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Abstract

Trapping ultracold atoms in time-averaged
adiabatic potentials

Marcus Gildemeister, St John’s College, Oxford
D.Phil thesis, Michaelmas 2010

This thesis describes the trapping and manipulation of ultracold atoms in time-

averaged adiabatic potentials (TAAP). The time-averaged adiabatic potential, pro-

posed in [Phys. Rev. Lett. 99, 083001 (2007)], uses resonant radio frequency (rf)

radiation to couple the different magnetic substates of a hyperfine level manifold.

The resultant dressed states are time-averaged and produce smooth and versatile

trapping geometries. More specifically, we apply rf-radiation (MHz) to a quadrupole

magnetic field, which results in an ellipsoidal trapping potential for rubidium-87

atoms in the F = 1 manifold. This geometry is time-averaged with the help of

oscillating (kHz) Helmholtz fields.

We develop a convenient loading scheme for the TAAP which uses a standard TOP

trap and suffers negligible atom losses and heating. Subsequently we characterize

the TAAP trap itself and observe low heating rates and sufficient lifetimes (> 3 s).

Furthermore it is possible to use a second, weaker rf-field to evaporatively cool the

atoms to quantum degeneracy [Phys. Rev. A. 81, 031402 (2010)]. This opens up a

route for further experiments in this potential: we show how atoms can be trapped

in a double well potential and a ring trap geometry. Additionally a process to

instigate rotation in these potentials by rotating the polarization of the rf-radiation

is developed and implemented. This allows us to impart angular momentum onto

the atomic cloud and spin it into a ring.
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Chapter 1

Introduction

1.1 Research with ultracold atoms

The field of ultracold atoms has taken on a long and exciting journey since the first

proposal of laser cooling of neutral atoms in the 70s [1, 2]. Its potential to reach

sub-mK temperatures in dilute alkali gases was experimentally accomplished during

the 80s and the subsequent development of optical molasses [3] and the magneto-

optical trap [4] showed an accessible and convenient route towards low-temperature

atomic physics. The evolution towards colder and denser samples with the help of

rf-evaporative cooling [5] in conservative, magnetic traps led to the advent of Bose-

Einstein condensation in the dilute alkali vapors in 1995 [6, 7, 8] and elevated the

research field of cold atoms to new heights.

The phenomenon of Bose-Einstein condensation (BEC) had been predicted in 1924

by Satyendranath Bose and Albert Einstein [9, 10], but the technical challenges for

a gas, as originally predicted, took over 70 years to overcome. The objective to

reach low temperatures and high densities to acquire a macroscopic occupation of

the ground state of the system, without the substance solidifying, turned out to be

a difficult task. The work on spin-polarized hydrogen [11] had to be done without

laser cooling via cryogenic cooling and only led to the formation of a BEC in 1998

[12]. Another possible candidate for the observation of BEC was liquid helium.

Under normal pressure this system remains a liquid all the way to absolute zero

and has played a unique role in the development of physical concepts, especially

superfluidity. However, the strong interactions mask the phenomenon of BEC and

make it harder to observe and investigate it directly.

By contrast, for the dilute gases the weak interaction resulted in excellent agreement

with theoretical mean-field models and lead quickly to a plethora of new exciting ex-

periments. Early investigations concerning the coherence properties of Bose-Einstein

condensates showed the interference between two BECs [13] and detailed analysis

proved the long-range order in these systems below the phase transition [14]. The
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1.2. Radio frequency dressed potentials for ultracold atoms

superfluid nature of the weakly interacting BEC was demonstrated by various ef-

fects, the most striking being the observation of vortices [15] and vortex lattices

[16].

Once all-optical traps [17] were introduced a new experimental ‘knob’ became avail-

able, as the interaction strength could be tuned via Feshbach resonances [18]. Fur-

ther advances in cooling techniques led to quantum degeneracy in fermionic systems

(degenerate Fermi gas, DFG) [19] and broadened the research in ultracold atoms to

effects depending on the Pauli exclusion principle. These new systems produced a

condensate of (weakly bound Feshbach) fermionic molecules [20] which enabled the

investigation of the BCS-BEC crossover [21].

Similarly, new trapping geometries enriched the possibilities; especially optical lat-

tices and their property of being well described by Bose (and Fermi)- Hubbard

type Hamiltonians [22]. This paved a way to investigate physical systems beyond

a mean-field description which opened up the field to many-body physics and the

simulation of strongly correlated condensed-matter systems [23]. There have been

many remarkable observations such as the superfluid to Mott-insulator transition

[24], fermionic Mott-insulators [25] or Anderson localization [26, 27]. Optical lattices

also allowed the reduction of the dimensionality of the system (among other tech-

niques, see [28]): For example, 1D systems were used to produce a Tonks-Giradeau

gas [29, 30], while 2D systems helped to observe the Berezinskii-Kosterlitz-Thouless

crossover [31]. These results show how cold atoms have developed to act as quantum

simulators [32], which might shed light on other strongly correlated quantum phases,

such as Néel antiferromagnetism or spin liquids in frustrated geometries.

Furthermore the improvement of precise, coherent control of ultracold atoms has

allowed the transfer from loosely bound Feshbach molecules to deeply bound ground

state (including polar) molecules [33, 34, 35], which could enable ultracold (quantum)

chemistry [36].

On the whole, the rapidly moving field of ultra-cold atoms has not lost its vibrant

atmosphere since the landmark achievement of Bose-Einstein condensation.

1.2 Radio frequency dressed potentials for ultra-

cold atoms

The evolution of the field of ultracold atoms is driven by remarkable technical,

experimental and theoretical progress. This includes the implementation of more

sophisticated trapping schemes. A proposal from Zobay and Garraway in 2001 [37]

introduced radio frequency (rf-) dressed potentials as a possible 2D trapping surface.

This idea was extended to schemes to evaporatively cool in these systems [38] and

how a ring trap [39] could be engineered, a geometry which would enable inertial

sensing and atom interferometry [40].

11



1.3. Structure of this thesis

A first experimental implementation of an adiabatic potential was presented in [41]

where thermal atoms where loaded into an rf-dressed quadrupole-Ioffe-configuration

(QUIC) trap, but technical noise prevented the same for condensed atoms. Closer

to this goal came the experiment of [42], where a partially condensed cloud was

loaded into a dressed Ioffe-Pritchard trap. Later in [43] atoms where confined in a

rf-dressed quadrupole trap and a first indication for the in-built cooling mechanism

was observed. The concept of an rf-ring trap with thermal atoms was experimen-

tally realized in [44], where a light sheet effectively selected a plane of the rf-dressed

quadrupole potential. The implementation of rf-potential has been especially suc-

cessfully with atom-chip traps, where it has been used to make a phase-preserving

matter-wave beam splitter for double well potentials [45].

In 2007 the concept of a time-averaged adiabatic potential (TAAP) was presented

by Lesanowsky and von Klitzing [46], which extends the original idea of rf-adiabatic

potentials to allow more complicated geometries such as a double well or a ring

trap (without needing any additional optical fields). This enables pure magnetic

confinement with its intrinsic smoothness where all parameters can be conveniently

controlled to morph between the different shapes.

1.3 Structure of this thesis

This thesis describes the construction of a new experimental apparatus to implement

the TAAP concept. It presents the necessary theoretical background and the results

of an experimental investigation of this trapping potential and thereby shows its

viability for future work.

• Chapter 2: The theoretical background for this experiment is presented,

which can be loosely divided into two topics. Firstly, the general theory of

Bose-Einstein condensation with an emphasis on its relation to superfluidity

and its reaction to rotation. Secondly, the atom-photon interaction is revised,

focusing on a three-level atom interacting with a single mode radio frequency

field; a semi-classical and dressed atom approach are presented. The latter is

also used as a basis for a numerical investigation.

• Chapters 3, 4 and 5: These chapters describe the experimental setup and

the BEC production. Chapter 3 covers the hardware needed (vacuum, lasers,

electronics) and puts an emphasis onto the experiment control (FPGA system)

and the radio frequency control (DDS system). Subsequently in chapter 4 the

BEC production is outlined. Here the cooling schemes and trapping tech-

niques (evaporative and laser cooling, magnetic trapping and transport) are

explained. Furthermore chapter 5 describes the nucleation of a vortex array in

a BEC trapped in a rotating TOP trap; this allowed us to test the capabilities

of the DDS system to instigate rotation in a trapped quantum gas.

12



1.3. Structure of this thesis

• Chapters 6, 7, 8 and 9: The latter part of the thesis deals with adiabatic

potentials and the time-averaging thereof. In chapter 6 the shell potential is

numerically investigated in detail for our particular parameters. Thereafter

in chapter 7 the time-averaged adiabatic potential is experimentally charac-

terized and its suitability as a trapping scheme is evaluated. These results

are promising and further potential geometries such as a double well and a

ring trap are investigated in chapter 8, which show the usefulness of this new

trapping potential. Some future applications are presented in chapter 9.

13



Chapter 2

Theoretical foundation and

numerical considerations

This chapter gives an overview of the theoretical concepts needed to understand the

main physical processes in the experiment. It begins in section 2.1 with the general

theory of the quantum degenerate Bose gas; we restrict the analysis to the case of a

3D system with harmonic confinement and consider the effect of weak interactions.

Further the peculiar features of the Bose-Einstein condensate are outlined and its

relation to superfluidity is discussed. Subsequently in section 2.2 the Zeeman effect is

introduced and a short review of trapping neutral atoms with a magnetic quadrupole

field is presented. The quadrupole geometry is of particular interest in this work as

it forms the skeleton for all our rf-trapping geometries.

The last section 2.3 of this chapter investigates the general atom-photon interaction,

concentrating on the radio frequency domain. This lays the basis for the adiabatic

potentials which facilitate the trapping scheme used in this work. To gain profound

insight into this process a semi-classical treatment is performed first, before the

dressed atom picture is studied. Subsequently a numerical investigation beyond

the rotating wave approximation is carried out. Additionally, this section outlines

the calculation of the perpendicular rf-component to the local magnetic quadrupole

field vector as their relative orientation determines the coupling strength of the atom-

photon interaction. The chapter concludes with a discussion of loss mechanisms in

adiabatic potentials due to non-adiabatic transitions to untrapped states.

2.1 Theory of the Bose-Einstein condensate

The Bose-Einstein condensate was theoretically predicted by Satyendranath Bose

and Albert Einstein in 1925 [9, 10]. The key ingredient for the description of this

system is the statistical ansatz of indistinguishability of bosonic particles1. Bosons

1 Bosons have integer spin and the wavefunction is symmetric under exchange of two particles.
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2.1. Theory of the Bose-Einstein condensate

can occupy the same quantum state and the macroscopic population of the ground

state of a system is referred to as a Bose-Einstein condensate. This by itself is not

surprising as it would be expected for T → 0; the striking feature is the onset of

the macroscopic population at a finite temperature, Tc ∼ 100 nK in this experiment.

Introducing the phase space density ρ as the number of particles contained in a cube

of the size of the thermal de Broglie wavelength λth the condition for Bose-Einstein

condensation can be stated as

ρ = nλ3
th ≈ 2.612 (2.1)

where n is the particle density. This gives the intuitive picture that the thermal

de Broglie waves of single, individual atoms need to start overlapping to reach the

regime of quantum degeneracy. Consequently, this requires an appropriate combi-

nation of densities and low temperatures (large de Broglie wavelengths), which in

many cases is not attainable without the system solidifying. However, the advances

in the field of cold atoms enabled this parameter space to be reached experimentally

by a combination of magnetic and optical trapping, laser cooling and evaporative

cooling of dilute atomic vapors. This has opened up a route to probe this newly

found state of matter in great detail [47].

This section starts by investigating the trapped, non-interacting Bose gas. Subse-

quently the effects of interactions are included before the general relation of Bose-

Einstein condensation and superfluidity is reviewed.

2.1.1 The non-interacting Bose gas in a harmonic trap

A dilute gas of non-interacting, indistinguishable bosonic particles that is trapped by

a harmonic potential can undergo a phase transition to a Bose-Einstein condensate.

We start with the Bose-Einstein distribution function [47]

fBE(E) = 〈n(E)〉 =
1

e

(
E−µ
kBT

)
− 1

(2.2)

which gives the mean occupation number of the single particle state with energy

E. To have a physical meaning the distribution function needs to be positive, i.e.

(E0 − µ) > 0, where E0 is the energy of the lowest energy state. As T → 0 the

chemical potential µ approaches E0, and there is a macroscopic population for the

ground state; the Bose-Einstein condensate.

We now turn to the case of non-interacting particles trapped in an anisotropic har-

monic oscillator potential of the form

Ve(r) =
1

2
m
(
ω2
xx

2 + ω2
yy

2 + ω2
zz

2
)
. (2.3)
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2.1. Theory of the Bose-Einstein condensate

For this potential the density of states g(E) computes to

g(E) =
E2

2~3ωxωyωy
(2.4)

Assuming a continuous single particle spectrum, the number of particles not in the

ground state can be found via

Nex =

∫ ∞
0

g(E)fBE(E)dE. (2.5)

As the density of states behaves as g(E → 0)→ 0, this readily excludes the ground

state. The lowest temperature where Nex accounts for all N atoms is called the

transition temperature and happens when µ = 0 as it maximizes the above expres-

sion2:

N = Nex(µ = 0, Tc) =

∫ ∞
0

g(E)

e
E

kBTc − 1
dE. (2.6)

This integral can be evaluated for the 3D harmonic potential to

N =
Γ(3)ζ(3) (kbTc)

3

2~3ω3
ho

(2.7)

where Γ(x) Gamma function, ζ(x) Riemann Zeta function, (ωxωyωz)
1
3 = ωho the

geometric mean of the trapping frequencies. Thus the transition temperature Tc of

the BEC phase transition in a harmonic trap is:

Tc ≈ 0.94
~
kB
ωhoN

1
3 . (2.8)

Below Tc the number of particles in the ground state N0 can be found by assuming

that equation 2.6 holds for all T as the atom number Nex for the excited states [48].

Nex = N

(
T

Tc

)3

and N0 = N −Nex = N

[
1−

(
T

Tc

)3
]

(2.9)

A remarkable feature of the BEC transition is that it shows all the signatures of

a phase transition of the second order, even it is a system with non-interacting

particles. However, depending on their strength, in reality the interactions do change

the properties of the system, as we see in the next section.

Next we review the concept for the condensate state, which can be described by a

2 Below this temperature the exclusion of the ground with its zero weight leads to the obvious
problem.
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2.1. Theory of the Bose-Einstein condensate

macroscopic wavefunction Ψ0(r) (or order parameter that is zero above the phase

transition) which is easiest built up from the single particle wave functions χi (for

details see for example [49, 50]). Only keeping the condensate part and separating

this complex entity into a modulus and phase S(r) we get

Ψ0(r) = χ0(r)a0 =
√
N0χ0(r) = |Ψ0(r)| eiS(r). (2.10)

Here the annihilation operator has been replaced by
√
N0, treating the macroscopic

component of the field operator as a classical field (Bogoliubov approximation). The

time-evolution is given by

Ψ0(r, t) = Ψ0(r)e−iµ
t
~ (2.11)

where µ = ∂E
∂N

is the chemical potential of the system3. The particle density is

given by the modulus square of the macroscopic wavefunction, in analogy to the

probability density for a single particle:

n(r) = |Ψ0(r)|2 . (2.12)

2.1.2 The role of interaction: the Gross-Pitaevskii equation

In a real system the finite interactions between the particles lead to deviations

from the ideal Bose gas, which occupies the ground state of the single particle

wavefunction. As the interacting particles have small momenta the interactions

can be described by the s-wave scattering length as, which characterizes all effects

of the collisional processes. For this to be applicable it leads to the requirement of

diluteness as |as|n
1
3 � 1, which is referred to as the weakly interacting regime. Using

this ansatz the microscopic features of the inter-atomic potential are substituted by

an effective one-body potential depending solely on the s-wave scattering length [51]:

Veff(r, t) = N
4π~2as
m

|χ0(r, t)|2 (2.13)

This potential is added to the external potential in the one particle Schrödinger equa-

tion. Using the substitution Ψ0(r, t) =
√
Nχ0(r, t), which requires a constant con-

densate particle number in time, we arrive at the time-dependent Gross-Pitaevskii

equation (GP) [52] (sometimes referred to as non-linear Schrödinger equation or

mean-field regime):

i~
∂

∂t
Ψ0(r, t) =

[
−~2∇2

2m
+ Ve(r, t) + g |Ψ0(r, t)|2

]
Ψ0(r, t) (2.14)

3 This can be seen from the field operator Ψ; in analogy to the annihilation operator it evolves
as 〈N − 1|Ψ |N〉 ∝ exp[−i(EN −EN−1)t/~] ≈ exp[−iµt/~] where the last step holds for large
N .
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2.1. Theory of the Bose-Einstein condensate

with g = 4π~2as
m

. This equation governs the evolution of the condensate state and

is a very accurate model for the dilute atomic gas BEC (but not for the strongly

interacting liquid helium state, see next section). Using the stationary solution from

equation 2.11 this reduces to:[
−~2∇2

2m
+ Ve(r, t) + g |Ψ0(r, t)|2

]
Ψ0(r, t) = µΨ0(r, t) (2.15)

The chemical potential µ is fixed by the normalization condition
∫
|Ψ0(r, t)|2 dr =

N . For vanishing interactions this reduces to the single-particle time-independent

Schrödinger equation.

When adding a confining harmonic potential, thermodynamic stability requires as >

0, i.e. the interaction has to be repulsive4. Consequently in a harmonic trap the

size of the BEC is considerably larger than the single particle ground state of the

harmonic potential, which is characterized by the oscillator length aho =
√

~
mωho

.

Solutions to the GP equation are either obtained numerically or by approximations.

In the Thomas-Fermi regime the kinetic energy term is neglected and the GP equa-

tion is solved by

nTF (r) = |Ψ0(r)|2 =
1

g
[µTF − Ve(r)] (2.16)

if µTF > Ve and zero elsewhere, which gives for the central, peak density n0 =

nTF (0) = µTF
g

. Again, the chemical potential is fixed by the normalization condition

and is found to be for the anisotropic harmonic trap

µTF =
~ωho

2

(
15Nas
aho

) 2
5

(2.17)

which also allows us to calculate the energy per particle as E
N

= 5
7
µTF . The extent

of the cloud is given by µTF = Ve(r) and leads to a radius of

Ri =

√
2µTF
mω2

i

=
ahoωho
ωi

(
15Nas
aho

) 1
5

. (2.18)

This shows that the condensate size increases with atom number as mentioned above.

For the harmonic trap the Thomas-Fermi solution represents an inverted parabola

with

nTF (r) = n0

(
1−

∑
i

r2
i

R2
i

)
. (2.19)

The Thomas-Fermi approximation breaks down at the edge of the parabola where

the kinetic energy diverges due to the discontinuity in the first derivative. For this

4 For attractive interactions the quantum pressure can prevent the system from collapsing and
permit condensation as seen in [8].
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2.1. Theory of the Bose-Einstein condensate

reason the wavefunction is modified here and smoothed out on the order of the

healing length ξH =
√

1
8πnas

, which gives the distance over which it returns to its

bulk value when being subject to a local perturbation.

To investigate the excited states of the BEC it is useful to calculate the deviations

δΨ around a reference solution Ψ in the GP equation. Due to the non-linearity we

arrive at a pair of coupled equation for δΨ and its conjugate δΨ∗. From these the

Bogoliubov dispersion relation for the lowest lying excitations can be derived to be5

~ω(k) =

√(
~2k2

2m

)2

+ 2ng
~2k2

2m
(2.20)

~ω(k) ≈ vsp for p = ~k � mvs (2.21)

with the sound velocity vs =
√

gn
m

. From the Bogoliubov approximation it can

be seen that the excited state can be described by a gas of non-interacting quasi-

particles, which for small momenta have a phonon-like dispersion relation. This

becomes important for the superfluid properties of the system.

The above relations are valid for a pure Bose-Einstein condensate at T = 0. Nonethe-

less they are a accurate description for the finite temperature BEC in many cases;

for more details see [54].

2.1.3 Superfluidity in a dilute ultracold quantum gas

The relation between Bose-Einstein condensation and superfluidity [55] has been of

interest since the beginning of the experimental observation of the latter in liquid

helium 4 in 1938 [56, 57] and continued to interest in dilute quantum gases.

Superfluidity is associated to a host of different dynamical phenomena such as non-

classical rotational moment of inertia, quantization of vortices, dragless motion of

impurities, and metastability of ring currents. The frictionless mass transport of neu-

tral atoms is considered as the neutral analogue to the charged current that flows

without resistance in classical superconductors6. All these effects have been studied

in detail with liquid helium [50]. A theoretical explanation was given by Landau’s

two-fluid model of a normal and superfluid density which gave a good phenomeno-

logical understanding of these effects in terms of hydrodynamic equations, without

giving an underlying microscopic basis7.

5 There are some subtleties in the derivation of the GP equation which can be found in [53].
One problem arises that the condensate describes the state with k = 0; however the effective
potential 2.13 relies on the fact that the relative wavefunction between two particles is not
constant at distances < as. Using a more general Bogoliubov ansatz where two atoms spend
time not only in k = 0 but some time in k = ±q prevents these complications.

6 In the classical superconductors electrons with opposite momentum and spin pair up by an
effective phonon-mediated electron-electron interaction to Bose (quasi)particles (BCS theory
[58]).

7 In fact it does not refer to Bose statistics. A microscopic connection is given in [59].
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2.1. Theory of the Bose-Einstein condensate

A contemporary view on superfluidity is that it is based on Bose-Einstein conden-

sation8. However, in liquid helium the high density leads to strong interactions be-

tween the atoms due to the close-range van der Waals potential. This makes it more

difficult for an exact theoretical description as a mean-field approach fails and the

relation to BEC remains slightly concealed. It has been found that the inter-atomic

interactions lead to a zero-point energy motion which results in a strong deviation

between the condensate density and superfluid density [60]. This is supported by

data from neutron scattering experiments which show that below the lambda point

deep in the superfluid regime (T ≈ 0, superfluid density close to 100%) only ∼ 7%

of the particles accumulate in the k = 0 state [61].

In the dilute gas BEC the situation is quantitatively different in the sense that

the relative condensate density usually reaches close to 100%. Contrary to liquid

helium, where it is easy to measure the superfluid component and hard to deduce the

condensate component, it is the reverse for the quantum gases where the momentum

states are easily accessible in time-of-flight measurements9. Generally it is also

harder to reach a two-fluid hydrodynamic regime [65], as the mean free path of the

thermal atoms (normal fluid) is usually larger than the sample size and thereby

the system virtually collisionless. In these systems the density cannot be increased

substantially due to the onset of three-body losses and the accompanying lifetime

reduction. Recently highly asymmetric traps with large BECs have opened up a

route to probe this regime and help to deepen the understanding of superfluidity in

the dilute gas BEC as a two fluid system [66]. In the experiment carried out here the

normal density (thermal atoms) is close to zero (as we are at T � Tc) and no such

coupling – neither mean-field (collisionless) nor hydrodynamic (collision-dominated)

– is considered.

Besides its relation to BEC, a general criterion10 for superfluidity is given by Lan-

dau’s critical velocity vc. This velocity is given by the minimum energy required to

spontaneously excite the lowest lying possible excitation, i.e.

vc = minp
ε(p)

p
(2.22)

where p describes the momentum of the fluid. If the fluid is moving below vc no

excitation can take place and a dissipationless flow is possible. In the next section

it is shown that the weakly interacting Bose gas indeed requires a minimum energy

of the lowest lying elementary excitation.

8 This is neither a necessary nor sufficient criterion. For example in 2D quantum gases there is
no (true) BEC while a superfluid exists. For high Tc-superconductors no theory is established
and the relation to BEC is unclear.

9 The superfluid part can be measured via the scissors mode [62, 63]. Further there are proposals
to measure the superfluid fraction spectroscopically [64].

10 Again, this is not a necessary and sufficient criterion for superfluidity in all systems (e.g. liquid
helium 3).
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2.1. Theory of the Bose-Einstein condensate

2.1.3.1 Critical velocity in a dilute quantum gas

From the condensate wavefunction we can calculate the condensate density flow via

js(r) =
~

2mi

[
Ψ∗(r)∇Ψ(r)−Ψ(r)∇Ψ∗(r)

]
(2.23)

using 2.10 and define the condensate velocity11 as vs = js
n

which results in

vs(r) =
~
m
∇S(r) (2.24)

where S(r) is the phase of the condensate wavefunction. This shows that this

quantity is given by a potential flow. The velocity field is the gradient of the phase

of the condensate (which we assume to be a scalar here) and therefore it has to be

irrotational (∇× vs ∝ ∇× (∇(scalar)) = 0). This restricts the possible motion for

a BEC substantially.

Using the above definition and the condensate density the Gross-Pitaevskii equation

2.14 can be expressed as pair of equations, similar to classical hydrodynamic equa-

tions [47]. The continuity equation for the quantum liquid is equivalent to the one

for a normal liquid
∂n

∂t
+ div(nvs) = 0. (2.25)

with justifies the above definition of the condensate velocity and its interpretation.

The second hydrodynamic equation takes the form of the Euler equation where an

additional term occurs (third term on the right of equation 2.26), which is based on

the quantum pressure caused by the zero point fluctuations:

∂vs
∂t

= − 1

mn
∇p−∇

(
v2
s

2

)
+

1

m
∇
[

~2

2m
√
n
∇2
√
n

]
− 1

m
∇V. (2.26)

The above shows how a BEC can be described as a quantum liquid with a local

density and velocity. The question as to whether this liquid is a superfluid relates

back to Landau’s critical velocity. In the non-interacting Bose gas the critical ve-

locity is zero and it is therefore harder to define its superfluid nature. On one

hand it possesses a non-classical moment of inertia12 which is an effect in thermo-

dynamic equilibrium. On the other hand, it cannot sustain a non-equilibrium effect

(metastable state) like a persistent current as there is no energy barrier to prevent

the system from decaying into the true ground state [50]. Once repulsive interactions

11 We use condensate velocity and superfluid velocity interchangeable which is correct by antic-
ipating the result below.

12 This is known as the Hess-Fairbank effect [67]: A superfluid formed in a rotating container does
not participate in the rotation if rotated below a critical frequency. For higher frequencies
vortices penetrate the system. This is analog to the Meissner-Ochsenfeld effect in type-II
superconductors where above a critical field strength HC1 magnetic flux begins to penetrate
the sample.
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2.1. Theory of the Bose-Einstein condensate

are included the situation becomes clearer. From the Bogoliubov dispersion relation

it follows that the lowest lying excitations are long-wavelength, phonon-like sound

waves. Using the Landau criterion the critical velocity vc is given by the speed of

sound vc = vs =
√

gn
m

. This shows that the Bose-Einstein condensate in a weakly

interacting dilute gas behaves like a superfluid.

2.1.3.2 Rotation of superfluids

One of the most spectacular effects of superfluidity is the nucleation of vortices in

a rotating superfluid system [16]. To show the difference to the classical case we

start by analyzing a classical rigid body rotating with angular velocity Ω. Here

the velocity field is given by v = Ω × r which is characterized by a vorticity of

∇× v = 2Ω 6= 0. This flow pattern is obviously impossible to fulfill for a superfluid

as its velocity field is the gradient of a scalar and therefore of irrotational nature as

shown above.

Another restriction comes from the single-valuedness of the condensate wavefunc-

tion: the phase has to be a multiple of 2π when it follows around a close loop. The

related circulation can be calculated via∮
vs · dl =

∮
~
m
∇S · dl = n

2π~
m

= n
h

m
(2.27)

where n is an integer. This is known as the Onsager-Feynman condition and shows

that the circulation is quantized in units of h
m

. For a cylindrical symmetric system

under rotation the condensate wavefunction has to vary as einϕ, (with ϕ = arc length
radius

)

which leads to a tangential velocity profile of the form vt = n~
mr

. This is drastically

different to the classical fluid (vt ∝ r). As the kinetic energy diverges at the axis of

rotation, the wavefunction and therefore condensate density needs to vanish at the

center. The structure of the flow pattern and density profile forms a vortex line.

This shows that the reaction of a superfluid to rotation is the formation of quantized

vortices. (More details in chapter 5.)
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2.2. The Zeeman effect and the quadrupole trap

2.2 The Zeeman effect and the quadrupole trap

This section gives a brief review of the quadrupole trap [68], as this geometry un-

derlies all rf-traps discussed in this thesis. This simple field arises from two coils

connected in an anti-Helmholtz configuration.

The concept of magnetic trapping as been a key techniques in the field of ultracold

neutral atoms [69]. It is based on the coupling of the intrinsic magnetic moment of

the atom to an external magnetic field, leading to a state-dependent energy shift.

Spatial variation of the magnetic field leads to a conservative force, which can create

a confining potential without a lower temperature limit.

The rubidium-87 atoms used in this experiment are trapped in the |F,mF 〉 = |1,−1〉
state13. We assume that the interaction energies are small compared to the hyper-

fine energy and spin-orbit coupling energy. The cold atoms in the final trapping

geometries do not experience fields above 10 G, which is well within the weak field,

(anomalous) Zeeman effect regime. Consequently the total angular momentum F

and its z-projection mF remain good quantum numbers throughout. In this regime

of a weak, time-independent magnetic fieldB(r) (assumed to be uniform over atomic

dimensions), the interaction with the atom’s total magnetic moment µ can be ex-

pressed as14

HI(r) = −µ ·B(r). (2.28)

We assume the atom moves slowly in this field, giving it time to adiabatically realign

to the local magnetic field direction. The energies for the F = 1 manifold are

therefore

EmF = gFmFµB |B(r)| (2.29)

where gF is the Landé g-factor arising from the projection of the magnetic moment

of the valence electron along F . Figure 2.1 displays the energies in a quadrupole

field of the form (gradient B′q)

B(r) = B′q (xex + yey − 2zez) . (2.30)

The F = 1 manifold’s Landé factor is gF = −1
2

(equating to −0.7 MHz/G), explain-

ing why the low field seeking |1,−1〉 state can be trapped in such a geometry.

The problem arising from spin flips caused by the degeneracy at the origin of the

quadrupole trap [71] is treated theoretically in section 2.3.5. During the evaporation

process it is practically overcome by the use of a TOP trap, see section 4.2.2.

13 The 87Rb atom has one valence electron; the fine-structure ground states in LS-coupling
regime are therefore |J,m〉 =

∣∣ 1
2 ,±

1
2

〉
. The coupling to the nuclear spin with I = 3

2 leads to
the ground state hyperfine manifolds |F,mF 〉 = |1, (0,±1)〉 and |2, (0,±1,±2)〉.

14 Arising from the Hamiltonian of a charged particle in an constant electromagnetic field with
spin (Dirac equation) [70].
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Figure 2.1: Zeeman level splitting for the F = 1 manifold in a quadrupole field. B′q was
set to 100 G/cm. The energy scale is written as the Larmor frequency.

As ∇ ·B(r) = 0 the gradient along the coil axis z is twice as strong and of opposite

sign in comparison to the radial xy-plane as seen from equation 2.30. This leads to

an ellipsoidal iso-B surface, |B(r)| = const, which is depicted in the vector plot 2.2.

In three dimensions this iso-B surface forms an ellipsoidal shell with its symmetry

axis along z, see plot 2.3.
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Figure 2.2: Quadrupole vector field in the xz-plane for B′q = 100 G/cm. The red ellipsoid
represents the iso-B surface of 7 G.

Figure 2.3: Schematic of the ellipsoidal iso-B surface for the quadrupole vector field in
3D.
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2.3 Atom-photon interaction and adiabatic po-

tentials

In many experiments quantum gases are trapped at a potential minimum of a static

magnetic field, whereas in our setup the cold atoms are confined with the help of

field induced adiabatic potentials, subsequently abbreviated as APs. This trapping

mechanism was proposed by Zobay and Garraway [37] and relies on the coupling of

different Zeeman substates by strong radio frequency (rf) radiation. Consequently

the atom-photon interaction lies at the heart of this trapping scheme. The trapping

geometry is determined by the resonance condition and therefore follows the spatial

variation of the underlying static field. In our case it is given by the quadrupole

geometry which leads to the above presented ellipsoidal shell15. The TAAP concept

extends the APs by time-averaging, but the underlying physical interaction remains

the same.

In this section we investigate this atom-photon interaction in detail. Textbooks

mainly describe a two-level atom interacting with one specific polarization, but we

will look at the general case of a three-level system interacting with arbitrary polar-

ization. Firstly we will consider how the underlying interaction can be understood

semi-classically, which adds further insight: We see that in the rotating wave approx-

imation only the perpendicular part to the static local magnetic field contributes

(section 2.3.1) and consequently evaluate this component (section 2.3.2).

To develop a deeper understanding we thereafter adopt the dressed atom picture

developed by Claude Cohen-Tannoudji and Serge Haroche [72] (section 2.3.3). It

describes the interaction in the strong field limit, treating the coupled atom-photon

system as the new states, rather than the uncoupled bare states. This formalism

is today mainly known for its successful explanation of the optical dipole force. It

is interesting to note however, that it was originally developed for atoms in strong

microwave and radio frequency fields. Thereafter, in 2.3.4, we will investigate a

strategy to solve the problem numerically, opening a route beyond the rotating wave

approximation. Lastly in section 2.3.5, conditions for non-adiabatic transitions are

introduced. They form a loss channel for the adiabatic potentials, thereby limiting

the lifetime and setting restrictions on particular geometries.

2.3.1 Semi-classical treatment

In the semi-classical case the radiation is treated as a classical field while the atom’s

energy levels are quantized. In the case of magnetic transitions this treatment is

slightly more elaborate than for electronic dipole transitions due to the vectorial

nature of the coupling. Only the part of the rf-radiation that is perpendicular to

15 More details on this specific rf-adiabatic potential are presented in section 6.
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the local, static magnetic field gives a non-negligible contribution16.

As a starting point we write the time-dependent Schrödinger Equation as

HT (t) |Ψ〉 = (HA +HI(t)) |Ψ〉 = i~
∂ |Ψ〉
dt

(2.31)

where HA is the Hamiltonian of the time-independent atomic system in the static

field and HI(t) represents the perturbation. More precisely, HA takes into account

the (anomalous) Zeeman effect17, while HI contains the interaction with the rf-

radiation.

A general magnetic field Brf (t) oscillating at frequency ωR couples to the magnetic

moment µ of the atom

HI(t) = −µ ·Brf (t) = −µ ·


Bx(t)

By(t)

Bz(t)

 = −µ ·


Bx cos(ωRt+ φx)

By cos(ωRt+ φy)

Bz cos(ωRt+ φz)

 . (2.32)

In combination with a static magnetic field Bs(r) the total Hamiltonian reads

HT (t) =
gFµB
~
F · [Bs(r) +Brf (t)] . (2.33)

Without any loss of generality we choose the z-axis to lie along Bs(r). In this

new local coordinate system the appearance of Brf (t) changes. Generally, we can

decompose it into parts lying along the new z-axis B
‖
rf (t), and the parts that are

perpendicular to it B⊥rf (t).

As a second step, we transform into a rotating frame along the local z-axis, which

aligns the perpendicular part with the local x-axis. This rotation does not affect

Bs(r) and B
‖
rf (t), as they point already along the rotation axis. In quantum me-

chanics rotations are carried out by unitary transformations. With |ψ〉R = U |ψ〉
the Schrödinger Equation gives (R indicates the new coordinate system)

i~
∂ |ψ〉R

∂t
=

[
UHTU

† − i~U ∂U
†

∂t

]
|ψ〉R ≡ HR

T (t) |ψ〉R . (2.34)

The rotation operator Uz = e
i
~ωRtFz commutes with Fz (see appendix A) therefore

the terms containing it remain indeed unchanged and we get

UzHT (t)U †z (t) =
gFµB
~

[
FzB

s
z + FzB

‖
rf (t) + FR ·B⊥rf (t)

]
. (2.35)

16 After neglecting the parallel and counter-rotating term for different reasons, see below.
17 Throughout this treatment we neglect the kinetic part (external motion) of the atom. One can

show that in the adiabatic approximation this part leads only to an induced gauge potential
from the changing B-field, giving rise to a geometric phase [73]. For the special case of an
rf-dressed potential see [74].
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The first term describes the Zeeman energy from the previous section. The second

term involves only the components oscillating along the static field and can be

neglected, as
∣∣∣µBB‖rf (t)∣∣∣� ~ωR in all our cases. This is justified because the Larmor

frequency associated with the rf-field (up to hundreds of kHz) is smaller than the

oscillation frequency of the field itself (above 1 MHz). Therefore this modification of

the static field Larmor frequency averages to zero over an oscillation period [75]. The

third part is the coupling term we are interested in, as it drives transitions between

different states. FR describes the angular momentum operator in the rotating frame.

This part can be rearranged:

HR
⊥(t) = FR ·B⊥rf (t) (2.36)

= FR
x B

⊥
x (t) + FR

y B
⊥
y (t)

= UzFxU
†
zB
⊥
x (t) + UzFyU

†
zB
⊥
y (t)

=
1

2

(
F+e

iωRt + F−e
−iωRt

)
B⊥x (t) +

i

2

(
F−e

−iωRt − F+e
+iωRt

)
B⊥y (t)

(For the last equality see appendix A.) The general B-field depends on the relative

phases between the different components. We choose the absolute phase in such a

way that the phase difference between the two component is solely attributed to the

y-component, setting the one along the local x-axis to zero.

HR
⊥(t) =

1

2

(
F+e

iωRt + F−e
−iωRt

)
· B
⊥
x

2

(
eiωRt + e−iωRt

)
+

i

2

(
F−e

−iωRt − F+e
iωRt
)
·
B⊥y
2

(
eiωRteiφy + e−iωRte−iφy

)
(2.37)

= F+
B⊥x
4

(
ei2ωRt + 1

)
+ F−

B⊥x
4

(
1 + e−i2ωRt

)
+

iF−
B⊥y
4

(
eiφy + e−i2ωRte−iφy

)
− iF+

B⊥y
4

(
ei2ωRteiφy + e−iφy

)
(2.38)

We now apply the rotating wave approximation. Hereby all terms rotating at twice

the radiation frequency are neglected18. This approximation is exact in the case of

circular polarization of the correct handedness; this is not surprising as in this case

the counter-rotating terms cancel out in the rotating frame. (From now on φy = φ.)

HR
⊥(t) = F+

B⊥x
4

+ F−
B⊥x
4

+ iF−
B⊥y
4
eiφ − iF+

B⊥y
4
e−iφ (2.39)

=
F+

4

(
B⊥x − iB⊥y eiφ

)
+
F−
4

(
B⊥x + iB⊥y e

−iφ) (2.40)

This is a time-independent interaction Hamiltonian, which combined with the pre-

18 The inclusion of the counter-rotating terms leads in first order to the Bloch-Siegert shift [76].
A more general, elegant full solution using Floquet theory can be found in [77].
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2.3. Atom-photon interaction and adiabatic potentials

vious results gives us the total Hamiltonian of the system:

HR
T =

gFµB
~

[
Fz

(
Bs
z −

~ωR
gFµB

)
+

(
F+

4

(
B⊥x − iB⊥y eiφ

)
+
F−
4

(
B⊥x + iB⊥y e

−iφ))]
(2.41)

To calculate the eigenvalues we naturally choose the |F,mF 〉 basis. Explicitly, for

the F = 1 system we get19:

HR
T =

gFµB
~


~
(
Bs
z − ~ωR

gFµB

)
~
√

2
4

(
B⊥x + iB⊥y e

−iφ) 0

~
√

2
4

(
B⊥x − iB⊥y eiφ

)
0 ~

√
2

4

(
B⊥x + iB⊥y e

−iφ)
0 ~

√
2

4

(
B⊥x − iB⊥y eiφ

)
−~
(
Bs
z − ~ωR

gFµB

)


(2.42)

Solving the eigenvalues problem in a standard way we find the energy eigenvalues

of the system (which are the same as for the non-rotated system):

EmF =


0 for m = 0

±gFµB
√(

Bs
z − ~ωR

gFµB

)2

+ 1
4

(
B⊥x

2 +B⊥y
2 + 2B⊥x B

⊥
y sin(φ)

)
for m = ±1

(2.43)

Introducing the detuning δ, Rabi frequency Ω, atomic transition frequency ω0 and

an abbreviation for the remaining B-field components we get

δ =
1

~
(~ωR − gFµBBs

z) (2.44)

= ωR − ω0 (2.45)

Ω =
gFµB

2~

(
B⊥x

2
+B⊥y

2
+ 2B⊥x B

⊥
y sin(φ)

) 1
2

(2.46)

=
gFµB

2~
· B⊥rf . (2.47)

It should be remembered that the static Bs
z component is equal to the modulus

of the B-field in standard Cartesian coordinates, i.e. Bs
z = |Bs(r)|, as we aligned

our coordinate system along z. Now the energy, or the potential that an atom

experiences, can be written in the compact form:

EmF (r) = UmF (r) = mF~
√
δ2(r) + Ω2(r) (2.48)

Here we inserted a spatial dependence: the variation of the magnitude of the fields

plays a minor part, but more importantly their respective orientations can change,

see next section. Throughout this thesis we will refer to the Rabi frequency term

as the coupling strength for the obvious reason; it describes how strongly the rf-

radiation couples to the atomic magnetic moment.

19 Using that F± |1,mF 〉 = ~
√

2 |1,mF ± 1〉, i.e. independent of mF for F = 1.
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2.3. Atom-photon interaction and adiabatic potentials

Another intuitive picture can be constructed if one sets B⊥y = 0 and one finds the

standard scenario in which the magnetic moment precesses around a static, effective

magnetic field of the form Beff =
(
B⊥x
2
, 0, ~ωR

gFµB
−Bs

z

)
. Additionally, if B⊥x is treated

as a complex entity one recovers the full result, as can be seen from equation 2.4120.

The tilt angle from the z-axis can easily be calculated from cos(ξ) = δ√
δ2+Ω2 . To

realign our basis alongBeff we rotate along the y-axis. This is especially helpful when

one wants to find the eigenstates of the new system, as |F,m′F 〉 = e
−iξFy

~ |F,mF 〉
giving us generally for the case of F = 1

|ψ′〉 =


1
2

(1 + cos(ξ)) − 1√
2

sin(ξ) 1
2

(1− cos(ξ))
1√
2

sin(ξ) cos(ξ) − 1√
2

sin(ξ)
1
2

(1− cos(ξ)) 1√
2

sin(ξ) 1
2

(1 + cos(ξ))

 |ψ〉 . (2.49)

2.3.2 Transforming the magnetic field

As found in the previous section the interaction is governed by B⊥rf , the part per-

pendicular to the local magnetic field. The local magnetic field will always be set by

the static quadrupole field, which thereby defines the z-axis of the local coordinate

system. We need to find the transformation RT which brings the local static B-field

vector into alignment with the lab frame’s z-axis. The inverse transformation R−1
T

aligns the z-coordinate of Brf with Bs. First we construct a local basis system,

where the static quadrupole field points along the z-axis. As most cases relevant to

our experiment have the ellipsoidal symmetry, i.e. happen on an iso-B surface, we

start by expressing the unit B-field vector in terms of two angles, similar to those

in spherical coordinates (which gives us a mapping from R3 onto a R2 manifold; see

also appendix B)

1√
x2 + y2 + 4z2


x

y

−2z

 =


sin(θ) cos(ϕ)

sin(θ) sin(ϕ)

− cos(θ)

 ≡ eRz (2.50)

where

cos(ϕ) =
x√

x2 + y2
sin(ϕ) =

y√
x2 + y2

(2.51)

cos(θ) =
2z√

x2 + y2 + 4z2
sin(θ) =

√
x2 + y2√

x2 + y2 + 4z2
. (2.52)

20 There should be some caution about the form of the B-field, as we are in the rotating frame:
circular polarization appears linear and vice versa, hence the additional i in 2.41.
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2.3. Atom-photon interaction and adiabatic potentials

The cross product gives the additional mutual perpendicular vectors

eRy ≡
eRz × ez
|eRz × ez|

=


sin(ϕ)

− cos(ϕ)

0

 , eRx ≡
eRy × eRz∣∣eRy × eRz ∣∣ =


cos(θ) cos(ϕ)

cos(θ) sin(ϕ)

sin(θ)

 (2.53)

The new basis vectors are the columns of the transformation matrix

RT =


cos(θ) cos(ϕ) sin(ϕ) sin(θ) cos(ϕ)

cos(θ) sin(ϕ) − cos(ϕ) sin(θ) sin(ϕ)

sin(θ) 0 − cos(θ)

 (2.54)

and its inverse equals its transpose (as RT is a member of SO(3))

R−1
T =


cos(θ) cos(ϕ) cos(θ) sin(ϕ) sin(θ)

sin(ϕ) − cos(ϕ) 0

sin(θ) cos(ϕ) sin(θ) sin(ϕ) − cos(θ)

 . (2.55)

Using a general expression for the oscillating rf-fieldBrf where we have set the phase

of the x-component to zero

Brf =


Bx cos(ωRt)

By cos(ωRt+ φy)

Bz cos(ωRt+ φz)

 (2.56)

and performing the transformation BR
rf = R−1

T Brf we get

BR
rf =


Bx cos(θ) cos(ϕ) cos(ωRt) +By cos(θ) sin(ϕ) cos(ωRt+ φy) +Bz sin(θ) cos(ωRt+ φz)

Bx cos(ωRt) sin(ϕ)−By cos(ϕ) cos(ωRt+ φy)

Bx cos(ϕ) sin(θ) cos(ωRt) +By sin(θ) sin(ϕ) cos(ωRt+ φy)−Bz cos(θ) cos(ωRt+ φz)


(2.57)

The first two perpendicular components need to be rearranged into the formBi cos(ωRt+

φi) to use it with the result in equation 2.43 from the previous section. This is obvi-

ously possible as a sum of oscillations at the same frequency can be expressed as one

oscillation at this frequency with an adjusted amplitude and phase (see appendix

C). After a rather lengthy and tedious calculation (see for example in [78]) we find

the expression for the perpendicular part to be(
B⊥rf
)2

= cos2(θ)
[

sin2(ϕ)
(
B2
y −B2

x

)
+B2

x

]
+ cos2(ϕ)

(
B2
y −B2

x

)
+B2

x

−2ByBx sin2(θ) sin(ϕ) cos(ϕ) cos(φy) + 2ByBx cos(θ) sin(φy)

+2Bz sin(θ)
[
Bx cos(θ) cos(ϕ) cos(φz) +By cos(θ) sin(ϕ) cos(φy − φz)

+By cos(ϕ) sin(φy − φz) +Bx sin(ϕ) sin(φz)
]

+B2
z sin2(θ). (2.58)
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2.3. Atom-photon interaction and adiabatic potentials

Figure 2.4: The coupling strength for linearly z-polarized rf-radiation.

In later chapters we are particularly interested in two cases, which we will investigate

in detail now.

2.3.2.1 Linearly polarized rf-radiation along the z-axis

The case of z-polarized rf-radiation is used in chapter 7, where the TAAP concept is

investigated. Here we outline how the coupling varies over the iso-B surface. From

equation 2.58 one finds the spatial variation in the coupling to be

Ωz(r) =
gFµB

2~
·Bz sin(θ)

=
gFµB

2~
·Bz

√
x2 + y2√

x2 + y2 + 4z2
. (2.59)

To clarify the dependence on this ellipsoidal geometry we use the parameterization

of equation B.7 from the appendix B and find

Ωz(θel) =
gFµB

2~
·Bz

sin(θel)√
sin2(θel) + 4 cos2(θel)

. (2.60)

In the z = 0 plane it possesses a ring shaped maximum, since the Brf -field vectors

are purely perpendicular to Bs. At the poles21 both fields are (anti)parallel and

the coupling vanishes. Figure 2.4 visualizes this behavior. The left-hand side shows

a contour plot of the coupling vs the two rotational angles22. The right-hand side

21 Note that in our apparatus North is up and South in down, since the axis of the quadrupole
coils is aligned along gravity.

22 There must always be some care taken to identify the right parameters, see appendix B.
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2.3. Atom-photon interaction and adiabatic potentials

Figure 2.5: The coupling strength for rf-radiation elliptically polarized in the xy-plane
with By = Bx

2 .There are two minima in the upper half of the surface.

depicts the ellipsoidal iso-B shell with the coupling wrapped on top of it. Clearly

visible is the ‘hole’ at the North Pole (where Ω = 0), the second hole at the South

Pole is not visible. Generally, linear polarization along any axis gives this structure:

two ‘holes’ along the oscillation axis and a band of maximum coupling strength along

the perpendicular plane to the oscillation direction.

2.3.2.2 Elliptically polarized rf-radiation in the xy-plane

The case of elliptical polarization in the xy-plane is used for the shell trap geometries

in later chapters. Here the formula 2.58 with φy = ±90◦ equates to

Ω±xy(r) =
gFµB

2~
·
[
B2
x ± 2BxBy cos(θ) + cos2(ϕ)

(
B2
y −B2

x

)
+ cos2(θ)

(
B2
x + sin2(ϕ)

(
B2
y −B2

x

)) ] 1
2

=
gFµB

2~
·
[
B2
x ±

4BxByz√
x2 + y2 + 4z2

+
x2

x2 + y2

(
B2
y −B2

x

)
+

4z2

x2 + y2 + 4z2

(
B2
x +

y2

x2 + y2

(
B2
y −B2

x

)) ] 1
2
. (2.61)

The plus/minus sign indicates the handedness of the rf-radiation. This expression

simplifies for the case of circular polarization: with balanced components Bx = By
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2.3. Atom-photon interaction and adiabatic potentials

the expression reduces to

Ω±xy(r) =
gFµB

2~
·Bx

[
1± 2 cos(θ) + cos2(θ)

] 1
2

=
gFµB

2~
·Bx

[
1± 4z√

x2 + y2 + 4z2
+

4z2

x2 + y2 + 4z2

] 1
2
. (2.62)

The relative phase shift determines whether the North or the South Pole exhibit the

maximum coupling, with zero coupling at the opposite pole23. Now one can easily see

how the map of the coupling strength transforms when going from circular to linear

polarization: assuming the South Pole represents the point of maximum coupling

and the North Pole has vanishing coupling. Introducing an imbalance in the two

components by decreasing By brings us closer to the linear x-polarized case which

has two holes along this x-axis. Therefore with decreasing By the region of zero

coupling at the North Pole starts to elongate along the x-axis until splitting into

two holes. At the same time the South Pole coupling maximum starts to expand

along the y-axis until forming a ring in the yz-plane, see Figure 2.5.

2.3.3 The dressed atom picture

We now turn to a full quantum mechanical treatment. Again, the main idea is to

obtain a time-independent Hamiltonian. This aim is achieved by considering the

external fields as quantized systems; thereafter the electric and magnetic fields are

operators acting on the radiation states. Owing to the exceedingly large number

of photons involved, it comes as no surprise that the result will agree with semi-

classical calculations. Nevertheless it offers an intuitive picture for the underlying

processes and also helps to set up the problem for a numerical treatment.

In the dressed atom picture an atom interacting with a radio frequency field can be

viewed as a combined system. The case considered here investigates the interaction

of a three-level atom with single mode electromagnetic radiation. We assume the rf-

field to be linearly polarized along an arbitrary direction. This readily includes the

circular scenario which can be decomposed in a sum of dephased linear polarizations.

The system can be be described by the Hamiltonian

H = HA +HR +HI (2.63)

where HA describes the Hamilton for the bare atom, HR the radiation field and HI

their interaction. As we are interested in the rf-domain, spontaneous emission can be

neglected since only electronic ground states are considered. For this reason a pos-

sible coupling to initially empty reservoir modes is omitted. We start by neglecting

23 It should be noted that the maximum is twice as high as for the linear case.
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2.3. Atom-photon interaction and adiabatic potentials

Figure 2.6: Dressed atom picture for rubidium-87 (F = 1, gF = −1
2): a) The bare atom’s

energy levels in a magnetic field; the Zeeman splitting corresponds to the Larmor frequency.
b) The compound system of atom + field without any interaction. The manifolds are
separated by the photon energy, while the inter-manifold splitting is given by the detuning.
c) Including interaction with the radiation field leads to dressed states. As the states
are now mixtures of different bare states, we relabel them. The RWA accounts only for
transition within each manifold. With increasing Ω or δ the manifolds approach each other,
until they are no longer well-separated, so the RWA breaks down.
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2.3. Atom-photon interaction and adiabatic potentials

the interaction part HI ; now the global system comprises the atomic Hamiltonian

HA = ω0Fz (2.64)

and the radiation field Hamiltonian

HR = ~ωR
(
a†a+

1

2

)
(2.65)

where all symbols have their usual meaning in quantum optics. The eigenstates of

this system can be labeled by two quantum numbers: N , the number of photons in

the mode, and an atomic quantum number representing the three eigenstates |−1〉,
|0〉 and |+1〉 of Fz. The system can easily be diagonalized to find the eigenenergies

EmF ,N = mF~ω0 + N~ωR, where we have dropped the zero-point energy. We write

the new bare eigenstates as |mF , N〉. Figure 2.6 shows how for small detuning δ �
ωR the new states can be grouped into manifolds with (sgn(gF ) ·mF +N) = const,

each separated by the energy equivalent to a radiation quantum.

As a next step we include the coupling of the atom to the field mode. Similarly to

the semi-classical treatment we decompose the radiation into B
‖
rf and B⊥rf (which

we align with the x-axis24) and get [79]

HI = Fxλx
(
a+ a†

)
+ Fzλz

(
a+ a†

)
=

λx
2

(
F+a+ F−a

†)︸ ︷︷ ︸
Vσ+

+
λx
2

(
F+a

† + F−a
)︸ ︷︷ ︸

Vσ−

+λzFz
(
a+ a†

)︸ ︷︷ ︸
V‖

(2.66)

λx,z are the coupling constants which we will relate to the respective field amplitudes.

As a first approximation we only keep the term Vσ+ , a step which is equivalent

to the rotating wave approximation25. Vσ+ describes the interaction with circular

polarization, while conserving the quantum number (sgn(gF ) ·mF +N)~, i.e. the z-

component of the total angular momentum, as each photon carries ~. That implies

that this treatment is exact in the case of interaction with circular polarized rf-

radiation. Consequently Vσ+ couples only states from the same manifold which one

can see from the form of the matrix element

〈mF , N |Vσ+ |m′F , N ′〉 =
λx
2

(
~
√

2
√
NδmF ,m′F−1δN,N ′+1 + ~

√
2
√
N + 1δmF ,m′F+1δN,N ′−1

)
(2.67)

where N is the number of photons. As the average number of photons 〈N〉 is very

large in the rf-field the pre-factors
√
N and

√
N + 1 ≈

√
N are proportional to

24 As in the previous section, this does not pose a restriction in the RWA if the B-field is allowed
to be complex.

25 Vσ− is sometimes wrongly interpreted as processes that do not conserve energy. We point out,
that they do not change the total energy of the system as seen from the Heisenberg picture,
i.e. dHI

dt = 0 since HI is time-independent.
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Figure 2.7: Zeeman decomposition for the dressed state |1, (N)〉 within the RWA as a

function of the tilt angle from the semi-classical treatment, ξ = arccos
(

δ√
δ2+Ω2

)
. On-

resonance at ξ = 90◦ the state is a symmetric superposition of the the bare states.

the classical amplitude Brf [80]26. Within each manifold we therefore recover the

Hamiltonian from equation 2.42.

In a static magnetic field with no interaction the bare states |0, N〉, |1, N + 1〉, and

|−1, N − 1〉 form a level-crossing at the radiation frequency ωR = ω0. The inter-

action starts to drive these new, dressed states apart, forming an avoided-crossing

(see figure 2.10). All other level crossings do not transform into anti-crossings, since

as outlined above only states with the same value of (sgn(gF ) · mF + N) interact.

Figure 2.7 shows how in the RWA a dressed state is a mixture of the three different

bare Zeeman states, where the composition varies with the detuning and coupling

strength.

This approximate treatment remains valid for the more general case of linear po-

larization as long as the manifolds are well-separated. The RWA breaks down, if

the coupling strength Ω or the detuning δ become comparable to the radiation fre-

quency and states from different manifolds start to mix. On one hand, the atoms

are usually trapped on resonance in this experiment; on the other hand the coupling

can reach levels comparable to the manifold separation. For this reason the next

section outlines a strategy for a numerical solution.

26 The classical field should obviously be represented by a coherent state. We are not interested
in the back-action onto the field mode and therefore can choose any state within the width of
the coherent state.
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2.3. Atom-photon interaction and adiabatic potentials

Figure 2.8: Structure of the matrix for nu-
merical diagonalisation: The central 3 × 3
blocks are the matrices from the RWA treat-
ment. The green off-diagonal elements are
the counter-rotating terms. The blue off-
diagonal elements stem from the parallel
component of the rf-field.

2.3.4 Numerical treatment beyond the rotating wave ap-
proximation

The above approximation - for its classical counterpart we continue to refer to as the

rotating wave approximation - is rather limited in its physical processes: only inter-

action with circularly polarized photons is included, resulting in one anti-crossing27.

This process is easily understood as the absorption of one σ+-photon. The inclu-

sion of the counter-rotating part Vσ− introduces higher order anti-crossings, like

ω0 = 3ωR, corresponding to 3-photon processes like σ+σ+σ−, so that in total the

photons impart one unit angular momentum. Furthermore it can be used to explain

the variation of the atomic gF factor in non-resonant rf-fields [81]. Lastly, taking

V‖ into account does not cause anti-crossings by itself but it enables two photon

processes like σ+π when interacting with the other parts. It turns out that all

level-crossings can turn into anti-level crossings for the appropriate conditions [82].

For completeness we rewrite the total Hamiltonian, including the interaction part

2.66 in terms of the B-field, dropping the zero point energy and defining λ = gFµB
~ .

HT = ω0Fz + ~ωRa†a+
λBz

2

[
Fza+ Fza

†]
+
λ

4

[ (
Bx − iBye

iφ
)
F+a+

(
Bx + iBye

−iφ)F−a†
+
(
Bx + iBye

iφ
)
F−a+

(
Bx − iBye

−iφ)F+a
†
]

(2.68)

It should be noted how we can now easily make the connection to the RWA: for

initially elliptical polarization, i.e. a relative phase difference of φ = 90◦, the pre-

27 Additionally, two level-crossings are shifted, which are not of interest to us.
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Figure 2.9: Energy diagram for the dressed states for F = 1 with ωR = 1.4 MHz. Atom
assumed to be in a constant magnetic field gradient and therefore ω0 is expressed as the
B-field along the x-axis. The resonance condition B = ωR

0.7 MHz/G = 2 G is fulfilled on
the dashed lines. Colored lines show the RWA result for one manifold. Both graphs for
linearly polarized rf along the x-axis. Top: Brf

x = 0.5G. Shows good agreement with RWA.
Bottom: Brf

x = 1.5G. There is visible disagreement with the RWA result.
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factor in the second row of equation 2.68 becomes Bx +By while in the third row it

becomes Bx −By, and thus vanishes for circular polarization.

To solve the above Hamiltonian numerically we follow the treatment of [83]. We

use the basis spanned by the bare states {|mF ,∆N〉}. Here ∆N stands for the

deviation from the mean photon number of the coherent states of the rf-field, i.e.

∆N = 〈N〉−N . We group the states into manifolds ofMk = {|mF , k −mF 〉}. The

inclusion of Vσ− couples states from manifolds separated by k− k′ = 2 (depicted by

the green squares in figure 2.8) and V‖ couples neighboring, k−k′ = 1 (blue squares),

manifolds. The strength of the off-resonant contributions determines the number

of manifolds needed to accurately compute the eigenvalues and avoid numerical

artifacts. We usually include ∼ 20 manifolds and use the analytical solution for σ+

to verify that any numerical deviation is well below 0.1%.

For the Rabi frequencies used in this experiment (Ωmax . ωR) the inclusion of Vσ−

changes the shape of the avoided crossing at ω0 = ωR only very slightly as shown

in figure 2.9: the counter-rotating term mainly shifts the resonance slightly towards

ω0 = 0.

2.3.5 Landau-Zener transition and the adiabaticity condi-
tion

As a next step we investigate the loss channel associated with the dressed state

potentials, which can limit the lifetime dramatically. Hereby we mainly refer to

diabatic transitions to untrapped states (Landau-Zener losses [84]). When there is

an avoided crossing of two energy levels caused by time-independent, off-diagonal

matrix elements there exists a finite chance for the system to undergo a transi-

tion between the two eigenstates, instead of following the energy level adiabatically.

Zener’s result gives the probability for a non-adiabatic transition between two states

as

PLZ = e−2πγ with γ =
Ω2∣∣ 1

h
d
dt

(E1 − E2)
∣∣ (2.69)

where a linear variation of the energy separation of the diabatic states is presumed.

Clearly we see that if the coupling decreases, the Landau-Zener probability increases.

The denominator of γ describes the separation of the unperturbed energy level with

time; for a trapped atom this is the velocity it moves with relative to the potential

which causes a change in detuning28. The above result can be generalized to our

scenario of three symmetric levels [85], giving the probability to stay in the upper

28 Changes in the potential shape itself are changes in coupling strength, i.e. off-diagonal elements
and are excluded in this treatment.
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Figure 2.10: Level scheme for the Landau-Zener model. Same parameters as in top of
figure 2.9. For an atom coming from the left in |1, (N)〉 there exists the finite Landau-
Zener probability to tunnel to an untrapped state, i.e. following the path of the bare state
|1, N + 1〉. The upper horizontal axis can be used with figure 2.7 to estimate the bare state
superposition.
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state as [86, 87]

P|1,(N)〉 = [1− PLZ ]2 =

[
1− exp

(
−2π

Ω2∣∣ 1
h
d
dt
α(t)

∣∣
)]2

(2.70)

where α(t) describes the energy separation. From the above it is clear that to reach

adequate lifetimes in the adiabatic potential there must be sufficient coupling be-

tween the atom’s magnetic moment and the rf-field. Thus high rf-power is desirable.

In a more general case the potential landscape and coupling strength can also be

time-dependent. The requirement for adiabatic following states that the projection

of the time-derivative of one eigenstate onto the others has to be negligible compared

to their energy separation [88], leading to∣∣∣∣〈m′F , (N)| ∂
∂t
|mF , (N)〉

∣∣∣∣� UAP . (2.71)

As explained in the semi-classical RWA treatment, we can decompose the trapped

dressed state into a superposition of bare states. The transformation is characterized

by the rotation angle ξ and the change in ξ governs the time evolution of the dressed

state. We use the fact that the modulus of a vector remains constant under rotations

and get ∣∣∣∣ ∂∂tξ
∣∣∣∣ � √

δ2 + Ω2∣∣∣Ω̇δ − Ωδ̇
∣∣∣ � (

δ2 + Ω2
) 3

2 . (2.72)

As the atoms are usually trapped on-resonance, δ = 0, this simplifies to∣∣∣δ̇∣∣∣� Ω2. (2.73)

Similar considerations for the quadrupole trap lead to∣∣ ∂
∂t
B
∣∣

|B|
� ωL (2.74)

where ωL represents the local Larmor frequency. This condition is impossible to

fulfill at the origin of the quadrupole trap resulting in Majorana spin flips [89].
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Chapter 3

Design and specifications of the
experimental apparatus

In this chapter we outline the new experimental apparatus covering the design,

tools, particular implementations and solutions that are used to reach Bose-Einstein

condensation. The new system was set up during 2008–2009 by Benjamin Sherlock,

Benjamin Sheard and Marcus Gildemeister. The physics of BEC production is

covered in chapter 4.

The main principle of this apparatus can be summarized as follows: The system uses

a large, one beam pyramid magneto-optical trap (MOT) as the sole laser-cooling

stage. A subsequent magnetic transport by a moving coil pair transfers the atoms

to the ultra-high vacuum side of the system into a time-orbiting potential (TOP)

trap. By rf-forced evaporative cooling the ensemble is cooled to quantum degeneracy,

resulting in condensate sizes of up to 5 · 105 atoms. All additional dressing fields

are applied through dedicated coils closely spaced around the final trap position to

reach sufficient coupling strengths.

The structure of the chapter is as follows: Section 3.1 describes the three main ex-

perimental hardware challenges, which could be categorized as obtaining sufficiently

good vacuum, controlling the various coil currents, and the frequency and intensity

stabilization of the appropriate light sources. The second section 3.2 focuses on the

software side, explaining how the FPGA board controls all hardware and how the

DDS chips are used as versatile frequency sources.

3.1 The BEC machine

This section describes briefly all necessary hardware for this experiment (except

parts related to the computer control, see next section). A detailed and more in

depth description can be found in the thesis of Benjamin Sheard [90].
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3.1. The BEC machine

Figure 3.1: CAD drawing of the vacuum system. (Image reproduced from Benjamin
Sheard’s thesis [90].)

3.1.1 Layout of the vacuum system

The vacuum system consists of two chambers connected by a 30 cm long differential

pumping tube (inner diameter 10 mm), see figure 3.1. The MOT region (seen in the

center) is a custom made, cylindrical shaped, 316L stainless steel chamber, fitted

with a viewport at the top to allow the single pyramid MOT-beam to enter. It is

mainly pumped from the left via a triode-type ion pump (Varian Starcell 40l/s). It

should be mentioned that the flange by which this chamber joins to the differential

pumping tube is not attached perfectly perpendicular. This imperfection in man-

ufacturing - in combination with the MOT position, see section 4.1 - required the

introduction of an additional horizontal steering coil in order to make the magnetic

transport work efficiently.

The rubidium atoms are dispensed by two SAES rubidium getter sources, connected

in series and driven at a constant current of 3 A1. After ∼ 30 min the steady state

rubidium pressure is reached, resulting in a lifetime of 1.7 s in the MOT.

The second ultra-high vacuum (∼ 10−11 mbar) chamber with the rectangular glass

cell (manufactured by BFi Optiglass) is pumped by another ion pump (Varian Star-

1 To activate the getters we used short, ∼ 10 s long bursts at 6− 8 A, until the getters started
to glow very slightly. Two further unused dispensers are installed as replacements if needed.
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3.1. The BEC machine

cell 55l/s) and a non-evaporable getter (NEG) pump. Here we measure a lifetime

of 110 s for magnetically trapped atoms. There exists a direct line of sight from the

MOT chamber to the final trapping position - however, this does not cause large,

collisional losses.

Before assembly, all metal pieces, including the blanked-off MOT chamber, were

baked-out to ∼ 350◦C. Subsequently when the glass components were attached a

colder bake using heater tapes was carried out, with each element at its maximum

recommended bake-out temperature2.

3.1.2 Electronics, power supplies, rf-circuitry

In this section we briefly discuss a few pieces of electronics which were assembled

and/or installed for this experiment.

• Compensation coils: The position of the MOT is controlled by three coils

placed on orthogonal axes to adjust for any stray magnetic field (especially

earth magnetic field, permanent magnets from ion pumps, field from rubidium

getter current) and to compensate for the gravitational force. Currently these

coils are driven by a homemade voltage source, which can lead to undesired

drifts when the coil temperature fluctuates. Therefore we usually leave the

system equilibrate for ∼ 30 min, after which we do not observe any significant

changes in the MOT position.

• Quick start circuit: When loading atoms from the magneto-optical trap into

the magnetic trap we discharge a capacitor to snap on a strong magnetic field

sufficiently quickly. For this purpose a 1000µF capacitor is charged to ∼ 90 V

before a thyristor is triggered, resulting in a fast (∼ 1 ms) rise-time of the

current. During this process a problem was discovered with an eddy-current

in the large metal bottom side of the MOT chamber, destroying the symmetry

of the magnetic field during the switch-on at the atoms’ position. The induced

current effectively delays the field of the lower coil, causing the atoms to slosh

downwards, then move back up to central position of the quadrupole as the

eddy currents die away (for loading the magnetic trap, see section 4.1). As a

countermeasure we placed a short-circuited, high inductance coil over the top

of the upper MOT coil; we could empirically verify that the sloshing movement

decreased, as both fields now built up more symmetrically.

• MOT coils and power supply: The MOT coils, which are also used for

the magnetic transport, are driven by a Xantrex XFR 20V-60A power supply,

allowing us to produce an axial magnetic field gradient of up to 150 G/cm.

2 For completeness it should be mentioned that a residual gas analyzer (RGA) was surprisingly
still reading a partial hydrogen pressure of > 10−9 mbar after the bake-out.
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3.1. The BEC machine

During the magnetic trap loading stage we switch from constant current to

constant voltage mode: while increasing the Xantrex output voltage we adjust

the gate voltage of a MOSFET in the quick start circuit, resulting in a constant

current (or any desired shape). We empirically adjust the gate voltage and

Xantrex output voltage, so that the current remains as constant as possible

after the capacitor is discharged.

• Translation stage: The MOT coils are mounted on a Parker 404XR trans-

lation stage. The movement profile for the rail position is written in a pro-

prietary software, downloaded via a serial connection and triggered by a TTL

pulse. In addition to the two quadrupole coils we installed another horizontally

placed coil to displace the atoms’ position. This is needed for steering (hori-

zontally) the atoms as centrally as possible through the differential pumping

tube, thereby minimizing the losses from collisions with the walls.

• High current power supply and MOSFET bank: Around the science

cell three water cooled coil pairs are placed (figure 3.2). One coil pair is con-

figured in quadrupole configuration for the TOP trap, one pair is in Helmholtz

configuration to produce a uniform field that displaces the trap center verti-

cally3, and an additional auxiliary pair that is connected to a H-bridge. These

auxiliary coils together with another single push coil allow various magnetic

transfer sequences. This becomes necessary in experiments where the trans-

lation stage cannot reach the final position due to spatial constraints caused

by a high resolution imaging system which is fitted from the under side of the

glass cell. The aforementioned H-bridge is part of a MOSFET switching bank,

designed and assembled by Gerhard Zürn [92]. The MOSFET bank enables

us to run all coils with the same power supply (up to 330 A), while giving the

possibility to adjust the current for each pair individually. The total coil sys-

tem is driven by a high current power supply (Magna-Power Electronics SQA

50V-330A, specified ripple of 50 mVrms) while the respective gate voltages are

controlled by a driver box4.

• TOP coils and amplifier The two main TOP coil pairs are fitted tightly

around the glass cell in the horizontal plane. In most cases the signal source

is a Agilent 33220A function generator running at 7 kHz in burst mode. This

enables us to synchronize the imaging field to the probe pulse by resetting the

3 These coils could also be used to address Feshbach resonances. This is however quite chal-
lenging for rubidium-87 due to the small width of the resonance at 1007 G, albeit possible
[91].

4 The driver box adjusts the gate voltages, as they need to be applied with respect to the
previous stage’s source voltage.
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3.1. The BEC machine

Figure 3.2: Schematic of the main coils arrangement. The auxiliary coils, push coil,
evaporative rf-antenna and some additional small pick-up coils are omitted. TOP and rf-
coils are placed along each direction, indicated by equal colors. The science glass cell fits
through the rectangular shaped rf-coils.

phase during the atoms’s time-of-flight. The in-quadrature component of the

TOP field is derived from a phase shifter. With the help of voltage-controlled

amplifiers both channels are balanced, before amplification by a Crown XLS

5000 audio amplifier. A step-up transformer is used to impedance match

the load of the TOP coils to the amplifier. A third, supplementary coil pair

(driven by a Soundmaster VF250 ) is fitted tightly onto the quadrupole coils.

This z-TOP coils pair enables us to time-average along the z-direction in the

TAAP concept or generally tilt the TOP-plane arbitrarily. During the TOP-

trap rotation experiment (chapter 5) the TOP field was controlled by the DDS

system, allowing arbitrary signal sequences.

• rf-circuitry: Along each spatial dimension a pair of small, Helmholtz config-

ured rf-coil pairs is placed close to the atoms’ position, allowing dressing fields

of any polarization. The radio frequency signals are generated by the DDS

system. For the static case we sometimes use synchronized Agilent 33220A

function generators, controlled in burst mode to achieve fixed phase-relations.

Minicircuits ZHL 32A amplifiers boost the signals and small trimmer capac-

itors are adjusted to form a resonant circuit with the rf-coils. (Currently the

rf-trap is operated at a fixed frequency). As the DDS output signal level (max

0.4V) is smaller compared to the Agilent one (max 10V) we install a small, ad-

ditional rf-amplifier Minicircuits ZFL-500HLN to deliver the required degree

of pre-amplification.

The radio frequency evaporative sweeps are also controlled by the DDS system.

This signal is amplified by a Minicircuits ZHL-1-2W and transmitted to the

atoms by a small two loop antenna.
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coil pair # of turns diameter [mm] distance [mm] strength [G
A

or G
cm·A ]

Transport 120 100 65 2.8

Transport push 72 100×40 90 0.34 and 0.1

Quadrupole 20 55 20 2.4

Helmholtz 6 95 20 1.2

Auxiliary 36 100 95 0.9 or 0.22

Push 9 50×100 85 0.08 and 0.02

x-TOP 7 45×21 25 0.8

y-TOP 7 45×21 25 0.8

z-TOP 5 86 13 1.3

x-rf (Rect) 27 44×21 18 5.9

y-rf (Circ) 27 21 20 3.2

z-rf 10 72 19 2.4

Table 3.1: Overview of the parameters of the installed coils. (diameter = mean diameter,
distance = distance from atoms’ position, strength = field strength for Helmholtz pair,
gradient for quadrupole pair, or both for a single coil; per 1A (peak amplitude) current)

3.1.3 The laser and imaging system

Diode lasers have developed into a versatile tool in atomic physics [93]. Our laser

system consists of two grating stabilized diode lasers (master and repumping laser),

one injection seeded diode laser (slave laser) and a tapered amplifier, see figure 3.3

for the optical bench layout.

We have installed absorption imaging along the vertical and horizontal direction to

probe the atomic cloud in detail.

3.1.3.1 The master laser

The master laser for cooling is an old version of a Toptica DL100 ECDL (based

on the design of [94], consult for further details), running with an anti-reflection

coated Eagleyard laser diode, giving a maximum output lasing power of 150 mW.

A combination of modulation transfer spectroscopy [95] and methods from Pound-

Drever-Hall frequency stabilization [96, 97] locks the laser to an atomic transition

frequency. This system has the advantage that no sidebands are modulated directly

onto the laser light, which could cause a problem for large detuning sweeps during

the magnetic trap loading stage.

For the modulation transfer spectroscopy a pump-probe set-up with equal intensities

is used. Firstly, one beam with the frequency ωl is transmitted through an EOM

48



3.1. The BEC machine

Figure 3.3: Layout of the main optical table. Drawing extended from [90]. The vertical
imaging system is omitted. The tapered amplifier is placed on an extra bread board not
shown here.
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Figure 3.4: Locking scheme for the master laser.

(Photonics Technology) driven by an oscillator at frequency ωm = 10.15 MHz. The

resultant phase-modulated beam with weak sidebands at ωl ± ωm acts as the pump

passing through an atomic vapor cell. The strong non-linear interactions of the

pump and probe beam with the atomic vapour lead to a four-wave mixing process

which transfers the modulation onto the probe beam itself ([98], [99]). This process

is by far most efficient for the closed transition |F = 2〉 → |F ′ = 3〉, since atoms

cannot relax into other ground states. Furthermore it only takes place when the

sub-Doppler resonance condition is satisfied, removing automatically any thermal

broadening5. The transmitted probe beam with its two sidebands impinges onto

a fast photodiode, which detects the beat signals between the different frequency

components. As shown in ([100],[101]), the two oscillating terms at ωm represent

the in-phase component (absorption) and the quadrature component (dispersion).

A phase-sensitive demodulation (using a mixer Mini-Circuits ZRPD-1+) against

the rf-source6 converts the beat pattern into the desired antisymmetric frequency

discriminator signal. This error signal is fed into a PID controller (Toptica PID 110 )

adjusting the cavity’s grating via a piezo actuator to stabilize the laser’s frequency.

Additionally the error signal is modulated directly onto the the laser diode current

using a bias-tee, giving a fast (up to several kHz) proportional control element,

resulting in a reduced line-width7.

5 Consequently one can only lock to real hyperfine transitions and not to crossover dips as in
Doppler-free saturation spectroscopy.

6 Usually the signal is amplified (Mini-Circuits ZFL-500HLN ) and phase-shifted (Mini-Circuits
JSPHS-12 ) to select the in-phase component resulting in a maximum gradient. For a larger
signal level a mixture of the two signals can be used [102].

7 The exact linewidth has not been measured. From previous results [103] it is estimated to be
∼ 500 kHz which is well below the natural linewidth of the rubidium transition.
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As the light for the modulation spectroscopy is already shifted by an AOM in double

pass-configuration (Crystal Technology 3110-140 ), the laser frequency is actually

stabilized 220 MHz away from the |F = 2〉 → |F ′ = 3〉 closed cycling transition. The

seeding light for the slave8 passes through another AOM in double pass configuration,

enabling us to detune the cooling light up to 80 MHz. Accordingly, the probe beam

path has its own AOM to control its detuning and to allow fast switching for the

probe pulses.

3.1.3.2 The repumping laser

The repumping laser (newer version of Toptica DL100 ) uses standard Doppler-free

saturation absorption spectroscopy [104] and frequency modulation (FM) [101] to

stabilize onto the |F = 1〉 → |F ′ = 2〉 transition. All the involved electronics are

standard Toptica components. The laser current is modulated at 20 MHz by a PDD

110 module, which also carries out the heterodyning of the beat signal and the

internal rf-source. The resulting error signal is fed into the PID controller PID 110,

regulating the grating position to stabilize the laser’s frequency directly onto the

desired hyperfine transition.

3.1.3.3 The tapered amplifier

To have sufficient cooling laser power for the pyramid magneto-topical trap we use a

tapered amplifier (Eagleyard TPA-0780-01000 chip) with a maximum output power

of 1 W in a home built housing. A peltier element is driven by a Newport 350 tem-

perature controller to stabilize the temperature while the diode current is provided

by a Newport 560 current driver. The cooling and repumping light are sent into

the chip simultaneously and the ratio of the intensities of these seeding beams is

adjusted with a wave-plate to give a maximal MOT number. The total laser power

in front of the MOT window is ∼ 350 mW. Details and an optical bench layout are

recorded in Benjamin Sheard’s thesis [90].

3.1.3.4 The absorption imaging setup

Currently the repumping light is sent along the cell direction, while we have two

absorption imaging direction set up, one horizontally perpendicular to the cell, the

other vertically, as indicated in figure 3.5. The horizontal one has no magnification

and is used to image the hot atomic cloud right after the transport sequence down

to quantum degeneracy. This way we can easily check that a sufficient number of

atoms is transfered to the glass cell and the experiment is reliably producing a BEC.

8 In-house built, running with an Sanyo DL-7140-201 laser diode, with a maximum output of
70 mW.
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Figure 3.5: Schematic of the imaging setup, viewed along the cell (direction of repumping
beam). The probe beams are indicated along both directions. The objective sits within the
coil array. Currently the magnification is set to 10.5, the second lens having a focal length
of 400 mm.
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This direction is also used to measure the data for the TAAP trap (position, atom

number, temperature, see chapter 7).

To reach a higher resolution and resolve the atomic cloud in more detail we use

the vertical imaging system. Here we have used several different configurations, but

the one that is currently employed (and should work for the near future) is a four

lens objective to compensate for spherical aberrations of the individual lenses. The

design is based on [105] with slight modification to take the size of the 2 mm thick

glass cell into account. The effective numerical aperture of the system is 0.27, which

enables a resolution of 1.8µm at 780 nm9. The four spherical lenses are assembled in

a brass tube which is mounted on an (x,y,z)-translation stage with additional pitch

and yaw control. The objective has a working distance of 38 mm and sits below the

glass cell, thereby blocking the way for the sliding quadrupole coils as indicated in

figure 3.5. Consequently we now operate the magnetic transfer sequence with the

hybrid method.

9 More details can be found in [106].
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3.2 The control system of the experiment

The control system was newly designed for this experiment; see figure 3.6 for a gen-

eral schematic. The heart of the new system is a field programmable gate array

(FPGA) which controls all analogue and digital output channels. The front end is

written in a high level graphic interface provided by National Instruments Labview,

which collects all necessary information for each experimental run, adjusting param-

eters to predefined rules and prepares the data to be sent to the FPGA via a direct

memory access (DMA) channel.

The radio-frequency signals for the experiment are generated by direct digital synthe-

sizer (DDS) chips. This signal-generating technique is part of many modern digital

frequency sources up to a couple of hundred MHz. We control four DDS chips

directly by using their built-in instruction set, enabling us to adjust the output

frequencies almost arbitrarily10.

This following section gives more extensive details as it is intended to be a self-

containing reference manual for future experimental work. Additionally, some of

the presented solutions have been rather time consuming and therefore qualify for a

more detailed discussion.

3.2.1 The FPGA system

A field programmable gate array (FPGA) is an integrated circuit for onboard pro-

cessing and flexible I/O operation. It consists of programmable logic blocks which

can perform complex combinational functions or simple logic gates and memory el-

ements in form of flip flops. The National Instruments PCI-7813R board uses a

Virtex-II 3M gate FPGA chip, allowing us to program it in similar fashion as nor-

mal Labview VIs. To the FPGA board’s digital output lines two NI 9151 expansion

chassis are connected, each hosting four I/O modules (see figure 3.6). In total our

system supplies 20 analog outputs, 32 analog inputs, 32 digital input/output lines

and 4 thermocouples. The primary task of the FPGA is to run the main output

loop, thereby controlling all experimental sequences deterministically.

The front-end of the experiment output control consists of a Labview VI where

the user inputs an experimental sequence in form of a two dimensional matrix,

see figure 3.7. Here each column represents one timestep of the desired duration,

specifying the output state for each output channel (different rows). The program

performs a range of transformations and inserts more timesteps if needed (e.g. when

ramping between two values, taking delays of channels into account, using look-up

tables etc., symbolized by ­ in figure 3.7) before initializing each experimental run.

10 We only became fully aware of the capabilities and usefulness after we realized that the
elaborate electronics for the barrier rotation scheme from [107] could be superseded by a pure
amplitude and phase modulation of two signals, see appendix C.
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Figure 3.6: Schematic of the experiment control. The FPGA box consists of 2 expansion
chassis with its 8 modules which are wired to the front-panel BNC connectors. The FPGA
board triggers the NI 6534 digital board of the DDS system. The communication of Labview
and the FPGA board at ¬ is displayed in more detail in figure 3.7. Note: The NI 9263
analogue outputs can only drive a current of 1 mA.
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Figure 3.7: Structure of the communication of the Labview front-end and FPGA board.

Thereafter each timestep consists of 22 unsigned 32 bit numbers: 1 for the length of

the timestep, 1 to set all 32 digital lines and 20 for the 20 analog outputs. Subsequent

concatenating all timesteps transforms the 2D matrix into a 1D array which is sent

via a DMA channel to the FPGA board.

The FPGA configuration is written in Labview, which avoids us having to use low-

level hardware description languages or extensive board-level design. The code is

compiled once and downloaded onto the chip11. It comprises 3 loops (output loop,

input loop and the thermocouples loop), all running in parallel and independently

with real-time precision. The main clock of the FPGA runs at 40 MHz, but the lim-

iting performance for the output loop is set by the use of the fully loaded expansion

chassis, which drops the update rate to 12µs. Additionally, the digital-to-analog-

converters (DAC) have a slew rate of 4 V/µs. For these reasons the shortest pulse

length (e.g. a state change like low → high → low) has been software limited to

15µs, which has not posed any limitation for the experiment so far12. For any longer

pulse, its duration can be controlled in 1µs steps.

The output loop uses a pipelining structure: While the 20 AO and 32 DIO are

updated simultaneously (the DIOs are slightly delayed to compensate for the analog

slew rate), the next 22 array elements are read in from the DMA channel. This takes

∼ 5µs, i.e. faster than the minimum pulse length, not causing any restriction. After

updating the outputs, the program halts for the timestep length, before initializing

11 The compilation takes approximately 30 min and only needs to be performed if changes are
made to the FPGA configuration. As the code is mature this is rarely the case. The code
currently uses ∼ 65% of the Slices, which is a measure of the FPGA’s utilization.

12 It should be noted that this limit could be easily surpassed for digital channels (e.g. the TTL
signals used for probe laser pulses) by connecting directly to the FPGA board without the
use of expansion chassis, but this would require a change in the program architecture.
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the next loop iteration.

The other two loops, the input loop and the thermocouples loop, are used solely for

monitoring processes on a slow, ∼seconds timescale (temperature of coils, ambient

room temperature, laser power in MOT beam, ion pump currents, current in MOT

coils, etc.).

3.2.2 The DDS system

The hardware for the DDS system is similar to that in a previous experiment [108],

where it is used to drive a pair of acousto-optic deflectors to create a rotating optical

lattice13. In our system we employ the exact same hardware but use a new control

software. This was necessary as conceptual differences in the approach of how to

control the different chips started to show insuperable difficulties. This justified a

fresh, bottom-up approach, tailored to our application of rotating potential geome-

tries. As shown in appendix C, the rotation of elliptical polarization (or an elliptical

TOP-trap) can be achieved by a combination of amplitude and phase-modulation.

Since we want to rotate the polarization about an arbitrary axis we therefore need

to control phase and amplitude of three rf-signals simultaneously.

3.2.2.1 The DDS chip and the hardware architecture

The DDS chip used here is the AD9852 from Analog Devices, mounted onto its

factory built evaluation board14. Four of these evaluation boards, each fitted with

some additional buffers for the chip select feature (and some switches which are not

of interest here), are connected in parallel to a main backplane data bus. The whole

system is enclosed in a metal rack, referred to as the DDS box, which also houses the

local crystal oscillator and power supplies. There is also a signal combiner circuit

which is currently not used in this experiment. The rack is connected via a 68pin

cable to a digital board in the experiment control PC (NI 6534, see below).

Each AD9852 DDS chip utilizes the local quartz crystal oscillator, running at 60 MHz,

as an input clock: using its phase-locked loop multiplier circuit it derives a 300 MHz

master clock signal, limiting the output frequency to 150 MHz according to the

Nyquist–Shannon sampling theorem. The DDS chip has 48 bit frequency resolution

(which for a 300 MHz clock result in ∼ 1µHz steps), 14 bit phase offset registers,

12 bit controllable DACs (digital-to-analog converter) for the output signal ampli-

tude and a variety of in-built frequency functions (e.g. ramped/unramped frequency

shift keying, chirp). The output signal level is 0 − 0.4 V (driving a maximum cur-

rent of 5 mA) and contains an amplitude independent noise floor; consequently it is

desirable to use the maximum amplitude range as much as possible.

13 See the thesis of Ben Fletcher for details [109].
14 A first iteration of this design without the use of the evaluation board had proved unsuccessful,

see [109]. For more details on the chip see its datasheet [110].

57



3.2. The control system of the experiment

Figure 3.8: Structure of the DDS instruction. (NC = not connected to DDS. Bit 6 and
7 are connected to the front panel of the DDS box and can be used for eventual monitor
purposes.)

We communicate with the DDS chip in parallel I/O mode, allowing access to write

to any register in a single operation: In each parallel operation, a register containing

8 bit information is addressed by a 6 bit long number15. As an example, a full 48 bit

update of the output frequency requires access to 6 different registers16.

Within the DDS box, each channel is fitted with a buffer register, that only transfers

data to the DDS chip if the particular channel is selected. This way all 4 chips can

be updated by one instruction with the same data at the same time. Even when the

chips need to be updated with different data, the actual output value can be updated

simultaneously; the values written into the DDS chip’s programming registers are

only shifted to the active core on a clock signal on the I/O pin (which is connected

to bit 18 of the digital board). Therefore we can update phase and amplitude (or

any other feature) of each channel independently, while the changes become active

simultaneously on the next rising edge of the I/O pin.

The real-time control of the DDS box is achieved by a digital board (National In-

strument NI 6534), which sends instructions as 32 bit words to the DDS box. See

figure 3.8 for the configuration of each bit. The ten chip select bits enable the data

to be sent to the specific channel: the system is modular so it could be scaled up

to ten evaluation boards, each being connected to the backplane in the DDS box

and having its own chip select line. As mentioned earlier, the I/O update bit acti-

vates all changes made to the DDS chips’ registers, while the master reset bit sets

all channels back to the factory default value. For completeness and reference, in

appendix D the initialization of the DDS chips is exemplified.

The digital control board (NI 6534) possesses 2× 32 MB onboard RAM and can be

clocked at a maximum rate of 20 MHz, resulting for continuous pattern generation

15 See page 32 of the datasheet [110] for an overview of all accessible registers and their respective
function.

16 In parallel update mode the DDS can be updated at up to 100 MHz, which never sets the
limit on the performance of the system.
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3.2. The control system of the experiment

in 32 bit transfer mode in 80 Mbyte/s. The DDS instructions are assembled by a

Labview VI which transfers the data to the onboard memory. During the experi-

mental run the FPGA system triggers the digital NI 6534 board which commences

updating of the DDS chips at a constant rate.

Besides controlling the rotation sequence with the DDS, we use the fourth DDS

channel for the evaporative radio frequency sweeps. These sweeps usually last 30−
40 s, meaning that the update rate has to be lowered from its maximum value as

otherwise the memory would be insufficient. On the other hand the update rate

needs to be as high as possible during rotation, see next section. To reconcile these

competing requirements we would need to adjust the update rate but this cannot

be done dynamically while the NI 6534 outputs data. We circumvent this problem

by resetting and reloading the board after the evaporation phase; this forces a wait

stage of approximately 400 ms after the main evaporation sweep in the experimental

sequence.

3.2.2.2 Implementation of arbitrary rotation

To instigate rotation in our systems we use the rotation of an ellipsoidal geometry: In

the case of the shell potential we slightly deform the circular polarization, resulting

in an asymmetry in the potential, see figure 2.5. The subsequent rotation of this

ellipse with an angular frequency ωη(t) spins up the atoms. We refer to this method

as the ellipse rotation scheme. A second rotation procedure is the gold pan rotation

scheme, where the plane of the circular polarization is tilted periodically, see figure

3.917.

We concentrate here on the ellipse rotation and investigate how phase and angle

discontinuities scale due to the digital character of the DDS updates. With the

rotation angle η of the ellipse a phase β(η, ε) and amplitude B(η, ε) of the two rf-field

signals are associated, where ε describes the eccentricity of the ellipse, see appendix

C. A large change ∆η leads to an abrupt angle jump, displacing the potential, which

could cause parametric heating. More importantly, any change ∆η causes the rf-field

vector to change by ∆Brf (η, ε), which could violate the adiabaticity condition and

cause losses.

The magnitude of ∆Brf (η, ε) is related to the timing of the angle change, see figure

3.10. In the left scenario the angle changes and the field vector immediately jumps to

the same position in the cycle of the rotated ellipse. In a different, more elaborate

scheme the angle jump could be delayed, till the field vector sweeps through the

crossing for the new ellipsoidal path (right side of figure 3.10). This latter scenario

exhibits a discontinuity in the first derivative, rather than in the function itself.

17 Besides rotating the sample, this method could be used to time-average the coupling variation
at the bottom of the shell potential.
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3.2. The control system of the experiment

Figure 3.9: Visualization of the gold pan rotation scheme (reading top left going clock-
wise). The field vector (black arrow) sweeps out a circular path at the rf-radiation (or
TOP field) frequency, while the rotation axis oscillates around a static axis (movement
similar to the precession of a gyroscope).

Figure 3.10: Schematic of a discrete angle jump during the rotation. Further explana-
tions in the text.
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3.2. The control system of the experiment

Albeit being more elegant it seems infeasible for the rf-domain: at frequencies in the

MHz range a synchronized angle change puts stringent conditions onto the control

system and has not yet been tested in our setup.

Consequently we evaluate the change in the rf-field vector ∆Brf (η, ε) in the ellipse

rotation scheme, depicted by the red-arrow in figure 3.10 a). As the jump happens

to the same position in the ellipse cycle, the length of the field vector does not

change; it simply moves on a circle of constant Brf . In the semi-classical picture

this sudden phase jump can be interpreted as a sudden rotation of the effective B-

field, thereby rotating all basis-states around the z-axis. The new, rotated states

are mixtures of the previous basis. Large phase jumps will lead to non-negligible

transition probabilities to untrapped states and result in atom losses from the dressed

state potential [111]. To estimate the probability to remain in the same, trapped

dressed stated we calculate the overlap between two basis states. (Primed quantities

belong to the rotating basis, see equation 2.49, R symbolizes the state rotated by

∆η.)

p|m′F 〉(ξ,∆η) =
∣∣∣〈m′F |m′F 〉R∣∣∣2 =

∣∣∣〈mF | e−
i
~ ξFye

i
~∆ηFze

i
~ ξFy |mF 〉

∣∣∣2
p|−1′〉(ξ,∆η) =

1

16

[
3 + cos(∆η) + 2 cos (2ξ) sin2

(
∆η

2

)]2

(3.1)

The atoms are usually trapped on resonance, i.e. δ = 0 ⇒ ξ = 90◦, which (unfor-

tunately) minimizes the above expression (which is evident for symmetry reasons

too).

p|−1′〉(90◦,∆η) =
1

16

[
3 + cos(∆η)− 2 sin2

(
∆η

2

)]2

= cos4

(
∆η

2

)
(3.2)

Using a Taylor expansion we see that the probability to remain in the trapped

dressed states scales quadratically (here ∆η in radians).

p|−1′〉(90◦,∆η) ≈ 1− ∆η2

2
(3.3)

Therefore, halving the size of an angle jump decreases the probability to lose the

atom by a factor of four. Consequently more small jumps are better than fewer,

bigger jumps to cover the same total angle.

During a rotation sequence many angle jumps need to be performed: for a total

time T at a frequency f a total of ηT = (360◦ · f · T ) degrees are covered. During

the time T the digital board can update the ellipse position (phase and amplitude
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Figure 3.11: Plot of the probability to remain in the trapped state (on resonance) vs size
of phase jump. The inset shows the interested region in detail.

of all channels) n times, every ∆tu seconds. Therefore the angular size of a jump is

∆η =
360◦ · f · T

n
. (3.4)

We calculate the maximum number of updates n the following way: To refresh one

channel three instructions are needed, as the chip select needs to be triggered (low→
high → low). To update the phase and amplitude of one chip two programming

registers have to be accessed respectively. In total, to adjust phase and amplitude of

three channels, 3 ·4 ·3+1 = 37 instructions are needed, the last instruction being the

update command. The digital board possesses a memory of 64 Mbyte = 16 million

32 bit words, therefore n ≈ 432432 18.

As a typical example, for a long (T = 2 s) and fast (f = 50 Hz) rotation the phase

jumps computes to ∆η = 360◦·2·50
432432

≈ 0.0832◦, which has a negligible transition proba-

bility to non-trapped states. But as there are n steps, the total probability to remain

in the same states for the total rotation sequence computes to

pT|−1′〉(90◦, ηT ) =
[
p|−1′〉(90◦,∆η)

]n
pT|−1′〉(90◦, 36000◦) =

[
p|−1′〉(90◦, 0.0832◦)

]432432 ≈ 0.63 (3.5)

It should be remembered that this is an upper limit. The experimentally observed

losses are smaller and could not be discriminated from the losses inherent to adiabatic

potentials. One explanation for this stems from the amplification of the rf-signals:

even if the DDS can generate ‘instantaneous’ phase jumps, any real amplifier of

finite bandwidth (here 130 MHz) will smooth them out, as a sudden phase jump

corresponds to an infinite frequency. This gives the system time to follow the field

18 Note that for durations with T < 0.8 s the update rate of 20 MHz of the digital board becomes
the limiting factor.
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3.2. The control system of the experiment

vector adiabatically.

Furthermore the same ellipse rotation scheme is used for the elliptical TOP trap

rotation. The phase jumps happen analogously when the local magnetic field makes

a sudden change. Again, we do not detect losses associated with small angle jumps.
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Chapter 4

Creation of a Bose-Einstein
condensate

This section reviews the BEC production with our apparatus. For a more in depth

discussion the thesis of Benjamin Sheard [90] can be consulted.

In our system the formation of a rubidium-87 condensate can be summarized as

follows. We collect 3·109 atoms in a pyramid magneto optical trap. Subsequently the

magnetic quadrupole trap captures one third of this ensemble in the |1,−1〉 Zeeman

substate. The trapping coils slide to the science cell end of the vacuum chamber

over 1.5 s. Here the atoms are transferred into a second, tighter quadrupole trap

where a first rf-evaporative cooling phase is applied for ∼ 10 s. Thereafter the TOP

trap field is turned on. The final forced rf-evaporation stage lasts ∼ 30 s, producing

a pure condensate of up to 5 · 105 atoms.

The following sections explain these various stages in more detail.

4.1 Laser cooling and trapping

In this work laser cooling refers mainly to its first implementation of Doppler cool-

ing. Doppler cooling is based on the dissipative force arising from selective multiple

scattering events of photons by an atom [1, 112]. The general strategy is to apply a

net momentum transfer counteracting the atomic motion by stimulated absorption

of photons propagating anti-parallel to the atom’s trajectory. The direction of the

net momentum from the subsequent spontaneous emission processes average to zero

due to their random nature. To achieve the desired imbalance in scattering events

the incident photons are detuned to the red with respect to a cyclic atomic transi-

tion. The Doppler effect shifts the counter-propagating photons closer to resonance,

leading to an increased absorption rate of photons out of this direction and the

desired net momentum transfer. Consequently, placing laser beams along all three

spatial dimension forms an optical molasses which creates a viscous confinement for

the atom [3]. However, in this process only a small number of atoms in a matching
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4.1. Laser cooling and trapping

velocity class interacts with the laser, before the Doppler effect shifts the moving

atom again out of resonance. To circumvent this limitation and cool the atom over a

larger velocity range, one can either change the laser frequency (chirp cooling [113])

or adjust the atomic transition frequency gradually (Zeeman slower [114]).

The lowest achievable temperature from this Doppler cooling process is set by the

random walk of the atoms in momentum space, since in each spontaneous emission

process a momentum of ~k is transferred onto the atom in a random direction

[115]. Therefore even when 〈v〉 = 0, the mean of the square velocity remains finite,

〈v2〉 6= 0, growing linearly with the number of scattering events. This heating

mechanism is balanced by the cooling Doppler force at the Doppler temperature

which calculates to TD = ~Γ
2kB

= 146µK for rubidium-87. The additional, in a

standing wave geometry inherent, cooling mechanism of polarization gradient cooling

([116], [117])1 can cool the atoms towards the recoil limit TR = ~2k2
mkB

= 361 nK, which

sets a lower temperature limit for cooling schemes relying on continuous fluorescence

cycles2.

However, the above cooling schemes only confine the atoms in momentum space and

do not result in trapping in real space; this can be achieved by the magneto-optical

trap (MOT).

4.1.1 The principle of a magneto-optical trap for rubidium-
87

The magneto-optical trap combines the three dimensional optical molasses with a

weak quadrupole magnetic field which results in a splitting of the different Zeeman

sublevels [4]. The laser beams are circularly polarized in such a way, that the atom

is likely to scatter more photons out of the directions opposing the magnetic field

zero. This results in a time-averaged restoring force to the center of the trap; the

atoms are cooled and trapped.

Figure 4.1 visualizes the conceptual idea for a F = 0→ F = 1 transition. Rc defines

a capture range of the MOT, which is given by the position where the laser radiation

is resonant. This can be used to estimate a maximum capture velocity vc; in the

best case an atom can be decelerated by the maximum Doppler-force over the whole

trap size 2Rc. Typical capture velocities are of the order of ∼ 30 m/s. This explains

how a MOT can be loaded from a hot, thermal gas, as it is done in this experiment,

by capturing all slow atoms from the Maxwell-Boltzmann distribution [120, 121].

1 In the σ+−σ− case the motion-induced rotation of the polarization axis leads to a population
imbalance of the Zeeman sublevels. The increased scattering of counter propagating photons
results in an additional friction force.

2 For completeness we mention that there are sub-recoil cooling schemes like velocity selective
coherent population trapping [118] and Raman cooling [119] which can go below the recoil
limit.
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4.1. Laser cooling and trapping

Figure 4.1: Level scheme for a magneto-optical trap in the case of a F = 0 → F ′ = 1
transition. The upper Zeeman sublevels split due the constant field gradient. For z > 0
(z < 0) the atoms is more likely to absorb a photon from the σ− (σ+) beam, resulting in
a restoring force.

Upon loading the MOT, its volume remains initially constant (Gaussian shape)

while the density grows. Eventually the density reaches a critical value, where mul-

tiple scattering events of the same photon set in. This process limits the MOT to a

constant density and leads to a spatial expansion of the cloud. In the former stage

predominantly linear processes contribute to the trap losses, which are mainly col-

lisions with hot background atoms. Non-resonant excitations away from the closed

cycling transition are corrected with the repumping laser, see below. The subsequent

density increase with an increasing atoms number speeds up additional quadratic

loss mechanisms; we briefly mention here the possibility of photo association, radia-

tive escape and hyperfine changing collisions. The above outlined restrictions limit

the achievable phase space density with laser cooled atoms typically to 10−5 to 10−7

[122]3.

For our rubidium-87 magneto-optical trap the cooling laser light is frequency detuned

by an amount δ ≈ 4Γ (Γ is linewidth of excited state, 6 MHz) below the cyclic

transition F = 2 → F ′ = 3. There exists a finite chance for the atoms to be

excited to F ′ = 2 from where they can decay to F = 1 and F = 2 with equal

probabilities4. Atoms that have relaxed to F = 1 need to be pumped back into the

cooling cycle with the help of the repumping laser, which is stabilized resonantly to

the F = 1→ F ′ = 2 transition.
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4.1. Laser cooling and trapping

Figure 4.2: Energy level diagram of the hyperfine structure for rubidium-87. All upper
states of the D2 line have the same gF factor.

Figure 4.3: Schematic of pyramid-magneto optical trap. a) Side view, principal of op-
eration: One large circularly polarized beam creates all necessary light polarizations and
directions. b) View from TOP: The MOT position cannot be above the mirrors’ intersec-
tions.
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4.1. Laser cooling and trapping

4.1.2 The pyramid magneto-optical trap

The design of the magneto-optical trap for this experiment is based on the one

developed in [125]: it uses four mirrors arranged in an inverted pyramid geometry

to capture a large number of atoms at its center [126]. This design has the advantage

that only one large beam is needed, as the light is recycled by the two reflections as

can be seen in figure 4.3. This also facilitates the adjustments of the beam direction,

its polarization and its power during the MOT operation. However, at the same time

it leads to a reduced flexibility. For example, it is impossible to balance the beam

powers perfectly as the mirrors are not perfectly reflecting and a large cloud casts

a shadow, which inhibits an efficient molasses stage cooling. Further any optical

pumping before the magnetic trapping stage is restricted. In our setup we could

potentially send a pumping beam along the vacuum chamber directions; this has

not been tested and is complicated by the MOT’s position, see below.

The pyramid consists of four triangular glass substrates that are specially coated to

achieve the same phase-shift for s- and p- polarization for reflections under 45◦. The

four separate blocks are bolted together into one unit inside a retaining ring. This

assembly procedure leads to small, sub-millimeter wide, gaps between the individual

blocks. It was found that these intersections make it impossible to capture atoms

above them. At these positions no upward beam is present and this results in the

atoms being pushed downwards out of the trap. For this reason the MOT position is

moved towards one mirror to minimize this loss channel, see figure 4.3. This lateral

movement with respect to the transport axis required the use of the additional

horizontal transport coil to steer the atoms out of the pyramid chamber.

During the magneto-optical trap operation we monitor the clouds shape and size on a

CCD camera. This image is formed as by a lens in 2f -2f configuration. The strategy

of this magneto-optical trap is to achieve a large atom number and disregard the

temperature, as the transport process will introduce further heating. We empirically

choose values for the detuning and magnetic field gradient to maximize the trapped

atom number. Further adjustments can be made with the compensation coils to

move the quadrupole field zero. The incoming beam can be displaced laterally

since its telescope is mounted onto a xy-translation stage. Additionally the ratio

of cooling and repumping light into the tapered amplifier is adjusted. After careful

optimization of all parameters the MOT captures > 3 · 109 atoms in a loading time

of about 10 s.

Before loading the atoms into the magnetic trap we apply an additional molasses

type cooling stage for 40 ms, where we detune the cooling laser up to 60 MHz while

decreasing the gradient to 5 G/cm. It has to be mentioned that this cooling stage has

been empirically optimized to load a maximum number of atoms into the magnetic

3 Higher phase space densities are attainable in lattice configurations [123, 124].
4 Depending on the detuning, this process happens in around ∼ 1

500 of all excitations.
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trap. As mentioned in section 3.1.2 the switch-on of the magnetic trap highly distorts

the cloud, preventing any mode-matched loading process, complicating to explain

the exact dynamics of the loading procedure. We switch off the repumping laser 1 ms

before the cooling light, so that all atoms accumulate evenly among all substates of

the F = 1 manifold.

4.2 Magnetic transport and trapping

The principle of magnetic trapping was explained in section 2.2. From Maxwell’s

equations is follows that a magnetic field can not have a local, static maximum

in free space, consequently only low field seeking states can be trapped in static

magnetic fields. Popular magnetic trap geometries that are often used to confine

neutral atoms are the quadrupole-Ioffe-configuration trap [127], the baseball trap

[128] or the here used time-orbiting potential trap [129], see below in section 4.2.2.

Further the displacement of magnetic traps has become a versatile tool to move

atoms over larger distances and to transfer them from the high pressure region into

the ultra-high vacuum chamber [130]5.

4.2.1 Magnetic transport by a moving quadrupole trap

With the help of the discharge circuit the magnetic quadrupole trap is turned on in

∼ 1 ms after the molasses cooling stage. A faster rise time increases the undesired

sloshing motion, while a too slow timescale results in additional heating. Again, the

parameter is adjusted empirically as the sloshing makes mode-matching considera-

tions obsolete. Nevertheless, with 1 · 109 atoms we capture the expected one third

of the MOT atom number.

The quadrupole coils movement starts 200 ms later to give the atoms time to equili-

brate in the new potential. Simultaneously the lateral push coil slowly displaces the

cloud position onto the line of sight of the differential pumping tube. For the subse-

quent motion of the transport coils the following consideration are made: Firstly the

atoms have to move quickly out of the region of high pressure, as the short lifetime

causes substantial atom losses. Secondly the acceleration of the trap will lead to

heating. Again, as the strategy is to achieve a large atom number rather than a

low temperature, the movement profile is adjusted to use the maximum acceleration

of the rail to move the atoms out of the high pressure region. The total transport

sequence takes ∼ 1.5 s. Generally we do not observe differences in the temperature

of the atoms after the transport for different accelerations; this is mainly due to the

already high temperature of the atoms of about 1 mK.

The transport sequence delivers reliably 60 % of the atoms to the final trapping

position. The losses are attributed to collisions with the background gas in the

5 Such a transport can also be achieved by displacing an optical trap [131].
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high pressure pyramid chamber and remaining collisional losses with the vacuum

chamber’s walls. At the final position the atoms are transferred into the second

quadrupole trap which later forms the TOP trap. In this quadrupole trap a first

evaporative cooling stage is implemended. After an adiabatic compression by ramp-

ing the gradient to 400 G/cm (radial gradient) to increase the elastic collision rate,

a 10 s long evaporative sweep from 120 MHz to 20 MHz is performed. This cools the

sample to to ∼ 20µK and reduces the atom number to 1 · 108. In this domain we

start to observe the onset of substantial Majorana losses which makes it necessary

to transfer the atoms into the TOP trap, see next section 4.2.2.

In addition to the above simple transport sequence it was tested if multiple loading

cycles are possible: Hereby atoms are stored in the second quadrupole while the

MOT is reloaded. Another transport process transfers additional atoms to the low

vacuum end and merges the two quadrupole traps [132]. This process was found

to be feasible in principle; however, the resulting atom number at the final position

remained close to constant. The light from the operation of the magneto-optical

trap causes losses which almost exactly counterbalance the newly transported atom

number6.

Further to the simple transport sequence, where at the end the two quadrupole

traps fully overlap, a hybrid magnetic transfer and magnetic transport has been

tested. This becomes necessary when a high numerical imaging system is installed,

as the sliding coils cannot reach the final, overlapping position anymore. During

this hybrid sequence the sliding quadrupole stops ∼ 9 cm short of the final position.

This last distance is covered by switching the auxiliary coils and longitudinal push

coil to displace the trap center toward the final trapping position. It was found that

this transfer also functions as anticipated, giving slightly hotter and fewer atoms at

the final position; these slightly less favorable starting condition result in a slightly

smaller BEC compared to the one from a pure transport sequence7.

4.2.2 The TOP trap

As described in section 2.3.5 it is not possible to confine ultracold atoms for long

storage times in a quadrupole trap as the degeneracy of the Zeeman sublevels leads to

large Majorana losses. To circumvent this shortcoming we employ a time-orbiting

potential (TOP) trap, where a rotating bias field is introduced, which displaces

center of the the static quadrupole trap periodically. This shift happens at a rate,

that is too large for the atom’s center of mass motion to respond to and results in

the atom experiencing a time-averaged potential [129]. The rotating bias field can

6 This process has not been investigated in detail. It could be possible to load the atoms into
the TOP trap with a large bias field to achieve a larger detuning and less scattering for the
repumping light.

7 Since completing this thesis we have optimized the hybrid sequence (adjusted timings and
strength of currents) which now produces condensates of comparable size.
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Figure 4.4: Schematic of the time-orbiting potential trap in the xy-plane. The gray
colored arrows symbolize the quadrupole potential that rotates at a radius of r0 around the
atoms’ position. The larger dashed circle depicts the position of the evaporative rf-surface,
the smaller one illustrates the rf-dressing field surface, introduced in later sections.

be described by

BT (t) = BT [cos(ωT t)ex + sin(ωT t)ey]. (4.1)

This field displaces the origin of the quadrupole onto a radius of r0 = BT
B′q

. We assume

the magnetic moment can follow the orientation of the local magnetic field adiabat-

ically at all times. In combination with the quadrupole field the total potential

reads

U(r, t) = gFmFµB

[(
B′qx+BT cos(ωT t)

)2
+
(
B′qy +BT sin(ωT t)

)2
+
(
2B′qz

)2
] 1

2

(4.2)

The potential for the center of mass motion of the atom is given by the time-average

over one oscillation period which can be expanded in a power series as

UT (r) =
ωT
2π

∫ 2π
ωT

0

U(r, t)dt

≈ gFmFµBBT +
gFmFµBB

′2
q

4BT

(
x2 + y2 + 8z2

)
+ . . . (4.3)

For the harmonic region we can deduce the trapping frequencies to be

ωr = ωx = ωy = B′q

√
gFmFµB
2mRbBT

(4.4)

ωz =
√

8ωr = B′q

√
4gFmFµB
mRbBT

(4.5)

In our experiment the TOP field rotates at 7 kHz, which is too fast for the atomic

motion to respond to as it is substantially larger than the involved trapping frequen-
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4.3. Forced rf-evaporation and detection of the phase transition

cies, which do not exceed a few 100 Hz.

The TOP trap has an inbuilt evaporation mechanism: The orbiting quadrupole zero

introduces spin-flips at the radius r0 which therefore sets the depth of the trap to

UT,max = gFmFµBBT
4

. In our setup we can reach TOP field of up to 40 G which

gives trap depth of 335µK. The gravitational force distorts the above potential and

displaces the equilibrium position of the atoms by

∆z =
mRbgBT

2B′qgFmFµB

√
1− m2

Rbg
2

4µ2BB
′2
q

(4.6)

=
ρBT

B′q
√

1− ρ2
(4.7)

where ρ = mRbg
2gFmFµBB′q

is the ratio of the gravitational force to the magnetic force

from the static quadrupole. For tight traps, ρ & 2, it hardly changes the dynamics,

while for weaker traps, 1 . ρ . 2, the gravitational sag becomes comparable to the

size of the cloud. Simultaneously the axial trapping frequency decreases relative to

the radial one as a result of a more spherical effective potential. For ρ < 1 the atom

is not supported by gravity anymore8.

It should be noted that in addition to the macroscopic motion in the harmonic

oscillator potential the rotating bias field introduces a micromotion of the atoms

in the trap. But since all the atoms are following this motion in phase it leads to

negligible heating.

Before the switch-on of the bias field we adiabatically decrease the quadrupole gra-

dient to 50 G/cm (radial gradient). This cools the trapped atoms and allows us

to turn on the TOP bias field with a lower value which reduces the distortion of

the potential. Nevertheless this non-adiabatic switch-on of the bias field results in

heating. In principle it would be possible to jump the quadrupole gradient simul-

taneously with the bias field switch-on, thereby achieving a better mode matching

between the two equilibrium distributions of the different potentials. This was found

unnecessary in our setup and is not implemented as it complicates the coil current

control. Upon loading we start to perform an adiabatic compression by ramping up

the quadrupole gradient to its maximum value which increases the elastic collision

rate. For the same reason we lower the TOP field during the evaporation sequence.

4.3 Forced rf-evaporation and detection of the phase

transition

In forced radio frequency evaporation atoms with above average energy are contin-

uously removed from the sample, thereby leaving the remaining cloud colder after

8 To balance the gravitational force it requires ∼ 30 G/cm for the |1,−1〉 state of rubidium-87.
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rethermalisation [5, 133]. We use two radio frequency evaporation stages to reach

Bose-Einstein condensation. The first one is performed in the tight quadrupole trap

to cool the sample well below the trap depth of the TOP trap. The second one in the

TOP trap cools the dilute gas to quantum degeneracy, forming the Bose-Einstein

condensate.

To transmit the rf-radiation to the atoms’ position we use a small, two loop antenna.

The frequency sweeps are generated by the DDS system and usually last around 40 s.

The rf radiation introduces an avoided crossing (as explained in section 2.3) which

for the quadrupole geometry forms an ellipsoidal resonant shell. This ‘rf-knife’ cuts

off the hottest atoms of the ensemble while it shrinks with decreasing rf-frequency,

thereby constantly removing particles with above average energy.

As mentioned above, in the quadrupole evaporation stage we start at the maximum

attainable frequency of 120 MHz9 and ramp it down to 20 MHz over 10 s. This pre-

cooled (T ≈ 20µK) cloud is loaded into the weak TOP trap (ωr = 2π ·22 Hz). In the

TOP trap evaporation the resonant shell follows the radial motion of the magnetic

field. For evaporative cooling the frequency needs to be (~ωR) > (gFmFµBT =

BT ·0.7 MHz/G) for the |1,−1〉 state, i.e. the frequency needs to well above the trap

bottom. The position of this resonant shell is depicted in the figure 4.4 as the larger

dashed circle with rR = ~ωR
gFmFµBB′q

. We preferentially remove the atoms from the sam-

ple with the rf-knife than the quadrupole zero, requiring that ~ωR < 2gFmFµBBT or

rR < 2r0 at all times. We observe a higher efficiency and a better selectivity for this

configuration. In the case of equality of this relation both knifes overlap in position

space. The rf-knife’s size can be tuned by adjusting the power, but the knife caused

by the orbiting B = 0 has an intrinsic width. For this reason we find it easier to cool

with an rf-knife in a constant trap and subsequently to increase the confinement in

a more step-like fashion (ramp gradient up, TOP field down in 500 ms) before the

next continuous rf-sweep. Ramping the trap confinement continuously also presents

the danger of induced parametric heating when the trapping frequencies cross a fre-

quency equivalent to twice a noise signal’s fundamental or higher harmonics thereof

(e.g. 50 Hz noise). The main reason for reducing the TOP field remains the increase

in confinement, which typically reaches around ωr = 2π · 80 Hz.

The rf-evaporation ramp produces reliable condensates of up to 5 · 105 atoms which

are detected using absorption imaging, see below. When loading the TAAP trap we

usually halt the evaporation (0.1 − 1) MHz above the trap bottom to load a cold

thermal cloud rather than a BEC.

9 The DDS could generated signals up to 150 MHz but as the antenna-circuit is tuned to lower
frequencies the amplifier cannot drive a large current into the load at these high frequencies.
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4.3. Forced rf-evaporation and detection of the phase transition

4.3.1 Absorption imaging

The detection of the atoms is done by standard absorption imaging10. In absorption

imaging the atom number is deduced from the measured optical density of the cloud:

After passing through the cloud, the intensity I of the probe beam becomes (Beer’s

law, cloud optically thin)

I(x, z) = I0(x, z)e−D(x,z) (4.8)

where D is the optical column density. The latter is given by the atomic density

n(x, y, z) and the absorption cross-section σc(I, δ)

D(x, z) =

∫
σc(I, δ)n(x, y, z)dy

D(x, z) =

∫
σ0

1 + I(x,z)
Isat

+ 4 δ
2

Γ2

n(x, y, z)dy (4.9)

(σ0 = 2.9 · 10−9 cm2 resonant absorption cross section, Γ = 2π · 6 MHz natural

linewidth of the excited state, I0 = 1.66 mW/cm2 saturation intensity for σ-light

for rubidium 87). When a BEC is trapped with reasonable confinement (trapping

frequencies on the order of 10’s to 100’s Hz) its Thomas-Fermi size extends over

only 10’s of microns which results in exceedingly high optical densities. The cloud

becomes optically thick and little resonant light is transmitted. As this is undesirable

most images are taken after a certain time-of-flight expansion. When the trap is

abruptly removed, the interaction energy (Eint = 2
7
µN , 2

5
of the total energy) is

converted into kinetic energy and the cloud expands [134]. Usually after ∼ 20 ms

sufficiently low optical densities are reached (D < 2). As the chemical potential is

strongly dependent on the strength of the confinement (trapping frequencies), this

effect is less pronounced for very weak traps. Another workaround is imaging with a

small, finite detuning; however, this can suffer from the modulation of the refractive

index across the cloud11.

To take an absorption image, three pictures are collected: The first C1 with atoms

and light present giving I(x, y), the second C2 with only light present giving I0(x, z),

and an additional dark picture C3 to account for the dark current in the camera

which can be subtracted from C1 and C2. At each pixel (i, j) of the camera’s CCD

the different number of counts C(i, j) (count = quantum efficiency × intensity ×
area) allows one to calculated the atom number within a column of area A. From

equation 4.8 in combination with a discretized by such an area A (with constant

10 During few experiments (TAAP ring, section 8.2) the system used fluorescence imaging. This
is not addressed here.

11 This effect is exploited for a larger detuning in phase-contrast imaging [135].
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4.3. Forced rf-evaporation and detection of the phase transition

intensity and cross section) the atom number per pixel becomes

N(i, j) =

∫
y

∫
A

n(x, y, z)dAdy

= − A

σ(I, δ)
ln

[
C1(i, j)− C3(i, j)

C2(i, j)− C3(i, j)

]
= − Ap

σ(I, δ)M2
ln

[
C1(i, j)− C3(i, j)

C2(i, j)− C3(i, j)

]
(4.10)

The currently installed cameras have pixels of size Ap = 6.45 × 6.45µm2 with a

horizontal (vertical) magnification of Mh = 1 (Mv = 10.5). The total atom number

can be extracted by summing over all pixels, while a bimodal distribution (Gaussian

for thermal component, inverted parabola for BEC in Thomas-Fermi approximation)

can be fit along x- and z-direction to deduce the cloud’s spatial parameters.

For the horizontal imaging system focusing is easily achieved, as the atoms remain

in the imaging plane for different time-of-flight periods, see figure 3.5. We use σ-

polarized light to drive the cycling transition which has the largest scattering cross

section due to the largest Clebsh-Gordon coefficient. A bias field of ∼ 2G is applied

through the TOP coils to define a quantization axis along the probe beam direction.

For the vertical imaging system a few additional aspects need to be considered.

Firstly, the focus has to be readjusted for different time-of-flight parameters as the

depth of field of the objective is only ∆u = 2λ
NA2 ≈ 20µm. This also implies that for

very elongated objects a blurring due to out-of-focus elements can only be prevented

with the help of tomographic imaging. This can be achieved by applying a very thin

sheet of repumping light, but has not been necessary so far. Furthermore, the atoms

are moving with respect to the probe beam and their Doppler shift becomes non-

negligible, albeit small (after ∆t = 25 ms the shift amounts to v
λ
≈ 300 kHz).

Generally the three pictures are taken 1 s apart, the delay time set by the readout

time of the camera’s CCD. For the vertical imaging this long delay between the

two pictures C1 (atoms) and C2 (lights) is undesirable, as it can impair the image

quality: Most optical elements can be excited to oscillate slightly, which will result in

slightly displaced fringes in the high-magnification images and distort the resultant

image (often on the order of a vortex core size). To counter this we have recently

reversed the picture order for the vertical imaging procedure. The first image (now

C2) is taken with only the cooling light pulse of 30µs. The atoms are in a dark

state (F = 1) for this radiation and only a negligible back-action onto the atoms

occurs. After 500µs the second image (C1) is taken. We observe that collecting the

two images closely together greatly reduces the problem caused by displaced fringes.

The inter-picture delay is limited by the switching speed of the repumper shutter12.

12 We can also use the standard image order; however in this case the minimum delay is prolonged
till all atoms have left the imaging region (we observe >5 ms), as we cannot pump the atoms
actively back into F = 1.
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4.3. Forced rf-evaporation and detection of the phase transition

Figure 4.5: Images during the formation of a BEC. The images are (60µm)2 large.

Lastly, 1 s later the dark image (C3) is taken, as before.

We achieve this small separation of the two pictures by relying on an internal trigger

mode of the CCD camera (Unibrain). This mode allows starting an exposure while

the data from the last image is being read out. We limit the active area of the CCD

to the image of the cloud which results in a minimum read out time of ∼ 50 ms,

which sets the limit for the minimum required exposure time. We initialize the

camera for two consecutive exposures of 50 ms. Picture C2 falls at the very end of

the first exposure, while C1 happens right at the beginning of the second exposure.

The downside of this technique is that the long exposure time (which in the standard

way is only twice as long as the probe pulse) for each frame results in a larger noise

from dark currents. However, this high frequency noise is in most of our cases

acceptable.

4.3.2 Imaging the phase transition

In figure a 4.5 three images are presented for different final rf-sweep frequencies ωf .

The atoms are released from a TOP trap with (ωr = 2π ·35 Hz, ωz = 2π ·101 Hz) and

a trap bottom at ∼ 1.57 MHz. The cloud is imaged horizontally after 22ms time-of-

flight. The left image displays an almost pure thermal cloud, the rf-sweep stopped

at ωf = 2π · 1.9 MHz. The middle picture shows the onset of the condensate in the

center of the cloud, ωf = 2π · 1.72 MHz. In the right image at ωf = 2π · 1.66 MHz

a pure BEC is formed. The peak is truncated because of the resultant high optical

density for an atom number of N = 5 · 105.
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Chapter 5

Rotation in the TOP trap

In section 2.1.3 the relation of superfluidity and Bose-Einstein condensation was

discussed. It was shown that in a 3D system of weakly interacting bosons a non-

negligible critical velocity exists which is a requirement for superfluidity. This ve-

locity was observed in [136] where a laser with a blue frequency detuning was moved

through the trapped BEC. Shortly after this the successful nucleation of vortices in

dilute alkali quantum gases gave definite evidence for the superfluid character of the

Bose-Einstein condensate in these systems [15].

The nucleation of vortices has been achieved in many different ways: by phase

imprinting [15], stirring the cloud with a laser beam [137] or recently by rotating

an optical lattice [138] and engineering optically synthesized magnetic fields [139].

Another route was followed in [140] where the rotation was instigated by rotat-

ing a deformed TOP trap. We essentially repeat this experiment here, but using

completely different electronic circuitry. The goal is to test the rotation scheme de-

scribed in section 3.2.2, i.e. jumping the elliptical TOP trap by small, finite angles.

Previously in the work reported in [140] the signals were mixed in hardware. The

question that is addressed here is whether the atoms can follow these small jumps

adiabatically and if substantial heating occurs during this process.

5.1 Mechanism for vortex formation

Here we briefly describe the vortex nucleation process in a deformed, rotating TOP

trap. When the trap is stationary the BEC is in the ground state of the non-

rotating Hamiltonian. Once the potential begins to spin the system has to readjust

and relax into the new ground state of the time-independent Hamiltonian in the

rotating frame, i.e.

HR = H − ωs ·Lz. (5.1)

where ωs is the angular velocity vector with which the potential spins. Once a

critical rotation speed ωc is reached the system can enter the new ground state which

possesses one vortex filament. However, there exists a energy barrier to transfer the
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5.2. Rotating the TOP trap

system between the two states. It is therefore possible for the system to remain

in the non-rotating, metastable ground state, even when the potential spins above

the critical frequency [141]. To overcome this barrier, there is clear evidence that

for the deformed, rotating TOP trap a surface mode needs to be involved in the

nucleation process1. In [140] it was found that the quadrupole mode at ωq = ωr√
2

(ωr
radial trapping frequency) plays a key role as the lowest surface excitation, as it was

predicted in [143]. Consequently we follow this approach and rotate the deformed

TOP trap at ∼ 0.7ωr (ωr radial frequency).

If a BEC has acquired angular momentum it is manifested by the formation of

vortices, which penetrate into the cloud from its edge. As more vortices enter the

cloud the vortices arrange in a vortex lattice with triangular symmetry. Vortices

with higher circulation than n = 1 do not occur because they are energetically

unfavorable and decay into vortices of unit circulation; two vortices on top of each

other give double the velocities and therefore quadruple the kinetic energy.

5.2 Rotating the TOP trap

The sequence to nucleate vortices in the trapped BEC is as follows: After the pro-

duction of a BEC in a tighter TOP trap with ωr = 2π · 79 Hz the system is left to

fully equilibrate for 400 ms. Furthermore this pause is forced since the digital board

for the DDS system needs to be reloaded, see below. After this relaxation stage the

TOP trap rotation is initiated with ωs = 2π · 60 Hz, without any eccentricity, i.e.

both channels balanced so that ε = 1. Shortly after this, the deformation commences

and ramps linearly to about ε = 0.8 in 200 ms. In this rotating TOP trap the BEC

is held for 800 ms. Subsequently the deformation is removed over 200 ms and the

cloud is left in the cylindrically symmetric trap for an additional 500 ms to stabilize

in the new ground state.

In [140] the modulated TOP field signals were created by mixing the TOP frequency

with the rotation frequency signals in hardware2. We adjusted our circuitry in such a

way that the DDS is controlling the two TOP fields (which are usually controlled by

an Agilent 33220A and voltage controlled amplifiers) during the whole experimental

sequence. Due to the explained restriction arising from the digital board’s memory

size we need to reload it after the BEC production. In this stage we increase the

update rate and download all necessary data for the three channels (TOP fields

and evaporation control). This process takes roughly 400 ms after which the digital

board is triggered again by the experiment control3. Subsequently the elliptical TOP

1 This can be circumvented if a already rotating thermal cloud is cooled below the critical
temperature of the phase transition in the rotating frame [142].

2 For further details see the thesis of Eleanor Hodby [144].
3 During this reloading stage the DDS outputs remain constant at the last updated value, i.e.

at 7 kHz and constant amplitudes to give a constant TOP trap.
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5.3. Observation of vortices

Figure 5.1: Observation of vortices in the rotating TOP trap. Left: No post-processing.
Right: Post-processing with a Fourier filter. The spatial frequencies around twice the
inverse vortex core size have been enhanced by a factor of 4. The vortex lattice is not quite
regular due to the finite size of the BEC. The whole picture is (150µm)2 large.

trap is rotated in analogy to the general explanation in section 3.2.2.2.

During the rotation a rf-knife is left on at 50 kHz above the final evaporation fre-

quency to remove any thermal atoms, which would degrade the vortex contrast.

5.3 Observation of vortices

In contrast to liquid helium, where the vortices are too small (∼ 0.1 nm) for an

optical detection and can only be detected indirectly, it is possible in the dilute

gases to image the vortex cores directly. As the wavefunction vanishes along the

vortex line this singularity can easily be detected in absorption images as a drop

in density in the cloud. However, in the trap the size of these cores is often below

the resolution limit of the imaging system. Fortunately, the vortex cores expand

with the condensate under time-of-flight and become visible. In this process the

axial expansion can lead to blurring as the cloud’s extend becomes greater than the

depth of field of the imaging system or due to bending of the vortex lines at the

edge of the cloud. These effects can be circumvented by tomographic imaging where

only a small plane of the total cloud is selected and imaged [16]. More elaborated

schemes were used for example in [145], where the cloud was transfered to an anti-

trapped state to expand it radially while keeping it confined axially. For our imaging

sequence we use no such schemes, since we are only interested in achieving a vortex

array in principle to reach the above stated goal.
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5.3. Observation of vortices

The initial size of a vortex Rv(t = 0) is on the order of the healing length ξH . After

release from the trap the core size expands due to angular momentum conservation

as [146]

Rv(t) = Rc(0)
√

1 + (ωrt)2. (5.2)

The chemical potential in this trap for 2 · 105 atoms is around 2.5 kHz and the

healing length computes to ξH ≈ 0.14µm. Using twice the healing length as the

initial vortex core size, it expands to 2µm after 13 ms time-of-flight. As found in

other experiments this is a lower estimate, as the vortex core expands initially faster

than the cloud itself for oblate traps as explained in [147]. During this stage of the

experiment our vertical imaging system had a numerical aperture of 0.25 which in

principle leads to a spatial resolution of ∆l = 0.61·780 nm
0.25

= 1.9µm (diffraction limited

performance). However, this optical system was not tested to see if it delivered the

full resolution on our apparatus as it was only installed temporarily for this proof-of

principle purpose. For this reason this resolution limit is possibly an over-optimistic

estimate.

The formation of vortices by rotating the TOP trap using the angle jump procedure

works as can be seen in 5.1. It was straight forward to resolve vortices in the cloud,

which we attribute to the accelerated expansion of the vortex cores in our disk-

shaped trap. Further we did not observe losses from Landau-Zener transition or

heating from the not perfectly continuous motion of the trapping potential. Even

lowering the DDS update rate and thereby increasing the angle jump size did not

degrade the results. These findings encouraged us to use the DDS system for the

more challenging rf-radiation control.
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Chapter 6

The shell potential: a dressed
quadrupole trap

In this chapter we investigate the shell potential in more detail as it forms the

basis for all further traps, including the time-averaged adiabatic potential in later

sections. As explained in section 2.2 and 2.3, this geometry arises when a magnetic

quadrupole trap is dressed by radio frequency radiation that couples the different

Zeeman substates.

We look at the case of circularly polarized rf-radiation; compare for details on the

coupling variation section 2.3.2.2. This configuration is used as the basic geometry

for experiments with rotating Bose-Einstein condensates and therefore some ana-

lytical expressions for the trapping frequencies are insightful. The case of linear

polarization can be computed accordingly, but is not explicitly done in this section.

The reason for this that we never trap atoms with a static quadrupole dressed with

linear polarization; we only use it in combination with the TOP field to produce a

TAAP potential, which is usually easier to calculate numerically.

The technique of rf-dressing of magnetic potentials was introduced by Zobay and

Garraway [37]. Their technique brought about the possibility of highly asymmet-

ric 2D magnetic potentials [41, 42, 43]. Further it has been applied in atom chip

experiments to give flexible double-well potentials [45, 148] as described in detail

elsewhere [37, 83, 149, 150].

6.1 Characterization of the shell potential: circu-

lar polarization

To characterize the shell potential we start with the adiabatic potential from equa-

tion 2.48. The static magnetic field is the quadrupole geometry and we use circular

polarized rf-radiation with a maximum coupling strength at the South Pole. Some

care needs to be taken to choose a convenient coordinate system: As we want to

describe the motion on the ellipsoidal shell it is helpful to introduce ellipsoidal polar
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6.1. Characterization of the shell potential: circular polarization
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Figure 6.1: Coupling strength (blue) and modulus of quadrupole gradient (red) vs polar
angle for the shell potential. At the bottom of the shell, θel = 180◦, both experience a
maximum.

coordinates [r(θel), θel], see appendix B. The polar coordinate θel parameterizes an

ellipse of fixed size, but it is not tangential to it (except along the axis). However,

it can be transformed to a tangential angle by equation B.6.

The coupling strength for circular polarization, as found in section 2.3.2, is indepen-

dent of the azimuthal component; we found a pure dependence on the parametric

polar angle which in Cartesian coordinates reads:

Ω−xy(x, y, z) =
gFµB

2~
Brf
x

[
1− 4z√

x2 + y2 + 4z2
+

4z2

x2 + y2 + 4z2

] 1
2

Ω−xy(θel) =
gFµB

2~
Brf
x

[
1− 4 cos(θel)√

sin2(θel) + 4 cos2(θel)

+
4 cos2(θel)

sin2(θel) + 4 cos2(θel)

] 1
2

(6.1)

In the second row we have introduced the ellipsoidal polar-coordinate, from which

one can see that the coupling increases monotonically from 0 at the North Pole to its

maximum value at the South Pole (see figure 6.1). This increasing coupling strength

weakens the trap confinement in the radial direction1.

This reduction in confinement is partially balanced by the variation of the the local

static magnetic field, which is given by the modulus of the quadrupole field: We

1 Here radial describes the direction along r(θel). Again, it should be noted this is not perpen-
dicular to the tangential surface, except along the axis (geocentric vs geographic latitude).
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6.2. Trapping frequencies and dynamics on the shell surface

express the field by a dependence on the ellipsoidal polar angle θel:

Bs
z(x, y, z) = B′q

(
x2 + y2 + 4z2

) 1
2

Bs
z(r(θel), θel) = B′q · r(θel) ·

√
sin2(θel) + 4 cos2(θel) (6.2)

Bs
z(θel) = B′q · rs (6.3)

The gradient is twice as strong along the shell axis (north-south direction) compared

to the equatorial plane2.

Next we include the gravitational potential; similar to the above it can be written

in terms of the polar angle and the size of the shell. Combining all expressions the

shell potential can be described by:

Ush(r) = ~
√
δ2(r) + Ω2

−xy(r)−mRb · g · z

Ush(x, y, z) =

[(
gFµBB

s
z(x, y, z)− ~ωR

)2

+ Ω2
−xy(x, y, z)

] 1
2

−mRbg · z

Ush(r(θel), θel) =

[(
gFµBB

s
z(r(θel), θel)− ~ωR

)2

+ Ω2
−xy(θel)

] 1
2

−mRbg · r(θel) cos(θel)

Ush(rs, θel) =

[(
gFµBB

′
q · rs − ~ωR

)2

+ Ω2
−xy(θel)

] 1
2

−mRbg ·
rs cos(θel)√

sin(θel) + 4 cos2(θel)
(6.4)

Here the above expressions for the static magnetic field and the coupling strength

can be inserted, depending on the question the more convenient coordinate system

can be chosen.

6.2 Trapping frequencies and dynamics on the shell

surface

Perpendicular confinement

We start by investigating the tightest confinement at a certain polar angle θel. The

tightest confinement will not lie along the radial r(θel)-direction but perpendicu-

lar to the shell surface which can be parametrized by an angle θt, see figure A in

the appendix. As shown, there exist a simple relation between both angles. We

2 From the last equation we see that the B-field is constant at rs as desired from our parame-
terization of a shell surface of fixed size rs. The size of the shell is defined as the position of
the resonant condition along the major axis.
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Figure 6.2: The perpendicular trapping frequency on the shell surface is given by the blue
curve, which remains approximate constant on the southern hemisphere. For comparison,
the red line shows the trapping frequency along the r(θel)-direction. (Parameters: Bx =
0.5 G, fR = 1.4 MHz, B′q = 84 G/cm).

first expand Ush(r(θel), θel) along the r(θel)-direction around its minimum position
rs√

sin2(θel)+4 cos2(θel)
where rs = ~ωR

µBgFB′q
(resonant condition) and find its harmonic

potential along this radial direction. To calculate the tightest (perpendicular) con-

finement we now substitute the expression for θt into the previous result and gain

the trapping frequency perpendicular to the tangential surface of the shell. Figure

6.2 shows the difference for the radial (r(θel)) and cross-shell (perpendicular) trap-

ping frequencies versus the polar angle. It can be seen that the tightest confinement

remains almost constant at the southern hemisphere.

For this perpendicular direction of the confinement the gravitational force does not

have a large impact, as it mainly displaces the equilibrium position at the bottom

of the shell and is perpendicular to the motion at the equator. At the South Pole of

the shell the general and slightly elaborate expressions reduce to [43]

ωr(180◦) = ωz = 2B′q

√
gFµB

mRbB
rf
x

. (6.5)

which - given the above arguments - is a good estimate for the tightest confinement

on the southern hemisphere.

Tangential motion

The tangential motion along the shell geometry is slightly harder to describe. The

bottom of the shell is not always a stable equilibrium position: The confining force

arises from gravity and therefore almost vanishes at the bottom. On other hand the

84



6.2. Trapping frequencies and dynamics on the shell surface

Figure 6.3: Tangential trapping frequencies ωt at the bottom of the shell. In the upper
right corner of the plot the bottom of the shell has turned into an anti-trapping region, the
atoms are pushed upwards. (Same parameters as before.)
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Figure 6.4: Variation of the shell potential for different rf-radiation powers (Brf
x ) and

a constant quadrupole gradient B′q = 84 G/cm. Blue curve, Brf
x =∼ 0.52 G: the atoms

are trapped at the bottom of the shell. With increasing rf-power the potential becomes
shallower, until the atoms at B′q · B

rf
x = 84 G/cm · 0.72 G = 61 G2/cm start to be pushed

upwards. Red curve, Brf
x ≈ 0.92 G: the bottom of the shell is an anti-trapping region.
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6.2. Trapping frequencies and dynamics on the shell surface

variation of the coupling strength drives the atoms away from the South Pole. The

balance of these two forces determines the tangential dynamics of the atoms along

the arc length s = r(θel) · θel.
As the tangential motion takes place on-resonance at all times it enables us to neglect

the detuning term in the shell potential, with only the coupling strength variation

and the gravitational potential remaining. With the help of a Taylor expansion

along θel around π we find the the quadratic coefficient to be

k′ =
ωR~gmRb

16B′qgFµB
− Brf

x gFµB
16

. (6.6)

This needs to be transformed to an arc length, i.e. U ∝ k′θ2 = 4k′

r2s
s2, and inserted

for

ωt =
1

2π

√
2k′

mRb

4

rs

=
1

2π

√√√√µBgFB′qg

2~ωR

(
1−

g2
Fµ

2
BB

rf
x B′q

mRbg~ωR

)
(6.7)

This expression only leads to a non-vanishing trapping frequency if

mRbg~ωR ≥ gFµBB
rf
x gFµBB

′
q

⇒ FgEph ≥ Erf
powFquad (6.8)

is fulfilled. In the experiment performed up to this point the radiation frequency

has been fixed, i.e. Eph = contant; consequently there exists an upper bound for

the product Brf
x · B′q for the South Pole as a trapping region. The behavior of the

tangential trapping frequency is depicted in figure 6.3. It is possible to weaken the

tangential trap confinement arbitrarily until the potential is constant over the whole

shell, which represents the equality in the above relation3.

In the area where ‘no trapping’ is written in figure 6.3 the bottom of the shell has

transformed into an anti-trapping region as depicted in figure 6.4. The atoms are

pushed towards the North Pole where they are lost due to Landau-Zener transitions.

x- and z- motion

For the TAAP trap scheme of chapter 7 the trapping frequency along the x- and z-

direction are used to test the trapping geometry. For this reason we will investigate

the behavior of these parameters here.

We use equation 6.4 in (x, y, z) coordinates to compute the confinement along the

3 In reality this is not achievable. Spatial variations in the rf-radiation and residual fields that
distort the quadrupole geometry make this ideal scenario only the limiting case.
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Figure 6.5: Trapping frequencies along x- and z- direction for the shell trap (Bx = 0.5 G,
fR = 1.4 MHz, B′q = 84 G/cm).
Left: Equilibrium position along the z-direction. Red curve without gravity, blue with
gravity; the gravitational sag leads to an almost constant displacement.
Right: Trapping frequencies at different position on the shell. Blue curve represents the
z-direction including gravity, the red, dashed curve without. Green curve shows the x-
direction trapping frequency.

minimum close to the ellipsoidal path of z(x) = 1
2

√
r2
s − x2; the gravitational force

displaces the atoms slightly from this curve and changes the trapping frequencies,

see figure 6.5. The vertical trapping frequency ωz is maximized at the South Pole,

decreasing towards the equator. The horizontal x-direction has the opposite behav-

ior4.

4 The third y-direction lies at constant potential energy due to the cylindrical symmetry and
therefore ωy = 0 for all x 6= 0. At the bottom of the shell, at x = 0, the y-direction effectively
vanishes and it is ωy = ωx.
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Chapter 7

The time-averaged adiabatic
potential

The use of increasingly sophisticated magnetic potentials has been crucial to the

evolution of cold atom research. Recently a new concept has been proposed which

is referred to as the time-averaged adiabatic potential (TAAP). This trap, proposed

by Lesanovsky and von Klitzing [46], combines the techniques of time-averaging and

radio frequency (rf) dressing to produce versatile potentials with a rich variety of

different geometries. Since the rf-dressing only couples electronic ground states of

the atom the rate of relaxation by spontaneous processes is negligible. The potential

is smooth with no small scale corrugations because the trapping region is located

far from the field generating coils. As shown in [46], the TAAP can easily sculpt

complex trapping geometries such as a double-well or a ring trap, which can be

adiabatically modified.

This chapter presents the experimental realization of the particular case of a vertical

double-well TAAP and an efficient way of loading it from a time-orbiting potential

(TOP) trap. This proof-of-principle test shows that these potentials possess a suf-

ficient lifetime and low heating rates to perform further experiment with ultracold

atoms. These results have been published in [151].

7.1 The concept of time-averaging

The technique of time-averaging involves the introduction of a time dependence to a

static potential at a frequency higher than the atoms can respond to kinematically,

but significantly lower than the local Larmor frequency. As a result, atoms experi-

ence a modified potential whilst preserving their initial mF state. The application

of a suitable rotating bias field to a quadrupole potential can circumvent Majorana

losses by ensuring the field zero orbits at a radius greater than the extent of the

atom cloud as it was presented in section 4.2.2 for the TOP trap. For a bias field

BT rotating at angular frequency ωT the criterion for time-averaging can be stated
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7.1. The concept of time-averaging

Figure 7.1: Schematic of the TAAP double well: The instantaneous potential of the
TAAP trap at two different times in the rotation cycle. The intersection of this potential
with the rotation axis gives the minima of the TAAP at which the AP remains stationary.
The inset shows an in-situ absorption image of a thermal cloud trapped at these positions.
We attribute the tilt evident in this image to a misalignment of the rotation axis with
respect to the symmetry axis of the quadrupole potential.

as (the left term represent the local Larmor frequency)

|gFµBBT/~| � ωT > ωr (7.1)

where ωr the oscillation frequency of the atoms in the time-averaged potential. When

this inequality is fulfilled it allows the atomic magnetic moment to follow the local

magnetic field.

The time-averaged orbiting potential not only expedited the first realization of a

Bose-Einstein condensate in a dilute alkali vapor [6], but also paved the way for

more sophisticated magnetic potentials such as a double-well [152] and ring-shaped

potentials [153, 154, 155]. The general concept of using time-averaging to create

novel shapes of confining potentials has also been demonstrated by experiments on

dipole force traps [156, 157, 158].

In this work the concept of time-averaging is extended to adiabatic potentials (AP),

resulting in the time-averaged adiabatic potential [46]. Since the APs can intrinsi-

cally have a more complex structure the geometries arising from TAAPs can create

sophisticated shapes, see chapter 8.
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7.2. The TAAP geometry for a vertical double well

Figure 7.2: Loading scheme for the TAAP trap: The instantaneous potential of the (a)
TOP, (b) TAAP loading and (c) TAAP potentials along the x axis at time t1 in the rotation
cycle and time t2 half a period later.

7.2 The TAAP geometry for a vertical double well

As a first implementation of a time-averaged adiabatic potential we have generated a

vertical double well TAAP by applying rf-radiation to a conventional TOP trap. The

instantaneous potential of the TOP is a quadrupole field, which in a TAAP trap, is

dressed to give the ellipsoidal surface as described in section 6. The oscillating bias

field of the TOP trap, BT (t) = BT [cos(ωT t)ex + sin(ωT t)ey], causes the ellipsoidal

surface to orbit in the xy-plane at a radius r0 = BT
B′q

about the axis of rotation as

illustrated in figure 7.1. When ωrf > |gFµBBT/~| the ellipsoidal surface intersects

the rotation axis at two points; these two points define the minima of the time-

averaged potential. In this geometry gravity breaks the symmetry and prevents an

efficient loading scheme of both potential minima. This was the first geometry we

realized as our TOP trap naturally rotates in the xy-plane. In section 8.1 we rotate

the TOP trap plane and present a horizontal double well, where a uniform loading

of both wells is achievable.
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7.3. Loading procedure for the TAAP trap

7.3 Loading procedure for the TAAP trap

To load an adiabatic potential it is essential to load the atoms into the correct,

trapped dressed states. There exist various schemes to achieve this for different

geometries. For example in [44] a light sheet is used to bias the atomic cloud away

from the center of a quadrupole trap before transferring the atoms onto the adiabatic

potential, while in [41] the rf-frequency is ramped up from below the QUIC trap bias

field. In the loading scheme presented here, the bias field of the TOP trap is used to

hold the local Larmor frequency of the atoms above the rf-frequency before lowering

it to transfer the atoms onto the adiabatic potential. In this chapter it is used for

the particular case of loading a vertical double well potential but it is later employed

for all TAAP trap geometries of the following sections (or a rotated version of it)1.

The sequence begins by preparing a sample of cold atoms in the TOP trap (see

figure 7.2 (a)). The rf-dressing field is then rapidly switched on while ensuring

BT satisfies the inequality ωrf < |gFµBBT/~| < 2ωrf (see figure 7.2 (b)). The

lower bound ensures the atoms are loaded into the correct dressed state while the

upper bound is to prevent higher harmonics of ωrf from coming into resonance and

causing unwanted evaporation2. At this stage the modification of the time-averaged

potential is minimal; the ellipsoid of figure 7.1 does not yet intersect with the rotation

axis. Decreasing the TOP field to ωrf = |gFµBBT/~| transfers the atoms onto the

ellipsoidal shell (figure 7.2(c)). A further decrease in the TOP field gives rise to a

double-well potential in the z-direction. Note that the atoms stay on resonance at all

times in the TAAP trap3. The well separation is given by the distance between the

points of intersection of the ellipsoidal surface with the rotation axis: a decrease in

BT moves the atom clouds further along the ellipsoid thus increasing their separation.

The TAAP potential in the z-direction is that along the rotation axis of the ellipsoid

as depicted in figure 7.3. The effect of the time-averaging is to give confinement along

the surface thus preventing the atoms spreading out over the ellipsoid.

This loading scheme can also be used to transfer the atoms onto the static shell

potential, if the TOP fields are ramped down all the way to zero, see further details

in section 8.3

7.4 Characterization of the TAAP potential

In this section we investigate the TAAP potential in more detail. Especially we test

whether the positions of the cloud with varying TOP field match the theoretical

1 The loading scheme was first proposed by Eileen Nugent, see [107].
2 Additionally, even for a perfect amplifier, there can be transitions at 2ωrf as explained in

section 2.3.4.
3 The gravitational sag can shift the atoms slightly of resonance.
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Figure 7.3: (a) A contour plot of the AP in the xz-plane for a gradient of B′q = 84 G/cm
and for linearly z-polarized rf with Brf = 0.5 G. The dashed lines indicate the position of
the rotation axis of the ellipsoid for different values of BT .
(b) Shows the potential along these lines for the three dressed states. The slope in the poten-
tials corresponds to the gravitational potential energy of a 87Rb atom. Note the variation
of the coupling at the atom’s position.
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7.4. Characterization of the TAAP potential

predictions and investigate the variation in the Landau-Zener losses with changing

coupling strength. Subsequently the trapping frequencies are compared with numer-

ical calculations and the possibility to evaporatively cool the sample is explored.

In general, the calculations for the time-averaged potential are done numerically by

integrating the potential over one oscillation period, i.e.

UT (r,BT ) =
1

2π

∫ 2π

0

Ush

(
x+

Bx
T

B′q
sin(a+ φx), y +

By
T

B′q
sin(a+ φy), z +

Bz
T

2B′q
sin(a+ φz)

)
da.

(7.2)

For the horizontal TOP field the x- and y- component are of equal amplitude and
π
2

out of phase.

7.4.1 Position of the lower double well

The position of the double well is smoothly controlled by the strength of the TOP

field. In figure 7.4 the vertical position of atoms in the lower well of the TAAP trap is

plotted as a function of the magnitude of the rotating bias field BT for two different

quadrupole gradients. Here we apply linearly polarized rf along the z-direction with

Brf = 0.5 G and ωrf = 2π× 1.4 MHz4. For these parameters the ellipsoidal surface

touches the rotation axis when BT = 2 G at which stage the atoms are loaded into

the TAAP trap. The in chapter 6 explained variation of the potential due to the

orientation of the polarization and the gravitational force explain why as BT is

lowered the atoms do not follow the perfect ellipsoidal trajectory that one would

expect from the idealized picture above (in figure 7.3 compare the dotted ellipsoid

to the actual position of the minima shown in black).

It is evident in figure 7.3 that the gravitational sag makes it impossible to load into

the upper well for this quadrupole gradient (as denoted by the discontinuity in the

black line in figure 7.3 indicating positions where there is no minimum in the upper

half of the potential). This difficulty can be overcome by loading at higher gradients

(230 G/cm) and lowering BT to a final value of 1.7 G. A subsequent decrease in the

gradient over ∼ 400 ms (limited by speed of power supply) to 80 G/cm fully splits

the cloud (see absorption image of Fig. 7.1). Using higher values for BT during this

loading procedure decreases the barrier height and prevents atoms from staying in

the upper well. Lower values for BT decrease the coupling at the potential minima

and result in an insufficient lifetime to observe the separated clouds. The chosen

values balance these competing effects.

4 This frequency was chosen as it allowed the best impedance matching and maximized the
current through the coils
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Figure 7.4: Vertical displacement of the atoms from the static quadrupole field center in
the lower well of the TAAP trap as a function of the magnitude of the rotating bias field
BT . This is plotted for two different field gradients B′q = 84 G/cm and B′q = 119 G/cm.
The black and dashed lines give the results of the corresponding numerical calculations.
The deviation we attribute to a tilt in the quadrupole axis.

7.4.2 Lifetime in the lower well

The above mentioned reduced lifetime explains why no data was taken in figure 7.4

for BT < 0.4 G as the lifetime proved to be insufficient to make reliable measurements

of the position. This effect is due to Landau-Zener (LZ) transitions to untrapped

dressed states (see section 2.3.5). The LZ transition probability for transitions from

the trapped state to untrapped states in the F = 1 manifold is given by [86]

PLZ(r) = 1− P|1,(N)〉 (7.3)

= 1−
[
1− exp

(
−2π

Ω2(r)

a

)]2

, (7.4)

where a describes the rate of change in the energy separation which can be in-

terpreted as the velocity of the atom through the avoided crossing. A trapped

atom moves through the avoided crossing n = 2ωr
2π

-times per second, each pas-

sage associated with the above loss probability. So the total probability not to

stay in the trapped state per second (i.e. the decay rate) will be proportional to

λd(r) ∝ n ·PLZ(r). The lifetime τ of atoms in the TAAP trap varies as τ ∝ 1
λd(r)

+τ0

where the offset τ0 takes into account the finite extent of the cloud.

Figure 7.5 shows the variation in trap lifetime for a TAAP dressed with linearly

polarized rf. For this polarization the coupling strength Ωz(r) is a linear function of
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Figure 7.5: The lifetime of atoms in the TAAP trap for linearly polarized rf with Brf =
0.5 G and a radial quadrupole gradient of B′q = 84 G/cm. For this polarization of rf the
ΩR(r) varies linearly with BT (see text for details). The black line is a fit of the Landau-
Zener model.

BT since

Ωz(x, y, z) = Ωz

(
x, 0,−1

2

√
r2
s − x2

)
∝ x (7.5)

and BT effectively selects the position x as seen in figure 7.3. The lifetime changes

by two orders of magnitude as BT is ramped down and the shape of the curve fits

the Landau-Zener model5.

By choosing circularly polarized radio frequency of the appropriate handedness one

can engineer a situation where the Rabi frequency increases as BT is lowered. In this

case we apply rf-fields in two directions each with an amplitude of Brf = 0.5 G. The

predicted Rabi frequency ΩR ∼ 300 kHz close to the South Pole of the ellipsoidal

surface agrees well with spectroscopy measurements of the trap bottom. These

effects combine to give a lifetime of up to 10 s in the lower TAAP well6.

7.4.3 Dynamics in the TAAP trap

To verify that the time-averaging gives the expected potentials for the center of mass

motion of the atoms we measure the trapping frequencies along the x- and z-direction

5 It should be noted that the measured values do not agree with estimates from [87, 46]. A
more detailed analysis is currently underway.

6 On the southern hemisphere there is not a substantial variation of the lifetime; it increases
from ∼ 2 s at the equator (BT = 2 G) to its maximum toward the south pole. In this regime
other loss mechanism as background collisions become comparable.

95



7.4. Characterization of the TAAP potential

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

50

100

150

200
ω

/2
π 

(H
z)

 B
T
 (G)

 

 
Radial frequency
Axial frequency

Figure 7.6: Trapping frequencies of the atoms in the lower well of the TAAP trap as
a function of the magnitude of the rotating field BT . These frequencies are for a TAAP
dressed with circularly polarized rf, Brf = 0.5 G, and for B′q =84 G/cm. The black lines
are the results of ab initio calculations for these parameters.

for the circular polarized case. These measurement are performed by exciting small

dipole oscillations while taking care that the amplitude remains within the harmonic

region. We found that this procedure works most precisly for condensed clouds.

The confinement varies as a function of BT and the observed dipole oscillations are

in good agreement with theoretical predictions as shown in figure 7.6. The trapping

frequency in the axial z-direction are the same as for the static shell potential, as

shown in figure 6.5, the time-averaging has no effect. The radial confinement in the

xy-plane is however modified due to the time-averaging as the confinement oscillates

from its maximum along the x-direction to zero along the y-direction of the static

shell. This results in a slightly lower radial trapping frequency compared to the

x-direction of the static shell.

7.4.4 Bose-Einstein condensation in the lower double well

In the above described trap we have successfully cooled a thermal cloud to quantum

degeneracy (see figure 7.8). Starting with a sample of 1.5×106 atoms at ∼ 0.7µK in

the TOP trap, we observe an atom loss of approximately a third during the TAAP

loading process with no substantial heating. The loss mechanism is attributed to

increased Landau-Zener losses when the avoided crossing spirals through the cloud.

A subsequent rf-evaporation sweep over 3 s with an additional weaker field (∼ 0.05 G)

cools the sample well below the critical temperature of 125 nK creating a BEC of 5×
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Figure 7.7: Schematic of possible transitions to cool in the adiabatic potential. A selection
rule ∆m = ±1 remains intact between different manifolds. The transition to the green
manifolds are the counter-intuitive ones, where the frequency is ramped upwards to produce
a BEC.

104 atoms. The radiation is transmitted by the usual two loop evaporation antenna.

For these frequency sweeps we have used transitions both within and beyond the

rotating wave approximation (RWA) and observed comparable efficiencies [83, 159].

Figure 7.7 gives an overview overview of possible transitions that can be used to cool

the sample in the TAAP trap. This includes the counter intuitive scenario where the

frequency is ramped upwards to cool the sample. Further this sets some restriction

on the power in rf-dressing field as the ‘evaporation window’ gets narrower. For

example for the transition at ω = ωR+ΩR = 2π ·1.4 MHz+ΩR and ω′ = 2ωR−ΩR =

2π · 2.8 MHz−ΩR the problem sets in when we reach ΩR >∼ 2π · 500 kHz. Here the

evaporative cut has to start precisely centered between the two transitions; otherwise

the process becomes too inefficient as too many cold atoms are lost due to the

transition one does not intent to use. This effectively sets an upper temperature limit

for the cloud that is loaded into the TAAP trap as only an interval of ∆ω = ωR−2ΩR

can be used to efficiently cool the atoms7.

To check for any heating mechanism in the TAAP we hold a BEC in the static trap;

we observe a pure BEC without any evaporative rf for more than 3 s without any

discernible thermal component, which indicates low heating rates.

7 Another solution is to temporarily reduce the rf-power to lower the coupling strength.

97



7.4. Characterization of the TAAP potential

Figure 7.8: Top row: Formation of a BEC in the
TAAP trap with 3 · 105 atoms. Left: final rf-frequency
ωf
2π = 1.97 MHz. Center:

ωf
2π = 1.96 MHz. Right:

ωf
2π = 1.95 MHz. (The image is 0.7 mm × 0.7 mm
large.)
Right: The rf-dressing field is switched off 200µs be-
fore the quadrupole field. The BEC is decomposed
into the bare states. During this time the |−1〉-state
is trapped and pulled upwards towards the quadrupole
zero, while |+1〉-state is anti-trapped and accelerated
downwards. The |0〉-state falls freely under gravity.
The relative population are close to the expected val-
ues of (p+1, p0, p−1) = (25%, 50%, 25%). (The image
size is 1.42 mm× 0.71 mm.)
All images are taken after 20 ms time-of-flight with a
frequency detuning of 6 MHz.
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Chapter 8

More TAAP geometries

The last chapter showed that time-averaged adiabatic potentials can indeed be used

to trap ultracold atoms with a sufficient lifetime and low heating rates. The loading

scheme presented proves robust to load the potential conveniently from a standard

TOP trap. In this chapter further geometries are presented that can be realized with

our setup for time-averaged adiabatic potential. These results are mainly proof-of-

principle tests to evaluate if a certain geometry is attainable in the experiment. More

in-depth analyses of the following ideas will be presented in the upcoming doctoral

thesis by Benjamin Sherlock.

We start by showing how the double well geometry of the previous section can

be rotated by 90◦, referred to as the horizontal double well, where the asymmetry

caused by gravity is less problematic. This way an equal population of both wells

is achieved and a BEC can be split. The loading process remains intact and its

robustness is not impaired even though it now has to overcome a gravitational sag.

In the subsequent section a ring geometry and a suitable loading process are pre-

sented. The ring is formed by time-averaging along the vertical z-direction and its

radius is approximately given by the horizontal size of the shell. Additionally, an os-

cillation in the z-direction (z-TOP field) can be used to tune and lower the trapping

frequencies at the bottom the shell, a process we refer to as z-shaking.

Lastly in section 8.3, we follow up the path mentioned in section 7.3 and decrease

the TOP field to zero (which is not a TAAP geometry anymore). During this

process the atoms follow the TAAP position all the way onto the ellipsoidal shell

surface. Subsequently we show that with the help of some additional z-shaking and

the rotation of elliptical rf-polarization a cloud of thermal atoms can be spun up,

forming a ring, like beads rotating in a bowl.

(In this chapter for most plots and figures the following parameters are used: B′q =

84 G/cm,
ωrf
2π

= 1.4 MHz, Brf = 0.5 G (per channel).)
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8.1. Horizontal double well

Figure 8.1: a) Rotation of the TOP field’s plane. b) Switch-on of the rf-radiation. Due to
the gravitational sag this requires greater care compared to the horizontally rotating TOP.

8.1 Horizontal double well

For the vertical double well, implemented for the experiments in chapter 7, gravity

breaks the symmetry and prevents an efficient loading of both wells at the same

time. Nevetheless we found a route through the parameters space which enables

simultaneous loading which work sufficiently well for a proof-of-principle operation.

However, for a more usable setup that circumvents this problem we rotate the com-

plete geometry by 90◦. This also implies that we rotate the rf-polarization in such

a way that it oscillates again along the axis of rotation, in this case the x-direction.

The loading process starts by rotating the TOP field’s plane after we have precooled a

cloud of∼ 106 atoms to∼ 2µK in the standard TOP trap. During this process the z-

component is ramped up while the in-phase oscillating x-component is ramped down.

This procedure is usually done linearly over 50 ms. Thereafter the TOP field rotates

on an elliptical path in the yz-plane as depicted in figure 8.1. In this trap we can

apply additional rf-evaporative cooling to cool the sample below the condensation

temperature. The gravitational sag makes the subsequent TAAP loading procedure

slightly more delicate, as the atoms are displaced downwards. Therefore the rf-

ellipse will begin to deform the atoms’ potential earlier on the lower side and the

avoided crossing spirals for a longer time with greater velocity through the atoms’

position. This explains why we observe a slightly less efficient loading (higher losses)

for the same parameters (rf-frequency, rf-power, magnetic gradient) compared to the

horizontal configuration. This small effect can be prevented if the TAAP is loaded

at higher gradients (∼ 250 G/cm), which reduces the effect of gravity. However, if

the gradient is ramped up even higher, the loading efficiency is reduced again, as the

rf-ellipse is switched on too close (spatially) to the atoms’ position. Consequently

the atoms are loaded into the wrong dressed state and lost (compare figure 7.2).

The horizontal splitting process possesses another difference compared to the vertical

version: In the latter case the rotating ellipse intersects the rotation axis with its
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8.1. Horizontal double well

Figure 8.2: Iso-potential surfaces of 2µK for the horizontal double well TAAP trap.
Same parameters as before, dimensions in µm. The number above each plot represents the
modulation depth γ = mF gFµBBT

ωR~ ; for γ = 1 the ellipse touches the axis of rotation. With
decreasing amplitude of the TOP fields the horizontal double well starts to form.
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Figure 8.3: Atoms trapped in the horizontal double well. Left: Splitting process for
γ = (1.05, 1.025, 1, 0.975, 0.95), red to black curves. Right: Horizontal, zero time-of-flight,
image of thermal atoms separated by 160µm, at γ = 0.8 for a gradient of B′q = 200 G
(which leads to a shell radius of 200µm).
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8.2. A ring trap for ultracold atoms

larger, major axis where the curvature of the surface is maximum. Therefore small

changes in BT lead to a relatively quick separation of the two wells (when omitting

gravity). In contrast, in the horizontal case the ellipse touches the axis of rotation

with its smaller, minor axis. Consequently the splitting happens slower, as a more

shallow barrier is raised, see figure 8.3. For this reason the loading process is slowed

down1 to fulfill the adiabaticity criterion. Once the cloud is fully split the well’s

separation can be controlled by the modulation depth γ = mF gFµBBT
ωR~

of the TOP

field, see figure 8.2. Neglecting the coupling variation and gravity, the two minima

position follow the relation

x0,± = ±rs
√

1− γ2. (8.1)

For γ < 0.5 lifetime problems reoccur, as the clouds move closer to the region of

vanishing coupling strength.

We have tested the horizontal double well with thermal atoms and found it perfor-

mance equally robust to the vertical setup, but with the benefit of loading both well

simultaneously. Additionally we found that the population between both wells can

be controlled via tilts in the TOP field rotation axis. The splitting also works for a

BEC.

This geometry seems to open up a route to coherent manipulation of matterwave

packets, see section 9.1. However, the double well potential is not fully characterized

yet; especially the following questions need to be addressed when splitting a BEC

to fully evaluate this geometry:

• Can the population between the two wells be controlled reliably?

• How phase coherent is the splitting process? How long does it take for the two

BECs to loose their relative phase coherence due to interactions and unequal

chemical potentials?

• Is it possible to cool atomic clouds independently in each well?

8.2 A ring trap for ultracold atoms

One remarkable property of superfluids is the phenomenon of persistent flow [50]

already mentioned in section 2.1.3. In superconductors this leads to non-decaying

electrical ring-currents. Similarly for liquid helium below the lambda point a fric-

tionless mass flow in a hollow toroid can be established. Apart from gaining insight

into fundamental physics problems a multiple connected, ring shaped geometry also

allows the design of practical high precision measurement devices such as the SQUID

(superconducting quantum interference device). In these systems the quantum in-

terference between spatially separated paths is exploited.

1 Linear ramp over ∼ 200 ms to the final TOP field value compared to ∼ 50 ms in the vertical
case.

102



8.2. A ring trap for ultracold atoms

For ultracold atoms a similar situation can be created when a Bose-Einstein con-

densate is confined in a circular geometry. To achieve this there exists a variety of

proposals for such a ring trap using different experimental techniques [160, 161, 155,

153, 154, 162, 163], including an idea based on rf-traps [149] and the original TAAP

publication [46].

A first experimental observation of a persistent current in a sodium BEC in a ring

shaped trap was presented in [164] where the frictionless flow could be observed for

up to 10 s, only limited by experimental factors. In this setup the ring was generated

by a TOP trap plugged with a blue-detuned laser beam to create a repelling potential

barrier in the center, while the angular momentum was transfered with a Laguerre-

Gaussian laser beam. Once angular momentum was transfered onto the system the

excited state could not decay, as it costs too much energy for a vortex core to travel

from the center of the toroid with zero density outwards through the high density

cloud. Besides shedding light on basic processes a ring trap could open up route

to inertial sensing applications; for further experimental ideas and applications see

section 9.1.

The next two sections characterize our TAAP ring trap and explain the loading

process. So far we have successfully loaded thermal atoms into the ring; a more

detailed investigation is currently underway.

8.2.1 Characterization of the TAAP ring

The above section has shown the interest in a multiply connected ring geometry,

which can be achieved with the help of the TAAP potential. In [46] it was proposed

to modulate the rf-dressing frequency in phase with the TAAP oscillation of the z-

direction to generate a ring potential. Ramping the rf-frequency seems less favorable

as the observed heating in [111] indicates, but a toroidal trap geometry remains

present without any rf-modulation, solely by modulated the z-direction.

The time-averaged potential can simply be calculated from

Ur (r,BT ) =
1

2π

∫ 2π

0

Ush

(
x, y, z +

Bz
T

2B′q
sin(a)

)
da. (8.2)

Figure 8.4 shows how the iso-potential surface of 2µK changes shape with increasing

z-TOP field2. Here circular rf-polarization as in the case of the shell trap is assumed.

The iso-potential surface starts off at the bottom of the shell and is subsequently

deformed into the ring shape. For a modulation depth3 of γ =
mF gFµBB

z
T

ωR~
≈ 0.75

the ring with a radius rr = 0.9rs has the most uniform cross section, see below.

2 To convert the energy scales we use hν = kBT so that 1 kHz ≈ 50 nK.
3 Again, a modulation of γ = 1 means that the ellipse is displaced by the distance of the

resonance condition, i.e. along the z-direction by rs
2 .
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8.2. A ring trap for ultracold atoms

Figure 8.4: Iso-potential surfaces of 2µK for the ring TAAP. Same parameters as before,
dimensions in µm, the number above each plot represents the modulation depth γ. With
increasing amplitude of the z-TOP field the ring geometry starts to form. The radius of
ring the varies only slightly with z-TOP and is determined by the shell size.
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Figure 8.5: Trapping frequencies in the ring trap for different modulation depths. Solid
(dashed) curves B′q = 84G/cm (B′q = 168G/cm); red (blue) = x(z)-direction. Around
γ ≈ 0.7 a symmetric ring geometry is achieved.

Consequently in this case the ring radius is simply proportional to ∝ B′−1
q , an in-

crease in quadrupole gradient shrinks its size. Generally analytical results are rather

cumbersome: Already the minimum position along the x-direction involves elliptical

integrals even when gravity is neglected and the coupling strength is assumed to be

uniform.

In figure 8.5 the (numerically calculated) trapping frequencies along x- and z- for

two different gradients are presented. It can be seen that the trapping frequency

cross around γ ≈ 0.7, describing a symmetric trapping potential. Further, the shape

of the curves remains approximately the same for both gradients, indicating a linear

relation with the quadrupole gradient4. In contrast, changes in the rf-power do not

change the trapping frequencies substantially. In the regime of a fairly symmetric

ring around γ ∈ [0.6, 1] halving the Rabi coupling strength increases ωx and ωz by

less than 10%. This is due to the fact that the atoms are not sitting diretly on the

avoided crossing anymore and consequently the trap bottom has less of an effect on

the trap confinement.

8.2.2 Loading procedure for the TAAP ring

The loading of such a ring trap with a BEC is not a trivial task. When the atoms are

only loaded to one side of the potential and commence to spread around the ring the

4 For completeness, at γ = 0.7 when doubling the gradient, ωx increases by a factor of ∼ 2.1,
while ωz changes by ∼ 2.2.

105



8.2. A ring trap for ultracold atoms

Figure 8.6: Images of thermal atoms in the ring potential (1 ms time-of-flight). For the
left image the modulation depth is γ ≈ 0.4, for the right γ ≈ 0.7. See text for details. The
diameter of the ring is about 450µm.

system is no longer in the many-body ground state5. For our system, one loading

scheme that has proven successful - so far it has only been tried with thermal atoms

- is to start from the shell trap as described in the next section. Once the atoms

are loaded into the shell the gradient is increased to a point where the atoms are

just trapped at the bottom of the shell (or slightly above this value, such that the

atoms move slowly upwards along the shell surface). Thereafter the z-TOP field is

linearly increased over 300 ms to its final modulation depth6. The atoms start to

move upwards and transform into the ring as shown in figure 8.4, where the spatial

variation of an iso-potential is depicted during this process.

Figure 8.6 shows ∼ 5 · 105 thermal atoms that have been transfered into the ring

by this method. These images are take after 1 ms time-of-flight by fluorescence

imaging. The imaging system was only used temporarily and only roughly focused.

For this reason it is impossible to estimate the width of the ring from the images.

Nevertheless the trend of the mean diameter is noticeable: For increasing modulation

depth the radius is slightly increasing as expected from the calculations.

There exists a question if the horizontal double well can also be used to load this ring

potential: Once the double well is loaded reducing the horizontal TOP field would

merge the potential into the ring geometry from above. Figure 8.7 visualizes this

process, but it has neglected the coupling variation. This process is appealing as one

5 However, this situation could be used to study the propagation in a wave guide.
6 The ring can also be loaded with (constant) lower gradients, which requires longer z-TOP

ramps.
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8.2. A ring trap for ultracold atoms

Figure 8.7: Illustration of merging a double well into a ring trap. These calculations
neglect the coupling variation which cause a substanial problem, see text for details.

could for example study the collision of coherent wavepackets in details. However

there exists a fundamental problem: We load the double well with linearly y (or

x)-polarized rf-radiation, so that during the loading process the region of maximum

coupling strength begins to intersect with the axis of rotation and splits the atomic

cloud. Consequently for the static shell the coupling-holes are positioned along the

y-axis, the maximum along a band in the xz-plane. Therefore the ring would have

a large potential variation7. Even worse, the coupling minimum would lead to large

Landau-Zener losses and make any realistic trapping impossible. Unfortunately,

there is no way around this, as the following considerations show.

• Start with xy-circular polarization (maximum at South Pole, hole at North

Pole): The loading of the double well does not work as the zero spins through

the cloud.

• Rotate the polarization, for example from z-linear during loading to xy-circular

during the ring merging: The zero coupling will always need to be dragged

through the atom position for geometric reason. Again, this process leads to

large losses. It has not been tested yet, what happens if the polarization is

jumped between these two configurations.

• Rotate the circular polarization in sync with the TOP field rotation, so that the

7 But a similar variation can be used to instigate rotation in the ring.
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8.3. Atoms on the shell potential

maximum coupling is always situated at the rotating axis. This is in principle

possible but does currently lie beyond our control of the three rf-fields.

There are proposals to time-average the coupling strength itself [165] to smooth out

the potential landscape across an adiabatic potential. While this seems feasible and

helpful in some cases (e.g. Gold pan rotation of the polarization at the bottom of

the shell), it seems not to offer a solution here. The problem of the instantaneous

hole crossing the atoms’ position remains.

We have not yet tried to load a BEC into the ring trap with greater care. Our first

observation show however that it is more challenging to split the BEC symmetrically

into a ring. Due to asymmetries in the trap (misaligned quadrupole, unbalanced

powers, stray magnetic fields, etc.) a BEC always tends to move up along one side

when starting to increase the z-TOP field. However, we have not yet investigated

this process in more detail. With a careful optimization it could be possible to load

a BEC more uniformly into the ring.

Furthermore the possibility to evaporatively cool in the TAAP ring needs to be

investigated. This might prove to be difficult as the effective trap bottom at the

equilibrium position is varying. In connection with the limiting size of the evapora-

tion window (section 7.4.4) this might require to use larger dressing frequencies.

8.3 Atoms on the shell potential

As mentioned in section 7.3 the TAAP loading scheme can be used to transfer

atoms onto the ellipsoidal shell surface if the TOP field is decreased to zero. This

process is explained below in section 8.3.1. Thereafter in section 8.3.2 the rotation

of elliptical rf-polarization is presented, which is technically analogus to the rotation

of the elliptical TOP trap.

8.3.1 Loading and manipulating atoms on the shell potential

The process to load the shell is a straightforward extension of the TAAP loading

scheme with circular polarized rf-radiation. For thermal atoms we typically ramp

the TOP field linearly in 100 ms to zero, thereby transferring atoms onto the shell

surface. To load a BEC onto the shell we employ a two stage loading process: First

thermal atoms are loaded into the TAAP well. Here standard evaporative cooling

is performed as described in section 7.4.4, resulting in a BEC of up to 3 · 105 atoms.

After the evaporation sweep we lower the TOP field and load the BEC onto the shell.

We do not observe any discernible heating during this process. The lifetime (of up

to several seconds) follows the same arguments as for the TAAP and is determined

by rf-power.
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8.3. Atoms on the shell potential

Figure 8.8: Horizontal image of atoms in the shell trap. (Zero time-of-flight, diffraction
due to high density). The power between both channels is imbalanced before the gradient
is increased. As a result the atoms move up along one axis. The diameter of the shell is
roughly 370µm.

The relation between rf-power and quadrupole gradient was explored in chapter

6 and its interplay is observed in the experiment. Once atoms are loaded onto the

shell, an increase in gradient (shell shrinks) or rf-power (coupling strength increases)

results in the atoms being pushed upwards on the shell surface. Additionally, by

controlling the relative strength and phase between the two rf-components the atoms’

position and shape can be manipulated. In figure 8.8 their respective powers are

imbalanced, resulting in elliptical polarization. Thereafter the gradient is increased

and the atoms flow up the sides of the shell. The image is taken during the process

but in principle late enough that atoms should have reached the north pole. But

it can be seen that hardly any atoms survive on the northern hemisphere. This

is due to the decreasing coupling strength; however, the transition is more abrupt

as one would expect from the coupling variation (see plot 6.1). We attribute this

to the vastly increasing trapping frequency as shown in figure 6.2; not only is the

Landau-Zener transition probability higher, but the atoms also move more often

through the avoided crossing (per time interval), leading to a substantially reduced

lifetime. The image also reveals a misalignment of the quadrupole geometry, which

was already observed for the horizontal double well8.

While it is relatively straightforward to evaporatively cool atoms in the TAAP well,

this is not the case for atoms at the bottom of the shell for the following two reason:

• Low trapping frequencies: The cross-shell trapping frequency is of the order

of a couple of 100’s Hz, while the two tangential directions are only in the

region of 10 Hz. This leads to low collision rates and long rethermalisation

8 These type of images can therefore serve as a good guide for precise alignment of the various
components.
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Figure 8.9: Trapping frequency at the bottom of the shell for small z-TOP shaking (same
parameters as before). The x-direction becomes an anti-trapping position around γ & 0.27.
This is represented by the negative trapping frequencies which indicate the strength that
pushes the atoms away.

times [159].

• Low selectivity: An atom moving away from the potential minimum (equilib-

rium position) at the bottom of the shell can increase (moving along z, across

the shell) or decrease (moving tangential to the shell) the effective B-field it

experiences. A rf knife can therefore always only work in one dimension.

We have observed some preliminary rf-evaporative cooling at the bottom of the

shell. However this was achieved with already partially condensed clouds for which

the above problems are less constraining. In addition to forced rf-evaporation, there

exists the possibility to use the hole associated with the vanishing coupling strength

as an in-built, ‘natural’ evaporation mechanism [43]. In the shell potential presented

here this process is suffers from very low efficiencies: as explained above, the inter-

esting region, where the lifetime is substantially modulated is around the equator;

too far away from the equilibrium position at the bottom of the shell. This can

in principle be adjusted to reach a more favorable geometry, e.g. by rotating the

polarization axis.

The trapping frequencies at the bottom of the shell can be tuned with the help of

small TOP fields. Using the horizontal TOP the potential becomes more spherical

and eventually enters the full TAAP regime. Contrary, for a small z-TOP field

the tangential trapping frequencies can be reduces to arbitrarily small values, until

the bottom of the shell becomes an anti-trapped position and the ring trap regime

is entered (see figure 8.9). The vertical, z-direction is weakened in this process

which displaces the equilibrium position slightly downwards. This could open a

path towards well-controlled 2D trapping geometries.
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8.3. Atoms on the shell potential

Figure 8.10: Images from the spin-up of thermal atoms in the shell potential (zero time-of
flight). See text for details.

8.3.2 Rotation of cold atoms in the shell potential

The ellipse rotation scheme was successfully implemented for the nucleation of vor-

tices in the TOP trap, as presented in chapter 5. The scheme is independent of the

carrier frequency, therefore no technical changes had to be made for the rotation of

elliptical rf-polarization.

As depicted in figure 2.5, elliptical polarization introduces a ϕel dependence of the

potential. It can also be seen, that the change in the potential tends to vanish at

the bottom of the shell. So the deformation of the potential is negligible for atoms

positioned at this position.

For thermal atoms the following spin-up sequence has been developed and results

in atoms traveling on circular orbits like beads in a bowl, see figure 8.10: The rf-

polarization is deformed to an ellipse in 100 ms to eccentricities of ε ∈ [0.5, 0.8].

Subsequently this elliptical polarization is spun up over 500 ms with a constant

acceleration to a final frequency of ωs
2π
∈ [20, 35 ]Hz. During this stage the z-TOP

field is ramped up to γ ≈ 0.3 to push atoms away from the very bottom of the shell.

These conditions are held constant for additional 200 ms, before the polarization

returns to circular in 100 ms. A 100 ms long equilibrium stage ends the spin-up

sequence, during which it is possible to remove the z-TOP field. The parameters

can be varied within the stated ranges (and probably beyond), but are connected

by the obvious and intuitive relations. For example if the time of the spin-up is

reduced, the eccentricity might need to be lowered to give a larger drag force to

achieve the same result.

Figure 8.10 shows images from different stages during rotation sequences:

• Left: Beginning of a spin-up sequence. The atoms are dragged along, resulting

in the smeared out cloud.

• Middle: After spin-up. Parameters were chosen in such a way, that not all
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8.3. Atoms on the shell potential

atoms were displaced enough from the trap center to feel a sufficient drag force.

A central non (or possibly slowly) rotating cloud is surrounded by a halo of

spinning atoms.

• Right: After spin-up. All atoms have been transfered into the rotating ring.

It should be emphasized that for suitable parameters the centrifugal force can sup-

port the atoms in the spinning ring against gravity even when once the z-shaking is

removed.

The same rotation mechanism also works in the static ring trap to induce rotations.

Currently investigations are underway to evaluate the amount of heating from this

spin-up process and how it can be minimized (making the process as adiabatic as

possible). Subsequently the possibility to evaporate in the rotating frame will be

explored.

The initial concern that atoms will be lost from the finite angle jumps during the

ellipse rotation has not been observed (for the current parameters). As explained

in section 3.2.2.2, we contribute this behavior to the finite bandwidth of any real

amplifier. So far it has not been rigorously explored at which angle jump size larger

losses are incurred.
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Chapter 9

Conclusion and outlook

In conclusion, the experiment has given a first experimental realization of a time-

averaged adiabatic potential. In addition, the operating range of the static adiabatic

potential was extended.

• A convenient TAAP loading process starting from a standard TOP trap has

been developed which suffers tolerable losses and negligible heating rates.

• A sufficient lifetime in the TAAP and adiabatic potential is established. The

losses from non-adiabatic Landau-Zener transitions can be reduced with suffi-

cient rf-power. As a rule of thumb the coupling needed to be Ω & 2π · 300 kHz

in our setup (at a gradient of B′q ∈ (50 − 200) G/cm), which is achieved by

Brf & 0.43 G per channel.

• Successful evaporative cooling in the TAAP. We can apply a second, weaker,

rf-radiation field to various transitions to cool a thermal cloud to quantum

degeneracy.

• Different trapping geometries are accessible: double wells separated vertically

or horizontally, ring trap, shell trap, and morphing between these different

shapes is implemented.

• Manipulation of atom position and dynamics by rf-polarization: atoms can be

moved around on the shell’s surface by changes in the rf-polarization. This

includes the possibility to spin up the atomic cloud into a ring. This rotation

mechanism also works for a TAAP ring. In both cases no additional losses are

observed for small angle jumps (η < 2◦).

The different geometries are not fully characterized yet due to time-constraints;

especially the following questions need to be addressed in the future:

• The conservation of phase coherence during the splitting process in the hori-

zontal double well potential and the subsequent coherence time of the system.
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• The possibility of loading a BEC symmetrically into the ring trap and of

performing evaporative cooling therein. Additionally, the decoherence of an

initially localized, travelling wavepacket has to be evaluated.

• The possibility of rf-evaporative cooling in the spinning ring in the shell.

• The efficiency of the ‘natural evaporation’ by loss of atoms at the holes in the

coupling strength. It needs to be investigated whether this process can be

used as a controllable evaporation mechanism in the shell potential (similar to

[43]).

Depending on the results from the above investigations, different interesting exper-

imental scenarios presented in the next section may be achievable.

It should be noted, that some restrictions (evaporation window, limiting value for

quadrupole gradient in the shell) of the current setup could be circumvented by us-

ing a higher dressing frequency. Our current amplifiers (Minicircuits ZHL 32A) do

not allow us to work at different, higher frequencies and still drive sufficient current

to produce the desired magnetic fields. We tested a different amplifier (HLA 150

from RM Costruzioni Elettroniche) at 3.6 MHz which provides the required power,

but we found that the performance of the rf-dressed potentials substantially deteri-

orated – loading of the TAAP was still feasible but it proved impossible to achieve

Bose-Einstein condensation as there seemed to be additional heating1. This hints

again at the importance of suitable rf-frequency signal sources and amplifiers for

rf-dressed potentials as observed in [111].

9.1 Ideas for future experiments

We are just starting to explore the full capabilities of the new experimental appa-

ratus. Following some ideas are listed which were identified during the build-up as

interesting scenarios to investigate with this system. The first four use the ring-trap

geometry and/or rotation, the fifth uses the possibility to reach the 2D regime in the

shell. A short review of atom interferometry is included as background for additional

two ideas employing the horizontal double well potential.

1. Decay of a supersonic superflow using ring size as a measure of an-

gular momentum. It was shown in section 8.3.2 that atoms can be spun-up

in the shell potential. It was found that this mechanism worked substantially

better with the help of some z-shaking to instigate the rotation. However,

once the ring shape is established the TOP field can be reduced to zero and

1 An analysis and comparison of the outputs from different amplifiers (noise level, higher har-
monics, etc.) did not give a conclusive result and needs further investigation.
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the atoms remain in ring due to the centripetal acceleration. Classically, the

angular momentum of a particle with mass m that is travelling on a circular

orbit of size r is given by L = rpt = rvtm = mωr2. Therefore measuring the

radius of the ring is a convenient measure of the angular momentum. It would

be interesting to investigate the decay of this state in detail and explore its

relation to the magnetic potential’s roughness (introducing a variable barrier),

temperature and rotation speed. The really intriguing step would be to cool

the system in the rotating frame towards the phase transition. This should be

possible, as the coupling variation should allow removal of atoms on the inside

or outside of the ring. A change in the decay behavior might depend on the

superfluid fraction in the ring. For the parameters explored so far ( ω
2π
≈ 10 Hz,

r = 200µm) a superfluid flow would be supersonic, vf > vc = vs and could

decay according to the Landau criterion as can be seen from the following rea-

soning. For this radius one unit of circulation equates to a rotation frequency

of fr = vt
2πr

= 1.16·10−10

r2
= 2.9 · 10−3 Hz. Consequently at 10 Hz over 3000 units

of circulation are in the system. The chemical potential can be calculated from

[39] for a three dimensional ring2

µ3D = ~(ωzωr)
1
2

√
2Nas
πr

(9.1)

which is of the order of ∼ 100 Hz. Thus the speed of sound is vs = 0.5 mm/s

which presents a critical rotation rate of fc = 0.45Hz, well below our cur-

rent rotation rates. By increasing the gradient the critical rotation frequency

will rise, as the higher cross-shell trapping frequency increases the chemical

potential, while simultaneously the shell radius shrinks. Additionally the po-

tential along the shell can be modified which allows lowering the rotation rate,

possibly below fc.

The main advantage of this method to measure angular momentum is the easy

detection mechanism, as only the ring size has to be measured from in-trap

absorption images. Therefore small differences in the decay process between

thermal atoms and a (supersonic) superflow should be detectable.

2. Dissipation in superfluid systems induced by phase slips: This idea

was presented in [166] and already mentioned in section 8.2. Starting with a

persistent current in a ring trap a small barrier is raised across the ring, at

which position a vortex can enter and exit the ring. In our z-shaking ring a

long and smooth barrier could be raised by rf-polarization adjustments, while

for this scenario a more usable, smaller and narrower obstruction could be

2 This result is derived within the Thomas-Fermi approximation which might produce larger
deviations in this case. Our system exhibits low densities due to its large spatial extent,
shifting the importance between interaction energy and kinetic energy.
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created by a focused laser beam.

At the barrier’s position the density drops and a vortex can escape the central

region by crossing the constriction transversally [166]. Such a phase slip is

believed to explain the dissipation of the superfluid flow below the Landau

criterion. In [167] there was evidence for the phase-slip induced damping

of the center of mass motion of a BEC in an optical lattice. However, the

microscopic details are still not fully understood.

Besides shedding light upon the above problem, a ring shaped geometry could

lead to a superfluid analogue to the superconducting quantum interference

device3.

3. Giant vortex in an anharmonic potential: The rotating superflow can be

interpreted as a state with a giant vortex in the center. In [171] it was shown

that for a rotating hard wall potential the system undergoes a phase transition

from vortex lattice to giant vortex at a critical rotation speed. Similarly in

[172] this process was predicted for an harmonic plus quartic potential4. A

similar process could be studied in the shell potential.

4. Fast rotation and the fractional quantum Hall effect: There exists the

possibility to use rotating Bose-Einstein condensates to enter a strongly cor-

related state analogue of the fractional quantum Hall effect [173, 174]. This

idea is based on the fact that rotation can be as viewed as a artificial mag-

netic field, which follows from the mathematical similarity of the respective

Hamiltonians for an electron in a magnetic field and a neutral particle in a

rotating frame. The key parameter in these considerations is the filling factor,

ν = Np
Nv

, the ratio of number of particles to the number of vortices. For low

filling factors (v ∼ 6) a crossover from vortex lattice to incompressible vortex

liquid is expected.

Reaching this regime poses a considerable technical challenge. Experiments

with a large number of atoms were not able to observe such a crossover

[175, 176]. Recently the implementation of an optical lattice with individual

rotating lattice sites has been presented for this purpose which automatically

reaches low filling factors [177]. Another approach is outlined in [139], where a

synthetic magnetic field is facilitated by a spatially dependent optical coupling

between the internal states of the atoms. This prevents the necessity of a ‘real’

rotation.

3 The transition from phase slips to Josephson effect has been observed in liquid helium [168]
which could enabled the analog of a dc-SQUID in these systems [169, 170].

4 The centrifugal force lowers the density in the center of the cloud. Therefore vortices can be
packed tightly and eventually merge to an giant vortex
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However, in all systems a low atom number might be required (except in

[177]), which involves the detection of single atoms. This requires sophisticated

imaging techniques. Lately it has been shown how fluorescence imaging can be

used to detect single atoms in an optical lattice [178, 179] or freely propagating

single atoms [180].

Already mentioned in the thesis of Benjamin Sheard [90], the experimental

design process considered the necessity of high resolution imaging by the use of

a high numerical aperture microscope objective. This can now easily be fitted

at the current objective’s position. A possible setup, including the layout of

a deep, near-resonant lattice, is currently being evaluated. This combination

of high-resolution imaging of low atom numbers and the presented convenient

rotation mechanisms might open a route to detect a crossover to fractional

quantum Hall effect physics.

5. Superfluidity in 2D and the scissors mode: Generally, in 2D a BEC can-

not exist, as at any finite temperature long-wavelength fluctuations prevent

a true, long-range order [47]. However, a quasi long-range order (power-law

decay, ∝
[

ξ0
|r−r′|

]α
) can be established which leads to ‘patches’ of phase co-

herent regions below the BKT transition temperature. The long-wavelength

fluctuations result in the formation of vortex-antivortex pairs at the bound-

aries of these quasi-condensates; nevertheless, the coherent blocks support a

superfluid phase. With increasing temperature the vortex-antivortex pairs

start to break up and change the decay of the long-range order to an exponen-

tial one (∝ exp
[
− |r−r

′|
ξ0

]
) and the system looses its superfluid nature5. The

crossover in the decay of long-range order was observed in [31] and gives clear

evidence for a BKT transition. In the above consideration the finite size of

a trapped, interacting Bose gas is neglected. Including this, a quasi-BEC is

expected above the BKT transition, as observed in [181]. This should not be

a superfluid, which has not been tested yet.

The shell potential offers an accessible route for experimentally testing the

superfluid nature. The method used in previous experiments with the scissors

mode in 3D systems [63] can be adapted for 2D to detect a superfluid fraction

[182]. Quasi-2D confinement can be established at the bottom of the shell

as the trapping frequency can be conveniently controlled. With polarization

changes the potential can be made ellipsoidal and flicked over to excite the

scissors mode.

With equation 6.5 it was shown that the tight, cross-shell trapping frequency

scales linearly with the quadrupole gradient. At current parameters this is

around ωz
2π
≈ 200 Hz at B′q ≈ 84 G/cm. The gradient can easily be increased

5 So contradictory to 3D systems, observation of vortices signifies the loss of superfluidity!
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by a factor of 5, so that the cross-shell trapping frequency becomes compara-

ble to the chemical potential. However, the variation of the coupling will push

the atoms away from the bottom of the shell. This could be circumvented by

lowering the rf-power by the same factor (trapping argument from equation

6.8). Beneficially, this also increases the trapping frequency as ωz ∝ B
− 1

2
rf ;

however, the accompanying lifetime reduction is undesirable. A more promis-

ing approach would be to use rf-radiation with a component polarized along

the z-axis to time-average the coupling variation on the southern hemisphere

[165], in analogy to the gold pan rotation, see figure 3.9. In this scheme the

coupling maximum is not longer at the bottom of the shell and the gradient

can be increased without problems. To test if the 2D-regime is reached changes

in the aspect ratio [28] or at the density fluctuations in time-of-flight images

[181] could be observed. The scissors mode can be excited in analogy to [63],

which could a reveal a non-superfluid, quasi-condensate phase.

Interferometry with a BEC

Atom interferometry offers the possibility of exquisite precision measurement capa-

bilities [40]. As atoms are sensitive to electromagnetic fields their respective appli-

cation range can be richer - however, the same argument makes them sensitive to

detrimental noise sources.

So far, matter-wave interferometers for precision measurements are typically oper-

ated in the dilute limit to avoid particle-particle interactions [183, 184]. For example,

the state-of-the-art atom gyroscope from [185] is operating as a 2m-long Mach-

Zehnder configuration where stimulated Raman pulses coherently control the ther-

mal caesium atom wavepackets, which subsequently interfere in momentum space.

Employing a BEC would in principle allow a step change like going from thermal

light to the laser and deliver a source with higher brightness, and narrower spatial

and momentum spreads. However atom-atom interactions at high densities lead to

the problem of phase diffusion [186], in most cases a source of decoherence6: A state

of two BECs with well defined relative phase is a superposition of many relative

number states. Different number states have different phase evolution rates as the

interaction lead to a quadratic relation between energy and atom number. The phase

of the superposition will therefore spread out and diffuse. As an example in [188]

a Michelson interferometer was integrated on an atom chip trap, where atoms are

split into different momentum states. Here the (dephasing limited) coherence of the

two wave packets could be observed up to 10 ms. In [45] rf-dressed potentials were

shown to function as a phase-preserving, spatial beam splitter. In a similar system

the dephasing was reduced by using number squeezed states [189] and coherence

6 There are schemes similar to a spin echo as observed in [187], which allows the effect to be
undone to a certain extent.
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9.1. Ideas for future experiments

Figure 9.1: Schematic of an atomic Mach-Zender interferometer. The displacement of
the quadrupole field can be along the x- (via push coil) or z- (via Helmholtz coil) directions.

times of ∼ 200 ms for ten-fold number squeezed states were observed7. The number

squeezing arises during the adiabatic splitting process, where the nonlinear inter-

action favors narrow number distributions. Generally, reaching a number squeezed

state requires a slower splitting process which can be undesirable, but there are

schemes to overcome this effect as recently shown in [191]. However, there remains

the competition between phase and number certainty: an initial number squeezing

increases the initial phase uncertainty.

Another approach to make a BEC more applicable for interferometry is the control of

the interaction itself: With the help of Feshbach resonances the interaction strength

can be decreased and has shown to prolong the coherence of the system drastically8,

which opens up new routes for BEC interferometers. This route can not be followed

here as the adiabatic potential is a magnetic trap.

6. Sagnac interferometer with a guided BEC: Gyroscopes based on the

Sagnac effect [194] measure a rotation rate relative to an inertial reference

frame, based on a rotationally induced phase shift between two paths of an

interferometer. The phase shift can be calculated from

∆φ =
4πmA ·Ωrot

h
(9.2)

which shows that the key parameter is the enclosed area A. In [189] the

possibility of an Sagnac interferometer was hinted at, but the enclosed area

only reached 1500µm2, too small for useful measurements. Our experiment

readily offers itself for a convenient test of a Sagnac atom interferometer using

7 For a Poisson distribution the shot-noise limited number uncertainty is
√
N . A reduction to√

N
s is a s-fold squeezed state. In a latter publication the squeezing factor was revisited and

claimed to be 25 [190].
8 Bloch oscillations could be observed for up to 10 s [192, 193].
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a BEC: as shown in the previous chapter, a double well with a large separation

(∼ 500µm) is readily achievable. This configuration can be horizontally (or

vertically) displaced by applying an uniform B-field9 (from a Helmholtz coil,

see figure 9.1). This displacement could be millimeters, resulting in an effective

area> 1 mm2. For an area of (0.5×2) mm2 the earth rotation rate (Ωe ≈ 360◦

86400 s
)

gives a phase shift of ∆φ ≈ 10◦, which is resolvable.

As mentioned, Feshbach resonances are not feasible for the TAAP trap. There-

fore an initial number squeezing would have to provide a sufficient coherence

time and slow down the phase diffusion. Consequently, the interferometer path

needs to be completed as fast as possible to remain within the coherence time.

This does not pose any technical difficulty, but the translation needs to be done

adiabatically, so as not to cause any excitation. Similarly, strong confinement

of the atoms during the transport allows faster movement but increases the

interaction energy and thereby phase diffusion.

For the readout the interference pattern is observed and analyzed after time-of-

flight expansion10. The positions of the maxima depend on the relative phase

of the two condensates and this fringe separation is given by [47]

∆x =
ht

md
(9.3)

for an initial separation d. For rubidium this requires that the wells are brought

closely together before release: e.g. after 20 ms time-of-flight for d = 10µm

the separation reaches ∆x =∼ 9µm. Recently, interference from two well-

separated BECs (250µm, albeit non-phase coherent) has been observed with

the help of a levitating scheme [195] which could be employed if necessary.

Another way to read out the relative phase relies on an effect observed in

[196]: The recombination of two split BECs results in heating which depends

on the relative phase of the two systems. A subsequent measurement of the

remaining condensed atoms reveals the initial, relative phase.

The critical step remains the coherence time of the double well (in comparison

with path round-trip time), which needs to be evaluated to assess the feasibility

of the above process.

7. The rotated and rotating double well: The rotation of the double well

can be used in two ways (at least). To begin with, the double well can be

9 The ring geometry could also be employed as an interferometer, but while some aspects seem
more favorable (only confinement in two direction so less phase diffusion), the total setup
appears more challenging and is not considered here.

10 A in-trap recombination should in principle map the phase information into a population
difference of the ground and first excited state.
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Figure 9.2: Schematic of the rotated and rotating double well. Left, rotated DW: the
wells are split, rotated, and brought back close together in the static frame. Right, rotating
DW: the wells are split and brought back together while rotating.

split, rotated by a finite angle, and recombined in the static frame, see left of

figure 9.2. This process does not measure any rotation, as both well rotate

along the same direction. However, the atoms in the different wells accumulate

different geometric phases, which could be measured. As shown in [197] the

geometric phase in adiabatic radio-frequency potentials is dependent on the

static B-field along the semiclassical trajectory and the effective B-field. The

rf-coupling remains constant as the perpendicular part is constant and only

variations in the static B-field contribute. The gap in the geometric phase is

caused by the lack of rotational symmetry of the local magnetic field direction

as explained in figure 9.3.

The second scenario is the rotating double well, where the recombination is

done in the rotating frame. The two wells have accumulated angular momen-

tum with respect to each other. In [198] it was shown that this should manifest

itself in vortices along the intersection of the two condensates. This could be

revealed in time-of-flight expansion.

The above presented ideas show how large the field of application can be for the rf-

dressed potential and their time-averaged extension. The convenient tunability and

the intrinsic smoothness results in versatile trapping geometries and makes many,

very different experimental scenarios available.
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Figure 9.3: Explanation for a net geometric phase
in the rotated double well. a) Quadrupole vector field
along ellipse. b) Loading of DW: “Static” (spin can
adiabatic follow) vector rotates around horizontal, x-
axis. When the DW starts to form this vector is in-
clined with the z-axis and traces out a circle centered
around the x-axis. c) Rotation of DW around the ver-
tical z-axis: The static fields at the two wells trace out
different trajectories, as displayed in d) for a rotation
around π. The difference in geometric phase is given
by the inclination (set by the DW position) and the
rotation angle. In the Bloch-sphere like picture on the
right the red mesh symbolizes the difference in geomet-
ric phase.
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A. Rotation of angular momentum operators

Appendix

A Rotation of angular momentum operators

As we use angular momentum operators numerous times we summarize their matrix

representation here.

Fz = ~


1 0 0

0 0 0

0 0 −1

 (A.1)

Fx =
~√
2


0 1 0

1 0 1

0 1 0

 (A.2)

Fy =
~
i
√

2


0 1 0

−1 0 1

0 −1 0

 (A.3)

These hermitian (A = A†, where A† = ĀT is the complex conjugate of the transpose

matrix) operators are used as the generators of the rotation operators.

The following identities are helpful when manipulating rotational unitary transfor-

mations of the angular momentum operators.

eiφFzFze
−iφFz = Fz (A.4)

eiφFzFxe
−iφFz =

1

2

(
F+e

iφ + F−e
−iφ) (A.5)

eiφFzFye
−iφFz =

i

2

(
F−e

−iφ − F+e
+iφ
)

(A.6)

eiφFzF+e
−iφFz = F+e

+iφ (A.7)

eiφFzF−e
−iφFz = F−e

−iφ (A.8)

where

F+ = Fx + iFy and F− = Fx − iFy (A.9)

Fx =
F+ + F−

2
and Fy =

F+ − F−
2i

(A.10)
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The first one is trivially true. The others can be derived from the definition of an

exponential of an operator, i.e.

eFj = I + Fj +
F 2
j

2!
+
F 3
j

3!
+ . . . (A.11)

giving

eiFjFke
−iFj =

∞∑
m=0

1

m!
[Fj, Fk]m with [X, Y ]m = [X, [X, Y ]]m−1 (A.12)

and the respective commutator relations for angular momentum operators

[Fi, Fj] = i~
3∑

k=1

εijkFk. (A.13)

B Geocentric description of an ellipse

An ellipse can be described by the canonical form

x2

a2
+
z2

b2
= 1 (B.1)

where a and b describe the semi-minor and semi-major axis. Equivalently, it can

parametrized as

x(α) = a cos(α) and z(α) = b sin(α). (B.2)

Using a = r =
√
x2 + 4z2 and b = r

2
we can see how the parameterization in section

2.3.2 is motivated (plug a and b into equation B.2). It is important to note that the

parametric angle α does not describe the polar angle θ with the x-axis, see figure A.

To change the coordinates [x, z] 7→ [r(θ), θ] in the ellipse equation we see that

x(θ) = r(θ) cos(θ) and z(θ) = r(θ) sin(θ)

with r(θ) =
ab√

(b cos(θ))2 + (a sin(θ))2
. (B.3)

(Plug the above equations into B.1 to get r(θ).)

The relation between these two angles can be found to be (from tan θ = z
x

and plug

in equations B.2)

θ = arctan

[
b

a
tan (α)

]
(B.4)

with α ∈ [−π
2
, π

2
]. Another angle of interest is the angle θt which measures the angle

of the perpendicular vector to the local tangent and the x-axis. Here we find a

similar expression (from tan
[
π
2
− θt

]
= d(z(x))

dx
, plug in z(x) from equation B.1, then
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Figure A: Visualization of the geocentric parameters for an ellipse. The left side shows
how α is not the polar angle. The right side depicts the tangent coordinate system.

insert x and z from equation B.2):

θt = arctan
[a
b

tan (α)
]

(B.5)

Consequently these two angles can be related as

tan(θ) =

(
b

a

)2

tan (θt) . (B.6)

For the shell geometry it is a = rs and b = rs
2

, so that the larger axis describes the

size rs of the ellipse. Further we often measure the polar angle clockwise from the

z-axis, i.e. θel = π
2
− θ, which gives

x(θel) = r(θel) sin(θel) and z(θel) = r(θel) cos(θel)

with r(θel) =
rs√

sin2(θel) + 4 cos2(θel)
. (B.7)

The x-coordinate describes the horizontal (radially symmetric) position, while z

describes the vertical axis. It should be remembered that now
√
x(θel)2 + 4z(θel)2 =

rs, i.e. the ellipse surface is parameterized by a single static parameter we call the

ellipse (or shell) size and that describes the length of the large, semi-major axis.

Further the two angles can be related by

π

2
− θel = arctan

[
1

4
tan
(π

2
− θt

)]
. (B.8)

Here we have also shifted the tangent angle θt → π
2
− θt so that both angles are

measured with respect to the positive z-axis. So we get

θel =
π

2
− arctan

[
1

4
tan
(π

2
− θt

)]
(B.9)
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and

θt =
π

2
− arctan

[
4 tan

(π
2
− θel

)]
. (B.10)

C Rotation of an ellipsoid

Here we show how an ellipse created by two π/2-phase shifted oscillations with

unequal amplitudes can be rotated by readjusting the respective phases and am-

plitudes. The ellipse here is the path that the field vector sweeps through during

one oscillation period. The rotation scheme proves to be independent of the carrier

frequency working for both, the TOP field and the rf-field.

First we need to recapitulate that any linear combination of two sine functions with

equal frequencies can be expressed as a single sine function:

a · sin (x) + b · sin(x+ α) = c · sin (x+ β) (C.1)

Finding c and β can be done in the following way. Using the identity

sin (x+ y) = sin (x) cos(y) + cos(x) sin(y) (C.2)

equation C.1 transforms to

a · sin(x) + b · sin(x) cos(α) + b · cos(x) sin(α) =

c · sin(x) cos(β) + c · cos(x) sin(β) (C.3)

Comparing the coefficients, one reads off

a+ b · cos(α) = c · cos(β)

and b · sin(α) = c · sin(β) (C.4)

From this follows, if a+ b · cos(α) > 0,

c =
√
a2 + b2 + 2ab · cos(α)

and β = arctan

(
b · sin(α)

a+ b · cos(α)

)
(C.5)

Now we investigate the rotation of a general ellipse, which axis initially lie along the

x- and y-axis. For an ellipse with an eccentricity ε

B(ω, t) = B

(
cos(ωt)

ε · sin(ωt)

)
(C.6)

126



C. Rotation of an ellipsoid

that is rotated by an angle η through the rotation matrix Rx(η)

Rx(η) =

(
cos(η) − sin(η)

sin(η) cos(η)

)
(C.7)

one finds

B(ω, t) = B

(
cos(ωt) cos(η)− ε sin(ωt) sin(η)

cos(ωt) sin(η) + ε sin(ωt) cos(η)

)
(C.8)

Using the trigonometric identity for multiplication, e.g.

cos(θ) cos(φ) =
cos(θ − φ) + cos(θ + φ)

2
(C.9)

this can be rearranged to

B(ω, t, η) =

=
B

2

 cos(ωt− η) + cos(ωt+ η)− ε cos(ωt− η) + ε cos(ωt+ η)

sin(ωt+ η)− sin(ωt− η) + ε sin(ωt+ η) + ε sin(ωt− η)


=
B

2

 (1− ε) cos(ωt− η) + (1 + ε) cos(ωt+ η)

(1 + ε) sin(ωt+ η) + (ε− 1) sin(ωt− η)

 (C.10)

Substituting ω′t = ωt− η it simplifies to

B(ω, t, η) =
B

2

(
(1− ε) cos(ω′t) + (1 + ε) cos(ω′t+ 2η)

(1 + ε) sin(ωt′ + 2η) + (ε− 1) sin(ω′t)

)
. (C.11)

Using the earlier results C.1 and C.5 for each component for the rotated ellipse, we

can now write this rotation as a pure amplitude and phase modulation independent

of the carrier fequency:

B(ω, t, η) = B

 cx · sin(ωt+ βx)

cy · sin(ωt+ βy)


with cx =

1

2

√
2 + 2ε2 + 2(ε2 − 1) cos(2η)

βx = −η + arctan

(
(ε− 1) sin(2η)

(ε+ 1) + (ε− 1) cos(2η)

)
cy =

1

2

√
2 + 2ε2 − 2(ε2 − 1) cos(2η)

βy = −η + arctan

(
(ε− 1) sin(−2η)

(ε+ 1) + (1− ε) cos(2η)

)
(C.12)
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A time dependent rotation angle η(t) enables arbitrary rotation sequences of the

TOP or rf-field ellipse. An introduction of a further, third axis allows to tilt the

rotation axis arbitrarily.

D Initialization of the DDS box

For future reference and as a guide to understand the communication with the DDS

system we outline here the initialization procedure of the DDS chips. This can

complement the not-always-easy-to-understand manual of the AD9852 [110].

This first part accesses and manipulates the main control register into the desired

state and is written simultaneously to all 4 DDS channels. The 32bit control register

is broken up into 4 addresses (#1D to #20 (hex))11.

1. Set Phase-Locked-Loop (PLL): Write #45 to control register #1E:

• Sets bit 6: PLL range set to high.

• Set bits 2 and 3: PLL multiplier set to a factor of 5. In combination

with an external clock signal of 60 MHz this results in an internal clock

of 300 MHz.

2. Disable Power Down: Write #00 to control register #1D.

3. Enable Output Shift Keying : Write #20 to control register #20. This set the

the 5th bit to high and enables to control the amplitude via register #21 and

#22 (see below).

4. Clear Accumulator : Write #30 (64 in decimal) to control register #1F . This

sets the 6th bit to high. Accumulator 1 and Accumulator 2 are reset and held

at 0 as long as this 6th bit is high. This way we can initialize all DDS channels

to the appropriate phases etc.

5. Update pulse: Pin 18 (Input/Output) is triggered (see figure 3.8). The above

settings become active.

At this point the main parameters of the DDS are initialized and it is ready to

generate the desired waveform. The next part sets the parameters of the actual

output signals.

1. Set Phase 1 : Write the phase offset into 2 registers (addresses #00 (6 most

significant bits) and #01). 14bits resolution for the 2π.

2. Set Amplitude: Write the amplitude into 2 registers (addresses #21 (4 most

significant bits) and #22). 12bit resolution for the full signal (100%) level.

11 General remark: The master reset (Pin 19) needs 10 clock cycles.
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3. Set Frequency 1 : Write the frequency into 6 registers (addresses #04 to #09).

48bit resolution for the 300 MHz clock signal.

4. Set single-tone mode: Write #00 to control register #1F . This zeros the

accumulator bit (bit 6), and enables single-tone mode as bits 1,2 and 3 remain

zero.

5. Update pulse

During this stage each channel might receive different values: e.g. if each channel

should have a different phase, the above command 1 is sent 4 times, each time a

different chip select line being activated.

In the system it is also implemented to write to additional registers (Frequency 2,

Phase 2, Delta Frequency, Ramp Rate) which allows to use the in-built operating

modes (frequency shift keying, chirping etc.). It enables phase continuous ramps at

arbitrary sweep rates and gives therefore full control of the sinusoidal output signal,

beyond standard signal generators. These features have not been used so far in the

experiment as we always ‘manually’ (by sending new, updated values) adjust phase,

amplitude and frequency.
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