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Abstract

Grain boundary mechanics plays a key role in the strengthening of polycrystals. In this study, deformation of
aluminum grains is investigated to better understand the origins of strengthening mechanisms near the grain
boundaries. For this reason a sample with nearly columnar structure was prepared and fully characterized
by electron back scattered diffraction measurements using the two side surfaces of the sample before loading.
The total strain distribution on one surface of the sample is measured during tensile loading using digital
image correlation technique. The numerical studies include implementation of crystal based finite-element
model to understand origins of grain boundary strengthening using both local phenomenological, local dislo-
cation density based and non-local strain gradient based constitutive laws. The effects of mesh refinement,
through thickness discretization, boundary condition, and orientation scatter are investigated. Comparison
of experimental and simulated total strain distributions near grain boundaries suggests the existence of strain
gradient hardening. For this reason, a novel non-local flux based model is developed and implemented with
a consistent time integration scheme. The non-local strain-gradient based model reveals strain distributions
that are in better agreement with the experimental results than the local models that are not able to mimic
the level of grain boundary strengthening and also the actual strains. The non-local strain gradient based
strain hardening law, that does not require a separate definition of grain boundary elements, was successful
in capturing the strengthening effect near grain boundaries.

Keywords: crystal based finite-element method, dislocation density based models, oligocrystal, grain
boundary behavior, dislocation flux

1. Introduction

The understanding of polycrystalline plasticity is a complex phenomenon that involves different mi-
crostructural features such as grain boundaries, crystal defects, second-phase particles, grain morphology
and crystallographic texture. The overall mechanical behavior of polycrystals is strongly dependent on the
grain size [1], grain morphology [2], texture [3, 4, 5, 6], and grain boundaries [7] as well as temperature [8, 9],
strain-rate [10], crystal structure [11], and mechanical boundary conditions [12]. Therefore, vast amount
research has been devoted to understand grain boundary mechanics in order to develop models that mimic
the physics of grain boundary behavior.

Bi-crystal studies have been used to understand grain boundary mechanics because of their relatively
simpler deformation state than that in the grain of a polycrystal aggregate [13]. In general, multiple slip was
dominant near the grain boundaries that becomes pronounced as the misorientation between grains increases
[14]. Bi-crystal interactions have been experimentally investigated by surface strain mapping techniques such
as digital image correlation (DIC) and electron back scattered diffraction (EBSD) [15, 16]. For instance, these
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techniques have revealed signi�cant amount of crystallographic rotations near aluminum bi-crystal interfaces.
The greater orientation changes were measured for the grain boundaries with greater misorientations. This
e�ect was attributed to the occurrence of dislocation pile-ups near high-angle grain boundaries and the
relative ease in dislocation slip transfer across low-angle grain boundaries [17].

Similarly, oligocrystal studies have revealed heterogeneous distribution of strain among crystals. In
most of the oligocrystal studies, grains had columnar structure and, hence, a single sample surface was
typically investigated [18, 19, 20, 21]. Interestingly, some studies have characterized the two opposite sample
surfaces to understand the in
uence of three dimensional grain structure on strain hardening [22, 23, 24].
These studies have revealed that the absolute total strain scales with the grain size in the aggregate. This
behavior has been attributed to the occurrence of low level constraints imposed by the neighboring grains,
and hence the low hardening interactions of a large grain with its neighbors. Recently, several studies have
evaluated temperature e�ects during loading [25, 26] and slip activity at a �ner scale [27]. To sum up, the
experimental surface examination methods include optical microscopy, electron microscopy, and EBSD to
determine grain size, grain morphology, slip plane traces, orientation changes and misorientation; and DIC
methods to quantify plastic strains. More recent advancements in orientation measurements allow full 3D
non-destructive in-situ characterization of orientations and stresses inside crystals at high energy X-Ray
facilities [28, 29].

Oligocrystal experiments have elucidated the importance of grain size, misorientation, and grain boundary
plane on deformation behavior [18, 23, 11]. In particular, these studies have revealed that grain boundaries
aligned parallel to the loading direction have negligible e�ect on deformation behavior of grain interiors.
They have also shown that the largest through thickness grain within a test gauge carries the largest strain
among other grains.

According to Dawson, grain boundary mechanics can be governed by local constitutive models [30]. The
compatible deformation of neighboring grains leads to multiple slip in the proximity of boundaries and hence,
higher hardening near grain boundaries compared to that in grain interiors [31]. Crystal based �nite-element
models incorporate grain interactions by enforcement of the equilibrium and compatibility inside each grain
and between the neighboring grains. Accordingly, Hirth attributed strain hardening at interfaces to the
compatibility requirement between the neighboring crystals [32]. Grain boundary strengthening is already
present in crystal based �nite-element methods. Accordingly, �nite-element models with local constitutive
laws could capture this phenomenon in case the grains were represented with enough level of discretization.
For this reason, local crystal plasticity models have been commonly used as a �nite-element modeling tool
[33, 34, 35]. Recent studies have used additional length scale parameters in strain hardening relations to
take into account the grain size dependence [36]. Similarly, new homogenization rules have been developed
to consider the e�ect of grain morphology in local models [37]. However, polycrystal behavior was found to
be stochastic since mechanical response depends on various factors such as local dislocation density, residual
stress and neighborhood properties in addition to crystal orientation and grain size [38].

A di�erent view states that additional strain hardening near grain boundaries has to be accounted using a
separate strain hardening term. Dislocation storage, which is necessary to accommodate the strain mismatch
between grains, is believed to be the main source of strengthening near grain boundaries [39]. In this
approach, the plastic strain mismatch between neighboring grains was expressed in terms of dislocations.
The storage of dislocations at grain boundaries, due to the conservation requirement of Burgers vector1,
causes higher strain hardening rate near the interfaces than in the grain interiors. As a result of dislocation
storage, dislocations pile up near the grain boundaries. Dislocation pile up leads to a higher local slip
resistance for four main reasons. First, the increase in dislocation density leads to the decrease in the
mean-free-path of dislocations (directly correlated to strengthening by the Taylor relation [40]). Second,
dislocation pile up prevents further slip at primary systems by exerting long range back-stresses to the nearby
dislocation sources. Third, dislocation pile-up enforces secondary slip activation at secondary slip systems,
and hence increases the strain hardening rate. Fourth, the activation of secondary slip enhances forest-
type dislocation interactions near grain boundaries. Therefore, a strain gradient hardening term has been

1Conservation law of Burgers vector states that a dislocation line does not vanish inside a crystal.
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introduced to account for the strain gradient hardening near grain boundaries in addition to the statistically
stored dislocations [41]. On the other hand, softening can also occur near grain boundaries. For example, low
angle grain boundaries and high angle grain boundaries may signi�cantly di�er in terms of slip multiplicity
di�erences from grain interior to grain boundary vicinity. It may also occur that deformation constrain near
grain boundaries reduces multiple slip comparing to that occurring in grain interiors, as observed by recent
SEM and AFM studies of slip traces on crystal surfaces of pure aluminum [42, 43]. Several relevant aspects of
dislocation strengthening have been implemented into crystal plasticity modelling. These are the following:

Geometrically Necessary Dislocations (GNDs): Non-local models have been developed to compute strain
hardening based on strain gradients or slip gradients [44, 45]. In some works [46, 47], GNDs have been
considered as separate nodal variables involving separate de�nition of the special boundary condition for
GNDs other than the displacements such as hard boundaries (i.e. grain boundaries) or dislocation 
uxes
(i.e. free surfaces).

Grain Boundary Dislocations (GBDs): Grain boundary mis�t dislocations, i.e. dislocations that accom-
modate the misorientation between two neighboring grains, were used to calculate initial dislocation densities
for the elements that were next to grain boundaries [48, 49, 50]. Therefore, this method requires a separate
de�nition for the �nite-elements that are near grain boundaries. Besides, calculations revealed unreasonably
high values of GBD densities that were greater than 1016 m� 2 at grain boundaries due to the 1=b2 term (b
refers to the Burgers vector) that was present in the calculations. GBDs have been implemented into crystal
plasticity simulations to analyze the mechanical behavior of grain boundaries.

Dislocation slip transfer: The relative ease of slip transfer has been recently found to be major factor
determining grain boundary behavior. This e�ect is function of grain boundary character and resolved shear
stress [17]. In this context, Roters et al. have predicted the experimental total strain distributions in a
bi-crystal sample by modeling the grain boundary slip transfer process as a thermally activated dislocation
penetration process [51, 52]. Recently, dislocation storage rate at grain boundaries has been estimated by
the calculation of crystallographic shear rates of neighboring regions through the analysis of dislocation slip
transmission between neighboring grains [53].

Micro force balance: Gurtin has applied balance laws at the microscopic scale to accurately capture grain
boundary mechanics [54]. The computational framework consisted of calculation of geometrically necessary
dislocations as result of the plastic incompatibility between neighboring grains (i.e. grain boundary Burgers
tensor) and application of equilibrium state to the resulting long-range forces at grain boundaries, i.e. micro
force balance. This approach has been used in di�erent works with separate de�nition of boundary conditions
for grain boundaries [55, 56]. In particular, recent models have used gradients of equivalent plastic strains
[57] or energetic/dissipative parts of the strain gradients [58].

Grain boundary behavior has been extensively studied by bi-crystal or columnar oligocrystal experiments.
These samples, due to the large grain size/sample thickness ratio, allow the investigation of grain interaction
mechanisms via surface measurements. However, surface measurements do not represent the exact mechan-
ical behavior of a grain in a polycrystal aggregate since the surfaces are traction-free. Therefore, surfaces
are expected to behave more relaxed than the interior regions. Furthermore, grains in a bi-crystal or in a
oligocrystal are not fully constrained by the neighboring grains as in a polycrystal aggregate [40]. Although
sample surfaces do not exactly represent the mechanical behavior of a grain, surface measurements in bi-
crystals or columnar polycrystals provide accurate signatures of grain boundary mechanics since the stress
states are simpler than those in polycrystalline aggregates. For this reason, we have conducted experiments
on an oligocrystal sample to provide further insights into polycrystal mechanics.

In this study, we aim at addressing two major questions of grain-boundary mediated plasticity: First,
what are the e�ects of mechanical boundary conditions, sample geometry, 2D/3D mesh, mesh re�nement,
and crystal orientation on grain boundary response? Second, is there a need for a strain gradient model to
accurately model the grain boundary mechanical behavior?

Important features of this work:

� Investigation of the e�ect of di�erent local constitutive laws on the grain boundary mechanical behavior
by phenomenological, physically-based, and strain gradient hardening constitutive models.
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� Development of a novel strain gradient constitutive model based on dislocation 
uxes that requires no
additional de�nition of interface elements.

� Comparison of crystal �nite-element model results to experimental strain distributions.

In this work, predictions of grain boundary mechanical behavior estimated by a crystal based �nite-
element method are validated by experimental total strain distributions. In particular, the occurrence of
strain gradient hardening as an additional micro-hardening mechanism at grain boundaries is investigated
by crystal based �nite-element using di�erent constitutive models, namely, local phenomenological, local
dislocation density based, and non-local dislocation density based laws. A coarse-grained aluminum sample
was prepared, characterized and tested under tension while total strain distribution on one surface was
measured by in-situ DIC. Accordingly, the e�ect of boundary conditions, crystal orientation scatter inside the
grains, through-thickness and in-plane mesh re�nement on the total strains were investigated. Further, the
capabilities of di�erent local constitutive laws are investigated in the context of experimental heterogeneity
of the surface strain distributions and grain boundary sti�ening.

Paper is outlined as follows. Section 2 explains the experimental procedures and results. Section 3
describes the �nite-element model and single crystal constitutive laws that are used in the modeling approach.
Sections 5 and 6 present the discussion of the results and conclusions, respectively.

2. Experiments

2.1. Experimental details

An aluminum sample with 99.9 % purity was obtained by rolling a rectangular ingot to 100 % thickness
reduction by three rolling passes. The two sides of the ingot were chemically etched with 40 % HNO3 solution
at room temperature to visually observe the grains from both surfaces. The ingot was then annealed at 550
C � for 2 hours until the size of the grains reached few millimeters in size. Inspection of grain size after
annealing was performed by optical light microscopy. The gauge location was determined from a region in
which the same grains appear on the both side surfaces of the sample. Tensile gauge with dimensions of 3
mm thickness, 5 mm width and 21.7 mm length was cut from the ingot by wire electro discharge machining
(WEDM). The test gauge was wet ground and polished with 6� m, 3 � m and 1 � m diamond paste and with
a �nal solution of 0.1 � m colloidal silica. Slight rounding o� the edges was noted after polishing. EBSD
measurements were performed on the two opposite surfaces of the test gauge by a JEOL JSM 6490 scanning
electron microscope (SEM) at 30 keV with 50� m step size over the whole sample.

2.2. Experimental results

Figure 1 shows the inverse pole �gure maps along the Z-axis before loading. The sample exhibited
strong < 1 0 0 > f 0 0 1g cube texture as expected for recrystallized aluminum [59]. The equal number of
grains on both sides of the sample with the same orientation validates the existence of a nearly columnar
grain structure within the sample. Grain boundaries are indicated with line segments in white color. For
consistency, the sample coordinate reference (X, Y, Z) is the same reference frame as in the FEM analysis,
Figure 1. Table 1 shows the transformed Euler angles (' 1, �, ' 2) in Bunge notation with respect to the
sample reference in Figure 1. Euler angles were measured from a rectangular cropped region inside every
grain. The size of the selected cropped region was the largest size that accounted for the the average e�ect
of the in-grain statistical orientation distribution. Table 1 shows the values of the Schmid factor and inverse
of the Taylor factor for the analyzed grains along the loading direction (X-direction in Figure 1).

In-situ measurement of strains from one side surface of the sample (face A) was performed using a
digital image correlation (DIC) method during tensile testing of the sample. This technique is explained in
detail in [3]. The sample was strained to a maximum engineering strain of 12.2 % that corresponds to end
displacement of 2.65 mm with an initial strain rate of 8:1 � 10� 4 1/s. Tests were performed at constant
strain rate by displacement controlled mode. Figure 2 shows the experimental setup used for tensile testing.
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Figure 1: Inverse pole �gure maps of both surfaces, i.e. face A and face B, before loading. The sample reference frame is
indicated with X, Y, Z directions. The grain boundaries are highlighted with white lines. The color legend corresponding to
the crystallographic orientation is shown in the accompanying orientation triangle.

Table 1: Euler angles of the analyzed grains before loading in Bunge convention ( ' 1 , �, ' 2 ) with respect to the (X, Y, Z)
sample coordinate frame that is shown Figure 1.

grain ' 1 (deg) � (deg) ' 2 (deg) Schmid factor 1/Taylor factor

1 161.7 179.1 228.1 0.4934 0.3709
2 357.3 152.0 69.5 0.4918 0.3376
3 286.1 3.2 263.3 0.4643 0.2884
4 31.6 150.6 115.3 0.4858 0.2929
5 113.3 174.7 208.1 0.4371 0.2779
6 350.7 175.3 74.9 0.4457 0.2780
7 285.6 163.0 359.5 0.4507 0.3547
8 104.5 172.5 201.4 0.4474 0.2845
9 344.6 172.9 49.4 0.4962 0.3525
10 7.1 163.8 69.7 0.4944 0.3358

Figure 2: Cross-head test system together with the test gauge, linear variable displacement transducer (LVDT), dynamometer,
and digital image correlation (DIC) system.

Figure 3 shows the strain distributions on face A of the sample that are obtained by DIC at 1 %, 5 %
and 10 % axial strain levels. The maximum amount of strain is found as 20.5 %, which is higher than the
axial 12.2 % engineering strain. This is due to the heterogeneous strain distribution among the grains in the
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sample. This e�ect invalidates the assumption of uniform gauge length under the present testing conditions
due to the inhomogeneous nature of strain distributions over the length of the test gauge. For consistency,
engineering strain is used as strain indicator in the present work.

Strain measurements revealed the following important observations:i. Average strains inside grain-2
and grain-4 exceeded 20 % while average strains inside grain-6 and grain-8 remained roughly at� 2.5 % at
the end of loading. ii. Strain near the boundary of grain-2 and grain-4 remained approximately an order of
magnitude less than that of strains in grain-4 throughout the deformation. iii. Strain near the boundary of
grain-2 and grain-4 was almost four times less than the strains near the boundary of grain-4 and grain-6.

Table 2: Misorientations, � < u v w > , between neighboring grains denoted with grain-a and grain-b. Misorientation calculation
procedure is shown in appendix D. LAGB and HAGB are the abbreviations used for low- and high-angle grain boundaries,
respectively.

grain-a grain-b � (deg) < u v w > type of GB

1 2 29.4 [0.191 0.397 0.898] HAGB
1 3 14.5 [0.052 0.186 0.981] LAGB
2 3 30.5 [0.293 0.360 0.886] HAGB
2 4 22.5 [0.029 0.685 0.728] HAGB
2 5 38.6 [0.247 0.601 0.760] HAGB
4 5 31.6 [0.326 0.386 0.863] HAGB
4 6 26.0 [0.011 0.532 0.846] HAGB
5 6 13.9 [0.4097 0.4817 0.7746] LAGB
5 7 30.4 [0.150 0.676 0.721] HAGB
6 7 19.0 [0.158 0.571 0.806] HAGB
6 8 16.6 [0.398 0.481 0.781] HAGB
6 9 19.6 [0.086 0.094 0.992] HAGB
7 8 33.5 [0.136 0.677 0.724] HAGB
8 9 34.8 [0.208 0.303 0.930] HAGB
8 10 39.8 [0.212 0.426 0.879] HAGB
9 10 10.2 [0.062 0.178 0.982] LAGB

Schmid and Taylor factors are calculated by assuming uni-axial stress and strain states, respectively.
Schmid factors, shown in Table 1, correlate well with the magnitude of experimental strains in the grains,
Figure 3. It exhibits better correspondence to experimental data than those of the inverse of the Taylor
factors. The experimental results show that grain-2 and grain-4 deformed to higher strain level than grain-6
and grain-8, which is in good correlation with the calculated Schmid factors. 2-4 grain pair have a lower
symmetry in comparison to the other rotated cube grains hence they are expected to deform by single slip.
Grain-9, that has the highest Schmid factor, carries a signi�cant amount of the externally applied strain
in correlation other grains. However, the strain values do not correlate well with the inverse of the Taylor
factors. As expected, this result suggests that in the present oligocrystal work, grains exhibit Sachs-type
deformation behavior. In the Taylor approach, applied strain is fully satis�ed with minimum slip activation
in �ve of the twelve available slip systems [60], thereby leading to a very strict constraint for a relatively free
deforming crystal as the present oligocrystal.

Table 2 reveals that the present oligocrystal does not contain HAGBs with misorientation angle larger
than 40� . Most of the analyzed grain boundaries are HAGB. Only three GBs are LAGBs. Grain boundary
between grains 9-10 is the boundary with the lowest misorientation angle of the listed GBs (10� ) making the
9-10 grain pair as nearly a single grain through the sample width.

Figure 4 shows the EBSD analysis on face B of the sample after deformation to 12.2% tensile strain.
White lines indicate f 111g slip plane traces. Grain orientation changes slip plane traces inside grain-2 and
grain-4, which indicates the occurrence of single or double slip. Shear bands with intense local shear strains
were detected in grain-9 and grain-10 by EBSD in correlation with DIC strain maps (Figure 4.a). We found
that these shear bands are not aligned along thef 111g slip traces. The occurrence of micro shear bands is
visible in the photograph of face B of the deformed sample (Figure 4.c). The kernel average misorientation
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Figure 3: Strain distributions on face A of the sample obtained by digital image correlation (DIC) at 1 %, 5 %, 10 % and 12.2
% tensile strain. Grain boundary between grain-2 and grain-4 is distinctly visible. Sample reference frame is indicated with X,
Y, Z directions. White squares indicate the regions without successful measurements.

map2 (Figure 4.b) shows that the largest misorientation values are detected near the grain boundaries.
This result indicates the occurrence of high density of geometrically necessary dislocations around grain
boundaries.

Figure 5 plots the change of the areas of individual grains on both faces A and B before straining, and
on face B at 12.2% tensile strain. Areal changes indicate the out-of-plane strain that are a fraction of the
in-plane strains due to the Poisson e�ect. The grain area was calculated from EBSD maps by counting the
number of pixels per grain using a commercial orientation analysis software. The average di�erence in grain
area between face A and face B, i.e. deviation from columnar structure, was around 11.3 %. Engineering
strain was computed from EBSD maps using the change in the grain area by Equation (1) [61]:

� p �
A � A0

A0
(1)

Figure 5 reveals that the average strains calculated by this method do not agree with those estimated
from DIC. For instance, this approach estimates higher strain level for grain-6 compared to that of grain-
4 that does not agree with the strain values obtained by DIC, Figure 3. These results indicate that the
estimation of in-grain plastic strain in oligocrystals from the evolving grain areas is inaccurate.

2Kernel average misorientation is a measure of the average misorientation between a given data point and its neighbors
excluding misorientations higher than some prescribed value.
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Figure 4: a. Inverse pole �gure along the Z-axis. Color code is the same as in Figure 1. f 111g slip plane traces are indicated
with by lines. b. Kernel average misorientations (KAM) averaged within �rst nearest neighbors. f 111g Slip plane traces are
indicated by white lines. Red lines indicate the active slip systems. c. Photograph of face B of the deformed sample to 12.2%
tensile strain

.

Figure 5: Average grain strain based on the analysis of grain areas determined by EBSD maps. EBSD map of both face A and
face B are available before loading and EBSD map of only face B is available at 12.2% tensile strain.

3. Crystal based �nite-element model

The proposed model is explained in the following sections. Section 3.1 shows the �nite-element method
used to obtain the displacement �eld. Section 3.2 reviews the single crystal deformation kinematics. Section
3.3 shows the constitutive laws used in this work. Section 3.4 explains the method to construct the �nite-
element model using EBSD maps. Section 3.5 describes the GND based strain gradient hardening model.
The time integration procedure for the rate form of constitutive relations is explained in Section 3.6. Section
3.7 shows the mesh and the boundary conditions. Section 3.8 shows the calibration of the model constants.
The crystal based �nite-element model is implemented in MSC MARCR
 �nite-element software.

3.1. Displacement �eld iteration

Virtual work principle is applied to a static body at the deformed (spatial) con�guration to �nd the weak
form of momentum balance. Equilibrium is enforced weakly in an integral form using Equation (2) over the
domain, 
. In Equation (2), B is strain-displacement relation (appendix B) for small virtual displacements
from equilibrium position, P is Cauchy stress andf is externally applied force vector. The domain 
 is
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