ABSTRACT

Lewis, David K. 1976. PRINCIPLES AND PROCEDURES IN THE ECONOMIC
ANALYSIS OF STAND TREATMENTS FOR TIMBER PRODUCTION. UNIVERSITY

OF OXFORD. D. PHIL. THESIS 352 PP.

The objactive of this study was to develop refined procedures for the

economic analysis of stand treatments for timber production.

This objective has been achieved by a review and explicit statement of
the economic principles relevant to the anmalysis of stand treatments.
Based on these principles, procedures for the analysis of silvicultural

investments are proposed and demonstrated.

The review of economic principles indicated that the appropriate class

of criteria for the analysis of stand treatments are expected Present
Certainty Equivalent Value. However, these criteria were also shown to

be incomplete due to the failure of the Separation Theorem to hold under
imperfect markets. This incompleteness and the theoretical requirement
that the quantity and price of inputs and outputs, of investment ensembles,
be measurable limits these criteria to defining efficient investment
emsembles. Although these criteria were found to be incomplete, they do
provide a means of organizing the measurable information associated with
alternative stand treatments in a way that contributes to the selection of
an optimum combination. The review also points out the necessity of correctly
identifying the opportunities for productive transformation in the analysis

of investments. In addition, the requirement to estimate real prices,



which define exchange opportunities in a manner consistent with the

concepts of intertemporal choice is identified.

The maximization of expected Present Certainty-Equivalent Value of wealth
gain is proposed as the rule and criterion for the economic analysis of
stand treatments. The elements of the analysis procedure relating to

(1) the level of analysis, (2) its duration, (3) the interval within the
analysis period, and (4) treatment possibilities considered are discussed
and a standard for each proposed. 1In addition, the requirements for
estimates and measurements of the quantity and price of inputs and out-
puts are discussed. Standards for these estimates and measurements are
identified in three categories; the requirements for the calculation of
expected Present Certainty-Equivalent Value of wealth gain, the timber

management requirement, and the measurement requirements.

The procedures for the analysis of stand treatments are demonstrated for
a hypothetical compartment of Douglas-fir (Pseudotsuga menziesii (Mirb.)
Franco) in western Washington. The treatments considered in the analysis

include thinring, fertilization, and regeneration.

The conclusion of the study is that the procedures proposed and demonstrated
are feasible .and practical under current conditions. Further, the infor-
mation resulting from these analyses will contribute to a more efficient

allocation of resources in timber production.

Additional study of the economic theory of investment choice is recommended

with particular attention being concentrated on the theory of exchange in



imperfect markets, and the role of information in the selection of
uncertain alternatives. However, the major opportunity for additional
study is in the collection of information and the development of estimation
techniques required to forecast the quantity and price of inputs and out-

puts associated with investments in timber production.
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CHAPTER I

INTRODUCTION

Estimates of the demand for timber contained in the current timber
supply study for the United States (U. S, Forest Service, 1973) indicate
that demand for timber will increase by 81 percent or 10.3 billion cubic
feet between 1970 and the year 2000. Projections in this study also
indicate increases in timber demand in Europe and Japan totaling 12
billion cubic feet or 70 percent of their 1970 consumption during the
same period. These shifts in the world timber demand schedule are the
result of anticipated increases in population and per capita gross

national product.

The supply projections in this study (U.S. Forest Service, 1973) indicate
that equilibrium will be achieved with price increases of 50 to 60
percent above 1970 levels during the thirty year period from 1970

to 2000. If the current relationship between product and stumpage prices
continues these increases in product prices will result in stumpage

price increases that average 100 percent above 1970 levels by the year
2000 (U.S. Forest Service, 1973). To achieve increases of this magnitude
stumpage prices will have to increase at an average of 2.3 percent per

year over the next 25 years relative to other goods.

While price estimates based on long term supply - demand equilibrium
projections can be criticized for their lack of precision, the situation

described in this timber supply study (U.S. Forest Service, 1973) indicates



that the price of timber relative to other goods will probably
increase at a significant rate. One of the results expected from
these price increases is an expansion in the level of silvicultural

activity directed toward the production of timber crops.

The increased investment required to intensify silvicultural practice
is estimated at from 42 to 78 million dollars per year for farm,
miscellaneous private, and National Forest classes of ownership (U.S.
Forest Service, 1973) in the United States. This estimate includes
approximately 62 percent of the commercial forest land in the United
States so it is reasonable to estimate that nationally the additional
investment required to intensify silvicultural practice might be as

much as 67 to 122 million dollars per year.

In addition to these investment requirements, research in growth and
yield has progressed to the point where forest managers can forecast
yields resulting from a wide range of silvicultural treatments through
the application of simulation techniques (Fries, 1974). This combin-
ation of investment activity and yield forecasting capability creates

a need and opportunity for refined procedures to assist in the selection

of optimum treatment sequences for timber production.

Objective of This Study

This study was planned with the objective of providing forest managers.
with refined procedures for the economic analysis of stand treatments,

which will assist in the selection of optimum treatment sequences for

timber production.



The basis for any procedure for economic analysis must be the
principles of choice defined by economic theory. The principles for
this study are developed by an explicit statement of the economic
theory relevant to investments in timber production. These principles
are used to develop refined procedures for the analysis of stand
treatments for timber production. The procedures are illustrated by

a demonstration analysis for a hypothetical compartment of Douglas-fir

(Pseudotsuga menziesii (Mirb.) Franco) in western Washington.



CHAPTER I1I

ECONOMIC PRINCIPLES

Economic science is concerned with how individuals and societies

choose, with or without the use of money, to employ scarce productive
resources to produce various commodities over time and distribute them
for consumption now and in the future, among various people and groups
in society (Samuelson, 1964). 1In order to understand complex reality,
economic science, like all other science, has developed a body of theory
which abstracts from the real world. Price theory is concerned with
exchanges between individuals and groups within society and is the
principle body of theory relevant to the analysis of stand treatments.
Because timber production involves exchanges through time a special part
of price theory, capital theory, is required to identify the relevant

principles for the analysis of investments in stand treatments.

In addition to price and capital theory the analysis of investments
also calls on concepts from the theory of economic equilibrium and
welfare. However, these topics do not become explicitly central to

the issue of investment choice and will receive limited emphasis in the

development of principles for the analysis of stand treatments.

In application, economic theory can be described as positive or nor-
mative. Positive applications seek to describe how allocation problems

are solved. Normative applications, on the other hand, describe how



allocation problems should be solved (Friedman, 1953). The principles
identified in this section will be developed as a unit of positive

theory describing how individuals and groups solve a class of allocation
problems similar to the problem of allocating resources for timber
production. These principles will then be used in a normative application
as a basis for analytical procedures, which if followed will yield
information which will contribute to an optimum allocation of resources

in timber production.

Because economic theory abstracts from the real world many simplifying
assumptions are made in its presentation. These assumptions serve three
roles. First as a framework for describing a theory. 1In this role
assumptions serve as a means or criterion of classification for

systematization of knowledge about economic phenomena.

The second role of assumptions is as an aid to the indirect test of a
theory or hypothesis through their implications. One of the differences
between economic science and the physical sciences is that controlled
experiments involving economic phenomena are difficult if not impossible.
For this reason hypothesis testing involves comparisons between theory
and observed phenomena. In this role the assumption, which may or may
not be observable, and its implications in terms of behavior which is

observable facilitate hypothesis testing.

The third role of assumptions in economic theory is to specify the
conditions under which- the application of a theory can be expected to

yield useful results. 1In this role assumptions describe the class of



phenomena for which any theory is relevant. The important thing to
remember about economic theory is that it exists as a body of tentatively
accepted generalizations about economic phenomena which are used to

predict the consequences of changes in circumstances (Friedman, 1953).

The theory of investment choice has been built up over a long period of
time with the major modern contribution being due to Irving Fisher (1907,
1923, 1930). The discussion in this chapter follows the order of pre-
sentation and terminology of Jack Hieshleifer's book "Investment, Interest
and Capital" (1970), and owes much to his presentation of the theory of

investment choice.

Timeless Choice

The economic theory of individual choice rests on two postulates. The
first of these, individual preference, describes the objects of choice
in terms of their desirability to the consumer. The second, opportunity
set, describes the environment in which choices are made in terms of a

set of constraints.

Individual preferences and the nature of comparisons that individuals
make in optimizing their choices among alternatives are systematically
described by seven axioms of consumer preference. The first of these
describes the completeness of preferences, and states that from a pair
of alternatives the consumer either prefers one member of the pair to
the other or is indifferent between them (Green, 1971). To put this
another way, the theoretical consumer is said to behave as though all
objects of choice are systematically related to each other in such a
way that when any two are compared the consumer either prefers one to

the other or is indifferent between them.



The second axiom describes the transitivity of consumer preferences,

and states that if in any set of alternatives three elements are
selected Y, Y', Y" and Y is regarded by the consumer as being at least
as good as Y', and Y' is regarded as being at least as good as Y', then
Y must be at least as good as Y" (Green, 1971). This axiom of transit-
ivity allows the set of alternatives to be partitioned into indifference

classes in which no object of choice is present in more than one class.

By applying the axioms of completeness and transitivity the third axiom
can be stated. This axiom of rational choice states that if an alternative
Y is selected from a set of alternatives by a consumer then Y is at

least as good as all other alternatives in the set (Green, 1971). It is
important to note that if there are alternatives in the set which are
indifferent to the chosen alternative this axiom does not explain how the
selection was made. This axiom is the basis for consumer sovereignty
which is the core of both positive and normative applications of economic
theory. Remember that in the context of economic theory this axiom does
not say that consumers are rational only that they behave as though they
are rational in the sense that they make consistent choices. Further no
other axiom of consumer preference has yielded so many hypotheses of
behavior that have been successfully tested emperically (Green, 1971).
However, a variation from the standard theory of choice has been developed
by Gary Becker (1962) which indicates that results consistent with the

standard theory can be achieved under conditions of explicit irrational

choice.



The fourth axiom of individual choice is called the axiom of non-
saturation, and states that consumers prefer more of a good to less.

A more precise way of stating this is, if the elements of alternative Y
are at least as large as the identical element of Y', and one element of
Y is larger than the identical element of Y', then Y is preferred to Y'

(Green, 1971).

The proposition which follows from this states that indifference curves
are downward sloping (negative slope). Formally this can be stated that
any two alternatives in a consumption set Y and Y', which are in the
same indifference class, cannot have a condition where all elements of Y
are at least as large as the same element of Y' and have one element of
Y larger than Y' (Green, 1971). To illustrate this proposition consider

that there exist two sets of bundles containing equal quantities of all

elements other than A and B as illustrated in Figure 2-1. Given the

point Y (yA, yB) where may Y' (y&, y'B) be located which is indifferent

to Y, but not identical? By the axiom of non-saturation Y' cannot contain
at least as much- of each element and more of at least one, or it would be
preferred to Y. That is, Y' cannot lie in or on either boundary of the
quadrants northeast or southwest of Y. Therefore it must lie within, not
on the boundary, of the quandrants northwest and southeast of Y. 1If in
addition there exists a continuous line or curve consisting of points all
indifferent-to Y, the application of this proposition implies they must

everywhere be downward sloping and to the right, as shown in Figure 2-1.
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The fifth axiom of consumer preference describes the continuity of pre-
ferences and allows the use of analytical techniques which require the
assumption of continuity. Because this axiom is important for technical
rather than conceptual reasons the formal statement of the axiom is left
to Appendix A. Two technical considerations about curves of indifference
points that follow from this axiom are that they have no thickness and

that they cannot intersect.

The sixth axiom of consumer preference describes the convexity of in-
difference curves. The visual interpretation of convexity is that a
curve is convex with respect to the origin of a two dimensional diagram.
A more rigorous definition of convexity is that given a set of points
C(Y), then for any two points Y and Y' within the set, all points on

a straight line joining Y and Y' are also in the set. This set would
be said to be strictly convex if every point between Y and Y' is in the
interior of the set, not on the boundary. Formally the axiom of strict
convexity states that for all alternatives Y, in C(Y), the set of alter-
natives C(Y') consisting of all Y' in C(Y) such that Y' is regarded by
the consumer as at least as good as Y, is strictly convex (Green, 1971).
This implies that no indifference curve or surface ever intersects an
axis because the axes are straight lines and inconsistent with strict
convexity. This axiom is usually justified by the observation\that as

any good becomes scarce more units of other goods are required to induce

the owner of the scarce good to give up an additional unit.
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Recently in the literature techniques have been presented for the
analysis of choice in situations where consumer's preferences do not
include a positive quantity of every scarce good. This condition allows
a relaxation of the axioms of non-saturation and strict convexity. How-
ever, the application of the theory of investment choice to the analysis
of stand treatments does not require a relaxation of these axioms and
these techniques will not be developed in this discussion. For a
presentation of these techniques see Green (1971) Chapter 7 or Baumol

(1972) Chapter 7.

The observation of the changing rate at which individuals are willing to
exchange goods is the basis for the concept of the marginal rate of
substitution. This is defined as the amount of any good, A, that a
consumer would be willing to give up to get an additional unit of good,

B (Leftwich, 1966). The axiom of smooth indifference curves is the
seventh axiom of consumer preference and states that for all alternatives
in a consumption set the marginal rate of substitution is uniquely

determined (Green, 1971).

Taken together the implications of the axioms of continuity of preferences,
strict convexity, and smooth indifference curves can be summarized in the
proposition that for any pair of commodities Y and Y' holding the amounts

of all other commodities constant, the marginal rate of substitution of

Y for Y' is a continuous and strictly decreasing function of Y (Green, 1971).
Geometrically this is illustrated for the case of two goods by the indif-

ference curves U, U' and U" in Figure 2-2.
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A formal statement of the axioms of consumer preference, their corollaries

and propositions is given at the beginning of Appendix A.

The postulate of an opportunity set, which defines the constraints on
individual choice can be broken down into three elements. The first

of these is the endowment of the individual. This is the combination of
goods that provide a starting point for the optimizing choice. Endowment,
in this context, includes the services of the individual's time as well
as the physical goods under the individual's control. The second element
is composed of the exchange opportunities available to the individual.
Exchange opportunitites in this context are the combinations of goods
attainable by the individual through exchanges with other members of
society and can only exist when society has at least two individuals.

The third element of the constraints on individual choice consists of

the productive opportunities available to him. In the context of eco-
nomic theory production is thought of as the physical transformation of
one good into another or activities involving nature rather than other
individuals (Hirshleifer, 1970). In this sense the act of growing trees

is production rather than exchange because it involves dealing with nature.

At the level of economic theory that describes how societies or aggregates
of individuals function, the interaction of individuals, with their pre-
ferences and opportunity sets, produce an equilibrium through the mechanism
of a market, which determines prices or ratios of exchange among various

commodities. In the abstract world of economic theory the market mechanism
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acts as a means of transferring information about the conditions under
which individuals are willing to exchange goods and as the means by
which title to goods is transferred between individuals. However, the
most important function is that of producing prices, or exchange ratios,
under which an equilibrium may exist. In this context equilibrium is
defined as a condition in which each individual is satisfied, according
to his preferences, that he cannot attain, within his opportunity set,

a combination of goods superior to the one now in his possession. If
this condition is not met the dissatisfied individual will engage in
market transfers or productive transformations until he is satisfied. 1In
order for an equilibrium to exist all individuals within the society
must be satisfied. Prices in this abstract system are the form of in-
formation transfer where the market expresses the exchange conditions
under which equilibrium may occur, and may be expressed in real as well

as the money terms to which we are accustomed in normal transactions.

Simple exchange. In order to develop an understanding of how these

postulates operate in an economy, imagine a soclety consisting of a large
number of individual economic agents and only two desired goods, A and B.
The choices in this world are timeless. Furthermore, the individuals
in this world can only alter their endowments through exchange (i.e.,

trade with other members of society).

Next, consider an individual in this society with an endowment Y (yA, yB)

as illustrated in Figure 2-2. The exchange opportunities for this
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individual are defined by the market line MM which represents the outer
1imit of combinations of A and B attainable through exchanges with other
members of society. To illustrate, observe in Figure 2-2 that for the

individual to move from Y to C (c cB) he must exchange 5 units of A for

A?
10 units of B. Therefore, we can say that the ratio of exchange between

A and B is +10/-5 which reduces to +2/-1 or -2. The usual practice is

to express prices in terms of the numerator of the ratio or a numeriare.

The ratio +2/-1 can be expressed as -2 which, in turn, can be represented by
a line with a slope equal to the price in terms of the numeriare. Since
this individual has no productive opportunities the opportunity set is
defined by the region OMM in Figure 2-2. The opportunities for consump-
tion must lie within this region. Further at any point in the interior of
OMM additional units of A or B can be consumed without giving up units

of either commodity. These combinations are considered inferior and
inconsistent with the axiom of non-saturation. Therefore, only combinations

of A and B on the boundary of OMM along MM are considered for achieving

a preferred combination of A and B for consumption.

The line UU in Figure 2-2 represents combinations of A and B to which
the individual is indifferent. This is to say that the individual is
indifferent between combinations of A and B represented by the line UU,
and that the slope at any point on UU represents the marginal rate of
substitution between combinations of A and B, The lines U'U' and U"U"
also represent combinations of A and B to which the individual is in-

different. The curves UU, U'U', and U"U" represent the boundaries of
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consumption sets which are consistent with the axioms of consumer pref-
erence. Therefore, the alternatives represented by UU, U'U', and U"U"
have the attribute of increasing preferability. To say this another way,
the set bounded by U'U' is preferred to the set bounded by UU. Given

the situation in Figure 2-2, and following the axioms of consumer pref-
erence, the individual would be expected to exchange A for B moving along
the market line until a combination of A and B is achieved that is prefer-
able to all other combinations attainable. This is represented by point C
where the market line MM is tangent to the indifference curve U'U'. At
this point of tangency the ratio of exchange is equal to the marginal

rate of substitution. Point C in Figure 2-2 represents the highest

possible state of preference achievable given the opportunity set OMM.

It should be noted that this presentation differs from the usual pre-
sentation of the theory of economic choice in that the constraint is

in terms of wealth, a stock, rather than income, a flow. This difference
is of no great significance here in timeless choice, but will become
important later in intertemporal choice when the constraint on individual

choice will be wealth rather than income.

The addition of an index of value to the above example will allow the
accumulation of the amounts of A and B into a single measure of the endow-
ment. This measure would be defined as wealth, and is illustrated in
Figure 2-2 by points W/¢A and W/¢B which represent the amount of wealth

for Y expressed in units of A and B respectively. Notice that these points

are defined by the intersection of the market line MM with the A and B

axes.
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This discussion of the theory of economic choice has been made in terms
of a situation considerably abstracted from the real world. Among the
several elements omitted are considerations of more than two goods; pro-
duction as well as exchange; the problems of choice over time; and
market imperfections. Each of these components of reality will be

developed later in this Chapter.

The first of these simplifications, that of two goods, can be examined
in terms of a figure with a dimension for each good in the system. 1In
this situation the optimum point would be on an n dimensional surface
with n equalling the number of desired goods. The conditions at the
optimum would remain, with the ratio of exchange in the market being
equal to the marginal rate of substitution along an indifference surface

in any direction.

It is important to observe at this point that by examining the real

problem of choice in a system of exchange, in terms of the abstract

and general concepts of economic theory, we are able to derive the important
generalization about exchange that individuals will be expected to select

to a commodity bundle for which their marginal rate of substitution is

equal to the ratio of exchange. In addition, the theoretical structure
provides a framework for predicting the effect of a perturbation on the

system.

A mathematical formulation of the principles of simple exchange is given

in Appendix A.
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Production and exchange. Since the previous section showed that the

extension of the economic theory of exchange to a large but finite

number of goods was straightforward, nothing will be lost in returning

to the simple case of two goods, A and B, to illustrate the paradigm

of production and exchange. The situation is as in the example of

simple exchange except for the addition of productive opportunities

to the opportunity set. The combinations of A and B available to the
individual through productive transformations in the two good cases

are represented by OPP in Figure 2-3. The curved locus of points repre-
sented by PP is the constraint upon the individual's productive opportu-
nities. This locus of points can also be thought of as the limit of
productive transformations. The concavity of this curve with respect to
the origin indicates diminishing returns as additional units of A are
transformed into B or vice versa. The absence of a kink or cormer in the
production possibilities curve (PP) at Y or any other point indicates
that the process of transformation is perfectly reversible. These idealized
assumptions determine the shape of PP as it is drawn in Figure 2-3. However,
in reality, the shape of the production possibility surface is determined
by the available technology and may or may not conform to the idealizing
assumptions implied in this example. These assumptions do not detract

in any way from the generality of the solution which will be developed

in the following paragraphs. The comment about combinations off the
boundary of the opportunity set in the simple exchange example also hold

for points off the boundary of the productive possibilities.
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If the individual described in Figure 2-3 had an opportunity set limited

to productive opportunities he would be expected to behave according to

the axioms of consumer choice, transforming A to B or vice versa, and moving
along the production possibility curve until a combination of A and B

was achieved that is preferable to all other combinations attainable. This
is represented by R in Figure 2-3 where the locus of points PP is tangent

to the indifference curve U"U". At this point of tangency the marginal

rate of production, represented by the slope of the curve PP, is equal to

the marginal rate of substitution along the indifference curve U"U".

When there are both production and exchange opportunities the individuals
overall opportunity set is expanded to the region represented by OM'M'

in Figure 2-3. Notice that if the opportunity set were limited to either
productive or exchange opportunities only, the individuals opportunity
set would be limited to either OPP or OMM. The market lines MM and M'M'
represent the exchange opportunities for different levels of wealth. 1In
general, there are an infinite number of parallel market lines each re-
presenting the attainable combinations of goods for differing levels of

wealth.

In this situation of production and exchange, the Separation Theorem
(Hirshleifer, 1970) asserts that the individual achieves an overall
optimum, represented by C in Figure 2-3, by a two stage process. First

the individual maximizes his wealth, represented by wP/¢A. This is
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equivalent to finding the highest possible market line. At this point
the ratio of transformation, represented by the slope of PP, is equal to

the ratio of exchange represented by the slope of MM and M'M'.

Second, the individual engages in exchanges along the market line, re-
presented by M'M', until he reaches the most preferred bundle of goods
for consumption, represented by C in Figure 2-3. At this point, as in
the paradigm of simple exchange, the ratio of exchange is equal to the

marginal rate of substitution along an indifference curve.

This examination of individual choice within the general framework of
economic theory allows the development of the generalization that an
individual will achieve a consumptive optimum in an economic environment
that is composed of both productive and exchange opportunities by a two
stage process. The first stage consists of achieving a position of max-
imum wealth within the constraint of the production opportunity set. At
the point of maximum wealth, the ratio of transformation will be equal
to the ratio of exchange. It is important to note that this point is
determined by productive and market considerations, and that individual
preference is not directly involved with wealth maximization, given the
idealized assumptions we have been working under. This is the key feature
that allows the delegation of productive decisions to firms and will be

discussed in the next section.

The second stage in the achievement of an individual consumptive optimum
consists of exchanges with other members of society to achieve a preferred

bundle of goods for consumption. The condition at this point is equiv-
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alence between the ratio of exchange and marginal rate of substitution

(Hirshleifer, 1970).

Production and exchange with firms. The exact definition and role of

the firm is a subject about which economists are not in complete agree-
ment (Hirshleifer, 1970). Coase (1937) discusses the role and existence
of the firm emphasizing its efficiency and convenience as an institution
for combining resources for the purpose of production. For this dis-
cussion firms will be defined as groupings of one or more individuals
and their resources for the purpose of conducting productive activities.
Furthermore, firms as decision making agents, will be treated under the
assumption that only they are capable of production. Under this assump-
tion, firms will have opportunities for production and exchange with other
members of society. Individuals on the other hand will be treated as
specialized agents of consumption and will have opportunities for ex-

change and initial endowments (Hirshleifer, 1970).

In the interest of simplicity, the explanation of production and exchange
with firms will be in terms of the model of two goods. But as was shown

previously, the extension to the multiple good case is straight forward.

For an individual firm the productive opportunities are represented
by the locus of points QQ in Figure 2-4. This boundary of the firms
productive opportunities has the same traits indicating diminishing

returns, reversibility, and continuity as in the previous example. In
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addition, the locus of points QQ passes through the origin as the firm
has no endowment and must use resources which are made available to

it by individuals. Because production is the transformation of one

good into another the boundary of the production set will have a negative
slope and exist in the second and fourth quadrants of a two dimensional
geometric diagram. As pictured in Figure 2-4, the opportunity set in the
fourth quadrant describes the opportunities for transforming A into B,
but again the extension to a diagram in the second quadrant is straight-
forward. The preferred production point for the firm is represented by
Q'. This point, as in the prevous example, represents the highest market
line attainable and the ratio of transformation is equal to ratio of

exchange.

Since by definition the firm does not consume, it must distribute its

output externally. The usual assumption is that this is done through
exchanges to end up somewhere in or on the boundary of the positive
quadrant. This is represented in Figure 2-4 by movement along the market
line M'M'., At this point, it is most natural to assume that the firm
distributes to its owners the net wealth created through the production
activity, which is represented by the distance between O and Wf/¢B. This
distribution increases the owners endowment to Y" placing them on the market
line M"M" and increasing their opportunity set for consumption from OMM

to OM"M" and making it possible for them to achieve a higher state of

consumption preference.
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Notice in this example the conditions at the productive and consumptive
optima remain as in the paradigm of production and exchange. The produc-
tive optimum being where the marginal rate of transformation is equal to
ratio of exchange for the firm as well as the individual. The consumptive
optimum for the individual remaining where the ratio of exchange is equal
to the marginal rate of substitution along an indifference curve regard-
less of the presence or absence of firms in the economy. The key to the
existence of equilibrium under these conditions lies in the distribution

of the net wealth generated by the productive process to the owners and

the resulting increase in their endowments.

Intertemporal Choice

As in the case of timeless choice, consumption will be postulated as the
soile end of economic activity. This postulate is not as self-evident

as it might appear. Economists are divided into two schools of thought
with regard to whether or not consumption is the objective of economic
activity. The first of these, the "work to live" school, treats wants

as the end to human activity. The second the "live to work'" school
treats activities as the end toward which humans work (Friedman, 1962).
For a more philosophical discussion of this division see Marshall (1920),

Book III, Chapter II.

These divergent points of view are represented in the theory of inter-
temporal choice by the schcols of thought which treat saving as deferred
consumption (save to live), and saving and accumulation as an object of

choice independent of consumption (live to save). However, the theoret-
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ical framework adopted for this discussion accepts the viewpoint that

consumption is the objective of human activity.

Therefore, the objects to be dealt with in intertemporal choice are

dated consumption claims. These dated claims to consumption are inter-
preted as titles to real generalized consumption. This simplifies the
discussion of intertemporal choice by factoring out the decision among
classes of consumption claims of the same date. The objective then of the
consumer is to achieve a preferred pattern of consumption claims through

time.

Exchange. The operation of the postulates of individual choice where the
individual is limited to intertemporal exchanges is illustrated for a

two period case in Figure 2-5. The point Y (yco, ycl) in Figure 2-5
represents the individuals time-endowment with title to yeq units of con-
sumption in period 0 and yeq units of consumption in period 1. The region
OMM again represents the opportunity set with alternatives off the line
MM being considered inferior as in the case of timeless exchange. The
slope of the line MM again represents the ratio of exchange between titles
to consumption in periods 0 and 1. The point W/C0 where MM intersects

the C_ axis is the value of consumption in periods O and 1 in the endow-
ment Y, measured in terms of consumption titles in period O. This is a
measure of wealth. The curves UU, U'U', and U"U" again represent combina-

tions of consumption to which the individual consumer is indifferent.

The curves U'U' and U"U" represent successively higher states of preference.
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The slopes of the curves UU, U'U', and U"U" represent the marginal rate
of substitution between titles to consumption in periods 0 and 1. Another
term used to describe the intertemporal marginal rate of substitution is

time preference.

As in the case of timeless exchange, the individual achieves a preferred
combination of titles to consumption through exchanges along the market
line MM. This is achieved which is represented in Figure 2-5 by move-
ment to C*. The condition at this point is the same as in the example
of simple exchange. The marginal rate of time preference is equal to
the market ratio of exchange, and is represented by the tangency between

the market line MM and the indifference curve U'U' (Hirschleifer, 1970).

As in the example of timeless exchange, this framework can be extended

to multiple time periods through the addition of multiple dimensions.

The optimum combination of titles to consumption would then be represented
by the tangency in all directions between surfaces representing exchange

opportunities and individual preferences.

Production and exchange. As in the example of timeless choice, the

remaining discussion of intertemporal choice will be in terms of a two
period example because the extension to a multiple period case is straight-
forward. The time preferences, time endowments, productive, and market

opportunities for an individual whose opportunity set consists of both
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productive and exchange opportunities is illustrated in Figure 2-6. As

in the example of production and exchange with timeless choice, the individ-
ual with only productive opportunities would be expected to engage in pro-
ductive transformations until the highest possible state of indifference

was achieved. This state is represented in Figure 2-6 at point R. The
condition at this point, as in the similar example of timeless choice, is
the tangency between the locus of points representing productive possi-
bilities and a similar locus representing combinations of titles to consump-
tion to which the consumer is indifferent. As in the timeless choice example,
the condition implied by this tangency is that the marginal rate of trans-
formation along the productive possibilities frontier is equal to the mar-
ginal rate of substitution along the locus of points representing combina-

tions of titles to consumption to which the consumer is indifferent.

In the case where the individuals opportunity set consists of intertemporal
exchange as well as production, the optimum levels of production and con-
sumption will be defined by P* and C* respectively in Figure 2-6. The
process by which this is achieved is similar to the example of timeless
production and exchange. The individual engages in precductive transforma-
tions until the marginal rate of transformation is equal to the ratio of
exchange between titles to consumptio in periods 0 and 1. When this con-
dition is met, the individual has achieved the maximum level of wealth

that is attainable within the given opportunity set.
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Having achieved the opportunity set defined by OM'M', in Figure 2-6, the
individual optimizes the bundle of titles to cons-mption available through
exchanges with other members of society until a most preferred combina-
tion is achieved which is represented by C*. The conditions at the point
of tangency represented by C* are as in the case of intertemporal exchange,
are that the marginal rate of substitution along an indifference curve

will be equal to the ratio of exchange (Hirshleifer, 1970).

Production and exchange with firms. The operation of the postulates of

individual choice in a situation with firms and individuals making choices
through time is exactly parallel to timeless choice. Individuals give up
claims to consumption to a firm represented by the movement from C to C'
in Figure 2-7. Firms in turn transform titles to consumption in period O
to titles to consumption in period 1 represented by Q*. At this point,

the marginal rate of transformation is equal to the ratio of exchange.

The firm then distributes the proceeds of its production proportionately
to the initial contributers resulting in an expansion of the individuals
opportunity set. This is represented by the increase in the opportunity
set from OMM to OM'"M". 1Individual's then achieve preferred combinations
of titles to consumption through exchange, as was illustrated in the

example of intertemporal exchange (Hirshleifer, 1970).

Basic concepts in intertemporal choice. So far this section has con-

centrated on defining and illustrating the postulates of individual pref-

erence and opportunity set. In addition to these two postulates, the
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theory of intertemporal choice draws on several other concepts to describe

allocation decisions.

Interest, the first of these concepts, arises because in the usual treatment
of optimization over time a departure is made from the ordinary notation

of price. Instead of quoting the value of a title to consumption one

time periocd from the present terms of titles to current consumption, the
practice is to say that a unit of consumption today exchanges for (1l+r)
units of consumption one period from now. In this situation, r is the rate
of interest. If the time period was one year (assuming no intermediate

compounding), r would be the annual rate of interest (Hirshleifer, 1970).

This discussion of the concept of interest, which presents it as a price
ratio between current and future claims to consumption, is not a complete
presentation of the economic theory relevant to the subject of interest

and the reasons for its existence. A discussion of this material is beyond
the scope of this thesis. However, a concise discussion of the theoretical
aspects of interest can be found in Samuelson (1964), in the Appendix to

Chapter 28.

Compound interest expresses the price ratio between current and future
claims involving multiple time periods as r in the geometric series (l+r)n,
where n equals the number of periods separating the present and future

claims. This expression captures the essential nature of the exchanges
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in titles to consumption as a series of single period exchanges. For a

brief review of the mathematics of interest see Appendix A.

This definition of interest, as the price ratio between present and future
claims to consumption provides an index of value which allows the summing
of consumption claims in various periods into an equivalent title to
consumption in a single period. This is illustrated in Figure 2-5 by point

W/C, which represents the equivalent title to consumption in period 0

0

of consumption titles yc, in period 0 and yc, in period 1. Following the

0 1

same logic, the point W/C1 is a measure wealth in terms of consumption

titles in period 1 (Hirshleifer, 1970).

The concept of income, which has been avoided so far in this discussion,

is difficult. Economic theorists generally agree that it represents
potential consumption in the sense of the amount that could be consumed

in any one period without impairing future consumption (Hirshleifer, 1970).
However, this definition leads to difficulty in the sense that any consump-
tion impairs future consumption as long as the opportunity set permits
productive transformations or market exchanges through time. Hirshleifer
(1970) proposes that this difficulty be over come by introducing the con-
cept of a time equalized income or net income. To illustrate this, in a
two period case with market opportunities only, consider an endowment
vector of Y (100, 50) as shown in Figure 2-8. 1If in addition the interest
rate r is 0 percent (current consumption titles and future consumption
titles exchange at par) the time equalized or net income would be equal

to 75. To say this another way, 75 units of consumption would be consumed



35

in the first period and the remaining 25 units exchanged for an equal
number of consumption units in the second period, bringing the total

number of consumption units in that period to 75.

The disadvantage of the concept of time equalized income is that the
amount is not independent of the rate of time conversion (rate of interest)
between claims at different dates since the equalizing process requires
explicit or implicit exchanges through time. Thus, if in the example
illustrated in Figure 2-8 the interest rate were 50 percent, the time

equalized flow of consumption claims would be 80.

A potential consumption or income concept which is independent of the

rate of time conversion or interest rate is the elements of the endow-
ment itself. In the example in Figure 2-8 this would say that 100 units
of consumption could be consumed during the first period without impairing
the consumption of 50 units in the second period. Hirshleifer (1970)
calls this concept gross or endowed income. To return to the example

in Figure 2-8, of the gross income of 100 units in the first period, at

0 percent interest, 25 units (20 units at 50 percent interest) must be
deducted to arrive at a net or equalized income. These concepts of net

and gross income are consistent with ordinary business and accounting

practice (Hirshleifer, 1970).

The concepts of gross and net income lead directly into the concepts of
gross and net savings. Gross savings being the excess between current

endowed income and actual consumption. The excess of net (time equalized
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income) over actual consumption is current net savings. It is important
to note that gross savings 1is an actual observable market magnitude

while net savings is a mental construction rather than an observation.

The term investment is also often confusing. In this study the usage
will follow Hirshleifer (1970), in the sense that investment will be
limited to what may be called real investment or physical sacrifice

of current consumption by productive transformation. These definitions

do not require that an individual's gross savings be equal to investment.

The important theoretical concepts illustrated in this section are first,
the idea of interest as the price of exchanges through time. Second, the
fact that optimum points of production and exchange exist where the mar-
ginal rates of transformation and substitution are equal to prices (ratio
of exchange). Third, that in the intertemporal case with production and
exchange the Separation Theorm holds and the optimum series of consumption
claims through time is achieved by a two stage process in which productive
transformations are carried out which maximize wealth. This wealth, or
series of consumptive claims is then exchanged until a series of consump-
tive claims which represents the highest achievable state of indifference

is attained.

A mathematical presentation of the material in this section and a brief

summary of compound interest formulas are given in Appendix A.
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Investment Choice

The theory of investment choice is concerned with the application of

the principles of intertemporal choice to the practical questions of:

(1) What decision rule will correctly identify the optimum combination

of investments to be undertaken? (2) Given any particular set of chosen
investments, what is the best method of arranging consumption patterns

to obtain the necessary investment inputs? The first question asks what
production opportunities should be undertaken. The second asks how the
necessary inputs are to be obtained taking account of market opportunities,
The optimization involved can be examined at the level of a decision maker,
either individuals, firms, or public agencies; and also at the level of

the community as a whole. The point of view adopted for this discussion

is that of the individual decision maker. Later in the discussion the
rules for individual optimization will be examined in terms of the community

as a whole.

Investment choice rules. The objective of investment choice rules is to

define a test or series of tests which may be used to assist a decision

maker in selecting investments.

In this discussion it is important to distinguish between rules and criteria.
A criterion is the mathematical formula computed on the changes in claims
to consumption associated with an investment. While a rule indicates the

acceptability of an investment project by directing a comparison between
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the criterion computed and some other standard. The failure to distinguish
between rules and criteria has been responsible for considerable confusion,
since divergent rules can be proposed for the same criterion (Hirshleifer,

1970).

Some economists have discussed rules for ranking investments apart from
rules specifiying the set of investments that should be adopted (Bierman
and Smidt, 1966) (Van Horne, 1968). While this distinction may be useful
in some applied work, theoretically it is only necessary to identify the
combination of investments that will achieve the highest possible indiffer-
ence curve or maximum possible level of wealth. It is also a character-
istic of investments in stand treatments that they can not be uniquely
ranked. The desirability of any treatment is usually influenced by the
other treatments which have or will be imposed upon a stand. It follows
from this that a correct ranking rule is not theoretically necessary, or
generally possible, in the case of investments in stand treatments.
Therefore, this discussion will limit its attention to rules for the

adoption of investments.

The criteria most often used by economic theorists in the analysis of
investment choice are present value or present worth. These criteria
are defined as the value in terms of present consumption of a dated
sequence of consumption claims, and are a wealth measure. There are
several versions of present value criteria, all essentially equivalent,

to which rules are applied in the analysis of investment choice.
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The first of these, endowed wealth, is represented by the point Wy/C0

in Figure 2-6 and is the present value of the endowment sequence represented
by Y. The second criterion, attained wealth, is represented by the point
Wp/CO in Figure 2-6, and is the present value of the sequence of consump-
tion claims represented by P%*, As an alternative to attained wealth the
criterion of wealth gain, which for the two period case illustrated by
Figure 2-6, would be the difference between WP/C0 and WY/CO which will

be represented by Wq/CO, and is the difference between the endowed wealth
and attained wealth of the investment ensemble adopted. If the decision
making agent is a firm rather than a household the endowed wealth is assumed
to be zero and the wealth gain and attained wealth are equivalent. For

the two period case they are represented by Wf/C0 in Figure 2-7.

Next consider an individual investment with changes in the sequence of
consumption titles such as might be associated with an incremental move-
ment along PP in Figure 2-6. The changes in attained wealth, WP/CO, and
wealth gain, Wq/CO, can be represented by the expressions WAp/CO and WAq/CO,

and will be called project present value.

From the previous discussion of intertemporal choice it follows that the
rule by which the criteria of attained wealth, and wealth gain will be
judged is to maximize these criteria. The rule by which the criterion of
project present value is judged is to adopt the investment project as long

as the project present value is greater than zero. This is equivalent to
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saying, adopt an investment project as long as it increases attained

wealth or wealth gain.

One special case that arises is among mutually exclusive projects where
the obvious rule is to select the project with the greatest project
present value, as this is required to be consistent with the maximization

of attained wealth and wealth gain.

Note that if the intertemporal productive possibilities curve is irregular,
with multiple peaks, the investment alternatives analyzed must be such

as to allow the selection of the alternatives which represent the maximiza-
tion of attained wealth and wealth gain. For this reason, it is necessary

to examine investment increments rather than just a marginal investment.

An entirely different class of criteria is that of the rate of return, rate
of return over cost, marginal efficiency capital, or marginal efficiency

of investment (Hirshleifer, 1970). This discussion will use the term internal
rate of return for these criteria. The internal rate of return for an
investment project or projects is defined as the discounting rate (irr)

which makes the present value of the productive transformations equal to
zero. A convenient image for the internal rate of return is to think in
terms of a growth rate over time. As an illustration, consider a situation
where an investment project or ensemble has an initial outlay in the first
period oo and no benefits except for the final receipt bt’ then the internal
rate of return would be the rate of annually compounded growth that exchanges

the initial input °, into the terminal output bt'
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The investment choice rules employing the internal rate of return criteria
fall into two different forms. First, those rules that direct that invest-
ment projects or combinations of projects be adopted that maximize the
internal rate of return. Secondly, the class of rules which direct that

an investment project or set of projects be adopted on the basis of a
comparison between the internal rate of return and the market rate of

/

interest.

The simple rule that calls for the adoption of an ensemble of investment
projects that displays a maximum calculated internal rate of return does
not seem to be endorsed by any theorists (Hirshleifer, 1970). The adop-
tion of this rule can lead to absurd results. For example, if two indepen-
dent investment projects yielding 20 percent and 15 percent were avail-
able, this rule would tell the decision maker to adopt only the 20 percent
project because adopting the second must reduce the over—all internal

rate of return for the combined set. This is regardless of the fact that
the project with an internal rate of return of 15 percent may represent

a desirable opportunity that should be adopted. An example of this
situation is given for a two period example in Figure 2-9 where the adop-
tion of project P* in addition to P' causes the internal rate of return

to fall from the rate represented by the slope of P'Y to the rate represented

by the slope of P#*Y.

A second version of the rules, that call for the maximization of the

internal rate of return, calls for the maximization of the internal rate
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of return on the condition that the aggregate current outlay for invest-
ment is fixed (Lutz & Lutz, 1951) (Scitovsky, 1951). The argument in
support of this rule is that for a given current sacrifice it is desirable
to adopt the project ensemble maximizing the rate of growth into future
titles to consumption. The failure of this rule is that it fails to
indicate the optimal balance between current consumption and current
investment (Hirshleifer, 1970). 1In addition, the following discussion

of investment choice rules, involving comparisons between the internal
rate of return and the market rate of interest, will show that this rule

is not generally correct even if this objectionis waived.

Rules for investment choice, based on a comparison of a calculated internal
rate of return and a market or external rate of interest, appear in three
forms parallel to the three versions of the present value rules. The
discussion of comparison rules, to be applied to internal rate of return
criteria based upon attained wealth, wealth gain, and incremental projects,
require the introduction of two additional concepts. First, the concept

of a "Defender'" and a '"Challenger' (Hirshleifer, 1970). The '"Defender"
being defined as the attained gross income stream of the investment
ensemble now adopted, and the ''Challenger' being the gross income stream
associated with an alternative ensemble. The second concept is that of

an investment project or ensemble being "later" than a project or ensemble
to which it is being compared. For example, a 'Challenger" would be
unambiguously ''later' than a "Defender'" if the differences between the

gross income streams were all negative up to a certain date and after that

all positive (Hirshleifer, 1970).
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The criterion of an internal rate of return calculated from the differences
between the gross attained income streams is known as ''Fisher's rate of
return over cost' (Fisher, 1930). The comparison rule applied to this
criterion is to adopt the "later'" if "Fisher's rate of return over cost"

is greater than the market rate of interest, but to adopt the earlier if
"Fisher's rate of return over cost is less than the market rate of interest."
The need for the concepts of "earlier' and "later'" can be seen from the fact
that a reversal of the "Challenger'" and ''Defender" does not change the
internal rate of return in the calculation of '"Fisher's rate of return

over cost' (See the mathematical formulation in Appendix A).

Prior discussion has demonstrated the relationship between attained wealth,
and wealth gain. It follows from this that the rule to be applied to an
internal rate of return criterion calculated from differences in the
stream of gross incomes in wealth gain between two investment ensembles

would be identical to that applied to "Fisher's rate of return over cost.”

The rule for investment choice of a particular project is based on the
internal rate of return calculated from the gross income stream associated
with the project, which Fisher (1930) called "marginal rate of return over
cost" is to adopt the project if the "marginal rate of return over cost"
exceeds the market or external rate and the project is "later" than the
previously adopted ensemble, or if the "marginal rate of return over cost"

is less than the market or external rate to adopt the project only if it is
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"earlier" than previously adopted ensemble (Hirshleifer, 1970). The
parallel between this rule and the previous one is obvious when the gross
income stream of the project is considered as an income stream of wealth
gain. The need for the conditioning of the rule in terms of "earlier"
and "later" is also obvious from the ambiguous decisions that could arise

if the incremental project and the existing ensemble were reversed.

The difficulties in the application of comparison rules to internal rate

of return criteria are of two types. The first being the requirement to
identify income streams as being either "earlier" of "later" than the
income stream of a previously adopted ensemble. The fact that in only

a limited class of comparisons will the '"later" projects be unambiguously
identified severely limits the operational use of these rules (Hirshleifer,
1970). 1In situation where "earlier" and "later" are clearly identified

the internal rate of return comparison rules are equivalent with the present
value rules. This is illustrated geometrically in Figure 2-9 for a two
period case by the comparison of investment ensembles represented by P',
P*, and P". ©Notice that P' is "later" than Y, P* is "later' than P'",

and P" is "later" than P*. The internal rates of return are represented
by the slopes of the lines between the investment ensembles. The external
or market rate of interest is represented by the slope of the lines which

T ] %
intersect the C. axis at Wy/CO, wP /c WP /CO and W /Cof Examination of

0 0’
the figure will show that regardless of the "Challenger", "Defender" order

adopted, the application of comparison rules based upon internal rate of

return criteria will result in the selection of investment project ensembles
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which maximize wealth and achieve the largest possible opportunity set as

a basis for exchanges.

The second difficulty lies in the failure of rules based on internal

rate of return criteria to indicate the optimal balance between current
consumption and current investment. To illustrate this, imagine two
mutually exclusive investment projects A and B such that the "marginal
rate of return over cost' for both A and B are greater than the market
rate and A is greater than B. Further, both A and B are later than the
existing ensemble. However, project A may be of such a trivial size

in comparison to B that B yields a much higher present value. Clearly,
in this situation the rules based on comparisons applied to internal rate
of return criteria do not lead to the adoption of the investment ensemble

which creates the largest consumption opportunity set.

In summary, only in special cases where project ensembles can be identified
as "earlier" or "later'" do investment choice rules based on comparisons

of internal rate of return criteria yield results which are consistent

with the theory of intertemporal choice. 1In situations where project
ensembles can be identified as 'earlier' or '"later" rules based on compar-
isons of internal rate of return criteria are equivalent to corresponding

versions of present value rules.

In addition to present value and internal rate of rsturn, several other
criteria and associated investment choice rules have been proposed. One,

terminal value, is based on the compounding of income flows forward to some
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future date rather than discounting them back to the present (Solomon, 1959).
The parallel between this criterion and present value is complete and is
demonstrated in Figure 2-5 for the two period case by the equivalence of
W/CO and W/Cl. However, differences in project evaluation will arise if
there is a difference between the reinvestment rate by which intermediate
receipts are compounded to the terminal period and the discount rate
employed in the calculation of present values. This situation cannot
arise under the assumptionof perfect markets which has conditioned the
discussion to this point. Later in this Chapter imperfections in the
market that result in divergent borrowing and lending rates will be dis-
cussed and it will be shown that investment choice can be carried out

without introducing terminal value concepts.

Solomon (1959) has also attempted to avoid the ambiguities of the internal
rate of return concept while preserving the form of a rate of change
per unit time that can be compared with the rate of interest by intro-
ducing teh concept of a reinvested rate of return. This proposal is
based on the compounding forward to a terminal time of all intermediate
receipts and payments at an external rate of interest. This terminal
value is then divided by the current element (which is assumed to be an
outlay) resulting in :

(1 + fony]

N

where: rrr

the reinvested rate of return.

j = number of periods.
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The important point to note about the concept of the reinvested rate of
return is that it combines both internal and external elements and re-
quires the implicit assumption that receipts and payments grow at the
external rate. If correctly formulated this concept can be shown to be
equivalent to the concept of present value (Hirshleifer, 1970) but it

offers no theoretical superiority at the cost of increased complexity.

A third criterion, pay off period, is the length of time required for

the summed receipts to equal the summed payments (usually undiscounted)
(Bierman, and Smidt, 1966). This rule is defective in its failure to
generally recognize timing in the gross income flows associated with an
investment project. A second specific defect is its failure to recognize
payments and receipts accruing at dates later than the payoff. However,
survival of this rule in business practice may be due to its crude way

of allowing for uncertainty in the future (Hirshleifer, 1970). The
following discussion will develop rules to allow for uncertainty in a

more defensible manner.

As was pointed out at the beginning of this section, the discussion of
investment choice has been at the level of the individual decision maker

and questions of the optimization of investment for the community as

a whole have been ignored. The discussion while perfectly general has

been set in a framework of choice that included perfect markets in the

sense that no single individual could influence the price of exchanges,

that desired goods were bought and sold at equal prices, and that all desired

goods were traded and priced in the market. Investment choice decisions have
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also been made in a world of certainty. The question to be dealth with
now is how does an investment hoice rule that correctly identifies optimum
combinations of investment for an individual effect the well being of

society as a whole.

This discussion of the well being of society will rest on the '"Paretian"
value judgement ''that if one person is better off, and no one is worse

off, welfare if increased" (Winch, 1971). It follows from this that

under the conditions given if every member of society makes investment
choices according to a rule which correctly identifies optimum combinations
of investments then by the '"Paretian' value judgement no improved state

of welfare can be achieved. It is important to note that the previous
statement requires the conditions of perfect markets and certainty to

be met as well as acceptance of the "Paretian' value judgement as the
standard by which the well being of society is judged. 1In addition, notice
that the above statement does not say that perfect markets and certainty
are necessary to achieve a ''Paretian' optimum only that when they exist

" optimum also exists (Winch, 1971).

a "Paretian
In the following discussions of the Chapter, the theoretical formulation
of investment choice rules under conditions of market imperfection and
uncertainty will be discussed. However, one type of market imperfection
will not be discussed in detail. This is the imperfection of incomplete
markets. Markets are incomplete when goods are not exchanged and informa-
tion is lacking on prices under which individuals are willing to exchange

consumptive titles. Stands of trees are generally ascribed the attribute
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of producing multiple products for which there may not be market prices.
The position of this thesis is that products of the forest or elements

of an investment choice for which either no quantitative measurement or
price exists are incommensurable. This condition introduces an irreducible
element of subjective judgement to the investment decision which is beyond

the scope of this thesis.

Before examining the influence of market imperfections on investment

choice rules the application of these rules in several classes of general

problems will be discussed.

Investment choice rules and nonregular opportunities. In previous examples,

investment opportunities have been regular in the sense that they could
be represented by smooth curves without inflection points. This condition
will now be relaxed and the application of investment choice rules to non-

regular investment opportunities examined.

The first class of nonregular investments to be considered can be described
as interdependent investment oppotunities where poorer projects must be
adopted to achieve better projects, and is illustrated in Figure 2-10.

In this situation it is necessary to distinguish\the true investment
solution P* from the false solution P'. The point P' is a false solution

because the consumption opportunity set OM'M' cannot possibly achieve a

consumption set as desirable as those possible with the consumption opportun-

ity set OM#*M.
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Figure 2-11 illustrates a situation where PP" and PP** represent two
mutually exclusive investment opportunity sets. Again it is necessary to
distinguish between the investment sets PP" and PP** when PP'" represents
the more productive set at high levels of investment and PP** the more
productive at low levels. As in the previous example P* in set PP*%*
represents the correct soluation because it results in the largest possible

consumption opportunity set.

Nonregularity of a different sort is illustrated in Figure 2-12 where the
lack of regularity is not due to interdependence but due to a limited
number of discrete investment projects. As in the previous examples,
the correct solution is the one that results in the largest possible con-

sumption opportunity set, represented by P' + P*.

The fourth example of nonregularity is shown in Figure 2-13, which illus-
trates discrete and interdependent investment opportunities. As before,
the correct investment choice is P* which creates the largest consumption

opportunity set.

Examinzation of the previous four examples will reveal that the decision
rule to maximize the present value of attained wealth always leads to a
correct solution. The incremental present value rule also leads to correct
solutions if the possible errors illustrated in Figure 2-10 and 2-11

are avoided by considering noninfinitesimal as well as infinitesimal

investment increments.
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Interdependent investment opportunities:

Fipure 2-11:
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The examination of these examples also shows that internal rate of return
comparison rules for attained wealth and wealth gain lead to correct
solutions when "earlier" and "later" investment ensembles can be unambig-
uously identified. (The internal rate of return between investment choices
in Figures 2-10 to 2-13 are illustrated by dashed lines.) The incremental
rule for internal rate of return investments also requires consideration

of jumps as well as infinitesimal movements along the investment possibil-

ities frontier.

Investment choice rules and multiple time periods. The next step in this

discussion is to examine the application of investment choice rules in an
expanded paradigm of investment choice involving more than two periods.
Geometrically this could be represented by a multidimensional figure in
which each time period was represented by an axis. However, the applica-
tion of investment choice rules in this multiperiod framework will be
illustrated by a series of figures which will plot the relationship between

present value and internal rate of return for a number of specified examples.

Figure 2-14 plots the present value of an investment opportunity involv-
ing the investment of two generalized consumption units at time 0 and
receipt of four units at time 1 and the further receipt of two units

in time 2 as a function of the discounting rate. The application of the
present value rules would indicate adoption of this investment opportunity

as long as the market rate was less than 140 percent.
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The internal rate of return comparison rule would indicate adoption of
the '"Challenger" (-2,4,2), which is "later" than the "Defender'", as long
as the external rate was less than the internal rate of return (r) which

is 140 percent.

Figure 2-15 illustrates a comparison of two investment projects, a and

b, with gross income flows consisting of (-2,4,2) and (-2,0,8) respectively.
Notice that opportunity b is superior in present value at low rates of
interest while a is superior at high rates. The internal rate of return
for a is higher than b (140 percent as compared to 100 percent), but at
rates of interest less than 50 percent the adoption of b permits the

attainment of a larger consumption set than a.

A more fundamental difficulty in the application of internal rate of

return criteria is that there may not be a unique internal rate of

return for an investment project. Situations of this type are illustrated
in Figure 2-16 and 2-17. Generally the number of internal rates of re-

turn will be equal to the number of changes of sign in the gross income
stream. These examples also serve to illustrate the difficulty in identify-

ing "earlier" and "later" investment projects in the multiperiod case.

Hershleifer (1970) gives a version of internal rate of return comparison
rules for multiple periods, but these rules are complicated and the cal-
culations di-ficult so that for practical reasons the investment choice

rules based on present value are superior.
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Present value and interna

Figure 2-14:
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Present value and internal rates of return for

Figure 2-16:
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Investment choice rules and problems of duration and replacement. So

far the discussion of intertemporal choice and investment choice has
treated time in terms of discrete periods. This is the usual way in
which continuous time is approximated. However, the special class of
problems dealing with investment choice in situations involving the analy-
sis of investment duration and replacement can be discussed most conven-

iently in terms of a continuous model of time.

Historically economic theory has presented questions of investment
duration in terms of problems involving how long to age a bottle of wine

or how long to grow a tree, 1In its simplest form this class of problem
involves only an initial current outlay and a terminating receipt, and

are generally classed as point-input, point-output problems. The important
theoretical question under these circumstances is: what is the optimum

time interval between input and output? To further simplify the problem
the initial input is taken as a constant which reduces the problem to

a variationof the simple two period paradigm in the sense that there

are two objects of choice, consumption claims now and consumptionclaims

in the future. In the two period example the variables for a productive
solution are the produced titles to consumption in periods 0 and 1, or
their input-output transformations. For the problem of simple investment
duration the variables are the optimal time interval and associated output.
In the two-period model the problem was to select the optimum scale of
investment, the duration being held constant; in this case the problem is
to select the optimal duration, the scale being held constant. The problem

of selecting the optimum scale of investment 1s sometimes referred to as
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"capital widening" and the problem of selecting the optimum duration is

called "capital deepening'' (Hirshleifer, 1970).

A simple investment duration problem is illustrated in Figure 2-18. The
locus of points QQ shows the outputs as a function of time. The distance
0Q along the time axis represents a period of time during which an invest-
ment has no output. The discounting curves Vg D* and Vé D' represent

the locus of points which would result from the continuous compounding

of the present values VS and Vé. Similarly the opposite is true in that
Vg and Vé represent the present value of D% and D'. These loci of points
also represent market lines, in the sense of the earlier analysis, in that
any point on either Vg D* or Vé D' can be attained from a point on the

same line through market exchanges. QQ also represents the investment

opportunity set of the previous examples.

The solution to the question of investment duration, under the rule of

maximizing present value, is represented by Q* at time t* in Figure 2-18.

The alternative solution selects the duration that maximizes the internal
rate of return (Boulding, 1966) and is represented by Q' in Figure 2-18.
The loci of points EE, EE', and EE" represent the growth path under con-
tinusou compounding of the initial outlay 00 at different rates. The

3 - - * ] '
tangency between EE' and the productive possibilities curve QQ at Q

represents the maximum possible growth rate achievable.
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Simple investment duration with present value and

iinteftnal rate of|return solutions.

Figure 2-18:
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Examination of Figure 2-18 reveals that the largest possible consumption
set is achieved by the selection of duration t* rather than t'. However,
one of the primary arguments for the superiority of the internal rate of
return rules is based on the premise that the productive opportunity QQ
can be replicated with proportionate expansion of scale whenever the in-
vestment is terminated (Boulding, 1966). The replication, with propor-
tionate expansion of scale, of an investment series is illustrated in
Figure 2-19. This diagram is a transformation of Figure 2-18 to a vertical
logarithmic scale which facilitates the explanation of the problem of
investment duration with replication and proportionate expansion. Notice
that the discount curves are now represented as a series of straight lines.
The investment possibility curve Q2 Q2 represents what is possible if the
initial investment possibility curve Q1 Ql’ which is the semi-logarithmic
version of QQ in Figure 2-18, is liquidated at tl and the proceeds immedi-
ately reinvested. The same is also true between Q2 Q2 and Q3 Q3. The points
D2 and D3 represent the present value of the titles to consumption that
would result from the termination of the investment series at Qé and Qé.
Initial examination appears to indicate that the investment choice rule
that selects the investment duration which achieves a maximum internal
rate of return is superior to the present value rule. However, this
interpretation is wrong in the sense that the present value rules nust

be interpreted in terms of the relevant investmentgpportunity set. The
problem represented by the investment opportunity set QQ in Figure 2-18

is not the same problem as represented by the irregular investment op-

portunity set defined by Ql Q3 in Figure 2-19. It fellows from this that
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a rule which selects Q*, at time t* as the duration for a problem of simple
duration is not disproved by showing that a different solution would be

correct for a different problem (Hirshleifer, 1970).

The question now is: do internal rate of return rules lead to solutions
which are in conflict with present value rules in problems of investment
duration where investments can be replicated with proportionate expansion?
Under these conditions the investment opportunity set is bounded by the
locus of points represented by Ql Q3. The internal rate of return max-
imization rule would indicate the liquidation of investments and the
reinvestment of the proceeds at Qi, Qé, Qé. However, under this course

of action the consumptionof attained income from the investment series

is deferred until some point infinitely in the future. Under these
conditions the present value would rise without limit as long as the
average internal rate of return of the investment series was greater than
the external or market rate of interest. Thus, any investor with an
investment opportunity of this type would have infinite wealth. The
application of present value rules in this situation would dictate the
attainment of the maximum, in this case infinite, wealth position. There-
fore, in this situation, the two rules would coincide in recommending the

investment decision along Ql Q3.

However, observations in the real world do not indicate that individuals,
firms, or governments possess infinite wealth. The reconciliation of

the real world as observed and this paradigm lies in two conditions.
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First the resources available for any investment, under today's technology,
are available only in finite amounts ruling out any infinite solutions.
Secondly, if infinite resources did exist, the operation of the price
system, though imperfect, would increase the price of earlier titles

to consumption relative to later titles until the external, or market

rate of interest approached the internal rate of return. At this point

the present value would also approach 0. Under either condition the present
value rules lead to correct action in the sense of infinite wealth if

possible or zero wealth if that is the best attainable (Hirshleifer, 1970).

This leads to the question of investment duration in a situation which
permits infinite replication of the investment in the form of a constant
scale of replication. The problem of rotation length in the management

of timber crops is an example of a problem of this type. The original
solution to this class of problems was formulated by Faustmann (1849),
(Gaffney, 1960) (Linnard and Gane, 1968), and is a present value solution
in which the investment opportunity set includes constant scale of replica-
tion (Hirshleifer, 1970). Because of the difficulty in representing this

problem geometrically the following intuitive argument will be given.

Under the conditions of a single cycle investment opportunity (Figure 2-18)
the optimum duration for the investment is defined by the point where
the proportional change in the level of attained income is equal to the

external or market rate of interest. If the investment opportunities
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include replication, it is possible on the next cycle to obtain an average
proportional rate of increase in attained income greater than the external
rate. (The average proportional rate of increase in attained income must
be greater than the external rate for the opportunity to have a positive
present value). However, only a portion of the attained income achieved
by the initial investment can be reinvested in the second cycle and the
remainder must be exchanged at the market rate of interest. This opportunity
to reinvest a portion of the attained income would reduce the duration of
the initial investment, in order to free the titles to consumption for

the second cycle, to something less than t* but more than t' (Figure 2-18).
The exact point being determined by the portion of the attained income

required for investment in the second cycle (Hirshleifer, 1970).

In summary, this discussion of investment choice has illustrated the
application of investment choice rules based on present value, and internal
rate of return criteria. Further, these rules have been examined in terms
of the theoretical paradigm of intertemporal exchange. This discussion
has shown how present value rules generally yield results consistent

with the conditions for optimum productive decisions. However, this
examination has been made in terms of individual choice in a world of
perfect markets where the decision makers opportunity set concists of

both investment, and exchange opportunities. If the opportunity set does
not include exchange the intra and inter-temporal prices are irrelevant

to investment choice. The relationship between individual and collective
choice was discussed and the sufficiency condition of perfect markets

presented as an argument for individual optimization leading to collective
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optimization. The type of market imperfection, where desired goods were
not exchanged and market prices do not exist was explicitly excluded from
the discussion on the grounds that decisions of this type are essentially
subjective and beyond the scope of this thesis. The application of invest-
ment choice rules under specific conditions of market imperfection will

be discussed in subsequent sections.

Money and Investment Choice

One of the lements of reality which has been omitted up to this point
is the existence of money as a distinct commodity separate from the dated
consumption claims which have been the objects of choice in the previous

discussion.

Money in the economy. Historically a number of useful commodities in-

cluding cattle, tobacco, furs, slaves, wives, copper, gold and silver

have been used as money (Samuelson, 1964). The primary reason for the
existence, in all but the most primitive societies, of money is to
facilitate exchange. To illustrate consider that in the absence of money
an individual desiring to exchange one good for another must find another
individual willing to make the exact reverse exchange. The introduction

of money into the economic system promotes exchange by allowing individuals

to exchange goods for money and money for goods.

The use of money as a medium of exchange leads to its use as an index
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of value. This comes about because goods exchange for money and the
existence of money prices for goods constitutes a cardinal index of value
(Dasgupta, and Pearce, 1972) which allows direct value comparisons between

all goods in the system.

A third function of money is to act as a store of valuve. Individuals
may choose to hold a portion of their consumptive claims in the form of
money. This is generally possible because of money's characteristics
of freedom from physical deterioration, ease of storage and physical

protection (Samuelson, 1964).

These specialized functions of money in an economic system lead to its

inclusion as a unique good in economic theory with distinct properties.

Money interest. One use of money which involves all of its functions

is in intertemporal exchange where most exchanges are money-money ex-
changes between periods rather than the money-good exchanges which
predominate within periods. The existence of interperiod money exchanges
leads to the definition of a money rate of interest (rD), distinct from
the real rate of interest (r), which represents the premium on money

in the current period. The monty rate of interest (rD) is defined in

the expression (1 + rD) which is the number of monetary units one period

from now which can be exchanged for (1) monetary unit in the current

period.
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Money prices. The use of money as a medium of exchange and as a store

of value creates a demand for'money as a desired good that would not

exist if money functioned only as an index of value. The existence of

this demand for money means that money prices are influenced by changes

in taste and in the level of supply and demand in much the same way as

other goods. As an illustration consider a timeless situation with only

two goods, money and a consumption good. Under these conditions individuals
would exchange money for the consumption good and vice-versa until every-
one was satisfied with his or her bundle of money and the consumption

goods. This would establish an equilibrium with an equilibrium price.

If this equilibrium was modified either by increasing the supply of

the consumption good or reducing the demand for money a new equilibrium
would be established at a lower money-consumption good price. The opposite
would occur if the supply of money were increased or the demand for the
consumer good reduced. These changes in the level of money prices intro-
duce an element of instability to the index of value based on money prices.
This in turn leads to a divergence between the 'real' and monetary rates

of interest which must be recognized in the calculation of investment choice

criteria.

Money and investment choice criteria. To illustrate how the monetary and

"real" rates of interest diverge, imagine at the beginning of a particular
year the "real' rate of interest is 5 percent and that the price level

(price of all goods relative to money) is expected to rise by 5 percent.
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Under these conditions the money rate of interest at the beginning of

the year would be approximately 10 percent to adjust for changes in the
purchasing power of money. If, however, the price level rose by 10

percent rather than the anticipated 5 percent the fully adjusted monetary
rate of interest would be 15 percent. But because the price level increase
was not fully anticipated the realized real rate of interest is 0 percent

(Hirshleifer, 1970).

Fisher (1907) (1930) demonstrated that monetary interest rates adjust
for anticipated changes in the level of prices. His later work alsc
showed that the monetary rate of interest generally failed to adjust
fully for actual changes in the level of prices resulting in some vari-

ation between "real' and realized "real" rates of interest.

The correctness of investment decision rules based upon present value
criteria is due to their equivalence with the condition of wealth max-

imization in the paradigm of intertemporal choice.

One of the major elements in the calculation of present value criteria
is the "real" rate of interest. This underlines the importance of
determining the "real" rate of interest relevant to the calculation of

present value criteria in the analysis of investments.

A mathematical summary of the relationship between real and monetary

rates of interest is given in Appendix A.
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Market Imperfections and Investment Choice

A second element of reality which has not been covered in this discussion
of investment theory is that of imperfect intertemporal markets. Up to
this point investment choice has been considered in the context of markets
where a single, competitively determined, price defined the conditions

of exchange. In this section three common classes of market imperfections

will be discussed and their influence on investment choice rules examined.

Divergent borrowing and lending rates. The first of these imperfections

that of divergent borrowing and lending rates can best be thought of

as a truncation of the market opportunity set. In Figure 2-6 the productive
and consumptive optima for an individual with an opportunity set consisting
of production and exchange are illustrated by P* and C*. The market
opportunity set in this example is represented by OM'M'. The most extreme
form of market imperfection is also illustrated in this Figure by OPP which
represents the opportunity set for an individual with no exchange oppor-

tunities.

In Figure 2-20, the production and market opportunity sets for an individual
facing divergent borrowing and lending rates are illustrated. The divergent
borrowing and lending rates are illustrated by the slopes of BB* and LL*.
BB* represents the consumptive bundles attainable through exchanges of
consumption in period 1 for consumption in period 0. 1In the same manner

line LL* represents the consumptive bundles attainable through exchanges
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of consumption in period O for consumption in period 1. The existence
of the opportunities for borrowing and lending increase the size of the
opportunity set, from OPP to OBB*L*L. The area PBB¥* represents the
increase in consumption opportunities due to borrowing the area PL*L

the increase due to lending.

The existence of the opportunity set OBB*L*L in Figure 2-20 creates a
condition where three classes of solutions exist for the definition

of the consumptive optimum. Depending on the shape of the indifference
curves a point of tangency between an indifference curve and the oppor-
tunity set could exist in any one of regions LL*, L*B*, and B*B. A point
of tangency with an indifference curve in the lending region LL* would
entail a productive optimum at L* followed by lending exchanges along

LL*. A tangency in the region B*B would entail a productive optimum at

B* followed by borrowing exchanges along B*B. The third class of solution
would result from an indifference curve tangency in the region L*B* which

excludes the opportunity to benefit from either borrowing or lending

exchanges.

The existence of three possible solutions leads to a question of what
is the relevant intertemporal price to be used in calculating the level
of wealth associated with any productive opportunity. By examining
Figure 2-20 it can be seen that the relevant price is determined by the

portion of consumption opportunity set boundary in which the solution falls.
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divergent borrowing and

Market imperfections:

lending rates.

Figure 2-20
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This is to say that if the indifference curve tangency is to the left of
L*¥ on the L*L curve then the lending rate is the appropriate price and
L* is optimum productive solution. The logic for this is that since

the decision maker iwll in fact be lending following the attainment

of the productive solution productive projects should be adopted as long

as the marginal rate of transformation exceeds the lending price.

Following the same logic if the indifference curve tangency is to the

right of B* on the B*B curve then the borrowing rate is the appropriate
price for calculating the wealth associated with any productive opportunity
since after attaining the productive optimum B* the decision maker will

be borrowing to attain a consumptive optimum.

It is important to note that if the indifference curve tangency falls
in the region between L* and B* wealth maximization is not the relevant
criteria for production optimization since market exchanges cannot expand

the opportunity set beyond that achieved through productive transformations.
Once the condition of perfect markets in intertemporal choice is relaxed,
the Separation Theorenm which allowed the definition of the productive

optimum independently of preferences no longer holds (Hirshleifer, 1970).

Rising borrowing rates. A second type of market imperfection which is

common in the real world is that of rising rates of interest as the
level of borrowing is increased. As in the previous case this situation

can be illustrated by the two period, two good diagram. In Figure 2-21
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the productive opportunity set OPP is augmented by OBP fepresenting

the consumption bundles attainable through borrowing. The overall
opportunity set OPB is hased on the condition that marginal borrowing
costs are a function only of the scale of borrowing. As a result the
slopes of the possible borrowing curves Y 8”7, P'B', P"B" and P*B* are

the same for equal distances from the boundary of the production oppor-
tunity set OPP. The boundary of the overall opportunity set OPB is made
up of an envelope of the market curves. Under this condition the boundary
is tangent to the possible borrowing curves at points B*, B", B' and

By

. The points B*, B", B' and B’ represent the maximum o attainable

by borrowing against a given C., that is not attainable from a point on

1

the PP boundary with less Cl and more CO. The point C*, which represents
the consumptive optimum, is attained where the opportunity set boundary
is tangent to the highest possible indifference curves. The individual
achieves this point by engaging in productive transformations up to P#,

and then borrowing along P*B* to achieve a preferred consumption bundle

C*.

The important question is: what is the relationship between the marginal
rate of transformation, the marginal rate of exchange, and the marginal
rate of substitution, all of which are represented by the slopes of PP,
P*B*, and UU respectively? One of the conditions for tangency between

UU and P*B* at C* is equal slopes indicating that the marginal rate of

exchange and the marginal rate of substitution must be equal at the

consumptive optimum. The economic logic of the previous examples leads
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increasing borrowing rates.

2-21 Market imperfections:

Figure
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to the conclusion that the marginal rate of transformation and exchange
must also be equal. Productive transformations will only be justified
as long as the number of units transformed is less than the number of units

which must be borrowed to achieve the preferred consumption bundle.

As in the previous examples of intertemporal production and exchange,
the condition of wealth maximization under the relevant intertemporal
price does define the productive optimum. However, this imperfect market
condition causes the Separation Theorem to no longer hold as the relevant
price is influenced by individual preferences (Hirshleifer, 1970). A

formal economic proof of this is given by Hirshleifer (1958).

Interperiod variation in intertemporal price. The expansion of inter-

temporal choice with production and exchange to more than two periods
with variation in interest rates adds considerable complexity to the
problem. Because of the difficulty in illustrating this problem graph-

ically, the following intuitive argument will be given:

If between each pair of successive periods there are distinct but constant
borrowing and lending rates the productive solution will be associated

with actual intertemporal exchanges. This means that in some periods the
borrowing rate will be appropriate, while in others the lending or individual
preference rates will be appropriate. Further, if the borrowing rate

is non-constant the subjective marginal rate of substitution must be

introduced in periods where borrowing occurs.
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Quantitative limits on investment. Generally quantitative limits on

investment take two forms. First, irn the form of an imposed limit on
the productive opportunities. This condition is illustrated in Figure
2-22 where the productive opportunity set is bounded by P LB*YP. This
constraint on the productive opportunities reduces the consumption

opportunity set from L'L*B*B to LLB*B,

The second form of limits to investment generally takes the form of a
ban on access to the borrowing side of the intertemporal exchange market.
This is illustrated in Figure 2-23 where the productive opportunity

set bounded by PL*YP is augmented by lending opportunities only bounded
by LL*P. The ban on borrowing condition acts to limit the consumption

set to LL*YP.

In both situations the condition of equivalence between the marginal

rate of substitution, the marginal rate of transformation and the ratio
of prices holds as in the previous examples. The condition of wealth
maximization again fails to define the productive optimum if the tangency
between the opportunity set boundary and an indifference curve occurs

coincident with the boundary of the productive opportunity set.

Market imperfections and investment choice criteria. The failure of

wealth maximization as the general definition of optimum production
under conditions of imperfect interperiod markets means that present

value criteria are no longer universally correct for investment choice.
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limit on productive

Market imperfections;

Figure 2-22

transformations.

REERRRRERD ARRRRRRRERE |HHW l%iitl-maiﬂmeNM!
EREREEE EEEEEEREEEN RN NN 1] tM,\z!-
B HEEN ENERZEEEEE

R _ Ao e e e e e e se4!!;!tiNNi;i§,

o e e e e A et WA
ERREEEE RN/ ]
e e e e e e e VA
IR RN, 1ol ERZEERREEEN e
/| L.

IR . iMHWMMM:Iz;;“NwiMHMHMM:MM\WWHM
e e e T --“Nsww HWUwNMMWH NG
T T C e L :m&ihM&\A%HH!WMHHﬁiII%WW
- xH;;l!tts!HM-MHHH Mm;wV\wmﬂﬂwitﬁmi EEREEEENEE R
Em e L
1| ] T O O O . et
—]- e e e el B e B o e I o o o [ B <

RN ;MHIMLVNNWWWmW \“WH A e
R Y O g = ot N \Nis( N O O U O O O O N Nt ) O
pEalENEEE NN AR
R _ A e EEREEEEN
ST RN AT VL EEEEEEEE s




Market imperfections: a no borrowing condition.

Figure 2-23
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Correct in this context means that present value criteria fail to pro-
vide a measure independent of subjective preferences to which investment

choice rules can be applied (HIrshleifer, 1970).

Under conditions of divergent borrowing and lending rates it is possible
to state a present value rule for a limited class of cases where one
income stream is dominant over another. In this "dominance" or specifi-
cally "simple dominance' refers to a condition where one income stream
is never smaller, and has at least one element larger than another. A
second type of dominance, "opportunity dominance' may occur once ex-

change opportunities have been defined (Hirshleifer, 1970).

In Figure 2-24 investment opportunity F is "opportunity dominant'" over
investment E because under the exchange conditions defined by the slope
of BB and LL, consumption bundle E can be achieved from F through ex-
change with something to spare. On the other hand, comparing F with G
reveals that indifference curves with standard properties could be con-
structed showing either one as preferred, and as a result, neither can

be rejected on the basis of a rule free of subjective preferences.

"Opportunity dominance" is calculated by determining the attainable
present consumption for an investment alternative by discounting the
future income stream at the borrowing rate, and determining the attain-
able future consumption obtained by compounding the present income

stream to the future. These attainable consumption titles are then
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Figure 2-24 TInvestment comparisons free of subjective preferences.
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compared for investment alternatives and if the present and future
consumption titles for one investment alternative are greater than

the equivalent consumption titles of another alternative the first is

said to be "opportunity dominant" over the second. If either the present

or future consumption titles are greater for one while the other set

of consumption titles are equivalent the investment opportunity with the
greater titles is considered "opportunity dominant." 1In situations where
neither of the above conditions are met the test is said to be indeterminate,
and a comparison free of subjective preferences is not possible (Hirshleifer,

1970).

Formally this rule can be stated as:
If the wealth equivalent or present value of the income stream
WO (F) is greater than or equal to WO (E), and the corresponding
future value Wl (F) is greater than or equal to Wl (E), with the
equality holding in at least one of the two comparisons, then

F is "opportunity-dominant' over E (Hirshleifer, 1970).

In a situation characterized by rising borrowing costs the productive
optimum is defined by the maximum level of wealth under the condition that
the marginal rate of transformation, marginal rate of exchange, and
marginal rate of substitution are equal. This is reflected in the re-
quirement that present value calculations be based upon the marginal

borrowing cost as the discount rate. This requirement that the discount
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rate in a present value calculation be equal to the marginal borrowing
cost links present value criteria to subjective preferences (Hirshleifer,

The calculation of present value criteria in multiperiod situations with
market imperfections increases the complexity of the problem several fold.
The existence of distinct borrowing and lending rates between each pair

of periods create a situation where the optimum investment ensemble will
require borrowing in some periods, lending in others, and in a third

class of periods there will be no attractive exchange opportunities.

This leads to the use of a complex series of discounting rates for the
calculation of present value criteria, based upon borrowing rates, lending
rates, and subjective preference. If in addition the borrowing rate
varies by the amount borrowed the subjective preferences must be intro-

duced into the periods where borrowing is required.

In previous applications of present value criteria, where a single dis-
count rate applied for either borrowing or lending, comparisomns between
attained wealth and wealth gain were equivalent. However, the intro-
duction of subjective preference rates in the discounting sequence makes
it necessary to compare the attained income sequence and not the project

or ensemble income sequence (Hirshleifer, 1970).

The application of the concepts of "simple" and "opportunity dominance"
to the attained income sequences associated with individual or sets of

investment projects allows the elimination of some projects. The invest-
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ment opportunitites remaining after the filtering process can only be

selected by a subjective choice (Hirshleifer, 1970).

Under conditions where quantitative limits are imposed on the level of
investment, it is generally assumed that limits are only imposed for

the current period. The acceptance of this condition allows the applica-
tion of a modified form of present value rules based upon the attained
wealth, or wealth gain, in the first period after the current period.

This allows the application of present value rules to the modified present
value of investment ensembles possible under the constrained conditions

of the current period.

A brief mathematical summary of this material is given in Appendix A,

Uncertainty and Investment Choice

The principles of investment choice discussed in the previous sections
have been developed under an artificial assumption of certainty. In
this section the assumption of certainty will be relaxed in order to
develop additional principles relevant to the economic analysis of stand

treatments in the real world.

The seven axioms of consumer choice which have been the basis of invest-
ment choices under the assumptionof certainty are supplemented by five

postulates of choice under uncertainty. These postulates systematically
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describe the nature of comparisons made by individuals in optimizing their
choices under uncertain conditions. The objects of choice under uncertainty
are similar to those in previous discussions with the additional trait

that they can be had with an associated probability. An example of this
would be two goods, A and B, each with its associated probability, S and
1-S, the probabilities being expressed by real numbers between 0 and 1.

In this discussion an object and its associated probability will be referred

to as a prospect.

The first postulate is a restatement of the first three axioms of consumer
choice for the objects of choice under uncertainty, and states that an
individual has a complete and transitive weak preference ordering of a

set of prospects and chooses rationally (Green, 1971).

The second postulate defines an individual's preference toward uncertainty
and states that a higher probability to a prospect is preferred to a lower
probability (Green, 1971). What this postulate is saying is that all other

things being equal more certainty is preferred to less certainty.

The third postulate of choice under uncertainty defines continuity in

much the same way as the fifth axiom of consumer choice. Formally the
postulate says that given three objects of choice, Y, Y', Y", such that Y

is regarded by the consumer as being at least as good as Y' and Y' is
regarded as being at least as good as Y", then there exists some probability
S such that the combination of prospects (Y, Y": S, 1-S) is indifferent

to the certain object of choice Y' (Green, 1971). This is saying that
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there exists some combination of probabilities for the best and worst
of any three prospects that will make the consumer indifferent between

them and some certain intermediate object of choice.

The fourth postulate is the strong independence postulate. This postulate
states that for any complex prospect (Y) any component object or prospect

(X) can be replaced by an object or prospect indifferent to the component,
and the resulting complex prospect is indifferent to the prospect as it

was before the replacement was made (Green, 1971).

The fifth postulate states that any complex prospect (Y) involving the
objects X, X', X", is indifferent to one of the form (X, X', X": S, 8',
S") when the probabilities S, S', S" are calculated by the usual rules

for combining probabilities (Green, 1971).

The implication of this postulate is that an individual's preferences
for a prospect composed in turn of other prospects is the same as though

he or she had gone through all the calculations to determine the ultimate

probabilities of the basic prospects.

Objections to the postulate on continuity have been raised by Alchain (1953).
His objection is that one of the objects of choice may be so bad, in rela-
tion to the other two, that it is not possible for there to be a positive
probability of the worst event occurring that will make the consumer indif-

ferent between a prospect of the best and worst and a certain prospect of
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the intermediate choice. Generally this objection is countered by for-
mulating a problem with Alchain's conditions and illustrating how the
probability of the worst event can be made sufficiently small, but positive,
so that it would be reasonable to expect an individual to be indifferent

to the prospects (Green, 1971).

Baumol (1972) has objected to the postulate on independence. His objection
has been that the desirability of a prospect is influenced by the context
in which it is offered. Therefore, the condition of indifference following

substitution in the fourth postulate may not hold.

Despite these objections many economists find these postulates useful in
describing choice under uncertainty (Baumol, 1972). The position of this
thesis is that in important wealth-oriented activities these five postulates

generally reflect consumer choices.
A mathematical presentation of the postulates and illustrations of their
implications is given in Appendix A. A fuller discussion of the postulates

and their meaning is given in Green (1971) Chapters 13 to 15.

Timeless uncertainty. The application of these postulates of consumer

choice under uncertainty has split into two branches. The first of these
reduces the determinants of selection to the expected object of choice

and the variance of the distribution of possible outcomes. Generally

this approach is called the mean variance approach (Green, 1971) or the
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mean and standard deviation as objects of choice approach (Hirshleifer,
1970) . In order for the mean and variance of an object of choice to
function as the sole determinants of choice two restrictive assumptions
must be accepted. The first of these is that the distribution of con-
sumption titles must be normally distributed. The second is the basic
requirement, that for the mean and variance to adequately function as
the determinants of choice the individuals preferences must be such
that as wealth is increased the willingness to accept uncertainty in

asset holdings is decreased (Green, 1971).

The second framework for applying the postulates of choice under un-
certainty is called "state preference theory', and is the theoretical
framework for investment choice which will be adopted in this thesis.
The objects of choice in state preference theory are contingent titles
to consumption. These titles are contingent upon the state of the
world. An example of a contingent title to consumption would be a win
ticket on a two horse race. The contingent title is the pay out of the
ticket which only pays if one of the horses wins, but not if the other
horse comes in first. The second requirement of state preference theory
is that there is no uncertainty as to whether the contingent title to
consumption will be redeemed. All the uncertainty is limited to what
state will occur and none is associated with the availability of the

consumptive claim.
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The following illustration of the application of state preference theory
to a problem of choice under uncertainty will help to illustrate the
operation of the theory. Consider that there exist two consumption
prospects, cA and CB’ each contingent upon states cof the world A and B.
These consumptive prospects each exist with probabilities SA and SB.

Figure 2-25 illustrates the contingent claims Cy and Cqe The pro-

babilities SA and SB are not shown explicitly but they influence the
shape of the indifference curve UU. Any point in Figure 2-25 represents
a particular prospect (cA, cB) for consumption. It is important to note
the prospects represented in Figure 2-25 do not represent combinations

of consumption good A and B. They rather represent a prospect of alter-
native consumption titles. The choices represented involve consumption

of only one or the other of the elements (c, or cB) depending upon which

A

of the two states (A or B) occur.

Consider the individual illustrated in Figure 2-25 with an initial endow-
ment Y (ycA, ycB) and an indifference curve UU. The indifference curve

UU is similar to the indifference curves in previous diagrams except that
it represents the locus of prospects (cA, CB’ SA’ SB) to which this
individual is indifferent. Now suppose our individual is offered a certain
prospect Y¥* (y*cA, y*cB). Certain in this context means that the prospect
Y* contains equal titles to consumption so that the individual is assured

a given level of consumption regardless of which state A or B occurs.

The transaction involving the exchange of Y for Y* can be thought of as
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State distributed contincent titles to consumption and

Figure 2-25.
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giving up (y*cA - ycA) in state A in exchange for (y%*c_ - ycB) in state

B
B, which is represented by the slope of the line MM. Under the counditions
described in this figure prospect Y* would be preferred to all other
prospects attainable given the initial endowment prospect Y, the market
opportunity set OMM, the locus of indifferent prospects UU, and following
the same logic as was used in the paradigm of simple exchange represented
by Figure 2-2. This application of "state preference theory" to the
question of timeless choice under uncertainty allows the statement of

the principle that the optimum prospect will be defined where the ratio

of prices between prospects is equal to the marginal rate of substitution
between prospects along an indifference curve. Remember that a prospect

consists of at least two contingent titles to consumption and their asso-

ciated probabilities of occurrence (Hirshleifer, 1970).

The expansion of this example of two goods to a multiple goods paradigm

is similar to the expansion followed in previous examples. The relationship
between marginal rates of substitution and price ratios continues to hold

in the multiple good multiple state case. A mathematical summary of this

material is given in Appendix A.

Intertemporal uncertainty. The expansion of the paradigm of timeless

choice under uncertainty to a framework allowing choices through time and
over states requires that choices be applied to prospects which consist

of dated conditional consumption sequences with associated probabilities

of occurrence of the required state. Within this framework the probability

of any sequence of titles to consumption is defined by the product of the
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conditional probabilities of the states required for the conditional
titles. This theoretical construction retains indifference curves

similar to those postulated in previous examples under uncertainty in
the sense that they define combinations of prospects to which the in-

dividual is indifferent.

Given indifference curves and objects of choice of the type just de-
scribed the operation of the choice theoretic system is exactly parallel
to the system used to describe intertemporal choices. 1In a situation
where an individual has only exchange opportunities time state consump-
tionclaims will be exchanged along the boundary of the market opportunity
set until a preferred prospect is achieved. The marginal conditions
associated with this preferred prospect will be that the ratio of prices
between time state consumption claims will be equal to the marginal rate
of substitution along an indifference curve. Following the same logic,
in a situation with both productive and market opportunities, the in-
dividual would be expected to engage in productive transformations of the
time state consumption claims in the endowment until the marginal rate of
productive transformation between time state claims is equal to the ratio
of prices. Having attained an optimum consumption set through intertemporal
productive transformation an individual would be expected to achieve a
preferred combination of consumptive prospects through exchange. The ex-
changes is this situation being similar to those in the example of inter-

temporal production and exchange except that the objects of choice again
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consist of conditional claims to consumption and associated probabilities

of occurrence.

Uncertainty and investment choice criteria. The application of ''state

preference theory" to the reality of investment choice which involves
both time and uncertainty requires a highly idealized version of the
actual nature of the choices (Hirshleifer, 1970). One idealization which
needs explicit discussion is the separation of production and transaction
uncertainty. Production uncertainty refers to ignorance of the exogenous
events which influence the physical outcome of the production process
(Hirshleifer, 1970). This uncertainty exists even in situations with no
exchange opportunities and is the type of uncertainty dealt with in this
discussion. Transactions uncertainty refers to exchange opportunities,
and represents ignorance of conditions under which consumptionclaims may
be exchanged. 1In this context transactions uncertainty is a form of
market imperfection in that a unique price at which transactions may take
place is not known with certainty (Hirshleifer, 1970). Production un-
certainty is the class of uncertainty which will be discussed in this
section on investment choice. The analytical framework for transactions
uncertainty involves questions of the form in which wealth is held and is
considerably more difficult and beyond the scope of this thesis (Hirshleifer,

1970).

The previous example, illustrating the application of "state preference
theory" to the problem of choice through time and over states, revealed

the similarity between the theoretical frameworks for intertemporal choice
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under certain and uncertain conditions. Based upon this similarity
Hirshleifer (1970) formulates the criteria of Present Certainty-Equivalent
Value as being the appropriate generalization of the present value
criteria to accomodate uncertainty. The investment choice rules associated
with Present Certainty-Equivalent Value are equivalent to similar rules

for the present value criteria. The rules, which call for the adoption

of investment ensembles that maximize the present value of attained wealth,
and wealth gain under certainty, call for the maximization of Present
Certainty-Equivalent Value for the same parameters under uncertainty. The
rules under certainty which calls for the adoption of an investment pro-
ject as long as its present value is greater than zero, calls for the
adoption of an investment project under uncertainty as long as its Present

Certainty-Equivalent Value is greater than zero (Hirshleifer, 1970).

The Present Certainty—-Equivalent Value of attained wealth (WP/CO) is
defined as the discounted sum of conditional consumption claims through

all time periods and over all states. Following the formulation of present
value criteria for certainty the Present Certainty—-Equivalent Value of
wealth gain (Wq/CO) is defined as the discounted difference between the
endowment and attained wealth through all time periods and over all states.
The project Present Certainty-Equivalent Value (WAP/CO) (WAq/CO) is defined
in a similar manner as changes in attained wealth associated with a given
investment project discounted through all time periods and over all states

(Hirschleifer, 1970).



100

In the formulation of Present Certainty-Equivalent Value criteria, the
rate at which conditional consumption claims are discounted, is uniquely
determined for each state and time by the market price for the conditional
consumption claims in terms of certain consumption in the current period.
The relation between market price and the risky rate of interest, used to
discount conditional consumption claims, is identical to the relationship
between market price and the riskless rate of interest discussed in the
section on intertemporal choice (Hirshleifer, 1970). An explicit formula-
tion of the relationship between the market price of a risky prospect

and the risky interest rate is given in Appendix A.

Once the risky rate of interest has been determined for all possible
states in a time period, a riskless rate of interest can be defined as

a function of the sum of all the risky rates used for discounting un-
certain consumption titles (Hirshleifer, 1970). An explicit formulation
of this riskless rate of interest is also given in Appendix A. Risky
rates of interest and the resulting discount factors are usually greater
than the equivalent riskless interest rates. However, this condition

is not necessarily or universally true. Exceptions may occur when the
risky prospect yields greater conditional consumption in a more valuable

state (Hirschleifer, 1970). A numberical example of this is given in

Appendix A.

In the application of Present Certainty-Equivalent Value criteria to

problems of investment choice the usual approach has been to reduce the
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conditional consumption claims generated by any investment ensemble to

a single expected consumption claim which is discounted to determine the
Present Certainty-Equivalent Value. This reduction of the possible con-
ditional consumption claims to a single expected value is necessary be-
cause of the enormous number of time state combinations possible with any
investment ensemble, and the lack of visible prices for these time state
claims. In order to overcome this obstacle two basic approaches have

been adopted (Hirshleifer, 1970).

The first of these requires that the conditional consumption claims for
any period be reduced to a single certain equivalent consumption claim
which is then discounted using the risk free discount rate to determine
the Present Certainty-Equivalent Value (Hirshleifer, 1970). The second
approach is to calculate the mathematical expectation of the consumption
titles generated by an investment ensemble at any point in time and
discount this by the discount rate appropriate to the ''risk class" for
the investment (Hirshleifer, 1970). Because of the difficulty in deter-
mining the certainty equivalent of the conditional consumption claims
associated with any investment ensemble the second approach to the cal-

culation of Present Certainty-Equivalent Value is usually adopted (Hirshleifer,

1970).

This simplified theoretical framework allows the formation of the following

additional principles for the economic analysis of stand treatments under

uncertain conditions:
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1. Present Certainty-Equivalent Value criteria and associated
rules will identify correct sequences of stand treatments
under perfect market conditions.

2. Because of incomplete information on possible yields associated
with all possible states at any point in time the calculation
of Present Certainty-Equivalent Value is based upon the mathe-
matical expectation of yield at any point in time discounted
by the discount factor appropriate for the risk class of the

mathematical expectation.

A mathematical summary of this material on investment choice under uncer-

tainty and numberical examples are given in Appendix A.

Conclusions From the Review of Investment Theory

This review of investment theory has led to the conclusion that the ap-
propriate class of criteria for the economic analysis of stand treatments
are Present Certainty-Equivalent Value. These criteria and associated
rules will generally select optimum stand treatment sequences consistent
with the economic theory of investment choice. The primary limitation

of these criteria is their inability to define a unique optimum treatment
sequence under imperfect intertemporal markets where the Separation Theorem
fails to hold. Under this condition the criteria are limited to defining

"opportunity dominant stand treatment sequences.

The estimation of Present Certainty-Equivalent Value for a stand treatment



103

sequence requires forecasts of the expected yield and input series with
their real prices. The appropriate discount rates for calculating Present
Certainty—-Equivalent Value are the series of real rates for the appropriate

risk class based upon the anticipated intertemporal transactions of the de-

cision making individual or organization.

The remainder of this thesis will be devoted to defining and illustrating
procedures for estimating the Present Certainty-Equivalent Value of stand
treatments. These criteria, rules, and associated procedures will assist

in the selection of optimum treatment sequences for timber production.



CHAPTER III

REVIEW OF PREVIOUS WORK

Modern economic analysis of stand treatments has its origins in the solu-
tion proposed by Faustmann (1849) to the problem of forest valuation
(Linnard and Gane, 1968). The principles for forest valuation have been
supplemented and modified by contributions from economic science so that
now there exists a large body of published work concerned with the economic

analysis of stand treatments.

A selected bibliography of the published material on this subject is given

in Appendix B.

For the purpose of this review, these studies will be considered in two

classes. The first consists of studies which emphasize theoretical prin-

ciples. The second consists of empirical studies of stand treatments.

Theoretical Studies

Criteria and rules. 1Initially the emphasis in theoretical studies was on

selection of criteria for the determination of rotation. Studies by
Gaffney (1960), Bentley and Tecguarden (1965), Pearse (1967) and Watt
(1967) concluded that the appropriate criterion for the determination of
rotation was soil expectation value as proposed by Faustmann (1849).
Further, they concluded that the rule to be applied to soil expectation

value was that it should be maximized to achieve an optimum rotation.
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Davis (1965) and Haley (1966) have pointed out that soil expectation value
is not generally consistent with modern investment theory. This is due

to its failure to recognize the market value of land. Instead, a land
value is calculated from the infinite stream of net monetary flows of suc-
cessive timber crops. This failure to recognize the market value of one
of the factors of production can lead to the choice of a rotation which is
too long if the soil expectation value is less than the market value of
land or too short if the soil expectation wvalue is greater than the market
value of land. This can be seen clearly in the previous discussion of

investment choice rules and problems of duration and replacement.

In addition to studies on the appropriate criteria for rotation determina-
tion, several theoretical studies have been made on the broader question of
investment criteria for forest management. These studies fall into two
general classes: those recommending internal rate of return criteria based
upon cash flows and those recommending forms of present value criteria

based upon cach flows.

Duerr (1960), Duerr and Bond (1952), Kilkki (1968), Marty (1970), and Marty
et al. (1966) have recommended forms of internal rate of return based upon
cash flows as the appropriate criteria for the analysis of forestry invest-
ments. Ganser and Larson (1969) have summarized for forestry investments
the reasons for the failure of rate of return criteria to generally define
an optimum investment ensemble. These are identical to the reasons dis-

cussed in the previous section on rules for investment choice. Marty (1970)
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proposed the criterion of 'composite internal rate of return" to over-
come the weaknesses of ordinary rate of return criteria. However, this
alternative offers no improvement over present value criteria at the
cost of increased complexity in calculation and for these reasons it

is not appropriate for the analysis of stand treatments.

The second class of theoretical studies on investment criteria for forest
management which recommend forms of present value criteria includes work
by Grayson (1962), Hamalainen (1973), Hughes and Post (1973), and Johnston
et al. (1967). Lundgren (1971) has pointed out the importance of equating
the ratio of prices between present and future cash flows for both con-

sumption and investment in the formulation of investment ensembles.

In general, the application of present value criteria as formulated in
these studies cannot be expected to define an optimum investment ensemble
for timber production for the following reasons. First the formulation
of the criterion in terms of cash flows ignores the basic constraint on
investment which is the stock of wealth rather than the flow of income.
Second, the use of money based criteria without explicit measures to
overcome the distortions brought about by money in the real world, cannot
define optimum investment ensembles over the time periods required for
forestry investments. Third, with the exceptionof Lundgren (1971) all
the studies ignore the problems of investment choice in imperfect inter-
temporal markets. Fourth, present value criteria as formulated in these

studies ignore the problems of investment choice in an uncertain world.
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An additional criterion has been proposed for investments in timber
production by Lundgren (1973a). This criterion is called "cost-price"
and is defined as the discounted cost of a unit of timber volume. The
rule to be applied to this criterion would be to select the investment
ensemble which minimized "cost-price'". 1In addition to the general short-
comings of the previous cash flow based criteria this one has the added
disadvantage of ignoring market prices for timber and concentrating
exclusively on the cash inputs. This makes it impossible to define

the optimum level of investment for timber production in relation to

market prices.

Optimum treatment sequences. All of the work reviewed to this point

has been a form of marginal analysis. The major drawback of marginal
analysis is that it is limited to finding an optimum based upon stand
characteristics and prices at a single point. This does not allow

the definition of an optimum route to be followed in getting to and
staying in an optimum condition. Three studies have been reported which
apply the techniques of calculus of variation or dynamic programming

to overcome the shortcomings of marginal analysis. Amidon and Akin
(1968) demonstrated the technique of dynamic programming in determining
optimum stocking levels and rotations of loblolly pine (Pinus taeda L.).
In this analysis they used internal rate of return on additional growing
stock as the criterion for determining the optimum level of growing
stock. The rule applied to this criterion was to add growing stock or
allow it to accumulate until the internal rate of return on the last

unit of growing stock was equal to the alternative rate. The discussion
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of investment choice rules in the previous section illustrated why this
criterion cannot be expected to generally define optimum investment
ensembles. Amidon and Akin (1968) used the maximization of the soil
expectation value as the rule and criterion for determining rotation.
This rule and criterion are also not generally capable of defining

optimum investment ensembles.

Naslund (1969) presented a theoretical argument for the application of
the calculus of variation to the problem of optimizing harvest schedules
involving thinning and clearcutting. However, Naslund failed to show
an explicit solution to his formulation (Schreuder, 1971) and he used

a present value criterion based upon cash flows.

Schreuder (1971) has also proposed a dynamic programming solution to

the problem of optimum forest management schedules. Schreuder attempted
to solve the problem through an application of the calculus of variation,
but was unable to formulate a solution. This forced him to propose

a solution using dynamic programming. Unfortunately, Schreuder has used
a discounted net revenue criterion based upon cash flows which does not
generally define optimum investment ensembles for reasons previously

discussed (see also Lundgren, 1972).

Prices. There has been little theoretical work on the role of prices
in the evaluation of stand treatments reported in the literature. The

general rule has been to assume a set of constant prices and to ignore
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the problem of identifying the appropriate prices for use in analyses.
Exceptions to this have been work by Buongiorno and Tecguarden (1973).
Duerr (1960), Grayson (1962), Johnston et al (1967), and Lembersky and
Johnson (1975). Duerr (1960) and Grayson (1962) explicitly recognize
the possibility of prices changing through time and discuss in general
terms the influence this will have on investments in timber production.
Lembersky and Johnson (1975) recognize changes in the price of timber
but ignore the possibility of price changes for other inputs or outputs
associated with timber production. Johnson et al (1967) recognize the
concept of real prices as opposed to market prices but fail to define
the role of real and market prices in the analysis of forestry invest-
ments. Buongiorno and Tecguarden (1973) discuss the role and character-
istics of prices in investment analyses made by governmental agencies.
However, all these studies fail to identify the appropriate prices for

use in the analysis of stand treatments.

The specific question of intertemporal prices and their role in the
analysis of forestry investments has also received limited attention.
Shepard (1925) has made an argument against the use of compound interest
in forestry. His argument ignores the essential concept of interest as
a means of expressing the ratio of exchange between consumption titles
in different time periods. Expressing this ratio in the form of a
geometric progression allows the ratio to be expressed independently of

the number of periods between consumption titles.
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Guttenburg (195) explicitly separates the pure or risk free rate of inter-
est from the risky rate. He further proposes that the risky rate of
interest for forestry investments be defined as the quotient between

the risk free rate of interest and one minus the probability of loss
(risky rate of interest = risk free rate of interest/(l - probability of
loss)) (Fisher, 1923). Aarestrup (1969) has carried the analysis of the
rate of interest one step further by defining a risky real rate of
interest for forestry in Denmark. This rate is defined as the long term
effective first mortgage rate (4 1/2%) less the long term average rate

of inflation (1%) and the average annual relative rise in forest products

prices (1/2%).
Unfortunately none of these studies explicitly formulates a complete set
of principles regarding the role of intertemporal prices in the analysis

of stand treatments.

Uncertainty. As an element influencing the selection of alternative in

forest management uncertainty has been approached from several directions.
Flora (1964) proposed a set of restrictive assumptions under which he
argued that uncertainty could be ignored. Johnston et al (1967) describe
several criteria which may help in the selection of alternatives. However,
they fail to present a unified consistent means of integrating these
criteria into the main body of principles required for the analysis of

forest management investments.

Marty (1964) and Thompson (1968) have proposed that uncertainty be recog-
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nized in the analysis of timber production investments by the assign-

ment of subjective probabilities to possible discrete outcomes, The
possible discrete outcomes which have been weighted by their subjective
probabilities then become the objects of choice. There are two problems
associated with this approach. First, the selection and assignment of
subjective probabilities to discrete outcomes is a serious source of error.
Secondly, the large number of possible outcomes to any timber management

investment make the procedure difficult and complicated.

Lembersky and Johnson (1975) have proposed the application of a '"Markov"
decision process to the problem of defining optimum stand treatments.,
However, their solution requires the subjective assignment of probabilities
of occurrence to discrete states and is subject to the same limitations

described for the proposals of Marty (1964) and Thompson (1968).

Empirical Analyses of Stand Treatments

The procedures followed in empirical analyses of stand treatments have

generally followed the principles formulated in theoretical studies.

Forecasts of growth and yield. The general procedure followed in fore-

casting or measuring physical performance in the evaluation of stand
treatments has been to limit arbitrarily treatments or treatment sequences
for analysis. This results in an analysis of pre-selected alternatives
with no general reason to conclude that the optimum treatment Or treatment

sequence is among those selected for analysis. An exception to this



112

generality has been a study of optimum harvesting sequences by Kilkki

and Vaisanen (1969).

Several recent studies (Flora, 1966a,b, and 1970) (Sassaman, et gl, 1973)
have included the allowable cut effect (Lundgren, 1973b) (Schweitzer,

et al 1972 and 1973) (Tecguarden, 1973) in estimates of the physical
response to stand treatments. The use of this controversial procedure
arises because of a confusion between the role of stocks and flows in the

analysis of investments.

Criteria and rules. Several criteria in addition to those reviewed in

the discussion of theoretical studies have been used to evaluate stand
treatments. The most popular of these criteria have been those based
upon forms current profit or revenue (Bond, 1940) (Bond, et al, 1937)
(Bull, 1934) (Harlow, 1939) (Manogaran, 1973) (Osmond Smith, 1908)
(Reynolds, 1939a,b) (Reynolds, et al, 1944) (Ward, 1958). The short-
coming of these criteria is their disregard for the results of a stand
treatment which occur outside the current period. A closely related
criterion that of current cost minimization (Lyford, 1934) (Morais, 1954)
has also been reported which fails to recognize the results of any stand
treatment beyond a single period. Marty and Allison (1960), and Worley
Wheeland (1968) have evaluated stand treatments on the change in stumpage
value based on current market prices. Again this criterion ignores the

result of any treatment beyond the current period.
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Several authors have used criteria which base evaluation of stand treat-
ments on the difference between costs and revenues while ignoring the
time periods in which they occur (Gentle, et al, 1968) (LIzardo, 1952)
(Thomas, 1965) (Whiteley, 1971). These studies ignore the opportunities
for market exchanges of consumption claims, and the prices which govern

these exchanges.

Several authors have calculated or recommended the calculation of several
different criteria which yield conflicting results (Callahan and Smith,
1974) (Crowe, 1967) (Goebel et al, 1964) (Grut, 1973) (Hiley, 1954 and
1956) (Huey, 1950) (Lerche and Saecd, 1967) (Lundgren, 1973a) (McCauley
and Tremble, 1972) (VanLaar and Tingle, 1965) (Wambach, 1967) (Zillgitt,
1948). While the calculation of multiple criteria may provide useful
information, the failure to specify rules for interpreting the various
criteria and the possibility of different results with different criteria

only confuse the analysis.

The failure to define decision rules applicable to the criteria cal-
culated has been a shortcoming of most empirical studies. In many of

the studies, the rules defined for calculated criteria generally would

not define an optimum timber management investment sequence. Studies

which have defined correct rules for calculated criteria include Buongiorno
and Tecguarden (1973), Callahan and Smith (1974), Chapman and Baker

(1954), Grut (1964 and 1967), Heiberg (1942), Hetherington (1969), Hosner

and Lane (1953), Johnston et al (1967), Keipi and Kekkonen (1970), Lewis
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and Chappelle (1964), Lewis (1965), Linnard and Gane (1968), Malac
(1966), Morais (1954), Osmond Smith (1908), Petrini (1953), Smith
(1973), Stern (1970, 1971, and 1972), Sutton (1968), Walker (1969),

Ward (1958), Whiteley (1971), and Yoho et al (1969).

Prices. The general practice in empirical analyses of stand treatments
has been to assume a set or sets of market prices. This practice ignores
the possibility of price changes through time and the possible distorting
effects of money as a desired good in the economic system. The acceptance
of unadjusted market prices in investment analyses also ignores the
possibility of price distortions due to taxes and other factors. The
possibility of changes in market price through time has been recognized
and its influences on investments in timber management discussed by
Callahan and Smith (1974), Duerr (1960), Grayson (1962), Johnston et al
(1967), Kilkii and Vaisanen (1969), and Wikstram and Alley (1968). Manthy
(1970) and Simmonds (1974) have included the influence of subsidies and
taxes in their analyses of forest management investments. The social
aspects of public forest investments have been incorporated in prices

used by Burongiorno and Tecguarden (1973), Fenton and Dick (1972a,b, and

c) and Fenton and Tustin (1972).

The procedure for selecting an interest rate to represent the ratio of
prices between consumption claims in different periods has been similar
to that followed in estimation of intratemporal prices. A single interest

rate or several rates have been assumed based upon money rates of interest.
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An exception to this was Cone (1972) who estimated a real rate which
he defined as the money rate of interest less the prevailing rate of

inflation.

Uncertainty. The existence of uncertainty has generally been ignored in

previous analyses of stand treatments. Exceptions to this have been a
study by Dowdle (1962) which applied a form of the '"mean and standard
deviation as objects of choice" analysis. The application of these
criteria in forest management investment analyses requires the acceptance
of the restrictive assumptions mentioned earlier. Cone (1972) and
Schweitzer (1968) have calculated distributions of net present value
based upon the probability of different outcomes. Investment ensembles
were then selected according to the probability of a positive net present
value. These methods have the same shortcomings as mentioned for the pro-

posals by Marty (1964) and Thompson (1968).

In an analysis of reforestation decisions, Tecguarden (1969) proposed
that a form of expected and present value be used as the criteria for in-
vestment decisions. In this study expected net present value was defined
as:
ENPV = (R x PSp) = I - (F x PFp)
where: ENPV = Expected net present value
R = Discounted Revenue

PSp = Probability of plantation success

=
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Initial plantation investment cost

o
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Cost of plantation failure
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This definition of expected net present value based upon the existence
of only two states, success or failure, makes it unsuitable for the

general class of forestry investments which includes stand treatments.

Without developing its theoretical foundations Heiberg (1942) applied

a form of present certainty equivalent value to the problem of selecting
leave trees in a partial harvest. The form he developed was very similar
to the theoretical form introduced in the discussion of uncertainty and
investment choice rules. However, Heiberg failed to expand this criterion

beyond the problem of leave tree selection.

Conclusions From Review of Previous Work

Generally the previous work on the economic analysis of stand treatments
provides information for decisions over a wide range of stand conditions,
treatments, and price relationships. However, none of the studies re-
ported in the literature is equal to the current need for the economic

analysis of stand treatments for the following reasons.

1. The published studies fail to identify and estimate
investment choice criteria which are consistent with
the principles of economic theory which describes the

mechanism of choice in investment decisions.

2. The published studies fail to estimate accurately the

prices required to define an optimum investment ensemble.
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3. The procedures followed in published studies are
not generally able to utilize the flexibility of

recently developed yield forecasting techniques,



CHAPTER IV

PROCEDURES

In the previous discussion of economic principles the central concept

of intertemporal choice was presented. This is that under conditions

which allow both production and exchange a preferred consumption set is
achieved by a two stage process. The first stage of this process was

shown to be the achievement of the largest possible market opportunity

set through productive transformations. This was also shown to be
equivalent to the maximization of wealth. The second stage in the achieve-
ment of a preferred consumption set was accomplished through market ex-

changes.

Outcome Criteria and Rules

The previous discussion also formulated a class of outcome criteria and
rules for the analysis of investments which are consistent with the

principle of wealth maximization in intertemporal choice.

Outcome criteria. The expected ''present certainty-equivalent value"

criteria consist of three criterion calculated from the wealth parameters
of attained wealth, wealth gain and project wealth gain. All of these

estimate wealth in units of current consumption.

The first expected Present Certainty-Equivalent Value of attained wealth,

is an estimate of the total wealth of an individual or enterprise.
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The second expected Present Certainty-Equivalent Value of wealth gain,
is an estimate of the gain in wealth resulting from the adoption of an
investment ensemble. The ensemble for this criterion can range from
the total investment program of an enterprise or individual to a single

investment.

If expected Present Certainty-Equivalent Value is based on the total in-
vestment ensemble of an individual or enterprise the sum of expected
Present Certainty-Equivalent Value of wealth gain and the present value
of the endowment sequence equal the expected Present Certainty-Equivalent

Value of attained wealth.

The third criterion expected Present Certainty-Equivalent Value of a project
wealth gain, is an estimate of the change in the expected Present Certainty-

Equivalent Value for a single investment project.

The analysis of stand treatments involves the examination of an investment
ensemble which is generally less than the total investment program of an
individual or enterprise. In addition, stand treatments have the char-
acteristic of interdependent investments. This is a result of the serial
interdependence of growth and yield during the life of a stand. The
condition that follows from this is that the yield following any treat-
ment is influenced by other treatments applied to the stand during its
life., For these reasons the appropriate criterion for the analysis of
stand treatments is expected Present Certainty-Equivalent Value of wealth

gain for the total investment sequence applied to a stand during its life.
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Rules. The previous discussion also developed a series of rules indi-

cating the acceptability of a project or ensemble by directing a com—

parison between a calculated criterion and a standard. These rules

are to adopt the investment ensemble which maximizes the expected Present
Certainty-Equivalent Value of attained wealth or wealth gain. The rule

for determining the acceptability of an individual investment project is

to adopt the project as long as it's expected Present Certainty-Equivalent
Value is greater than zero. It follows from this that the rule to be applied
in the analysis of stand treatments is to adopt the combination of treat-
ments which maxmimze the expected Present Certainty—Equivalent Value of

wealth gain.

Input - Output

Before going into a discussion of the requirements for estimates and measure-
ments of the quantity and price of inputs and outputs, it is necessary to

discuss the elements of the analysis procedure relating to:

1. The level of analysis.
2. The duration of analysis.
3. The interval within the analysis period.

4. Treatment possibilities for analysis.

The level of analysis for stand treatments can range from an individual
stand to broad forest policy alternatives for a nation. Hcwever, the

objective of this thesis is to develop refined procedures for the analysis
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of stand treatments at operational levels. This requires that the analysis
be applied to the management unit to which stand treatments are applied.
These units are generally designated as compartments (Committee on Forest
Terminology, 1950). The essential management characteristics of a com-
partment are the existence of permanent boundaries, which can be identified
on the ground, and its designation as the unit for silvicultural opera-
tions. The optimum treatment series for the total forest or enterprise

is achieved through the sum of the treatments for the individual compart-
ments and is dependent upon the accuracy of estimates of the quantity and

price of the inputs and outputs to individual compartments.

The second element of an analysis procedure requiring discussion is how
long a period of time to cover in the analysis? The calculation of Present
Certainty-Equivalent Value does not require a specified length of time.
The stock of goods and services associated with the investment at the end
of the analysis are valued according to their prices at that time and this
value is discounted to an equivalent present value. However, to fully
evaluate any stand treatment, the analysis should be carried through the
life of the timber crop to which it is applied. Since one of the treat-
ments which should always be considered is the harvesting of the existing
stand and its replacement with a new crop, the analysis should cover the
full rotation period of a crop established during the current period.

An exception to this may occur when the rotation of a species is very
short, as in the case of some tropical species, and there exists a need

for information concerning silvicultural operations for time periods in
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excess of one rotation. Under these circumstances, the duration of the

analysis will be determined by the external requirements for information.

The interval at which the stock of wealth associated with any investment
ensemble is evaluated should be determined by three considerations. The
first of these covers the availability of estimates of wealth associated
with an investment ensemble. Second, the gbility to carry out treatments
at frequent intervals. And third, the information requirements of the
total timber management system. For example, if estimates of the quantity
and price of inputs and outputs and are only available at five year
intervals, there is no justification in evaluating the wealth of an in-
vestment sequence at more frequent intervals unless considerations asso-

ciated with timber management operations or planning dictate otherwise.

In practice, the interval in the analysis should be wvariable during the
analysis period. During the initial part of the analysis, they should be
as short as the information and operational capability will allow. This
is necessary to provide required information for the short range plan-
ning and scheduling of people, equipment and facilities. A second phase

in the analysis would be the portion which provides information in support
of mid-term plans. During this phase, the interval can be slightly longer
because the need for detailed information on the timing of activities is
reduced. The needs of timber management planning during this phase are

to identify activities and estimate the requirements for manpower, equip-
ment, and facilities far enough in advance to ensure that the capacity

exists to carry out tasks when they are scheduled. The third phase of
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the analysis would support long range plans. The major emphasis in
timber management planning during this phase is to identify substantial

requirements for resources and the level of harbest well in advance.

The fourth element of an analysis procedure is concerned with the question
of selecting the treatment alternatives for inclusion in the analysis. The
general answer to this question is to include all treatments which can

be physically carried out, for which yield forecasts following treatment
can be made, and which do not violate laws or government regulations.

An example of the error which can result from the incorrect specification
of the production opportunity set is illustrated in the discussion of

investment duration in the presentation of the economic principles.

Carron (1971) and Davis (1966) have discussed the general requirements for
information used in forest management. However, the calculation of expected
Present Certainty-Equivalent Value of wealth gain requires specific items

of information with well defined characteristics. Further, this informa-
tion must be integrated into, or extracted from, a large timber manage-

ment information system, as well as measured initially in its collection.
Since the application, compilation, and measurement of information are

major considerations in choosing or developing a procedure for analysis, the
standards for information will be summarized in these categories. Infor-
mation on inputs and outputs required for tha analysis can also be divided

into two general classes, the quantity of inputs and outputs and their

associated prices.
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Quantity. The requirements for information on the quantity of inputs
and outputs in the calculation of the expected Present Certainty-Equivalent

Value of wealth gain are:

1. Inputs and outputs or their characteristics must be quan-
titatively measurable. This means that the scale of measure-
ment must conform to the characteristics of an interval scale
(Husch, et al, 1972). Further, the unit of measure must be
associated with an expression of real price such that the
product of price and quantity is on a ratio (Husch, et al,

1972) or cardinal (Desgupta and Pearce, 1972) scale.

2. All inputs and outputs associated with an investment ensemble
must be measured and included in the analysis. This is due
to the fact that the information is being used to estimate
a criterion which is based on the change in the total stock
of wealth associated with an investment ensemble, and not

just the incremental change usually considered in a marginal

analysis.

The timber management requirements for information on the quantity of inputs

and outputs are:

1. The measure of inputs and outputs should be applicable to all

stands in an enterprise.
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2. The measure of inputs and outputs associated with a class of
stand treatments should be applicable to that treatment regard-

less of the circumstances in which it is applied.

3. All measures of inputs and outputs should be measurements that
can be obtained and interpreted with equal accuracy over all

types of stands and stdges of stand development.

4, The measures of inputs and outputs whould be based upon measured

parameters and not hypothetical conditions.

5. The measures of inputs and outputs should be compatible with

standard forest inventory and accounting methods.

6. The measures of inputs and outputs should contribute to the

specification of silvicultural prescriptions.

7. The procedures and their supporting principles for measuring
and interpreting the quantity of inputs and outputs should

be clear, consistent, objective, and easy to apply.

8. The biometric techniques required to estimate inputs and

outputs should conform to standard statistical procedures.

The mensurational requirements for the measurement of inputs and outputs

are:
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1. The measurements of inputs and outputs should be simple,

objective, consistent, and economical.

2. The unit of measure for an input or output in the analysis
of stand treatments should be the same as the unit of physical

measurement or obtained by direct numerical conversion.

3. For a given input or output the same measurement unit should

be used throughout the analysis.

4, The mensurational techniques and instruments required to
measure inputs and outputs should conform to standard men-
surational procedures and instruments available to all

foresters.

Prices. The requirements for information on the price of inputs and out-
puts in the calculation of expected Present Certainty~Equivalent Value

of wealth gain are:

1. The real price of inputs and outputs or their characteristics
must be quantitatively measurable on a ratio (Husch, et al,

1972) or cardinal (Dasgupta, and Pearce, 1972) scale.

2. The unit in which prices are measured must be directly convert-
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able into a quantity which defines the conditions of exchange

for any other good in the economic system,

3. All prices should be expressed in units of constant value.

4. All prices should be real prices expressing the real conditions
of exchange for the individual or enterprise. If the analysis
is being carried out for a firm then prices must express the
conditions of exchange in terms of the equity owners of the

firm.

The timber management requirements for information on the price of inputs

and outputs are:

1. All measures of price should be measurements that can be
obtained and interpreted with equal accuracy for all inputs

and outputs.

2. The measures of price should be based upon measured and
estimated parameters and not hypothetical conditions or

broad averages.

3. The measures of price should contribute to the estimation of

the financial condition of the enterprise.

4, The procedures and supporting principles for the measurement

of price should be clear, consistent, objective, and easy
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to apply.

5. The econometric techniques required to estimate and apply
input and output prices should conform to standard statistical

procedures.

The measurement requirements for measures of the price of inputs and

outputs are:

1. Price measurements should be simple, objective, consistent,

and economical.

2. The unit of measurement for price should be the same as the
price unit in the analysis or obtainable by direct numerical

conversion,

3. Measures of price should be readily available from standard

sources including market reports and accounting statements.

The final requirement of any procedure for the economic analysis of stand
treatments is that it must define the optimum combination of treatments

at each interval to ensure that the sequence of treatments selected results
in the compartment following an optimum route in getting to and staying

in an optimum condition. Failure to define an optimum sequence generally
results in the adoption of changing treatment schedules as the compartment

moves through time. This defeats the purpose of planning in timber manage-

ment.,



CHAPTER V

A DEMONSTRATION OF PROCEDURES FOR THE ECONOMIC

ANALYSIS OF STAND TREATMENTS FOR TIMBER PRODUCTION

The following analysis of stand treatments for a compartment containing
stands of Douglas-fir (Pseudotsuga menziesii (Mirb.) Franco) is undertaken
to demonstrate the analysis procedures for a realistic but hypothetical

situation.

The subject of the analysis is a compartment of Douglas-fir in western
Washington managed as part of an industrial tree farm by a forest products
corporation. The compartment is defined with the aid of soil survey maps
prepared by Steinbrenner and Gehrke (1964) and is selected to represent
general operating and site conditions in the Douglas-fir Region of western
Washington and Oregon. The stand conditions of age and density are also
selected to represent conditions for extensive areas in the Douglas-fir

Region.

General Procedure

The procedures, inputs, and outputs for this analysis are discussed in
terms of the total analysis period for the compartment and treatments under
consideration. However, the calculation of expected Present Certainty-
Equivalent Value of wealth gain is limited to combinations of treatments
considered for application during the initial interval. This simplifies
the presentation of results, and allows attention to be focused on the

essential elements of the analysis procedure.
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Overall plan. The basic plan for the analysis is to select an optimum
sequence of stand treatments by an iterative process involving the selec-
tion of an optimum combination of treatments for the initial interval.

The optimum combination of treatments for the second and subsequent inter-
vals are determined by repeating the selectionprocess given the stand
conditions resulting from previous treatment combinations. The selection
of the optimum combination of treatments at each interval is necessary

to ensure that the procedure defines the optimum investment path for

the compartment.

The optimum combination of treatments for each interval is defined by simu-
lating all possible combinations of treatments for each stand in the compart-
ment and forecasting the resulting stand yield at each interval in the
analysis period. These stand yield forecasts are summarized on a compart-
ment basis for each interval in the analysis period. The interval compart-
ment summaries serve as the basis for estimates of the quantity of inputs
and outputs associated with each potential treatment combination. The
maximum duration for each potential treatment combination is determined

by calculating the incremental expected discounted value of wealth gain

for each interval. As long as this value is greater than 0 the additional
interval adds to expected present certainty-equivalent value of wealth gain
for the potential treatment. The formula for the calculationof incremental

expected discounted value of wealth galn is:
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IEWQ/cm = The incremental expected discounted value
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all other equations in this thesis.)

EWQ/cm + 1 = The expected attained wealth in interval m + 1.

(1 +r ) = The discount rate between consumption claims
m,

in interval m and m + 1 for the risk class

appropriate to q.

Once the optimum duration for each potential treatment combination, for

a single interval, is selected the expected discounted certinty-equivalent
value of wealth is calculated for each potential treatment combination by
the following.

m*

ey =[x (EWQ/Cm + EIWQ/Cm)(l + qu)“l] . EWQ/CJ. (5-2)

cjm m=3



when:

i
cjm

cm

EIQY/

m

(1 + rmq)

(1 + rjq)

Q
EW /Cj

= [(1 +
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The expected discounted certainty-equivalent

value of attained wealth for any combination of

treatments applied to the compartment during

one interval.

The interval for which the treatments are

being considered.

The interval of maximum duration for a treat-

ment combination as defined by Equation 5-1.
The expected attained wealth in interval m.

The expected investment in interval m.

-1
T, 1+ r, e (1l + 1 )
JP)( J+l,q) ( m,q :
The discount rate between consumption claims

in interval j and j + 1 for the risk class

appropriate to q.

The expected ensemble attained wealth at the

beginning of interval j.
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The interval for which the treatments are being con-

sidered.

The optimum treatment combination for any interval is defined by selecting

the treatment combination with the greatest expected discounted certainty-

equivalent value.

The optimum combination of treatments for other intervals

are determined by repeating the above procedure for each interval in the

analysis period in sequence beginning with the current period.

Once the optimum combination of treatments has been identified for each

interval the expected present certainty-equivalent value of wealth gain

for the selected investment ensemble is calculated by the formula:

ewd”/

Co =

where:

Q*
EW /CO

EW?/
cj

Q
It
EIW /j

Q _ Q = -1, .Q _
(EW /cj EIW /j)(l + rjq) ] -W /co (5-3)

= Maximum expected present certainty-equivalent
value of wealth gain.

= The expected attained wealth in interval j
associated with the selected treatment sequence.
(Equation 5-2)

= The expected investment in interval j associated

with the selected treatment sequence. (Equation 5-2)
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- -1 -1
1l + r, = 1+ 1 +r oo (1 +
( Jp) [( Oq)( lq) ( rjq)]
(1 + rjq) = The discount rate between consumption claims in
one period and the next for the risk class appro-
priate to q.
WQ/CO = Initial endowment.

This is the maximum possible value for the criterion of expected present
certainty-equivalent value of wealth gain by virtue of the maximization
of the discounted certainty-equivalent value of individual investments

in the sequence of the total ensemble.

A flow chart of the steps in this overall plan is given in Figure C-1 of

Appendix C.

Length of analysis period. Preliminary calculations indicate that the

maximum rotation age of stands created by a regeneration treatment in the
first interval will be 50 years. Based on this information, the analysis
period is set at 55 years. This maximum rotation age for a regeneration
treatment in the first interval is estimated by application of Equation
5~1 to the investment sequence which would follow from selection of a

regeneration treatment during the first interval.

Interval in analysis period. The interval selected for the demonstration

analysis is five years. This length is selected because the accuracy of

vield forecasts and price estimates do not justify a shorter interval. In
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addition, all estimates are made as point estimates at the midpoint of each
interval. An exception to this is the first interval which is 2 1/2 years
long and for which all estimates are made at the beginning of the interval.
The intervals, their duration, and estimation points for the demonstration

analysis are summarized in Table 5-1,

Treatments. The stand treatments considered in this analysis are limited

to two regeneration treatments, five thinning treatments, and five fer-
tilizer treatments. The considerations in selecting these treatments for
analysis are first, the accuracy and precision of yield forecasting tech-
niques available to forecast stand yields following treatment. Second, the
precision and control with which stand treatments can be carried out oper-
ationally. Care must be taken in the analysis of stand treatments to ensure
that the treatments under analysis are realistically defined. The accuracy
and precision of yield forecasting techniques along with the operational
ability to carry out combinations of treatments are primary considerations

in the selection and specification of treatment combinations for analysis.

The regeneration treatments considered are no regeneration which is the
continuation in some form of the existing stands, or natural regeneration
which involves a clearcut harvest of the existing stands followed by a
five year delay and the establishment of natural stands with Growing

Stock Index 220 (King, 1970).

It is important to include at least one treatment involving the replace-

ment of the existing stand in any analysis of stand treatments at every
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Table 5-1

Interval, interval duration, and estimation point for demonstration
analysis.

Duration Estimation

Interval From To Point
Number Month Year Month Year Year
0 1 - 1975 - 6 - 1977 1975

1 7 - 1977 - 6 - 1982 1980

2 7 - 1982 - 6 - 1987 1985

3 7 - 1987 - 6 - 1992 1990

4 7 - 1992 - 6 - 1997 1995

5 7 - 1997 ~ 6 - 2002 2000

6 7 - 2002 - 6 - 2007 2005

7 7 - 2007 - 6 - 2012 2010

8 7 - 2012 - 6 - 2017 2015

9 7 - 2017 - 6 - 2022 2020
10 7 - 2022 - 6 - 2027 2025

11 7 - 2027 - 6 - 2032 2030
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interval. This is necessary to define the optimum duration for the exist-
ing stand and its associated investment ensemble. An example of this
was discussed in Chapter II in the material on investment choice rules

and problems of duration and replacement.

The five thinning treatments considered in the analysis are no thinning
and removal of 10 to 40 percent of basal area in 10 percent increments
as low thinnings. The low thinning treatments are simulated by removing
trees from the smallest diameter breast height (DBH) classes until the

required basal area for removal is accumulated.

Fertilizer treatments considered in the analysis are limited to applica-

tions of elemental nitrogen in the form of urea. The levels of nitrogen

fertilization considered are 0, 100, 200, 300 and 400 pounds of elemental
nitrogen per acre. The response duration of a fertilizer treatment is

assumed to be five years regardless of the level of treatment.
Additional information on these treatments, the techniques used in their
simulation, and procedures used to forecast stand yields following treat-

ment are given in Appendix C.

Inputs and Outputs

Estimates of the quantity and price of inputs required for this analysis
were made independently. The estimates of wealth required for the analysis

were then calculated as part of the analysis procedure.
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Quantity. The estimates of quantity and quality of land associated with
the compartment in the analysis are based on information from the "Soil
Survey of the Vail Tree Farm" (Steinbrenner, and Gehrke, 1964). The
major items of information required for the analysis are the area of
land within the compartment and an estimate of its site class. This
information was necessary for the estimation of the quantity of several
other inputs and outputs. The physical size of a compartment and its
site class are also important determinates of the price of land. The
other important characteristics of the compartment including location,
operability of terrain, and soil properties available from the soil map
which is given in Figure 5-1, which influence operations are the soil survey.

The land area of the compartment is summarized by site class in Table 5-2.

It is important to include the land input in any analysis of stand treat-
ments because this is the major component of the investment ensemble which
is available for reinvestment. The importance of recognizing opportunities
for reinvestment is illustrated and discussed in Chapter II in the material

on investment choice rules and problems of duration and replacement.

The quantitative estimation of the quantity and quality of growing stock
is one of the major problems in the economic analysis of stand treatments.
Judgement must be exercised to ensure that the yield forecasts used in an

analysis are appropriate to the conditions and treatments to which they are

applied.

Estimates of the quantity and growing stock used in this analysis were

developed using a modified system for the estimation of the yield of natural
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Table 5-2

Compartment area by Douglas-fir site class

Site
Class! Area
Acres
110 63
120 2216
Total 2279

laverage site index to the nearest five feet based on King (1966).



141

stands of Douglas-fir developed by Bower and Shaw (1975). Estimates

of the quality of the growing stock were made by estimating the distri-
bution of volume within the stand by 1 inch DBH Classes. These distri-
butions of volume by DBH class were based upon cumulative diameter dis-

tribution tables for Douglas-fir developed by King (1964).

Additional details on the yield forecasting procedures used in the analysis
are given in Appendix C along with abbreviated yield tables for each of

the stand treatment combinations considered in the analysis.

The next two inputs, ad valorem taxes and overhead are both important
considerations in the analysis of timber production investment. While
neither of these inputs may be changed as a result of a stand treatment
they both have a significant influence on the level of wealth attained
by any investment ensemble., Both part of the reinvestment element which

is so important in questions of the replacement of existing stands.

The ad valorem tax relevant to this analysis is that imposed by the State
of Washington. This tax is an annual tax of 1 1/2% of the market value of
forest land (Washington Forest Protection Association, 1975). For this
analysis the quantity of tax is estimated in annual acre units per inter-
val. This resulted in an estimate of 5,697.5 units of tax for the first

interval and 11,395 units for all subsequent intervals.

Overhead in this analysis is defined as the sum of inputs which are required

to manage a timber crop but which are not influenced by the treatment applied
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to the crop. These would generally include overall supervision, main-
tenance of basic inventory information, and general activities related
to the overall protection of the timber crop. In this study, the quantity

of these overheads is estimated as two separate elements.

The first of these elements is estimated in terms of professional forester
manyears per interval on a total compartment basis. The estimated quan-
tities of professional forest manyears are given in Table 5-3. These
estimates are based upon information compiled by the Industrial Forestry
Association (1975) for industrial tree farms in the Douglas—-fir Region.
Detailed information on background to estimates given in Table 5-3 is given

in Appendix C.

The second element of overhead inputs required by the compartment under
analysis is the quantity of protection. This is also estimated from
information compiled by the Industrial Forestry Association (1975) for the
Douglas-fir Region. A summary of the estimates used in the analysis is
given in Table 5-4. A more detailed explanation of the steps taken in the

development of these estimates is given in Appendix C.

Neither of the regeneration treatments considered in this analysis required
any inputs in their application. The output of growing stock associated
with the replacement of the existing stands was measured in terms of

clearcut stumpage volume.
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Table 5-3

Estimated number of professional forester manyears required to manage
the compartment by interval.

Professional Forester

Manyears
Estimation Per Acre Total Comp.
Interval Point Per Year Per Interval

Year Manyears

0 1975 0.00006328 0.3605

1 1980 0.00006885 0.7846

2 1985 0.00007443 0.8481

3 1990 0.00008000 0.9116

4 1995 0.00008557 0.9751

5 2000 0.00009114 1.0386

5+ 0.00009114 1.0386
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Table 5-4

Estimated quantity of protection required for the compartment by interval.

Protection Units

Estimation Per Acre Total Comp.
Interval Point Per Year Per Interval
Year Number
0 1975 1 5,697.5
1 1980 1 11,395.0

1+ 1 11,395.0
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The inputs and outputs associated with thinning treatments are estimated

in terms of the quantity of growing stock, measured in cubic feet of total
volume, removed during the treatment. The convention of noting inputs as
negative quantities and outputs as positive quantities was adopted for
these estimates. In this case if the stumpage removed in a thinning
treatment could be sold at a price which produces a positive net revenue,
the quantity removed is recognized as an output and a positive quantity.
Thinning treatments which required the removal of stumpage which could

not be sold at a net revenue producing price are recognized in the analysis

as an input and noted as a negative quantity.

The fertilizer input for fertilizer treatments is estimated as the number
of pounds of elemental nitrogen required by the treatment being considered

for the total compartment.

Price. In order to estimate prices used in the analysis, in units of
constant value which define the conditions of exchange for all other goods
in the system, all prices are estimated in 1975 dollars. The choice of
this unit is arbitrary and it could just as well have been dollars of some
other year. To keep the prices in units of constant value, in terms of
the equity owners of the assumed firm, all conversions to 1975 dollars

are based on the Consumer Price Index published by the U.S. Department

of Commerce (1973, and 1975) (See Table C-5 in the Appendix).

In addition, all prices were estimated as after tax prices to define the
real conditions of exchange for the equity owners of the firm. These

Price adjustments are made by adopting the simplifying assumption used
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by Grant and Ireson (1970) which is that the marginal tax rate on ordinary
income for the firm is 507%. The marginal tax rate for capital gains
income is assumed to be 257%. These assumptions on the marginal rate

of tax on income allowed a price adjustment factor of 0.5 to be calculated
for the price of inputs and outputs which influence ordinary income.

An adjustment factor of 0.75 was calculated for the price of inputs and
outputs which influence capital gains income. While these adjustment factors
are based upon simplifying assumptions as to what the marginal rates of
tax are, it is important to recognize the necessity in an actual analysis
of estimating the marginal rate of tax for each interval in an analysis
period, and to use this information to adjust prices so that they express

the real conditions of exchange.

A more detailed discussion of the steps taken in adjusting observed prices
to constant prices, and in the development of the price adjustment factors

used in the analysis is given in Appendix C.

The price of land in the analysi is based on the market price of land of
similar quality and general condition as compiled by the Washington State
Department of Revenue for 1975. The prices used in the analysis are
summarized in Table 5-5. In addition, it is assumed that the exchange

of land will influence capital gains income and as a result, the prices
in Table 5-5 were adjusted by the capital gains adjustment factor in the

analysis. A more detailed discussion of the steps taken in the development

of these estimates is given in Appendix C.
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Table 5-5
Estimated market price for the land in
the compartment by interval.
Market
Estimation Price
Interval Point Per Acre
Year 1975 $
0 1975 77.00
1 1980 81.33
2 1985 85.90
3 1990 60.73
4 1995 95.83
5 2000 101.22

5+ 101.22
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The price of growing stock in the analysis is estimated as a clearcut
stumpage price. This is selected to isolate the growing of a crop of
timber from its harvesting and transportation to a conversion facility.
The prices are based on the historical price of Douglas-fir stumpage
sold on National Forests on the west side of the Cascade Mountains in
Washington and Oregon. The estimates of future prices are made by ac-
cepting the forecast of a 1007 increase in stumpage price between 1970
and the year 2000 (U.S. Forest Service, 1973). After 2000, stumpage

prices are assumed to remain constant,

In order to estimate the effect of treatments which modify the size dis-
tribution of trees in a stand, the estimated average stumpage price at
each interval is estimated for 1 inch DBH classes. The resulting estimated

stumpage prices by 1 inch DBH class and interval are given in Table 5-6.

These estimates of stumpage price by DBH class are applied to the calculated
distributions of stand volume by DBH class to estimate a weighted average
stumpage price which is applied to the total compartment volume. The ex-
change of timber in the form of stumpage generally receives income tax
treatment as a capital gains. Therefore, the capital gain price adjust-

ment is applied to average stumpage prices in the analysis.

As was discussed earlier, the ad valorem tax levied by the State of Wash-
ington which is relevant to the analysis of stand treatments is an annual
tax levied on forest land. The 1 1/2 percent of market value of the tax

sets the price of an annual tax unit. The price of taxes used in the
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Table 5-6
Estimated Douglas-fir clearcut stumpage price per
cubic foot total volume by interval and DBH class.
DBH Interval
Class 0 1 2 3 4 5 o4
Inches 1975 Dollars per Cubic Foot
2 -0.0385 -0.0290 -0.0305 -0.0315 -0.0330 -0.0345 -0.0345
3 -0.0305 -0.0230 -0.0240 -0.0245 -0.0255 -0.0270 -0.0270
4 -0.0215 -0.0165 -0.0170 -0.0170 -0.0180 -0.019%0 -0.0190
5 -0.0115 -0.0085 -0.0090 -0.0090 -0.0095 -0.0100 -0.0100
6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
7 0.0125 0.0075 0.0080 0.0100 0.0110 0.0120 0.0120
8 0.0270 0.0175 0.0190 0.0210 0.0225 0.0270 0.0270
9 0.0430 0.0275 0.0310 0.0340 0.0350 0.0370 0.0370
10 0.061 0.0390 0.0430 0.0460 0.0480 0.0525 0.0525
11 0.0820 0.0525 0.0560 0.0610 0.0640 0.0680 0.0680
12 0.1050 0.0650 6.0710 0.0770 0.0810 0.0875 0.0875
13 0.1310 0.0810 0.0860 0.0940 0.0990 0.1080 0.1080
14 0.1500 0.0960 0.1040 0.1140 0.1200 0,1310 0.1310
15 0.1940 0.1140 0.1250 0.1350 0.1440 0.1560 0.1560
16 0.2310 0.1340 0.1450 0.1580 0.1680 0.1850 0.1850
17 0.2720 0.1540 0.1675 0.1840 0.1980 0.2160 0.2160
18 0.3220 0.1770 0.1930 0.2120 0.2280 0.2520 0.2520
19 0.3750 0.2020 0.2200 0.2420 0.2620 0.2900 0.2900
20 0.4390 0.2290 0.2500 0.2790 0.3000 0.3350 0.3350
21 0.5075 0.2570 0.2840 0.3140 0.3420 0.3800 0.3800
22 0.5850 0.2875 0.3200 0.3560 0.3900 0.4350 0.4350
23 0.6700 0.3240 0.3590 0.4000 0.4425 0.4925 0.4925
24 0.7700 0.3610 0.4010 0.4500 0.4975 0.5575 0.5575
25 0.8850 0.4010 0.4550 0.5100 0.5650 0.6325 0.6325
26 1.0069 0.4500 0.5050 0.5660 0.6350 0.7152 0.7152
27 1.1500 0.4950 0.5600 0.6350 0.7075 0.8000 0.8000
28 1.3200 0.5500 0.6200 0.7100 0.7950 0.9000 0.9000
29 1.4900 0.6050 0.6900 0.7900 0.8900 1.0200 1.0200
30 1.7000 0.6700 0.7650 0.8800 0.9900 1.1400 1.1400
31 1.9250 0.7400 0.8450 0.9750 1.1100 1.2700 1.2700
32 2.1900 0.8100 0.9300 1.0750 1.2300 1.4250 1.4250
33 2.4900 0.8900 1.0400 1.1900 1.3750 1.5900 1.5900
34 2.8100 0.9750 1.1400 1.3300 1.5400 1.7750 1.7750
35 3.2000 1.0800 1.2500 1.4750 1.7000 1.9900 1.9900
36 3.6100 1.1800 1.3800 1.6250 1.8900 2.2200 2.2200
37 4.0900 1.3000 1.5200 1.8000 2.1000 2.4750 2.4750
38 4.6000 1.4250 1.6750 1.9900 2.3400 2.7500 2.7500
39 5.2000 1.5500 1.8400 2.2000 2.5800 3.0750 3.0750
40 5.9000 1.7100 2.0250 2.4250 2.8800 3.4400 3.4400
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demonstration analysis are given in Table 5-7. Ad valorem taxes are
allowed as a deduction against crdinary income so the real price is

calculated by application of the 0.5 adjustment factor.

The price of each of the elements of overhead are estimated separately.

The price per professional forester manyear is based on income information
compiled by the Society of American Foresters (see Table C-10 in the
Appendix). It is further assumed that the total price of a professional
forester is twice the salary received. The resulting prices which are used

in the analysis are given in Table 5-8.

The price of an annual unit of protection is based on the average protection
cost per acre per year for industrial tree farms in the Pacific Northwest
(Industrial Forestry Association, 1975) (see Table C-12 in the Appendix).
The estimated price of protection units used in the analysis are given in
Table 5-9. Both items of overhead are treated as expenses against ordinary
income for Federal Income Tax purposes; so real prices are calculated by

application of the ordinary income adjustment factor.

A more detailed description of the sources of information and steps taken
in preparation price estimates for ad valorem taxes and overhead are given

in Appendix C.

The estimation of discount rates or the price of time is one of the most
controversial topics in investment analysis. The criterion expected
present certainty-equivalent value requires that the discount rate be a

risky rate appropriate to the risk class of the investments under analysis.
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Table 5-7
Estimated price of ad valorem taxes on the
compartment per tax unit by interval.
Price
Estimation Per Tax
Interval Point Unit
Year 1975 §
0 1975 1.1550
1 1980 1.2200
2 1985 1.2885
3 1990 1.3610
4 1995 1.4374
5 2000 1.5183
5+ 1.5183
Table 5-8

Estimated price of professional forester manyears by interval.

Estimation Price Per
Interval Point Manyear
Year 1975 $
0 1975 36,007.37
1 1980 38,859.93
2 1985 41,712.48
3 1990 44 ,565.04
4 1995 47,417.59
5 2000 50,270.15

5+ 50,270.15
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Table 5-9

Estimated price per acre per year of
a unit of protection.

Price Per

Estimation Acre Per

Interval Point Year
Year 1975 3

0 1975 0.5071

1 1980 0.4281

2 1985 0.3491

3 1990 0.2701

4 1995 0.1911

5 2000 0.1121

5+ 0.1121
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For this demonstration, the discount rate is based upon the real rate

of return achieved by marginal shares of common stock for a portfolio of
forest products firms. This source of information can be criticized for
several reasons. Most of these criticisms are due to various imperfections
in security markets. This analysis accepts these criticisms but argues
that real rates of return, achieved by marginal shares of common stock,
do provide an unbiased estimate of the price individuals are willing to
pay for intertemporal consumption claims of varying risk. The argument
rests on the assumption that these markets in the United States are suf-
ficiently competitive due to the large number of individual participants,
the large number of shares traded, the ease of entry and exit to the
market, and the inability of individuals or organizations to influence

prices over long periods of time.

The discount rate for this analysis is based on the real rate of return
earned by marginal shares of common stock for a group of 9 large forest
product firms which were traded on the New York Stock Exchange between
1955 and 1975. All of the firms in this portfolio had the additional
characteristic of owning, and managing for timber production substantial

areas of forest land.

Examination of this sample indicated that there is no justification for

an intertemporal price that varies through time. Therefore, a single

price of 8.4 percent per year is estimated as the appropriate intertemporal
price for investments in stand treatments for timber production in this

analysis. This price is already after tax so no income tax adjustment was
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necessary. The discount factors used in the analysis are given in Table
5-10. See Appendix C for a more detailed description of the data and
steps taken in the development of the estimate of the intertemporal

price.

Neither of the two regeneration treatments considered in the analysis
required any unique inputs or outputs. The price of harvested volume
output for the natural regeneration treatment has already been discussed.
The price of the time delay has also been discussed in the estimation

of a discount rate.

The price of thinning treatments is based on the stumpage price of the
volume removed by the treatment. This price is based on the average
difference between the clearcut stumpage price and the thinning stumpage
price for young growth Douglas—fir compiled by the Washington State
Department of Revenue. The stumpage price of thinnings by one inch DBH
classes was calculated following the same procedure used in the calculation
of similar clearcut stumpage prices. The resulting prices for stumpage
from thinnings are given in Table 5-11. These prices are applied to the
volume removed in thinning following the same procedure used in the cal-
culation of growing stock prices. The resulting weighted average price
was applied to the total volume removed from the compartment in a thinning
treatment. In application if the weighted average stumpage price of thin-
nings was a negative quantity the volume removed was noted as a negative

quantity indicating an investment and the price noted as a positive value.
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Estimated discount factor for investments in the risk

class of timber production by interval.

Estimation Discount
Interval Point Factor
Year (1+r)n
0 1975 1.0

1 1980 1.49674
2 1985 2.24023
3 1990 3.5304
4 1995 5.01864
5 2000 7.51159
6 2005 11.2429
7 2010 16.8277
8 2015 25.1867
9 2020 37.6979
10 2025 56.4240
11 2030 84.4521

r = 0.084
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Estimated stumpage price of Douglas-fir thinnings per

cubic foot total volume by interval and DBH class.

DBH Interval

Class 0 1 2 3 A 5 5+

Inches 1975 Dollars per Cubic Foot
2 -0.0522 -0.0605 -0.9581 -0.9568 -0.0552 -0.0542 -0.0542
3 -0.0460 -0.0570 -0.0542 -0.0525 -0.0505 -0.0490 -0.0490
4 -0.0390 -0.0530 -0.0490 -0.0475 -0.0455 -0.0435 -0.0435
5 -0.0310 -0.0490 -0.0450 -0.0425 -0.0395 -0.0370 -0.0370
6 -0.0225 -0.0445 -0.0390 -0.0370 -0.0335 -0.0301 -0.0301
7 -0.0125 -0.0395 -0.0342 -0.0305 -0.0265 -0.0225 -0.0225
8 -0.0015 -0.0340 -0.0275 -0.0235 -0.0190 -0.0140 -0.0140
9 0.0120 -0.0280 -0.0210 -0.0160 -0.0100 -0.0045 -0.0045
10 0.0250 -0.0215 -0.0130 -0.0070 -0.0001 0.0060 0.0060
11 0.0420 -0.0145 -0.0055 0.0020 0.0100 0.0175 0.0175
12 0.0590 -0.0070 0.0040 0.0120 0.0220 0.0310 0.0310
13 0.0800 0.0020 0.0130 0.0240 0.0320 0.0450 0.0450
14 0.1040 0.0110 0.0240 0.0350 0.0475 0.0625 0.0625
15 0.1290 0.0210 0.0350 0.0490 0.0640 0.0810 0.0810
16 0.1580 0.0320 0.0475 0.0640 0.0810 0.1000 0.1000
17 0.1920 0.0430 0.0625 0.0800 0.1000 0.1240 0.1240
18 0.2280 0.0560 0.0775 0.0975 0.1210 0.1475 0.1475
19 0.2700 0.0740 0.0940 0.1175 0.1450 0.1760 0.1760
20 0.3180 0.0850 0.1150 0.1400 0.1710 0.2075 0.2075
21 0.3725 0.1010 0.1325 0.1650 0.2000 0.2410 0.2410
22 0.4325 0.1190 0.1550 0.1900 0.2325 0.2800 0.2800
23 0.5000 0.1390 0.1780 0.2180 0.2675 0.3225 0.3225
24 0.5750 0.1610 0.2050 0.2500 0.3100 0.3700 0.3700
25 0.6650 0.1850 0.2350 0.2850 0.3500 0.4250 0.4250
26 0.7669 0.2100 0.2650 0.3760 0.3950 0.4752 0.4752
27 0.8750 0.2380 0.3000 0.3650 0.4500 0.5450 0.5450
28 1.000 0.2690 0.3375 0.4100 0.5050 0.6200 0.6200
29 1.1400 0.3010 0.3780 0.4650 0.5700 0.6990 0.6990
30 1.3000 0.3390 0.4250 0.5200 0.6450 0.7900 0.7900
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This unique feature of thinning treatments that they can be either ex-
changed with a positive effect on potential current consumption, or
investments with a negative effect on potential current consumption,
complicates the calculation of their real price. United States Federal
Income tax regulations allow the deduction of thinning costs from ordinary
income. However, the gain from revenue producing thinnings is allowed

to be treated as capital gains for tax purposes. As a result of this tax
treatment both adjustment factors are applied in the calculation of the
real price for thinning treatment. If the thinning treatment is an in-
vestment, its price is adjusted using the ordinary income adjustment factor
of 0.5. 1If the thinning treatment produces net revenue, as indicated by

a positive quantity, the capital gains adjustment factor of 0.75 is applied.

The price of fertilizer treatments is based on historical per acre fertil-
ization costs compiled by the Industrial Forestry Association (1975) (Appendix
Table C~18). The price of fertilizer treatments used in the demonstration
analysis is estimated as a single price of 0.1796 1975 dollars per pound

of elemental nitrogen applied.

A more detailed discussion of the sources of information, and steps taken
in the development of estimates of both the quantity and price of inputs

and outputs is given in Appendix C.

Analzsis

The comparison of treatment combinations, considered for application in
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the initial interval of the analysis, requires the screening of 26
possible treatment combinations. The expected discounted certainty-
equivalent value of attained wealth for each treatment combination is
calculated, according to Equation 5-2, and the combination with the
greatest attained wealth is selected for application during the initial
interval. The optimum combinztion of treatments for subsequent intervals

in the analysis would be defined by repeating these steps for each interval.

Under the conditions of this analysis the optimum combination of treatments
for the initial interval are the removal of 407 of the basal area in a
low thinning and the application of 400 pounds of elemental nitrogen

per acre in the form of urea.

A summary of the analysis for the initial interval is given in Table 5-12.
This table illustrates the information required by and resulting from this
analysis procedure. The summary for the total analysis would consist of
a series of entries similar to those for interval 0 for each interval in
the analysis period. The expected Present Certainty-Equivalent Value of
wealth gain for the entire sequence of treatments would be given by the

expected Present Certainty-Equivalent Value of wealth gain for interval 1l.

In application the procedures illustrated in this analysis would be repeated
for a given compartment as often as required by the planning activity
in timber management. The major determinant of the frequency at which

these procedures would be repeated is the availability of new information

for an analysis.
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Table 5-12

Optimum treatment sequence for compartment
(Secs. 13-15, 21-23; Twp. 16N; Rge 1W, Thurston County, Washington)

Interval 0 - 1975

Initial stand summary statistics per acre

Stand

1 2
Area (Acres) 2216 63
Site Index 120 110
Growing Stock Index 220 220
Age (Years) 25 25
Trees (Number) 228 284
Ave. DBH (Inches) 7.0 6.0
Basal Area (Square Feet) 60.2 55.9
Total Volume (Cubic Feet) 1239 1036

Initial compartment summary statistics

Price
Quantity Before Tax Real Value
1975 Dollars

Land (Acres 2279 77.00 57.75 131,612.25
Growing Stock (cu.ft.) 2,810,892 0.05908 0.04431  124,556.13

Initial Endowment (wQ/cO) 256,168. 38
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Table 5-12 (cont.)

Treatments:

Thinning: 407 Basal Area Removal
Fertilization: 400 Pounds of Nitrogen Per Acre

Post treatment stand summary statistics per acre

Stand

1 2
Area (Acres) 2216 63
Site Index 120 110
Growing Stock Index 220 220
Age (Years) 25 25
Trees (Number) 52 46
Ave. DBH (Inches) 11.2 11.3
Basal Area (Square feet) 35.8 31.9
Total Volume (Cubic feet) 832 699

Post treatment compartment summary statistics

Price
Quantity Before Tax Real Value

1975 Dollars

Land (Acres) -2,279 77.00 57.75 -131,612.25
Growing Stock (Cubic feet) =-1,887,749 0.08667 0.06500 -122,712.37
Property Tax (Ann. Ac. Units) -5,697.5 1.155 0.5775 -3,290.31
Overhead

Managers -0.3605 36,007.37 18,003.68 -6,490.33

Protection -5,697.5 0.5071 0.2536 -1,444.60
Fertilization (Pounds of N) -911,600 0.1796 0.0898 -81,861.68
Thinning (Cubic feet) -923,143 0.02013 0.01006 -9,290.17
Expected Investment (EIWQ/cm) -356,701.71
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Table 5-12 (cont.)

Interval 1 - 1980

Initial stand summary statistics per acre

Stand

1 2
Area (Acres) 2216 63
Site Index 120 110
Growing Stock Index 220 220
Age (Years) 30 30
Trees (Number) 52 L6
Average DBH (Inches) 17.2 18.1
Basal Area (Sq. ft.) 83.6 81.8
Total Volume (Cu. ft.) 2007 1732

Initial compartment summary statistics

Price
Quantity Before Tax Real Value
1975 Dollars
Land (Acres) 2,279 81.33 61.00 139,013.30
Growing Stock (Cu. ft) 4,556,628 0.1190 0.08926 406,726.43
Expected Ensemble
Attained Wealth (EWQ/CI? 545,739.73
Expected Present Certainty
Equivalent Value of Wealth
Gain (EWQ*/CO) 7,917.22
Maximum Expected
Present Certainty -
Equivalent Value of
Wealth Gain (Interval 5) 383,401.25

Interval 10 - 2030
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Conclusions from Demonstration Analysis

The objectives of this analysis are to demonstrate a procedure for the
analysis of stand treatments consistent with relevant economic principles,
and to illustrate the standards proposed for analyses of this type. The
analysis demonstrates that refined procedures which rely on a more consis-
tent application of principles from economic theory are feasible. Further,
that the information requirements and standards are attainable by any
organization or individual considering timber production investments in-

volving silvicultural treatments.

Although the standards proposed and information required by the procedures,
illustrated in this analysis, are attainable, the analysis also demonstrates
the importance of accuracy in the estimation of the quantity and price

of inputs and outputs associated with treatment combinations under con-
sideration. The importance of accurately forecasting the volume and price
of growing stock is illustrated, in the example, by the size of these two
parameters and the resulting estimate of value. In the demonstration
analysis these two parameters account for 75% of the expected ensemble at-
tained wealth in interval 1. The discount rate must also be estimated
accurately because of its importance in determining the optimum growth

path for stands of timber.

The investment of 356,701.71, 1975 dollars, in the example also indicates
the magnitude of the opportunity to achieve an improved allocation of
resources by the systematic evaluation of altermatives at operational

levels.



CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

FOR ADDITIONAL STUDY

A useful procedure for the economic analysis of stand treatments must pro-
vide a logically consistent method of combining the elements of information
relevant to the selection of a preferred ensemble of treatments in a way
that contributes to this selection. The logical consistency and identifica-
tion of relevant information is ensured in the procedures proposed in this
thesis by the adoption of economic principles from the theory of investment

choice.

The review of the theory of investment choice led to the conclusion that
the appropriate class of criteria for the economic analysis of stand
treatments are Present Certainty-Equivalent Value. These criteria are
calculated from the wealth sequence of investment ensembles and estimate
the value of an investment ensemble in units of potential certain con-
sumption in the current period. The application of these criteria to
problems of investment choice in timber production requires forecasts

of the expected yield and input series for each investment ensemble with

its real prices.

A review of the published work concerned with the economic analysis of
stand treatments led to the conclusion that the previous studies are not
adequate for the current needs of timber management because: (1) They fail

to identify and estimate investment choice criteria which are consistent
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with the economic principles of investment choice; (2) they fail to
estimate accurately the prices appropriate to the analysis of timber
production investments; (3) they do not utilize yield forecasting tech-
niques with sufficient flexibility to allow the definition of an optimum

investment path.

The procedures proposed in this thesis require the calculation of the
expected Present Certainty-Equivalent Value of wealth gain in a manner
consistent with the economic principles of investment choice. The rule,
which calls for the adoption of the investment ensemble that maximizes
this criterion, is also consistent with the economic principles of in-

vestment choice.

A demonstration of the analysis procedures, for an example of Douglas-fir
in the Pacific Northwest of the United States, illustrates the sequence

of steps to be taken in the analysis of stand treatments. The iterative
sequence of steps which are demonstrated allow the procedure to be readily
adapted to computer processing. In addition, the magnitude of the in-
vestment sequence, in the demonstration analysis, illustrates the oppor-

tunity for increased efficiency in the allocation of resources for timber

production.

The major shortcoming of the procedures proposed in this thesis is the
general failure of expected Present Certainty-Equivalent Value criteria

to define a unique optimum investment ensemble under imperfect markets.
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The limitations of these criteria can be reduced by testing the oppor-
tunity dominance of investment ensembles and recognizing the irreducably
subjective element of investment choice in imperfect markets. Additional
study of the theory of exchange in imperfect markets and the role of
information in uncertain choice is needed to overcome the weakness of

the theoretical foundation for the procedures proposed.

Regardless of the limitations due to theoretical principles major oppor-
tunities exist for additional research to define productive opportunities
and the treatment sequences required for their achievement. Major improve-
ments are also needed in forecasting the real prices which are needed

to define optimum treatment sequences.

In conclusion, the procedures proposed in this thesis are a feasible and
practical means of organizing some of the information relevant to the
selection of preferred sequences of stand treatments. Improvements to

the theoretical foundations and required information are desirable but not
necessary for immediate application in the Douglas-fir Region of the
United States. The use of the procedures proposed in this study will pro-
vide information that will assist in an improved allocation of resources
in timber production through the application of the economic principles

of investment choice.
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APPENDIX A

MATHEMATICAL FORMULATION CF ECONOMIC PRINCIPLES

The purpose of this appendix is to supplement the discussion of
economic theory in the body of the thesis with a mathematical
presentation. This presentation is based on Hirshleifer (1970),
and follows the order of presentation and terminology used in the

main text.

Timeless Choice

The starting point for a presentation of the theory of timeless

choise is the concept of individual preference. This concept has

a number of properties which allow mathematical techniques to be used
in the solution of allocation problems. These properties are based

on a series of axioms of consumer preference which systematically
describe the framework within which economic theory describes the
attributes of the objects of choice and the natur eof comparisons made
by consumers. The material for this discussicn is abstracted from

Chapters 1 and 2 of Green (1971).

The starting point for a formal statement of the axioms of consumer
prefererence is the binary comparison of two commodity bundles or
objects of choice. The nature of this comparison can be expressed by

the statement:

Bundle Y is regarded by the consumer as at least as good

as bundle Y'.
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In order to develop a symbolic way of stating the binary comparison,

"is regarded by the consumer as at least as good as', let:

R = the binary relationship, "is regarded by the

consumer as at least as good as''.

The previous statement may then be given by the expression:

YRY'

This statement now provides the basic symbolism required to state the

consumer preference axiom of completeness.

Axiom 1 (Completeness): For all Y, Y' in set S either

YRY'" or Y' RY or both.

The implication of this axiom is that there are three possible states
where Y R Y!' and Y' R Y must be true or false. These states are

summarized as:

YRY' Y'RY
True True Written as Y I Y'
True False Written as Y P Y'

False True Written as Y' P Y
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Using the definitions of R, P, and I given above the following

corollaries of the axiom of completeness can be given:

Corollaries: For all Y, Y' in S:
(a) one and only one of YP Y', Y' P Y, Y I Y' holds;
(b) Y IY;

(¢) 4f Y I Y' then Y' I Y.

The next axiom of consumer preference describes the transitivity of

preferences:

Axiom 2 (Transitivity): For all Y, Y', Y" in S: if Y R Y'

and Y' R Y" (written as YR Y' R Y'"), then Y R Y'.

There follows from this axiom and the previous one on completeness a

series of corollaries which are as follows:

Corollaries: For all Y, Y', Y", in S:
(d) if YP Y' P Y", then Y P Y";
(e) ifY I Y' IY", thenY I Y";
(£) if YR Y' P Y", then Y P Y";
(g) if YP Y' R Y", then Y P Y";
(h) if YR Y' I Y", then Y R Y";
(1) if YI Y' RY", then Y R Y';
(j) if YP Y' I Y", then YP Y3

(k) if YI Y' P Y", then Y P Y'".
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The combination of the axioms of completeness and transitivity lead to
the axiom of rational choice which is basic to both positive and

normative applications of economic theory. This axiom can be stated as:

Axiom 3 (Rational choice): if Y is chosen from a set of

alternatives S, then for all Y' in S, YR Y"'.

It is important to note that if there are alternatives in a set which
are indifferent to the alternative chosen this axiom does not explain

how the selection was made within the indifference set.

In order to further develop the systematic description of consumer
preferences and elaborate the mechanisms of choice within a subset of
alternatives it is necessary to examine the elements of alternatives.
The usual way of representing the elements of an alternative is to adopt
the mathematical concept of vectors and allow each element of an
alternative to be represented by an element of a vector. Applying this

notation to the general alternatives Y and Y' would yield:

Y= 9y Fyeeres¥,)

Y' = (Y15 Ygseees¥])
Given this vector notation the following definition can be developed:

Y =Y'if Yl = Yi9 yz = Yé""’ yn = Yn’
and if any elements are not equal then;

Y =Y'.
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However, the following unequal conditions can be defined as;

> Y i > y! > ¥y > y!
Y > Y lfyl Yi» Y9 7 Yo» » Y, 7 Y,

and the two intermediate cases;

v

y;_,---,y

<
i

> r = > ]
Y' if Y1 = yl, Yy n n

v
v
1V
v

Y' if ¥y = yi, Yo = yé,..., y yé.and Y #Y'

n
Given these definitions the non-saturation axiom can be formally stated
as:

Axiom 4 (Non-saturation): For all Y, Y' in the consumption

>
set C, if Y - Y' then Y P Y.

There follows from this the proposition of the downward sloping

indifference curve which can be formally stated as:

Proposition 1 (Downward sloping indifference curves): For all

Y, Y' in C if Y I Y', then neither Y 2 Y' nor Y' > Y.
This proposition is illustrated in Figure 2-1 of the text.
The axiom of continuity of preference is convenient in that it allows

the use of mathematical techniques which require the assumption of con-

tinuity. In order to formally state this axiom the concept of the
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boundary set of Y, B(Y), is required. The boundary set is defined
as the set of all points Y' on a ray from the origin through Y with
the property that for any other point Y" on the ray 0Y', if y" i Y'
then Y'" P Y, while if Y" N Y' then Y P Y". This allows the axiom of

continuity of preferences to be formally stated as:

Axiom 5 (Continuity of preferences): TFor all Y' in the

boundary set B(Y) associated with Y, Y' I Y.

The axiom of strict convexity of consumer preferences requires a defini-
tion of convexity and strict convexity before it can be stated formally.
The usual way to define convexity is to examine the set of points

regarded by the consumer as at least as good as Y. This set R(Y)

consists of all points Y' in C such that Y' R Y. This set is then

said to be convex if, for all Y', Y" in the set, every point between

Y' and Y" on the straight line joining Y' and Y" were in the interior

of the set (not on the boundary). Formally, the axiom of strict convexity

can be stated as:

Axiom 6 (Strict convexity): For all Y in C the set R(Y),
consisting of all Y' in C such that Y' R Y, is strictly

convex.

This axiom has the strong implication of ruling out points of tangency
or intersection of the indifference curves and the axes in the analysis

of economic choice.
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The axiom of smooth indifference curves in consumer preference can

be stated formally as:

Axiom 7 (Smooth indifference curves): At all points Y in C,
the marginal rate of substitution between any pair of

commodities is uniquely determined.

The implications of the axioms of continuity of preferences, strict
convexity, and smooth indifference curves can be partially summarized

and formally stated as:

Proposition 2: For any pair of elements or commodities Y4 and yj,
given the quantities of all other commodities, the marginal rate

of substitution of Y4 for yj is a continuous and strictly

decreasing function of Yy

This proposition expresses the fundamental property of comsumer
preferences which allows the systematic solution of the class of

economic problems involving individual choice.

Simple exchange.

To illustrate the application of these axioms, their corollaries, and
postulates in a mathematical formulation consider an individual (i)

one of a large number of individuals in a world with only two goods
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A and B. This world is also timeless and an optimum consumption bundle

can only be achieved through exchange. The endowment of i is given by:

Y = (yA’ YB) (A-l)

where: Y = endowment

yA number of units of A;

Vg number of units of B.

The wealth represented by the initial endowment is given by:

Wy =Py Yy + Py g (4-2)

where: W = wealth

price of A in terms of a money of account

price of B in terms of a money of account.
The preferences of (i) can be represented by the expression:
= A-3
U = ulc,, cp) (A-3)
where: U = an absolute level of preference;

c¢. = number of units of A available for consumption;

number of units of B available for consumptiomn.

0O
n



188

However, only the ordinal properties of the preference function are
required to solve this choice theoretic system. The particular
property required is the rate at which the individual is willing to

give up a unit of one good to gain a unit of the other good or the

slope of the indifference curves which is given by the expression:

Bu/BCA ch

= = U' (c,, c) (A-4)
Bu/BcB dc A B

which is the ratio of the partial derivatives of the preference

function.

The opportunity set for (i) is formulated as a wealth constraint where:

Py Gy T PgCp TPy Y, T Py YR (A-3)

A standard technique for solving this problem is to form a 'Lagrangian"

expression of the form:
nyor _ _ - - _' - = A-6
L Ule, cg) X(pA cy, TPy Cg =Py ¥y = Py yg) (A-6)
where:

A = some undetermined 'Lagrangian'' multiplier.
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A CB’ and

A, and setting these equal to 0 results in the following first order

conditions.
a HLII _ 8 u _ )\ 5 _
) Cp Cy A
a HLH _ a u _ )\ _P_ _
0 gy Cq B
a HLII - —-
5 % ~ Pac T PpCp

Shifting the A terms to the

dividing A-7 by A-8 yields.

a ”L" _ a u _ A E

0 Cp 9 cy A

3" = du =2Xip

3 ¢ 0 C B
A B

9 "L"/9 ¢, = du/d c

3 L7/ 7 ci RVE) cg

0 (A-7)
0 (A-8)
- P, ¥, ~Pg ¥ =0 (A~9)

right hand side of the equations and

(A-10)

(A-11)

= ARy (A-12)
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Equation A-12 can be simplified by incorporating the expression

from Equation A-4 which yields:

3 u/9d ¢ A p
' - A _ A (A-13
U (CA, cB) )

3u/3cB AP

which in turn simplifies to:

AP

P
A
U (e, e) = —— = A (A-14)
A D P
B B
Py
cg == U (c,) (A-15)
Py

and substituted into Equation A-9 yielding:

Py
- ——— ' -— ~ o——— ~ —1 —
Py C4 T Pp [ . U (cA)] P, Yo ~ Pp Vg 0 (A-16)
B

which can be solved for CA and once CA is known can be solved

for Cg in the original form:

c, +p - EB yg = 0 (A-9)

g 8 ~ Pa YA
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In order to ensure that this solution is a constrained maximum the
bordered Hessian determinant of the matrix of second derivatives must
be positive (Henderson and Quandt, 1971). The matrix of second and

cross derivatives from Equations A-7 and A-8 is:

[

32 nLn 82 nLn _
-P
- — A
2
)
d Ch c, Cg
32 "y 32 nLn _
2
0 cy Cp d Cq
“Pp “Pg 0
n U

By substituting

) u\>
p = (A-18)
A ) Cy A

(from Equation A-7)

Jd u
Pp = (A-19)
0 cg A

(from Equation A-8)

and

in A-17 the matrix can be rewritten as:
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[ )

82 nLn 82 nLn d u

- - A

2
d Cy d ¢y p a Cy
82 "yv 82 HgY 3 u N
(A-20)
2
d Cy cB B8 g 0 Cq
0 u Jd u
0

h_‘a Cy A 0 Cp A L

The expansion of this matrix (A-20), and multiplying through by
A% yields the following expression which must be positive for the

previous solution to represent a maximum level of preference.

32 AL a u 3 u .82 e, / 3 u 2 32 ", S u 2
d c, g 0 QA// o Cq 3 cA2 K\E Cp/ 3 ch Cy

(A-21)

The remaining formulation of economic principles will assume that this
second order condition is positive and its explicit determination in

other examples will not be discussed.
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To expand this model of two goods to a model of multi-goods let

the level of preference be represented by:

U=u (cl, Cp sesey cn) (A-22)

where (cl, C2""’ cn) is on n dimensional vector which can be

written:

c = (cl, Coseses cn) (A-23)
so Equation A-3 can be written as:

U = u(c) (A-24)

using vector notation. The same notational principles can be followed

for representing the initial endowment and wealth if:

= e A-25
Y = (Fys Tgreees y) ( )

where (yl, yz,..., yn) is an n dimensional vector representing

the physical amounts of goods 1 to n in the initial endowment. Prices
can also be represented by the vector (El, 52,..., pn) where 51 to En
represent the prices for goods 1 to n. This price vector can then be
represented as:

- - - - (A-26)
P (pl, Poseses Py )
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Using this notation wealth can be represented by the expression:
n
Wy =2 P. V. (A-27)
i

As in the two good case the problem remains to maximize the individuals
consumption bundle subject to the constraint of the opportunity set,
and as in the two good case this is done by forming a "Lagrangian"

expression:

n n
ny o _ - n - n -
L™ =u(e) -2 [ p,c) @ p oy.)] (A-28)
i=1 i=1
To maximize "L'" calculate the partial derivatives for "L" with respect
to the variables c; (i =1 ton) and A. Set these derivatives equal

to 0 yielding n + 1 equations for the n + 1 variables, which can be

written:
a "L" a u -—
= —— =Ap, =0
3 cl 0 cl 1
L 2t g, -0 (A-29)
€2 €2
5 """ _ Y u _ - _
d ¢ T Q¢ A Py 0
n a
3 "Lv n _ n -
= - = A-30
Y (Z p;e)-C€  p.oy) ( )
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Equations A-29 can be written in a more condensed form as:

8 "L“ a u K - _ )
3 o 3 c. NPy = 0 i=1¢ton (A-31)

i

As in the case of two goods the condition that the marginal rate of
substitution between any two goods must be equal to the ratio of prices
between those goods can be obtained by transposition of the second

term in Equation A-31 to the right hand side and dividing any one

equation by any other yielding:

(A-32)

This results in a system of equations consisting of n - 1 equations
in the form of A-32 plus Equation A-30 which can be solved as a system

of simultaneous equations yielding the optimum consumption vector c.

For additional information on vectors and mathematical operations with
vectors see Hadley (1961). The remaining material in this section on

timeless choice will use the vector notation followed in the multi-good

example of simple exchange.

Production and exchange.

In the paradigm of production and exchange the locus of points represent-
ing the constraint upon the individuals productive opportunities (PP in

Figure 2-3 can be expressed as:
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P = p(p) (A-33)
where:
(p) = the vector (pl’ Pyseees pn)
For the purpose of developing the mathematical framework of production

and exchange it is convenient to define the productive opportunities

in terms of the input-output transformations such that:

q=p-y (A-34)

where:

p = an n dimensional vector
q = an n dimensional vector

y = an n dimensional vector

It follows from this that the productive locus can equally well be

expressed as:

P=p (q+y) (A-35)

To define the optimum consumption bundle for an individual whose
opportunity set is limited to production the productive solution will

be equivalent to the consumptive optimum so that:

u (¢) =u(q+y) (A-36)
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The optimum consumption vector can then be defined by forming the

"Lagrangian" expression:

"L" = u (g +y) - X (p(q + ¥)) (A-37)

Taking the partial derivitives of this expression with respect to q,
i

and A and setting these equal to 0O yielding n + 1 equations of the

form:
P "L” u 0
= —— =A-—E_ = 0 i=lt0n (A_38)
9 q, a4 9 qy
and:
8 ”L”
5 =Plat+y) =0 (4-39)

In this case, the optimum point of production and consumption will be
where the marginal rate of substitution between any two goods is equal

to the marginal rate of transformation between the same two goods. This
can be represented mathematically by transposing the second term of

A-38 to the right hand side of the equation and dividing any one equation
by any other yielding:

' 3p/3 q. '

- =) = = + - + y- A-40
u' (q; +ty, 97 *¥37) 5 p/3 q. p' (q; + v, a7 +¥7) (A-20)
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This again results in a system of n unknowns with n - 1 equations in
the form of Equation A-40 and one in the form of Equation A-39 which
can be solved as a system of simultaneous equations yielding the

optimum production and consumption vectors.

In the paradigm of production and exchange the variables are retained

and a price vector:

P=(P;s Ppsevvs P) (4-26)
Reintroduced from the simple exchange model. 1In this situation the
individual will engage in productive transformations that maximize

wealth. This can be represented by the 'Lagrangian' expression:

n
"= 0L op, (g Yyl - A (e (@) (A-41)
i=1

Taking the partial derivatives of the expression with respect to

q; and A, and setting these equal to 0 yields n + 1 equations of the

form:
3 "L" _ 3 P ]
=p. - A ; = 0 i=1ton (A-42)
3 A i ) a4
g = =p(a=y) =0 (A-43)
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As in the previous examples the condition for the maximization of
wealth is that the marginal rate of transformation be equal to the

ratio of prices between the goods concerned. This can be represented

by transposing the second term of Equation A-42 to the right hand side

and dividing any one equation by any other yielding:

o

1
1 - -
P (q +y., q7 9) (A 44)

o

This results in a system of n variables with n - 1 equation in the
form of A-44 and one equation in the form of A-43 which can be solved

as a system of simultaneous equations yielding the optimum production

vector.

The optimum consumption vector is then defined as in the first example

of simple exchange with a "Lagrangian' of the form:

n _ n _ %
"= u (c) - AlZ (pi ci) -z (pi pi)] (A-45)
i=1 i=1

when: p¥ = (qi + yi) defined as optimum level of production
i

in equation (A-43) and (A-44).

and solved in a similar manner.
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lote that these examples of production and exchange for the individual

could have been formulated in terms of the variable p. However, the

formulation in terms of the transformations q is more general and

simplifies the extension of the paradigm to production and exchange

with firms.

Production and exchange with firms.

The extension of this to the paradigm of production and exchange with

firms is straight forward only requiring a modification in notation so

that:

f f
p (p) =rp (qa) (A-46)
ommitting y because firms are assumed to have no endowment.

The firms productive optimum is then defined by the expression:

2 - f £
"L" =2 (p, 9.01- A (@ (q)) (A-47)
. i i
i=1
which can be solved as in the previous example defining the productive
optimum for the firm. The second modification in notation requires the
results of production by the firm be distributed to the owners in

proportion to their contribution to the firms initial resources. This

can be represented by the expression:

n
i
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Then the optimum consumption bundle for the individual is defined by:

Loy o ~ - - L
L™" = u(c) - Al §=1 (p, ;) - §_=1 (p;(a; +y.0)] (A-49)

which can be solved as in the previous example defining the optimum
consumption vector for the individual whose endowment is supplenented

by the results of production and exchange of firms.

Intertemporal Choice

The mathematical formulation of intertemporal exchange is similar to

simple exchange except that variables must be redefined to express the

terms of exchange through time. Therefore, let the level of consumption

preference of each of the n goods in each of the m periods be represented

by:

c ) (A-50)

u = u(cll,...,clz,...,cnz,...,clm,..., om

where: (Cll""’cnm) is an n x m dimensional vector which can be

written:

¢ = . .o cen A-51
¢ (cll’°"’cnl’ €120 “n2’ “1im’ cnm) (

so that equation A-50 can be written:

A-52)

U = u(é)
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Following the same notational principles let the vector of gross

incomes in the endowment be given by:

(yll:°°"ynl,y12>0-°9yn2s°-~’y1m,°°':y (A“53)

nm

for the n goods in m time periods. The intra time period prices are

represented by the vector:

(pll’ s ’Pnl’P129 oo ’PnZ’ ‘o ’plm’ v >an) (A"'Sl*)

for the n goods over m time periods. The ratio of exchange or rate
of discount applied to future claims to consumption which equates them
with present consumption is given by the expression:

a+2)7t
i

-1
= + + e 0o 0 +
[+ +r)...(d rj)]
Using this notation wealth expressed in terms of the index of value

for the present time period is defined by the expression:

m n ~1
= + ¢ A-56
Wy = 320 (iFy Py Yip B+ EY) (A-36)

This expression of wealth leads to the following expression of

wealth constraint;

n n -1
P.s Vi (A-57)
=0 i=1 iJ 13 i=1 +J
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which operates in exactly the same manner in intertemporal choice as
it does in timeless choice, and allows the formulation of a

L4 1" . »
"Lagrangian expression which can be solved as in the previous

examples.
m m n 1
"LYW= (@) + A I (Z p..yv.. -2 p..c.)@Q+$£) (A-58)
j=0 i=1 W Moy HH
a ”L” _l
N7 = uij + A p (1 + rj) =0 i=1l to n j=0 tom (A-5)
a nLn m I - n - _1
= X (t p,,y, - p,.c.)@+£t) (A-60)
3 A 3=0 {=1 ij Tdu L, 1) i) j
Resulting in (n x m) -1 equations of the form;
A - A "'l
-3 ¢ p.. (L + %))
ij ij J (A"'61)
3 ¢, pA (1 + £,
1] le ( J)

and one of the form of Equation A-60 which can be solved as a system

of simultaneous equations for the (n x m) variables identified as

A

1]

Production and exchange.

In addition to the variables already developed the paradigm of inter-

temporal production and exchange requires an expression defining the
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limits of the productive opportunities available through time. This

can be expressed as a vector:

p = p (pll""’pnl’pn123'"’pnz""’plm,Oo-,pmn) (A-62)

As in the paradigm of timeless production and exchange it is convenient
to define the productive opportunities in terms of input-output trans-

formations so that:

q.. = D.. - V.. i=] to n j=0 to m (A-63)

To formulate the mathematical solution for a condition where the
opportunity set consists of only productive opportunities it is
convenient to formulate the level of consumptive preference as a

function of the input-output relationship, yielding:
U=u(@) =u@+y (A-65)

Using these variables the problem can be solved as in the previous

examples by formulating the "Lagrangian' expression:

"L" = u(@ +y) - Ap@ + )] (A-66)
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for which a constrained optimum for u(gq + y) can be found by taking
partial derivatives of "L" with respect to (Q,j + y..) and solving
i ij

as in the previous examples, yielding:

du A9
ML/ (q,. +7..) = == S P =0 (A-67)
0 +
ij ij (qij yij) B(qij + yij)
i=l ton j=0 tom
3"L"/OX = p(@+y) =0 (A-68)

As in the example of timeless production the condition of the optimum
level of production and consumption is where the marginal rate of

transformation is equal to the marginal rate of substitution, and is

given by:
3p/3(qij + yij)
U'(q.. + ., 4., +y..) = = =p' (q,.+vy~ q..+yv—
(qu Y137 i3 le) 3p/3(q{3 + y53) P (q13+y13,q13 ij

(A-69)

The (n x m) -1 equations in the form of Equation A-67) and Equation
A-68 can be solved as a system of simultaneous equations yielding optimum

values of aij'

Notice that this formulation of intertemporal production does not include
any prices, either intra or intertemporal. The lack of exchange opportunities
makes these irrelevant and the intra-intertemporal marginal parameters

with which the marginal rates of transformation are equivalent at the peint

of optimum production.
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If the paradigm is expanded to include exchange as well as productive
opportunities the Separation Theorem (Hirshleifer, 1970) requires that the
optimization be carried out in two steps. As in the example of timeless
production and exchange the first step is to engage in productive
transformations in such a way as to maximize wealth. Examination of
Figure 2-6 in the text, and Equation A-56 shows that a change in gross
income at any point in time is reflected in a change in wealth regardless
of which periods consumption claims are chosen as the measure of wealth.
However, it is common practice to use current consumption claims as the
measure of wealth to be maximized. Adopting this convention the
intertemporal expression for the level of production which maximizes
wealth subject to the constraints of the opportunity set can be given

by the '"Lagrangian' equation:

m n
- A A _1
" =z X . .+ (1 + T, -2 q + A-7
2o [i=1 le (q1J yiJ)( rJ) [p(qd + ¥ (A-70)

which can be solved as in the previous examples by taking partial
derivatives with respect to (&ij + yij) and A, setting these equal to

0 and calculating the ratio between partial derivatives yielding:

ML"/(G. . +v..) =p.. (L + %) - 5% =0 1i=1 ton
(qu le) Pij 3 a(qij + yij) i=0 to m
(A-71)

I
il

9"L"/0A P(q+y) =0 (A-72)
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= (4 + Q — —
— =] p (qij Yig» 453 + yij) (A-73)

These equations can be solved as a system of simultaneous equations
defining the level of production which will yield the maximum wealth

sttainable within the opportunity set.

The optimum series of consumption titles through time can then be

defined as in the previous example of intertemporal exchange with the

"Lagrangian' expression:
m n

"L" = u(@ +XEZ (I p,., p*..
j=0 i=1 My

- A "‘l
L) L3 - . l + » -
. le clJ)( rJ) (A-74)

ge)
ok
]
o~

where:

* = a +

(the optimum level of production from equation A-70).

Froduction and exchange with firms.

The extension of this to the paradigm of intertemporal production and
exchange with firms is straight forward only requiring a modification
in the notation used in the paradigm of timeless production and exchange

with firms so that;

peh) = pgH (A-75)

again omitting yij because firms are assumed tc have no endowment.
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The productive optimum for the firm is then defined by the expression:

"yt _ m n - Af A “l /\f
L"= Z[Z p,. (q i)(l + rj) ] =X [p(@)] (A-76)

which can be solved as before defining the optimum productive vector
for the firm. As in the previous examples firms are not allowed to
consume by definition and the proceeds of production are distributed

to the owners where it expands their opportunity sets for consumption.

Compound interest formulations.

This mathematical discussion of the economic principles of intertemporal
production and exchange has required the introduction of compound interest
as an expression of the ratio of exchange between claims to consumption

in different time periods. The following summary of compound interest
formulas is intended as a brief review and is abstracted from Grant and

Ireson (1970).

The following symbols will be used in this explanation:

r {interest) = the interest rate per interest period
(a one year interest period is used in most
illustrations but the formulas presented
apply to interest periods of any length).

j (number) = the number of interest periods.
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P (present) = the value of titles to consumption in the

present period.

F (future) = the value of titles to consumption at the end

of n periods from the present that is equivalent

to P with interest 1i.

A (annual) = the value of titles to consumption received in

a uniform series (gross or endowed income)
continuing for the coming n periods, the entire

series equivalent to P at interest rate i.

The fundamental interest formulas that express the relationship between

P, F, and A in terms of r and j are:

Given

Given

Given

Given

Given

Given

P

to find F.
- p(L + 1)’ (A-76)
to find P.
- F/ + ) (4-78)
to find A.
= Flr/((L + ©)-D)] (A-79)
to find A.
- plr + 03/ + 0311 =PI/ + 03D (A-80)
to find F.
- AL + p)3-1/7) (A-81)
to find P.

S A[L + )3-1/r + 03y = AL/ (/@ + -4 (a-82)
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The previous material in this section of the appendix and in the text
section on economic theory has treated the interest period as one year.
However, this conventional period may not correspond to the relevant
transaction or decision period for consumptive, productive or exchange
purposes. In these situations it may be necessary or convenient to
compound intertemporal exchanges at period lengths other than one year.
Under these circumstances it may be necessary to establish equivalence
between the nominal rate of interest used for compounding at periods

of other than one year and the effective annual rate.

Let interest be compounded p times a year at a rate r/p

per compounding period. (A-83)
The nominal interest rate per annum = p(r/p)=r (A-84)
The effective interest rate per annum = (1 + r/p)p—l (A-85)

In circumstances where consumptive, productive, or exchange decisions
are continuous it may be desirable to apply techniques involving
continuous compounding. The formula for present and future titles to

consumpticn will be given by the following:

when e = the base of natural or '"Napierian" logarithms.

F = pe’J (A-86)

P = Fe—rj (A-87)
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For the derivation and additional discussion of this material on

compound interest formulas see Chapter 4 of Grant and Ireson (1970).

Investment Choice Present Value Criteria.

The mathematical formulation of present value criteria is given by the

following formulae for a series of j descrete time periods.

n n
Z — -—
v n (I Py pyy) (Z Py Pyp)
- i=1 i=1
W 0 = (2 p]’_o pio) + + i+...+
i=1 1+
( rl) (1+rl)(l+r2)
n -~
(.Z pim pim
i=1
(A-88)
(i+r ) (1+r.)...(1+xr )
1 2 m
P .
where: WO = attained wealth
n —
X pij pij = the sequence of potential consumption flows
i=1

of Py goods or attained gross income resulting

from an investment ensemble.

Equation A-88 can be simplified to:

m n _ - -1
w.= % (I p,, p,)(1+r) (A-89)
= {= J 1] J
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Note the equivalence between the present value criterion of attained
wealth and the term of the '"Lagrangian' to be maximized in the paradigm
of intertemporal choice with production and exchange formulated in
equation A-70).

n -

- -1

4

=
o

i
H Mg

J

The rule to select the investment ensemble which maximizes attained
wealth follows from this equivalence. The maximized value of attained
wealth will be symbolized by WS which is the present value of the

optimum sequence of potential consumption flows or attained gross income.

An alternative present value criterion is based on the sequence of
productive transformations associated with an investment ensemble

and is defined as:

‘n n
¢ 0 (E Pu1 90 (2, Piz 959) Toot
WO = (2 p10 qio + —= +
i=1 (1 + rl) (l+rl) (l+r2)
n —
('El pim qim)
1= (A-91)

(l+rl)(l+r2)...(l+rm)

which can be simplified to:

Q_ & = g (A-92)
= l+ R -
W3 E (L Py, qij)( rJ)

where W. = wealth gain.

o0
!
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The rule that calls for the maximization of wealth gain follows
from its definition which is:
WP = WQ + W (A-93)
0 0
Since endowed wealth is a constant in any problem of investment choice

it is evident that maximizing wealth gain is equivalent to maximizing

attained wealth.

The third present value criterion is the present value of a particular

investment project and is represented by:

9 n
AQ m (iil Pyp Adyy) (15-1 Pyy B4y5)
Wo = (I Py Bagp) * T
i=1 (1+rl) (l+rl)(l+r2)
n -—
(Z p. AOq,)
im im
. A-
+ . + i=1 (A-94)
(l+rl)(1+r2)...(1+rm)
which simplifies to:
AQ m n 1 )
= Ag. )1 + 1, (A-95)
WO E (.Z P ; qu)( rJ)

j=0  i=l
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AQ
when: WO = a change to the wealth gain of an existing investment
project ensemble associated with a particular investment
project.
Aqij = are changes resulting from a particular investment

project in the series of productive transformations
associated with the existing investment project

ensemble.

The rule to adopt an investment project if its present value is greater

than 0 follows from its effect of increasing wg and Wg.

Internal rate of return criteria,

The mathematical formulation of internal rate of return criteria are
as follows for the sequency of productive transformation associated

with an investment ensemble and an individual investment project:

n _ n _
n iil Py1 %41 iil Pi2 %42
0= 2 P97 + + . ..+
=1 ¥ 7 (1+irr) (1+irr)?
n —
I p. 4.
i=1 im “im (A-96)
(l-i—irr)m
which simplifies to:
m n _ s
0= % (I b, q,,)(H (A-97)
j=0 =1 Y
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and:
n n
(Z A
n i=1 pll qll) ('El p12 Ain)
0=(Z p,_AOq )+ + = +
i=1 (1+irr) (1+irr)?
n
N (Z Py hayn)
S i= (A—98)
(1+irr)™
which simplifies to:
m n .
0= 2 (I p,. Aq.) (+irr)™? (A-99)
j=0 i=2 Y

where irr = the internal rate of return.

]

Notice that for Equations A-96 and A-98 to have a solution there

must be at least one sign reversal among the elements on the right

hand side of the equations. Since the endowment sequence Yio? >

Yim contains positive eleménts only it has no internal rate of return
and the attained wealth sequence pio""’pim may also have only positive
elements and no internal rate of return. However, the transformation
sequences qio""’qim and Aqio,...,Aqim must have a sign reversal,

if not, either the endowment vector y or the attained vector p must

have been inefficient (Hirshleifer, 1970).
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Notice that the internal rate of return criteria are only equivalent
to the present value criteria and the paradigm of intertemporal choice
with production and exchange when the internal rate of return (irr) is

equal to the external rate of interest (r).

m n - 1 m n .

r (Z p.. Q..)(l+r.)— = 3 (I p.,q.@+ irr)--J A-100
j=0 i:l lJ lJ J j=0 i=1 1J lJ ( )
m n 0 -

Z ( Z p e o Aq s 0 - —l - — -]

. . 1+ = . j _
520 =1 13 13)( rj) jio ( §=1 Py Aqij)(l + irr) (A-101)

only where r = irx

(see equation A-55)

This failure of internal rate of return criteria to be equivalent to
present value criteria for the same variables except when the internal
rate of return is equal to the external rate of interest is the basic
cause for inconsistencies resulting from application of investment

choice rules based upon the two criteria.

The formulation of an internal rate of return based upon the differences
in the attained gross income, "Fisher's rate of return over cost'

(Fisher, 1930) is:
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m n _ .
0= I (I pyy(pdii=pe;)) (L+irn)™ (5-102)

where: pd,. = the attained gross income sequence of the "Defending"
investment ensemble.

the attained gross income sequence of the "Challenging"

av]
(@]
i

investment ensemble.

. - + )
Since pij qij yij and the endowment sequence yij is the same for

both the "Challenging' and 'Defending' investment ensembles the

formulation.
m n _3
0= 2 ( Z p,. (qd,, -qc,.)) (1+ irr) (A-103)
j=0 i=1 Y +J +J
where: qdij = the productive transformation sequence of the '"Defending"
investment ensemble.
qc:,j = the productive transformation sequence of the '"Challenging"
i

investment ensemble.

is equivalent to equation (A-102).

The need for the concepts of "Defender'" and '"Challenger", and "earlier"
and "later'" is obvious from equations (A-102) and A-103) when the

inconsistent choices which would result from a reversal of a ''Challenger"

and "Defender" are considered.
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Money and Investment Choice

In the previous formulations of economic principles prices (p..)

i
have been expressed in terms of a money of account which functioned
as an index of value. 1In this section money as a distinct good will

be introduced into the formulation through money prices (5§j)‘

As was pointed out in the body of the thesis, the predominance of
money-money exchanges in intertemporal exchange leads to the existence

of a money rate of interest which can be defined as:

Dj 1l

_f% = (A-104)

Dj (1L + %)

J
where: -E% = the price of next year's money in terms of this year's
Dj
money.
The relation between the monetary and ''real' rates of interest is:
D n n
(L+1r)=(2x pd.,/ I p-d, ) - (1 + 1) (A-105)
=1 =1 10

which can be simplified to:

1+ er - (1+a)@+ry) (A-106)
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or

ro=agtr,tar, (A-107)

where: aj = is the proportionate anticipated or realized
change in the prices of consumptive goods relative

to money between period j and j-1 (Hirshleifer, 1970).

Given the existence of money and money prices the variables (Eij) and
(rj) in the formulation of present value criteria Equations A-89, A-92,
A-95 must be determined from their monetary counterparts Eij and r?.
The relation of r? to rj is given in Equation A-106 and A-107. The

relation between Egj and Eij is:

5. =5, @+ap™ (A-108)
1] 1] ]

It is important to recognize that for a present value criterion to be
equivalent to the wealth parameter, in intertemporal choice, monetary

rates of interest, and prices must be adjusted to their "real" counter-
parts. Further, because of the failure of money rates of interest to

fully adjust to changes in purchasing power of money (Fisher, 1930),

rate of return investment criteria should be calculated in terms of

"real" values of p...
1]
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Market Imperfections and Investment Choice

The failure of the Separation Theorem to generally hold under conditions
of imperfect markets requires that the productive optima be defined either

conditionally upon individual preferences, or as a function of individual

preferences.

An example of conditional optimization can be illustrated under divergent
borrowing and lending rates. On the condition that an individual's
preferences are such that attained titles to consumption would be lent

until a final date the productive optima would be defined by the

"Lagrangian'':
P - L
np! T (X Py p..) (L +x.7) - A(p - (p)) (A-109)
j=0 i=1 M ]
where:
(1 + Eg‘) = (1L + rI(;) (1 + ri“)...(l + Eg‘) (A-110)

rP = the lending rate between the j and the j + 1 periods.
J

This equation can be solved, as in the previous example, yielding the
condition that the marginal rate of transformation is equal to the ratio

of lending prices:
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S_(1+ i3> Pij (A-111)

In the same manner the productive optimum under the condition that
attained consumption will be borrowed against to secure consumption

titles in the current period would be formulated as:

m n
B - -B,-1
"Ltt= 2 (2 b, pi.) (1+1r,)) - A(p - () (A-112)
j=0  i=1  H J
where:
-B, -1 B B -
L+TDT = (AT LA r?)] 1 (A-113)
r? = the borrowing rate between j and the j + 1 period.

J

which can be solved, yielding the condition that the marginal rate of

transformation is equal to the ratio of the borrowing prices:

) Pi37 Pij (p-114)
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The existence of an optimum level of production under a lending condition
and an optimum level of production under a borrowing condition creates
a situation where the consumptive optimum will be defined on the boundary

of an opportunity set which is described by three discontinuous functions.

The expression:

m n n
, - % -
L= u(e) - A E IICE e ) - (I B p,)][I4E-]1] (4-115)
j=0 =1 i=1 ]
where: p;j = the optimum level of production under the lending

condition, defined by equation A-109.

defines the preferred level of consumption under the condition that the

*L
marginal rate of substitution along an indifference curve at pij

was less than the marginal rate of transformation. Following the same

pattern:
m n D 4
"L"=ue) - A[ I [[CIZ p,.c,.)-(Z p,.p. )]
j=0  i=1 ¥ H i=1 3N
[1+ ??]~l]] (A-116)
where: pf? = the optimum level of production under the
1]

borrowing condition defined by equation A-112.
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defines the preferred level of consumption under the condition that

the marginal rate of substitution along an indifference curve at pyB

ij
was greater than the marginal rate of transformation. In the event
that neither of the previous conditions are met the opportunity set is
not expanded, in terms of the individual preferences, by the market

opportunities available and the preferred consumption bundle is defined

by:
"L = u(e) - A(p(p)) (A-66)

The discontinuity in the boundary of the consumption opportunity set
resulting from the divergence of the borrowing and lending rates results
in the general failure of the Separation Theorem to hold. This failure
means that the optimum level of production cannot be defined independently

of individual preferences.

A similar but not identical condition arises under rising borrowing
rates. Under the assumption that marginal borrowing costs are a function
only of the scale of borrowing, the following system of equations can

be developed. First, the condition that the optimum level of production

is where the marginal rate of transformation is equal to the ratio of

prices as illustrated by Equation A-117).
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"(p.., p=) = —xd (A-117
P (P, ;ij) - ] )

Secondly, the condition that the preferred consumption bundle is
defined by the condition that the marginal rate of substitution is

equal to the ratio of prices.

— __B —
Pij (1L + 1) 1
u'(cij, ci—-j) = - % T (A-118)
— (1 + ; -
P3 J)

Equations A-117 and A-118 can be combined to yield:

Py, (L E?)‘l
"(p.. ~) = = u'(c.,. ¢c~=) A-119
PP PY TS T ) 13, 43 .
ij j

which in turn can be simplified to:

P! (pyys Piy) = uileyy ¢ ) (A-120)
which defines the essential condition that the marginal rate of trans-
formation be equal to the marginal rate of substitution. In this respect

the paradigm of production with rising borrowing costs as a function of
borrowing is identical to production without exchange. The difference

lies in the opportunity to expand the consumption opportunity set through

borrowing with the condition described by Equation A-116).
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The failure of the Separation Theorem to hold means that present value
criteria for investment choice are no longer universally correct in

the sense that an objectively calculated criteria free of individual
preferences is adequate for investment decisions (Hirshleifer, 1970).
However, as was pointed out in the text, present value - future value
criteria can be combined with the concept of '"dominance' to eliminate
investment alternatives which are not on the boundary of the consumption
opportunity set. The present value of an investment ensemble is defined
by:

m
W= I (e A+EDT (A-121)

— -L
.. P.. 1+ r, -
Pyj plj) ( J) (A-122)

It is against these two criteria that the "dominance' rule given in the

text can be applied to eliminate inefficient investment ensembles.

Under conditions of quantitative limits on investment, present value rules
are applied to modified present value criteria. The modified criteria
consist of the discounted sequence of attained wealth, wealth gain, or

project present value as of the period after the period in which the

quantitative limits are imposed.
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The formulae for these criteria are:

P oo P
W /c0 = _Z_ Pi1 Pyq + W /Cl (A-123)
i=1
P z o 1
W/e, = X (I p,.p..) (L+71) -
1 st iep T13 Pig J) (A-124)
q - q
W /<:O = _Z_ Piq 947 T W /cl (A-125)
i=1
w - - - = 3-1
W /cl = L (X Py qi.)(l +r)) (A-126)
j=1 i=1 3 J
Ag _ 5 = Aq
W /c0 = E Piy Aqil + W /cl (A-127
i=1
m n
- - -1
wA‘*/c1 = % (I By bq )0 +T) (A-128)
j=1 i=1 1 J

Uncertainty and Investment Choice

As in the earlier presentation of investment choice the basis for a
mathematical discussion of choice under uncertainty is five postulates.
These postulates augment the seven axioms of consumer preference by

systematically describing the framework with in which consumers choose
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between risky alternatives. The notation used to represent objects of
choice must be modified so that each object of choice or prospect is

also associated with a probability of occurrence and is written:

Y;S
Where:
Y = the object of choice
S = the probability that Y will occur.

A complete set of prospects for any event would be represented by

the expression:

S S )

(Yl, Yz,o..’Y; S 2,:0., g

g’ 1’

when:

S, +S,+ ... S =1

0 < Sk <1, K=1tog

The first postulate of consumer choice under uncertainty which states
that individuals have a complete and tramsitive weak preference ordering
and choose rationally, confirms that the first three axioms of choice
hold for uncertain prospects as well as certain choices and does not

require restatement (Green, 1971).
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The second postulate formalizes the nature of the choice regarding

1evels of uncertainty and can be stated as:

if (y p y') and,
Y=(y, v'; s, 1-s) and
Y' = (y, y'; s', 1-s")

then: (Y P Y') if and only if s > s' (Green, 1971)

The third postulate defines the existence of continuity between prospects

and may be stated as:

If y R y' R y" then there exists as s such that

(y, v'; s, 1-s) T y'

(Green, 1971)

The fourth postulate defines the quality of independence to prospects

and is stated as:

IfY=(y, v'; s, 1-s) and
y I (x, x'; S 1-sx) then

Y I ((x, x'5 S_» 1-s ), y';s s, 1-s)

The fifth postulate describes the relationship between compleX prospects

made up of simple prospects and states that:

a b a _b . _
IfY =[x, x; S, l—sx),(x » X 3 S_» l—sx), s, 1-s
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then:
b
Y I [x7, x5 (s) x (s ) + (1-s) s', s(l-s ) + (1-s)(1-s))]

Before formulating the paradigm of timeless exchange in state preference
theory the notation used in the previous example must be modified to
accept uncertainty. This will be done by adding a subscript (k) to each
of the variables to represent the state in which the variable exists and
the probability of its existence. Further (k) will be allowed to exist
from 1 to g subject to the condition that the sum of the probabilities

of (k) in any time period equal 1. This is represented by the expression:

r s, =1 (A-129)

Using this notation, the paradigm of timeless exchange under uncertainty
can be formulated in terms of "state preference theory" in a familiar

"Lagrangian' expression:

n g _ no & _
"M o= u(e) - A[CE Z p,,c..)-(CL L P, C ) ] (A-130)
4=1 k=1 iok “iok 1=1 k=1 iok iok
where:
C ,C ’...,c ’ c ’...’C ’0..’
c = (101 102 10g 201 20g

¢ o1’ " Snog’ S101° S102°°°°* S10g7 S2017°°°7

)

S

s .y S

20g’°° n01’>°°"> "nlg
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and solved as in the previous examples yielding:

8 "LH _ a u _ )\B
9 c 3 ¢ iok i=1lton; k=1tog (A-131)
iok iok
3 nLn n 24 - n g
= [( Z I p. . c. -(Z I _
3 A i1 gep Aok “io¥) (i=l oy Piok Viow ] (a-132)
This results in the general marginal condition that:
P,
1 . = iok

u (Ciok’ Siok’ Ciok’ Siok) - (A~-133)

piok

Intertemporal uncertainty.

The expansion of this formulation to accommodate choice through time

and over states requires an additional modification in notation. This
modification is based upon the relationship between the price of a risky
prospect in terms of certain consumption claims in the current

period and a risky rate of interest. This is defined in exactly the

same manner as the riskless rate of interest used in previous examples:

L (A-134)
(1 + rk)J

Po,i,k
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where:

L ER— .

°:J (1 + I)’ k=1 (1 + rk)j K

o
It
il

(A-135)

I ™09
O |

1 0,j,k

Given the existence of the risky discount rate as defined in Equation
A-134 the discount factor applied to uncertain future consumption claims

can be formulated in a manner similar to the discount factor for certain

claims given in Equation A-54:

(1 + rjk)‘l = (@ + 1)L+ ) e (A4 rjk)]-l (A-136)

O tom
to g

o L
non
l\-l

This formulation of the risky discount rate for future conditional
consumption claims allows the paradigm of intertemporal exchange to

be formulated as a "Lagrangian" similar to Equation A-58).

g m no_
L" = U (¢) - A[kzl [jiO [[(iil Pk Cijk) -
oo - ,-1
-137
(iil Pj ik yijk)] [1+ rjk] 111 (A-137)

This equation can be solved as in the previous examples yielding the

marginal conditions of the optimum uncertain consumption set as:



U'(c. .., c—) = —ik ik (A-138)

The paradigm of intertemporal production and exchange with uncertainty
is also formulated by two '"Lagrangian' equations exactly parallel to
similar equations for certain conditions (Equations A-70 and A-74) and
are:

g m n

"= £ (I (% p.., (q.., +7.. 1+r,
k=1 §=0 i=1 ijk ql]k yljk))( Jk)

_1) Y

(p (qijy +-yijk)) A-139)

which defines marginal conditions and level of production which

maximize the consumption opportunity set as:

Py L+ Ejk)'l
— t + + + _
P (L +r.)-1 F (qijk Yij T Yjk Yijk) (A-140)
Pijk ik
and
" -0 (A-141)
g (qijk Yijk)

The optimum consumption set is then defined by the expression:

g m n n_
"Lt = Ule) - Al 2 [ 2 ([¢z p,., c;. ) = ( pijk
k=1 j§=0  i=l '

.,

o

s o

- 171 A-142
RIIEEE N i} (a-142)
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* *
when pijk = (q 19k + yijk) = the optimum level of production
defined by Equation A-139.
Y & m . 1
W/ie,.= I [Z (Z p,,, 7,.00+71,.) 7] (A-143)
0 k=1 3=0 i=1 ijk "ijk jk

for endowed wealth:

and solved in the same manner as equation A-137.

It is important to note that the term in the "Lagrangian' equation

which defines the optimum level of production (equation A-139) is a
measure of wealth. This in turn leads tc the definition of the "present
certainty-equivalent value' as a measure of wealth which is formulated

as.

WP g m n - -1
Je.= £ (X (% p,.pP..) (L+r,)") (A-144)
0 k=1 j=0 i=1 ijk ijk jk
for attained wealth:
g m n _
Qe = - (A-145)
We. = % (I (I P 9. 00+xr.07)
k k
0 41 j=0 -1 HEH ]
for wealth gain, and:
g m n _ _ __l
DU o % (I (% B ba) AT (A-146)
0 . . ijk ~Tijk jk
k=1 j=0 i=1

for individual projects.
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Before continuing the discussion on the application of Present Certainty-
Equivalent Value criteria in investment choice the following numerical

example adapted from Hirshleifer (1970) may clarify the material already

introduced.

Consider a simple economy made up of a large number of individuals and

a single consumption good, timber. The representative individual in which
we are interested has an initial endowment consisting of 100 cunits of
timber in the current period and contigent claims to 200 cunits in state

A one year from now or 80 cunits in state B one year from now. This
individual's opportunity set is limited to exchange and the prices for
timber in state A and B are .3 and .5 respectively. These prices mean
that one contingent cunit of timber in the future period in state A or B
exchanges for 30 or 50 cubic feet of timber in the current period. By
applying Equation A-134 the risky rates of interest for contingent

consumption claims in state A and B can be found:

= 2,33 = 2337Z

= >
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State B
.5 = lB
(1 + rl)
B

r. = 1.0 = 100%

|

In addition, if the limiting assumption is made that A and B are the
only possible states that can occur in the next period, the risk free
rate of interest can be defined by equation A-135 as:

- 1 1
Py = = + . = .3+.5

(1 + rl) (1 + 2.33) (1 + 1)

Up to this point the objects of choice have been simple prospects
consisting of a conditional consumptive claim and the associated
probability of the existence of the required state. However, the

more realistic situation is one where the objects of choice are complex
prospects consisting of several possible conditional claims and
probabilities. If the market price of the simple prospects which make

up the complex prospect are known the price of the complex prospect is:

= _ - A-147
px kzin X (pk Ck) ( )
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In order to generalize the discussion of complex prospects it is

useful to introduce the concept of a unit expectation and its associated

price which is defined as:

_ P k if x (P &)
Prx ST, T T ) (A-148)
X k in x ck Sk

From Equation A-148 it can be seen that EEX is the unit price of
consumption with a returns distribution of prospect (X). This unit price
of prospects with a given returns distribution can be used in the case

of intertemporal choices to define an interest rate for prospects with

similar distributions of returns by application of Equation A-134

yielding:
- 1
P = - (A-149)
ng (1 + rx)J
M

To illustrate this with a numerical example return to the previous example
and imagine a particular prospect being offered which consists of 10
cunits of timber in state A or 6 cunits of timber in state B. The prices
of the elementary claims making up the prospect are .3 and .5 respectively

and applying Equation A-147 the price of this prospect would be:

(.3 x10) + (.5x6) =6

which is to say that the prospect under discussion would cost 6 cunits

of certain current timber available for consumption. Further if the
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probabilities associated with states A and B are .6 and .4 respectively

the expected timber available for consumption in the next period resulting

from the purchase of the prospect is:
(.6 x 10) + (.4 x 6) = 8.4 cunits.
The expected consumption and price of the prospect can then be used in

Equation 149 to determine the unit price of expected consumption with

the level of uncertainty of the prospect which is:

This price inm turn is used in Equation A-149 to determine the rate of

discount for this prospect with its associated distribution of consumption

claims:
714 = L
(1 + rlx)
L = 4

This is equivalent to an interest rate of 40 percent which compares with
the certain rate of interest calculated earlier of 25 percent. In the

text it was pointed out that the certain rate of interest is usually less
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than the uncertain but that this is not universally true. All that is
required for the uncertain rate of interest to be less than the certain
rate is for the uncertain prospect to yield more consumption in the more
valued state (Hirshleifer, 1970). As an illustration consider a second
prospect in the numerical example yielding 6 cunits of timber in state A

and 10 in state B. The price of this prospect would be:

(.3 x6) + (.5x%x 10) = 6.8

cunits of certain timber in the current period. The expected consumption

resulting from this prospect would be:

(.6 x6) + (.4 x10) = 7.6

cunits of timber in the next period. The unit price of expected

consumption for this prospect would be:

The rate of discount for this prospect would be:

.835 =
(1 + rlz

rlz = ,114
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or 11.4 percent which is less than the certain rate of 25 percent. It
is important to note that, in order for a risky prospect to have a lower
rate of discount than a certain one of the same expected consumption,

it must yield more consumption in the more valuable state (Hirshleifer,

1970) .

Because of the need to reduce the number of time, state consumption claims
associated with an investment ensemble to a single estimate of value
Present Certainty-Equivalent Value criteria are usually calculated on

the basis of expected value and the discounting factor appropriate to

the distribution of consumption claims associated with an investment

ensemble. This results in Equation A-143 to A-146 being rewritten as:

¥ m m -
= + -
EW /cO j-EO (izl Py Eyij)(l rjy) (A-150)
P moon - -1
= + -
EW /co jE—O (i-—z-l Pyj Epij)(l rjp) (A-151)
q m n - 1
= D@+ r, A-152
EW /cO jio (jEO pij Equ)( rJq) ( )
Aq, 0 T - - -1 _
EQ /CO = 'Z (.Z pij EAqij)(l + rqu) (A-153)
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APPENDPIX C

SUPPLEMENTARY DETAILS

FOR THE DEMONSTRATION ANALYSIS

The material in this appendix is to supplement the demonstration

analysis in the body of the thesis. This material consists of:

1. A detailed description in the form of a flow chart, of the

sequence of steps in the analysis procedure.

2. A discussion of the sources of information, and steps taken
in the development of quantity and price estimates used in

the analysis.
3. Abbreviated yield tables for Douglas-fir which are the basis
for estimates of the quantity of growing stock, and yield in

the demonstration analysis.

Flow Chart of Analysis Procedure

The flow chart of the analysis procedure given in Figure C-1 is a
detailed description of the sequency of steps followed in the demonstration
analysis. This flow chart can also be used as a guide for the development

of a computerized system for the economic analysis of stand treatments

for timber production.
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Inputs and Outputs

The material on the sources of information and preparation of estimates
will be considered in two classes. The first will cover material pertaining

to estimates of the quantity of inputs and outputs. The second with

material pertaining to price estimates.

Quantity. The sources of information and methods of estimation used to
forecast the quantity of inputs and outputs in the analysis will be

discussed for each class of input or output.

The information on the quantity and quality of the land component in the
compartment under analysis is derived from the soil survey of the
Weyerhaeuser Company Vail Tree Farm (Steinbrenner, and Gehrke, 1964). A
compartment for the analysis was selected with the aid of the soil survey
based upon the existing road system, topographic features and soil
characteristics. The compartment used for the analysis is located in
sections 13-15, 21-23; township 16 north; range 1 west; Thurston County,
Washington (Figure C-2). The area of the compartment and the stands within
the compartment are measured by optical planimeter. The area of the

compartment and its component stands are summarized in Table C-1l.

The estimates of growing stock and yield used in the analysis are developed
using a computerized system for the estimation of the yield of natural

stands of Douglas-fir developed by Bower and Shaw (1975). The following
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Soil map showing compartment boqndaries, location, and terrain features.
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Table C-1

Compartment Area by Douglas-fir Site Class

Site! Area
Class

Acres

110 63

120 2,216

Total 2,279

1Average site index to the nearest 5 feet based on King (1966).
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is an abstract from their report. The yields for untreated stands are
from '"Net and Gross Yield for Natural Stands of Douglas-fir" by King and

wWiley (1963).

The growth and yield of stands following fertilization is estimated by
the addition of 7%, 13%, 20%, 27% of the height increment and 0.5, 0.7,
1.0, 1.3 inches in DBH increment for 100, 200, 300, and 400 pounds of
elemental nitrogen, in the form of urea, for each five year period. The
duration of the growth response to fertilization is limited to a single
five year period. The growth and yield of stands for periods following
the period immediately after fertilization is estimated by applying the
equation for basal area growth developed by King (1970). The estimates
of number of trees, average DBH, and total volume are estimated from
basal area using modified equations from King and Wiley (1963). These
responses to fertilization and those for thinned stands are based upon
experiments and analyses reported by Flewelling (1975), Gessel, et al

(1969), Webster (1975) and University of Washington (1975).

All the thinning treatments considered in the analysis are low thinnings.
The treatments considered were a removal of 10, 20, 30 and 40 percent of
the basal area in a single thinning. These thinnings are simulated by
distributing the trees in unthinned stands according to cumulative stand
diameter distributions developed by King (1964) and accumulating trees to
be removed in a thinning from the smallest diameter classes until the

required basal area removal is achieved. The trees remaining in the



simulated stand are grown using a system of equations developed by

Bower and Shaw (1975). Thinning treatments in subsequent periods are
simulated by repeating the steps for the initial thinning to diameter
distributions of the stand at the time of treatment, and growing the
stand following thinning through application of the previously mentioned

equations (Bower and Shaw, 1975).

The yield of stands that are thinned and fertilized is estimated by
adding 13, 27, 40 and 53 percent to basal area and height growth for
100, 200, 300 and 400 pounds of nitrogen respectively during the five
year period following fertilization. As in the growth estimates for
fertilization of unthinned stands, the response to fertilization was

limited to a single five year period.

In addition to being used in the simulation of thinning treatments
distributions of volume over diameter class are calculated for the yield

at each interval and used in the estimation of stumpage prices.

Yield tables for combinations of treatments considered in the analysis

are given at the end of this appendix.

Ad Valorem taxes used in the analysis are based upon similar taxes in
the State of Washington. The taxes levied by the State of Washington

which pertain to the production of timber crops are an annual tax of 1-1/27%
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excise tax on the market value of the stumpage which is paid at the
time the trees are cut (Washington Forest Protection Association, 1975).
For this analysis all transactions are on stumpage and the yield tax is
considered an element of the harvesting operation and not explicitly

included in the analysis.

However, the ad valorem tax on forest land is relevant to the analysis
of stand treatments. In the analysis the quantity of tax on land is
measured in annual units. Therefore, the quantity of ad valorem tax is
estimated as 2.5 per acre units for period 0 and 5 per acre units for

each subsequent period.

Estimates of the quantity of overhead required by the compartment in
the analysis are made up of two components: (1) the number of professional
man years per year required to manage the compartment; and (2) the number

of units of protection required to ensure that the crop is not destroyed.

Estimates of the number of professional forester manyears per year required
to manage the compartment are based upon statistics compiled by the

Industrial Forestry Association (1975) and are summarized in Table C-2.

To determine if a significant trend exists between the number of
professional forester manyears required to manage industrial forests and
time, the data for period and professional forester manyears per acre are

fitted to a single linear regression of the form:



Table C-2
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1

Acres per Professional Forester Manyear by Year

Acres per Professional
Professional Forester
Forester Manyears
Year Period Manyear per Acre
Number Acres Manyears

1949 -26 36,193 0.00002763
1950 -25 28,931 0.000034565
1951 -24 25,369 0.000039418
1952 -23 24,709 0.000040471
1953 -22 24,664 0.000040545
1954 -21 23,483 0.000042584
1955 -20 22,383 0.000044677
1956 ~-19 22,238 0.000044968
1957 -18 22,937 0.000043598
1958 -17 23,560 0.000042445
1959 -16 21,487 0.00004654%
1960 -15 22,563 0.00004432
1661 -14 23,880 0.000041876
1962 -13 21,596 0.000046363
1963 -12 19,740 0.000050658
1964 ~11 21,485 0.000046544
1965 -10 20,823 0.000048024
1966 -9 17,749 0.000056341
1967 -8 17,057 0.000058627
1968 -7 16,392 0.000061005
1969 -6 18,628 0.000053683
1970 -5 17,087 0.000058524
1971 -4 18,148 0.000055102
1972 -3 16,764 0.000059652
1973 -2 16,919 0.000059105
1974 -1 14,958 0.000066854

ltrom: Industrial Forestry Association (1975)



Manyears per acre = bO + bl period

b, = 0.000063281

b, = 0.0000011145

The square of the linear correlation

coefficient (R%?) = 0.8629

The standard error of estimate for manyears per acre = 0.000032174

The calculated F-ratio for the regression indicated that the coefficient

bl was significantly different from O.

Based on this information the number of professional forester manyears
required to manage the compartment is estimated from this equation by
extrapolation through the year 2000. Beyond the year 2000, the professional
forester manyears are estimated to remain constant at the level of the

year 2000 to the end of the analysis period. The result of this

estimation procedure is given in Table C-3

The units of protection are estimated as annual acre units and are

summarized in Table C-4.

The quantity of fertilizer required as inputs for the five fertilizer
prescriptions considered are measured in terms of the number of pounds

of elemental nitrogen prescribed on a total compartment basis.



273

Table C-3

Estimated Number of Professional Forester Manyears

Required to Manage the Compartment by Interval

Professional Forester

Manyears
Interval Estimation Per Acre Total Comp.
Point Per Year Per Interval
Manyears
0 1975 0.00006328 0.3605
1 1980 0.00006885 0.7846
2 1985 0.00007443 0.8481
3 1990 0.00008 0.9116
4 1995 0.00008557 0.9751
5 2000 0.00009114 1.0386

5+ 0.00009114 1.0386
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Table C-4

Estimated Quantity of Protection Required

for the Compartment by Interval

Protection Units
Interval Estimation Per Acre Total Compartment
Point Per Year Per Interval
Number
0 1975 1 5,697.5
1 1980 1 11,395.0
1+ 1 11,395.0
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The quantity of thinning associated with any thinning treatment is
estimated as the amount of stumpage removed measured in cubic feet
total volume. When a thinning treatment involves an input, as would

be the case if the sale of the volume to be removed created a cost, the
convention was adopted of describing the volume removed as an input to
the investment sequence. If the sale of stumpage associated with a

thinning treatment creates revenue the volume of timber removed by the

treatment was treated as an output.

The regeneration treatments which are considered do not require any
measured inputs. The yields following the natural regeneration treatment
are estimated by assuming a five year delay in the establishment of

regeneration followed by a stand with Growing Stock Index 220.

Price. All price estimates used in the demonstration analysis are in

1975 dollars. For this reason the first step in the development of price
estimates for inputs and outputs is the conversion of recorded market
prices to their equivalence in 1975 dollars. This is accomplished through
the use of the "Consumer Price Index" published by the U.S. Department

of Commerce (1973 and 1975). The index of consumer prices used in

estimation of prices for this analysis is given in Table C-5.

The calculation of expected Present Certainty-Equivalent Value requires

that distortions associated with taxes be removed from external prices.
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Table C-5

Consumer Price Index! 1947-1975

Year Consumer Price Index
1967 = 100 1975 = 100

1947 66.9 42.4
1948 72.1 45.7
1949 71.4 45,2
1950 72.1 45.7
1951 77.8 49.3
1952 79.5 50.4
1953 80.1 50.8
1954 80.5 51.0
1955 80.2 50.8
1956 81.4 51.6
1957 84.3 53.4
1958 86.6 54.9
1959 87.3 55.3
1960 88.7 56.2
1961 89.6 56.8
1962 90.6 57.4
1963 91.7 58.1
1964 92.9 58.9
1965 94,5 59.9
1966 97.2 61.6
1967 100.0 63.4
1968 104.2 66.0
1969 109.8 69.6
1970 116.3 73.7
1971 121.3 76.9
1972 125.3 79.4
1973 133.1 84.3
1974 147.7 93.6
19752 157.8 100.0

lfrom: U.S. Department of Commerce (1973 and 1975)

2pased upon index for January-May
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To accomplish this the approximation of United States corporate income
taxes used by Grant and Ireson (1970) is adopted. This approximation

is the assumption that the marginal rate of income tax on ordinary income
for corporation is 507 and the marginal rate on capital gains income is
25%. The tax adjustment calculations are further simplified by ignoring
the purchase price of the land and application of the external stumpage
prices to natural stands with no allowance for depletion. These
simplifications allow the prices to be adjusted to after tax prices by

the application of factors calculated from the follcwing formulae:

Ordinary income after tax price.
After tax price = (1 - marginal tax rate) external price

After tax price = .5 external price

Capital gains income after tax price

After tax price = .75 external price

For a more detailed discussion of the impact of taxes on forestry in
particular and investment in general see Duerr (1960) Chapter 27 and

Grant and Ireson (1970) Chapters 16 and 17.

The external price of land used in the analysis is based on the market
price for forest land of average site quality and favorable access and
topography as compiled by the Washington State Department of Revenue

for 1975. This price was increased at the rate of 1.l percent per year,
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to reflect the general rate of increase in population (U.S. Forest Service,
1973) to the year 2000. After the year 2000, the price of land is
estimated as constant at the level of the year 2000. A summary of land

prices used for the demonstration analysis is given in Table C-6.

The estimated external price of growing stock used for the analysis is
based upon the average price for west side Douglas—-fir saw timber sold
on National Forests (U.S. Forest Service, 1963: Hamilton, 1965; and
Ruderman, 1975). The stumpage price to the year 2000 was estimated by
applying the 100 percent increase forecast by the U.S. Forest Service
(1973) to the 1970 price. These prices and the resulting forecasts are

summarized in Table C-7 and Figure C-3.

Stumpage prices were estimated for 1 inch DBH classes for the purpose of
forecasting more accurately the prices associated with the stand
structures which follow stand treatments. This was done by plotting

a straight line on semi-logarithmic paper between the 6 inch DBH class,
which was assumed to have a 0 price and the 26 inch DBH class which was
assumed to have the average stumpage price for the interval. The results

of this forecasting procedure are given in Figures C-4 to C-9 and Table

C-8.

The annual ad valorem tax on forest land in the State of Washington is
1-1/2% of market value. The price of ad valorem taxes used in the

demonstration analysis is summarized in Table C-9.
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Table C-6

Estimated market price for the land in the
compartment by interval

Interval Estimation Market
Point Price
Per Acre

Year 1975 §

0 1975 77.00

1 1980 81.33

2 1985 85.90

3 1990 90.73

4 1995 95.83

5 2000 101.22

5+ 101.22
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Table C-7

Average stumpage price for westside douglas-fir
sawtimber sold on national forestsl

Year Price
$ /MBF $/Cu. Ft.2 19758/Cu.Ft.

1952 21.00 0.1321 0.2621
1953 15.50 0.0975 0.1919
1954 18.00 0.1132 0.222
1955 38.20 0.2403 0.4729
1956 37.80 0.2377 0.4607
1957 26.20 0.1648 0.3086
1958 21.80 0.1371 0.2497
1959 36.80 0.2314 0.4185
1960 32.00 0.2013 0.3581
1961 27.60 0.1736 0.3056
1962 - 24.80 0.1560 0.2717
1963 28.00 0.1761 0.3031
1964 38.10 0.2396 0.4068
1965 42 .60 0.2679 0.4473
1966 50.00 0.3145 0.5105
1967 41.70 0.2623 0.4137
1968 61.20 0.3849 0.5832
1969 82.20 0.5170 0.7428
1970 41.90 0.2635 0.3576
1971 49.10 0.3088 0.4016
1972 71.70 0.4509 ~ 0.5679
1973 138.10 0.8686 1.0303
1974 202.80 1.2755 1.3627
1975 160.10 1.0069 1.0069

1From: U.S. Forest Service, 1963. Table 2
Hamilton, 1965. Table 13
Ruderman, 1975. Table 34

21 MBF. = 159 cu. ft.

3lst and 2nd quarters only
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Teble C-8
Fstimated Douglas—fir clearcut stumpage price per cubic foot by interval and
DBE class
Interval
DBH
Class G 1 2 3 4 5 54
Inches 1975 Dollars per Cubic Foot
2 -0.0385 -0.0290 -0.0305 -0.0315 -0.0330 ~-0.0345 -0.0345
3 -0.0305 -0.0230 ~0.0240 -0.0245 ~-0.0255 -0.0270 -0.0270
4 -0.0215 -0.0165 -0.0170 ~-0.0170 -0.0180 -0.0190 -0.0190
5 -0.0115 -0.0085 -0.0090 -0.0090 -0.0095 ~0.0100 -0.0100
6 0.0000 0.00C0 0.00%0 0.0000 0.0000 0.0000 0.0000
7 0.0125 0.0075 0.0080 0.0100 0.0110 0.0120 0.0120
8 0.0270 0.0175 0.0190 0.0210 0.0225 0.0270 0.0270
S 0.0430 0.0275 0.0310 0.0340 0.0350 0.0370 0.0370
10 0.0610 0.0390 0.0430 0.0460 0.0480 0.0525 0.0525
11 0.0820 0.0525 0.0560 0.0610 0.0640 0.0680 0.0680
12 0.1050 0.0650 0.0710 0.0770 0.0810 0.0875 0.0875
13 0.1310 0.0810 0.0860 0.0940 0.0990 0.1080 0.1080
14 0.1500 0.0960 0.1040 0.1140 0.1200 0.1310 0.1310
15 0.1940 C.1140 0.1250 0.1350 0.1440 0.1560 0.1560
16 0.2310 0.1340 0.1450 0.1580 0.1680 0.1850 - 0.1850
17 0.2720 0.1540 0.1675 0.1840 0.1980 0.2160 0.2160
13 0.3220 0.1770 0.1930 0.2120 0.2280 0.2520 0.2520
19 0.3750 0.2020 0.2200 0.2420 0.2620 0.2900 0.2900
20 0.4390 0.2290 0.2500 0.2799 0.3000 0.3350 0.3350
21 0.5075 0.2570 0.2840 0.3140 0.3420 0.3800 0.3800
22 0.5850 0.2875 0.3200 0.3560 0.3900 0.4350 0.4330
23 0.6700 0.3240 0.3590 0.4000 0.4425 0.4925 0.4925
24 0.7700 0.3610 0.4010 0.45C0 0.4975 0.5575 0.5575
25 0.8850 0.4010 0.4550 0.5100 0.5650 0.6325 0.6325
26 1.0069 0.4500 0.5050 0.5660 0.6350 0.7152 0.7152
27 1.1500 0.4950 0.5600 0.6350 0.7075 0.8000 0.8000
28 1.3200 0.5500 0.6200 0.7100 0.7950 0.9000 0.9000
29 1.4900 0.6050 0.6900 0.79090 0.8900 1.0200 1.0200
30 1.7000 0.6700 0.7650 0.8800 0.9900 1.1400 1.1400
31 1.9250 0.7400 0.8450 0.9750 1.1100 1.2700 1.2700
32 2.1900 0.8100 0.9300 1.0750 1.2300 1.4250 1.4250
33 2.4900 0.8900 1.0400 1.1%00 1.3750 1.5900 1.5900
34 2.8100 0.9750 1.1400 1.3300 1.5400 1.7750 1.7750
35 3.2000 1.0800 1.2500 1.4750 1.7000 1.9900 1.9900
36 3.6100 1.1800 1.3800 1.6250 1.8900 2.2200 2.2200
37 4.0900 1.3000 1.5200 1.8000 2.1000 2.4750 2.4750
38 4.6000 1.4250 1.6750 1.9900C 2.3400 2.7500 2.7500
39 5.2000 1.5500 1.8400 2.2000 2.5800 3.0750 3.0750
40 5.9000 1.7100 2.0250 2.4250 2.8800 3.4400 3.4400
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Table C-9

Fstimated price of ad valorem in the compartment per tax unit by
interval

Interval Estimation Price
Point Per Tax
Unit
Year 1975 §
0 1975 1.155
1 1980 1.22
2 1985 1.2885
3 1990 1.361
4 1995 1.4374
5 2000 1.5183

5+ 1.5183
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Estimates of the price of overhead are made for each of the components
discussed earlier. The price of professional foresterman years is

based on the median income of professional foresters employed in private
industry as reported by Eyre (1960), Evans (1965), Thompson et al. (1974)
and (1975). This data is summarized in Table C-10. To estimate the price
of a professional forester manyear the salaries, in 1975 dollars, are
doubled to estimate the full cost of a manyear. The data are then fitted

to a simple linear regression of the form;

Price per manyear = bO + bl period

to determine if a significant trend exists between the price per
professional forester manyear and time. Values of the constant and

coefficient are:

b, = 36,007.3721

0
bl = 570.5109
The square of the linear correlation coefficient (R?) = .9509

The standard error of estimate for price per manyear = 31,377.06

resulted and the calculated F~ratio indicated that the coefficient bl was
significantly different from 0. Based on this information the price of
professional foresterman years is estimated from this equation by extra-
polation through the year 2000. Beyond the year 2000 the price is estimated
to remain constant at the level of the year 2000. The results of this

estimation procedure are summarized in Figure C-10 and Table C-11.
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Table C-10

Median Income of Professional Forestors Employed in Private Industryl.

Year Income

Dollars 1975 §
1959 7,300.00 13,200.72
1964 8,910.00 15,127.33
1972  14,000.00 17,632.24
1974 16,110.00 17,211.54

1 From: Eyre (1960), Evans (1965), and Thompson et. al. (1974) and (1975).
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Table C--11

Estimated price of professional
forester manyears by interval

Interval

5+

293

Estimation
Point

Year

1975

1980

1985

1990

1995

2000

2000+

Price/
Manyear

1975 §

36,007.37
38,859.93
41,712.48
44,565.04
47,417.59
50,270.15

50,270.15
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The price of an annual unit of protection is based upon the average
protection cost per acre per year for industrial tree farms compiled
by the Industrial Forestry Association (1975) and given in Table C-12.

This data was also fitted to a simple linear regression of the form:

Price of an acre protection unit per year = b0 + b1 period

0.5071

o
i

0.0158

U‘
i

The square of the linear correlation coefficient (R?®) = 0.5122
The standard error of estimate for price per acre per year of

protection = 0.12.

The calculated F-ratio indicated that the coefficient bl was significantly
different from 0. Based upon this information the price of an annual per
acre protection unit is estimated from this equation by extrapolation
through the year 2000. Beyond the year 2000 the price of protection

units used in the analysis are given in Table C-13.

The price of time or the discount rate used in the demonstration analysis
is based upon the real rate of return earned by marginal shares of a
portfolio of common stocks of forest products firms traded on the New York
Stock Exchange between 1955 and 1975. The data upon which the estimate

of the discount rate is based are summarized in Tables C-14 to C-16.
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Table C-12

Average protection cost
per acre per year1

Average Protection

Year Cost/Acre/Year
Dollars 1975 $
1949 0.31 0.73
1950 0.35 0.77
1951 0.46 0.93
1952 0.48 0.95
1953 0.47 0.93
1954 0.46 0.90
1955 0.47 0.93
1956 0.52 1.01
1957 0.52 0.97
1958 0.46 0.84
1959 0.43 0.78
1960 0.43 0.77
1961 0.38 0.67
1962 0.36 0.63
1963 0.32 0.55
1964 0.32 0.54
1965 0.34 0.57
1966 0.37 0.60
1967 0.40 0.63
1968 0.29 0.44
1969 0.35 0.50
1970 0.39 0.53
1971 0.47 0.61
1972 0.47 0.59
1973 0.50 0.59
1974 0.75 0.80

lrrom: Industrial Forestry Association (1975)



Table C-13

Estimated price per acre per year
of 2 unit of protection

296

Interval Price
Year 1975 §

0 1975 0.5071

1 1980 0.4281

2 1985 0.3491

3 1990 0.2701

4 1995 0.1911

5 2000 0.1121

5+ 2000+ 0.1121
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This data was also fitted to a simple linear regression to determine

if a time trend could be identified. However, the statistical tests
indicated that the coefficient for the time variable is not significantly
different from 0. Based on this information the discount rate is
estimated to be constant through the psriod of the analysis. A discount
rate based on the mean annual rate of return of the stocks in the
portfolio is the basis for the discount rate appropriate to the risk
class of investments in timber production. The discount rate for each

interval in the analysis is given in Table C-17.

The price of fertilizer treatments is based upon historical per acre

costs of fertilization on industrial tree farms in the Douglas-fir region
(Industrial Forestry Association, 1975). This data is summarized in

Table C-18. There is insufficient data to justify the estimation of
different prices for fertilizer treatments for different intervals in

the analysis period. Further, the cost data are assumed to be the result
of the application of a standard treatment of 150 pounds of elemental
nitrogen per acre in the form of urea. The application of this assumption
results in an estimated price of 0.1796, 1975 dollars, per pound of

elemental nitrogen for fertilizer treatments.

The price of thinning treatments is determined by applying an estimated
stumpage price to the estimate of volume removed in the treatment. The
stumpage price of volume removed in thinning is based on the average

difference of $.24 per cubic foot reported for 1975 between the stumpage
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Table C-17

Estimated discount factor for investments in the risk class of timber
production by interval

Interval Estimation Discount
Point Factor
Year (1 + r)*n
0 1975 1.0
1 1980 1.49674
2 1985 2.24023
3 1990 3.5304
4 1995 5.01864
5 2000 7.51159
6 2005 11.2429
7 2010 16.8277
8 2015 25.1867
9 2020 37.6979
10 2025 56.4240
11 2030 84.4521

r = 0.084



302

Table C-18

Average cost of forest fertilization by year of treatment.}

Year Average cost of
forest fertilization
per acre
Dollars 1975 §

1968 22.02 33.36

1969 18.47 26.54

1970 15.53 21.07

1971 17.97 23.37

1972 16.72 21.06

1973 22.21 27.06

1974 33.82 36.13

Mean 26.94

lfrom: Industrial Forestry Association (1975)
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price paid for young growth Douglas-fir and Douglas-fir thinnings
reported by the Washington State Department of Revenue. This difference
was applied as a reduction to the stumpage price of trees with a 26 inch
DBH, and the stumpage price of trees of other DBH classes was estimated
from a line parallel to the base line for clearcut stumpage prices.

This is illustrated in Figures C-4 to C-9. The resulting stumpage

prices for volume removed in thinnings are given in Table C-19.

The natural regeneration treatment considered in the analysis required
no inputs other than those involved in waiting for the next stand to
become established. Therefore, there are no unique prices associated

with this regeneration treatment.

Yield Tables For Treatment Combinations Considered In The Demonstration
Analysis

The abbreviated yield tables which follow present estimates in the form of

per acre summaries of stand yield for all combinations of treatments considered
in the analysis. The tables are presented in the order in which treatments

are considered. The underlined entries in the table represent the stand

conditions existing at the start of each interval.

The description of the column headings in the tables is as follows:

Site Index: Height of site trees at breast height age 50 years. Site

trees are the ten trees of largest DBH from a sample of 50 trees (King, 19656).
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Table C-19

Estimated stumpage price of douglas-fir thinnings per cubic foot by
interval and DBH class

Interval
DBH
Class 0 1 2 3 4 5 S5+
Inches 1975 Dollar Per Cubic Foot
2 -0.0522 -0.0605 -0.0581 -0.0568 -0.0552 ~0.0542 -0.0542
3 -0.0460 -0.0570 -0.0542 -0.0525 -0.0505 -0.0490 -0.0490
4 -0.0390 -0.0530 ~0.0490 -0.0475 -0.0455 -0.0435 -0.0435
5 -0.0310 -0.0490 ~0.0450 -0.0425 -0.0395 -0.0370 -0.0370
6 -0.0225 -0.0445 -0.0390 -0.0370 -0.0335 -0.0301 -0.0301
7 -0.0125 -0.0395 ~-0.0342 -0.0305 ~-0.0265 -0.0225 -0.0225
8 -0.0015 -0.0340 -0.0275 -0.0235 -0.0190 -0.0140 -0.0140
9 0.0120 -0.0280 -0.0210 -0.0160 -0.0100 ~0.0045 -0.0045
10 0.0250 -0.0215 -0.0130 -0.0070 -0.0001 0.0060 0.0060
11 0.0420 -0.0145 -0.0055 ~0.0020 0.0100 0.0175 0.0175
12 0.0590 -0.0070 0.0040 0.0120 0.0220 0.0310 0.0310
13 0.0800 0.0020 0.0130 0.0240 0.0320 0.0450 0.0450
14 0.1040 0.0110 0.0240 0.0350 0.0475 0.0625 0.0625
15 0.1290 0.0210 0.0350 0.0490 0.0640 0.0810 0.0810
16 0.1580 0.0320 0.0475 0.0640 0.0810 0.1000 0.1000
17 0.1920 0.0430 0.0625 0.0800 0.1000 0.1240 0.1240
18 0.2280 0.0560 0.0775 0.0975 0.1210 0.1475 0.1475
19 0.2700 0.0740 0.0940 0.1175 0.1450 0.1760 0.1760
20 0.3180 0.0850 0.1150 0.1400 0.1716 0.2075 0.2075
21 0.3725 0.1010 0.1325 0.1650 0.2000 0.2410 0.2410
22 0.4325 0.1190 0.1550 0.1900 0.2325 0.2800 0.2800
23 0.5000 0.1390 0.1780 0.2180 0.2675 0.3225 0.3225
24 0.5750 0.1610 0.2050 0.2500 0.3100 0.3700 0.3700
25 0.6650 0.1850 0.2350 0.2850 0.3500 0.4250 0.4250
26 0.7669 0.2100 0.2650 0.3260 0.395 0.4752 0.4752
27 0.8750 0.2380 0.3000 0.3650 0.4500 0.5450 0.5450
28 1.0000 0.2690 0.3375 0.4100 0.5050 0.6200 0.6200
29 1.1400 0.3010 0.3780 0.4650 0.5700 0.6990 0.6990
30 1.3000 0.3390 0.4250 0.5200 0.6450 0.7900 0.7900
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Growing Stock Index: Level of growing stock expressed as basal area

per acre when the age of a stand is 50 years at breast height, based on

the age of site trees (King, 1970).

Age: Average total age of site trees.

Height of Site Trees: Average total height of site trees.

Trees: Number of living trees.

Average DBH: Diameter of tree of average basal area.

Basal Area: Sum of the breast-height cross-sectional areas (including

bark) of all living trees larger than 1.5 inches DBH.

Total Volume: Total stem volume inside bark of all trees larger than

1.5 inches DBH.
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Table C-20

Abbreviated yield table for Douglas-fir

Stand data per acre for trees 1.6 inches DBH and larger

Site Index: 110 Growing Stock Index: 220

Treatments: DNone

Stand Ht. Site Ave. Basal Total
Age Trees Trees DBH Area Volume

Years Feet Number Inches Sq. Ft. Cu. Ft.
25 L6 284 6.0 55.9 10306
30 59 326 7.1 89.5 2024
35 70 332 8.1 119.8 3143
40 80 323 9.1 146.5 4308
45 90 307 10.1 170.0 5479
50 98 291 11.0 190.9 6630

Table C-21

Abbreviated yield table for Douglas-fir
Stand data per acre for trees 1.6 inches DBH and larger
Site Index: 110 Growing Stock Index: 220

Treatments: . Fertilization - Age 25, 100 pounds of elemental
nitrogen per acre

Stand Ht. Site Ave. Basal Total
Age Trees Trees DBH Area Volume2
Years Feet Number Inches Sq. Ft. Cu. Ft.
25 L6 284 6.0 55.9 1036
30 60 238 7.5 72 .4 1643
35 71 255 8.5 101.0 2655
40 82 257 9.5 126.8 3733

45 91 251 10.5 149.7 4828
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Table C-22

Abbreviated yield table for Douglas-fir
Stand data per acre for trees 1.6 inches DBH and larger

Site Index: 110 Growing Stock Index: 220
Treatments: Fertilization - Age 25, 200 pounds of elemental
nitrogen per acre

Stand Ht. Site Ave, Basal Total
Age Trees Trees DBH Area Volume

Years Feet Number Inches Sq. Ft. Cu. Ft.
25 46 284 6.0 55.9 1036 °
30 60 266 7.4 79.0 1801
35 71 280 8.4 108.4 2861
40 82 278 9.4 134.5 3975
45 91 269 10.4 157.7. 5105

Table C-23

Abbreviated yield table for Douglas-fir
Stand data per acre for trees 1.6 inches DBH and larger
Site Index: 110 Growing Stock Index: 220

Treatments: Fertilization - Age 25, 300 pounds of elemental
nitrogen per acre

Stand Ht. Site Ave. Basal Total
Age Trees Trees DBH Area Volume
Years Feet Number Inches Sq. Ft. Cu. Ft.
25 46 284 6.0 55.9 1036
30 61 287 7.4 85.8 1989
35 72 298 8.4 115.8 3102
40 83 293 9.4 142.3 4261

45 92 282 10.4 165.7 5428
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Table C-24
Abbreviated yield table for Douglas-fir

Stand data per acre for trees 1.6 inches DBH and larger

Site Index: 110 Growing Stock Index: 229
Treatments: Fertilization - Age 25, 490 pounds of nitrogen per acre
Stand Ht. Site Ave. Basal Total
Age Trees Trees DBH Area Volume
Years Feet Number Inches Sq. Ft. Cu. Ft.
25 4o 284 6.0 55.9 - 1035
30 62 310 7.4 92.9 2190
35 73 317 8.5 123.6 3360
40 84 309 9.4 150.4 4564

45 93 295 10.4 174.0 5769
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Table C-45
Abbreviated yield table for Douglas-fir

Stand data per acre for trees 1.6 inches DBI and larger

Site Index: 110 Growing Stock Index: 99y

Treatments: Natural regeneration

Stand Ht. Site Ave. Basal Total
Age Trees Trees DBH Area . Volume

Years Feet Number Inches Sq. Ft. Cu. Ft.
15 19 193 3.4 12.4 123
20 32 238 4.3 24.3 342
25 46 284 6.0 55.9 1036
30 59 326 7.1 89.5 2024
35 70 332 8.1 119.8 3143
40 80 323 9.1 146.5 4308
45 90 307 10.1 170.0 5479
50 98 291 11.0 190.9 6630

Table C-46

Abbreviated yield table for Douglas—fir

Stand data per acre for trees 1.6 inches DBH and larger

Site Index: 120 Growing Stock Index: 220

Treatments: None :

Stand Ht. Site Ave. Basal Total
Age Trees Trees DBH Area Volume
Years Feet Number Inches Sq. Ft. Cu. Ft.
25 53 228 7.0 60.2 1239
30 65 257 8.2 93.4 2322
35 79 261 9.3 123.4 3539
40 90 254 10.4 149.8 4795
45 100 242 11.4 173.2 6061
50 109 230 12.4 194.1 7307
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Table C-47
Abbreviated yield table for Douglas-fir
Stand data per acre for trees 1.6 inches DBH and larger

Site Index: 120 Growing Stock Index: 220
Treatments: Fertilization: Age 25, 100 pounds of elemental
nitrogen per acre

tand Ht. Site Ave. Basal Total
Age Trees Trees DBH Area Volume
Years Feet Number Inches Sg. Ft. Cu. Ft.
25 53 228 7.0 60.2 1239
30 65 210 8.2 76.9 1859
35 79 212 9.5 105.3 2990
40 90 213 10.6 130.9 4152
45 100 207 11.7 153.9 5340
Table C-48

Abbreviated yield table for Douglas-fir
Stand data per acre for trees 1.6 inches DBH and larger
Site Index: 120 Growing Stock Index: 220

Treatments: Fertilization: Age 25, 200 pounds of elemental
nitrogen per acre

Stand Ht. Site Ave. Basal Total
Age Trees Trees DBH Area Volume
Years Feet Number Inches Sq. Ft. Cu. Ft.
25 53 228 7.0 60.2 1239
30 66 225 8.2 83.2 2044
35 79 230 9.4 112.3 3201
40 90 228 10.5 138.2 4399

45 100 220 11.6 161.3 5615
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Table C-49
Abbreviated yield table for Douglas—fir

Stand data per acre for trees 1.6 inches DBH and larger
Site Index: 120 Growing Stock Index: 220

Treatments: Fertilization: Age 25, 300 pounds of elemental
nitrogen per acre

Stand Ht. Site Ave. Basal Total
Age Trees Trees DBH Area Volume

Years Feet Number Inches Sg. Ft. Cu. Ft.
25 53 228 7.0 60.2 1239
30 67 241 8.3 89.7 2238
35 79 246 9.4 119.3 3430
40 90 242 10.5 145.6 4671
45 100 232 11.6 168.9 5922

Table C-50

Abbreviated yield table for Douglas-fir
Stand data per acre for trees 1.6 inches DBH and larger
Site Index: 120 Growing Stock Index: 220

Treatments: Fertilization: Age 25, 400 pounds of elemental
nitrogen per acre

Stand Ht. Site Ave. Basal Total
Age Trees Trees DBH Aren Volume
Years Feet Number Inches Sa. Ft. Cu. Ft.
25 53 228 7.0 60.2 1239
30 68 258 8.3 96.6 2L48
35 80 261 9.4 126.8 3696
40 91 254 10.5 153.3 4978

45 101 242 11.6 176.8 6267
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Table C- 771
Abbreviated yield table for Douglas-fir
Stand data per acre for trees 1.6 inches DBH and larger

Site Index: 120 Growing Stock Index: 220
Treatments: Natural regeneration

Stand Ht. Site Ave. Basal Total
Age Trees Trees DBH Area Volume
Years Feet Number Inches Sq. Ft. Cu. Ft.
15 23 126 4,1 11.8 . 131
20 38 159 5.7 27.8 440
25 53 228 7.0 60.2 1239
30 66 257 8.2 93.4 2322
35 79 261 9.3 123.4 3539
40 90 254 10.4 149.8 4795
45 100 242 11.4 173.2 6061

50 109 230 12.4 194.1 7307



