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Machine learning models automatically learn from historical data to predict unseen
events. Such events are often represented as complex multi-dimensional structures.
In many cases there is high uncertainty in the prediction process. Research has
developed probabilistic models to capture distributions of complex objects, but
their learning objective is often agnostic of the evaluation loss. In this thesis,
we address the aforementioned deficiency by designing probabilistic methods for
structured object prediction that take into account the task at hand.

First, we consider that the task at hand is explicitly known, but there is am-
biguity in the prediction due to an unobserved (latent) variable. We develop a
framework for latent structured output prediction that unifies existing empirical
risk minimisation methods. We empirically demonstrate that for large and ambigu-
ous latent spaces, performing prediction by minimising the uncertainty in the latent
variable provides more accurate results.

Empirical risk minimisation methods predict only a pointwise estimate of the
output, however there can be uncertainty on the output value itself. To tackle this
deficiency, we introduce a novel type of model to perform probabilistic structured
output prediction. Our training objective minimises a dissimilarity coefficient be-
tween the data distribution and the model’s distribution. This coefficient is defined
according to a loss of choice, thereby our objective can be tailored to the task loss.
We empirically demonstrate the ability of our model to capture distributions over
complex objects.

Finally, we tackle a setting where the task loss is implicitly expressed. Specif-
ically, we consider the case of grouped observations. We propose a new model for
learning a representation of the data that decomposes according to the semantics
behind this grouping, while allowing efficient test-time inference. We experimentally
demonstrate that our model learns a disentangled and controllable representation,
leverages grouping information when available, and generalises to unseen observa-

tions.
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Notations

symbol meaning

1y indicator function of the set V

x scalar or vector

xt entry at i-th position of vector x

R the set of real numbers

R™ the set of vectors of size n with real entries

R™>m the set of matrices of size n x m with real entries

x scalar-valued or vector-valued random variable

X collection of K random variables (1, ..., Tk)

P probability measure on €2 such that ¢ : ) - X

P,=Pozx! probability measure on X

Px(x) probability of event z

P set of probability measures

P(x) cumulative distribution function (cdf)

P(x) value of the cdf P(x) at x =z

p(x) probability density function (pdf) or probability mass
function (pmf)

p(z) value of the pdf (or pmf) p(x) at x = x

x=P x follows the distribution with cdf P

x ~ P(x) x is sampled from P(x)

PE K-dimensional product cdf built from P

E.-p[f(z)], expectation of f(x) with respect to @ = P.

or Eowp(a)[f(2)]

o1 Epepio [ ()

or Ep)[f ()]

Table 1: Notations.
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Chapter 1

Introduction

Better understanding of the natural world not only enhances all of us
as human beings, but can also be harnessed for the better good,
leading to improved health and quality of life.
Sir Paul Maxime Nurse, British Scientist
The words of British geneticist Paul Nurse apply to scientific research as a whole,
and find a particular echo in artificial intelligence. In the past decades, artificial
intelligence has developed towards replicating the way we, as human beings, nat-

urally understand and evolve in the natural world. To illustrate this, imagine you

are in Nice, France, on top of the hill named the “Colline du chateau”.

Figure 1.1: View from the “Colline du chateau” in Nice, France.
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The breeze of the Mediterranean sea that you feel on your skin carries a salty
scent. You admire the old town below, with its colorful buildings so typical of the
French Riviera. In the old town, there seems to be a market, so you decide to head
there afterwards to find a restaurant for lunch. While this intuitive understanding
of the scene is straightforward to a human, it is very challenging to reproduce
artificially. First, the signals you receive are interdependent, and you process them
as such. When the wind brings you a smell of salt, you naturally associate it to
the sea. Second, these signals are complex and uncertain. Looking at the old town,
you think that there might be a market by the presence of crowds and shops signs,
but you cannot directly identify potential restaurants. Indeed, humans are able to
understand the world having only a partial knowledge of it. Imagine you grew up
in a typical Manhattan tower and have never seen before these colorful and small
Provencal homes. While no one has explicitly told you these are habitations, you
easily recognise them as such.

Artificial intelligence uses machine learning to design models that automatically
replicate this ability to understand the world. Machine learning is concerned with
the development of computational and statistical methods to build models that
predict future events based on historical data. The training or learning of a model
consists of the learning of its parameters. It is done by optimising an objective
function on existing data, which itself constitutes the training data set. The model’s
behavior on unseen data is estimated by evaluating its performance on new data,
the testing data set, according to a loss function associated to the task at hand.
In this thesis, we explore the learning of probabilistic distributions of structured
objects, while taking into account the intended use of the model, and its associated
evaluation loss. We use computer vision problems to demonstrate the efficiency of

the proposed methods. We begin by setting the context and motivations of our work.
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1.1 Context and motivations

We begin by defining structured objects and their applications in computer vision.

1.1.1 Structured objects and applications in computer
vision

We are concerned with structured data, that is, multi-dimensional objects that
present complex dependencies between their dimensions, as opposed to scalar or real
values. Structured data naturally arise in artificial intelligence tasks. For example
in computer vision, if we represent an image as a set of pixels, a pixel intensity
is not independent of the values of its neighbouring pixels. The task of predicting
a structured output given an input is known as structured output prediction. For
instance, consider the task of predicting, given a depth image of a hand, the pose
of the hand in the form of the 3-dimensional (3D) coordinates of the fingers’ joints,
as shown in Figure 1.2l The pose is a multi-dimensional object, and each joint’s

coordinates depend on the coordinates of the other joints.

Input image Predicted pose

Figure 1.2: Example of a structured output prediction task: hand pose estimation
from depth image. The depth image is from the NYU Hand Pose data set (Tompson
et al., 2014), preprocessed as in|Oberweger et al.| (20150).

Predicting structured objects is a challenging task as such objects present com-
plex structures that simple models cannot capture. Moreover, in most applica-

tions structured objects are high-dimensional, making more complicated models
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expensive to employ.

1.1.2 The importance of modelling uncertainty

In this thesis, we focus on modelling the probability distribution of structured
objects, rather than predicting a pointwise estimate. There are multiple reasons
that motivate the use of probabilistic methods. First, in many cases only part of
the information, in the form of the annotation of the data (or label) is available.
This is referred to as the weakly supervised setting. Consider Figure [1.3f when
performing action recognition in images, we may know that a person is doing an
action in the image. This is the available annotation. However, the location of the
person, in the form of the coordinates of a bounding box containing the action,
may be missing. Indeed, it is more expensive to obtain bounding box annotations
compared to image level annotations. Probabilistic models allow us to take into

account the uncertainty in the missing information.

Action: riing orse

Figure 1.3: Example of weakly annotated image. The image is from the Pascal VOC
2011 data set (Everingham et al.,|2010).

Second, there is often uncertainty in the prediction itself. In the example of
hand pose estimation from depth image, shown in Figure the pose of the hand
is clearly predictable given the image. However, consider that we are given as input

the depth image in Figure where the hand is fisted. In this image, because the
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fingertips are occluded, there are multiple yet plausible predictions of their 3D coor-
dinates. In this case, we will be interested in learning the probability distribution of

the joints’ coordinates, that is, to perform probabilistic structured output prediction.

Input image Multiple plausible
poses

%

Figure 1.4: There is uncertainty in the pose for a given depth image resulting in
multiple yet plausible predictions. The depth image is from the NYU Hand Pose
data set (Tompson et al., |2014), preprocessed as in |Oberweger et al.| (2015b)).

There are many challenges associated with learning the probability distribution
of structured objects. First, in most cases we do not have knowledge of the real
world distribution. We only have access to it via samples, in the form of the training
data set. Second, we often have little prior knowledge on the distribution to capture.
Wrongly specified models might obtain poor performance, while unspecified models

are more flexible but can lead to intractable computations.

1.1.3 Task-oriented learning

Often, the class of distributions represented by the model does not contain the true
distribution of the object to predict. For example this can be due to restricted
model capacity. This is referred to as model misspecification. In this case, the

choice of the learning objective influences final performance. Similar to

Julien et al| (2011), we argue that the learning objective should be tailored to the

evaluation loss in order to obtain the best performance with respect to this loss.
We present a simple example to illustrate this point. We consider a data distri-

bution that is a mixture of two bidimensional Normal distributions. We consider two
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models capturing the data distribution. Each model is able to represent a bidimen-
sional Normal distribution with diagonal covariance, parametrised by (p1, ft2, 01, 02)
where pu, 0 is a mean-variance pair on each dimension. In this case, neither of the
models will be able to recover the true data distribution since they do not have the
ability to represent a mixture of bidimensional Normal distributions. In other words,
we cannot avoid model error, as in the real world scenario. We denote by Againing
the loss function employed during model training, and by Ay,s the evaluation loss.
Each model uses its own training 1oss Againing. Model A employs a loss that empha-
sises on the first dimension of the data, specified for z = (2, 15), 2" = (2], 2}) € R?
by Aa(x—2") = (10x (21 —2})?+0.1x (:@—:1:’2)2) 1/2. Model B does the contrary and
employs the loss function Ag(z —1') = (O.l X (x1—2))?+10 X (29 —:E/Q)2> 1/2. Each
model performs a grid search over the best parameters values for (i, po, 01, 02).
Details of this illustrative experiment can be found in appendix Figure (1.5
shows the contours of the data distribution (in black), and the contour of the distri-

bution fitted by each model (Model A in green and Model B in red). As expected,

the fitted distributions differ according to Atraining employed.

Atasi .

Ay Ap 3

§ A, 11.6 | 13.7 ’
4 Ap 121 | 11.0

Table 1.1: Auq with respect -1
to Argining employed.  Best ,2
performances in bold.

— Data Distribution
N AA
— A

Figure 1.5: Contour lines of the data distribution,
and the distribution fitted by each model.

Table shows that the loss on the testing set, evaluated with Ay, is

minimised if Againing = Atask- This simple example shows the advantage to being
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able to tailor the model’s training objective to have Againing = Atask. However,
while we know the evaluation loss, it might be difficult to optimise it at training.
For example, the evaluation loss can be non-convex or non-smooth, such as the 0/1

loss between two discrete output values y, 1y’ defined as

Oif y=1y

lity#y

Aly,y') =

Research has focused on developing the best approximation of the evaluation
loss, see for example the recent works of Bahdanau et al.[ (2016)); Cisse et al.| (2017));
Osokin et al.| (2017). In these cases, learning is done by optimising a surrogate

loss in place of the evaluation loss.

1.2 Outline and contributions

Our contributions in the topic of probabilistic prediction of structured data are
three-fold. As this thesis is organised around them, we present them along with

the outline.

1. Chapter 2] introduces the theoretical background necessary to understand the
thesis. We review probability theory and scoring rules theory, and describe

latent variable models and deep probabilistic models.

2. In Chapter [3, we consider the setting of weakly supervised structured output
prediction, with an explicit task loss that we wish to minimise. We show that
existing models for weakly supervised structured output prediction can be
unified under a common umbrella. This in turn allows us to derive a unique
optimisation algorithm and perform a fair comparison between the prediction
criterion of each model. Using the proposed method, we empirically show

that taking into account the uncertainty in the missing information when
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predicting the output leads to better performance. This chapter is based
on the work Bouchacourt et al. (2015), published in the proceedings of the

International Conference on Computer Vision (ICCV) 2015.

3. In Chapter [ we move towards the case where there is strong uncertainty in
the structured output to predict. We propose a new type of learning objective
to perform probabilistic structured output prediction and show theoretical
guarantees of our model. In contrast to existing probabilistic models that are
agnostic of the evaluation loss, our method can be tailored to the loss related
to the task at hand. In the specific case of a discrete output space, our learning
procedure is non-differentiable, and we derive an approximation algorithm to
learn the model’s parameters. Experimental evaluation shows the relevance
of our model to capture distributions over complex, structured outputs. This
chapter is based on the work [Bouchacourt et al| (2016]), published in the
proceedings of Advances in Neural Information Processing Systems (NIPS)

2016, and also contains unpublished work.

4. In Chapter 5], we continue to consider the prediction of structured probability
distributions. However the evaluation loss is not explicitly given. The user’s
intended application of the model is deduced through a very weak form of su-
pervision. Specifically, we are given a particular grouping of the data, where
within a group the data share a common factor of variation. We derive a new
model for learning a representation of the data that decomposes according to
the semantics embedded in the grouping, while retaining efficient test-time
inference over the latent variables. Experimental evaluation shows that the
proposed method learns a semantically meaningful disentangled representa-
tion and allows control over the latent representation. Moreover, the model
generalises to unseen data and is able to reduce uncertainty by leveraging

group information. This chapter is based on the work Bouchacourt et al.
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(2017) currently under review for the proceedings of the Association for the
Advancement of Artificial Intelligence (AAAI) Conference 2018, as well as a

patent application to the UK office.

5. Chapter [f] concludes the thesis. We discuss possible research directions for

extending the practical and theoretical implications of our work.



Chapter 2

Mathematical preliminaries

This chapter introduces the theoretical background necessary to understand the the-
sis. We will present the theory of scoring rules, latent variable models and deep prob-
abilistic models. This chapter also sets the notations for the thesis. For a definition

of the basics of probability theory we employ, we refer the reader to Appendix [7.3]

2.1 Scoring rules

An important question we will be interested in throughout this thesis is “how good”
is our modelling distribution @), to capture the distribution of interest, denoted P.
Therefore, we need a way to evaluate “how close are the distributions P and (Q)7”.
In this section we discuss the theory of scoring rules, and how they provide a way

to answer this question.

2.1.1 Definition and relation to divergences

We consider a random variable x : {2 — X and use the notation explained in Re-
mark [7.2l That is, we consider the sample space X and the class of probability

measures P defined on the o-algebra B(X), and we associate a measure with its

10
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cdf P and denote P € P. A probabilistic forecast is any distribution ) € P. Once
the forecast is fixed, a realisation x materialises, and we want to assess the quality
of the forecasting distribution. For example, consider a sample space consisting of
the outcomes “rain tomorrow” and “not rain tomorrow”. An agent makes a weather
forecast according to his belief, represented by the distribution @), and the true dis-
tribution of the nature is represented by P. Say the agent predicts “rain tomorrow”
and it effectively rains the next day, we would like to positively reward the agent
for his correct forecast. Scoring rules provide us a way to evaluate such reward.
The following definitions come from (Gneiting and Raftery (2007). A scoring
rule is a function S : P x X — R U {—o0,00} such that S(Q,z) is taken to
mean the quality of the forecast. Scoring rules can be positively oriented, in which
case the scoring rule assigns a higher score to better forecasting distributions, and
negatively oriented, in which case a smaller value of the scoring rule means a better
forecast. Throughout this thesis we will consider positively oriented scoring rules.
The expected score of a forecasting distribution @) given by a scoring rule S under

the distribution P is defined as follows.

Definition 2.1 (Expected score). Given the sample space X, with the o-algebra F
on X and a class of probability measures P on F, the expected score associated with

the scoring rule S : P x X — RU{—o00,00} under the distribution P € P is

S(Q, P) = / S(Q, 2)dP(x).

X

Taking the example of the weather forecast again, the expected score is the expected
reward of the weather forecasting agent under the realisations of the weather, sam-
pled from the true distribution P. We focus on regular scoring rules that assign

scores in RU {—oo}ﬂ. Intuitively, we would like to ensure that if the forecasting

!The value —oo for regular scoring rules is allowed only for Q # P.



2. Mathematical preliminaries 12

distribution @ is perfectly modelling P, the forecaster gets maximal reward. In
other words, the expected score should be maximised when () = P. This is ensured

if the scoring rule is proper, that is,

Definition 2.2 (Proper scoring rule). A regular scoring rule is proper when the
expected score S(Q, P) is mazximised at Q = P, and strictly proper if QQ = P is the

unique mazimiser of S(Q, P).

For proper scoring rule, the value of the expected score when ) = P is defined
as the expected score function G(P) = S(P, P), and is also referred to as the
generalised entropy of S. Intuitively, we should compare the performance of the
forecasting agent to this value. Indeed, if S(P, P) is very high, a forecasting agent
should be considered a “good forecaster” only if his reward S(Q, P) is large enough.
Therefore, the quantity we are interested in is the divergence corresponding to a

proper scoring rule S, defined as follows.

Definition 2.3 (Divergence function associated with a scoring rule). The divergence

function associated with a reqular, proper scoring rule S is

d(Q,P) = S(P,P)— S(Q,P) P,Q € P.

Since S is proper, then d is non-negative with value 0 if (and only if, in the case of
strictly proper) Q = P. Furtheremore, if G(Q) is differentiable with respect to @,
then d is a Bregman divergence (Huszar, 2013).

Theorem 1 and Theorem 2 of |Gneiting and Raftery (2007) state that a regular
scoring rule S is (strictly) proper if and only if the expected score function G is
(strictly) convex and the function S(@Q,.) : X — R U {—o0o} is a subtangent of G

at the point @), for all () € P. This is an interesting result. Indeed, it means that
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from a bounded?| convex function G, we could generate a proper scoring rule.

2.1.2 Application of scoring rules

We present below several key uses of scoring rules. In this thesis, we will be par-
ticularly interested in the use of scoring rules for parameter estimation and model

evaluation in Chapter [4

Probability elicitation. In the context of probability elicitation, proper scoring
rules encourage a forecaster to report his true beliefs. Let us take an example
from |Parmigiani and Inoue| (2009). Consider that a bookmaker is reporting odds on
a game, where P represents the true beliefs of the bookmaker on the outcome of the
game, and () represents his reported distribution. If the bookmaker knows that his
score will be evaluated using a proper scoring rule, he maximises his expected reward

by making predictions according to the true beliefs he holds, that is, according to P.

Bayesian model selection. In Bayesian model selection, the marginal log-
likelihood of a model depends on a scaling constant determined by the prior on
the model, which can be intractable. In this context, |Dawid and Musio| (2015));
Dawid et al| (2017) propose to replace the log-likelihood by proper scoring rules

that are insensitive to the scaling constant.

Parameter estimation. In the context of parameter estimation, we will use
proper scoring rules to design training objectives. Consider that we want to learn
the parameters of a model’s distribution Q(x;#), given a training data set D con-

sisting of n samples D = (x1,...,2,). We build an estimator of § by maximising

2The scoring rule must be regular in order to be proper, therefore S(P, P) must not take the
values (—o0, 4+00).



2. Mathematical preliminaries 14

the mean score, that is,

n

0= alrgmauxl ZS(Q(:B;@),%).

n
9co pa—

If the model class, that is represented by ©, contains the true data generating
distribution, then this is a consistent estimator. Under model misspecification,
using different scoring rules leads to different estimates. In this case, it is interesting
to choose a strictly proper scoring rule that is tailored to the problem at hand.

A widely use example of parameter estimation with scoring rules is maximum
log-likelihood. When statisticians learn a model by maximum log-likelihood estima-

tion, they actually maximise the expected value of the Logarithmic score, defined as,

S(Q, x) = log q(x).

The Logarithmic score is strictly proper. The associated divergence function is the

Kullback-Leibler divergence,

d(Q, P) = S(P,P) - 5(Q, P)

Z/Xp(x) 1ng(x)dx—/p(x) log q(z)dx Z/Xp(x) logde,

X q(z)

and the associated entropy is the negative Shannon entropy. A singular property of
the Logarithmic score is that it is local, that is, the score if x realises is computed
using only the corresponding predicted density ¢(z). It does not depend on the
probabilities of the outcomes that did not realised. This property is unique to the

Logarithmic score, see Bernardo (1979); Parmigiani and Inoue| (2009).

Model evaluation. When we will want to perform model evaluation, we will

employ divergences associated with strictly proper scoring rules to evaluate the



2. Mathematical preliminaries 15

quality of forecasting models. Let us consider two forecasting distributions )4
and Q2 that model the distribution P, and suppose that ), is a genuinely better
model for representing P than )3. The scores are evaluated with respect to a
data set of samples drawn from P. For example if we consider a data set of iid

samples D = (z1,...,x,), we compute

S(Q1.D) = = 37 5(Qu, w0,
i=1

S(Q2D) = = " 5(Qu,0).
=1

If we choose the scoring rule S as evaluation metric, then we say that () is a better

model of P than @2, when evaluated on D, if S(Q1,D) > S(Q2, D).

2.1.3 Energy score and Kernel score
In this thesis, we will interest ourselves in two particular scoring rules, the Energy

score and the Kernel score.

Energy score When X = R™, the Energy score is defined as follows.

Definition 2.4 (Energy score). Let Pg, 5 € (0,2) be the class of probability mea-
sures on B(R™) such that EP[H:BHg} is finite, where ||.||2 denotes the Euclidean

norm. The Energy score is defined as

5(@,7) = 3Ewwreg| I — "] ~ Bono[le’ ~ 21] @ € Ps.

where x', 2" are two samples, independently drawn, of the random variable x with
distribution () € Pg.

Theorem 5 in |Gneiting and Raftery| (2007) guarantees the strict propriety of the

Energy score for § € (0,2).



2. Mathematical preliminaries 16

Kernel score The term Kernel score was introduced by [Dawid| (2007, and is a

proper scoring rule, as shown by Theorem 4 in |Gneiting and Raftery (2007).

Definition 2.5 (Kernel score). Let X be a Hausdorff space and let K be a non-
negative, continuous negative definite kernel on X x X, and P be the space of

probability measures on B(X). The kernel scoring rule
1
S(Q, {L‘) = §Ex/7x//NQ[K<£L'/, {L‘H)] — EQC/NQ[K(I‘, IL‘/)] s Q S 7),

where x', 2" are two samples, independently drawn, of the random variable x with

distribution () € P.

With X = R™,3 € (0,2), K(z,2') = ||z — 2’5, the Kernel score recovers the
Energy score. Theorem 4 in |Gneiting and Raftery| (2007) only states propriety
(and not strict propriety) of the Kernel score for non-negative, continuous nega-
tive definite kernel (in which case K measures the dissimilarity between two sam-
ples). By relating negatively oriented scoring rules to Maximum Mean Discrepancy
(MMD) (Gretton et al., |2012), Huszar| (2013]) shows that the scoring rule is strictly
proper whenever the kernel K is characteristic. In this case K measures the simi-
larity between two samples. A kernel is characteristic if the associated kernel mean
embedding is injective (Muandet et al., 2016). Intuitively, the injectivity property
ensures that “all the information” about two compared distributions P and (@ is
preserved by the kernel mean embedding. Therefore if the distributions have the
same embeddings they are the same, ensuring the strict propriety.

In the case of finite domains, any strictly positive definite (SPD) kernel is univer-
sal, hence characteristic (Borgwardt et al., [2006). Therefore, in the case of a finite
sample space X, the kernel K being SPD is sufficient to ensure strict propriety of
the Kernel score. We derive a proof using scoring rule theory that when X is finite,

the negative of the Kernel score defined with a SPD kernel K is strictly proper.
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The conclusion of our Theorem is not new, but we show it directly using strictly
proper scoring rule theory. Note that, compared to [Huszar (2013)), we consider the

negative of the Kernel score, as we consider positively oriented scoring rules.

Theorem 2.1 (Strict propriety of the Negative Kernel score with SPD kernels). We
assume X C R? is countable and finite. Let K(x,2") : X x X — R be a strictly pos-
itive definite kernel on X x X, and P be the space of probability measures on B(X).
We denote ', 2" two samples, independently drawn, of the random variable x with

distribution () € P. The Negative Kernel score

1
S(Q’ :L‘) = Em’NQ[K(x’ :L‘/)] - E]ELU'J"NQ [K(Il7 l’”)] ) Q € P?

is strictly proper relative to the class of the probability measures on B(X) for

which By ynog[K (2, 2")] is finite.

Proof. See appendix [7.3.3] O

2.2 Latent variable models

In the context of statistical estimation we only have samples from the distribution
of interest in the form of our training data set D. However, some random variables
are never observed. For example they can correspond to physical processes that
are not measured for practical reasons. Consider the weakly supervised image
from Figure [1.3|in our introduction. Latent variable models represent the missing
information, that is, the coordinates of the bounding box containing the action,
with a latent (or hidden) variable. This is shown in Figure 2.1 Latent variables
are random variables that are not directly observed but their values are inferred
from values of observed variables.

Two types of methods have been proposed to deal with latent variables. We
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Action: riding horse Action: riding horse

(a) Weakly annotated image. (b) The latent variable z represents
the missing information.

Figure 2.1: Example of weakly annotated image with a latent variable. The image
is from the Pascal VOC 2011 data set (Everingham et al., 2010).

refer to the first type as probabilistic methods, where the parameters of the model
are estimated by maximising the marginalised log-likelihood. The second type
of method learns the model parameters by minimising the regularised empirical
risk. Both types of methods have been extensively studied and apply to the case
of continuous or discrete random variables. For clarity, we present each type of

method in the context of its use in this thesis.

2.2.1 Probabilistic methods and variational inference

We consider a data set D consisting of samples drawn from an observed random
variable . For clarity, we will consider a data set consisting of a single sam-
ple D = {x}. We consider a latent variable denoted by z, and a probabilistic
model P(x, z;0) where 0 are the parameters of the model. Probabilistic methods
estimate 6 by maximising the log-likelihood, marginalised with respect to the latent

variable. The marginalised log-likelihood (or evidence) of the model is

log p(x;0) = log/ p(z, z;0)dz. (2.1)
z
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We see that maximising the evidence requires computing p(z, z; ) for all possi-
ble values z of z. This can be difficult to optimise. Consider the case when the
space of possible values of the latent variable z is large, computing the evidence
requires summing over all possible values. In this setting, rather than directly
maximising the evidence, probabilistic methods maximise a lower bound on the

evidence logp(x; @), as follows,

logp(x;0) = log/ p(z, z;0)dz

1 AP, 20)
o f ()05
p(x.z0) |
z/zq(Z)log e d
:/Zq(Z) log p(z, z; 9)dz+/zq(z) log q(z)dz

= Ey(»)[log p(z, 210)] — Ey(z)[log ¢(2)] := L(z;4,0),

where we use Jensen’s inequality. The resulting inequality is true for any distri-
bution ¢(z)f] The bound L(z;q,0) is referred to as the Evidence Lower Bound
(ELBO). Let us look at the difference between the evidence and the ELBO.

(7, 2;0)

log p(x;0) — L(x;q,0) = log p(z; 9)—/261(2) log e

p(z|7; 0)p(z; 0)

dz

= log p(x;0) — /Z q(z)log ) dz
I N log PEIO) 4
= lg/Zq( )1 8 ) d

= KL(q(2)||p(2|z;0)),

where KL(q(2)||p(z|z;8)) is the Kullback-Leibler (KL) divergence between ¢(z)

and p(z|z;0). The KL-divergence is non-negative, and equals zero only

3subject to g(z) > 0 whenever p(z|z;6) > 0.
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when ¢(z) = p(z|z;0). Therefore, the bound is tight when ¢(z) = p(z|z;8). Once
the ELBO equals the evidence, we maximise the ELBO with respect to the model
parameter 6 to increase the evidence.

The Expectation-Maximisation (EM) algorithm (Dempster et al., [1977; Rolf,
1974) does this in a two-step procedure. The first step proceeds as follows. Given
a current value of the parameters §°¢, we first “push” the ELBO L(z;q,6°9) so
that is equals the quantity we are interested in, that is, the evidence log p(x;8).

Specifically, the first step does:

Set q(z) = arg max L(z; §, 0°'%).
q

In the EM algorithm, we consider that we can set the bound to be tight, that is, the

solution to first step achieves ¢(z) = p(z|x;6°'9). In this case, the ELBO becomes:

L(z;q,0°) = Eyz log p(z, 2;0)] — Ey(z [log q(2)]

= p(z\m;eold)[logp(il?, z;0)] — Ep(z‘x;gold) [logp(zlx; 6‘01d)] .

The distribution ¢ is now kept fixed at p(z|z;0°9). Note that the
term K ;3010 [log p(z|z; QOId)] in the ELBO is independent of 6, but only depends
on the current value #°'4. Therefore maximising the ELBO with respect to 6 is
equivalent to maximising E,,,;g01)[log p(, 2;0)]. In other words, the first step
allows us to find the posterior p(z|z;6°) so that we can compute this expecta-
tion. Therefore, the first step is referred to as Ezpectation-step (E-step). Now we
maximise the ELBO with respect to 6, which will in turn increase the evidence
of at least as much as the ELBO does. This is done with second step, that is,

the Mazimisation-step (M-step):

Set 0" = argmax £, ;.go1a) [logp(x, z; 9)} )
0
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Because q is kept fixed at p(z|x; 6°'¢), the KL-divergence between ¢ used to compute
the expectation and the new exact posterior p(z|z;0"") will not be 0. In other
words, the bound will not be tight. Therefore the EM algorithm alternates between
the two steps until convergence.

We see that the EM algorithm evaluates p(z|z;0). Indeed, computing the pos-
terior distribution of the latent variable given the observation is a key task in the
probabilistic framework. The advantage of the EM algorithm arises when we can
set the ELBO to equal the evidence, by performing exact evaluation of the poste-
rior. However, in some cases the posterior distribution p(z|x; ) is intractable, in
other words, we cannot set q(z) = p(z|z;6). This happens for example when we
want to employ complicated posterior distributions. One way to circumvent this
issue is to use variational inference methods (MacKay, 2002). The main idea in
variational methods is to employ a posterior ¢ parametrised by ¢ and use ¢(z|x; ¢)
to approximate the exact posterior p(z|z;6). The lower bound to optimise is now

a function of (¢, 6, x). Specifically,

log p(; 0) = log/ p(x, 2;0)
zZ

> / 4(zlz: 8) log p(z, = 0)dz + / 4(z|; 6) log (=] 6)dz
Z Z

= E.q(zlu:0) log p(z]2,0)] — KL(q(2|z; 9)||p(2;0)) := L(x;¢,0). (2.2)

The ELBO L(z;¢,0) is composed of two terms, the first one is the expected log-
likelihood of the data under the model. The second one is the KL-divergence
between the variational posterior ¢(z|z;¢) and the prior distribution of the la-
tent variable, p(z;0). Again, the gap between the ELBO and the evidence
is the KL divergence between the variational posterior and the model’s pos-
terior, KL(q(z|z;¢)||p(z|z;0)). The parameters 6,¢ are learned by maximis-

ing L(x;¢,0). We will employ variational methods in Chapter [5| when we will
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want to manipulate the latent variable in order to perform a variety of tasks.

2.2.2 Empirical risk minimisation methods

The second type of method for dealing with latent variable models that we con-
sider in this thesis is Empirical Risk Minimisation (ERM) methods. We start by
explaining ERM methods when all variables are observed, then present the most
commonly used ERM method for latent variable models. We discuss ERM methods
in the context of structured output prediction where the goal is to predict the value
of a structured output variable y taking values in ), corresponding to an input
random variable x taking values in X', with joint data distribution 7(x,y).
Specifically, we want to learn a function f : X — ) mapping an input value
to an output value. We also assume that we are given a non-negative loss func-
tion A : Y xY — R that measures the discrepancy between two outputs. In this the-
sis, we will be interested in ERM methods in the setting of discrete output space ).

The associated risk is defined as the expectation of the loss function, that is,

In the context of statistical estimation, we consider a training data set D. Again,
for clarity, we consider a single input-output training pair, D = {(z,y)}. ERM
methods learn the function f by minimising an estimator of R(f), the empirical

risk R( f, D), computed with the training data, as follows,

f*(D = {(z,9)}) = arg min B(f, D) = arg min A(f(x),y). (2.3)
fer fer

The value A(f(x),y) measures the discrepancy between the predicted output f(z)
and the output y paired with x in the training data set, referred to as the ground-

truth output.
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Structured prediction with Structural Support Vector Machine. The
most commonly used ERM method is the Structural Support Vector Machine
(SSVM) model (Taskar et al.| [2003; Tsochantaridis et al.| |2004). The SSVM model
extends the Support Vector Machine (Vapnik} [1995) model to the case of structured

data. The original SSVM model learns a linear prediction function of the form

f(z) = argmax 6" ¢(z, ),
geY

where 6 are the parameters of the model and ¢ is a joint feature vector that describes
the relationship between the input and output and can be computed beforehand.
Consider the task of action classification on the weakly annotated example of Fig-
ure(1.3] The different values for the latent variable correspond to possible bounding
box containing the action performed, and the feature vector could consist of acti-
vation specific activation scores extracted for each possible bounding box. The use
of the argmax operator renders the minimisation of the empirical risk in equa-
tion discontinuous with respect to 8. SSVM model overcomes this difficulty

by minimising an upper bound on the loss value at each sample, as follows,

Alys(z),y) < ggw%, 7)+ A, y)] — 07 ¢(z,y).

This results in the following learning objective
min {10 + max (6" o(z. 7) + A7) — 076(z.v)] (24)
06 2 gey ’ ’ e

1
where the term 5 ||0])? regularises over the parameters of the model 6 to avoid overfit-
ting. The learning objective is now convex and continuous with respect to the model
parameters, but it remains non-differentiable. Thereby, it is reformulated with the

introduction of a variable &, referred to as the “slack” variable, which represents
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the value of the maximum. This leads to the reformulation of Equation (2.4)) as

1
in =16 2
min - ]|0]] + &,

s.t. max(0” o(x,§) + Ag,y) — 0" p(x,y)] <& (2.5)

gey

In order to work with linear constraint, another reformulation is as follows,

1
min - ||0]] + ¢,

st. 0T gz, ) + A, y) — 0T p(x,y) < EVy € V. (2.6)

While the number of constraints has increased from 1 to || by reformulating equa-
tion to equation , the constraints in equation are linear in 6. To
efficiently solved the resulting optimisation problem (Taskar et al., |[2003; [T'sochan-
taridis et al., 2004)) propose a cutting-plane algorithm that exploits the sparseness
of the problem by keeping a set of potentially active constraints and updating

it iteratively.

Latent Structural Support Vector Machine. In the presence of latent vari-
ables, SSVM have been extended to Latent SSVM (LSSVM) (Felzenszwalb et al.,
2008; 'Yu and Joachims|, 2009). In the LSSVM model the joint feature vector is
extended with an extra argument z to ¢(z,y,z) to describe the relation among
input, output, and latent variable value z. The LSSVM model learns a linear

prediction function of the form

f(@) = (yo(), 20(x)) = arg max 6" ¢(z, 7, ).
yeEYV,ZEZ

where we denote yy(x), z9(z) to emphasise that these values are computed for a

given # and for the input value x. With the introduction of the latent variable, the
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empirical risk now takes the following form,

R(f,D = {(z,y)}) = A(f(2).y),
f(x) = (yo(), zo())-

Similarly to the original SSVM model, the LSSVM model upper bounds the loss
value at each sample, as follows,

Ayola). 7o(w),y) < max [070(2,5,2) + A 5y)) — max”o(wy.2). (2.7

This upper bound is not convex but is a difference of convex functions, that is, a
sum of a convex function f(#) and a concave function g(¢). This allows the LSSVM
model to learn the parameters 6 using the concave-convex procedure (CCCP) (Yuille
and Rangarajan, 2002). The CCCP procedure first computes the gradient of the
concave part at the current parameters 6, that is, Vyglee and obtains the next
update 0! by solving Vo f + Vagle: = 0. In the case of LSSVM, the first step of
the CCCP procedure approximates the concave function by a linear upper bound.

This corresponds to the assignment of values for the latent variable, as follows,

z = argmax ' ¢(z,y, 7).
zZeZ

The second step of the CCCP procedure results in solving the SSVM optimisation

problem of equation ({2.6]), with the latent variable now considered as observed.

We will be interested in ERM methods in the weakly supervised setting

in Chapter [3| and explore the strengths and weaknesses of existing models.
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2.3 Deep probabilistic models

Deep neural networks are a very powerful tool to build highly expressive models
that are able to capture complex distributions of structured data. Deep neural
networks, and in particular, Convolutional Neural Networks (CNNs) are comprised
of several convolutional layers, followed by one or more fully connected (dense)
layers, interleaved by non-linear function(s) and (optionally) pooling. Since the
first successful application of CNNs (LeCun et al. |1998), their use has greatly
increased and diversified. In the probabilistic setting, where the goal is to capture
the distribution P(x) of the data via the model distribution Q(«;#0), deep neural
networks are employed to represent the model’s parameters 6. We refer to these
models as deep probabilistic models.

We observe that deep probabilistic models separate into two types. While ez-
plicit models provide samples from a distribution and allow for the computation of
the log-likelihood function, implicit models provide samples but the log-likelihood
is not available. Both implicit and explicit models can be generative or discrimina-
tive. Generative models learn to capture the probability distribution of a random
variable P(x). We refer to discriminative models in the case where the distribu-
tion of interest is a conditional distribution P(y|z) of an output variable y given

an input variable value .

2.3.1 Law of the Unconscious Statistician (LOTUS)

Before diving into deep probabilistic models, we describe a key component of their
learning procedure, the Law of the Unconscious Statistician (LOTUS) (Ross, (1970,
p. 2). Let us consider a random variable z with distribution P,(z), and a measurable
function g of z. In this setting, y = g(z) is also a random variable, with distribution

denoted Q(y). The LOTUS states that we can compute the expected value of g(z)
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as the integral of g(z) with respect to P,(z), in other words:

]EyNQ(y) [Z/] = EZNPZ(Z) [g(z)] .

Let us now consider a random variable y, which distribution Q(y; 6) is parametrised
by some parameters §. We assume that y can be expressed as a function g of z
and 0, y = g(z;0), where z follows a simple, known distribution such as a uni-
form distribution between 0 and 1, denoted U([0,1]). For example, if the dis-
tribution @Q(y;0) has an invertible cdf, then with ¢ the inverse cdf of Q(y;6)
and z ~ U([0,1]) we can write y = g¢(z;0). Using the LOTUS, we have for

any measurable function f:

Ey~qy:0) f(y)] = E.<p.(2) [f(g(%;0))].

If we need to compute the gradient with respect to 6, we note that the distribution z

is independent of #. Therefore one can easily compute the gradient as follows,

VoEyquo) [f (W) = VoE.<p.(2)[f(9(2:0))] = E.up. () [Vof(9(2;0))] -

This is the key component to learn the parameters of deep probabilistic models.
Deep probabilistic models employ an estimator of the gradient VyE, g0 [f(y)]

computed using L samples from P,(z):

L
ViEpawolf 0] = 7 Y Vol (g(i0)),
=1

Note that this reparametrisation means that in order to compute the estimator of
the gradient with respect to the model parameters, we need to derive the gradient

of g(z;0). This poses a problem when the function g is a discontinuous funtion
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mapping from a continuous random variable z to a discrete random variable y. We

address this challenge for deep probabilistic models in section |4.6|

2.3.2 Implicit deep probabilistic models

Implicit models do not explicitly compute the probability distribution of interest.
These models allow the user to sample from this distribution by sampling a noise
vector z from a known distribution P,(z). Among such models, Generative Adver-
sarial Networks (GAN) (Goodfellow et al., 2014)) are very popular and have been
used in several computer vision applications (Denton et al., [2015; [Radford et al.,
2015; Springenberg), [2016). A GAN model consists of two neural networks, simul-
taneously trained in an adversarial manner. A generative model, referred to as the
Generator GG with parameters 6, is trained to replicate the data. Specifically, from
a noise sample z the Generator outputs a data sample © = G(z;6g) ~ Py, where
Py, denotes the distribution of the samples generated by GG. An adversarial discrim-
inative model, referred to as the Discriminator D with parameters 6p, is trained to
identify whether a sample comes from the data distribution or has been generated
by G. Specifically, the Discriminator returns the probability that a sample comes
from the real data, rather than G. The GAN’s training objective is based on a

minimax game between the two networks, written as follows,

minmax ;. )[log D(z;0p)] + Esup, () [log(1 — D(z;0p))]

0c  0p

where 7(x) is the data generating distribution. The GAN’s objective can be rewrit-

ten, using the LOTUS discussed in section [2.3.1} as follows,

min max Eyr@)log D(z;0p)] + E.p,(z)|log(l — D(G(z,0c);0p))] -

]
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The reparametrisation allows the parameters of both networks to be learned with
gradient descent.

Another class of implicit model (Dziugaite et al., 2015} [Li et al., 2015) trains
generative deep networks with an objective function based on Maximum Mean Dis-
crepancy (MMD) (Gretton et al., 2012), which measures the divergence or distance
between two distributions. The MMD is used in statistical hypothesis testing to
compare probability distributions. In this context, the MMD test can been seen
as playing the role of an adversary.

The advantage of implicit models is that they do not require the density func-
tion of the distribution () to have an analytic expression therefore are more flexible
compared to explicit models. However, this means that the likelihood of the obser-

vations under the model is not directly computable.

2.3.3 Explicit deep probabilistic models

Contrary to implicit models, explicit deep probabilistic models require to access
an analytic expression of the density function of the model’s distribution. The
most commonly employed explicit probabilistic model based on deep neural net-
works is the Variational Autoencoder (VAE) model (Kingma and Welling, 2014;
Rezende et al., [2014)). In the probabilistic framework, the VAE model assumes
that the observed variable x is generated by a latent variable z, via the decoding
distribution p(x|z; ), but the posterior p(z|x;#) might be intractable. The prior
distribution on the latent variable p(z) is fixed and independent of #. Using vari-
ational inference methods described in section [2.2.1) the VAE model approximates
the intractable posterior with the encoding distribution ¢(z|x; ¢), where ¢ are the
variational parameters. The VAE model performs amortised variational inference,
that is, the observations parametrise the posterior distribution of the latent vari-

able, and all observations share a single set of parameters ¢. At test-time, this
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allows efficient inference over the latent variable value for a new observation x by
using the learned parameters ¢. Both the encoding and decoding distributions are
parametrised by neural networks. The VAE model is an explicit model and the
distributions q(z|x; @), p(x|z;0), p(z) have an analytic expression.

In the context of statistical estimation, we access the data distribution only via
the training data set D consisting of n samples D = (x1,...,x,). The VAE model
assumes that the observed variables are independently, identically distributed (iid).
The parameters 6, ¢ are learned by maximising the average Evidence Lower Bound

(ELBO), presented in equation ([2.2)), of a single sample of the dataset D, that is,

1 n
L(D;¢,0) =~ D " Eeog(mfesn l0g p(ailzi; )] — KL(q(zi]ai; 0)||p(2:)).
1=1

In order to learn the parameters 6, ¢ the VAE model computes an estimate of the
gradient of £(D;¢,0). While the gradient with respect to 6 is straightforward to
compute, the gradient with respect to ¢ is problematic. Indeed, the expectations are
computed with respect to q(z;|z;;¢). In order to alleviate this issue, Kingma and
Welling (2014); Rezende et al. (2014) propose the “reparametrisation trick”. The
idea is to reparametrise the variational approximation by a deterministic function g4
which takes as input an auxiliary noise variable € with fixed distribution, and the
observed variable . In order to draw a sample z from ¢(z;|z;;¢), one draws a

sample € from p(e) and computes

2 = g€, x;). (2.8)

Using the LOTUS, expectations with respect to ¢(z;|z;; ¢) can be rewritten as ex-
pectations with respect to p(€). Similar to GAN, the VAE model has been extended
in many research directions, several of which we will describe in this thesis. More-

over, the two models have been combined to retain the advantages of both methods,
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that is efficient test-time inference of the VAE model and model flexibility of im-
plicit models, see for example Makhzani et al.| (2015); Mescheder et al. (2017). In
this thesis, we will use implicit models in Chapter 4| to capture, given an input
value, the probability distribution of an output. This will allow us to draw, for
a given input, multiple samples from the modelled distribution. In Chapter |5 we
will want to have an analytic expression for the modelled distribution, therefore

we will employ a VAE-based model.



Chapter 3

A Unified Framework for latent

structured output prediction

In this chapter, we focus on the problem of structured output prediction in the
weakly supervised setting. We study several generalisations of the popular Latent
Structural Support Vector Machine (LSSVM) model (Felzenszwalb et al., [2008} [Yu
and Joachims|, 2009) presented in section . These generalisations all fall under
the umbrella of Empirical Risk Minimisation (ERM) methods, but they differ in
their prediction criterion, that is, the function returning the output given the input
and model’s parameters. Specifically, their prediction criteria can be divided into
two categories. The first category uses marginalisation over the latent variable,
while the second category uses entropy as an uncertainty measure on the value of
the latent variable. Our goal in this chapter is to perform a fair comparison between
these methods to evaluate the benefits of taking into account the uncertainty in the
latent variable. However, a comparison between the prediction criterion of each
method is not directly feasible, as each of them has its own optimisation procedure.

Therefore, we propose a novel prediction criterion, which includes as special cases

32
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previous prediction criteria that have been used in the literature, and employ a
unique optimisation algorithm to learn the parameters of our model. Specifically,
our framework’s prediction criterion minimises the Aczél and Daroczy entropy of
the output. The main contributions of our method are (i) We design a learning
objective that provides a Unified Framework (UF) for structured output prediction
in the presence of latent variables; (ii) We develop a single optimisation algorithm,
which in turns allows us to compare the prediction criteria of the aforementioned
generalisations by discounting any variability that may arise due to differences in
their optimisation algorithm; (iii) We empirically show that the proposed algorithm
is as effective as the more complex approaches that have been previously employed
for latent structured output prediction; (iv) We provide empirical evidence that

lends support to prediction via the minimisation of the latent space uncertainty.

3.1 Introduction

Structured output prediction methods (Baklr et al., [2007; Nowozin and Lampert,
2011)) have gained popularity in computer vision due to their ability to provide an
elegant formulation for systems that perform various important visual tasks such
as object detection (Blaschko and Lampert, 2008)) or semantic segmentation (Ku-
mar et al., 2011). However, in the supervised setting these methods assume that
training data are fully labelled.

In real applications it can be very difficult to obtain the full annotation of a data
set. Latent variable models handle the missing information with the introduction
of latent variables. We describe in section two types of method to perform
structured output prediction in the presence of latent variables, namely probabilistic
methods and empirical risk minimisation methods. With probabilistic methods

the parameters are estimated by maximising the marginalised data log-likelihood.
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One famous example is the Expectation-Maximization (EM) algorithm (Dempster
et al., [1977; Rolf, 1974). EM and its variants (Gelman et al. 1995; Neal and
Hinton|, [1998; [Salojarvi et al., |2005) have been widely used to learn the parameters
of latent variable models. In our case, we are primarily interested in the second
type of method, that is, Empirical Risk Minimisation (ERM) methods, where the
parameters are learned by minimising the regularised empirical risk. The risk is
measured by a user-specified loss function. Indeed, our goal throughout this thesis
is to perform a task, in this case predict an output, while taking into account its
associated evaluation loss.

We present in section the most commonly employed ERM method for
structured output prediction in presence of latent variables, that is, the Latent
Structural Support Vector Machine (LSSVM) model (Felzenszwalb et al., [2008} [Yu
and Joachims, [2009)). Its prediction criterion maximises the joint posterior proba-
bility over the output and latent variables values. Its learning objective is an upper
bound on a user-specified loss function that provides a measure of the prediction
risk. Due to its simplicity and computational efficiency, the LSSVM formulation
has gained popularity among the computer vision community with several applica-
tions such as object detection (Felzenszwalb et al. 2008; [Zhu et all |2010)), image
segmentation (Kumar et al., 2011), indoor scene interpretation (Wang et al., 2010)
and action classification (Behl et all 2014). Recently, several generalisations of
the LSSVM model have been proposed. While the generalised frameworks share
the common characteristic that their parameters are estimated by minimising the
prediction risk, they differ from each other in the prediction criterion. Specifically,
these methods can be separated into two categories. The first category predicts the
output while marginalising over the latent variable or setting it to its most likely
value, and the second performs prediction while minimising the uncertainty in the

latent variable by using an entropy-based uncertainty measure.
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To the best of our knowledge, there is no existing fair evaluation of the strengths
and weaknesses of the LSSVM framework and its generalisations. We propose a
natural Unified Framework (UF) that contains the aforementioned loss-based la-
tent structured output prediction frameworks as special cases. Our model performs
inference over the output variable while minimising the uncertainty in the latent
variable as measured by the Aczél and Daroczy (AD) entropy. We derive an optimi-
sation procedure for learning the parameters of the UF based on the concave convex
procedure (CCCP) (Yuille and Rangarajan, 2002). This allows us to compare the
prediction criterion of LSSVM and its generalisations by discounting any variability
that may arise due to differences in their optimisation algorithm. We test the UF,
LSSVM, and LSSVM’s generalisations on the task of multi-class gesture recognition
from video sequences and action recognition in images. Our experiments convinc-
ingly demonstrate that, for large and ambiguous latent spaces, an entropy-based

prediction criterion provides more accurate results.

3.2 Generalisations of the LSSVM model

Recent years have witnessed the development of several generalisations of LSSVM.
While all these frameworks estimate the parameters by minimising an upper bound
on the empirical risk, they differ greatly in their prediction criterion and can be
divided into two categories. The first category marginalises the joint probability of
the output and latent variables, over the latent variable. |Schwing et al.| (2012) intro-
duce a temperature parameter € € (0, 1] and propose a family of models which we
refer to as the e-framework. The prediction criterion of the e-framework ranges from
maximising the joint probability of the output and latent variables (by setting € to
the limit value of 0, denoted € \, 0, recovering the LSSVM model) to the marginal-

isation over the latent variable values (by setting e = 1). Ping et al.| (2014) present
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marginal structural support vector machines (MSSVM). Similar to the e-framework,
the MSSVM prediction criterion marginalises the joint probability to estimate the
probability of the output variable. Ping et al.| (2014) also describe a more gen-
eral framework with temperature parameters that includes LSSVM, MSSVM and
the e-framework as special cases. The second category uses entropy as an uncer-
tainty measure on the value of the latent variable. Specifically, Miller et al.| (2012)
propose the max-margin min-entropy (M3E) family of models. M3E models ac-
count for uncertainty in the latent variable by predicting the output value with
minimum Rényi entropy.

There have been limited experimental results reported in the literature that
compare the merits of each of these methods. Moreover, even in the limited exper-
iments, it is difficult to assess whether the reported improvements of one method
over the other are due to a better learning objective or a better optimisation algo-
rithm. We define a simple prediction criterion that allows us to construct a Unified
Framework (UF) for loss-based latent structured output prediction. Our UF recov-
ers all the aforementioned frameworks that are LSSVM, MSSVM, the e-framework
and M3E as special cases. Furthermore, it also exposes an extra-degree of freedom
that has not yet been explored. We develop an optimisation procedure and propose
a single simple algorithm for learning the parameters of the UF. With this setting
we are able to compare the prediction criterion of the cited models by discounting

the differences that could arise from using different optimisation algorithms.

3.3 The Unified Framework

In order to facilitate our exploration of the performance of the various generali-
sations of LSSVM, we would like to obtain a unified criterion for prediction that

captures the previously used criteria. In other words, our criterion should include
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as special cases, (i) the maximisation over the output and latent variables values, to
recover the LSSVM model; (ii) the maximisation over the output variable value after
marginalising the joint probability over the latent variable, to recover the MSSVM
and e-framework; and (iii) the maximisation over the output variable while min-
imising the uncertainty in the distribution of the latent variable, to include the
MB3E models. Furthermore, we would also like to design a learning objective that
minimises an upper bound on the empirical risk based on the prediction criterion,
where the risk is measured by a user-defined loss function. We begin by showing
that the Aczél and Daroczy (AD) entropy provides a suitable prediction criterion
that meets the aforementioned requirements. The identification of the AD entropy

as our prediction criterion will allow us to develop a suitable learning objective.

3.3.1 Preliminaries

Notations. We denote the input variable by x, taking values in X', the output
variable by y, taking values in ) and the latent variable by z, taking values in Z. We
further assume that y and z are discrete, that is, the spaces ) and Z are finite and
countable. The value of x is known during both training and testing, the value of y
is known only during training and the value of z is unknown during both training
and testing. Recall the example of action recognition in images in Figure 2.1, We
have access to the input image = both at training and testing, we know the ground-
truth label of the action performed y only at training, and we never have knowledge
of the coordinates of the bounding box containing the action. This is the weakly
supervised setting, and the latent variable z is introduced to represent the missing

annotation on the bounding box. We assume (x,y, z) follows a conditional model:

1
ply =y,z = z|lx = 2;0) := p(y, 2|7;0) x exp (E—9T¢>(w,y, z)), (3.1)

z
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where ¢ : (X,), Z) — RP refers to the joint feature vector of the input, the output
and the latent variables, and § € R” are the model parameters. We introduce
the temperature parameter €, € (0,1] in the expression of the joint probability of
the output and latent variables (note that e, is a scalar parameter of the model,
and does not depend on z). The use of €, allows our prediction criterion to range
from assigning the latent variable to its most likely value when €, \, 0 to the

marginalisation over the latent variable when e, = 1. It follows that

by = yle = 2:0) = plylr: ) o< S exp (67 0(z..2))

zZEZ

We use the following shorthand notations:

e The notation p, refers to p(y, z|z;0), the joint conditional probability of the
output and latent variables (y, z) given a value of the input variable = x

and model parameters 6.

e The notation ¢¥ refers to p(y, z|z;0), that is, p(y, z|z;0) for a specific
value y = y, therefore ¢ is a probability distribution of the latent variable z.
Note that ¢¥ is a generalised distribution, that is, it needs not sum to one

but to p(y|z;d). In other words, ¢¥ is not normalised by the normalisation
constant p(y|z;0) =,z p(y, z|x;0) = >, .2 ¢4(2).
e The notation p¥ refers to p(z|y, x; #), the conditional distribution of the latent

variable, given the input and output variables values and the model parame-

ters.

Aczél and Daroczy entropy. To measure uncertainty we will use the Aczél and

Daroczy (AD) entropy (Aczél and Daréczy, [1963)), parametrised by the scalars «
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and $. The AD entropy of the generalised distribution is

> ply, z|w; 0)> 71

1 z€EZ
H, (g’ 0) = log (== ,

z2€EZ

with « > 0, # 1,6 > 0,a+ 3 —1 > 0. The AD entropy has been studied by
Aczél and Daroczy (Aczél and Daroczy, [1963) as a natural generalisation of the
Rényi entropy with an extra scalar parameter . The AD entropy has since been
shown to create a natural family of uncertainty measures, also recovering other
existing entropy functions as special cases (Esteban and Morales, 1995; |[Mathai
and Rathie| |1975).

Let us take a closer look at some interesting special cases of the AD entropy.
Specifically when g = 1, the AD entropy is equivalent to the Rényi entropy used
in the M3E models,

> oy, z|z; 0)°

1 z
H, (g% 0) = 1 (ZG .
1de:6) = 75 los > p(y, z|2;0)

z€EZ

When g =1 and a — oo, the AD entropy is equivalent to the minimum entropy,
Hoo1(g3:0) = —log maxp(y, z|; ).
FAS

As f = 1 the AD entropy is equivalent to the Rényi entropy, when a@ — 1 the
AD entropy is equivalent to the commonly used Shannon entropy (see [Bromiley

et al| (2010) for a proof),

Z)Zp(y, z|z;0) log p(y, z|x; 0)
H Y. — _z€
11{2::9) > ply, z|z;0)

z2EZ

When § = 0 and a = 2 , the AD entropy is equivalent to the marginalisation
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over the latent variable,

Hao(q%;0) = —log Y ply, 2la;0) + K,

z€EZ

where K is a constant. We will use these special cases to show how we recover

existing prediction criteria in the next section.

3.3.2 A common prediction criterion

We propose to predict the output variable for an input z by taking the output

value with minimum AD entropy of ¢¥, that is,

y(0) = argmin H, g(q¢%; 6). (3.2)
yey

Again, let’s look at special cases of this prediction procedure. When § = 1, the

prediction recovers the prediction task of M3E models,

y(0) = argmin H, 1(q¥; 0).
yey

Since M3E itself generalises LSSVM, it follows that our prediction criterion also
includes LSSVM as a special case. Specifically, with § = 1 and o« — oo , the
prediction recovers the prediction task of LSSVM by performing maximum a pos-

teriori prediction, that is,

y(0) = arg max max log p(y, z|z; 6).
yeY z€Z

Similarly when f = 0 and a = 2, the prediction task is equivalent to the maximi-

sation, over the output variable, of the marginalised joint probability. This is the
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prediction setting of MSSVM and e-framework, that is,

y(0) = arg max logZp(y,z|x; 0). (3.3)
yey

zZEZ

To illustrate the prediction process of each existing model, we consider again the
weakly annotated image of Figures and As shown in Figure B.I], the
value y of the output variable is the class of the action, that is, “riding horse”.
The value z of the latent variable represents the bounding box location, with
the associated joint probability p(y, z|z;6) (not including the temperature param-
eter). Recall that these are generalised probabilities hence do not have to sum
to one, but to p(y|x;#). In this example, to predict y, the LSSVM model com-
putes the log-probability of the highest scoring bounding box, that is, log(0.5).
The MSSVM model computes the logarithm of the marginalised probability, that
is, log(0.5 + 0.2 + 0.1). The e-framework does the same with the temperature pa-

rameter ¢, that is, log(0.5'/¢ 4+ 0.21/¢ + 0.1'/¢). The M3E model prediction criterion

Action class : riding orse

Figure 3.1: The latent variable z represents the missing information, with corre-
sponding joint probabilities. The image is from the Pascal VOC 2011 data set
eringham et al., |2010).
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requires the computation of the Rényi entropy, that is,

1 0.5+ 0.2 + 0.1«
0.5+02+0.1

Our UF prediction criterion computes the AD entropy, with the temperature pa-

rameter €., that is,

Loy 0.5(a+B8-D/e: | () gla+B-1)/c: | () 1(atB-1)/e:
g 055/ + 0297 1 0.17/= ~

11—«
The following proposition sheds further light on our prediction criterion.

Proposition 3.1 (Decomposition of the AD entropy). Given an input x, the AD
entropy of ¥, the generalised distribution of z for a value y, can be written as the
sum of the negative log-likelihood of y and the AD entropy of p¥, the conditional

distribution of the latent variable given the output and input,

Hao,p(qz:0) = —log p(y|a; 0) + Hap(p7; ). (3-4)
Proof. See appendix [7.4.1] O

Proposition [3.1] shows that performing prediction by minimising the AD en-
tropy is equivalent to predicting the output y which (i) has a high probability, and
(ii) minimises the uncertainty in the latent variable z. Specifically when § = 0
and a = 2, the term H, g(p¥;6) in equation disappears. This means that
we do not minimise the uncertainty in the distribution of z and equation
and equation (3.3|) are equivalent. This is another way to see how we recover the

prediction procedure of the MSSVM and e-framework models.
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3.3.3 A common learning objective

In the context of statistical estimation, we consider a training data set of input-
output pairs D = {(z;,v:),7 = 1,...,n}. We wish to learn the parameters of the
model 0, to be able to predict the output for any input value x. We introduce
the loss function A(y;,y), (yi,y) € Y x Y with A(y;,y;) = 0 that compares the
risk of making the prediction y for the input x; with ground-truth output y;. The

parameters of the model are learned by minimising the following objective function.

n

Ieléiél %HHH2 + % Z [ey logz exp el (A(yi, y) — e Hep(ql; 9)) + €. Ho p(qY; 0)] :

i=1 yey Y

(3.5)

We introduce regularisation over the parameters of the model 6 to avoid overfitting
the parameters to the training data. We employ the log-sum-exp function and we
introduce the temperature parameter ¢, € (0,1] in order to recover the objective

function of LSSVM and its extension, as shown below.

Recovering existing models. Specifically when g = 1,¢, N\, 0,¢, = 1 we re-
trieve the objective function used in training of the M3E models, which maximises
the margin between the entropy of the ground-truth output value and all other
outputs,

1 1 2 ¢ - Y. Yi .
min IO+ 5> ma (Ao 9) = Han(a2,:0)) + Has(a;6).

0cO

From the MS3E models, taking o« — oo recovers LSSVM. Thus

when 8 = 1l,¢, N\ 0,6, = 1,0 — oo our learning procedure is equivalent to
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the learning problem of the LSSVM,

N DY o -
lgéler)l 5”9” +E . 1y7?€1%}>§2 <A(ylay)+0 ¢(J;i7y7 >——ZI§1€8§(0 ¢ T, Yi, 2 )

i— -
When 8 = 0, = 2,¢, N\, 0,6, = 1, the log-sum-exp function over y approxi-
mates the maximum function and we maximise over the values of the output y
while marginalising over the latent variable values z. Thus equation becomes
equivalent to the optimisation problem of the MSSVM,

min —||9||2 Zmax ( (yi,y) + logZexp(QTgb(xi,y, z)))

0cO
z2€EZ

=2 log ) exp (07 6(wi, i, ).

Similarly when 8 = 0,a = 2,¢, = €, we recover the same objective to minimise

as in the e-framework, that is

n

) T .
hes %Iwnugzemg > eXp(NMH@ ¢<wz,y7z>>

(JSC) - €
i=1 Y,2EYXZ
0 19 (2
__ZelogZeXp< ¢$ i )>
z€EZ

Figure shows that our framework gathers all models presented in section
with specific parameters values. Figure in appendix shows the equiva-

lence in more details.

A max-margin formulation. When ¢, N\, 0, the log-sum-exp in equation (3.5

results in the following maximisation

meajgc (A(yiv y) — exHap(qY; 0)) + €. Ho 5(q%;0),
y
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M3E
az>0,=1, o — 00
€y (0,6, =1
LSSVM
UF MSSVM aee =t
o 5. 0=25=0, ey = 0,e:=1
or
€y, €z €y \(0,e; =1 a=2.8=0
€y =€; (0
e-framework
a=2,8=0, [&=¢ 0
e, =€ €(0,1)

Figure 3.2: Equivalence of the UF with existing ERM methods.

or equivalently

max (A(ys,y) = € Hop(02:0) + e Ha(a:6)).

yey

Note that we assume A(y,y) > 0, Ay,y) = 0, therefore we
have max,ey (A(yi,y) — e Hop(ql;0) + e.Ha p(q%; 9)) > 0. By minimising the
objective of equation (3.5)), we enforce that this maximum is attained at 0. This

boils down to the following requirement, Yy € YV, y # v;,

vy € yv Y 7£ Yi, A(yuy) - EZHa,B<qgi; 0) + ezHa,B(qu; ‘9) < 07

or equivalently,

Yyed, y# yi, Ainy) < e.Hap(ql;0) —e.Hap(qY;0). (3.6)

Equation enforces that the AD entropy of the ground-truth output, He 5(¢%; 0)
is smaller than the AD entropy of all other outputs, by a margin defined by A(y;, ).
This margin approach is also presented in the LSSVM model. For other values
of €,, the objective function replaces the maximisation by a softmax (with the

log-sum-exp function).



3. A Unified Framework for latent structured output prediction 46

An upper-bound on the loss. Our objective function in equation (3.5) natu-
rally derives from our prediction procedure, and it allows us to upper bound the
user-defined loss. Indeed, Proposition shows that the optimisation problem of

equation ([3.5) minimises an upper bound on the user-defined loss.

Proposition 3.2 (Upper bound on the loss). The optimisation problem of equa-
C _

tion manimises an upper bound on the loss — > | A(y;, yi(0)) where y; is the
n

ground-truth output for the training input x; and y;(0) is the predicted output for x;.

This upper bound is tightest when €, ~\, 0.

Proof. See appendix n

3.4 Optimisation procedure

We propose to use a common algorithm for all methods covered by the UF. Our
algorithm is as computationally efficient as the existing procedures employed by
the models we unify. This allows us to compare the prediction criterion of all
these models independently of their specific method for solving their optimisation
problem. We derive an optimisation method for learning the parameters of the UF.
This procedure works for every setting of parameters of the UF. In other words it
works for every model presented in section

The optimisation function in equation ({3.5)) is not convex. In order to obtain
an approximate solution, we write our objective function as a difference of convex
(DC) functions (Yuille and Rangarajan, 2002). To this end, it would be helpful to

introduce the following shorthand notations in the case a > 1,

o Fry(y,0) = ——=—log ¥ ply, z|ws; )51,
’ 1 - zZ€EZ
_ €,
o F 4y, 0)=— log Y p(y, z|x; )7,
1— 2€EZ

€z

- z€Z
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€ B
log >~ p(yi, z|zi; 0) oL
z2€EZ

b Ga_,ﬁ<y“ 9) = - 1

We show in the proof of Proposition[3.3)in appendix[7.4.3) that given our conditional
model of equation 1' the functions F;ﬁ(y,0),Fa_ﬁ(y,9),G;B(yi,0),G;5(yi,0)
are convex with respect to #. In the case a < 1, their definitions will be similar

(see Proof of Proposition in appendix [7.4.3)).

Proposition 3.3 (Optimisation problem as a DC). The optimisation problem in
equation can be equivalently written as a difference of convexr (DC) functions

for any values of « > 0, # 1,8 > 0,a+ —1 > 0 using the following formulation,

min %||(9||2 - % Z [ey logZexp%(A(ymy)

) p = ’
+ Fo—iﬂ(ya 0) - Fa_,ﬁ(yu 9))

with F 5(y,0), F 5(y,0), G 5(yi,0), G, 5(yi,0) all conver with respect to 6.
Proof. See appendix O

This results in the Algorithm [I] for training the UF. Algorith [1] is similar to
standard concave convex procedure (CCCP) (Yuille and Rangarajan, [2002)). During

step [3| of Algorithm , we solve the convex optimisation problem of equation (|3.7)):

1 C < 1
t+1 T 2 _ .
9 _argm1n2||9|\ +—n E [éylog E exp - <A(yuy)

4 i=1 yeY Y
o
+ Fy(y,6) — T30 (6)

.
+ Gy p(yir0) — Tyz.fé’f(@)} : (3.7)
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where F_ 5(y,0) and G 5(y;,0) are replaced by their first order Taylor expansion:
F_ —_ —
Ty7g£B (0) = F&,B(ya et) + (0 - €t>Tv9Fa,IB(yv 0)|9ta

G _ _
T35 (0) = Gy 0) + (8 — 0 VoG 511, 0) .

We denote by VoF, 5(y,0)|e the gradient of F ;(y,0) with respect to 6 estimated
at ' and similarly VoG, 5(yi,0)]e:. We solve the optimisation problem of equa-
tion in step [3| of Algorithm [1] by performing gradient descent, with a step size
found by line search procedure shown in Algorithm [f| in appendix [7.4.5] We stop
the training when the objective has converged, which is estimated by the stopping

criterion 0 < dpp; < CA (A = 0.01 in our experiments).

Algorithm 1: Unified Framework training algorithm.

1 Initialise 8 = 6y,t = 0.
2 Define obj(fy) = oo and

, 1 C < 1
obj(0,60%) = S0+ =D |, log Y exp —(Ay:.v)
i=1 yey Y
Fro(y,0) — T 22 (0)) + GF o(yi, 0) — T %8 (8
+FLa(,0) = T30 (0)) + G y(ui,0) = T, 5 (0)]

while ¢ <T and not 0 < dy; < CA do
3 61 « argminobj(#, ') by gradient descent.
0

4 dobj < obj (6", Gt_l) — obj(@t“, o).
5 t+—t+1.
end

3.5 Experiments

We perform comparison between the UF, LSSVM, MSSVM, the e-framework, M3E
models and the replications of these models by the UF. By replication we mean

that we employ the UF and its optimisation procedure with parameters «, 3, ¢,
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set to replicate the existing models. In all figures, the sign ~ means that the
UF’s parameters were set to replicate an existing model. Recall that we separate
the models in two categories, one category using marginalisation over the latent
variable and one category predicting the output with minimum entropy over the
latent variable. Our goal is to assess which is the most accurate prediction criterion
between the two categories, regardless of their specific optimisation algorithm. To
this end we perform two tasks. The first task is binary action classification with
a small latent space size, with little uncertainty in the latent variable value. The
second task is multi-class gesture recognition in video sequences, in this case the
uncertainty in the value of the latent variable is high and the latent space is large.
For the UF, we employ €, ~\, 0, that is, maximisation over the output variable value,
which provides the tightest bound. Note that when we train the e-framework with

its own optimisation algorithm we employ € # 0.

3.5.1 Binary action classification

We start our empirical comparison on an example where the latent space size is
small and the uncertainty in the latent variable is reduced. Specifically, we per-

form the following experiment of binary action classification over 10 classes of the

PASCAL VOC 2011 data set.

Pascal VOC data set. We use the “trainval” data set of the PASCAL VOC
2011 (Everingham et al.; 2010) action classification data set, consisting of 2424 im-
ages depicting 10 action classes. For each image we are provided the bounding boxes
of the persons in the image and its action class. However, in our experiments, we

discard the bounding box information and instead model it using a latent variable.

Modeling and features. The score of a bounding box in the image x

is 0T p(x,y, 2) = Qggb(x, z) where 6, are the parameters that correspond to the label y
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and ¢(z, z) is the feature vector extracted from the bounding box z. Similar to Behl
et al. (2014)), we consider the bounding boxes of the image with the top 20 scores
found by a standard person detector (Felzenszwalb et al.,|2010). Thus we reduce the
uncertainty in the latent space since we take only the top scoring bounding boxes
and we work with a small latent space size. The feature vector ¢(x, z) consists of the
standard poselet-based feature vector (Maji et al., 2011)), that is, a 2404-dimensional
vector consisting of 2400 activation scores of action specific poselets and 4 object
activation scores. We added the score given by the person detector, making ¢(zx, z)

a 2405-dimensional feature vector. The loss A is the standard 0-1 loss.

Experimental setting. We split the data set into 1940 training images and 484
validation images. Hyper parameters are chosen via 5 folds cross-validation. We use
four random seeds values in order to mitigate possible effects of the initialisation;
this is to ensure that the non-convexity of the optimisation objective does not lead to
poor results by local minima. For each fold, we report the test error corresponding
to the seed with the lowest training objective value. We refer the reader to ap-

pendix for additional details regarding the experimental setup and the results.

Results. Figure [3.3 shows the mean loss on the testing set over the 10 classes of
each model with best cross-validated parameters (averaged over the 5 folds).

We see that the performance of the UF as a replication and the corresponding
existing model are similar. Predicting the output by marginalising the output and
latent variables as done by MSSVM is the less accurate criterion. Our UF and
M3E models provide slightly better performance than LSSVM, MSSVM and the e-
framework. We do not report the best parameters chosen by cross-validation but
they are available in Tables and [7.3] In most cases the set of UF parameters
chosen by cross-validation boils down to a prediction criterion that maximises over

the output and latent variables (see our analysis in appendix [7.4.6)). Similarly, the
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Figure 3.3: Test loss mean on the 10 classes (in %) £+ standard error of the mean
(in %) with cross-validated parameters on the PASCAL VOC 11 data set, after
averaging on the 5 folds.

best « chosen for the M3E models is of high value. In other words, M3E recov-
ers LSSVM. The e-framework chooses a small value of €, which also approximates
LSSVM. These results show that when the size of the latent space is small (we
use 20 bounding boxes) and that uncertainty in the latent variable is reduced (we
consider top scoring bounding boxes), there is a small gain to be made from taking
into account the uncertainty in the latent variable. This comes at the cost of using

a more complicated model with more parameters to cross-validate.

3.5.2 Multi-class gesture recognition

We now explore an experiment where the uncertainty in the value of the latent
variable is high and the latent space is large. To do so, we tested the different
models on the task of gesture recognition in video sequences. Given a set of video
sequences, our goal is to learn to classify, among ¢ classes of gestures, the gesture

performed in a video sequence.
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MSRC-12. The MSRC-12 data set (Fothergill et al.,[2012)) contains 594 sequences
of motion capture data, recording the 3D world position of 20 joints in the human
body using a Kinect sensor from a population of 30 individuals. In each sequence
the actor performs one type of gesture repeatedly, typically 10 times, and each
instance of the gesture is marked at a typical frame. The original purpose of the
data set was to enable research into low latency gesture detection (Nowozin and
Shotton, 2012)). However, it has since been used to classify the sequence as a
whole (Fothergill et al.l 2012} [Lehrmann et al., 2014). We also perform sequence
classification but do not use the individual frame-level annotations. Instead, as
training data we use only the sequence class label. This is a realistic assumption in
an interactive setting when the user is instructed by a system to perform a gesture.
We know that a gesture of a given class will be performed in the video but not

when the user will effectively perform it.

Noisy MSRC-12 data set. In order to evaluate the behavior of the different
models in presence of noisy data, we corrupt the MSRC-12 data set by adding ran-
dom Gaussian noise with zero mean and various standard deviations. In particular
we add noise to each element of all frames’ feature vectors. We use three values

of standard deviations: ¢ = [lem, 5em, 8cm).

Modeling and features. The input variable x consists of 3D world position of
a person performing a gesture. The output variable y is the class of the gesture
performed in the video sequence. In a video sequence only a few percentage of the
video frames effectively contains the person performing the gesture. We consider
the training data as weakly labelled, that is, the video sequences are only labelled
at the sequence level and each frame is not individually annotated as containing the
gesture or not. We use the latent variable z to model this lack of information. The

size of the latent space is the number of frames per video sequence, that is, on aver-
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age 1200 frames per sequence. The score of a specific frame z in a video sequence x
is 0T¢(z,y,2) = Gyngﬁ(a:, z) where 6, are the parameters that correspond to the la-
bel y and ¢(x, 2) is the feature vector extracted from the frame z in the sequence x.
We take the same features derived from 3D joint locations as in |[Fothergill et al.
(2012)); [Lehrmann et al.| (2014]); Nowozin and Shotton| (2012), obtaining a feature

vector ¢(z,z) of dimension 130. The loss A is the standard 0/1 loss.

Experimental setting. We use the 594 sequences from the MSRC-12 data set.
We divide this data set into five folds, each fold containing 20% of the trainval data
set for testing and 80% for training, using stratified sampling over class labels in
order to ensure a uniform distribution of classes. As in the action classification
experiment, hyper parameters are cross-validated over 5 folds and we use 4 random
seeds for initialisation and for each fold, we report the test error corresponding to
the seed with the lowest training objective value. Additional details regarding the

experimental setup and the results can be found in appendix [7.4.7]

Results. Table reports the best parameters chosen by cross-validation for
the UF. It shows that the best parameters combination (e, a, ) always take in
account the AD entropy of the latent variable and the term H, s(p¥;6) in equa-
tion is never set to 0. This would be the case if we had (o = 2,5 = 0)
or (¢ = 00,3 = 1). Therefore, the UF is never boiling down to either LSSVM,
MSSVM or the e-framework. Moreover, except for ¢ = 1cm, the UF recovers M3E
models, that is €, = 1 and # = 1. Recall that the UF recovers all prediction criteria
using the same optimisation algorithm. This means that regardless of the algorithm
used to solve the minimisation problem during learning, predicting the output vari-
ables by minimising the uncertainty in the latent variable is a more relevant method
than marginalising the latent variable or estimating its most likely value.

Figure shows the average loss on the testing set for each model with respect
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0 =0cm| 0 =1lcm| 0 = bcm| 0 = 8cm
€, =1, €, =1, €, =1, €, =1,
a=001,] a=2, |a=0.1,| a=0.1,
=1 | p=05| g=1 =1

Table 3.1: Cross-validated parameters for the UF.

o __Averaged Test Loss 24 __Averaged Test Loss
e—e [SSVM e—e [SSVM

22t e—e M3E, a0 22} o - UF~LSSVM
e—e M3E o—e M3E

20t e— MSSVM
e—o c-framework
UF

20} o e« UF~M3E
e—e MSSVM
UF ~MSSVM

5 g8 0 1 5 8
Noise Level ¢ (cm) Noise Level o (cm)

(a) Ezisting models and the UF. (b) Existing models (line curves) and

their replication by the UF (dashed
curves).

Figure 3.4: Test loss (%) on the MSRC-12 data set averaged on 5 folds, per noise
level. Fach model is shown with best cross-validated parameters.

to the noise level corrupting the data set, and Figure shows the average loss
on the testing set for LSSVM, M3E and MSSVM, and their replication with the
UF. This figure shows two things. First, by looking at the performance of their
replication by the UF (dotted lines), we can compare LSSVM, MSSVM and M3E
models without taking into account their specific training algorithm. Second, this
figure also shows how the UF replicates existing models. When the UF replicates
LSSVM and MSSVM results are similar, this was expected since the algorithm we
derived for training the UF is similar to the specific algorithm of these models.
When the UF replicates M3E, results are also similar even if the optimisation pro-
cedures are different (the M3E models use a trust-region based algorithm to solve

the optimisation problem). From Figures and [3.4b| we conclude that entropy-
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based models (either M3E or the UF) give significantly better performance at all
noise levels. We refer the reader to appendix for p-values and comparison at
statistical significance level of 0.05.

From this second experiment, we conclude that (i) when the size of the la-
tent space is large (recall that we have on average 1200 frames per sequence), and
(ii) there is uncertainty in the latent variable (especially as we add noise), then
performing output prediction by minimising the latent space uncertainty is the
most accurate criterion.

While we do not quantitatively evaluate the ability of the model to accurately
predict the latent variable, we illustrate the behavior of the UF over the latent

space. Figure shows the scoring of the UF on an example “bowing” gesture of

12 ‘ __UF score _ ‘
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i M /%\\
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Figure 3.5: Scoring of the UF on an example “bowing” gesture of the mon noisy
MSRC-12 data set. Upper part of the plot shows the scoring for the ground-truth
label (in red), and all other labels in grey. Lower part of the plot shows the location
of the action frames as per MSRC-12 ground-truth (we do not use this frame-level
annotation).
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the non-noisy MSRC-12 data set. A 3D representation of the frame feature vector
is added in the upper part of the plot. For the ground-truth label, the UF gives
high score at typical frames of the video sequence when the person is effectively
bowing, and a low score in between. In other words, our model predicts the correct
gesture in the video by identifying the frames that give most information about the
gesture performed. The scores of all others labels (shown in grey) are smaller than

the smallest score of the ground-truth label frames.

3.6 Discussion

We developed a Unified Framework (UF) for the LSSVM model and its gener-
alisations by defining a simple prediction criterion, and designed an optimisation
algorithm for learning the parameters of the UF. This allowed us to perform a fair
comparison between the prediction criteria of the aforementioned methods by dis-
counting the differences in performance that could arise from using their specific
optimisation algorithm. Our experimental results show that the use of the min-
imisation of the latent space uncertainty is an accurate prediction criterion when
the size of the latent space is large and when there is uncertainty in the latent
variable. This result aligns with our intuition. As noted in [Miller et al. (2012)),
the assumption is that the latent variable is informative for predicting the output.
Thereby, minimising the uncertainty on the latent variable value ensures that the
output predicted (i) has a high probability and (ii) present little confusion in the
value of the latent variable.

The UF also offers an additional advantage, namely, the use of the extra param-
eter 4. This has yet to be explored thoroughly, and could lead to improved perfor-
mance. Another interesting direction for future research would be to determine the

advantage of minimising uncertainty in the latent variable in applications with large
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and complex output spaces. The formulation of the LSSVM enables optimisation
with energy minimisation techniques such as graph cuts (Boykov et al., 2001). In
our experiments we choose application problems where all output configurations are
estimated in a computationally feasible manner, in order to remove from our com-
parison the possible effects of the use of approximation methods. For this reason, we
focused on discrete and low-dimensional output spaces, with categorical distribu-
tions on the latent and output variables. Moreover, we perform experiments using
classic computer vision features. Since our publication (Bouchacourt et al., [2015)),
weakly supervised structured output prediction has benefitted from the develop-
ment of deep neural networks in order to extract features, see for example Durand

et al.| (2016); Oquab et al.| (2015); Pathak et al.| (2015); Tokmakov et al.| (2016).



Chapter 4

DISCO Nets: DISsimilarity
CQefticient Networks

The latent SVM framework, and its generalisations, rely on two implicit assump-
tions. First, while there may be high uncertainty in the latent variable, it is suf-
ficient to provide only a single pointwise estimate of the output variable. Second,
the joint feature vector representation has sufficient discriminative ability to obtain
an accurate prediction of the output. In this chapter, we consider a significantly
more challenging setting for learning where (i) the output variable has high un-
certainty, thereby making pointwise models inappropriate; (ii) the output space is
highly complex and structured, thereby requiring data-driven representation learn-
ing instead of hand-crafted features. Despite the challenges of this setting, we would
still like our learning objective to be calibrated to a user-defined loss. To this end,
we introduce a novel type of deep probabilistic model, which we call DISsimilarity
COefficient Networks (DISCO Nets).

DISCO Nets allow us to efficiently sample from a posterior distribution

parametrised by a neural network. During training, DISCO Nets are learned by

58
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minimising a dissimilarity coefficient between the true distribution of the output
and the distribution of the model. This coefficient is defined according to a loss
of choice. DISCO Nets do not specify the type of the model’s distribution, but
enforce structure by using non-decomposable loss functions which do not decom-
pose over the dimensions of the output. The main contributions of our method are
(i) We design a new type of learning objective to perform probabilistic structured
output prediction, which the user can tailor to the loss associated with the task at
hand; (ii) Using the theory of scoring rules, we show that our learning objective is
minimised if and only if the model recovers the true distribution; (iii) In the spe-
cific case of a discrete output, our learning procedure involves a non-differentiable
step. We derive an approximation theorem and propose a corresponding optimi-
sation algorithm; (iv) We empirically show the relevance of the model to capture

distributions over complex, structured outputs.

4.1 Introduction

We are interested in the class of problems that require the prediction of a struc-
tured output y € Y given an input x € X'. Complex applications often have large
uncertainty in the output y. For example, consider the task of hand pose estimation
from depth images, where one wants to accurately predict the pose y of a hand in
a depth image x. In this case, we illustrate in our introductory section how
occlusions and missing depth values in the image result in uncertainty in the pose
to predict. It is, therefore, natural to use probabilistic models that are capable
of representing this uncertainty. Moreover, some applications require multiple, yet
plausible outputs that correspond to a single input. Consider for example that we
want to perform hand tracking in video sequences. Probabilistic models provide us

with multiple probable poses of the hand in a frame at time £. We can use these
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candidate poses to track the hand in the frame at time t + 1.

In addition to the uncertainty in the output to predict, we must take into account
model misspecification, that is, the fact that the model is of restricted capacity and
cannot capture the true data distribution perfectly. We illustrate in section [I.1.3]
how the choice of learning objective influences final performance. We argue that the
learning objective should be tailored to the evaluation loss in order to obtain the best
performance with respect to this loss. This is in contrast to the commonly employed
learning objectives of probabilistic models, which are agnostic of the evaluation loss.

In order to tackle the aforementioned deficiency, we introduce DISCO Nets, a
new class of probabilistic models for structured output prediction. DISCO Nets
represent P, the true posterior distribution of the data, with a distribution @
parametrised by a neural network. We design a learning objective based on a
dissimilarity coefficient between P and ). The dissimilarity coefficient employed
was first introduced by Rao| (1982)) and is defined for any non-negative symmetric
loss function. Thus, our setting allows the user to tailor DISCO Nets by employ-
ing his or her loss of choice. Finally, in constrast to existing probabilistic models,
DISCO Nets do not require any specific architecture, making them an efficient and

easy-to-use class of models.

4.2 Deep probabilistic models for structured
output prediction

In probabilistic structured output prediction, the distribution of interest is a con-
ditional distribution of an output given an input. In this context, the Generative
Adversarial Networks (GAN) model, discussed in section has been adapted
to conditional distributions with conditional GAN (cGAN) (Gauthier, 2015; Mirza
and Osindero, 2014; Reed et al.,|2016|). However, GAN-based models, and therefore
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cGAN, employ adversarial training that tends to oscillate (Goodfellow et al., 2014}
Radford et al} [2015). Since our publication (Bouchacourt et al., 2016), the training
of GAN-based models and their conditional variants has received a lot of attention
in the literature (Lopez-Paz et al| 2016). As a result, researchers have successfully
developed the range of applications of cGAN, see for example Denton et al.| (2016));
Isola et al| (2017). However, the training of GAN-based models is still broadly
acknowledged to be a challenging optimisation task (Goodfellow] 2016). The Vari-
ational Autoencoder (VAE), presented in section has also been generalised
to the modelling of conditional distributions (Sohn et al., |2015; [Yan et al., 2016]).
Similar to the original VAE, in contrast to implicit models, the conditional VAE
model explicitly specificies the types of the encoding and decoding distributions.
Concurrently to our publication (Bouchacourt et al 2016), |Ren et al. (2016) extend
deep probabilistic models based on Maximum Mean Discrepancy (MMD) (Dziugaite
et al., 2015} |Li et al.; 2015)) to the discriminative case using kernel mean embedding
of conditional distributions. We mention in section 2.1.3] that MMD can be related
to the Kernel score. However, our work differs from theirs as we employ scoring
rules to compare conditional distributions for a given input, and our formulation
encourages the use of a scoring rule based on the task loss.

In hand pose estimation, imagine the user wants to obtain accurate positions
of the thumb and the index finger but does not need accurate locations of the
other fingers. The task loss might be a weighted L2-norm of the difference between
two poses, with high weights on the thumb and the index. Existing probabilistic
models cannot be tailored to task-specific losses and we propose the DISsimilarity

COefficient Networks (DISCO Nets) to alleviate this deficiency.
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4.3 The DISCO Nets model

The DISCO Nets model is an implicit deep probabilistic model and provides the

user with samples from the distribution captured by the model.

4.3.1 Architecture

DISCO Nets use a neural network to parametrise the model’s distribution (). The
network takes as input a pair (z,2) € X x Z, where z is an input data sampled
from P, and z is a random noise vector sampled from a known distribution P, (for
example a uniform distribution). Given a pair (z,z), DISCO Nets produce a value
for the output variable y. Figure illustrates this process in the example of hand
pose estimation. The input depth image z is fed to the convolutional layers. The
output of the last convolutional layer is flattened and concatenated with the noise
sample z. The resulting vector is fed to several dense layers, and the last dense layer
outputs a pose y. From a single depth image z, by using different noise samples,

DISCO Nets produce different candidate poses for the same depth image.

VA
Flatten _
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Figure 4.1: For a single depth image x, using 3 different noise samples (zy, 22, 23),
DISCO Nets output 3 different candidate poses (y1,12,ys) (shown superimposed on
the depth image). The depth image is from the NYU Hand Pose data set

, preprocessed as in|Oberweger et al.| (20150).

Importantly, DISCO Nets are flexible in the choice of the architecture. For

example, the noise could be concatenated at any stage of the network, including
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at the start. We denote by Q(y|z;0) the distribution captured by DISCO Nets,
where 6 are the parameters of the neural network. For a given input x, DISCO
Nets provide the user with samples y drawn from Q(y|x; ) without requiring the

expensive computation of the (often intractable) partition function.

4.3.2 Prediction of a single output

Some applications, for example hand tracking in video sequences, benefit from us-
ing multiple hand poses for the same image as we mentioned in section [4.1} Other
tasks require only a single output. Suppose that the user needs, given a 2D image,
a single hand pose to generate a 3D reconstruction of the hand. Non-probabilistic
models would provide the user with a single pose prediction to perform 3D ren-
dering. However, they would not provide multiple outputs. By contrast, DISCO
Nets produce multiple possible outputs for a given input. If the task at hand re-
quire a single output, how to elect, among samples drawn from DISCO Nets, the
best sample to perform a task?

In order to obtain a single prediction y for a given input x, DISCO Nets use
the principle of Maximum Expected Utility (MEU)(Premachandran et al., [2014)).
The prediction yypy maximises the expected utility, or rather minimises the ex-
pected task-specific loss, A. This expected loss is estimated using only samples
from DISCO Nets, in other words, drawn from Q(y|z;#). Formally, the predic-

tion is made as follows,

K

ymeyu = argmax EU(y,) = arg min Z A(Yks Yrr)
k=1,...,K k=1, K 5

where (y1,...,yr) are candidate outputs drawn from DISCO Nets for the input z.
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(a) DIVA(P,P)*: draw (b) DIVA(Q,Q)*: draw (c) DIVA(P,Q)*: draw

randomly y,y" from P, and randomlyy,y’ from Q, and randomly y from P, v

compute the loss A(y,y'). compute the loss Ay,y'). from Q, and compute the
loss Ay, y').

Figure 4.2: Diversity coefficient of P, of Q, and between P and Q).

4.3.3 Loss-calibrated probabilistic objective

For a given input x, we want DISCO Nets to accurately model the true distribu-
tion P(y|z) via Q(y|z;0). In other words, Q(y|z; @) should be as similar as possible
to P(y|x). However, we want to take into account the task at hand. We assume that
with this task is associated a specific evaluation loss, A(y,y') with (y,y) € Y x Y,
which measures the discrepancy between two outputs. We evaluate the similarity
between P(y|z) and Q(y|z;6) with respect to the evaluation loss. To do so, we
employ a diversity coefficient that is defined for the loss A. Consider a given in-
put z, and the distribution P(y|z) over the output variable. The diversity of P
according to the loss function A is the expected loss between two samples drawn

randomly from P, that is,

DIVA(P, P)* = Eypiya) [Eyepiyo [Ay, ¥)]] -

We denote DIVA(P, P)* to emphasise the fact that this coefficient is computed for
a given input value z. The diversity of P is shown in Figure Similarly, the

diversity of the DISCO Nets’ distribution Q(y|x;0) is the expected loss between
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two samples drawn randomly from Q(yl|z;0), as follows,

DIVA(Qv Q)I = EyNQ(y|x;0) []Ey’NQ(y|x;9) [A(yv y/)” :

Finally, as shown in Figure [4.2¢, we can compute the diversity between the two

distributions P(y|x) and Q(y|x;0), as follows,

DIVA(P, Q)" = Ey<p(yp) [Ey’~Q(y|$;9) [A(y, y')H :

The term DIVA(P, Q)" is the expected loss between two samples drawn ran-
domly from the two distributions respectively. Intuitively, one wants to min-
imise DIVA(P, Q)" so that Q(y|z;60) is as similar as possible to P(y|z). How-
ever, for a given z, DIVA(P, P)* # 0, in other words, P(y|x) is diverse. There-
fore, Q(y|z;0) should be diverse as well, or equivalently, DIVA(Q, Q)" # 0. We
encourage Q(y|z;0) to provide diverse outputs, for a given z, by minimising the

following dissimilarity coefficient:

DIVA(P, Q)" = DIVA(Q, Q)" — (1 — v)DIVA(P, P)*,

with v € [0,1]. The dissimilarity coefficient is the difference between the diversity
of P and (), and an affine combination of the diversity of each distribution. The
scalar parameter v balances between the two goals, that are, producing model
samples that are close to the data samples, and enforcing diversity in the model’s
distribution. The diversity and dissimilarity coefficients were introduced by |[Rao
(1982) with v =1/2 for any non-negative symmetric loss function, and used in

latent variable models (Kumar et al., |2012)). To build our probabilistic objective,
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we integrate the dissimilarity coefficient over all possible input values z, which gives,

DISCOA(Pa Qa Px) = EINPZ(-’IZ) [DIVA(Pa Q)x

—ADIVA(Q, Q)" — (1 - 7)DIVA(P, P)"].

The resulting expression DISCOa (P, @, P, ) is the DISCO Nets’ probabilistic objec-
tive. We minimise this objective to learn the model’s parameters 6. As we see, it
is tailored to the evaluation loss A associated to the task at hand. When v = 1/2
and for certain types of loss, using strictly proper scoring rule theory, we show in

section that we have the following guarantee:

DISCOA(P,Q, P,) =0 <= Q(y|z;0) = P(y|z) almost everywhere on X.

Let us define the following terms,

DIVA(P,Q, P,) = Eynp, () [DIVA(P, Q)7],
DIVA(P7 P, Px) = Ewaz(a:) [DIVA(P7 P)m]a

DIVA(Qa Q7 Px) = ]E’INPz(il:) [DIVA(Qa Q)m]a
and DISCOA(P, @, P,) is expressed as followsﬂ,

During training, we do not need to consider the term DIVA(P, P, P,) as it is a

constant that only depends on the data, and we equivalently minimise:

FA(Pa Q> Pa:) = DIVA(P7 Qa Pac) - ’YDIVA<Q7 Qa Px) (41)

1'We assume that all expectations are finite.
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4.3.4 Optimisation procedure for continuous outputs

In this section, we consider the random variables «, z,y to be continuous. Specif-
ically, z € X = R,y €¢ Y = R%,z € Z = R%. The specific case of a discrete
output y raises new challenges that we address in section [4.6]

In order to train DISCO Nets, we need to compute the training objective of
equation . We do not have full knowledge of the true probability distribu-
tions P(y|x) and P(x). In the context of statistical estimation, we consider a train-
ing data set composed of n example input-output pairs D = {(z;,v;),i = 1,...,n}
and estimate the diversity terms DIVA(P, @, P,) and DIVA(Q, @, P,). First, we
take an empirical distribution of the data, that is, taking ground-truth pairs (z;, y;).
Second, we estimate each distribution Q(y|z;;6) by sampling K outputs from our
model, given the input ;. This gives us values of unbiased estimators of each

diversity term, defined as follows,

DIVA(P,Q, P,) Z ZA vir G (@i, 243 9)),
=1

n

DIVA(Q, Q, Pr) = 12 ) Z

k=1

Mx

A(G(wi, 23 0), G(4, zi g3 0)),

?rk‘
*1~LII
>~

where vy, = G(z4, zix; 0) is a candidate output sampled from DISCO Nets, given
a pair (z;, z;x). It is important to note that the second term of 51\\/'A(Q, Q,P,) is
summing over k and k&’ # k to have an unbiased estimator (Serfling, [1980), therefore
we compute the loss between pairs G(z;, 2, ; 0) and G(x;, z; ; 0) where k' # k. As a

result, we have an unbiased estimator of our training objective Fa (P, @, P,), that is,
FaA(P,Q, P,) = DIVA(P,Q, P,) — /DIVA(Q, Q, P.). (4.2)

We learn the parameters # with mini-batch gradient descent. Specifically, we use
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the Law of the Unconscious Statistician (LOTUS), discussed in section to
obtain an estimate of the gradient of our objective function. Algorithm [2| de-
scribes the training of DISCO Nets. In step [2 of Algorithm [2] we draw K random
noise vectors (2;1,...,%x) per input example x;, and generate K candidate out-
puts G(x;, z;x; ) corresponding to the input x; in step . This allows us to build
unbiased estimator of the gradient and compute a gradient estimate in step |} In
practice the number of epochs T is set to high value and we monitor the training

objective on a subset of the training data set to check for convergence.

Algorithm 2: DISCO Nets training algorithm for continuous outputs.
for t=1,...,T epochs do

1 Sample mini-batch of b training example pairs {(x1,21), .., (X, Up) }-
for i=1,...,b0 do
2 Sample K random noise vectors (21, ..., 2;) for 1nput Z;.
3 Generate K candidate outputs G(x;, 2 ; 9 ) k= ., K for
input ;.
end
4 Compute the gradient estimates,

K
— 1 1
VgDIVA(P, Qa P$)|9t = g Z ? Z VQA(yu G('r’w Ziks 0))|9ta
VAeDIVMQ QP >|9t =

Z Z IR Z Z VoA(G (i, zig; 0), G4, 2i g5 0)) gt
=1

k=1 k'=1,
k' £k

5 Update parameters 67! <— #* by descending the gradient estimate
evaluated at 0": VoFA(P,Q, P,)|g:.

end

4.4 Relation to the theory of scoring rules

In section [2.1) we introduce scoring rules to measure “how good” is a forecasting

distribution ) to predict a process represented by a true distribution P. For-
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mally, a scoring rule is a function S : P x Y — R U {—00,00} such that for
Q € P, S(Q,y) evaluates the quality of the predictive distribution @ to forecast
the realisation y ~ P. In this chapter, we use scoring rules to evaluate conditional
distributions of the output variable y, for a given input x. Therefore, we use the

notation S(Q,y)*. The expected score associated to S(Q,y)" is
5.7y = [ s@yraruie)
The score divergence corresponding to the scoring rule S is
d(Q,P)* =S(P,P)" —S(Q, P)". (4.3)

If S is proper, d is a non-negative function, with value 0 if (and only if, in the case
of strictly proper) @ = P. We relate the DISCO Nets’ objective function to scoring
rule theory. Specifically, we show that the DISCO Nets’ objective can be written
as the expectation with respect to the input variable & of the divergence d(Q, P)*.

First, let us note that when v = 1/2, the DISCO Nets’ objective is

1 1
DISCOA(P,Q, Py) = Euup,(2)[DIVA(P, Q)" — QDIVA(Qa Q)" — §DIVA(P, P)"].

(4.4)

4.4.1 DISCO Nets as the Energy score

Consider the loss function A : Y x Y — R, A(y, /) = |ly —¥/||5, where ||.||> denotes
the Euclidean norm and § € (0, 2) is a scalar parameter. This loss A(y, y') measures

the distance between y and 3. Replacing the expression of A in the diversity terms
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of equation (4.4), we get the following terms for an input x:

DIVA(Pa Q)x = IE‘:’wa(yII) [Ey’NQ(y\x;G) [Hy - ?/Hgﬂ ) (4'5)
DIVa(@Q, Q) = Ey-auien Ey~awia | Iy —y'I5]] (4.6)
DIVA(P, P)* = Eyepyie) |[Eyrmriio | Iy = 4'1] | (4.7)

If we plug-in equations (4.5] [4.6] into equation (4.4), we get the following,

DISCOA(P, Q. P2) = Euvp,(a) []EyrvP(yu) [Eywcz(yme) [Ily - y’H?H

1
— 5By~Qulzo) [Ey“~Q<y\x;9> [Hy’ - y”HgH
1 / "8
— 3By p@lo) [Ey'wp(y\x) [Hy —y |I2H } (4.8)

We now show the connection with the Energy score. The Energy score of a distri-

bution T'(y|z), evaluated for a realisation y ~ P(y|z), is defined as follows (see

Definition ,

. 1
S(T,y)* = 5Byt |1 = 3113 = By I = wl3]

We evaluate P(y|z) and Q(y|x;#) under this scoring rule, by computing their ex-

pected scores, that are,

xT xT 1
S(Q, P)" = Eyupy)[S(Q,y)"] = FEy~Qlz) []Ey”NQ(yla:;G) [Hy' - y"ll@”

— By~ryp) [Ey’NQ(ylm;G) [Hy' - y!l?” ;o (49)

T T 1
S(P, P) = Ewa(y\x) [S(P, y) ] = _§Ey’~P(y\x) [Ey”NP(y|m) |:”y/ — y”||§]:| . (410)
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If we plug in equations (4.9} [£.10) into equation (4.3)), we get:

1
= —5Ey~ruio) [Ey'wP(yu) [Ily’ ~y"llz H
1
- §]Ey’~Q(y|w;9) [Ey”NQ(ylr;G) [Hyl - y”HéjH

+Eyryp) [Ewa(mx;a) [Ily’ - yll?” : (4.11)

Comparing equation (4.8)) and equation (4.11]), we see that when v = 1/2 we can
express the DISCO Nets’ objective as the expectation of d(Q, P)*, the divergence

associated to the Energy score for a given x, as follows,
DISCOA(P,Q, Py) = Epp, (2)[d(Q, P)].

The Energy score is a strictly proper scoring rule for g € (0, 2)E| Therefore, the

associated divergence is such that,

d(Q,P)* >0

d(Q, P)" =0 <= Qylz;0) = P(y|z).

If the integral of a non-negative, defined and measurable function is 0 then the
function is 0 almost everywhere (a.e.) (Leadbetter et al., 2014, Theorem 4.4.7).

Since DISCOA(P, @, P,) is the integral of d(Q, P)* over X, scoring rule theory

2The score S(P, P)® must be finite, which is not a restrictive condition. We consider the range
of values of the output given by the data or the model’s architecture to be bounded. Similarly we
consider bounded kernels in the case of the Negative kernel score.
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provides us with the following guaranteeﬂ:

DISCOA(P,Q, P,) =0 <= Q(yl|z;0) = P(y|z) a. e. on X. (4.12)

We use the Energy score in our experiments on hand pose estimation in section 4.5

4.4.2 DISCO Nets as the Negative kernel score

Consider a characteristic kernel K : Y x ) — R, measuring the similarity between

two outputs y and y'. We employ the loss function A(y,y") = Kpee — K(y,y') that

measures the distance between y and y’. The constant K., = I’Il%)XyK (y,9) is
Y,y €Yx

the maximum value achievable by the kernel on the space ) x ) and only ensures

that the loss is non-negative. With this A, the diversity terms are:

DIVA<P7 Q)m - Kma:v - EyNP(y\x) [Ey’NQ(y|x;9) [K<y’ y/)H ) (413)
DIVA(Q, Q)" = Kz — Eyqyleo) [Eyrmoulen K, y")]] | (4.14)
DIVA(P, P)* = Kpaw — Eyepyln) [Byrmrwio) K (Y y")]] - (4.15)

We now show the connection with the Negative kernel score. The Negative kernel
score of a distribution T'(y|z), evaluated for a realisation y ~ P(y|z), is defined as

follows (see Definition and Theorem [2.1),

. 1
S(T7 y) = IEy’wT(ym) [K(y/a y)] - §Ey’,y”~T(y|:p) [K(y/> y//)} .

3We already implicitly assumed d(Q, P)* measurable when we defined our objective function.
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Again, we evaluate P(y|z) and Q(y|z;6#) under this scoring rule, by computing

their expected scores, that are,

. 1
S(Q, P) = IE‘EyNP('ny) [Ey’NQ(yla:;G) [K(y/7 y)])] - i]Ey’NQ(yW;@) [Ey”’VQ(yW@) [K(ylv y//)H )
(4.16)
1
S(P,P)" = EEy,NP(y‘x) [Eyrmpyin) K, y")]] - (4.17)

By plugging-in equations (4.13, [4.14) 4.15) into equation (4.4) and equa-
tions (4.16] [4.17) into equation (4.3, again we can express the DISCO Nets’ ob-

jective as the expectation of the divergence associated. Note that the constant

Kpax cancels in equation (4.4). The Negative kernel score is a strictly proper
scoring rule whenever the kernel K is characteristic. In this case, the objective

function DISCOA (P, @, P,) with v = 1/2 is such that:

DISCOA(P,Q, P,) =0 <= Q(yl|z;0) = P(y|z) a. e. on X. (4.18)

In the specific case of a finite output space ), the strict positive definiteness of
the kernel K is sufficient to ensure strict propriety of the Negative kernel score
(see section and Theorem [2.1)). We use the Negative kernel score in our

experiments on psychology attributes ratings prediction in section [4.7]

4.4.3 Scoring rules for training and evaluation

In our experiments, we will always employ loss functions such that our training
objective is expressed as a strictly proper scoring rule. This encourages the model
to accurately capture the distribution of interest. We will compare DISCO Nets
to other existing implicit models. Implicit models (including DISCO Nets) do not

return probability values. Therefore, we cannot compute likelihood values of test
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data without using Kernel density estimation (KDE), which is known to fail in
high-dimensional output spaces (Fukumizu et al., 2013). However, we explain in
section that scoring rules can be used to perform model evaluation and com-
parison. Thereby, we will use as probabilistic evaluation metric the DISCO Nets’

objective, corresponding to a strictly proper scoring rule divergence.

4.5 Hand pose estimation experiment

Given a depth image x, which often contains occlusions and missing values, we
wish to capture the distribution of y, the pose of the hand. We perform experiment

using the NYU Hand Pose data set (Tompson et al., [2014])).

4.5.1 Setting

Loss A employed. For this experiment, we rely on the Energy score, that is, we
use the loss function A : Y x Y = R, A(y,y/) = ||y —¢/||5 with § = 1, which is the

Euclidean norm. With this loss, the DISCO Nets’ training objective is

FA(P,Q, P;) = Euup, (@) [Eyw(y\x) [Ey ol Iy — ¥'ll2]]

- VEy/NQ(yII;G) [Ey”NQ(yII;G) [Hy/ - y””ﬂ] ] :

The above training objective corresponds to DISCOa(P, @, P,) without the con-
stant term DIVA(P, P, P,). When v = 1/2, our training objective can be viewed as

a strictly proper scoring rule and guarantees equation (4.12)).

Methods. Our goal with this experiment is two-fold. First, we want to assess
the advantages of DISCO Nets with respect to non-probabilistic deep networks.
To do so, we report classic non-probabilistic metrics for hand pose estimation em-

ployed in |Oberweger et al| (2015a/b) and [Taylor et al| (2012). These metrics use
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the Euclidean distance between a single prediction and the ground-truth annota-
tion. They require a single pointwise prediction, which we elect with the MEU
method among K candidates. Specifically, we report the Mean Joint Euclidean Er-
ror (MeJEE), the Max Joint Euclidean Error (MaJEE) and the Fraction of Frames
within distance (FF). FF(d) is the fraction of test examples that have all predicted
joints of the pointwise pose below a given maximum Euclidean distance d in mm
from the ground-truth. Note that for the metric FF, higher is better. The detailed
expression of these metrics and their computation is in appendix [7.5.2]

Second, we want to compare DISCO Nets with existing deep probabilistic mod-
els, specifically the conditional GAN (cGAN) model. To do so, we need a way to
evaluate the quality of the distributions captured by DISCO Nets and cGAN. Both
models are implicit models, therefore they do not provide tractable likelihoods. As
explained in section [4.4.3] we use as probabilistic evaluation metric the DISCO
Nets’ objective with v = 1/2, that is, DISCOA(P, @, P,) with the Energy score. In
this experiment, we only have one ground-truth annotation y; per input sample x;
and cannot compute an estimate of DIVA(P, P, P,), as we would need at least 2
annotations y;,y. per input x;. This is not a problem since our goal is to com-
pare models, in other words, to assess if DISCOA(P, @1, P;) < DISCOA(P, Q2, P;)
where (01, (5 are the distributions respectively captured by DISCO Nets and cGAN.
The term DIVA(P, P, P,) is a constant depending only on the data and disappears.
We can equivalently assess if Fa(P, Q1, P,) < Fa(P,Qs, P,). Specifically, we com-
pute ﬁA(P, Q, P.) (equation (4.2]), with v = 1/2) on the test set, using K samples

per input, and report the corresponding value as Fa.

NYU Hand Pose data set. The NYU Hand Pose data set (Tompson et al.
2014)) contains 8,252 testing and 72,757 training frames of captured RGBD data

with 1 ground-truth hand pose information. The training set is composed of images
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of one person whereas the testing set is composed of images of two persons. For
each frame, the RGBD data from 3 Kinects is provided: a frontal view and 2
side views. In our experiments we use only the depth data from the frontal view.
While the ground-truth contains J = 36 annotated joints, we follow the evaluation
protocol of (Oberweger et al. (2015alb|) and use the same subset of J = 14 joints.
We use 10, 000 examples from the 72, 757 training frames to construct a validation
data set and train only on 62,757 examples. We describe the preprocessing of the

data set in appendix [7.5.2]

Models and architectures. The model BASE stands for taking (i) v = 0 in
the training objective Fa(P, @, P,) and (ii) no noise is concatenated. This cor-
responds to a classic deep network which, for a given input x, generates a single
output y = G(x;@)ﬂ In order to use the MEU method for the model BASE, we
construct K candidates by adding Gaussian random noise of mean 0 and diagonal
covariance ¥ = o1, with ¢ € {Imm?, 5mm?, 10mm?} to the single output. We
refer to this model as BASE,.

The models referred to as DISCO,, employ the training objective Fa(P, @, Py)
with different values of v. When v = 0, noise is injected and the network capacity
is the same as DISCO,,y. This is to assess that sampling from the random noise
is not just preventing overfitting. When vy = 1/2, DISCO,—/5’s objective has the
unique minimum guarantee from strictly proper scoring rule theory. The novelty
of DISCO Nets resides in their objective function and they do not require the use
of a specific network architecture. This allows us to employ a network architecture

inspired by (Oberweger et al. (2015a)), detailed in appendix |7.5.2}

“Note that we write G(z;0) and not G(x, z; ) since no noise is concatenated.



4. DISCO Nets: DISsimilarity COefficient Networks 77

Model Fa (mm) MeJEE (mm) MaJEE (mm) FF (80mm)
BASE,_; 103.8+0.627 25.240.152 52.7£0.290 86.040
BASE,_; 99.3+0.620 25.51+0.151 52.940.289 85.773
BASE,—10 96.3+0.612 25.7%£0.149 53.24+0.288 85.664
DISCO,— 92.9+0.533 21.6+0.128 46.0+0.251 92.971

DISCO,=p25  89.940.510 21.240.122 46.4+0.252 93.262
DISCO,—;» 83.8 £0.503 20.9£0.124  45.140.246 94.438

Table 4.1: Metrics values on the testing set + standard error of the mean computed
using K = 100 sampled outputs per test image. Best performances in bold.

4.5.2 Results

Quantitative evaluation. Table reports performances on the testing data
set, with parameters cross-validated on the validation set. All versions of DISCO
Nets outperform the BASE model. Among the different values of ~, we see
that v = 1/2 better captures the true distribution while retaining accurate per-
formance on the standard pointwise metrics. This shows that using v = 1/2, which
guarantees that DISCO Nets’ objective is minimised only at the true distribution,

is the most relevant training objective.

Qualitative evaluation. In Figure we show candidate poses generated
by DISCO,—;/, for 3 test images. The left image shows the input depth image,
and the right image shows the ground-truth pose (in grey) with 100 candidate out-
puts (superimposed in transparent red). The model predicts the joint locations and
we interpolate the joints with edges. If an edge is thinner and more opaque, it
means the different predictions overlap and that the uncertainty in the location of
the edge’s joints is low. We can see that DISCO,_,/, captures relevant uncertainty

in the structure of the hand?l

5We note an offset in the predicted poses, it might be due to the fact that the training set
(hence the validation set) contains images of a single person, while the testing set contains samples
from two persons. We cannot verify this hypothesis since, to the best of our knowledge, the test
samples are not annotated with the person identity.
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(a) When there are no
occlusions, DISCO Nets
model low uncertainty in

all joints.

\'3
g F

(b) When the hand is
half-fisted, DISCO Nets
model the uncertainty in
the location of the finger-
tips.

78

» o

(c) Here the fingertips of
all fingers but the fore-
finger are occluded and
DISCO Nets model high

uncertainty in them.

Figure 4.3: DISCO,—, /2 predictions for 3 testing samples. The left image shows the
input depth image, and the right image shows the ground-truth pose in grey with 100
candidate outputs superimposed in transparent red. The depth images are from the

NYU Hand Pose data set (Tompson et all |2014)), preprocessed as in

it o] (201,

Figure shows the matrices of Pearson product-moment correlation coeffi-

cients between joints. We compute these matrices by sampling 100 outputs per

input, and computing the Pearson product-moment correlation coefficient matrix

of each test input. Then, we compute the mean of the per-input matrices, and show

the resulting matrix. We note that DISCO Nets with DISCO,—,/, capture more

intuitive correlations between the joints of a finger and between the fingers.
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Figure 4.4: Pearson coefficients matrices of the joints. Palm has no value as certain
mput empirical vartances are null.
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Model Fa (mm) MeJEE (mm) MaJEE (mm) FF (80mm)
cGAN 442.7+£0.513  109.8+£0.128  201.4+£0.320 0.000
CGANipnit, fixea  128.9£0.480 31.84+0.117 64.3+0.230 78.454

DISCO,—;/,  83.8 £0.503 20.9+0.124  45.1+0.246 94.438

Table 4.2: Metrics values on the testing set £ standard error of the mean for cGAN,
and DISCO,—, /o performance for comparison. Best performances in bold.

Comparison with existing probabilistic models. In order to compare cGAN
to DISCO Nets, several issues must be overcome. First, we must design a network
architecture for the Discriminator. This is a first disadvantage of cGAN compared
to DISCO Nets which require no adversary. Second, as mentioned in (Goodfellow
et al. (2014) and Radford et al.| (2015)), GAN (and thus cGAN) require very careful
design of the networks’ architecture and training procedure. In order to do a fair
comparison, we followed the work in Mirza and Osindero| (2014]) and practical advice
for GAN presented in Larsen and Sgnderby (2015). We try (i) cGAN, initialising
all layers of D and G randomly, and (ii) cGANjyit. fixea initialising the convolutional
layers of G and D with the trained best-performing DISCO,—; /2, and keeping these
layers fixed. That is, the convolutional parts of G and D are fixed feature extractors
for the depth image. This is a setting similar to the one employed for tag-annotation
of images in [Mirza and Osindero| (2014). We report the results in Table [4.2]
Table shows that the cGAN model obtains satisfactory results only when
the convolutional layers of G and D are initialised with our trained model and kept
fixed, that is cGANjp, fixea. These results are still outperformed by DISCO,—s.
As we mention in section , since our publication (Bouchacourt et al., 2016])
research has developed the training of GAN-based models. While there may be a
better architecture for cGAN, our experiments demonstrate the difficulty of training

cGAN over DISCO Nets.

Comparison to state-of-the-art Finally, we compare DISCO Nets to state-

of-the-art non-probabilistic models, specifically designed for hand pose estimation.
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100

—  DISCO,—1p2

1| — NYU-Prior

——  NYU-Prior-Refined
—  NYU-Init

1| — NYU-Feedback

Fraction of frames within distance (%]

0

Distance d (mm)

Figure 4.5: Fractions of frames within distance d in (by 5 mm).

In Oberweger et al.| (2015b) a constrained prior hand model, referred to as NYU-
Prior, is refined on each hand joint position to increase accuracy, referred to as
NYU-Prior-Refined. In |Oberweger et al.| (2015b)), the input depth image is fed to
a first network NYU-Init, which outputs a pose used to synthesise an image with
a second network. The synthesised image is used with the input depth image to
derive a pose update. We refer to the whole model as NYU-Feedback. On the
contrary, DISCO Nets use a single network with a network architecture similar to
the one of NYU-Prior (without constraining on a pose prior). We train the best-
performing DISCO,,—;/; on the entire training set, and compare performances with

state-of-the-art models in Table 4.3 and Figure [4.5] on the testing set.

Model MeJEE (mm) MaJEE (mm) FF (80mm)
NYU-Prior 20.7+0.150 44.84+0.289 91.190
NYU-Prior-Refined  19.7£0.157 44.7£0.327 88.148
NYU-Init 27.4+0.152 55.4+0.265 86.537
NYU-Feedback 16.0+0.096 36.1+0.208 97.334
DISCO,=1/2 20.7+0.121 45.1£0.246 93.250

Table 4.3: DISCO Nets and state-of-the-art performances £+ standard error of the
mean. The architecture most similar to DISCO Nets is NYU-Prior. Best perfor-
mances in bold.

By accurately modeling the distribution of the pose given the depth im-
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age, DISCO Nets obtain comparable performances to NYU-Prior and NYU-Prior-
Refined on classic hand pose estimation metrics. Without any extra effort, DISCO
Nets could be embedded in the more complicated NYU-Prior-Refined and NYU-

Feedback methods, possibly boosting the performance of the state-of-the-art.

4.6 DISCO Nets for discrete outputs

Many important problems in structured output prediction are discrete by na-

ture (Nowozin and Lampert|, 2011). Take the example of predicting how one would

rate a person’s face on attributes such as kind and attractive. For a specific rater,
we expect each attribute’s rating to exhibit strong inter-dependencies. In addition,

different raters assign different ratings, especially on subjective attributes such as

kindness. Figure shows a face image from the US10k Face Data set

bridge et all 2013), rated on 20 attributes by 3 Amazon Mechanical Turk (AMT)

workers (each color corresponds to an AMT worker). We see the discrepancies
among ratings, for example the ratings on the attribute introverted are {1,4,3}
and on trustworthy are {4,9,8}. This results in a complex joint distribution of the

attributes’ ratings for a given image.

Figure 4.6: The face image is rated on 20 attributes (em. wunstab. stands for
emotionally unstable) by 3 different AMT workers on a range from 1 to 9. FEach
color corresponds to one AMT worker. The face image and ratings values are part
of the US10k Face Data set (Bainbridge et al., |2015).
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4.6.1 The difficulty of discrete spaces

We explain in section how deep probabilistic models, including DISCO Nets,
use the Law of the Unconscious Statistician (LOTUS) to compute the gradient
of their objective function. This is no longer applicable when the distribution to
capture is discrete. Therefore, the VAE model handles discrete output variables, but
not discrete latent spaces. By contrast, the original GAN model handles discrete
latent spaces but not discrete outputs. An approach for training GAN on discrete
sequences is proposed in |[Yu et al.| (2017)) with the REINFORCE method (Williams|,
1992). However the REINFORCE method leads to a high-variance estimator that
converges slowly and gives poor performances (Paisley et al., |2012). London and
Schwing] (2016|) introduce a smoothed generator to apply GANSs to discrete outputs.
The “Gumbel-softmax trick” allows the reparametrisation of discrete distributions
using the Gumbel distribution and the arg max operator. This trick is used in |Jang
et al.| (2017)); Kusner and Hernandez-Lobato (2016)); |[Maddison et al.| (2017)), where
the non-differentiable arg max operator is approximated by the softmax function
and a temperature parameter. Rolfe (2017) smooth the discrete latent space of
the VAE model, and Zhao et al| (2017a) overcome the difficulty by encoding the
discrete data into a continuous space.

However, these methods fail to take into account the task-specific loss. For
example in semantic segmentation, the evaluation loss is the intersection-over-union
(IoU) or Jaccard Index (Jaccard) [1901). However, most semantic segmentation
models employ differentiable losses such as cross-entropy and research is advancing
towards directly optimising the ToU (Rahman and Wang, 2016]). Encouraged by
the positive results of DISCO Nets on the task of hand pose estimation, we extend
DISCO Nets to the modelling of discrete structured output distributions. Similar

to GAN, the training procedure of DISCO Nets involves a non-differentiable step in
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this case. Since we need samples from the model to compute the loss in our objective
function, approximating the arg max operator with the softmax function at training
is not applicable. Inspired by the Direct Loss Minimisation method (McAllester
et al., [2010; Song et al., 2016), we derive an optimisation algorithm to extend

DISCO Nets to discrete output variables.

4.6.2 Prediction

We consider a structured discrete output y € Y corresponding to an input z € X.
The sampling process is similar to the continuous case, with the addition of a
discretisation step. Specifically, given input z, a random noise z, and model pa-
rameters 6, DISCO Nets output a grades set Gy(x,z;60), that is, a set of val-
ues Gy(x, z;6) for each possible § € Y. The grade of a particular § is Gy(z, 2; Q)E]

From this output we perform:

y = argmax Gy(x, 2; 0). (4.19)

yey

We call this process the mazimal grade prediction process, and g the maximal graded
output. The sampling process is shown in Figure 1.7 We assume ) to be finite

with no ties in maximisation, and x € X and z € Z to remain continuous.

4.6.3 A non-differentiable training procedure

Given a pair of input and random noise samples (x, z) and the model parameters 6,

the maximal grade prediction process is a deterministic function. Recall our training

6We purposely employ the term grade and not score to avoid any confusion with scoring rule
theory.
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Figure 4.7:  DISCO Nets sampling process for discrete outputs. By
using 3 random  samples  zy, 25,23, DISCO Nets output 3 grades
sets Gy(xz,21;0), Gy(x,20;0), Gy(x,z3;0), and we obtain 3 mazimal graded
outputs 11,7, 3. The face image is from the US10k Face Data set

e al}, 2015).

objective function is as follows,
FA(Pa Q7 P:l?) = DIVA(P7 Qa Px) - ’YDIVA(Q7 QJ Pz)

FA(P,Q, P,) corresponds to DISCOA (P, @, P,) without the term DIVA(P, P, P,),
which is a constant depending on the data and does not appear in the gradient.
Using the Law of the Unconscious Statistician (LOTUS) (see section [2.3.1)), we
write the expectations with respect to Q(y|z;0) as expectations over the random

variable z. This gives us the following,

DIVA(P Q P = :chx (x) |:]Ey~P (y|z) [ Yy ~Q(y|z; 9)[A(y7y/)]ﬂ
= Eoop, @) [Eymriyln) [Eonr. () [A 1, 9)]]]

DIVA(Q, Q, Pr) = Eanp,(@) [Eynqule) [y~ [A Y, ¥']]]

[E

= Ewaz (z) |z~ Py z)|: 2’ NPZ(z)[A(g7 @/)]H )
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where 7,4’ are maximal graded outputs,

y = argmax Gy(x, 2;6),
gey

y = argmax Gy(z, 2'; 0).
geY
The gradients VyDIVA(P, @, P,) and VyDIVA(Q, @, P,) can exist, but the use of
the arg max operator renders the sampling process non-differentiable with respect
to #. That is, we cannot compute an estimate of the gradient using the LOTUS.
The term DIVA(P, @, P,) corresponds to the classic structured output prediction
objective, that is, the expected loss between the prediction and the ground-truth.
Therefore it admits a convex upper bound, or can be optimised using the Direct Loss
Minimisation method (DLM) (McAllester et al., 2010; [Song et al., 2016). There
is no existing method to optimise DIVA(Q, @, P,), which corresponds to the ex-
pected value of the loss between two samples both drawn from the model’s distri-
bution Q(y|x;#). We solve this issue by deriving an approximation of the gradient
of the second term of the DISCO Nets’ objective with a temperature parameter,
similar to |[McAllester et al.| (2010)); Song et al.| (2016). The gradient is provided in
Theorem [4.I] When the temperature parameter € > 0 goes to the limit value 0,

denoted € N\, 0, we retrieve the true gradient.
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Theorem 4.1 (DISCO Nets Loss gradient theorem). For a finite space ), under

some reqularity conditions (detailed in the proof), the gradient VoFa(P,Q, P,) is:

1
VQFA(PJ Q?PZ) = j:h\I‘% EVGFEA(P7Q7 Pm)

1 1
= tlim~ (VaDIV4 (P, Q. P,) = 5ViDIVA(Q. Q. P,)),

where
ViDIVA(P.Q. P,
= Eor. @) [Byepyin) [Eanr (o) [VoGy, (2, 2:0) = VoGy(z, 2 0)]]] |
y = argmax Gy(x, 2; 0),
JeY
yp, = argmax Gy(z, z;6) £ eA(7,v),
geY
VQDIVEA(Qv Q7 PJZ)
=2 EINPI(CB) [EZNPZ(Z) [EZ’NPZ(Z) [VGqu ({L‘, <3 Q) - VQGQ(xa <3 0)} }] )
§ = argmax Gy(z, 2;0),
geY
y, = argmax Gy(z, z;0) £ eA(g, 7).
geY
Proof. In appendix [7.5.1] O

The + sign means that the theorem is true (i) when one replaces + by a +
everywhere (positive update direction) (ii) + by a — everywhere (negative update
direction), but the signs cannot be mixed. Let us give an intuitive explanation of
Theorem [£.1] We consider the positive update direction, that is, we replace all +
with a + and this gives VoFA(P,Q, P,) = ll\r{% %VQFZ(P,Q,PI). We fix € > 0.

Using gradient descent, the model parameters are updated in the direction:

1
~ VoFA(P.Q. Px) = 5VoDIVA(Q, Q. Px) = VoDIVA(P.Q, F). (4.20)
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(a)  VeDIVA(P.Q,F:) (b)  VeDIVA(Q,Q,P:) (¢) The case v = 1/2
pushes towards y (mazi- pushes away from § and pushes  directly — away
mal graded output), away towards y, (maximal loss- from vy,, a high-graded
from vy, (mazimal loss- augmented graded output output with high loss
augmented graded output w.r.t. the other mazximal w.r.t. the ground-truth
w.r.t. the ground-truth.)  graded output '), encour- towards y,, a high-graded

aging dwersity between vy output with  high loss

and ' (hence,  diverse) w.r.t.
the other maximal graded
output v’

Figure 4.8: Illustration of the Loss gradient theorem for DISCO Nets. Blue and
green circles represent maximal graded outputs, and the ground-truth in red circle.
Triangles represent loss-augmented maximal graded outputs, with the border corre-
sponding to the output with respect to (w.r.t.) which the loss is computed (ground-
truth or other maximal graded output). The shading represents values of the grades
set Gy(x, z;0) over the space Y (darker is higher).

Consider an input z, a ground-truth sampled output y ~ P(y|z). From two noise
samples z, 2/, DISCO Nets output two grades sets Gy (z, z;6) and Gy(x, z';0). These
grades sets respectively have the corresponding maximal graded outputs g and 7/'.
We look at the two terms in equation , and how the move they induce on

the grades set Gy(z,z;0).

e —VyDIVL(P,Q, P,): the move in the output space corresponding to this term
is shown in Figure The term —VyDIV§ (P, Q, P,) makes the parameters

move along the direction:

—VoGy, (2,2;0) + VoGy(x, 2;0).
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This updates the model parameters in the direction of the maximal
graded output y of the grades set Gy(x,z;0). At the same time, it en-
courages the model to move in the opposite direction of VoG, (z,z;0),
that is, away from y,. Recall that y, has the maximal loss-augmented
grade Gj(x, z;0)+€eA(7, y) with respect to the true data distribution sample y.
Moving away from ¥, encourages the model to move away from a prediction

with high grade but also high loss with respect to the ground-truth.

o VyDIVL(Q,Q, P,): the move in the output space corresponding to this term
is shown in Figure [4.8D] The term V,DIV4(Q, Q, P,) makes the parameters

move along the direction:

VoGy, (2, 2,0) — VoGy(, 2;0).

This updates the model parameters in the direction of y,. Here, y, is the
output of maximal loss-augmented grade Gy(z, z;0) + eA(y, ') with respect
to the other maximal graded output ¢'. This encourages diversity between
the two maximal graded outputs, ¢ and ¢/, for a given z. At the same time,

it makes the model move away from 7.

e Figure corresponds to the specific case v = 1/2. When v = 1/2, the up-
date of the gradient away from ¢ in (b) cancels out with the update towards g
in (a). In this case, the direction of the gradient is directly away from y,,
a high-graded output with high loss with respect to the ground-truth, and
towards y,, a high-graded output with high loss with respect to the other
maximal graded output ¢/, encouraging diverse and accurate samples. This
cancelling effect is expected. For v = 1/2 the DISCO Net’s objective is a
strictly proper scoring rule, therefore it is maximised at the true data distri-

bution, where the gradient is 0. Consider that the model is at this maximum,
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that is, the model’s samples are drawn from the same distribution as ground-
truth samples. Then, y, (maximal loss-augmented graded output with respect
to the ground-truth) and y, (maximal loss-augmented graded output with re-
spect the model sample) are the same (precisely, the same on expectation),

and the gradient update is indeed 0.

Theorem requires regularity conditions detailed in the appendix [7.5.1} In
practise, if these conditions are not met or if the gradients VyDIVA(P,Q, P,)
and V¢DIVA(Q, @, P,) are undefined, we still use our approximation to learn the

model’s parameters.

4.6.4 Optimisation procedure for discrete outputs

We consider a training data set composed of n examples input-output
pairs D = {(z;,v:),i = 1,...,n}. We learn the parameters 6 with mini-batch gra-
dient descent. We construct an unbiased estimator of the gradient approximation

by computing unbiased estimators of each diversity gradient approximation.
VoF4 (P, Q, ;) = VeDIVA(P,Q, P,) — 7VsDIVA(Q,Q, Py). (4.21)

Similar to the continuous setting, the estimators are computed using samples drawn
from the data set and from DISCO Nets. The learning algorithm is shown in
Algorithm (3| (shown for clarity for a single input-output pair (z;,v;) € D and a

single update of the parameters).

4.6.5 Strictly definite positive kernels on discrete data

In the discrete setting, we employ DISCO Nets expressed as the Negative kernel
score, that is, using a loss A(y,y") = Kpae — K(y,y’) where K is a strictly positive

definite (SPD) kernel. We list now existing SPD kernels on discrete data used in
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Algorithm 3: DISCO Nets training algorithm for discrete outputs, for a single
input-output pair (z;,y;) € D.

1 Sample K random noise vectors (21, ..., 2;x) for input ;.
2 Generate K grades sets Gy(z;, zix; 60),k = 1,..., K for input x;.
for k=1,...,K do

3 Find maximal graded output,
i = arg max Gy (z, z; 1 0").
gey
4 Find loss-augmented maximal graded output w.r.t. ground-truth y;,
Yipk = argmax Gy(z, z; 13 0") £ eA(F, vi).
geY

end
for k=1,...,K do
for k’=1,... K, k' # k do
5 Find loss-augmented maximal graded output w.r.t. other maximal
graded output g; i/,
Yighw = argmax Gg(x, z; 13 0") + eA(T, Gi ).
geY
end

end
6 Compute approximated gradient estimates:

K
~ 1
VaDIVA(P.Q, Po)lor = 7= D | VoG, (i, i 0)lor = VoG (i, 210 )l .

k=1

VoDIV4(Q, Q, Py)|o:

K K
>N [VaGyw,k,k, (@i, 2543 0)|or — VoG, , (i, 2ik; 9)|et].
k=1 k'=1,

K2k

5 1
KK —1)

7 Update parameters 8! <— 0! by descending the approximated gradient
estimate VoF4 (P, Q, Py)|ot-

real-world applications. We focus on non-decomposable kernels that do not decom-
pose over the dimensions of the ouput, in order to have non-decomposable losses.
First, this ensures that the model captures the structure of the output. Second,
real-world applications often employ non-decomposable loss functions, such as the

Jaccard index (or Intersection over Union) used in semantic segmentation of images.
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Jaccard index. For binary-valued outputs y € Y = {0,1}*, that
is, y = (y',...,y"), 9L, ...,y € {0,1}, the Jaccard index (Jaccard, [1901) between

two outputs (y,y') € Y x Y is defined as follows,

Z:l Liya—inya=1y
KJaccard(yyy,) = a; .
z_:l 1{ya:1\/y/a:1}

Bouchard et al.| (2013); |Gower| (1971)) show that the Jaccard index is a SPD kernel.

MinMax kernel. If we consider range-valued outputs y € Y = {0, ..., R}*, that
is, y = (y',...,y"), 9%, ..., y4 €{0,..., R}, the MinMax kernel is defined between

two outputs (y,y’) € Y x Y as follows,

min(y®, y"*)

KMinMaX (ya y/)

max(y*, y’ ).

The MinMax kernel has been introduced for molecules structures and is a SPD

kernel (Ralaivola et al., 2005). When R = 1, it is equivalent to the Jaccard index.

Exact loss-augmented inference. We focus on non-decomposable kernels such
as the MinMax kernel. In this case, solving the loss-augmented problems in steps [4]
and [ of Algorithm |3| easily becomes intractable. Methods have been developed
to find approximate solutions, for example Tarlow and Zemel (2012). However, in
our experiments we use exact inference in order to perform a fair comparison. Us-
ing dynamic programming methods, we find exact solutions to the loss-augmented

problems in pseudo-polynomial time. We briefly detail how in appendix
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4.7 Psychology attributes ratings prediction
experiment

We tackle the challenge of predicting, given an input face image z, the distri-
bution of y, the ratings over a collection of psychology attributes. That is, the
output y € {0,..., R}* is composed of A integer values between 0 and R. This is

a multi-label (A attributes) multi-class (R possible ratings) problem.

4.7.1 Setting

Loss A employed. For this experiment, we rely on the Negative kernel score,
that is, we use the loss function A : Y x Y — R, A(y,v') = 1 — Kyinmax (¥, Y')
where Kypinmax 18 the MinMax kernel, which maximal value is 1 in the case y = v/'.

With this loss, the DISCO Nets’ training objective is

FA(Pa Qa Pa:) = E:}:NPI(:B) [Ewa(y\x) [Ey’NQ(y|x;9)[1 - K(ya y,)H

— By qylet) [Eyrmaylen[1 — K, y")]] ] :

which corresponds to DISCOa (P, @, P,) without the constant term DIV (P, P, F,).

When v = 1/2, strictly proper scoring rule theory guarantees equation (4.18)).

The US10k Face Data set. The US10k Face Data Set (Bainbridge et al.|
2013)) contains 10, 168 natural face photographs, among which 2,222 of the images
have been annotated with memorability scores, computer vision and psychology
attributes, and landmark point annotations. We tackle the prediction of the psy-
chology attributes ratings of the face images. We describe the preprocessing of
the data set in appendix [7.5.3] The attributes are rated on a scale from 1 to 9,

which we rescale from 0 to 8. After preprocessing, each of the 2,222 images has 12
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boring calm cold confident egotistic
emotionally unstable|intelligent |introverted|kind responsible
trustworthy unattractive|unhappy |weird atypical
forgettable unfamiliar |common |[unemotional unfriendly

Table 4.4: Psychology attributes from |Bainbridge et al.| (2013) that we consider.

annotations, that is, 12 vectors yi,...,y12 of ratings over the 20 attributes. The
attributes we consider are listed in Table [£.4 We split the data set into 1,022

images for training, 600 for validation and 600 for testing.

Methods. Asin the continuous case, we use as probabilistic evaluation metric the
DISCO Nets’ objective with v = 1/2, that is, DISCOA (P, @, P,) with the Negative
kernel score. In this experiment, we have 12 ground-truth annotations v; 1, ..., yi 12
per input sample x; and we can compute an estimate of DIVA(P, P, P,). Therefore,
we report an estimate of DISCOA (P, @, P,) on the test data set denoted DISCOA,.
For each model, we draw K samples ¢;; per input z; from the model’s distri-

bution and compute:

1 Ntest 1 12 1 K
DISCOr =— Y | > Ayt i)
k=

1 =1 1
1 1 K K 1 1 12 12
ST A(Gik, Gi) — 5 Ai;i’]-
2K(K—1)ZZ (G Do) = 575777 22 2 Al )
k=1 k'=1 U'=110=1
k' #k U'#l

As a pointwise evaluation metric, we report the value of the loss A. Specifically, for
each test input z;, we compute A(y; x, ¥i mpu) wWhere y;;, 0 = 1,...,12 is a ground-
truth rating for image z;, and ¢; gy is the output elected with the MEU method
among rating samples drawn from the model. We report the mean value on the

test set, as follows,

1 Titest 1 12

Z —2 Z A(yi,h ?)zMEU)

n 1
test 1 ~% =1

Anpy =
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Architecture. Given an input and noise pair (z, z), we use a deep network that

RA*E  In this experi-

represents the grades set Gy(z,z;0) as a matrix MY, €
ment, A = 20 (number of attributes) and R = 9 (ratings go from 0 to 8). Recall
that the input z is a face image and the output y is a 20-dimensional vector of rat-
ings over the attributes. Each element of Mg,z is a scalar value Miz(a, r) that grades

“y* = r”, that is, the dimension a € {1,..., A} of y taking the value r € {0, ..., R}.

The total grade G (z, z;6) of an output y is the sum of its per-dimension values:

A

Gy(z,2,0) = ZG(:{:Z@ ZZ ca,m)pyazyy.

a=1 a=1 r=0

We use a standard CNN architecture described in appendix [7.5.3] In order to
keep the values of the score matrix within a range, we use a softmax activation

function after the last layer.

DISCO Nets model DISCO,_;/;. Despite the use of the softmax function,
DISCO Nets do not consider the grades values as probabilities. The maximal grade

prediction process is as follows,

A R
y = argmax Gy(x, z; 6) —argmaxZG x,z;0)* —argmaxzz (a,r)1{ga=r)

yeY ESN— LS —

= VYac{l,...,A}, 9" = argmax M? (a,r).
re{0,...,R} ’

We train DISCO Nets with v = 1/2, which corresponds to a strictly proper scoring

rule and guarantees equation (4.18]).

Non-probabilistic model DISCO,,—;. As in the experiment on hand pose es-
timation, we compare with the DISCO Nets model when v = 0, that is, noise is

injected and the model capacity is the same as DISCO,—;/,. We train DISCO,—
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by minimising the following Hinge-type upper bound on DIV (P, @, Pm)m:

DIVA(Pa Qa Pa:) SExNPI(w) Ewa(y\x) [EZNPZ (2) [Iyr,lg));{{A(yv y,)

+ Gy, 20) — Gy, 2 e)}]]].

Baseline probabilistic model CNN-CE.

In order to compare DISCO Nets

to a probabilistic model, we train the same CNN architecture using the cross-

entropy (CE) loss. We refer to this model as CNN-CE. It considers the output

matrix M?, € R of the last layer (after the softmax activation function)

as the probabilities of the distribution Q(y|z,z;0). We define the marginalised

pdf q(y|z;0) = E.p,(2)lq(y|z, 2;0)] to factorise over each dimension a of the out-

A
put y, as q(y|z;0) = H q(y*|z;0). The training of CNN-CE is done by minimising

a=1
the negative log-likelihood of the data under this model, as follows,

CNN_CE(Pa Q7 Px) = _]Ewaz(w) [Ewa(ykL‘) [IOg Q(y|xa Q)H

= _Eszw (x)

= _]EmNPI (z)

Ey~p(ylz)

Ey~p(ylz)

> logq(y“|a; 9)”

[ A
Z lOg EZNPz(Z) [Q(ya"xa Z; 9)]] ] :
| a=1

(4.22)

To sample from CNN-CE, we marginalise the variable z and we sample from the

"We also tried training the DISCO.,—, model using the Direct Loss Minimisation
method (McAllester et all [2010; [Song et al., [2016) but better performance for this model is
obtained using the Hinge-type upper bound.
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resulting factorised distribution:

g~ Qylr;0) <= Vae{l,..., A}, g% ~ Q(y*|z:0),

where q(y* = r|z;0) = E.op.»)[q(y* = 7|2, 2;0)] = E..p.(2) [Mb,sz(a, r)} . (4.23)

We denote the CNN-CE’s sampling process as the marginalised grade prediction pro-
cess. In comparison DISCO Nets performs sampling through the use of the arg max
thresholding. The following remark explains that the CNN-CE’s training objec-
tive in equation is also guaranteed to be minimised at the true distribution.
However, as the DISCO Nets’ objective is tailored to the loss at hand, we expect
better performance from DISCO Nets on this loss, since we assumed that we are

under model misspecification.

Remark 4.1 (Maximum log-likelihood as a scoring rule). The objective function
equation also corresponds to the minimisation of the expectation of the di-
vergence associated to a strictly proper scoring rule. In this case, the corresponding
scoring rule is the Logarithmic score (see section . The Logarithmic score is
strictly proper and is defined, for a distribution T (y|x), evaluated at y ~ P(y|z),
as S(T,y)* = logt(y|z). Under this scoring rule, the expected scores of P(y)

and Q(y|x;0), and the expectation of the associated divergence, are:

S(Q, P)x = Ewa(y\x) [1Og Q<y|x; 9)] )
S(Pa P)x = EyNP(y\x) [logp(y|$)] )

Emez(w) [d(Qa P)x] = ]EINPI(Z) [Ewa(yL’E) [10gp(y|l’) - log q(y|w7 H)H
Thereby, the Logarithmic score gquarantees that

CNN-CE(P,Q,P,) =0 < Q(y|z;0) = P(y|z) a. e. on X. (4.24)
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4.7.2 Results

Quantitative evaluation. Table reports the mean value of DISCOa
and Aygy of the DISCO Nets and CNN-CE models. For each test face image,
we draw 100 sets of ratings of the 20 attributes. We see that DISCO,_;/, gives a
slightly lower value of the divergence measure DISCO, than CNN-CE, and out-
performs CNN-CE on Aygy. This supports our claim that using the same loss at
training and testing gives better performance. As expected, the non-probabilistic
counterpart DISCO,—g, and fails on DISCOA. For a given input, the learning ob-
jective of DISCO,~, encourages the prediction of a single output that minimises
the loss with respect to the multiple ground-truth annotations. It does not capture
the distribution of the ratings, for a given input. However, we note that there is
room for improvement of DISCO,_;/; compared to DISCO,—q on the pointwise
evaluation metric.

We do an experiment where at test time we sample from DISCO Nets the
same way we sample from CNN-CE, that is, with the marginalised grade prediction
process of equation . This gives a value of DISCOA of 0.0368, to compare with
the value of 0.0093 from Table using the maximal graded prediction process.
This asserts that DISCO Nets do not consider the values after the softmax activation
function as probabilities of a factorised distribution.

However, the difference in performance are not statistically significant. Using

Hoeffding inequality, given that the testing set consists of only 600 samples, one

Model | DISCO, AmEU
DISCO,-1/2 | 0.0093+0.000  0.399+0.001
CNN-CE 0.0106£0.000  0.4140.001

DISCO,~ 0.1196+0.001  0.358+0.002

Table 4.5: FEwvaluation metrics £ standard error of the mean on the testing set,
computed using K = 100 sample outputs per test image. Best values are in bold.
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can show that the true value of DISCO, is in the interval DISCOA =+ 0.066 with
probability 0.99. We leave for future work applications on a larger dataset, and

pursue a qualitative analysis of the results.

Qualitative evaluation. In order to analyse the distributions captured by the
models, we compute for each image (i) the attributes ratings mean and (ii) the
attributes ratings covariance matrix of each model’s distribution. As in the case of
the correlation matrices in the hand pose estimation experiment, we estimate these
quantities for each test input image and compute their mean on the testing data set.
Each test image has 12 annotations, allowing us to estimate these statistics on the
testing data set. For each model, we sample 12 ratings per input image, to match
the number of annotations of the testing data set. Figure shows the testing data
set mean of the absolute error on the per-input attributes ratings mean. The perfor-
mances of the CNN-CE and DISCO,,—,/ are on par. DISCO,—, gives better results

by returning a single output that is close to the mean of the ratings for that input.
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Figure 4.9: Mean and standard error of the mean of the absolute error on the per-
input attribute ratings mean (em. unstab. stands for emotionally unstable).
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Figure[4.10]shows the testing data set mean of the per-input covariance matrices.
As we mentioned, DISCO,— predicts a single output per input, resulting in almost
all 0 per-input variance on the attributes ratings in Figure Importantly, com-
paring Figures [£.10b] [1.10c and [£.10d] we see that DISCO,—;/, accurately captures

covariances among attributes ratings that the CNN-CE model fails to captureﬂ

However, this does not strongly impact the value of the metric DISCOA,.
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Figure 4.10: Mean of the per-input attributes ratings covariance matric (em. unstab.
stands for emotionally unstable). Colorbars are all set to the test data set’s colorbar.

8As the data is ordinal, we performed analysis using the Spearman rank coefficient and the
conclusions are similar.
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In appendix we analyse the ability of the Negative kernel score to distin-
guish between the quality of two models’ distribution, with the aim of understanding
the limitations of our dissimilarity coefficient objective. We conclude that the Neg-
ative kernel score is more sensitive to an error in the estimation of the marginal

means of a distribution than to the covariances.

4.8 Discussion

We proposed DISCO Nets, a new class of models to perform probabilistic structured
output prediction that allows the user to tailor the model according to his/her needs.
Using theory related to strictly proper scoring rules, we showed that for certain
types of loss our objective function is guaranteed to be minimised if and only if the
model’s distribution perfectly represents the true data distribution. In the case of
a continuous output, experimental results on the task of hand pose estimation con-
sistently support our theoretical hypothesis as DISCO Nets outperform equivalent
non-probabilistic models and existing probabilistic models. As their novelty resides
in their objective function, DISCO Nets do not require any specific architecture
and can be easily applied to new problems. In the case of a finite output space,
we derived an approximation algorithm to learn the parameters of DISCO Nets.
We performed experiments on a multi-class multi-label prediction task. By using
a loss-calibrated training objective, based on a non-decomposable kernel, DISCO
Nets accurately capture structure in the learned distribution.

In the discrete setting, our evaluation does not lead to a significant gain in quan-
titive performance, and we relate this to the discrimination ability of the Negative
kernel score. |Li et al. (2017) learn a parametrised kernel with adversarial training
to increase the expressiveness of kernel Maximum Mean Discrepancy based mod-

els (Dziugaite et al. [2015; |Li et al., [2015). Similarly, we contemplate parametrising
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and learning the loss function employed in our objective to maximise the discrimina-
tion ability of the associated scoring rule. Moreover, in our experiment with discrete
outputs, we used exact inference to solve the loss-augmented inference problems in
order to perform a fair comparison. It would be interesting to tackle applications
with large data sets and high-dimensional outputs, for example semantic segmen-

tation, using existing approximation methods.



Chapter 5

Multi-Level Variational

Autoencoder for grouped data

In the previous two chapters, we considered that the task to perform was explicitly
known, and that we had access to its associated loss function. In this chapter, we
tackle the more general setting where the user needs are implicit. Specifically, we
assume that the only input from the user is a particular grouping of the data, where
within a group the observations (or samples) share a common factor of variation.
In this context, our goal is to learn a representation that decomposes the data
according to the semantics embedded in this specific grouping, and can be easily
manipulated. This setting raises new challenges. First, the (possibly multiple) tasks
at hand are not explicitly defined. Second, we want to independently control the
factors of variation in the learned representation. Third, existing deep probabilistic
models often assume that the observed variables are independent and identically
distributed (iid), which is no longer true in the case of grouped data. Finally, the
model should generalise to unseen realisations of the different factors of variation,

while retaining efficient test-time inference over the latent representation.

102
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We present the Multi-Level Variational Autoencoder (ML-VAE), a new deep
probabilistic model for learning a disentangled representation of a set of grouped
observations. The ML-VAE separates the latent representation into semantically
meaningful parts by working both at the group level and the observation level. The
main contributions of our method are (i) We propose the ML-VAE model to learn
a disentangled and controllable latent representation of non-iid grouped data, while
retaining the advantages of amortised inference; (ii) The proposed model handles
an arbitrary number of groups at training, which needs not be the same at test-
time, and generalises to unseen groups; (iii) The ML-VAE disentangles test data
even if there is no grouping information, and leverages grouping when available;
(iv) We perform qualitative and quantitative evaluations that show the relevance

of our method.

5.1 Introduction

Representation learning refers to the task of learning a representation of the data
that is useful for performing a variety of tasks (Bengio et al., 2013). Our goal is
to build a model that disentangles the data into separate salient factors of vari-
ation and easily applies to a variety of tasks and different types of observation.
Towards this goal there are multiple difficulties. First, the representative power of
the learned representation depends on the information one wishes to extract from
the data. Second, the multiple factors of variation impact the observations in a
complex and correlated manner. Finally, we have access to very little, if any, super-
vision over these different factors. If there is no specific meaning to embed in the
desired representation, the infomaz principle (Linsker, 1988) states that an optimal
representation is one of bounded entropy that retains as much information about

the data as possible. By contrast, in our case there exists a semantically mean-
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Figure 5.1: Illustration of group supervision: shape and color are two factors of
variation.

ingful disentanglement of interesting latent factors. How can we anchor semantics
in high-dimensional representations?

We propose group level supervision: observations are organised in groups, where
within a group the observations share a common but unknown value for one of the
factors of variation. For example, consider a data set of objects with two factors
of variation: shape and color, as shown in Figure [5.1al A possible grouping or-
ganises the objects by shape, as shown in Figure [5.1b] Another possible grouping
of the same data set organises the objects by color as in Figure |5.1¢, Grouped
observations allow us to anchor the semantics of the data (shape and color) into the
learned representation. Grouped observations are a form of weak supervision that
is inexpensive to collect, and we do not assume we know the factor of variation that
defines the grouping. We explain in section that the Variational Autoencoder
model approximates the posterior distribution of a latent variable (also referred to
as latent representation, or latent code) given a set of observations. The VAE model
uses amortised inference, that is, the observations parametrise the posterior of the
latent variables, and all observations share a single set of parameters. This allows
efficient test-time inference. However, the VAE model assumes that the observed
variables are independent and identically distributed (iid). In the case of grouped

observations, this assumption is no longer true. Let us consider again the toy ex-
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Figure 5.2: Illustration of the VAE on the toy data set, grouped by shape as in Fig-
ure [5.18.  Original VAE assumes iid observations and does not leverage grouping
information. That is, the VAE model discards the knowledge that the circles belong
to the same group, and the stars to a different group. FE is the Encoder, D is the
Decoder.

ample of the objects data set in Figure[5.1] and assume that the data is grouped by
shape as in Figure [5.1b] The VAE model makes the iid assumption and processes
each observation independently. This is shown in Figure [5.2] Therefore, the VAE
model does not leverage group level information. How can we build a probabilistic
model that easily incorporates this grouping information and learns the correspond-
ing relevant representation, while retaining the advantages of amortised inference?

We present the Multi-Level Variational Autoencoder (ML-VAE), a new deep
probabilistic model that learns a disentangled representation of a set of grouped
observations. The ML-VAE separates the latent representation into semantically
meaningful parts by working both at the group level and the observation level, and
retains the benefits of amortised inference. Without loss of generality we assume
that there are two latent factors of variation, style and content. The content is
common for a group, while the style can differ within the group. We emphasise
that our approach is general in that there can be more than two factors. Moreover,
multiple groupings of the same data set, along different factors of variation, are
possible. To process grouped observations, the ML-VAE uses a grouping operation
that separates the latent code into two parts, style and content, and observations

in the same group have the same content. This is illustrated in Figure [5.3al For
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Figure 5.3: Illustration of our ML-VAE on the toy data set, grouped by shape. Upper
part of the latent code is color, lower part is shape. Black shapes show the ML-VAE
accumulating evidence on the shape from the two grey shapes. E is the Encoder, D
is the Decoder, G is the grouping operation.

illustrative purposes, the upper part of the latent code represents the style (color)
and the lower part the content (shape). Recall that we consider the objects grouped
by shape. In Figure after the grouping operation the two circles share the
same shape in the lower part of the latent code (corresponding to content). The
variations within the group (style), in this case color, get naturally encoded in the
upper part. Importantly, the ML-VAE does not need to know that the objects
are grouped by shape nor what shape and color represent; the only supervision at
training is the organisation of the data into groups. The grouping operation makes
the encoder learn a semantically meaningful disentanglement. Once trained the ML-
VAE encoder is able to disentangle observations even without grouping information,
for example the single blue star in Figure[5.3b| If samples are grouped the grouping
operation increases the certainty on the content: in Figure black triangles show
that the model has accumulated evidence of the content (triangle) from the two
disentangled codes (grey triangles). The ML-VAE generalises to unseen realisations
of the factors of variation, for example a purple triangle, and we can manipulate
the latent code to perform operations such as swapping the style to generate new

observations, as shown in Figure [5.3b
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5.2 Representation learning with deep
probabilistic models

Unsupervised and semi-supervised settings In the unsupervised setting, the
Generative Adversarial Networks (GAN) and Variational Autoencoder (VAE) mod-
els, discussed in section have been extended to the learning of an interpretable
representation (Abbasnejad et al., [2016; |Chen et al. 2016 |Higgins et al. 2017}
Wang and Gupta, 2016). As they are unsupervised, these models do not anchor
a specific meaning into the disentanglement.

In the semi-supervised setting, the VAE model has been extended to the learning
of a disentangled representation by introducing a semi-supervised variable, either
discrete (Kingma et al., [2014)) or continuous (Siddharth et al., 2017). Also in the
semi-supervised context, Makhzani et al.| (2015)) and |Mathieu et al.| (2016]) propose
adversarially trained autoencoders to learn disentangled representations. However,
semi-supervised models require the semi-supervised variable to be observed on a
limited number of input points. The VAE model has also been applied to the
learning of representations that are invariant to a certain source of variation (Alemi
et al., [2017; (Chen et al., 2017; Edwards and Storkey, [2016; Louizos et al., 2016]).
As in the semi-supervised case, these models require supervision on the source of
variation to be invariant to. Consider the data set of objects, grouped by shape
as in Figure [5.1b, and assume that the training set contains only 2 shapes: circle
and star. Semi-supervised models using a discrete variable would have to fix its
dimension, denoted K, for example taking K = 2 the number of training shapes.
This does not allow to have an unbounded number of shapes and unseen shapes such
as a triangle at test-time. Semi-supervised models with a continuous latent variable
would choose an arbitrary fixed way to construct training labels from grouped data,

for example per-shape statistics. At test-time, the unseen triangle shape would be
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encoded as a mixture of the training shapes: circle and star.

By contrast, we address the setting in which training samples are grouped. A
grouping is different from a label because test samples generally do not belong
to any of the groups seen during training. Our approach is not semi-supervised,
because each training example needs to belong to a group (may it be a singleton),

but grouping is a relatively inexpensive form of supervision.

Interpretable representation of grouped data While not directly applied
to interpretable representation learning, Murali et al. (2017) perform computer
program synthesis from grouped user-supplied example programs, and [Allamanis
et al. (2017)) learn semantic representations of mathematical and logical expressions
grouped in equivalence classes. To perform 3D rendering of objects, Kulkarni et al.
(2015) enforce a disentangled representation by using training batches where only
one factor of variation varies. However, this requires to be able to fix each factor of
variation. Multiple works perform image-to-image translation between two unpaired
images sets using adversarial training (Bousmalis et al., 2017; |[Fu et al., 2017; Kim
et al., 2017; |[Liu et al., 2017; Shrivastava et all) 2017; [Taigman et all 2017; [Yi
et al., 2017, |Zhu et al., 2017). Two images sets can be seen as two groups of
images, grouped by image type. Donahue et al.| (2017)) disentangles the latent space
of GAN using images grouped by identity, and Denton and Birodkar (2017) and
Tulyakov et al.| (2017)) learn disentangled representations of videos with adversarial
training. A video can be seen as a group of images with common content (identity)
and various styles (background). In contrast to these methods, we do not require
adversarial networks. Moreover, it is unclear how to extend the cited models to
other types of data, more than two groups, and several groupings (along multiple
factors of variation) of the same data set.

We relate group supervision to the case of triplets annotations (Karaletsos et al.,
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2016} Tian et al., 2017 Veit et al., [2017). A triplet is an ordering on three oberved
data a,b,c of the form “a is more similar to b than ¢”, which we see as a form
of soft-grouping. [Karaletsos et al|(2016]) learn a latent representation jointly from
observations and triplets. The distribution of the triplets is conditioned on the
latent representation, which makes the model select parts of the latent code that
are relevant for triplets prediction.

The neural statistician (Edwards and Storkey, [2017) computes representations
of datasets, where samples in the same dataset share a common context latent vari-
able. Their concept of dataset can be seen as a group, and the context latent
variable would be the content. As in our model, the neural statistician uses an
analytical distribution (for example a Normal distribution) for the common latent
variable (context). Statistics of a dataset are fed to a network that outputs the
parameters of this distribution. In our model, we explicitly build the content pos-
terior distribution from the codes of the observations in the group, which are also
written analytically, as detailed in section [5.3.2l While we chose an analytical dis-
tribution for the samples encodings, the neural statistician arbitrary chooses the
statistics to compute. It would be interesting to perform an experimental com-
parison between the two approaches. Moreover, we want to learn a disentangled
and controllable latent representation. Thereby, we model observations within a
group to have a shared group content variable and an independent style variable,
with style and content independent given the observation. By contrast, the neural
statistician uses variables that capture the variations in a dataset, but these are
conditioned on its context. We could also use the neural statistician to aggregate
grouping information in our model, while keeping our independent style variable.

Our goal is to learn a disentangled and controllable latent representation of
grouped data, while retaining the advantages of amortised inference. The model

should manage an arbitrary number of groups, possibly multiple groupings along
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different factors of variation, and unseen groups at test-time. In order to tackle
the aforementioned deficiencies of existing methods, we propose the Multi-Level

VAE (ML-VAE).

5.3 The Multi-Level VAE model

In the probabilistic framework, we assume that the observed variable @ is generated
by a latent variable z via the distribution p(x|z; ). The goal is to perform inference
of the latent variable z given an observed value of x, that is, to compute the
posterior distribution p(z|x;#) which is often intractable. We consider a data set

of n observations D = {xy,...,2,}.

5.3.1 Amortised inference with the VAE model

Contrary to Stochastic Variational Inference (SVI) (Hoffman et al., [2013), we ex-
plain in section that the VAE model allows efficient test-time inference by
using amortised inference. The observations parametrise the posterior distribution
of the latent code, and all observations share a single set of parameters ¢. Figure[5.4
shows the SVI and VAE graphical models, where we highlight in red that SVI does
not perform amortised inference.

However, the VAE model assumes independent, identically distributed (iid) ob-
served variables and maximises the average marginal log-likelihood (or evidence)

lower bound decomposed on the observations x4, ..., x,, that is,

1 n
L(D;9.0) =~ > Eeogeione log plailzi: 0)] — KL(q(zilzs; 6)|[p(2:)).
i=1

where KL is the Kullback-Leibler divergence. Therefore, the VAE model does not
leverage grouping information. The question is how to perform amortised inference

in the context of non-iid, grouped observations?
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Figure 5.4: VAE and SVI graphical models. Solid lines denote the generative model,
dashed lines denote the variational approximation. Shaded nodes indicate that the
observed variables x; have been set to their observed value.

5.3.2 The Multi-Level VAE for grouped data

In the grouped data setting, the observations are organised in a set G of distinct
groups, with a factor of variation that is shared among all observations within a
group. The grouping forms a partition of 1,...,n, that is, each group G € G is
a subset of 1,...,n of arbitary size, disjoint of all other groups. Without loss of
generality, we separate the latent representation in two latent variables z = (¢, 8)
with style s and content c¢. The content is the factor of variation along which
the groups are formed. In this context, referred to as the grouped observations
setting, the latent representation has a single content latent variable cg per group.
SVI can easily be adapted by enforcing that all observations within a group share
a single content latent variable while the style remains untied, see Figure [5.5a
However, SVI does not use amortised inference and requires expensive test-time
inference. Experimentally, it also requires more passes on the training data as
we show in appendix

We denote by Xg = (x;,Vi € G) the collection of observed variables of a
group G. We do not assume iid observations, but make the iid assumption at the

grouped observations level. The average marginal log-likelihood of the data set
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Figure 5.5: SVI and our ML-VAE graphical models. Solid lines denote the gen-
erative model, dashed lines denote the variational approximation. Shaded nodes
indicate that the observed variables x; have been set to their observed value.

decomposes over groups of observations, as follows,

log p(D; 0) g Zlogp Xg;0)
| ’GGQ

IQI

We model each ®; € X to have its independent latent representation for the
style s;, and S¢ = (s;,1 € G) is the collection of style latent variables for the group
GG. By constrast, we model a single content latent representation ¢ shared among

all x; € Xg. We make the following assumptions.

1. We approximate the true posterior p(cg, S¢|Xg;0) with a variational pos-
terior ¢(cg,Sc|Xg;¢) that decomposes as the product of ¢(cg|Xa;de)
and ¢(S¢|Xg; ¢s), where ¢. and ¢4 are the variational parameters for con-

tent and style respectively;

2. The style latent variables for a group are assumed independent, that is, the
prior on the group style latent variables p(S¢) decomposes as the product of
identical priors p(s;),Vi € G. Similarly, the posterior ¢(Sq|Xg; ¢s) decom-

poses as the product of q(s;|z;; ¢s), Vi € G;

3. The observed variables in a group are independent given the style and con-

tent latent variables, and p(X¢|cg, Sg;0) also decomposes as the product
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of p(xilcq, si;0),Vi € G.

This results in the graphical model shown Figure |5.5b, For each group of observa-

tions Xg = (24, Vi € G), we decompose its evidence as follows,
lng(XG, 0) - E(XG7 97 ¢Ca ¢S) + KL(Q(CGa SG|XGa ¢C7 gbs)Hp(CG, SG|XG’ 0))7

where we denote the Group Evidence Lower Bound (Group ELBO) L(Xg; 0, ¢, ¢s).
Since KL(q(cq, Sc|Xa; de, s)||p(ca, Sc|Xa; 0)) is always positive, L(Xc:0, ¢, @)

is a lower bound on the evidence, that is,
lng(Xg; 9) Z ‘C(XG; 97 ¢c> (bs)

Given our assumptions, the Group ELBO can be rewritten as follows,

£<XG; 0, Pe, ¢S) = ]E(CG,SG)NQ(C&SG\Xc;¢>c,¢s) [logp(XG’CG> Sa; 9)]
— KL(q(ca, Sa|Xa; de, ¢s)|Ip(ca, Sa))

= Z Econaeal Xaioe) [Eszwq(silmi;%) [log p(xi|c, si; 9)H
i€G
— > KL(q(si|zs; ¢)lp(s:)) — KL(g(eal Xa; 6e)lIp(ca)-

i€G

We maximise the average Group ELBO of the data set D, defined as,

L(D, e, ¢s,0) : |Q|Z£XG,0 Pe, Gs)- (5.1)

Geg

It is a lower bound on the average marginal log-likelihood of the dataset since each

Group ELBO L(Xg; 0, ¢, ¢s) is a lower bound on log p(Xg; ), as shown below.

logp(D;0) = 17 Zlogp Xei0) 2 g7 Zﬁ X610, be, &) = L(D30, be, bs).

Geg Geg

IQ\
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Algorithm 4: ML-VAE training algorithm.

1 for t=1,...,T epochs do

2 Sample mini-batch of groups Gp.

3 for G € G, do

4 for i € G do

5 ‘ Encode z; into q(eg|xi; ¢%),q(s;|zi; ¢).

6 end

7 Construct q(cq|Xg; ¢L) using q(cglxi; @), Vi € G.
8 for » € G do

9 Sample cq; ~ q(ca|Xa; oL, si ~ q(silvi; ¢L).
10 Decode cg, s; into p(@i|ca i, si;0").
11 end
12 end
13 Update parameters 61 ¢t ¢l < gt ¢! ¢! by ascending the gradient

estimate %97¢c7¢3£(B, 9, ¢C7 Qbs) |9t7¢27¢§.

14 end

In practise, we estimate the average Group ELBO of the data set using mini-

batches of groups, as follows,

ﬁ(3797¢ca¢s) = TA Z ﬁ(XG;07¢ca¢s)' (52)

|gb‘ Gegy,

where G, C G is a mini-batch of groups. If we take each group G € G, in its entirety
it is an unbiased estimator of the average Group ELBO of the data set. When the
groups sizes are too large, because of limited memory capacity we subsample G,
resulting in a bias discussed in appendix [7.6.3] Our training algorithm is shown
in Algorithm [d] As in the previous chapter, we use the Law of the Unconscious
Statistician (LOTUS), discussed in section [2.3.1] to obtain an estimate of the gra-
dient of our objective function. Note that in step [0 of Algorithm 4] we sample one
content cg; per observation in the group, but cg can be sampled once and used
for all the samples in a group. We experimentally tried this method which resulted
in similar performances. We attribute this to the fact that the variances of the

content distribution tend to be very small.
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5.3.3 Accumulating group evidence with the product of

Normal densities method

For each group G, in step [7] of Algorithm [ we build the group content posterior
distribution by accumulating information from the result of encoding each sample
in G. How can we accumulate the information in a relevant manner to compute
the group content distribution?

Our idea is to explicitly build the group content posterior distribu-
tion ¢(cg|Xa; @) from the encoding of the grouped observations Xg = (z;, Vi € G).
While any distribution could be employed, we focus on using a product of Normal
density functions, which can be seen as an instance of Structured Variational Au-
toencoder (SVAE) (Johnson et all 2016). Other possibilities, such as a mixture
of Normal density functions, are discussed in appendix [7.6.4] Specifically, we con-
struct the probability density function of the posterior of the content variable cg by
multiplying |G| Normal density functions, each of them evaluating the probability

of the variable ¢g taking the value cg, given the observation x; = z;,Vi € G.

g(ce = calXa = Xa; ¢e) o | [ alea = colm: = i ¢0),
i€G
where assume ¢(cg|z; = x;; ¢.) to be a Normal distribution A (y;, ;). The nor-
malisation constant is the resulting product marginalised over all possible values
of ¢g. Murphy| (2007)) show that the product of two Gaussians is a Gaussian. Simi-

larly, in appendix we show that the density function ¢(cg|Xg; ¢.) is the density
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function of a Normal distribution of mean ug and variance YX¢, expressed as follows,

It is interesting to note that the variance of the resulting Normal distribution, Y,
is inversely proportional to the sum of the group’s observations inverse vari-
ances » .., ! Therefore, we expect that by increasing the number of obser-
vations in a group, the variance of the resulting distribution decreases. This is
what we refer to as “accumulating evidence”. We empirically investigate this ef-
fect in section [5.4] Since the resulting distribution is a Normal distribution, the
term KL(q(eq|Xa; ¢c)||p(ee)) can be evaluated in closed-form. We also assume a

Normal distribution for q(s;|z;; ¢s),7 € G.

5.4 Digit and face images disentanglement

experiment

5.4.1 Setting

In our experiments we use the product of Normal densities method presented in
section to build the ML-VAE content code. Our goal with the experiments
is two-fold. First, we want to evaluate the performance of ML-VAE to learn a
semantically meaningful disentangled representation. Second, we want to explore
the impact of “accumulating evidence” at test-time. To do so, at test-time when

we encode test images we employ two possible strategies, as follows,

e Strategy 1 consists of disregarding the grouping information of the test sam-

ples, that is, each test image is a group.
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e Strategy 2 consists of taking into account the grouping information of the
test samples, that is, taking multiple test images per group to construct the

content latent representation with the product of Normal densities method.

Similar to [Mathieu et al.| (2016)), we propose qualitative and quantitative evalua-
tions. In our quantitative evaluation, we compare with the original VAE to compare
with a variational model that does not leverage grouping information at training.
However we do not show qualitative results of the original VAE model as there is
no objective choice on which part of its code is style or content. Details on our

experimental setting, as well as additional results are in the appendix

MNIST data set. We perform evaluation on MNIST (LeCun et al., [1998]). We
consider the data grouped by digit. We randomly separate the 60,000 training
examples into 50, 000 training samples and 10,000 validation samples, and use the

standard MNIST testing data set.

MS-Celeb-1M data set. Next, we perform evaluation on the face aligned version
of the MS-Celeb-1M data set (Guo et al., 2016). The data set was constructed by
retrieving approximately 100 images per celebrity from popular search engines, and
noise has not been removed from the data set. For each query, we consider the
top ten results (there were multiple queries per celebrity, therefore identities can
have more than 10 images). This creates a data set of 98, 880 identities for a total
of 811,792 images. We group the data by identity. Importantly, we randomly
separate the data set in disjoints sets of identities as the training, validation and
testing data sets. This way we evaluate the ability of ML-VAE level to generalise
to unseen groups (unseen identities) at test-time.

The training data set consists of 48,880 identities (total 401,406 images), the

validation data set consists of 25,000 identities (total 205,015 images) and the
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testing data set consists of 25,000 identities (total 205,371 images). We resize the

images to 64 x 64 pixels to fit the encoder network architecture.

5.4.2 Results

Qualitative Evaluation. We qualitatively assess the relevance of the learned
representation by performing operations on the latent space. First we perform
swapping. We encode test images, draw a sample per image from its style and
content latent representations, and swap the style between images. Figure [5.6
shows the swapping results with strategy 2, with accumulating evidence of up to 10
images that belong to the same group. The first row and the first column show the
test data sample input to ML-VAE (green boxes), the second row and column are
reconstructed samples (blue boxes). In the remaining rows and columns, each row
is a fixed style and each column is a fixed content (red boxes). Looking at each
column in Figure [5.6a, we see that the model encodes the factor of variation that
grouped the data, that is the identity, into the facial traits. Indeed, the facial traits
remain consistent along each column, while the style varies. The model encodes the
remaining factors (for example background color, face orientation, accessories) into
the style latent representation. This shows that the ML-VAE learns a disentangled
and controllable representation of the data, which anchors the semantics of the
grouping. The model learns this meaningful disentanglement without knowing that
the data is grouped by identity but only knowing the organisation of the data into
groups. Similarly, Figure [5.6b| shows that the ML-VAE encodes the digit label into
the content. Moreover, we see that the ML-VAE generalises to unseen groups, as
for MS-Celeb-1M training and testing identities are disjoints.

For comparison, we present the results of swapping without accumulating in Fig-
ure 5.7 This shows that the ML-VAE learns a disentangled representation even

without grouping information at test-time.
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(b) Swapping on MNIST testing data set with strategy 2.
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Figure 5.6: Swapping with strategy 2. The first row and the first column show the
test data sample input (green bozxes), the second row and column are reconstructed
samples (blue bozxes). In the remaining rows and columns, each row is a fized style
and each column is a fized content (red bozes).
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(b) Swapping on MNIST testing data set with strategy 1.

Figure 5.7: Swapping with strategy 1. The first row and the first column show the
test data sample input (green bozxes), the second row and column are reconstructed
samples (blue bozxes). In the remaining rows and columns, each row is a fized style
and each column is a fized content (red bozes).
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Second we perform interpolation. We encode a pair of test images, draw one
sample from each image style and content latent representations, and linearly in-
terpolate between the style and content samples. Figure [5.8 shows the results of
the interpolation task. From top left to bottom right, rows correspond to a fixed
style and interpolating on the content, columns correspond to a fixed content and
interpolating on the style. We see that the identity, in the form of facial traits,
remains consistent along the column, while we linearly interpolate the style. If we
look along each line, the style remain consistent and the identity smoothly varies
as we interpolate on the content.
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Figure 5.8: Interpolation, from top left to bottom right, rows correspond to a fixed
style and interpolating on the content, columns correspond to a fixed content and
interpolating on the style.

We present the results of interpolation with accumulating evidence of up to 10
images (strategy 2). Results without accumulated evidence (strategy 1) are also sat-
isfactory and available in appendix[7.6.4] Third, we perform generation. For a given
test identity, we build the content latent representation by accumulating images of

this identity. We take the mean of the resulting content distribution and generate
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(a) Generation. (b) Accumulating evidence.

Figure 5.9: In (a): generation. Style is sampled from the random prior and the
content distribution is computed using the test data images for this identity (green
bozes on the left). In (b): accumulating evidence. Left column are test data samples,
middle column are reconstructed samples without accumulating evidence (w/o acc.
ev.), right column are reconstructed samples with accumulating evidence (w/ acc.
ev.), using the four digits images to build the content code.

images with different style drawn from the prior distribution. Figure shows
the results. We see that the facial traits remain consistent in the generated images,
while sampling the style from the prior results in different head orientation, lighting
conditions, presence/absence of moustache, etc. These results highlight that our
model covers the data manifold, and emphasise on the disentanglement power of
the model. Finally, in Figure we reconstruct digits of the same label with and
without taking into account the grouping information (strategies 1 and 2). We see
that in the first row and second column, the ML-VAE infers a 0 with strategy 1, but
corrects inference in the third column by accumulating evidence with strategy 2.
Qualitative evaluation showed that the ML-VAE learns a representation that

disentangles according the semantics of the grouping and can be manipulated. This
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would allow a user to employ the model for a variety of tasks. For example in the
case of the MS-Celeb-1M data set, we expect the content latent representation to be
highly informative about the identity of the person, and could be used to perform
identity classification. By contrast, the style should remain uninformative. We test

this assumption with a quantitative evaluation.

Quantitative Evaluation. We use the style latent representation and content
latent representation as features for a classification task. We denote by y the
random variable representing the class, and by G, a group of observations from
the same class. The quality of the disentanglement is high if the content latent
variable ¢g, is informative about the class, while the style latent variable S¢, is
not. In the case of MNIST the class is the digit label and for MS-Celeb-1M the
class is the identity. We emphasise that in the case of MS-Celeb-1M test images
are all unseen classes (unseen identities) at training. We learn to classify the test
images with a neural network classifier once using S¢, and once using ¢, as input
features. We also use the original VAE model full latent code as features. We also
accumulate evidence with the product of Normal densities method for samples of
the same class to construct the features from the original VAE latent code.

Let us take the example of the latent representation cg, used as features. We
train the neural network classifier to learn a distribution r(y|cg,) by minimising the
cross-entropy loss —Epy ¢, ) [log r(y\cGy)}, where p(y, cg,) is the joint distribution
of the class and content latent representation, specific to each trained model (VAE

or ML-VAE). We estimate this quantity by sampling from p(y, cg,), as follows,
1. Sample a class y ~ p(y).

2. Sample grouped observations for this class Xg, ~ p(Xg, ).

3. Sample the latent representation to use as features, in this example the con-

tent, cg, ~ q(cq,| Xa,; dc).
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We can upper bound H(y|cg, ), the conditional entropy of the class given the latent

representation as follows,

H(ylea,) = —Epy.ca,) [logp(ylee, )]

(y\ r\yica,)
ca

)
= _Ep(yﬁccy) log —=—= r(y )

r(yleq >}

p(ylea )}

= —E,yeo)|logr(yle eo ) |[log ———=
P(Y,cGy )[ gr(yl Gy Epy, Gy) [ gr(ylccy)
p(y,cq,)

= —E e ) |logr(yle —E, ye {lo y]
p(y, cy)[ g7 (y| Gy)] p(y.ca,) | 108 r(y, ca,)

= —Epy.eq,) [logr(yles,)] — KL(p(y, ca,)lIr(y, ca,))

< “Epy.eq,) [10gr(y|0c:y)} ’

since the Kullback-Leibler divergence is always positive. By training the neural
network classifier to minimise the cross-entropy loss, we minimise an upper bound
on the conditional entropy of the class given the latent representation. We re-
port the classifier test accuracy, and the value of —Ejy.cg ) [logr(ylee,)] on the
classifier testing set as the conditional entropy in bits. Similarly, we report the
performances with the ML-VAE style latent representation, and the original VAE
model full latent representation.

We explore the benefits of accumulating evidence: (i) for training the classifier,
we construct the variational approximation of the content by accumulating K im-
ages per class (ii) for testing the classifier, we use only k£ < K images per class,
where k& = 1 corresponds to no grouping information. When k£ increases we ex-
pect the performance of the classifier trained on cg, to improve as the features
become more informative. We expect the performance using features S¢, to re-

main constant.
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Figure 5.10: Quantitative evaluation of the ML-VAE. Accuracy (higher is bet-
ter) and conditional entropy (lower is better). For clarity on MNIST we show
up to k =10. Values stay stationary for larger k (see appendix m)

The results are shown in Figure [5.10, First, we see that for small values of k,
the ML-VAE content latent representation is more informative about the class than
VAE latent representation, especially on MNIST. Second, when k increases this
shows the benefit of accumulating evidence. Recall that we also accumulate evidence
for the original VAE model full latent code. The ML-VAE also provides relevant

disentanglement as the style remains uninformative about the class.
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5.5 Discussion

We proposed the Multi-Level Variational Autoencoder (ML-VAE) model for learn-
ing a latent representation that disentangles according to a particular grouping of
the data, while retaining the advantages of amortised inference. The ML-VAE han-
dles an arbitrary number of groups of observations, which needs not be the same
at training and testing. We presented different methods for incorporating group
level supervision, and showed that the product of Normal densities method allows
the model to accumulate evidence. Quantitative and qualitative evaluation on dig-
its and face images show that the ML-VAE (i) learns a semantically meaningful
disentanglement, (ii) enables control on the latent representation, (iii) disentan-
gles without grouping information at test-time, and leverages grouping information
when available, and (iv) generalises to unseen groups.

An interesting direction for future research would be to apply the proposed
model to discrete data. For example, we could easily collect groups of texts in a
specific language. As the ML-VAE provides control over the learned representation,
using the swapping operation we might be able to perform tasks such as text-to-text
translation. We would train a ML-VAE on text data in different languages, grouped
by language, and the content latent variable would be the language. At test-time,
we would encode a two texts in two different languages, and by exchanging their
content latent code we hope to generate two new texts that are translations of each
text in the other text’s language.

In our experiments we focused on the product of Normal densities method,
and explained that other methods are possible. For example, to embed a specific
structure in the learned representation, we could use more complex instances of the
Structured VAE (Johnson et al., [2016]).

Finally, Figure showed that the ML-VAE is able to transfer the style while
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preserving the content, even without grouping information at test-time. However,
we note that in Figure [5.10, when k£ = 1 the style and content performances are
similar on MS-Celeb-1M. We attribute this to the fact that there is information in
the style that allows the classifier to correctly label two images of the same identity.
That is, in the two images used to train and test the classifier, the person has the
same hair color, or wears eyeglasses. While we do not pursue further exploration,
this raises an interesting question. We defined identity in the form of the facial
traits, but should eyeglasses be defined as identity, while sunglasses should not?
Would two groupings collected from two different users along the same factor of vari-

ation be exactly similar? We will come back to this question in our final chapter.



Chapter 6

Discussion and future work

Machine learning provide powerful methods to process and predict real-world data.
Such data is often represented as multi-dimensional structured objects, which calls
for the use of flexible and expressive models. Moreover, in many cases there is
strong uncertainty in the object to predict. We classify machine learning models
into two types, (i) non-probabilistic models that return a single pointwise predic-
tion and (ii) probabilistic models that capture a distribution. In order to obtain the
best performance, non-probabilistic training objectives have been designed to take
into account the loss associated to the task at hand. However, non-probabilistic
models do not capture uncertainty in the structure to predict. By contrast, proba-
bilistic models are a natural choice to capture structured probability distributions.
However, existing probabilistic models employ training objectives that are often
agnostic of the evaluation loss.

In this thesis, we focused on bridging the gap between probabilistic and non-
probabilistic models by developing learning objectives for distributions that take
into account the task at hand. First, we considered the case where the uncer-
tainty in the prediction process came from partial annotation of the data. In the

context of weakly supervised structured output prediction, we proposed a novel

128
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entropy-based prediction criterion that unifies existing empirical risk minimisation
methods. Using our proposed model, we experimentally demonstrated that, for
large and ambiguous latent spaces, performing prediction via the minimisation of
the latent space uncertainty leads to best performance. Second, we tackled the
more challenging setting where there is ambiguity in the prediction itself. We pro-
posed the DISsimilarity COefficient Networks (DISCO Nets), a new type of model
for probabilistic structured output prediction, and show theoretical guarantees of
our objective function. In contrast to existing models, our training objective can be
tailored to a user-defined loss. Experiments on continuous data showed that (i) by
modeling uncertainty in the output value, DISCO Nets outperform equivalent non-
probabilistic predictive models and (ii) DISCO Nets accurately capture complex,
structured probability distributions, outperforming existing probabilistic models.
In the specific case of discrete data, our learning procedure is non-differentiable
and we derive an approximation algorithm to learn the parameters of the model.
Experimental evaluation in the discrete setting confirmed that DISCO Nets cap-
ture structure in the output to predict by using non-decomposable loss functions.
Finally, we considered the case where there is no explicit loss function. The user
needs are expressed via a particular grouping of the data, where within a group the
observations share a common factor of variation. In this context, the goal is to learn
a controllable representation that decomposes the data according to the semantics
embedded in the grouping. As existing models are not suited to leverage grouping
supervision, we presented a new deep probabilistic model, the Multi-Level Varia-
tional Autoencoder (ML-VAE). The ML-VAE learns a disentangled representation
of a set of grouped observations by working both at the group level and the observa-
tion level, while retaining efficient test-time inference. Quantitative and qualitative
evaluations showed that by taking advantage of the grouping, the ML-VAE model

(i) learns a semantically meaningful disentanglement of grouped data (ii) enables
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manipulation of the latent representation, and (iii) generalises to unseen groups.

6.1 Future work

Our work opens up several interesting directions for future research, which we

briefly outline below.

Entropy-based prediction criterion. Experimental evaluation using our Uni-
fied Framework supports the use of an entropy-based prediction criterion. We note
in section that we can approach existing entropies using scoring rules theory.
For example, [Musio and Dawid| (2016) show that the Rényi entropy can be related
to a strictly proper (negatively oriented) scoring rule. The associated divergence
is a variant of the classic Rényi divergence. We contemplate pursuing a similar
analysis for the Aczél and Daroczy (AD) entropy. Our hope is to identify diver-
gences that could be used as the objective function. Towards this goal, the first
step would be to assess if there exist values for the parameters «, f that ensure

the concavity of the AD entropy.

Scoring rules based deep probabilistic objectives. The DISCO Nets’ objec-
tive, presented in Chapter [ compares conditional distributions of the output for a
specific input, and integrates the resulting divergence over all possible inputs. |Ren
et al.| (2016]) extend deep probabilistic models based on Maximum Mean Discrep-
ancy (MMD) (Dziugaite et al., 2015} Li et al.; [2015) to the conditional case. While
MMD can be related to the Kernel score (Huszar, 2013)), contrarily to our work
they use kernel mean embeddings of conditional distributions. This allow them
to compare larger sets of outputs by computing a kernel-based distance between
all pairs of outputs. The distance between two outputs in the resulting objective

is weighted by a factor based on the kernel embedding of the their respective in-
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put. By contrast, our setting would allow us to potentially weight each divergence
term d(P,Q)*, while keeping the theoretical guarantee of our objective function.
For instance, during training the model could focus on specific parts of the input
space, by weighting each input according to the amplitude of its corresponding
divergence (or its gradient).

Another direction for future research is to employ a mixture of scoring rules
as the training objective. Clearly, a non-negative weighted sum of strictly proper
scoring rules remains strictly proper. We identify two benefits of this method. First,
this could allow a user to embed different needs in the training of the model. Second,
we could consider using a combination of (i) a scoring rule that has appealing
properties, such as high discrimination ability, but is not specifically of interest
to the user and (ii) a scoring rule built on a user-defined loss, and adapt their
respective weights during training. Recent works propose to use a combination of
existing deep probabilistic training objectives, motivated by the different advantages
of each model (Li et al., [2017; |Zhao et al., 2017b). We believe the proposed method

would be a formal and general approach.

The grouping supervision. In Chapter [5, we consider that the data are grouped
according to one factor of variation, and use a two-part latent code. However, the
proposed model could handle multiple grouping of the same data set. For instance,
we could consider a data set of face images grouped once by identity, and once
by facial expression. In this setting, the model would have a three-part latent
representation corresponding to identity, facial expression, and the rest.
Furthermore, Chapter [5| tackles the case where the intended use of the model
is embedded in a specific grouping of the data, given by the user. However there
might be some uncertainty in the grouping itself. This can be due to errors in the

data collection process, or the use of multiple groupings gathered from different
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users. Consider for example that we group the US10k Face Data set (Bainbridge
et al.l 2013) used is Chapter [4| on a subjective attribute such as kind. This would
give multiple partionings along the same factor of variation. We could consider the
different partionings as relations and introduce a group random variable in the form
of a binary matrix where the rows are the samples and the columns are the groups.
Using a Chinese Restaurant Process prior (Pitman, 2002) on the group variable (to
have an undefined, unbounded number of groups) we would infer its posterior from

the observed relations, similar to the Infinite Relation Model (Kemp et al., 2006).



Chapter 7

Appendices

7.1 Appendix for Chapter

7.1.1 Introductory example experiment

We provide here details on the toy example presented in section [I.1.3] We use the
following experimental setting. All covariances for the bidimensional distributions
are diagonal, therefore all bidimensional Normal distributions are parametrised by
4 parameters ({1, l2, 01, 02) where p, o is a mean-variance pair on each dimension.
We consider a data distribution that is a mixture of 2 bidimensional Normal distri-
butions, referred to as GMM. The first Normal of the mixture, Gy, is parametrised
by (1,1.5,2,0.8) and the second Normal G, is parametrised by (0,—0.5,0.7,0.6).
The mixture weights are 0.7 and 0.3, such that GMM = 0.7 x G; + 0.3 x G5. The
training data set is composed of n = 10000 examples drawn randomly from GMM,
denoted (z1,...,2,). The testing data set is composed of 1000 examples drawn
randomly from GMM.

We consider two models to capture the data distribution GMM. Each

model is able to represent a bidimensional Normal distribution parametrised
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by (u1,f2,01,02).  Model A employs a loss that emphasises on the first
dimension of the data, specified for z = (x1,22),2 = (2},2}) € R?
by As(z—2') = (10x (z;—2})?+0.1x (x2—$’2)2> 1/2. Model B does the opposite and
employs the loss function Ag(z—a') = (O.l X (1 —2h)?+10 X (29 _x/2>2) 1/2. Each
model performs a grid search over the best parameters values for (i, o, 01, 02).
The sets in which to search for the parameters are the same in both dimensions
and both models. The set to search the means ranges from —3 to 3 by 1, and the
set to search the variances ranges from 0.1 to 2 by 0.5.

Specifically, to find the best parameters, we draw K = 2 samples from the model

for each data sample x; and compute a linear estimate of the following form, based

on the DISCO Nets model we present in Chapter

3 [ 7 Aurlon, G

RT3 O Gulese))|

ko KAk

where M indexes the model, A, is the model’s specific loss, and Gy (zx;) is the kth
sample drawn from M for the training index i. During testing, for each model, for
each input we draw K = 10 samples from the model per index, and choose a point-
wise prediction with the Maximum Expected Utility (MEU) method, also described
in Chapter [4] section The MEU method employs the same loss as the evalu-

ation loss. Each model is tested with its own loss and the loss of the other model.
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7.2 Appendix for Chapter

7.3 Probability theory

We present in this section well-known results in probability theory that we use

throughout the thesis.

7.3.1 Definitions and notations

We begin by introducing the concept of probability spaces. A probability

space (2, F,P) consists of three parts:

1. The sample space §2 which is the set of all possible outcomes.

2. The o-algebra F which is a set of events, that is, a collection of subsets of {2
such that (i) ©Q is in F, (ii) F is closed under complement: if A € F, so is
the complement of A, and (iii) F is closed under countable unions: if A; € F
for i+ = 1,2,... then <Ej AZ-) € F. Using De Morgan’s law in conjunc-
tion with (ii) and (iii), .;-": 1is closed under countable intersections: if A; € F

for i =1,2,... then <ﬂAl> e F.
i=1

3. The probability measure P is a function F — [0,1], such that
P(0) = 0, P(2) = 1, and P is countably additive: if {A;}32, C F is a countable
collection of pairwise disjoint sets, then P(U A;) = Z P(A;).

i=1

i=1

Probability spaces are the basic notion to define random variables. A random
variable is a variable quantity whose value depends on possible outcomes. Formally,
let (2, F,P) be a probability space and (X, B(X)) a measurable space, where B(X)
is the Borel algebra on X'. A random variable is a measurable function @ : Q2 — X.

A random variable does not return a probability but a numerical quantity. The
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probability that @ takes a value z is the probability measure of the set of out-
comes {w € Q : x(w) = z} denoted P(x = x). A realisation of a random variable
is the value that is actually observed, z = x(w).

Let us illustrate these concepts with a concrete example. Consider the
experiment of flipping a coin twice. The sample space () consists of four
possible outcomes Q = {(tails, tails), (heads, heads), (heads, tails), (tails, heads)}.
The o-algebra F is a collection of events, and an event is a collection of
outcomes. For example the event “at least one heads occurs” is composed
of {(heads, heads), (heads, tails), (tails, heads)}. A random variable & : Q — X
could be the number of heads that occured during the experiment, for example if
the outcome of the experiment is w = (heads, tails) € €2 then x((heads, tails)) = 1.

Given a probability space and a random variable @, often we are interested in
the probability of & taking values over a certain range, and this is defined by the

cumulative distribution function.

Definition 7.1 (Cumulative distribution function). The cumulative distribution
function (cdf) of a random variable x, denoted P(x), is a function P : X — [0, 1]
such that

P(z) :=P(x < ).

In this thesis, we will always consider real-valued random variables, that is,
X CRYd>1 (d = 1 for scalar-valued random variables, and d > 2 for vector-
valued random variables). We refer to continuous random variables when the set X
is uncountable and the cdf is absolutely continuous, and discrete random variables
when the set X' is countable, in which case the cdf is discontinuous.

If we are interested in the likelihood that a random variable takes a certain value,

we turn to probability density functions if & is a continuous random variable.

Definition 7.2 (Probability density function). The probability density func-
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tion (pdf) of a continuous random wariable ®, denoted p(x), is a func-

tion p: X — [0,4+00) such that

Pdfs satisfy p(x) >0Vx e X, and [, p(z)de =1.
If x is a discrete random variable, we turn to probability mass functions.

Definition 7.3 (Probability mass function). The probability mass function (pmf)
of a discrete random variable x,denoted p(x), is a function p : X — [0, +00) such

that

Pmfs satisfy p(x) > 0Ve € X, Y p(x) =1, and can be extended to all real values
zeX

with p(z) =0 Vo ¢ X.

In the case of scalar-valued random variables, we have

Pa) = [ sl

—00

Px) =" pl).

t<zx

for continuous and discrete random variables respectively.

In this thesis, we use the notation P(z) to refer to a value of the cdf. In few
cases, we will explicitly write P(x = z) instead of P(z) to emphasise on the random
variable @ taking a specific value x. Similarly, we will use p(z), and in few cases

we will write p(x = z) instead of p(z).

Remark 7.1 (Terminology). Given a probability space (2, F,P), the formal defini-

tion of the distribution of a random variable  : Q — X refers to P, = Pox™'. The
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distribution Py, is a probability measure on the measurable space (X, B(X)) (Khosh-
nevisanl, | 2007; | Leadbetter et all 2014). Let us consider a scalar real-valued random
variable ¢ : Q@ — R. We can associate the probability space (R,B(R),Py). In
this case, the cdf is defined as P(x) = Pg((—00,x)) and uniquely defines the mea-
sure P,. The proof relies on the Carathéodory extension theorem, see Khoshnevisan
(2007); |Leadbetter et al| (2014), and extends to the case of vector-valued random
variables. While the cdf uniquely defines the distribution, the pdf does not. The pdf
can be changed on a finite set of points without changing the integral. However, the
non-uniquess of the pdf rarely poses an issue. Therefore, we will employ the term
distribution of a random variable x to refer to either the cdf, pdf (when defined) or

pmf (when defined) of . The meaning should be clear from context.

Remark 7.2 (Notations when comparing probability distributions). Formally, a
random variable is defined for a given probability space, therefore the distribution
15 unique and corresponds to P,. In this thesis, we will be interested in comparing
probability distributions of a specific random variable x. In this case, we will not
consider the random variable to be associated to a specific probability space (Q, F,P).
We will consider  as a measurable function from the measurable space (2, F) to
the measurable space (X,B(X)) where X = RY d > 1, and a class of probability
measures P’ on (Q,F). Two probability measures P,Q € P’ corresponds to two
distributions Py, Qg € P, where P is a class of probability measures on (X, B(X)).
Furthermore, if the sample space is X, we implicitly consider the class of probability
measures P = {Py|Py = Pox™' P € P'}. In this context since the cdf P is uniquely
associated to the measure P, € P, we will associate the measure P, and its cdf P,

and denote P € P.

When we need to make an optimal choice given an experiment characterised
by a random variable, we are interested in the average value of repetitions of the

experiment. This quantity is the expected value of the random variable.
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Definition 7.4 (Expected value). The expected value of a continuous random vari-

able x is

EM:AWWM

The expected value of a discrete random variable x is

Elz] = Z xp(z).

zeX

One can also be interested in the spread of the possible values around the expected

value. This quantity is measured by the variance of the random variable.

Definition 7.5 (Variance). The variance of a random variable x is

In the remainder of the thesis, we use the notation = ~ P(x) or x ~ p(x) to
denote that x is a sampled value for the random variable & with cdf P and pdf (or
pmf) p. We will write equivalently E,p@)[ |, Eeur| ], Esup@)| ] or Ep@)l ] to refer
to the expectation with respect to @ with cdf P and pdf (or pmf) p. This is not
an inconsistency but it is for the purpose of clarity without overloading the reader,
using the most relevant notation given the context.

When dealing simultaneously with more than one random variable, we con-
sider the joint cumulative distribution function. For clarity, the next definitions
are in the context of two jointly distributed variables & and y with joint distribu-
tion p(x,y), but the same definitions and results apply to more than two variables.
The marginal distribution of @ given the joint distribution p(x,y) is p(x) and the

total probability rule gives,

p(x) = pz,y),

yey
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p@wiéMaw@,

for discrete and continuous variables, respectively, and similarly for p(y).
The conditional probability distribution of & given y is the probability distribu-
tion of @ when y is known to be a particular value. The conditional pdf (or pmf)

of & given the occurrence of the value y of y can be written as

pxly) = o) (7.1)

and is defined whenever p(y) # 0. Note that p(x|y) corresponds to p(z|y) with y
taking a particular value y. In this thesis, the conditional distribution p(x|y) refers
to the function of & and y that, for each value of y such that p(y) # 0, returns

the pdf (or pmf) p(x]y) on @ as defined above.

Remark 7.3 (Conditional cdf). In this thesis we will sometimes employ the con-
ditional cdf P(x|y) = P(x|y = y). In the case of discrete random variable y, we

can write whenever P(y = y) = p(y) # 0,

P(a;:g;|y:y):]P(w§x\y=y):]P)(w<x’y_y Zpty Zp(t!y)-

P( t<x t<x

In the case of a continuous random variable y, the probability of the conditioning
event is always 0, that is, P(y = y) = 0. We obtain P(x = x|y = y) by integration
of p(zly) as defined in equation (or summation if  is discrete) (Wasserman,,
2010),

xT

szxwzwzp@sﬂyzwzj'MWMt
which ensures that
Y

MwsLysw:/’mwaSMy:wwﬂ

—0o0
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The same applies to vector-valued random variables. For a detailed theory on con-

ditioning, we refer the reader to |Leadbetter et al| (2014).

Two random variables  and y are independent if the events {x < =z}

and {y < y} are independent events, that is to say

Plx <z,y<y) =Plx<z)Py <y).

In this case their joint cdf factorises,

P(z,y) = P(z)P(y),

and so does the joint pdf (or joint pmf, or a joint mixed density in the case of a mix
of continuous and discrete random variables). Similar to the case of a single ran-
dom variable, one can compute interesting quantities to describe the relationship
between two random variable. For example, the covariance between & and y is

defined as follows.

Definition 7.6 (Covariance). The covariance between two random wvariables x
and y 18

cov(x,y) = E[(x — Elz])(y — E[y])].

Remark 7.4 (Independent identically distributed random variables). We denote a
collection of K random variables as X = (x1,...,xk). If the random variables are
independent and identically distributed, that is, they have the same cdf P, we use
the shorthand notation iwid. In this case we can consider a unique random variable,
in the form of the function x : Q — X. A sample X drawn from X is equivalent
to K samples x1,...,xxk independently drawn from P(x), and the K-dimensional

cdf of X can be computed as the product of K times the cdf P, denoted P(x)¥.
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7.3.2 Statistical estimation

Given the distribution P(x) of a random variable x, we will be interested in know-
ing some key quantity about P, denoted 6. However, often we do not have ac-
cess to the full distribution P(x) but only to a data set D consisting of n sam-
ples D = (z1,...,x,) drawn from P. We consider in this section that the obser-
vations are iid, that is, D ~ P(x)". Statistical estimation refers to estimating the
value of 6 based on the samples 1, ..., x,. An estimator is a rule to calculate the
value of an estimate based on samples, and the value returned by the estimator is
the estimate. One can design multiple estimators for the same quantity €, therefore
it is interesting to quantify and compare the quality of different estimators in order
to elect the optimal one for a given application.

Two important quantities to evaluate the quality of a statistical estimator are
its bias and variance. The bias of an estimator 6 is the difference between this
estimator’s expected value and the true value of the parameter being estimated.

It is defined as follows.
Bias(d, 0) = Ep-p(ay 0] 0.

Estimators with zero bias are unbiased estimators. The variance of an estimator

measures its dispersion around its expected value, that is,
Variance(f) = Ep~p(z) [(é — Ep~p(a)n [é} )2] :

The bias-variance decomposition shows that the sum of the variance and the square

of the bias is equal to the mean squared error of the estimator, that is,

MSE(§) = Epp(z) [(é — 9)2] — Variance(d) + Bias®(6, ).
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This reveals a key trade-off, known as the bias-variance trade-off. When training
a model one has to simultaneously minimise these two sources of errors. A good
model has low bias, and low variance. However, we see that different estimators
with the same mean square error can have a different bias-variance decomposition,

which makes the balance between bias and variance difficult to achieve at training.

7.3.3 Proof of Theorem |2.1

Theorem 2.1 (Strict propriety of the Negative Kernel score with SPD kernels). We
assume X C R? is countable and finite. Let K(x,2') : X x X — R be a strictly pos-
itive definite kernel on X x X, and P be the space of probability measures on B(X).
We denote x',x" two samples, independently drawn, of the random variable x with

distribution () € P. The Negative Kernel score

S(Q.2) = Byl K (2, )] = 5EurmalK (4] ,Q € P,

is strictly proper relative to the class of the probability measures on B(X) for

which By g K (2!, 2")] is finite.

Proof. In  the case of a discrete output variable, the sample
space consists of mutually exclusive outcomes X = {x1,...,T.}.
We consider the convex class of probability distribu-

tion P, = {P such that p = (p(z1),. .., p(w,n)), ¥i € [Lm], plw;) > 0, pla:) = 1}.
i=1
Let us K be a non-negative, positive definite kernel K : X x X — R. The forecaster

distribution is Q(x) with pmf ¢q. The scoring rule is the collection of m functions:

1
S(Q, xl) = EIINQ [K(QZZ, 27)] — §Ex’,x”~Q [K(.CE/, .T”)] ,i = 1, <o, M.

We will prove that S is a (strictly) proper scoring rule if K is a (strictly) definite
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kernel. To do so, first we show that G is (strictly) convex when K is (strictly)
positive definite. Then, we will show that S is a subgradient of G. This will
conclude the proof, using Theorem 2 in |Gneiting and Raftery| (2007)). Let us write

the expected score function G,

G(Q) = 5(Q,Q) = EouglS(Q,2)] = D S(Q,i)q(:)

T, EX
1
= 3 [BanalB (w0,2)] = SEwwrnalK ()] Ja()
z,€X
= Z [Z K(z;,x5)q(z;) Z Z K (g, z;)q(x)q (xk)]q(:r;l)
r,€X  z;EX IJGX TREX
1
=2 > Kiaalale) — 5 > > Kl xy)alz;)g(z)
T, €X J?jEX ijX TLEX
1
=35 Z Z K(xi,25)q(xi)q(w;)
r,eX ijX
1
= éExi,IjNQ[K(xia x])] :

Now, we prove that G is (strictly) convex when K is (strictly) positive definite.

Consider a scalar A € [0, 1], and P,Q € Py,

GAP+(1-M)Q)

=3 DD Kl w)(a) + (1= Na(w)]p(z;) + (1= Ng(x)]
2

:%EzE:K@m%NVMmW®ﬁ+G—*Vﬂ%M@ﬁ

+ A = Np(zi)g(e;) + A1 = Np(e;)q(w:)]

= NG(P) + (1 - )\)?G(Q)

~ NS Klewa)peale)

r;€X x;EX

where we use K(z;,z;) = K(zj, ). Writing the difference be-
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tween G(AP + (1 — \)Q) and A\G(P) — (1 — \)G(Q), we get,

GOAP+ (1= M)Q) — AG(P) — (1 - NG(Q)
= A= 1)G(P)+ (1 = N)((1 - )\) - 1)G(Q)

+ A1 =) Z Z K(z, x)p(z:)q(x;)

—AA= D[P +GQ) = 3 D K(wsa)p(@)alx)|
= A= D[3 30 S K ) planpe) + aledales) - 2(ea(z)]
A= 1[5 3S K ) 0) — ale)) () — ale)] (7.2)

where we use again K(x;,x;) = K(xj,x;). Since A € [0,1] we have A — 1 < 0,
therefore A(A — 1) < 0. If K is a (strictly) positive definite kernel, then the

term % Z Z K(x;,xj)(p(z;) — q(z;))(p(x;) — q(x;)) is (strictly) positive except
if p= qxix fgleljws that G is (strictly) convex.

We are left to prove that the vector S(Q),, composed of the elements S(Q, z;)
is a subgradient of G. We recall the definition of a subgradient below, adapted to
our setting. That is, P, is as defined above, P,Q) € P,, denote the cdfs and p, q

denote the resulting pmfs.

Definition 7.7 (Subgradient). The vector S(Q)., is a subgradient of G at the
point Q) € P, if

where (-, -) denotes the standard scalar product. In our case, we have the following:

G(P) = G(Q) = (S(@)m,p = q)
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=G(P)-G(Q) — Z S(Q, i) (p(xi) — q(w:))

=G(P) - G(Q) - ZX S(Q, z:)p(w:) + ZX S(Q, x:)q(x;)
= G(P)—G(Q) — ;{ S(Q, zi)p(z:) + G(Q)
= G(P) - ;(ﬂ@,xi)p(xi)
o) - g;( (EBurnalK (@:,2")] ~ 3B oK (2!, 2")])p(x:)
x;{ ;K i, & )pla;)q(a') + E anng K (2, 2")]
—G(P ;{ ;{K i, 2 )p(2;)q (")
_ - ZE; ;(K T, — q(z:))(p(2") — q(2"))

>0

This proves that S(Q),, is a subgradient of G and we can use Theorem 2 in |Gneiting
and Raftery| (2007) to conclude that S is a (strictly) proper scoring rule when K is

a (strictly) positive definite kernel. ]
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7.4 Appendix for Chapter

7.4.1 Proof of Proposition (3.1

Proposition 3.1 (Decomposition of the AD entropy). Given an input x, the AD
entropy of q¥, the generalised distribution of z for a value y, can be written as the
sum of the negative log-likelihood of y and the AD entropy of p¥, the conditional

distribution of the latent variable given the output and input,

H,p(q¥;0) = —logp(y|z; 0) + Ha s(p%; 0). (3.4)

Proof. The AD entropy of the generalised distribution is

. > ply, z|@; 6)>+F1
H,5(q%;0) = log ('ZGZ

1—a > ply, z|a; 0)°
z2€EZ
1 > p(2ly, 23 0)* 7 p(yl; )70

= log o=

I—a > pl2ly, :0)%p(yla; 0)°

z2EZ
1 > p(zly, ;)7

o — 2€2
_ 1 ;0 !

T osPlleb) + o loe (T

zZEZ

= —log p(y|z;0) + Ha 5(p%; 0).

7.4.2 Proof of Proposition (3.2

Proposition 3.2 (Upper bound on the loss). The optimisation problem of equa-

C .
tion manimises an upper bound on the loss — > | A(y;, yi(0)) where y; is the
n

ground-truth output for the training input x; and y;(0) is the predicted output for x;.

This upper bound is tightest when €, ~\, 0.



7. Appendices 148

Proof. We will prove it by upper bounding the loss A(y;, y;(6)) for a single training

sample pair z;,y;. We have y;(0) = argmin H, g(¢¥ ;0) thus,
y

A(?Jn yz(e)) S A(ym yz(‘g)) - EzHa,ﬂ(qgi(e); 9) + EzHa,B(Qgi; 0)

1 .
< eylog Y exp—(A(yiy) — e Ho(4,:0)) + e Hao(g2:0).

yey 4

The first inequality holds by definition of y;(#). The second inequality holds as we
show below. Firstly, we have,

A(yi, yi(0)) — €:Ha5(¢2?;0) < max(A(yi,y) — €:Hap(q”:0)).

yey

For any set p = (pi1, ..., px) € RE with pee = max py:

PLEDP

lOg Z eXp<pk) = Pmaz T lOg Z eXp(pk - pmax)

PLEP PLEP

= Pmaz T10g(1+ D exXp(Pk — Pmaz)) = Pmaa +108(1) = Prnas

PLED,
Pk FPmax

since log is an increasing function and exp is always positive. This also shows
that the bound is tightest when €, ™\, 0, in which case the log-sum-exp operation
results in the maximisation over the output variable values y. Using this result
with p, = ;(A(yi,y) —€e:Hap(q;0)),y €Y gives

Y

Ay, yi(0)) — €.Hap(qy; 0) < gleag(ﬁ(yi, y) — e Hap(q2;0))

1
= €y max —(A<yi: y) - EzHa,ﬁ(qgi; 9))

yey Ey
1
<€ log ) exp — (A y) — e:Haplgz;0))-
yeY Y
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7.4.3 Proof of Proposition 3.3

Proposition 3.3 (Optimisation problem as a DC). The optimisation problem in
equation can be equivalently written as a difference of convexr (DC) functions

for any values of « > 0, # 1,8 > 0,a+ —1 > 0 using the following formulation,

min -||9||2 Z[eylogZexp—( (v, v)

UC]
i=1 yey
+ F+,8(ya 0) Fa_,ﬂ(yv 0))

+ G (e 0) = Go i 0)

with F 5(y,0), F 5(y,0), G 5(yi,0), G, 5(yi,0) all conver with respect to 6.

Proof. We can write equation (3.5)) as follows,

min 216 + Z[eylogzexp—( (9) = €:Hayp(02:6) ) + € Hos(a2:6)

yey
1 -
~ min £|[6]” + —Z {eylogZexp—( (1, )
€o 2
i=1 yey
- z|wy; 9)a+5_1 — log Zp(y, z|@i; 9)5)>
z€Z 2€EZ
€, a _
+ 7= (log Y _p(ys, #lzi, )71 - log > ply:, 2|i,6)") |
z2EZ z2€EZ
. 1 2 C
= min o|[6]] —Z [eylogZeXp ( (4i,y)
i=1 yey
€ . patB-1 € - 0)8
1_a10gzezzp(y7z\xu9) + 1 _@logzezzp(y,2|wz,9) ))
€z ) ) a+p-1 €» . . B
+ log;p(yz, 2|, 0) — logzezzp(ym!xzﬁ) |

The log-sum-exp function summing over the latent variable z is convex with re-

> 0. In this

< 0, and —

spect to 6. Let’s assume o > 1, then
—a 1 -«

case, Fi75(y,0), Fy 5(y,0),GL 5(yi,0), G 5(ys,0) are convex with respect to 6. In
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1
the case a < 1, T4 > 0 and we define:
-«

o Fry(y,0) = ——log 3 p(y, 2|z::6)7,
’ 1 - 2EZ
- __& . p\a+B8-1
. Fa,,8<y7 9) - l—alOgZ%:Zp(y’Z|$i’0) g )
o Gy ) = ——log 3 plys, 2lai; 0)°0,
’ 1 - 2€EZ
€2

log >~ p(ys, z|xi; 0)°.
Lo 3 plas o)

o G;,ﬁ(yzue) =

Recall our conditional model,

1
ply =y,z = zlx = 2;0) := p(y, z|7;0) < exp (€—0T¢(w,y, z)).

Given this choice for p(ly = y,z = zlg = z;0), the terms of the

form log > p(y, z|z;; 6) are convex. The normalisation constant cancel out among
z€Z

the terms F 4(y,0), F, 5(y,0), G2 5(yi,0), G 5(yi,0). The log-sum-exp function

summing over the output variable values y is convex and non-decreasing with re-

spect to 6, thus taking the log-sum-exp of a difference of convex is still a difference

of convex (Horst et al., 2000, Corollary 4.3). O



151

7.4.4 Equivalence of the UF with existing objectives
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7.4.5 Gradient descent with line search procedure in

Algorithm .

Algorithm 5: Gradient descent with line search procedure in step |3 of Algo-
rithm [l

1 Current parameters value: 6.

2 Current objective value: obj(6", 6").

3 0 =0

4 while [ < L and stop =0 do

5 Line search procedure:
6 b=20
7 c=10.5
8 n="
9 stops = 0
10 OLS = Qt
11 while a < A and stop; = 0 do
12 GLS — 0 — UV@Obj (9, 9'5)|9t
13 if obj(fLs, 0") < obj(#",0") + cnVeobj(0,6")],, Veobj(0,0")], then
14 stop, 1 / /
15 else
16 n < by
17 a<+a+1
18 end
19 end
20 0" =615

21 dobj = 0bj(6",0") — obj(0"1, ")
22 if 0 <dop; < CA then

23 stop « 1
24 et—&-l — el
25 else

26 l+1+1
27 end

28 end

29 return #*+!

7.4.6 Binary action classification

In all tables, the sign ~ means that the parameters of the UF were set to repli-

cate the existing model.
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Training details. During our experiments, for each binary action classification

|N

tasks, we reweighed the positive samples by the scalar ﬁ where N and P are the
numbers of negatives and positives samples respectively. This is the weighted loss
that we consider in our results analysis.

All models are initialised with LSSVM except for M3E with a — oo, as its
optimisation algorithm is slightly different than the one of LSSVM. M3E specifies a
margin between the ground-truth output and all other incorrect outputs, whereas
LSSVM considers all outputs (including the ground-truth). We use a random ini-
tialisation of the latent variable value for the M3E model with o — oc.

The convergence tolerance is set to A = 0.01. For
each model, we tested the following range of  parame-
ters: C' = [0.1,1,10, 100, 1000], ¢ = [0.001,0.01,0.1,1] (referring to the parameter
of the e-framework), e, = [0.001,0.01,0.1,1.0], @« = [0.01,0.1, 2,100, 1000, 10000]
and f = [0.0,0.5,1.0]. In terms of computing requirements, all algorithms are
comparable. Approximative computing time for all models with cross-validated

parameters, averaged on all 10 classes, is of order 5 — 10 minutes in CPU time

on an Intel Xeon X7542 core.

Detailed results. Table shows the per class test loss mean on the 5 folds
for the 10 actions of the “trainval” data set of the PASCAL VOC 2011 action
classification data set. We see that that the performances of UF as a replication
and the corresponding existing model are similar. All models perform equivalently
except that the output by marginalising the output and hidden variable as done by
MSSVM is the less accurate criterion. We do not report p-values of left-tailed t-tests
on the models test loss values over the 5 folds since there no statistical significance

of outperformance between pairs of models.

Tables [7.2] and [7.3] report the best parameters chosen by cross-validation. The
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analysis is not straightforward as we must take into account the values of «, (3, €,.
However, we see that in 9 classes out of 10 (all but “playing instrument”) we
have 5 = 1 so we recover the M3E model. With our setting, our prediction criterion

can be rewritten in these case as follows,

> exp(0T¢(x,y, 2))*/<

. €z ZEZ
arg min ——— log
yeY (1 - CY) Z eXp(9T¢(x7 Y, Z))l/ez
z€EZ

. S~ T afe
=argmin ———log Y exp(6” ¢(z,y,2))*
vey (1—a) zez;

€z

(1-a)

log > exp(607¢(x, y, =)/
zZEZ

yeY (1 - 0‘)
EZ

(1—-a)

= arg min = log Z exp(ab”¢(x,y,2))"
z€EZ

log > " exp(6” (, y, 2)) /.
zZEZ

YR AINA4

Out of these 9 classes where § = 1, in 4 classes (“jumping”, “phoning”, “reading”,

“walking”) we have @ = 2 and a very small value of ¢,, which gives a large

value of 1/e,. The term €, in front of the log-sum-exp can be written as T
€

and 1 —a =1 —2 = —1, which gives:

1
log g exp(20T p(x, y, 2))/= + — log g exp(07 g (x,y, z)) /.
z€Z z€Z

arg min —
yey ]-/Ez

1/e,

1
With a large value of — we approximate the log-sum-exp as the maximum func-
62

tion, and this gives:

arg min — max 207 ¢(z,y, z) + max 67 ¢(z, y, z) = arg max max 07 ¢(x, y, 2).
yey z€Z z€Z yey z€EZ

Out of these 9 classes where = 1, in 2 other classes (“riding horse”, “running”)we
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have small and equal values of o = ¢,,which gives

log >~ exp(6”¢(z, y, 2)) /<.

z2€EZ

1 !
U T a8 2 D

Again given the large value of 1 /e, we approximate the log-sum-exp as the maximum

1
function in the second term and the first term ——————1log > exp(67¢(z,y, 2))
(1 - &)/62 2€EZ

is approximated to 0, and this gives:

. T T
arg min — max 0" ¢(x,y, z) = argmaxmax 6 ¢(x,y, z),
yey (1—a) 2z yey €2

as a < 1. Finally in 2 other classes (“riding bike”, “taking photo”) out of these 9
we have small but different values of «,€,, we approximate the log-sum-exp again,

which gives

arg min — max 07 ¢(z,y, 2) +

T
by (I—a) =5 =) 2 o@y.2)

~ arg max max 6’ ¢(z, vy, 2),
yey  2€Z

since « is small. This is how we conclude that in most cases the set of UF parame-
ters chosen by cross-validation boils down to a prediction criterion that maximises
over the output and latent variables. Similarly, the best a chosen for the M3E
models is of high value in that case M3E recovers LSSVM, and the e-framework

best parameter e chosen is of small value that also approximates LSSVM.
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jumping [playing instrument| phoning |riding bike| riding horse
LSSVM 45+ 2.0 57 +2.5 55.7+0.82|36+26 | 32£3.0
M3E a« =00 [45+1.9 57+2.5 54.6+0.93 | 39+46 | 33£3.1
M3E 45+ 2.6 56 + 2.2 55.6+0.73 | 354+35 | 32£1.4
MSSVM 51+14 59+ 3.9 57+22 [36+35 | 35+35
e-framework |44 4+ 2.3 57+ 2.8 55+1.2 [ 36+1.6 | 31427
UF 43+ 1.9 57 +2.3 53+16 |32+1.7 | 31+25
UF ~ LSSVM |44 + 2.3 57 +2.5 54+15 [ 35+29 | 35+3.1
UF ~ M3E 444+ 2.3 57 +2.6 54+15 [32+18 | 32£28
UF ~ MSSVM| 51 + 1.7 59 £3.9 58+26 |[37+£3.0 | 37£4.0
reading | using computer running | walking |taking photo
LSSVM 53+ 1.5 51+ 1.0 33+£39 [42+1.9 67 + 3.6
M3E a -+ 00 [54+1.6 49419 36+34 [43+19 69 + 3.6
M3E 53 +2.1 444+ 2.1 33+40 [424+18 | 67+£3.3
MSSVM 59 +24 b1 £2.1 35+42 [46+46 | T1£26
e-framework |53+ 1.7 46 2.2 31£35 |40+1.6 | 66+4.2
UF 23+ 1.7 48 + 3.1 33+£39 |41+1.7 | 66+3.5
UF ~ LSSVM |53 + 14 50.6 £ 0.71 33+£3.7 |41+20 | 66+3.5
UF ~ M3E 53+14 48 + 3.1 33+£39 [41+20 | 66+3.5
UF ~ MSSVM|60 %+ 2.0 49+ 1.7 36+32 [44+24 | T1£26

Table 7.1: Per class test loss mean on the 5 folds (in %) £ standard error of the
mean (in %) with cross-validated parameters on the PASCAL VOC 11 data set.

jumping playing phoning riding bike | riding horse
instrument
LSSVM C =10 Cc=1 Cc=1 C=10 Cc=1
M3E a — o0 C =10 Cc=1 Cc=1 C=10 Cc=1
M3E C=10,a=|C=1lLa=|C=1lLa=|C=10,a=|C=10,a =
100 10000 10000 0.1 100
MSSVM C =100 C=1 C =10 C =10 C =100
e-framework |C=10,e=| C=1l,e= |C=10,e=| C=10,e=| C=1,e=
0.01 0.1 1 0.1 0.001
UF C=10,e,=|C=1e,=|C=1le,=|C=10,e,=|C=1,¢, =
0.1, = 0.1, = 0.001, a = 0.1, = 0.1, =
2,6=1 2,6=0.5 2,6=1 001,6=1 | 0.1,6=1
UF ~ LSSVM| C =10 Cc=1 Cc=1 C=10 Cc=1
UF~M3E [|C=10,a=/C=1l,a=|C=1a=|C=10,a=|C=1,a=
100 1000 10000 2 100
UF ~ C =100 Cc=1 C=10 C=10 C =10
MSSVM

Table 7.2: Cross-validated parameters for each model on the first five action classes.
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reading using running walking | taking photo
computer
LSSVM Cc=1 C = C=10 Cc=1 Cc=1
M3E a — o0 Cc=1 Cc=1 C=10 C=10 Cc=1
M3E C=1la= = C=10,a= |C=1la=| C=1,a=
100 10, = 0.1 100 10000 100
MSSVM C =10 C =100 C =100 C=10 C =
e-framework | C' =1,e = = C=10,e= |C=10,e=| C=1e=
0.001 100,e =1 0.01 0.1 0.001
UF C=1le = = C=10e,=|C=1le, = C=1¢e, =
0.1,a = 10,¢€, = 0.01,a = 0.1,a = 0.001,a =
2,0=1 l,a = 0.01,8=1 2,0=1 0.1,6=1
2,6=1
UF ~ LSSVM| C=1 C = C=10 Cc=1 C =
UF ~ M3E C=1a= = C=10,a= C = C=1la=
10000 10,0 = 2 100 10,0 = 1000
10000
UF ~ C =10 C =100 C =100 C =100 Cc=1
MSSVM

Table 7.3: Cross-validated parameters for each model on remaining five action
classes.

7.4.7 Multi-class gesture recognition

Training details. As in the binary classification experiment, all models are ini-
tialised with LSSVM except for M3E with a — oo, as its optimisation algorithm
is slightly different than the one of LSSVM (see section .

The convergence tolerance is set to A = 0.01. We tested the same range of
parameters as in the binary action classification experiment. Approximative com-
puting time for all models with cross-validated parameters, averaged on all noise

levels, is of order 2 — 3 hours in CPU time on an Intel Xeon X7542 core.

Detailed results. Table reports the average loss on the testing set for each

model with respect to the noise level corrupting the data set (detailed results cor-

responding to Figures and [3.4b]). Tables to show the p-values for the
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statistical left-tailed t-test on the models test loss values over the 5 folds performed
for all pair of models. We can see that when no noise is added to the data, M3E
with a — oo is outperformed by M3E, the UF, the UF replicating M3E and the
UF replicating MSSVM, with statistical significance at level 0.05. The UF repli-
cating LSSVM is also outperformed by the UF, the UF replicating M3E and the
UF replicating MSSVM. As the noise level increases, LSSVM and the e-framework
are also outperformed by M3E, MSSVM, the UF, the UF replicating M3E and
the UF replicating MSSVM.

c=0cm| c=1lcm | ¢ =5cm | o = 8cm

LSSVM 11+1.1) 114+1.1 16 £ 1.5 |22.8 +£0.92

M3Ea—o0 | 11 £1.2]10.54+0.40|18.6 £0.52|22.8 +0.94
M3E 8+1.1 94+1.0 11+2.1 14+1.5
MSSVM 94+13 | 9+£1.1 12+1.1 17+ 1.6

e-framework | 10£1.1{11.04+£0.74] 15£1.6 |22.0£0.65
UF 8+1.1|86+0.67|11.7+0.85| 15+1.6

UF ~LSSVM | 114+1.1| 11£1.0 15+1.5 |22.8+0.80
UF ~ M3E 8+1.1(91+£0.59 |11.74+0.85| 15+1.6
UF ~ MSSVM| 8+1.1{9.04+069| 12+1.0 15+1.2

Table 7.4: Test loss mean on the 5 folds (in %) + standard error of the mean (in
%) with cross-validated parameters on the MSRC-12 data set, for different noise
levels. Best performances in bold.

Table [7.9| shows cross-validated parameters for each model for each noise level.
The best parameters for the UF are never boiling down to either LSSVM, MSSVM
or the e-framework. In other words the best parameters combination (e, a, f3)

always take in account the AD entropy of the hidden variable.
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o = Ocm o = lcm o = 5cm o = 8cm
LSSVM C =100 C =100 C =100 C =100
M3E a — oo C =100 C =100 C =100 C =100
M3E C =1000,a =|C =1000,a = | C' = 1000, = | C'=100,x =
0.01 0.01 0.01 2
MSSVM C =100 C = 1000 C = 1000 C = 1000
e-framework C=100,e= | C=100,e= | C =100,e = | C' =100,e =
0.1 0.1 0.1 0.1
UF C =1000,¢e, =|C =1000,¢e, =|C =1000,¢, =| C = 1000, ¢, =
1,a=001,6=| ,a=2,= |1,a=01,=|1,a=0.1,8 =
1 0.5 1 1
UF ~ LSSVM C =100 C =100 C =100 C =100
UF ~ M3E C =1000,a =|C =1000,c = | C' = 1000, « = | C' = 1000, x =
0.01 0.01 0.1 0.1
UF ~ MSSVM C = 1000 C =1000 C = 1000 C = 1000

Table 7.9: Cross-validated parameters for each model for each noise level.
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7.5 Appendix for Chapter

7.5.1 Proof of Theorem 4.1

Theorem 4.1 (DISCO Nets Loss gradient theorem). For a finite space ), under

some reqularity conditions (detailed in the proof), the gradient VoFa(P,Q, P,) is:

1
VGFA(Pv Q)PCC) = ih{% _VQFEA(P7Qa PLE)
€ €

! . 1 .
= t1lim ~ (ViDIV4 (P, Q, ) = 5VaDIVA(Q.Q, P2)).

where
VGDIVEA(Pa Qa Px)
= Eop, (@) [Bympiyln) [Eanr. () [VoGy, (2, 210) — VoGy(z, 2, 0)]]] |

y = argmax Gy(x, 2; 0),
JeY

yp, = argmax Gy(z, z;6) £ eA(7,v),
yeyY

VODIVEA(Qv Q7 P:c)
=2 EQZNPI(m) [Ez~Pz(z) [EZ/NPZ(Z) [VGqu (1’, Z 9) - VHGQ(:E’ Z; 0):| }] )

§ = argmax Gy(z, 2;0),
geY

y, = argmax Gy(z, z;0) £ eA(g, 7).
geY
Proof. We will prove the Loss gradient theorem for DISCO Nets in the positive
update direction VyFa(P,Q, P,) = 11{16 %V@FZ(P, Q, P,), the proof in the negative
direction follows a similar reasoning. We assume ) to be finite with n, = |Y| and
no tie in maximisation. Without loss of generality, for clarity purposes in this proof

we assume a 1-dimensional output y (hence the grades are scalar-valued).
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Part 1: The difficulty with DIVA(Q,Q, P,).

First, let us write the true gradient.
1
VGFA(Pa Q> Px) = VGDIVA(Pa Q> Px) - §VGDIVA<Q> Qv Px)

The approximation of the term VyDIVA(P, @, P,) by VyDIVL (P, Q, P,) is directly
obtained by using the loss-gradient theorem of Song et al. (2016]). We repeat this

theorem here, adapted to our terminology.

Theorem 7.1 (General Loss gradient theorem). When given a finite set Y, a grad-
ing function Gy(x;0) of (z,y,0) € X x Y x O, a set of input data v ~ P(x)
and output data y ~ P(y|x), a task-loss A(y,y), then, under some mild reqularity

conditions (see|Song et al.| (2016)), the direct loss gradient has the following form:

VB, () [Eymryln) [A (Y, 9)]]

1
= +lim -E,p) []Epr(mx) [V@Gyp(l‘; 0) — VoGy(x; 9)” ,

e—0 €
where
y = argmax Gy(x;0),
gey
yp, = argmax Gy(z; 0) £ eA(7,y).
gey

Proof. See Song et al.| (2016) supplementary material. ]

In our case, recall the expression of DIVA(P, @, P,).

DIVA(Pa Q» Px) = ExNPz(:c) [Ewa(y|x) [Ey/NQ(ylx;O) [A(ya y/>]ﬂ 5
=E,p,(2) [Eyr(yo) [Eomr.2)[Aly, 9)]] ],

with § = argmax Gy(z, 2;0).
yeY
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We apply Theorem to our setting, considering the input pair (x, z), this gives:

VoEop, (@) [Eyepylz) [Eamr. () [A(y, 9)]]]

1
= im0 ~Eopy @) [Bympiyin [Bonr. o) [VoGy, (2,7 0) = VoG, 2 0)]] ]

where

y = argmax Gy(x, 2;6),
geY

yp, = argmax Gy(z, z;0) + eA(7,y).
gey

We denote
V@DIVZ(P, Q7 Px) = Ewaz(ac) [Ewa(y|x) [EZNPz(Z) [VBGyp (1‘: <3 Q) - V@GQ(I’, <3 0)} H )
and the results follows for VDIV, (P, Q, P,):

. .1 .
VHEQSNPI(:B) [Ewa(ykﬁ) [EZNPZ(Z) [A(ya y)]“ = ll\i% EVGDIVA(P7 Qa Pz)

Another way of seeing that we can apply the Theorem from [Song et al.| (2016])
is that DIVA(P, @, P,) is computed using a single grades set Gy(z, z;6) computed

for the sample z. The difficulty arises when we consider DIVA(Q, @, P,):

DIVA<Q7 Qa Px) - Ewaw(m) [EzNPZ(z) [Ez’sz(z) [A(ZQ, ?)/)]H s

y = argmax Gy(z, 2; ),
geY

y = argmax Gy(z, 2';0).
yeY
In this case both output values 9,7’ are functions of #, that is, both expectations

are with respect to the parametrised distribution Q(y|x;0). Therefore the first

argument in A is not fixed and a change 6 — 6 + €660 results in a change in both



7. Appendices 165

outputs. This was not the case when considering DIV (P, @, P,), where the first
argument is y ~ P(y|z), independent of #. Again, another way to express the
difficulty is to see that we now have to deal with two grades sets Gy (z, z;6) and

Gy(z, 2';0), computed respectively with the samples z and 2’.
Part 2: Rewrite the result to prove

We explicitly write the dependance of § to (x, z;0) by writing gy(x, z;0). By defini-

tion of the gradient, we write

367VDIVA(Q, Q, P;)

= 59TVQ]ExNPI(w) [EZNPZ(Z) [EZINPZ(Z) [A(Q(Z’, Z, 9)7 ?j(ﬂ?, Z/; 0))]“
1

= 11\1{% EEINPZ(QJ) []Ezwpz(z) [E.op. )| AG(2, 20 4 €60), §(x, 25 0 + €50))]]

- IEszz(z) [Ez’NPZ(z) [A(@(l’, 2 9)7 ]J(l’, Z/; 0))]] :| :

For clarity we denote

E1 =E.op,(z) [ Evrp, ) [A0(z, 2,0 + €60), G(z, 2'; 0 + €06))]]

Ey = ]Eszz(z) []Ez’NPz(z)[A<g(xu 2 '9)7 @(l‘, Z,; 6))]} :

So we have

Eyop (o) |E1 — E
50TV9DIVA(Q,Q,PI):K% Pota) | B = Fa] (7.3)

€

Therefore, we will show that

.1 . Eoop,(@)[E1 — E]
lim =601 VDIV P)=1 . 4
el\{,% p v@ VA(Qa Q7 ) 61\1‘% 3 (7 )

€

which will lead us to

1
11{‘% EaeTnglvg(Q, Q, P,) = 607VeDIVA(Q,Q, P,), (7.5)



7. Appendices 166

If we show equation ([7.5)) for any vector 60 € R? where d is the dimensionality of 6,

we equivalently show the following.
1
li\r‘]% EV(;DIVZ(Q, Q, P,) = V¢DIVA(Q,Q, P,). (7.6)
We add and substract B3 = E.op,(z) [Eop,(5)[A0(, 2;0), §(z, 2'; 0 + €66))]] and
consider the following expression

. Epp, @)1 — B3 + B3 — Ej)
lim .
e\,0 €

We will prove

1 . Eiop,(@)|E1 — B3+ E3 — Eb]
lim =607V, DIV P,) =1 - .
61\1‘% B 0 A<Q7 QJ ) el\r,% B

Eiop,(a)Eh — E
Part 3: Considering h\I‘I(l) Pata) | B 3].
€ €

E.wp (o|E1 — E
Let us look at lim P )[ ! 3].
e\,0 €

By — Es =E. p () [Eomp. ) [AW(z, 2,0 + €6), §(x, 25 0 + €00))

- A(Q(xﬂ Z; 9)7 g}(l’, Z/; 0+ 659))“

The difficulty is that both outputs change when € \, 0. Hence, we cannot directly
apply Theorem . Using a reasoning similar to McAllester et al.| (2010); Song

et al.| (2016)), we will show the following.
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]ECCNPI(:E) [El - E3]

lim =
eNO €

1

lim ~00" B, (@) [Ezrvpz(z) [Erp.()[VoGy, (2, 2:0) — VoGy(x, 2 0)]]|,

y = argmax Gy(z, 2';0),
yey

y = argmax Gy(x, z; 6),
JeY

y, = argmax Gy(z, z;0) + eA(7,7).
geY

First, let us rewrite E,wp, ) [F1 — E3).

By — Es=E. p () [Eomp. ) [AW(z, 2,0 + €6), §(x, 2'; 0 + €06))
— A(G(x, 2 0),9(x, 2';6 + €56))]].

We denote by A{ = A(yj, yi) — Ay, yi). This is the difference in losses encountered

if, when 6 — 6 + €6, we move
o y(z,20) =y, to y(x,z;0+€db) =y,,
e while g(z, 2'; 60 + €00) is fixed at y;.

We denote V; ;; the corresponding subspace of (X, Z, Z) for this move, expressed

as follows,
V;JJ - {(ZL‘, Z, Z,) : g('xﬂ <3 0 + 650) = Y5, lg(xv Z; 0) =Y, g(ﬂ?, Z/; 0 + 660) = yl}
This allows us to write E,p,()[E1 — E3] in a simpler form:

Eoor,@[Br— Es] = Y Y Al Eap,(@)[Eenr. o) [Bonr o) [1vi,,]]] -

ueY yi,y; €Y
i#]
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We rewrite V; ;; in term of the grades set Gy(z, z;6) and the loss A.

Part 4: Rewrite V, ;.

We denote by 6G(z, z;0)" = Gy, (x,2;0) — Gy, (x, 2;0) the difference of grades be-
tween y; and y;, for the input pair (z,z) and parameters 6. If g(x,z;0) = y,,
this means that y; is the maximal graded output for the pair (z,z) and model
parameters 6. We can write this as Vk € 1,...,n, : 6G(z,2z0)"* > 0.
Similarly y(x,z;0 + €d0) = y; means that y; is the maximal graded out-
put for the pair (z,z) and model parameters 6 + eff. We can write this
as Vk € 1,...,n, : 0G(z,2;0 + €d0)** > 0. For clarity in the remainder of the
proof we always denote Vk as a shorthand of Vk € 1,...,n,.

Therefore, we write the subspace V; ;; as

Vija = {(w,2,2) Yk, 6G(, 2,0 + €60)"" > 0,
Vk, 0G(x, 2 6)"" > 0,

§(z, 250 + €d0) =y}

We decompose 6G(x,z;0 + €50)7F into its first order Taylor expansion, that is,
0G(z, 2,0 + €00)7* = §G(z, 2;0)7F + €507V 40G (z, 2;0)7F + o(€) and write the sub-

space V; ;; as follows,

Viji={(x,2,2") ¥k 6G(z, 2;0)7F > —e607V0G (v, 2;0)7% — o(e),
Yk, 6G(z, 2, 0)"* > 0,

gz, 20 + €0b) = yi}.
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We explicitly separate the case y, = y; and y, = y;.

Viji={(x,2,2") ¥k # i 6G(x, 2;0)7F > —e607V0G (0, 2; 07 — o(e),
Vk # j,6G(z, 2, 0)"* > 0,
§G(1,2;0)"" > —e607VgdG(x, 2;0)" — ofe), (7.7)
§G(z, 2;0)" > 0, (7.8)

G(z, 250 + €00) =y}

Noting that 6G(x,2;0)7 = —6G(x,2;0)" we write equation (7.7)
as 0G(x,2;0)% < —e60TVe0G(x,2;0)% + o(e), and equation (7.7) together
with equation ([7.8]) become

0 < 6G(z,2,0)"7 < —e607V¢0G (x, 2;0) + o(e).

The subspace V; ;; is nowﬂ

Viji = {(x,2,2") Vk # i 6G(x, 2;0)* > —e60TV0G (x, 20 + o(e),
Vk # j,6G(z, 2, 0)"* > 0,
0 < 0G(x,2;0)" < —ed0TV0G (2, 2;0)% + o(e),

§(x, 250 + €00) =y}

If g(x,2';0 + €df) = y;, this means that y; is the maximal graded output for the
pair (z, z') and model parameters 6 + €50, that is, V&' € Y : 6G(x, 2; 0+ €60)"* > 0.

We use the first order Taylor expansion of 6G (w, 2'; 0 +¢50)"* and the subspace V; ;

o(e)

IThe classic notation o refers to a function of € that is an infinitesimal of €, that is, —= — 0
€

when ¢ — 0. From now on, we will use positive signs in front of o(e), as this notation refers to
any function that is infinitesimal, therefore taking the negative is also infinitesimal.
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is as follows,

Viji={(x,2,2") ¥k #4,6G(x, 2;0)7F > —e60TV0G(x, 2,0 + o(e),
Vk # 4,6G(z, 2, 0)"* > 0,

0 < 6G(z,2;0)" < —e60TV¢0G (2, 2;0)™ + o(e),

VK 6G(z, 25 0)"F + €607V 40G (z, 2;0)" + o(e) > 0}.

For clarity, we use the shorthand notations:

a = —00"Vy6G (z, 2;0),
bir = —60"VedG(x, 2, 0)" k #£ i,

= —00TVe0G (z, 2 0)*
and we write

Vijo={(x,2,2") ¥k #i,6G(x, 2;0)7% > eb; ), + o(e),
Vk # 3,6G(z, 2, 0)"* > 0,
0 < 6G(z,2,0)" < ea+ o(e),

VE, 6G(x, 25 0)F > ecip + o(€)}.
Let us sum up our findings so far, we have shown that:

ExNPz(m) [El - E3] - Z Z Ag7iEx~PZ(w) [EZNPZ(Z) [Ez/sz(z) [1\/“7[]” 5

n€Y yi,y; €Y
i#j

where

Vi =A{(x,2,2") Vk #4,0G(z, z; H)j’k > ebjj + o(e),

170

(7.9)
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Vk # 5,6G(z, 2, 0)"* > 0,
0 < 6G(z,2,0)" < ea+ o(e),

VE  6G(z, 2 0)F > ecy + o(e)}.

Part 5: Taking the limat.

Since @, z are random variables, 007 Vy0G(x, 2;0)" 4,5 € 1,...,n, is a random
variable, which we denote 607 VydG? for clarity. The expectation with respect
to (z, z) can be written with respect to 67 VydG* using the Law of the Uncon-
scious Statistician (LOTUS) described in section 2.3.1] This is also the case for

the terms 0G(x, z;0)". Therefore, we consider the following random variables
(recall n, = D)|)E|

o 00TVdGH, ... 60TV 0GI M e, a, by, ... by,

o S0V OGH . 60TV e6G Y  Le., ¢j1, . .. s Cimy s

o OGH, ... 6GIM,

o SGUW . ... 060G,
Similar to McAllester et al.| (2010), we assume any joint distribution p on these
random variables can be expressed as:

o A distribution g on a,b;1,...,bjn,,Ci1,- -, Cinys

e A conditional density function that we denote f; ;; for clarity, as follows,

o i,1 i,n 1,1 ln
fivle —f((;G ,...,5GJ y,éG ,...,(5G y|a,bz-71,...,bj7ny,cj71,...,cj7ny).

2We do not denote the following random variables in bold for clarity purposes.
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This allows us to write the expectation of the subspace V; ;;:

ae+o(e)
R R A ANEEY SN Sty A B
1€+o0(e eto(e) cp,1€+o(e c nye+o( €)

J’ﬂy

figaddG, . ,daalﬂydacivl, o dsG).

Under the assumption that the range of the expectation with respect to u is
bounded, and that the integrand is continuous and bounded (detailed at the end of

the proof), we exchange the limit and expectation sign and write

lim E [1\/”l:|

eNO €
ac+o(e)
EETT A TS AR A A Y
6\‘0 € 1€to0(€) e+o(e) cp,1€+0(€) C nye+o(5)

j ny

fznayzd(?G“, ..., d6GH M dSGHY ,déGj’"y} .

At this point we use Lemma 2 from Song et al.| (2016]), which we repeat here.

Lemma 7.1 (Limit of multiple integrals). Suppose a continuous func-

tion f(to,t1,...,t,), then for a scalar value dy > 0 and scalar values dy, ..., d,:

doe+to(e)
hm / / f(to, tl, e ,tn)dtodtl c. dtn
eNO € die+o(e) dne+o(e€)

=1 d, tt...tndtdt...dtn
:{%60// /f0717 7)01

Proof. See Song et al.| (2016) supplementary material. ]

While Lemma specifies dy > 0, [Song et al.| (2016) effectively use Vd, € R:

d0€+0
hIl'l / / f(t(), tl, . ,tn)dtodtl Ce dtn
eNO € die+o(e) dne+o(e€)

=1 d tt...tndtdt...dtn
61{%60// /f0,1>,)01
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where (dp)™ = max(dp, 0). Indeed, in the specific case where f is a density function

over (to,tq,...,t,) we can write:

d0€+0
hm / / f(to, tl, . ,tn)dtodtl Ce dtn
eNO € die+o(e) dne+o(€)

:hm_E|:1 to€[0,dpe+o(e)], } .
eNO € tiG[C(l)iE-[‘rO(z),-l-O(O)}],i>0

where the expectation is taken with respect to (£, t1,...,t,). Inthe case dy < 0, the
interval [0, doe + o(€)] will be empty for € sufficiently small, and the expectation will
be 0. Lemma 1 in [McAllester et al] (2010) states a similar result. With Lemma[7.1]

we have

iy 5[] =By o [ [0 [T

fizaddGHt L dOGEASG, . ,déGj»"y] ,

Note that when we use Lemma [7.1} do, ds, ..., d, correspond to scalar values taken
by the random variables a,b;1,...,bjn,,Cj1,-..,Cjn, as we are inside the expec-
tation with respect to u, while ¢, is the random variable dG*/ and t;,...,t,

are 0G**, Yk # j, 0GP, Vk # i, and 6GVF, Vk.
We group expectations for a change from y; to y;, and from y; to y;, noting that

the set Vj,;; corresponding to a change from y; to y; is written as:

Viig = {(x,2,2") ¥k # j,06G(x, 2, 0)"* > eb; ), + o(e),
Yk #14,0G(x, z;0)"
§G(z, 2, 0)™" > 0,
§G(x,2;0)™ > ac+ o(e),
VK 6G(x, 2'; 9)”“/ > ecpp +0(€) },

= {(I,Z, Z/) Yk 7é j? 6G(I, Z;g)i’k > €bi,k + 0(6)7
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Vk #i,0G (x, z;0)"* > 0,
ac + o(e) < 6G(x, z;0)" < 0,

VE  6G(x, 2, 0)F > ecip + o(e)},

Similar to Lemma [7.1{ and Lemma 1 in [McAllester et al. (2010) states, one can

show that Vdy € R, for a continuous bounded density function f,

2 / / / f(tOJ t17 s 7tn)dt0dt1 c.. dtn
e\0 € doe+o (€) Jdyeto(e) dnetole)

=lim - — d t t1,...,t,)dtedty ... dt,
e{%e 0// /f07177)01

with (dy)~ = min(dp, 0). Thereby, we can write:

iyt sl [ [ [

figaddGHt, L doGHASG ,daaf”“’} .

We sum the two expressions, noting that a = (a)* + (a)~

I

[ i [ 1
A{’ ]EM |:1<% ElVi,j,l:| + AIU]EM |:11\I"Il —1ijiﬂl:|

eNO €

- 1 ) 1
— J5? _ 752
=A'E {h\melv } AJ'E {h\i%elv }

sl [ [

Fi G dSGPdSGEY L dSGI),

~aps)| 11{%6@// // L1

fijud6GH L dSGEASGHY, L. dOGT ™. (7.10)
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Using equation ([7.9) and equation ([7.10)) together gives:

Einp, (@) [E1 — B3]

lim —
e\,0 €
S 3 armfuia [ [ T [ [
NEY yi,y; €Y N0 €
i#]j
fijad6GH L dSGEASGHY L L. dOGT™]. (7.11)

Recall that we want to prove:

EwNPz(m) [El - E3]

lim =
e\ 0 €
11\1% 659 Esnp, (@) |:]E’Z~Pz(z)[]EZ/NPZ(Z)[VGqu(x7 z;0)

— VoGl z; 9)]]} , (7.12)

y = arg max Gj(z, 2;0),
JeY

¢ = argmax Gy(x, 2'; 0),
geY

y, = argmax Gy(z, z;0) + eA(3, 7).
geY

We will now show that the right hand side of equation (7.12)) is also equal to the

right hand side of equation ((7.11]). Let us denote the term in the limit in the right

hand side of equation ([7.12)) as:
RHS = 06" E,p, @) | Eam (o) o ) VoG, (2, 2 0) — VG, 2:6)]] .

Part 6: Rewrite using subspace U, ;.
First, note that VoG, (v,2;0) — VoG, (v,2;0) is the difference of gra-
dients between y; and y;, for the input pair (x,z) and parameters 6.

It is equal to the gradient of the difference in scores, Vy0G(x,z;6)™,
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that appeared in the previous parts when we used the Taylor expansion
0G(z, 2,0 + €00)" = 6G(x, 2;0)7" + €007 Vo0 G(x, 2;0)7 + o(e).

This allows us to rewrite RHS as follows,

RHS = E, _p, (o) [EZNPZ(Z) [EZ/NPZ(Z) [MT (vequ(me) (@, 2:0) — VoGomo) (2, 2: 9))]”

= Z Z ]Exwpz(w) [EZNPZ(Z) [Ez’sz(z) [(59T(SVQG(ZL‘, Z, Q)j’ilUi,].,JH . (713)
ney yi,};i?y
i#]

where U; ;1 = {(2,2,2) 1 y,(x, 2;0) = y;,9(x, 2;0) = v;, y(x, 2';0) = yi }.

Recall that we defined A{’k = A(yj,y1) — A(yk, yi). Using the same type of rea-
soning as for V; j;, we have (i) y,(z, 2;0) = y; means Vk, 6G(z, z; 0)7* + 6A{’k > 0,
(i) 9(z,2;0) = v means Vk,0G(x,2z;0)%* > 0 and (iii) g(z,2;0) = wu

means Vk, 0G (x, z1;0)"F > 0. Thereby, we rewrite U; ;; as follows,

Uiju = {(z,2,2) Yk #1,0G(x, 2;,0)* > —eAT*,
Vk # 7,0G(x, z;&)i’k > 0,
5G(w, 500 > —eAl".
0G (x, 2;0)"7 > 0,

VK, 6G (x, 2 0)"* > 0},
(o) 686, 50 > A
Vh # 4,60z, 2 6) > 0,
0G(z,2;0)" < eA]”,
6G(z, 2;,0)"7 > 0,
V', 6G (x, 2 0)"* > 0},
= {(w,2,2) Yk #,0G(w, 2 0)"" > —eA}",

Vk # j,6G(z, 2, 0)"* > 0,
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0 < 6G(x,2;0)" < eAg’i,

VK, 6G (x, 2 0)"* > 0}.

Again, we will consider the random variables

° 59TV95GM, o ,59TV95GJ’”9, ie., a, bi,la . ,bj,ny,
o 00TVdGH .. 50TV 6G Y e, Cja, . Cinys
o 0GH ... 6GIMw,

o OGM,... 3G,

the distributions p, 1 and the conditional density f; ;;.

E,[00"V¢6G(z, 2;0)" 1y, ,,| = E,[60" (—VdG(z, 2;0)")1y, ]

eAf’j o0 ) (9 (9 ) )
=E,|a
# j,1 J,n
0 —eA“Z’ —eAy v Jo 0 0 0

fiuddGUL L dOGEAsGEY ,d(SGJ}ny} .

recalling that a = —§07V40G(z, z;0)"7. Note that while only 6607 VdG(z, z;0)"
appears in B, [607 V6G(z, z;0)"1y, |, we make f; j, appear and marginalise it over
the extra random variables 6607 V4G, Under the assumption that the range of the
expectation with respect to p is bounded, and that the integrand is continuous and
bounded (detailed at the end of the proof), we exchange the limit and expectation

sign and use Lemma [7.1] again. This gives us:

E,[60"V40G(z, 2 0)'1y, ;] = li\n% %]Ep laly, ;]

1 = € [o@) [o@) o o [o@) [o@)
_E anm-M+// / / / / /
M[ 6\06( ") o Jo o Jo o Jo 0

fijad0GH L dSGE M ASG ,d(SG%ny} '
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A change from y; to y; is written as the following set:

Ui = {(x,2,2') Yk # §,0G(x, 2 0)"* > —eAl*,

Vk #4,0G(x, 2,6 > 0
0 < 0G(z,2;0)7" < eA},
VE  6G(z, 2 0)F > 0},

 ((00) £ 1,00, 50 >~
Vk # 1,0G(x, 2,0)"* > 0
0 < 6G(z, 20y < —eA}",
9K, 6G(a, 20 > 0},

= {(x,2,2) Vk # §,0G(x, 2,0)"" > —eA}”,
Vk # i,0G(z, z;0)7F > 0,
0> 6G(x,2;0)" > eA]”,

VE  6G(z, 2 0)"F > 0}.
Thereby, we can write:

E,[660" VG (z, 2; Q)i’lej’iyJ

- forsas g or [ [

fz',j,ld<5Gl’l, - d(5Gl’”yd(5G“1 o déG]:”y]

—E,|(-a )y\r_‘%g—A” // // // /

f: jld(SGl’l ., doGEdsGHY L d(sGJ,ny]

sl [ [ L Ll

fi0d0GH L dOGP M ASGHY, .. ,d5GJ:"y] _
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When we group expectations for a change from y; to y;, and from y; to y;, we will
use again (A7) = (A7")* + (A7")~. Recall equation (7.13)), that is, that we use the

1
subspace U, ;; to rewrite RHS. Taking the limit li\r‘no —RHS gives,
N0 €

— T AV
K%ERHS > lm%E]E (607 V496G (x, 2 0)' 1y, ]
neY i, Z:iey
17]

-5 2wttt [T L

n€Y yi,y; €Y
i#j

[ijad0GM, L G AOGH, . Ao | (7.14)

Equation ([7.14) is the right hand side of equation ([7.11]), therefore both left hand

sides are equals. We have shown that:

Eup, @)1 — E3]

lim =
e\ €
ll\r‘% P 56 ]Ea:NPZ (x) |:EZNPZ (2) [Ez’sz (2) [VGqu (iL‘, Z; 9)

~ VoGy(w, % 0)]]] (7.15)
y = argmax Gy(z, 2;6),
JeY

§ = argmax Gy(z, 2'; 0),
gey

y, = argmax Gy(x, z;0) + €A, 7).
gey

]ExNPI(w) [E?) - EQ]

Part 7: Considering lim

e\0 €
]Ez~ x E - E
Let us look at lim Pu )[ 3 2].
e\,0 €

E3 - E2 = EZNPz(Z) [EZ/NPZ(Z) [A(@(l‘, <3 Q)a g(l’, Z,; 0+ 669))
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. . .. . . Emegc(m) [El - E3]
Using a reasoning similar to the one have derive for the term 11{% ,
€ €

one can show that:

EszZ(w) [ES - EZ]

lim -
e\0 €
1
h\f% ;5‘9TEx~Pz(w) [Eenpu(z) [Banp.(2) [VoGy (2, 25 0) — VoGy (x, 25 0)]]]
(7.16)

where

y = argmax G(z, 2; ),
JeY

§ = argmax Gy(z, 2';0),
JeY

y; = argmax Gy(z, 2';0) + eA(7, ).
gey

For this term, the proof would be more similar to the proof of Theorem [7.1}in [Song
et al. (2016), as the first argument of the loss, that is, g(z, z;6), does not change
when e 0.

Part 8: Summing the two results.

We now sum together the two results obtained, that are equation (7.16) and equa-

tion ([7.15)). We repeat them here:

Eop, (@) £ — E3]

lim =
e\0 €
o1
lim —00" Bar,(@) [Ezwpz(z) [E.rp. () [VoGy, (2, 2,0) = VoGy(z, 2; 9)]]]
I; E{L‘NPZ(w) [ES - EZ]
11m =
e\0 €

1
11{% EaHTExNPI(w) []EZNPZ(z) [Eorr. () [VoGy, (2, 2':0) — VoG (2,2 0)]] } )
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where

y = argmax Gy(x, 2; 0),
gey

§ = argmax Gy(z, 2'; 0),
geY

y, = argmax Gy(x, z;0) + eA(7,7'),
ey

y(’l = argmax Gy(z, 2';0) + eA(7, 7).
geY

E,op.(|E1 —FE E,p (o) F5 — E
We assume that lim Pu )[ ! 3 and lim Pa( )[ 3 2]
6\0 € 6\0 €

are finite. We

note that z and 2’ play a symmetric role, that is,

Eoop @)1 — B3] . Epopw)|Bs—E
fim e B 7 Bl gy Beeral B — B

e\ € e\0 €

This gives us our final result:

Eymp, (@) [ B — Eb) Esmp, (@) [ Eh — B3 + E3 — E

lim = lim
e\ 0 € e\0 €
Eiwp (o)1 — E E.wp (ao|F3 — E
i Bl )[Er 3]+lim P, (z)| 3 — Eb]
e\0 € eNO €
E.wp (o|E1 — E
_ 3 fipy Zeer@lBr = Bl
e\0 €
If we define:

V@DIVZ(Q, Q, Pm) = 2Eprz(m) [Eszz(z) [Ez’sz(z) [V@qu (l‘, Z5 9) — VgGQ(Q?, Z5 (9)”] y

we have
I; ExNPx(w) [El - EQ]
im
e\ €

= 0" lim V4DIVA(Q. Q. P»).
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As explained in equation (7.3)) to equation (7.6, we defined Ey, Ey such that,

E,op (o)1 — E
86" VDIVA(Q. Q. Py) = lim —~ By — B]

€

This leads us to
1
lim ~00"VyDIVL(Q, Q, P,) = 60" V,DIVA(Q, Q, P.),
€ €

which is what we wanted to prove.

Part 9: Conditions of applications of the Loss gradient theorem for

DISCO Nets.

Our proof of the extension of the Loss gradient theorem to the DISCO Nets’ setting
requires similar assumptions as McAllester et al.| (2010); [Song et al.| (2016)). First,
we required that the joint density p can be expressed as a bounded conditional
density function f and a distribution . Second, to assume that we can exchange
limits and expectations, the integrand must be continuous and bounded. Therefore
the integral of the conditional density f must be bounded and continuous with
respect to the terms 607 VydG, and the grades set and their gradient with respect
to @ must be bounded and continuous with respect to x, z. The range of the integral
must be bounded, which again requires the gradient of the grades set to be bounded.
In practise, we parametrise the grades set with a neural network. Depending on
the network architecture, the gradients of the grades set might not be continuous,
or even exist (in this case we compute subgradients). In this case we still use our

approximation to learn the model’s parameters.

Part 10: Convergence of the Loss gradient theorem.

We do not derive an asymptotic convergence guarantee for the Loss gradient the-

orem for DISCO Nets. Note that our objective function is non-convex with re-
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spect to the model’s parameters. |McAllester et al. (2010) mentions that taking
steps updates with a learning rate 7, and approximation parameter ¢;, one should
be able to prove that the original Direct Loss Minimisation method (McAllester
et al. 2010) converges to a local optimum of the objective function provided

that Ne — O, € — 0, Z'I]fﬁt — 0.

t=0

7.5.2 Hand pose estimation

We provide in this section additional details on the experiment on hand pose es-

timation of section (.5

Data preprocessing. We perform the same data preprocessing as in |Oberweger
et al. (2015alb), using the DeepPrior software (Oberweger, 2015). Specifically, we
extract a fixed-size metric cube around the hand from the depth image. We re-
size the depth values within the cube to a 128 x 128 patch and normalised them
in [—1,1]. Pixels deeper than the back of the cube and missing depth values are

both set to a depth of 1.

MEU method. The prediction is made as follows,

K

ymeU = arg min Y Aetric (U, U)

k=1,..K 5

For example, for a given input z, we need to choose a pointwise output to evaluate
the Mean Joint Euclidean Error (MeJEE). We sample K candidate ouputs values
for the input z, and elect:

K K J

. . A / o . ]- ] /j
YMEU-MeJEE — argmin MeJEE(ylm yk) = argmii = Hyk — Yi H2
k=1,.K k=1,..K = J =
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where ¢/ denotes the 3-dimensional vector of values corresponding to the 3D coordi-
nates of the joint j (among the 3x.J = 42 values of all coordinates y). Then when we
evaluate MeJEE, the loss encountered on the example z is Ayejrr (Y, YMEU-MeJEE)

where y is the ground-truth output that corresponds to .

Pointwise evaluation metrics. We denote by ni the number of test example
pairs (z;,v;), and ya, .. ; is the prediction, specific to the metric, for the i input

example z;. J is the number of joints of the hand.

MeJEE (Mean Joint Euclidean Error) is the per-joint Euclidean distance be-

tween the pointwise pose and the goundtruth, averaged by J and ni.s;, computed as:

AMeJEE =

~l =

J
> Il
j=1

1<
Z j Znyi o y]AMeJEE,iHQ‘
i=1 7 j=1

MeJEE =

Ntest

MaJEE (Max Joint Euclidean Error) is the per-joint maximal Euclidean distance

between the pointwise pose and the goundtruth averaged by nies, computed as:

AMaJEE = max ||||27
JE[L,J]

Ntest

J
Z m?)§]"y1 o yAMaJEE:i||2'

Ntest i—1
=1

MaJEE =

FF(d) (Fraction of Frames) is the fraction of test examples that have all predicted
joints of the pointwise pose below a given maximum Euclidean distance d in mm
from the ground-truth. Note the — sign since for FF higher is better, the MEU

method will take the output with maximal utility.

Arr = —Lmax;cpy |l l2<ds
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1 Ntest
FF(d) = ! y
Ntest 5 maxjcn, s 19; —Yapp ill2<d

Architecture. The input depth image x is fed to 2 convolutional layers, each
having 8 filters, with kernels of size 5 x 5, with stride 1, followed by Rectified
Linear Units (ReLUs) and Max Pooling layers of kernel size 3 x 3 and stride 3.
A third and last convolutional layer has 8 filters, with kernels of size 5 x 5, with
stride 1, followed by a Rectified Linear Unit. The ouput of the convolution is
concatenated to the random noise vector z of size d, = 200, drawn from a uniform
distribution in [—1, 1]. The result of the concatenation is fed to 2 dense layers of
output size 1024, with ReLLUs, and a third dense layer that outputs the candidate
pose y € R¥*’. For the non-probabilistic BASE, model no noise is concatenated

as only a pointwise estimate is produced.

Training details. Back-propagation is used with Stochastic Gradient Descent
with a batchsize of 256. The learning rate is fixed to A = 0.01 and we use a
momentum of m = 0.9 (Polyak] |1964). We also add L2-regularisation controlled
by the parameter C. We use C' = [0.0001,0.001]. Note that DISCO Nets report
consistent performances across the different values C, contrary to BASE. We use
3 different random seeds to initialize each model network parameters. We report
the performance of each model with its best cross-validated seed and C'. We train
all models for 400 epochs, as it results in a change of less than 3% in the value of
the loss on the validation data set for BASE.

All network weights are initialised at random with a Gaussian distribution of
mean 0 and standard deviation 0.01, all biases are initialised to 0. During training,
the number of candidates outputs generated by the probabilistic models DISCO,
is K = 2. This is sufficient to compute a value of the unbiased estimator of the

gradient in step [ of Algorithm [2 Note that in step [2] of Algorithm [2] we must
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draw new noise samples (2;1, ..., 2; k) for each training example at each iteration.
Indeed, let us consider the iteration ¢ on a training example x;. The values of the
noise sampled for x; at iteration ¢ — 1, are used in the estimation of the gradient,
and thus influence the update ' < 6!, Thus, we need to draw new samples
to ensure that the K candidate outputs for z;, G(x;, z;x:0), k = 1,..., K, remain

independent given z; and 6°.

7.5.3 Psychology attributes ratings prediction

We provide in this section additional details on the experiment on psychology at-

tributes ratings prediction of section [.7]

Data preprocessing. The US10k Face Data Set (Bainbridge et al., 2013|) con-
sists of 20 psychological attributes all paired with their antonyms, we list them in
Table [7.10, To obtain ratings on the face images from Amazon Mechanical Turk
workers, the set of attributes and their antonyms was separated in two splits, split,
and split,, and ratings were gathered using two survey version. Each image is anno-
tated for split,; by 15 workers, and for split, by 15 other workers. There were 1,274
workers altogether. Ratings range from 1 (not at all) to 9 (extremely). Each ques-
tion included a pop-up window with a definition of the attribute, and the survey
included a catch question to eliminate workers who were answering at random.
In our setting, for a given face image x, we want the same worker to have anno-
tated the whole set of considered attributes y. Therefore, contrary to (Bainbridge
et al., 2013)), we do not merge the two surveys and use split,, which is composed
of the attributes in bold in Table [.I0l We remove annotations where the catch
question was incorrectly answered, and consider the minimum number of annota-
tions per image available after this preprocessing, that is 12 annotations for each of

the 2,222 images. We split the data set into 1,022 images for training, 600 for vali-
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dation and 600 for testing. The face photographs are JPEGs with 256-pixel height.
We resize the images to 227 x 227 pixels in order to suit the network architecture

and normalise the images by subtracting the per-pixel mean and dividing by the

per-pixel standard deviation, computed on the training set.

interesting/boring calm/agressive
caring/cold confident /uncertain
humble/egotistic emotionally stable/unstable
intelligent /unintelligent sociable/introverted
kind /mean responsible/irresponsible
trustworthy /untrustworthy| attractive/unattractive
happy/unhappy normal /weird
typical /atypical memorable/forgettable
familiar /unfamiliar common,;/uncommon
emotional/unemotional friendly /unfriendly

Table 7.10: Psychology attributes from Bainbridge et al.,| (2015). The attributes in
bold are the one we consider.

Architecture. The input depth image x is fed to a convolutional layer with 30
filters, with kernel of size 11 x 11 and stride 4, followed by Local Response Nor-
malisation (LNR), RELUs and Max Pooling layers of kernel size 3 x 3 and stride 2.
The resulting feature map is fed to a second convolutional layer with 40 filters, with
kernel of size 5 x 5 and stride 1, followed by LNR, RELUs and Max Pooling layers
of kernel size kernel size 3 x 3 and stride 2. The resulting eature map is fed to
a third convolutional layer with 40 filters, with kernel of size 3 x 3 and stride 1,
followed by RELUs units. This layer outputs a matrix of features flattened along

R3240 The output f is concatenated

the last dimension into a vector noted f €
to the random noise vector z of size d, = 200, drawn from a uniform distribution
in [—1, 1]. The result of the concatenation is fed to a dense layer of output size 1240,
followed by RELUs units, and a second dense layer output size 180. The output

R20><9

is reshaped into . Finally, we use a softmax activation function on the last

dimension (corresponding to the 9 possible values of an attribute grade).
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Training details. We update the model parameters either with Stochastic Gra-
dient Descent (SGD) with learning rates A € [0.001,0.01] or SGD with momen-
tum p = 0.95 learning rate A = 0.001 (best performing method depends on the
models, but performances are consistent). Interestingly, we found that models per-
form better with a mini-batch size of 10. Finally, we use a fixed value of ¢ = 1 and
the negative update direction. During training, the number of candidates outputs
generated by all models is K = 2. For DISCO,—_, /2, we compute the unbiased esti-
mators in steps[dand [5lof Algorithm 3]in the following manner. At each iteration, for
each input x;, among the 12 samples of the training data set, we randomly sample 1
ground-truth output. We draw from the model K = 2 samples. We randomly sam-
ple one sample among the 2 generated samples to be compared to the ground-truth
output in step 4 of Algorithm [3land compare the 2 samples in step[5] For DISCO,—,
one randomly drawn sample is compared to the ground-truth sample. For CNN-CE,

the two samples drawn are used to compute the marginalised distribution.

Pseudo-polynomial time algorithm for exact loss-augmented inference.
Steps [4f and [5| of Algorithm [3| requires to solve, for each sample z;, K + K(K — 1)
loss-augmented inference problems. Using dynamic programming methods, we can
find exact solutions to the loss-augmented problems in pseudo-polynomial time.
First, let wus restate the MinMax kernel between two out-
puts y,y' € Y = {0,.., R} If we consider range valued out-
puts y € ¥ = {0,...,R}, that is, y = (v*,...,y"), 9%, ...,y* € {0,..., R},

the MinMax kernel between two outputs y,y € YV x Y is

>4 min(y®, y'*)

(7.17)
S max(y,y'?)

KMinMax (y7 y,) -

The loss-augmented inference problem that we have to solve are of the following

form (in the positive update direction, the algorithm is similar in the negative
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update direction),

arg max Gy(z, z,0) + eA(7,y). (7.18)
gey
Replacing the loss with its expression, A(y, y') = 1 — Kyiinmax (¥, V'), equation ([7.18))

is equivalent to:

arg max Gy (z, 2,6) — eKninmax (7, V). (7.19)

yey
First, we notice that when the denominator in equation (7.17)) (which sums over
the maximum on each dimension a) is a constant, the loss-augmented inference
of equation ([7.19) can be decomposed over the dimensions. Second, the value of

the denominator is lower bounded as follows,

A

A
> max(y®,y) >yt =C,
a=1

a=1

where denote C' = ZZ‘:I y®. Similarly, the denominator is upper bounded as follows,

A A
Zmax(y“,y’a) < Z R=AXxR.
a=1 a=1

Let us consider ¢ = Y% max(y®,y'*) € {C, ..., R x A} and fix the denominator to
remain equal to c. Therefore, there is a total “budget”, denoted b = ¢ — C to assign
among each element of ¢. This is the commonly known Knapsack Problem, which
can be solved in pseudo polynomial time. Using dynamic programming methods,
we compute the possible assigment of b that maximises G(x, 2, 6) — eKntinmax (7, V),
there are A attributes and the budget is bounded by R x A so this runs in time
O(RAQ). We loop over the values of ¢, which is bounded by R x A. This gives an

exact solution to the loss-augmented problems in time O(R2A3).
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7.5.4 Discrimination ability of the Negative kernel score

Pinson and Tastul (2013) refer to the discrimination ability of a scoring rule as
its ability to evaluate the differences between two densities. Specifically, they de-
fine the discrimination ability of a scoring rule as follows (for positively oriented

scoring rules),

Definition 7.8 (Discrimination ability of a scoring rule). The discrimination abil-
ity of a scoring rule S is the property such that if Q1 is genuinely of higher qual-
ity than Qo, then S(Q1,y) > S(Q2,y) for any observation y ~ P(y). The scor-
ing rule is said to have high discrimination ability if a differences in the predic-
tion quality of the modelling distribution Q1 and Qo results in a significant differ-
ence between S(Q1,y) and S(Q2,y). Contrarily, if the difference between S(Q1,y)

and S(Q2,y) is null, the scoring rule is said to have no discrimination ability.

Intuitively, a high discrimination ability is a desirable property for a scor-
ing rule both in the context of parameter estimation and model evaluation.
As noted in [Pinson and Tastu (2013), being strictly proper does not ensure
that S(Q1,D) > S(Q2, D) for any dataset D drawn from P. However, we could ex-
pect strictly proper scoring rules to discriminate forecasting distributions that are
close to the true distribution, as the divergence approaches its unique minimum.
In this context, |[Pinson and Tastu (2013)) investigate the discrimination ability of
the Energy score with 8 = 1, corresponding to the Euclidean norm. Their conclu-
sions show that the Energy score discriminates well distributions that differ in their
means, but difference in scores values are much smaller for distributions that differ
in their variance parameters. Importantly, the Energy Score hardly discriminates
distributions that differ in their structure, that is, their covariance parameters.

In order to analyse the results of our psychology attribute ratings prediction

experiment, we perform a similar analysis on the Negative kernel score with dis-
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crete data. Similar to Pinson and Tastu| (2013), we assume that there is a true
process that follows the true distribution P(y), which we access via 1000 samples
drawn from P. Specifically, y is a two-dimensional variable and P is a bivari-
ate distribution. We consider two forecasting models (i) a model that incorrectly
captures the expected value of the process, denoted Qean; and (ii) a model that
incorrectly captures the covariance between the two dimensions of y, denoted Q.oy.
We draw 1000 samples from Q) ean and Qeov and compare their scores with respect
to the samples drawn from P. Our goal is to evaluate how each type of error (mean
or covariance) affects the Negative kernel score. To do so, we consider the relative

change RC in the Negative kernel score:

where S is the Negative kernel scoring rule associated with the MinMax kernel,

and S(Q, P) is the associated expected Negative kernel score, that is,

1
S(P, P) = §Ey,\,p(y) [Ey/NP(y) [KMinMax(ya y/)H ’
S(Q, P) = Byop(y) [Ey o) Knimvax (¥, ¥')]]

1
a §Ey’~Q(y) {Ey’%Q(y) [Kntinyasx (¥, y”)ﬂ :

Experimental setting. We perform our analysis on distributions of y and not
conditioned on an input. We employ multivariate Poisson distribution, as this

discrete distribution has the appealing following properties (Johnson et al., [1997)).

Remark 7.5 (Properties of the multivariate Poisson distribution).
Let y; = Poisson()\;), Vi € 0,...,m. Define the random wvari-
ablesw; = y; +yo, Vj=1,...,m, then (wy, ..., wy,) jointly follows a multivariate

Poisson distribution. Furthermore, the marginal distribution of w;,Vj =1,....m
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is a Poisson distribution of parameter \; + Ao, that is,
w; = Poisson(\j + Ao). (7.20)
The covariance between each pair of random variable is Ao, in other words,
cov(w;,w) = Ao, Vj=1,... mk=1...,mk#j. (7.21)

We construct the true distribution P(w;, ws) to be a bivariate Poisson distribution

of parameters (Ao, A1 = A\, Ay = \), specifically,

yo = Poisson(\g), w; = Poisson(\ + o),
y1 = Poisson(\), wy = Poisson(A + \g),
y2 = Poisson(A), cov(wy, wy) = Ap.

w1 = Y1 + Yo,

wy = Yo + Yo,

We consider two models, respectively represented by the distributions @,...
and Q... The first forecasting distribution @, . (w;,wy) does not capture the
correct marginal means of the distributions, but accurately captures the variance
and covariance parameters. The resulting Q). ... is no longer a bivariate Poisson

distribution, since the Poisson distribution family is not closed under linear trans-
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formation (Winkelmann, 2008).

yo = Poisson(\g), Efw;] = (A4 o) — €mean(A + Ao),
y1 = Poisson (), Elws] = (A4 Ao) — €mean(A + Ao),
y2 = Poisson(\), Viwi] = A+ Ao,

W1 = Y1 + Yo — Emean(A + o), Viws] = A+ Ao,

Wy = Y2 + Yo — Emean(A + Ao), cov(wy, wy) = Ao.

While it is true that the distribution @, suffers from the fact that the resulting
marginals are not Poisson distributions, for large values of A the Poisson distribution
approximates the Normal distribution of mean and variance equal to A. This is a
known result and the proof relies on the Central Limit theorem. As the Normal
distribution is closed under linear transformation, we expect this disadvantaging

effect on @ to decrease as A\ increases.

The second forecasting distribution Q.. (w1, ws) incorrectly models the covari-
ance, that is, \g. We increase the parameter A so that the marginals follow the

same Poisson distributions as the true distribution. The resulting ()., remains a

bivariate Poisson distribution, with Poisson marginals, that is,

Yo = Poisson(Ag — €cov o), w; = Poisson(\ + o),

y1 = Poisson(A + €cov o), wy = Poisson(\ + \g),

ys = Poisson(A + €cov o), cov(wy, we) = Ay — €coyAo-
wi = Y1 + Yo,

w2 = Y2 + Yo,

with €mean; €cov € [0, 1].

Figures[7.2)and [7.3|show the resulting changes in RC for the different values of .
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Comparing the scale of variations in the relative changes, we see that the Negative
kernel score is more sensitive to an error in the estimation of the marginal means
(upper plots) than to the covariance parameter (lower plots), by factors of 100
to 10000. This observation supports our conclusion from the psychology attributes
ratings prediction experiment. By using a loss-calibrated training objective based
on the non-decomposable MinMax kernel, DISCO Nets capture structure in the
learned distribution. However this does not lead to a statistically significant gain in
quantitative performance at test time, compared to the CNN-CE model. The CNN-
CE model is not penalised for failing to capture covariances between the attributes
ratings, as the Negative kernel score hardly discriminates between distributions

that differ in their covariances.
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Figure 7.2: Discrimination ability of the Negative kernel score for different values
of \, and the two types of error.
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Figure 7.3: Discrimination ability of the Negative kernel score for different values
of \, and the two types of error.
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Training details. In our experiments, the ranges of values of the parame-

ters Ag, €mean, €cov are chosen so that () samples remain integers, and we thresh-

€mean

old samples drawn from at Q... at 0.

Additional analysis. In [7.2b, as the covariance )y decreases, the values RC
decrease. In the values RC are independent of the covariance. Recall
that Q... i1s not a bivariate Poisson distribution, as the mean and variance of
each marginal are different. Looking at distributions modelled by @, .. , we note
that the difference between the marginal means and variances of w;,j = 1,2
is E{lw;] — Viw;] = —€mean(A + Ao). As Ao decreases, this difference gets closer
to 0 and the marginals get closer to Poisson distribution. therefore Q. . is less pe-
nalised for not modelling a Poisson distribution. This effect disappears for large val-
ues of A, as the Poisson distribution approximates the Gaussian distribution, which
is closed under linear transformation. Finally, we attribute the drop in relative

changes RC from €,6an = 0.8 t0 €1pean = 1.0 to the thresholding of the samples at 0.
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7.6 Appendix for Chapter

7.6.1 Derivations for the product of normals densities

method

We construct the probability density function of the random variable ¢g by multi-
plying |G| normal density functions, each of them evaluating the probability of the

variable cg taking the value cg, given x; = x;, Vi € GG, as follows,

4(cc = cg|X e = Xa; de) HQ(CG = cglzi = @53 dc)
i€G

We assume q(cg|x; = x;; ¢.) to be a Normal distribution N (u;, ;). The normali-
sation constant is the resulting product marginalised over all possible values of ¢g.
The result of the product of |G| normal density functions is proportional to the

density function of a Normal distribution of mean ug and variance .
Ty—1 Ty—1 y—1 -1
HeS' =) uist Bgt=) E
ied ied
We show below how we derive the expressions of mean pg and variance Y.
HQ(CG = cglzi = w53 dc)

i€G

H oV (2m) |Z
= K, exp ( — %Z(CG — i) 57 (eq - W)

i€G

( - %(CG — 1) 57 (eq — W)

1
:KleXP(_i(chz ca + il Sty — 2l B ))
i€G

1
= K1 Ksexp (ZMTE cq — 5052;1@)
1€G
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—KlngXp<Z,u;rE cG——cGZE >

ied ieq
= K1 Ksexp ( —CGE )
= K Ksexp < ~(cExiteq — 2uExg? ))
= K1 Ky exp ( ca = 2uGYG ca + peEe e — /ﬁgzélﬂG))
= KK, eXp(%MEEE;luc) exp ( - %(c@xzﬁca —2uGEG e + MgEE;lﬂG)

1 ) .
= K KoKy exp ( — 5(chTg e — 25 eq + ugzglug)
1

Wexp( ;( — pe) S6 cq —MG)>

where d is the dimensionality of ¢ and

= K1KyK3K,y

K. —
! ngW \E

Ky = eXp(—§ E ] 5 ),
icG
1

5”2251MG)’

K, =/ (2m)4%q].

K3 = exp(

This is a normal distribution, scaled by K;KsK3K,, of mean ug and variance Y,

expressed as:

ot =) o5

1€G

pEXG =) et
i€G

However, the constant of normalisation disappears when we rescale the resulting
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product in order for the resulting product to integrate to 1.

q(ca =celXa = Xa; ¢c)

1 1 Ty—1
K1K2K3K4W exp ( - §(CG —pe) X (ca — MG))
- 1 I B
fCG KKy K3Ky 2] exp ( — §(CG — ug)TEgl (ca — ,ug))ch
G
1
exp (= 5 (ca = 1a)'ZG (06 = ha) )
N 1
Jop exP ( - §(CG — 1e)T8g (cq — MG))dCG

m exp ( - %(CG — 1) g (co — MG))-

7.6.2 Mixture of Normal densities method and results

We discuss here a method to construct the variational approxima-
tion ¢(ceg = co|Xe = Xg;de) as a mixture of |G| density functions, each
of them evaluating the probability of the variable cg taking the value cg,
given x; = x;,Vi € GG. This is an alternative to the product of Normal densities

method, and is expressed as,

1
q(cc = cg|l X = Xgi¢c) = [€] > daleq = colmi = w35 ).
icG

We assume ¢(cg|x; = x;; ¢.) to be a Normal distribution N (j;, ¥;). Let us consider

the term KL(q(cq|Xg; ¢c)||p(eq)), which is expressed as follows,

KL(q(ca|Xa; @c)llp(ea)) = Eqea1xa:00) l0g ¢(cc| Xa: @) — log p(ee)]

= Eq(ee|xai00 108 q(ca| Xa; dc)] — Eqeg|xaie0) 08 P(ca)] -

The term KL(q(eq|Xa; ¢c)||p(ca)) cannot be computed in closed form. We estimate
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it by sampling L samples c,; ~ ¢(cq|Xa; ¢.) and computing the estimate:

L L

1 1 1

I E log|E| E q(cgilzi; dc) — I E log p(cg.)-
=1 =1

i€G

In our experiments, we used L = |G|, and wused the samples
drawn to compute the first term of the objective function, that
is Z]Eq(CG‘XG;%) [Eq(si‘xms)[logp(xi|cG, S 0)]] Figure |7.4] shows the results
of ti}fg mixture of Normal densities method on the swapping task. We intentionally
show the same images as the ML-VAE with the product of Normal densities method
for comparison purposes. Qualitative evaluation indicates a better disentanglement
with the product of Normal densities method. On MS-Celeb-1M, the mixture of
Normal densities method seems to store information about the grouping into the
style: when style gets transferred, the facial features along the columns (which

should remain consistent as it is the same identity) tend to change. Nevertheless,

we present it as it might be better suited to other data sets and other tasks.

7.6.3 Bias of the ML-VAE estimate objective

We detail the bias induced by taking a subset of the samples in a group as mentioned

in section Let us write the entire Group ELBO, as follows,

L(XG30, e, 05) = D BeggteaiXgioe) [Baimatsifanon 108 p(wilca, 555 0)]]
i€G

— ) KL(q(si|w:; 64)|Ip(s:)) — KL(g(cal Xa; ¢)l[p(ca))-
icG
Let us take a subsample H of G and consider the estimator ﬁ(X 130, e, 0s), where H
denotes the fact that we use a subsample Xy of Xg. Note that since we have a single

random variable ¢g for the entire group, its index remains G, but ¢(cg|Xg; ¢.) is
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Figure 7.4: ML-VAFE with mixture of Normal densities method. Swapping, the first
row and the first column show the test data sample input (green boxes), the second
row and column are reconstructed samples (blue boxes). In the remaining rows and
columns, each row is a fized style and each column is a fized content (red bozes).
Compared to ML-VAE with the product of Normal densities method, the mizture
of Normal densities method seems to store information about the grouping into the
style.

computed using Xy C Xg.

£<XH; 0, b, ¢S) = Z ECGNQ(CGIXH;¢C) [ESiNQ(Si|$i§¢s) [logp(a:i|cG, Si; 9>H

1€EHCG

— 3 Kfg(siles 0)llp(s:) — KL(aleal X 60l Ip(eq))

1I€EHCG

In the case of the product of Normal densities method, we construct the content
variational posterior distribution ¢(cg| Xy ; ¢.) in a non-linear manner. Both the first
term of the Group ELBO and the third term KL(¢(ce|Xu; é¢)||p(cs)) cannot be
cannot be simply weighted by the size of the subsampled group to remove the bias.
Using the mixture of Normal densities, in the third term of ﬁ(XH; 0, bc, ds), that
is, the Kullback-Leibler divergence term KL(q(cq|Xm; ¢c)||p(ce)) the logarithm of

the posterior of the content will not decompose as the sum of logarithms, and the
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estimator will be biased too. Thereby, the bias will depend on the method employed.

7.6.4 Disentanglement of digit and face images

In all experiments we use the Adam optimiser (Kingma and Welling, 2014)
with o = 0.001,8; = 0.9,8; = 0.999,¢ = le — 8. We use Normal distributions
with diagonal covariance matrix for the distributions ¢(S¢|Xe; ¢s), ¢(ca|zi; ¢c).
We also use a Normal distribution with diagonal covariance matrix for the poste-
rior p(x;|cq, si;60). We train the model for 2000 epochs on MNIST and 250 epochs
on MS-Celeb-1M. When we compare the original VAE and the ML-VAE we use
early stopping on the validation set for MS-Celeb-1M as the architecture is larger
and prone to over-fitting. In the specific case of Stochastic Variational Inference
(SVI) (Hoffman et al., 2013)), for MNIST we train the model for 2000 epochs and
proceed to 40000 epochs of inference at test-time, and for MS-Celeb-1M we use 500

training epochs and proceed to 200 epochs of inference at test-time

MNIST (LeCun et al., [1998) architecture. We use an encoder network com-
posed of a first linear layer ey that takes as input a 1 x 784-dimensional MNIST
image x;, that is, x; is an observation of x;. Layer ey has 500 hidden units and the
hyperbolic tangent activation function. After layer ey we separate the network into 4
linear layers, €, s, €y and ey, ¢, €, €ach of size 500 x d where d is the dimension
of the latent representation for style and content. The layers e,, s, e, s take as input
the output of eg and output respectively the mean and log-variance of the Normal
distribution ¢(s;|z;;¢s). The layers ey, ., e,. take as input the output of I, and
output respectively the mean and variance of the Normal distribution ¢(cg|z;; ¢.).

We construct q(eq|Xg; ¢.) from q(eglz;; ¢.), Vi € G. Let us denote G the group
which z; belongs to. As explained in step [10] of Algorithm [, for each input z; we

draw a sample cg; ~ q(cq|Xe = Xg; ¢.) for the content latent representation and a
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sample s; ~ q(s;|z;; ¢s) of the style latent representation. We concatenate (cq i, s;)
into a 2 X d-dimensional vector that is fed to the decoder.

The decoder network is composed of a first linear layer dy that takes as input
the 2 x d-dimensional vector (cq,, s;). Layer dy has 500 hidden units and the hy-
perbolic tangent activation function. A second linear layer ds takes as input the
output of dy and outputs a 784-dimensional vector representating the parameters
of the Normal distribution p(;|cq ., s:;0). We use d = 10 for a total latent rep-

resentation size of respectively 20.

MS-Celeb-1M (Guo et al., 2016) architecture. We use an encoder net-
work composed of a four convolutional layers eq,es,e3,e4 composed of respec-
tively 64,128,256 and 512 filters, with kernels of size 4 x 4 with stride 2. All four
layers are followed by Batch Normalisation and Rectified Linear Units (ReLUs)
activation functions. The fifth and sixth layers es, eg are linear layers with 256 hid-
den units, followed by Batch Normalisation and Concatenated Rectified Linear Unit
(CReLUs) activation functions. Similar to the MNIST architecture, after layer eg we
separate the network into 4 linear layers,e,, s, €, s and e, ., €,  each of size 256 x 2xd
where d is the dimension of the latent representations for style and content. The
layers for the log-variances are followed by the tangent hyperbolic activation func-
tion and multiplied by 5. Similar to the MNIST experiment, we construct the latent
representation and draw samples from it as explained in Algorithm

The decoder network is composed of 3 deconvolutional layers dy, ds, d3, com-
posed of respectively 256, 128,64 filters, with kernels of sizes 4 x 4 with stride 2.
All four layers are followed by Batch Normalisation and Rectified Linear Units (Re-
LUs) activation functions. The seventh and eight layers are deconvolutional layers
composed of 3 filters, with kernels of size 3 x 3 with stride 1. They output respec-

tively the mean and log-variance of the Normal distribution p(x;|cg, si;6). The
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layer for the log-variances is followed by the tangent hyperbolic activation func-
tion and multiplied by 5. We use in our experiments d = 50 for a total latent
representation size 100. We use padding in the convolutional and deconvolutional

layers to match the data size.

ML-VAE with product of Normal densities method without accumulat-
ing evidence results. Figure show the results of swapping and interpolation
of the ML-VAE with the product of Normal densities method without accumulat-
ing evidence (strategy 1).
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Figure 7.5: ML-VAFE with the product of Normal densities method without accumu-
lating evidence. Interpolation, from top left to bottom right, rows correspond to a
fixed style and interpolating on the content, columns correspond to a fixed content
and interpolating on the style. We see that interpolation results without accumulated
evidence (strategy 1) are also convincing.

Stochastic Variational Inference (SVI) results We compare in our experi-

ments with Stochastic Variational Inference (SVI) (Hoffman et al. [2013)). In the

case of SVI, the encoder is an embedding layer mapping each sample z; in a group G
to the non-shared parameters ¢, of its style latent representation ¢(s;|¢s;) and to

the non-shared parameters ¢, ¢ of its group content latent representation ¢(cg|de.q)-
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The decoder is the same as for the ML-VAE and VAE models.

We show in Figure [7.6|the qualitative results of Stochastic Variational Inference

(SVI) (Hoffman et al., [2013) on the swapping evaluation. We see that while SVI

disentangles the style and the content, the resulting image quality is poor. In the
case of MS-Celeb-1M, we trained SVI for twice the number of epochs of the other
models, that is in total 500 epochs. SVI does not share the parameters ¢., ¢
among observations at training, hence takes a longer time to train. It is the first
disadvantadge of SVI compared to VAE-based model. At test-time, the SVI model
requires expensive iterative inference. In the case of MS-Celeb-1M we used 200
epochs of test inference, it is possible that more epochs of test-time inference would
have lead to better quality images but this already shows the limits of non-amortised
variational inference and the advantages of the ML-VAE.
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(a) MNIST, testing data set. (b) MS-Celeb-1M, testing data set.

Figure 7.6: Stochastic Variational Inference (SVI). Swapping, first row and first
column are test data samples (green bozes), second row and column are reconstructed
samples (blue boxes) and the rest are swapped reconstructed samples (red bozes).
Fach row is fized style and each column is a fixed content.
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Quantitative evaluation details. We explain in section how we quantita-
tively evaluate the disentanglement performance of our model. The classifier is a
neural network composed of two linear layers of 256 hidden units each. The first

layer is followed by a tangent hyperbolic activation function. The second layer is

followed by a softmax activation function. We use the Adam optimiser (Kingma)

and Welling, 2014) with o = 0.001, 5, = 0.9, 5> = 0.999,¢ = le — 8. Note that

the training, validation and testing sets for the classifier are all composed of test
images, and each set must have K samples per classes; hence our choice of K and
number of classes for MS-Celeb-1M. In the case of MNIST, there are only 10 classes,
therefore when k is small we would take only a small number of images to test the
classifier. Therefore we perform 5 trials of test procedures of the classifier, each trial
using different test images, and report the mean performance. Figure [7.7] shows the

quantitative evaluation for k£ up to & = K = 100 on MNIST.

MNIST, K = 100, 10 classes MS-Celeb-1M, K= 5, 173 classes
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Figure 7.7: Full quantitative evaluation of the ML-VAE. Accuracy (higher is better)
and conditional entropy (lower is better).
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