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 A B S T R A C T

Viscoelastic rate-type fluids represent a popular class of non-Newtonian fluid models due to their ability to 
describe phenomena such as stress relaxation, non-linear creep, and normal stress differences. The presence 
of normal stress differences in a simple shear flow gives rise to forces acting in directions orthogonal to the 
primary flow direction. The rod climbing effect, i.e. the rise of a fluid along a rod rotating about its axis, is 
associated with this phenomenon. Within the class of viscoelastic rate-type fluids that includes the Oldroyd-B 
and Giesekus models with Gordon–Schowalter convected derivatives, we show—by means of thermodynamical 
analysis and numerical simulations—that a thermodynamically consistent variant of the Johnson–Segalman 
model captures experimental data exceedingly well and emerges as the preferred model within this class, 
including the standard Johnson–Segalman model, which is widely used in engineering applications but is shown 
here to be incompatible with the second law of thermodynamics. We release a robust and computationally 
efficient higher-order finite-element implementation as open-source software on GitHub. The implementation 
is based on an arbitrary Lagrangian–Eulerian (ALE) formulation of the governing equations and is developed 
using the Firedrake library.
1. Introduction

This study aims to address the question of how well the class 
of standard first-order viscoelastic rate-type fluid models, including 
those of Oldroyd and Giesekus type, can describe the rod climbing 
phenomenon. To achieve this objective, we combine a transparent yet 
simple thermodynamic foundation for the fluids under consideration 
with advanced numerical simulations.

Rod climbing, i.e. the rise of a fluid along a rod rotating about 
its axis, is a striking phenomenon that cannot be explained within 
the framework of Newtonian (Navier–Stokes) fluid mechanics. The rod 
climbing effect, also known as the Weissenberg effect, is associated with 
the presence of nonzero differences between the normal components 
of the Cauchy stress tensor in simple shear flows. This non-Newtonian 
phenomenon, commonly referred to as normal stress differences, cannot 
be described by Newtonian fluids, nor by incompressible fluids with 
shear-rate or shear-stress dependent viscosity. In contrast, viscoelastic 
rate-type fluid models naturally account for normal stress differences 
and are therefore suitable candidates for reproducing the rod climbing 
phenomenon.

I This article is part of a Special issue entitled: ‘APPLES_Rajagopal Legacy’ published in Applications in Engineering Science.
∗ Corresponding author.
E-mail addresses: cach@karlin.mff.cuni.cz (J. Cach), patrick.farrell@maths.ox.ac.uk (P.E. Farrell), malek@karlin.mff.cuni.cz (J. Málek), 

ktuma@karlin.mff.cuni.cz (K. Tůma).

The first complete three-dimensional derivation of frame-indifferent 
viscoelastic rate-type fluid models was given by Oldroyd (1950), who 
introduced two distinct constitutive equations, referred to as Model A 
and Model B. Oldroyd already observed that these two models lead to 
qualitatively different predictions for free-surface flows. In particular, 
he noted that Model A predicts a rise of the free surface near the outer 
stationary cylinder and a fall near the inner rotating cylinder, whereas 
Model B predicts the opposite behavior, with the free surface tending 
to rise near the inner cylinder, i.e. exhibiting rod climbing. On this 
basis, Oldroyd explicitly identified Model B as the variant capable of 
explaining the experimentally observed climbing effect (Weissenberg, 
1947, 1948). This predictive capability has played a central role in 
the widespread adoption of the latter model, called the Oldroyd-B 
fluid model, in both theoretical and experimental studies of viscoelastic 
fluids. The Oldroyd-B model employs the upper-convected time deriva-
tive to ensure frame indifference. However, other objective derivatives, 
such as the Jaumann–Zaremba or Gordon–Schowalter derivatives, are 
also admissible from a purely kinematic standpoint.

While Oldroyd’s original derivation was carried out within a purely 
mechanical framework, it is natural to ask whether the Oldroyd-B 
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model and other subsequently formulated three-dimensional viscoelas-
tic models can be derived within a sound thermodynamic framework 
that guarantees compatibility with the laws of continuum thermody-
namics. Several approaches have addressed this question; see, for ex-
ample, Wapperom and Hulsen (1998) and Grmela and Öttinger (1997).

Here, we follow the thermodynamic approach proposed by Ra-
jagopal and Srinivasa (2000, 2004), which is built on a combination 
of two key concepts that provide the derived models with a clear 
physical interpretation. The first concept is associated with the notion 
of evolving natural configurations, which decompose the total defor-
mation of the body into an elastic part and a part accounting for all 
irreversible changes. The second concept — the maximization of the 
rate of entropy production — determines the constitutive equation for 
the Cauchy stress tensor and specifies the evolution equation for the 
elastic part of the Cauchy stress tensor based solely on constitutive 
relations for two scalar quantities describing how energy is stored in 
the body and how it is dissipated.

A key advantage of this framework is that standard viscoelastic 
rate-type models can be derived without introducing ad hoc kinematic 
assumptions beyond the specification of two scalar constitutive ingre-
dients, namely the Helmholtz free energy and the rate of dissipation. 
By postulating the rate of dissipation to be non-negative, compatibility 
with the second law of thermodynamics is automatically ensured.

Within their approach to viscoelasticity, Rajagopal and Srinivasa 
(2000) focused on incompressible fluids (i.e. all admissible motions 
are isochoric), for which the finite elastic response between the un-
derlying natural configuration and the current configuration is also 
assumed to be isochoric. The Oldroyd-B model is then obtained only 
after linearization of the elastic response, corresponding to a small-
strain approximation. This procedure gives the impression that the 
Oldroyd-B model is not a fully non-linear constitutive model but rather 
an approximation arising from a linearized elastic response. By not 
restricting the elastic response between the natural and current configu-
rations to be isochoric, while maintaining the constraint that the overall 
motion of the body is incompressible, Málek et al. (2015) showed that 
thermodynamic consistency of the Oldroyd-B model can be achieved 
without invoking a small-strain approximation.

The objective time derivative appearing in the constitutive equation 
for the elastic part of the Cauchy stress tensor is not postulated within 
the thermodynamic framework of Rajagopal and Srinivasa (2000), 
but instead emerges naturally from the thermodynamic derivation. 
In this case, the resulting objective derivative is the upper-convected 
Oldroyd derivative. The methodology for incorporating the Gordon–
Schowalter derivative into the thermodynamic framework was subse-
quently developed by Dostalík et al. (2019a); see below for further 
details.

In this study, we extend the Oldroyd-B model with the Gordon–
Schowalter time derivative so as to obtain a formulation that general-
izes both the Giesekus and the Oldroyd-B models with this objective 
derivative. We call such type of fluids Johnson–Segalman–Giesekus 
(JSG) models. We shall consider two types of such models:

Model I: A thermodynamically consistent JSG model presented in Sec-
tion 2, inspired by the derivation in Dostalík et al. (2019a).

Model II: The commonly used engineering variant of the JSG model 
presented in Section 2.

A thermodynamic derivation of a particular variant of the Giesekus 
model within the Rajagopal–Srinivasa framework was previously pre-
sented in Málek et al. (2018), while its stability analysis and numerical 
simulations were investigated in Dostalík et al. (2019b). The motivation 
for including the Giesekus term into the model is also mathemati-
cal: when the higher dissipative term characteristic of the Giesekus 
model is present, the associated initial–boundary value problems posed 
on bounded domains with no-slip velocity boundary conditions are 
2 
known to admit global-in-time weak solutions; see Masmoudi (2011) 
and Bulíček et al. (2022, 2025), whereas the corresponding question 
remains open for the Oldroyd-B model.

Besides the thermodynamic analysis of both models, we assess their 
performance in the rod climbing configuration and compare the results 
with experimental measurements (Beavers and Joseph, 1975; Debbaut 
and Hocq, 1992), earlier numerical studies based on the standard 
engineering Johnson–Segalman and Giesekus models (Figueiredo et al., 
2016; Luo, 1999), as well as with a recent analytical solution for the 
Giesekus model (Ruangkriengsin et al., 2025).

Based on the state of the art described above, this article is orga-
nized as follows. In Section 2, we introduce Model I and II and show 
that unlike Model I, the commonly used engineering variant Model II 
fails to comply with the second law of thermodynamics. In Section 3, 
we derive Model I within the Rajagopal–Srinivasa framework in a par-
ticular case with the upper convected Oldroyd derivative. In Section 4, 
we summarize the rod climbing effect and the associated physical 
mechanisms. Since rod climbing is a free-surface phenomenon, a nu-
merical approach capable of handling moving boundaries is required. 
The corresponding weak formulation and its Arbitrary Lagrangian–
Eulerian (ALE) counterpart are presented in Section 5. Section 6 details 
the numerical implementation. Finally, in Section 7, we report the 
results and show that Model I fits the experimental data substantially 
better than the previously reported modeling attempts.

2. Two Johnson–Segalman–Giesekus models and their thermody-
namic properties

The setting considered in this paper is governed by the equations 
that describe flows of an incompressible isothermal fluid with constant 
density 𝜌, the incompressibility constraint and the balance of linear 
momentum. These take the form: 
div 𝐯 = 0, 𝜌

∙
𝐯 = divT. (1)

Here, 𝐯 denotes the velocity field, T is the Cauchy stress tensor, and 
∙
𝑧 ∶= 𝜕𝑡𝑧 + (𝐯 ⋅ ∇)𝑧 denotes the material (or convective) derivative, 
which acts naturally on scalar fields 𝑧, vector fields 𝐳, or tensor fields Z. 
The Rajagopal and Srinivasa thermodynamic approach (Rajagopal and 
Srinivasa, 2000, 2004), recalled in Section 3 for clarity of this study, 
provides the constitutive relation for T as well as the evolutionary 
tensorial equation for the elastic part of the Cauchy stress from the 
knowledge of two constitutive equations for the Helmholtz free energy 
and for the rate of dissipation, thereby closing (1) in a way that is 
compatible with the second law.

In this section, we provide mathematical formulations of Model I 
and Model II, as described in the Introduction. Both variants employ 
the same kinematics, the same Gordon–Schowalter objective derivative 
parameterized by 𝑎 ∈ [−1, 1], and the same interpretation of the 
conformation tensor B as a measure of macroscopic elastic deformation 
in the polymer network.1 They differ only in the structure of the Cauchy 
stress tensor and in the right-hand side of the evolution equation for B. 
For a tensor field A, the Gordon–Schowalter derivative is defined as 
▿𝑎
A =

∙
A − 𝑎

(

DA + AD
)

−
(

WA − AW
)

, (2)

where L = ∇𝐯, D = 1
2 (L + L𝖳), and W = 1

2 (L − L𝖳). For 𝑎 =
1, (2) reduces to the upper-convected Oldroyd derivative (Oldroyd-B 
model), whereas for 𝑎 = −1 it reduces to the lower-convected Oldroyd 
derivative (Oldroyd-A model).

The parameter 𝑎 represents a constitutive kinematic choice. Its 
foundational justification remains open, but in the original work of 
Gordon and Schowalter (1972) it is noted that values |𝑎| < 1 weaken the 
advection effect on the transported orientation quantity. This flexibility 

1 Note that B is not the classical left Cauchy–Green tensor.
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is widely used in practice, as adjusting 𝑎 provides a parameter for 
fitting experimental observations within a given model (Johnson and 
Segalman, 1977; Pivokonsky et al., 2015).
Model I: A thermodynamically consistent JSG model. This formula-
tion extends the conformation-tensor-based Johnson–Segalman model 
of Dostalík et al. (2019a) by incorporating a Giesekus-type nonlinear 
relaxation term, and reduces to that model for 𝛼 = 0 and 𝑎 ∈ [−1, 1]. If 
𝛼 = 1 and 𝑎 = 1, the model recovers a particular variant of the Giesekus 
model whose thermodynamic derivation was presented in Málek et al. 
(2018). The intermediate case 𝛼 = 1∕2 with 𝑎 = 1 was considered 
numerically in Dostalík et al. (2019b). The constitutive equations of 
Model I read 

T = −𝑝I + 2𝜇𝑠 D + 𝑎𝐺(B − I),
▿𝑎
B + 1

𝜏
(

(1 − 𝛼)(B − I) + 𝛼(B2 − B)
)

= O.
(3)

Here, 𝑝 denotes the pressure, 𝜇𝑠 the Newtonian solvent viscosity, B the 
conformation tensor, 𝐺 > 0 the elastic modulus, 𝜏 > 0 the relaxation 
time, I the identity tensor and O the zero tensor. Note that for 𝑎 = 0, 
corresponding to the corotational Jaumann–Zaremba derivative, the 
polymeric contribution to the Cauchy stress vanishes and the velocity 
evolves according to the classical Navier–Stokes equations.
Model II: Engineering JSG model. We consider the classical engi-
neering Johnson–Segalman model formulated in terms of the polymeric 
extra stress S (Johnson and Segalman, 1977; Bird et al., 1987; Rao and 
Rajagopal, 1999) and extend it by a Giesekus-type non-linear relaxation 
term. The stress-based formulation reads 

T = −𝑝I + 2𝜇𝑠 D + S,
▿𝑎
S + 1

𝜏

(

S + 𝛼
𝐺
S2
)

=
2𝜇𝑝
𝜏

D,
(4)

where 𝜇𝑝 > 0 is the polymer viscosity and 𝜏 > 0 the relaxation 
time. For 𝛼 = 0, the system reduces to the classical engineering 
Johnson–Segalman model for an arbitrary 𝑎 ∈ [−1, 1].

Introducing the conformation tensor B via 
S = 𝐺(B − I), 𝜇𝑝 = 𝜏𝐺, (5)

the model can be equivalently rewritten in conformation-tensor form 
as 

T = −𝑝I + 2𝜇𝑠 D + 𝐺(B − I),
▿𝑎
B + 1

𝜏
(

(1 − 𝛼)(B − I) + 𝛼(B2 − B)
)

= 2(1 − 𝑎)D.
(6)

As shown in the subsequent section, when 𝑎 ≠ 1, this engineering 
JSG formulation does not, in general, admit a positive definite rate of 
dissipation.

2.1. Thermodynamic consistency of Model I

We refer to Málek et al. (2018) for more details regarding the 
nomenclature in this and the following sections. We employ a neo-
Hookean Helmholtz free energy 𝜓 per unit mass that depends only 
on the conformation tensor B, which is assumed to satisfy the second 
equation in (3), in the following manner: 

𝜓(B) = 𝐺
2𝜌

(

tr B − ln det B − 𝑑
)

, (7)

where 𝑑 denotes the spatial dimension. The derivative of 𝜓 with respect 
to B is given by 
𝜕𝜓
𝜕B

= 𝐺
2𝜌

(I − B−1). (8)

Since the density 𝜌 is constant and 𝜓 depends only on B, we obtain 

𝜌
∙
𝜓 = 𝐺 (I − B−1) ∶

∙
B. (9)
2

3 
In the isothermal setting, the reduced thermodynamic identity involv-
ing the rate of dissipation 𝜉 takes the form 

𝜉 = T ∶ D − 𝜌
∙
𝜓  with 𝜉 ≥ 0. (10)

We now express 𝜉 using the constitutive form of the Cauchy stress 
tensor T (the first equation in (3)), (9) and the evolution equation for 
B (the first equation in (3)). Specifically, as the Cauchy stress tensor is 
given by 

T = −𝑝I + 2𝜇𝑠 D + 𝑎𝐺(B − I), (11)

using the incompressibility (tr D = 0), we observe that the stress power 
takes the form 
T ∶ D = 2𝜇𝑠|D|2 + 𝑎𝐺B ∶ D. (12)

Next, we express 
∙
B in terms of the Gordon–Schowalter derivative (see 

(2)): 
∙
B =

▿𝑎
B + 𝑎(DB + BD) + (WB − BW). (13)

Then, it follows from (9) that, for symmetric positive definite B, 

𝜌
∙
𝜓 = 𝐺

2
(I − B−1) ∶

▿𝑎
B + 𝑎𝐺B ∶ D. (14)

Finally, using the evolution equation of Model I given by (3), we obtain 
that 
𝜌
∙
𝜓 = − 𝐺

2𝜏
(I − B−1) ∶

(

(1 − 𝛼)(B − I) + 𝛼(B2 − B)
)

+ 𝑎𝐺B ∶ D. (15)

2.1.1. Rate of dissipation and its positivity
The rate of dissipation therefore reads

𝜉 = T ∶ D − 𝜌
∙
𝜓 (16)

= 2𝜇𝑠|D|2 +
𝐺
2𝜏

(I − B−1) ∶
(

(1 − 𝛼)(B − I) + 𝛼(B2 − B)
)

(17)

= 2𝜇𝑠|D|2 + (1 − 𝛼) 𝐺
2𝜏

(I − B−1) ∶ (B − I) + 𝛼 𝐺
2𝜏

|B − I|2. (18)

Diagonalizing the symmetric positive definite tensor B as 

B = Q diag(𝜆1,… , 𝜆𝑑 )Q𝖳, 𝜆𝑖 > 0, (19)

we obtain 

(I − B−1) ∶ (B − I) =
𝑑
∑

𝑖=1
(𝜆1∕2𝑖 − 𝜆−1∕2𝑖 )2 ≥ 0. (20)

The remaining term |B − I|2 is manifestly non-negative. Consequently, 
the rate of dissipation satisfies 

𝜉 = 2𝜇𝑠|D|2 + (1 − 𝛼) 𝐺
2𝜏

(I − B−1) ∶ (B − I) + 𝛼 𝐺
2𝜏

|B − I|2 ≥ 0. (21)

Model I is therefore thermodynamically consistent for all 𝑎 ∈ [−1, 1]
and 𝛼 ∈ [0, 1]. Note that the rate of dissipation 𝜉 does not depend 
on the parameter 𝑎; consequently, Model I satisfies the second law of 
thermodynamics for all 𝑎 ∈ R.

2.2. Thermodynamic analysis of Model II

We now turn to Model II. This model employs the same Helmholtz 
free energy 𝜓(B) as Model I, but the Cauchy stress tensor takes a 
different form, in which the Gordon–Schowalter parameter 𝑎 does not 
appear, namely 

T = −𝑝I + 2𝜇𝑠 D + 𝐺(B − I). (22)

The corresponding stress power contribution reads 

𝜌
∙
𝜓 = 𝐺 (I − B−1) ∶

∙
B. (23)
2
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As before, we express 𝜌 ∙
𝜓 by substituting for 

∙
B from (13), 

𝜌
∙
𝜓 = 𝐺

2
(I − B−1) ∶

▿𝑎
B + 𝑎𝐺B ∶ D. (24)

Substituting the evolution law of Model II given in (6), we obtain

𝜌
∙
𝜓 = − 𝐺

2𝜏
(I − B−1) ∶

(

(1 − 𝛼)(B − I) + 𝛼(B2 − B)
)

+ 𝐺
(

𝑎B ∶ D − (1 − 𝑎)B−1 ∶ D
)

. (25)

2.2.1. Rate of dissipation
The rate of dissipation 𝜉 = T ∶ D − 𝜌

∙
𝜓 therefore reads

𝜉 = 2𝜇𝑠|D|2 +
𝐺
2𝜏

(I − B−1) ∶
(

(1 − 𝛼)(B − I) + 𝛼(B2 − B)
)

(26)

+ 𝐺(1 − 𝑎)
(

B + B−1) ∶ D (27)

= 2𝜇𝑠|D|2 + (1 − 𝛼) 𝐺
2𝜏

(I − B−1) ∶ (B − I) + 𝛼 𝐺
2𝜏

|B − I|2 (28)

+ 𝐺(1 − 𝑎)
(

B + B−1) ∶ D. (29)

Thus, 

𝜉 = 2𝜇𝑠|D|2 + (1 − 𝛼) 𝐺
2𝜏

(I − B−1) ∶ (B − I) + 𝛼 𝐺
2𝜏

|B − I|2 + 𝐺(1 − 𝑎)
(

B + B−1) ∶ D.

(30)

The first three terms are non-negative, as in Model I. The difficulty 
arises from the mixed term 
𝐺(1 − 𝑎)

(

B + B−1) ∶ D, (31)

which has no definite sign. In particular, one can choose B and D
such that this term becomes negative and dominates the non-negative 
contributions.

In contrast to Model I, the engineering Johnson–Segalman model in 
the conformation-tensor form (6) does not guarantee non-negative rate 
of dissipation for 𝑎 ≠ 1. In the special case 𝑎 = 1 (the upper-convected 
Oldroyd derivative) and for arbitrary 𝛼 ∈ [0, 1] do Model I and Model II 
coincide, and the rate of dissipation reduces to a positive definite 
form. This observation explains why thermodynamically consistent 
Johnson–Segalman-type models, such as those proposed in Dostalík 
et al. (2019a), must differ from the classical engineering formulation.

Remark (Remarks on the Johnson–Segalman Model II in the Rheological 
Literature). The Johnson–Segalman model was originally introduced 
as a phenomenological generalization of the Oldroyd-B model aimed 
at capturing non-affine deformation effects and non-monotonic shear 
stress responses in complex fluids. Its primary motivation was to pro-
vide a simple constitutive framework capable of reproducing experi-
mentally observed shear-thinning behavior and shear banding in steady 
homogeneous shear flows (Johnson and Segalman, 1977). As such, 
the model has been widely employed as an engineering interpolation 
rather than as a constitutive equation derived from microstructural or 
energetic considerations.

One manifestation of this limitation is evident in the model’s re-
sponse to time-dependent flows. In Huilgol and Phan-Thien (1997, 
Chapter 4), Huilgol and Phan-Thien analytically computed the
Johnson–Segalman response in a single-step strain and showed that it 
does not obey the Lodge–Meissner rule. This example illustrates that, 
while the model captures certain shear flow phenomena, it can produce 
stress responses, particularly in flows dominated by elastic effects, that 
cannot be fully reconciled with a physically meaningful elastic energy 
interpretation.

3. Thermodynamically consistent derivation of the Johnson–
Segalman–Giesekus model

In this section we present a thermodynamically consistent deriva-
tion of the Johnson–Segalman–Giesekus (JSG) model restricted to the 
4 
case 𝑎 = 1, within the thermodynamic framework based on evolving 
natural configuration, see Fig.  1. The constitutive theory is formulated 
by prescribing the Helmholtz free energy and the rate of entropy 
production as the fundamental constitutive ingredients. The Cauchy 
stress tensor and the evolution equation for the elastic conformation 
tensor are then identified from the reduced thermodynamic identity. A 
thorough overview of this derivation framework, including an expla-
nation of the thermodynamic background, can be found in Málek and 
Průša (2018).

3.1. Kinematics and natural configuration

The constitutive framework employed in this section is based on 
the notion of a time-evolving natural configuration, understood as an 
evolving state of the material associated with micro-structural processes 
and entropy production (Rajagopal and Srinivasa, 2000). The natural 
configuration provides a kinematic reference that enables a decompo-
sition of the total deformation into an elastic, energy-storing part and a 
dissipative part. We therefore employ the multiplicative decomposition 

F = F𝜅𝑝(𝑡)G, (32)

where F𝜅𝑝(𝑡)  maps from the natural configuration 𝜅𝑝(𝑡)() to the current 
configuration 𝜅𝑡(), while G maps the reference configuration 𝜅𝑅()
to 𝜅𝑝(𝑡)(). Within this framework, F𝜅𝑝(𝑡)  is responsible for the elastic 
part of the deformation, whereas G accounts for processes associated 
with entropy production. In what follows, we assume that the total 
deformation is incompressible, that is det F = 1. However, in line 
with the approach adopted in Málek et al. (2015), no incompressibility 
constraint is imposed on the individual mappings F𝜅𝑝(𝑡)  and G, which 
are therefore allowed to be compressible.

The left Cauchy–Green tensor (symmetric positive definite) associ-
ated with the natural configuration is defined as 
B𝜅𝑝(𝑡) ∶= F𝜅𝑝(𝑡)F

𝖳
𝜅𝑝(𝑡)

, (33)

while the right Cauchy–Green tensor (symmetric positive definite) is 
defined as 
C𝜅𝑝(𝑡) ∶= F𝖳

𝜅𝑝(𝑡)
F𝜅𝑝(𝑡) . (34)

The tensors B𝜅𝑝(𝑡)  and C𝜅𝑝(𝑡)  are similar and therefore share the same 
eigenvalues. The evolution of the natural configuration is described by 

L𝜅𝑝(𝑡) ∶=
∙
GG−1, D𝜅𝑝(𝑡) ∶=

1
2

(

L𝜅𝑝(𝑡) + L𝖳
𝜅𝑝(𝑡)

)

. (35)

Differentiating F = F𝜅𝑝(𝑡)G yields 
∙
F𝜅𝑝(𝑡) = LF𝜅𝑝(𝑡) − F𝜅𝑝(𝑡)L𝜅𝑝(𝑡) . (36)

Consequently, the upper-convected Oldroyd derivative of B𝜅𝑝(𝑡)  satisfies 
the exact kinematic identity 
▿
B𝜅𝑝(𝑡) ∶=

∙
B𝜅𝑝(𝑡) − LB𝜅𝑝(𝑡) − B𝜅𝑝(𝑡)L

𝖳 = −2F𝜅𝑝(𝑡)D𝜅𝑝(𝑡)F
𝖳
𝜅𝑝(𝑡)

. (37)

3.2. Energetic structure and thermodynamics

Free energy. We prescribe the neo-Hookean Helmholtz free energy per 
unit mass as a function of the elastic conformation tensor, 
𝜓(B𝜅𝑝(𝑡) ) =

𝐺
2𝜌

(

tr B𝜅𝑝(𝑡) − ln det B𝜅𝑝(𝑡) − 𝑑
)

, (38)

which represents an isotropic elastic response associated solely with the 
deformation between the natural and the current configurations. Since 
the density 𝜌 is constant, the material time derivative of the free energy 
reads 

𝜌
∙
𝜓 = 𝐺

2
(

I − B−1
𝜅𝑝(𝑡)

)

∶
▿
B𝜅𝑝(𝑡) + 𝐺B𝜅𝑝(𝑡) ∶ D. (39)
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Reduced thermodynamic identity. Following the thermodynamic frame-
work recalled in Section 2, we employ the reduced thermodynamic 
identity 

𝜉 = T ∶ D − 𝜌
∙
𝜓, (40)

which links the stress power, the rate of change of the Helmholtz free 
energy, and the rate of dissipation. Substituting (39) yields 

𝜉 =
(

T − 𝐺B𝜅𝑝(𝑡)
)

∶ D − 𝐺
2
(

I − B−1
𝜅𝑝(𝑡)

)

∶
▿
B𝜅𝑝(𝑡) . (41)

Using (37) we obtain 

−𝐺
2
(

I − B−1
𝜅𝑝(𝑡)

)

∶
▿
B𝜅𝑝(𝑡) = 𝐺(C𝜅𝑝(𝑡) − I) ∶ D𝜅𝑝(𝑡) . (42)

Hence, the rate of dissipation computed from the Helmholtz free energy 
reads 

𝜉 =
(

T𝑑 − 𝐺Bd
𝜅𝑝(𝑡)

)

∶ D + 𝐺(C𝜅𝑝(𝑡) − I) ∶ D𝜅𝑝(𝑡) , (43)

where Bd
𝜅𝑝(𝑡)

 denotes the deviatoric part of B𝜅𝑝(𝑡) .

3.3. Rate of dissipation and constitutive structure

Prescribed rate of dissipation. Guided by the structure of (43), we pre-
scribe the rate of dissipation in the form 

𝜉 = 2𝜇𝑠|D|2 + 2𝜇𝑝 D𝜅𝑝(𝑡)M(C𝜅𝑝(𝑡) ) ∶ D𝜅𝑝(𝑡) , (44)

where 𝜇𝑠 ≥ 0, 𝜇𝑝 ≥ 0, and the mobility tensor is defined as 

M(C𝜅𝑝(𝑡) ) =
(

(1 − 𝛼)C−1
𝜅𝑝(𝑡)

+ 𝛼I
)−1, 𝛼 ∈ [0, 1]. (45)

For 𝛼 = 0 this choice reduces to the classical Oldroyd-B rate of 
dissipation 2𝜇𝑝 D𝜅𝑝(𝑡)C𝜅𝑝(𝑡) ∶ D𝜅𝑝(𝑡) , while for 𝛼 = 1 it yields 2𝜇𝑝|D𝜅𝑝(𝑡) |2, 
corresponding to the simplified Giesekus derived in Málek et al. (2018). 
Since the mobility tensor M(C𝜅𝑝(𝑡) ) is symmetric positive definite, being 
the inverse of a convex combination of two symmetric positive definite 
matrices, the rate of dissipation is non-negative, 𝜉 ≥ 0, and the second 
law of thermodynamics is satisfied.

Principle of maximal rate of entropy production. At this stage, the re-
duced thermodynamic identity (43) and the prescribed form of the 
rate of dissipation (44) provide two scalar expressions for the rate of 
entropy production 𝜉. Equating these expressions alone is, however, 
not sufficient to uniquely determine the constitutive relations, since 
infinitely many tensorial relations between D𝜅𝑝(𝑡)  and C𝜅𝑝(𝑡)  may lead 
to the same scalar value of 𝜉.

The crucial additional constitutive principle, introduced by Ra-
jagopal and Srinivasa (2000), is the principle of maximal rate of entropy 
production. According to this principle, the actual evolution of the 
natural configuration is selected among all kinematically admissible 
processes so as to maximize the rate of entropy production, subject to 
the constraint 𝜉 = T ∶ D − 𝜌

∙
𝜓 imposed by the reduced thermodynamic 

identity. In this way, the principle acts as a selection mechanism: it 
resolves the non-uniqueness inherent in equating scalar rates of entropy 
production and renders the underlying tensorial constitutive relations 
unique.

Identification of the constitutive relations. In the present setting, the
principle of maximal rate of entropy production leads to a unique relation 
between D𝜅𝑝(𝑡)  and C𝜅𝑝(𝑡) . Rather than formulating the corresponding 
constrained maximization problem explicitly, we adopt an equivalent 
identification procedure based on (43) and (44), which yields the same 
constitutive equations while preserving transparency of the derivation, 
namely by direct comparison: 

T𝑑 = 2𝜇 D + 𝐺B𝑑 (46)
𝑠 𝜅𝑝(𝑡)

5 
Fig. 1. Sketch of the reference configuration 𝜅𝑅(), the current configuration 
𝜅𝑡() and the natural configuration 𝜅𝑝(𝑡)(). The deformation gradient F𝜅𝑅
is multiplicatively decomposed. The natural configuration is defined as the 
configuration that the body in the current configuration would take if the 
external stimuli were removed. Hence the natural configuration 𝜅𝑝(𝑡)() is 
associated with the current configuration 𝜅𝑡() and it evolves with the body 
as the body produces entropy. This allows us to split the total deformation 
F𝜅𝑅  into a purely elastic (reversible) part F𝜅𝑝(𝑡) ∶ 𝜅𝑝(𝑡)() ⟶ 𝜅𝑡() and the rest 
(dissipation) G ∶ 𝜅𝑅() ⟶ 𝜅𝑝(𝑡)() so that: F𝜅𝑅 = F𝜅𝑝(𝑡)G.

and the full Cauchy stress tensor T = 𝑚I + T𝑑 upon defining 𝑝 =
−𝑚 − 𝐺(1 − tr B𝜅𝑝(𝑡)∕3) yields 

T = −𝑝I + 2𝜇𝑠 D + 𝐺(B𝜅𝑝(𝑡) − I). (47)

When comparing the terms with D𝜅𝑝(𝑡)  in (43) and (44), we obtain 

𝐺(C𝜅𝑝(𝑡) − I) = 2𝜇𝑝 D𝜅𝑝(𝑡)M(C𝜅𝑝(𝑡) ). (48)

Multiplying (48) by F𝜅𝑝(𝑡)  from the left and by M(C𝜅𝑝(𝑡) )
−1F𝖳

𝜅𝑝(𝑡)
 from the 

right, we obtain 

𝐺
[

(1 − 𝛼)(B𝜅𝑝(𝑡) − I) + 𝛼(B2
𝜅𝑝(𝑡)

− B𝜅𝑝(𝑡) )
]

= 2𝜇𝑝 F𝜅𝑝(𝑡)D𝜅𝑝(𝑡)F
𝖳
𝜅𝑝(𝑡)

. (49)

Introducing 𝜏 ∶= 𝜇𝑝∕𝐺, we arrive at 

▿
B𝜅𝑝(𝑡) +

1
𝜏

(

(1 − 𝛼)(B𝜅𝑝(𝑡) − I) + 𝛼(B2
𝜅𝑝(𝑡)

− B𝜅𝑝(𝑡) )
)

= O. (50)

3.4. Equivalence with the rate of dissipation written in terms of B𝜅𝑝(𝑡)

Substituting D𝜅𝑝(𝑡)  from (48) into the prescribed rate of dissipation 
(44) yields

𝜉 = 2𝜇𝑝 D𝜅𝑝(𝑡) ∶ M(C𝜅𝑝(𝑡) )D𝜅𝑝(𝑡)

= 𝐺
2𝜏

(

(1 − 𝛼)(C𝜅𝑝(𝑡) − I) ∶ C−1
𝜅𝑝(𝑡)

(C𝜅𝑝(𝑡) − I) + 𝛼|C𝜅𝑝(𝑡) − I|2
)

. (51)

Since B𝜅𝑝(𝑡)  and C𝜅𝑝(𝑡)  share eigenvalues, we have

|C𝜅𝑝(𝑡) − I|2 = |B𝜅𝑝(𝑡) − I|2, (C𝜅𝑝(𝑡) − I) ∶ C−1
𝜅𝑝(𝑡)

(C𝜅𝑝(𝑡) − I)

= (I − B−1
𝜅𝑝(𝑡)

) ∶ (B𝜅𝑝(𝑡) − I), (52)

and therefore the rate of dissipation (44) can be equivalently written 
as 

𝜉 = 2𝜇𝑠|D|2 + (1 − 𝛼) 𝐺
2𝜏

(I − B−1
𝜅𝑝(𝑡)

) ∶ (B𝜅𝑝(𝑡) − I) + 𝛼 𝐺
2𝜏

|B𝜅𝑝(𝑡) − I|2, (53)

i.e. as the rate of dissipation obtained in the previous section.



J. Cach et al. Applications in Engineering Science 26 (2026) 100315 
Fig. 2. Sketch of the axi-symmetric rod climbing configuration used in all simulations. The problem is formulated in the meridional plane of cylindrical coordinates, 
with a rotating rod, a deformable free surface, and no-slip container walls.
4. The rod climbing (Weissenberg) effect

The rod climbing effect, also known as the Weissenberg effect, refers 
to the rise of a viscoelastic fluid along a rod rotating about its axis. 
This effect was recently revisited in the experimental study by More 
et al. in 2023 (More et al., 2023). In contrast to Newtonian fluids, which 
typically exhibit a descent of the free surface near the rod due to inertial 
effects, polymeric fluids may climb the rod as a consequence of elastic 
normal stresses generated in shear flow.

The flow induced by a rotating rod is predominantly azimuthal 
and may be viewed locally as a torsional shear flow. For a Newtonian 
fluid, the shear stress field is fully determined by the shear viscosity 
and the shear rate, and centrifugal effects lead to a radially outward 
pressure gradient that depresses the free surface near the rod. In 
viscoelastic fluids, however, the constitutive response includes normal 
stress differences.

In the rotating-rod geometry, the dominant elastic contribution 
arises from the azimuthal normal stress 𝜏𝜃𝜃 acting along curved stream-
lines. This stress may be interpreted as a hoop stress that pulls fluid 
elements radially inward toward the axis of rotation. As a result, fluid is 
driven toward the rod, producing excess pressure near the rod surface. 
In the presence of a deformable free surface, this pressure imbalance 
is relieved by an upward displacement of the interface, leading to rod 
climbing.

At steady state, the climbing height is determined by a balance 
between elastic normal stresses, gravity, surface tension, and inertia. 
In the limit of low rotation rates, asymptotic analysis based on second-
order fluid theory shows that the perturbation of the free surface 
height scales quadratically with the angular velocity of the rod and 
depends on a specific combination of the normal stress coefficients. In 
particular, the first normal stress difference promotes climbing, while 
the second normal stress difference, which is typically negative for 
polymer solutions, partially counteracts this effect. A recent analytical 
study (Ruangkriengsin et al., 2025) provides explicit conditions for the 
occurrence of rod climbing of a Giesekus fluid.

Rod climbing thus provides a direct macroscopic manifestation of 
elastic stresses in shear flow and vanishes in the absence of fluid 
6 
elasticity. Owing to the sensitivity of the free surface to small stress im-
balances, the rotating-rod configuration has long served as a qualitative 
demonstration of viscoelasticity and, under controlled conditions, as a 
quantitative probe of normal stress differences at shear rates that are 
often inaccessible to conventional rheometric techniques. The idea of 
the rotating rod viscometer comes from Beavers and Joseph (1975).

5. Arbitrary Lagrangian–Eulerian classical and weak formulations

To handle problems with moving boundaries or domain, we use the 
Arbitrary Lagrangian–Eulerian (ALE) method, which is a computational 
technique that combines elements of both the Lagrangian and the 
Eulerian approaches. Together with the Lagrangian (𝑋, 𝛺𝑋) and Eule-
rian (𝑥, 𝛺𝑥) configurations, we consider the mesh (ALE) configuration 
(𝜒, 𝛺𝜒 ), which virtually lies between them and there is a mapping from 
each configuration to the others.

The ALE method works as follows. In the Eulerian approach, the 
computational domain is discretized into cells or elements, creating a 
mesh. This mesh is allowed to move with the motion of the boundaries, 
allowing deformation and adaptation to the changing shape of the 
domain. Meanwhile, as the mesh moves, the equations of motion, such 
as those in the viscoelastic fluid model mentioned earlier, are solved 
within a Lagrangian reference frame inside the mesh cells. In this 
context, the fluid properties are monitored as if they are linked to the 
mobile mesh. The motion of the mesh inside the domain is typically 
optimized to minimize distortion and ensure favorable mesh quality, 
which is done within the mesh configuration.

We discuss two possible transformations of the model using ALE 
mappings. The advantage of the Full ALE method is that we solve the 
balance equations in a fixed computational domain (the mesh domain). 
The price we pay for that is the additional geometric non-linearities 
that appear in the equations. In some cases, it is possible and more 
convenient to switch back to the actual configuration but instead of 
a fully Eulerian approach, evaluate time derivatives at moving mesh 
grid points. This is the essence of what we would call the Updated 
ALE method. However, in this paper, we use the Full ALE method 
only, hereafter referred to as the ALE method. Both these classical 
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approaches were investigated/applied, for instance, in Donea et al. 
(1982), Hron and Turek (2006) and Turek et al. (2010); and in the 
context of viscoelastic fluids (Hron et al., 2014). For further details, 
the reader is directed to the monograph of Richter on fluid–structure 
interaction (Richter, 2017).

Let us transform the Model I equations into the mesh configuration 
only to obtain the ALE method. To do this, we introduce a new variable 
deformation 𝐮̂ of the mesh that is arbitrary in the domain with the 
restriction that the deformation is physical on the boundary of the 
domain. Hence, we identify the mesh with a new configuration 𝜅𝜒
(domain 𝛺𝜒 ), and define the mapping 𝜑̂ from 𝜅𝜒  to 𝜅𝑡 (domain 𝛺𝑥) 
as 𝜑̂ ∶ 𝜒 ⟶ 𝑥 ∶= 𝜒 + 𝐮̂.

Now we prescribe the mesh deformation 𝐮̂ in such a way that the 
material points (i.e. the time derivative of the displacement equals the 
velocity) lie only on the boundary 𝜕𝛺𝜒 , while inside the domain we 
allow for an arbitrary but unique solution. Notice that if we enforce 
the solution inside the domain to also consist of material points, then 
we recover the Lagrangian formulation. However, we want the solution 
inside the domain to be as simple as possible, in order to prevent mesh 
distortion caused by vortical flow. Hence, one may choose, for example, 
a Laplace equation inside the domain. On the free-surface boundary, we 
may for simplicity retain the condition that all points are material, and 
we thus obtain the strong ALE formulation: 
−𝛥𝜒 𝐮̂ =0 in 𝛺𝜒 ,
𝜕𝐮̂
𝜕𝑡

= 𝐯 on 𝜕𝛺𝜒 .
(54)

Moreover, we define the deformation gradient F̂ and its Jacobian 
𝐽 = det F̂ as F̂ ∶= 𝜕𝜑̂

𝜕𝜒 = I + ∇𝜒 𝐮̂. Now, in the same manner as 
it would be in the case of the Lagrangian formulation, we transform 
the Eulerian formulation into the ALE formulation. We substitute the 
velocity gradient:

∇𝜒𝐯 =
𝜕𝐯(𝑡, 𝜑̂(𝑡, 𝜒))

𝜕𝜒
=
𝜕𝐯(𝑡, 𝑥)
𝜕𝑥

𝜕𝜑̂
𝜕𝜒

= (∇𝑥𝐯)F̂ ⇒ ∇𝑥𝐯 = (∇𝜒𝐯)F̂−1,

and the material time derivative:
𝜕𝛼
𝜕𝑡

|

|

|𝜒
=
𝑑𝛼(𝜑̂(𝑡, 𝜒), 𝑡)

𝑑𝑡
|

|

|𝜒
= 𝜕𝛼
𝜕𝑡

|

|

|𝑥
+ 𝜕𝛼
𝜕𝑥

𝜕𝜑̂
𝜕𝑡

|

|

|𝜒
= 𝜕𝛼
𝜕𝑡

|

|

|𝑥
+ 𝜕𝐮̂
𝜕𝑡

⋅ ∇𝑥𝛼 ⇒

∙
𝛼 = 𝜕𝛼

𝜕𝑡
|

|

|𝜒
+
(

𝐯 − 𝜕𝐮̂
𝜕𝑡

)

⋅ ∇𝑥𝛼 = 𝜕𝛼
𝜕𝑡

|

|

|𝜒
+
[

F̂−1
(

𝐯 − 𝜕𝐮̂
𝜕𝑡

)]

⋅ ∇𝜒𝛼.

Finally, using the integral substitution theorem from 𝛺𝑥 to 𝛺𝜒  and the 
consequence of the Piola identity div𝜒

(

(det F̂)F̂−𝑇 ) = 𝟎, we obtain the 
transformed weak form of Model I: 

∫𝛺𝜒
𝐽 tr

(

(∇𝑥̂𝐯)F̂−1)𝜓 = 0,

∫𝛺𝜒
𝐽𝜌

[

𝜕𝐯
𝜕𝑡

+ (∇𝑥̂𝐯)
(

F̂−1(𝐯 − 𝜕𝐮̂
𝜕𝑡

)
)]

⋅ 𝝓 + ∫𝛺𝜒
𝐽 T̂F̂−𝑇 ⋅ ∇𝑥̂𝝓

−∫𝜕𝛺𝜒
(𝐽 T̂F̂−𝑇 )𝐧̂ ⋅ 𝝓 − ∫𝛺𝜒

𝐽𝜌𝐛 ⋅ 𝝓 = 0,

T̂ = −𝑝I + 2𝜇𝑠D𝑥̂ + 𝑎𝐺(B𝜅𝑝(𝑡) − I),

∫𝛺𝜒
𝐽
𝛿B𝜅𝑝(𝑡)
𝛿𝑡

|

|

|𝑥̂
⋅ A + 𝐽 1

𝜏

[

(1 − 𝛼)(B𝜅𝑝(𝑡) − I) + 𝛼(B2
𝜅𝑝(𝑡)

− B𝜅𝑝(𝑡) )
]

⋅ A = 0,

𝛿B𝜅𝑝(𝑡)
𝛿𝑡

|

|

|𝑥̂
=
𝜕B𝜅𝑝(𝑡)
𝜕𝑡

|

|

|𝑥̂
+ (∇𝑥̂B𝜅𝑝(𝑡) )

(

F̂−1(𝐯 − 𝜕𝐮̂
𝜕𝑡

)
)

−𝑎(D𝑥̂B𝜅𝑝(𝑡) + B𝜅𝑝(𝑡)D𝑥̂) − (W𝑥̂B𝜅𝑝(𝑡) − B𝜅𝑝(𝑡)W𝑥̂)

∫𝛺𝜒
∇𝑥̂𝐮̂ ⋅ ∇𝑥̂𝐰̂ − ∫𝜕𝛺𝜒

(∇𝐮̂)𝐧̂ ⋅ 𝐰̂ + ∫𝜕𝛺𝜒
(∇𝐰̂)𝐧̂ ⋅

(

𝜕𝐮̂
𝜕𝑡

− 𝐯
)

+
𝛽𝑠𝑡
ℎ𝑚𝑖𝑛 ∫𝜕𝛺𝜒

(

𝜕𝐮̂
𝜕𝑡

− 𝐯
)

⋅ 𝐰̂ = 0,

(55)

where 2D𝜒 =
[

(∇𝜒𝐯)F̂−1 + F̂−𝑇 (∇𝜒𝐯)𝑇
] and 𝐧̂ is a unit outward normal 

in the mesh configuration. This set of equations is closed by the weak 
7 
formulation of Eq.  (54), in which the boundary condition (54)2 is 
imposed using the Nitsche method. The parameter 𝛽𝑠𝑡 denotes the 
stabilization (penalty) parameter, and ℎmin is the minimum element size 
of the finite-element mesh.

In the following, we introduce a set of simplifications to the gov-
erning equations. These simplifications do not alter the physical prob-
lem we aim to solve but make the numerical implementation more 
tractable. The key aspect of combining axi-symmetric cylindrical co-
ordinates (𝑟, 𝜑, 𝑧), reduced to the meridional plane (𝑟, 𝑧), with the ALE 
method is that the deformation of the mesh in the azimuthal direction 
is set to zero: 
𝑢̂𝜑 = 0. (56)

This follows from the fact that, under the axi-symmetric assumption, 
the mesh would otherwise be virtually wrapped around the cylin-
der. Since the essential role of the ALE method is to preserve the 
physical shape of the domain boundary, deformation in the azimuthal 
direction is unnecessary and may be omitted. Consequently, the mesh 
displacement is taken in the form 
𝐮̂ = (𝑢̂𝑟, 0, 𝑢̂𝑧). (57)

Furthermore, enforcing the material-point condition on the free surface 
turns out to be unnecessarily strict, since in the steady state the 
tangential velocity still enforces tangential motion of the fluid surface. 
Although physically correct, this choice leads to severe mesh distortion. 
We therefore leverage the ALE formulation once more and prescribe, on 
the free-surface boundary, a simple kinematic condition in which the 
domain deforms only in the 𝑧-direction. Nevertheless, this condition 
still accounts for the tangential component of the velocity (𝑣𝑟) and 
induces the correct surface evolution.

Without loss of generality, we impose this condition in the (𝑟, 𝑧)
frame rather than in the local frame defined by the actual deformation. 
This formulation is consistent with the standard kinematic free-surface 
condition reported in (Ruangkriengsin et al., 2025, Eq. (2.9)): 
𝜕𝑡ℎ = 𝑣𝑧 − 𝑣𝑟𝜕𝑟ℎ, (58)

where, in our setting, the free-surface height is identified as ℎ ∶= 𝑧+ 𝑢̂𝑧, 
reducing to 
𝐮̂ = (0, 0, 𝑢̂𝑧) (59)

only.
In contrast, the velocity field must retain all three components, since 

it is precisely the azimuthal velocity 𝑣𝜑 that drives the secondary flows 
in the meridional plane. As a result, the weak formulation formally 
coincides with that of the full three-dimensional problem but is posed 
on the meridional cross-section 𝛺𝜒  of the domain. The associated 
integrals include the standard radial weighting factor 𝑟, and all spatial 
derivatives are expressed in cylindrical polar coordinates.

The resulting system of equations for Model I, including external 
forces such as gravity and surface tension, is presented below in di-
mensionless form. For brevity, the previously introduced notation is 
retained. Model II can be obtained by straightforward modifications. 
We arrive at the following complete variational formulation: find 
(𝐯, 𝑝,B𝜅𝑝(𝑡) , 𝐮̂) (60)

such that 
𝐯 ∈

[

𝐶weak
(

[0, 𝑇 ];𝐿2
𝐧(𝛺𝜒 )

)

∩ 𝐿2(0, 𝑇 ;𝑊 1,2
𝐧 (𝛺𝜒 )

) ]3 ,

𝜕𝑡𝐯 ∈
[

𝐿4∕3
(

0, 𝑇 ;
(

𝑊 1,2
𝐧 (𝛺𝜒 )

)∗)]3 ,

𝑝 ∈ 𝐿4∕3(0, 𝑇 ;𝐿2
0(𝛺𝜒 )

)

,

B𝜅𝑝(𝑡) ∈
[

𝐶
(

[0, 𝑇 ];𝐿1(𝛺𝜒 )
)]3×3 ∩

[

𝐿2(𝑄𝑇
)]3×3 ,

𝜕𝑡B𝜅𝑝(𝑡) ∈
[

𝐿1
(

0, 𝑇 ;
(

𝑊 1,4(𝛺𝜒 )
)∗)]3×3 ,

[ ( 1,2 )]3

(61)
𝐮̂ ∈ 𝐶 0, 𝑇 ;𝑊 (𝛺𝜒 )
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and for all 
(𝝓, 𝜓,A, 𝐰̂) ∈ [𝑊 1,2(𝛺𝜒 )]3 ×𝐿2(𝛺𝜒 ) × [𝑊 1,4(𝛺𝜒 )]3×3 × [𝑊 1,2(𝛺𝜒 )]3 (62)

the variational equations below are satisfied, assuming the ALE map-
ping remains orientation preserving, i.e., det F̂ > 0 a.e. in 𝛺𝜒 : 

∫𝛺𝜒
𝑟𝐽 tr

(

(∇𝑥̂𝐯)F̂−1)𝜓 = 0,

𝑅𝑒∫𝛺𝜒
𝑟𝐽

[

𝜕𝐯
𝜕𝑡

+ (∇𝑥̂𝐯)
(

F̂−1
(

𝐯 − 𝜕𝐮̂
𝜕𝑡

))]

⋅ 𝝓 + ∫𝛺𝜒
𝑟𝐽 T̂F̂−𝑇 ⋅ ∇𝑥̂𝝓

+ 1
𝐶𝑎 ∫𝛤 free𝜒

𝑟‖F̂−𝑇 𝐧‖
⎡

⎢

⎢

⎣

I − F̂−𝑇 𝐧
|

|

|

F̂−𝑇 𝐧||
|

⊗ F̂−𝑇 𝐧
|

|

|

F̂−𝑇 𝐧||
|

⎤

⎥

⎥

⎦

(∇𝑥̂𝝓)F̂−1

+ 1
𝑆𝑡 ∫𝛺𝜒

𝑟𝐽𝐞𝑧 ⋅ 𝝓 = 0,

T̂ = −𝑝I + 2
𝜇𝑠

𝜇𝑠 + 𝜇𝑝
D𝑥̂ +

𝑎
𝑊 𝑒

𝜇𝑝
𝜇𝑠 + 𝜇𝑝

(B𝜅𝑝(𝑡) − I),

∫𝛺𝜒
𝑟𝐽
𝛿B𝜅𝑝(𝑡)
𝛿𝑡

|

|

|𝑥̂
⋅ A + 𝐽

[1 − 𝛼
𝑊𝑒

(B𝜅𝑝(𝑡) − I) + 𝛼
𝑊𝑒

(B2
𝜅𝑝(𝑡)

− B𝜅𝑝(𝑡) )
]

⋅ A = 0,

∫𝛺𝜒
𝑟 𝜕𝑧𝑢̂𝑧 𝜕𝑧𝑤̂𝑧 − ∫𝜕𝛺𝜒

𝑟 (𝜕𝑧𝑢̂𝑧) 𝑤̂𝑧 − ∫𝜕𝛺𝜒
𝑟
[

𝜕𝑢̂𝑧
𝜕𝑡

+ (𝑣𝑟 𝜕𝑟𝑢̂𝑧 − 𝑣𝑧)
]

×
(

𝜕𝑧𝑤̂𝑧 −
𝛽𝑠𝑡
ℎmin

𝑤̂𝑧

)

= 0,

(63)

where 𝐧 is unit outward normal vector of the initial state, 𝑅𝑒 ∶=
𝜌𝜔𝑅2∕𝜇 is the Reynolds number, 𝑊𝑒 ∶= 𝜏𝜔 is the Weissenberg number, 
𝑆𝑡 ∶= 𝜇𝜔∕(𝜌𝑔𝑅) is the Stokes number, and 𝐶𝑎 ∶= 𝜇𝜔𝑅∕𝛾 is the capillary 
number. Regarding the physical constants, 𝑅 denotes the rod radius, 𝜔
the rotational frequency of the rod, 𝛾 the surface tension coefficient, 𝑔
the gravitational acceleration, and 𝜇 ∶= 𝜇𝑠+𝜇𝑝 the total viscosity, given 
as the sum of the solvent and polymer contributions.

6. Numerical implementation

For the discretization of the governing equations, we employ the 
finite element method (FEM) and implement the formulation using 
the Firedrake library (Ham et al., 2023), which provides state-of-the-
art infrastructure for automated FEM. The FEM is a natural choice 
for this problem: since we operate in a low-Reynolds-number regime, 
the Navier–Stokes equations behave effectively as a parabolic sys-
tem, and we do not encounter the high-Weissenberg-number problem 
even without additional stabilization. Moreover, the FEM offers several 
advantages that are exploited in what follows.

We use higher-order elements because they provide excellent
accuracy-to-cost performance (Parker, 2022). Their benefits are evi-
dent, for example, from the classical lid-driven cavity benchmark (Far-
rell et al., 2019) on Moffatt eddies, where higher-order elements have 
been shown to be particularly effective in capturing closed recirculation 
patterns (Ainsworth and Parker, 2023). Specifically, we employ the 
Scott–Vogelius pair of polynomial degree 𝑝 = 4 ([𝐶𝐺𝑝]3 for velocity 
and 𝐷𝐺𝑝−1 for pressure) for the Navier–Stokes subsystem. This pair is 
provably stable on arbitrary 2D meshes and yields a pressure-robust 
method. Due to the axi-symmetric cylindrical weighting by the 𝑟-factor, 
and mainly due to the non-linear geometrical weighting by the a priori 
unknown deformation in the ALE method, pressure-robustness is not 
strictly preserved; nevertheless, the pair remained stable in all simu-
lations we conducted. For the extra-stress tensor, we use [𝐶𝐺𝑝−1]3×3sym, 
which matches the order of the pressure and the velocity gradient. For 
the mesh-displacement field, we use 𝐶𝐺𝑝, since it must be of the same 
order as the velocity due to their direct coupling through the kinematic 
boundary condition.

When 𝑝 > 1, the boundary geometry should also be represented in 
an isoparametric manner by polynomials of at least the same degree. 
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Modern meshing tools such as Netgen, which is seamlessly integrated 
with Firedrake via ngsPETSc (Betteridge et al., 2024), now support 
this reliably. Choosing boundary polynomials of degree 𝑝 + 1 may 
in principle allow for superconvergence phenomena, although such 
behavior is not expected in our configuration. Importantly, our ap-
proach ensures that the free surface is represented at an arbitrary 
polynomial order: because we employ a virtual-ALE procedure and 
compute on a reference mesh, the physical mesh vertices remain fixed, 
and the boundary representation never degenerates to piecewise-linear, 
as would otherwise occur.

For time discretization, we adopt a three-step 𝜃-scheme of Glowinski 
(2003), which is second-order accurate. In free-surface and moving-
domain simulations, the preservation of fluid volume is critical. Our 
scheme does not guarantee exact volume conservation per se; instead, 
it relies on the accuracy of the incompressibility constraint (div 𝐯 = 0) 
and the numerical preservation of the Jacobian determinant (∫𝛺𝜒 𝐽 (𝑡) =
const). In our tests, the scheme maintained excellent volume accuracy, 
whereas implicit Euler often did not for larger deformations. This 
choice also avoids unnecessary loss of temporal accuracy relative to 
our high-order spatial discretization.

Finally, we solve the fully coupled system in a monolithic fashion. 
This is particularly effective here: even with modest numbers of degrees 
of freedom (e.g., 130 k), the high-order elements yield a highly accurate 
approximate solution since the actual solution to which we converge 
seems to be quite smooth. Moreover, monolithic coupling avoids ar-
tificially making the high-Weissenberg-number problem more severe, 
which may explain why no stabilization is required. The monolithic 
structure also enables the ‘‘lagged-Jacobian’’ strategy, allowing several 
Newton iterations to be performed almost for free by reusing a stored 
LU factorization. With sufficiently small time steps, the non-linear iter-
ation count remains low. In our simulations up to final time 𝑇 = 5 s, we 
use 𝛥𝑡 = 0.01 s; on average, five Newton iterations per step suffice, and 
we lag the Jacobian for 50 iterations, greatly reducing computational 
cost. For example, when steady state is reached at 𝑇st = 2 s, the linear 
system only needs to be assembled and factorized approximately 20 
times over this time interval.

Overall, the method achieves high accuracy; the implementation 
runs in parallel with short wall-clock times (10 min for the high-
accuracy 𝑝 = 4 setting with 130 k DoF, and 4 min for the 𝑝 = 2
setting with 23 k DoF, both on an average laptop) and is efficient 
in all essential aspects. The main limitation arises from large non-
smooth deformations of the free surface under the virtual-ALE mapping, 
which would, in more extreme settings, require more intricate mesh 
motion or even remeshing during time-stepping. Introducing such op-
erations would require particular care in order to preserve the expected 
convergence order of the solution. For this reason, we restrict our 
attention to regimes in which the free-surface deformation remains 
sufficiently smooth and can be handled robustly within the present ALE 
framework. Within this range of parameters, no additional mesh motion 
or remeshing is required. We note that the method is not intended 
for regimes involving topological changes or self-contact of the free 
surface, such as the breathing-instability regime reported in Figueiredo 
et al. (2016).

On the other hand, a major advantage over Eulerian multiphase 
formulations is that no specialized numerical treatment of the free 
interface is required, as is the case, for example, in Figueiredo et al. 
(2016). The interface is handled naturally, without reconstruction pro-
cedures, interface-capturing enhancements, or CFL-type restrictions on 
interface motion (Garcia-Villalba et al., 2025). Moreover, owing to the 
fully implicit time discretization and the monolithic solution strategy, 
the temporal evolution is resolved with high accuracy and without 
introducing additional splitting or coupling errors. As a result, the 
numerical time evolution closely follows the expected convergence 
toward the steady state, and the computed climbing-profile shape of 
the free surface is captured with high precision.
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7. Results

In this section, we simulate the rod climbing experiment in the 
regime 𝑅𝑒 ≪ 1 and 𝑊𝑒 < 1; however, different regimes may be acces-
sible with our code (Cach, 2026). We follow the configuration studied 
in Figueiredo et al. (2016), which in turn connects to a series of real 
experiments conducted by Beavers and Joseph in 1975 (Beavers and 
Joseph, 1975) and to numerical results reported by Luo in 1999 (Luo, 
1999). We compare our computations with these earlier works and 
extend the analysis by presenting new results for a broader class of 
viscoelastic constitutive models. As part of the validation, we also 
document the convergence of the free-surface shape. Specifically, we 
examine mesh refinement for the widely used choice 𝑝 = 2, as well 
as 𝑝-refinement on a moderately fine mesh (M1, see the Oldroyd-B 
convergence study below). As we will show, the best surface repre-
sentation obtained with our high-order FEM is comparable to that 
obtained on much finer meshes with classical low-order Taylor–Hood 
elements (Taylor and Hood, 1973), but at a significantly reduced 
computational cost.

Our comparison with previous studies focuses on the climbing-
profile shapes obtained for the Oldroyd-B and Johnson–Segalman mod-
els, the latter having been used to fit experimental data for real polymer 
solutions in Luo (1999). However, its ability to reproduce the rod climb-
ing experiment is limited for two reasons. First, the steady climbing 
height depends strongly on the JS slip parameter, which is itself highly 
temperature-dependent; even small temperature variations cause no-
ticeable changes in the predicted height. Although this issue is purely 
practical and not present in our isothermal computations, it can be 
addressed by careful parameter fitting. A second, more fundamental 
limitation concerns the shape of the steady free surface. The engineer-
ing JS model appears to produce a similar shape for small changes in 
the slip parameter, but it greatly affects climbing height. This suggests 
a structural limitation of the model itself to fit experimental data; 
see again the work (Luo, 1999). This points to the need for either 
alternative models or thermodynamically consistent generalizations of 
the commonly used ones. In the Rajagopal–Srinivasa framework, such 
generalizations often arise naturally; for example, through different 
admissible choices of the rate of dissipation.

7.1. Configuration

The experimental and numerical configurations reported in the liter-
ature differ in several aspects. In this work, we adopt the configuration 
as in Figueiredo et al. (2016), although the distance between the 
container bottom and the lower end of the rod is not specified therein. 
The choice of boundary conditions is likewise non-trivial and is only 
briefly discussed in the available numerical studies. For instance, the 
work (Luo, 1999) imposes a non-penetration and free-slip condition 
on the outer radial boundary, whereas Figueiredo et al. (2016) employ 
a full no-slip condition. Although this boundary is located away from 
the primary region of interest, such differences may still have a slight 
impact on the resulting flow. A more significant modeling ambiguity 
arises at the surface of the rotating rod, where different assumptions 
are made. While imposing free-slip in the vertical direction, the no-
slip condition is enforced in the rotating direction. We are not sure 
if such ‘‘anisotropy’’ is physically plausible. In experimental studies, 
further variability is introduced by differences in rod materials and 
surface coatings, which are known to affect the observed climbing 
height. Regarding the boundary condition on the rod, we note that 
the commonly adopted non-penetration condition, typically enforced as 
a Dirichlet constraint 𝑣𝑟 = 0, additionally precludes fluid detachment 
from the rod surface. In the low-Reynolds-number regime considered 
here, this assumption appears physically reasonable.

Fig.  2 shows the rod-climbing configuration considered in this work. 
A rod of radius 𝑅 = 0.635 cm and infinite height rotates at a constant 
angular velocity 𝜔 inside a cylindrical container of radius 𝑅 = 24𝑅, 
𝑐
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with its lower end located at height 𝑧 = 2𝑅 above the container 
bottom. The domain is described in cylindrical coordinates, and the 
governing equations are solved in the meridional plane under the axi-
symmetric assumption. The container walls (bottom and outer cylinder) 
are subject to no-slip boundary conditions, while the free surface is 
initialized at a height 𝐻0 = 12𝑅 and evolves according to the kinematic 
condition. Non-penetration is enforced everywhere, and the fluid is 
assumed to be perfectly advected by the rod in the azimuthal direction. 
To allow for vertical climbing, free-slip is imposed in the axial direction 
along the rod mantle, while full no-slip is enforced at the rod bottom. 
The small region beneath the rod bottom is treated as a symmetry 
boundary, enforcing zero radial velocity, free-slip in the axial direction, 
and zero azimuthal velocity.

The fluid parameters specified in the simulations, see the weak form 
of Model I (63), are the slip parameter 𝑎, the mobility parameter 𝛼, and 
the dimensionless numbers: Reynolds (𝑅𝑒), Weissenberg (𝑊𝑒), Stokes 
(𝑆𝑡), and capillary (𝐶𝑎). The total viscosity is fixed to 𝜇 = 14.6 Pa s, with 
the solvent-to-polymer viscosity ratio given by 𝜇𝑠∕𝜇𝑝 = 1∕9.

For the special cases of the Oldroyd–B and Johnson–Segalman mod-
els, the material parameters are set to 𝜌 = 890 kgm−3, 𝛾 = 0.0308 Nm−1, 
𝑔 = 9.81 m s−2, and a relaxation time 𝜏 = 0.0162∕(1−𝜇𝑠∕𝜇𝑝); these values 
correspond to those reported experimentally for the polymer solution 
in Beavers and Joseph (1975). These parameters are subsequently ex-
pressed in terms of the dimensionless groups defined above for different 
values of the angular velocity 𝜔. In all simulations, a steady state is 
reached well within a final simulation time of 𝑇 = 5 s.

In the sections concerning the Giesekus model, additional dimen-
sionless numbers are employed, which can be expressed in terms of 
the primary ones. These include the Elastic number 𝐸𝑙 = 𝑊𝑒∕𝑅𝑒, the 
Bond number 𝐵 = 𝐶𝑎∕𝑆𝑡, the elastic gravity number  = 𝑊𝑒∕𝑆𝑡, and the 
polymer viscosity ratio 𝛽𝑝 = 𝜇𝑝∕𝜇. Unless stated otherwise, we keep the 
same parameter values as in the other sections.

7.2. Oldroyd-B model

In this subsection, we validate our numerical implementation of the 
Oldroyd-B model (𝑎 = 1, 𝛼 = 0, common limit of both models (3) 
and (6)) by comparing our results with those reported in Figueiredo 
et al. (2016), for which the same constitutive model and physical 
setup are considered. As shown previously, the Oldroyd-B model can be 
obtained within Rajagopal-Srinivasa’s thermodynamic framework and 
is consistent with the second law of thermodynamics.

Before presenting quantitative comparisons, we assess the numer-
ical robustness of our formulation through a mesh and polynomial 
refinement study. See Fig.  3 for mesh ID notation, the associated poly-
nomial degree 𝑝 of the SV pair, and the overall DoF count. This study 
verifies that the computed solutions are independent of the spatial 
discretization and that the observed flow features are not affected by 
numerical artifacts. The results demonstrate that the ALE formulation 
retains the expected convergence properties of standard FEM. Even 
on the second coarsest mesh, the solution already provides a good 
approximation of the free-surface profile. This is likely because the 
flow pattern is not very complicated and the free surface near the rod 
is meshed sufficiently. The flow pattern consists of a large secondary 
recirculation over the whole domain, with a smaller recirculation in 
the rod climbing region. The latter area was a priori refined with a 
50× focus, which explains why the coarse meshes already perform well. 
With increasing mesh resolution and a higher polynomial degree, the 
solution improves as one would wish: the free surface exhibits only a 
very small variations in point-wise climbing height, indicating mesh- 
and 𝑝-independent behavior.

With the mesh-converged solutions established, we compare the 
predicted free-surface deformation with the reference results. We use 
the mesh M1 with 𝑝 = 4, as introduced in the numerics section. Overall, 
we systematically observe a noticeably higher climbing height, see Fig. 
4, with the difference becoming more pronounced at higher rotation 
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Fig. 3. Spatial discretization convergence is examined for 𝜔 = 2.6 rev/s. The meshes are labeled M0, . . . , M4 from coarsest to finest. Mesh M1 with 𝑝 = 4
(approximately 1.3 × 105 DoF) produces results essentially identical in the region near the rod to those obtained on mesh M4 with 𝑝 = 2 (approximately 1.5 × 106

DoF), demonstrating that higher-order discretizations achieve same accuracy at much lower computational cost. The convergence is not strictly monotone, with 
small oscillations around what appears to be the mesh-converged solution.
Fig. 4. Comparison of the Oldroyd-B results obtained in the present work with the reference results (Figueiredo et al., 2016). The observed differences may 
partly be attributed to spatial under-resolution in the reference simulations, as suggested by the coarse structure of the reported climbing vortex.
speeds. For the lowest rotation speed, the results coincide with the 
reference, suggesting that the difference occurs for large Weissenberg 
numbers. This discrepancy does not necessarily indicate a numerical 
issue, but may instead arise from differences in the configuration setup, 
specifically due to the boundary conditions on the rod and on the 
right wall, or the rod depth (distance from the bottom), as discussed 
in Section 7.1. In Fig.  5, we depict the resulting steady state for 
𝜔 = 2.9 rev/s in ParaView by rotating the axi-symmetric solution 
warped by the mesh deformation 𝐮̂ about the symmetry axis, yielding a 
representative three-dimensional visualization of the rod climbing fluid 
shape. The line integral convolution visualization of the velocity field in 
the meridional plane reveals a coherent vortex structure in the climbing 
region.

In terms of the maximal climbing height, defined as 𝐻 ∶= ℎ(𝑟 =
𝑎, 𝑡 → ∞), the qualitative behavior agrees with the reference re-
sults (Figueiredo et al., 2016); however, our simulations indicate a 
more rapid growth of 𝐻 . This observation is consistent with the find-
ings reported in the reference, where the mesh refinement study shows 
that the predicted climbing height continues to increase with increasing 
spatial resolution and is not yet fully converged at the resolution 
10 
employed. Extrapolating these trends suggests that the two results may 
not differ as significantly as initially observed.

It is worth noting that convergence of boundary values in finite-
element approximations is generally slower than convergence in the 
bulk (heuristically of order 𝑝− 1

2  in the 𝐻1 norm) and depends critically 
on the regularity of the associated adjoint problem. For viscoelastic 
flows governed by the Oldroyd-B model, such regularity cannot be ex-
pected in general. Consequently, first-order spatial discretizations may 
exhibit very slow or negligible convergence of boundary quantities, 
underscoring the importance of higher-order spatial discretizations. The 
same issue arises in computing the boundary traction of solutions to 
the Navier–Stokes equations with high-accuracy, as reported in recent 
work (Cach et al., 2025).

7.3. Johnson–Segalman Models I and II

In this section, we consider two closely related formulations of the 
Johnson–Segalman model (here with 𝛼 = 0): the classical engineering 
form (6) and a thermodynamically consistent variant (3) compatible 
with the Rajagopal–Srinivasa framework. Both formulations generalize 
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Fig. 5. Visualization of the resulting steady state for 𝜔 = 2.9 rev/s in ParaView. The domain is colored and warped by the computed mesh displacement ̂𝐮 = (0, 0, 𝑢̂𝑧)
and shown in a three-dimensional perspective obtained by a 270◦ rotation about the rotation axis. The right face cut shows the computational mesh (M1), while 
the left face cut displays a line integral convolution (LIC) representation of the velocity field 𝐯 = (𝑣𝑟, 0, 𝑣𝑧) in the meridional plane, showing the secondary flow. 
The rotating rod, shown for reference, is not a part of the simulation; its motion is prescribed via boundary conditions.
an Oldroyd-B type description by introducing a ‘‘polymer chains slip 
parameter’’ 𝑎 through a modified objective derivative acting on the 
conformation tensor. However, the two models differ in the manner 
in which elastic stresses are coupled to the kinematics.

In the engineering formulation, the polymeric stress contribution 
retains the form 𝐺(B− I) independently of the value of 𝑎, while the slip 
parameter enters only through the evolution equation for the conforma-
tion tensor. In contrast, the thermodynamically consistent formulation 
scales the elastic stress contribution by the factor 𝑎, such that both the 
stored elastic energy and the associated stresses vanish continuously as 
𝑎 → 0. As a result, the latter model admits a well-defined Newtonian 
limit, while the former does not enforce such a limit at the level of the 
stress response.

To assess the physical implications of this structural difference, 
we compare the predictions of both formulations in the same rod 
climbing setup described in Section 7.1. In the limiting case 𝑎 = 1, both 
models reduce to the Oldroyd–B model and yield the same rod climbing 
behavior. As the slip parameter 𝑎 is reduced, the predictions of the 
two models diverge significantly. In the thermodynamically consistent 
formulation (Model I), the elastic stresses weaken proportionally with 
𝑎, and the flow transitions smoothly toward a Newtonian response 
characterized by a slight rod descending behavior governed by viscous 
and inertial effects. In contrast, the engineering JS (Model II) predicts 
a regime of pronounced rod descending for intermediate values of 𝑎, 
with steep free-surface gradients developing near the rotating rod. Even 
though Model I also contains a regime in which the rod descending 
is slightly enhanced, it is small compared to the surface depression of 
Model II, which is even larger than the magnitude of the climb. See Fig. 
6 for the surface shape plots at 𝜔 = 1.0 rev/s (remaining parameters in 
Fig.  4(b)) over 𝑎 ∈ [0, 1].

From a phenomenological perspective, such enhanced rod descend-
ing behavior is not supported by experimental observations of vis-
coelastic fluids. Rod climbing and rod descending experiments are 
well described by combinations of low-shear normal stress coefficients. 
While weak rod descent may occur when inertial effects dominate, to 
the best of our knowledge, there is no evidence that viscoelastic fluids 
exhibit strongly amplified rod descending responses of elastic origin. 
The absence of experimental support for this regime, together with 
the lack of a Newtonian limit in the engineering formulation, suggests 
that the predicted behavior arises from the constitutive structure of the 
model rather than from physically admissible material responses.

The mathematically admissible regime of the Gordon–Schowalter 
derivative (2) for 𝑎 ∈ [−1, 0] remains an open question in terms 
of physical justification (Hinch and Harlen, 2021). In this work, we 
assess it from the perspective of macroscopic behavior. We confirm 
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that, in this regime, the model does not produce rod climbing, but 
instead leads to significant rod descending2; see results in Fig.  7. 
Specifically, Model I diverges from the Navier–Stokes solution at 𝑎 = 0
and exhibits pronounced rod descending behavior for negative values 
of 𝑎. In contrast, Model II behaves continuously across 𝑎 = 0, showing 
no qualitative change in its response and continuing to enhance rod 
descending progressively. Both models produce the same result at 𝑎 =
−1, as can be directly inferred from the governing equations (Eqs.  (3) 
and (6)). This common limit corresponds to the Oldroyd–A model, or 
equivalently, the Oldroyd model formulated with the lower-convected 
derivative.

To further assess the predictive capabilities of the two formulations, 
we compare their numerical predictions with the available experimen-
tal and numerical results in Fig.  8. First, we validate our implementa-
tion of Model II against published numerical studies. Similarly to the 
Oldroyd–B case discussed previously, we observe systematically higher 
climbing heights than those reported in the literature, likely for the 
same reasons. Interestingly, our results are closer to those reported 
in Figueiredo et al. (2016) than to those in Luo (1999), despite the fact 
that our numerical methodology is more closely related to the latter.

More importantly, the thermodynamically consistent Model I (cyan 
color in the plot) provides significantly better agreement with the 
experimental measurements of rod climbing reported in Beavers and 
Joseph (1975) and Debbaut and Hocq (1992). All material parameters 
(𝜌, 𝜇, 𝜇𝑠∕𝜇𝑝, 𝜏, 𝛾) were taken directly from the measurements reported 
for the polymer solution in Beavers and Joseph (1975), and the only 
parameter adjusted in our study is the slip parameter 𝑎. In particular, 
Model I reproduces both the magnitude and the trend of the climbing 
height better over a wide range of rotation speeds, including higher 

2 Rod descending induces mesh compression in the ALE framework, in 
contrast to rod climbing, which predominantly stretches the mesh. Com-
pression is particularly detrimental, since even moderate displacements may 
cause element inversion once a triangle is compressed to the scale of ℎ𝑚𝑖𝑛, if 
not adequately accommodated by the bulk mesh motion. Under stretching, 
elements can typically tolerate larger deformations, with the primary risk 
being the development of near-singular angles. In addition, in our setting rod 
descending leads to free surfaces with much steeper slopes, which are espe-
cially challenging for our ALE implementation. To mitigate these effects, we 
enhance the bulk mesh motion by introducing a spatially variable coefficient 
in the Laplace equation governing the mesh displacement, chosen based on the 
local mesh size. Nevertheless, rod descending remains less robustly resolved 
in the present implementation; in regimes exhibiting strong descending, mesh 
compression may lead to element inversion, in which case the solver typically 
fails at the corresponding time step.
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Fig. 6. Comparison of results obtained in the present work for JS Models I and II at 𝜔 = 1.0 rev/s. The Model I solution approaches the Newtonian limit as 𝑎 → 0
in a non-monotonic manner, with a regime of 𝑎 in which rod descending is slightly stronger than in the purely Newtonian case. In contrast, rod descending is 
greatly intensified in Model II.
Fig. 7. Comparison of the results obtained in the present work for JS Models I and II at 𝜔 = 1.0 rev/s. The Model I results diverge from the Navier–Stokes solution 
for 𝑎 < 0, leading to pronounced rod descending, similarly to Model II. At 𝑎 = −1, both models coincide, corresponding to the commonly known Oldroyd–A 
model.
angular velocities (𝜔 = 2.9 rev∕s). We note that further quantitative 
improvement may be achieved by adjusting the relaxation time 𝜏 and 
the surface tension coefficient 𝛾, which are among the most difficult 
material parameters to determine experimentally, although both were 
kept at the experimentally reported values in the current simulations.

In summary, the present comparison indicates that the thermody-
namically consistent Johnson–Segalman formulation (Model I) not only 
satisfies the second law of thermodynamics by construction, but also 
yields physically plausible free-surface behavior across the range of the 
slip parameter 𝑎 ∈ [0, 1] and provides better agreement with available 
experimental data. By contrast, the engineering formulation may gener-
ate qualitatively anomalous predictions in free-surface flows dominated 
by normal stresses. These findings support the use of thermodynami-
cally grounded constitutive models in simulations of viscoelastic flows 
with deformable interfaces.

7.4. Giesekus model

To further validate our implementation, in this section we consider 
the Giesekus model (a special case of the JSG model (3) with 𝑎 = 1, 
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𝛼 ∈ [0, 0.5]) and reproduce the analytical condition for the presence 
of fluid climbing using our numerical implementation, achieving good 
agreement. The paper by Ruangkriengsin et al. (2025) suggests a 
simple, sharp criterion distinguishing between descending and climb-
ing regimes of the fluid, highlighting the main physical parameters 
involved.

They identify the interplay between the Bond number 𝐵 (surface-
tension-to-gravity ratio) and the modified elasticity number 𝛬 = 4𝛽𝑝(1−
2𝛼)𝑊𝑒∕𝑅𝑒, which consists of the Weissenberg-to-Reynolds number ratio 
(the original elasticity number) modified by the polymer viscosity ratio 
𝛽𝑝 and the mobility parameter of the Giesekus model 𝛼. The limit of 
the Oldroyd-B model seems attainable. The condition they propose is 
as follows: 

𝛬 >
∫ ∞
1 𝑅−1 𝐾0(

√

𝐵𝑅) d𝑅

∫ ∞
1 𝑅−3 𝐾0(

√

𝐵𝑅) d𝑅
, (64)

where 𝐾0 is the Bessel 𝐾 function of zero order.
To reproduce this result, we implement the Giesekus model and 

choose a range of parameters that satisfy the assumptions of the param-
eter expansion method used to derive the above condition. Namely, we 
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Fig. 8. Comparison of rod climbing predictions for the commonly used Johnson–Segalman model in the engineering community (Model II) and the 
thermodynamically consistent Model I. Experimental data from Beavers and Joseph (1975) and Debbaut and Hocq (1992) are shown for reference and are 
well captured by Model I (cyan). Model II results from our implementation are compared with previous numerical studies (Figueiredo et al., 2016; Luo, 1999). 
All data are extracted by automeris.io (Rohatgi, 2011). In the left Cauchy–Green tensor B𝜅𝑝(𝑡)  formulation used here, the slip parameter 𝑎 corresponds to 𝜉 = 1− 𝑎, 
where 𝜉 is the standard slip parameter in the extra-stress S formulation. In that formulation, the Cauchy stress is written as T = −𝑝I+ 2𝜇𝑠D+ S, and the Model II 
takes the form 𝜏 ▿

S= 2𝜇𝑝D − S − 𝜏𝜉(SD + DS).
require 𝑊𝑒 ≪ 1, 𝑅𝑒 ≪ 1, and  ≫ 1. The last condition corresponds 
to the aim of ensuring small deformations and is also the limit in 
which the formula was explicitly obtained. In particular, the condition 
is derived by order matching under the assumption 𝜕𝑟ℎ(𝑟) ≪ 1, which 
forbids large slopes of the free surface.

We choose the same setting as in Section 7.1. The only differences 
are the values of 𝜔, 𝑔, and 𝛾. The parameter 𝛼 is new in this model. 
By adjusting 𝜔, we satisfy 𝑊𝑒 ≪ 1 and 𝑅𝑒 ≪ 1 to arbitrary accuracy. 
Similarly, adjusting 𝑔 ensures ≫ 1. For the parametric study, as in the 
referenced paper (Ruangkriengsin et al., 2025), we scan the intervals 
𝐵 ∈ (0.1, 25) and 𝛬 ∈ (0.5, 2.2). This can be done independently of the 
other parameters by adjusting 𝛾 and 𝛼. In particular, we choose 𝜔 and 𝑔
such that we obtain the following 𝑊𝑒,  pairs, see Table  1. With these 
values, we obtain the plots shown in Fig.  9.

Even though the authors suggest that their results may remain valid 
beyond the strict asymptotic assumptions, our numerical results show 
that the analytically predicted climbing condition Eq. (64) departs from 
the numerically observed transition between climbing and descending 
regimes as these assumptions are relaxed. Within the regime where 
the assumptions are well satisfied, the analytical and numerical tran-
sition curves exhibit the same qualitative shape, differing only by a 
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Table 1
Rotation rates and gravity parameters used in the simulations and the corre-
sponding dimensionless numbers for the Giesekus model.
 Case 𝜔 (rev/s) 𝑔 (m/s2) 𝑊𝑒  𝛬 𝐵  
 (a) 1.7 9.81 0.195 0.0692 [0.53, 2.14] [0.1, 25] 
 (b) 1.7 9.81 × 30 0.195 2.076 [0.53, 2.14] [0.1, 25] 
 (c) 0.34 9.81 × 1000 0.0389 69.2 [0.53, 2.14] [0.1, 25] 
 (d) 0.085 9.81 × 2000 0.00973 138.4 [0.53, 2.14] [0.1, 25] 

small systematic quantitative offset. As the parameters move further 
away from the asymptotic regime, this offset increases, and eventually, 
the shape of the numerically observed transition curve itself deviates 
qualitatively from the analytical prediction. On the other hand, the an-
alytical condition (64) consistently overestimates the onset of climbing; 
consequently, it provides a conservative decision criterion.

Unfortunately, perfect agreement with the analytical solution is 
not achieved, even when the assumptions of the model appear to be 
well satisfied. A small but systematic multiplicative offset remains. 
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Fig. 9. Rod climbing heat maps for Giesekus model with different parameter sets (𝑊𝑒,). The dashed line is zero level set of the condition (64). The colorbar is 
broken at zero, with separate linear scales for positive and negative values.
This discrepancy may arise from deviations from the idealized config-
uration considered in the analytical study, such as the finite size of 
the computational domain and the neglect of the free-surface contact 
condition at the rod. These effects can influence the results, even 
though the simulation domain is relatively large and the a posteriori 
evaluated steady-state contact angle is close to 90◦. Since the physical 
deformation of the domain is very small, even subtle effects can become 
noticeable.

The discrepancy does not appear to stem from neglecting inter-
actions between the free surface and the ambient phase, since the 
analytical study similarly accounts only for surface tension at the 
interface. Ultimately, the remaining offset may also reflect the intrinsic 
accuracy limits of the asymptotic expansion method itself.

8. Conclusion

In this work, we introduced and analyzed a class of Johnson–
Segalman–Giesekus (JSG) models combining the Gordon–Schowalter 
objective derivative with a Giesekus-type non-linear relaxation mecha-
nism. Within a thermodynamically consistent framework, we derived a 
conformation-tensor-based JSG model from a prescribed Helmholtz free 
energy and rate of dissipation, thereby identifying a formulation that 
inherently satisfies the second law of thermodynamics. In contrast, the 
classical engineering stress-based Johnson–Segalman model, even when 
augmented by a Giesekus-type non-linear term, does not generally 
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admit a non-negative rate of dissipation beyond the upper-convected 
Oldroyd limit. This distinction highlights fundamental structural differ-
ences between thermodynamically admissible Johnson–Segalman-type 
models and their commonly used engineering counterparts.

We present a numerical code for simulating the rod climbing effect 
based on an ALE formulation. The implementation is computationally 
efficient, with typical runtimes of at most a few minutes depending on 
the fluid properties, and provides accurate predictions of free-surface 
deformation in regimes relevant to rotating viscometer experiments. 
Owing to the limitations of the ALE description, the framework can-
not, in its current form, capture surface shapes that develop verti-
cal slopes or overhangs without additional treatment. Nevertheless, it 
is particularly well suited for the simulation of standard rheometric 
configurations, where the free surface remains smooth and single-
valued. Several viscoelastic constitutive models are implemented, and 
the framework can be readily extended to additional models. The code 
has been released openly for reproducibility and further use Cach 
(2026). Finally, our computational framework provides a natural basis 
for future comparisons with analytical perturbation approaches and 
experimental measurements. Preliminary results further suggest that 
the extension to fully three-dimensional computations is also feasible.

Our numerical results indicate that the thermodynamically consis-
tent Johnson–Segalman formulation (Model I) not only respects the 
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second law of thermodynamics by construction but also leads to phe-
nomenologically observable free-surface behavior across the full posi-
tive range of the slip parameter. In particular, the improved agreement 
with available experimental data supports the use of thermodynami-
cally grounded constitutive models in simulations of viscoelastic flows 
with deformable interfaces.
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