chapter
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2 we show that this material satisfies some further conditions of compatibility that
makes the set of possible macroscopic deformation gradients of the form (4.1) unusu-
ally large.

The plan for the chapter is the following: in Section 4.2 we recall the definition
and the main properties of k-rectifiable sets. In Section 4.3 we recall results from
Chapter 3 and in this context we introduce the mathematical definition of moving
mask approximation. In Section 4.4 we prove a dynamic variant of the Hadamard
jump condition for Lipschitz functions and curved interfaces. As explained above, the
results rely on the hypothesis that the deformation gradient remains constant in time
at a point of the domain, once the phase transition has occurred. The last two sec-
tions are devoted to proving some results on moving austenite-martensite interfaces

and on possible microstructures that can be explained using our model.

4.2 Some preliminaries on k-rectifiable sets

In this section we recall some standard results on Lipschitz functions and k-
rectifiable sets from [4, 41, 58] (see also [3] for properties of level sets of Lipschitz
functions). We denote by " the k-dimensional Hausdorff measure, and write 5%
E for its restriction to an #* measurable subset E. C.(RY) stands for the space
of continuous functions with compact support in R¢, while B%(x,r) denotes the d-
dimensional ball centred at z, with radius r and of volume wyr?. We start with the

following definitions:

Definition 4.2.1. A Lipschitz k-graph G is a set of points in R? with d > k such
that there exists an open and connected set w C R¥, a Lipschitz map 1p: w — R,
and a rotation Q € SO(d) satisfying

G :={Qx, x = (X, %(x)), X' € w}.

Definition 4.2.2. Let E C R? be an % -measurable set satisfying 7#*(E) < co. We
say that E is k-rectifiable if there exist countably many Lipschitz mappings f;: RF —
R? such that

A (E U f,-(R’“)) ~0.
i=1
An equivalent characterization for such sets is given by the following result:
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Proposition 4.2.1 ([4, Prop. 2.76]). Any s¢*-measurable set E is countably H*-
rectifiable if and only if there exist countably many Lipschitz k-graphs G; C RN, such

that .
i=1
In what follows, a particular case of [41, Theorem 3.2.22] is also used:

Theorem 4.2.1. Let Q C R?® be open, bounded and connected, Z C R? be a 1-
rectifiable set and f: Q0 — Z a Lipschitz function. Define the 1-dimensional Jacobian
of £ by:

Lf = ) (VD)

.3

Then:

o for 3 almost every x € Q, either Jif(x) = 0, or the image of VE(z) is a

1-dimensional vector space, i.e., rank Vf(x) < 1, Z3-almost everywhere in €);
o for At almost all € € Z, £71(&) is 2-rectifiable;

o for every integrable g: Q0 — [—o0

/ g(x)J.f( dX—//fl (s) do?(s) A2 (€) (4.2)

4.3 The moving mask assumption

In Chapter 3 we introduced a continuum model for the evolution of martensitic
transformations. After passing to the limit in which the elastic constants tend to in-
finity and the interface energy density tends to zero, we deduced that the deformation
gradients and the temperature field generate in the limit a Young measure vy, (see

as a reference [62, 69]) and a function 6 satisfying in a suitable sense

poby — dAO = —QTQ N1 (A) dug ¢ (A), a.e. in 2 x (0,7),
Ot Jgpsxs '
supp vkt C SO(3) UK, a.e. in Q x (0,7),

complemented with some initial and boundary conditions. Here, py > 0 is the density
of the body, d > 0 is a diffusivity coefficient which is supposed to be constant, and 7,

is a smooth function such that

m(F)=0, forallFeSO®B), m(F)= —93, for all F € K,
T
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for some constant a > 0 representing the latent heat of the transformation. This
system of equations is underdetermined, and should therefore be closed with some
constitutive relation between fR3><3 m(A) dvg(A), and 6 and vy, Nonetheless, we
aim to characterise solutions independently of the constitutive relation. In order to
do this we introduce some hypotheses on the solutions, that are based on experimen-
tal observation and that together we call the moving mask approximation, defined

precisely in Definition 4.3.1 below, using the following ingredients:

e the phases are separated, that is there exist open sets Q4(t), 2y (t) C Q such
that

Qa(t) N Quy(t) = @, L3\ Q) U (1)) =0, ae. te(0,7),
and

vxt(SO(3)) =1, a.e. X € Qu(t), ae. t € (0,7),
vet(K) =1, a.e. X € Qy(t), ae. t € (0,7).

The domain can hence be divided for almost every ¢ € (0,7) into two regions,

the region with martensite ,,(¢), and the region with austenite Q4(¢). Thus,

/Rm m(A) dvx(A) = _%XQM (x,1), (4.3)

where xq,, (X, t) is the characteristic function of Q5;(¢). The austenite-martensite
phase boundary is sharp in this case. In terms of macroscopic deformation gra-

dients this reads
Vy(x,t) € K% ae. in Qy(t), a.e. t € (0,7),
Vy(x,t) € SO(3), a.e. in Qu(t), ae. t € (0,T),

e during the phase transition, the macroscopic deformation gradient remains
equal to a constant rotation in the austenite region. This is the case, for exam-

ple, when the austenite region is connected;

e the phase interface moves continuously. More precisely, for almost every point
x in the domain, there exists a time when x is contained in the phase interface

(see also Section 3.6);

e the microstructures do not change after the transformation has happened. This

assumption makes particular sense in the context of materials satisfying the
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cofactor conditions, where austenite and finely twinned martensite can be ex-
actly compatible across interfaces, and even more in Zng;AuggCuss where the
phase transition has very low thermal hysteresis and thermal expansion is hence

negligible.

As remarked in the introduction, this construction reflects the idea of a moving mask
that uncovers a martensitic microstructure, as can be seen in the video of [76]. Math-

ematically we can define the moving mask approximation as follows:

Definition 4.3.1. We say that Vy € L*°(Q; R3*3) satisfies the moving mask approx-

imation if
o for each t € [0,T] there exist Qp(t), Qa(t) C Q disjoint and open, such that

L2\ (Qa(t) UQu(t))) = 0;

e cither
QA(tQ) C QA(tl), fO?“ all0 <t <ty <T,

or
QA(tl) C QA(tQ), fO’f’ all 0 <t <ty < T,

e for a.e. x € () there exists t = t(x) € [0,T] such that x € Qa(t) N Aps(t);
e there ezists Q € SO(3) such that for every t € [0,T] the map yu(-,t) satisfying

Vy(x), a.e. in Qy(t)

\% t) =
Yur(xt) {Q, a.e. in Qu(t)

is in Whoo(Q; R3).

Remark 4.3.1. We note that, in the case Q/(s) C Qu(¢) for each s,t € [0, T] with

s < t, we have
() Q) =2, U ault) =
t€[0,T] t€[0,T]
Remark 4.3.2. If we assume (4.3), then the formula for differentiation of integrals

on time dependent domains implies that

(2 /Rgxsm(A) Ao (A), 1) = (X0, (V¥), V) :% dx

ot Q
M (4.4)
:/ (v-mda?, e CR(Q),
(t)
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provided Q4(t),Q2(t) and v - n are smooth enough (see e.g., [42]). Here I'(t) :=
Q\ (24 U Qu)(t) is a surface separating Q4(t) from Q/(f), n denotes the outer
normal to ), and v(s) is the velocity of the interface at the point s € I'(t) at time
t. By (-, ) we denoted the duality pairing between a distribution and a test function.
A version of (4.4) in a case of interest can be found in Corollary 4.4.4 below. It thus
appears clear from (4.4) that the model needs to be closed with some constitutive
relation for v - n in terms of Vy, , and possibly other quantities as the curvature of

the phase interface.

4.4 Generalized Hadamard conditions

In this section we restrict our attention to deformation gradients Vy that satisfy
the moving mask approximation as stated in Definition 4.3.1. In order to say some-
thing more about solutions under these assumptions, we prove below a variant of the
Hadamard jump condition reflecting this hypothesis. In what follows, we restrict,
without loss of generality, to the case Qps(s) C Qa(t) for every s < t. As before,
below Q0 C R3 is an open bounded connected set with Lipschitz boundary.

Proposition 4.4.1. Let T'(t) be a family of parallel planes perpendicular to n € S?,
I(t):={xeR’ x-n=h(t)},
for some non-decreasing function h € C([0,T)]) satisfying

h(0) = inf x - n, h(T) =supx - n.

xeN xeQ

Fort € [0,T] define
Qu(t) ==Qn{x-n<h(t)}, Qua(t) :=Qn{x-n>h(t)}.
Let z € WH°(Q;R3) be such that Z = Z(x,t) satisfying

Vz(x), a.e. in Qy(t)

0, a.e. in Qu(t) (45)

VZ(x,t) = {

is in WH2(Q; R?) for a.e. t € (0,T). Then,

1. there erists a € L°°(; R?) such that



2. 4f QN T(t) is connected for every t € (0,T) then z = f(x - n) for some f €
Wee((0,T); B9).

Proof. By rotating the system of coordinates we can assume without loss of generality
that n = e3. Let us consider the set By C Q of points where z is differentiable, and
the set By of points x €  such that there exists t* € (0,7T) for which x € T'(t*)
and Z(-, t*) € Wh(Q;R*). By continuity of i we have that £3(Q\ (B1 N B,)) = 0.
Let us thus consider a generic point x € By N By, and notice that, since {2 is open,
there exists r > 0 such that the ball B(x,r) C Q. By (4.5), Z(-,t*) must be constant
in each connected component of Q4(¢). In particular, as Z(-,t*) € Wh>(Q,R?) is
continuous, it must be a constant on I'(t*) N B(x,r). At the same time, continuity
of z and Z(-, t*) implies also z(x) = Z(x, t*) for every x € I'(t*) N B(x,r). Therefore,
the function z(x) must be constant on I'(¢*) N B(x,r). This implies,

5’;<x>:o, i=1,2,

which is the first statement. On the other hand, if Q N I'(¢) is connected for a.e.
t € (0,7, then z(x) is constant on I'(t*) N Q for a.e. t € (0,7") and hence z = z(x3).
This concludes the proof. O

Remark 4.4.1. We could replace the hypothesis concerning the connectedness of
Q4(t) by assuming that Z(x,t) is equal to a constant in Q4(t) for a.e. t € [0,T].

Both these assumptions are automatically satisfied if €2 is convex.

Remark 4.4.2. In the case z = f(x - n), and T'(¢) is a single plane, the phase
interfaces must coincide with the level sets of f. Therefore, given an experimentally
measured martensitic macroscopic deformation gradient, under the assumption that
it satisfies the moving mask approximation, and is of the form 1 + a(x - n) ® n, for
some a € R?, n € S?, we can reconstruct the position of austenite-martensite phase
interfaces, by taking the level sets of f(x - n) = [""a(s)ds. Furthermore, in the
case z = f(x - n), and I'(¢) is a single plane, the discontinuities in the macroscopic
deformation gradient can occur only across the planes x - n = constant. This is, for
example, the case for type II twins satisfying the cofactor conditions, for which we

refer the reader to Proposition 4.6.2.

Proposition 4.4.1 can be partially generalized to the case where I'(¢) is a family
of curved interfaces. As a first step, we need to introduce the concept of moving
interfaces for our problem, generalizing the previous requirements on planar such

interfaces.
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Qar(t) I'(t)

Figure 4.1: Points which are not regular: x, is in a smooth k-graph contained in I'(¢),
but is not separating Q4 from ,,. I'(¢) does not coincide with a Lipschitz function
differentiable at xp.

Definition 4.4.1. We say that T'(t) C Q is a family of moving interfaces in § if:

(a) there exist two families of open disjoint sets Qpr(t), Qa(t) C Q and a bounded

open interval It = [0,T] such that for every t in Iy,
Q=Qu{t)uQa(t) UL(t) and L) NQuy () =T1) NQ(t) = 2.
Furthermore, Qy;(t) is non-decreasing in t, i.e.,

Qu(t) € Qu(s), Qa(s) C Qal(t), Vit < s € Ir;

(b) the set

x € I'(t"), t* € Ir and there exist Uy C 2
open and connected, x € Uy, and a Lipschitz
2-graph Gy differentiable at x such that
Gy NU, CT(t) NUx C (1) N Q) N U

B:=< xc

is measurable and £3(Q\ B) = 0.
Points in B are called regular points for T'(t).

At this point we can also introduce the concept of a regular moving mask ap-

proximation:

Definition 4.4.2. We say that' y € W1 (Q;R?) satisfies a reqular moving mask

approzimation if it satisfies the moving mask approximation and
I'(t) = Q\ (Qa(t) UQu(t))

15 a family of moving interfaces in €1, where Q 4,y are as in Definition 4.3.1.
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Remark 4.4.3. The requirement T'(¢t*) NU C Qa(t*) N Qu(t*) N U in Definition
4.4.1((b)) is mainly to guarantee that the set where an interface is cutting either Q4
or ), and not separating one from the other is small (see e.g., the point x, in Figure
4.1). In this way, families of moving interfaces satisfying the separation condition may

also describe further nucleations in the interior of 24 during the phase transition.

Below, we say that a curve c: [ty,t;] — R?, for some tg,t; € R, is simple if
c(s) # c(t) for each s,t € [tg, t;]. The following theorem generalizes Proposition 4.4.1

to curved interfaces:

Theorem 4.4.1. Let T'(t) be a family of moving interfaces in ). Assume z €
Whoo(Q: R?) is such that the function Z = Z(x,t) satisfying

{Vz(x), a.e. in Qy(t)

0, a.e. in Qa(t) (46)

with Qa(t), Qur(t) as in Definition 4.4.1, is in W (Q; R?) for every t € Ip. Then,
there exist a € L®(;R?), n € L>(2;S?) such that

Vz(x) = a(x) ® n(x), a.e. x € ). (4.7)

Conversely, let z € WH>(Q;R3) be such that (4.7) is satisfied and z(S2) is contained
in the image of an absolutely continuous simple curve c: Iy — R3 of finite length.
Then, if |a| > 0 a.e. in Q, there exists a family of moving interfaces in 2, and a
Z = Z(x,t) in Wh(Q;R3) satisfying (4.6) for every t € Ir. Furthermore, £3(2\
(Qa(t) UQn(t))) =0 for every t € I.

Remark 4.4.4. The assumptions on the image of z in Theorem 4.4.1 are motivated
by the following observation: if z € C'(€;R?), and Vz is rank-one everywhere in
(), then the constant rank theorem implies that, around every x € €2, the image of
z is a simple absolutely continuous curve. However, the set z(2) can a priori show
branching and other complex structures even in the regular case (e.g., if  is non-
convex). For the sake of clarity of the proof, in this chapter we restrict ourselves to
the easier case where z(€) is a simple absolutely continuous curve. Nonetheless, it is
possible to generalise the second implication in Theorem 4.4.1 to maps z:  — R3

whose image satisfies
o z((2) is 1—rectifiable;

o for #'—a.e. & € z(Q) there exist an open ball Dg C R? such that De Nz(Q) is

a simple curve of finite length which is absolutely continuous.
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Remark 4.4.5. Assume that the moving mask assumption holds, and that we can
reconstruct z from experimental observations. Then, provided the image of z satis-
fies the stated assumptions, the second part of Theorem 4.4.1 gives a useful tool to

reconstruct phase interfaces during the phase transformation.

Lemma 4.4.1. Let f € L>(Q;R**3) be such that f(x) = (b @ m)(x) for a.e. x € Q.
Then, there exist a,n € L®(Q;R3) such that f(x) = a(x) ® n(x) and |n(x)| =1 for
a.e. x € ).

Proof. This is just a matter of measurability of a,n. As f is measurable, so is f7f =

(|b|>m ® m), so is its trace tr(f7f) = |b|*lm|? and so is the function

B {\b|—2|mr—2fo, if [b[2jm|? # 0,

0, otherwise.

Therefore, we define ©; := {x € Q: g11(x) # 0} and

n(x) = ((911(X))%7 912(X)(g11(x))‘%, glg(x)(gu(x))_%)T7

for almost every x € €. This is actually possible because g; > 0 a.e. in €2, for
1 =1,2,3. Define also

= {XGQ\Ql:gQQ#O}, Qg = {XEQ\(QlLJQQ)Zggg?éO},

and define n in s, Q3 respectively by

— )T,
)

Therefore, choosing n arbitrarily and such that [n| = 1 in the set where g = 0, we

N

1 —
, (922)2, 932(922)
1

. 932(933) "2, (g33)

[N

n= (921(922)
n= (931 (933)"

N
[NIES

have constructed n € L>(;R?) as desired. Defining a := fn, we thus conclude the

proof. ]

Proof of Theorem 4.4.1. We first prove (4.7).

Let N, be the set where z is not differentiable and remark that, by the hypotheses,
N = N, U (Q\ B) is an Z>-negligible set. Let xo € Q\ N and take Uy, to be
a neighbourhood of xq as in Definition 4.4.1 ((b)). By taking a smaller connected
neighbourhood of xy, which we still denote by Uy,, we can assume that Gy, N Uy, is
connected. As VZ(x,t*) = 0 a.e. in Q4 (t*), the continuity of Z(x,t*) implies that
Z(x,t*) must be constant on every connected component of 4(*). Since Definition
4.4.1 (b)) implies Gy, NUyx, C Qa(t*), we must have Z(-,t*) = ¢ for some & € R? on
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GxoNUx,. On the other hand, continuity of z, Z(-, t*) together with (4.6) imply that on
every connected component of Qy;(t*) z = Z(-,t*) 4 ¢ for some ¢ € R? depending on
the connected component. Therefore, as by Definition 4.4.1 ((b)) Gy, NUy, C Qs (t*),
the fact that Z(-,t*) is constant on Gy, N Uy, implies that so must be z.

Now, as Gy, is a Lipschitz 2-graph, we can find a Lipschitz change of coordinates
P Uy, — V such that

P(Gxy NUx,) = {x ER*: x-1n(x0) = cr} NV,

for some V' C R3, cr € R and where n(xg) is the normal vector to G, at X pointing
outwards from Q,,(t*). Let us denote ¥ (x) = X for every x € Uy,. We define z as
z(x) = z(¢»"'(X)), and assuming without loss of generality that n(x) = es, we get
that
Z(}_((]) = Z()_CO + sei) = é, 'l = 1, 2,

for each s such that Xo + se; € V. This is due to the fact that z(x) = ¢ for every
X € Uy, N Gx,. Therefore,

0z

2)=0, =12

a7, (x) 1

On the other hand, as xo € Q\ N, we have

Vxz(x0) = Vzz(1(x0)) Vxtp(xo).

Since xq is a regular point, @ can be chosen to be differentiable in xg, and therefore

Xo is a point of differentiability for z. Therefore, there exists a € R3 such that
Vxz(Xo) = a®n(xp).

By putting together the last two identities and using the fact that N is negligible we
finally deduce (4.7). Measurability of a,n follows from Lemma 4.4.1.

We now prove the second statement. We first remark that since c is absolutely
continuous and of finite length, it belongs also to W (Ir;R?) and there exists d €
Whee(Ix; R3) for some I; C R such that c(Ir) = d(I}) (see e.g., [3] and references
therein). Therefore c(Ir) is 1-rectifiable. By Theorem 4.2.1, T'(¢) := z *(c(t)) N Q
are 2-rectifiable surfaces for almost every ¢, and z is equal to a constant on them.

Defining
Qu(t) == {x € Q: 3s € [0,t) such that x € z~'(c(s)) },

(4.8)
Qa(t) == {xe€Q:x ¢z "(c(s)), Vs € 0,1},
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it is easy to see that Definition 4.4.1((a)) is satisfied. We only need to check that
Qa(t), () are open. To this end, let us fix x € Qy(¢), and let us denote by
sz € [0,t) the point such that z(X) = c(sx). As z is Lipschitz, we can define R :=
I Vz||x|c(t) — z(x)], so that

Iﬂ@—Z@NSHvﬂhﬂx—ﬁhé;dﬂ—Z@NZ%k@—fwﬂh (4.9)

for all x € Bgr(x). Suppose now that in Bgr(X) there exists a point x¢ such that
z(xo) = c(tp) for some ty > t. Then the segment connecting X, to X is still contained
in Br(x) and its image through z must be a connected part of the image of c¢. But as
c is a simple curve, this implies that there exists x; € Br(X) such that z(x;) = c(t),
which is in contradiction with (4.9). Therefore, for every x € Qu,(¢) there exists an
open ball centred at x contained in Q,,(¢), and therefore Qy,(¢) is open. The same
argument can be used to show that also 24(¢) is open for each t. Clearly, I'(¢) is
sequentially closed in  and Qu,(t) UT'(¢), Qa(t) UT'(¢) are closed in Q as well. In this

way we have also shown that Z(x,t) defined as

2(0.1) = {z(x), in Qa(t)
C(t), in QA(t)

is in Wh>°(Q; R?) for every t € Ir.

Since I'(t) is 2-rectifiable for almost every ¢, in order to show that
L3N\ (Qa(t) U (2)) =0
for every t € Iy we just need to prove that
C:={xeQ:xel(t),te I I'(t)is not 2-rectifiable }

has null .3 measure. By Theorem 4.2.1, C is the preimage through z, which is
continuous, of a set of measure zero, and is hence measurable. Now, we notice that
by choosing g to be the indicator function on C in the coarea formula (4.2), and

identifying Z with the support of ¢, we have
0< /g(x)|a| dx = // g(s)ds*(s)d#" (&) =0 (4.10)
Q z2Jz71(€)

as, by Theorem 4.2.1, this can just happen for a set of measure zero in Z. This leads

to £3(C) = 0.
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Now we claim that for every point x € D, with
D := {x € Q: Vz(x) exists, and Vz(x) # 0},

there exist a Lipschitz 2-graph G, which is differentiable at x, an open neighbourhood
Uy and a t* € Ir satisfying Gy NUx C ['(t*) NUyx. In order to do that, we would need
a generalised version of the constant rank theorem. However we were not able to find
a version of it in the literature suitable to our application. We hence strongly exploit
the structure of the image of z and a weak version of the implicit function theorem.
Let us consider a generic x € D and suppose, without loss of generality, that a;(X) # 0
and n(x) = e3. In this case, a version of the implicit function theorem as the one in
[46, Thm. E] gives the existence of a connected neighbourhood N of (&1, 5), and of
a function ¢: N — R, such that (i1, 22) = 23, and 21 (21, X, (21, 22)) = 21(X) for
every (z1,22) € N. Furthermore ¢ is differentiable in (Z1,Z2) and hence continuous
and Lipschitz in N, and Vi)(Z1,22) = 0.

Fixed ¢ = m, the fact that z is differentiable in x implies the existence of 6 > 0
such that

z1(X + peg) — 21(X) = par +1p,  V|p| <,

and where |r| < €. Therefore,

21(X + peg) > z1(X), if a1(x)d > a1(x)p > 0, (4.11)
2 (X + pes) < z1(%), if —a1(%)8 < a1 (X)p < 0, '
for all |p| < §. This implies the existence of h > 0 and c(¢t* + h),c(t* — h) in z(Q)
such that

Cl(t* + h) > Cl(t*) > Cl(t* — h)

Here, t* € I is such that z(x) = c(¢*). Furthermore, since z is Lipschitz, the depen-
dence of ¢(t(x)) := z(x) is continuous. This together with (4.11) and the fact that c
is simple, imply that the unique path connecting c(t* & h) to c(¢*) must be such that
c(t* +s) > c1(t*) > 1 (t* — s) either for every s € (0,h) or for every s € (—h,0).
Suppose now the existence of (x1,x3) € N such that z(xq, xg, ¥ (21, 22)) # c(t*). By
continuity of ¢(¢(x)) there exist (%1, %) € N such that z(Zy, Ze, (1, T2)) = c(t*+ 3)
for some s with |s| < h. Thus, at the same time we should have ¢;(t* + s) = ¢ (t*)
because we are on a level set for 21, and ¢1(t* + s) # ¢1(t*), which leads to a contra-
diction. We hence showed that c¢; is constant implies also that co, c3 are constants,
that is z(z1, 2, ¥ (21, 22)) = z(X) = c(t*) for every (z1,x5) € N. This concludes the

proof of the claim.
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It remains to prove that for all x € D, it holds T'(t*) NUx C Qp(t*) N Qx((+*) N
Uy, where again t* € Ir is such that x € I'(¢t*). Suppose first that there exists a
neighbourhood U of x¢ € I'(t*) for some t* € I such that

Q) NU=2 or Qut)NU =o. (4.12)

This is z(xg) = c(t*), and z(x) = c(s(x)) with s(x) > t* or s(x) < t* for every x € U.
We want to prove that either z is not differentiable in x¢, or Vz(xy) = 0. Suppose
not, then there exists §; # 0 and a unit vector v; such that Vz;(xq) - v; = f; for
some 7 = 1,2,3. Observe also that the differentiability of z implies the existence of
d; € (0,1) such that

z;(Xo + av;) — z;(x0) — af; = arj(avy), Va: o] <95, (4.13)

for some continuous functions r; bounded in modulus by ’%J This implies that
zj(xo+ av;) —z;(Xo) has the same sign as af;. Therefore, as c is simple, there exists
an interval (t;,,t*) (or (t*,15;)) where ¢;(t) —c;(t*) is both strictly positive and strictly
negative for every ¢ € (t5,,t*) (or in (t*,t5,)), thus leading to a contradiction. There-
fore, if z is differentiable at xo € I'(t*) and Vz(xg) # 0, then xo € Q4 (%) N Qpr(t*).

By the coarea formula (4.2) with g chosen to be the characteristic function of D,

we notice that

0= /Z /f o A2 (s) dAV(8),

and we deduce that z is differentiable with Vz # 0 for #2-almost every x € I'(t)
for almost every t € I7. Let us call Jr the subset of I such that x € D J#?-almost
everywhere in I'(¢t) for every ¢ € Jp. By arguing as above for the set C, the coarea
formula implies that the set of x € 2 such that z(x) € c(Ir \ Jr) has measure
zero. We can hence focus without loss of generality on I'(t*) for some t* € Jr.
Suppose now that there does not exist a neighbourhood of x, € I'(t*) such that
D) NU C Qa(t*) N Qp(t*). In this case, as ['(t*) is closed in €, there exists a
neighbourhood U, of x, satisfying (4.12). However, as Vz exists and is non null .5#2
almost everywhere on I'(t*), there exists x, € ['(t*) N U; satisfying this properties,
and which must hence be in Q4(t*) N Qp(¢*), thus leading to a contradiction. We
have therefore proved that the constructed family of moving interfaces I'(t) satisfies
the condition in Definition 4.4.1 ((b)), which concludes the proof. O

The following corollaries are straightforward consequences of the above theorem:
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Corollary 4.4.1. Lety € W1>°(Q;R3) satisfy a reqular moving mask approzimation.
Then, there exist a € L™(Q;R?),n € L>(Q;S?) such that

Vy = Q+ a(x) ® n(x), a.e. X € €. (4.14)

Conversely, if y € Wh>°(Q; R?) satisfies (4.14) for some Q € SO(3),a € L*(2;R?),n
L>(Q;S?) and z(QY), with z(x) = y(x) — Qx, is contained in an absolutely continuous

simple curve of finite length, then y satisfies a reqular moving mask approximation.

Corollary 4.4.2. Let T > 0, I'(t) be a family of moving interfaces and Qa(t), Qs (t)
be connected for every t € (0,T). Then, Z € Wh>°(Q,R?) for each t € (0,T) satisfy-
ing (4.6) is equal to

Z(x,t) = {Z(x) Teild), in Qu(d),
c2(t), in Qa(t),

for some z € W1>°(Q,R3) such that Vz = a ® n almost everywhere.

Proof. The statement follows directly from Theorem 4.4.1, the fact that Z(x,t) is
continuous in x for each ¢ and the hypothesis that Q,4(t), Qa(t) are connected. [

Corollary 4.4.2 hence implies that, under the above hypotheses, for each t € I,
the interface I'(t) is a subset of {x € Q: z(x) = co(t) — c1()}, that is of a level set of
z. This also means that the image of z is a one-dimensional curve. However I'(¢) does
not need to coincide with the family of moving interfaces constructed in the proof of
Theorem 4.4.1, even if co — c; is absolutely continuous, simple and of finite length.
Indeed, in the proof of Theorem 4.4.1 the phase interfaces must be constructed as
subsets of level sets for z, but the construction of Q4(¢), Q,/(t) is arbitrary and could
be done differently. For example one could swap the definition of Q4(¢) and Q,,(¢) in
(4.8), or replace s € [0,t) and s € [0,¢] in the definition of ), and Q4 respectively
with |s —to| <t and s € I \ [to — t,to + t] for some ¢y € Iy, thus getting a different
family of moving interfaces.

The next corollary gives some information about the interface velocity. We define
the normal velocity of I'(¢*) at time t* € Iy and at x € ['(t*), namely (v-n)(x,t*), as
A(t*) - n(x,t*), where n(x,t*) is the unit normal to I'(¢t*) at x € T'(¢*), and ~(t) is a
generic absolutely continuous path differentiable at t* such that ~(t) € ['(¢) for each
t € It and v(t*) = x. Clearly (v - n)(x,t*) is well defined if its value is independent
of the choice of v among the admissible paths, and if n(x, t*) is well defined.
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Corollary 4.4.3. Let z € WH(Q,R?) satisfy (4.7), |a| > 0 a.e. in Q, and z(Q)
be contained in the image of an absolutely continuous simple curve ¢ : Iy — R3 of
finite length. Assume further that T'(t) is the family of moving interfaces constructed
in the proof of Theorem 4.4.1. Then, the normal velocity of T'(t) at a point x € T'(t),
denoted (v - n)(x,t), satisfies

a(x)(v-n)(x,t) = ¢(t), a.e. t € (0,T), #*-a.e. x € (). (4.15)

Proof. By the coarea formula (4.2) with g chosen to be the characteristic function of

the set where z is not differentiable and |a| > 0, we notice that

0_/ / (s) do?(s)|e(t)] dt.

As the argument in the integral is non negative, we deduce that z is differentiable
and |a| > 0 for s#?-almost every x € I'(t) for almost every ¢t € I7. As showed in
the proof of Theorem 4.4.1 n is well defined for all these x. Let us consider «(t), an
absolutely continuous path in €2 such that ~(t) € I'(t) for every t € Iy. We have

z(y(t)) =c(t), Ve (lo,t),

¢(t) = Vz(y()7(t) = a(y(t) (¥(t) - n(v(t),1)) = a(x)(¥(t) - n(x,1)),

which is the claimed result, as (%(¢) - n(x,t)) is independent of v chosen for a.e.
telr,ae xel(t). O

alx)

Remark 4.4.6. An important consequence of the above corollary is that G
constant % almost everywhere on I'(t) for almost every ¢. At the same time, there

might be jumps in |a(x)| along a single interface and jumps for E §| across interfaces.

Remark 4.4.7. If we assume the determinant of Vy =1+ Vz =1+ a®n to be
a positive constant ® almost everywhere in €2, than we can deduce that on almost
all interfaces |a(x)| can jump if and only if there is a jump in n(x). Indeed, this is
a direct consequence of the following two facts: the first is that the direction of a(x)
is fixed on almost all interfaces, the second is that, det(Vy) = © a.e. in € implies
a-n=2%9—1a.e. in (2 and hence, by the coarea formula (see the argument in the
proof of Corollary 4.4.3), a-n =9 — 1, #*-almost everywhere on I'(¢) for almost all
t.
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A different perspective on the velocity of I'(¢) is given by

Corollary 4.4.4. Let z € Wh>(Q,R3) satisfy (4.7), |a] > 0 a.e. in Q, and z(Q) be
contained in the image of an absolutely continuous simple curve ¢ : Iy — R? of finite

length. Assume further that I'(t) is the family of moving interfaces constructed in the
proof of Theorem 4.4.1. Then,

£(s)

(Kooarr ) = |é(t)\/r(t) S ) Ve @), ae te(.T)

Proof. We first notice that, by the coarea formula,

. 4 S(S) 2 C T T
/QXQM(X’ £)¢(oc) dx _/0 /z—l(c(r))ﬂQA(t |a(5)| A )le(n)ld
_ / / ) 42 (s)|e(r)] dr.

0 Jz=1(c(r))NQ a(s)]

Therefore,

a o (.06 (t) / S6) g ps).

dt )HNQ |aS]

which is the claimed result.

4.5 Basic properties of microstructures

According to the results of the previous sections, we can restrict our attention

to deformation gradients satisfying for every ¢t € (0, 7))

Vy(x,t) =1+ a(x)®n(x), a.e. x € Qyt),
Vy(x,t) =1, a.e. X € Qa(t),

for some a(x) € L*(Q,R?), n(x) € L>(Q,S?) such that n(x) is normal to the
austenite-martensite interface in x at a certain time ¢t* € (0,¢). Here we assumed
without loss of generality to have Q = 1 in Definition 4.3.1. In this way the marten-
sitic macroscopic deformation gradient is a function of the moving, possibly curved,
austenite-martensite interface during phase transition. In light of the above con-
siderations, we assume that martensitic microstructures arising from austenite to

martensite phase transitions are described by deformation gradients Vy of the form
Vy(x) =1+ a(x) ® n(x), Vy € K%, a.e. x € Q. (H1)
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As the determinant is constant in K, it follows that
det Vy(x) =D a.e. X € (, (H2)
for some constant ® > 0. (H1) and (H2) imply
a(x) -n(x) =9 —1, (4.16)
for a.e. x € (), and
V x (a;(x)n(x)) =0 for each i =1,2,3, (4.17)
in a weak sense.
In conclusion, in what follows we look at martensite microstructures as a part of

the domain where (H1) and (H2) hold. We first begin with an estimate for the norm

of a(x):

Proposition 4.5.1. Let \u and M\, be respectively the biggest and the smallest
eigenvalues of the martensite deformation matrices U; € K. Let alsoy € WH=(Q; R3)
satisfy (H1), (H2). Then, we have

1D — 1] < |a| < Maz — Amin, a.e. in €.

Proof. The first inequality follows trivially from Cauchy-Schwarz and the fact that
a-n = ®—1. In order to get the other one, we observe that by the polar decomposition
theorem we have that

Vy(x) = REx)F(x),

for almost every x € 2, where R(x) € SO(3) and F(x) is symmetric positive definite.
The argument below holds for almost every x € ). By arguing as in [13] one can
deduce that, in order to have a rank-one connection with the identity matrix, the

eigenvalues of F, namely 0,,in < 0mid < Opmaz, must satisfy
Omid = 1, OminOmar = 2.
Therefore, we have
det F =9 = 01in0maz, tr(F'F) = 1 + 02, + 02us- (4.18)
On the other hand,

Vy'Vy=F'F=1+a®n+n®a+|a’n®n,

118



which yields
tr(F'F) =3+2a-n+|a* =1+29 + |al*. (4.19)

Therefore, by putting together (4.19) and (4.18) we deduce
0 S |a|2 == <0max - Omin)Q S ()\max - )\mm)2
Here we also made use of the following relation between eigenvalues proved in [13]:

)\min S Omin S 1 S Omax S /\maz-

Another interesting property regards the divergence of n ® a:
Proposition 4.5.2. Let z € WH°(Q; R?) be such that
Vz(x) = a(x) ® n(x), a-n=9-1cR, a.e. in .

Then, V - (n ® a) = 0 in the sense of distributions. Furthermore, if n € WH(Q; R3)

with |n| =1 a.e. in Q, then V -a =0 in the sense of distributions.

Proof. On the one hand, we have

On the other hand
V(V-2)=V-(Vz) =V (n®a).

Here, both identities should be understood in the sense of distributions. By putting
them together we hence get the first statement. As a consequence, if n € Wh(Q; R3)

such that [n| =1 a.e. in 2, we can write,

/a-Vgpdx:/nTn@)a-chdx
Q Q
—/n®a:V(ngp)dx—/g@n®a:VndX
Q 0
1
:——/gpa-V|n|2dx:O,
2 Jo
for every ¢ € C°(12). O
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Figure 4.2: Picture of two parallel interfaces moving in opposite directions and
meeting at a certain interface where a, n are discontinuous. In this case, V- (n®a) =
0, but V-a # 0.

In general, it is not true that V -a = 0. Indeed, let us fix e € R? with |e| = 1,
and consider z to be of the form z(x) = e(x - e). Let us also fix ¢ € R such that

x - e = ¢ for some x € ) and define
e, x-e<g,
a—n-—
—e, X-e>c
In this case, clearly a-n =1 a.e. in Q, and V- (n®a) = 0 in the distributional sense.
However, a € BV (Q; R?) satisfies
Va=-2e®e#’L {x:x-e=c},

and, as |e| = 1 by hypothesis, V - a # 0 in the distributional sense.

Keeping in mind the counterexample above, we extend the validity of the identity
V -a = 0 in the following Corollary 4.5.1. In this result we use the space of special
functions with bounded variation on 2, namely SBV (Q2). If ¢ € SBV(2), its gradient
is the sum of two Radon measures, one absolutely continuous with respect to the
Lebesgue measure .#?, and the other concentrated on a 2-rectifiable set Sy, usually
called the jump set. We denote by ¢, " the trace of ¢ on the two sides of the jump
set S, respectively. We refer the interested reader to [4] and [40] for more details on

this space.
Corollary 4.5.1. Let z € W*°(Q;R?) be such that

Vz(x) = a(x) ® n(x), a-n=9-1cR, a.e. in . (4.20)
Let a,n € SBV(Q;R?) N L2(Q;R3), n| =1 a.e. inQ and let

n (x) # —nt(x), if D # 1, (4.21)
a (x)=-a"(x)=n (x) # —n"(x), if D =1, (4.22)

for % —a.e. x € SaNSy. Then, V -a =0 in the sense of distributions.

120



The following lemma is needed for the proof of Corollary 4.5.1:

Lemma 4.5.1. Let ¢ € H'(Q,R?), with Ve € BV(Q;R**3). Then, there exists
b(x) € L' (Svy; R?) such that

(Vo) (x) — (Vo)™ (x) = b(x) @ m(x), S q.e. X € Sveps
with m(x) being the normal to Sy, in X.

Proof. The proof of this type of result is usually done via a blow up argument and
exploits continuity. This may be possible here, but we use a slightly different proof.
Let ¢ € H'(;R3) and let A be a Lipschitz open subset of Q. Since V x Vg = 0
in the sense of distribution, we have that the following integration by parts formula

holds (see [43, Ch. 2, (2.18)])

/Vgoi-ngbdx:/ (Vi x m) - ap d#7, Vap € H' (4 R?), (4.23)
A 0A

with m being the outpointing normal to A. We remark that, as stated in [43, Ch.
2, Thm 2.5], (Vp; x m) is a well defined object in H’%((?A), and the integral on
the right hand side should be interpreted as (Vy; x m, v,b)H,%’H%. Let now S be
a Lipschitz 2-graph contained in 2 with normal m and let U; be a countable set of
open neighbourhoods such that U; C €2, U;\ S has exactly two connected components,
namely U" and U;”, and
S\ JU) =o0.
We now define (V¢; x m)* to be the objects of H’%(S) satisfying (4.23) respectively
for A = U*. From (4.23) we deduce
0:/Vgoz--Vx'(/)dX:/+Vg0,--V><'¢dX+ Vi, -V xdx
U; U;

U
— [ ((Vorxm) = (T xm) )
SNU;
for every ¥ € C°(U;; R?). By repeating this argument on all U;, this implies

(Vi x m)™ — (V; x m) =0, i=123, (4.24)

-3 s
which is a weak Hadamard jump condition for H'(€; R?) on Lipschitz 2-graphs. Fur-
thermore, if Ve € SBV(2), we know that the set where it is discontinuous, namely
Sv, is 2-rectifiable (see e.g., [4]). Therefore, by Proposition (4.2.1) we can cover Sy,
with countably many Lipschitz graphs where (4.24) holds. On the other hand, from
[4, Thm 3.77] we know that the trace of V; is well defined for almost every point of
Sy, Collecting these two facts we thus deduce the desired result.

]
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Remark 4.5.1. Equation (4.24) is a very weak version of the Hadamard jump con-
dition on Lipschitz surfaces T' with normal m for functions y € H'(Q;R?). Indeed,
we can only make sense to the tangential trace Vy x m of y on I' as an object of
H=2(T'), and (4.24) states that, across I, Vy X m must not jump as an object of

H~2(I'), which is kind of an average sense.

Proof. Tt follows from the definition of jump points of a BV function (see e.g., [4, 40])
that (4.20) and |n| = 1 hold #?~almost everywhere on S,US,. Therefore, under our
hypotheses a @ n € SBV(Q) N L>®(N2) and Sagn = Sa U Sy up to an 5% negligible
set. Here, a = n are chosen to be the precise representatives for a, n. Furthermore,

Lemma 4.5.1 implies that a Hadamard jump condition must hold across Sagn, so that
at®nt"—a ®n =b®m, H*-a.e. on Saen, (4.25)

for some b € L*®(Sagn; R?) and with m being the normal to Sagn. In case D # 1,
this, together with (4.21) and |n| = 1, imply that the only possible scenarios are the
following on S, U Sy:

(I) n* =n~ = m, in which case b=a" —a~;
(IT) at =¢a™, in which case m || {nT —n~ and b || at || a™,

for some £ € L*(S,). Taking the trace of (4.25) implies also b-m = 0. As a
consequence, (at —a”)-m = 0 S%a.e. on S, U Sy, that is, the divergence of a
has no singular part. In case ® = 1, (4.22) allows also to have n™ = —n~ = m in
Sa, when a™ # —a~. In which case (a* —a~) - m = 0 follows just by the fact that
a-n=0.

It just remains to check that the part of V - a which is absolutely continuous
with respect to .#? is null as well. To this aim, we first observe that, by the chain

rule for BV functions (see e.g., [4, Example 3.97])
0=V-(n®a)= (n(V*a)+V'na) L’ + (n"®@a"—n" ®a )m#’L Sagn, (4.26)

where we denoted by V* the absolutely continous part of the gradient. Given (I)—(II)
above, under our hypotheses we have (nJr ®a"—n"® a*)m =0 %—a.c. on Sagn.

Furthermore, as |n| =1 a.e., we have
0=V|n]*=n"Vn . £3

Therefore, multiplying (4.26) by n and exploiting the fact that |[n| = 1 a.e., we thus
get
V®-a=0, a.e. in Q.
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Therefore, as a € SBV(Q), for every ¢ € C}(Q2) we have

—/Vgo-adx:/ <p(a+—a)~md¢%”2+/g0va-ad)<:0
Q a Q

which concludes the proof. O

We now focus on compound twins. Thanks to Proposition 1.4.2 we know that if two
martensite variants Uy, Uy € RgziJr form a compound twin, then there exists p > 0,
v € §? such that U;v = Uyv = pv. In this case, [36, Theorem 2.5.1] states:

Theorem 4.5.1. Let Uy,...,U, € Rgziﬂ such that det U; = ® > 0, and such that
U;v = pv for some > 0,v € S?, for each i =1,...,n. Let also

Then, there exists | € N,wq, ..., w; such that

detF =9, FI'Fv = p*v and
H* ={ F e R*3 [Fw,)? < max |Ujw;|* for each
Jj=1,..., n
1=1,...,1.
Therefore, in this simple case which includes compound twins, we can actually
construct the quasiconvex hull of the set. An interesting result is given by the follow-

ing lemma:

Lemma 4.5.2. Let Uy,..., U, € R¥*3 such that detU; = © > 0, and such that

Symt~
U,v = uv for some u > 0,v € S?, for each i =1,...,n. Let also
H=|]S0(3)U;,

and p # 1. Then every map 'y € WH(Q;R3) satisfying Vy(x) € H and Vy(x) =
1+a(x)®@n(x) for a.e. x in ) is such that a®n is constant, and |a| = |u|~1|D — u?|.

Remark 4.5.2. It comes up in the proof of Lemma 4.5.2 that the following condition

(1 — p?)

1> 7
T (D2t

>0 (4.27)

is necessary in order to have the existence of a € R®,n € S? such that 1+a®n € H%.

We refer the reader to [13] for some stricter necessary conditions for this to hold.
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Proof. Thanks to a change of coordinates, we can suppose without loss of generality

that v = e3. In this case, every F € H? satisfies

a v 0
F'FF=1| v 8 0 (4.28)
0 0 u?
and
aff — % =D% 2 (4.29)

We are first interested in solving 1 + a®n € H% for a € R*, n € S%. By (4.28), the

first step is to solve the following nonlinear system of equations for the components

of a and n: )
1+ 2a1ny + |a|?*n} =a
1+ 2asny + |a|?n3 =0
a1ng + asng + |al’mny =~ (4.30)
asny + aing + |al*ning =0
asng + asnz + |al*nyng =0
|1+ 2a3n3 + |al*n} = p?

subject to the constraint (4.29). As a first step we compute a3 — «* using system

(4.30). After rearranging terms
aff — 2 = 2(ainy + agng) + 1+ |a>(n] +n3) — (a1ng — agny)?

Since |n| = 1, using last equation of (4.30) follows that

|al*(nf +n3) = |a*(1 — n3) = [a]” + 1 + 2azns — 1,
which leads to

af —v*=2(a-n)+2+|a]* — pu® — (any — agny)?.
Finally, by recalling (4.16) we deduce

aff — 2 =20 + |a]* — p? — (a1ny — agny)? (4.31)
Thus, it is immediately seen that (4.31) together with the first of (4.29) implies
D2

1
(a1ng — agny)? =20 + |a|* — p® — T la]® — ?<© — 1?2 (4.32)

124



On the other hand, exploiting the last equation of (4.30) in the fourth and fifth one

we have
oMz — A3Ng = ——( 2 1) (433)

asny — aing = — (u* —1). (4.34)
3

We note that it is legitimate to divide by n3 since the last identity in (4.30) together
with p # 1 implies ng # 0. By putting together (4.32)-(4.34) we thus get

—2(p* = 1)
o= 1) . (4.35)
+\/lal? = (D — )

axXn=

Since (a x n) - n = 0 we have

1
W = (0 — 22 =0 (4.36)

which, as ny # 0, leads to |a]® = -5(D — x*)%. In this case the norm of a is hence

forced to be constant. We restrict ourselves without loss of generality to the case
D £ .

1

We now want to write a in terms of the orthogonal vectors (n,n*, n x nt), where

N9 ning
nti=| —ng |, nxnt=| nyng |. (4.37)
2

It is important to remark that, if n; = ny = 0 then it is easy to see from (4.30) that

a; = ay = 0, so we do not lose any generality with this representation. We have,
a=aYn+ant +a%n xnt.
As a first thing, recalling that det(1+a®n) = D, we deduce that a) =a-n=D—1.

On the other hand, taking cross product of a with n follows that

nxa=a%nxnt—a®nt (4.38)

A comparison of (4.38) with (4.35) and (4.36) thus leads to a®® = -L(1 — ), and

a® =0, which implies

1 1
a=(®—-1)n+ n—(l —Hn xnt = (D - p*)n — n_(l — ?)es, (4.39)
3 3
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with e3 = (0,0,1)7. As a first thing now we want to check whether it is possible to
have |a|?> = L (D — p?)2. Since the orthogonal vectors n and n x nt satisfy |n| = 1
n

112 =1 — nZ, by rearranging the terms it is possible to obtain

n? — (1—p)? _ (-
Tt R DR - (D12 R )

It is easy to check that a pair of vectors (n,a) with a defined in terms of

and |n X n

(4.40)

n as in (4.39), and where ng is given by (4.40), satisfies the equations of (4.30).
Thus, it turns out that (4.27) in necessary in order not to contradict |n| = 1,

1—n3=n?+n3>0andn3 >0 (see also Remark 4.5.2).

Let us now check when a map y € W1>(Q;R?) such that Vy(x) satisfies (4.28)—
(4.29) and Vy(x) = 1+a(x) ®@n(x) for a.e. x in 2. We have to verify that conditions
expressed in (4.17) hold, that is, we have to check when the constructed deformations

are actually gradients, by verifying that V x (a;n) = 0 for ¢ = 1,2, 3, in the distri-

butional sense. Since D and p are constants, so is |ng| = /(u2 — p?)(D2 — pi)-!

Hence, by (4.39), |as| is constant and non zero as long as p? # ® and u # 1,
which is our case. Furthermore, ng = sign(ns)|ns| and a3 = £|as|sign (n3), where the
sign depends on p,® only and is hence fixed. We can hence suppose without loss of
generality az = |ag| sign (n3). Therefore,

V X (azn) = |az|V x (sign(ng)n) = 0,
implies
V x (sign(nz)n) = 0,

in the sense of distributions. This implies the existence of ¢ € W12(Q) such that
sign(nz)n = Vi (see e.g., [43]). On the other hand, by Proposition 4.5.2

V - (ang) = |n3|V - (sign(nz)a) =0,
which implies
V - (sign(nz)a) = 0,
in the sense of distributions. Furthermore, we have from (4.39) that

V - (sign(ng)a) = (D — )V - (sign(ns)n)

which thus implies that 1) is harmonic in the sense of distributions. By using standard
elliptic theory (see e.g., [39]) we can thus deduce that ©» € C*°(€2). On the other hand,
as |Vy|*> = 1, we have

VTV =0, for all x € Q,
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which implies that one eigenvalue of the Hessian matrix is null. Another eigenvalue
is 0 as eg is a left eigenvector related to 0 for V21, and is not parallel to n unless
n = e, in which case (4.40) forces sign(ns)n = e3 everywhere. The fact that ¢ is
harmonic, i.e., tr V?¢) = 0, thus means that V1) is constant. Therefore, sign(nz)n is

constant, and as a consequence of (4.39), so is sign(nz)a and a ® n. O

Remark 4.5.3. In case p = 1, it is not possible to deduce the same rigidity as in
Lemma 4.5.2. Indeed, it can be deduced from equations (4.30) that p = 1 implies
either ng = az = 0, or a = (D — 1)n, but in the latter case the last equation in (4.30)

implies a ® n = 0. The problem becomes thus two-dimensional, and we can rewrite
T i T 1
n= (nl,nQ,O) , n- = (ng, —nl,()) , a(s)=(®—1)n+sn—,

for some s € R, ny,ny € [—1,1] with n? +n3 = 1. Now, take two martensite variants,

for example,

. A+ A A — Ay O 1 A+ A Ay — A 0
Ulzé A — A A+ 0, U2=§ A= Am A+ 0|,
0 0 2 0 0 2

generating a compound twin, and such that their biggest and smallest eigenvalue,
namely Ay and \,,, satisfy \,, < 1 < A\p;. Assume further, for simplicity, A2, +A3, > 2
and % < Ay < 1. We can take for example \,, = 0.9 and \y; = 1.1. It can be
computed that (SO(3)U; USO(3)U3)% coincides with the set of matrices F satisfying
(4.28)~(4.29), where 0 < o, 8 < (A2, + A};). Consider now F =1+ a(s) ® n, then

a=1+n}(D*— 1+ s%) + snyny, B=1+n3(D* -1+ s*) — snyn,.
Choosing for simplicity no = 0 and s small enough, we get
1
0<a,f< §(>\fn+)\?w), aff > D%

Thus, there exists € > 0, and an open interval [ag — €, a9 + €| such that for every

smooth function f: R — [ag — €, o + €] we have that
1+a(f(x-n"))®n,

is the gradient of a smooth map y, which is not constant, and which satisfies Vy(x) €
(SO(3)U; USO(3)Us)% and (H1)—(H2) for each x. Therefore, a rigidity result as the

one in Lemma 4.5.2 does not hold in general when p = 1.
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By adding the further hypotheses that y|sq is the restriction on 9 of a 1 — 1

map, we can extend Lemma 4.5.2 to general two well problems

Proposition 4.5.3. Let U,V € RZZ;Jr and Ry, Ry € SO(3), by,by,m;,m;; €
R3\ {0} satisfy

where (U, by, my), (U, brr,my;) do not fulfil (CC2). Assumey € WH>(Q;R?) is such
that y|aa = yolaa for some yo € C(Q;R3) which is 1 —1 in Q, and

Vy(x) € (SO(3)UU SO(3)V)*, Vy(x) =1+ a(x) ® n(x), (4.41)
a.e. in Q, for some a € L>®(;R3),n € L>*(Q;S?). Then,
Vy = constant

Proof. Following the approach devised in [19], we introduce the orthonormal system

of coordinates

—1
;. Uimy i b i i i
= — u; = , u;, = uj X uj,

U b

with ¢ = I, IT to be chosen later, and let
o . ) 1
Li = UII (1 - (5111% X u’l), 0 = §|Uf1ml||bz|

We set z'(x) := y(L;x) and the problem becomes equivalent to find a map z' €

Whee(Q; R3) such that
Vz'(x) € (SO(3)S; USO(3)S{)™, ae. x € O = {x: Lix € Q}, (4.42)
with S = 1+ §u} ® u}, and
Vz'(x) = L; + a(Lix) ® L] n(L;x), a.e. in QY (4.43)

where a € L>®(; R?), n € L>®(£;S?) are as in (4.41). By [6], z' is a plane strain and
satisfies
z'(x) = Q(21 (s}, s3)u) + s2uj + 25(s, s3)u). (4.44)
for some Q € SO(3), some Lipschitz functions 2{, 23, and where s’ = x-u}, j = 1,2,3.
As a consequence, from (4.43)—(4.44) we deduce
u, = Q'Vz' (x)u, = Q'Lyuj + QTa(Lix) (n(Lix) - Liuj),
u), = (Vz'(x))"Quj = L] Quj + L n(Lx) (a(Lix) - Quj),
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a.e. in QY. That is,
a(x) (n(x) - Liud) = (Q — Ly)u, (4.45)
n(x)(a(x) - Quy) = (L;" — Quy, (4.46)
a.e. in . Let us now consider the function
fi(p) = det ((U + pb; ® m;)" (U + pb; ® m;) — 1), pel0,1],i=1,11I.

Thanks to [18, Prop. 5| we know that f; is a quadratic polynomial and f;(u) =
fi(1 — u). We first notice that

fi(w) = (det U) det((U + pb; ® m;) — (U + pb; @ m;) ")
= (det U?) det((1 — U™?) + p26(uf ® uj + u} @ U"*u}))
= det((U* — 1) 4 p26(u} ® Uu} + u} @ u})).

A derivation of f; with respect to pu leads

26 (det U?) cof (1 — U™?) + p26(ufy @ uf + uj @ U™%uf)) : (u) @ uf + uf ® U %uj)
26 (det U?) (cof (1 — U™?)uf - (u} + U %uf) + p46(1 — U)u) - (u] x U%uj))
26 (cof (U? — 1)uf - (uf + Uu}) + pdd(U? — 1)uj - (Uu] x uj)).

We now fix ¢ = I and claim that, under our hypotheses, there exist no Q € SO(3)
such that (Q — L;7)ul = 0. This, by (4.46) and the fact that [n| = 1 a.e. implies
that n is, up to a change of sign, equal to a constant. That is, nsign(n;) is constant,
for some j = 1,2,3 such that |n;| # 0 a.e. in 2. To prove the claim we argue by
contradiction, and notice that the existence of Q € SO(3) satisfying (Q —L;7)ul = 0
implies

(U - Duf-ul =0. (4.47)

Let us notice now that
(Uu] x uf) x u = (Uuf - (u] x uj))uj. (4.48)

By making use of (1.12) in (4.48) we show that U?u! - (ul x ul) = 0, which by (4.48)
implies that U*uf x ul is parallel to ul. Therefore, by (4.47), we get that f} is constant
in . Furthermore, as f; is a quadratic polynomial and f;(u) = fr(1 — ) we have
that f; (%) = 0 and hence f; is identically 0. But, as

f1 ()] =0 = 2br - Ucof (U*> — 1)m; = 0,
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we contradict the assumption that (U,b;,m;) does not satisfy (CC2) concluding
the proof of the claim. We now fix ¢ = I] and claim that, under our hypotheses,
there exist no Q € SO(3) such that (Q — L;;)ul! = 0. This, by (4.45) and the fact
that sign(n;)n is a constant implies that sign(n;)a is also a constant. To prove the
claim we argue again by contradiction, and notice that the existence of Q € SO(3)

satisfying (Q — L;7)ul! = 0 implies
(U2 - Dul -ul =0. (4.49)

By making use of (1.13) we can now show that ulf x U=2ul! is parallel to ul!, and

hence, by (4.49), that f;; is constant in p and identically 0. But, noticing that
f11(10)],=0 = 2bys - Ucof (U? — 1)my; = 0,

we contradict the assumption that (U, b;;, my;) does not satisfy (CC2) concluding
the proof of the second claim.
In conclusion, we proved that sign(n;)n and sign(n;)a are constants, and there-

fore so must be Vy. O

Remark 4.5.4. It is clear from the proof of Proposition 4.5.3 that, if the type [
solution (U,br,my) of the twinning equation (1.4.1) does not satisfy (CC2), but the
type II solution (U,br,myy) of (1.4.1) does, then we can guarantee that n in (4.41)
is constant up to a change of sign. Similarly, if the type I solution (U, b, my) of the
twinning equation (1.4.1) does satisfy (CC2), but the type II solution (U, br, myr) of
(1.4.1) does not, then the direction of a in (4.41) is constant. That is, there ezists
v € R3 such that a x v =0 a.e. in Q. We refer the reader to Proposition 4.6.1 and
Proposition 4.6.2 for further examples under these hypotheses.

4.6 Macroscopic moving interfaces

In this section, we use the theory of the previous sections to prove some results
about martensitic microstructures. The results are different for different type of
twins. We start with compound twins and we recall that, by Proposition 1.4.2, two
martensite variants Uy, Uy € Rf’ngn+ form a compound twin if and only if there exist
> 0,v €S?such that U;v = Uyv = pv. Thanks to Lemma 4.5.2 we can prove that
in this case moving interfaces need to be planar and the related macroscopic gradient

constant.
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Theorem 4.6.1. Let U, Uy € R:;;?’ + be a compound twin and such that

m

Uiw = Usw = puw

for some w € R®, i # 1. Then, every y satisfying the reqular moving mask approzi-

mation and such that
Vy € (SO(3)U; U SO(3)Uqy)%, a.e. in )
is constant, and the related moving interfaces planar.

Proof. As y satisfies a regular moving mask approximation, by Theorem 4.4.1 we
know that Vy = 1+ a ® n for some a € L*(Q;R3),n € L>*(Q;S?). Since pu # 1,
we can apply Lemma 4.5.2 and thus deduce that Vy is constant in €. The function
z(x) := y(x) — x is such that z € WH*(Q;R?) and is constant in every connected
component of ,4(t), for each ¢ > 0. Thus, I'(t) must be a (or at least the union of
disconnected subsets of a) level-set for z, and hence a plane (or union of disconnected

planes) as Vz is constant and rank-one in €. ]

By arguing in the same way, Theorem 4.6.1 can be generalised to a wider range
of situations as stated in Theorem 4.6.2 below. This is relevant, for example, in the
cubic to monoclinic transformation occurring in Znys AuzgCuss, where there are 3 sets

of four deformation gradients satisfying the hypotheses of Theorem 4.6.2.

Theorem 4.6.2. Let Uy,... .Uy € Rgzi+ be such that Uw = uw and detU; = ©
for some w € R3, i # 1 and everyi = 1,...,n. Then, everyy satisfying the reqular

moving mask approximation and such that
Vy € (UX,S0(3)U;)%, a.e. in Q
1s constant, and the related moving interfaces planar.

The second result is related to type I twins satisfying the cofactor conditions. In
this case we can prove that simple laminates can form macroscopically curved families
of austenite-martensite interfaces with no transition layer. The proof strongly relies
on Theorem 1.4.2.

Proposition 4.6.1. Let U, and Uy be two martensitic variants and R € SO(3),
by, m; € R? be a type I solution to (1.10) and satisfying the cofactor conditions.
Then, there exist Ry,R; € SO(3), £ € R, ag € R?, ng,n; € S? such that for every
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A€ L>(82;]0,1]) satisfying VA x (§ny —ng) = 0 in the sense of distributions, there
exists y € WL (Q; R3) with

Vy = Ro[(1 = MUi + ARUs] = 1+ ap®@(Xény + (1 — Nng),  a.e. in Q.

Furthermore, y satisfies a reqular moving mask approzimation, the related moving

interfaces are curved, and V - (]Aény + (1 — X)nglag) = 0 in the sense of distributions.

Proof. From Theorem 1.4.2 and in particular from (1.18) we know the existence of
Ro, Rl € SO(S), 5 € R, ap € Rg, ng,n; € S2 such that

Ro[(1 — MUi + ARUy] = 1+ ap®@(Aény + (1 — AN)ng),  for all A € [0, 1],
We thus choose A € L>(2) to be a function such that A € [0,1] a.e., and define

= ag|n x)(én; —n n(x) = ny + A(x)(§n; — ny)
a(x) := ag|ng + A(x)({ny — ng)|, (x) : o E A En )]

so that n has unitary norm. In the notation of Theorem 1.4.2, we have
det(Ro[(l - )\)Ul + AIAQUQ]) = det(Ro) det(U1 + )\b] X m[) = det U1

where the Sherman-Morrison inversion formula and the fact that U;'n - a = 0 have
been used. That is,
aq - (no + )\(§n1 — 1’10))

is constant independently of A, or, in an equivalent way,
ap- (€ny —ny) = 0. (4.50)
We just need to check if it is possible to have
V X (a;n) = 0.
Exploiting the definition of a and n get that this is satisfied if and only if
VA X (én; —ng) =0, (4.51)

in a weak sense. Therefore, if ) is convex A must satisfy A\(x) = f(x-({n; —ny)), for
some f € L>®(R;[0,1]), and thus

y =x+ag(ng-x+ F(x-({n; —ng)) +c,
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for some constant ¢ € R?, and where F(s) = [; f(s) ds. Therefore, after choosing

Ir = ()1{I€1§f2 G(x),sup G(x)),

xeQ

where G(x) = ng-x+ F(x- ({n; —ny)), we deduce that the image of z(x) = y(x) —x
is ¢ + tay, for t € Ip. If € is connected but not convex, then A might not be of the
form f(x - ({n; —ng)), but the image of z(x) = y(x) — x is still contained in the
one-dimensional line ¢ + tagy, for some ¢ € R? and ¢ in some bounded interval Ir. We
can thus use Corollary 4.4.1 and deduce the existence of a family of moving interfaces,
which are also level sets for z(x).

In order to prove that V - a, we first mollify A and, defined m as m := &én; — ng,

notice that thanks to Fubini’s theorem for distributions we can write
(VA x m’¢>D’,D = (VA (m x ¢s)>D/,D = (VA xm, ¢€>D’,D =0,
thanks to (4.51), for all 9p € C>(Q, R?). Therefore, V. || m, and, by (4.50),
VA -ag=0. (4.52)

On the other hand, exploiting the smooth dependence on A of a and the fact that
Ae = Ain LP(Q) for every p € [1,00), we have

/ a(\) - Vydx = lim a(\.) - Vedx =—1lim [ ¢'(\.)ag- VApdx
Q E—

Q e—0 0

for every ¢ € C°(€2) and where g(s) = |ng+ s(én; —ng)|. The last term in the chain

of identities above is null due to (4.52), and therefore the proof is concluded. O
Finally, a result related to type II twins satisfying the cofactor conditions:

Proposition 4.6.2. Let Uy and Uy be two martensitic variants and R € SO(3),
b, my; € R® be a type II solution to (1.10) and satisfying the cofactor conditions.
Then, there exist Ry € SO(3), £ € R, ag,a; € R, ng € S* such that for every
A€ L>®(Q;]0,1]) satisfying VA x ng = 0 in the sense of distributions, there exists
y € Who(Q; R3) with

Vy = Ro[(1 = MU + ARUy] = 1+(Xéa; + (1 — Nag)®@ng,  a.e. in Q.
Furthermore, y satisfies a reqular moving mask approximation, and
V. ()\fal +(1— )\)ao) =0
in the sense of distributions.
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Proof. From Theorem (1.4.3) and in particular from (1.20) we know the existence of
Ro,R1 € SO(3), £ € R, ap,a; € R? ny € S? satisfying

Ro[(1 — MUi + ARUy] = 1+(Xéas + (1 — Nag)®n,,  for all A € [0, 1].
Thus choose A € L>®(Q) to be a function such that A € [0, 1] a.e., and define
a(x) := (ag + A(x)(§ar — a))

It is trivial to check, by arguing as in the proof of Proposition 4.6.1, that also (H2)
holds.

Now, by taking the curl of Vy; we deduce that
VX()\H()):V)\XHQ:O,

in the sense of distributions. Therefore taking A such that VA || n in a weak sense,
by Proposition 4.4.1 and Remark 4.4.1 follows the existence of a family of moving
planar interfaces. The fact that V-a = 0 in the sense of distributions trivially follows

from Proposition 4.5.2. O]

4.7 Experimental evidence

The physical assumptions which were made in this work and some of the prop-
erties that have been deduced here are currently being investigated from an experi-
mental perspective. Indeed, the authors of [27] have used X-ray Laue microdiffrac-
tion to measure the orientations and structural parameters of variants and phases in
Zmy5AuggCugs. With this modern technique, the scanned area is meshed with small
rectangles (e.g., in [27] authors use 2pm wide squares), and one can identify the
phase and variant in each cuboid which has as a basis a rectangle of the mesh and
depth of approximate 2 pm from the sample surface. In cubes where a single phase or
variant has been recognised, one can also measure the lattice parameters necessary
to compute the average deformation gradient. In this way one can investigate what
is happening at the phase interface by studying the lattice parameters in mesh rect-
angles where a martensite variant has been recognised and which have at least one
neighbouring rectangle where the Laue microdiffraction was able to identify austen-
ite.

In this way, the authors of [27] compute in some of the mesh cubes lying on the
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interface the number || cof (Vy — 1), which, as it is easy to verify, is zero if and only
if Vy — 1 is rank-one. Experimental results give || cof(Vy — 1)|| to be of the order of
10~*, which seems small enough to be considered zero, and hence to justify (H1).

Further investigations are ongoing to verify that Vy(x) remains constant in time
when x is not on the interface. This seems a reasonable assumption, as long as no
external force acts on the sample and as long as one neglects other internal stresses
giving rise to elastic deformations which, anyway, seem to be small compared to the
deformations induced by the phase transition.

In conclusion, the data collected up till now seem to confirm the validity of the
assumptions that we made in the present work. However, in the images in [27] there
are many mesh cubes close to some of the phase interfaces where the X-ray Laue
microdiffraction is not able to recognize any single variant or phase, and hence where
the validity of the assumptions to get (H1) could be questioned or should be verified

in some other way.
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Chapter 5

Vanishing interfacial energy as a
selection mechanism for minimising
gradient Young measures

A common problem that arises when studying martensitic transformations in
the context of nonlinear elasticity (see e.g., [18, 19, 23, 62]) is to minimize an energy

functional

B(y) = / 6(Vy(x)) dz,

where € is an open and bounded Lipschitz domain, and y: Q@ — R?® is a map in a
suitable Sobolev space satisfying y = ¢ on 0f2, for some smooth enough mapping .

In this context, the continuous function ¢: R3*3 — [0, +00] is generally such that

n
JF)=0 <  Fek:=) SO@)U,
i=1
where n > 1 and U; are positive definite symmetric matrices representing the different
variants of martensite. As in general E is not quasiconvex, minimizers for this energy
might not exist. Therefore, following the idea of [18] one can study the behaviour of
minimizing sequences, having a gradient that tends in measure to I, and characterised
by interesting microstructures. In order to capture the limiting behaviour of the

minimising sequences, one can study the relaxed functional

E’(V):/Q s o(F) dv,(F) dz,

where v is a gradient Young measure containing the information about microstruc-
tures in the crystal (see e.g., [19, 62, 69]). Defining M, (R3>*3) as the set of probability
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measures on R3*3, let us consider

supp v, C K, Jy € WHe(Q; R?) s.t. y = 9 on 99,
and Fdv,(F) = Vy(z) a.e. in Q

R3%3

A= v e L3(Q; M (RP))

and notice that this set is the set of minimizers of £ whenever min £ = 0. Here, we
denoted by L% (2; M (R3*3)) the space L>(£2; M;(R**3)) endowed with the weak*
topology. The solutions constructed in [65] with the technique of convex integration,
show that the set A might contain infinitely many minimizers for £, and its elements
might sometimes appear non-physical. In agreement with the physics, many authors
in the literature (see e.g., [16, 18, 37, 60, 32, 33]) have considered a regularization of

FE that penalizes the second derivatives of y such as

E() = [ (19 + (Vo)) do, or Ey) = <I9%]@) + [ o(Vy(a) da,

? ? (5.1)
Here, ¢ > 0 is small and |V?y|(Q) is the norm of V?y as a measure on 2. Many
results have been proved in the case n = 2 and without boundary conditions. For
example, it is proved in [37] that the requirement Vy € BV (§2; K) forces the gradient
discontinuities to be just on planes that never intersect in . In [32] the limit solu-
tions for E° as ¢ — 0 when K = {4, B} are characterized via a I'-limit argument.
In the two-dimensional setting with K = {SO(2)A, SO(2)B} the generalised I'-limit

has been analysed in [33], and strongly exploits the above mentioned result of [37].

More generally, we could argue that the physically relevant minimizers of F are

not those in A, but those belonging to the subset

B.— c A 3 minimizers % of E%, with ¢; | 0, such that
=7 Svusi — v in L% (Q; My (R?*?)) ’

or equivalently B where E% is replaced by E<.

Finding an explicit characterization for B seems however out of reach for the
general three-dimensional problem. For this reason, in this work we focus on the

one-dimensional energy functional

E(u) = /0 (W (ug) + v?) dz, (5.2)

which has been often considered in the literature (see e.g., [17, 60, 61, 68]) as a one-

dimensional prototype for E. Indeed, the role of the boundary conditions in more
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Figure 5.1: Minimizing sequences for £ when 0 ¢ Z.
dimensions is played here by the term u? in the energy, which forces the L?—norm
of the minimisers (or of the minimising sequences) to be close to a prescribed value,

which is chosen to be null for simplicity, and whose gradient does not sit on the wells.

Suppose W satisfies
(H1) W : R+~ R, is a continuous non-negative function;
(H2) there exist ¢y, c2,c3 > 0 and p € (1,00) such that

crls]P — e < W (s) < cs(]s|P + 1), Vs € R;

(H3) W(s) =0, Vs e Z, Wi(s) >0, otherwise, where

Z:={seR: seargmin(W)}.

If Z has a finite number of elements, if there exist z1, 20 € Z with z; < 0 < 29, and if
0 ¢ Z, then W is not convex and £ does not have minimizers in VVO1 ?(0,1). Indeed,
by constructing arbitrarily small saw-tooth functions (cf. Figure 5.1) with gradient
in Z one can show that inf £ = 0. Therefore, the existence of a minimizer u € VVO1 P
would imply v = 0, and hence u, = 0 a.e. in (0, 1), which is in contradiction with the
fact that, by (H3), W(0) # 0. For this reason, we consider the regularized problem

£5(u) = {fol (eﬁlumP + W(ug) + u2) dz, if ue WyP(0,1) N H?(0,1), (5.3)

~+o00, otherwise,
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which is the one-dimensional analogue of (5.1). £° can also be rewritten by using

gradient Young measures (see e.g., [62, 69]) as

£ (u, 1) = {Es(u), if € WyP(0,1) and v, = Ouu(z) a-e. in (0,1), (5.4)

—+00, otherwise,

with ds denoting the Dirac mass at s. In this case the problem admits a solution in
Wy?(0,1) N H%(0,1) and the question arises as to what happens to the limit of the
minimizers u® as ¢ | 0. For every u € W,?(0,1) let us define the set of its gradient

Young measures
sdv,(s) = u.(z) a.e. z € (0,1),

1 ’
/ /|s\p dv,(s)de < oo
o Jr

/ sdv,(s) = u,, suppr, C K a.e. in
R
(0,1), K C R compact

GYMP(u) = veLfﬁ(o,LMl(R))' /R

GYM™(u) := ¢ v & L2(0, 1;M1(R))’

Here, M(R) and M;(R), often abbreviated below by M and M;, are respectively
the space of bounded Radon measures u on R, and its subset of probability measures.

A preliminary result that is proved later in Section 5.1 is the following

Proposition 5.0.1. Let W satisfy (H1)-(H3). Then, £ T'—converges to

£%(u, v) = {f01(<Vx7 W) + u?)dz, if u € Wy(0,1),v € GYM(u),

400, otherwise,
in the L*(0,1) x L5.(0,1; M) topology as € tends to 0.

If Z = {2,2} with z; < 0 < 2, then under (H1)—(H3) minimizers (u,v) of £°

must satisfy
u(z) =0, v € GYMP(0), supp v, € Z, a.e. in (0, 1). (5.5)

These conditions determine a unique minimizer (u,v) to £%, namely

Z9 21

J

z1
Z9 — 21 Z9 — 21

2o a.e. x in (0,1).
Let us assume
(H4) Z2 = {21, 29, 23}, and, without loss of generality, that z; < 0 < 25 < 2z3.
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In this case, given any arbitrary measurable

A (0,1) = [0, (1 _ j—j)_l],

the pair (u,v) defined for almost every « € (0,1) as u(x) = 0 and

b — s A@) (22 — 23)521 L A@), + 21+ AMz) (22 — 21)

21— 23 21— %3

Oz,

minimises £°. As a consequence, by assuming (H1)-(H4), uniqueness of minimizers
for £° is lost, that is, the gradient of the minimizing sequences for &€ oscillate, and
converge in measure to {21, 22, 23} without any particular preference. The aim of this
work is to prove that minimizers of £° generate gradient Young measures supported
in {21, 22}, but not in z3. Therefore, by choosing minimisers of £° with € | 0 as min-
imizing sequences for £ we can select a unique minimising gradient Young Measure,

out of the infinitely many given above.

Let
V = H*(0,1) N W,™"(0,1).

Then we define I¢ by

g2 fol (EGU:%I + W(ux) + u2) dx, ifueV, v, = 5%(2;),

400, otherwise.

IF(u) = IF(u,v) == {

We remark that this problem was thoroughly studied in [60, 61], under the assumption
that W is a double-well potential, and where quasi-periodicity of the minimizers was
also proved. As shown below, however, generalization to a three well problem is non-
trivial and requires a good understanding on the possible shape of the minimizing
sequences. We also point out that the behaviour of [¢ is different from the one of
Modica-Mortola type functionals (see e.g., [29, 57]) as € | 0. Indeed, in our case the
term in u? forces minimizers of I¢ to oscillate faster and faster as € | 0, making the
number of oscillations in the gradient tend to infinity. In what follows we define

22 Z3 1
Eo:z/ W (s)|2ds, E1::2/ (W (s)|>ds,

Z1 z2

and

Ag = inf (37 e d? + Bod ) = (2713)8 By (2201) 7,

By = i%f(3’1z3231d2 + (B + E)d™") = (27'3)3(Ey + Ey)3 (zg,zgl)%.
where z;; := (1 — 22) for ¢ = 2, 3. Further assumptions on W are:

Z1
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(H5) (Coercivity) There exist 7o € (0, min{1, —z1, 22, #52}), co > 0, ¢ > 0 such that

W(s) > comin{min |s — z]|?, |n|*}, Vs € R;

(H6) Let fs(y) :== 9(FEo + E1)2(z§ + 322 + 3yza(yzs + 22)), then

fe(y) — (Ao + Boy)3 >0, foreveryy > 0;

(H7) Let fr(y) = Q(Eo + 2E1)2 2222’21 + ZJSZ:'%Zsl + 3y22231(y23 + 22)), then
4

fo(y) — (Ao + Boy)3 >0, forevery y > 0;

(H8) Let

2 _ 2
fs(y) == 9(Fy + E,)? (zgzzl + Y25 2s — 3(y 212 — Z271) )

4221 + yz31)
then,
fs(y) — (Ao + Boy)3 >0, foreveryy > 0;

These technical assumptions are used to guarantee that the microstructures con-
structed in Section 5.2 are energetically preferable to those constructed in Proposition
5.6.1 and Proposition 5.6.2 (see also Figure 5.7). Here by microstructure we mean the
shape of a building block which is repeated quasi-periodically in configurations of low
energy for I°. The period gets smaller with . The preferred microstructure clearly
depends on the position of the wells, that is on 2z, 29, 23, and on the cost of passing
from one well to the other, that is on Ey, Ey. (H6) and (H7) reduce to checking that
two cubic polynomials are non-negative on R. (H6)—(HS8) can be verified easily with
a computer and hold in a wide range of cases. We refer the reader to Section 5.6.1

for more details and for a couple of examples.

The first result that we prove is a second I'—limit for £

Theorem 5.0.1. Assume (H1)-(H8). Then I¢(u,v) I'—converges in the L*(0,1) x
L2.(0,1; M) topology to

fu=0 ve GYM)
Ay [ va(z) da 4 By [Pon(zg)dz, T ’ )
(u,v) = o Jo valzz) ot Bo Jy volza) do. suppv C Z a.e.,

~+o00, otherwise.
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We remark that, as v € GYM™(0), and suppr C Z a.e., we must have

1

1
/ Ve(23)da = 23 — =21 Ve (22) da.
0

Z231 Jo

On the other hand Ay < By, so that I 9(0,v) is a linearly decreasing function of

fol Vy(22). Therefore, the minimum for I° is attained for

1 1
/ Ve (23) da =0, / V() dw = 25,
0 0

Thus minimizing sequences for £° have gradients tending in measure to {z, 29}, and
z3 is not seen in the limit. That is, the vanishing interfacial energy limit selects a

unique minimizer out of the infinitely many minimizers of £°.

As shown in Section 5.6, (H7) and (H8) are necessary conditions to prove the
above I'—limit result. Nonetheless, it turns out that we can characterize the set of
gradient Young measures generated by minimizing sequences for /¢, even without the
second I'—limit for £. This is the result of the following theorem, where also (H6) is

relaxed:

Theorem 5.0.2. Assume (H1)-(H5) and z3 < 3|z1|. Then every gradient Young

measure v € GYM™(0) generated by a sequence ui of minimizers for £%, satisfies

21

supp v, € {21, 22}, Vp = Oz a.e. € (0,1).

22 — 21 ! 22 — 21

In this way we have shown that, in our case, even if the set of gradient Young
measures minimizing £° has infinitely many elements, its subset generated by mini-
mizers for the regularized and rescaled problem ¢, which are also minimizers for £,
contains just one element.

Therefore, the one-dimensional model problem studied in this chapter confirms that
vanishing interface energy can be used as a tool to select minimizing gradient Young
measures. This suggests that for the three-dimensional problem FE the set B is actu-
ally much smaller than A. Furthermore, our results show that the shape of the second
['—limit for £ might change with the shape of ¢. Nonetheless, as in our model prob-
lem, it might be possible to characterize B independently of the second I'—limit for F*.

The plan for the chapter is the following: in Section 5.1 we prove Proposition
5.0.1, in Section 5.2 and 5.3 we compute some upper and lower bounds for /°. Section

5.4 is devoted to prove Theorem 5.0.1, while Section 5.5 is devoted to prove Theorem
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5.0.2. Finally, in Section 5.6 we sketch necessity of (H7)—(H8) and give an example
where (H7)-(H8) hold, and one where they don’t.

In the following sections we will denote by ¢ a generic positive constant depending
only on the parameters of the problem, and not on the quantities N, M,n, e, u,j

appearing below. Its value may change from line to line or even within the same line.

5.1 Proof of the first ['—limit

In this section we prove Proposition 5.0.1.

We first observe that, as £(u,v) is a monotone sequence in &, the I'—limit
exists and is given by the lower semicontinuous envelope of the pointwise limit of the
sequence (cf. [25, Remark 1.40]), that is, the I'—limit is given by

1 2 . .

Ve, W) 4+ u®)dzx, ifueV,v, =0, ae. in (0,1),
~+00, otherwise,

where sc denotes the lower semicontinuous envelope with respect to the topology

L*(0,1) x L2(0,1; M). We first claim that (5.6) is equal to

I3 (v, W) + u?)d, if u.e W(0,1), v, € GY MP(u), 57
sc .
+00, otherwise,
that is we can relax the requirement v € V,v, = d,,¢) a.e. in (0,1). Indeed,

given an u € W,7(0,1), we can approximate it by uw/ € H?(0,1) such that v/ — u
strongly in VVO1 ?(0,1). Therefore, by passing into the limit as j tends to oo we
can drop the requirement v € H*(0,1) in (5.6). Now, let v € GYMP(u) for some
u € Wy?(0,1). Then by [69, Thm. 8.7] we know the existence of a sequence u/ €
W?(0,1) converging weakly to u in W'?(0,1), strongly in L*(0,1), such that 4,
converges to v in L% (0, 1; M). Thanks to [69, Lemma 8.3] the sequence can actually
be chosen in W, (0,1). Therefore, the fact that (cf. [69, Thm. 6.11])
limjinf /1<6u;, W)dx > /1<Vx,W> dz,
0 0

allows us to drop also the requirement on v that v, = d,, () in (5.6), concluding the
proof that (5.6) is equal to (5.7). We now claim that we can drop sc from (5.7), that

means, that

[ (v, W) + u?)da, if w e W(0,1),v, € GY MP(u), 58)
~+00, otherwise, .
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is already lower semicontinuous in the L2(0,1) x L2 (0, 1; M) topology. To prove this
claim, it is sufficient to show that for every sequence (u;,17) € L*(0,1) x GYM(u;)
converging to (u,v) in L*(0,1) x L (0,1; M), we have liminf; £%(u;, 17) > E%(u,v).
We will follow the approach devised in [20]. If liminf; £%(u;,17) = oo, the thesis
follows trivially. Therefore, by passing without loss of generality to a subsequence,
we can assume E%(u;, /) < C. By (H2), this implies that

1
/ WP de < C,
0

and, by [77, Thm. 3.6], we deduce that v, is a probability measure for almost every

x € (0,1). Jensen’s inequality and the fact that |- [P is convex yield

1 1
/ |72Pde < / Wi |- |Pyde < C, where v o= / sdi?(s).
0 0 R

It follows that 7/ — » in LP(0,1) and, therefore, that u; — w in WP(0, 1), where u, =
v. A result like the one in [77, Prop. 4.5] finally gives us that v € GYM”(u). At this
point, an application of [77, Prop. 3.7] allows us to deduce that liminf; £%(u;,v7) >
E%u,v), thus concluding the proof.

Remark 5.1.1. Following the same strategy it is actually possible to prove that E°
and E° T'—converge in the L*(Q) x L% (€; M, (R**?)) topology to E as € — 0.
5.2 Construction of an upper bound

In this section we prove the following proposition:

Proposition 5.2.1. Assume (H1)—(H5). There exist ( > 0 and £y > 0, such that for
every A1, A2, A3 € [0, 1] satisfying

)\1 + )\2 + /\3 = 1, Zl/\l + ZQ)\Q + 23>\3 = 0, (59)
and every € < g9 we can find u € V with
I#(u) < (Agha + Bo)s) + c£°. (5.10)

1
Furthermore, for every o € (emaxB.a} 1)

1-2((0,1) N {Jug — 22| < 0}) = Aa| +[L((0, 1) N{Juy — 23] < 0}) = Ag| < e (5.11)
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Proof. Here we generalise the approach devised in [60]. Let us divide the interval
(0,1) into the subintervals (0,ly), with lp := (1 — 2)As = 221A9 and (I, 1), noticing
that, by (5.9), 1 -1y = (1 — 'z—i’))\g = z31\3. We first construct the bit of v with energy
ApXy in (0,1p), and then use the same argument to construct on (ly, 1) the bit of u

which has energy By\s.

2212 l
N

We start by splitting the interval (0, o) into N pieces of length Iy := =2,

Let us also consider w(z), solution of

d, = /W (w),  w(0)=0. (5.12)

Standard ODE theory tells us that w exists, and that w is strictly increasing with z
when w(z) € (z1,29). We point out that, in case ¢ < 2, the solution might not be
unique. In this case, when solutions encounter z; or zo we choose the one that stays
bounded in [z7, 23] and does not decease/increase further. As w(x — w) still satisfies

the equation in (5.12) for every w € R, we will choose w = w* so that
In
F(w*) = / w(s —w*)ds =0. (5.13)
0

Indeed, this is possible as F' is negative for w — 0o, positive when w — —o0, contin-

uous and decreasing. Now we define w as

() = {w(x —w* —ux;), ifx € (z;,2,41) when i even, (5.14)

w(ri —w* —x), if x € (x;,r,41) when i odd,

where x; ;= ily for i = 0,..., N. We are now ready to construct u as

u(z) == / w(s)ds, (5.15)
0
and to notice that u(x;) =0 for each i = 0,..., N by (5.13). By (5.12) we have
Ti+1 Ti+1 1 22 1
/ (e*u2,+e W (uy,)) do = 25/ (W ()| 2 |ty | dz < 25/ |W(s)|2ds = eE.
x; Tq 21

On the other hand, called z} the point in (z;, 2;41) such that u,(z}) = 0, and assuming

*
%

without loss of generality that w, > 0 in (z;, 2]) (the case u, < 0 is similar), we have

/ " da < / i (2o — xi))2dx + / - (z1(is1 — :r))Qd:)s = 37" (250" + 2197 1%,
Z l i (5.16)
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where
a =2 ((xo, 1) N {w > 0}) 13", v =2 ((zo,z1) N {w < 0}) 15"

Therefore,

lo
/ (e*u?, + e W(u,) +e*u?)dz < N (3_15_2 (z50® + 259%) 13 + 5E0)
0

(5.17)
=l (3_1 (zgoz‘3 + zfv?’)dg + Eodg_l) ,
where d. = . Now, chosen 7 € (0,7,) we notice that
In
0= / w(s —w*)ds < (zma+ (z1 +n)Y)In + 1, (5.18)
0
with 7 := —(21 + 1)L ({s: w(s — w*) € (21 +1n,0)}). But r can be estimated as
follows: we can rewrite (5.12) in terms of 0 := W — 21 as
¥, = —/W (0 + 21), 0(0) = —2z,
where we also made the change of variable y = —z. Now, called y* the point in R

where 0(y*) = no, by (H5) we have
e, (y) < —¢, for all y € (0,47,
for some ¢ > 0. After an integration in y between 0 and y*, this leads to
vt < e e (|z] —mo) < gt
In the same way, when n < 0 < 19
3 max (3.}

30, < —cold|? < —colo]” 2,

where we made also use of (H5). Let us now denote by ¢ the point in R* such that
0(g) = n. An integration between y* and g yields
gy < ety
Thus, as Z({s: w(s —w*) € (21 +1,0)}) = ¥, we have obtained
] < |z < eyt (5.19)
This together with (5.18) thus imply

Z
v <

< o+ cr, 5.20
Py (5.20)
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{3 a}

where 7 := 1 + Ne&3n'~ . On the other hand,

!
0= / w(s —w*)ds > ((22 — n)a+ z17) Iy + 11,
0

where now r; = (20— 1) Z({s: w(s—w*) € (0,20 —n)}). By arguing as to get (5.20),
we have

z9
Rk <~v+cr,
|21]

and, as o + v = 1, by (5.20) we thus deduce

21

—cr<a<
21— %2 21— %2

+ cr.

The fact that, by construction, [y lejzz) = Ay also implies

Ay —crF < aly < Ay +cF. (5.21)

We now choose N as the smallest even integer larger than ly(ed*)™", where

1

d* = (3Ey)3 (2»”10 (1—@»_5.

21

4
In this way, d. < d*, d-' < ce+(d*)™' and N < ce™!. Let us also choose n = gmax{3.a} |
4 4
so that 7 < cemaBal and em=xBG.a¥ < 1 for each ¢ < gy < 1. By exploiting (5.20) in
(5.17) we thus get

lo
/ (e*ul, + W (uy) +e%u?) dz < o (3 'a23 (1 - )d2 + Eod- ) + cF
0
< zo<3 NG (1 — 22Vd? + Byd: )—i—cf (5:22)
21
S /\QA() + cr.

4
Here and below 7 := emax{8.a} 4 ¢. We remark that a depends on e, but for every

o€ (5"‘“%3"1} ,Mo), we have that
Z((0,10) N{|uy — 22| < 0}) =y — R, (5.23)

where R = N.Z((xg,z1) N {s: 0 < w(s) < 2z — 0)}. By arguing as in the proof of
(5.19) with 7 replaced by o, we have that |R| < cNol™max{3ate3 < copmax{3at2,
Thus, since we assumed o > 5m, we deduce |R| < ce. Therefore, by recalling
(5.21) with n = 5m, from (5.23) we finally obtain

1-2((0,10) N {Jug — 22| < 0}) — Xo| < ce T ET + ce. (5.24)
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Figure 5.2: Piecewise approximation of the constructed function: in Figure 5.2a we
show the function constructed in (0, o), whose gradient oscillates between z; and zs.
In Figure 5.2b we show the function constructed in (ly, 1), whose gradient oscillates
between z; and zs.

Let us now focus on the interval (ly, 1), where we want to construct the part of
u related to the By—term of the energy in (5.10). This part of the argument is very
similar to the one above, but, as there might be no solution to (5.12) connecting z; to
23, this time we need to construct an u whose gradient is slightly more complicated.
Below, we try to highlight the differences from the case above without incurring into

many repetitions. Let us consider w to be the solution to
i, = VW (W),  w(so+2u"™) =2+ p, (5.25)

where sy > 0 is such that @(sg) = 2o — p, @ is as in (5.12), and 6 = 3(max{q, 3} — 2).
Here and below p = Emax{;q}ﬂ, so that ;¥ = 3. We remark that am argument as the

one to prove (5.19) yields

31— max{3,q}

S0 < ce’ < ce?,

so that sy does not explode but actually goes to zero faster than €. Again, if ¢ < 2 w

might not be unique, but we choose the one which stays bounded in [z, z3]. Let us

define v as
w(s), if s < s,
v(s) = q (s —s0) + (22— p), ifsg<s<sg+2uftt
w(s), if s+ 2uft! < s.
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Again, we divide (g, 1) into M subintervals of equal length I, := M~*(1 — [y), and

notice that, as v is strictly increasing, we can find w, such that

I
/ v(s —w,)ds = 0.
0

As in the previous part of the proof, we construct

(5.26)

(2) v(x — we — i), if x € (y;,yi+1) when i even and i # 0,
w(z) =
V(Yir1 —we —x), if 2 € (y;,yi41) when ¢ odd,

with y; := lo+ily, fori =0,..., M, and u as in (5.15). We remark that, as in general

lm w(s) = (~w) # (),

w needs to be defined differently in (yo,%;) in order to be continuous and to have

u € H?*(0,1). For this reason, we construct w as follows in (yo, y1):

(

w(—w*) + =2 (2 —w(-w")), ifz € (yo,90 + p),

21, ifz€(y+pyot+pt+a),
w(r) = 21+W(23—Z1), ifxe(yo+p+a,y+2p+a),

23, if v € (yo+20+a,y1—p),

(W(—ws) + 2 (25 — w(—wy)), ifz € (y1 —p, 1),

where p = €3, and a is such that f;;l w(s)ds = 0. We point out that such a exists for
each € < g, for some gy < 1 depending on z; and z3 only. After defining u in (yo, y1)

as in (5.15), we have u(yy) = u(y;) = 0 and

1 vi
/ u?(s)ds < (max{|zl|,z3})2/ (s —yo)*ds < cl3,

Yo Yo
Y1

W(u,(s))ds < ep,

Yo

Y1
/ [t (8)[*ds < cp!

Yo

Thus,
Y1
/ (e'u2, + W (uy) + e %u?) ds < cle + e 2M72).

Yo
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On the other hand, if i > 0, by the definition of Ej, F; and by the way we constructed

u we have

Yit1
/ (e*u2, + W (u,)) da

Yi

29 L 23 L
<2 (/ (W (s)|z ds + / W (s)|= ds) +ep® T (et 4 e7?)
21 z2

e(Ey + Ey) + cpe.

Furthermore, once defined

B =2 ((y1,y2) N{w > 0}) 13/, v =2 ((y1,y2) N {w < 0})15/,

by arguing as in the proof of (5.16) we deduce

Yi+1
/ u? < 37N (26 + 21y

Yi

Therefore, collecting the inequalities above

1
/ (e, + e W(uy) + e %u®) do < c(peM + e+ >M™°)
lo (5.27)

+(1 =) ((Bo + BORZ 437 (36" + 21902

where now h. = 2. As in (5.18) we have

Im
0= / v(s —w")ds > (217 + (25 — ) B) s — 72,
0
with ry := (23 — )L ({s : v(s —w*) € (0, 23 — p)}). We first notice that

ro = (23 — ,u)(,u“l + 50+ 2L ({s:w(s) € (22 + p, 25 — ,u)}))

Thus, by arguing as in the proof of (5.19) we first deduce

1 max{3,q}

L({s:w(s) € (z0+ p, 23 — p)}) < eePpl= 0,

and therefore

‘r2| S C( 3M17max{3q} +/,L0+1> < C€ (528)

Define 7y, := Me? 4 p, then (5.28) implies

z
|Z—jﬁ < v+ . (5.29)
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In the same way, we can prove that

Z3

v <
|21]

B+ cia, (5.30)

and, recalling that 5+~ = 1, by (5.29) we obtain

zZ1 Z1

—cry < B <
21 — 23 21 — 23

-+ CFM.

Since, by construction, (1 — [y)—2— = A3, we also have

21—23

)\3 — Crypr < ﬁ(l — lo) < )\3 +cra- (531)

Then, after choosing M to be the smallest integer larger than (1 — ly)(ed5) ™!, with
1 _1
dy = (3(Bo + B))* (280 - )23 (1= 2))
<1

and exploiting (5.30)—(5.31), (5.27) becomes

1
/ (e*u?, + W (uy) + e %u?) da

lo

< (1=l ((Eo + EDh 437 01— 1) (1 - ?) hﬁ) et
1

S ﬁBg(l - lo) + cr
< BoAs + cr,
where 7 = ¢ + u. Here, we repeatedly used the fact that M < ce™!, M~! < ce and

that u,e < 1 in order to estimate the above error. This together with (5.22) proves
(5.10).

Now, since o > cmalsal > I,
2 ((lo, 1) N{|ug — 22| < 0})
<Z((lo; 1) N {Juz — 2| < pu}) + 2 ((lo, 1) N {p < Jug — 20| < 0})

max{3,q}
< eM(pftt 4 o0t {39 )+ep < 0(820_7max{3,q} +571M9+1) Yop <oes,

where we argued as to get (5.19) in order to bound £ ((lo, 1) N {p < |u, — 22| < 0}).

Furthermore,

L ((lo, 1) N {[ug — 23] < 0}) = B —1lo) + Ra — Blar + L ((yo, 11) N { | — 23] < 7)),

where Ry := (M — 1).Z((y1,y2) N {v(s —w*) € (0,23 — 0)}). As Ry < cM|ry| < ce

and )y < ce we have
‘f((lo, )N {Jus — 23| < o}) — (1 - lo)‘ < ce.
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Now, (5.31) implies
[As = B(1 —lo)| < ery < e,

and hence, by the triangular inequality,
|$<(lo, 1) N {"LLI — 23‘ S O'}) — )\3‘ S Ccr.

This together with (5.24) lead to the second statement of the result.

5.3 Construction of a lower bound

This section is the core of this chapter, and is where we prove a lower bound
for the energy depending on the volume fractions A} (v) defined in (5.32) below. We
point out that the presence of a third well gives the possibility of many different
microstructures (see e.g., figure 5.2b and figure 5.7), and makes the estimates below

long and technical.

Let 79 > 0 be as in (H4). Given a generic v € H?(0,1), n € (0,70) let us define

the k-th volume fraction for v as
M) =L ({z € (0,1): Jvg(z) — 2| <n}), k=123, (5.32)
and let us also generalize the definition of transition layers given in [60]

Definition 5.3.1. Let v € H?*(a,b) and n € (0,m0). An interval (z~,x") is called
Al —transition (resp. A" —transition) layer for v if
Ux<x) < (Z1+777Z2_77)7 Vo e ($_7$+)7
(@)=t (resp. va(e?) = 2+ 1),
va(ah) = (resp. va(27) = 22— ).

An interval (x~,x") is called B —transition (resp. B! —transition) layer for v if

Ux(l') S (22 + 1,23 — 7])7 Vo e (xialﬁr)a
V(7)) =20+, (resp. vy(27) = 20 + 1),

va(2") = (resp. vp(27) = 23 — ).
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Given a function v € H?(0,1) and 1 € (0,7) we denote by #A (or by #A",
#B, #B") the number of A” —transition layers for v (resp. #A”, #B, #B"
transition layers for v) in the interval (0,1). The number of transition layers of a

function v with bounded energy can be controlled nicely:

Lemma 5.3.1. Assume (H1)—(H5), n < ng, and let € > 0 and v € H?*(0,1) be such
that I*(v) < C. Then, there exists ¢ = ¢(C) > 0 such that

max{#A", #A", #B1, #B"} < ce.

Proof. Let us first recall that, given 0 < a < b < 1 we have

b
/ ("2, + W (vy)) dz > 26/ VW (03)Vaa| d > 22| H (0,(b)) — H (vs(a))],
’ (5.33)

where H(s /W r)dr.

Now, let us restrict ourselves to the case of the Al —transition layers, as the
proof for the B! —transition layers follows the same strategy. Let (x7,2") be an

A"l —transition layer, then by (5.33) and the fact that n < 79 we have

zt

[ e W) do > 2e(H o — ) — H o+ ) > o2

for some positive constant ¢. Summing all the AL —transition layers we thus get
C > If(v) > ec(#AT + #A"),
which concludes the proof. n

We can now introduce also the D—intervals, which are the intervals between an
A" —transition layer (y~,x~) and the first A” —transition layer (y*,z") in order of

appearance in (0, 1) after (y—,x7) (see Figure 5.3):

Definition 5.3.2. Let v € H?(a,b) andn € (0,m0). Let (y—,x~) be an AT —transition
layer for v and (y*,x™) be an AT —transition layer for v, with = < x. We say that

(y=,y") is a L—interval for v, if
v(z) > 2141, foreachz e (y ,y"), and va(y™) = valy™) = 21 + 1.

If (5.34) holds, the interval (x=,x7") is called a D—interval for v.
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A" Al D—interval AT

L—interval

Figure 5.3: Example of L—interval and D—interval defined in Definition 5.3.2. In this
picture, the red, the blue and the green intervals are respectively the sets of points
where |v, — 21| <, [vy — 22| < 7, and |v, — 23] < 1. The Bl —transition layers are
coloured in yellow.

It is important to notice that v, might take negative values in a D—interval. For

every v € V, the number
N, = number of D—intervals for v in (0, 1),

is finite. Indeed, for every v € V| v, is continuous and N, is equal to the number
of Al —transition layers, which is finite by Lemma 5.3.1. We denote by D; the i-th

D—interval in order of appearance in the interval (0,1), where i goes from 1 to N,,.

This means that, given two D—intervals D; = (z;, ;") and D; = (2,2 ), we have

that ;" <z} if i < j. The same can be done for L—intervals. Given v € H*(0,1) we

define also the following quantities

al(v) :

pi(v) :

ZL({z € Di: |va(z) — 22| <n}),
ZL({z € D;: |va(z) — 23] < n}),

measuring the subset of D; where v, is respectively close to z3 and z3. For ease of
notation, we omit the dependence on v of «, 5! and A]. In what follows we will
also drop the 7 from o, B!, keeping their dependence from this variable implicit. We

remark that, denoting Dy = (27, 7), Dy, = (2}, 2} ), we have
Ny
Zai —|—$({ZL’ € (07‘7;1_) U (I;Ua 1) |Ux($) - 22| S 77}) - )‘37
i-1
Ny
Y B+ L({ze(0.a7)U(af,, 1) |valz) — 2] < n}) = AL
i=1
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lo b

a b— 1 — 1 b

Figure 5.4: The aim of Lemma 5.3.2 is to show that, on the interval (a,b), the
L?—norm of the red function in this picture is bigger or equal than the L?—mnorm of
the blue one. Here both, the red and the blue functions, are piecewise linear, with
derivative in {0, 7,72} for almost every = € (a,b). Furthermore, Cy,Cs are the sets
where the derivative of the red function is respectively 7, and 75. We have I} = Z(C;),
lo = Z(Cy), that is, the measure of the set where the blue curve has gradient 7 (resp.
T2) is equal to the measure of the set where the blue curve has gradient 7, (resp. 72).

and that, in general,
Below, we estimate the energy of a generic v € V on every D—interval in terms of

the quantities «y, B;. In order to do that, we first need to prove the following lemma

whose meaning is given in Figure 5.4

Lemma 5.3.2. Let 0 < a <b<1, and let C;,Cy C (a,b) be two Borel sets such that
CiNCy= 9. Let also 7 > 11 > 0. Then,

2 Z(C1) Z(C2)
/ (Z 7.2 ((a,x ﬂC)) dz 2/ (r12)? dx—i—/ (11Z(C1) + T2)? da.
0 0

1=1,2

(5.35)

Proof. Let us define l; := Z(C;), i = 1,2. The right hand side of (5.35) can be

rewritten as

l1+12 b
/ g*(x)dx = / X (b—11 —1s,b) (2)g*(x — b+ 1y +1y) du,
0 a

where g(x) := mixxoun) () + (11 — 72)l + 722)X @ 1 +1,)(7) and xp is the indicator
function on the Borel set B. Therefore, in order to prove (5.35) it is sufficient to show
that

ZTZ a i DC) ZX(b—ll—lg,b)<x>g(~r—b+ll+l2>,

1=1,2
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for every # € (a,b). Suppose not, then there exists & € (a,b) such that g(z) <
X(b—t1—1o6)(2)g(& — b+ 11 +13). As g,g > 0in (a,b),  cannot be in (a,b — 1 — l5].
Suppose without loss of generality that & € (b —l; — I3, b — [3]. The same argument

can be used to get a contradiction in the case where & € (b — l3,b). Then,

§(@) =nl+ b — Y HL((#0)NC) <7i(d—b+1 + 1) = g(@),

i=1,2
that is,

nh+nb—l—2) <Y nZ((#b)NC).

i=1,2
On the other hand, as Cy,Cy are disjoint, we have

> mZ((2,0)NC) = Taly + 2 (L((£,0) N C2) — Io) + 1L ((2,0) N Cy)

1=1,2

S TQlQ + T1 (g((i’, b) N (Cl U Cg)) — lg) S 7'2[2 =+ Tl(b — .’IAZ' — l2)
Combining the last two inequalities we thus get a contradiction. O

Remark 5.3.1. By arguing as in the proof of Lemma 5.3.2, and under the same
hypotheses, (5.35) can be easily generalised to

2 Z(C1) Z(C2)
/ <T0—|-Z 7.2 ((a, x)NC; )) dz > / (To+117)? d:U—i—/ (To+711ZL(C))+mox)? do
a 0 0

for any 79 > 0.

We can now start to estimate the energy in the D-intervals. Thanks to the
following lemma, we can restrict our estimates to those D;’s where «; and [; are

neither too small nor too big.

Lemma 5.3.3. Assume (H1)—(H5), and let v € H*(0,1), n € (0,m9) and € < n? be
such that I¢(v) < C, with C > 0. Then, there exist R,, R*(C) > 0 such that for any
L; = (y;,y;"), with max{ay, 3;} > R*e or max{ay, i} < R.e,

Yi
/ (e*02, + e 2 W (vy) + e *0%) dz > Agay; + Bof;. (5.36)
Y

Proof. First we want to prove that if «; or §; is too big, then v is growing too much,
and hence its L*—norm on D; is big enough to show (5.36). In order to do this, let
max{;, §;} = Re for some R > 0. As

v z;
/ (e*2, + e W (vy) + e %0%) da > 52/ v? du,
Y T

i i
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we are interested in an estimate of the right hand side. We assume the existence of

xf € (x;,z]) such that v(z}) = 0, but the following estimates hold in the case v > 0

(or v < 0) in (z;,x;) by taking z} = x; (resp. x} = z). Assume also without loss

1 7%

of generality that

171 171

max{.Z ((z},z7) N {|ve — 22| < n}), L((a], ) N {[ve — 23] < n}) } = €§, (5.37)
the alternative case where

max{ 2 (a7, 25) 0 {fos — 2l < 0}). 2 (x5 1) O {fos — 5l <))} 2 <,

[}

can be proven similarly. We remark that, as (y; , ;") is a L—interval for v, v,(z) >

z1 +n for each x € (y; ,y;"). Therefore,

v(x) > /I vy dx > (29 — n)f((x;",x) N {vw — 29 > —n}) (5.38)
+ (21 +0) L ((zf, 2) N {z1 + 1 < v, <0}).

Now, we notice that
ZL((zf,x) N {z1 +n<v, <0}) <2,
where
Y1i={x € (0,1): |vy — 2| >n, Yk =1,2,3}. (5.39)
Thus, by the boundedness of I°(v) and (H5), we can write
1
COX(E")U‘I < W(v,)dx < / W (v,)da < Ce?,
= 0
which implies
LX) < ce’nl. (5.40)
It follows then from (5.38), (5.40) and € < n? that

v(z) > e (2], 2) N {v, — 22 > —n}) —ce, (5.41)

for every x € (z},z;) and some positive constant ¢. Therefore, thanks to (5.37),

17

together with Lemma 5.3.2 with 7 = 0,

&2 /Ii+ (f((xf,x) N{vy — 22 > —n}))de

¥

£
262/
0
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2/ Z v?dr + ce?(x] — x7)

*

v

R A
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which, by using the fact that
(] —x}) <2Re + Z(¥") < cs(1+ R), (5.42)

yields

v
/ (e"2, + W (v,) + e %% dz > eR® — ce(1 + R), (5.43)
Y

7

for some ¢ > 0. On the other hand, there exists ¢* > 0 such that
AQO&Z' + BOB@ < c*Re. (544)

Therefore, setting R* as the biggest root of ¢R* = (¢ + ¢*)(R + 1), we deduce that,
if R > R*, (5.43)—(5.44) imply (5.36). On the other hand, we recall that in every
L—interval there are exactly two A’ — transition layers. By (5.33) we thus have

+ +

Y; Yi
/ (e"2, + W (v,) + e %) da > / (g2, + W (v,)) dz
Y Yy

A 7

Z 48([‘[(22 — 77[)) — H(Zl + 770)) 2 86,

for some ¢ > 0. Hence, if we set R, = £, by (5.44) we deduce that (5.36) holds for
every R < R,. We remark that R*, R, do not depend on 7,v,e,n in any way. R, does
not depend on C' either. O

Let n; be the even number of B —transition layers for v in D;. If n; = 2, we
denote the B and the B” —transition layers for v in D; respectively by (2 1,2;1)
and (z;,,2,), and we define E; as E; := (2, 2,,). We remark that, in general,
Bi < Z(E;), but that v,(x) > 2z 4+ n for every x € E;. We now prove an estimate for
the L?—norm of v in the D;’s. The estimates are different for the different types of

D—intervals given in the following definition (see Figure 5.5)

Definition 5.3.3. Let v € V, n € (0,19) and ¢ < n? be such that I*(v) < C, with
C > 0. Let D; = (z;,x;) be the i—th D—interval for v, and n; € 2N be the number

10

of Bl —transition layers for v in D;. Then we say that D; is of
b type 0: Zf maX{aiuﬁi} ¢ (8R*7€R*);
e type I: if max{a;, 3;} € (eR.,eR*) and v(z; )v(x;) > 0;

1 -

o type II: if max{ay, B;} € (eR.,eR*), v(z; )v(x]) < 0 and either n; = 0 or
n; Z 4;'
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(b) D—interval of type II

interval of type I

(a) D—

=+

(d) D—interval of type IV

interval of type III

(c) D—

Figure 5.5: Classification of D—intervals. In this picture, the red, the blue and the

green intervals are respectively the sets of points where |v, — z1| < 7, |ve — 22| < 7,

and |v, — 23| < 7. The B]—transition layers are coloured in yellow.
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e type III: if max{«;, 3;} € (eR.,eR*), v(z; )v(z]) <0, n; = 2 and there exists
xf € E; such that v(x}) = 0;

e type IV: if max{w, B;} € (R, eR*), v(z; )v(z]) <0, n; = 2 and there exists
no z; € E; such that v(x}) = 0.

In this definition R., R* are as in the statement of Lemma 5.3.3.

We are now ready to prove the following lemma:

Lemma 5.3.4. Assume (H1)-(H5), and let n € (0,10), ¢ < 0%, and v € H?*(0,1)
be such that I°(v) < C. Then, for every D; = (z;,x]), such that max{c;, 3;} €

(R.e, R*e), with R., R* as in Lemma 5.3.3, we have
zf
/ v?da > 37 h(y, Bi, 1) — ce®n, if D; is of type I, (5.45)
ot
/ v*da > 127 h(ay, Bi, 1) — e, if D; is of type II, (5.46)
xF
/ v?dx > 37 h(oy, Bi, Wi, W) — cen, D; is of type I11, (5.47)
K2 z+
/ v*dx > 37 (o, Bi, W) — ce’n, D; is of type 1V, (5.48)

where
ha,b,w!) == z5a° + 230> + 3(23w (wf — 1)a® + abzowf (2w, + 235)),
h(a,b,w?, w?) := 3abzs (wiw? (zowfay; + z3w!B;)) + 3(z3wi(wf — 1)a® + z5wf (w) — 1)b?)
+ z5a% + 236 + 3abzs (1 — w) (1 — w))(22(1 — W)y + 23(1 — w))B;)),
and w,w? € [0,1].

Proof. Let us first focus on the case v(z; )v(x]) < 0. We notice that the continuity of

v, implies the existence of z} € (z; ,z;) such that v(x}) = 0. We estimate separately

1 7%

a9 L) : : ——
[+ v*ds and [ v?ds. Let us start with the first. As v, > 21 + 0 in (27, 2]), we

17

have

v(x) 2/ vede > Y (z—n)Z (2], 2) N {|ve— 2l < 0}) + (214 0)L(27) (5.49)
3 k=2,3

where X7 is as in (5.39) and satisfies (5.40). It follows then from (5.49) and the

assumption max{cq;, 3;} < R*e that

v(x) > Z 2 ((xf, 2) N {|vy — 2| <)) — C% — 2enR", (5.50)

k=2,3
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for every z € (x},z;). We now use the fact that, as n € (0,1), (1 —n)(a + b)?

a® + 2n~1b?. This yields

+ zF

(1—mn) /x (v(z) + (e~ + 577))2dx < / Co2dr + ci(z; — xf), (5.51)

* *

;

with 7 := 771 (e?n77 + en)?. On the other hand, by Lemma 5.3.2,

/;f (v(x) + 0(527)*‘1 —|—€77> dx > /x (Z Zkg =5 2) N {|Um _al< 'r]})>2dx

a .

Wi o 5)61
> 22 / v dx + / (232 + 20wl dw
0 0

23_1(2’;(&}?@1) +Z3( bﬁ@) +gO(aia6’i7w;}7wf))
(5.52)

where, w®” € [0,1] are such that

L (2}, af) n{|ve — 22| <n}) = wiag, L((xf,27) N v, — 23] < n}) = wiB,
(5.53)
and go(a, b, w®, w’) = 3zpabww’(zaw® + z3bw®). Therefore, putting together (5.51)-
(5.52), by (5.42) we obtain

+

/ "2 de +ee(14+R)r > (1 — n)3_1(z§(w§‘ai)3 + 22(whB)? + golau, ﬁi,wf,wf)).

*
i

Recalling max{a;, 3;} < R*c and noticing that ¢ < 797! implies 7 < 4e?n we hence

have

/ vide 4 ce®n > 37 (22(w ;) + 22 (wlB;)? +go(ai,5¢7wf,w§)). (5.54)

*
k3

In the same way, we prove

/Z vidr +ceen > 37 (5 (1 — wi)ai)® + 25 (1 — w))Bi)® + go(cu, Bi, 1 — wi, 1 — w?)).
(5.55)

It turns out that if we sum (5.54) to (5.55) the right hand side is a convex quadratic

polynomial in w®, w? with minimum in wf = wW? =

from (5.54) and (5.55) we finally get (5.46). The estlmate (5.45) follows again from

(5.54) (or (5.55)) if v(z;) > 0 (resp. v(x]) < 0) which can be deduced via the same

argument by setting x¥ = x; (resp. =} = z;7). In this case, the above estimates hold

ab
. Therefore, optimizing over w;

1 Y

with wf, w? =1 (resp. w,w? = 0).
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Let us suppose now that v(z; )v(z;") < 0 and that n; = 2. We notice that if 2} ¢ F;,
it must hold w? € {0,1} and we get, after assuming without loss of generality that
w? = 1, (5.48). On the other hand, if z; € E;, by using Lemma 5.3.2 first with
T = 23,71 = 0,4y = {z € (z},2]): |va(z) — 231 < n}, (a,b) = E; and then with
Ty = 20,71 = 0,4y = {z € (2}, 2]): |va(x) — 22| < n} (cf. Remark 5.3.1), we can
modify (5.52) as follows

/( > (@) {Jus ] < ) ae

[

w?ﬁ,‘ wi oy
2 / z?dr + / (207 + z3wPB;)? do
0 0

_ a <z a
> 37 (B (wia)® + 23 (w8)° + Zgolan, i wf W)
2

v

which by (5.51) becomes
+

/ " tdr + ce®n > 371 (23 (wlai)® + 22 (WiB)® + ?go(ai,ﬁi,w?,wf)).
1’2‘ 2

In the same way, we prove

*

/ "2 da + cen

)

(5.56)

ya
> 37 (25 ((1 — wiay)® + 25((1 — w))B;)® + 2—290(0% Bi, 1 —wi, 1—w))

By summing up the last two inequalities, we hence get (5.45). We remark that, in this
case, the determinant of the Hessian matrix of h with respect to w?, w? is negative,

and hence h cannot be bounded from below by choosing w® = w? = 3. O

The lower bound for fol v%(s) ds on the D—intervals is sufficient just in the case
where a D—interval is of type I; in the other cases we need also a lower bound of

the L2—norm of v in the region where v, < 2; + 7 (see Figure 5.6). This is done in

Proposition 5.3.1 below.

Proposition 5.3.1. Assume (H1)—(H5) and let C' > 0. Then, there ezists n =
m(C) € (0,m0) such that, for every n € (0,m), € < ™t and v € V satisfying
I5(v) < C, there exists a collection of (possibly empty) Borel sets ¥;, i = 1,..., N,
such that

LNy, =NNL;=%NL =2, forevery j #£ie€{l,...,N,},
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G Al D, ATGEAT Din AT G
Li Li+1

Figure 5.6: The set 3J; constructed in the proof of Proposition 5.3.1: ¥;.1 = &, while
¥, = XU Y™ where ¢ C G¢, ¥ C G™. In this picture, the red, the blue and the
green intervals are respectively the sets of points where |v, — z1| < n,, |v, — 22| <1,
and |v, — 23| < 7. The B]—transition layers are coloured in yellow.

and, for everyi=1,...,N,,
/ (54?);6 + 72 W (v,) + 6_21)2) dx > Aga; + Bof3;, if D; is type 0,
LiUS;
/ (g2, + W (vy) + e *v%) da > Agay — cen, if D; is type 1/II, n; = 0,
LiUS;
/L . (54%2“ + e W (v,) + e %% da > aifﬁé (%) — cen, if D; is type I, n; > 0,
U2

i

1 .
/ (54U92m + e W (v,) + e %0%) da > oy f7 (&) — cen, if Dy is type II, n; > 0,
LU, o

/ (g2, + e W (vy) + &%) dz > aifsé (%) —cen,  if D; is type III/IV
L;U%; i

(5.57)
where fo, f7, fs are as in (H6)—(HS).

Remark 5.3.2. The first, the third and the fourth lower bounds in Proposition 5.3.1
are sharp up to an error proportional to some positive power of €. Sharpness of the
first bound is given by Proposition 5.2.1. For the third and the fourth bound we refer
the reader to the proofs of Proposition 5.6.1 and Proposition 5.6.2 respectively.

Proof. Let C > 0, v € V, e < 5! with I°(v) < C and n € (0,7;) with 7; to be

determined later. For every i =1,..., N,, we now construct ¥; such that (5.57) hold.

Thanks to Lemma 5.3.3 we can set 3; = @ for all the i’s such that max{ay, 5;} ¢

(R.e, R*e), and restrict ourselves to the case max{a;, 5;} € (R.&, R*¢). Let us notice
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that, by (5.33)

/ (e"2, + e W (v,)) dz
L;U%;

> 2e(H (22— 1) — H(z1 + 1)) + nie(H(z3 —n) — H(z + 1))
2 €<2E0+7’L7,E1) — Cne.

(5.58)

We first deal with the i’s where D; is of type I, and set ¥; = @. Recalling (5.45) we
thus get

y

/ 1 (€4v§x + 6_2W(’Ux) + 5_21)2) dx + cen > (5(2E0 +n;Ey) + 3_15_2h(ai, B, 1))
Y;

> min(d(2Ey +niE) +37'd"*h(ey, ;, 1))

(aia ﬂi? 1)7

Wl

> 3% (Eo + %El)%h
(5.59)

which leads to (5.57) both in the case where n; = 0 and in the case where n; > 0.

Here h is as in the statement of Lemma 5.3.4.

We can hence focus on the i’s where D; = (z;,x;) is such that v(z; )v(z;) < 0.

1)

As in the proof of Lemma 5.3.4 we will denote by x} a point in D; such that v(z}) = 0.
From (5.50) we have

v(z}) > Z 2L ((xf, )N {|vp— 2] <m})—ce®n"—neR* > 2w oy + 23w B — ene,
k=2,3
(5.60)

and, in a similar way, we can prove

v(x;) < — Z 2L (27, 27) N { v, — 2] <n}) + e’ 9+ neR*
k=23 (5.61)

< —(22(1 — wi)a; + 23(1 — w?)B;) + cne,

b

where wf, w; are as in (5.53). We now claim that there exist 7; € (0, 70| depending just

on R,, R* and C, such that, for every n < ny, v(z;) > 0 and v(z; ) < 0. Indeed, we
recall that we are working under the assumption max{a;, 5;} > R.e, and we suppose
without loss of generality that a; > R.e; the case 5; > R.c can be treated similarly.

Suppose first that w; > 7, then (5.60) implies

v(z/

1
) > §z28R* — cne.
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Thus, choosing 1 small enough, we get v(x;) > 0, and, by the fact that v(z; )v(z;) <
0, also that v(z; ) < 0. If w? < 1, then (1 —wf) > 1 and (5.61) yields

1
v(z;) < —§ZQ€R* + cne,

so that for every n small enough v(x; ) < 0, and hence v(x;") > 0.

In the same spirit of (5.60) we have

v(z) —v(zf) > /w vpdz > (21 — )L (2], 2) N {|ve — 21| < n}) — 7, x>z,

2

(5.62)

pa

v(z}) < / Cupde < Z 2L ((2f, 2) N {ve — 2] <n}) + 7 +neR”,
7 k=2,3
(5.63)

where
T = / v, | dex, S ={z € (0,1): |v,(x) — 2| >n, k=1,2,3}. (5.64)
s
We now give an estimate for 7. To this aim, we split > into
7= {z € X" |u,(x)] < to}, 1= {z e X"ty < |v,(2)]},

where t; is such that W(s) > % |s|? for each s satisfying [s| > o, and its existence is
guaranteed by (H2). By (5.40), we have

2
[0, dor < £ L (57) < ¢ (5.65)
7 Uk
On the other hand,
%g(zgmow < [ W(v,)dz < Ce,
=3
implies

LX) < et

Therefore,

—1

g vz ()| dz < ¢ . W%(vm(x)) dz < C(X(Eg))p?’< g W (v, (z)) dx) ’ < ce?,
’ ’ ’ (5.66)
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where we also made use of the fact that I¢(v) < C. Collecting (5.65)—(5.66) we thus
get

7 < / v |dz < c(e?n™ 4 + %) < er, (5.67)
UkZZ
with 7* := en. By (5.62)—(5.63), (5.67) together with max{a;, 5;} < R*e, we obtain
v(z) —v(zf) > (21 — )L ((«F,2) N {[ve — 1] < n}) — e, x>z, (5.68)

7 )

and
0<wv(z]) <clen+r"+e) <ce. (5.69)
Now let
g(@) = v(a) —er” = (|| + 0) L (=], 2) 0 {]v. — 21| <n}).
Let z; € [, 1] be the smallest z in [z, 1] such that g,(z) < 0, and let us set
2= (2, z:) N {|v, — 1] <}

)

The existence of ; is guaranteed by the continuity of v and the fact that v(1) = 0
together with (5.68) imply g5(1) < 0. Thus, ¢ = @ if and only if g,(#;) < 0. Now,
if ¢ # @, that is v(z]") > cr*, by (5.68) we have that

v(z) > go(x) > 0, for ever x € (z}, ;). (5.70)

Now, from (5.70) we deduce that

/v2dm2/ gi(x)dz
2;1 Eg
U(Ij)— *
>(la] + )" / 2de > (2] + ) (@) — e,
0

Here we have used the change of variable y = gy(z), and, in the last inequality,
we exploited (5.69). The same conclusion hods if ¥¢ = &, and hence v(z]) < er*.
Indeed,

/ v?dz =0 > (|z1] +n) i (a]f) — 2.
=

Therefore, as (|21] +n)7' > |21|7' — |21]72n, by (5.60) we obtain
/ v de > 37z | (wley + wfﬁizg)g — cry, (5.71)
=
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where 13, := &3 and we made use of (5.69) and the fact that max{a;, 3;} < eR*. In

the same way, letting
gm(@) = v(a7) + e’ + (laa| + 1)L (2, 27) N {|ve — 21| < n}),
and Z; € [0,z; ] be the largest = € [0, z; | such that g,,(z) > 0, we can define
5= (&, ;) N { v, — 21| <}
and deduce
/2m v dr > 37| (221 — wf)ai + (1 — w; )5123) — cry. (5.72)

Define now ¥; := X" U %3¢, We remark that v,(z) < 2, + 7 for each x € ¥;, while
ve(x) > 2z +nin every L;, j = 1,...N,. In this way L, N %, = @ for every
t,7 =1,...N,. We now claim that ¥; N ¥, = @ for every j = 1,... N, with 7 # j.
Indeed, let x;,x] be such that D; = (2,2} ), then in case v(z} )v(z}) > 0 we de-
fined ¥; = @ and the conclusion follows trivially. We can hence focus on the case
v(z; )v(z}) < 0, and recall that n < 7, implies v(z}) > 0 and v(z;) < 0. Now, the
construction of the X, %7 is such that ¥ C (2], ;) (resp. X7 C (;,z;)). Fur-
thermore, as stated in (5.70), v is strictly positive in (2], Z;) (resp. strictly negative
in (%;,2;)). Therefore, 3¢ N ¥ = @ for every 1,j = 1,..., N,. Finally, assuming
without loss of generality ¢ < j, we have that ¥¢ C (27, Z;) and X C (], ;) with
v(z) > 0 for every x € (z,Z;) U (z],7;). But as v(z;) < 0 and z; € (7, 2]),
(z;,%;) and (2], Z;) have to be disjoint, and so must be ¥¢ and XJ. In the same way
we prove " N X7 = & for every j = 1,..., N,, i # j, concluding the proof of the

claim.

Now, if n; = 0 or n; > 4, we sum (5.71)—(5.72) and minimise the right hand side
over w, w’? € [0,1]. This is a convex quadratic function attaining its minimum at

wi = w . We thus have

/ vide > 127z ! (zgai + 2351»)3 —cryp. (5.73)
>
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Hence, by (5.58) and Lemma 5.3.4,
/ (%02, + e W (v,) + e *0%) dz + ey,
L;UX;

1
Z 6(2E0 + anl) + T&"Q <232210{? + 232)2315? + 30(1‘51'22231 (6123 + OéZ'ZQ)>

Wl

(EO + %El)% 2 3 2 3
> 3—12; 25210 + 252318, + 3 fizaza1(Bizs + yiza)
3
1 7o
— Oéif?’ <_7‘> )
"\

(5.74)

In case of type IV D—intervals, we recall that w? € {0,1}. Therefore, coherently
with the proof of Lemma 5.3.4 we assume without loss of generality that w? = 1 and

deduce

cry + / vide
Y,UD;

> 37! <h(ai7 @m)f) + ]21|71 (22041-%@ + Zsﬁi)g + |Z1|71 (22042-(1 . wf))3>

> min 37" (h(auﬁiawa) + |21 (o™ + 2351)3 + |21 7 (2o (1 — Wa))3>

wee0,1]
> 3! (z%zglaf + 222318 — 30 fo (%)),
(5.75)
where, fj is defined by
foly) = WPz~ ) (5.76)

A(2z1 + y231)

We remark that the last lower bound in (5.75) is sharp if and only if g— </ 2
For type III D—intervals, (5.71) and (5.72), together with (5.47) yield

cry +/ v?dr > h*(ay, B, w?, wh) (5.77)
$,UD;

where,

h*(ai,ﬁi,wf,wf) = 371|21‘71 (ZQOéi(l — CL),?) + 2351'(1 — wf))g
+371 (ﬁ(aivﬁuwﬁwf) + 217 (o + 3351'00?)3)-

We claim, that

min  h*(ay, B, w®, w’) > 3_1<z3221a§’ + 2323180 — 304?f0(%)>7

(wa7wb)e[071]2 T
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with fy is as in (5.76). Indeed, h* is a second order polynomial in w, w? with negative
Hessian determinant. Therefore, the minimum among the w¢, w? € [0, 1] is attained at
w? € {0,1}, or w? € {0,1}. More precisely, if % >, /#2L the minimum is attained

23231

at w? € {0,1} and a minimization over w? € [0, 1] gives
h* (g, Bi, w?, w?) > 37 (22221a + 2223187 — 3a3f<ﬁl)) (5.78)

The same lower bound can be achieved when % < % Indeed, in this case, the

minimum is attained at w? € {0, 1}, and, by using the fact that 2, < 23, we can bound
from below h*(ay, f;, w?, w?) with
a 3 _ a3
( (i, Bi, wi) + |21]” (220@%- +Zsﬁi) + |21 1(22041'(1 _wi)) )

The minimization of (5.75) over w{ € [0, 1] thus yields again to (5.78). Therefore, for
type III/IV D—intervals (5.75)-(5.78) yield

cry —i—/ v¥dr >3~ (22z21a + 2323153 - 3Oédf(ﬁz>>
Y,UD; Q;
Finally, by (5.58) we get
/ (02, + e *W(vy) + v%) dz + cen
LiUS;
> min| e(2Ey + 2E7) + L (22,2 oF + 222357 — 3a3f<&>>
2 it 0 1)+ 35\ 3231 TG
2 2 3 3 Bz
> 33(Ey+ Ey)3 2222104 + z3z31ﬁ —3a; f

=)
which, together with (5.59) and (5.74) conclude the proof. O

As a corollary of the previous results, we can prove

Theorem 5.3.1. Assume (H1)-(HS8), and let C > 0. Then there ezists n1 = i (C) €
(0,m0) such that, if n € (0,m1), € < ™ and v € V satisfies I¢(v) < C, it holds

1
/ ("2, + e 2W (vy) + £ %0%) da > (AgA] + BoAl) — cn. (5.79)
0
Proof. Thanks to Proposition 5.3.1 and (H6)—(H8) we have
/ (g2, + W (vy) + e %v%) da > Aga; + BofB; — cne,
LU,
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for every i = 1,..., N,. Thus, we can write
N, N,
/ (e"2, + e W (v,) + e %0%) do > Ag Z a; + By Z Bi — ¢Nyne
POALR AT i=1 i=1

N, N,
> Aozaz‘ +BOZ@ —cn,
i—1 =1

where we made use of Lemma 5.3.1 to bound N, in the last inequality. It just remains
to provide an estimate for the intervals Dy := (0,37 ) and Dy, 41 := (yy,,1). We deal
with the first case, as the second can be treated similarly. If Z({x € Dy: |v.(z)—z;| <
n}) > R*e for some k = 2,3, then, by arguing as in the proof of Lemma 5.3.3 we

deduce
/ ("2, + e 2W(vy) + e %v) dz > Agag + Bofo.
Do

On the other hand, if Z({z € Dy: |v.(x) — 2] < n}) < R*e for k = 1,2, then

/ (e*2, + W (v,) + & *0%) dz > Agag + Bofo — (Ao + Bo)R'e. (5.80)
Do

Therefore,
1 Ny+1 No+1
/ (02, + e W(vy) +e20°)de > Ag > i+ Bo Y B —en,
which, by the definition of the «;’s, 5;’s, and of Aj, A7 coincides with (5.79). ]

5.4 The second ['-limit

In this section we prove the I'—limit for /¢, that is a second I'—limit for £¢, as
stated in Theorem 5.0.1. The first step is to prove compactness for the family of

energy functionals I¢.

Proposition 5.4.1. Assume (H1)-(H5). Let C >0, ; | 0 and (u;,v;) be such that
I(u;, ;) <C,  VYjeN. (5.81)

Then, up to a subsequence, (uj,v;) converges to (u,v) in L*(0,1) x L(0,1; M).
Furthermore, u =0 and v € GYM™(u) satisfies

Ve = A (2)05 + Aa(x)0,, + A3(x)0.,, a.e. z€(0,1), (5.82)
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and A1, Ay, A3 € L>=(0,1;[0,1]) are such that

3

(@) + X)) + As(x) =1, and Y mAk(z) =0, (5.83)

k=1

for a.e. x € (0,1).

Proof. We first notice that (5.81) implies strong convergence of u; to w = 0 in L?(0, 1).

Furthermore, as W(s) > ¢1|s|P — c2, we also have
ltjellr < c, (5.84)

and, therefore, up to a subsequence u; — 0, weakly in VVO1 ?(0,1). In fact, (5.84) also
implies that, up to a further non-relabelled subsequence, u;, generates a gradient

Young measure v, weak™* limit of v; in L. (0, 1; M). Defined ¥ as
1= {x e (0,1): Jujo(x) — 2| >0, k=1,2,3}, (5.85)

for some n € (0,19), by (H5) we have

1
Cel > / Wi(ujz)de = | W(uj,)dz = con’ 2L (7).
0

%

This implies

g2

Z(%]) < cn—;, (5.86)
which is convergence in measure of u;, to Z. Therefore, v, is a probability measure
supported on Z (see e.g., Theorem 1.2.3), and hence v, = \(x)0d,, +A2(2)0,, +A3(2)0.,
for a.e. x € (0,1), as claimed. The fact that v is a probability measure implies the
first identity in (5.83). By [69, Thm. 8.7] we also know that v is the gradient
Young measure related to u = 0, and therefore the average of ¥ must be 0, that is

22:1 Ai(x)z = 0 for a.e. x € (0, 1), which is the last identity in (5.83). O
Civen a sequence u; € W,7(0,1) and 5 > 0, let us define
M =2 {ze(0,1): Juja(x) — 2] <n}), k=1,2,3.
The following result is used below:

Lemma 5.4.1. Assume (H1)-(H5). Let C > 0, n € (0,m0), €; 4 0 and (u;,v;) be
a sequence converging to (0,v) in L*(0,1) x L% (0,1; M) such that 1% (u;) < C for
each j. Then v satisfies (5.82)—(5.83). and
1
lim ] = /0 Mo da (5.87)
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Proof. The fact that v satisfies (5.82)—(5.83) follows directly from Proposition 5.4.1.
We just need to prove (5.87). Let us consider a continuous function f: R — [0, 1],

which is equal to 1 for those s such that |s — zx| <7, and equal to 0 for |s — z| > no.
We have

1 1 1 1
/o A dz :/0 (v, firydx = lijm/O (vj, fr) do = li]m/o fr(u; ) de.

Now, we notice that, as 1y < @ for each h,k =1,2,3, h # k (cf. (H5)),

/ fr(uje) dz = N(uy) + 1,
0

where
0<r<Z({xe(0,1):n<|uj.(z) = 2| <m}) < L(X)) <eefn™

Here, 7 is as in (5.85), and we also made use of (5.86). Therefore, collecting all

previous identities we finally get

1
lim A} (u;) = / A d,
J 0
which concludes the proof. O]
We are now ready to derive the I'—limit of I¢

Theorem 5.4.1. Assume (H1)—(H8). Then I¢ I'—converges to

fu=0 ve GYM0)
Ao [Mva(za) dz + Bo [Mva(ze)de, 40 =0 ’
I°(u,v) = 0 Jy val22) dw+ Bo Jy va(zs) d, suppr C Z a.e.,

+00, otherwise.
in the L*(0,1) x L(0,1; M) topology as € |. 0.

Proof. The I' — limsup inequality is a direct consequence of Proposition 5.2.1 and
Lemma 5.4.1. Therefore we just need to prove the I' — lim inf inequality. In order to
do that, we need to consider a generic sequence €, converging to 0, a sequence u; € V'
converging strongly in L*(0,1) to u € L*(0,1) and a sequence of parametrized mea-
sures v; converging weakly* to v in L. (0,1; M). If liminf; /% (u;) = oo, the liminf
inequality is trivial. Otherwise, up to a subsequence we can assume the existence of
C > 0, independent of ¢;, such that

Iej(Uj) < C, \V/j e N.
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As a consequence of Proposition 5.4.1, u = 0 and the related gradient Young measure
v must satisfy (5.82)-(5.83). Now, Theorem 5.3.1 guarantees the existence of 1, > 0
such that, fixed n € (0,n),

J g

1
/ (€4u2 + 8;2W(uj,x) + 5]-_2u§) dr > (AO)\Z’]- + Bo)\g,j) —on,
0

for all ; < n?*'. Now, by taking the liminf on both sides, and recalling Lemma
5.4.1, we deduce

1 1 1
lim inf / (£5U5 o + 52 W (us0) + 5703 ) da > Ag / Xy dz + By / Asdz — cn.
0 0 0

J

The arbitrariness of 1 yields to the desired I' — lim inf inequality. O]

5.5 Selecting Minimizing sequences without

['—convergence

In this section we prove Theorem 5.0.2. In order to do this we strongly rely on
the estimates of Section 5.3, to which we refer the reader for the notation. We start

with the following theorem:

Theorem 5.5.1. Assume (H1)-(H5) and z3 < 3|z1|. Then, there exist 1 > 0 and
& > 0 such that, if ¢ < &1

1
inf / ("2, + e W (vy) + e %0%) do = Agzy;' + o). (5.88)
0

veV

Furthermore, every minimizer u of 1 satisfies
L({x € (0,1): |ug(w) — 2| < e71}) < cet. (5.89)

Proof. We first notice that Proposition 5.2.1 implies

1
inf / (e"2, + W (v,) + e %) da < Agzy;' + ce°. (5.90)
0

veV

Let us assume 7 € (0,7;), with 7, as in the statement of Proposition 5.3.1, ¢ < np9+!,

and define
K = @ 3 M > 1.
2921 EO

We notice that By > KA. We now look for a lower bound for the energy I¢ of
the type (5.79), but with By replaced by K Ay. This new bound does not rely on
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(H6)—(HS), but is deduced by strongly exploiting the estimates in Section 5.3.

It can be checked by using
Zy < Zz3, Z21 < 231, 22231 < 23231,
that f7, fs given in (H7)—(HS8) satisfy
frly) > Ao+ K Agy, fs(y) > Ao+ KAy, for every y > 0. (5.91)
Furthermore, as we assumed z3 < 3|z|, we also have
fe(y) > Ao+ K Apy, for every y > 0. (5.92)

Therefore, collecting the estimates for every L—interval, from Proposition 5.3.1 to-
gether with (5.91)-(5.92) and the fact that By > K Aj imply

/ ("2, + e W (vy) + e 20%) dz + e > Ag Z(ai + K ).
223 (LilU%)

Here we also made use of Lemma (5.3.1) to bound N, with ce™!. Finally, recalling
(5.80) we deduce

/1 (e*2, + W (ve) + e 0%) dz 4 cn > Ag(A] + KAI). (5.93)
0
Now, thanks to (5.39)—(5.40), and the fact that ¢ < 9!, we can write

I>AN+ AN+ M=1-2Z(X") >1— cen, (5.94)
while, on the other hand,

3 1 3
(zk—i—n)/\Z—i—fSsz/\Z—i—cn, O:/ vxdszzkAZ—cn
k=1 0

k=1
(5.95)
where 7 is defined as in (5.64), and has been bounded according to the estimate in

(5.67). By combining (5.94)—(5.95) we are led to

23_11(1 — zpAJ) +en > A > 23_11(1 — Zo1\g) — e, (5.96)
so that, by (5.93),
! K
/ (e*02, + e 2 W (vy) + e 20%) dz + e > Ag ()\g + —(1 - 221)\’27)). (5.97)
0 231
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The right hand side of the above inequality is a decreasing function of A\J so minimised

by the biggest admissible \. But as Al > 0, (5.96) entails \] < z5,'+cn, thus implying
1
/ ("2, + e W (v,) + e 20%) dz + cn > Agzyy (5.98)
0

Choosing n = ewt and & = min{n?™", &y}, where g is as in Proposition 5.2.1 we
complete the proof of (5.88). Finally, combining (5.90) and (5.97) we get

Cé‘g + A022_11 Z AQ)\g + Z3_11KA0(1 - 221)\g> Z A022_11 - Cé‘g,

which is
(O — 21— K24)] < et
231
This implies |\] — 25;'| < ce® which, by (5.96), concludes the proof. O

This finally allows us to prove the following

Corollary 5.5.1. Assume (H1)—(H5) and z3 < 3|z1|. Then, every gradient Young
measure v € GYM™(0) generated by a sequence u® of minimizers for I as e | 0,

satisfies

2 21

J

Zl_—
22 — 21 22 — 21

supp v, € {21, 22}, v, = 02 a.e. € (0,1).

Proof. By Proposition 5.0.1 we know that supp v, C Z almost everywhere in (0, 1),

and so v, is of the form
Ve = M ()05, + Ao(2)0,, + A3(x)0,

with the \;’s satisfying (5.9) for a.e. x € (0,1). Therefore we just need to show that
A3 = 0. Let us consider a continuous function f3: R — [0, 1] which is equal to 1 for all
s € R such that |s —z3| <2, and 0 if [s — 23] > 19. Take a sequence u,; of minimizers

of I% generating v. By arguing as in the proof of Lemma 5.4.1 we get

1 1
0< / A3dw = lim/ fs(ue, o) dz < lim (A (u,) 4 ce5n 7).
0 7 Jo

After choosing n = 6;?, (5.89) gives the sought result. O
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5.6 Some remarks on the assumptions

It is worth spending some words on assumptions (H6)-(H8). Hypothesis (H6) is
needed in our construction of a lower bound, but it might be possible to remove it by
making the arguments of Section 5.3 more involved. It is easy to check that it fails
whenever z3 > 3|z;|. On the other hand, as mentioned in the introduction, it turns
out that (H7)—(H8) are necessary conditions in order to prove Theorem 5.0.1, and the
second I'-limit would have a different form without these assumptions. Indeed, as
explained in the introduction, these hypotheses guarantee that the microstructures
used in the construction of Proposition 5.2.1 are energetically preferable to those

constructed in the following Propositions, and shown in Figure 5.7.

Proposition 5.6.1. Assume (HT7) is not satisfied. Then, there exist A1, Ao, A3 € (0,1)
satisfying (5.83), u. € V such that (u.,d,_,) — (0,v) in L*(0,1)x L% (0,1; M), where
Ve = M0z + A20,, + A30,, a.e. in (0,1), and

limsup 1°(u.) < AgAs + BoAs.
el0

Proof. The proof of the Proposition is very similar to the one of Proposition 5.2.1 in
many details. For this reason we skip some long computation and just give the idea

of the proof.

Let g > 0 such that the inequality in (H7) does not hold. Let us choose

R _ _ z
Ao = (92’31 + 221) 17 A3 = 2311 - 2_21)\2’ A =1—=2Xy— As, (5-99)
31

so that i—g = g. It is easy to check that Aj, Ay, A3 € (0,1) and satisfy (5.9). We divide
(0,1) in N. subintervals (z;,;41) of length N-!, where z; = iN-! for i = 0,..., N..
On every interval we construct v. as a suitable continuous approximation (see the

proof of Proposition 5.2.1) of the function (see the derivative of the function in Figure
5.7a)

s, A0 < s — (2N < Ao(2N.),
@5(3) = 4 <3, if )\QNgl < |8 — (2N5)71| < /\2(2N€)71 + /\3(2N€>71
21, if M(2N) 7P+ X3(2N.) 7 < s — (2N.) 7Y < (2N,) L

Therefore, after defining w,. as the N '—periodic extension of v., we construct u. as

in (5.15). Now, an argument as the one in the proof of Proposition 5.2.1, allows us
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Figure 5.7: 5.7a. Microstructure of lower energy in case (H7) does not hold. Mi-
crostructures of low energy in case (H8) does not hold are represented in Figures 5.7b

and 5.7c, respectively in the case where y < ,/22L and y > , /%.

23231

to prove that

W=

2

Ia(ua) S 3%2_§(E0 + 2E1) 3 (23221/\3 + 23231)\3 —|— 3)\2)\322231(A323 + )\222)) ? —I— 085
1
S )\23§2_%<E0 + 2E1)§ <Z§Zm -+ z§23lg)3 -+ 33}22231 (ng + ZQ)) ° —+ C&Ts,
for some ¢ > 0, and that (5.11) holds. Here we have used that, by construction,

i—g = 7. As gy contradicts (H7), we have

I¢(us) < Aghg + Bos + ceb. (5.100)

Furthermore, we can deduce that estimates as the one in (5.11) hold. Thus, taking
the limsup in (5.100), by Lemma 5.4.1 we obtain the sought result. O

Proposition 5.6.2. Assume (H8) is not satisfied. Then, there exist A1, g, A3 € (0,1)
satisfying (5.83), uc € V such that (u,d,_,) — (0,v) in L*(0,1)x L (0, 1; M), where

Ve = M0y + A20,, + A30,, a.e. in (0,1), and
limsup 7°(u.) < AgAs + BoAs.
el0
Proof. Again, the proof of this Proposition is very similar to the one of Proposition
5.2.1 and of Proposition 5.6.1 in many details. For this reason we skip some long

computation and just give the idea of the proof.

Let g > 0 such that (H8) does not hold. Let us choose Aj, Ao, A3 that satisfy
(5.9) as in (5.99). Again, we divide (0,1) in M, subintervals (x;, ;1) of length M,

where z; = iM_! for i = 0, ..., M.. We have two cases:

N 22221 22221 N
0<y< , and <.
23231 <3%231
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In the first case (see Figure 5.7b), we define w? := (22201 — 232319%)(222(201 + §231)) "
and

(

2, 10 <s < 2(1-w)AaMT,

2, i 2(1— W)WM < s < (;—3(1 — W) + 1))\2M;1,

a 2, i (2(1—w) + 1) AWM < s < (;—3(1 — W) 1))\2M;1 M
21, if z—f(l — W) + 1) Ao M + MM < s

\

In the second (see Figure 5.7c), we define w’ := —w® and

(2, if0<s< 21— WML

2, i 2(1- WA M < s < (;—j(l — W) + 1>A3M;1,

2, i (B(1—wh) +1) M < s < (;—3(1 — W)+ 1)A3M;1 M
z, i (2(1- W) + 1) AsMt + MM <os.

\

Now, let us consider suitable continuous approximations v; and v; of 0, and vy, which
can be obtained in the same way as the one in Proposition 5.2.1. Let w, w; be the
M —periodic extensions of vZ and v§ respectively, and define u. as in (5.15). It is

easy to compute that
N1 T 2
/ ( / 05()ds ) dw <37 (2] + 23200 0] — BAL (D)),
0 0
N—1 x 2
/ ( / Bj(s)ds) do <37 (A + 23200 - BAL (D)),
0 0

respectively if g is smaller or bigger than , /%. An argument as the one in Propo-
sition 5.2.1 allows hence to prove

1

IF(u.) < 35(Eo + En)* (Zgzzﬁ\g + 25231 N5 — 3>\?2’f(?))> et
1
3

wlN

S 3 )\2(EO + El)% <Z§Zzl + 232,231:&3 — 3]‘.(3})) + C€£,

for some & > 0, for some gy > 0, and for every € € (0,gq). Again, here we used the
fact that, by construction, /A\f = . The fact that g violates the inequality in (HS)
yields

I¢(us) < Aghg + Bo)s + <8, (5.101)

Furthermore, by arguing as in the proof of Proposition 5.2.1 we can prove estimates as
the ones in (5.11). Therefore, by taking the limsup in (5.101) and exploiting Lemma
5.4.1 we conclude the proof of the proposition. n
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Figure 5.8: Verification of the hypotheses (H6)—(HS8) for the examples of Section 5.6.1.
Figure 5.8a is the graphical verification of (H6) for the two examples: in blue the case

z = 3, in red the one with z; = . Figure 5.8b and 5.8¢ verify (H7) and (H8) in the

example with 2z, = %

5.6.1 Two examples
An easy example where hypotheses (H1)-(H8) hold is when
W(s) = (s—1)%(s+1)%(s — 3712

Indeed, in this case Fy ~ 1.054, F; ~ 0.165, Ag ~ 0.718, By ~ 1.883, z1 = —1, 29 = %,
zg3 = 1. It is trivial to check that in this context (H1)—(H5) hold. Hypotheses (H6)—
(H8) are here verified graphically (cf. Figure 5.8). It can be proved that (H6)—-(HS8)
hold for W of the form

W(s) = (s —1)2(s+1)*(s — 22)%

whenever zy € (—0.49,0.49). The bound on 2, is not sharp.

On the other hand, let us consider
W(s) = (s —1)%(s +1)%(s —27)%

where, in our notation, Fy =~ 1.406, E; =~ 0.073, Ag ~ 1.186, By ~ 2.143, z; = —1,
%, z3 = 1. In this case (H1)—(H6) hold (cf. Figure 5.8a). However, hypotheses

(H7) and (H8) fail respectively in a neighbourhood of g, = 0.585 and gs = 0.204.

Here, it is energetically very cheap to pass from z; to z3 so other microstructures are

Z9 =

energetically favourable for 3\\—2 close to g7 or gs. Nonetheless, as z3 < 3|z|, thanks to
Theorem 5.0.2 we can still select minimizing sequences by adding vanishing interfacial

energy.
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