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Abstract

The spin–orbit misalignment of stellar-mass black hole (sBH) binaries provides important constraints on the
formation channels of merging sBHs. Here, we study the role of secular spin–orbit resonance in the evolution of an
sBH binary component around a supermassive BH (SMBH) in an AGN disk. We consider the sBH’s spin
precession due to the J2 moment introduced by a circum-sBH disk within the warping/breaking radius of the disk.
We find that the sBH’s spin–orbit misalignment (obliquity) can be excited via spin–orbit resonance between the
sBH binary’s orbital nodal precession and the sBH spin precession driven by a massive circum-sBH disk. Using an
α-disk model with Bondi–Hoyle–Lyttleton accretion, the resonances typically occur for sBH binaries with
semimajor axis of 1 au and at a distance of ∼1000 au around a 107Me SMBH. The spin–orbit resonances can lead
to high sBH obliquities and a broad distribution of sBH binary spin–spin misalignments. However, we note that the
Bondi–Hoyle–Lyttleton accretion is much higher than that of Eddington accretion, which typically results in spin
precession being too low to trigger spin–orbit resonances. Thus, secular spin–orbit resonances can be quite rare for
sBHs in AGN disks.

Unified Astronomy Thesaurus concepts: Black hole spin-flip (160); Dynamical evolution (421); Gravitational wave
sources (677); Orbits (1184)

1. Introduction

The detection of gravitational waves from stellar-mass black
hole (sBH) mergers provides an unprecedented opportunity to
probe the properties of sBH binaries. For instance, the
measurement of the spin–orbit misalignment and the spin
precession reveals key information to better characterize the
sBH binaries (Cutler & Flanagan 1994; Chatziioannou et al.
2015) and to determine the origin of the sBHs (Rodriguez et al.
2016; Farr et al. 2017; Gerosa & Berti 2017). Hundreds of
mergers of stellar-mass compact binaries will be detected
within the next decade, with the improved sensitivity of LIGO-
Virgo-KAGRA and the expected commissioning of LIGO
India. This prospect will enable detailed explorations of the
origin and evolution of these compact binaries based on the
statistical properties of the sBH binaries.

The dynamics of sBH binary spin–orbit coupling is rich. For
isolated binaries, spinning sBH can “flip-flop” when the binary
components are close to each other during the merger process
within a separation of ∼103M (Lousto & Healy 2015; Gerosa
et al. 2019), where M is the total mass in units G= c= 1. Such
an occurrence leads to large sBHs’ spin–orbit misalignment up
to 180° between the sBH’s spin and the orbital normal
direction. Numerical-relativity simulations of sBH binaries
revealed that spin–orbit misalignment can lead to large sBH
recoils, with important astrophysical implications (Campanelli
et al. 2007; González et al. 2007; Brügmann et al. 2008;
Kesden et al. 2010; Lousto & Zlochower 2011; Gerosa et al.
2018).

For sBH binaries around a supermassive black hole
(SMBH), large sBH spin–orbit misalignment can be produced

when the binaries are highly misaligned with respect to their
orbits around the SMBH prior to the merger process.
Specifically, the Von Zeipel–Lidov–Kozai mechanism due to
the Newtonian perturbation of the SMBH can lead to
inclination oscillation and eccentricity excitation of the sBH
binary’s orbit around each other and induce sBH mergers (see
review by Naoz 2016). Meanwhile, the sBH spin undergoes
chaotic evolution (Liu & Lai 2017; Fragione & Kocsis 2020),
leading to a wide range (0–180°) of final spin–orbit misalign-
ment even from an initially aligned configuration. However,
when the binary orbital inclination relative to its orbit around
the SMBH is low (40°), the binary eccentricity is not excited,
and only modest (20°) spin–orbit misalignment can be
produced.
Here, we show that in AGN disks, spin–orbit resonance can

increase the sBHs’ obliquities even for sBH binaries in near-
coplanar orbits around the SMBH. AGN disks are dense with
stars and compact objects (Bartos et al. 2017; Tagawa et al.
2020b), and such environments are conducive to the forming
and merging of compact-object binaries. How do the spins of
the sBHs evolve? McKernan et al. (2020) adopted Monte Carlo
simulations and found the distribution of the effective spin
parameter χeff is centered around 0.0effc̃ » with a width of the
χeff distribution for low natal spins. In addition, Tagawa et al.
(2020a) found that the strong binary-single encounters can
randomize the orbital inclination and lead to nonzero but equal
obliquity for the binary components due to the Bardeen–
Petterson effect and binary-single hard encounters. However,
effects of secular spin–orbit resonances of the sBHs (gentle but
correlated perturbations that accumulate over many orbital
periods) in the AGN disk have not been studied.
In this article, we propose a new mechanism to change the

spin orientation of the sBHs via secular spin–orbit resonances.
Secular dynamics on the eccentricity increase and the
enhancement of the merger rate of sBH binaries in AGN disks
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have been recently investigated by Bhaskar et al. (2022, 2023).
Specifically, the inner part of the circum-sBH disk strongly
couples to the spin of the sBH and is driven by Lense–Thirring
precession, and the Newtonian torque acting on the disk by the
companion sBH leads to retrograde spin precession. We show
that for massive circum-sBH disks with Bondi–Hoyle–
Lyttleton (BHL) accretion, the retrograde spin precession can
dominate over the prograde de Sitter spin precession and
resonate with nodal precession of the binary orbit driven by the
perturbation of the SMBH. The spin–orbit resonance can lead
to highly misaligned sBH spins orbiting closely (∼103 au)
around SMBHs (107Me). The tilting of sBH due to spin–orbit
resonance is analogous to that of the tilting of Saturn including
the effects of satellites and circumplanetary disk (Ward &
Hamilton 2004; Rogoszinski & Hamilton 2020). This can
broaden the distribution of spin–spin misalignment and χeff.

2. Spin Variations

2.1. System Setup

We examine the spin variations of sBH binaries embedded in
an SMBH AGN disk. The configuration is shown in Figure 1.
The binary is composed of sBH (m1) and sBH (m2), and m3

represents the SMBH. The blue region around m1 represents
the circum-sBH disk. The total spin angular momentum of the
sBH and the inner circum-sBH disk is denoted by S. The
orbital angular momentum of the sBH binary is marked by
Lorb. The semimajor axis of the disk particles is denoted by a1.
a2 is the semimajor axis of the sBH binary, and a3 denotes the
semimajor axis of the orbit of the sBH binary around the
SMBH (m3). The green box in Figure 1 shows a zoomed-in

view of the circum-sBH disk. The spin–orbit misalignment is
marked using ò in the figure. We note that Lorb and Ldisk,innner

are not aligned when the sBH spin is misaligned with the orbit
(Lorb).

2.2. Warping of Circum-sBH Disks

When the spin of the sBH is misaligned with the binary
orbit, the disk becomes warped (as illustrated in the zoomed-in
view in Figure 1). Specifically, the inner region of the circum-
sBH disk aligns with the sBH spin due to the Bardeen–
Petterson effect (Bardeen & Petterson 1975; Papaloizou &
Pringle 1983), while the outer parts of the disk align with the
sBH binary orbital axis (e.g., Martin et al. 2009; Tremaine &
Davis 2014). This warping of the disk is analogous to the
warping of the orbital plane of satellites, which is due to the
precession of a satellite around its host planet and perturbation
by the star (Goldreich 1966). We use aw to denote the warping
radius, which marks the limit where the precession direction of
the disk changes significantly. Tears of the disks can occur
when the warp is significant (e.g., 40° depending on the disk
properties), and this hinders the subsequent realignment of the
sBH spin with the outer disk (e.g., Nixon et al. 2012; Gerosa
et al. 2020; Nealon et al. 2022).
The viscosity of the disk determines whether the breaking

occurs (also illustrated in Pringle 1992; Ogilvie 1999), and the
breaking radius is close to the Laplace radius. Specifically, the
Laplace radius is located where the direction of the disk
particle’s nodal precession changes, and it can be estimated by
setting the Lense–Thirring precession rate to be equal to the
nodal precession rate. The nodal precession of the disk particles
due to the spinning sBH can be expressed as follows (Barker &
O’Connell 1974):
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where e1 stands for the eccentricity of the orbit of the disk
particle around sBH m1, and χ stands for the spin parameter of
the sBH m1 (see Equation (5)). Meanwhile, the companion sBH
drives nodal precession around the orbital normal of the black
hole binary. To the quadrupole order in the semimajor axes
ratio (a1/a2), the precession rate is simple in the near-coplanar
limit (Naoz 2016; Liu & Lai 2017):
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where n G m m a1 2 2
3( )= + is the mean motion of the

binary, and e2 stands for the eccentricity of the sBH binary.
Then, we obtain the Laplace radius (aL) by equating d

dt LT
( )W

and ZLKd

dt v
( )W , assuming the eccentricities of the disk particles

and that of the sBH binary to be zero and omitting factors of
order unity:
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where Rg
Gm

c
1

2= is the gravitational radius of m1. This
expression is within an order of unity of the warping radius
obtained in Martin et al. (2009) and Tremaine & Davis (2014).

Figure 1. Configuration of the system. The sBH binary is composed of m1 and
m2, and m3 represents the SMBH. The blue region represents the gaseous disk
around the central sBH m1. a1 is the semimajor axis of the disk particles around
m1, a2 is the semimajor axis of the sBH binary, and a3 is the semimajor axis of
the sBH binary around the SMBH. The green ò angle represents the sBH’s
spin–orbit misalignment (obliquity). The green box shows a zoomed-in view of
the warped disk, where inside the warping radius aw, the disk is strongly
coupled to the sBH. The warping radius is located close to the Laplace radius
(Equation (3)).

2

The Astrophysical Journal, 950:48 (11pp), 2023 June 10 Li et al.



We denote it as the Laplace radius instead of the warping
radius here, to distinguish it from the actual location of the disk
where warps/breaks occur.

Figure 2 shows the Laplace radius of disk particles around a
m1= 10 Me and 50 Me central sBH. The semimajor axis of the
sBH binary components is a2= 1 au, and we vary the mass m2

of the sBH companion on the bottom axis. As expected, the
Laplace radius decreases with sBH companion mass, and the
Laplace radius increases with the central sBH spin. At an sBH
binary semimajor axis of a2= 1 au, aL can greatly exceed Rg,
as shown in the right vertical axis of the figure. The blue lines
and labels represent aL values for the 10 Me central sBH, and
the purple represents the 50 Me central sBH. The Laplace
radius is smaller for smaller sBH separation (a2).

Recently, it has been shown in three-dimensional hydro-
dynamical simulations that significant warping as well as
breaking can indeed occur for sBH spins misaligned with the
binary orbit (Nealon et al. 2022). The exact location of the
breaking radius depends on the obliquity of the sBH spin,
where retrograde spins allow for larger breaking radius.
Overall, as shown in the three-dimensional hydrodynamical
simulations by Nealon et al. (2022), the breaking radius, where
the disks separate into discontinuous structures, is about 5
times smaller than the Laplace radius, depending on the
inclination of the sBH spin axis. Accordingly, we set the
warping/breaking radius (aw) in terms of the Laplace radius
(aL) for rough estimates in the following discussions.

2.3. Spin Precession with Circum-sBH Disks

In this section, we consider the spin precession of the central
sBH, taking into account both the de Sitter precession of the
sBH, due to the curved space-time produced by its sBH
companion, as well as the precession of the disk due to the
Newtonian tidal force of the companion.

2.3.1. Disk-induced J2 Precession

The disk around the central sBH produces a J2 quadrupole
moment (see Equation (16)), and the torque due to the sBH
companion on the J2 moment can lead to spin precession. The

torque be expressed in the secular limit as follows (Gold-
reich 1966):

s
l s l s

d

dt

Gm J m R

a L

3
, 4

disk

2 2 1
2

2
3

spin

⎛
⎝

⎞
⎠

ˆ (ˆ · ˆ)(ˆ ˆ) ( )= - ´

where R can be defined as the gravitational radius of the sBH,
s L Lspin spinˆ = is the unit vector pointing in the direction of the

spin, and l̂ is the unit vector along the orbit normal. Lspin is the
total angular momentum of the sBH and the close-in disk that is
strongly coupled to the sBH spin (Lspin= Lspin,sBH+ Lspin,disk).
The angular momentum of the sBH can be expressed as
follows:

L
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c
. 5spin,sBH

1
2

( )c
=

The angular momentum of the disk depends on the circum-sBH
disk density profile. Using a simple α disk model, the surface
density of the disk can be expressed as follows (Shakura &
Sunyaev 1973; Frank et al. 2002):
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where α is the viscosity parameter, m is the accretion rate, and
r is the distance of the disk particles from m1. We assume
α= 0.01 for the circum-sBH disk, where the viscosity is likely
dominated by turbulent viscosity. This is typical for disks
around sBHs or neutron stars (e.g., Frank et al. 2002).
In addition, we assume the accretion rate of gas in the

circum-sBH disk is given by the BHL rate:
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where rw is width of the gas bound to the sBH (m1), which is
determined by the minimum of the BHL radius rBHL =
G m c vs k1

2 2( ) ( )+ and Hill radius of m1 (rHill =
a m m32 1 3

1 3( ) , and rh is height of gas bound to m1, which is
determined by the minimum of rw and the scale height of the
AGN disk (H). Sound speed (cs) and disk gas density (ρgas) are
determined using the properties of the AGN disk.
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where c H 2s = W , h = H/r, Gm a2
3 3

3W = , and κ=Ω are
the mid-plane sound speed, aspect ratio, and angular and
epicycle frequencies, respectively. We set h = 0.01 according
to reverberation mapping (Starkey et al. 2023). Specifically,
Starkey et al. (2023) measured an h on the order of 0.03, and
we reduced h further because reverberation mapping corre-
sponds to the measurement of the photosphere at a grazing

Figure 2. Laplace radius of disk particles around a 10 Me and 50 Me central
sBH with sBH binary semimajor axis of a2 = 1 au. Different types of lines
represent different sBH spin coefficients. The y-axis labels on the right shows
the Laplace radius in terms of the gravitational radius of the central sBH. The
blue lines and labels correspond to that around a m1 = 10Me sBH, and purple
corresponds to a m1 = 50 Me sBH.
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angle, and thus the measured height is larger than the scale
height (Garaud & Lin 2007).

We adopt the BHL accretion here, assuming the super-
Eddington accretion occurs episodically, during which the spin–
orbit resonances can take place. The episodic accretion takes place
during the viscous timescale tvis∼ r2/ν= 1/(αΩm1h

2)∼ 1Myr,
where Ωm1 is the Keplerian angular velocity around the sBH (m1),
and this provides an upper bound on the timescale of the flip of
the sBH due to spin–orbit resonances. Note that at a3∼ 103 au
from an m3= 107Me SMBH, the BHL accretion rate is much
higher (104 times higher) than the Eddington accretion rate.
With high accretion rate, the strong radiation pressure can
suppress further accretion onto the sBH and may reach an
accretion-wind equilibrium, which may lead to a more massive
disk (M. Ali-Dib et al. 2023, in preparation). Although it gives
Q 1 in the inner region of circum-sBH disk, within aL, which
still allows the disk to be stable against gravitational collapse, the
total disk mass within rBHL and rHill can be comparable to or
above the mass of the sBH. Thus, we only use it as an upper
bound to investigate the effects of secular spin–orbit resonances in
massive disks.

To compare with an Eddington-limited accretion, we also
calculate the surface density of the mini circum-sBH disk using
Eddington-limited accretion:

m
m M

c
1.26 10 W , 14E

31 1
2

( ) 

h
= ´

where we set the radiative efficiency to be η= 0.01 for an
upper bound on the accretion rate.

Following the disk surface density (Equations (6), (10) and
(14)), the angular momentum of the disk can be calculated as
follows:

L r r r dr2 , 15
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where Gm r1
3 1 2( )w = .

To illustrate the angular momentum caused by the circum-
sBH disk and the sBH spin, we show the ratio of Lspin,disk to
Lspin,sBH in the upper panel of Figure 3. We set m1= 30Me
and χ= 0.7 for the black holes, and we set the inner edge of the
disk (rin) to be 3Rg. The sBH binary orbits around an SMBH of
107Me at a3= 1000 au. The blue line represents the case with
a2= 0.3 au, the red one corresponds to a2= 1 au, and the
yellow line corresponds to a2= 3 au. The x-axis represents the
mass of the sBH companion. The solid lines correspond to the
BHL accretion disk model, and the dashed lines correspond to
the Eddington-limited accretion.

We find that larger sBH binary separation corresponds to
larger disks, and thus the disk angular momentum increases
with sBH separation. The larger the companion, the smaller the
disk and thus the lower the angular momentum ratio. In
addition, it shows that the angular momentum caused by the
disk that strongly couples to the black hole spin is typically
lower than that of the sBH spin when a1 3 au. This is
opposite to what is usually assumed for Bardeen–Petterson
effects since here we only consider the inner region of the disk
strongly coupled to the Lense–Thirring precession of the black
hole. The Eddington-limited disk produces lower disk angular
momentum.

Then, we calculate the quadrupole moment (J2) introduced
by the disk. It can be expressed as follows, similar to planets in

a circumplanetary disk (e.g., Rogoszinski & Hamilton 2020):
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Please note that a very crude estimate based on the definition of
Toomre Q value (Q c G hm a2s 1 3

2( )k p p= S ~ S , analo-
gous to Equation (12)), gives fJ∼ h/Q at the Laplace radius.
To illustrate the magnitude of fJ, we show in the lower panel

of Figure 3 fJ as a function of the sBH companion mass.

Figure 3. Upper panel: the disk angular momentum to sBH spin angular
momentum ratio. Lower panel: the fJ parameter of the inner disk strongly
coupled to the sBH spin. fJ corresponds to the quadrupole moment of the inner
disk ( f r r dr m aJ a

a
L

3
1

2w

in
( ) ( )ò p= S . The Eddington-limited disk leads to much

lower quadrupole moment than the BHL model.
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Similar to the upper panel, the different colors represent
different a2. fJ is larger for wider sBH separations since the
disks are larger. The x-axis represents the mass of the sBH
companion, and larger m2 corresponds to lower fJ since the
disks are smaller. The Eddington-disk model (dashed lines)
leads to much lower fJ compared to the BHL disk model (solid
lines), due to small amount of disk mass enclosed within the
Laplace radius.

2.3.2. De Sitter Precession

In addition to sBH spin precession due to the disk
quadrupole moment, the sBH companion’s space-time curva-
ture can drive sBH spin precession (de Sitter precession). The
precession rate can be expressed as follows assuming the
eccentricity is zero (Barker & O’Connell 1975):

s
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where μ=m1m2/(m1+m2) is the reduced mass of the sBH
binary. Note that the de Sitter precession is opposite in
direction to the Newtonian disk precession and the orbital
precession. Thus, the de Sitter precession does not lead to spin–
orbit resonance, and spin–orbit resonances occur when the disk
precession dominates over the de Sitter precession.

To compare the two precession rates, we show in Figure 4
their magnitudes for m1= 30Me with different sBH compa-
nion masses. We set e2 to be zero, and we assume that the spin
is nearly aligned with the orbit (l s 1ˆ · ˆ ~ ). For illustration, we
set χ= 0.7. The precession rate due to the disk is larger for
sBHs with lower spin coefficients. The disk precession
timescale decays as the companion mass increases since the
disk size is smaller with a larger companion. On the other hand,
the de Sitter precession timescale increases with companion
mass due to stronger space-time curvature. Thus, the disk
precession dominates over the de Sitter precession for lower-
mass sBH companions.

In addition, we included three different black hole separa-
tions, similar to Figure 3. The precession due to the circum-
sBH disk dominates over the de Sitter precession only for wide
sBH separations (a2 1 au) since the de Sitter precession drops
faster with a2. The solid lines correspond to the super-
Eddington BHL accretion disk. With a lower surface density
disk (e.g., in the Eddington limit as shown in dashed lines), the
disk J2 potential is not large enough to allow disk precession to

dominate over the de Sitter precession. Thus, it is more
challenging to induce spin–orbit resonances with lower surface
density disks.

3. Orbital Precession

Spin–orbit resonance occurs when the spin precession
frequency is close to that of the orbit. How does the sBH
binary orbit precess? First, the sBH binary orbit precesses due
to the J2 potential of the disk and the Lense–Thirring
precession (Barker & O’Connell 1975). Assuming eccentri-
cities to be zero for simplicity, we get:
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Here, we consider the spin of both of the sBH binary
components, and the subscripts 1 and 2 denote properties of
m1 and m2 separately. Note that we neglected the spin–spin
coupling since the orbital angular momentum is much larger
than that of the spin at a separation of a2∼ 1 au.
In addition, orbiting around the SMBH (m3 in Figure 1), the

binary precesses due to the Newtonian perturbation of m3.
Assuming the inclination of the binary relative to the orbit
around m3 to be low, the nodal precession of the orbit is simple
and can be expressed as follows (Naoz 2016):
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Note that we neglect the precession due to the circum-SMBH
disk and the disk around the sBH binary. The disks produce
retrograde sBH binary nodal precession, so the effects are
qualitatively similar. Nevertheless, we assume that the preces-
sion due to the SMBH dominates as the SMBH mass is much
more massive than the disk. In addition, we note that the orbital
Lense–Thirring precession rate and the J2 precession rate are
much lower than the spin precession rate due to the de Sitter
precession and J2processing separately. Thus, we only
consider the orbital precession due to the SMBH here.
Figure 5 shows the orbital precession rate in comparison

with the spin precession rate. The x-axis represents the
semimajor axis of the sBH binary orbiting around the SMBH
(a3), while the y-axis represents the mass of the SMBH (m3).
The color shows the ratio of the precession rates. The upper
panel includes an sBH binary with m1= 30Me and
m2= 50Me separated by 1 au, and the lower panel
corresponds to m1= 30Me and m2= 10Me separated by
1 au. Similar to Figure 3, we also set χ= 0.7 for illustration.

Figure 4. Spin precession rate due to de Sitter vs. that due to Newtonian torque
acting on the disk J2 moment. Disk-induced J2 precession dominates when the
primary sBH is larger with further sBH binary separation (a2  1 au), adopting
the BHL disk model. Disk-induced precession following the Eddington-limited
disk model is too low, compared to the de Sitter precession.
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The black solid lines in the figure correspond to the region
where the de Sitter spin precession frequency matches that of
the disk-induced spin precession frequency, assuming zero
spin–orbit misalignment ( fDS= fdisk). The de Sitter precession
is in the opposite direction of the orbital nodal regression, so
the spin–orbit resonances do not occur for systems where the
de Sitter precession dominates over the spin precession (to the
right of the black solid lines). The red lines in the figure
correspond to where fspin= forb, where fspin represents the spin
precession frequency and forb represents the orbital precession
frequency.

The upper panel of Figure 5 shows that the spin precession
frequency is always lower than that of the orbit when
fDS< fdisk. Thus, spin–orbit resonances do not occur for the
higher-mass sBH companion of 50Me. In the lower panel with
a lower-mass sBH companion of 10Me, the disk precession
rate dominates over the de Sitter precession in all the plotted
parameter space. Thus, it allows spin–orbit resonances to occur
along the red solid line. It shows that the magnitude of the
orbital precession is comparable to that of the spin precession
for sBH binaries orbiting at separations of around

∼1000–10,000 au for SMBH mass ranges between 105–8Me.
sBH binaries around larger SMBH need to orbit farther from
the SMBH in order to have the orbital precession rate equal to
that of the spin precession.

4. Spin–Orbit Resonance

Spin–orbit resonance occurs when the spin precession rate
matches that of the orbit for near-coplanar orbits. For inclined
orbits, the resonances occur when

f f i isin cos , 23spin orb crit
2 3 2 3 3 2( ) ( ) ( )= +

where i is the orbital inclination (e.g., Ward & Hamilton 2004).
For low-inclination sBH binaries, equating the spin precession
due to the circum-sBH disk (Equation (18)) and the orbital
nodal precession due to the SMBH (Equation (22)), we
determine the location of the sBH binary where the spin–orbit
resonance occurs in the AGN disk:
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Substituting the expression for the Laplace radius
(Equation (3)), we obtain:
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where Rg is the gravitational radius of the central sBH.
To illustrate the obliquity excitation at the critical radius, we

show in Figure 6 the time evolution of the obliquity (upper
panel) and the spin inclination relative to the orbital plane of
the sBH binary around the SMBH (lower panel). We
considered an m1= 30Me, χ= 0.7 sBH with a 10Me sBH
companion at a separation of a2= 1 au, orbiting around a
107Me SMBH. We set the sBH binary to reside at a distance
of a3= 2106 au for spin–orbit resonance, according to
Equation (23). The mutual inclination of the sBH binary
relative to their orbit around the SMBH is set to be 10°. Larger

Figure 5. Ratio of the precession frequency of the spin to that of the orbit. The
upper panel shows the case with m1 = 30Me sBH and m2 = 50Me sBH, and
the lower panel shows the case with m1 = 30Me sBH and m2 = 10Me sBH.
The black line represents the region where the de Sitter precession frequency
equals the disk-induced precession frequency, and the red line indicates the
region where the spin precession frequency equals that of the orbit. In the lower
panel, the disk precession frequency is always larger than the de Sitter
precession frequency.

Figure 6. Upper panel: spin–orbit misalignment (obliquity ò) excitation of an
m1 = 30 Me sBH with an m2 = 10 Me sBH companion, orbiting an m3 = 107

Me SMBH. Lower panel: spin-inclination (relative to the fixed reference plane)
variations. The spin and obliquity have large variations over ∼10 kyr timescale
due to secular spin–orbit resonances.
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obliquity can be achieved when the inclination gets higher
(Shan & Li 2018). We integrate the spin and orbital evolution
following Equations (18), (19), and (22) using a fourth-order
Runge–Kutta method.

Figure 6 shows the results of the integration. The obliquity
can be excited from 0° to ∼90° due to the spin–orbit resonance,
and the spin inclination relative to a fixed plane (the orbital
plane of the sBH binary around SMBH m3) can vary with an
amplitude of ∼70°. The spin-variation timescale is ∼104 yr,
much shorter than the viscous timescale and the Bardeen–
Petterson realignment timescale of the disk (∼10Myr depend-
ing on the detailed disk properties as discussed in King et al.
2008; Gerosa et al. 2020; Tagawa et al. 2020a). This allows the
sBH spin not to be realigned with the outer disk immediately,
even when the inner disk is not torn apart from the outer disk.
Furthermore, it is shorter than the Salpeter timescale, and this
allows the spin–orbit resonance to dominate over accretion
effects.

Exploring a larger parameter space, we plot in Figure 7 the
maximum obliquity reached by an m1= 30Me, χ= 0.7 sBH
with an sBH companion of different masses at different
separation from the SMBH (m3= 107Me). The mutual
inclination of the sBH binary relative to their orbit around
the SMBH is set to be 10°. In addition, we set the separation
between the sBHs to be a2= 1 au so that most of the
companions could lead to spin–orbit resonances. The x-axis of
Figure 7 shows different separation of the sBH binary from the
SMBH. The red solid line in Figure 7 shows the analytical
result on the resonant location based on Equation (23). It agrees
well with the numerical results where the obliquity reaches a
maximum of ∼80°. When a3 is small, the maximum obliquity
reaches ∼20° since the orbital precession is faster than the spin
precession when the sBH binary is closely separated from the
SMBH, and obliquity reaches twice the orbital inclination due
to the orbital precession. When the spin precession frequency
becomes much faster than the orbit (large a3), the spin follows
the orbit, and the obliquity increase is minimum.

5. sBH Binary Migration

So far, we assumed the sBH binary was at a fixed orbital
radius around the SMBH. However, as the sBH binary interacts

with the gaseous disk, it can migrate in the AGN disk and
toward each other. This can lead to resonance crossing, and the
spin evolution can be captured in resonance when the migration
is adiabatic and the ratio of fspin/forbt reaches the resonant value
from below, following the Cassini 2 state (e.g., Ward &
Hamilton 2004). On the other hand, when the ratio reaches the
resonance from above, the obliquity can be kicked to large
obliquity following Cassini state 1 although not captured in
resonance (e.g., Anderson & Lai 2018).
The migration timescale in the gaseous disk is highly

uncertain, depending on the disk surface density and entropy
distribution (e.g., Chen et al. 2020). Using the standard α
prescription for local turbulent viscosity in AGN disks, the
migration timescales for single stars/sBHs are estimated to be
τType I∼ 107 yr and τType II∼ 108 yr (Levin 2007; Baruteau
et al. 2011). These timescales may be significantly modified by
the flow geometry across the gap (Kanagawa et al. 2018),
vigorous gravito-turbulence (Rowther & Meru 2020), as well
as the coexistence of surrounding sBHs in the AGN disk. A
detailed modeling of the disk migration is beyond the scope of
this study, and thus, we assume the sBH binary and the
individual sBH components migrate according to the following
expressions:

a t a t e0 26t
2 2 2( ) ( ) ( )= = t-

a t a t e0 . 27t
3 3 3( ) ( ) ( )= = t-

We assume τ2∼ 106−8 yr following Stone et al. (2017) and
τ3∼ 106−8 yr following Tagawa et al. (2020b) in the calcula-
tions below.
For illustration, Figure 8 shows the obliquity variations

considering the migration of sBH binary toward the SMBH and
the hardening of the sBH binary separately. We set the binary
sBH of m1= 30Me, m2= 10Me orbiting around an SMBH of
m3= 107Me. The red lines correspond to the case that starts at
a3= 4000 au and migrates towards the SMBH with
τ3= 106 yr. The separation between the sBHs is a2= 1 au
and is kept fixed in the simulation. It shows that the obliquity
and the spin-inclination increase as the binary gets captured

Figure 7. Maximum obliquity reached by a 30 Me sBH. The maximum
obliquity reaches ∼80° close to the red solid line, which marks the location of
spin–orbit resonances based on Equation (23). Figure 8. Obliquity and spin-inclination evolution as the sBHs migrates toward

each other from 2 to ∼0.735 au (blue lines) and as the sBH binary migrates
from 4000 to ∼1471 au from the SMBH (red lines). The obliquity is kicked to
large values faster when a3 is reduced as the sBH binary migrates toward the
SMBH following Cassini state 1.
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into the spin–orbit resonance at 4Myr. As the sBH migrates
closer to the SMBH, the variation amplitude of the spin axis
reduces.

On the other hand, the blue lines show the case where the
binary component separation starts at a2= 2 au and migrates
close to each other with a migration timescale of τ2= 106 yr.
The separation from the SMBH is kept fixed at a3= 2106 au. It
shows that when the binary sBH components migrate close to
each other, the obliquity and the spin variation amplitude
increase to large values. Note that we consider the migration of
a2 and a3 separately in order to distinguish the effects of
obliquity increase following the two different Cassini states.
When the black hole binary migrate toward to the SMBH, the
obliquity increase follows Cassini state 1, and the increase in
obliquity is faster.

6. Exploration of Parameter Space

In this section, we vary all the parameters of the sBH and the
SMBH to explore the sensitivity of the spin–orbit resonances
on the parameters of the system configuration. Specifically, we
set the spin parameters of the sBHs to vary uniformly between
χ= 0.1–0.9, the masses of the sBHs (m1 and m2) to be
uniformly distributed between 2 and 100Me, and the SMBH
mass (m3) to be log-uniformly distributed at 106–8Me. The
semimajor axis of the sBH binary is log-uniform at
a2= 0.1–10 au, and the semimajor axis of the binary to the
SMBH is uniformly distributed at a3= 2000–5000 au. The
migration times are set to be log-uniformly distributed between
106 and 108 yr. To investigate the amplitude in the obliquity
increase of the sBHs due to the spin–orbit resonances alone, we
start the sBHs all with zero obliquities, and we set the
inclination of the sBH binary orbit to be 10°. The larger the
inclination, the higher the obliquity excitation due to the spin–
orbit resonances.

Note that a population synthesis model is beyond the scope
of the paper since we only focus on the dynamics of the spin–
orbit resonances. Thus, we adopt uniform/log-uniform dis-
tribution in the sampled parameters in order to obtain an
unbiased estimate on the sensitivity of the spin–orbit
resonances. The results based on the uniform distribution of
the parameter space can be implemented with different
population synthesis models.

We simulate the evolution for a maximum of 10Myr,
corresponding roughly to the realignment timescale of the spin
axis due to viscosity as discussed above, and we record the
maximum obliquity reached by the sBH (m1). We conducted
12,000 simulations and removed the simulations when the sBH
binary became unstable as the binary separation became
smaller than the Hill radius of the binary relative to the SMBH
(a3< a3,Hill). The expression of a3,Hill is expressed below
(Grishin et al. 2017):

a m m m a2 3 . 283,Hill 3 1 2
1 3

2( ( )) ( )= +

Only ∼1% of the simulations become unstable by the end of
the simulation. The histogram of the maximum obliquity is
shown in Figure 9. It shows that ∼50% of the systems have
obliquity increased above 20°, above that due to spin and
orbital precession alone, and roughly ∼10% of the systems
have obliquity excited above 60°. This shows that spin–orbit
resonances are common for the BHL disk model. A few
systems reach above 90°, as a result of both spin precession and

the spin–orbit resonances. The large peak at ∼20° is due to
orbital precession (the precession of the sBH binary around the
orbit of SMBH) as the sBH spin axis is fixed in space.
To illustrate the dependence of the spin–orbit resonances on

the system parameters, Figure 10 shows the scatterplot of the
maximum obliquity in the plane of m1 versus m2 (upper panel)
and in the plane of migration timescale τ2 and τ3 (lower panel).
We only include the runs with maximum obliquity above 60°
in the plots to focus on the systems that encountered spin–orbit
resonances. The upper panel shows that maximum obliquity of
m1 is enhanced above 60° mostly for systems where m1>m2.
This is because larger m1 allows a faster disk-induced J2
precession to dominate over de Sitter precession, which leads
to spin–orbit resonances (as discussed in Section 2.3). The
sensitivity on the sBH masses leads to a wide spread in sBH
binary spin–spin misalignment.
The lower panel of Figure 10 shows that the obliquity

increase is largely not sensitive to the migration rates. Looking
more closely, it shows that when the sBH separation becomes
slower than the migration rate toward the SMBH (τ2> τ3), the
maximum obliquity may only reach 90°, but if τ2< τ3,
the maximum obliquity reaches ∼100°. This is due to the
differences following the two Cassini states. Although the
obliquity excitation is more abrupt following Cassini state 1
(τ2> τ3), the maximum obliquity extends to higher angles
following Cassini state 2 as obliquity increases more smoothly
within the resonance.
In Figure 11, we plot the maximum obliquity in the plane of

sBH (m1) spin parameter (χ) and SMBH mass (m3). There is no
clear trend in maximum obliquity as a function of the spin
parameter or m3. It shows that the obliquity increase is
insensitive to the sBH spin parameter and the SMBH black
hole mass.
Evolving the spin of both m1 and m2, we plot in Figure 12

the distribution of the effective spin parameter χeff, the
effective precession parameter χp and the sBH spin–spin
misalignment ψ as a function of the mass ratio q (Schmidt et al.
2015). Due to sBH spin tilt, the effective spin parameter shifts
to smaller values, and the precession parameter increases above
zero. Only a few systems obtained χeff< 0 since spin–orbit

Figure 9. Histogram of the maximum obliquity reached in 10 Myr. Spin–orbit
resonances are common, where ∼50% of the systems have obliquity increased
above 20°, and ∼10% of the systems reached high obliquity above 60°. The
peak around 20° is due to orbital precession.
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resonances could only increase obliquity up to 90°, and
obliquity can reach over 90° due to the combined effect of
spin–orbit resonances and orbital precession. χp can be

increased up to ∼0.6, and the spin–spin misalignment can
reach slightly over 90°. We neglect systems with spin–spin
misalignment <20°. Spin–spin misalignment of 20° can be due
to orbital precession as the orbits start 10° inclined from the
orbit around the SMBH.
In the end, we show in Figure 13 the scatterplot of χeff and

χp. It shows that there is a wide spread in both χp and χeff, and
χp peaks at ∼0.7 when χeff is around 0.5.

7. Conclusion and Discussions

In this paper, we studied changes in the spin orientation of
sBH binary components embedded in the AGN disk due to
spin–orbit resonance. Considering the torque acting on the
inner disk of an sBH binary component, we find that spin–orbit

Figure 10. Scatterplot of the maximum obliquity in the plane of sBH masses,
m1 vs. m2 (upper panel), and in the plane of migration timescale τ2 and τ3.

Figure 11. Scatterplot of the maximum obliquity in the plane of spin parameter
(χ) of m1 and SMBH mass (m3).

Figure 12. Distribution of the effective spin parameter (top), effective
precession parameter(lower left), and spin–spin misalignment (lower right).

Figure 13. Scatterplot in χeff and χp.
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resonance can drive large sBH spin obliquities (e.g., 60–90°).
The tilt of the sBH spin axis due to the secular spin–orbit
resonance is analogous to the tilt of Saturn’s axis considering
the effects of the satellites and the close-in circumplanetary
disk (Ward & Hamilton 2004; Rogoszinski & Hamilton 2020).
However, we note that this only occurs for sBHs surrounded by
very massive disks following super-Eddington BHL accretion,
and an Eddington-limited disk may cause the quadrupole
moment to be too low for resonances to occur.

The spin of the sBHs precess due to two different
mechanisms: de Sitter precession due to the space-time curved
by the sBH companion, and the disk-induced J2 Newtonian
gravitational potential. The direction of the precession is
opposite to each other, and the disk J2 precession is in the same
direction as the orbit and can thus lead to spin–orbit
resonances. However, secular spin–orbit resonances do not
occur when the de Sitter precession dominates. We find that
spin–orbit resonance is more likely to occur for more massive
sBHs with smaller sBH companions so that the de Sitter
precession rate is relatively slow. In addition, a massive
circum-sBH disk is required to have a large enough
J2 precession that allows for the presence of spin–orbit
resonances. Assuming an α-disk model with BHL accretion,
the resonances take place for sBH binary semimajor axis of
a2∼ 1 au and for large-mass sBH with a lower-mass sBH
companion. The de Sitter spin precession rate dominates over
the disk-induced spin precession for harder binaries, which
cannot lead to spin–orbit resonances.

Orbiting around an SMBH of 107 Me, the sBH binary needs
to reside at around ∼1000 au away from the SMBH so that the
nodal precession rate due to the SMBH matches that of the spin
precession and lead to spin–orbit resonances. The migration of
the sBHs can lead to resonance capture. When the migration of
the sBH binary toward the SMBH is faster than the shrinking of
the sBH orbit, obliquities can be kicked to large values following
Cassini State 1. The spin–orbit resonances can excite obliquity to
∼90° and lead to a wide spread of spin effective parameters and
sBH binary spin–spin misalignment for unequal mass sBHs.

Using 12,000 Monte Carlo simulations, with uniform
distribution in sBH masses, spin parameters and separation
from the SMBH (a3), and log-uniform distribution in SMBH
masses and migration rates, we find that spin–orbit resonances
occur in ∼50% of the simulations, with ∼10% of them having
spin–orbit misalignment excited over 60°. The spin–orbit
resonances are more likely to occur when the sBH companion
mass is lower than that of the primary.

As a caveat, we point out that the secular spin–orbit
resonances only occur for massive circum-sBH disks or with
very low-mass companions so that the circum-sBH disk
provides a large enough J2 potential to compete with the de
Sitter spin precession. This can take place for super-Eddington
accretion circum-sBH disks (e.g., with BHL accretion), which
may occur for nonspherically symmetric accretion and can be
quenched by radiation pressure episodically. However, the fast
spin variations (with kyr timescales) may still allow the sBH
obliquities to be excited during the super-Eddington accretion
cycle. Beyond sBH binaries, such spin flips can also occur for
intermediate mass black hole (IMBH)–sBH binaries, as well as
sBH–star binaries, in less massive disks. In fact, sBH–star
binaries can have a large occurrence rate since they are more
easily captured due to tidal interactions. Moreover, forced
accretion of sBH binaries inside the envelope of massive stars

can also allow massive disks to exist longer and possibly
enhance the rate of spin–orbit resonances.
We note that we restricted our focus on the effects due to the

spin–orbit resonance in this paper as a proof of concept and
illustrated the effects using a few examples to investigate the
qualitative behavior. Exploring the implications on LIGO/
VIRGO data with population synthesis in a large parameter
space is beyond the scope of the paper and will be addressed in
a follow-up study. Beyond secular spin–orbit resonances,
subsequent evolution of the sBH spin–orbit misalignment due
to interactions with stellar flyby/sBHs can greatly enhance the
inclination of the orbits with respect to the disk and increase the
spin–orbit misalignment of the sBHs (Tagawa et al. 2020a). In
addition, gas accretion onto the sBHs in a turbulent disk can
also change the spin orientation of the sBHs. These effects can
allow χeff to be centered around zero and agree with
observational results, as discussed in Tagawa et al.
(2020a, 2021), Secunda et al. (2020), and McKernan et al.
(2020, 2022). In the future, astrophysical gravitational wave
(GW) echoes can identify sources situated in the vicinity of an
SMBH and further constrain whether the obliquity increases
could be due to spin–orbit resonance (Gondán & Kocsis 2022).
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