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Analysis of pre
onditioners forsaddle-point problemsD. Loghin and A. J. Wathen

Mixed �nite element formulations give rise to large, sparse, blo
k linearsystems of equations the solution of whi
h is often sought via a pre
ondi-tioned iterative te
hnique. In this work we present a general analysis of blo
k-pre
onditioners based on the stability 
onditions inherited from the formulationof the �nite element method (the Babu�ska-Brezzi, or inf-sup 
onditions).
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31 Introdu
tionFinite element dis
retizations of partial di�erential equations yield a sequen
e of linearsystems of equations Ku = f ; (1.1)where K 2 Rn�n is a large, sparse matrix and n ! 1. Moreover, problem (1.1) inheritsthe stability 
onditions (the Babu�ska 
onditions [6℄) required for the �nite element methodto have a unique solution: maxw2Rnnf0g maxv2Rnnf0g wtKvkwkHkvkH � C1 (1.2a)minw2Rnnf0g maxv2Rnnf0g wtKvkwkHkvkH � C2 (1.2b)where kvk2H = hv;viH = vtHv and H 2 Rn�n is a symmetri
 and positive-de�nite matrixde�ned by the 
hoi
e of dis
rete norm on the �nite element spa
e.In this work we are interested in dis
retizations obtained using mixed �nite elementformulations, whi
h typi
ally lead to K having a blo
k stru
ture. In parti
ular, we areinterested in solving (1.1), under 
onditions (1.2) and for the 
ase where K has the so-
alled saddle-point stru
ture K = � F BtB 0 � (1.3)where F 2 Rn1�n1 is nonsingular and generally nonsymmetri
 and B 2 Rn2�n1 has rankr = n2 � n1. We also assume that the norm k �kH is given by (or equivalent, independentlyof n, to) kvk2H = kv1k2H1 + kv2k2H2 (1.4)where vi 2 Rni and Hi 2 Rni�ni (i = 1; 2) are symmetri
 and positive-de�nite matri
es.For this stru
ture of K 
onditions for existen
e and uniqueness equivalent to (1.2) weregiven by Brezzi [9℄: maxq2Rn1nf0g maxr2Rn1nf0g qtF rkrkH1kqkH1 � 
1 (1.5a)maxq2Rn1nf0g maxz2Rn2nf0g ztBqkqkH1kzkH2 � 
2 (1.5b)minr2kerB maxq2kerB qtF rkrkH1kqkH1 � 
3 (1.5
)minz2Rn2nf0g maxq2Rn1nf0g ztBqkqkH1kzkH2 � 
4 (1.5d)



4However, in many appli
ations of interest, 
ondition (1.5
) is satis�ed simply be
ause Fsatis�es the stronger 
oer
ivity 
onditionmaxr2Rn1nf0g rtF rkrk2H1 � 
3: (1.6)In this work, we will assume this 
oer
ivity 
ondition holds.When n is large, a 
ompetitive alternative to 
omputing dire
tly the solution to (1.1)is to employ an iterative method 
oupled with a pre
onditioning te
hnique. More pre
iselywe want to �nd and 
hara
terize pre
onditioning matri
es P 2 Rn�n su
h that either ofthe modi�ed systems P�1Ku = P�1f ; KP�1bu = f (bu = Pu);
an be solved with an iterative method in a number of iterations independent of n. This
an be a
hieved if the pre
onditioning matrix is equivalent to the system matrix in somesense. We will be 
on
erned with norm and �eld-of-values equivalen
e of matri
es (seese
tion 2), whi
h provide 
onvergen
e bounds for iterative methods of Krylov subspa
etype su
h as Minimum Residual method (MINRES) or Generalized Minimum Residualmethod (GMRES).We note here that pre
onditioning design and analysis for saddle-point problems hasbeen the subje
t of a
tive resear
h in a variety of areas of applied mathemati
s, e.g., ground-water 
ow [7℄, [8℄, [14℄, [22℄, [39℄, [42℄, Stokes and Navier-Stokes 
ow [12℄, [43℄, [41℄, [20℄, [13℄,[32℄, [18℄, [31℄, [28℄, [33℄, [29℄, elasti
ity [21℄,[4℄, [30℄, [11℄, [36℄, magnetostati
s [37℄, [38℄ et
.While most results address the symmetri
 
ase, non-symmetri
 pre
onditioning has alsobeen analyzed for some pra
ti
al problems. Our 
ontribution provides a general analysisof blo
k-pre
onditioners for mixed �nite element dis
retizations and des
ribes suÆ
ient
onditions for optimal pre
onditioning.The paper is stru
tured as follows. Se
tion 2 
ontains some useful de�nitions and results.We also de�ne norm and �eld-of-values equivalen
e of matri
es and outline their relevan
eto pre
onditioning te
hniques for Krylov subspa
e type methods. The main results of thepaper are 
ontained in se
tion 3, where we 
hara
terize blo
k-pre
onditioners for the linearsystem (1.1) and des
ribe 
onvergen
e in terms of norms relevant to the �nite elementsetting. Finally, in se
tion 4, we present some examples from the literature.2 Preliminaries2.1 De�nitions and standard resultsLet H be a symmetri
 positive-de�nite matrix. Then H = H1=2H1=2 where H1=2 is alsoa symmetri
 and positive-de�nite matrix; moreover, H indu
es a ve
tor-norm k � kH withdual-norm (k � kH)D de�ned as ([27, p. 275℄)(kzkH)D := maxv2Rnnf0g vtzkvkH = kzkH�1: (2.1)



5Given two symmetri
 and positive-de�nite matri
es H1 2 Rn�n ; H2 2 Rm�m we de�ne thefollowing matrix norm for matri
es M 2 Rm�n (see [27, p. 311℄)kMkH1;H2 = maxv2Rnnf0g kMvkH2kvkH1 (2.2)with the standard notation kMkH;H = kMkH . We highlight here the submultipli
ativeproperty of k � kH1;H2 : if Hi 2 Rni�ni; i = 1; 2; 3; are three symmetri
 and positive-de�nitematri
es and R 2 Rn1�n2; Q 2 Rn2�n3 thenkRQkH3;H1 � kQkH3;H2kRkH2;H1: (2.3)We will also �nd useful the following identitieskH�1=22 MH�1=21 kl2 = kMkH1;H�12 = kMH�11 kH�11 ;H�12 = kH�12 MkH1;H2: (2.4)The matrix norms introdu
ed above 
an be alternatively 
hara
terized in the followingway.Lemma 1 Let M 2 Rm�n have full rank and let H1 2 Rn�n ; H2 2 Rm�m be two symmetri
and positive-de�nite matri
es. ThenkMkH1;H�12 = maxv2Rnnf0g maxw2Rmnf0g wtMvkvkH1kwkH2 ; (2.5)minv=2ker(M) kMvkH�12kvkH1 = minv=2ker(M) maxw2Rmnf0g wtMvkvkH1kwkH2 : (2.6)Hen
e, if n = m, kM�1k�1H�12 ;H1 = minv2Rnnf0g maxw2Rnnf0g wtMvkvkH1kwkH2 : (2.7)Proof These results are generalizations of the results in [10℄. However, we in
ludethe proofs here for 
ompleteness. We havekMkH1;H�12 = maxv2Rnnf0g kMvkH�12kvkH1= maxv2Rnnf0g� 1kvkH1 maxw2Rmnf0g wtMvkwkH2�= maxv2Rnnf0g maxw2Rmnf0g wtMvkvkH1kwkH2 :For the se
ond equality we haveminv=2ker(M) kMvkH�12kvkH1 = minv=2ker(M)� 1kvkH1 maxw2Rmnf0g wtMvkwkH2�= minv=2ker(M) maxw2Rmnf0g wtMvkvkH1kwkH2 :



6 Hen
e, when n = m, M is invertible with ker(M) = f0g and the left-hand side inthe above equality be
omesminv2Rnnf0g kMvkH�12kvkH1 = minz2Rnnf0g kzkH�12kM�1zkH1 (z =Mv)=  maxz2Rnnf0g kM�1zkH1kzkH�12 !�1= kM�1k�1H�12 ;H1whi
h yields the last equality. �Note that kMkH1;H�12 = kM tkH2;H�11 sin
emaxv2Rnnf0g maxw2Rmnf0g wtMvkvkH1kwkH2 = maxv2Rnnf0g maxw2Rmnf0g vtM twkvkH1kwkH2= maxw2Rmnf0g� 1kwkH2 maxv2Rnnf0g vt(M tw)kvkH1 �= maxw2Rmnf0g kM twkH�11kwkH2= kM tkH2;H�11 :We also re
all here the de�nition of the �eld of values and some standard related results.De�nition 1 Let M;H 2 Rn�n, with H symmetri
 and positive de�nite. The H-�eld ofvalues of the matrix M , denote by WH(M), is a set in the 
omplex plane given byWH(M) = �x 2 C : x�HMxx�Hx � :When H = I, the set is 
alled the �eld of values and is denoted by W(M).The following properties are useful.Lemma 2 Let M;H 2 Rn�n , with H symmetri
 and positive de�nite. The following holdsfor all H:(i) The eigenvalues of M are 
ontained in WH(M).(ii) For all z 2 WH(M),minz Rez = minx2Rnf0g xtHMxxtHx � kM�1k�1H ; jzj � kMkH :



72.2 Norm and �eld-of-values equivalen
eThe following notions of equivalen
e between matri
es are used later to de�ne optimalityof pre
onditioners.De�nition 2 H-norm equivalen
e Non-singular matri
es A;B 2 Rn�n are said to be H-norm equivalent if there exist 
onstants 
;� independent of n su
h that for all x 2 Rn nf0g
 � kAxkHkBxkH � �:We write A �H B:Another 
hara
terization of H-norm equivalen
e is given by the following lemmata.Lemma 3 A �H B if and only if kAB�1kH � � and kBA�1kH � 
�1.De�nition 3 Field-of-values (FOV ) equivalen
e Non-singular matri
es A;B 2 Rn�nare said to be FOV -equivalent if there exist 
onstants 
;� independent of n su
h that forall x 2 Rn n f0g 
 � hx; AB�1xiHhx;xiH ; kAB�1xkHkxkH � �:We write A �H B:Remark 1 The FOV -equivalen
e simply implies that the H-�eld of values of AB�1 is inthe right half-plane and is bounded independently of n. We note that if H = I and A;Bare symmetri
 and positive-de�nite, the FOV -equivalen
e be
omes the well-known spe
tralequivalen
e introdu
ed in [19℄. This is a 
onsequen
e of the fa
t that the �eld of values ofa real symmetri
 matrix is the 
onvex hull of its spe
trum.Remark 2 Both H-norm equivalen
e and FOV -equivalen
e imply that (
f. Lemma 2)
 < ���(AB�1)�� < �;where �(AB�1) are the eigenvalues of AB�1. However, FOV -equivalen
e is a strongerstatement: if A �H B then A �H B. On the other hand, it is easy to see that �H is anequivalen
e relation on Rn�n while �H is not even re
exive.Both equivalen
es 
an be shown to be des
riptive in terms of 
onvergen
e behaviour of iter-ative methods with pre
onditioning. In parti
ular, they 
an be used to des
ribe 
onvergen
eof the following two algorithms.



8Algorithm 1 : Minimum Residual (MINRES). If A �H B and AB�1 is symmetri
and inde�nite with respe
t to h�; �iH the MINRES algorithm applied to A with right pre
on-ditioner B 
onverges in a number of iterations independent of n. Moreover, the residualssatisfy [26, Eqn (3.14)℄ krkkHkr0kH � 2��� 
� + 
�k=2 ; (2.8)where 
;� are the 
onstants in De�nition 2, whi
h are related to the bounds on the eigen-values as given in Remark 2.Algorithm 2 : Generalized Minimum Residual (GMRES). If A �H B the GM-RES algorithm 
onverges with respe
t to h�; �iH in a number of iterations independent of n.Moreover, the residuals satisfy [15℄, [40, Thm 6.7℄krkkHkr0kH � �1� 
2�2�k=2 ; (2.9)where 
;� are the 
onstants in De�nition 3.Remark 3 It is well-known that the bounds on the 
onvergen
e of MINRES and GMRES
an be shown to be pessimisti
 in 
ertain appli
ations. In su
h situations, they still des
ribe
onvergen
e independent of n, albeit in an asymptoti
 sense.In the following, we will establish suÆ
ient 
onditions for norm and FOV -equivalen
ewith respe
t to the H-norm for left pre
onditioning, and H�1-norm for right pre
ondition-ing. Sin
e left pre
onditioning 
hanges the residuals (and thus the norm) in the iteration,while right pre
onditioning leaves them un
hanged, the question arises as to what norm to
onsider for 
onvergen
e. It 
an be shown that the natural norm for 
onvergen
e for �niteelement problems is k � kH�1 , and that left pre
onditioning also leads to minimization withrespe
t to this norm, provided the pre
onditioner is norm-equivalent to the matrix norm.These issues are 
onsidered in [25℄, [24℄, [35℄, [1℄ for symmetri
 problems and in [3℄, [2℄ fornonsymmetri
 problems.We end this se
tion with some useful 
hara
terizations of pre
onditioners in terms ofnorm and FOV -equivalen
e, for problems for whi
h (1.2) are satis�ed.2.3 Norm-equivalent pre
onditionersNorm-equivalen
e is inherent in the stability requirements (1.2), as the following resultdemonstrates.Lemma 4 Let (1.2) hold. ThenH �H�1 K; H�1 �H K�1:In parti
ular, kH�1KkH = kKH�1kH�1 � C1; (2.10a)kK�1HkH = kHK�1kH�1 � C�12 : (2.10b)



9Proof Using (1.2a) and (2.5) we getC1 � maxv;w2Rnnf0g wtKvkwkHkvkH= kKkH;H�1and bound (2.10a) follows from (2.4). Likewise, (1.2b) and (2.7) giveC2 � minv2Rnnf0g maxw2Rnnf0g wtKvkvkHkwkH= �kK�1kH�1;H��1and (2.10b) follows similarly. �The previous result 
an be used to 
hara
terize a general 
lass of pre
onditioners.Theorem 5 Let (1.2) hold and assume P 2 Rn�n satis�esP �H�1 H:Then P �H�1 K; P�1 �H K�1:Proof Sin
e P �H�1 H is equivalent to P�1 �H H�1, the result follows from thetransitivity property of �H and �H�1 and Lemma 4. �Remark 4 The result of Lemma 4 establishes mesh-independent bounds on the 
onditionnumber of H�1K and KH�1 with respe
t to the natural norm of the problem and its dual.Theorem 5 states that if P and H are H-equivalent then P will be a useful left or rightpre
onditioner for K in a suitable norm.2.4 FOV -equivalent pre
onditionersIf requirement (1.2b) is repla
ed by the stronger relationminv2Rnnf0g vtKvkvk2H � C3; (2.11)we 
an prove similar statements about FOV -equivalen
e. We note here that this 
on-dition arises quite naturally in mixed �nite element formulations and is not a stringentrequirement.Theorem 6 Let (1.2a), (2.11) hold. ThenK �H�1 H:Proof We have 
x;KH�1x�H�1hx;xiH�1 = xtKxxtHx � C3 (using (2.11))and kKH�1kH�1 < C1 (
f. proof of Lemma 4). Thus, K �H�1 H. �



103 Saddle-point pre
onditionersIn the following we 
onsider saddle-point problems for whi
h K has the blo
k stru
tureK = � F BtB 0 � ;and 
onditions (1.2) are satis�ed and where F is in general non-symmetri
. The normk � kH : Rn is de�ned as in (1.4) and de�nes the symmetri
 and positive-de�nite matrixH = � H1 00 H2 � :Before we prove the main results we need to establish the following results.3.1 Some useful resultsIn the following we denote by S the S
hur 
omplement of F in KS = BF�1Bt: (3.1)Lemma 7 Let (1.2) hold. ThenkFkH1;H�11 � C1; kBkH1;H�12 � C1; kS�1kH�12 ;H2 � C�12 ;and minq2Rn2nf0g kBtqkH�11kqkH2 = minq2Rn2nf0g maxz2Rn1nf0g qtBzkzkH1kqkH2 � C2:Proof From (2.4) with H = H1 = H2;M = K and Lemma 4, kH�1=2KH�1=2kl2 =kH�1KkH � C1 from whi
h it follows that the l2�norms of ea
h blo
k ofH�1=2KH�1=2 =  H�1=21 FH�1=21 H�1=21 BtH�1=22H�1=22 BH�1=21 0 !are bounded by C1 and the bounds on kFkH1;H�11 and kBkH1;H�12 follow using (2.4).Likewise, kH1=2K�1H1=2kl2 � C�12 and the bound on the S
hur 
omplement followssimilarly by noting that the inverse of K is given byK�1 = � F�1(F �BtS�1B)F�1 F�1BtS�1S�1BF�1 �S�1 � :Finally, the last bound follows from (1.2b) and Lemma 1. Sin
e for all v 2 Rn n f0gC2 � maxw2Rnnf0g wtKvkvkHkwkH



11the 
hoi
e vt = (0;qt) yields after setting wt = (zt; rt)C2 � maxz;r ztBtq(kzk2H1 + krk2H2)1=2kqkH2= maxz2Rn1nf0g ztBtqkzkH1kqkH2for all q 2 Rn2 n f0g : �Lemma 8 Let (1.2) hold. If there exists a 
onstant C3 independent of n su
h thatxtFx � C3kxk2H1 8 x 2 Rn1�n1 (3.2)then S �H�12 H2:Proof Sin
e Lemma 7 provides the boundkH2S�1kH�12 = kS�1kH�12 ;H2 � C�12we only need to �nd a bound on
x; SH�12 x�H�12hx;xiH�12 = xtSxxtH2x :We have minx2Rn2nf0g xtBF�1BtxxtH2x = minx2Rn2nf0g xtBF�1BtxxtBH�11 Btx xtBH�11 BtxxtH2x� miny2Rn2nf0g ytF�1yytH�11 y minx2Rn2nf0g kBtxk2H�11kxk2H2� C22 miny2Rn2nf0g ytF�1yytH�11 y ;Now, (1.2) imply (1.5a) whi
h together with (3.2) implies that F �H�11 H1. LetHF = (F + F t)=2; SF = (F � F t)=2. Sin
e xtFx = xtHFx, the FOV -equivalen
e ofF and H1 implies that C3 � xtHFxxtH1x � C1:Hen
eytF�1yytH1�1y = ytF�1yytH�1F y � ytH�1F yytH1�1y � C�11 miny2Rnnf0g ytF�1yytH�1F y � C�11 minz2Rnnf0g zt ~F�1zztz ;where ~F = I + ~N; ~N = H�1=2F SFH�1=2F . Sin
e ~F (and thus ~F�1) is a normal matrix,its �eld of values is the 
onvex hull of its eigenvalues ([27, p. 11℄). Hen
e,miny2Rnnf0g yt ~F�1yyty = mink Re 1�k( ~F ) = mink Re 11 + �k( ~N ) = 1maxk ����k( ~F )���2



12 and sin
emaxk ����k( ~F )��� � k ~Fkl2 = kH�1=2F FH�1=2F kl2 � kH1�1=2FH1�1=2kl2�2(H�1=2F H11=2) � C1�C1C3�1=2the result follows 
x; SH�12 x�H�12hx;xiH�12 � C3C22=C41 ;and the proof is 
omplete. �Remark 5 The last bound in the previous lemma 
an be improved to C22=C21 if the matrixH1 is the symmetri
 part of F : H1 = HF . This situation is 
ommon and the bound 
an beshown to be tight in some appli
ations (see se
tion 4).A natural question to ask is under what 
onditions the equivalen
e of the S
hur 
omplementS to the norm H2 is preserved when F is repla
ed with some approximation eF . The answeris provided below.Lemma 9 Let (1.2) hold, and let eF �H�11 H1. Then eS = B eF�1Bt satis�eseS �H�12 H2:Proof Sin
e (1.2) hold, 
onditions (1.5b), (1.5d) will hold. On the other hand,eF �H�11 H1, and thus (1.5a) and (1.6) (and therefore (1.5
)) will hold for eF . Hen
ethe stability 
onditions (1.5) are satis�ed for matri
es eF ;B. It follows thateK = � eF BtB 0 �satis�es (1.2). Hen
e, the results of Lemma 8 apply with F repla
ed by eF . �In the following dis
ussion, we will 
onsider three pre
onditioners based on the stru
tureof K: PC = � P1 00 P2 � ; PL = � P1 0B P2 � ; PR = � P1 Bt0 P2 � : (3.3)We are interested in �nding ne
essary and suÆ
ient 
onditions for these pre
onditioners tolead to solution algorithms with 
onvergen
e independent of n. More pre
isely, we wouldlike to 
hara
terize norm and FOV -equivalen
e to K of our pre
onditioners. We remarkhere that we only need des
ribe norm-equivalen
e to H of our pre
onditioners (
f. Theorem5).



133.2 Norm-equivalent pre
onditionersThe 
hara
terization of norm-equivalen
e for the above pre
onditioners is straightforward.Theorem 10 Let (1.2) hold and let P 2 fPC ; PL; PRg. Then P �H�1 K ifP1 �H�11 H1 and P2 �H�12 H2:Proof By Lemma 4, K �H�1 H. Hen
e, by the transitivity of �H�1 we only needto show P �H�1 H . Sin
e the 
ase P = PC is trivial, we will prove the result for PL�rst.Assume that Pi �H�1i Hi; i = 1; 2, i.e. thatkH�1i PikHi � �i; kP�1i HikHi � 
i; i = 1; 2:Sin
e H�1=2PLH�1=2 =  H�1=21 P1H�1=21 0H�1=22 BH�1=21 H�1=22 P2H�1=22 !we get using Lemma 7 and the equivalen
e Pi �H�1i Hi; i = 1; 2;kH�1=2PLH�1=2kl2 � kH�1=21 P1H�1=21 kl2 + kH�1=22 BH�1=21 kl2 + kH�1=22 P2H�1=22 kl2= kH�11 P1kH1 + kBkH1;H�12 + kH�12 P2kH2� �1 + C1 +�2:Similarly, sin
eH1=2P�1L H1=2 =  H1=21 P�11 H1=21 0�H1=22 P�12 BP�11 H1=21 H1=22 P�12 H1=22 !
kH1=2P�1L H1=2kl2 � kH1=21 P�11 H1=21 kl2 + kH1=22 P�12 BP�11 H1=21 kl2 + kH1=22 P�12 H1=22 kl2= kP�11 H1kH1 + kP�12 BP�11 kH�11 ;H2 + kP�12 H2kH2� 
1 + 
2 + kP�11 kH�11 ;H1kBkH1;H�12 kP�12 kH�12 ;H2� 
1 + 
2 + 
1
2C1:The proof for PR follows in a similar fashion. �3.3 FOV -equivalent pre
onditionersIn this se
tion we 
onsider only two blo
k pre
onditioners of the formPL = � P1 0B ���1P2 � ; PR = � P1 Bt0 ���1P2 � : (3.4)As before, if we wish to establish FOV -equivalen
e of our pre
onditioners to the systemmatrix we require a slightly stronger version of the 
oer
ivity requirements. In parti
ular,



14we still assume that (1.2) hold but also require that the 
oer
ivity 
ondition (3.2) hold forF As before, let S = BF�1Bt denote the S
hur 
omplement of F in K. Assuming we
an invert F exa
tly we obtain the following 
hara
terization of FOV -equivalen
e for theabove pre
onditioners.Theorem 11 Let (1.2), (3.2) hold. Let PL be de�ned as in (3.4) with P1 = F . IfP�12 �H2 S�1then there exists �0 > 0 su
h that P�1L �H K�1for all � � �0.Proof Sin
e P�12 �H2 S�1 there exist 
onstants �1; �2 su
h that�1 � 
x; P�12 S�H2hx;xiH2 � �2: (3.5)Sin
e P�1L K = � I F�1Bt0 �P�12 S �we need to show that
�xy�t� H1 00 H2 ��xy� � �xy�t� H1 H1F�1Bt0 �H2P�12 S ��xy� � ��xy�t� H1 00 H2 ��xy� :Now, the results of Lemmas 7, 8 givekH1F�1BtkH2;H�11 � kBtkH2;H�11 kH1F�1kH�11 ;H�11� C1C�13 :Hen
e, using (2.5) we get for all x 2 Rn1�n1 ;y 2 Rn2�n2��xtH1F�1Bty�� � C1C�13 kxkH1kykH2 : (3.6)Thus, using (3.5), (3.6) we obtainxtH1x+ xtH1F�1Bty + �ytH2P�12 Sy � xtH1x+ C1C�13 kxkH1kykH2 + ��2kyk2H2Thus, the upper bound follows immediately with �2 = max f1; ��2g+ 12C1C�13 .To obtain the lower bound we set zt = (xt yt) and note that (using (3.5), (3.6),)ztHP�1L Kz � kxk2H1 + ��1kyk2H2 � ��xtH1F�1Bty��� kxk2H1 + ��1kyk2H2 � C1C�13 kxkH1kykH2� 12(kxk2H1 + kyk2H2)provided � � �0 := 1+(C1C�13 )22�1 . �



15A similar result holds for PR.Theorem 12 Let (1.2), (3.2) hold. Let PR be de�ned as in (3.4) with P1 = F . IfS �H�12 P2then there exists �0 > 0 su
h that K �H�1 PRfor all � � �0.The previous two theorems indi
ate that if the inverse of F is available all that is ne
es-sary is to approximate the S
hur 
omplement in the sense of FOV -equivalen
e. However,the inverse of F may not be readily available in pra
ti
e and its a
tion may need to beapproximated. The subsequent dis
ussion 
onsiders this possibility.For the general 
hoi
es of pre
onditioners PL; PR de�ned in (3.4) the pre
onditionedsystem matrix be
omesP�1L K = � P�11 F P�11 Bt�P�12 B(P�11 F � I) �P�12 bS � ; KP�1R = � FP�11 �(FP�11 � I)BtP�12BP�11 �bSP�12 �(3.7)where bS = BP�11 Bt.Theorem 13 Let (1.2), (3.2) hold. Let PL be de�ned as in (3.4) and letP�11 �H1 F�1; P�12 �H2 bS�1:Then there exists �0 > 0 su
h that P�1L �H K�1for all � � �0 provided kP�1F � IkH1 � 1=�0:Proof Sin
e P�11 �H1 F�1; P�12 �H2 bS�1, there exist 
onstants �1; �2; �1; �2 su
hthat�1 � 
x; P�11 Fx�H1hx;xiH1 ; kP�11 FkH1 � �2; �1 � Dx; P�12 bSxEH2hx;xiH2 ; kP�12 bSkH2 � �2:(3.8)On the other hand, the equivalen
e P�11 �H1 F�1 implies that bS �H�12 H2 (Lemma9) and hen
e P2 �H�12 H2 by transitivity; in parti
ular,kP�12 kH�12 ;H2 � �2C21C�13 (
f. Lemma 8).



16 We prove the result for the pre
onditioned system matrix given in (3.7) with � = �0,with �0 to be spe
i�ed later. The result will follow for all � � �0 in an obvious way.We need to establish the following bounds
 � �xy�t� H1P�11 F H1P�11 Bt�0H2P�12 B(P�11 F � I) �0H2P�12 bS ��xy��xy�t� H1 00 H2 ��xy� � �We have�0kH2P�12 B(P�11 F � I)kH1;H�12 � �0k(P�11 F � I)kH1kBkH1;H�12 kH2P�12 kH�12� C1kP�12 kH�12 ;H2� �2C31C�13 ;where we used k(P�11 F � I)kH1 � 1=�0. Thus,�0 ��ytH2P�12 B(P�11 F � I)x�� � �2C31C�13 kxkH1kykH2Similarly we �ndkH1P�11 BtkH2;H�11 � kBtkH2;H�11 kF�1kH�11 ;H1kP�11 FkH1;H1kH1kH1;H�11� C1C�13 �2so that ��xtH1P�11 Bty�� � C1C�13 �2kxkH1kykH2and sin
e kP�12 bSkH2 � �2; ���ytH2P�12 bSy��� � �2kyk2H2 :Setting zt = (xt; yt) we haveztHP�1L Kz = xtH1P�11 Fx+ xtH1P�11 Bty + �0ytH2P�12 B(P�11 F � I)x+ �0ytH2P�12 bSyand thereforeztHP�1L Kz � �2kxk2H1 + (C1C�13 �2 + �2C31C�13 )kxkH1kykH2 + �0�2kyk2H2andztHP�1L Kz � �1kxk2H1 � (C1C�13 �2 + �2C31C�13 )kxkH1kykH2 + �0�1kyk2H2Hen
e, the lower bound follows with 
 = 12�1, provided we take �0 = (C1C�13 �2+�2C31C�13 )2+�212�1�1and the upper bound follows with �2 = max f�2; �0�2g + 12(C1C�13 �2 + �2C31C�13 ).�Finally, we have a similar result for the right pre
onditioner PR.



17Theorem 14 Let (1.2), (3.2) hold. Let PR be de�ned as in (3.4) and letF �H�11 P1; bS �H�12 P2:Then there exists �0 > 0 su
h that K �H�1 PRfor all � � �0 provided kFP�11 � IkH�11 � 1=�0:4 Appli
ationsThe analysis of se
tion 3 was motivated by the need to des
ribe 
onvergen
e for nonsym-metri
 pre
onditioned te
hniques for saddle-point problems; let us start, though, with someremarks 
on
erning the symmetri
 
ase.When K is symmetri
, an optimal pre
onditioner is the matrix norm (or some approx-imation of it) as des
ribed by the previous theory. This is the pre
onditioner 
onsidered inall appli
ations we know of. Moreover, sin
e MINRES is the solver of 
hoi
e for symmet-ri
 inde�nite problems, the analyses presented in the literature address the distribution ofeigenvalues of the symmetri
ally pre
onditioned system H�1=2KH�1=2. This is 
ontainedin our analysis in the form of Lemma 4 whi
h showed thatkH�1=2KH�1=2kl2 = kH�1KkH � C1:kH1=2K�1H1=2kl2 = kHK�1kH�1 � C�12 :By Remark 2, the moduli of the eigenvalues are bounded from below and above by C2 andC1, respe
tively. Thus, a general 
onvergen
e result takes the form (
f. (2.8))kbrkkl2kbr0kl2 = krkkH�1kr0kH�1 � 2�C1 � C2C1 + C2�k=2where brk = H�1=2rk. Thus, 
onvergen
e is independent of n and is measured in the naturalnorm, k � kH�1 . This, or similar results appear in almost all analyses of pre
onditioners forsymmetri
 and inde�nite saddle-point problems [7℄, [42℄, [5℄, [43℄, [41℄, [8℄, [4℄ et
. We referthe reader to these referen
es for numeri
al results.4.1 Example: Navier-Stokes 
owThe appli
ation we investigate in this se
tion 
omes from the Pi
ard linearization of theNavier-Stokes equations. The formulation of the problems is as follows.Let 
 � R2 be a bounded domain with boundary �. The Navier{Stokes equations withDiri
hlet boundary 
onditions read���u + (u � r)u+rp = f in 
 (4.1a)�u = 0 in 
; (4.1b)u = u� on �; (4.1
)



18where � is the vis
osity parameter, u is the velo
ity and p the pressure.A simple solution method involves linearizing (4.1) using a Pi
ard, or �xed point, iter-ation. This leads to a sequen
e of linear problems; thus, at ea
h Pi
ard step we need tosolve an Oseen problem of the form���u + (b � r)u+rp = f in 
; (4.2a)�u = 0 in 
; (4.2b)u = u� on �; (4.2
)where b is the approximation to u obtained in the previous Pi
ard step.A mixed formulation of problem (4.2) involves 
hoosing appropriate spa
esV � [H1E(
)℄2 = ���� 2 [H1(
)℄2 : ��� j�= 0	 ; P � L20(
) = �p 2 L2(
) : hp; 1i = 0	for the velo
ity and pressure respe
tively and results in the following weak formulationGiven f 2 [L2(
)℄2, �nd (u; p) 2 H = V� P su
h thatK(u; p;v; q) = F(v; q) 8(v; q) 2 H; (4.3)where K(w; r;v; q) = � hrw;rvi+ hb � rw;vi � hr;�vi � hq;�wi (4.4)and F is a linear fun
tional on H given byF (v; q) = hf ;vi :Existen
e and uniqueness follow from the 
ontinuity and 
oer
ivity 
onditions of Babu�skawith respe
t to a suitable norm k � kHjK(w; r;v; q)j � C1kw; rkHkv; qkH (4.5a)sup(w;r)2Hnf0g K(w; r;v; q)kw; rkH � C2kv; qkH (4.5b)sup(v;q)2Hnf0g K(w; r;v; q)kv; qkH � C2kw; rkH (4.5
)whi
h lead to 
onditions (1.2). In parti
ular, it 
an be shown that 
onditions (1.2) holdwith respe
t to the dis
rete normkvh; phk2H = �krvhk2L2(
) + kphk2L2(
) (vh; ph) 2 Hh � Hprovided Hh = Vh � P h is a suitable pair of �nite element spa
es. This 
hoi
e of spa
esleads to a linear system of equations with 
oeÆ
ient matrix of type (1.3); the 
orrespondingdis
rete matrix-norms are a s
aled dis
rete Lapla
ian (H1) and a mass matrix (H2).



19Blo
k-pre
onditioning te
hniques for this problem have already been 
onsidered in theliterature [17℄, [31℄, [16℄, [18℄, [29℄, [33℄. We dis
uss below some of the existing pre
ondi-tioners and the 
orresponding analyses.Elman and Silvester were the �rst to suggest in [17℄ blo
k-pre
onditioners of type (3.4)where P1 = F and P2 = H2=�. Their analysis shows that the eigenvalues are in theleft-half plane and that they are independent of the size of the problem n. The samepre
onditioner was 
onsidered by Klawonn and Starke in [31℄. Their analysis improvedthat of [17℄; in parti
ular, they showed that the H-�eld-of-values lies in the right-half planeand is independent of n. All these results are 
on�rmed by our analysis. In parti
ular,Thms 11, 12 show that both the H- and the H�1-�elds of values are independent of nand lie in the right-half plane so that GMRES will 
onverge with respe
t to the H- andrespe
tively H�1-norms with a 
onvergen
e bound given by (2.9).The above pre
onditioner, although mesh-independent in performan
e, has a depen-den
e of order O(��1) on the number of iterations. Moreover, the mesh-independen
e `setsin' at a relatively high number of iterations. This is explained by the fa
t that the pre-
onditioning te
hnique essentially tries to approximate a non-symmetri
 S
hur 
omplementwith a symmetri
 pre
onditioner (H2=�). As � redu
es, the problem be
omes more non-symmetri
 and the bound (2.9) deteriorates. An improved pre
onditioner of type (3.4) wasintrodu
ed in [29℄. As before, P1 = F , but P2 is assembled on the pressure �nite elementspa
e P h and is de�ned via P�12 = H�12 FpA�1p (4.6)where Fp; Ap are the proje
tions of the adve
tion-di�usion and di�usion operators respe
-tively onto the �nite-element spa
e. This pre
onditioner was analyzed in [33℄ where it isshown that the S
hur 
omplement is l2-norm equivalent to P2. Sin
e in this 
ase the l2-and H2-norms are equivalent, there holdsS �H�12 P2; P�12 �H2 S�1so that we 
an apply Thm 10 to �nd thatK �H�1 PR; P�1L �H K�1:This result implies that the eigenvalues are bounded independently of n. Numeri
al re-sults in the next se
tion indi
ate that 
onvergen
e also is bounded independently of n;moreover, the dependen
e on the vis
osity parameter is improved to O(��1=2). However,more des
riptive GMRES bounds than (2.9) are ne
essary to a

ount for improvements inbehaviour with respe
t to parameters other than n (see also [18℄ for an eigenvalue analysisfor this problem).4.2 Numeri
al experimentsOur analysis indi
ates that 
onvergen
e is independent of the size of the problem providedwe have equivalent pre
onditioners and we work in a suitable norm. Pre
onditioning from



20the left requires the H-norm, whi
h is not expensive to implement; however, right pre
ondi-tioning requires the H�1-norm, whi
h has to be approximated somehow. In the numeri
alexperiments below we implement GMRES in both norms as well as in the standard l2-norm. It turns out that 
onvergen
e is similar in all three 
ases. While it is not obviouswhy the three versions of GMRES should be equivalent, we 
an use this empiri
al result toinfer that our analysis leads to l2-equivalent pre
onditioners. This is also 
onsistent withthe analyti
 results in [34℄, [23℄ and the experiments in [2℄, where the same equivalen
e isshown to hold for the 
ase of s
alar ellipti
 problems.The test problem we 
hose is the regularized driven-
avity problem. The domain isthe unit square with zero boundary 
onditions ex
ept for u�(x; y = 1) = 16x2(1� x)2 (
f.(4.2
)). The problem was solved for a range of vis
osity parameters � and mesh parametersh. The pre
onditioners we used were of type (3.4). The stopping 
riterion at ea
h Pi
ardstep was of the form krkk�kr0k� � �;where k �k� was the norm indu
ed by the inner-produ
t in whi
h we implemented GMRES;� = 10�3 was suÆ
ient to advan
e the Pi
ard iteration.We �rst implemented a norm-equivalent pre
onditioner given by the 
hoi
e P1 = Fand P2 as de�ned above in (4.6). Results for GMRES with respe
t to the inner-produ
tsh�; �il2 ; h�; �iH with left pre
onditioning are shown in Tables 1, 2, respe
tively. As expe
ted,the performan
e is indeed independent of the size of the problem. Furthermore, as men-tioned above, the results are strikingly similar. The use of a di�erent inner-produ
t doesnot seem to a�e
t the 
onvergen
e of GMRES.� = 1/10 1/20 1/40 1/80 1/160 1/320n = 2; 467 13.2 11.0 13.7 13.0 16.6 19.69; 539 14.0 11.8 12.2 13.3 16.1 19.237; 507 11.8 8.8 10.0 11.3 13.4 17.0Table 1: GMRES in the l2-inner produ
t with left pre
onditioning: average iteration 
ountover the Pi
ard steps. � = 1/10 1/20 1/40 1/80 1/160 1/320n = 2; 467 11.8 11.4 13.8 15.8 17.0 22.19; 539 15.0 12.5 12.7 13.4 16.5 19.537; 507 13.0 9.3 10.2 11.3 13.7 17.1Table 2: GMRES in the H-inner produ
t with left pre
onditioning: average iteration 
ountover the Pi
ard steps.Similar results were obtained for GMRES with respe
t to the inner-produ
ts h�; �il2 ; h�; �iHand right pre
onditioning as shown in Tables 3, 4.



21� = 1/10 1/20 1/40 1/80 1/160 1/320n = 2; 467 16.0 12.4 17.6 19.9 29.0 37.49; 539 12.0 15.4 17.8 22.7 24.5 38.237; 507 12.5 14.25 19.0 23.16 28.7 34.1Table 3: GMRES in the l2-inner produ
t with right pre
onditioning: average iteration 
ountover the Pi
ard steps. � = 1/10 1/20 1/40 1/80 1/160 1/320n = 2; 467 14.8 18.8 20.2 21.9 27.3 36.99; 539 15.5 18.2 18.2 21.4 25.4 31.137; 507 16.25 15 16 23.3 24.0 33.5Table 4: GMRES in the H�1-inner produ
t with right pre
onditioning: average iteration
ount over the Pi
ard steps.5 Con
lusionsWe presented a general analysis of blo
k-pre
onditioning te
hniques for mixed �nite elementformulations of saddle-point problems. The analysis requires as hypothesis only the stability
onditions of the mixed �nite element formulation. The theoreti
al results 
on�rm previouswork in the literature and provide a tool for the design and analysis of pre
onditioners forother problems whi
h a�ord a similar formulation. Moreover, our numeri
al experimentshighlight the fa
t that, while the analysis is performed with respe
t to the natural norm ofthe problem, standard (l2) implementations of GMRES appear to be equivalent. While itis not 
lear why su
h a remarkable equivalen
e should hold, we 
an nonetheless use it toour advantage to dedu
e that optimality with respe
t to the natural norm holds also withrespe
t to the standard l2-norm. We hope to address this issue in future resear
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