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Abstract

The ideal of the arc scheme of a double point or, equivalently, the differential ideal
generated by the ideal of a double point is a primary ideal in an infinite-dimensional
polynomial ring supported at the origin. This ideal has a rich combinatorial structure
connecting it to singularity theory, partition identities, representation theory, and dif-
ferential algebra. Macaulay inverse system is a powerful tool for studying the structure
of primary ideals which describes an ideal in terms of certain linear differential oper-
ators. In the present paper, we show that the inverse system of the ideal of the arc
scheme of a double point is precisely a vector space spanned by all the Wronskians
of the variables and their formal derivatives. We then apply this characterization to
extend our recent result on Poincaré-type series for such ideals.

Keywords Differential algebra - Macaulay inverse system - Arc spaces

1 Introduction

The main object studied in this paper is the arc scheme of a double point. Let k be a field
of characteristic zero (all the fields in the paper will be assumed to be of characteristic
zero). In algebraic geometry, for a k-variety X, the points of the arc space correspond
to the Taylor coefficients of the k[[z]]-points of X. Thus, the arc space of X can be
viewed as an infinite-order generalization of the tangent bundle or, in other words, the
space of formal trajectories on the variety [12, 18]. For a variety defined by an ideal
I C k[x], where x = (x1, ..., x,,), the defining ideal / AIC of the arc space belongs to
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the ring of formal derivatives of x

kX =k[x” | 1 <i <n, 0< .

00 L
If we define x; (t):= > xi(j )i , then T2 is generated by the coefficients of f(x(r))
j=0
with respect to ¢ forall f € I.
We will be interested in the case when X is a double point, that is, is defined by an
ideal

Ty =(xix; |1 <i,j<n) Cklxy,...,x,] (D)

The ideal I,’}rc defining its arc space corresponds only to one point over k, the origin,
but exhibits a rich multiplicity structure which was initially studied in the context of
differential algebra [8, 27, 30, 31], appeared in representation theory [23], and recently
attracted attention because of its connections (especially in the case n = 1) to partition
identities [1-4, 9, 13, 29].

Example 1.1 Consider 7o = (x?,x3,x1x2) C kl[x1,x]. For 1 < i < 2, let
X, (L v G-n),j

x(@t) = Y x;”t/. Then ;1) = > | X x"x;’ t/, and x1(H)x2(r) =
j=0 j=0 \r=0

J J J
I?rc = (Z xfr)xl(rr), ng)xérr), le(r)xéjfr) | j € N).
r=0 r=0 r=0

A

One classical approach to study such m-primary ideals of the maximal ideal m at the
origin is via considering linear differential operators with constant coefficients called
Noetherian equations. These operators map the given primary ideal to a subspace of m.
This approach goes back to Macaulay and Grobner (see [7] for a survey) and can be
viewed as a far-reaching generalization of the characterization of the root multiplic-
ities of univariate polynomials through the vanishing of the derivatives. Noetherian
equations provide an alternative representation for the corresponding ideals, and a gen-
eralization of this construction has been recently employed, for example, for numerical
primary decomposition [14] and for using commutative algebra to solve linear PDEs [6,
17].

Since I,’?rc is a primary ideal of the maximal ideal at the origin (although in the
infinite-dimensional polynomial ring), a natural question is to find the Noetherian
equations (or, equivalently, the Macaulay inverse system) for I,f‘rc. The main result
of this paper is a concise and surprising answer to this question: (see Theorem 4.11
below)

The Macaulay inverse system of the arc scheme of a double point is spanned by
the Wronskians of finite subsets of x\*.
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One intriguing aspect of the proof is that it borrows some ideas from a seemingly
unrelated characterization of Null Lagrangians [10] from the calculus of variations.

In the finite-dimensional case, a natural invariant of a primary ideal contained
within a maximal ideal is its dimension. The dimension of If}rc is infinite, but one
consider instead the dimensions of the truncations dim k[x(gh)] / (l'lﬁch N k[x(gh)]),
where k[x(SP]:=k[x") | 1 < i < n, 0 < j < h] (see [5] for details). As an
application, we use the computed Macaulay inverse system for Z,‘;“C and the recently
proved Kolchin-Schmidt conjecture [15, 21, 22] to compute these dimensions for the
case of double points thus extending the main result of [5]. Specifically, we show that
(see Theorem 6.1 below)

dim k[xSP1/(ZM N k[xSP]) = (n + D' )

The rest of the paper is structured as follows: Section 2 contains necessary prelim-
inaries and notation. In Sect. 3, we state the main results of the paper. In Sect. 4 we
prove the characterization of the inverse system of Zf?rc in terms of Wronskians (The-
orem 3.1). Then, we use it to characterize the inverse systems of the elimination ideals
If?rc Nk[xSM]in Sect. 5. This characterization is then used in Sect. 6 to establish the
dimension result (2).

2 Preliminaries

Notation 2.1 (Formal derivatives) Let x be a variable in a polynomial ring. Then we
will consider x, x’, x”, x®, ... as independent polynomial variables, and, for any
h € Z3, we introduce the following notation

o=, 1, x By and xO0i=(x, X', X", ..

The symbol x(S? is defined analogously. Similarly, for a tuple X = (x1, ..., x,) of
variables we have

h
R P ) =@, 1),

and x°:

The symbols x) and xS are defined analogously.

Definition 2.2 (Arc space [18]) Let I C k[x] (where x = (xq, ..., x;)) be an ideal

defining a variety X. Then the defining ideal /4™ of the arc space of X belongs to
o) . .

the polynomial ring k[x(°?] in formal derivatives of x. If we denote x(f):= > x|
Jj=0

then 147 is generated by the coefficients of powers of  in f(x(¢)) forall f € I.

For defining inverse systems, we will restrict ourselves to ideals with the support

at the origin in order to keep things simple. For the purposes of the present paper, we
will give a definition valid for polynomial rings in infinitely many variables.

@ Springer



53 Page4of16 Journal of Algebraic Combinatorics (2025) 62:53

Definition 2.3 (Inverse system [7]) Let X = {x)}rca is a (possibly infinite) set of
variables indexed by aset A.Let p, g € k[x] be polynomials. We define the polynomial
p e g € k[x] as follows:

peqX)=pXl,_ . qX),

where p(x)|xh: 2 denotes the result of substituting % for x; for all A € A. Let
(X)L

I C k[x] be an m-primary ideal, where m is the maximal ideal generated by x. Then
the inverse system (also called Macaulay inverse system) I C k[x] is a vector space
defined by

It:={(f ck[x]|Vpel: (fep)ecm)

Example2.4 Let I = (x*,y>,z —x — y) C kl[x, y, z], which is (x, y, z)-primary.
Then I+ is the k-vector space generated by {1, x — y, x +z,xy 4+ yz + xz 4+ z%}. In
fact, since x2, y2 € I, then for every P € I+, deg, (P) < 1 and degy(P) < 1. Let
P = Py(x,y)+ Pi(x, )z + -+ Py(x, y)z" € I+. After applying d% — x5 o
P we getthatforall0 <i <n—1,

. op;, 0P
i+ DPy = o+ . 3)
ox ay
Since deg, (Pp), degy(Po) < 1, then by (3) we have deg(P;) < 1 which also implies
that P» is a constant and deg(P) < 2. Suppose that deg(P) = 1, givenby P = a +
bx+cy-+dz. Thenby (3) we have, b+c = d which implies that P belongs to the vector
space generated by {1, x —y, x +z}. Suppose that P is homogeneous of degree 2 given
by P = axy+ (bx +cy)z +dz*. Then by (3) we have, b = ¢ = a = d. Therefore, we
conclude that I is the vector space generated by {1, x —y, x4z, xy+yz+xz+2z%}.A

Proposition 2.5 Letrx = (x1, ..., x,). For every ideal I of k[X] the following charac-
terization of I+ holds:

I"={Pcklx]|Vfel, feP=0}.

Proof For & = (a1, ...,a,) € Z" we abbreviate ¥ = x|'---x,". Note that, for

every two monomials x* and x# we have:

xP e x® = (ag!ﬂ)!xa_ﬂ ifB <o VI<i<n
0, otherwise
whereal:=a;!- oyl Let P = ay X" +.. . +a, x"* € k[x]and f =}, o fux" €
I, such that f e P = 0. This implies that,

| _ , _
f. P = Z auofv(”:gv)lxuo v + ...+ Z aukfvﬁxuk v 0.

v<ug v<ug
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Thus, the coefficient of -iX" in the last equation is ay fug—utto! + - - + @uy fu,—utti!
where fy,,—, = 0ifu; —u € Z" \N". Note also that, ay, fuo—utto!+- - - +au; fup—utti!
is equal to the remainder of P e (f - x*) modulo m. Therefore f e P = 0 if and only
if, P o (f - x*) € m for all monomial x“. i.e., P e f € mfor all f € I if and only if

feP =0forall fel. O
Notation 2.6 (Wronskians) We define a derivation on k[x(°] by (xl.(j ))’;le_(j +D for
every 1 <i < mand j > 0. Then, for polynomials fi, ..., f; € k[x(®], we define
the Wronskmn determinant Wr(fi, ..., fi) as follows:
h fr o fe
fi fz’ RN /4
Wr(fi, ..., fo):i= : N 4)

Zl 61 . l.fl
I )f< ) f; )

3 Main results

Our first main result characterizes the inverse system of the arc space of a double point
defined by the ideal Z,, (see (1)).

Theorem 3.1 For every integer n > 0, the inverse system (I,f‘rc)l of the arc space of
a double point is spanned by the Wronskians Wr(S), where S ranges over all finite
subsets S C x(°.

Example 3.2 Consider I{“C C k[x©°] which is a m-primary ideal for m = (x(*).
Let us determine the elements of (7. {“C)l C k[x]of order and degree atmost 2. The
generators of Z{'" involving a monomial in k[x, x’, x"] are G = {x?, xx', 2xx" +
(x")2, xx® 4+ x/ 7 2xx® 4+ 2x'x® 4 (x”)?). Consider the following differential
operator

P ol tol pa g ” + ”
=ct+c—+ar—+a—+cu—+cs—=
O gy T T P T2 T P02
92 92 92 92
+C68(x”)2 ter dxx’ tee dxx" Tos x'x"’

By applying P to the polynomials in G we realize that the resulting polynomials
belongs to m if and only if

cs=c6=c7=c9g=0andc5+cg =0.

Therefore the vector space (IlArC)J-ﬂk[x, x’, x"]<ois generated by {1, x, x’, x”, xx” —
/

X X .
(x")%}. These generators are the minors of the matrix matrix AL which are

themselves Wronskian determinants. In fact, one could even show that it is also equal to
TPt Nk[x, x/, x"]. A
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We use Theorem 3.1 to derive the following Poincare-type series for I,f‘rc extend-
ing [5, Theorem 3.1].

Theorem 3.3 For every positive integer n, we have

> n—+1
> dim (kxS @ kD)) o =
= 1—(m+ Dt

4 Proof of theorem 3.1

Notation 4.1 (Evaluating differential polynomials) For a polynomial P (x) € k[x(®]
withx = (x1,...,x,)andatuplea € R", where R is aring with a specified derivation,

the expression P(a) means differential evaluation of P at a, that is, the result of

)

substituting x;*" with ai(J ) for every ]l <i <mandj > 0.

We introduce new transcendental constants &, aq,...,®, (and denote a¢ =
(o1, ..., 0p)), and consider the following differential operator with coefficients in
k[&, a]

Dg.a: _ZZQJE o0 (l)
j=1i=0

The key property of this operator is given by the lemma as follows:
Lemma4.2 Let P € k[x'°], then P € (Z;™)* if and only if D , P = 0.

Proof We will consider Q = Dz, «(P) as apolynomial in &, ec. Since Dg 4 is linear in

o, the monomials that may appear in Q will be of the form aiozjéz forl<i<j<n
and £ > 0. Then direct computation shows that the coefficient in front of this monomial
is

CZ (S)ax(l S) )

o 0x
where C = 1if i = j and is equal to 2 otherw1se This expression can be rewritten
as C(Z x(s)x(z %)) o P, and the polynomial Z x(s) (K %) is the coefficient at ¢ in

X (t)x i (t) Therefore, vanishing of (5) for all 1 < i < j<nand{ > 0isequivalent
by Proposition 2.5 to P € (Z2™)*, and this finishes the proof. O

Lemma 4.2 implies that the elements of (I,’frc)L satisfy the following “linearity
under exponential perturbations” property.

Lemma4.3 Let P € k[x©)], then P € (I2°)* if and only if the following equality
holds in the ring k[x(%), o[, t1 with the derivation extended by t' = 1:

P(x+ae’) = P(x)+ ¢ 0, a, x).
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where Q € k[&, a, X)) and P(x + aet?) is understood as differential evaluation
(see Notation 4.1). Furthermore, if such an equality holds, then Q = Dg o P (X).

Proof First we observe that, for every P € k[x(oo)], we have

LP(xﬂzeff)—p P(x + ae®h)
d(es) T '

Therefore, we can write the Taylor expansion of P (x + aceé’) with respect to e’ using
the operator Dg 4:

26t

£t £t € 2
Px+ae’’) = P(x)+e Dg,aP(X)*FTDg,aP(X)‘F‘---

The statement of the lemma follows from the expansion above and Lemma 4.2. O

Corollary4.4 Let P € (I,‘?rc)L be homogeneous of degree d + 1. Then, for any
&,....& €ekanday, ...,ag € k", we have

Plogef + ...+ agefty = 0.

Proof We consider &1, ...,&;, a1, ...,a4 as unknowns. Let x* = e + ..+
og_1€5-1" By Lemma 4.3 we have

P(X* + aqet") = P(x*) 4 €5 D, o, P(X*).

This implies that e5’ appears in P (o€ + ... + agefd’) with degree at most 1.
Therefore, for every 1 < j < d, we have €%/’ appearing with degree at most 1.
However, P is homogeneous of degree d + 1, so it must vanish on eeyef! 4. . . +agefd’.

O

From this, we will deduce that every element of (Z™)* of degree d vanishes on
solutions of low order linear differential equations.

Proposition 4.5 Let V C k[[t]] be a subspace of dimension d closed under differenti-
ation. Then every homogeneous P € (I,‘?IC)J‘ of degree d 4 1 vanishes on any point
of V.

Proof We fix a space V and a polynomial P as in the statement of the proposition. By
the cyclic vector theorem [16], there exists f € k[[¢]] satisfying a linear differential
equation of order d suchthat V = (f, f/, ..., f(d_l)).Letm, ..., u¢andeq, ..., e
be the roots and their multiplicities of the characteristic polynomial of the minimal
linear equation for f. Then the minimality implies that ) e; = d.

Ife; =... =ey = 1, then £ = d and every element of V is a linear combination
et .., e By Corollary 4.4, P vanishes on any n-tuple of linear combinations of
these exponentials.

@ Springer
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Now we consider the case when at least one of e;’s is greater than one. In this case,
l ei—1 )
any element of V is a quasi-polynomial of the form ) > a; j1/e’i'. We will first
i=1 j=0
consider the case k = C, and we claim that any such function can be represented
as a limit of linear combinations of at most d exponentials. Indeed, using the Taylor

expansion we can write et for every 0 < j < ¢; — 1 and forevery r < j as:

o
J phit
it + Cr(t, N), (6)

et = il 4 %te“"’ +...+

where C, (¢, N) = 0(%) as N — oo. Furthermore, by differentiating (6), we show
that %C, (t,N) = 0(%) for every s. Formulas (6) for 0 < r < j written in a
matricial form allow us to express ¢/ e/’ as follows:

—1

G-
&) &) !
0 0 1

e(ﬂﬁ%)’ - C;
e(ﬂﬂr%)t —-Cj_
(7

1
e(M’+N)t _ Cl
elit

The matrix in (7) can be factored as

1 1 1
M; -di -, — ..., —, 1],
J 1ag(j!Nf (= DINTT N )

where M is a Vandermonde matrix (thus, invertible) not depending on N. The inverse
of this matrix appearing in (7) is therefore a matrix with the entries being polynomials
in N of degree at most j. Therefore, (7) can be written as

j
tetil — Zk,(N)e(’“Jrr/N)t +C(t, N),
r=0

where C(t, N) = o(1) when N — oo as well as all its derivatives with respect to ¢.

@ Springer
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L ei—1
Therefore, the whole linear combination ) > a; ; t/eti! can be written as a limit
i=1j=0
N — oo of linear combinations of {e(“i+j/N)’ |1 <i<¥{ 0<j < e}, andthe
convergence is uniform on a bounded domain in ¢ for the functions and their derivatives
up to any order. We take a tuple x* € V" and approximate it by such a sequence of
linear combinations of exponentials X}, — Xx*. Since the derivatives converge as well,
P(x}) — P(x*), so the latter is equal to zero.

We finish by extending the proof for the case when at least one of ¢; is greater than
one to an arbitrary ground field k of characteristic zero. We observe that the property
P e (I,/frc)L is defined by a system of linear equations over Q on the coefficients of P.
Therefore, we can express P as a linear combination of elements of (I,’?rc)L with the

coefficients in QQ, so we will further assume that P has coefficients in Q. If we consider
l ei—1 )
wi’sand a; ;’s as variables and plug expressions of the form >y ai)jtfe’“t to P(x),
i=1 j=0
the result will be a combinations of different products of the exponentials with the
coefficients being polynomials in y;’s and a; ;’s. These polynomials vanish over C,

so they are identically zero and, thus, vanish over any field k. O

Definition 4.6 For any positive integers n and &, we define the infinite Hankel matrix
as follows:

xl x2 ... xn x; xé oooooo
x; xé ... xr’l xi/ xé’/ ......
1 " " 3 .3
Hn h:= xl xz ... xn ‘xl x2 ...... (8)

x}h—l) xéh—l) D x{h) xéh)

Since H,, j, is a submatrix of H,, 51, an infinite-by-infinite matrix Hj, ~, can be defined
by taking & — oo.

Proposition 4.7 Every minor of the infinite Hankel matrix (8) belongs to (Z)\™)*.
Proof Consider one such £ x £-minor. It can be written as det(xifﬁb" )),-, j» where
(ai,...,ae), (b1, ...,bp), and (sq,...,s¢) are tuples of integers. We denote this
determinant by W (x) € k[x°]. Since (x + aef")® = x® 4 £kxe!® we can write
W (x4ae’®) (understood as differential evaluation, see Notation 4.1) using the linearity
of the determinant as follows:

Wx+ae®)=Wx) +e8 +e¥585 +...,
where S7 is a sum over j of determinants given by replacing a column

t{ (bj+ay) (bj+az) (bj+ap)
ij ) ij s T 7ij

of W(x) by
t(as]-sbj—’_alv lejgbj—i_aza T, as]-é:bj—i_az) ,
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and $; is a sum of determinants given by performing two such replacements in W (x),
and so on for all S; where & > 1. Since two columns of the form

t(asjgb_ﬂra]’ asjébj+a2, . asjébfral)’ t(ask%-bk-i-al’ oy O aSksbk-{-a@)’
are proportional, we have Sy = 0 for k > 1 and, thus

W(x 4 aet’) = W(x) + 5.
Hence by Lemma 4.3 we conclude that W(x) € (I,’l“c)J-. O

We will now recall the concept of 1-generic matrices which we will use in the proof
of Lemma 4.10. For more details see [19, 20, 24]).

Definition 4.8 We say that a matrix M with the entries being linear forms in some
variables is 1—generic if for every nonzero vectors vy and v, over the ground field:

tU1MU2 # 0.

Remark 4.9 Hankel matrices are examples of 1-generic matrices [20, p. 549] over the
algebraic closure of the ground field. Therefore, the maximal minors of a 1—generic
matrix form a prime ideal [19, Theorem 1].

Lemma 4.10 Consider the infinite Hankel matrix Hy, j, and let J,, j, the ideal generated
by the h x h minors of H,, j,. Then J, , is a prime differential ideal.

Proof For every k > h — 1 the following matrix:

T
(k+1) (k+1) (k+1)
xj x£ . x',l x(g) x(é/) - x(’g) - x%k+2) x%k+2) - x’Zk+2)
" ” "
Hn,h.k:: xl X2 Xy, 1 xz EERES P xl x2 e Xp
B B s U S RATTR " PP Lo Y Lt L

is 1-generic since H, ; i is block matrix of Hankel matrices (up to exchanging
columns). Therefore the maximal minors of H,, ;, x form a prime ideal J, ; . Hence
the ideal J,, , = U « Jn,hk 18 a prime ideal. Furthermore, since a derivative of every
maximal minor of Hj, j, is a linear combination of maximal minors of the same matrix,
this ideal is a differential ideal. m]

Now we are ready to proof Theorem 3.1.

Theorem 4.11 (cf. Theorem 3.1) Let P € k[x°] such that P € (Z2°)*. Then P is a

linear combination of Wronskians Wr(S), where S ranges over all finite subsets S C
(00)
X\,
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Proof Let P € (Z2™)" . Since the generators of Z/\ are homogeneous, every homo-
geneous component of P must also belong to (I,’frC)L. Thus, without loss of generality
we can suppose that P is homogeneous of degree d. Let K be an uncountable alge-
braically closed field containing k. Let x(¢):=(x1(¢), . .., x,(¢)) be an n-tuple of power
series from K [[¢]] which belongs to V (J,;.4). The fact that x(¢) satisfies every equation
in V (J,..¢) implies that the dimension of the vector space spanned by x1(¢), ..., x,(¢)
and their derivatives is less than d by the standard property of the Wronskian [25,
Chapter II, Section 1, Theorem 1]. Then, by Proposition 4.5, P vanishes at x().

The power series solutions of a differential ideal are in a bijective correspondence
with points in an infinite-dimensional space over the ground field via the evaluation of
the power series at r = 0 (see [32, Section 3.2]). Then we apply Hilbert’s Nullstellen-
satz for polynomials in countably many variables [26] (and use that we working over
an uncountable field K') to J,, 4 and P, and conclude that P belongs to J, 4. Since P
and the generators of J,, 4 are homogeneous of degree d, P is a linear combination of
the generators, that is, of the maximal minors of H,, 4. O

Proposition 4.7 and Theorem 4.11 imply:
Corollary 4.12 The vector space ()" is equal to the vector space spanned by the
minors of Hy oc.
5 Inverse system and elimination

Lemma 5.1 Let J C k[x] be a m-primary ideal where m is the maximal ideal at the
origin. Then for every m < n we have:

Ok D = {Plizovmessn P eIt

Proof See [28, Proposition 3.2] O

Remark 5.2 In this section, we will sometimes consider power series in infinitely many
variables. By this we will mean the algebra of formal infinite linear combination of all
finite-degree monomials, for a formal definition see [11, Ch.3, §2.11]. The action of
partial derivatives (and thus more general differential operators) is naturally defined
for such linear combination.

Lemma 5.3 Consider the polynomial ring klx; j|i € N, 1 < j < n], and let J an
m-primary ideal where m:=({x; ; |1 € N, 1 < j < n}), such that J is homogeneous
with respect to the grading gdeg(x; ;) =i + 1. Then for every £ € N we have:

(JNklxo,j....xej11<j< n)t = ipl{xs_jzo,v»tz} : Pe JL}-

Proof One inclusion follows immediately from the fact that if Vf € J, f ¢« P = 0,
thenVf € JNklxpj....,x ;|1 <j<nl fe P|{ijj=0,vs>(} = 0. Let us prove
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the opposite inclusion:
(I kLo o xe 1 1< <nb € { Pl y=o.vsmgy = P e gt

Let P € (J Nklxp ..., xe ;|1 < j < n])t, then by Lemma 5.1 there exists
Py € (J Nklxoj ... xe1j| 1 < j < n))* suchthat Py, ;—0) = P. By repeating
this, one can construct a power series P € k[lx; ;|i € N, 1 < j < n] such that
Plix, j=0,vs>¢; = P, and N

feP =0forall f eJ.

Foreveryd € N, let P, be the homogeneous summand of P of graded degree d. Since
there are only finitely many monomials of this graded degree, P, is a polynomial.
Since J is a homogeneous polynomial ideal we have:

VdeN,Vfel: feP;=0.
Hence,Vd € N, FdGJJ‘.

Letm € Nsuchthat, VO <i < ¢,V1 < j
Let us introduce

N

n: x;f’j € J, then degxl,’j (P) < m.

d<dm
where dmi=w. We would like to prove that Ql{x‘r’j:g,v,nq} = P.
Since the monomial [ [, <j<n (x(')";1 ceexy! 17]) has graded degree d,,, , every monomial

summand of P whose graded degree bigger than d,, is involving x;, ; for some s > ¢,
and 1 < j < n. Therefore P, ;=0,vs>¢} = Qlix, j=0,vs>¢) = P. Hence,

P e {P|{xw:0,‘v’s>£} : Pe JJ‘}.

Theorem 5.4 For every non negative integer h, we have
(TA N kxSt = {P|{X(S>:0,Vs>h} L Pe (I;“C)L}.

Proof Since 7' is homogeneous with respect to the graded degree gdeg (x](.i)) =i+l
this follows immediately from Lemma 5.3 O

We can make this statement more explicit using Corollary 4.12.

Notation 5.5 For a differential variable x and positive integer /2, we denote by T), (x)
the upper-triangular matrix of order & 4 1 with x"=) on the i-th diagonal above the

@ Springer



Journal of Algebraic Combinatorics (2025) 62:53 Page130f16 53

main one. That is:

x® xh=D yh=2)
0 x® xGt-=b — y
Ty(x) = : : x®
: : i e xB=D
0 0 0 ... x®m

We define T, ; to be the (h + 1) x n(h 4+ 1) matrix obtained by concatenation of
Th(x1), ..., Tp(xn).

Corollary 5.6 The vector space (I Nk[xS")L is equal to the vector space generated
by the minors of Ty, p.

6 Poincaré-type series for ZA"

The goal of this section is to use the obtained characterization of (I,’frc Nk[x <h])J- in
order to prove the following dimension result (cf. [5, Theorem 3.1]).

Theorem 6.1 For every h € Zxo we have dim k[x(SM]/(Z2* N k[x'SP]) = (n +
1)h+1.

Notation 6.2 For a differential variable x and positive integer /2, we denote by Sy, (x)
the upper-triangular matrix of order & + 1 with x“*1 /i! on the i-th diagonal above
the main one. That is:

xx’%”... %)
0x x' h
Sn(x) = :
N
00 0 ... x

We define S, ;, to be the (7 4 1) x n(h 4+ 1) matrix obtained by concatenation of the
matrices Sy (x1), ..., Sp(xy,).

Lemma 6.3 For every n, h, the dimensions of the spaces of the minors of T, and
Sn.n coincide.

Proof The bijective map between these spaces is defined by x@ — x=D /(n —i)!.
O

Lemma 6.4 For every n, h, the space of the minors of S, i coincides with the space
of maximal minors of Sy 11,1 x,,1=1-

Proof We observe that Sy, (x11)lx,,,=1 is simply the (h + 1)-dimensional identity
matrix. Therefore, every £ x £-minor of S, ; can be completed to a maximal minor
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of Sy41,nlx,4,=1 by adding the rows of S, ;, missing in this minor and then adding
h — £+ 1 distinct columns, each containing just one nonzero element (equal to one) on
one of the added rows. In the other direction, every maximal minor of S, 11 5|,. =1
can be reduced to a minor of S,, , by discarding the columns in the Sy, (x,,41)-part and
the rows in which these columns contain ones. O

Definition 6.5 A differential polynomial P € k[x(°®] of degree d is called differ-
entially homogeneous if, for a differential indeterminate y, the equality P(y - X) =
yd P (x) holds.

Lemma 6.6 The dimension of the space of maximal minors of Sy plx,. =1 is equal
to (n+ 1)1,

Proof By [21, Theorem 2.5.3 and Proposition 2.1.1] the space of maximal minors
of S,+1. is exactly the space of differentially homogeneous polynomials of degree
h + 1, and its dimension is equal to (n + l)h‘H. Furthermore, by [33, Proposition 1.3],
the restriction of the map P — P|,,,=1 on the space of differentially homogeneous
polynomials of fixed degree is injective. Therefore, the dimension of the space of
maximal minors of S 41 4 x,,,=1 is also equal to (n + 1)1, O

Proof of Theorem 6.1 The concatenation of Lemmas 6.3, 6.4, and 6.6 implies that the
dimension of the space of minors of T, j is equal to (n + 1)"*1. Then Corollary 5.6
implies that dim(Z2™ N k[xS"])+ = (n 4+ 1)"*!. Moreover, [28, Proposition 5.5]
implies that

dim k[xS"]/(ZA N k[xS"]) = (n + 1)

O
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