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Abstract

In this thesis, we study three time inconsistent portfolio selection and option pricing
problems with regime switching via the equilibrium approach. We first completely
solve a type of time inconsistent utility maximisation problems. We obtain the equi-
librium policy laws for both the time inconsistent CARA and CRRA utility max-
imisation problems and point out that, for the CARA utility maximisation problem,
the equilibrium policy law coincides with the naive policy law. We next study a
time inconsistent option pricing problem in an incomplete market via the indiffer-
ence pricing approach. We provide both the equilibrium utility and mean-variance
indifference pricing rule. For the equilibrium utility indifference pricing rule, we give
the PDE system characterising the equilibrium utility indifference price and show
the local existence and uniqueness of this PDE system in a simplified model; for
the equilibrium mean-variance indifference pricing rule, we give the explicit formula
for the equilibrium mean-variance indifference price. We also discuss the marginal

equilibrium indifference prices and some properties of the equilibrium pricing rules.
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Chapter 1

Introduction

1.1 The Problem and A Literature Review

The mathematical finance field is a beautiful mix of mathematical techniques and financial
problems. Mathematics provides powerful tools with many applications in finance, for instance, in
optimal control, partial differential equations and probability theory. The field of mathematical
finance is still fast-growing; there have been numerous elegant and useful results established
already, and new problems arise from academia and industry every day.

In this thesis, we focus on continuous-time models in mathematical finance, in particular, for
one riskless asset, i.e., the bond and several risky assets, i.e., the stocks. Suppose there is an
investor who can trade these assets continuously over a pre-specified finite time interval [0, 77,
i.e., the investment horizon. By constructing her portfolio, the investor accumulates wealth.
One of the fundamental questions of mathematical finance is how the investor should make her
investment decisions.

Among the various branches of mathematical finance, there are two main topics which have
attracted a lot of interest. One is the so-called portfolio selection problem. A portfolio is a
collection of investments held by the investor. The investor trades continuously and allocates
her wealth among different assets in the market. The portfolio selection problem is finding the
optimal strategy for the investor that achieves the best performance of her portfolio, and also
what the best investment performance is. The first step towards solving this problem is clarifying
a criterion that the investor bases her investment decisions on. Hence, we can only analyse the
optimal strategy for the investor once the investor’s preferences are set.

One common characterisation of the preference is via the utility function. The utility func-

tion is a well-acknowledged way to describe the preference of a rational economic man, see the
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monograph [88] for details. For the purpose in this thesis, a utility function is a continuously
differentiable function which is strictly increasing and concave. The criterion for portfolio selec-
tion of a utility-type investor is then wtility maximisation. More precisely, the investor tries to
determine the strategy that maximises the expected utility of the terminal wealth of her port-
folio. Portfolio selection with the (expected) utility maximisation criterion is very popular in
mathematical finance and has attracted numerous studies.

The utility maximisation problem was first introduced by Samuelson in [76] under discrete-
time settings and Merton in [62] and [63] under continuous-time settings. The authors obtained
the optimal trading strategy and the maximum utility using dynamic programming techniques.
Since then, the problem has been studied extensively in [46], [47], [13] and [49] in a financial
market driven by a Brownian motion, and in [52], [14], [18], [78], [79] under a general semimartin-
gale market setting via the duality method. In [41], a backward stochastic differential equation
(BSDE) approach was utilised to solve the maximisation problem with three representative utility
functions: the exponential type, the power type, and the logarithmic type.

Utility theory has achieved great success; however, it is not perfect. One criticism is that
in practice it is by no means easy to determine the exact utility function for an investor. The
difficulty in finding the precise utility function of a specific investor limits the application of
the utility maximisation criterion for portfolio selection in the financial industry. In practice,
a popular criterion for portfolio selection is mean-variance optimisation. For an investor whose
preference is characterised by the mean-variance optimisation criterion, her objective is to se-
lect a strategy that minimises the variance of the associated terminal wealth while keeping its
expectation at a pre-specified level. The criterion of mean-variance optimisation has a clear
representation of the “risk” as the variance of the terminal value of the portfolio; moreover, due
to the relatively simple structure, it is often possible to find explicitly the optimal strategies for
mean-variance portfolio selection problems.

The origin of the portfolio selection problem can be traced back to the Nobel-prize-winning
work of Harry Markowitz [58] in 1952, which even preceded Merton’s work [62] on utility max-
imisation. [58] and the later work [59] have been viewed as the foundation of modern theoretical
finance and have inspired hundreds of extensions and applications. Subsequently, in [64] an an-
alytical expression of the mean-variance efficient frontier was reported. It is worth mentioning
that both [58] and [64] considered a single-period framework. There were attempts to extend
the results for the mean-variance portfolio selection problem to multiperiod models, see for in-

stance [12], but it was not until in [55] that the analytical expressions of the optimal multi-period



1.1. THE PROBLEM AND A LITERATURE REVIEW

mean-variance portfolio policy and the efficient frontier were obtained. Later in [95], the authors
extended the underlying financial market model to a continuous-time model. One of the dif-
ficulties of the multi-period and continuous-time mean-variance portfolio selection problems is
the failure of the dynamic programming principle, which brings about both computational and
conceptual challenges. The computational challenge was overcome in [55] and [95]; however, at
that time the conceptual difficulty of the problem had not even been recognised.

Another important topic in mathematical finance is the option pricing problem. An option
or a contingent claim is a contract whose value depends on the state of some (basic) assets in
the market. In this thesis, “option” and “contingent claim” will be used interchangeably. The
option pricing problem was pioneered by Fischer Black and Myron Scholes in [9], who introduced
the replication methodology for arbitrage-free option pricing. Specifically, to price an option one
should try to “replicate” it by means of a hedging portfolio; if possible, the option price is then
the replicating cost, i.e., the initial value of the hedging portfolio.

However, this replication is not always possible; for instance, in an incomplete market (as is
the case in this thesis) it is impossible to hedge the option perfectly in general, and there is more
than one arbitrage-free price for this contingent claim. In these situations, we need to resort
to another approach to determine the “fair” option price. This “fair” price is subjective to the
investor, and the investor’s preference is inevitably involved in option pricing.

The methodology we adopt in this thesis is the so-called indifference pricing approach. The
idea of indifference pricing can be traced back to “certainty equivalent amount” in the standard
economic theory. In an incomplete financial market, although the replication of the contingent
claim is impossible, the investor can still optimise her portfolio selection according to her pref-
erence. The investor considers two portfolio selection problems with and without the contingent
claim in her portfolio. She should be willing to accept a certain cost for this claim such that
she is no worse off than without the claim. This cost can then be treated as the price of the
contingent claim.

The concept of certainty equivalence within option pricing first appeared in [39]. After that,
the utility indifference pricing approach (i.e., the indifference pricing with the assumption that
the investor’s preference is given by the utility maximisation criterion) has attracted numerous
studies during the last two decades in various models. In [17], a pricing problem with transaction
costs was considered; in [92] and [82], the utility indifference pricing approach was applied to
stochastic volatility models; in [37], [66], [67] and [16], the utility indifference pricing rule was

developed in the so-called “basis risk” models to price a claim written on a nontradable asset
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which is hedged with a correlated tradable asset. In [15], a marginal version of utility indifference
pricing was introduced; the marginal price can be viewed as the utility indifference price for an
infinitesimal position in contingent claims. The marginal utility indifference pricing was then
extended to a general Brownian market in [45]. The general theory of utility indifference pricing
was developed in [18], [5], [43] and [53] via the duality method. [75] studied a pricing problem in a
Brownian market with constraints on the portfolios and gave a quadratic-BSDE characterisation
of the exponential utility indifference price. We refer to the excellent surveys [38] and [65] and
the monograph [11] for further results and applications of utility indifference pricing.

The classical continuous-time financial market model utilises only the geometric Brownian
motion to model the stock prices, see for instance [9], [62] and [95]; the continuous movements of
the stock prices are driven by Brownian motion. However, the cyclical nature of stock prices in-
dicates that the general macroeconomic condition should also be included in the financial model.
This consideration leads to the regime switching model in which the general market condition is
modeled by a finite-state continuous-time Markovian chain. In this thesis, we consider a regime
switching market model where the dynamics of the risky assets depend on the general market
condition, which is modelled by an observable continuous-time Markovian chain. Specifically,
there is an exogenous finite-state continuous-time Markovian chain in the market model which
is observable and models the general market condition; each of its states stands for a stage of
the economic cycle of the financial market, for instance, bubble or economic recession. The as-
sumption that the Markovian chain is observable indicates that at any time one can tell which
regime the current market is in; in practice, one can determine the current market state from var-
ious economic indicators, for instance, the Consumer Price Index (CPI). The drift and diffusion
coefficients of the stocks in the market depend on the regime of this Markovian chain.

Regime switching models were originally introduced in [35] to model stock return time series.
After that, models with regime switching have been studied in different areas of mathematical
finance. As to the portfolio selection problem, [91] considered an infinite horizon investment-
consumption utility maximisation problem and a market model in which the stock price was
driven by a continuous-time Markovian chain only. In [85] the author developed equivalent linear
programming formulations for regime switching utility maximisation problems. Both [40] and
[77] considered a hidden Markovian chain in a financial market model for investment-consumption
and pure investment problems respectively, and only numerical results were provided. [93] studied
the nearly optimal strategies for a utility maximisation problem in a regime switching market.

In [68] the authors studied a regime switching CRRA utility maximisation problem via the
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PDE approach. In all the aforementioned works, utility functions were fixed and, in particular,
independent of the market regime. [84] considered an investment-consumption problem in which
both the market parameters and the utility function depend on the regime of the market, and
the authors obtained the explicit optimal consumption and trading strategy for specific HARA
utility functions via the dynamic programming technique. In [96], the authors studied a portfolio
selection problem under the mean-variance optimisation criterion with regime dependent market
parameters.

For the option pricing problem, the price of a Russian option was given explicitly via the
market completion technique in [34]. Later, the same idea was applied to price European and
American options with regime switching in [10]. An explicit solution for the price of a perpetual
American put option in a regime switching market was given in [94] and [44]. In [19], the pricing
problem for a barrier option was studied in the case when the dividend process of the underlying
is regime dependent. In [56], the authors derived the explicit price of a European option when
both the short rate and the volatility of the underlying are regime dependent. [25] studied a
pricing problem in a regime switching market; an equivalent martingale pricing measure was
selected by a regime switching random Esscher transform.

In this thesis, both the portfolio selection and the option pricing problem will be studied in a
regime switching model. Unlike the standard assumptions in the literature, in the current model,
the investor’s preference also depends on the current market state. More precisely, the investor’s
preferences, which are characterised by either utility functions or mean-variance optimisation,
depends on the financial market condition. In this thesis, the criterion of the investor’s portfolio
selection is with respect to her terminal wealth; more precisely, for the utility maximisation
criterion the investor aims to maximise the expected utility of her terminal wealth, while for
the mean-variance optimisation criterion the investor tries to balance the mean and variance of
her terminal wealth. Although at any time ¢ € [0,7T) the criterion of the investor for portfolio
selection is with respect to her wealth at the terminal time T, the criterion itself is determined
by the investor at the current time ¢ and should be influenced by the market state, in particular,
by the regime that the current market is in.

To the best of our knowledge, the concept of state-dependent utility can be traced back to
[50] and [51], where the author studied a utility maximisation problem with a utility function
depending on “a set of states of nature”, and discussed the application to insurance; also see [20]
for more discussions. In [61], the authors suggested that the state-dependent utility can help

explain the equity premium puzzle stated in [60]. A market-regime-dependent utility function was
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first introduced in [32], where a consumption-based capital asset pricing model for CRRA utility
function with regime dependent risk aversion parameter was studied. Later, the market-regime-
dependent utility functions were adopted also in [33] and [84], where the investment-consumption
problems were discussed; however, in the portfolio selection criterion the utility functions were
dependent on the market state for the time when the consumption was made. In contrast, for
the problems in this thesis the utility functions depend on the current market regime. Our
consideration comes from the fact that in expected utility theory, the utility function gauges
the satisfaction of the investor from her consumption and terminal wealth level. At time ¢, if
we study the maximisation of the expected utility from her consumption and terminal wealth
at time T > ¢, the investor’s utility function should be the current understanding or estimation
of the utility on her future consumption and wealth. Hence, we believe that it is more natural
for the utility function to depend on the current market state. In [72], to study an exponential
indifference pricing under discrete-time settings, the authors also adopted an exponential utility
function with market-regime-dependent risk aversion parameter. In this thesis, for the utility
maximisation criterion, the utility function of the investor (with respect to her terminal wealth)
depends on the regime of the continuous-time Markovian chain, while for the mean-variance
optimisation criterion, the weighting parameter balancing the mean and variance (of her terminal
wealth) depends on the regime of the continuous-time Markovian chain. The precise formulations
will be given in Chapters 3 and 5.

It is obvious that regime dependent criteria for portfolio selection grant a more accurate
representation of the investor’s preference. However, the dependence of portfolio selection criteria
on the market regime introduces the so-called time inconsistency into the problems in this thesis.
Essentially, in the current model, the investor’s preference evolves throughout the investment
horizon [0, 7] such that Bellman’s optimality principle fails. Therefore, we can no longer derive
the classical Hamilton-Jacobi-Bellman equation used to find the optimal strategy and the value
function of the investor.

Besides the computational difficulty, a more severe problem that arises from the time in-
consistency is that the meaning of “optimal” strategy is no longer clear. Since the dynamic
programming principle fails, the optimal strategy determined at the current time is no longer
optimal if we reconsider the portfolio management problem at some future time. Thus, if the
reconsideration of the problem is permitted, we shall abandon the previous optimal strategy and
switch to some new one which is optimal at the later time. This makes the previously determined

optimal strategy meaningless.
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In the literature, there are three basic approaches that deal with time inconsistent stochastic
control problems. One is the so-called precommitment approach, where an initial time is fixed,
and the optimality is with respect to this very initial time. In other words, we prohibit reconsid-
eration of the problem or “changing our mind” after the initial time. Since reconsideration of the
control problem after the initial time is not allowed, the time inconsistency is avoided. Another
approach is to solve for the precommitment-sense optimal strategy at every time instance and
implement the strategy only at this time instance. This is known as the naive approach and can
be viewed as a natural (and naive) extension of the precommitment approach.

The last approach is to treat time inconsistency in a more serious way and studies the time
inconsistent control problem under a game-theoretic framework. Roughly speaking, we view the
control problem as a game where the players are the incarnations with our own preferences at
each time. We then look for the subgame perfect Nash equilibrium point for this game as our
“time consistent optimal strategy”, or the equilibrium strategy as known in the literature. It is
this equilibrium approach that we adopt to tackle the time-inconsistency issue.

The phenomenon of time inconsistency was first noticed in [86]. Further studies following the
equilibrium approach in discrete and continuous time were carried out in [74], [71], [70], [31], [54],
[69], [87], [36], to cite but a few. Recently, the time inconsistent control problem has attracted
many scholars from the field of mathematical finance. In [21] and [22], the authors studied a time
inconsistent investment-consumption problem under hyperbolic discounting in both deterministic
and stochastic models. In [3], the authors studied a mean-variance portfolio selection problem
by obtaining an equilibrium solution. Later in [4] a quadratic hedging problem was studied. [6]
provided a fairly general class of time inconsistent Markovian stochastic control problems. Later,
[7] studied general discrete-time time inconsistent stochastic control problems and [8] studied a
mean-variance problem with state-dependent risk aversion parameter. In [73], the author also
adopted a regime switching model to study a time inconsistent utility maximisation problem,
but the regime dependence was in the market parameters and the stochastic interest rate but
not in the utility function, which is different from the work in the current thesis. In [42], the
authors considered a time inconsistent L(Q control problem and its application to a mean-variance
portfolio selection problem.

In this thesis, we consider the portfolio selection and the option pricing problems with
regime switching. Utility maximisation problems of both CARA- and CRRA-type with regime-
dependent risk aversion parameters are discussed, and indifference pricing approaches with both

utility maximisation and mean-variance optimisation criteria are utilised to price the contingent
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claim in an incomplete market with regime switching. Due to the regime dependent preference
of the investor, all the problems considered are time inconsistent, and we adopt the equilibrium

approach to handling the time inconsistency.

1.2 Main Results and Contributions

In this thesis, three topics are studied. The first one is a type of time inconsistent utility max-
imisation problem with regime switching. We consider a financial market with regime switching
and an investor whose preference is characterised by a regime dependent CARA- or CRRA-type
utility function and study the corresponding utility maximisation problem of the investor. Due to
the dependence on the current market state, the underlying stochastic control problem is time in-
consistent and we adopt the equilibrium approach to overcome the resulting difficulties. Our first
contribution is solving this type of time inconsistent utility maximisation problem completely.
By introducing suitable auxiliary functions, the extended Hamilton-Jacobi-Bellman equations
are derived, and the equilibrium policy laws are obtained for both time inconsistent CARA and
CRRA utility maximisation problems. Moreover, the corresponding verification theorems are
provided. Our work also leads to an interesting observation that in the case of regime dependent
CARA utility maximisation, the equilibrium policy law coincides with the naive policy law. The
naive approach for time inconsistent control problems has been viewed as myopic and simple-
minded and with no convincing logic behind it. Nevertheless, we provide here an example where
the myopic naive policy law can turn out to be an equilibrium solution. Moreover, we show in
a rigorous fashion that the investor will allocate more capital to risky assets in a bullish market
than in a bearish market, which complements previous empirical studies.

In the second part, we study a time inconsistent option pricing problem with regime switching.
We consider the pricing of a European-type contingent claim written on a nontradable asset
in a financial market with regime switching. Due to the incompleteness of the market and
the failure of the replication method, we resort to a utility indifference pricing approach. The
investor’s utility function is of exponential type and regime dependent as in the first part of
this thesis. The underlying stochastic control problem is again time inconsistent. We obtain the
equilibrium policy laws and the value functions for the underlying stochastic control problems—
utility maximisation with and without the contingent claim in the portfolio—and establish an
equilibrium utility indifference pricing rule for the contingent claim. This pricing rule consists

of two parts; one part is the equilibrium utility indifference price, which is given by the solution
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to an algebraic equation with the two equilibrium value functions involved. The other part is
the equilibrium utility indifference hedging policy law, which is the difference of the equilibrium
policy laws for the two underlying time inconsistent utility maximisation problems.

This general equilibrium utility indifference pricing rule is complicated and hard to charac-
terise. A simplified basis risk model is then studied extensively. We first give the PDE system
to characterise the equilibrium utility indifference price; compared to the classical utility indif-
ference price which can be depicted by a single PDE, we have to characterise the equilibrium
utility indifference price via a PDE system. Under the two-regime case, we are able to show
the local existence and uniqueness of this PDE system. We then discuss the marginal equilib-
rium utility indifference price by formally letting the number of claims in the portfolio approach
zero. It turns out that this marginal equilibrium utility indifference price can be characterised
by a linear system of partial difference equations, and hence the well-posedness is guaranteed
by the standard PDE theory. Moreover, if the price of the risky asset is regime independent,
the marginal equilibrium utility indifference price coincides with the expected terminal payoff of
the contingent claim under the minimal martingale measure. Some properties of the equilibrium
utility indifference pricing rule are discussed subsequently; for instance, the equilibrium utility
indifference price reduces to the classical utility indifference price when the risk aversion param-
eter is the regime independent, and to the risk neutral price derived from the replication method
when the market is complete. Some numerical tests are also provided. Finally, we analyse a claim
with the logarithmic payoff and give an explicit formula for the equilibrium utility indifference
price.

In the third part, we consider the same option pricing problem as before but with an investor
whose preference is characterised by the mean-variance optimisation criterion for portfolio selec-
tion; also, the weighting parameter is regime dependent. Once more, the underlying stochastic
control problem is time inconsistent and we adopt the equilibrium indifference pricing approach.
We first give the equilibrium policy laws and value functions for the corresponding two time
inconsistent mean-variance portfolio selection problems—with and without the contingent claim
in the portfolio. For the case without any claim in the portfolio, it turns out that the equilibrium
policy law for the regime dependent mean-variance portfolio selection problem coincides with the
one for the regime dependent CARA utility maximisation problem. With the equilibrium policy
laws and value functions, we then establish the equilibrium mean-variance indifference pricing
rule. Now the auxiliary functions used to determine the equilibrium mean-variance indifference

pricing rule are characterised by linear partial differential equations, and we are able to give the
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explicit formulas for the equilibrium mean-variance indifference price and hedging policy law. A
marginal equilibrium mean-variance indifference price is studied subsequently.

We then analyse some special cases. First, we study the equilibrium mean-variance indif-
ference pricing rule in a two-market-state basis risk model. It turns out that the equilibrium
mean-variance indifference price depends on the market regime only through the weighting pa-
rameter corresponding to the regime, and there is no relationship between different equilibrium
mean-variance indifference prices for different market regimes. We focus next on the special case
of the equilibrium mean-variance indifference pricing rule without regime switching. We give
the explicit formulas for both the equilibrium mean-variance indifference price and the corre-
sponding marginal price. It turns out that the marginal equilibrium mean-variance indifference
price coincides with the expected terminal payoff of the claim under the minimal martingale
measure. Furthermore, we show that the equilibrium mean-variance indifference price is concave
with respect to the claim’s payoff function, and is reduced to the risk neutral price derived from
the replication method when the market is complete. We then compare the equilibrium mean-
variance indifference pricing rule with its precommitment counterpart and point out that only

their marginal mean-variance indifference prices are identical.

1.3 Thesis Structure

The structure of this thesis is as follows. In Chapter 2, we discuss a general time inconsistent
stochastic control problem with regime switching. We introduce the time inconsistent control
problem, discuss the difficulties of the problem and provide the framework to deal with the
time inconsistency. We state the game-theoretic formulation for this time inconsistent stochastic
control problem and the equilibrium approach for solving this problem in great detail. This
chapter is the foundation for the analysis in later chapters.

In Chapter 3, we study a type of utility maximisation problem with regime switching. Both
the cases of CARA- and CRRA-type regime dependent utility functions are studied. Due to the
regime dependence of the utility functions, the underlying stochastic control problems are time
inconsistent, and we use the equilibrium approach stated in Chapter 2 to solve the problems.
We first present the market model and the precise formulation of the time inconsistent utility
maximisation problems. We then introduce a suitable auxiliary function for each problem and
derive the corresponding extended Hamilton-Jacobi-Bellman(HJB) equation. With the extended
HJB equations, we then obtain the equilibrium policy laws for both CARA and CRRA utility

10
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maximisation and obtain the ODE systems characterising the corresponding equilibrium value
functions. Rigorous verification theorems are provided subsequently. We also show the coinci-
dence of the equilibrium policy law and the naive policy law for this time inconsistent CARA
utility maximisation problem. Some economic analysis for the equilibrium strategy is included
at the end of this chapter.

In Chapter 4, we turn to an option pricing problem for an investor with regime dependent
CARA utility. In the market, there is an asset which is nontradable and a European-type
contingent claim is written on this nontradable asset. We discuss the (subjective) fair price of
this contingent claim for the investor. It is well known that the regime switching market model
is incomplete, see, for example, [34], [84] and references therein; together with the fact that the
underlying asset is nontradable, we fail to price the option via the replication method and instead
adopt the utility indifference pricing approach. Essentially, this approach involves solving two
utility maximisation problems with and without the claims in the portfolio. However, due to the
regime dependence of the CARA utility function of the investor, the underlying two stochastic
control problems are time inconsistent, and we utilise the equilibrium approach stated in Chapter
2 to solve them. The results of the equilibrium policy laws and value functions for these two
problems are cited from Chapter 3. With the equilibrium policy laws and value functions for the
associated two time inconsistent utility maximisation problems, we then obtain the equilibrium
utility indifference pricing rule. This equilibrium utility indifference pricing rule consists of two
parts; one part is the equilibrium utility indifference price, which is given by the solution to
an algebraic equation with the two equilibrium value functions involved, and the other part is
the equilibrium utility indifference hedging policy law, which is the difference of the equilibrium
policy laws for the two underlying time inconsistent utility maximisation problems. We then
discuss a simplified basis risk model (see [65] for more details) and give the characterising PDE
for the equilibrium utility indifference price. Under the two-regime case, we are able to show the
local existence and uniqueness of this PDE system. We then discuss the marginal equilibrium
utility indifference price by formally letting the number of the claims in the portfolio approach
to zero. Some properties of the equilibrium utility indifference pricing rule and numerical tests
are also provided. Finally, we analyse a claim with a logarithmic payoff and present an explicit
formula for the equilibrium utility indifference price.

Chapter 5 is also devoted to an option pricing problem in an incomplete market, similar
to Chapter 4. Once more, we adopt the indifference pricing approach in this chapter to find

the subjective price of the contingent claim for the investor by comparing the results of two

11
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portfolio selection problems with and without the claim. However, we now assume that the
investor’s preference is characterised by the mean-variance optimisation criterion for portfolio
selection and that the weighting parameter is regime dependent. This weighting parameter
reflects the investor’s balance between expected return and acceptable risk. It is well-known that
the mean-variance portfolio selection problem itself is time inconsistent, see [3] and [4] for more
details; moreover, the regime dependence of the weighting parameter introduces additional time
inconsistency. In this chapter, we first determine the equilibrium policy laws and value functions
for the corresponding two time inconsistent mean-variance portfolio selection problems. With
the equilibrium policy laws and value functions, we then establish the equilibrium mean-variance
indifference pricing rule, which is parallel to the equilibrium utility indifference pricing rule in
Chapter 4. We then analyse the special case of the equilibrium mean-variance indifference pricing
rule without regime switching.

Chapter 6 concludes the thesis. Appendix A is a review of some facts about the continuous-
time Markovian chain and the corresponding version of Dynkin’s formula. Appendix B and C
contains the details of finding the precommitment policy laws for the time inconsistent CARA
utility maximisation and mean-variance optimization problems appeared in Chapters 3 and 5

respectively.

1.4 Some Basic Notations

In the end of this chapter we state some common notations which will be used throughout
the thesis. In the thesis, a complete probability space (€2,.%,P) and a finite positive T' > 0 are
always given and fixed. For any given matrix A, we use superscript T for the transpose operator;
i.e. AT stands for the transpose of A. We use |- | to denote the usual Euclidean norm (on
R™, possibly n > 1), and || - ||p the norm on some (functional) Banach space B. For p > 1,
Z2.(0,T;R™) denotes the set of all R"-valued F-progressively measurable stochastic process f.
satisfying E [fOT |ft\1)dt} < o0.

12



Chapter 2

A General Time Inconsistent
Stochastic Control Problem with
Regime Switching

This chapter is devoted to a general time inconsistent stochastic control problem with regime
switching. We state the general problem in concern, discuss its differences from the classical
stochastic control problem and the related difficulties, and provide the approach, which is based
on [6], to deal with this time inconsistent control problem. This chapter is the foundation for

the analysis in later chapters.

2.1 Statement of Time Inconsistent Control Problem with
Regime Switching

The underlying probability space is (2,.%,P) and the terminal time is T > 0, as introduced
in the end of Chapter 1. On this probability space are defined a (m-dimensional) Brownian
motion (BM) W. and a continuous-time Markovian chain (CTMC) E. with finite discrete value
space & = {1,2,--- , K}; moreover, W. and =Z. are assumed to be independent with each other.
Some basic facts about CTMC are summarised in Appendix A. Our objective is to “maximise”

(in a certain sense which will be precisely clarified later) the following functional

J(t,x,05m) = E[F(a,x?)

T = 2,2 :a} +G(a,]E[x}

xt:x,Et:aD, (2.1)

where F,G : & x R™ — R are given terminal gain functions, . is the (I-dimensional) control

process and ™ is the corresponding (n-dimensional) state process which is a controlled Markovian
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2. A GENERAL TIME INCONSISTENT STOCHASTIC CONTROL PROBLEM WITH REGIME

SWITCHING
process satisfying the following stochastic differential equation (SDE)
drg = p(s, x5, Zs, ms)ds + q(s, 27, Zs, 75 )dW;
(2.2)
Ty =2,5 =«

where the coefficients p : [0,T] x R* x & x R' = R™ and ¢ : [0,T] x R" x & x Rl — R"™ ™ are
given deterministic functions. Throughout this thesis, we always use boldface letter, say 7, to
denote a control process or a control policy law (which is a function), and use ordinary letter
without boldface, say m, to denote a possible value (which is an l-dimensional vector) of the
control process. We denote A(t, x, «; T') the collection of all admissible control process 7. such
that the SDE (2.2) of the corresponding state process ™ has a unique strong solution and the
corresponding objective functional J(t,z, ; 7.) is well-defined. Furthermore,

AD,T) = |  Alt,z,o:7)

z€R",a€&
is called the admissible set.
We emphasise that throughout this thesis, =. is exogenous and does not depend on the control
process ..
Here are two examples of the general stochastic control problem with regime switching intro-
duced above.

1. A Regime Switching Utility maximisation Problem.

The objective functional takes the following form
J(t,x,o5m) = E[U(a,m’%)‘aﬁt =2,5; = a};

equivalently, the terminal gain functions are given by
F(a,z) =U(a, x);
{ G(a,z) =0,
where {U(a,-)},cs is a set of utility functions, i.e., for each a € &, U(a, x) is continuously
differentiable, strictly increasing and strictly concave with respect to variable x. The

financial background of this problem and the specific choices for U(a, z) will be given in

great detail in Chapter 3.

2. A Regime Switching Mean-Variance Optimisation Problem.

14
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The objective functional takes the following form

J(t,z, ;) = ]E{x% T =x,5 = a] — @V&r(z} Ty =x, 8 = a)
2
2
ot () =z 2 (elerf =z =] )
equivalently, the terminal gain functions are given by
Fla,z) =2 — L(;) z,
G(O[,J?) - 7(2()) 27

where {y(a)},cz, the weighting parameters of the mean-variance optimisation problem, is a
given set of positive numbers. The detailed financial background of this problem will be included

in Chapter 5.

2.2 Differences from Classical Problem and Related Diffi-
culties

Before the analysis of the current problem in concern, let us first take a brief review of the
classical regime switching control problem. A classical stochastic control problem with regime

switching is to maximise the following functional

J(t ;) = ]E{FC(;U’T")

Ty =x,5 = a} (2.3)

for some given terminal gain function FC : R™ — R, where the control process 7. and the
state process ™ are the same as in Section 2.1. In this chapter, we always use the superscript
“C” to emphasise that the current object—for instance the terminal gain function, the objective
functional or the value function—is corresponding to the classical problem in the literature.
One can immediately find two differences between the classical control problem and the control

problem in Section 2.1.

1. First, for the classical problem, although the dynamics of the state process z™ depends
on the CTMC Z., the objective functional J€(t,z,a;7.) only implicitly depends on Z.
through 2™; more precisely, the terminal gain function F°(z) does not depend on =.. In
contrast, the objective functional J(t,z,«;7.) for the current problem at time t € [0,7]
depends on the current state of Z; = « explicitly, i.e., the corresponding terminal gain

functions F'(a, z) and G(«, z) depend on the state of the CTMC explicitly. Consequently,
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as time evolves, the terminal gain functions and the objective functionals corresponding to

the different intermediate times are different in general.

2. Second, compared to the classical control problem, there is an extra part

G (a,E[aﬁ

xt:x,Et:aD

in the objective functional (2.1). In general, this is a nonlinear transform of the conditional
expectation E [2T|x; = x,Z; = . The most severe consequence for this nonlinear trans-
form is that it destroys the tower property for the conditional expectation; as a matter of

fact, for any h € (0,7 —t),

G (a, E[m}

Ty =T,5 = aD #+ E[G <a,E[m§ xf+h,5t+hD

Ty =x,2 = 041
in general.

These two differences above both result in the failure of the dynamic programming principle
for the current control problem in Section 2.1. Recall that if we introduce the following value

function
Ve(t,z,a) = sup {Jc(t,a:,a;ﬂ'.)}

W.EADC[t,T)
Ty =X, 04 = a} }

sup {]E {F C(z7)
for the classical control problem, where ADC[t, T) is the corresponding admissible set, then for

T EADC[t,T)

any 0 < h < T —t the dynamic programming principle (see, for example, [28] and [90]) gives

Ty =x,0 = a] }
C —_ —
= Sup E sup {J (t+ hux?+h7:t+h;7r~)} Ty =T, o8 = Q
7. EADC[t,t+h) | . €ADC[t+h,T)
Ty =2,2 = a] }

However, the success of the dynamic programming principle relies at least on two facts; one is

Ve(t,z,a) = sup {E sup {E[Fc(xa‘!)’x;";h,EHh”
T €EADC[t,t+h) | 7. €ADC[t+h,T)

= sup E |Vt +h,aTp, Eiin)
T €EADC[t,t+h)

that the terminal gain function should be independent of the current state of CTMC =., and the

other is the tower property of the conditional expectation. Unfortunately, the two facts fail both
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for the current problem; as a matter of fact, in general
sup {J(t,x,a;ﬂ")}
7. CAD[t,T)

s {E [E [F(a,oF) |27 1, Zei]
m. €AD[t,T)

Ty =X, 5 :a] —|—G(a,E[m§|xt =x,= :a])}

7& sup - {]E |:E [F(Et+;L,x7})|xf+h,Et+h] + G (Et+h,E [$71Tﬂ|$?+h,5t+h]) ‘xt = l‘,Et = Oé:| }
t,

7. €AD|
xtzx,Et:a]}.

Therefore, the dynamic programming principle does not hold any more for the current problem

sup {E [J(t + h, xf+h,Et+h;7r,)‘xt =, = a} }
7. €AD[t,T)

sup E sup {J(t +h, g, B 7")}
w EAD[t,t+h) 7. €AD[t+h,T)

in general.

The failure of the dynamic programming principle introduces extra difficulties for the current
problem compared with the classical one from both the computational and the conceptual per-
spective. Computationally, dynamic programming principle is a powerful tool for solving classical
control problem and is the foundation of the (classical) Hamilton-Jacobi-Bellman (HJB) equa-
tion. For the classical case, by solving the HJB equation, one can simultaneously get the value
function and the optimal control; also, we will get a feedback type optimal control, i.e., an op-
timal control law. Now, without the dynamic programming principle, one can no longer obtain
the HJB equation, and finding the optimal control for the current control problem becomes
challenging.

More severely, the failure of the dynamic programming principle also introduces conceptual
difficulty—the meaning of “optimality” becomes ambiguous. For the classical control problem,
due to the dynamic programming principle and assuming the existence of the optimal control 7!

for the control problem at any time ¢ (we use the superscript “¢” to emphasise that this optimal
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control is for the control problem at time t), it holds

Bl (o)

VO(t,x,a) = JC (t,z, ;7"

Ty = 2,5 :a}

w!) =

{ Ty =2,5; = a} }
= sup {]E _J (t+ h xt—‘,—h?‘—‘t-‘rh’ t+h) ’IL't = Iﬂ,Et = OL] }

‘|

= sup

E V (t +h xt+h7‘~t+h)
7. €EADC[t,t+h) -

= sup

7. €ADC[t,t+h)
C . - -
E IE [F ( ) |xf+h,:t+h} ‘:ct =x,= = oz}
7. EADC[t,t+h) -

( [t, t+h) ‘ t+h,T))
=FE |FC®

Ty =2,5 =«

e ot gith
= J (ty T, <7T |[t,t+h) ) T ’[iH’h:T))) ’

where 7_r,t|[t ¢4+ Stands for the restriction of the control process 7’ on the time interval [¢,t+h) C
,T). Furthermore, under some mild concavity condition on -), it can be shown that the
t,T). Furth d ild it diti FC(-), it can be shown that th

optimal control is unique. Therefore, it holds

—1

7r.|[t+h,T) = qith on [t+ h,T).

This means that, at any later time ¢ + h € (¢,T'), if we reconsider the control problem, the
optimal control w!*" obtained at t + h (conditioning on the state (mf_ﬁh, Et+n)) coincides with
the optimal control 7! obtained previously at ¢; in other words, we will not deviate the optimal
control obtained previously in any later time. Consequently, reconsideration of the problem later
is unnecessary, and once we obtain the optimal control 7! at time ¢, we can safely follow it at any
later time between ¢ and T'. This nice property is known as time consistency in the literature:
the optimal control remains optimal in any later time, conditioning on the state followed this
optimal control.

However, the property of time consistency no longer holds for the current control problem in
Section 2.1. The failure of the dynamic programming principle results in the following unpleasant
fact that if we still aim to find the “optimal” control 7! such that the corresponding objective
functional at time ¢ achieves the maximum:

J(t,z,o;w) = sup {J(t,x,oz;ﬂ")},
7. €AD[t,T)
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then in general

sup {J(t+h,xf+h,Et+;L;7r.)}
n. €AD[i+h,T)

mtzx,Etzoz]}

= sup E |:J(t+h,.fzr_,’_h,Et_kh;ﬁFJrh)‘.’L't :J),Et = O{:| 5
7. €AD[t,t+h)

J(t,x, 057" # sup E
7. CAD[t,t+h)

where 711" is the optimal control such that the objective functional at time ¢ 4+ h achieves the
maximum among all the admissible controls in AD[t + h,T'). Consequently, for some later time

t+heltT),

7| [t+h,T)

# mith on [t+h,T)

even conditioning on the state (mf_:h, Et+n). In other words, the “optimal” control obtained at
time ¢ is no longer “optimal” at the later time ¢ + h € (¢,T). Thus, if we reconsider the control
problem at the later time ¢t 4+ h, we shall abandon the previous “optimal” control 7! and switch

to some new “optimal” one 7w!t": in other words, the “optimal” control obtained at time ¢ will

not be fully implemented on the whole time horizon [t,T) and thus meaningless. (In fact, the

t

maximum value J (¢, z,a; w!) can only be achieved when 7! is fully implemented on [t,T)!) This
phenomenon is known as time inconsistency in the literature. The stochastic control problems

encountered in this thesis are all time inconsistent.

2.3 Equilibrium Solution: A Game-Theoretic Formulation

As mentioned above, time inconsistency introduces both the conceptual and the computa-
tional difficulties in time inconsistent control problem. There are at least three approaches to

deal with the conceptual difficulty of time inconsistency.

1. We fix some time (without loss of generality we may take it to be 0) as the reference
time and try to find the strategy 7° such that the corresponding objective functional
J(0,z, ;%) at the reference time 0 achieving the maximum among all the admissible
controls in AD[0,T). We then simply follow this strategy and ignore that in later time
this strategy may no longer be optimal (with respect to the objective at that time); in
other words, all the optimality is with respect to the reference time. Such “optimal”
strategy is known as the precommitment strategy. For this approach, essentially there is
only one control problem, and we thus avoid the issue of time inconsistency conceptually.

Nevertheless, the success of the precommitment approach relies on that we should have a
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strong self-control discipline not to “change our minds” (i.e., reconsider the problem) at
any later time s € (t,T); otherwise, the precommitment strategy {7}, },c[, ) obtained at
time ¢ will be abandoned after time ¢ and, therefore, this precommitment approach becomes

meaningless.

2. At each time we find and follow the precommitment strategy corresponding to that time; at
later time, however, we switch our action to the new precommitment strategy corresponding
to that new time. More precisely, at any time ¢t € [0,T) we follow the precommitment
strategy ¢ with respect to the reference time ¢ and, after a short time h > 0, we reconsider
the control problem and switch our action following some new precommitment strategy ﬁ'ffrﬁ
with respect to the new reference time t + h; we then repeat this procedure afterwards. At
the first glance, it seems that at any time t we are “walking on the right path”—following the
“optimal” strategy ! at this time ¢; nevertheless, no “optimal” strategy @’ at any time ¢
will be fully implemented on the rest of the time horizon [t,T') and thus no maximum value
of objective functional J(t,z, a; ®t) at any time will be achieved. Therefore, this approach

for handling time inconsistency has no solid logic behind it. The resulting strategy is called

the naive strategy (see, for instance, [69]).

3. We treat the issue of time inconsistency seriously and define the desired “optimal” solution,
which will be fully implemented even the reconsideration of the problem is permitted in
the future, in a game-theoretic point of view. The resulting “optimal” strategy is called

the equilibrium strategy, which will be explained in detail below.

We admit that there are situations under which any of the three approaches above is mean-
ingful; however, we will focus mainly on the third equilibrium approach in this thesis. To this
end, we adopt the game theoretic formulation of the time inconsistent stochastic control problem.
The essential idea behind the equilibrium approach is that, when we decide what to do at any
time ¢ € [0,T), we should keep in mind that in the future our objective functional (or preference)
will change and our future-selves will choose the “optimal” actions according to the objective
functional at the future time. More precisely, we are “wise enough” to be aware the following two
facts; first, in the future the state of =. could change and second, if the state of =. changes at
some future time, the objective functional will also change accordingly by our future-selves, and
we will do the “optimisation” with respect to the objective functional at that future time which
is different from the current one. Therefore, we view the entire stochastic control problems at all

time points as a non-cooperative game, in which at each time point ¢ there is a player with the
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reward which is the objective functional J(t,z, a;7r.) at this time ¢. Under this game-theoretic
point of view, the strategy 7. we look for should be the “subgame perfect Nash equilibrium point”
of this game. This Nash equilibrium point is exactly the equilibrium strategy we defined below.

Intuitively, the equilibrium strategy 4. is the one that for any time t € [0,7), if on (¢,7T)
we follow 7., then the “optimal” action for us at ¢ is 7r;. However, the difficulty for applying
this idea directly in defining the equilibrium strategy for the continuous-time time inconsistent
stochastic control problem is that one single time {t} is a set of Lebesgue measure zero and any
specific value of a control process on a measure-zero set does not influence the controlled system.
Thus, for the continuous-time control problem, we cannot define the equilibrium strategy via
perturbing the control at only one single time point. In this thesis, we adopt the following

definition of the equilibrium strategy from [6].
Definition 1. A deterministic function # (¢, z, «) is called an equilibrium policy law, if:
1. the corresponding (feedback type) strategy #t; = #(t, z¢,Z;) is admissible;
2. for any (fired) (t,z,a) € [0,T) x R" x &, any h € (0,7 —t) and any © € R', we define the

following perturbed policy law

m, sE[t,t+h),

Wt’h’“(s,x,oz) =
(s, x,), s€[t+h,T)

and ™™ is the corresponding strategy. Then it holds

o b,
— J(t, ;7)) — J(t, x, a; 7™
h—0+ h

> 0.

For the equilibrium policy law # (¢, z, «), the corresponding strategy 7, = # (¢, x¢, =) is called

the equilibrium strategy and the corresponding objective functional

A~

Vt,z,a) = J(t,x, 057.)
is called the equilibrium value function.

Remark 1. Definition 1 does not mention the uniqueness of equilibrium policy law. As a matter
of fact, there are such cases in which multiple equilibrium policy laws exist, see, for instance,
(23], [24] and [87]. In this thesis, we do not discuss the uniqueness of equilibrium policy law, but

provide the characterization of an equilibrium policy law only in later works.
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We want to emphasise that the above definition of equilibrium strategy is, in fact, not on
the control process directly but on the control law, which is a function of time ¢ and state
(z,); in other words, it is equilibrium policy law that we actually defined in Definition 1.
With an equilibrium policy law, the (corresponding) equilibrium strategy is naturally obtained by
substituting the state processes into this equilibrium policy law. Some papers, for instance, [42]
defines the equilibrium strategy directly on the control process by perturbing equilibrium control
process itself. More precisely, in the definition of equilibrium strategy in [42], the perturbation is
against an equilibrium control, while in Definition 1, the perturbation is against an equilibrium
policy law. Due to the popularity of Markovian model and feedback-type strategy in the economic
study, we adopt the “feedback-type” definition of equilibrium strategy from [6] in this thesis.

In later chapters, we will solve several time inconsistent stochastic control problems with

regime switching by the equilibrium approach defined in this chapter.
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Chapter 3

Time Inconsistent Utility
Maximisation with Regime
Switching

This chapter is devoted to a type of time inconsistent portfolio selection problem. We anal-
yse both the CARA and CRRA utility maximisation problems with regime switching. Due to
the dependence of the utility functions on the market state, the underlying stochastic control
problems for utility maximisation are time inconsistent. We provide the equilibrium policy laws
and value functions for both time inconsistent CARA and CRRA utility maximisation problems.
For the CARA utility case, we show the coincidence of the equilibrium and the naive policy laws.
Some economic analysis is included at the end of the chapter. The results in this chapter will be

cited in Chapter 4 for the equilibrium utility indifference pricing rule.

3.1 Market Model and Basic Problem

In this section, we state the market model and the portfolio selection problem under consid-

eration.

3.1.1 The Model

The underlying probability space (€2, .%,P) and time horizon T' > 0 are as stated in Chapter
1. On this probability space defined a d-dimensional standard Brownian motion (BM) W. =
(Wh .. WHT and a continuous-time Markovian chain (CTMC) Z. taking values in a finite
discrete state space & = {1,2,---, K}; moreover, W. and Z. are independent of each other. The

filtration F = {yt}te[o ] 18 the completion of the natural filtration generated by W. and =..
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We use the exogenous process Z. to model the financial market state; for any ¢ € [0, 7],
the market state at this time ¢ is =; € &. More precisely, we assume the market has K states
1,2,---, K; the state 1 stands for the case that the current market is “bullish” or in a bubble
and the state K for the market is “bearish” or in a crash. Furthermore, Z. is observable; in
other words, at any time one can tell which regime the current market is in. In practice, one can
determine the current market state from various economic indicators, for instance, the Consumer
Price Index (CPI).

We denote A = ()\aﬁ) the intensity matrix of Z.. To avoid the trivial case, we assume

KxK
Aap > 0 for any distinct states o and 8 and thus the CTMC Z. has no absorbing state; in other
words, we assume the financial market will not stay at any particular state forever.

The financial market consists of one bond B. and n stocks S. = (S!,---,8™)T which are
traded continuously. For the sake of simplicity, we assume the interest rate is constantly zero
and

B;=1, tel0,T].
The price process of k-th stock follows the SDE
dSy = S {pF(t,Z)dt + oF (¢, E4)dW, }
d
= §F {,ﬁ(t, Er)dt+ Y ot Et)thl} , telo,T),
1=1
where for each k = 1,--- ,n, u* : [0,T] x & — R is a given real (measurable) deterministic
function and
O-k(ta Oé) = (Ukl(t7 O[), e 7U]€d(t7 O[)),
where for each [ = 1,---,d, o : [0,T] x & — R is a given real (measurable) deterministic

function. Furthermore, we denote the appreciation rate vector and the volatility matrix by

ult, o) = ('t @), p" (8 0) "

and
ol(t,a)

o(t,a) = : = (on(t, @)y nq

o (t, )

respectively, for each a € &. Moreover, we denote
o(t,a)o(t,a) = a(t,a).

The following assumptions are made throughout this chapter.
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Assumption 2. All the (deterministic) functions p*(-,a), ow(-,a) are bounded, for k =

1,---,n,l=1,--- ,dand a € &.
Assumption 3 (Non-degeneracy Condition). There exist some k > 0, such that
ro(t,a)o(t,a)Te > k|E)?, Vt€[0,T],a €& and £ € R™.

We construct the self-financing portfolio by trading on the bond and stocks without any
consumption. Suppose a time ¢t € [0,7] is fixed temporarily and the market state at time ¢ is
= = a € &; moreover, the capital at time ¢ is x > 0 and the total wealth at time s € [¢,T] is
xs. Furthermore, we assume that trading takes place continuously and transaction cost is not
considered. We use the so-called dollar representation of the trading strategy. Denoting the
amount of capital invested in k-th risky asset S* at time s by 7¥, the dynamics of the wealth

process corresponding to the trading strategy w. = (w!, -, &™) 7T is

da(t)m = ﬂ'sT{,u(s, Es)ds + o (s, ES)dWS}

n n d
Z pF (s, 2o)mkds + Z Z ori(s, E)mkaw,
k=1
z,

k=1 1=1
Ty = Et = Q.
In particular, the corresponding terminal wealth xg,f’m)’” is
T
ng,z)ﬂf — +/ ﬂ?{u(s, Es)ds + o(s, ES)dWS}. (3.1)
t

As clarified in Chapter 2, we always use boldface letter, say 7., to denote a control process or
a control policy law (a function), and use ordinary letter without boldface, say , to denote a
possible value (an n-dimensional vector, for the current case) of the control process.

A trading strategy is said to be admissible if w. € £%(0,T; R™); furthermore, a trading policy
law is said to be admissible if its corresponding strategy is admissible. It is well-known that this

admissible trading strategy rules out the arbitrage opportunity (see, for instance, [41]).

3.1.2 The Basic Problem

In this chapter, the problem in concern is to “maximise” (in the equilibrium sense) the
investor’s expected utility of her terminal wealth. The investor looks for a trading strategy to
achieve the maximum expected utility of her terminal wealth z. Different from the assumptions
in the standard literature, however, we assume the utility function of the investor for her terminal

wealth is regime dependent. As the financial market state changes from one time to another, the
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

utility function of the investor may change. More precisely, the investor’s utility function for her
terminal wealth at any intermediate time ¢t € [0,7] is Uy(z) = U(x, Z;), where Z; is the market
state at time ¢ and {U(z, &) }aece is a set of utility functions. Then, given the market state v and
the capital x at time ¢, the objective functional at time t corresponding to the trading strategy
{Ws}se[t,T) is

J(t,x,o5m) = E[U(m%@’xt =x,5 = a]

We emphasise that, as explained in Chapter 2, the underlying stochastic control problems for the
utility maximisation are time inconsistent due to the regime dependence of the utility function
Ui(z) = U(z,Z;). We will solve this time inconsistent utility maximisation problem via the
equilibrium approach defined in Chapter 2; more precisely, we will look for the equilibrium policy
laws for both time inconsistent CARA and CRRA utility maximisation problems in this chapter.

The precise definition of the equilibrium policy law is given in Definition 1 in Chapter 2.

3.2 Case of CARA (Exponential) Utility

In this section, the CARA utility case is studied; more precisely, we assume U (z, «) in Section

3.1 takes the following form
U(Jf, Oé) == exp(—’y(oz)a:),

where v : & — R, is the risk aversion parameter, which is no longer a constant but a function
of the market state. For each state a € &, y(«) > 0 stands for the investor’s risk aversion
parameter corresponding to the market state a.

Given the market state o and the capital  at time ¢, the objective functional at time ¢

corresponding to the trading strategy {m,}sce, 1) is
J(t v 05m) = B| — exp (~1(a)aF) [or = 2,Z, = o]

We now try to find the equilibrium policy law for this time inconsistent CARA utility max-

imisation problem.

3.2.1 Extended Hamilton-Jacobi-Bellman Equation

Recall that the terminal wealth corresponding to the strategy . is given by (3.1). Together

with the separable property of the exponential function that e*1 %2 = ¢%1¢%2 for any real numbers
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

x1 and xo, in this thesis we only consider wealth-independent equilibrium policy law; in other

words, we assume that the equilibrium policy law takes the following form
#(t,z,a) = w(t, ).

We assume a priori that a wealth-independent equilibrium policy law # (¢, ) exists and let

Z. be the corresponding (equilibrium) wealth process. We now introduce the following auziliary

Et:B].

Remark 2. There are two market states involved in the auxiliary function .o/ 7A'(t, B, «). Intuitively,

function

A (t,B,0) =E lexp (—7(04) /tTﬁ(&ES)T{M(s,ES)ds + U(S,ES)dWS}>

the first state 3 stands for the current state of the market, and the second state « stands for the

initial state of the market, i.e., the market state for some initial time before time ¢.

By definition, we have
VEARA ({2 0) = —e YT/ ™ (¢ o, ).

Moreover, for any (t,z,«), any h > 0 and any 7 € R™, the objective functional for the perturbed

strategy T (see Definition 1 in Chapter 2 for reference) is

J(t,w,;mw!T) = E {*eXP (*’V(a)x?t’w) ’ vy =1,5 = a}

_ )R [e—v(a) [ WT{H(SvES)dS"’"(S’ES)dWS},;a%*(t +h,Eipn, @)

Et = Oé:| .
Therefore, the condition

J(t,z, a; %) — J(t, x,a; 70"

s h
trh = s+o(s,2 ~ —_ —_ ~
i |:€’Y(a) ft WT{H(&HS)d ol S)dWS}dﬂ- (t + h7 Zt+h Oé) =t = O{| " (t’ «, Oé)
=lim inf >0
h—0+ h

leads to the following inequality

) 3 1 A
St ) = /(@)™ (t 0, ) (@) + 5y(@) T (o, )m alt, o)

K
+ Z Aal{dﬁ-(ta l7 OZ) - "Q{‘fr(t? a, O[)} P 07
Za
according to the generalised Dynkin’s formula (see in Appendix A). Moreover, for this equilibrium

policy law #(t,a), the above inequality becomes an equality. Therefore, we get the following
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

extended Hamilton-Jacobi-Bellman (HJB) equation

A (t o, 0) +y(a) T (t, o, ) iITlrf {;’y(a)WTa(t, a)m — ot oz)}
K

+Zx\al{ﬂf*(t,l,a)—sz’}(t,a,a)} =0; (3.2)

=1
#a

o~

(T, o, ) = 1.

The first-order condition then gives the minimizer

7w(t,a) = a(t,a)  u(t, o).

1
(@)
Notice that Assumption 3 guarantees that a(¢, ) is invertible for any (¢, a).

VCARA(

To characterise the auxiliary function &/ (¢, 3, a) and the equilibrium value function t,z, Q)

corresponding to 7 (¢, ), we notice that, by definition, &7 (T, 3,a) = 1 for any 3, € & and

exp (v(a) [ RUCESTE Es>dws}) (14,50, 0)

is a martingale for u € [t,T] given Z; = 8. Then, via the Feynman-Kac approach (see, for
instance, [48]), we can characterise {&/™(t, 6,@)}a ses Dy the following ordinary differential
equations (ODE)

# M v(a) . T, -1 7 a
it 5.0) + DG {0 1 b e 1%, 6) e, 8)7 1.0

K
+Z>\m{d*(t, l,a) — ,Qi*(t,ﬁ,a)} =0
1=
75
with terminal condition &/™ (T, 3,a) = 1 for any a, 3 € &. Notice that by taking 8 = a we get

(1, 0,0) — Lpu(s, 0) als, ) als, o)/ (5,0 0)

K
+Z)\al{£f*(t,l,a) 7&277?(25,&,04)} =0;

=1
l#a

™ (T, o, ) = 1.

This recovers the previous extended HJB equation for /™ (t, o, a) if we substitute the minimizer

7(t,a) = a(t, o) tu(t, a)

b
(@)
back into (3.2).
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

3.2.2 A Verification Theorem

We now provide a verification theorem corresponding to this time inconsistent CARA utility
maximisation problem.

Consider the ODE system
AT (t, o, ) +y(a) T T (t, o, ) igf {;’y(a)wTa(t, a)m — 7l pul(t, oz)}
K ~ A
+ 3 AT (b 10) — 77 (1 0,0) )
=
A1, 8.0) + 1 (@)er(1.5.0) { 33(@) (0, 817l (8, ) - 700,817t )

K
Y An{ @ (1 0) = (1, B0) = 0;
iZh

(T, B,a)=1, a,Be&
(3.3)

we just derived, where 7 (¢, ) attains the infimum in the first equation for (¢, 3, 5). We now

state the verification theorem.

Theorem 4. Suppose the trading strategy corresponding to the policy law #(t,«) attaining the
infimum in the first equation for </™(t,a,a) in (3.3) is admissible; moreover, for each o and j3
in &, there exists a ¢1([0,T])-function /™ (t,3,) such that {A™(t,,a)}a ges is the solution
of the system (3.3). Then,

——a(t, o) u(t, @) (3.4)

is an equilibrium policy law and
VEARM (2 0) = —e Y2/ ™ (¢ o, @) (3.5)
is the corresponding equilibrium value function, for any t € [0,T), x € R4 and a € &.

Proof. First of all, thanks to Assumption 2 and 3 we see that #(¢,«) is bounded. Moreover,

according to the generalised Dynkin’s formula and system (3.3),

A*(t,5,0) =E [exp (—v(a) /tu ﬁ(s,Es)T{u(s,Es)ds +o(s, ES)dWS}> A (U, 2, @)

Et:ﬂ]

Letting u — T together with the terminal condition &7 (T, 8, @) = 1, we then have

™ (t,B,0) =E lexp (—7(04) /tTﬁ(s7ES)T{ﬂ(s7Es)ds + a(s,Es)dWs}>

Et:5‘|
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

Notice that, thanks to Lemma 5 below, we can apply Lebesgue’s dominated convergence theorem
here.

Next, for any (fized) (t,z,«), any h > 0 and any 7 € R", we define the perturbed policy law

T, sE,t+h),
s, Q) =

7,‘_t,h,w(

w(s,a), se€t+hT)
in the same manner as in Definition 1 in Chapter 2. Then by the generalised Dynkin’s formula,

LAY . bhT
i inf J(t,z, ;7)) — J(t, z om0
h—0+ h

o = st+o(s,E2 A —_
E |:e—’y(a) ft TrT{I_L(S7_‘S)d< +o(s, S)dWs}dﬂ'(t + h, Ziths a)

= a} — ™ (t,a,a)
=e V(7 lim inf
h—0+ h

:e_W(“)””{.;aft*(t, o, a) + ()" (t, a,a) {;v(a)wTa(L a)m — "t a)}

K
+ ZAal{Mﬁ(talva) - "Q{ﬁ-(t?ava)}} = 0
o
according to (3.3). Thus by definition, {#(t, @) }c[0,1),acs is an equilibrium policy law and
VOARA (2 0) = —e VY™ (¢ o, )
is the corresponding equilibrium value function, for any (¢,z,a) € [0,T] x Ry x &. O

The following simple technical lemma is used in the proof of Theorem 4.

Lemma 5. Assume Y. satisfies the following SDE
{ dYs = Bsds + AsdWy;
Yo=y¢€ Rna

where B. € R™ and A. € R"*¢ are bounded {Z}ieo,1-adapted processes. Then, for anyp € R™,
it holds
E [exp(pTYt)] <C, vtelo,T],

where C = C(y,T,p) depends only ony, T and p but is independent of ¢ € [0, T].

Proof. We denote Z? = e? Vi for any p € R™. By It6’s formula,

t t
1
7P =P’y +/ zZP {pTBS + QpTASA;Fp} ds +/ ZPpT AydW.
0 0
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

Thus,
T
E [|Z§’|ﬂ <3¢’V 4 3K / Zr {pTBs+ 2pTAsA}p} ds| | +3E / ZPp" A dW, 1
0 0
T ¢ 1 2 u 2
< 3eP Y+ 3TE / |Zf|2 pTBS—l—prASA;Fp ds| +3E | sup / Zg’pTASdWS
0 2 o<u<t [Jo

t t
<3¢" Y+ K(p, T)E U |Z§|2d8}+12E U |zz)? |pTAsAsTP|2dS]
O 0
t
<™ ke [ 122R as]
0

where K (a) stands for a constant depends on some parameter vector a, which may be different
from line to line. Notice that we use Doob inequality (see, for example, [48]) in the third step.
Then, following Gronwall’s inequality, we have
t
E [\Zfﬂ <3eP Y +3e? VK (p, T) / KO D=5) g5 — K (p, T, ).
0

Notice that (by definition of Z¥)

E[iz¢1°] —E |22

we then get the result. O

We see that

7(t,a) = a(t,a) ' u(t, o)

1
)
is a well-defined measurable (deterministic) function with respect to ¢, for each o € &. Together
with Assumption 2, we see that # (¢, «) is admissible indeed.

We now turn to solve &/ (-, 3, ). For each o € &, we see that only &/ 7 (¢, a, ) is the one we
are really interested in for it relates to the equilibrium value function VCARA(t, x,a). However,
™ (t,a, a) is coupled with the other auxiliary functions /7 (t, 3,a) for f € & (notice now the
second variable in state, «, is fized!), so that we need to solve a K-dimensional system of ODEs to
get the whole vector (%*(t, La), -, 7%t K, a))T. To this end, recall that the ODE system

for /™ (-, B, a) is

i 1(a) [ ~(a) S i S .
A, (t567a): _W (ZV(B) _1>77 (t’5)+lzzl)‘ﬂl o (t7ﬂva)_lzzl)‘@l42{ (tvlaa)§
I#8 I#B

A™(T,B,a) =1,
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

where (¢, 8) = \/,u(tﬁ)Ta(t,ﬁ)—l,u(tﬁ) is scalar. Thus, (427*(75, La), -, 7%t K, a))T solves

the following linear homogeneous ODE
X(t) = AR X (B);
X(T)=(@1,---,1)T e RE,

where X (t) = (X'(t),---, X% (¢))T and

_pa(l)n2(t7 1) + Zl;ﬁl A —A12 . —\iK
ACARA () —A21 —pa(2)0?(t,2) + Xy A — N2k
7>\K1 /\K2 N *pa(K)UQ(t, K) + Zl;éK )\Kl

in which we use the notation p, (k) = W’ for each k € &. By the standard ODE

theory, we know that there exists a unique solution

X(t) = exp (— /tT ASARA(s)dS>

to the above equation, where exp(+) is understood as the matrix function.

1

We now report the results of some numerical experiments on the equilibrium strategy under
the simplification that the number of stocks in the market is one. In Figure 3.1, we provide a
simulation of the equilibrium trading strategy and the Merton’s trading strategies corresponding
to the risk aversion parameters (1) and ~(2) for the initial condition Zg = 1. It will be clear
in the next subsection that the Merton’s strategy is exactly the precommitment strategy with
respect to the reference time t = 0. We take the time horizon T = 1 and the constant market
parameters p(t, 1) = 0.07, u(¢,2) = 0.03, o(t,1) = 0(¢,2) = 0.3, A\;2 = 0.08 and Ao; = 0.12. The
risk aversion parameters are y(1) = 0.8 and (2) = 1.2.

From Figure 3.1, we can clearly find that the strategy paths are all step functions. This is
intuitive for that the optimal trading strategy for the classical Merton’s exponential utility max-
imisation problem is constant when the market is driven by a geometric Brownian motion. Since
the market is driven by a switched geometric Brownian motion now and the market parameters
change when the general market condition changes, we should adjust our positions in the risk
asset accordingly.

Moreover, the jump times for all three trading strategies are the same and coincide with the
times at which the market condition changes, i.e., the jump times of the underlying CTMC = ;

in other words, trading happens when the market condition changes. However, the magnitudes
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

Figure 3.1: The Comparison between Equilibrium Strategy and Merton’s Strategy.

| _ Equilibrium strategy v.s. Merton’s sirategy

Notes. The figure illustrates the equilibrium trading strategy and the Merton's trading strategies for risk
aversion parameter (1) and ~(2), under initial condition 29 = 1. Model parameters: n =d =1, T =1,
w(t, 1) = 0.07, u(t,2) = 0.03, o(t,1) = o(t,2) = 0.3, A1z = 0.08, Ay = 0.12, v(1) = 0.8, v(2) = 1.2.

of jumps are different for the equilibrium strategy and the Merton’s strategy. The jump sizes
of the equilibrium strategy are larger than the ones of the Merton’s strategy. In fact, from
(3.4) and (3.6) one can see that for the period that the market condition is 1, the equilibrium
policy law coincides with the Merton’s policy law corresponding to the risk aversion parameter
~(1); for the period that the market condition is 2, the equilibrium policy law coincides with
the Merton’s policy law corresponding to the risk aversion parameter v(2). In other words, the
Merton’s strategies corresponding to the risk aversion parameter (1) and (2) give the upper
and lower bounds of the equilibrium strategy. This is clear from Figure 3.1.

In Figure 3.2 we provide some further simulation results for the equilibrium strategy and the
Merton’s strategy with the same initial market state 29 = 1. We show both the money amount
and the proportion of the wealth invested in the stock for the two strategies; moreover, we give

the simulation of the corresponding wealth paths.

3.2.3 Is A “Naive” Strategy Really Naive?

As mentioned in Chapter 2, there are at least two other approaches to deal with the time

inconsistent control problem, known as the precommitment and the naive approaches. In this
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

Figure 3.2: The Simulation of Equilibrium Strategy and Merton’s Strategy.

Amount of money invested into stocks Proportion of wealth invested into stocks

0 01 02 03 04 05 [ (X2 08 09 1 o o1 02 03 04 05 06 07 [ 09 1
time time

Total wealth path

—— Wealhfor Equilbrum strategy.
| —— Wealn for Merton's strateqy

Notes. The figure illustrates the equilibrium and the Merton’s trading strategies under initial condition
Zo = 1. Model parameters: n =d =1, T =1, u(t,1) = 0.07, u(t,2) = 0.03, o(t,1) = o(¢,2) = 0.3,
A2 = 0.08, Aoy = 0.12, y(1) = 0.8, ¥(2) = 1.2.

section we do some comparison between the equilibrium strategy and the naive strategy. Before
stating the main result, we need to clarify the naive (and accordingly, the precommitment)
approach unambiguously. We now give the precise definitions of the precommitment policy law
and the naive policy law below. These definitions are based on [69] (also see, for instance, [21],

[22] and [6]).

Definition 6. Suppose an arbitrary time t € [0,7T) is fized as the reference time. A left-
continuous (deterministic) function #!(-,-,-) : [t,T) x Ry x & — R is called the precommitment
policy law with respect to this reference time ¢, if
J(t,z,a;w) = sup {J(t,x,a;ﬂ'.)}.
. €AD[t,T)
where 7! is the control process corresponding to policy law #w(-,-,-). Moreover, 7!, the corre-

sponding control process, is called the precommitment strategy (for the reference time ¢) and

t

J(t, z, a;7t) is called the precommitment value function.

Notice that in the definition of the precommitment policy law 7'(-, z, «) and strategy 7, we
use the superscript “t” to emphasise that this policy law or strategy is “optimal” with respect

to this time t as the reference time.
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

For any fized time ¢t € [0,T) as the reference time, the corresponding precommitment policy
law {7"(s,z, ) }sepr,r) is the policy law such that its objective functional at the reference time ¢
achieves the maximum among all the admissible strategies. More precisely, given Z; = «, if the

investor’s utility function for her terminal wealth is

Vi) = —exp (= y(a)a),
then for the objective functional

Ji(s,x,3;m) =E [Ut(xg)’xs =, = ﬂ}

=E [— exp (—y(a)zh) |xs = 2, Es = B} , set,T)

the precommitment policy law {frt(s, x, a)} is optimal such that the corresponding objec-

selt,T)
tive functional Jt(¢,x, o;7.) at the reference time t attains the maximum.
Given the definition of precommitment strategy, we can define the naive strategy accordingly

(see, for instance, [69], [21] and [22]).

Definition 7. A left-continuous deterministic function 7w (-,-,-) : [0,7) x Ry x & — R is called
the naive policy law, if:

w(t,z,0) = wl(t,z,a), Vte[0,T),

where for any ¢t € [0,T), wt(-,-,-) is the precommitment policy law with respect to this specific
time ¢ as the reference time. Moreover, 7w/, the corresponding control process, is called the naive

strategy.

Intuitively, the naive policy law is a policy law to adjoin the precommitment policy laws at
different times. A person who adopts the naive policy law follows the precommitment policy
law 7!(-, z, ) at each time t € [0,T); however, policy law 7!(-, z, ) is only implemented at this
single time point ¢t. At later time ¢ + h, this person will turn to the precommitment policy law
with (. x, o) with respect to the new time ¢ + h.

As explained in Chapter 2, the logic behind the naive approach is not solid for no “optimal”
strategy will be fully implemented at any time instance. We now ask ourselves, is this naive
approach really irrational? The solutions to the time inconsistent CARA utility maximisation
problem with regime switching gives a counterexample. To this end, we first make an additional

assumption.

Assumption 8. All the coefficients u*(-,a), op(-, @) are left-continuous on [0,T], for k =

1,---,n,l=1,--- ,dand a € &.
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

For a fixed time ¢ as the reference time and given the corresponding market condition =; = «,
the objective functional for the precommitment control problem corresponding to the strategy
. is

JE) (s, z. B;mw) =K [f exp (—y(a)zh) |z = 2,2, = 6] , seT),

where ™ satisfies the following controlled SDE

dx? = ﬂ'u{,u(u, Ey)du + o(u, Eu)qu};
Ts=x, Zg=0.
Similarly, we emphasise the condition at the reference time ¢ for this precommitment prob-
lem explicitly by the superscript (¢,«) on the objective functional. Via the classical dynamic
programming technique, one can easily get the precommitment policy law with respect to this

reference time ¢ and market condition =; = « to be

79 (s, 8) = —a"'(s,B)u(s, 8), s€[t,T),B€8&, (3.6)

see Appendix B for the details. Thanks to Assumption 8, we now obtain the corresponding naive

policy law to be

wV(t,0) = 7D (t0) = —a (La)u(t,a), s€[LT)a€ 6.

1
V(@)
Interestingly, comparing this to (3.4) it turns out that the naive policy law coincides with the

equilibrium policy law.
3.2.3.1 A Brief Explaination from Discrete-Time Analogy

We would like to point out that the structure of the current problem is critical for the coinci-
dence of the equilibrium and the naive policy law. To illustrate this, let us make an explanation
under a discrete-time two-stage model which will make everything clear. Let (2, %#,P) be the
underlying probability space and the decision times are now t = 0,1 and the terminal time is
T = 2. On the probability space defined an exogenous &-valued process {Z;};=0,1,2 and two real
random variables Rq and Ry; similar to the continuous-time model, process {E;}1=¢,1,2 models
the market condition at time ¢, and Ry and Rs are the noises in the market at time 1 and 2
respectively. Both Ry and Rs are independent of {Z,},=01,2; moreover, Ry and R» are indepen-
dent of each other also. The wealth at time ¢ is denoted by xy; {x;}¢=12 evolves according to

the following equation
l’t+1 = Tt —l—g(t,ut,Et,RHl), fOI‘t:O,].,
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

where u;, taking values in some subset U C R, is the action we take at time ¢ and g : {0,1} x
U x R x R is a given function. We use z* to emphasise that the wealth process is controlled
by the control process w.. The objective functional at time ¢ given the wealth x and the market
state « is

J(t, z,05u.) :E[—e_v(o‘)ﬁ” vy =2, =«|, fort=0,1,

where v : & — R is the regime dependent risk aversion parameter. The problem is then to
maximise the objective functional by choosing the proper strategy {w;}s=o,1-

We first solve this problem via the equilibrium approach. To this end, we do the backward
analysis (see, for instance, [6] and [7]) and consider the case ¢ = 1 first. Notice that z¥ =
x1 + g(1,u1,Z1, Ry) and the current control problem is

V,z,a) = ziue% {E[f exp ( — 'y(El){erg(l,ul,El,Rg)}) ’xl =x,= = a]}

—e V(@) uilner {]E[exp ( —y(a)g(1l,uy, o, Rg))] } .

This is a standard optimisation problem, and under some mild conditions, such as the concavity
of function ¢(1,u, a, R) with respect to u, we can show that there exists a unique solution @; =
(1, ). Notice that in this step, the equilibrium policy law coincides with the precommitment
and the naive policy law automatically, since the underlying problem is a static single-period
optimisation problem.

For the second step, we consider the case t = 0. Notice that we only need to choose the
action at time ¢ = 0 and, when we come to the time 1, policy law (1, «) will be implemented
by ourselves at that time. Together with z} = x¢ + g(1, w0, Zo, R1), the current control problem

becomes

A~

V(0,z,a) = usouepU {E[ — exp ( - V(Eo){x + g(0,u0,Z0, R1) + g(1, (1, El),El,RQ)}) ‘:co =z, = a] }

= —e V@7 inf {E{exp ( h 'y(a)g(o,uo, Oz,Rl))} } %

uoeU
E[exp ( —y(a)g(1,4(1,21), 24, R2))

EO = O[:| s
due to the independence of Ry with Z; and Rs. Therefore, essentially the optimisation problem

we need to solve at t = 0 is

inf {E[exp ( — v()g(0, wg, a, Rl))] } .

ugeU

This can be solved via the standard technique, and under some mild conditions, such as the

concavity of function g(0, u, o, R) with respect to u, there is a unique solution 4y = @ (0, a).
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

We next turn to solve the problem via the naive approach. As mentioned, for the case t = 1
the solutions for all three approaches are the same, and we thus go to the case t = 0 directly.
To find the naive strategy ul’, we solve the precommitment strategy u® first. Exploiting the

dynamic programming technique, the control problem now is

V90,2,0) = sup {E[ — exp ( - 7(50){95 + 9(0,u0, =0, R1) + g(1,u1,Eq, Rg)}) ‘xo =x,8)= a} }

’U.(),’UlleU
— _e vz — _ = = =
= —¢ uo}Blf‘EU {E[exp ( ’y(a)g(O,uo,a,Rl) 'Y(Oé)g(l,u:[,-—l,Rg))’._‘() Oé:|}
— _oV(@)z _
e uloner {E[exp ( ¥(a)g(0, ug, a, Rl))} } X

| iuf, {5 [ew (= s(@lat. 20 m0) ] } 2o = ).
u1€U
(3.7)
thanks to the independence of =1, R; and R,. Notice that the optimisation problem to find the
best action at time ¢ = 0 (in precommitment sense),

inf {]E[exp ( —v(a)g(0,ug, c, R1))} } )

uoeU

is the same as the one for the equilibrium policy law at time t = 0. Therefore, u™ (0,a) =
u°(0,a) = @(0, ), i.e., the naive policy law coincides with the equilibrium policy law.

Let us go back to (3.7). From (3.7), we see that the underlying stochastic control problem,
via the precommitment approach, is reduced to a series of one-period optimisation problems.
Moreover, the decision at each period has no influence on the strategies for later times (this is
due to the exponential preference of the investor and the independence of the noise and market
condition in the model). This implies the investor’s strategy is myopic; at each time she needs

only to choose the best action for the current period without considering about the future periods.

3.3 Case of CRRA (Power) Utility

In this section, we turn to discuss the CRRA utility case. More precisely, U(x, ) in Section

3.1 now takes the following form

B 1
1 —7(5)

where, similar to Section 3.2, the risk aversion parameter v : & — (0,1) also depends on the

Uz, )

market state. At any time ¢ with market state Z; = «a, the investor’s risk aversion parameter is

~v(a) € (0,1).
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3.3. CASE OF CRRA (POWER) UTILITY

In this section, we shall use a different form for the trading strategy; more precisely, we
denote the proportion of total wealth invested in k-th risky asset S* at time s by 6% and
0. = (6},---,0™)" will be the control process in this section. This is known as the proportion
representation of the trading strategy. The dynamic of the wealth process corresponding to the

trading strategy 6. is

dz(t®)0 = (1009 (5 2,)ds + o (s, Es)dWs}

n

n d
Z,uk(s, 2,)0%ds + Z Z ol (s, Es)0§dW£} ;

1 k=11=1

_ ()0

——

Ty =1, =t = Q,

In particular, the corresponding terminal wealth ng,a:),e is

t

T T
: 1
2870 = g exp (/ {efu(s,as) - QGEa(s,ES)GS} ds +/ OEJ(S,ES)dWS> : (3.8)
t

A trading strategy 0. is said to be admissible if 0. is F-progressively measurable and fOT 02ds <
00, P-a.s.. It is well-known that this definition of admissibility also rules out the arbitrage (see,
for instance, [41]).

Given the market state a and the capital x at time ¢, the objective functional corresponding
to the trading strategy {0s}sc,1) is

1 1—v(8¢)
Jt,x,0:0) =FE | —————(28) " T
( ) 1 —W(Zt)< 7

We now deduce the corresponding extended HJB equation and gives the equilibrium policy law
explicitly for this time inconsistent CRRA utility maximisation problem. A verification theorem

is also stated.

3.3.1 Extended Hamilton-Jacobi-Bellman Equation

Recall that the terminal wealth corresponding to strategy 6. is given by (3.8). As in Section
3.2, we make the assumption that the equilibrium policy law is independent of the wealth variable

x; in other words, the equilibrium policy law takes the following form
0(t,x,0) = 0(t, ).

Similar to the analysis in Section 3.2, we first assume a priori that a wealth-independent

equilibrium policy law é(t,a) exists and denote . for the corresponding equilibrium wealth
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

process. We next introduce the following auziliary function

A0t B,0) =&

T
exp <(1 - 7(()‘)) /t {é(sv ES)TU(SaEs) - %é(s’ Es)Ta(SaE's)é(Sv Es)}ds

Similar to the auxiliary function in Section 3.2, there are two market states involved in .o é(t, B,a).
For the reader’s understanding, the first state variable [ stands for the market state at the cur-
rent time ¢t and the second state variable « represents the market state in some initial time before
t.
By straightforward computation one has
VERRA( 2. 0) = 1_;7(04)9:177(0‘)%9 (t, o, @)
and

1 en0\ 1—7()
J(t, x, a; @0 :E[(me' ' )
| A PTG

xt:x,Et:a}

e(l—'y(a)) ftt+h{[QT;L(S,ES)—%GTa(s,ES)G]ds+9Ta‘(s,ES)dWS}Mé(t+h7Et+h7a)

Et:a].

0" is the perturbed strategy defined in the

for any (¢, z,a), any h > 0 and any 6 € R™, where

same manner as in Definition 1 in Chapter 2. Therefore,

Ay . pth,0
lim inf J(t,z,0;0.) — J(t,z, 0507
h—0+ h

E[e(l—'y(oz)) f:’*—h{[QTu(s,Es)—%HTa(s,Es)O]ds+9To(s,Es)dWS}%@(t+h Et+h a)

= a} - Mé(t,a,a)
= — lim sup

h—0+ h
=0

leads to the following inequality
N 1 N
A0 (1.0 + (1= 5(a)) {07t 5) = G(@8Ta(s, 50| (5. 5.0)

K
+2Aal{ﬂe(t7laa) - JZ{0(t70570‘)} < 0
Za
by the generalised Dynkin’s formula. Moreover, for the equilibrium policy law 9(75, «), the above

inequality becomes to an equality. Therefore, we get the following extended Hamilton-Jacobi-
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3.3. CASE OF CRRA (POWER) UTILITY

Bellman (HJB) equation

A (t.0,0) + (1= 2(@) sup { = 33(@0Ta(t,0)0 + 07(t. ) } (1.0, )
0

K
+Z>\al{ﬂé(t,l,a) - dé(t,a,a)} —0; (39

=1
l#a

(T, a,c) = 1.
The first-order condition then gives the maximiser

A

0(t,a) = ﬁa(t,a)_lu(t,a).

Finally, we turn to characterise the auxiliary function < é(t,ﬂ,a) and the equilibrium value
function VCRRA(t,x,a). From the definition of %é(t,5704) one has %é(T,ﬁ,a) = 1 for any
B,a € & and

exp ((1 — () /tu { {9(8,55)Tu(s, Es) — %@)(5,55)Ta(s, 2,)0(s, ES)]ds

+0(s,Z) o (s,Z5)dW, }) o (u, 2y, @)

is a martingale for u € [t,T] given Z; = . Then, via the Feynman-Kac approach, we have the

following ODE system

o L—v(a) [ ~(a) Tt B)-1 YN
(0500 + 2= (1= 20 it 91Tt 5) )1 5. )
K
+3 - Aa{ 7Pt 1) - 7 (1,8.0)} =0,
2
(T, 8,0) =1

for a, 8 € &. Notice that by taking 5 = a we get

: 1—7(o) - :
'the (tv a, OL) + T(O[)/L(tv a)Ta(t7 a) llu‘(tv a)%e (tﬂ «, O‘)

K
—I—Z/\al{dé(t,l,a) —dé(t,a,a)} =0;
1

=
l#«

o® (T,a,0) =1
and this recovers the previous extended HJB equation for & (t, a, o) if we substitute the maximiser

A

0(t,a) = a(t, o) u(t, o)

1
(@)
back into (3.9).
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

3.3.2 A Verification Theorem

We now provided a verification theorem. The proof is parallel to Theorem 4 and thus omitted.

Consider the ODE system

%@) (t, o, ) + ’y(a)ﬂé(t, a, @) sup {—fY(;)GTa(t, Q)0 + 0% p(t, a)}
4
K
+Z)\al{%é(t,l,a) — %é(t,a,a)} =0;
IZa
A0 (t.6.) + (e, 5.0) { - 250, ) ate, )0(0. 5) + B0 (e )}
K
+y )\m{mf@(t, la)— 0t B, a)} = 0;
iz
A°(T,B,0) =1, Va,B€é&,

(3.10)
we just derived, where (¢, 3) attains the supreme in the first equation for &/ 0 (t,8,5). We now

state the verification theorem.

Theorem 9. Suppose the trading strategy corresponding to the policy law é(t,a) attaining the
supremum in the first equation for dé(t,ma) in (3.10) is admissible. Moreover, for each o and
B in &, there exists a €*(]0, T))-function ,Qfé(t,,é’,a) such that {%é(t,ﬁ,a)}a,geg satisfies the
system (8.10). Then,

. 1
0(t,a :—at,afl,ut,a. 3.11
(t, @) 7@ (t, )™ pult, @) (3.11)
s an equilibrium policy law, and
N 1 R
VERRA(L 2 a) = — 2177 @ 79 (¢ o, 3.12
(t.2,0) = {7 (t,0,0) (312)

is the corresponding equilibrium value function, for any t € [0,T), x € Ry and o € &.

We see that

A

0(t, o) = a(t, o) u(t, @)

1
V()
is a well-defined measurable (deterministic) function with respect to ¢ for each o € &. Together
with Assumption 2 we see that é(t, «) is admissible indeed. We point out that this equilibrium
policy law also coincides with the naive policy law, similar to the time inconsistent CARA utility

maximisation problem in Section 3.2. The analysis is parallel to the one there and thus omitted.
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3.4. ECONOMIC ANALYSIS

We now turn to solve dé(~, B, «). Parallel to Section 3.2, (;zfé(t 1,a),--- ,;zié%é(t, K, a))T
solves the following linear homogeneous ODE
X(t) = ATA () X (0);
X(T)=(1,---,1)T e R,
where X (t) = (X'(t), -, XE(@1))T,

_pa(l)WQ(tv 1) + El#l >\11 —A12 cee —A\K
2
ACRRA(t) _ —Az21 —pa(2)1°(t,2) + 21752 Agp oo — MoK
—AK1 AKk2 = paE)P (6 K) + 3 Ak
(1=7(@) (29(k) ()

in which n(t, 8) = \/u(t, 8)Ta(t, B)~1u(t, B) and we use the notation p, (k) = SR ,

for each k € &. By the standard ODE theory, we know that there exists a unique solution to

X(t) =exp (— /tT ASRRA(s)ds> -,

where exp(+) is understood as the matrix function.

the above equation

In Figure 3.3 we provide the numerical illustration for the equilibrium and the precommitment
strategy under the initial condition =y = 1 parallel to Section 3.2. The market parameters
are the same as the CARA utility case, and the risk aversion parameters are (1) = 0.8 and
~(2) = 0.5. We show both the money amount and the proportion of the wealth invested in the
stock for the equilibrium and the precommitment strategies; moreover, we give the simulation of

the corresponding wealth paths.

3.4 Economic Analysis

We now do some economic analysis. To facilitate the discussion, we assume the market has
only two regimes—bullish and bearish. Let Regime 1 stand for the bullish market and Regime
2 for the bearish market. Moreover, the financial market model, where there is only one stock
within, is driven by a switched geometric Brownian motion (i.e., all the market parameters are
constant for each market regime).

Recall that given the market condition =Z; = «, the equilibrium amount of money at time ¢

for the time inconsistent CARA utility maximisation problem is

L ople) 1 ne)

60) = iy 2(a) ~ 7(a) o(a)
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

Figure 3.3: The Simulation of Equilibrium Strategy and Precommitment Strategy for CRRA
Utility.

Amount of money invested into stocks Proportion of wealth invested into stocks

—— Equilbrium straegy
| —— Precommitment strategy

Notes. The figure illustrates the equilibrium trading strategy and the precommitment trading strategies
under initial condition Zg = 1. Market parameters: n =d =1, T = 1, u(t,1) = 0.06, u(t,2) = 0.03,
C!‘(t7 1) = U‘(?f7 2) = 0.3, A\12 = 0.08, \21 = 0.12, 'y(l) = 0.8, 7(2) =0.5.

and the equilibrium ratio of the risky investment against wealth for the time inconsistent CRRA

utility maximisation problem is

A _ 1 p(a) 1 n(a)
61.0) = 10 (@) ~ 7(a) o(a)

where n(a) = % is Sharpe ratio or the market price of risk known in the literature corre-

sponding to the market state a (notice that we assume zero interest rate in this chapter). This
indicates that both equilibrium policy laws are constant in each regime of the market. The trad-
ing strategies depend on the Sharpe ratio, the stock volatility and the investor’s risk aversion
parameter only. As long as the market condition remains unchanged, the trading strategies will
not change either. These results are consistent with the results in the standard settings; see, for
instance, [62], [63], [46] and [84].

A series of empirical studies (see, for instance, [30], [81] and [27]) suggest that when the
market condition is good (for instance, the inflation rate is low, the growth of the GDP is fast or
the security prices are expected to rise), the ratio of expected excess return over return variance

is higher than the one when the market condition is bad (for instance, the market with high
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3.4. ECONOMIC ANALYSIS

inflation, with low GDP growth or even decrease or in which the security prices are expected to
fall). Therefore, as Regime 1 always stands for the bullish market and Regime 2 for the bearish

market, we assume that
pd) _ pl2)
o?(1) © o2(2)

Furthermore, in [33], the authors study the state-dependent CRRA utility function and find that

the relative Arrow-Pratt risk aversion measure v(Z;) is inclined to be higher at the time “with
falls in the business conditions index and/or increases in the recession index”. In other words,
the study in [33] indicates that the risk aversion for the market is lower in a bullish market and

higher in a bearish market. Thus, it is reasonable to assume that

(1) <7(2).

Under the assumptions about the market coefficients and the investor’s risk aversion param-
eter, one can see that

7(t,1) > #(t,2), fortel0,T)

and

0(t,1) > 6(t,2), fort e [0,T],

for CARA and CRRA utility functions respectively. In other words, the investor should allocate
a higher amount of money (for the CARA utility case) or proportion of her wealth (for the CRRA
utility case) in the risky asset during a bullish period of the market than in a bearish one. This
suggests that, when market condition is positive and the expectation for the future is bright, the
investor’s trading strategy will become relatively aggressive and she will invest more in the risky
assets; when the market condition is negative and the future prospect is dim, the investor will

“seek for the safety harbour” and invest less in the risky assets.

45



3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING
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Chapter 4

Equilibrium Utility Indifference
Pricing with Regime Switching

We consider a time inconsistent option pricing problem in this chapter. Similar to Chap-
ter 3, the investor’s preference is characterised by a CARA utility maximisation criterion with
regime switching; the portfolio selection problem for the investor is, therefore, time inconsistent.
We introduce a general equilibrium utility indifference pricing rule for the investor to price a
European-type contingent claim in an incomplete market. In a basis risk model, we provide
the PDE system characterising the equilibrium utility indifference pricing rule and show its lo-
cal existence and uniqueness for a two-state case. Some properties of the equilibrium utility

indifference pricing rule are discussed subsequently.

4.1 Market Model and Basic Problem

In this section, we state the financial market model and the option pricing problem under

consideration.

4.1.1 The Model

The underlying probability space (§2,.%#,P) and the terminal time 7" > 0 are as stated in
Chapter 1. On this probability space defined two standard Brownian motions (BM) W., W+
and one continuous-time stationary Markovian chain (MC) E. taking values in a finite discrete
state space & = {1,2,--- , K}; moreover, W., W= and Z. are independent of each other. The
filtration F = {L%}tG[O,T] is the completion of the filtration generated by W., Wt and Z.. As in

Chapter 3, we use the exogenous process =. to model the financial market state.
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4. EQUILIBRIUM UTILITY INDIFFERENCE PRICING WITH REGIME SWITCHING

In this chapter, the financial market consists of one bond B. and two stocks S. and Y;
moreover, B. and S. are traded continuously while the price of Y. is observable but Y. per se is

not tradable. As in Chapter 3, we assume the interest rate is constantly zero and
Bi=1, te][0,T]. (4.1)
The dynamics of S. and Y. follow the SDEs
S, = St{u(t, =,)dt + ot Et)th} (4.2)

and
dY, = b(t, Yy, Z)dt + v(t, Y;, Et){p(t, =)dW; + /1 — p2(t, Et)dw,}} (4.3)

respectively, where p,0: [0,T] X & - R, b,v: [0,T] xRx & - Rand p: [0,T] x & — (—1,1)
are given deterministic (measurable) functions. Moreover, there is a European-type contingent
claim with payoff F(Yr) for some deterministic function F'(-).

The following assumptions are made throughout this chapter and Chapter 5.
Assumption 10. Coefficients u(t, o) and o(t,a) are bounded on [0,T] for any o € &.

Assumption 11. Coefficients b(t,y,a) and v(t,y,«) are uniformly bounded with respect to
argument t € [0,T] and uniformly Lipschitz with respect to argument y € R, i.e., there exists
some M > 0 such that

|b(t,y, )| + |v(t,y,a)| < M, Vte[0,T]

for any (y,a) € R x & and
b(t, y1, ) = b(t,y2, )| + [v(t, 1, @) —v(t,y2, )| < Mlyy — w2, Vy1,52 €R
for any (t,a) € [0,T] x &.
Assumption 12 (Non-degeneracy Condition). There exist some k > 0, such that
o*(t,a) =k, Vt€[0,T] and a € &.

For the sake of simplicity, we introduce the notation a(t,a) = o?(t,a) for the square of

the diffusion and 7(t,«) = £ Ei‘;g for the instantaneous Sharpe ratio to the tradable asset S..

Moreover, we denote p(t, ) = /1 — p%(t, @).
We construct the self-financing portfolio by trading B. and S. with no consumption. Suppose

we fix a time ¢ € [0,T] temporarily and the market state at time ¢ is 5; = o € &; moreover, the
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4.1. MARKET MODEL AND BASIC PROBLEM

capital at time ¢ is z > 0 and the total wealth at time s € [t,T] is denoted by z5. Furthermore,
we assume that trading takes place continuously and transaction costs are taken to be zero.
Denoting the amount of capital invested in S. at time s by 7, the dynamics of the wealth

process corresponding to the trading strategy {ms}sep,7) is

dzgt,z),w = ﬂs{u(s, Es)ds + o (s, ES)dWS}

(4.4)
Tt = T, Et = Q.
In particular, the corresponding terminal wealth x(Tt“'”)’" is
\ T
I(Tw)ﬂf =+ / ﬂs{u(s,Es)ds + o(s, Es)dWS}. (4.5)
t

As stated in Chapter 2, we always use boldface letter, say =., to denote a control process or
a control policy law (a function), and use ordinary letter without boldface, say =, to denote a
possible value (a scalar, for the current case) of the control process.

A trading strategy . is said to be admissible if w. € £2%(0,T;R), which is the same as in
Section 3.2.

4.1.2 The Basic Problem

The main problem in this chapter is the pricing (and the corresponding hedging) of a contin-
gent claim written on the nontradable asset Y with payoff function F(-). Since Y. is nontradable,
the replication method fails and we turn to price the contingent claim via the indifference pricing
approach. The indifference price is the cost of the claim such that the investor feels indifferent
towards the portfolios with or without the claim. Clearly, the investor’s preference is involved in
finding her indifference price. In this chapter, we assume the investor’s preference is characterised
by a CARA utility maximisation criterion for portfolio selection, similar to Chapter 3, and resort
to the wtility indifference pricing approach. More precisely, the investor’s utility function for her

terminal wealth at any intermediate time ¢ € [0, 7] is

Un(w) = —exp (= 1(E0)z),

where =Z; is the market state at time ¢. There are two choices for the investor: holding zero or k
contingent claims (specifically, k& < 0 stands for shorting instead of holding) in her portfolio. For
the first choice, the investor’s underlying control problem is to maximise the following objective

functional given the market state a and the capital x at time ¢:

Jo(t,z,05m) =& [— exp ( - ’Y(O‘)x?)

Tt =&, 58 = O,
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where 7. is an admissible trading strategy and x™ is the corresponding wealth process; for the

second choice, the underlying control problem is to maximise the following objective functional:
JE(t x,y,a;m) =K [—exp ( —v(a){zT + kF(YT)}> ’ r=x,Y;=y,Z = af.

Notice that we use the superscript “0” or “k” to emphasise that the corresponding objective
functional is with respect to the problem with 0 or k claims in the portfolio. We point out
that, similar to Chapter 3, the investor’s preference depends on the market state and the un-
derlying stochastic control problems are time inconsistent. As stated in Chapter 2, we exploit
the equilibrium approach to deal with the time inconsistency; more precisely, we will look for
the equilibrium policy laws and the equilibrium value functions for the underlying two time in-
consistent stochastic control problems. After obtaining the equilibrium policy laws and value

functions, we then give an equilibrium utility indifference pricing rule.
4.2 Time Inconsistent CARA Utility Maximisation with
Regime Switching

In this section, we give the equilibrium policy laws and value functions for the two time
inconsistent utility maximisation problems—with and without the contingent claim in the port-
folio. This section is a preparation for the equilibrium utility indifference pricing rule in the next

section.

4.2.1 Utility Maximisation without Contingent Claim

We first discuss the time inconsistent utility maximisation problem without any claim in the
portfolio. As in Chapter 3, we only consider wealth-independent equilibrium policy law; in other

words, we assume the equilibrium policy law takes the following form
#0(t, z,a) = 7°(t, a).

With #%(¢, a) an equilibrium policy law and 2° the corresponding equilibrium wealth process,

-

as in Chapter 3; in particular, the first state variable 8 stands for the market state at the current

we introduce the following auziliary function

Ot B,a) =E lexp <'y(a) /tT ﬁ'o(s,Es){u(s,Es)ds + J(S,ES)dVVS}>

time ¢ and the second state variable a represents the market state at some initial time before t.

We then have the following result.
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Theorem 13. Assume the following extended Hamilton-Jacobi-Bellman (HJB) system

%O(t,a,a)—i—v(a),szfo(t,ma)inf{ y(@)a(t, a)n® — p(t, )

17504

)
+Z)\al{ (t,1,a) — ﬂotaa}
A2(1,8,0) + (@) (1 5,00 {éwa)a(t,ﬁ)( o 8)° - }

8.0} =0

Z {81, 0) - (2
l#ﬁ

'/Q{O(T7Baa) = 17
for a, B € & has a (unique) €*([0,T])-solution {/°(t, B, a)}a.pes, and the policy law w°(t, o)
attaining the infimum in the first equation for &/°(t,a, a) in (4.6) is admissible. Then, for the

time inconsistent utility mazimisation problem without any claim in the portfolio,

t, )
#O(ta) = B 47
9= Saalt.a) o
s an equilibrium policy law and
VOt z,a) = —e V%0t a, ) (4.8)

is the corresponding equilibrium value function, for any t € [0,T), x € Ry and a € &.

This theorem is a special case of Theorem 4 in Chapter 3.

4.2.2 Utility Maximisation with Contingent Claim

We turn next to the time inconsistent utility maximisation problem with k claims in the
portfolio. We briefly deduce the extended HJB equation and provide the equilibrium policy law
and value function.

Similar to Chapter 3 and Section 4.2.1, we consider only the wealth-independent equilibrium

policy law taking the following form

wh(t 2y, a) = 78 (ty, a).
With #%(¢,y,a) an equilibrium policy law and ¥ the corresponding equilibrium wealth pro-

cess, we introduce the following auziliary function

d*(ty,B,a) =E lexp ( — () [/tT 7 (u, Yy, Eu){u(u, Eu)du + o(u, Eu)qu}

+ kF(YT)D

th:y75t:6‘|
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Similar to the auxiliary functions in Chapter 3 and in Section 4.2.1, the first state variable
stands for the market state at the current time ¢ and the second state variable a represents the

market state at some initial time before t. Then, by definition one has

f/k(t, x,y, ) = —e (@) g7k (t,y, a, @).

k|t,h,7r(

Moreover, for any (¢,y, @), any h > 0 and any m € R, the perturbed policy law = u, Y, )

K w, w€E[t,t+h),
T (0, y, o) =
#(uw,y,0), weft+hT)

is defined in the same manner as in Definition 1 in Chapter 2, and the corresponding objective

functional is

()
t+h
— _ e a)zR exp | —y(«) / W{M(U,Eu)du + O’(U,Eu)qu} %k(t +hYin, Sen, @)Y =y, 2 = .
t
Then Klth
k Caky _ 7k ) e
limian (t,z,s,y,a;7F) — JO(t, z, 8, y, a; 7. ) >0
h—0+ h
leads to the following extended Hamilton-Jacobi-Bellman (HJB) equation for o/*(t,y, o, a):
1
’!Mtk (tv Y, «, 0[) + 57/2 (tv Y, a)dyky (tv Y, «, a) + b(t7 Y, a)%k (t7 Y, Q, Oé)
K
3 A T (g L) — Tty as0) )
Iz
(4.9)

+inf {ﬁ(a)a(t, )M (b y, o, @)1 = A(a)u(t, ) ¥ (t,y, 0, a)m

T

7’7(05)/)(@ Oé)V(t, Y, S, Oé)O'(t, S, a)%k (ta $,Y,a, O‘)W} =0;

‘Q‘(k (T7 Y, a, O{) = e—'y(a)kF(y).
The first-order condition then gives the minimizer

n(t,e) | plta)(ty, ) (ty o a)
Yeo(t,a) — y(a)o(t,a)*(ty,00)

7 (t,y, o) =

52
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With this 7% (¢, y, ) we can further obtain the partial differential equations (PDE) for </ (¢, vy, 3, a):

19°(a) ot Bt . DLty B

+272(ﬁ){ ) }”‘M (6:9,4,0)
« ) vit, y, Mk AN

e~ el R LR

(L, Bty B)7 (. B )}

K
1 S TR
iz

d*(T,y,B,a) = e W)
(4.10)

for any o, 8 € &.

We provide the following verification theorem to close this section.

Theorem 14. Suppose the policy law «*(t,y,«) attaining the infimum of (4.9) is admissi-
ble; moreover, the semilinear parabolic system (4.10) has a (unique) €12([0,T] x R)-solution
{dk (t,y, B, ) }a,ﬁeg‘ Then, for the time inconsistent utility maxzimisation problem with k claims
in the portfolio,

n(t, o) p(t,a)v(t,y,a)d (t,y,a,a)
v(a)o(t, o) y()o(t, ) (t,y, o, a)

is an equilibrium policy law and

¥ty a) =

VEt 2, y,0) = —e Y7kt y a,q)
is the corresponding equilibrium value function fort € [0,T), t € R, y € R and a € &.

The proof is completely parallel to the one for Theorem 4 in Chapter 3 and thus omitted.

4.3 General Equilibrium Exponential Utility Indifference
Pricing Rule

In this section, we combine the results in Sections 4.2.1 and 4.2.2 to give an equilibrium utility
indifference pricing rule.

To price a contingent claim, consider the two choices for the investor—the portfolios with
or without the contingent claim. The indifference price is the cost of the claim such that the

investor feels indifferent towards the two choices. We give the formal definition below.
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4. EQUILIBRIUM UTILITY INDIFFERENCE PRICING WITH REGIME SWITCHING

Definition 15 (Equilibrium Exponential Utility Indifference Price). An equilibrium (exponen-
tial) utility indifference price per claim, p*(t,z,y,a), for a position of k contingent claims with

the terminal payoff kF (Yr) is defined as the solution of the following (algebraic) equation
Vo(t’ x7 a) = Vk(t7x - k‘.pk<t7x) y? a)7y7 a)

It is well-known in the literature that the classical exponential utility indifference price is in-
dependent of the wealth variable x. This property preserves for the above equilibrium exponential
utility indifference price, i.e., p*(t,y, @) is a function of ¢, y and « only. As a matter of fact,
recall that given the current nontradable stock price Y; = y, the market condition Z; = o and
the wealth x; = z, the equilibrium value functions for the time inconsistent utility maximisation

problems with 0 or k£ claims in the portfolio are
VOt x,0) = —e VD770t o, )
and
VE(t 2y, 0) = —e 7Dk (t,y, a,q)

respectively, where &7°(t, o, @) and &7*(t,y, o, ) are (part of) the solutions to systems (4.6) and
(4.10). Thus, the equilibrium utility indifference price is

log (#°(t, a, ) —log (&% (t,y, o, )
ky(a) '

Apart from the price of the contingent claim, another important issue in option pricing

Pty ) =

problem is the hedging strategy. Suppose that the investor decides to purchase k claims at time
t; she needs not only to pay kp*(t,Y;, =) for the claims but also to switch her strategy from the
previous equilibrium strategy #°(-,Z.) to the new equilibrium one #%(-,Y.,Z.). The difference
between these two equilibrium strategies can then be viewed as the hedging strategy for the

contingent claim. We give the definition formally below.

Definition 16 (Equilibrium Exponential Utility Indifference Hedging Strategy). For the equi-
librium (exponential) utility indifference hedging strategy p*(t,y,a) in Definition 15, the corre-
sponding equilibrium (exponential) utility indifference hedging strategy for a position of k contin-

gent claims is defined as

iyl = &NV E) - 7085, te[0,T).
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Recall that the equilibrium policy laws are

n(t, a)

#(t,a) = —————
) = o)

and
n(t, a) p(t, ) (t,y, @)y (t,y, a, a)

#* a) =
(t,y, ) y(a)a(ta) 7(a)a(t,a>%k(t7y,a7a)

respectively. Therefore, the equilibrium (exponential) utility indifference hedging strategy for a

position of k claims is given by

ﬁ'k’H _ p(twgt)y(t?}/;hEt)%k(ta}/hataEt)

=" s DR e o, 7).
k V(Et)a(tv:t)dk(taifta:‘tv:‘t) [ )

Remark 3. The equilibrium (exponential) utility indifference hedging strategy is in the feedback
form, i.e., &% = &k (t,Y;,Z,), where

p(t, v (t,y, @), (t,y, a, o)
v(a)o(t, o) (t, y, a, a)

fr’f{(t,y, a) = ’frk(t,y, ) — ﬁ'O(t, a) =

is a deterministic function. We call 7% (¢,y, a) the equilibrium (ezponential) utility indifference

hedging policy law for a position of k claims.

Remark 4. The equilibrium (exponential) utility indifference price p*(t,y, a) together with the
equilibrium (ezponential) utility hedging policy law 7% (t,y, ) constitute an equilibrium (ezpo-

nential) utility indifference pricing rule.

Remark 5. The equilibrium utility indifference pricing rule is “time consistent” or, more pre-
cisely, the equilibrium utility indifference hedging policy law is “time consistent”. The “time
consistency” of the equilibrium utility indifference pricing rule indicates that, at any time when
she wants to buy or sell the contingent claim, the investor will follow the same equilibrium util-
ity indifference hedging policy law. To illustrate, suppose at some time ¢ the investor decides to
purchase k claims in her portfolio; apart from paying the price p*(t,Y;, Z;) for each claim, the
investor also needs to switch her trading policy law from {#°(u, @) buelt,r) to {7* (u, y, @) buel, 1),
i.e., she needs to implement the hedging policy law #% (¢, y, «). If, at some future time s € (¢, T,
she changes her mind to sell the contingent claims, the investor will also switch her trading policy
back to {&°(u, @) bues,ry from {#%(u,y, @) }ue(s,), ie., she will implement the (reverse) hedging

policy law —ﬁ"f{ (t,y,a) determined previously.
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4.4 Equilibrium Utility Indifference Pricing Rule in Basis
Risk Model

The above equilibrium utility indifference pricing rule is fairly complicated to analyse. We
now consider a simpler basis risk model by taking ¢(¢, ) = ¢(t) for ¢ = p,0,n,p and v(t,y,a) =
v(t,y); in particular, the prices of the tradable stock and the diffusion coefficient of the nontrad-
able asset are independent of the financial market state. However, the drift coefficient of the

nontradable asset together with the risk aversion parameters are still regime dependent.

Remark 6. We may also assume the dependence of i, o, n and p on the market state =.. This
assumption will, on the one side, makes the PDE systems below (which are considerably com-
plicated already) even more cumbersome and, on the other side, bring about no more difficulty

in later analysis.

In the current situation, the equilibrium utility indifference price p*(t,y, ) is

B Aty a,a)
pH(ty.a) = (@) Og( At o, ) )

and the equilibrium utility indifference hedging policy law ﬁ"f{(t,y, a) is

p(t)v(t,y) #y (ty, o, )
Yoty F*(ty,a,0)’

where &7%(t, 3, a) and 7% (t,y, B, a) satisfy the system

AL, B, a) + {;zgﬁi @Eg; - 2) n3(t) — Z)\Bl}do(t,ﬂ,a) +) {Aglﬂo(t,l,a)} = 0;

wl(t,y,a) =

I#8 I#B
AT, B0) =1
(4.11)
and
A (t,y,6,0) + 302 y) Ay 9, 5,0)
_M y _LO‘)2 2 ,katy,/é’ﬁ k
H{oew.0) = 2500ty = TSR OP D }% (t.y. 8.0
(a) 7(704 2 ’7<a) V(Q) _ Myk(t>y’5’ﬁ) v
+{27(B) (w ) 2)” RIS (7(5) 1) Ty, 5, 5) PO )
(2@ 2y ((Zrl2:55)
o2 (299w (d Mw) %Am} (t.9.5.0)
—|—Z {/\ﬁldk(t,y,l,a)} = 0;
I#p
d"'(T,y,ﬁ, Q) = e~ Y(@)kE(y)

(4.12)
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respectively, for o, f € &.

We now introduce the following two auxiliary functions

%O
1o ) = ﬂogt i a;
Ba A (t,y, B, )
fkﬁ (t7y) dk(t Y, Oé)

for o, 8 € &. From the straightforward calculation we have the following PDE system for the

equilibrium utility indifference price p*(t, y, a):
1
Pi(ty,0) + 5v2 (6 )y, (hy, ) + {b(t,y7 a) — n(t)p(t)l/(tvy)}pﬁ(t, y,q)

1 - 1 [e3 @
@O E6 @) — s S ) - S =0 (@13

l#a

P(T,y,a) = F(y)

for a € &, where fO8%(t) and f*#(t,y) satisfy

P+ (29 1) )+ 3 = 3w 00

I#a 1£8
(4.14
S a0 | £ ) + 3 Ao (1) = 0 !
I£a 128
Fo8(T) =1
and
B y) + 507(69) £ ()
T {b(t, 0. 5) 3%”“”@”“’ y) — k(@) (1) [P (s @) — P20 (1, B)] }f{f’ﬁa(t )
D AarfH(ty) | PN y) + D Aaf e (E y)
l#a I#8
+5 (5 = 000 + I @ptote ) i) = (e 9)]) 14 (0)
+ 4 k() (bt y, ) = b(t, y, B)PE(t g, 0) + ) Aar = Y gt o 2P (8 y) = 0;
l#a 128
FO(T,y) = 1
(4.15)

respectively, for o, 3 € &. We see that ODE system (4.14) for {f%7%(¢)}g ace is autonomous;
however, PDE system (4.13) for {p*(t,y,@)}g.ace and (4.15) for {f*P(t,y)}s.ace are coupled

with each other, and they two together form a system of semilinear parabolic PDEs. (4.13),
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(4.14) and (4.15) together determine the equilibrium exponential utility indifference pricing rule
pk(t,y, ) and % (t,y, a).

Some special cases are discussed below.

4.4.1 Local Existence and Uniqueness for Two-Market-State Case

In this section, we consider the simplest two-market-state model that & = {1,2}; in other
words, the market has only two states—bearish and bullish. Moreover, we assume b(t, y, ) = bay,

v(t,y) = vy and ¢(t) = ¢ for ¢ = u,o,n and p, where by, by, v, u, o and p are all constant and

n==,
ODE system (4.14) is now reduced to
0,21 0,21 2 1,y(1) 2 9 0,21 _
2 () = A2 (@) + 5(@*1) n° 4+ A2 — Aot | fO5(t) + Aa1 =0,
1 2 4.1
to’m(t) ! (f0’12(t))2 + (2(351; — 1)2772 + Ao — /\12> o2 4+ A2 =0, (4.16)

R =1, ORI =1,
Notice that f021(t) and f%12(¢) are decoupled in this simplest case; moreover, we have fO1(.) =1
and f%22(.) = 1 by definition.

The following proposition states the well-posedness of (4.16).

Theorem 17. There exists a unique solution (f%2'(t), fO12(t)) for (4.16). Moreover, we have

the following estimates
0 < f0’21(t) < I<L21(T — t)

0< fO12(t) < kio(T — 1)

for any t € [0,T], where

A21 L,y(1) 2 9
kot(t) = [ 1+ eXP( *(7—1) N+ A2 — A1 )t
%(% - 1)2772 + A2 — A2y <2 7(2) )
B A21
1) _ )22 _ ’
n? 4+ A2 — A1
A12 1,7(2) 2 9
Kjlg(t): 1+ exp( *(7— ) n + Ao1 — A2 )t
%(% - 1)2772 + Ao1 — Aiz (2 (1) )
B A12
(2) 2 ’
33 — 1)+ A2 — A
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Proof. First of all, we do the time-reverse transform 7 =T — ¢ to get the following (decoupled)

forward ODE system

.’L‘?l( ) =12 (1’21(7-))2 + <;(1E;; — )2772 + A1 — )\21> ,7;21(7-) + o1,
[L'tlz('r) = —Xo1 (1-12(7—))2 + <;(:Ei; _ 1)2772 + g — )\12> $12(T) + Ao, (418)

22(0)=1, 2'2(0)=1.
Then if the well-posedness of the above ODE is established, by taking f%2!(t) = 221(T —t) and
fO12(t) = 212(T — t) we then obtain the solution to (4.16).

We only discuss 22!(+); the same argument also applies to #'2(-). Since the generator of the
ODE system (4.18) is of € and thus locally Lipschitz, the uniqueness and local existence of
the solution is guaranteed by Picard-Lindeldf theorem. We thus need only to show the global
existence of the solution. More precisely, we need to show that z2!(-) cannot explode in finite
time; in other words, for any time 7 > 0 we want to give finite upper and lower bounds for z%!(7)
(which can depend on 7).

To this end, we define
and

We then see that #2!(-) satisfies the following ODE

F21(r) = =Xz (r) (#2(1) + Aaa (7);
#210) =1,

where A\i2(7) = €217 A1 > 0 and A1 (7) = €921 \yq > 0.

We first give the upper bound of z2!(7). From

F1(r) = =A1a (1) (#1(1)° + A1 (1) < Aar(7)

~21 1+/ )\21
A A
.732()\(1217(14—/ )\21 ):<+21)e¢1217_21.
az1 az1

We next show the lower bound of 22!(7) is zero for all 7 > 0. As a matter of fact,

we have

Thus

F21(r) = A2 (r) (#2(1) + Ao (1) = —Aia(r) (#2(7)
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Notice that the local solution must be continuous. For any 0 < 71 < 72, assuming #2!(-) # 0 on

[T1, T2], we have

1 1 T2
- < .
() 22(r) /T Aa(s)ds

Therefore, if 2!(7;) < 0, then it must hold #2!(7) < 0 for any 7 € (71, 72) by the continuity of
721(-) < 0; moreover, #2!(7) will not approach to 0 as 7 — 71, otherwise the left handside of
the above inequality will approach to 4+oo which is a contradiction. Thus, #2!(7;) < 0 for any
71 € (0,72). However, #21(0) = 1 > 0 and we have the contradiction. Therefore, 7!(7) > 0 and
thus 21(7) > 0 for any 7 > 0. Thus the well-posedness for (4.16) is done. The estimates for

fO21(t) and f912(t) are obvious from the above discussion. a
Similarly, (4.13) and (4.15) are now reduced to the following semilinear parabolic system
pr(ty,1) + ;v2y2p’;y(t y, 1)+ {b1 — HPV}yp’; t,y,1)
- SRR ) = s { e - 2 o)
pr(t,y,2) + ;v2y2p’;y(t y,2) + {ba — npv}ypl(t, y,2)
— %kv( )2y (h(t,,2))° = ﬁ@){f’“”(t,y) - f°’12(t)},

£ (ty) + ;V v (¢ y)
oy = T o = k02 1) = 9l 2)] A2 )

— A2 (fk’21 (t, y)) ?

+ % ((Zg? —1)n+ky(1)pry [p’;(tvy, 1) — pi(t,y, Q)D FE2(t,y)

+ { k(1) (b1 = b2)ypl (8, 1) + Maz = Aot 52 (1)
+ A1 =0,

1
k
[P y) + v f R ()

+ {bly — jﬁ;npvy — ky(2v?y? [p’;(t, y,2) — p°p(t,y, 1)] } ft2(t,y)

_ /\21 (fk’u(t, y))2

2
. <(78§ )77+m(2)pVy{p§(t7y,2)—p,’;(t,y,l)D FEI2¢ )

{ v(2) (b2 — b1)ypy (£, y,2) + Aa1 — /\12}fk’12(f7 Y)
+ A1 = 07

P Ty 1) =F(y), p*"(T.y.2)=F(y), [Ty =1 2Ty =L

(4.19)
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Moreover, we have f®!1(t,5y) =1 and f*22(t,y) = 1 for (t,y) € [0,T] x R,
Even for the highly simplified situation, this system is still very complicated; we are only able

to show the local existence of the solution to this system.

Theorem 18. Let the payoff function F(-) be of €1 (R,) and the support of F(-) is contained

in [0, X*] for some X* > 0. Moreover, the derivative of F(-) is Lipschitz continuous, i.e.,
|Fo(z) — Fo(y)| < Llz —yl, Vo,y e Ry

for some L > 0. Then there exists some T* > 0 such that the PDE system (4.19) has a unique
smooth solution on [T —T* T].

Proof. To facilitate the analysis, we do the time-reverse and logarithmic transform
PPt y, 1) = u! (T = t,log(y)), P*(t,y,2) = u*(T - t,log(y)),
FE2(ty) = u*(T = t,1og(y)),  f&'*(t,y) = u*(T — t,1og(y))

(for the sake of simplicity we omit the parameter k in the new unknown functions u’(t, ),

i =1,2,3,4) to turn the original PDE system (4.19) to the following forward semilinear parabolic

system
Lo 12_ 1 ~2 2 12_1 3_ .21 _
—u} + oV Uz + {bl 5 npu} u, 2k7(1)p v (uz) ) (u x (t)) =0,
. L oo 12_ 21 2 2 22_1 4 12 _
b gt (o= g2 e = S @ () - s (u - 20) =0,
1 1, (1) >
*Ut+2’/ uzz+{b2 3 Q*T)TIPV*IC’Y( v [ : PQUQ}}U — A2 (u?)
1/~ ’
+ 5 <(7(2) - 1)77 + kvy(1)pv {ui — ui}) + kv(l)(bl — bg)ui + A2 — Aog pud 4+ Aoy =0,
1 1 ~v(2) 2
—u} 4 51/21132 + {b1 - §V2 - mnpzx - k;'y(2)1/2[ - p2u1] } us — Aoy (u?)
el ’
+ {2 <(7<1) — 1)+ ky(2)pv {UZ - Ui}) + kv (2) (b2 — bl)ui + Aop — )\12} u* + A2 = 0,
u(0,2) = u?(0,2) = F(e*), u*(0,2) = u*(0,2) =1,

where z2!(+) and z12(-) satisfy the forward ODE system (4.18) in Theorem 17.
We now write the above system as
Lo
Up = 5V Uz = G(t,u,u,),

- (4.20)
u(0,2) = p(z) = (F(e*), F(e"), 1,1)
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in which the unknown functions are u(t, z) = (u'(t, 2),u?(t, 2),u3(t, 2),u*(t, 2))T and the non-

linear parts G(t,u,p) = (G (t,u, p), G2(t, u, p), G (u, p), G*(u,p)) " are

G (t,u,p) = G (u,p) + ﬁmxm(t),
G (u,p) = =y () + {or = 3o =} ) = s )
G2(t,u,p) = G*(u,p) + k71(2)x12(t)>
G2(u.p) = =y @A) + {on = o~} %) = s )
G () = TR0 () ~ 2020 7)) + LK) 7))

— ky(1)v*(p") (%) + kv(1)p* v (p°) (1)

e {(zgi C)now 4 by - bz} ) (u (1)(%; D) ) — Ana(u®)?
+{bz—; 2 ngi }( 3)—&-{;(78;— ) +)\12—)\21}u3+)\21,

G u.p) = SE2 20202 () — K252 (wh) + LK@ () )
@R Y + k() ) )
k() {(3% gt b - bl} ) <u4 (2)(1% o)) — g (u)?

where u = (u!,u?, w3, u)T and p = (p',p?,p3,p*)T. One can immediately observe that ¢(-) €

(R, RY).
We first define the following working spaces
X =% (R;RY) = {f R — R4’f is continuously differentiable and sup {|f| + |fz|} < oo}
rzeR
and

Y = 60(R;RY) = {f R—)R‘l‘f is continuous and sup{|f|} < oo}

It is well-known that both X and Y are Banach spaces. Next we introduce the following (non-

linear) mapping ®:
®:[0,00) x X —Y

(s,u) — ®(s,u) = G(s,u,uy).

Then the above evolution PDE system can be converted to the following integral equation
t
u(t) = ()] + /0 L (t—5)[®(s,u(s))]ds = U[u](t), (4.21)
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4.4. EQUILIBRIUM UTILITY INDIFFERENCE PRICING RULE IN BASIS RISK MODEL

where ¥ is a mapping from [0, 7] x X — [0,7] x X and .%(-) is the strongly continuous operator
semigroup corresponding to $2A, ie., v(t, ) = 7 (t)[f](z) solves the following heat equation

1
Uy = 5'03&’
v(0,z) = f(z).
It is well-known that
1 _(-n)?
St r) = 2%t dz

for any absolutely integrable function f(-).
Since G (u, p), G*(u, p), G®(u, p) and G*(u, p) are all polynomials of u and p with degrees no
more than 3, we see that ®(s, ) is locally Lipschitz: for any € > 0, any

u,v € Bx(p;e) = {¢ € X : | — ¢l|x <€},
it holds
[®(s,u) — (s, 0)ly = |G (5,0, uz) — G (5,0,02) ||y + |G*(s,u,uz) — G*(5,0,v2) ||y
+ 1G? (u, uz) = GP (v, v0) |y + |G* (1, uz) — GH(v, ve) ||y

= [1G* (w,u0) = GH(v,v0) |y + G (u, u0) — G (v, v0) |y

for any s > 0, where

K(e) = 2k* (v*(1) +7°(2)) p°* (lellx +€)?
2 _ 2@
2 <k71/ + kmax {7(1) ‘ @)

+2(KAlb1 = b| 4+ max Mz, dar} ) (lx + )
e (125" 0 28) o

2@ |- T2 e 13) (el + )

2 7(2) (1) ky
L L, o) N )]
+{2?§{ b; 5V —nev, b 5V @) ) |bi 5V ’y(l)npy ,

in which 4 = max{v(1),7(2)} and v = min{~(1),~(2)}.
For each T' > 0 and (fixed) ¢ > 0, we introduce the following set

(1) = {u € 6(0.7), %) : u(0) = . [ult) — pllx <&, Ve (0,71},

Our schedule is to choose a proper T* > 0 such that ¥ : Z¢(T*) — Z¢(T*) is a contraction and
then Banach fixed point theorem guarantees that (4.21) has a unique solution on [0, 7*] and thus

the original (4.19) is uniquely solvable on [0, T*].
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To this end, we first choose T" small enough such that W is onto. First of all, for any ¢ € Z¢(T))
it holds

(z—=)2

F()[¢] (@) — p(x) = J% / o(D)e T dz — p(a)
= o= [ (ptat i) = (@) e F e

and
2

— 2
e 2dz

17 ()[¢] (@) — o(@)] < \/% /]R [P ) — B

4V\/£ X* > _ 22
me FI||<€0(R+)/O ze 2 dz
At o
V\[ex F,
V2T

<

- CORy)"
Therefore,
4uv X*

|7 ®)[¢] - (*OH%O(JR) S \/72?6

FwH%O(RJr)\/%'

Similarly, the partial derivative of .7 (t)[¢](2) with respect to z is

_(z=m)?
22t dz.

Zt)]¢]. (@) = J% / ea(2)e

Moreover, since the support of F(+) is contained in [0, X*], it holds
|Fu(e”)e” — Fi(e¥)e?| < X" (eX*L + ’|FxH<gO(R+)> lz—yl, z,yeR.

Then the estimate

4u
170l el < =

X (eX*L—FHFx Vit

€ °(R+)>
is parallel to the above calculation, where L is the Lipschitz constant of F}(-). Hence, we have

4v « .
|7 @] el < e (L4 2Bl gnga, ) VE

By choosing
2

\2me

T =
SueX” (eX*L + 2||Fx||%O(R+)>

we then have

70l - el < 5
for any ¢ € [0,T1).
Next, for any ¢ € X, recall that
FO]@) = — / W()e S da.
V2mt Jr
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Thus,
1 _G=o)?
17 @[] | oy < Hw“yﬁ/ﬂf o dz = |,
Furthermore,
1 -2z —1x
SOWL) = 7o [ v T g
:\/ﬁ/ﬂgw(x-Fm/iz)e_%zdz
and thus
2
|7() WLH%O(R) < WWHY

This leads to

2
|7 @Bl = 1O W] lgoeey + 1 O] loey < (1+ 5=5) 14y

and therefore,

2 1
—t 2,
2my

1Ol v,y < 1+

Thirdly, for any v € Z¢(T}), it holds

18G5, w(D)ly < [| (s, uls)) = (s, 2|y + (|25, )y

< K(E)E =+ Kl(T1>,

for any s € [0,77], where
Ki(Th) = omax {H@(S’@)Hy}
=[G e ea)lly +11G* (0, 00)[ly + 1GP (@, 00) |y + [[GH (s 02)]

1 21 1 12
T 02, )+ (2) 0%, {#6)}

-1 - : ko1 (Th) | kia(Th
=16 el + 1 el + 1wl + 16 ol + 220 4 2D

where k91(-) and k12(-) are given by (4.17).
We then have

Nl

)as

< (K(e)e + Ky (T1) /Ot (1 N %(t— o
\/i).

/O F(t— 5)[B(s, u(s))]ds

X

= (K(g)e + K1(Th)) <t+ \/;im/

Therefore, if we choose

2
. € 2 2
T2 = min {Th (\/2(K(€)E+K1(T1)) + m - 271_1/) } )
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then it holds

<
b's

/0/ St —s)[®(s,u(s))]ds

| ™

and thus
[2[)t) — ¢ x <e

for any t € [0, Ts]. Therefore, U[-] is onto from Z°(T3) to Z°(13).

At last we select an T* such that ¥[] is a contraction. To this end, we first notice that
H@(s,u(s)) — q)(s,v(s))HY < K(E)Hu(s) — U(S)HX
for any u,v € Z%(13). Hence, for any ¢ € [0, T3],

| [u] () — ¥[v] (t)HX = H/o S (t—5)[®(s,u(s)) — (s, v(s))]ds

X

\/i) sup {Hu(s)—v(s)”x}

s€0,t]

< K(e) <t+\/;im/

Then, if we choose
2

) 2 2
T* — min T
( K(e) 72 \/27r1/> 2

where ¢ € (0,1) is some number strictly less than 1, then we see

sup ] { H\I'[u] (t) — ¥[v] (t)”X } <46 sup ] {Hu(t) — v(t)HX}.

te[0,T* te[0,T*
Thus, ¥[-] is a contraction on Z¢(T™*). Taking

K(e)e

0= 2(K(e)e + K, (Th))

<1
2

then leads to

2
€ 2 2
T* = min < T, = _
! (\/2(K(6)€+K1(T1)) oz 27w>

for any € > 0. The proof is finished by fix any arbitrary positive €, for instance taking e =1. [

To close this section, we point out that the global existence of (4.19) is fairly difficult. As a

matter of fact, consider the following initial value problem

{ Ut = Ugg + Ullg; (422)
4.22
u(

0,z) =up(z), xeR.
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This PDE is known as Burger’s equation in the literature (see, for instance, [26]), in which the
nonlinearity, similar to (4.19), contains the product of the unknown funtion w and its partial
derivative with respect to x.

The solution to Burger’s equation can be expressed, via the Cole-Hopf transform (see, for

instance, [26]), as

u(t,z) =2 {log (v(t,m))} ,

x

where v(t, x) is a solution of the linear diffusion problem

UVt = VUgx;

v(0,z) = vo(z) = exp (; /Ow uo(z)dz> | (4.23)

It is well-known that for (4.23) to have a solution which can be represented as the convolution
of the initial condition and the fundamental solution for ¢ € [0, %] for some ¢ > 0, the initial

condition vo(x) should be locally integrable and
Cﬂ')2
lvo(z)| < Me +, as x — £00

for some finite M > 0. This in turn implies that there are restrictions on the initial condition for
Burger’s equation (4.22), ug(z), in order that a solution to (4.22) exists on some time interval.
To illustrate, if we set up(x) = @z, where @ # 0 is a constant, then it holds

wz?

vo(z) =e 1 .

Notice that if @ < 0 then vo(z) vanishes as  — +oo and v(t, z) will exist for all ¢ > 0; in this
case, the global existence for (4.22) holds. In contrast, if @ > 0 then vo(x) grows very fast as
x — Foo and v(¢,z) will only exist on time interval ¢t € [0, %), in this case, we only have the

local existence for (4.22).

uo(z)

Furthermore, if | =%

. 2 .
— 00 as either z — co or © — —oo then vo(x) > € for any ¢ > 0 in

one of these limits and therefore there is no solution for (4.23) or (4.22).

From the above discussion we see the solvability of Burger’s equation highly depends on the
initial data, and the global existence for (4.22) may fail even for a simple linear initial condition.
Since (4.19) is even much complicated than (4.22), one can image the global existence for (4.19)

should be by no means easy to obtain.

67



4. EQUILIBRIUM UTILITY INDIFFERENCE PRICING WITH REGIME SWITCHING

4.4.2 Marginal Equilibrium Utility Indifference Price

In this section, we discuss the so-called marginal equilibrium (exponential) utility indifference

price under the same setting in Section 4.4.1. The definition is given as follows.

Definition 19. For an equilibrium (exponential) utility indifference price p*(t,y, a), the corre-

sponding marginal equilibrium (exponential) utility indifference price p°(t,y, «) is defined by
0 i o
p(t,y,a) = lim p*(t,y, @)
k—0
for a € &, provided the above limit exists.

Marginal utility indifference price was introduced in [15] first; for more details about this
concept, see, for instance, [65].

The dependence of the solution to (4.19) on the parameter k is difficult to analyse, and we
are not able to show the existence of the marginal equilibrium utility indifference price. In this
section, we assume a priori that the limits p°(¢,y,1) and p°(¢,y,2) exist and try to give some
heuristic characterization of the marginal equilibrium utility indifference price.

To this end, we introduce two more auxiliary functions

21 _ 1 ,21 ,21 .
M (0y) = o {0 ) = PO

1 1 7
920y = o {6 - 0}

From (4.16) and (4.19) one can easily obtain the PDE system for p*(t,y,1), p*(¢,y,2), ¢*2'(t, )
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and g"12(t,y)

1
Pi(ty, 1) + 5v2 Pl (6 y 1) + {6y — mpvupy (9, 1)

1 B 2
— §k7(1)pzv2y2 (ph(t,y.1))" = g"*'(t,y),

1
PE(t Y. 2) + 57y py, (6, 2) + {02 — npv uply (1. 2)
1 )
= Sk @ () (8, y,2)” = ¢ (1),
1
90" (ty) + 5" gy ()
(1
+ {bz — 7&23W — ky(1)Py [pf,(t, y,1) — p’pl(t,v, 2)} } ygs ' (t,y)
— ky(1)A2 (gk’gl(t, y))2 + {/\12 — Aot — 2A 12 f () + k(1) (bl - bg)yp’;(t, Y, 1)}9k’21(ta Y)
41 (@ — 1)+ ky(1)pry {p’“(t y, 1) — pi(t,y 2)] 29’“’21@ y)
2 ,7(2) y ) ) y b b )
1
+ (b = ba) fO* (B)ypl (t,y, 1) + (3&2; - 1)anf0’21(t)y[p’;(t,y, 1) — p(t,y, 2)]
1 2
+ k(D)2 f2 (1)y? [p’;(ty, 1) — pi(t,y, 2)} =0,
1
g (ty) + SV gy (6 y)

+ {b1 - 18;77pv — ky(2)r*y [p’;(t, y,2) — p°p(t,y, 1)} } ygy 2 (t,y)

— ky(2)Aa1 (6""2(1, ) + {Am — Az — 2001 f2 (1) + ky(2) (b2 — b1) ypl (£, v, 2)}9’“”(@ y)

7(2)

+ ((’Y(l) —1)n+ kv(2)pry {p’;(t,y,2) fp’y“(t,y’ 1)}) 912t y)

1
>
- 0,12 k @_ 0,12 k Lk
+ (02 = 0) POl t0.2) + (55— Do OB, 2) ~ w0, 1)
k@02 20 [, 2) — (v )] =0,

p"(T,y,1) =F(y), p°(T,y,2)=F(y), ¢"*(T,y)=0, ¢""*(T,y)=0.

(4.24)
We now assume a priori that the limits of ¢g*2!(¢,y) and g*'2(t,y) also exist as k — 0 for

any (t,y) and denote the corresponding limits as g*21(t,) and g*'%(¢,y). By formally letting
k — 0in (4.24), we then get the following PDE system for p®(t,y, 1), p°(t,v,2), ¢®?'(¢,y) and
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g2 (t,y):
1
p?(tvya ]-) + §V2y2p2y(tayv 1) + {bl - npy}ypg(tvyv 1) = 90721(t7y)7
1
Py (t,y,2) + 5vypy, (4,9,2) + {ba — mpvupy (t3,2) = g™(t,),
1 (1
90" (ty) + 5 0Py () + {b2 — VE2;7}PV} ygy*t (t,y)
0,21 1 ,~(1) 2 2| 0,21
+ 9 A2 — Ao — 202 f (t)“ri(ﬁ_l) n g’ (t7y)
1
+ (0= ) B O 1) + (5 = D P2 e ) = shie.0.2)] =0
1 v(2
g0 (ty) + 5V vy (b y) + {bl - ’YEI;WW} ygy 2 (t,y)
1 2 2
+ {)\21 — A2 — 2201 U2 () + ZQEI; -1) 772} 9" (t,y)
2
+ (b2 = b1) FO 2 (0)ypy (¢, y,2) + (18 - 1)17p1/f°’12(t)y[p2(t,y, 2) —py(t,y, 1)} =0,
P°(T,y,1) = F(y), p°(T,y,2) =F(y), ¢"*(T,y)=0, ¢"'*(T,y)=0.

(4.25)
Notice that this is a linear parabolic PDE system and the well-posedness of this system is
guaranteed by the standard PDE theory. We point out that for the classical case without regime
dependence, the marginal utility indifference price is “preference-free”; i.e.; it does not depend
on the investor’s risk aversion parameter (see, for instance, [65]). In contrast, the marginal
equilibrium indifference pricing rule is not preference-free, for the risk aversion parameters ~(-)
is still involved in (4.25).

Furthermore, if we assume
by =0b2=0

for some constant b; in other words, the drift of the nontradable asset is also independent of the
market state. One can check that (ﬁ*(t, y),D*(t,y),0, O)T solves the above system (4.25), where

p*(t,y) solves the following linear second order parabolic PDE
~ 1 ~x ~x
Bi + 5V Yy, + {b - an}ypy =0,
p(T,y) = F(y).

Via the Feynman-Kac approach we have
0
B (ty) =B [F(vr)|vi = o], (4:26)

where PO is the minimal martingale measure known in the literature (see, for instance, [29] and

[65]) and EF’ [-] stands for the expectation operator under the minimal martingale measure B°;
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moreover, under P° the dynamics of Y. is
dYs =Y {(b—npv)ds + v[pdW] + pdW ]}, s e[t T],
Y: = Y,

where W0 and W+ are two standard orthogonal Brownian motions under measure P°. This gives
the same marginal utility indifference price as for the classical case without regime dependence
(see, for instance, [65]). In particular, we point out that now the marginal equilibrium utility
indifference price is preference-free, i.e., it does not depend on the risk aversion parameter of the

investor.

Remark 7. We call p*(t, y) the minimal martingale measure price, oo MMM-price for short, since
it is the expectation of the final payoff of the contingent claim under the minimal martingale
measure P°. The MMM-price will play an important role in the equilibrium mean-variance

indifference pricing rule in Chapter 5.

4.4.3 Constant Risk Aversion Parameter Case

In this section, we consider the case that & = {«} is a singleton; in other words, there is only
one state for the market and the risk aversion parameter v(a) = « is thus a positive constant.

Then, from (4.11) and (4.12), we see the systems for /°(t) and &/ (t,y) are reduced to

FAORE

and
At 9) + 500 ) el (09) + (bt 9) — np()(t9) } 7 (1)

2
2
() (t,y))
A (t,y)
%k(T, y) = e~ F1F(Y)

S by) — 5000 )

=0
2 9

respectively. Furthermore, from systems (4.13), (4.14) and (4.15), we can observe that now
fO(t) = f*(t,y) = 1 and p*(¢t,y) satisfies the following PDE
k Lo k k
Pt y) + 512 ywh, (ty) + {0t y) — (et y) okt y)
1 _ 2
=5k (OV? (1) (Pt 9))” = 0; (4.27)
P(Ty) = F(y).

(4.27) is the same PDE for the classical exponential utility indifference price (see, for instance,

[92] and [65]).
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Furthermore, the equilibrium utility indifference hedging policy law now is
Ak _ 1ok
TH (t7 y) - keH (ta y)a (428)

where
p(t)v(t,y) ) (ty)
ot) kydk(t,y)

is the equilibrium utility indifference hedging policy law per claim of a position of k claims. On

O (t,y) = (4.29)

the other hand, by definition it holds

1 (¢,
PH(ty) =~ log (M) :

Hence, we have

) (t,y)
) = e )
and thus

This is the classical exponential utility indifference hedging policy law (see, for instance, [65]).
Therefore, not surprisingly, the equilibrium utility indifference pricing rule is reduced to the

classical one for the constant risk aversion parameter case.

4.4.4 Complete Market Case

In this section, we discuss the complete market case; more precisely, we assume b(t,y, ) =
b(t,y) for any « € & and p(t) = 1 for t € [0,7]. However, we emphasise that the risk aversion
parameter of the investor still depends on the market state; in other words, the investor’s prefer-
ence is still regime dependent. In this situation, replication of the claim is possible and we now
examine whether the equilibrium utility indifference price is reduced to the risk neutral price
derived from the replication method.

For the current case, one can directly check that (ﬁ*(t, Y), fovﬁo‘(t)) solves the coupled PDE
system (4.14) and (4.15), where p*(¢,y) is the solution of the linear PDE

i (69) + 502955 (69) + {0(t,9) — m(6)w(t,9) i (1) = 0
P (T,y) = F(y)

and f089(t) is the solution to the autonomous ODE system (4.13). Notice that (4.30) is the exact

(4.30)

pricing PDE derived from the replication method under this complete market setting (see, for
instance, [65]). Therefore, the equilibrium utility indifference price is reduced to the risk-neutral

price in this complete market setting.
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4.4.5 Numerical Experiments

We now report the results of some numerical experiments. Let us first explain the consider-
ation for the choice of the parameters. We always assume that Regime 1 stands for the bullish
market and Regime 2 stands for the bearish market. A series of empirical studies (see, for in-
stance, [27], [30] and [81]) suggest that the positive expected excess returns are lower during a
bullish market and higher during a bearish market. Hence, according to these studies, we take
b1 < by in the following numerical tests. Furthermore, as [33] pointed out, the risk aversion
parameter is inclined to be higher in the bearish market than in the bullish market (although
the results there were for CRRA utility function). Inspired by this, we assume that (1) < v(2)
in the numerical tests.

Figure 4.1 shows the equilibrium utility indifference prices of one European put option with
strike K = 9 and maturity 7" = 1. In the experiment, we take the market parameters n = 0.1,
by = 0.03, by = 0.07, v = 0.2 and p = 0.5; moreover, v(1) = 0.8, v(2) = 1.2, A\j3 = 0.08 and
A21 = 0.12. Both the equilibrium utility indifference prices with respect to the initial market
state =9 = 1 and Z¢ = 2 are contained in Figure 4.1. From Figure 4.1 one can observe that the
equilibrium utility indifference price when the initial market is bullish seems to be higher than
the one when the initial market is bearish.

We next do the comparison between the equilibrium and precommitment utility indifference
prices. The precommitment utility indifference price is defined parallelly as the equilibrium one;
however, the precommitment value functions for the utility maximisation problems are used in
finding the precommitment utility indifference prices. For the sake of simplicity, we now assume
the drift of the nontradable asset is independent of the market regimes; specifically, we take
b1 = by = b= 0.05. We show the equilibrium and the precommitment utility indifference prices
for both initial market state 1 and 2 in Figure 4.2. Moreover, the marginal equilibrium utility
indifference price is also provided. Notice that this price now is the expected terminal payoff
under the minimal martingale measure, as we discussed in Section 4.4.2. From Figure 4.2 one can
observe that for both cases for bullish and bearish initial market states, the equilibrium utility
indifference price seems to be higher than the precommitment utility indifference price but less
than the marginal equilibrium utility indifference price.

We also test the dependence of the equilibrium utility indifference prices on the number of
claims in the portfolio. We take the numbers of claims to be k =1, k =3, k =5and k = 7.

The equilibrium utility indifference prices for both bullish and bearish initial market states are
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Figure 4.1: Equilibrium Exponential Utility Indifference Price
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Notes. We give the numerical experiment of equilibrium (exponential) utility indifference indifference prices
of one European put option with strike K = 9 and maturity 7" = 1. In the experiment, we take the market
parameters n = 0.1, b = 0.03, bo = 0.07, v = 0.2 and p = 0.5; moreover, v(1) = 0.8, v(2) = 1.2,
A12 = 0.08 and A2; = 0.12.

reported in Figure 4.3. From Figure 4.3 one can observe that for both cases for bullish and
bearish initial market states, the equilibrium utility indifference prices seem to decline as the
number of claims holding grows. This observation is consistent with the intuition that, as the
number of claims increasing, the investor should require an extra discount for the claims.

We then test the influence of the risk aversion parameters on the equilibrium utility indiffer-
ence prices. We fix the risk aversion parameter for the bullish market at v(1) = 0.8 while let the
risk aversion parameter for the bearish market v(2) increase from 1.0, 1.2, 1.4, to 1.6. The result
is shown in Figure 4.4. From the picture, we can observe a slight increase of the deviation be-
tween the equilibrium utility indifference prices with different initial market states as y(2) grows.
The numerical results of the .#?-distance of the equilibrium utility indifference prices p*(0,v,1)
and p'(0,y,2) are 0.05556, 0.16876, 0.30656, and 0.44867 accordingly. It supports the intuition
that, as the difference of risk aversion parameters (1) and (2) increases, the equilibrium utility
indifference prices with respect to different initial market states will also deviate more with each

other.
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Figure 4.2: Equilibrium and Precommitment Exponential Utility Indifference Price
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Notes. We give the numerical experiment of equilibrium and precommitment utility indifference price of
one European put option with strike K = 9 and maturity 7" = 1. In the experiment, we take the market
parameters n = 0.1, by = bz = 0.05, v = 0.2 and p = 0.5; moreover, v(1) = 0.8, 7(2) = 1.2, A\12 = 0.08
and A2; = 0.12.

Finally, we show the tests for the influence of the drift coefficient on the equilibrium utility
indifference prices. We fix the drift of the nontradable asset in the bullish market at b =
0.03 while let the drift in the bearish market by increase from 0.05, 0.07, 0.09, to 0.11. The
result is presented in Figure 4.5. The numerical results of the .#2-distance of the equilibrium
utility indifference prices p'(0,y,1) and p'(0,y,2), as by grows, are 0.15557, 0.16876, 0.18281,
and 0.19670 accordingly. We see there is a very slight growth of the .Z2-distance between the
equilibrium utility indifference prices with different initial market conditions as b, increases. It
implies that as the difference of the drift coefficients b; and by increases, which reflects that
the market fluctuates more and more heavily among different market regimes, the deviation of
the equilibrium utility indifference prices with respect to different initial market states will also

increase.
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Equilibrium Indifference Price

Equilibrium Indifference Price

Figure 4.3: Equilibrium Utility Indifference Price For Different Numbers of Claims
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Notes. We give the numerical experiment of equilibrium utility indifference prices of different numbers of
European put options with strike K = 9 and maturity 7" = 1. In the experiment, we take the market
parameters 7 = 0.1, by = 0.03, b2 = 0.07, v = 0.2, p = 0.5, A12 = 0.08 and A2; = 0.12; moreover, the
risk aversion parameters are y(1) = 0.8 and (2) = 1.2. The numbers of claims in the portfolio are k =1,
k=3, k=15 and k = 7 accordingly.

4.5 Equilibrium Utility Indifference Pricing for Logarith-
mic Payoff

In this section, we assume b(t,y,a) = b(t,a)y and v(t,y,«) = v(t,a)y for some bounded
functions b(t, o) and v(t, o). We now study a special payoff which is of logarithmic type. Specif-
ically, the payoff function is F'(y) = log(y) written on Y. In this special case, we are able to
obtain an explicit formula for the equilibrium utility indifference price p* (¢, y, a).

Now the dynamics of Y. is given by the following SDE
dy, = Yu{b(u, Eu)du 4+ v(u, Zy,) [p(u, 2u)dWy, + p(u, Eu)de‘] };
Yi=y.
We do the logarithmic transform by denoting Y; = log(Y;). Then the SDE for process Y. is
~ 1
dY, = {b(u, ) — 2V2(u75u)} du + u(u,Eu){p(u,Eu)qu + p(u, Eu)de};

Y; = log(y).
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Equivalently, we want to find the equilibrium utility indifference price for a new claim with
terminal payoff Yr.

To facilitate the analysis, we introduce the auxiliary function
At 2, B,a) = ¥t e, B, a).

In the current setting, the ODE system for «7°(t, 3, ) is unchanged as (4.11) and the PDE
system for /% (t, z, 3, a) is

7B )+2u(t B)AE (1,2, B, 0) + {b(t,m—1u2<t,ﬁ)}v@é’“(tvza5»a>
+Z’\ﬂl{ (t,2,1,a) - ﬂfk(t’zvﬁ’o‘)}

I#B
AT (00 ot ey B
_M 2 ,dk(t z, B, B) kit 5
1S (0.0 + pte. wte. ) Z 20 ) 70,5,
_M 2 'szk(t?'%ﬁvﬁ) 7k Py a) =
1S (st 00, 800(0.8) + 20,9020, 8) Ze b 20N} 72, v) =,

'Qik(T7 2, 5704) = e—’y((x)kz7

for a, 8 € &. We now make the following Ansatz:
Ansatz 20. 7*(t,z,3,a) takes the following form
(b2, 8,0) = e VOB, B, a).

Direct calculation then gives the ODE system for %*(t, 3, a):

k 1y(a) _M 2 _}220[—2 2
B (t, B, o) = {27(5)(2 7(5)% (t76)+l¢zﬁ>\m 5k (@)p™(t, B)v°(t, B)

T k(o) {b(t,m = L2) it Dott. Bt ﬁ)} }%k(t,ﬂ, o)
= AaB (L1, 0);

I#p
BH(T,B,a) =1
for a,, 8 € &. This is a linear ODE system and the well-posedness is guaranteed by the standard
ODE theory.

Now the equilibrium utility indifference price becomes

- 1 BE(t, 0, )
Pr(t,y, o) = log(y) — @) log <,¢z{0(t,a, a))
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and the equilibrium utility indifference hedging policy law becomes

~k p(tv O‘)V(taa)
a5t a) = —k————————~
H( ’ ) 0_(1./_7 a)
which is independent of y. Notice that the second part of the equilibrium utility indifference
k
price, — kyl(a) log (goggzg), can be viewed as the time value at time t of the contingent claim

with the logarithmic payoff and the maturity 7.
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Figure 4.4: Equilibrium Utility Indifference Price For Different Risk Aversion Parameters

Equilibrium Indifference Price for A(1)=08and  (2)=1.0
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Equilibrium Indifference Price for y(1)=0.8and  7(2)=1.6
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——— Price for Bearish Iniial Market Condition —
15

Stock Value

Notes. We give the numerical experiment of equilibrium utility indifference prices of one European put
option with strike K =9 and maturity 7' = 1 for different risk aversion parameters. In the experiment, we
take the market parameters n = 0.1, by = 0.03, b2 = 0.07, v = 0.2, p = 0.5, A12 = 0.08 and 27 = 0.12.
The risk aversion parameter for bullish market is fixed at v(1) = 0.8, while the risk aversion parameters for
bearish market are v(2) = 1.0, v(2) = 1.2, v(2) = 1.4, v(2) = 1.6 accordingly.
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Figure 4.5: Equilibrium Utility Indifference Price For Different Drifts Of The Nontradable Asset
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Notes. We give the numerical experiment of equilibrium utility indifference prices of one European put
option with strike K = 9 and maturity 7" = 1 for different risk aversion parameters. In the experiment,
we take the model parameters n = 0.1, v = 0.2, p = 0.5, A12 = 0.08 and A2; = 0.12; moreover, the risk
aversion parameters are (1) = 0.8 and v(2) = 1.2. The drift for the nontradable asset in bullish market
is fixed at by = 0.03, while the drifts in bearish market are b = 0.05, bo = 0.07, b2 = 0.09, b2 = 0.11



Chapter 5

Equilibrium Mean-Variance
Indifference Pricing with Regime
Switching

We continue the study of time inconsistent option pricing problems in this chapter. The
market model is the same as in Chapter 4; however, we now assume the preference of the
investor is characterised by the mean-variance optimisation criterion with regime switching. The
portfolio selection problem for the investor is thus time inconsistent, similar to Chapter 4. Two
mean-variance optimisation problems with regime switching are solved, and an equilibrium mean-
variance indifference pricing rule is provided. Some properties of the equilibrium mean-variance

indifference pricing rule are discussed subsequently.

5.1 Basic Problem

In this section, we state the option pricing problem under consideration.

5.1.1 Mean Variance Portfolio Selection with Regime Switching

The market model in this chapter is the same as in Chapter 4. There are one riskless bond
B., one tradable risky asset S. and one nontradable risky asset Y. in the market; moreover, the
dynamics of B., S. and Y. are given by (4.1), (4.2) and (4.3). In this chapter, we also employ
the indifference pricing approach to value contingent claim written on the non-tradable asset Y..
However, we assume the investor’s preference is characterised by the mean-variance optimisation
criterion, which is popular in the financial industry. To this end, we first clarify the underlying

mean-variance optimisation problems. More precisely, given the trading strategy 7r. which is
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5. EQUILIBRIUM MEAN-VARIANCE INDIFFERENCE PRICING WITH REGIME SWITCHING

the same as in Chapter 4 and the corresponding wealth 2™ whose dynamics follows (4.4), the

objective functional for the investor at time ¢ without any claim in her portfolio is given by

Ttz 5m) = E[x} Ty =x,5 = a] - @V&r(m%

Ty =T, =t :a>,

where v : & — Ry is the weighting parameter which is regime dependent; in contrast, if she

decided to hold k claims in her portfolio, the objective functional for the investor at time ¢ is

given by
TRtz y, ;7)) :E[mg + k;F(YT)‘xt =xz,Y,=y,Z = a}
- @vm«(x;: + RF(Vr)|w = 2,Y: = 4,50 = a)),

where F'(+) is the payoff function of the contingent claim. As in Chapter 4, we use superscript “0”
or “k” to emphasise that the corresponding objective functional is with respect to the problem
with 0 or k£ claims in the portfolio.

It is well-known in the literature that even classical mean-variance optimisation criterion
introduces time inconsistency due to the non-linearity of variance operator (see, for instance,
[3], [4] and [8]). Moreover, in the current setting, the weighting parameter ~(-) is no longer a
constant but depends on the current market state =.. This weighting parameter balances the
return and the risk of the investor; more precisely, it reflects the investor’s tradeoff between
the expectation and the variance of her terminal wealth. We believe this weighting parameter
should depend on the current state of the financial market. The dependence of the weighting
parameter on the market state, as explained in Chapter 2, also introduces time inconsistency
into the portfolio selection problems. Once more, we adopt the equilibrium approach to tackling
with time inconsistency. We will look for the equilbrium policy laws and value functions for the
underlying two time inconsistent stochastic control problems—with and without the claims in
the portfolio.

Due to the linearity of the wealth process ™ with respect to the control process 7., we further
make the following assumption, similar to Chapters 3 and 4, that the aforementioned equilibrium
policy laws are of the form #%(t, a) and #*(¢,y, a) respectively; in other words, the equilibrium

policy laws are independent of the wealth variable x.

5.1.2 Mean Variance Indifference Pricing with Regime Switching

After obtained the equilibrium value functions VO(t,z, ) and V¥(t,z,y, @) and the equi-

librium policy laws #°(¢, z,a) and #*(¢, z,y, a) for the underlying time inconsistent stochastic
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5.2. GENERAL EQUILIBRIUM MEAN-VARIANCE INDIFFERENCE PRICING RULE

control problems, we introduce the following definition of equilibrium mean-variance indifference

price rule.

Definition 21. An equilibrium mean-variance indifference price (pre claim) p*(t, z,y, a) for a
position of k contingent claims written on Y7 with payoff function F(-) is the solution of the

following algebraic equation:
Vo(t, T,a) = V’“(t,x — kp*(t,z,y,a),y, Q).
Moreover, the difference of the equilibrium policy laws
kot x,y, ) = 75 (t, 2, y, ) — 7#°(t, x, a) (5.1)

is the corresponding equilibrium mean-variance indifference hedging policy law. The equilibrium
mean-variance indifference price p*(t,z,y, ) together with the equilibrium mean-variance in-
difference hedging policy law 7?7;[(157 x,y,a) constitute an equilibrium mean-variance indifference

pricing rule.

We give this equilibrium mean-variance indifference pricing rule in the next section.

5.2 General Equilibrium Mean-Variance Indifference Pric-
ing Rule

We first find the equilibrium value functions Vo(t, z,a) and vk (t,z,y,a) and the equilibrium
policy laws #%(¢,a) and #*(¢, 5, ), which are critical to the equilibrium mean-variance indiffer-
ence pricing rule. To this end, we first recall two lemmas. The first one is the celebrated total

variance formula.
Lemma 22. For given %r-measurable random variable X and t € [0,T), it holds

VGT’(X‘yt) =K [Var(X‘fHAt) ‘yt:| + Var(E [X|yt+At:|

tg})a
for any At € [0, T —1t).

It is well-known that adding a constant has no contribution to variance. The second lemma

can be viewed as a generalisation to this fact to the conditional variance case.

Lemma 23. For given %r-measurable random variable X and F;-measurable random variable
Yy, we have

Var(y + X‘L%) = Var(X‘ﬁZt) ,

for any t € [0,T) and At € [0,T —t).
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5. EQUILIBRIUM MEAN-VARIANCE INDIFFERENCE PRICING WITH REGIME SWITCHING

The proofs for both lemmas above are direct calculations from the definitions, and are thus

omitted.

5.2.1 Mean-Variance Optimisation without Contingent Claim

We first assume a priori that an equilibrium policy law 7°(t, ) exists for the mean-variance
optimisation problem without any claim in the portfolio; furthermore, £° denotes the correspond-

ing equilibrium wealth process
u
3 — ot / #0(r, Er){u(r, =,)dr + o(r, ET)dWT}
t

given initial capital level £9 = .

To facilitate the analysis, we now introduce the following two auxiliary functions:

T
ﬂo(t”@’) =K [/ ﬁo(uygu)M(U,Eu)dU B = B‘| ;
t

T
%O(t,ﬁ,oz) = %’O(t,ﬁ) — @V&r </t #0(u, Eu){,u(wEu)du + U(u,Eu)quHEt = ﬂ)

Et:5>

for any t € [0,T) and «, 8 € &. Similar to the auxiliary functions in Chapters 3 and 4, in

T
=K l/t 70 (u, 2 ) plu, ) du| =y = 5]

_ @VM (/tT 7}_0(%511){#4117 Zu)du + o(u, Eu)qu}

€°(t, B,a) the first state variable 3 stands for the market state at the current time ¢ and the
second state variable « represents the market state at some initial time before t.
The following proposition gives the extended Hamilton-Jacobi-Bellman (HJB) equation for

the regime switching mean-variance optimisation problem without any claim in the portfolio.

Proposition 24. Assume the above two auziliary functions €°(t, 3,a) and B°(t,3) are contin-
uously differentiable int. Then €°(t, 3, ) and B°(t, B) satisfy the following extended Hamilton-
Jacobi-Bellman (HJB) equation:

EL(t, a, a) + sup { - @az(t, a)m? + u(t, Oé)ﬂ'}
+3 )\al{%o(t, l,a) — 2, o, a)} - % 3 At (@0(15, I — @0(15,0[))2 0, (52
l#a l#a

€°(T,o,a) =0, B°(T,0)=0

for any t € [0,T) and o, B € 8.
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Proof. We first notice that, according to Lemma 23, the objective functional corresponding to
w0(t, a) is
Ttz 05 70) = 2+ F0(t, o, ).

Moreover, for any m € R the objective functional corresponding to perturbed policy law

m, u€t,t+h);

7T0|t’h’7r(u, a) _

#(u,0), welt+hT)

is

JOt, x, o ﬂp‘t’h’ﬂ) =z+E

t+h
/ Wu(u,Eu)du—i-‘fO(t+h,5t+h,a)‘5t =a
t

t+h
_ @V&r (/ W{M(% Eu)du + o(u, Eu)qu} + Bt + h,Zqn)
t

:t:a>,

where we used Lemma 22 and 23 together with the fact that [, #%(r,Z,)o(r, 2, )dW, is a mar-
tingale, due to Assumption 10 and the admissibility of #%(¢, ).
To show that (5.2) is the extended HJB equation, first we have

E [ :+h mu(u, 2y )du + €0t + hy Zyqn, @)

E = a] — ¢t o, )

hg%l+ h
=60 (t,0,0) + Y Aar{6°(t,1,0) = €°(t,0,0) | + p(t, )7

l#a
by the generalised Dynkin’s formula. Next, we decompose

Var (fttJrh w{u(u, Eu)du + o(u, Eu)qu} + Bt + h,Zi4n) ‘Et = a)

. = 1) + 13(h) + 2131,

where

I)(h) = ;L{E (/tt+h7r{,u(u,5u)du + U(U,Eu)qu}>

(: Et:a]f},

E [(ﬂo(t + h,am))z‘zt - a} - (]E [%’O(t + h,Et+h)‘Et - a] )2
- ,

1 t+h
19(h) = h{E Vt W{u(u,Eu)du + a(ugu)qu}%O(t +h,Sen)

2

ot =«

t+h
/ ﬁ{u(u,Eu)du—i— a(u75u)qu}
t

Et:a

t+h
_E / W{,u(u, =) du + o (u, Eu)qu}
t

Et = O[‘| E {%O(t + h, Et+h)

= =a }
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We then discuss I9(h), I9(h) and I9(h) separately. First, from It6 isometry we have

| ftth 2 1 [tk 2
I°%h) =h{E E/ mu(u,Ey)du | B =a| — | E E/t m(u, Ey)du|Z; = «
¢
1 [tk
f/ m20%(u, 2y )du|Z; = a
h Ji
Et = Oé‘| .

1 tth t+h
E/ mu(u, =y, )du / o (u, Zy)dW,
¢ ¢

Furthermore, from Assumption 10 we see as h — 0+ the first line vanishes and the limit of the

1 [t
lim E |- / 720%(u, ) du
h—0+ h t

+E

+2E

second line is

== a} = o%(t,a)n°.

As to the last line, by Cauchy-Schwartz inequality we get
1 [tt+h t+h
f/ mu(u, 2y )du / 7o (u, 2y, )dW, ‘Et =«
h Ji t

Et = a]

E

<z|
1 t+h 2
< |E E/ mu(u, Zy)du
t

— VP2 (t,a)m? x0=0

1 t+h t+h
f/ mu(u, 2y )du / 7o (u, 2y, )dW,
h Ji ¢

as h — 0+. We then obtain

Next, by simple algebra we have

E {(930(1& + h,Et+h))2

= a} - (%O(t,a))Q
h
E [%O(t + ) |Be = a} — B(t,q)

_ ! (E [@O(t + 1, Eign)

I3(h) =

= a} + B(t, a)).

and, according to the generalised Dynkin’s formula,

E[#°(t+ h,Z1en)

= a] — At )
h :@?(taa)+z)‘al(‘@o(tvl) 7‘%067&))
l#a
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and

E [(@% + h7Et+h))2 2 = a} - (%”O(m))2

h
Q%O(t,a){.@?(t,a) + Z/\al( O(t,1) — B°(t, )} + Z)‘al< — #(t, a))g.
I+ I#a

Moreover, by the regularity assumption on %°(-, a) we see

lim E [930(25 +h,Seen)
h—0

B = 04] = B(t, ).

Therefore,
2
() 0
Jim 15(h) gAal( ~ B, a)) . (5.4)
Finally, we have
t+h
lim E E)du|Z = a| = p(t, s, o).
m /t mu(u, Zu)du|Ze = a| = pu(t, s, o)m

and, according to the generalised Dynkin’s formula,

. E [ :+h ﬂ{p(u, Eu)du+ o(u, E,)dWy, }ﬂo(t + h, Zen) |2 a} .
hlir& A = u(t,0)B°(t, o)
Hence,
lim I9(h) = 0. .
Jm I5(h) =0 (5.5)

Combining (5.3), (5.4) and (5.5), we see
Var (" w{u(u, Za)du + o (u, Z0)dW,, } + 20t + b Zpin)

Et:a)

h
2
=2t )+ Aai (%O(t, 1) — B, a)) .
l#«
We know for any m we have
0 0|t,h,m
 liminf JOt, 2, 70) — JO(t, z, ;. )
ho>0-F h
t+h —_ 0 —_ —_ 0
E [ft mu(u, 2y )du + €0 (t + h,:t+h,a)’:t = a} -6, o, )
=lim sup
h—0+ h
(@) Var (ftHh W{;L(’U,, Eu)du+o(u Eu)qu} + Bt + h,Zn) |20 = a)
S22 h
2
’(te0) + 3 dar{ @0t L) %O(t,a’a}fﬂz Aot (B(81) - (8,0
l#a l#a

+ {—7((1)02(@01)71'2 + ,u(t,oz)ﬂ}
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from the definition of equilibrium policy law (see Definition 1 in Chapter 2 for reference); more-
over, #t¥(t, ) makes the above inequality an equality. Hence, (5.2) is the extended HJB equa-

tion. L
The next theorem gives the characterisation of equilibrium policy law and value function.

Theorem 25. Assume the coefficients u(t,«) and o(t,a) are continuous in t for any a € &.

Then
n(t, o)

~0 _
T = o tr,a)°

(5.6)
is an equilibrium policy law and
VOt x,0) = 2+ €, o, ), (5.7)

18 the corresponding equilibrium value function for the mean-variance optimisation problem with-
out any claim in the portfolio, where B°(t,a) and €°(t, 3, ) satisfy the following systems of

ODEs 1
Bt0) + 3 Aot (2°4,1) = B(t,0)) + ——nP(t.0) = 0;

= 7(a) (5.8)
B(T,a) =0
and
Gt 5,0) + > Aa{ €t 1,0) — €°(t, B,0)}
I#p
SIS (@ - #en) s (1- L e =0 69
I#6
€T, B,a) =0

respectively, for each o, € &.

Proof. The concavity of the supremum part in the extended HJB equation (5.2) with respect
to 7 is straightforward and, therefore, (5.6) is the maximiser of the supremum part in (5.2) by
the first-order condition. Moreover, by Assumptions 10 and 12 we see that #°(¢, ) is bounded
and thus admissible. Furthermore, from the standard ODE theory we can see that %°(t, a)
and €°(t, B, a) are continuously differentiable with respect to t. Therefore, all the conditions in
Proposition 24 are satisfied, and (5.6) and (5.7) are indeed the equilibrium policy law and value
function for the mean-variance optimisation problem without any claim in the portfolio.

Recall that the definition of 2°(¢, ) is

B(t,a) =F
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Following the Feynman-Kac approach, we have
ult, )70t a) + Bt ) + Y Aal{@%, 1) — B°(t, a)} = 0.
l#a
Substituting (5.6) into above, we then get the ODE system (5.8) to characterise %°(t, a).

Similarly, via the Feynman-Kac approach, we have

G5, 0) + 3 Aa €t L) — %°(t,5,0)}

18

Z As (%’0 ) 930(@5))2 - @ﬁ(t,ﬂ) (fro(t,ﬂ))2 + ult, B)&°(t, B) = 0;

I1#8
€T, B, ) =

for any t € [0,7T], and «, 8 € &. Now substituting (5.6) into above, we then get the ODE system
(5.9) to characterise €°(t, 3, ). O

Remark 8. Notice that the equilibrium policy law

0
7 (t,a) = —
Y

is exactly the same as the equilibrium policy law for the time inconsistent CARA utility maxmiza-
tion problem we discussed in previous two chapters, see Theorem 4 in Chapter 3 and Theorem 13
in Chapter 4. In other words, the exponential utility maximisation and mean-variance optimi-
sation criteria give the same equilibrium policy law for the time inconsistent portfolio selection

problem with regime switching.

We now give a probabilistic characterisation of %°(t,a) by exploiting Girsanov theorem.

More precisely, we make the following change of measure

d]f))() 1 T T
JF = &P 75/0 nz(u,Eu)duf/O n(u, Zy,)dW,, | . (5.10)

Under this measure P?,
t
W =w, +/ n(u, Zy)du (5.11)
0

is a standard Brownian motion, and the dynamics of S. becomes
dS; = Sio(t,Z;)dW).

Remark 9. This probability measure P° is known as the minimal martingale measure (MMM)

in the literature as mentioned in Section 4.4.2.
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5. EQUILIBRIUM MEAN-VARIANCE INDIFFERENCE PRICING WITH REGIME SWITCHING

The probabilistic representation of % (¢, a)is then given, via the Feynman-Kac approach, in

the next theorem.

Theorem 26. We have the following representation for 2°(t,a):

—— " (u, Zy)du
/t ¥(Eu) (1, E)

B°(t,a) = EF

= = a] , (5.12)

where EF’ [-] stands for the expectation operator under measure PO whose Radon-Nikodym deriva-

tive with respect to P is given by (5.10).

5.2.2 Mean-Variance Optimisation with Contingent Claim

We now give an equilibrium policy law #*(¢,y, a) and the corresponding equilibrium value
function Vk(t, x,y, @) for the mean-variance optimisation problem with & claims in the portfolio.
The discussion below is parallel to the previous section.

We assume the existence of the equilibrium policy law #*(¢,y,a) and denote #* the corre-
sponding equilibrium wealth process for the mean-variance optimisation problem with & claims

in the portfolio; for any ¢t < u < T,
u
k= / w5 (r, Yy, ET»){M(’/‘, =.)dr +o(r, E,.)dW,.}
t

given initial capital level #¥ = x.
Mimicing the analysis in previous section, we introduce the following two auxiliary functions
A (t,y,8) =E

)

T
/ A, Y, Za ), Ea)d + KF (V) |20 = 8,Y; = o
t

oy, B,a) = BE(t,y, B)

T
I CORP / 7+ (u, Yu,Eu){u(u, E.)du + o(u, Eu)qu} + kF(Yr)
t

) Et:Ba}/t:y>

*(u, Y, Zu)p(u, Z)du + kF (Y1) | = B, Y =y

=E

T
#
t
v(a) T k
Lo Var / fr(u,Yu,Eu){p(u,Eu)du+a(u,Eu)qu}+kF(YT)
t

Et_Ba}/l-f_y>

for any (t,y) € [0,7) x R and o, 8 € &. Once more, in €*(t,y, B,a) the first state variable 3
stands for the market state at the current time ¢ and the second state variable « represents the

market state at some initial time before t.
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We now report the corresponding extended HJB equation and equilibrium policy law and
value function for the regime switching mean-variance optimisation problem with & claims in the

portfolio. The proofs are parallel to the ones in Section 5.2.1 and thus omitted.

Proposition 27. Assume the above two auxiliary functions €*(t,y,3,a) and %B*(t,y,3) are
continuously differentiable in variable t and twice continuously differentiable in variable y for
each o, € &, and each partial derivative of €*(t,y,,a) and %*(t,y,3) has polynomial
growth. Then €*(t,y,B,a) and B*(t,y,B) satisfy the following extended Hamilton-Jacobi-
Bellman (HJB) equation:

CF(t,y, o, ) + %VQ(t,y,a)‘ﬁ (t,y,a,0) +b(t,y, a )Sa” (t,y, o, )
+Z>\al{ (t,y,l,a) — ‘fkty,ozoz}
[
—’Y(QOZ){I/Q(t,y,Oz)(%k (t,y, ) +Z¢Za/\al( (ty,1) — B*(t,y, } (5.13)
+sup{—’)l(2a)02(t7a)7r2 + {u(t,a) —v(a)a(t, a)p(t, a)v(t,y, ) %’k t,y, w}
GH(T,y,a,0) =0, B (T,y.a) =

foranyt€[0,T], yeR and o, 3 € &.

Theorem 28. Assume all the conditions in Proposition 27 are satisfied. Then

Ay, a) = m — ot Q)W%’;(t, v, a). (5.14)

is an equilibrium policy law and
VEt 2y, 0) =2+ €5 (t,y, o, a), (5.15)

1s the corresponding equilibrium value function for the mean-variance optimisation problem with
k claims in the portfolio, where B*(t,y,a) and €*(t,y, B,a) satisfy the following systems of
PDEs
1
By (ty, 0) + 57 (8 y, 0) By, (ty, o) + (b(t,y, a) = p(t, a)n(t, a)v(t,y, a))ﬁﬁ(t, y,q)
1
+ 3 A2ty ) — Bty )} + Sy ) =0

l#a ( )

BT, y,a) = kF(y)
(5.16)
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and
Gty 5,0) + 3021, BB (1.9, 5,0) + bltsy, B)EL (b, .0
+Z)\/31{ (t,y,l,a) — €*(t,y, 8, }
I#B
7@ I/z(tayvﬁ)( tya ) +Z)\ﬁl< ty7) ‘@ktya }
I#B
(@) 2
s {n(t.8) =@ttt B85 1.9 ) H{n (. 9) = 2(B)olt. Byt 5)%;;@,%@} =
CH(T,y, B,a) = kF(y)

(5.17)

respectively, for each o, € &.

We now perform the same change of measure as in Section 5.2.1 and give a probabilistic
characterisation of %*(t,y,a). Recall the minimal martingale measure P is defined in (5.10)

and, under this P°, the dynamics of Y. is
aY; = (b(t, Y2, Z) = plt, Z0n(t Z)w(t, Vi Zo) ) dt + v(t, Ve, 2 { p(t Z)dW + p(t, E)awit |,

where W is defined in (5.11) and W is a standard Brownian motion under measure P° and is
orthogonal to WO, As in Section 5.2.1, via the Feynman-Kac approach, we have the following

probabilistic representation for %*(t,y, a).

Theorem 29. We have the following representation for B*(t,y,a):

%’k(t,y,a) — ¥

T
1
/ ——n*(u,Z)du+ kF(Y7)|Ei = a, Y =y
¢ Y(Ew)

(5.18)
= #°(t,0) + kp"(t,y, ),
where B(t, o) and p*(t,y, ) are given by (5.12) and
5(ty,0) = E [F(¥7)|E: = a,Y: = (5.19)

respectively.

Remark 10. p*(t,y, ) is the expected terminal payoff of the contingent claim written on Y7 with
payoff function F'(-) under the minimal martingale measure PO, We call p* (t,y,a) the MMM-
price of the contingent claim, which has already been mentioned in Section 4.4.2, Chapter 4 for

a special case without regime switching.

92
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5.2.3 Equilibrium Mean-Variance Indifference Pricing Rule

With the equilibrium value functions Vo(t, x,a) and Vk(t, x,y,«), we can now calculate the
equilibrium mean-variance indifference price for the contingent claim written on Yy with payoff
function F(-). Recall an equilibrium mean-variance indifference price p*(t,z,y, ) for k claims

is defined as the solution of the following algebraic equation:
VOt z, ) = VE(t @ — kp®(t, x,y, @)y, @).

Therefore,

N EF(t,y, o, a) — €L, o,
1, p,0) = L0002 T 0R)

Hence, by solving systems (5.8), (5.16), (5.9) and (5.17), we can get #°(t,a), %*(t,y,a),
€°(t,a, ) and €%(t,y,,a) and this equilibrium mean-variance indifference price p*(t,z,y, a)
is then obtained. Moreover, according to Theorem 25 and Theorem 28, the corresponding equi-
librium mean-variance indifference hedging policy law fr’}'{(t, y, @) is

7ty a) = 75 (ty,0) - 7°(t, @)

_ v(t,y, ) vty o)
**P(@@W«@k(f Yy, ) = *kp(taa)Wpy(t,y,a)a

where p*(t,y,«) is the MMM-price defined in (5.19). We see, in particular, the equilibrium
mean-variance indifference hedging policy law #% (¢, y, «) is linear with respect to k, the number
of claims in the portfolio.

We now report the probabilistic representation of this equilibrium mean-variance indifference
price p¥(t,y, a).
Theorem 30. The equilibrium mean-variance indifference price p*(t,y,a) has the following

probabilistic representation:

T

ﬁk(tayva>:E|:F(YT) Et:ayift:y} —-E / ga(u,Yy,Eu)du Et:avn:y]

' (5.20)
—kﬁy / G(u,Yy,2,)dulZ, = o, Y, =y,
where
ga(tvy7ﬁ) = n(tvﬂ)p(tvﬁ)y(tu yvﬁ)ﬁ;(tv Svy7ﬁ)

)3 s (@O(t,z - #(t.9)) ( (D) - p*(t,y,m),
1#£8 (5.21)

2

I#B

and p*(t,y, ) is the MMM-price in (5.19).
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Remark 11. We emphasise that the expectation in (5.20) is under the physical measure P;
moreover, both g,(t,y,8) and G(t,y,5) are independent of k, the number of claims in the
portfolio. Notice that we use the subscript “a” in g (¢,y,5) to emphasise the dependence on

state a via y(«) in the second line of (5.21); in contrast, G(t,y, 3) is independent of a.

Proof. The result is from a straightforward application of the Feynman-Kac approach to (5.9)
and (5.17), together with some algebra. O

In the end of this section, we introduce the concept of marginal equilibrium mean-variance

indifference price.

Definition 31. Given an equilibrium mean-variance indifference price p*(t,y, @), the corre-

sponding marginal equilibrium mean-variance indifference price p°(t,y, ) is defined as

P°(t,y, ) = lim p*(t,y, @),
k—0
provided the above limit exists.

From (5.20), we can easily obtain this marginal equilibrium mean-variance indifference price

P°(t, y, @) as

T
ﬁo(tvyva) =E [F(YT)‘Et =a,Y; = y} —-E / ga(uvyyvau)du B = a7E =Y, (522)
t

where g4 (t,y, 8) is defined in (5.21). We emphasise again that the expectation in (5.22) is under

the physical measure P.

5.3 Some Special Cases

In this section, we consider several special cases and hope to deepen our understanding about

the equilibrium mean-variance indifference pricing rule in these simplified cases.

5.3.1 Two-Market-State Basis Risk Model

We first investigate the equilibrium mean-variance indifference pricing rule in a two-market-
state basis risk model with constant coefficients, similar to Chapter 4. Specifically, we assume
o(t, ) = ¢ for ¢ = p,0,m, p and Y(t,y,«) = 1y for 1» = b, v; in particular, the prices of both the
tradable and nontradable assets do not depend on the general financial market state. Notice that

the weighting parameter v(+) is still a function of market state « € &, thus only the preference of
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the investor is still regime dependent. Furthermore, we assume that & = {1,2}, i.e., the market
has only two states—bearish and bullish.
Under the current setting, the Radon-Nikodym derivative of the minimal martingale measure

P° with respect to P is reduced to

and g, (t,y, 8) and G(t,y, ) are reduced to

9(t,y) = npvyp,(t,y),

Gt.y) = P2y (5 (1. w)"
In particular, g, (t,y, 8), G(t,y, 8) and the MMM-price p*(t,y) are functions of ¢ and y only and
independent of the market state a.

Now the equilibrium mean-variance indifference price p*(t,y, @) is reduced to

T
(t..0) =E[PO)[Yi = o]~ v | [ Vi Yoo Yi =
t

T
Q) ~x
— k%ﬁ‘)v?ﬂf / |5 (py(u,Yu))Qdu‘Yt =y
t

Furthermore, the equilibrium mean-variance indifference hedging policy law #% (t,y) is
. 22N
#(t,y) = —k—y, (t.y).

Notice that the hedging policy 7%, (, y) is independent of the market state a, and the indifference
price p*(t,y,a) depends on the market state a only via y(a); in other words, the dependence
of the equilibrium mean-variance indifference price on the market state is only through the
corresponding weighting parameter, and there is no relationship between different equilibrium
mean-variance indifference prices for different market regimes, which is much simpler than the
case for the equilibrium utility indifference price discussed in Chapter 4. This implies that,
for the basis risk model, the feature of regime switching is not essential for the equilibrium
mean-variance indifference pricing rule. Inspired by this, we turn to study the equilibrium mean-

variance indifference pricing rule without regime switching in the next section.

5.3.2 Mean-Variance Indifference Pricing without Regime Switching

In this section, we study the equilibrium mean-variance indifference pricing rule without
regime switching; i.e., we assume ¢(t, @) = ¢(t) for ¢ = p, 0,1, p, Y(t,y,a) = ¥(t,y) for p = b,v
and y(a) = 7. We study both the equilibrium and the precommitment mean-variance indifference

pricing rules and make the comparison between them.
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5. EQUILIBRIUM MEAN-VARIANCE INDIFFERENCE PRICING WITH REGIME SWITCHING

5.3.2.1 Equilibrium Mean Variance Indifference Pricing Rule
From the discussion in Section 5.3.1 we see that, for the current case, the equilibrium mean-

variance indifference price p*(t,y) is given by

P*(t.y) =E | F(¥r) - / (W) (u, Y, Y du

Yi=y

- k%]E /tT 7 ()2 (u, Ys) (p;;(u, Yu))2du

Y=y

)

where p*(t,y) is the MMM-price in (5.19) (which is now independent of «). Recall the PDE for

Pt y) is

P (0:9) + 5970005, (1) + D1, 9B 0 9) = n()p( ()75 1. 9),
P(T,y) = F(y).

Then, via the Feynman-Kac approach, we see

p(t,y) =E

T
POV = [ (0w, Y,)z; . Y, du]Yi = y] .

Therefore, we have

T 2
. - v = -
PH(ty) = 5 (ty) — b E [ |y (e v) dulvi =) (5.23)
t
Furthermore, the marginal equilibrium mean-variance indifference price is
Al ~k po
B y) =5 (ty) = B [F(vp)|vi = y: (5.24)

in other words, the marginal equilibrium mean-variance indifference price coincides with the
MMM-price.
On the other hand, the equilibrium mean-variance indifference hedging policy law ﬁ'z (t,y) is
given by
#hi(ty) = kit y),

where

7% (ty) = —p(t)y(t;?t)f (t:9) (5.25)

is the equilibrium mean-variance indifference hedging policy law per claim. In fact, this 3 (¢,y)
is related to the equilibrium policy law of minimal variance hedging for this claim (see, for

instance, [4]).
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We now analyse the properties of this equilibrium mean-variance indifference price p*(t,y).
First, we see that p*(¢,y) is linear with respect to k, the number of claims in the portfolio, which
is similar to the equilibrium mean-variance indifference hedging policy law 7% (¢,v).

Next, we discuss the case of p(t) = 1 for ¢ € [0,T], where the market model is complete and
the replication of the claim is possible. The equilibrium mean-variance indifference price and

hedging policy law now are

and
v(t,y)py (t,y)
a(t)

respectively. Notice that they are the risk-neutral price and the delta-hedging policy law derived

ﬁl;](t? y) =—k

from the replication method respectively (see, for instance, [65]). Therefore, for the complete
market case, the equilibrium mean-variance indifference pricing rule is reduced to the risk-neutral
pricing rule.

We now show that the equilibrium mean-variance indifference pricing rule is concave with
respect to the payoff function F(-) of the claim; more precisely, suppose there are two types of
contingent claim with payoff functions Fy(-) and Fy(-). Moreover, let p¥(t,y) and p%(¢,y) be
the corresponding equilibrium mean-variance indifference prices and p%(¢,y) be the equilibrium
mean-variance indifference price of the claim with payoff AFy (Yr) + (1 — X) Fa(Yr), for A € (0,1).
Then it holds

DAt y) = MDE(Ly) + (1= Np5 (L, y).

We show this via the direct calculation:

Pt y) = byt (ty) + 55 (£ y)

[ (12050 (375 )+ 0= 075000

}

TNEY {132’2(7571/) ~klE [ / R o) (2w i) ) e =

= M§(t,y) + (1= Nph(t, ),

Yi=y

}

"
2

T 2
> {ﬁ;’l(t,y) kB[ [ ) (55 (0. Y2) dufi =y
t

where

Pty =EF [R()|Ye=y|, fori=1.2
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are the corresponding MMM-prices for the contingent claims with payoff Fi(-) and Fy(-) respec-
tively.

We point out that the equilibrium mean-variance indifference pricing rule has no monotonic
property; more precisely, for two claims with payoff functions Fi(-) and Fy(-) and Fi(-) < Fa(-),
we cannot assert that p¥(¢,y) < p5(t,y) in general. This is due to the fact that from (5.23),
P (t,y) also depends on Dy (t,y), whose monotonicity depends on the concavity of the MMM-
price p*(t,y).

Notice that for the case p(u) # 1 on u € [0,T], we have

E

Yi=yl| >0,

/t g 7 ()2 (u, Yy) (ﬁ:(u, Yu)>2du

thus for 0 < k1 < ko we see
P (ty) > B (L y).

This indicates that the investor requires more discount to buy more contingent claims. In par-
ticular, for some sufficient large k > 0, it must hold p*(¢,y) < 0. This means that to hold (a
sufficiently large amount of) the contingent claim, the investor needs subsidies instead of paying
for the contingent claims. The reason behind is that the variance part in the mean-variance op-
timisation criterion penalises both potential gains and losses of the (uncertain) terminal payoff
of the claim; in other words, for an investor whose preference is characterised by mean-variance
optimisation criterion, her aversion is the uncertainty itself. Therefore, the investor whose pref-
erence is characterised by mean-variance optimisation criterion will be reluctant to take part in

the secondary market heavily.
5.3.2.2 Precommitment Mean-Variance Indifference Pricing Rule

We now study the mean-variance indifference pricing in the precommitment sense (the precise
definition will be provided later). Recall the definitions of the precommitment policy law and
value function are included in Definition 6 in Chapter 3.

We first provide the precommitment value function for the mean-variance optimisation prob-
lem without any claim in the portfolio. This problem is to maximise the following objective
functional

el m.) = E[m}‘xo = x} - %Var(x?‘xo = x)
We denote VO(z) and w°(¢, ) the corresponding precommitment value function and policy law.

We emphasise that the solution is optimal with respect to the initial time zero as the reference

time.
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We report the solution to this problem which is included in [95]. The precommitment value
function for the mean-variance optimisation problem without any claim in the portfolio is

=0 _ i anz(u)du_
V(x)—a:—i—Q/Y(eo 1),

and the precommitment policy law is
7Otz _ ! f (u)du Z(t) = 70(¢).
We point out, in particular, that the precommitment policy law w°(¢) is independent of the wealth
variable x, which is similar to the equilibrium policy law for the corresponding problem.
We turn next to the mean-variance optimisation problem with & claims in the portfolio. More

precisely, we try to maximise the following objective functional
The(@,yim) = E|2F + kF(Vr) 20 = 2, Yo = y] — S Var(aF + kF(Yr) |20 = 2, Yo = y).

We denote V*(z,y) and 7*(¢,2,y) the corresponding precommitment value function and policy
law. Similar to the previous problem, the solution is optimal with respect to the initial time zero
as the reference time.

VE(x,y) and 7*(t,x,y) can be solved via the same approach in [95]; the details in finding
them are included in Appendix C and we only report the results. The precommitment value

function for the mean-variance optimisation problem with %k claims in the portfolio is
= 1 T2 u)du
VF(@,y) =2 + Q—(efo Tt Gk 0,1))" 1) —w"(0,y)
2

and the precommitment policy law is

Tt (t,y) = LoJy o (1 ) y))ﬂ L REROLT n(6)¢"(t,y) + p(t)v(t y)oy (t. y)

7 OB o (t) !

where " (t,y) and w*(t,y) satisfy the following PDEs

S0l (19) + (bt w) — pOn(O(E ) ) bt ) = ()64 (0 v):

wi(ty) + 5
" (T,y) = kyF(y)

(5.26)

and

b () + 577y () + 0 )b ) = el O () () + ol 6.0))
WH(Ty) = TR F2(y)

(5.27)
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respectively. Notice that the precommitment policy law 7% (t, y) is also independent of the wealth
variable x, which is similar to the equilibrium policy law for the corresponding problem.

With the precommitment value functions VO(z) and V*(x,%), we can define the precommuit-
ment mean-variance indifference price at the initial time zero in a manner similar to Definition

21. We give the formal definition below.

Definition 32. The initial time zero is fixed as the reference time. The precommitment mean-
variance indifference price (pre claim) at the reference time zero, pF(y), for a position of k
contingent claims written on Y7 with payoff function F(-) is the solution of the following algebraic
equation:

VO(z) = VFa — kp" (y).y).

Moreover, the difference of the precommitment policy laws
w(ty) = 7" (ty) — 7°(t) (5.28)
is the precommitment mean-variance indifference hedging policy law.

From the previous results, we can easily obtain the precommitment mean-variance indifference

price p*(y) to be

_ 1 T 2 (u)du 1
Py = %JO TR 0,9) (24 ¢7(0,9)) = 200, 9),

where ©*(t,y) and w*(t,y) satisfy PDE (5.26) and (5.27) respectively. In addition, the precom-

mitment mean-variance indifference hedging policy law is given by

_ f u)du k 7] t 1 f n?(uw)dul 90 (ta y) + p(t)V(t, y)@g(ta y)
U(t) o(t)
We now perform the same change of measure to the minimal martingale measure P° to give
the probabilistic representations for ©*(¢,7), w”*(t,y) and hence, p*(y). Via the Feynman-Kac

approach, we see

~ T
P (ty) = kB [e S TR ()Y, = o -
7fT 2(u)du ( . )
= kye Je TTUT (L y),
where p*(t,y) is the MMM-price in (5.19), and
T o 2
(t Y) _7/ f (r)dr (u,Yu) + p(u)y(u,Yu)gp;j(u, Yu)} du + %kQFQ(YT)‘Yt =y
’7 2 —f n (7“ T ~% ~% 2 2
= JKE |- {5 (w, Yo) + plwpw(u, Y)py(u, Vo) ) du+ F2(¥r)|Yi = y
¢
(5.30)
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Therefore, we have the following probabilistic representation for the precommitment mean-

variance indifference price p*(y):

P) =5 (0.9) + e h O G (0,) - [P Y = o
kry (5.31)
+ B ] |

/ Cem SO 0 0, Ya) + plal, V) v} dulvo =y
0

Moreover, the precommitment mean-variance indifference hedging policy law now is

T (ty) = kg (t,y),

where

wr(t) = LD (5 0,9) - 5t - LOAEDEY)

o(t) o(t)

is the precommitment mean-variance indifference hedging policy law per claim, which is inde-

pendent of k.
We close this section by a brief discussion about the marginal precommitment mean-variance

indifference price.

Definition 33. The marginal precommitment mean-variance indifference price p°(y) is defined

as

0 IERT ke
p(y) = limp (v),

provided the above limit exists.

From the representation (5.31), we can easily get
_ . B0
) =5 (0,y) = E* [F(vp)|vo = y]. (5.32)

Thus, the marginal precommitment mean-variance indifference price coincides with the MMM-

price at the initial time zero.

5.3.2.3 Comparison between Equilibrium and Precommitment Pricing Rules

Since the precommitment mean-variance indifference price is only defined at the reference
time zero, we now compare the equilibrium and precommitment mean-variance indifference price
and their corresponding indifference hedging policy laws at ¢ = 0. Not surprisingly, in general
the two pricing rules (at time zero) are different. The equilibrium mean-variance indifference

price p*(0,y) is given by

#0.9) =5 (0,) - B l / v (¥ o =

)
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while the precommitment mean-variance indifference price p*(y) is given by
— ~% k’Y* Tgudu ~% 2 k’}/
() =5 (0,) + e o T (0, ))° - B[P v)| Yo = o]

+oE | [ Ce O Lyt i)+ plade, Yol (Vi) Y Yo =

t

Moreover, the equilibrium mean-variance hedging policy 7% (t,y) is

p(t)v(t, y)py(t,y)
o(t)

while the precommitment mean-variance hedging policy 7 (t,y) is

i (t) = — { LN 1 e

= #(t.y) - kgg’g(ﬁ*(am —ﬁ*(&y)).

We notice, however, that although the two hedging policy laws are different, they are both linear

ﬁl;[(t? y) =—k

0,v)

~——~"
—

in the number of claims in the portfolio.

Moreover, it is interesting to see that the marginal equilibrium mean-variance indifference
price coincides with the precommitment one; in particular, both marginal prices equal to the
MMM-price (at time zero)—the expectation of the terminal payoff under the minimal martingale
measure:

°0.9) =7 (w) = 5*(0,) = B [F(v)|Yo = o]
The fact that minimal martingale measure is closely related to the quadratic hedging is well-
known in the literature (see, for instance, [80]). Our results here indicate that this measure is
also deeply involved in both equilibrium and precommitment mean-variance indifference pricing
rules.

Another important fact is that, for the complete market case (p(-) = 1) the equilibrium

mean-variance indifference hedging policy law reduces to the classical delta-hedging policy law:

v(t,y)py(t,y)
o(t) ’

see the detailed analysis in Section 5.3.2.1. Nevertheless, this is not the case for the precom-

N delta,k
#(ty) =mg r(ty) = —k

mitment mean-variance indifference hedging policy law. As a matter of fact, the precommitment

mean-variance indifference hedging policy law for the complete market case is

wh ) = 7 0) ~ K2 (37 () = 57 0.9),

which coincides with the equilibrium mean-variance indifference hedging policy law, and thus the

delta-hedging policy law, only at the initial time ¢ = 0.
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Chapter 6

Conclusions

In this thesis, we have studied some time inconsistent portfolio selection and option pricing
problems with regime switching. We consider the portfolio selection and indifference option
pricing for an investor whose preference is market-regime-dependent, characterised by either
utility maximisation or mean-variance optimisation criterion. Due to the time inconsistency, we
solve the underlying stochastic control problem via the equilibrium approach.

In Chapter 3 we consider a type of time inconsistent utility maximisation problem where
the coefficients of the risky assets in the financial market and the risk aversion parameters of
the investor all depend on the market regime. By introducing suitable auxiliary functions, the
extended Hamilton-Jacobi-Bellman equations are derived, and the equilibrium policy laws are
obtained for both time inconsistent CARA and CRRA utility maximisation problems. Moreover,
the corresponding verification theorems are provided.

We also show in Chapter 3 that for this time inconsistent CARA utility maximisation problem
with regime switching, the equilibrium policy law coincides with the naive policy law. Naive
approach for time inconsistent control problems has been viewed as myopic and simple-minded
and with no convincing logic behind it. Nevertheless, in Chapter 3 we provide an interesting
example that the myopic naive policy law can turn out to be a deliberate equilibrium solution.

Finally, our results for both time inconsistent CARA and CRRA utility maximisation problem
with regime switching, based on the previous empirical studies, show that the investor will
allocate more capital to the risky assets in a bullish market than in a bearish market.

In Chapter 4, we study a time inconsistent option pricing problem in an incomplete market
with regime switching. The investor wants to determine her subjective price of a European-type
contingent claim written on a nontradable asset. Due to the market incompleteness, we resort

to the utility indifference pricing approach. The investor’s utility function is of exponential type,
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and her risk aversion parameter is regime dependent as in Chapter 3. With the equilibrium
policy laws and the value functions derived in Chapter 3 we establish an equilibrium utility
indifference pricing rule. This pricing rule consists of two parts; one part is the equilibrium
utility indifference price, which is given by the solution to an algebraic equation with the two
equilibrium value functions involved, and the other part is the equilibrium utility indifference
hedging policy law, which is the difference of the equilibrium policy laws for the two underlying
time inconsistent utility maximisation problems.

We then discuss a simplified basis risk model extensively and give the PDE system character-
ising the equilibrium utility indifference price. Compared to the classical indifference price which
can be depicted by a single PDE, we have to characterise the equilibrium utility indifference
price via a PDE system. Under the two-regime case, we are able to show the local existence and
uniqueness of this PDE system. We then discuss the marginal equilibrium utility indifference
price by formally letting the number of the claims in the portfolio approach to zero. It turns out
that this marginal equilibrium utility indifference price can be characterised by a linear system
of partial difference equations and thus the well-posedness is guaranteed by the standard PDE
theory. Moreover, if the price of the risky asset is regime independent, the marginal equilibrium
utility indifference price coincides with the expected terminal payoff of the contingent claim under
the minimal martingale measure. Some properties of the equilibrium utility indifference pricing
rule are discussed subsequently; for instance, the equilibrium utility indifference price reduces to
the classical utility indifference price when the risk aversion parameter is the regime independent,
and to the risk neutral price derived from the replication method when the market is complete.
Some numerical tests are also provided. Finally, we analyse a claim with the logarithmic payoff
and give an explicit formula for the equilibrium utility indifference price.

In Chapter 5, we consider the same option pricing problem in an incomplete market, similar
to Chapter 4. Once more, we adopt the indifference pricing approach to find the subjective
price of the contingent claim for the investor by comparing the results of two portfolio selection
problems with and without the claim. However, we now assume that the investor’s preference
is characterised by the mean-variance optimisation criterion for portfolio selection and that the
weighting parameter is regime dependent. Both facts introduce time inconsistency into the
underlying stochastic control problems. In this chapter, we first give the equilibrium policy laws
and value functions for the corresponding two time inconsistent mean-variance portfolio selection
problems with and without the contingent claim. For the case without any claim in the portfolio,

it turns out that the equilibrium policy law for the regime dependent mean-variance portfolio
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selection problem coincides with the one for the regime dependent CARA utility maximisation
problem.

With the equilibrium policy laws and value functions, we then establish the equilibrium mean-
variance indifference pricing rule, which is parallel to the equilibrium utility indifference pricing
rule in Chapter 4. Now the auxiliary functions used to determine the equilibrium mean-variance
indifference price are characterised by linear partial differential equations, and we are able to give
the explicit formulas for the equilibrium mean-variance indifference price and hedging policy law.
A marginal equilibrium mean-variance indifference price is studied subsequently.

We then analyse some special cases. First, we study the equilibrium mean-variance indif-
ference pricing rule in a two-market-state basis risk model. It turns out that the equilibrium
mean-variance indifference price depends on the market regime only through the weighting pa-
rameter corresponding to the regime, and there is no relationship between different equilibrium
mean-variance indifference prices for different market regimes. We focus next on the special case
of the equilibrium mean-variance indifference pricing rule without regime switching. We give
the explicit formulas for both the equilibrium mean-variance indifference price and the corre-
sponding marginal price. It turns out that the marginal equilibrium mean-variance indifference
price coincides with the expected terminal payoff of the claim under the minimal martingale
measure. Furthermore, we show that the equilibrium mean-variance indifference price is concave
with respect to the claim’s payoff function, and is reduced to the risk neutral price derived from
the replication method when the market is complete. We then compare the equilibrium mean-
variance indifference pricing rule with its precommitment counterpart and point out that only

their marginal mean-variance indifference prices are identical.

105



6. CONCLUSIONS

106



Appendix A

Reviews of Continuous-Time
Markovian Chain

In this appendix, we summarise some basic results about the continuous-time Markovian
chain. These results, especially the generalised Dynkin’s formula, are the foundations for the
analysis in this thesis. All the results are well-known in the literature and can be found in the
standard textbooks about continuous-time Markovian chain (see, for instance, [1], [2], [57], [83]

and [89]).

A.1 Definitions and Basic Facts

Let (22, .%#,{Z:}+>0,P) be a complete filtered probability space and & be a countable set.

Definition 34. A stochastic process Z. defined on (Q, #,{%; }+>0,P) with values in & is called

a continuous-time Markovian chain, if for any finite time set 0 < t; <ty < -+ < t,, < t4+1 and

any points (states) 1,42, ,in_1,%n,j € & such that
P(Etn = in, B, =in_t1, B, = il) >0,
it holds
P(Zis = J[E0 = inZey = ino1 e B =it ) = P(Z0,,, = 5|50, = ).

& is called the state space of the process Z..

If for all s, ¢ such that 0 < s <t < oo and all 4,j € &, the conditional probability P(Z; =

jl2s = i) depends only on t — s, we then say that the continuous-time Markovian chain =. is
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A. REVIEWS OF CONTINUOUS-TIME MARKOVIAN CHAIN

stationary. In this case, we have
]P’(Et :j‘ES - z) - P(Et_s :j‘EO _ z)

The function

pij(t) = P<Et =7

EO:Z'), iEE 120
is called the transition probability function of the continuous-time stationary Markovian chain

Definition 35. A continuous-time stationary Markovian chain is called standard, if

t1—1>%1+ pii(t) =1,

for each state i € &.

Theorem 36. Let =. be a continuous-time standard stationary Markovian chain and p;;(-) be
its corresponding transition probability function. Then,

1—put
A= lim =P
t—0+ t

exists (but is possibly oo) for each state i € &.
Definition 37. A state i € & is called stable, if \; < occ.

Theorem 38. Let =. be a continuous-time standard stationary Markovian chain and p;;(-) be

its corresponding transition probability function. Suppose state j € & is stable. Then

exists and is finite for alli € &.

Let Aji = —X; and A = (N\y5)ijee. A is called the generator or the intensity matriz of the
corresponding continuous-time standard stationary Markovian chain.

If the state space & is finite, the corresponding Markovian chain is call finite. Without loss
of generality, we may write & = {1,2,--- , K}; in particular, A is now an K x K matrix.

We assume that all the continuous-time Markovian chains in this thesis are stationary, stan-
dard and finite, and all their states are stable. For such a process, almost every sample path is

a right-continuous step function.
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A.2. A GENERALISED DYNKIN’S FORMULA

Theorem 39. Let =. be a continuous-time finite standard stationary Markovian chain with

generator A = (N\ij)kxx and p(t) = (pij(t))kxx be its transition probability matriz. Then

p(t) = exp(th),
where exp(+) is understood as a matriz function.

The proofs of all the theorems above can be found in the standard textbooks about continuous-

time Markovian chain (see, for instance, [1]).

A.2 A Generalised Dynkin’s Formula

We now state the following generalised version of Dynkin’s formula (see, for instance, [89],
[57] and [2]). Let B. be a d-dimensional Brownian motion and Y; be an n-dimensional It process
satisfying the following stochastic differential equation

dY; = b(t,Y:, Z¢)dt + a(t,Y:, Et)dBy;
{ Yo =yo € R",
where b: [0,T] x R" x & — R" and a : [0, T] x R" x & — R"*? are given deterministic functions
satisfying the usual Lipschitz and linear growth condition, i.e., for ¢(t,y, k) = b(t,y, k), a(t,y, k),
it holds
[0(t,y1, k) — @(t,y2, k)| < Llys — w2, Vyr,y2 € R*, VL € [0,T],Vk € &,
{ lp(¢,0,k)| < L, Vte|0,T],Vk e &,

for some constant L > 0. Furthermore, for any function F : [0,7] x R™ x & — R which is
continuously differentiable in the first variable ¢ and twice continuously differentiable in the
second variable y for any k € &, we introduce the following operator Z[-] whose action on

F(t,y,k) is:

1
g [F] (ta Y, k) = Ft (t7 Y, k) + Fy(ta Y, k)b(tv Y, k) + iTr[a(t7 Y, k/’)TFyv (t7 Y, k)a(t7 Y, k)]
K
+ Z)\kjF(t>yaj)
j=1

=Fy(t,y. k) + > Fy(ty, k)Y (t,y, k)

i=1 (A1)
1 n o n d , '
T 5 Z Z F"/b"/J (t’ Y, k) (z; akz (ta Y, k)akj (ta Y, k))
=1 j=1 r=
p J
+ Z)\kl{F(t7y7l) - F(tvya k)}a
Ik
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where Fy(¢,y, k) stands for the partial derivative with respect to ¢, Fy,(¢,y, k) and Fy,(t,y, k) are
the gradient vector and Hessian matrix with respect to y.
The following theorem gives a generalised version of the Dynkin’s formula, which is a critical

tool in this thesis.

Theorem 40 (Generalised Dynkin’s Formula). Let F : [0,T] x R™ x & — R satisfying F(t,y, k)
is continuously differentiable in t and continuously twice differentiable in y for any k € &, whose

partial derivatives with respect to y is of polynomial growth; in other words,
|Fy(ty, k)| S K(1+y|™), VyeR",

for some m € N and K > 0, Vt € [0,T], k € &. Moreover, (Y.,E.) is defined as before. Then,
forany0<t<s<T, (y,k) € R" X &, it holds

E[F(S,YS,ES) Y, =y, 5 = k] _ F(t,y,k) =E {/ LIF|(u, Yy, Eu)du| Yy = y, 5, = k} .
t
Moreover,
E[F(t + h, Yien, Sn)| Y = v, 5 = k] — F(t,y, k
lim [ (+ s Lt+h, t+h)| t Y, =t ] (ay7 )ZX[F](t,y,k),
h—0+ h

where L[] is defined as (A.1).

This proof can be found in [57].
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Appendix B

Precommitment Solution to Time
Inconsistent CARA Utility
Maximisation with Regime
Switching

In this appendix, we provide the precommitment solution to the time inconsistent CARA
utility maximisation problem with regime switching in Section 3.2.3, Chapter 3; more precisely,
we give the precommitment value function and policy law for that problem. The results are then
used to find the corresponding naive policy law and show the coincidence of the equilibrium and
the naive policy law in Section 3.2.3, Chapter 3.

To this end, we first fix a ¢ € [0,T) as the reference time. Recall in Section 3.2.3, Chapter 3

that given the market state Z; = «, the corresponding objective functional is
JE (s x B;w) =F [— exp (—y(o)zT) |5 = 2,55 = b’] , setT),
where x™ satisfies the following controlled SDE

dxl = ﬂ'u{,u(u, Zu)du + o(u, Eu)qu};

Via the classical dynamic programming technique, we introduce the following value function

[1]

Ts =1,

VB (s, 2, f) = max {IE [—exp (—y(a@)a])| zs = 2,05 = f] }
.
Dynamic programming principle (see, for example, [28] and [90]) then gives

V) (s z, B) = max {IE {V(t’o‘)(s +h,x7,y, a5+h)’ Ty =T,Q5 = B} }
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REGIME SWITCHING

and the corresponding classical Hamilton-Jacobi-Bellman equation is

VI (5,1, 8) + max { Sa(s, VL) s, 2, B)” + (s, BV (s, 2, )}
+Z/\Bl{ (s,2,1) — (ta)(s,a:,ﬁ)}zo;

18
V(&) (T, z,B) = _e—v(a)r’
for any 8 € &. The first-order condition then gives the optimal policy law (with respect to the

reference time t) to be

p(s, B) Vi (s, 2, B)

—(t,a) = —
T ) = B VI (5,2, 5)

selt,T).

To solve this HIB equation, we now make the following Ansatz:

Ansatz 41. The solution of the HJB equation has the following form:

Direct calculation then gives the optimal policy law (with respect to the reference time ¢) to

be
1 (s, B)
v(a) a(s, B)’

Moreover, the HJB equation reduces to the following ODE system:

7 (s, ) =

e [¢,T).

o) (5.8) = 5 (5. 8)g ) (5.8) = 3 At 9V (s.0) = Vs 8) } = 0
I#p

g (T, B) =1,

for any § € &. This is a linear ODE system, and the well-posedness is guaranteed by the standard
ODE theory.
Therefore, we see the precommitment policy law with respect to this reference time ¢ and the

market condtion =; = « at ¢t is

7t (s, 8) =
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Appendix C

Precommitment Solution to
Mean-Variance Optimisation with
Claims in Portfolio

In this appendix, we give the details for finding the precommitment policy law and value
function for the mean-variance optimisation problem with & claims in the portfolio in Section
5.3.2.2. More precisely, we fix the reference time at zero and try to maximise the following

objective functional

JE (z,ym) = E[m} +kF(Yp)|lxg =2,Y) = y} — %Var(x? +kF(Yp)|lxg =2,Y) = y),

pre

where 7., 2™ and Y. are the same as in Chapter 5. Furthermore, recall that V*(z,y) and
¥ (t, z,y) are the corresponding precommitment value function and policy law for this problem,
as denoted in Section 5.3.2.2.

We solve V*(z,y) and 7 (t, z, y) via the same approach in [95]. To this end, we first introduce

the following (time consistent) auxiliary control problem to maximise a new objective functional
Ak(x, Y; N = —gE[(aﬁ + k;F(YT))Qla:o =ux,Y)= y] + AE {x’% + kF(YT)’a:o =xz,Y) = y]

and denote A*(x,y;\) and 7¥(¢,z,y;\) the corresponding value function and optimal policy

law. Via the dynamic programming technique one can get the value function

T T
ARz, y:0) = - %67 Jo o tdugz {/\e Jo o e _ wk(O,y)} x

2 (C.1)

\ g 2<u>du) A A
+ 1—e Jo " + —¢"(0,y) —w"(0,y
27( 5 (0,y) 0,y)
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PORTFOLIO
and the optimal trading policy
T )" (t v (t,y)ek(t
'ﬁ'k(t,.’f,y;)\):@ (A—.’L') —eft nZ(u)dun( )(P ( vy)+p( )V< 7y)(Py( ay>7 (02)
oft) \v Yo (t)

where ¢*(t,y) and w*(t,y) satisfies the PDE (5.26) and (5.27) in Section 5.3.2.2, Chapter 5.
We emphasise that both ¢*(t,y) and w¥(¢,y) do not depend on A. Furthermore, we have the

following result similar to Theorem 3.1 in [95].

Theorem 42. If the trading strategy T is optimal for the mean-variance optimisation problem

with k claims in the portfolio, i.e.,
VF(z,y) = E{il} + kF(YT))a_:O =uxz,Yy = y} - %Var(i‘]% + kF(YT)‘io =ux,Y) = y),
in which ¥ is the corresponding wealth process, then
A,y W) = —%E[(:E? + kF(YT))2‘:EO — Yy = y] + X’“]E[@? + kF(YT)’:EO — Y, = y}

where

AE :l—i—vE{:E?—&-kF(YT)’fo :x,Y():y]

The proof is entirely parallel to the one for Theorem 3.1 in [95] and we provide it here for

the reader’s convenience.

Proof. If the result is not true, then there exists a trading strategy and the corresponding wealth

process (7., ™) such that

— TB[(# + kF (VD) 50 = 2, Yo = y] + NE[k + kF (V) |70 = 2, Yo = ] s
<- %E[(xg + kF(YT))2‘x0 = 2,Y = y| + NE[oF + kF(YT)‘:cO =2,Yo =y '
Define
O(z,y) = *%x + %zﬁ +,

then by definition

ik —k 2| - —k -

VE(z,y) = © (E[(xT + kF(Yr)) ’xo — Yy = y},E[xT FEF(Yr)|50 = 2, Yo = yD .
Notice that ©(z,y) is convex and

Oy (z,y) = —%, Oy(z,y) =y +1,
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therefore

Jk (9379777) - Vk($7y)

ore
> g{E[(azg + kF(YT))Q‘xo =2,Y) = y} - ]E{(f'% + kF(YT))Q‘fO =2,Y = y} }
n <ny [m? n k;F(YT)‘a’;o —a,Y, = y] + 1) x

{E[x; + k:F(YT)‘xO — Yy = y] —E[f? + kF(YT)‘E:O =1,Y = y} } >0

according to (C.3). This is then a contridiction with that V*(x,y) is the precommitment value

function. o
According to (C.2), the expectation of a?lfp’)‘ is
_ T o w)du )\ _ T o wdu
Y

- %E l/OT {nQ(t)sok(t,Yt) + p(t)n()v(t, Yo)el (¢, Yt)}dt

Yo= y] .
Moreover, via the Feynman-Kac approach, we have

E[IWF(YT))YO = y] = E[sok(T, YT)’YO = y}

T
= 0) +E| [ {0550 Y0 + p0n(o(e, Yt v bt Yo =y
0

Then from Theorem 42 we see A\ solves the following algebraic equation

M =14 B[z Fo = 2, Yo =
=14+7E|27" +kF(Y7)|Z0 =2,Y0 =y
T

B T
_1 +,y€_ fo 7]z(u)dum_'_ )\k (1 e fo n2(u)du> +<Pk(07y)

and thus
_ T o
N = vz + eJo M wdu (1 + ¢F (0, y))
Therefore, the precommitment value function for the mean-variance optimisation problem with

k claims in the portfolio is
[/ 1 T u u
VE(a,y) =2+ %(efo (] ok (0,y))” — 1) —w*(0,y)

and the precommitment policy law is

_ 1 (TR nt) 1 [T 2an 109"t y) + p)v(t, y)ek(t, y)
i = )25 st

where ¥ (t,y) and w¥(t,y) satisfy (5.26) and (5.27).
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