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Abstract 

Adaptive optics (AO) is a powerful tool for microscopy. It helps to improve the image quality 

and resolution by correcting the aberrations that arise in the optical system or through external 

disturbance. Most AO technologies concern phase distortion, which is the main issue in the 

mainstream microscopies.   

However, the correction is limited by the capabilities of the adaptive optical devices, e.g. in 

correction range and correction accuracy. Apart from that, phase distortion is not the only 

aberration that can affect microscopes. Polarization error is also a major concern for some 

polarization-sensitive microscopes such as Stimulated Emission Depletion Microscopy (STED) 

and Structured Illumination Microscopy (SIM).  

Therefore, in this thesis, I firstly investigated the capabilities and limitations of a phase 

correction device, a deformable mirror (DM), specifically its correction range and accuracy 

based on Zernike mode aberrations. Then an adaptive polarization control (APC) system was 

developed through both hardware and software aspects. The APC consists of polarization state 

generator (PSG) and polarization state analyzer (PSA). The two modules were investigated 

separately first and then integrated together.  

The system functionality was then demonstrated using different kinds of samples. Results show 

that this system is able to correct the external birefringence disturbance dynamically and the 

measurements could be tailored to the ability of prior knowledge about on the samples. This 

system could be combined with conventional phase AO methods to provide further 

improvements in system correction in applications ranging from quantum optics to microscopy 

imaging.  
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Chapter 1   Introduction 

___________________________________________________________________________ 

1.1 Background and motivation 

Adaptive optics (AO) is an important technology for a wide range of applications including 

bio-medical imaging [1-3], retinal imaging [4, 5], astronomy[6] and various kinds of 

microscopies [7-12]. This concept was first introduced by Horace W. Babcock to improve 

astronomical imaging through closed-loop correction of wavefront errors. In microscopy, AO 

helps to improve image quality that is compromised by imperfect optics and distorted 

wavefronts, which are defined as aberrations [13]. AO corrects the aberration by generating a 

conjugated wavefront that compensates the errors.  

In its conventional implementation, the AO system includes a wavefront sensor to detect the 

distorted wavefront and a correction element to generate the conjugated wavefront. There are 

also other AO methods, e.g. “sensor-less” AO has been developed that does not use a wavefront 

sensor, but instead permits the inference of the correction aberration from a sequence of 

aberrated images. Changing wavefront shape is the key technology achieved through correction 

devices such as deformable mirrors (DM) and spatial light modulators (SLM) [14, 15]. DM is 

a flexible mirror whose shape can change according to electrical voltage etc. whereas SLM is 

a liquid crystal array device, in which each pixel can be regarded as a phase retarder.  

There are several advantages to use a DM comparing to SLM as correction element, such as 

wavelength and polarization independent, but sometimes there is variability between devices 

and performance may not be as specified. In this case, when one buys a DM, it usually needs 
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calibration in the specific experiment. Therefore, to provide a simple and realizable way to 

characterize the performance of the DM is essential.  This is explored in the first part of this 

thesis. 

While the traditional concept of AO has concerned phase aberrations, phase is not the only 

property of light that can be controlled using adaptive elements. Certain microscopes have been 

found to be more sensitive to small levels of phase aberration than others. These include super-

resolution microscopes, such as Stimulated Emission Depletion (STED) microscopy, 

Structured Illumination Microscopy (SIM), and single molecule localization fluorescence 

microscopy [8, 13, 16, 17]. These microscopes are not only sensitive to phase aberrations, but 

also to small errors in the polarization state at the focus. Polarization aberrations are the 

deviation of the polarization state from its desired form. Such polarization errors can be 

introduced by optical elements, Fresnel effects at interfaces, scattering and birefringence in 

specimens. Therefore, to develop an adaptive polarization control system is the second work 

in this thesis that is expected to be beneficial for these polarization sensitive imaging systems.  

While polarization modulators and various polarimeters have already been developed, we do 

not yet have closed loop polarization correction systems for complex beams. Hence, there is a 

need to design a system for adaptive polarization control. Apart from that, most of the 

polarization modulators change the whole beam polarization state instead of changing the 

different parts with different states. SLMs are commonly used for phase modulation in AO. It 

also can be used to change the polarization state if the input light has a different polarization. 

Since calibration for phase and polarization modulation is different, full calibration is needed. 

Therefore, in the second part of this thesis, I introduce a method to fully calibrate SLM and 

followed this with an adaptive polarization control (APC) system that consists of polarization 

modulation and measurement, which is able to change and measure the different regions of 
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polarization across a single beam. This system is demonstrated to have the ability to extract the 

birefringent feature of the disturbance in the system and reconstruct the polarization state of 

the output light. 

1.2 Objective 

This thesis aims to better understand the capability and limitation of adaptive optics for phase 

correction and further extend the possibility of AO to polarization control.  

The work in this thesis contains the following objectives: 

1) To be able to control adaptive elements (particularly DMs) to enable aberration correction 

using an appropriate mathematical model (like Zernike modes) and to understand the 

capabilities and limitations of the DM correction abilities. 

2) To understand and develop the strategy to do full polarization modulation and measurement. 

3) To fully calibrate the key device, the SLM, for polarization generation. 

3) To build a system which can realise adaptive polarization control, i.e. dynamically 

reconstruct the polarization state with the presence of the birefringent disturbance. 

1.3 Organization of this thesis 

This thesis is organized in 7 chapters, with the opening chapter, Chapter 1, the state-of-art 

technology, and the challenge, limitation on the AO in microscopy are introduced. The 

understanding of the AO on phase control and the need for the AO on polarization control are 

the motivation of this thesis work. 
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A brief introduction on the physics of light is first given in Chapter 2, about phase and 

polarization. In Section 2.1, the mathematical representation of the light, the wavefront and the 

optical aberration are given. It is followed by introducing of how the light propagates in free-

space and in crystals to describe polarization in Section 2.2. Then polarization of the light is 

discussed in detail from the definition, to the different polarized light, to the representation 

ways including Jones calculus, Stokes calculus and the Poincaré Sphere.  

Then the concept of adaptive optics is briefly reviewed. The methods and elements to correct 

optical aberration by using AO is described in Section 2.3. Based on the mathematical 

decomposition of the aberration, the correction device, generally the deformable mirror and 

spatial light modulator, to make compensation for the wavefront aberration are introduced. To 

know the capability and limitation of a correction device on the AO phase correction, in the 

first part of this thesis, DM characterization is demonstrated in Chapter 3.  

In Chapter 3, a segmented deformable mirror is characterized. The wavefront generated by the 

DM was extracted from the interferogram. The interferometric technique to extract the phase 

is firstly reviewed in Section 3.1. System setup is introduced in Section 3.2 and the detailed 

correction results are discussed in Section 3.3. The results describe the correction range, which 

is measured by how accurately the DM could generate a Zernike mode aberration with different 

amplitudes. The comparison result of each mode is listed with the amplitude of 0.5 μm rms and 

2 μm rms respectively. The ideal wavefront and measured wavefront are compared and the 

errors are calculated.  

Prior to the build up of the APC system, since the SLM is used as the key device to in the PSG, 

full calibration is needed since it is found that the calibration for polarization modulation should 

be different from the phase modulation. In Chapter 4, a comprehensive calibration is presented 
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of the SLM. The difference of the phase and retardance calibration from a mathematical 

perspective is addressed first. In Section 4.2, the calibration set-up and methodology are shown. 

The spatial variation and how the phase modulated by the SLM changes with the voltage are 

then analysed. Detailed data processing and analysing algorithm are given in Section 4.3. The 

discussion on the interesting phenomenon that different regions have different reaction for the 

same voltage are also given. At the end of the section, the diffraction efficiency comparison 

between using the calibration data provided by the company and by our measurement technique 

is shown. Next for the retardance calibration, the same set-up was used but with a different 

configuration.  

In Chapter 5, the PSG and PSA are introduced. The methodology of full polarization control 

from the double pass of the SLM for the PSG are first presented. In Section 5.1, the 

experimental setup are shown and the system alignment method for the double pass system are 

introduced. Then misalignment effect of the liquid crystal in the double pass SLM on the 

polarization modulation in the PSG was simulated. It proves that the small angle deviation of 

the liquid crystal could bring large distortion on the modulated polarization. In Section 5.2, 

some polarimeter techniques for PSA including the Sagnac interferometer and Stokes 

polarimeter are then reviewed. Two polarimeters have been built and tested based on these 

techniques in this thesis. A modified Sagnac interferometer is first presented including the 

setup and operation principle. Thereafter, an optimized Stokes polarimeter was tested. Finally, 

after a thorough comparison between the two polarimeters and the considering the suitability 

for the APC system, the optimized Stokes polarimeter was chosen as the PSA. 

In Chapter 6, the functionality of the APC system is demonstrated. In Section 6.1, the 

methodology to reconstruct the polarization state is presented when there is a birefringent 

disturbance in the system. Based on that, the APC system was built by combing the PSG and 



1.3    Organization of this thesis 

 

6 
 

PSA. Followed by the system design and setup, four different kinds of disturbance were tested 

including a vortex half wave retarder, a stressed plastic plate, a customized liquid crystal device 

and a mouse brain tissue. A sequence of measurements were taken before polarization 

reconstruction, the number of which depends on the degree of prior information that was known 

about the disturbance. The testing results shown in Section 6.3 proves that the APC system is 

able to reconstruct the polarization state even when there is a dynamic and spatial birefringent 

variant disturbance in the system.  

The summary of this thesis is given in Chapter 7, as well as the limitations and potential future 

work.   
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Chapter 2   Background 

___________________________________________________________________________ 

In this Chapter, the background knowledge related to the work in this thesis is given. The 

mathematic representation of an optical wavefront and aberrations are first introduced. Since 

the aberration is not only concerned on phase distortion here but also polarization error as well, 

the polarization of light is introduced in the second section. In the end, AO technology to 

correct the aberration is briefly reviewed. 

2.1   Optical wavefront 

Light is an electromagnetic wave. Its wave-like properties were illustrated by Young’s famous 

interference experiment [18], which is shown in Figure 2.1. When studying the light property 

or describing the light propagation in optical system design, one could use geometric optics or 

wave oscillation optics. The geometrical representation is used for paraxial optics or in the 

phase of the optical design process.  
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Figure 2. 1: Schematics of Young’s double slit interference experiments [18]. 

2.1.1   Optical field 

In order to understand the behaviour of light waves, one can model mathematically how waves 

are generated from oscillating charges. The steady state of a mono-chromatic wave field could 

be regarded as the harmonic motion at a constant oscillation frequency ω. The equation to 

describe the wave field can be written as [19]: 

𝑊⃑⃑⃑ (𝑝, 𝑡) = 𝐴(𝑝) cos(𝜔𝑡 − 𝜑⃑ (𝑝))                                      (2.1) 

where p is the position of a point in the field; t is the time; 𝐴(𝑝) is the amplitude profile and 

𝜑⃑ (𝑝) is the phase profile in the spatial domain. 𝐴(𝑝) and 𝜑⃑ (𝑝) are both independent with time 

t. When writing Eq. (2.1) in the complex form, it becomes: 

𝑊(𝑝, 𝑡) = 𝐴(𝑝)𝑒𝑖(𝜔𝑡−𝜑(𝑝)) = 𝐴(𝑝)𝑒𝑖𝜔𝑡𝑒𝑖𝜑(𝑝)                        (2.2) 

The spatial term and temporal term in Eq. (2.2) are independent. When discussing the wave 

spatial distribution, as the time factors are always the same, it can be ignored and then Eq. (2.2) 

becomes: 

𝑊(𝑝) = 𝐴(𝑝)𝑒𝑖𝜑(𝑝)                                                  (2.3) 
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Eq. (2.3) shows that to describe the optical field in the spatial domain, it is important to know 

the two parameters, the amplitude and the phase.  

2.1.2   Wavefront 

A wavefront of wave is the surface which connects all the points that have the same phase in 

the spatial domain. If the wavefront is flat, it is called a plane wave. If the wavefront forms part 

of a spherical surface, it is called a spherical wave [20].  

The amplitude of a homogeneous plane wave is a constant whereas the phase is a linear function 

of the coordinate of the position. The phase can be written as: 

𝜑(𝑝) = 𝑘⃑ ∙  𝑟 + 𝜑0                                                     (2.4) 

where 𝑘⃑  is the wave vector, and 𝑟  is the position vector, 𝜑0 is the initial phase at the origin 

point. The magnitude of k, 𝑘0 = 2𝜋/𝜆, where λ is the wavelength of the wave as 𝜆 = 2𝜋𝑣/𝜔 

and v is the magnitude of the phase velocity. Eq. (2.4) also can be written in complex form as 

𝑊(𝑝) = 𝐴𝑒𝑖(𝑘⃑ ∙ 𝑟 +𝜑0) . For the spherical wave, the amplitude is no longer a constant. It is 

inversely proportional to the distance between the point and the light source whereas the phase 

is proportional to that distance, namely, 𝐴(𝑝) = 𝐴0/𝑟 , 𝜑(𝑝) = 𝑘0𝑟 + 𝜑0 , where A0 is the 

amplitude when the light source is one unit distance away from the point and r is the distance 

between the light source and that point. Therefore, the complex form of the wavefront of the 

spherical wave is: 𝑊(𝑝) =
𝐴0

𝑟
𝑒𝑖(𝑘0𝑟+𝜑0). 

A plane wave is generally called collimated light, where the wavefronts are flat and parallel. 

When it propagates through a lens, the lens can transfer it to a converging or divergent spherical 

wave. The phase transfer function of a single thin lens is [21]:  
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𝑇(𝑥, 𝑦) = exp (−𝑖𝑘0
𝑥2+𝑦2

2𝐹
)                                                (2.5) 

where =
1

(𝑛−1)(
1

𝑟1
−

1

𝑟2
)
 , r1 and r2 are the radius of the curvature of the front and back of the lens 

surface respectively, n is the refractive index of the lens. F is the focal length of the lens. When 

applying the transfer function to a plane wave with the amplitude constant 𝐴1 and phase factor 

1, namely, 𝑊1(𝑥, 𝑦) = 𝐴1, the wave after the lens is:  

𝑊2(𝑥, 𝑦) = 𝑇(𝑥, 𝑦)𝑊1(𝑥, 𝑦) = 𝐴1exp [−𝑖𝑘0
𝑥2+𝑦2

2𝐹
]                        (2.6) 

It is seen that the phase factor of 𝑊2(𝑥, 𝑦) is a spherical wave [18].  Figure 2.2 shows the 

schematics of this process.  

 

Figure 2. 2: A single positive lens transfers a plane wave to a converging spherical 

wave. 

2.1.3   Optical aberration 

Aberrations as wavefront distortions arise from imperfect optical elements or refractive index 

(RI) variations. Aberrations are the reason why light does not converge to (or diverge from) a 

certain point after passing through an imaging system, or equivalently when the wavefront 

deviates from its ideal state. Optical elements can cause aberrations like spherical aberration, 

coma, etc. [22]. Spherical aberration forms because of the non-spherical curved surfaces of the 
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spherical lens and it does not focus all rays on the same point. Different transmission media 

would cause different reasons to distort the wavefront, like uneven RI, atmospheric turbulence, 

surface deviation of a mirror, temperature stress and strain on the optical elements, as well as 

some mounting deflection [23, 24]. When considering microscopy, a mismatch of the index 

between the coverslip and the specimen will cause spherical aberration [25].  

Another source of aberration in microscopy is introduced by the biological specimens when 

one wants to focus deep in the structure. Since the 3-dimensional structure and thick tissue 

have spatially varying RI, the impact on imaging can be significant [26, 27]. Light travels at 

different speeds through different RI so parts of the wavefront are delayed relative to others 

when passing through the specimen. These aberrations get more complex and larger when 

focussing deeper as aberration can be accumulated. Therefore, they have the effect of reducing 

the contrast and resolution of microscope images.  

It is helpful to have a mathematical description of optical aberrations. Zernike polynomials are 

a convenient set of circular or annular basis functions used to represent an arbitrary phase 

distribution in a mathematical form. A sum of a number of polynomials, each with its own 

weighting, can be used to represent the total wavefront aberration [28, 29]. The Zernike 

polynomials are an infinite set of functions consisting of two variables, the radial coordinate ρ 

and the angle coordinate θ, representing the polar coordinates in the normalised pupil of the 

system. The functions are orthogonal is the unit circle [28, 30-34]. Therefore, the aberration 

can be represented as: 

𝑊(𝜌, 𝜃) = ∑ ∑ 𝐴𝑛
𝑚𝑍𝑛

𝑚

𝑛

𝑚=0

∞

𝑛=0

                                             (2.7) 

                                            
where n and m to represent the highest order of the radial variable and angle variable 

respectively. 𝐴𝑛
𝑚 is the coefficient of each Zernike term. Then 𝑍𝑛

𝑚 can be written as: 
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𝑍𝑛
𝑚(𝜌, 𝜃) = {

𝑁𝑛
𝑚𝑅𝑛

|𝑚|(𝜌) cos𝑚𝜃 ;     𝑚 ≥ 0

−𝑁𝑛
𝑚𝑅𝑛

|𝑚|(𝜌) sin𝑚𝜃 ;   𝑚 < 0
}                      (2.8) 

where the radial function 𝑅𝑛
|𝑚|

(𝜌) is:  

𝑅𝑛
|𝑚|(𝜌) = ∑

(−1)𝑠(𝑛 − 𝑠)!

𝑠! [0.5(𝑛 + |𝑚|) − 𝑠]! [0.5(𝑛 − |𝑚|) − 𝑠]!

(𝑛−|𝑚|)/2

𝑠=0

𝜌𝑛−2𝑠       (2.9) 

The normalization term 𝑁𝑛
𝑚 :  

𝑁𝑛
𝑚 = √

2(𝑛 + 1)

1 + 𝛿𝑚0
                                                        (2.10) 

where δm0 is the Kronecker delta, namely, when m = 0, δm0 = 1 and when m ≠ 0, δmn = 0. 

Generally, the wavefront is asymmetric and that is why the Eq. (2.8) has both sine and cosine 

terms. Figure 2.3 shows the Noll’s index in ordering the representation of optical aberrations 

in the Zernike terms [35]. Note that the normalisation of the functions used here ensures that 

the function has a root-mean-square (rms) value of 1. 

 

Figure 2. 3 Noll’s index for Zernike polynomials [35].  
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2.2   Polarized light  

As described above, light is electromagnetic radiation in which the electric and magnetic fields 

oscillate in a transverse manner, perpendicular to the direction of propagation, as shown in 

Figure 2.4. The orientation of the electric field vector is called the polarization of the light. 

 

Figure 2. 4: Light propagation schematic showing the electric (E) and magnetic (B) 

fields. 

In Cartesian coordinates, assuming a plane polarized wave is propagating along the z axis, its 

three electrical field components are: 

𝐸𝑥 = 𝐸𝑥0cos(𝜔𝑡 − 𝑘𝑧 + 𝛿𝑥) 

𝐸𝑦 = 𝐸𝑦0cos(𝜔𝑡 − 𝑘𝑧 + 𝛿𝑦) 

                                                        𝐸𝑧 = 0                                                                                                     (2.11) 

in which Ex0, Ey0 are the amplitude, δx and δy are the initial phase of Ex and Ey, k is the wave 

index or spatial frequency and ω is the angular frequency. The end of the resultant electrical 

vectors forms an ellipse during the propagation. It can be represented as: 

𝐸𝑥
2

𝐸𝑥0
2 +

𝐸𝑦
2

𝐸𝑦0
2 − 2

𝐸𝑥

𝐸𝑥0

𝐸𝑦

𝐸𝑦0
cos 𝛿 = sin2 𝛿                                  (2.12) 
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where 𝛿 = 𝛿𝑥 − 𝛿𝑦. It can be seen that, the amplitude ratio between Ex0 and Ey0 and the phase 

difference δ can decide the ellipse direction and shape which in effect defines the polarization 

state.  

Polarization can be classified as linear polarization, circular polarization or elliptical 

polarization. When the electrical field direction is always in the same plane that is 

perpendicular to the propagation direction, and the normal does not change with time, this state 

is called linear polarization. In this case, the projected electrical field in this plane is a line. If 

Ex is 0, only the lateral wave oscillates. This is vertical polarized light. The same idea can be 

also applied to the horizontal polarized light. They are two special cases of linearly polarized 

light. If 𝛿 = ±𝑘𝜋, the oscillation orientation is still a line but the orientation of this line depends 

on the amplitude ratio of Ex0 and Ey0. If Ex0 = Ey0, the plane is oriented at 45° to the x-axis.  

Circular polarized light has the same amplitude when projected in the plane perpendicular to 

the propagation but the direction is rotated with time, alternatively, 𝛿 = ±𝜋/2 and Ex0 = Ey0. 

If 𝛿 = −𝜋/2, it is called left-hand circular polarized light and if 𝛿 = 𝜋/2, it is called right-

hand circular polarized light. For elliptical polarization, not only the direction of the electrical 

field projected on the plane perpendicular to the propagation changes with time, amplitude also 

changes [36]. Obviously, linear polarization and circular polarization are special cases of 

elliptical polarization. 

Figure 2.5 shows the different polarization state with different δ  but with Ex0 = Ey0. 



2.2     Polarized light 

 

 

15 
 

 

Figure 2. 5: Different polarization states with different δ, 𝛿 = 𝛿𝑥 − 𝛿𝑦. 

Natural light is usually a random mixture of polarizations and is referred to as “unpolarised” 

[37]. In turn, laser sources are typically linear polarized. In reality, most sources are to some 

degree partially polarized, not perfectly polarized or unpolarised. A polarizer can be used to 

filter out one component of unpolarised light to give linearly polarized output. Figure 2.6 shows 

the schematics of how a transmission polarizer works. 

 

Figure 2. 6: Light transmitted through to a polarizer becomes linearly polarized.    

2.2.1   Light propagation in crystals 

Phase differences occur due to variations in the optical path length (OPL), which is defined as 

𝑂𝑃𝐿 = ∫𝑛 𝑑𝑠, where n is the refractive index of the media and s is the distance that the light 

travels. If light comes from a point source, passing through an isotropic media, it has the same 

speed at each direction which is 𝑣0 = 𝑐/𝑛. It forms a spherical wavefront with a radius of 𝑣𝑡. 

When the material is anisotropic, like many crystals, the light property will be changed. These 
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materials have a refractive index that depends on the propagation direction of the light and the 

orientation of the electric field vector [38], so they are called birefringent. Many crystals are 

birefringent including quartz, Iceland spar etc. 

When collimated light propagates in a birefringent crystal, it is likely that the light is split into 

two [39]. One of them propagates in the original direction, whereas the other one deviates to 

another direction. The one which subjects to the ordinary propagation is called ordinary ray, o-

ray; the one with deviation is called the extraordinary ray, e-ray. The o-ray propagates in the 

same way as in an isotropic material, so the velocity at each direction is the same. The e-ray 

has a different speed in different directions. It would have the same speed with the o-ray along 

the optical axis, but have a different speed along the axis which is perpendicular to the optic 

axis [40]. The refractive index is defined as 𝑛 = 𝑐/𝑣, so for the o-ray, the refractive index no 

is 𝑛𝑜 = 𝑐/𝑣𝑜. For the e-ray, it is not suitable to show its optical property by using a single 

refractive index but generally the refractive index is defined as 𝑛𝑒 = 𝑐/𝑣𝑒 , where ve is the 

velocity of the light traveling along the axis perpendicular to the optical axis [41].  

Generally, a uniaxial material is defined to have only one optical axis whereas a biaxial material 

could have two or even more. A uniaxial negative material has a larger no than ne while the 

uniaxial positive is the opposite. Figure 2.7 shows the comparison of the refractive index 

ellipsoids of different materials. One of the important applications of the birefringence is to 

make polarizing components with crystals that have different birefringent features.  
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Figure 2. 7: Comparison of the RI ellipsoids of different materials. Isotropic: 𝑛𝑥 =

𝑛𝑦 = 𝑛𝑧 = 𝑛𝑜; uniaxial positive: 𝑛𝑜 < 𝑛𝑒; uniaxial negative: 𝑛𝑜 > 𝑛𝑒; biaxial:  𝑛𝑥, 

𝑛𝑦, and 𝑛𝑧 are all different. 

2.2.2   Polarizing components 

As described above, birefringent materials can separate the light into an o-ray and an e-ray. 

Therefore, it can be used to obtain two linear polarized light beams with perpendicular 

orientation. A polarization beam splitter is usually made of crystals with this birefringence 

feature.  

Another application of the birefringent crystal is phase retarders. The surface of a phase retarder 

is parallel to its optical axis. When collimated light is incident normally onto it, the o-ray and 

e-ray have different propagation speed vo and ve due to the different effective refractive indices, 

where vo = c/no and ve = c/ne. If the thickness of this retarder is d, the OPL of o-ray is nod and 

that for e-ray is ned. Therefore, the phase difference between the input and output light of o-

ray and e-ray are: 

                                                                      𝛿𝑜 =
2𝜋

𝜆
𝑛𝑜𝑑    

𝛿𝑒 =
2𝜋

𝜆
𝑛𝑒𝑑                                                   (2.13) 
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where λ is the wavelength of the incident light. Hence, the retardance difference between the 

o-ray and the e-ray is: 

𝛿 = 𝛿𝑜 − 𝛿𝑒 =
2𝜋

𝜆
(𝑛𝑜 − 𝑛𝑒)𝑑                                   (2.14) 

The retardance difference is not only proportional to the index difference but also to the 

thickness of the retarder. Therefore, any retardance can be obtained by selecting different d. If 

the retardance is changed by the phase retarder, the polarization state of the light is also changed. 

Hence, a phase retarder is always used to change the light polarization. The axis which has the 

lowest refractive index is called fast axis. The most widely used retarders are half-wave plate 

(HWP) and quarter-wave plate (QWP). The thickness of a HWP is subject to (𝑛0 − 𝑛𝑒)𝑑 =

±𝜆/2, hence δ = ±π; where the thickness for a QWP is subject to (𝑛0 − 𝑛𝑒)𝑑 = ±𝜆/4 and δ 

= ±π/2.  

In addition to the crystal with birefringent features, some materials can absorb the 

electromagnetic radiation with specific oscillation orientation. When light is incident on such 

a material, it can absorb most of the energy which oscillates parallel to the absorbing molecules. 

However, it absorbs only weakly light that oscillates perpendicular to the molecules whereby 

most of the light can pass. This is called diattenuation. One can use this property to make a 

polarizer, which is able to generate linear polarized light with different orientation by rotating 

the crystal transmission axis. 

The polarization state is mathematically described by three common ways, which are Jones 

vectors, Stokes parameters and the Poincaré sphere. Each of them has its own characteristics, 

are to the most part interchangeable, and one can choose one according to different 

requirements. 
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2.2.3   Jones calculus 

In 1941, Jones first proposed a simple vector, known as the Jones vector, which is a 2×1 matrix 

to represent polarized light. It describes the polarization state with complex exponential number 

of the light on the propagation direction [42]. Its definition is: 

[
𝐸𝑥

𝐸𝑦
] = 𝑒𝑖(𝜔𝑡−𝑘𝑧) [

𝐸𝑥0𝑒
𝑖𝛿𝑥

𝐸𝑦0𝑒
𝑖𝛿𝑦

] = 𝑒𝑖(𝜔𝑡−𝑘𝑧)𝑒𝑖𝛿𝑦 [
𝐸𝑥0𝑒

𝑖𝛿

𝐸𝑦0
]                       (2.15) 

where, 𝛿𝑥 − 𝛿𝑦 = 𝛿, as the phase has period of 2π, the phase range is defined between –π and 

π. When –π < δ < 0, the x component is behind the y component; on the contrary, when 0<δ<π, 

y component is behind the x component; when δ = 0, x and y have the same phase; when δ = 

±π, x and y field components have opposite phase. 

The coefficient 𝑒𝑖(𝜔𝑡−𝑘𝑧)𝑒𝑖𝛿𝑦  is the mutual phase component. In addition to considering the 

product of two Jones matrices, in terms of the polarization transformation of an optical system, 

only the phase difference between the two components is of interest. Therefore, a common 

phase shift is ignored (although it is interesting to note that this phase is related to the phase 

aberration that is considered in other sections of this thesis). If the coefficient 𝑒𝑖(𝜔𝑡−𝑘𝑧)𝑒𝑖𝛿𝑦  is 

ignored, the polarized light can be represented as: 

𝐽 = √𝐸𝑥0
2 + 𝐸𝑦0

2 [
cos 𝛾 𝑒𝑖𝛿

sin 𝛾
]                                                 (2.16) 

in which, the cos 𝛾 = 𝐸𝑥0/√𝐸𝑥0
2 + 𝐸𝑦0

2 , sin 𝛾 = 𝐸𝑦0/√𝐸𝑥0
2 + 𝐸𝑦0

2   and tan γ = Ey0/Ex0 is the 

amplitude ratio. The normalized Jones vector is: 

𝐽𝑛⃑⃑  ⃑ = [
cos 𝛾 𝑒𝑖𝛿

sin 𝛾
]                                               (2.17) 
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It has unit magnitude. For the linear polarized light, δ = ±nπ; for circular polarized light, δ = 

±(2n+1)π/2. However, Jones vectors can only describe fully polarized light and not partial 

polarization. Table 2.1 shows the Jones vectors of light with different polarization states.  

Table 2. 1   Jones vectors of different polarized light 

Polarization 

State 

Horizontal 

polarized 

Vertical 

polarized 
+45° linear 

polarized 

−45° linear 

polarized 

Left-hand 

circular 

polarized 

Right-hand 

circular 

polarized 

Jones Vector 
[
1

0
] [

0

1
] 

1

√2
[
1

1
] 

1

√2
[

1

−1
] 

1

√2
[
1

−𝑖
] 

1

√2
[
1

𝑖
] 

 

Since Jones vector can be utilized to represent the polarization, if light is incident on a retarder 

or a polarizer, the output Jones vector will typically be different from the input one. Therefore, 

the intermediate component can be represented as a Jones matrix to change the light 

polarization into a different state depending on the incident polarization: 

𝐽′⃑⃑ = 𝐽𝑚𝑎𝑡𝑟𝑖𝑥𝐽 = [
𝐽𝑥𝑥 𝐽𝑥𝑦

𝐽𝑦𝑥 𝐽𝑦𝑦
] 𝐽                                           (2.18) 

where 𝐽  and 𝐽′⃑⃑  are the input and output Jones vectors respectively. The Jones matrix of some 

polarizers are list in Table 2.2.  

 

 

 

 

 



2.2     Polarized light 

 

 

21 
 

Table 2. 2   Jones matrix of some polarizers 

Linear polarizer with different 

transmission axes orientation Jones matrix 

Horizontal axes [
1 0

0 0
] 

Vertical axes [
0 0

0 1
] 

+45° with the horizontal 
1

2
[

1 1

1 1
] 

−45° with the horizontal 
1

2
[

1 −1
−1 1

] 

 

When the fast axis of a phase retarder is horizontal or vertical, the off-diagonal elements of the 

Jones matrix is zero and it can be represented as (𝑒
𝑖𝛿𝑥 0
0 𝑒𝑖𝛿𝑦

), so the retardance 𝛿 = 𝛿𝑥 − 𝛿𝑦 

will be introduced if the input light is not horizontal or vertical polarized. The Jones matrix is 

more complex if the fast axis is orientated with an angle to the x axis, Table 2.3 shows the Jones 

matrix of HWP and QWP with fast axis orientation of θ.  

Table 2. 3   Jones matrix of phase retarders  

Phase retarder with fast axis 

orientated at θ to the x axis 
 Jones Matrix 

HWP 𝑒−
𝑖𝜋
2 [cos

2𝜃 − sin2𝜃 2 sin 𝜃 cos 𝜃
2 sin𝜃 cos𝜃 sin2𝜃 − cos2𝜃

] 

QWP 𝑒−
𝑖𝜋

4 [
cos2𝜃 + 𝑖sin2𝜃 (1 − 𝑖) sin𝜃 cos 𝜃

(1 − 𝑖) sin𝜃 cos𝜃 sin2𝜃 + 𝑖cos2𝜃
]  

Any phase retarder with 

retardance of 𝛿 
𝑒−

𝑖𝛿
2 [

cos2𝜃 + 𝑒𝑖𝛿sin2𝜃 (1 − 𝑒𝑖𝛿)𝑒−𝑖𝜑 sin𝜃 cos 𝜃

(1 − 𝑒𝑖𝛿)𝑒𝑖𝜑 sin𝜃 cos𝜃 sin2𝜃 + 𝑒𝑖𝛿cos2𝜃
] 

 

where δ is the phase difference introduced from δx and δy, and φ is the circularity. For HWP 

and QWP, φ = 0, since they are linear retarders. 
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2.2.4   Stokes parameters and Müller matrices 

It is known that the polarized light is generally represented as elliptical polarization as 

described in Eq. (2.12), so it requires 3 independent parameters to describe it, such as the 

amplitudes Ex0 and Ey0 and the phase δ. Alternatively, one can use four measurable parameters 

known as the Stokes parameters to describe partially polarized light. They were proposed by 

Stokes in 1852 and are convenient as each one is a measurable intensity. The definition of the 

parameters S0, S1, S2 and S3 are as follows [43]: 

𝑆0 = 〈𝐸𝑥
2(𝑡)〉 + 〈𝐸𝑦

2(𝑡)〉 

𝑆1 = 〈𝐸𝑥
2(𝑡)〉 − 〈𝐸𝑦

2(𝑡)〉 

𝑆2 = 2〈𝐸𝑥(𝑡)𝐸𝑦(𝑡) cos[𝛿𝑦(𝑡) − 𝛿𝑥(𝑡)]〉 

𝑆3 = 2〈𝐸𝑥(𝑡)𝐸𝑦(𝑡) sin[𝛿𝑦(𝑡) − 𝛿𝑥(𝑡)]〉                                  (2.19) 

where the 〈𝐸𝑥
2(𝑡)〉 is the time average of the amplitude square of the 𝐸𝑥

2(𝑡): 

〈𝐸𝑥
2(𝑡)〉 =

1

𝑇
∫ 𝐸𝑥

2(𝑡)
𝑇

0
 𝑑𝑡                                              (2.20) 

δ  is phase, T is the time interval that is long enough that the time average integral is 

independent of T itself. When writing the above four parameters into a vector, the Stokes vector 

is: 

𝑆 = [

𝑆0

𝑆1

𝑆2

𝑆3

]                                                            (2.21) 

The following table lists some typical polarized light Stokes parameters. 
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Table 2. 4   Stokes parameters of different polarized light. 

Natural 

light 

Horizontal 

linear 

polarized 

vertical 

linear 

polarized 

45° linear 

polarized 

-45° 

linear 

polarized 

Right-

circular 

polarized 

Left-

circular 

polarized 

[

1
0
0
0

] [

1
1
0
0

] [

1
−1
0
0

] [

1
0
1
0

] [

1
0

−1
0

] [

1
0
0
1

] [

1
0
0

−1

] 

From the Eq. (2.19), it can be seen that the S0 represent the intensity of the light; S1 is the 

horizontal linear polarized light component; S2 is the 45° linear polarized component and S3 is 

the right circular polarized component. The orthogonal components which are the vertical 

linear, -45° linear and left circular are represented using negative S1, S2 and S3, respectively. 

For fully polarized light: 

𝑆0
2 = 𝑆1

2 + 𝑆2
2 + 𝑆3

2
                                        (2.22) 

For partially polarized light: 

𝑆0
2 > 𝑆1

2 + 𝑆2
2 + 𝑆3

2
                                      (2.23) 

For natural light: 𝑆1
2 = 𝑆2

2 = 𝑆3
2 = 0. The degree of the polarization is defined as Eq. (2.24). 

Its value changes from 0 (non-polarized light) to 1 (fully polarized). 

𝑃 =
√𝑆1

2 + 𝑆2
2 + 𝑆3

2

𝑆0
                                           (2.24) 

Since the total intensity 𝑆0 = 𝐸𝑥0
2 + 𝐸𝑦0

2 = 𝐸0
2 , here 𝐸𝑥0 = 𝐸0 cos 𝛼  and 𝐸𝑦0 = 𝐸0 sin 𝛼 , 

where α is the angle of Ex0 to the x axis. When substituting them into Eq. (2.19): 

𝑆 = 𝑆0 [

1
cos 2𝛼

sin 2𝛼 cos 𝛿
sin 2𝛼 sin 𝛿

]                                                  (2.25) 
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It can also be rewritten in the form of the polarization ellipticity angle χ and the polarization 

ellipse orientation angle ψ that are defined in Eq. (2.26) and (2.27) according to Eq. (2.12). 

Figure 2.8 shows the angle χ and ψ in the polarization ellipse. 

tan 2𝜓 =
2𝐸𝑥0𝐸𝑦0 cos 𝛿

𝐸𝑥0
2 − 𝐸𝑦0

2 =
𝑆2

𝑆1
                                          (2.26) 

sin 2𝜒 =
2𝐸𝑥0𝐸𝑦0 sin 𝛿

𝐸𝑥0
2 − 𝐸𝑦0

2 =
𝑆3

𝑆0
                                         (2.27) 

 

Figure 2. 8: Polarization ellipse. 

Then the Stokes vector is described as: 

𝑆 = 𝑆0 [

1
cos 2𝜒 cos 2𝜓
cos 2𝜒 sin 2𝜓

sin 2𝜒

]                                                  (2.28) 

For the fixed total intensity I, the polarization state is decided by P, χ and ψ. In the Stokes 

subspace (S1 S2 S3), the polarization of monochromatic light can be represented by a point with 

polar coordinates (P, 2ψ, 2χ), which is shown in Figure 2.9. 
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Figure 2. 9: Polarized point P in the subspace of S1 S2 S3 represents its polarization 

state. 

The characteristics of the polarization subspace can be easily obtained: first, the origin 

represent the non-polarization state which is P = 0; each point on the unit sphere surface all has 

P = 1, representing different full polarization state; finally, apart from the origin, each point 

inside the surface has 0 < P < 1 representing the partial polarized light and the outside point 

which has P > 1 does not have physical meaning. 

Similar to Jones matrix, the Müller matrix can be defined as the matrix that describes the 

transition from an input polarization state to an output polarization state. Assuming the Stokes 

parameters of the input light is 𝑆 , the Müller matrix is M, so the output polarized light 𝑆′⃑⃑  ⃑ = M𝑆  

or written as: 

𝑆′⃑⃑  ⃑ =

[
 
 
 
𝑆′0
𝑆′1
𝑆′2
𝑆′3]

 
 
 

= 𝑀𝑆 = [

𝑚00 𝑚01 𝑚02

𝑚10 𝑚11 𝑚12
𝑚20

𝑚30

𝑚21

𝑚31

𝑚22

𝑚32

   

𝑚03
𝑚13
𝑚23

𝑚33

] [

𝑆0

𝑆1

𝑆2

𝑆3

]                          (2.29) 

Table 2.5 shows the Müller matrix of some phase retarders whose fast axis is orientated at the 

angle of θ to the x axis. 
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Table 2. 5   Müller Matrix of phase retarder with the fast axis orientated at the 

angle of θ. 

Phase retarder 

with fast axis 

orientated at θ 

to the x axis 

 Müller Matrix 

HWP [

1 0 0 0
0 cos 4𝜃 sin 4𝜃 0
0 sin4𝜃 − cos 4𝜃 0
0 0 0 −1

] 

QWP [

1 0 0 0
0 cos2 2𝜃 sin2𝜃 cos2𝜃 − sin2𝜃
0 sin2𝜃 cos2𝜃 sin2 2𝜃 cos2𝜃
0 sin2𝜃 − cos2𝜃 0

]  

Any phase 

retarder with 

retardance of 𝛿 

[

1 0 0 0
0 cos2 2𝜃 + cos𝜙 sin2 2𝜃 (1 − cos𝜙) sin2𝜃 cos2𝜃 − sin𝜙 sin2𝜃

0 (1 − cos𝜙) sin 2𝜃 cos 2𝜃 sin2 2𝜃 + cos𝜙 cos2 2𝜃 sin𝜙 cos2𝜃
0 sin𝜙 sin2𝜃 − sin𝜙 cos 2𝜃 cos𝜙

] 

2.2.5   Poincaré Sphere 

In 1892, Poincaré realised that for the sphere corresponding to S0 = 1, the points on the surface 

correspond states of fully polarized light. This is known as the Poincaré sphere. As shown in 

Figure 2.10, any point on this sphere has the longitude of 2χ and latitude of 2ψ [37]. Therefore, 

any point on the surface of the fully polarized light has the intensity of unit 1. 
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Figure 2. 10: Polarized light represented by the Poincaré sphere: S0 = 1, S1 = 

cos 2𝜒 cos 2𝜓, S2 = cos2𝜒 sin 2𝜓, S3 = sin2𝜒. 

On the Poincaré sphere, the properties of polarized light can be summarised as: 

1) If χ = 0, P is on the equator representing the linear polarized light with different degree; 

if ψ = 0, the e-vector is horizontal polarized and when ψ = π/2, it becomes vertical 

polarized. 

2) When 0 < χ < π/4, point P is on the upper hemisphere corresponding to the right 

elliptical polarized light; when –π/4 < χ  < 0, P is on the lower hemisphere 

corresponding to the left elliptical polarized light. 

3) If P is on the N pole or S pole, it represents the right or left circular polarized light 

respectively. 

In this case, wave with unit intensity has a corresponding point of each polarization state and 

vice versa. The physical meaning of the Stokes parameters becomes clearer by using the 

Poincaré sphere representation. 
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2.3   Adaptive optics  

Aberrations cause image blur and therefore limit advanced development in many research areas. 

Adaptive optics is an important technology to address this problem. It helps to reduce the 

wavefront distortion and hence improve the optical system performance. AO for wavefront 

correction has broad applications including biology, astronomy and engineering.   

2.3.1   Adaptive optics systems 

An adaptive optics system correct for light distortions in the medium of transmission. The 

control system basically involves aberration measurement and aberrations correction. 

Figure 2.11 shows a schematic of an open loop AO system that consists of the wavefront sensor, 

controller and correction element [44]. The solid line represents the light transmission while 

the dotted line represents the control signal. The wavefront sensor is like the eye of the adaptive 

system, detecting the wavefront error, φ, receiving the light coming from the input and sensing 

the static and dynamic errors. The wavefront controller is like the brain of the system, 

processing the signal from the wavefront sensor, calculating the wavefront errors and 

generating the signals that control the correction elements. The wavefront correction device is 

the execution element, adding to the wavefront the conjugate phase -φ to make the corrected 

wave in conjugated planes.    
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Figure 2. 11: General schematic of an adaptive optics system.  

2.3.2   Correction device: deformable mirror and spatial light modulator 

The wavefront correction device is the most important part of the AO system and it is usually 

either a DM or an SLM. The idea is to change the OPL, by changing either the distance travelled 

(like with a DM) or the refractive index (using an SLM). The DM and the SLM are regarded 

as phase modulation devices and are main components of AO systems.  

Deformable mirror 

DM is a flexible mirror device with mechanical actuators that provide adjustment of its surface 

in accordance with the wavefront measurements. Different types of DM like segmented DM 

and membrane DM are available commercially for various applications. Segmented DM 

consists of an array of small individual mirrors which are typically honeycomb structured; 

whereas a membrane DM is a type of mirror with flexible surface manufacturing mainly from 

thin polymer foil. The parameters of a DM include the number of the actuators, actuator stroke 

and the response time. 

The segmented DM consists of multiple separate facets, each of which is a small mirror and is 

controlled by three actuators to control the degree of tilt so that it can change the wavefront 

shape. The position of each actuator is driven by external voltage. Segmented mirrors have 
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high reliability and fast response speed [45] and are widely used in astronomical telescopes 

and laser propagation through the atmosphere. However, for good performance a segmented 

DM is required with many small segment mirrors, which can be difficult to manufacture. 

Besides, the stepwise and large edge effect between the small mirrors also limits its application. 

Phasing between adjacent mirror segments is also important. 

A common continuous mirror is the membrane DM that has a single membrane surface. There 

are different actuation methods that rely on static electrical force, electromagnetic forces or gas 

pressure etc. to drive the deformation of the membrane surface. The advantages of the 

membrane mirror include low surface density, easier fabrication and relatively low cost [46-

48]. 

Spatial light modulator 

Another important correction element is the SLM and liquid crystal on silicon (LCOS) device 

[49-51]. Generally, the SLM can change the light characteristics such as phase, amplitude, 

intensity, or polarization in the spatial distribution under external control that could be optical 

or electrical [34]. The SLM consists of many independent pixels that are arranged in a one or 

two dimensional array. Each pixel could be controlled by an independent voltage to change its 

own characteristic to modulate the light at that point. The SLM could be regarded as a device 

in which the optical parameter on each spot can be modulated according to our requirements. 

Liquid crystal SLMs modulate the light by using the electro-optical effect in the liquid crystal 

layer. By reorientation of the anisotropic liquid crystal molecules, the light experiences a 

different refractive index as described in Section 2.2.1. This is the origin of the phase 

modulation.   

When the oscillation direction of the incoming light is parallel to the optical axis of the liquid 

crystal, due to the driving voltage, the molecules would be orientated along with the light 
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propagation direction. Only the refractive index of the liquid crystal is changed so the 

polarization of the light would not be changed but the phase would be modulated. However, 

when the incoming light has a different polarization orientation, the light polarization state will 

change. If polarizers are added in between of front and back substrate, the amplitude can be 

modulated. This is the principle of amplitude modulation. 

In this thesis, the use of both DM and SLM will be explored in different ways and the detailed 

introduction to each element used in different applications will be given in the following 

chapters. 

2.4   Summary  

In this chapter, the phase and polarization of light are discussed. A wavefront is generally used 

to represent the phase of a propagating beam. Since the wavefront has distortion during 

propagation, AO is essential to correct the wavefront aberrations. The polarization of the light 

is also an important parameter. Followed by the introduction of what is the different polarized 

light, three general representations of polarization have been described including Jones 

calculus, Stokes calculus and Poincaré sphere. This chapter provides the fundamental 

knowledge of the following work in the thesis.  
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Chapter 3   Deformable Mirror 

Characterization  

___________________________________________________________________________ 

3.1   Introduction  

The DM is probably the most commonly used wavefront correction device in AO. Its surface 

changes according to external forces to compensate wavefront aberrations. It is important to 

know a DM’s capabilities (e.g. stroke, type of aberrations they can correct, dynamics, etc.). In 

this chapter, an interferometry based method to characterize a segmented DM is going to be 

introduced. 

3.1.1   Introduction to interferometry and analysis  

Interference is a unique characteristic of a wave. When two light waves that have a phase 

difference between each other are superposed, their intensity will be enhanced in some regions 

and impaired in other regions through the process of interference [52].  

There is a condition to generate interference that is only if the two waves are mutually coherent, 

that is they have the same frequency, polarization and phase difference with the same vibration 

direction. If two lights are from two independent light source, it is not likely to have same 

frequency nor the fixed phase difference, so there will be no interference [53, 54].  
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3.1.2   Basic principle of interferometer 

There are different kinds of interferometers for different kinds of applications. Usually, they 

first divide the light from the single light source into different waves. As these waves come 

from the same light source, when their original phase changes, the original phase of sub-waves 

also changes correspondingly so that their phase difference does not change within the 

coherence length of the source.  

There are many types of interferometers [52]. The interferometer used in this chapter is the 

Twyman-Green interferometer. The Twyman-Green interferometer is a variant of Michelson 

interferometer and generally used to test optical elements. It is also used to calibrate the SLM 

in Chapter 4. The schematic is shown in Figure 3.1 (a). Another typical interferometer is the 

Sagnac interferometer, which is more stable than the Twyman-Green interferometer but it is 

hard to make the superposition of the two beams after the beam splitter. The schematic of the 

Sagnac interferometer is shown in Figure 3.1 (b). The Sagnac interferometer is going to be 

discussed in detail in Chapter 5 as a kind of PSA.  

 

Figure 3. 1: Schematic of (a) Twyman-Green interferometer (b) Sagnac 

interferometer 
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3.1.3   Image analysis and phase extraction 

Based on Twyman-Green interferometer setup, after obtaining the interference pattern, image 

analysis is needed to extract the phase information according to the fringes. There are several 

methods to extract the phase such as phase tracing, 2D Fourier transform and wavelet transform. 

Phase tracing method is to sample the interference directly from the CCD and digitize the 

pattern, then do binarization and refining [55]. The 2D Fourier Fast Transform (FFT) is another 

widely used method [56]. This method is used in the work described in this thesis. According 

to the interference principle, when two waves interfere, the intensity is: 

𝑖(𝑥, 𝑦) = 𝑎(𝑥, 𝑦) + 𝑏(𝑥, 𝑦) cos[𝜑0(𝑥, 𝑦)]                                      (3.1) 

where 𝑎(𝑥, 𝑦) is the background intensity, 𝑏(𝑥, 𝑦) is amplitude modulation of the fringes, 

𝜑0(𝑥, 𝑦) = 𝜑𝑠(𝑥, 𝑦) − 𝜑𝑅(𝑥, 𝑦); 𝜑𝑠(𝑥, 𝑦) is the phase distribution of the target light wave; 

𝜑𝑅(𝑥, 𝑦) is the reference wave phase distribution. 

As the 𝑎(𝑥, 𝑦)  and 𝑏(𝑥, 𝑦) are both unknown, it is impossible to obtain 𝜑0(𝑥, 𝑦)  directly. 

Transformation of Eq. (3.1) is needed. If some tilt is added on the reference wave on both x 

and y, the fringes become denser in a specific direction with an angle with x, which is equivalent 

to creating spatial frequencies fx and fy. The interference intensity can be represented as: 

𝑖(𝑥, 𝑦) = 𝑎(𝑥, 𝑦) + 𝑏(𝑥, 𝑦) cos[𝜑0(𝑥, 𝑦) + 2𝜋𝑓0(𝑥cos𝜃 + 𝑦sin𝜃)]  

= 𝑎(𝑥, 𝑦) + 𝑏(𝑥, 𝑦) cos[𝜑0(𝑥, 𝑦) + 2𝜋𝑓𝑥𝑥 + 2𝜋𝑓𝑦𝑦]                                (3.2) 

where f0 is the spatial frequency, which is perpendicular to the fringes, 𝑓0 =
1

𝑇
, T is the spatial 

period of fringes. 
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The rate of change of 𝑎(𝑥, 𝑦), 𝑏(𝑥, 𝑦) and 𝜑0(𝑥, 𝑦) is much slower than the change caused by 

the tilt. If one can calculate the 𝜑0(𝑥, 𝑦) and choose 𝜑𝑅(𝑥, 𝑦) as a constant, the distribution 

function can be calculated. 

In order to find 𝜑0(𝑥, 𝑦), Eq. (3.2) is rewritten as the complex expression: 

𝑖(𝑥, 𝑦) = 𝑎(𝑥, 𝑦) + 𝑐(𝑥, 𝑦)𝑒(𝑗2𝜋𝑓𝑥𝑥+𝑗2𝜋𝑓𝑦𝑦) + 𝑐∗(𝑥, 𝑦)𝑒(−𝑗2𝜋𝑓𝑥𝑥−𝑗2𝜋𝑓𝑦𝑦)         (3.3) 

in which * represents conjugate and 𝑐(𝑥, 𝑦) =
1

2
𝑏(𝑥, 𝑦)𝑒[𝑗𝜑0(𝑥,𝑦)] 

The 2D Fourier Transform of the Eq. (3.3) is: 

𝐼(𝑓1, 𝑓2) = 𝐴(𝑓1, 𝑓2) + 𝐶(𝑓1 − 𝑓𝑥, 𝑓2 − 𝑓𝑦) + 𝐶∗(𝑓1 + 𝑓𝑥 , 𝑓2 + 𝑓𝑦)              (3.4) 

where capital letters represent functions in the frequency domain. 𝐴(𝑓1, 𝑓2)is the background 

noise that is the zero order distribution function. 𝐶(𝑓1 − 𝑓𝑥 , 𝑓2 − 𝑓𝑦) is the positive first order 

frequency distribution function and 𝐶∗(𝑓1 + 𝑓𝑥 , 𝑓2 + 𝑓𝑦) is the negative first order frequency 

distribution. The positive first order centre is at (𝑓𝑥, 𝑓𝑦) while the negative first order centre is 

at the (−𝑓𝑥, −𝑓𝑦). Since the rate of change of 𝑎(𝑥, 𝑦), 𝑏(𝑥, 𝑦) and 𝜑0(𝑥, 𝑦) is much slower 

than the variances caused by 𝑓𝑥, 𝑓𝑦, the function of 𝐼(𝑓1, 𝑓2) has its peak value on (𝑓𝑥, 𝑓𝑦) and 

(−𝑓𝑥, −𝑓𝑦). If the carrier frequency is so large that the zero order can be separated from the first 

order, the positive first order frequency contains all the wave information. When a filter with 

its central frequency of (𝑓𝑥, 𝑓𝑦) and proper bandwidth is adapted, 𝐶(𝑓1 − 𝑓𝑥 , 𝑓2 − 𝑓𝑦) can be 

separated as shown in Figure 3.2. 
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Figure 3. 2: (a) Components separated in the frequency domain (b) Select the first 

order frequency and shift it to the center, which is equivalent to demodulation. 

Then, by shifting the 𝐶(𝑓1 − 𝑓𝑥, 𝑓2 − 𝑓𝑦) to the origin, one will get 𝐶(𝑓1, 𝑓2). After the inverse 

Fourier transform: 

𝐹−1[𝐶(𝑓1, 𝑓2)] = 𝑐(𝑥, 𝑦) =
1

2
𝑏(𝑥, 𝑦)𝑒𝑗𝜑0(𝑥,𝑦)                              (3.5) 

Knowing the 𝑐(𝑥, 𝑦), the phase distribution function 𝜑0(𝑥, 𝑦) can be found as 

𝜑0(𝑥, 𝑦) = arctan
𝐼𝑚[𝑐(𝑥, 𝑦)]

𝑅𝑒[𝑐(𝑥, 𝑦)]
                                                     (3.6) 

here, the 𝑅𝑒[𝑐(𝑥, 𝑦)] and 𝐼𝑚[𝑐(𝑥, 𝑦)] are the real and imaginary part of 𝑐(𝑥, 𝑦) respectively.  

Since the arctangent gives values from –π to π, the restored wave phase will have 

discontinuities. To remove these steps, phase unwrapping is needed. Generally used phase 

unwrapping algorithms include least squares, modal phase unwrapping, etc. [57, 58]. 

In reality, it may be hard to get the strictly parallel equally interval fringes. When the carrier 

frequency is a function of position rather than a constant, the wavelet transform, which 

combines both the spatial and frequency position characteristics, is a better way to solve this 

[59-61]. This may be a good toolkit in our future work to get accurate results. 
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3.2   Aim and experimental set-up 

The DM is controlled to produce the Zernike polynomials described in Section 2.1.3 as these 

modes are regarded as a useful mathematical representation of aberrations. Characterization of 

the DM means determining the effective range and quality of reproduction of different 

aberrations, specifically the Zernike modes.  

According to the above three identified features, it aims to find the operate range for the specific 

DM. A simple Twyman-Green interferometer was built. The setup and the corresponding 

schematic is shown in Figure 3.3. Basically, light coming from the laser source, was expanded 

through several telescope systems and split by a beam splitter. One beam came to the DM and 

the other to the reference mirror. These two reflected beams went through the splitter again. A 

lens was used after the beam splitter to focus the two lights to the camera, which was used to 

detect the interference. The lens was positioned to create an image of the DM aperture on the 

camera. 

 

Figure 3. 3: (a) Experimental interferometer schematic (b) Real set-up. 

In the simple interferometer built-up, the phase difference of the split waves was created by 

creating different travel paths between the beam splitter and the reference mirror and the DM, 
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respectively. The interference pattern detected by the camera depends on the position and shape 

of the reference mirror and the DM. If the position of the reference mirror was fixed, the 

interference pattern is only decided by the shape of the DM. In this case, it is able to 

characterize the DM by analysing the interference pattern on the camera.  

The light source used was a Helium-Neon laser with a 15 mW max output at the wavelength 

of 632.8 nm (Melles Griot, 05-LHP-171). Due to the space limitation on the platform, the light 

source was diverted to the 50:50 beam splitter by using a flat mirror. The lens had a focus of 

120 mm. The distance between the lens and the beam splitter was 50 mm and the distance 

between the beam splitter and the camera was 120 mm. The distance between the beam splitter 

and the reference mirror were 150 mm and the distance between the reference mirror and the 

DM and 250 mm respectively. The camera used to detect the interference pattern was a 

Thorlabs USB 2.0 CMOS camera (DCC1645C). The DM being characterized was of the 

segmented type from Iris AO, PTT111 Deformable Mirror, with 111 actuators and 37 piston-

tip-tilt segments. Figure 3.4 shows the simple actuator and segment arrangement of this DM, 

while Figure 3.5 individually shows the ideal mirror shape after applying the Zernike modes 

1‒21 to the DM. 

 

Figure 3. 4: (a) Each mirror segment was controlled by three actuators. (b) The whole 

mirror segments arrangement (hexagon). 
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Figure 3. 5: Measured mirror shape for open-loop positioning of the Iris DM after 

applying different Zernike modes [62]. 

3.3   Results and analysis  

3.3.1   System introduction 

In this experiment, Matlab was used as our control interface. Although the DM and camera 

have their own control software, it is challenging to integrate them as a system for system 

control. The flowchart of the measurement process is shown in Figure 3.6. The DM was first 

initialized to its zero-state in which all of the segments are flat. Next, the camera was initialized 

and set corresponding specifics including the image greyscale, display and colour mode, 

exposure time etc. At this moment, one picture was first captured as the reference. The fringes 

on the reference image represent the interference of two reflected plane light wave from two 

flat mirrors. In order to modify the fringe distance, the reference mirror was manually tilted, 

which in effect allows control of the fringes in the interference pattern. Thereafter, the program 

entered into a loop to change the shape of the DM in different conditions. In the experiment, 

the shape was changed using Zernike modes to represent the aberration. In order to investigate 
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the DM performance for each Zernike mode, only one Zernike mode was set each time while 
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Figure 3. 6: Flow chart of the measurement process. 

First, the amplitude of different Zernike modes was changed in steps. The DM controller was 

programmed with the ANSI Z.80.28-2004 standard Zernike modes, using single-index notation 

and contained 21 modes totally. The first set of the Zernike modes sent to the DM had the 

Zernike coefficients from -0.5 μm rms to 0.5 μm rms (all the amplitudes mentioned below in 

this chapter are in μm rms unit), at a step size of 0.1. In order to characterize the shape 

efficiently, only one Zernike mode was set while other modes were zero. This set of 

measurements were intended to characterize the mirror change over a small range. Thereafter, 

another set of Zernike modes which has a range of -2 to 2 at step size of 1 was used. 

3.3.2   Data Record and Analysis 

The first processing step is to extract the phase from the interferogram. The 2D Fast Fourier 

Transform (FFT) was used to recover phase in our experiment [56, 64, 65]. As the mirror was 

set to have tip/tilt effect, which is also a good way to check the fringes at first, the intensity of 

the interferogram could be represented as: 
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                              𝐼 = |𝐴𝑒𝑖ɸ + 𝐵𝑒𝑖𝜑|
2
= 𝐴2 + 𝐵2 + 𝐴𝐵𝑒𝑖(ɸ−𝜑) + 𝐴𝐵𝑒−𝑖(ɸ+𝜑)              (3.7) 

where 𝐴𝑒𝑖ɸ is the complex field of the light reflected by the DM, while 𝐵𝑒𝑖𝜑 is the complex 

field of the light reflected by the reference mirror. If the Fourier transform is applied to Eq. 

(3.7), one will get three terms in the frequency domain, 0 order, +1 order, -1 order. The +1 

order can be separated by applying a mask and shift it to the centre to demodulate the spatial 

frequency.  The wrapped phase can be obtained from the inverse Fourier transform. As phase 

is periodic, the phase value after calculation is always in the range (-π, +π].  The unwrapped 

phase was recovered from this by using a phase unwrapping algorithm [66].  

When doing the mask selection, one need make sure that the area that the mask covered should 

approximately the same as the aperture. The DM manufacturer defined that the circle inscribed 

within the actuator pattern was the aperture that used to generate the pre-calibrated Zernike 

coefficients, so Figure 3.7 shows the mask applied on the first interferogram. 

 

Figure 3. 7: (a) Initial interferogram with the applied mask (b) Zoomed in fringes. 

Next, the program took only the pattern in the inscribed circle as the aperture for analysis. The 

included part is shown in Figure 3.8.  
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Figure 3. 8: Effective analysis area and interferogram after applying the aperture 

mask. 

Then the Fourier transform of the image was calculated and showed its graph in frequency 

domain. Three bright dots are clearly shown in the Figure 3.9. Figure 3.10 shows a series of 

the images that illustrate the process from the interferogram to phase (fringes, Fourier 

transform, apply mask, shift to origin, inverse Fourier transform, phase). 

The image used for mask selection was when the DM at the mirror-release state at which there 

would be no voltage applied. It is also found that the DM after the mirror release command 

was not in a flat state. Therefore, in Figure 3.10 can see the individual hexagonal mirror 

segments, which is the result of the displacement between each segments position. The phase 

shown here is the wrapped phase, which means that the phase values are all in the same range 

of - π to π radians. In order to get the unwrapped real phase, an unwrapping algorithm [66] was 

used that in effect adds an integer multiple of 2π to the corresponding wrapped value at different 

points in the retrieved function. The wrapped and unwrapped phase of the interferogram with 

tilt are shown in Figure 3.11. 
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Figure 3. 9: Fourier transform and mask of initial interferogram, three bright dots 

represent three frequency orders existing in the fringes.  

 

Figure 3. 10: Analysis process from fringes to phase. Interferogram (f), Fourier 

transform (F = F[f]), apply uniform mask (M), mask multiplication (F*M), shift to 

origin (shifted), phase (ɸ) 
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Figure 3. 11: (a) Wrapped phase of the interferogram with tilt and (b) Calculated 

unwrapped phase 

In order to compare the Zernike coefficient and amplitude sent to the DM to those measured 

from the interferogram, it is plotted, as shown in Figure 3.12, the blue line, the measured 

coefficients and the red line, the coefficients set. As there is initial piston, tip and tilt (PTT) in 

the reference mirror, mode 1‒3 that are piston, tip and tilt always have non-zero value. 

Basically, the tip and tilt value will remain the same in all measurements if DM is not in any 

PTT mode. In the later analysis the initial PPT were removed. Figure 3.12 shows the initial 

PTT value. Since only one set of the initial value is not sufficient to obtain the accurate initial 

PTT, the mean value of all sets measured data is obtained to evaluate this effect. Since piston 

represents the DM movement along the optical axis, this value is changeable from time to time 

and has no impact on the surface shape. Hence, the piston value during the accuracy analysis 

will be ignored in the experiment. In order to increase the accuracy and compensate the Zernike 

fitting error, 45 modes were used in the program to fit the fringes although only 20 modes can 

be set in the control code for this DM. Although high order Zernike modes are not common in 

aberration in microscopes, they are dominate in astronomy aberration.  
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Figure 3. 12: PTT value of initial interferogram. Blue line: estimated amplitude from 

the interferogram; red line: set amplitude sent to the DM. 

Figure 3.13 (a) shows an example of setting the DM to a 0.5 μm rms tilt (red line) and the blue 

line is the amplitude of each Zernike coefficient that estimated based on image analysis. The 

corresponding phase is shown is Figure 3.13 (b). Although the estimated coefficient contains 

the initial tilt component, when changing the tilt amplitude, the estimated amplitude will 

change to the same extent e.g. when set tilt changed 0.1, the measured tilt changes 0.1 

correspondingly, which proves that the program works correctly. 

 

Figure 3. 13: (a) Comparison of the amplitude of different Zernike modes of set and 

estimated when the DM is set to 0.5 μm rms tilt (b) Calculated unwrapped phase. 
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3.4   Error analysis 

Although the DM controller used a different single index normalization, it is transferred to 

Noll’s index for standardization shown in Table 3.1. From now on, all the index discussed 

below is based on Noll’s index. 

Table 3. 1   Noll’s index numbering 

j = index n = order m = frequency 𝑍𝑛
𝑚(𝜌, 𝜃) 

1 0 0 1 

2 1 1 2 ρ cos θ 

3 1 -1 2 ρ sin θ 

4 2 0 √3 (2ρ2-1) 

5 2 -2 √6 ρ2 sin 2θ 

6 2 2 √6 ρ2 cos 2θ 

7 3 -1 √8 (3ρ3-2ρ) sin θ 

8 3 -1 √8 (3ρ3-2ρ) cos θ 

9 3 -3 √8 ρ3 sin 3θ 

10 3 3 √8 ρ3 cos 3θ 

11 4 0 √5 (6ρ4-6ρ2+1) 

12 4 2 √10 (4ρ4-3ρ2) cos 2θ 

13 4 -2 √10 (4ρ4-3ρ2) sin 2θ 

14 4 4 √10 ρ4 cos 4θ 

15 4 -4 √12 ρ5 sin 5θ√10 ρ4 sin 

4θ 
16 5 -1 √12 (10ρ5-12ρ3+3ρ) sin θ 

17 5 1 √12 (10ρ5-12ρ3+3ρ) 

cos θ 
18 5 -3 √12 (5ρ5-4ρ3) sin 3θ 

19 5 3 √12 (5ρ5-4ρ3) cos 3θ 

20 5 -5 √12 ρ5 sin 5θ 

21 5 5 √12 ρ5 cos 5θ 

Mode 1‒20 in single index corresponds to mode 2‒21 in Noll’s index. All the curves of all the 

amplitude of the measured Zernike coefficients comparing to the set ones are plotted. Besides 

the difference between the desired and measured amplitude of the specified Zernike mode, the 
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sum of the amplitude of the other modes is also counted. The error calculation formula is shown 

in Eq. (3.8). 

                                        𝜀 = √(𝑎𝑠 − 𝑎𝑚)2 + ∑ 𝑎𝑘
2

𝑘≠𝑚                                              (3.8) 

where 𝑎𝑠 is the amplitude of the specific Zernike mode set; 𝑎𝑚 is the amplitude of that Zernike 

mode measured; 𝑎𝑘 is the amplitude of other Zernike modes measured except for piston, and 

the initial tilt and tip.  

3.4.1   Small amplitude and step size 

The errors and the amplitude measured are plotted at the same scale in Figure 3.14 with the 

amplitude sent from -0.5 to 0.5 with step size of 0.1. 

In order to visualize the amplitude of the Zernike coefficient at same scale, the initial tip/tilt 

effect was removed. Another part of the error is the processing error, which is caused by the 

phase unwrapping process. When using the unwrapping algorithm, it may have larger 

unwrapping error for higher Zernike order. Of course, with the segmented mirror one can 

expect phase jumps at the edges of the hexagonal segments.  The sharp edges within the 

segments other than the border of the segments itself, it may be the evidence that the errors are 

because of the unwrapping, not a mirror issue. 
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Figure 3. 14: Comparison of the measured amplitude and set amplitude for 2−21 

Zernike mode (Noll’s index) and corresponding errors, which are calculated as the 

sum of rms amplitude of other Zernike modes and difference between the set 

amplitude and measured amplitude.  

Tip & Tilt 

Mode 2 and 3 are tip and tilt so in Figure 3.13 (a) the measured amplitude is not consistent with 

the amplitude set. However, the change within the range is nearly linear and the gradient is 

around 0.96 approximately to 1.  

Defocus & Primary Astigmatism 

Mode 4, 5, and 6 have similar changing trend and the measured amplitude at each point matches 

closely the set amplitude. These results show that the mirror can generate the Zernike shape 

from mode 2 to 6 in the range of -0.5 to 0.5 with error below 5%, which is negligible.  

Primary Trefoil 

A good match is also found for modes 9 and 10. Errors are higher when the amplitude is 0.5 

but still remain small with gradient error within 5% when amplitude is below 0.3. To know 

where the larger error comes from, the comparison of the set Zernike coefficient and the 
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measured Zernike coefficient at mode 4, 5 and 6 with amplitude of 0.5 was displayed, which 

is shown in Figure 3.15.  

From the coefficient comparison figure, it is seen that the enlarged error is not only because of 

the difference between the estimated and set amplitude of the specific coefficient, more 

coefficients have non-zero value for Mode 9 and 10. From the unwrapped phase figure, it is 

clearly that mode 5 and 6 have smooth phase graph while in the mode 9 and 10, some edges of 

the mirror segments could be seen. That may be the reason why the measured amplitude is 

slightly higher than the expected one. Despite that, modes 9 and 10 are still in 5% gradient 

deviation because they have good linearity with gradient ~1. 
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Figure 3. 15: Unwrapped phase and comparison of estimated and set Zernike 

coefficient (a) Mode 5 phase (b) Mode 5 coefficient comparison (c) Mode 6 phase (d) 

Mode 6 coefficient comparison (e) Mode 9 phase (d) Mode 9 coefficient comparison 

(g) Mode 10 phase (h) Mode 10 coefficient comparison. 

Quadrafoil 

The pair of modes 14 and 15 have consistent trend and errors. Errors increase when the 

amplitude is above 0.4. From the phase and coefficient graph, it is found that the phase graph 

has more sharp edges and therefore, many other Zernike modes have non-zero value. As the 

mirror is segment based, when it is commanded to generate a higher amplitude, there will be 

significant gap between segment edges.  

Pentafoil 

As the azimuthal order increases, more rapid spatial changes are required in the mirror shape. 

Therefore, when amplitude goes higher, it becomes more difficult for the DM to generate 

modes with high amplitude. Figure 3.16 shows the phase and coefficient comparison of mode 

20 and 21 at amplitude of 0.5 and their desired mirror shape. 
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Figure 3. 16: Simulation (a) Ideal phase profile for mode 20 (b) measured unwrapped 

phase and coefficient comparison of mode 20 with an amplitude of 0.5 (c) Ideal phase 

graph for mode 21 (d) measured unwrapped phase and coefficient comparison of 

mode 20 with an amplitude of 0.5. 

Thereafter, the modes 7&8, 11, 12&13, 16&17, 18&19, which have larger errors were analysed. 

Primary Coma 

Although modes 7 and 8 still have good linearity with gradient ~1, the error curve is not 

symmetrical with respect to the origin nor similar to the previous modes analysed. Figure 3.17 

shows the measured phase of mode 7 and 8 at different amplitudes. More edges of the segments 

can be seen. These two modes both require a rapid spatial change of phase gradient that is not 

well represented by the segmented mirror, which is reason why the linearity is not as good as 

for mode 9 and 10. In addition to that, mode 7 clearly has worse phase structure than mode 8 

at positive amplitude. The only difference between mode 7 and mode 8 is that mode 7 requires 

the upper and lower segments to generate the sudden change while the mode 8 requires the left 

and right segments to do that. However, it is noticed that, the error at the upper and lower 
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segments are due to a processing error, rather than the mirror itself since the error exits within 

the segment. However, it seems like the unwrapping errors are always in the upper and lower 

area, it is possible that because the segments’ arrangement cause the upper/lower segments 

arrangement to differ from the left/right ones. Like the mirror arrangements shown in Figure 

3.4, the relative orientation of the hexagonal segments is different between the upper/lower 

ones and the left/right ones. That means the discontinuity is also different in the two regions. 

When trying to decrease the mask size, the unwrapping error indeed decreased, which can be 

seen in Figure 3.18. Sometimes the unwrapping errors can be resolved by using a different 

mask radius, but sometimes it is a problem irrespective of the mask properties. 

 

Figure 3. 17: Measured phase profile of mode 7 and 8 with different amplitudes. 



3.4    Error analysis 

 

54 
 

 

Figure 3. 18: (a) Mode 7 phase profile with an amplitude of 0.5 with smaller mask (b) 

Mode 7 phase profile with an amplitude of 0.4 with smaller mask (c) Mode 7 phase 

profile with an amplitude of 0.5 with normal mask (d) Mode 7 phase profile with an 

amplitude of 0.4 with the normal mask. 

Secondary Coma 

Apparently, modes 16 and 17 have a very different trend and are not symmetrical about the 

origin. As the phase of these two modes is not ideal and it is not easy to tell its original shape, 

a program is used to plot the desired phase graph for these two modes that are shown in Figure 

3.19. A rapid change in phase gradients near the edge, that might not be reproduced by the 

segments can be observed.  

 

Figure 3. 19: Maximal ideal phase graph of (a) Mode 16 (b) Mode 17. 



3.4    Error analysis 

 

55 
 

It is clear that mode 16 required rapid change in phase gradient on the left and right segments 

and mode 17 on the upper and lower segments. The measured decreasing amplitude from 0.3 

once again show that; the upper and lower segments have lower capability and flexibility to 

generate the rapid shape change.  

The cross-section analysis is done on mode 17 to see the ideal and real wave shape, which are 

shown in Figure 3.20. From Figure 3.20 (c) it can be seen that the function contains rapidly 

changing gradients across the diagonal. These changes need to be produced by only six 

segments in the DM and that is why there are dramatic difference in the real phase which is 

shown in Figure 3.20 (b) while Figure 3.20 (a) has more variation due to the unwrapping 

process error. Some of these steps represent the gap between two segments. These data 

illustrate that when the Zernike order increases and becomes more complicated, the segmented 

DM will gradually fail to produce suitable shapes. 

 

Figure 3. 20: (a) Cross-section phase analysis (b) Measured phase of mode 17 with an 

amplitude of 0.4 with normal mask (c) Measured phase of mode 17 with an amplitude 

of 0.4 with smaller mask (c) Ideal phase; the x axis is the pixel number along the 

diagonal and y axis is the relative amplitude. 
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Primary Spherical, Secondary Astigmatism & Secondary Trefoil 

Modes 11, 12&13 and 18&19 all have very large errors and modes 18&19 are not even strictly 

monotonically increasing, especially seen for mode 19. Both of these pairs are nearly 

symmetrical about the origin. However, the measured amplitude is far away from the desired 

one. If the amplitude of other coefficients are extracted, it is find the value of other modes’ 

components are very high. Figure 3.21 shows those with the high value of other components. 
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Figure 3. 21: Comparison between the set (red line) and measured (blue line) Zernike 

coefficients for different modes and amplitudes (a) Mode 11 at amplitude of 0.5 (b) 

Mode 19 with amplitude of 0.5 (c) Mode 19 with amplitude of 0.4 

Some cross talk are observed between modes, in that when the DM was used to produce certain 

modes, modes of a similar form are produced. In Figure 3.21 (c), for example, there is an 

obvious non-zero component at mode 9, with an amplitude comparable to the mode 19. The 

equations for mode 19 and mode 9 are as follows: 

                                                    𝑍19 = √12(5𝜌5 − 4𝜌3) sin 3𝜃                                        (3.9) 

                                                        𝑍9 = √8𝜌3sin 3𝜃                                                    (3.10) 

Due to the 𝜌3  dependence, it is understandable that the DM reproduction of mode 19 can 

include a component of mode 9.  

Another key property is the rate of change of phase gradient or equivalently the second 

derivative of the phase with respect to radial variable. Table 3.2 list the first and second 

derivative of the each Zernike mode, as well as the maximum value of the second derivative, 

which is when ρ = 1. From the first derivative of ρ of Z, the phase change rate is represented 

along one direction. For example, in Figure 3.18, it can be seen that when θ = 0, the phase does 

not change on the transverse direction. However, when θ = 90°, the phase changes most rapidly. 
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According to the first derivative to ρ, the fastest phase change is able to be determined. From 

the last column, it can be seen that the higher values of the second derivate correlates well with 

the higher errors in Figure 3.15.  

Table 3. 2   First and second derivative of the each Zernike mode 

Index 𝑍𝑛
𝑚(𝜌, 𝜃) 𝜕𝑍

𝜕𝜌
 

𝜕2𝑍

𝜕2𝜌
 

𝜕2𝑍

𝜕2𝜌
𝜌=1

 

2 2 ρ cos θ 2 cos θ 0 0 

3 2 ρ sin θ 2 sin θ 0 0 

4 √3 (2ρ2-1) 4√3 ρ 4√3  4√3  

5 √6 ρ2 sin 2θ 2√6ρ sin 2θ 2√6 sin 2θ 2√6 sin 2θ 

6 √6 ρ2 cos 2θ 2√6ρ cos 2θ 2√6 cos 2θ 2√6 cos 2θ 

7 √8 (3ρ3-2ρ) sin θ √8 (9ρ2-2) sin θ 18√8 ρ sin θ 18√8 sin θ 

8 √8 (3ρ3-2ρ) cos θ 

 

√8 (9ρ2-2) cos θ 

 

18√8 ρ cos θ 18√8 cos θ 

9 √8 ρ3 sin 3θ 3√8 ρ2 sin 3θ 24√8 ρ sin 3θ 24√8  sin 3θ 

10 √8 ρ3 cos 3θ 3√8 ρ2 cos 3θ  24√8 ρ cos 3θ 24√8  cos 3θ 

11 √5 (6ρ4-6ρ2+1) √5 (24ρ3-12ρ) 12√5(6ρ2-1) 60√5 

12 √10 (4ρ4-3ρ2) cos 2θ √10 (16ρ3-6ρ) cos 2θ 6√10 (8ρ2-1) cos 2θ 42√10 cos 2θ 

13 √10 (4ρ4-3ρ2) sin 2θ √10 (16ρ3-6ρ) sin 2θ 6√10 (8ρ2-1) sin 2θ 42√10 sin 2θ 

14 √10 ρ4 cos 4θ 4√10 ρ3 cos 4θ 12√10 ρ2  12√10 

15 √10 ρ4 sin 4θ 4√10 ρ3 sin 4θ 12√10 ρ2  12√10 

16 √12 (10ρ5-12ρ3+3ρ) cos θ √12 (50ρ4-48ρ2+3) cos θ 8√12 (25ρ3-12ρ) cos θ 104√12 cos θ 

17 √12 (10ρ5-12ρ3+3ρ) sin θ √12 (50ρ4-48ρ2+3) sin θ 8√12 (25ρ3-12ρ) sin θ 104√12 sin θ 

18 √12 (5ρ5-4ρ3) cos 3θ √12 (25ρ4-12ρ2) cos 3θ 4√12 (25ρ3-6ρ) cos 3θ 76 √12 cos 3θ 

19 √12 (5ρ5-4ρ3) sin 3θ √12 (25ρ4-12ρ2) sin 3θ 4√12 (25ρ3-6ρ) sin 3θ 76 √12sin 3θ 

20 √12 ρ5 cos 5θ 5√12 ρ4 cos 5θ 20√12 ρ3 cos 5θ 20√12 cos 5θ 

21 √12 ρ5 sin 5θ 5√12 ρ4 sin 5θ 20√12 ρ3 sin 5θ 20√12 sin 5θ 

Figure 3.22 shows the average sum of the error from amplitude of -0.5 to 0.5 for different 

modes. Errors increase as the mode order increases but it is not monotonic. The errors become 

larger for mode 11 and 16 but then decrease for the modes 14 & 15 and 20 & 21 that have 

smaller second derivatives. Since the errors after mode 16 are large, it might be possible to 

generate more accurate shape with lower amplitudes. For the first 10 modes, they have good 

linearity and match with the ideal Zernike shape in all of the range. To know to which extent 

degrade, larger amplitudes were used. 
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Figure 3. 22: Average error sum ε from amplitude of -0.5 to 0.5 at different modes. 

3.4.2   Large amplitude and step size 

Next, a larger range of amplitudes from -2 to 2 was sent to the mirror, with the step size of 1. 

Figure 3.23 shows the measured amplitude for some Zernike modes and corresponding errors.
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Figure 3. 23: The measured amplitude for Zernike modes 2‒15 (Noll’s index) and 

corresponding errors, with amplitude from -2 to 2 and step size of 1. 

As the amplitude and step size increase, the linearity begins to disappear. For mode 2‒6 and 

mode 9&10, the linearity remains for amplitudes in the range -1 to 1. However, for other modes, 

the accuracy at an amplitude of 1 decreases significantly and the errors are high. In this case, 
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it may not be adequate to generate amplitudes larger than 1. Besides, the lower modes have 

good symmetry with respect to the origin and two curves in each pair has similar trend. While 

for mode 7 & 8 and higher modes, their symmetry is not seen and two curves between each 

pair are not exactly following the same trend. 

3.5   Summary 

The performance for all of the individual Zernike modes on the DM using both small and large 

amplitudes and step sizes have been analysed. When the step size and amplitude increase, the 

accuracy of producing the Zernike mode decreases because they put a higher demands on the 

DM segment with regard to continuity and fast spatial response. Corresponding errors may 

stem from the mask mismatch, mirror saturation, segment arrangement orientation and 

anisotropy, random DM zero-state position, etc.  

For modes 2‒6 and modes 9 & 10, it is possible to set the amplitude to ±1. Within this range, 

the gradient nearly equals 1 and calculated the gradient of the curves in each pair follow the 

same trend. They are always symmetric with respect to the origin.  

For modes 7 & 8, the suitable range is not symmetrical any more. The safe region to produce 

an accurate shape will be from -0.5 to 0.3. In this region, the DM is able to generate accurate 

matched Zernike shapes. Other higher order modes are also possible to have a relative larger 

active range like for mode 14  & 15, 20  & 21, because they have smaller second derivatives. 

For 14 & 15, a suitable range may from -0.4 to 0.4 while for 20 & 21, it should be decreased 

to -0.2 to 0.3.  

For mode 11‒13, the accurate range should fall in the range of -0.2 to 0.2, while mode 16&17 

and 18&19, better to keep it in the range of -0.1 to 0.1. Mode 17 is a problematic mode with 

very large error even at the amplitude of 0.1.   
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In this chapter, the limitation of a correction device on AO phase correction for a segmented 

DM was investigated. In summary, this DM is able to generate accurate lower-order Zernike 

modes at low amplitude. For higher-order Zernike modes, it becomes harder to produce the 

rapid spatial change between the segments. Besides, probably due to some manufacturing 

reason, not all of the segments have the same capability and flexibility, which also limits the 

precision.   
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Chapter 4   Calibration of SLM for 

Phase and Retardance Modulation  

___________________________________________________________________________ 

As other correction devices, the liquid crystal spatial light modulators (SLMs) have widespread 

use in many optical applications. Most applications draw upon the SLM’s capabilities for phase 

modulation; these include quantum optics [67], beam shaping [68], direct laser writing in 

silicon photonic circuits [69], and aberration correction in various microscopes [70-72]. The 

SLM is also a fundamental element in some super-resolution microscopy techniques such as 

structured illumination microscopy (SIM) [73] and stimulated emission depletion (STED) 

microscopy [8, 74]. 

The SLM is based upon a liquid crystal array, in which the orientation of liquid crystal 

molecules can be modified using optical or electrical means. The liquid crystals in an SLM can 

be regarded as an array of variable retarders with fixed fast axis. Therefore, an SLM can also 

be used to manipulate beam polarization. This opens a window for more applications such as 

vortex beam generation [75-80], Pancharatnam-Berry device fabrication [81], color imaging 

[82], and quantum logic [83]. 

For all of these applications, accurate control of the SLM is required. The devices are not 

perfectly flat or uniform after manufacture, so one should expect spatial variations in their 

properties. Although correction files might be provided from manufacturing, the non-linear 

response between the drive voltage and the phase modulated by the SLM can be changed by 
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exogenous factors, such as temperature and aging. Therefore, the SLM needs to be fully 

calibrated before use. Previous research has focused on compensating phase errors and non-

linearity [84-87] by using different set-ups such as ptychography [88], optical tweezers [89], 

self-generated grating [90], as well as various interferometers [91] like Mach-Zehnder [92-95], 

phase-shifting [96-98] and Twyman-Green [99, 100]. However, the phase calibration alone is 

not sufficient to enable accurate polarization control, as outlined later in this chapter. 

The process of calibrating an SLM consists of identifying the drive voltage that flattens the 

device, as described above. In addition, it also involves establishing a look-up table or 

approximate model of the SLM response. As the response can vary across the device, one can 

use a region by region approach. Multi-region calibration has been performed for hologram 

displays [101, 102], but these procedures did not account for retardance calibration. In this 

chapter, a calibration method that overcomes this shortcoming is proposed. 

It is also useful to be able to calibrate the SLM in-situ, to account for misalignment and changes 

in the response of the device due to mechanical or thermal drift, or changes in device properties 

over time. Hence, a method, including both hardware and algorithms, is presented that could 

be built into a simple optical system for calibration of both phase and retardance modulation. 

It is based on a Twyman-Green interferometer. The phase calibration process analyzes the 

response of the SLM both with horizontal and vertical polarized incident light. Fourier-based 

fringe analysis is used to extract the phase from the interferograms. Algorithms are designed 

to robustly gather calibration data from the interferometer in the presence of external 

disturbances. Data fitting and optimization are then used to obtain the phase response between 

the drive voltage and phase on each region. Thereafter, by just inserting an analyser and 

blocking the reference arm, the polarization calibration can be realized. Finally, a map 

providing the phase and retardance calibration for each region could be obtained. The full 
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calibration set-up and data processing methodology introduced in this chapter provides a 

comprehensive method for in-situ phase and retardance characterization. 

4.1   Combining phase and retardance calibration 

As a consequence of the manufacturing process, the SLM is not flat and so imparts a spatial 

phase variation (or aberration) across the beam profile. Hence, an appropriate voltage pattern 

is usually applied to the pixels of the SLM to cancel out the spatial variation in phase due to 

the effect of the non-flatness. Let us assume the SLM is used as a phase modulator designed to 

be used with x polarized illumination. The flatness correction phase function Ψ(x, y) would 

ideally be defined as Ψ(x, y) = −Φx(x, y) + c, where −Φx(x, y) is the phase delay experienced by 

x polarized light due to the non-flatness; c is an arbitrary constant phase offset. 

When a voltage distribution is applied to the pixels of the SLM, then resultant phase Θx(x,y) 

seen by the x polarized light is given by: 

     , ( , ) ,x v xx y x y x y                                              (4.1) 

where ζv(x, y) is the additional phase induced by the applied voltage. For flatness correction, 

this should be set equal to Ψ(x, y). If the correct voltage is found such that ζv(x, y) = Ψ(x,y), the 

modulated phase then becomes 

   , ( , ) ,x xx y x y x y                                               (4.2) 

The y polarized components do not experience a change in phase when voltage is applied, 

hence  

   , ,y yx y x y                                                         (4.3) 

where Φy(x, y) is the phase delay experienced by y polarized light due to the non-flatness.  
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The thickness of the cell is defined as t(x, y). When no voltage is applied to any of the pixels, 

then the OPL seen by the x polarized components of the input light would be Lx(x, y) = 2net(x, 

y) where the factor of two arises due to the reflected light passing twice through the cell. For 

the y polarized components, the equivalent OPL would be Ly(x, y) = 2not(x, y). no is the 

refractive index for the o-ray propagating in the liquid crystal and ne is that for the e-ray. The 

phase delay experienced by the two polarization components is derived as: 

   
42

, , ( , )e
x x

n
x y L x y t x y



 
                                         (4.4) 

   
42

, , ( , )o
y y

n
x y L x y t x y



 
                                         (4.5) 

where λ is the wavelength of the incident light. It is clear that: 

   , ,e
x y

o

n
x y x y

n
                                                  (4.6) 

When substituting Eq. (4.6) into Eq. (4.3), Eq. (4.3) can be written as: 

   ( , ) , ,o
y y x

e

n
x y x y x y

n
                                            (4.7) 

the retardance of the SLM when the flatness correction is applied is hence 

   ( , ) ( , ) ( , ) 1 , ( , ) ,o o
x y x x

e e

n n
x y x y x y x y x y x y c

n n

 
            

 
       (4.8) 

This makes it clear that applying a flatness correction derived for removal of phase variations 

in the x polarized component does not result in constant retardance across the SLM. If the SLM 

is used for polarization control, a re-calibration for the retardance difference is needed.  
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4.2   Methodology  

4.2.1   Phase calibration 

A simple set-up and procedure to do both phase and retardance/polarization calibration was 

proposed. A Twyman-Green interferometer combined with fringe analysis was used to capture 

the phase profile of the SLM. Here, the SLM was calibrated with both horizontal and vertical 

polarized incident light separately. The retardance calibration was then implemented by 

blocking the reference arm and inserting an analyzer before the camera. 

Experimental set-up 

A simple Twyman-Green interferometer for phase and polarization calibration was constructed. 

The schematic is shown in Figure 4.1 (a). The polarization state of the beam from the He-Ne 

laser (Melles Griot, 05-LHP-171, 632.8 nm) was y polarized. The beam was first modulated 

by the half wave plate (HWP) and polarizer to make sure it was perfectly x polarized, and the 

beam was then expanded to a size that overfilled the whole SLM window (LCOS-SLM 

Hamamatsu, X10468−07). The light passed through the Beam Splitter (BS), with one path 

incident onto a reference mirror and the other onto the SLM. A 4f system imaged the SLM 

onto the camera via the BS, from which the interferogram was captured. The lenses were 

configured so that one SLM pixel was equivalent to one pixel on the CMOS camera. 

To determine any residual aberration in the interferometer, the SLM was initially replaced with 

a flat mirror and recorded an interferogram, as shown in Figure 4.1 (b). From this image a 

calibration measurement of the phase Φstatic was obtained, which represents a systematic error 

in measuring the phase with the interferometer. Φstatic was subsequently subtracted from all 

phase measurements of the SLM to obtain unbiased measurements. Still using the flat mirror 
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instead of the SLM, the susceptibility of the interferometer was verified to external 

disturbances such as temperature or drift, which inevitably affect our measurements. εi is used 

to denote the phase contribution due to these disturbances. Then the mean value of the phase 

of the plane mirror was measured every 0.75 seconds at a temperature of approximately 23°C. 

The recorded data is reported in Figure 4.2. It can be seen that during the three minutes, the 

phase offset varied due to the experimental conditions, such as mechanical drift, vibration, and 

temperature change. To ensure an accurate calibration of the SLM, it need to track the evolution 

of εi when collecting calibration data for the SLM.  

 

Figure 4. 1: (a) Schematic of the SLM calibration: Twyman−Green interferometer. 

The analyzer was inserted when doing the retardance calibration. HWP: half wave 

plate. BS: 50:50 beam splitter; SLM: spatial light modulator. (b) Interferogram 

obtained when the SLM was replaced with a flat mirror.  
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Figure 4. 2: Blue circles: mean value of the phase measured with the interferometer 

when the SLM was replaced with a flat mirror; Red crosses: remaining phase after 

removing εi. After removing εi the phase becomes stationary as expected for a flat 

mirror. 

In order to use the SLM for precise phase modulation, it is necessary to calibrate the device to 

determine the relationship between the induced phase and the applied voltage. This SLM was 

designed for phase-only operation with the voltage-variable fast axis fixed along the x-axis. 

Hence, the HWP was set at 45° and polarizer at 0° to generate x polarized incident light. To 

perform the calibration and determine the introduced phase, a set of input-output measurements 

were collected. In each measurement, a uniform voltage across the whole SLM was applied 

and the corresponding interference pattern was measured using the CMOS camera. The voltage 

was represented in the control program by the integer pixel grayscale value (PGV) displayed 

on the SLM. The value of PGV was set to zero in the first measurement and gradually increased 

up to 255 in the last measurement. All the measurements were taken with the same time interval 

of 0.75 seconds. Throughout this process, the voltage maps were applied without use of the 

calibration look-up tables provided by the manufacturer.  

The interferogram recorded by the camera can be expressed as: 
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   2 ( , ) ( , ) ( , ) ( , )( , ) ( , ) 2 2( , ) s R R ss R
i x y x y i x y x yi x y i x y

I x y Ae Be A B ABe ABe
    

     
   (4.9) 

where I is the intensity, A, B are the electrical field amplitude of the light from the SLM and 

the reference mirror, respectively; while Φs(x, y) and ΦR(x, y) are the corresponding phases.  

By using the same FFT analysis in Chapter 3, the phase profile induced by the SLM could be 

extracted. Again, the algorithm provided the phase wrapped into the interval (-π, π] radians. As 

a consequence, one needs to apply a phase unwrapping algorithm [66] to obtain the unwrapped 

phase Гi, where i denotes the ith measurement in the set. Гi can be expanded into the following:   

2i i i ik      
                                            (4.10) 

where Φi is the phase modulated by the SLM; term 2kiπ with integer ki is an arbitrary offset 

due to the phase unwrapping algorithm. The algorithm needs to invert the non-injective 

complex exponential function to build the unwrapped phase, which results in an arbitrary 

selection of branches given by ki in each of the measurements. εi is the phase contribution 

caused by exogenous disturbances such as drift and temperature trends. Note that terms 2kiπ 

and εi are constant offsets that are not dependent on the spatial coordinates x and y. To perform 

the SLM calibration, one must obtain Φi and remove terms 2kiπ and εi as outlined in the two 

steps below.  

Step 1: the values of ki can be obtained by solving an ordinary one-dimensional phase 

unwrapping problem on the Гi. Then Eq. (4.10) becomes 

    
'

i i i   
                                                    (4.11) 

Step 2: to remove εi, a second set of reference measurements was simultaneously recorded to 

track the variation of the exogenous disturbances throughout time. The reference measurements 

are denoted with (R) and the normal, non-reference measurements with (N). The R and N 
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measurements were interleaved in time as depicted in Figure 4.3. In the R measurements, the 

PGV did not vary with index i and was kept at a constant value of zero throughout the set.  

 

Figure 4. 3: Schematic of the measurement process. The sets of reference (R) and 

normal (N) measurements were interleaved in time as shown to subsequently apply 

interpolation and detrending. 

As depicted in Figure 4.3, interpolation was used to deduce the value of εi in the set of the N 

measurements, which allowed to subtract εi from Г’i in Eq. (4.11) and finally obtain Φi. Figure 

4.4 shows the results of this procedure for the pixel at the center of the SLM. 

 

Figure 4. 4: Decomposition of the phase in the terms outlined in Eq. (11). (a) Г’i 

varying as a function of PGV at the center point of the SLM; (b) εi varying with the 

measurement i (c) calculated Φi varying as a function of PGV. For the SLM 

calibration, the values Φi shown in (c) are of interest. 
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Step 3: Generally, the corresponding phase can be represented by a polynomial function of the 

addressed voltage [24]. It is assumed the phase change varies as a third order polynomial 

function of voltage: 

 
3 2

, , , ,( , )S x y x y x y x yx y a V b V c V d    
                         (4.12) 

where 𝑑𝑥,𝑦 is the ‘offset’, which is the phase at PGV = 0. Higher order polynomials were also 

tried to fit the trend, but it is found that the fitting error does not change. The calibration data 

ΦS was divided into a set of regions over the SLM window. Within each region, the coefficients 

ax,y, bx,y, and cx,y were determined by curve fitting.  

Step 4:  to visualize the difference of the coefficients for each region, dx,y was subtracted for 

each ΦS (x, y),  and analyzed the relative phase change comparing to PGV = 0. The whole 

process is illustrated in Figure 4.5. 

 

Figure 4. 5: Flow chart of the data processing and analysis method. 

The above process provided calibration for the modulation of x polarized incident light. 

Following this, the HWP was rotated to 0° and the polarizer to 90° and the process was repeated 

to obtain the equivalent calibration for y polarized incident light. If the SLM performs in an 
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ideal way, then no phase modulation with applied voltage should be detected.  However, this 

measurement is essential to detect any effect that may be present due to e.g. misalignment. 

The previous steps provided phase calibration of the x and y polarizations separately. One could 

obtain the retardance by examining the difference between Φx and Φy. However, according to 

Eq. (4.8), there is an offset c that remains undetermined after the phase calibration only. 

Therefore, the separate retardance calibration is required. 

4.2.2   Retardance calibration 

For retardance calibration, the reference arm was blocked and an analyzer with transmission 

axes at 45° was inserted before the camera. Note that, the fast axis angle of the HWP should 

be fixed at 22.5°. Thus, the input light to the SLM was 45° linearly polarized and output light 

was viewed through a 45° analyzer.   

The normalized Jones vector of the 45° linearly polarized light excluding the absolute phase 

was [1, 1]T  and after reflection off the SLM the Ex and Ey components of the electric field both 

experience phase delay. This is represented by the Jones vector [𝑒𝑖Φ𝑥 , 𝑒𝑖Φ𝑦]T where Φx and Φy 

are the phase introduced on the x and y components respectively. After passing through the 

analyzer, the intensity recorded on the camera can be represented as: 

 
2

22 2cos 4cos
2

yx
i x yi

x yI e e


  
        

 
                    (4.13) 

For polarization modulation, the retardance difference introduced between the Ex and Ey 

components of the electric field is of interest, which is Φx − Φy. When the SLM voltage is 

addressed from the minimum to the maximum, the intensity should change accordingly. If 
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assuming the retardance variation as a function of the voltage is similar to Eq. (4.12), the 

intensity change can be written as Eq. (4.14), which is scaled I ∈ [0,1]:  

 2 3 2cosI aV bV cV d   
                                             (4.14) 

Eq. (4.14) was then used to fit the intensity data Ireal recorded from the camera to minimize 

error of Ireal − cos2(aV3 + bV2 + cV +d), where each measurement Ireal was normalized to its 

maximum intensity.  Hence, the relationship between retardance and voltage could be extracted. 

4.3   Results and data processing 

4.3.1   Phase calibration results with x polarized incident light 

Figure 4.6 (a) shows Гi at the center point of the SLM extracted via the FFT analysis as the 

PGV was changed. It is seen that due to phase unwrapping, there is an arbitrary offset of ±2kπ 

radians for each data point. These piston offsets were removed in step 1 for both the R and N 

sets of measurements, resulting in the time series shown in Figure 4.6 (b). From the adjusted 

phase measurements in Figure 4.6 (b), the offsets εi can be extracted and removed to obtain the 

phase modulated by the SLM, as described in Step 2. 
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Figure 4. 6: Phase extraction results from the SLM center point (a) Гi (b) Г’i after 

removal of the piston offset 2kiπ introduced by the phase unwrapping algorithm.  

Figure 4.7 compares Г’i and Φi as a function of PGV before and after removing the phase 

disturbance εi. The resulting phase range spans approximately 2π radians as expected. 

Thereafter, a third order polynomial, Eq. (4.12) was used to fit the data to get a smooth 

relationship between PGV and phase ΦS. To select the order of the fitting polynomial, the fitting 

errors were calculated when using third order and fourth order polynomials respectively. Since 

this error was about 0.097 rms in both cases, the third order polynomial was chosen for 

computational simplicity. 
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Figure 4. 7: Comparison of phase varying as PGV before and after Step 2 and 3. Red 

circle: Г’i in Eq. (4.11); yellow cross: Φi in Eq. (4.11); blue line: ΦS, 3rd order 

polynomial fit in Eq. (4.12). 

The phase was obtained from the measurement shown in Figure 4.8. As the liquid crystal 

devices forms a continuum, one should expect that the optical properties vary smoothly across 

the profile. Hence, to reduce the measurement noise and calculation complexity, the original 

600×800 pixels of the SLM were divided into 30×40 sub-regions for the purposes of analysis, 

as shown in Figure 4.8 (a). The intensity of the acquired images was averaged over each of 

these sub-regions. Note that in the bottom-left hand corner a phase singularity can be seen, 

where the illumination intensity was low. This did not affect the measurements nearer the 

center of the SLM, which would be within the circular aperture of the full optical system. 
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Figure 4. 8: (a) The phase map at PGV = 0, SLM was divided into 30×40 sub-regions 

for phase response analysis. (b) ΦS variation along the SLM x direction at y = 15, 

PGV = 0; the x axis represents the x coordinate of the SLM sub-region (c) ΦS 

variation with PGV at region (3,15). (d) ΦS variation with PGV at center region. 

Figure 4.8 (b) shows the unwrapped phase variation across the central line of the SLM at PGV 

= 0. This reveals that the SLM had significant curvature, and this curvature introduced a phase 

variation. Figures 4.8 (c) and 4.8 (d) show how the phase varied with PGV at different 

coordinates, (3,15) and (20,15) respectively. Although the initial phase offset at PGV = 0 was 

different, the trend after data fitting looked similar.  

Figure 4.9 shows results after step 4: subtraction of the phase profile obtained for PGV = 0; 

this allows us to see the difference of the phase introduced by the SLM at different regions. 

Figure 4.9 (d) shows how the relative phase, i.e. ΦS − d in Eq. (4.12), varies with PGV at the 

central region. Figures 4.9 (b) and 4.9 (c) show orthogonal cross sections through the phase 

modulation at PGV = 155, relative to the reference at PGV = 0. Ideally, the SLM should provide 

a uniform phase profile in this case. However, our data shows a non-uniform profile, which 
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can possible be attributed to the effects of interference with spurious reflections in the system. 

In the next section, a mathematical derivation of a possible explanation for the effects of such 

reflections is provided. 

 

Figure 4. 9: Results after Step 4: subtraction of the phase at PGV = 0 for visualizing 

the polynomial coefficient differences at SLM different regions (a) The relative phase 

map, ΦS − d, at PGV = 155 (b) ΦS − d variation along y direction at x = 20, PGV  = 

155; the y axis represents the y coordinates of the SLM sub-region (c) ΦS − d 

variation along x direction, at y = 20, PGV  = 155  (d) ΦS − d variation as PGV at the 

center region.  

4.3.2   Phase calibration results with y polarized incident light 

Since the liquid crystal’s fast axis orientation is along the x-axis, when the incident light is y 

polarized, there should ideally be no phase modulation. In order to measure any effects, the 

HWP fast axis angle and the following polarizer transmission axes were set to 90° to have y 

polarized incident light. The same procedure outlined in the flowchart of Figure 4.5 was 

followed.  
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Figure 4.10 (a) shows how the phase varies as a function of PGV at the center region. The 

circles in blue show the phase Г’ and the dots in red show the phase and Φ in Eq. (4.10) after 

removing the disturbance ε. It is shown that for y polarized light, the phase is predominantly 

constant with PGV. The cross section of ΦS along the x direction is also shown in Figure 4.10(b). 

Note that without applying the procedure outlined in section 4.2 one would erroneously detect 

a significant phase variation due to exogenous disturbances instead of correctly detecting the 

negligible phase modulation induced by the SLM. 

 

Figure 4. 10: Calibration for y polarized incident light. (a) Phase varying as a function 

of PGV before and after removing phase disturbance ε. Blue circle: before step 2: 

removing the phase disturbance; Red Cross: after step 2: removing the disturbance. 

(b) Phase variation along x direction at y = 15, PGV = 0. 

The diffraction efficiency was then compared by applying a blazed grating. Table 4.1 reports 

the diffraction efficiency using, no calibration, the manufacturer calibration, and calibration 

described here respectively. The results are reported for two different grating periods p. The 

diffraction efficiency was calculated as I1/I0, where I1 was the first order diffraction intensity 

and I0 was the total intensity. It is seen that without calibration the diffraction efficiency is the 

lowest, and calibration described here shows improved performance with respect to the 

manufacturer calibration, on both of the grating periods. 
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Table 4. 1   Diffraction efficiency comparison with different SLM calibration 

and different blazed grating periods 

Grating period Without calibration Manufacturer calibration Our calibration 

p = 40 pixels 84.1% 93.1% 93.5% 

p = 50 pixels 84.4% 93.3% 93.9% 

4.3.3   Retardance calibration 

In order to perform retardance calibration, the procedure described in Section 4.3 was followed: 

the HWP was rotated to 22.5°, the polarizer and the analyzer transmission axes were both 

placed at 45° to have 45° linearly polarized incoming light. The reference path was blocked. 

The intensity profiles measured for different example PGVs are shown in Figure 4.11. The 

variations in intensity at different positions on the SLM show that there are variations in 

retardance across the SLM.  

 
Figure 4. 11: Retardance calibration: intensity profile recorded by the camera with 

45° linearly polarized input light and viewed after the analyzer at (a) PGV = 3 (b) 

PGV = 56 (c) PGV = 187. 

Eq. (4.13) and (4.14) were used to fit the measured variation of intensity with PGV in order to 

obtain the retardance calibration. Figure 4.12 shows the examples of intensity data and the fit 

data at two different regions. The red dots in Figures. 4.12 (a) and 4.12 (c) denote the intensity 

recorded by the camera; the blue line is the fit obtained. Using the obtained fit, the change of 

retardance with PGV could be derived, as plotted in Figures. 4.12 (b) and 4.12 (d). These 

examples show that the SLM had a spatially variant retardance response.
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Figure 4. 12: Retardance calibration. (a) Red Dot: intensity change with PGV at 

region (19,18) recorded by camera. Blue Line: Fit obtained. (b) Retardance variation 

with PGV at (19,18) according to fitting result. (c) Red Dot: intensity change with 

PGV at region (4,17). Blue Line: fit obtained. (d) Retardance variation with PGV at 

(4,17).  

4.4   Effects of the reflections from front surface of the SLM 

Here the effects on the interferometer phase measurements of any unwanted reflections in the 

system was investigated. The effect of the front window of the SLM was modeled specifically, 

although the analysis is applicable to other spurious reflections in the system. For simplicity, it 

is assumed that there are only reflections from one surface of the cover glass and that the 

amplitude reflection coefficient is given by γ. Any effects of multiple reflections are ignored. 

Also, for simplicity, the incoming light is assumed to be x polarized and that the e-axis of the 

liquid crystal is aligned with the x-axis. As only have x polarized components here, the electric 
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field vector is described in terms of the x component alone. Variation across the SLM using 

the coordinate x is also shown, although in reality the coordinate variables should be (x,y).  

The SLM input field is defined as Ein(x) = 1. The interferometer reference is taken to be the 

same: Eref = 1. Following modulation by the SLM, the output field is: 

( )
( ) (1 ) xi x

outE x e 
 

                                                  (4.15) 

The reflected light would have the field: 

( )( ) iF x

reflE x e
                                                    (4.16) 

where F(x) is the is the phase profile of the reflected light due to the non-flat front surface of 

the SLM, according to Eq. (4.4), it can be denoted as F(x) = OPL×4π/λ. The total output field 

after the SLM would be the sum of the output and reflected fields: 

( ) ( )' ( ) (1 ) xi x iF x

out out reflE x E E e e 
    

                            (4.17) 

Let ξ(x) = F(x) – Φx(x) so that: 

 ( ) ( )( )' ( ) 1 1 ( )x xi x i xi x

outE x e e A x e     
                            (4.18) 

where A(x) = 1 + γ(eiξ(x) − 1). It is noted that for γ << 1, then |A| ≈ 1. For the same approximation, 

the argument is given by: 

 
sin

arg( ) arctan arctan sin sin
1 cos

A
 

   
  

 
   

                    (4.19) 

The interference field would be the output field plus the reference field, which is: 

 ( ) sin ( )( )

int ( ) ' ( ) 1 1 xx
i x xi x

out reflE x E x E Ae e
  

     
              (4.20) 
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and the measured interference intensity would be: 

22 ( ( ) sin ( )) 2

int

( ) sin ( )
( ) ( ) 1 4cos

2
xi x x x x x

I x E x e
       

     
             (4.21) 

From these expressions, it is clear to see that the effective phase measured by the interferometer 

will be: 

 sin sinmeasured x x xF         
                             (4.22) 

which illustrates that the reflection from the front and back cell could be possible explanation 

of the apparent shape of the phase ripple in Figure 4.9 (a). The specific calculation here has 

modelled the effect of a reflection from the front surface of the SLM.  However, the analysis 

could be more generally extended to reflections from other surfaces in the system. 

The results in Figure 4.9 suggest phase variations in the range 0.5 to 1 radian peak to peak. 

Using this modelling, it is found that ripples of the order of 0.5 radians can be obtained for 

situations where γ = 0.2, which corresponds to an intensity reflection of around 4% of the 

illumination. This hypothesis matches the shape of the phase patterns, which in turn depends 

on the distortion of the front and back surfaces of the SLM cell. Experimental measurements 

show the spurious reflection from the SLM to be <1% with same wavelength. However, there 

are additional reflections from other components, such as the beam splitter, that have a 

compounded effect. 

4.5   Summary 

Since liquid crystals are sensitive to exogenous factors, such as temperature, and since SLMs 

exhibit spatial variations due to manufacturing, calibration of SLMs is important in precision 
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applications. In this chapter, it shows that using an SLM for polarization modulation requires 

performing an ad-hoc calibration procedure that is fundamentally different from conventional 

phase-only calibrations. Our arguments and data show that one should expect non-negligible 

errors in the control of the retardance when using phase-only calibrated SLMs. Therefore, a 

different calibration procedure that addresses these shortcomings is provided here.  

The presented method requires only simple interferometer hardware, thus making this 

compatible with in-situ calibration, within an adaptive optical system. As the algorithm allows 

us to remove the effects of external phase disturbance, the requirements for stability of the 

interferometer are reduced, which permits implementation with simpler hardware. The 

methodology presented in this chapter for region by region calibration of the SLM for both 

phase and polarization modulation will have valuable applications in adaptive correction 

systems.  
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Chapter 5   Polarization State 

Generation and Imaging Polarimeter 

___________________________________________________________________________ 

Adaptive optics has predominantly focused on the correction of phase aberrations [13, 17, 103], 

but there are many optical systems where polarization errors can also have detrimental effects 

on performance. While polarization control of a whole beam is a commonplace component of 

many optical systems, spatially variant control of polarization across a beam profile is also 

used, such as for manipulation of vector beams [104-106]. However, there are many reasons 

why spatially varying polarization errors can be introduced in a system, such as the effects of 

internal stresses in optical components, dielectric coatings, or birefringent materials [107]. In 

microscopes, for example, spatially varying dependent polarization errors can arise from 

specimen birefringence or Fresnel effects when focusing by high numerical aperture optics 

through interfaces with refractive index mismatch [108-112]. In certain microscope 

applications, polarization plays an important role e.g.in STED microscopy, polarization errors 

can cause a non-zero intensity at the center of the depletion beam [113]; in SIM, the contrast 

of the sinusoidal illumination patterns is dependent upon the use of appropriate polarization 

[12, 114]. It is therefore clear that adaptive control of polarization could be beneficial in such 

cases. 
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The basic concept of adaptive polarization correction is similar to that used for correction of 

phase aberrations. To achieve adaptive polarization control, both a method of polarization 

modulation and a method for sensing the polarization state are required. The principle is shown 

in Figure 5.1. Strategies for building an arbitrary polarization generator and imaging 

polarimeter are introduced in this chapter.  

A liquid crystal SLM based polarization generator was selected for polarization control as it 

has been implemented in various configurations for different applications such as investigating 

the principal modes in a multimode fiber [75], arbitrary polarization generation [76, 79] and 

quantum logic [83]. As for the polarization sensing, a wide range of imaging polarimeters could 

be employed by using prisms [115, 116], liquid crystal variable retarders [117] or 

interferometric methods [118-120].  In this chapter, the Sagnac interferometer and Stokes 

polarimeter were compared. 

 

Figure 5. 1: The principle of adaptive polarization control is similar to phase control 

principle. The polarization state generator (PSG) serves as the correction device while 

the polarimeter serves as the wavefront sensor in AO. 
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5.1   Polarization state generator 

5.1.1   Methodology 

An SLM can control the polarization state across a beam as each pixel acts like a separate 

retarder [50, 76, 79, 121-123]. Since the pattern can be adapted to apply to the SLM, the 

retardance of the beam can be controlled.  

However, a single pass off the SLM will perform like a retarder at a fixed orientation and it 

cannot alter the input light to any polarization state. Linear retarders have two eigenmodes 

(along fast and slow axis) that are vectors starting at the origin of a Poincaré sphere and have 

opposite directions i.e. together they form a continuous line through the centre of the sphere. 

A linear retarder’s action on the polarization state can be visualised easily on the sphere, as 

shown in Figure 5.2: rotate the initial position on the sphere about the line that makes an angle 

2θ to the S1 axis by an angle equal to the retardance; θ is the angle of the fast axis to the 

horizontal. Full polarization control is equivalent to being able to access each point on the 

sphere, which cannot be done by a single pass off the SLM. In order to access the whole surface 

of the Poincaré sphere, a fast axis rotation on the Poincaré sphere is needed after the first pass 

off the SLM, which is then followed by another rotation on the sphere by using another pass 

off another SLM. This double pass process is shown in Figure 5.3 (a). If start from the 45° 

linear polarization state and the first pass of the SLM would change the state around S1 axis 

and end at any point on the green circle, e.g. point A; then the second pass will start from point 

A, and rotate the polarization state across S2 axis. In this way, all the points on the sphere are 

accessible. However, if the input polarization state is not perfect 45° linearly polarized, as 
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shown in Figure 5.3 (b), since the green circle is not a great circle, the sphere surface to the 

right of the orange circle is inaccessible.  

 

Figure 5. 2: A linear retarder effect on the polarization state on the Poincaré sphere. The input 

state is at point A. It rotates across the axis that has an angle of 2θ to S1 axis, and change the 

retardance of δ. 

 

Figure 5. 3: (a) The first pass on the SLM is equivalent to rotate the polarization state from 

the input 45° linear polarization to any point on the green circle. The second pass on the SLM 

is equivalent to rotate the polarization state from the ending point on the first pass around S2 

axis (orange). (b) When the input polarization state is not 45° linearly polarized, the sphere 

surface to the right of the orange circle is not accessible.  
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5.1.2   Experimental set-up 

In reality, using two separate SLMs will increase the complexity and difficulty in system 

integration [79, 124, 125]. Instead, a single SLM can be used twice. The SLM surface was 

divided into two parts as shown in the dashed line window in Figure 5.4. In order to operate 

the SLM to modulate the phase shift between Ex and Ey, the illuminating light should be 

polarized at 45 degrees to the ordinary axis. The laser source used is the same with the one 

used in Chapter 3. As most laser sources have a vertical/horizontal polarization state, before 

the first pass on the SLM, a HWP was used to rotate the angle of the polarization state. After 

the first pass of the SLM, the polarization state is rotated. By using a QWP and a mirror. After 

passing the QWP twice, the returning beam axis was rotated 90 degrees and now can change 

its polarization state again by passing the second time through the SLM. As a result, the final 

state of this beam was modulated and can research any point on the Poincaré sphere surface. 

The system used two passes from an SLM to control the polarization state. The two halves of 

the SLM were oriented 45° relative to each other, such that the first pass rotated the polarization 

state about the S1 axis and the second pass rotated about the S2 axis as shown in Figure 5.3 (a). 

In doing this, It can be seen that every point on the sphere can be accessed. Figure 5.4 shows 

the schematics of the modulation part.  
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Figure 5. 4: Schematics of the dual pass SLM polarization modulation scheme. The 

SLM was divided into two windows to realize dual-pass modulation. 

Here, Jones matrix is used to show the derivation of the output Jones vector and how this 

system could access all the polarization states. As introduced in Chapter 2, the output 

polarization state can be represented as:  𝐽𝑜𝑢𝑡
⃑⃑ ⃑⃑⃑⃑  ⃑  =  𝐽𝑚𝑜𝑑𝐽𝑖𝑛⃑⃑ ⃑⃑ , where 𝐽𝑚𝑜𝑑 is the Jones matrix of 

the modulation part. Here the input light is vertically polarized, so the input light Jones vector 

is simply [0, 1]T. The Jones matrix of a retarder is: 

𝐽𝑅(𝜑) = (𝑒
𝑖𝜑/2 0
0 𝑒−𝑖𝜑/2

)                                                  (5.1) 

where ϕ is the retardance. When the fast axis of a retarder has an angle θ to the polarization 

direction of with the incident beam, the rotation matrix should be applied and the output field 

will be equal to: 

𝐽𝑅(𝜑, 𝜃) = 𝐽(−𝜃)𝐽𝑅(𝜑)𝐽(𝜃)                                              (5.2) 

where, J(θ) is the rotation matrix: 

𝐽(𝜃) = (
cos 𝜃 sin 𝜃

− sin 𝜃 cos 𝜃
)                                                  (5.3) 

For the pattern applied on the SLM, the retardance is customized. In terms of the HWP and 

QWP, the rotation angle is 22.5° to the horizon axis.  It should be noted that the state changes 
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after the first pass beam is reflected by the mirror because of the change of propagation 

direction and thus the angle of the second pass of the QWP should be -22.5°. According to 

these matrices, the polarization state after each component can be calculated. Figure 5.5 shows 

an example of the output field with the retardance of the SLM set to 0. 

 

Figure 5. 5: Polarization state after each component with the SLM retardance set to 0. 

As mentioned above, two passes off a single reflection mode SLM is used with two passes 

through a QWP in between the SLM passes. The Jones vector from the output light can be 

represented in the following form:  

J𝑜𝑢𝑡
⃑⃑ ⃑⃑ ⃑⃑  ⃑(𝑥, 𝑦) = JSLM2(δ2, 𝑥, 𝑦) JQWP(−22.5°) Jmirror JQWP(22.5°) JSLM1(δ1, 𝑥, 𝑦) JHWP(22.5°) Jin

⃑⃑⃑⃑    (5.4) 

where the matrices represented in the form J are the Jones matrices of the relevant optical 

component, δ1 is retardance set on the first pass of the SLM surface, δ2 is the retardance on the 

second pass, x, y represent the coordinates on the SLM. Therefore, the vector Jout
⃑⃑⃑⃑⃑⃑ (𝑥, 𝑦) could 

be simplified as: 



5.1    Polarization state generator 

92 
 

Jout
⃑⃑⃑⃑⃑⃑ (x,y)= [

sin
δ1(𝑥,𝑦)

2
 e

π-δ2(𝑥,𝑦)

2

cos
δ1(𝑥,𝑦)

2
e

δ2(𝑥,𝑦)

2

]                                                    (5.5) 

By controlling the voltages applied to the SLM, one could set the desired δ1 and δ2 to reach 

any point on the Poincaré sphere.  

5.1.3   Calibration and alignment  

Since the windows for the two passes on the SLM need to be accurate and conjugated to each 

other, careful system alignment and calibration is needed. In this section, the alignment method 

is described.  

As shown in Figure 5.4, the incident light is not perpendicular to the SLM. Due to the limited 

space of the double pass system, the angle of the incident beam from the SLM is larger, which 

is around 8°. In this case, the fast axis misalignment of the liquid crystal in the SLM can 

introduce a small but problematic error and the error accumulates in the two passes. Therefore, 

the effect of fast axis misalignment is investigated later in this section. 

Alignment  

Since the SLM window is divided into two parts, the two effective areas need to be aligned. To 

make sure the second beam is perfectly aligned with the first pass on the SLM, a lens after the 

second pass was included and a camera was placed at the conjugate plane. The diagram is 

shown in Figure 5.6. By applying an image with two quartered circles that is shown in Figure 

5.7 (a), the position of the second beam on the SLM can be checked, and tuned by translating 

M3.  
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Figure 5. 6: Schematic of the PSG alignment set up. 

The 4f system between the first and second pass can therefore be tuned according to the image 

recorded by the camera. To verify if the beam after twice passing off the SLM has the expected 

polarization state, different patterns were generated and observations were made of the output 

light. The patterns loaded on the SLM and the images recorded by the camera with vertical and 

horizontal polarizer axis are shown in Figure 5.7. 
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Figure 5. 7: Generated pattern with retardance labelled on different parts (left image); 

and its image recorded by camera after applying the pattern on the SLM through a 

linear polarizer with transmission axis aligned with white arrows at vertical (middle 

image) and horizontal (right image)  
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In Figure 5.7 (a), the dark part of the left window has the retardance of π and the right window 

of π/2. Other parts are 0. In Figure 5.7 (b), in each half circle, the retardance changes from 0 

to π; the right window has the constant retardance of π. The left window of Figure 5.7 (c) only 

have half circle retardance of π/2 (bottom part) and the right window is still π. For Figure 5.7 

(d), the left window keeps as π while the other parts outside the circle on the right window is 

0; inside the circle, two of the quarters have the value of π/2 and the other two have the value 

of π. It is seen that as the loaded pattern changes, the polarization of the different parts of the 

beam is correspondingly different with no cross-talk. It proves that the two SLM windows have 

been aligned. Nevertheless, if the liquid crystal in the SLM has fast axis misalignment during 

manufacturing, it would impair the polarization modulation accuracy.  

Simulation of the liquid crystal fast axis misalignment effect 

In the previous chapter, calibration of the SLM with a single pass method has been introduced. 

The SLM used in the double pass system is different to that demonstrated in Chapter 4, as this 

SLM (Hamamatsu, LCOS-SLM, X10468-02) was a different model specified of 780 nm. 

However, when doing the individual calibration for this SLM using the method described in 

Chapter 4, it was found that for pixel values from around 150 to 255, there was minimal change 

to the state of the SLM. In other words, when PGV was varied in the range 150 to 255, there 

was no appreciable change in phase modulation. Also, the phase range was as large as 4π 

radians for x polarized light within the PGV range from 0 to 150. This again proves that SLM 

calibration is important to give a reference when using for phase/polarization control.   

To see the effect of the misalignment of the liquid crystal on the Stokes parameters, one need 

to investigate the ideal Stokes parameters. Therefore, the Müller matrix is used here. In general, 

the Müller matrix of a variable retarder can be written as: 
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𝑀𝑟 = [

1
0
0
0

0
cos2 2𝜃𝑟 + sin2 2𝜃𝑟 cos 𝛿
0.5 sin 4𝜃𝑟 (1 − cos 𝛿)

sin 2𝜃𝑟 sin 𝛿

0
0.5 sin 4𝜃𝑟 (1 − cos 𝛿)

sin2 2𝜃𝑟 + cos2 2𝜃𝑟 cos 𝛿
−cos 2𝜃𝑟 sin 𝛿

0
− sin 2𝜃𝑟 sin 𝛿
cos 2𝜃𝑟 sin 𝛿

cos 𝛿

]    (5.6) 

where 𝜃𝑟 is the fast axis angle of the retarder and 𝛿 is the retardance. If the fast axis angle 𝜃𝑟 =

0, then 𝑀𝑟,0 becomes: 

𝑀𝑟,0 = [

1
0
0
0

0
0
0
0

0
0

cos 𝛿
− sin 𝛿

0
0

sin 𝛿
cos 𝛿

]                                                 (5.7) 

The Stokes vector of the output light after the double pass is represented as: 

𝑆out,𝑥,𝑦 = 𝑀SLM2(𝛿2, 𝑥, 𝑦)𝑀QWP(-22.5°)𝑀mirror𝑀QWP(22.5°)𝑀SLM1(𝛿1, 𝑥, 𝑦)𝑀HWP(22.5°) 𝑆in 

(5.8) 

If the fast axis of the liquid crystal is perfectly aligned to the x-axis, then the output light Stokes 

parameters can be calculated as: 

[

𝑆0

𝑆1

𝑆2

𝑆3

] = [

1
− cos 𝛿1

sin 𝛿1 sin 𝛿2

sin 𝛿1 cos 𝛿2

]                                                         (5.9) 

However, if the fast axis orientation is slightly misaligned, the Stokes parameters will change. 

Figure 5.8 shows simulations when the liquid crystal fast axis was at a small angle of 
π

100
 rad; 

the graphs show how S1, S2 and S3 varied when the first pass retardance was fixed and only the 

second pass retardance was changed. Ideally, S1 should not change as indicated in Eq. (5.9); 

the curves for S2, S3 should be symmetric about the horizontal axis. However, when the fast 

axis angle was changed to 
π

100
 rad, S1 was no longer constant and S2 and S3 were not symmetric 

about the horizontal axis. 
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Figure 5. 8: Simulation of the Stokes parameters when the retardance of the first pass 

is fixed at an arbitrary value of  𝛿1 =
7π

24
 rad (this angle is chosen since the deviation is 

obvious to see) and the second pass of the retardance is changed from 0-2π. The blue 

line is the Stokes parameter when θ = 
π

100
 rad and the red line is ideal case: when θ  = 

0 rad.  

Then a simulation keeping the second pass retardance fixed and changing the first pass 

retardance was performed. From Eq. (5.9), S1, S2 and S3 should all be symmetric about the 

horizontal axis. However, even when the misalignment angle was as small as 
π

100
 rad, the 

distortion of the Stokes parameters was larger, as can be seen in Figure 5.9.  

 
Figure 5. 9:  Simulation of the Stokes parameters when the retardance of the second 

pass is fixed at an arbitrary value of 𝛿2 =
11π

8
 rad and the second pass of the 

retardance, δ1, is changed from 0−2π. Blue line is the Stokes parameter when θ = 
π

100
 

rad and the red line is ideal case: when θ = 0 rad. 

However, if the QWP in the PSG was removed, the compounded error would be reduced since 

the QWP is operated to rotate the fast axis of the liquid crystal. If the liquid crystal fast axis is 

misaligned, the second pass would have more compounded errors. Figure 5.10 shows the 
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misalignment effect after removal of the QWP. In summary, the QWP can accumulate the 

errors if the SLM liquid crystal fast axis is misaligned so calibration on the double pass system 

is needed. 

 

Figure 5. 10: Simulation of the Stokes parameters after removing the QWP, fixing the 

retardance of the first pass of 𝛿1 =
7π

24
 rad, and changing the second pass of the 

retardance, δ2, from 0−2π. The blue line is the Stokes parameter when θ = 
π

100
 rad and 

the red line is ideal case: when θ  = 0 rad. 

 

Examination of the SLM liquid crystal fast axis   

Based on the above simulations, the Stokes parameters were tested to find out whether the fast 

axis was misaligned in the SLM in our system. First, the PGV of the first pass was fixed and 

only the second pass was changed from 0 to 255 as shown in Figure 5.11. The S3 was not 

exactly symmetric to the line of y = 0 and S1 was not constant. It is noted that the response was 

flat at high PGV, and that is because the effective range of this SLM as confined to PGVs 

approximately from 0 to 150 as stated at the beginning of this section.  
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Figure 5. 11: Stokes parameters measurement of the center region of the output light 

when the first pass PGV was fixed at 100 and the second pass PGV was varied from 

0−255. 

When the second pass PGV was fixed and the first pass retardance was changed, the response 

of the SLM is shown in Figure 5.12 and 5.13. The difference in the two figures are the different 

first pass fixed retardance. It is seen that the asymmetry of the Stokes parameters also related 

to the first pass fixed pass retardance. S2 has smaller deviation but S3 has larger deviation in 

Figure 5.12 compared to those in Figure 5.13. Hence, the SLM used in the PSG needed to be 

calibrated with the system.  

 

Figure 5. 12: Stokes parameters measurement of the center region of the output light 

when the second pass PGV was fixed at 140 and the first pass PGV was varied from 

0−255. 
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Figure 5. 13: Stokes parameters measurement of the center region of the output light 

when the second pass PGV was fixed at 100 and the first pass PGV was varied from 

0−255.   

5.2   Imaging polarimeter  

In order to measure the spatial variations of polarization properties across the beam, an imaging 

polarimeter is required. Several polarimeter configurations could potentially be used, such as 

those based on a Sagnac interferometer [126], Wollaston-prism [115], compensators arrays 

[127], optimized Stokes polarimeter [128] etc. Two kinds of polarimeters were built and tested 

here, a modified Sagnac interferometer and the optimized Stokes polarimeter. The pros and 

cons of each polarimeter are discussed in this section. 

5.2.1   The modified Sagnac interferometer 

An interferometer which is similar to a Sagnac interferometer was used to analyse the beam 

polarization states [126]. The schematics of the interferometer is shown in Figure 5.14. This 

set-up permits the retrieval of polarization information from the interference patterns obtained 

on a camera. The method was modified by inserting two lenses between the polarization beam 

splitter (PBS) and one of the mirrors to have a better control of the fringe pattern on the camera. 

An example fringe image from the system is shown in Figure 5.15. 
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Figure 5. 14: Schematics of the interferometer imaging polarimeter. 

 

Figure 5. 15: Example fringe image from the modified Sagnac interferometer. 

The input light was split as Ex and Ey by the PBS. The two split beams pass through the 

triangular path in opposite directions. The reflected beam went through the telescope first and 

was then reflected by the mirrors, while the transmitted beam was reflected by the mirrors first 

and then passes through the two lenses. The pair of lenses was required in order to shear the 

beams slightly before interference and hence create dense interference fringes at the camera. 

At the exit of the interferometer, the beams have polarizations along two orthogonal directions, 

a polarizer was required before the camera in order to analyse interference fringes in one 

direction. 

Since one of the beams transmitted via the PBS twice and the other is reflected twice, the 

electrical field of the combined beam can be represented in the following form [126]: 
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𝐸1 = 𝑃(𝜃)𝑃(0)𝑃(0) (
𝐸𝑥

𝐸𝑦
) 𝑒(𝑖𝜑1) 

𝐸2 = 𝑃(𝜃)𝑃 (
𝜋

2
)𝑃 (

𝜋

2
) (

𝐸𝑥

𝐸𝑦
) 𝑒(𝑖𝜑2)                                     (5.10) 

here, ϕ1 and ϕ2 are the initial phase of the two beam, P(θ) is the Jones matrix of a polarizer 

orientated at angle of θ that can be written as : 

𝐽𝑝(𝜃) = ( cos2𝜃 sin 𝜃 cos 𝜃
sin 𝜃 cos 𝜃 sin2𝜃

)                                    (5.11) 

The intensity when the two beam interference at any point Q is 𝐼(𝑄, 𝜃) = 〈(𝐸1 + 𝐸2) ∙ (𝐸1
∗ +

𝐸2
∗)〉 = 𝐼𝑐(𝑄, 𝜃) + 𝐼𝑖𝑛𝑡(𝑄, 𝜃), where the ‘<>’ represents time average. The total intensity can 

be represented as the sum of incoherent addition 𝐼𝑐(𝑄, 𝜃) and the interference 𝐼𝑖𝑛𝑡(𝑄, 𝜃) of the 

orthogonal components of the incident light (Im=Jmm) at the direction of the polarizer: 

𝐼𝑐(𝑄, 𝜃) = 𝐼𝑥𝑐𝑜𝑠
2𝜃 + 𝐼𝑦𝑠𝑖𝑛

2𝜃                                               (5.12) 

𝐼𝑖𝑛𝑡(𝑄, 𝜃) = 2 sin 𝜃 cos 𝜃 𝑅𝑒[𝐽𝑥𝑦𝑒
𝑖∆]                                      (5.13) 

where ∆= 𝜑2 − 𝜑1 is the initial phase difference. If we normalize Jxy to the diagonal element 

of the coherence matrix, the degree of polarization is: 

𝜇𝑥𝑦 =
𝐽𝑥𝑦

√𝐽𝑥𝑥𝐽𝑦𝑦
= |𝜇𝑥𝑦|𝑒

𝑖𝛿                                              (5.14) 

𝑃 = {1 −
4 det(𝐽)

[𝑡𝑟(𝐽)]2
}
1/2

= [1 −
4𝐼𝑥𝐼𝑦(1−|𝜇𝑥𝑦|

2
)

(𝐼𝑥+𝐼𝑦)2
]
1/2

                             (5.15) 

where δ is the relative phase between the two orthogonal electrical field components. This can 

be calculated by detecting the difference in the contrast related to the reference image that only 

contains the initial difference ∆. The degree of the polarization is 𝑃 = |𝜇𝑥𝑦|, if Ix is equal to Iy. 

the Iint is arranged as: 
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𝐼𝑖𝑛𝑡(𝑄, 𝜃) = 2 sin 𝜃 cos 𝜃 √𝐼𝑥𝐼𝑦|𝜇𝑥𝑦| cos  (∆ + 𝛿)                           (5.16) 

If two particular angles of the polarizer were chosen that are at 0° and 45°, the total intensity at 

0° will be Ix while that of the 45° will be: 

𝐼 (
𝜋

4
) =

𝐼𝑥 + 𝐼𝑦

2
+ (𝐼𝑥𝐼𝑦)

1/2|𝜇𝑥𝑦| cos  (∆ + 𝛿)                           (5.17) 

If the intensity image are obtained at both 0° and π/4, Ix could be known from the image at 0°, 

so could Iy from the I(π/4). The difference in fringe position compared to the reference image 

will gives the relative phase difference δ. Therefore, three images are needed to obtain the 

polarization information. One is recorded as the reference image, to record the initial phase. 

This is obtained when the input beam is linear polarized with the polarizer at any angle in 

addition to the 0° and 90°. The other two images are recorded by orientating the polarizer at 0° 

and 45° respectively. From the intensity of each pixel, the polarization state across the beam 

can be calculated. The whole data recording process is shown as follows: 

 

Figure 5. 16: Data recording process and notation. 

Algorithm  

The first step is to analyse the reference image. The FFT method described in Chapter 3 is used 

to extract the initial phase from the reference image.   

reference image

•input linear polarized 
light

•polarizer at any angle but 
0° or 90°

polarizer at 0°

•input object beam

•provides Ix

polarizer at 45°

•input object beam

•provides total intensity 
and fringes amplitude and 
phase 
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In terms of the image obtained at 0°, the background noise needs to be removed to get the 

intensity of Ix. Hence, the image is transformed to the frequency domain, passing a low pass 

filter. Then the new data is transformed back to the spatial domain by inverse Fourier transform.  

When analysing the image at 45° and calculating the total intensity, the fringes components are 

removed and only the low frequency part is left. After transferring back to the spatial domain, 

the intensity of each pixel represents (Ix+Iy)/2 as Eq. (5.17) shows. In this case, the total 

intensity is obtained. 

Next, the amplitude and phase of the interference need to be extracted. When the image is 

transformed to frequency domain, the position of the 1st order should be the same as in the 

reference image. By using the 2D FFT method, the amplitude and the phase of the interference 

can be extracted. A model fringe image was simulated to verify the algorithm. The model image 

and its corresponding amplitude and phase are shown in Figure 5.17. 

 

Figure 5. 17: (a) Simulated model image (b) calculated amplitude (c) calculated 

phase. Note that the phase values in the low amplitude regions have arbitrary values. 

The phase extracted from the 45° now contains both ∆ and δ. In order to get the related phase 

difference δ, subtract the initial phase calculated in the reference image. Now, we have all the 

information needed and the Stokes parameter can be written in the following forms to get the 

spatial profile of polarization: 
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𝐼 = 𝐼𝑥 + 𝐼𝑦 

𝑄 = 𝐼𝑥 − 𝐼𝑦 

𝑈 = 2𝐴cos δ 

𝑉 = 2𝐴sin 𝛿                                                       (5.18) 

where A is the amplitude of the fringe and δ is the phase difference between the Ex and Ey. 

Reducing the measurement times 

The method to use three images to calculate the polarization state is introduced above. It is 

rather complex and may slow down the process when integrated on a microscope because it 

takes time to take images by rotating the polarizer to different angles. Instead of rotating the 

polarizer, it would be faster to use the SLM system to introduce varied illumination for parallel 

measurements. In other words, modulating the input light with a static polarizer can make the 

system robust and response fast. In this case, the polarizer could be fixed at 45° and each time 

the image obtained is the intensity of I(π/4).  The derivation below indicates that with some 

prior information, it might be possible to obtain the polarization state with a single image 

measurement. 

According to Eq. (5.17), If the light is fully polarized and make |𝜇𝑥𝑦| = 1, 𝐼𝑥 + 𝐼𝑦/2 = A, and 

(𝐼𝑥𝐼𝑦)
1/2 = 𝐵, Eq. (5.17) has the form: 

𝐼 (
𝜋

4
) = 𝐴 + 𝐵 cos(∆ + 𝛿) 

                                                     (5.19) 

Ix and Iy are solved from Eq. (5.19): 

𝐼𝑥 = 𝐴 ± √𝐴2 − 𝐵2 

𝐼𝑦 = 𝐴 ∓ √𝐴2 − 𝐵2                                                  (5.20) 
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Now two sets of Ix and Iy are given in Eq. (5.20). The output field can be written as: 

𝐽𝑜𝑢𝑡
⃑⃑ ⃑⃑⃑⃑  ⃑ (

𝜋

4
) = (

√𝐼𝑥

√𝐼𝑦𝑒
𝑖𝛿

)                                                (5.21) 

where δ is the phase difference between the two electrical fields. If 𝐶 = √𝐴2 − 𝐵2, the output 

matrix has the form of either Jout1 or Jout2: 

𝐽𝑜𝑢𝑡1
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ = ( √𝐴 + 𝐶

√𝐴 − 𝐶𝑒𝑖𝛿
) 

𝐽𝑜𝑢𝑡2
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ = ( √𝐴 − 𝐶

√𝐴 + 𝐶𝑒𝑖𝛿
)                                                 (5.22) 

It is found that these two matrices have an interesting relation: 

𝐽𝑜𝑢𝑡1
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ = ( 0 𝑒−𝑖𝛿

𝑒𝑖𝛿 0
) 𝐽𝑜𝑢𝑡2
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ 

𝐽𝑜𝑢𝑡2
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ = ( 0 𝑒−𝑖𝛿

𝑒𝑖𝛿 0
) 𝐽𝑜𝑢𝑡1
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑                                             (5.23) 

Let us assume 𝐽𝑜𝑢𝑡1
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ is the correct output field and there is an unknown object of spatially 

varying optical elements introduced in the system, so the output field is: 𝐽𝑜𝑢𝑡1
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ = 𝐽𝑜𝑏𝑗 × 𝐽𝑚𝑜𝑑 ×

𝐽𝑖𝑛⃑⃑ ⃑⃑ . If the object only introduces retardance and no diattenuation or depolarization, Jobj will 

have the correct general form of a linear retarder that is: 

𝐽𝑜𝑏𝑗(𝜑, 𝜃) = (
cos2𝜃 + 𝑒−𝑖𝜑sin2𝜃 (1 − 𝑒−𝑖𝜑) cos 𝜃 sin 𝜃

(1 − 𝑒−𝑖𝜑) cos 𝜃 sin 𝜃 𝑒−𝑖𝜑cos 2𝜃 + sin2𝜃
)                (5.24) 

where ϕ is the retardance and θ is the angle between the fast axis of the retarder and the 

propagation direction of the beam. It is noted that the off-diagonal elements are identical. If the 

correct form of the output field is chosen, an object Jones matrix that has identical off-diagonal 
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elements can been obtained. According to the relation between 𝐽𝑜𝑢𝑡1
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ and 𝐽𝑜𝑢𝑡2

⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑, if 𝐽𝑜𝑢𝑡2
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑  is 

chosen as the output: 

𝐽𝑜𝑢𝑡2
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ = ( 0 𝑒−𝑖𝛿

𝑒𝑖𝛿 0
) 𝐽𝑜𝑢𝑡1
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  ⃑ = ( 0 𝑒−𝑖𝛿

𝑒𝑖𝛿 0
) × 𝐽𝑜𝑏𝑗 × 𝐽𝑚𝑜𝑑 × 𝐽𝑖𝑛⃑⃑ ⃑⃑ = 𝐽′𝑜𝑏𝑗 × 𝐽𝑚𝑜𝑑 × 𝐽𝑖𝑛⃑⃑ ⃑⃑    (5.25) 

where J’obj has the form: 

𝐽′𝑜𝑏𝑗 = ( 0 𝑒−𝑖𝛿

𝑒𝑖𝛿 0
) × 𝐽𝑜𝑏𝑗 

= (
𝑒−𝑖𝛿(1 − 𝑒−𝑖𝜑) cos 𝜃 sin 𝜃 𝑒−𝑖𝛿(𝑒−𝑖𝜑𝑐𝑜𝑠 2𝜃 + 𝑠𝑖𝑛2𝜃)

𝑒𝑖𝛿(𝑐𝑜𝑠2𝜃 + 𝑒−𝑖𝜑𝑠𝑖𝑛2𝜃) 𝑒𝑖𝛿(1 − 𝑒−𝑖𝜑) cos 𝜃 sin 𝜃
)     (5.26) 

Here, the off-diagonal elements are no longer identical. This provides a way to judge if the 

correct form of the output field is selected. By using this mathematical observation, it is 

possible to obtain the correct result using only one image.  

5.2.2   Stokes polarimeter 

Another polarimeter with simple configuration is the Stokes polarimeter. The polarimeter can 

calculate the Stokes parameters across the beam based on the intensity of the images captured 

using the four different fast axis orientations of the QWP.  The general configuration of a 

polarimeter is shown in Figure 5.18. The polarizer transmission axis is fixed to be horizontal. 

The fast axis orientation of the QWP in an optimized Stokes polarimeter are 15.1°, 51.7°, 

128.3°, and 164.9° respectively. These angles are optimized to accurately calculate the 

polarization state in Ref [128]. 



5.2    Imaging polarimeter 

108 
 

 

Figure 5. 18: Basic configuration of a Stokes polarimeter. 

The Stokes parameters were then calculated as: 

1
outS A I                                                             (5.27) 

where A is a 4×4 matrix. Each row in A is the first row of the Müller multiplication of the 

polarizer and the QWP, MpMQWP(θ), where Mp is the Müller matrix of the linear polarizer, 

whose fast axis was fixed to be horizontal; MQWP(θ) is the Müller matrix of the QWP, with the 

fast axis orientation of θ. Matrix A can be determined when substituting  θ = 15.1°, 51.7°, 

128.3°, and 164.9° respectively. The intensities obtained at each fast axis orientation θ were 

recorded in sequence and forms a 4×1 vector I. Then, the output Stokes parameters can be 

calculated using Eq. (5.27).  This is referred to as one PSA measurement. 

The Stokes polarimeter was then tested by using 45° polarized input light, the intensity images 

recorded by the camera are shown in Figure 5.19, and the calculated Stokes parameters using 

Eq. (5.27) are shown in Figure 5.20. It can be seen that the calculated Stokes parameters S1, S2 

and S3 are around [0, 1, 0]T as expected. 
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Figure 5. 19: Intensity image recorded by camera at different QWP fast axis 

orientation. (a) 15.1° (b) 51.7° (c) 128.3° (d) 164.9° 

 

Figure 5. 20:  Stokes parameters calculated (a) S1 (b) S2 (c) S3, theoretical Stokes 

parameters of 45° polarized light is [S1, S2, S3] T = [0, 1, 0]T 

5.3   Comparison and conclusion 

One polarimeter solution needs to be chosen as the PSA in the APC system. The modified 

Sagnac interferometer is stable and requires less measurements, with one reference 

measurement when the system was built up. Two extra measurements are needed when 

analysing the polarization state of different output light. However, it also has some drawbacks. 
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First, the interferometer is not able to measure polarization states that are near to either x or y 

polarized because no fringes would be detected. In addition, if the light is -45° polarized, image 

recorded at polarizer transmission axis at 45° would also have lower intensity, as shown in 

Figure 5.21 (a). The lower fringe contrast therefore decreased the measurement accuracy. 

Besides, the optical elements in the polarimeter also introduces some aberrations. In the 

polarization correction system, the aberration introduced by the system should be as lower as 

possible. The PBS and the two lenses in the Sagnac interferometer introduce some aberrations.   

In addition, since the interferometer requires separating the two beams and then superposition 

them, if the superposition is perfect, the accuracy of the calculated polarization state is also 

compromised. As shown in Figure 5.21 (b), in reality, it was difficult to superpose the two 

beams perfectly.  

 

Figure 5. 21: (a) Interferogram recorded if the beam is nearly -45° polarized. The low 

intensity decreases the accuracy to calculate the polarization state. (b) Two beams 

after the PBS was hard to be superposed perfectly. 

Although the Stokes polarimeter requires two more measurements, the configuration is simple 

and the calculation method is straightforward compared to the Sagnac interferometer. Lower 

aberrations and calculation noise were observed. For reasons of practical implementation and 

lower system errors, the Stokes polarimeter was chosen, although other solutions may be 

preferable in applications where speed is important. 
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It is clear that slight misalignments of the SLM in the system can cause problematic errors in 

the output polarization state. Therefore, the whole system should be calibrated carefully. It was 

realized by accessing all combinations of PGV both on first pass and second pass to find the 

mapping between the PSG and PSA. First, the first pass PGV was changed from 0 to 150 and 

the second pass PGV was fixed to 0; the Stokes parameters were recorded by the PSA 

accordingly. Then the second pass PGV increased by 1 and changed the first pass PGV again 

from 0 to 150; the output Stokes parameters were recorded again. Therefore, a mapping 

between the different PGV on the dual pass and the corresponding Stokes parameters is 

obtained. If one would like to generate a specific polarization state, searching on the nearest 

Stokes parameters and the PGV applied on the SLM could be obtained. 
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Chapter 6   Adaptive Polarization 

Control 

___________________________________________________________________________ 

In this chapter, an adaptive polarization control (APC) system is introduced, encompassing 

both hardware and algorithms, which allow us to control the output polarization profile of a 

beam, even when disturbed by a specimen. The APC system consists of two hardware modules, 

which introduced in last chapter: a PSG, in the form of a dual pass liquid crystal SLM, and a 

PSA, comprising a rotating waveplate based imaging Stokes polarimeter. The APC system can 

extract the birefringence profile of a specimen and then adaptively manipulate the output 

polarization state through control of the input beam using the PSG.   

The operation is described in terms of Jones calculus. As the Jones matrix of an unknown 

birefringence cannot be determined unambiguously through a single polarimeter measurement 

in the APC system, different strategies are investigated that can be employed depending upon 

the amount of prior information one has about the specimen. Through the assumption that the 

specimen is purely birefringent and introduces no diattenuation, it is found that between one 

and three PSA measurements are required, dependent upon the knowledge of the specimen. 

Four kinds of samples are demonstrated for system validation: a vortex half wave retarder, a 

stressed plastic plate, a customized liquid crystal device and excised mouse brain tissue. In 

each case how the polarized component of the output light can be restored through feedback 

correction to the desired state is shown, despite the disturbance.  
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6.1   Methodology 

The schematic basis of the system is shown in Figure 6.1. The purpose of the system is to 

generate a desired polarization state at the output, even when an unknown birefringent 

disturbance is introduced by an object. Compensation for the disturbance is implemented by 

producing the input the necessary polarization state using the PSG at the input. A sequence of 

measurements is taken by the PSA, the number of which depends on the degree of prior 

information that is known about the disturbance. Using these measurements, the polarizing 

characteristics of the object are determined and the necessary input state is generated. 

The theoretical model is based on the scheme shown in Figure 6.1. According to Jones calculus, 

the polarization of the output light is represented as Eq. (6.1), assuming there is no loss and 

attenuation during beam propagation: 

modout sampleJ J J                                                        (6.1) 

where  𝐽𝑜𝑢𝑡
⃑⃑ ⃑⃑⃑⃑  ⃑  is the normalized Jones vector of the output light. Jsample is the Jones matrix of the 

birefringent disturbance and 𝐽𝑚𝑜𝑑
′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  = 𝐽𝑚𝑜𝑑 × 𝐽𝑖𝑛⃑⃑ ⃑⃑  is the Jones vector of the modulated input light, 

which is created by the PSG and will be discussed in next section. In all cases presented here, 

the quantities are functions of the spatial coordinates across the beam profile.  For brevity, the 

explicit dependence on these coordinates is omitted from the notation. For the normalized Jones 

vector, the absolute phase is removed and retardance information is kept, which is sufficient 

for our analysis of polarization; hence, the vector represents the polarization state in terms of 

the amplitude ratio and retardance between the electric field components Ex and Ey.  The aim 

of the system is to obtain a specified  𝐽𝑜𝑢𝑡
⃑⃑ ⃑⃑⃑⃑  ⃑ in the presence of an unknown Jsample.  As 𝐽𝑚𝑜𝑑

′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   can 

be controlled, output measurements can be obtained using different input polarizations in order 
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to determine the unknown Jsample.  According to Chapter 2, the Jones matrix of an arbitrary 

birefringent material could be simplified as: 

 

2 2

2 2

cos sin (1 ) cos sin

(1 ) cos sin sin cos

i i i

sample i i i

e e e
J

e e e

  

  

   

   

  
  

  
                      (6.2) 

where θ is the fast axis orientation with respect to the x-axis, ɸ is the retardance between Ex 

and Ey, and η is the circularity. Therefore, as a minimum three measurements are needed to be 

taken to obtain the matrix. If η = 0, e.g. for linear retarders [129], the unknown variables are 

reduced to two. Further, if the prior knowledge of the magnitude of the retardance of the 

disturbance is known, only one measurement is sufficient. Hence, in different situations where 

having different prior knowledge of the disturbance, different settings of 𝐽𝑚𝑜𝑑
′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   can be applied 

to measure the corresponding  𝐽𝑜𝑢𝑡
⃑⃑ ⃑⃑⃑⃑  ⃑. The Jones matrix of the sample can be calculated according 

to Eq. (6.1). After the Jsample is obtained, the 𝐽𝑚𝑜𝑑
′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑    can be calculated for each desired output 

polarization state  𝐽𝑜𝑢𝑡
⃑⃑ ⃑⃑⃑⃑  ⃑. The PSG is then used to generate the corresponding  𝐽𝑚𝑜𝑑

′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  . 

 

Figure 6. 1: Principle of the APC system operation. Blue solid line: beam propagation 

direction; grey dashed line: calculation path. 
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6.2   Experiment set-up 

A schematic of the APC system is shown in Figure 6.2. The input light comes from the laser 

source (Coherent Cube L94160801, 786 nm, 40 mW). The PSG used a dual-pass system on the 

SLM (LCOS-SLM Hamamatsu, X10468−02), which was able to generate any spatially variant 

polarization state. The PSA was able to calculate the polarization state of the output light by 

rotating the QWP to four different angles and recording the intensity profile of the beam. The 

disturbing sample was placed between the PSG and PSA. The sample was conjugated using 4f 

systems to the SLM in the PSG and the CMOS camera in the PSA.  

 

Figure 6. 2: Schematic of the experimental setup of the APC system. PSG and PSA 

are labeled in the dashed line. M1 to M7: mirrors. HWP: half wave plate with fast 

axis at 22.5°. L1 to L7: lens. SLM: spatial light modulator. QWP: quarter wave plate 

with fast axis at 22.5°. Fast axis of the polarizer was fixed to be horizontal and of the 

rotating QWP were at 15.1°, 51.7°, 128.3°, and 164.9° respectively when measuring 

the polarization state [128].  
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As mentioned in the last chapter, after the PSG, the output light has Jones vector of: 

Jout
⃑⃑⃑⃑⃑⃑ = [

sin
δ1

2
 e

π-δ2
2

cos
δ1

2
e

δ2
2

]                                                            (6.3) 

It is seen that the amplitude ratio between Ex and Ey is decided by δ1, the first SLM pass 

retardance, and the phase shift between Ex and Ey is determined by the second pass retardance 

δ2. Therefore, assuming δ1 and δ2 can take any value between 0 and 2π radians, the polarization 

of the output light can be manipulated to any state by using the dual-pass SLM system. 

Using the PSA, the polarization could be determined by a sequence of four measurements. As 

it is concerned here with restoring the desired polarization state through birefringence 

transformations, the implicit assumption is using fully polarized light.  Then convert the Stokes 

vectors to the corresponding normalized Jones vectors [130], as in Eq. (6.1), which describe 

only the polarized component of the beam. The detailed conversion method is shown in the 

Appendix. Due to the nature of Müller polarimetry, it is not possible to retrieve the overall 

phase of the beam. 

6.3   Results and Discussion 

This APC system can be controlled in different ways depending on what prior assumptions can 

be made about the specimen’s birefringent properties. In order to illustrate this, four different 

kinds of samples are demonstrated here, each of which required different numbers of 

measurements for analysis.
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6.3.1   Vortex half wave retarder 

The first sample was a vortex half wave retarder (Thorlabs, WPV10L-780). This consists of a 

spatially variant half wave plate, whose retardance value is fixed, but whose fast axis is 

distributed as shown in Figure 6.3(a). Figure 6.3(b) shows the expected fast axis distribution 

of the HWR and the intensity profile created when the device is place between crossed 

polarizers. This provides us a reference object to test the system and calculation algorithm. 

According to Eq. (6.2), if the retardance of the phase retarder is known to be π radians, the 

Jones matrix of the vortex half wave retarder can be simplified as 

 

2 2

2 2

cos sin 2cos sin

2cos sin sin cos
sampleJ

   

   

 
  

 
                                (6.4)  

Hence, only one measurement is need to get the value of θ modulo  radians Set the PSG to 

generate horizontal polarized input light, e.g.  1 0
T

modJ   . The output Jones vector using this 

illumination is therefore:  

  
2 2

2 2

1 2cos 2

0 sin 2

cos sin 2cos sin

2cos sin sin cos
out sample modJ J J





   

   

     
       

      




      (6.5) 

By using the PSA and converting the measured Stokes parameters to Jones vectors, θ can be 

calculated. After the sample Jones matrix was determined, given the desired output polarization 

state, 𝐽𝑚𝑜𝑑
′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑    can be worked out by: 

1

_mod sample d outJ J J                                                  (6.6) 
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where 𝐽𝑑_𝑜𝑢𝑡
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   is the Jones vector of the desired output light. If one wants to restore the light to 

still be horizontal polarized after the sample disturbance,  𝐽𝑚𝑜𝑑
′⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑   can be calculated and the 

corresponding voltage on the SLM can ensure the necessary input polarization.  

 

Figure 6. 3:  (a) Fast axis angle distribution of the HWR. (b) The intensity profile 

when viewed between crossed polarizers. Image provided by Thorlabs. [131] 

To simplify the calibration process, as the SLM properties are expected to vary only slowly 

across its profile, the SLM is considered as a combination of 20×20 pixel sub-regions. This 

also helped reduce the intensity noise and calculation time. Here, the region used on half of the 

SLM was set to be 300×300 pixels which encompassed 15×15 sub-regions. Thereafter, 

according to the magnification relation, the output light region could map to the SLM region. 

Figure 6.4 (a) – (c) shows the calculated Stokes parameters calculated after using −45° linear 

polarized illumination light. 
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Figure 6. 4: Stokes parameters calculated from the polarimeter measurements of the 

output light after using −45° linear polarized light incident onto the vortex HWR. (a) 

S1 (b) S2 (c) S3.  S1, S2 and S3 are all normalized between -1 to 1. The measurements 

show the expected distribution corresponding to a radially polarized light field. 

Since the input light is −45° linear polarized, whatever the fast axis is of the HWR, the output 

light should be all linear polarized. It means the Stokes component S3 should be all 0 across the 

whole plane. In Figure 6.4 (c), it can been seen that S3 is close to the theoretical value across 

the whole beam. The small deviations can be due to a variety of reasons, including non-ideal 

operation of the PSG or PSA that the sample does not have an exact retardance of π radians at 

the wavelength of 780 nm.  

After obtaining the orientation of the fast axis, it was possible to return the output light to the 

desired state by using the method described above. In this case, to restore the light to uniform 

horizontal polarization is the target. Figure 6.5 compares the intensity distribution and of the 

final output light before and after correction viewed through different fast angles of the QWP. 

Just two of the four angles have been chosen for the purposes of illustration.  Also shown is 

the output light polarization ellipse orientation (or equivalently, the orientation of polarization 

if linearly polarized) before and after correction. 
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Figure 6. 5: (a) The intensity distribution detected by the camera before polarization 

correction using a fast axis angle of 15.1° for the QWP (b) with 164.9° fast axis angle 

(c) corresponding orientation of the polarization state of the output light before 

correction, showing a near-radially polarized beam. (d) The intensity distribution 

after the QWP with 15.1° fast axis angle, when using the customized polarized beam 

to incident on the vortex HWR to restore the output to horizontal polarization. (e) 

with 164.9° fast axis angle (f) orientation of the polarization state of the output light 

after correction, showing near-zero angles across the beam. 

It can be seen that the intensity profile and the orientation of the polarization state look more 

uniform after correction, showing that the compensation has succeeded. The square patterns 

arise due to diffraction effects at the edges of the grid of 15×15 correction sub-regions on the 

SLM. 

The residual errors might be due to several reasons. As the calibration of the SLM was based 

on 20×20 pixel sub-regions, there may be non-uniformity across a sub-region and there can be 

sudden spatial transitions between liquid crystal states at the edges of the sub-regions. One 

could expect a reduction in these effects by reducing the size of the sub-region and increasing 

the calculation time and complexity. There will be a tradeoff between the calibration region 

size and retrieval accuracy and at the lower size. The performance would be limited by the 

cross-talk between adjacent pixels due to the liquid crystal properties. 
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Next, the APC system was tested for reconstructing the output light to an arbitrarily chosen 

uniform polarization state. The target reconstructions for the output light were chosen to be 

horizontal, 45° linear and right circular polarized, respectively. Figure 6.6 shows the Stokes 

parameters S1, S2 and S3 of the output under different reconstructing situations, as retrieved by 

the PSA. It is seen that the APC system is able to manipulate the polarization state as expected.  

 

Figure 6. 6: Stokes parameters measured by the PSA under different reconstructing 

situations. (a) − (c): S1, S2 and S3 for horizontally polarized output. (d) – (f): Stokes 

parameters for 45° linearly polarized output. (g) – (i): Stokes parameters for right 

circular polarized output 

6.3.2   Stressed plastic plate  

Stressed polycarbonate is a biaxial birefringent material, whose in-plane and lateral refractive 

indices are different [132, 133]. The difference in the refractive index would introduce a 

retardance depending on the orientation of the optical axis of the plastic substrate.  A stressed 

plastic plate was then tested whose both retardance and fast axis orientation were unknown to 
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demonstrate our system. The birefringent effect of the plastic plate sample viewed through 

crossed polarizers is shown in Figure 6.7 (a).  

If the retardance and fast axis orientation are unknown, the Jones matrix of the sample can be 

represented as: 

 

2 2

2 2

cos sin (1 )cos sin

(1 )cos sin sin cos

i i

sample i i
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J
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 

 

   

   

  
  

  
                         (6.7) 

It is seen that the off-diagonal elements are equal. This observation can be used to extract the 

Jones matrix of the sample using two PSA measurements, with horizontally and vertically 

polarized illumination. The Jones vectors after using horizontal and vertical illumination are: 
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where A, B and C are all complex numbers in the sample Jones matrix. A1, B1 are the elements 

of the (normalized) Jones vector calculated from the conversion of Stokes parameters from the 

PSA of the first measurement, and α1 is the scaling factor to the original matrix element. 

Similarly, α2 is the equivalent factor for the second measurement. Since it is known that the 

two off-diagonal elements are the same, the relationship between the scaling factor α1 and α2 

can be easily calculated and the normalized Jones matrix of the sample determined. Eq. (6.6) 

can then be used to determine the necessary input light field to produce the desired output. 

Figure 6.7 (b) shows plots of the polarization ellipse of each sub-region before correction when 

using vertical polarized light to illuminate the plastic plate. The output polarization state is non-

uniformly distributed across the pupil because of the uneven birefringence. Figure 6.7 (c) − (e) 
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show the polarization ellipses under different reconstruction situations by using the APC 

system. It is seen that the system is able to reconstruct across most of the field the output 

polarization state, even with an unknown retardance and fast axis orientation of the disturbance. 

The mismatch of a few regions in Figure 6.7 (d) and (e) is because those sub-regions are areas 

of rapidly changing birefringence, which can be seen from the inset aperture of the illumination 

region from Figure 6.7 (a). Since the intensity was averaged in PSA when calculating the Jones 

matrix for each sub-region, there could still be mismatches in correction in such regions. 

 

Figure 6. 7: (a) Birefringent effects of a stressed plastic plate illuminated by a lamp 

when viewed through cross polarizers with white light illumination. (b) Plotted 

polarization ellipse of the output before correction when using vertical polarized 

illumination. (c) Polarization ellipse under horizontal polarization state reconstruction 

(d) Polarization ellipse under 45° linear polarization state reconstruction. (e) Plotted 

polarization ellipse of the output light under right circular polarization state 

reconstruction. 

6.3.3   Liquid crystal device 

A liquid crystal (LC) device was used to show how the APC could adapt to changes in a 

dynamic system. This LC device was a 20 µm thick anti-parallel rubbed cell (Instec Inc). It had 
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a 5×5 mm electrode region and was filled with E7 liquid crystal. The liquid crystal device was 

connected to a signal generator and placed it at the sample plane. The device was designed to 

have two different regions, which is refered to as the static region and the dynamic region. The 

birefringence in the static region, which was away from the electrode structure, did not vary 

with the external voltage, denoted U, while the dynamic region, in the vicinity of the electrodes, 

changed with a varying drive voltage. The schematic of the device is shown in Figure 6.8 (a). 

The system’s dynamic functionality was tested by changing the voltage to the device and to 

see if APC could react to the different birefringence disturbance and reconstruct to the same 

polarization state.  

Figure 6.8 (b) − (e) shows the measurements represented on a Poincaré Sphere when the sample 

was illuminated with a horizontally polarized light. Figure 6.8 (b) shows the output polarization 

state at different sub-regions (one point corresponds to one sub region) before correction when 

the drive voltage U = 1.8 volts. The output polarization state of the static and dynamic regions 

were distributed away from the desired horizontal polarization state because of the spatially 

varying birefringent disturbance introduced by the LC cell. After applying correction using the 

APC system, the polarization state became more uniform and concentrated to the horizontal 

polarization state as shown in Figure 6.8 (c). Figure 6.8 (d) plots the output polarization state 

without APC compensation when the drive voltage was set to U = 2.5 volts. It can be seen that 

the polarization state of the reference region is similar to the equivalent measurements shown 

in part (b); due to the birefringence change in the dynamic region, the polarization state of that 

region had a different distribution. Despite the disturbance change, after APC correction the 

polarization of the output light still could be reconstructed to the uniform horizontal 

polarization as shown in Figure 6.8 (e). With this customized sample, the APC is demonstrated 

to be able to track dynamically changing disturbances.  
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Figure 6. 8: (a) Schematic of the liquid crystal device, the birefringence of the 

dynamic region can be changed according to drive voltage while the static region 

does not. (b) Output light polarization state of each sub-region representing on 

Poincaré Sphere before correction, at U = 1.8 volts. (c) Polarization state distribution 

after correction at U = 1.8 volts. (d) Polarization state distribution before correction at 

U = 2.5 volts. (e) Polarization state distribution after correction at U = 2.5 volts.  

6.3.4   Mouse brain tissue 

The system was also demonstrated in a more general scenario, where no assumptions were 

made about the nature of the birefringent effects. When the disturbance is an arbitrary 

birefringent material showing zero diattenuation, according to Eq. (6.1), three measurements 

are needed to reconstruct the polarization state. The operation of the APC system in this regime 

was then tested using a sample of mouse brain tissue [134, 135]. A thin tissue sample was used 

here to ensure minimal light loss and attenuation introduced from the sample. The sample was 

a 60-µm thick fixed coronal brain slice from a Thy1-GFP line M mouse. A transmission 

microscope image of the tissue is provided in Figure 6.9 (a). 
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According to Eq. (6.2), to measure the sample Jones matrix, three independent measurements 

need to be taken; this is implemented by controlling the PSG to generate horizontal, vertical 

and 45° linearly polarized illumination light, respectively. The output Jones vectors then can 

be represented as: 
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where A, B, C and D are complex elements of the sample’s Jones matrix; A1, B1, C1 and D1 are 

normalized output Jones vector elements; α1, α2 and α3 are scaling factors between the matrix 

elements and normalized output Jones vectors. A and B are first determined using the horizontal 

polarized illumination. The sample normalized Jones matrix can be determined if the 

relationship between α1 and α2 is found in Eq. (6.10) and (6.11). This can be worked out by 

having the additional measurement, Eq. (6.12).  

A control measurement was performed using an empty region of the microscope slide adjacent 

to the brain tissue; this showed negligible birefringence effects, where the RMS variation of 

the Stokes parameters were all less than 0.01.  Figure 6.9 (b) and (c) show, as examples, the 

intensity images of the recorded by the camera when using horizontally polarized light 

illumination, with the QWP oriented to 128.3° before and after restoration to horizontal 

polarization, respectively. It can be seen from the uneven intensity distribution before 

compensation and the more uniform intensity after compensation that the brain tissue 

introduced a disturbance through birefringence. Figure 6.9 (d) − (f) give the Stokes parameters 

of S1, S2 and S3 calculated from the PSA before compensation. The variance across the sample 
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in S1, S2 and S3 was then corrected by the APC after the restoration as shown in Figure 6.9 (g) 

− (i). These results demonstrate the functionality of this system using three measurements to 

compensate for an arbitrary birefringent sample.  

 
Figure 6. 9: (a) Microscope image of the mouse brain tissue sample. (b) Intensity 

image recorded by the camera of the brain tissue sample before correction at the 

rotating QWP of 128.3°. (c) Intensity image of the sample after correction. (d) − (f) 

S1, S2 and S3 of the polarization state after the brain tissue when using horizontal 

polarized illumination before correction. (g) − (i) S1, S2 and S3 of the polarization state 

following correction. 

6.4   Summary 

In this chapter, the APC system designed to reconstruct the polarization state when there is a 

birefringent disturbance in the system has been described. Through implementation of the APC, 

it is shown how an external complex disturbance of the polarization profile across a beam can 

be corrected using appropriate feedback from the PSA to the PSG. By using different samples 

with different birefringent features, it is seen that the APC system allows us to restore the 

polarization state dynamically. In principle, for non-diattenuating specimens, there are three 

unknowns in the Jones matrix, and hence three independent measurements of the output Jones 

vector are required. If unknown diattenuation were also present, then more measurements 
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would be required to determine the optical properties of the specimen. The speed of the 

correction depends on the measurements needed from the PSA. If only one is required, it can 

complete the correction within 30 seconds. 

With different kinds of samples representing different cases, the APC system has been tested 

to be able to reconstruct the polarization state as expected. Thus, the adaptive optics on 

polarization control has been demonstrated to be possible and realisable.    
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Chapter 7   Conclusion and Outlook 

___________________________________________________________________________ 

7.1   Conclusion  

Adaptive optics has been studied broadly to improve the optical imaging system performance. 

It helps to correct aberrations and reconstruct the wavefront through the correction elements 

like deformable mirror and spatial light modulator. Each device has limitations on the 

correction ability e.g. correction range and accuracy. Besides, most AO research has concerned 

with only phase aberration correction, whereas polarization errors are also important such as 

in imaging microscopes and in systems with birefringent disturbances. Therefore, in this thesis, 

the investigation on the capability of a DM is first provided, and then the idea and 

implementation of adaptive optics in polarization correction is proposed. 

The DM is characterized by building up an interferometer and measuring its phase change 

through a phase extraction algorithm. The DM generated different aberrated wavefronts 

(Zernike modes), and compared it with the ideal phase. The experiments set here demonstrated 

the essence and ability to characterize a DM. It could be made more compact to be accessible 

within an optical system. For example, a similar method has been implemented in a compact 

system for insertion into adaptive microscopes developed in our group and helps to calibrate 

the DM in-situ.  

Considering the polarization aberration, the adaptive polarization control system (APC) is then 

developed. Similar to AO system for phase correction, the APC was designed with a 
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polarization state generator and polarization state analyser, to benefit the system that would 

have external polarization disturbance. The SLM used in PSG needs prior calibration. So a 

calibration method is provided in this thesis to calibrate the SLM both for phase and 

polarization modulation.  

The demonstrations of APC presented here illustrate possibilities for implementation in 

different practical scenarios. The number of measurements required in practice depends upon 

the assumptions one can make about the specimen, where knowledge about, for example, the 

retardance or orientation of the birefringence can be used.  Using such prior knowledge would 

help increase the speed of operation of the APC system. The current implementation uses 

sequential measurements with four positions of the rotating waveplate in the PSA for each 

Stokes vector measurement.  If speed was of the essence, then it would be possible to employ 

other forms of imaging polarimeter for single shot measurement. 

In summary, the work has opened for a possibility AO polarization control in the future where 

the results on the APC could also benefit other related areas e.g. polarization imaging. 

7.2   Outlook 

In this section, the limitation, the improvements and potential applications on the methods 

described throughout the thesis will be discussed.  

The algorithm used to extract phase in the interferometer built for DM characterization and 

SLM calibration would introduce some errors when selecting the Fourier mask manually 

during the FFT. Therefore, other phase extraction techniques could be alternatives, such as 

phase shifting, if the system size is not a major concern. Since the light only passes once on the 

SLM during calibration, one needs to recalibrate the APC system since a dual-pass system 
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was used and the polarization modulation would change when light is incident on the SLM 

with a different angle. Hence, the calibration process could be optimized in the future to 

consider to the angle used in the dual-pass system.  

The algorithms designed for APC could also be used to characterize the birefringent feature of 

a sample. Therefore, it has potential for biological applications e.g. cancer identification and 

monitoring. The APC is an integrated closed-loop system that extract the sample feature and 

reconstruct the polarization at the same time. It is ideal to compensate the polarization errors 

brought by the unknown external birefringent disturbance. If the sample also introduces some 

diattenuation or depolarization, the algorithm needs to be improved by using Müller matrix 

instead of Jones matrix calculation. Hence, more measurements are required from the 

polarimeter. A single shot based polarimeter is needed of the PSA to speed up the whole 

process.    

The work has potential for further studies. Some proposed directions are listed below: 

Polarization correction applied in super resolution microscopy: 

STED microscopy relies fundamentally on having a depletion beam that is ring shaped with a 

zero intensity in the centre. The zero is important in order to ensure that fluorescence remains 

at the centre, but is depleted in the rest of the ring - this is the essence of the STED super-

resolution process. Small phase aberrations can however cause the central intensity to be non-

zero - hence phase aberrations can severely affect the performance of STED microscopes [8, 

13]. It is also the case that polarization aberrations cause the central intensity to be non-zero.  

Polarization aberration is also a concern for the structured illumination microscopy (SIM), 

which uses non-uniform illumination patterns projected onto the sample. By orienting the 

structured patterns at different positions, frequencies beyond the pass band of the microscope 
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can be retrieved [136]. SIM is again sensitive to small phase aberrations; they can influence 

the contrast and phase of the illumination grid pattern and cause very low image quality [12]. 

However, SIM is also sensitive to the polarization state of the light that creates the illumination 

grid pattern. Besides, since SIM illumination can be implemented with just three illuminated 

points instead of the whole pupil, polarization variations across the illuminated object field can 

be important.   

However, the implementation of APC on STED or SIM might require some different 

configurations. The APC system requires a fixed polarization state in the PSG. If the beam is 

pre-aberrated, the PSG is not able to generate all the polarization states. Two SLMs or dual-

pass is able to generate arbitrary polarization state only from a fixed state as in the APC. Hence, 

when designing the close-loop correction, we require a PSG that could change the polarization 

from any arbitrary state. If we want to change the polarization state from arbitrary state, another 

SLM is required. Another point to note when combining APC with microscopy is that, the 

birefringent disturbance brought by the sample would usually be based on reflection instead of 

transmission. Therefore, a different design is required using either sensor-less polarization 

control or considering the polarization difference between the reflection and transmission.  

Combining phase and polarization correction: 

The demonstrations here have concerned purely restoration of the polarization profile of the 

beam to its desired state. However, as discussed in the introduction, phase aberrations also play 

an important role in system performance. If phase and polarization aberrations are both pre-set 

to correct them simultaneously (or separately) would bring advantages to super resolution 

microscopes. The methods described in this thesis could be combined with conventional phase 

adaptive optics methods to provide further benefits in system correction. 
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If the SLM is the only modulation device used in the system, it is possible to transfer the 

polarization to arbitrary state from an arbitrary state when using three SLMs (or three passes), 

and it can change both the phase and polarization from a fixed polarization state. However, 

three SLMs are not enough to realize full phase and polarization control with an arbitrary 

incoming polarization state. Therefore, another SLM is needed. Alternatively, one could also 

use a polarization-insensitive device to modulate the phase such as DM or mirror-based SLM.  

The choice of the correction device is also an interesting topic to find the advantages and 

limitations of each device, and seek for a possibility to combine the DM and SLM together in 

the future to maximize their value and compensate their drawbacks. 

Polarization reconstruction: 

A further potential related area is to do the object reconstruction based on polarization like that 

based on phase reconstruction. As we know, the phase reconstruction is always studied by 

identifying the object after a scattering media, or restore the original 2D image or 3D object 

based on limited information. If the polarization reconstruction discussed here could be used 

as part of the effective evidence for identification, the 3D reconstruction might have an 

alternative method to realize. This needs investigation on how the polarization changes after 

the scattering media. The reconstruction therefore is not to restore the polarization state to the 

original state, but to link the changes of the polarization to its original phase, which contains 

the object information. 

In conclusion, the work presented in this thesis explored a new direction in adaptive optics. It 

could form the basis of a polarization compensation system in optical systems that are affected 

by spatially variant polarization errors. Such an approach would have benefit in applications 

ranging from quantum optics, and microscopy imaging to clinical use.   
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Appendix:   Conversion between 

Stokes parameters and Jones vectors  

___________________________________________________________________________ 

In the calculation of the Jones matrix of the birefringent disturbance, the Stokes parameters 

measured by PSA need to be converted to Jones vector for each measurement. To calculate the 

voltage sent to the SLM to generate the desired polarization state in PSG, the Jones vector 

needs to be converted to Stokes parameters. In this appendix, the conversion methods between 

these two vectors used in this work are listed [130].   

Stokes parameters to Jones vectors: 

According to Eq. (1.14), if we have the normalized Jones vector, [|Ex|, |Ey|𝑒𝑖𝛿]T, where δ is the 

retardance between Ex and Ey. The Stokes parameters can be converted as: 

𝑆0 = |𝐸𝑥|
2  + |𝐸𝑦|

2
  

𝑆1 = |𝐸𝑥|
2 − |𝐸𝑦|

2
  

                                                           𝑆2 = 𝐸𝑥 ∗ 𝐸𝑦
∗ + 𝐸𝑦 ∗ 𝐸𝑥

∗  

𝑆3 = 𝑖(𝐸𝑥 ∗ 𝐸𝑦
∗ − 𝐸𝑦 ∗ 𝐸𝑥

∗)                                       (A1) 

 

 

Jones vector to Stokes parameters: 
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Given that the Stokes parameters measured by PSA are [S1, S2, S3]
T, the Jones vector [J0, J1]

T 

can be calculated as :  

𝐽0 = √
1 + 𝑆1/𝑝

2
 

𝐽1 =
𝑆2 − 𝑖𝑆3

𝑝 ∗ 2𝐽0
                                                                  (A2) 

where p is the degree of the polarization, 𝑝 = √𝑆1
2 + 𝑆2

2 + 𝑆3
2. If J0 = 0, J1 will be automatically 

set to 1.  
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