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Abstract

In this paper we concentrate on the observable implications of the discounted
utility model of time-preference. We consider a framework in which subjects are al-
lowed to choose between pairs consisting of a reward and a time-delay at which the
prize is delivered. Given a finite set of observations, we are interested in conditions
under which choices of an agent can be rationalised by a discounted utility maximi-
sation. We develop an axiomatic characterisation of time-preference with various
forms of discounting, including weakly present-biased, quasi-hyperbolic, and expo-
nential, and determine the testable restrictions for each specification. Moreover, we
discuss possible identification issues that may arise in this class of tests. Finally,

we apply the methods to study the impact of substance abuse on time-preference.

Keywords: revealed preference, testable restrictions, rationalisation, time-prefe-
rence, discounted utility, hyperbolic discounting, exponential discounting
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1 Introduction

Consider the following experiment. In each trial an agent is asked to choose a pair (x,t),
consisting of a reward x € Rﬂ delivered at a time-delay t € N, from a finite set of options

A. Suppose that, in each attempt, both the set A and the actual choice are observable.
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Given a finite number of repetitions of the experiment, under what conditions imposed
on the set of observations it is possible to rationalise the choices of the agent by a utility
maximisation? That is, when there is a function v : R} x N — R such that, for any set

of feasible options A and the corresponding choice (z,t), we have
v(z,t) >v(y,s), for all (y,s) € A?

Clearly, without any additional restrictions imposed on v, the above problem is trivial,
since any constant function satisfies the above condition. For this reason, given our
setting, we focus on a class of functions that are strictly increasing with respect to rewards
and strictly decreasing in time-delays. In particular, we are interested in preferences that
are separable with respect to the two variables. That is, we discuss conditions under
which the observable choices of agents can be supported by a discounted utility function
v(z,t) = u(x)y(t), where u : RY — R, is an instantaneous utility function, while
v : N — (0,1] is a discounting function.

The separable specification of time-preference seems to be particularly important from
the economic point of view. The discounted utility model plays a crucial role throughout
the economic analysis and is widely accepted as a valid normative standard for pub-
lic policies, as well as a descriptively accurate representation of the actual behaviour of
economic agents. However, in the recent years an important question was raised con-
cerning the form of the discounting function that reflects the actual time-preferences of
consumers. In particular, alternative specifications of hyperbolic and quasi-hyperbolic
discounting were proposed, which could explain various observations anomalous in the
model of exponential discounted utility, formerly dominant in economics. See Frederick,
Loewenstein, and O’Donoghue (2002) for a detailed discussion concerning this topic.

We propose an axiomatic characterisation of time-preference in a framework where the
domain of choices is restricted to pairs of rewards and time-delays. Our prize-time set-up
is similar to the one discussed in Fishburn and Rubinstein (1982), Ok and Masatlioglu
(2007), Bleichrodt, Rohde, and Wakker (2009), or Noor (2011). However, unlike those
papers, we do not take the preference relation of an agent as a primitive; rather, we assume
that the observer can monitor only a finite number of choices made by the consumer.
This restriction significantly affects conditions characterising time-preference. Since the
observable choices induce only an incomplete preference ordering over the space of prize-
time pairs (z,t), the question is how to extend the relation in a way that is consistent
with a certain type of a utility function. Whether this is possible or not determines if a

given data set can be rationalised by a specific form of time-preference.



The main motivation of this paper is to establish the testable restrictions for various
models of inter-temporal choice. In particular, we are interested in conditions that would
allow us to demarcate between different specifications of the discounted utility model,
including its hyperbolic, quasi-hyperbolic, and exponential representations.

We consider our framework to be relevant from the perspective of empirical applica-
tions. There are numerous examples of experiments in which subjects are asked to choose
between monetary payments delivered with various time-delays. This includes an exten-
sive list of studies discussed by Frederick, Loewenstein, and O’Donoghue (2002, Table
1), as well as the experiments performed by Kirby and Petry (2004), Chabris, Laibson,
Morris, Schuldt, and Taubinsky (2008, 2009), Andersen, Harrison, Lau, and Rutstrom
(2008, 2013, 2014), Benhabib, Bisin, and Schotter (2010), Coller, Harrison, and Rutstréom
(2012), or Dohmen, Falk, Huffman, and Sunde (2012). The design of these studies allows
us to apply our results directly to the observations they generate. In fact, in Section 5
we implement our tests to the data from the experiment by Kirby and Petry (2004), in
order to study the impact of substance abuse on time-preference.

We begin our discussion in Section 2, where we introduce the notation as well as some
preliminary results. Throughout the paper our axiomatic characterisation is imposed
on the directly revealed preference relation induced by the set of observations. We say
that a pair (z,t) is directly revealed preferred to (y,s), whenever there exists at least
one observation of the experiment such that both options were available, i.e., they both
belonged to the some feasible set A, and (x,t) was chosen. We shall denote (x,t) R*(y, s).
The main difficulty in our problem is to determine a preorder that extends the directly
revealed preference relation to the whole domain ]Rﬁ x N of the prize-time pairs. In
addition, we need to guarantee that the ordering can be represented by a utility function
that possesses the desirable properties, in particular, monotonicity and separability.

First, we present restrictions for a general specification of time-preference. By evoking
a spacial case of the generalised cyclical consistency axiom discussed in Nishimura, Ok,
and Quah (2013), we determine necessary and sufficient conditions under which the set
of observations can be rationalised by a utility function v : Rﬂ x N — R, that is strictly
increasing with respect to rewards z and strictly decreasing in time-delays t. We show
that the set of observations can be rationalised in the above sense, whenever the revealed
preference relation combined with the imposed partial ordering on Rﬂ x N does not induce
any strict cycles over the observable options. Hence, our result is a direct application of
the Rationalisability Theorem II, presented in the aforementioned paper.

The first main theorem of this paper is introduced in Section 3, where we provide



an axiomatic characterisation of the discounted wutility model. Since this form of time-
preference is a special case of the representation discussed in the previous paragraph, cycli-
cal consistency remains a necessary condition, but it is no longer sufficient. We introduce
an alternative restriction called dominance axiom. Roughly speaking, the axiom requires
that there exists no collection of directly revealed preference relations (z,t) R*(y,s) in
which the distribution of rewards y, appearing in the inferior options, first order stochas-
tically dominates the distribution of prizes  in the preferred pairs, while the distribution
of time-delays t first order stochastically dominates the distribution of s.

Our approach to characterisation of time-preference via the notion of stochastic dom-
inance is novel. However, the tools we use to show the necessity and sufficiency of our
axioms are similar to those applied in the classical literature on intuitive probability and
additive plausibility (see, e.g., Kraft, Pratt, and Seidenberg, 1959 or Scott, 1964). In par-
ticular, dominance axiom has a similar flavour to the cancellation law used extensively
in this area of research. Moreover, our restriction describing the separable formulation
of time-preference resembles the condition characterising the expected utility hypothe-
sis, introduced by Border (1992). In his paper, Border concentrates on observable choices
over sets of lotteries, and discusses conditions under which they can be rationalised by the
expected utility model. The restriction of ex-ante dominance, that he proposes, hinges
on a specific form of the first order stochastic dominance between the observable and
an alternative, hypothetical choice function. Even thought the question we consider, the
framework we specify, as well as the tools we apply are substantially different from those
used by Border, the main line of our argument is similar.

The second main theorem of this paper, discussed in Section 4, focuses on conditions
characterising the weakly present-biased specification of the discounting function ~, for
which ratio v(¢)/v(t + 1) is a decreasing function of ¢t. Therefore, under our formulation,
the relative discounting between any two subsequent dates diminishes as they become
more distant in the future. We consider this class of time-preference to be particularly
relevant, as it admits the well-known hyperbolic, quasi-hyperbolic, and exponential spec-
ifications of the discounting function.

The condition characterising this class of time-preference is summarised by the cu-
mulative dominance axiom. Our restriction requires that there exists no collection of
directly revealed relations (z,t) R*(y, s) such that the distribution of prizes y in the infe-
rior options first order order stochastically dominates the distribution of rewards x, while
the distribution of time-delays ¢ second order stochastically dominates the distribution

of s. The condition is similar to the dominance axiom. However, unlike in the general



case of the discounted utility characterisation, it is necessary to consider samples in which
the distributions of time-delays are ordered with respect to the second order stochastic
dominance. Since the first order stochastic dominance implies the second, the cumulative
dominance axiom is more restrictive, as it is requires to verify a larger class of collections
from the directly revealed preference relation.

In the second part of Section 4, we draw our attention to an axiomatic characteri-
sations of two specific examples of weakly present-biased discounting functions: quasi-
hyperbolic and exponential. The testable implications of the two specifications are similar,
however, distinguishable. The essence of the two restrictions is summarised in the strong
cumulative dominance axiom. Its formulation and intuition is similar to the one of the
dominance and cumulative dominance axioms. Analogously to the previous conditions,
it focuses on distributions of rewards and time-delays of arbitrary collections drawn from
the directly revealed preference set, whilst requiring an even stronger form of stochastic
dominance between the distributions.

We are not the first to axiomatise time-preference in a setting with a finite number of
observations. Echenique, Imai, and Saito (2014) characterise various forms of the time-
separable model of inter-temporal choice in a framework where agents acquire streams
of a one-dimensional consumption good. In their setting, an observation consists of a
consumption path selected by the subject and prices at which the choice was made. Hence,
the set-up resembles the standard Afriat-type revealed preference test for consumption-
price data. The authors specify both necessary and sufficient conditions under which the
set of observations can be rationalised by different forms of time-separable preference.
What is crucial to their result, is the assumption concerning concavity of the instantaneous
utility function. Therefore, the test allows to test for only a subclass of discounted utility
models. On the other hand, our framework concentrates on the core implications of
the discounted utility theory. We dispense the assumptions that are not crucial to the
hypothesis and characterise these observable restrictions which are pivotal to this class
of models. Nevertheless, as our set-up differs substantially from the one adopted by

Echenique, Imai, and Saito, our results are not comparable.

2 Preliminaries

We begin the analysis with a formal specification of our framework. We define the domain
over which the agents determine their choices by X x T, where X := Ri and T := N.

Each element (z,t) of the set consists of a vector of rewards « € X and a time-delay



t € T at which the prizes are delivered.

An experiment £ is a collection of finite subsets A of X x T. In each trial a subject
is asked to choose a single element (z,t) from a set of feasible options A. Therefore, an
observation is an ordered pair (A, (z, t)) consisting of a set A € £ and an option (z,t) € A
that was selected by the agent. Denote the set of observations by O.!

Let A be the set of observable options, i.e., of all possible pairs of rewards and time-

delays that were offered to the agent at least once during the experiment. Hence,

A::UA.

Ae&

Note that, by construction, A is a finite subset of X x T. In addition, let the set of

observable rewards be given by
X:={zeX:(z,t) € A for somet}.

Therefore, X denotes the set of all prizes that were available to the subject at least once

during the experiment. Analogously, the set of observable time-delays is defined by
T:={teT:(zt) €A, for some z}.

In the following subsection we discuss the key properties of the revealed preference relation

induced by the set of observations O.

2.1 Revealed preference relations and mixed-monotonicity

For any elements (x,t) and (y, s) in A, we say that (z,t) is directly revealed preferred to
(y,s), if in at least one trial of the experiment both options (z,¢) and (y, s) were feasible
but the agent decided to choose (z,t) rather than (y, s). Formally, we say that the ordered
pair ((z,1), (y,s)) belongs to set R* defined by

R* = {((x,t), (y,5)) € Ax A: there exists some A € £

such that (z,t), (y,s) € A and (4, (z,t)) € O}.

LOur framework allows agents to make multiple choices from a single set A. However, each such
choice has to be considered as a separate trial “with replacement”. In fact, our framework does not allow
for consumers to choose several options simultaneously from a set of feasible options, as the sequence in
which the elements are chosen matters. Suppose that an agents chooses two elements (x,t) and (y, s)
from some set A “without replacement”. Then the corresponding observations are either (A, (z, t)) and
(A\{(z, 1)}, (y,s)), or (A, (y,s)) and (A\{(y,s)}, (z,t)), depending on which option was chosen first.



For convenience, we denote (z,t) R*(y,s) instead of ((z,t),(y,s)) € R*. Moreover,
whenever (z,t) R*(y, s) and (y, s) R*(x,t), we say that (z,t) is directly revealed indifferent
to (y,s). Nevertheless, we do not define the strict counterpart of R*.

A sample of the directly revealed preference relation is a finite, indexed collection
{ (2, t2), (yir 80)) }iel of elements in R*. In particular, we allow for samples to be gener-
ated “with replacement”. That is, a single element of R* may appear more than once in a

sample. In addition, for an arbitrary sample {((xz, t), (yi, sl))} we define probability

i€l
distributions p and v of rewards in the superior and inferior options by

w(z) :zﬁ|{i€]:xi:z}| and v(z) ::ﬁ‘{ie_f:yi:z}‘. (1)
Analogously, the corresponding distributions 7 and ¢ of time-delays are given by
7(2) ::ﬁHiEI:ti:z}} and o(2) ::‘—}"{iel:si:zﬂ. (2)

By construction, the supports of probability distributions p and v are contained in X,
while distributions 7 and o are defined over 7.

The purpose of our analysis is to establish conditions under which the set of obser-
vations O can be rationalised by a specific form of time-preference. Clearly, one of the
necessary conditions for rationalisation is existence of a transitive closure of R* over A.
We say that a complete, transitive, and reflexive preorder R C A x A is consistent with
relation R* if for any two (z,t), (y,s) € A, whenever (z,t) R*(y, s) then (z,t)R(y,s),
or equivalently R* C R.? We denote the strict counterpart of R by P. Hence, we write
(,t)P (y,s) whenever (z,t) R (y,s) and not (y,s) R (x,t).

For the purposes of this paper, we concentrate on a specific class of consistent pre-
orders. Let = denote a partial order on X x T such that, for any of its elements (x,t)
and (y, s), we have (z,t) = (y,s) whenever x > y and ¢t < s.° Moreover, the relation is
strict and denoted by x > y, if at least one of the above inequalities is strict. Loosely
speaking, we say that option (x,t) is greater than (y, s) with respect to =, if it offers a

greater reward at a shorter delay. A preorder R is mized-monotone, whenever for any

2Recall that, for any set S, a preorder (or quasiorder) R C S x S is a binary relation that is both
reflexive and transitive. In particular, for any x in S, we have z R z, while for any z, y, and z belonging

to S, whenever x Ry and yR z then zR z.
3For an arbitrary set S, a partial order = C S x S is a preorder satisfying antisymmetry. That is, for

any x, y in S, whenever x = y and y > x then x = y. Throughout the paper assume that Rﬂ is endowed
with the coordinate-wise partial order >. In particular, for any z, y in Rﬁ_ we say that the relation is

strict, i.e., x > y, whenever z > y and = # y.



two elements (z,t) and (y,s) in A, (x,t) = (y,s) implies (z,t) R (y,s), while z > y im-
plies (z,t) P (y,s). The definition suggests that whenever an agent is presented with two
options such that one of them has a (weakly) greater reward and a (weakly) shorter delay
than the other one, then the former option should be preferred. Clearly, not every set of
observations admits a consistent mixed-monotone preorder. In the following section we

discuss conditions under which there exists such an extension.

2.2 Mixed-monotone rationalisation

Set O is rationalisable if there exists a function v : X x T" — R, strictly increasing with

respect to =,* such that for any (A, (z, t)) € O, we have
v(x,t) >v(y,s), forall (y,s) € A.

In the remainder of the paper we focus on conditions under which the set of observations

can be rationalised by the above class of time-preference.

Axiom 1 (Cyclical consistency). For an arbitrary sequence {(:z:i,ti)}?zl belonging to
A such that (z;41,ti01) R* (x4, t;) or (xis1,tiv1) = (x4, t;), for alli = 1,...,n— 1, and
(x1,t1) = (T, 1), we have (x1,t1) = (Tp, ty).

The above axiom is a special case of the generalised cyclical consistency condition
formulated by Nishimura, Ok, and Quah (2013). It requires that, for any sequence of
observable options such that every subsequent element is directly revealed preferred to
or greater (with respect to =) than the preceding one, its first element cannot be strictly
greater than the ultimate one. Clearly, a violation of this condition implies the existence
of a strict cycle of revealed preference, which cannot be reconciled with a mixed-monotone
preorder on A. Hence, the requirement stated in the axiom is necessary for rationalisation.

Moreover, as we show in the proposition below, cyclical consistency is also sufficient.

Proposition 1. The following statements are equivalent.
(i) Set O is rationalisable.
(ii) Set O obeys cyclical consistency.
(iii) There exists a mized-monotone preorder R on A consistent with R*.

(iv) There exists a sequence {V(z ) }(zp)ea of real numbers such that (z,t) R* (y, s) implies

Viat) = Viy,s), while (x,t) = (y,s) implies v(zp > V(y,s)-

1That is, for any (z,t), (y,s) € X x T, whenever (z,t) = (y, s) then v(z,t) > v(y, s).



Proof. Implication (i) = (ii) = (iii) = (iv) follows directly from Nishimura, Ok, and Quah
(2013, Rationalizability Theorem II). To show (iv) = (i), take any sequence {v(z ) }(z,)ca
satisfying the property stated in the proposition and define function v : A — R by
v(x,t) 1= V. Clearly, it strictly increasing with respect to =, while (x,t)R*(y, s)
implies v(x,t) > v(y, s). Finally, by Husseinov (2010, Corollary 3), there exists a strictly

increasing extension of v to X x T that rationalises O. n

Proposition 1 is a special case of the result by Nishimura, Ok, and Quah (2013, Ra-
tionalisability Theorem II), who establish the necessity and sufficiency of the generalised
cyclical consistency condition for the existence of a utility function rationalising the choice
data in a general class of partially ordered spaces. In particular, the above proposition
implies that any set of observations satisfying the cyclical consistency axiom is rational-
isable. In addition, statement (iii) guarantees that in order to verify the condition, it is
both necessary and sufficient to determine the existence of a mixed-monotone preorder

consistent with the directly revealed preference relation.

Example 1. Let X = R, and T'= N. Suppose that the set of directly revealed preference

relations induced by the set of observations contains
(20,3) R*(10,0), (5,0) R*(15,3), (15,0) R*(20,1), and (10,2) R*(5,0).

Given Proposition 1, in order to verify whether the above set of observations satisfies
the cyclical consistency axiom, it is both necessary and sufficient to propose a consistent,

mixed-monotone relation R defined over the set of observable options. For example,
(15,0) R (20,1) P (20,3) R (10,0) P (10,2) R (5,0) R (15, 3).
(Clearly, the above relation is both consistent with R* and mixed-monotone.

In general, referring to the definition of cyclical consistency in order to determine
whether a set of observations is rationalisable is inconvenient for empirical applications.
However, in Proposition 1(iv) we propose an equivalent condition which reduces the test
to determining the existence of a solution to a system of linear inequalities. We exploit

this observation in Section 5, where we implement our methods to the real-life data.

3 Discounted utility rationalisation

In this section we present the first main theorem of this paper. We say that set O

is rationalisable by a discounted wutility function whenever there is a strictly increasing



instantaneous utility function u : X — R, and a strictly decreasing discounting function
v : T — (0,1], where v(0) = 1, such that v(z,t) := wu(z)y(t) rationalises the set of
observations (0. Clearly, cyclical consistency is a necessary condition for this form of

representation. However, it is no longer sufficient.

3.1 Dominance axiom

This subsection is devoted to determining both necessary and sufficient conditions on the
set of observations that allow for a discounted utility representation. Before stating our

first axiom, recall that for any sample {((xi,ti), (yi, s,))} of R*, the distributions of

iel
rewards in the superior and inferior options are denoted respectively by p and v, while

the distributions of time-delays are given by 7 and o, as in (1) and (2) in Section 2.1.

Axiom 2 (Dominance). For any sample of R*, if distribution v first order stochastically

dominates p, while T first order stochastically dominates o, then u=v and 7 = 0.’

The above axiom requires that whenever there exists a sample {((xl, ti), (yi, sl)) }ie ;
such that the distribution of rewards y; in the inferior options first order stochastically
dominates the distribution of prizes z; in the preferred options, while the distribution of
time-delays t; appearing on the left hand side of R* first order stochastically dominates
the distribution of s;, then both distributions of monetary payments and time-delays have
to be equal. In other words, it excludes the existence of a sample in which the distribution
of y; stochastically dominates the distribution of z;, the distribution of ¢; stochastically

dominates the distribution of s;, and at least one of the two relations is strict. To make

our presentation more transparent, we discuss the following example.

Example 2. Consider the directly revealed preference relation analysed in Example 1.
We claim that the set of observations inducing the relation fails to satisfy the dominance
axiom. In order to show this, take R*. Clearly, the set is a sample of itself. Note
that, given the support {5, 10, 15,20}, the corresponding distributions of rewards are
h=v = (1/4, 1/a, 1, 1/4). Similarly, given the support {0, 1,2,3}, the distributions of
time-delays are 7 = (1/2, 0,1/a, 1/4) and o = (1/2, 1/4,0, 1/4). Therefore, there is a sample
of R* such the distributions of prizes p and v are equal, while 7 strictly first order

stochastically dominates 0. Hence, the set of observations O violates the axiom.

SLet Ag denote the set of probability measures over an arbitrary partially ordered set S. For any
distributions g and v in Ag we say that u first order stochastically dominates v, if for any increasing

function f : S — R, we have fS fdu > fs fdv. See also Section A of the appendix.

10



The above example indicates that dominance is a stronger condition than cyclical
consistency, as there exists a set of observations satisfying the latter but failing the former.
Interestingly, the dominance axiom is both a necessary and sufficient condition for the

set of observations O to be rationalisable by a discounted utility function.

Theorem 1. Set of observations O is rationalisable by a discounted utility function if

and only if it obeys the dominance axiom.

In order to show the necessity part of the above theorem, suppose that O is rational-
isable by a discounted utility function v(z,t) := u(x)~y(t). This implies that the set is at
the same time rationalisable by function w(z,t) := ¢(x) + ¢(t), where ¢ := log(u) and
¢ = log(v). Moreover, under this transformation functions ¢ and ¢ preserve the strict
monotonicity of u and 7 respectively.

Take any sample { ( (i, ), (ys, sl)) }ie ; of the directly revealed preference relation R*.
For any element ((z;,;), (y;,5:)) of the sample, we have ¢(z;) + ¢(t;) > ¢(y;) +¢(s;). In

particular, once we sum up all the inequalities with respect to ¢ € I, this implies that

Y d@u(@) + Y er(t) = ) davx) + Y wlt)o(t), (3)

reX teT zeX teT

where distributions p, v, 7, and o are defined as in (1) and (2) in Section 2.1. Observe
that, given strict monotonicity of ¢, whenever v first order stochastically dominates g,
then )y o(x)p(x) <30 v d(x)r(z). Analogously, as function ¢ is strictly decreasing,
distribution 7 dominates o only if >, - @(t)7(t) < >, @(t)o(t). However, by Corollary
A.1 (see Section A of the appendix) the two inequalities are consistent with condition (3)
only if the corresponding distributions of rewards and time-delays are equivalent.

The above argument highlights the form of consistency that is expected from a dis-
counted utility maximiser. Notice that, for any sample {((:L‘Z, ti), (vi, sl)) }Z.e ; of R*, it is
possible to construct two lotteries over the observable rewards and time-delays, where the
first one assigns probability p(z)7(t) to a pair (x,t), while the second one assigns proba-
bility v(z)o(t) to the corresponding option. Therefore, in both lotteries, the rewards and
time-delays are drawn independently from the appropriate distributions.

Whenever set O is rationalisable by the discounted utility model, and hence by some
additively separable function w(z,t) := ¢(z) + ¢(t), condition (3) requires that the ex-
pected utility of the first lottery is greater than the expected utility of the second. In other
words, an expected utility maximiser with the Bernoulli utility function w would always
prefer the lottery defined over the preferred options. On the other hand, due to mono-

tonicity of the utility function, any violation of the dominance axiom would imply that

11



the consumer would rather choose the second gamble. However, such behaviour could
not be reconciled with the discounted utility maximisation. Finally, the fact that in each
lottery the rewards and time-delays are draw from independent distributions highlights
the form of separability that is required by this form of rationalisation.

Proving that the dominance axiom is a sufficient condition for the discounted utility
rationalisation is more demanding. Hence, we place the argument in Section B of the

appendix. Nevertheless, below we present the main observation used in our argument.

Proposition 2. Set O obeys the dominance axiom if and only if there exist numbers

{¢a}aex and {@izier such that (i) (z,t)R*(y, s) implies ¢o + @1 2 ¢y + s, (10) 2 >y
implies ¢, > ¢y, and (iii) t > s implies @y < ;.

The above result is a direct implication of Lemmas B.1 and B.2 in Section B of
the appendix, as well as the necessity of the dominance axiom for rationalisation by a
discounted utility function. To support the above proposition we apply a variation of
Farkas’ Lemma, commonly known as Motzkin’s Rational Transposition. Using the result,
we show that the system of inequalities implied by the directly revealed preference relation
fails to have a solution if and only if the set of observations violates the dominance axiom.

It is worth pointing out the importance of Proposition 2 for the applicability of Theo-
rem 1. The result presents an alternative way of verifying whether the set of observations
obeys the dominance axiom. In fact, the proposition states that the axiom is equivalent
to the existence of a solution to a system of linear inequalities. Since such systems are in
general solvable, i.e., there exist finite algorithms which allow to determine whether an
arbitrary system has a solution or not, we find the alternative method of verifying the
axiom to be much more convenient. In fact, we exploit the result in Section 5.

Theorem 1 establishes both the testable implications of a mixed-monotone and sep-
arable preferences. As it was already shown in Proposition 1, mixed-monotonicity is a
testable property. Therefore, given our framework, an important question is whether it
is also possible to test solely for separability of the utility function. Unfortunately, given
our framework, the answer is negative. This follows directly from the fact that in the
discussed class of experiments the set of observations does not induce the strict directly
revealed preference relations. Therefore, any separable function v(x,t) := u(x)y(t), where
both u and v are constant, would trivially rationalises any set of observations.

In the remaining sections of this paper we determine conditions under which the class
of preferences rationalising the data can be characterised more precisely. In particular,

we focus on finer restrictions imposed on the form of the discounting function . Before
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we proceed with our analysis, we discuss a family of experiments for which a narrower

specification of time-preference is never possible.

3.2 Anchored experiments and identification

Throughout this subsection we assume that X = R,. We say that an experiment & is
anchored, whenever it consists solely of doubleton sets of feasible options A, and there
is some (z*,t*) in X x T such that (2*,¢*) € A, for all A € £. In other words, in each
trial of an anchored experiment the subjects are asked to choose between one fixed option
(z*,t*) and an alternative element in X x 7.

There are several notable examples of anchored experiments that were performed
in the literature, including Pender (1996),° Coller and Williams (1999), Harrison, Lau,
and Williams (2002), or Coller, Harrison, and Rutstrom (2012). Therefore, we consider
this class of experiments to be relevant from the empirical point of view. Moreover, a
significant advantage of these tests is that the choices the subjects face are relatively
simple, which minimises the chance of errors made by the agents. Nevertheless, as we
show in the following result, the simplicity of the experiment substantially reduces the

informativeness of observations it generates.

Proposition 3 (Indeterminacy). For any set of observations O generated in an anchored

experiment, the following statements are equivalent.
(i) Set O is rationalisable.
(i1) Set O is rationalisable by a discounted utility function.

(i1i) For any discounting function v : T — (0, 1], there is a strictly increasing function

u: X — Ry such that v(x,t) := u(x)y(t) rationalises O.

We present the proof of Proposition 3 in Section B of the appendix. The above result
states that, given observations from an anchored experiment, one can only determine if
the choices of the subject are rationalisable according to the definition in Section 2.2.
Therefore, by design, anchored experiments do not allow to verify whether the observable
choices can be rationalised by a narrower class of preferences. In particular, Proposition
3(iii) implies that once the set of observations is rationalisable, it can also be rationalised

by virtually any form of discounting. Hence, we consider this class of experiments to be

6In case of Pender (1996), we refer to the follow-up study conducted in 1991.
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rather weak, as the data they produce do not allow for a conclusive specification of the
class of time-preference explaining the observable choices.”

The above result fails to hold once we allow for a larger variation in prizes and/or
time-delays between different options. In particular, as shown in Example 2, whenever
each set A consists of two elements (z,t*) and (y, s), where t* is fixed across all the sets,
while z, y, and s may vary, there exist sets of observations which are rationalisable by a
mixed-monotone function, but not by the discounted utility model. Moreover, as shown
in Section 5, the larger variation across options allows for a more conclusive demarcation
between different forms of the discounted utility model.

Finally, note that the result in Proposition 3(iii) states that for any discounting func-
tion 7 there exists a strictly increasing function w such that w(z)y(t) rationalises the
set of observations. In fact the result is no longer true if we restrict our attention to a

narrower class of instantaneous utility functions, e.g., concave.

4 Weakly present-biased rationalisation

In the previous section we established the necessary and sufficient conditions under which
the set of observations can be rationalised by a discounted utility function. We devote the
remainder of the paper to determine restrictions that allow for a narrower characterisation
of the discounting function . In particular, we focus on a class of preferences that
exhibit some degree of present-bias. We say that a strictly decreasing discounting function
v: T — (0,1], with v(0) = 1, is weakly present-biased, whenever function J : 7" — R,
() := —V(t) ,
y(t+1)

is decreasing. In other words, we require that the relative discounting between any two
subsequent periods decreases as the two dates are further away in the future. Equivalently,
this is to say that there exists a log-convexr extension of function ~ to the domain of the

real numbers. Our interest in the above class of functions is primarily justified by the fact

"It worth pointing that experiments by Andersen, Harrison, Lau, and Rutstréom (2008, 2014) show
some resemblance to an anchored experiment. However, there is one significant variation which makes
them distinct from the class of tests discussed in this section. In particular, the experiments consist of
two parts. First, the subjects are asked to choose between different lotteries. Then, in the second stage,
the agents participate in a standard anchored experiment, described as above. Interestingly, depending
on restrictions imposed on preferences over risky outcomes, the design of the experiments allows for a
more precise elicitation of time-preference, as long as we consider the observations from both stages of

the experiment jointly. Hence, Proposition 3 does not apply to this class of tests.
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that it contains the most commonly used forms of discounting, including the hyperbolic,

quasi-hyperbolic, and exponential specifications.

4.1 Cumulative dominance axiom

In this section we present the second main result of this paper. Set O is rationalisable
by a weakly present-biased discounted utility function, whenever there exists a strictly
increasing instantaneous utility function u : X — R, and a weakly present-biased dis-
counting function v : T — (0, 1] such that v(z,t) := u(x)y(t) rationalises O. Before we

state the next axiom, recall that for any sample {(($i,t,~), (ys, SZ))} of R*, we define

iel
probability distributions p, v, 7, and ¢ as in (1) and (2) in Section 2.1,
Axiom 3 (Cumulative dominance). For any sample of R*, if probability distribution v

first order stochastically dominates p, while T second order stochastically dominates o,

then = v and o is a mean-preserving spread of 7.8

The cumulative dominance axiom requires that for any a sample { ((xl, ti), (yi, sl)) }ie ;
for which the distribution of rewards y; in the inferior options first order stochastically
dominates the distribution of prizes z; in the preferred prize-time pairs, while the distri-
bution of time-delays t; appearing on the left hand side of R* second order stochastically
dominates the distribution of s;, then the distributions of monetary payments have to
be equal, while the distribution of the delays in the inferior options must be a mean-
preserving spread of its counterpart over the preferred pairs.

Note that the cumulative dominance axiom is a stronger requirement than the domi-
nance axiom. Suppose that the set of observations satisfies the former condition. Then,
there exists no sample of the directly revealed preference relation such that the rewards
in the inferior options first order stochastically dominate the prizes in the preferred pairs,
while the superior time-delays second order stochastically dominate the delays appearing
on the right hand side of the relation. Since first order stochastic dominance implies the
second, at the same time there exists no sample such the latter relation is preserved under
the first order stochastic dominance. Hence, the set of observations must also satisfy the

dominance axiom. However, the opposite implication does not hold, as there might exist

a collection of elements in R* such that the corresponding distributions of time-delays

8Let Ag be a set of probability measures over an arbitrary set S C Rf. For any u, v in Ag, we say
that v is a mean-preserving spread of u, if for any concave function f : R — R, we have fs fdu > fs fdv.
Moreover, whenever the above condition holds for any concave and increasing function f, we say that p

second order stochastically dominates v. See Section A of the appendix.
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are not ordered with respect to the first order stochastic dominance, but are ordered with
respect to the second. In other words, the cumulative dominance axiom requires verifying

a larger number of samples than the dominance axiom.

Theorem 2. Set O is rationalisable by a weakly present-biased discounted utility function

if and only if it obeys the cumulative dominance axiom.

In order to show the necessity of the cumulative dominance axiom for the more strin-
gent form of rationalisation, suppose that choices of an agent can be explained by some
function v(x,t) := u(x)y(t), where u is strictly increasing, while 7 is strictly decreasing
and weakly present-biased. Clearly, one can rationalise the set of observations by function
w(x,t) = ¢(x) + ¢(t), with ¢ := log(u) and ¢ := log(7y). Moreover, the transformation
preserves monotonicity of the two functions, while ¢ has a convex extension to R,.

By construction, for any element of a sample {((LEZ, ti), (vi, sl))} of R*, we have

i€l
o(z;) + p(t;) > o(yi) + ¢(s;). In particular, once we sum up all the conditions with

respect to ¢ € I, this implies that

Y d@u(@) + Y er(t) = Y davx) + Y wt)a(t),

reX teT zeX teT

where distributions p, v, 7, and o are defined as in (1) and (2) in Section 2.1. Suppose
that the sample is specified as in the definition of the cumulative dominance axiom. As
¢ is strictly increasing, we have Y . o(z)u(r) < > 1 ¢(z)v(z). Moreover, since the
distribution of time-delays t second order stochastically dominates the distribution of
s, the existence of a convex and strictly decreasing extension of ¢ to R, implies that
Yo P(O)T(t) <> cr@(t)o(t). However, the two inequalities can be consistent with the
initial condition only if they are satisfied with equality. By Corollaries A.1 and A.2 (see
Section A of the appendix), this requires for the distributions of rewards to be equivalent,
while ¢ has to be a mean-preserving spread of 7.

The form of consistency that has to be satisfied by a weakly present-biased dis-
counted utility maximiser is similar to the one discussed in Section 3. Take any sample
{((zi,t2), (i, 50)) }ie ; of R* and construct two lotteries over the observable rewards and
time-delays, where the first one assigns probability p(z)7(t) to a pair (z,t), while the
second one assigns probability v(z)o(t) to the corresponding option. Observe that, any
expected utility maximiser with a separable and mixed-monotone Bernoulli utility func-
tion w(x,t) := ¢(x) + ¢(t) should prefer the former gamble to the latter. However, given
that ¢ is additionally “convex”, whenever the cumulative axiom is violated, it would be

possible to construct a sample such that the lottery over the inferior options would be
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preferred to the gamble over the superior prize-time pairs, which would violate the form
of consistency required by the weakly present-biased discounted utility maximisation.
The sufficiency part of the proof of Theorem 2 is more demanding. Similarly as in
the case of the discounted utility model, our argument consists of two steps. First, in
Lemma B.4 (see Section B of the appendix) we show that once the set of observations
satisfies the cumulative dominance axiom, there exists a solution to a specific system of
linear inequalities. In the second step, see Lemma B.5, we use the solution to construct
an instantaneous utility function v and a weakly present-biased discounting function -~

that rationalise the data. We present our key observation in the following proposition.

Proposition 4. Set of observations O obeys the cumulative dominance axiom if and only
if there exist numbers {¢g rex, {©ttier, and {viher such that (i) (x,t)R*(y, s) implies
Gz + 1 > Oy + s, (1) v >y implies ¢p > ¢y, (i) vy <0, for allt € T, and (iv) for all
t €T, we have gy + vi(s —t) < s, for all s € T.

Once again, the above proposition is relevant for the applicability of our main result,

as it presents an alternative method of verifying the cumulative dominance axiom.

4.2 Quasi-hyperbolic discounting

In the following section we concentrate on quasi-hyperbolic discounting functions, which
induce a narrower class of weakly present-biased preferences. We say that the set of
observations is rationalisable by a quasi-hyperbolic discounted utility function, whenever
there exist a strictly increasing function w : X — R, numbers g, § € (0, 1), and some

time-delay k& € T such that v(z,t) := u(z)y(t) rationalises O, where

ptét for t < k,
(1) = {

pE§t otherwise.

Note that our definition of a quasi-hyperbolic discounting function generalises the stan-
dard notion for which k£ = 1. By allowing for the threshold time-delay & to vary, we are
able to analyse a wider class of preferences. In particular, as k denotes a time-delay which
separates the dates perceived by the agent as “present” from those regarded as “future”,
we allow in our test for this parameter to be determined endogenously.

Since in the case of a quasi-hyperbolic discounting function ¥(t) := v(t)/v(t+1) takes
the value of (8)7!, for t < k—1, and ! otherwise, the quasi-hyperbolic specification is
weakly present-biased. Hence, any set of observations rationalisable by this more specific

form of time-preference obeys the cumulative dominance axiom. However, the condition
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is no longer sufficient. In this section we discuss the requirement that fully characterises
this class of discounted utility models. As in the previous sections, we define probability

distributions p, v, 7, and o as in (1) and (2) in Section 2.1.

Axiom 4 (Strong cumulative dominance). There ezists some | € T such that, for an

arbitrary sample of R*, whenever

(i) distribution v first order stochastically dominates pu;
(ii) S tr(l) = Yooy tolt);
(iii) Y ,ermin{t, [}7(t) > >, min{t, [}o(t),

then = v and conditions (ii) and (iii) hold with equality.

The above requirement is stronger than cumulative dominance. Clearly, in order
to verify whether the above axiom is not violated, we need to consider a wider class of
samples of the directly revealed preference relation. As previously, the samples of interest
need to satisfy condition (i). However, additionally, they have to obey restrictions (ii)
and (iii), which impose a weaker requirement on the relation between the distribution
of time-delays appearing on both sides of the directly revealed preference relation in the
sample. Therefore, in order to verify the condition, it is necessary to examine a larger set

of samples of R* then in the case of the cumulative dominance axiom.

Proposition 5. Set O is rationalisable by a quasi-hyperbolic discounted utility function

if and only if it obeys the strong cumulative dominance axiom.

The necessity of the axiom can be proven similarly as in the previous sections. Suppose
that the set of observations is rationalisable by a quasi-hyperbolic discounted utility
function v(x,t) := u(x)y(t), where v is specified as at the beginning of this section for
some (3, § in (0,1), and a time-delay k. This implies that the set of observations is
also rationalisable by function w(z,t) := ¢(x) + min{t,k}3 + td, where ¢ := log(u),
8= log(5), and 5= log(d). By construction, for any sample of R*, we have

> ¢@)u(z) + 4> min{t k}r(t) +0 Y tr(t) >

reX teT teT
> p(xyv(x)+ B min{t, klo(t) +6 Y to(t),
reX teT teT

where distributions p, v, 7, and o are specified as in (1) and (2) in Section 2.1. When-
ever the sample satisfies conditions (i)-(iii) of the strong cumulative dominance ax-

iom, then monotonicity of function ¢ implies Y . o(z)u(x) < > 4 o(x)v(z), while
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BZteT min{¢, k}7r(t) < @ZteT min{¢, k}o(t) and 5Zt67 tr(t) < 3Zt67 to(t), since
and 0 are strictly negative. However, these conditions can be consistent with the initial
inequality only if they all hold with equality. Moreover, the argument remains unchanged
once we substitute k& with [ ;== min{t € T : t > k}.

The sufficiency part of the proof is presented in Section B of the appendix. Never-
theless, we need to point out that the argument is constructed around one important

observation which we summarise in the following proposition.

Proposition 6. Set O obeys the strong cumulative dominance axiom for some l € T
if and only if there exist numbers {¢z}zex and B, 0 such that (i) (x,t)R* (y,s) implies
Gp +min{t, [} + 10 > ¢, + min{s, [} + s0, (it) x > y implies ¢(x) > ¢(y), and (iii) 3

and 0 are strictly negative.

Proposition 5 requires some comment. First of all, observe that the value of the

time-delay [ for which set O obeys the axiom, determines the empirical “kink” of the
quasi-hyperbolic discounting function. In particular, this means that we do not assume
prior to the test the threshold date which separates the perceived “present” from the
“future”, but determine it endogenously. In fact, it is possible that one set of observations
admits various forms of quasi-hyperbolic discounting, not only with respect to the values
of the discount factors 5 and 9, but also with respect to the pivotal time-delay I.
Second of all, Proposition 6 proposes an alternative method of verifying whether
the set of observations obeys the axiom. As in Propositions 2 and 4, it hinges on the
existence of a solution to a system of linear inequalities, conditional on [. Since the set of

the observable time-delays is finite, the test can be performed in a finite number of steps.

4.3 Exponential discounting

Finally, we draw our attention to the model of exponential discounting. We say that
set O is rationalisable by an exponential discounted utility function whenever there is a
strictly increasing instantaneous utility function u : X — R, and some ¢ € (0,1) such
that v(z,t) := 0'u(x) rationalises the set of observations. As previously, for an arbitrary
sample of the directly revealed preference relation, we define probability distributions p,

v, 7,and o as in (1) and (2) in Section 2.1.

Proposition 7. Set O s rationalisable by an exponential discounted utility function if

and only if for an arbitrary subset of R*, whenever distribution v first order stochastically

dominates pn and ), t7(t) > >, rto(l), then p=v and ), t7(t) =, to(t).
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The above propositions states a necessary and sufficient condition under which a set
of observations can be rationalised by an exponential discounted utility function. The re-
quirement significantly resembles the one stated in the definition of the strong cumulative
dominance axiom. However, it differs in two aspects. First of all, the conditions stated
in Proposition 7 need to be verified only for subsets of the directly revealed preference
relation, and not for arbitrary samples. This allows to simplify the test substantially.

Second of all, the only distinguishable implications of the quasi-hyperbolic and expo-
nential models are implied by condition (iii) of the strong cumulative dominance axiom.
Clearly, Proposition 7 imposes a more stringent condition on the set of observations, as
it admits a larger class of samples that might violate it. However, whenever the strong
cumulative dominance axiom is satisfied for [ equal to the least or the greatest observable

time-delay, then the two requirements are equivalent.

Corollary 1. Set O is rationalisable by an exponential discounted utility function if and

only if it obeys the strong cumulative dominance axiom for [ = minT or [ = max7T.

Proof. Let O be rationalisable by an exponential discounted utility function. By Propo-
sition 7, for an arbitrary sample of R*, distribution v first order stochastically dominates
pand Y, t7(t) > >, rto(t) if and only if 4 = v and ), t7(t) = >, to(t). Note
that, whenever [ = min 7, condition (iii) of Axiom 4 is trivially satisfied with equality.

On the other hand, if [ = max 7, then conditions (ii) and (iii) of the axiom coincide. [

4.4 Discount factors indeterminacy

In the following section we discuss some indeterminacy issues that arise while rationalising

the set of observations by a quasi-hyperbolic or exponential discounted utility functions.

Proposition 8. Set of observations O is rationalisable by a discounted utility function
v(m,t) := u(m)y(t) if and only if, for any a > 0, it is rationalisable by a discounted

utility function v(m,t) := u(m)y(t), where 4 := u® and 7y := ~*.

We omit the proof. The above result simply states that whenever a set of observa-
tions is rationalisable by a discounted utility function, then it is also rationalisable by its
positive exponential transformation. This observation is not new, and was already noted
by Fishburn and Rubinstein (1982, Theorem 2) in their representation theorem. How-
ever, the above proposition implies a much stronger conclusion. Namely, any property

of function vy that is preserved under positive exponential transformations, is also satis-
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fied by function 4. In particular, this means that whenever v is weakly present-biased

(respectively quasi-hyperbolic or exponential) then so is 4.

Corollary 2. Set O is rationalisable by a quasi-hyperbolic discounted utility function if
and only if for any 5 (or §) in (0,1) there is some & (respectively B) in (0,1), a strictly
increasing utility function u: X — R, and a time-delay k such that v(x,t) := u(x)y(t)
rationalises O, where (t) = B¢, for t < k, and ~(t) = 6 otherwise.

Proof. (=). Take a strictly increasing function u : X — R, discount factors 3, § in (0, 1),
as well as a time-delay k such that v(x,t) := u(x)y(t) rationalises O, where function = is

defined as in the thesis of the corollary. For any 5’ € (0,1) define a := log(/’)/ log(p).

Clearly, function o(x,t) := u(x)5(t), where ¢ = u® and 4 = ~%, also rationalises O.
Moreover, 4(t) = (8')!(6)!, for t < k, and 4(t) = (B8)*(6%)! otherwise. We present an
analogous argument for the claim within the brackets. (<) is trivial. O

Given the above result, there are no testable restrictions for the values of discount
factors 8 or §, as long as we consider the two parameters separately. However, there exists
a restriction on pairs (3,6) of the two discount factors. In fact, a straightforward appli-
cation of the above result allows to determine the restriction on the ratio log(d)/log(3).

Additionally, the above result implies no observable implications for the value of the
discount factor  rationalising the set of observations under the exponential discounting.
Once the choice data can be rationalised for one value of the discount factor, it can be

rationalised for virtually any other value § € (0, 1).

Corollary 3. Set O s rationalisable by an exponential discounted utility function if and
only if, for any § € (0,1), there exists a strictly increasing function u : X — Ry such

that v(z,t) := 0'u(x) rationalises O.

The above observation is implied by Corollaries 1 and 2. Even though it is impossible
to determine the value of the discount factor corresponding to the exponential discounted
utility representation, we are able to impose a testable restriction on this class of models.
Therefore, the conditions stated in Proposition 7 allow us to evaluate the shape of the

discounting function, but not the parameter characterising it.

9This also concerns the properties of the instantaneous utility function w. In particular, classes of
log-concave and power utility functions are closed under positive exponential transformations. This ob-
servations plays an important role in Section 5 and the Online Appendix (see Section C of the appendix),

where we discuss the two families of instantaneous utilities.
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5 Implementation

We apply our results to observations from the experiment performed in Kirby and Petry
(2004), which main purpose was to determine the impact of various forms of addiction on
time-preference. The test was performed on 178 adult individuals. The sample included
134 subjects who were considered to be alcohol, cocaine, and/or heroin-abusers. The
remaining 44 participants were a non-substance abusing control group. See Kirby and
Petry (2004) for the details concerning the selection of the participants.

Throughout this section we let X = R, and 7' = N. During the experiment, each sub-
ject was presented with an identical list of 27 monetary-choice questions. In every question
the participant was allowed to choose between a smaller, immediate reward z (i.e., deliv-
ered at time ¢ = 0), and a larger reward y, delivered with some delay s > 0. Using our
notation, the experiment £ consisted of 27 feasible action sets A := {(x, 0), (v, 5)}, where
x,yin X and s € T. Since the questionnaire was constructed in a way which allowed for
the monetary rewards x, y and time-delay s to vary across questions, the experiment was
not anchored, as specified in Section 3.2.'° Finally, the questionnaire used in the above
experiment is identical to the one utilised in Kirby, Petry, and Bickel (1999), Chabris,
Laibson, Morris, Schuldt, and Taubinsky (2008, 2009), and Kirby (2009).'*

In order to precisely characterise preferences of subjects participating in the experi-
ment, we performed a number of tests on the available data. First, we focused on the
weakest form of rationalisability, discussed in Section 2.2, and determined the number
of subjects whose choices could be explained by a mixed-monotone utility maximisation.
Then, we tested for the discounted utility specification of time-preference, with different
forms of the discounting function. Hence, we directly implemented methods introduced
in Sections 3 and 4 to the sets of observations generated in the experiment.

What is more, we performed two additional series of tests, in which we imposed
stronger restrictions on the form of the instantaneous utility function. In the first analysis,
for each specification of discounting, we verified whether individual observations could be
rationalised by a discounted utility function with a strictly increasing and log-concave
instantaneous utility u. In the second series of tests, we restricted our attention to
power (or log-linear) utility functions u(z) := z®, where o > 0. Clearly, the above

restrictions made our tests significantly more stringent, and allowed for a more precise

10Tn particular, Proposition 3 does not apply to this setting. In fact, as we show in the following
subsection, not every rationalisable set of observations generated in the experiment could be supported

by a discounted utility function with an arbitrary discounting. See also Example 2.
'We transcribe the questionnaire in Table 2 in the Online Appendix (see Section C of the appendix).
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characterisation of the revealed time-preferences induced by the sets of observations. The
details concerning the stricter versions of the test as well as their dual characterisations

can be found in the Online Appendix (see Section C of the appendix).

5.1 Power of the experiment

Suppose that an agent participating in the experiment answered all the 27 questions
randomly with the uniform probability. The power of the test is the likelihood of ratio-
nalising the random set of observations by a respective form of time-preference. Clearly,
the lower is the probability, the higher is the power of the test.'? As mentioned in the
introduction, each participant of the Kirby and Petry (2004) experiment was presented
with 27 monetary-choice questions. Since in each question the agent was allowed to
choose exactly one out of two options, the total number of possible sets of observations
was 227 = 134 217 728. At the same time, the total number of sets of observations that
could be rationalised by a mixed-monotone utility function, defined as in Section 2.2, was
13 013. Hence, the probability of a random set of observations being rationalisable was
less than 0.0001. Therefore, we consider the test to be considerably powerful.*

Next, we determined the probability of rationalising a random set of observations by
a specific form of the discounted utility model, conditional on the set being rationalisable
in the mixed-monotone sense. We present the results in Table 1. Observe that, the design
of the questionnaire used in Kirby and Petry (2004), i.e., the particular combination of
questions, poses significant difficulties in demarcating between different specifications of
time-preference. First of all, any rationalisable set of observations can be rationalised by
a discounted utility function v(z,t) := u(x)y(t), with a strictly increasing instantaneous
utility 4 and a discounting function . In addition, conditional on the mixed-monotone
rationalisation, the design of the experiment induces no testable restrictions for the weakly
present-biased or quasi-hyperbolic specification of discounting, as long as we impose no
conditions on the form of the instantaneous utility function. Finally, 95.7% of the ra-
tionalisable sets of observations can be explained by an exponential discounted utility

maximisation. Hence, the design of the questionnaire does not allow for a conclusive

12The above measure is inspired by Bronars (1987), whose method has become a common practice in

determining the power of revealed preference tests for consumption-price data a la Afriat.
13Recall that the identical design of the experiment was utilised in Kirby, Petry, and Bickel (1999),

Chabris, Laibson, Morris, Schuldt, and Taubinsky (2008, 2009), and Kirby (2009). Hence, the observa-

tions presented in this subsection apply to the above studies.
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Arbitrary Log-concave Power utility

utility function utility function function

Arbitrary 1 0373 0052
discounting

Weakly present-biased

and quasi-hyperbolic 1 .0347 .0037
discounting

Exponential 9567 0254 0022
discounting

Table 1: Probability of a random set of observations generated in the Kirby and Petry (2004)
experiment being rationalisable by a discounted utility function, conditional on the set being

rationalisable in the mixed-monotone sense.

separation between different specifications of time-preference.*

Once we impose stronger restrictions on the specification of the instantaneous utility
function, our analysis becomes significantly more conclusive. First of all, the power of the
test increases substantially, as the conditional probability of a random set of observations
being rationalisable by a discounted utility function with a log-concave or power utility
function falls below 4%. Moreover, the additional constraints make it easier to differ-
entiate between different forms of discounting. However, the design of the experiment
still does not allow to demarcate between the weakly present-biased and quasi-hyperbolic

specifications of discounting.'®

5.2 Rationalisable choices

In the second step of our analysis we applied our tests to the sets of observations gen-
erated in the experiment. For each individual, we determined the maximal number of
observations that could be rationalised by a given specification of the discounted utility.

Out of 178 agents participating in the experiment, choices of 146 (82.0%) subjects
could be fully rationalised by a mixed-monotone utility function. We find the result
remarkable, as only 0.01% of all conceivable observation sets generated in the experiment

could be rationalised in the above sense (see Section 5.1). Moreover, 171 (96.1%) sets of

14The above observation implies that Proposition 3 does not apply to the experiment by Kirby and
Petry (2004). In particular, 4.3% of all rationalisable observation sets cannot be explained by an expo-

nential discounted utility function with a strictly increasing instantaneous utility.
15Tn Table 3 in the Online Appendix (Section C of the appendix) we present the corresponding prob-

abilities for a random set of observations being rationalisable if we drop at most one observation.
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observations could be rationalised once we dropped at most one element from each set.

Given the insight from the previous subsection, it is not surprising that, as long as
we imposed no restrictions on the form of the instantaneous utility function, the same
number of observation sets could be rationalised by the discounted utility model with
an arbitrary, weakly present-biased, and/or quasi-hyperbolic discounting. In addition,
the distribution of the maximal number of observations rationalisable by exponential dis-
counting was not significantly different from the distributions corresponding to the more
general specifications time-preference (see Figure 1a).' Therefore, the mixed-monotone
model of time-preference allowed for a good approximation of the choices observed in
the experiment. However, given the construction of the questionnaire, we were unable to
demarcate between the narrower specifications of the discounted utility.

Once we restricted our attention to log-concave instantaneous utility functions, choices
of 124 (69.9%) agents could be rationalised by the discounted utility model with an ar-
bitrary, weakly present-biased, and/or quasi-hyperbolic discounting (see Figure 1b). Ad-
ditionally, 162 (91.0%) sets of choices passed each of the above tests once we dropped
at most one observation. Finally, the distribution of observations rationalisable by expo-
nential discounting was significantly different from the distributions corresponding to the
more general specifications of time-preference.'” In particular, it was possible to explain
94 (52.8%) data sets with the exponential discounting model, while 148 (83.1%) sets could
be rationalised in the above sense once we dropped at most one observation.

Our results changed significantly once we focused our attention on power instanta-
neous utility functions (see Figure 1c). In this case, choices of 70 (39.3%) subjects could
be rationalised by the discounted utility model, out of which 67 (37.6%) could be ex-
plained by the weakly present-biased and/or quasi-hyperbolic, and 39 (21.9%) by the
exponential specification of time-preference. Moreover, all the generated distributions

t.'% Once we dropped at most two observations from each of the

were statistically distinc
data sets, we found that choices of more than 150 (84.2%) subjects could be rationalised

by each of the above forms of the discounted utility model.

6 At any conventional significance level, we were unable reject the null hypothesis of the Anderson-

Darling test that the probability distributions were pairwise equivalent.
17 In this case, we were able to rejected the null hypothesis of the Anderson-Darling test at any

conventional significance level.
18We rejected the null hypothesis of the Anderson-Darling test for any conventional significance level.
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Figure 1: Empirical distributions of observation sets rationalisable by a particular form of the

discounted utility model, with respect to the maximal number of rationalisable observations.
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5.3 Undervalued rewards and error bounds

In this subsection we introduce an alternative measure of proximity of a set of observations
from being fully rationalisable. An error bound is the minimal value of a coefficient ¢
in [0,1] for which there exists an instantaneous utility function v : X — Ry and a

discounting function v : 7' — (0, 1], where v(0) = 1, such that

(z,t)R*(y,s) implies u(z)y(t) > u((1—e)y)y(s).

Note that, whenever the set of observations is rationalisable, the value of the error bound
is equal to zero. Hence, we consider the above index to be an informative measure of
proximity of choices from being rationalisable. In addition, the method can be applied
to each of the discussed specifications of time-preference.

The above measure is inspired by the Critical Cost Efficiency Index which is commonly
used in the Afriat-type revealed preference tests for consumption-price data. However, it
is properly adjusted to our framework. In particular, note that coefficient ¢ affects only
the value of the inferior rewards. Clearly, this specification of the test is purely arbitrary,
however, it has three advantages. First of all, as the payments are bounded below by 0,
the above measure belongs to the interval [0, 1]. Second of all, the measure is monotone.
That is, given an arbitrary set of observations, whenever the above condition is satisfied
for some ¢, then it is also satisfied for any ¢’ > ¢.! Finally, since the monetary payments
belong to R, the measure takes continuous values.

We present our results in Figure 2. For each specification of the instantaneous util-
ity function, the distributions of error bounds for the arbitrary, weakly present-biased,
and /or quasi-hyperbolic discounted utility models were statistically equivalent.?’ Second
of all, in case of models with an arbitrary instantaneous utility functions, the distribution
of € for exponential discounting was statistically equivalent to distributions corresponding
to the more general forms of time-preference (see Figure 2a). Nevertheless, this obser-
vation was no longer valid once we constrained out attention to either log-concave or

power instantaneous utility functions. In both cases, the distribution of error bounds for

YSuppose that the above condition is satisfied for some & and a mixed-monotone function v. Clearly,
for any ¢’ > ¢ and (y,s) in X x T, we have v((l — &)y, s) > 1;((1 — &y, 5) In particular, this implies

that whenever (z,t) R*(y,s) then v(z,t) > v((1 — ')y, s). Hence, the condition holds for &’.
20Tn fact, in Figures 2a and 2c the distribution of error bounds for an arbitrary discounting coincides

with the distribution for the weakly present-biased and/or quasi-hyperbolic representations. Moreover,
for any conventional significance level, we could not reject the null hypothesis of the Andersen-Darling

test, regardless of restrictions imposed on the form of the instantaneous utility function.
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exponential discounting was statistically distinct from distributions corresponding to the
more general specifications of time-preference (see Figures 2b and 2c).?!

In general, the discounted utility models seemed to approximate the observed choices
remarkably well. In the case of an arbitrary specification of the instantaneous utility func-
tion, at ¢ = 0.1 it was possible to rationalise around 90% of all observation sets. Clearly,
the stronger restrictions we imposed on the form of the instantaneous utility function,
the greater was the minimal error at which the majority of sets could be rationalised.
Nevertheless, the fraction of observation sets rationalisable under each specification of

time-preference significantly exceeded the one generated randomly.?”

5.4 Substance abuse and self-control

The main question posed in Kirby and Petry (2004) concerned the influence of substance
abuse on impulsiveness and impatience of subjects participating in the experiment. By
restricting their attention to a specific class of cardinal preferences with hyperbolic dis-
counting, the authors were able to approximate values of individual discount rates.?* In
their main findings Kirby and Petry claimed that, even though rates of discounting varied
with the preferred substance of abuse, substance-abusers were on average characterised
by a higher value of the discount rate than the control group. Therefore, their study
suggested that the level of impatience was negatively influenced by a history of addic-
tion. The only notable exception concerned alcohol abuse, which relatively to the control
group had no significant impact on the decisions made by agents.

We revisited the claim of Kirby and Petry, and using our non-parametric method
we evaluated the relation between substance abuse and inter-temporal choice. Since our
interest concentrated on the ordinal rather than cardinal notion of time-preference, the
approach we proposed did not allow for an approximation of individual discount factors.
However, using our tools we were able to verify which group of participants was more

likely to be characterised by a certain type of utility representation. This allowed us to

21For any conventional significance level, we rejected the null hypothesis of the Anderson-Darling test.
22In the Online Appendix (see Section C of the appendix), for each specification of the discounted

utility model, we present cumulative distributions of the minimal error bounds for a sample of 100 000

randomly generated sets of observations.
23In their paper, Kirby and Petry assumed that the instantaneous utility function of each agent was

linear, i.e., u(z) := x, while the discounting function was hyperbolic, i.e., y(t) := 1/(1 + kt), for some
k > 0. Under these assumptions, the authors were able to evaluate the most probable values of the
coefficient k that rationalised the data set of each individual participating in the experiment. With a

slight abuse of the terminology, throughout this section we refer to the coefficient k as to a discount rate.
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draw conclusions on the impulsiveness and time-consistency of the participants.

We divided the participants into three groups: non substance-abusers, alcohol-abusers,
and drug-abusers (i.e., cocaine and/or heroin).”* For each group of subjects and each
specification of the instantaneous utility function, we performed an analysis analogous to

the one presented in Sections 5.2 and 5.3.

Main conclusions Our analysis implied that (i) choices of the drug abusing participants
were significantly less consistent with utility maximisation than those of the remaining
agents. In particular this concerned the exponential specification of the discounted utility
model. Since this class of utility functions implies a time-consistent behaviour (see, e.g.,
Frederick, Loewenstein, and O’Donoghue, 2002), our results would suggest that (ii) the
drug abusing participants exhibited a lower level of time-consistency. At the same time,
there were (iii) no significant differences in the behaviour of the control group and alcohol-

abusers. Below we present a detailed discussion on the results of our analysis.

Substance abuse and rationalisable observations We begun our analysis by de-
termining distributions of the maximal number of observations rationalisable by a mixed-
monotone utility function, for each group of participants (see Figure 3). Interestingly,
the distribution corresponding to choices of drug-abusers was statistically distinct and
first order stochastically dominated by distributions corresponding to the control and al-
cohol abusing group.?” At the same time, there was no significant difference between the
answers of the control group and alcohol-abusers.”® Therefore, in terms of the maximal
number of rationalisable observations, the non drug abusing participants did considerably
better in comparison to the subjects with a history of drug addiction, while the answers
of the control group and alcohol-abusers were indistinguishable.

When analysing discrepancies between the groups of substance-abusers under the

more stringent forms of rationalisation, we separated those variations which were im-

24Note that the above groups of participants were not disjoint, as the sample contained a number of
subjects who were abusing several substances simultaneously. Namely, 17 participants were abusing both
alcohol and at least one type of a drug (i.e., either cocaine or heroin). However, our conclusions were
not affected by this fact. In addition, since our analysis did not determine any significant differences

between choices made by cocaine and heroin-abusers, we present the results for drug-abusers jointly.
25Tn either case, for any conventional significance level, we rejected the null hypothesis of the Anderson-

Darling test. Moreover, the p-value from the Mann-Whitney U test was close to 0 in the comparison

against the control group, and equal to 0.02 in the comparison against alcohol-abusers.
26We could not reject the null hypotheses of the Andersen-Darling and Mann-Whitney U tests at any

conventional significance level.

30



100

wn

T 90 - | I Non-abusers

_E g0 |- | Alcohol-abusers

ks 1 Drug-abusers

£ 70t

g

2 60 r

S

é 50

£ 40

<

R

E 20F

o 10f

> 0 o . L . L L
20 21 22 23 24 o5 26 -

Maximal number of rationalisable observations

Figure 3: Empirical distributions of observation sets rationalisable by a mixed-monotone utility

function for each group of substance-abusers.

plied by more general tests, from those genuine to more specific characterisations of
time-preference. For example, when discussing the discounted utility model, we found it
necessary to disentangle those variations that were implied by the previously determined
differences in the mixed-monotone rationalisation, from those emerging only in the more
stringent version of the analysis. For this reason, instead of comparing distributions of
the maximal number of rationalisable choices, we focused on their relative changes.
Suppose that, for a given agent, the maximal number of observations rationalisable
by a specific form of the discounted utility model is m. At the same time, let the number
of observations rationalisable by a more stringent representation be n. Clearly, we have
n < m. Moreover, the relative change in the number of rationalisable observations
between the two tests is n/m. In particular, it is possible to construct this measure for
any specification of time-preference and its superclass. Using this approach, we were able
to determine the “decomposed” differences in the behaviour of the participants, which
provided a more transparent view on the impact of substance abuse on time-preference.
In each possible comparison, we have determined no statistically significant differences
between choices of the control group, alcohol-abusers, and drug-abusers. Therefore, as
long as it concerns the maximal number of rationalisable observations, we were only able
to conclude that preferences of agents with a history of drug addiction were less consistent

in the mixed-monotone sense than those of the remaining participants.

Substance abuse and error bounds The analysis of error bounds allowed for a more
significant differentiation between choices of the participants. Similarly as in the previous

paragraph, in order to properly determine variations in the behaviour of the selected
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groups of substance-abusers, we needed to decompose the evaluated error bounds.

Suppose that the minimal error bound at which a set of observations is rationalisable
by a certain form of the discounted utility model is €.2” Let € be the error bound at
which the choices are rationalisable by a strictly narrower class of time-preference. A
decomposed error bound for the latter representation conditional on the former is a num-
ber ¢ in [0,1] such that (1 —¢’) = (1 — ¢)(1 — ). Therefore, given that the initially
perturbed set of observations can be supported by the general class of the discounted
utility model, the decomposed error bound ( determines the size of the additional per-
turbation that is necessary for the choices to be rationalisable by the narrower form of
time-preference. Hence, the measure expresses the difficulty of rationalising the set of
observations by a more stringent specification of time-preference, conditional on the data
set being rationalisable by the more general characterisation. In particular, whenever the
two representations are not distinguishable for a given data set, i.e., whenever ¢ = &, the
value of the decomposed error bound ( is zero.

We present our results in Figure 4. Since, for each specification of the instantaneous
utility function, the results for the weakly present-biased and quasi-hyperbolic specifica-
tions were indistinguishable from the general discounted utility model, we constrained
our comparison to the arbitrary and exponential discounted utility rationalisations.

In almost every comparison, the distribution of errors for the drug abusing partici-
pants was statistically distinct and first order stochastically dominating the distribution
corresponding to the control group.?® The only exception concerned error bounds for the
discounted utility model with a power instantaneous utility function (see Figure 4e). In
this case, distributions for all groups of agents were indistinguishable. Hence, our results
suggest that choices of the control group were significantly more consistent than those
of the drug abusing agents. In particular, this concerned the exponential specification of
the discounted utility model (for each class of instantaneous utilities), which would imply
that participants with a history of drug addiction were less time-consistent.

In each considered case, the answers of alcohol-abusers were statistically indifferent
from those of the control group. Therefore, we obtain a similar result to Kirby and
Petry (2004). However, the choices of alcohol-abusers were distinguishable and first order

stochastically dominated by the decisions of drug-abusers only in the cases presented in

2TRecall the definition of an error bound from Section 5.3
280ur conclusions depended on the adopted significance level. However, in general the null hypotheses

of the Anderson-Darling and Mann-Whitney U tests were rejected at the p-value of 0.05. See Table 4 in

the Online Appendix (Section C of the appendix) for the evaluated p-values from each comparison.
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Figures 4a, 4b, and 4c. Hence, the comparison between the two forms of substance abuse

was less conclusive than between the control group and drug-abusers.

A Auxiliary results

In this section we present the auxiliary results applied in our main arguments. We begin
by introducing the so-called Motzkin’s Rational Transposition, which is a modified version

of the well-known Farkas’ Lemma.

Theorem A.1 (Motzkin’s Rational Transposition). Let A be a k x n matriz, let B be a
¢ x n matriz, and let C be a m x n matriz, where B or C may be omitted (but not A).

FExactly one of the following alternatives is true.
(i) There exists x € R™ such that A- x>0, B-x >0, and C' -z = 0.

(ii) There exist 0 € R*, X € R, and 7 € R™ such that - A+ \- B+ 7 -C =0, where
0 >0 and X\ > 0. Moreover, if A, B, and C are rational, there exist @ € N¥, A\ € N/,

and ™ € N™ satisfying the above condition.

The proof of the above theorem can be found in Stoer and Witzgall (1970). In the
remainder of this section we apply the result to present a dual characterisation of various
forms of stochastic dominance.

Let S be a finite subset of R’. Throughout the paper we find it convenient to refer
to vectors €, € {0, 1}, with the entry corresponding to element x € S being equal to 1
and the remaining coordinates equal to zero. For any x and y € S such that z > 3, a

monotone transformation is a function py : S — R, defined by

1 if z=u,

0 otherwise.

Since set S is finite, we can represent function pj by a vector in {~1,0, 1}/5! defined as
py = €z — €, where €, and €, are specified as previously for z and y respectively. Denote
the set of all such transformations by R.

Let Ag denote the set of probability distributions over S. For any u, v € Ag, we

say that p dominates v with respect to the first order stochastic dominance if for any

29Throughout this section we endow R’ with the coordinate-wise order >. Moreover, for any 2 and y

in S, we say that x > y whenever x > y and = # y.
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increasing function f: S — R, we have > _o f(@x)u(z) >3 o f(x)v(x).””

Proposition A.1. For any u, v in Ag, probability distribution u dominates v with respect
to the first order stochastic dominance if and only if

,u:V—i-ZQpp.

PER

for some non-negative coefficients {0,} ,cr.

Proof. For any increasing function f: S — R and p € R, we have f-p > 0. In addition,
equation i = v+ 3 p0,p holds if and only if

(,u— 1/) € {ZpeRepp 10, >0, forall p e R},

which is a closed convex cone. In particular, by Luenberger (1969, p. 215) the set of
increasing functions constitutes the dual cone to the above set. Therefore, for any in-

creasing function f, we have f - (/JJ — u) > 0if and only if p = v+ > _,68,p, for some

pPER
non-negative coefficients {0,} ,cr. O

Given the above result, it is straightforward to show that whenever distribution p
dominates v with respect to the first order stochastic dominance, while p # v, then for
any strictly increasing function f : S — R, we have ) __¢ f(z)u(z) > > oo f(x)v(2).

We summarise this observation in the following corollary.

Corollary A.1. For any pu, v in Ag such that p # v, if probability distribution u first

order stochastically dominates v then, for any strictly increasing function f : S — R, we

have 3 ,cs f(2)p(x) > 3 peq f(x)1(2).

Proof. Since p first order stochastically dominates v, while p # v, by Proposition A.1,
there exists a subset R’ of R and strictly positive numbers {6,},cr such that
w=v-+ Z 0,p.
pER/
In addition, for any strictly increasing function f: S — R and p € R, we have f - p > 0.
Clearly, this implies that

v < f-V+29pf-p = f-<V+Zé’pp> = fu

pER’ pER’

which completes our argument. O

30We say that function f : S — R is increasing, whenever x > y implies f(z) > f(y), for any z, y in

S. In addition, the function is strictly increasing, if x > y implies f(x) > f(y).
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Next we proceed with a dual characterisation of mean-preserving spreads and the sec-
ond order stochastic dominance. For any x and y in S such that x # y, a transformation

is a function 7¥ : S — R, defined by

1 if z=u,
() =4 —1 if z=y,

0 otherwise.

Denote the set of all such transformations by P. Clearly, since any monotone transforma-
tion p is a transformation, we have R C P. As in the case of monotone transformations,
we find it convenient to represent function mj by a vector in {-1,0, 1315 defined as
T, = €, — €,, where €, and €, are specified as previously.

For any two elements u, v in Ag, we say that probability distribution v is a mean-
preserving spread of p, if Y o f(x)u(r) > Y. cq f(@)v(x), for any concave function

f : R = R. Consider the following characterisation of the above relation.

Proposition A.2. For any u, v in Ag, probability distribution v is a mean-preserving

spread of u if and only if there exist some non-negative coefficients {\;}rep such that

,u:V—I—Z)\ﬂW,

meP

while 3 cgArs(y —x) =0, forallz € S.

Proof. (=). By definition, v is a mean-preserving spread of u if and only if there is no
concave function f : R® — R such that > ¢ f(z)(v(z) — p(z)) > 0. Recall that, by the
supergradient condition, for any concave function f and = € RY, there is a vector v, € R
such that f(z) — f(y) + v, - (y — ) > 0, for all y € R%. In particular, this holds for any

x and y belonging to S. Consider the following system of linear inequalities:

(I/_:u)f > 0,
oo f+(y—x)-v, > 0, forallz, yeSs,

where f € RIS, while v, € RI¥! for all z € S. Clearly, whenever v is a mean-preserving
spread of p, the above system of inequalities has no solution. In particular, by Theorem

A1, there exist some non-negative coefficients {A; }rcp such that

M:I/+Z)\ﬂ7r,

TeP

while > A (y —x) =0, forallz € S.
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(«<=). We prove this part of the proposition by contradiction. Suppose that there are
no non-negative coefficients {\; }rcp that satisfy the property specified in the thesis. By
Theorem A.1 and the argument presented in the first part of the proof, this implies that
there exists a solution to the system of linear inequalities specified above. Take any

f e R¥ and v, € RIS, 2 € S, solving the system and construct function f: R — R by

flx) = r;leig{fﬁvy (z—y)},

where we denote f = (f;)zes. Clearly, the function is concave, while f(z) = f,. Moreover,
we have > o f(z)(v(z) — p(z)) > 0, which contradicts that distribution v is a mean-
preserving spread of p. O]

Finally, we draw our attention to the second order stochastic dominance. For any two
elements u, v of Ag, we say that probability distribution p dominates v with respect to
the second order stochastic dominance, whenever for any increasing and concave function
f:RY = R, we have Y o f(z)u(z) > 3, s f(z)r(x). In the following proposition we

provide a dual characterisation of the relation.

Proposition A.3. For any u, v in Ag, probability distribution u dominates v with respect

to the second order stochastic dominance if and only if there exist some non-negative

coefficients {\; }rep such that
w=v+ Z Ar T,

TeP

while Y- cg Are(y —x) <0, forallz € S.

Proof. (=). By an argument analogous to the one presented in the proof of Proposition
A.2, whenever probability distribution p dominates v with respect to the second order

stochastic dominance, the following system of linear inequalities:
v—p-f >

T f+(y—x)-v, > 0, forall z,y €S,
>

y
0, for all z € S,

0,

Vg

where f € RIS, while v, € R8I, for all € S, has no solution. By Theorem A.1, this is

satisfied if and only if there exist some non-negative coefficients {A; }recp such that
f=v-+ Z AT,
TeP

as well as vectors {6, },cs, where 6, € RY, such that > yes Az (y — x) = —b,, for all
z € S. Clearly, this implies that 3 ¢ Are(y —x) <0, for allz € S.
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(«=). We prove this part of the theorem by contradiction. Whenever the premise of
the implication is not satisfied, Theorem A.1 implies that there exists a solution to the
system of linear inequalities specified above. Take any f € Rl and v, € RI¥l, 2 € S,
solving the system and construct function f : R® — R by

f(z):= mln{fy+vy (z _y>}7

yeSs

where we denote f = (f;)zes. Clearly, the function is increasing and concave, while
f(x) = fs. Moreover, we have > _o f(z)(v(z) — p(x)) > 0, which contradicts that

distribution p second order stochastically dominates v. O

There exists a close relation between the notion of a mean-preserving spread and the

second order stochastic dominance. We summarise the result in the next corollary.

Corollary A.2. For some u, v in Ag, let distribution p second order stochastically
dominate v. Whenever v is not a mean-preserving spread of i then, for any concave and
strictly increasing function f: R* — R, we have >, o f(x)p(z) > >, o [(x)v(2).

Proof. Whenever the premise of the corollary is satisfied, by Propositions A.2 and A.3,

there exist some non-negative weights {\,} cp such that
w=v+ Z Ar T,
TeEP

while )

we show that, for any concave and strictly increasing function f : R® — R, we have

D Ay =) ()0 = Y A fy) < (<) D Ay ()

yeS yeS yeS

yes My —x) <0, forall z € S, and 3 o Ars(y — x) < 0, for some z. First,

Since coefficients {\;}rcp are non-negative, whenever ZyES mz = 0, it must be that

> yes Az [(Y) = 32, cq Anz f(z) = 0. Suppose that » o Are > 0. By strict monotonicity

of f and Jensen’s Inequality, whenever (Y —x) < (<) 0, then

yeS
Zzyes)‘z - f(Z Zyes)\z ) < (<) flo),
yeSs yes

which implies that > o Ars f(y) < (<) 22, c5 Ane f(2). Moreover, once we sum up all the

inequalities with respect to x € S, the above condition implies that

0 < > D A (@)= fW) = I Melf -7

zeS yes TeP

38



where with a slight abuse of the notation, by f - we denote f(x)— f(y), for any 7 € P.

In order to complete the proof, observe that

f-vr < f-u+Z)\ﬂ(f-7r)

TeP
= f- (V + Z /\ﬂ-ﬂ')
TEP
= f C
which concludes our argument. O]

B Proofs

In this section we present arguments supporting the results presented in the main body

of the paper. We proceed with the proof of Theorem 1.

B.1 Proof of Theorem 1

As the necessity part of the result was discussed in the main body of the paper, in
this section we support the sufficiency of the dominance axiom for the discounted utility

rationalisation. We begin with the following lemma.

Lemma B.1. Whenever O obeys the dominance axiom there exist numbers {¢,}rcx and

{¢iher such that (i) (x,t) R*(y, s) implies ¢5+ o1 > ¢y + s, (i) x > y implies ¢, > ¢y,
and (iii) t < s implies p; > @s.

Proof. Enumerate the elements of R* so that it is equal to {((z;,¢;), (y;, Sj))}jeJ' For
any x € X, let ¢, € {0, 1}*l denote a vector equal to 1 at the entry corresponding to ,
and equal to 0 elsewhere. Analogously, we define vector &, € {0, 1}/7! for each t € T.
Finally, let Ry denote the set of monotone transformations p on X', defined as in Section
A, and R7 denote the set monotone transformations o on 7.

In order to prove the result it is sufficient to show that, if set O satisfies the dominance

axiom, there exist vectors ¢ € Rl and ¢ € R!7! such that

(exj — eyj) -+ (5tj — esj) - > 0, forall j €J,
p-¢o > 0, forall pe Ry,
—o0-p > 0, forall p € Ry.
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We prove the claim by contradiction. Suppose that the vectors do not exist. By Theorem
A.1, there are some natural numbers {\;};es, {6,}pery, and {U,},cr, such that
Z Aj€z; + Z 0,p = Z Ajey, and Z Aj€s; + Z V0 = Z AjEe; (A1)
j€J pERx j€J j€J 0€RT j€J
where either 0, > 0, for some p € Ry, or ¥, > 0, for some o € Ry. In particular, this
implies that \; > 0, for some j € J. For any x € X, define set K(z) :={j € J: x; = z}.
That is, K (x) is the set of all indices j € J enumerating the elements of R*, for which
the corresponding element z; is equal to z. Analogously, let L(y) :== {j € J : y; = y}.
Define probability distributions p and v, by

p(z) = Liercin M
ZjeJ >‘j

Moreover, define sequence {Hp}p

_ Diery) N 31
ZjeJ )‘j

by ép =0,/ c;Aj- Similarly, for any elements ¢,

and v(y) :

ERy’
s in T, we can define sets M (t) :={j € J:t; =t} and N(s) :={j € J : s; = s}, as well

as probability distributions

ZmEM(t) /\m
ZjeJ >‘j

In addition, define sequence {199}9

ZTLGN(S) /\n

ZjeJ >‘j
cryr DY Up = Uo/ D jcsAj- Observe that, given the
definition of the above probability distributions, condition (A1) is equivalent to

W+ Zépp:u and o + ZﬁgQ:T.

pERX 0ERT

T(t) ==

and o(s) ==

By Proposition A.1, this implies that v first order stochastically dominates u, while 7
first order stochastically dominates o. Moreover, since either ép > 0, for some p € Ry,
or ﬁg > 0, for some p € R, at least one of the above relations is strict.
In order to complete the proof, construct a sample { ((:U“ ti), (yi, sz)) }Z.e ; of R, where
each element ((z;,t;), (y;,s;)) of the directly revealed preference relation is taken \;
times, 5 € J. Clearly, the corresponding distributions p, v, 7, and o are defined as above.

However, this violates the dominance axiom, which leads to a contradiction. ]

In the next lemma we provide a sufficient condition for the set of observation to be

rationalisable by a discounted utility function.

Lemma B.2. Set O is rationalisable by a discounted utility function whenever there exist

numbers {¢ }oex and {p e such that (i) (x,t) R*(y, s) implies ¢, + @1 > ¢y + s, (i)
x >y implies ¢, > ¢, and (1) t < s implies ©r > ;.

3n our notation we assume that > icp @i = 0.
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Proof. Define function ¢ : X — R by ¢(z) := ¢,. Clearly, the function is strictly
increasing. Moreover, by Husseinov (2010, Corollary 3), there exists a strictly increasing
extension ¢ : X — R of ¢. Similarly, define a strictly decreasing function ¢ : 7 — R by
©(t) ==, with its strictly decreasing extension ¢ : T'— R. Define function u : X — R
by u := exp (gz_ﬁ) and v : T — (0,1] by v := exp (@—@(O)). Clearly, w is strictly increasing,
while ~ is strictly decreasing with v(0) = 1. As u(z)v(t) = exp (gbx + ¢ — 95(0)), for any
(x,t) € A, it is straightforward to show that v(x,t) := u(x)vy(t) rationalises O. O

Lemmas B.1 and B.2 imply that whenever the set of observations obeys the dominance
axiom, we can construct an instantaneous utility function v : X — R, and a discounting
function v : T' — (0, 1] such that v(z, t) := u(z)y(¢) rationalises O. Clearly, this completes

the argument supporting Theorem 1.

B.2 Proof of Proposition 3

Before we present the proof, we find it convenient to state the following lemma.

Lemma B.3. Let O be generated by an anchored experiment. If O is cyclically consistent
then there exists an increasing sequence {z}ier in Ry such that (z,t) R* (x*,t*) implies

x>z and (x*,t*)R* (x,t) implies z; > x. Moreover, zp = x*.

Proof. For any t € T, define z, := max{y € X : (z*,t")R*(y, s), for s < t} as well as
Z; := min {y € X : (y,s)R*(z*,t%), for s > t}. Note that, by the definition of set 7T, for
each t, either z; or 2, is well-defined.

Claim 1: Whenever Z; and z, are well-defined, then Z, > z,. Assume the opposite.
Then, there exist some y, ' € X, with ¢y < y and s, s’ € T, with s’ > s, such that
(v, )R (z*,t*)R* (y,s). However, we have (y,s) = (y,s’), which violates the cyclical
consistency axiom. This yields a contradiction.

Claim 2: Whenever Zy+ and z, exist, then z, < Z;+, where t7 := min{s € T : s > t}.
Assume the opposite. Then there exist some y, ¢ in X and s, s’ in 7 such that ¢ <y
and s’ > tT >t > s, while (v/, ') R* (z*, t*) R* (y, s). However, since (y, s) > (v, s), this
contradicts that the set of observations O is cyclically consistent.

Claim 3: For any t, t' inT such that Z, and Zy are well-defined, whenevert' >t then
Zy > Z;. This follows directly from the definition of Zz;.

Claim 4: For any t, t' € T such that t < t', whenever Zy exists, so does Z;. This

follows directly from the definition of Zz;.
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Given the above claims, we are able to recursively construct the sequence specified in
the thesis of the lemma. Take any ¢t € 7 and let {1 be its immediate successor, defined
as previously. Given z;, we determine z;+ as follows. If (i) both z,+ and Z;+ exist and
Zi+ < Zp+, let z+ be equal to any number n such that min{z;, z,4+} < n < Zg+. If (ii)
2+ = Zyp+, let zpr = 2z, = Zyp+. If (i) only 2z, exists, let z;+ be equal to any number n
such that n > min{z, z,}. Finally, if (iv) only Z;+ exists, let z;+ be equal to any number
n such that z; < n < Z;+. We claim that the sequence is well-defined.

Let t := min7T be lowest observable time-delay. Since z; is the first element of the
sequence, by Claim 1, it is always well-defined. Take any ¢ € 7 and suppose that sequence
{zs}s<t 1s constructed as above. We claim that z;+ is also well-defined. If not, then by
Claim 2, it must be that Z;+ < z,. In particular, by Claim 4, we know that z; also exists.
Consider three cases. If (a) z, < 2z < Z; then by Claim 3, we have z; < Z;+. If (b)
2 = z; = Zt, by Claim 2 it must be that z; < Zy+. Finally, if (¢) 2; < Z;, then by Claim
3, we have z; < Z;+. Clearly, this implies that z;+ is always well-defined.

In order to complete the proof, we need to show that (z*,¢*)R* (z,t) implies z, > x,
while (z,t) R* (z*,t*) implies > z. Clearly, whenever (z*,t*)R* (z,t), then z, is well-
defined and it must be that x < z, < z. Similarly, whenever (z,t)R*(z*,t*), then z
exists and x > Z; > z;. Hence, the sequence satisfies the desired property.

Finally, we claim that it is always possible for z;« := x*. Note that, for any ¢ < t*,
whenever z, exists, then z, < z*. Otherwise, there would exist some x € X such that
x > z*and (z*,t*) R* (z,t), which would violate the cyclical consistency axiom. Similarly,
for any ¢t > t*, we have Z; > x* (whenever it exists). Otherwise, there would exist some

x < x* such that (z,t) R* («*,t*), which would violate cyclical consistency. O

Given the above lemma, we may proceed with the proof of Proposition 3. Since im-
plication (iii) = (ii) = (i) is straightforward, we only prove (i) = (iii). Take an arbitrary
discounting function v : T — (0, 1] and let u* be any strictly positive number. By Lemma
B.3, there exists a strictly increasing sequence {z }ier in Ry such that (z*,t*)R* (z,1t)
implies © < z;, while (z,t) R* (z*,t*) implies x > z;. Moreover, z;= = z*. Define function
u: {ziher = Ry by u(z) = u™y(t*)/v(t). As 7 is strictly decreasing, the function
is strictly increasing. Hence, by Husseinov (2010, Corollary 3), there exists a strictly
increasing extension % : R, — R of u.

We claim that function v(z,t) := u(x)y(t) rationalises the set of observations O.
Suppose that (z*,t*)R* (z,t). By Lemma B.3 and monotonicity of function @, we have

u(r) < a(z) = u(z) = u*y(t*) /~(t), which implies that u(x)y(t) < u*y(t*) = u(x*)y(t*).
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Analogously, we can show that (x,t) R* («*,t*) implies u(x)y(t) > u(z*)y(t*).

B.3 Proof of Theorem 2

We state the proof of the theorem via two lemmas.

Lemma B.4. If set O obeys the cumulative dominance axiom, there exist real numbers
{pstaex, {pither, and {vitier such that (i) (z,t)R*(y,s) implies ¢, + pr > ¢y + @5,
(i1) x >y implies ¢, > ¢, (111) v, <0, for allt € T, and (iv) for all t € T, we have
ot (s —1t) < s, forallseT.

Proof. Enumerate the elements of R* so that the set is equal to {((z;,¢;), (5, s;)) }jej.
For any = € X, let ¢, € {0, 1}‘)( | denote a vector equal to 1 at the entry corresponding to
r, and equal to 0 elsewhere. Analogously, we define vector &, € {0,1}/71 for each t € T.
Finally, let R denote the set of monotone transformations p on &', defined as in Section
A, and P denote the set of transformations m on 7.

In order to prove the result it is sufficient to show that, if set O satisfies the cumulative

dominance axiom, there exist vectors ¢ € RI*l and ¢, v € R!7l such that

(€2, —€y;) -0+ (e, —&s5,) - > 0, forall j € J,
p-¢o > 0, forall p e R,

—7mlop—(s—thvy > 0, forallt,seT,
—v; > 0, forallt e T,

where we denote v = (v;)e7. We prove the claim by contradiction. Suppose that the
vectors do not exist. By Theorem A.1, there are some natural numbers {\;};es, {6,} per,

{Vx}rep, and {5 }ier such that

D N, + ) Op=> Ney, and > Neg + Y Uam = Ne,,  (A2)

jeJ pER jeJ jed reP jeJ

while Y Ux(s — 1) = —ky, for all t € T. Moreover, either ¢, > 0, for some p € R, or
ke > 0, for some ¢ € T. Clearly, this implies that A; > 0, for some j € J.

For any = € X, define set K(z) := {j € J : x; = z}. That is, K(z) is the set of
all indices j € J for which the corresponding element x; is equal to x. Analogously, let

L(y) :={j € J : y; = y}. Define probability distributions x and v, by

_ e N
ZjeJ )‘j

and v(y) :



Define sequence {ép}pER’ by ép =46,/ ZjeJ A;. Similarly, for any ¢, s in 7, we can define
sets M(t) :=={j e J:t; =t} and N(s):={j € J:s; = s}, as well as distributions

ZmGM(t) Am Z’HEN(S) )\n
ZjGJ )\J ZjGJ )\J

Moreover, define sequence {1§7T}7r cpr bY O = U/ Zje ;Aj. Observe that, given the

T(t) := and o(s) =

definition of the above probability distributions, condition (A2) is equivalent to

M+Zépp: v and a—i—Z&sz,
pER TEP
where >+ 19@(3 —t) <0, for all t € T. In addition, either ép > 0, for some p € R,
or Y o7 19@(3 —t) < 0, for some t € 7. Hence, by Propositions A.1 and A.3, this
implies that v first order stochastically dominates p, while 7 second order stochastically
dominates 0. Moreover, either the former relation is strict or probability distribution o
is not a mean-preserving spread of 7 (see Corollaries A.1 and A.2 in Section A).
of R*, where

each element ((z;,t;),(y;, s;)) of the directly revealed preference relation is taken \;

In order to complete the proof, construct a sample { ((z;,t;), (y;, 5i)) }iel
times, j € J. Clearly, the corresponding distributions u, v, 7, and ¢ are defined as above.

However, this violates the cumulative dominance axiom. O

In the second lemma we present a sufficient condition for a set of observations to be

rationalisable by a weakly present-biased discounted utility function.

Lemma B.5. Set O is rationalisable by a weakly present-biased discounted utility func-
tion, whenever there are numbers {¢, }rex, {¢t}er, and {v her such that (i) (x,t) R*(y, s)
implies ¢y + @ > ¢y + s, (10) x>y implies ¢, > ¢, (1) vi <0, for allt € T, and (iv)
for allt € T, we have gy + vi(s —t) < ps, for all s € T.

Proof. Define function ¢ : X — R by ¢(z) := ¢,. Clearly, the function is strictly
increasing. Moreover, by Husseinov (2010, Corollary 3), there exists a strictly increasing
extension ¢ : X — R of ¢. Next, let function @ : T — R be defined by
o(t) == max {os +vs(t =)},

which is strictly increasing, while ¢(t) = ¢y, for all ¢ € T. Moreover, the function has a
convex extension to R. Define function u : X — R by u := exp (gE) and v : T — (0,1]
by v := exp (g?a — @(0)). Note that w is strictly increasing, while v is strictly decreasing
with 4(0) = 1. Finally, as u(z)y(t) = exp (¢, + ¢ — ¢(0)), for any (z,t) € A, it is
straightforward to show that v(x,t) := u(x)y(t) rationalises O. O
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Lemmas B.4 and B.5 imply that whenever the set of observations satisfies the cumu-
lative dominance axiom, it is possible to construct a utility function v : X — R, and a
weakly present-biased discounting function v : T — (0, 1] such that v(x,t) := u(x)y(t)

rationalises O. This concludes the proof of Theorem 2.

B.4 Proof of Proposition 5

In the following section we present two lemmas that support the sufficiency of the strong
cumulative dominance axiom for rationalisability by a quasi-hyperbolic discounted utility

function. At the same time, the two results complete the proof of Proposition 5.

Lemma B.6. Whenever set of observations O obeys the strong cumulative dominance
aziom for some l € T, there exist numbers {¢.}zcx and B, § such that (i) (x,t)R* (y,s)
implies ¢, +min{t, [} 5 +t5 > ¢, + min{s, [} + s6, (i1) x >y implies ¢p(z) > ¢(y), and
(iii) B and & are strictly negative.

Proof. Enumerate the elements of R* so that the set is equal to {((z;,t;), (y;,5;)) }jEJ‘
For any z € X, let ¢, € {0,1}/* denote a vector equal to 1 at the entry corresponding to
x, and equal to 0 elsewhere. Moreover, let R denote the set of monotone transformations
p on X defined as in Section A.

In order to prove the result it is sufficient to show that, if set O satisfies the dominance

axiom, there exists a vector ¢ € RI* and numbers 3, § such that

(€, — €;) - ¢+ (minft;, 1} —min{s;, }) B+ (t; — ;)0

> 0, forall j€J,
p-¢ > 0, forall p € R,

>

>

_ﬁ 07
—0 0.

We prove the claim by contradiction. Suppose that the vectors do not exist. By Theorem
A.1, there are some natural numbers {\;};cs, {6,},er, ¥, and & such that

Z /\jexj + Z Qpp = Z /\jeyﬁ (AS)

jed peR jed
while > . ; Aj(min{t;, 1} —min{s;,l}) = ¥ and > ies Aj(tj—s;) = k. Moreover, we either
have 6, > 0, for some p € R, ¥ > 0, or k > 0. In particular, this implies that A; > 0,
for some j € J. For any x € X, define set K(z) := {j € J : z; = z}. Analogously, let
L(y) :={j € J : y; = y}. Define probability distributions x and v, by

_: ZkeK(z) Ak _ ZlEL(y) Al

p(x) : Z]EJ X and v(y): zjeJ X
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Define sequence {ép}pER’ by ép =0,/ ZJEJ Aj. For any elements ¢, s in 7, we can define
sets M(t) :=={j e J:t; =t} and N(s):={j € J:s; = s}, as well as distributions

EmGM(t) >\m EnEN(s) >\”
ZjEJ )‘j ZjeJ )‘j
Given the above definitions, condition (A3) is equivalent to

/’L+Zépp:V7

pPER

while » ., min{t,l[}7(t) > >, ., min{t,l}o(t) and Y, - t7(t) > >, to(t). In particu-
lar, by Proposition A.1, distribution v first order stochastically dominates pu. Moreover,

7(t) == and o(s) :=

as either 6, > 0, for some p € R, ¥ > 0, or kK > 0, at least one of the relations is strict.

Construct a sample { ((z;,;), (vi,s:)) }._, of R*, where each element ((z;,t;), (y;,5s;))

iel
of the directly revealed preference relation is taken A; times, j € J. Clearly, the corre-
sponding distributions pu, v, 7, and o are defined as above. However, this violates the

strong cumulative dominance axiom, which leads to a contradiction. O

Lemma B.7. Set of observations O is rationalisable by a quasi-hyperbolic discounted util-
ity function if there is some l € T and numbers {¢, }rex, B, 6 such that (i) (x,t)R* (y, s)
implies ¢, + min{t, [} +t5 > ¢, + min{s, [} 5 + 6, (i1) x >y implies ¢p(z) > ¢(y), and
(iii) B and 6 are strictly negative.

Proof. Define function ¢ : X — R by ¢(z) := ¢,. By Husseinov (2010, Corollary 3),
there exists a strictly increasing extension ¢ : X — R of ¢. Let v : X — R, be
given by u := exp (qg), while § := exp(d) and B = exp(). Define v : T — (0,1] by
v(t) := B6", whenever t < I, and y(t) := 3'6" otherwise. Since for any (z,t) € A, we
have v(z,t) := u(z)y(t) = exp (¢ + t6 + min{¢, 1} 8), it is straightforward to show that

function v rationalises the set of observations O. OJ

Note that Lemmas B.6 and B.7 imply that if set O obeys the strong cumulative dom-
inance axiom, then it is rationalisable by a quasi-hyperbolic discounting function. This
completes the sufficiency part of that argument supporting Proposition 5. At the same

time, jointly with the discussion in Section 4.2, the above lemmas support Proposition 6.

B.5 Proof of Proposition 7

We show the necessity of the conditions stated in the proposition analogously to the

quasi-hyperbolic case. In order to show sufficiency, enumerate the elements of R* so that
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the set is equal to {((z;,1;), (yj,sj))}jeJ. For any » € X, let ¢, € {0, 1}*l denote a
vector equal to 1 at the entry corresponding to x, and 0 elsewhere. Moreover, let R
denote the set of monotone transformations p on X, specified as in Section A.

We show that, whenever set O satisfies the conditions stated in the thesis of the

proposition, there exists a vector ¢ € RI*! and a number ¢ such that

(exj — eyj) o+ (t;—s;)0 > 0, forall jeJ
p-¢ > 0, forall p e R,
-5 > 0.

We prove the claim by contradiction. Suppose that the solution does not exist. By

Theorem A.1, there are some real positive numbers {\;};cs, {6,},cr, and ¥ such that
D N > 0p= Ne, and Y N(t; —s;) =10 (A4)
jed pER jed jed

Moreover, we either have 6, > 0, for some p € R, or ¥ > 0. In particular, this implies

that A\; > 0, for some j € J. We claim that there are positive numbers {xj }rex, as well

as sets Jy C J and Ry C R, k € K, such that, for all k € K,

Z(th_esj)—i_zp:()?

j€Jk pERy
while 32y D se g, (8 = 55) = D jes Aty — 55) = 0.

First, we show how to recursively construct numbers {rg trex, as well as sets J, and
Ry, k € K. Take k=1 and let \; := \;, for all j € J, and 6, := 6,, for all p € R. Define
A= min;ec s {5\] : 5\]- > O}. By the previous argument, such number exists. Take any
i € J such that \; = A. Since for each ¢ € T vector € has a single entry equal to 1 and
all the remaining equal to 0, while p! = ¢; — €, there are sets J; 3 ¢ and R such that

Z(Etj_ESj)+szov

jeN1 pER

while 5\]- > )\, for all j € J;, and ép > )\, for all p € R;. Otherwise, condition (A4) would
not be satisfied. Set k1 := 2 Redefine numbers \; := 5\]- — Ky, forall j € Jy, and \; := 5\]-
for all j & J;. For each k > 1, repeat the above argument. Clearly, the algorithm is finite.
Moreover, by construction, we have » 2, cr- k1 D ey (B — 85) = D, Aty — 85) = V.
Observe that, by definition, for each k € K, subset {(:171, t:), (ys, Si)}ie " of R* is such
that distribution of x; first order stochastically dominates the distribution of y;. Since set
O obeys the condition presented in the proposition, it must be that > e (t; —s;) <0.

This implies that ¥ = 0 and 0, = 0, for all p € R, which leads to a contradiction.
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C Online Appendix

In this appendix we present some additional results that were not included in the pa-
per. First, we discuss an axiomatic characterisation of the discounted utility model with
additional restrictions imposed on the form of the instantaneous utility function. In the
second part, we include results complementary to Section 5. Throughout this appendix

we use the notation introduced in the main body of the paper.

C.1 Log-concavity and rationalisation

We proceed with presenting the necessary and sufficient conditions for rationalisation
with a log-concave instantaneous utility function. Our approach is analogous to the one
presented in the paper. However, for a strictly technical reason, we assume that the set
of observable prizes X is a subset of Qf rather that R}. This restriction is not without
loss of generality. Nevertheless, given our application, we find it acceptable.

Before we proceed with the first result, recall that for any sample { ((ml, ti), (yi, sl)) }ie s
of R*, the distributions of rewards in the superior and inferior options are denoted re-

spectively by p and v, while the distributions of time-delays are given by 7 and o, as in

(1) and (2) in Section 2.1 of the paper.

Proposition C.1. The following statements are equivalent.

(i) There is a log-concave, strictly increasing instantaneous utility function v : X — R
and a strictly decreasing discounting function v : T — (0, 1], where v(0) = 1, such
that v(x,t) := u(x)y(t) rationalises O.

(i) For any sample {((ZBi,ti), (ys, s,)) }Z.e[ of R*, whenever distribution v second order
stochastically dominates p, while T first order stochastically dominates o, then

must be a mean-preserving spread of v and T = 0.

(iii) There are real numbers {¢g }eex, {0 hier, and vectors {v, rex in R such that (a)
(x,t)R*(y,s) implies ¢p + o1 > ¢y + @s, (b) vy > 0, for all x € X, (c) for all
r € X, we have ¢ +v,- (y—x) > ¢y, forally € X, and (d) t < s implies p, > @5.

Proof. To show that (i) = (ii), assume that there is a log-concave, strictly increasing
instantaneous utility function v : X — R and a strictly decreasing discounting function
v : T — (0,1], where v(0) = 1, such that v(z,t) := u(x)y(t) rationalises O. Clearly,
function w(z,t) := ¢(x) + p(t), where ¢ := log(u) and ¢ := log(7), also rationalises the

set. Moreover, ¢ is concave and strictly increasing, while ¢ is strictly decreasing.
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Take any sample {((m,, ), (yi, s,)) }ie] of R*. By definition, for any ¢ € I, it must be
that ¢(x;) + @(t;) > é(yi) + ¢(s;). Moreover, once we sum up the above inequalities with

respect to the elements of the sample, we obtain

Y d@u(r)+ Y er(t) =Y dla)v(z) + ) e(t)alt),

zeX teT TeX teT

where distributions p, v, 7, and o are defined as in (1) and (2) in Section 2.1. Suppose
that the sample is specified as in statement (ii). Since ¢ is concave and strictly increasing,
we have > 1 o(x)u(z) < Y cr ¢(x)rv(x). Moreover, as the distribution of time-delays
t first order stochastically dominates the distribution of s, the monotonicity of ¢ implies
that >, - o(t)7(t) < > ,c7@(t)o(t). However, the two inequalities can be consistent
with the initial condition only if they are satisfied with equality. By Corollaries A.1
and A.2 (see Section A of the main appendix to the paper), this requires for u to be a
mean-preserving spread of v and for 7 to be equivalent to o.

Next we show that (ii) = (iii). Enumerate the elements of R* so that the set is equal
to {((z;,¢), (y;,5;)) }jGJ. For any = € X, let ¢, € {0, 1}* be a vector equal to 1 at the
entry corresponding to z, and 0 elsewhere. Analogously, we define a vector ¢, € {0, 1}/71,
for each t € T. Finally, let P denote the set of transformations 7 on X', as in Section A
of the main appendix, and R be the set of monotone transformations g on 7.

In order to prove the result it is sufficient to show that, if set O satisfies the condition

in statement (ii), there exist vectors ¢ € RI*l, o € RI7I and v, € R, 2 € X, such that

(ex]. —eyj) -+ (etj —gsj) cp > 0, forall j€J,
—o0-¢p > 0, forall p e R,

T+ (y—x)-v, > 0, forallz, yeX,
v, > 0, forall z € X.

We prove the claim by contradiction. Suppose that the vectors do not exist. Since X
is a subset of QY, by Theorem A.1, there are some natural numbers {\;};es, {0x}rep,
{9,} oer, and vectors k, € N¢, z € X, such that
Z Aj€e; + Z O.m = Z Aj€,, and Z Aj€s; + 219@@ = Z Aj€t;s (A5)
jed TEP jed jed 0€R jed
while >y 0rs(y — ¥) = —ky, for all z € X. Moreover, either J, > 0, for some ¢ € R,
or Ky > 0, for some x € X. Clearly, this implies that A\; > 0, for some j € J.
For any x € X, define set K(z) := {j € J : z; = x}. That is, K(x) is the set of

all indices j € J for which the corresponding element z; is equal to x. Analogously, let
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L(y) :={j € J : y; = y}. Define probability distributions x and v, by

_ ZkEK(z) Ak _ ZlEL(y) Al
Zje} )‘j zjeJ /\j

Define sequences {éﬂ}ﬁep and {#, }ocx, by Or := 0,/ > jesNjand fy = (1/ > e Aj) kg
For any t, s in T, we define sets M(t) :={j € J : t; =t} and N(s) :={j € J : s; = s},

as well as probability distributions

ZmGM(t) >\m ZnEN(s) /\”
ZjEJ )‘j ZjeJ )‘j

Moreover, define sequence {@Q}geR, by 199 = 1,/ Z]EJ Aj. Observe that, given the

p(z) :

and v(y):

7(t) ==

and o(s):=

definition of the above probability distributions, condition (A5) is equivalent to

/L—i—Zéﬂr:V and U+ZI§QQ:T,

TeP 0€R

~

where >y 0r:(y — ) = —Ry, for all z € X. In addition, we either have 3, > 0, for
some o € R, or £, > 0, for some x € X. Clearly, the second condition would imply that
ZyET éﬂz (y —z) < 0, for some x € X. Therefore, by Propositions A.1 and A.3 from
Section A of the appendix, this means that v second order stochastically dominates p,
while 7 first order stochastically dominates o. Moreover, either p is not a mean-preserving
spread of v or 7 strictly dominates o (see Corollaries A.1 and A.2 in Section A).

In order to complete this part of the proof, construct a sample {((xz, t:), (ys, 3,)) }ie ;
of R*, where each element ((x]-, ti), (Y, sj)) of the directly revealed preference relation is
taken A; times, j € J. Clearly, the corresponding distributions p, v, 7, and o are defined
as above. However, this violates the cumulative dominance axiom.

Finally, we show that (iii) = (i). Define function ¢ : X — R by

¢(x) :==min {¢, + v, - (z —y)}.

yeX

Clearly, it is concave and strictly increasing, while ¢(z) = ¢, for all z € X. Next, let
¢ : T — R be defined by ¢(t) = ¢;. By assumption, the function is strictly decreasing.
Moreover, by Husseinov (2010, Corollary 3), there exists a strictly decreasing extension
¢ : T — R of p. Finally, define u : X — Ry by u := exp (¢) and v : T — (0,1] by
v :=exp (¢ — ¢(0)). Clearly, u is strictly increasing and log-concave, while v is strictly
decreasing with 7(0) = 1. As u(z)y(t) = exp (¢ + ¢ — $(0)), for any (z,t) € A, it is
straightforward to show that v(x,t) := u(x)y(t) rationalises O. O

32(Clearly, sequence {&, }zcx consists of vectors in Rﬁ_.
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Given the line of the above argument, as well as the results in the main body of
the paper, it is possible to determine the necessary and sufficient conditions for the log-
concave rationalisation with the more stringent restrictions imposed on the specification

of the discounting function. We leave this part of the argument to the reader.

C.2 Power utility and rationalisation

In this subsection we concentrate on the necessary and sufficient conditions for a set of
observations to be rationalisable with a power utility function. Throughout this section
we assume that X = R, . The restriction is driven by our application presented in Section
5.

As previously, recall that for any sample {((:E,, ), (yi, sl)) }ie ; of R*, the distributions
of rewards in the superior and inferior options are denoted respectively by u and v, while

the distributions of time-delays are given by 7 and o, as in (1) and (2) in Section 2.1.

Proposition C.2. The following statements are equivalent.
(i) There is some o > 0 and a strictly decreasing discounting function v : T — (0, 1],
where v(0) = 1, such that v(z,t) := 2*y(t) rationalises O.
(it) For a subset {((z;,t;), (yi,si))}iel of R*, if 3 ,exlog(x)v(z) > Y, oo log(z)p(x),
while probability distribution T first order stochastically dominates o, then it must
be that ) log(x)v(z) =y log(x)u(z) and T = 0.
(iii) There are real numbers o and {¢i}ier such that (a) whenever (x,t)R*(y,s) then
alog(z) + ¢ > alog(y) + s, (b) a> 0, and (c) t < s implies v > @s.

Proof. To show that (i) = (ii), assume that there is some a > 0 and a strictly de-
creasing discounting function v : 7' — (0, 1] such that v(z,t) := x*y(t) rationalises O.
Clearly, function w(z,t) := alog(x) + ¢(t), where ¢ := log(7), also rationalises the set of
observations. Moreover, function ¢ is strictly decreasing.

Take any subset {((xz, t:), (ys, SZ)) }iel of R*. By definition, for any i € I, it must be
that alog(z;) +¢(t;) > alog(y;)+¢(s;). Moreover, once we sum up the above inequalities

with respect to the elements in the set, we obtain
@Y log(@)u(x) + Y (t)r(t) > @ log(z)v(z) + Y e(t)a(t),
reX teT zeX teT

where distributions u, v, 7, and o are defined as in (1) and (2) in Section 2.1. Sup-
pose that the set is specified as in statement (ii). Since « is strictly positive, we have

Y sex log(x)pu(x) < Y- o log(x)v(x). Moreover, as the distribution of time-delays ¢ first
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order stochastically dominates the distribution of s, the monotonicity of ¢ implies that
Yoier p()T(t) < 37 @(t)o(t). However, the two inequalities can be consistent with the
initial condition only if they are satisfied with equality. By Corollary A.1 (see Section A
of the appendix), this requires that > _. log(z)u(x) = > .y log(x)v(x) and 7 = 0.

Next we show that (ii) = (ili). Enumerate the elements of R* so that the set is
equal to {((:Uj,tj), (yj,sj))}jej. For each t € T, define vector ¢, € {0,1}7! equal to 1
at the coordinate corresponding to ¢, and 0 elsewhere. Finally, let R denote the set of
transformations ¢ on 7, defined as in Section A of the main appendix to the paper.

In order to prove the result, it is sufficient to show that, if set O satisfies the condition

in statement (ii), there is some real number a and a vector ¢ € RI7! such that

(log(z;) —log(y;)) e+ (e, —es,) ¢ = 0, forall j € J,
—o0-p > 0, forall p € R,

a > 0.

We prove the claim by contradiction. Suppose that the vectors do not exist. By Theorem

A1, there are some real numbers {\;};cs, 0, and {,},er such that

Z Aj(log(z;) —log(y;)) = —0 and Z Aj€s; + Z Vo0 = Z AjEt; (A6)

jed jed 0€ER jedJ

Moreover, either 9, > 0, for some p € R, or § > 0. Clearly, this implies that A\; > 0, for
some j € J. We claim that there exist positive numbers {ky }rer, as well as sets J, C J
and Ry C R, k € K, such that, for all £ € K, we have

Z (8tj _€Sj)+ Z Q:O7
JEJk 0E Ry,
while Y, . K Zje,k (log(xj) — log(yj)) = ZjeJ )\j(log(xj) — log(yj)) = —0.
First, we show how to recursively construct numbers {rg trex, as well as sets Jy and
Ry, k € K. Take k =1 and let 5\]- = \;, forall j € J, and 19,) :=1,, for all p € R. Define

i = minjey {5\3 : 5\]- > O}. By the previous argument, such number exists. Take any
i € J such that A\; = \. Since for each t € T vector £; has a single entry equal to 1 and

all the remaining equal to 0, while ¢! = ¢, — &, there are sets J; 3 ¢ and Ry such that

Z(étj—gsj)—l—Zg:O,

jeN 0€R1

while A; > A, for all j € J;, and 9, > ), for all p € Ry. Otherwise, condition (A6) would
not be satisfied. Set k; := 2 Redefine numbers \; := ;\j — k1, forall 7 € Ji, and A := j\j
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for all j & J;. For each k > 1, repeat the above argument. Clearly, the algorithm is finite.
Moreover, by construction, we have > 7, - kx> iy (log(:vj) — log(yj)) = —0.

Observe that, by definition, for each k € K, subset {(xl, ti), (vi, Si)}ie " of R* is such
that distribution of ¢; first order stochastically dominates the distribution of s;. Since
set O obeys the condition presented in statement (ii) of the proposition, it must be that
D ica (log(xj) — log(yj)) > 0, which implies that 8 = 0, as well as J, = 0, for all p € R,
which would lead to a contradiction.

Finally, we show that (iii) = (i). Let ¢ : T — R be defined by ¢(t) = ¢;. By
assumption, the function is strictly decreasing. Moreover, by Husseinov (2010, Corollary
3), there exists a strictly decreasing extension ¢ : " — R_ of ¢. Define v : T — (0, 1]
by v :=exp (¢ — ¢(0)). As 2*y(t) = exp (alog(z) + ¢, — (0)), for any (z,t) € A, it is
straightforward to show that v(z,t) := x%y(t) rationalises O. O

As in the case of log-concavity, given our previous results, it is possible to deter-
mine analogous necessary and sufficient conditions for the discounted utility model with

instantaneous power utility function and the alternative specifications of discounting.

C.3 Appendix to Section 5

First, in Table 2 we present the questionnaire employed in the experiment by Kirby and
Petry (2004). Recall that it is identical to the one utilised in Kirby, Petry, and Bickel
(1999), Chabris, Laibson, Morris, Schuldt, and Taubinsky (2008, 2009), and Kirby (2009).

Next, we discuss the probability with which a random set of observations generated
in the Kirby and Petry (2004) experiment can be rationalised once we allowed to drop at
most one observation from each set. The total number of observation sets that could be
rationalised in this sense by a mixed-monotone utility function was 177 502. Therefore,
given the number of all conceivable observation sets equal to 227 = 134 217 728, the
probability was 0.0014. In the table below, we present the corresponding probabilities for
each specification of the discounted utility model.

Given the questionnaire employed in the experiment by Kirby and Petry (2004), we
generated a sample of 100 000 random sets of observations. In Figure 5, for each speci-
fication of the discounted utility model, we present cumulative probability distributions
of rationalisable sets, with respect to the minimal error bound e (see Section 5.3 of the
main body of the paper). Moreover, please note that the distribution of error bounds for
the mixed-monotone time-preference coincided in this case with the arbitrary discounted

utility model for an arbitrary instantaneous
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Reward values

Order Smaller immediate  Larger delayed Delay

reward reward (in days)

1 $54 $55 117
2 $55 $75 61

3 $19 $25 53
4 $31 $85 7

5 $14 $25 19
6 $47 $50 160
7 $15 $35 13
8 $25 $60 14
9 $78 $80 162
10 $40 $55 62

11 $11 $30 7

12 $67 $75 119
13 $34 $35 186
14 $27 $50 21

15 $69 $85 91

16 $49 $60 89
17 $80 $85 157
18 $24 $35 29
19 $33 $80 14
20 $28 $30 179
21 $34 $50 30
22 $25 $30 80
23 $41 $75 20
24 $54 $60 111
25 $54 $80 30
26 $22 $25 136
27 $20 $55 7

Table 2: The questionnaire employed in the experiment by Kirby and Petry (2004).
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Arbitrary Log-concave Power utility

utility function utility function function

Arbitrary 1 0439 0060
discounting

Weakly present-biased

and quasi-hyperbolic 1 .0408 .0043
discounting

Exponential 0.9590 0303 0025
discounting

Table 3: Probability of rationalising a random set of observations generated in the Kirby and
Petry (2004) experiment by a discounted utility model once we allow to drop at most one
observation, conditional on the set being rationalisable in the above sense by a mixed-monotone

utility function (i.e., with at most one observations dropped).

Finally, we display the p-values from Anderson-Darling and Mann-Whitney U tests

corresponding to the analysis presented in Figure 4 of the paper (see Section 5.4).

Arbitrary discounting Exponential discounting
Compared Arbitrary  Log-concave  Power  Arbitrary  Log-concave  Power
groups utility utility utility utility utility utility
Control group vs. .6834 .8268 .6058 4250 2677 .1843
alcohol-abusers .5496 9742 .4487 4487 2072 .3282
Control group vs. .0002 .0031 .5806 .0041 .0149 .0038
drug-abusers .0045 .0187 5417 .0299 .0256 .0614
Alcohol-abusers vs. .0025 .0015 .7649 .0194 .3652 .3081
drug-abusers .0231 .0098 .9037 .0667 .3043 .3559

Table 4: P-values from Anderson-Darling (the upper value) and Mann-Whitney U tests (the
lower value) comparing distributions presented in Figure 4, for each pair of groups considered

in Section 5.4 and each specification of the discounted utility model.
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(a) Rationalisation for an arbitrary instantaneous utility function.
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(b) Rationalisation for a log-concave instantaneous utility function.
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(¢) Rationalisation for a power instantaneous utility function.

Figure 5: Cumulative distributions of a sample of 100 000 random observation sets for various

specifications of the discounted utility model, with respect to the error bound e.
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