
Problems in Random Walks in
Random Environments

Stephen Buckley

Merton College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

Trinity 2011



Acknowledgements

There are many people responsible for making my time studying at Oxford

such an enjoyable experience. I owe you all so much.

Firstly, my thanks go to my supervisor, Prof. Ben Hambly, whose ideas

and guidance throughout my D.Phil have been invaluable. Since first

meeting Ben he has been nothing but a source of help.

The stochastic analysis group has always provided a friendly and welcom-

ing environment in which to research. My thanks go to Prof. Terry Lyons

and all the other members of the group for making this possible. I am

particularly indebted to those who welcomed me so warmly into the group

office and made my first forays into research much less daunting.

I will always be grateful to the EPSRC for funding my research and can

only hope that such support is maintained for those who follow.

I thank Merton College for all the opportunities it has provided: from

financial support to attend conferences to an unrivalled array of sports

teams whose main selection criteria is availability - I strongly suspect

that captaining the MCR football team through a triumphant undefeated

season will, somewhat depressingly, represent my life’s sporting peak.

My friends and family both in Oxford and elsewhere have been a con-

stant source of support and distraction. I cannot thank you enough and

certainly won’t try to here.

Finally, to Mel, for always being there.

Stephen
Text Box



Problems in Random Walks in Random
Environments

Stephen Buckley

Trinity 2011



Abstract

Recent years have seen progress in the analysis of the heat kernel for certain re-
versible random walks in random environments. In particular the work of Barlow
(2004) showed that the heat kernel for the random walk on the in�nite component
of supercritical bond percolation behaves in a Gaussian fashion. This heat kernel
control was then used to prove a quenched functional central limit theorem. Fol-
lowing this work several examples have been analyzed with anomalous heat kernel
behaviour and, in some cases, anomalous scaling limits.
We begin by generalizing the �rst result - looking for su¢ cient conditions on

the geometry of the environment that ensure standard heat kernel upper bounds
hold. We prove that these conditions are satis�ed with probability one in the case
of the random walk on continuum percolation and use the heat kernel bounds to
prove an invariance principle.
The random walk on dynamic environment is then considered. It is proven that

if the environment evolves ergodically and is, in a certain sense, geometrically d-
dimensional then standard on diagonal heat kernel bounds hold. Anomalous lower
bounds on the heat kernel are also proven - in particular the random conductance
model is shown to be "more anomalous" in the dynamic case than the static.
Finally, the re�ected randomwalk amongst random conductances is considered.

It is shown in one dimension that under the usual scaling, this walk converges to
re�ected Brownian motion.



Contents

1 Introduction 4

2 Heat kernel bounds for the random walk on non-uniformly elliptic
graphs embedded in Rd 12
2.1 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Statement of results . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3 From on diagonal to o¤ . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.4 Controlling the time in traps . . . . . . . . . . . . . . . . . . . . . . 24

2.4.1 Time spent in a single trap of measure M in one visit . . . . 24
2.4.2 Total time spent in a trap for transient walks . . . . . . . . 27

2.5 Heat kernel upper bounds . . . . . . . . . . . . . . . . . . . . . . . 29
2.5.1 The time changed random walk . . . . . . . . . . . . . . . . 30
2.5.2 Time spent in traps . . . . . . . . . . . . . . . . . . . . . . . 37
2.5.3 Proof of Theorem 10 . . . . . . . . . . . . . . . . . . . . . . 40

3 Continuum percolation 43
3.1 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.2 Geometry of the environment . . . . . . . . . . . . . . . . . . . . . 46

3.2.1 Existence and uniqueness of the in�nite component for the
thinned graph . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.2.2 Isoperimetric pro�le . . . . . . . . . . . . . . . . . . . . . . 51
3.2.3 Size and spread of traps . . . . . . . . . . . . . . . . . . . . 55
3.2.4 Volume control . . . . . . . . . . . . . . . . . . . . . . . . . 63
3.2.5 Relating graph distance to Euclidean distance . . . . . . . . 65
3.2.6 Proof of Theorem 32 . . . . . . . . . . . . . . . . . . . . . . 67

3.3 The environment from the point of view of the particle . . . . . . . 68
3.3.1 Point processes and the Palm distribution . . . . . . . . . . 68
3.3.2 Reversibility . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.3.3 Ergodicity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.4 Invariance principle . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
3.4.1 The corrector . . . . . . . . . . . . . . . . . . . . . . . . . . 79
3.4.2 Sublinearity along coordinate axis . . . . . . . . . . . . . . . 83
3.4.3 Sublinearity on average . . . . . . . . . . . . . . . . . . . . . 88
3.4.4 Proof of the invariance principle . . . . . . . . . . . . . . . . 93

4 Random walk in dynamic environment 97
4.1 Variable Speed, Bounded Conductances . . . . . . . . . . . . . . . . 100
4.2 Continuous time, variable speed, ! 2 (0; 1]. . . . . . . . . . . . . . . 102

4.2.1 Methods of Davies . . . . . . . . . . . . . . . . . . . . . . . 103
4.2.2 Analysis of the random walk restricted to a �nite box . . . 107

2



4.2.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
4.3 Anomalous behaviour for variable speed, continuous time when ! 2

(0; 1] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
4.3.1 Upper Bounds? . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.4 Continuous time, variable speed ! 2 [1;1) . . . . . . . . . . . . . . 127
4.5 Central limit theorems . . . . . . . . . . . . . . . . . . . . . . . . . 132

5 Convergence of re�ected random walk to re�ected Brownian mo-
tion 137
5.1 The one dimensional case . . . . . . . . . . . . . . . . . . . . . . . . 139
5.2 Higher dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

A Last passage percolation estimates 156
A.1 Speed of convergence . . . . . . . . . . . . . . . . . . . . . . . . . . 159

3



1. Introduction

As the title suggests, this thesis considers several questions concerning random

walks in random environments - in particular questions concerning decay of tran-

sition probabilities and the proof of functional central limit theorems. There are

three distinct models that we consider. The models and the tools used to ana-

lyze the various models are mathematically similar but to avoid confusion we will

introduce the speci�c notation, precise de�nitions and results in their respective

chapters and give only an outline here.

This introduction begins by discussing some of the questions one can ask about

random walks in random environments - particularly reversible random walks -

brie�y discussing models that are well studied in the literature before summarizing

the problems that will be considered and the contributions made by each chapter.

Let�s start at the beginning and consider the simple random walk on Zd. This
is the Markov chain on Zd with transition probabilities

P (Xn = yjXn�1 = x) =

�
1
2d

if x = y � ei for some i
0 otherwise

;

where feigi=1;:::;d are the unit coordinate vectors. Various combinatorial or analytic
arguments can be used to prove that there exist ci = ci (d) > 0 such that

c1n
�d=2e�c2jx�yj

2=n � P (Xn = yjX0 = x) � c3n
�d=2e�c4jx�yj

2=n; (1.1)

for all n � jx� yj. In particular this proves that the walk is recurrent in dimension
d = 1; 2 and transient in all higher dimensions.

Donsker�s Theorem gives the scaling limit for the simple random walk: the

rescaled, linearly interpolated process

Bn (t) :=
1

n

�
Xbn2tc +

�
n2t�

�
n2t
�� �

Xbn2tc+1 �Xbn2tc
��

(1.2)

converges weakly to isotropic Brownian motion with di¤usion constant �2 = d�1.

To generalize this example, give each edge a non-negative weight and let the

walk�s transition probabilities be proportional to the weights: taking Ed to be the
edge set of the square lattice, consider the weighted graph G =

�
Zd;Ed; (!e)e2Ed

�
and de�ne the random walk on G to be the Markov chain with transition proba-
bilities

P ! (Xn = yjXn�1 = x) =

� !xy
�(x)

if x = y � ei for some i
0 otherwise

; (1.3)
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for � (x) = �! (x) :=
P

z !xz. The simple random walk on Zd corresponds to the
case ! � 1. What happens if we perturb the square lattice and consider a less

regular graph? What happens to the transition probabilities? Is Brownian motion

still the correct scaling limit? We will consider these questions in the case where

the graph - or environment - is itself randomly chosen.

A well studied example is that of supercritical percolation: for each undirected

edge e 2 Ed take !e = 1 with probability p and !e = 0 otherwise, independently
of all other edges. It is well known (see, for example, [32]) that for d � 2 there

exist pc (d) 2 (0; 1) such that if p > pc (d) then with probability one the graph

G contains a unique in�nite component connected by bonds of unit weight, and
for p < pc (d) with probability one no such in�nite component exists. We use

C1 to denote this in�nite component. The random walks on the �nite connected

components of G are not so interesting as they are just �nite irreducible Markov
chains. The walk on C1, however, provides a number of interesting questions. Is
the walk transient if d � 3? Do bounds of the form (1.1) hold? Does the random

walk converge to Brownian motion under the scaling described in (1.2)?

There are in fact two settings for these questions: annealed and quenched. We

describe these settings for the percolation example. Take 
 = f0; 1gE
d

, F to be the
�-�eld generated by the �nite dimensional subsets of 
 and P = �E

d

e to be product

measure for Bernoulli f0; 1g random variables. Then one can either consider for

a �xed environment, ! 2 
; the Markov chain with transition probabilities P ! as

stated above or one can consider the annealed measure - the result of averaging

over environments:

P (�) :=
Z
P ! (�)P (d!) :

At times the annealed walk can be an easier object to handle. For example the

annealed invariance principle requires primarily only the reversibility of the ran-

dom walk [27]. The proof of the quenched invariance principle on the other hand

requires strong quenched heat kernel control analogous to (1.1) (see [53] and [10]

for the invariance principle and [4] and [40] for the quenched heat kernel bounds).

We have alluded to quenched heat kernel bounds for the random walk on

supercritical percolation. Note that these bounds cannot be uniform over space

and time as detailed in (1.1). For example for anym 2 N there will exist two points
x and y in the in�nite cluster that are connected only via a one dimensional path

of length m - that is a path where each vertex has exactly two edges emanating

from it. If m is taken large then P ! (Xn = yjX0 = x) will resemble the one-

dimensional transition probabilities for all small n and hence equation (1.1) cannot

hold for small times. The work [4] shows that in fact the e¤ect of these local

irregularities in the graph become negligible as n becomes large. The walk will
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travel through su¢ ciently regular regions of the graph to average out this initial

irregular behaviour. For concreteness we state the main theorem of [4]: consider

the continuous time Markov process Yt = XMt for Mt an independent Poisson

process of unit intensity, then the following bounds on the transition probabilities

of Yt hold:

Theorem 1 (Barlow, 2004). Let d � 2 and p > pc (d). There exists 
1 � 


with Pp (
1) = 1 and random variables
�
Sx; x 2 Zd

�
, such that Sx (!) < 1 for

all ! 2 
1, x 2 C1 (!). There also exist constants ci = ci (d; p) such that for

x; y 2 C1 (!) and jx� yj1 _ Sx (!) _ 1 � t; the transition density of Y satis�es

c1t
�d=2e�c2jx�yj

2
1=t � p!t (x; y) � c3t

�d=2e�c4jx�yj
2
1=t: (1.4)

The random variables Sx (!) describe how long the walker must travel before

the initial irregularity of the graph around x is averaged out. An adaptation of

this theorem to the discrete time walk is contained in [8] and the on diagonal

upper bound is also proven in [40].

Leaving the percolation model for the moment and returning to general random

walks of the form (1.3), what can be said? The model becomes more tractable

if (as in the percolation example) a symmetry condition on the edge weights is

assumed: !xy = !yx. Under this condition the detailed balance equations are

satis�ed:

� (x)P ! (X1 = yjX0 = x) = � (y)P ! (X1 = xjX0 = y)

and in particular the random walk is reversible with respect to the measure �. We

de�ne the heat kernel by

q!n (x; y) =
P ! (Xt = yjX0 = x)

� (y)
:

Under the assumption of reversibility there is a well known link between the geom-

etry of the graph and heat kernel estimates: the isoperimetric pro�le ([58], [50],

[43]). When proving estimates on the heat kernel of the random walk on in�nite

percolation clusters, both [4] and [40] show that the isoperimetry of the in�nite

cluster is comparable in some sense to that of the d-dimensional square lattice.

The isoperimetric pro�le will also form a key part of our approach.

A natural model to follow the random walk on supercritical bond percolation is

the random walk on supercritical continuum percolation. Continuum percolation

is the graph with vertex set given by a realization of a d-dimensional Poisson point

process of intensity � and edge set formed by connecting two vertices by an edge

if and only if they lie within unit distance of each other. A simulation is shown in

Figure 1.1.
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Figure 1.1: The graph induced by continuum percolation

It is well known [46] that if d � 2 and � is su¢ ciently large then with probability
one the graph contains a unique in�nite connected component, again written as

C1. We will consider the discrete time simple random walk on this in�nite cluster
- the walk with transition probabilities

P ! (Xn = yjXn�1 = x) =

� 1
�(x)

; if x � y 2 C1
0 otherwise

;

for � (x) = jfy : x � ygj ; where we write x � y if the vertices are connected by an

edge. Although this graph at �rst viewing looks rather di¤erent to edge percolation

on Zd we will show that it shares many of the same geometric properties and in
fact similar combinatorial approaches are employed to analyze both models.

This model was the starting point for my research - asking whether or not heat

kernel bounds exist in this setting. Over time we have generalized this question

to look at more general graphs and ask what geometric properties does a graph

have to satisfy for heat kernel bounds to hold? In particular, Chapter 2 looks

at reversible random walks on graphs with weights bounded below and provides

su¢ cient conditions - volume and isoperimetric in nature - for the on diagonal

upper bounds of Theorem 1 to hold.

One of the main motivations for this question is the fact that there are natural

examples for which Theorem 1 does not hold. The work [11] shows that for the

case of the random walk on the random conductance model - the random walk

on G =
�
Zd;Ed; (!e)e2Ed

�
, where !e 2 [0; 1] and the weights are symmetric and

iid - the best general on diagonal upper bound on the heat-kernel in dimensions

d � 5 is of order n�2, with the best upper bound for d = 4 being n�2 log n [12]

and standard upper bounds for d = 2; 3. Further, for the case !e 2 [1;1) it is
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shown in [7] that if E!e =1 then Brownian motion is not the correct scaling limit

for the random walk. In fact, in [6] and [21] convergence to a fractional kinetics

process is proved in the in�nite mean case, under additional assumptions on the

tail of the weights, and hence the process is subdi¤usive.

These examples all share the property that their one step transition probabil-

ities are not bounded below - we say that they are not uniformly elliptic. When

uniform ellipticity fails many of the standard techniques that link a graph�s geom-

etry to its associated heat kernel also fail. This is the main technical challenge to

obtaining general conditions for standard heat kernel bounds tackled in Chapter

2.

Chapter 3 provides an exploration of the geometry of continuum percolation;

proving that the geometric conditions detailed in Chapter 2 hold and hence ob-

taining standard upper bounds on the heat kernel for the random walk. As well

as showing that the conditions for standard heat kernel upper bounds are satis-

�ed, we will also show that the scaling limit for the random walk on continuum

percolation is Brownian motion. This is also presented in Chapter 3. We follow

standard methods and show that for almost every environment ! 2 
 it is possible
to construct a corrector � such that

Xn =Mn + � (Xn; !) ;

where Mn is a martingale. A standard martingale convergence theorem is used to

show that Mn scales to Brownian motion. It is then proved that the corrector is

sublinear, proving that Xn also scales to Brownian motion. The methods used are

very similar to those presented in [10] and [13].

If spatial inhomogeneity can lead to both standard and anomalous heat ker-

nel behaviour, what happens if time inhomogeneity is also permitted? This is the

question considered in Chapter 4 where we consider the random walk in a dynamic

environment - an environment that evolves over time. Take a space-time environ-

ment of the form (!e (n))e2Ed;n2R and consider the random walk with transition

probabilities

P ! (Xn = yjXn�1 = x) =

(
!xy(n�1)
�(x;n�1) if x = y � ei for some i
0 otherwise

;

for � (x; n) =
P

z !xz (n). Several authors have developed various approaches to

proving central limit theorems in this setting, with the environment taken to be

Markov in time but where there is no symmetry assumption !xy (n) = !yx (n)

(for example [14], [3] and [49]). These papers generally show that if the walk is

uniformly elliptic and the environment is well mixing in time then the rescaled
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process converges to non-degenerate Brownian motion. Is it also possible to obtain

heat kernel bounds?

To make the question more tractable we assume the symmetry condition

!xy (n) = !yx (n) for all edges and times and consider the variable speed walk

on !. Assume that � (x; n) � 1 for all x 2 Zd; n 2 N then the variable speed walk
is the Markov chain with transition probabilities

P ! (Xn = yjXn�1 = x) =

8<:
!xy (n� 1) if x = y � ei for some i
1� � (x; n) if x = y

0 otherwise
:

The �at measure � � 1 is invariant for the variable speed walk Xn but the walk

is not reversible. We will in fact mostly consider the continuous time version of

this walk (note that as the environment evolves over time, the continuous time

variable speed walk is not simply a Poisson time change of Xn).

We will consider the heat kernel forXn with two main results. The �rst consists

of an upper bound on the on diagonal heat kernel. We show that if over the time

interval [0; T ] the spatial environment "looks" d-dimensional for at least a linear

amount of time then the heat kernel can be bounded above by O
�
n�d=2

�
. We will

show that if the environment is ergodic in time then this condition is natural.

The second result of this chapter concerns anomalous behaviour of the heat

kernel for the variable speed random walk on dynamic environment. In the static

environment case where the edge weights are iid the paper [11] shows that if the

weights are bounded above but not below then the best general upper bound on

the heat kernel is of order n�2 for d � 5. There are two steps to prove this kind
of result: one must �rst prove that an upper bound of order n�2 holds and then,

as this is a weaker upper bound than is standard, give examples of environments

where the heat kernel is bounded below arbitrarily close to n�2. We will show that

in the dynamic setup where edge weights are spatially independent and evolve in

a Markov manner, such that !e (n) 2 [0; 1] for all edges and times, there are

environments where the on diagonal heat kernel is bounded below by functions

close to O (n�1).

This result is somewhat unintuitive - one would perhaps expect that the envi-

ronment evolving over time would reduce the time that the walk spends in locally

anomalous regions due to the time dynamic removing these regions before the

random walk can spend a large quantity of time in them. Intriguingly it is this

dynamic - the disappearance of anomalous regions - that leads to the change in

the heat kernel. Without going into detail, anomalous heat kernel decay in the

static case is due to the walk becoming "trapped" close to the origin so that when

the walk escapes the trap it is much closer to the origin than would normally

be expected. However, the random walk must pay a price to enter and exit the
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trap - a price of O (n�1) for both entrance and exit leading to the O (n�2) return

probabilities stated above. In the dynamic case there is a tradeo¤ - for such traps

to be e¤ective they must persist so that the walk remains in the traps for a large

length of time. The key idea that we present is that it is possible to choose a

dynamic environment where the traps persist for long enough to trap the walk for

a good length of time - so that the walk is much closer to the origin than would

be expected - but then the trap disappears leaving the walk unimpeded to return

to the origin. As the walk only has to pay to enter the trap and not to exit we

show that lower heat kernel bounds close to O (n�1) can be achieved.

Note that this implies that the dynamic heat kernel has at least three ex-

trema: when the environment is strongly mixing the walk resembles the walk on

the annealed graph and hence has heat kernel bounds of order n�d=2; when the

environment is highly persistent the walk is close to the walk on the static graph

and hence the heat kernel is bounded above by order n�2; in between these two

cases sit the environments we have outlined with heat kernel lower bounds of order

n�1.

We also present heuristics for why we believe O (n�1) is the correct order

for general upper bounds in the dynamic case. At present we have no rigorous

justi�cation of this claim.

In Chapter 5 we return to the static environment setting of earlier chapters and

consider the re�ected random walk on a weighted, reversible graph. We take G to
be a realization of the random conductor model described above and consider the

random walk on G restricted to the box [�n; n]d, with re�ection at the boundary.
When the weights are bounded above it is known that the rescaled random walk

on the full graph G converges to Brownian motion. It is therefore natural to
anticipate that the re�ected random walk on [�n; n]d rescaled in space by n�1 and
in time by n2 will converge weakly to re�ected Brownian motion on [�1; 1]d. This
problem has proved to be more challenging than it at �rst appears. We present

a proof of the claimed convergence only for the case d = 1 and ! 2 [a; b] for

0 < a � b < 1. Our approach is to re�ect the restricted graph to produce a
graph on the entirety of Z that is periodic of period 4n. The random walk on

this re�ected graph is closely linked to the random walk that we are interested in.

We show via the standard martingale/corrector decomposition that the walk on

the re�ected graph converges to Brownian motion and use this to prove that the

re�ecting random walk converges to re�ecting Brownian motion. Full details are

contained in the chapter along with an explanation of the failure of the method

in higher dimensions.

We �nish this introduction with some comments about notation. The questions

that we consider are almost exclusively in the quenched setting outlined above. We
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will use P for the law on environments and for a given environment !; use P ! for

the law of the random walk on ! (or the in�nite component of ! if appropriate).

We will write ci for positive constants whose precise values are unimportant. These

constants will be recycled through various sections and subsections. Where a

constant from a previous section or subsection is required we will write ci:j:k for

constant ck in Section j:k. Within proofs we write c; c0 etc for positive constants

that change from line to line. Chapters 2 and 3 are linked as the latter proves

that conditions detailed in the former hold. Thus they share common notation.

All other chapters are independent and although most of the notation is the same,

some will inevitably change. This is particularly important for the random walk

as, for example, Xn refers to a di¤erent random walk in each chapter.
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2. Heat kernel bounds for the random
walk on non-uniformly elliptic graphs
embedded in Rd

2.1. The model

In this chapter we consider the simple random walk on weighted graphs; investi-

gating geometric conditions that lead to standard on diagonal d-dimensional upper

bounds for the heat kernel associated with the walk. We begin by introducing the

necessary notation.

Take G =(V ; E ; (!e : e 2 E)) to be a countably in�nite, locally �nite, con-
nected, weighted graph embedded in Rd for some d 2 N, where E � V � V is

the edge set and the weights on the edges, !e, are bounded below: 1 � !e <1.
We consider the discrete time simple random walk on G, that is, the Markov

chain (Xn : n 2 N0) with transition probabilities

P ! (x; y) :=

� !xy
�(x)

if (xy) 2 E
0 otherwise

; � (x) :=
X

y:(xy)2E

!xy; x 2 V,

for x; y 2 V. It is straightforward to check that � is the invariant measure for
the random walk on G and that the random walk is reversible with respect to �.

Note that as we do not assume that !e is bounded above (or that the number of

edges emanating from a single point is bounded), the transition probabilities do

not necessarily satisfy a uniform ellipticity condition.

The heat kernel of the random walk is de�ned by

q!n (x; y) =
P !
x (Xn = y)

� (y)
:

Bounds on q!n were discussed in the Introduction for the speci�c case where the

environment ! is a realization of bond percolation in Zd: Theorem 1 shows that

for almost every ! 2 
, q!n (x; y) decays in a Gaussian fashion for all n � S! (x) ;

dependent on the local irregularity of the graph. The proof of this theorem in

[4] consists of providing a set of geometric conditions on an in�nite subset of

the square lattice that, if satis�ed, lead to Gaussian bounds on the heat-kernel

of the random walk on the in�nite subset. It is then proven that almost every

environment satis�es these conditions and hence Theorem 1 follows. We will take
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a similar approach here - in this chapter we will detail geometric conditions for

graphs of the above form that, if satis�ed, lead to on diagonal upper bounds on

the heat-kernel for the associated random walk. In Chapter 3 we will introduce

continuum percolation and show that it is an environment that satis�es these

conditions.

Many of the standard techniques to obtain heat kernel bounds from the geom-

etry of the graph fail to hold without the assumption of uniform ellipticity - in

particular, many of the ideas of [4] fail to pass over into the non-elliptic setting. To

bypass this problem we follow the ideas of [11] and "thin" the graph by removing

vertices (and their associated edges) in a way such that for some k = k (G) > 0

we have a unique in�nite graph, Ck1 = (V1k ; E1k ; (!e)) ; with V1k � V, E1k � E
and � (x) � k for all x 2 V1k . Call the components of GnCk1 traps. We consider

our random walk time changed so that it only walks on the thinned graph (see

De�nition 3). This walk does satisfy a uniform ellipticity condition. If the thinned

graph satis�es certain isoperimetric and volume conditions then Gaussian upper

bounds for the time changed random walk can be obtained. If the time the walk

spends in traps can also be controlled then the heat kernel for the original random

walk on G also has standard on diagonal upper bounds. From these on diagonal

bounds it can often be straightforward to pass to full Gaussian type bounds. Con-

ditions on the geometry of the traps will be presented that imply that the walk

spends large amounts of time in traps with su¢ ciently small probability. These

ideas are formalized in Section 2.2 and proved in Section 2.5.

Note that although we follow ideas analogous to those of [11], that paper

considers the case !e 2 [0; 1] and examples of anomalous behaviour are given.

Our results are restricted to the bounded below case. In fact the bounded above

case has recently received further attention with [18] showing that if the weights

satisfy

P (!e � a) � a
; a # 0

then provided 
 > d
2

lim
n!1

logP !
0 (X2n = 0)

log n
= �d

2
, P-almost surely.

Our methods will not allow as sharp a bound for the case !e 2 [1;1)
The chapter is structured as follows. The main results of the chapter are

detailed in Section 2.2: we give geometric conditions on the graph that lead to

standard on diagonal upper bounds on the heat kernel. Their proof waits until

Section 2.5. Sections 2.3 and 2.4 are self contained sections. In Section 2.3 we show

that control over the on diagonal heat kernel, long range heat kernel, control over

the volume growth of the graph and a linear relationship between graph distance
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and Euclidean distance, together imply full Gaussian type upper bounds. This

follows closely the methods of [4] and also utilizes ideas from [13]. In Section 2.4,

we give generic bounds on the probability of spending large amounts of time in

a trap of a particular type. We make clear what we mean by types of trap in

the section. The results of Sections 2.3 and 2.4 are used in Section 2.5 to extend

the ideas of [11], so that if the time the walk spends in traps is controlled, we

get standard on diagonal heat kernel behaviour. In many situations the results

of Section 2.3 can then be applied again to extend the result to full o¤-diagonal

upper bounds.

2.2. Statement of results

In this section we introduce the main results of the current chapter: presenting

conditions on a weighted, symmetric graph that, if satis�ed, ensure standard on

diagonal upper bounds on the heat kernel. The conditions are given in terms of a

set of constants. Unless otherwise stated, the only assumption on these constants

is that they lie in (0;1).
As noted in the introduction, the lack of uniform ellipticity is a technical

challenge. Our approach follows the methods of [11], thinning the graph in such a

way that the transition probabilities for the random walk on this thinned graph are

uniformly elliptic. The conditions we place on the original graph must therefore

ensure the existence of such a thinning and control the geometry of both the

thinned and unthinned graph. The �rst of these conditions is the existence of

a thinned graph. We then wish to show that the walk, time changed so that it

only walks on the thinned graph, displays standard heat kernel behaviour. We

use standard results to gain this heat kernel control - assuming isoperimetric and

volume control of the thinned graph. These asuumptions form Conditions 4 and

5. Finally, for the heat kernel control to pass over to the initial random walk we

must show comparability between the time scales for the initial random walk and

the time changed random walk. This is equivalent to showing that the time the

walk spends in traps grows linearly. We are able to prove this under Conditions 6

and 8, that show volume control for the full graph and a fairly strong control over

the location and size of traps.

Condition 2 (Existence of a thinned graph). There exists k 2 N and a thinned
graph, Gk = (Vk; Ek) � (V ; E) ; such that Gk contains exactly one in�nite compo-
nent, call this Ck1, and for every x 2 Gk we have � (x) � k. We further require

that all components of G � Ck1 are �nite and that any Euclidean box of unit side

contains at most K points of Ck1 for some constant K and any point in G � Ck1
has at most K neighbours in Ck1:

14



We refer to the components of G�Ck1 as traps. For x 2 Ck1, de�ne Tx to be the
trap located at x, that is, the component of

�
G � Ck1

�
[fxg that contains x, where

the union includes all edges eminating from x. De�ne � (Tx) :=
P

y2Tx � (y) : Note

that if x 2 Ck1 then it is possible for x to be connected to at most K � 1 traps
and hence Tx may be the union of several traps with the vertex x.

De�nition 3. We de�ne three random walks.

1. (Xn)n�0 = (Xn (G))n�0 ; the simple random walk on G.

2.
�
~Xn

�
n�0

=
�
~Xn

�
Ck1
��

n�0
; the time changed random walk on Ck1. Let S0 =

0 and Si = inf
�
t > 0 : XSi�1+t (!) 2 Ck1

�
for i > 0. De�ne ~Xn = XS1+:::+Sn :

3. (Yn)n�0 =
�
Yn
�
Ck1
��
n�0 ; the simple random walk on the in�nite component

of the thinned graph Ck1 (G).

Note that the time changed walk, ~X, can jump traps and thus potentially travel

a large Euclidean distance in a small number of steps. ~X thus induces a distance

function on Ck1 that is signi�cantly di¤erent to both the natural graph distance

and Euclidean distance. We use ~d to denote the induced distance, reserving d for

graph distance with respect to the original graph, G.
Following the de�nition in [13], we introduce

Cvol (y; a) := sup
0<r�a

rd
X
z2V

� (z) e�rd(y;z):

We will use ~Cvol to denote this quantity with respect to the distance ~d.

For x 2 Rd and n > 0, write Bx [n] := x + [�n; n]d for the box of side 2n
centred at x. We now introduce the remaining conditions. For A � V let

� (@A) :=
X

x2A;y2Ac
!xy:

Condition 4 (Isoperimetry of the thinned graph). There exist positive, �-
nite constants Ci;  ; � > 0 and fR0 (x) : x 2 Vkg such that  < 1��

2
and for every

x 2 Vk, r � R0 (x) and each connected � such that

� � Ck1 \Bx [r] and � (�) � C1r
 

we have

� (@�) � C2� (�)
d�1
d :

Further, the diameter of the largest trap with at least one vertex in Bx [r] is

bounded above by r� for all r � R0 (x) :
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Condition 5 (Thinned volume and graph distance). There exist constants
C3; C4 and fR1 (x) : x 2 Vkg such that ~d (x; y) � C3 jx� yj for all x; y 2 Vk such
that jx� yj � R1 (x). We also have for all a � R1 (x)

�1

~Cvol (x; a) � C4:

Condition 6 (Volume of the full graph). SetAn (x) := Bn [x]�Bn�1 [x]. There

exist constants fR2 (x) : x 2 Vg, C6 such thatX
y2An(x)\Ck1

� (Ty) � C6n
d�1, 8n � R2 (x) (2.1)

X
y2Bx[R2(x)]\C1k

� (Ty) � C6R2 (x)
d : (2.2)

Note that (2.1) and (2.2) combine to say thatX
y2Bx[n]\C1k

� (Ty) � C6r
d, 8n � R2 (x) :

As in [11], standard behaviour in dimensions d = 2; 3 follows from the above

conditions. However, in higher dimensions anomalous behaviour can occur due to

trapping e¤ects. Note that it is not only large traps that can have strong trapping

e¤ects as clusters of traps can also be di¢ cult for the walk to escape from. Any

con�guration of traps that encourages the walk to travel a short distance in a large

time can lead to anomalous heat kernel behaviour. For this reason we insist on

control of both the size, number and spread of traps.

De�ne the external boundary of Tx, by

@extTx :=
�
y 2 Ck1 : (yz) 2 E for some z 2 Tx � fxg

	
and de�ne the worst case constant

R0 (Tx) := sup
y2@extTx

R0 (y) :

We now categorize the traps.

De�nition 7. We say a trap Tx is of type (m; r) for m; r 2 N if d� (Tx)e = m

and r � 1 < R0 (Tx) � r:

We will say that a trap Tx of type (m; r) is worse than a trap Ty of type (m0; r0)

if m � m0 and r � r0. Call 
 = (
0; : : : ; 
n) a nearest neighbour path with respect

to ~d if 
i 2 Ck1 for i 2 f0; : : : ; ng and ~d
�

i; 
i+1

�
= 1 for all i 2 f0; : : : ; n� 1g.
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Condition 8 (Spread of traps). There exist constants � < 1
5
; �; # > 0; 
 �

5; C7 and fR3 (x) : x 2 Vg such that for d � 4:
1. All traps, T of type (m; r), with T \ Bx [n] 6= � have m � n� and r �

(log n)� for n � R3 (x) :

2. For any (m; r), n � R3 (x) and � a nearest neighbour path with respect to
~d, started at x and of length n

nX
i=0

1fT�i=(m;r)g � C7
�
exp

�
�r#

�
^m�
�n:

De�ne

NR (x) := max
y2Bx[R]

fRi (y) : i 2 f0; 1; 2; 3gg :

De�nition 9. Suppose G is a graph for which Condition 2 holds. We call a box
Bx [R] � G good with respect to the set of constants Ci; �; 
; �; # and � < 2

d+2
if

Conditions 4, 5, 6 and 8 hold and NR (x) � R�.

Theorem 10. Suppose that Bx1 [R] is a good box. Then for x 2 Bx1 [R=10] the

simple random walk started at x satis�es the standard heat kernel upper bound:

qn (x; y) � C8n
�d=2

for all C10N
q(d)
R (x1) � n � C11

R2

logR
and y 2 G. The constants C8; C9; C10 and

C11 are dependent on the constants Ci; �; 
; �; # from De�nition 9 along with the

dimension d and

q (d) :=

�
(2 + d) _ 4

1�� d = 2; 3

2 + d d � 4 :

When applying the theorem to random environments we look to show that for

all x 2 V, the boxes Bx [R] are good for all su¢ ciently large R, with the constant

� < 1
d+2
. Theorem 10 then provides standard on diagonal type upper bounds

on the heat kernel for all x; y 2 V and all su¢ ciently large n, where the local
irregularity of the graph around the point x determines how su¢ ciently large n

must be.

In fact, provided that long range o¤-diagonal upper bounds can be shown to

hold, the upper bound can be extended to full Gaussian upper bounds via Theorem

12 that will be proven in the next Subsection.

The proof of Theorem 10 can be found in Section 2.5. Before we begin the

proof we present two self-contained sections that form important planks of the

proof.
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2.3. From on diagonal to o¤

In this section we work in the general setting described in Section 2.1, extending

the results given in [4] and [13]: demonstrating that uniform control over the on di-

agonal heat kernel for all points in a box along with long range heat kernel bounds

and control over volume growth in the box combine to give full Gaussian type up-

per bounds. The methods follow [4] closely, with [13] providing the modi�cations

required for irregular volume and [8] the modi�cations for discrete time.

All constants in this subsection are independent of Section 2.2. We begin by

de�ning a �ne ball and stating the section�s main result.

De�nition 11. We call the ball Bx1 [R] ; (CA; CB; CC ; NR)-�ne if for every x; y 2
Bx1 [R] we have

qn (x; y) � CAn
�d=2 for all n � NR

2
; (2.3)

qn (x; y) � CB exp

 
�CCd (x; y)

2

n

!
for all n � d (x; y) (2.4)

and

Cvol (y; a) := sup
0<r�a

rd
X
z2V

� (z) e�rd(y;z) � 1 (2.5)

for all a � N
�1=2
R . In order for our results to be useful, we assume that there is

some � < 2 such that NR � R�.

The choice of one as the upper bound on Cvol (y; a) in equation 2.5 is purely

for notational convenience. Any other positive constant could take its place.

Note also that the long range bounds on transition probabilities stated in (2.4)

are standard and in many situations can be proven using known results such as

[25]. In particular, for the time changed random walk, [25] implies that the long

range bounds hold as the conductances !e are uniformly bounded above. Note

that for simplicity the long range bounds are stated as being uniform in time and

space. This could be relaxed such that (2.4) only holds for large times. We choose

not to do this here as the uniform bounds will hold in all the examples we explore.

Theorem 12. Suppose Bx1 [R] is (CA; CB; CC ; NR)-�ne and x 2 Bx1

�
1
2
R
�
. Then

for y 2 V and for � > 0 there exist constants ci = ci (d; CA; CB; CC ; �) such that

for

N1+�
R � n � c1

R2

logR
(2.6)

we have

qn (x; y) � c2n
�d=2 exp

 
�c3d (x; y)

2

n

!
: (2.7)
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For the remainder of the section we suppress the constants (CA; CB; CC ; NR)

and just refer to �ne balls.

As noted in, amongst others, [8], the continuous time heat kernel is smoother

than the discrete time heat kernel and at times this enables an easier analysis. We

thus introduce the continuous time walk: the Markov process, (Zt : t � 0) with
distribution

�Px (Zt = y) = Px (XMt = y) ;

for Mt an independent Poisson process of unit rate. The continuous time heat

kernel is

�qt (x; y) :=
�Px (Zt = y)

� (y)
:

We �rst show that control for the discrete time walk gives control over the

continuous time walk.

Lemma 13. Suppose Bx1 [R] is �ne. There exist ci such that for x; y 2 Bx1 [R]

and t � NR we have

�qt (x; y) � c4t
�d=2:

Further, for x 2 Bx1

�
8
9
R
�
, y 2 V �Bx1 [R] and t � c5R2

logR

�qt (x; y) � c4t
�d=2:

Proof. Let Mt be a Poisson process, independent of the random walks, of unit

rate, then

�qt (x; y) = E [qMt (x; y)] :

Now, P
�
Mt � t

2
or Mt � 2t

�
is exponentially small in t. Further, qn (x; y) is

uniformly bounded on the range
�
t
2
; : : : ; 2t

�
for t � NR by (2.3) and hence the

�rst result follows.

The second result is identical to [4], Corollary 3.2.

We now follow the methods of [4], which employ the methods of Bass and

Nash, to show that in a �ne box we can control the expected distance that the

walk travels in time t and thus the time it takes to exit a ball. The methods

are very similar, but as we do not assume standard upper bounds on volume, the

volume must be controlled through the proof. This is a problem dealt with in [13]

and we employ the same methods.

We begin by introducing the entropy and expected distance:

Q (x; t) : = �
X
y

�qt (x; y) log �qt (x; y)� (y) ;

M (x; t) : = Ex (d (x; Zt)) :

Q (x; 0) := log � (x) > 0 for all x. The following results are standard.
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Lemma 14. 1. There exist ci such that if Bx1 [R] is �ne then forNR � t � c5R2

logR

and x 2 Bx1

�
8
9
R
�

Q (x; t) � �c4 +
1

2
d log t:

2. For x 2 V and any t � 0 we have

M (x; t) � c7 (d) exp

 
Q (x; t)

d
�
Cvol

�
x;M (x; t)�1

�
d

!
:

3. For t > 0 and x 2 V
Q0 (x; t) � c6M

0 (x; t)2 :

Proof. 1: is trivial from Lemma 13 and the de�nition of Q.

For 2, see [13], Lemma 6.3.

3: is standard - found in [4] - and makes use of the long range bounds given in

(2.4).

Proposition 15. There exist ci such that if Bx1 [R] is �ne then

M (x; t) � c8t
1=2;

for x 2 Bx1

�
8
9
R
�
and NR logNR � t � c5R2

logR
:

Proof. Fix x 2 Bx1

�
8
9
R
�
and write M (t) := M (x; t), Q (t) := Q (x; t). Suppose

that M (t) � t1=2 as otherwise the proposition holds with c8 = 1 and there is

nothing to prove.

SetR (t) := d�1
�
Q (t) + c4 � 1

2
d log t

�
, then by part (1) of Lemma 14, R (t) � 0

for NR � t � c5R2

logR
. Now, set t1 := c5R2

logR
and de�ne

t0 =

�
1; if R (t) � 0 on [1; NR]

sup ft � t1 : R (t) < 0g otherwise.

If t0 > 1 then t0 � NR and

M (t0) =

t0Z
0

M 0 (s) ds

� c
1=2
6

t0Z
0

Q0 (s)1=2 ds

� c
1=2
6

0@ t0Z
0

Q0 (s) ds

1A1=2

t
1=2
0 (by Cauchy-Schwarz)

� ct
1=2
0 Q (t0)

1=2

� ct
1=2
0

�
c3 +

1

2
d log t0

�1=2
� c (NR logNR)

1=2 ;
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where Q (0) > 0 was required on the fourth line.

If t0 = 1 then M (t0) � c from the de�nition of the continuous walk.

Now let t0 < t < t1. Then, by Lemma 14 part (3), we have since t > t0

M (t) � M (t0) + c
1=2
6

tZ
t0

Q0 (s)1=2 ds

� M (t0) + (c6d)
1=2

tZ
t0

�
R0 (s) +

1

2s

�1=2
ds

� M (t0) + ct1=2 + c

tZ
t0

s1=2R0 (s) ds

by the inequality (a+ b)1=2 � b1=2 + a= (2b)1=2. We now integrate the �nal term

by parts. As R (s) � 0 for s > t0, the integral is bounded by cR (t) t1=2. Hence

M (t) � c (1 +R (t)) t1=2 + c (NR logNR)
1=2 : (2.8)

Lemma 14 part (2), gives

M (t) � c7 exp

 
Q (t)

d
�
Cvol

�
x;M (x; t)�1

�
d

!
:

Hence, if t � NR then under the assumption that M (t) � t1=2 and the volume

condition (2.5) we obtain

M (t) � c7 exp

�
R (t)� c4

d
+
1

2
log t� d�1

�
: (2.9)

Combining (2.8) and (2.9) we see that when NR logNR < t < t1

c0t1=2 exp
�
R (t)� c3

d
� d�1

�
� c (1 +R (t)) t1=2:

Dividing through by t1=2 we see that R (t) is bounded independently of t. Hence,

by (2.8) there exists c00 > 0 such that for NR logNR < t < t1

M (t) � c00t1=2:

Take c8 := c00 ^ 1 and we are done.
The previous result enables us to give bounds on the probability of exiting a

ball quickly. Let �� (x; r) := inf ft � 0 : Zt 62 Bx [r]g : As in [4]:

Proposition 16. There exist ci such that if Bx1 [R] is �ne then for x 2 Bx1

�
7
9
R
�
,

c9 (NR logNR)
1=2 � r � R and 0 � t � 1

2
c5

R2

logR
we have

Px (�� (x; r) < t) � 1

2
+
c10t

r2
: (2.10)
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Proof. Write �� = �� (x; r). Let

A := Bx [r] [ @extBx [r] :

Firstly assume that r < R
9
. For NR logNR � t � c5R2

2 logR
, by Proposition 15:

c8t
1=2 � Ex (d (x; Z2t))

� Ex (d (x; Zt^�� )� d (Zt^�� ; Z2t))

� Ex1f��<tgd (x; Z�� )� Ex [EZt^��d (Zt^�� ; Z2t�t^�� )]

� Px (�� < t) r � sup
z2A;s�t

Ezd (z; Z2t�s)

� Px (�� < t) r � c8t
1=2:

We conclude, by rearranging, that

Px (�� < t) � 2c8t1=2r�1: (2.11)

Since � � 1
2

�
1 + �2

�
we obtain (2.10).

Now, if t < NR logNR then by (2.11)

Px (�� < t) � Px (�� < NR logNR)

� 2c8 (NR logNR)
1=2 r�1

� 1

2

for r > 4c8 (NR logNR)
1=2.

Finally, if R
9
� r � R then �� (x; r) � ��

�
x; R

9

�
. Thus, adjusting the earlier

constants, the result holds.

As noted in [8], we can prove an analogous result for discrete time. Let � refer

to the exit time for the discrete walk.

Proposition 17. There exist ci such that if Bx1 [R] is �ne then for x 2 Bx1

�
7
9
R
�
,

c9 (NR logNR)
1=2 � r � R and c12 � t � 1

2
c5

R2

logR
we have

Px (� (x; r) < t) � 2

3
+
c11t

r2
:

Proof. Zt = XMt for Mt a unit rate Poisson process independent of X. Hence

Px (� (x; r) < t)Px (M2t > t) = Px (� (x; r) < t;M2t > t)

� Px (�� (x; r) < 2t)

� 1

2
+
c10t

r2
:

Now, there exists c12 such that Px (M2t > t) � 3
4
for all t � c12. The result now

follows.
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Proposition 18. There exist ci such that if Bx1 [R] is �ne, x 2 Bx1

�
2
3
R
�
and

t; � > 0 satisfy

� < R and c13 (NR logNR)
1=2 � � t � R2

logR
;

then

Px (� (x; �) < t) � c14 exp

�
�c15�

2

t

�
:

Proof. Identical to Proposition 3.7 of [4].
We can now prove Theorem 12.

Proof of Theorem 12. For ease of notation set D := d (x; y).

If n log n � 2CCd�1D2 then by (2.4)

qn (x; y) � CB exp

 
�CCd (x; y)

2

n

!
� CBn

�d=2

and hence (2.7) holds.

Now, suppose that

n log n > 2CCd
�1D2: (2.12)

If c1 is chosen small enough in (2.6) then (2.12) forces y 2 Bx

�
2
3
R
�
:

Set

Ax := fz : d (x; z) � d (y; z)g

and Ay := G�Ax. Set s = bn=2c and � = D=2. The idea is the following: we can

write

� (x)Px (Xn = y) = � (x)Px (Xn = y;Xs 2 Ay) + � (x)Px (Xn = y;Xs 2 Ax) :
(2.13)

We can bound the �rst term on the right-hand side:

Px (Xn = y;Xs 2 Ay) = Px (� (x; �) < s;Xs 2 Ay; Xn = y)

� Ex
�
1f�(x;�)<sgP

X� (Xn�� = y)
�

� Px (� (x; �) < s) sup
z2@B(x;�)
s�n=2

qn�s (z; y)� (y)

For n � 2NR the second term is bounded by CAn�d=2 by De�nition 11. To bound

the �rst part of the right hand side we look to use Proposition 18 and so must

check that the conditions are satis�ed. Now, � < D < R and s < c5
2

R2

logR
for c1

small. By (2.12) and the assumption n � N1+�
R we see

c13 (NR logNR)
1=2 � � c (NR logNR)

1=2 (n log n)1=2

� 1

3
n � s.
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Thus, applying Proposition 18 we see that

Px (Xn = y;Xs 2 Ay) � cn�d=2 exp

�
�c0D

2

s

�
� (y) :

By reversibility we can bound the second term of (2.13) in the same way.

Divide through by � (x)� (y) and the proof is complete.

2.4. Controlling the time in traps

As discussed in the introduction, we consider two graphs in this chapter: the

original graph G and a thinned graph C1k � G. This structure naturally induces
what we call traps - the connected components of G � C1k .
As will become clear later, it is crucial that we can control the time that the

walk spends in these traps and we explore this here.

In Section 2.4.1 we consider the time spent in a generic trap, T , when � (T ) =

M . We use �nite Markov chain arguments to bound the probability that the walk

spends a large amount of time in T in one visit in terms of M .

In dimension d � 3 we will show in Section 2.5 that, under the conditions of
De�nition 9, the random walk is transient. Therefore the total time spent by the

walk in T is �nite and we can ask how this behaves. We consider this in Section

2.4.2, giving bounds on the probability that a large amount of time is spent in the

trap in terms of M and the probability that the walk returns to the trap.

2.4.1. Time spent in a single trap of measure M in one visit

We look at a trap, T1, of measure � (T1) = M . We start the walk at one of the

neighbours of T1, this is by de�nition a vertex in Ck1. Call this vertex x0. We use
the work of Aldous and Brown [1] to obtain exponential decay for the distribution

of the exit time from T1.

Now, as we are interested in the exit time from T1 we assume that the walk

steps directly into T1 from x0. We therefore consider the augmented trap T with

vertex set V (T ) = V (T1)[ fx0g and edge set induced from G. Note that we may
have deleted other edges that connected T to C1k , however their deletion can only
increase the exit time from T .

The quantity we wish to investigate is thus

Sx0 = Sx0 (T ) := inf fn > 0 : Xn = x0g

where Xn is the simple random walk on T1 started at the point x0. For the

continuous time version of the walk, (Zt)t�0, we similarly de�ne

�Sx0 = �Sx0 (T ) := inf ft > 0 : Zt = x0g :
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Instead of analyzing S directly we attack the smoother �S. Write Zt = XMt forMt

an independent Poisson point process of unit rate and let �Mn := inf ft > 0 :Mt = ng
be its inverse. We deduce results for S from the following:

P (Sx0 � n) = P
�
Sx0 � n; �Mn > c1n

�
+ P

�
Sx0 � n; �Mn � c1n

�
� P

�
�Sx0 � c1n

�
+ P

�
�Mn � c1n

�
= P

�
�Sx0 � c1n

�
+ P (Mc1n > n) : (2.14)

When c1 < 1 the second term will decay exponentially quickly in n and hence

upper bounds on �S will transfer to upper bounds on S.

We quote the following from [1]:

P�
�
�Sx0 > t

�
� (1� � (x0)) exp

 
� t

E�
�
�Sx0
�! ; (2.15)

where � is the stationary probability distribution for the chain and � is the eigen-

vector corresponding to the smallest eignenvalue of �Qx0, the rate matrix of the

simple random walk on T restricted to T � x0. The subscripts � and � refer to

the initial distribution being � and � respectively. The bottom term inside the

exponential is di¢ cult to calculate explicitly. We can use another result from [1],

namely:

E�
�
�Sx0
�
� �

� (x0)
; (2.16)

where � is the inverse of the spectral gap - the spectral gap being the smallest

non-zero eigenvalue of the rate matrix �Q.
It is important to emphasize that the � quoted is a probability distribution.

When we come to apply these results to �nite traps in our model, we will take

� (x) =

P
y�x !xyP

y2T
P

z�y !zy
;

this is the normalized � used in the rest of this chapter.

We should say something about why these results hold. It is easy to see where

the �rst result comes from. If we restrict the transition matrix of our �nite Markov

chain to T �x0, then we obtain a strictly substochastic matrix and hence when we
raise this to the power n, rows will sum to strictly less than one. If we look at the

row corresponding to the point that is connected to x0 and sum the entries, the

di¤erence between this sum and one is the probability that we have hit x0 before

time n.

To bound the spectral gap we use the isoperimetric constant. We therefore

introduce the isoperimetric pro�le for a graph.
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De�nition 19. For a Markov chain on a vertex set V , with transition probabili-
ties P and invariant measure �, let Q (x; y) := � (x)P (x; y). For sets A1; A2 � V ,

write

Q (A1; A2) :=
X
x2A1

X
y2A2

Q (x; y) :

For A � V with 0 < � (A) <1 set

�A :=
Q (A;Ac)

� (A)
;

and de�ne the isoperimetric pro�le

� (r) := inf f�A : � (A) � rg : (2.17)

The isoperimetric pro�le will be used extensively in Section 2.5. We consider

only the isoperimetric constant here:

� = � (� (V ) =2) :

From the isoperimetric constant we can use Cheeger�s inequality to bound the

spectral gap (see, for example, Salo¤-Coste�s St Flour notes [50]).

Considering the simple random walk we obtain

Q (A;Ac) =
X
x2A

X
y2Ac

� (x)P (x; y)

= � (@A) ;

where @A := fe = (xy) : x 2 A; y 62 Ag. Thus,

� = min

�
� (@A)

� (A)
: A � V (G) ; � (A) � � (V )

2

�
:

We need to bound the isoperimetric constant from below. Since � (V ) �M+k

and !e � 1 for any edge e, we have

� � 2

M + k

and in fact M�1 is the correct order as can be seen by considering the graph

comprising two complete graphs with edges of weight 1 on
q

M
2
vertices connected

by exactly one edge.

Cheeger�s inequality (see eg [50]) gives a bound on the spectral gap in terms

of the isoperimetric pro�le:
�2

8
� � � �:

Hence we obtain the lower bound

� � 1

2 (M + k)2
:
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Now, combining this with (2.15) and (2.16) we obtain:

P�
�
�Sx0 > t

�
� (1� � (x0)) exp

�
� t� (x0)

2 (M + k)2

�
:

Splitting the left hand side into constituent parts:

Px0
�
�Sx0 > t

�
� 1� � (x0)

� (x0)
exp

�
� t� (x0)

2 (M + k)2

�
:

By (2.14) we can recover a bound on the return time for the discrete walk:

Px0 (Sx0 > n) � c2M exp
�
�c3n
M2

�
; (2.18)

for constants ci independent of M .

We thus have exponential decay for the tail of Sx0 and that E
�
e�Sx0

�
exists for

suitably chosen values of �; this in turn allows us to consider the amount of time

spent in T over several visits to the trap.

Using equation (2.18) we see that

E [exp (�Sx0)] =
1Z
0

P [exp (�Sx0) � x] dx

= 1 +

1Z
1

P [exp (�Sx0) � x] dx

= 1 +

1Z
0

� exp (�x)P [Sx0 > x] dx

� 1 +

1Z
0

� exp (�x) c2M exp
�
� c3x
M2

�
dx

= 1 + c2
�M

c3M�2 � �
; (2.19)

for � < c3M
�2. We will choose � later.

2.4.2. Total time spent in a trap for transient walks

In Section 2.5 we will investigate transient random walks. This leads to the natural

question concerning the total time spent in a trap. This will depend not only on

the size and shape of the trap, but also on how many times the walk returns to

the trap. This in turn will be determined by the trap�s return probability.

For a trap T , we de�ne the worst case return probability:

pT := max fPx (Xn 2 T for some n > 0) : x 2 @extTg :

For the purpose of this section we assume that pT < 1.
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Now, let T be a trap of total measure M with worst case return probability

pT . Write

� := jfn : Xn 2 @extT;Xn+1 2 Tgj

for the number of visits to the trap T . Then, if we let Zi be random variables

corresponding to time spent in T on successive visits, the total amount of time

spent in T , call this Y , is given by

Y :=

�X
i=1

Zi:

Note that

E
�
e�Zi

�
� sup

x02@T
E
�
e�Sx0

�
and the righthand side can in turn be bounded by equation (2.19). De�ne z :=

supx02@T E
�
e�Sx0

�
.

We look to calculate bounds on the moment generating function of Y when

the walk is started at any boundary point of the trap. We thus look to bound:

w := sup
x2@T

Ex
�
e�Y
�
:

De�ne �1 := inf fn � 0 : Xn 2 @T;Xn+1 2 Tg and �2 := inf fn > �1 : Xn 2 @Tg.
Then

w = sup
x2@T

"X
y2@T

Ex
�
e�Y jX�1=y

�
Px [X�1 = y] + Px [�1 =1]

#

� sup
x2@T

"X
y2@T

Ey
�
e�Z1

�
Ey
�
e�(Z2+:::+Z� ) jX�1 = y

�
Px [X�1 = y] + 1

#
� sup

x2@T

�
zEx

�
e�(Z2+:::+Z� ) j�1 <1

�
Px [�1 <1]

�
+ 1

� zpTw + 1:

Hence provided zpT < 1; then

w � (1� zpT )
�1 :

Now, to satisfy z < 1
pT
<1, we use equation (2.19):

z � 1 + c2
�M

c3M�2 � �
:

Thus the condition is satis�ed if

� <
c3 (1� pT )

c2pTM3 +M2 (1� pT )
:
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Take c4 suitably small and choose

� :=
c4 (1� pT )

M3
;

then after some work we obtain the bound

w � 1

1� pT
+

pTM

(1� pT )
2 (M � 1)

� 1

1� pT
+ c5

pT

(1� pT )
2 :

Thus for Y1; Y2; : : : iid random variables, equal in distribution to Y we have for

l; n 2 N

PT (Y1 + : : :+ Yl � n) � exp

�
�
�
c4 (1� pT )

M3

�
n

�
wl

� exp

�
�
�
c4 (1� pT )

M3

�
n

��
1

1� pT
+ c5

pT

(1� pT )
2

�l
Now, we can group our traps in the following way.

De�nition 20. We say a trap T is of type [m; r] for m; r 2 N if d� (T )e = m and

1� 1

c6 (r � 1)
� pT � 1�

1

c6r
;

where the constant c6 := c2:5:1, which in turn is de�ned in Theorem 24.

It will be shown in Section 2.5 that a trap of type (m; r) as de�ned in De�nition

7 is a trap of type [m; r0] in De�nition 20 for some r0 � r.

We can now summarize this section in the following proposition.

Proposition 21. Suppose Ti are traps of type [m; r] and Yi is the total time spent
in trap Ti. Then there exist constants ci dependent only on c2:5:1 such that for

l; n 2 N
P (Y1 + : : :+ Yl � n) � exp

�
�
� c7
m3r

�
n
� �
c8r + c9r

2
�l

(2.20)

2.5. Heat kernel upper bounds

In this section we will use the results of Sections 2.3, 2.4 and the ideas of [4] and

[11] to prove Theorem 10.

Recall the three random walks introduced in De�nition 3: the simple random

walk on G, Xn; the time changed random walk, ~Xn; and the simple random walk

on Ck1, Yn.
Our method to obtain upper bounds for the on diagonal heat kernel behav-

iour for Xn is the following: we show that the isoperimetric pro�les of the time
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changed random walk and the simple random walk on the thinned graph are com-

parable, then, since we have good control of the isoperimetric pro�le of the thinned

graph through Condition 4, we obtain standard heat kernel behaviour for the time

changed random walk. This together with Condition 5 and Section 2.3 give full

Gaussian upper bounds for the time changed walk. This is contained in Section

2.5.1 and follows closely [11].

We then show that we can transfer these bounds to the random walk on the

full graph provided we have su¢ cient control over the time spent in traps - this

boils down to controlling the size and frequency of traps. Section 2.5.2 proves that

Condition 8 is su¢ cient to control the time spent in traps. These results are then

brought together to prove Theorem 10 in Section 2.5.3.

ForXn and ~Xn we write respectively P n (x; y) := P (Xn = y jX0 = x), qn (x; y) =
Pn(x;y)
�(y)

, ~P n (x; y) := P
�
~Xn = y

��� ~X0 = x
�
and ~qn (x; y) =

~Pn(x;y)
�(y)

.

2.5.1. The time changed random walk

Recall the de�nition of the isoperimetric pro�le, De�nition 19. There are several

results providing a link from isoperimetric inequalities to heat kernel bounds; we

choose to invoke the following, taken from [43].

Theorem 22 (Morris and Peres 2005). Consider a graph G = (V;E) and let
P be the transition matrix of a random walk on G with invariant measure �.

Suppose that 
 2 (0; 1] is such that P (x; x) � 
 for all x 2 V . If

� � 1 + (1� 
)2


2

Z 4="

4(�(x)^�(y))

4

u� (u)2
du

then
���P �(x;y)�(y)

��� � ".

The above theorem requires P (x; x) � 
 for some 
 > 0. Hence we consider

the transition densities given by ~P 2 and P 2k ; corresponding to two step transitions

of the time changed random walk and the random walk on the thinned graph

respectively, since for all x 2 Ck1 we have ~P 2 (x; x) ; P 2k (x; x) � k�2.

We write ~� for the isoperimetric pro�le corresponding to ~P 2 and �k for the

isoperimetric pro�le associated to P 2k .

The following proposition, adapted from [11], shows that we can bound the

isoperimetric pro�le of the time-changed random walk by the isoperimetric pro�le

of the simple random walk on the thinned graph.

Proposition 23. For any �nite set � � Ck1,

~�� � k�3�k�;
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where ~�� and �k� are with respect to the time changed walk and the simple walk

on the thinned graph respectively.

Proof. For x 2 Ck1, de�ne
� (x) :=

X
y2Ck1

!xy;

the invariant measure for the simple random walk on the thinned graph. Note that

� � �. Note also that � is the invariant measure for the time changed random

walk ~X.

For x 2 Ck1 we have

� (x) � � (x) � 1 � 1

k
� (x) : (2.21)

Set

B (x; y) :=
�
z 2 Ck1 : z � x; z � y

	
:

Then, on restricting ~P 2 (x; y) to transitions that fail to visit a trap and using (2.21)

we see:

~P 2 (x; y) �
X

z2B(x;y)

!xz
� (x)

!zy
� (z)

� 1

k2

X
z2B(x;y)

!xz
� (x)

!zy
� (z)

= k�2P 2k (x; y) : (2.22)

The claim follows from (2.21), (2.22) and De�nition 19.

By this proposition and Condition 4 we have control of the isoperimetric pro�le

of the time changed walk. We therefore look to control its heat kernel.

Theorem 24. Suppose Condition 4 holds with set of constants fR0 (x) : x 2 Vg :
Then there exist constants ci (d; k;  ; �; C1) <1 such that for x1; x 2 V ;

~q2n (x1; x) �
c1
nd=2

for all n � c2 _R0 (x1) :

Proof. For simplicity we assume that x1 = 0 2 V. For general x1 we simply
translate the graph - mapping x1 to the origin.

By Condition 4, the largest distance the time changed random walk can travel

in n steps is bounded by L = n1=(1��), provided n � R0. We thus only consider

sets � � Ck1 entirely contained in [�L;L]
d when calculating ~� (r). By Proposition

23 and the above comment we restrict our attention to sets � � Ck1 \ [�L;L]
d

that are connected in the graph structure of Ck1. We consider the isoperimetric
pro�le of this truncated, �nite graph. Take � 2

�
 ; 1��

2

�
.
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If n � R0 then L � R
1=(1��)
0 � R0. Thus if � (�) � L�, then Condition 4 and

equation (2.21) combine to say that there is a constant c > 0 such that:

�k� � c� (�)�1=d :

If � (�) < L�, then we trivially have

�k� � � (�)�1 � L��:

From Proposition 23 and the above two equations we see that

~�! (r) � c
�
r�1=d ^ L��

�
:

We wish to use Theorem 22 and intend to take " � n�d=2. The switch between

the two regimes occurs when r = Ld�, which is less than 4=" since � < 1=2. The

integral we need to calculate can thus be bounded by

1 + k2
Z 4="

4(�(x)^�(y))

4

u~� (u)2
du

� 1 + k2
Z Ld�

4(�(x)^�(y))

4

ucL�2�
du+ k2

Z 4="

Ld�

4

cu1�2=d
du

� 1 + cL2� logL+ c0"�2=d

Take " such that 2c0"�2=d = n. Now, take N1 such that for all n > N1 we have

cL2� logL < n=4;

this is possible due to our choice of �. Take N2 such that for n > N2 we have

Ld� <
4

"

and hence the splitting of the integral above is valid. Note that N1 and N2 are

both deterministic, dependent only on d; �;  ; � and C1. In particular they do not

depend on R0.

Hence if n > N1 _N2 _R0 we have

1 + k2
Z 4="

4(�(x)^�(y))

4

u~� (u)2
du < n

and appealing to Theorem 22 with 
 = k�2, we obtain the claimed result.

To ease notation, from now on assume that R0 (x) � c2 for all x:

Corollary 25. If Bx1 [R] is good then for any x 2 Bx1 [4R=5] and y 2 V we have

~qn (x; y) �
c1
nd=2

for n � R0 (x).
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Proof. For even n this follows directly from Theorem 24 and the de�nition of a

good ball. For n = 2l + 1 we see:

~qn (x; y) =
1

� (y)

X
z�y

Px (X2l = z)Pz (X1 = y)

=
1

� (y)

X
z�y

~q2l (x; z)� (z)Pz (X1 = y)

� 1

� (y)
c1l

�d=2
X
z�y

!zy

� c1n
�d=2;

where the value of c1 is altered in the �nal line.

From Section 2.3 and the condition on volume growth and graph distance for

the thinned graph, Condition 5, we obtain:

Corollary 26. De�ne � :=
�
d+2
d+1

�1=2 � 1. Suppose Bx1 [R] is good. Then there

exist ci such that for x 2 Bx1 [2R=5] and y 2 V we have:

~qn (x; y) � c3n
�d=2 exp

 
�c4 jx� yj2

n

!

for N1+�
R � n � c5

R2

logR
.

Proof. This is an application of Theorem 12, with � := � > 0. We see that the

conditions of the theorem are satis�ed by Corollary 25, [25] and Condition 5 for

good balls.

We keep the choice of � constant for the remainder of the section.

Note in particular, that for d � 3 the walk is transient. For x 2 Ck1 (!), let

p (x; !) := P !
x (Xn = x for some n > 0) :

Since the random walk Xn returns to x i¤ the time changed random walk ~Xn

returns to x; by a simple application of the Markov property we have:

E!
x

" 1X
n=0

1f ~Xn=xg

#
=

1

1� p (x; !)
:

Now, by Corollary 25, if Condition 4 holds then for all x 2 Ck1 (!):

E!
x

" 1X
n=0

1f ~Xx=0g

#
=

1X
n=0

P !
x

�
~Xn = x

�
� R0 (x) +

1X
n=R0(x)+1

c1n
�d=2

� c1R0 (x) ;
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where c1 has changed value. Thus

p (x; !) � 1� 1

c1R0 (x)
; (2.23)

validating the link between De�nitions 7 and 20 claimed after the latter de�nition.

The following proposition would normally be proved by the ergodicity of the

environment from the point of view of the particle. However, we require control

over the speed of the convergence of the following sum and hence use the above

Gaussian bounds.

Proposition 27. If Bx1 [R] is good then there exists c6 such that for any x 2
Bx1 [2R=5] we have

Ex

"
1

n

nX
j=0

�
�
T ~Xj

�#
� c6;

for all N (1+�)(d+1)
R � n � c5

R2

logR
:

Proof. Set N := N1+�
R :

Now, by Corollary 26,

Ex

 
1

n

nX
j=0

�
�
T ~Xj

�!

=
1

n

nX
j=0

X
y2Ck1

� (Ty) ~P
j (x; y)

� 1

n

NX
j=0

X
y2Bx[N ]

� (Ty) ~P
j (x; y) +

1

n

nX
j=N

X
y2Bx[N ]

� (Ty) ~P
j (x; y)

+
1

n

nX
j=N

X
y2Ck1�Bx[N ]

c3� (y)� (Ty) j
�d=2 exp

 
�c4

jx� yj2

j

!
: (2.24)

Recall Condition 6. For the �rst term we have by (2.1) and (2.2) standard volume

control as N > NR � R2 (x) :

NX
j=0

X
y2Bx[N ]

� (Ty) ~P
j (x; y) =

X
y2Bx[N ]

NX
j=0

� (Ty) ~P
j (x; y)

� N
X

y2Bx[N ]\Ck1

� (Ty)

� cNd+1:

For the second term: by (2.1), (2.2) and Corollary 25,
nX

j=N

X
y2B[N ]

� (y)� (Ty) ~qj (x; y) �
X

y2Bx[N ]\Ck1

� (y)� (Ty)

nX
j=N

cj�d=2

� c0
X

y2Bx[N ]\Ck1

k� (Ty)

� c00Nd;
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for d � 3. Similarly, for d = 2:
nX

j=N

X
y2B[N ]

� (y)� (Ty) ~qj (x; y) � c00Nd log n:

For the third term, when d � 3, by comparison with the corresponding integral
and using the substitution z = c4jx�yj2

j
:

nX
j=N

X
y2Ck1�Bx[N ]

� (y)� (Ty) j
�d=2 exp

 
�c4

jx� yj2

j

!

�
X

y2Ck1�Bx[N ]

k� (Ty) c (d) jx� yj2�d exp
 
�c0 jx� yj2

n

!
:

Now, splitting Ck1 �Bx [N ] into annuli and appealing to (2.1):X
y2Ck1�Bx[N ]

� (Ty) jx� yj2�d exp
 
�c0 jx� yj2

n

!

�
1X
i=N

X
y2Ai

c� (Tx) i
2�d exp

�
�c0 i

2

n

�

�
1X
i=N

cid�1i2�d exp

�
�c0 i

2

n

�
:

Evaluate this to conclude that
nX

j=N

X
y2Ck1�Bx[N ]

� (y)� (Ty) j
�d=2 exp

 
�c4

jx� yj2

j

!

� c000n exp

�
�c0N

2

n

�
� c000n:

For the d = 2 case, again using (2.1):
nX

j=N

X
y2Ck1�Bx[N ]

� (y)� (Ty) j
�1 exp

 
�c4

jx� yj2

j

!

�
nX

j=N

j�1
1X
i=N

X
y2Ai

k� (Ty) exp

�
�c4

i2

j

�

�
nX

j=N

j�1
1X
i=N

ci exp

�
�c4

i2

j

�

�
nX

j=N

c � c000n:

Now, when we combine the three terms in equation (2.24), we see

Ex

 
1

n

nX
j=0

�
�
TXj
�!

� 1

n

�
cNd+1 + c00Nd log n+ c000n

�
� c6
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for n � Nd+1.

Recall the de�nition of Si, the time the walk takes to make the ith step on the

thinned graph. By the methods of [11] we have:

Proposition 28. There exists c7 = c7 (k;K) such that for x 2 Ck1 we have

Ex (S1) � c7� (Tx) :

Proof. We add a vertex � to the �nite graph Tx and connect it by an edge to

every y 2 Tx such that the graph G contains an edge from y to Ck1, giving the
edge (y�) weight

!y� :=
X
z2Ck1

!yz:

The resulting �nite graph we call T 0x. Now, the simple random walk started at x

on G and the simple random walk started at x on T 0x have the same law up until

they �rst hit �. In particular S1 for the walk on C1 started at x is stochastically

dominated by S 0x, the �rst time that the walk started at x on T
0
x returns to x.

Now, � is an invariant measure for the walk on T 0x provided we set

� (�) =
X
y2Tx

!y�:

By standard Markov chain theory z 7! (EzS
0
z)
�1, where Ez is expectation with

respect to the walk on T 0x started at z, is the invariant distribution and

ExS
0
x =

� (T 0x)

� (x)
:

Taking K to be the maximum number of neighbours in Ck1 that a point in

G�Ck1 can have, we see that � (�) � Kk� (Tx). Hence � (T 0x) � � (Tx)+Kk� (Tx).

Hence we obtain the required result:

Ex (S1) � Ex (S
0
x) � c7� (Tx) :

The following also follows from the methods of [11].

Lemma 29. Suppose Bx1 [R] is good. Then there exists a constant c8 <1 such

that for all x 2 Bx1 [R=2] \ Ck1, n � 1 and 2N
(1+�)(d+1)
R � l � c5

R2

logR
we have

Px

�
~Xl = x; S1 + : : :+ Sl � n

�
� c8� (x)

l1�d=2

n
:
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Proof. By reversibility of ~X, for i < l

Px

�
~Xl = x; S1 + : : :+ Si � n=2

�
= Px

�
~Xl = x; Sl + : : :+ Sl�i+1 � n=2

�
:

Applying this with i = l=2 then using Markov�s inequality

Px

�
~Xl = x; S1 + : : :+ Sl � n

�
� 2Px

�
~Xl = x; S1 + : : :+ Sl=2 � n=2

�
� 4

n
Ex

h
1f ~Xl=xg

�
S1 + : : :+ Sl=2

�i
:

If we now condition on the path of ~X we see

Px

�
~Xl = x; S1 + : : :+ Sl � n

�
�

l=2X
j=1

X
y;z

4

n
Px

�
~Xj�1 = y

�
Ey

�
S11f ~X1=zg

�
Pz

�
~Xl�j = x

�
: (2.25)

By Corollary 25, for l � j � NR _ l=2

Pz

�
~Xl�j = x

�
=
� (x)

� (z)
Px

�
~Xl�j = z

�
� c1� (x)

�
l

2

��d=2
;

since ~Xi 2 Ck1. As j � l=2; if l > 2NR then l � j � NR.

Now,
P

z Ey

�
S11f ~X1=zg

�
= Ey (S1) � c7� (Ty) by Proposition 28. By Propo-

sition 27 we have
mX
j=1

X
y

Px

�
~Xj�1 = y

�
� (Ty) = Ex

 
m�1X
j=0

�
�
T ~Xj

�!
� c6m

for N (1+�)(d+1)
R � m � c5

R2

logR
.

Combining these results with (2.25) we obtain the claimed result.

2.5.2. Time spent in traps

Recall from De�nition 20 the de�nition of traps of type (m; r).

If Bx1 [R] is a good ball then Condition 8 and equation (2.23) tells us that the

traps are well spread. We will combine this condition with the results from Section

2.4 to deduce bounds for the probability that the walk spends a large proportion

of its time in traps.

Recall the de�nition of Si from De�nition 3.

Proposition 30. Suppose Bx1 [R] is good. For x 2 Bx1 [R=2] we have the follow-

ing:

For d = 2; 3: Then there are constants c9; c10 such that

NX
l=1

Px (S1 + : : :+ Sl � n) � c9 exp
�
�c10n1�

3
4��

�
(2.26)
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for n � N1+ 3
1�� and N � NR.

For d � 4: There exists c11 2 (0; 1) and a function f : N ! R with f (n) =
o
�
n�d=2+1

�
, such that for c < c11 and n � NR;

cnX
l=1

Px (S1 + : : :+ Sl � n) � f (n) : (2.27)

Proof. We start with the d = 2; 3 case. By Condition 4, as N � NR the largest

trap we encounter in N steps of the time changed walk, started at x, is bounded

above by N1=(1��). We therefore see that

NX
l=1

Px (S1 + : : :+ Sl � n) � NPx (S1 + : : :+ SN � n)

� NPx (Z1 + : : :+ ZN � n)

where Zi are exit times from a trap of size N1=(1��). By (2.19) we have

E (exp (�Z1)) � 1 +
c2:4:2�N

1=(1��)

c2:4:3N�2=(1��) � �

for � < c2:4:3
N2=(1��) . Hence, taking � =

c2:4:3
2N2=(1��) , by Markov�s inequality we see

Px (Z1 + : : :+ ZN � n) � exp
�
� c2:4:3
2N2=(1��)n

� �
cN1=(1��)�N

� exp

�
�
�

c2:4:3
2N2=(1��)n�N log c� N

1� �
logN

��
:

Equation (2.26) now follows by taking n � N1+ 3
1�� :

We now move to the d � 4 case.
The idea is the following: to spend a large amount of time in traps, the walker

must spend a large amount of time in a particular type of trap. However, since all

traps of a particular type are spread out, the walker cannot move quickly between

traps and so can only spend large amounts of time in traps of a particular type

by remaining in traps for large periods of time. This has a small probability of

occurring. We now make this rigorous.

Let Y m;r
i be iid random variables corresponding to exit times from a trap of

type (m; r) : From Proposition 21

P [Y m;r
1 + : : :+ Y m;r

l � n] � exp
�
�c2:4:7
m3r

n
� �
c2:4:8r + c2:4:9r

2
�l
:

In particular, for � = � (m; r) and " = " (m; r)

P [Y m;r
1 + : : :+ Y m;r

�n � "n]

� exp
�
�c2:4:7"n

m3r

� �
c2:4:8r + c2:4:9r

2
��n

= exp
h
�n
�c2:4:7"
rm3

� � log (c2:4:8r (1 + c
0r))
�i
: (2.28)
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Now, note that if we take values of " (m; r) such thatX
m;r

" (m; r) � 1;

then
cnX
l=1

Px [S1 + : : :+ Sl � n] � cnPx [S1 + : : :+ Scn � n]

� cn
X
m;r

Px [S
m;r
1 + : : :+ Sm;rcn � " (m; r)n]

where Sm;rl = 1fT(XSl)=(m;r)gSl.
Hence if we take

" (m; r) =
36

�4r2m2

and de�ne Y m;r
i to be iid random variables corresponding to exit times from a trap

of type (m; r) as above, then:

cnX
l=1

Px [S1 + : : :+ Sl � n] � cnPx [S1 + : : :+ Scn � n]

� cn
n�X
m=1

(logn)�X
r=2

Px [S
m;r
1 + : : :+ Sm;rcn � " (m; r)n] :

By using equation (2.28) and Condition 8, for n � NR we have:

cnX
l=1

Px [S1 + : : :+ Sl � n]

� cn
n�X
m=1

(logn)�X
r=2

P0

�
Y m;r
1 + : : :+ Y m;r

cC7n[exp(�r#)^m�
]
� " (m; r)n

�
and

cn
n�X
m=1

(logn)�X
r=2

P0

�
Y m;r
1 + : : :+ Y m;r

cC7n[exp(�r#)^m�
]
� " (m; r)n

�

� cn

n�X
m=1

(logn)�X
r=2

exp

�
�n
�
6c2:4:7
�2r3m5

� cC7
�
exp

�
�r#

�
^m�
� log (c2:4:8r (1 + c0r))��

� cn

n�X
m=1

(logn)�X
r=2

exp

�
�n
�

c0

r3m5

��

� cn1+� (log n)� exp

 
� c0n

(log n)� n5�

!
;

where the penultimate line requires c to be su¢ ciently small and 
 > 5.

Thus, as � < 1
5
and 
 > 5 we have the required decay. This proves equation

(2.27).
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2.5.3. Proof of Theorem 10

We are now able to prove the standard upper bound for the on diagonal heat kernel

decay for the random walk on graphs that satisfy the conditions of De�nition 9.

The control on the time spent in traps enables the extension of the ideas of [11]

to:

Theorem 31. Suppose that Bx1 [R] is good. Then there exists c12; c13 <1 such

that for x 2 Bx1 [2R=5] \ Ck1 and

q2n (x; x) � c12n
�d=2 (2.29)

for all c13N
�(d)
R � n � c5

R2

2 logR
where

� (d) :=

�
(d+ 1) (1 + �) _ 4

1�� for d = 2; 3
(d+ 1) (1 + �) for d � 4 :

Proof. De�ne
Rm := sup fl � 0 : S1 + : : :+ Sl � mg :

Then for �xed l:X
m�n

Px [Xm = x;Rm = l] = Px

�
~Xl = x; S1 + : : :+ Sl � n

�
:

Now,

X
n�m<2n

Pm (x; x) =
X

n�m<2n

2nX
l=1

Px (Xm = x;Rm = l)

=
2nX
l=1

X
n�m<2n

Px (Xm = x;Rm = l)

�
2nX
l=1

Px

�
~Xl = x; S1 + : : :+ Sl � n

�
: (2.30)

For d = 2; 3, by Lemma 29 and (2.26), de�ning N := 2N
(d+1)(1+�)
R _N

4
1��
R , we

see that for N < 2n � c5
R2

logR
; there exists c such that

X
n�m<2n

Pm (x; x) �
NX
l=1

Px (S1 + : : :+ Sl � n)

+

2nX
l=N

Px

�
~Xl = 0; S1 + : : :+ Sl � n

�
� c9 exp

�
�c10n1�

3
4��

�
+

2nX
l=N

c8l
1�d=2

n
� (x)

� c� (x)n1�d=2:
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In the case d � 4 we split the sum in equation (2.30) slightly di¤erently: take

c � c11 then X
n�m<2n

Pm (x; x)

�
cnX
l=1

Px

�
~Xl = x; S1 + : : :+ Sl � n

�
+

2nX
l=cn

Px

�
~Xl = x; S1 + : : :+ Sl � n

�
: (2.31)

The �rst term of (2.31) can be bounded using equation (2.27) and the second by

using Lemma 29. Hence if N � cn and 2n � c5
R2

logR
then

X
n�m<2n

Pm (x; x) � f (n) + � (x)
2nX
l=cn

c8l
1�d=2

n
:

Now, there exists c0 = c0 (d; c) <1 such that

2nX
l=cn

l1�d=2 � c0n2�d=2:

Hence, as f (n) = o
�
n�d=2+1

�
, for d � 2 and n � NX

n�m<2n
qm (x; x) � cn1�d=2:

Since p2m (x; x) is decreasing in m, the sum on the left is bounded below by
1
2
nq2n (x; x). Dividing through by n then gives the claimed result.

Proof of Theorem 10. By the Cauchy-Schwarz inequality

q2n (x; y)
2 � q2n (x; x) q2n (y; y) ;

and hence

q2n (x; y) � c12n
�d=2

for x; y 2 Bx1 [2R=5] \ Ck1 and c13N
�(d)
R � n � c5

R2

2 logR
.

For n = 2l + 1 we see

qn (x; y) �
X
z

� (z)

� (y)
q2l (x; z) p1 (z; y)

�
X
z

!zy
� (y)

c12l
�d=2

� c12n
�d=2;

provided x; y 2 B [R=5] and c13N �(d)
R � l � c5

R2

2 logR
.
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We can now extend the on diagonal bound (2.29) to vertices in traps. Take

x 2 T for some trap T . By Condition 4, we have � (T ) � R0 (x)
� :

Fix m 2 N. De�ne

ST := inf fn > 0 : Xn 62 Tg :

On the event fST < mg de�ne

~ST := sup fn � m : Xn 62 Tg :

ST is the �rst exit time from T and ~ST will be the last entrance time if the

walk returns to x. Conditioning on ST and ~ST :

Px (Xm = x) �
X
n;l�cm

X
y;z2@extT

P
�
Xm = x

���ST = n;XST = y;m� ~ST = l; X ~ST
= z

�
Px

�
ST = n;XST = y;m� ~ST = l; X ~ST

= z
�

+Px

�
fST > cmg [

n
m� ~ST > cm

o�
� sup

n;l�cm
sup

y;z2@extT
Py (Xm�n�l = z)

+Px (ST > cm) + Px

�
m� ~ST > cm

�
� K (m (1� 2c))�d=2 + Px (ST > cm) + Px

�
m� ~ST > cm

�
:

From Section 2.4 (and reversibility) we know that the �nal two terms decay expo-

nentially quickly, dependent on � (T ). More precisely, equation (2.18) says that

for m � � (T )3 we have

Px (ST > cm) � c1m
1=3 exp

�
�c2m1=3

�
:

Since � (T ) � R0 (x)
�, the choice of � implies that m � � (T )3 whenever

m � 2N �
R. Thus, dividing through by � (x) and altering the constant c we have

qm (x; x) � cm�d=2

for all c13N
�(d)
R � m � c5

R2

2 logR
:

Applying the Cauchy-Schwarz and parity arguments outlined earlier we have:

qn (x; y) � cn�d=2

for all x; y 2 G and c13N �(d)
R � n � c5

R2

2 logR
:

This completes the proof. However, in cases where it is known that the long

range bounds stated in (2.4) hold, one can obtain full o¤-diagonal upper bounds

by appealing to Theorem 12, with Condition 6 providing the necessary volume

bounds. More, precisely, apply Theorem 12 with

� :=

�
� ^ 1

3
d = 2; 3

� for d � 4 :
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3. Continuum percolation

3.1. The model

In this chapter we consider the simple random walk on the in�nite component of

supercritical continuum percolation. We will prove that the heat kernel associated

with this walk is bounded above by the standard Gaussian bounds and that non-

degenerate Brownian motion is the walk�s scaling limit. We begin by formally

introducing continuum percolation.

For d � 2; take Bd to be the Borel sets in Rd and let 
 be the set of counting
measures on Bd which assign �nite measure to bounded Borel sets and for which
the measure of a point is at most one. We take the natural �-algebra N , generated
by sets of the form

fn 2 
 : n (A) = kg ; k 2 N [ f0g ; A 2 Bd:

Let P = P� be the measure on (
;N ) corresponding to a Poisson point process
(PPP) of intensity � on Rd (see, for example, [36]). We write H� (!) for a realiza-

tion of the PPP and take H� (!) to be the vertex set of our graph. We de�ne the

edge set to be

E� (!; r) :=
�
(x; y) 2 Rd � Rd : x; y 2 H� (!) ; 0 < jx� yj � r

	
;

and de�ne the graph G�;r (!) = (H� (!) ; r) := (H� (!) ; E� (!; r)). We work exclu-
sively with r = 1 and write G�, suppressing the dependence on r.
In the language of continuum percolation, this is the discrete analogue of the

Boolean model with �xed radii: taking the centres of the spheres as vertex set

and joining vertices if their respective spheres overlap. Continuum percolation

has been studied for many years (see [42] for a survey of continuum percolation

and [46] for a review from the graphical perspective) and it has been shown to

share many of the geometric properties of bond percolation on Zd, the most basic
of which is that there exists a critical intensity, �c = �c (d), above which there

almost surely exists a unique in�nite connected component of the graph G� and
below which there almost surely does not. We work in the supercritical case,

taking 
1 � 
 such that P (
1) = 1 and for every ! 2 
1 there exists a unique
in�nite component of G� (!), written C1 (!) :
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For ! 2 
1, de�ne the simple random walk on C1 (!) to be the Markov chain
(Xn)n�0 = (Xn (!))n�0 with transition probabilities

P ! (Xn = yjXn�1 = x) =

� 1
�(x)

if (x; y) 2 E�
0 otherwise

; (3.1)

where for x 2 C1 (!)

� (x) = �! (x) := jfy 2 C1 (!) : jx� yj � 1gj :

As previously, de�ne the heat kernel to be

q!n (x; y) =
P ! (Xn = yjX0 = x)

� (y)
:

In this chapter we will prove the following upper bound on the long range

decay of the heat kernel.

Theorem 32. There exist Ci = Ci (d; �) such that for almost every ! 2 
; there
exist constants fN! (x) : x 2 C1 (!)g such that for every x; y 2 C1 (!)

q!n (x; y) � C1n
�d=2 exp

 
�C2 jx� yj2

n

!
(3.2)

for all n � N! (x).

The proof of Theorem 32 will employ Theorems 10 and 12 of Chapter 2. As

the edge weights are exactly equal to one in this example, the results of [25] imply

the long range bounds of equation (2.4). Hence it will be su¢ cient to prove that

the conditions of De�nition 9 are satis�ed for the box Bx [R] for all x 2 Rd and
su¢ ciently large R. These conditions will be proven in Section 3.2. Note that,

unlike [4], we give no bounds on the tail behaviour of N! (x). This is due to the

di¢ culty controlling the tail behaviour for the random variable controlling the

spread of the traps.

The second result of this chapter concerns the quenched scaling limit of Xn.

In order for the walk to have a distinct starting vertex we modify the environment

by adding the origin to the vertex set and connect the origin to any edges within

unit distance. It is straightforward to show that the in�nite component of this

augmented graph will contain the origin with positive probability. We will prove

that for almost every environment where the origin is contained in the in�nite

component, the random walk started at the origin weakly converges to Brownian

motion.

To be more precise, the vertex set of the augmented graph is H� (!) [ f0g.
This is the superposition of a Poisson point process with the point process �0,
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where �0 is the counting measure with �0 (A) = 1 if 0 2 A and zero otherwise.

De�ne

P0 := P � �0;

where � denoting superposition of point processes. Then P0 is the distribution for
the vertex set of the augmented graph.

We shall see in Section 3.3 that P0 is equivalent to the so called Palm distrib-

ution for P - the probability measure �conditioned�on the origin being contained
in H�. This alternative �conditioning�viewpoint will be important when proving

ergodic properties for the environment viewed from the particle.

Introduce the measure P0 (:) := P0 ( :j 0 2 C1) : Writing 
0 = 
1 \ f0 2 C1g
and modifying N to N0 in the obvious way, we consider the triple (
0;N0;P0), a
measure on graphs whose in�nite component contains the origin. Let (X0

n)n�0 be

the Markov chain with X0
0 = 0 and transition probabilities given by (3.1). Then

we prove the following invariance principle.

Let (C [0; T ] ;WT ) be the space of continuous functions f : [0; T ] ! Rd with
Borel �-algebra de�ned with respect to the supremum topology.

Theorem 33. Take d � 2, � > �c (d). De�ne the scaled, interpolated random

walk

Bn (t) :=
1p
n

�
X0
btnc + (tn� btnc)

�
X0
btnc+1 �X0

btnc
��
; t � 0:

Then for every T > 0 and P0-almost every ! 2 
0, the law of (Bn (t) : 0 � t � T )

converges weakly on (C [0; T ] ;WT ) as n ! 1 to an isotropic Brownian motion

whose di¤usion constant D (�; d) > 0; is strictly positive and depends only on �

and d.

Remark 34. The annealed version of Theorem 33 will come for free in the course
of proving Theorem 33 due to the work of [27].

Remark 35. Note that Theorem 33 gives an on diagonal lower bound for (3.2)

of order n�d=2. This is detailed in Remark 2.2 of [13].

To obtain the invariance principle we follow the corrector method, used, for

example, in the proof of the invariance principle for the simple random walk on

supercritical bond percolation in [10]. We de�ne a corrector, � : H� � 
0 !
Rd such that Xn + � (Xn; !) is a martingale. We then check criterion for weak

convergence of this martingale to a non-degenerate Brownian motion. Finally we

show that � is sublinear and hence when we subtract the e¤ect of � from the

martingale our conclusion is not altered.
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Figure 3.1: The unthinned graph (with points of high degree highlighted) and its
thinned counterpart

This Chapter is structured as follows. Section 3.2 contains the combinatorial

arguments required to analyze the environment, proving Theorem 32. The neces-

sary ergodicity properties of the environment as viewed from the position of the

random walk are proven in Section 3.3. These proofs are somewhat more involved

than in the case of bond percolation [10] or the random conductor model [13] due

to the lack of a square lattice. We present the necessary modi�cations. The chap-

ter concludes with the proof of Theorem 33 in Section 3.4, where the existence

and sublinearity of the corrector function described above is proven.

3.2. Geometry of the environment

In this section we present the combinatorial arguments necessary to prove that the

conditions laid out in Section 2.2 hold for continuum percolation. We will begin by

de�ning the thinned graph and proving its existence and uniqueness - the methods

employed are standard [32]. We then prove that the thinned graph satis�es the

necessary isoperimetric pro�le by adapting the methods of [11] to the continuum

percolation setting. The size and spread of traps is then considered - we show that

traps can be bounded using the same methods as would normally be employed to

bound the second largest component of percolation. The volume bounds are then

obtained via standard properties of a Poisson point process. Finally we adapt the

methods of [2] to compare thinned graph distance with Euclidean distance.

Before we begin the section proper, we state a result that we will use repeatedly:

let
�
Xz : z 2 Zd

�
be a family of Bernoulli random variables. For l 2 N, we say

that
�
Xz : z 2 Zd

�
is l-dependent if Xz is independent of Xy whenever jy � zj � l

(we call this an l-dependent random �eld).

Given two families
�
Xz : z 2 Zd

�
,
�
Yz : z 2 Zd

�
of Bernoulli random variables
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we say that X stochastically dominates Y (written X �st Y ) if

E [f (X)] � E [f (Y )]

for all bounded, increasing, measurable functions f : f0; 1gZ
d

! R.
The following theorem is a weak version of the main theorem of [37].

Theorem 36 (Liggett, Schonmann and Stacey). Fix d, l � 1 and take p 2
(0; 1). Suppose

�
Xz : z 2 Zd

�
is an l-dependent family of Bernoulli random vari-

ables with P [Xz = 1] � p for all z 2 Zd. Then there exists a non-decreasing
function � : [0; 1]! [0; 1] with � (�)! 1 as � ! 1, such that�

Xz : z 2 Zd
�
�st

�
Y �(p)
z : z 2 Zd

�
;

where
�
Y
�(p)
z : z 2 Zd

�
is a family of independent Bernoulli � (p) random variables.

Applications of this result normally go as follows: Xz are taken to be f0; 1g
events dependent on the graph in a bounded region contained in B2Rz [R] for some

R > 0, with the events Xz1 and Xz2 being independent provided jz1 � z2j > l. One

then shows that P (Xz = 1) gets close to one as R gets large. By taking R su¢ -

ciently large Theorem 36 then says that Xz stochastically dominates supercritical

percolation and we appeal to some known property of supercritical percolation to

prove a property for the original graph. These renormalization techniques will be

key to our progress.

3.2.1. Existence and uniqueness of the in�nite component for the thinned
graph

Our �rst result shows that if � > �c (d) then there exists k0 = k0 (d; �) <1 such

that for any k � k0, if all points of degree greater than k are removed then with

probability one the remaining graph contains a unique in�nite component.

De�ne the thinned graph G�;k (!) to be the subgraph of G� (!) with vertex set

Vk = fx 2 H� : � (x) < kg

and edge set

Ek = fe = (x; y) 2 E� : x; y 2 Vkg :

We begin by introducing some notation. Write

Bx [s] := x+ [�s; s]d ;

for the box centred at x 2 Rd of sidelength 2s: For a cube Q = Bx [s] de�ne

~Q = ~Bx [s] := x+ [�3s; 3s]d :
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We de�ne a disjoint tiling of Rd by cubes in the following manner: for x 2 Zd

and s > 0, let

Ts(x) := B2sx [s] :

Take Q to be a cube in Rd. For a connected component C contained in Q we

say that C is crossing for Q if each face of Q is within unit distance of at least

one vertex of C. For a subcube Q0 � Q we say that C is crossing for Q0 if there
exists a connected component of C\Q0 that is crossing for Q0 in the sense outlined
previously.

Now, for a cube Q of side s, let Rk
0(Q) be the event:

Rk
0(Q) :=

n
there exists a unique crossing cluster C in ~Q for ~Q, all open paths

contained in ~Q of diameter greater than s
8
are connected to C in ~Q;

C is crossing for each cube Q0 � Q such that s(Q0) � s
8
, and for

every y 2 ~Q we have deg y � k g ;

where s (Q0) is the sidelength of Q0 and diameter is with respect to Euclidean

distance. Let C_ (Q) be the cluster contained in Gk� (!) \ Q with the largest

number of vertices and de�ne the event

Rk(Q) = Rk
0(Q) \ fC_ (Q) is crossing for Qg \

n
C_( ~Q) is crossing for ~Q

o
:

We now set �k;s(x) := 1Rk(Ts(x)) and show that this process dominates supercritical

Bernoulli site percolation when k and s are su¢ ciently large.

Proposition 37. For � > �c there exists k0 (�; d) such that for k > k0; the graph

G�;k contains an in�nite component P-almost surely.

Proof. From [46], Chapter 10, we know that the probability that there is either

no unique crossing component for Q or that there exists some other component

of metric diameter greater than s
8
within Q (we could equally replace s

8
with any

other increasing function f(s) � s such that f(s)
log s

! 1) decays exponentially in
the sidelength of Q. So for s(Q) > 16 the probability that Q and ~Q are not both

crossed by the same cluster decays exponentially in s. Thus, if we consider the

set fA1; : : : ; Ajg (j is of order sd+1) of all subcubes of Q with integer corners and
sidelengths greater than or equal to s

8
, we see that the probability that there fails

to be a unique crossing of every Ai and ~Ai decays exponentially in s. Considering

the way two neighbouring cubes overlap we see that this extends to all subcubes

of side greater than or equal to s
8
. Further, note that for �xed Q we can make

P f9y 2 Q : deg y > kg arbitrarily small by taking k large. Hence we can take a
sequence k (s) such that

P(�k(s);s(x) = 1)! 1 as s!1: (3.3)
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Now, by Theorem 36 and the fact that the random variables �(x); �(y) are inde-

pendent if jx� yj � 4; we can stochastically dominate Bernoulli site percolation of
parameter � (s) by

�
�k(s);s (x) ; x 2 Zd

�
, where � (s)! 1 as P(�k(s);s(x) = 1)! 1.

Thus, if we take s large then we dominate a supercritical site percolation and

hence there exists a unique in�nite cluster in
�
�k(s);s (x) ; x 2 Zd

�
with probability

one.

If x � y in Zd and �k;s (x) = �k;s (y) = 1; then the cube Ts (x) has a crossing

component, which must be of length at least s. However, Ts (x) � T̂s (y) and

Ts (x) � T̂s (x) and so by the de�nition of Rk
0 we must have that the crossing

component of Ts (x) is connected to crossing components of both T̂s (y) and T̂s (x).

So on the event Rk; any neighbours in Zd with �k;s = 1 have the property that their
largest components are crossing and are connected to each other. Hence, taking s

large so that � (s) > pc (d),
�
�k(s);s (x)

�
x2Zd stochastically dominates supercritical

site percolation and hence an in�nite connected cluster exists in G�;k.
This is a standard method to show the existence of an in�nite component; it

is used, for example, in [4], [46] and [42].

In the work that follows we assume several times that k is suitably large, for

example we at times need to know that the probability that a box is crossed by the

thinned graph is suitably large. However, we do not always mention explicitly that

we require k to be large; it is assumed that k has already been taken su¢ ciently

large.

We now show that the thinned in�nite component is unique. We do this

following the methods introduced in [20], that are described, for example, in [42]

and [32]. Since we know that the unthinned graph will almost surely have a unique

in�nite component, C1, and the thinned graph will almost surely have an in�nite
component, pick one and call it Ck1, de�ning traps to be components of C1nCk1;
then proving that all traps are almost surely �nite will su¢ ce.

We do this in two steps: the �rst step shows that the number of traps of in�nite

cardinality is almost surely either zero or in�nite and the second step rules out

the possibility that it is in�nite.

Theorem 38. For � > �c (d) there exists k0 (�; d) such that for k > k0 the graph

G�;k contains a unique in�nite component P-almost surely. Further, all traps are
�nite almost surely.

Proof. Let N be the number of in�nite traps. By ergodicity it follows that N

is almost surely constant, say N = b with probability one. We �rst assume that

1 � b <1 and look for a contradiction so to reduce the possibilities to b 2 f0;1g.
Now, we have already shown that there almost surely exists an in�nite com-

ponent with bounded degree, Ck1. Hence, choose n su¢ ciently large such that

49



the box B0 [n] intersects both an in�nite trap, T , and Ck1 with strictly positive

probability. Assume k0 is taken su¢ ciently large that with probability one the

points of degree greater than k0 do not percolate. Let " > 0: We can choose n

large such that the following event holds with strictly positive probability:

F =

�
B0 [n] intersects both Ck1 and T; there exists y 2 T �B0 [n] ;

x 2 Ck1 �B0 [n] withdeg x; deg y < k � c and jx� @B0 [n]j ; jy � @B0 [n]j < "

�
;

where c = c (d) < k is some constant we will choose shortly. Note that on the

event fN = bg, F is dependent only on B0 [n]c.
We now introduce an event on the interior of the box B0 [n]. Let a < 1

2
p
d
and

split B0 [n] into disjoint subcubes of sidelength a (making the obvious corrections

at the edges), call these B1; : : : ; Bl where l = O
�
nd
�
. De�ne the event

E = fjBi \H�j = 1 for all ig :

Then P [E] > 0. Further, on the event E, the interior of B0 [n] is exactly one

connected component, as if two points lie in neighbouring subcubes then they are

within unit distance of each other and are thus connected. It is also clear that

the degree of any point within B0 [n] is bounded by some constant, take this to

be c� 1.
Since the event E depends on the con�guration within the box B0 [n] and the

event F depends on the con�guration outside the box, the events are independent

and hence

P [E \ F ] = P [E]P [F ] > 0:

If " is su¢ ciently small, with both E and F holding then we have a path of

points of degree less than k that connects T to Ck
1. This contradicts the de�nition

of a trap. Hence N 2 f0;1g almost surely.
It su¢ ces now to rule out the in�nite case. We suppose N =1 a.s. and look

for a contradiction via the methods of [20]. We consider only the in�nite traps and

ignore Ck
1 for this part of the proof. If we take n large enough, there is positive

probability that B0 [n]
c contains at least three distinct unbounded traps that hit

@B0 [n]. By considering a suitable set of con�gurations on the interior of B0 [n]

we �nd that the following event has probability � > 0 , say, of occurring:

A (n) :=

�
9 unbounded trap T 0 such that T 0 \B0 [n]c contains at

least three unbounded traps

�
:

Call the three unbounded traps in T 0 \ B0 [n]c branches. Take K large and

choose M such that the following event has probability at least �
2
:

A (n;M) :=

A (n) \ fall branches of B0 [n] contain at least K points in B0 [Mn] nB0 [n]g :
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For z 2 Zd de�ne the events Az (n) ; Az (n;M) by translating A (n), A (n;M)
over the vector z. For large L (chosen later), let R be the set:

R = R (L) :=
�
z 2 Zd : Bnz [Mn] � B0 [Ln] ; A

nz (n;M) occurs
	
:

Since P [Az (n;M)] is constant for all z 2 Zd, we have:

E jRj = P [A (n;M)]
���z 2 Zd : Bnz [Mn] � B0 [Ln]

	�� � �Ld (3.4)

for some � > 0 and large enough L.

For z 2 Zd, take C1z ; C2z ; C3z to be the points in three of the branches of z
contained in Bnz [Mn] � Bnz [n]. Then Ci

z \ Cj
z = � for i 6= j, and jCi

zj � K for

all i. For z 2 R we identify z with a point in Bnz [n] \ T 0 (which exists by the
de�nition of Anz (n;M)). We now apply Proposition 39, stated at the end of this

proof and taken from Lemma 3.2 of [42]. We need only check condition (b). Take

distinct z; z0 2 R. If Cz and Cz0 are in di¤erent components of B0 [Ln] then (i)

holds and (ii) holds otherwise. Thus, writing jB0 [Ln]j for the number of points
contained in the cube B0 [Ln], the Proposition and (3.4) give:

E jB [Ln]j � K
�
�Ld + 2

�
:

Note that trivially E jB [Ln]j = � (LN)d ; implying that for large enough L

K
�
�Ld + 2

�
� � (Ln)d ;

this gives a contradiction when K is large.

Proposition 39. Let S be a set and R a nonempty �nite subset of S. Suppose:
(a) 8r 2 R, we have a family (C1r ; C

2
r ; C

3
r ) of disjoint nonempty subsets of S,

not containing r, and jCi
rj � K for all r and i.

(b) 8r; r0 2 R, one of the following events occur, with Cr = [3i=1Ci
r :

(i) (frg [ Cr) \ (fr0g [ Cr0) = �

(ii) 9i; j such that Ci
r � fr0g [ Cr0nC

j
r0 and C

j
r0 � frg [ CrnCi

r.

Then jSj � K (jRj+ 2) + jRj.

3.2.2. Isoperimetric pro�le

We demonstrate that, using an adaptation of the methods of Berger et al in [11],

we can compute bounds on the isoperimetric pro�le of the thinned graph. Recall

the de�nition of the isoperimetric pro�le from De�nition 19 and the de�nition of
~Bx [R] := Bx [3R].

We say that the event GM (x) holds if the following are satis�ed
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1. For each neighbour y of x (with respect to the square lattice), the side of

B2My [M ] adjacent to B2Mx [M ] is connected to the opposite side of B2My [M ]

by a path.

2. Any two paths connecting B2Mx [M ] to @ ~B2Mx [M ] are connected to each

other by a path contained entirely in ~B2Mx [M ].

From the proof of Proposition 37, we know that the probability of GM (x)

holding can be taken as close to one as we require by considering large M and

k. We use Theorem 36 to stochastically dominate supercritical site percolation by�
GM (x) : x 2 Zd

	
:

For �nite discrete sets � � Rd, let

�M :=
�
x 2 Zd : � \B2Mx [M ] 6= �

	
;

and take ��M to be the complement of the unique in�nite component of Zd ��M .
For a realization, Ck1 (!), of the thinned graph and a subset A � Ck1 (!) we de�ne
the !-edge boundary of A by

@! (A) :=
�
e = xy : y 2 Ck1 (!)� A; x 2 A with jx� yj � 1

	
:

Finally, for sets 4 � Zd, de�ne their internal vertex boundary by

@i (4) :=
�
x 2 4 : 9y 2 Zd �4 with jx� yj = 1

	
:

Note that, since edges in continuum percolation can go from within B0 [1] to

B1 [1] (where 1 = (1; : : : ; 1)), if � is a connected subset of the graph it does not

follow that ��M is connected in Zd under the standard relation x � y i¤ jx� yj = 1.
We do, however, have that ��M is �-connected in Zd (x; y being �-connected i¤
jx� yj1 = 1). See [32] and [46] for a discussion of �-connectedness.
Now we are in a position to attack the isoperimetric pro�le of the thinned

graph. Set 4 := ��M . The proof will show that o¤ an event of small probability,

for suitably large �, we have j@!�j > c j@i4j. Also, since we are working on the
thinned graph there can be at most K points of the thinned graph in a square

of unit side. Hence j4j � K j�j. Putting these two comments together, since 4
must satisfy the standard isoperimetry in Zd, o¤ a set of small probability we get
the required pro�le for our thinned graph. We show we have good control over

this probability which then gives us the isoperimetric pro�le.

Lemma 40. For ! 2 
, let � � Ck1 be connected and �nite with diam� �
3M + 1. Then

j@!�j < 1

2� 3d j@i4j (3.5)

implies that

jfx 2 @i4 : GM (x)
cgj > 1

2
j@i4j :

52



Proof. First note that x 2 @i4 implies that x 2 �M and hence �\B2Mx (M) 6= �.

The result will follow from the following claim for x 2 @i4:

GM (x) �
n
~B2Mx (M) contains an edge of @!�

o
: (3.6)

Suppose that GM (x) occurs. Since diam� � 3M + 1 and � is !-connected,

there must be a path, 
1; in Gk� (!) \ � connecting B2Mx (M) to @ ~B2Mx (M) (as

above, we use �connecting�to mean a path that slightly overshoots). Take y 62 4,
neighbouring x. Then by condition (1) on GM (x) there is a path, 
2, in Gk� (!)
that crosses B2My (M). This is a path from B2Mx (M) to @ ~B2Mx (M) and hence

by condition 2 must be connected to 
1 by a path contained in ~B2Mx (M). Since

y 62 4, we see that 
2 \ � = �. So 
1 � �; 
2 \ � = � and hence the path

that links the two must contain an edge of @!� and we know this path lies in
~B2Mx (M). The claim is proven.

Now, an edge can lie in at most 3d cubes of type ~B2Mx (M) and so by (3.6) the

number of sites in @i4 at which GM can occur is bounded by 3d j@!�j. Hence

j@i4j � jfx 2 @i4 : Gc
M occursgj � 3d j@!�j

from which the result follows from assumption (3.5).

Proposition 41. For d � 2, � > �c there exist constants ci; � 2 (0;1) such that
for all t > 0

P
�
9�; j�� 0j � 1, !-connected, j�j � t

d
d�1 ; j@!�j < c1 j�j

d�1
d

�
� c2e

��t

(where j�� xj � 1 means that there exists y 2 � with jx� yj � 1).

Proof. Take K = K (k; d) to be the maximum number of points of degree less

than or equal to k that can �t into a unit box in d dimensions. De�ne c =�
2� 3d

��1
. Fix 4 � Zd, �-connected with connected complement. Suppose that

� is !-connected with ��M = 4. Then j4j � (KM)�d j�j and by the standard
isoperimetry on Zd we see, for some c0 = c0 (d) > 0:

j@i4j � c0 j4j
d�1
d � c0 (KM)1�d j�j

d�1
d :

Setting c1 = cc0 (MK)1�d we haven
j@!�j < c1 j�j

d�1
d

o
� fj@!�j < c j@i4jg : (3.7)

Further, we see that j@i4j � c0 (KM)1�d t whenever j�j � t
d
d�1 . To apply

Lemma 40 we need � to have large enough diameter and hence we suppose that
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t
d
d�1 � (3KM)d. Using (3.7), Lemma 40 and the stochastic domination of product
measure of parameter 1� "M we see

P
�
9�; j�� 0j � 1; !-connected, j�j � t

d�1
d ; ��M = 4; j@!�j < c1 j�j

d�1
d

�
� P

�
9�; j�� 0j � 1; !-connected, j�j � t

d�1
d ; ��M = 4; j@!�j < c j@i4j

�
� P

 X
x2@i4

1GM (x) �
1

2
j@i4j

!
(3.8)

� 2j@i4j ("M)
1
2
j@i4j : (3.9)

We now need to sum over all possible 4�s.
Note that if M � 2 then j�� 0j � 1 implies 0 2 4. Let � = � (d) be the

number such that �n bounds the number of �-connected sets 4 � Zd with con-
nected complement containing the origin and having j@i4j = n (the exponential

bound is proved in [46]). Since "M ! 0 as M ! 1, we can choose M such that

2�
p
"M < 1

2
. Hence, summing (3.8) over all 4 with connected complement,

P
�
9�; j�� 0j � 1; !-connected, j�j � t

d�1
d ; j@!�j < c1 j�j

d�1
d

�
�

X
n�c0(NM)1�dt

2n ("M)
n=2 �n �

X
n�c0(NM)1�dt

2�n � 21�bc0(KM)1�dtc;

giving the claimed result.

Theorem 42. Take  2 (0; 1). For all d � 2 and � > �c (d), there are positive,

�nite constants ci (d; �; k;  ) and an almost surely �nite random variable R00 =

R00 (!) such that for r � R00 and each !-connected � with

� � Ck1 \ [�r; r]
d and j�j � r 

we have

j@!�j � c1 j�j
d�1
d :

Further,

P (R00 � r) � c2e
�c3r :

Proof. By Proposition 41 and translation invariance, the probability that there
exists a set � � Zd \ [�r; r]d that is !-connected with j�j � t

d
d�1 and j@!�j <

c1 j�j
d�1
d is bounded by a constant times rde��t. Take t = r , then this probability

is summable in r and hence by the Borel-Cantelli lemma this event occurs for only

�nitely many r. In fact,

P (R00 � r) �
1X
R=r

Rde��R
 � c2e

�c3r :
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By translation invariance, the above holds for any x 2 Zd and hence we have
good control over R00. This, together with Corollary 44 below proves that Condi-

tion 4 is satis�ed.

3.2.3. Size and spread of traps

We now look to bound the size of traps seen in a box of side r, centred at x as r

gets large. Our methods follow those used to gain control over the second largest

component in percolation. In the case of the second largest component, in order

for a set to be large but not connected to the in�nite component its boundary

must be very badly connected. This is unlikely in the supercritical case and hence

it is unlikely for the second largest component to be large. Analogously, for a trap

to be large the boundary has to be a combination of very badly connected regions

and regions full of high density points. We show that this is also unlikely. The

combinatorial methods presented are standard and can be found in, for example,

[32] and [46]. We modify them in the necessary ways.

Recall that for x 2 Ck1 we de�ne the trap at x to be Tx, the connected compo-
nent of

�
C1 � Ck1

�
[ fxg containing x.

Proposition 43. Let � > �c. There exists a set N of P-measure zero such that
for all ! 2 
 � N there exists c1 (!) < 1 such that the number of points of the

largest trap in G� (!) \ [�s; s]d is bounded above by c1 (!) (log s)d=(d�1).

Proof. Let Ws be the number of points in the box B [s] that are part of a trap of

size greater than c (log s)d=(d�1). We want to show quick decay for P [Ws � 1]. For
x 2 Rd, write Tx (!) for the trap at x in the graph G (H� (!) [ fxg ; 1) if it exists,
and take Tx (!) = � otherwise. By Markov�s inequality, P [Ws � 1] � E [Ws], and

by Theorem 56, to be introduced in Section 3.3.1,

E [Ws] = �

Z
B(s)

Px
h
jTxj � c (log s)d=(d�1)

i
dx

= �sdP0
h
jT0j � c (log s)d=(d�1)

i
: (3.10)

Here, Px = P��x is the superposition of a Poisson point process with the point
at x.

We introduce the random �eld
�
Xz; z 2 Zd

�
in a similar fashion to the proof

of Proposition 37 but with slightly larger boxes. Let Bz := B2Mz [M ], B+
z :=

B2Mz [5M ]. For z 2 Zd, we set Xz = 1 i¤

1. there exists a path in G (H� \Bz; 1) that is crossing for Bz,
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2. for every z0 2 Zd with kz0 � zk1 � 2; there is exactly one component of

G
�
H� \B+

z0 ; 1
�
of metric diameter at least M

3
,

3. Bz fails to contain any point of degree higher than k:

For l � 12;
�
Xz; z 2 Zd

�
is an l-dependent random �eld. Fix � > 0. By

Theorem 10.9 of [46], we can choose M� s.t. 8M � M�, P [(1) and (2) hold] >
1 � �

2
and we can take k (�;M) su¢ ciently large so that condition (3) fails with

probability less than �
2
: Choosing suchM and k we have P [Xz = 1] > 1��: Hence,

by Theorem 36, by taking M su¢ ciently large we can take p as close as we wish

to 1 such that �
Xz; z 2 Zd

�
�sd

�
Zp
z ; z 2 Zd

�
;

where the second family is standard Bernoulli site percolation.

We let Tx be the set of y 2 Zd such that the cube By contains at least one

vertex of Tx. Then Tx is �-connected, where x
�� y i¤ jx� yj1 � 1 for x; y 2 Zd.

We de�ne the external vertex boundary of Tx by

@extTx =
�
y 2 Zd � Tx : jx� yj = 1

	
:

Due to translation invariance of the underlying Poisson point process, we only

need consider T0. We �rst show that if T0 is su¢ ciently large then all the points
of @extT0 must take value 0 in our random �eld.

Suppose jT0j > 3d and that there is some z 2 @extT0 with Xz = 1. Then there

would be a crossing component forBz and also a vertex w 2 T0 with kw � zk1 � 1:
Then there would be a crossing component for Bz and a part of T0 contained in

B+
z , both of metric diameter greater than

M
3
. The second condition would then

imply that these components would be connected, implying that T0 \ B+
z 6= �, a

contradiction.

Hence clusters in
�
z 2 Zd : Xz = 1

	
are either contained in T0 or disjoint from

T0. For a �nite set A � Zd, write �A for the complement of the unique in�nite

cluster of Zd�A. The external boundary @ext �T0 is �-connected due to Lemma 96 of
[46], which in turn uses a result of Kesten. Applying the isoperimetric inequality

for �-connected subsets of Zd (see [46] or [32]) we have:

j@extT0j � � jT0j(d�1)=d ; (3.11)

for � = (2d)�1
�
1�

�
2
3

�1=d�
> 0.

LetAm;s denote the collection of �-connected subsets ofB0 [s]\Zd of cardinality
m. If jT0j � (log s)d=(d�1) then by (3.11) there exists a set A 2 Am;s such that

Xz = 0 for all z 2 A; for some m � � log s: We thus have

P
h
(log s)

d
d�1 � jT0j

i
� P

24 [
m�� log s

[
�2Am;s

fXz = 0;8z 2 �g

35 : (3.12)
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The cardinality jAm;sj is bounded by sd
m, with 
 := 23
d
. Hence, by equation

(3.12)

P
h
jT0j � (log s)d=(d�1)

i
� sd

X
m�� log s


m (1� p)m

� sd (
 (1� p))� log s

= sds� log(
(1�p)) � s�2�d (3.13)

where the last two lines hold if we choose our p = p (d) such that

� log
�
23

d

(1� p)
�
< � (2d+ 2) :

To complete the proof it su¢ ces to show that the probability of the event

H : =
n
jT0j � c (log s)d=(d�1)

o
\
n
jT0j � (log s)d=(d�1)

o
is su¢ ciently small for large enough c.

First note that we have at most �(log s)
d=(d�1)

subsets of Zd that are �-connected,
of cardinality (log s)d=(d�1) and containing the origin (see [46], Chapter 10 for a

proof). IfH occurs then one of these subsets must contain more than c (log s)d=(d�1)

vertices. Writing Y
 for a Poisson random variable of parameter 
, for su¢ ciently

large c we have:

P
hn
jT0j � c (log s)d=(d�1)

o
\
n
jT0j � (log s)d=(d�1)

oi
� �(log s)

d=(d�1)
P
h
YnMd

0 �
� c (log s)d=(d�1)

i
(3.14)

� �(log s)
d=(d�1)

exp

 
�c (log s)

d=(d�1)

2
log

�
c

Md
0�

�!
; (3.15)

where the last line comes from the observation that if a � e2� then

P [Y� � a] � exp
�
�a
2
log

a

�

�
:

Hence by (3.10), (3.13) and (3.15) we see that

P [Ws � 1]

� ��sd

 
2M�d

0 s�2�d + �(log s)
d=(d�1)

exp

 
�c (log s)

d=(d�1)

2
log

�
c

Md
0�

�!!
:

This is summable over s 2 N, hence the Borel-Cantelli lemma tells us that
the event that the largest trap in B [s] is bigger than c (log s)d=(d�1) holds for only

�nitely many s 2 N with probability one, and this is enough to complete the proof.

In particular, the following weaker bounds hold:
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Corollary 44. Take � > 0. If � > �c and k > k0; then with probability one,

there exists
�
R000 (x) <1 : x 2 Zd

	
such that for all r > R000 (x) and y 2 Bx [r]

� (Ty) � r�:

Further, there exist constants ci = ci (d; �; k; �) such that

P [R000 > r] � c2 exp (�rc3) :

Recall the de�nition of R00 in Theorem 42. De�ne R0 := R00_R000 then Condition
4 holds with respect to R0. For notational simplicity �x the constants  and � in

Condition 4 to be suitably small and equal from now on. One can do this due to

the exponential decay observed above and in the proof of the isoperimetric pro�le.

Note that the macroscopic arguments of the proof of Proposition 43 are all

local arguments and hence provide a way to localize the probability of a trap:

employing the above method, the event that there is a trap at x 2 Ck1 of size

m can be bounded using macroscopic balls that depend only on the environment

within Bx [M (m+ 12)], whereM is chosen su¢ ciently large in the proof. Abusing

notation by changing the value of M we have the following:

Corollary 45. There exists M such that if (!e)e2Bx[Mm]c is any environment o¤

the set Bx [Mm], then

P
�
jTyj = m for some y 2 Bx [1]

���(!e)e2Bx[Mm]c

�
� c2 exp (�mc3) :

As the arguments of Section 3.2.2 also follow local macroscopic arguments we

also have:

Corollary 46. Take � 2 (0; 1). There exists M such that if (!e)e2Bx[Mm]c is any

environment o¤ the set Bx [Mm], then

P
�
9� � Ck1; Bx [1] \ � 6= � with j�j = r� and j@!�j < c1 j�j(d�1)=d

���(!e)e2Bx[Mr]c

�
� c4 exp (�rc5) :

Recall the de�nition of a trap of type (m; r) from De�nition 7. Note in par-

ticular that the r is dependent on R0 (x) which depends on the full graph and

not just the graph locally around x. This presents a problem as for x; y 2 Rd the
variables R0 (x) and R0 (y) will be correlated. In turn the type of traps Tx and Ty
will also be correlated.

It is much easier to work with local events. With this in mind we will introduce

local traps and use Corollaries 45 and 46 to bound correlations.

Say that there is a local trap T loc (x) at x 2 Ck1 of type (m; r) if � (Tx) = m

and r is the largest integer such that there exists connected � � Ck1 such that

x 2 �, j�j = r� and j@!�j � c1 j�j(d�1)=d : From Corollaries 45 and 46 we have:
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Proposition 47. There exist ci and M such that

P0
�
T loc0 is a local trap of type (m; r)

���(!e)e2Bx[M(r_m)]c
�
� c6 exp (� (m _ r)c7) :

Suppose that there is a local trap T loc of type (m; r) at x 2 Rd. Then the
diameter of T loc is bounded above by m _ r. Hence, if y 2 Rd is such that
jx� yj � (m _ r)1=� + m _ r, then the trap T loc has no e¤ect on R0 (y) since��y � T loc

�� � (m _ r)1=� and a trap of type (m; r) is admissible at this distance
(see Condition 4). With this in mind we introduce a deterministic algorithm that

produces a con�guration of global traps from a con�guration of local ones.

For a con�guration of local traps
�
T loc (x)

�
x2Ck1

, de�ne an associated con�gu-

ration of global traps �T in the following way: for all y 2 Ck1; set

�T (y) :=
�
� (Ty) ; (m _ r)1=�

�
;

where m; r 2 N are the largest numbers such that there exists x1; x2 2 Rd with
T loc (x1) = (m; r

0) ; T loc (x2) = (m
0; r) and jxi � yj � 2 (m _ r)1=� for some m0; r0:

It is perhaps easier to see this process the other way round - a local trap�s

in�uence is spread to all points within distance (m _ r)1=� of the local trap.

De�nition 48. Let (T1 (x))x2Ck1 ; (T2 (x))x2Ck1 be two trap con�gurations. Say

that T1 dominates T2 if whenever T2 (x) is of type (m; r), T1 (x) is of type (m0; r0)

for some m0 � m; r0 � r.

Proposition 49. For any graph with local trap con�guration T loc and global

con�guration T , �T dominates T .

Proof. Suppose Tx = (m; r) is a global trap. If R0 (x) is decided by the local trap
at x; then �T (x) = (m; r).

Suppose instead that R0 (x) is not decided by the local trap at x. Then there

exists at most two points y1; y2 2 Ck1 where the local traps at yi determine R0 (x).
Suppose the local trap at yi is of type (mi; ri). Then by the above reasoning

jx� yij � 2 (mi _ ri)� and hence the local traps T loc (yi) implies that

�T (x) =
�
� (Tx) ; (m1 _ r1 _m2 _ r2)1=�

�
:

By the de�nition of �T we have �T (x) > T (x).

From a series of combinatorial identities contained in Appendix A, we obtain

the following bound on how many traps of each type the walk sees.
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Proposition 50. Take x 2 Rd. Take � < (d+ 1)�1. There exist constants

ci; �; �
0and an almost surely �nite random variable, R3 (x) ; such that for d > 3:

1. For n � R3 (x) ; if the trap T is of type (m; r) and T \ Bx [n] 6= � then

m; r � (c8 log n)�
0
.

2. For any (m; r) and n � R3 (x) the maximum number of traps in a non-self-

intersecting path of length n started at x is bounded above by

[c9 exp (� (r _m)c10)]n:

Further, supx2B0[R]R3 (x) � R� for su¢ ciently large R.

Proof. We begin by proving the upper bound on the worst type of trap encoun-
tered in a box, B0 [n].

Take �0 := 1
c3
. De�ne

Mx (n) := sup fm : 9y 2 Bx [n] with Ty = (m; r) for some rg :

Then by Corollary 45

P
�
Mx (n) � ((d+ 2) (log n))�

0
�
� nd

X
m�[(d+2)(logn)]�0

c2 exp (�mc3)

� ndc0 exp� [(d+ 2) (log n)]�
0c3

= ndc0n�(d+2)

= c0n�2.

Now, setting � < 1
d+1
, 
 > ��2, � := d+ 
 + 1 and

R13 (x) := inf
n
n 2 N :Mx (m) � (� logm)�

0
for all m � n

o
:

Then by the above work we have

P
�
R13 (x) � R

�
� cR�
:

Hence

P

 
sup

x2B0[R]
R13 (x) � R�

!
� RdR�
� � Rd���1 ;

which is summable over R 2 N and hence by the Borel-Cantelli Lemma, there ex-
ists an almost surely �nite random variable L1 such that forR � L1, supx2B0[R]R

1
3 (x) <

R�.

The same argument applies when replacing m with r with L2 replacing L1.

We now prove the second claim, showing that we have good control over the

spread of the traps. We bound the total number of local traps of each type seen in

a non self intersecting path of length n by looking to stochastically dominate by
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a subcritical site percolation model. The claim will then follow from Proposition

49.

Write Zd as the disjoint union of 2d subsets in the following way: for each
choice of z 2

�
(z1; : : : ; zd) 2 Zd : zi 2 f0; 1g

	
, we de�ne the set

Zz :=
�
x 2 Zd : x = z + 2y for some y 2 Zd

	
.

There are 2d such sets and we write them as Z1; : : : ;Z2d . It is easy to check that
they are disjoint and that their union is Zd. Further, for i 2

�
1; : : : ; 2d

	
and

distinct x; y 2 Zi we see that jx� yj1 � 2.
For x 2 Zd associate the box B (x) := B6M(m_r)x [3M (m _ r)] � Rd. Then we

split Rd into 2d disjoint sublattices by de�ning, for i 2
�
1; : : : ; 2d

	
;

Bi := fB (x) : x 2 Zig .

For distinct x 2 Zi, the probability that B (x) contains a local trap of type (m; r)
given any information about B (yj) for a set of yj 2 Zi is bounded above by
Proposition 47. Hence, de�ning the process, Zi

m;r on Zi; by Zi
m;r (x) = 1 if B (x)

contains a local trap of type (m; r) and Zi
m;r (x) = 0 otherwise, then for any

i 2
�
1; : : : ; 2d

	
, the process Zi

m;r is stochastically dominated by site percolation,

Sim;r on Zi, with probability

p (m; r) : = P (B0 [3M (m _ r)] contains a local trap of type (m; r))
� 6dMd (m _ r)d c6 exp (� (m _ r)c7) :

Let y 2 Ck1 and de�ne, for every triple (m; r; n),

Ny (m; r; n) := sup



(
nX
i=1

1fT loc
i =(m;r)g

)
;

where 
 is a non-self-intersecting path in Ck1 of length n with 
1 = y. Also de�ne

N i
y (m; r; n) := sup

�

(
nX
j=1

Sim;r (�j)

)

for � a non-self-intersecting path in Zd with �1 2 Zd such that the distance

d� (y) := inf fjx� yj : x 2 Bi (�)g

is minimized by �1.

In a box of side 6M (m _ r) we can �nd at most K (6M (m _ r))d points of Ck1
connected to local traps of type (m; r). Hence

Ny (m; r; n) � K6dMd (m _ r)d
2dX
i=1

N i
y (m; r; n) :

61



It thus follows that for any m; r

P
�
for all l > 0, n � l and y 2 B0

�
l�
�
; Ny (m; r; n) � n�m;r

�
� P

�
for all i; l > 0, n � l and y 2 B0

�
l�
�
, N i

y (m; r; n) � n�0m;r
�
; (3.16)

where for � > d+ 1

�0m;r := 26p (m; r)1=4�d

�m;r := 2dK (6M (m _ r))d �0m;r:

By Proposition 110 and (3.16) we have for � > d+ 1 and any m; r

P
�
9 l > 0; n � l and y 2 B0

�
l�
�
such that Ny (m; r; n) > n�m;r

�
� 2d3

p
p (m; r)

� 24dMd=2 (m _ r)d=2pc6 exp
�
� (m _ r)c7=2

�
� 24dMd=2 (m+ r)d=2

p
c6 exp

�
� (m _ r)c7=2

�
:

Now,
1X
m=1

1X
r=2

(m+ r)d=2 exp
�
� (m+ r)c7=2

�
<1:

Hence we conclude that

1X
m=k

1X
r=2

P
�
9l > 0; n � l and y 2 B0

�
l�
�
such that Ny (m; r; n) > n�m;r

�
<1

and hence by Borel-Cantelli Ny (m; r; n) � �m;rn for all n > jyj
1=� and m; r su¢ -

ciently large, say m; r � R23 (!).

For any �xed m; r � R23 (!), the proof of Proposition 110 proves that there

exists an almost surely �nite random variable J (m; r; !) such that Ny (m; r; n) �
�m;rn for all n > jyj

1=� _ J (m; r; !). Setting

R33 (!) := R23 (!) _ sup
m;r�R23(!)

J (m; r; !) ;

then for any y 2 Ck1, n � R33 (!) _ jyj
1=� and m; r 2 N

Ny (m; r; n) � [c9 exp (� (r _m)c10)]n:

Hence the second statement holds and taking � = ��1 we have that for su¢ -

ciently large R, supx2B0[R]R3 (x) � R�.
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3.2.4. Volume control

We now prove that Condition 5 holds. Recall the de�nition of annuli An =

An (x) := Bn [x]�Bn�1 [x].

Proposition 51. There exists constants ci and � = � (d; k; �) such that for almost

every ! 2 
 there exist
�
R1 (x) <1 : x 2 Ck1

	
such that for all y 2 Ck1 with

jx� yj � R1 (x) we have
~d (x; y) � � jx� yj .

Further, P (R1 (x) � r) � c1e
�c2r.

We also have that for almost every ! 2 
 and every x 2 Zd:

~Cvol (x; a) � c3

for all a � R1 (x)
�1.

Proof. The proof of the comparison between Euclidean and thinned graph dis-
tance can be found in [13], Lemma 3.1, as can the bounds on the probability of

R1 being large.

Note that since
��Ck1 \Bx [1]

�� � K for any x 2 Rd, we have the standard bound��Ck1 \ An�� � cnd�1 for all n. Hence for N � R1 (x)X
y

� (y) e�ad(x;y) �
X

y2Bx[N ]

� (y) e�ad(x;y) +
X

y 62Bx[N ]

� (y) e�a�jx�yj

� cNd + ca�d;

where the second sum is approximated via annuli. Hence there exists c3 such that

if a � R1 (x)
�1 then ~Cvol (x; a) � c3.

We now approach Condition 6.

Proposition 52. There exists ci,
�
R2 (x) <1 : x 2 Ck1

	
such thatX

y2An\Ck1

� (Ty) � c4n
d�1, 8n � R2 (x) (3.17)

X
y2Bx[R2(x)]\C1k

� (Ty) � c4R2 (x)
d : (3.18)

Further P (R2 (x) � r) � c5e
�rc6

Proof. This proof uses macroscopic arguments as in the proof of Proposition 50.
Recall Corollary 45 that states that there exists M such that

P
�
jTxj = m

���(!e)e2Bx[Mm]c

�
� c3:2:3:2 exp (�mc3:2:3:3) : (3.19)
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Following the proof and notation of Proposition 50, break Zd into 2d sublattices
Z1; : : :Z2d . Set Ki = Zi \ An, then jKij = O

�
nd�1

�
: For m 2 N set

B (x) := BMmx [Mm] � Rd:

For x 2 Ki de�ne Zi
m (x) = 1 if B (x) contains a trap of size m and Zi

m (x) = 0

otherwise. By (3.19),

P
�
Zi
m (x) = 1

����Zi
m (y) = z (y)

	
y2Ki�x

�
� c3:2:3:2 exp (�mc3:2:3:3)

for any environment fz (y)gy2Ki�x o¤ x.
Now, on the event Zi

m (x) = 1X
y2B(x)\Ck1
�(Ty)=m

� (Ty) � KMdmd+1:

Hence X
y2An\Ck1

� (Ty) � KMd

2dX
i=1

X
x2Ki

1X
m=k

md+1Zi
m (x) :

As jKij � cnd�1, for �xed i and m,
P

x2Ki Z
i
m (x) can be stochastically dominated

by a Binomial distribution Xm :=Bi
�
cnd�1; c3:2:3:2 exp (�mc3:2:3:3)

�
: Hence

P

0@ X
y2An\Ck1

� (Ty) � Cnd�1

1A � 2d
1X
m=k

P
�
Xm �

Cnd�1cm
2dKMdmd+1

�
where

P
m cm � 1: Taking cm = m�2

2
,

P

0@ X
y2An\Ck1

� (Ty) � Cnd�1

1A � 2d
1X
m=k

P
�
Xm �

Cnd�1

2d�1KMdmd+3

�
:

These probabilities can then be controlled by standard large deviations for the

Binomial distribution: from [46], we quote Lemma 1.1: if l � e2np then

P (Bi (n; p) � l) � exp
�
�
�
l

2

�
log

�
l

np

��
:

Hence,

P
�
Xm �

Cnd�1

2d�1KMdmd+3

�
� exp

�
� Cnd�1

2d+1KMdmd+3
log

C exp (mc3:2:3:3)

cc3:2:3:22d�1KMdmd+3

�
:

There exists c0 such that log C exp(mc3:2:3:3 )
cc3:2:3:22d�1KMmd+3

� c0 for all m � k. Further, by

Corollary 44 the worst trap in Bx [n] is bounded above by n� for all n � R00 (x).

Hence,

P

0@ X
y2An\Ck1

� (Ty) � Cnd�1

1A � 2d
n�X
m=k

exp

�
�c

00nd�1

m

�
+ P (R00 (x) � n)

� 2dn� exp
�
�c00nd�1��

�
+ P (R00 (x) � n) :
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As both terms decay exponentially we are done.

Equation (3.18) follows from similar arguments.

The following is required to ensure that the conditions of Theorem 12 are

satis�ed and hence that full upper bounds on the heat kernel are achieved.

Proposition 53. There exists a deterministic constant c7 = c7 (d; �) such that

for almost every ! 2 
 we have

Cvol (x; a) � c7

for all a � R2 (x)
�1.

Proof. As we work on the unthinned graph we trivially have

d (x; y) � jx� yj :

Now, for any N � R2 (x) we have by Proposition 52X
y

� (y) e�ad(x;y) �
X
y

� (y) e�ajx�yj

� � (BN) +
1X
n=N

X
y2An

� (y) e�ajx�yj

� c4N
d +

1X
n=N

X
y2An

� (y) e�a(n�1)

� c4N
d +

1X
n=0

c4n
d�1e�an

� c4N
d + c4a

�d:

Hence, if a � N�1 then Cvol (x; a) � c7 for some suitable constant:

3.2.5. Relating graph distance to Euclidean distance

We now prove a large deviations estimate for the graph distance between two

points in the in�nite cluster.

For two points x; y 2 C1 let the graph distance D (x; y) to be the length of

the shortest path connecting x to y within C1. For x; y 2 Rd, if there exists
x0; y0 2 C1 such that x0 2 Bx

h
(2d)�1=2

i
, y0 2 By

h
(2d)�1=2

i
write Bx

h
(2d)�1=2

i
�

By

h
(2d)�1=2

i
and set d (x; y) := inf fD (x0; y0) : x0y0 2 C1, x0 2 Bx [1] , y0 2 By [1]g :

The choice of (2d)�1=2 ensures that any two points within Bx

h
(2d)�1=2

i
must be

joined by an edge. Thus the di¤erence between d (x; y) and D (x0; y0) is at most

one for points x0 2 Bx [1], y0 2 By [1].

Take P0 to be P �conditioned�on the origin belonging to the in�nite component
- this will be formally introduced in the next Subsection.
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Theorem 54. Let � > �c (d). Then there exists a constant � = � (�; d) 2 [1;1)
such that

lim sup
jyj!1

1

jyj logP
0
h
B0

h
(2d)�1=2

i
� By

h
(2d)�1=2

i
; d (0; y) > � jyj

i
< 0:

Sketch Proof. The proof runs analogously to Theorem 1.1 of [2], the corre-

sponding result for bond percolation on the square lattice. For completeness we

sketch the main ideas of the proof.

Reintroduce the boxes

Bx [s] := x+ [�s; s]d ;

and, for a cube Q = Bx [s], we set

~Q = ~Bx [s] := x+ [�3s; 3s]d :

For a cube Q of side s, de�ne the events:

R0(Q) : =

n
there exists a unique crossing cluster C in ~Q for ~Q, all open paths

contained in ~Q of diameter greater than s
8
are connected to C in ~Q

C is crossing for each cube Q0 � Q such that s(Q0) � s
8
g ;

;

R(Q) = R0(Q) \ fC_ (Q) is crossing for Qg \
n
C_( ~Q) is crossing for ~Q

o
;

where C_ (Q) is the largest connected component contained in Q.
De�ne the macroscopic process � (x) := 1R(Bnx[n]) for x 2 Zd. We call x 2 Zd

white if � (x) = 1 and black otherwise. As before, taking n su¢ ciently large, we

can apply Theorem 36 and stochastically dominate site percolation of parameter

p > pc (d).

From the de�nition of the event R we see that if x; y 2 Zd are macroscopic
�-neighbours (jx� yj1 = 1) and are both white then the microscopic crossing

clusters of their respective cubes must be joined. We can think of the black points

as obstacles and look to �nd a path that avoids them.

Take a black component A � Zd. Since we are dominating supercritical per-

colation we know that with probability one jAj <1. For A �nite, we have that

Zd � A = �1 [ �2 [ : : : [ �k

for disjoint connected (connected, not �-connected) components �i, exactly one of
which, �1 say , is in�nite. We de�ne

Â := A [ �2 [ : : : [ �k:

Â is A with its holes �lled in and set �A := Â [ @extÂ.
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Now, suppose that B0 [1] is connected to By [1] by some path 
 (not necessarily

the shortest path) in C1. In the macroscopic process take ~y 2 Zd to correspond
to the cube containing y and write ~0 to distinguish the origin in the macroscopic

process. Let
�
x0 = ~0; x1; : : : ; xm = ~y

�
be some deterministic path in Zd from ~0 to

~y of minimal length. If xi is black, set �Axi to be the black component containing

xi with its holes �lled and unioned with its external neighbours; if xi is white set
�Axi := fxig.
We now de�ne a new microscopic path from 0 to y. Suppose 
 6� �Ax0. If x0 is

black we follow 
 until it hits the boundary @int �Ax0, giving us a path from 0 to a

point in C1 contained in a white macroscopic cube, z1, say. If xm is black then we
follow 
 towards 0, until it hits @int �Axm; again giving us a microscopic path from

y to a point in C1 contained in a white cluster, z2; say. Since we have �lled in all

the holes, we can �nd a macroscopic �-connected white path from z1 to z2 that is

contained in

W := @int

 
m[
i=0

�Axi

!
:

By the de�nition of the events R; this allows us to join our two ends of the

microscopic path together while remaining in W . Clearly if 
 � �Ax0 then the

path 
 lies in W .

Hence, if the graph distance between x and y is large then W must also be

large. This requires large black components, we can control this probability since

we are dominating supercritical site percolation. The details of how we obtain this

control are presented in [2] and completes the proof.

3.2.6. Proof of Theorem 32

We apply Theorem 10, showing that for any x 2 Rd; the box Bx [r] is good for all

r � R (!). As commented earlier, we will not give tail estimates for the random

variable R due to a lack of control over R3.

Condition 2, referring to the existence of a unique thinned in�nite component,

is satis�ed by Theorem 37.

Take � < (d+ 1)�1. In the language of Section 2.2, the random variable R0 (x)

is controlled by Theorem 42 and Corollary 44. R1 (x) is controlled by Proposition

51. R2 (x) is controlled by Propositions 52 and 53 . All have exponentially decaying

tails. De�ne

Lr (x) := max
y2Bx[r]

fR0 (y) ; R1 (y) ; R2 (y) ; R3 (y)g :

By the exponential decay mentioned and Proposition 50 (to controlR3) there exists

a random variable R (!) that is almost surely �nite and such that LR (x) � R�

for R � R (!).
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We can now apply Theorem 10 to obtain the claimed result, with Euclidean

distance replacing graph distance due to Theorem 54.

3.3. The environment from the point of view of the particle

In this section we prove ergodicity for the Markov chain "on environments". Pre-

viously we have considered a �xed environment with a particle moving around

within it. Equivalently we could keep the particle �xed and shift the environment

around the particle. Thus the random walk (Xn)n�0 induces a Markov chain on


0 corresponding to the environment viewed from the perspective of the particle.

For x 2 Rd, ! 2 
, de�ne �x! (A) = ! (A+ x) for A 2 Bd (where A + x :=

fa+ x : a 2 Ag). Recall that we write P0 for the Palm distribution with a point

at the origin and P0 (:) := P0 ( :j 0 2 C1). Introduce the weighted measure �

� (d!) =
1

E0 [deg 0]
(deg! 0)P0 [d!] ; (3.20)

where E0 is expectation with respect to P0.
The main theorem of this section is:

Theorem 55. Let f 2 L1 (
0;N0;P0) : Then for P0-almost all ! 2 
0

lim
n!1

1

n

n�1X
k=0

f � �Xk (!) = E� (f) , P0;!-almost surely.

To prove this requires subtle manipulations with the repeated use of the soon

to be introduced Campbell-Mecke Theorem linking the Palm distribution to the

initial distribution P.
The section is divided into three parts: section 3.3.1 introduces the Palm

distribution formally and details the Campbell-Mecke Theorem. In section 3.3.2

we show the reversibility of the operator Q : L2 (
0;B; �)! L2 (
0;B; �) de�ned
by

Qf (!) :=
1

deg! 0

X
x
!�0

f (�x!) ;

with respect to �. The �nal part of the section proves Theorem 55.

3.3.1. Point processes and the Palm distribution

For d � 2; take Bd to be the Borel sets of Rd and let 
 the set of counting measures
on Bd which assign �nite measure to bounded Borel sets and for which the measure
of a point is at most one. We take the natural �-algebra N , generated by sets of
the form

fn 2 
 : n (A) = kg ; k 2 N, A 2 Bd:
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A simple point process corresponds to a measure on (
;N ) (the word simple refers
to the condition that the measure of a point is at most one. We drop the use of

this word from now on).

Let P be a point process on Rd. We wish to condition on there being a point
at a �xed location, x 2 Rd, of the point process. However, since x being contained
in the point process is a null event, we need to de�ne how to do this conditioning.

What properties should one expect from the conditioned process? Firstly, if

we are working with a stationary point process we should expect

P (Y jx 2 Y ) = P (�xY j0 2 Y ) :

Further, if we take a measurable function h : Rd �N ! R, and partition Rd into
domains D1; D2; : : : of positive volume, then

EP

"X
x2!

h (x; !)

#
=
X
k

EP

" X
x2!\Dk

h (x; !)

�����! (Dk) > 0

#
P [! (Dk) > 0] : (3.21)

De�ne the intensity measure � by � (A) = EP [! (A)] for A 2 Bd. Suppose we can
allow the volumes of the Dk to tend down to in�nitesimal volume elements dx.

Then P [! (Dk) > 0] should converge to � (dx) and the conditional expectation

should tend to what we hope to de�ne: EP [h (x; !)jx 2 !]. Thus (3.21) suggests
a relation of the form:

EP

"X
x2!

h (x; !)

#
=

Z
Rd

EP [h (x; !)jx 2 !] � (dx) :

In the homogeneous Poisson point process case, stationarity and the fact that

� = �vd for vd Lebesgue measure, the above equation becomes

E

"X
x2!

h (x; !)

#
= �

Z
Rd

E [h (0; �x!)j 0 2 !] dx:

We will obtain a relation like this in Theorem 56.

We now look to construct the conditioned probability Px (:) := P (:jx 2 !).
We begin by de�ning the Campbell measure C on the product space (W;W) :=�
Rd � 
;Bd �N

�
: for A 2 Bd, U 2 N de�ne

CP (A� U) := EP [! (A) 1U (!)] ;

that is we weight the indicator function of U by the number of points in the Borel

set A. It is straight forward to see that this de�nes a �-�nite measure on the

product space.
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By the standard route from indicator functions to simple functions and lim-

its of simple functions we obtain, for W-measurable functions h; the integrable
representation Z

W

h (x; !)CP (dx� d!) = EP

"X
x2!

h (x; !)

#

=

Z



X
x2!

h (x; !)P (d!) : (3.22)

Now, for �xed Y 2 N , the measure

B 7! CP (B � Y )

is absolutely continuous with respect to the intensity measure �. Hence by the

Radon�Nikodym theorem there exists a Bd-measurable function Px (U) such that
for every A 2 Bd Z

A

Px (U) � (dx) = CP (A� U) : (3.23)

This de�nes Px uniquely up to values on sets of �-measure zero. In fact it is
possible (see [24] for the details) to choose the family fPx (U)g such that

� for each �xed U 2 Bd, Px (U) is a measurable function of x; �-measurable
on bounded subsets of Rd;

� for each �xed x 2 Rd, Px (:) is a probability measure on (
;N ).

We call the family fPx (U)g the Palm distribution for P.
Combining (3.22) and (3.23) we see

EP

"X
x2!

h (x; !)

#
=

Z
W

h (x; !)CP (dx� d!)

=

Z
Rd

Z
W

h (x; !)Px (d!) � (dx) : (3.24)

It is well known (see for example [24] or [54]) that if P =P, a Poisson point
process, then the Palm distributions are given by Px = Px = P � �x, where �x
is the point process with exactly one point at x and � is superposition of point
processes. Inserting this into (3.24) we obtain the following Theorem:
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Theorem 56 (Campbell-Mecke). For any measurable function h : Rd � 
 !
R+ we have

E

"X
x2!

h (x; !)

#
= �

Z
Rd

Ex [h (x; !x)] dx; (3.25)

where we are taking !x := ! [ f0g and Ex is expectation with respect to Px.

Remark 57. This section borrows heavily from the books [54] and [24]. It is

noted in [54] that for stationary point processes we could equivalently de�ne the

Palm distribution at zero by

P0 (Y ) =
1

�vd (B)

Z



X
x2B\!

1Y (�x!)P (d!)

for arbitrary Borel B of positive volume and vd being Lebesgue measure. Station-

arity then extends this de�nition. We do not use this approach as Theorem 56 is

obtained more cleanly via the Radon-Nikodym method.

3.3.2. Reversibility

We prove that Q is reversible with respect to the measure �. This is not as trivial

as in other ergodic environments since we are using the Palm distribution and not

classical conditioning, as the event f0 2 C1g is null with respect to P.
The technical issue that this presents is that translations under the Palm mea-

sure P0 are not measure preserving due to the additional point at the origin. One
therefore has to use the Campbell-Mecke Theorem to switch from P0 to P, use the
fact that translations are measure preserving under P, before switching back to P0
by Campbell-Mecke again to obtain results about shifts under P0.
The reversibility of Q will follow from the following proposition, showing that

shifting the origin to a (well de�ned) second point of ! is measure preserving.

Recall that 
0 = f0 2 C1g.

Proposition 58. Suppose A � 
0 is such that, for some " > 0 and y 2 Rdn f0g
with jyj � 1; we have

A � f! 2 
0 : ! (B0 [2"]) = 1;9x 2 By ["] with ! (fxg) = ! (Bx [2"]) = 1g
: = 
";y0 : (3.26)

For ! 2 A, de�ne � ey! := �x! for x 2 By ["] such that ! fxg = 1, the shift to the
unique point of the in�nite cluster lying in By ["]. Then

P0 (A) = P0
�
� eyA

�
:
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Proof. Our plan is to use the set A � 
0 to generate a set in B � 
, apply

the stationarity of P to shift by the y given in the statement of the proposition
and then use the Campbell-Mecke theorem to show that this shifted set can be

generated by � eyA. We then bring this together to show that P0 (A) = P0
�
� eyA

�
,

which implies the result.

We start by generating our set B � 
. De�ne

B := f! 2 
 : �x! 2 A for some jxj � "; ! (By ["]) = 1g :

We set h (x; !) = 1f�x!2Ag\fjxj�"g\f!(By ["])=1g in Theorem 56. The left hand side

of (3.25) becomes P (B) and the right hand side is

�

Z
B0["]

P0 [A \ f! (By�x ["]) = 1g] dx: (3.27)

since Ex (h (x; !x)) = E0 (h (x; !0) � �x) = P0 [A \ f! (By�x ["]) = 1g] for jxj � ".

Now, by stationarity with respect to P we have

P (� yB) = P (B) :

Set A0 := � yB \ 
0; then we claim that A0 = � eyA and P0 (A0) = P0 (A). The
�rst claim follows trivially from (3.26), since for each ! 2 A there is exactly one

x 2 B0 ["] such that (�x!) fyg = 1. The second claim is what we set out to prove.
Now, apply Campbell Mecke again to see

P (� yB) = �

Z
B0["]

P0 [A0 \ f! (B�y+x ["]) = 1g] dx: (3.28)

By translation invariance, P (B) = P (� yB) and so (3.27) and (3.28) are equal.
Now suppose that P0 [A0] 6= P0 [A]; without loss of generality assume P0 [A0] >

P0 [A]. Then since P0 is non-atomic, there exists c > 0, 0 < � < " such that

P0 [A0 \ f! (B�y+x0 ["]) = 1g]� P0 [A \ f! (By�x0 ["]) = 1g] > c (3.29)

for all x0 2 B0 [�]. In particular, the integrals of the terms on the left hand side of
(3.29) over any subcube Bx [�

0] � B0 [�] are not equal. To obtain a contradiction

we will show that these integrals should agree.

We split our cubes around 0 and y into disjoint subcubes. Take n 2 N. Split
B0 ["] into 3nd disjoint subcubes of side "3�n and write the centres of these cubes

as Xn = fx1; : : : ; x3ndg where we assume that x1 = 0. We similarly split By ["]

into subcubes with centres Yn = fy1; : : : ; y3ndg with y1 = y and yi = y+ xi. Write

Cxi = Bxi ["3
�n] for the subcube with centre xi 2 Xn and similarly for yi. Now,

de�ne

Bxi;yj :=
�
! 2 B : ! (Cxi) = !

�
Cyj
�
= 1
	
� 
;
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that is, the elements of ! that have points in the subcubes corresponding to xi
and yj. Note that since we de�ned B as being generated by A and P is translation
invariant, we have, that if xi; xk 2 Xn; yj 2 Yn are such that xi + xk 2 Xn and

yj + xk 2 Yn; then
P
�
Bxi;yj

�
= P

�
Bxi+xk;yj+xk

�
:

In particular,

P
�
Bx1;yj

�
= P

�
Bx1�xj ;y1

�
= P

�
� y
�
B�xj ;y1

��
= P

�
Bx1;�yj

�
: (3.30)

By the work above we have

P
�
Bxi;yj

�
= �

Z
Bxi

P0
�
A \

�
!
�
Byj�x

�
"3�n

��
= 1
	�
dx

= �

Z
Bxj

P0
�
A0 \

�
!
�
B�yi+x

�
"3�n

��
= 1
	�
dx: (3.31)

Hence, combining (3.30) and (3.31) we see

�

Z
B0["3�n]

P0 (A \ f! (By�x ["]) = 1g) dx

= �
X
yj2Yn

Z
Bx1

P0
�
A \

�
!
�
Byj�x

�
"3�n

��
= 1
	�
dx

=
X
yj2Yn

P0
�
Bx1;yj

�
=
X
yj2Yn

P0
�
Bx1;�yj

�
= �

X
yj2Yn

Z
Bx1

P0
�
A0 \

�
!
�
B�yj+x

�
"3�n

��
= 1
	�
dx

= �

Z
B0["3�n]

P0 (A0 \ f! (B�y+x ["]) = 1g) dx

Now, by taking n large enough, we have B0 ["3�n] � B0 [�] and we obtain our

contradiction, since the two integrals above cannot be equal by assumption (3.29).

Recall the de�nition of � in equation (3.20).

Proposition 59. The measure � is reversible for the Markov kernel Q; ie for
f; g 2 L2

E� (f (Qg)) = E� (g (Qf)) : (3.32)
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Proof. Take A;B 2 N . Now,

E� (1A (Q1B)) =

Z

0

X
x
!�0

1A (!) 1B (�x!) dP0 (!)E
0
[deg 0]�1

=

Z
A

X
x
!�0

1B (�x!) dP0 (!)E
0
[deg 0]�1 (3.33)

Write D0 [1] :=
�
x 2 Rd : jxj � 1

	
: De�ne, for ! 2 A,

N (AB) (!) : = sup fi : 9y1; : : : ; yi 2 D0 [1] , yj = yk i¤ j = k,

! fyjg = 1, � yj! 2 B for j = 1; : : : ; i;
	

that is the number of neighbours of 0 in ! that we can shift the origin to and lie in

B. Then, for i 2 N, we de�ne the set (AB)i := f! 2 A : N (AB) (!) = ig. (3.33)
then becomes

E� (1A (Q1B)) =
1X
i=1

iP0 [(AB)i]E
0
[deg 0]�1 : (3.34)

Now, take i; j such that 1 � j � i. We can write

(AB)i =
a
"2Q
y2Qd

(AB)i;j";y ;

a disjoint union of sets of the form (3.26) with the added condition that for ! 2
(AB)i;j";y, the point of ! lying in By ["] is the jth neighbour of 0 in ! such that

� :! 2 B, with respect to some deterministic numbering. As the left hand side is

independent of the choice of j, we have

E� (1A (Q1B)) =
1X
i=1

iX
j=1

X
";y

P0
h
(AB)i;j";y

i
E0
[deg 0]�1 : (3.35)

Note that for ! 2 (AB)i;j";y there is exactly one point in By ["] and hence for

�xed "; y the sets
n
(AB)i;j";y

o
1�j�i

are disjoint. Hence, writing

(AB)";y =
a
1�j�i

(AB)i;j";y ;

(3.35) becomes:

E� (1A (Q1B)) =
X
";y

P0 (AB)";y E
0
[deg 0]�1 ;
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where the sum is still being taken over Q�Qd. Each of the sets (AB)";y satis�es

(3.26), applying Proposition 58:

E� (1A (Q1B)) =
X
";y

P0
h
(BA)";y

i
E0
[deg 0]�1 ; (3.36)

where (BA)";y :=
n
� ey! : ! 2 (AB)";y

o
.

We now follow the same steps in reverse: for 1 � j � i de�ne

(BA)i;j";y := (BA)";y \ fN (BA) = ig \ f� ("; y) = jg

where � ("; y) (!) gives the position of the point of ! in By ["] ; in the ordering of

neighbours of 0 in ! such that � :! 2 A: By (3.36)

E� (1A (Q1B)) =
X
";y

X
1�j�i

P0 (BA)i;j";y E
0
[deg 0]�1 : (3.37)

For �xed 1 � i � j, the sets
n
(BA)i;j";y

o
(";y)2Q�Qd

are disjoint, hence

E� (1A (Q1B)) =
X
1�j�i

P0 (BA)i;j E0
[deg 0]�1

for (BA)i;j :=
a

(";y)2Q�Qd
(BA)i;j";y.

Now, for �xed i 2 N and j; j0 � i, working through the de�nitions, it is straight

forward to see that (BA)i;j = (BA)i;j
0
= f! 2 B : N (BA) (!) = ig =: (BA)i.

Thus

E� (1A (Q1B)) =
1X
i=1

iP0 (BA)i E0
[deg 0]�1

=

Z
B

X
x
!�0

1A (�x!) dP0 (!)E
0
[deg 0]�1

=

Z

0

1B (!) 1A (�x!) dP0 (!)E
0
[deg 0]�1

= E� (1B (Q1A)) : (3.38)

Now use the monotone convergence theorem twice to complete the proof.

3.3.3. Ergodicity

We continue towards a proof of Theorem 55. Recall that for ! 2 
0, P!;0 refers
to the law of the simple random walk started at the origin on the in�nite graph

induced by !.
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Proposition 60. Let A � 
0 be measurable and such that for P0-almost every
! 2 A

P!;0 (�X1! 2 A) = 1; (3.39)

and P0 (A) > 0 then P0 (A) = 1:

Proof. Note that (3.39) implies that for P0-almost every ! 2 A, we have �x! 2 A
for every x 2 C1 (!).
Write 
0 := fj0� C1j � 1g, the set of environments for which the origin

would be in the in�nite component if we augment the graph. De�ne the set

B := f! 2 
 : ! = �xa for some a 2 A; jxj � 1g � 
0. Then P (B) > 0 by the

Campbell-Mecke Theorem. From the de�nition of B; (3.39) and Campbell-Mecke

we see that there is a null set N � B such that for b 2 B � N , �xb 2 B for all

x 2 C1 (b). We claim that if we have y 2 Rd; b 2 B �N such that � yb 2 
0 then
� yb 2 B.
Suppose we have such a y and b. Since B � 
0; by the de�nition of B we

can �nd x 2 B0 [1] such that x 2 C1 (b) and �xb 2 A (where for Borel set C;

�xb (C) = b (C + x) and C + x = fc+ x : c 2 Cg). Take x0 2 B0 [1] such that

x0 2 C1 (� yb). Then y + x0 2 C1 (b), hence y + x0 � x 2 C1 (�xb) and thus by
(3.39)

� y+x0�x (�xb) = � y+x0b 2 A:

But x0 2 B0 [1] ; so by de�nition of B we see ��x0� y+x0b = � yb 2 B. So B is

invariant under shifts from 
0 to itself.

Fix e 2 Rd � f0g. Now, ne (!) := min fk 2 N : � ke (!) 2 
0g is �nite almost
surely and hence we can de�ne �e : 
0 ! 
0 by

�e (!) := �ne(!)e!:

Since � e is measure preserving and ergodic with respect to P, the methods of
Berger and Biskup�s paper [10] immediately give us that �e is measure preserving

and ergodic with respect to P (: j
0 ). We have shown that B is invariant under

this shift and hence P (B) = P (
0).
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We now show that this implies that P0 (A) = 1. De�ne the event F (x; !) =

fB0 [jxj] \ C1 (!) = fxg ; jxj � 1g. By Campbell-Mecke, with !x := (H� (!) [ fxg ; 1) ;

P
�

0
�
=

Z



X
x2!

1F (x;!)d!

= �

Z



Z
Rd

1F (x;!x)dxd!

= �

Z



Z
B0[1]

1F (x;!x)dxd!

= �

Z
B0[1]

Px fC1 \B0 [jxj] = fxgg dx: (3.40)

Similarly, de�ne the event D (x; !) = f! 2 B; jxj � 1; B0 [jxj] \ C1 (!) = fxgg
then

P (B) =

Z



X
x2!

1D(x;!)d!

= �

Z
B0[1]

Px [fC1 \B0 [jxj] = fxgg \B] dx: (3.41)

Comparing (3.40) and (3.41), noting that the values of the integral are the

same and the term inside (3.40) dominates that inside (3.41) we see that they

must be equal almost everywhere, and by continuity we have that they must be

identical. In particular

P0 [f0 2 C1g \B] = P0 [f0 2 C1g] :

To complete the proof we show that f0 2 C1g \B = A, P0-a.s.
Suppose b 2 f0 2 C1g \ B � N . Then since b 2 B, b = �xa for some x with

jxj � 1 and some a 2 A. But then x 2 C1 (a) and, since b 2 B � N; �xa 2 A.

Thus b 2 A. The other inclusion is trivial and we are done. Note that since the

set N , null with respect to P, is induced by the P0-null set referred to in (3.39),
f0 2 C1g \N is P0-null.
We now show that the Markov chain on environments is ergodic with respect

to �:

Let X = 
Z0 and �= N
Z
0 the product �-algebra on X . The space X is that of

two-sided sequences (: : : ; !�1; !0; !1; : : :), the trajectories of the Markov chain on

environments. We take � to be the measure on (X ; �) such that for any B 2 N 2n+1

� ((!�n; : : : ; !n) 2 B) =
Z
B

� (d!�n)Q (!�n; d!�n+1) : : : Q (!n�1; d!n) ;
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where

Q (a;A) =
1

dega 0

X
x
a�0

1f�xa2Ag:

De�ne the shift T : X ! X by (T!)n := !n+1. Then following the methods of

[10] we obtain:

Proposition 61. T is measure-preserving and ergodic with respect to �.

Proof. Take A � X , measurable and T invariant. Let f : 
0 ! R be de�ned as

f (!0) = E� (1Aj!0). We show that f = 1A almost surely. Since A is T -invariant,
by approximation by �nite dimensional events, there exist A+ 2 � (!k : k > 0)

and A� 2 � (!k : k < 0) such that A; A+ and A� di¤er only by null sets from

each other. Conditional on !0, A+ is independent of � (!k : k < 0), thus

E� (1Aj!0) = E�
�
1A+j!0

�
= E�

�
1A+j!0; !�1; : : : ; !�n

�
= E�

�
1A�j!0; : : : ; !�n

�
! 1A� = 1A;

�-almost surely.

Now, let B � 
0 be de�ned by B = f!0 : f (!0) = 1g. Then B is N -
measurable and since the !0-marginal of � is �;

� (A) = E� (f) = � (B) :

Since A is T -invariant, up to null sets, if !0 2 B then !1 2 B, satisfying the
condition of Proposition 60, hence P0 (B) 2 f0; 1g ; equivalently � (B) 2 f0; 1g.
We can now prove the convergence of the ergodic average.

Proof of Theorem 55. Since (�Xk (!))k�0 has the same law under E� (P0;! (:))
as (!0; !1; : : :) has under �; if g (: : : ; !�1; !0; !1; : : :) = f (!0) then

lim
n!1

1

n

1X
k=0

f � �Xk
D
= lim

n!1

1

n

1X
k=0

g � T k:

The second limit exists by Birkho¤�s Ergodic theorem and Proposition 61 and

equals E� (g) = E� (f) almost surely.

Remark 62. In particular, our environment process satis�es the condition of
Theorem 2.1 of the work of Ferrari et al [27] and thus we have the following

annealed invariance principle:

Theorem 63. De�ne

P (:) :=

Z

0

P!;0 (:)� (d!) :

Then the interpolated random walk with respect to the annealed measure P;

converges weakly to a nondegenerate Brownian motion.
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3.4. Invariance principle

We now prove the quenched invariance principle for the simple random walk,

Theorem 33. This section draws strongly on the quenched invariance principles

for random walk on discrete percolation [10], for random walks amongst bounded

random conductances [13] and the annealed invariance principle for both proved

in [27].

The underlying principle is the following: we want to de�ne a corrector � :


� C1 ! Rd such that for P0-almost every !

Mn (!) := � (!;Xn) +Xn

is a martingale. Standard results about weak convergence of martingales prove

that Mn converges to Brownian motion. We thus have to show that the corrector

is sublinear. The proof of this fact takes up the majority of this section.

In Section 3.4.1 the corrector is de�ned following the methods of [10] and using

the results of Section 3.3. Sublinearity of the corrector is then proved via Sections

3.4.2 and 3.4.3, again following the methods of [10], with the ideas brought together

in Section 3.4.4 to prove Theorem 33.

3.4.1. The corrector

We want to de�ne a corrector, � : 
 � C1 ! Rd, but have the problem that for

x 2 Rd�f0g, P0 [x 2 C1] = 0. To get round this we make use of the fact that the
vertex set (and in fact the edge set) of C1 is almost surely countable. We begin

by splitting Rd into disjoint cubes: for z 2 Zd we associate the cube B2z [1] to z,
and take � : 
 � Zd � N! Rd to be a deterministic map such that for almost
every ! 2 
 and every z 2 Zd

f� (!; z; n)gn2N (3.42)

is a complete list of the points in H (�) \ B2z [1]. We assume that there are no
repetitions and once all points of H (!) \ B2z [1] are exhausted, � returns a null
value; �, say. This map gives rise to a deterministic inverse: for P0-almost every
! we have

��1 (!; :) : C1 (!)! Zd � N

such that � (!;��1 (!; x)) = x for all x 2 C1 (!). We insist that the deterministic
map lists �rst the points of degree less than or equal to k, so that the numbering

remains consistent when we consider the thinned graph later. We also insist that

the numbering within each box stays the same when we shift by 2z for some z 2 Zd,
so the numbering of the points in the box about the origin in ! is consistent with

79



the numbering of the box about �2z in � 2z!. Other than these conditions, the
numbering used is unimportant, we could for example order by distance from the

centre of the box.

We abuse notation by writing, for z 2 Zd, n 2 N

� (z;n) (!) = ��(!;z;n);

note that our numberings will change when we apply this shift.

Recall the operator Q : L2 (
0;B; �)! L2 (
0;B; �) de�ned by

Qf (!) =
1

deg! 0

X
x
!�0

f (�x!) :

Proposition 64. Q is a self adjoint contraction on L2 (�) := L2 (
0;N0; �).

Proof. For n;m 2 N de�ne

An;m :=
�
! 2 
 : �

�
� (0;n)!; 0;m

�
= �� (!; 0; n)

	
;

that is the environments such that the nth neighbour of the origin considers the

origin to be its mth neighbour.

Then

(Qf; f)� = EP

"
f (!)

X
n;m

1f02C1g1An;m (!) 1f0!��(!;0;n)gf
�
� (0;n)!

�#

=
X
n;m

EP

"
f (!) 1f02C1g1An;m (!) 1f0!��(!;0;n)g1

�
0
�(0;n)!� �(� (0;n)!;0;m)

�f �� (0;n)!�
#

�
X
n;m

EP
h
f (!)2 1f02C1g1An;m (!) 1f0!��(!;0;n)g

i1=2
EP

"
1f02C1g1An;m (!) 1

�
0
�(0;n)!� �(� (0;n)!;0;m)

�f �� (0;n)!�2
#1=2

;

where the last line follows from Cauchy-Schwarz. Hence,

(Qf; f)� �
X
n;m

EP
h
f (!)2 1f02C1g1An;m (!) 1f0!��(!;0;n)g

i1=2
EP
h
1f02C1g1Am;n (!) 1f0!��(!;0;m)gf (!)

2
i1=2

�
X
n;m

EP
h
f (!)2 1f02C1g1An;m (!) 1f0!��(!;0;n)g

i
= EP

�
1f02C1g deg! 0f (!)

2� = (f; f)� :
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As Q is a contraction, for " > 0; we can de�ne  " : 
0 ! Rd, a function in
L2 (�), to be the solution to

(1 + "�Q) " = V;

where

V (!) =
X
x
!�0

x

deg! 0
= E! (X1) .

We now look to de�ne the corrector, following the methods of [10] which in

turn follow [35].

Theorem 65. There exists a function � : Zd � N� 
0 ! Rd such that for every
(z; n) 2 Zd � N,

lim
"#0
1f�(!;z;n)2C1g

�
 " � � (z;n) �  "

�
= � ((z; n) ; :) , in L2 (�) .

We also have the following properties:

1. (Shift invariance) For P0-almost every ! 2 
0

� (x; !)� � (y; !) = � (x� y; � y!)

holds for all x; y 2 C1 (!), where we have abused notation and � (x; !) in
fact means � (��1 (!; x) ; !)and similarly for the other terms.

2. (Harmonicity) For P0-almost every ! 2 
0; the function

x 7! x+ � (x; !)

is harmonic with respect to the transition probabilities P0;!:

3. (Uniform square integrability on the thinned graph) There exists a constant

C <1 such that


[� ((z; n) ; :)� � ((z0; n0) ; :)] 1f�(!;z;n);�(!;z0;n0)2Ck1g1f(z0;n0)�(z;n)g




2
< C

holds for z; z0 2 Zd, n; n0 2 N, where k:k2 =
�
E� j:j2

�1=2
:

We recall properties of  ", from [10], required to prove the above theorem. Let

�V be the spectral measure of Q : L2 (
0;N0; �) ! L2 (
0;N0; �), ie for every

bounded, continuous � : [�1; 1]! R we have

E� (V � (Q)V ) = (V;� (Q)V ) =
Z 1

�1
� (�)�V (d�) :

Then by the results of Section 3.3 and the work of Ferrari et al (Lemma 2.5 of

[27]) we have
R 1
�1

1
1���V (d�) <1 and lim"#0 " k "k

2
2 = 0:
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Lemma 66. Let n 2 N. De�ne

G"
n = 1f02C1g1fj�(�;0;n)j�1g

�
 " � ��(�;0;n) �  "

�
:

Then for every n 2 N
lim
"1;"2#0

kG"1
n �G"2

n k2 = 0:

Proof. Firstly, suppose that instead of picking the nth neighbour in our determin-
istic sequence we picked a neighbouring vertex of the origin uniformly at random,

call this selection e. Then, with E = E� � EU , where U is the uniform choice of

edge e; we see

E
h
1f02C1g

�
 "1 � � e �  "1 �  "2 � � e +  "2

�2i
= E� � EU

h
1f02C1g

��
 "1 �  "2

�
� � e �

�
 "1 �  "2

��2i
= E�

"
1f02C1g

X
x�0

1

deg 0

��
 "1 �  "2

�
� �x �

�
 "1 �  "2

��2#
= E�

h
Q
�
 "1 �  "2

�2 � 2 � "1 �  "2
�
Q
�
 "1 �  "2

�
+
�
 "1 �  "2

�2i
� 2E�

h�
 "1 �  "2

�2i� 2E� �� "1 �  "2
�
Q
�
 "1 �  "2

��
= 2

�
 "1 �  "2 ; (1�Q)

�
 "1 �  "2

��
= 2

Z 1

�1

("1 � "2)
2 (1� �)

(1 + "1 � �)2 (1 + "2 � �)2
�V (d�) ;

where the fact that Q is a contraction is used for the �fth line. This integrand

is bounded by 1
1�� for all "1; "2 and by the work of Ferrari et al tends to zero as

"1; "2 ! 0.

By Fubini�s theorem

E jG"1
e �G"2

e j
2 =

Z
U

1X
k=1

E�
�
jG"1

e �G"2
e j
2
�� deg 0 = k

�
P� [deg 0 = k] du

�
1X
k=1

1

k

kX
i=1

E� jG"1
i �G"2

i j
2 P� [deg 0 = k]

� c (i)E� jG"1
i �G"2

i j
2

for arbitrary i and constants c (i) > 0. Since the term on the left hand side tends

to zero as "1; "2 ! 0 we have the claimed result.

Now, for z 2 Zd, m 2 N, since � (:; z;m) may equal � or may fail to lie in C1,
we have 

G"1

n � � (z;m) �G"2
n � � (z;m)




2
� kG"1

n �G"2
n k2

and hence the limit is zero as "1; "2 ! 0. Hence for all z 2 Zd; m 2 N, G"
n � � (z;m)

converges in L2 as " # 0. Write Gn
(z;m) = lim"#0G

"
n � � (z;m): Take z; z0 2 Zd,
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m;m0; n; n0 2 N then on the event that (z0;m0) is the nth neighbour of (z;m) and

(z;m) is the n0th neighbour of (z0;m0):

G"
(z;m) � �n +G"

(z0;m0) � �n0 = 0

and hence the limit is zero o¤ a null set. Similarly, for any closed loop (x0; : : : ; xi)

on C1, writingGx;y (!) = Gn
(z;m) (!) for x = �(!; z;m) and y = x+�

�
� (z;m)!;0; n

�
;

we have
iX

k=0

Gxk;xk+1 (!) = 0

for almost every ! 2 
0. Thus, we can de�ne

� (x; !) :=

i�1X
k=0

Gxk;xk+1 (!) ;

where (x0; : : : ; xi) is a nearest neighbour path on C1 (!) connecting x0 = 0 to

xi = x.

Proof of Theorem 65. Shift invariance follows trivially from the de�nition.

Assuming that � (:;0; 1) = 0, to prove x 7�! x + � (x; !) is harmonic we

require:

1

deg 0

deg 0X
n=2

[� (0; 1; :)� � (0; n; :)] = V:

Now, since � (0; 1; :)� � (0; n; :) = �Gn
(0;1), the left hand side is the limit of

1

deg 0

deg 0X
n=2

[ " �  " � �n] = (1�Q) ":

By the de�nition of  " we have (1�Q) " = �" " + V . Since " " tends to zero

in L2 we have the desired result.

Finally, 

[� ((z; n) ; :)� � ((z0; n0) ; :)] 1�(�;z;n);�(�;z0;n0)2Ck11�(�;z0;n0)��(�;z;n)



2

� sup
1�n�k

k� (0; n; :)k2
� C

for some C <1.

3.4.2. Sublinearity along coordinate axis

Take e 2 Zd with jej = 1, and let �e : Rd ! R be the projection on to the

coordinate direction e. Let Se be the strip emanating from the origin in the

direction e:

Se =

�
B0 [1] + ne : n �

1

2

�
:
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We �rstly look to de�ne the �rst element of Ck1 in the strip Se. De�ne

�1e (!) = inf
�
n > 0 : 9x 2 Ck1 (!) \ Se with �e (x) = n

	
and let v1e (!) 2 Ck1 (!) \ Se be the vector with �e (v1e (!)) = �1e (!) (v

1
e is well

de�ned o¤ a set of measure zero).

For l 2 N, l > 1, we de�ne the lth member of Ck1 in the strip:

�le (!) = inf
�
n > �l�1e (!) : 9x 2 Ck1 (!) \ Se with �e (x) = n

	
and take vle (!) 2 Ck1 \ Se to be the point that achieves the in�mum.
In this section we look to prove the following.

Theorem 67. For P0-almost every ! 2 
00,

lim
l!1

�
�
vle (!) ; !

�
l

= 0: (3.43)

To prove this we follow [10], making use of the ergodic properties of the original

environment under P. Note that we work with P and not P0 or P0 as these latter
measures are not preserved under translation due to the point at the origin.

For e 2 Rd, jej = 1; let � e : 
! 
 be the unit shift in the e direction:

� e! (A) := ! fa+ e : a 2 Ag

for Borel A 2 Rd. Then we know that � e is an ergodic transformation with respect
to P.
Now, working on the thinned graph, the number of points in a box of unit side

is bounded by N = N (d; k). Take N to be minimal. The deterministic numbering

of the points of bounded degree in a box thus runs through at most n = 1; : : : ; N .

Take n 2 f1; : : : ; Ng and de�ne


n =
�
! 2 
 : �k (!;0; n) 2 Ck1

	
� 
:

Note that P (
n) > 0. De�ne for ! 2 
;

�̂e1 (!) = inf fm 2 N : �me! 2 
ng ;

giving how far in direction e we have to travel to �nd a box containing at least n

thinned points. For j > 1 we de�ne the jth such box

�̂ej (!) = �̂ej�1 (!) + �̂e1

�
� �̂ej�1e!

�
:

Write wje;n (!) = wje (!) := �
�
!; �̂ej (!) e; n

�
for the corresponding point. Note

that �̂ej is almost surely �nite whether we start with ! in 
n;
 or 
0.
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Now, �ne : 
n ! 
n de�ned by

�ne (!) = � �̂
e
1(!)
e (!)

is well de�ned up to a null set. Further, following the arguments of Berger and

Biskup [10] we have:

Proposition 68. �ne is measure preserving and ergodic with respect to P ( :j
n).
It is also almost surely invertible with respect to the same measure.

Our plan is the following: we de�ne f : 
n ! Rd by

f (!) = �
�
w1e ; � (0;n)!

�
; (3.44)

and show that f 2 L1 (Pn) for Pn (:) := P (:j
n). We also show that f has

zero mean. Then, by Proposition 68, we can apply Birkho¤�s ergodic theorem

to f , giving us a formula similar to (3.43). Then, since we can apply this to

n = 1; : : : ; N , we can put everything together and prove Theorem 67.

We abused the notation a little in the de�nition of f : 
n ! Rd. When we
translate ! by � (0;n); w1e (!) ceases to be a vertex of the graph and of course all

the numberings will change. The w1e should in fact read:

��1�(0;n)!
�
w1e (!)� � ((0; n) ; !)

�
;

that is, the point to which w1e is moved under the translation. In words, the

function f is the corrector between the nth point of the box B0 [1] and the nth

point of the �rst box in the direction e that contains n points in Ck1.
The fact that f is well de�ned up to a set of measure zero with respect to Pn

is due to the fact that � is de�ned up to a set of null measure with respect to P0

and hence the Campbell-Mecke Theorem gives that this set will remain null under

Pn.
The next proposition shows that we have good control over both the graph

and Euclidean distance of w1e from the origin.

Proposition 69. For � > �c (d) there exists a constant a = a (�) > 0 such that

for all e with jej = 1,
P0
���w1e�� > l

�
� e�al: (3.45)

Further, let L = L (!) be the length of the shortest path from 0 to w1e . Then

there exists a constant C <1 such that for all n � 1

P0 (L > l) < Ce�al: (3.46)
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Proof. We know that (3.46) holds for site percolation and will look to use this
fact by dominating supercritical site percolation by a certain random �eld and

then demonstrating that a long path in the original continuum graph forces a long

path in the dominated site percolation, an event that has exponentially decaying

probability.

Take the strip in the direction e out from the origin:

S = Se := fne+B0 [1] : n 2 Rg :

We slightly modify the event we have been using before: as we look up from

the origin we need a point of the in�nite cluster to be in the strip S, thus we

require our cubes to have a point of the crossing cluster within the strip S. For a

cube Q = x+B0 [s] for some x 2 Rd and s > 0 de�ne

Sk0 (Q) :=

n
there exists a unique crossing cluster C in ~Q for ~Q, all open paths

contained in ~Q of diameter greater than s
8
are connected to C in ~Q;

C is crossing for each cube Q0 � Q such that s(Q0) � s
8
, for

every y 2 ~Q we have deg(y) � k and (�xS)\C 6= � g ;

Sk(Q) := Sk0 (Q) \ fC_ (Q) is crossing for Qg \
n
C_( ~Q) is crossing for ~Q

o
:

De�ne the macroscopic process � (x) := 1Sk(Bnx[n]) for x 2 Zd. As before, taking
s su¢ ciently large, we can make the probability of the above event arbitrarily

close to one and thus we can apply Theorem 36 and stochastically dominate site

percolation of parameter p > pc (d).

Write ~we for the �rst macroscopic point of the macroscopic in�nite cluster of

the form ~we = ne for some n 2 N. Then, by comparison with the �rst point of
the dominated supercritical site percolation model, a trivial modi�cation of the

arguments in [10] give that

P (j ~wej > l) � e�al: (3.47)

Abusing notation a little and writing w1e to be the �rst member of Ck1 in the

strip S irrespective of whether we are in 
0 or 
, we see that there exists a c > 0
such that

P0
���w1e�� > l

�
� cP

���w1e�� > l
�

� cP
�
j ~wej >

l � 1
s

�
� ce�a

0l:
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The �rst line is a triviality with the constant c a result of conditioning. The second

line comes from the domination of supercritical site percolation and the �nal line

uses the bounds on ~we in (3.47). This proves (3.45).

The proof of (3.46) is now just a combination of (3.45) with Theorem 54,

relating the graph distance between two connected points to the Euclidean distance

between them. This argument is straight forward and identical to that given in

[10].

Proof of Theorem 67. Fix 1 � n � N and recall that w1e (!) is the �rst point

in the strip in direction e that lies in a cube with at least n points contained in it.

We show �rst that ! 7! � (w1e (!) ; :!) lies in L
1 (P0) with zero mean.

Now, on the event x := (z; n) 2 Ck1; � (x; �) is an L2 (�) limit of functions
�" (x; �) =  " � �x �  ", as " # 0. Since P0 (�)� E0 (! f0g)� (�), the limit is in
L2 (P0) too. Now,

��� �w1e ; � (0;n)!��� � X
jmj1�L

NX
i=1

jG"
i � �m (!)j ;

where L is the length of the path from � (0;n)! to w1e .

We know from Theorem 65 that kG"
i � �mk2 � kG"

ik2 < C for all i;m and that

the number of terms in the sum is bounded by N (2L (!) + 1)d which has all mo-

ments by (3.46). We then apply Lemma 4.5 from [10] to see that sup">0 k�" (we; :)kr <
1 for all r 2 [1; 2).
Now, note �rst that a uniform bound on the Lr-norm of � (w1e ; :) for some r > 1

implies that the family f�" (w1e ; :)g">0 is uniformly integrable. By conditioning on
the events f�̂e1 = kg as k runs through the naturals, we can show �" (w

1
e ; :) !

� (w1e ; :) in probability as " ! 0. Combining with the uniform integrability we

see that the convergence is in L1 also. The convergence in probability is a result

of the fact that P (�̂e1 > k) ! 0 as k ! 1 and the fact that for all k and n,

�" ((ke; n) ; :)! � ((ke; n) ; :) in L2. Let � > 0 then for n 2 N,

P
����" �w1e ; :�� �

�
w1e ; :

��� � �
	

�
kX
i=1

P f! : j�" ((ie; n) ; !)� � ((ie; n) ; !)j � �g+ P f�̂e1 > kg

� 2
X
k>n

P f�̂e1 > kg ;

for small enough ". Letting k tend to in�nity we have convergence in probability.

Note that if we take ! 2 
n then w1e (!) is not necessarily equal to w1e
�
� (0;m)!

�
.

However, since our viewpoint is shifting by less than a unit distance all the above

arguments will hold with trivial modi�cations. By Campbell-Mecke and the above

we instantly see that f 2 L1 (Pn). Further, as before we have that f is the L1
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limit of functions �"
�
w1e ; � (0;n):

�
=  " � �ne � ", but since �ne is Pn-preserving and

ergodic this has mean zero. Thus En (f) = 0:
Now,

�
�
wke (!) ; � (0;n)!

�
=

k�1X
i=0

f � (�ne )
i :

Applying Birkho¤�s ergodic theorem to f , by ergodicity of �ne we obtain

lim
k!1

�
�
wke (!) ; � (0;n)!

�
k

= 0

for almost every ! 2 
n. Further, for all 1 � n � N , �
�
w1e;n (!) ; � (0;1)!

�
is

P1-almost surely �nite and hence for every 1 � n � N

lim
k!1

�
�
wke;n (!) ; � (0;1)!

�
k

= lim
k!1

"
�
�
wke;n (!) ; � (0;1)!

�
k

+
�
�
wke;n (!) ; � (0;n)!

�
k

#
= 0 (3.48)

P1-almost surely. Using Campbell-Mecke we obtain the same results P0-almost
surely. Now note that�

wke;n : 1 � n � N; k 2 N
	
=
�
vke : k 2 N

	
and if wke;n = vk

0
e then k0 � k. Hence, if (3.43) fails to hold then (3.48) fails for

some 1 � n � N . Thus (3.43) holds o¤ a P0-null set and we are done.

3.4.3. Sublinearity on average

We now detail how these results can be extended to the full space. We present

the result �rst for d = 2 and then a somewhat weaker result for d � 3. The

techniques are exactly those used in [10] to move from sublinearity in coordinate

directions to sublinearity on average. We are therefore quite short with some of

the explanations. For a fuller exposition see [10].

d = 2

Fix a complete set of coordinate vectors fe1; : : : ; edg with jeij = 1 for all i.

De�nition 70. Given K > 0; " > 0 and ! 2 
 we say that x 2 C1 (!) is
K; "-good if

j� (y; !)� � (x; !)j < K + " jx� yj

holds for every y 2 C1 (!) such that y 2 Bx [1] + nei for n 2 R and coordinate
direction ei. Write GK;" = GK;" (!) for the set of K; "-good sites in !.
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By Theorem 67 and the fact that the average number of points per unit volume

in a strip of �nite length converges to � as the length of the strip tends to in�nity,

we see that for each " > 0 there is a K <1 such that P0 (0 2 GK;") > 0.
Fix a unit vector e = ei. De�ne the sequence fyigi�0 = fyi (!)gi�0 to be

the complete list of points in GK;" (!) \ fB0 [1] + ne : n � 1=2g, ordered so that
�e (yi) < �e (yi+1) for all i, where �e is the projection onto the eth coordinate

direction. Let

�n (!) = max
j=1;:::;n

(yj � yj�1) ;

then

lim
n!1

�n

n
= 0, P-almost surely.

For the proof, let A be the event that B0 [1] contains a point of GK;" (!). Then
by the ergodicity of � e with respect to P we have

lim
n!1

1

n+ 1

nX
k=0

1fAg � � ke = P (A) > 0

P-almost surely. Now, if �n
n
does not tend to zero, then there exists " > 0 and a

sequence fnkgk2N with nk !1 such that �nk > "nk for all k 2 N. In particular
one can choose the sequence such that ynk�ynk�1 > "nk for all k. With this choice

one has:
1

nk (1 + ")

nk(1+")X
j=0

1fAg � � je =
1

1 + "

1

nk

nkX
j=0

1fAg � � je

for all k 2 N. Thus limn!1
1

n+1

Pn
k=0 1fAg � � ke cannot exist and we have a contra-

diction to the assumption that �n
n
fails to converge to zero.

Theorem 71. d = 2. For P0-almost every ! 2 
0

lim
n!1

max
x2C1(!)
jxj1�n

� (x; !)

n
= 0:

Proof. Fix " > 0 and let K0 be such that P (0 2 GK;") > 0 for all K � K0. Take

! 2 
0. Write Sxi = fBx [1] + nei : n 2 Rg � R2 for a two sided strip about x
in the coordinate direction ei. Let (p1 (xk))k2Z be the projection onto e1 of an

exhaustive two�sided sequence of points in the strip S01 = fB0 [1] + ne1 : n 2 Rg
that lie in GK;" (!), ordered by their value under the projection �1. If �n is the

maximal gap between consecutive xj�s that lie in [�n; n], then de�ne

�1 (!) := inf fN 2 N : �n � "n for all n � Ng :
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We do the same in the direction e2 with sequence (p2 (yk))k2Z and corresponding

�2 (!). Set �0 = max f�1; �2g. We claim that for n � �0 (!)

max
x2Ck1(!)
jxj�n

j� (x; !)j � 2K + 6"n: (3.49)

De�ne the grid of good points

G = G (!)

= Ck1 (!) \ [fSxi2 : i 2 Zg [ fS
yi
1 : i 2 Zg] :

Now, let x 2 Ck1nG. Then every path connecting x to in�nity must include at
least one grid point. Applying the maximum principle for harmonic functions and

using our control on �n we obtain, for large enough n:

max
x2Ck1nG
jxj1�n

j� (x; !)j � 2"n+ max
x2G

jxj1�2n

j� (x; !)j :

Let x 2 G\ [�2n; 2n]2 : Then x lies in some strip, say S2xk . But then

j� (x; !)� � (xk; !)j � K + 2"n

and

j� (xk; !)� � (0; !)j � K + 2"n:

Thus the triangle inequality gives

j� (x; !)j � 2K + 4"n;

proving (3.49). As this holds for any " > 0 we are done.

d � 3
In higher dimensions we are only able to prove the following, weaker, result.

Theorem 72. For all " > 0, all d � 3 and P0-almost every ! 2 
0

lim
n!1

1

nd

X
x2Ck1
jxj�n

1fj�(x;!)j�"ng = 0:

We prove this by an induction argument over �-dimensional sections of the

d-dimensional box
�
x 2 Rd : jxj � n

	
. For � = 1; : : : ; d let

��n =
h
�n
2
;
n

2

i�
�
�
�1
2
;
1

2

�d��
:

Let � � d and de�ne the upper density

%� (!) = lim
"#0
lim sup
n!1

inf
y2Ck1(!)\�1n

1

j��nj
X

x2Ck1(!)\��n

1fj�(x;!)��(y;!)j�"ng: (3.50)
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Lemma 73. Let 1 � � < d. If %� = 0 P-almost surely, then %�+1 = 0 P-almost
surely.

Proof. In this proof we make use of the fact that the thinned graph has bounded
degree and hence there can be no more thanN = N (d; k) points in a d-dimensional

box of unit side. Note, however, that for any " > 0 a ball of radius " > 0 can

containN points of the thinned graph. Hence there is no way to bound the number

of thinned points in a set A � Rd with respect to the Lebesgue measure of A.
To take this into account we slightly modify the de�nition of a good ball:

Given K > 0; " > 0 and ! 2 
 we say that x 2 C1 (!) is K; "-good if

j� (y; !)� � (x; !)j < K + " jx� yj

holds for every y 2 C1 (!) such that y 2 Bx [2] + nei for n 2 R and coordinate
direction ei. Write GK;" = GK;" (!) for the set of K; "-good sites in !.
De�ne ��n;j = � je�+1 (�

�
n) for j 2 N and take a stack of translates of ��n,�

��n;j
	
j=0;1;:::;L�1 for some L > 0 that we shall choose shortly. For z 2 Z

d\��n, we
say that z is good if there exists x 2 ��n;j \ Ck1 with x 2 Bz [1] + je�+1 for some

j 2 f0; : : : ; L� 1g. For a given � > 0 we pick L = L (�; �; d) deterministically

such that �0 :=
�
z 2 Zd \ ��n : z good

	
satis�es j�0j � (1� �)

����n \ Zd�� for large
enough n (dependent on !).

Suppose %� = 0 for some � < d, P-almost surely. Fix 0 < � < 1
2
P 21 :=

1
2
P
���0� Ck1�� � 1�2. Take " > 0 such that

L"+ � <
1

2
P 21: (3.51)

For a �xed, large K and P-almost every ! and n su¢ ciently large (dependent
on !), for each j = 1; : : : ; L we can �nd �j � ��n;j \ Ck1 (!) satisfying

1.
�����n;j \ Ck1� n�j

�� � "
����n;j�� ;

2. j� (x; !)� � (y; !)j � "n, x; y 2 �j;

3. �j � GK;";

4. ([j�j) \ �1n 6= �;

(note that the left hand side of 1: refers to the number of points and the right

hand side refers to Lebesgue measure). We can do this since %� = 0, the pointwise

ergodic theorem and the fact that P0 (0 2 GK;") converges to P0
�
0 2 Ck1

�
as K

grows to in�nity.

Set �̂j � ��n;j \ Zd to be

�̂j :=
�
z 2 ��n;j \ Zd : x 2 Bz [1] for some x 2 �j

	
:
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Then by construction, the projection of �̂j onto ��n \ Zd covers all of �0 save

at most L" j��nj points. Hence the number of points of ��n \ Zd that cannot be
realized as the projection of some point in [�̂j is at most (� + L")

����n \ Zd�� :
We write � to be the set of sites in ��+1n \ Ck1 that when projected onto ��n

belong to boxes corresponding to the projections of �1 [ : : : [�L.

Take 1 � i < j � L, then for su¢ ciently large K; sites x 2 Ck1 (!) such that
there are points zi 2 Bx [1] + ie�+1, zj 2 Bx [1] + je�+1 make up at least 1

2
P 21

fraction of the points of Ck1 (!) that lie in the strip R� �
�
�1
2
; 1
2

�d��
. Since we

have assumed (3.51) we know that for large enough n for each pair 1 � i < j � L

we can �nd such zi 2 �i; zj 2 �j. Since the �i;�j satisfy condition 2 above and

zi; zj are K; "-good, for any x 2 �i, y 2 �j we have

j� (x; !)� � (y; !)j � j� (x; !)� � (zi; !)j+ j� (zi; !)� � (zj; !)j+ j� (y; !)� � (zj; !)j
� "n+K + "L+ "n = K + "L+ 2"n:

Hence, for every r; s 2 � we have for x; y such that r; s lie in the strips ema-
nating from x and y respectively,

j� (r; !)� � (s; !)j � j� (r; !)� � (x; !)j+ j� (x; !)� � (y; !)j+ j� (s; !)� � (y; !)j
� K + "n+K + "n+ L"+ 2"n+K + "n

= 3K + L"+ 4"n < 5"n

for large enough n.

If %�;" denotes the right hand side of (3.50) before taking " # 0, we see that

%�+1;5" (!) � � + L"

for P-almost every !. The left hand side increases as " # 0 but the right hand side
decreases. Thus taking " # 0; � # 0 proves that %�+1 = 0 P-almost surely.
Proof of Theorem 72. Firstly, by Theorem 67, we see that %1 (!) = 0 for P0-
almost every ! and by Campbell-Mecke we extend this to P-almost surely. Using
induction on dimension we then see that %d (!) = 0 for P-almost every !, applying
Campbell-Mecke in reverse we see that this holds for P0 almost every !.
Let ! 2 
0. By Theorem 67 for each " > 0 there is n0 = n0 (!) such that

P (n0 <1) = 1 and for all n � n0 we have j� (x; !)j < "n for all x 2 �1n \Ck1 (!).
Hence for n � n0X

x2Ck1
jxj�n

1fj�(x;!)j�"ng � inf
y2Ck1\�1n

X
x2Ck1
jxj�n

1fj�(x;!)��(y;")j�2"ng:

Thus by the de�nition of %d, the fact that it is zero proves the desired result.
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3.4.4. Proof of the invariance principle

We now follow the scheme of Biskup and Prescott in [13] to show sublinearity of

the corrector on the thinned graph, which we can easily extend to the full graph

by harmonicity. We will then be able to draw our results together and prove the

invariance principle.

Theorem 74. For P0-almost every !

lim
n!1

max
x2Ck1
\B0[n]

j� (x; !)j
n

= 0:

This will follow from several results taken from [13].

Lemma 75. For every � > d, P0-almost surely

lim
n!1

max
x2Ck1
\B0[n]

j� (x; !)j
n�

= 0

Proof. Set
Rn = max

x2Ck1
jxj�n

j� (x; !)j :

By the large deviations result comparing Euclidean and graph distances, Theorem

54,

� (!) := sup
x2Ck1

dk! (0; x)

jxj <1

P0-almost surely. Thus we need only show that Rn=n
� ! 0 on f� (!) � �g for

every � <1.
Now, on the event f� (!) � �g, every x 2 Ck1 with jxj � n can be reached by

a path on Ck1 within [��n; �n]d. Hence on f� (!) � �g

Rn �
X
x2Ck1
x��n

X
y�x
y2Ck1

j� (x; !)� � (y; !)j :

Invoking the uniform bound on the change of � along an edge in the thinned

cluster we see 

Rn1f�(!)��g



2
� Cnd

for some constant C = C (�; k; d) < 1. Take " > 0, then applying Chebychev�s

inequality we see

P0
�
Rn

n�
> "

�
� 1

"2n2�
Cn2d = Cn�(2��2d):
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Setting n = 2m and summing over m, Borel-Cantelli yields

P0
�
Rn

n�
> 2" in�nitely often

�
= 0:

As " > 0 is arbitrary we are done.

Let (Zt : t � 0) be the continuous version of the time changed random walk

on Ck1. That is, Zt := ~XNt ; where Nt is an independent Poisson process of rate t.

The proof of the following bounds comes directly from Corollary 26, Theorem 42

and Proposition 51.

Lemma 76. For a deterministic sequence bn = o (n2) and P0-almost every !,

sup
n�1

max
x2Ck1
jxj�n

sup
t�bn

E!;x jZt � xjp
t

<1

and

sup
n�1

max
x2Ck1
jxj�n

sup
t�bn

td=2P!;x [Zt = x] <1:

Note that as we do not currently have good control over the tail of the random

variable corresponding to the spread of traps, this result is only proven to hold for

the time changed random walk.

Sublinearity of the corrector on the thinned graph will be proved directly from

the following lemma, which uses the di¤usive bounds.

Lemma 77. Let
Rn := max

x2Ck1
jxj�n

j� (x; !)j :

Then for each " > 0 and � > 0 there exists an almost surely �nite random variable

n0 = n0 (!; "; �) such that

Rn � "n+ �R3n, n � n0.

Sketch of Proof. The proof is identical to that in [13]. We give a summary.

Let z 2 Ck1 \ B0 [n] be the point at which the maximum of Rn is achieved

and let Zt be the continuous time, time changed random walk started at z. By

harmonicity and the optional stopping theorem

Rn � E!;z j� (Zt^Sn) + Zt^Sn � zj : (3.52)

Take Sn to be the stopping time

Sn := inf ft > 0 : jZt � zj � 2ng ;
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then for large enough n, j� (ZSn ; !)j � R3n.

We take t := �n2 for suitably small � > 0, and break it down into two cases.

Either we remain in B0 [3n] up to time t, ie Sn � t. In this case by sublinearity

on average (Section 3.4.3) and Lemma 76, for large enough n the probability of

the particle being in the set

On :=

�
x 2 Ck1 : jxj � n; j� (x; !)j � 1

2
"n

�
at time t = �n2 tends to zero as n ! 1. If Sn � t and Zt 62 On then the

expectation in (3.52) is small.

Otherwise t > Sn. On this event, the right hand side of (3.52) is bounded by

R3n + 3n. Further, Lemma 76 shows that the probability that t > Sn is small if

the constant � > 0 is chosen suitably.

Combining these arguments gives the result.

We can now prove the sublinearity of the corrector on the thinned graph.

Proof of Theorem 74. Take Rn as above and suppose Rn=n 6! 0. Pick c with

0 < c < lim sup
n!1

Rn=n:

Let � be as in Lemma 75 and set " := c=2 and � := 3�(�+1). Note that for c0 � c,

we trivially have c0 � " � 3��c0. If Rn � cn, which happens in�nitely often, and

n � n0 then Lemma 77 implies

R3n �
c� "

�
n � 3�cn:

Inductively we have R3kn � 3k�cn. But this contradicts Lemma 75, since we have

R3kn
3k�

� cn

and so fails to tend to zero as k tends to in�nity.

We are now ready to prove the functional CLT.

Proof of Theorem 33. We know that the order of the largest trap in B0 [n] is

bounded above by C (!) (log n)d=(d�1). Take a trap, T , contained in B0 [n], then

by harmonicity and the maximum principle

max
x2T

jx+ �(x; !)j � max
x2@extT

jx+ � (x; !)j ;

and hence

max
x2T

j� (x; !)j � max
x2Ck1\B0[n]

j� (x; !)j+ C (!) (log n)d=(d�1) :

Thus, by Theorem 74, the corrector is sublinear on the unthinned graph C1 (!).
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Set '! (x) = x+� (x; !) for x 2 C1 (!) and de�neMn := '! (Xn), a martingale

by property 2: of Theorem 65. Fix v 2 Rd and de�ne

fK (!) := E!;0
�
(v �M1)

2 1fjv�M1j�Kg
�
:

By square integrability of the corrector, fK 2 L1 (
;F ; �) for all K. By the

ergodicity of the Markov chain from the view of the particle

lim
n!1

1

n

n�1X
k=0

fK � �Xk (!) = E�fK ;

for P0-almost every ! and P!;0-almost every path X = (Xk) of the random walk.

Setting K = 0 and K = "
p
n along with the monotonicity of K 7�! fK veri�es

the Lindeberg-Feller Martingale Functional CLT, see [30] page 411. Hence

t 7! 1p
n

�
v �Mbntc + (nt� bntc) v �

�
Mbntc+1 �Mbntc

��
converges weakly to Brownian motion with mean zero and covariance E�f0. We
then invoke the Cramer-Wold device to see that the linear interpolation of

t 7!
Mbntcp

n

scales to d-dimensional Brownian motion with covariance matrix D given by

Dij = E�E!;0 ((ei �M1) (ej �M1)) :

The sublinearity of the corrector implies that

Xn �Mn = � (!;Xn) = o (jXnj) = o (jMnj) = o
�p

n
�
;

and hence Xn converges weakly to Brownian motion with covariance matrix D.

Now, note that the re�ection and rotation symmetry of � force D to be of the

form D = 1
d
�21 for

�2 = E�E!;0 jM1j2 :

The only way this can be zero is if �-almost everywhere we have � (:; x) = �x for
all x 2 C1, but this cannot be true since the corrector is sublinear. Thus we have
convergence to non-degenerate Brownian motion.
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4. Random walk in dynamic
environment

In this chapter we consider the space-time random conductance model. We take

environments of the form ! = (!xy (t))x;y2Zd
t2K

for K either R or N, and consider

the random walk on !. We assume the symmetry condition !xy (t) = !yx (t) for

all edges and times - this will prove to be key in our analysis. There are several

di¤erent walks that one can consider - walks in both continuous or discrete time

moving at either constant speed or variable speed. We will begin by introducing

the various possibilities.

Previously we have considered the constant speed walk in discrete time. In the

dynamic setting this corresponds to the discrete time Markov process on N� Zd

with transition probabilities

P (Yn = (m; y) jYn�1 = (m� 1; x))

=

8<:
!xy(m�1)P
z !xz(m�1)

if x � y and
P

z !xz (m� 1) 6= 0
1 if x = y and

P
z !xz (m� 1) = 0

0 otherwise
:

This walk presents several technical challenges: if one looks for an invariant mea-

sure for the walk considered on the space-time graph then the measure does not

generally have a simple form and the walk is never reversible. Further, this invari-

ant space-time measure is not spatially consistent - the projection of the invariant

measure at time t onto Zd will be di¤erent from the projection at time s 6= t. This

restricts the tools available with which to analyze the walk.

With this in mind we introduce the variable speed random walk in continuous

time. This is the Markov process Xt with generator at time t

Ltf (x) =
X
y�x

!xy (t) (f (y)� f (x)) : (4.1)

We will restrict our environments to those where every edge changes only �nitely

often in a bounded interval. Thus the edge weights are step functions:

!e (t) =
1X
i=1

�i1Ai (t) ;

for �i � 0, Ai = [ai; bi] and jfi : t 2 Aigj <1 for all t 2 R.
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The �at measure � (x) = 1 for all x 2 Zd; is the invariant measure for the
variable speed walk with

hLtf; gi� = hf;Ltgi� (4.2)

for all t 2 R. Although this does not imply P (Xt = y jXs = x) = P (Xt = x jXs = y )

the fact that Lt is self-adjoint will be important in our analysis. It is this variable
speed, continuous time walk that provides most of our results.

One can also consider the discrete time, variable speed walk: suppose thatP
z !xz (n) 2 [0; 1] for all x 2 Zd and n 2 N. De�ne Zn to be the random walk

with transitions

P (Zn = y jZn�1 = x)

8<:
!xy (n� 1) if x � y

1�
P

z !xz (n� 1) if x = y
0 otherwise

:

We will see that this walk can be very di¤erent from Xt. For example note that

there is the possibility for Zn to have deterministic steps - an impossibility for Xt.

We will primarily consider heat kernel behaviour for the variable speed, con-

tinuous time random walk in various cases - placing conditions on the geometry of

! that lead to upper bounds on the heat kernel. We then give examples of random

environments that satisfy these conditions with probability one.

We begin with the case P (!e 2 [a; b]) = 1 for 0 < a � b < 1. In the static
time model, a standard Nash inequality holds and full o¤-diagonal upper and lower

heat kernel bounds hold - see for example [5]. This is also true in the dynamic

setting as the Nash inequality holds uniformly in time and full o¤-diagonal heat

kernel bounds can be achieved through the same methods as in the static case.

This was proved in [31] and we recap the proof of the on diagonal upper bounds

as the techniques are those that we will modify to attack more general cases.

As discussed in previous sections, if the lower bound is missing: P (! 2 (0; 1]) =
1, one can see more interesting behaviour. The work [11] in the static (constant

speed) case shows that anomalous heat kernel behaviour can occur. By simple

modi�cations to this argument one can show that this behaviour extends to the

variable speed continuous time walk in the static case. In particular it is proven

that the best upper bound for the heat kernel in d � 5 are O (t�2). We present

two main results for this case. We show that in the dynamic time setting with

dimension d � 3 lower bounds on the heat kernel close to O (t�1) can be achieved -
ensuring a more anomalous heat kernel behaviour than seen in the static environ-

ment. Anomalous heat kernel behaviour in this setting occurs when the random

walk remains closer to the origin than one would normally expect. A trap that

facilitates this behaviour involves a vertex surrounded by weak bonds. If the weak

bonds are of order O (n�1) then one would expect the random walk to remain in
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the trap for time O (n) provided that the trap is not removed by the time dy-

namic. To enter or exit the trap the walk has to pay O (n�1). However, if the

time dynamic ensures that traps of this type last for time O (n) then the walk can

wait until the trap disappears and escape from the trap for free. This strategy

leads to stronger anomalous behaviour than the static case but relies on dynamic

environments existing whose traps disappear at the appropriate times. We will

give examples of such environments.

In particular this ensures at least three extrema for the heat kernel for the dy-

namic random walk. As the mixing of the random environment increases the walk

resembles the random walk on the annealed graph - this is just the simple random

walk on Zd and hence has heat kernel bounded above and below by O
�
t�d=2

�
.

Conversely, as the mixing of the environment decreases, the walk resembles the

random walk on the static graph and as described this can have heat kernel be-

haviour O (t�2). Our example shows that in between these cases are environments

with heat kernel decay close to O (t�1). We do not present corresponding upper

bounds but do give heuristics for why O (t�1) is the most anomalous the heat

kernel can be.

We also, as in Chapter 2, look for conditions that ensure standard heat ker-

nel behaviour in the case ! 2 (0; 1]. We approach this problem via isoperimetric

techniques - looking for the spatial graphs at a �xed time to satisfy d-dimensional

isoperimetric inequalities. When isoperimetric inequalities hold we obtain Nash

inequalities and they in turn enable upper bounds on the heat kernel. In par-

ticular we show that if the environment evolves in time in an ergodic way and

geometrically the spatial environment looks d-dimensional at every time t; then

the space-time walk will also look d-dimensional in its heat kernel. We will make

these ideas precise later.

Next, we consider the case P (! 2 [1;1)) = 1. In this case standard on diago-
nal upper heat kernel bounds hold due to a uniform Nash inequality being satis�ed

as ! is bounded below. The question is thus can we control the o¤-diagonal behav-

iour? In the static case this question is attacked in [7], where it is shown that by

introducing an auxiliary distance function, the methods of [25] provide long range

bounds. The methods of Bass-Nash then enable full o¤-diagonal heat-kernel upper

bounds to be proven. In the dynamic case we have struggled to �nd an appropri-

ate space-time distance to use in the methods of [25]. We outline properties that

a suitable space-time distance should satisfy and describe the problems faced in

�nding such a distance. We then give an example where incomplete upper bounds

can be proven - bounds that we believe not to be sharp.

Finally, we will discuss functional central limit theorems in this setting. These

models have been considered previously in the literature, often without the as-
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sumption that !xy = !yx. Various techniques have been employed including heavy,

analytic cluster expansions, probabilistic arguments via regeneration times, and

the Kipnis-Varadhan methods discussed earlier in this thesis. The results obtained

thus far normally require assumptions on the ellipticity of the walk and mixing of

the environment. We discuss these methods in more detail and why currently our

heat kernel techniques cannot be used in a fashion similar to Chapter 3 to prove

a functional CLT.

In terms of heat kernel estimates, there is not a huge amount in the literature.

The Appendix of [31] proves full o¤-diagonal results in the case where weights are

bounded away from zero and in�nity. The paper [22] proves that if

m (x) :=
X
y

!xy (k)

is independent of k and the environment satis�es both a uniform ellipticity condi-

tion and uniform Sobolev inequality then standard o¤-diagonal upper bounds and

on diagonal lower bounds hold. There are also results in the case where space is

taken to be �nite, these can be found in [51] and [52].

We �nish the introduction with some notation. As we are walking on a space-

time graph, starting points should be in space-time and hence we write

P !
(s;x) (Xt = y)

for the random walk on the space-time graph started at (s; x) 2 R�Zd, and abuse
notation by implicitly assuming that the time coordinate of Xt is equal to t and

hence the walk has been run for time t � s. When P !
x is written it should be

assumed that we are taking s = 0.

4.1. Variable Speed, Bounded Conductances

We begin with the simplest case: we consider the variable speed continuous time

random walk on an environment with conductances bounded above and below:

there exist 0 < a � b < 1 such that P (!e (s) 2 [a; b]) = 1. This is the only

assumption that we make on the environment. This case has been considered

previously in [31], with Proposition 78 proven. We present the details of the on

diagonal upper bounds both for completeness and to show how Nash inequalities

lead to heat kernel control as this idea will be crucial in the unbounded cases. The

bounded conductance example is particularly simple as uniform Nash inequalities

hold and hence standard heat kernel technology can be used to prove standard

upper bounds.

Let (Xt)t2R be the continuous time, variable speed walk on ! = (!e (s))e2Ed
s2R

as introduced in the introduction. As �at space measure, � (x) � 1, is the unique
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(up to multiplicative constant) invariant measure for each time marginal transition

kernel, � is also the unique invariant measure for P !. It thus makes sense to refer

to P ! (�; �) as the heat kernel for the space-time walk.

Proposition 78. Take 0 < a � b < 1. Suppose ! is a space-time environment
satisfying !e (s) 2 [a; b] for all e 2 Ed and s 2 R. Then there exists C = C (a; b; d)

such that

P ! (Xs+t = y jXs = x) � Ct�d=2: (4.3)

for all s 2 R; t > 0.

Proof. This Proposition is Proposition B.2 of [31]. For simplicity take s = 0, the
general case follows by the same arguments.

Due to the ellipticity condition and the fact that Ls is reversible with respect
to � for all s, there exists a constant c = c (a; b; d), independent of s such that the

following Nash inequality holds uniformly in s: for all f 2 l0
�
Zd
�
we have

ELs (f; f) � c kfk2+
4
d

L2(�) kfk
� 4
d

L1(�) , (4.4)

for the Dirichlet form

ELs (f; g) :=
X
x;y

!xy (s) (f (y)� f (x)) (g (y)� g (x)) :

Obtaining the Nash inequality is standard under the ellipticity condition since Ls
is reversible with respect to � (see, for example, [55]).

Take f 2 L1 (�) to be non-negative with kfk1 = 1 and de�ne u (t) := kP0;tfk
2
L2(�) :

Then by (4.4)

d

dt
u (t) = �2ELt (P0;tf; P0;tf)

� �c kP0;tfk
2+ 4

d
2

which implies that

u (t) � c0t�d=2

and hence

kP0;tk1!2 � c0t�d=4:

We will show in Proposition 84 that P �0;t is the transition semi-group for the

random walk on the "reversed graph" for more general environments. Leaving the

details until then, it is enough to know that walk on the reversed graph must also

satisfy the uniform Nash inequalities and thus

P �0;t

1!2 � c0t�d=4:
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Hence, by Cauchy-Schwarz

kP0;tk1!1 =


Pt=2;t � P0;t=2

1!1

�


Pt=2;t

2!1 

P �0;t=2

2!1

=


P �t=2;t

1!2 

P0;t=2

1!2

� ct�d=2:

As all our constants are uniform across starting points, standard methods lead

to full o¤-diagonal bounds. We do not give the details here but refer the reader

to [31], where near diagonal lower estimates are also proven.

4.2. Continuous time, variable speed, ! 2 (0; 1].

In this section we will consider the case of conductances that are bounded above

but not below, presenting examples of dynamic environments where standard heat

kernel behaviour is observed. Our main result being that if the environment at

time t looks geometrically d-dimensional and the environment is ergodic over time

then the on diagonal heat kernel behaviour will look like t�d=2.

As conductances are bounded above, the methods of [25] pass into the dynamic

setting, bounding the probability that the walk travels a large distance in a short

period of time and giving Carne-Varopoulos type bounds - upper bounds on the

probability that the walk travels a large distance in a short time. In particular we

obtain bounds on the time it takes the walk to exit a box - see Proposition 79 and

Corollary 80 below.

With control of the probability that the walk exits a �nite box, we can pick

a box su¢ ciently large that the random walk in unlikely to be a¤ected by the

boundary of the box. Analysis of the original random walk is then reduced to the

analysis of the random walk restricted to the �nite box. Isoperimetric inequalities

on the restricted graph imply Nash inequalities with respect to the walk on the

�nite box which in turn garners control on the heat kernel for the walk on the �nite

box. This idea is used in [40] to obtain standard on diagonal upper bounds for

the heat kernel for the random walk on supercritical percolation. We will extend

this to the dynamic time case, although we will not allow !e = 0.

The section is thus broken into three distinct parts. Section 4.2.1 provides the

adaptations to [25] that give long range bounds on the heat kernel and control the

exit time for boxes. Section 4.2.2 analyzes the walk restricted to the box and gives

conditions on the geometry of the space-time environment that, if satis�ed, ensure

standard on diagonal heat kernel decay. Finally, Section 4.2.3 provide examples

of environments that satisfy these geometrical conditions.
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4.2.1. Methods of Davies

We begin by stating the main results obtained through the application of the

methods of [25] to the time dynamic case. For x; y 2 Zd let d (x; y) be the graph
distance between x and y.

Proposition 79. Suppose !e (s) 2 [0; 1] for all e 2 Ed and all s 2 R. There exists
constant Cdav independent of ! such that for x; y 2 Zd: if t � d (x; y) then

P !
(s;x) (Xs+t = y) � exp

 
�Cdav

d (x; y)2

t

!
: (4.5)

If t � 0 then

P !
(s;x) (Xs+t = y) � exp

�
�d (x; y) log

�
d (x; y)

edt

��
: (4.6)

Equation (4.6) is (up to constants) in essence the best general bound one can

obtain for all t � 0 as the large deviations when t is much smaller than d (x; y)

are due to the Poisson distribution and not the geometry of the graph. See [45]

for the corresponding lower bound.

Introduce the exit time from the box [�n; n]d for the random walk started at

the origin

�n := inf
n
t : X

(0;0)
t 62 [�n; n]d

o
:

The bounds of Proposition 79 lead directly to probabilistic control on �n.

Corollary 80. Suppose !e (s) 2 [0; 1] for all e 2 Ed and s 2 R. There exist
constants independent of ! such that for t � n

P ! (�n � t) � C1n
�de�C2n + C3n

d�1t exp

�
�C4n

2

t

�
:

Proof. Let N� be an independent Poisson process of rate � = 1 and note that

P(0;x) (Xt = y) � P(0;x) (Xu = y for all u 2 [s; t] for some s 2 [t� 1; t])
� P(0;x)

�
Xs = y and N(t�s)2d = 0 for some s 2 [t� 1; t]

�
� P(0;x) (Xs = y for some s 2 [t� 1; t])P (N2d = 0)
= C (d)P(0;x) (Xs = y for some s 2 [t� 1; t])

and hence the bounds (4.5) and (4.6) apply (up to multiplicative constant) to

P(0;x) (Xu = y for some u 2 [t� 1; t]).

103



We now apply these bounds

P ! (�n � t) �
X

y2@[�n;n]d

tX
i=1

P(0;x) (Xu = y for some u 2 [i� 1; i])

=
X

y2@[�n;n]d

nX
i=1

P(0;x) (Xu = y for some u 2 [i� 1; i])

+
X

y2@[�n;n]d

tX
i=n+1

P(0;x) (Xu = y for some u 2 [i� 1; i])

�
X

y2@[�n;n]d

nX
i=1

C (d)�1 e�c1n

+
X

y2@[�n;n]d

tX
i=n+1

C (d)�1 exp

 
�c2

d (x; y)2

i

!

� c3n
de�c1n + c4n

d�1t exp

�
�c2n

2

t

�
:

Note that the choice of a box centred at the space-time origin in Corollary 80

is purely for notational convenience.

Proof of Proposition 79. Let (Ps;t)s�t be the semigroup associated with the

variable speed walk on !. Let f and g be functions of �nite support. Then as the

environment changes locally a �nite number of times in a �nite time interval, for

almost all t the following derivative is well de�ned:

d

dt
hg; Ps;tfi� = hg;LtPs;tfi�

= �ELt (g; Ps;tf)

=
1

2

X
x2Zd

X
y�x

!xy (t) (g (x)� g (y)) (Ps;tf (x)� Ps;tf (y)) :

We are interested in the transition kernel

P(s;x) (Xs+t = y) = Ps;t�y (x) .

We follow [25] and set Lt;� := �Lt��1 for positive �; ��1 2 l1. Let
�
P �
s;t

�
s�t

be the semigroup driven by (Lt;�). We look for integral estimates for P �. Note

that the integral kernel satis�es P � ((s; x) ; (t; y)) = � (x)P ((s; x) ; (t; y))� (y)�1.

For simplicity set s = 0. For f of bounded support on Zd, let

ft := P �
0;tf:

We see
d

dt
kftk22 = 2



�Lt��1ft; ft

�
�
:
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We look for the best constant ct (�) such that

�Lt��1f; f

�
� ct (�) kfk22 ; (4.7)

for all f 2Dom
�
�Lt��1

�
. Now, by Section 3 of [25] for all t 2 R

ct (�) � sup
x2Zd

bt (�; x)

where

bt (�; x) : =
1

2

X
y�x

!x;y (t)

�
� (y)

� (x)
� � (x)

� (y)
� 2
�

� 1

2

X
y�x

�
� (y)

� (x)
� � (x)

� (y)
� 2
�
:

As bt (�; x) is bounded independently of t; there exists c (�) such that ct (�) � c (�).

Hence, for all t

@t kftk22 � 2c (�) kftk
2
2 :

Solving the di¤erential equation yields

kftk22 � e2c(�)t kfk22 : (4.8)

Setting f = �y we obtain

ft = P � ((0; x) ; (t; y)) ;

where

P � ((s; x) ; (t; y)) = � (x)P ((s; x) ; (t; y))� (y)�1

is the kernel of the semigroup P �
0;t. By (4.8) we have

P � ((0; x) ; (t; y)) � ec(�)t:

We conclude that

P(0;x) (Xt = y) � inf
�

�
� (x)�1 � (y) ec(�)t

	
:

We continue to follow [25] and set � (u) = e��(d(x;u)^d(x;y)) and then by carefully

choosing � we obtain

P(0;x) (Xt = y) � exp
 
�d (x; y)

2

4dt

 
1� d (x; y)2

40d2t2

!!
:

In particular, for t � d (x; y) we have the bound

P(0;x) (Xt = y) � exp
 
�Cd (x; y)

2

t

!
: (4.9)
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For t that only satisfy t � 0 we obtain

P(0;x) (Xt = y) � exp
�
�d (x; y) log

�
d (x; y)

edt

��
:

Remark 81. Note that this argument fails if ! is unbounded above. In this

case the uniform upper bound on the function bt (�; x) does not hold. This was

addressed in the static variable speed case by [7], where a more subtle, environment

dependent distance was used in the construction of the function �. We will come

back to this question when addressing the case ! 2 [1;1) :

Remark 82. It is natural to ask whether or not Carne-Varopoulos type bounds
hold in the discrete time case. In the most general case, where we take !e 2 [0; 1]
with the only condition being X

y�x
!xy (n) � 1;

the Carne-Varopoulos bounds cannot hold as it is straightforward to construct

environments where the random walk becomes entirely deterministic. However,

if we were to instead consider the case !e 2
�
0; 1

2d

�
, then one would expect the

bounds to hold. However, a proof does appear to be more di¢ cult as the discrete

time walk is some how "further away" from being reversible than its continuous

time counterpart.

For example, for the continuous time walk one can introduce the following

forward and backward martingales:

Mu : = d (x;Xu)� d (x;X0)�
uZ
0

Ls (d (x;Xs)) ds (4.10)

M�t
u : = d

�
x;X�t

u

�
� d

�
x;X�t

0

�
�

uZ
0

L�ts
�
d
�
x;X�t

s

��
ds; (4.11)

where X�t is the Markov process with semigroup P �0;t (see Proposition 84 below

for a more detailed analysis of X�t). It is then possible to show that

Ex
y
�
Mt �M�t

t

��X�t
t = x;Xt = y

�
= �2d (x; y) ; (4.12)

where Px
y is the law for independent X and X�t started at x and y respectively.

This gives us another method to attack long range bounds as (4.12) says that if

Mt �M�
t is large then both M and M� must be simultaneously large, yet M and

M� are independent. Thus the probability that either is large can be controlled.

See [47] for full details.
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If one were to attempt to set up these martingales in the discrete time case

then the integrals in (4.10) and (4.11) would be replaced by a sum of the form

u�1X
s=1

[EXs [d (x;X1)]� d (x;Xs)] :

Although this does give us a forward and a backward martingale we do not obtain

control over their di¤erence as one can construct natural examples where we do

not have the equality

E

"
t�1X
s=1

[EXs [d (x;X1)]� d (x;Xs)]

�����X0 = x;Xt = y

#

= E

"
t�1X
s=1

�
EX�t�1

s

�
d
�
x;X�t�1

1

��
� d

�
x;X�t�1

s

�������X�t�1
0 = y;X�t�1

t = x

#
:

Thus the method outlined above to control the probability that the walk travels

a large distance will not apply.

4.2.2. Analysis of the random walk restricted to a �nite box

Let (Xn
t )t�0 be the random walk restricted to the box [�n; n]

d, that is set !xy (t) =

0 if either x or y 62 [�n; n]d. In the static time case considered in [40], control over
Xn was obtained by showing that Gj[�n;n]d satis�ed a close to standard isoperi-
metric pro�le, in turn proving a close to standard Nash inequality. The methods

described in [50] then transfer the partial Nash inequality to control over the

distance of the heat kernel for Xn from uniform measure on the cube.

We will take a similar approach, with the methods of [50] altered for the time

dynamic setting. Proposition 83 will demonstrate the control we require over the

heat kernel of Xn. Proposition 85 and Theorem 87 will then modify the methods

of [50] to prove that such control does exist provided the graph satis�es certain

geometric conditions.

Proposition 83. Take d � 1 and set

f (n; t) := sup
x;y2[�n;n]d

����� 1

(2n+ 1)d
� P !

(0;x) [X
n
t = (t; y)]

����� : (4.13)

Take c1 < C4=2^2Cdav=d for constants Cdav and C4 de�ned in Proposition 79 and
Corollary 80 respectively. Suppose that there exists C1 > 0 such that

f
�
(t log t=c1)

1=2 ; t
�
< C1t

�d=2 (4.14)

for all t � 1. Then there exists a constant c2 such that for all t � 0

sup
x2Zd

P ! ((0; 0) ; (x; t)) � c2t
�d=2: (4.15)
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Proof. Assume that t � 2 as otherwise the case t 2 [0; 2] holds by suitable choice
of c2.

Suppose jxj2 � dt log t
2Cdav

: The bound (4.15) follows trivially from equation (4.5)

of Proposition 79.

Now take jxj2 < dt log t
2Cdav

and set c1n2 = t log t for c1 < C4=2 ^ 2Cdav=d.
Note that

P ! ((0; 0) ; (x; t)) � P !
(0;0) (X

n
t = (x; t)) + P

!
(0;0) (�n � t) .

We can bound the �rst term by (4.13) and the second by Corollary 80:

P ! ((0; 0) ; (x; t)) � (2n+ 1)�d + f
�
(t log t=c1)

1=2 ; t
�

+C1n
�de�C2n + C3n

d�1t exp

�
�C4n

2

t

�
:

The right hand side can be bounded term by term.

The �rst term can be trivially bounded: (2n+ 1)�d =
�
t log t
c1

��d=2
� ct�d=2 for

all t � 2.
The second term is bounded by (4.14).

Invoking Corollary 80 and the relationship between n and t allows us to bound

the third and fourth terms:

C1n
�de�C2n + C3n

d�1t exp

�
�C4n

2

t

�
� ct�d=2

() C3n
d�1t exp

�
�C4 log t

c1

�
� ct�d=2

() C3

�
t log t

c1

� d�1
2

t � t�C4=c � ct�d=2

() c2t
(d+1)=2�C4=c1 (log t)(d�1)=2 � ct�d=2

this will be true for c1 < C4=2 and all t provided that c is suitably chosen.

Gaining on diagonal control is thus reduced to proving that (4.14) holds - that

the random walk on the �nite box mixes at a quick enough rate. We will use the

methods described in [50] to prove this mixing via Nash inequalities.

Introduce the adjoint of Ps;t, call this P �s;t. P
�
s;t can be most easily described

as the semigroup associated to the random walk on the space-time environment

reversed around t. De�ne the graph re�ected in time about t

G�t =
�
V;E; !�t

�
to have identical vertex and edge sets as the original time-space graph G and edge

weights re�ected about time t:

!�tr (x; y) := !t�r (x; y) for r 2 R:
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Let Qs;t be the semigroup for the random walk on G�t started at zero time and

running to time t� s.

Proposition 84. P �s;t = Qs;t:

Proof. This is clear in the discrete time case as we are simply transposing matri-
ces: recall the symmetry assumption !xy (t) = !yx (t), then Qi = Q�i for all i and

hence

P �s;t =

 
t�1Y
u=s

Qu

!�
=

t�1Y
u=s

Q�t+s�u =

t�1Y
u=s

Qt+s�u = Qs;t:

Note that the re�ection in the discrete time case is at t� 1 and not t.
For the continuous time case there are several ways to approach this. We

simply note that P �s;s = I = Qs;s and the generators for both semigroups at time

s � u � t is L�u.
This result is useful as it ensures that the graphs controlling the random walk

and the reversed random walk are simply reversed in time. In particular the spatial

graph for the forward walk at time u is the spatial graph for the reversed walk at

time t � u. As we will obtain heat kernel bounds via assumptions on "enough"

spatial graphs satisfying a Nash inequality, the fact that the set of forward and

backward spatial graphs are identical will prove to be crucial.

Write P n
s;t and P

�n
s;t for the random walk and reversed random walk restricted

to [�n; n]d. Let �n be the uniform distribution on [�n; n]d, �n (x) = 1

(2n+1)d
if

and only if x 2 [�n; n]d. Write k�kp for the Lp (�n) norm. De�ne un (s; t) :=

P n
s;t (f � �n (f))



2
2
= V ar

�
P n
s;tf
�
and vn (s; t) :=



P �ns;t (f � �n (f))


2
2
for some

function f such that kfk1 = 1. Control over un (s; t) and vn (s; t) leads to a bound
on (4.13).

Proposition 85. Take t > 0. Suppose that for all f with kfk1 = 1

un (0; t=2) �
�
C

t

�d=2
;

vn (t=2; t) �
�
C

t

�d=2
;

for some constant C. Then

sup
x;y2[�n;n]d

����� 1

(2n+ 1)d
� P !

(0;x) [X
n
t = (t; y)]

����� �
�
2C

t

�d=2
: (4.16)

Proof. From the assumptions and de�nition of u we have



P n
0;t=2 � �n




1!2 ;



P �nt=2;t � �n



1!2 �

�
C

t

�d=4
;
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where 

P n
0;t=2 � �n




1!2 := sup

n

P n
0;t=2 (f � �n (f))




2
: kfk1 = 1

o
:

By standard results (see, for example, Section 1.2.4 of [50])



P �n0;t=2 � �n



2!1 =



P n
0;t=2 � �n




1!2 �

�
C

t

�d=4
; (4.17)



P n
t=2;t � �n




2!1 =



P �nt=2;t � �n



1!2 �

�
C

t

�d=4
: (4.18)

Whence, by Cauchy-Schwarz,

sup
x;y
h(P0;t � �n) �x; �yi

= sup
x;y


�
P0;t=2 � �n

� �
Pt=2;t � �n

�
�x; �y

�
� sup

x;y


�
Pt=2;t � �n

�
�x;
�
P �0;t=2 � �n

�
�y
�

� �n (x)
1=2 �n (y)

1=2





�Pt=2;t � �n
� �x
�n (x)






2





�P �0;t=2 � �n
� �y
�n (y)






2

�
�
C

t

�d=2
(2n+ 1)�d

by (4.17) and (4.18), completing the proof.

The problem is now reduced to controlling the growth of un and vn. This can

be achieved by considering spatial Nash inequalities through time. We elucidate

this idea below.

Recall Theorem 3.3.11 from [50], linking the isoperimetric pro�le of a graph to

a Nash inequality for the random walk on the graph.

For t 2 R, n 2 N and A � [�n; n]d de�ne

Qt (@A) =
X
x2A

y2[�n;n]d�A

!xy (t)�n (x) :

Theorem 86 (Salo¤-Coste). Assume that for some constant S > 0, (Qt; �n)

satis�es

�n (A)
(d�1)=d � SQt (@A)

for all A � Zd such that �n (A) � 1
2
. Then

8g 2 L2 (�) , V ar�n (g)
1+2=d � 8S2Et (g; g) kfk4=d1 :

Assume for the moment that for every t 2 R the space graph Gt has some

asymptotic spatial dimension d = d (t) that can be seen through the isoperimetric
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pro�le. More formally, we choose the isoperimetric bound of [40], and say that

the spatial d-dimensional isoperimetric pro�le holds for t 2 R if

I t"(n) : = inf
A�[�n;n]d;�(A)� jCnj

2

Qt (@CnA)

�n (A)
("(n)�1)="(n)

� �

n1�
2d
"(n)

; (4.19)

for all n � N (!; t), where " (n) := d + 2d log logn
logn

and Cn = [�n; n]d. Note that
this is a di¤erent approach to that of Chapter 2 where the standard isoperimetry

was shown to hold for all large enough sets. This di¤erent approach is simply due

to the fact that a di¤erent method is being employed to move from isoperimetric

bounds to heat kernel bounds.

For u; t 2 R de�ne

Du;t :=

(
s 2 [u; t] : Is"(n) � �n�1+2d="(n) for n =

�
(t� u) log (t� u)

c

�1=2)
;

where c < C4=2 ^ 2Cdav=d as in Proposition 83.

Theorem 87. Suppose there exists a constant c2 such thatZ t=2

0

1D0;t=2 (s) ds;

Z t

t=2

1Dt=2;t (s) ds � c2t (4.20)

for all t � T; then there exists C > 0 such that

P ! ((0; 0) ; (x; t)) � Ct�d=2 for t � T .

Proof. We will show that (4.20) can be used to prove the conditions of Proposition
85 for suitable C and d. We will then show that this choice of C and d ensures

that the right hand side of (4.16) can be bounded by O
�
t�d=2

�
. Proposition 83

will then complete the proof.

Theorem 86 implies that for n; s for which (4.19) holds the following Nash

inequality holds:

8g 2 L2 (�n) , V ar�n (g)
1+2="(n) � 8n2�4d="(n)

�2
ELs (g; g) kfk

4=d
1 : (4.21)

Fix n =
�
t log t
c

�1=2
and abuse notation by setting u (t) = un (0; t) =



�P n
0;t � �n

�
f


2
2

for f such that kfk1 = 1. By a simple calculation we see that for almost all t we
have the di¤erential equality u0 (t) = �2Et (P0;tf; P0;tf). Then (4.21) implies

u (s)1+2="(n) � �4n
2�4d="(n)

�2
u0 (s)
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for s; n where (4.19) holds.

Set w (t) := 2"(n)n2�4d="(n)

�2
u (t)�2="(n) ; then combining the above we have

@

@t
w (t) � 1 (4.22)

for s; n satisfying (4.19).

Note that since the de�nition of D0;t is dependent only on the �nite spatial

box
�
� t log t

c
; t log t

c

�d
and a �nite spatial box can have at most a �nite number of

edge changes in the time interval [0; t], D0;t must be of the form

D0;t =

m[
i=1

[si; ti) :

On an interval [si; ti) � D0;t, inequality (4.22) gives

w (t) � w (si) + t� si

for t 2 [si; ti]. By the de�nition of w this translates to:

2" (n)n2�4d="(n)

�2
u (t)�2="(n) � 2" (n)n2�4d="(n)

�2
u (si)

�2="(n) + t� si

so

u (t) �
�
u (si)

�2="(n) +
�2

2" (n)n2�4d="(n)
(t� si)

��"(n)=2
: (4.23)

Note that u (t) is decreasing in t since u0 (t) = �2Et (P0;tf; Po;tf).
Trivially u (s1) � 1. Hence, by (4.23)

u (t) �
�
1 +

�2

2" (n)n2�4d="(n)
(t� s1)

��"(n)=2
�

�
�2

2" (n)n2�4d="(n)
(t� s1)

��"(n)=2
for t 2 [s1; t1]. As u (t) is decreasing u (si+1) � u (ti). Thus, by a simple induction

u (t) �
 

�2

2" (n)n2�4d="(n)

 
i�1X
j=1

(tj � sj) + t� si

!!�"(n)=2
for t 2 [si; ti]. In particular, if

R t
0
D0;t (s) ds � c1t then

u (t) �
�

c1�
2t

2" (n)n2�4d="(n)

��"(n)=2
:

Applying this method to the forward and reversed graph, noting that the set

of spatial environments for the forward and reversed walks are identical, we obtain

un (0; t=2) ; un (t=2; t) �
�

c1�
2t

2" (n)n2�4d="(n)

��"(n)=2
vn (0; t=2) ; vn (t=2; t) �

�
c1�

2t

2" (n)n2�4d="(n)

��"(n)=2
:
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Appealing to Proposition 85 we have

sup
x;y2[�n;n]d

����� 1

(2n+ 1)d
� P !

(0;x) [X
n
t = (t; y)]

����� �
�

c1�
2t

" (n)n2�2d="(n)

��"(n)=2
: (4.24)

Insert the choice n =
�
t log t
c

�1=2
into (4.24) and check if the conditions of Proposi-

tion 83 are satis�ed. The conditions will be satis�ed if�
c1�

2t

" (n)n2�2d="(n)

��"(n)=2
� Ct�d=2:

By the de�nition of " (n) above,�
c1�

2t

" (n)n2�2d="(n)

��"(n)=2
� Ct�d=2

() ��"(n)t�"(n)=2" (n)"(n)=2 n"(n)�d � Ct�d=2

() log c+ d
log log n

log n
log

�
log t

c

�
� logC

and this holds for all su¢ ciently large n and hence we are done.

The conditions of equation (4.20) look rather complicated. However, all they

ask for is that the amount of time for which the spatial graph looks geometrically d-

dimensional grows linearly with time. In particular, if all the spatial graphs Gt are

spatially d-dimensional at large distances from the origin and the environment�s

time dynamic is ergodic then the conditions will be satis�ed:

Corollary 88. Suppose ! is an environment such that for all t 2 R, Gt satis�es

(4.19) for some d and all su¢ ciently large n. Suppose further that the time

dynamic of the environment is ergodic, then there exist constants C (!) ; T (!)

such that

P ! ((0; 0) ; (x; t)) � C (!) t�d=2

for t > T .

Proof. Let N (!; t) be the random variable such that (4.19) holds for all n �
N (!; t). As (!t)t�0 is ergodic

1

t

Z t

0

1fN(!;s)�kgds! P (N (!; 0) � k) :

We have

D0;t=2 �
�
0 � s � t : N (!; s) � t log t

c

�
and hence Z t=2

0

1D0;t=2 (s) ds �
Z t=2

0

1fN(!;s)� t log t
c gds

� t

2

for all su¢ ciently large t. Similarly
R t
t=2
1Dt=2;t (s) ds � t

2
for all su¢ ciently large t.

Now apply Theorem 87.
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4.2.3. Examples

Here we give examples of environments for which the conditions of Theorem 87

hold.

We begin with a dynamic random conductance model. For e 2 Ed; let f!e (t)gt2R
be an ergodic Markov process with distribution P and invariant measure � sup-

ported on (0; 1] ; with !e (0) =d �. The distribution of the full space-time envi-

ronment ! = (!e (t))e2Ed
t2R

is then given by product measure: P := P E
d
. We will

show that if � decays slowly at the origin then standard upper bounds on the heat

kernel hold for P-almost every ! 2 
.
In the case of static environment, it has been shown in [18] that one can obtain

standard heat kernel decay where the isoperimetric inequality (4.19) fails to hold.

Thus one cannot expect to fully classify those environments for which standard

heat kernel decay holds by their isoperimetric pro�le. Instead, we simply give

su¢ cient conditions on � that ensure standard on diagonal upper bounds. This

will be achieved by a rather crude argument that only depends on the decay of

the weakest edge in the box [�n; n]d as n gets large.
De�ne

g (n) := inf f!e (0) : e 2 B0 [n]g

and recall the de�nition

" = " (n) := d+
2d log log n

log n
:

Proposition 89. Take d � 2. Suppose � is such that there exists � > 0 such that
for all ! 2 
 there exists N1 (!) <1 such that

g (n) �

�
(log n)d=(d�1)+�

�("�1)="
n1�d="

; n � N1 (!) . (4.25)

Then there exist C1 such that for almost every ! 2 
 there exists N2 (!) such
that

P ! (Xn = 0 jX0 = 0) � C1n
�d=2

for all n � N2.

Proof. By Corollary 88 we only need prove the requisite isoperimetric decay for a
static environment. For this reason we will consider the static graph (!e (0))e2Ed
and for convenience shall write !e = !e (0).

We need to prove that there exists � > 0 such that for all su¢ ciently large n

inf
A�[�n;n]d

P
e2@A !e

� (A)("�1)="
� �

n1�d="
: (4.26)
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Take � 2 (0; 1) and let G� be the thinned graph formed by removing all edges
with weight !e � �. Take � su¢ ciently small to guarantee an in�nite connected

component in G� and call this component C�1. As in the arguments of Section 3.2,
if � is chosen to be su¢ ciently small then the largest components of Zd � C�1 are

of order (log n)d=(d�1). Hence there exists N3 (!; �) such that for all n � N3 (!; �)

and A � [�n; n]d with � (A) � (log n)d=(d�1)+� we have

A \ C�1 6= �

and hence X
e2@A

!e � �.

In particular, for any A � [�n; n]d with � (A) 2
h
(log n)d=(d�1)+� ; n("�d)="�1

i
,

equation (4.26) holds with � = �. Note that n("�d)=("�1) > (log n)3d=2(d�1) for all

large n and hence the interval is non-empty.

For A with � (A) < (log n)d=(d�1)+� ; the choice of g (n) in (4.25) ensures that

(4.26) holds for su¢ ciently large n.

Finally, for A with � (A) > n("�d)="�1 we use the results of page 13 onwards of

[40]. Taking their results into our setting, they show that there exists a constant

c > 0 and N4 (!) such that if n � N4 and � (A) > n("�d)="�1 thenX
e2@A

1f!e��g � c j@Aj :

This, together with the standard d-dimensional isoperimetric inequality is su¢ -

cient to prove (4.26) in this case.

There are other models to which one could apply Theorem 87. For example,

one could construct a dynamic environment that changes dimension over time.

Theorem 87 would then give upper bounds of order n�d=2 where d is the highest

dimension that the environment spends a linear amount of time in.

As many of the ideas for this section have come from [40], we would like to

be able to apply our methods to the case of dynamic supercritical percolation -

where the Markov chain on the edge weights is supported on f0; 1g. At the time
being this model is outside the range of our methods. This is due to the fact that

for a given time t, the isoperimetric inequalities claimed will only hold on subsets

of the in�nite cluster at time t and not on all subsets of Zd.
This is natural as if the walk happens to be in one of the �nite subclusters

at time t then its movement is fundamentally restricted, whereas if the walk is

on the in�nite cluster it will be able to mix well. Over time, by the ergodicity

of the environment from the point of the particle, we know that the walk will

spend a linear amount of time on the in�nite cluster and hence will mix well. It
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is therefore our belief that standard Gaussian upper bounds should hold but this

question remains open.

4.3. Anomalous behaviour for variable speed, continuous
time when ! 2 (0; 1]

We give an example of anomalous heat kernel behaviour in this setting. In par-

ticular our example will demonstrate a stronger trapping e¤ect than in the static

case with the heat kernel shown to be both more anomalous and anomalous in

more dimensions.

Theorem 90 states the main result of this section - showing that there exist

environments where the on diagonal heat kernel is at least close to order n�1

in�nitely often. The example environment described borrows much from the proof

of Theorem 2.2 of [11] where behaviour close to O (n�2) is observed for static

environments. Both examples require the walk to become trapped close to the

origin and remain in the trap for a large time before escaping and returning to

the origin. In the static case there is a price to be paid both to enter the trap

and to exit the trap - a price of order n�1 each time and thus paying O (n�2) in

total. We will give an example in the dynamic setting where the walk only has to

pay to enter the trap and escapes the trap for free - hence only paying O (n�1).

This is possible since the time dynamic enables traps to disappear and when this

happens the walk escapes the trap without having to move.

One could also ask whether it is possible to enter a trap for free - this corre-

sponds to the walk being at the trap site at the time when the trap forms. This

would lead to an even more anomalous heat kernel. We do not expect this to be

the case. It will become clear that there is a trade-o¤ between persistence of traps

and their frequency of occurrence. As we wish the traps to be persistent so that

the walk remains trapped for long time periods the traps cannot occur frequently

and thus the walk is highly unlikely to be at the trap site when the trap forms.

To make this belief rigorous requires showing that corresponding upper bounds

hold of order n�1. In higher dimensions (d � 5) we have strong heuristics for why
we believe this to be the case. In lower dimensions we are less sure. In neither

case do we have a proof. We will discuss this problem in Section 4.3.1.

We begin by stating the main theorem of the section. We will then introduce

the example environment to analyze, providing a heuristic argument for the lower

bounds, before giving a rigorous proof.

Theorem 90. Take � > 1
d
and d � 3. There exists a law on environments P with

iid edge marginals that evolve in an ergodic Markov fashion with edge weights
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bounded by one such that for almost all ! 2 
 there exists a constant C (!) > 0
and a sequence (ni (!)) with limi!1 ni =1 such that

P !
(0;0) (Xni = 0) �

C (!) e�(logni)
�

ni

for all i, where Xn is the variable speed continuous time random walk on !.

Before beginning the formal proof we introduce an example that exhibits this

lower bound and heuristically explain the trapping phenomena. We take a space-

time environment that only switches at discrete time points. This choice of dis-

crete environment does lead to a somewhat peculiar hybrid pair as the walk is in

continuous time. The choice does, however, make the combinatorics easier. We

will discuss extensions of this model later. Take weights !e to be supported on

f2�n : n � 0g and let the transition probabilities for the Markov chain (!e (n))n2Z
be:

K
�
1; 2�n

�
= sn

K
�
2�n; 1

�
= pn

K
�
2�n; 2�n

�
= 1� pn:

Then !e (n) has an invariant distribution if and only if the Markov chain is positive

recurrent. Hence, the invariant distribution, �, exists if and only if

s0 +
X
n>0

sn
pn

<1:

Assume this to be the case and set

�
�
2�n
�
= � (1)

sn
pn
:

We de�ne our space-time environment to be ! = (!e (n)) e2Ed
n2N�0

with ! being

iid in space with P
�
!e (0) = 2

�k� = �
�
2�k
�
. Take � (1) > pc (d) to ensure that

for every t 2 R, the bonds of unit conductance percolate in Gt.

The traps that we consider are of the form shown in Figure 4.1. They consist

of the following. At time zero there is a strong spatial path (made of bonds of

unit conductance) connecting the origin to a vertex x. x is connected to y by a

weak bond of strength 2�n and all other bonds are of lesser conductance. The

trap, without necessarily the path to the origin, remains in place until time Tn
at which point !xy returns to unit conductance. At time Tn there again exists a

strong spatial path to the origin.

If such a trap exists, we obtain a lower bound on P !
(0;0) (XTn+1 = 0) by condi-

tioning on the walk moving directly to x within one unit of time, jumping from x to
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Figure 4.1: A space time trap

y in one unit of time, then not jumping from y until time Tn and then proceeding

directly back to the origin within one unit of time:

P !
(0;0) (XTn+1 = 0)

� P !
(0;0) (X1 = x)P !

(1;x) (Xi = y for all i 2 [2; Tn])P !
(Tn;x) (XTn+1 = 0)

� ce�c1(l
1
n log l

1
n+l

2
n log l

2
n)2�nc2; (4.27)

where l1n and l
2
n are the graph distances between the origin and x at times 0 and Tn

respectively. In the �nal line the 2�n is the cost to the walk of crossing the bond

!xy (1), the exponential terms come from the lower bounds on the probability of

the walk moving a large distance in a short time proven in [45], and we have

assumed that Tn � 1
2d
2n and hence the walk does not jump from y between time 2

and Tn with probability bounded independently of n. If we can take lin = O (log n)

and Tn = O (2n) then we would see

P !
(0;0) (X2n = (2

n; 0)) � p (n) 2�n

for some function p that decays much slower than 2�n.

In order to prove the theorem we require some combinatorial estimates on the

strong paths that will connect the traps to the origin. For t 2 R write x $ y

at time t if there exists a nearest neighbour path from x to y consisting purely

of bonds of unit conductance in the graph Gt. As � (1) > pc (d) there exists a

unique in�nite cluster at each t 2 R. Call this C1 (t). The following proposition
encapsulates the results required.

Proposition 91. Suppose � (1) > pc (d). For any x 2 Zd and k � 1 de�ne the

events

C0 (k; x) = fx$ @Bx [k] at time 0g
and Cm (k; x) = fx$ @Bx [k] at time mg :
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There exists constant c1 > 0 such that

P (C0 (k; x) \ Cm (k; x)) � c1

for all k and all large enough m.

Further, for t 2 R de�neDt (n) to be the event that every connected component

contained in B0 [n] \ Gt of size at least c2 (log n)
2 is connected to C1 (t). Then

there exists c2 > 0 such that for almost every ! 2 
 there exists N (!) <1 such

that D0 (n) \Dn (n) occurs for all n � N (!) :

Proof. For the �rst claim we use the mixing properties of the Markov chain on

edge weights. We have to be careful as if Bx [k] contains edges with very light

conductance then these edges can take a long time to mix. To avoid this problem

we delete all light edges and percolate on what remains of the box.

Let

" :=
� (1)� pc (d)

4

and take M such that
1X

n=M

�
�
2�n
�
< ":

De�ne EM :=
�
e 2 Bx [k] : !e (0) � 2�M

	
, the set of all light edges - we will throw

these edges away as we cannot control their mixing properties.

Take M1 su¢ ciently large so that for all m �M1

P
�
!e (m) = 1

��!e (0) = 2�n � > pc (d) + 2"

for all n < M . M1 exists since the Markov chain on edge weights is irreducible,

aperiodic, positive recurrent and n is bounded.

Take (~!e)e2Zd to be an independent bond percolation realization with

P (~!e = 1) = pc (d) + 2":

De�ne (�!e (m))e2Zd to be the environment de�ned by

�!e (m) =

�
0 if e 2 EM
~!e otherwise

;

then �! is stochastically dominated byGm form �M1. Hence the event �Cm (k; x) :=

fx$ @Bx [k] in �!e (m)g is dominated by Cm (k; x). Conditioned on EM , the
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events C0 and �Cm are independent and hence

P (C0 (k; x) \ Cm (k; x)) =
X
e

P (C0 (k; x) \ Cm (k; x) jEM = e)P (EM = e)

�
X
e

P
�
C0 (k; x) \ �Cm (k; x) jEM = e

�
P (EM = e)

=
X
e

P (C0 (k; x) jEM = e)P
�
�Cm (k; x) jEM = e

�
P (EM = e)

�
X
e

P
�
�Cm (k; x) jEM = e

�2 P (EM = e)

� C2;

where the �nal line follows from the de�nition of EM and standard percolation

estimates.

The second claim is straight forward to verify via standard percolation argu-

ments. Consider �rst the event Di (n) for i 2 f0; ng. In either case this corre-
sponds to static percolation and hence Theorem 8.65 of [32] gives upper bounds

on P (Di (n)
c) that are independent of i and summable over n. Now,

P (D0 (n) \Dn (n))
c = P (D0 (n)

c [Dn (n)
c)

� P (D0 (n)
c) + P (Dn (n)

c)

and hence is also summable over n. Thus Borel-Cantelli ensures that the event

D0 (n) \Dn (n) happens only �nitely often with probability one.

Proof of Theorem 90. Take " > 0. For n > 0 set ln := n(1+(2d+1)")=d and

Tn = 2
n. For n 2 N choose sn = c2�nn�(1+"); pn = 2

�n so that � (2�n) = cn�(1+")

and c chosen su¢ ciently small so that � (1) > pc (d) :

For a �xed point x 2 Zd, let y = x+ e1 and An (x) be the event that:

� In the spatial environment at time zero, G0, x is connected to the boundary
of the spatial box of side c2 (log ln)

2 centred at x by a path of unit conductors.

� !xy (i) = 2
�n for i 2 [0; Tn � 1], !xy (Tn) = 1;

� !yz (i) � 2�n for i 2 [0; Tn], z 6= x;

� x is connected to the boundary of the spatial box of side c2 (log ln)
2 centred

at x by a path of unit conductors in the spatial environment GTn :

Proposition 91 holds with the events Ci modi�ed to ensure that the paths

connecting x to @Bx [k] avoid using the edge (xy). Call these modi�ed events ~Ci.
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Then

P (An (x)) = P
�
~C0
�
c2 (log ln)

2 ; x
�
\ ~CTn

�
c2 (log ln)

2 ; x
��

�P
�
!xy (i) = 2

�n for i 2 [0; Tn � 1) , !xy (Tn) = 1
�

�P
�
!e (i) � 2�n for i 2 [0; Tn]

�2d�1
� c1�

�
2�n
�
c3

 X
i�n

�
�
2�i
�!2d�1

� c4n
�1�2d":

Taking Gn to be a grid of sites in [�ln; ln]d \ Zd that are spaced by distance
2(log ln)

2. The events fAn(x) : x 2 Gng are independent, so using 1� x � e�x for

x 2 [0; 1],

P

 \
x2Gn

An (x)
c

!
� exp

(
�c5

�
ln

(log ln)
2

�d
n�[1+2d"]

)
� e�cn

"

,

hence by Borel-Cantelli, the intersection occurs for only �nitely many n.

By Proposition 91, every connected component of diameter at least (log ln)
2 in

[�ln; ln]d \ Gi will be connected to the largest component of [�2ln; 2ln]d \ Gi for

i 2 f0; Tng and all large enough n. Now, the origin at time zero will not necessarily
be connected to this largest component. Take z to be the closest space-time point

to the origin that lies on the in�nite component. On the event An (x) for n large,

take l1n to be the shortest path from the origin to x in G0 that goes from 0 to z

and then follows a strong path to x.

Take ni to be a subsequence such that there is a strong path from x to 0 at

time Tni of length l
2
n with l

2
n bounded by c9ln. Such a subsequence (and constant

c9) exist by [2]. The results of [2] also imply that l1n � c9ln for all large enough

n. We take a subsequence as we then avoid the complication of the origin being

surrounded by many weak bonds as such a situation would make it di¢ cult for

the walk to return to the origin.

It is shown in [45] that for a one dimensional walk the following lower bound

holds: there exist constants ci such that for any x; y 2 Zd and d (x; y) � t � 1

Px (Xt = y) � c6 exp (�c7d (x; y) (1 + log d (x; y) =t)) : (4.28)

We wish to bound the probability that the walk travels fully along a strong path

of length lin in a unit of time. As we can bound the probability that the walk

deviates from this one dimensional path from below by e�c8l
1
n we can condition so

that the walk only sees the one dimensional path and hence

P !
(x;Tn) (XTn+1 = 0) � c6 exp

�
�c10l2n

�
1 + log dl2n=t

��
exp

�
�c8l2n

�
:
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Similarly for the initial strong path from z to x, with a constant dependent on the

local environment around the origin replacing c6.

Plugging this into (4.27) we obtain

P !
(0;0) (X2ni+1 = 0) � C (!) 2�ni exp

�
�cn(1+(2d+1)")=di log n

�
� C (!) 2�ni exp

�
�c0n(1+(3d+1)")=di

�
;

taking " small concludes the proof.

With this example of ! supported on f2�n : n 2 Ng in mind we can demon-
strate three distinct behaviours for the heat kernel for the dynamic random walk.

Let Gt (!) be the environment at time t for ! 2 
. For m > 0 de�ne the dynamic

graph Gmt := Gtm, that is the graph speeded up so that edges �ip m times per

unit of time. Let Xm
t be the space-time random walk on Gmt started at (0; 0). We

have already proved that if m = 1 we have a lower bound close to O (t�1). As we

let m tend to zero and in�nity then we have two distinct behaviours.

Proposition 92. For almost all ! 2 
 there exist a constant C (!) such that for
all t > 0 we have the limits:

C (!)

t2
� lim

m!0
P (Xm

t = 0 jXm
0 = 0) � C (!)

e�(log t)
�

t2
for d � 5

C1t
�d=2 � lim

m!1
P (Xm

t = 0 jXm
0 = 0) � C2t

�d=2 for d � 1.

Proof. The �rst line is due to [11], as m! 0 corresponds to the static case.

As m gets large the probability that the walk crosses an edge in time t tends

towards the probability that the random walk crosses an edge of conductance

E (!e) in time t. Hence the limit as m!1 corresponds to the annealed random

walk. This is the simple randomwalk on Zd with speed 2dE (!e) and hence exhibits
standard on diagonal heat kernel behaviour.

We have been slightly disingenuous when suggesting that this shows behaviour

more anomalous than presented in [11] as we are considering a di¤erent model -

the variable speed walk as opposed to the constant speed walk investigated in [11].

In the constant speed case the above trap is not a trap at all as the transition

rates are normalized by
P

y�x !xy so that the walk always moves at unit speed.

There are thus two obvious questions: what is the behaviour of the variable speed

walk in the static case and what is the behaviour of the constant speed walk in

the dynamic case?

We begin with the �rst question. The trapping demonstrated above will lead

to lower bounds close to O (n�2) in the static case (the n�2 is due to the walk now

having to pay a price of O (n�1) to exit the trap as well as to enter). The upper
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Figure 4.2: A space time trap for the constant speed walk

bounds follow from slight modi�cations to the arguments of [11], with summations

replaced by integrals.

The answer to the second question is presented in Proposition 93 below where

lower bounds close to O (n�1) are again proven. The example that displays these

lower bounds is a very similar example of space-time trapping in the constant

speed case - again the environment changes at discrete time points with the walk

being a continuous time Markov process.

Proposition 93. Take d � 3. For any � > 0 and � > 1
d
, there exist non-

static random space-time environments of the above form such that for almost

every ! 2 
 there exists C (!) > 0 and an increasing sequence (ni)i�0 such that
limi!1 ni =1 and for all i

P ni
! (0; 0) � C (!)

e�(logni)
�

n1+�i

:

Proof. The proof is very similar to above. We will simply outline the type of
traps that lead to this behaviour.

Figure 4.2 demonstrates the types of trap we consider around a point x. Take

y = x + e1 and z = y + 2e1. We initially take the bond between y and z to be of

weight 1, with the bond between x and y being of weight 2�n and all other bonds

emanating from y and z being of weight !e � 2�n. As time evolves all the weak
bonds remain at their initial value. The strong bond will weaken but will never be

weaker than 2�cn for some constant c that we can take to be as small as we like.

At time Tn the bond between x and y switches to unit weight. We condition on
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there existing strong paths between 0 and x in the spatial environments G0 and

GTn.

Take rn to be the length of the space-time path from 0 to x at time zero

and r0n to be the length from x to 0 at time Tn. As in equation (4.27) above, if

Tn = O (2cn) we have

P !
(0;0) (X1 = x) � c1 exp (�c2rn (1 + log rn))
P 1(1;x) (X1 = y) � c12

�n

P(2;y) (stay on yz for Tn) � C

Pr0n (x; 0) � c1 exp (�c2r0n (1 + log r0n))

and hence

P !
(0;0) (XTn+1 = 0) � c2e

�c3(rn(1+log rn)+r0n(1+log r0n))2�n:

The details are similar to the proof of Theorem 90.

These results will also go through into discrete time provided that some further

combinatorics can be proven. In discrete time lower bounds of the form (4.28) do

not hold. The walk must take at least time l to traverse a path of length l. We

thus introduce the notion of a strong space-time path:

Call a space-time path 
 = (
i)i=0;:::;n a strong space (discrete) time path from

(m;x) to (m+ n; y) if 
0 = (m;x) ; 
n = (m+ n; y) and writing 
i = (ti; zi) we

have ti = m + i; zi � zi+1 and !zi;zi+1 = 1 for all i. Write (n; x) $ (n+m; y)

if there exists a strong path between the two points. Suppose that we have the

following

� There exists a constants ci such that for any x 2 Zd,

P
�
(0; x)$

�
c1 (log n)

2	� @Bx

�
(log n)2

��
� c2:

� For almost all ! 2 
 there exist N (!) such that all connected components
of size at least (log n)2 in B0 [n] are connected to the in�nite cluster for

n � N (!).

� The events �
(0; x)$

�
c1 (log n)

2	� @Bx

�
(log n)2

�	
and

�
(m;x)$

�
m+ c1 (log n)

2	� @Bx

�
(log n)2

�	
are asymptotically independent.
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Then the probability that the walk takes the direct space-time path from 0

to x will be bounded by an e�cln where ln is the length of the path and by the

same calculations as before we would obtain anomalous heat kernel as stated in

Theorem 90. Whether or not these conditions are realistic is not clear. We are

working in the setting of oriented percolation on Zd � Z without independence
in the Z direction. Proving these conditions in this setting would appear to be a
challenge.

4.3.1. Upper Bounds?

To prove that the lower bounds presented are of the correct order requires cor-

responding upper bounds. We will discuss a couple of heuristics that may lead

to the upper bound. The �rst is a modi�cation of the argument given in [11] to

prove upper bounds in the static environment case. Where the arguments fail in

the dynamic case are discussed with hurdles presented, that if overcome would

give an upper bound of Cn�1 for d � 5.
The second heuristic looks for a link between the heat kernel on the static

environment and the heat kernel on the dynamic graph. We conjecture that for

large enough time the dynamic on diagonal heat kernel P t
dyn (0; 0) is bounded above

by the o¤-diagonal heat-kernel of the static graph. More precisely take (! (t))t2R
to be a time-space environment, iid in space, then for almost all ! 2 
 and all
su¢ ciently large t

P t
! (0; 0) � max

y2Zd
P t
!(0) (0; y) ; (4.29)

where the left hand side refers to the kernel of the random walk on the dynamic

graph ! started at (0; 0) and the right hand side refers to the random walk on

the static environment (!e (0))e2Zd . We discuss why we believe this to be the case

and the obstacles to obtaining an upper bound.

In [11] the random walk is analyzed via a time changed walk: all bonds of

conductance !e � � are removed. If � is chosen to be small then the remaining

graph contains a unique in�nite component. The time changed walk is the walk

only observed when it is on the in�nite component. The geometry of this compo-

nent can be shown to satisfy standard isoperimetric inequalities and this leads to

standard heat kernel behaviour for the time changed random walk. By controlling

the time in traps the following conclusion can be reached ((3.51) of [11]):

X
n�m<2n

Pm
! (0; 0) � C (!)

8<: n1�d=2 d = 2; 3
n�1 log n d = 4
n�1 d � 5

: (4.30)
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It is then argued that since

P 2m! (0; 0) =


�0; P

2m
! �0

�
!

= hPm
! �0; P

m
! �0i!

=


P 1Pm�1�0



2
2

�


Pm�1�0



2
2

= P 2(m�1)! (0; 0) ; (4.31)

P 2m is decreasing and so the left hand side of (4.30) can be bounded below by
1
2
nP 2n (0; 0) : Thus dividing through by n gives sharp upper bounds.

How can this argument be used in the dynamic case? Well, the time changed

walk is not Markov and so obtaining heat kernel bounds is certainly more tricky.

However, as the time changed walk only walks on geometrically d-dimensional

graphs it does not appear unreasonable to suppose that its heat kernel will satisfy

standard on diagonal decay. If this were true, then together with results from

Section 4.5 on the ergodicity of the environment from the point of view of the

particle, equation (4.30) could be obtained (in integral form as we are dealing

with a continuous time process). However, in the dynamic case the monotonicity

argument at (4.31) fails to hold as Pm 6= P �m. Instead we use the trivial bound

P n
! (0; 0) �

X
n�m<2n

Pm
! (0; 0) :

For d � 5 this gives the upper bound that we desire. So this idea will work

provided that on diagonal control of the time changed walk can be achieved.

We now discuss the second idea. Our examples for the lower bound are good

examples of the non-monotonicity of the on diagonal kernel. While the trap is in

situ paths that go directly to the trap, stay in the trap for a long time (but not

long enough for the trap to disappear) before returning to the origin contribute

O (n�2 exp (p (n))) to the on diagonal bound. However, as soon as the trap dis-

appears these paths contribute O (n�1 exp (p (n))). In the static model the traps

never disappear so paths that contribute to the on diagonal probabilities must exit

any trap that they enter. However, if we consider

max
y2Zd

P t
!(0) (0; y) (4.32)

then paths that do not have to exit traps and thus do not have the additional

probabilistic penalty to do so are included. Hence equation (4.29) looks reasonable.

Further, if this were true then by the Cauchy Schwarz inequality

P t
!(0) (0; y) � P t

!(0) (0; 0)
1=2 P t

!(0) (y; y)
1=2

� C (!)n�1 for d � 5.

126



So again we would obtain the bound we seek in high dimensions. The major

issue is whether (4.29) is true and if so proving it. For example, how do you

discount the event that the walk gets into a trap for free by being at the trap

site as the trap forms? As noted in the introduction, if traps are persistent that

they must begin infrequently so this probability should be negligible for all large

enough t, but how do we prove it? There are plenty of other possible trapping

strategies that can be cooked up and need to be dismissed. We have no method

currently to prove (4.29).

4.4. Continuous time, variable speed ! 2 [1;1)

When conductances are bounded below the existence of standard on diagonal

heat kernel upper bounds are assured and the question moves to controlling o¤-

diagonal behaviour. This is due to the fact that with ! bounded below at each

time t the graphGt satis�es a standard isoperimetric inequality and thus a uniform

Nash inequality holds at all times. Thus, similarly to the on diagonal bounds of

Proposition 78 we have:

Proposition 94. There exists a constant C = C (d), independent of !; such that

for all x; y 2 Zd and s 2 R, t > 0 :

P ! (Xs+t = y jXs = x) � Ct�d=2:

Proof. As ! � 1 and the invariant measure is �at: � � 1, by comparison with

the simple random walk on Zd, for each t 2 R the spatial graph Gt satis�es the

standard d-dimensional isoperimetric inequality: there exists c = c (d) such that

8A � Zd �nite, Q (A;Ac) � c (d)� (A)(d�1)=d :

By well known results (for example, Proposition 14.1 of [58]) this implies the

uniform d-dimensional Nash inequality: there exists c0 = c0 (d) such that

8f 2 l0
�
Zd
�
; kfk2+4=d2 kfk�4=d1 � Et (f; f) :

The result then follows by the standard methods outlined previously.

As mentioned when looking for Carne-Varopoulos type bounds in Section 4.2.1,

obtaining long range bounds is more complicated when ! is not bounded above.

For example, if there exists a �nite subset A � Zd with !e (t) = l for all e 2 A

and t 2 R and !e = 1 for e 2 @A, then the random walk will move at speed 2dl

on A and cross the boundary at unit speed. In particular for any x; y 2 A, if t is
small and l is large then

P ! (Xt = y jX0 = y ) � jAj�1 :
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Hence for x; y 2 A with d (x; y) = o (t2) ; the usual long range bounds cannot

hold. There can be no general result of the �avour of Proposition 79 with respect

to Euclidean distance.

This problem was tackled in the static time case in [7]. There a second dis-

tance function, ~d, obtained through a �rst passage percolation procedure replaces

Euclidean distance in the statements and proof of Proposition 79. This distance

takes account of paths between points x; y 2 Zd that consist of a series of high
conductance edges. If two points can be joined by such a path then their ~d distance

is shorter than their corresponding graph distance. The methods of [25] transfer

to this setting giving bounds as in Proposition 79 with respect to ~d as opposed

to d. It is then shown that for large enough distances, ~d is comparable to d and

hence standard long range bounds hold. Together with the on diagonal bounds

and the methods of Bass-Nash, full o¤ diagonal upper bounds on the heat kernel

can be proven.

We would like to prove a statement similar - we would like a space-time distance
~d! ((s; x) ; (s+ t; y)) such that

P ! (Xs+t = y jXs = x) � c1 exp

 
�c2

~d! ((s; x) ; (s+ t; y))2

t

!
(4.33)

for t � c3 ~d
! ((s; x) ; (s+ t; y)) and Poisson type bounds for small t. We fail to pro-

vide such a distance. To illustrate the di¢ culties faced, we will give an incomplete

upper bound in Proposition 95 and then comment on the di¢ culties adapting the

proof to standard long range bounds - showing the limitations of Davies�pertur-

bation method in the time dynamic setting with unbounded conductances.

Proposition 95. De�ne f (x; r; t) := supe2Bx[r];0�s�t !e (s) then

P !
0;t (x; y) � exp [jx� yjF (
)]

for 
 = jx�yj
2dtf(jx�yj;t) and

F (
) = 
�1
�p

1 + 
2 � 1
�
� log

n

 +

p
1 + 
2

o
.

Proof. We use the techniques outlined in the proof of Proposition 79.
Take � such that �; ��1 2 L1

�
Zd; �

�
. Set

P �
s;t = exp

0@� tZ
s

Ludu��1
1A

and function f of bounded support set

ft := P �
0;tf:
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As � is independent of t we obtain the di¤erential inequality

@t kftk22 � ct (�) kftk22

and hence

kftk2 � exp
�Z t

0

cs (�) ds

�
kfk2 :

For � > 0 take

� (x) = exp (�� (jx� x0j ^ jy0 � x0j)) :

By [25] we have

cs (�) � sup
x
bs (�; x)

for

bs (�; x) :=
1

2

X
y�x

!xy (s)
�
e (x)� (y) + e (y)� (x) � 2

�
;

for  (x) := �� (jx� x0j ^ jy0 � x0j) : Thus

cs (�) � d sup
e2Bx0 [jx0�y0j]

!e (s)
�
e�� + e� � 2

�
: (4.34)

Putting these arguments together we have

kftk2 � exp
 
d

Z t

0

sup
e2Bx0 [jx0�y0j]

!e (s)
�
e�� + e� � 2

�
ds

!
kfk2 : (4.35)

The kernels of Ps;t and P
�
s;t are related via:

P �
s;t (x; y) = � (x)Ps;t (x; y)� (y)

�1 :

Hence, taking f = �y0 in the de�nition of ft we have by (4.35)

P0;t (x0; y0) � � (x0)
�1 � (y0) kftk2

� exp

 
�� jy0 � x0j+ d

Z t

0

sup
e2Bx0 [jx0�y0j]

!e (s)
�
e�� + e� � 2

�
ds

!
= exp

�
�� jy0 � x0j+ d

�
e�� + e� � 2

�
wBx0 [jy0�x0j] (t)

�
; (4.36)

where

wB (t) =

Z t

0

sup
e2B

!e (s) ds:

For f (x0; jx0 � y0j ; t) = supe2Bx0 [jx0�y0j];0�s�t !e (s):

wBx0 [jx0�y0j] (t) � tf (jx0 � y0j ; t) :

Hence, we wish to minimize

exp
�
� jx0 � y0j�+ d

�
e�� + e� � 2

�
tf (jx0 � y0j ; t)

�
:
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By the arguments detailed in page 70 of [25] we obtain

p (0; x0; t; y0) � exp [jx0 � y0jF (
)] ;

for 
 = jx0�y0j
2dtf(jx0�y0j;t) and

F (
) = min
�>0

�
��+ e� + e�� � 2

2


�
:

The minimum is achieved at � = log
n

 +

p
1 + 
2

o
:

For large enough t this result reduces to a close to standard bound provided

that the function f is slowly growing.

Corollary 96. There exists constant C such that for t > jx� yj

P ! (Xt = y jX0 = x) � exp
 
� jx� yj2

tf (jx� yj ; t)

!
:

Proof. As noted in [25], F (
) � �
=2 + 
3=20, hence by Proposition 95

P ! (Xt = y jX0 = x) � exp
 
� jx� yj2

2dtf (jx� yj ; t)

 
1� jx� yj2

10d2t2f (jx� yj ; t)

!!
and the Corollary follows.

The proof of Proposition 95 is unsatisfactory - it is a blunt adaptation of the

static methods with the only change being requiring control over the strongest

edge in a space-time box. The long range heat kernel behaviour is not controlled

by the strongest edge that the walk can see and so the Proposition cannot tell the

full story. We have tried other adaptations to Davies�perturbation methods and

we outline why these fail to work.

First we describe the methods of [7] where the variable speed random walk

with unbounded conductances is dealt with in the static environment case.

Take t (e) := !
�1=2
e and de�ne

~d (x; y) := inf



(
nX
i=1

t (ei)

)
where the in�mum is over paths 
 = (e1; : : : ; en) from x to y. This distance

satis�es

!y;y0
��� ~d (x; y)� ~d (x; y0)

���2 � 1
for all x 2 Zd and y � y0. This is important as if we take  (x) := �

�
~d (x0; y0) ^ ~d (x0; x)

�
and � (x) = e� (x) then equation (4.34) of the above proof can be bounded inde-

pendently of ! :

c (�) � sup
x

1

2

X
y�x

!xy
�
e� (x)+ (y) + e (x)� (y) � 2

�
� d

�
e�� + e� � 2

�
:
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Hence the equivalent statement to Proposition 95 would involve the distance ~d

but otherwise be independent of the environment.

With these methods in mind, perhaps the most natural adaptation would be

to consider the semigroup:

P �
s;t := exp

0@ tZ
s

�uLu��1u du

1A ;

for functions (�u)u2R de�ned in terms of the �rst passage distance at each time u :

�u = exp
�
�� ~du (x0; y0) ^ ~du (x0; x)

�
:

We then set

ft = exp

0@ tZ
s

�uLu��1u du

1A f

and obtain the di¤erential equation

d

dt
kftk22 =



2�tLt��1t ft; ft

�
:

As before we wish to �nd ct (�t) such that

2�tLt��1t ft; ft

�
� 2ct (�t) kftk

2
2 :

By the choice of �u we can bound ct independently of the environment

ct (�t) � d
�
e�� + e� � 2

�
:

Hence

kftk2 � kfk2 exp

0@ tZ
s

cu (�u) du

1A
� kfk2 exp

�
(t� s) d

�
e�� + e� � 2

��
:

As before taking f = �x

P �
s;t (x; y) � exp

�
(t� s) d

�
e�� + e� � 2

��
:

This looks promising. However, we wish to bound the kernel Ps;t (�; �) and so
need a relationship between P �

s;t and Ps;t. This is much more complicated than in

the static time case. We illustrate this with an example.

Suppose that �uLu��1u is a step function:

�uLu��1u =

nX
i=1

1[ui;ui+1] (u)�uiLui�
�1
ui
;
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then restricting to the interval [s; t]

P �
s;t = exp

0B@ nX
i=0

u0=s;un+1=t

(ui+1 � ui)�uiLui�
�1
ui

1CA
=

nY
i=0

exp
�
(ui+1 � ui)�uiLui�

�1
ui

�
and hence

P �
s;t (x; y) =

X
yi2Zd

�s (x)Ps;u1 (x; y1)�s (y1)
�1 �u1 (y1)Pu1;u2 (y1; y2)�1 (y2)

: : : �un (yn)Pun;t (yn; y)�
�1
t (y) : (4.37)

From (4.37) it is apparent that there is not an easy way to transfer bounds on

P � to bounds on P .

With this method not leading to the conclusion we would hope for, one could

instead start by requiring a relationship between P and P � :

P �
s;t (x; y) = �t (x)Ps;t (x; y)�t (y)

�1 ;

where we assume �t is di¤erentiable in t. Here we run into a di¤erent problem.

Set

ft = P �
0;tf

for f of �nite support. Then,

d

dt
kftk22 = 2

�
d

dt
ft; ft

�
= 2



�0t�

�1
t ft; ft

�
+ 2



�tLtPs;t��1t f; ft

�
� 2



�tPs;t�

0
t�
�1
t f; ft

�
:

Although the middle term can be controlled as before it would appear di¢ cult to

choose functions �t that give the requisite control over the remaining terms.

A sensible space-time distance that satis�es equation (4.33) has thus far proved

elusive.

4.5. Central limit theorems

In this section we discuss various central limit theorems obtained previously in the

dynamic setting. More general environments where we allow !xy (t) 6= !yx (t) are

considered and jumps are not necessarily nearest neighbour or in fact bounded.

For the case when the environment is iid in space and time quenched invariance

principles hold under very relaxed conditions. When the environment evolves in

a Markovian way it is harder to analyze. Known results in this setting tend to
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assume an ellipticity condition on the random walk and a mixing condition on the

random environment in order to prove both annealed and quenched central limit

theorems. We will discuss several approaches to this problem. Unless otherwise

stated the following results refer to a discrete time walk on a dynamic environment

that evolves at integer points.

The early work on this problem can be found in [14], [15] and [16], where

highly functional analytic arguments are used to prove functional CLTs under

fairly strong assumptions.

In [3] a probabilistic regeneration time argument is used instead. Here a direct

tradeo¤ between the ellipticity of the walk - an assumption that the transition

probabilities for the walk are not far away from a deterministic set of transitions

- and the mixing of the environment is assumed. When this tradeo¤ holds an

annealed functional CLT is shown to hold with a quenched CLT also holding for

large enough dimension. The proof comes from establishing moment bounds on

regeneration times. These are times t at which the current weights of the edges

emanating from points that the walk has visited:

f!xy (t) : x 2 Xn for n 2 [0; t]g

are independent of the values of those edges at the point at which the walk visited

them:

f!Xny (n) : n 2 [0; t� 1]g :

In essence, all the information that the walk has picked up between time 0 and t�1
is irrelevant to the current state of the environment. As the environment mixes

rapidly and the chain can step deterministically, it is shown that these regenera-

tion times exist and moment bounds hold. If T is such a regeneration time then

fXn : n � Tg is shown to be independent of fXn : n < Tg. In particular the walk
can be considered as a series of iid, �nite walks between regeneration times. The

annealed central limit theorem then follows from standard results regarding sum-

ming iid random variables, with the moment bounds on T allowing these bounds

to be interpolated between regeneration times. The quenched result is somewhat

more involved, requiring stronger moment bounds and higher dimensions in order

for the proof to hold.

Methods analogous to the Kipnis-Varadhan methods discussed in Chapter 3 are

introduced in [49], considering the walk from the point of view of the particle. The

environment is taken to be iid in space and time and the walk is viewed as taking

place in d+1 dimensions with deterministic moves in the time dimension. As the

environment is iid in space and time the invariant measure for the environment
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process is straight forward to write down: for n � 0 write

fn (!) =
X

x:x�e1=�n
P !
x (Xn = 0) ;

where e1 is the unit vector in the positive time direction. Then fn is a martingale

with respect to the �ltrationn
G�n = �

�
(!xy)y ; x � e1 � �n

�o
n�0

;

that is the �ltration generated by the edges connected to points whose time coor-

dinate is at least �n. We can therefore de�ne P1 by

dP1jG�n
dPjG�n

= fn; (4.38)

and an induction on n shows that P1 is invariant for the environment from the

point of view of the particle. This measure is shown to be ergodic and due to the

iid nature of the environment the results of [41] are su¢ cient to prove a functional

central limit theorem. This derivation of P1 is intuitively nice but its scope

is limited by the fact that fn is only a martingale in the iid case or under an

assumption that !e (n) is a martingale which in turn violates the existence of a

stationary measure for !e in the bounded conductance case.

The Kipnis-Varadhan inspired methods are again employed in [29] to prove a

central (but not functional) limit theorem. Their setting is more general, showing

that if the environment is mixing in time and space and satis�es an ellipticity

condition then a central limit theorem holds. Environments that satisfy these

conditions are presented and it is proven that the conditions are weaker than

those assumed in [3]. There is no nice formulation for the invariant measure for

the environment process analogous to (4.38) and analytic arguments are required

to prove that a unique invariant measure exists and that it is ergodic.

It is interesting to compare invariant distributions for the environment process

in the static and dynamic cases. Consider the 1-dimensional environment with

conductances !e 2 f1; 2g and the constant speed walk. Then in the static case
with iid conductances the invariant measure is simply product measure multiplied

by the degree at the origin: (!0;1 + !�1;0)P (d!). The dynamic case turns out to
be more complicated. Suppose that !e (n) = !e (n� 1) with probability 1 � p

and with probability p changes to the other possible weight. For this dynamic

environment one can explicitly show that the invariant distribution for the particle

process has the form:

� (�) = ��1;1 (�)
Y

k2Z�f0;1g

�k (�) ;
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where ��1;1 (�) depends only on the edges (0; 1) and (�1; 0) and �k depends only
on the edge (k � 1; k). The measures �k satisfy for ! such that !k�1;k (0) = 1

�k (!) =
1

2
+ c2f (p)

k ;

with c2 = 0 if and only if p = 1
2
. Note that this is a one dimensional invariant

distribution - we are not considering the time-space graph as at (4.38).

The obvious question is can we extend these results to our setting? In Section

3.4 adaptations to the papers [10] and [13] were made that use heat kernel control

to gain su¢ cient control over the corrector to imply convergence to Brownian

motion of the scaled random walk. As we have heat kernel results can we do the

same here?

Potentially the variable speed walk looks promising as we will show that the

walk on the space-time graph is invariant and ergodic under P.
Take P to be the measure on the time space environments: product measure in

space with each edge marginal being a discrete timeMarkov process with transition

function K and stationary measure �. De�ne the process from the point of the

environment to be the discrete Markov process on Z� Zd with transitions

Q (!;A) = P !
0

�
� (1;X1)! 2 A

�
:

Proposition 97. P is invariant and ergodic for Q.

Proof. Let B be a �nite set of edges in Z�Zd, C be a �xed con�guration on B and
set A = f! 2 
 : !jB = Cg. De�ne f (!) = 1A (!). For x 2 Zd let Ax = � (1;x) (A),

then since in the variable speed case
P

x P
!
x (X1 = 0) = 1, we have

E (Qf) =
X
x

EAx [P !
0 (X1 = �x)]

=
X
x

EA [P !
x (X1 = 0)]

= EA

"X
x

P !
x (X1 = 0)

#
= E (f) :

Invariance then follows.

Ergodicity is standard. Take D � 
 such that for all ! 2 
 we have

P !
0

�
� (1;X1) 2 D

�
= 1:

Thus as P !
0 (X1 = x) > 0 for all jxj = 1, � (1;x)D � D. Hence as D is � (1;x)-

invariant, by spatial translation invariance P (D) 2 f0; 1g. The methods outlined
in [27] or [10] then complete the proof.
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Although ergodic, the environment process is not reversible. In particular

one cannot appeal to the results of [27] in order to easily prove the existence of

a corrector (as we previously did in Section 3.3). For non-reversible walks the

methods of [41] are used instead. Introduce g := E!
0 (X1) � e1 to be the local

spatial drift at the origin (�e1 centres the time dimension as time increments at
unit rate: X1 � e1 = 1). One then requires the following bound:

1X
n=1

n�3=2







n�1X
k=0

Qkg







2

=

1X
n=1

n�3=2
q
E
�
jE!

0 (Xn)� ne1j2
�
<1 (4.39)

in order to obtain the martingale/remainder decomposition.

Note that even in the bounded conductance example the heat kernel bounds

will only explicitly giveq
E
�
jE!

0 (Xn)� ne1j2
�
� O

�
n1=2

�
; (4.40)

and hence are not enough to prove (4.39).

In the iid space-time case (4.39) follows from the independence structure of

the annealed environment - the drift is independent (under the annealed measure)

of the path that the walk has taken and hence the right hand side of (4.40) can

be replaced by O
�
n1=4

�
- see [49] for details. In the Markovian evolution of [29],

equation (4.39) follows from strong mixing assumptions on the environment as

seen from the point of view of the particle.

The question of whether these or other methods along with heat kernel bounds

are su¢ cient to prove a central limit theorem for the variable speed walk remains

open. It is worth noting that the methods described above all require that the

environment is well mixing. For the environment with bounded conductances no

such assumption is required to prove uniform heat kernel bounds - should it be a

necessary condition for a functional central limit theorem?

136



5. Convergence of reflected random
walk to reflected Brownian motion

We have previously discussed the random walk amongst random conductances,

both in dynamic and static settings. In this section we again look at the static

environment model, but restrict the random walk to a �nite subset of Zd, re�ecting
the walk at the boundary and ask if this re�ected walk converges to re�ected

Brownian motion under the usual scaling.

More precisely, if G =
�
Zd;Ed; !

�
is a weighted graph then de�ne the graph

restricted to [�n; n]d by Gn = (V n; En; !n) for

V n = [�n; n]d ; En =
n
(x; y) 2 Ed : x; y 2 [�n; n]d

o
;

!ne =

�
!e e 2 En

0 otherwise
:

We let (Xn
i )i2N0 be the constant speed, discrete time random walk on Gn; the

Markov chain with transition probabilities

P G
n �
Xn
i = y

��Xn
i�1 = x

�
=

!nxyP
z !

n
xz

;

as before we de�ne the heat kernel

qG
n

t (x; y) =
P G

n
(Xn

t = y jXn
0 = x)

� (y)
: (5.1)

We will take the environment G = G (!) to be a realization of the random conduc-
tance model with bounded conductors. We are interested in the limiting behaviour

of the scaled, linearly interpolated random walk: let Xn
0 = 0 and de�ne

Bn (t) :=
1

n

�
Xn
bn2tc +

�
n2t�

�
n2t
�� �

Xn
bn2tc+1 �Xn

bn2tc

��
; t � 0: (5.2)

Given that the random walk on the unrestricted graph converges weakly to Brown-

ian motion (see [53]), it is natural to expect Bn (t) to converge to re�ected Brown-

ian motion.

This question is motivated by the work [23] where similar families of random

walks on �nite graphs are considered and results concerning the convergence of

mixing times are given. They show that if the triple consisting of the graph,

invariant measure and heat kernel converge in some suitable way to a limiting
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Figure 5.1: The re�ected graph

triple, then convergence of the mixing time follows. The simple random walk on

[�n; n]d is an example for which their results apply and one would anticipate that
the walk on Gn should also satisfy these conditions - at least if the conductances
are bounded.

In fact, it transpires that even proving convergence of Bn to re�ected Brownian

motion is di¢ cult. We present a proof only for the case of bounded conductances

in dimension one. The one dimensional case is easier to attack as one can explicitly

de�ne a corrector for the random walk on the unrestricted graph G for any G. In
particular the existence of the corrector does not depend on the environment being

ergodic. We turn the question around - re�ecting the graph instead of the walk, so

that for example the edges emanating from the vertex at n+1 are the same weight

as those emanating from n� 1 but in the opposite positions (see �gure 5.1). We
run a simple random walk on the re�ected graph and show that if this converges to

Brownian motion then the random walk on the Gn converges to re�ected Brownian
motion.

The random walk on the re�ected graph is an object that we have good control

over: by [26] we have upper and lower bounds on the heat kernel and as mentioned

above it is possible to de�ne a corrector for the random walk. We thus look to

break the random walk up as a sum of a martingale and corrector then show that

the martingale converges to Brownian motion and that the corrector is sublinear.

Once a functional central limit theorem is shown to hold, the techniques of [23]

allow us to prove that the mixing time for the re�ected random walk, scaled by

n�2, converges to the mixing time for re�ecting Brownian motion.

Our main results are stated in the following theorems.

Theorem 98. Let G = G (!) be a realization of the random conductance model

on Z. Take T > 0, then for almost every ! 2 
 the linearly interpolated re-

�ected random walk (Bn (t))t2[0;T ] converges weakly in (C [0; T ] ;WT ) to re�ected

Brownian motion on [�1; 1], started at the origin, with di¤usion constant �2 > 0.
Further, �2 is the di¤usion constant as in the limit for the non-re�ected random

walk.

Theorem 99. Fix p 2 [1;1]. If tpmix (Gn) is the Lp-mixing time of the re�ected
random walk on ! restricted to [�n; n], then

n�2tpmix (Gn)! tpmix ([�1; 1]) ;
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where tpmix ([�1; 1]) is the Lp-mixing time of the Brownian motion on [�1; 1] re-
�ected at the boundary.

Formally, the Lp-mixing time is de�ned as

tpmix (G) := inf
(
m > 0 : sup

x2V(G)
DG
p (x;m) �

1

4

)
for

DG
p :=





qGm (x; �) + qGm+1 (x; �)
2

� 1





Lp(�G)

;

where �G is taken both here and in (5.1) to be the invariant probability measure

for the random walk. As noted in Remark 1.3 of [23], Theorem 99 can also be

stated for mixing times with respect to total variation distance.

It is in fact true that Theorem 98 holds for an arbitrary starting point: for x 2
[�1; 1] take gn (x) to be the point of [�n; n]\Z closest to xn and set Xn

0 := gn (x).

Then Bn (t) converges weakly to re�ected Brownian motion on [�1; 1] started at
x. As the proof of Theorem 98 is notationally heavy, the arguments are presented

for the case x = 0, however they also hold for general x 2 [�1; 1]. This fact will
be important in the proof of Theorem 99.

The proof of Theorems 98 and 99 can be found in Section 5.1.

In Section 5.2 we present the results that we have in higher dimensions. Moti-

vated by [19] we consider random walks started uniformly on subsets of Rd. The
initial aim of this study was to prove the higher dimensional analogue of Theo-

rem 98 by proving convergence of the excursions of the re�ected random walk to

excursions of re�ected Brownian motion. This has not yet proved to be possible.

We present the results that we currently have.

5.1. The one dimensional case

From now on assume d = 1 and !e 2 [a; b] for 0 < a � b < 1. We will discuss
relaxing these assumptions later.

We begin by formally introducing the re�ected graph. Let Gn be the graph

with vertex set, edge set and weights

V n = Z; En = E,8>><>>:
�!n4nk+i;4nk+i+1 = !i;i+1

�!n(4k+2)n�i�1;(4k+2)n�i = !i;i+1
�!n(4k+2)n+i;(4k+2)n+i+1 = !�i;�i�1

�!n4nk�i;4nk�i�1 = !�i;�i�1

; i 2 [0; n� 1] ; k 2 Z;

where the weights �!n are symmetric and the weights ! correspond to a realization

of the random conductance model on (Z;E). Figure 5.1 illustrates this de�nition.
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We will write
�
�Xn
i

�
i�0 for the random walk on Gn and write �Bn (t) for the

scaled, linearly interpolated walk analogous to the de�nition (5.2).

Note that

(Xn
i )i�0 =

d
�
f
�
�Xn
i

��
i�0 ;

where

f (x) = 4n

���� x4n + 14 �
�
x

4n
+
3

4

������ n:

The function f folds the graph Gn onto [�n; n].

Proposition 100. Let T > 0. If
�
�Bn (t)

�
t2[0;T ] weakly converges to Brownian

motion started at the origin with di¤usion constant �2 then (Bn (t))t2[0;T ] weakly

converges to re�ected Brownian motion on [�1; 1] started at the origin with dif-
fusion constant �2.

Proof. As f is continuous, this follows from the continuous mapping theorem.
Hence Theorem 98 will follow from the following proposition:

Proposition 101. Take T > 0. For almost every ! 2 
,
�
�Bn (t)

�
t2[0;T ] converges

weakly in (C [0; T ] ;WT ) to Brownian motion, started at the origin, with di¤usion

constant �2 > 0:

As discussed in the introduction, we follow standard methods to prove Propo-

sition 101, decomposing the walk into a martingale and a corrector. As we are in

one dimension, the corrector can be explicitly de�ned:

Gi;i+1 : =
1

E (1=�!0;1) �!i;i+1
� 1

� (x; �!) : =
x�1X
i=0

Gi;i+1; (5.3)

and set Mn
i = �Xn

i + �
�
�Xn
i ; �!

�
. Let Fi = �

�
�Xn
0 ; : : : ; �X

n
i

�
.

Proposition 102. For every ! 2 
, the process (Mn
i )i�0 is a martingale with

respect to
�
(Fi)i�0 ; P �!

�
:

Proof. By direct computation

E �!
�
Mn

i+1 jFi
�
=

�!i;i+1
�!i�1;i + �!i;i+1

�
�Xn
i + 1 + �

�
�Xn
i + 1; �!

��
+

�!i�1;i
�!i�1;i + �!i;i+1

�
�Xn
i � 1 + �

�
�Xn
i � 1; �!

��
= �Xn

i + �
�
�Xn
i ; �!

�
+
�!i;i+1 (1 +Gi;i+1)

�!i�1;i + �!i;i+1
� �!i�1;i (1 +Gi�1;i)

�!i�1;i + �!i;i+1

= �Xn
i + �

�
�Xn
i ; �!

�
=Mn

i :
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The strategy employed is to show that Mn, scaled and interpolated, converges

to Brownian motion via a standard martingale convergence theorem. Showing

that for almost every ! 2 
 for all t > 0

1

n
�
�
�Xn
[tn2]; �!

�
n!1! 0 in P0;�!-probability

will complete the proof of Proposition 101 and hence Theorem 98.

In fact the above statement would only imply convergence of the �nite dimen-

sional distributions, however since the re�ected graph (Z;E; (�!ne )) has uniformly
bounded weights there is uniform control of the heat kernel and hence the laws of
�Bn are tight under P0;�!. We recall the uniform heat kernel bounds from [26]:

Theorem 103. There exist constants ci = ci (a; b) > 0 such that for all ! 2

; x; y 2 Z and t � jx� yj :

c1t
�d=2 exp

 
�c2 jx� yj2

t

!
� q�!t (x; y) � c3t

�d=2 exp

 
�c4 jx� yj2

t

!
: (5.4)

We will require control over how long the walkXn spends close to the boundary

of [�n; n]. This corresponds to how long the walk �Xn spends close to the points

fn+ 2kn : k 2 Zg. This control is obtained via Theorem 103.

Proposition 104. Let T > 0. For " > 0, de�ne the random variable

Y n
" :=

���0 � i � Tn2 : �Xn
i 2 ((k � ")n; (k + ")n) for some k

	�� ;
the time the walk spends within distance "n of the boundary. Then for all �; � > 0

there exists " > 0 and N1 (�; �; T; a; b) such that for all n � N1

P !
�
Y n
" > �n2

�
< � for all ! 2 
.

Proof. The proof is an application of Markov�s inequality.
Note that by the uniform heat kernel upper bounds in (5.4), for �xed k 2 N

E!
����1 � i � Tn2 : �Xn

i 2 ((k � ")n; (k + ")n)
	���

=
X

x2((k�")n;(k+")n)

Tn2X
i=1

�P n (0; x)

�
X

x2((k�")n;(k+")n)

Tn2X
i=1

2bc3i
�1=2 exp

 
�c4 jxj

2

i

!

�
Tn2X
i=1

(2"n _ 1) 2bc3i�1=2 exp
 
�c

0 jknj2

i

!
;
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where " is assumed to be small, say " < 1, to ensure that c0 can be chosen

independently of ". This can now be approximated via the corresponding integral

and integration by parts to yield:

E!
����1 � i � Tn2 : �Xn

i 2 ((k � ")n; (k + ")n)
	��� � (2"n _ 1) cn exp ��c0k2� ;

for c; c0 dependent on T; a; b.

Hence, for n > 1=2"

E!
����1 � i � Tn2 : �Xn

i 2 ((k � ")n; (k + ")n) for some k
	��� � "cn2:

Applying Markov�s inequality

P !
�
Y n
" > �n2

�
� "cn2

�n2

and this can be made less than � by taking " suitably small.

With such an " > 0 chosen, de�ne N1 := inf fn : "n > 1g.
To prove that Mn converges weakly to Brownian motion we appeal to the

Lindeberg-Feller CLT (see [30]). Convergence to Brownian motion will follow from

the following proposition. Introduce the measure weighted by the conductance at

the origin:

P0 :=
(!�1;0 + !1;0)

E (!�1;0 + !1;0)
P (d!) :

Recall that P0 is the invariant measure for the random walk from the point of view
of the particle. De�ne �Mn

i =Mn
i �Mn

i�1 for i > 0. For the random walk on the

full graph G, write Mi for the associated martingale de�ned as in (5.3) and �Mi

for martingale di¤erences.

Proposition 105. For T > 0 and almost all ! 2 
,

1

Tn2

Tn2X
i=1

(�Mn
i )
2 ! E0 (�M1)

2 in P !-probability as n!1:

Proof. We require to prove that for almost every ! 2 
 and all " > 0; � > 0 there
exists N (!; �; ") such that

P !

"����� 1Tn2
Tn2X
i=1

(�Mn
i )
2 � E0 (�M1)

2

����� > "

#
< � (5.5)

for all n > N . We will prove this statement by breaking the walk up into the time

it spends well away from the "boundary points" f(2k � 1)n : k 2 Zg, and the
time the walk spends close to these points. We will invoke Proposition 104 to give

control over how long the walk spends near these points and use the ergodicity of
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the original graph G to show that we have good control over the martingale when
the walk is away from the boundary.

By the ergodicity from the point of view of the particle for the random walk

on G, we know that for any starting point x 2 Z and almost every ! 2 


1

n

nX
i=1

(�Mi)
2 n!1! E0 (�M1)

2 ; P !-almost surely.

In particular, for every "; � > 0 and every x 2 Z there exists N1 (x; "; �; !) < 1
such that

P !;x

"����� 1n
nX
i=1

(�Mi)
2 � E0 (�M1)

2

����� > "

#
< � (5.6)

for all n > N1 (where the superscript x indicates starting vertex).

Let c6; c7; c8 > 0 be constants to be chosen later. De�ne the sets

�L (n; 
) : =

�
x 2 [�n; n] : N1

�
x;
"

3
;
�c6
4T

; !

�
< 


�
;

L (n; 
) : =
�
x 2 Z : f (x) 2 �L (n; 
)

	
:

By ergodicity of the full environment, j
�L(n;
)j
2n

! P
�
N1
�
x; "

3
; �c6
4T
; !
�
< 


�
almost

surely as n!1.
De�ne

H1 : = 0;

Hi : = inf
�
j � Hi�1 + c6n

2 : �Xn
j 2 L

�
n; c6n

2
�
;
��f � �Xn

j

��� < c8n
	
;

K : = sup
�
i : Hi + c6n

2 � Tn2
	
; J = HK + c6n

2:

The idea is to break the walk into �nite subwalks started at points in L (n; c6n2)

where we have good control over the local ergodicity of the walk. We need the

extra assumption that
��f � �Xn

j

��� < c8n; for c8 close to one, so that if the walk is

run for a short time (dependent on c8) it is unlikely to hit the boundary points

f(2k � 1)n : k 2 Zg. If the walk fails to hit these boundary points then the mar-
tingale increments for Mn are identical to those for M , which (5.6) enables us to

control.

With this notation we write

Tn2X
i=1

(�Mn
i )
2 =

KX
j=1

24Hj+c6n2X
i=Hj

(�Mn
i )
2 +

Hj+1X
i=Hj+c6n2+1

(�Mn
i )
2

35+ Tn2X
i=J

(�Mn
i )
2 :
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Thus

P !

"����� 1Tn2
Tn2X
i=1

(�Mn
i )
2 � E0 (�M1)

2

����� > "

#

�
T=c6X
j=1

P !

24������c6n
2

Tn2
1

c6n2

Hj+c6n
2X

i=Hj

(�Mn
i )
2 � E0 (�M1)

2

������ > "c6
3T

35
+P !

"
1

Tn2
C1

KX
j=1

Hj �
�
Hj�1 + c6n

2
�
>
"

3

#

+P !

�
1

Tn2
C1 �

�
Tn2 � J

�
>
"

3

�
; (5.7)

where C1 is

C1 := max
!

��(�M1)
2 � E0

�
�M2

1

���
� 2max

!
(G0;1 + 1)

2

� 2
1

aE (1=!0;1)

2

:

The �rst term of (5.7) corresponds to the �nite subwalks mentioned above,

with the second and third terms bounding the time at which the walk is not in

one of these good subwalks.

We begin by treating the second term of (5.7). We must control the time it

takes to �nd a point in L (n; c6n2). Note that for any c6 > 0 and almost every

! 2 
; ���L (n; c6n2)��
2n

! 1 as n!1:

In particular, for any c7 > 0; and almost every ! 2 
, there existsN2 (!; c7; c6; �; "; T ) <
1 such that for all n � N2, the largest distance from any point x 2 [�n; n] to a
point in L (n; c6n2) is bounded by c7n.

We must control

P !

"
1

Tn2
C1

KX
j=1

Hj �
�
Hj�1 + c6n

2
�
>
"

3

#
:

For c7 > 0 we break this into two cases: either
���f � �Xn

Hj+c6n2

���� � (c8 � c7)n or���f � �Xn
Hj+c6n2

���� > (c8 � c7)n. We choose c8� c7 to guarantee that in the �rst case
the walk is close to a point that satis�es both x 2 L (n; c6n

2) and jf (x)j < c8n:

Figure 5.2 shows how the choice of c7 and c8 decide the boundary region of [�n; n].
For the �rst case note that the walk must hit a point of L (n; c6n2) before exiting
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Figure 5.2: The boundary region

the ball of radius c7n centred at �XHj�1+c6n2. Hence, for n � N2

P !

�
Hj �

�
Hj�1 + c6n

2
�
>

"c6
6C1

n2
������f � �Xn

Hj+c6n2

���� � (c8 � c7)n

�
� P

!; �X
Hj�1+c6n2

�
�
�
�XHj�1+c6n2 ; c7n

�
>

"c6
6C1

n2
�
:

By the upper bound of Theorem 103, there exists � > 0 such that for all c7 > 0 the

right hand side is bounded uniformly above by T�=6c6. Hence, taking 0 < c7 < �,

there exists N2 (!; c7; c8; c6; "; �) such that

P !

�
Hj �

�
Hj�1 + c6n

2
�
>

"c6
6C1

n2
������f � �Xn

Hj+c6n2

���� � (c8 � c7)n

�
<
T�

6c6

for all n � N2.

For the second case, we use Proposition 104. Let C1 be the maximum value of

j�M2
1 � E0 (M2

1 )j ; then by Proposition 104 there exists c9 > 0, N3 (!; "; �; c9; T ) <
1 such that

P !

�
Y n
� >

T"

6C1
n2
�
<
�

6
, n � N3; � > c9:

Set

c8 :=
1 + c9
2

;

noting that c8 is independent of c6 and c7. Now, if the walk is in fx 2 [�n; n] : jxj > (c8 � c7)ng
then it must hit a point y 2 L (n; c6n

2) such that jf (y)j < c8n by the time the

walk exits fx 2 [�n; n] : jxj > (c8 � 2c7)ng. Hence

P !

0BBB@ X
j:

����f� �Xn
Hj+c6n

2

�����>(c8�2c7)n
Hj �

�
Hj�1 + c6n

2
�
>

T"

6C1
n2

1CCCA
� P !

�
Y n
c8�2c7 >

T"

6C1
n2
�
;

and if c7 > 0 is chosen small such that 1� (c8 � 2c7) < c9 then

P !

0BBB@ X
j:

����f� �Xn
Hj+c6n

2

�����>(c8�2c7)n
Hj �

�
Hj�1 + c6n

2
�
>

T"

6C1
n2

1CCCA <
�

6
; n � N3:
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Combining these results, for all c6 > 0 there exists � > 0 such that if 0 < c7 <

� ^ (�1 + c9 + c8) =2 ^ � then there exists N2 (!; c6; c8; c7; �; ") such that

P !

"
1

Tn2
C1

"
KX
j=1

Hj �
�
Hj�1 + c6n

2
�#

>
"

3

#

�
KX
j=1

P !

�
Hj �

�
Hj�1 + c6n

2
�
>

"c6
6C1

n2
������f � �Xn

Hj+c6n2

���� � (c8 � 2c7)n�
+P !

�
Y n (c8 � 2c7) >

"T

6C1
n2
�

� �=6 + �=6 = �=3; n � N2 _N3: (5.8)

We have picked c8 independently of c6. We will choose c6 dependent on c8 and

then c7 dependent on c8 and c6.

Similarly, as the remainder term Tn2�J can be bounded by HK+1�HK , there

exists N4 = N4 (!; c6; c8; c7; "; �) such that

P !

�
1

Tn2
C1 �

�
Tn2 � J

�
>
"

3

�
<
�

3
; n � N4: (5.9)

We now move to the �rst term of (5.7). Note that the walks (Xi)i2[0;c6n2] and�
f
�
�Xn
i

��
i2[0;c6n2]

started at the same point in [�n; n], have the same distribu-
tion until they hit f�ng : Note further that if f (x) = f (y) then Ex (�Mn

1 )
2 =

Ey (�Mn
1 )
2. Thus conditioning on the walk hitting or failing to hit f�ng:

P !;XHi

"����� 1c6n2
c6n2X
i=0

(�Mn
i )
2 � E0 (�M1)

2

����� > "

3

#

� P !;XHi

�
max
i�c6n2

�� �Xi

�� � n

�
+ P !;XHi

"����� 1c6n2
c6n2X
i=0

(�Mi)
2 � E0 (�M1)

2

����� > "

3

#

< P !;XHi

�
max
i�c6n2

�� �Xi

�� � n

�
+
�c6
4T

: (5.10)

By Theorem 103, for �xed c8, the �rst term on the right hand side can be made

small by taking c6 small since jXHij < c8n.

By the de�nition of Hi and (5.10), we can control the terms in the sum:

T=c6X
j=1

P !

24������c6n
2

Tn2
1

c6n2

Hj+c6n
2X

i=Hj

(�Mn
i )
2 � E

�
�M2

1

������� > c6"

3T

35
� T

c6

 
sup
jxj<c8n

P !;x

�
max
i�c6n2

jXij � n

�
+
�c6
4T

!
:

Now by Theorem 103,

lim
c6#0

T

c6
sup
jxj<c8n

P !;XHi

�
max
i�c6n2

jXij � n

�
= 0
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Hence by choosing small c6 (dependent on c8)

T=c6X
j=1

P !

24������c6n
2

Tn2
1

c6n2

Hj+c6n
2X

i=Hj

(�Mn
i )
2 � E (�M1)

2

������ > "c6
3T

35 � �

3
: (5.11)

Combining (5.11), (5.8) and (5.9) we are done, taking N (!) = N2 _ N3 _ N4
in (5.5).

Proof of Proposition 101. Proposition 105 and the Lindeberg-Feller functional
central limit theorem imply that for almost every ! 2 
,

1

n

�
Mn
bn2tc +

�
n2t�

�
n2t
�� �

Mn
bn2tc+1 �Mn

bn2tc

��
converges in law to a Brownian motion with di¤usion constant �2, for

�2 = 2E0
�

!0;1
!0;1 + !�1;0

(1 +G0;1)
2

�
;

where G0;1 is de�ned in (5.3). Note that �2 is identical to the variance for the

scaling limit of the non-re�ecting random walk.

Now, as noted in [53], the upper bounds of Theorem 103 imply that the laws

of �Bn (�) are tight under P �!
0 . The proposition will thus follow once we show that

for almost every ! 2 
 and t > 0

1

n
� (Xn

n2t; �!)! 0 in P �!
0 -probability.

Again appealing to the uniform upper bounds on the heat kernel, it su¢ ces to

show that for any M > 0, for almost every ! 2 


lim
n
n�1

X
jxj<Mn

j� (x; �!)j
n

= 0: (5.12)

This will be proved using the fact that (5.12) holds for the non-re�ecting corrector

� (x; !) and the periodicity of � (x; �!).

As

� (x; �!) :=

xX
i=0

G�! (i; i+ 1) ;

by the periodicity of the environment �! we have that for x = (4k + l)n + r,

0 � r < n, k 2 N0 and 0 � l < 3:

� (x; �!) =

8>><>>:
2k (� (n; �!) + � (�n; �!)) + � (r; �!) if l = 0

(2k + 2)� (n; �!)� � (n� r; �!) + 2k� (�n; �!) if l = 1
(2k + 2)� (n; �!) + � (�r; �!) + 2k� (�n; �!) if l = 2

(2k + 2) (� (n; �!) + � (�n; �!))� � (�n+ r; �!) if l = 3

;

147



and for x = � (4k + l)n� r; 0 � r < n; k 2 N0 and 0 � l � 3 :

� (x; �!) =

8>><>>:
2k (� (n; �!) + � (�n; �!)) + � (�r; �!) if l = 0

(2k + 2)� (�n; �!)� � (�n+ r; �!) + 2k� (n; �!) if l = 1
(2k + 2)� (�n; �!) + � (r; �!) + 2k� (n; �!) if l = 2

(2k + 2) (� (n; �!) + � (�n; �!))� � (n� r; �!) if l = 3

:

By the triangle inequality

lim
n
n�1

X
jxj<Mn

j� (x; �!)j
n

� lim
n
n�1

MX
k=0

3X
l=0

n�1X
r=0

j� ((4k + l)n+ r; �!)j+ j� (� (4k + l)n� r; �!)j
n

� lim
n
n�2

MX
k=0

n�1X
r=0

[4 (k + 1) (j� (n; �!)j+ j� (�n; �!)j)

+2 (j� (r; �!)j+ j� (�r; �!)j+ j� (n� r; �!)j+ j� (r � n; �!)j)]

� 2M (M + 2) lim
n

j� (n; �!)j+ j� (�n; �!)j
n

+4 (M + 1) lim
n

nX
r=0

j� (r; �!)j+ j� (�r; �!)j
n2

:

For almost every ! 2 
 the �rst limit is zero since � (n; �!) is the sum of iid mean

zero random variables. For the second limit note that we can replace � (�r; �!)
by � (�r; !) as jrj � n. Hence the second limit is zero for almost every ! 2 

by line (1.22) of [53], where the corrector for the walk on the unre�ected graph is

controlled.

Proof of Theorem 98. This follows from Propositions 100 and 101.

Note that, as we are in one dimension, sublinearity of � requires only ergodicity

and that E
�

1
!xy

�
<1. Hence the proof extends to all such ergodic environment

where Proposition 104 holds.

Theorem 98 allows us to prove the convergence of mixing times.

Proof of Theorem 99. The result will follow directly from Theorem 1.4 of [23]

once we prove that the conditions of that theorem hold. As re�ecting Brownian

motion satis�es the regularity conditions necessary, Theorem 1.4 will apply once

we show that the triple��
V n; n�1 j�j1

�
; �n; (q

n
n2t (x; y))x;y2V n;t2I

�
converges in a spectral Gromov-Hausdor¤ sense to the triple: [�1; 1] with the
Euclidean metric, one dimensional Lebesgue measure on [�1; 1] and the transition
density of Brownian motion on [�1; 1] re�ected at the boundary. Here, �n is the
normalized stationary distribution for the re�ecting random walk on [�n; n].
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We will not discuss what this convergence means here, but instead note that

this claim follows from Proposition 2.4 of the same paper. The rest of this proof

consists of showing that the conditions of Proposition 2.4 hold.

It is straight forward to show that (V n; n�1 j�j1) converges to ([�1; 1] ; j�j1) with
respect to Hausdor¤ distance. By ergodicity �n converges to Lebesgue measure

on [�1; 1] with respect to Prohorov distance (both of these convergences assume
scaling of the space [�n; n] by n�1).
As we are working in one dimension with conductances bounded below we have

the following upper bound on the resistance metric:

RGn (x; y) � c1 jx� yj ;

for some c1 = c1 (a) > 0. By Lemma 2.5 of [23], this in turn proves the tightness

condition required.

The �nal condition we must prove is the following: there exists a dense subset

F � of [�1; 1] such that for any compact interval I � (0;1), x 2 F �, y 2 [�1; 1]
and r > 0:

lim
n!1

P Gngn(x)

�
1

n
Xn
bn2tc 2 By [r]

�
= Px (Wt 2 By [r]) (5.13)

uniformly in t 2 I, where gn (x) is the vertex in [�n; n] that is closest to nx and
Wt is re�ecting Brownian motion on [�1; 1] with di¤usion constant as in Theorem
98.

As noted after the statement of Theorems 98 and 99, Theorem 98 holds irre-

spective of the starting point x 2 [�1; 1]. In fact, the only modi�cations to the
arguments presented are a slight change in the transition density used to prove

Proposition 104 and H1 becoming a random variable in the proof of Proposition

105.

Equation (5.13) will follow from the functional central limit theorem, the con-

trol of exit times and the regularity of re�ecting Brownian motion.

Fix " > 0; x 2 Q \ [�1; 1], r > 0 and compact I � (0;1). Choose 
 > 0 and
N1 such that

sup
s2I
jPx (Ws 2 By [r])� Px (Ws 2 By [r + 
])j <

"

6
;

sup
s2I

����P Gngn(x)� 1nXn
bn2sc 2 By [r + 
]

�
� P Gngn(x)

�
1

n
Xn
bn2sc 2 By [r � 
]

����� <
"

13
; n � N1.

This is possible since I is compact and 0 62 I. Justi�cation for the second line also
requires the heat kernel bounds of Theorem 103 which show that for su¢ ciently

large n

P Gngn(x)

�
1

n
Xn
bn2sc 2 [y + r � 
; y + r + 
] [ [y � r � 
; y � r + 
]

�
� c
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holds and hence a suitable choice of 
 is possible.

Now take � > 0 such that for all n > 0

sup
z2[�n;n]

P Gnz
�
�Bx[
n] < �n2

�
<

"

13
:

and

sup
s2I
jPx (Ws 2 By [r])� Px (Ws+� 2 By [r])j <

"

3
(5.14)

The �rst line is possible as the uniform bounds on conductances imply uniform

bounds on exit times (this can be seen, for example, via the arguments in the

proof of Proposition 18). The second line is possible due to I being compact and

0 62 I.
Choose a �nite set ft1; : : : ; tig � I such that for all j 2 f1; : : : ; ig we have

supl jtj � tlj < �. Take t 2 I and let i be such that jt� tij is minimized, then:����P Gngn(x)� 1nXn
bn2tc 2 By [r]

�
� Px (Wt 2 By [r])

����
�

����P Gngn(x)� 1nXn
bn2tc 2 By [r]

�
� PGn

gn(x)

�
Xn
bn2tic 2 By [r]

�����
+
���P Gngn(x) �Xn

bn2tic 2 By [r]
�
� Px (Wti 2 By [r])

���
+ jPx (Wt 2 By [r])� Px (Wti 2 By [r])j :

The third term is less than "
3
by choice of � in (5.14). Due to the functional central

limit theorem we have convergence of �nite dimensional distributions and hence

there exists N2 such that the second term is less than "
3
for all n � N2.

It remains to control the �rst term. Suppose that t > ti then

P Gngn(x)

�
1

n
Xn
bn2tc 2 By [r]

�
� P Gngn(x)

�
1

n
Xn
bn2tic 2 By [r � 
]

�
sup

z2By [r�
]
P Gnzn

�
�Bzn[
n] � �n2

�
� P Gngn(x)

�
1

n
Xn
bn2tic 2 By [r � 
]

��
1� "

13

�
:

Similarly

P Gngn(x)

�
1

n
Xn
bn2tc 2 By [r]

�
� P Gngn(x)

�
1

n
Xn
bn2tic 2 By [r + 
]

��
1� "

13

��1
�

�
P Gngn(x)

�
1

n
Xn
bn2tic 2 By [r � 
]

�
+

"

13

��
1� "

13

��1
In particular����P Gngn(x)� 1nXn

bn2tc 2 By [r]

�
� P Gngn(x)

�
1

n
Xn
bn2tic 2 By [r � 
]

����� � "

6
: (5.15)
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Similar arguments show that (5.15) also holds for t < ti.

To complete the proof, note that by the functional central limit theorem there

exists N3 such that����P Gngn(x)� 1nXn
bn2tic 2 By [r � 
]

�
� Px (Wti 2 By [r � 
])

���� � "

6
; n � N3:

Hence: ����P Gngn(x)� 1nXn
bn2tc 2 By [r]

�
� P Gngn(x)

�
Xn
bn2tic 2 By [r]

�����
�

����P Gngn(x)� 1nXn
bn2tc 2 By [r]

�
� P Gngn(x)

�
1

n
Xn
bn2tic 2 By [r � 
]

�����
+

����P Gngn(x)� 1nXn
bn2tic 2 By [r � 
]

�
� Px (Wti 2 By [r � 
])

����
+ jPx (Wti 2 By [r � 
])� Px (Wti 2 By [r])j

� "

6
+
"

6
+
"

6
=
"

3
:

Hence for all t 2 I and n � N1 _N2 _N3����P Gngn(x)� 1nXn
bn2tc 2 By [r]

�
� Px (Wt 2 By [r])

���� < ":

Hence (5.13) converges uniformly over t 2 I. Thus Proposition 2.4 and Theorem
1.4 of [23] apply.

In fact the proof of Theorem 99 can be shortened and simpli�ed considerably.

The following method was explained to me by my examiner, David Croydon.

Alternative Proof of Theorem 99. LetBn
t =

1
n
Xn
bn2tc. As C (I;R) is separable

for any compact I, one can apply Skorokhod�s representation theorem to de�ne
~Bn and ~W on the same probability space with the same laws as Bn started from

gn (x) andW started from x, respectively, and ~Bn converging almost surely to ~W .

Now, for any ball A and " > 0 let A�" be the " expansion/contraction of A.

Then

sup
t2I

���P Gngn(x) (Bn
t 2 A)� Px (Wt 2 A)

��� � sup
t2I

�
~Bn
t 2 A; ~Wt 62 A

�
+ sup

t2I

�
~Bn
t 62 A; ~Wt 2 A

�
� 2P

�
sup
t2I

��� ~Bn
t � ~Wt

��� > "

�
+ sup

t2I
P
�
~Wt 2 A"nA�"

�
:

Letting n!1, the �rst term tends to 0 by the weak convergence established in

Theorem 98. The second term can be made arbitrarily small by taking " small.

5.2. Higher dimensions

The above proof does not transfer to higher dimensions as there is no consistent

martingale/corrector decomposition for the random walk on the re�ected graph
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for d > 1. In particular there is no way to de�ne a periodic corrector due to the

higher dimensionality of the boundary and this leads the above scheme to fail.

There are various other potential avenues to explore. For example [19] consid-

ers approximations to re�ecting Brownian motion on bounded domains through

discrete time simple random walks. There, due to the uniformity of the heat kernel

and symmetry of the simple random walk, it is possible to show uniform conver-

gence for the excursions of the two processes and convergence of the random walk

to re�ecting Brownian motion follows. Perhaps we can follow a similar method?

This led us to consider the non-re�ecting random walk started away from the

origin at a �xed point x 2 Zd. More precisely, take G = G (!) to be a realization
of the random conductance model in d dimensions with ! 2 (0; 1] to ensure that a
functional CLT holds for the random walk started at the origin. Then for n 2 N let�
X2nx
i

�
i�0 be the non-re�ecting random walk on Zd with transition probabilities

dependent on G as de�ned previously and starting point

X2nx
0 = 2nx:

It is natural to believe that the rescaled process

2�n
�
X2nx
[22nt]

�
t2[0;T ]

weakly converges under the quenched law to Brownian motion starting at x.

The proof of this claim is not as straight forward as we initially thought. One

can use the corrector function to give a martingale/corrector decomposition:

X2nx
i =M2nx

i + �
�
X2nx
i ; !

�
; i 2

�
0; 22nT

�
:

Standard facts about the corrector show that it is still sublinear in this case.

However, it is not clear how to prove that the martingale converges to Brownian

motion. In the x = 0 case the ergodicity of the environment from the point of

view of the particle is used to prove that the conditions of the Lindeberg-Feller

Theorem hold. We do not have access to this machinery here as the starting point

of the walk changes with n.

We have not found a route around this complication and so the results we

present are much weaker.

For C � Rd, de�ne Cn :=
�
nx 2 Zd : x 2 C

	
to be the lattice points within

C at stage n. The uniform distribution on Cn, rescaled by n�1, converges to the

uniform distribution on C as n ! 1. We show that for suitable C the random

walk started uniformly over Cn, rescaled and linearly interpolated converges to

Brownian motion started uniformly on C.

Write
�
X
U(Cn)
i

�
i2N

for the random walk started uniformly on Cn � Zd.
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Proposition 106. Suppose C � Rd is of the form

C =
1[
i=1

Bxi [ri] ; ri > 0,
X
i

ri <1; xi 2 Rd;

then

BC
n :=

1

n

�
X
U(Cn)

bn2tc +
�
n2t�

�
n2t
�� �

X
U(Cn)

bn2tc+1 �X
U(Cn)

bn2tc

��
converges weakly to Brownian motion started uniformly on C.

We �rst show that the statement holds for the particular choice C = [�1; 1]d

and then show how this proof can be adapted to prove Proposition 106.

Proposition 107. Let C = [�1; 1]d, then the rescaled process BC
n converges

weakly to Brownian motion started uniformly on [�1; 1]d.

Proof. As ! 2 (0; 1], [13] gives that for all bounded continuous g : C [0; T ] ! R
and " > 0 there exists N = N (!; ") such that����E!

�
g

�
1

n
X0
[n2t]

��
� E0g (W)

���� < "; for n � N (!; ") ; (5.16)

where Exg (W) is expectation with respect to driftless Brownian motion started
at x 2 Rd with di¤usion constant �2 > 0.
Fix a bounded, continuous function f : C [0; T ]! R.
By (5.16), for all ! 2 
, " > 0 and x 2 Rd there exists minimalN1 (x; !; ") <1

such that ����E!

�
f

�
1

n
X0
n2t + x

��
� Ex [f (W)]

���� < "

for all n > N1 (x; !; "). Note that N1 is dependent on x as the entire walk is

shifted by x.

We will end up considering scaled walks on an environment !, started at some

point x 2 Zd. Equivalently one can consider the walk started at 0 on the shifted
environment �x! and then shift the whole path

E�x!

�
f

�
1

n
X0
n2t +

x

n

��
= E!

�
f

�
1

n
Xx
n2t

��
:

It therefore becomes important to control N1 over x 2 [�1; 1]d.
With this in mind set

h (x) := N1 (x; !; ") ;

then as f is continuous, so too is h with h (x) <1 for all x 2 Rd. In particular

N2 (!; ") := max
x2[�1;1]d

h (x)
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exists and is �nite.

Set

N3 (x; !; ") := N2 (�x!; ") ;

then for all ! 2 
 ; " > 0, x 2 Zd and n � N3 (x; !; ") _ jxj����E!

�
f

�
1

n
Xx
n2t

��
� Ex=n [f (W)]

���� < ":

Further, by the continuity of f there exists � = � (") > 0 such that

jEy [f (W)]� Ez [f (W)]j < "

for all y; z 2 [�1; 1]d with jz � yj < �. Under this assumption de�ne

N4 (x; !; ") = N4 := N3 (x; !; ") _ (2�)�1=d _ jxj :

Then ����E!

�
f

�
1

n
Xx
n2t

��
� EU(Bx=n[n�d=2]) [f (W)]

���� < 2" (5.17)

for all n � N4, where U (Bx [r]) is the uniform distribution of starting point over

Bx [r].

Now, since for any n, the function 1fN3(!;x;")>ng is measurable and integrable,

the multidimensional ergodic theorem implies that for almost every ! 2 
 :

1

(2R)d

���nx 2 [�R;R]d : N3 (x; !; ") > n
o��� =

1

(2R)d

X
x2B0[R]

1fN3(x;!;")>ng

R!1! P [N3 (0; !; ") > n] . (5.18)

Note that the right hand side tends to zero as n!1.
Hence, splitting [�n; n]d \ Zd into subsets with N4 (x; !; ") large and subsets

with N4 (x; !; ") small (equivalently N3 large and small) and applying (5.17):����EU [�n;n]d
!

�
f

�
1

n
X �
n2t

��
� EU [�1;1]

d

f (W)
����

� 1

(2n)d

X
x2[�n;n]d

����Ex
!

�
f

�
1

n
Xx
n2t

��
� EU(Bx=n[n�d=2])f (W)

����
� 2"

(2n)d

���nx 2 [�n; n]d : N4 (!; x; ") < n2
o���

+
1

(2n)d

���nx 2 [�n; n]d : N4 (!; x; ") > n2
o��� kfk1

� 2"+
1

(2n)d

���nx 2 [�n; n]d : N3 (!; x; ") > n2
o��� kfk1

! 2" as n!1;

where the penultimate line holds for n � (2�)�1=d.
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As this holds for all continuous and bounded f and all " > 0, the random

walk started uniformly on [�1; 1]d converges weakly to Brownian motion started
uniformly on [�1; 1]d.
Proof of Proposition 106. By the spatial ergodic theorem, provided nCn �
(n+ 1)Cn+1 for all n, we can replace (5.18) with

1

jCnj jfx 2 C
n : N3 (!; nx; ") > agj n!1! P [N3 (!; 0; ") > a] :

The above arguments then yield

EU(Cn)
!

�
f

�
1

n
X �
n2t

��
n!1! EU(C)f (W) .

We can extend to the more general class of subsets by noting that if C � D �
Rd both satisfy the above condition then

EU(D�C)n
!

�
f

�
1

n
X �
n2t

��
=

jDnj
j(D � C)njE

U(Dn)

�
f

�
1

n
X �
n2t

��
� jCnj
j(D � C)njE

U(Cn)

�
f

�
1

n
X �
n2t

��
n!1!

�
L (D)

L (D � C)
EU(D) � L (C)

L (D � C)
EU(C)

�
f (W)

= EU(D�C)f (W) : (5.19)

We wish to prove that we can take C = Bx [R] for any x 2 Rd and R > 0.

If 0 2 Bx [R] then we are done. Suppose that this is not the case. Write x =

(x1; : : : xd) and let

A : = [(x1 �R) ^ 0; (x1 +R) _ 0]� : : :� [(xd �R) ^ 0; (xd +R) _ 0]
B : = A�Bx [R] .

Both A and B satisfy the condition nAn � (n+ 1)An+1 and hence the result holds
for A and B. By (5.19) the result holds for their di¤erence, Bx [R].

The extension to starting uniformly on sets that are unions of boxes follows

trivially.
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A. Last passage percolation estimates

Here we present the estimates required in Section 3.2.3.

We consider subcritical site percolation, S, with parameter p 2 (0; pc (d)) on
the square lattice Zd: for x 2 Zd set S (x) = 1 with probability p and S (x) = 0
otherwise, independent of all other sites. Take (
;F ;P) to be the appropriate
probability triple.

For ! 2 
, n 2 N, x 2 Zd de�ne

Nx (n; !) := sup



(
nX
i=1

S (
i)

)
;

where the supremum is taken over all non self intersecting paths of length n,


 = (
1 = x; : : : ; 
n) started at the point x.

In this section we look to bound the growth of Nx (n; !) in terms of n and p.

We suspect that these results are already contained in the literature but do not

have the appropriate references.

Our �rst result is the following.

Theorem 108. There exists a constant C1, independent of p and d such that for
almost all ! 2 
 and every x 2 Zd there exists Ax (!) such that

Nx (n; !) � C1np
1=d (A.1)

for all n � Ax (!). Further

P
�
9n � N; x 2 B0 [n] : Nx (n; !) � nC1p

1=d
�
< c1p

�1=d exp
�
�c2

�
Np1=d

�c3�
(A.2)

where c3 =
log 4
log 2

; c1; c2 are independent of p and d and C1 is as in (A.1).

The proof of the Theorem 108 will follow from the following proposition.

Proposition 109. Suppose p < 32�d. There exists a map � : 
 � Zd ! N[f�g
and j := 1

32
p�1=d such that:

1. �! (x) = � i¤ S! (x) = 0.

2. If �! (x) = k 2 N then S! (x) = 1 and there exist points x1 = x; x2; : : : ; x2k

such that �! (xi) = k; jxi � xlj � 22kj for all i; l and if y 62 fx1; : : : ; x2kg is
such that �! (y) = k then jy � xij > 22kj:
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Further,

P (�! (x) � k) � 2�2k�1 : (A.3)

Proof. We prove the proposition by constructing �! via a deterministic algorithm.
We begin by de�ning the algorithm on a �nite box, B0 [L], and then proceed to

extend this to the in�nite case. Take an ordering on Zd such that if jxj < jyj then
x comes before y in the ordering. This induces an ordering on B0 [L].

Consider ! 2 
 restricted to f0; 1gB0[L]. We de�ne �! inductively. As the
algorithm progresses, we de�ne a function ~�! (x) and sets Fk (x) for x 2 B0 [L]

and k � 0. These will aid our de�nition of �!.
To begin, for x 2 B0 [L] ; such that ! (x) = 0 we de�ne �! (x) := � and

Fk (x) := � for all k � 0. For x 2 Zd such that ! (x) = 1, we set ~�! (x) = 1 and
set F0 (x) = fxg. This is the step 0.
Now, at the (k + 1)th step, let Ek := fx 2 B0 [L] : ~� (x) = kg. Let z be the

�rst point of Ek in the ordering. Now, if there exists a point x 2 EknFk (z) and
zi 2 Fk (z) such that jx� zij1 < 4kj then we set ~�! (y) = k + 1 and Fk+1 (y) =

Fk (x) [ Fk (z) for all y 2 Fk (x) [ Fk (z). There may be several such x, take the
�rst in the ordering. If there fails to exist such an x then we set �! (y) = k for all

y 2 Fk (z) and set Fi (y) = Fk (y) for all i � k and y 2 Fk (z).
We now remove the points of Fk+1 (x) from Ek and repeat this step with the

new �rst element of the set EknFk+1 (x). We continue until Ek = �. The (k + 1)th

step is now complete.

The algorithm concludes when �! has been de�ned for every point of B0 [L].

As we are working in a �nite box, the algorithm must conclude after at most

k steps for k such that (2L)d � 2k.
If we write rk for the maximum possible radius of the set Fk (x) ; then rk must

satisfy the relation:

rk �
�
2rk�1 + 4

k�1j
�
; r0 = 1:

Thus

rk �
�
2k + 22k�1

�
j

� 22kj:

Hence the event f�! (0) < kg is determined by the value of ! on the vertices of
the box B0

�
rk�1 + 4

kj + rk�1
�
� B0

�
22k+1

�
.

Note that since the origin is the �rst point of the ordering we have for any

x 2 B0 [L]:
�! (x) � ��x(!) (0) ; (A.4)
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where �x is the spatial shift that takes 0 to x. If we write !jB0[L] for ! considered
on the �nite box B0 [L], then by (A.4) we see if P

n
limL!1 �!jB0[L] (0) <1

o
= 1

then for almost every ! 2 
 the limit

�! (x) := lim
L!1

�!jB0[L] (x)

exists for every x 2 Zd. Take this as the de�nition of �! on an in�nite graph.
It follows easily from the construction that �! satis�es properties 1 and 2. We

now prove equation (A.3).

Set pk := P (�! (0) � k) : By our construction, for �! (0) � k there must be a

point y 2 B0
�
22kj + 4kj

�
� Fk�1 (0) such that �! (y) � k � 1 as well as �! (0) �

k � 1. By (A.4) we obtain the recursive formula

pk � p2k�1
�
23kj

�d
; p1 = p

which is satis�ed by

pk � 2akdjbkdp2
k�1
;

where

ak = 3
�
2k � k � 1

�
; bk = 2

k�1 � 1:

In particular, as by assumption j � 1

pk �
�
16djdp

�2k�1
:

Note that if we take j = j (p; d) su¢ ciently small then pk ! 0 as k !1, and
thus with probability one

�! (x) := lim
L!1

�!jB0[L] (x) <1

for all x 2 Zd.
In particular, with

j :=
1

32
p�1=d;

we obtain

pk � 2�2
k�1

as claimed.

We can now prove Theorem 108.

Proof of Theorem 108. If p � 32�d, take C1 � 32 and (A.1) follows trivially.
Now suppose p < 32�d. From (A.3) we obtain:

1X
k=1

P
n
9x 2

�
�2� 4kj; 2� 4kj

�d
: � (x) � k

o
�

1X
k=1

jd4(k+1)d2�2
k�1

<1; (A.5)
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thus by Borel-Cantelli, the event happens in�nitely often with probability zero.

Now, by the de�nition of the labelling � , if � (x) = k and

y 2
[

z2Fk(x)

Bz

�
4kj
�

with � (y) = k; then we must have y 2 Fk (x). Hence a �trap�of size 2k has a

�bu¤er�of radius 4kj surrounding it. If n = 4lj for some l 2 N, then a non self-
intersecting path of length n contained in the box [�2n; 2n]d can contain at most
2k4(l�k)_0 points with � (x) = k. Now, if the largest value of � we see in [�2n; 2n]d

is � (x) = l� 1, then for any self-avoiding path of length n contained in [�2n; 2n]d

the maximum number of occupied sites seen is bounded above by

lX
i=0

2i4l�i = 4l
lX

i=0

2�i � 2:4l: (A.6)

Bringing together (A.5) and (A.6), we get an upper bound proving (A.1):

Nx (n; !)

n
� 2:4l

4lj
=
2

j
= 64p1=d:

Note that this will in particular hold for paths of length n started at some

point x 2 [�n; n]d. Set C1 = 64.
We further see that for M > 0, de�ning m :=

j
(log 4)�1 log

�
M
j

�k
P
�
9n �M : N0 (n; !) � nC1p

1=d
�

� P
�
9k �

�
(log 4)�1 log

�
M

j

��
and x 2 B0

�
4k
�
: � (x) � k

�
�

1X
k=m

jd4(k+1)d2�2
k�1

� c1j
d

1X
k=m

2�2
k�2

� c1j
d exp (�c22m)

= c1p
�1=d exp

�
�c2

�
Mp1=d

�c3�
where c3 :=

log 2
log 4
.

A.1. Speed of convergence

We in fact require slightly di¤erent results - taking decay in equation (A.2) to be

in p. The following proposition gives our results in this direction.
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Proposition 110. Let � > d+ 1. Take j = 2�6p�1=4�d. De�ning

~N� (!) := inf

�
n : for all l � n, Nx (m;!) �

8m

j
for all m � l and x 2 B0

�
l�
��

;

then

P
�
~N� (!) > 0

�
� 3p1=2:

Proof. Note �rst that if j � 1 then the result is certainly true. Suppose j > 1.
Take � > d + 1. Take y 2 Rd. Note that if, for 4k�1j � l � 4kj and � (x) < k

for all x 2 By [l], then

Ny (l; !) �
k�1X
i=0

2i4k�i � 2 � 4k

� 8l

j
:

Hence, if 4k�1j � l � 4kj, y 2 B0
�
l�
�
and for all x 2 B0

h�
2� 4kj

��i
we have

� (x) < k then Ny (l; !) � 8l
j
.

From this observation we see

P
�
~N� (!) > 0

�
�

1X
k=1

P
�
9x 2 B0

h�
2� 4kj

��i
: � (x) � k

�
�

1X
k=1

4(k+1)d�jd�pk (j; p)

�
1X
k=1

4(k+1)d�jd�
�
16djdp

�2k�1
=

1X
k=1

2d(2(k+1)�+4�2
k�1)jd(�+2

k�1)p2
k�1
:

Inserting our choice of j � 1 we have

P
�
~N� (!) > 0

�
�

1X
k=1

2d(2(k+1)�+4�2
k�1) �2�6p�1=4�d�d(�+2k�1) p2k�1

�
1X
k=1

26�2
kd
�
2�6p�1=4�d

�d�2k
p2

k�1

�
1X
k=1

p�2
k�2
p2

k�1

�
1X
k=1

p2
k�2

� 3p1=2;

where the �nal line follows since p < pc (d) � 1=2.
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