DIRAC COHOMOLOGY OF ONE-W-TYPE REPRESENTATIONS

DAN CIUBOTARU AND ALLEN MOY

ABSTRACT. The smooth hermitian representations of a split reductive p-adic
group whose restriction to a maximal hyperspecial compact subgroup contain
a single K-type with Iwahori fixed vectors have been studied in [BM3] in
the more general setting of modules for graded affine Hecke algebras with
parameters. We show that every such one K-type module has nonzero Dirac
cohomology (in the sense of [BCT]), and use Dirac operator techniques to
determine the semisimple part of the Langlands parameter for these modules,
thus completing their classification.

1. INTRODUCTION

The category of smooth representations of a reductive p-adic group generated
by their vectors fixed under an Iwahori subgroup is equivalent to the category
of modules over the Iwahori-Hecke algebra [Bo]. Furthermore, the category of
Iwahori-Hecke algebra modules is equivalent to a product of categories of certain
graded affine Hecke algebra modules [Lul]. It is known that these equivalences in-
duce bijections between the unitary representations in the corresponding categories
[BM1, BM2].

An interesting class of unitary representations are those which have a single K-
type with Iwahori fixed vectors, or in terms of Borel’s equivalence of categories, the
Iwahori-Hecke algebra modules whose restrictions to the finite Hecke algebra are
irreducible. These representations are expected to be automorphic, for example,
the Speh representations for GL(n,Q,) ([Ta]) are such one-K-type representations.

In terms of the corresponding graded affine Hecke algebra H (Definition 2.5.1),
we are interested in the one-W-type modules, i.e., unitary modules of H with real
central character whose restrictions to the group algebra C[W] of the Weyl group
are irreducible. In [BM3], it was determined which irreducible Weyl group represen-
tations support an action of hermitian (hence necessarily unitary) H-module with
respect to the natural x-operation (2.5.2). In particular, it is shown that whenever
this is possible, there is a unique way to define the action of H. In this paper, we
first provide a simpler, uniform proof for this fact, Proposition 3.1.1; the idea is
similar in spirit with the classical argument from real groups used to show that
there are no nontrivial finite-dimensional unitary representations of a simple real
group, e.g. [Kn, Corollary 2.3] for SL(2,R).

In [BCT], a Dirac operator for graded Hecke algebras was introduced and a
theory of Dirac cohomology for H-modules was proposed. We show here that every
one-W-type H-module has nonzero Dirac cohomology, in fact the Dirac operator
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is identically zero on such modules, Proposition 3.2.1. This fact, combined with
certain calculations of tensor products of representations of the pin double cover
of the Weyl group W (defined in section 2.2), allows us to compute explicitly the
Dirac cohomology of these modules in all cases. Vogan’s conjecture, in the setting
of Hecke algebras proved in [BCT], essentially says that the Dirac cohomology
determines the central character of the H-module. Thus, as a corollary of our
calculations, we find the central character of the one-W-type H-modules, which
completes their identification in the Langlands classification. The explicit results
are listed in sections 3.3-3.5.

2. DIRAC OPERATOR FOR GRADED HECKE ALGEBRAS

In this section, we review the construction and properties of the Dirac operator
from [BCT] and the relation between spin representations of the Weyl group and
nilpotent orbits from [Ci].

2.1. The root system. Let V be a finite dimensional Euclidean vector space, with
inner product (, ): V xV — R. Let ® be a semisimple reduced root system in V,
with finite Weyl group W C O(V). Let s, € W denote the reflection through the
hyperplane perpendicular to a.

Choose a system ®T C ® of positive roots, and let II be a basis of ®T, the set
of simple roots. The group W admits a Coxeter presentation

W = (50, € I1 : (5455)™@F) = 1). (2.1.1)
2.2. The pin cover of W. Let C(V) be the Clifford algebra of V,(, ). This is
the real associative algebra generated by {v € V'} subject to the relations
v1vg + vov; = —2(v1,v2), wv1,v3 E V. (2.2.1)
If one assigns degree one to the elements v € V, then C(V) is naturally a filtered
algebra whose associated graded algebra is AV. In particular, C(V') has a Z/2Z-
grading C(V) = C(V)even + C(V)oda given by the degree mod 2. Let e be the
automorphism of C'(V') which is 1 on C'(V)eyen and —1 on C(V)gqq. Let ¢ : C(V) —
C(V) be the anti-involution given by v* = —v for v € V. Define the pin group:
Pin(V)={acC(V):e(a)Vat CcV,a' =a'}, (2.2.2)
a central Z/2Z-extension of O(V') with the projection map p : Pin(V) — O(V),
p(a)(v) = e(a)va™, a € C(V), v € V. Since W C O(V), define
W =p~ Y (W) C Pin(V). (2.2.3)
Analogous to (2.1.1), W also admits a Coxeter-like presentation:
W={(z25,aecll:2> =173 =2, (Badp)™@P) = 2). (2.2.4)
The embedding W c Pin(V) is given by
~ 1
z— =1, 54— ma, aecdt, (2.2.5)
where |a| = /(a, a).

When dim V is even, the Clifford algebra C(V') is a central simple algebra, and

therefore has a unique simple complex module SY of dimension 29™V/2 When
dim V' is odd, the center of C'(V) is two dimensional. The subalgebra C(V)even is
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central simple and has a unique simple complex module which can be extended in
two nonisomorphic ways to C(V'). Thus C(V) has two simple modules ST and S~
of dimension 2(dimV-1)/2,

In the sequel, we refer to any one of SY, St S~ as a spin module. Notice
that since W generates C(V), the restriction of a spin module S to W remains
irreducible.

2.3. Adjoint nilpotent orbits. We assume now that the root system ® is crys-
tallographic. Let ®¥ C V* be the dual root system to ® C V. More precisely, ®V
is the set of coroots ¥, where a¥ (v) = ﬁ(aw), veV.

Let g be the complex semisimple Lie algebra with root system ®V. We identify
a Cartan subalgebra b of g with V. Let A/ denote the nilpotent cone in g, i.e., the
set of ad-nilpotent elements of g. The adjoint group G whose Lie algebra is g acts
via the adjoint action on N with finitely many orbits. A classical result of Kostant
is that there is a bijection between the G-orbits in A/ and the G-conjugacy classes
of Lie triples

{e;h, f}: [h,e] =2e, [h, f]=-2f, le, f] = h. (2.3.1)

Let B be the flag variety, the variety of all Borel subalgebras of g. For e € N, let B,
be the subvariety of Borel subalgebras which contain e. Let A(e) be the component
group of the centralizer of e in G.

Springer theory defines an action of W x A(e) on the cohomology groups H* (B, C)
such that:

(1) for every e € A and ¢ an irreducible A(e)-representation, the ¢-isotypic
component of the top cohomology group H??(B,,C)? is an irreducible W-

representation or zero; denote A(e),, the set of irreducible A(e)-representation
for which o (e, ¢) := H?(B,,C)? # 0;

(2) the set {o(e,d) : e € G\N, ¢ € /T(;)O} equals the set of irreducible repre-
sentations of W.

2.4. Genuine W—representations and nilpotent orbits. Suppose k: &7 — R,
k(o) = kq is a W-invariant function. Define ([BCT])

Qe = 2( D Falalfa)®. (2.4.1)

aedt

This is an element in the center of (C[f/[v/] Set

Neol = {e € N : Zg(e)° is solvable}, (2.4.2)
a G-invariant subset of V.
Call an irreducible W-representation ¢ genuine if 5(z) = —1, i.e., if & does not

descend to a representation of W. Denote by Irrgen W the set of irreducible genuine
W -representations.

Theorem 2.4.1 ([Ci]). Suppose the parameter function is k = 1. There exists a
surjective map
U IrrgenW = G\Noor, (2.4.3)
with the following properties:
(1) If for G € IrrgenW, U(5) = G - ¢, where e € Nyo, then &(Qp ;) = (b, h),
where {e, h, f} is a Lie triple for e with h € V.
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(2) Given e € Nyop, if 0 € WL(G - e), then there exists ¢ € /T(;)O and a spin
module S such that ¢ occurs in o(e, ) ® S.

—

(3) Givene € Ny, ¢ € Ale),, and S a spin module, there exists & € U1(G-e)
such that & occurs in o(e, ¢) @ S.

There is an explicit description of the map ¥ for every simple root system [Ci].

2.5. Graded affine Hecke algebra. Let V¢ denote the complexification of V' and
S(Vc) the symmetric algebra of V.

Definition 2.5.1 (Lusztig[Lu2, 0.1]). The graded affine Hecke algebra H associated
to the root system ® C V and parameter function k : &+ — R is the C-vector space
S(Ve)®cC[W], endowed with a structure of associative complex algebra with identity
defined by the relations:

(1) CW] = H, w+— 1®w is an algebra homomorphism;

(2) S(Vo) 2 H, w— w® 1l is an algebra homomorphism;

B) ¢e)(lew)=E(w, £€S(Ve), we W;

4) 1®s5)(ED D)~ (5a() ® (1@ 50) = ko™=, £ € S(1), a € I
For simplicity, in what follows, we will denote w =w® 1 and t, =1 RQw in H. In
particular, the last relation becomes

tsaf - Sa(f)tsa = kag - Sa(g) .
@

The center of H is Z(H) = S(Vc)"W, where S(V¢) denotes the symmetric algebra
of V. Consequently, H is finite over its center, hence every irreducible H-module is
finite dimensional, and the center of H acts by characters in the irreducible modules.
The central characters are parameterized by W\VZE. If v € VI, write x, for the
central character parameterized by Wv. We say that a central character x, is real
it Wy Cc V™.

In [BCT], the Casimir element 2 of H was introduced: if {w;} is an orthonormal
basis of V, set

Q=) wleSVe)". (2.5.1)

If (m, X) is an irreducible H-module with central character x,, then 7(Q) = (v, v).
Let * be the conjugate linear anti-involution of H defined on generators by [BM2]:

tr =ty-1, W= —ty,wo(W)tw,, weEW, weV, (2.5.2)

w

where wy is the longest Weyl group element. We say that an H-module (7, X) is
x-hermitian if X has a hermitian form ( , ) which is *-invariant, i.e.,

(n(h)z,y) = (z,7(h")y). (2.5.3)
If the form is positive definite, we say that (m, X) is x-unitary.

2.6. The Dirac operator. For every w € V, define

~ ]. 1 =o't
w= i(w—w*) =w — P, where p, = 3 Z ka%(w)tsa. (2.6.1)
acdt
By definition, w* = —. In addition, these elements have the known properties
(e.g., [BCT)):

e

twa}tw_l = w(w), [5‘71’&2] = 7pr13pw2]' (262)
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Let {w;} be an orthonormal basis of V. The Dirac element defined in [BCT] is
D=) &®w cHRC(V). (2.6.3)

It is independent of the choice of basis and its square is

1
D?=-Q®1+ 1AW(Q (2.6.4)

WJC)a

where A is the diagonal embedding of (C[W] into H® C(V) extending Ay (w) =
p(w) ® w.

If (7, X) is an H-module, and S is a spin C(V')-module, left action by D defines
a Dirac operator

Dx: X®5=-X®S5. (2.6.5)

When X is x-hermitian, Dy is a self-adjoint operator with respect to the tensor
product form (the hermitian form on S being the natural one). Moreover, Dx is
sgn W—invariant; here sgn is the sign (non-genuine) character of w.

Definition 2.6.1. The Dirac cohomology of X (with respect to S) is HP(X) =
ker Dx /ker Dx Nim Dx, a W -representation.

An analogue of the algebraic version of Vogan’s conjecture from real groups,
proved in this setting in [BCT], says that there exists an algebra homomorphism

¢: Z(H) - W)Y, (2.6.6)
such that for every z € Z(H), there exists a unique a € H® C(V') with the property
z® 1= Au(((2)) +Da + aD. (2.6.7)

For every o € Irrgenw7 define a central character x% : Z(H) — C by x°(2) =
(¢(2)), z € Z(H). As explained in [BCT], (2.6.7) implies the following result.

Theorem 2.6.1 ([BCT]). Let X be an irreducible H-module , and suppose the
irreducible W -representation ¢ occurs in HP(X) (in particular HP(X) #0). Then
the central character of X is x°.

In light of this theorem, it is necessary to describe the central characters Y more
explicitly. When the parameter function k is identically 1, it turns out that

X° = =h, (2.6.8)

where h is the semisimple element of an sly-triple {e, h, f} with U(5) = G - e.

When W is of type B,, every irreducible genuine W—representation is of the
form 0 = (0 x 0) ® S, where o is a partition of n, o x 0 labels the irreducible W-
representation in the bipartition notation, and S is a spin C(V')-module. For such
a 7, the character x is described in [Ci] by the following combinatorial procedure.
Suppose the parameter function k takes the value ks on the short simple root,
and k¢ on the long simple roots of type B,,. In the left justified decreasing Young
diagram of shape o, label each box starting with ks in the upper left corner, then
increasing by ky to the right and decreasing by ky; down. The entries of the resulting
Young tableau, viewed in R™ 22 V form the central character .

When H is of type Gy or Fy with arbitrary parameters k, the lists of central
characters x7 are given in [COT].
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3. ONE-W-TYPE MODULES

Recall from the introduction that a simple H-module with real central character
is called a one-W-type module if it is x-hermitian and its restriction to C[WW] is
irreducible. In [BM3], a classification of one-W-type H-modules is obtained. We
simplify one of the arguments in [BM3] and show that every one-W-type module
has nonzero Dirac cohomology.

3.1. Action of @. The following proposition is implicitly proved in [BM3], under an
assumption about the restriction of the W-type to maximal parabolic subgroups.
We give here a different proof that works in general and can be regarded as an
analogue of the well-known argument which proves that the only irreducible finite
dimensional unitary representation of SL(2,R) is trivial, e.g., [Kn].

Proposition 3.1.1. Let (7, X) be a one-W-type H-module. Then w(w) =0 for all
w € V. In particular, an irreducible W -representation o can be extended to a one
W -type H module if and only if [0(Pw, ), 0(Pw,)] = 0, for every wi,ws € V.

Proof. By definition, (7, X) has a s-invariant hermitian form (, )%. Since X is
a one-W-type module, this form can be normalized so that it is positive definite.
Since w* = —w for w € V, it follows that 7(©) is a skew-symmetric operator on
X, (, )% In particular, 7(@) is diagonalizable and acts with purely imaginary
eigenvalues on X.

Consider now the conjugate linear anti-involution e of H studied in [BC1], defined
on generators by

e =ty-1, W=w, weW welV. (3.1.1)

From (2.6.1), it is immediate that @® = & for every w € V. The two anti-involutions
* and e are related via

h® =ty A(h*)tu,, heH, (3.1.2)

where A is the automorphism of H defined by A(t,,) = twgww, and A(w) = —wp(w),
w € W, w € V. Let (74, X) be the A-twist of the module (7, X): 74(h)z =
w(A(h))z, he H, z € X.

By the classification of *-hermitian irreducible modules [BM2], (7, X) = (74, X).
Let k : X — X be an intertwiner of the two actions. Using the *-invariant form
(, )% on X, one defines a e-invariant form ( , )% on X by

(@,9)% = (@, 7(twy )5 (Y)) x> 2,y € X. (3.1.3)

We verify that this form is indeed e-invariant:

(m(h)z,y)%x = (w(h)z, 7 (tw, )k (y))x = (2, ()7 (tw
= (@, 7 (two )T (A(R*))R(Y)) x = (2
= (&, 7(h*)y)%-

Since X|w is irreducible, the form ( , )% may also be normalized so that it is
positive definite. Since @® = &, w € V, it follows that every 7(w) is symmetric, and
thus it acts with real eigenvalues.

In conclusion, every (@) = 0. The second claim is immediate because the only
relation between wy and @y is [W1,Wa] = —[Puy s P -

O
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Remark 3.1.1. Proposition 3.1.1 implies that there is a one-to-one correspondence
between (hermitian) one-W -type H-modules and simple modules of the quotient
algebra C[W]/J, where J is the two-sided ideal generated by {[Pw,,Puws] : w1, wa €
V'}. These simple modules were identified for each irreducible group W in [BM3]
and those results are used in the sequel. For example, for W = S,, they are
parameterized by rectangular Young diagrams of shape d X k, dk = n. It may be of
independent interest to study the ideal J in more detail.

3.2. Dirac cohomology.
Proposition 3.2.1. Let (7, X) be a one-W -type H-module. Then HP(X) = X®2S.

Proof. Since X is a unitary module, ker D Nim D = 0, and H?(X) = ker Dx. But
by Proposition 3.1.1 and the definition of D, D is identically zero on X ® S. O

Corollary 3.2.1. Let X be a one-W-type module and suppose X|w = o. If 7 is

an irreducible W-representation that occurs in 0 @ S, for some spin C(V)-module
S, then the central character of X is x°.

Proof. This is immediate from Proposition 3.2.1 and Theorem 2.6.1. (]

We use Corollary 3.2.1 to determine the central characters for all one-W-type
modules. We refer to the case by case classification in [BM3].

3.3. Exceptional root systems. For the exceptional root systems, we use the
computer algebra system GAP/chevie together with the character tables for W-
representations [Mo] to decompose the tensor products o ® S, where o is a W-type
which can be extended to a one-W-type representation (the explicit list is in [BM3]),
and S a spin module. The results are summarized in the tables below. The notation
for W-representations is as in [Ca], while the notation for W-representations is as
in [Mo].

When the root system admits unequal parameters, we write ks and ky for the
value of the parameters of the short and long roots, respectively. In the tables for
Fy and Go, w;, I = 1,4 and i = 1,2, respectively, denote the fundamental weights
inV.

TABLE 1. Eg
W-type o o®S G\Nsol
(1,0), (1, 36) 8s Fg
(107 9) 4085 + 205 + 2055 D4(CL1)
(15,4), (15, 16) 1204 Eg(as)
(24,6), (24,12) 1204 + 724 Eg(as3)

3.4. Type A,_1. For A,_1, the only S,-types that can be extended to a (x-
hermitian) one-W-type module correspond to partitions of rectangular shape [BM3].
Let o4« be the irreducible S,-representation parameterized by the rectangular
partition (d,d,...,d), where dk = n.

—

k
One says that a partition A of n is strict if all the parts of A are distinct. One
says that A is even or odd if n — |A| is even or odd, respectively; here |A| denotes
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TABLE 2. E;
W -type o oc®S G\Nsol
(1,0), (1,63) 8 E;
(15,7), (15, 28) 120, Ex(aq)
(21, 3), (21, 36) 168, Er(a2)
(35,4), (35,31) 280, Ex(as3)
(70,9), (70,18) 560, Er(as)
(34,12), (84,15)) 560, + 112, E+(as)
(105, 6), (105, 15), (105, 12), (105, 21) 1204 + 7204 Er(ay)
(210, 10), (210, 21) 112,, + 2 - 560, + 448, | Er(as)
TABLE 3. Eg
W-type o oc®S G\Nsol
(1,0), (1,120) 16, Es
(50, 8), (50, 56) 800, Es(by)
(84,4), (34, 64) 1344,, Es(as)
(175, 12), (175, 36) 280055 Es (bg)
(525,12), (525, 36) 5600455 + 2800, Eg(as)
(700, 16), (700, 28) 8400, + 2800,, Es(bg)
(972,12), (972, 32) 90725 + 6480, Eg(ag)
(168, 24) 1120, + 224, + 1344, Es(ar)
(420, 20) 1120, + 2016, + 20165, + 224, + 1344, | Es(ar)
(448, 9) 7168, Es(bs)
TABLE 4. Fy
W-type o oc®S G\Nsol X, k#£1
( ) (1 24) 4, Fy kowq + kews + ksws + kswy
(1, 12) , (1, 12)// 4 F4(a3) kowy + kewso + (—Qk'g + ks )ws + kswy
(2, 4)”7 (2, 16), 8535 F4((11) kgwl + ]fg(.dg + (7/{7@ + ks)ng —+ kSW4
(2,4), (2 16)” 8ssss F4(a2) kow1 + kews + (—2k¢ + ks)wg, + (3ky — k:s)w4
(4, 8) 8s + 8ss F4(a3) kowo + (7/% + kS)W4
(4,7),(4,7) 1245 + 4ss Fy(as3) no
(6,6) 1245 + 85 + 4ss | Fu(as) no
(8,3),(8,9)" Bssss + 245 Fy(as) no
TABLE 5. G
W-type o oc®S G\Nsol X%, k#£1
(1,0),(1,6) 25 G2 kgwl +ksw2
(173)/7(1,3)// 245 Gg(al) kowt + (—ke + ks)we
(2,2) 245 + 2555 | Ga(aq) no

the number of parts in A. The classification of irreducible gn—representations goes
back to Schur. To every strict partition A of n, one constructs one irreducible
S -representation oy, when A is even, and two irreducible S -representations U/j\E
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when A is odd. Moreover, 5;” = 7, ® sgn. These representations are pairwise
nonisomorphic and exhaust the dual of .S,,.

As explained in [BC2, Lemma 3.6.2], the tensor product rules from [St] imply
that

2(k—1)/2(5§00k(dxk) + 5}T00k(dxk)), k odd, d even

Oaxk ® S = { (3.4.1)

2lk/2] Gﬁook(dx k) otherwise.
Here hook(d x k) = (d+k—1,d+k—3,...,|d — k| + 1), and the symbol e stands
for + or — if there exist two associate representations of §n or “empty” if there is
only one.

Finally, the central character of the one-W-type representation supported on
0axk is one half the middle element of the nilpotent orbit given in Jordan form by
the strict partition hook(d x k).

3.5. Classical types. We treat the case of the graded Hecke algebra of type B,

with parameters k; (on the long roots) and ks (on the short roots). There is an
obvious isomorphism with the graded Hecke algebra of type C,, by changing the
parameter function appropriately. Also, as is well known, the graded Hecke algebra

of type B, with ks = 0 is isomorphic with the graded Hecke algebra of type D,
extended by Z/2Z.

Set § = 2k, /ks. By [BM3, Proposition 3.24, Theorem 3.28], the W (B,,)-representations

that can be extended to a one-W-type module are:

(T1) A =0 or Ag = 0 (arbitrary parameters k);
(TQ) )\L :dl X mq and )\R:dg X mgo Wh@H’ITLl 7d1 :m27d2+5.

The classification of irreducible W (B,,)-representations was obtained in [Re]: for
every partition A of n, the representations

(Ax0)® S, when n is even, (A x 0)® S%, when n is odd, (3.5.1)

are irreducible, pairwise nonisomorphic, and exhaust the dual of W(B,,).
For one-W-type modules of type (T1), i.e., the form Az, x 0 or 0 X Ag, it is thus
clear that the Dirac cohomology equals

AL x0)®8° (\px0)®S57¢ (3.5.2)

respectively. In particular, the central character of the one-W-type module is ob-
tained by the combinatorial rule from [Ci] explained at the end of section 2.6.

Thus, it remains to treat the case of one-W-type modules of type (T2). To
determine the central character, it is sufficient, in light of Corollary 3.2.1, to find
one partition A\ on n such that

Homg; [(Ax0)®5S, (AL xAr)®S] # 0, equivalently, Homy [(Ax0)®(S®S5™), (AL xAR)] # 0.

Since S ® S = AV, when n is even, ST ® ST = A®V*"V and ST @ S~ = A°ddVg,
when n is odd, it is sufficient to find A and s such that

Homyy [(A x 0) ® A*Ve, Az x Ag] # 0. (3.5.3)

Let s equal the sum of parts of the partition Ag. Using Clifford theory for the
semidirect product W (B,,) = S, x (Z/2Z)", we see that

AL X AR =Tnd" o ey oz AL AR K triv' ™ Ksgn®).  (3.5.4)
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On the other hand, in bipartition notation, A*Vg = (n — s) x (1%), and
(Ax0)@((n—s)x(1%) =

Indi:is XS X (2 22)" 5 X (1,/2)° ((Als,_sxs, @ (trivs,_, Msgng )) Ktriv"™* K sgn?).
(3.5.5)
Comparing (3.5.4) and (3.5.5), we obtain:

Lemma 3.5.1.
(AL ><)\R)®S€:ch\\L7/\tR()\><O)®S€, (3.5.6)
A

where ciL’)\% = dim Homg, [)‘Jndgz,sxss(/\L X \%)] is the Littlewood-Richardson

coefficient, s is the size of A\r. Here € and € are “empty” if n is even, and when n
15 odd, € = € is s 1s odd and € = —¢ if s is even.

Every partition A that appears in the right hand side of (3.5.6) determines the
central character of the one-W-type representation.

Since in our case (T2), A\p and Ag are rectangular partitions, the Littlewood-
Richardson coefficients can be explicitly described; see [Ok]. Recall that Ay =
diy xmq and Ag = dy X mo. Then X}% = my X do. Without loss of generality suppose
that my > do. Then a partition A occurs in (3.5.6) if and only if A has length at
most my + da, and if A= (A > Ag > -+ > Ay 44, > 0), then

(i) Aj + Amigdo—js1 = di +mg, for all j = 1,ds;
(11) )\dz 2 max(dl,mg);

(iii) Adyy1 = Adyr2 = -+ = Ay, = d;

moreover, for all these A, the coefficient cibk% = 1. For example, if A\, and Aj

are obtained by “gluing” the two rectangular shapes A; and A%, vertically and
horizontally, respectively, then A, and A, both appear in (3.5.6). Consequently,
any one determines the central character by the procedure outlined at the end of
section 2.6. It is easy to check that they give the same central character if and only
if the condition my — d; = ms — ds + § from (T2) is satisfied. In fact, by Corollary
3.2.1, we know that every \ satisfying the rules (i)-(iii) above must yield the same
central character!

APPENDIX A. TENSORING WITH THE REFLECTION REPRESENTATION

Let (0, X) be an irreducible W-representation. One may also ask if it is possible
to extend o to a simple H-module, not necessarily #-hermitian. Suppose there exists
such a module (7, X'). Then one can consider the vector subspace

Y={rn@z: weV, zeX}CX.
Using the commutation relation (2.6.2), one sees immediately that Y is W-stable.
If Y = 0, we are in the same setting as in Proposition 3.1.1, and thus (7, X) is a
(hermitian) one-W-type module.

Suppose now that ¥ # 0. Since (0, X) is irreducible, it follows that ¥ = X.

Moreover, there is a natural surjective map

T: XV =Y, 7tlz@w)=r)x, (A.0.7)
which is W-equivariant with respect to the reflection representation action on V¢:

m(w)T(z@w) = m(w)T(0)x = ﬂ(zz_(\w/))a(w)x = 7(0(w)zw(w)) = 7((c@refl) (w) (zQw)).
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By the assumptions, this map is nonzero, which implies the following lemma.

Lemma A.0.2. A necessary condition for a W-type o to extend to a non-hermitian
H-module is that Homwy [o & refl, o] # 0.

We now list the irreducible W-representations ¢ with this property. Recall that
in type A,_1, the S,,-types are parameterized by partitions of n.

The irreducible W (B,,)-representations are parameterized by bipartitions (A, Ag).
Denote the corresponding representation by Ap x Ag; see [Ca]. Our convention is
that n x 0 is the trivial representation, the reflection representation is (n — 1) x 1,
and 0 x 1™ is the sign representation.

When Az # Ag, the restriction Az, X Ar|w(p,) = Ar X ALlw(p,) is irreducible.
If A\, = AR, then the restriction splits into two nonisomorphic irreducible W (D,,)-
representations, (A, x Ar)*.

For exceptional Weyl groups, we use the notation of [Ca] for W-types.

Proposition A.0.1. Suppose the root system is irreducible.

(1) If wo is central in W, then Homy [0 ® refl, o] = 0 for every W-type o.

(2) In type A,_1, dimHomy (o) ® refl,05] = d — 1, where d is the number of
distinct parts in the partition X. In particular, Homy [0y @ refl,ox] = 0 if
and only if X is a partition of rectangular shape.

(3) In type D,,, n odd, dim Homy [(Ar X Ag) @ refl, A\p, x Ag] =1 if and only if
AR (viewed as a Young diagram) is obtained from \p, by removing one box;
otherwise Homyy [(AL X Ag) ® refl, A\p, x Ag] = 0.

(4) In type Eg, dimHompy [0 @ refl, o] = 1 if and only if o is one of the repre-
sentations:

(20, 2), (20,20), (60, 5), (60,8), (60, 11), (64, 4), (64, 13), (81, 6), (81, 10), (90, 8);
otherwise Homyy [0 @ refl, o] = 0.

Proof. (1) When wy is central, it acts by a scalar multiple of the identity in each
irreducible W-representation. For refl, this scalar is —1. (More generally, for an
irreducible W-representation o the scalar is (—1)¢, where d is the lowest harmonic
degree of 0.) The claim follows.

It is worth recalling that for type B,,, we also have the following known rule for
tensoring with the reflection representation:

AL xAR)®@(n—1)x1= Z AL X Ng, (A.0.8)
(AL AR)
where (A}, A;) are all possible bipartitions obtained from (Ar, Ag) by removing a
box from one partition (diagram) and adding it to the other.
(2) This is an easy application of the Littlewood-Richardson rule. More precisely,

oxQrefl4 oy =0\ ® Indgzi1 (triv) = Indgzi1 (oals,_1)- (A.0.9)

(3) This follows immediately from (A.0.8) and the restriction rule from W(B,,)
to W (D).

(4) We verified the statement directly using GAP 3.4.4 and the package ’chevie’.

O

Remark A.0.1. In type A,,_1, it is well known that every S, -type can be lifted to
a simple H-module. This is a consequence of the existence of a surjective C-algebra
homomorphism H — C[S,], see for ezample [BC2, Lemma 3.2.1].



12 DAN CIUBOTARU AND ALLEN MOY

REFERENCES

[BCT] D. Barbasch, D. Ciubotaru, P. Trapa, The Dirac operator for graded affine Hecke algebras,
Acta Math. 209 (2012), no. 2, 197-227.

[BM1] D. Barbasch, A. Moy, Reduction to real infinitesimal character in affine Hecke algebras J.
Amer. Math. Soc. 6 (1993), no. 3, 611-635.

[BM2] , Unitary spherical spectrum for p-adic classical groups, Acta Appl. Math. 44
(1996), no. 1-2, 3-37.

[BM3] , Classification of one K-type representations, Trans. Amer. Math. Soc. 351 (1999),
no. 10, 4245-4261.

[BC1] D. Barbasch, D. Ciubotaru, Hermitian forms for affine Hecke algebras, preprint, in prepa-
ration.

[BC2] , Unitary Hecke algebra modules with nonzero Dirac cohomology, arXiv:1109.5064,
to appear in volume in honor of N. Wallach.

[Bo] A. Borel, Admissible representations of a semisimple p-adic group over a local field with
vectors fized under an Iwahori subgroup, Invent. Math. 35, 233-259.

[Ca] R. Carter, Finite groups of Lie type. Conjugacy classes and complex characters, Wiley Clas-
sics Library. A Wiley-Interscience Publication. John Wiley & Sons, Ltd., Chichester, 1993.
xii+544 pp.

[Ci] D. Ciubotaru, Spin representations of Weyl groups and Springer’s correspondence, J. Reine
Angew. Math. 671 (2012), 199-222.

[COT] D. Ciubotaru, E. Opdam, P. Trapa, Algebraic and analytic Dirac induction for graded
affine Hecke algebras, arXiv:1201.2130, to appear in J. Inst. Math. Jussieu.

[Kn] A.W. Knapp, Representation theory of semisimple groups. An overview based on exam-
ples, Princeton Landmarks in Mathematics, Princeton University Press, Princeton, NJ, 2001.
xx+773 pp.

[Lul] G. Lusztig, Affine Hecke algebras and their graded version, J. Amer. Math. Soc. 2 (1989),
599-635.

[Lu2] G. Lusztig, Cuspidal local systems and graded Hecke algebras I, Publ. Math. LHE.S. 67
(1988), 145-202.

[Mo] A. Morris, Projective representations of reflection groups. II, Proc. London Math. Soc. (3)
40 (1980), no. 3, 553-576.

[OK] S. Okada, Applications of minor summation formulas to rectangular-shaped representations
of classical groups, J. Algebra 205 (2) (1998), 337-367.

[Re] E.W. Read, On projective representations of the finite reflection groups of type By and Dy,
J. London Math. Soc. (2) 10 (1975), 129-142.

[St] J. Stembridge, Shifted tableauz and the projective representations of symmetric groups, Adv.
Math. 74 (1989), no. 1, 87-134.

[Ta] M. Tadié, Classification of unitary representations in irreducible representations of general
linear group (non-archimedean case), Ann. Sci. Ecole Norm. Sup. 19 (1986), 335-382.

(D. Ciubotaru) DEPT. OF MATHEMATICS, UNIVERSITY OF UTAH, SALT LAKE CiTy, UT 84112
E-mail address: ciubo@math.utah.edu

(A. Moy) DEPT. OF MATHEMATICS, HONG KONG UNIVERSITY OF SCIENCE AND TECHNOLOGY,
Hong Kona
E-mail address: amoy@ust.hk



