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Abstract

Recent years have seen progress in the analysis of the heat kernel for certain re-
versible random walks in random environments. In particular the work of Barlow
(2004) showed that the heat kernel for the random walk on the infinite component
of supercritical bond percolation behaves in a Gaussian fashion. This heat kernel
control was then used to prove a quenched functional central limit theorem. Fol-
lowing this work several examples have been analyzed with anomalous heat kernel
behaviour and, in some cases, anomalous scaling limits.

We begin by generalizing the first result - looking for sufficient conditions on
the geometry of the environment that ensure standard heat kernel upper bounds
hold. We prove that these conditions are satisfied with probability one in the case
of the random walk on continuum percolation and use the heat kernel bounds to
prove an invariance principle.

The random walk on dynamic environment is then considered. It is proven that
if the environment evolves ergodically and is, in a certain sense, geometrically d-
dimensional then standard on diagonal heat kernel bounds hold. Anomalous lower
bounds on the heat kernel are also proven - in particular the random conductance
model is shown to be "more anomalous" in the dynamic case than the static.

Finally, the reflected random walk amongst random conductances is considered.
It is shown in one dimension that under the usual scaling, this walk converges to
reflected Brownian motion.
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1. INTRODUCTION

As the title suggests, this thesis considers several questions concerning random
walks in random environments - in particular questions concerning decay of tran-
sition probabilities and the proof of functional central limit theorems. There are
three distinct models that we consider. The models and the tools used to ana-
lyze the various models are mathematically similar but to avoid confusion we will
introduce the specific notation, precise definitions and results in their respective
chapters and give only an outline here.

This introduction begins by discussing some of the questions one can ask about
random walks in random environments - particularly reversible random walks -
briefly discussing models that are well studied in the literature before summarizing
the problems that will be considered and the contributions made by each chapter.

Let’s start at the beginning and consider the simple random walk on Z?. This

is the Markov chain on Z¢ with transition probabilities

)

L if ¢ = y + ¢, for some i
_ _ ) — ) 24 i
P(X, =yl Xn1=1) { 0 otherwise

where {e;},_, , are the unit coordinate vectors. Various combinatorial or analytic

arguments can be used to prove that there exist ¢; = ¢; (d) > 0 such that
ey ¥2em ke < (X, = y| Xy = 2) < eynW2emeslevl (1)

for all n > |x — y|. In particular this proves that the walk is recurrent in dimension
d = 1,2 and transient in all higher dimensions.
Donsker’s Theorem gives the scaling limit for the simple random walk: the

rescaled, linearly interpolated process

Bu(t) =+ (Xpsau + (7% — 1)) (Xugr — X o) (12)

converges weakly to isotropic Brownian motion with diffusion constant o? = d~!.

To generalize this example, give each edge a non-negative weight and let the
walk’s transition probabilities be proportional to the weights: taking E? to be the
edge set of the square lattice, consider the weighted graph G = (Zd, E, (We)eeEd)
and define the random walk on G to be the Markov chain with transition proba-
bilities

2oy if ¢ = y & e; for some i
P (X =y Xpyq =a) =4 @ i 1.3
( vl 1= { 0 otherwise ’ (1.3)
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for 7 (z) = 7, (r) := Y., ws.. The simple random walk on Z? corresponds to the
case w = 1. What happens if we perturb the square lattice and consider a less
regular graph? What happens to the transition probabilities? Is Brownian motion
still the correct scaling limit? We will consider these questions in the case where
the graph - or environment - is itself randomly chosen.

A well studied example is that of supercritical percolation: for each undirected
edge e € B take w, = 1 with probability p and w, = 0 otherwise, independently
of all other edges. It is well known (see, for example, [32]) that for d > 2 there
exist p. (d) € (0,1) such that if p > p.(d) then with probability one the graph
G contains a unique infinite component connected by bonds of unit weight, and
for p < p.(d) with probability one no such infinite component exists. We use
Cw to denote this infinite component. The random walks on the finite connected
components of G are not so interesting as they are just finite irreducible Markov
chains. The walk on C,,, however, provides a number of interesting questions. Is
the walk transient if d > 37 Do bounds of the form (1.1) hold? Does the random
walk converge to Brownian motion under the scaling described in (1.2)?

There are in fact two settings for these questions: annealed and quenched. We
describe these settings for the percolation example. Take Q2 = {0, 1}Ed, F to be the
o-field generated by the finite dimensional subsets of 2 and P = ,u]eEd to be product
measure for Bernoulli {0,1} random variables. Then one can either consider for
a fixed environment, w € €2, the Markov chain with transition probabilities P“ as
stated above or one can consider the annealed measure - the result of averaging

over environments:
P() ::/Pw(.m(dw).

At times the annealed walk can be an easier object to handle. For example the
annealed invariance principle requires primarily only the reversibility of the ran-
dom walk [27]. The proof of the quenched invariance principle on the other hand
requires strong quenched heat kernel control analogous to (1.1) (see [53] and [10]
for the invariance principle and [4] and [40] for the quenched heat kernel bounds).

We have alluded to quenched heat kernel bounds for the random walk on
supercritical percolation. Note that these bounds cannot be uniform over space
and time as detailed in (1.1). For example for any m € N there will exist two points
x and y in the infinite cluster that are connected only via a one dimensional path
of length m - that is a path where each vertex has exactly two edges emanating
from it. If m is taken large then P* (X, =y| X, =) will resemble the one-
dimensional transition probabilities for all small n and hence equation (1.1) cannot
hold for small times. The work [4] shows that in fact the effect of these local

irregularities in the graph become negligible as n becomes large. The walk will



travel through sufficiently regular regions of the graph to average out this initial
irregular behaviour. For concreteness we state the main theorem of [4]: consider
the continuous time Markov process Y; = X, for M; an independent Poisson
process of unit intensity, then the following bounds on the transition probabilities
of Y; hold:

Theorem 1 (Barlow, 2004). Let d > 2 and p > p.(d). There exists 3 C
with P, (€) = 1 and random variables (S,,z € Z), such that S, (w) < oo for
all w € Oy, © € C (w). There also exist constants ¢; = ¢; (d,p) such that for
2,y € Co (w) and |z — y|; V Sy (w) V1 < t, the transition density of Y satisfies

Clt*d/2€762|x7y|?/t S p;_, (I’, y) S CStfd/2€764|I*y|%/t. (14)

The random variables S, (w) describe how long the walker must travel before
the initial irregularity of the graph around z is averaged out. An adaptation of
this theorem to the discrete time walk is contained in [8] and the on diagonal
upper bound is also proven in [40].

Leaving the percolation model for the moment and returning to general random
walks of the form (1.3), what can be said? The model becomes more tractable
if (as in the percolation example) a symmetry condition on the edge weights is
assumed: wg, = wy,. Under this condition the detailed balance equations are
satisfied:

m(2) P (X1 =y| Xo=12) =7 (y) P (X1 = z[ Xo = y)
and in particular the random walk is reversible with respect to the measure w. We
define the heat kernel by
PY (X, =y| Xo =1)
™ (y)

Under the assumption of reversibility there is a well known link between the geom-

g (z,y) =

etry of the graph and heat kernel estimates: the isoperimetric profile ([58], [50],
[43]). When proving estimates on the heat kernel of the random walk on infinite
percolation clusters, both [4] and [40] show that the isoperimetry of the infinite
cluster is comparable in some sense to that of the d-dimensional square lattice.
The isoperimetric profile will also form a key part of our approach.

A natural model to follow the random walk on supercritical bond percolation is
the random walk on supercritical continuum percolation. Continuum percolation
is the graph with vertex set given by a realization of a d-dimensional Poisson point
process of intensity A and edge set formed by connecting two vertices by an edge
if and only if they lie within unit distance of each other. A simulation is shown in

Figure 1.1.



Figure 1.1: The graph induced by continuum percolation

It is well known [46] that if d > 2 and A is sufficiently large then with probability
one the graph contains a unique infinite connected component, again written as
Coo- We will consider the discrete time simple random walk on this infinite cluster

- the walk with transition probabilities

L ifr~yecC
P"J X _ X = — w(z)? 1 fe’e)
(Xn =y Xn1 = 1) { 0 otherwise

Y

for 7 () = |{y : © ~ y}|, where we write = ~ y if the vertices are connected by an
edge. Although this graph at first viewing looks rather different to edge percolation
on Z¢ we will show that it shares many of the same geometric properties and in
fact similar combinatorial approaches are employed to analyze both models.

This model was the starting point for my research - asking whether or not heat
kernel bounds exist in this setting. Over time we have generalized this question
to look at more general graphs and ask what geometric properties does a graph
have to satisfy for heat kernel bounds to hold? In particular, Chapter 2 looks
at reversible random walks on graphs with weights bounded below and provides
sufficient conditions - volume and isoperimetric in nature - for the on diagonal
upper bounds of Theorem 1 to hold.

One of the main motivations for this question is the fact that there are natural
examples for which Theorem 1 does not hold. The work [11] shows that for the
case of the random walk on the random conductance model - the random walk
on G = (2%, B, (we),cpa), where w, € [0,1] and the weights are symmetric and
iid - the best general on diagonal upper bound on the heat-kernel in dimensions
d > 5 is of order n=2, with the best upper bound for d = 4 being n=?logn [12]
and standard upper bounds for d = 2,3. Further, for the case w. € [1,00) it is



shown in [7] that if Ew, = oo then Brownian motion is not the correct scaling limit
for the random walk. In fact, in [6] and [21] convergence to a fractional kinetics
process is proved in the infinite mean case, under additional assumptions on the
tail of the weights, and hence the process is subdiffusive.

These examples all share the property that their one step transition probabil-
ities are not bounded below - we say that they are not uniformly elliptic. When
uniform ellipticity fails many of the standard techniques that link a graph’s geom-
etry to its associated heat kernel also fail. This is the main technical challenge to
obtaining general conditions for standard heat kernel bounds tackled in Chapter
2.

Chapter 3 provides an exploration of the geometry of continuum percolation;
proving that the geometric conditions detailed in Chapter 2 hold and hence ob-
taining standard upper bounds on the heat kernel for the random walk. As well
as showing that the conditions for standard heat kernel upper bounds are satis-
fied, we will also show that the scaling limit for the random walk on continuum
percolation is Brownian motion. This is also presented in Chapter 3. We follow
standard methods and show that for almost every environment w € €2 it is possible

to construct a corrector y such that
Xn = M, + X(Xn7w>7

where M, is a martingale. A standard martingale convergence theorem is used to
show that M, scales to Brownian motion. It is then proved that the corrector is
sublinear, proving that X,, also scales to Brownian motion. The methods used are
very similar to those presented in [10] and [13].

If spatial inhomogeneity can lead to both standard and anomalous heat ker-
nel behaviour, what happens if time inhomogeneity is also permitted? This is the
question considered in Chapter 4 where we consider the random walk in a dynamic
environment - an environment that evolves over time. Take a space-time environ-

ment of the form (we (7)), cpa er and consider the random walk with transition

probabilities
wey(M=l) 3¢ 0 — 1 4 e for some i
PY (X, =y| Xy =)= @nD v :
0 otherwise

for m(z,n) = >, ws. (n). Several authors have developed various approaches to
proving central limit theorems in this setting, with the environment taken to be
Markov in time but where there is no symmetry assumption wy, (n) = wy, (n)
(for example [14], [3] and [49]). These papers generally show that if the walk is

uniformly elliptic and the environment is well mixing in time then the rescaled



process converges to non-degenerate Brownian motion. Is it also possible to obtain
heat kernel bounds?

To make the question more tractable we assume the symmetry condition
Way () = wy, (n) for all edges and times and consider the variable speed walk
on w. Assume that 7 (z,n) < 1 for all x € Z% n € N then the variable speed walk
is the Markov chain with transition probabilities

Wey (n—1) if =y e; for some i
P (X, =yl Xp1=2)=< 1—7(z,n) ifrx=y
0 otherwise
The flat measure m = 1 is invariant for the variable speed walk X, but the walk
is not reversible. We will in fact mostly consider the continuous time version of
this walk (note that as the environment evolves over time, the continuous time
variable speed walk is not simply a Poisson time change of X,,).

We will consider the heat kernel for X,, with two main results. The first consists
of an upper bound on the on diagonal heat kernel. We show that if over the time
interval [0, 7] the spatial environment "looks" d-dimensional for at least a linear
amount of time then the heat kernel can be bounded above by O (n’d/ 2). We will
show that if the environment is ergodic in time then this condition is natural.

The second result of this chapter concerns anomalous behaviour of the heat
kernel for the variable speed random walk on dynamic environment. In the static
environment case where the edge weights are iid the paper [11] shows that if the
weights are bounded above but not below then the best general upper bound on
the heat kernel is of order n=2 for d > 5. There are two steps to prove this kind
of result: one must first prove that an upper bound of order n~2 holds and then,
as this is a weaker upper bound than is standard, give examples of environments
where the heat kernel is bounded below arbitrarily close to n=2. We will show that
in the dynamic setup where edge weights are spatially independent and evolve in
a Markov manner, such that w.(n) € [0,1] for all edges and times, there are
environments where the on diagonal heat kernel is bounded below by functions
close to O (n™1).

This result is somewhat unintuitive - one would perhaps expect that the envi-
ronment evolving over time would reduce the time that the walk spends in locally
anomalous regions due to the time dynamic removing these regions before the
random walk can spend a large quantity of time in them. Intriguingly it is this
dynamic - the disappearance of anomalous regions - that leads to the change in
the heat kernel. Without going into detail, anomalous heat kernel decay in the
static case is due to the walk becoming "trapped" close to the origin so that when
the walk escapes the trap it is much closer to the origin than would normally

be expected. However, the random walk must pay a price to enter and exit the
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trap - a price of O (n™!) for both entrance and exit leading to the O (n™?) return
probabilities stated above. In the dynamic case there is a tradeoff - for such traps
to be effective they must persist so that the walk remains in the traps for a large
length of time. The key idea that we present is that it is possible to choose a
dynamic environment where the traps persist for long enough to trap the walk for
a good length of time - so that the walk is much closer to the origin than would
be expected - but then the trap disappears leaving the walk unimpeded to return
to the origin. As the walk only has to pay to enter the trap and not to exit we
show that lower heat kernel bounds close to O (n™!) can be achieved.

Note that this implies that the dynamic heat kernel has at least three ex-
trema: when the environment is strongly mixing the walk resembles the walk on
the annealed graph and hence has heat kernel bounds of order n~%?2; when the
environment is highly persistent the walk is close to the walk on the static graph

2

and hence the heat kernel is bounded above by order n~~; in between these two

cases sit the environments we have outlined with heat kernel lower bounds of order
n~t.

We also present heuristics for why we believe O (n™!) is the correct order
for general upper bounds in the dynamic case. At present we have no rigorous
justification of this claim.

In Chapter 5 we return to the static environment setting of earlier chapters and
consider the reflected random walk on a weighted, reversible graph. We take G to
be a realization of the random conductor model described above and consider the
random walk on G restricted to the box [—n, n]%, with reflection at the boundary.
When the weights are bounded above it is known that the rescaled random walk
on the full graph G converges to Brownian motion. It is therefore natural to
anticipate that the reflected random walk on [—n, n]d rescaled in space by n~! and
in time by n? will converge weakly to reflected Brownian motion on [—1, l}d. This
problem has proved to be more challenging than it at first appears. We present
a proof of the claimed convergence only for the case d = 1 and w € [a,b] for
0 < a < b < oo. Our approach is to reflect the restricted graph to produce a
graph on the entirety of Z that is periodic of period 4n. The random walk on
this reflected graph is closely linked to the random walk that we are interested in.
We show via the standard martingale/corrector decomposition that the walk on
the reflected graph converges to Brownian motion and use this to prove that the
reflecting random walk converges to reflecting Brownian motion. Full details are
contained in the chapter along with an explanation of the failure of the method
in higher dimensions.

We finish this introduction with some comments about notation. The questions

that we consider are almost exclusively in the quenched setting outlined above. We
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will use P for the law on environments and for a given environment w, use P for
the law of the random walk on w (or the infinite component of w if appropriate).
We will write ¢; for positive constants whose precise values are unimportant. These
constants will be recycled through various sections and subsections. Where a
constant from a previous section or subsection is required we will write ¢; ; for
constant ¢, in Section j.k. Within proofs we write ¢, ¢’ etc for positive constants
that change from line to line. Chapters 2 and 3 are linked as the latter proves
that conditions detailed in the former hold. Thus they share common notation.
All other chapters are independent and although most of the notation is the same,
some will inevitably change. This is particularly important for the random walk

as, for example, X, refers to a different random walk in each chapter.
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2. HEAT KERNEL BOUNDS FOR THE RANDOM
WALK ON NON-UNIFORMLY ELLIPTIC GRAPHS
EMBEDDED IN R¢

2.1. The model

In this chapter we consider the simple random walk on weighted graphs; investi-
gating geometric conditions that lead to standard on diagonal d-dimensional upper
bounds for the heat kernel associated with the walk. We begin by introducing the
necessary notation.

Take G =(V, &, (we: e € E)) to be a countably infinite, locally finite, con-
nected, weighted graph embedded in R? for some d € N, where £ CV x V is
the edge set and the weights on the edges, w., are bounded below: 1 < w, < oco.

We consider the discrete time simple random walk on G, that is, the Markov

chain (X, : n € Ny) with transition probabilities

“ew f (py) € €

PUJ = 7T(:C)
() { 0  otherwise

7 (z) = Z Way, T EV,
y:(zy)e€

for x,y € V. It is straightforward to check that 7 is the invariant measure for
the random walk on G and that the random walk is reversible with respect to .
Note that as we do not assume that w, is bounded above (or that the number of
edges emanating from a single point is bounded), the transition probabilities do
not necessarily satisfy a uniform ellipticity condition.

The heat kernel of the random walk is defined by

ng(Xn:y)

¢ (z,y) = )

Bounds on ¢¥ were discussed in the Introduction for the specific case where the
environment w is a realization of bond percolation in Z¢: Theorem 1 shows that
for almost every w € Q, ¢¥ (z,y) decays in a Gaussian fashion for all n > S, (),
dependent on the local irregularity of the graph. The proof of this theorem in
[4] consists of providing a set of geometric conditions on an infinite subset of
the square lattice that, if satisfied, lead to Gaussian bounds on the heat-kernel
of the random walk on the infinite subset. It is then proven that almost every

environment satisfies these conditions and hence Theorem 1 follows. We will take
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a similar approach here - in this chapter we will detail geometric conditions for
graphs of the above form that, if satisfied, lead to on diagonal upper bounds on
the heat-kernel for the associated random walk. In Chapter 3 we will introduce
continuum percolation and show that it is an environment that satisfies these
conditions.

Many of the standard techniques to obtain heat kernel bounds from the geom-
etry of the graph fail to hold without the assumption of uniform ellipticity - in
particular, many of the ideas of [4] fail to pass over into the non-elliptic setting. To
bypass this problem we follow the ideas of [11] and "thin" the graph by removing
vertices (and their associated edges) in a way such that for some k = k(G) > 0
we have a unique infinite graph, C* = (V°, €2, (w.)), with V° C VY, £ C &
and 7 (z) < k for all x € V{°. Call the components of G\C traps. We consider
our random walk time changed so that it only walks on the thinned graph (see
Definition 3). This walk does satisfy a uniform ellipticity condition. If the thinned
graph satisfies certain isoperimetric and volume conditions then Gaussian upper
bounds for the time changed random walk can be obtained. If the time the walk
spends in traps can also be controlled then the heat kernel for the original random
walk on G also has standard on diagonal upper bounds. From these on diagonal
bounds it can often be straightforward to pass to full Gaussian type bounds. Con-
ditions on the geometry of the traps will be presented that imply that the walk
spends large amounts of time in traps with sufficiently small probability. These
ideas are formalized in Section 2.2 and proved in Section 2.5.

Note that although we follow ideas analogous to those of [11], that paper
considers the case w, € [0,1] and examples of anomalous behaviour are given.
Our results are restricted to the bounded below case. In fact the bounded above
case has recently received further attention with [18] showing that if the weights
satisfy

P(we<a)~a’,al0

then provided v > %

og By’ (X, ) =3 P-almost surely.

lim
n—oo logn
Our methods will not allow as sharp a bound for the case w, € [1,00)

The chapter is structured as follows. The main results of the chapter are
detailed in Section 2.2: we give geometric conditions on the graph that lead to
standard on diagonal upper bounds on the heat kernel. Their proof waits until
Section 2.5. Sections 2.3 and 2.4 are self contained sections. In Section 2.3 we show
that control over the on diagonal heat kernel, long range heat kernel, control over

the volume growth of the graph and a linear relationship between graph distance
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and Euclidean distance, together imply full Gaussian type upper bounds. This
follows closely the methods of [4] and also utilizes ideas from [13]. In Section 2.4,
we give generic bounds on the probability of spending large amounts of time in
a trap of a particular type. We make clear what we mean by types of trap in
the section. The results of Sections 2.3 and 2.4 are used in Section 2.5 to extend
the ideas of [11], so that if the time the walk spends in traps is controlled, we
get standard on diagonal heat kernel behaviour. In many situations the results
of Section 2.3 can then be applied again to extend the result to full off-diagonal

upper bounds.

2.2. Statement of results

In this section we introduce the main results of the current chapter: presenting
conditions on a weighted, symmetric graph that, if satisfied, ensure standard on
diagonal upper bounds on the heat kernel. The conditions are given in terms of a
set of constants. Unless otherwise stated, the only assumption on these constants
is that they lie in (0, 00).

As noted in the introduction, the lack of uniform ellipticity is a technical
challenge. Our approach follows the methods of [11], thinning the graph in such a
way that the transition probabilities for the random walk on this thinned graph are
uniformly elliptic. The conditions we place on the original graph must therefore
ensure the existence of such a thinning and control the geometry of both the
thinned and unthinned graph. The first of these conditions is the existence of
a thinned graph. We then wish to show that the walk, time changed so that it
only walks on the thinned graph, displays standard heat kernel behaviour. We
use standard results to gain this heat kernel control - assuming isoperimetric and
volume control of the thinned graph. These asuumptions form Conditions 4 and
5. Finally, for the heat kernel control to pass over to the initial random walk we
must show comparability between the time scales for the initial random walk and
the time changed random walk. This is equivalent to showing that the time the
walk spends in traps grows linearly. We are able to prove this under Conditions 6
and 8, that show volume control for the full graph and a fairly strong control over

the location and size of traps.

Condition 2 (Existence of a thinned graph). There exists k € N and a thinned
graph, G, = (Vk, &) C (V,E), such that G, contains exactly one infinite compo-

nent, call this C¥, and for every x € G, we have 7 (z) < k. We further require
that all components of G — C% are finite and that any Euclidean box of unit side
contains at most K points of Ck for some constant K and any point in G — C¥,

has at most K neighbours in C%..
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We refer to the components of G —C% as traps. For z € C% | define T}, to be the
trap located at x, that is, the component of (g — C';O) U{z} that contains x, where
the union includes all edges eminating from x. Define 7 (T;) := >~ . 7 (y). Note
that if x € C% then it is possible for z to be connected to at most K — 1 traps

and hence T, may be the union of several traps with the vertex x.
Definition 3. We define three random walks.
1. (Xn)u>0 = (X0 (9)),>0, the simple random walk on G.

2. <)~(n> = (f(n (C&)) , the time changed random walk on C¥. Let Sy =
n>0 n>0 B
0 and S; =inf (t > 0: Xg, ,+¢ (w) € CL) fori > 0. Define X, = Xg,+. 45,

3. (Ya)pso = (Yn (Cfo))n>0 , the simple random walk on the infinite component
of the thinned graph C (G).

Note that the time changed walk, X, can jump traps and thus potentially travel
a large Euclidean distance in a small number of steps. X thus induces a distance
function on C% that is significantly different to both the natural graph distance
and Euclidean distance. We use d to denote the induced distance, reserving d for
graph distance with respect to the original graph, G.

Following the definition in [13], we introduce

Coot (y,0) := sup 7Y 7 (2)e W),
0<r<a oy
We will use évol to denote this quantity with respect to the distance d.
For € R and n > 0, write B, [n] := x 4 [—n,n]? for the box of side 2n

centred at z. We now introduce the remaining conditions. For A C V let

7 (0A) := Z Way-

rEAyeAc

Condition 4 (Isoperimetry of the thinned graph). There exist positive, fi-
nite constants C;, ), ¢ > 0 and {Ry (z) : « € V;} such that 1 < 52 and for every
x € Vg, 7 > Ry (z) and each connected A such that

ACCtNB,[r] andw(A) > Cyr?

we have
d—1

T (OA) > Com (A) < .

Further, the diameter of the largest trap with at least one vertex in B, [r] is
bounded above by r¢ for all v > Ry () .
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Condition 5 (Thinned volume and graph distance). There exist constants
Cs,Cy and {Ry () : € V},} such that d (z,y) > Cs |z — y| for all z,y € V, such
that |z —y| > Ry (z). We also have for all a < Ry (z) ™"

C’vol (fL’, (I) S C’4-

Condition 6 (Volume of the full graph). Set A,, (z) := B,, [x]—B,-1 [x]. There
exist constants { Ry (x) : @ € V}, Cg such that

Z m(T,) < Cen™* V¥n> Ry(x) (2.1)
yEAL(z)NCE,
Y w(T) < CeRy(x)'. (2.2)

Y€ Bz [Ra2(x)]NC°

Note that (2.1) and (2.2) combine to say that

Z 7 (T,) < Cer, ¥n > Ry (z).

y€ By [n]NCR

As in [11], standard behaviour in dimensions d = 2,3 follows from the above
conditions. However, in higher dimensions anomalous behaviour can occur due to
trapping effects. Note that it is not only large traps that can have strong trapping
effects as clusters of traps can also be difficult for the walk to escape from. Any
configuration of traps that encourages the walk to travel a short distance in a large
time can lead to anomalous heat kernel behaviour. For this reason we insist on
control of both the size, number and spread of traps.

Define the external boundary of T}, by
Oewt Ty 1= {y € Cfo : (yz) € &€ for some z € T, — {x}}
and define the worst case constant

Ry (T,):= sup Ry(y).

yeaeactTw

We now categorize the traps.

Definition 7. We say a trap T, is of type (m,r) for m,r € N if [x (T,)] = m
andr —1< Ry (T,) <.

We will say that a trap T}, of type (m,r) is worse than a trap T}, of type (m/, ")
if m >m'and r > 7. Call v = (v,,...,7,) a nearest neighbour path with respect
to d if v, € C% for i € {0,...,n} and (Z(’yi,’yiﬂ) =1forallie{0,...,n—1}.
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Condition 8 (Spread of traps). There exist constants o < ,0,9 > 0,y >
5,C7 and {R5 (x) : © € V} such that for d > 4:

1. All traps, T of type (m,r), with T N B, [n] # ¢ have m < n® and r <
(logn)? for n > R (z) .

2. For any (m,r), n > Rs(x) and o a nearest neighbour path with respect to

d, started at x and of length n

4w 2o A
i=0

Define
Ng(z) .= max {R;(y):1€{0,1,2,3}}.
yEBs[R]
Definition 9. Suppose G is a graph for which Condition 2 holds. We call a box
B, [R] € G good with respect to the set of constants C;, «,7y,60,9 and 5 < d%Q if
Conditions 4, 5, 6 and 8 hold and Ny (x) < RP.

Theorem 10. Suppose that B,, [R] is a good box. Then for x € B,, [R/10] the

simple random walk started at x satisfies the standard heat kernel upper bound:
Gn (ZE, y) S CSn_d/2

for all CloNgz(d) (1) < n < CH% and y € G. The constants Cy, Cy, Co and
(11 are dependent on the constants C;, a, 7y, 6,9 from Definition 9 along with the

dimension d and .
2 = =2
¢ (d) = 2+d)viz d 3
2+4+d d>4

When applying the theorem to random environments we look to show that for
all x € V, the boxes B, [R] are good for all sufficiently large R, with the constant
b < ﬁ. Theorem 10 then provides standard on diagonal type upper bounds
on the heat kernel for all z;y € V and all sufficiently large n, where the local
irregularity of the graph around the point x determines how sufficiently large n
must be.

In fact, provided that long range off-diagonal upper bounds can be shown to
hold, the upper bound can be extended to full Gaussian upper bounds via Theorem
12 that will be proven in the next Subsection.

The proof of Theorem 10 can be found in Section 2.5. Before we begin the
proof we present two self-contained sections that form important planks of the

proof.
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2.3. From on diagonal to off

In this section we work in the general setting described in Section 2.1, extending
the results given in [4] and [13]: demonstrating that uniform control over the on di-
agonal heat kernel for all points in a box along with long range heat kernel bounds
and control over volume growth in the box combine to give full Gaussian type up-
per bounds. The methods follow [4] closely, with [13] providing the modifications
required for irregular volume and [8] the modifications for discrete time.

All constants in this subsection are independent of Section 2.2. We begin by

defining a fine ball and stating the section’s main result.

Definition 11. We call the ball B,, [R], (Ca,Cp,Cc, Ng)-fine if for every x,y €
B,, [R] we have

N
gn (x,y) < Can~Y? for alln > TR’ (2.3)
d 2
an (z,y) < Cpexp (—W) for alln > d(x,y) (2.4)
and
Chol (Y, a) := sup TdZTF (z) e ) < 1 (2.5)
0<r<a =y

for all a < Np Y2 In order for our results to be useful, we assume that there is
some (3 < 2 such that Ny < R°.

The choice of one as the upper bound on C,y (y,a) in equation 2.5 is purely
for notational convenience. Any other positive constant could take its place.

Note also that the long range bounds on transition probabilities stated in (2.4)
are standard and in many situations can be proven using known results such as
[25]. In particular, for the time changed random walk, [25] implies that the long
range bounds hold as the conductances w, are uniformly bounded above. Note
that for simplicity the long range bounds are stated as being uniform in time and
space. This could be relaxed such that (2.4) only holds for large times. We choose

not to do this here as the uniform bounds will hold in all the examples we explore.

Theorem 12. Suppose By, [R] is (Ca,Cp,Cc, Ng)-fine and © € By, [3R]. Then
for y € V and for o > 0 there exist constants ¢; = ¢; (d,C4,Cp,Cc, «) such that

for )
Nyt <n<¢ og I (2.6)
we have
d C3d (Iv y)2
G (2, y) < con Pexp | ———— | (2.7)
n
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For the remainder of the section we suppress the constants (C4, Cp, Cc, Ng)
and just refer to fine balls.

As noted in, amongst others, [8], the continuous time heat kernel is smoother
than the discrete time heat kernel and at times this enables an easier analysis. We
thus introduce the continuous time walk: the Markov process, (Z; : ¢t > 0) with

distribution

Px(Zt:y>:Px(XMt:y)a

for M; an independent Poisson process of unit rate. The continuous time heat

kernel is P.(Z )
_ T t—=Y
@ \2,Y) = ——~ -
YT
We first show that control for the discrete time walk gives control over the

continuous time walk.

Lemma 13. Suppose By, [R] is fine. There exist ¢; such that for x,y € B,, [R)|
and t > Ng we have
Ge (2,y) < cat™ 2.

Further, for x € B,, [SR],y €V — B,, [R] and t < %ﬁz

G (z,y) < cat™ 2,

Proof. Let M; be a Poisson process, independent of the random walks, of unit

rate, then
Qt (IE, y) =E [QMt (l’, y)] :

Now, P (Mt < % or M; > 2t) is exponentially small in ¢. Further, g, (z,y) is

uniformly bounded on the range [£,...,2t] for ¢ > Ny by (2.3) and hence the

55 -
first result follows.

The second result is identical to [4], Corollary 3.2. =

We now follow the methods of [4], which employ the methods of Bass and
Nash, to show that in a fine box we can control the expected distance that the
walk travels in time ¢ and thus the time it takes to exit a ball. The methods
are very similar, but as we do not assume standard upper bounds on volume, the
volume must be controlled through the proof. This is a problem dealt with in [13]
and we employ the same methods.

We begin by introducing the entropy and expected distance:

Q([L’,t) L= _th ($7y)1og(.7t ([L’,y)’ff(y),
y
M (z,t) : =E,(d(z,Z)).
Q (z,0) :=logm (x) > 0 for all z. The following results are standard.
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R2

Lemma 14. 1. There exist ¢; such that if B;, [R] is fine then for Np <t < {275

and x € B,, [3R]

1
Q(z,t) > —cy + §dlog t.

2. For x € V and any t > 0 we have

z,t)  Cyo (v, M (x,t)_l))
d d ‘

M (x,t) > c7 (d) exp (Q( _

3. Fort>0andx eV
Q' (z,t) > ceM’ (x,t)Q.

Proof. 1. is trivial from Lemma 13 and the definition of Q).

For 2, see [13], Lemma 6.3.

3. is standard - found in [4] - and makes use of the long range bounds given in
(24). m

Proposition 15. There exist ¢; such that if B,, [R] is fine then
M (x,t) < est'/?,

for z € By, [3R] and Nylog Np <t < .

Proof. Fix z € B,, [ER] and write M (t) := M (z,t), Q (t) := Q (z,t). Suppose
that M (t) > t'/? as otherwise the proposition holds with cg = 1 and there is
nothing to prove.

Set R (t) :=d™' (Q () 4+ ca — 3dlogt), then by part (1) of Lemma 14, R (t) > 0

for Np <t < fj;;. Now, set t1 := s and define

log R

. 1, if R(t) > 0on [1, Ng|
07 ) sup{t <t :R(t) <0} otherwise.

Ift() > 1 then tg < NR and

M(to) = / M’ (s)ds

IA
@)
O =
~
.
L)
>
—~
(V)
N—
)
~
(V)
QL
(V)

to 1/2
5 /Q’ (s)ds t(l]/Z (by Cauchy-Schwarz)

0
Ct(l)/2Q (t0)1/2

1 1/2
ct(l)/2 (03 + §dlog tg)

C (NR log NR)1/2 s

IN
&

INIA

IN
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where @ (0) > 0 was required on the fourth line.
If tg = 1 then M (ty) < ¢ from the definition of the continuous walk.
Now let tg <t < t;. Then, by Lemma 14 part (3), we have since t > tg

M) < M (t) +c§/2/Q' ()2 ds

< M(t0)+(06d)1/2/ <R’ (8)—|—%>1/2d5

to
t

< M (to) +ct'/? + c/sl/QR’ (s)ds

to

by the inequality (a + b)*/* < b2 + a/ (2b)/%. We now integrate the final term
by parts. As R (s) > 0 for s > tg, the integral is bounded by cR () t'/2. Hence

M (t) < (14 R(t)t? 4+ ¢(Nglog Np)"*. (2.8)

Lemma 14 part (2), gives

M (D)2 erexp (@ (8) _ Cou oM 1) >> |

Hence, if ¢ > Ny then under the assumption that M (t) > /2 and the volume

condition (2.5) we obtain

1
M )2 crom (R() - 5 + Jloge — ) (29)

Combining (2.8) and (2.9) we see that when Nplog Np <t < t;
% exp (R (t) — %3 - d_1> <c(14R(@)tY2

Dividing through by t/2 we see that R () is bounded independently of . Hence,
by (2.8) there exists ¢ > 0 such that for Nglog N <t < t;

M (t) < "tV/2.

Take cg := ¢’ A1 and we are done. m
The previous result enables us to give bounds on the probability of exiting a
ball quickly. Let 7 (x,r) :=inf{t > 0: Z; & B, [r]}. Asin [4]:

Proposition 16. There exist ¢; such that if B,, [R] is fine then for z € By, [$R],

Co (NRlogNR)l/2 <r<Rand0<t< %c;)bZ—zR we have

+ = (2.10)



Proof. Write 7 = 7 (z,r). Let
A= B, [r] U Qe B: [1] -
Firstly assume that r < %. For Nrlog Np <t < R by Proposition 15:

2log R’

cot/?

Vv

E, (d(x,Zy))

By (d(x, Zipnz) — d(Zipz, Zat))

E:pl{%<t}d (JC, ZT') - E; [Ezm;d (Zt/\?a th,m;)]
P (T <t)r— sup FE.d(z, Zoy_s)

z€A,s<t
P, (7 < t)r — cgt/?,

AVARRAY,

A%

v

We conclude, by rearranging, that
P, (7 <t) < 2t/ L, (2.11)

Since A < 1 (1+ A%) we obtain (2.10).
Now, if t < Nglog N then by (2.11)

< 2¢3(Ng log]\fﬁ)l/2 rt
1

< =

- 2

for r > 4cg (Nglog NR)1/2.

Finally, if % <r < R then 7(z,7) > 7 (x, %). Thus, adjusting the earlier
constants, the result holds. m

As noted in [8], we can prove an analogous result for discrete time. Let 7 refer

to the exit time for the discrete walk.

Proposition 17. There exist ¢; such that if By, [R] is fine then for x € B,, [IR],

Co (]\7Rlog]\fR)1/2 <r<Randcpy<t< %c;,% we have

2 Cllt
P, (r(z,r) <t)< =4 2L
(r(e,r) <t) < -+

Proof. Z, = X}, for M, a unit rate Poisson process independent of X. Hence

P, (1 (z,7) <t) Py (Mo >1t) = P,(7(z,7) <t, My >t)
< P (T(x,r) <2t)
1 Clot
< 20
< 5t+3
Now, there exists cj5 such that P, (My > t) > % for all t > ¢;5. The result now

follows. m
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Proposition 18. There exist ¢; such that if B,, [R] is fine, x € B,, [2R] and
t,p > 0 satisfy

2
p < R and ci13(Nglog Np) "2 p <t < i ,
log R

then

ci5p
P, (1 (x,p) <t) <cuexp|— )

Proof. Identical to Proposition 3.7 of [4]. =
We can now prove Theorem 12.

Proof of Theorem 12. For ease of notation set D := d (z,y).
If nlogn < 2Ccd~'D? then by (2.4)

2
Gn (2,y) < Cpexp (—M) < Cpn—4?

and hence (2.7) holds.
Now, suppose that
nlogn > 2Ccd ' D% (2.12)

If ¢ is chosen small enough in (2.6) then (2.12) forces y € B, [2R] .
Set
Ay ={z:d(x,z) < d(y,2)}
and A, := G— A,. Set s = [n/2]| and p = D/2. The idea is the following: we can

write

T(@) P (Xn=y)=1(@)P (X, =y,X;€A)+7(2) P (X, =y,X; € A).
(2.13)
We can bound the first term on the right-hand side:

P (X, =y,X,€A4,) Py (1 (z,p) <s,Xs €A, X, =v)

< B (U< P (Xoer = )
< P (t(x,p) <s) sup ¢ns(2,y)7(y)
2€0B(z,p)
s<n/2

For n > 2Ng the second term is bounded by C4n~%? by Definition 11. To bound
the first part of the right hand side we look to use Proposition 18 and so must
check that the conditions are satisfied. Now, p < D < R and s < %51012—21% for ¢
small. By (2.12) and the assumption n > N5 we see

c13 (Nrlog Ng)'/% p ¢(Nrlog Ng)'? (nlogn)"’?

IN

IN

-n < s.
3
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Thus, applying Proposition 18 we see that
D2
P, (Xn = ans € Ay) < Cn_d/2 eXp <_C,_) m (y) :
5

By reversibility we can bound the second term of (2.13) in the same way.

Divide through by 7 (z) 7w (y) and the proof is complete. m

2.4. Controlling the time in traps

As discussed in the introduction, we consider two graphs in this chapter: the
original graph G and a thinned graph C;° C G. This structure naturally induces
what we call traps - the connected components of G — C;°.

As will become clear later, it is crucial that we can control the time that the
walk spends in these traps and we explore this here.

In Section 2.4.1 we consider the time spent in a generic trap, 7', when 7 (T") =
M. We use finite Markov chain arguments to bound the probability that the walk
spends a large amount of time in 7" in one visit in terms of M.

In dimension d > 3 we will show in Section 2.5 that, under the conditions of
Definition 9, the random walk is transient. Therefore the total time spent by the
walk in 7" is finite and we can ask how this behaves. We consider this in Section
2.4.2, giving bounds on the probability that a large amount of time is spent in the
trap in terms of M and the probability that the walk returns to the trap.

2.4.1. Time spent in a single trap of measure )M in one visit

We look at a trap, T3, of measure 7 (7T) = M. We start the walk at one of the
neighbours of T, this is by definition a vertex in C¥ . Call this vertex xo. We use
the work of Aldous and Brown [1] to obtain exponential decay for the distribution
of the exit time from 73.

Now, as we are interested in the exit time from 77 we assume that the walk
steps directly into 7} from x3. We therefore consider the augmented trap 7" with
vertex set V (T') =V (T1) U {zo} and edge set induced from G. Note that we may
have deleted other edges that connected 1" to C;°, however their deletion can only
increase the exit time from 7.

The quantity we wish to investigate is thus
Szo = Sup (T) :=1inf{n >0: X, = 20}

where X, is the simple random walk on 7) started at the point xy. For the

continuous time version of the walk, (Zt>t207 we similarly define
Seo = Sao (T) :=inf {t >0: Z; = 0} .
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Instead of analyzing S directly we attack the smoother S. Write Z, = X}, for M,
an independent Poisson point process of unit rate and let M,, := inf {t > 0: M, = n}

be its inverse. We deduce results for .S from the following:

P(S,, >n) = P (Sxo > n, M, > cln) +P (SIO >n, M, < cln)
< P (S’IO > cln) + P (Mn < cln)
= P (S, > an) +P (M, >n). (2.14)

When ¢; < 1 the second term will decay exponentially quickly in n and hence
upper bounds on S will transfer to upper bounds on S.

We quote the following from [1]:

- t
Py (S >t) < (1 — 7 (20)) exp (—m> , (2.15)
where 7 is the stationary probability distribution for the chain and « is the eigen-
vector corresponding to the smallest eignenvalue of —(),,, the rate matrix of the
simple random walk on T restricted to 1" — xy. The subscripts m and « refer to
the initial distribution being 7 and « respectively. The bottom term inside the
exponential is difficult to calculate explicitly. We can use another result from [1],

namely:

(2.16)

where 7 is the inverse of the spectral gap - the spectral gap being the smallest
non-zero eigenvalue of the rate matrix —@Q).
It is important to emphasize that the m quoted is a probability distribution.

When we come to apply these results to finite traps in our model, we will take

Zywz Wzy
zyET Zzwy Wzy 7

this is the normalized 7 used in the rest of this chapter.

7 (z) =

We should say something about why these results hold. It is easy to see where
the first result comes from. If we restrict the transition matrix of our finite Markov
chain to T'— xy, then we obtain a strictly substochastic matrix and hence when we
raise this to the power n, rows will sum to strictly less than one. If we look at the
row corresponding to the point that is connected to zy and sum the entries, the
difference between this sum and one is the probability that we have hit zy before
time n.

To bound the spectral gap we use the isoperimetric constant. We therefore

introduce the isoperimetric profile for a graph.
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Definition 19. For a Markov chain on a vertex set V', with transition probabili-
ties P and invariant measure m, let Q (z,y) := 7 (z) P (x,y). For sets A1, A, CV,

write

Q (A1, Ag) = Z Z Q(z,y).

T€AL yEA2
For ACV with 0 < 7 (A) < oo set
o QA A)
A -— )
m (A)
and define the isoperimetric profile
O (r):=inf{Py : 71 (A) <r}. (2.17)

The isoperimetric profile will be used extensively in Section 2.5. We consider

only the isoperimetric constant here:
O=>o(r(V)/2).

From the isoperimetric constant we can use Cheeger’s inequality to bound the
spectral gap (see, for example, Saloff-Coste’s St Flour notes [50]).
Considering the simple random walk we obtain

QAAY) = ) > w(2)P(ay)

r€EA yeAc

= 7(04),

where 0A :={e = (zy) :x € A,y € A}. Thus,

= min {704 (V)
(I)_mm{ﬂ(A) tACV(G),m(A) < 5 }

We need to bound the isoperimetric constant from below. Since 7 (V') < M +k

and w, > 1 for any edge e, we have

2
>
T M+k

and in fact M1 is the correct order as can be seen by considering the graph

M
2

comprising two complete graphs with edges of weight 1 on vertices connected
by exactly one edge.
Cheeger’s inequality (see eg [50]) gives a bound on the spectral gap in terms

of the isoperimetric profile:

2
<o
g =A%
Hence we obtain the lower bound

1
)\2 2"
2 (M + k)
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Now, combining this with (2.15) and (2.16) we obtain:

Py (Su > ) < (1 7 (20)) exp G%) .

Splitting the left hand side into constituent parts:

— 1—m (330) ox _ tm (.%'0)
Bro (520 > 8) < =005 p( 2<M+k>2) '

By (2.14) we can recover a bound on the return time for the discrete walk:
c3n
Py, (Seo > n) < oM exp (_W> , (2.18)
for constants ¢; independent of M.

We thus have exponential decay for the tail of S, and that E [69310] exists for
suitably chosen values of ; this in turn allows us to consider the amount of time
spent in 7" over several visits to the trap.

Using equation (2.18) we see that

(o)

E[exp (0S.,)] = /IP exp (0S;,) > x] dx
0

[e.o]

= 1+ ]P’exp (0S4,) > x| dx

g "~

= 1+ [Oexp(0x)P[S,, > z]|dx

o

8

0 exp (0x) coM exp ( ;i[i) dx

IN
o\

oM

= 1 -
—i_C203]\4_2—Q7

(2.19)
for 0 < csM—2. We will choose 0 later.

2.4.2. Total time spent in a trap for transient walks

In Section 2.5 we will investigate transient random walks. This leads to the natural
question concerning the total time spent in a trap. This will depend not only on
the size and shape of the trap, but also on how many times the walk returns to
the trap. This in turn will be determined by the trap’s return probability.

For a trap T, we define the worst case return probability:
pr = max {P, (X, € T for some n > 0):x € ey T'} .
For the purpose of this section we assume that pr < 1.
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Now, let T" be a trap of total measure M with worst case return probability

pr. Write
T:=|n: X, € OersT, Xpn11 € T}

for the number of visits to the trap 7. Then, if we let Z; be random variables
corresponding to time spent in 7' on successive visits, the total amount of time

spent in 7', call this Y, is given by

Note that

E [eazﬂ < sup E [69510]
zo€dT

and the righthand side can in turn be bounded by equation (2.19). Define z :=
Sup,, cor B [€7570].

We look to calculate bounds on the moment generating function of Y when
the walk is started at any boundary point of the trap. We thus look to bound:

w = sup [, [eoy] .
xedT

Define oy :=inf{n >0: X, € 9T, X,,;1 € T}and oy :=inf {n > o, : X,, € 0T'}.

Then

zedT

w = sup Z E, [eey 1 Xo1—y | Po [ Xo, =y + Py [01 = oo]]

LycoT
< sup Z By [6021} B, [69(Z2+"‘+ZT) Xy = y] Py [Xo, = 9] +1
z€dT Lycor
< sup [zEm [60(Z2+“‘+ZT) loy < oo} P, [o1 < OOH +1
zedT
< zprw + 1.

Hence provided zpr < 1, then
w < (1—2pr) ™"

Now, to satisfy 2z < z% < 00, we use equation (2.19):

<1+ oM
z Cg——————.
- 2 63]\472 -0
Thus the condition is satisfied if

0 cs (1 —pr)

coprM3 + M2 (1 —pr)
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Take ¢4 suitably small and choose

f._ G (1—pr)
M
then after some work we obtain the bound
1 M
w + pT2
L=pr (1-pr)" (M —1)
1 pr
S + cx .
L =pr (1-pr)°
Thus for Y7, Ys, ... iid random variables, equal in distribution to Y we have for
Il,neN
cy (1 —
PriYi+...4Y,>n) < exp <— <%) n) w!

oo (-(52)) (7 oty

Now, we can group our traps in the following way.

Definition 20. We say a trap T is of type [m,r] for m,r € N if [7 (T)] = m and

1 1
1o <<l —
e (r—1) =Pr > cer’

where the constant cg := ¢o.5.1, which in turn is defined in Theorem 24.

It will be shown in Section 2.5 that a trap of type (m, r) as defined in Definition
7 is a trap of type [m, '] in Definition 20 for some " < r.

We can now summarize this section in the following proposition.

Proposition 21. Suppose T; are traps of type [m,r| and Y; is the total time spent
in trap T;. Then there exist constants c¢; dependent only on co51 such that for
Il,bneN
Cr Y
P(Yi+...+4Y,>n) <exp (— (—3> n) (CgT+CgT ) (2.20)
m3r

2.5. Heat kernel upper bounds

In this section we will use the results of Sections 2.3, 2.4 and the ideas of [4] and
[11] to prove Theorem 10.

Recall the three random walks introduced in Definition 3: the simple random
walk on G, X,,; the time changed random walk, X,,; and the simple random walk
on Ck | Y,.

Our method to obtain upper bounds for the on diagonal heat kernel behav-

iour for X, is the following: we show that the isoperimetric profiles of the time
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changed random walk and the simple random walk on the thinned graph are com-
parable, then, since we have good control of the isoperimetric profile of the thinned
graph through Condition 4, we obtain standard heat kernel behaviour for the time
changed random walk. This together with Condition 5 and Section 2.3 give full
Gaussian upper bounds for the time changed walk. This is contained in Section
2.5.1 and follows closely [11].

We then show that we can transfer these bounds to the random walk on the
full graph provided we have sufficient control over the time spent in traps - this
boils down to controlling the size and frequency of traps. Section 2.5.2 proves that
Condition 8 is sufficient to control the time spent in traps. These results are then
brought together to prove Theorem 10 in Section 2.5.3.

For X, and X,, we write respectively P" (z,y) := P (X, = y|Xo = z), qu (z,y) =

Play)  pr(g y) = P (Xn =y ‘X’O = x) and G, (z,y) = Zew)

m(y) m(y)

2.5.1. The time changed random walk

Recall the definition of the isoperimetric profile, Definition 19. There are several
results providing a link from isoperimetric inequalities to heat kernel bounds; we

choose to invoke the following, taken from [43].

Theorem 22 (Morris and Peres 2005). Consider a graph G = (V, E) and let
P be the transition matrix of a random walk on G with invariant measure 7.
Suppose that v € (0, 1] is such that P (z,z) >~ for allz € V. If

N2 p4fe
n >1+ u/‘ A 2du
¥ A(n(z)Ar(y)) UP (1)

then ’ Plzy)
m(y)

<e.

The above theorem requires P (z,z) > ~ for some v > 0. Hence we consider
the transition densities given by P? and P2, corresponding to two step transitions
of the time changed random walk and the random walk on the thinned graph
respectively, since for all # € C¥, we have P? (z,z), P? (z,x) > k2.

We write ® for the isoperimetric profile corresponding to P2 and ®F for the
isoperimetric profile associated to PZ.

The following proposition, adapted from [11], shows that we can bound the
isoperimetric profile of the time-changed random walk by the isoperimetric profile

of the simple random walk on the thinned graph.
Proposition 23. For any finite set A C Cfo,
Oy > k30K,

30



where ®, and % are with respect to the time changed walk and the simple walk

on the thinned graph respectively.

Proof. For x € C* | define
v(z) = Z Wy,
yeCk,
the invariant measure for the simple random walk on the thinned graph. Note that
v < mw. Note also that 7 is the invariant measure for the time changed random
walk X.

For z € C¥, we have

m(z)>v(z)>1>

1
(@) (2.21)

Set
B(z,y)={z€Cl:z~mzz~y}.

Then, on restricting P2 (z, y) to transitions that fail to visit a trap and using (2.21)

we see:

Prlay) > Y = 2w

2€B(z,y)
1 Wer W, _

N ] (2.22)
z€B(z,y)

The claim follows from (2.21), (2.22) and Definition 19. m
By this proposition and Condition 4 we have control of the isoperimetric profile

of the time changed walk. We therefore look to control its heat kernel.

Theorem 24. Suppose Condition 4 holds with set of constants { Ry () : x € V}.
Then there exist constants ¢; (d, k, 1, ¢,C) < oo such that for x1,x € V,

for allm > ¢y V Ry (1) .

Proof. For simplicity we assume that z; = 0 € V. For general x; we simply
translate the graph - mapping z; to the origin.

By Condition 4, the largest distance the time changed random walk can travel
in n steps is bounded by L = n'/(1=%) provided n > Ry;. We thus only consider
sets A C CE entirely contained in [—L, L] when calculating ® (r). By Proposition
23 and the above comment we restrict our attention to sets A C C¥ N [—L, L]*
that are connected in the graph structure of C%. We consider the isoperimetric

profile of this truncated, finite graph. Take 0 € (1/1, %)
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If n > Ry then L > R(l)/(lfd)) > Ry. Thus if 7 (A) > L’ then Condition 4 and

equation (2.21) combine to say that there is a constant ¢ > 0 such that:
ok > e (A)HY.
If m(A) < LY, then we trivially have

dk >7 (N> LY

From Proposition 23 and the above two equations we see that
P, (r)y>c (r’l/d A L’e) )

/2

We wish to use Theorem 22 and intend to take € ~ n~%=. The switch between

the two regimes occurs when r = L% which is less than 4/¢ since § < 1/2. The

integral we need to calculate can thus be bounded by

) 4/e 4
1+ k& - 2du
A(n(z)An(y)) UP (1)

L4 4 4/5 4
< 1+k2/ ——d +k2/ ——d
- (@) A(y)) ucl, =20 Y rae cul=2/d Y

< 14 cL*logL + 2/

Take € such that 2=/ = n. Now, take N; such that for all n > N; we have
cL?log L < n/4,

this is possible due to our choice of 8. Take N, such that for n > Ny we have

4
Ld9<_
g

and hence the splitting of the integral above is valid. Note that N; and N, are
both deterministic, dependent only on d, 0,1, ¢ and C;. In particular they do not
depend on Rj.

Hence if n > Ny V Ny V Ry we have

) 4/5 4
1+k ~ 2du <n
A(r(@)An(y) uP (u)

and appealing to Theorem 22 with v = k=2, we obtain the claimed result. m

To ease notation, from now on assume that Ry (z) > ¢, for all .

Corollary 25. If B,, [R] is good then for any x € B,, [4R/5] and y € V we have

for n > Ry (z).
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Proof. For even n this follows directly from Theorem 24 and the definition of a

good ball. For n = 2] + 1 we see:

- 1
Qn(may) = mZPx<XQZ:Z>Pz(X1:y)
Y) 2
1
= — G (x,2)m(2) P, (X1 =y
T L @A T P (X =)
1
< c 1792 Wy
7 (y) ;j !
S Clnid/Qa

where the value of ¢; is altered in the final line. =
From Section 2.3 and the condition on volume growth and graph distance for

the thinned graph, Condition 5, we obtain:

Corollary 26. Define ¢ := (%)1/2 — 1. Suppose By, [R] is good. Then there

exist ¢; such that for © € B,, [2R/5] and y € V we have:

2
Gn (2,y) < csn™ 2 exp (—M>
n

14+¢ R?
for N> <n < C5Tog -

Proof. This is an application of Theorem 12, with o := & > 0. We see that the
conditions of the theorem are satisfied by Corollary 25, [25] and Condition 5 for
good balls. =

We keep the choice of ¢ constant for the remainder of the section.

Note in particular, that for d > 3 the walk is transient. For x € C* (w), let
p(z,w) = PY (X, =z for some n > 0).

Since the random walk X, returns to z iff the time changed random walk X,

returns to x, by a simple application of the Markov property we have:

= 1

E¢ SR —
r 1—p(z,w)

Now, by Corollary 25, if Condition 4 holds then for all x € C* (w):

5[ | - o (% -2)
n=0 n=0
< Ro(x)+ Z cyn 42
n=Ro(z)+1

S CIRO (I‘) )
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where c; has changed value. Thus
1

C1 Ro (l’) ’
validating the link between Definitions 7 and 20 claimed after the latter definition.

p(r,w) <1-— (2.23)

The following proposition would normally be proved by the ergodicity of the
environment from the point of view of the particle. However, we require control
over the speed of the convergence of the following sum and hence use the above

Gaussian bounds.

Proposition 27. If B,, [R] is good then there exists cg such that for any x €
B,, [2R/5] we have

1 n
E _ ~
* nZW<TX) = G
7=0
for all N](%Hg)(dﬂ) <n< 05%-
Proof. Set N := N};g.
Now, by Corollary 26,
1 n
E _ ~
(1500)
7=0
1< y
= 22 2 ()P (@)
J=0 yeCk,
<. Z S AB)P )+ EY Y )Py
] =0 yeBz[N] J =N y€B:[N]
2
p— :U -
LYY wrwrm) e (—c4—‘ 4l ) 2
" =N yeck,—B.N) /

Recall Condition 6. For the first term we have by (2.1) and (2.2) standard volume
control as N > Np > Ry () :

Z doow zy) = > Y 7 (T,) P (xy)

J=0 y€Bg[N] yEBL[N] j=0
< N > w(T)
y€Bx[N]NCE,
< CNdJrl.

For the second term: by (2.1), (2.2) and Corollary 25,

S Y @i <Y w@)r@)Y e
j=N yEB[N] yEBy[N]NCk, J=N
< Z krm (T,)
Y€ B [N|NCE,
< 'N?
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for d > 3. Similarly, for d = 2:
Z Z ) G (z,y) < 'Ntlogn.
j=N yeB[N]
For the third term, when d > 3, by comparison with the corresponding integral

calz—yl® .
J

z": Z m(y) 7 (T,) = exp <_C4!$ fy! )

J=N yeCk — Bz [N] J

< Y @)l -y e (—%) .

y€eCk —B,[N]

and using the substitution z =

Now, splitting C¥ — B, [N] into annuli and appealing to (2.1):

2
_ x—y
> w @)l -y e (—%)

yEC"J —B[N]

> S en(yitten (~¢2)

=N yeA,
[e.e] 7:2

< E ci? 12 4 exp (—c’—) .
. n
=N

Evaluate this to conclude that

z”: Z 7 (y) 7 (T,) j~? exp <_C4!$—jy!>

J=N yeCk —B;[N]
N2
S C///n exp (—C - S ///
n

For the d = 2 case, again using (2.1):

> 2. mWT(T)i e (‘%@)

J=N yeCk, —B;[N]

i]’_l Z Z km (T,) exp (—c;;f)
j=N J

=N yeA;
Z G Z ct exp (—04—_)
j=N =N J
n
< Z c<cd"n.
j=N
Now, when we combine the three terms in equation (2.24), we see

E, (%ZW(TXJ.)> < l(cNd“—|—c”]\f"llogn—l—c’”n)

- n
j=0

IA

IN

IN

IN

Ce
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forn > N1, m
Recall the definition of S;, the time the walk takes to make the ith step on the
thinned graph. By the methods of [11] we have:

Proposition 28. There exists ¢; = ¢y (k, K) such that for x € C* we have
E,(S1) < e (Th).

Proof. We add a vertex A to the finite graph 7, and connect it by an edge to
every y € T, such that the graph G contains an edge from y to C%, giving the

edge (yA) weight
WyA = Z Wyz-

z€Ck,
The resulting finite graph we call 7). Now, the simple random walk started at x
on G and the simple random walk started at  on 7, have the same law up until
they first hit A. In particular S; for the walk on C,, started at x is stochastically
dominated by 5!, the first time that the walk started at z on 7, returns to x.

Now, 7 is an invariant measure for the walk on 7). provided we set

m(A) = Z WyA.-

yeTy

By standard Markov chain theory z — (E,S.) ™", where E. is expectation with

respect to the walk on 7, started at z, is the invariant distribution and

m (13)

m(x)

Taking K to be the maximum number of neighbours in C% that a point in

G—Ck can have, we see that m (A) < Kkr (T,). Hence 7 (") < 7 (T,)+ Kkn (T}).

Hence we obtain the required result:

E,S. =

The following also follows from the methods of [11].

Lemma 29. Suppose B,, [R] is good. Then there exists a constant cg < oo such

that for all x € B,, [R/2]NC*, n > 1 and 2N§1+€)(d+1) <l< 05% we have

ll—d/?

P, (Xl:x,51+...+512n> < cgm ()
n
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Proof. By reversibility of X, for i < I
Px (Xl::v,51++51 27’1,/2) :Px (Xl::v,Sl—i—...—i—Sl,iH 271/2)
Applying this with ¢ = /2 then using Markov’s inequality

P, <)~(l:x,31+...+5’l 271) < 2P, (Xl:x,51+...+51/2 271/2)
4
< EEI [l{f(l:x} (Sl + ...+ Sl/g)] .

If we now condition on the path of X we see

P;E(f(l:x,Sl—l—...—i—SlZn)

S e (t ) B (S ) (T =s). 29

By Corollary 25, for [ —j > Ng V1/2

3 o (x ~ —d/2
(=)= 20 (5, =) <omin (1)

since X; € CX. As j <1/2,if | > 2Np then [ — j > Np.
Now, > E, (511{X1:2}> = E, (S1) < ¢7m (T,) by Proposition 28. By Propo-
sition 27 we have

iZPx <Xj—1 = y) m(T,) = E, (nlz:lw (TXJ)) < cgm

Jj=0

for NI(%HO(dH) <m< 051012_21{'

Combining these results with (2.25) we obtain the claimed result. m

2.5.2. Time spent in traps

Recall from Definition 20 the definition of traps of type (m,r).

If B,, [R] is a good ball then Condition 8 and equation (2.23) tells us that the
traps are well spread. We will combine this condition with the results from Section
2.4 to deduce bounds for the probability that the walk spends a large proportion
of its time in traps.

Recall the definition of S; from Definition 3.

Proposition 30. Suppose B,, [R] is good. For x € B,, [R/2] we have the follow-

ing:
For d = 2,3: Then there are constants cg, c1y such that

3

N
Z P.(S1+ ...+ 5 >n) <cgexp (—clonkH) (2.26)
=1
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for n > NH% and N > Ng.
For d > 4: There exists c1; € (0,1) and a function f : N — R with f (n) =
0 (n‘d/2+1), such that for ¢ < ¢y and n > Np,

ipw(51+-~-+512n)§f(n)- (2.27)

Proof. We start with the d = 2,3 case. By Condition 4, as N > Npg the largest
trap we encounter in N steps of the time changed walk, started at x, is bounded
above by N*/(1=9) . We therefore see that

N
ZPI(51+...+Sl2n) < NP,(Si+...+ S8y >n)

=1
< NP, (Zy+...+ Zy>n)

where Z; are exit times from a trap of size N*/(1=9). By (2.19) we have

02‘4.29]\71/(1_@
Co43N—2/(1=¢) — @

E(exp(0Z1)) <1+
for 0 < 173425 Hence, taking 0 = 24355, by Markov’s inequality we see

C2.4.3 1/1—e\N

€2.4.3 N
S exXp |:— (mn—]\ﬂogc— 1 _¢10gN):| .

Equation (2.26) now follows by taking n > N kg,

We now move to the d > 4 case.

The idea is the following: to spend a large amount of time in traps, the walker
must spend a large amount of time in a particular type of trap. However, since all
traps of a particular type are spread out, the walker cannot move quickly between
traps and so can only spend large amounts of time in traps of a particular type
by remaining in traps for large periods of time. This has a small probability of
occurring. We now make this rigorous.

Let Y;™" be iid random variables corresponding to exit times from a trap of

type (m,r). From Proposition 21

m,r m,r & N
P +...+Y™ >n] <exp (— :;;n> (coasr + 02.4_97“2)1.

In particular, for § = § (m,r) and € =€ (m, r)

PY™ +...+Y]"" > en]

< exp (— 02'4';6?1) (coasr + 02.4.97”2)6n
m3r
= exp [—n (cj;f —dlog (caqsr (1 + c’r)))] . (2.28)
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Now, note that if we take values of € (m,r) such that

Y oelmr) <1,

m,r

then
cn

ZP$[51+"'+Sl >n] < enP,[S1+...4 Sen > 1]
I=1
< anPx ST+ ...+ ST > e (myr)n]
where 5" = 1{T(Xsl)=(m,r)}sl'

Hence if we take
36

T4r2m2
and define Y;"™" to be iid random variables corresponding to exit times from a trap

e(m,r) =

of type (m,r) as above, then:

SRS+ 4520 < enPrlSit...+ S 21
=1

< cnz Z P IS+ ...+ 8" >¢e(m,r)n].
By using equation (2.28) and Condition 8, for n > Ny we have:

pr[sl+---+5l2n]
=1

ne (logn)?

S X S R Y 2 S

m=1 r=2

and

YD Y B[V Iz e

ne (logn)? -
. 6co.4.7
7T2T3m5

— cCq [exp (=) Am77] log (caasr (1 + 0/7“)))]

IA
S
g
g
]
Z

IA

n® (logn)9 r o
Y Y e |0 ()]
14 0 dn
< cn " (logn) exp | ———F— |,
(logn)” nd

where the penultimate line requires ¢ to be sufficiently small and vy > 5.
Thus, as a < % and v > 5 we have the required decay. This proves equation
(2.27). =
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2.5.3. Proof of Theorem 10

We are now able to prove the standard upper bound for the on diagonal heat kernel
decay for the random walk on graphs that satisfy the conditions of Definition 9.
The control on the time spent in traps enables the extension of the ideas of [11]
to:

Theorem 31. Suppose that B,, [R] is good. Then there exists cia,¢13 < 00 such
that for v € B,, [2R/5] N Ck, and

Gon (2, 2) < c1an™"? (2.29)

for all ClgNg(d) <n<c where

R2
5210gR
oo @FED+V L ford=2,3
VU'_{ (d+1) (14 ¢) ford > 4

Proof. Define
Ry :=sup{l>0:5+...+5 <m}.

Then for fixed I:

ZPx[Xm:m,Rm:l]:Px<)~(l:m,51+...+552n>.

m>n

Now,

Y Prra) = Y Y P(Xp=x,Rp=1

n<m<2n n<m<2n l=1

= i Y P(Xpm=zR,=1)

=1 n<m<2n

2n
< ZPI<)~(l:x,Sl+...+Slzn>. (2.30)

=1

_4
For d = 2,3, by Lemma 29 and (2.26), defining N := 2N]({d+1)(1+€) V Np™, we

see that for N < 2n < 051012—2R, there exists ¢ such that

N
Z P™(z,z) < ZPx(Sl—i—...—l—Sl >n)
n<m<2n =1
2n

—l—ZPx(Xl:O,Sl—F---‘{‘SlZn)

I=N
2n 1-d/2
__3 csl
< cgex <—c n14*¢>+2 (X
S Cg€exp 10 < n ( )

IN

em (x) nt=42,
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In the case d > 4 we split the sum in equation (2.30) slightly differently: take

C S C11 then

Z P™ (z,x)

n<m<2n

< ZPJC(XIZJI,S1+...+SZZH>
=1

2n
+ZP$<)~(l:x,Sl+...+SZZn>. (2.31)

l=cn
The first term of (2.31) can be bounded using equation (2.27) and the second by

R2
= then

using Lemma 29. Hence if N < cn and 2n < C5Tog

2n cgll =42
Z P™ (z,2) < f(n)+7r(x)z l

n<m<2n l=cn

n

Now, there exists ¢ = ¢ (d, ¢) < oo such that

2n
le—d/2 S Cln2—d/2'

l=cn
Hence, as f (n) = o (n_d/2+1), ford>2andn> N

Z Gm (7, 1) < ent=¥2,

n<m<2n

Since po, (z,x) is decreasing in m, the sum on the left is bounded below by
12y (2, ). Dividing through by n then gives the claimed result. =

Proof of Theorem 10. By the Cauchy-Schwarz inequality

Gon (2,9)° < qon (7,2) gan (v,) ,

and hence
Qon (2,y) < cron” 42

for x,y € By, [2R/5] NCk, and ClgNE(d) <n< C5—21§;R.

For n = 2] + 1 we see

tn (2,y) < Z%qu (z,2) p1 (2,9)

Z o cial ™2

< cpan VE,
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We can now extend the on diagonal bound (2.29) to vertices in traps. Take
z € T for some trap T. By Condition 4, we have m (T) < Ry ().
Fix m € N. Define
Sr:=inf{n >0: X, &T}.
On the event {S7 < m} define
Sy =sup{n<m:X, ¢€T}.

St is the first exit time from 7' and S’T will be the last entrance time if the

walk returns to z. Conditioning on Sy and Sr:

Po(Xm=12) < > > P<Xm:x‘ST=naXsT=3/7m_gT:l’X§T:Z)

nl<cm y,2€0extT

P, (ST:n,XST :y,m—ST:l,XgT :z>

+P, ({ST >cm} U {m —Sr> cm})
sup sup P, (Xp_n = 2)

n,l<em y,2€0e0tT

+P, (St >cm) + P, (m — Sy > cm)

IN

< K(m(1—-20)) "+ P,(Sr>cm)+ P, <m—§T>cm).

From Section 2.4 (and reversibility) we know that the final two terms decay expo-
nentially quickly, dependent on 7 (7"). More precisely, equation (2.18) says that

for m > 7 (T)* we have
P, (St > em) < cim'/3 exp (—Cle/g) )

Since 7 (T') < Ry (x)?, the choice of v implies that m > 7 (T)® whenever
m > 2N},. Thus, dividing through by 7 (x) and altering the constant ¢ we have

Gm (z,2) < em 42

for all ;3N < m < es 5

Applying the Cauchy-Schwarz and parity arguments outlined earlier we have:

Gn (z,y) < en™4?

for all z,y € G and 013N}Vg(d) Sn< C521§g2R’

This completes the proof. However, in cases where it is known that the long

range bounds stated in (2.4) hold, one can obtain full off-diagonal upper bounds
by appealing to Theorem 12, with Condition 6 providing the necessary volume
bounds. More, precisely, apply Theorem 12 with

aoolEng d=23
& ford>4
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3. CONTINUUM PERCOLATION

3.1. The model

In this chapter we consider the simple random walk on the infinite component of
supercritical continuum percolation. We will prove that the heat kernel associated
with this walk is bounded above by the standard Gaussian bounds and that non-
degenerate Brownian motion is the walk’s scaling limit. We begin by formally
introducing continuum percolation.

For d > 2, take B to be the Borel sets in R? and let  be the set of counting
measures on B¢ which assign finite measure to bounded Borel sets and for which
the measure of a point is at most one. We take the natural o-algebra A/, generated

by sets of the form
neQ:n(A) =k}, keNuU{0}, AcB

Let P = P, be the measure on (2, N') corresponding to a Poisson point process
(PPP) of intensity A on R? (see, for example, [36]). We write H, (w) for a realiza-
tion of the PPP and take H, (w) to be the vertex set of our graph. We define the
edge set to be

SA(W7T) = {(x,y)ERdXRdZZE,yGH/\(W)7 0< |fL’—y| Sr}a

and define the graph G, , (w) = (Ha (w);7) :== (Ha (w), Ex (w,7)). We work exclu-
sively with r = 1 and write G, suppressing the dependence on r.

In the language of continuum percolation, this is the discrete analogue of the
Boolean model with fixed radii: taking the centres of the spheres as vertex set
and joining vertices if their respective spheres overlap. Continuum percolation
has been studied for many years (see [42] for a survey of continuum percolation
and [46] for a review from the graphical perspective) and it has been shown to
share many of the geometric properties of bond percolation on Z¢, the most basic
of which is that there exists a critical intensity, A\. = A.(d), above which there
almost surely exists a unique infinite connected component of the graph G, and
below which there almost surely does not. We work in the supercritical case,
taking ; C Q such that P(€;) = 1 and for every w € §; there exists a unique

infinite component of G, (w), written Co (w) .
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For w € Oy, define the simple random walk on Co, (w) to be the Markov chain
n = (Xp (W with transition probabilities
X0 = (X 2o with L babiliti

L if (x,y) € &

PY (X, =y| Xpny=2) = { ? (3.1)

otherwise

where for = € Cy, (w)
m(z) =7y (z) := {y € Co (W) =[x =y < 1}].

As previously, define the heat kernel to be

Pw(Xn:y|X0:a:)
™ (y)

@ (x,y) =

In this chapter we will prove the following upper bound on the long range

decay of the heat kernel.

Theorem 32. There exist C; = C; (d, \) such that for almost every w € ), there
exist constants {N,, (z) : © € C (w)} such that for every x,y € Co (w)

C _ 2
¢ (z,y) < Cin~"?exp (——2 ‘xn vl ) (3.2)

for alln > N, (z).

The proof of Theorem 32 will employ Theorems 10 and 12 of Chapter 2. As
the edge weights are exactly equal to one in this example, the results of [25] imply
the long range bounds of equation (2.4). Hence it will be sufficient to prove that
the conditions of Definition 9 are satisfied for the box B, [R] for all z € R? and
sufficiently large R. These conditions will be proven in Section 3.2. Note that,
unlike [4], we give no bounds on the tail behaviour of N, (x). This is due to the
difficulty controlling the tail behaviour for the random variable controlling the
spread of the traps.

The second result of this chapter concerns the quenched scaling limit of X,,.
In order for the walk to have a distinct starting vertex we modify the environment
by adding the origin to the vertex set and connect the origin to any edges within
unit distance. It is straightforward to show that the infinite component of this
augmented graph will contain the origin with positive probability. We will prove
that for almost every environment where the origin is contained in the infinite
component, the random walk started at the origin weakly converges to Brownian
motion.

To be more precise, the vertex set of the augmented graph is H, (w) U {0}.

This is the superposition of a Poisson point process with the point process dg,
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where Jq is the counting measure with dy (A) = 1 if 0 € A and zero otherwise.
Define
]P)O =P x 50,

where * denoting superposition of point processes. Then P is the distribution for
the vertex set of the augmented graph.

We shall see in Section 3.3 that Py is equivalent to the so called Palm distrib-
ution for P - the probability measure ‘conditioned’ on the origin being contained
in H,. This alternative ‘conditioning’ viewpoint will be important when proving
ergodic properties for the environment viewed from the particle.

Introduce the measure P’ (.) := Py (.| 0 € Co). Writing Qp = €3 N {0 € Cs}
and modifying N to N in the obvious way, we consider the triple (o, Ny, P'), a
measure on graphs whose infinite component contains the origin. Let (X)), -, be
the Markov chain with X{ = 0 and transition probabilities given by (3.1). Then
we prove the following invariance principle.

Let (C[0,T],Wr) be the space of continuous functions f : [0,7] — R? with

Borel o-algebra defined with respect to the supremum topology.

Theorem 33. Take d > 2, A > A\.(d). Define the scaled, interpolated random

walk
1

NG
Then for every T > 0 and P’-almost every w € €, the law of (B, (t) : 0 <t <T)

converges weakly on (C'[0,T],Wr) as n — oo to an isotropic Brownian motion

B, (t) := (X (g + (tn = [tn]) (XD 41 — X(iny)) » £>0.

whose diffusion constant D (\,d) > 0, is strictly positive and depends only on A
and d.

Remark 34. The annealed version of Theorem 33 will come for free in the course
of proving Theorem 33 due to the work of [27].

Remark 35. Note that Theorem 33 gives an on diagonal lower bound for (3.2)
of order n~%?%. This is detailed in Remark 2.2 of [13].

To obtain the invariance principle we follow the corrector method, used, for
example, in the proof of the invariance principle for the simple random walk on
supercritical bond percolation in [10]. We define a corrector, y : Hy X Qo —
R? such that X,, + x (X,,w) is a martingale. We then check criterion for weak
convergence of this martingale to a non-degenerate Brownian motion. Finally we
show that y is sublinear and hence when we subtract the effect of y from the

martingale our conclusion is not altered.
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Figure 3.1: The unthinned graph (with points of high degree highlighted) and its
thinned counterpart

This Chapter is structured as follows. Section 3.2 contains the combinatorial
arguments required to analyze the environment, proving Theorem 32. The neces-
sary ergodicity properties of the environment as viewed from the position of the
random walk are proven in Section 3.3. These proofs are somewhat more involved
than in the case of bond percolation [10] or the random conductor model [13] due
to the lack of a square lattice. We present the necessary modifications. The chap-
ter concludes with the proof of Theorem 33 in Section 3.4, where the existence

and sublinearity of the corrector function described above is proven.

3.2. Geometry of the environment

In this section we present the combinatorial arguments necessary to prove that the
conditions laid out in Section 2.2 hold for continuum percolation. We will begin by
defining the thinned graph and proving its existence and uniqueness - the methods
employed are standard [32]. We then prove that the thinned graph satisfies the
necessary isoperimetric profile by adapting the methods of [11] to the continuum
percolation setting. The size and spread of traps is then considered - we show that
traps can be bounded using the same methods as would normally be employed to
bound the second largest component of percolation. The volume bounds are then
obtained via standard properties of a Poisson point process. Finally we adapt the
methods of [2] to compare thinned graph distance with Euclidean distance.

Before we begin the section proper, we state a result that we will use repeatedly:
let (XZ 1z € Zd) be a family of Bernoulli random variables. For | € N, we say
that (X, : z € Z%) is [-dependent if X, is independent of X, whenever |y — z| > I
(we call this an [-dependent random field).

Given two families (X, : z € Z%), (Y. : z € Z%) of Bernoulli random variables
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we say that X stochastically dominates Y (written X >, Y) if

E[f(X)] ZE[f(Y)]

for all bounded, increasing, measurable functions f : {0, I}Zd — R.

The following theorem is a weak version of the main theorem of [37].

Theorem 36 (Liggett, Schonmann and Stacey). Fix d, [ > 1 and take p €
(0,1). Suppose (XZ RS Zd) is an [-dependent family of Bernoulli random vari-
ables with P[X, = 1] > p for all = € Z%. Then there exists a non-decreasing
function 7 : [0,1] — [0, 1] with 7 (§) — 1 as § — 1, such that

(X.:2€Z%) >, (Y. 2€2Z%,
where (Yf(p = Zd> is a family of independent Bernoulli 7 (p) random variables.

Applications of this result normally go as follows: X, are taken to be {0, 1}
events dependent on the graph in a bounded region contained in Bsyg, [R] for some
R > 0, with the events X, and X, being independent provided |z; — 23| > [. One
then shows that P (X, = 1) gets close to one as R gets large. By taking R suffi-
ciently large Theorem 36 then says that X, stochastically dominates supercritical
percolation and we appeal to some known property of supercritical percolation to
prove a property for the original graph. These renormalization techniques will be

key to our progress.

3.2.1. Existence and uniqueness of the infinite component for the thinned
graph

Our first result shows that if A > A, (d) then there exists ko = ko (d, A) < 0o such

that for any k > kg, if all points of degree greater than k are removed then with

probability one the remaining graph contains a unique infinite component.
Define the thinned graph G, ; (w) to be the subgraph of Gy (w) with vertex set

Vi={r e H): m(z) <k}

and edge set
Er={e=(v,y) €&y €Vi}.

We begin by introducing some notation. Write
B, [s] == x + [s,3]",
for the box centred at x € R? of sidelength 2s. For a cube QQ = B, [s] define
Q = B, [s] :== = + [-3s,3s]".
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We define a disjoint tiling of R? by cubes in the following manner: for x € Z?
and s > 0, let
Ts(z) := Basy 5] -

Take Q to be a cube in R%. For a connected component C contained in () we
say that C is crossing for @) if each face of () is within unit distance of at least
one vertex of C. For a subcube @' C Q) we say that C is crossing for @’ if there
exists a connected component of C N Q' that is crossing for )’ in the sense outlined
previously.

Now, for a cube @ of side s, let R§(Q) be the event:

{there exists a unique crossing cluster C in Q for @, all open paths

RIS(Q) . contained in Q of diameter greater than ¢ are connected to C in Q,
C is crossing for each cube Q' C @ such that s(Q') > §, and for
every y € (Q we have degy < k },

where s (Q’) is the sidelength of @' and diameter is with respect to Euclidean
distance. Let C¥(Q) be the cluster contained in G¥ (w) N @ with the largest

number of vertices and define the event

R*(Q) = REQ) N {CY (Q) is crossing for Q} N {CV(Q) is crossing for Q} .

We now set ¢, ,(7) := 1gk(7,(2)) and show that this process dominates supercritical

Bernoulli site percolation when &k and s are sufficiently large.

Proposition 37. For A > A, there exists ko (A, d) such that for k > kg, the graph

G\ contains an infinite component P-almost surely.

Proof. From [46], Chapter 10, we know that the probability that there is either
no unique crossing component for () or that there exists some other component

of metric diameter greater than § within @ (we could equally replace § with any

f(s)
log s

the sidelength of Q. So for 5(Q) > 16 the probability that Q and @ are not both

crossed by the same cluster decays exponentially in s. Thus, if we consider the

other increasing function f(s) < s such that — 00) decays exponentially in

set {A1,...,A;} (j is of order s*™) of all subcubes of @) with integer corners and
sidelengths greater than or equal to §, we see that the probability that there fails
to be a unique crossing of every A; and A; decays exponentially in s. Considering
the way two neighbouring cubes overlap we see that this extends to all subcubes
of side greater than or equal to §. Further, note that for fixed () we can make
P{dy € Q : degy > k} arbitrarily small by taking k large. Hence we can take a

sequence k (s) such that
P(¢ys)s(r) =1) — 1 as s — oo. (3.3)
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Now, by Theorem 36 and the fact that the random variables ¢(z), ¢(y) are inde-
pendent if |z — y| > 4, we can stochastically dominate Bernoulli site percolation of
parameter 7 (s) by (¢, (€) ;2 € Z%), where 7 (s) — 1 as P(¢y o o(2) = 1) — 1.
Thus, if we take s large then we dominate a supercritical site percolation and

hence there exists a unique infinite cluster in (gbk(s),s (x);z € Zd) with probability

one.
If £ ~ yin Z% and ¢, (x) = ¢, (y) = 1, then the cube T} () has a crossing
component, which must be of length at least s. However, T, (z) C T, (y) and

~——

T,(z) C T,(x) and so by the definition of R we must have that the crossing

component of T (x) is connected to crossing components of both 7 (y) and T ().
So on the event R*, any neighbours in Z¢ with ¢ s = 1 have the property that their
largest components are crossing and are connected to each other. Hence, taking s
large so that 7 (s) > p. (d), (Gres).s (a:))%_eZ , stochastically dominates supercritical
site percolation and hence an infinite connected cluster exists in Gy ;. ®

This is a standard method to show the existence of an infinite component; it
is used, for example, in [4], [46] and [42].

In the work that follows we assume several times that k is suitably large, for
example we at times need to know that the probability that a box is crossed by the
thinned graph is suitably large. However, we do not always mention explicitly that
we require k to be large; it is assumed that k has already been taken sufficiently
large.

We now show that the thinned infinite component is unique. We do this
following the methods introduced in [20], that are described, for example, in [42]
and [32]. Since we know that the unthinned graph will almost surely have a unique
infinite component, C,, and the thinned graph will almost surely have an infinite
component, pick one and call it C¥ , defining traps to be components of C,,\C~
then proving that all traps are almost surely finite will suffice.

We do this in two steps: the first step shows that the number of traps of infinite
cardinality is almost surely either zero or infinite and the second step rules out

the possibility that it is infinite.

Theorem 38. For A > \.(d) there exists kg (), d) such that for k > ky the graph
G\ contains a unique infinite component P-almost surely. Further, all traps are

finite almost surely.

Proof. Let N be the number of infinite traps. By ergodicity it follows that N
is almost surely constant, say N = b with probability one. We first assume that
1 < b < 0o and look for a contradiction so to reduce the possibilities to b € {0, c0}.

Now, we have already shown that there almost surely exists an infinite com-

ponent with bounded degree, C% . Hence, choose n sufficiently large such that
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the box By [n] intersects both an infinite trap, T, and C% with strictly positive
probability. Assume kg is taken sufficiently large that with probability one the
points of degree greater than ky do not percolate. Let ¢ > 0. We can choose n
large such that the following event holds with strictly positive probability:

B By [n] intersects both C% and T, there exists y € T'— By [n],

| #€Ct — Byln] withdegx,degy < k —cand |x — 0By [n]|,|y — 0By [n]|<e [’
where ¢ = ¢(d) < k is some constant we will choose shortly. Note that on the
event {N = b}, F is dependent only on By [n]".

We now introduce an event on the interior of the box By [n]. Let a < ﬁ& and

split By [n] into disjoint subcubes of sidelength a (making the obvious corrections
at the edges), call these By, ..., B; where [ = O (nd). Define the event

E={|BiNHy| =1foralli}.

Then P[E] > 0. Further, on the event E, the interior of By [n] is exactly one
connected component, as if two points lie in neighbouring subcubes then they are
within unit distance of each other and are thus connected. It is also clear that
the degree of any point within By [n] is bounded by some constant, take this to
be ¢ — 1.

Since the event E depends on the configuration within the box By [n] and the
event F' depends on the configuration outside the box, the events are independent
and hence

P[ENF]=P[E]P[F] > 0.

If € is sufficiently small, with both £ and F' holding then we have a path of
points of degree less than k that connects T to C% . This contradicts the definition
of a trap. Hence N € {0, 00} almost surely.

It suffices now to rule out the infinite case. We suppose N = oo a.s. and look
for a contradiction via the methods of [20]. We consider only the infinite traps and
ignore C% for this part of the proof. If we take n large enough, there is positive
probability that By [n]® contains at least three distinct unbounded traps that hit
0By [n]. By considering a suitable set of configurations on the interior of By [n]

we find that the following event has probability v > 0, say, of occurring;:

least three unbounded traps

A(n) ;_{

3 unbounded trap T such that 7" N By [n]® contains at }

Call the three unbounded traps in 7" N By [n]® branches. Take K large and
choose M such that the following event has probability at least :

A(n, M) =
A (n) N {all branches of By [n] contain at least K points in By [Mn]\By [n]}.
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For z € Z% define the events A% (n), A% (n, M) by translating A (n), A (n, M)

over the vector z. For large L (chosen later), let R be the set:
R=R(L):={z€Z": B,,[Mn] C By[Ln],A™ (n,M) occurs} .
Since P [A* (n, M)] is constant for all z € Z%, we have:
E|R| =P[A(n,M)]|{z € Z*: B,.[Mn] C By [Ln]}| > nL* (3.4)

for some 7 > 0 and large enough L.

For z € Z4, take C!,C? C? to be the points in three of the branches of z
contained in B,, [Mn] — B,.[n]. Then C' N CY = ¢ for i # j, and |C!| > K for
all 7. For z € R we identify z with a point in B, [n] N 7" (which exists by the
definition of A™* (n, M)). We now apply Proposition 39, stated at the end of this
proof and taken from Lemma 3.2 of [42]. We need only check condition (b). Take
distinct 2,2’ € R. If C, and C,/ are in different components of By [Ln] then (i)
holds and (ii) holds otherwise. Thus, writing |By [Ln|| for the number of points
contained in the cube By [Ln], the Proposition and (3.4) give:

E|B[Ln]| > K (nL*+2).
Note that trivially E|B [Ln]| = A (LN)?, implying that for large enough L
K (nL?+2) <X (Ln)?,
this gives a contradiction when K is large. m

Proposition 39. Let S be a set and R a nonempty finite subset of S. Suppose:
(a) Vr € R, we have a family (C},C? C?) of disjoint nonempty subsets of S,
not containing r, and |C| > K for all r and i.
(b) Vr,r" € R, one of the following events occur, with C, = U3_,C" :
) {ryuG)n{rtucy) =¢
(i) 3i, j such that C: D {r'} U C,,\C% and C?, D {r} UC,\C".
Then |S| > K (|R| +2) + |R].

3.2.2. Isoperimetric profile

We demonstrate that, using an adaptation of the methods of Berger et al in [11],
we can compute bounds on the isoperimetric profile of the thinned graph. Recall
the definition of the isoperimetric profile from Definition 19 and the definition of
B, [R] := B, [3R).

We say that the event G () holds if the following are satisfied
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1. For each neighbour y of z (with respect to the square lattice), the side of
Bonry [M] adjacent to Bapy, [M] is connected to the opposite side of Bapy,, [M]
by a path.

2. Any two paths connecting Bays, [M] to OBonss [M] are connected to each
other by a path contained entirely in By, [M].

From the proof of Proposition 37, we know that the probability of G, (x)
holding can be taken as close to one as we require by considering large M and
k. We use Theorem 36 to stochastically dominate supercritical site percolation by
{Gu ()2 €2},

For finite discrete sets A C R?, let

AM = {Z‘GZd:AmBQMx[M]#¢}7

and take AM to be the complement of the unique infinite component of Z¢ — AM.
For a realization, C¥ (w), of the thinned graph and a subset A C C¥ (w) we define
the w-edge boundary of A by

O (A)={e=ay:yeCl (w)— A, v € Awith [z —y| <1}.
Finally, for sets A C Z<, define their internal vertex boundary by
9 (A):={zeA:FyeZ'— A with [z —y|=1}.

Note that, since edges in continuum percolation can go from within By [1] to
By [1] (where 1 = (1,...,1)), if A is a connected subset of the graph it does not
follow that AM is connected in Z? under the standard relation = ~ y iff [z — y| = 1.
We do, however, have that A is x-connected in Z¢ (x,y being *-connected iff
|z —y|,, =1). See [32] and [46] for a discussion of *-connectedness.

Now we are in a position to attack the isoperimetric profile of the thinned
graph. Set A := AM. The proof will show that off an event of small probability,
for suitably large A, we have |0“A| > ¢|0;A|. Also, since we are working on the
thinned graph there can be at most K points of the thinned graph in a square
of unit side. Hence |A| > K |A|. Putting these two comments together, since A
must satisfy the standard isoperimetry in Z<, off a set of small probability we get
the required profile for our thinned graph. We show we have good control over

this probability which then gives us the isoperimetric profile.

Lemma 40. For w € Q, let A C Cfo be connected and finite with diam A >

3M + 1. Then .

2 x 3d

A < BN (3.5)

implies that
1
Hz € 0, : Gy (2)°}] > 3 |0;A\| .
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Proof. First note that z € 9;A implies that z € AM and hence AN Bayy, (M) # 6.

The result will follow from the following claim for = € 0;/\:
G (z) C {Bng (M) contains an edge of 3‘”/\} : (3.6)

Suppose that G (z) occurs. Since diam A > 3M + 1 and A is w-connected,
there must be a path, v,, in G¥ (w) N A connecting Bayr, (M) to 0Ban, (M) (as
above, we use ‘connecting’ to mean a path that slightly overshoots). Take y & A,
neighbouring . Then by condition (1) on Gy (x) there is a path, 7,, in G§ (w)
that crosses Bapyy, (M). This is a path from Boyy, (M) to OBonss (M) and hence
by condition 2 must be connected to v, by a path contained in Bons (M). Since
y € A, we see that 7, N A = ¢. So v; C A, 75N A = ¢ and hence the path
that links the two must contain an edge of d“A and we know this path lies in
Bora (M). The claim is proven.

Now, an edge can lie in at most 3¢ cubes of type By, (M) and so by (3.6) the

number of sites in 9;/\ at which G can occur is bounded by 3¢ |0*A|. Hence
0| — [{z € 0;/\ - G5, occurs}| < 37 |0°A|
from which the result follows from assumption (3.5). m

Proposition 41. Ford > 2, A > ). there exist constants ¢;, ¢ € (0,00) such that
for all't > 0

P (EIA, |A — 0] <1, w-connected, |A| > tat, |0“A| < ¢ |A|d%1> < cpe¢
(where |A — x| < 1 means that there exists y € A with |z —y| < 1).

Proof. Take K = K (k,d) to be the maximum number of points of degree less
than or equal to k£ that can fit into a unit box in d dimensions. Define ¢ =
(2 X Bd)_l. Fix A C Z¢, x-connected with connected complement. Suppose that
A is w-connected with AM = A. Then |A| > (KM) %|A| and by the standard

isoperimetry on Z? we see, for some ¢ = ¢ (d) > 0:
/ a1 / 1-d a1
;A > AT > (KM) ™ |A] @ .
Setting ¢; = e/ (MK)'™" we have
{|8”A| <a wdﬁl} C {|0°A] < c|d, A} (3.7)

Further, we see that |9;A| > ¢ (KM)'"™*t whenever [A| > tai. To apply

Lemma 40 we need A to have large enough diameter and hence we suppose that
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tasi > (3K M)“. Using (3.7), Lemma 40 and the stochastic domination of product

measure of parameter 1 — £, we see

P(3JA, |A—0| <1, w-connected, |A| > taT, AM = A, |0°A]l < ¢ |A|%>

< P (EIA, |A — 0] <1, w-connected, |A| > £, AM = A, |0“A| < c\&-A\)

1
<P < > leww < 3 IazA!> (3.8)

r€0; N\

< 28l (g2 (3.9)

We now need to sum over all possible A’s.

Note that if M > 2 then |[A — 0] < 1 implies 0 € A. Let @ = a/(d) be the
number such that o™ bounds the number of x-connected sets /A C Z% with con-
nected complement containing the origin and having |0;A| = n (the exponential
bound is proved in [46]). Since )y — 0 as M — oo, we can choose M such that

20, /ep < % Hence, summing (3.8) over all A with connected complement,

P (3/\, |A — 0| <1, w-connected, |A| > t%, 0°A| < &1 |A|%>

Z 2n (EM)n/Q Oén S Z 2—n S 21—|_c'(KM)17dtJ’

n>c (NM)1 % n>c' (NM) 4

IN

giving the claimed result. m

Theorem 42. Take ¢ € (0,1). For all d > 2 and X\ > A.(d), there are positive,
finite constants c¢; (d, A\, k,1) and an almost surely finite random variable Rj =
R}, (w) such that for r > Ry and each w-connected A with

AcCCEnl—rr]* and |A| >

we have

07| > 1 |A|T

Further,
P(Ry>r) < coe™ Y

Proof. By Proposition 41 and translation invariance, the probability that there
exists a set A C Z¢ N [—r,r]? that is w-connected with [A| > t751 and |0“A| <
c1 |A|% is bounded by a constant times r%e~¢!. Take t = ¥, then this probability
is summable in  and hence by the Borel-Cantelli lemma this event occurs for only

finitely many r. In fact,

[o¢]
P(Ry>r) < Z Rie=CR" < cyemesr”
R=r
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By translation invariance, the above holds for any = € Z% and hence we have
good control over Rj. This, together with Corollary 44 below proves that Condi-

tion 4 is satisfied.

3.2.3. Size and spread of traps

We now look to bound the size of traps seen in a box of side r, centred at x as r
gets large. Our methods follow those used to gain control over the second largest
component in percolation. In the case of the second largest component, in order
for a set to be large but not connected to the infinite component its boundary
must be very badly connected. This is unlikely in the supercritical case and hence
it is unlikely for the second largest component to be large. Analogously, for a trap
to be large the boundary has to be a combination of very badly connected regions
and regions full of high density points. We show that this is also unlikely. The
combinatorial methods presented are standard and can be found in, for example,
[32] and [46]. We modify them in the necessary ways.

Recall that for z € C* we define the trap at = to be T}, the connected compo-
nent of (Coo — CX) U {z} containing z.

Proposition 43. Let A\ > \.. There exists a set N of P-measure zero such that
for all w € 2 — N there exists ¢; (w) < oo such that the number of points of the
largest trap in Gy (w) N [—s, 5] is bounded above by ¢; (w) (log s)* @™,

Proof. Let W, be the number of points in the box B [s| that are part of a trap of
size greater than ¢ (log s)”“™. We want to show quick decay for P [W, > 1]. For
r € R write T}, (w) for the trap at x in the graph G (H, (w) U {z};1) if it exists,
and take T}, (w) = ¢ otherwise. By Markov’s inequality, P [W, > 1] < E [W{], and
by Theorem 56, to be introduced in Section 3.3.1,

B = A [ P11 cllogs) ) ds
B(s)
— As'P, [|T0|zc(1ogs)d/(d*”] (3.10)

Here, P, = PxJ,, is the superposition of a Poisson point process with the point
at z.

We introduce the random field (Xz; z € Zd) in a similar fashion to the proof
of Proposition 37 but with slightly larger boxes. Let B, := Bay, [M], Bf =
Bonr. [5M]. For z € Z%, we set X, = 1 iff

1. there exists a path in G (H, N B,; 1) that is crossing for B,,
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2. for every 2/ € Z% with ||z’ — z||,, < 2, there is exactly one component of
G (H,\ N B;C; 1) of metric diameter at least %,

3. B, fails to contain any point of degree higher than k.

For | > 12, (X,;z € Z%) is an l-dependent random field. Fix § > 0. By
Theorem 10.9 of [46], we can choose Mj s.t. YM > Ms, P[(1) and (2) hold] >
1 — 2 and we can take k (8, M) sufficiently large so that condition (3) fails with
probability less than g. Choosing such M and k we have P [X, = 1] > 1—4. Hence,
by Theorem 36, by taking M sufficiently large we can take p as close as we wish
to 1 such that

(X.;2 € Z%) >4 (2852 € 27,
where the second family is standard Bernoulli site percolation.
We let 7, be the set of y € Z¢ such that the cube B, contains at least one
vertex of T,. Then 7, is *-connected, where x ~ y iff |z — yl, < 1forz,y € Z%

We define the external vertex boundary of 7, by
Ot Ty = {yEZd—'Z;:|x—y| :1}.

Due to translation invariance of the underlying Poisson point process, we only
need consider 75. We first show that if 7, is sufficiently large then all the points
of 0.+ 7y must take value 0 in our random field.

Suppose |7Z| > 3% and that there is some z € 9,,;7y with X, = 1. Then there
would be a crossing component for B, and also a vertex w € 7y with |jw — 2|, < 1.
Then there would be a crossing component for B, and a part of Tj contained in
B, both of metric diameter greater than % The second condition would then
imply that these components would be connected, implying that To N B # ¢, a
contradiction.

Hence clusters in {z €7t X, = 1} are either contained in 7j or disjoint from
T,. For a finite set A C Z¢, write A for the complement of the unique infinite
cluster of Z%— A. The external boundary 0,,:7 is *-connected due to Lemma 96 of
[46], which in turn uses a result of Kesten. Applying the isoperimetric inequality

for *-connected subsets of Z? (see [46] or [32]) we have:
10et To| = BTV (3.11)

for 8= (20" (1= (2)"") > 0.

Let A,, s denote the collection of *-connected subsets of By [s]NZ? of cardinality
m. If |Tg] > (logs)” " then by (3.11) there exists a set A € A, such that
X, =0 for all z € A, for some m > $logs. We thus have

P (1ogs)%g|70|]gzp> U U x.=0vzeo}]|. (3.12)

m>Blogsc€EAm, s
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The cardinality |A,, | is bounded by s%y™, with « := 23", Hence, by equation
(3.12)

IN

S8 ma-p)”

m>flog s

s (7 (1= p)7**
5lgPloe(1(1-p)) < g—2-d (3.13)

P[I%5] > (logs)" ™"

IN

where the last two lines hold if we choose our p = p (d) such that
Slog <23d (1 —p)) <—(2d+2).
To complete the proof it suffices to show that the probability of the event
H : = {|To] > ¢ (log )"} 0 {|To| < (log )"V}

is sufficiently small for large enough c.

)d/(d—

First note that we have at most p(°8* " subsets of Z¢ that are x-connected,

of cardinality (log )™ and containing the origin (see [46], Chapter 10 for a
proof). If H occurs then one of these subsets must contain more than ¢ (log s)d/ (@=1)
vertices. Writing Y, for a Poisson random variable of parameter v, for sufficiently

large ¢ we have:

P [{ITo] = ¢ (log s)/“™ L 0 {|T5] < (10g )}

< plee”Vp [YnMgk > c(logs)" (d_l)} (3.14)
d/(d-1)
log 14/(@=1) ¢ (log s) c
< p( %) exp <—f log m , (3.15)
where the last line comes from the observation that if a > €2\ then
P[Y) > a] <exp (—glog %) .

Hence by (3.10), (3.13) and (3.15) we see that

PW, > 1]

d —d —2—d (log s)%/(4=1) c(log s)d/(d_l) c
S AOST| 2M s 4 exp | — 2 log Mg .

This is summable over s € N, hence the Borel-Cantelli lemma tells us that
)d/(d—l

the event that the largest trap in B [s] is bigger than ¢ (log s ) holds for only
finitely many s € N with probability one, and this is enough to complete the proof.
]

In particular, the following weaker bounds hold:
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Corollary 44. Take ¢ > 0. If A > A\, and k > kg, then with probability one,
there exists { R (z) < oo : @ € Z*} such that for all r > R{ (z) and y € B, [r]

7 (T,) < r®.
Further, there exist constants ¢; = ¢; (d, A\, k, ¢) such that
PRy > r] < cpexp (—r®).

Recall the definition of R{, in Theorem 42. Define R, := R{V R then Condition
4 holds with respect to Ry. For notational simplicity fix the constants ¥ and ¢ in
Condition 4 to be suitably small and equal from now on. One can do this due to
the exponential decay observed above and in the proof of the isoperimetric profile.

Note that the macroscopic arguments of the proof of Proposition 43 are all
local arguments and hence provide a way to localize the probability of a trap:
employing the above method, the event that there is a trap at z € C& of size
m can be bounded using macroscopic balls that depend only on the environment
within B, [M (m + 12)], where M is chosen sufficiently large in the proof. Abusing

notation by changing the value of M we have the following:

Corollary 45. There exists M such that if (we),cp, () IS any environment off
the set B, [Mm], then

P (|Ty\ = m for some y € B, [1] (we)eeBx[Mm}c> < cyexp (—m).

As the arguments of Section 3.2.2 also follow local macroscopic arguments we

also have:

Corollary 46. Take ¢ € (0,1). There exists M such that if (we) ¢ g (e IS any

environment off the set B, [M'm], then

P (HA CCh B, [1]NA# ¢ with |A] = 1* and |9¥A| < ¢y |A|@D/4 (we)eeBz[Mr]c>

< eqexp (—79).

Recall the definition of a trap of type (m,r) from Definition 7. Note in par-
ticular that the r is dependent on Ry (z) which depends on the full graph and
not just the graph locally around z. This presents a problem as for z,y € RY the
variables R (z) and Ry (y) will be correlated. In turn the type of traps T, and 7,
will also be correlated.

It is much easier to work with local events. With this in mind we will introduce
local traps and use Corollaries 45 and 46 to bound correlations.

Say that there is a local trap T (x) at x € C¥ of type (m,r) if 7 (T,) = m
and 7 is the largest integer such that there exists connected A C C* such that
z e A, |A =7 and [0,A] < ¢1 A" From Corollaries 45 and 46 we have:
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Proposition 47. There exist ¢; and M such that
P, (T(l)oc is a local trap of type (m,r) (we)eEBz[M(er)}C> <cgexp(—(mVr)7).

Suppose that there is a local trap T%¢ of type (m,r) at x € R%. Then the
diameter of 7% is bounded above by m V r. Hence, if y € R? is such that
lz—y| > (mVr)? + mVr, then the trap 7' has no effect on Ry (y) since
}y — TZ"C‘ > (mV r)l/d) and a trap of type (m,r) is admissible at this distance
(see Condition 4). With this in mind we introduce a deterministic algorithm that
produces a configuration of global traps from a configuration of local ones.

For a configuration of local traps (177°¢ (x)) define an associated configu-

z€eCk)’

ration of global traps T in the following way: for all y € C% | set

T (y) = (7r (T,), (mV r)W) :

where m,r € N are the largest numbers such that there exists z1, 2, € R? with
Tl (1) = (m, 7)), T (z3) = (m/,7) and |z; — y| < 2(m V r)"? for some m/, 7"
It is perhaps easier to see this process the other way round - a local trap’s

1/¢

influence is spread to all points within distance (m V r)"'? of the local trap.

Definition 48. Let (11 (2)),ccr » (T2 (7)),cor be two trap configurations. Say
that Ty dominates Ty if whenever T; () is of type (m,r), Ty () is of type (m/,r")

for some m' > m,r" > r.

Proposition 49. For any graph with local trap configuration T'¢ and global

configuration T, T" dominates T.

Proof. Suppose T,, = (m, ) is a global trap. If Ry (x) is decided by the local trap
at x, then T (x) = (m, 7).

Suppose instead that Ry (z) is not decided by the local trap at z. Then there
exists at most two points y;, 2 € C% where the local traps at y; determine Ry ().
Suppose the local trap at y; is of type (m;,7;). Then by the above reasoning
|z — y;] < 2(m; V r;)? and hence the local traps 7% (y;) implies that

T (v) = (ﬂ' (T,), (my VryVmg V r2)1/¢> :

By the definition of T we have T (z) > T (z). =
From a series of combinatorial identities contained in Appendix A, we obtain

the following bound on how many traps of each type the walk sees.
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Proposition 50. Take x € RY. Take 8 < (d+ 1)71. There exist constants
¢i, a, 0'and an almost surely finite random variable, Rz (x), such that for d > 3:
1. For n > Rs(x), if the trap T is of type (m,r) and T N B, [n| # ¢ then
m,r < (cglog n)al.
2. For any (m,r) and n > R3 (x) the maximum number of traps in a non-self-

intersecting path of length n started at x is bounded above by
[cg exp (— (1 V m)™*)] n.
Further, sup,¢p,z Rs () < R for sufficiently large R.

Proof. We begin by proving the upper bound on the worst type of trap encoun-
tered in a box, By [n].
Take 0 := é Define

M, (n) :=sup{m : 3y € B, [n] with T, = (m,r) for some r}.
Then by Corollary 45

P (M, (n) > ((d+2)(logn)”) < n' 3 cexp(-m®)
m>[(d+2)(logn)]”’
< nicdexp—[(d + 2) (logn)]”

d

= pidn~@+2)

= Jdn2.

Now, setting 0 < ﬁ, v>p% k:i=d+~v+1and

R} (z) := inf {n eN:M,(m) < (/ilogm)el for all m > n} :
Then by the above work we have
P(R;(z) > R) <cR.

Hence

P sup Ri(z)>R°| <R‘R < R™F,
Z‘GBo[R}

which is summable over R € N and hence by the Borel-Cantelli Lemma, there ex-
ists an almost surely finite random variable L; such that for R > Ly, sup,c g,z R3 (7) <
RS,

The same argument applies when replacing m with r» with L replacing L;.

We now prove the second claim, showing that we have good control over the
spread of the traps. We bound the total number of local traps of each type seen in

a non self intersecting path of length n by looking to stochastically dominate by
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a subcritical site percolation model. The claim will then follow from Proposition
49.

Write Z? as the disjoint union of 2¢ subsets in the following way: for each
choice of z € {(zl, .., 2q) €22 2 €0, 1}}, we define the set

ZZ::{:L‘EZd:x:z+2yforsomey€Zd}.

There are 27 such sets and we write them as Zi, ..., Zqa. It is easy to check that
they are disjoint and that their union is Z%. Further, for i € {1,...,2¢} and
distinct x,y € Z; we see that |z —y| > 2.

For x € Z* associate the box B (z) := Bgu(mvrye [3M (m V r)] C R% Then we
split R? into 27 disjoint sublattices by defining, for i € {1,...,2¢},

B :={B(x):xz € Z}.

For distinct x € Z;, the probability that B (z) contains a local trap of type (m,r)
given any information about B(y;) for a set of y; € Z; is bounded above by
Proposition 47. Hence, defining the process, Z}, . on Z;, by Z},  (x) = 1 if B(z)
contains a local trap of type (m,r) and Z},, (z) = 0 otherwise, then for any
1€ {1, ceey 2d}, the process Z:n,r is stochastically dominated by site percolation,
Si,, on Z;, with probability
p(m,r): = P(By[3M (m V r)] contains a local trap of type (m,r))
< 6IM(m V) egexp (— (mVr)7).

Let y € C* and define, for every triple (m, 7, n),

v i=1 '

where 7 is a non-self-intersecting path in C% of length n with v, = y. Also define
N?j (m,r,n) = sup {Z S (aj)}
g ]:1

for o a non-self-intersecting path in Z¢ with o, € Z? such that the distance
d, (y) :==inf{|lz —y| : 2 € B; (v)}

is minimized by o;.
In a box of side 6M (m V ) we can find at most K (6M (m Vv ) points of CX
connected to local traps of type (m,r). Hence
2d

N, (m,r,n) < K6 M? (m\/r)dZN; (m,r,n).

i=1
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It thus follows that for any m,r

P(foralll>0,n>1landy € By [le] , Ny (m,r,n) < np,, )
> P(foralli,l >0,n>landy€ By [I’], N} (m,r,n) <nul,,), (3.16)

where for § > d + 1

Moy = 2°p (m,r) /1

By Proposition 110 and (3.16) we have for § > d + 1 and any m, r

P(31>0,n>1andy € By [I°] such that N, (m,r,n) > by )

< 2%3y/p(m.7)
< MM (m v )Y Jeg exp (— (mV r)c7/2>
< 24N (1 4 r)d/2 /€6 €Xp (— (mV r)c7/2> .

Now,

i i (m + )72 exp (— (m + T)C7/2> < 00.

m=1 r=2

Hence we conclude that

> Y P31 >0,n>1andye By [l’] such that N, (m,r,n) > npu,,,) < oo

m=k r=2

and hence by Borel-Cantelli N, (m,r,n) < pu,, .n for all n > ly|"? and m, r suffi-
ciently large, say m,r > R3 (w).

For any fixed m,r < R2(w), the proof of Proposition 110 proves that there
exists an almost surely finite random variable J (m, r, w) such that N, (m,r,n) <

fop 1 for all n > "% v J (m,r,w). Setting

R} (w):=R}(w)V sup J(m,rw),

m,r<R2(w)
then for any y € CE, n > R} (w) V || and m,r € N
N, (m,r,n) < [egexp (— (rV m)™)]n.

Hence the second statement holds and taking # = 5~ we have that for suffi-

ciently large R, sup,cpp 3 (7) < R°. m
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3.2.4. Volume control

We now prove that Condition 5 holds. Recall the definition of annuli A, =
A, (z) == B, [z] — By—1 [7].

Proposition 51. There exists constants ¢; and p = p (d, k, \) such that for almost
every w € () there exist {R1 )< oo:xeCk } such that for all y € C% with
|z —y| > Ry (z) we have

d(z,y) > ple—yl.
Further, P(R; (z) > 1) < cie”".

We also have that for almost every w € ) and every x € Z%:
C~(vol (IE, G) S C3
for all a < Ry (z)™".

Proof. The proof of the comparison between Euclidean and thinned graph dis-
tance can be found in [13], Lemma 3.1, as can the bounds on the probability of
R, being large.

Note that since |C5 N B, [1]| < K for any = € R?, we have the standard bound
|CE N A,| < en! for all n. Hence for N > Ry (z)

Z ™ (y) e—ad(.y) < Z ™ (y) e—adl@y) 4 Z e—aplz—yl

y y€B:[N] y¢#Ba[N]
< eN%+ ca™,

where the second sum is approximated via annuli. Hence there exists c3 such that
ifa < Ry (a:)_l then C,y; (r,a) <c3. m
We now approach Condition 6.

Proposition 52. There exists ¢;, {Rg )<oo:z€Ck } such that

Y w(T,) < an®™!,Vn> Ry (x) (3.17)

yeALNCE,

Yo w(T) £ Ry () (3.18)

yEBL[R2 (:c)]ﬂC,cc>o

Further P (Ry (z) > 1) < cse™™°

Proof. This proof uses macroscopic arguments as in the proof of Proposition 50.
Recall Corollary 45 that states that there exists M such that

P <’Tm| =m ‘(We)eng[Mm]C> < c3232€xp (—m™223). (3.19)
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Following the proof and notation of Proposition 50, break Z% into 2% sublattices
Zy,... 29a. Set K; = Z;N A, then |K;| = O (nd_l) . For m € N set
B (x) := Bpme [Mm] C RY.
For z € K; define Z' (x) = 1 if B(x) contains a trap of size m and Z' (z) = 0
otherwise. By (3.19),
P <Z;n () =1 ‘{an (y) = =2 (y)}ye,ci_x> < c32.32exp (—m™@233)

for any environment {z (y)} off .

yGICifz
Now, on the event Z! (x) =1

Y w(T,) < KM'm®,

yEB(z)NCE,
w(Ty)=m
Hence
2 00
S a0 S S Sz ).
yEARNCE, i=1 z€K; m=k
As || < en®!, for fixed i and m, Y, Z}, () can be stochastically dominated

by a Binomial distribution X, ::Bi(cnd_l, C3.9.3.9 €XP (—mc3'2‘3-3)) . Hence

> Cnilc
d—1 d m
Pl D w(f)z0nt ) <2 ZP(XmZW)
m=k

yeAL,NCE,

where ) ¢, < 1. Taking ¢, = mTﬁ

> Cnd1
d—1 d
Pl X wmyzont) <2y p (2 gt ).

yEAnﬂCé“o m=k
These probabilities can then be controlled by standard large deviations for the

Binomial distribution: from [46], we quote Lemma 1.1: if [ > e?np then

P (Bi(n,p) > 1) <exp <— (é) log <nip)) :
Hence,

d—1 d—1 C3.2.3.3
P <Xm Cn ) < exp ( Cn log. Cexp (m ) ) .

> —
- 2d71}(ﬂ4d7nd+3 2d+1}(ﬂ4d7nd+3 0632322dflj(ﬂ4d7nd+3

There exists ¢’ such that log Cexp(m®253) 5 o for all m > k. Further, by

cc3.2.3.22¢ LK Mmd+3

Corollary 44 the worst trap in B, [n] is bounded above by n? for all n > R (z).

Hence,

/" d—1

Qdie){p (-C “ ) +P(R, (z) > n)

IA

Pl > #(T,)=Cn"!

yEALNCE,

m

< 2'Pexp (—"n" 1 ?) + P(RY (z) > n).
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As both terms decay exponentially we are done.
Equation (3.18) follows from similar arguments. =
The following is required to ensure that the conditions of Theorem 12 are

satisfied and hence that full upper bounds on the heat kernel are achieved.

Proposition 53. There exists a deterministic constant c; = c;(d, \) such that

for almost every w € {2 we have
Cool (,a) < c7
for all a < Ry (z)~".
Proof. As we work on the unthinned graph we trivially have
d(z,y) = |z —yl.

Now, for any N > Ry (z) we have by Proposition 52

Sorme e < Yo

Y y

T(By)+ Y ) mye

n=N yEA,

ca N4 + i Z 7 (y) e—e(n=1)

n=N y€A,

IA

IA

[o¢]

< c4Nd+E cqn®leman
n=0

< 4N+ 0

Hence, if a < N7! then C, (7,a) < ¢; for some suitable constant. =

3.2.5. Relating graph distance to Euclidean distance

We now prove a large deviations estimate for the graph distance between two
points in the infinite cluster.

For two points =,y € Cy let the graph distance D (x,y) to be the length of
the shortest path connecting x to y within C,. For z,y € RY, if there exists
2’y € Cy such that 2’ € B, [(Zd)_lﬂ, y € B, [(2d)_1/2] write B, [(Qd)_l/ﬂ ~
B, [(Qd)fl/z] andset d (x,y) :==inf {D (2", y) : 2’y € Cx, 2’ € B, [1], ¥ € B, [1]}.

The choice of (2d) "/ ensures that any two points within B, [(2d)7l/ 2
joined by an edge. Thus the difference between d (x,y) and D (2’,1') is at most

one for points ' € B, [1], v’ € B, [1].

] must be

Take P’ to be P ‘conditioned’ on the origin belonging to the infinite component

- this will be formally introduced in the next Subsection.
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Theorem 54. Let A > A.(d). Then there exists a constant p = p (\,d) € [1,00)
such that

1 _ _

hmwprv%Pﬂa{@@lﬂyw@ﬂealﬂ,dmw)>mm <o0.
lyl—oo 1Y

Sketch Proof. The proof runs analogously to Theorem 1.1 of [2], the corre-

sponding result for bond percolation on the square lattice. For completeness we

sketch the main ideas of the proof.

Reintroduce the boxes

For a cube @) of side s, define the events:

{there exists a unique crossing cluster C in Q for Q, all open paths

Ro(Q) : = Contained in Q of diameter greater than 5 are connected to C in Q>
C is crossing for each cube Q' C @ such that s(Q') > ¢ },

RQ) = Ro(Q)N{C¥(Q) is crossing for Q} N {C"(Q) is crossing for @ }

where CY (Q)) is the largest connected component contained in Q.

Define the macroscopic process ¢ (z) := g, ) for = € Z%. We call z € Z*
white if ¢ (x) = 1 and black otherwise. As before, taking n sufficiently large, we
can apply Theorem 36 and stochastically dominate site percolation of parameter
p > pe(d).

From the definition of the event R we see that if x,y € Z? are macroscopic
s-neighbours (|z —y|, = 1) and are both white then the microscopic crossing
clusters of their respective cubes must be joined. We can think of the black points
as obstacles and look to find a path that avoids them.

Take a black component A C Z9. Since we are dominating supercritical per-

colation we know that with probability one |A| < co. For A finite, we have that
Z8— A=A UAU...UAg

for disjoint connected (connected, not x-connected) components A;, exactly one of

which, A; say, is infinite. We define
A= AUAU...UA,..
A is A with its holes filled in and set A := A U §,,,A.
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Now, suppose that By [1] is connected to B, [1] by some path « (not necessarily
the shortest path) in Cs. In the macroscopic process take 7 € Z¢ to correspond
to the cube containing y and write 0 to distinguish the origin in the macroscopic
process. Let (xo =0,21,..., %, = ;&) be some deterministic path in Z¢ from 0 to
§ of minimal length. If z; is black, set A,, to be the black component containing
x; with its holes filled and unioned with its external neighbours; if x; is white set
Ay, = {xi}

We now define a new microscopic path from 0 to y. Suppose v € A,,. If x¢ is
black we follow ~ until it hits the boundary 9;,;A4,,, giving us a path from 0 to a
point in C., contained in a white macroscopic cube, 21, say. If x,, is black then we
follow ~y towards 0, until it hits d;,; A, ; again giving us a microscopic path from
y to a point in C,, contained in a white cluster, 25, say. Since we have filled in all

the holes, we can find a macroscopic *-connected white path from z; to z, that is

=0

By the definition of the events R, this allows us to join our two ends of the

contained in

microscopic path together while remaining in W. Clearly if v C A,, then the
path v lies in W.

Hence, if the graph distance between x and y is large then W must also be
large. This requires large black components, we can control this probability since
we are dominating supercritical site percolation. The details of how we obtain this

control are presented in [2] and completes the proof. m

3.2.6. Proof of Theorem 32

We apply Theorem 10, showing that for any x € R?, the box B, [r] is good for all
r > R(w). As commented earlier, we will not give tail estimates for the random
variable R due to a lack of control over Rj.

Condition 2, referring to the existence of a unique thinned infinite component,
is satisfied by Theorem 37.

Take 8 < (d+ 1)~". In the language of Section 2.2, the random variable Ry (z)
is controlled by Theorem 42 and Corollary 44. R; (x) is controlled by Proposition
51. Ry () is controlled by Propositions 52 and 53 . All have exponentially decaying
tails. Define

L, (x):= max {Ry(y),R1(y),Ra(y),R3(y)}.

YEBa[r]
By the exponential decay mentioned and Proposition 50 (to control R3) there exists

a random variable R (w) that is almost surely finite and such that Ly (v) < R?
for R > R (w).
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We can now apply Theorem 10 to obtain the claimed result, with Euclidean

distance replacing graph distance due to Theorem 54.

3.3. The environment from the point of view of the particle

In this section we prove ergodicity for the Markov chain "on environments". Pre-
viously we have considered a fixed environment with a particle moving around
within it. Equivalently we could keep the particle fixed and shift the environment
around the particle. Thus the random walk (X,,),~, induces a Markov chain on
Qo corresponding to the environment viewed from t_he perspective of the particle.
For x € RY, w € Q, define 7,w(A) = w(A+x) for A € B¢ (where A + z :=
{a+x:a € A}). Recall that we write Py for the Palm distribution with a point
at the origin and P’ (.) := Py (.| 0 € Cy). Introduce the weighted measure p
1 (dw) = m (deg,, 0) P’ [dw] (3.20)
where [/ is expectation with respect to IP'.

The main theorem of this section is:

Theorem 55. Let f € L' (Qy,No,P'). Then for P'-almost all w € €

n—1
1
lim — E forx, (w)=E,(f), Py.-almost surely.
n—oo N,
k=0

To prove this requires subtle manipulations with the repeated use of the soon
to be introduced Campbell-Mecke Theorem linking the Palm distribution to the
initial distribution P.

The section is divided into three parts: section 3.3.1 introduces the Palm
distribution formally and details the Campbell-Mecke Theorem. In section 3.3.2
we show the reversibility of the operator @ : L? (g, B, 1) — L? (Q, B, i) defined
by

Qf (@) = —— 3" f (ra),
deg 0

w
z~0

with respect to . The final part of the section proves Theorem 55.

3.3.1. Point processes and the Palm distribution

For d > 2, take B? to be the Borel sets of R? and let €2 the set of counting measures
on B¢ which assign finite measure to bounded Borel sets and for which the measure
of a point is at most one. We take the natural o-algebra N, generated by sets of

the form
neQ:n(A) =k}, keN, Aec B
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A simple point process corresponds to a measure on (€2, ') (the word simple refers
to the condition that the measure of a point is at most one. We drop the use of
this word from now on).

Let P be a point process on R%. We wish to condition on there being a point
at a fixed location, x € R?, of the point process. However, since = being contained
in the point process is a null event, we need to define how to do this conditioning.

What properties should one expect from the conditioned process? Firstly, if

we are working with a stationary point process we should expect
PYlreY)=P(r,Y|0€Y).

Further, if we take a measurable function h : R? x N’ — R, and partition R? into

domains D1, D», ... of positive volume, then
Ep Zh@,@] => Ep| Y hi(z,w)|w(Dy)>0|Pw(Dy)>0]. (321)
TEW k rewNDy

Define the intensity measure A by A (A) = Ep [w (A4)] for A € B Suppose we can
allow the volumes of the D; to tend down to infinitesimal volume elements dz.
Then P [w (Dy) > 0] should converge to A (dx) and the conditional expectation
should tend to what we hope to define: Ep [h (z,w)| x € w]|. Thus (3.21) suggests

a relation of the form:

Ep

Zh(:}:,w)] :/Ep[h(x,w)|x€w]/\(dx).

rTEW Rd

In the homogeneous Poisson point process case, stationarity and the fact that

A = My, for vy Lebesgue measure, the above equation becomes

E

Zh(x,w)] = A/E[h(o,w)yo € w]dz.

rTEW R4

We will obtain a relation like this in Theorem 56.

We now look to construct the conditioned probability P, (.) := P (.|x € w).
We begin by defining the Campbell measure € on the product space (W, W) :=
(Rd x Q, B¢ XN): for A € B, U € N define

Cp(AxU):=Epw(A) 1y )],

that is we weight the indicator function of U by the number of points in the Borel
set A. It is straight forward to see that this defines a o-finite measure on the

product space.
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By the standard route from indicator functions to simple functions and lim-
its of simple functions we obtain, for YV-measurable functions h, the integrable

representation

/h(:z:,w) Cp (dr x dw) = Ep
W

= / > h(z,w) P (dw). (3.22)

Now, for fixed Y € N, the measure
B~ €p(BxY)

is absolutely continuous with respect to the intensity measure A. Hence by the
Radon—Nikodym theorem there exists a B%measurable function P, (U) such that
for every A € B¢

/Pz (U)A(dx) =€p (A X U). (3.23)
A
This defines P, uniquely up to values on sets of A-measure zero. In fact it is
possible (see [24] for the details) to choose the family {P, (U)} such that

e for each fixed U € B? P, (U) is a measurable function of z, A-measurable

on bounded subsets of R,

e for each fixed z € R?, P, (.) is a probability measure on (2, \).

We call the family {P, (U)} the Palm distribution for P.
Combining (3.22) and (3.23) we see

Ep

Zh(w,w)] = /h (z,w) Cp (dx X dw)

rTEW

_ / / h (2,0) Py (dw) A (dx) . (3.24)

Re W

It is well known (see for example [24] or [54]) that if P =P, a Poisson point
process, then the Palm distributions are given by P, = P, = P x4d,, where 9,
is the point process with exactly one point at x and * is superposition of point

processes. Inserting this into (3.24) we obtain the following Theorem:
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Theorem 56 (Campbell-Mecke). For any measurable function h : R? x Q —

R* we have

E

> h (x,w)] = A / E, [h (z,w,)] dz, (3.25)

where we are taking w, := w U {0} and E, is expectation with respect to P,.

Remark 57. This section borrows heavily from the books [54] and [24]. It is
noted in [54] that for stationary point processes we could equivalently define the

Palm distribution at zero by

Py (V) = )\Udl(B) / Z ly (7,w) P (dw)

Q rEBNw

for arbitrary Borel B of positive volume and vy being Lebesgue measure. Station-
arity then extends this definition. We do not use this approach as Theorem 56 is

obtained more cleanly via the Radon-Nikodym method.

3.3.2. Reversibility

We prove that () is reversible with respect to the measure p. This is not as trivial
as in other ergodic environments since we are using the Palm distribution and not
classical conditioning, as the event {0 € Cy} is null with respect to P.

The technical issue that this presents is that translations under the Palm mea-
sure Py are not measure preserving due to the additional point at the origin. One
therefore has to use the Campbell-Mecke Theorem to switch from Py to P, use the
fact that translations are measure preserving under P, before switching back to P,
by Campbell-Mecke again to obtain results about shifts under Py.

The reversibility of () will follow from the following proposition, showing that
shifting the origin to a (well defined) second point of w is measure preserving.
Recall that Qp = {0 € Co}-

Proposition 58. Suppose A C ) is such that, for some ¢ > 0 and y € R%\ {0}
with |y| <1, we have

A C {weQ:w(By2]) =1,3z € By [e] withw ({z}) =w (B, [2¢]) =1}
— Qv (3.26)

For w € A, define 7, w := T,w for x € B [¢] such that w{z} = 1, the shift to the
unique point of the infinite cluster lying in B, [¢]. Then

P'(A) =P (TeyA) )
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Proof. Our plan is to use the set A C €y to generate a set in B C (), apply
the stationarity of P to shift by the y given in the statement of the proposition
and then use the Campbell-Mecke theorem to show that this shifted set can be
generated by 7., A. We then bring this together to show that Py (A) = Py (Tey A),
which implies the result.

We start by generating our set B C (). Define
B:={weQ:1,we Aforsome |z|] <e, w(Byle]) =1}.

We set h (1‘, w) = 1{wa€A}ﬁ{|:c\§5}ﬁ{w(By[s]):l} in Theorem 56. The left hand side
of (3.25) becomes P (B) and the right hand side is

A / Po [A N {w (B, . [¢]) = 1}] da. (3.27)
Byle]
since E, (h(z,w;)) = Eo (h (z,wq) 0 7,) =Py [A N {w (By_s [e]) = 1}] for |z] <e.

Now, by stationarity with respect to P we have
P(r,B) =P(B).

Set A" := 7,B N ), then we claim that A" = 7. A and Py (A") =Py (A). The
first claim follows trivially from (3.26), since for each w € A there is exactly one
x € By [¢] such that (7,w) {y} = 1. The second claim is what we set out to prove.

Now, apply Campbell Mecke again to see

P(r,B) = A / Po [A' N {w (B_y e []) = 1}] da. (3.28)
Bole]
By translation invariance, P (B) = P (7,B) and so (3.27) and (3.28) are equal.
Now suppose that Py [A’] # Py [A]; without loss of generality assume Py [A'] >
Py [A]. Then since Py is non-atomic, there exists ¢ > 0, 0 < § < € such that

By [A' N {w (B []) = ]~ B [AN{w (B, ) = 1} > ¢ (3.29)

for all 2’ € By [0]. In particular, the integrals of the terms on the left hand side of
(3.29) over any subcube B, [§'] C By [d] are not equal. To obtain a contradiction
we will show that these integrals should agree.

We split our cubes around 0 and y into disjoint subcubes. Take n € N. Split
By [¢] into 3™ disjoint subcubes of side 37" and write the centres of these cubes
as X, = {z1,...,23ma} where we assume that 7 = 0. We similarly split B, [¢]
into subcubes with centres Y,, = {y1,...,ysna} with v =y and y; = y + ;. Write
Cy, = By, [e37"] for the subcube with centre z; € X,, and similarly for y;. Now,
define

By, ={weB:w(C,,) =w(C,) =1} CQ,
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that is, the elements of w that have points in the subcubes corresponding to z;
and y;. Note that since we defined B as being generated by A and P is translation
invariant, we have, that if z;, 2, € X,,, y; € Y, are such that z; + 2, € X,, and
Y; + o € Y, then

P (Bﬂcmyj) =P (B$i+$k7yj+$k) :

In particular,

P (Bxhyj) =P (Bml—wj,m) =P (Ty (B_xj,yl)) =P (Bmh_yj) . (3.30)

By the work above we have

P(Ba) = A[Pol4n {0 (B, [537]) =1} do

By,

7

— A / Po (AN {w (B_yso [£377]) = 1)) dz. (3.31)

Hence, combining (3.30) and (3.31) we see

A / Po (AN {w (B, . [£]) = 1}) do

Bole3—"]
Y /po (AN {w (By o [37]) = 1)) du
ijYnle
- Z Po (Bxhyj) - Z Py (Bxlv—yj)
Yj€Yn YjEYn
. / Py (AN {w (B_y, 10 [5377]) = 1)) da
ijYnle

I / Po (A' N {w (B_yia [£]) = 1)) da

Bole3—"]

Now, by taking n large enough, we have By [¢37"] C By [0] and we obtain our
contradiction, since the two integrals above cannot be equal by assumption (3.29).
|

Recall the definition of x in equation (3.20).

Proposition 59. The measure pu is reversible for the Markov kernel @), ie for
f.geL?
B, (f(Qg)) = Bu (9 (Qf))- (3.32)
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Proof. Take A, B € N'. Now,

E,(14(Qlp)) = /ZU )15 (T,w) dP' (w) B [deg 0]

Qo R0

= [ 3 10 () P ()E deg0] (3:33)
A zR0

Write Do [1] := {z € R?: |z| < 1} . Define, for w € 4,

N(AB)(w) : =sup{i:3y1,...,vs € Do[1] ,y; =y it j =k,
wily}=1,1,0€Bforj=1,...,4,}

that is the number of neighbours of 0 in w that we can shift the origin to and lie in
B. Then, for i € N, we define the set (AB), := {w € A: N(AB) (w) =i}. (3.33)

then becomes

(14 (Q1p)) ZZ]P)/ [(AB),]E [deg0] . (3.34)

Now, take 7, 7 such that 1 < j <. We can write

eeQ
yeQ?

a disjoint union of sets of the form (3.26) with the added condition that for w €
(AB)"  the point of w lying in B, [¢] is the jth neighbour of 0 in w such that

&,y
Tw € B, with respect to some deterministic numbering. As the left hand side is

independent of the choice of j, we have
. (14 (Q13)) ZZZP’ [ (AB)! ] E' [deg0] . (3.35)
=1 j=1 ey
Note that for w € (AB)ZJy there is exactly one point in B, [¢] and hence for

fixed e,y the sets {(AB)’EJy} are disjoint. Hence, writing
Yi<j<i

(AB)., = [ 4B)?.

1<j<i

(3.35) becomes:

2 (14(Q1p)) ZIP” (AB)_, B [deg0] ",
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where the sum is still being taken over Q x Q. Each of the sets (AB) ., satisfies
(3.26), applying Proposition 58:

W (14 (Q15)) ZP’[BAW] "ldeg 0], (3.36)

where (BA), = {Tey(.d TwE (AB)M}.

We now follow the same steps in reverse: for 1 < j < ¢ define
(BA)Z, = (BA)., N{N (BA) =i} n{¢(c,y) = j}

where ¢ (¢, y) (w) gives the position of the point of w in B, [¢], in the ordering of
neighbours of 0 in w such that 7w € A. By (3.36)

E,(14(Q1p)) =) Y P(BA)E [deg0] ™ (3.37)

gy 1<5<

For fixed 1 < i < j, the sets {(BA)” are disjoint, hence

y}(s y)€QxQ?

w(14(Qlp)) = > P (BA)E [deg0] "
1<5<s
for (BA)" := ] (BAZ.

(e.y)€QxQ?
Now, for fixed i € N and j, j’ < i, working through the definitions, it is straight

forward to see that (BA)™ = (BA)Y = {we B:N(BA)(w) =i} = (BA)".
Thus

o0

B, (14(Q1p)) = Z iP' (BA)'E [deg0] "

= [ 3 () P (@) e 0]

_ / 1 (w) 14 (7o) AP (w) B [deg 0]

= E,(15(QL4)). (3.38)
Now use the monotone convergence theorem twice to complete the proof. m

3.3.3. Ergodicity

We continue towards a proof of Theorem 55. Recall that for w € Q, F, o refers
to the law of the simple random walk started at the origin on the infinite graph

induced by w.
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Proposition 60. Let A C Q, be measurable and such that for P’-almost every
weA
P,o(tx,we A) =1, (3.39)

and P’ (A) > 0 then P' (A) = 1.

Proof. Note that (3.39) implies that for P’-almost every w € A, we have 7,w € A
for every z € Cy (w).

Write Q° := {|0 — C| < 1}, the set of environments for which the origin
would be in the infinite component if we augment the graph. Define the set
B:={weQ:w=r.aforsomeac A, |z|] <1} C Q° Then P(B) > 0 by the
Campbell-Mecke Theorem. From the definition of B, (3.39) and Campbell-Mecke
we see that there is a null set N C B such that for b € B — N, 7,0 € B for all
z € Cy (b). We claim that if we have y € R?, b € B — N such that 7,0 € Q° then
T,b € B.

Suppose we have such a y and b. Since B C Q°, by the definition of B we
can find # € By[l] such that z € Cy (b) and 7,b € A (where for Borel set C,
7,0(C) =b(C+=x) and C+ 2 = {c+z:ceC}). Take 2/ € By[l] such that
2" € Cx (Tyb). Then y + 2’ € Co (b), hence y + 2’ — 2 € Co (7,b) and thus by
(3.39)

Tyta/—z (Tob) = Tyswb € A.

But ' € By[1], so by definition of B we see 7_,Ty1b = 7,b € B. So B is
invariant under shifts from Q° to itself.
Fix e € RY — {0}. Now, n, (w) := min{k € N: 74, (w) € Q°} is finite almost

surely and hence we can define o, : Q° — QY by
O (W) := Th, (w)ew-

Since 7. is measure preserving and ergodic with respect to P, the methods of
Berger and Biskup’s paper [10] immediately give us that o, is measure preserving
and ergodic with respect to P (.|Q°). We have shown that B is invariant under
this shift and hence P (B) = P (Q°).
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We now show that this implies that " (A) = 1. Define the event F (z,w) =
{Bo [|z]] N Coo (w) = {2}, |z| < 1}. By Campbell-Mecke, with w,, := (H) (w) U {z};1),

P (QO) = /Z 1F(a:,w)dw

Q rTEW

= A//lp(x,wz)dmdw

Q R4

= A//lp(z,wm)dl’dw

Q Bo[l}

= A / P, {Coo N By [|2]] = {x}} du. (3.40)
Bol]
Similarly, define the event D (z,w) = {w € B, |z| < 1, By [|z|] N Cx (w) = {z}}
then

P(B) = /le(x,w)dw

Q TEW

B / P, [{Cou 1 Bo [|2]] = {x}} N B] dz. (3.41)

Bo[1]

Comparing (3.40) and (3.41), noting that the values of the integral are the
same and the term inside (3.40) dominates that inside (3.41) we see that they
must be equal almost everywhere, and by continuity we have that they must be

identical. In particular
P'{0€Cx}NB] =P [{0€Cs}].

To complete the proof we show that {0 € C.} N B = A, P-a.s.

Suppose b € {0 € C,o} N B — N. Then since b € B, b = 1,a for some = with
|z| < 1 and some a € A. But then = € Cy (@) and, since b € B — N, 1,0 € A.
Thus b € A. The other inclusion is trivial and we are done. Note that since the
set N, null with respect to P, is induced by the P'-null set referred to in (3.39),
{0€C} NN is P-null. m

We now show that the Markov chain on environments is ergodic with respect
to p.

Let X = QF and (= N %Z)Z the product o-algebra on X'. The space & is that of
two-sided sequences (..., w_1,wq, w1, ...), the trajectories of the Markov chain on

environments. We take 7 to be the measure on (X, ¢) such that for any B € N2+

T (Wen,-..,wy) € B) = /,u (dw_pn) Q (W_p,dw_pni1) ... Q (Wy_1,dw,),
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where

1
A) = 1 .
Q(a:4) = Gorg D Lreaca)
z~0

Define the shift 7 : X — X by (Tw),, := wp41. Then following the methods of
[10] we obtain:

Proposition 61. T is measure-preserving and ergodic with respect to .

Proof. Take A C X, measurable and T invariant. Let f : Qg — R be defined as
f(wo) = Er (1a]wo). We show that f = 1, almost surely. Since A is T-invariant,
by approximation by finite dimensional events, there exist A, € o (wy : k > 0)
and A_ € o (wy : k <0) such that A, A, and A_ differ only by null sets from

each other. Conditional on wg, A, is independent of o (wy : k < 0), thus

Eﬂ' (1A’w0) = E7T (1A+|w0) = E7r (1A+’UJO,(.U,1, o 7("-)771)

— Eﬂ. (1A_|W07 . ,an) — 1A_ == 1147

m-almost surely.
Now, let B C Qg be defined by B = {wy: f(wg) =1}. Then B is N-

measurable and since the wg-marginal of 7 is pu,

Since A is T-invariant, up to null sets, if wy € B then w; € B, satisfying the
condition of Proposition 60, hence P’ (B) € {0,1}, equivalently x (B) € {0,1}. =
We can now prove the convergence of the ergodic average.
Proof of Theorem 55. Since (7x, (w)),s, has the same law under E, (P, (.))

as (wo, w1, ...) has under =, if g (..., w_1,wo,w1,...) = f (wo) then

1 & D 1 &
lim — oTy, = lim — o T,

The second limit exists by Birkhoff’s Ergodic theorem and Proposition 61 and
equals E; (¢9) = E, (f) almost surely. m

Remark 62. In particular, our environment process satisfies the condition of
Theorem 2.1 of the work of Ferrari et al [27] and thus we have the following

annealed invariance principle:

Theorem 63. Define

P():= /Pw,o () p(dw) .
Qo
Then the interpolated random walk with respect to the annealed measure P,

converges weakly to a nondegenerate Brownian motion.
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3.4. Invariance principle

We now prove the quenched invariance principle for the simple random walk,
Theorem 33. This section draws strongly on the quenched invariance principles
for random walk on discrete percolation [10], for random walks amongst bounded
random conductances [13] and the annealed invariance principle for both proved
in [27].

The underlying principle is the following: we want to define a corrector y :

Q x Csx — R? such that for P-almost every w
M'fl (w> =X (w7 Xn) + Xn

is a martingale. Standard results about weak convergence of martingales prove
that M,, converges to Brownian motion. We thus have to show that the corrector
is sublinear. The proof of this fact takes up the majority of this section.

In Section 3.4.1 the corrector is defined following the methods of [10] and using
the results of Section 3.3. Sublinearity of the corrector is then proved via Sections
3.4.2 and 3.4.3, again following the methods of [10], with the ideas brought together
in Section 3.4.4 to prove Theorem 33.

3.4.1. The corrector

We want to define a corrector, y : Q x Coo — R?, but have the problem that for
r € RT— {0}, P [z € Cs] = 0. To get round this we make use of the fact that the
vertex set (and in fact the edge set) of C., is almost surely countable. We begin
by splitting R into disjoint cubes: for z € Z? we associate the cube Bs. [1] to z,
and take ® : Q x Z¢ x N — R? to be a deterministic map such that for almost

every w € Q and every z € Z4

{®(w,z,n) }en (3.42)

is a complete list of the points in H (\) N By, [1]. We assume that there are no
repetitions and once all points of H (w) N Bs, [1] are exhausted, ® returns a null
value; 9, say. This map gives rise to a deterministic inverse: for Py-almost every
w we have

1 (w,.): Co (W) — Z* x N

such that ® (w, @' (w,z)) = x for all z € Cy (w). We insist that the deterministic
map lists first the points of degree less than or equal to k, so that the numbering
remains consistent when we consider the thinned graph later. We also insist that
the numbering within each box stays the same when we shift by 2z for some z € Z¢,

so the numbering of the points in the box about the origin in w is consistent with
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the numbering of the box about —2z in 75,w. Other than these conditions, the
numbering used is unimportant, we could for example order by distance from the
centre of the box.

We abuse notation by writing, for z € Z¢, n € N

T(zn) (W) = T®(w,z,n)s

note that our numberings will change when we apply this shift.
Recall the operator Q : L? (Qq, B, ) — L? (Qo, B, 1) defined by

Qf @) = 305 S ().

x~0

Proposition 64. Q is a self adjoint contraction on L* (1) := L* (Qqo, N, 11).
Proof. For n,m € N define
Apm = {w eEN:d (T(Om)w,O?m) =—-d (w,O,n)} ,

that is the environments such that the nth neighbour of the origin considers the

origin to be its mth neighbour.
Then

QF, ),

w) Z LoccayLanm (@) 1{0~<1> w0 }f (v On)w)]

- ZEP

1/2
< ZEP[ )* Ljoecat L an,, (@ )1{ozq>(w,o,n)}]

I ozemtbanm (O Hozaom} (v 00" o g uim)

Ep

1/2
)}f (T(o,nw)zl »

l{OGCoo} ]'An,m (CU) 1 {OT(O;J})“)@(

T(07n)w,0,m
where the last line follows from Cauchy-Schwarz. Hence,

1/2
Qf, ), < ZEP[ )’ Ljoeco L (@ ﬂ{o%@(w,o,n)}]

511/2
Ey [1{06cw}1Am,n ) 1 fgaomn S @)

ZEP [ 1{06000}1Anm ( )1{o%<1>(w,0,n)}]

= EP [1{0ecny deg, Of (Wﬂ = (i)

IN
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As Q is a contraction, for € > 0, we can define 1. : Qy — RY, a function in
L? (1), to be the solution to

where

We now look to define the corrector, following the methods of [10] which in
turn follow [35].

Theorem 65. There exists a function y : Z¢ x N x Qg — R? such that for every
(z,n) € Z* x N,

l;f{)l 1{<I>(w,z,n)€C<x,} (% O T(zmn) — %) =X ((Z7 n) ) ) , in L? (:u) :
We also have the following properties:

1. (Shift invariance) For P'-almost every w €

X (7, w) = x (y,w) = x (v — vy, Tyw)

holds for all z,y € Cy (w), where we have abused notation and x (z,w) in

fact means x (P! (w,x),w)and similarly for the other terms.
2. (Harmonicity) For P’-almost every w € Qq, the function
r—z+x(z,w)
is harmonic with respect to the transition probabilities Fy,,.

3. (Uniform square integrability on the thinned graph) There exists a constant
C < oo such that

H [x((z,n),.) — x ((Z/’ n,) ] l{é(w,z,n)@(w,z’,n’)ecl&}1{(2/7"I)N(2’n)} )2 <C

holds for z, 2’ € Z%, n,n’' € N, where |.||, = (E, |.|2)1/2.
We recall properties of ¢, from [10], required to prove the above theorem. Let

iy be the spectral measure of Q : L? (2, No, ) — L? (9, No, i), ie for every
bounded, continuous ® : [—1,1] — R we have

B, (V0 (V) = (V.o @) = [ 8 () m (@),

1

Then by the results of Section 3.3 and the work of Ferrari et al (Lemma 2.5 of
[27]) we have f_ll iy (dX) < oo and lim,jge 4|5 = 0.
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Lemma 66. Let n € N. Define

G, = Loeco 1{a(,0m) <1} (% °Ta(0m) — %) :

Then for every n € N
lim |G — G2, = 0.

€1,€200

Proof. Firstly, suppose that instead of picking the nth neighbour in our determin-
istic sequence we picked a neighbouring vertex of the origin uniformly at random,
call this selection e. Then, with E = E, x Ey, where U is the uniform choice of

edge e, we see

B |:1{0€Coo} [d}sl ©Te — ¢€1 - wa? 0Te + ¢52] 2i|
= E, xEy [1{06000} [(¢51 - 77Z)€2) ©Te — (¢51 - @Z)Ez)}z}

1
1{0€COO} Z; deg() [<¢51 - ¢€2) OTy — (wél - 1/)62)}2]

= EM [Q (wz-n - Y#z—:2)2 —2 (wa - wsz) Q (wa o w€2) + (wﬂ B ¢€2)2]
< ZEM |:(¢€1 - ¢52)2:| o 2EN [(wﬂ o ¢52> Q (w‘fl - w‘??)}
= 2(%1 —%27(1—@) (wm _wzfz))

S CEE Nt
2/—1 (1 +é1— )\>2 (1 +ey — )\)2‘1’V (d)\),

= E,

where the fact that () is a contraction is used for the fifth line. This integrand
is bounded by ﬁ for all 1,65 and by the work of Ferrari et al tends to zero as
€1,9 — 0.

By Fubini’s theorem

E|G - G2 = E, [|G — G2 *| deg0 = k] P, [deg 0 = k] du

B
Il

1

8@\
NE

I

for arbitrary ¢ and constants ¢ (7) > 0. Since the term on the left hand side tends

k
1 € €22
> & ;_1 By |Gt = G*[" P, [deg 0 = K]
E. |G}

-G

o o

>

to zero as €1,e9 — 0 we have the claimed result. m
Now, for z € Z¢, m € N, since ® (., z,m) may equal § or may fail to lie in C,
we have
1G5 0 T(emy = G2 0 T [, S IG5 = G221l

and hence the limit is zero as 1,5 — 0. Hence for all z € Z¢, m € N, G5 0T (m)

converges in L? as ¢ | 0. Write G?Z m) = lim. o G, © T(zm). Take z,2" € VA
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m,m/,n,n’ € N then on the event that (z’,m’) is the nth neighbour of (z,m) and

(z,m) is the n'th neighbour of (', m'):
G‘L(:Z’m) O Ty + sz’,m’) O Ty = 0

and hence the limit is zero off a null set. Similarly, for any closed loop (zo, . . ., x;)
on Coo, writing Gy (w) = G, ) (w) forz = @ (w,z,m) and y = 2+ (Tmw, 0,n)

we have .
Z Gmkﬂ'lﬁtl (W) =0
k=0

for almost every w € 5. Thus, we can define

—_

1—

X (‘737 w) = Gmk7$k+1 (w> ’
0

i

where (xg,...,z;) is a nearest neighbour path on C. (w) connecting zy = 0 to
Tr; = XT.
Proof of Theorem 65. Shift invariance follows trivially from the definition.

Assuming that ®(.,0,1) = 0, to prove * —— x + x (z,w) is harmonic we

require:
1 deg0
0,1,.) —x(0,n,.)|=V.
degO;[X( 1) =x(0,n,.)]

Now, since x (0,1,.) — x (0,n,.) = _G?o,n» the left hand side is the limit of

1 deg0
degO Z [we - we OTVL] = (1 - Q)ws
n=2

By the definition of 1. we have (1 — Q). = —ep. + V. Since 1), tends to zero

=
in I? we have the desired result.

Finally,

H [X ((27 n) ) ) - X ((2,7 nl) ; )] 1<I>(-,z,n),<1>(-,z’,n’)€C’go1@(-,2’,n’)~<1>(-,z,n) HQ
< sup [[x(0,n, )|,
1<n<k

< C

for some C < 0c0. =

3.4.2. Sublinearity along coordinate axis

Take ¢ € Z¢ with |e|] = 1, and let p, : R? — R be the projection on to the
coordinate direction e. Let S, be the strip emanating from the origin in the

direction e:

Se:{Bo[l]—i-ne:nz%}.
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We firstly look to define the first element of CX in the strip S,. Define
e (W) =inf{n >0:3z € CL (w) N S. with p, (z) =n}

and let v! (w) € C& (w) N S. be the vector with p, (v! (w)) = 7l (w) (v} is well

e

defined off a set of measure zero).
For [ € N, [ > 1, we define the /th member of C% in the strip:

1l (w) =inf {n > 7! (w) : 3z € C (w) N S, with p, (z) = n}

and take v! (w) € C¥ N S, to be the point that achieves the infimum.

In this section we look to prove the following.

Theorem 67. For P'-almost every w € €)Y,

o X (vl (w),w)

l—o0 [

= 0. (3.43)

To prove this we follow [10], making use of the ergodic properties of the original
environment under P. Note that we work with P and not Py or [ as these latter
measures are not preserved under translation due to the point at the origin.

For e € RY) |e| = 1, let 7. :  — © be the unit shift in the e direction:

Tew(A) :=w{a+e:ae€ A}

for Borel A € R?. Then we know that 7. is an ergodic transformation with respect
to P.

Now, working on the thinned graph, the number of points in a box of unit side
is bounded by N = N (d, k). Take N to be minimal. The deterministic numbering
of the points of bounded degree in a box thus runs through at most n =1,..., N.
Take n € {1,..., N} and define

Q, ={weN: " (w,0,n) €eCL} CQ.
Note that P (£2,,) > 0. Define for w € €2,
N (w) =inf{m e N: 1w e Q,},

giving how far in direction e we have to travel to find a box containing at least n

thinned points. For j > 1 we define the jth such box
i (w) = 75 @) + 75 (7o)

Write w! | (w) = wl (w) := @ (w, 7 (w)e,n) for the corresponding point. Note

that ﬁj is almost surely finite whether we start with w in €2,,, 2 or €.
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Now, o7 : ,, — (,, defined by

is well defined up to a null set. Further, following the arguments of Berger and
Biskup [10] we have:

Proposition 68. ¢! is measure preserving and ergodic with respect to IP (.| 2,).

It is also almost surely invertible with respect to the same measure.
Our plan is the following: we define f : Q,, — R? by

f(w) = x (we, T0myw) (3.44)

and show that f € L'(P,) for P,(.) := P(.|Q,). We also show that f has
zero mean. Then, by Proposition 68, we can apply Birkhoff’s ergodic theorem
to f, giving us a formula similar to (3.43). Then, since we can apply this to
n=1,..., N, we can put everything together and prove Theorem 67.

We abused the notation a little in the definition of f : €, — RY. When we
translate w by T(on), w! (w) ceases to be a vertex of the graph and of course all

the numberings will change. The w! should in fact read:

D (w0l (@) = 2 ((0.0),w)) .

that is, the point to which w! is moved under the translation. In words, the
function f is the corrector between the nth point of the box By [1] and the nth
point of the first box in the direction e that contains n points in C~ .

The fact that f is well defined up to a set of measure zero with respect to P,
is due to the fact that x is defined up to a set of null measure with respect to [’
and hence the Campbell-Mecke Theorem gives that this set will remain null under
P,.

The next proposition shows that we have good control over both the graph

and Euclidean distance of w; from the origin.

Proposition 69. For A > \.(d) there exists a constant a = a (\) > 0 such that
for all e with |e| =1,
P (|wl] > 1) < e (3.45)

Further, let L = L (w) be the length of the shortest path from 0 to w!. Then

there exists a constant C' < oo such that for all n > 1

P (L>1) < Ce . (3.46)
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Proof. We know that (3.46) holds for site percolation and will look to use this
fact by dominating supercritical site percolation by a certain random field and
then demonstrating that a long path in the original continuum graph forces a long
path in the dominated site percolation, an event that has exponentially decaying
probability.

Take the strip in the direction e out from the origin:
S=25.:={ne+ By[l] :neR}.

We slightly modify the event we have been using before: as we look up from
the origin we need a point of the infinite cluster to be in the strip S, thus we
require our cubes to have a point of the crossing cluster within the strip S. For a
cube Q = x + By [s] for some z € R? and s > 0 define

{there exists a unique crossing cluster C in Q for Q, all open paths

SEQ) = contained in @ of diameter greater than ¢ are connected to C in Q,
C is crossing for each cube Q' C @ such that s(Q') > g, for
every y € () we have deg(y) < k and (7,5)NC # ¢ },

SH(Q) == SF(Q) N {CY (Q) is crossing for Q} N {CV(Q) is crossing for @} .

Define the macroscopic process ¢ () := lgk(g,, ) for = € Z4. As before, taking
s sufficiently large, we can make the probability of the above event arbitrarily
close to one and thus we can apply Theorem 36 and stochastically dominate site
percolation of parameter p > p. (d).

Write w, for the first macroscopic point of the macroscopic infinite cluster of
the form w, = ne for some n € N. Then, by comparison with the first point of
the dominated supercritical site percolation model, a trivial modification of the

arguments in [10] give that

P (Jie| > 1) <e ™. (3.47)

Abusing notation a little and writing w! to be the first member of C¥ in the
strip § irrespective of whether we are in {2y or (2, we see that there exists a ¢ > 0
such that

P’ (Jwe] > 1)

IN

@ (|u?] > 1)

I—1
< P <|uve\ > —)
S

0
ce a’l

A\

IA
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The first line is a triviality with the constant c a result of conditioning. The second
line comes from the domination of supercritical site percolation and the final line
uses the bounds on @, in (3.47). This proves (3.45).

The proof of (3.46) is now just a combination of (3.45) with Theorem 54,
relating the graph distance between two connected points to the Euclidean distance
between them. This argument is straight forward and identical to that given in
[10]. m
Proof of Theorem 67. Fix 1 <n < N and recall that w! (w) is the first point
in the strip in direction e that lies in a cube with at least n points contained in it.
We show first that w — x (w! (w), .w) lies in L' (') with zero mean.

Now, on the event x := (z,n) € C¥, x (x,-) is an L? () limit of functions
Xe(z,)) = .07, — ¢, as e | 0. Since P'(-) <E (w{0})u(-), the limit is in
L? (P) too. Now,

N
X (Wl Temw) [ < Y D |G o7 (w)]

where L is the length of the path from 7w to w}.

We know from Theorem 65 that ||G5 o 7,,||, < ||G5|l, < C for all 4,m and that
the number of terms in the sum is bounded by N (2L (w) + 1)* which has all mo-
ments by (3.46). We then apply Lemma 4.5 from [10] to see that sup,. ||x. (we, .)|l,
oo for all r € [1,2).

Now, note first that a uniform bound on the L"-norm of y (w}, .) for some r > 1

implies that the family {x_ (w!,.)}.., is uniformly integrable. By conditioning on

1

the events {7] = k} as k runs through the naturals, we can show x, (w;,.) —

X (w},.) in probability as ¢ — 0. Combining with the uniform integrability we
see that the convergence is in L' also. The convergence in probability is a result
of the fact that P (7] > k) — 0 as k — oo and the fact that for all £ and n,

X (ke,n),.) — x ((ke,n),.) in L2. Let § > 0 then for n € N,
P{[x. (we,) = x (we, )| = 0}
< ZP{W Hxe ((ie,n),w) = x ((ie,n) ,w)[ = 0} + P iy > k}

2 P >k},

k>n

IN

for small enough . Letting £ tend to infinity we have convergence in probability.

Note that if we take w € €, then w! (w) is not necessarily equal to w! (7(omw).
However, since our viewpoint is shifting by less than a unit distance all the above
arguments will hold with trivial modifications. By Campbell-Mecke and the above
we instantly see that f € L' (P,). Further, as before we have that f is the L!
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limit of functions . (w;, T(Om).) =100l —1,, but since o is P,,-preserving and
ergodic this has mean zero. Thus E,, (f) = 0.

Now,

X (1t (@) 70w) = 3 o (o)

Applying Birkhoff’s ergodic theorem to f, by ergodicity of ¢ we obtain

i X (WE (@) Tomw)

for almost every w € €2,. Further, for all 1 < n < N, x (wé}n (w) ,7(071)w) is

P;-almost surely finite and hence for every 1 <n < N

hm X (wf,n (w) ,7'(0,1)0.)) _ hm X (wf,n (W) 77-(0,1)0'}) + X (wlg,n (w) 77—(0’n)w)

k—o0 k k—o0 k k

= 0 (3.48)

P;-almost surely. Using Campbell-Mecke we obtain the same results P’-almost

surely. Now note that
{wf,:1<n<N, keN}={v:keN}

and if w}, = v¥ then k' > k. Hence, if (3.43) fails to hold then (3.48) fails for
some 1 <n < N. Thus (3.43) holds off a P"-null set and we are done. m

3.4.3. Sublinearity on average

We now detail how these results can be extended to the full space. We present
the result first for d = 2 and then a somewhat weaker result for d > 3. The
techniques are exactly those used in [10] to move from sublinearity in coordinate
directions to sublinearity on average. We are therefore quite short with some of
the explanations. For a fuller exposition see [10].

d=2

Fix a complete set of coordinate vectors {ey, ..., eq} with |e;] = 1 for all 4.

Definition 70. Given K > 0, ¢ > 0 and w € Q we say that © € Cy (w) is
K, e-good if

X (y,w) = x (z,w)] < K +elz —yl
holds for every y € Cy (w) such that y € B, [1] 4+ ne; for n € R and coordinate

direction e;. Write G . = Gk (w) for the set of K, e-good sites in w.
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By Theorem 67 and the fact that the average number of points per unit volume
in a strip of finite length converges to A as the length of the strip tends to infinity,
we see that for each € > 0 there is a K < oo such that Py (0 € Gk.) > 0.

Fix a unit vector e = e;. Define the sequence {y;},~, = {vi (w)},5, to be
the complete list of points in Gx . (w) N {By[1] +ne:n £ 1/2}, ordered so that
0. (Yi) < p. (yiz1) for all i, where p, is the projection onto the eth coordinate
direction. Let

An (W) = max (y; —yj-1),

then

lim —* = 0, P-almost surely.
n—oo N

For the proof, let A be the event that By [1] contains a point of Gk . (w). Then
by the ergodicity of 7. with respect to P we have

. 1
lim
n—oomn + 1

D Layori=P(A4) >0
k=0

P-almost surely. Now, if % does not tend to zero, then there exists € > 0 and a
sequence {ny},cy With np — oo such that A,, > eny, for all k& € N. In particular

one can choose the sequence such that v,,, —y,,_1 > eny, for all k. With this choice

one has:
1 ng(1+¢) 1 1 &
S E— Ligyorl = — Liayor!
n (1+€) JZO W 1+5”kao we

for all kK € N. Thus lim,,_, n+r1 ZZ:O ligyo ’7']; cannot exist and we have a contra-

diction to the assumption that % fails to converge to zero.

Theorem 71. d = 2. For P'-almost every w €

) T, w
lim max (z, >:O.
n—00 £ECo0 (W) n

|z o <n

Proof. Fix ¢ > 0 and let Ky be such that P (0 € Gx.) > 0 for all K > K,. Take
w € Q. Write S7 = {B,[1] 4+ ne; : n € R} C R? for a two sided strip about
in the coordinate direction e;. Let (pi (21)),c; be the projection onto e; of an
exhaustive two-sided sequence of points in the strip S{ = {By [1] + ne; : n € R}
that lie in G . (w), ordered by their value under the projection p,. If A, is the

maximal gap between consecutive x;’s that lie in [—n, n], then define

n (W) :=inf{N e N: A, <enforalln> N}.

89



We do the same in the direction e, with sequence (p2 (yx)),c,, and corresponding

Ny (w). Set 1y = max {n;,n,}. We claim that for n > 7, (w)

max |y (z,w)| < 2K + 6en. (3.49)
z€CE, (W)
lz|<n

Define the grid of good points
G = G(w)
= CF (W)N[{Sy:iczZyu{SV icZ}].
Now, let 2 € C¥ \G. Then every path connecting x to infinity must include at

least one grid point. Applying the maximum principle for harmonic functions and

using our control on A, we obtain, for large enough n:

max |y (z,w)| < 2en+ max Ix (z,w)].
2eCk\G G

‘x| <n ‘CE| <2n

Let x € GN[—2n, 2n]2 . Then x lies in some strip, say Sﬁk. But then
X (2, w) = x (2, w)| < K + 2en

and
|X (l’k,&)) — X (Oaw)| < K + 2en.

Thus the triangle inequality gives
Ix (z,w)| < 2K + 4en,

proving (3.49). As this holds for any ¢ > 0 we are done. =
d>3

In higher dimensions we are only able to prove the following, weaker, result.

Theorem 72. For all ¢ > 0, all d > 3 and P’-almost every w € )

lim — Z Lix(w)lzeny = 0-

n—oo nd
xECk
jol<n

We prove this by an induction argument over v-dimensional sections of the
d-dimensional box {z € R?: |z] < n}. Forv=1,...,d let

A= 20 LA
" 2°2 2°2

Let v < d and define the upper density

1
0, (w) = lim lim sup mf Z Liix(z.w)~x(yw)|>en}. (3.50)

k 1 U
81,0 n—oo yEC ﬁA | eck )ﬂAz
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Lemma 73. Let 1 < v < d. If 9, = 0 P-almost surely, then o, , = 0 P-almost

surely.

Proof. In this proof we make use of the fact that the thinned graph has bounded
degree and hence there can be no more than N = N (d, k) points in a d-dimensional
box of unit side. Note, however, that for any € > 0 a ball of radius ¢ > 0 can
contain N points of the thinned graph. Hence there is no way to bound the number
of thinned points in a set A C R? with respect to the Lebesgue measure of A.
To take this into account we slightly modify the definition of a good ball:
Given K > 0, e > 0 and w € Q we say that x € Cy (w) is K, e-good if

X (y,w) = x (7, w)| < K +¢l|r—y

holds for every y € Cw (w) such that y € B, [2] + ne; for n € R and coordinate
direction e;. Write Gx . = Gk (w) for the set of K, e-good sites in w.

Define A} ; = 7je,,, (A}) for j € N and take a stack of translates of A,
say that z ’ié’good if there exists x € Ay ; NCL with z € B, [1] + je,4 for some
j€{0,...,L—1}. For a given 6 > 0 we pick L = L (0, \,d) deterministically
such that Ag := {z € Z* N AY : z good} satisfies [Ag| > (1 — §) |AY N Z4| for large
enough n (dependent on w).

Suppose g, = 0 for some v < d, P-almost surely. Fix 0 < § < %Pfo =
P (|0 — C’fo‘ < 1)2. Take ¢ > 0 such that

1
Le+6 < §P30. (3.51)

For a fixed, large K and P-almost every w and n sufficiently large (dependent
on w), for each j =1,...,L we can find A; C Ay NCE (w) satisfying

Lo [(An,; NC)\A; <2 Ay

2. x(z,w) = x (y,w)| <en, z,y € Ay,
3. A; C Gk,

4. (U;A) DA, # ¢,

(note that the left hand side of 1. refers to the number of points and the right
hand side refers to Lebesgue measure). We can do this since g, = 0, the pointwise
ergodic theorem and the fact that Py (0 € G.) converges to Py (0 € CX) as K
grows to infinity.

Set Aj C A};j N Z% to be

A= {zEAZJﬂZd:mE B, [1] for some z € A;}.
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Then by construction, the projection of Aj onto AU N Z% covers all of Ay save
at most Le |AY| points. Hence the number of points of A¥ N Z? that cannot be
realized as the projection of some point in UA]- is at most (6 + Le) !AZ N Zd| .

We write A to be the set of sites in A" N C% that when projected onto AY
belong to boxes corresponding to the projections of A; U ... UA7.

Take 1 < i < j < L, then for sufficiently large K, sites z € C% (w) such that
there are points z; € By [1] + ieyt1, 2; € By [1] + je,+1 make up at least %Pfo
fraction of the points of C¥ (w) that lie in the strip RV x [—1, %}div. Since we
have assumed (3.51) we know that for large enough n for each pair 1 <i < j < L
we can find such z; € A;, z; € A;. Since the A;, A; satisfy condition 2 above and

z;, zj are K, e-good, for any z € A;, y € A; we have

IN

X (2, w) = x (21, w)| + |x (21, w) = x (25,w)] + |x (¥, w) = x (25, w)]
< en+ K+eL+en=K+eL + 2¢en.

X (7, w) = x (y, w)|

Hence, for every r,s € A we have for x,y such that r, s lie in the strips ema-

nating from z and y respectively,

X (rw) = x(s,w)| < [x(rw)—x(@w)]|+x(@w) —xw)l+x(sw) —xyw)
< K+en+K+en+Le+2en+ K +éen

= 3K + Le +4en < ben

for large enough n.
If o, . denotes the right hand side of (3.50) before taking ¢ | 0, we see that

Opi15e (W) <0+ Le

for P-almost every w. The left hand side increases as € | 0 but the right hand side
decreases. Thus taking € | 0, ¢ | 0 proves that g, ,; = 0 P-almost surely. m
Proof of Theorem 72. Firstly, by Theorem 67, we see that o, (w) = 0 for P’'-
almost every w and by Campbell-Mecke we extend this to P-almost surely. Using
induction on dimension we then see that g, (w) = 0 for P-almost every w, applying
Campbell-Mecke in reverse we see that this holds for P’ almost every w.

Let w € Qy. By Theorem 67 for each £ > 0 there is ng = ng (w) such that
P (ny < co) = 1 and for all n > ng we have |y (z,w)| < en for all z € AL NCE (w).

Hence for n > ny

Z Lx@w)zeny < Inf Z L ix(aw)—x(y.6)|>2en} -
Ck'

yeCk NAL
zeCk <o

lz|<n |z|<n

Thus by the definition of g, the fact that it is zero proves the desired result. m
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3.4.4. Proof of the invariance principle

We now follow the scheme of Biskup and Prescott in [13] to show sublinearity of
the corrector on the thinned graph, which we can easily extend to the full graph
by harmonicity. We will then be able to draw our results together and prove the

invariance principle.

Theorem 74. For P'-almost every w

lim max M =0.
n—0oo peCk n
ﬁBo[n}

This will follow from several results taken from [13].
Lemma 75. For every 0 > d, P'-almost surely

lim max —|X<xéw)|
oo geck, M
ﬁBo[n}

=0

Proof. Set
R, = max |x (z,w)].
zeCk,
jal<n

By the large deviations result comparing Euclidean and graph distances, Theorem
54,

P-almost surely. Thus we need only show that R, /n’ — 0 on {\(w) < A} for
every \ < oo.

Now, on the event {\ (w) < A}, every x € C% with |z| < n can be reached by
a path on C% within [—An, An]®. Hence on {\ (w) < A}

Ry< Y Y Ix(z,0) = x(y,w)].

zeCk, YT
xﬁ)\? yecs,

Invoking the uniform bound on the change of x along an edge in the thinned
cluster we see
[Raliywon |, < On

for some constant C' = C' (A, k,d) < oo. Take ¢ > 0, then applying Chebychev’s

inequality we see

P (_n > 5) < LCnZd _ Cn7(2072d).

2 n29
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Setting n = 2™ and summing over m, Borel-Cantelli yields
;[ Bn e
P"{ —; > 2¢ infinitely often | = 0.
n

As £ > 0 is arbitrary we are done. =

Let (Z; :t > 0) be the continuous version of the time changed random walk
on Ck . That is, Z; := X N,, where N, is an independent Poisson process of rate t.
The proof of the following bounds comes directly from Corollary 26, Theorem 42

and Proposition 51.

Lemma 76. For a deterministic sequence b, = o(n?) and P'-almost every w,

By |Zt — I|
SUp max sup —r—+———— <
n>1 €C, t>b, Vi

|z[<n

o

and
SUp max sup td/2Pw7x [Z, = z] < 0.
n>1 2€CE t>b,
|z|<n
Note that as we do not currently have good control over the tail of the random
variable corresponding to the spread of traps, this result is only proven to hold for
the time changed random walk.
Sublinearity of the corrector on the thinned graph will be proved directly from

the following lemma, which uses the diffusive bounds.

Lemma 77. Let

R, := max |x (z,w)]| .
zeCk
|z|<n

Then for each € > 0 and 6 > 0 there exists an almost surely finite random variable

no = ng (w, €,9) such that
Rn <en-+ 5R3n7 n > ng.

Sketch of Proof. The proof is identical to that in [13]. We give a summary.
Let 2 € Ck N By[n] be the point at which the maximum of R, is achieved
and let Z; be the continuous time, time changed random walk started at z. By

harmonicity and the optional stopping theorem
R, < E,.|x(Zirs,) + Zins, — 2| - (3.52)
Take S, to be the stopping time
Sy =inf{t >0:|Z, — z| > 2n},
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then for large enough n, |x (Zs,,w)| < Rs,.

We take t := &n? for suitably small ¢ > 0, and break it down into two cases.
Either we remain in By [3n] up to time t, ie S,, > t. In this case by sublinearity
on average (Section 3.4.3) and Lemma 76, for large enough n the probability of
the particle being in the set

1
0 = {r e i ilal i)l = Jon'

at time ¢t = &n? tends to zero as n — oo. If S, > t and Z, ¢ O, then the
expectation in (3.52) is small.

Otherwise ¢t > S,,. On this event, the right hand side of (3.52) is bounded by
R3, + 3n. Further, Lemma 76 shows that the probability that ¢t > S,, is small if
the constant £ > 0 is chosen suitably.

Combining these arguments gives the result. m

We can now prove the sublinearity of the corrector on the thinned graph.
Proof of Theorem 74. Take R,, as above and suppose R, /n /4 0. Pick ¢ with

0 < ¢ < limsup R, /n.

n—oo

Let 0 be as in Lemma 75 and set € := ¢/2 and 6 := 37+Y), Note that for ¢ > c,
we trivially have ¢ — e > 3%5¢. If R, > cn, which happens infinitely often, and

n > ng then Lemma 77 implies
c—¢
Rgn Z Tﬂ Z 39671.

Inductively we have Rsr, > 3*cn. But this contradicts Lemma 75, since we have

R3kn
3k9 Z cn

and so fails to tend to zero as k tends to infinity. =

We are now ready to prove the functional CLT.
Proof of Theorem 33. We know that the order of the largest trap in By [n] is
bounded above by C (w) (logn)”“™V. Take a trap, T', contained in By [n], then

by harmonicity and the maximum principle

<
max |z + x(z,w)| < max |z +x (z,w)|,

and hence
max |y (z,w)| < max |x(z,w)|+ C (w)(log n)d/(d—l) .

zeT T zeCk NBo[n]

Thus, by Theorem 74, the corrector is sublinear on the unthinned graph C, (w).
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Set ¢, (z) = z+x (z,w) for x € Cy (w) and define M,, := ¢, (X,,), a martingale
by property 2. of Theorem 65. Fix v € R? and define

fi (W) = B0 (V- M) Lan = x}) -

By square integrability of the corrector, fr € L'(Q,F,u) for all K. By the
ergodicity of the Markov chain from the view of the particle

n—1

lim " fico7x, () = Byfi.

for P'-almost every w and P, g-almost every path X = (Xj) of the random walk.
Setting K = 0 and K = ¢y/n along with the monotonicity of K —— fx verifies
the Lindeberg-Feller Martingale Functional CLT, see [30] page 411. Hence

t—

1
% (U . M[ntj + (Tlt - LntJ) (R (Mtntj_i_l — MLntJ))
converges weakly to Brownian motion with mean zero and covariance E, fo. We

then invoke the Cramer-Wold device to see that the linear interpolation of

t oy Mingy

vn

scales to d-dimensional Brownian motion with covariance matrix D given by

Dij = E#Ew’o ((ez . Ml) <€j . M1>) .
The sublinearity of the corrector implies that
X = My = x (w, Xn) = 0(|Xa]) = o (|Ma]) = 0 (V) ,

and hence X, converges weakly to Brownian motion with covariance matrix D.
Now, note that the reflection and rotation symmetry of i force D to be of the
form D = 1521 for
0 =B,E,o| M.

The only way this can be zero is if u-almost everywhere we have y (., x) = —z for
all x € C, but this cannot be true since the corrector is sublinear. Thus we have

convergence to non-degenerate Brownian motion. m
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4. RANDOM WALK IN DYNAMIC
ENVIRONMENT

In this chapter we consider the space-time random conductance model. We take

environments of the form w = (way (1)), ,eze for K either R or N, and consider
teK
the random walk on w. We assume the symmetry condition w,, (t) = wy, (t) for

all edges and times - this will prove to be key in our analysis. There are several
different walks that one can consider - walks in both continuous or discrete time
moving at either constant speed or variable speed. We will begin by introducing
the various possibilities.

Previously we have considered the constant speed walk in discrete time. In the
dynamic setting this corresponds to the discrete time Markov process on N x Z4

with transition probabilities

P (Yo = (m,y) Vo1 = (m—11))
weym—D) it 7~y and Yo we (m—1)#0

Zz Wrz (m_l)
= 1 ifr=yand ) w,.(m—1)=0
0 otherwise

This walk presents several technical challenges: if one looks for an invariant mea-
sure for the walk considered on the space-time graph then the measure does not
generally have a simple form and the walk is never reversible. Further, this invari-
ant space-time measure is not spatially consistent - the projection of the invariant
measure at time ¢ onto Z? will be different from the projection at time s # ¢. This
restricts the tools available with which to analyze the walk.

With this in mind we introduce the variable speed random walk in continuous

time. This is the Markov process X; with generator at time ¢

Lof () =Y way (1) (f () = £ (2)). (4.1)

y~z

We will restrict our environments to those where every edge changes only finitely

often in a bounded interval. Thus the edge weights are step functions:
We (t) = Z OéilAi (t) )
i=1

for a; >0, A; = [a;, b and [{i: t € A;}| < oo for all t € R.
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The flat measure 7 (z) = 1 for all x € Z¢, is the invariant measure for the

variable speed walk with
<£tf7 g>7r = <f7 £tg>7r (42)
for allt € R. Although this does not imply P (X; =y |Xs=2) =P (X; =z|Xs=1y)

the fact that £, is self-adjoint will be important in our analysis. It is this variable
speed, continuous time walk that provides most of our results.

One can also consider the discrete time, variable speed walk: suppose that
>, wae (n) € [0,1] for all z € Z? and n € N. Define Z, to be the random walk

with transitions

Way (n— 1) ifrx~y
0 otherwise

We will see that this walk can be very different from X;. For example note that
there is the possibility for Z,, to have deterministic steps - an impossibility for X;.

We will primarily consider heat kernel behaviour for the variable speed, con-
tinuous time random walk in various cases - placing conditions on the geometry of
w that lead to upper bounds on the heat kernel. We then give examples of random
environments that satisfy these conditions with probability one.

We begin with the case P (w. € [a,b]) = 1 for 0 < a < b < co. In the static
time model, a standard Nash inequality holds and full off-diagonal upper and lower
heat kernel bounds hold - see for example [5]. This is also true in the dynamic
setting as the Nash inequality holds uniformly in time and full off-diagonal heat
kernel bounds can be achieved through the same methods as in the static case.
This was proved in [31] and we recap the proof of the on diagonal upper bounds
as the techniques are those that we will modify to attack more general cases.

As discussed in previous sections, if the lower bound is missing: P (w € (0,1]) =
1, one can see more interesting behaviour. The work [11] in the static (constant
speed) case shows that anomalous heat kernel behaviour can occur. By simple
modifications to this argument one can show that this behaviour extends to the
variable speed continuous time walk in the static case. In particular it is proven
that the best upper bound for the heat kernel in d > 5 are O (t72). We present
two main results for this case. We show that in the dynamic time setting with
dimension d > 3 lower bounds on the heat kernel close to O (1) can be achieved -
ensuring a more anomalous heat kernel behaviour than seen in the static environ-
ment. Anomalous heat kernel behaviour in this setting occurs when the random
walk remains closer to the origin than one would normally expect. A trap that
facilitates this behaviour involves a vertex surrounded by weak bonds. If the weak

bonds are of order O (n!) then one would expect the random walk to remain in
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the trap for time O (n) provided that the trap is not removed by the time dy-
namic. To enter or exit the trap the walk has to pay O (n~'). However, if the
time dynamic ensures that traps of this type last for time O (n) then the walk can
wait until the trap disappears and escape from the trap for free. This strategy
leads to stronger anomalous behaviour than the static case but relies on dynamic
environments existing whose traps disappear at the appropriate times. We will
give examples of such environments.

In particular this ensures at least three extrema for the heat kernel for the dy-
namic random walk. As the mixing of the random environment increases the walk
resembles the random walk on the annealed graph - this is just the simple random
walk on Z? and hence has heat kernel bounded above and below by O (¢t~%/2).
Conversely, as the mixing of the environment decreases, the walk resembles the
random walk on the static graph and as described this can have heat kernel be-
haviour O (t72). Our example shows that in between these cases are environments
with heat kernel decay close to O (t7!). We do not present corresponding upper
bounds but do give heuristics for why O (¢7!) is the most anomalous the heat
kernel can be.

We also, as in Chapter 2, look for conditions that ensure standard heat ker-
nel behaviour in the case w € (0,1]. We approach this problem via isoperimetric
techniques - looking for the spatial graphs at a fixed time to satisfy d-dimensional
isoperimetric inequalities. When isoperimetric inequalities hold we obtain Nash
inequalities and they in turn enable upper bounds on the heat kernel. In par-
ticular we show that if the environment evolves in time in an ergodic way and
geometrically the spatial environment looks d-dimensional at every time ¢, then
the space-time walk will also look d-dimensional in its heat kernel. We will make
these ideas precise later.

Next, we consider the case P (w € [1,00)) = 1. In this case standard on diago-
nal upper heat kernel bounds hold due to a uniform Nash inequality being satisfied
as w is bounded below. The question is thus can we control the off-diagonal behav-
iour? In the static case this question is attacked in [7], where it is shown that by
introducing an auxiliary distance function, the methods of [25] provide long range
bounds. The methods of Bass-Nash then enable full off-diagonal heat-kernel upper
bounds to be proven. In the dynamic case we have struggled to find an appropri-
ate space-time distance to use in the methods of [25]. We outline properties that
a suitable space-time distance should satisfy and describe the problems faced in
finding such a distance. We then give an example where incomplete upper bounds
can be proven - bounds that we believe not to be sharp.

Finally, we will discuss functional central limit theorems in this setting. These

models have been considered previously in the literature, often without the as-
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sumption that w,, = w,,. Various techniques have been employed including heavy,
analytic cluster expansions, probabilistic arguments via regeneration times, and
the Kipnis-Varadhan methods discussed earlier in this thesis. The results obtained
thus far normally require assumptions on the ellipticity of the walk and mixing of
the environment. We discuss these methods in more detail and why currently our
heat kernel techniques cannot be used in a fashion similar to Chapter 3 to prove
a functional CLT.

In terms of heat kernel estimates, there is not a huge amount in the literature.
The Appendix of [31] proves full off-diagonal results in the case where weights are

bounded away from zero and infinity. The paper [22] proves that if
m(x) = way (k)
Yy

is independent of k£ and the environment satisfies both a uniform ellipticity condi-
tion and uniform Sobolev inequality then standard off-diagonal upper bounds and
on diagonal lower bounds hold. There are also results in the case where space is
taken to be finite, these can be found in [51] and [52].

We finish the introduction with some notation. As we are walking on a space-

time graph, starting points should be in space-time and hence we write
I fi,m) (X =y)

for the random walk on the space-time graph started at (s, z) € R x Z¢, and abuse
notation by implicitly assuming that the time coordinate of X; is equal to ¢ and
hence the walk has been run for time ¢ — s. When PY is written it should be

assumed that we are taking s = 0.

4.1. Variable Speed, Bounded Conductances

We begin with the simplest case: we consider the variable speed continuous time
random walk on an environment with conductances bounded above and below:
there exist 0 < a < b < oo such that P (w, (s) € [a,b]) = 1. This is the only
assumption that we make on the environment. This case has been considered
previously in [31], with Proposition 78 proven. We present the details of the on
diagonal upper bounds both for completeness and to show how Nash inequalities
lead to heat kernel control as this idea will be crucial in the unbounded cases. The
bounded conductance example is particularly simple as uniform Nash inequalities
hold and hence standard heat kernel technology can be used to prove standard
upper bounds.

Let (X;),.p be the continuous time, variable speed walk on w = (we (5)).cpd

seR
as introduced in the introduction. As flat space measure, 7 (x) = 1, is the unique

teR
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(up to multiplicative constant) invariant measure for each time marginal transition
kernel, 7 is also the unique invariant measure for P“. It thus makes sense to refer

to P (-,-) as the heat kernel for the space-time walk.

Proposition 78. Take 0 < a < b < co. Suppose w is a space-time environment
satisfying w, (s) € |a,b] for all e € B? and s € R. Then there exists C = C (a, b, d)
such that

PY(Xep =y|X, =) < Ct %2 (4.3)

for all s e R;t > 0.

Proof. This Proposition is Proposition B.2 of [31]. For simplicity take s = 0, the
general case follows by the same arguments.

Due to the ellipticity condition and the fact that L is reversible with respect
to m for all s, there exists a constant ¢ = ¢ (a, b, d), independent of s such that the

following Nash inequality holds uniformly in s: for all f € [ (Zd) we have

2 4 _4
Ec, (£, 1) = ellflgaisy 1l it - (4.4)

for the Dirichlet form

Ec. (£19) =Y way () (f (v) = f (@) (9 (y) — g ().

Obtaining the Nash inequality is standard under the ellipticity condition since L
is reversible with respect to 7 (see, for example, [55]).

Take f € L' () to be non-negative with || ||, = 1 and define u (¢) := HPO,tinz(w) .
Then by (4.4)

—u(t) = —2&, (Porf, Porf)

2+4
—c|[Posflls

IA

which implies that
u(t) < A2

and hence
[Poslly_y <t

We will show in Proposition 84 that [, is the transition semi-group for the
random walk on the "reversed graph" for more general environments. Leaving the
details until then, it is enough to know that walk on the reversed graph must also
satisfy the uniform Nash inequalities and thus

/1—d/4
12 <ct :

*
| P
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Hence, by Cauchy-Schwarz

||1—>OO

||P0,t||1aoo = HPt/ZﬂfOPO,t/Q

IN

1Bzl oo [ B2l

= [Bell, sy [ Porrall iy
et

IA

As all our constants are uniform across starting points, standard methods lead
to full off-diagonal bounds. We do not give the details here but refer the reader

to [31], where near diagonal lower estimates are also proven.

4.2. Continuous time, variable speed, w € (0, 1].

In this section we will consider the case of conductances that are bounded above
but not below, presenting examples of dynamic environments where standard heat
kernel behaviour is observed. Our main result being that if the environment at
time ¢ looks geometrically d-dimensional and the environment is ergodic over time
then the on diagonal heat kernel behaviour will look like t~4/2.

As conductances are bounded above, the methods of [25] pass into the dynamic
setting, bounding the probability that the walk travels a large distance in a short
period of time and giving Carne-Varopoulos type bounds - upper bounds on the
probability that the walk travels a large distance in a short time. In particular we
obtain bounds on the time it takes the walk to exit a box - see Proposition 79 and
Corollary 80 below.

With control of the probability that the walk exits a finite box, we can pick
a box sufficiently large that the random walk in unlikely to be affected by the
boundary of the box. Analysis of the original random walk is then reduced to the
analysis of the random walk restricted to the finite box. Isoperimetric inequalities
on the restricted graph imply Nash inequalities with respect to the walk on the
finite box which in turn garners control on the heat kernel for the walk on the finite
box. This idea is used in [40] to obtain standard on diagonal upper bounds for
the heat kernel for the random walk on supercritical percolation. We will extend
this to the dynamic time case, although we will not allow w, = 0.

The section is thus broken into three distinct parts. Section 4.2.1 provides the
adaptations to [25] that give long range bounds on the heat kernel and control the
exit time for boxes. Section 4.2.2 analyzes the walk restricted to the box and gives
conditions on the geometry of the space-time environment that, if satisfied, ensure
standard on diagonal heat kernel decay. Finally, Section 4.2.3 provide examples

of environments that satisfy these geometrical conditions.
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4.2.1. Methods of Davies

We begin by stating the main results obtained through the application of the
methods of [25] to the time dynamic case. For x,y € Z¢ let d (z,y) be the graph

distance between z and y.

Proposition 79. Suppose w, (s) € [0,1] for all e € E¢ and all s € R. There exists
constant Cy,, independent of w such that for x,y € Z%: ift > d (x,y) then

. d(z,y)’
P(s,a:) (X5+t = y) < eXp _Cdav 1 . (45)

Ift > 0 then

edt

Py (Xews =) < exp (o o (52 )). (4.6

Equation (4.6) is (up to constants) in essence the best general bound one can
obtain for all t > 0 as the large deviations when ¢ is much smaller than d (z,y)
are due to the Poisson distribution and not the geometry of the graph. See [45]
for the corresponding lower bound.

Introduce the exit time from the box [—n, n]d for the random walk started at
the origin

Tp := inf {t : X0 ¢ [—n, n]d} :

The bounds of Proposition 79 lead directly to probabilistic control on 7,,.

Corollary 80. Suppose w, (s) € [0,1] for all e € E? and s € R. There exist

constants independent of w such that fort > n

Cr 2
PY (1, <t) < Cin~%e " 4 Cyn®texp (— tn ) )

Proof. Let N, be an independent Poisson process of rate A = 1 and note that

Pox (Xi=vy) > Poa (X, =y forall ue s t] for some s € [t — 1,t])
Z P(O,l‘) (Xs =y and N(t—s)Qd =0 for some s € [t _ 1,t])
> P (Xs =y for some s € [t — 1,¢]) P (Naq = 0)

C (d) P (X5 =y for some s € [t — 1,1])

and hence the bounds (4.5) and (4.6) apply (up to multiplicative constant) to
P2 (X =y for some u € [t —1,1]).
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We now apply these bounds

t
PY(r, <t) < Z ZP(W) (X, =y for some u € [i — 1,i])

yea[fn,n]d i=1

= Z ZP(O’I) (X, =y for some u € [i — 1,i])

yed[-nn]? =1

¢
+ Z Z P,z (X, =y for some u € [i — 1,1])
yed[—n,n]? i=n+1

n

(@ e

(]
(]
Q

yedl—n,n)? =1

+ Z Z C (d) " exp <_02d(x£y) )

yed[—n,n]? ==n+1

IN

CQTLQ
csnle " + ¢n® texp <_T) )

Note that the choice of a box centred at the space-time origin in Corollary 80
is purely for notational convenience.
Proof of Proposition 79. Let (P,;) ., be the semigroup associated with the
variable speed walk on w. Let f and g be functions of finite support. Then as the
environment changes locally a finite number of times in a finite time interval, for

almost all ¢ the following derivative is well defined:

d
% <g> PS,tf>7r = <g, EtPS,tf>ﬂ-
- _gﬁt (gv Ps,tf)

= 5 S e 0 (9() ~ 90) (Pusf () = Pou ()

reZd y~w

We are interested in the transition kernel
P(s,x) (Xert == Z/) == Ps,t(sy (:U) .

We follow [25] and set L, := ¢L;¢ " for positive ¢, ¢! € 1. Let <P8¢t)

") s<t
be the semigroup driven by (L;,). We look for integral estimates for P?. Note
that the integral kernel satisfies P? ((s,z), (t,y)) = ¢ (z) P ((s,x), (t,y)) ¢ (y) "
For simplicity set s = 0. For f of bounded support on Z¢, let

foi= (Sb,tf'
We see y
Sl =2(0Ld™ 1 1), -
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We look for the best constant ¢; (¢) such that

(DL f, F) < e (d) I3, (4.7)

for all f EDom(gbﬁtqﬁ_l). Now, by Section 3 of [25] for all t € R

¢t (¢) < sup by (¢, 7)

z€Z4

where

b(6,2) =g D ey (D) {%i ?25 2}

{5550}

As by (¢, x) is bounded independently of ¢, there exists ¢ (¢) such that ¢; (¢) < ¢ (¢).

Hence, for all ¢

O filly < 2¢ (&) £l
Solving the differential equation yields

1fellz < @H 1115 (4.8)

Setting f = d,, we obtain

fe=P?((0,2),(t,y)),

where
P?((s,2), (t,y)) = ¢ () P((s,2), (t,9)) 6 (y) "
is the kernel of the semigroup P(‘f ;. By (4.8) we have

P?((0,2), (t,y)) < e,
We conclude that
Py (Xe =) <inf {6 (2) " & (y) @'}

We continue to follow [25] and set ¢ (u) = e~ M4@WA@Y) and then by carefully

choosing A we obtain

d(z,y)* d(z,y)”
Poaz) (Xy =y) <exp <_W 1_W .

In particular, for ¢ > d (z,y) we have the bound

Poz) (Xi =y) < exp <—0M> : (4.9)
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For t that only satisfy ¢ > 0 we obtain

edt

Po) (Xi =y) < exp (—d(ar,y) log (d<x’y))) :

Remark 81. Note that this argument fails if w is unbounded above. In this
case the uniform upper bound on the function b, (¢, x) does not hold. This was
addressed in the static variable speed case by [7], where a more subtle, environment
dependent distance was used in the construction of the function ¢. We will come

back to this question when addressing the case w € [1,00) .

Remark 82. It is natural to ask whether or not Carne-Varopoulos type bounds
hold in the discrete time case. In the most general case, where we take w, € [0, 1]

with the only condition being

Y way(n) <1,

y~x

the Carne-Varopoulos bounds cannot hold as it is straightforward to construct

environments where the random walk becomes entirely deterministic. However,

1
) 2d
bounds to hold. However, a proof does appear to be more difficult as the discrete

if we were to instead consider the case w, € [0 }, then one would expect the

time walk is some how "further away" from being reversible than its continuous
time counterpart.
For example, for the continuous time walk one can introduce the following

forward and backward martingales:

M, :d(x,Xu)—d(x,Xo)—/Es(d(x,Xs))ds (4.10)

M =d (2, X)) —d(z, X3 —/L;‘t (d (=, X)) ds, (4.11)

0

where X*' is the Markov process with semigroup Pj, (see Proposition 84 below

for a more detailed analysis of X*'). It is then possible to show that

Ew@y [Mt - Mt*t

Xt*t =, X = y} = —2d (xvy)7 (412)

where Py, is the law for independent X and X*' started at x and y respectively.
This gives us another method to attack long range bounds as (4.12) says that if
M, — M} is large then both M and M™* must be simultaneously large, yet M and
M* are independent. Thus the probability that either is large can be controlled.
See [47] for full details.
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If one were to attempt to set up these martingales in the discrete time case
then the integrals in (4.10) and (4.11) would be replaced by a sum of the form

—_

uU—

[EXS [d (val)] - d<x7Xs)] :

s=1

Although this does give us a forward and a backward martingale we do not obtain
control over their difference as one can construct natural examples where we do
not have the equality

t—

B [EXS [d (‘7;7X1)] - d(vasﬂ

—_

XO_IaXt_y]

~ O
Lol
==

= 8| Y B[4 (X)) - d (oY)

s=1

Xékt—l — ij:t—l — .T] ]

Thus the method outlined above to control the probability that the walk travels

a large distance will not apply.

4.2.2. Analysis of the random walk restricted to a finite box

Let (X7),», be the random walk restricted to the box [—n, n]?, that is set w,, (1) =
0 if either @ or y & [-n,n]®. In the static time case considered in [40], control over
X" was obtained by showing that G |[_n7n]d satisfied a close to standard isoperi-
metric profile, in turn proving a close to standard Nash inequality. The methods
described in [50] then transfer the partial Nash inequality to control over the
distance of the heat kernel for X” from uniform measure on the cube.

We will take a similar approach, with the methods of [50] altered for the time
dynamic setting. Proposition 83 will demonstrate the control we require over the
heat kernel of X". Proposition 85 and Theorem 87 will then modify the methods
of [50] to prove that such control does exist provided the graph satisfies certain

geometric conditions.

Proposition 83. Take d > 1 and set

1

i1 . (4.13)

f(n,t):= sup

x,yE[—n,n}d

Take ¢y < Cy4/2N\2Cy4,/d for constants Cy,,, and Cy defined in Proposition 79 and
Corollary 80 respectively. Suppose that there exists C'y > 0 such that

f ((t logt/cy)? ,t) < Oyt (4.14)
for all t > 1. Then there exists a constant ¢y such that for all t > 0

sup P ((0,0), (z,t)) < cat ™2, (4.15)

xcZ4
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Proof. Assume that ¢ > 2 as otherwise the case t € [0, 2] holds by suitable choice
of Co.

Suppose |z|* > %‘;’fj. The bound (4.15) follows trivially from equation (4.5)
of Proposition 79.

Now take |z|* < %Zit and set c;n? = tlogt for ¢; < Cy/2 A 2C 4, /d.

Note that

P ((0,0), (z,8)) < Pgo) (X' = (2.)) + P o) (Ta < 1) .
We can bound the first term by (4.13) and the second by Corollary 80:
P“((0,0),(z,t) < (@n+1)""+f ((tlogt/cl)l/Q,t>

C 2
+Cin~%e " 4 Candtexp <— 4tn ) )

The right hand side can be bounded term by term.

The first term can be trivially bounded: (2n +1)"% = <%1gt) i < ct~92 for
all t > 2.

The second term is bounded by (4.14).

Invoking Corollary 80 and the relationship between n and ¢ allows us to bound
the third and fourth terms:

Cyn?
Cin~%e " 4 CyndLtexp (— t ) < ct~4?

Cylogt
«— O3niltexp <— 1708 ) < ct~?
C1

d—1

2

c, (tlogt) p.4-Cale < opdi2
C1

CZt(d+1)/2704/c1 (log 75)(d—1)/2 < ct—d/2

this will be true for ¢; < C4/2 and all ¢ provided that ¢ is suitably chosen. m
Gaining on diagonal control is thus reduced to proving that (4.14) holds - that
the random walk on the finite box mixes at a quick enough rate. We will use the
methods described in [50] to prove this mixing via Nash inequalities.
Introduce the adjoint of Py, call this P;,. P;, can be most easily described
as the semigroup associated to the random walk on the space-time environment

reversed around t. Define the graph reflected in time about ¢
G*t — (V, E,w*t)

to have identical vertex and edge sets as the original time-space graph G and edge

weights reflected about time t:
Wt (x,y) == wi, (x,y) for r € R.
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Let Qs be the semigroup for the random walk on G*' started at zero time and

running to time t — s.
Proposition 84. P, = Q.

Proof. This is clear in the discrete time case as we are simply transposing matri-
ces: recall the symmetry assumption w,, (f) = wy, (¢), then Q; = Q; for all i and
hence
t—1 *ot-1 t—1
Py, = (H Qu) =@ =]] Qs—u = Qus-
u=s uU=s u=s
Note that the reflection in the discrete time case is at ¢ — 1 and not ¢.

For the continuous time case there are several ways to approach this. We
simply note that P;, = I = ), and the generators for both semigroups at time
s<u<tisL). m

This result is useful as it ensures that the graphs controlling the random walk
and the reversed random walk are simply reversed in time. In particular the spatial
graph for the forward walk at time wu is the spatial graph for the reversed walk at
time ¢t — u. As we will obtain heat kernel bounds via assumptions on "enough"
spatial graphs satisfying a Nash inequality, the fact that the set of forward and
backward spatial graphs are identical will prove to be crucial.

Write P, and P} for the random walk and reversed random walk restricted

1
(2n+1)4 if

and only if # € [—n,n]. Write |||, for the LP(m,) norm. Define w, (s,t) :=
2 2

HP;ft (f —mn (f))H2 = Var (ngtf) and v, (s,t) = HP;:? (f —mn (f))H2 for some

function f such that || f||; = 1. Control over u, (s,t) and v, (s,t) leads to a bound

on (4.13).

to [-n,n]®. Let m, be the uniform distribution on [—n,n]?, m, (z) =

Proposition 85. Taket > 0. Suppose that for all f with ||f], =1

o < (€)

t

vn (t/2,t) < (Q) " ,

t

for some constant C. Then

< (g)d/z . (4.16)

1 w n
d P(O,m) [Xt = (ta y)] n

sup  |————
(2n+1)

z,y€l—n,n

]d

Proof. From the assumptions and definition of © we have

o\ YA
:/Z,t - 7TnH1_)2 < (7) )
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where
1832 = mall, 1= s {1Bia (F e (D], < £, = 1}
By standard results (see, for example, Section 1.2.4 of [50])

o 4/

” 0.6/2 7TTLH2_>OO = HPOTft/2 - 7TnH1_>2 < <7> , (4.17)
o 4/

[Blos = mall, s = 1P = mall,, < (7> . (4.18)

Whence, by Cauchy-Schwarz,

sup <(P0,t - 7Tn) 51‘; 5y>

z,y

= Sup <(P0,t/2 - Wn) (Pt/Q,t - 7Tn) 52?7 5y>
z,y

< sup <(Pt/2,t — 7Tn) Oz (P(;k,t/Z - 7Tn) 5y>
'r?y
1/2 1/2 _54” * —6y
< T <$) Tn (y) (Pt/Q’t B Wn) Th (x) 2 ( 0tz Wn) Tn (y) 2

< (g)d/z 2n+1)7"

by (4.17) and (4.18), completing the proof. m

The problem is now reduced to controlling the growth of u, and v,,. This can
be achieved by considering spatial Nash inequalities through time. We elucidate
this idea below.

Recall Theorem 3.3.11 from [50], linking the isoperimetric profile of a graph to
a Nash inequality for the random walk on the graph.

Fort € R, n € Nand A C [—n,n]" define

Q:(0A) = > way (t) 7, (2).

T€A

ye[-nn]?-A

Theorem 86 (Saloff-Coste). Assume that for some constant S > 0, (Qy, 7,)
satisfies

T (A) V7 < 5Q, (04)
for all A C Z% such that 7, (A) < 1. Then

Vg € L2 (n), Vars, (9)"" <8528 (9,9) | FII*.

Assume for the moment that for every ¢ € R the space graph G; has some

asymptotic spatial dimension d = d (t) that can be seen through the isoperimetric
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profile. More formally, we choose the isoperimetric bound of [40], and say that

the spatial d-dimensional isoperimetric profile holds for ¢t € R if

t . - . Qt (8 nA)
few + = AC[-n n}ldnf(A)<C—“ T (A)E@=D/M)
= ) ) = 2 n
> L (4.19)
nl T
for all n > N (w,t), where € (n) := d + 2d%82" and C" = [—n,n]’. Note that

logn

this is a different approach to that of Chapter 2 where the standard isoperimetry
was shown to hold for all large enough sets. This different approach is simply due
to the fact that a different method is being employed to move from isoperimetric
bounds to heat kernel bounds.

For u,t € R define

t —u)log (t —u)\ "/
Dy = {5 € lu,t]: Ly = B~ 1H2d/=M) for p = <( wlog ( u)) } )

c

where ¢ < Cy/2 A 2C44,/d as in Proposition 83.

Theorem 87. Suppose there exists a constant co such that

t/2 t
/ 1Do,t/2 (S) dS,/ ]‘Dt/gyt (5) ds > cat (420)
0 /2

for allt > T, then there exists C' > 0 such that
P ((0,0),(z,t)) < Ct Y2 fort > T.

Proof. We will show that (4.20) can be used to prove the conditions of Proposition
85 for suitable C' and d. We will then show that this choice of C' and d ensures
that the right hand side of (4.16) can be bounded by O (t~%/?). Proposition 83
will then complete the proof.

Theorem 86 implies that for n,s for which (4.19) holds the following Nash
inequality holds:

2 I2/e(ny _ SnEAdEM) 4/d
Yo € L2 (m), Vare, ("7 < e ) I (2

Fixn = (“"Tgt)l/2 and abuse notation by setting u (t) = u, (0,t) = || (Pg, — ) f||;
for f such that || f]|; = 1. By a simple calculation we see that for almost all ¢ we
have the differential equality v’ (t) = —2& (Po+f, Posf). Then (4.21) implies

4n274d/8(n)

62

u (8)1+2/a(n) < - u/ (S)
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for s,n where (4.19) holds.

Set w (t) := %_M/E(n)u (t)"**" | then combining the above we have
9wy =1 (4.22)
ot - '

for s, n satisfying (4.19).
Note that since the definition of Dy, is dependent only on the finite spatial
d : : .
box [—“OTgt, “‘)Tgt} and a finite spatial box can have at most a finite number of

edge changes in the time interval [0, ¢], Do, must be of the form

m

Dy, = U [5i,1;) .

=1

On an interval [s;,t;) C Dy, inequality (4.22) gives
w(t) >w(s)+t—s;

for t € [s;,t;]. By the definition of w this translates to:

u

¢ (TL) n2—4d/a(n) 2/e(n) ¢ (n> n2—4d/£(n)
/82 (t) Z 62

w(s;) "W 4t — s,

SO

32 —e(n)/2
u(t) < (u (s)7%/5) 1 o) (t — SZ)) : (4.23)

2e (n) n2-4d/z
Note that u (t) is decreasing in ¢ since v’ (t) = —2& (Po+f, Potf)-
Trivially u (s;) < 1. Hence, by (4.23)

32 —&(n)/2
u(t) < (1 + 2¢ (n) n2—4d/=(n) (t— 31))

52 —e(n)/2
= (25 (n) n2—4d/(n) (¢~ 81))

for t € [s1,t1]. As u(t) is decreasing u (s;+1) < u (;). Thus, by a simple induction

e i1 —(n)/2
ult) < (25 i | 22 b —Sa‘)“—sz‘))

Jj=1

for t € [s;,t;]. In particular, if f(f Dy (s)ds > ¢t then

2 —&(n)/2
t
u(t) < c1p .
2¢ (77,) n2—4d/e(n)

Applying this method to the forward and reversed graph, noting that the set

of spatial environments for the forward and reversed walks are identical, we obtain

—e(n)/2
6162t
Un, (07 t/2) ) Un (t/2v t) < (2&. (n) n2—4d/€(n)>

61/62t —6(n)/2
Un (07 t/2> y Un (t/27 t) < (26 (TL) n2—4d/€(n)> )
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Appealing to Proposition 85 we have

1 109 n
m — Py [Xi" = (t,y)]

sup
z,y€l-nn]?

—&(n)/2
0162t
(ot )™ e

Insert the choice n = (“‘)Tgt)l/z into (4.24) and check if the conditions of Proposi-

tion 83 are satisfied. The conditions will be satisfied if

2 —&(n)/2
c18°t —d/2
(8 (Tl) n2—2d/5(n)) < Ct ’

By the definition of € (n) above,

2 —&(n)/2
€ (’I’L) n2—2d/a(n) —

— ﬁ_a(n)t_f(”)/Qg (n)E(n)/2 na(n)—d < Ct—d/Q

log1 logt
e logc—l—dog ognlog(og )SlogC’
logn &

and this holds for all sufficiently large n and hence we are done. m

The conditions of equation (4.20) look rather complicated. However, all they
ask for is that the amount of time for which the spatial graph looks geometrically d-
dimensional grows linearly with time. In particular, if all the spatial graphs G, are
spatially d-dimensional at large distances from the origin and the environment’s

time dynamic is ergodic then the conditions will be satisfied:

Corollary 88. Suppose w is an environment such that for all t € R, G, satisfies
(4.19) for some d and all sufficiently large n. Suppose further that the time
dynamic of the environment is ergodic, then there exist constants C(w),T (w)
such that

P¥((0,0), (,)) < C (w)t~*?
fort >T.

Proof. Let N (w,t) be the random variable such that (4.19) holds for all n >
N (w,t). As (wt),, is ergodic

1 t
1 [ tannds = POV @0 <),
0
We have .
Do/2 2 {OSSStEN(LU,S)S 8 }
c
and hence

/2 t/2
1 ds > 1 ozt d
/0 Dy 1 /2 (3) s =z /0 {N(w,s)g“Tgt} S
t
>
-2
for all sufficiently large t. Similarly ftt/z 1p,,,, (s)ds > L for all sufficiently large t.

Now apply Theorem 87. =
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4.2.3. Examples

Here we give examples of environments for which the conditions of Theorem 87
hold.

We begin with a dynamic random conductance model. For e € E?, let {we (¢)},p
be an ergodic Markov process with distribution P and invariant measure p sup-
ported on (0,1], with w, (0) =¢ y. The distribution of the full space-time envi-
ronment w = (w, (t)).cge is then given by product measure: P := PE'. We will
show that if u decays stleonly at the origin then standard upper bounds on the heat
kernel hold for P-almost every w € €.

In the case of static environment, it has been shown in [18] that one can obtain
standard heat kernel decay where the isoperimetric inequality (4.19) fails to hold.
Thus one cannot expect to fully classify those environments for which standard
heat kernel decay holds by their isoperimetric profile. Instead, we simply give
sufficient conditions on p that ensure standard on diagonal upper bounds. This
will be achieved by a rather crude argument that only depends on the decay of
the weakest edge in the box [—n,n]? as n gets large.

Define

g (n) :=inf{w. (0) : e € By [n|}

and recall the definition

2dlogl
e=¢(n) = 28 08T
logn
Proposition 89. Taked > 2. Suppose p is such that there exists 6 > 0 such that

for all w € Q) there exists Ny (w) < oo such that

((log n)d/(d—1)+6>(
g (n) 2 nl—dfe N2 Ny (w) : (425)

e—1)/e

Then there exist C; such that for almost every w € € there exists Ny (w) such
that
P¥ (X, =0]|Xo=0) < Cyn %2

for all n > N.

Proof. By Corollary 88 we only need prove the requisite isoperimetric decay for a
static environment. For this reason we will consider the static graph (w. (0)),cga
and for convenience shall write w. = w, (0).

We need to prove that there exists 5 > 0 such that for all sufficiently large n
ZeeaA We > B

in . 4.26
AClnnt 7 (A)ED/E T pl-dfe (4:26)
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Take o € (0,1) and let G, be the thinned graph formed by removing all edges
with weight w, < a. Take « sufficiently small to guarantee an infinite connected
component in G, and call this component C% . As in the arguments of Section 3.2,
if v is chosen to be sufficiently small then the largest components of Z¢ — C2, are
of order (logn)”“™. Hence there exists Nj (w,d) such that for all n > Nj (w, )
and A C [—n,n]? with 7 (A) > (logn)” ™I we have

ANCL # ¢

and hence

Zweza.

ecfA

In particular, for any A C [—n,n]? with 7 (4) € |(logn)¥ @ VT pe-d/e—1|

equation (4.26) holds with 8 = a. Note that n=/E=1 > (logn)*¥2“@~V for all
large n and hence the interval is non-empty.

For A with 7 (A) < (logn)” ™I the choice of g (n) in (4.25) ensures that
(4.26) holds for sufficiently large n.

Finally, for A with 7 (A) > n¢=9/¢=1 we use the results of page 13 onwards of
[40]. Taking their results into our setting, they show that there exists a constant
¢ >0 and N, (w) such that if n > Ny and 7 (A) > ne=9/5~1 then

Y Lwzay = ¢[0A]

ecdA
This, together with the standard d-dimensional isoperimetric inequality is suffi-
cient to prove (4.26) in this case. m

There are other models to which one could apply Theorem 87. For example,
one could construct a dynamic environment that changes dimension over time.
Theorem 87 would then give upper bounds of order n~%? where d is the highest
dimension that the environment spends a linear amount of time in.

As many of the ideas for this section have come from [40], we would like to
be able to apply our methods to the case of dynamic supercritical percolation -
where the Markov chain on the edge weights is supported on {0,1}. At the time
being this model is outside the range of our methods. This is due to the fact that
for a given time ¢, the isoperimetric inequalities claimed will only hold on subsets
of the infinite cluster at time ¢ and not on all subsets of Z¢.

This is natural as if the walk happens to be in one of the finite subclusters
at time t then its movement is fundamentally restricted, whereas if the walk is
on the infinite cluster it will be able to mix well. Over time, by the ergodicity
of the environment from the point of the particle, we know that the walk will

spend a linear amount of time on the infinite cluster and hence will mix well. It
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is therefore our belief that standard Gaussian upper bounds should hold but this

question remains open.

4.3. Anomalous behaviour for variable speed, continuous
time when w € (0, 1]

We give an example of anomalous heat kernel behaviour in this setting. In par-
ticular our example will demonstrate a stronger trapping effect than in the static
case with the heat kernel shown to be both more anomalous and anomalous in
more dimensions.

Theorem 90 states the main result of this section - showing that there exist
environments where the on diagonal heat kernel is at least close to order n~!
infinitely often. The example environment described borrows much from the proof
of Theorem 2.2 of [11] where behaviour close to O (n™?) is observed for static
environments. Both examples require the walk to become trapped close to the
origin and remain in the trap for a large time before escaping and returning to
the origin. In the static case there is a price to be paid both to enter the trap

! each time and thus paying O (n2) in

and to exit the trap - a price of order n~
total. We will give an example in the dynamic setting where the walk only has to
pay to enter the trap and escapes the trap for free - hence only paying O (n™1).
This is possible since the time dynamic enables traps to disappear and when this
happens the walk escapes the trap without having to move.

One could also ask whether it is possible to enter a trap for free - this corre-
sponds to the walk being at the trap site at the time when the trap forms. This
would lead to an even more anomalous heat kernel. We do not expect this to be
the case. It will become clear that there is a trade-off between persistence of traps
and their frequency of occurrence. As we wish the traps to be persistent so that
the walk remains trapped for long time periods the traps cannot occur frequently
and thus the walk is highly unlikely to be at the trap site when the trap forms.

To make this belief rigorous requires showing that corresponding upper bounds
hold of order n~!. In higher dimensions (d > 5) we have strong heuristics for why
we believe this to be the case. In lower dimensions we are less sure. In neither
case do we have a proof. We will discuss this problem in Section 4.3.1.

We begin by stating the main theorem of the section. We will then introduce
the example environment to analyze, providing a heuristic argument for the lower

bounds, before giving a rigorous proof.

Theorem 90. Take k > é and d > 3. There exists a law on environments P with

iid edge marginals that evolve in an ergodic Markov fashion with edge weights
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bounded by one such that for almost all w € ) there exists a constant C' (w) > 0

and a sequence (n; (w)) with lim; ., n; = oo such that

C(w) ¢~ (ogni)”

for all i, where X,, is the variable speed continuous time random walk on w.

Before beginning the formal proof we introduce an example that exhibits this
lower bound and heuristically explain the trapping phenomena. We take a space-
time environment that only switches at discrete time points. This choice of dis-
crete environment does lead to a somewhat peculiar hybrid pair as the walk is in
continuous time. The choice does, however, make the combinatorics easier. We
will discuss extensions of this model later. Take weights w. to be supported on
{27 :n > 0} and let the transition probabilities for the Markov chain (w. (1))
be:

neL

K(1,27") = s,
K(2™™1) = p,
K(2™2™") = 1-p,.

Then w, (n) has an invariant distribution if and only if the Markov chain is positive

recurrent. Hence, the invariant distribution, p, exists if and only if
So + Z on < 00
0 — .
Pn

Assume this to be the case and set

We define our space-time environment to be w = (w, (n)) ,cge With w being
neNZ0

iid in space with P (w, (0) =27%) = p (27%). Take (1) > p.(d) to ensure that
for every t € R, the bonds of unit conductance percolate in G;.

The traps that we consider are of the form shown in Figure 4.1. They consist
of the following. At time zero there is a strong spatial path (made of bonds of
unit conductance) connecting the origin to a vertex x. z is connected to y by a
weak bond of strength 27" and all other bonds are of lesser conductance. The
trap, without necessarily the path to the origin, remains in place until time 7,
at which point w,, returns to unit conductance. At time 7,, there again exists a
strong spatial path to the origin.

If such a trap exists, we obtain a lower bound on P(LE)),O) (X7,+1 = 0) by condi-

tioning on the walk moving directly to x within one unit of time, jumping from x to
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Figure 4.1: A space time trap

y in one unit of time, then not jumping from y until time 7;, and then proceeding

directly back to the origin within one unit of time:
P(Lf}),o) (XTn+1 = 0)
P&]),O) (Xl = :)3) P(oi,x) (XZ =y for all 7 < [27Tn]) P(Ué—‘n“,p) (XTn+1 = 0)

> ce C1 (l,ll log 1} +12 logl%)Q—nCQ’ (427)

v

where [} and /2 are the graph distances between the origin and z at times 0 and 7T},
respectively. In the final line the 27" is the cost to the walk of crossing the bond
Way (1), the exponential terms come from the lower bounds on the probability of
the walk moving a large distance in a short time proven in [45], and we have
assumed that T}, < %12” and hence the walk does not jump from y between time 2
and T,, with probability bounded independently of n. If we can take I, = O (logn)
and T,, = O (2") then we would see

P (Xon = (27,0)) 2 p(n) 27"

for some function p that decays much slower than 27".

In order to prove the theorem we require some combinatorial estimates on the
strong paths that will connect the traps to the origin. For ¢ € R write z < y
at time t if there exists a nearest neighbour path from x to y consisting purely
of bonds of unit conductance in the graph G;. As p (1) > p.(d) there exists a
unique infinite cluster at each ¢ € R. Call this C (t). The following proposition

encapsulates the results required.

Proposition 91. Suppose i (1) > p.(d). For any x € Z% and k > 1 define the

events

Co(k,x) = {z < IB,[k] at time 0}
and Cy, (k,z) = {x < 0B, k] at time m}.
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There exists constant ¢; > 0 such that
P(Co(k,x) N Cp (k,x)) > 1

for all k and all large enough m.

Further, fort € R define D; (n) to be the event that every connected component
contained in By [n] N G, of size at least ¢, (logn)® is connected to Cu (t). Then
there exists co > 0 such that for almost every w € Q) there exists N (w) < oo such
that Do (n) N D,, (n) occurs for alln > N (w) .

Proof. For the first claim we use the mixing properties of the Markov chain on
edge weights. We have to be careful as if B, [k] contains edges with very light
conductance then these edges can take a long time to mix. To avoid this problem
we delete all light edges and percolate on what remains of the box.

Let
1 (1) = pe(d)
4

i i (2’”) <e.

n=M
Define Ey; := {e € B, [k] : we (0) < 27}, the set of all light edges - we will throw
these edges away as we cannot control their mixing properties.
Take M, sufficiently large so that for all m > M,

g =

and take M such that

P (we (m) =1|we (0) =27") > pe (d) + 2

for all n < M. M, exists since the Markov chain on edge weights is irreducible,
aperiodic, positive recurrent and n is bounded.

Take (@), .z to be an independent bond percolation realization with
P(©.=1) = p.(d) + 2e.

Define (@, (m)),cza to be the environment defined by

_ { 0 ifee Ey
We (M) = ,

w. otherwise

then @ is stochastically dominated by G,,, for m > M;. Hence the event C,,, (k,z):=
{z < OB, [k] in @, (m)} is dominated by C,, (k,z). Conditioned on FE,, the
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events Cy and C,, are independent and hence
P(Co (k) N Cr (k) = Y P(Colk,2) N Cp (k) |Ery =€) P(Epy = e)
> Y P (Co(k,x)NCh (k7)) |Ey =e)P(Ey =e)
= Y P(Co(k,x)|Ey =e)P(Cr(k,2)|Eryy =€) P(Ey =e)
> N P (Cou(k,2) By =) P(Ey = ¢)
> 082,

where the final line follows from the definition of Ej,; and standard percolation
estimates.

The second claim is straight forward to verify via standard percolation argu-
ments. Consider first the event D; (n) for i € {0,n}. In either case this corre-
sponds to static percolation and hence Theorem 8.65 of [32] gives upper bounds

on P(D; (n)°) that are independent of ¢ and summable over n. Now,

P(Dg (n) N Dy (n))" = P(Do(n)°U Dy (n))
< P(Do(n)) +P(Dn(n))

and hence is also summable over n. Thus Borel-Cantelli ensures that the event
Do (n) N D,, (n) happens only finitely often with probability one. m
Proof of Theorem 90. Take ¢ > 0. For n > 0 set [, := n(1T@d+De)/d 559
T, = 2". For n € N choose s, = c27"n~ (%) p, = 27" 50 that p (27") = cn~(1+9)
and ¢ chosen sufficiently small so that p (1) > p.(d).

For a fixed point z € Z%, let y = x + €1 and A, (z) be the event that:

In the spatial environment at time zero, G, x is connected to the boundary

of the spatial box of side ¢; (log ln)2 centred at x by a path of unit conductors.

Way (1) =27 for i € [0, T, — 1], way (T5,) = 1,
o w,, (i) <2 forie0,T,], z # =,

e 2 is connected to the boundary of the spatial box of side ¢, (logl,)* centred

at x by a path of unit conductors in the spatial environment Gr, .

Proposition 91 holds with the events C; modified to ensure that the paths
connecting = to OB, [k] avoid using the edge (). Call these modified events C;.
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Then

P(A,(x) = P (C’O (c2 (log 1), z) N Cr, (c2 (log ,, ) , @)
XP (wgy (1) =27 for i € [0,T,, — 1), way (T5,) = 1)
XP (we (i) < 27" for i € [O,Tn]) -

> cyp (ZM )20“

>n
> —1—2de

C4Nn
Taking G,, to be a grid of sites in [—1,, ln]d N Z? that are spaced by distance
2(logl,)?. The events {A,(x) : z € G, } are independent, so using 1 —x < e for
x € [0,1],

l ¢ .
P An (Z‘)C S exp i —cs <—”) n[1+2d8]} S e~ Cn 7
(an ) { (log l")2

hence by Borel-Cantelli, the intersection occurs for only finitely many n.

By Proposition 91, every connected component of diameter at least (log ln)2 in
= ln]d N G; will be connected to the largest component of [—21,,, QZn]d N G; for
i € {0,T,} and all large enough n. Now, the origin at time zero will not necessarily
be connected to this largest component. Take z to be the closest space-time point
to the origin that lies on the infinite component. On the event A, (z) for n large,
take I} to be the shortest path from the origin to z in Gy that goes from 0 to z
and then follows a strong path to x.

Take n; to be a subsequence such that there is a strong path from x to 0 at
time T},, of length (2 with /2 bounded by cgl,. Such a subsequence (and constant
cy) exist by [2]. The results of [2] also imply that I} < cgl,, for all large enough
n. We take a subsequence as we then avoid the complication of the origin being
surrounded by many weak bonds as such a situation would make it difficult for
the walk to return to the origin.

It is shown in [45] that for a one dimensional walk the following lower bound
holds: there exist constants ¢; such that for any z,y € Z? and d (z,y) >t > 1

Py (X =y) 2 coexp (—crd (z,y) (1 + logd (z,y) /1)) (4.28)

We wish to bound the probability that the walk travels fully along a strong path
of length [/ in a unit of time. As we can bound the probability that the walk

cgl

deviates from this one dimensional path from below by e~/ we can condition so

that the walk only sees the one dimensional path and hence
Pa (X7,41=0) > cgexp (—cloli (1 + log dli/t)) exp (—csli) )
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Similarly for the initial strong path from z to z, with a constant dependent on the
local environment around the origin replacing cg.

Plugging this into (4.27) we obtain

Pooy (Xomip1=0) > C(w)2 ™exp (—cn§1+(2d+1)5)/d log n)

> C(w)2 " exp <—c’n§1+(3d+1)8)/d> ’

taking £ small concludes the proof. m

With this example of w supported on {27 : n € N} in mind we can demon-
strate three distinct behaviours for the heat kernel for the dynamic random walk.
Let G (w) be the environment at time ¢ for w € 2. For m > 0 define the dynamic
graph G/ := Gy, that is the graph speeded up so that edges flip m times per
unit of time. Let X" be the space-time random walk on G;" started at (0,0). We
have already proved that if m = 1 we have a lower bound close to O (t7!). As we

let m tend to zero and infinity then we have two distinct behaviours.

Proposition 92. For almost all w € ) there exist a constant C' (w) such that for

all t > 0 we have the limits:

—(logt)”
Ct(;)) ]imOP(XZ”:0|Xm:0)ZC(w)6t—2ford25

Cit™? > lim P(X" =0|X =0) > Cot ¥? ford > 1.

- m—oo

v

Proof. The first line is due to [11], as m — 0 corresponds to the static case.

As m gets large the probability that the walk crosses an edge in time ¢ tends
towards the probability that the random walk crosses an edge of conductance
E (w,) in time t. Hence the limit as m — oo corresponds to the annealed random
walk. This is the simple random walk on Z? with speed 2dE (w,.) and hence exhibits
standard on diagonal heat kernel behaviour. m

We have been slightly disingenuous when suggesting that this shows behaviour
more anomalous than presented in [11] as we are considering a different model -
the variable speed walk as opposed to the constant speed walk investigated in [11].
In the constant speed case the above trap is not a trap at all as the transition
rates are normalized by Zyw Wy SO that the walk always moves at unit speed.
There are thus two obvious questions: what is the behaviour of the variable speed
walk in the static case and what is the behaviour of the constant speed walk in
the dynamic case?

We begin with the first question. The trapping demonstrated above will lead
to lower bounds close to O (n™2) in the static case (the n2 is due to the walk now

having to pay a price of O (n™!) to exit the trap as well as to enter). The upper
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Figure 4.2: A space time trap for the constant speed walk

bounds follow from slight modifications to the arguments of [11], with summations
replaced by integrals.

The answer to the second question is presented in Proposition 93 below where
lower bounds close to O (n™!) are again proven. The example that displays these
lower bounds is a very similar example of space-time trapping in the constant
speed case - again the environment changes at discrete time points with the walk

being a continuous time Markov process.

Proposition 93. Take d > 3. For any « > 0 and kK > L there exist non-

d’
static random space-time environments of the above form such that for almost
every w € € there exists C'(w) > 0 and an increasing sequence (n;),, such that

lim;_, n; = oo and for all

o~ (logn)"®

P2 (0,0) > C (@)

Proof. The proof is very similar to above. We will simply outline the type of
traps that lead to this behaviour.

Figure 4.2 demonstrates the types of trap we consider around a point x. Take
y=x+ e, and z = y + 2e;. We initially take the bond between y and z to be of
weight 1, with the bond between x and y being of weight 27" and all other bonds
emanating from y and z being of weight w. < 27". As time evolves all the weak
bonds remain at their initial value. The strong bond will weaken but will never be
weaker than 27" for some constant ¢ that we can take to be as small as we like.

At time T,, the bond between x and y switches to unit weight. We condition on
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there existing strong paths between 0 and z in the spatial environments G and

Gr,.
Take r, to be the length of the space-time path from 0 to x at time zero
and 77, to be the length from z to 0 at time T,,. As in equation (4.27) above, if

T, = O (2°") we have

Pooy(Xi=1z) > crexp(—cor, (1 +logry))
Pioy(Xi=y) =2 a2
Po, (stay on yz for T,,) > C
P (z,0) > ciexp(—cor, (141logr,))

and hence
P(%’O) (XTn-‘rl = 0) > 026_03(7“”(1""105TvL)""T;L(l-"-lOgT;))Q—n‘

The details are similar to the proof of Theorem 90. m

These results will also go through into discrete time provided that some further
combinatorics can be proven. In discrete time lower bounds of the form (4.28) do
not hold. The walk must take at least time [ to traverse a path of length [. We
thus introduce the notion of a strong space-time path:

Call a space-time path v = (7;),_,_._,, a strong space (discrete) time path from
(m,z) to (m+n,y) if v = (m,x),~, = (m+n,y) and writing v, = (¢;, z;) we

have t; = m +1i, z; ~ zi41 and w,, ,,., = 1 for all i. Write (n,z) < (n+m,y)

Zi41
if there exists a strong path between the two points. Suppose that we have the

following

e There exists a constants ¢; such that for any x € Z,

P((0,z) < {c (logn)2} X 0B, [(logn)Q]) > co.

e For almost all w € Q there exist N (w) such that all connected components
of size at least (logn)® in By[n] are connected to the infinite cluster for
n> N (w).

e The events

{(0,2) < {ci1 (log n)2} x 0B, [(log n)ﬂ}
and {(m,z) & {m+ ¢ (log n)Z} x OB, [(log n)ﬂ}

are asymptotically independent.
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Then the probability that the walk takes the direct space-time path from 0
to = will be bounded by an e~ where [, is the length of the path and by the
same calculations as before we would obtain anomalous heat kernel as stated in
Theorem 90. Whether or not these conditions are realistic is not clear. We are
working in the setting of oriented percolation on Z? x Z without independence
in the Z direction. Proving these conditions in this setting would appear to be a

challenge.

4.3.1. Upper Bounds?

To prove that the lower bounds presented are of the correct order requires cor-
responding upper bounds. We will discuss a couple of heuristics that may lead
to the upper bound. The first is a modification of the argument given in [11] to
prove upper bounds in the static environment case. Where the arguments fail in
the dynamic case are discussed with hurdles presented, that if overcome would
give an upper bound of Cn~! for d > 5.

The second heuristic looks for a link between the heat kernel on the static
environment and the heat kernel on the dynamic graph. We conjecture that for
large enough time the dynamic on diagonal heat kernel Pj, (0,0) is bounded above
by the off-diagonal heat-kernel of the static graph. More precisely take (w (t)),cr
to be a time-space environment, iid in space, then for almost all w € Q and all
sufficiently large ¢

P! (0,0) < max Pi(o) 0,7), (4.29)

yez?
where the left hand side refers to the kernel of the random walk on the dynamic
graph w started at (0,0) and the right hand side refers to the random walk on

the static environment (w, (0))..,.. We discuss why we believe this to be the case

€’
and the obstacles to obtaining an upper bound.

In [11] the random walk is analyzed via a time changed walk: all bonds of
conductance w, < « are removed. If « is chosen to be small then the remaining
graph contains a unique infinite component. The time changed walk is the walk
only observed when it is on the infinite component. The geometry of this compo-
nent can be shown to satisfy standard isoperimetric inequalities and this leads to
standard heat kernel behaviour for the time changed random walk. By controlling

the time in traps the following conclusion can be reached ((3.51) of [11]):

n'=?  d=23
Z P7(0,0) <C(w){ ntlogn d=4 . (4.30)

n<m<2n nt d>5H
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It is then argued that since

P (0,0) = (8o, P2"d0),

(P09, P00),,

1Pt P50

1P 5]

P2m=1)(0,0), (4.31)

IA

P?™ is decreasing and so the left hand side of (4.30) can be bounded below by
%nPQ” (0,0) . Thus dividing through by n gives sharp upper bounds.

How can this argument be used in the dynamic case? Well, the time changed
walk is not Markov and so obtaining heat kernel bounds is certainly more tricky.
However, as the time changed walk only walks on geometrically d-dimensional
graphs it does not appear unreasonable to suppose that its heat kernel will satisfy
standard on diagonal decay. If this were true, then together with results from
Section 4.5 on the ergodicity of the environment from the point of view of the
particle, equation (4.30) could be obtained (in integral form as we are dealing
with a continuous time process). However, in the dynamic case the monotonicity
argument at (4.31) fails to hold as P™ # P*™. Instead we use the trivial bound

Pr(0,0)< > Pr(0,0).
n<m<2n
For d > 5 this gives the upper bound that we desire. So this idea will work
provided that on diagonal control of the time changed walk can be achieved.

We now discuss the second idea. Our examples for the lower bound are good
examples of the non-monotonicity of the on diagonal kernel. While the trap is in
situ paths that go directly to the trap, stay in the trap for a long time (but not
long enough for the trap to disappear) before returning to the origin contribute
O (n"?exp (p(n))) to the on diagonal bound. However, as soon as the trap dis-
appears these paths contribute O (n™'exp (p(n))). In the static model the traps
never disappear so paths that contribute to the on diagonal probabilities must exit
any trap that they enter. However, if we consider

yezd

then paths that do not have to exit traps and thus do not have the additional
probabilistic penalty to do so are included. Hence equation (4.29) looks reasonable.

Further, if this were true then by the Cauchy Schwarz inequality

Ploy(0,y) < Pl (0, 0)'/2 Pl (v, y)'?
< C(w)n~ ! ford > 5.
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So again we would obtain the bound we seek in high dimensions. The major
issue is whether (4.29) is true and if so proving it. For example, how do you
discount the event that the walk gets into a trap for free by being at the trap
site as the trap forms? As noted in the introduction, if traps are persistent that
they must begin infrequently so this probability should be negligible for all large
enough ¢, but how do we prove it? There are plenty of other possible trapping
strategies that can be cooked up and need to be dismissed. We have no method

currently to prove (4.29).

4.4. Continuous time, variable speed w € [1, c0)

When conductances are bounded below the existence of standard on diagonal
heat kernel upper bounds are assured and the question moves to controlling off-
diagonal behaviour. This is due to the fact that with w bounded below at each
time ¢ the graph G, satisfies a standard isoperimetric inequality and thus a uniform
Nash inequality holds at all times. Thus, similarly to the on diagonal bounds of

Proposition 78 we have:

Proposition 94. There exists a constant C' = C (d), independent of w, such that
for all v,y € Z¢ and s € R, t > 0 :

PY( Xy = y|X, =) < Ct 42

Proof. As w > 1 and the invariant measure is flat: 7 = 1, by comparison with
the simple random walk on Z?, for each t € R the spatial graph G, satisfies the

standard d-dimensional isoperimetric inequality: there exists ¢ = ¢ (d) such that
VA C 74 finite, Q (A, A%) > ¢ (d) 7 (A)T D/

By well known results (for example, Proposition 14.1 of [58]) this implies the

uniform d-dimensional Nash inequality: there exists ¢ = ¢’ (d) such that

Vel (2%, I AT < & F)

The result then follows by the standard methods outlined previously. =

As mentioned when looking for Carne-Varopoulos type bounds in Section 4.2.1,
obtaining long range bounds is more complicated when w is not bounded above.
For example, if there exists a finite subset A C Z¢ with w, (t) = [ for all e € A
and t € R and w, = 1 for e € JA, then the random walk will move at speed 2dl
on A and cross the boundary at unit speed. In particular for any x,y € A, if ¢ is

small and [ is large then
P (Xe=y|Xo=y) = A"
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Hence for z,y € A with d(x,y) = o(t?), the usual long range bounds cannot
hold. There can be no general result of the flavour of Proposition 79 with respect
to Euclidean distance.

This problem was tackled in the static time case in [7]. There a second dis-
tance function, cz, obtained through a first passage percolation procedure replaces
Euclidean distance in the statements and proof of Proposition 79. This distance
takes account of paths between points x,y € Z? that consist of a series of high
conductance edges. If two points can be joined by such a path then their d distance
is shorter than their corresponding graph distance. The methods of [25] transfer
to this setting giving bounds as in Proposition 79 with respect to d as opposed
to d. It is then shown that for large enough distances, d is comparable to d and
hence standard long range bounds hold. Together with the on diagonal bounds
and the methods of Bass-Nash, full off diagonal upper bounds on the heat kernel
can be proven.

We would like to prove a statement similar - we would like a space-time distance
d“ ((s,z), (s +t,y)) such that

P* (Xops = y|X, = ) < crexp <—02d“ (5,2), (s 41, W) (4.33)

t

for t > c3d” ((s,z), (s +t,y)) and Poisson type bounds for small t. We fail to pro-
vide such a distance. To illustrate the difficulties faced, we will give an incomplete
upper bound in Proposition 95 and then comment on the difficulties adapting the
proof to standard long range bounds - showing the limitations of Davies’ pertur-

bation method in the time dynamic setting with unbounded conductances.
Proposition 95. Define f (z,7,t) := SupP.cp, ;) 0<s<t We ($) then

Py (z,y) <expllz —y| F (v)]

|z—y]|
satf(e—yp) 20d

F(y)=7" (W—Q —log{7+m}-

Proof. We use the techniques outlined in the proof of Proposition 79.
Take ¢ such that ¢, ¢ € L™ (Z4, 7). Set

for v =

t

Psq?t = exp (b/ﬁudugzﬁ_l

S

and function f of bounded support set
Ji = Fo,f.
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As ¢ is independent of ¢ we obtain the differential inequality

O Nfl2 < e (8) 14212

1fills < oxp { | eto) ds} 11,

and hence

For A > 0 take

¢ (r) = exp (=A(|Jz — 2ol A [yo — w0])) -

By [25] we have
¢s (¢) < sup b, (¢, )

for
1 N .
bs (¢, ) := 3 E Way (8) <€¢( )=(Y) 4 () —w(z) _ 2) :

Yy~

for ¢ (x) := =X (|]z — xo| A |yo — 0|) . Thus

cs (@) <d  sup  we(s)(er+er—2).
e€Bgg[lzo—yol]

Putting these arguments together we have

| felly < exp (cl/0 sup we (s) (e + e —2) ds) ¥l

e€Bzq[lzo—yol]
The kernels of Ps; and Pj? , are related via:
Pl (x,y) = ¢ (x) Py () 6 ()"

Hence, taking f = d,, in the definition of f; we have by (4.35)

Po,t(ﬂﬂo,yo) < Cb(ﬂfo)ilﬁb(yo) ||ft|’2

(4.34)

(4.35)

t
< exp (—)\ Yo — wo| + d/ sup  we (s) (e + e —2) ds)
0

e€ By [lzo—yol]
= exp (=Alyo — zo| + d (e + € = 2) wp,, [yo—ao) () .
where t
wg (t) = / sup we () ds.
0 e€eB
For f (33'0, ‘:Uo - y0| at) = Sup@Gon[\mo—yoH,Ogsgt We (S):
W, (lzo—vol () < tf (|0 — vol ;1) -
Hence, we wish to minimize

exp (— |x0—y0|)\+d(e_’\+e)‘—2)tf(|x0—y0|,t)).
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By the arguments detailed in page 70 of [25] we obtain

p (0, z0;t,y0) < exp[|lzo — yol F (7)],

[zo—ol ) and

for v = 2dtf ([zo—yol,t

A>0

A oA
F () :min{—)\—l—%}.

The minimum is achieved at A = log {’y + 1+ 72} . u
For large enough t this result reduces to a close to standard bound provided

that the function f is slowly growing.

Corollary 96. There exists constant C' such that for t > |z — y|

2
PY(Xy =y[Xo=x) <exp <—%>

Proof. As noted in [25], F (v) < —v/2 + +3/20, hence by Proposition 95

|z — g/’ 2 — yI"
PY(Xy=y|Xo=2) < - b
(X =yXo ""“)—exp< 2t ([ —y[ 1)\ 102z —y].1)

and the Corollary follows. m

The proof of Proposition 95 is unsatisfactory - it is a blunt adaptation of the
static methods with the only change being requiring control over the strongest
edge in a space-time box. The long range heat kernel behaviour is not controlled
by the strongest edge that the walk can see and so the Proposition cannot tell the
full story. We have tried other adaptations to Davies’ perturbation methods and
we outline why these fail to work.

First we describe the methods of [7] where the variable speed random walk

with unbounded conductances is dealt with in the static environment case.
Take ¢ (¢) := w, /* and define

d(z,y) = igf {Zt(ei)}

where the infimum is over paths v = (ey,...,e,) from = to y. This distance

satisfies
2

Ci(l‘,y)—d(l‘,y,) <1

forallz € Z4 and y ~ 3. This is important as if we take 1 () := (d (0, 90) A d (zo, x))
and ¢ () = e ¥ then equation (4.34) of the above proof can be bounded inde-
pendently of w :

c(9)

Wy

IN

sup % " gy (70 4 H@—0) _ )

Yy~

< d(e‘A+eA—2).
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Hence the equivalent statement to Proposition 95 would involve the distance d
but otherwise be independent of the environment.
With these methods in mind, perhaps the most natural adaptation would be

to consider the semigroup:

t
Ps(;?t ‘= eXp /¢u£u¢;1du )

for functions (¢,,),.r defined in terms of the first passage distance at each time u :

ueR
¢, = €xp (_)‘Ju (%0, %) A duy (xo,@) :

We then set .

fiexp | [o,L.0. ) 1

and obtain the differential equation

DNAIE = (20L07 1)
As before we wish to find ¢; (¢,) such that
(20uLuty " fio f1) < 200 (@) £l
By the choice of ¢, we can bound c¢; independently of the environment
¢t (¢) <d(er+e*—2).

Hence

t

e < I5lbexp | [ (@) du

S

< | fllyexp ((t—s)d (e +e* —2)).
As before taking f =4,
PY(x,y) <exp ((t—s)d (e +e* —2)).

This looks promising. However, we wish to bound the kernel P, (-,-) and so
need a relationship between ij . and Ps;. This is much more complicated than in
the static time case. We illustrate this with an example.

Suppose that ¢,L,¢," is a step function:
¢u£u¢;l = Z 1[ui,ui+1] (u) ¢u1£u1¢12117
i=1
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then restricting to the interval [s, t]

n

PYo= exp| D (i1 —w) ¢, Ludy,

=0
U=S,Un+41 =t

= H exp ((ui+1 - uz) ¢Uz£u’b¢;zl)
i=0
and hence

Pli(zy) = D 0y (@) Powy (2,91) &6 (1) Guy (U1) Payws (v1,42) 61 (112)

Y EZA

e b Un) Punt Uns ) &7 (y) - (4.37)

From (4.37) it is apparent that there is not an easy way to transfer bounds on
P? to bounds on P.
With this method not leading to the conclusion we would hope for, one could

instead start by requiring a relationship between P and P? :

P;?t (z,y) = ¢, () Py (z,v) ¢, (y)_l )

where we assume ¢, is differentiable in ¢. Here we run into a different problem.
Set

fo=Po.f

for f of finite support. Then,

d s d
SR = 2( 55 s)
= 2(¢,d;  fir i) + 2(BLiPusdy M f, fi) — 2{ D Poudity  fo i) -

Although the middle term can be controlled as before it would appear difficult to
choose functions ¢, that give the requisite control over the remaining terms.
A sensible space-time distance that satisfies equation (4.33) has thus far proved

elusive.

4.5. Central limit theorems

In this section we discuss various central limit theorems obtained previously in the
dynamic setting. More general environments where we allow wy,, (t) # wy, (t) are
considered and jumps are not necessarily nearest neighbour or in fact bounded.
For the case when the environment is iid in space and time quenched invariance
principles hold under very relaxed conditions. When the environment evolves in

a Markovian way it is harder to analyze. Known results in this setting tend to
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assume an ellipticity condition on the random walk and a mixing condition on the
random environment in order to prove both annealed and quenched central limit
theorems. We will discuss several approaches to this problem. Unless otherwise
stated the following results refer to a discrete time walk on a dynamic environment
that evolves at integer points.

The early work on this problem can be found in [14], [15] and [16], where
highly functional analytic arguments are used to prove functional CLTs under
fairly strong assumptions.

In [3] a probabilistic regeneration time argument is used instead. Here a direct
tradeoff between the ellipticity of the walk - an assumption that the transition
probabilities for the walk are not far away from a deterministic set of transitions
- and the mixing of the environment is assumed. When this tradeoff holds an
annealed functional CLT is shown to hold with a quenched CLT also holding for
large enough dimension. The proof comes from establishing moment bounds on
regeneration times. These are times ¢ at which the current weights of the edges

emanating from points that the walk has visited:
{wgy (t) 2 € X, for n € [0,t]}

are independent of the values of those edges at the point at which the walk visited

them:
{wx,y (n) :n € 0,t—1]}.

In essence, all the information that the walk has picked up between time 0 and ¢t —1
is irrelevant to the current state of the environment. As the environment mixes
rapidly and the chain can step deterministically, it is shown that these regenera-
tion times exist and moment bounds hold. If 7" is such a regeneration time then
{X, :n > T} is shown to be independent of {X,, : n < T'}. In particular the walk
can be considered as a series of iid, finite walks between regeneration times. The
annealed central limit theorem then follows from standard results regarding sum-
ming iid random variables, with the moment bounds on 7" allowing these bounds
to be interpolated between regeneration times. The quenched result is somewhat
more involved, requiring stronger moment bounds and higher dimensions in order
for the proof to hold.

Methods analogous to the Kipnis-Varadhan methods discussed in Chapter 3 are
introduced in [49], considering the walk from the point of view of the particle. The
environment is taken to be iid in space and time and the walk is viewed as taking
place in d + 1 dimensions with deterministic moves in the time dimension. As the

environment is iid in space and time the invariant measure for the environment
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process is straight forward to write down: for n > 0 write

falw)= Y P(X,=0),
xT:rre1=—n
where e; is the unit vector in the positive time direction. Then f, is a martingale

with respect to the filtration

{g_n =0 ((wxy)y , T e > _n> }n>0’

that is the filtration generated by the edges connected to points whose time coor-

dinate is at least —n. We can therefore define P, by

dPOO‘Q_n

= 4.
dPlg._, Ja (4.38)

and an induction on n shows that P, is invariant for the environment from the
point of view of the particle. This measure is shown to be ergodic and due to the
iid nature of the environment the results of [41] are sufficient to prove a functional
central limit theorem. This derivation of P, is intuitively nice but its scope
is limited by the fact that f, is only a martingale in the iid case or under an
assumption that w, (n) is a martingale which in turn violates the existence of a
stationary measure for w, in the bounded conductance case.

The Kipnis-Varadhan inspired methods are again employed in [29] to prove a
central (but not functional) limit theorem. Their setting is more general, showing
that if the environment is mixing in time and space and satisfies an ellipticity
condition then a central limit theorem holds. Environments that satisfy these
conditions are presented and it is proven that the conditions are weaker than
those assumed in [3]. There is no nice formulation for the invariant measure for
the environment process analogous to (4.38) and analytic arguments are required
to prove that a unique invariant measure exists and that it is ergodic.

It is interesting to compare invariant distributions for the environment process
in the static and dynamic cases. Consider the 1-dimensional environment with
conductances w, € {1,2} and the constant speed walk. Then in the static case
with iid conductances the invariant measure is simply product measure multiplied
by the degree at the origin: (wo1 +w-1,0) P (dw). The dynamic case turns out to
be more complicated. Suppose that w. (n) = w. (n — 1) with probability 1 — p
and with probability p changes to the other possible weight. For this dynamic
environment one can explicitly show that the invariant distribution for the particle

process has the form:

() =ma() ][ m0),

keZ—{0,1}
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where 7_1 1 () depends only on the edges (0,1) and (—1,0) and 75 depends only
on the edge (k — 1, k). The measures 7 satisfy for w such that wi_14(0) =1

m @) = 5+l ()

with ¢ = 0 if and only if p = % Note that this is a one dimensional invariant
distribution - we are not considering the time-space graph as at (4.38).

The obvious question is can we extend these results to our setting? In Section
3.4 adaptations to the papers [10] and [13] were made that use heat kernel control
to gain sufficient control over the corrector to imply convergence to Brownian
motion of the scaled random walk. As we have heat kernel results can we do the
same here?

Potentially the variable speed walk looks promising as we will show that the
walk on the space-time graph is invariant and ergodic under P.

Take IP to be the measure on the time space environments: product measure in
space with each edge marginal being a discrete time Markov process with transition
function K and stationary measure p. Define the process from the point of the

environment to be the discrete Markov process on Z x Z¢ with transitions
Q (w,A) = Pg) (T(LXI)CU - A) .
Proposition 97. P is invariant and ergodic for ().

Proof. Let B be a finite set of edges in Z x Z?, C be a fixed configuration on B and
set A={w e Q:w|p=C}. Define f (w) =14 (w). For z € Z%1et A, = 714 (A),

then since in the variable speed case ) P (X; = 0) = 1, we have
E(Qf) = Y BEa [P (X =—2)
= ZEA [Py (X1 =0)]
> PY(X = 0)]

= E(f).

= Eg4y

Invariance then follows.
Ergodicity is standard. Take D C €2 such that for all w € Q we have

Péu (T(l,Xl) c D) =1.

Thus as Py (X; =2) > 0 for all [z] = 1, 70D C D. Hence as D is 71 4)-
invariant, by spatial translation invariance P (D) € {0, 1}. The methods outlined

in [27] or [10] then complete the proof. m
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Although ergodic, the environment process is not reversible. In particular
one cannot appeal to the results of [27] in order to easily prove the existence of
a corrector (as we previously did in Section 3.3). For non-reversible walks the
methods of [41] are used instead. Introduce g := E§ (X;) — e; to be the local
spatial drift at the origin (—e; centres the time dimension as time increments at

unit rate: X -e; = 1). One then requires the following bound:

0o n—1 o
SIS QN = Y on B[ (X)) —nel] <00 (439)
n=1 k=0 2 n=l

in order to obtain the martingale/remainder decomposition.
Note that even in the bounded conductance example the heat kernel bounds

will only explicitly give

VE[1Es (X,) = nesf] < 0 (n'/2). (4.40)

and hence are not enough to prove (4.39).

In the iid space-time case (4.39) follows from the independence structure of
the annealed environment - the drift is independent (under the annealed measure)
of the path that the walk has taken and hence the right hand side of (4.40) can
be replaced by O (n'/*) - see [49] for details. In the Markovian evolution of [29],
equation (4.39) follows from strong mixing assumptions on the environment as
seen from the point of view of the particle.

The question of whether these or other methods along with heat kernel bounds
are sufficient to prove a central limit theorem for the variable speed walk remains
open. It is worth noting that the methods described above all require that the
environment is well mixing. For the environment with bounded conductances no
such assumption is required to prove uniform heat kernel bounds - should it be a

necessary condition for a functional central limit theorem?
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5. CONVERGENCE OF REFLECTED RANDOM
WALK TO REFLECTED BROWNIAN MOTION

We have previously discussed the random walk amongst random conductances,
both in dynamic and static settings. In this section we again look at the static
environment model, but restrict the random walk to a finite subset of Z¢, reflecting
the walk at the boundary and ask if this reflected walk converges to reflected
Brownian motion under the usual scaling.

More precisely, if G = (Z9,E¢,w) is a weighted graph then define the graph
restricted to [—n,n]? by " = (V", E",w") for

vV o= [-n,n)* E" = {(x,y) cR:u,yc [—n,n}d} ,
n o we e€rR”
We = 0 otherwise

We let (X]');cqo be the constant speed, discrete time random walk on G"; the

Markov chain with transition probabilities
g Wy
Pn(Xn:an_lzl‘): Ty ’
vl . Wi

as before we define the heat kernel
P9 (X =y| X =)
™ (y)

¢ (z,y) = : (5.1)

We will take the environment G = G (w) to be a realization of the random conduc-
tance model with bounded conductors. We are interested in the limiting behaviour

of the scaled, linearly interpolated random walk: let X§ = 0 and define

1
B, (1) ;:ﬁ( by + (02 = [02]) (X0 = X)) £ 2 0, (5.2)

Given that the random walk on the unrestricted graph converges weakly to Brown-
ian motion (see [53]), it is natural to expect B, (t) to converge to reflected Brown-
ian motion.

This question is motivated by the work [23] where similar families of random
walks on finite graphs are considered and results concerning the convergence of
mixing times are given. They show that if the triple consisting of the graph,

invariant measure and heat kernel converge in some suitable way to a limiting
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Figure 5.1: The reflected graph

triple, then convergence of the mixing time follows. The simple random walk on
[—n, n]d is an example for which their results apply and one would anticipate that
the walk on G™ should also satisfy these conditions - at least if the conductances
are bounded.

In fact, it transpires that even proving convergence of B,, to reflected Brownian
motion is difficult. We present a proof only for the case of bounded conductances
in dimension one. The one dimensional case is easier to attack as one can explicitly
define a corrector for the random walk on the unrestricted graph G for any G. In
particular the existence of the corrector does not depend on the environment being
ergodic. We turn the question around - reflecting the graph instead of the walk, so
that for example the edges emanating from the vertex at n+ 1 are the same weight
as those emanating from n — 1 but in the opposite positions (see figure 5.1). We
run a simple random walk on the reflected graph and show that if this converges to
Brownian motion then the random walk on the G" converges to reflected Brownian
motion.

The random walk on the reflected graph is an object that we have good control
over: by [26] we have upper and lower bounds on the heat kernel and as mentioned
above it is possible to define a corrector for the random walk. We thus look to
break the random walk up as a sum of a martingale and corrector then show that
the martingale converges to Brownian motion and that the corrector is sublinear.

Once a functional central limit theorem is shown to hold, the techniques of [23]
allow us to prove that the mixing time for the reflected random walk, scaled by
n~2, converges to the mixing time for reflecting Brownian motion.

Our main results are stated in the following theorems.

Theorem 98. Let G = G (w) be a realization of the random conductance model
on Z. Take T' > 0, then for almost every w € §) the linearly interpolated re-
flected random walk (B, (t)),c(o 7 converges weakly in (C'[0,T], Wr) to reflected
Brownian motion on [—1, 1], started at the origin, with diffusion constant o > 0.
Further, o2 is the diffusion constant as in the limit for the non-reflected random
walk.

Theorem 99. Fix p € [1,00]. If ¢!

mix

(G™) is the LP-mixing time of the reflected

random walk on w restricted to [—n,n], then
n_Qt]r)m'x (gn) - tgﬂ'az ([_1’ 1]) )
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where t?

mix

flected at the boundary.

([-1,1]) is the LP-mixing time of the Brownian motion on [—1,1] re-

Formally, the LP-mixing time is defined as

1
th iz (G) = inf {m >0: sup DY (z,m) < Z_l}
zeV(G)
for .
DY — qrgn (z,") + A1 (z,-) 1
P 5 - ,
Lr(n9)

where 79 is taken both here and in (5.1) to be the invariant probability measure
for the random walk. As noted in Remark 1.3 of [23], Theorem 99 can also be
stated for mixing times with respect to total variation distance.

It is in fact true that Theorem 98 holds for an arbitrary starting point: for x €
[—1,1] take g,, (z) to be the point of [—n,n|NZ closest to xn and set X' := g, ().
Then B, (t) converges weakly to reflected Brownian motion on [—1, 1] started at
x. As the proof of Theorem 98 is notationally heavy, the arguments are presented
for the case x = 0, however they also hold for general = € [—1,1]. This fact will
be important in the proof of Theorem 99.

The proof of Theorems 98 and 99 can be found in Section 5.1.

In Section 5.2 we present the results that we have in higher dimensions. Moti-
vated by [19] we consider random walks started uniformly on subsets of RY. The
initial aim of this study was to prove the higher dimensional analogue of Theo-
rem 98 by proving convergence of the excursions of the reflected random walk to
excursions of reflected Brownian motion. This has not yet proved to be possible.

We present the results that we currently have.

5.1. The one dimensional case

From now on assume d = 1 and w, € [a,b] for 0 < a < b < co. We will discuss
relaxing these assumptions later.
We begin by formally introducing the reflected graph. Let G™ be the graph

with vertex set, edge set and weights

Vr =7Z,E" = E,

Wianktidnkditl — Wii+1

—g— —7 2Y4 .
_£L4k+2)n i—1,(4k+2)n—i B i€ [O,n . 1] ’ ke Z,
W(ak+2)n+i,(4k+2)n+i+1 —  W—i—i-1

N J—

Wank—idnk—i—1 — W—i,—i—1

where the weights W™ are symmetric and the weights w correspond to a realization

of the random conductance model on (Z,E). Figure 5.1 illustrates this definition.
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We will write (Xin)z‘>o for the random walk on G™ and write B, () for the
scaled, linearly interpolated walk analogous to the definition (5.2).
Note that

where

The function f folds the graph G™ onto [—n,n].

Proposition 100. Let T > 0. If (Bn (t)) re(0.7] weakly converges to Brownian
motion started at the origin with diffusion constant o then (B, (t)) rejo.r) Weakly
converges to reflected Brownian motion on [—1,1] started at the origin with dif-

fusion constant o>.

Proof. As f is continuous, this follows from the continuous mapping theorem. m

Hence Theorem 98 will follow from the following proposition:

Proposition 101. Take T > 0. For almost every w € Q, (B, (t)), co.r) converges
weakly in (C'[0,T],Wr) to Brownian motion, started at the origin, with diffusion

constant o2 > 0.

As discussed in the introduction, we follow standard methods to prove Propo-
sition 101, decomposing the walk into a martingale and a corrector. As we are in

one dimension, the corrector can be explicitly defined:
1

G“‘ L= —1
o E (1/@01)@iit1

z—1
X(z,0) @ = Z Giiti, (5.3)
i=0

and set M = X7 + y (X, @). Let F; = o (Xg, ..., XP).

Proposition 102. For every w € (Q, the process (M]');5, is a martingale with
respect to ((.7-})1.20 , P?) .

Proof. By direct computation

Wi—1,i

Wi—1,; + Wiit1

= X7 +x (X o)+

(X —1+x (X' 1,0)]

Wiit1 (1 + Giit1) | Wizl (14 Gi_1,)
Wi—1,i + Wil Wi—1,; + Wit

= X'+ x (K@) =M
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The strategy employed is to show that M™, scaled and interpolated, converges
to Brownian motion via a standard martingale convergence theorem. Showing

that for almost every w € € for all t > 0

1 = n—oo . oy
—X (X [’an},w) — 0 in P, g-probability
n
will complete the proof of Proposition 101 and hence Theorem 98.

In fact the above statement would only imply convergence of the finite dimen-
sional distributions, however since the reflected graph (Z,E, (0?)) has uniformly
bounded weights there is uniform control of the heat kernel and hence the laws of

B, are tight under Py. We recall the uniform heat kernel bounds from [26]:

Theorem 103. There exist constants ¢; = ¢; (a,b) > 0 such that for all w €
Qr,y€Z andt > |z —yl:

9 2
et exp (—M> < (2,9) < ot exp (—M) D

t t

We will require control over how long the walk X" spends close to the boundary
of [~n,n]. This corresponds to how long the walk X" spends close to the points
{n+2kn : k € Z}. This control is obtained via Theorem 103.

Proposition 104. Let T' > 0. For € > 0, define the random variable

=[{0<i<Tn®: X € ((k—e)n, (k+e)n)

the time the walk spends within distance en of the boundary. Then for alln,d > 0
there exists ¢ > 0 and N; (n,0,T,a,b) such that for all n > Ny

P (Y > nn?) <6 for all w € €.

Proof. The proof is an application of Markov’s inequality.
Note that by the uniform heat kernel upper bounds in (5.4), for fixed k € N

EY[[{1<i<Tn®: X e ((k—¢e)n,(k+e)n)}|]

= Z Z P"(0,7)

z€((k—e)n,(k+e)n) i=1

€4 |$|2
Z ZZbc i %exp ( ; )

z€((k—e)n,(k+e)n) i=1

o d |knl?
Z (2en V 1) 2bcgi ™% exp (— _ ) :
i

=1

IA

IA
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where ¢ is assumed to be small, say ¢ < 1, to ensure that ¢ can be chosen
independently of . This can now be approximated via the corresponding integral

and integration by parts to yield:
E¥ H{lSiSTnQ:Xi"E((kz—s (k+e)n }H (2en v 1) cnexp (—'k?),

for ¢, ¢ dependent on T, a, b.
Hence, for n > 1/2¢

E[[{1<i<Tn®: X]" € ((k—¢e)n,(k+e)n) for some k}|] < ecn®.

Applying Markov’s inequality

ecn?

P~ (YZL > nn2) S

nn?

and this can be made less than ¢ by taking e suitably small.

With such an € > 0 chosen, define Ny :=inf{n:en >1}. =

To prove that M™ converges weakly to Brownian motion we appeal to the
Lindeberg-Feller CLT (see [30]). Convergence to Brownian motion will follow from
the following proposition. Introduce the measure weighted by the conductance at

the origin:
(w10 +wip)

E(w_10+ w1p)
Recall that Py is the invariant measure for the random walk from the point of view
of the particle. Define AM* = M — M, for ¢ > 0. For the random walk on the
full graph G, write M; for the associated martingale defined as in (5.3) and AM;

for martingale differences.

IP)O =

P (dw) .

Proposition 105. For T' > 0 and almost all w € €2,

Tn?
1

Tn? 4
=1

(A]Mi")2 — By (AM1)2 in P“-probability as n — oo.

Proof. We require to prove that for almost every w € €2 and all € > 0,6 > 0 there
exists NV (w, d,€) such that

Tn?

> (AM])? = Eo (AM,)?

i=1

1

PY || —
Tn?

> 6] <0 (5.5)

for all n > N. We will prove this statement by breaking the walk up into the time
it spends well away from the "boundary points" {(2k —1)n : k € Z}, and the
time the walk spends close to these points. We will invoke Proposition 104 to give

control over how long the walk spends near these points and use the ergodicity of
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the original graph G to show that we have good control over the martingale when
the walk is away from the boundary.
By the ergodicity from the point of view of the particle for the random walk

on G, we know that for any starting point z € Z and almost every w € (2
1 ¢ oo
= " (AM;)* "= Eo (AM,)*, P¥-almost surely.
n
i=1

In particular, for every ,0 > 0 and every = € 7Z there exists Ny (z,¢,d,w) < o0
such that

n

% D (AM;)? — Eo (AM;)?

Pw

> 5] <0 (5.6)

for all n > N; (where the superscript x indicates starting vertex).

Let cg, c7,cs > 0 be constants to be chosen later. Define the sets

7 )
L(TL,’}/) : :{ZEE[_H,H]:Nl (l’,%,ﬁ,(ﬂ) <7}7
L(n,y) : ={z€Z:f(x)eL(nn)}.
By ergodicity of the full environment, |L(;;V)| — P (N1 (a:, o %Q,w) < 7) almost

surely as n — oo.

Define
H1 : :O,
H; : :inf{j > H;_ 1 + cgn® :)_(;‘GL(n,c(;nQ),U (XJ”)} <csn},
K :sup{z':Hi+cﬁn2§Tn2},J:HK+cﬁn2.

The idea is to break the walk into finite subwalks started at points in L (n, cgn?)
where we have good control over the local ergodicity of the walk. We need the
extra assumption that | f (XJ")} < cgn, for cg close to one, so that if the walk is
run for a short time (dependent on ¢g) it is unlikely to hit the boundary points
{(2k —1)n : k € Z}. If the walk fails to hit these boundary points then the mar-
tingale increments for M" are identical to those for M, which (5.6) enables us to
control.

With this notation we write

Tn? K | Hj+cen? Hjiq Tn?
DAMI =N YT (AMI) D (AMD)? ]+ ) (AM)*.
i—1 =1 | i=H; i=Hj+cen2+1 i=J
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Thus

Tn?
w 1 n\2 2

P WZZ(AMZ') —Eo (AM,)?| > ¢
i cgn? 1 Hyegn? ec
< pe || - AM™M? — Eo (AM;)?| > =2
< Z T co? Z; (AM])* — Eo (AM)*| > 2

€

—Cle ] 1+66’I’L2> >§

W 2 €

where C] is

Cl = max‘(AMl)Z _EO (AMlz)|
S 2 max (GO,l + 1)2

1 2
< 22—
- (lE(l/wOJ)

The first term of (5.7) corresponds to the finite subwalks mentioned above,
with the second and third terms bounding the time at which the walk is not in
one of these good subwalks.

We begin by treating the second term of (5.7). We must control the time it
takes to find a point in L (n,cgn?®). Note that for any ¢s > 0 and almost every

w € Q, -
’L(n766n2)|
2n

— 1 as n — oo.

In particular, for any ¢; > 0, and almost every w € ), there exists Ny (w, ¢7,¢6,d,¢,T) <

oo such that for all n > Ny, the largest distance from any point € [—n,n] to a
point in L (n, cgn?) is bounded by cn.

We must control

g
ﬁCle J1+cﬁn)>§].

< (g —c7)n or

7 (X5 e

> (eg — ¢7) n. We choose ¢g — ¢7 to guarantee that in the first case

For ¢; > 0 we break this into two cases: either

I (K sae)

the walk is close to a point that satisfies both z € L (n,cgn?) and |f (z)] < cgn.

Figure 5.2 shows how the choice of ¢; and cg decide the boundary region of [—n, n|.

For the first case note that the walk must hit a point of L (n, cgn?) before exiting
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Figure 5.2: The boundary region

the ball of radius c;n centred at X Hi-14cgn2- Hence, for n > Ny

pY g — (HI-L 2>6ﬁ2
< ( + cgn®) 60171

F (Kb < (5= )

X i > ECq
< PYrt i1 4egn? (T (XHj71+c6n2,C7n) > @77?) .
1

By the upper bound of Theorem 103, there exists ( > 0 such that for all ¢; > 0 the
right hand side is bounded uniformly above by T¢/6¢s. Hence, taking 0 < ¢; < (,

there exists Ns (w, ¢7, cs, ¢, €, ) such that

T
< (cs —07)n> < —

p¥ <Hj — (H77' + cgn?) °C6 2
6C6

> —_
6C,

f (ng+cen2)

for all n > N,.
For the second case, we use Proposition 104. Let C; be the maximum value of
|AM?Z — Eq (M})|, then by Proposition 104 there exists ¢y > 0, N3 (w,€,0, ¢, T) <

oo such that

T )
P~ (Yof‘ > 6—51712) < 6’ n > Nz, a > cq.
Set
1 + ¢9
cg 1=
8 92 9

noting that cg is independent of ¢g and ¢;. Now, if the walk isin {x € [—n,n] : |z| > (¢s — ¢7) n}
then it must hit a point y € L (n,cgn?) such that |f (y)| < cgn by the time the

walk exits {z € [-n,n| : |z| > (cs — 2¢7) n}. Hence

A j Te
P > HY — (H7! + cn®) > gm
j:’f(XerJrcan) >(cg—2c7)n
w n Te 9
S P (}/68_207 > 6_6’1,’7/ ) ,
and if ¢; > 0 is chosen small such that 1 — (cg — 2¢7) < ¢g then
: ] Te 5
P Z H]—(Hj +06n)>6—C’1n <6’”ZN3.

>(cg—2c7)n

;. X N
ot (%5 s2)
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Combining these results, for all c¢g > 0 there exists § > 0 such that if 0 < ¢; <
B A (=14 co+cs) /2N then there exists Na (w, cg, cs, 7,9, €) such that

K
ZH]‘ — (Hj—l + CGTL2)] > %]
j=1

K
< jzlP“ <Hj — (Hj_1 +06n2) > g—g?an

PUJ

1
Tzt

f (X}“Iﬁ%ng) < (cg — 2¢7) n)

T
+P* <Y” (g —2¢7) > 66—01712>

< §/6406/6=03/3, n> NyV Nj. (5.8)

We have picked cg independently of ¢g. We will choose c¢g dependent on cg and
then c; dependent on cg and cg.
Similarly, as the remainder term Tn? — J can be bounded by Hy . — H, there

exists Ny = Ny (w, cg, cs, 7, €,d) such that

ol 1 3 )
P WC& X (Tn2 - J) > § < g, n > N4. (59)

We now move to the first term of (5.7). Note that the walks (X;);c(y .2 and
( f (X;L))ie[o,(;@na started at the same point in [—n,n|, have the same distribu-
tion until they hit {£n}. Note further that if f (z) = f (y) then E* (AM})* =
EY (AM7)?. Thus conditioning on the walk hitting or failing to hit {4n}:

r 2

1 cen e

P || ——N T (AMM? — By (AM;)?] > =

C6n2 ; ( i ) 0 ( 1) 3
< P | max [X)| > n| + Pon LCGf(AM-f—E (AM?| > =
~ _i§06n2 i = C6TL2 o 7 0 1 3

< petn -max | Xi| > n| + %. (5.10)
| i<cen? "= AT

By Theorem 103, for fixed cg, the first term on the right hand side can be made
small by taking cg small since | Xy,

< cgn.

By the definition of H; and (5.10), we can control the terms in the sum:

e cgn® 1 Hyteon® CoE
Py || 2= AM™? —E (AM?)| > =
Z Tn? cen? Z (AM) (A 3T
]=1 Z:HJ‘
T dce
< — | sup P¥" |max | X;|>n|+—].
- e <|I|<2n L<C6”2| | ] 4T>

Now by Theorem 103,

T
lim — sup P“H [max | X > n} =0

c6l0 Cg |z|<cgn i<cgn?
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Hence by choosing small ¢g (dependent on cg)

T/es cgn® 1 Hy teon? ec )
ol P — AMM? —B(AM)? > =2 | < =. 5.11
; Tn? cgn? :Z (AM) (AM)™ > 2m | =3 (5.11)

Combining (5.11), (5.8) and (5.9) we are done, taking N (w) = Ny V N3 V N,
in (5.5). =
Proof of Proposition 101. Proposition 105 and the Lindeberg-Feller functional

central limit theorem imply that for almost every w € €,

1
ﬁ ( &2” + (n2t — Ln%ﬁj) <MLnn2tj+1 — M&QH>>

converges in law to a Brownian motion with diffusion constant o2, for

0% = 2R, {L (1+ G0,1)2:| )

Wo,1 T W_10

where Gy is defined in (5.3). Note that o2 is identical to the variance for the
scaling limit of the non-reflecting random walk.

Now, as noted in [53], the upper bounds of Theorem 103 imply that the laws
of B"(-) are tight under Py. The proposition will thus follow once we show that

for almost every w € Q and t > 0
1 _ - .
—X (X2, w) — 0 in Fy’-probability.
n

Again appealing to the uniform upper bounds on the heat kernel, it suffices to
show that for any M > 0, for almost every w € €2

limn™ >~ Mn”)' =0. (5.12)

n
|z|<Mn

This will be proved using the fact that (5.12) holds for the non-reflecting corrector
X (z,w) and the periodicity of x (z,®).
As
X (z,@0) =Y G¥(i,i+1),
i=0
by the periodicity of the environment @w we have that for + = (4dk+1)n + r,
0<r<n,keNyjand 0 <[ < 3:

2k (x (n,@) + x (—n,@)) + x (r, @) ifl=0

¥ (2,0) = 2k +2)x (n,@) — x(n —r,@0) + 2kx (—n,0) ifl=1
’ (2k +2) x (n,@) + x (—r,w) + 2kx (—n,w) ifl=2"

2k +2)(x(n,w) + x (—n,w)) = x(—n+r,w) ifl=3
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and forz = —4k+)n—r,0<r<nkeNyand 0<[<3:

2k (x (n,w) + x (—n,@)) + x (—r,@) if [ =0
(2,) = (2k+2)x (—n,0) = x (—n+7r,0) +2kx (n,w) ifl=1
XAT W)= (2k+2)x (—n @)+X(T,?)+2kx(n,d}) ifl=2"

(2 +2) (x (1, @) + X (—n, @) — X (n—r@) ifl=3

<5

3I

\d
3
&
&

lz|<Mn
M 3 n-—1 _ ~
< hmnilzzz |X((4k3—i—l)n—i—r,w)| + |X(_ (4k5+l)n—7‘,w)|
" k=0 1=0 r=0 n
n—1

AN
=5
3
b
[]=
T~
=
+
=
=
=
€l
+
=
|
3
£

+2(x (@) + X (-1.@) + x (0 = 7. @)] +x (= m,5))
oM (M 4 2 lim LB X (0 D)

n n

IN

)|+ |x (=1,
n2 '

+4(M +1)lim Y Ix(
r=0

For almost every w € € the first limit is zero since x (n, @) is the sum of iid mean
zero random variables. For the second limit note that we can replace y (£r, @)
by x (£r,w) as |r| < n. Hence the second limit is zero for almost every w € 2
by line (1.22) of [53], where the corrector for the walk on the unreflected graph is
controlled. m
Proof of Theorem 98. This follows from Propositions 100 and 101. =

Note that, as we are in one dimension, sublinearity of y requires only ergodicity
and that E (i) < 00. Hence the proof extends to all such ergodic environment
where Proposition 104 holds.

Theorem 98 allows us to prove the convergence of mixing times.
Proof of Theorem 99. The result will follow directly from Theorem 1.4 of [23]
once we prove that the conditions of that theorem hold. As reflecting Brownian
motion satisfies the regularity conditions necessary, Theorem 1.4 will apply once

we show that the triple

(V" m7 F) s (G (29 e

converges in a spectral Gromov-Hausdorff sense to the triple: [—1,1] with the
Euclidean metric, one dimensional Lebesgue measure on [—1, 1] and the transition
density of Brownian motion on [—1, 1] reflected at the boundary. Here, 7, is the

normalized stationary distribution for the reflecting random walk on [—n, n].
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We will not discuss what this convergence means here, but instead note that
this claim follows from Proposition 2.4 of the same paper. The rest of this proof
consists of showing that the conditions of Proposition 2.4 hold.

It is straight forward to show that (V™ n~!|-|,) converges to ([—1,1],|-|,) with
respect to Hausdorff distance. By ergodicity m, converges to Lebesgue measure
on [—1, 1] with respect to Prohorov distance (both of these convergences assume
scaling of the space [—n,n] by n™!).

As we are working in one dimension with conductances bounded below we have

the following upper bound on the resistance metric:
Rgn (z,y) < cilz —yl,

for some ¢; = ¢; (a) > 0. By Lemma 2.5 of [23], this in turn proves the tightness
condition required.
The final condition we must prove is the following: there exists a dense subset
F* of [—1,1] such that for any compact interval I C (0,00), x € F*, y € [—1,1]
and r > 0:
lim P <%an2tj € B, [r]) = P, (W; € B,[r]) (5.13)

n—00 gn(

uniformly in ¢ € I, where g, (x) is the vertex in [—n, n] that is closest to nz and
W, is reflecting Brownian motion on [—1, 1] with diffusion constant as in Theorem
98.

As noted after the statement of Theorems 98 and 99, Theorem 98 holds irre-
spective of the starting point = € [—1,1]. In fact, the only modifications to the
arguments presented are a slight change in the transition density used to prove
Proposition 104 and H; becoming a random variable in the proof of Proposition
105.

Equation (5.13) will follow from the functional central limit theorem, the con-
trol of exit times and the regularity of reflecting Brownian motion.

Fixe > 0,2 € QN [-1,1], r > 0 and compact I C (0,00). Choose v > 0 and
Nj such that

€
su? |P. (W5 € B,[r]) — P, (W € B, [r+7])| < r
sE
1 1 €
P9 | =X", €B — P9 | =X", €B,[r— < —,n> N

This is possible since [ is compact and 0 ¢ I. Justification for the second line also
requires the heat kernel bounds of Theorem 103 which show that for sufficiently

large n
pon (Lxp <
o) \ o m2s) ElY+r—my+r+Uly—r—yy—r+1]) <cy
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holds and hence a suitable choice of 7 is possible.
Now take ¢ > 0 such that for all n > 0

z

€
sup pon (TBI[W] < 5n2) < 3
z€[—n,n]

and

£
sug) |P, (Wy € Byr]) — P, Wsys € Bylr])| < 3 (5.14)
se

The first line is possible as the uniform bounds on conductances imply uniform
bounds on exit times (this can be seen, for example, via the arguments in the
proof of Proposition 18). The second line is possible due to I being compact and
0&1.

Choose a finite set {t1,...,%;} C I such that for all j € {1,...,i} we have
sup, |t; —t;| < d. Take t € I and let i be such that |t —¢;| is minimized, then:

Pgi()(l (n2e) € By [ H>—Px(Wt€By[T])

1
gn n Gn
P (5 b € By m) P& (Xiews € B, H)‘
+|pon (X%tJ € B,[r ]) — P, (W, € B, [r])

gn(z)

+|P, (W € By [r]) — P, (W, € By[r])]-

(3

The third term is less than § by choice of  in (5.14). Due to the functional central
limit theorem we have convergence of finite dimensional distributions and hence
there exists Ny such that the second term is less than § for all n > N,.

It remains to control the first term. Suppose that ¢t > t; then

1
ngnn(:r) ( Xl_thJ = By [7"])

1 n
= ngnm( Xlnze) € By [T—ﬂ) sup P (T, = 00%)

2€By[r—)]
g, (1 €
2 Pyl | - Xty € Bylr =] (1 - E>
Similarly
1 1 £\
Gn Gn
1 5 e\ 1L
gn n
In particular

(5.15)

M

1., 1.,
Frle) (gxwu € By W) — Fyl (ngm € Bylr - 7])' <
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Similar arguments show that (5.15) also holds for t < .

To complete the proof, note that by the functional central limit theorem there
exists N3 such that
n Z N3.

gn(z)

pen <X”2H€B[ ])—Pm(WtieBy[r—v])‘Sg,

Hence:

1 n
ngnn(x) ( XL 2] € By [r ]> a P n(z) (XLthJ € B, [ﬂ)‘
gn 1 n gn 1 n
Povtay \ X lnee) € Byl ) = By | - X{ery € By [r =]

1
ngnn(rc) ( WtJ EBy[T-ﬂ) _Px(Wti € By[T—”Y])‘

+ Py (W, € By[r —]) — P (Wy, € By [r])]
< S48 ¢
- 6 6 6 3

Hence for all t € I and n > N; V Ny V Nj

<E.

1
Pt (3X0e € B, 11) - PV € By )

Hence (5.13) converges uniformly over ¢ € I. Thus Proposition 2.4 and Theorem
1.4 of [23] apply. =

In fact the proof of Theorem 99 can be shortened and simplified considerably.
The following method was explained to me by my examiner, David Croydon.
Alternative Proof of Theorem 99. Let B} = =X [nzi)- As C (I, R) is separable
for any compact I, one can apply Skorokhod’s representation theorem to define
B™ and W on the same probability space with the same laws as B™ started from
gn () and W started from x, respectively, and B"™ converging almost surely to W.

Now, for any ball A and € > 0 let A.. be the £ expansion/contraction of A.
Then
sup Pg" (B € A)— P, (W, € A)‘ < sup <l-3t" c AW, ¢ A> + sup <Bf ¢ AW, e A)

n ()
tel tel tel

< 2P (sup B - W,

tel

> 6> +sup P (Wt € Ae\A_5> )

tel

Letting n — oo, the first term tends to 0 by the weak convergence established in

Theorem 98. The second term can be made arbitrarily small by taking ¢ small. =

5.2. Higher dimensions

The above proof does not transfer to higher dimensions as there is no consistent

martingale/corrector decomposition for the random walk on the reflected graph
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for d > 1. In particular there is no way to define a periodic corrector due to the
higher dimensionality of the boundary and this leads the above scheme to fail.
There are various other potential avenues to explore. For example [19] consid-
ers approximations to reflecting Brownian motion on bounded domains through
discrete time simple random walks. There, due to the uniformity of the heat kernel
and symmetry of the simple random walk, it is possible to show uniform conver-
gence for the excursions of the two processes and convergence of the random walk
to reflecting Brownian motion follows. Perhaps we can follow a similar method?
This led us to consider the non-reflecting random walk started away from the
origin at a fixed point x € Z?. More precisely, take G = G (w) to be a realization
of the random conductance model in d dimensions with w € (0, 1] to ensure that a
functional CLT holds for the random walk started at the origin. Then for n € N let
(X -2%)»0 be the non-reflecting random walk on Z¢ with transition probabilities

(2

dependent on G as defined previously and starting point
X =2omy.
It is natural to believe that the rescaled process

2 (X3t
[2274] t€[0,T]
weakly converges under the quenched law to Brownian motion starting at x.

The proof of this claim is not as straight forward as we initially thought. One

can use the corrector function to give a martingale/corrector decomposition:

Standard facts about the corrector show that it is still sublinear in this case.
However, it is not clear how to prove that the martingale converges to Brownian
motion. In the x = 0 case the ergodicity of the environment from the point of
view of the particle is used to prove that the conditions of the Lindeberg-Feller
Theorem hold. We do not have access to this machinery here as the starting point
of the walk changes with n.

We have not found a route around this complication and so the results we
present are much weaker.

For C' C RY, define C" := {n:L‘ €Z:xc C’} to be the lattice points within
C at stage n. The uniform distribution on C™, rescaled by n!, converges to the
uniform distribution on C' as n — oo. We show that for suitable C' the random
walk started uniformly over C", rescaled and linearly interpolated converges to
Brownian motion started uniformly on C'.

Write (X U(C")> . for the random walk started uniformly on C" C Z4.

i

1
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Proposition 106. Suppose C C R is of the form

C = LJB;,;Z [’T‘Z] , Ty > O,ZTZ‘ < 00,T; € Rd,
=1 7
then .
C ._ u(en) 2 2 v(cm) u(cm)
B =~ (XWH + (n?t — |n?t]) (XWJ+1 - X ))

converges weakly to Brownian motion started uniformly on C'.

We first show that the statement holds for the particular choice C' = [—1,1]"

and then show how this proof can be adapted to prove Proposition 106.

Proposition 107. Let C = [—1, 1}(1, then the rescaled process BS converges
weakly to Brownian motion started uniformly on [—1,1]°.

Proof. As w € (0, 1], [13] gives that for all bounded continuous ¢ : C'[0,7] — R
and € > 0 there exists N = N (w, ) such that

(o (2a0) o

where E*g (W) is expectation with respect to driftless Brownian motion started

<eg, forn > N (w,e), (5.16)

at z € R? with diffusion constant o > 0.

Fix a bounded, continuous function f : C'[0,7] — R.

By (5.16), forallw € Q, e > 0 and € R? there exists minimal N (z,w, €) < 0o
such that

1
‘E“ {f <5X22t +x)] —E°[f (W)]‘ <e
for all n > N; (z,w,e). Note that N; is dependent on z as the entire walk is
shifted by x.
We will end up considering scaled walks on an environment w, started at some

point z € Z¢. Equivalently one can consider the walk started at 0 on the shifted

environment 7,w and then shift the whole path

e Gosver )| = (o)

It therefore becomes important to control N; over z € [—1, 1]d.

With this in mind set
h(l’) = Nl ($7w7€) )

then as f is continuous, so too is h with & (z) < oo for all z € R?. In particular

Ny (w,e) := EI[IEﬁ]d h(x)
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exists and is finite.
Set
N3 (z,w,€) := N (T,w,¢),

then for all w € 2, >0, x € Z¢ and n > N3 (7, w, &) V |z

o [f (% )} —E |} <W>]' <.
Further, by the continuity of f there exists § = ¢ (¢) > 0 such that
[EY [fOV)] = E* [f W)]| < e
for all y,z € [—1,1]% with |z — y| < 6. Under this assumption define
Ny (z,w,e) = Ny := N3 (z,w,e) V (28)" 4V |x].

Then
B |1 (23 )| O 1 o < 2 (517)

for all n > Ny, where U (B, [r]) is the uniform distribution of starting point over
B, [r].
Now, since for any n, the function 1{y,w s e)>n) iS measurable and integrable,

the multidimensional ergodic theorem implies that for almost every w € € :

1
. {x € [-R,R]": N3 (z,w,e) > nH — - Z 1Ny (w.2)>m)
(QR) z€Bo[R]

R—o0

— P[N3(0,w,e) >n]. (5.18)

(2R)

Note that the right hand side tends to zero as n — oc.
Hence, splitting [—n, n]d N Z% into subsets with Ny (z,w, ) large and subsets

with Ny (z,w,e) small (equivalently N3 large and small) and applying (5.17):

e [ (L) - ov)
n

< —= 3 |E s (X )| Bl o)
(2n) xe[—Xn:,n}d [ (” )] ‘

< (22;(1 {x € [—n,n]": Ny (w,z,¢) < ng})

< 25+(2;)d‘{x€ [—n,n]d:Ng(w,x,e)>n2}‘||f||oo

— 2gasn — o0,

where the penultimate line holds for n > (26) /.
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As this holds for all continuous and bounded f and all € > 0, the random
walk started uniformly on [—1, 1]d converges weakly to Brownian motion started
uniformly on [—1,1]%. =
Proof of Proposition 106. By the spatial ergodic theorem, provided nC™ C
(n+ 1) C™*! for all n, we can replace (5.18) with

1

1 Hz € O™ : N3 (w,nz,e) > a}| "= P[Ns(w,0,e) > a].

The above arguments then yield

ng”[f(lX*Q}niyE““fow»

n

We can extend to the more general class of subsets by noting that if C' C D C
R? both satisfy the above condition then

proer ()]
n

b )] 1)
oo PG ot e

n— 00 E(D> U(D ‘C<C> U(C
= (zo2a® - coe®") /W
EVP=O f (W) . (5.19)

We wish to prove that we can take C' = B, [R] for any + € R? and R > 0.
If 0 € B, [R] then we are done. Suppose that this is not the case. Write x =

(x1,...24) and let

A ¢ =[x = R)AO, (w1 + R) VO] x ... % [(xg— R)AO, (z4+R) V0
B : =A-B,[R].

Both A and B satisfy the condition nA™ C (n + 1) A»™! and hence the result holds
for A and B. By (5.19) the result holds for their difference, B, [R].
The extension to starting uniformly on sets that are unions of boxes follows

trivially. m
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A. LAST PASSAGE PERCOLATION ESTIMATES

Here we present the estimates required in Section 3.2.3.

We consider subcritical site percolation, S, with parameter p € (0,p.(d)) on
the square lattice Z4: for x € Z? set S (x) = 1 with probability p and S (z) = 0
otherwise, independent of all other sites. Take (Q2, F,IP) to be the appropriate
probability triple.

Forw € Q, n €N, x € Z¢ define

Nx (n7w) ‘= Ssup {ZS(’}/Z)} 9

7T L=t
where the supremum is taken over all non self intersecting paths of length n,
v= (v, =um,...,7,) started at the point z.
In this section we look to bound the growth of N, (n,w) in terms of n and p.
We suspect that these results are already contained in the literature but do not
have the appropriate references.

Our first result is the following.

Theorem 108. There exists a constant C', independent of p and d such that for
almost all w € Q and every x € Z? there exists A, (w) such that

N, (n,w) < Cynp*/? (A.1)
for alln > A, (w). Further

P (Eln > N,z € By[n]: N, (n,w) > nC’lpl/d) < ep Yexp <—02 (Npl/d)c3)
(A.2)
where c3 = %, ¢1, ¢o are independent of p and d and C} is as in (A.1).
The proof of the Theorem 108 will follow from the following proposition.
Proposition 109. Suppose p < 327¢. There exists a map 7 : Q x Z* — NU {4}
and j := 55p~'/¢ such that:

1. 7, (z)=40iff S, (x) = 0.

2. If t,(x) =k € N then S, (x) = 1 and there exist points 1 = x,Zs, ..., Tok
such that 1, (z;) = k, |v; — x| < 225 for all i,] and if y & {xy, ..., Tok} is
such that 7, (y) = k then |y — z;| > 22%;.
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Further,

P(r,(z) > k) <27 (A.3)
Proof. We prove the proposition by constructing 7, via a deterministic algorithm.
We begin by defining the algorithm on a finite box, By [L], and then proceed to
extend this to the infinite case. Take an ordering on Z? such that if |z| < |y| then
x comes before y in the ordering. This induces an ordering on By [L].

Consider w € € restricted to {0,1}™). We define 7, inductively. As the
algorithm progresses, we define a function 7, (z) and sets Fy (x) for x € By L]
and k > 0. These will aid our definition of 7.

To begin, for x € By[L], such that w(z) = 0 we define 7, (z) := § and
Fy (x) :== ¢ for all k > 0. For z € Z% such that w(z) = 1, we set 7, () = 1 and
set Fy (x) = {x}. This is the step 0.

Now, at the (k+ 1)th step, let Ey := {z € By[L]: 7 (z) = k}. Let z be the
first point of Fj, in the ordering. Now, if there exists a point x € Ej;\Fj (z) and
2z; € Fy (z) such that |z — z|_ < 4%j then we set 7, (y) = k+ 1 and Fy4q (y) =
Fi (x) U Fy, (2) for all y € Fi (x) U Fy (2). There may be several such z, take the
first in the ordering. If there fails to exist such an x then we set 7, (y) = k for all
y € Fr(z) and set F; (y) = Fy (y) for all i > k and y € Fj (2).

We now remove the points of Fy,; (z) from Ej and repeat this step with the
new first element of the set Ej\ Fy11 (z). We continue until Ej, = ¢. The (k + 1)th
step is now complete.

The algorithm concludes when 7, has been defined for every point of By [L].

As we are working in a finite box, the algorithm must conclude after at most
k steps for k such that (2L)% < 2.

If we write 7, for the maximum possible radius of the set Fy (x), then 7 must
satisfy the relation:

rp < (27’;4,1 + 4k*1j) , o = 1.

Thus

IN

Tk (2k +22k—1)j

< 2%

Hence the event {7, (0) < k} is determined by the value of w on the vertices of
the box By [re—1 + 4%j + rp_1] C By [221].
Note that since the origin is the first point of the ordering we have for any
x € By [L]:
Tw () < Tou(w) (0) (A.4)
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where o, is the spatial shift that takes 0 to x. If we write w|g,|z) for w considered
on the finite box By [L], then by (A.4) we see if P {limL_m Tulpy (0) < oo} =1
then for almost every w € €2 the limit

Tw () := lim Tl gyl (x)

L—oo

exists for every x € Z?. Take this as the definition of 7,, on an infinite graph.

It follows easily from the construction that 7, satisfies properties 1 and 2. We
now prove equation (A.3).

Set pi, := P (7, (0) > k). By our construction, for 7, (0) > k there must be a
point y € By [2%%j 4 4%j] — Fj,_1 (0) such that 7,, (y) > k — 1 as well as 7, (0) >

k —1. By (A.4) we obtain the recursive formula

pr < P2 (%) i =p

which is satisfied by
o < Qakdjbkdka*1

Y

where

ap=32"-k—-1), by=2"-1
In particular, as by assumption j > 1
2]{371

pe < (16%5p)

Note that if we take j = j (p, d) sufficiently small then p;, — 0 as k — oo, and
thus with probability one

Tw () = LIEEOTMBO[L] (z) < o0
for all o € Z4.
In particular, with
L

Lo /d

J: 3223 )
we obtain

pr <27

as claimed. m
We can now prove Theorem 108.

Proof of Theorem 108. If p > 3277 take C; > 32 and (A.1) follows trivially.
Now suppose p < 32~% From (A.3) we obtain:

P {Elx € [~2x 45,2 x 485]" ¢ 7 (2) > k} <} jakag oo (A)
k=1 k=1
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thus by Borel-Cantelli, the event happens infinitely often with probability zero.
Now, by the definition of the labelling 7, if 7 () = k and

ye |J B.[44]
2€Fy(x)
with 7 (y) = k, then we must have y € F} (z). Hence a ’trap’ of size 2* has a
'buffer’ of radius 4*; surrounding it. If n = 4'j for some [ € N, then a non self-
intersecting path of length n contained in the box [—2n, Zn}d can contain at most
2k4(=k)V0 boints with 7 () = k. Now, if the largest value of 7 we see in [—2n, 2n]"
is 7 (x) = [ — 1, then for any self-avoiding path of length n contained in [—2n, 2n]d

the maximum number of occupied sites seen is bounded above by

l

l
oot =4y 27 <24l (A.6)

i=0 1=0

Bringing together (A.5) and (A.6), we get an upper bound proving (A.1):

!
N, (n,w) < 24 2 64p/",

n 4ty

Note that this will in particular hold for paths of length n started at some
point = € [—n,n]%. Set Cy = 64.

We further see that for M > 0, defining m := {(log 4) " log (%)J

P (an > M : Ny (n,w) > nClpl/d)

M
< P (Elk > {(log 4) " log (—)J and z € By [4"] : 7 (2) > k>
J
S Zjd4(k+1)d2_2k71
k=m
< ety 2
k=m
< c1jfexp (—ca2™)
crp~ Ve exp (—02 (Mp1/d)c3>
where c3 := }gii. ]

A.1. Speed of convergence

We in fact require slightly different results - taking decay in equation (A.2) to be

in p. The following proposition gives our results in this direction.
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Proposition 110. Let § > d + 1. Take j = 2-5p=1/4%_ Defining

Ny (w) == inf{n:foralllZn, N, (m,w) < 8_m for allm > [ and x € By [19]},
J

then
P (Ne (w) > 0) < 3p/2.

Proof. Note first that if j < 1 then the result is certainly true. Suppose j > 1.
Take 6 > d + 1. Take y € R%. Note that if, for 45715 <1 < 4%j and 7 (2) < k
for all x € By [l], then

k—1
N, (Lw) < Y 24 <245
=0
8l
< —.
J

Hence, if 4515 < 1 < 4%j, y € By [I] and for all x € B, [(2 x 4kj)9] we have
7 (z) < k then N, (l,w) < %.
From this observation we see

]P(Ng(w)>o> < i]P’(H:UGBO [(2><4kj)9]:7'(x)2k>

k=1

Z 4(k+l)d9 d0 (j,p)

IA

k—1

IN

Z AUr+1)d0 o (16djdp) 2

k=1

_ Z 2d(2(k+1)0+4~2k—1)jd(9+2’“—1)pQ’“*l‘
k=1

Inserting our choice of j > 1 we have

V S -1 k—1 .
P (Ne (w) > 0) < Z od(2(k+1)0+4-251) (2—6p—1/49d)d(9+2 )ka
k=1

2 :2692’%1 -6 71/40d)d92k p2k—1

IN

oo

Z p72k—2p2k—1

k=1

S ip2k—2

< 3191/ ?

IA

where the final line follows since p < p. (d) <1/2. =
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