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Abstract: It is well-known that chaotic systems have several applications in
scientific modelling and engineering fields such as encryption, cryptosystems, secure
communication, etc. This work proposes a three-dimensional mechanical chaotic system
with jerk dynamics. A detailed bifurcation analysis is conducted for the proposed chaotic
system. It is shown that the proposed chaotic system has two equilibrium points which
exhibit Hopf bifurcations. It is also shown that the proposed chaotic system depicts multi-
stability and coexisting chaotic attractors. Using Multisim (Version 14), an electronic
circuit is designed for the proposed mechanical chaotic system with jerk dynamics. As
another engineering application, Field Programmable Gate Array (FPGA) design has
been made for the proposed mechanical jerk chaotic system. Euler’s finite-difference
method is used for our FPGA design. A hardware implementation of the FPGA-based
design is performed in this work and experimental results are given in detail.
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1 Introduction

In the recent years, significant developments have
been carried out in various applications of modelling and
engineering applications of various dynamical systems
(Li and Sun, 2023; Liu and Chang, 2023; Wang and
Cheng, 2021; Liu and Wang, 2023; Li and Ye, 2023;
Bors and Stańczy, 2023; Yu and Zhang, 2023; Das and
Mohanty, 2022a; Arowolo et al., 2022; Dilna et al., 2022;
Patro et al., 2022; Das and Mohanty, 2022b; Wang et al.,
2022; Hassani et al., 2022; Owais and Iqbal, 2022). Chaos
theory dealing with the modelling and applications of
chaotic dynamical systems has wide applications such as
memristors (Chen and Min, 2022; Singh and Rai, 2022;
Cao and Lai, 2022), cryptosystems (Sachin and Singh,
2022; Anandkumar and Kalpana, 2022; Shafique, 2022),
neural networks (Farlessyost and Singh, 2022; Samuilik
and Sadyrbaev, 2023; Wang and Guet, 2022), chemical
reactors (Thounaojam, 2022; Ryashko, 2022), finance
(Wang and Yang, 2021; Xu, 2022), etc.

Mechanical dynamical systems have a variety of
applications of science and engineering (Nagase and
Taniuchi, 2023; Zhen and Hongbao, 2023; Mastrone and
Co, 2023; Sui and Zhang, 2023; Shafaei and Mousazadeh,
2023; Wu and Chen, 2023; Guo and Li, 2023).

In classical mechanics, an autonomous jerk
differential equation is given by a third order ODE
having the general form

...
ξ = F (ξ, ξ̇, ξ̈) (1)

In mechanical engineering, the third derivative
has the physical interpretation of ”jerk” of a
displacement, while the second derivative has the
physical interpretation of “acceleration”.

Using the phase variables defined by

z1 = ξ, z2 = ξ̇, z3 = ξ̈, (2)

we can represent the autonomous jerk ODE (1)
equivalently as ż1 = z2

ż2 = z3
ż3 = F (z1, z2, z3)

(3)

In the recent years, chaotic jerk systems are studied
by several researchers (Vaidyanathan et al., 2018;
Kengne et al., 2022; Rech, 2022; Tagne et al., 2022). In
this research paper, we propose a new 3-D jerk system
possessing 3 quadratic nonlinear terms and dissipative
chaotic motion. In chaos theory, bifurcation analysis is
applied to develop insights into qualitative behaviour of
various chaotic systems (Han and Lei, 2023; Gupta et al.,
2023; Li and Cui, 2023; Al-Basyouni and Khan, 2022).

An innovative feature of our jerk system is that
it exhibits Hopf bifurcations associated with the two
equilibrium points. In the bifurcation theory of nonlinear
dynamical systems, the existence or the disappearance
of a limit cycle through a local change in the stability
properties of a balance point is a local bifurcation called

as the Hopf bifurcation (Guckenheimer and Holmes,
1983). The new jerk system also exhibits multistability
with coexisting chaotic attractors, where multistability
refers to coexistence of two or more chaotic attractors for
the same parameter set but different initial states (Dong
et al., 2022; Ostrovskii et al., 2022).

Using Multisim (Verion 14), we develop an electronic
circuit of the proposed jerk system. It is noted
that electronic and experimental circuit designs of
chaotic systems enable real-world implementations of the
underlying systems in various engineering applications
(Xu and Zhang, 2022; Zhang and Li, 2022; Mao and Lei,
2022).

Field Programmable Gate Arrays (FPGAs) have
many applications in science and engineering (Törk,
2022; Gupta and Chauhan, 2022; Abdullah and
Mohammed, 2022). It is well-known that FPGAs can
be reprogrammed so as to suit any desired application
or functionality requirements after manufacturing. In
this research work, FPGA design has been made for
the proposed mechanical jerk chaotic system. Euler’s
finite-difference method is used for our FPGA design.
A hardware implementation of the FPGA-based design
is performed in this work and experimental results are
given in detail.

2 A new jerk dynamics with a chaotic
attractor

We propose the new 3-D jerk dynamics
ż1 = z2

ż2 = z3

ż3 =−az1 + bz2 − z3 − cz21 − z1z2 + dz22

(4)

We observe that the constants a, b and c in Eq. (4)
are assumed to be positive. We denote the state of the
jerk dynamics (4) as Z = (z1, z2, z3).

For MATLAB simulations, we take the initial state
as Z(0) = (0.4, 0.1, 0.4) and the constants as (a, b, c, d) =
(1, 0.2, 0.2, 1).

For this data set, the Lyapunov Exponents (LE) of
the model (4) were computed numerically in MATLAB
for T = 1E5 seconds as follows:

τ1 = 0.1542, τ2 = 0, τ3 = −1.1542. (5)

The Kaplan-Yorke fractal chaotic dimension of the
jerk model (4) is computed as given below:

DK = 2 +
τ1 + τ2
|τ3|

= 2.1336 (6)

Since the largest Lyapunov exponent (LLE) has a
positive value (τ1 > 0), we deduce that the dynamics (4)
has a chaotic attractor.

We note that

τ1 + τ2 + τ3 = −1. (7)

Copyright © 201X Inderscience Enterprises Ltd.
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Since the sum of the three LE values of the jerk
system (4) is negative, we deduce that the chaotic motion
of the jerk system (4) is dissipative.

In order to find the equilibrium points of the jerk
system (4), we solve the following system of equations:

z2 =0 (8a)

z3 =0 (8b)

−az1 + bz2 − z3 − cz21 − z1z2 + dz22 =0 (8c)

From (8a) and (8b), we get z2 = 0 and z3 = 0.

Substituting these values into Eq. (8c), we get

−az1 − cz21 = 0 or − z1(a+ cz1) = 0 (9)

This shows that z1 = 0 or z1 = −a
c .

Thus, there are two equilibrium points for the jerk
system (4) given by

Z0 =


0

0

0

 and Z1 =


−a

c

0

0

 (10)

The linearisation matrix for the jerk system (4) at Z0

has the following spectral values:

λ1 = −1.5471, λ2,3 = 0.2735± 0.7560i (11)

This spectral calculation shows that the jerk system
(4) has a saddle-focus equilibrium at Z0, which is
unstable.

The linearisation matrix for the jerk system (4) at Z1

has the following spectral values:

λ1 = −2.7555, λ2 = −0.1868, λ3 = 1.9423 (12)

This spectral calculation shows that the jerk system
(4) has a saddle-point equilibrium at Z1, which is
unstable.

The new jerk system (4) has a self-excited chaotic
attractor and this is due to the fact that the jerk system
(4) possesses a finite number of unstable equilibrium
points (Vaidyanathan et al., 2018).

MATLAB simulations showing 2-D projections of the
chaotic attractor of the jerk system (4) are exhibited in
Figures 1, 2 and 3.

Figures 4-5 show the multi-stability property of the
new chaotic jerk system (4) where the blue orbits
correspond to Z0 = (0.4, 0.1, 0.4), while the red orbits
correspond to W0 = (−0.8, 0.1,−0.8).

Figure 1: Signal plot for the 3-D chaotic jerk system
(4) in the (z1, z2) plane for Z(0) = (0.4, 0.1, 0.4) and
(a, b, c, d) = (1, 0.2, 0.2, 1).

Figure 2: Signal plot for the 3-D chaotic jerk system
(4) in the (z1, z2) plane for Z(0) = (0.4, 0.1, 0.4) and
(a, b, c, d) = (1, 0.2, 0.2, 1).

3 Bifurcation analysis of the new jerk
system

3.1 The jerk system

The new 3-D jerk system (4) can be expressed as
follows:

ẋ= y

ẏ = z

ż =−ax+ by − z − cx2 − xy + dy2
(13)
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Figure 3: Signal plot for the 3-D chaotic jerk system
(4) in the (z1, z2) plane for Z(0) = (0.4, 0.1, 0.4) and
(a, b, c, d) = (1, 0.2, 0.2, 1).

Figure 4: Multi-stability property of the new jerk
system (4) is observed in (z1, z2)-plane for (a, b, c, d) =
(1, 0.2, 0.2, 1) and the initial states Z0 = (0.4, 0.1, 0.4)
and W0 = (−0.8, 0.1,−0.8), where the blue orbit
corresponds to Z0 and the red orbit corresponds to W0.

It is convenient to represent the state of (13) as X =
(x, y, z).

Although the chosen set of parameter values is
(a, b, c, d) = (1, 0.2, 0.2, 1), we explore the dynamics of
system (13) in the neighbourhood of these parameter
values to get an indication of possible bifurcations.

Figure 5: Multi-stability property of the new jerk
system (4) is observed in (z1, z3)-plane for (a, b, c, d) =
(1, 0.2, 0.2, 1) and the initial states Z0 = (0.4, 0.1, 0.4)
and W0 = (−0.8, 0.1,−0.8), where the blue orbit
corresponds to Z0 and the red orbit corresponds to W0.

As shown in Section 2, the jerk system (13) has
a trivial equilibrium X0 = (0, 0, 0) and a nontrivial
equilibrium Xe =

(
−a

c , 0, 0
)
.

The linear stability of each fixed point is determined
from the characteristic polynomial.

We first compute the Jacobian matrix:

J =

 0 1 0
0 0 1

−(a+ 2cx+ y) b− (x+ 2dy)−1

 . (14)

The characteristic equation is then obtained from the
determinant of J − λI3, evaluated at each equilibrium
state where λ are the eigenvalues and I3 is the (3, 3)
identity matrix.

(i) For the equilibrium point X0, we obtain the cubic
characteristic equation:

λ3 + λ2 − λb+ a = 0. (15)

(ii) For the equilibrium point Xe, we obtain the cubic
characteristic equation:

λ3 + λ2 − λ
(
b+

a

c

)
− a = 0. (16)

3.2 Bifurcations

We now try to identify the possible bifurcations that
can arise for general parameter values.

3.2.1 Trivial equilibrium state X0

A steady state bifurcation (λ = 0) occurs when a = 0;
the remaining two eigenvalues being

λ =
1

2
(−1±

√
[1 + 4b]). (17)
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Both eigenvalues are real for b > −1/4. If b > 0, we have
a saddle point; if 0 > b > −1/4 we have a stable node;
and when −1/4 > b we have a stable focus.

If a = 0 = b, we have a codimension-two double zero
bifurcation, the third eigenvalue being λ = −1.

A Hopf bifurcation is possible when λ = ±ıω, when
a+ b = 0, provided a > 0 and b < 0, with frequency
given by ω =

√
a.

3.2.2 Nontrivial equilibrium state Xe

Again the simple form for the characteristic equation
(16) means we can immediately write down the criteria
for steady state, double-zero and Hopf bifurcations.

A steady-state bifurcation occurs when a = 0. This
reduces the characteristic equation to the same form as
for the trivial equilibrium point. The results for that
fixed point therefore hold for the nontrivial fixed point.

The same is also true for the double-zero bifurcation,
where we again require a = b = 0. This coincidence is
because the nontrivial fixed point is distinguished from
the trivial fixed point for a ̸= 0.

A Hopf bifurcation for the nontrivial fixed point is
possible along the curve

aHE =
b

1− 1
c

(18)

provided a < 0 with frequency Ω =
√
−a. Since aHE also

depends upon the parameter c, if c < 1 (as is the case
for the chosen value of c = 0.2), then a < 0 implies that
we require b > 0. (On the other hand, if c > 1, then we
must also have b < 0.)

Figure 6 shows the linear stability curves in the (b, a)-
plane for both the trivial and nontrivial equilibrium
states for the case of c < 1 (since we chose c = 0.2
for this study). The stable steady state bifurcation for
both trivial and nontrivial equilibria (SS) is shown as
the solid black curve, while the unstable portion is the
dashed black curve. The Hopf bifurcation for the trivial
equilibrium is the blue curve (HB0), while that for the
nontrivial equilibrium is shown in red (as HBE). All
curves intersect in the double-zero bifurcation, labelled
’DZ’.

Figure 7 shows the eigenspectra for both the trivial
and nontrivial fixed points in for a = 0.2 in −1 ≤ b ≤
1. The blue curve tracks the real eigenvalue for the
trivial fixed point and the black curve tracks the real
part of the complex conjugate eigenvalues. The green
and magenta curves track the corresponding eigenvalues
for the nontrivial state. The trivial fixed point is stable
whenever the blue and black curves lie in the lower half
plane, while the nontrivial fixed point is stable whenever
the green and magenta curves lie in the lower half plane.
In Figure 7, the blue curve tracks the real eigenvalue
and the black curve tracks the real part of the complex
eigenvalues for the trivial equilibrium state. The green
curve tracks the real eigenvalue and the magenta curve
tracks the real part of the complex eigenvalue for the
nontrivial equilibrium state. The trivial state undergoes

Figure 6: The linear stability curves for the trivial and
nontrivial fixed points in the (b, a)-plane for c = 0.2 and
d = 1.

Figure 7: The linear eigenspectra for the trivial and
nontrivial equilibrium states for −1 ≤ b ≤ 1 and a = 0.2.

a Hopf bifurcation (HB0) at b = −0.2 with frequency
ω = 0.4491, when the black curve crosses zero (the red
dashed line).

We see that the trivial state undergoes a Hopf
bifurcation at b = −0.2 with corresponding frequency
ω = 0.4491. For −1 ≤ b < −0.2, the trivial state is a
stable focus, becoming an unstable focus for b > −0.2.
The nontrivial state is either an unstable saddle-focus
for −1 ≤ b < −0.93, or a saddle for b > −0.93.

Figure 8 shows the corresponding linear stability
curves for a = −0.2. Now it is the nontrivial state that
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undergoes a Hopf bifurcation along the curve aHE =
b/(1− 1/c). In Figure 8, the blue curve tracks the real
eigenvalue and the black curve tracks the real part of the
complex eigenvalues for the trivial equilibrium state. The
green curve tracks the real eigenvalue and the magenta
curve tracks the real part of the complex eigenvalue
for the nontrivial equilibrium state. The nontrivial state
undergoes a Hopf bifurcation (HBE) at b = 0.8 with
frequency Ω = 0.44721, when the magenta curve crosses
the zero red dashed line).

The trivial state is unstable in −1 ≤ b ≤ 1, being
either a saddle-focus for −1 ≤ b < −0.07, or a saddle for
−0.07 < b ≤ 1. The nontrivial state is stable for −1 ≤
b < 0.8, before losing stability to a Hopf bifurcation,
labelled as HBE.

Figure 8: The linear eigenspectra for the trivial and
nontrivial equilibrium states for −1 ≤ b ≤ 1 and a =
−0.2.

3.3 Normal Forms

Another nonlinear 3-D system, describing the
dynamics of a homopolar Faraday disk dynamo, has
very similar linear stability curves (Hide et al., 1996).
Unlike our system, there are 3 fixed points: a trivial and
two nontrivial states (because of reflectional symmetry).
Like our system, all 3 states share the same steady
state curves and double-zero bifurcation points. There
are two Hopf curves: using the notation in (Hide et al.,
1996), a curve h1 of Hopf bifurcations for the trivial
state, and a curve h2 for the nontrivial state. The former
represents a supercritical Hopf bifurcation, while the
latter is subcritical.

Our system does not exhibit reflectional symmetry,
and so the appropriate normal form for the double-zero

point is calculated as in (Guckenheimer and Holmes,
1983).

u̇ = v,

v̇ = µ1 + µ2y +Au2 +Buv,
(19)

where B = ±1. The two bifurcation parameters are µ1

and µ2. These two parameters are linear combinations
of small perturbations of our two bifurcation parameters
a and b in the neighbourhood of the double-zero P .
A local analysis of Eq. (19) gives two equilibria, one
of which is a saddle and the other gives rise to a
Hopf bifurcation. In the (µ1, µ2)-parameter plane, the
curve of Hopf bifurcations is given by µ1 = −µ2

2, for
µ1 < 0. The curve of saddle-node bifurcations occurs
on µ1 = 0 for µ2 ̸= 0. The limit cycle, born from the
Hopf bifurcation, is destroyed in a homoclinic bifurcation
on the curve µ1 = − 49

25µ2
2, for µ1 < 0. This curve is

computed through a Melnikov analysis, by writing Eq.
(19) as a perturbed Hamiltonian system. Once the limit
cycle is destroyed, the phase trajectories diverge. This is
borne out in our numerical integrations of the original
3-D system (13), when trajectories diverge to infinity.

Our numerical integrations will show if H0 is a
supercritical Hopf bifurcation, and HE is subcritical.
In order to confirm this analytically, we would have to
derive the centre manifolds and then the normal forms
for the two Hopf bifurcations from eqns 1.1 for each fixed
point.

Instead of following that procedure, here we choose
to explore the dynamics local to, as well as further away
from DZ.

3.4 Numerical Integrations

Figure 9 shows a traversal of the (b, a)-parameter
space of Figure 1 in an anti-clockwise sense through
the 4 regions labelled. In region I we find only stable
steady states xe, as confirmed by the linear eigenspectra
shown in Figure 8. The trivial state x0 is unstable
for a = −0.2, while the nontrivial state is stable. In
Figure 9 (a), we set b = −0.2 and increased a to a =
1. For a = 0.2, we now have a stable trivial state in
region II, until we cross the Hopf bifurcation curve H0,
where there is a finite amplitude transition at a = 0.32
to stable oscillations. (Decreasing a across the curve
H0 from region III, but not shown here, we found
hysteresis near the Hopf boundary and a termination
of the periodic state at a = 0.198.) Next we set a = 1
and decreased b in −1.0 ≤ b ≤ 0.2, when the trajectories
became unbounded. This bifurcation transition diagram
is shown in Figure 9 (b). Then, with b = 0.2, we reduced
a from a = 1 (Figure 9 (c)). We found chaotic dynamics
before the trajectories again became unbounded at a =
0.714. Finally we set a = −0.2 and decreased b from b =
1.0 to obtain the bifurcation transition diagram of Figure
9 (d). The periodic solution terminates at b = 0.8 in a
Hopf bifurcation for the nontrivial state. For b < 0.8, we
have the stable nontrivial equilibrium state xe = 1.
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Figure 9: The bifurcation transition plots of xmax as a varies for 0 ≤ a ≤ 2.5, initial state X(0) = (0.4, 0.1, 0.4).
Clearly shown are two separate chaotic and periodic regions.

4 Multisim model of the new 3D chaotic
system with jerk dynamics

We use Multisim (Version 14) for the electronic design
of the proposed system with jerk dynamics. Figure 10
presents an analog circuit for the proposed system, where
our circuit includes three analog multipliers, 12 resistors,
3 capacitors and 5 operational amplifiers.

We derive the mathematical equations of the circuit
in Figure 10 using Kirchchoff’s circuit laws as given
below:

ż1 =
1

C1R1
z2

ż2 =
1

C2R2
z3

ż3 =− 1
C3R3

z1 +
1

C3R4
z2 − 1

C3R5
z3

− 1
10C3R6

z21 − 1
10C3R7

z1z2 +
1

10C3R8
z22

(20)

Table 1 prescribes the values of the parts in the 5-D
circuit (20).

Figures 11, 12 and 13 provide Multisim plots of the
3-D jerk circuit (20).

5 FPGA-based hardware implementation
of the new chaotic jerk system

In this section, we detail the FPGA-based
implementation of the chaotic jerk system (21). The first-
order Euler method is used to calculate the numerical
solution of the system (21).

Table 1 The Values of the Circuit Components in the 3-D
Circuit (20)

Circuit Component Value

R4 500kΩ

R6 50kΩ

R7, R8 10kΩ

R1, R2, R3, R5 100kΩ

R9, R10, R11, R12 100kΩ

C1, C2, C3 1nF

The power supplies ±15 Volts

The experimental realization is made on the Xilinx
Zynq-7000 XC7Z020 board. This board comprises
a Xilinx 7-series Programmable Logic (PL) that is
equivalent to an Artix-7 FPGA.

ż1 = z2,

ż2 = z3,

ż3 =−az1 + bz2 − z3 − cz21 − z1z2 + dz22

(21)

The parameter values are assumed as follows:

a = 1, b = 0.2, c = 0.2, d = 1. (22)

Figure 14 presents the methodology for the FPGA-
based design of the chaotic jerk dynamics (Tlelo-Cuautle
et al., 2016). First, the chaotic jerk system is simulated
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Figure 10: Circuit Design of the new 3-D chaotic jerk circuit (20)
.

using simple or double Floating-point precision in a
mathematical environment such as Matlab or Python,
then, the range for the numerical values is obtained.
Next, the number of bits for representing such numerical
values are obtained, herein the Fixed-point format
representation QI,nI is used, where I is the number
of bits for the integer representation as well as the
sign bit. Also, nI is the number of bits for non-
integer representation. In the next step, the bit-width
estimated from previous point is validated through
numerical simulations. Finally, the solution of the system
is implemented into the FPGA by using a Hardware
Description Language like a VHDL or Verilog.

Further details of the flowchart described in Figure
14 are described below.

1. Numerical Simulation in Floating-Point.

The algorithm in Figure 15 presents the pseudo-
code for solving the chaotic jerk system with the

Euler method whereas Figures 16, 17 and 18 depict
the numerical simulation of the chaotic jerk system
(21 elaborated in Python programming language.

The range for each of the state variables of the
chaotic jerk system (21) can be estimated from the
numerical simulations of Figures 16-18 as follows:

• z1 ∈ [−5, 35 ],

• z2 ∈ [−25, 30 ],

• z3 ∈ [−150, 120 ],

As a result, the equations of the chaotic jerk system
must be conveniently evaluated. Considering
that max|ż3| > max|ż2|,max|ż1|, then the value
for max|ż3| is obtained by setting (z1, z2, z3) =
(−5, 30,−150) as follows:

ż3 = 1206 (23)
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Figure 11: Multisim signal plot for the 3-D jerk circuit
(20) in (z1, z2) plane

Figure 12: Multisim signal plot for the 3-D jerk circuit
(20) in (z2, z3) plane

2. Fixed-Point bit-width Estimation.

From equation (23) is observed that the maximum
integer value to be represented is 1206, then, the
necessary number of bits can be estimated as
follows:

⌈log2(1206)⌉ = 11, (24)

where ⌈·⌉ denotes the ceiling function.

Then, the necessary number of bits are 11 + 1
(plus the sign bit). Considering that the FPGA
design of this work is based on 32 bits computing

Figure 13: Multisim signal plot for the 3-D jerk circuit
(20) in (z1, z3) plane

Figure 14: Flowchart for the FPGA-based
implementation of the chaotic jerk system (21).

operations, the remaining 20 bits can be used for
the non integer part representation, so the Fixed-
point format ends up being Q11,20.

3. Fixed-Point Numerical Simulation The
numerical simulation in the Q11,20 Fixed-point
format is made on C programming language by
using integer operations. The algorithm in Fig.
22 gives the used pseudo-code for the numerical
simulation, where the MUL(·) function performs
the Fixed-Point multiplication of two numbers
Q11,20 with the whole inputs in Fixed-Point
format.
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Figure 15: Pseudocode for solving the chaotic jerk system (21) with the Euler method.

Figure 16: Numerical simulation of the chaotic jerk
system (21) in (z1, z2) plane with step size h = 0.0015,
simulation time Tsim = 1800s and Z(0) = (0.4, 0.1, 0.4).

Figures 19-21 display the numerical simulation
results. The observed phase portraits agree with
those obtained in Figures 16-18 since they converge
to the same chaotic jerk attractor (21). Hence, the

Figure 17: Numerical simulation of the chaotic jerk
system (21) in (z2, z3) plane with step size h = 0.0015,
simulation time Tsim = 1800s and Z(0) = (0.4, 0.1, 0.4).

chosen fixed point format is selected for the FPGA
implementation.

4. Hardware Implementation. The FPGA-based
implementation of the chaotic jerk system is
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Figure 18: Numerical simulation of the chaotic jerk
system (21) in (z1, z3) plane with step size h = 0.0015,
simulation time Tsim = 1800s and Z(0) = (0.4, 0.1, 0.4).

Figure 19: Numerical simulation on Q11,20 fixed point
format of the chaotic jerk system (21) in (z1, z2) plane
with step size h = 0.0015, simulation time Tsim = 1800s
and Z(0) = (0.4, 0.1, 0.4).

performed on the FPGA of the Xilinx Zynq-
7000 employing VHDL for hardware configuration.
Since the FPGA-based implementation is quite
similar to the pseudo-code 22, we need to describe
multipliers, adders and substractors in the VHDL
enviroment.

Figure 23 shows the RTL schematic of the FPGA
design of the chaotic jerk dynamics (21). It can
be seen that the highest level description of the
proposed block design comprises 5 blocks. Each
block has its own Arithmetic Logic Unit (ALU) for
performing separately calculations. In summary,
the blocks labeled as z1 sol, z2 sol, z3 sol are
responsible for calculating the numerical solution

Figure 20: Numerical simulation on Q11,20 fixed point
format of the chaotic jerk system (21) in (z2, z3) plane
with step size h = 0.0015, simulation time Tsim = 1800s
and Z(0) = (0.4, 0.1, 0.4).

Figure 21: Numerical simulation on Q11,20 fixed point
format of the chaotic jerk system (21) in (z1, z3) plane
with step size h = 0.0015, simulation time Tsim = 1800s
and Z(0) = (0.4, 0.1, 0.4).

of the system variables whereas the block namely
“Data transition” is devoted for updating initial
conditions.

Moreover, the “Data transition” block is also
responsible for sending the necessary data to
the MCP4922 driver block, which is the SPI
interface around for controlling a 12 bits dual-
channel D/A converter MCP4922. We note that
the SPI interface serves only for the experimental
observation. Thus, the SPI interface should not be
considered as part of the final FPGA design.

For a suitable visualization of the chaotic attractor,
the post-processing technique depicted in Eq.
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Figure 22: Fixed-Point pseudocode for solving the chaotic jerk system (21)

(25) have been implemented on the block namely
“Data transition” of Figure 23. Later, the 12 bits
dual-channel digital to analog (D/A) converter
MCP4922 is used for the D/A of the chaotic
sequences, the experimental results are observed
on a Tektronix DPO2022B oscilloscope.

dac data ch0 = ⌈m1 × z1out⌉+ σ1,
dac data ch1 = ⌈m2 × z2out⌉+ σ2,

or
dac data ch0 = ⌈m2 × z2out⌉+ σ2,
dac data ch1 = ⌈m3 × z3out⌉+ σ3,

or
dac data ch0 = ⌈m1 × z1out⌉+ σ1,
dac data ch1 = ⌈m3 × z3out⌉+ σ3

(25)

where z1out, z2out, z3out ∈ N+, (m1,m2,m3) =
(110, 80, 16) and (σ1, σ2, σ3) = (200, 1900, 2250).

Figure 24: Experimental setup for the implementation
of the chaotic jerk system.

Figure 24 shows the experimental setup for
the FPGA-based implementation of the chaotic
jerk system. Finally, Figures 25-27 present the
experimental phase portraits, which are clearly
consistent with those obtained by numerical
simulations in Figures 16-18 and Figures 19- 21.
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Figure 23: RTL schematics of the FPGA-based implementation for the chaotic jerk system (21)

In Table 2, we present the hardware resources
utilization by the FPGA implementation. In general, the
implementation have a low hardware cost. It can be seen
that DSPs are the most utilized resources, consuming
up to 12.73 % of the total available, which is a trade-
off for the parallel computing configuration. In Table 3,
we show the performance of the FPGA implementation,
which at the current state has a clock frequency of
106.382 MHz and a throughput of 3.404 Gbit/s. Finally,
in Figure 28, we observe that the proposed FPGA design
has a total power consumption of 0.2W .

Table 2 Resources utilization of the FPGA design of the
chaotic jerk dynamics (21).

Resource Available Used

LUT 53200 635 (1.19 %)

FF 106400 747 (0.70%)

DSP 220 28 (12.73%)

IO 200 98 (49.00 %)

BUFG 32 1 (3.13 %)
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Figure 25: Phase portrait of the experimental results of
the chaotic jerk system (21) in (z1, z2) plane

Figure 26: Phase portrait of the experimental results of
the chaotic jerk system (21) in (z2, z3) plane

Table 3 Performance results of the FPGA design of the
chaotic jerk dynamics (21).

Clock frequency 106.382 MHz

Throughput 3.404 Gbit/s

6 Conclusions

We reported a new 3-D mechanical chaotic system
with a jerk dynamics and a self-excited chaotic attractor.
We showed that the new jerk dynamics exhibits
Hopf bifurcations associated with the unstable balance
points for certain values of the system parameters.
We showed that the new jerk system has coexisting
chaotic attractors and multi-stability. Using Multisim

Figure 27: Phase portrait of the experimental results of
the chaotic jerk system (21) in (z1, z3) plane

Figure 28: Power consumption of the FPGA design of
the chaotic jerk system (21)

(Version 14), an electronic circuit was designed for
the proposed mechanical chaotic system with jerk
dynamics. As another engineering application, Field
Programmable Gate Array (FPGA) design was made
for the proposed mechanical jerk chaotic system. Euler’s
finite-difference method is used for our FPGA design. An
experimental implementation of the FPGA-based design
was performed in this work and experimental results
such as performance analysis, power consumption, etc.
were given in detail.
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