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A B S T R A C T

The shift in the backbone of the frequency–response curve and the ‘jump-down’ observed at a critical frequency
observed in nano-resonators are caused by their nonlinear mechanical response. The shift and jump-down point
are therefore often used to infer the mechanical properties that underlie the nonlinear response, particularly the
resonator’s stretching modulus. To facilitate this, the resonators’ dynamics are often modelled using a Galerkin-
type numerical approach or lumped ordinary differential equations like the Duffing equation, that incorporate
an appropriate nonlinearity. To understand the source of the problem’s nonlinearities, we first develop an
axisymmetric but spatially-varying model of a membrane resonator subject to a uniform oscillatory load with
linear damping. We then derive asymptotic solutions for the resulting partial differential equations (PDEs)
using the Method of Multiple Scales (MS), which allows a systematic reduction to a Duffing-like equation with
analytically determined coefficients. We also solve the PDEs numerically via the method of lines. By comparing
the numerical solutions with the asymptotic results, we demonstrate that the numerical approach reveals a
non-constant maximum compliance with increasing load, which contradicts the predictions of the MS analysis.
In contrast, we show that combining a Galerkin decomposition with the Harmonic Balance Method accurately
captures the non-constant maximum compliance and reliably predicts jump-down behaviour. We analyse the
resulting frequency–response predictions derived from these methods. We also argue that fitting based on the
jump-down point may be sensitive to noise and discuss strategies for fitting frequency–response curves from
experimental data to theory that are robust to this.
1. Introduction

Nano-resonators have recently emerged as a powerful means of
sensing [1], whether to detect the presence of single molecules [2]
or to measure the stretching modulus of two-dimensional materials
such as graphene [3]. In each application, the common idea is that by
measuring the amplitude of the system’s response to an imposed high
frequency oscillation, properties of the system (such as the inertia or
restoring force) can be accurately measured.

A common experimental realization of a nano-resonator consists
of an elastic beam or plate clamped above an electrode, but with a
finite gap [see ref. 4, for example]. Upon applying an AC potential
difference, the elastic element vibrates and its maximum amplitude can
be measured as a function of the driving frequency and the amplitude
of the applied voltage. A number of different perspectives and tech-
niques have been taken to model the relationship between the driving
frequency and load and the oscillation amplitude that is observed [see
refs 5,6, for reviews].

∗ Corresponding author.
E-mail address: dominic.vella@maths.ox.ac.uk (D. Vella).

Since the shape of the resonator plate evolves in time, the un-
derlying equations are partial differential equations (PDEs) with some
form of nonlinearity (either because of a coupling between stress and
deformation or because of a nonlinear electrostatic forcing). These
equations are normally solved numerically by using a Galerkin proce-
dure in which the shape of the plate is resolved into a superposition
of modes with time-varying amplitude. This approach allows for the
PDE to be reduced to a series of coupled nonlinear ODEs that can be
solved to determine the amplitude–frequency response [see refs 7,8, for
example]. In this way complex material and geometrical properties may
be modelled via reduced-order systems, as in, for example, the work on
composite shells of Mahmure et al. [9], Sofiyev et al. [10], Sofiyev [11].

While numerical approaches using a large number of Galerkin
modes yield some insight, they are of limited utility in the interpre-
tation of experiments. For example, a common application of the shift
observed in the backbone of the frequency–response curve is to infer
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the nonlinear stiffness of an elastic membrane from the experimentally-
bserved frequency–amplitude response [see ref. 3, for example], and
specially to focus on the frequency at which the amplitude suddenly
jumps down’. A purely numerical approach to this problem is difficult
ecause it is very computationally intensive — one needs to solve
he governing PDEs for many sets of parameter values. Hence simpler
pproaches are frequently proposed. One of these is to use a single
erm Galerkin representation, allowing analytical progress to be made
o determine, for example, the frequency–amplitude response [12];

this is often referred to as the Harmonic Balance method [see 13, for
xample]. The Harmonic Balance Method works by assuming a Fourier

series solution to the ODE derived from the reduced PDE, transform-
ing the problem into a system of algebraic equations. The solution
can often be expressed in closed form, depending on the number of
terms used in the series approximation. This method is particularly
effective for a range of nonlinear oscillations, especially for Duffing-like
equations [14]. For even strongly nonlinear systems, various modified
ersions of the Harmonic Balance Method are also employed to enhance
ccuracy, computational speed, and applicability [15].

Alternatively, ‘semi-analytical’ methods may be used in which a
uffing type equation is posited, allowing the analysis to proceed; how-
ver, there remains the difficult question of how to relate the different

coefficients of the posited model to the parameters of the physical prob-
lem of interest. Moreover, the Duffing equation has only a single degree
of freedom (dof) while the continuous problem effectively has infinitely
many dof. It is natural to wonder whether a single dof system can
satisfactorily describe the full vibrations of a membrane. While many
studies use these coefficients as fitting parameters [16,17], Davidovikj
et al. [3] used a power series description of the spatial variation of
he displacement to determine numerically the effective mass in the
uffing model as a fraction of the true mass of the membrane, as well as

he effective cubic stiffness. Even so, the effective damping coefficient
emained as a fitting parameter here, via the quality factor. Moreover,
he numerical calculation of, for example, the cubic stiffness needs to
e repeated for membranes of different Poisson ratio. In this paper we
evisit this question from an analytical perspective.

We begin with a systematic reduction of the governing PDEs to
ODEs, and then aim to derive a fully analytical expression that captures
the nonlinear characteristics of the amplitude–frequency response. This
expression should be accurate but sufficiently simple to allow for the
inference of the stiffness of an elastic membrane by fitting it to experi-
mentally observed frequency–amplitude data. While the Multiple Scales
method is typically employed in such cases, the Harmonic Balance
method is known to provide more accurate solutions for strongly non-
linear differential equations compared to perturbation methods [18–
20], especially for Duffing-like equations. Notably for the Harmonic

alance method, even using a single term in the Fourier series yields
 tractable analytical solution for the force–response curve [14,21]. In

this work, we derive and compare the analytical expressions obtained
from both methods with detailed numerical results based on a spatial
discretization of the governing PDEs and the method of lines (rather
than using a Galerkin decomposition). We focus on nonlinear features
of the numerical results (such as the shift of the backbone curve, the
points of maximum compliance and the point at which ‘jump-down’
ccurs) and the extent to which the different analytical techniques
atisfactorily describe these features.

In terms of formal analysis, various papers, starting with Younis
nd Nayfeh [22], use the method of Multiple Scales, together with
 solvability condition, to determine an amplitude equation for the

oscillations of a two-dimensional beam subject to an alternating poten-
tial difference. Their work accounted for in-plane stretching and they
were able to derive frequency–amplitude response curves for a range
of forcing amplitudes. The analysis of Younis and Nayfeh [22] was
implified slightly by the fact that the stress within a stretched beam is
patially uniform; this is not the case for a stretched axisymmetric plate.

More recently, Caruntu and Oyervides [23,24] used a similar technique
to model oscillations of a clamped circular plate, but did not account
for the possibility of mid-plane stretching, or indeed of any tension
2

in the mid-plane of the plate. As a result, their results only apply to
amplitudes of deformation that remain small compared to the thickness
of the membrane [25] — an assumption that is not typical of many
clamped plate resonators [for example, the authors of ref. 3, observe
vertical deformations of ≳ 5 nm].

In this paper, we consider the problem of an elastic membrane
i.e. we neglect the bending stiffness of the sheet). We begin in Sec-
ion 2 by developing our mathematical model of a membrane subject
o a time-varying, but spatially uniform, load. Then, in Section 3,

we derive asymptotic solutions to these PDEs using the Method of
Multiple Scales. In Section 4, we numerically solve the PDEs using the
method of lines and compare the results with analytical predictions
from the Method of Multiple Scales. While the results generally agree
for small amplitudes, there are significant discrepancies at larger am-
plitudes. We therefore explore an alternative approach using a Galerkin
method combined with Harmonic Balance in Section 5 to better account
for our numerical solutions. Moreover, our approach shows how the
governing PDEs can be systematically reduced to a single ordinary
differential equation, specifically the Duffing equation. Unusually, we
directly (and analytically) relate the parameters in the corresponding
Duffing equation to the corresponding parameters in the model. We
then show that the numerically-determined frequency–response curves
are well described by the results of a Harmonic Balance analysis with no
fitting parameters. In Section 6, we then use the comparison between
frequency–response curves, and the difference in jump-down points
observed in particular, to suggest a more robust method for fitting
experimental data to these curves before summarizing our results in
Section 7.

2. Modelling

We model the nano-resonator as a thin (i.e. two-dimensional), elas-
ic membrane with clamped circular boundary at a radius 𝑅dr um. The

membrane is subject to a uniform pre-tension, 𝑇pr e, as well as a spatially
uniform, but time-varying, pressure 𝑝̄(𝑡). We assume that the membrane
has a mass per unit area 𝜌ℎ (so that ℎ is a nominal thickness and 𝜌 a
nominal density). As a result of the oscillating applied pressure, the

embrane is displaced transversely so that it adopts a profile, 𝜁 (𝑟̄, 𝑡),
hat varies in both time and space. The setup is illustrated schematically
n Fig. 1.

2.1. Governing equations

To simplify the problem, we make two key assumptions: (i) the
effects of the membrane’s bending stiffness may be neglected and (ii)
the stress profile within the membrane is instantaneously determined
by its shape. The appropriateness of these assumptions for the typical
space and time scales of nano-resonators is discussed in more detail in
Appendix A. With these assumptions, we use the standard equations
of vertical and in-plane force balance on an elastic membrane [26],
presenting these first in dimensional form, before non-dimensionalizing
appropriately.

2.2. Dimensional problem

The vertical force balance equation for a (zero bending stiffness)
membrane subject to linear damping is given [see ref. 26, for example]
by

𝜌ℎ
𝜕2𝜁
𝜕𝑡2

+ 𝑐 ℎ𝜕𝜁
𝜕𝑡

= 𝑝̄(𝑡) + 𝛁 ⋅
(

𝝈̄ ⋅ 𝛁𝜁
)

, (1)

where 𝑐 is the damping coefficient, 𝝈̄ denotes the stress tensor and
other quantities were defined in the text before Fig. 1. The boundary
conditions on the transverse displacements are:
𝜕𝜁 |

|

| = 0, 𝜁 (𝑅dr um) = 0. (2)

𝜕 𝑟 |

|𝑟=0
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𝑟
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Fig. 1. The axisymmetric problem considered here: A circularly clamped elastic membrane, under pre-tension 𝑇pr e, is subject to an oscillatory, but spatially uniform, pressure 𝑝̄(𝑡).
(Bars are used to denote dimensional quantities; dimensionless quantities do not carry bars.).
Here the slope, 𝜕𝜁∕𝜕 ̄𝑟, is zero at the centre, 𝑟̄ = 0, since we re-
strict our attention to axisymmetric solutions and there is no vertical
displacement at the outer edge (𝑟̄ = 𝑅dr um) where it is clamped.

Assuming the in-plane force balance is satisfied instantaneously (no
in-plane acceleration — see Appendix A) we also have

𝛁.𝝈̄ = 0. (3)

To ensure that this equation is automatically satisfied in all that follows,
we introduce the first integral of the Airy stress function, which we
denote 𝜓̄(𝑟̄, 𝑡) and is defined such that

𝜎̄𝑟𝑟 =
𝜓̄
𝑟̄
, 𝜎𝜃 𝜃 =

𝜕 ̄𝜓
𝜕 ̄𝑟 . (4)

The stress function 𝜓̄ is determined by the requirement that the cor-
responding displacement field is physically realizable — the so-called
compatibility equation

̄ 𝜕
𝜕 ̄𝑟

[

1
𝑟̄
𝜕(𝑟̄ ̄𝜓)
𝜕 ̄𝑟

]

= −𝐸2𝐷
2

(

𝜕𝜁
𝜕 ̄𝑟

)2
, (5)

where 𝐸2𝐷 = 𝐸 ℎ, is the two-dimensional Elastic modulus of the
membrane.

While considering the boundary conditions for in-plane displace-
ments 𝐮̄ = 𝑢̄𝑟̄(𝑟̄, 𝑡)𝐞𝑟̄, we need to account for the additional deformation
(𝑢̄0(𝑟̄)) imposed prior to loading by the pre-tension, 𝑇pr e. Though there is
no deformation at the centre caused by pre-tension, there is a nonzero
horizontal displacement (𝑢̄0(𝑅dr um)) where the clamping is imposed.
This value remains unchanged when the sheet is later loaded with
pressure. Hence we must have:

̄𝑟(0, 𝑡) = 0, 𝑢̄𝑟̄(𝑅dr um, 𝑡) = (1 − 𝜈)
𝑇pr e𝑅dr um
𝐸2𝐷

. (6)

Using the Hookean constitutive relationship, these boundary conditions
can be expressed in terms of the stress function as

lim
𝑟̄→0

[

𝑟̄
𝜕 ̄𝜓
𝜕 ̄𝑟 − 𝜈 ̄𝜓

]

= 0, 𝑅dr um
𝜕 ̄𝜓
𝜕 𝑟

|

|

|

|𝑅dr um
− 𝜈 ̄𝜓(𝑅dr um, 𝑡) = (1 − 𝜈)

𝑇pr e
𝐸2𝐷

. (7)

2.3. Non-dimensionalization

To determine the dimensionless forms of Eqs. (1) and (5), we
introduce the dimensionless variables:

𝑟 = 𝑟̄
𝑅dr um

, 𝑡 = 𝑡

(

𝑇pr e
𝜌ℎ𝑅2

dr um

)1∕2

, 𝝈 = 𝝈̄∕𝑇pr e,

𝜁 (𝑟, 𝑡) = 𝜁 (𝑟̄, 𝑡)

(

𝐸2𝐷

𝑇pr e𝑅2
dr um

)
1
2

, 𝜓(𝑟, 𝑡) = 𝜓̄(𝑟̄, 𝑡)
𝑇pr e𝑅dr um

. (8)

The dimensionless version of Eq. (1) is then
𝜕2𝜁
𝜕 𝑡2 + 𝛾

𝜕 𝜁
𝜕 𝑡 = 𝑝(𝑟, 𝑡) + 1

𝑟
𝜕
𝜕 𝑟

(

𝜓
𝜕 𝜁
𝜕 𝑟

)

, (9)

where

𝑝 = 𝑝̄
𝑅dr um𝐸1∕2

2𝐷
3∕2

, (10)
3

𝑇pr e
is the dimensionless forcing pressure and

𝛾 = 𝑐

(

ℎ𝑅2
dr um

𝜌𝑇pr e

)1∕2

, (11)

is the dimensionless damping coefficient. The dimensionless compati-
bility equation is given by

𝑟 𝜕
𝜕 𝑟

[

1
𝑟
𝜕(𝑟𝜓)
𝜕 𝑟

]

= −1
2

(

𝜕 𝜁
𝜕 𝑟

)2
. (12)

Eqs. (9) and (12) are to be solved subject to the dimensionless boundary
conditions:
𝜕 𝜁
𝜕 𝑟

|

|

|

|𝑟=0
= 0, 𝜁 (1, 𝑡) = 0, lim

𝑟→0

[

𝑟
𝜕 𝜁
𝜕 𝑟 − 𝜈 𝜓

]

= 0,
𝜕 𝜓
𝜕 𝑟

|

|

|

|𝑟=1
− 𝜈 𝜓(1, 𝑡) = (1 − 𝜈). (13)

In our numerics, we use a purely oscillatory forcing pressure,

𝑝 = 𝑃 cos(𝛺 𝑡 + 𝜙), (14)

where 𝜙 is a phase. For simplicity, the pressure in (14) is spatially
uniform and has zero time-average. However, in many experiments a
DC bias is applied in addition to an AC voltage [see ref. 3, for example].

Our primary goal is to determine the oscillation amplitude expected
at a given frequency — the so-called frequency–amplitude response
curve [26]. There are two common asymptotic techniques used to
determine this: Multiple Scales [5] and Harmonic Balance [26]. We
begin by considering the method of Multiple Scales, which is a sys-
tematic approach but, as we shall see, leads to some discrepancies
with numerical results. The key difficulty here (in comparison to the
standard Duffing equation) is to account for the spatial, as well as
temporal, variation in the membrane’s deflection and stress profiles.

3. Theory: Multiple scales approach

We now seek to determine asymptotic results for the amplitude of
oscillations as a function of the forcing pressure and frequency (as well
as the linear damping).

3.1. Expansion and scalings

In the Multiple Scales approach, we assume that the motion takes
place over a time scale of order unity (comparable to the frequency of
the natural, small displacement oscillation) but also that the oscillation
amplitude itself evolves over a longer, slow, time scale. We therefore
introduce two time scales, 𝑡0 = 𝑡 and 𝑡1 = 𝜖 𝑡, where 𝛺 = 𝜔0 + 𝜖 𝜍 and
𝜖 ≪ 1 — here 𝜍 is the detuning parameter and measures how far from
the resonant frequency, 𝜔0, the oscillatory forcing is. With these two
time scales, we note that
𝜕2

𝜕 𝑡2 = 𝜕2

𝜕 𝑡20
+ 2𝜖 𝜕2

𝜕 𝑡0𝜕 𝑡1
+ 𝑂(𝜖2). (15)
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Our aim is to understand how the frequency at which the jump-
down is observed is affected by the change in the stress within the
membrane caused by deformation. We have defined 𝜖 to be the scale
of the shift in the maximum response frequency that is caused by the
modification to the stress and so we expect that this perturbation to the
stress enters also at 𝑂(𝜖); we therefore let

𝜓(𝑟, 𝑡0, 𝑡1) = 𝑟 + 𝜖 𝜓2(𝑟, 𝑡0, 𝑡1) +⋯ (16)

where the leading order (linear in 𝑟) term represents the state of uni-
orm, isotropic pre-tension that exists prior to any vibration. We expect
his perturbation to the stress to be caused by the vertical deflection of
he membrane whose typical size we denote 𝛿. A simple geometrical

argument (see, for example, Chopin et al. [25]) shows that the induced
strain ∝ 𝛿2; since stress is proportional to strain, we therefore expect
that 𝛿 = 𝑂(𝜖1∕2). (Alternatively, the compatibility equation, Eq. (12),
leads to the same scaling.) Hence, we expect that at leading order,
the deflection 𝜁 = 𝑂(𝜖1∕2). This leading-order amplitude, however,
evolves once 𝑡1 = 𝑂(1), introducing terms at 𝑂(𝜖3∕2) via the derivative
in Eq. (15). These 𝑂(𝜖3∕2) terms will introduce a spatial dependence
in Eq. (9) that cannot be balanced by the existing terms (since they
are determined at higher order), and so we expect the perturbation to
𝜁 (𝑟, 𝑡0, 𝑡1) will enter at 𝑂(𝜖3∕2), rather than 𝑂(𝜖). We therefore let

𝜁 (𝑟, 𝑡0, 𝑡1) = 𝜖1∕2𝜁1(𝑟, 𝑡0, 𝑡1) + 𝜖3∕2𝜁3(𝑟, 𝑡0, 𝑡1) +⋯ . (17)

We must also choose scalings for the damping and the forcing
amplitudes, as functions of 𝜖. We expect that the damping, 𝛾 𝜕 𝜁∕𝜕 𝑡,
and the forcing, 𝑃 , should enter at the same order of magnitude: the
energy inputted via the forcing must be dissipated by the damping. As a
result, we expect that 𝑃 ∼ 𝜖1∕2𝛾. We also expect that the damping and
forcing should enter the problem first through the problem for 𝜁3 —
the problem for 𝜁1 represents free oscillations of the membrane, and so
does not rely on the forcing or damping. As a result, we expect 𝛾 = 𝑂(𝜖),
𝑃 = 𝑂(𝜖3∕2); we therefore let 𝛾 = 𝜖 𝛤 and 𝑃 = 𝜖3∕2𝛱 .

3.2. Leading-order problem

Having chosen these scalings we find that, at leading order:

(𝜁1) = 0, (18)

where the operator (⋅) is defined by

(⋅) ∶= 𝜕2(⋅)
𝜕 𝑡20

− 1
𝑟
𝜕
𝜕 𝑟

(

𝑟
𝜕(⋅)
𝜕 𝑟

)

. (19)

Equation (18) describes the free oscillations of the membrane (as
expected based on the choice of size of 𝛾 and 𝑃 ) and has solution

𝜁1(𝑟, 𝑡0, 𝑡1) =
[

𝐴(𝑡1)𝑒i𝜔0𝑡0 + c.c.] 𝐽0(𝜔0𝑟). (20)

Here c.c. denotes the complex conjugate, 𝐽0(𝑥) is the zeroth order Bessel
function, and the (dimensionless) fundamental frequency 𝜔0 ≈ 2.4048 is
chosen to ensure that the boundary condition 𝜁 (1, 𝑡0, 𝑡1) = 0 is satisfied
at leading order.

With this leading order solution for the shape, the leading order
problem for the perturbation to the stress is

𝑟 𝜕
𝜕 𝑟

[

1
𝑟
𝜕(𝑟𝜓2)
𝜕 𝑟

]

= −
𝜔2
0
2

[

𝐴(𝑡1)2𝑒2i𝜔0𝑡0 + |𝐴|2 + c.c.] [𝐽1(𝜔0𝑟)
]2 . (21)

We therefore find that

𝜓2(𝑟, 𝑡0, 𝑡1) =
[

𝐴(𝑡1)2𝑒2i𝜔0𝑡0 + |𝐴|2 + c.c.] 𝑌 (𝑟) (22)

where 𝑌 (𝑟) satisfies

𝑟 d
d𝑟

[ 1
𝑟
d
d𝑟

(𝑟𝑌 )
]

= −
𝜔2
0
2

[

𝐽1(𝜔0𝑟)
]2 , (23)

subject to boundary conditions
[ ′ ] ′
4

lim
→0

𝑟𝑌 − 𝜈 𝑌 = 0, 𝑌 (1) = 𝜈 𝑌 (1). (24)
The function 𝑌 (𝑟) can be found analytically to be

𝑌 (𝑟) = 𝛽 𝑟 +
𝜔2
0𝑟
8 1𝐹2

(

{1∕2}; {2, 2}; −𝜔2
0𝑟

2) , (25)

where 𝑝𝐹𝑞
(

{𝑎1,… , 𝑎𝑝}; {𝑏1,… , 𝑏𝑞}; 𝑥
)

is the generalized hypergeomet-
ric function [27] and

𝛽 = 𝛽(𝜈) = −
𝜔2
0
8 1𝐹2

(

{1∕2}; {2, 2}; −𝜔2
0
)

+
𝜔4
0

32(1 − 𝜈) 1𝐹2
(

{3∕2}; {3, 3}; −𝜔2
0
)

is determined from the boundary conditions. Note that the constant 𝛽
epends on the Poisson ratio 𝜈; as a result, the function 𝑌 (𝑟) in fact
epends on 𝜈 and we therefore denote it 𝑌 (𝑟; 𝜈) henceforth.

3.3. Next order: The solvability condition

At 𝑂(𝜖3∕2), we find that

(𝜁3) = − 2 𝜕2

𝜕 𝑡0𝜕 𝑡1
[

𝐴(𝑡1)𝑒i𝜔0𝑡0 + c.c.] 𝐽0(𝜔0𝑟) + 𝛱
2

[

𝑒i(𝜔0𝑡0+𝜍 𝑡1+𝜙) + c.c.]

− 𝜔0𝛤 𝐽0(𝜔0𝑟)
[

i𝐴(𝑡1)𝑒i𝜔0𝑡0 + c.c.]

−
𝜔0
𝑟
𝜕
𝜕 𝑟

[

𝑌 (𝑟; 𝜈)𝐽1(𝜔0𝑟)
] [
𝐴3𝑒3i𝜔0𝑡0 + 3|𝐴|2𝐴𝑒i𝜔0𝑡0 + c.c.] . (26)

To make progress, we use the Fredholm Alternative Theorem [28].
In the context of a PDE like Eq. (26), the Fredholm Alternative Theorem
states that either Eq. (26) has a solution or the homogeneous adjoint
problem has a solution that is not orthogonal to the RHS of Eq. (26).

he operator (⋅) on the LHS of Eq. (26) is self-adjoint with respect to
the inner product ⟨𝑢, 𝑣⟩ = ∫ 2𝜋∕𝜔0

0 ∫ 1
0 𝑟 𝑢(𝑟, 𝑡0)𝑣(𝑟, 𝑡0) d𝑟 d𝑡0. Multiplying

he RHS of Eq. (26) by the complex conjugate of the solution of the
homogeneous adjoint problem, 𝑢(𝑟, 𝑡0) = 𝐽0(𝜔0𝑟)𝑒i𝜔0𝑡0 , and integrating,
we find that the condition for a solution of Eq. (26) to exist (the
‘solvability condition’) is that

0 = −2i𝛼1𝜔0𝐴̇ +
𝛱 𝛼2
2

𝑒i(𝜍 𝑡1+𝜙) − i𝜔0𝛤 𝛼1𝐴 − 3𝛼3|𝐴|2𝐴 + c.c. (27)

where the orthogonality condition gives rise to several constants:

𝛼1 = ∫

1

0
𝑟
[

𝐽0(𝜔0𝑟)
]2 d𝑟 =

[𝐽1(𝜔0)]2

2
≈ 0.1348

𝛼2 = ∫

1

0
𝑟𝐽0(𝜔0𝑟) d𝑟 =

𝐽1(𝜔0)
𝜔0

≈ 0.2159 (28)

𝛼3(𝜈) = 𝜔0 ∫

1

0
𝐽0(𝜔0𝑟)

d
d𝑟

[

𝑌 (𝑟; 𝜈)𝐽1(𝜔0𝑟)
]

d𝑟.

Note that, while the constants 𝛼1 and 𝛼2 are ‘universal’ for this problem,
𝛼3 depends on the Poisson ratio 𝜈. We can calculate this dependence
straightforwardly since the 𝜈-dependence is all encapsulated by the
(𝜈)𝑟 term in 𝑌 (𝑟; 𝜈). We find that

𝛼3(𝜈) ≈ 0.09044 + 0.30367
1 − 𝜈 , (29)

where the approximation is introduced only by taking the constants to
five decimal places; the dependence on 𝜈 is exact. In the simulations
we present here, 𝜈 = 0.3 for which 𝛼3 ≈ 0.524256. This relationship is
hown in Fig. 2a for completeness.

Comparison to previous results. Note that our analysis gives exact ex-
pressions for the constants determined numerically by Davidovikj et al.
[3]. In their notation, we find that 𝑚ef f = 2𝛼1𝑚, 𝑘1 = 2𝜋 𝛼1𝜔2

0𝑛0,
= 2𝛼2 and 𝐶3(𝜈) = 2𝛼3(𝜈), all of which agree with the values given

in the Supplementary Information of Davidovikj et al. [3]. However,
our analytical approach allows for the exact expression given in (29)
to be determined; the comparison between our analytical expression
for 𝛼3(𝜈) and the fit proposed by Davidovikj et al. [3] is shown in
Fig. 2a and shows good agreement over the whole range of 𝜈. However,
we emphasize that the technique we have used may, in principle, be
generalized to other loadings.
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Fig. 2. (a) Dependence of the coefficient of the cubic (nonlinear) term, 𝛼3, on the Poisson ratio of the membrane, 𝜈, given exactly by (29) (solid curve) compared with the fit to
numerical results given by Davidovikj et al. [3] (dashed curve). (The plot is restricted to the relevant range for isotropic solids, −1 ≤ 𝜈 ≤ 0.5.) (b) The perturbation to the stress
unction determined by the method of Multiple Scales, 𝑌 (𝑟; 𝜈) given by Eq. (25), for different values of 𝜈. Results are shown for 𝜈 = 0, 0.3 and 0.5 with the direction of increasing
𝜈 as indicated.
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3.4. Frequency–response curve

Returning to the solution of Eq. (27), we write

𝐴(𝑡1) = 𝑎
2
𝑒i𝜍 𝑡1 (30)

(so that 𝐴 + c.c. = 𝑎 cos 𝜍 𝑡1 with 𝑎 the oscillation amplitude). Taking
eal and imaginary parts gives equations for the amplitude 𝑎 and phase

shift 𝜙; 𝜙 may readily be eliminated from these equations giving
𝛱2𝛼22
𝑎2

= 𝛼21𝜔
2
0𝛤

2 +

(

𝛼1(𝛺2 − 𝜔2
0)

𝜖
− 3

4𝛼3𝑎
2

)2

. (31)

Recalling the various scalings with 𝜖 (i.e. the true amplitude 𝑎1 = 𝑎𝜖1∕2,
𝑃 = 𝜖3∕2𝛱 and 𝛾 = 𝜖 𝛤 ) and introducing a rescaled forcing frequency
𝛺̃ = 𝛺∕𝜔0 we immediately have
𝛼22
𝛼21𝜔

4
0

𝑃 2

𝑎21
=
𝛾2

𝜔2
0

+

(

𝛺̃2 − 1 − 3
4
𝛼3
𝛼1𝜔2

0

𝑎21

)2

. (32)

Eq. (32) gives a relationship between the oscillation amplitude, 𝑎1,
and the rescaled forcing frequency 𝛺̃; note that the form of Eq. (32)
as precisely the same form as the amplitude response for the Duff-
ng equation derived using Multiple Scales [5,26], which has been

used to fit various experimental parameters previously (as discussed
n the Introduction). However, unlike an informal analysis based on
he Duffing oscillator, the constants have been derived formally via
n asymptotic analysis of the governing PDEs that is valid in the
imit of small oscillation amplitudes. This approach means that, in
rinciple, no fitting of the constants should be required to give excellent
greement between the numerically-determined response curves and
he predictions of Eq. (32) in the limit of small amplitude oscillations.

We note that (32) is a quadratic equation in 𝛺̃2; it is therefore a
traightforward exercise to determine 𝛺̃2 as a function of 𝑎1 and 𝑃

— i.e. to determine the frequency required to give oscillations of a
articular amplitude. This analysis shows that a branch point in 𝛺̃
ccurs when
𝑎1
𝑃

=
𝛼2

𝛾 𝜔0𝛼1
. (33)

Note then that this ‘maximum compliance’, (𝑎1∕𝑃 )max, is independent
of the amplitude of the forcing 𝑃 .

3.5. Stress perturbation

An advantage of our approach is that it gives more detailed in-
formation about the effects of deformation; for example, the above
calculation allows us to determine the perturbation to the stress caused
y vibration: the function 𝑌 (𝑟; 𝜈) is defined in Eq. (22) in terms of the
5

perturbation to the stress function 𝜓2(𝑟, 𝑡) =
[

𝜓(𝑟, 𝑡) −𝑟]∕𝜖. The analytical
prediction of 𝑌 (𝑟; 𝜈), given by Eq. (25), is shown for three different
values of 𝜈 in Fig. 2b.

Having presented the predictions of a Multiple Scales analysis,
e now turn to a numerical resolution of the full system, namely
q. (9)–Eq. (14).

4. Numerical method and results

We determine the dynamic evolution of the membrane by solving
Eqs. (9), (12) and (13) numerically, subject to the forcing in Eq. (14)
with phase 𝜙 = 0 chosen for simplicity. The PDE, Eq. (9) is numerically
olved by using the method of lines with numerical integration per-
ormed in Python using the solve_ivp routine to advance the shape
f the membrane in time. At each time step, the stress state must also

be updated in response to the shape; this is a boundary value problem
and hence is solved using solve_bvp. Details of this procedure are
presented in Appendix B.

The numerical results show that, after an initial transient, the
vibrations of the membrane reach an approximately periodic state,
with some amplitude 𝑎. These results also show that the value of 𝑎 is
affected by both the applied pressure and the applied frequency. This
is precisely the information captured by a frequency–response curve.
We generate the frequency–response curve by a forward sweep, i.e. we
increase the frequency by small increments starting from a frequency
close to zero. The first and leftmost point on the curve is obtained
with this small forcing frequency, assuming that the membrane starts
from rest. Then the frequency is increased by a small step. The initial
conditions of the current step is the membrane displacement and
velocity corresponding to the instant of time at which the frequency
was increased from the previous step.1 As we continue the forward
sweep, the amplitude reaches a maximum value, 𝑎max: a further increase
n frequency (𝛺̃ > 𝛺̃max) causes the amplitude to suddenly jump

down to a significantly smaller value. Therefore, we must ensure that
he increment used for the sweep is sufficiently small to capture the

correct maximum amplitude. The markers in Fig. 3 correspond to
adaptive forward sweeps with variable frequency increments as the
weep progresses, with each colour representing a different magnitude
f pressure. Our sweep is adaptive in the sense that, when a jump-
own occurs, we revisit the previous step, sweeping forward with a

1 We have found that, when increasing the forcing frequency, it is important
o maintain the phase of the driving oscillation, rather than starting back from
= 0; otherwise the discontinuity introduced by the change of phase can lead

to premature ‘jump-down’.
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Fig. 3. Detailed frequency–response curves with a range of values of dimensionless damping, 𝛾. The solid curves show the response predicted by the method of Multiple Scales,
Eq. (32), without any fitting. In each plot, triangular points represent numerical results obtained at different driving pressures (as indicated by the colourbar to the right). The
right-pointing triangles indicate a forward sweep, while the left-pointing triangles indicate a backward sweep of frequency. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
smaller frequency increment. We do this as long as the increment size is
larger than a specified tolerance (𝛥𝛺̃ > 10−6). For completeness, we also
perform an adaptive reverse sweep starting with values of 𝛺̃ > 𝛺̃max,
decreasing 𝛺̃ until the system jumps up.

As might be expected, jump-down happens at larger amplitudes for
larger pressure. To normalize for this effect, Fig. 3 shows the compli-
ance, 𝑎∕𝑃 , plotted as a function of 𝛺̃. Recall from the discussion around
(33) that the results of the Multiple Scales analysis suggests that the
maximum compliance should be independent of the loading 𝑃 . How-
ever, our numerical results show that the maximum compliance varies
with forcing. This is often associated with nonlinear damping [5], even
though our numerical simulations use only linear damping.

As another test of our numerical procedure and the Multiple Scales
analysis, Fig. 4 shows a comparison between the analytical prediction
for the perturbation to the stress function, 𝑌 (𝑟; 𝜈) given by Eq. (25),
and an estimate of this function obtained from our numerical results.
This shows reasonable, if not perfect, agreement between the two
(independent) approaches.

Our comparison between the numerical results and the predictions
of our Multiple Scales analysis has shown that the results are generally
in good agreement for small amplitude (either with low forcing, or
large damping). However, the jump-down behaviour predicted by the
Multiple Scales method is far from what is observed numerically. We
now turn to consider how the predictions of an alternative approach,
which uses a Galerkin approach together with Harmonic Balance, can
give a better account of our numerical results.

5. Alternative theory: Galerkin approach and harmonic balance

5.1. Galerkin representation

As an alternative point of view, we consider a modal decomposition
of the problem — a Galerkin approach — in which we expand the
6

Fig. 4. The perturbation to the stress function determined numerically (coloured
points) and predicted by the method of Multiple Scales, 𝑌 (𝑟; 𝜈) given by Eq. (25),
(solid curve). Here snap-shots of this perturbation are shown at various instants of
time (indicated by point colour, see colourbar to the right) while the constants 𝛾 = 0.1,
𝑃 = 0.1 and 𝛺̃ = 1.04. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

membrane deformation as a series in terms of the normal modes of the
membrane, i.e. we let

𝜁 (𝑟, 𝑡) =
∞
∑

𝑛=0
𝐴𝑛(𝑡)𝐽0(𝜔𝑛𝑟) (34)

in which the 𝐴𝑛(𝑡) are unknown amplitudes and the 𝜔𝑛 are roots of
𝐽0(𝜔𝑛) = 0; in particular, 𝜔0 ≈ 2.40483, 𝜔1 ≈ 5.52008 and 𝜔2 ≈ 8.65373
are the dimensionless frequencies of the first three modes.

Of course, in addition to the decomposition Eq. (34), we must
choose an appropriate decomposition of the stress function 𝜓(𝑟, 𝑡). In
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this regard, we note that upon substituting Eq. (34) into the dimen-
sionless compatibility equation Eq. (12) we have

𝑟 𝜕
𝜕 𝑟

[

1
𝑟
𝜕(𝑟𝜓)
𝜕 𝑟

]

= −1
2

[ ∞
∑

𝑛=0
𝜔𝑛𝐴𝑛(𝑡)𝐽1(𝜔𝑛𝑟)

]2

. (35)

This form motivates introducing the expansion

𝜓(𝑟, 𝑡) = 𝑟 +
∞
∑

𝑚,𝑛=0
𝐴𝑚(𝑡)𝐴𝑛(𝑡)𝑌𝑚,𝑛(𝑟) (36)

where the functions 𝑌𝑚,𝑛(𝑟) satisfy

𝑟 d
d𝑟

[ 1
𝑟
d
d𝑟

(𝑟𝑌𝑚,𝑛)
]

= −
{𝜔2𝑚

2

[

𝐽1(𝜔𝑚𝑟)
]2 , 𝑚 = 𝑛,

𝜔𝑚𝜔𝑛 𝐽1(𝜔𝑚𝑟)𝐽1(𝜔𝑛𝑟), 𝑚 ≠ 𝑛,
(37)

subject to boundary conditions

lim
→0

[

𝑟𝑌 ′
𝑚,𝑛 − 𝜈 𝑌𝑚,𝑛

]

= 0, 𝑌 ′
𝑚,𝑛(1) = 𝜈 𝑌𝑚,𝑛(1). (38)

(Note that we are not able to give explicit formulae for 𝑌𝑚,𝑛 when 𝑚 ≠ 𝑛;
when 𝑚 = 𝑛 the form from Eq. (25) holds with 𝜔0 → 𝜔𝑚.)

Substituting the expansions Eq. (34) and Eq. (36) into the vertical
force balance equation Eq. (9) we find that
∞
∑

𝑛=0

(

𝐴̈𝑛 + 𝛾𝐴̇𝑛 + 𝜔2
𝑛𝐴𝑛

)

𝐽0(𝜔𝑛𝑟) = 𝑝(𝑟, 𝑡) − 1
𝑟
𝜕
𝜕 𝑟

(

∑

𝑙 ,𝑚,𝑛
𝜔𝑙𝐴𝑙𝐴𝑚𝐴𝑛𝐽1(𝜔𝑙𝑟)𝑌𝑚,𝑛(𝑟)

)

.

(39)

At this stage, it is natural to simplify the LHS of Eq. (39) by pro-
jecting using the operator ∫ 1

0 𝑟𝐽0(𝜔𝑚𝑟)(⋅) d𝑟 and using the orthogonality
relationship ∫ 1

0 𝑟𝐽0(𝜔𝑚𝑟)𝐽0(𝜔𝑛𝑟) d𝑟 = 𝛿𝑚𝑛[𝐽1(𝜔𝑚)]2∕2. We therefore find
that

𝐴̈𝑘 + 𝛾𝐴̇𝑘 + 𝜔2
𝑘𝐴𝑘 =

1
𝛼1,𝑘

{

𝛼2,𝑘𝑝(𝑡) −
∑

𝑙 ,𝑚,𝑛
𝛼3,𝑘𝑙 𝑚𝑛𝐴𝑙𝐴𝑚𝐴𝑛

}

(40)

where we have assumed that 𝑝(𝑟, 𝑡) = 𝑝(𝑡) is spatially uniform and

𝛼1,𝑘 = ∫

1

0
𝑟[𝐽0(𝜔𝑘𝑟)]2 d𝑟 =

[𝐽1(𝜔𝑘)]2

2
, (41)

𝛼2,𝑘 = ∫

1

0
𝑟𝐽0(𝜔𝑘𝑟) d𝑟 =

𝐽1(𝜔𝑘)
𝜔𝑘

, (42)

3,𝑘𝑙 𝑚𝑛 = 𝜔𝑙 ∫

1

0
𝐽0(𝜔𝑘𝑟)

d
d𝑟

[

𝐽1(𝜔𝑙𝑟)𝑌𝑚,𝑛(𝑟)
]

d𝑟. (43)

It is worth noting that the expressions for the constants given in (41)–
(43) are generalizations of the constants determined in (28) for the
fundamental frequency, 𝜔0.

To make further progress, we shall consider henceforth, only the
𝑘 = 0 mode and, further will assume that the only relevant nonlinear
erm comes from the 𝐴3

0 term. This will simplify the resulting analysis
onsiderably. To motivate this simplification, we calculate the first
hree amplitudes from our full numerical simulation of the problem for
arameter values that are well into the nonlinear (deformation-induced
train) regime, see Fig. 5. (These amplitudes are calculated from the

numerically determined 𝜁 (𝑟, 𝑡) via the integrals:

𝐴𝑛(𝑡) =
∫ 1
0 𝑟𝜁 (𝑟, 𝑡)𝐽0(𝜔𝑛𝑟) d𝑟
∫ 1
0 𝑟[𝐽0(𝜔𝑛𝑟)]2 d𝑟

, (44)

for 𝑛 = 0, 1, 2.) We see from this plot that only the lowest mode,
imensionless frequency 𝜔0, has a significant non-zero amplitude dur-
ng the oscillation, even though the parameters in this case keep us

well within the nonlinear regime. To proceed we therefore simplify
Eq. (40) by neglecting the coupling between modes, and only consider
he dominant fundamental mode, with 𝑘 = 0; this gives

𝐴̈0 + 𝛾𝐴̇0 + 𝜔2
0𝐴0 +

𝛼3
𝛼1
𝐴3
0 =

𝛼2
𝛼1
𝑝(𝑡). (45)

We now turn to study this equation using the method of Harmonic
alance.
7

Fig. 5. Evolution of the first three modes for 𝛾 = 0.1, 𝑃 = 0.18 and 𝛺̃ ≈ 1.098. We
see that the fundamental mode, with dimensionless frequency 𝜔0, is clearly dominant
since 𝐴0 ≫ 𝐴1 , 𝐴2. This justifies our neglect of the mode-coupling in this problem.

5.2. Harmonic Balance

In Harmonic Balance, the main idea is to pose a solution of the form
0(𝑡) = 𝑎0 cos𝛺 𝑡 and to determine the amplitude 𝑎0 from requiring

he cos𝛺 𝑡 behaviour to match with the forcing. With the forcing
from Eq. (14) (which incorporates a phase difference 𝜙 between forcing
and response), we apply the method of Harmonic Balance to Eq. (45)
and eliminate the phase 𝜙, leading to
𝛼22
𝛼21𝜔

4
0

𝑃 2

𝑎20
=
𝛾2

𝜔2
0

𝛺̃2 +

(

𝛺̃2 − 1 − 3
4
𝛼3
𝛼1𝜔2

0

𝑎20

)2

. (46)

This result is used in the plots of Fig. 6 and shows very good agreement
with the numerically determined frequency–amplitude response curves.

5.3. Multiple scales versus Harmonic Balance

The result of the Galerkin approximation and Harmonic Balance,
Eq. (46), is very similar to the corresponding result from the Multiple
Scales analysis, Eq. (32). Indeed, the only difference is the first term
on the RHS, which represents the viscous damping and is independent
f the driving frequency 𝛺̃ according to the Multiple Scales analysis,
ut depends on 𝛺̃ according to the Harmonic Balance analysis. This
ifference is generally small (since 𝛺̃ ≈ 1 after all) but becomes
articularly important close to the point of maximum compliance and

the jump-down point. In particular, the prediction that the maximum
ompliance should be independent of load strength [see ref. 5, for

example] is only true of the Multiple Scales approach; as a result,
non-constant maximum compliance does not necessarily indicate the
presence of nonlinear damping, but could instead be explained as a
breakdown in the applicability of the Multiple Scales analysis.

The Harmonic Balance method is expected to more accurately de-
scribe the solutions of strongly nonlinear differential equations than
perturbation methods [18,19]. It is perhaps then not surprising that
q. (46) shows a better fit to the amplitude response in our numerical

simulations: the decoupled equation Eq. (45) is a Duffing-type equation,
for which the Harmonic Balance method is known to perform well, even
with a single harmonic [14].

Having discussed the effect, and origin, of differences between the
wo analytical approaches discussed here to derive reduced models of

the oscillations of a vibrating membrane subject to a uniform pressure,
it is natural to wonder how the predictive power of the two models
can be compared to experiments. Given experimental data, such as
that of Davidovikj et al. [3] for example, how can we assess whether
discrepancies between the observed and expected force–amplitude re-
sponse are caused by poor fitting or by additional physics in the
experiments, such as nonlinear damping? In terms of distinguishing
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Fig. 6. Detailed frequency–response curves with a range of values of dimensionless damping, 𝛾. The solid curves represent the predictions of the Harmonic Balance method with
no fitting parameters. This shows better agreement with the numerical results than did the method of Multiple Scales (Fig. 3, but also light dashed curves here). In each plot, the
red circles indicate the jump-down point predicted by Harmonic Balance, triangular points represent numerical results obtained at different driving pressures (as indicated by the
colourbar to the right). The right-pointing triangles indicate a forward sweep, while the left-pointing triangles indicate a backward sweep of frequency.
the suitability of the two approaches discussed here, we note that
experimental data frequently exhibits a non-constant maximum compli-
ance. For example, data from Davidovikj et al. [3] shows a decreasing
maximum compliance when the oscillation amplitude is normalized by
the driving AC voltage, see Fig. 7. As a result, Eq. (46) is more likely
to be an appropriate frequency–response relation than Eq. (32). The
question then becomes how to do the fitting of the unknown parameters
in Eq. (46), particularly 𝛾. This is usually done via the jump-down point,
and so we now discuss some considerations for this procedure that are
highlighted by our analysis.

6. Advice for fitting

In prior investigations within this domain, experimental data is
commonly fitted to the theoretically-determined frequency–response
data by matching the maximum amplitude (i.e. the point at which
‘jump-down’ occurs). However, ample literature attests to the potential
for jump-down to happen prematurely (see schematic in Fig. 8a) during
experiments, whether because of noise in the system or other practical
constraints. For example, Chowdhury et al. [17,29] report that when
the system is close to the peak amplitude of the response curve, the
system is sensitive to inherent noise in the experimental system, and
suffers an unexpected early jump-down. We also observe early jump-
down in other published experimental data [see 16,30, for example]
and surmise that this may be due to similar effects.

Fig. 8a shows a schematic of premature jump-down, which occurs
at (𝛺̃1, 𝑎1), instead of the point of maximum amplitude, (𝛺̃max, 𝑎max).
One might therefore expect a fit based on the assumption that 𝑎1 is the
maximum amplitude to lead to a significant fitting error. Instead, we
note that at this jump-down point the amplitude drops to 𝑎2 from 𝑎1
with only a negligible change in the forcing frequency. Based on the
results presented in Section 3, particularly (46), we suggest that the
8

frequency at the jump-down point, regardless of whether it happens
prematurely or not, together with the amplitude it jumps to, contains
enough information for a more robust way to fit experimental data
to the analytical response curves. We can do this by treating (46)
as a quadratic in 𝛺̃2 and solving; using the two amplitudes at the
jump-down frequency, 𝛺̃1 we find that 𝛺̃, 𝑎1, 𝑎2, 𝛾 and 𝛼3 satisfy

𝛺̃2
1 = 1 + 3

4
𝛼3
𝛼1𝜔2

0

𝑎21 −
𝛾2

2𝜔2
0

−

√

√

√

√

√

(

1 + 3
4
𝛼3
𝛼1𝜔2

0

𝑎21 −
𝛾2

2𝜔2
0

)2

−

(

1 + 3
4
𝛼3
𝛼1𝜔2

0

𝑎21

)2

+
𝛼22
𝛼21𝜔

4
0

𝑃 2

𝑎21
(47)

𝛺̃2
1 = 1 + 3

4
𝛼3
𝛼1𝜔2

0

𝑎22 −
𝛾2

2𝜔2
0

+

√

√

√

√

√

(

1 + 3
4
𝛼3
𝛼1𝜔2

0

𝑎22 −
𝛾2

2𝜔2
0

)2

−

(

1 + 3
4
𝛼3
𝛼1𝜔2

0

𝑎22

)2

+
𝛼22
𝛼21𝜔

4
0

𝑃 2

𝑎22
(48)

Fitting Eqs. (47) and (48) to any experimental data involves finding
the unknowns 𝛾 and 𝛼3, and can be solved numerically. Please note
that Eqs. (47) and (48) are dimensionless and if we were to consider
its dimensional form, the fitting is the equivalent of obtaining 𝑐 and
𝛼3𝐸2𝐷 from Eqs. (51) and (52) below.

For simplicity, we focus on Eqs. (47) and (48) and compare the
error introduced in calculations by assuming that the jump-down point
corresponds to the maximum amplitude possible. At the maximum
amplitude, 𝛺̃1, 𝑎1, 𝑎2, 𝛾 and 𝛼3 should satisfy

𝑎21 =
2𝛼1𝜔2

0
3𝛼3

⎧

⎪

⎨

⎪

𝛾2

4𝜔2
0

− 1 +
⎡

⎢

⎢

⎣

(

1 − 𝛾2

4𝜔2
0

)2

+
3𝛼22𝛼3𝑃

2

𝛼31𝛾
2𝜔4

0

⎤

⎥

⎥

⎦

1∕2
⎫

⎪

⎬

⎪

(49)
⎩ ⎭
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Fig. 7. Experimental response curves for different driving voltages, 𝑉𝑎𝑐 , obtained by Davidovikj et al. [3]. (a) Raw response curves show the oscillation amplitude 𝑎, normalized by
sheet thickness, versus rescaled driving frequency 𝛺̃ = 𝛺∕𝛺0 for different applied voltages 𝑉𝑎𝑐 . (b) The compliance/responsivity of the results shows that the maximum compliance
decreases as the driving voltage increases. (The magnitude of the driving voltage is shown by point colour, as shown in the colourbar to the right.). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 8. (a) Schematic of experimental data (yellow triangles) overlaid on an analytical frequency–response (solid curve) with a (premature) jump-down from (𝛺̃1 , 𝑎1) to (𝛺̃1 , 𝑎2)
simulated by truncating the data set. (b) An illustrative example to quantitatively compare the errors induced by fitting a data set with early jump-down. Here, jump-down is
observed at 𝑎1 = 0.8647, 𝑎2 = 0.1475, 𝛺̃1 = 1.16; the plot is generated by truncating data from our numerical simulations with 𝛾 = 0.1, 𝜈 = 0.3 and 𝑃 = 0.18. The values of 𝛾 and
𝛼3(𝜈) are then fitted by two procedures: (i) using the two points at the jump-down frequency 𝛺̃1 leads to the frequency–response curve as a solid curve, while (ii) assuming the
jump-down point corresponds to the maximum point of the frequency–response curve leads to the dashed curve, which is a significantly worse fit of the data over most of the
curve.
𝛺̃2
1 = 1 + 3

4
𝛼3
𝛼1𝜔2

0

𝑎22 −
𝛾2

2𝜔2
0

+

√

√

√

√

√

(

1 + 3
4
𝛼3
𝛼1𝜔2

0

𝑎22 −
𝛾2

2𝜔2
0

)2

−

(

1 + 3
4
𝛼3
𝛼1𝜔2

0

𝑎22

)2

+
𝛼22
𝛼21𝜔

4
0

𝑃 2

𝑎22
,

(50)

instead of Eqs. (47) and (48).
To illustrate the difference in two approaches, consider the ‘exper-

imental’ data denoted by yellow triangles in Fig. 8b. These data were
generated numerically as before but truncated prior to the point of
jump-down to mimic experimental data with premature jump-down.
The data was generated with known values of the parameters; in
particular, 𝑃 = 0.18, 𝛾 = 0.1 and 𝜈 = 0.3 (so that 𝛼3 ≈ 0.524256).
For this data we observe 𝑎1 ≈ 0.8647, 𝑎2 ≈ 0.1475, and 𝛺̃1 ≈ 1.16 at
the simulated jump-down point (which we do not assume corresponds
to the maximum amplitude possible). In principle, the values of 𝛾 and
𝛼 are not known (for example if the Poisson ratio 𝜈 is unknown), but
9

3

all other parameters are either known or are measured directly from
the frequency–response curve. We fit the data to Eqs. (47) and (48) by
varying 𝛾 and 𝛼3 and using fsolve in MATLAB; we find 𝛾 ≈ 0.0987
and 𝛼3 ≈ 0.5255. Note that the fitted values of 𝛾 and 𝛼3 are both
within 2% of the true values appropriate for the parameters used in
the simulations. The corresponding frequency–response curve is shown
by the solid green curve in Fig. 8b, and matches well the numerical
data over the whole frequency spectrum with a residual sum of squares
of 0.0079. By contrast, if we had assumed that jump-down happens
at the point of maximum amplitude and used Eqs. (49) and (50), we
would have found 𝛾 ≈ 0.1196 and 𝛼3 ≈ 0.4785. These values differ from
the true values by 10%–20%. Moreover, the corresponding frequency–
response curve, shown as the dashed blue curve in Fig. 8b, deviates
from the experimental data points even away from the maximum —
the residual sum of squares is now 0.0425, significantly higher than for
the frequency–response curve that was fitted based on the two pieces
of information from the observed jump-down point.
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This refinement to the fitting procedure is important because an
rror in estimating 𝛼3 would then lead to error in the calculation

of material properties 𝐸2𝐷 and 𝜈, which is the motivating factor for
calculations. This becomes clearer when we examine Eqs. (47) and (48)
n their dimensional form, which can be obtained by using Eqs. (8), (10)
nd (11) and by substituting 𝛺̃ = 𝛺̄∕

(

𝜔0

√

𝑇pre
ℎ𝜌𝑅2

drum

)

as

𝛺̄2
1 =

𝜔2
0𝑇pre

ℎ𝜌𝑅2
drum

+
3𝑎̄21

4𝛼1ℎ𝜌𝑅4
drum

𝛼3𝐸2𝐷 − 𝑐2

2𝜌2

−

√

√

√

√

√

𝑐4

4𝜌4
− 𝑐2

𝜌2

(

𝜔2
0𝑇pre

ℎ𝜌𝑅2
drum

+
3𝑎̄21

4𝛼1ℎ𝜌𝑅4
drum

𝛼3𝐸2𝐷

)2

+
𝛼22 𝑝̄

2

𝛼21ℎ
2𝜌2𝑎̄21

,

(51)

𝛺̄2
1 =

𝜔2
0𝑇pre

ℎ𝜌𝑅2
drum

+
3𝑎̄22

4𝛼1ℎ𝜌𝑅4
drum

𝛼3𝐸2𝐷 − 𝑐2

2𝜌2

+

√

√

√

√

√

𝑐4

4𝜌4
− 𝑐2

𝜌2

(

𝜔2
0𝑇pre

ℎ𝜌𝑅2
drum

+
3𝛼3𝑎̄22𝐸2𝐷

4𝛼1ℎ𝜌𝑅4
drum

𝛼3𝐸2𝐷

)2

+
𝛼22 𝑝̄

2

𝛼21ℎ
2𝜌2𝑎̄22

.

(52)

As mentioned before, the unknowns in Eqs. (51) and (52) are 𝑐 and
3𝐸2𝐷, with all other parameters known from the experiments.

7. Conclusion

In this article, we have presented direct numerical simulations of
wo nonlinear, coupled PDEs describing the oscillations of a membrane
ubject to a uniform, but oscillatory, load and linear damping. Using
wo different analytical approaches, Multiple Scales and Harmonic
alance, we obtained two theoretical predictions for the frequency–
mplitude response; these were each analogous to previously derived
esults for the Duffing equation, but the analytical approaches used al-
owed us to determine the relevant prefactors in terms of the underlying
hysical properties of the system with no fitting parameters.

Our numerical simulations show a non-constant maximum com-
pliance, which is often associated with nonlinear damping in experi-
ments [see ref. 5, for example]. Our simulations include only linear
amping meaning that the inability of the Multiple Scales results to de-
cribe this feature of our numerical results is a deficiency of the method
 a deficiency that is not present in the results of Harmonic Balance.

ndeed, the frequency–response curve determined by Harmonic Balance
grees well with the results of our numerical simulations up to, and
ncluding, the point of jump-down.

We finished by discussing how fits of the frequency–response curve
could be made robust to the noise that is inevitably part of experiments,
and which can lead to premature jump-down. Rather than focussing on
he amplitude at the jump-down point alone, we suggest that taking
he behaviour of the system either side of jump-down allows a fitting
hat is not confounded by premature jump-down. Using our numerical
ata, we demonstrate that performing the fit in this way provides fitted
alues of the key parameters that are closer to the values used in
imulations and also provides a frequency–response curve that is much
loser to the numerically generated data points.

We hope that the process we have outlined here may be generalized
to provide reduced order models of, for example, NEMS/MEMS res-
nators subject to non-uniform loading, with prefactors in those models

that are formally related to the underlying parameters.
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Appendix A. Validity of modelling assumptions

The axisymmetric dynamic oscillations of a sheet must satisfy trans-
verse force balance, which can be written as

𝜌ℎ
𝜕2𝜁
𝜕𝑡2

= 𝑝̄[𝑟̄, 𝜁 (𝑟̄, 𝑡), 𝑡] − 𝐵∇4𝜁 + 𝛁 ⋅
(

𝝈̄ ⋅ 𝛁𝜁
)

(A.1)

(in the absence of a damping force, for simplicity) and the in-plane
quation of motion, which may be written as

𝜌ℎ𝜕
2𝒖̄
𝜕𝑡2

= 1
𝑟̄
𝜕
(

𝑟̄ ̄𝜎𝑟̄ ̄𝑟
)

𝜕 ̄𝑟 −
𝜎̄𝜃̄𝜃̄
𝑟̄
. (A.2)

With the non-dimensionalization used throughout the main text,
Eq. (A.1) becomes
𝜕2𝜁
𝜕 𝑡2 = 𝑝(𝑟, 𝑡) − ∇4𝜁 + 𝛁 ⋅ (𝝈 ⋅ 𝛁𝜁 ) (A.3)

where

 = 𝐵
𝑇pr e𝑅2

dr um
(A.4)

is the reciprocal of the ‘bendability’ [31] of the membrane. Now
onsidering Eq. (A.2), this non-dimensionalization gives
1
𝑟
𝜕
(

𝑟𝜎𝑟𝑟
)

𝜕 𝑟 −
𝜎𝜃 𝜃
𝑟

=
𝑇pr e
𝐸2𝐷

𝜕2𝒖
𝜕 𝑡2 . (A.5)

Thus, the dimensionless time scale for evolution of the stress is
𝑇pr e∕𝐸2𝐷)1∕2, which corresponds to a dimensional time
(

𝑇pr e
𝐸2𝐷

𝜌ℎ𝑅2
dr um

𝑇pr e

)1∕2

=
𝑅dr um
𝑐

, (A.6)

where 𝑐 is the natural wave speed

𝑐 =

√

𝐸2𝐷
𝜌ℎ

. (A.7)

Our neglect of bending stiffness and in-plane inertia therefore re-
quire that both  ≪ 1 and 𝜔 × 𝑅dr um∕𝑐 ≪ 1. By taking a typical
Elastic Modulus value 𝐸 = 400 GPa, ℎ = 3 × 10−10 m, 𝑅dr um = 2.5𝜇m,
𝜔 = 107 Hz [all based on figure 1b of ref. 3], 𝜈 = 0.3 and 𝑇pr e ≈
0.1 N m−1 [32], we get  ≈ 6 × 10−5 and 𝜔𝑅dr um∕𝑐 ≈ 10−3; this suggests
that both bending and dynamic effects can be neglected.

Appendix B. Details of the numerical scheme

We obtain the dynamics of the membrane by solving Eq. (9)–
q. (13). To solve the PDE Eq. (9) numerically by using the method of

lines [see ref. 33, for example]. We first discretize the spatial derivative
and convert Eq. (9) to a set of ordinary differential equations. We do
this by introducing a uniform mesh for 𝑟 on the interval [0, 1]. The grid
oints on the mesh are given by 𝑟𝑖 = 𝑖∕𝑁 , where 0 ≤ 𝑖 ≤ 𝑁 . We denote
he numerical values of 𝜁 , 𝜓 and 𝜓 ′ at the grid point 𝑟𝑖 by 𝜁𝑖, 𝜓𝑖 and
′
𝑖 , respectively. The spatial derivatives of 𝜁 in Eq. (9), except at points
𝑟 = 0 and 𝑟 = 1, are approximated with second-order central differences.
The spatial derivatives in 𝜁 at 𝑟 = 0 and 𝑟 = 1 are approximated
y second-order forward and backward differences, respectively. (Note
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that 𝜓 ′ is calculated directly from our solution of the compatibility
equation, and hence is not calculated via finite differences.) Thus, for
𝑖 = 1, 2,… , 𝑁 − 1, Eq. (9) becomes:
𝑑2𝜁𝑖
𝑑 𝑡2 + 𝛾

𝑑 𝜁𝑖
𝑑 𝑡 = 𝑝[𝑟𝑖, 𝜁𝑖, 𝑡] +

𝜓 ′
𝑖
𝑟𝑖

𝜁𝑖+1 − 𝜁𝑖−1
2𝛥𝑟

+
𝜓𝑖
𝑟𝑖

𝜁𝑖+1 − 2𝜁𝑖 + 𝜁𝑖−1
𝛥𝑟2

, (B.1)

and for 𝑖 = 0 and 𝑁 , it becomes:
𝑑2𝜁0
𝑑 𝑡2 + 𝛾

𝑑 𝜁0
𝑑 𝑡 = 𝑝[𝑟0, 𝜁0, 𝑡] +

𝜓 ′
0
𝑟0

−3𝜁0 + 4𝜁1 − 𝜁2
2𝛥𝑟

+
𝜓0
𝑟0

2𝜁0 − 5𝜁1 + 4𝜁2 − 𝜁3
𝛥𝑟2

, (B.2)

𝑑2𝜁𝑁
𝑑 𝑡2 + 𝛾

𝑑 𝜁𝑁
𝑑 𝑡 = 𝑝[𝑟𝑁 , 𝜁𝑁 , 𝑡] +

𝜓 ′
𝑁
𝑟𝑁

3𝜁𝑁 − 4𝜁𝑁−1 + 𝜁𝑁−2
2𝛥𝑟

+
𝜓𝑁
𝑟𝑁

2𝜁𝑁 − 5𝜁𝑁−1 + 4𝜁𝑁−2 − 𝜁𝑁−3

𝛥𝑟2
, (B.3)

respectively. The boundary conditions, Eq. (13), become:

𝜁0 =
4𝜁1 − 𝜁2

3
, 𝜁𝑁 = 0, (B.4)

𝜓0 = 0, 𝜓 ′
𝑁 − 𝜈 𝜓𝑁 = 1 − 𝜈 . (B.5)

The PDEs are thus recast as a set of ODEs. To write this set of ODEs
n matrix form, we introduce the column vectors, 𝜻 and 𝒑, each of
ength 𝑁 − 1:

𝜻 =
(

𝜁1,… , 𝜁𝑁−1
)T , (B.6)

𝒑 = 𝑝 (1,… , 1)T . (B.7)

The PDEs may then be written in the form
𝑑2𝜻
𝑑 𝑡2 = −𝛾 𝑑𝜻

𝑑 𝑡 + 𝒑 +
(

𝑺𝑟𝑟𝑨 + 𝑺𝜃 𝜃𝑩
)

𝜻 (B.8)

where the matrices 𝑺𝑟𝑟 and 𝑺𝜃 𝜃 represent the effects of the in-plane
tress and are defined as

𝑺𝑟𝑟 =
⎛

⎜

⎜

⎜

⎝

𝜓1
𝑟1

⋱
𝜓𝑁−1
𝑟𝑁−1

⎞

⎟

⎟

⎟

⎠

, (B.9)

and

𝑺𝜽𝜽 =

⎛

⎜

⎜

⎜

⎜

⎝

𝜓 ′
1
𝑟1

⋱
𝜓 ′
𝑁−1
𝑟𝑁−1

⎞

⎟

⎟

⎟

⎟

⎠

, (B.10)

while the matrices 𝑨 and 𝑩, defined by

𝑨 = 1
𝛥𝑟2

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−2∕3 2∕3
1 −2 1

1 −2 1
⋱ ⋱ ⋱

1 −2 1
1 −2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (B.11)

𝑩 = 1
2𝛥𝑟

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−4∕3 4∕3 1
−1 0 1

− 1 0 1
⋱ ⋱ ⋱

−1 0 1
−1 0 1

−1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (B.12)

calculate the second and first derivatives of 𝜁 with respect to 𝑟, respec-
tively.

At each time step, the values of 𝜓 are calculated by solving Eq. (12)
ith the boundary conditions Eq. (B.5). The initial conditions are:

𝜻(0) = 0, 𝜻̇(0) = 0. (B.13)
11
We solve Eq. (B.8) by numerically integrating it in python by using
solve_ivp routine with the initial conditions Eq. (B.13). We solve
for 𝝍 by using solve_bvp routine for Eq. (12) with the boundary
conditions Eq. (B.5). To obtain the full response curve we do forward
and backward sweeps. The response branch with larger amplitudes and
the jump-down point are found from the forward sweep. Similarly, the
lower branch and the jump up point are from the backward sweep.

Numerical error resulting from a coarse discretization can be mini-
mized by taking a large 𝑁 but at the cost of increased computational
time. We used a convergence study in which the value of 𝑁 is varied for
each value of 𝛾 used in the work to estimate this discretization error.
We found that a value of 𝑁 = 50 ensures reasonable computational
time without compromising the accuracy of the results. We therefore
use 𝑁 = 50 in the numerical solutions of Eq. (B.8)–Eq. (B.13) presented
in the main text of this work.

Data availability

Data will be made available on request.
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