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ABSTRACT

We investigate the convergence properties of finite-temperature perturbation theory by considering the mathematical structure of thermody-
namic potentials using complex analysis. We discover that zeros of the partition function lead to poles in the internal energy and logarithmic
singularities in the Helmholtz free energy that create divergent expansions in the canonical ensemble. Analyzing these zeros reveals that
the radius of convergence increases at higher temperatures. In contrast, when the reference state is degenerate, these poles in the internal
energy create a zero radius of convergence in the zero-temperature limit. Finally, by showing that the poles in the internal energy reduce to
exceptional points in the zero-temperature limit, we unify the two main mathematical representations of quantum phase transitions.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0091442

Thermodynamic effects in electronic structure theory become
significant when the bandgap is comparable to the temperature. This
scenario arises under extreme conditions, such as planetary interi-
ors and laser pulses,’ or for systems with low-energy excitations,
including metals and semiconductors.” Finite-temperature effects
also play a role in the emergence of quantum phase transitions,
with applications in many-body localization, magnetic phases, and
high-temperature superconductivity.””’

Perturbation theory is the most established ab initio approach
for finite-temperature systems where electron correlation effects are
important."”” However, for low-order perturbation theory to be
reliable and systematically improvable, the corresponding expan-
sion should give a convergent series. Zero-temperature perturbation
theory can become divergent when the reference state is a poor
approximation to the physical system or when there are near-
degeneracies in the reference energies (see Ref. 8 for a review). In
contrast, energy degeneracies are less significant at finite tempera-
ture than in the zero-temperature expansion,’ although the series
convergence can often worsen for lower temperatures. Furthermore,
finite-temperature perturbation theory can diverge at zero temper-
ature even when the zero-temperature perturbation expansion is
convergent.!’ This situation arises for degenerate or incorrect ref-
erence states and its manifestation in electronic perturbation theory
is known as the Kohn-Luttinger problem.'" However, the general

relationship between the convergence of finite-temperature pertur-
bation theory and its zero-temperature counterpart has not yet been
fully established.

The convergence of a perturbation expansion H = H® + \H
can be mathematically examined by investigating the structure of the
energy function E(1) in the complex-A plane. From complex anal-
ysis, the radius of convergence r. for a perturbation expansion of
a function f(A) is determined by the distance of the closest sin-
gularity of f(1) to the origin in the complex-A plane.'” " These
singularities represent points where f(1) becomes non-analytic
and may correspond to a pole, a branch point, or a more com-
plicated non-analytic feature.'*"” The perturbation expansion will
converge for the physical system at A =1 when r. >1 and will
diverge for r. < 1. Therefore, understanding the convergence of
finite-temperature perturbation theory requires a detailed investiga-
tion into the structure of thermodynamic functions in the complex-A
plane.

Complex analysis also plays an important role in the the-
ory of thermodynamic phase transitions. In Lee-Yang theory,
zeros of the partition function exist at complex temperatures
for finite systems near a phase transition.'”'"" These zeros con-
verge onto the real axis in the thermodynamic limit and inter-
sect at the critical temperature. The same phenomenon occurs
for any complex-valued control parameter,'® allowing Lee-Yang
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theory to be applied to zero-temperature quantum phase transi-
tions.”” Alternatively, avoided level crossings in finite systems are
related to non-Hermitian exceptional points, where two energy
levels become identical for a complex control parameter.”””' The
distance of an exceptional point to the real-axis controls the
“sharpness” of the avoided crossing and, in the thermodynamic
limit of a quantum phase transition, the exceptional points con-
verge onto the real axis.”” These exceptional points also play a
pivotal role in the convergence of zero-temperature perturbation
theory,””' symmetry breaking in mean-field approximations,”*’
and the convergence of quantum criticality in the complete basis
set limit.”

In this work, we investigate the convergence of finite-
temperature perturbation theory in the canonical ensemble through
the lens of complex analysis. We find that the internal energy
and Helmholtz free energy are punctuated by poles or loga-
rithmic singularities in the complex-A plane that determine the
radius of convergence of the perturbation series. These singulari-
ties are created by Lee-Yang zeros of the partition function and
move further from the origin as the temperature increases. Con-
sequently, perturbation expansions converge increasingly rapidly
at higher temperatures, even for a divergent zero-temperature
expansion. For a degenerate reference, the zeros of the partition
function converge onto A =0 for T — 0, creating a mathemati-
cally undefined perturbation expansion that is the origin of the
Kohn-Luttinger problem. Finally, we extend these results to directly
connect zero-temperature exceptional points and finite-temperature
zeros of the partition function in the theory of quantum phase
transitions.

We illustrate these ideas using a two-level system representing
a spin-1/2 particle in a magnetic field. In the spinor basis of the S,
operator, the Hamiltonian is

-B -B
H=| © 7| (1)
-B, B

where B, and B, are the (real) components of the magnetic field
along the z and x directions, respectively. For By = 0 and B; > 0, the
ground state represents an electron aligned in the positive z direc-
tion while the excited state represents an electron aligned with the
negative z direction. In the B, — 0 limit, the electron in its
ground state aligns with the positive (negative) x direction for
positive (negative) By and a quantum phase transition occurs
at B, =0. Any two-state system of this type can be seen as
a qubit.

Within perturbation theory, the Hamiltonian is partitioned
into a Hermitian reference Hamiltonian H®) and a perturbation
H™ 1> The time-independent Schridinger equation is then recast as

HMWY) = (H? - A HD) W) = EWW(L), ()

where the parameter A controls the strength of the perturbation. The
exact energies and wave functions of the ground and excited states
become A-dependent functions, with A =0 corresponding to the

COMMUNICATION scitation.org/journalljcp

reference model and A = 1 representing the physical system. Expand-
ing the energy around A = 0 gives the power series

E:(A) = i EDV, 3)

j=0

where E,gj) provides the jth-order perturbation correction. This
expansion has a radius of convergence r that controls the values of
A where the partial sums of increasing length tend toward the exact
value of Ex(1).

When H(A) is considered in the complex-A plane, it becomes
non-Hermitian and the discrete eigenvalues become unified as a
continuous Riemann surface.”® This Riemann surface represents a
“one-to-many” function, with each sheet representing a different
eigenstate. The most common singularities on E(1) are excep-
tional points (or branch points) where the two energy levels become
degenerate and the eigenstates become identical.'>'**"*""* These
non-Hermitian features are related to the onset of dynamic sta-
bilities, avoided level crossings, and quantum phase transitions.”’
Remarkably, following an eigenstate around an exceptional point
interconverts the two energy levels,” """ a property that has even
been realized experimentally.’"*”

The reference and perturbation Hamiltonians for the two-level
system can be defined as

-B, ) 0
and H''’ = , (4)
0 B, —By 0

HO _

with the exact zero-temperature eigenstates

EL(A) = +\/B? + A2B2. (5)

Here, the ground and excited state are defined as E; = E- and
E, = E,, respectively. These eigenstates form an artificial avoided
level crossing along the real-A axis at A = 0 that mirrors the true
avoided crossing along the real By axis. The corresponding two-
sheeted Riemann surface is shown in Fig. 1(a). When the discrim-
inant in Eq. (5) is zero, the eigenstates become degenerate, creating
square-root branch points at A, = +iB/B,. Since these exceptional
points are the only singularities in E(A), the radius of conver-

gence is rc = % and the zero-temperature perturbation expansion
.

converges at the physical value A = 1 when |B,| < |B;|.
We now consider a canonical ensemble of non-interacting sub-
systems, where the partition function of a general N-level system is

Z(A) = kg exp(—pEc(1)). (6)

Here, = (ks T)71 and kg and T denote the Boltzmann constant and
temperature, respectively. The internal energy is

o0y - 40 Z0) _ BB exp(-pE)

P 200 7
and the Helmholtz free energy is
FQ\) = —% In Z(A). ®)
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(a) kT = 0.00

(b) kgT = 0.05 (c) kgT =0.25 (d) kgT = 1.00
FIG. 1. Internal energy for the two-level Hamiltonian [Eq. (4)] in the canonical ensemble as a function of the perturbation strength A for B, = %Bz. (a) The zero-temperature
ground and excited state energies form a two-sheeted Riemann surface with square-root branch points at A = +i B, /By (black dot). (b)~(d) At finite temperature, the internal

energy features a sequence of poles corresponding to zeros of the partition function Z(1), with the spacing increasing at higher temperature. The distance of the closest

pole to the origin determines the radius of convergence for a perturbation expansion of the internal energy.

The perturbation series for these thermodynamic potentials are
given by Taylor expansions around A = 0,° i.e.,

UM =S UPY and F(L) = S FOY, ©9)
j=0 j=0

where the individual corrections are, e.g.,

19'U(1)

0 _
U = _
i ow

. (10)
A=0

The radius of convergence is then controlled by the distance of the
closest singularity to the origin in the complex-A plane.

Singularities in U()) at non-zero temperature can be identi-
fied by inspecting the general form of Eq. (7). One possibility is
that U(A) has a singularity at values of A corresponding to excep-
tional points in the zero-temperature energy. We find that this
is not the case because a thermodynamic summation, including
every discrete eigenstate, removes singularities caused by excep-
tional points. This property is shown for the partition function in
the Appendix and can be extended to the numerator of the internal
energy.

On the other hand, Z(1) can become zero in the complex-A
plane, creating poles in the internal energy that dictate the radius of
convergence for the perturbation expansion. At large temperatures,
we find Z(A) — 1 for all .. However, if we consider low temperatures
near a degeneracy between E; (1) and E (1), the partition function
approximates to

Z(l) ~ e—ﬁEl(/\)[l 4 e_ﬁ(EZ()‘)_El(A))]' 11

Zeros of Z(1) then occur when e PEM-EM) _ 1 qiving an
infinite set of possible solutions that satisfy

Ez(/l)—El(A) :kBT(2n+1)7ri v
| —

nez. (12)

In other words, zeros of the partition function for low-T occur
when the real components of E;(1) and E;(1) are degenerate
and the difference in the imaginary components is equal to the

Matsubara frequencies w,.”> For T — 0, the Matsubara frequen-
cies form a continuum along the imaginary axis and zeros of the
partition function occur whenever the real components are degen-
erate, regardless of the imaginary components. In this limit, the
zeros of the partition function form a continuum along the locus
of points where the real component of the lowest excitation energy
is zero. These points include non-Hermitian branch cuts on the
ground-state energy surface as well as Hermitian conical intersec-
tion seams. The same zeros of Z(1) create logarithmic singularities
in the Helmbholtz free energy, meaning that F(1) and U()) have an
identical radius of convergence.

In the two-level system, the internal energy is given in terms of
the perturbation strength A as

UQ) = - \/B% + A\2B2 sinh(B+/B2 + A2B2)
cosh(Bv/B2 + A2B%) ’

(13)

where the denominator represents the partition function Z(1)

= cosh(B\/B? + A2B2). Plotting the internal energy at various tem-
peratures in Figs. 1(b)-1(d), we find that the square-root branch
cut in the zero-temperature energy is lost for T # 0. Instead, there
are a sequence of poles with a separation that increases for higher
temperatures. Solving Z(1) = 0, the positions of these poles is

PRI

. Bz
/Ipole:i1B—x\/l+W(4n+l)2 V nelZ (14)

Therefore, the poles extend along the imaginary axis and their
spacing decreases with temperature. When T — 0, the poles tend
toward a continuum extending outward from the zero-temperature
exceptional points, corresponding to the line where the real com-
ponents of the ground- and excited-state energies are degenerate.
Ultimately, this continuum of poles recovers the branch cut on
the lowest-energy sheet of the zero-temperature Riemann surface
[Fig. 1(a)].
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ksT /B,

FIG. 2. Radius of convergence r; for U and F in the two-level system. Differ-
ent By values show that divergent systems at T = 0 will converge at A = 1 for
a sufficiently high T.

The closest pole to the origin corresponds to n = 0, giving the

radius of convergence
B 2k2 T2
Zaf1+ u B
By 4B,

In the T — 0 limit, this radius of convergence tends toward the
expected value for the ground-state energy perturbation series and
scales quadratically with respect to T (see Fig. 2). On the other hand,
for T — oo, we recover the asymptotic behavior r ~ ”zkng. Therefore,
the perturbation series will always converge at a sufficiently large T
as long as By is finite.

Remarkably, we find that the finite-temperature perturbation
series in the two-level system can converge at non-zero temper-
atures even when the zero-temperature expansion diverges. This
scenario is illustrated in Fig. 3 for the internal energy and Helmholtz
free energy with By = 3B.. The temperature at which the thermo-
dynamic perturbation expansion becomes convergent at A = 1 can

fe = . (15)

00 3 N
B, =-B, —
-0.5f 2
—— Uexact
o -10F
= .- AR U
R | A Iy £
fi F S5 2 Us
> s
D 72'0: ............ ./;o' ——— U6
ZEERE L S
—25¢ U
-3.0 - . . )
0l 1 10 100
kBT/Bz
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TABLE . Perturbation expansions of U and F for the two-level system with By = %Bz,
evaluated at A = 1. Only terms with even order have a non-zero contribution. These
series diverge at kg T = 0.5B; and converge at kg T = 1.5B;.

U(AZI)/BZ F(AZI)/BZ
Order kgT = 0.5 kgT = 1.5 kgT = 0.5 kgT = 1.5
0 —-0.964 03 -0.58278 —-1.009 07 —-1.35094
2 -2.207 52 -1.73369 -2.09361 —2.00657
4 —1.34209 -1.42701 -1.57297 -1.91637
6 —2.407 45 -1.53024 —-2.029 38 -1.936 67
8 —0.964 56 -1.494 87 —-1.558 83 —-1.93145
10 -2.959 66 -1.50701 -2.08118 -1.93289
12 -0.18759 —-1.502 84 —1.47585 -1.93248
Exact -1.80012 -1.503 89 -1.803 14 -1.93257

be identified by solving rc > 1, giving kgT > %\/BX2 — B.? in the
two-level system. For By =3B, the perturbation expansion
becomes convergent at kgT = 0.711763B;, as indicated by the
vertical gray lines in Fig. 3. Numerical results indicating the
accuracy of the low-order corrections either side of this
temperature are given in Table I. (Note that only terms
of even order contribute to the expansion.) The numerical
data in Fig. 3 and Table I demonstrate that the Helmholtz
free energy and internal energy start to diverge at the same
temperature, confirming that the zeros of the partition function
(common to both thermodynamic potentials) are the origin of these
divergences.

On the other hand, it is also possible for a finite-temperature
expansion to become divergent in the T — 0 limit while the
corresponding zero-temperature expansion is convergent. In this
scenario, there is a mismatch between the T — 0 limit of U™ and
the corresponding zero-temperature ground-state correction E;"’,
known as the Kohn and Luttinger problem.'' This issue originally

00p
B, = 2B.
-05} 2
- Fexa(,l
v —10f
;i """ F>
PRSI ] SETERIER Y -
3 /'N’Q
=~ _20:_-.-_-.-_-.-_-.-__-.1—'-’; """"" \ === Fg
-25 \ Fao
\
Y| — ‘ A ‘ ‘
0.1 1 10 100
kBT/Bz

FIG. 3. Low-order perturbation expansions of the internal energy (left) and the Helmholtz free energy (right) for the two-level system with By = %Bz, evaluated at A = 1.
Here, Uy or Fy denotes a partial sum of the perturbation expansion up to the kth-order. The vertical gray line at kg T = 0.711 763B; indicates the lowest temperature where

the perturbation expansions become convergent.
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suggested that the formulation of finite-temperature electronic per-
turbation theory may be incorrect, inspiring a comprehensive refor-
mulation that expands all thermodynamic potentials on an equal
footing.””* *° However, Hirata subsequently demonstrated that the
Kohn-Luttinger problem still persists by showing that U") and U®
tend toward the wrong limit when the degeneracy is lifted at first
order,'’

%E%U(l) =E[E] + EW, (16a)
limU® = —c0 + E?, (16b)
T—0 1

where ]E[E,El)] is the average of the first-order corrections for the
degenerate reference states k. These limits give a zero radius of
convergence at zero temperature and Hirata concluded that the
Kohn-Luttinger problem “originates from the non-analyticity of the
Boltzmann factor at T = 0.

Applying our analysis in the case of a degenerate refer-
ence state, we find that the zeros of the partition function must
converge onto A =0 for T — 0. Therefore, the zero-temperature
continuum of poles in U(1) intersects A = 0 and the radius of con-
vergence becomes zero, in agreement with Ref. 10. In contrast to
zero-temperature perturbation theory, this feature arises from the
properties of the partition function and only requires a degener-
acy in the zeroth-order ground state; it does not assume anything
about the convergence properties of the zero-temperature eigen-
states. The presence of a non-analytic pole in U(1) at A = 0 then
leads to an inherently divergent perturbation expansion. Conse-
quently, we can refine Hirata’s concluding statement to say that the
Kohn-Luttinger problem originates from a singularity in a thermo-
dynamic potential at A = 0 created by a zero of the partition function
for T — 0.

However, this analysis does little to explain the origin of
differences between the results of zero-temperature and finite-
temperature perturbation theory in the Kohn-Luttinger problem.
To elucidate this further, we fix B, = 0 in the two-level system to
give degenerate reference states where the zero-temperature energies
converge exactly at first-order,

E+()) = B, (17)

The corresponding internal energy is

B
U(A) = —BxA tanh 18
*) anh . 7) (18)
with poles at
Apole = j:in;;TMn +1) V neZ (19)

The radius of convergence is then directly proportional to T and
finite-temperature perturbation theory will diverge for T — 0, even
though the zero-temperature energies are convergent.

For this example, the derivatives required for the first- and
second-order corrections to the internal energy are

OU  BJSA 5Bl By
N T sech (kBT) thanh(kBT),

(20a)

COMMUNICATION scitation.org/journalljcp

2 2
19°U _ By Sechz(BxA)[l_ BxAt h(BxA):I' (20b)

2002 keT ke T kT N\ kT

Both functions are mathematically undefined at A = T' = 0, and the
value obtained by perturbation theory will depend on the order in
which this limit is approached. For the first-order correction, two
possible limits are

ou ou

lim( lim — ) =0 and lim(lim—):—B, 21
TS0+ ()Ho+ oL ) =0t \T—>0* OA x 1)
as illustrated in Fig. 4(a). The first case corresponds to the
zero-temperature limit of finite-temperature perturbation theory
(red curve), recovering the average of the zero-temperature first-
order corrections as described in Ref. 10. In contrast, the second
case represents a perturbation expansion of the zero-temperature
internal energy (blue curve) and recovers the expected behavior
lim7_g U = Efl). Similarly, the two limits for the second-order
correction yield

120)

lim [ lim — 19U
T—0+ \ A0+ 2 OA2

oo+ 2 9)2

A—0+

= —o0o0 and lim( lim ) =0, (22)

ou
(a) 6_/1

A : 0.2

1.0

ksT

0.00.0

FIG. 4. (a) First-order and (b) second-order contributions to the internal energy
in the degenerate two-level system [Eq. (17)] with B, = 0 and By = 1. Different
values at (A, T) = (0, 0) result from taking the T — 0 and A — 0 limits in different
orders, as illustrated by the red (A — 0) and blue (T — 0) curves.
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as illustrated in Fig. 4(b). Again, the first case recovers the divergent of exceptional points exists in the complex-A plane (Fig. 5: right

finite-temperature behavior described in Ref. 10, while the second panel), creating an avoided level crossing on the real axis. As
case tends to the second-order correction of the exact ground state. expected, these zero-temperature exceptional points converge onto
These results suggest that the Kohn-Luttinger problem is fun- the real axis in the B, — 0 limit corresponding to the quantum phase
damentally an order-of-limits issue that arises because the internal transition.
energy with degenerate reference states is non-analytic for A =0 This physical phase transition is mathematically equivalent
and T=0 and the derivatives required for perturbation the- to the analysis of finite-temperature perturbation theory in the
ory are mathematically undefined. Because this situation arises complex-A plane. Therefore, we can use it to directly connect
from zeros of the partition function, the divergence depends on Lee-Yang zeros at quantum phase transitions with zero-temperature
the degeneracy of the reference states regardless of their cou- exceptional points. Because the quantum phase transition only
pling through the perturbation. Therefore, this problem cannot be occurs when T = 0 for B; = 0, we expect the zeros of the partition
removed by simply using degenerate perturbation theory.”” Instead, function to converge onto the real axis in the T — 0 and B; = 0
it appears that the only resolution is to remove the degeneracy using limit. We have already shown that zeros of the partition func-
an alternative reference or partitioning, as recently proposed in  tion for T # 0 and B, # 0 occur along the imaginary axis extending
Ref. 38. out from the zero-temperature exceptional point. For T — 0, these

Finally, having identified a relationship between branch cuts of =~ zeros form a continuum along the branch cut that terminates at
the zero-temperature eigenstates and zeros of the partition function the exceptional point. Therefore, in the B, — 0 limit, the conver-

in the T — 0 limit, a natural question is whether this concept can be gence of the exceptional points onto the real axis also causes the
extended to unify Lee-Yang theory with the convergence of excep- zeros of the partition function to move closer to the real axis. The
tional points onto the real axis at quantum phase transitions. Previ- position of these zeros still has a complex component for T # 0
ous work by Cejnar and co-workers has investigated this connection and the internal energy is smooth along the real axis. However,
by associating non-Hermitian degeneracies with point charges and ~ when the zeros of the partition function converge onto the excep-
connecting the position of these degeneracies in the complex tional points for T — 0, they must also converge onto the real axis
plane with zeros of a Coulombic partition function.””*’ However, as B; — 0, creating the expected behavior for a quantum phase
we are not aware of any direct connection between Lee-Yang transition.
zeros and zero-temperature exceptional points at quantum phase As aresult, the convergence of Lee-Yang zeros and exceptional
transitions. points onto the real axis arises from the same mathematics,
The two-level spin-1/2 model provides a model of a quantum providing a unified perspective on quantum phase transitions
phase transition in the limit B, — 0. For a fixed value of By > 0, in the complex plane. The exceptional point in the zero-
this quantum phase transition occurs at A = 0, with the spin flip- temperature energy is simply the zero-temperature continuum
ping its alignment from the negative-x direction (1< 0) to the limit of the poles in the internal energy caused by zeros
positive-x direction (A > 0). This transition is demonstrated by a of the partition function. This result is a formal mathemati-
derivative discontinuity in the zero-temperature energy and a dis- cal connection, in contrast to the previous Coulombic analogy
continuous jump in (Sx) at A =0, as shown in Fig. 5 (left and between non-Hermitian degeneracies and zeros of the partition
middle panels, respectively). For B, # 0, a complex-conjugate pair function.”*
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FIG. 5. A quantum phase transition occurs at A = 0 in the two-level system with T = 0 and B, = 0. Left: Internal energy at different temperatures, showing the quantum
phase transition at T = 0 as a gradient discontinuity in the energy. Middle: Variation of the spin expectation value at the quantum phase transition. Right: Relationship
between the exceptional points of the energy and zeros of the partition function for various values of B, and kg T with B, = 1.
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In this work, we have shown that divergent finite-temperature
perturbation theory is driven by singularities created by Lee-Yang
zeros of the partition function that move further into the complex
plane as the temperature increases. Therefore, perturbation the-
ory is more likely to be convergent at higher temperatures. This
result suggests that extrapolating analytic continuations of the per-
turbation corrections at higher temperatures to T = 0, in a similar
approach to Refs. 41-43, may provide improved accuracy when
the zero-temperature expansion is divergent. Alternatively, because
the divergent perturbation expansions at T # 0 arise from poles,
the internal energy will be particularly well-suited to resummation
techniques based on Padé approximants.'”'*** For a degenerate
reference, we find that the poles in the internal energy converge
onto A = 0 in the T — 0 limit, creating a mathematically undefined
perturbation expansion that is the origin of the Kohn-Luttinger
problem.

Finally, by extending our analysis to quantum phase transi-
tions in the spin-1/2 model, we have demonstrated a direct math-
ematical connection between finite-temperature Lee-Yang zeros
and zero-temperature exceptional points. This unifying connec-
tion provides a more complete picture of quantum phase tran-
sitions through the lens of complex analysis. Recently, Lee-Yang
zeros and exceptional points have been independently realized in
experiments.’’>*** The possibility of experimentally probing the
conversion of Lee-Yang zeros into an exceptional point at low tem-
peratures is an exciting prospect for the discovery and verification of
exotic non-Hermitian chemical physics.
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APPENDIX: ANALYTICITY OF Z(1) NEAR ALGEBRAIC
BRANCH POINTS

Consider the partition function Z(1) of an N-level system in
the vicinity of an kth order algebraic branch point A, (where k > 1).
In this region, the states that are not involved in the branch point
provide a smooth, analytic contribution Z(1) and the partition
function to be decomposed as

COMMUNICATION scitation.org/journalljcp

k
Z(A) = Z(1) + 3 exp(-E;(1)), (A1)
j=1

where the states indexed by j coincide at the branch point. To
establish whether Z(A) is analytic at Ap,, we consider the first
derivative

dz(1) dZ()L)

dE; (A)
4 ﬂZ o

exp(-PEi(1)).  (A2)

Near the kth-order branch point, the corresponding energy levels
behave as

2
EQ) = By + o) exp ) (43)
for some smooth real function a(1) with a(Ay,) = 0. For example,
in the two-level system considered in this letter, the energy levels
near the branch point Ex (1) = +(B? + A2B2)"/2 correspond to a(1)
= B2 + A’BZ and k = 2. The non-analyticity of the zero-temperature
energy levels for A — Ay, then arises from the derivatives
dE;(A) _ 1da(d) (t-1) ( nij)
A , A4
o r a X« )i p (A4)
where clearly the a()t)(ifl) term diverges in the limit lim, ), a(1)
=0 for k > 1. Inserting Eq. (A3) into Eq. (A2) and considering the
A = App limit then yields

dz() dz(\) ,1da(d) . (i) ~ k 27ij
a0 eppE Y, e ).
————

(A5)

Because Z] 1 exp(ZY) =0, we find that % remains finite at

the branch point even though the zero-temperature energy levels
are non-analytic. This derivation can be trivially extended to show
that high-order derivatives of the partition function are also finite
at a branch point. Consequently, the partition function is a com-
plex analytic function of A, even in the presence of non-analytic
algebraic branch points in the zero-temperature energy levels. A
similar approach can be applied to the numerator of the internal
energy.
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