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Abstract

In this thesis, we study three time inconsistent portfolio selection and option pricing

problems with regime switching via the equilibrium approach. We first completely

solve a type of time inconsistent utility maximisation problems. We obtain the equi-

librium policy laws for both the time inconsistent CARA and CRRA utility max-

imisation problems and point out that, for the CARA utility maximisation problem,

the equilibrium policy law coincides with the naive policy law. We next study a

time inconsistent option pricing problem in an incomplete market via the indiffer-

ence pricing approach. We provide both the equilibrium utility and mean-variance

indifference pricing rule. For the equilibrium utility indifference pricing rule, we give

the PDE system characterising the equilibrium utility indifference price and show

the local existence and uniqueness of this PDE system in a simplified model; for

the equilibrium mean-variance indifference pricing rule, we give the explicit formula

for the equilibrium mean-variance indifference price. We also discuss the marginal

equilibrium indifference prices and some properties of the equilibrium pricing rules.
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Chapter 1

Introduction

1.1 The Problem and A Literature Review

The mathematical finance field is a beautiful mix of mathematical techniques and financial

problems. Mathematics provides powerful tools with many applications in finance, for instance, in

optimal control, partial differential equations and probability theory. The field of mathematical

finance is still fast-growing; there have been numerous elegant and useful results established

already, and new problems arise from academia and industry every day.

In this thesis, we focus on continuous-time models in mathematical finance, in particular, for

one riskless asset, i.e., the bond and several risky assets, i.e., the stocks. Suppose there is an

investor who can trade these assets continuously over a pre-specified finite time interval [0, T ],

i.e., the investment horizon. By constructing her portfolio, the investor accumulates wealth.

One of the fundamental questions of mathematical finance is how the investor should make her

investment decisions.

Among the various branches of mathematical finance, there are two main topics which have

attracted a lot of interest. One is the so-called portfolio selection problem. A portfolio is a

collection of investments held by the investor. The investor trades continuously and allocates

her wealth among different assets in the market. The portfolio selection problem is finding the

optimal strategy for the investor that achieves the best performance of her portfolio, and also

what the best investment performance is. The first step towards solving this problem is clarifying

a criterion that the investor bases her investment decisions on. Hence, we can only analyse the

optimal strategy for the investor once the investor’s preferences are set.

One common characterisation of the preference is via the utility function. The utility func-

tion is a well-acknowledged way to describe the preference of a rational economic man, see the
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1. INTRODUCTION

monograph [88] for details. For the purpose in this thesis, a utility function is a continuously

differentiable function which is strictly increasing and concave. The criterion for portfolio selec-

tion of a utility-type investor is then utility maximisation. More precisely, the investor tries to

determine the strategy that maximises the expected utility of the terminal wealth of her port-

folio. Portfolio selection with the (expected) utility maximisation criterion is very popular in

mathematical finance and has attracted numerous studies.

The utility maximisation problem was first introduced by Samuelson in [76] under discrete-

time settings and Merton in [62] and [63] under continuous-time settings. The authors obtained

the optimal trading strategy and the maximum utility using dynamic programming techniques.

Since then, the problem has been studied extensively in [46], [47], [13] and [49] in a financial

market driven by a Brownian motion, and in [52], [14], [18], [78], [79] under a general semimartin-

gale market setting via the duality method. In [41], a backward stochastic differential equation

(BSDE) approach was utilised to solve the maximisation problem with three representative utility

functions: the exponential type, the power type, and the logarithmic type.

Utility theory has achieved great success; however, it is not perfect. One criticism is that

in practice it is by no means easy to determine the exact utility function for an investor. The

difficulty in finding the precise utility function of a specific investor limits the application of

the utility maximisation criterion for portfolio selection in the financial industry. In practice,

a popular criterion for portfolio selection is mean-variance optimisation. For an investor whose

preference is characterised by the mean-variance optimisation criterion, her objective is to se-

lect a strategy that minimises the variance of the associated terminal wealth while keeping its

expectation at a pre-specified level. The criterion of mean-variance optimisation has a clear

representation of the “risk” as the variance of the terminal value of the portfolio; moreover, due

to the relatively simple structure, it is often possible to find explicitly the optimal strategies for

mean-variance portfolio selection problems.

The origin of the portfolio selection problem can be traced back to the Nobel-prize-winning

work of Harry Markowitz [58] in 1952, which even preceded Merton’s work [62] on utility max-

imisation. [58] and the later work [59] have been viewed as the foundation of modern theoretical

finance and have inspired hundreds of extensions and applications. Subsequently, in [64] an an-

alytical expression of the mean-variance efficient frontier was reported. It is worth mentioning

that both [58] and [64] considered a single-period framework. There were attempts to extend

the results for the mean-variance portfolio selection problem to multiperiod models, see for in-

stance [12], but it was not until in [55] that the analytical expressions of the optimal multi-period

2



1.1. THE PROBLEM AND A LITERATURE REVIEW

mean-variance portfolio policy and the efficient frontier were obtained. Later in [95], the authors

extended the underlying financial market model to a continuous-time model. One of the dif-

ficulties of the multi-period and continuous-time mean-variance portfolio selection problems is

the failure of the dynamic programming principle, which brings about both computational and

conceptual challenges. The computational challenge was overcome in [55] and [95]; however, at

that time the conceptual difficulty of the problem had not even been recognised.

Another important topic in mathematical finance is the option pricing problem. An option

or a contingent claim is a contract whose value depends on the state of some (basic) assets in

the market. In this thesis, “option” and “contingent claim” will be used interchangeably. The

option pricing problem was pioneered by Fischer Black and Myron Scholes in [9], who introduced

the replication methodology for arbitrage-free option pricing. Specifically, to price an option one

should try to “replicate” it by means of a hedging portfolio; if possible, the option price is then

the replicating cost, i.e., the initial value of the hedging portfolio.

However, this replication is not always possible; for instance, in an incomplete market (as is

the case in this thesis) it is impossible to hedge the option perfectly in general, and there is more

than one arbitrage-free price for this contingent claim. In these situations, we need to resort

to another approach to determine the “fair” option price. This “fair” price is subjective to the

investor, and the investor’s preference is inevitably involved in option pricing.

The methodology we adopt in this thesis is the so-called indifference pricing approach. The

idea of indifference pricing can be traced back to “certainty equivalent amount” in the standard

economic theory. In an incomplete financial market, although the replication of the contingent

claim is impossible, the investor can still optimise her portfolio selection according to her pref-

erence. The investor considers two portfolio selection problems with and without the contingent

claim in her portfolio. She should be willing to accept a certain cost for this claim such that

she is no worse off than without the claim. This cost can then be treated as the price of the

contingent claim.

The concept of certainty equivalence within option pricing first appeared in [39]. After that,

the utility indifference pricing approach (i.e., the indifference pricing with the assumption that

the investor’s preference is given by the utility maximisation criterion) has attracted numerous

studies during the last two decades in various models. In [17], a pricing problem with transaction

costs was considered; in [92] and [82], the utility indifference pricing approach was applied to

stochastic volatility models; in [37], [66], [67] and [16], the utility indifference pricing rule was

developed in the so-called “basis risk” models to price a claim written on a nontradable asset

3



1. INTRODUCTION

which is hedged with a correlated tradable asset. In [15], a marginal version of utility indifference

pricing was introduced; the marginal price can be viewed as the utility indifference price for an

infinitesimal position in contingent claims. The marginal utility indifference pricing was then

extended to a general Brownian market in [45]. The general theory of utility indifference pricing

was developed in [18], [5], [43] and [53] via the duality method. [75] studied a pricing problem in a

Brownian market with constraints on the portfolios and gave a quadratic-BSDE characterisation

of the exponential utility indifference price. We refer to the excellent surveys [38] and [65] and

the monograph [11] for further results and applications of utility indifference pricing.

The classical continuous-time financial market model utilises only the geometric Brownian

motion to model the stock prices, see for instance [9], [62] and [95]; the continuous movements of

the stock prices are driven by Brownian motion. However, the cyclical nature of stock prices in-

dicates that the general macroeconomic condition should also be included in the financial model.

This consideration leads to the regime switching model in which the general market condition is

modeled by a finite-state continuous-time Markovian chain. In this thesis, we consider a regime

switching market model where the dynamics of the risky assets depend on the general market

condition, which is modelled by an observable continuous-time Markovian chain. Specifically,

there is an exogenous finite-state continuous-time Markovian chain in the market model which

is observable and models the general market condition; each of its states stands for a stage of

the economic cycle of the financial market, for instance, bubble or economic recession. The as-

sumption that the Markovian chain is observable indicates that at any time one can tell which

regime the current market is in; in practice, one can determine the current market state from var-

ious economic indicators, for instance, the Consumer Price Index (CPI). The drift and diffusion

coefficients of the stocks in the market depend on the regime of this Markovian chain.

Regime switching models were originally introduced in [35] to model stock return time series.

After that, models with regime switching have been studied in different areas of mathematical

finance. As to the portfolio selection problem, [91] considered an infinite horizon investment-

consumption utility maximisation problem and a market model in which the stock price was

driven by a continuous-time Markovian chain only. In [85] the author developed equivalent linear

programming formulations for regime switching utility maximisation problems. Both [40] and

[77] considered a hidden Markovian chain in a financial market model for investment-consumption

and pure investment problems respectively, and only numerical results were provided. [93] studied

the nearly optimal strategies for a utility maximisation problem in a regime switching market.

In [68] the authors studied a regime switching CRRA utility maximisation problem via the

4
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PDE approach. In all the aforementioned works, utility functions were fixed and, in particular,

independent of the market regime. [84] considered an investment-consumption problem in which

both the market parameters and the utility function depend on the regime of the market, and

the authors obtained the explicit optimal consumption and trading strategy for specific HARA

utility functions via the dynamic programming technique. In [96], the authors studied a portfolio

selection problem under the mean-variance optimisation criterion with regime dependent market

parameters.

For the option pricing problem, the price of a Russian option was given explicitly via the

market completion technique in [34]. Later, the same idea was applied to price European and

American options with regime switching in [10]. An explicit solution for the price of a perpetual

American put option in a regime switching market was given in [94] and [44]. In [19], the pricing

problem for a barrier option was studied in the case when the dividend process of the underlying

is regime dependent. In [56], the authors derived the explicit price of a European option when

both the short rate and the volatility of the underlying are regime dependent. [25] studied a

pricing problem in a regime switching market; an equivalent martingale pricing measure was

selected by a regime switching random Esscher transform.

In this thesis, both the portfolio selection and the option pricing problem will be studied in a

regime switching model. Unlike the standard assumptions in the literature, in the current model,

the investor’s preference also depends on the current market state. More precisely, the investor’s

preferences, which are characterised by either utility functions or mean-variance optimisation,

depends on the financial market condition. In this thesis, the criterion of the investor’s portfolio

selection is with respect to her terminal wealth; more precisely, for the utility maximisation

criterion the investor aims to maximise the expected utility of her terminal wealth, while for

the mean-variance optimisation criterion the investor tries to balance the mean and variance of

her terminal wealth. Although at any time t ∈ [0, T ) the criterion of the investor for portfolio

selection is with respect to her wealth at the terminal time T , the criterion itself is determined

by the investor at the current time t and should be influenced by the market state, in particular,

by the regime that the current market is in.

To the best of our knowledge, the concept of state-dependent utility can be traced back to

[50] and [51], where the author studied a utility maximisation problem with a utility function

depending on “a set of states of nature”, and discussed the application to insurance; also see [20]

for more discussions. In [61], the authors suggested that the state-dependent utility can help

explain the equity premium puzzle stated in [60]. A market-regime-dependent utility function was

5



1. INTRODUCTION

first introduced in [32], where a consumption-based capital asset pricing model for CRRA utility

function with regime dependent risk aversion parameter was studied. Later, the market-regime-

dependent utility functions were adopted also in [33] and [84], where the investment-consumption

problems were discussed; however, in the portfolio selection criterion the utility functions were

dependent on the market state for the time when the consumption was made. In contrast, for

the problems in this thesis the utility functions depend on the current market regime. Our

consideration comes from the fact that in expected utility theory, the utility function gauges

the satisfaction of the investor from her consumption and terminal wealth level. At time t, if

we study the maximisation of the expected utility from her consumption and terminal wealth

at time T > t, the investor’s utility function should be the current understanding or estimation

of the utility on her future consumption and wealth. Hence, we believe that it is more natural

for the utility function to depend on the current market state. In [72], to study an exponential

indifference pricing under discrete-time settings, the authors also adopted an exponential utility

function with market-regime-dependent risk aversion parameter. In this thesis, for the utility

maximisation criterion, the utility function of the investor (with respect to her terminal wealth)

depends on the regime of the continuous-time Markovian chain, while for the mean-variance

optimisation criterion, the weighting parameter balancing the mean and variance (of her terminal

wealth) depends on the regime of the continuous-time Markovian chain. The precise formulations

will be given in Chapters 3 and 5.

It is obvious that regime dependent criteria for portfolio selection grant a more accurate

representation of the investor’s preference. However, the dependence of portfolio selection criteria

on the market regime introduces the so-called time inconsistency into the problems in this thesis.

Essentially, in the current model, the investor’s preference evolves throughout the investment

horizon [0, T ] such that Bellman’s optimality principle fails. Therefore, we can no longer derive

the classical Hamilton-Jacobi-Bellman equation used to find the optimal strategy and the value

function of the investor.

Besides the computational difficulty, a more severe problem that arises from the time in-

consistency is that the meaning of “optimal” strategy is no longer clear. Since the dynamic

programming principle fails, the optimal strategy determined at the current time is no longer

optimal if we reconsider the portfolio management problem at some future time. Thus, if the

reconsideration of the problem is permitted, we shall abandon the previous optimal strategy and

switch to some new one which is optimal at the later time. This makes the previously determined

optimal strategy meaningless.

6
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In the literature, there are three basic approaches that deal with time inconsistent stochastic

control problems. One is the so-called precommitment approach, where an initial time is fixed,

and the optimality is with respect to this very initial time. In other words, we prohibit reconsid-

eration of the problem or “changing our mind” after the initial time. Since reconsideration of the

control problem after the initial time is not allowed, the time inconsistency is avoided. Another

approach is to solve for the precommitment-sense optimal strategy at every time instance and

implement the strategy only at this time instance. This is known as the naive approach and can

be viewed as a natural (and naive) extension of the precommitment approach.

The last approach is to treat time inconsistency in a more serious way and studies the time

inconsistent control problem under a game-theoretic framework. Roughly speaking, we view the

control problem as a game where the players are the incarnations with our own preferences at

each time. We then look for the subgame perfect Nash equilibrium point for this game as our

“time consistent optimal strategy”, or the equilibrium strategy as known in the literature. It is

this equilibrium approach that we adopt to tackle the time-inconsistency issue.

The phenomenon of time inconsistency was first noticed in [86]. Further studies following the

equilibrium approach in discrete and continuous time were carried out in [74], [71], [70], [31], [54],

[69], [87], [36], to cite but a few. Recently, the time inconsistent control problem has attracted

many scholars from the field of mathematical finance. In [21] and [22], the authors studied a time

inconsistent investment-consumption problem under hyperbolic discounting in both deterministic

and stochastic models. In [3], the authors studied a mean-variance portfolio selection problem

by obtaining an equilibrium solution. Later in [4] a quadratic hedging problem was studied. [6]

provided a fairly general class of time inconsistent Markovian stochastic control problems. Later,

[7] studied general discrete-time time inconsistent stochastic control problems and [8] studied a

mean-variance problem with state-dependent risk aversion parameter. In [73], the author also

adopted a regime switching model to study a time inconsistent utility maximisation problem,

but the regime dependence was in the market parameters and the stochastic interest rate but

not in the utility function, which is different from the work in the current thesis. In [42], the

authors considered a time inconsistent LQ control problem and its application to a mean-variance

portfolio selection problem.

In this thesis, we consider the portfolio selection and the option pricing problems with

regime switching. Utility maximisation problems of both CARA- and CRRA-type with regime-

dependent risk aversion parameters are discussed, and indifference pricing approaches with both

utility maximisation and mean-variance optimisation criteria are utilised to price the contingent
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1. INTRODUCTION

claim in an incomplete market with regime switching. Due to the regime dependent preference

of the investor, all the problems considered are time inconsistent, and we adopt the equilibrium

approach to handling the time inconsistency.

1.2 Main Results and Contributions

In this thesis, three topics are studied. The first one is a type of time inconsistent utility max-

imisation problem with regime switching. We consider a financial market with regime switching

and an investor whose preference is characterised by a regime dependent CARA- or CRRA-type

utility function and study the corresponding utility maximisation problem of the investor. Due to

the dependence on the current market state, the underlying stochastic control problem is time in-

consistent and we adopt the equilibrium approach to overcome the resulting difficulties. Our first

contribution is solving this type of time inconsistent utility maximisation problem completely.

By introducing suitable auxiliary functions, the extended Hamilton-Jacobi-Bellman equations

are derived, and the equilibrium policy laws are obtained for both time inconsistent CARA and

CRRA utility maximisation problems. Moreover, the corresponding verification theorems are

provided. Our work also leads to an interesting observation that in the case of regime dependent

CARA utility maximisation, the equilibrium policy law coincides with the naive policy law. The

naive approach for time inconsistent control problems has been viewed as myopic and simple-

minded and with no convincing logic behind it. Nevertheless, we provide here an example where

the myopic naive policy law can turn out to be an equilibrium solution. Moreover, we show in

a rigorous fashion that the investor will allocate more capital to risky assets in a bullish market

than in a bearish market, which complements previous empirical studies.

In the second part, we study a time inconsistent option pricing problem with regime switching.

We consider the pricing of a European-type contingent claim written on a nontradable asset

in a financial market with regime switching. Due to the incompleteness of the market and

the failure of the replication method, we resort to a utility indifference pricing approach. The

investor’s utility function is of exponential type and regime dependent as in the first part of

this thesis. The underlying stochastic control problem is again time inconsistent. We obtain the

equilibrium policy laws and the value functions for the underlying stochastic control problems—

utility maximisation with and without the contingent claim in the portfolio—and establish an

equilibrium utility indifference pricing rule for the contingent claim. This pricing rule consists

of two parts; one part is the equilibrium utility indifference price, which is given by the solution

8
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to an algebraic equation with the two equilibrium value functions involved. The other part is

the equilibrium utility indifference hedging policy law, which is the difference of the equilibrium

policy laws for the two underlying time inconsistent utility maximisation problems.

This general equilibrium utility indifference pricing rule is complicated and hard to charac-

terise. A simplified basis risk model is then studied extensively. We first give the PDE system

to characterise the equilibrium utility indifference price; compared to the classical utility indif-

ference price which can be depicted by a single PDE, we have to characterise the equilibrium

utility indifference price via a PDE system. Under the two-regime case, we are able to show

the local existence and uniqueness of this PDE system. We then discuss the marginal equilib-

rium utility indifference price by formally letting the number of claims in the portfolio approach

zero. It turns out that this marginal equilibrium utility indifference price can be characterised

by a linear system of partial difference equations, and hence the well-posedness is guaranteed

by the standard PDE theory. Moreover, if the price of the risky asset is regime independent,

the marginal equilibrium utility indifference price coincides with the expected terminal payoff of

the contingent claim under the minimal martingale measure. Some properties of the equilibrium

utility indifference pricing rule are discussed subsequently; for instance, the equilibrium utility

indifference price reduces to the classical utility indifference price when the risk aversion param-

eter is the regime independent, and to the risk neutral price derived from the replication method

when the market is complete. Some numerical tests are also provided. Finally, we analyse a claim

with the logarithmic payoff and give an explicit formula for the equilibrium utility indifference

price.

In the third part, we consider the same option pricing problem as before but with an investor

whose preference is characterised by the mean-variance optimisation criterion for portfolio selec-

tion; also, the weighting parameter is regime dependent. Once more, the underlying stochastic

control problem is time inconsistent and we adopt the equilibrium indifference pricing approach.

We first give the equilibrium policy laws and value functions for the corresponding two time

inconsistent mean-variance portfolio selection problems—with and without the contingent claim

in the portfolio. For the case without any claim in the portfolio, it turns out that the equilibrium

policy law for the regime dependent mean-variance portfolio selection problem coincides with the

one for the regime dependent CARA utility maximisation problem. With the equilibrium policy

laws and value functions, we then establish the equilibrium mean-variance indifference pricing

rule. Now the auxiliary functions used to determine the equilibrium mean-variance indifference

pricing rule are characterised by linear partial differential equations, and we are able to give the

9
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explicit formulas for the equilibrium mean-variance indifference price and hedging policy law. A

marginal equilibrium mean-variance indifference price is studied subsequently.

We then analyse some special cases. First, we study the equilibrium mean-variance indif-

ference pricing rule in a two-market-state basis risk model. It turns out that the equilibrium

mean-variance indifference price depends on the market regime only through the weighting pa-

rameter corresponding to the regime, and there is no relationship between different equilibrium

mean-variance indifference prices for different market regimes. We focus next on the special case

of the equilibrium mean-variance indifference pricing rule without regime switching. We give

the explicit formulas for both the equilibrium mean-variance indifference price and the corre-

sponding marginal price. It turns out that the marginal equilibrium mean-variance indifference

price coincides with the expected terminal payoff of the claim under the minimal martingale

measure. Furthermore, we show that the equilibrium mean-variance indifference price is concave

with respect to the claim’s payoff function, and is reduced to the risk neutral price derived from

the replication method when the market is complete. We then compare the equilibrium mean-

variance indifference pricing rule with its precommitment counterpart and point out that only

their marginal mean-variance indifference prices are identical.

1.3 Thesis Structure

The structure of this thesis is as follows. In Chapter 2, we discuss a general time inconsistent

stochastic control problem with regime switching. We introduce the time inconsistent control

problem, discuss the difficulties of the problem and provide the framework to deal with the

time inconsistency. We state the game-theoretic formulation for this time inconsistent stochastic

control problem and the equilibrium approach for solving this problem in great detail. This

chapter is the foundation for the analysis in later chapters.

In Chapter 3, we study a type of utility maximisation problem with regime switching. Both

the cases of CARA- and CRRA-type regime dependent utility functions are studied. Due to the

regime dependence of the utility functions, the underlying stochastic control problems are time

inconsistent, and we use the equilibrium approach stated in Chapter 2 to solve the problems.

We first present the market model and the precise formulation of the time inconsistent utility

maximisation problems. We then introduce a suitable auxiliary function for each problem and

derive the corresponding extended Hamilton-Jacobi-Bellman(HJB) equation. With the extended

HJB equations, we then obtain the equilibrium policy laws for both CARA and CRRA utility

10
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maximisation and obtain the ODE systems characterising the corresponding equilibrium value

functions. Rigorous verification theorems are provided subsequently. We also show the coinci-

dence of the equilibrium policy law and the naive policy law for this time inconsistent CARA

utility maximisation problem. Some economic analysis for the equilibrium strategy is included

at the end of this chapter.

In Chapter 4, we turn to an option pricing problem for an investor with regime dependent

CARA utility. In the market, there is an asset which is nontradable and a European-type

contingent claim is written on this nontradable asset. We discuss the (subjective) fair price of

this contingent claim for the investor. It is well known that the regime switching market model

is incomplete, see, for example, [34], [84] and references therein; together with the fact that the

underlying asset is nontradable, we fail to price the option via the replication method and instead

adopt the utility indifference pricing approach. Essentially, this approach involves solving two

utility maximisation problems with and without the claims in the portfolio. However, due to the

regime dependence of the CARA utility function of the investor, the underlying two stochastic

control problems are time inconsistent, and we utilise the equilibrium approach stated in Chapter

2 to solve them. The results of the equilibrium policy laws and value functions for these two

problems are cited from Chapter 3. With the equilibrium policy laws and value functions for the

associated two time inconsistent utility maximisation problems, we then obtain the equilibrium

utility indifference pricing rule. This equilibrium utility indifference pricing rule consists of two

parts; one part is the equilibrium utility indifference price, which is given by the solution to

an algebraic equation with the two equilibrium value functions involved, and the other part is

the equilibrium utility indifference hedging policy law, which is the difference of the equilibrium

policy laws for the two underlying time inconsistent utility maximisation problems. We then

discuss a simplified basis risk model (see [65] for more details) and give the characterising PDE

for the equilibrium utility indifference price. Under the two-regime case, we are able to show the

local existence and uniqueness of this PDE system. We then discuss the marginal equilibrium

utility indifference price by formally letting the number of the claims in the portfolio approach

to zero. Some properties of the equilibrium utility indifference pricing rule and numerical tests

are also provided. Finally, we analyse a claim with a logarithmic payoff and present an explicit

formula for the equilibrium utility indifference price.

Chapter 5 is also devoted to an option pricing problem in an incomplete market, similar

to Chapter 4. Once more, we adopt the indifference pricing approach in this chapter to find

the subjective price of the contingent claim for the investor by comparing the results of two

11
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portfolio selection problems with and without the claim. However, we now assume that the

investor’s preference is characterised by the mean-variance optimisation criterion for portfolio

selection and that the weighting parameter is regime dependent. This weighting parameter

reflects the investor’s balance between expected return and acceptable risk. It is well-known that

the mean-variance portfolio selection problem itself is time inconsistent, see [3] and [4] for more

details; moreover, the regime dependence of the weighting parameter introduces additional time

inconsistency. In this chapter, we first determine the equilibrium policy laws and value functions

for the corresponding two time inconsistent mean-variance portfolio selection problems. With

the equilibrium policy laws and value functions, we then establish the equilibrium mean-variance

indifference pricing rule, which is parallel to the equilibrium utility indifference pricing rule in

Chapter 4. We then analyse the special case of the equilibrium mean-variance indifference pricing

rule without regime switching.

Chapter 6 concludes the thesis. Appendix A is a review of some facts about the continuous-

time Markovian chain and the corresponding version of Dynkin’s formula. Appendix B and C

contains the details of finding the precommitment policy laws for the time inconsistent CARA

utility maximisation and mean-variance optimization problems appeared in Chapters 3 and 5

respectively.

1.4 Some Basic Notations

In the end of this chapter we state some common notations which will be used throughout

the thesis. In the thesis, a complete probability space (Ω,F ,P) and a finite positive T > 0 are

always given and fixed. For any given matrix A, we use superscript T for the transpose operator;

i.e. AT stands for the transpose of A. We use | · | to denote the usual Euclidean norm (on

Rn, possibly n > 1), and ‖ · ‖B the norm on some (functional) Banach space B. For p > 1,

L p
F (0, T ;Rn) denotes the set of all Rn-valued F-progressively measurable stochastic process f·

satisfying E
[∫ T

0 |ft|
pdt
]
<∞.
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Chapter 2

A General Time Inconsistent
Stochastic Control Problem with
Regime Switching

This chapter is devoted to a general time inconsistent stochastic control problem with regime

switching. We state the general problem in concern, discuss its differences from the classical

stochastic control problem and the related difficulties, and provide the approach, which is based

on [6], to deal with this time inconsistent control problem. This chapter is the foundation for

the analysis in later chapters.

2.1 Statement of Time Inconsistent Control Problem with
Regime Switching

The underlying probability space is (Ω,F ,P) and the terminal time is T > 0, as introduced

in the end of Chapter 1. On this probability space are defined a (m-dimensional) Brownian

motion (BM) W· and a continuous-time Markovian chain (CTMC) Ξ· with finite discrete value

space E = {1, 2, · · · ,K}; moreover, W· and Ξ· are assumed to be independent with each other.

Some basic facts about CTMC are summarised in Appendix A. Our objective is to “maximise”

(in a certain sense which will be precisely clarified later) the following functional

J(t, x, α;π·) = E
[
F (α, xπT )

∣∣∣xt = x,Ξt = α
]

+G
(
α,E

[
xπT

∣∣∣xt = x,Ξt = α
])
, (2.1)

where F,G : E × Rm → R are given terminal gain functions, π· is the (l-dimensional) control

process and xπ· is the corresponding (n-dimensional) state process which is a controlled Markovian

13
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process satisfying the following stochastic differential equation (SDE){
dxπs = p(s, xπs ,Ξs,πs)ds+ q(s, xπs ,Ξs,πs)dWs;

xt = x,Ξt = α
(2.2)

where the coefficients p : [0, T ] × Rn × E × Rl → Rn and q : [0, T ] × Rn × E × Rl → Rn×m are

given deterministic functions. Throughout this thesis, we always use boldface letter, say π, to

denote a control process or a control policy law (which is a function), and use ordinary letter

without boldface, say π, to denote a possible value (which is an l-dimensional vector) of the

control process. We denote A(t, x, α;T ) the collection of all admissible control process π· such

that the SDE (2.2) of the corresponding state process xπ· has a unique strong solution and the

corresponding objective functional J(t, x, α;π·) is well-defined. Furthermore,

AD[t, T ) =
⋃

x∈Rn,α∈E

A(t, x, α;T )

is called the admissible set.

We emphasise that throughout this thesis, Ξ· is exogenous and does not depend on the control

process π·.

Here are two examples of the general stochastic control problem with regime switching intro-

duced above.

1. A Regime Switching Utility maximisation Problem.

The objective functional takes the following form

J(t, x, α;π·) = E
[
U(α, xπT )

∣∣∣xt = x,Ξt = α
]
;

equivalently, the terminal gain functions are given by{
F (α, x) = U(α, x);

G(α, x) = 0,

where {U(α, ·)}α∈E is a set of utility functions, i.e., for each α ∈ E , U(α, x) is continuously

differentiable, strictly increasing and strictly concave with respect to variable x. The

financial background of this problem and the specific choices for U(α, x) will be given in

great detail in Chapter 3.

2. A Regime Switching Mean-Variance Optimisation Problem.
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The objective functional takes the following form

J(t, x, α;π·) = E
[
xπT

∣∣∣xt = x,Ξt = α
]
− γ(α)

2 Var
(
xπT

∣∣∣xt = x,Ξt = α
)

= E
[
xπT −

γ(α)
2

(
xπT

)2∣∣∣xt = x,Ξt = α

]
+ γ(α)

2

(
E
[
xπT

∣∣∣xt = x,Ξt = α
])2

;

equivalently, the terminal gain functions are given by
F (α, x) = x− γ(α)

2 x2;

G(α, x) = γ(α)
2 x2,

where {γ(α)}α∈E , the weighting parameters of the mean-variance optimisation problem, is a

given set of positive numbers. The detailed financial background of this problem will be included

in Chapter 5.

2.2 Differences from Classical Problem and Related Diffi-
culties

Before the analysis of the current problem in concern, let us first take a brief review of the

classical regime switching control problem. A classical stochastic control problem with regime

switching is to maximise the following functional

JC(t, x, α;π·) = E
[
FC(xπT )

∣∣∣xt = x,Ξt = α
]

(2.3)

for some given terminal gain function FC : Rm → R, where the control process π· and the

state process xπ· are the same as in Section 2.1. In this chapter, we always use the superscript

“C” to emphasise that the current object—for instance the terminal gain function, the objective

functional or the value function—is corresponding to the classical problem in the literature.

One can immediately find two differences between the classical control problem and the control

problem in Section 2.1.

1. First, for the classical problem, although the dynamics of the state process xπ· depends

on the CTMC Ξ·, the objective functional JC(t, x, α;π·) only implicitly depends on Ξ·
through xπ· ; more precisely, the terminal gain function FC(x) does not depend on Ξ·. In

contrast, the objective functional J(t, x, α;π·) for the current problem at time t ∈ [0, T ]

depends on the current state of Ξt = α explicitly, i.e., the corresponding terminal gain

functions F (α, x) and G(α, x) depend on the state of the CTMC explicitly. Consequently,
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as time evolves, the terminal gain functions and the objective functionals corresponding to

the different intermediate times are different in general.

2. Second, compared to the classical control problem, there is an extra part

G
(
α,E

[
xπT

∣∣∣xt = x,Ξt = α
])

in the objective functional (2.1). In general, this is a nonlinear transform of the conditional

expectation E [xπT |xt = x,Ξt = α]. The most severe consequence for this nonlinear trans-

form is that it destroys the tower property for the conditional expectation; as a matter of

fact, for any h ∈ (0, T − t),

G
(
α,E

[
xπT

∣∣∣xt = x,Ξt = α
])
6= E

[
G
(
α,E

[
xπT

∣∣∣xπt+h,Ξt+h]) ∣∣∣xt = x,Ξt = α

]

in general.

These two differences above both result in the failure of the dynamic programming principle

for the current control problem in Section 2.1. Recall that if we introduce the following value

function
V C(t, x, α) = sup

π·∈ADC[t,T )

{
JC(t, x, α;π·)

}
= sup
π·∈ADC[t,T )

{
E
[
FC(xπT )

∣∣∣xt = x,Ξt = α
]}

for the classical control problem, where ADC[t, T ) is the corresponding admissible set, then for

any 0 < h < T − t the dynamic programming principle (see, for example, [28] and [90]) gives

V C(t, x, α) = sup
π·∈ADC[t,t+h)

{
E

[
sup

π·∈ADC[t+h,T )

{
E
[
FC(xπT )

∣∣xπt+h,Ξt+h]}
∣∣∣∣∣xt = x,Ξt = α

]}

= sup
π·∈ADC[t,t+h)

{
E

[
sup

π·∈ADC[t+h,T )

{
JC(t+ h, xπt+h,Ξt+h;π·)

}∣∣∣∣∣xt = x,Ξt = α

]}

= sup
π·∈ADC[t,t+h)

{
E
[
V C(t+ h, xπt+h,Ξt+h)

∣∣∣xt = x,Ξt = α
]}

.

However, the success of the dynamic programming principle relies at least on two facts; one is

that the terminal gain function should be independent of the current state of CTMC Ξ·, and the

other is the tower property of the conditional expectation. Unfortunately, the two facts fail both
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for the current problem; as a matter of fact, in general

sup
π·∈AD[t,T )

{
J(t, x, α;π·)

}
= sup
π·∈AD[t,T )

{
E
[
E
[
F (α, xπT )

∣∣xπt+h,Ξt+h] ∣∣∣xt = x,Ξt = α
]

+G
(
α,E

[
xπT
∣∣xt = x,Ξt = α

]) }
6= sup
π·∈AD[t,T )

{
E
[
E
[
F (Ξt+h, xπT )

∣∣xπt+h,Ξt+h]+G
(
Ξt+h,E

[
xπT
∣∣xπt+h,Ξt+h]) ∣∣∣xt = x,Ξt = α

]}

= sup
π·∈AD[t,T )

{
E
[
J(t+ h, xπt+h,Ξt+h;π·)

∣∣∣xt = x,Ξt = α
]}

= sup
π·∈AD[t,t+h)

{
E

[
sup

π·∈AD[t+h,T )

{
J(t+ h, xπt+h,Ξt+h;π·)

}∣∣∣∣∣xt = x,Ξt = α

]}
.

Therefore, the dynamic programming principle does not hold any more for the current problem

in general.

The failure of the dynamic programming principle introduces extra difficulties for the current

problem compared with the classical one from both the computational and the conceptual per-

spective. Computationally, dynamic programming principle is a powerful tool for solving classical

control problem and is the foundation of the (classical) Hamilton-Jacobi-Bellman (HJB) equa-

tion. For the classical case, by solving the HJB equation, one can simultaneously get the value

function and the optimal control; also, we will get a feedback type optimal control, i.e., an op-

timal control law. Now, without the dynamic programming principle, one can no longer obtain

the HJB equation, and finding the optimal control for the current control problem becomes

challenging.

More severely, the failure of the dynamic programming principle also introduces conceptual

difficulty—the meaning of “optimality” becomes ambiguous. For the classical control problem,

due to the dynamic programming principle and assuming the existence of the optimal control π̄t·
for the control problem at any time t (we use the superscript “t” to emphasise that this optimal
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control is for the control problem at time t), it holds

V C(t, x, α) = JC (t, x, α; π̄t·
)

= E
[
FC
(
xπ̄

t

T

) ∣∣∣xt = x,Ξt = α
]

= sup
π·∈ADC[t,t+h)

{
E
[
V C (t+ h, xπt+h,Ξt+h

) ∣∣∣xt = x,Ξt = α
]}

= sup
π·∈ADC[t,t+h)

{
E
[
JC (t+ h, xπt+h,Ξt+h; π̄t+h·

) ∣∣∣xt = x,Ξt = α
]}

= sup
π·∈ADC[t,t+h)

{
E
[
E
[
FC
(
xπ̄

t+h

T

) ∣∣xπt+h,Ξt+h] ∣∣∣xt = x,Ξt = α
]}

= E

FC

x
(
π̄t|[t,t+h)

, π̄t+h|[t+h,T )

)
T

∣∣∣xt = x,Ξt = α


= JC

(
t, x, α;

(
π̄t·
∣∣
[t,t+h) , π̄

t+h
·
∣∣
[t+h,T )

))
,

where π̄t· |[t,t+h) stands for the restriction of the control process π̄t· on the time interval [t, t+h) ⊂

[t, T ). Furthermore, under some mild concavity condition on FC(·), it can be shown that the

optimal control is unique. Therefore, it holds

π̄t·
∣∣
[t+h,T ) = π̄t+h· on [t+ h, T ).

This means that, at any later time t + h ∈ (t, T ), if we reconsider the control problem, the

optimal control π̄t+h· obtained at t + h (conditioning on the state (xπ̄tt+h,Ξt+h)) coincides with

the optimal control π̄t· obtained previously at t; in other words, we will not deviate the optimal

control obtained previously in any later time. Consequently, reconsideration of the problem later

is unnecessary, and once we obtain the optimal control π̄t· at time t, we can safely follow it at any

later time between t and T . This nice property is known as time consistency in the literature:

the optimal control remains optimal in any later time, conditioning on the state followed this

optimal control.

However, the property of time consistency no longer holds for the current control problem in

Section 2.1. The failure of the dynamic programming principle results in the following unpleasant

fact that if we still aim to find the “optimal” control π̄t· such that the corresponding objective

functional at time t achieves the maximum:

J(t, x, α; π̄t· ) = sup
π·∈AD[t,T )

{
J(t, x, α;π·)

}
,
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then in general

J(t, x, α; π̄t· ) 6= sup
π·∈AD[t,t+h)

{
E

[
sup

π·∈AD[t+h,T )

{
J(t+ h, xπt+h,Ξt+h;π·)

}∣∣∣∣∣xt = x,Ξt = α

]}

= sup
π·∈AD[t,t+h)

{
E
[
J(t+ h, xπt+h,Ξt+h; π̄t+h· )

∣∣∣xt = x,Ξt = α
]}

,

where π̄t+h· is the optimal control such that the objective functional at time t + h achieves the

maximum among all the admissible controls in AD[t+ h, T ). Consequently, for some later time

t+ h ∈ [t, T ),

π̄t·
∣∣
[t+h,T ) 6= π̄t+h· on [t+ h, T )

even conditioning on the state (xπ̄tt+h,Ξt+h). In other words, the “optimal” control obtained at

time t is no longer “optimal” at the later time t+ h ∈ (t, T ). Thus, if we reconsider the control

problem at the later time t+ h, we shall abandon the previous “optimal” control π̄t· and switch

to some new “optimal” one π̄t+h· ; in other words, the “optimal” control obtained at time t will

not be fully implemented on the whole time horizon [t, T ) and thus meaningless. (In fact, the

maximum value J(t, x, α; π̄t· ) can only be achieved when π̄t· is fully implemented on [t, T )!) This

phenomenon is known as time inconsistency in the literature. The stochastic control problems

encountered in this thesis are all time inconsistent.

2.3 Equilibrium Solution: A Game-Theoretic Formulation

As mentioned above, time inconsistency introduces both the conceptual and the computa-

tional difficulties in time inconsistent control problem. There are at least three approaches to

deal with the conceptual difficulty of time inconsistency.

1. We fix some time (without loss of generality we may take it to be 0) as the reference

time and try to find the strategy π̄0
· such that the corresponding objective functional

J(0, x, α; π̄0
· ) at the reference time 0 achieving the maximum among all the admissible

controls in AD[0, T ). We then simply follow this strategy and ignore that in later time

this strategy may no longer be optimal (with respect to the objective at that time); in

other words, all the optimality is with respect to the reference time. Such “optimal”

strategy is known as the precommitment strategy. For this approach, essentially there is

only one control problem, and we thus avoid the issue of time inconsistency conceptually.

Nevertheless, the success of the precommitment approach relies on that we should have a
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strong self-control discipline not to “change our minds” (i.e., reconsider the problem) at

any later time s ∈ (t, T ); otherwise, the precommitment strategy {π̄tu}u∈[t,T ) obtained at

time t will be abandoned after time t and, therefore, this precommitment approach becomes

meaningless.

2. At each time we find and follow the precommitment strategy corresponding to that time; at

later time, however, we switch our action to the new precommitment strategy corresponding

to that new time. More precisely, at any time t ∈ [0, T ) we follow the precommitment

strategy π̄tt with respect to the reference time t and, after a short time h > 0, we reconsider

the control problem and switch our action following some new precommitment strategy π̄t+ht+h

with respect to the new reference time t+h; we then repeat this procedure afterwards. At

the first glance, it seems that at any time t we are “walking on the right path”—following the

“optimal” strategy π̄tt at this time t; nevertheless, no “optimal” strategy π̄t· at any time t

will be fully implemented on the rest of the time horizon [t, T ) and thus no maximum value

of objective functional J(t, x, α; π̄t· ) at any time will be achieved. Therefore, this approach

for handling time inconsistency has no solid logic behind it. The resulting strategy is called

the naive strategy (see, for instance, [69]).

3. We treat the issue of time inconsistency seriously and define the desired “optimal” solution,

which will be fully implemented even the reconsideration of the problem is permitted in

the future, in a game-theoretic point of view. The resulting “optimal” strategy is called

the equilibrium strategy, which will be explained in detail below.

We admit that there are situations under which any of the three approaches above is mean-

ingful; however, we will focus mainly on the third equilibrium approach in this thesis. To this

end, we adopt the game theoretic formulation of the time inconsistent stochastic control problem.

The essential idea behind the equilibrium approach is that, when we decide what to do at any

time t ∈ [0, T ), we should keep in mind that in the future our objective functional (or preference)

will change and our future-selves will choose the “optimal” actions according to the objective

functional at the future time. More precisely, we are “wise enough” to be aware the following two

facts; first, in the future the state of Ξ· could change and second, if the state of Ξ· changes at

some future time, the objective functional will also change accordingly by our future-selves, and

we will do the “optimisation” with respect to the objective functional at that future time which

is different from the current one. Therefore, we view the entire stochastic control problems at all

time points as a non-cooperative game, in which at each time point t there is a player with the
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2.3. EQUILIBRIUM SOLUTION: A GAME-THEORETIC FORMULATION

reward which is the objective functional J(t, x, α;π·) at this time t. Under this game-theoretic

point of view, the strategy π̂· we look for should be the “subgame perfect Nash equilibrium point”

of this game. This Nash equilibrium point is exactly the equilibrium strategy we defined below.

Intuitively, the equilibrium strategy π̂· is the one that for any time t ∈ [0, T ), if on (t, T )

we follow π̂·, then the “optimal” action for us at t is π̂t. However, the difficulty for applying

this idea directly in defining the equilibrium strategy for the continuous-time time inconsistent

stochastic control problem is that one single time {t} is a set of Lebesgue measure zero and any

specific value of a control process on a measure-zero set does not influence the controlled system.

Thus, for the continuous-time control problem, we cannot define the equilibrium strategy via

perturbing the control at only one single time point. In this thesis, we adopt the following

definition of the equilibrium strategy from [6].

Definition 1. A deterministic function π̂(t, x, α) is called an equilibrium policy law, if:

1. the corresponding (feedback type) strategy π̂t = π̂(t, xt,Ξt) is admissible;

2. for any (fixed) (t, x, α) ∈ [0, T )×Rn × E , any h ∈ (0, T − t) and any π ∈ Rl, we define the

following perturbed policy law

πt,h,π(s, x, α) =
{

π, s ∈ [t, t+ h),

π̂(s, x, α), s ∈ [t+ h, T )

and πt,h,π· is the corresponding strategy. Then it holds

lim inf
h→0+

J(t, x, α; π̂·)− J(t, x, α;πt,h,π· )
h

> 0.

For the equilibrium policy law π̂(t, x, α), the corresponding strategy π̂t = π̂(t, xt,Ξt) is called

the equilibrium strategy and the corresponding objective functional

V̂ (t, x, α) = J(t, x, α; π̂·)

is called the equilibrium value function.

Remark 1. Definition 1 does not mention the uniqueness of equilibrium policy law. As a matter

of fact, there are such cases in which multiple equilibrium policy laws exist, see, for instance,

[23], [24] and [87]. In this thesis, we do not discuss the uniqueness of equilibrium policy law, but

provide the characterization of an equilibrium policy law only in later works.
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2. A GENERAL TIME INCONSISTENT STOCHASTIC CONTROL PROBLEM WITH REGIME
SWITCHING

We want to emphasise that the above definition of equilibrium strategy is, in fact, not on

the control process directly but on the control law, which is a function of time t and state

(x, α); in other words, it is equilibrium policy law that we actually defined in Definition 1.

With an equilibrium policy law, the (corresponding) equilibrium strategy is naturally obtained by

substituting the state processes into this equilibrium policy law. Some papers, for instance, [42]

defines the equilibrium strategy directly on the control process by perturbing equilibrium control

process itself. More precisely, in the definition of equilibrium strategy in [42], the perturbation is

against an equilibrium control, while in Definition 1, the perturbation is against an equilibrium

policy law. Due to the popularity of Markovian model and feedback-type strategy in the economic

study, we adopt the “feedback-type” definition of equilibrium strategy from [6] in this thesis.

In later chapters, we will solve several time inconsistent stochastic control problems with

regime switching by the equilibrium approach defined in this chapter.
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Chapter 3

Time Inconsistent Utility
Maximisation with Regime
Switching

This chapter is devoted to a type of time inconsistent portfolio selection problem. We anal-

yse both the CARA and CRRA utility maximisation problems with regime switching. Due to

the dependence of the utility functions on the market state, the underlying stochastic control

problems for utility maximisation are time inconsistent. We provide the equilibrium policy laws

and value functions for both time inconsistent CARA and CRRA utility maximisation problems.

For the CARA utility case, we show the coincidence of the equilibrium and the naive policy laws.

Some economic analysis is included at the end of the chapter. The results in this chapter will be

cited in Chapter 4 for the equilibrium utility indifference pricing rule.

3.1 Market Model and Basic Problem

In this section, we state the market model and the portfolio selection problem under consid-

eration.

3.1.1 The Model

The underlying probability space (Ω,F ,P) and time horizon T > 0 are as stated in Chapter

1. On this probability space defined a d-dimensional standard Brownian motion (BM) W· =

(W 1
· , · · · ,W d

· )T and a continuous-time Markovian chain (CTMC) Ξ· taking values in a finite

discrete state space E = {1, 2, · · · ,K}; moreover, W· and Ξ· are independent of each other. The

filtration F = {Ft}t∈[0,T ] is the completion of the natural filtration generated by W· and Ξ·.
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

We use the exogenous process Ξ· to model the financial market state; for any t ∈ [0, T ],

the market state at this time t is Ξt ∈ E . More precisely, we assume the market has K states

1, 2, · · · ,K; the state 1 stands for the case that the current market is “bullish” or in a bubble

and the state K for the market is “bearish” or in a crash. Furthermore, Ξ· is observable; in

other words, at any time one can tell which regime the current market is in. In practice, one can

determine the current market state from various economic indicators, for instance, the Consumer

Price Index (CPI).

We denote Λ =
(
λαβ

)
K×K the intensity matrix of Ξ·. To avoid the trivial case, we assume

λαβ > 0 for any distinct states α and β and thus the CTMC Ξ· has no absorbing state; in other

words, we assume the financial market will not stay at any particular state forever.

The financial market consists of one bond B· and n stocks S· = (S1
· , · · · , Sn· )T which are

traded continuously. For the sake of simplicity, we assume the interest rate is constantly zero

and

Bt ≡ 1, t ∈ [0, T ].

The price process of k-th stock follows the SDE

dSkt = Skt
{
µk(t,Ξt)dt+ σk(t,Ξt)dWt

}
= Skt

{
µk(t,Ξt)dt+

d∑
l=1

σkl(t,Ξt)dW l
t

}
, t ∈ [0, T ],

where for each k = 1, · · · , n, µk : [0, T ] × E → R is a given real (measurable) deterministic

function and

σk(t, α) = (σk1(t, α), · · · , σkd(t, α)),

where for each l = 1, · · · , d, σkl : [0, T ] × E → R is a given real (measurable) deterministic

function. Furthermore, we denote the appreciation rate vector and the volatility matrix by

µ(t, α) =
(
µ1(t, α), · · · , µn(t, α)

)T
and

σ(t, α) =


σ1(t, α)

...

σn(t, α)

 = (σkl(t, α))n×d

respectively, for each α ∈ E . Moreover, we denote

σ(t, α)σ(t, α)T = a(t, α).

The following assumptions are made throughout this chapter.
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3.1. MARKET MODEL AND BASIC PROBLEM

Assumption 2. All the (deterministic) functions µk(·, α), σkl(·, α) are bounded, for k =

1, · · · , n, l = 1, · · · , d and α ∈ E .

Assumption 3 (Non-degeneracy Condition). There exist some κ > 0, such that

ξTσ(t, α)σ(t, α)Tξ > κ|ξ|2, ∀t ∈ [0, T ], α ∈ E and ξ ∈ Rn.

We construct the self-financing portfolio by trading on the bond and stocks without any

consumption. Suppose a time t ∈ [0, T ] is fixed temporarily and the market state at time t is

Ξt = α ∈ E ; moreover, the capital at time t is x > 0 and the total wealth at time s ∈ [t, T ] is

xs. Furthermore, we assume that trading takes place continuously and transaction cost is not

considered. We use the so-called dollar representation of the trading strategy. Denoting the

amount of capital invested in k-th risky asset Sk· at time s by πks , the dynamics of the wealth

process corresponding to the trading strategy π· = (π1
· , · · · ,πn· )T is

dx(t,x),π
s = πT

s

{
µ(s,Ξs)ds+ σ(s,Ξs)dWs

}
=

n∑
k=1

µk(s,Ξs)πksds+
n∑
k=1

d∑
l=1

σkl(s,Ξs)πksdW l
s,

xt = x, Ξt = α.

In particular, the corresponding terminal wealth x
(t,x),π
T is

x
(t,x),π
T = x+

∫ T

t

πT
s

{
µ(s,Ξs)ds+ σ(s,Ξs)dWs

}
. (3.1)

As clarified in Chapter 2, we always use boldface letter, say π·, to denote a control process or

a control policy law (a function), and use ordinary letter without boldface, say π, to denote a

possible value (an n-dimensional vector, for the current case) of the control process.

A trading strategy is said to be admissible if π· ∈ L 2
F (0, T ;Rn); furthermore, a trading policy

law is said to be admissible if its corresponding strategy is admissible. It is well-known that this

admissible trading strategy rules out the arbitrage opportunity (see, for instance, [41]).

3.1.2 The Basic Problem

In this chapter, the problem in concern is to “maximise” (in the equilibrium sense) the

investor’s expected utility of her terminal wealth. The investor looks for a trading strategy to

achieve the maximum expected utility of her terminal wealth xT . Different from the assumptions

in the standard literature, however, we assume the utility function of the investor for her terminal

wealth is regime dependent. As the financial market state changes from one time to another, the
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

utility function of the investor may change. More precisely, the investor’s utility function for her

terminal wealth at any intermediate time t ∈ [0, T ] is Ut(x) = U(x,Ξt), where Ξt is the market

state at time t and {U(x, α)}α∈E is a set of utility functions. Then, given the market state α and

the capital x at time t, the objective functional at time t corresponding to the trading strategy

{πs}s∈[t,T ) is

J(t, x, α;π·) = E
[
U(xπT , α)

∣∣∣xt = x,Ξt = α
]
.

We emphasise that, as explained in Chapter 2, the underlying stochastic control problems for the

utility maximisation are time inconsistent due to the regime dependence of the utility function

Ut(x) = U(x,Ξt). We will solve this time inconsistent utility maximisation problem via the

equilibrium approach defined in Chapter 2; more precisely, we will look for the equilibrium policy

laws for both time inconsistent CARA and CRRA utility maximisation problems in this chapter.

The precise definition of the equilibrium policy law is given in Definition 1 in Chapter 2.

3.2 Case of CARA (Exponential) Utility

In this section, the CARA utility case is studied; more precisely, we assume U(x, α) in Section

3.1 takes the following form

U(x, α) = − exp(−γ(α)x),

where γ : E → R+ is the risk aversion parameter, which is no longer a constant but a function

of the market state. For each state α ∈ E , γ(α) > 0 stands for the investor’s risk aversion

parameter corresponding to the market state α.

Given the market state α and the capital x at time t, the objective functional at time t

corresponding to the trading strategy {πs}s∈[t,T ) is

J(t, x, α;π·) = E
[
− exp (−γ(α)xπT )

∣∣∣xt = x,Ξt = α
]
.

We now try to find the equilibrium policy law for this time inconsistent CARA utility max-

imisation problem.

3.2.1 Extended Hamilton-Jacobi-Bellman Equation

Recall that the terminal wealth corresponding to the strategy π· is given by (3.1). Together

with the separable property of the exponential function that ex1+x2 = ex1ex2 for any real numbers
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

x1 and x2, in this thesis we only consider wealth-independent equilibrium policy law; in other

words, we assume that the equilibrium policy law takes the following form

π̂(t, x, α) = π̂(t, α).

We assume a priori that a wealth-independent equilibrium policy law π̂(t, α) exists and let

x̂· be the corresponding (equilibrium) wealth process. We now introduce the following auxiliary

function

A π̂(t, β, α) = E

[
exp

(
−γ(α)

∫ T

t

π̂(s,Ξs)T
{
µ(s,Ξs)ds+ σ(s,Ξs)dWs

})∣∣∣∣∣Ξt = β

]
.

Remark 2. There are two market states involved in the auxiliary function A π̂(t, β, α). Intuitively,

the first state β stands for the current state of the market, and the second state α stands for the

initial state of the market, i.e., the market state for some initial time before time t.

By definition, we have

V̂ CARA(t, x, α) = −e−γ(α)xA π̂(t, α, α).

Moreover, for any (t, x, α), any h > 0 and any π ∈ Rn, the objective functional for the perturbed

strategy πt,h,π· (see Definition 1 in Chapter 2 for reference) is

J(t, x, α;πt,h,π· ) = E
[
− exp

(
−γ(α)xπ

t,h,π

T

)∣∣∣xt = x,Ξt = α
]

= −e−γ(α)xE
[
e
−γ(α)

∫ t+h
t

πT{µ(s,Ξs)ds+σ(s,Ξs)dWs}A π̂(t+ h,Ξt+h, α)
∣∣∣∣Ξt = α

]
.

Therefore, the condition

lim inf
h→0+

J(t, x, α; π̂·)− J(t, x, α;πt,h,π· )
h

= lim inf
h→0+

E
[
e
−γ(α)

∫ t+h
t

πT{µ(s,Ξs)ds+σ(s,Ξs)dWs}A π̂(t+ h,Ξt+h, α)
∣∣∣∣Ξt = α

]
−A π̂(t, α, α)

h
> 0

leads to the following inequality

A π̂
t (t, α, α)− γ(α)A π̂(t, α, α)πTµ(t, α) + 1

2γ(α)2A π̂(t, α, α)πTa(t, α)π

+
K∑
l=1
l 6=α

λαl

{
A π̂(t, l, α)−A π̂(t, α, α)

}
> 0,

according to the generalised Dynkin’s formula (see in Appendix A). Moreover, for this equilibrium

policy law π̂(t, α), the above inequality becomes an equality. Therefore, we get the following
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

extended Hamilton-Jacobi-Bellman (HJB) equation

A π̂
t (t, α, α) + γ(α)A π̂(t, α, α) inf

π

{
1
2γ(α)πTa(t, α)π − πTµ(t, α)

}
+

K∑
l=1
l 6=α

λαl

{
A π̂(t, l, α)−A π̂(t, α, α)

}
= 0;

A π̂(T, α, α) = 1.

(3.2)

The first-order condition then gives the minimizer

π̂(t, α) = 1
γ(α)a(t, α)−1µ(t, α).

Notice that Assumption 3 guarantees that a(t, α) is invertible for any (t, α).

To characterise the auxiliary function A π̂(t, β, α) and the equilibrium value function V̂ CARA(t, x, α)

corresponding to π̂(t, α), we notice that, by definition, A π̂(T, β, α) = 1 for any β, α ∈ E and

exp
(
−γ(α)

∫ u

t

π̂(s,Ξs)T
{
µ(s,Ξs)ds+ σ(s,Ξs)dWs

})
A π̂(u,Ξu, α)

is a martingale for u ∈ [t, T ] given Ξt = β. Then, via the Feynman-Kac approach (see, for

instance, [48]), we can characterise
{
A π̂(t, β, α)

}
α,β∈E

by the following ordinary differential

equations (ODE)

A π̂
t (t, β, α) + γ(α)

γ(β)

{
γ(α)
2γ(β) − 1

}
µ(t, β)Ta(t, β)−1µ(t, β)A π̂(t, β, α)

+
K∑
l=1
l 6=β

λβl

{
A π̂(t, l, α)−A π̂(t, β, α)

}
= 0

with terminal condition A π̂(T, β, α) = 1 for any α, β ∈ E . Notice that by taking β = α we get

A π̂
t (t, α, α)− 1

2µ(s, α)Ta(s, α)−1µ(s, α)A π̂(s, α, α)

+
K∑
l=1
l 6=α

λαl

{
A π̂(t, l, α)−A π̂(t, α, α)

}
= 0;

A π̂(T, α, α) = 1.

This recovers the previous extended HJB equation for A π̂(t, α, α) if we substitute the minimizer

π̂(t, α) = 1
γ(α)a(t, α)−1µ(t, α)

back into (3.2).
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

3.2.2 A Verification Theorem

We now provide a verification theorem corresponding to this time inconsistent CARA utility

maximisation problem.

Consider the ODE system

A π̂
t (t, α, α) + γ(α)A π̂(t, α, α) inf

π

{
1
2γ(α)πTa(t, α)π − πTµ(t, α)

}
+

K∑
l=1
l 6=α

λαl

{
A π̂(t, l, α)−A π̂(t, α, α)

}
= 0;

A π̂
t (t, β, α) + γ(α)A π̂(t, β, α)

{
1
2γ(α)π̂(t, β)Ta(t, β)π̂(t, β)− π̂(t, β)Tµ(t, β)

}
+

K∑
l=1
l 6=β

λβl

{
A π̂(t, l, α)−A π̂(t, β, α)

}
= 0;

A π̂(T, β, α) = 1, α, β ∈ E
(3.3)

we just derived, where π̂(t, β) attains the infimum in the first equation for A (t, β, β). We now

state the verification theorem.

Theorem 4. Suppose the trading strategy corresponding to the policy law π̂(t, α) attaining the

infimum in the first equation for A π̂(t, α, α) in (3.3) is admissible; moreover, for each α and β

in E , there exists a C 1([0, T ])-function A π̂(t, β, α) such that {A π̂(t, β, α)}α,β∈E is the solution

of the system (3.3). Then,

π̂(t, α) = 1
γ(α)a(t, α)−1µ(t, α) (3.4)

is an equilibrium policy law and

V̂ CARA(t, x, α) = −e−γ(α)xA π̂(t, α, α) (3.5)

is the corresponding equilibrium value function, for any t ∈ [0, T ), x ∈ R+ and α ∈ E .

Proof. First of all, thanks to Assumption 2 and 3 we see that π̂(t, α) is bounded. Moreover,

according to the generalised Dynkin’s formula and system (3.3),

A π̂(t, β, α) = E
[

exp
(
−γ(α)

∫ u

t

π̂(s,Ξs)T
{
µ(s,Ξs)ds+ σ(s,Ξs)dWs

})
A π̂(u,Ξu, α)

∣∣∣∣Ξt = β

]
.

Letting u→ T together with the terminal condition A (T, β, α) = 1, we then have

A π̂(t, β, α) = E

[
exp

(
−γ(α)

∫ T

t

π̂(s,Ξs)T
{
µ(s,Ξs)ds+ σ(s,Ξs)dWs

})∣∣∣∣∣Ξt = β

]
.
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

Notice that, thanks to Lemma 5 below, we can apply Lebesgue’s dominated convergence theorem

here.

Next, for any (fixed) (t, x, α), any h > 0 and any π ∈ Rn, we define the perturbed policy law

πt,h,π(s, α) =
{

π, s ∈ [t, t+ h),

π̂(s, α), s ∈ [t+ h, T )

in the same manner as in Definition 1 in Chapter 2. Then by the generalised Dynkin’s formula,

lim inf
h→0+

J(t, x, α; π̂·)− J(t, x, α;πt,h,π· )
h

=e−γ(α)x lim inf
h→0+

E
[
e
−γ(α)

∫ t+h
t

πT{µ(s,Ξs)ds+σ(s,Ξs)dWs}A π̂(t+ h,Ξt+h, α)
∣∣∣Ξt = α

]
−A π̂(t, α, α)

h

=e−γ(α)x

{
A π̂
t (t, α, α) + γ(α)A π̂(t, α, α)

{
1
2γ(α)πTa(t, α)π − πTµ(t, α)

}

+
K∑
l=1
l 6=α

λαl

{
A π̂(t, l, α)−A π̂(t, α, α)

}}
> 0

according to (3.3). Thus by definition, {π̂(t, α)}t∈[0,T ),α∈E is an equilibrium policy law and

V̂ CARA(t, x, α) = −e−γ(α)xA π̂(t, α, α)

is the corresponding equilibrium value function, for any (t, x, α) ∈ [0, T ]× R+ × E .

The following simple technical lemma is used in the proof of Theorem 4.

Lemma 5. Assume Y· satisfies the following SDE{
dYs = Bsds+AsdWs;

Y0 = y ∈ Rn,

where B· ∈ Rn and A· ∈ Rn×d are bounded {Ft}t∈[0,T ]-adapted processes. Then, for any p ∈ Rn,

it holds

E
[
exp(pTYt)

]
< C, ∀t ∈ [0, T ],

where C = C(y, T, p) depends only on y, T and p but is independent of t ∈ [0, T ].

Proof. We denote Zpt = ep
TYt for any p ∈ Rn. By Itô’s formula,

Zpt = ep
Ty +

∫ t

0
Zps

{
pTBs + 1

2p
TAsA

T
s p

}
ds+

∫ t

0
Zps p

TAsdWs.
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

Thus,

E
[
|Zpt |

2
]
6 3ep

Ty + 3E
[∣∣∣∣∫ t

0
Zps

{
pTBs + 1

2p
TAsA

T
s p

}
ds

∣∣∣∣2
]

+ 3E
[∣∣∣∣∫ t

0
Zps p

TAsdWs

∣∣∣∣2
]

6 3ep
Ty + 3TE

[∫ t

0
|Zps |

2
∣∣∣∣pTBs + 1

2p
TAsA

T
s p

∣∣∣∣2 ds
]

+ 3E
[

sup
06u6t

∣∣∣∣∫ u

0
Zps p

TAsdWs

∣∣∣∣2
]

6 3ep
Ty +K(p, T )E

[∫ t

0
|Zps |

2
ds

]
+ 12E

[∫ t

0
|Zps |

2 ∣∣pTAsA
T
s p
∣∣2 ds]

6 3ep
Ty +K(p, T )E

[∫ t

0
|Zps |

2
ds

]
,

where K(a) stands for a constant depends on some parameter vector a, which may be different

from line to line. Notice that we use Doob inequality (see, for example, [48]) in the third step.

Then, following Gronwall’s inequality, we have

E
[
|Zpt |

2
]
6 3ep

Ty + 3ep
TyK(p, T )

∫ t

0
eK(p,T )(t−s)ds = K(p, T, y).

Notice that (by definition of Zpt )

E
[
|Zpt |

2
]

= E
[∣∣∣Z2p

t

∣∣∣] ,
we then get the result.

We see that

π̂(t, α) = 1
γ(α)a(t, α)−1µ(t, α)

is a well-defined measurable (deterministic) function with respect to t, for each α ∈ E . Together

with Assumption 2, we see that π̂(t, α) is admissible indeed.

We now turn to solve A π̂(·, β, α). For each α ∈ E , we see that only A π̂(t, α, α) is the one we

are really interested in for it relates to the equilibrium value function V̂ CARA(t, x, α). However,

A π̂(t, α, α) is coupled with the other auxiliary functions A π̂(t, β, α) for β ∈ E (notice now the

second variable in state, α, is fixed!), so that we need to solve a K-dimensional system of ODEs to

get the whole vector
(
A π̂(t, 1, α), · · · ,A π̂(t,K, α)

)T. To this end, recall that the ODE system

for A π̂(·, β, α) is
A π̂
t (t, β, α) =

−γ(α)
γ(β)

(
γ(α)
2γ(β) − 1

)
η2(t, β) +

K∑
l=1
l 6=β

λβl

A π̂(t, β, α)−
K∑
l=1
l 6=β

λβlA
π̂(t, l, α);

A π̂(T, β, α) = 1,
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where η(t, β) =
√
µ(t, β)Ta(t, β)−1µ(t, β) is scalar. Thus,

(
A π̂(t, 1, α), · · · ,A π̂(t,K, α)

)T solves

the following linear homogeneous ODE Ẋ(t) = ACARA
α (t)X(t);

X(T ) = (1, · · · , 1)T ∈ RK ,

where X(t) = (X1(t), · · · , XK(t))T and

ACARA
α (t) =


−ρα(1)η2(t, 1) +

∑
l 6=1 λ1l −λ12 · · · −λ1K

−λ21 −ρα(2)η2(t, 2) +
∑
l 6=2 λ2l · · · −λ2K

...
...

. . .
...

−λK1 λK2 · · · −ρα(K)η2(t,K) +
∑
l 6=K λKl


in which we use the notation ρα(k) = γ(α)(γ(α)−2γ(k))

2γ(k)2 , for each k ∈ E . By the standard ODE

theory, we know that there exists a unique solution

X(t) = exp
(
−
∫ T

t

ACARA
α (s)ds

)
1
...

1


to the above equation, where exp(·) is understood as the matrix function.

We now report the results of some numerical experiments on the equilibrium strategy under

the simplification that the number of stocks in the market is one. In Figure 3.1, we provide a

simulation of the equilibrium trading strategy and the Merton’s trading strategies corresponding

to the risk aversion parameters γ(1) and γ(2) for the initial condition Ξ0 = 1. It will be clear

in the next subsection that the Merton’s strategy is exactly the precommitment strategy with

respect to the reference time t = 0. We take the time horizon T = 1 and the constant market

parameters µ(t, 1) = 0.07, µ(t, 2) = 0.03, σ(t, 1) = σ(t, 2) = 0.3, λ12 = 0.08 and λ21 = 0.12. The

risk aversion parameters are γ(1) = 0.8 and γ(2) = 1.2.

From Figure 3.1, we can clearly find that the strategy paths are all step functions. This is

intuitive for that the optimal trading strategy for the classical Merton’s exponential utility max-

imisation problem is constant when the market is driven by a geometric Brownian motion. Since

the market is driven by a switched geometric Brownian motion now and the market parameters

change when the general market condition changes, we should adjust our positions in the risk

asset accordingly.

Moreover, the jump times for all three trading strategies are the same and coincide with the

times at which the market condition changes, i.e., the jump times of the underlying CTMC Ξ·;

in other words, trading happens when the market condition changes. However, the magnitudes
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

Figure 3.1: The Comparison between Equilibrium Strategy and Merton’s Strategy.
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Notes. The figure illustrates the equilibrium trading strategy and the Merton’s trading strategies for risk
aversion parameter γ(1) and γ(2), under initial condition Ξ0 = 1. Model parameters: n = d = 1, T = 1,
µ(t, 1) = 0.07, µ(t, 2) = 0.03, σ(t, 1) = σ(t, 2) = 0.3, λ12 = 0.08, λ21 = 0.12, γ(1) = 0.8, γ(2) = 1.2.

of jumps are different for the equilibrium strategy and the Merton’s strategy. The jump sizes

of the equilibrium strategy are larger than the ones of the Merton’s strategy. In fact, from

(3.4) and (3.6) one can see that for the period that the market condition is 1, the equilibrium

policy law coincides with the Merton’s policy law corresponding to the risk aversion parameter

γ(1); for the period that the market condition is 2, the equilibrium policy law coincides with

the Merton’s policy law corresponding to the risk aversion parameter γ(2). In other words, the

Merton’s strategies corresponding to the risk aversion parameter γ(1) and γ(2) give the upper

and lower bounds of the equilibrium strategy. This is clear from Figure 3.1.

In Figure 3.2 we provide some further simulation results for the equilibrium strategy and the

Merton’s strategy with the same initial market state Ξ0 = 1. We show both the money amount

and the proportion of the wealth invested in the stock for the two strategies; moreover, we give

the simulation of the corresponding wealth paths.

3.2.3 Is A “Naive” Strategy Really Naive?

As mentioned in Chapter 2, there are at least two other approaches to deal with the time

inconsistent control problem, known as the precommitment and the naive approaches. In this

33



3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

Figure 3.2: The Simulation of Equilibrium Strategy and Merton’s Strategy.
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Notes. The figure illustrates the equilibrium and the Merton’s trading strategies under initial condition
Ξ0 = 1. Model parameters: n = d = 1, T = 1, µ(t, 1) = 0.07, µ(t, 2) = 0.03, σ(t, 1) = σ(t, 2) = 0.3,
λ12 = 0.08, λ21 = 0.12, γ(1) = 0.8, γ(2) = 1.2.

section we do some comparison between the equilibrium strategy and the naive strategy. Before

stating the main result, we need to clarify the naive (and accordingly, the precommitment)

approach unambiguously. We now give the precise definitions of the precommitment policy law

and the naive policy law below. These definitions are based on [69] (also see, for instance, [21],

[22] and [6]).

Definition 6. Suppose an arbitrary time t ∈ [0, T ) is fixed as the reference time. A left-

continuous (deterministic) function π̄t(·, ·, ·) : [t, T )× R+ × E → R is called the precommitment

policy law with respect to this reference time t, if

J(t, x, α; π̄t· ) = sup
π·∈AD[t,T )

{
J(t, x, α;π·)

}
.

where π̄t· is the control process corresponding to policy law π̄t(·, ·, ·). Moreover, π̄t· , the corre-

sponding control process, is called the precommitment strategy (for the reference time t) and

J(t, x, α; π̄t· ) is called the precommitment value function.

Notice that in the definition of the precommitment policy law π̄t(·, x, α) and strategy π̄t· , we

use the superscript “t” to emphasise that this policy law or strategy is “optimal” with respect

to this time t as the reference time.
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3.2. CASE OF CARA (EXPONENTIAL) UTILITY

For any fixed time t ∈ [0, T ) as the reference time, the corresponding precommitment policy

law {π̄t(s, x, α)}s∈[t,T ) is the policy law such that its objective functional at the reference time t

achieves the maximum among all the admissible strategies. More precisely, given Ξt = α, if the

investor’s utility function for her terminal wealth is

Ut(x) = − exp
(
− γ(α)x

)
,

then for the objective functional

J t(s, x, β;π·) = E
[
Ut(xπT )

∣∣∣xs = x,Ξs = β
]

= E
[
− exp (−γ(α)xπT )

∣∣∣xs = x,Ξs = β
]
, s ∈ [t, T )

the precommitment policy law
{
π̄t(s, x, α)

}
s∈[t,T ) is optimal such that the corresponding objec-

tive functional J t(t, x, α;π·) at the reference time t attains the maximum.

Given the definition of precommitment strategy, we can define the naive strategy accordingly

(see, for instance, [69], [21] and [22]).

Definition 7. A left-continuous deterministic function πN (·, ·, ·) : [0, T )×R+×E → R is called

the naive policy law, if:

πN (t, x, α) = π̄t(t, x, α), ∀t ∈ [0, T ),

where for any t ∈ [0, T ), π̄t(·, ·, ·) is the precommitment policy law with respect to this specific

time t as the reference time. Moreover, πN· , the corresponding control process, is called the naive

strategy.

Intuitively, the naive policy law is a policy law to adjoin the precommitment policy laws at

different times. A person who adopts the naive policy law follows the precommitment policy

law π̄t(·, x, α) at each time t ∈ [0, T ); however, policy law π̄t(·, x, α) is only implemented at this

single time point t. At later time t + h, this person will turn to the precommitment policy law

π̄t+h(·, x, α) with respect to the new time t+ h.

As explained in Chapter 2, the logic behind the naive approach is not solid for no “optimal”

strategy will be fully implemented at any time instance. We now ask ourselves, is this naive

approach really irrational? The solutions to the time inconsistent CARA utility maximisation

problem with regime switching gives a counterexample. To this end, we first make an additional

assumption.

Assumption 8. All the coefficients µk(·, α), σkl(·, α) are left-continuous on [0, T ], for k =

1, · · · , n, l = 1, · · · , d and α ∈ E .
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For a fixed time t as the reference time and given the corresponding market condition Ξt = α,

the objective functional for the precommitment control problem corresponding to the strategy

π· is

J (t,α)(s, x, β;π·) = E
[
− exp (−γ(α)xπT )

∣∣∣xs = x,Ξs = β
]
, s ∈ [t, T ),

where xπ· satisfies the following controlled SDE dxπu = πu

{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
;

xs = x, Ξs = β.

Similarly, we emphasise the condition at the reference time t for this precommitment prob-

lem explicitly by the superscript (t, α) on the objective functional. Via the classical dynamic

programming technique, one can easily get the precommitment policy law with respect to this

reference time t and market condition Ξt = α to be

π̄(t,α)(s, β) = 1
γ(α)a

−1(s, β)µ(s, β), s ∈ [t, T ), β ∈ E , (3.6)

see Appendix B for the details. Thanks to Assumption 8, we now obtain the corresponding naive

policy law to be

πN (t, α) = π̄(t,α)(t, α) = 1
γ(α)a

−1(t, α)µ(t, α), s ∈ [t, T ), α ∈ E .

Interestingly, comparing this to (3.4) it turns out that the naive policy law coincides with the

equilibrium policy law.

3.2.3.1 A Brief Explaination from Discrete-Time Analogy

We would like to point out that the structure of the current problem is critical for the coinci-

dence of the equilibrium and the naive policy law. To illustrate this, let us make an explanation

under a discrete-time two-stage model which will make everything clear. Let (Ω,F ,P) be the

underlying probability space and the decision times are now t = 0, 1 and the terminal time is

T = 2. On the probability space defined an exogenous E -valued process {Ξt}t=0,1,2 and two real

random variables R1 and R2; similar to the continuous-time model, process {Ξt}t=0,1,2 models

the market condition at time t, and R1 and R2 are the noises in the market at time 1 and 2

respectively. Both R1 and R2 are independent of {Ξt}t=0,1,2; moreover, R1 and R2 are indepen-

dent of each other also. The wealth at time t is denoted by xt; {xt}t=1,2 evolves according to

the following equation

xt+1 = xt + g(t,ut,Ξt, Rt+1), for t = 0, 1,
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where ut, taking values in some subset U ⊂ R, is the action we take at time t and g : {0, 1} ×

U × R × R is a given function. We use xu· to emphasise that the wealth process is controlled

by the control process u·. The objective functional at time t given the wealth x and the market

state α is

J(t, x, α;u·) = E
[
− e−γ(α)xu

T

∣∣∣xt = x,Ξt = α
]
, for t = 0, 1,

where γ : E → R+ is the regime dependent risk aversion parameter. The problem is then to

maximise the objective functional by choosing the proper strategy {ut}t=0,1.

We first solve this problem via the equilibrium approach. To this end, we do the backward

analysis (see, for instance, [6] and [7]) and consider the case t = 1 first. Notice that xu2 =

x1 + g(1,u1,Ξ1, R2) and the current control problem is

V̂ (1, x, α) = sup
u1∈U

{
E
[
− exp

(
− γ(Ξ1)

{
x+ g(1,u1,Ξ1, R2)

})∣∣∣x1 = x,Ξ1 = α
]}

= −e−γ(α)x inf
u1∈U

{
E
[

exp
(
− γ(α)g(1,u1, α,R2)

)]}
.

This is a standard optimisation problem, and under some mild conditions, such as the concavity

of function g(1, u, α,R) with respect to u, we can show that there exists a unique solution û1 =

û(1, α). Notice that in this step, the equilibrium policy law coincides with the precommitment

and the naive policy law automatically, since the underlying problem is a static single-period

optimisation problem.

For the second step, we consider the case t = 0. Notice that we only need to choose the

action at time t = 0 and, when we come to the time 1, policy law û(1, α) will be implemented

by ourselves at that time. Together with xu1 = x0 + g(1,u0,Ξ0, R1), the current control problem

becomes

V̂ (0, x, α) = sup
u0∈U

{
E
[
− exp

(
− γ(Ξ0)

{
x+ g(0,u0,Ξ0, R1) + g(1, û(1,Ξ1),Ξ1, R2)

})∣∣∣x0 = x,Ξ0 = α
]}

= −e−γ(α)x inf
u0∈U

{
E
[

exp
(
− γ(α)g(0,u0, α,R1)

)]}
×

E
[

exp
(
− γ(α)g(1, û(1,Ξ1),Ξ1, R2)

)∣∣∣Ξ0 = α
]
,

due to the independence of R1 with Ξ1 and R2. Therefore, essentially the optimisation problem

we need to solve at t = 0 is

inf
u0∈U

{
E
[

exp
(
− γ(α)g(0,u0, α,R1)

)]}
.

This can be solved via the standard technique, and under some mild conditions, such as the

concavity of function g(0, u, α,R) with respect to u, there is a unique solution û0 = û(0, α).
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We next turn to solve the problem via the naive approach. As mentioned, for the case t = 1

the solutions for all three approaches are the same, and we thus go to the case t = 0 directly.

To find the naive strategy uN0 , we solve the precommitment strategy ū0
· first. Exploiting the

dynamic programming technique, the control problem now is

V̄ 0(0, x, α) = sup
u0,u1∈U

{
E
[
− exp

(
− γ(Ξ0)

{
x+ g(0,u0,Ξ0, R1) + g(1,u1,Ξ1, R2)

})∣∣∣x0 = x,Ξ0 = α
]}

= −e−γ(α)x inf
u0,u1∈U

{
E
[

exp
(
− γ(α)g(0,u0, α,R1)− γ(α)g(1,u1,Ξ1, R2)

)∣∣∣Ξ0 = α
]}

= −e−γ(α)x inf
u0∈U

{
E
[

exp
(
− γ(α)g(0,u0, α,R1)

)]}
×

E
[

inf
u1∈U

{
E
[

exp
(
− γ(α)g(1,u1,Ξ1, R2)

)∣∣∣Ξ1

]} ∣∣∣Ξ0 = α

]
,

(3.7)

thanks to the independence of Ξ1, R1 and R2. Notice that the optimisation problem to find the

best action at time t = 0 (in precommitment sense),

inf
u0∈U

{
E
[

exp
(
− γ(α)g(0,u0, α,R1)

)]}
,

is the same as the one for the equilibrium policy law at time t = 0. Therefore, uN (0, α) =

ū0(0, α) = û(0, α), i.e., the naive policy law coincides with the equilibrium policy law.

Let us go back to (3.7). From (3.7), we see that the underlying stochastic control problem,

via the precommitment approach, is reduced to a series of one-period optimisation problems.

Moreover, the decision at each period has no influence on the strategies for later times (this is

due to the exponential preference of the investor and the independence of the noise and market

condition in the model). This implies the investor’s strategy is myopic; at each time she needs

only to choose the best action for the current period without considering about the future periods.

3.3 Case of CRRA (Power) Utility

In this section, we turn to discuss the CRRA utility case. More precisely, U(x, α) in Section

3.1 now takes the following form

U(x, α) = 1
1− γ(Ξt)

x1−γ(Ξt),

where, similar to Section 3.2, the risk aversion parameter γ : E → (0, 1) also depends on the

market state. At any time t with market state Ξt = α, the investor’s risk aversion parameter is

γ(α) ∈ (0, 1).
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In this section, we shall use a different form for the trading strategy; more precisely, we

denote the proportion of total wealth invested in k-th risky asset Sk· at time s by θks , and

θ· = (θ1
· , · · · ,θn· )T will be the control process in this section. This is known as the proportion

representation of the trading strategy. The dynamic of the wealth process corresponding to the

trading strategy θ· is

dx(t,x),θ
s = x(t,x),θ

s θT
s

{
µ(s,Ξs)ds+ σ(s,Ξs)dWs

}
= x(t,x),θ

s

{
n∑
k=1

µk(s,Ξs)θksds+
n∑
k=1

d∑
l=1

σkl(s,Ξs)θksdW l
s

}
,

xt = x, Ξt = α,

In particular, the corresponding terminal wealth x
(t,x),θ
T is

x
(t,x),θ
T = x exp

(∫ T

t

{
θT
s µ(s,Ξs)−

1
2θ

T
s a(s,Ξs)θs

}
ds+

∫ T

t

θT
s σ(s,Ξs)dWs

)
. (3.8)

A trading strategy θ· is said to be admissible if θ· is F-progressively measurable and
∫ T

0 θ
2
sds <

∞, P-a.s.. It is well-known that this definition of admissibility also rules out the arbitrage (see,

for instance, [41]).

Given the market state α and the capital x at time t, the objective functional corresponding

to the trading strategy {θs}s∈[t,T ) is

J(t, x, α;θ·) = E
[

1
1− γ(Ξt)

(
xθT
)1−γ(Ξt)

∣∣∣xt = x,Ξt = α

]
.

We now deduce the corresponding extended HJB equation and gives the equilibrium policy law

explicitly for this time inconsistent CRRA utility maximisation problem. A verification theorem

is also stated.

3.3.1 Extended Hamilton-Jacobi-Bellman Equation

Recall that the terminal wealth corresponding to strategy θ· is given by (3.8). As in Section

3.2, we make the assumption that the equilibrium policy law is independent of the wealth variable

x; in other words, the equilibrium policy law takes the following form

θ̂(t, x, α) = θ̂(t, α).

Similar to the analysis in Section 3.2, we first assume a priori that a wealth-independent

equilibrium policy law θ̂(t, α) exists and denote x̂· for the corresponding equilibrium wealth
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process. We next introduce the following auxiliary function

A θ̂(t, β, α) = E

[
exp

((
1− γ(α)

) ∫ T

t

{
θ̂(s,Ξs)Tµ(s,Ξs)−

1
2 θ̂(s,Ξs)Ta(s,Ξs)θ̂(s,Ξs)

}
ds

+
(
1− γ(α)

) ∫ T

t

θ̂(s,Ξs)Tσ(s,Ξs)dWs

)∣∣∣∣∣Ξt = β

]
.

Similar to the auxiliary function in Section 3.2, there are two market states involved in A θ̂(t, β, α).

For the reader’s understanding, the first state variable β stands for the market state at the cur-

rent time t and the second state variable α represents the market state in some initial time before

t.

By straightforward computation one has

V̂ CRRA(t, x, α) = 1
1− γ(α)x

1−γ(α)A θ̂(t, α, α)

and

J(t, x, α;θt,h,θ· ) = E
[

1
1− γ(α)

(
xθ

t,h,θ

T

)1−γ(α)
∣∣∣∣xt = x,Ξt = α

]
= 1

1− γ(α)x
1−γ(α)E

[
e

(
1−γ(α)

)∫ t+h
t
{[θTµ(s,Ξs)− 1

2 θ
Ta(s,Ξs)θ]ds+θTσ(s,Ξs)dWs}A θ̂(t+ h,Ξt+h, α)

∣∣∣∣∣Ξt = α

]
.

for any (t, x, α), any h > 0 and any θ ∈ Rn, where θt,h,θ· is the perturbed strategy defined in the

same manner as in Definition 1 in Chapter 2. Therefore,

lim inf
h→0+

J(t, x, α; θ̂·)− J(t, x, α;θt,h,θ· )
h

=− lim sup
h→0+

E
[
e

(
1−γ(α)

)∫ t+h
t
{[θTµ(s,Ξs)− 1

2 θ
Ta(s,Ξs)θ]ds+θTσ(s,Ξs)dWs}A θ̂(t+ h,Ξt+h, α)

∣∣∣Ξt = α
]
−A θ̂(t, α, α)

h

>0

leads to the following inequality

A θ̂
t (t, α, α) +

(
1− γ(α)

){
θTµ(s, β)− 1

2γ(α)θTa(s, β)θ
}

A θ̂(s, β, α)

+
K∑
l=1
l 6=α

λαl

{
A θ̂(t, l, α)−A θ̂(t, α, α)

}
6 0

by the generalised Dynkin’s formula. Moreover, for the equilibrium policy law θ̂(t, α), the above

inequality becomes to an equality. Therefore, we get the following extended Hamilton-Jacobi-
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3.3. CASE OF CRRA (POWER) UTILITY

Bellman (HJB) equation

A θ̂
t (t, α, α) +

(
1− γ(α)

)
sup
θ

{
−1

2γ(α)θTa(t, α)θ + θTµ(t, α)
}

A θ̂(t, α, α)

+
K∑
l=1
l 6=α

λαl

{
A θ̂(t, l, α)−A θ̂(t, α, α)

}
= 0;

A (T, α, α) = 1.

(3.9)

The first-order condition then gives the maximiser

θ̂(t, α) = 1
γ(α)a(t, α)−1µ(t, α).

Finally, we turn to characterise the auxiliary function A θ̂(t, β, α) and the equilibrium value

function V̂ CRRA(t, x, α). From the definition of A θ̂(t, β, α) one has A θ̂(T, β, α) = 1 for any

β, α ∈ E and

exp
((

1− γ(α)
) ∫ u

t

{[
θ̂(s,Ξs)Tµ(s,Ξs)−

1
2 θ̂(s,Ξs)Ta(s,Ξs)θ̂(s,Ξs)

]
ds

+θ̂(s,Ξs)Tσ(s,Ξs)dWs

})
A (u,Ξu, α)

is a martingale for u ∈ [t, T ] given Ξt = β. Then, via the Feynman-Kac approach, we have the

following ODE system

A θ̂
t (t, β, α) + 1− γ(α)

γ(β)

(
1− γ(α)

2γ(β)

)
µ(t, β)Ta(t, β)−1µ(t, β)A θ̂(t, β, α)

+
K∑
l=1
l 6=β

λβl

{
A θ̂(t, l, α)−A θ̂(t, β, α)

}
= 0,

A θ̂(T, β, α) = 1

for α, β ∈ E . Notice that by taking β = α we get

A θ̂
t (t, α, α) + 1− γ(α)

2γ(α) µ(t, α)Ta(t, α)−1µ(t, α)A θ̂(t, α, α)

+
K∑
l=1
l 6=α

λαl

{
A θ̂(t, l, α)−A θ̂(t, α, α)

}
= 0;

A θ̂(T, α, α) = 1

and this recovers the previous extended HJB equation for A (t, α, α) if we substitute the maximiser

θ̂(t, α) = 1
γ(α)a(t, α)−1µ(t, α)

back into (3.9).
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3.3.2 A Verification Theorem

We now provided a verification theorem. The proof is parallel to Theorem 4 and thus omitted.

Consider the ODE system

A θ̂
t (t, α, α) + γ(α)A θ̂(t, α, α) sup

θ

{
−γ(α)

2 θTa(t, α)θ + θTµ(t, α)
}

+
K∑
l=1
l 6=α

λαl

{
A θ̂(t, l, α)−A θ̂(t, α, α)

}
= 0;

A θ̂
t (t, β, α) + γ(α)A θ̂(t, β, α)

{
−γ(α)

2 θ̂(t, β)Ta(t, β)θ̂(t, β) + θ̂(t, β)Tµ(t, β)
}

+
K∑
l=1
l 6=β

λβl

{
A θ̂(t, l, α)−A θ̂(t, β, α)

}
= 0;

A θ̂(T, β, α) = 1, ∀α, β ∈ E ,
(3.10)

we just derived, where θ̂(t, β) attains the supreme in the first equation for A θ̂(t, β, β). We now

state the verification theorem.

Theorem 9. Suppose the trading strategy corresponding to the policy law θ̂(t, α) attaining the

supremum in the first equation for A θ̂(t, α, α) in (3.10) is admissible. Moreover, for each α and

β in E , there exists a C 1([0, T ])-function A θ̂(t, β, α) such that {A θ̂(t, β, α)}α,β∈E satisfies the

system (3.10). Then,

θ̂(t, α) = 1
γ(α)a(t, α)−1µ(t, α). (3.11)

is an equilibrium policy law, and

V̂ CRRA(t, x, α) = 1
1− γ(α)x

1−γ(α)A θ̂(t, α, α) (3.12)

is the corresponding equilibrium value function, for any t ∈ [0, T ), x ∈ R+ and α ∈ E .

We see that

θ̂(t, α) = 1
γ(α)a(t, α)−1µ(t, α)

is a well-defined measurable (deterministic) function with respect to t for each α ∈ E . Together

with Assumption 2 we see that θ̂(t, α) is admissible indeed. We point out that this equilibrium

policy law also coincides with the naive policy law, similar to the time inconsistent CARA utility

maximisation problem in Section 3.2. The analysis is parallel to the one there and thus omitted.
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We now turn to solve A θ̂(·, β, α). Parallel to Section 3.2,
(
A θ̂(t, 1, α), · · · ,A θ̂A θ̂(t,K, α)

)T

solves the following linear homogeneous ODE Ẋ(t) = ACRRA
α (t)X(t);

X(T ) = (1, · · · , 1)T ∈ RK ,

where X(t) = (X1(t), · · · , XK(t))T,

ACRRA
α (t) =


−ρα(1)η2(t, 1) +

∑
l 6=1 λ1l −λ12 · · · −λ1K

−λ21 −ρα(2)η2(t, 2) +
∑
l 6=2 λ2l · · · −λ2K

...
...

. . .
...

−λK1 λK2 · · · −ρα(K)η2(t,K) +
∑
l 6=K λKl


in which η(t, β) =

√
µ(t, β)Ta(t, β)−1µ(t, β) and we use the notation ρα(k) =

(
1−γ(α)

)(
2γ(k)−γ(α)

)
2γ2(k) ,

for each k ∈ E . By the standard ODE theory, we know that there exists a unique solution to

the above equation

X(t) = exp
(
−
∫ T

t

ACRRA
α (s)ds

)
1
...

1

 ,

where exp(·) is understood as the matrix function.

In Figure 3.3 we provide the numerical illustration for the equilibrium and the precommitment

strategy under the initial condition Ξ0 = 1 parallel to Section 3.2. The market parameters

are the same as the CARA utility case, and the risk aversion parameters are γ(1) = 0.8 and

γ(2) = 0.5. We show both the money amount and the proportion of the wealth invested in the

stock for the equilibrium and the precommitment strategies; moreover, we give the simulation of

the corresponding wealth paths.

3.4 Economic Analysis

We now do some economic analysis. To facilitate the discussion, we assume the market has

only two regimes—bullish and bearish. Let Regime 1 stand for the bullish market and Regime

2 for the bearish market. Moreover, the financial market model, where there is only one stock

within, is driven by a switched geometric Brownian motion (i.e., all the market parameters are

constant for each market regime).

Recall that given the market condition Ξt = α, the equilibrium amount of money at time t

for the time inconsistent CARA utility maximisation problem is

π̂(t, α) = 1
γ(α)

µ(α)
σ2(α) = 1

γ(α)
η(α)
σ(α)
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3. TIME INCONSISTENT UTILITY MAXIMISATION WITH REGIME SWITCHING

Figure 3.3: The Simulation of Equilibrium Strategy and Precommitment Strategy for CRRA
Utility.
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Notes. The figure illustrates the equilibrium trading strategy and the precommitment trading strategies
under initial condition Ξ0 = 1. Market parameters: n = d = 1, T = 1, µ(t, 1) = 0.06, µ(t, 2) = 0.03,
σ(t, 1) = σ(t, 2) = 0.3, λ12 = 0.08, λ21 = 0.12, γ(1) = 0.8, γ(2) = 0.5.

and the equilibrium ratio of the risky investment against wealth for the time inconsistent CRRA

utility maximisation problem is

θ̂(t, α) = 1
γ(α)

µ(α)
σ2(α) = 1

γ(α)
η(α)
σ(α) ,

where η(α) = µ(α)
σ(α) is Sharpe ratio or the market price of risk known in the literature corre-

sponding to the market state α (notice that we assume zero interest rate in this chapter). This

indicates that both equilibrium policy laws are constant in each regime of the market. The trad-

ing strategies depend on the Sharpe ratio, the stock volatility and the investor’s risk aversion

parameter only. As long as the market condition remains unchanged, the trading strategies will

not change either. These results are consistent with the results in the standard settings; see, for

instance, [62], [63], [46] and [84].

A series of empirical studies (see, for instance, [30], [81] and [27]) suggest that when the

market condition is good (for instance, the inflation rate is low, the growth of the GDP is fast or

the security prices are expected to rise), the ratio of expected excess return over return variance

is higher than the one when the market condition is bad (for instance, the market with high
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3.4. ECONOMIC ANALYSIS

inflation, with low GDP growth or even decrease or in which the security prices are expected to

fall). Therefore, as Regime 1 always stands for the bullish market and Regime 2 for the bearish

market, we assume that
µ(1)
σ2(1) >

µ(2)
σ2(2) .

Furthermore, in [33], the authors study the state-dependent CRRA utility function and find that

the relative Arrow-Pratt risk aversion measure γ(Ξt) is inclined to be higher at the time “with

falls in the business conditions index and/or increases in the recession index”. In other words,

the study in [33] indicates that the risk aversion for the market is lower in a bullish market and

higher in a bearish market. Thus, it is reasonable to assume that

γ(1) < γ(2).

Under the assumptions about the market coefficients and the investor’s risk aversion param-

eter, one can see that

π̂(t, 1) > π̂(t, 2), for t ∈ [0, T ]

and

θ̂(t, 1) > θ̂(t, 2), for t ∈ [0, T ],

for CARA and CRRA utility functions respectively. In other words, the investor should allocate

a higher amount of money (for the CARA utility case) or proportion of her wealth (for the CRRA

utility case) in the risky asset during a bullish period of the market than in a bearish one. This

suggests that, when market condition is positive and the expectation for the future is bright, the

investor’s trading strategy will become relatively aggressive and she will invest more in the risky

assets; when the market condition is negative and the future prospect is dim, the investor will

“seek for the safety harbour” and invest less in the risky assets.
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Chapter 4

Equilibrium Utility Indifference
Pricing with Regime Switching

We consider a time inconsistent option pricing problem in this chapter. Similar to Chap-

ter 3, the investor’s preference is characterised by a CARA utility maximisation criterion with

regime switching; the portfolio selection problem for the investor is, therefore, time inconsistent.

We introduce a general equilibrium utility indifference pricing rule for the investor to price a

European-type contingent claim in an incomplete market. In a basis risk model, we provide

the PDE system characterising the equilibrium utility indifference pricing rule and show its lo-

cal existence and uniqueness for a two-state case. Some properties of the equilibrium utility

indifference pricing rule are discussed subsequently.

4.1 Market Model and Basic Problem

In this section, we state the financial market model and the option pricing problem under

consideration.

4.1.1 The Model

The underlying probability space (Ω,F ,P) and the terminal time T > 0 are as stated in

Chapter 1. On this probability space defined two standard Brownian motions (BM) W·, W⊥·
and one continuous-time stationary Markovian chain (MC) Ξ· taking values in a finite discrete

state space E = {1, 2, · · · ,K}; moreover, W·, W⊥· and Ξ· are independent of each other. The

filtration F = {Ft}t∈[0,T ] is the completion of the filtration generated by W·, W⊥· and Ξ·. As in

Chapter 3, we use the exogenous process Ξ· to model the financial market state.
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4. EQUILIBRIUM UTILITY INDIFFERENCE PRICING WITH REGIME SWITCHING

In this chapter, the financial market consists of one bond B· and two stocks S· and Y·;

moreover, B· and S· are traded continuously while the price of Y· is observable but Y· per se is

not tradable. As in Chapter 3, we assume the interest rate is constantly zero and

Bt ≡ 1, t ∈ [0, T ]. (4.1)

The dynamics of S· and Y· follow the SDEs

dSt = St

{
µ(t,Ξt)dt+ σ(t,Ξt)dWt

}
(4.2)

and

dYt = b(t, Yt,Ξt)dt+ ν(t, Yt,Ξt)
{
ρ(t,Ξt)dWt +

√
1− ρ2(t,Ξt)dW⊥t

}
(4.3)

respectively, where µ, σ : [0, T ] × E → R, b, ν : [0, T ] × R × E → R and ρ : [0, T ] × E → (−1, 1)

are given deterministic (measurable) functions. Moreover, there is a European-type contingent

claim with payoff F (YT ) for some deterministic function F (·).

The following assumptions are made throughout this chapter and Chapter 5.

Assumption 10. Coefficients µ(t, α) and σ(t, α) are bounded on [0, T ] for any α ∈ E .

Assumption 11. Coefficients b(t, y, α) and ν(t, y, α) are uniformly bounded with respect to

argument t ∈ [0, T ] and uniformly Lipschitz with respect to argument y ∈ R, i.e., there exists

some M > 0 such that

|b(t, y, α)|+ |ν(t, y, α)| 6M, ∀t ∈ [0, T ]

for any (y, α) ∈ R× E and

|b(t, y1, α)− b(t, y2, α)|+ |ν(t, y1, α)− ν(t, y2, α)| 6M |y1 − y2|, ∀y1, y2 ∈ R

for any (t, α) ∈ [0, T ]× E .

Assumption 12 (Non-degeneracy Condition). There exist some κ > 0, such that

σ2(t, α) > κ, ∀t ∈ [0, T ] and α ∈ E .

For the sake of simplicity, we introduce the notation a(t, α) = σ2(t, α) for the square of

the diffusion and η(t, α) = µ(t,α)
σ(t,α) for the instantaneous Sharpe ratio to the tradable asset S·.

Moreover, we denote ρ̄(t, α) =
√

1− ρ2(t, α).

We construct the self-financing portfolio by trading B· and S· with no consumption. Suppose

we fix a time t ∈ [0, T ] temporarily and the market state at time t is Ξt = α ∈ E ; moreover, the
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capital at time t is x > 0 and the total wealth at time s ∈ [t, T ] is denoted by xs. Furthermore,

we assume that trading takes place continuously and transaction costs are taken to be zero.

Denoting the amount of capital invested in S· at time s by πs, the dynamics of the wealth

process corresponding to the trading strategy {πs}s∈[t,T ) is dx(t,x),π
s = πs

{
µ(s,Ξs)ds+ σ(s,Ξs)dWs

}
xt = x, Ξt = α.

(4.4)

In particular, the corresponding terminal wealth x
(t,x),π
T is

x
(t,x),π
T = x+

∫ T

t

πs

{
µ(s,Ξs)ds+ σ(s,Ξs)dWs

}
. (4.5)

As stated in Chapter 2, we always use boldface letter, say π·, to denote a control process or

a control policy law (a function), and use ordinary letter without boldface, say π, to denote a

possible value (a scalar, for the current case) of the control process.

A trading strategy π· is said to be admissible if π· ∈ L 2
F (0, T ;R), which is the same as in

Section 3.2.

4.1.2 The Basic Problem

The main problem in this chapter is the pricing (and the corresponding hedging) of a contin-

gent claim written on the nontradable asset YT with payoff function F (·). Since Y· is nontradable,

the replication method fails and we turn to price the contingent claim via the indifference pricing

approach. The indifference price is the cost of the claim such that the investor feels indifferent

towards the portfolios with or without the claim. Clearly, the investor’s preference is involved in

finding her indifference price. In this chapter, we assume the investor’s preference is characterised

by a CARA utility maximisation criterion for portfolio selection, similar to Chapter 3, and resort

to the utility indifference pricing approach. More precisely, the investor’s utility function for her

terminal wealth at any intermediate time t ∈ [0, T ] is

Ut(x) = − exp
(
− γ(Ξt)x

)
,

where Ξt is the market state at time t. There are two choices for the investor: holding zero or k

contingent claims (specifically, k < 0 stands for shorting instead of holding) in her portfolio. For

the first choice, the investor’s underlying control problem is to maximise the following objective

functional given the market state α and the capital x at time t:

J0(t, x, α;π·) = E
[
− exp

(
− γ(α)xπT

)∣∣∣xt = x,Ξt = α
]
,
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where π· is an admissible trading strategy and xπ· is the corresponding wealth process; for the

second choice, the underlying control problem is to maximise the following objective functional:

Jk(t, x, y, α;π·) = E
[
− exp

(
− γ(α){xπT + kF (YT )}

)∣∣∣xt = x, Yt = y,Ξt = α
]
.

Notice that we use the superscript “0” or “k” to emphasise that the corresponding objective

functional is with respect to the problem with 0 or k claims in the portfolio. We point out

that, similar to Chapter 3, the investor’s preference depends on the market state and the un-

derlying stochastic control problems are time inconsistent. As stated in Chapter 2, we exploit

the equilibrium approach to deal with the time inconsistency; more precisely, we will look for

the equilibrium policy laws and the equilibrium value functions for the underlying two time in-

consistent stochastic control problems. After obtaining the equilibrium policy laws and value

functions, we then give an equilibrium utility indifference pricing rule.

4.2 Time Inconsistent CARA Utility Maximisation with
Regime Switching

In this section, we give the equilibrium policy laws and value functions for the two time

inconsistent utility maximisation problems—with and without the contingent claim in the port-

folio. This section is a preparation for the equilibrium utility indifference pricing rule in the next

section.

4.2.1 Utility Maximisation without Contingent Claim

We first discuss the time inconsistent utility maximisation problem without any claim in the

portfolio. As in Chapter 3, we only consider wealth-independent equilibrium policy law; in other

words, we assume the equilibrium policy law takes the following form

π̂0(t, x, α) = π̂0(t, α).

With π̂0(t, α) an equilibrium policy law and x̂0
· the corresponding equilibrium wealth process,

we introduce the following auxiliary function

A 0(t, β, α) = E

[
exp

(
−γ(α)

∫ T

t

π̂0(s,Ξs)
{
µ(s,Ξs)ds+ σ(s,Ξs)dWs

})∣∣∣∣∣Ξt = β

]
as in Chapter 3; in particular, the first state variable β stands for the market state at the current

time t and the second state variable α represents the market state at some initial time before t.

We then have the following result.

50



4.2. TIME INCONSISTENT CARA UTILITY MAXIMISATION WITH REGIME SWITCHING

Theorem 13. Assume the following extended Hamilton-Jacobi-Bellman (HJB) system

A 0
t (t, α, α) + γ(α)A 0(t, α, α) inf

π

{
1
2γ(α)a(t, α)π2 − µ(t, α)π

}
+

K∑
l=1
l 6=α

λαl

{
A 0(t, l, α)−A 0(t, α, α)

}
= 0;

A 0
t (t, β, α) + γ(α)A 0(t, β, α)

{
1
2γ(α)a(t, β)

(
π̂0(t, β)

)2 − µ(t, β)π̂0(t, β)
}

+
K∑
l=1
l 6=β

λβl

{
A 0(t, l, α)−A 0(t, β, α)

}
= 0;

A 0(T, β, α) = 1,

(4.6)

for α, β ∈ E has a (unique) C 1([0, T ])-solution {A 0(t, β, α)}α,β∈E , and the policy law π̂0(t, α)

attaining the infimum in the first equation for A 0(t, α, α) in (4.6) is admissible. Then, for the

time inconsistent utility maximisation problem without any claim in the portfolio,

π̂0(t, α) = µ(t, α)
γ(α)a(t, α) (4.7)

is an equilibrium policy law and

V̂ 0(t, x, α) = −e−γ(α)xA 0(t, α, α) (4.8)

is the corresponding equilibrium value function, for any t ∈ [0, T ), x ∈ R+ and α ∈ E .

This theorem is a special case of Theorem 4 in Chapter 3.

4.2.2 Utility Maximisation with Contingent Claim

We turn next to the time inconsistent utility maximisation problem with k claims in the

portfolio. We briefly deduce the extended HJB equation and provide the equilibrium policy law

and value function.

Similar to Chapter 3 and Section 4.2.1, we consider only the wealth-independent equilibrium

policy law taking the following form

π̂k(t, x, y, α) = π̂k(t, y, α).

With π̂k(t, y, α) an equilibrium policy law and x̂k· the corresponding equilibrium wealth pro-

cess, we introduce the following auxiliary function

A k(t, y, β, α) = E

[
exp

(
− γ(α)

[ ∫ T

t

π̂k(u, Yu,Ξu)
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
+ kF (YT )

])∣∣∣∣∣Yt = y,Ξt = β

]
.
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Similar to the auxiliary functions in Chapter 3 and in Section 4.2.1, the first state variable β

stands for the market state at the current time t and the second state variable α represents the

market state at some initial time before t. Then, by definition one has

V̂ k(t, x, y, α) = −e−γ(α)xA k(t, y, α, α).

Moreover, for any (t, y, α), any h > 0 and any π ∈ R, the perturbed policy law πk|t,h,π(u, y, α)

πk|t,h,π(u, y, α) =
{

π, u ∈ [t, t+ h),

π̂k(u, y, α), u ∈ [t+ h, T )

is defined in the same manner as in Definition 1 in Chapter 2, and the corresponding objective

functional is

Jk(t, x, y, α;πk|t,h,π· )

=− e−γ(α)xE

[
exp

(
−γ(α)

∫ t+h

t

π
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

})
A k(t+ h, Yt+h,Ξt+h, α)

∣∣∣∣∣Yt = y,Ξt = α

]
.

Then

lim inf
h→0+

Jk(t, x, s, y, α; π̂k· )− Jk(t, x, s, y, α;πk|t,h,π· )
h

> 0

leads to the following extended Hamilton-Jacobi-Bellman (HJB) equation for A k(t, y, α, α):

A k
t (t, y, α, α) + 1

2ν
2(t, y, α)A k

yy(t, y, α, α) + b(t, y, α)A k
y (t, y, α, α)

+
K∑
l=1
l 6=α

λαl

{
A k(t, y, l, α)−A k(t, y, α, α)

}

+ inf
π

{
1
2γ

2(α)a(t, α)A k(t, y, α, α)π2 − γ(α)µ(t, α)A k(t, y, α, α)π

−γ(α)ρ(t, α)ν(t, y, s, α)σ(t, s, α)A k
y (t, s, y, α, α)π

}
= 0;

A k(T, y, α, α) = e−γ(α)kF (y).

(4.9)

The first-order condition then gives the minimizer

π̂k(t, y, α) = η(t, α)
γ(α)σ(t, α) +

ρ(t, α)ν(t, y, α)A k
y (t, y, α, α)

γ(α)σ(t, α)A k(t, y, α, α) .
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With this π̂k(t, y, α) we can further obtain the partial differential equations (PDE) for A k(t, y, β, α):

A k
t (t, y, β, α) + 1

2ν
2(t, y, β)A k

yy(t, y, β, α) + b(t, y, β)A k
y (t, y, β, α)

+1
2
γ2(α)
γ2(β)

{
η(t, β) +

ρ(t, β)ν(t, y, β)A k
y (t, y, β, β)

A k(t, y, β, β)

}2

A k(t, y, β, α)

−γ(α)
γ(β)

{
η(t, β) +

ρ(t, β)ν(t, y, β)A k
y (t, y, β, β)

A k(t, y, β, β)

}
×
{
η(t, β)A k(t, y, β, α)

+ρ(t, β)ν(t, y, β)A k
y (t, y, β, α)

}
+

K∑
l=1
l 6=β

λβl

{
A k(t, y, l, α)−A k(t, y, β, α)

}
= 0;

A k(T, y, β, α) = e−γ(α)kF (y)

(4.10)

for any α, β ∈ E .

We provide the following verification theorem to close this section.

Theorem 14. Suppose the policy law π̂k(t, y, α) attaining the infimum of (4.9) is admissi-

ble; moreover, the semilinear parabolic system (4.10) has a (unique) C 1,2([0, T ] × R)-solution{
A k(t, y, β, α)

}
α,β∈E

. Then, for the time inconsistent utility maximisation problem with k claims

in the portfolio,

π̂k(t, y, α) = η(t, α)
γ(α)σ(t, α) +

ρ(t, α)ν(t, y, α)A k
y (t, y, α, α)

γ(α)σ(t, α)A k(t, y, α, α)

is an equilibrium policy law and

V̂ k(t, x, y, α) = −e−γ(α)xA k(t, y, α, α)

is the corresponding equilibrium value function for t ∈ [0, T ), x ∈ R+, y ∈ R and α ∈ E .

The proof is completely parallel to the one for Theorem 4 in Chapter 3 and thus omitted.

4.3 General Equilibrium Exponential Utility Indifference
Pricing Rule

In this section, we combine the results in Sections 4.2.1 and 4.2.2 to give an equilibrium utility

indifference pricing rule.

To price a contingent claim, consider the two choices for the investor—the portfolios with

or without the contingent claim. The indifference price is the cost of the claim such that the

investor feels indifferent towards the two choices. We give the formal definition below.
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Definition 15 (Equilibrium Exponential Utility Indifference Price). An equilibrium (exponen-

tial) utility indifference price per claim, pk(t, x, y, α), for a position of k contingent claims with

the terminal payoff kF (YT ) is defined as the solution of the following (algebraic) equation

V̂ 0(t, x, α) = V̂ k(t, x− kpk(t, x, y, α), y, α).

It is well-known in the literature that the classical exponential utility indifference price is in-

dependent of the wealth variable x. This property preserves for the above equilibrium exponential

utility indifference price, i.e., pk(t, y, α) is a function of t, y and α only. As a matter of fact,

recall that given the current nontradable stock price Yt = y, the market condition Ξt = α and

the wealth xt = x, the equilibrium value functions for the time inconsistent utility maximisation

problems with 0 or k claims in the portfolio are

V̂ 0(t, x, α) = −e−γ(α)xA 0(t, α, α)

and

V̂ k(t, x, y, α) = −e−γ(α)xA k(t, y, α, α)

respectively, where A 0(t, α, α) and A k(t, y, α, α) are (part of) the solutions to systems (4.6) and

(4.10). Thus, the equilibrium utility indifference price is

pk(t, y, α) =
log
(
A 0(t, α, α)

)
− log

(
A k(t, y, α, α)

)
kγ(α) .

Apart from the price of the contingent claim, another important issue in option pricing

problem is the hedging strategy. Suppose that the investor decides to purchase k claims at time

t; she needs not only to pay kpk(t, Yt,Ξt) for the claims but also to switch her strategy from the

previous equilibrium strategy π̂0(·,Ξ·) to the new equilibrium one π̂k(·, Y·,Ξ·). The difference

between these two equilibrium strategies can then be viewed as the hedging strategy for the

contingent claim. We give the definition formally below.

Definition 16 (Equilibrium Exponential Utility Indifference Hedging Strategy). For the equi-

librium (exponential) utility indifference hedging strategy pk(t, y, α) in Definition 15, the corre-

sponding equilibrium (exponential) utility indifference hedging strategy for a position of k contin-

gent claims is defined as

π̂k,Ht = π̂k(t, Yt,Ξt)− π̂0(t,Ξt), t ∈ [0, T ).
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Recall that the equilibrium policy laws are

π̂0(t, α) = η(t, α)
γ(α)σ(t, α)

and

π̂k(t, y, α) = η(t, α)
γ(α)σ(t, α) +

ρ(t, α)ν(t, y, α)A k
y (t, y, α, α)

γ(α)σ(t, α)A k(t, y, α, α) ,

respectively. Therefore, the equilibrium (exponential) utility indifference hedging strategy for a

position of k claims is given by

π̂k,Ht =
ρ(t,Ξt)ν(t, Yt,Ξt)A k

y (t, Yt,Ξt,Ξt)
γ(Ξt)σ(t,Ξt)A k(t, Yt,Ξt,Ξt)

, t ∈ [0, T ).

Remark 3. The equilibrium (exponential) utility indifference hedging strategy is in the feedback

form, i.e., π̂k,Ht = π̂kH(t, Yt,Ξt), where

π̂kH(t, y, α) = π̂k(t, y, α)− π̂0(t, α) =
ρ(t, α)ν(t, y, α)A k

y (t, y, α, α)
γ(α)σ(t, α)A k(t, y, α, α) .

is a deterministic function. We call π̂kH(t, y, α) the equilibrium (exponential) utility indifference

hedging policy law for a position of k claims.

Remark 4. The equilibrium (exponential) utility indifference price pk(t, y, α) together with the

equilibrium (exponential) utility hedging policy law π̂kH(t, y, α) constitute an equilibrium (expo-

nential) utility indifference pricing rule.

Remark 5. The equilibrium utility indifference pricing rule is “time consistent” or, more pre-

cisely, the equilibrium utility indifference hedging policy law is “time consistent”. The “time

consistency” of the equilibrium utility indifference pricing rule indicates that, at any time when

she wants to buy or sell the contingent claim, the investor will follow the same equilibrium util-

ity indifference hedging policy law. To illustrate, suppose at some time t the investor decides to

purchase k claims in her portfolio; apart from paying the price pk(t, Yt,Ξt) for each claim, the

investor also needs to switch her trading policy law from {π̂0(u, α)}u∈[t,T ) to {π̂k(u, y, α)}u∈[t,T ),

i.e., she needs to implement the hedging policy law π̂kH(t, y, α). If, at some future time s ∈ (t, T ),

she changes her mind to sell the contingent claims, the investor will also switch her trading policy

back to {π̂0(u, α)}u∈[s,T ) from {π̂k(u, y, α)}u∈[s,T ), i.e., she will implement the (reverse) hedging

policy law −π̂kH(t, y, α) determined previously.
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4.4 Equilibrium Utility Indifference Pricing Rule in Basis
Risk Model

The above equilibrium utility indifference pricing rule is fairly complicated to analyse. We

now consider a simpler basis risk model by taking φ(t, α) = φ(t) for φ = µ, σ, η, ρ and ν(t, y, α) =

ν(t, y); in particular, the prices of the tradable stock and the diffusion coefficient of the nontrad-

able asset are independent of the financial market state. However, the drift coefficient of the

nontradable asset together with the risk aversion parameters are still regime dependent.

Remark 6. We may also assume the dependence of µ, σ, η and ρ on the market state Ξ·. This

assumption will, on the one side, makes the PDE systems below (which are considerably com-

plicated already) even more cumbersome and, on the other side, bring about no more difficulty

in later analysis.

In the current situation, the equilibrium utility indifference price pk(t, y, α) is

pk(t, y, α) = − 1
kγ(α) log

(
A k(t, y, α, α)
A 0(t, α, α)

)
and the equilibrium utility indifference hedging policy law π̂kH(t, y, α) is

π̂kH(t, y, α) = ρ(t)ν(t, y)
γ(α)σ(t)

A k
y (t, y, α, α)

A k(t, y, α, α) ,

where A 0(t, β, α) and A k(t, y, β, α) satisfy the system
A 0
t (t, β, α) +

{1
2
γ(α)
γ(β)

(
γ(α)
γ(β) − 2

)
η2(t)−

∑
l 6=β

λβl

}
A 0(t, β, α) +

∑
l 6=β

{
λβlA

0(t, l, α)
}

= 0;

A 0(T, β, α) = 1
(4.11)

and

A k
t (t, y, β, α) + 1

2ν
2(t, y)A k

yy(t, y, β, α)

+
{
b(t, y, β)− γ(α)

γ(β)η(t)ρ(t)ν(t, y)− γ(α)
γ(β)ρ

2(t)ν2(t, y)
A k
y (t, y, β, β)

A k(t, y, β, β)

}
A k
y (t, y, β, α)

+
{

1
2
γ(α)
γ(β)

(
γ(α)
γ(β) − 2

)
η2(t) + γ(α)

γ(β)

(
γ(α)
γ(β) − 1

)
A k
y (t, y, β, β)

A k(t, y, β, β)η(t)ρ(t)ν(t, y)

+1
2

(
γ(α)
γ(β)

)2
ρ2(t)ν2(t, y)

(
A k
y (t, y, β, β)

A k(t, y, β, β)

)2

−
∑
l 6=β

λβl

}
A k(t, y, β, α)

+
∑
l 6=β

{
λβlA

k(t, y, l, α)
}

= 0;

A k(T, y, β, α) = e−γ(α)kF (y)

(4.12)
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respectively, for α, β ∈ E .

We now introduce the following two auxiliary functions

f0,βα(t) = A 0(t, β, α)
A 0(t, α, α) ,

fk,βα(t, y) = A k(t, y, β, α)
A k(t, y, α, α) ,

for α, β ∈ E . From the straightforward calculation we have the following PDE system for the

equilibrium utility indifference price pk(t, y, α):
pkt (t, y, α) + 1

2ν
2(t, y)pkyy(t, y, α) +

{
b(t, y, α)− η(t)ρ(t)ν(t, y)

}
pky(t, y, α)

−1
2kγ(α)ρ̄2(t)ν2(t, y)

(
pky(t, y, α)

)2 − 1
kγ(α)

∑
l 6=α

{
fk,lα(t, y)− f0,lα(t)

}
= 0;

pk(T, y, α) = F (y)

(4.13)

for α ∈ E , where f0,βα(t) and fk,βα(t, y) satisfy

f0,βα
t (t) +

1
2

(
γ(α)
γ(β) − 1

)2
η2(t) +

∑
l 6=α

λαl −
∑
l 6=β

λβl

f0,βα(t)

−

∑
l 6=α

λαlf
0,lα(t)

 f0,βα(t) +
∑
l 6=β

λβlf
0,lα(t) = 0;

f0,βα(T ) = 1

(4.14)

and

fk,βαt (t, y) + 1
2ν

2(t, y)fk,βαyy (t, y)

+
{
b(t, y, β)− γ(α)

γ(β)η(t)ρ(t)ν(t, y)− kγ(α)ν2(t, y)
[
pky(t, y, α)− ρ2(t)pky(t, y, β)

]}
fk,βαy (t, y)

−

∑
l 6=α

λαlf
k,lα(t, y)

 fk,βα(t, y) +
∑
l 6=β

λβlf
k,lα(t, y)

+1
2

((γ(α)
γ(β) − 1

)
η(t) + kγ(α)ρ(t)ν(t, y)

[
pky(t, y, α)− pky(t, y, β)

])2
fk,βα(t, y)

+

kγ(α)
(
b(t, y, α)− b(t, y, β)

)
pky(t, y, α) +

∑
l 6=α

λαl −
∑
l 6=β

λβl

fk,βα(t, y) = 0;

fk,βα(T, y) = 1
(4.15)

respectively, for α, β ∈ E . We see that ODE system (4.14) for {f0,βα(t)}β,α∈E is autonomous;

however, PDE system (4.13) for {pk(t, y, α)}β,α∈E and (4.15) for {fk,βα(t, y)}β,α∈E are coupled

with each other, and they two together form a system of semilinear parabolic PDEs. (4.13),
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(4.14) and (4.15) together determine the equilibrium exponential utility indifference pricing rule

pk(t, y, α) and π̂kH(t, y, α).

Some special cases are discussed below.

4.4.1 Local Existence and Uniqueness for Two-Market-State Case

In this section, we consider the simplest two-market-state model that E = {1, 2}; in other

words, the market has only two states—bearish and bullish. Moreover, we assume b(t, y, α) = bαy,

ν(t, y) = νy and φ(t) = φ for φ = µ, σ, η and ρ, where b1, b2, ν, µ, σ and ρ are all constant and

η = µ
σ .

ODE system (4.14) is now reduced to
f0,21
t (t)− λ12

(
f0,21(t)

)2 +
(

1
2
(γ(1)
γ(2) − 1

)2
η2 + λ12 − λ21

)
f0,21(t) + λ21 = 0,

f0,12
t (t)− λ21

(
f0,12(t)

)2 +
(

1
2
(γ(2)
γ(1) − 1

)2
η2 + λ21 − λ12

)
f0,12(t) + λ12 = 0,

f0,21(T ) = 1, f0,12(T ) = 1.

(4.16)

Notice that f0,21(t) and f0,12(t) are decoupled in this simplest case; moreover, we have f0,11(·) ≡ 1

and f0,22(·) ≡ 1 by definition.

The following proposition states the well-posedness of (4.16).

Theorem 17. There exists a unique solution
(
f0,21(t), f0,12(t)

)
for (4.16). Moreover, we have

the following estimates
0 6 f0,21(t) 6 κ21(T − t)

0 6 f0,12(t) 6 κ12(T − t)

for any t ∈ [0, T ], where

κ21(t) =

1 + λ21
1
2
(γ(1)
γ(2) − 1

)2
η2 + λ12 − λ21

 exp
((1

2
(γ(1)
γ(2) − 1

)2
η2 + λ12 − λ21

)
t

)

− λ21
1
2
(γ(1)
γ(2) − 1

)2
η2 + λ12 − λ21

,

κ12(t) =

1 + λ12
1
2
(γ(2)
γ(1) − 1

)2
η2 + λ21 − λ12

 exp
((1

2
(γ(2)
γ(1) − 1

)2
η2 + λ21 − λ12

)
t

)

− λ12
1
2
(γ(2)
γ(1) − 1

)2
η2 + λ21 − λ12

.

(4.17)
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Proof. First of all, we do the time-reverse transform τ = T − t to get the following (decoupled)

forward ODE system
x21
t (τ) = −λ12

(
x21(τ)

)2 +
(

1
2
(γ(1)
γ(2) − 1

)2
η2 + λ12 − λ21

)
x21(τ) + λ21,

x12
t (τ) = −λ21

(
x12(τ)

)2 +
(

1
2
(γ(2)
γ(1) − 1

)2
η2 + λ21 − λ12

)
x12(τ) + λ12,

x21(0) = 1, x12(0) = 1.

(4.18)

Then if the well-posedness of the above ODE is established, by taking f0,21(t) = x21(T − t) and

f0,12(t) = x12(T − t) we then obtain the solution to (4.16).

We only discuss x21(·); the same argument also applies to x12(·). Since the generator of the

ODE system (4.18) is of C 1 and thus locally Lipschitz, the uniqueness and local existence of

the solution is guaranteed by Picard-Lindelöf theorem. We thus need only to show the global

existence of the solution. More precisely, we need to show that x21(·) cannot explode in finite

time; in other words, for any time τ > 0 we want to give finite upper and lower bounds for x21(τ)

(which can depend on τ).

To this end, we define

a21 = 1
2
(γ(1)
γ(2) − 1

)2
η2 + λ12 − λ21

and

x̃21(τ) = e−a21τx21(τ).

We then see that x̃21(·) satisfies the following ODE x̃21
t (τ) = −λ̃12(τ)

(
x̃21(τ)

)2 + λ̃21(τ);

x̃21(0) = 1,

where λ̃12(τ) = ea21τλ12 > 0 and λ̃21(τ) = e−a21τλ21 > 0.

We first give the upper bound of x21(τ). From

x̃21
t (τ) = −λ̃12(τ)

(
x̃21(τ)

)2 + λ̃21(τ) 6 λ̃21(τ)

we have

x̃21(τ) 6 1 +
∫ τ

0
λ̃21(s)ds.

Thus

x21(τ) 6 ea21τ

(
1 +

∫ τ

0
λ̃21(s)ds

)
=
(

1 + λ21

a21

)
ea21τ − λ21

a21
.

We next show the lower bound of x21(τ) is zero for all τ > 0. As a matter of fact,

x̃21
t (τ) = −λ̃12(τ)

(
x̃21(τ)

)2 + λ̃21(τ) > −λ̃12(τ)
(
x̃21(τ)

)2
.
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Notice that the local solution must be continuous. For any 0 < τ1 < τ2, assuming x̃21(·) 6= 0 on

[τ1, τ2], we have
1

x̃21(τ2) −
1

x̃21(τ1) 6
∫ τ2

τ1

λ̃12(s)ds.

Therefore, if x̃21(τ2) < 0, then it must hold x̃21(τ) < 0 for any τ ∈ (τ1, τ2) by the continuity of

x̃21(·) < 0; moreover, x̃21(τ) will not approach to 0 as τ → τ1, otherwise the left handside of

the above inequality will approach to +∞ which is a contradiction. Thus, x̃21(τ1) < 0 for any

τ1 ∈ (0, τ2). However, x̃21(0) = 1 > 0 and we have the contradiction. Therefore, x̃21(τ) > 0 and

thus x21(τ) > 0 for any τ > 0. Thus the well-posedness for (4.16) is done. The estimates for

f0,21(t) and f0,12(t) are obvious from the above discussion.

Similarly, (4.13) and (4.15) are now reduced to the following semilinear parabolic system

pkt (t, y, 1) + 1
2ν

2y2pkyy(t, y, 1) +
{
b1 − ηρν

}
ypky(t, y, 1)

− 1
2kγ(1)ρ̄2ν2y2(pky(t, y, 1)

)2 = 1
kγ(1)

{
fk,21(t, y)− f0,21(t)

}
,

pkt (t, y, 2) + 1
2ν

2y2pkyy(t, y, 2) +
{
b2 − ηρν

}
ypky(t, y, 2)

− 1
2kγ(2)ρ̄2ν2y2(pky(t, y, 2)

)2 = 1
kγ(2)

{
fk,12(t, y)− f0,12(t)

}
,

fk,21
t (t, y) + 1

2ν
2y2fk,21

yy (t, y)

+
{
b2y −

γ(1)
γ(2)ηρνy − kγ(1)ν2y2

[
pky(t, y, 1)− ρ2pky(t, y, 2)

]}
fk,21
y (t, y)

− λ12
(
fk,21(t, y)

)2
+ 1

2

((γ(1)
γ(2) − 1

)
η + kγ(1)ρνy

[
pky(t, y, 1)− pky(t, y, 2)

])2
fk,21(t, y)

+
{
kγ(1)

(
b1 − b2

)
ypky(t, y, 1) + λ12 − λ21

}
fk,21(t, y)

+ λ21 = 0,

fk,12
t (t, y) + 1

2ν
2y2fk,12

yy (t, y)

+
{
b1y −

γ(2)
γ(1)ηρνy − kγ(2)ν2y2

[
pky(t, y, 2)− ρ2pky(t, y, 1)

]}
fk,12
y (t, y)

− λ21
(
fk,12(t, y)

)2
+ 1

2

((γ(2)
γ(1) − 1

)
η + kγ(2)ρνy

[
pky(t, y, 2)− pky(t, y, 1)

])2
fk,12(t, y)

+
{
kγ(2)

(
b2 − b1)ypky(t, y, 2) + λ21 − λ12

}
fk,12(t, y)

+ λ12 = 0,

pk(T, y, 1) = F (y), pk(T, y, 2) = F (y), fk,21(T, y) = 1, fk,12(T, y) = 1.

(4.19)
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Moreover, we have fk,11(t, y) ≡ 1 and fk,22(t, y) ≡ 1 for (t, y) ∈ [0, T ]× R+.

Even for the highly simplified situation, this system is still very complicated; we are only able

to show the local existence of the solution to this system.

Theorem 18. Let the payoff function F (·) be of C 1(R+) and the support of F (·) is contained

in [0, X∗] for some X∗ > 0. Moreover, the derivative of F (·) is Lipschitz continuous, i.e.,

|Fx(x)− Fx(y)| 6 L|x− y|, ∀x, y ∈ R+

for some L > 0. Then there exists some T ∗ > 0 such that the PDE system (4.19) has a unique

smooth solution on [T − T ∗, T ].

Proof. To facilitate the analysis, we do the time-reverse and logarithmic transform

pk(t, y, 1) = u1(T − t, log(y)), pk(t, y, 2) = u2(T − t, log(y)),

fk,21(t, y) = u3(T − t, log(y)), fk,12(t, y) = u4(T − t, log(y))

(for the sake of simplicity we omit the parameter k in the new unknown functions ui(t, x),

i = 1, 2, 3, 4) to turn the original PDE system (4.19) to the following forward semilinear parabolic

system

−u1
t + 1

2ν
2u1
zz +

{
b1 −

1
2ν

2 − ηρν
}
u1
z −

1
2kγ(1)ρ̄2ν2(u1

z

)2 − 1
kγ(1)

(
u3 − x21(t)

)
= 0,

−u2
t + 1

2ν
2u2
zz +

{
b2 −

1
2ν

2 − ηρν
}
u2
z −

1
2kγ(2)ρ̄2ν2(u2

z

)2 − 1
kγ(2)

(
u4 − x12(t)

)
= 0,

−u3
t + 1

2ν
2u3
zz +

{
b2 −

1
2ν

2 − γ(1)
γ(2)ηρν − kγ(1)ν2

[
u1
z − ρ2u2

z

]}
u3
z − λ12

(
u3)2

+
{

1
2

((γ(1)
γ(2) − 1

)
η + kγ(1)ρν

[
u1
z − u2

z

])2
+ kγ(1)

(
b1 − b2

)
u1
z + λ12 − λ21

}
u3 + λ21 = 0,

−u4
t + 1

2ν
2u4
zz +

{
b1 −

1
2ν

2 − γ(2)
γ(1)ηρν − kγ(2)ν2

[
u2
z − ρ2u1

z

]}
u4
z − λ21

(
u4)2

+
{

1
2

((γ(2)
γ(1) − 1

)
η + kγ(2)ρν

[
u2
z − u1

z

])2
+ kγ(2)

(
b2 − b1

)
u2
z + λ21 − λ12

}
u4 + λ12 = 0,

u1(0, z) = u2(0, z) = F (ez), u3(0, z) = u4(0, z) = 1,

where x21(·) and x12(·) satisfy the forward ODE system (4.18) in Theorem 17.

We now write the above system as
ut −

1
2ν

2uzz = G(t, u, uz),

u(0, z) = ϕ(z) =
(
F (ez), F (ez), 1, 1

)T
,

(4.20)
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in which the unknown functions are u(t, z) = (u1(t, z), u2(t, z), u3(t, z), u4(t, z))T and the non-

linear parts G(t, u, p) =
(
G1(t, u, p), G2(t, u, p), G3(u, p), G4(u, p)

)T are

G1(t, u, p) = G̃1(u, p) + 1
kγ(1)x

21(t),

G̃1(u, p) = −1
2kγ(1)ρ̄2ν2(p1)2 +

{
b1 −

1
2ν

2 − ηρν
}

(p1)− 1
kγ(1)(u3),

G2(t, u, p) = G̃2(u, p) + 1
kγ(2)x

12(t),

G̃2(u, p) = −1
2kγ(2)ρ̄2ν2(p2)2 +

{
b2 −

1
2ν

2 − ηρν
}

(p2)− 1
kγ(2)(u4),

G3(u, p) = 1
2k

2γ2(1)ρ2ν2(p1)2(u3)− k2γ2(1)ρ2ν2(p1)(p2)(u3) + 1
2k

2γ2(1)ρ2ν2(p2)2(u3)

− kγ(1)ν2(p1)(p3) + kγ(1)ρ2ν2(p2)(p3)

+ kγ(1)
{(γ(1)

γ(2) − 1
)
ηρν + b1 − b2

}
(p1)(u3)− kγ(1)

(γ(1)
γ(2) − 1

)
ηρν(p2)(u3)− λ12(u3)2

+
{
b2 −

1
2ν

2 − γ(1)
γ(2)ηρν

}
(p3) +

{
1
2
(γ(1)
γ(2) − 1

)2
η2 + λ12 − λ21

}
u3 + λ21,

G4(u, p) = 1
2k

2γ2(2)ρ2ν2(p1)2(u4)− k2γ2(2)ρ2ν2(p1)(p2)(u4) + 1
2k

2γ2(2)ρ2ν2(p2)2(u4)

− kγ(2)ν2(p2)(p4) + kγ(1)ρ2ν2(p1)(p4)

+ kγ(2)
{(γ(2)

γ(1) − 1
)
ηρν + b2 − b1

}
(p2)(u4)− kγ(2)

(γ(2)
γ(1) − 1

)
ηρν(p1)(u4)− λ21(u4)2

+
{
b1 −

1
2ν

2 − γ(2)
γ(1)ηρν

}
(p4) +

{
1
2
(γ(2)
γ(1) − 1

)2
η2 + λ21 − λ12

}
u4 + λ12,

where u = (u1, u2, u3, u4)T and p = (p1, p2, p3, p4)T. One can immediately observe that ϕ(·) ∈

C 1(R,R4).

We first define the following working spaces

X = C 1
0 (R;R4) =

{
f : R→ R4

∣∣∣f is continuously differentiable and sup
x∈R

{
|f |+ |fx|

}
<∞

}
and

Y = C 0
0 (R;R4) =

{
f : R→ R4

∣∣∣f is continuous and sup
x∈R

{
|f |
}
<∞

}
.

It is well-known that both X and Y are Banach spaces. Next we introduce the following (non-

linear) mapping Φ:
Φ : [0,∞)×X −→ Y

(s, u) 7−→ Φ(s, u) = G(s, u, uz).
Then the above evolution PDE system can be converted to the following integral equation

u(t) = S (t)
[
ϕ
]

+
∫ t

0
S (t− s)

[
Φ(s, u(s))

]
ds = Ψ

[
u
]
(t), (4.21)
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where Ψ is a mapping from [0, T ]×X → [0, T ]×X and S (·) is the strongly continuous operator

semigroup corresponding to 1
2ν

2∆, i.e., v(t, x) = S (t)
[
f
]
(x) solves the following heat equation vt = 1

2vxx,

v(0, x) = f(x).

It is well-known that

S (t)
[
f
]
(x) = 1√

2πν2t

∫
R
f(z)e−

(z−x)2

2ν2t dz

for any absolutely integrable function f(·).

Since G̃1(u, p), G̃2(u, p), G3(u, p) and G4(u, p) are all polynomials of u and p with degrees no

more than 3, we see that Φ(s, ·) is locally Lipschitz: for any ε > 0, any

u, v ∈ BX(ϕ; ε) = {ψ ∈ X : ‖ψ − ϕ‖X 6 ε},

it holds
‖Φ(s, u)− Φ(s, v)‖Y = ‖G1(s, u, ux)−G1(s, v, vx)‖Y + ‖G2(s, u, ux)−G2(s, v, vx)‖Y

+ ‖G3(u, ux)−G3(v, vx)‖Y + ‖G4(u, ux)−G4(v, vx)‖Y

= ‖G̃1(u, ux)− G̃1(v, vx)‖Y + ‖G̃2(u, ux)− G̃2(v, vx)‖Y

+ ‖G3(u, ux)−G3(v, vx)‖Y + ‖G4(u, ux)−G4(v, vx)‖Y

6 K(ε)‖u− v‖X

for any s > 0, where

K(ε) = 2k2 (γ2(1) + γ2(2)
)
ρ2ν2 (‖ϕ‖X + ε)2

+ 2
(
kγ̄ν2 + kmax

{
γ(1)

∣∣∣∣1− γ(1)
γ(2)

∣∣∣∣ , γ(2)
∣∣∣∣1− γ(2)

γ(1)

∣∣∣∣} ·max {ηρν, 1}
)

(‖ϕ‖X + ε)

+ 2
(
kγ̄|b1 − b2|+ max {λ12, λ21}

)
(‖ϕ‖X + ε)

+ 1
2 max

{(
1− γ(1)

γ(2)

)2
,
(

1− γ(2)
γ(1)

)2
}

+ 1
kγ

+ |λ12 − λ21|

+ max
i=1,2

{∣∣∣∣bi − 1
2ν

2 − ηρν
∣∣∣∣ , ∣∣∣∣bi − 1

2ν
2 − γ(1)

γ(2)ηρν
∣∣∣∣ , ∣∣∣∣bi − 1

2ν
2 − γ(2)

γ(1)ηρν
∣∣∣∣} ,

in which γ̄ = max{γ(1), γ(2)} and γ = min{γ(1), γ(2)}.

For each T > 0 and (fixed) ε > 0, we introduce the following set

Zε(T ) =
{
u ∈ C ([0, T ], X) : u(0) = ϕ, ‖u(t)− ϕ‖X 6 ε, ∀t ∈ [0, T ]

}
.

Our schedule is to choose a proper T ∗ > 0 such that Ψ : Zε(T ∗)→ Zε(T ∗) is a contraction and

then Banach fixed point theorem guarantees that (4.21) has a unique solution on [0, T ∗] and thus

the original (4.19) is uniquely solvable on [0, T ∗].
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To this end, we first choose T small enough such that Ψ is onto. First of all, for any ϕ ∈ Zε(T )

it holds
S (t)

[
ϕ
]
(x)− ϕ(x) = 1√

2πν2t

∫
R
ϕ(z)e−

(z−x)2

2ν2t dz − ϕ(x)

= 1√
2π

∫
R

(
ϕ(x+ ν

√
tz)− ϕ(x)

)
e−

z2
2 dz,

and ∣∣S (t)
[
ϕ
]
(x)− ϕ(x)

∣∣ 6 2√
2π

∫
R

∣∣∣F (ex+ν
√
tz)− F (ex)

∣∣∣e− z2
2 dz

6
4ν
√
t√

2π
eX

∗∥∥Fx∥∥C 0(R+)

∫ ∞
0

ze−
z2
2 dz

= 4ν
√
t√

2π
eX

∗∥∥Fx∥∥C 0(R+).

Therefore, ∥∥S (t)
[
ϕ
]
− ϕ

∥∥
C 0(R) 6

4ν√
2π
eX

∗∥∥Fx∥∥C 0(R+)

√
t.

Similarly, the partial derivative of S (t)
[
ϕ
]
(x) with respect to x is

S (t)
[
ϕ
]
x
(x) = 1√

2πν2t

∫
R
ϕx(z)e−

(z−x)2

2ν2t dz.

Moreover, since the support of F (·) is contained in [0, X∗], it holds∣∣Fx(ex)ex − Fx(ey)ey
∣∣ 6 eX

∗
(
eX

∗
L+

∥∥Fx∥∥C 0(R+)

)
|x− y|, x, y ∈ R.

Then the estimate∥∥S (t)
[
ϕ
]
x
− ϕx

∥∥
C 0(R) 6

4ν√
2π
eX

∗
(
eX

∗
L+

∥∥Fx∥∥C 0(R+)

)√
t

is parallel to the above calculation, where L is the Lipschitz constant of Fx(·). Hence, we have∥∥S (t)
[
ϕ
]
− ϕ

∥∥
X

6
4ν√
2π
eX

∗
(
eX

∗
L+ 2

∥∥Fx∥∥C 0(R+)

)√
t.

By choosing

T1 =

 √
2πε

8νeX∗
(
eX∗L+ 2

∥∥Fx∥∥C 0(R+)

)
2

we then have ∥∥S (t)
[
ϕ
]
− ϕ

∥∥
X

6
ε

2
for any t ∈ [0, T1).

Next, for any ψ ∈ X, recall that

S (t)
[
ψ
]
(x) = 1√

2πν2t

∫
R
ψ(z)e−

(z−x)2

2ν2t dz.
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Thus, ∥∥S (t)
[
ψ
]∥∥

C 0(R) 6
∥∥ψ∥∥

Y

1√
2πν2t

∫
R
e−

(z−x)2

2ν2t dz =
∥∥ψ∥∥

Y
.

Furthermore,
S (t)

[
ψ
]
x
(x) = 1√

2πν2t

∫
R
ψ(z)e−

(z−x)2

2ν2t
z − x
ν2t

dz

= 1√
2πν2t

∫
R
ψ(x+ ν

√
tz)e−

(z)2
2 zdz

and thus ∥∥S (t)
[
ψ
]
x

∥∥
C 0(R) 6

2√
2πν2t

∥∥ψ∥∥
Y
.

This leads to

∥∥S (t)
[
ψ
]∥∥
X

=
∥∥S (t)

[
ψ
]∥∥

C 0(R) +
∥∥S (t)

[
ψ
]
x

∥∥
C 0(R) 6

(
1 + 2√

2πν2t

)∥∥ψ∥∥
Y

and therefore, ∥∥S (t)
∥∥

L (Y,X) 6 1 + 2√
2πν

t−
1
2 .

Thirdly, for any u ∈ Zε(T1), it holds∥∥Φ(s, u(s))
∥∥
Y
6
∥∥Φ(s, u(s))− Φ(s, ϕ)

∥∥
Y

+
∥∥Φ(s, ϕ)

∥∥
Y

6 K(ε)ε+K1(T1),

for any s ∈ [0, T1], where

K1(T1) = max
06s6T1

{∥∥Φ(s, ϕ)
∥∥
Y

}
=
∥∥G̃1(ϕ,ϕx)

∥∥
Y

+
∥∥G̃2(ϕ,ϕx)

∥∥
Y

+
∥∥G3(ϕ,ϕx)

∥∥
Y

+
∥∥G4(ϕ,ϕx)

∥∥
Y

+ 1
kγ(1) max

06s6T1

{
x21(s)

}
+ 1
kγ(2) max

06s6T1

{
x12(s)

}
=
∥∥G̃1(ϕ,ϕx)

∥∥
Y

+
∥∥G̃2(ϕ,ϕx)

∥∥
Y

+
∥∥G3(ϕ,ϕx)

∥∥
Y

+
∥∥G4(ϕ,ϕx)

∥∥
Y

+ κ21(T1)
kγ(1) + κ12(T1)

kγ(2) ,

where κ21(·) and κ12(·) are given by (4.17).

We then have∥∥∥∥∫ t

0
S (t− s)

[
Φ(s, u(s))

]
ds

∥∥∥∥
X

6
(
K(ε)ε+K1(T1)

) ∫ t

0

(
1 + 2√

2πν
(t− s)− 1

2

)
ds

=
(
K(ε)ε+K1(T1)

)(
t+ 4√

2πν
√
t

)
.

Therefore, if we choose

T2 = min

T1,

(√
ε

2
(
K(ε)ε+K1(T1)

) + 2
πν2 −

2√
2πν

)2
 ,
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then it holds ∥∥∥∥∫ t

0
S (t− s)

[
Φ(s, u(s))

]
ds

∥∥∥∥
X

6
ε

2
and thus ∥∥Ψ[u](t)− ϕ

∥∥
X

6 ε

for any t ∈ [0, T2]. Therefore, Ψ[·] is onto from Zε(T2) to Zε(T2).

At last we select an T ∗ such that Ψ[·] is a contraction. To this end, we first notice that

∥∥Φ(s, u(s))− Φ(s, v(s))
∥∥
Y
6 K(ε)

∥∥u(s)− v(s)
∥∥
X

for any u, v ∈ Zε(T2). Hence, for any t ∈ [0, T2],

∥∥Ψ
[
u
]
(t)−Ψ

[
v
]
(t)
∥∥
X

=
∥∥∥∥∫ t

0
S (t− s)

[
Φ(s, u(s))− Φ(s, v(s))

]
ds

∥∥∥∥
X

6 K(ε)
(
t+ 4√

2πν
√
t

)
sup
s∈[0,t]

{∥∥u(s)− v(s)
∥∥
X

}
.

Then, if we choose

T ∗ = min


(√

δ

K(ε) + 2
πν2 −

2√
2πν

)2

, T2

 ,

where δ ∈ (0, 1) is some number strictly less than 1, then we see

sup
t∈[0,T∗]

{∥∥Ψ
[
u
]
(t)−Ψ

[
v
]
(t)
∥∥
X

}
6 δ sup

t∈[0,T∗]

{∥∥u(t)− v(t)
∥∥
X

}
.

Thus, Ψ[·] is a contraction on Zε(T ∗). Taking

δ = K(ε)ε
2
(
K(ε)ε+K1(T1)

) < 1
2

then leads to

T ∗ = min

T1,

(√
ε

2
(
K(ε)ε+K1(T1)

) + 2
πν2 −

2√
2πν

)2


for any ε > 0. The proof is finished by fix any arbitrary positive ε, for instance taking ε = 1.

To close this section, we point out that the global existence of (4.19) is fairly difficult. As a

matter of fact, consider the following initial value problem{
ut = uxx + uux;

u(0, x) = u0(x), x ∈ R.
(4.22)
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This PDE is known as Burger’s equation in the literature (see, for instance, [26]), in which the

nonlinearity, similar to (4.19), contains the product of the unknown funtion u and its partial

derivative with respect to x.

The solution to Burger’s equation can be expressed, via the Cole-Hopf transform (see, for

instance, [26]), as

u(t, x) = 2
[

log
(
v(t, x)

)]
x
,

where v(t, x) is a solution of the linear diffusion problem
vt = vxx;

v(0, x) = v0(x) = exp
(

1
2

∫ x

0
u0(z)dz

)
.

(4.23)

It is well-known that for (4.23) to have a solution which can be represented as the convolution

of the initial condition and the fundamental solution for t ∈ [0, 1
c ] for some c > 0, the initial

condition v0(x) should be locally integrable and

|v0(x)| 6Me
cx2

4 , as x→ ±∞

for some finite M > 0. This in turn implies that there are restrictions on the initial condition for

Burger’s equation (4.22), u0(x), in order that a solution to (4.22) exists on some time interval.

To illustrate, if we set u0(x) = $x, where $ 6= 0 is a constant, then it holds

v0(x) = e
$x2

4 .

Notice that if $ < 0 then v0(x) vanishes as x → ±∞ and v(t, x) will exist for all t > 0; in this

case, the global existence for (4.22) holds. In contrast, if $ > 0 then v0(x) grows very fast as

x → ±∞ and v(t, x) will only exist on time interval t ∈ [0, 1
$ ); in this case, we only have the

local existence for (4.22).

Furthermore, if
∣∣∣u0(x)

x

∣∣∣→∞ as either x→∞ or x→ −∞ then v0(x) > ecx
2 for any c > 0 in

one of these limits and therefore there is no solution for (4.23) or (4.22).

From the above discussion we see the solvability of Burger’s equation highly depends on the

initial data, and the global existence for (4.22) may fail even for a simple linear initial condition.

Since (4.19) is even much complicated than (4.22), one can image the global existence for (4.19)

should be by no means easy to obtain.
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4.4.2 Marginal Equilibrium Utility Indifference Price

In this section, we discuss the so-called marginal equilibrium (exponential) utility indifference

price under the same setting in Section 4.4.1. The definition is given as follows.

Definition 19. For an equilibrium (exponential) utility indifference price pk(t, y, α), the corre-

sponding marginal equilibrium (exponential) utility indifference price p0(t, y, α) is defined by

p0(t, y, α) = lim
k→0

pk(t, y, α)

for α ∈ E , provided the above limit exists.

Marginal utility indifference price was introduced in [15] first; for more details about this

concept, see, for instance, [65].

The dependence of the solution to (4.19) on the parameter k is difficult to analyse, and we

are not able to show the existence of the marginal equilibrium utility indifference price. In this

section, we assume a priori that the limits p0(t, y, 1) and p0(t, y, 2) exist and try to give some

heuristic characterization of the marginal equilibrium utility indifference price.

To this end, we introduce two more auxiliary functions

gk,21(t, y) = 1
kγ(1)

{
fk,21(t, y)− f0,21(t)

}
;

gk,12(t, y) = 1
kγ(2)

{
fk,12(t, y)− f0,12(t)

}
.

From (4.16) and (4.19) one can easily obtain the PDE system for pk(t, y, 1), pk(t, y, 2), gk,21(t, y)
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and gk,12(t, y)

pkt (t, y, 1) + 1
2ν

2y2pkyy(t, y, 1) +
{
b1 − ηρν

}
ypky(t, y, 1)

− 1
2kγ(1)ρ̄2ν2y2(pky(t, y, 1)

)2 = gk,21(t, y),

pkt (t, y, 2) + 1
2ν

2y2pkyy(t, y, 2) +
{
b2 − ηρν

}
ypky(t, y, 2)

− 1
2kγ(2)ρ̄2ν2y2(pky(t, y, 2)

)2 = gk,12(t, y),

gk,21
t (t, y) + 1

2ν
2y2gk,21

yy (t, y)

+
{
b2 −

γ(1)
γ(2)ηρν − kγ(1)ν2y

[
pky(t, y, 1)− ρ2pky(t, y, 2)

]}
ygk,21
y (t, y)

− kγ(1)λ12
(
gk,21(t, y)

)2 +
{
λ12 − λ21 − 2λ12f

0,21(t) + kγ(1)
(
b1 − b2

)
ypky(t, y, 1)

}
gk,21(t, y)

+ 1
2

((γ(1)
γ(2) − 1

)
η + kγ(1)ρνy

[
pky(t, y, 1)− pky(t, y, 2)

])2
gk,21(t, y)

+
(
b1 − b2

)
f0,21(t)ypky(t, y, 1) +

(γ(1)
γ(2) − 1

)
ηρνf0,21(t)y

[
pky(t, y, 1)− pky(t, y, 2)

]
+ 1

2kγ(1)ρ2ν2f0,21(t)y2
[
pky(t, y, 1)− pky(t, y, 2)

]2
= 0,

gk,12
t (t, y) + 1

2ν
2y2gk,12

yy (t, y)

+
{
b1 −

γ(2)
γ(1)ηρν − kγ(2)ν2y

[
pky(t, y, 2)− ρ2pky(t, y, 1)

]}
ygk,12
y (t, y)

− kγ(2)λ21
(
gk,12(t, y)

)2 +
{
λ21 − λ12 − 2λ21f

0,12(t) + kγ(2)
(
b2 − b1

)
ypky(t, y, 2)

}
gk,12(t, y)

+ 1
2

((γ(2)
γ(1) − 1

)
η + kγ(2)ρνy

[
pky(t, y, 2)− pky(t, y, 1)

])2
gk,12(t, y)

+
(
b2 − b1

)
f0,12(t)ypky(t, y, 2) +

(γ(2)
γ(1) − 1

)
ηρνf0,12(t)y

[
pky(t, y, 2)− pky(t, y, 1)

]
+ 1

2kγ(2)ρ2ν2f0,12(t)y2
[
pky(t, y, 2)− pky(t, y, 1)

]2
= 0,

pk(T, y, 1) = F (y), pk(T, y, 2) = F (y), gk,21(T, y) = 0, gk,12(T, y) = 0.
(4.24)

We now assume a priori that the limits of gk,21(t, y) and gk,12(t, y) also exist as k → 0 for

any (t, y) and denote the corresponding limits as g0,21(t, y) and g0,12(t, y). By formally letting

k → 0 in (4.24), we then get the following PDE system for p0(t, y, 1), p0(t, y, 2), g0,21(t, y) and
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g0,12(t, y):

p0
t (t, y, 1) + 1

2ν
2y2p0

yy(t, y, 1) +
{
b1 − ηρν

}
yp0
y(t, y, 1) = g0,21(t, y),

p0
t (t, y, 2) + 1

2ν
2y2p0

yy(t, y, 2) +
{
b2 − ηρν

}
yp0
y(t, y, 2) = g0,12(t, y),

g0,21
t (t, y) + 1

2ν
2y2g0,21

yy (t, y) +
{
b2 −

γ(1)
γ(2)ηρν

}
yg0,21
y (t, y)

+
{
λ12 − λ21 − 2λ12f

0,21(t) + 1
2
(γ(1)
γ(2) − 1

)2
η2
}
g0,21(t, y)

+
(
b1 − b2

)
f0,21(t)yp0

y(t, y, 1) +
(γ(1)
γ(2) − 1

)
ηρνf0,21(t)y

[
p0
y(t, y, 1)− p0

y(t, y, 2)
]

= 0,

g0,12
t (t, y) + 1

2ν
2y2g0,12

yy (t, y) +
{
b1 −

γ(2)
γ(1)ηρν

}
yg0,12
y (t, y)

+
{
λ21 − λ12 − 2λ21f

0,12(t) + 1
2
(γ(2)
γ(1) − 1

)2
η2
}
g0,12(t, y)

+
(
b2 − b1

)
f0,12(t)yp0

y(t, y, 2) +
(γ(2)
γ(1) − 1

)
ηρνf0,12(t)y

[
p0
y(t, y, 2)− p0

y(t, y, 1)
]

= 0,

p0(T, y, 1) = F (y), p0(T, y, 2) = F (y), g0,21(T, y) = 0, g0,12(T, y) = 0.
(4.25)

Notice that this is a linear parabolic PDE system and the well-posedness of this system is

guaranteed by the standard PDE theory. We point out that for the classical case without regime

dependence, the marginal utility indifference price is “preference-free”, i.e., it does not depend

on the investor’s risk aversion parameter (see, for instance, [65]). In contrast, the marginal

equilibrium indifference pricing rule is not preference-free, for the risk aversion parameters γ(·)

is still involved in (4.25).

Furthermore, if we assume

b1 = b2 = b

for some constant b; in other words, the drift of the nontradable asset is also independent of the

market state. One can check that
(
p̃∗(t, y), p̃∗(t, y), 0, 0

)T solves the above system (4.25), where

p̃∗(t, y) solves the following linear second order parabolic PDE p̃∗t + 1
2ν

2y2p̃∗yy +
{
b− ηρν

}
yp̃∗y = 0,

p̃∗(T, y) = F (y).

Via the Feynman-Kac approach we have

p̃∗(t, y) = EP̃0
[
F (YT )

∣∣∣Yt = y
]
, (4.26)

where P̃0 is the minimal martingale measure known in the literature (see, for instance, [29] and

[65]) and EP̃0 [·] stands for the expectation operator under the minimal martingale measure P̃0;
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moreover, under P̃0 the dynamics of Y· is dYs = Ys
{(
b− ηρν

)
ds+ ν

[
ρdW̃ 0

s + ρ̄dW⊥s
]}
, s ∈ [t, T ],

Yt = y,

where W̃ 0
· and W⊥· are two standard orthogonal Brownian motions under measure P̃0. This gives

the same marginal utility indifference price as for the classical case without regime dependence

(see, for instance, [65]). In particular, we point out that now the marginal equilibrium utility

indifference price is preference-free, i.e., it does not depend on the risk aversion parameter of the

investor.

Remark 7. We call p̃∗(t, y) the minimal martingale measure price, or MMM-price for short, since

it is the expectation of the final payoff of the contingent claim under the minimal martingale

measure P̃0. The MMM-price will play an important role in the equilibrium mean-variance

indifference pricing rule in Chapter 5.

4.4.3 Constant Risk Aversion Parameter Case

In this section, we consider the case that E = {α} is a singleton; in other words, there is only

one state for the market and the risk aversion parameter γ(α) = γ is thus a positive constant.

Then, from (4.11) and (4.12), we see the systems for A 0(t) and A k(t, y) are reduced toA 0
t (t)− 1

2η
2(t)A 0(t) = 0;

A 0(T ) = 1

and 
A k
t (t, y) + 1

2ν
2(t, y)A k

yy(t, y) +
{
b(t, y)− η(t)ρ(t)ν(t, y)

}
A k
y (t, y)

−1
2η

2(t)A k(t, y)− 1
2ρ

2(t)ν2(t, y)
(
A k
y (t, y)

)2
A k(t, y) = 0,

A k(T, y) = e−kγF (y)

respectively. Furthermore, from systems (4.13), (4.14) and (4.15), we can observe that now

f0(t) = fk(t, y) = 1 and pk(t, y) satisfies the following PDE
pkt (t, y) + 1

2ν
2(t, y)pkyy(t, y) +

{
b(t, y)− η(t)ρ(t)ν(t, y)

}
pky(t, y)

−1
2kγρ̄

2(t)ν2(t, y)
(
pky(t, y)

)2 = 0;

pk(T, y) = F (y).

(4.27)

(4.27) is the same PDE for the classical exponential utility indifference price (see, for instance,

[92] and [65]).
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Furthermore, the equilibrium utility indifference hedging policy law now is

π̂kH(t, y) = kθ̂kH(t, y), (4.28)

where

θ̂kH(t, y) = ρ(t)ν(t, y)
σ(t)

A k
y (t, y)

kγA k(t, y) (4.29)

is the equilibrium utility indifference hedging policy law per claim of a position of k claims. On

the other hand, by definition it holds

pk(t, y) = − 1
kγ

log
(

A k(t, y)
A 0,γ(t)

)
.

Hence, we have

pky(t, y) = −
A k
y (t, y)

kγA k(t, y)
and thus

θ̂kH(t, y) = −ρ(t)ν(t, y)
σ(t) pky(t, y).

This is the classical exponential utility indifference hedging policy law (see, for instance, [65]).

Therefore, not surprisingly, the equilibrium utility indifference pricing rule is reduced to the

classical one for the constant risk aversion parameter case.

4.4.4 Complete Market Case

In this section, we discuss the complete market case; more precisely, we assume b(t, y, α) =

b(t, y) for any α ∈ E and ρ(t) ≡ 1 for t ∈ [0, T ]. However, we emphasise that the risk aversion

parameter of the investor still depends on the market state; in other words, the investor’s prefer-

ence is still regime dependent. In this situation, replication of the claim is possible and we now

examine whether the equilibrium utility indifference price is reduced to the risk neutral price

derived from the replication method.

For the current case, one can directly check that
(
p̃∗(t, y), f0,βα(t)

)
solves the coupled PDE

system (4.14) and (4.15), where p̃∗(t, y) is the solution of the linear PDE p̃∗t (t, y) + 1
2ν

2(t, y)p̃∗yy(t, y) +
{
b(t, y)− η(t)ν(t, y)

}
p̃∗y(t, y) = 0;

p̃∗(T, y) = F (y)
(4.30)

and f0,βα(t) is the solution to the autonomous ODE system (4.13). Notice that (4.30) is the exact

pricing PDE derived from the replication method under this complete market setting (see, for

instance, [65]). Therefore, the equilibrium utility indifference price is reduced to the risk-neutral

price in this complete market setting.
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4.4.5 Numerical Experiments

We now report the results of some numerical experiments. Let us first explain the consider-

ation for the choice of the parameters. We always assume that Regime 1 stands for the bullish

market and Regime 2 stands for the bearish market. A series of empirical studies (see, for in-

stance, [27], [30] and [81]) suggest that the positive expected excess returns are lower during a

bullish market and higher during a bearish market. Hence, according to these studies, we take

b1 6 b2 in the following numerical tests. Furthermore, as [33] pointed out, the risk aversion

parameter is inclined to be higher in the bearish market than in the bullish market (although

the results there were for CRRA utility function). Inspired by this, we assume that γ(1) < γ(2)

in the numerical tests.

Figure 4.1 shows the equilibrium utility indifference prices of one European put option with

strike K = 9 and maturity T = 1. In the experiment, we take the market parameters η = 0.1,

b1 = 0.03, b2 = 0.07, ν = 0.2 and ρ = 0.5; moreover, γ(1) = 0.8, γ(2) = 1.2, λ12 = 0.08 and

λ21 = 0.12. Both the equilibrium utility indifference prices with respect to the initial market

state Ξ0 = 1 and Ξ0 = 2 are contained in Figure 4.1. From Figure 4.1 one can observe that the

equilibrium utility indifference price when the initial market is bullish seems to be higher than

the one when the initial market is bearish.

We next do the comparison between the equilibrium and precommitment utility indifference

prices. The precommitment utility indifference price is defined parallelly as the equilibrium one;

however, the precommitment value functions for the utility maximisation problems are used in

finding the precommitment utility indifference prices. For the sake of simplicity, we now assume

the drift of the nontradable asset is independent of the market regimes; specifically, we take

b1 = b2 = b = 0.05. We show the equilibrium and the precommitment utility indifference prices

for both initial market state 1 and 2 in Figure 4.2. Moreover, the marginal equilibrium utility

indifference price is also provided. Notice that this price now is the expected terminal payoff

under the minimal martingale measure, as we discussed in Section 4.4.2. From Figure 4.2 one can

observe that for both cases for bullish and bearish initial market states, the equilibrium utility

indifference price seems to be higher than the precommitment utility indifference price but less

than the marginal equilibrium utility indifference price.

We also test the dependence of the equilibrium utility indifference prices on the number of

claims in the portfolio. We take the numbers of claims to be k = 1, k = 3, k = 5 and k = 7.

The equilibrium utility indifference prices for both bullish and bearish initial market states are
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Figure 4.1: Equilibrium Exponential Utility Indifference Price
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Notes. We give the numerical experiment of equilibrium (exponential) utility indifference indifference prices
of one European put option with strike K = 9 and maturity T = 1. In the experiment, we take the market
parameters η = 0.1, b1 = 0.03, b2 = 0.07, ν = 0.2 and ρ = 0.5; moreover, γ(1) = 0.8, γ(2) = 1.2,
λ12 = 0.08 and λ21 = 0.12.

reported in Figure 4.3. From Figure 4.3 one can observe that for both cases for bullish and

bearish initial market states, the equilibrium utility indifference prices seem to decline as the

number of claims holding grows. This observation is consistent with the intuition that, as the

number of claims increasing, the investor should require an extra discount for the claims.

We then test the influence of the risk aversion parameters on the equilibrium utility indiffer-

ence prices. We fix the risk aversion parameter for the bullish market at γ(1) = 0.8 while let the

risk aversion parameter for the bearish market γ(2) increase from 1.0, 1.2, 1.4, to 1.6. The result

is shown in Figure 4.4. From the picture, we can observe a slight increase of the deviation be-

tween the equilibrium utility indifference prices with different initial market states as γ(2) grows.

The numerical results of the L 2-distance of the equilibrium utility indifference prices p1(0, y, 1)

and p1(0, y, 2) are 0.05556, 0.16876, 0.30656, and 0.44867 accordingly. It supports the intuition

that, as the difference of risk aversion parameters γ(1) and γ(2) increases, the equilibrium utility

indifference prices with respect to different initial market states will also deviate more with each

other.
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Figure 4.2: Equilibrium and Precommitment Exponential Utility Indifference Price
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Notes. We give the numerical experiment of equilibrium and precommitment utility indifference price of
one European put option with strike K = 9 and maturity T = 1. In the experiment, we take the market
parameters η = 0.1, b1 = b2 = 0.05, ν = 0.2 and ρ = 0.5; moreover, γ(1) = 0.8, γ(2) = 1.2, λ12 = 0.08
and λ21 = 0.12.

Finally, we show the tests for the influence of the drift coefficient on the equilibrium utility

indifference prices. We fix the drift of the nontradable asset in the bullish market at b1 =

0.03 while let the drift in the bearish market b2 increase from 0.05, 0.07, 0.09, to 0.11. The

result is presented in Figure 4.5. The numerical results of the L 2-distance of the equilibrium

utility indifference prices p1(0, y, 1) and p1(0, y, 2), as b2 grows, are 0.15557, 0.16876, 0.18281,

and 0.19670 accordingly. We see there is a very slight growth of the L 2-distance between the

equilibrium utility indifference prices with different initial market conditions as b2 increases. It

implies that as the difference of the drift coefficients b1 and b2 increases, which reflects that

the market fluctuates more and more heavily among different market regimes, the deviation of

the equilibrium utility indifference prices with respect to different initial market states will also

increase.
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Figure 4.3: Equilibrium Utility Indifference Price For Different Numbers of Claims
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Notes. We give the numerical experiment of equilibrium utility indifference prices of different numbers of
European put options with strike K = 9 and maturity T = 1. In the experiment, we take the market
parameters η = 0.1, b1 = 0.03, b2 = 0.07, ν = 0.2, ρ = 0.5, λ12 = 0.08 and λ21 = 0.12; moreover, the
risk aversion parameters are γ(1) = 0.8 and γ(2) = 1.2. The numbers of claims in the portfolio are k = 1,
k = 3, k = 5 and k = 7 accordingly.

4.5 Equilibrium Utility Indifference Pricing for Logarith-
mic Payoff

In this section, we assume b(t, y, α) = b(t, α)y and ν(t, y, α) = ν(t, α)y for some bounded

functions b(t, α) and ν(t, α). We now study a special payoff which is of logarithmic type. Specif-

ically, the payoff function is F (y) = log(y) written on YT . In this special case, we are able to

obtain an explicit formula for the equilibrium utility indifference price pk(t, y, α).

Now the dynamics of Y· is given by the following SDE dYu = Yu

{
b(u,Ξu)du+ ν(u,Ξu)

[
ρ(u,Ξu)dWu + ρ̄(u,Ξu)dW⊥u

] }
;

Yt = y.

We do the logarithmic transform by denoting Ỹt = log(Yt). Then the SDE for process Ỹ· is dỸu =
{
b(u,Ξu)− 1

2ν
2(u,Ξu)

}
du+ ν(u,Ξu)

{
ρ(u,Ξu)dWu + ρ̄(u,Ξu)dW⊥u

}
;

Ỹt = log(y).
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Equivalently, we want to find the equilibrium utility indifference price for a new claim with

terminal payoff ỸT .

To facilitate the analysis, we introduce the auxiliary function

Ã k(t, z, β, α) = A k(t, ez, β, α).

In the current setting, the ODE system for A 0(t, β, α) is unchanged as (4.11) and the PDE

system for Ã k(t, z, β, α) is

Ã k
t (t, z, β, α) + 1

2ν
2(t, β)Ã k

zz(t, z, β, α) +
{
b(t, β)− 1

2ν
2(t, β)

}
Ã k
z (t, z, β, α)

+
∑
l 6=β

λβl

{
Ã k(t, z, l, α)− Ã k(t, z, β, α)

}

+1
2
γ2(α)
γ2(β)

(
η(t, β) + ρ(t, β)ν(t, β)Ã k

z (t, z, β, β)
Ã k(t, z, β, β)

)2

−γ(α)
γ(β)

(
η2(t, β) + ρ(t, β)ν(t, β)Ã k

z (t, z, β, β)
Ã k(t, z, β, β)

)
Ã k(t, z, β, α)

−γ(α)
γ(β)

(
ρ(t, β)ν(t, β)η(t, β) + ρ2(t, β)ν2(t, β)Ã k

z (t, z, β, β)
Ã k(t, z, β, β)

)
Ã k
z (t, z, β, α) = 0,

Ã k(T, z, β, α) = e−γ(α)kz,

for α, β ∈ E . We now make the following Ansatz:

Ansatz 20. Ã k(t, z, β, α) takes the following form

Ã k(t, z, β, α) = e−γ(α)kzBk(t, β, α).

Direct calculation then gives the ODE system for Bk(t, β, α):

Bk
t (t, β, α) =

{
1
2
γ(α)
γ(β)

(
2− γ(α)

γ(β)

)
η2(t, β) +

∑
l 6=β

λβl −
1
2k

2γ2(α)ρ̄2(t, β)ν2(t, β)

+ kγ(α)
{
b(t, β)− 1

2ν
2(t, β)− η(t, β)ρ(t, β)ν(t, β)

}}
Bk(t, β, α)

−
∑
l 6=β

λβlB
k(t, l, α);

Bk(T, β, α) = 1

for α, β ∈ E . This is a linear ODE system and the well-posedness is guaranteed by the standard

ODE theory.

Now the equilibrium utility indifference price becomes

pk(t, y, α) = log(y)− 1
kγ(α) log

(
Bk(t, α, α)
A 0(t, α, α)

)
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4. EQUILIBRIUM UTILITY INDIFFERENCE PRICING WITH REGIME SWITCHING

and the equilibrium utility indifference hedging policy law becomes

π̂kH(t, α) = −kρ(t, α)ν(t, α)
σ(t, α)

which is independent of y. Notice that the second part of the equilibrium utility indifference

price, − 1
kγ(α) log

(
Bk(t,α,α)
A 0(t,α,α)

)
, can be viewed as the time value at time t of the contingent claim

with the logarithmic payoff and the maturity T .
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Figure 4.4: Equilibrium Utility Indifference Price For Different Risk Aversion Parameters
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Notes. We give the numerical experiment of equilibrium utility indifference prices of one European put
option with strike K = 9 and maturity T = 1 for different risk aversion parameters. In the experiment, we
take the market parameters η = 0.1, b1 = 0.03, b2 = 0.07, ν = 0.2, ρ = 0.5, λ12 = 0.08 and λ21 = 0.12.
The risk aversion parameter for bullish market is fixed at γ(1) = 0.8, while the risk aversion parameters for
bearish market are γ(2) = 1.0, γ(2) = 1.2, γ(2) = 1.4, γ(2) = 1.6 accordingly.
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Figure 4.5: Equilibrium Utility Indifference Price For Different Drifts Of The Nontradable Asset
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Notes. We give the numerical experiment of equilibrium utility indifference prices of one European put
option with strike K = 9 and maturity T = 1 for different risk aversion parameters. In the experiment,
we take the model parameters η = 0.1, ν = 0.2, ρ = 0.5, λ12 = 0.08 and λ21 = 0.12; moreover, the risk
aversion parameters are γ(1) = 0.8 and γ(2) = 1.2. The drift for the nontradable asset in bullish market
is fixed at b1 = 0.03, while the drifts in bearish market are b2 = 0.05, b2 = 0.07, b2 = 0.09, b2 = 0.11
accordingly.
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Chapter 5

Equilibrium Mean-Variance
Indifference Pricing with Regime
Switching

We continue the study of time inconsistent option pricing problems in this chapter. The

market model is the same as in Chapter 4; however, we now assume the preference of the

investor is characterised by the mean-variance optimisation criterion with regime switching. The

portfolio selection problem for the investor is thus time inconsistent, similar to Chapter 4. Two

mean-variance optimisation problems with regime switching are solved, and an equilibrium mean-

variance indifference pricing rule is provided. Some properties of the equilibrium mean-variance

indifference pricing rule are discussed subsequently.

5.1 Basic Problem

In this section, we state the option pricing problem under consideration.

5.1.1 Mean Variance Portfolio Selection with Regime Switching

The market model in this chapter is the same as in Chapter 4. There are one riskless bond

B·, one tradable risky asset S· and one nontradable risky asset Y· in the market; moreover, the

dynamics of B·, S· and Y· are given by (4.1), (4.2) and (4.3). In this chapter, we also employ

the indifference pricing approach to value contingent claim written on the non-tradable asset Y·.

However, we assume the investor’s preference is characterised by the mean-variance optimisation

criterion, which is popular in the financial industry. To this end, we first clarify the underlying

mean-variance optimisation problems. More precisely, given the trading strategy π· which is
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5. EQUILIBRIUM MEAN-VARIANCE INDIFFERENCE PRICING WITH REGIME SWITCHING

the same as in Chapter 4 and the corresponding wealth xπ· whose dynamics follows (4.4), the

objective functional for the investor at time t without any claim in her portfolio is given by

J0(t, x, α;π·) = E
[
xπT

∣∣∣xt = x,Ξt = α
]
− γ(α)

2 Var
(
xπT

∣∣∣xt = x,Ξt = α
)
,

where γ : E → R+ is the weighting parameter which is regime dependent; in contrast, if she

decided to hold k claims in her portfolio, the objective functional for the investor at time t is

given by
Jk(t, x, y, α;π·) =E

[
xπT + kF (YT )

∣∣∣xt = x, Yt = y,Ξt = α
]

− γ(α)
2 Var

(
xπT + kF (YT )

∣∣∣xt = x, Yt = y,Ξt = α
)
,

where F (·) is the payoff function of the contingent claim. As in Chapter 4, we use superscript “0”

or “k” to emphasise that the corresponding objective functional is with respect to the problem

with 0 or k claims in the portfolio.

It is well-known in the literature that even classical mean-variance optimisation criterion

introduces time inconsistency due to the non-linearity of variance operator (see, for instance,

[3], [4] and [8]). Moreover, in the current setting, the weighting parameter γ(·) is no longer a

constant but depends on the current market state Ξ·. This weighting parameter balances the

return and the risk of the investor; more precisely, it reflects the investor’s tradeoff between

the expectation and the variance of her terminal wealth. We believe this weighting parameter

should depend on the current state of the financial market. The dependence of the weighting

parameter on the market state, as explained in Chapter 2, also introduces time inconsistency

into the portfolio selection problems. Once more, we adopt the equilibrium approach to tackling

with time inconsistency. We will look for the equilbrium policy laws and value functions for the

underlying two time inconsistent stochastic control problems—with and without the claims in

the portfolio.

Due to the linearity of the wealth process xπ· with respect to the control process π·, we further

make the following assumption, similar to Chapters 3 and 4, that the aforementioned equilibrium

policy laws are of the form π̂0(t, α) and π̂k(t, y, α) respectively; in other words, the equilibrium

policy laws are independent of the wealth variable x.

5.1.2 Mean Variance Indifference Pricing with Regime Switching

After obtained the equilibrium value functions V̂ 0(t, x, α) and V̂ k(t, x, y, α) and the equi-

librium policy laws π̂0(t, x, α) and π̂k(t, x, y, α) for the underlying time inconsistent stochastic
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5.2. GENERAL EQUILIBRIUM MEAN-VARIANCE INDIFFERENCE PRICING RULE

control problems, we introduce the following definition of equilibrium mean-variance indifference

price rule.

Definition 21. An equilibrium mean-variance indifference price (pre claim) p̂k(t, x, y, α) for a

position of k contingent claims written on YT with payoff function F (·) is the solution of the

following algebraic equation:

V̂ 0(t, x, α) = V̂ k(t, x− kp̂k(t, x, y, α), y, α).

Moreover, the difference of the equilibrium policy laws

π̂kH(t, x, y, α) = π̂k(t, x, y, α)− π̂0(t, x, α) (5.1)

is the corresponding equilibrium mean-variance indifference hedging policy law. The equilibrium

mean-variance indifference price p̂k(t, x, y, α) together with the equilibrium mean-variance in-

difference hedging policy law π̂kH(t, x, y, α) constitute an equilibrium mean-variance indifference

pricing rule.

We give this equilibrium mean-variance indifference pricing rule in the next section.

5.2 General Equilibrium Mean-Variance Indifference Pric-
ing Rule

We first find the equilibrium value functions V̂ 0(t, x, α) and V̂ k(t, x, y, α) and the equilibrium

policy laws π̂0(t, α) and π̂k(t, y, α), which are critical to the equilibrium mean-variance indiffer-

ence pricing rule. To this end, we first recall two lemmas. The first one is the celebrated total

variance formula.

Lemma 22. For given FT -measurable random variable X and t ∈ [0, T ), it holds

Var
(
X
∣∣Ft

)
= E

[
Var

(
X
∣∣Ft+∆t

) ∣∣∣Ft

]
+ Var

(
E
[
X
∣∣Ft+∆t

] ∣∣∣Ft

)
,

for any ∆t ∈ [0, T − t).

It is well-known that adding a constant has no contribution to variance. The second lemma

can be viewed as a generalisation to this fact to the conditional variance case.

Lemma 23. For given FT -measurable random variable X and Ft-measurable random variable

y, we have

Var
(
y +X

∣∣Ft

)
= Var

(
X
∣∣Ft

)
,

for any t ∈ [0, T ) and ∆t ∈ [0, T − t).
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The proofs for both lemmas above are direct calculations from the definitions, and are thus

omitted.

5.2.1 Mean-Variance Optimisation without Contingent Claim

We first assume a priori that an equilibrium policy law π̂0(t, α) exists for the mean-variance

optimisation problem without any claim in the portfolio; furthermore, x̂0
· denotes the correspond-

ing equilibrium wealth process

x̂0
u = x+

∫ u

t

π̂0(r,Ξr)
{
µ(r,Ξr)dr + σ(r,Ξr)dWr

}
given initial capital level x̂0

t = x.

To facilitate the analysis, we now introduce the following two auxiliary functions:

B0(t, β) = E

[∫ T

t

π̂0(u,Ξu)µ(u,Ξu)du
∣∣∣Ξt = β

]
;

C 0(t, β, α) = B0(t, β)− γ(α)
2 Var

(∫ T

t

π̂0(u,Ξu)
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}∣∣∣Ξt = β

)

= E

[∫ T

t

π̂0(u,Ξu)µ(u,Ξu)du
∣∣∣Ξt = β

]

− γ(α)
2 Var

(∫ T

t

π̂0(u,Ξu)
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}∣∣∣Ξt = β

)

for any t ∈ [0, T ) and α, β ∈ E . Similar to the auxiliary functions in Chapters 3 and 4, in

C 0(t, β, α) the first state variable β stands for the market state at the current time t and the

second state variable α represents the market state at some initial time before t.

The following proposition gives the extended Hamilton-Jacobi-Bellman (HJB) equation for

the regime switching mean-variance optimisation problem without any claim in the portfolio.

Proposition 24. Assume the above two auxiliary functions C 0(t, β, α) and B0(t, β) are contin-

uously differentiable in t. Then C 0(t, β, α) and B0(t, β) satisfy the following extended Hamilton-

Jacobi-Bellman (HJB) equation:

C 0
t (t, α, α) + sup

π

{
− γ(α)

2 σ2(t, α)π2 + µ(t, α)π
}

+
∑
l 6=α

λαl

{
C 0(t, l, α)− C 0(t, α, α)

}
− γ(α)

2
∑
l 6=α

λαl

(
B0(t, l)−B0(t, α)

)2
= 0;

C 0(T, α, α) = 0, B0(T, α) = 0

(5.2)

for any t ∈ [0, T ] and α, β ∈ E .
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Proof. We first notice that, according to Lemma 23, the objective functional corresponding to

π̂0(t, α) is

J0(t, x, α; π̂0
· ) = x+ C 0(t, α, α).

Moreover, for any π ∈ R the objective functional corresponding to perturbed policy law

π0|t,h,π(u, α) =
{
π, u ∈ [t, t+ h);

π̂0(u, α), u ∈ [t+ h, T )

is

J0(t, x, α;π0|t,h,π
· ) = x+ E

[∫ t+h

t

πµ(u,Ξu)du+ C 0(t+ h,Ξt+h, α)
∣∣∣Ξt = α

]

− γ(α)
2 Var

(∫ t+h

t

π
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
+ B0(t+ h,Ξt+h)

∣∣∣Ξt = α

)
,

where we used Lemma 22 and 23 together with the fact that
∫ ·
t
π̂0(r,Ξr)σ(r,Ξr)dWr is a mar-

tingale, due to Assumption 10 and the admissibility of π̂0(t, α).

To show that (5.2) is the extended HJB equation, first we have

lim
h→0+

E
[∫ t+h
t

πµ(u,Ξu)du+ C 0(t+ h,Ξt+h, α)
∣∣∣Ξt = α

]
− C 0(t, α, α)

h

=C 0
t (t, α, α) +

∑
l 6=α

λαl

{
C 0(t, l, α)− C 0(t, α, α)

}
+ µ(t, α)π

by the generalised Dynkin’s formula. Next, we decompose

Var
(∫ t+h

t
π
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
+ B0(t+ h,Ξt+h)

∣∣∣Ξt = α
)

h
= I0

1 (h) + I0
2 (h) + 2I0

3 (h),

where

I0
1 (h) = 1

h

{
E

(∫ t+h

t

π
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

})2 ∣∣∣Ξt = α


−

(
E

[∫ t+h

t

π
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}∣∣∣Ξt = α

])2}
,

I0
2 (h) =

E
[(

B0(t+ h,Ξt+h)
)2∣∣∣Ξt = α

]
−
(
E
[
B0(t+ h,Ξt+h)

∣∣∣Ξt = α
] )2

h
,

I0
3 (h) = 1

h

{
E

[∫ t+h

t

π
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
B0(t+ h,Ξt+h)

∣∣∣Ξt = α

]

− E

[∫ t+h

t

π
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}∣∣∣Ξt = α

]
E
[
B0(t+ h,Ξt+h)

∣∣∣Ξt = α
]}

.
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We then discuss I0
1 (h), I0

2 (h) and I0
3 (h) separately. First, from Itô isometry we have

I0
1 (h) = h

E

( 1
h

∫ t+h

t

πµ(u,Ξu)du
)2 ∣∣∣∣∣Ξt = α

−(E[ 1
h

∫ t+h

t

πµ(u,Ξu)du

∣∣∣∣∣Ξt = α

])2


+ E

[
1
h

∫ t+h

t

π2σ2(u,Ξu)du

∣∣∣∣∣Ξt = α

]

+ 2E
[(

1
h

∫ t+h

t

πµ(u,Ξu)du
)(∫ t+h

t

πσ(u,Ξu)dWu

)∣∣∣∣∣Ξt = α

]
.

Furthermore, from Assumption 10 we see as h → 0+ the first line vanishes and the limit of the

second line is

lim
h→0+

E

[
1
h

∫ t+h

t

π2σ2(u,Ξu)du
∣∣∣Ξt = α

]
= σ2(t, α)π2.

As to the last line, by Cauchy-Schwartz inequality we get∣∣∣∣∣E
[(

1
h

∫ t+h

t

πµ(u,Ξu)du
)(∫ t+h

t

πσ(u,Ξu)dWu

)∣∣∣Ξt = α

]∣∣∣∣∣
6 E

[∣∣∣∣∣ 1h
∫ t+h

t

πµ(u,Ξu)du

∣∣∣∣∣
∣∣∣∣∣
∫ t+h

t

πσ(u,Ξu)dWu

∣∣∣∣∣ ∣∣∣Ξt = α

]

6

√√√√√E

( 1
h

∫ t+h

t

πµ(u,Ξu)du
)2 ∣∣∣Ξt = α

E

[(∫ t+h

t

π2σ2(u,Ξu)du
)∣∣∣Ξt = α

]

−→
√
µ2(t, α)π2 × 0 = 0

as h→ 0+. We then obtain

lim
h→0+

I0
1 (h) = σ2(t, α)π2. (5.3)

Next, by simple algebra we have

I0
2 (h) =

E
[(

B0(t+ h,Ξt+h)
)2∣∣∣Ξt = α

]
−
(
B0(t, α)

)2

h

−

E
[
B0(t+ h,Ξt+h)

∣∣∣Ξt = α
]
−B0(t, α)

h

(E [B0(t+ h,Ξt+h)
∣∣∣Ξt = α

]
+ B0(t, α)

)
.

and, according to the generalised Dynkin’s formula,

E
[
B0(t+ h,Ξt+h)

∣∣∣Ξt = α
]
−B0(t, α)

h
= B0

t (t, α) +
∑
l 6=α

λαl

(
B0(t, l)−B0(t, α)

)
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and

E
[(

B0(t+ h,Ξt+h)
)2∣∣∣Ξt = α

]
−
(
B0(t, α)

)2

h

=2B0(t, α)
{

B0
t (t, α) +

∑
l 6=α

λαl

(
B0(t, l)−B0(t, α)

)}
+
∑
l 6=α

λαl

(
B0(t, l)−B0(t, α)

)2
.

Moreover, by the regularity assumption on B0(·, α) we see

lim
h→0

E
[
B0(t+ h,Ξt+h)

∣∣∣Ξt = α
]

= B0(t, α).

Therefore,

lim
h→0+

I0
2 (h) =

∑
l 6=α

λαl

(
B0(t, l)−B0(t, α)

)2
. (5.4)

Finally, we have

lim
h→0+

E

[∫ t+h

t

πµ(u,Ξu)du
∣∣∣Ξt = α

]
= µ(t, s, α)π.

and, according to the generalised Dynkin’s formula,

lim
h→0+

E
[∫ t+h
t

π
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
B0(t+ h,Ξt+h)

∣∣∣Ξt = α
]

h
= µ(t, α)B0(t, α)π

Hence,

lim
h→0+

I0
3 (h) = 0. (5.5)

Combining (5.3), (5.4) and (5.5), we see

Var
(∫ t+h

t
π
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
+ B0(t+ h,Ξt+h)

∣∣∣Ξt = α
)

h

=σ2(t, α)π2 +
∑
l 6=α

λαl

(
B0(t, l)−B0(t, α)

)2
.

We know for any π we have

− lim inf
h→0+

J0(t, x, α; π̂0
· )− J0(t, x, α;π0|t,h,π

· )
h

= lim sup
h→0+

{
E
[∫ t+h
t

πµ(u,Ξu)du+ C 0(t+ h,Ξt+h, α)
∣∣∣Ξt = α

]
− C 0(t, α, α)

h

− γ(α)
2

Var
(∫ t+h

t
π
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
+ B0(t+ h,Ξt+h)

∣∣∣Ξt = α
)

h

}

=C 0
t (t, α, α) +

∑
l 6=α

λαl

{
C 0(t, l, α)− C 0(t, α, α)

}
− γ(α)

2
∑
l 6=α

λαl

(
B0(t, l)−B0(t, α)

)2

+
{
−γ(α)

2 σ2(t, α)π2 + µ(t, α)π
}

60
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from the definition of equilibrium policy law (see Definition 1 in Chapter 2 for reference); more-

over, π̂0(t, α) makes the above inequality an equality. Hence, (5.2) is the extended HJB equa-

tion.

The next theorem gives the characterisation of equilibrium policy law and value function.

Theorem 25. Assume the coefficients µ(t, α) and σ(t, α) are continuous in t for any α ∈ E .

Then

π̂0(t, α) = η(t, α)
γ(α)σ(t, α) , (5.6)

is an equilibrium policy law and

V̂ 0(t, x, α) = x+ C 0(t, α, α), (5.7)

is the corresponding equilibrium value function for the mean-variance optimisation problem with-

out any claim in the portfolio, where B0(t, α) and C 0(t, β, α) satisfy the following systems of

ODEs 
B0
t (t, α) +

∑
l 6=α

λαl

(
B0(t, l)−B0(t, α)

)
+ 1
γ(α)η

2(t, α) = 0;

B0(T, α) = 0
(5.8)

and 

C 0
t (t, β, α) +

∑
l 6=β

λβl

{
C 0(t, l, α)− C 0(t, β, α)

}
−γ(α)

2
∑
l 6=β

λβl

(
B0(t, l)−B0(t, β)

)2
+ 1
γ(β)

(
1− γ(α)

2γ(β)

)
η2(t, β) = 0;

C 0(T, β, α) = 0

(5.9)

respectively, for each α, β ∈ E .

Proof. The concavity of the supremum part in the extended HJB equation (5.2) with respect

to π is straightforward and, therefore, (5.6) is the maximiser of the supremum part in (5.2) by

the first-order condition. Moreover, by Assumptions 10 and 12 we see that π̂0(t, α) is bounded

and thus admissible. Furthermore, from the standard ODE theory we can see that B0(t, α)

and C 0(t, β, α) are continuously differentiable with respect to t. Therefore, all the conditions in

Proposition 24 are satisfied, and (5.6) and (5.7) are indeed the equilibrium policy law and value

function for the mean-variance optimisation problem without any claim in the portfolio.

Recall that the definition of B0(t, α) is

B0(t, α) = E

[∫ T

t

π̂0(u,Ξu)µ(u,Ξu)du
∣∣∣Ξt = β

]
.
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Following the Feynman-Kac approach, we have

µ(t, α)π̂0(t, α) + B0
t (t, α) +

∑
l 6=α

λαl

{
B0(t, l)−B0(t, α)

}
= 0.

Substituting (5.6) into above, we then get the ODE system (5.8) to characterise B0(t, α).

Similarly, via the Feynman-Kac approach, we have

C 0
t (t, β, α) +

∑
l 6=β

λβl

{
C 0(t, l, α)− C 0(t, β, α)

}
−γ(α)

2
∑
l 6=β

λβl

(
B0(t, l)−B0(t, β)

)2
− γ(α)

2 σ2(t, β)
(
π̂0(t, β)

)2
+ µ(t, β)π̂0(t, β) = 0;

C 0(T, β, α) = 0

for any t ∈ [0, T ], and α, β ∈ E . Now substituting (5.6) into above, we then get the ODE system

(5.9) to characterise C 0(t, β, α).

Remark 8. Notice that the equilibrium policy law

π̂0(t, α) = 1
γ(α)

η(t, α)
σ(t, α)

is exactly the same as the equilibrium policy law for the time inconsistent CARA utility maxmiza-

tion problem we discussed in previous two chapters, see Theorem 4 in Chapter 3 and Theorem 13

in Chapter 4. In other words, the exponential utility maximisation and mean-variance optimi-

sation criteria give the same equilibrium policy law for the time inconsistent portfolio selection

problem with regime switching.

We now give a probabilistic characterisation of B0(t, α) by exploiting Girsanov theorem.

More precisely, we make the following change of measure

dP̃0

dP
= exp

(
−1

2

∫ T

0
η2(u,Ξu)du−

∫ T

0
η(u,Ξu)dWu

)
. (5.10)

Under this measure P̃0,

W̃ 0
t = Wt +

∫ t

0
η(u,Ξu)du (5.11)

is a standard Brownian motion, and the dynamics of S· becomes

dSt = Stσ(t,Ξt)dW̃ 0
t .

Remark 9. This probability measure P̃0 is known as the minimal martingale measure (MMM)

in the literature as mentioned in Section 4.4.2.
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The probabilistic representation of B0(t, α)is then given, via the Feynman-Kac approach, in

the next theorem.

Theorem 26. We have the following representation for B0(t, α):

B0(t, α) = EP̃0

[∫ T

t

1
γ(Ξu)η

2(u,Ξu)du
∣∣∣Ξt = α

]
, (5.12)

where EP̃0 [·] stands for the expectation operator under measure P̃0 whose Radon-Nikodým deriva-

tive with respect to P is given by (5.10).

5.2.2 Mean-Variance Optimisation with Contingent Claim

We now give an equilibrium policy law π̂k(t, y, α) and the corresponding equilibrium value

function V̂ k(t, x, y, α) for the mean-variance optimisation problem with k claims in the portfolio.

The discussion below is parallel to the previous section.

We assume the existence of the equilibrium policy law π̂k(t, y, α) and denote x̂k· the corre-

sponding equilibrium wealth process for the mean-variance optimisation problem with k claims

in the portfolio; for any t < u 6 T ,

x̂ku = x+
∫ u

t

π̂k(r, Yr,Ξr)
{
µ(r,Ξr)dr + σ(r,Ξr)dWr

}
given initial capital level x̂kt = x.

Mimicing the analysis in previous section, we introduce the following two auxiliary functions

Bk(t, y, β) = E

[∫ T

t

π̂k(u, Yu,Ξu)µ(u,Ξu)du+ kF (YT )
∣∣∣Ξt = β, Yt = y

]
;

C k(t, y, β, α) = Bk(t, y, β)

− γ(α)
2 Var

(∫ T

t

π̂k(u, Yu,Ξu)
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
+ kF (YT )

∣∣∣Ξt = β, Yt = y

)

= E

[∫ T

t

π̂k(u, Yu,Ξu)µ(u,Ξu)du+ kF (YT )
∣∣∣Ξt = β, Yt = y

]

− γ(α)
2 Var

(∫ T

t

π̂k(u, Yu,Ξu)
{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
+ kF (YT )

∣∣∣Ξt = β, Yt = y

)

for any (t, y) ∈ [0, T ) × R and α, β ∈ E . Once more, in C k(t, y, β, α) the first state variable β

stands for the market state at the current time t and the second state variable α represents the

market state at some initial time before t.
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We now report the corresponding extended HJB equation and equilibrium policy law and

value function for the regime switching mean-variance optimisation problem with k claims in the

portfolio. The proofs are parallel to the ones in Section 5.2.1 and thus omitted.

Proposition 27. Assume the above two auxiliary functions C k(t, y, β, α) and Bk(t, y, β) are

continuously differentiable in variable t and twice continuously differentiable in variable y for

each α, β ∈ E , and each partial derivative of C k(t, y, β, α) and Bk(t, y, β) has polynomial

growth. Then C k(t, y, β, α) and Bk(t, y, β) satisfy the following extended Hamilton-Jacobi-

Bellman (HJB) equation:

C k
t (t, y, α, α) + 1

2ν
2(t, y, α)C k

yy(t, y, α, α) + b(t, y, α)C k
y (t, y, α, α)

+
∑
l 6=α

λαl

{
C k(t, y, l, α)− C k(t, y, α, α)

}

−γ(α)
2

{
ν2(t, y, α)

(
Bk
y (t, y, α)

)2
+
∑
l 6=α

λαl

(
Bk(t, y, l)−Bk(t, y, α)

)2
}

+ sup
π

{
−γ(α)

2 σ2(t, α)π2 +
[
µ(t, α)− γ(α)σ(t, α)ρ(t, α)ν(t, y, α)Bk

y (t, y, α)
]
π

}
= 0;

C k(T, y, α, α) = 0, Bk(T, y, α) = 0

(5.13)

for any t ∈ [0, T ], y ∈ R and α, β ∈ E .

Theorem 28. Assume all the conditions in Proposition 27 are satisfied. Then

π̂k(t, y, α) = η(t, α)
γ(α)σ(t, α) − ρ(t, α)ν(t, y, α)

σ(t, α) Bk
y (t, y, α). (5.14)

is an equilibrium policy law and

V̂ k(t, x, y, α) = x+ C k(t, y, α, α), (5.15)

is the corresponding equilibrium value function for the mean-variance optimisation problem with

k claims in the portfolio, where Bk(t, y, α) and C k(t, y, β, α) satisfy the following systems of

PDEs
Bk
t (t, y, α) + 1

2ν
2(t, y, α)Bk

yy(t, y, α) +
(
b(t, y, α)− ρ(t, α)η(t, α)ν(t, y, α)

)
Bk
y (t, y, α)

+
∑
l 6=α

λαl

{
Bk(t, y, l)−Bk(t, y, α)

}
+ 1
γ(α)η

2(t, α) = 0;

Bk(T, y, α) = kF (y)
(5.16)
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and

C k
t (t, y, β, α) + 1

2ν
2(t, y, β)C k

yy(t, y, β, α) + b(t, y, β)C k
y (t, y, β, α)

+
∑
l 6=β

λβl

{
C k(t, y, l, α)− C k(t, y, β, α)

}

−γ(α)
2

ν2(t, y, β)
(
Bk
y (t, y, β)

)2
+
∑
l 6=β

λβl

(
Bk(t, y, l)−Bk(t, y, β)

)2


− γ(α)
2γ2(β)

{
η(t, β)− γ(β)ρ(t, β)ν(t, y, β)Bk

y (t, y, β)
}2

+ 1
γ(β)

{
η(t, β)− γ(α)ρ(t, β)ν(t, y, β)Bk

y (t, y, β)
}{

η(t, β)− γ(β)ρ(t, β)ν(t, y, β)Bk
y (t, y, β)

}
= 0;

C k(T, y, β, α) = kF (y)
(5.17)

respectively, for each α, β ∈ E .

We now perform the same change of measure as in Section 5.2.1 and give a probabilistic

characterisation of Bk(t, y, α). Recall the minimal martingale measure P̃0 is defined in (5.10)

and, under this P̃0, the dynamics of Y· is

dYt =
(
b(t, Yt,Ξt)− ρ(t,Ξt)η(t,Ξt)ν(t, Yt,Ξt)

)
dt+ ν(t, Yt,Ξt)

{
ρ(t,Ξt)dW̃ 0

t + ρ̄(t,Ξt)dW⊥t
}
,

where W̃ 0
· is defined in (5.11) and W⊥· is a standard Brownian motion under measure P̃0 and is

orthogonal to W̃ 0
· . As in Section 5.2.1, via the Feynman-Kac approach, we have the following

probabilistic representation for Bk(t, y, α).

Theorem 29. We have the following representation for Bk(t, y, α):

Bk(t, y, α) = EP̃0

[∫ T

t

1
γ(Ξu)η

2(u,Ξu)du+ kF (YT )
∣∣∣Ξt = α, Yt = y

]
= B0(t, α) + kp̃∗(t, y, α),

(5.18)

where B0(t, α) and p̃∗(t, y, α) are given by (5.12) and

p̃∗(t, y, α) = EP̃0
[
F (YT )

∣∣∣Ξt = α, Yt = y
]

(5.19)

respectively.

Remark 10. p̃∗(t, y, α) is the expected terminal payoff of the contingent claim written on YT with

payoff function F (·) under the minimal martingale measure P̃0. We call p̃∗(t, y, α) the MMM-

price of the contingent claim, which has already been mentioned in Section 4.4.2, Chapter 4 for

a special case without regime switching.
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5.2.3 Equilibrium Mean-Variance Indifference Pricing Rule

With the equilibrium value functions V̂ 0(t, x, α) and V̂ k(t, x, y, α), we can now calculate the

equilibrium mean-variance indifference price for the contingent claim written on YT with payoff

function F (·). Recall an equilibrium mean-variance indifference price p̂k(t, x, y, α) for k claims

is defined as the solution of the following algebraic equation:

V̂ 0(t, x, α) = V̂ k(t, x− kp̂k(t, x, y, α), y, α).

Therefore,

p̂k(t, y, α) = C k(t, y, α, α)− C 0(t, α, α)
k

.

Hence, by solving systems (5.8), (5.16), (5.9) and (5.17), we can get B0(t, α), Bk(t, y, α),

C 0(t, α, α) and C k(t, y, α, α) and this equilibrium mean-variance indifference price p̂k(t, x, y, α)

is then obtained. Moreover, according to Theorem 25 and Theorem 28, the corresponding equi-

librium mean-variance indifference hedging policy law π̂kH(t, y, α) is

π̂kH(t, y, α) = π̂k(t, y, α)− π̂0(t, α)

= −ρ(t, α)ν(t, y, α)
σ(t, α) Bk

y (t, y, α) = −kρ(t, α)ν(t, y, α)
σ(t, α) p̃∗y(t, y, α),

where p̃∗(t, y, α) is the MMM-price defined in (5.19). We see, in particular, the equilibrium

mean-variance indifference hedging policy law π̂kH(t, y, α) is linear with respect to k, the number

of claims in the portfolio.

We now report the probabilistic representation of this equilibrium mean-variance indifference

price p̂k(t, y, α).

Theorem 30. The equilibrium mean-variance indifference price p̂k(t, y, α) has the following

probabilistic representation:

p̂k(t, y, α) = E
[
F (YT )

∣∣∣Ξt = α, Yt = y
]
− E

[∫ T

t

gα(u, Yy,Ξu)du
∣∣∣Ξt = α, Yt = y

]

− kγ(α)
2 E

[∫ T

t

G(u, Yy,Ξu)du
∣∣∣Ξt = α, Yt = y

]
,

(5.20)

where
gα(t, y, β) = η(t, β)ρ(t, β)ν(t, y, β)p̃∗y(t, s, y, β)

+ γ(α)
∑
l 6=β

λβl

(
B0(t, l)−B0(t, β)

)(
p̃∗(t, y, l)− p̃∗(t, y, β)

)
,

G(t, y, β) = ρ̄2(t, β)ν2(t, y, β)
(
p̃∗y(t, y, β)

)2 +
∑
l 6=β

λβl

(
p̃∗(t, y, l)− p̃∗(t, y, β)

)2
,

(5.21)

and p̃∗(t, y, α) is the MMM-price in (5.19).
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Remark 11. We emphasise that the expectation in (5.20) is under the physical measure P;

moreover, both gα(t, y, β) and G(t, y, β) are independent of k, the number of claims in the

portfolio. Notice that we use the subscript “α” in gα(t, y, β) to emphasise the dependence on

state α via γ(α) in the second line of (5.21); in contrast, G(t, y, β) is independent of α.

Proof. The result is from a straightforward application of the Feynman-Kac approach to (5.9)

and (5.17), together with some algebra.

In the end of this section, we introduce the concept of marginal equilibrium mean-variance

indifference price.

Definition 31. Given an equilibrium mean-variance indifference price p̂k(t, y, α), the corre-

sponding marginal equilibrium mean-variance indifference price p̂0(t, y, α) is defined as

p̂0(t, y, α) = lim
k→0

p̂k(t, y, α),

provided the above limit exists.

From (5.20), we can easily obtain this marginal equilibrium mean-variance indifference price

p̂0(t, y, α) as

p̂0(t, y, α) =E
[
F (YT )

∣∣∣Ξt = α, Yt = y
]
− E

[∫ T

t

gα(u, Yy,Ξu)du
∣∣∣Ξt = α, Yt = y

]
, (5.22)

where gα(t, y, β) is defined in (5.21). We emphasise again that the expectation in (5.22) is under

the physical measure P.

5.3 Some Special Cases

In this section, we consider several special cases and hope to deepen our understanding about

the equilibrium mean-variance indifference pricing rule in these simplified cases.

5.3.1 Two-Market-State Basis Risk Model

We first investigate the equilibrium mean-variance indifference pricing rule in a two-market-

state basis risk model with constant coefficients, similar to Chapter 4. Specifically, we assume

φ(t, α) = φ for φ = µ, σ, η, ρ and ψ(t, y, α) = ψy for ψ = b, ν; in particular, the prices of both the

tradable and nontradable assets do not depend on the general financial market state. Notice that

the weighting parameter γ(·) is still a function of market state α ∈ E , thus only the preference of
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the investor is still regime dependent. Furthermore, we assume that E = {1, 2}, i.e., the market

has only two states—bearish and bullish.

Under the current setting, the Radon-Nikodým derivative of the minimal martingale measure

P̃0 with respect to P is reduced to
dP̃0

dP
= exp

(
−1

2η
2T − ηWT

)
and gα(t, y, β) and G(t, y, β) are reduced to

g(t, y) = ηρνyp̃∗y(t, y),

G(t, y) = ρ̄2ν2y2(p̃∗y(t, y)
)2
.

In particular, gα(t, y, β), G(t, y, β) and the MMM-price p̃∗(t, y) are functions of t and y only and

independent of the market state α.

Now the equilibrium mean-variance indifference price p̂k(t, y, α) is reduced to

p̂k(t, y, α) = E
[
F (YT )

∣∣∣Yt = y
]
− ηρνE

[∫ T

t

Yup̃
∗
y(u, Yu)du

∣∣∣Yt = y

]

− kγ(α)
2 ρ̄2ν2E

[∫ T

t

Y 2
u

(
p̃∗y(u, Yu)

)2
du
∣∣∣Yt = y

]
.

Furthermore, the equilibrium mean-variance indifference hedging policy law π̂kH(t, y) is

π̂kH(t, y) = −kρν
σ
yp̃∗y(t, y).

Notice that the hedging policy π̂kH(t, y) is independent of the market state α, and the indifference

price p̂k(t, y, α) depends on the market state α only via γ(α); in other words, the dependence

of the equilibrium mean-variance indifference price on the market state is only through the

corresponding weighting parameter, and there is no relationship between different equilibrium

mean-variance indifference prices for different market regimes, which is much simpler than the

case for the equilibrium utility indifference price discussed in Chapter 4. This implies that,

for the basis risk model, the feature of regime switching is not essential for the equilibrium

mean-variance indifference pricing rule. Inspired by this, we turn to study the equilibrium mean-

variance indifference pricing rule without regime switching in the next section.

5.3.2 Mean-Variance Indifference Pricing without Regime Switching

In this section, we study the equilibrium mean-variance indifference pricing rule without

regime switching; i.e., we assume φ(t, α) = φ(t) for φ = µ, σ, η, ρ, ψ(t, y, α) = ψ(t, y) for ψ = b, ν

and γ(α) = γ. We study both the equilibrium and the precommitment mean-variance indifference

pricing rules and make the comparison between them.
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5.3.2.1 Equilibrium Mean Variance Indifference Pricing Rule

From the discussion in Section 5.3.1 we see that, for the current case, the equilibrium mean-

variance indifference price p̂k(t, y) is given by

p̂k(t, y) = E

[
F (YT )−

∫ T

t

ρ(u)η(u)ν(u, Yu)p̃∗y(u, Yu)du
∣∣∣Yt = y

]

− kγ2E
[∫ T

t

ρ̄2(u)ν2(u, Yu)
(
p̃∗y(u, Yu)

)2
du
∣∣∣Yt = y

]
,

where p̃∗(t, y) is the MMM-price in (5.19) (which is now independent of α). Recall the PDE for

p̃∗(t, y) is  p̃∗t (t, y) + 1
2ν

2(t, y)p̃∗yy(t, y) + b(t, y)p̃∗y(t, y) = η(t)ρ(t)ν(t, y)p̃∗y(t, y),

p̃∗(T, y) = F (y).

Then, via the Feynman-Kac approach, we see

p̃∗(t, y) = E

[
F (YT )−

∫ T

t

ρ(u)η(u)ν(u, Yu)p̃∗y(u, Yu)du
∣∣∣Yt = y

]
.

Therefore, we have

p̂k(t, y) = p̃∗(t, y)− kγ2E
[∫ T

t

ρ̄2(u)ν2(u, Yu)
(
p̃∗y(u, Yu)

)2
du
∣∣∣Yt = y

]
. (5.23)

Furthermore, the marginal equilibrium mean-variance indifference price is

p̂0(t, y) = p̃∗(t, y) = EP̃0
[
F (YT )

∣∣∣Yt = y
]
; (5.24)

in other words, the marginal equilibrium mean-variance indifference price coincides with the

MMM-price.

On the other hand, the equilibrium mean-variance indifference hedging policy law π̂kH(t, y) is

given by

π̂kH(t, y) = kπ̂∗H(t, y),

where

π̂∗H(t, y) = −
ρ(t)ν(t, y)p̃∗y(t, y)

σ(t) (5.25)

is the equilibrium mean-variance indifference hedging policy law per claim. In fact, this π̂∗H(t, y)

is related to the equilibrium policy law of minimal variance hedging for this claim (see, for

instance, [4]).
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We now analyse the properties of this equilibrium mean-variance indifference price p̂k(t, y).

First, we see that p̂k(t, y) is linear with respect to k, the number of claims in the portfolio, which

is similar to the equilibrium mean-variance indifference hedging policy law π̂kH(t, y).

Next, we discuss the case of ρ(t) ≡ 1 for t ∈ [0, T ], where the market model is complete and

the replication of the claim is possible. The equilibrium mean-variance indifference price and

hedging policy law now are

p̂k(t, y) = p̃∗(t, y)

and

π̂kH(t, y) = −k
ν(t, y)p̃∗y(t, y)

σ(t)
respectively. Notice that they are the risk-neutral price and the delta-hedging policy law derived

from the replication method respectively (see, for instance, [65]). Therefore, for the complete

market case, the equilibrium mean-variance indifference pricing rule is reduced to the risk-neutral

pricing rule.

We now show that the equilibrium mean-variance indifference pricing rule is concave with

respect to the payoff function F (·) of the claim; more precisely, suppose there are two types of

contingent claim with payoff functions F1(·) and F2(·). Moreover, let p̂k1(t, y) and p̂k2(t, y) be

the corresponding equilibrium mean-variance indifference prices and p̂kλ(t, y) be the equilibrium

mean-variance indifference price of the claim with payoff λF1(YT )+(1−λ)F2(YT ), for λ ∈ (0, 1).

Then it holds

p̂kλ(t, y) > λp̂k1(t, y) + (1− λ)p̂k2(t, y).

We show this via the direct calculation:

p̂k(t, y) = λp̃∗,1y (t, y) + p̃∗,1y (t, y)

− kγ2E
[∫ T

t

(
1− ρ2(u)

)
ν2(u, Yu)

(
λp̃∗,1y (u, Yu) + (1− λ)p̃∗,2y (u, Yu)

)2
du
∣∣∣Yt = y

]

> λ

{
p̃∗,1y (t, y)− kγ2E

[∫ T

t

ρ̄2(u)ν2(u, Yu)
(
p̃∗,1y (u, Yu)

)2
du
∣∣∣Yt = y

]}

+ (1− λ)
{
p̃∗,2y (t, y)− kγ2E

[∫ T

t

ρ̄2(u)ν2(u, Yu)
(
p̃∗,2y (u, Yu)

)2
du
∣∣∣Yt = y

]}
= λp̂k1(t, y) + (1− λ)p̂k2(t, y),

where

p̃∗,iy (t, y) = EP̃0
[
Fi(YT )

∣∣∣Yt = y
]
, for i = 1, 2
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are the corresponding MMM-prices for the contingent claims with payoff F1(·) and F2(·) respec-

tively.

We point out that the equilibrium mean-variance indifference pricing rule has no monotonic

property; more precisely, for two claims with payoff functions F1(·) and F2(·) and F1(·) 6 F2(·),

we cannot assert that p̂k1(t, y) 6 p̂k2(t, y) in general. This is due to the fact that from (5.23),

p̂k(t, y) also depends on p̃∗y(t, y), whose monotonicity depends on the concavity of the MMM-

price p̃∗(t, y).

Notice that for the case ρ(u) 6= 1 on u ∈ [0, T ], we have

E

[∫ T

t

ρ̄2(u)ν2(u, Yu)
(
p̃∗y(u, Yu)

)2
du
∣∣∣Yt = y

]
> 0,

thus for 0 < k1 < k2 we see

p̂k1(t, y) > p̂k2(t, y).

This indicates that the investor requires more discount to buy more contingent claims. In par-

ticular, for some sufficient large k > 0, it must hold p̂k(t, y) < 0. This means that to hold (a

sufficiently large amount of) the contingent claim, the investor needs subsidies instead of paying

for the contingent claims. The reason behind is that the variance part in the mean-variance op-

timisation criterion penalises both potential gains and losses of the (uncertain) terminal payoff

of the claim; in other words, for an investor whose preference is characterised by mean-variance

optimisation criterion, her aversion is the uncertainty itself. Therefore, the investor whose pref-

erence is characterised by mean-variance optimisation criterion will be reluctant to take part in

the secondary market heavily.

5.3.2.2 Precommitment Mean-Variance Indifference Pricing Rule

We now study the mean-variance indifference pricing in the precommitment sense (the precise

definition will be provided later). Recall the definitions of the precommitment policy law and

value function are included in Definition 6 in Chapter 3.

We first provide the precommitment value function for the mean-variance optimisation prob-

lem without any claim in the portfolio. This problem is to maximise the following objective

functional

J0
pre(x;π·) = E

[
xπT

∣∣∣x0 = x
]
− γ

2 Var
(
xπT

∣∣∣x0 = x
)
.

We denote V̄ 0(x) and π̄0(t, x) the corresponding precommitment value function and policy law.

We emphasise that the solution is optimal with respect to the initial time zero as the reference

time.
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We report the solution to this problem which is included in [95]. The precommitment value

function for the mean-variance optimisation problem without any claim in the portfolio is

V̄ 0(x) = x+ 1
2γ

(
e

∫ T
0
η2(u)du − 1

)
,

and the precommitment policy law is

π̄0(t, x) = 1
γ
e

∫ T
0
η2(u)du η(t)

σ(t) = π̄0(t).

We point out, in particular, that the precommitment policy law π̄0(t) is independent of the wealth

variable x, which is similar to the equilibrium policy law for the corresponding problem.

We turn next to the mean-variance optimisation problem with k claims in the portfolio. More

precisely, we try to maximise the following objective functional

Jkpre(x, y;π·) = E
[
xπT + kF (YT )

∣∣∣x0 = x, Y0 = y
]
− γ

2 Var
(
xπT + kF (YT )

∣∣∣x0 = x, Y0 = y
)
.

We denote V̄ k(x, y) and π̄k(t, x, y) the corresponding precommitment value function and policy

law. Similar to the previous problem, the solution is optimal with respect to the initial time zero

as the reference time.

V̄ k(x, y) and π̄k(t, x, y) can be solved via the same approach in [95]; the details in finding

them are included in Appendix C and we only report the results. The precommitment value

function for the mean-variance optimisation problem with k claims in the portfolio is

V̄ k(x, y) = x+ 1
2γ

(
e

∫ T
0
η2(u)du(1 + ϕk(0, y)

)2 − 1
)
− ωk(0, y)

and the precommitment policy law is

π̄k(t, y) = 1
γ
e

∫ T
0
η2(u)du

(
1 + ϕk(0, y)

) η(t)
σ(t) −

1
γ
e

∫ T
t
η2(u)du η(t)ϕk(t, y) + ρ(t)ν(t, y)ϕky(t, y)

σ(t) ,

where ϕk(t, y) and ωk(t, y) satisfy the following PDEsϕkt (t, y) + 1
2ν

2(t, y)ϕkyy(t, y) +
(
b(t, y)− ρ(t)η(t)ν(t, y)

)
ϕky(t, y) = η2(t)ϕk(t, y);

ϕk(T, y) = kγF (y)
(5.26)

and
ωkt (t, y) + 1

2ν
2(t, y)ωkyy(t, y) + b(t, y)ωky (t, y) = 1

2γ e
∫ T
t
η2(u)du

(
η(t)ϕk(t, y) + ρ(t)ν(t, y)ϕky(t, y)

)2
;

ωk(T, y) = γ

2 k
2F 2(y)

(5.27)
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respectively. Notice that the precommitment policy law π̄k(t, y) is also independent of the wealth

variable x, which is similar to the equilibrium policy law for the corresponding problem.

With the precommitment value functions V̄ 0(x) and V̄ k(x, y), we can define the precommit-

ment mean-variance indifference price at the initial time zero in a manner similar to Definition

21. We give the formal definition below.

Definition 32. The initial time zero is fixed as the reference time. The precommitment mean-

variance indifference price (pre claim) at the reference time zero, p̄k(y), for a position of k

contingent claims written on YT with payoff function F (·) is the solution of the following algebraic

equation:

V̄ 0(x) = V̄ k(x− kp̄k(y), y).

Moreover, the difference of the precommitment policy laws

π̄kH(t, y) = π̄k(t, y)− π̄0(t) (5.28)

is the precommitment mean-variance indifference hedging policy law.

From the previous results, we can easily obtain the precommitment mean-variance indifference

price p̄k(y) to be

p̄k(y) = 1
2kγ e

∫ T
0
η2(u)du

ϕk(0, y)
(
2 + ϕk(0, y)

)
− 1
k
ωk(0, y),

where ϕk(t, y) and ωk(t, y) satisfy PDE (5.26) and (5.27) respectively. In addition, the precom-

mitment mean-variance indifference hedging policy law is given by

π̄kH(t, y) = 1
γ
e

∫ T
0
η2(u)du

ϕk(0, y) η(t)
σ(t) −

1
γ
e

∫ T
t
η2(u)du η(t)ϕk(t, y) + ρ(t)ν(t, y)ϕky(t, y)

σ(t) .

We now perform the same change of measure to the minimal martingale measure P̃0 to give

the probabilistic representations for ϕk(t, y), ωk(t, y) and hence, p̄k(y). Via the Feynman-Kac

approach, we see
ϕk(t, y) = kγEP̃0

[
e
−
∫ T
t
η2(u)du

F (YT )
∣∣∣Yt = y

]
= kγe

−
∫ T
t
η2(u)du

p̃∗(t, y),
(5.29)

where p̃∗(t, y) is the MMM-price in (5.19), and

ωk(t, y) = E

[
− 1

2γ

∫ T

t

e

∫ T
u
η2(r)dr

{
η(u)ϕk(u, Yu) + ρ(u)ν(u, Yu)ϕky(u, Yu)

}2
du+ γ

2 k
2F 2(YT )

∣∣∣Yt = y

]

= γ

2 k
2E

[
−
∫ T

t

e
−
∫ T
u
η2(r)dr

{
η(u)p̃∗(u, Yu) + ρ(u)ν(u, Yu)p̃∗y(u, Yu)

}2
du+ F 2(YT )

∣∣∣Yt = y

]
.

(5.30)
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Therefore, we have the following probabilistic representation for the precommitment mean-

variance indifference price p̄k(y):

p̄k(y) = p̃∗(0, y) + kγ

2 e
−
∫ T

0
η2(u)du(

p̃∗(0, y)
)2 − kγ

2 E
[
F 2(YT )

∣∣∣Y0 = y
]

+ kγ

2 E

[∫ T

0
e
−
∫ T
u
η2(r)dr

{
η(u)p̃∗(u, Yu) + ρ(u)ν(u, Yu)p̃∗y(u, Yu)

}2
du
∣∣∣Y0 = y

]
.

(5.31)

Moreover, the precommitment mean-variance indifference hedging policy law now is

π̄kH(t, y) = kπ̄∗H(t, y),

where

π̄∗H(t, y) = η(t)
σ(t)

(
p̃∗(0, y)− p̃∗(t, y)

)
−
ρ(t)ν(t, y)p̃∗y(t, y)

σ(t)
is the precommitment mean-variance indifference hedging policy law per claim, which is inde-

pendent of k.

We close this section by a brief discussion about the marginal precommitment mean-variance

indifference price.

Definition 33. The marginal precommitment mean-variance indifference price p̄0(y) is defined

as

p̄0(y) = lim
k→0

p̄k(y),

provided the above limit exists.

From the representation (5.31), we can easily get

p̄0(y) = p̃∗(0, y) = EP̃0
[
F (YT )

∣∣∣Y0 = y
]
. (5.32)

Thus, the marginal precommitment mean-variance indifference price coincides with the MMM-

price at the initial time zero.

5.3.2.3 Comparison between Equilibrium and Precommitment Pricing Rules

Since the precommitment mean-variance indifference price is only defined at the reference

time zero, we now compare the equilibrium and precommitment mean-variance indifference price

and their corresponding indifference hedging policy laws at t = 0. Not surprisingly, in general

the two pricing rules (at time zero) are different. The equilibrium mean-variance indifference

price p̂k(0, y) is given by

p̂k(0, y) = p̃∗(0, y)− kγ

2 E

[∫ T

0
ρ̄2(u)ν2(u, Yu)

(
p̃∗y(u, Yu)

)2
du
∣∣∣Y0 = y

]
,
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while the precommitment mean-variance indifference price p̄k(y) is given by

p̄k(y) = p̃∗(0, y) + kγ

2 e
−
∫ T

0
η2(u)du(

p̃∗(0, y)
)2 − kγ

2 E
[
F 2(YT )

∣∣∣Y0 = y
]

+ kγ

2 E

[∫ T

t

e
−
∫ T
u
η2(r)dr

{
η(u)p̃∗(u, Yu) + ρ(u)ν(u, Yu)p̃∗(u, Yu)

}2
du
∣∣∣Y0 = y

]
.

Moreover, the equilibrium mean-variance hedging policy π̂kH(t, y) is

π̂kH(t, y) = −k
ρ(t)ν(t, y)p̃∗y(t, y)

σ(t)

while the precommitment mean-variance hedging policy π̄kH(t, y) is

π̄kH(t, y) = −k
{
ρ(t)ν(t, y)p̃∗y(t, y)

σ(t) + η(t)
σ(t)

(
p̃∗(t, y)− p̃∗(0, y)

)}
= π̂kH(t, y)− k η(t)

σ(t)

(
p̃∗(t, y)− p̃∗(0, y)

)
.

We notice, however, that although the two hedging policy laws are different, they are both linear

in the number of claims in the portfolio.

Moreover, it is interesting to see that the marginal equilibrium mean-variance indifference

price coincides with the precommitment one; in particular, both marginal prices equal to the

MMM-price (at time zero)—the expectation of the terminal payoff under the minimal martingale

measure:

p̂0(0, y) = p̄0(y) = p̃∗(0, y) = EP̃0
[
F (YT )

∣∣∣Y0 = y
]
.

The fact that minimal martingale measure is closely related to the quadratic hedging is well-

known in the literature (see, for instance, [80]). Our results here indicate that this measure is

also deeply involved in both equilibrium and precommitment mean-variance indifference pricing

rules.

Another important fact is that, for the complete market case (ρ(·) ≡ 1) the equilibrium

mean-variance indifference hedging policy law reduces to the classical delta-hedging policy law:

π̂kH(t, y) = πdelta,kH (t, y) = −k
ν(t, y)p̃∗y(t, y)

σ(t) ,

see the detailed analysis in Section 5.3.2.1. Nevertheless, this is not the case for the precom-

mitment mean-variance indifference hedging policy law. As a matter of fact, the precommitment

mean-variance indifference hedging policy law for the complete market case is

π̄kH(t, y) = π̂kH(t, y)− k η(t)
σ(t)

(
p̃∗(t, y)− p̃∗(0, y)

)
,

which coincides with the equilibrium mean-variance indifference hedging policy law, and thus the

delta-hedging policy law, only at the initial time t = 0.
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Chapter 6

Conclusions

In this thesis, we have studied some time inconsistent portfolio selection and option pricing

problems with regime switching. We consider the portfolio selection and indifference option

pricing for an investor whose preference is market-regime-dependent, characterised by either

utility maximisation or mean-variance optimisation criterion. Due to the time inconsistency, we

solve the underlying stochastic control problem via the equilibrium approach.

In Chapter 3 we consider a type of time inconsistent utility maximisation problem where

the coefficients of the risky assets in the financial market and the risk aversion parameters of

the investor all depend on the market regime. By introducing suitable auxiliary functions, the

extended Hamilton-Jacobi-Bellman equations are derived, and the equilibrium policy laws are

obtained for both time inconsistent CARA and CRRA utility maximisation problems. Moreover,

the corresponding verification theorems are provided.

We also show in Chapter 3 that for this time inconsistent CARA utility maximisation problem

with regime switching, the equilibrium policy law coincides with the naive policy law. Naive

approach for time inconsistent control problems has been viewed as myopic and simple-minded

and with no convincing logic behind it. Nevertheless, in Chapter 3 we provide an interesting

example that the myopic naive policy law can turn out to be a deliberate equilibrium solution.

Finally, our results for both time inconsistent CARA and CRRA utility maximisation problem

with regime switching, based on the previous empirical studies, show that the investor will

allocate more capital to the risky assets in a bullish market than in a bearish market.

In Chapter 4, we study a time inconsistent option pricing problem in an incomplete market

with regime switching. The investor wants to determine her subjective price of a European-type

contingent claim written on a nontradable asset. Due to the market incompleteness, we resort

to the utility indifference pricing approach. The investor’s utility function is of exponential type,
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and her risk aversion parameter is regime dependent as in Chapter 3. With the equilibrium

policy laws and the value functions derived in Chapter 3 we establish an equilibrium utility

indifference pricing rule. This pricing rule consists of two parts; one part is the equilibrium

utility indifference price, which is given by the solution to an algebraic equation with the two

equilibrium value functions involved, and the other part is the equilibrium utility indifference

hedging policy law, which is the difference of the equilibrium policy laws for the two underlying

time inconsistent utility maximisation problems.

We then discuss a simplified basis risk model extensively and give the PDE system character-

ising the equilibrium utility indifference price. Compared to the classical indifference price which

can be depicted by a single PDE, we have to characterise the equilibrium utility indifference

price via a PDE system. Under the two-regime case, we are able to show the local existence and

uniqueness of this PDE system. We then discuss the marginal equilibrium utility indifference

price by formally letting the number of the claims in the portfolio approach to zero. It turns out

that this marginal equilibrium utility indifference price can be characterised by a linear system

of partial difference equations and thus the well-posedness is guaranteed by the standard PDE

theory. Moreover, if the price of the risky asset is regime independent, the marginal equilibrium

utility indifference price coincides with the expected terminal payoff of the contingent claim under

the minimal martingale measure. Some properties of the equilibrium utility indifference pricing

rule are discussed subsequently; for instance, the equilibrium utility indifference price reduces to

the classical utility indifference price when the risk aversion parameter is the regime independent,

and to the risk neutral price derived from the replication method when the market is complete.

Some numerical tests are also provided. Finally, we analyse a claim with the logarithmic payoff

and give an explicit formula for the equilibrium utility indifference price.

In Chapter 5, we consider the same option pricing problem in an incomplete market, similar

to Chapter 4. Once more, we adopt the indifference pricing approach to find the subjective

price of the contingent claim for the investor by comparing the results of two portfolio selection

problems with and without the claim. However, we now assume that the investor’s preference

is characterised by the mean-variance optimisation criterion for portfolio selection and that the

weighting parameter is regime dependent. Both facts introduce time inconsistency into the

underlying stochastic control problems. In this chapter, we first give the equilibrium policy laws

and value functions for the corresponding two time inconsistent mean-variance portfolio selection

problems with and without the contingent claim. For the case without any claim in the portfolio,

it turns out that the equilibrium policy law for the regime dependent mean-variance portfolio
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selection problem coincides with the one for the regime dependent CARA utility maximisation

problem.

With the equilibrium policy laws and value functions, we then establish the equilibrium mean-

variance indifference pricing rule, which is parallel to the equilibrium utility indifference pricing

rule in Chapter 4. Now the auxiliary functions used to determine the equilibrium mean-variance

indifference price are characterised by linear partial differential equations, and we are able to give

the explicit formulas for the equilibrium mean-variance indifference price and hedging policy law.

A marginal equilibrium mean-variance indifference price is studied subsequently.

We then analyse some special cases. First, we study the equilibrium mean-variance indif-

ference pricing rule in a two-market-state basis risk model. It turns out that the equilibrium

mean-variance indifference price depends on the market regime only through the weighting pa-

rameter corresponding to the regime, and there is no relationship between different equilibrium

mean-variance indifference prices for different market regimes. We focus next on the special case

of the equilibrium mean-variance indifference pricing rule without regime switching. We give

the explicit formulas for both the equilibrium mean-variance indifference price and the corre-

sponding marginal price. It turns out that the marginal equilibrium mean-variance indifference

price coincides with the expected terminal payoff of the claim under the minimal martingale

measure. Furthermore, we show that the equilibrium mean-variance indifference price is concave

with respect to the claim’s payoff function, and is reduced to the risk neutral price derived from

the replication method when the market is complete. We then compare the equilibrium mean-

variance indifference pricing rule with its precommitment counterpart and point out that only

their marginal mean-variance indifference prices are identical.
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Appendix A

Reviews of Continuous-Time
Markovian Chain

In this appendix, we summarise some basic results about the continuous-time Markovian

chain. These results, especially the generalised Dynkin’s formula, are the foundations for the

analysis in this thesis. All the results are well-known in the literature and can be found in the

standard textbooks about continuous-time Markovian chain (see, for instance, [1], [2], [57], [83]

and [89]).

A.1 Definitions and Basic Facts

Let (Ω,F , {Ft}t>0,P) be a complete filtered probability space and E be a countable set.

Definition 34. A stochastic process Ξ· defined on (Ω,F , {Ft}t>0,P) with values in E is called

a continuous-time Markovian chain, if for any finite time set 0 6 t1 < t2 < · · · < tn < tn+1 and

any points (states) i1, i2, · · · , in−1, in, j ∈ E such that

P
(

Ξtn = in,Ξtn−1 = in−1, · · · ,Ξt1 = i1

)
> 0,

it holds

P
(

Ξtn+1 = j
∣∣∣Ξtn = in,Ξtn−1 = in−1, · · · ,Ξt1 = i1

)
= P

(
Ξtn+1 = j

∣∣∣Ξtn = in

)
.

E is called the state space of the process Ξ·.

If for all s, t such that 0 6 s 6 t < ∞ and all i, j ∈ E , the conditional probability P(Ξt =

j|Ξs = i) depends only on t − s, we then say that the continuous-time Markovian chain Ξ· is
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stationary. In this case, we have

P
(

Ξt = j
∣∣∣Ξs = i

)
= P

(
Ξt−s = j

∣∣∣Ξ0 = i
)
.

The function

pij(t) = P
(

Ξt = j
∣∣∣Ξ0 = i

)
, i, j ∈ E , t > 0

is called the transition probability function of the continuous-time stationary Markovian chain

Ξ·.

Definition 35. A continuous-time stationary Markovian chain is called standard, if

lim
t→0+

pii(t) = 1,

for each state i ∈ E .

Theorem 36. Let Ξ· be a continuous-time standard stationary Markovian chain and pij(·) be

its corresponding transition probability function. Then,

λi = lim
t→0+

1− pii(t)
t

exists (but is possibly ∞) for each state i ∈ E .

Definition 37. A state i ∈ E is called stable, if λi <∞.

Theorem 38. Let Ξ· be a continuous-time standard stationary Markovian chain and pij(·) be

its corresponding transition probability function. Suppose state j ∈ E is stable. Then

λij = D+[pij ](0) = lim
t→0+

pij(t)
t

exists and is finite for all i ∈ E .

Let λii = −λi and Λ = (λij)i,j∈E . Λ is called the generator or the intensity matrix of the

corresponding continuous-time standard stationary Markovian chain.

If the state space E is finite, the corresponding Markovian chain is call finite. Without loss

of generality, we may write E = {1, 2, · · · ,K}; in particular, Λ is now an K ×K matrix.

We assume that all the continuous-time Markovian chains in this thesis are stationary, stan-

dard and finite, and all their states are stable. For such a process, almost every sample path is

a right-continuous step function.
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Theorem 39. Let Ξ· be a continuous-time finite standard stationary Markovian chain with

generator Λ = (λij)K×K and p(t) = (pij(t))K×K be its transition probability matrix. Then

p(t) = exp(tΛ),

where exp(·) is understood as a matrix function.

The proofs of all the theorems above can be found in the standard textbooks about continuous-

time Markovian chain (see, for instance, [1]).

A.2 A Generalised Dynkin’s Formula

We now state the following generalised version of Dynkin’s formula (see, for instance, [89],

[57] and [2]). Let B· be a d-dimensional Brownian motion and Yt be an n-dimensional Itô process

satisfying the following stochastic differential equation{
dYt = b(t, Yt,Ξt)dt+ a(t, Yt,Ξt)dBt;

Y0 = y0 ∈ Rn,

where b : [0, T ]×Rn×E → Rn and a : [0, T ]×Rn×E → Rn×d are given deterministic functions

satisfying the usual Lipschitz and linear growth condition, i.e., for φ(t, y, k) = b(t, y, k), a(t, y, k),

it holds { |φ(t, y1, k)− φ(t, y2, k)| 6 L|y1 − y2|, ∀y1, y2 ∈ Rn,∀t ∈ [0, T ],∀k ∈ E ,

|φ(t, 0, k)| 6 L, ∀t ∈ [0, T ],∀k ∈ E ,

for some constant L > 0. Furthermore, for any function F : [0, T ] × Rn × E → R which is

continuously differentiable in the first variable t and twice continuously differentiable in the

second variable y for any k ∈ E , we introduce the following operator L [·] whose action on

F (t, y, k) is:

L [F ] (t, y, k) = Ft(t, y, k) + Fy(t, y, k)b(t, y, k) + 1
2Tr[a(t, y, k)TFyy(t, y, k)a(t, y, k)]

+
K∑
j=1

λkjF (t, y, j)

= Ft(t, y, k) +
n∑
i=1

Fyi(t, y, k)bi(t, y, k)

+ 1
2

n∑
i=1

n∑
j=1

Fyiyj (t, y, k)
(

d∑
r=1

aki(t, y, k)akj(t, y, k)
)

+
K∑
l=1
l 6=k

λkl

{
F (t, y, l)− F (t, y, k)

}
,

(A.1)
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where Ft(t, y, k) stands for the partial derivative with respect to t, Fy(t, y, k) and Fyy(t, y, k) are

the gradient vector and Hessian matrix with respect to y.

The following theorem gives a generalised version of the Dynkin’s formula, which is a critical

tool in this thesis.

Theorem 40 (Generalised Dynkin’s Formula). Let F : [0, T ]×Rn× E → R satisfying F (t, y, k)

is continuously differentiable in t and continuously twice differentiable in y for any k ∈ E , whose

partial derivatives with respect to y is of polynomial growth; in other words,

∣∣Fy(t, y, k)
∣∣ 6 K

(
1 + |y|m

)
, ∀y ∈ Rn,

for some m ∈ N and K > 0, ∀t ∈ [0, T ], k ∈ E . Moreover, (Y·,Ξ·) is defined as before. Then,

for any 0 6 t < s 6 T , (y, k) ∈ Rn × E , it holds

E
[
F (s, Ys,Ξs)

∣∣∣Yt = y,Ξt = k
]
− F (t, y, k) = E

[∫ s

t

L [F ](u, Yu,Ξu)du
∣∣∣∣Yt = y,Ξt = k

]
.

Moreover,

lim
h→0+

E [F (t+ h, Yt+h,Ξt+h)|Yt = y,Ξt = k]− F (t, y, k)
h

= L [F ](t, y, k),

where L [·] is defined as (A.1).

This proof can be found in [57].
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Appendix B

Precommitment Solution to Time
Inconsistent CARA Utility
Maximisation with Regime
Switching

In this appendix, we provide the precommitment solution to the time inconsistent CARA

utility maximisation problem with regime switching in Section 3.2.3, Chapter 3; more precisely,

we give the precommitment value function and policy law for that problem. The results are then

used to find the corresponding naive policy law and show the coincidence of the equilibrium and

the naive policy law in Section 3.2.3, Chapter 3.

To this end, we first fix a t ∈ [0, T ) as the reference time. Recall in Section 3.2.3, Chapter 3

that given the market state Ξt = α, the corresponding objective functional is

J (t,α)(s, x, β;π·) = E
[
− exp (−γ(α)xπT )

∣∣∣xs = x,Ξs = β
]
, s ∈ [t, T ),

where xπ· satisfies the following controlled SDE dxπu = πu

{
µ(u,Ξu)du+ σ(u,Ξu)dWu

}
;

xs = x, Ξs = β.

Via the classical dynamic programming technique, we introduce the following value function

V (t,α)(s, x, β) = max
π·

{
E [− exp (−γ(α)xπT )|xs = x, αs = β]

}
.

Dynamic programming principle (see, for example, [28] and [90]) then gives

V (t,α)(s, x, β) = max
π·

{
E
[
V (t,α)(s+ h, xπs+h, αs+h)

∣∣∣xs = x, αs = β
]}
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and the corresponding classical Hamilton-Jacobi-Bellman equation is
V (t,α)
τ (s, x, β) + max

π

{1
2a(s, β)V (t,α)

xx (s, x, β)π2 + µ(s, β)V (t,α)
x (s, x, β)π

}
+
∑
l 6=β

λβl

{
V (t,α)(s, x, l)− V (t,α)(s, x, β)

}
= 0;

V (t,α)(T, x, β) = −e−γ(α)x,

for any β ∈ E . The first-order condition then gives the optimal policy law (with respect to the

reference time t) to be

π̄(t,α)(s, x, β) = −µ(s, β)
a(s, β)

V
(t,α)
x (s, x, β)
V

(t,α)
xx (s, x, β)

, s ∈ [t, T ).

To solve this HJB equation, we now make the following Ansatz:

Ansatz 41. The solution of the HJB equation has the following form:

V (t,α)(s, x, β) = −e−γ(α)xg(t,α)(s, β).

Direct calculation then gives the optimal policy law (with respect to the reference time t) to

be

π̄(t,α)(s, β) = 1
γ(α)

µ(s, β)
a(s, β) , s ∈ [t, T ).

Moreover, the HJB equation reduces to the following ODE system:
g(t,α)
τ (s, β)− 1

2η
2(s, β)g(t,α)(s, β)−

∑
l 6=β

λβl

{
g(t,α)(s, l)− g(t,α)(s, β)

}
= 0;

g(t,α)(T, β) = 1,

for any β ∈ E . This is a linear ODE system, and the well-posedness is guaranteed by the standard

ODE theory.

Therefore, we see the precommitment policy law with respect to this reference time t and the

market condtion Ξt = α at t is

π̄(t,α)(s, β) = 1
γ(α)a

−1(s, β)µ(s, β), s ∈ [t, T ), β ∈ E .
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Appendix C

Precommitment Solution to
Mean-Variance Optimisation with
Claims in Portfolio

In this appendix, we give the details for finding the precommitment policy law and value

function for the mean-variance optimisation problem with k claims in the portfolio in Section

5.3.2.2. More precisely, we fix the reference time at zero and try to maximise the following

objective functional

Jkpre(x, y;π·) = E
[
xπT + kF (YT )

∣∣∣x0 = x, Y0 = y
]
− γ

2 Var
(
xπT + kF (YT )

∣∣∣x0 = x, Y0 = y
)
,

where π·, xπ· and Y· are the same as in Chapter 5. Furthermore, recall that V̄ k(x, y) and

π̄k(t, x, y) are the corresponding precommitment value function and policy law for this problem,

as denoted in Section 5.3.2.2.

We solve V̄ k(x, y) and π̄k(t, x, y) via the same approach in [95]. To this end, we first introduce

the following (time consistent) auxiliary control problem to maximise a new objective functional

Ak(x, y;π·;λ) = −γ2E
[(
xπT + kF (YT )

)2∣∣∣x0 = x, Y0 = y
]

+ λE
[
xπT + kF (YT )

∣∣∣x0 = x, Y0 = y
]

and denote Ak(x, y;λ) and π̄k(t, x, y;λ) the corresponding value function and optimal policy

law. Via the dynamic programming technique one can get the value function

Ak(x, y;λ) =− γ

2 e
−
∫ T

0
η2(u)du

x2 +
{
λe
−
∫ T

0
η2(u)du − ϕk(0, y)

}
x

+ λ2

2γ

(
1− e−

∫ T
0
η2(u)du

)
+ λ

γ
ϕk(0, y)− ωk(0, y)

(C.1)

113
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and the optimal trading policy

π̄k(t, x, y;λ) = η(t)
σ(t)

(
λ

γ
− x
)
− e
∫ T
t
η2(u)du η(t)ϕk(t, y) + ρ(t)ν(t, y)ϕky(t, y)

γσ(t) , (C.2)

where ϕk(t, y) and ωk(t, y) satisfies the PDE (5.26) and (5.27) in Section 5.3.2.2, Chapter 5.

We emphasise that both ϕk(t, y) and ωk(t, y) do not depend on λ. Furthermore, we have the

following result similar to Theorem 3.1 in [95].

Theorem 42. If the trading strategy π̄k· is optimal for the mean-variance optimisation problem

with k claims in the portfolio, i.e.,

V̄ k(x, y) = E
[
x̄kT + kF (YT )

∣∣∣x̄0 = x, Y0 = y
]
− γ

2 Var
(
x̄kT + kF (YT )

∣∣∣x̄0 = x, Y0 = y
)
,

in which x̄k· is the corresponding wealth process, then

Ak(x, y; λ̄k) = −γ2E
[(
x̄kT + kF (YT )

)2∣∣∣x̄0 = x, Y0 = y
]

+ λ̄kE
[
x̄kT + kF (YT )

∣∣∣x̄0 = x, Y0 = y
]
,

where

λ̄k = 1 + γE
[
x̄kT + kF (YT )

∣∣∣x̄0 = x, Y0 = y
]
.

The proof is entirely parallel to the one for Theorem 3.1 in [95] and we provide it here for

the reader’s convenience.

Proof. If the result is not true, then there exists a trading strategy and the corresponding wealth

process (π·, xπ· ) such that

− γ

2E
[(
x̄kT + kF (YT )

)2∣∣∣x̄0 = x, Y0 = y
]

+ λ̄kE
[
x̄kT + kF (YT )

∣∣∣x̄0 = x, Y0 = y
]

<− γ

2E
[(
xπT + kF (YT )

)2∣∣∣x0 = x, Y0 = y
]

+ λ̄kE
[
xπT + kF (YT )

∣∣∣x0 = x, Y0 = y
]
.

(C.3)

Define

Θ(x, y) = −γ2x+ γ

2 y
2 + y,

then by definition

V̄ k(x, y) = Θ
(
E
[(
x̄kT + kF (YT )

)2∣∣∣x̄0 = x, Y0 = y
]
,E
[
x̄kT + kF (YT )

∣∣∣x̄0 = x, Y0 = y
])
.

Notice that Θ(x, y) is convex and

Θx(x, y) = −γ2 , Θy(x, y) = γy + 1,
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therefore
Jkpre(x, y;π·)− V̄ k(x, y)

>− γ

2

{
E
[(
xπT + kF (YT )

)2∣∣∣x0 = x, Y0 = y
]
− E

[(
x̄kT + kF (YT )

)2∣∣∣x̄0 = x, Y0 = y
]}

+
(
γE
[
x̄kT + kF (YT )

∣∣∣x̄0 = x, Y0 = y
]

+ 1
)
×{

E
[
xπT + kF (YT )

∣∣∣x0 = x, Y0 = y
]
− E

[
x̄kT + kF (YT )

∣∣∣x̄0 = x, Y0 = y
]}

> 0

according to (C.3). This is then a contridiction with that V̄ k(x, y) is the precommitment value

function.

According to (C.2), the expectation of x̄k,λT is

E
[
x̄k,λT

∣∣∣x̄0 = x, Y0 = y
]

=e−
∫ T

0
η2(u)du

x+ λ

γ

(
1− e−

∫ T
0
η2(u)du

)
− 1
γ
E

[∫ T

0

{
η2(t)ϕk(t, Yt) + ρ(t)η(t)ν(t, Yt)ϕky(t, Yt)

}
dt

∣∣∣∣∣Y0 = y

]
.

Moreover, via the Feynman-Kac approach, we have

E
[
kγF (YT )

∣∣∣Y0 = y
]

= E
[
ϕk(T, YT )

∣∣∣Y0 = y
]

= ϕk(0, y) + E

[∫ T

0

{
η2(t)ϕk(t, Yt) + ρ(t)η(t)ν(t, Yt)ϕky(t, Yt)

}
dt

∣∣∣∣∣Y0 = y

]
.

Then from Theorem 42 we see λ̄k solves the following algebraic equation

λ̄k = 1 + γE
[
x̄k,λ̄

k

T + kF (YT )
∣∣∣x̄0 = x, Y0 = y

]
= 1 + γe

−
∫ T

0
η2(u)du

x+ λ̄k
(

1− e−
∫ T

0
η2(u)du

)
+ ϕk(0, y)

and thus

λ̄k = γx+ e

∫ T
0
η2(u)du

(
1 + ϕk(0, y)

)
.

Therefore, the precommitment value function for the mean-variance optimisation problem with

k claims in the portfolio is

V̄ k(x, y) = x+ 1
2γ

(
e

∫ T
0
η2(u)du(1 + ϕk(0, y)

)2 − 1
)
− ωk(0, y)

and the precommitment policy law is

π̄k(t, y) = 1
γ
e

∫ T
0
η2(u)du

(
1 + ϕk(0, y)

) η(t)
σ(t) −

1
γ
e

∫ T
t
η2(u)du η(t)ϕk(t, y) + ρ(t)ν(t, y)ϕky(t, y)

σ(t) ,

where ϕk(t, y) and ωk(t, y) satisfy (5.26) and (5.27).
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