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Membrane 
overed oxygen sensors, or Clark ele
trodes, are used for mon-itoring the 
on
entration of oxygen in blood. The operation of su
h sensors isgoverned by the di�usion equation with di�erent di�usion 
oeÆ
ients in dif-ferent sub-domains. The form of the boundary 
onditions and the materialinterfa
e 
onditions means that the derivative of the solution has dis
on-tinuities whi
h restri
t the 
onvergen
e of standard numeri
al methods onregular meshes. We des
ribe and 
omputationally 
ompare adaptive �niteelement methods based on 
ontinuous and dis
ontinuous basis fun
tions toover
ome this problem.
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31 Introdu
tionThe Clark ele
trode was �rst developed in 1956 by Leland Clark [1℄ as a means ofmeasuring blood oxygen tension (PO2). Before this the most reliable indi
ation of apatient's oxygen level had been the 
olour of their skin. The Clark ele
trode is stillthe main means of monitoring blood PO2 in 
lini
al medi
ine and is now used in severalother areas of 
lini
al resear
h in
luding trans
utaneous oxygen monitoring in babies,haemoglobin disso
iation and mole
ular geneti
s. Appli
ations have also spread outside
lini
al medi
ine and now in
lude sewage treatment, soil 
hemistry and the produ
tionof wine and beer.A s
hemati
 of a Clark oxygen sensor is shown in Figure 1. The 
athode is made froman unrea
tive noble metal, for example platinum or gold. The anode is generally alsomade from an unrea
tive noble metal su
h as silver. An external voltage is applied forredu
tion to take pla
e. The ele
trode assembly is then immersed in aqueous ele
trolytesolution and prote
ted from poisoning by a tightly stret
hed plasti
 membrane whi
h ispermeable to oxygen.The simplest form of the 
hemi
al rea
tion whi
h takes pla
e at the 
athode whenoxygen is redu
ed is O2 + 2H2O + 4e� = 4OH� : (1.1)This sets up a 
on
entration gradient of oxygen within the ele
trolyte allowing oxygento di�use towards the 
athode. We assume that the potential di�eren
e between the twoele
trodes is suÆ
iently large that all oxygen rea
hing the 
athode is redu
ed. Hen
ewe obtain a 
urrent whi
h is dire
tly proportional to the oxygen 
on
entration.2 Mathemati
al ModelOxygen sensors are used in pra
ti
e with a suitably negative potential to give di�usion-limited 
urrent and so we may assume that all oxygen mole
ules rea
hing the 
athodeare redu
ed. The resulting 
on
entration gradient allows the transport of oxygen to the
athode to be modelled using the di�usion equation. We model the sensor by assumingthat the 
athode is a dis
 shaped ele
trode of radius r
 (typi
ally ranging from 10�m to100�m) embedded in an in�nite planar insulating material. This gives symmetry aboutthe z-axis so that we may redu
e the problem to one in 2-dimensional 
ylindri
al polar
oordinates as shown in Figure 2. Above the 
athode we have three layers:1. an ele
trolyte layer (e) of thi
kness ze (typi
ally ze ranges between 2�m and 10�m);2. a membrane layer (m) of thi
kness zm (typi
ally zm ranges between 5�m and25�m). The membrane is porous to oxygen but typi
ally has a di�usion 
oeÆ
ientat least an order of magnitude lower than that of the ele
trolyte;3. a layer of sample (s) taken to be in�nitely thi
k. The di�usion 
oeÆ
ient is thesame order of magnitude as that of the ele
trolyte.
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Figure 1: The Clark ele
trode.The partial pressure of oxygen p is related to the 
on
entration of oxygen 
 by Henry'sLaw: 
 = �kp where k = e;m; s and �k is the solubility in the given layer. Thus thepartial pressure also obeys the di�usion equationPk �1r ��r �r�p�r�+ �2p�z2� = 0 ; (2.1)in ea
h layer where Pk is the relevant permeability related to the di�usion 
oeÆ
ient byPk = �kDk. Additionally the partial pressure has the advantage that it is 
ontinuousa
ross the interfa
es between layers whilst the 
on
entration is not. The 
urrent is thengiven by I = 2�nFPe Z r
0 ��p�z�z=0 rdr ; (2.2)
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Figure 2: The geometry for the mathemati
al model of the Clark ele
trode.where F is the Faraday 
onstant and n is the number of ele
trons per mole
ule transferredin the redu
tion rea
tion. Sin
e we are assuming that the rea
tion (1.1) takes pla
e weshall take n = 4. We assume that oxygen depletion takes pla
e in all three layers butalso that there exist distan
es rmax and zmax at whi
h no further oxygen depletion takespla
e so that the problem may be solved in the �nite domain [0; rmax℄� [0; zmax℄.2.1 Boundary and Internal ConditionsWe shall solve for the dimensionless partial pressure p0 = p=p0 where p0 is the bulkpartial pressure. We also normalise the spatial 
oordinates with respe
t to the ele
troderadius (i.e. set r̂ = r=r
 and ẑ = z=r
 and drop hats). Sin
e we assume that all oxygenmole
ules whi
h rea
h the 
athode are redu
ed we have the boundary 
onditionp0 = 0 on z = 0; 0 � r � 1 : (2.3)Sin
e no oxygen 
an es
ape through the insulating surfa
e we have�p0�z = 0 on z = 0; 1 < r < rmax : (2.4)The symmetry of the problem requires the boundary 
ondition�p0�r = 0 on r = 0; 0 < z < zmax ; (2.5)



6to be imposed. The set of boundary 
onditions is 
ompleted by imposing that the partialpressure at in�nity should equal the bulk partial pressure, or, on our bounded domainand in dimensionless variables, we requirep0 = 1 on r = rmax and z = zmax : (2.6)We also have internal 
onditions to be satis�ed at the material interfa
es. We requirethe partial pressure to be 
ontinuous and sop0z=z�e = p0z=z+e ; (2.7a)p0z=z�m = p0z=z+m : (2.7b)We also require the oxygen 
uxes to be 
ontinuous a
ross the material interfa
es and soour mathemati
al model is 
ompleted by imposing the 
onditionsPe��p0�z �z=z�e = Pm��p0�z �z=z+e ; (2.8a)Pm��p0�z �z=z�m = Ps��p0�z �z=z+m : (2.8b)We note that this �nal requirement results in dis
ontinuities in �p0=�z a
ross the materialinterfa
es.The dimensionless 
urrent is now given byI 0 = �2 Z 10 ��p0�z �z=0 rdr : (2.9)2.2 Analyti
al Expression for the CurrentSeveral analyti
al expressions for the 
urrent have been given by Gal
er
an et al. [2℄.They introdu
e the dimensionless parameters�1 = Pe � PmPe + Pm = Pe=Pm � 1Pe=Pm + 1 ; (2.10)�2 = Ps � PmPs + Pm = Ps=Pm � 1Ps=Pm + 1 ; (2.11)whi
h depend on the ratios of the permeabilities. We note that these expressions givePePm = 1 + �11� �1 ; (2.12)PsPm = 1 + �21� �2 : (2.13)They then de�ne the fun
tion f3(�) byf3(�) = �1e�2�ze � �2e�2�zm1� �1�2e2�(ze�zm) � �1e�2�ze + �2e�2�zm ; (2.14)



7and 
onstants Lm;n byLm;n = (4n+ 1) Z 10 2�f3(�)J2m+1=2(�)J2n+1=2(�)d� ; (2.15)where J�(�) is the Bessel fun
tion of order �. Then, given the in�nite linear systema0 + 1Xm=0Lm;0am = r 2� ; (2.16)an + 1Xm=0Lm;nam = 0; n > 0 ; (2.17)the exa
t 
urrent is given by I 0 = r�2a0 : (2.18)It should be noted that although (2.18) represents the exa
t value of the steady state
urrent, in pra
ti
e it only determines an approximate (although very a

urate) 
urrentsin
e the in�nite series must be trun
ated and the integrals de�ning the 
onstants Lm;nmust be approximated over a �nite range of integration. More details of the pre
iseevaluation of (2.18) are given in [2℄.2.3 Approximate Analyti
al Expression for the CurrentGal
eran et al. [2℄ also give an approximate analyti
al expression for the 
urrent validfor membranes whi
h are not too thi
k and not too impermeable (i.e. for parameterregimes in whi
h neither zm � ze nor �1; �2 ! 1 hold). The approximate analyti
alexpression is given byI 0 = �1 + 2 ��1j0;0(2ze)� �2j0;0(2zm) + �1k1e2k2�1j0;0(2(ze + k2))��2k1e2k2�1j0;0(2(zm + k2))���1 ; (2.19)where �1 = 12(zm � ze) ln��2zm�1ze � (2.20)�2 = 12(zm � ze) ln��2z2m�1z2e � (2.21)d(�) = 1� �1�2e2�(ze�zm) � �1e�2�ze + �2e�2�zm (2.22)k1 = 1d(�1) � 1 (2.23)k2 = 12(�2 � �1) ln k11d(�2) � 1! (2.24)j0;0(x) = 2� tan�1�2x�� x2� ln�1 + 4x2� : (2.25)



83 Continuous Finite Element SolutionWe let 
 = (0; rmax) � (0; zmax) and we let 
e, 
m and 
s represent the domains
orresponding to ele
trolyte, membrane and sample respe
tively with boundaries �
e,�
m and �
s. We de�ne the trial and test spa
es H1E(
) and H1E0(
) byH1E(
) = �v 2 H1(
) : v satis�es the Diri
hlet boundary 
onditions	 (3.1)H1E0(
) = �v 2 H1(
) : v = 0 on the Diri
hlet boundary 	 : (3.2)Thus we have, for any v 2 H1E0(
),Pe Z
e �r2p0vd
 + Pm Z
m �r2p0vd
 + Ps Z
s �r2p0vd
 = 0 : (3.3)Applying Green's theorem givesPe Z
e rp0 � rvd
 + Pm Z
m rp0 � rvd
 + Ps Z
s rp0 � rvd
�Pe Z�
e v�p0�n ds� Pm Z�
m v�p0�n ds� Ps Z�
s v�p0�n ds = 0 : (3.4)Noting that v = 0 on the Diri
hlet parts of the boundary and that �p0=�n = 0 on theremainder of the boundary we see thatPe Z
e rp0 � rvd
 + Pm Z
m rp0 � rvd
 + Ps Z
s rp0 � rvd
� Z rmax0 v Pe��p0�z �z=z�e � Pm��p0�z �z=z+e ! rdr� Z rmax0 v Pm��p0�z �z=z�m � Ps��p0�z �z=z+m! rdr = 0 : (3.5)Applying the equations (2.8) whi
h impose 
ontinuity of the 
ux a
ross the materialinterfa
es and dividing by Pm we see that the weak formulation of the problem is to �ndp0 2 H1E(
) su
h thatZ
e PePmrp0 � rvd
 + Z
mrp0 � rvd
 + Z
s PsPmrp0 � rvd
 = 0 8v 2 H1E0(
):(3.6)3.1 Expression for the CurrentWe de�ne the fun
tion  on the Diri
hlet boundary by = � 1 z = 0; 0 � r � 10 r = rmax or z = zmax : (3.7)



9We then de�ne the Sobolev spa
e H1 (
) byH1 (
) = �v 2 H1(
) : v =  on the Diri
hlet boundary	 : (3.8)Now we have, as before,Pe Z
e �r2p0vd
 + Pm Z
m �r2p0vd
 + Ps Z
s �r2p0vd
 = 0 : (3.9)Applying Green's theorem, using the boundary 
onditions for p0 on the Neumann bound-ary, for v on the Diri
hlet boundary and using the material interfa
e 
onditions (2.8)gives Pe Z
e rp0 � rvd
 + Pm Z
m rp0 � rvd
 + Ps Z
s rp0 � rvd
+ Z 10 Pe��p0�z �z=0 rdr = 0 : (3.10)Rearranging gives an equivalent de�nition for the 
urrentI 0 = �2 Z 10 ��p0�z �z=0 rdr = ��2 Z
e rp0 � rvd
� �2 Z
m PmPe rp0 � rvd
��2 Z
s PsPerp0 � rvd
 (3.11)= B(p0; v) ; (3.12)for all v 2 H1 (
). We note that Ps=Pe = (Ps=Pm)� (Pm=Pe) and so all 
oeÆ
ients maybe expressed in terms of the dimensionless parameters �1 and �2.3.2 An A Posteriori Error BoundHere we derive an a posteriori bound on the error in the 
urrent 
omputed using apie
ewise linear �nite element approximation to p0. We de�ne Sh to be the subspa
eof H1(
) 
onsisting of pie
ewise linear polynomials on a given triangulation f�g of
 and we de�ne analogous subspa
es ShE, ShE0 and Sh of H1E(
), H1E0(
) and H1 (
),respe
tively. The weak formulation of the problem is thus: �nd p0 2 H1E(
) su
h thatPePmB(p0; v) = 0 8v 2 H1E0(
) : (3.13)The 
orresponding �nite element problem is: �nd p0h 2 ShE su
h thatPePmB(p0h; vh) = 0 8vh 2 ShE0 : (3.14)We then have the de�nition I 0 = B(p0; v) 8v 2 H1 (
) ; (3.15)



10for the 
urrent and we may approximate the 
urrent usingI 0h = B(p0h; vh) 8vh 2 Sh : (3.16)We now wish to �nd a 
omputable upper bound on jI 0 � I 0hj. To this end we de�ne thedual problem: �nd w 2 H1 (
) su
h thatPePmB(�; w) = 0 8� 2 H1E0(
) : (3.17)We now have I 0 � I 0h = B(p0; v)� B(p0h; vh) (3.18)= B(p0; vh)� B(p0h; vh) (3.19)= B(p0 � p0h; vh) ; (3.20)for any vh 2 Sh sin
e H1 (
) � Sh and using the bilinearity of B(�; �). Now we take� = p0 � p0h 2 H1E0(
) in the de�nition of the dual (3.17) to getPePmB(p0 � p0h; w) = 0 : (3.21)Subtra
ting (3.21) from (3.20) givesI 0 � I 0h = B(p0 � p0h; vh � w) (3.22)= B(p0; vh � w)� B(p0h; vh � w) (3.23)= �B(p0h; vh � w) (3.24)sin
e taking v = vh � w in (3.13) shows us that B(p0; vh � w) = 0. Thus we haveI 0 � I 0h = �2 �Z
e rp0h � r(vh � w)d
 + Z
m PmPe rp0h � r(vh � w)d
+ Z
s PsPerp0h � r(vh � w)d
� (3.25)= �2  X�e Z��e �p0h�n (vh � w)ds+ PmPe X�m Z��m �p0h�n (vh � w)ds+PsPeX�s Z��s �p0h�n (vh � w)ds! ; (3.26)applying Green's theorem and noting that for pie
ewise linear �nite elements we haver2p0h = 0 in ea
h element of the triangulation. After a little algebra and appli
ation of



11the Cau
hy-S
hwarz inequality we have the �nal a posteriori error boundjI 0 � I 0hj � �4  X�e k ��p0h�n � kL2(��e)kvh � wkL2(��e)+PmPe X�m k ��p0h�n � kL2(��m)kvh � wkL2(��m)+PsPeX�s k ��p0h�n � kL2(��s)kvh � wkL2(��s)! ; (3.27)for all vh 2 Sh .3.3 Numeri
al ExamplesFirst we illustrate the e�e
t of 
hanging the dimensionless parameters �1 and �2. InFigure 3(a) we have taken ze = 0:5 and zm = 1; then we have taken �1 = �2 = 0:9214.This 
orresponds to Pe=Pm = Ps=Pm = 24:45 meaning that Pe and Ps are an orderof magnitude larger than Pm. The 
hange in the gradient of the normalised partialpressure 
an be 
learly seen at the material interfa
es. In Figure 3(b) we have taken�1 = �2 = 0:1, meaning Pe=Pm = Ps=Pm = 1:22 so that Pe, Pm and Ps are all of the sameorder of magnitude. In this 
ase it is mu
h harder to see the 
hange in gradient a
rossthe material interfa
es.
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(a) Normalised partial pressure: ze = 0:5,zm = 1, �1 = �2 = 0:9214 0
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(b) Normalised partial pressure: ze = 0:5,zm = 1, �1 = �2 = 0:1Figure 3: Typi
al solutions for the normalised partial pressure.Next we 
ompare the 
urrent values obtained by our adaptive �nite element methodwith those given by the analyti
al solution (2.18) and the approximate analyti
al solution(2.19). In ea
h 
ase we have 
hosen the adaptive toleran
e to be 5% of the exa
t 
urrentvalue. The results are shown in Table 1 and we see good agreement in all 
ases. The
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omputations typi
ally required about 10000 nodes and took about one minute of CPUtime. ze zm �1 = �2 Eq. (2.18) Eq. (2.19) I 0h error bound0.5 1 0.9214 0.5141 0.5236 0.5274 2.3302�10�20.5 1 0.1 0.9665 0.9663 1.0141 4.6384�10�22 4 0.9765 0.6672 0.7116 0.6749 3.0289�10�22 4 0.9214 0.7530 0.7605 0.7580 3.4287�10�22 4 0.2090 0.9683 0.9681 0.9940 4.9358�10�22 2.5 0.9 0.8667 0.8667 0.8811 2.8724�10�22 2.5 0.1 0.9942 0.9941 1.0171 4.2267�10�2Table 1: Comparison of numeri
al approximation to the 
urrent with the exa
t andapproximate 
urrents given by (2.18) and (2.19) for a range of parameter values.The meshes produ
ed all 
luster the nodes along the ele
trode surfa
e and 
lose tothe boundary singularity at the point (1; 0). The part of the �nal mesh 
losest to theele
trode surfa
e for the problem with ze = 0:5, zm = 1 and �1 = �2 = 0:9214 is shown inFigure 4. The mesh is 
oarse and regular further from the ele
trode surfa
e. Redu
ingthe adaptive toleran
e has the e�e
t of re�ning the mesh further above the ele
trodesurfa
e, but also re�ning the mesh a
ross the material interfa
es as shown in Figure 5.
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Figure 4: Part of the �nal mesh produ
ed by the adaptive algorithm.4 Dis
ontinuous Finite Element SolutionWe 
onsider shape-regular meshes Th = f�g that partition the domain 
 into openelement domains (squares) �. Hanging nodes are allowed, although we shall assumethat there is at most one hanging node per element-edge whi
h we assume to be atthe 
entre of the edge. We denote by h the pie
ewise 
onstant mesh fun
tion withh(x) � h� = diam(�) for x 2 �. We assume that ea
h element � 2 Th is a smooth
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Figure 5: Part of the �nal mesh produ
ed by the adaptive algorithm with a toleran
e of1% of the exa
t 
urrent.bije
tive image of a �xed referen
e element �̂ = (�1; 1)2, that is, � = F�(�̂) for all� 2 Th. On �̂ we de�ne Qp to be the spa
e of polynomials of degree p � 1:Qp = span fx̂� : 0 � �i � p; i = 1; 2g : (4.1)To ea
h � 2 Th we assign an integer p� � 1; 
olle
ting the p� and F� in the ve
torsp = fp� : � 2 Thg and F = fF� : � 2 Thg, respe
tively, we introdu
e the �nite elementspa
e Sp(
; Th;F) = fu 2 L2(
) : uj� Æ F� 2 Qp�; � 2 Thg : (4.2)An interior edge of Th is de�ned as the (non-empty) 1-dimensional interior of ��i \��j , where �i and �j are two adja
ent elements of Th, not ne
essarily mat
hing. Aboundary edge of Th is de�ned as the (non-empty) 1-dimensional interior of �� \ �,where � is a boundary element of Th. We denote by �int the union of all interior edgesof Th. Given an edge e � �int, shared by the two elements �i and �j, where the indi
es iand j satisfy i > j, we write ne to denote the (numbering-dependent) unit normal ve
torwhi
h points from �i to �j; on boundary fa
es, we put ne = n. Further, for v 2 H1(
; Th)we de�ne the jump of v a
ross e and the mean value of v on e, respe
tively, by[v℄ = vj��i\e � vj��j\e and hvi = 12 �vj��i\e + vj��j\e� : (4.3)On a boundary fa
e e � ��, we set [v℄ = vj��\e and hvi = vj��\e.4.1 The hp-Dis
ontinuous Galerkin MethodIn order to �nd the hp-DGFEM formulation of the problem we �rst pro
eed as in the
ontinuous 
ase; we multiply the governing equation (2.1) by a test fun
tion v, integrate



14over elements, sum over all elements and apply Green's theorem. This gives0 = X�e Z�e �Per2p0vd
 +X�m Z�m �Pmr2p0vd
 +X�s Z�s �Psr2p0vd
= X�e Z�e Perp0 � rvd
 +X�m Z�m Pmrp0 � rvd
 +X�s Z�s Psrp0 � rvd
�X�e Z��e Pe�p0�n vds�X�m Z��m Pm�p0�n vds�X�s Z��s Ps�p0�n vds= X�e Z�e Perp0 � rvd
 +X�m Z�m Pmrp0 � rvd
 +X�s Z�s Psrp0 � rvd
� Z�e Pe�p0�n vds� Z�m Pm�p0�n vds� Z�s Ps�p0�n vds�X�e Z��en�e Pe�p0�n vds�X�m Z��mn�m Pm�p0�n vds�X�s Z��sn�s Ps�p0�n vds :(4.4)For ease of notation we de�ne�P = 8<: Pe in 
e [ (�e \ �D) ;Pm in 
m [ (�m \ �D) ;Ps in 
s [ (�s \ �D) : (4.5)We 
onsider the integrals around the boundaries of the three layers:Z�e Pe�p0�n vds+ Z�m Pm�p0�n vds+ Z�s Ps�p0�n vds= Z�e\�D Pe�p0�n vds+ Z�m\�D Pm�p0�n vds+ Z�s\�D Ps�p0�n vds+ Z�e\�N Pe�p0�n vds+ Z�m\�N Pm�p0�n vds+ Z�s\�N Ps�p0�n vds+ Z rmax0 �Pe��p0�z v�z=z�e rdr + Z rmax0 Pm��p0�z v�z=z+e rdr+ Z rmax0 �Pm��p0�z v�z=z�m rdr + Z rmax0 Ps��p0�z v�z=z+m rdr= Z�D �P �p0�n vds+ Z�N �P �p0�n vds+ Z rmax0 � �P �p0�z v�z=ze rdr+ Z rmax0 � �P �p0�z v�z=zm rdr= Z�D �P �p0�n vds+ Z�N �P �p0�n vds+ Z rmax0 �� �P �p0�z � hvi+ [v℄ h �P �p0�z i�z=ze rdr+ Z rmax0 �� �P �p0�z � hvi+ [v℄ h �P �p0�z i�z=zm rdr : (4.6)



15We now use the material interfa
e 
onditions (2.8) and the fa
t that �p0=�n = 0 on �N.Thus we haveZ�e Pe�p0�n vds+ Z�m Pm�p0�n vds+ Z�s Ps�p0�n vds = Z�D �P �p0�n vds+ Z rmax0 �[v℄ h �P �p0�z i�z=ze rdr + Z rmax0 �[v℄ h �P �p0�z i�z=zm rdr : (4.7)We now substitute (4.7) into (4.4). Adopting the �P notation throughout, we haveX� Z� �Prp0 � rvd
� Z�D �P �p0�n vds� Z�inth �Prp0 � ni [v℄ ds = 0 : (4.8)The Diri
hlet boundary 
onditions and inter-element 
ontinuity a
ross edges in �int areimposed in the usual way, so that, on dividing through by Pm and setting P̂ = �P=Pmwe have X� Z� P̂rp0 � rvd
� Z�D P̂ (vrp0 � n� �p0rv � n) ds + Z�D �p0vds� Z�int �hP̂rp0 � ni [v℄� �hP̂rv � ni [p0℄� ds+ Z�int � [p0℄ [v℄ ds= Z�D ��P̂rv � n + �v� gPds ; (4.9)where gP is the value of p0 on the Diri
hlet boundaryWe may now de�ne the hp-DGFEM approximation of (2.1) and (2.3)|(2.8) as fol-lows: �nd p0DG in Sp(
; Th;F) su
h thatBDG(p0DG; v) = `DG(v) (4.10)for all v 2 Sp(
; Th;F). Here, the bilinear form BDG(�; �) is de�ned byBDG(w; v) = X�2Th Z� P̂rw � rvd
 + Z�int[�D �hP̂ i [w℄ [v℄ ds� Z�int[�D �hP̂rw � nei [v℄� �hP̂rv � nei [w℄� ds ; (4.11)and the linear fun
tional `DG(�) is given by`DG(v) = Z�D ��P̂rv � n+ �v� gP ds : (4.12)Here, �, the dis
ontinuity-penalisation parameter, is de�ned by�je = C�hP̂ ihp2ihhi for e � �int [ �D ; (4.13)where C� is a positive 
onstant, 
f. [4℄.Sele
ting the parameter � = �1 gives rise to the so-
alled Symmetri
 Interior PenaltyGalerkin (SIPG) s
heme whi
h has been shown to give optimal rates of 
onvergen
e forlinear fun
tionals [3℄.



164.2 Expression for the CurrentWe note that the 
urrent may be written in the equivalent formulationI 0 = Z�D ��rp0 � n+ �p0= �P� gwds = J(p0) ; (4.14)where gw = � 0 on rmax and zmax ;�2 on z = 0; 0 � r � 1 : (4.15)4.3 An A Posteriori Error BoundThe a posteriori bound on the error in the 
omputed 
urrent is again based on a dualityargument. The dual problem is de�ned to be: �nd w 2 H2(
; Th) su
h that w is
ontinuous and BDG(�; w) = J(�) 8� 2 H2(
; Th) : (4.16)We note than when � = �1 both of the de�nitions (3.17) and (4.16) give the same strongformulation for the dual problem.We now re
all that the solution to the primal problem satis�esBDG(p0; v) = `(v) 8v 2 H2(
; Th) ; (4.17)and its DGFEM approximation satis�esBDG(p0DG; vh) = `(vh) 8vh 2 Sp(
; Th;F) : (4.18)Letting v = vh 2 Sp(
; Th;F) in (4.17) and subtra
ting (4.18) gives the so-
alledGalerkin orthogonality propertyBDG(p0 � p0DG; vh) = 0 8vh 2 Sp(
; Th;F) : (4.19)The a posteriori error analysis now pro
eeds as follows. From the de�nition of thedual problem (4.16) we haveI 0 � I 0h = J(p0)� J(p0DG) = J(p0 � p0DG) = BDG(p0 � p0DG; w)= BDG(p0 � p0DG; w � vh) (4.20)for any vh 2 Sp(
; Th;F) using the Galerkin orthogonality property (4.19). We now usethe bilinearity of BDG(�; �) to getI 0 � I 0h = BDG(p0; w � vh)� BDG(p0DG; w � vh) (4.21)= `(w � vh)�BDG(p0DG; w � vh) (4.22)



17whi
h is independent of the exa
t solution p0. We de�ne the element and boundaryresiduals r�h;p = 0� (�P̂r2p0DG) in element � ; (4.23)rDh;p = (gP � p0DG) on �D ; (4.24)rNh;p = �P̂rp0DG � n on �N : (4.25)Appli
ation of Green's theorem and a little algebra then yields the error representationformulaI 0 � I 0DG = X� Z� r�h;p(w � vh)d
 + Z�D ��P̂r(w � vh) � n+ �(w � vh)� rDh;pds+ Z�N(w � vh)rNh;pds� Z�int hP̂rp0DG � nei hw � vhids� Z�int ��hP̂r(w � vh) � nei+ � [w � vh℄� [p0DG℄ ds ; (4.26)for all vh 2 Sp(
; Th;F).4.4 Numeri
al ExamplesWe again 
ompare the 
urrent values obtained by our hp-adaptive dis
ontinuous Galerkin�nite element algorithm with those given by the analyti
al solution (2.18) and the ap-proximate analyti
al solution (2.19). In ea
h 
ase we have 
hosen the adaptive toleran
eto be the same as that used in the 
ase of 
ontinuous pie
ewise linear basis fun
tions.The ba
kground meshes also 
onsist of the same set of nodes. However, we �nd thatfor our dis
ontinuous Galerkin method the adaptive algorithm 
onverges with just oneiteration (i.e. no mesh re�nement or polynomial enri
hment is needed to a
hieve thetoleran
e). The results are shown in Table 2 and again we see good agreement in all
ases. In some 
ases the 
urrent values obtained are signi�
antly more a

urate thanthose using the 
ontinuous adaptive algorithm.ze zm �1 = �2 Eq. (2.18) Eq. (2.19) I 0h error bound0.5 1 0.9214 0.5141 0.5236 0.5171 1.1536�10�20.5 1 0.1 0.9665 0.9663 0.9851 3.0128�10�22 4 0.9765 0.6672 0.7116 0.6752 1.4347�10�22 4 0.9214 0.7530 0.7605 0.7567 1.7933�10�22 4 0.2090 0.9683 0.9681 0.9734 2.8832�10�22 2.5 0.9 0.8667 0.8667 0.8707 2.3524�10�22 2.5 0.1 0.9942 0.9941 0.9995 3.0249�10�2Table 2: Comparison of numeri
al approximation to the 
urrent using DGFEM withthe exa
t and approximate 
urrents given by (2.18) and (2.19) for a range of parametervalues.



18 In order to see the adaptive algorithm at work, we 
onsider the problem with ze = 0:5,zm = 1 and �1 = �2 = 0:9214 and we set the toleran
e to be 0:1% of the exa
t 
urrent.Part of the �nal mesh is shown in Figure 6; beyond the illustrated part of the domainthe mesh is 
oarse and regular and the polynomial degree is one. We see that the mesh
on
entrates extra nodes around the boundary singularity at (1; 0) where the ele
trodemeets the insulator. There are also extra nodes at the material interfa
es. Wherere�nement is needed away from these singularities it takes the form of p-re�nementalthough the maximum polynomial degree does not ex
eed four. The whole mesh has atotal of 1981 elements and 8836 degrees of freedom. This is a 
onsiderable improvementon the adaptive algorithmwith 
ontinuous pie
ewise linear basis fun
tions whi
h required34811 degrees of freedom to solve the problem with the same parameters and an adaptivetoleran
e 10 times larger. If we use an adaptive toleran
e of 1% of the exa
t 
urrent (asin the adaptive algorithm with 
ontinuous pie
ewise linear basis fun
tions) we requireonly 6996 degrees of freedom.
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Figure 6: Part of the �nal mesh produ
ed by the adaptive algorithm.
5 Con
lusionsWe have presented two adaptive �nite element algorithms for the solution of the shieldedmi
rodis
 ele
trode problem. The �rst algorithm was based on the use of 
ontinuouspie
ewise linear �nite element methods and performed only h-re�nement whilst these
ond was an hp-DGFEM. We derived a posteriori bounds on the error in the 
omputed
urrent in both 
ases; these bounds formed the basis of the mesh re�nement algorithm.We found that for a range of experimental parameters both algorithms were able to
ompute the 
urrent to within the spe
i�ed toleran
e using relatively 
oarse meshesalthough our dis
ontinuous Galerkin method was more eÆ
ient, a
hieving the pres
ribedtoleran
e on the �rst mesh, suggesting that this should be the method of 
hoi
e for thesolution of su
h problems.
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