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Abstract

This paper uses a distribution of ring dislocations to find the solution for the frictional axisymmetric receding contact
of a semi-infinite layer pressed against a half-space by a uniform surface pressure exerted outside a disk. Three cases are
considered: the contact is fully closed and stuck; the contact is fully closed and slipping; the contact is partially open
and slipping. The tractions in the contact interface are obtained, as well as the self-determining points of closure and
stick.
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1. Introduction

The main characterization of contacts is done by com-
paring the extent of the contact in the deformed configu-
ration with the initial configuration in the unloaded state.
While the initial state is determined by the geometric fea-
tures of the bodies and their fixtures, the deformed contact
state generally depends on the nature of the applied loads,
the level of loading and the elastic constants of the mate-
rials [1].

The classification is done by observing whether or not
new surface points come in contact as the bodies deform.
In advancing contacts, new surface points come in contact
as the load is applied and, as a consequence, the deformed
contact is not contained in the initial state. However, in
receding contacts, the contact shrinks resulting in the de-
formed contact being contained in the initial state.

In machines or structures with carefully fitted parts,
receding contacts are more likely to appear than advanc-
ing contacts, because of the opening of gaps between the
individual parts as they distort under application of loads.

A property of some receding contacts is that the con-
tact area in the deformed configuration is independent of
the applied load and, consequently, the change between
undeformed/deformed configurations is discontinuous, i.e.
the contact ‘snaps’ to the deformed configuration upon ap-
plying a load [1, 2]. This presents a challenge in obtaining
solutions through the finite element method, as a large
portion of the nodes change status from being in contact
to being free with any increment of load.

One of the applications of receding contacts in industry
is the analysis of frictional contacts in bolted joints, which
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are naturally axisymmetric, either for the whole joint or
for its individual elements. However, the scarce work cur-
rently present in the literature for receding contacts is fo-
cused either on plane contacts [3, 4] or on frictionless cases
[5, 6, 7].

This paper proposes the study of the frictional axisym-
metric receding contact of a homogeneous semi-infinite
layer of thickness a, Poisson’s ratio ν and modulus of rigid-
ity µ, pressed against an elastically similar half-space z ≥ a
(Figure 1a) by a semi-infinite patch of pressure applied to
the layer’s surface (z = 0), such that

σzz(r, 0) = − p, r ≥ b (1)

σzz(r, 0) = 0, 0 ≤ r < b. (2)

Furthermore, the objective of this study is to find the
solution to the proposed problem using ring dislocations to
introduce corrections to the stresses in the contact inter-
face as a distribution of strain nuclei. Initially, we assume
that the contact is in a fully closed and stuck configura-
tion. Then, dislocation densities are applied to correct the
stresses when this condition is violated.

2. Adhered Solution

First, we assume that the unloaded region of radius b is
small enough to prevent contact opening and that the coef-
ficient of friction f is high enough to prevent slip through-
out the contact area, as shown in Figure 1a (Case I). In
this case, the two bodies behave as one, since the contact is
closed and stuck everywhere. Therefore, the state of stress
in the bodies is equivalent to a half-space z ≥ 0 under the
same loading. In the cylindrical coordinate set shown in
the figure, the state of stress is given by the superposition
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Figure 1: A layer subjected to semi-infinite pressure. (a) Fully closed
and stuck. (b) Closed and slipping. (c) Closed and slipping inside
contact. (d) Partially open and slipping.

of a uniform pressure p throughout the surface of the half-
space and a circular patch of uniform normal traction −p
and radius b [8, 9, 10]. The tractions σ̃ij(r, z) arising on
any radial cut (z = constant surface) are given by:

σ̃zz(r, z) = − p

{
1 +

2z

π

[
r2 + z2 − b2

(l2)
3

(1− k2)
E(k)+

b2 − (l1)
2

(l2)
3

(1− k2)
K(k)− 1

l2
Π(n; k)

]}
(3)

σ̃rz(r, z) = p

{
2z2

π

[(
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)
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(
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2
l2 r

]}
(4)

where
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1

2

{√
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2
+ z2 −
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(r − b)2 + z2

}
(5)
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1

2
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(r + b)

2
+ z2 +

√
(r − b)2 + z2

}
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k =
l1
l2

(7)

n =

(
l1
r

)2

(8)

and K(k), E(k), Π(n; k) are the complete elliptic integrals
of the first, second and third kind respectively. These func-
tions are continuous and bounded at every point inside the
half-space, but Π(n; k) cannot be evaluated numerically
along the z-axis, since r = 0 there. In this region, we take
the limits as r → 0, giving:

σ̃zz(0, z) = − p

{
z3

(b2 + z2)
3/2

}
(9)

σ̃rz(0, z) = 0. (10)

If the contact is, indeed, fully closed and adhered, the
normal N(r) and shear S(r) tractions at the layer/half-
space interface are given by:

N(r) = σ̃zz(r, a) (11)

S(r) = σ̃rz(r, a). (12)

Figure 2 shows the normalised contact pressure and
shear to normal stress ratio for the adhered solution. Ana-
lysing the stress ratio (Figure 2b), there is a minimum co-
efficient of friction that results in the contact being fully
stuck for each b/a. When b/a is relatively large, however,
there is no realistic coefficient of friction that prevents slip.
Thus, we expect that some pairs of b/a and f result in a
case where the contact is closed but slipping from the axis
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Figure 2: Normalised tractions for the adhered (bilateral) solution.
(a) Normalised contact pressure. (b) Shear to normal stress ratio.

of symmetry to a self-determining radius d (Case II, Fig-
ure 1b). Analysing the contact pressure (Figure 2a), we
expect the contact to be closed when the normalised ra-
dius of the unloaded disk b/a is small. As the unloaded
region widens, the contact pressure becomes zero at the
interface, which results in the development of an open re-
gion. Therefore, for some pairs of b/a and f , we expect the
contact to be partially open from the axis of symmetry to
a radius c and closed and slipping from c to d (Case III).

3. Formulation

If the contact is not fully stuck and closed, the bilateral
solution obtained in Section 2 is no longer valid. A mod-

ified solution can be obtained by developing expressions
for the tractions at the contact interface as the sum of the
adhered (bilateral) solution together with a correction in
the form of an integral representation of slip and open-
ing as a distribution of climb and glide dislocations. The
dislocations needed are all ‘edge’ in character, with their
Burgers vector lying in a θ = constant plane. We empha-
sise that the introduction of dislocations is used solely as
a mathematical device to introduce corrections in our for-
mulation as a distribution of strain nuclei and do not imply
the introduction of physical defects in the micro-structure
of the material. A more detailed explanation can be found
in [11].

First, we introduce a br(ξ) glide dislocation loop of
radius ξ, lying at a depth a. It may be formed by making
a path cut along the disk 0 ≤ r ≤ ξ and sliding the surfaces
by a constant amount br. This models contact slip and will
induce the following tractions σ̂iz(r) (i = r, z) along the
same disk

σ̂iz(r) = Griz(r, ξ) br(ξ). (13)

The influence functionsGriz(r, ξ) are functions of Lipschitz-
Hankel integrals and have extremely complicated forms.
For a half-space, these are given by Paynter et al. [12] (see
also [13, 14]). They are bounded (‘regular’) when i = z
and display a Cauchy singularity when i = r.

Next, we introduce a bz(ξ) climb dislocation loop of
radius ξ, lying at a depth a. Now, the dislocation loop
may be formed by making a path cut along 0 ≤ r ≤ ξ
and inserting a disk of thickness bz. This models contact
opening and will induce the following tractions σ̂iz(r) (i =
r, z) along the same disk

σ̂iz(r) = Gziz(r, ξ) bz(ξ). (14)

Once again, the influence functions Gziz(r, ξ) are func-
tions of Lipschitz-Hankel integrals and have extremely com-
plicated forms. For a half-space, these are also given by
Paynter et al. [12]. This time, they are bounded (‘regu-
lar’) when i = r and display a Cauchy singularity when
i = z.

The resulting normal N(r) and shear S(r) tractions
along the contact interface are given by

N(r) = σ̃zz(r) +

ˆ
opening

Gzzz(r, ξ)Bz(ξ)dξ+

ˆ
slip

Grzz(r, ξ)Br(ξ)dξ (15)

S(r) = σ̃rz(r) +

ˆ
opening

Gzrz(r, ξ)Bz(ξ)dξ+

ˆ
slip

Grrz(r, ξ)Br(ξ)dξ (16)
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where Bi (ξ) = dbi/dξ, i = r, z. Glide dislocations are
installed over the whole of the length of the contact in-
terface where slipping occurs, including the open portion,
and climb dislocations are installed over the part of the
contact interface which is open. Equations (15) and (16)
form the basis of the solution and integral equations may
be generated in slightly different forms for the cases II
and III of response described in Section 2.

3.1. Case II

Case II represents the situation where there is a re-
gion of slip of radius d but there is no separation. The
coefficient of friction f is small enough so that slip occurs
but is high enough to prevent contact opening. The point
d where the contact sticks is self-determining and, thus, is
an output of the problem.

In the slip region, the boundary conditions require that
the normal stress must be compressive and the shear stress
must be limited by friction:

S(r) =− fN(r), N(r) < 0, 0 ≤ r ≤ d. (17)

Since there are no open regions in Case II, only glide
dislocations br are needed to correct the stresses. Applying
eqs. (15) and (16) to eq. (17), we obtain the following
Cauchy integral equation

ˆ d

0

[
Grrz(r, ξ) + f Grzz(r, ξ)

]
Br(ξ)dξ =

−
[
σ̃rz(r) + f σ̃zz(r)

]
0 ≤ r ≤ d (18)

The problem consists now in finding the dislocation
density Br(ξ) that satisfies eq. (18). Since the functions
present in eq. (18) are of extreme complexity, there is no
hope of analytically inverting the singular integral equa-
tion. It must be solved numerically using a standard nu-
merical quadrature devised by Erdogan, Gupta and Cook
[15]. First, we put them in standard form over the intervals
[−1 , 1] utilizing the substitutions

s =
2 ξ

d
− 1 , t =

2 r

d
− 1 0 ≤ r, ξ ≤ d (19)

which gives

ˆ 1

−1

[
Grrz(t, s) + f Grzz(t, s)

]
Br(s)ds =

− 2

d

[
σ̃rz(t) + f σ̃zz(t)

]
− 1 ≤ t ≤ 1. (20)

Next, we need to consider the general form of the so-
lution required. We note, first, that at r = d the contact
transitions smoothly from slip to stick. Thus, at this point
(t = 1) the shear displacement gradient must be zero (both

upper and lower surfaces displace the same amount tan-
gentially), which means that the dislocation density must
be bounded. At the other end of the integration interval
(r = 0, t = −1), by symmetry, the tangential displacement
gradient must be zero and, thus, the dislocation density is
also bounded. Hence, we assume a fundamental function
Br(s) as shown below, which leaves the unknown disloca-
tion density being represented by the function φr(s):

Br(s) =φr(s)
√

1− s2 (21)

and eq. (20) becomes, in normalised form,

N∑
i=1

{[
Grrz(tk, si) + f Grzz(tk, si)

]
Wi φr(si)

}

= − 2

π d

[
σ̃rz(r, z)(tk) + f σ̃zz(r, z)(tk)

]
(22)

k = 1, . . . , N + 1

where the integration points si, collocation points tk and
weights Wi for the quadrature are given as [15]

si = cos

(
π

i

N + 1

)
i = 1, . . . , N (23)

tk = cos

(
π

2

2k − 1

(N + 1)

)
i = 1, . . . , N + 1 (24)

Wi =
1− s2i

2 (N + 1)
. (25)

From eq. (22), we have a set of N + 1 equations for
N + 1 unknowns. These are the N values of φr(si) and
the stick point d. Once φz is known, the stresses at a point
(r, z) can be found as

σiz(r, z) = σ̃iz(r, z) +

ˆ d

0

Griz(r, z, ξ)Br(ξ)dξ

i = r, z. (26)

3.2. Case III

The problem we look at now is when b/a is large and f
is small, which allows for the contact to have an open re-
gion extending from the origin to a radius r = c and a slip
region from r = c to r = d. Both the closure point c and
stick point d are outputs of the problem (self-determining
points).

In the open region, we require the surfaces to be traction-
free

N(r) = 0, S(r) = 0, 0 ≤ r ≤ c (27)

whereas, in the closed, slipping region, the shearing trac-
tion is again limited by friction:
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N(r) < 0 S(r) = −f N(r) c ≤ r ≤ d. (28)

The three sets of conditions in eqs. (27) and (28) may
be combined into two by making use of the Heaviside step
function, H(·), giving

N(r) = 0 0 ≤ r ≤ c (29)

S(r) + f H(r − c)N(r) = 0 0 ≤ r ≤ d. (30)

The climb dislocations are non-zero only over the in-
terval 0 ≤ r ≤ c, whereas the glide dislocations must be
distributed over the whole interval 0 ≤ r ≤ d. Applying
eqs. (15) and (16) to eqs. (29) and (30), gives

ˆ d

0

Grzz(r, ξ)Br(ξ)dξ +

ˆ c

0

Gzzz(r, ξ)Bz(ξ)dξ

= −σ̃zz(r) 0 ≤ r ≤ c (31)ˆ d

0

[
Grrz(r, ξ) + f H(r − c)Grzz(r, ξ)

]
Br(ξ) dξ+

ˆ c

0

[
Gzrz(r, ξ) + f H(r − c)Gzzz(r, ξ)

]
Bz(ξ) dξ

= −
[
σ̃rz(r) + f H(r − c) σ̃zz(r)

]
0 ≤ r ≤ d. (32)

Since there are two regions of imposition for the inte-
gral equations, two sets of quadrature points are needed.
Again, the equation must be solved numerically, using
Gauss-Chebyshev quadrature [15]. Putting them in stan-
dard form over the intervals [−1 , 1] using the substitutions

u =
2 ξ

c
− 1 , v =

2 r

c
− 1 0 ≤ r, ξ ≤ c (33)

s =
2 ξ

d
− 1 , t =

2 r

d
− 1 0 ≤ r, ξ ≤ d (34)

gives

ˆ 1

−1
Grzz(v, s)Br(s) dds+

ˆ 1

−1
Gzzz(v, u)Bz(u) cdu

= −σ̃zz(v) − 1 ≤ v ≤ 1 (35)ˆ 1

−1
Br(s)

[
Grrz(t, s) + f H(γ)Grzz(t, s)

]
dds+

ˆ 1

−1
Bz(u)

[
Gzrz(t, u) + f H(γ)Gzzz(t, u)

]
cdu (36)

= −
[
σ̃rz(t) + f H(γ) σ̃zz(t)

]
− 1 ≤ t ≤ 1

where γ = (t+ 1)d / (2c)− 1.
For the general form of the solution, both the climb

and glide dislocations must be bounded at both ends of
the interval. Thus, we choose

Br(s) = φr(s)
√

1− s2 (37)

Bz(u) = φz(u)
√

1− u2 (38)

and eqs. (35) and (36) become, in normalised form,

N∑
i=1

{
Wi dφr(si)G

r
zz(vk, si) +Xi c φz(ui)G

z
zz(vk, ui)

}
= − 2

π
σ̃zz(vk) k = 1, . . . , N + 1 (39)

N∑
i=1

{[
Grrz(tk, si) + f H(γk)Grzz(tk, si)

]
Wi dφr(si)

}
+

N∑
i=1

{[
Gzrz(tk, ui) + f H(γk)Gzzz(tk, ui)

]
Xi c φz(ui)

}
= − 2

π

[
σ̃rz(tk) + f H(γk) σ̃zz(tk)

]
k = 1, . . . , N + 1

(40)

where γk = (tk + 1)d / (2c) − 1. Since both dislocations
have the same behaviour, si = ui, tk = vk and Wi =
Xi. Furthermore, they are the same as those presented in
Section 3.1 and are given in eqs. (23) to (25).

Equations (39) and (40) form a system of 2N+2 equa-
tions and 2N + 2 unknowns. These are the N values of
φr(si), N values of φz(ui), the closure point c and the stick
point d. Once φr and φz are known, the stresses at a point
(r, z) can be found as

σiz(r, z) = σ̃iz(r, z) +

ˆ d

0

Griz(r, z, ξ)Br(ξ)dξ+

ˆ c

0

Gziz(r, z, ξ)Bz(ξ)dξ i = r, z. (41)

4. Results

The two problems relating to cases II and III were
coded up using the numerical processor MATLAB. Setting
N to 80 makes the solution converge for both cases, i.e.
the changes in the closure point c and stick point d, as well
as changes in stress, are negligible when N is increased
beyond 80. All the results presented in this paper are
for ν = 0.3. In problems where a length dimension is an
unknown of the problem (d in case II and both c, d in case
III), there are additional collocation equations which need
to be satisfied and which enable the values of c/a and d/a
to be found. In practice, we guess values of the lengths
to be found and omit the last equations from the N + 1
generated. The column vector of φ is found. The omitted
equations are then evaluated and the lengths needed are
adjusted to minimise the residues.
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(a)

(b)

Figure 3: Normalised tractions in the contact interface. (a) b/a =
2.25. (b) b/a = 3.00.

Figure 3 shows the contact pressure and shear stress
normalised by the applied pressure p for b/a = 2.25 and
3.00. We notice that the stresses are proportional to the
applied pressure, i.e. for a given b/a doubling the ap-
plied pressure p would result in the stresses being dou-
bled, such that the normalised traction distributions re-
main constant. Since the distributions do not change, the
points of stick and closure do not change as well. The
contact size is, therefore, independent of p and varies only
with the coefficient of friction and the normalised radius
of the unloaded disk b/a. For any increment of load the
contact ‘snaps’ from the undeformed unloaded condition
to the deformed configuration, which means that, as ex-

Figure 4: Normalised closure point c/a and stick point d/a as a
function of the coefficient of friction for b/a = 2.25.

Figure 5: Transition between cases.

pected, the contact area changes discontinuously from an
infinite size when unloaded to a finite size upon applying
any increment of load [1, 2, 16].

Consider, now, the values of normalised stick point d/a
and closure point c/a as a function of the coefficient of
friction for b/a = 2.25 (Figure 4). For 0 ≤ f < 0.229, the
contact is in Case III. As f increases, the opening and
slip regions decrease, but the contact remains in Case III
(there is an open region). When f reaches 0.229, c/a =
0 and the contact closes. For 0.229 < f < 0.903, the
contact is in Case II and as f increases the radius of the
slip zone decreases. For 0.903 < f < 0.933, there are no
solutions for d/a in Case II. This region characterizes
an intermediate state between Cases II and I where the
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Figure 7: Normalised point of stick d/a.

contact has a finite region of slip inside the contact (Case
II∗). Because this case represents only a small portion of
the results, its solution was not found. The line f = 0.933
represents the minimum coefficient of friction that results
in the contact being fully stuck. For f > 0.933, the contact
is in Case I (fully closed and stuck).

This same procedure can be used to find the transition
values between cases for pairs of b/a and f (Figure 5).
From Cases II to III, the transition is characterized by
contact opening at the origin. Therefore, we look for the
value of b/a that results in N(0) = 0 for a given f (right-
most solid line in Figure 5). In Case I, the transition is
given by the minimum coefficient of friction required to
guarantee no slip for each b/a (leftmost solid line in Fig-

ure 5). Finally, the dashed line represents the limit in so-
lution for Case II. The region inside the solid and dashed
lines between Cases I and II represents the intermediate
Case II∗.

Figures 6 and 7 show the contours of normalised point
of closure c/a and point of stick d/a as functions of f and
b/a. It may be noted that the normalised closure point is
always smaller than the unloaded radius b/a, i.e. contact
opening never extends into the loaded region. Also, c/a
decreases as the coefficient of friction increases and/or b/a
becomes smaller. The contact closes at the line of c/a =
0 (black line in Figure 6). The point of stick d/a also
decreases when f increases and/or b/a becomes smaller.

If there is no friction, from Figure 5, the contact is in
case II if b/a < 1.771 and in Case III otherwise. In Case
II, the point of stick is finite and increases as b/a increases
(Figure 7). In Case III, the point of closure is finite and
increases as b/a increases (Figure 6) but d/a→∞, which
means that the contact would be sliding and not in elastic
equilibrium (Figures 4 and 7).

5. Conclusions

The contact properties and tractions were obtained for
a receding contact between a layer subjected to axisym-
metric ‘external’ semi-infinite pressure and an elastically
similar half-space. It was shown that the problem is fully
characterised by two variables, the coefficient of friction
between interfaces f and the normalised length of the un-
loaded radius b/a. Depending on the relationship between
f and b/a, the contact may be fully closed and stuck (Case
I), closed and partially slipping from the axis of symmetry
(Case II), closed and partially slipping inside the contact
interface (Case II∗), or partially open and slipping (Case
III). The curves that characterise the transition between
cases were also found.

In addition, it was shown that, as expected, the inter-
facial tractions are proportional to the applied load while
the contact area is independent of it and changes discon-
tinuously from the unloaded to loaded configuration with
the application of an incremental load

Finally, in Case III it was found that contact opening
never penetrates into the loaded regions, as d/a is always
smaller than the unloaded radius b/a.
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Appendix A. State of stress induced by circular
edge dislocation loops

Appendix A.1. Axial dislocation

Consider a climb axial dislocation loop of radius a put
at a depth d and being observed at a position (r, z) in
a cylindrical coordinate system , with a Burgers vector
component bz. The stress fields at a position (r, z) are
given by

σziz(r, z) = Gziz(r, z, d) bz(a) i = r, z. (A.1)

The influence functions Gziz(ρ, ζ, δ) (i = r, z) for the
glide dislocation in a half-space are given as [12]:

Gzzz(ρ, ζ, δ) =
2µ

a (κ+ 1)

[
− J1,0;1 + I1,0;1−

(ζ − δ) J1,0;2 − (ζ + δ) I1,0;2+

2 ζ δ I1,0;3

]
(A.2)

Gzrz(ρ, ζ, δ) =
2µ

a (κ+ 1)

[
− (ζ − δ) J1,1;2+

(ζ − δ) I1,1;2 − 2 ζ δ I1,1;3

]
(A.3)

where ρ, ζ and δ are the normalised coordinates, given
as

ρ = r/a, ζ = z/a, δ = d/a, (A.4)

µ is the modulus of rigidity and κ is the Kolosov’s constant.

Appendix A.2. Radial dislocation

The radial dislocation is not of Volterra kind and, thus,
is path-cut dependent. In this paper, an ‘inside disk’ path
cut is used [12]. This path cut can be formed by inserting
a disk of material at a depth z = d, from r = 0 to r = a,
displacing the material by the same amount br (thickness
of the disk). The stress fields at a position (r, z) are given
by

σriz(r, z) = Griz(r, z, d) br(a) i = r, z. (A.5)

The influence functions Griz(ρ, ζ, δ) (i = r, z) for the
glide dislocation in a half-space are given as [12]:

Grzz(ρ, ζ, δ) =
2µ

a (κ+ 1)

[
− (ζ − δ) J2,0;2 + (ζ − δ)I2,0;2−

2 ζ δ I2,0;3

]
(A.6)

Grrz(ρ, ζ, δ) =
2µ

a (κ+ 1)

[
− J2,1;1 + I2,1;1+

(ζ − δ) J2,1;2 + (ζ + δ) I2,1;2+

2 ζ δ I2,1;3

]
(A.7)
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Appendix A.3. Lipschitz-Hankel integrals

In the influence functions, the terms Jn,p;q and In,p;q
represent Lipschitz-Hankel integrals. The standard defini-
tion for these functions is as an integral of the product of
Bessel functions (Ji(·)), an exponential term and a power
term. Using normalised coordinate variables, it is given as
[17]

Pµ,ν;λ(ρ, ζ) =

ˆ ∞
0

Jµ(t) Jν(ρ t) e−ζ t tλ dt. (A.8)

In the kernels, the follow definition is applied:

Jn,p;q =Pn,p;q(ρ, ζ − δ) (A.9)

In,p;q =Pn,p;q(ρ,−ζ − δ) (A.10)

The Lipschitz-Hankel integrals needed in the kernels
are given by Paynter et al. [13, 12] (see also [18]).
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