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Abstract

Quantum entanglement allows for correlations between distant objects that go beyond any clas-
sical theory. These additional correlations can be exploited to gain practical advantage in cer-

tain non-local games. In recent years there has been interest in games defined on graph structures
and involving mobile agents. One of these is the graph domination game, where quantum advan-
tage has been discovered recently on some finite graphs by numerical optimisation (Viola and
Mironowicz (2024) Phys. Rev. A 109 042201). Here we study quantum advantage in the 1-step,
2-player version of this game, focusing on cycle graphs. We study it numerically, analytically and
through the use of noisy, intermediate scale quantum (NISQ) processors. We find explicit strate-
gies and show that they realise the numerical bounds that were found recently for the case of small
graphs. We then generalise our strategies to cycles of arbitrary size. Finally, we run our strategies
for 5-, 6-, and 7-site cycles on NISQ hardware and find measurable advantage (compared to the
optimal classical strategies) in all cases.

1. Introduction

Non-locality is a central concept in quantum mechanics. Its origin traces back to the Einstein—Podolsky—
Rosen (EPR) ‘paradox’ [1]. EPR argued that in order to make quantum mechanics compatible with
locality it would have to be completed with the addition of local hidden variables. Bell subsequently
proved that some predictions of quantum mechanics are incompatible with LHV theories [2]. The
experimental verification of Bell’s predictions established the existence of intrinsically non-local corre-
lations in quantum systems. The experiments were recognised with the award of the Nobel prize for
physics to Aspect, Clauser and Zeilinger in 2022 [3]. We now understand non-local Bell correlations as
a distinctive manifestation of the more general phenomenon of quantum entanglement: the fact that

the state of some quantum systems cannot be described by specifying the states of its constituent parts
individually.

Quantum game theory considers game-theoretic scenarios where two or more players take individ-
ual actions and their success depends on the actions of all players. Using entanglement enables outcomes
not attainable in classical settings. Examples include the quantum prisoner’s dilemma [4] and the quan-
tum volunteer’s dilemma [5]. A subset of quantum games are non-local, incomplete-information games
where spatially separated players try to cooperate without communicating with the other players. In this
case they can exploit entanglement to generate non-local correlations that they can use to improve their
coordination. Examples include the odd-cycle game [6] and the magic square game [7], both of which
have been demonstrated experimentally [8, 9]. A recent development in non-local games are those con-
cerning mobile agents, specifically rendezvous [10-12] and graph domination [12]. Here, players attempt
to achieve a joint task by coordinating their moves on a graph.

The original domination problem was formulated in the context of pure graph theory [13]. in this
context, a graph G = (V,E) consists of vertices V and edges joining them, E C {{u,v} | u,v € V} [14].
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Graphs provide a powerful framework for modelling pairwise interactions and networks. Graph theory is
the study of such graphs including their properties and structure. The domination problem described in
[13] is purely combinatorial and static. A dominating set in a graph is a set of vertices such that every
vertex in the graph is either in the set or adjacent to a vertex in the set. The classical graph domination
problem asks for the smallest such set, or more generally, for structural and complexity properties of
dominating sets. This original version of graph domination has many applications, for instance to facility
location and coverage problems [15, 16].

Since the early 2000s, there has been interest in dynamic variants of graph domination involving
mobile agents constrained to move along the edges of the graph [17]. For example, the eternal domi-
nation problem, introduced in 2005 [18], models guards that must continually relocate in response to
attacks while ensuring that the occupied vertices remain a dominating set. More recently, in distributed
computing and mobile robotics, researchers have considered algorithms in which robots collectively
move so as to form a dominating set, often under additional algorithmic or memory constraints [19].
Unlike classical domination problems [13], the challenge in these agent-based domination problems is
not only combinatorial (whether a dominating set exists) but also algorithmic and probabilistic (whether
a team of moving agents can find one efficiently)”.

A recent development is the introduction by Viola and Mironowicz of a graph-domination game
where players have access to entangled quantum resources [12]°. In the game they considered, two play-
ers are placed randomly on the nodes of a graph. They are tasked with coordinating their movements
in order to dominate as much of the graph as possible. A node is dominated when there is a player on
that node or on a node connected to it by an edge, as illustrated in figure 1(a). The degree of success of
a given strategy is the number of dominated nodes after the players have moved. Strategies can be char-
acterised by their ‘domination number’: the average number of dominated nodes after many runs of the
game. It was shown that this increases when quantum resources are available. Importantly, the qubits
can be entangled before the players learn which vertices have been assigned to them. Afterwards, no fur-
ther interaction or communication is required. The obtained quantum advantage is therefore not purely
formal: it represents a real advantage that could be gained in real-life situations where such games need
to be played, without the need to change the nature of the game; only the resources available to each
player locally need to be modified. These games thus offer a form of ‘quantum operational advantage’, in
which quantum resources allow access to an improved result that is unobtainable using classical means.

In [12] semi-definite programming was used to find bounds on the maximum domination obtain-
able in a single step by two players on various graphs, including cycle graphs with up to 13 vertices
(Ci13). However, explicit protocols were not reported—though in the case of Cs the probabilities of all
possible moves were provided. Here we build upon this work by finding explicit strategies that realise
these bounds. Moreover, we generalise our single-step domination strategies to cycles of arbitrary size.
We use these strategies to run experiments using noisy, intermediate scale quantum (NISQ) hardware,
finding that present-day qubits are of a high enough quality to realise most of the predicted advantage
for small cycle graphs.

2. Theory

We start by defining the rules of the game. The graphs the players will move on are unweighted and
undirected. Each player will be allowed one move from their random starting positions (1-step game).
These initial positions are taken from a uniform probability distribution (in particular, it is possible that
the players start on the same location, though even then they do not know the location of the other
player). Waiting is not an allowable action. After all players have moved, their collective domination of
the graph is checked. The nodes of the graph are labelled and the graph topology is known to all play-
ers. The players have access to the label of the site they are on and can use that label to determine their
actions. Finally, the players do not have to follow the same rules when making their decisions (player-
asymmetric game)®.

Quantum advantage emerges when the players share an entangled quantum system [10]. Specifically,
each player holds an n-level system, where # is the number of edges for each node of the graph. After
a player measures their qudit they use the result to decide which of the #n edges to travel along. Before

4 Mobile-agent graph domination games can be regarded as a sub-class of turn games based on graph domination—for another recent
example see [20].

5> A quantum-assisted graph domination is not to be confused with domination of so-called ‘quantum graphs’ [21].
6 This implies no loss of generality as player-symmetric strategies are a subset of player-asymmetric ones.
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Figure 1. Classical and quantum-assisted approaches to the graph domination game. (a) shows a play-through of the classical
domination game. The players Alice (A) and Bob (B) are randomly placed (on sites 1 and 5, in this example). They then use a
pre-agreed strategy to decide their moves. In our example, A moves from 1 to 2 and B moves from 5 to 4, which corresponds to
the optimal classical strategy shown in figure 4 of reference [12]. They then check how much of the graph is dominated between
them (shaded area). In this case, they dominate all 5 nodes of the graph. (b) shows the quantum circuit A and B can use to gain
quantum advantage. Before A and B get separated (left of the dashed line) they perform a joint operation on their two qubits that
places them in the entangled state of equation (1). Afterwards the players get assigned their starting nodes and A(B) rotate their
qubit around the y axis by an angle 6 (9}3) that depends on the index i (j) of the site they are in. They then measure their qubit

in the computational basis and use the result to decide whether to move clockwise (1) or anti-clockwise (0).

measurement, each player is allowed to perform an arbitrary rotation on their qudit which may depend
on their identity and the site they are on. If the two qudits are entangled, this crucial step allows players
to encode information about their location in the shared quantum state—the underlying source of the
quantum advantage.

In this paper, we will consider cycle graphs only, so the players will share a pair of qubits (n = 2).
The players always start by initialising their qubits in the Bell state

1

V2

They then get separated and each player carries out a local unitary operation on their qubit. We take
these to consist of rotations around the y measurement axis.

Let us first consider the 5-vertex cycle graph Cs. This is the simplest non-trivial graph for the domi-
nation game.

The classical version of the game is illustrated in figure 1(a). The optimal classical strategy (shown
in figure 4 of [12]) yields an average domination of 4.6 nodes. The quantum approach for all cycles is
illustrated in figure 1(b). For Cs, it achieves a domination number D =~ 4.67 [12].

The average domination for any two-player, single-step strategy on a cycle graph is given by

%) (100) +[11)). (1)

N 1
D= % Z Z Ca,h,n,mpa,b (”am) (2)

a,b=1n,m=0

where N is the number of sites on the graph, C, 4, is the domination achieved when players on sites
a and b make moves n and m respectively, and P, ;(n,m) is the probability that the collective move
indexed by n,m is made when the players are initially at a, b.

In order to find the explicit strategy that realises the optimal bounds found by Viola and
Mirionowicz, we can employ a similar heuristics to that used for the rendezvous problem in [11]. We
start by creating the ‘domination table) table 1, which shows the domination number depending on the
sites Alice and Bob land on and on whether they move clockwise (1) or counter-clockwise (0)”. A ran-
dom coin-flip leads to an unweighted average of all the numbers on the table (D = 4.2). The optimal
classical strategy shown in figure 4 of [12] corresponds to picking a specific row (column) for each of
Alice’s (Bob’s) possible starting sites. For instance, for the case where Alice starts on Site 1 we pick 0

7 A similar table for a larger graph (Cio) has been provided in the appendix for illustration purposes.
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Table 1. The domination table for the Cs graph where players independently decide whether to move clockwise or anti-clockwise by
flipping a coin (or examining a qubit). The number at the top of each column represents Alice’s site, and the number at the front of
each row represents Bob’s site. 0 and 1 correspond to clockwise and anti-clockwise moves, respectively.

1 2 3 4 5

0 1 0 1 0 1 0 1 0 1

1 0 3 5 4 3 5 5 4 5
5 3 4 5 3 5

2 0 4 3 5 4 5 5 3 5

4 5 3 4 3 5 4

3 0 3 4 3 5 5 4 4 5

5 4 5 3 4 5 3

4 0 3 5 4 3 5 4 4

4 5 3 4 5 3 5 4

5 0 4 3 5 4 5 3 5

4 5 5 3 4 5 3

(counter-clockwise motion) and for the case where Bob starts on Site 5 we pick 1 (clockwise motion).
This is the situation illustrated in figure 1(a) and leads to a higher average domination number D = 4.6.
Note, however, that this means Alice’s and Bob’s moves are uncorrelated: Bob will move clockwise when-
ever he starts the game at Site 5, independently of Alice’s location. In the quantum game all combi-
nations of starting sites and measurement outcomes are possible but they have different probabilities
given by

o8 —o* . g 0P -0
P;;(00) P;;(01) 1 (cos®> 25— sin® 15—
’ P7 - B_TipA B~ pA . (3)

P,',j(lo) ij (11) 2 2 9} 9; 2 9]‘ —0i

2 sin Cos

2

Here, P;j(oaog) denotes the probability of Alice’s reading being o4 and Bob’s being o (04,08 =0,1). It
depends on the angles % and 9}3 which are functions of the indices i,j of their respective landing sites.
Any given quantum-assisted graph-domination strategy is completely specified by the functions

0M i 91’?“ (4)
0% :j— 07 (5)
These in turn determine the probabilities in equation (3). With this, we can straight-forwardly obtain

the average domination number by substituting the probabilities into equation (2) alongside each corre-
sponding square from table 1. Simplifying this equation yields:

Ds = E 3;cos< >-|-4IZ; cos> jA’“) 1 cos? w
+§§ cos? HZA_Z% -+ cos? 91\29(’1
+= Z cos? j?"m + cos? 01\29?12 ) 6)

A cycle graph is periodic with a finite number of equivalent sites. To take account of this all site labels
are written modulo #,. For example for n, =5 if i =4, theni—2=2and i+2 = 1.

Note that, as a result of the symmetry of the graph, the graph domination number depends only on
the differences between the measurement angles. However, Alice and Bob do not get to pick that dif-
ference because they do not know the site at which the other player is located. They can only pick their
own angle using a previously-agreed strategy that is optimal on average. Therefore, an absolute angle
has to be associated with each site, not just angle differences. From that point of view, the Cs symme-
try means there are many degenerate strategies, all of them equally successful: a constant angle could be

4
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added to the angle associated with every site and the resulting strategy would be equivalent. However,
the strategies (choices of angles) used by Alice and Bob cannot be altered independently: the same con-
stant angle must be added by both players.

We have optimised numerically equation (6) with respect to the 10 angles 63,...02 0% ... 68 using
the Broyden—Fletcher—Goldfarb—Shanno algorithm [22]. The results suggest that the optimal angles are
given by

B
1se-

0 =(i—1)6s (7)
0P =7+ 02 (8)
where
27
05 = 5 %)

is a fixed angle increment. We have confirmed analytically that this is indeed a maximum, and it coin-
cides numerically with the previously discovered [10] bound, D = 4.67361. The difference of 7 between
the angles used by Bob and Alice ensures that the players spread out when they start together, which is
desirable for graph domination. Moreover, the probabilities obtained by substituting equations (7) and
(8) into (3) are those given in [12] for this game.

We now generalise (7) and (8) to

0r =(i—1)6, (10)
0P =7+ 00 (11)

Recognizing that the structure of the domination table is invariant as a function of number of vertices
when the players are close to each other enables us to derive a generalisation of equation (6) for any
cycle graph (n, > 3). The average domination number can be rewritten as a Fourier series by application
of basic trigonometric identities:

D=6+ % (—8 +cos () — %cos (26) — cos (36) — ;cos(40))

+ % (—cos () + cos(20) 4+ 3cos (30) + 2 cos (46)
—2cos((n—4)0) —3cos((n—3)0) —cos((n—2)0)+cos((n—1)8)). (12)

Here, 0§ = 0;:_/? — 9?/ % is the constant difference between the angle set by Alice/Bob when they land on
site 1+ 1 and at site i. The above expression can be written more compactly as

n—1

D, (0) =i+ > pcos(16). (13)

I=1

The constant A, and the coefficients u,, can be deduced from the longer form. For convenience, they are
given in table 2 for the first 7 values of n. We have verified numerically that the above equation gives an
optimal strategy for every value of #n for which the bounds are known [12] i.e. 5 < n < 13. Interestingly,
the angle increment is not always given by the straight-forward generalisation of (9),

O, = —. (14)

0, = —. (15)

The transition is illustrated in figure 2(a) which shows the optimisation for n=9,10,11 (for n = 10,
both choices of the angle optimise the domination number). Beyond n = 13 the optimal domination
numbers are not known [12]. We can, however, hypothesise that the optimal strategy is still consistent
with equations (10) and (11) and determine numerically the value of # that optimises (12). This value,
multiplied by the number of sites on the graph, is displayed in figure 2(b) for cycles with n < 37, dis-
playing an interesting stepped behaviour. Analysis of equation (12) shows that the value of n at which
the steps in 16 occur is determined by the relative phase of the terms in 1/n and those in 1/n%. n does

5
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Table 2. Coefficients in equation (13) for cycle graphs with 5 < n < 11.

n 5 6 7 3 9 10 11
An 85 138 203 280 369 470 583
w 2 5 6 7 8 9 10
o -2 4 . s 1
us -3 -6 -6 -5 -6 —7 -8
p : - - — -2 - -1
s 1 -1 -3 -2 0 0
e 1 -1 -3 -2 0
W 1 -1 -3 )
s 1 -1 -3
Mo 1 —1
K10 1
. 14m
[ 9)
1274
5.4 /
107 4
53 s
A 2
5.2 67 1
471
5.1
AT 100
5.0 .
0 1 2 3 1 5 10 20 30
n n

(a) (b)

Figure 2. Optimisation of the angle increment 6 for maximising the domination number D(n, ). (a) Domination number as a
function of the angle for n = 9, 10, 11, showing a shift in the optimal value of 6 from the one given in equation (9) (n = 9) to the
one given in equation (15) (n = 11). (b) Optimal value of  as a function of n.

not occur in the argument of the cosines in the terms in 1/n. These terms interfere, but the resulting
wave, to a good approximation, does not change as a function of n. n does occur in some of the terms
of order 1/n?. The wave that results from the interference of these terms does change with n. In fact the
peaks in these terms increase in number and the lower peaks move to lower angles as a function of n.
Each time a minimum in the 1/n? terms passes the peak in the 1/n terms a step in the value of nf at
which dominance is a maximum occurs. We see that the steps will occur when # changes by about 6.67
and that if a step occurs at a particular value of n one will also occur at n+ 20. This can be thought
of as the players more strongly correlating their decisions by shortening the distance the correlations
span. This is beneficial as past a certain distance, there is no advantage in correlating their actions, as
any combination of moves would result in maximum domination.

The predicted performance for these optimised values of 6 is shown in figure 3. We cannot dis-
card that better strategies might be available for n > 13. The steps observed in figure 2(b) have a visi-
ble effect on domination. This is further illustrated by comparing the optimal quantum strategy to the
dashed line, which shows the performance of the quantum strategy that is optimal before the first jump
(0 = 2) when applied to larger graph sizes. Clearly, the successive shifts in player strategies as the num-
ber of sites increases plays a crucial role in maximising the amount of quantum advantage.

3. Simulations

In this section we will describe simulations of our graph-domination strategies using both classical and
quantum processors. The former allow us to confirm convergence under ideal conditions. The latter
allow us to verify that the predicted quantum advantages can be realised using current qubit technol-
ogy. The modus operandi for these simulations is analogous to that used for quantum-assisted rendezvous
in [11].
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Figure 3. Theoretical prediction of the average domination number achieved by our optimised quantum strategy for cycle graphs
compared to a coin-tossing strategy (random choice) and to the optimal classical strategy, when known. In each case, the dom-
ination number is given as a function of the number n of vertices in the graph. The dashed line has been obtained by substi-
tuting (14) into (12) and it illustrates the performance of the quantum strategy that is optimal for small graphs (n < 10) when
deployed on larger graphs.

Our simulations of graph domination strategies on the simplest non-trivial cycle graph, Cs, are
shown in figure 4. We observe clear convergence of the classical simulations towards the predicted aver-
age domination numbers, with the performance of the classical and quantum strategies clearly differenti-
ated after averaging over > 1000 runs. Similar convergence behaviour was obtained for Cs and C;, albeit
somewhat slower for larger graphs (see figures 6 and 7 in appendix B). For the quantum simulations
we used four different superconducting quantum processors, namely ibm_kyiv [23], ibm_marrakesh
[24], ibm_brisbane [25] and ibm_fez [26], as well as, in the case of Cs, one trapped-ions quantum
processor, IONQ Arial [27]. The converged results for the graphs Cs,Cs, and C; after averaging over
10%° &~ 10° runs are shown in figure 5. ibm_marrakesh, ibm_brisbane, and ibm_fez show similar
performance, with ibm_kyiv outperforming the other three. IONQ Arial, used for Cs, shows perfor-
mance below all three superconducting quantum processors. In all cases, the experimentally obtained
domination numbers are closer to the optimal quantum strategy than the classical one.

To quantify the observed quantum advantage A we use the following formula [12]:

a=c

"~ C-R (16)

Here Q,C, and R are the average domination numbers with the optimal quantum strategy, the

optimal classical strategy, and random choice, respectively. This equation can be rewritten as A =
(Q—R)/(C—R) — 1. Thus, both strategies (classical and quantum) are compared to a random choice.
If A =0, both fare equally and there is no quantum advantage. More generally, if the optimal classi-

cal strategy represents an M-fold improvement over random choice the optimal quantum strategy rep-
resents and [M + A(M — 1)]-fold improvement. The achieved quantum advantages are summarised in
table 3. Our explorations on cloud-based quantum hardware show that most of the available quantum
advantage can be realised. This is auspicious both for the possibility of realising the advantage in real-
life scenarios and using quantum processors to simulate complex graph-domination strategies beyond
the reach of classical computers (i.e. those involving large numbers of entangled qubits). Although the
limited gate fidelities and finite qubit coherence times of the NISQ devices used here are sufficient to
demonstrate the quantum advantage conceptually on small graphs, experimental errors are the limiting
factor for practical applications. Moreover, current hardware is not yet field-deployable; quantum net-
working, i.e. the ability to entangle qubits in different processors, will become an essential capability. To
this end, significant progress is underway to create room-temperature optical interfaces between remote
trapped ions [28, 29], neutral atoms [30], and color centres in diamond [31], as well as cryogenic links
between superconducting qubits [32]. As the number of available high-quality qubits grows and quan-
tum networks become more powerful, the simulation of more complex strategies will come within reach
for experimentation.
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quantum processors. The dashed line indicates the predicted average for the optimal classical strategy and the solid line indicates
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C 6 C7

4. Discussion

It is worth trying to develop an intuitive understanding of the origin of quantum advantage in our 2-
player, mobile-agent games. Since the players only learn their starting locations after they get separated,
and at that point they can no longer communicate, it is counter-intuitive that, by manipulating entan-
gled qubits, they are able to improve their level of coordination, compared to a pre-shared determin-

istic strategy. One way to

understand this is to regard the local rotated qubit measurement as a way to

encode local information in the shared system. This introduces correlations between the moves made by
the each player that are informed by the local information provided by both players, even though the
players themselves cannot retrieve that information. Ultimately, what makes this possible is the fact that
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Table 3. Predicted values of the quantum advantage A for graph
domination on 5-, 6-, and 7-site cycles compared to the values achieved
after averaging over 10% &~ 10° runs of the simulated game using different
quantum processors.

Cs Cs G
Predicted 18% 11% 20%
IBM Marrakesh 14% 7% 16%
IBM Brisbane 14% - -
IBM Fez - 5% 15%
IBM Kyiv 15% 9% 16%
IONQ Arial 12% - -

although the maximally entangled 2-qubit state has zero global entropy, the entropy of each qubit, con-
sidered separately, is maximal—a property of quantum systems with no classical analogue.

The gap between the predicted quantum advantage and the realised quantum advantage can be
explained in a depolarising model, where an error would result in the execution of the random strat-
egy, whereas no error would execute the optimal quantum strategy. In the case of Cs, the random
strategy and the optimal quantum strategy realise D = 4.2 and D = 4.67361, respectively. Using IBM
Marrakesh as the middling performer from figures 4 and 5 for example, the observed domination num-
ber of D ~ 4.658 is reproduced by a depolarising probability pgepor = 3.3%. The dominant mechanisms
responsible for the suboptimal performance of the hardware are

e decoherence due to unwanted interaction of the qubits with the environment;
e gate errors due to imperfect implementation of quantum operations;

e and state preparation and measurement (SPAM) errors.

The extent of decoherence can be estimated by comparing the execution time of the quantum circuit

to the decoherence timescales (i.e. the relaxation time T) and dephasing time T5). Focusing again on
IBM Marrakesh, the average qubit has T; ~ 179us and T, ~ 89us [24] setting a much longer decoher-
ence timescale than the average 0.18us each circuit took to run. This strongly suggests that the effect

of decoherence is negligible. To measure gate error, we model the circuit as a sequence of independent
noisy gates with single qubit fidelities of 0.9997 [24] and two-qubit fidelity of 0.997 [24]. This results in
approximately a 0.65% chance for there to be a gate-induced error, thus contributing significantly to the
overall decrease in performance on NISQ hardware. The largest contributing factor however, are SPAM
errors. Assuming 1.337% failure probability per qubit, [33] this leads to a2 2.7% error chance, which
represents the largest contribution to the suboptimal performance. We therefore estimate the total error
at probability at pe, ~ 3.4%, which is in excellent agreement with pgepol & 3.3% obtained above.

In the context of quantum computing [34], the term ‘quantum advantage’ usually refers to the time
complexity of a problem, when compared to the best known classical algorithms. Examples of this are
Shor’s algorithm [35] for factorisation and Grover’s algorithm [36] for searching unstructured databases.
The quantum advantage we have found in this work is not of that type—in fact, since playing our game
requires only two qubits, it is perfectly possible to simulate the whole game on a classical machine (the
blue line in figure 4). Instead, it is an example of a different type of advantage enabled by entangle-
ment; its non-local nature provides advantage in situations where communication is limited and cor-
related outcomes are targeted. The paradigmatic example is quantum cryptography [37]. We could call
such advantages ‘quantum operational advantages’ to distinguish them from those of the purely compu-
tational kind. The use of entanglement to improve the probability of success of coordinated moves by
distant parties without exchange of signals [10, 11, 12, 38] falls under that category.

Non-local games provide a natural framework for modelling performance improvements in dis-
tributed computing tasks, where players receive a local input and must produce a global output [39].
More generally, graph theoretical frameworks are uniquely suited to analyse interconnected systems in a
wide range of fields due to their ability to capture complex relationships. Graph domination problems
often arise in the context of resource allocation tasks [15, 16], where external factors can be dynami-
cally changing. For instance, collision avoidance problems [40, 41], can be re-cast as a graph domina-
tion game (the problem we have tackled here is indeed closely related to collision avoidance on a cycle).
In general, the optimal outcome cannot be achieved if real-time communication between the resources
is impossible, restricted, unreliable, or unsafe. This issue can arise in critical infrastructure networks,
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such as ambulances, military units, and electrical power distribution grids. Using quantum resources,
the communication requirements can be reduced [42, 43] and, on graphs, nonlocal correlations appear
to create the ‘telepathic’ ability that coordinates movements, improving the average payoff. Recently,
the theory of quantum non-local games has been generalised to the case where communication is not
impossible but suffers from high latency which is relevant to real-world applications including high fre-
quency trading, distributed computing, computer architecture, and distributed control systems [44].
Our work connects to a broader line of results on coordinating mobile agents [10-12, 38], includ-
ing rendezvous games where a quantum advantage was first identified by Mironowicz [10] and demon-
strated on real NISQ hardware in [11]. These belong to the family of cooperative non-local games (play-
ers receive private inputs and cannot communicate) in which entanglement improves performance [6].
By contrast, quantum strategic-form games consider complete-information, simultaneous-move set-
tings [45], with the classic quantum Prisoner’s Dilemma [4] and, more recently, the quantum Volunteer’s
Dilemma [5] providing canonical examples featuring a tension between cooperative and selfish incen-
tives. Some games are cooperative in objective yet strategic-form in structure—such as the Kolkata
Restaurant Problem [46]—and thus bridge these two perspectives.

5. Conclusions and outlook

In conclusion, we have identified explicit strategies that realise a quantum operational advantage for
mobile agents attempting to dominate circular graphs of arbitrary size, and reproduced them successfully
on NISQ hardware.

There is a rich outlook for the further development of this topic from the point of view of possible
applications. In networked settings, quantum strategies can often be embedded into existing classical pro-
tocols to yield measurable advantages in situations where communication is constrained. Entanglement
distribution is a key network resource [47-49]; the non-local, cooperative games studied here provide
primitives for leveraging that resource under minimal signalling. More broadly, the operational research
literature [50] offers real-world problems amenable to game-theoretic treatments, including collision
avoidance [40, 41, 51], facility location [15], and related coverage tasks [16], all of which map naturally
to domination on graphs.

The techniques presented here invite extensions to non-circular graphs (including mixed degree) and
to games involving more than two players.

The extension to higher-degree (including mixed-degree) graphs is a fertile area for further develop-
ment. For a graph consisting of only degree D vertices, each player will need log,(D) qubits. For mixed
degree graphs, in order to split options evenly regardless of the degree of the vertex the player is on,
log, [LCM (Dy,D,,---,D,)] qubits will be needed per player, where # is the total number of vertices, D;
is the degree of the jth vertex, and LCM stands for the least common multiple (LCM).

Another way to generalise our approach, in the case of more than two players, is to use a multi-
partite state, such as a Greenberger—-Horne—Zeilinger (GHZ) state [52] or W state [53]. In this arrange-
ment, each player still controls only one qubit. Alternatively, players could hold more than one qubit,
each providing pairwise entanglement with one of the qubits held by another player. This approach
would require more qubits and necessitate novel strategies to be developed, but would maximise the cor-
relations between any pair of players due to monogamy of entanglement [54].
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Appendix A. C;y domination table

Table 4. The domination table for the cycle 10 graph where players independently decide whether to move clockwise or anti-clockwise
by flipping a coin (or examining a qubit). The number at the top of each column represents Alice’s site, and the number at the front of
each row represents Bob’s site.

1 2 3 4 5 6 7 8 9 10

1 0 3 5 4 6 5 6 6 6 6 6 6 6 5 6 4 5 3 4
5 4 3 5 6 5 6 6 6 6 6 6 5 6 4
2 0 4 4 3 5 4 6 6 6 6 6 6 5 6 4 3
6 4 5 3 4 4 3 5 6 5 6 6 6 6 6 6 6 6 5

1 6 4 5 3 4 4 3 5 4 6 6 6 6 6 6
4 0 6 3 4 4 3 4 6 5 6 6 6 6 6 6
6 6 5 6 4 3 4 4 3 5 4 6 5 6 6 6 6
5 0 6 5 6 4 5 3 4 4 3 5 4 6 5 6 6 6 6 6 6
6 6 6 6 5 6 4 5 3 4 4 6 5 6 6
6 0 6 6 5 6 4 4 3 5 4 6 5 6 6 6 6
6 6 6 6 6 6 6 5 4 5 3 4 4 3 5 6 5 6
7 0 6 6 6 6 5 6 4 5 3 4 4 3 5 4 6 5 6 6
5 6 6 6 6 6 5 6 4 3 4 4 3 5 6
8 0 6 6 6 6 5 6 4 5 3 4 3 5 4 6

10 0 4 6 5 6 6 6 6 6 6 6 6 5 6 4 5 3 4 4 3 5
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Appendix B. Cs and C; convergence plots
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Figure 6. Performance of optimal strategies for the graph domination game on a 6-site cycle. The dashed lines indicate the pre-
dicted averages over many runs for the optimal classical and quantum strategies, as indicated. The solid lines show: simulations
of the optimal classical and quantum strategies using a classical computer; and a simulation of the optimal quantum strategy
using the best found superconducting quantum processor, IBM Kyiv.
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Figure 7. Performance of optimal strategies for the graph domination game on a 7-site cycle. The dashed lines indicate the pre-
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of the optimal classical and quantum strategies using a classical computer; and a simulation of the optimal quantum strategy
using the best found superconducting quantum processor, IBM Kyiv.
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