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Abstract
The past decade has revealed numerous admixture events involving populations

well-characterized by modern and ancient genomic data. However, current meth-
ods often struggle to detect events involving unknown populations, populations
with poorly defined genomic composition, or those leaving only subtle traces
in our genomes. To overcome these challenges, we introduce GhostBuster, a
novel method that leverages genome-wide genealogies to robustly identify such
hidden events. We validate GhostBuster against state-of-the-art approaches,
demonstrating its accuracy in detecting known admixture events, and apply
it to investigate African population history. Our analysis uncovers two key
findings: first, a Holocene-era back-to-Africa migration introducing detectable
levels of Eurasian and Neanderthal ancestry across Africa; and second, an ancient
admixture event with a population closely related to the ancestors of non-African
modern humans. These findings are further supported by mutational signatures
and affinities with archaic populations. Our results highlight the power of genome-
wide genealogical approaches in illuminating humanity’s shared past.

The rapid growth of modern biobanks is creating new opportunities for large-
scale genome-wide association studies (GWAS) and the analysis of complex traits.
However, performing GWAS on millions of samples often leads to trade-offs
between computational efficiency and statistical power, reducing the benefits
of large-scale data collection efforts. We developed Quickdraws, a method that
increases association power in quantitative and binary traits without sacrificing
computational efficiency, leveraging a spike-and-slab prior on variant effects,
stochastic variational inference and GPU acceleration. We applied Quickdraws to
79 quantitative and 50 binary traits in 405,000 UK Biobank samples, identifying
4.97% and 3.25% more associations than REGENIE, and 22.71% and 7.07% more
than FastGWA. Quickdraws had costs comparable to REGENIE, FastGWA, and
SAIGE on the UK Biobank RAP service, while being substantially faster than
BOLT-LMM. These results highlight the promise of leveraging machine learning
techniques for scalable GWAS without sacrificing power or robustness.
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Abstract

The past decade has revealed numerous admixture events involving populations
well-characterized by modern and ancient genomic data. However, current methods
often struggle to detect events involving unknown populations, populations with
poorly defined genomic composition, or those leaving only subtle traces in our
genomes. To overcome these challenges, we introduce GhostBuster, a novel method
that leverages genome-wide genealogies to robustly identify such hidden events. We
validate GhostBuster against state-of-the-art approaches, demonstrating its accuracy
in detecting known admixture events, and apply it to investigate African population
history. Our analysis uncovers two key findings: first, a Holocene-era back-to-
Africa migration introducing detectable levels of Eurasian and Neanderthal ancestry
across Africa; and second, an ancient admixture event with a population closely
related to the ancestors of non-African modern humans. These findings are further
supported by mutational signatures and affinities with archaic populations. Our
results highlight the power of genome-wide genealogical approaches in illuminating
humanity’s shared past.

The rapid growth of modern biobanks is creating new opportunities for large-
scale genome-wide association studies (GWAS) and the analysis of complex traits.
However, performing GWAS on millions of samples often leads to trade-offs between
computational efficiency and statistical power, reducing the benefits of large-
scale data collection efforts. We developed Quickdraws, a method that increases
association power in quantitative and binary traits without sacrificing computational
efficiency, leveraging a spike-and-slab prior on variant effects, stochastic variational
inference and GPU acceleration. We applied Quickdraws to 79 quantitative and
50 binary traits in 405,000 UK Biobank samples, identifying 4.97% and 3.25%
more associations than REGENIE, and 22.71% and 7.07% more than FastGWA.
Quickdraws had costs comparable to REGENIE, FastGWA, and SAIGE on the UK
Biobank RAP service, while being substantially faster than BOLT-LMM. These
results highlight the promise of leveraging machine learning techniques for scalable
GWAS without sacrificing power or robustness.
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coalescence rate profiles with a reference population. (b) PCA visualization of the

coalescence count and opportunity matrix derived from the genealogies plotted

separately for each component. (c) Expected coefficient of determination and

held-out log-likelihood improvement with varying number of components. (d)

Coancestry curve for normalized joint probability of component 1 and the inferred

admixture dates (in generations). (e) Local ancestry inference for GhostBuster vs.

Mosaic. The PCA visualization in (b) is based on a KDE plot with a threshold of

0.05, and binary local ancestry estimates are obtained by thresholding the inferred

posteriors at 0.5. The diploid local ancestry in (e) is based on chromosome 1 for

HGDP samples HGDP00102 and HGDP00103. . . . . . . . . . . . . . . . 97
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2.13 Decomposing Bedouin individuals in Human Genome Diversity Project.

(a) Inferred inverse coalescence rates and proportions: each line represents inverse

coalescence rate profiles with a reference population. (b) PCA visualization of the

coalescence count and opportunity matrix derived from the genealogies plotted

separately for each component. (c) Expected coefficient of determination and

held-out log-likelihood improvement with varying number of components. (d)

Coancestry curve for normalized joint probability of component 1 and the inferred

admixture dates (in generations). (e) Local ancestry inference for GhostBuster vs.

Mosaic. The PCA visualization in (b) is based on a KDE plot with a threshold of

0.05, and binary local ancestry estimates are obtained by thresholding the inferred

posteriors at 0.5. The diploid local ancestry in (e) is based on chromosome 1 for

HGDP samples HGDP00607 and HGDP00608. . . . . . . . . . . . . . . . 98

2.14 Decomposing Maya individuals in Human Genome Diversity Project.

(a) Inferred inverse coalescence rates and proportions: each line represents inverse

coalescence rate profiles with a reference population. (b) PCA visualization of the

coalescence count and opportunity matrix derived from the genealogies plotted

separately for each component. (c) Expected coefficient of determination and

held-out log-likelihood improvement with varying number of components. (d)

Coancestry curve for normalized joint probability of component 1 and the inferred

admixture dates (in generations). (e) Local ancestry inference for GhostBuster vs.

Mosaic. The PCA visualization in (b) is based on a KDE plot with a threshold of

0.05, and binary local ancestry estimates are obtained by thresholding the inferred

posteriors at 0.5. The diploid local ancestry in (e) is based on chromosome 1 for

HGDP samples HGDP00856 and HGDP00860. . . . . . . . . . . . . . . . 99

2.15 Decomposing British individuals in 1,000GP with ancient farmers,

hunter-gatherers and Yamnaya. (a) Inferred inverse coalescence rates and

proportions: each line represents inverse coalescence rate profiles with a reference

population. (b) PCA visualization of the coalescence count and opportunity

matrix derived from the genealogies plotted separately for each component. (c)

Expected coefficient of determination and held-out log-likelihood improvement

with varying number of components. (d) Coancestry curve for normalized joint

probability of component 1 and the inferred admixture dates (in generations).

(e) Histogram of the inferred local ancestry posteriors. The PCA visualization in

(b) is based on a KDE plot with a threshold of 0.05, and binary local ancestry

estimates are obtained by thresholding the inferred posteriors at 0.5. . . . . . 102
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3.1 Finding Eurasian-like ancestry in sub-Saharan Africans. (a) Inferred
inverse coalescence rates and proportions when decomposing Yorubans: each
line represents inverse coalescence rate profiles with a reference population. (b)
PCA visualization of the coalescence count and opportunity matrix derived
from the genealogies plotted separately for each component. (c) Map of the
African samples analyzed with red inverted triangles corresponding to modern
samples in HGDP, 1,000GP and SGDP, and green squares for 5 ancient African
samples (with their estimated sampling ages in brackets). (d) Proportion of
Eurasian-like ancestry and (e) Expected coefficient of determination across all
African populations analyzed. The PCA visualization in (b) is based on a KDE
plot with a threshold of 0.05, and binary local ancestry estimates are obtained
by thresholding the inferred posteriors at 0.5. Individual data-points overlaid on
the violin plots. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

3.2 Dating the Eurasian-like ancestry in sub-Saharan Africans. Coancestry
curves and (a) one-date admixture model fit, (b) two-date admixture model fit
and (c) constant migration rate continuous admixture model fit for Yorubans. (d)
Per-population least squared log-likelihood corresponding to various admixture
models along with the admixture dates and weights inferred using two-date
admixture model. The log-likelihood values are aggregated across 20 jackknife
runs. Populations are sorted based on highest to lowest proportion of Eurasian-
like ancestry, pink represents the younger admixture date and purple represents
the older admixture date in (d). Individual data-points overlaid on the violin
plots. Admixture dates in the plot are in generations. . . . . . . . . . . . . 117

3.3 Eurasian ancestry explains the Neanderthal ancestry in Africans. (a)
Inferred inverse coalescence rates and proportions for Neanderthal ancestry
in Yorubans: the line represents the inverse coalescence rate profiles with
sequenced Neanderthals. (b) Sample HGDP01405 showing a 20 Mb region
enriched for Neanderthal ancestry, overlapping Eurasian-like segments. The
average enrichment is calculated as the ratio of the mean posterior probability
of Neanderthal ancestry in Eurasian segments, P (Nea | Eurasian), to the mean
posterior probability in African segments, P (Nea | African). (c) Coancestry
curve showing the normalized joint probability and single admixture date fit for
Eurasian segments carrying Neanderthal ancestry, averaged across all African
samples analyzed. (d) Admixture dates derived from coancestry curves generated
by Eurasian segments carrying Neanderthal ancestry for each population. For
Bantu Kenya a two-date admixture model fit is shown, as it better explains the
coancestry patterns. More detailed results are provided in Figure B.12. Grey
lines in (c) and error bars in (d) represent jackknife estimates and 95% confidence
intervals around the mean. For panel (d) single date admixtures shown in golden,
whereas two date admixtures shown in pink and purple. Results derived from
HGDP+1,000GP+aDNA+archaic genealogies. . . . . . . . . . . . . . . . . 125
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3.4 Enrichment of TCC to TTC mutation rates in African components.

(a) Enrichment of TCC to TTC mutation rates across various continental groups,

including NFE (non-Finnish Europeans), SAS (South Asians), EAS (East Asians),

and MID (Middle Eastern and North African populations). (b) Enrichment of

TCC to TTC mutation rates in Eurasian and non-Eurasian (African) segments in

African populations. (c) TCC to TTC mutation rate enrichment in five ancient

African samples, including new001, ela001, baa001, I5950, and I10871 (see

population descriptions in Table 3.1b). Shaded regions indicate 95% confidence

intervals derived from 1,000 bootstrap replicates, while the dashed line represents

the baseline of no enrichment. In panel (b), the Eurasian segments in Africans

are further categorized based on their lengths: segments shorter than 0.1 cM,

those between 0.1 and 0.5 cM, and segments longer than 0.5 cM. Results derived

from HGDP+1,000GP and HGDP+1,000GP+aDNA+archaic genealogies. . . 128

3.5 Enrichment of weak to strong mutation rates in African components.

(a) Enrichment of weak to strong mutation rates across various continental groups,

including NFE (non-Finnish Europeans), SAS (South Asians), EAS (East Asians),

and MID (Middle Eastern and North African populations). (b) Enrichment of

weak to strong mutation rates in Eurasian and non-Eurasian (African) segments

in African populations. (c) weak to strong mutation rate enrichment in five

ancient African samples, including new001, ela001, baa001, I5950, and I10871 (see

population descriptions in Table 3.1b). Shaded regions indicate 95% confidence

intervals derived from 1,000 bootstrap replicates, while the dashed line represents

the baseline of no enrichment. In panel (b), the Eurasian segments in Africans

are further categorized based on their lengths: segments shorter than 0.1 cM,

those between 0.1 and 0.5 cM, and segments longer than 0.5 cM. Results derived

from HGDP+1,000GP and HGDP+1,000GP+aDNA+archaic genealogies. . . 130
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3.6 Coalescence rates with modern and ancient samples. (a) Matrix of

pairwise coalescence rates for all modern and ancient groups in the epoch spanning

10,000–15,848 years. (b) Dendrogram corresponding to the UPGMA hierarchical

clustering of the pairwise coalescence rate matrix in (a). (c) PCA visualization

of coalescence rates for the epoch spanning 10,000–15,848 years, with PC1 and

PC2 representing the eigenvectors capturing the greatest variance among modern

samples. (d-e) Top 25 groups based on coalescence rates with (d) younger

Eurasian-like segments in the San, and (e) younger Eurasian-like segments

in Yoruba during the epoch spanning 10,000–15,848 years. Row and column

colors in (a), dendrogram leaves in (b), and dots and bars in (c-e) are colored

according to the common legend. NFE = non-Finnish Europeans, EAS = East

Asians, MID = Middle Easterners and North Africans, SAS = South Asians,

OCE = Oceanians. The numbers in brackets in (c) indicate the proportion of

variance explained by each principal component. The error bars in (d-e) represent

95% confidence intervals calculated using 100 bootstraps. Results derived from

HGDP+1,000GP+aDNA+archaic genealogies. . . . . . . . . . . . . . . . 133
3.7 Decomposing sub-Saharan Africans to find a deep admixture event. (a)

Inferred inverse coalescence rates and proportions when decomposing Yorubans:

each line represents inverse coalescence rate profiles with a reference population.

(b) PCA visualization of the coalescence count and opportunity matrix derived

from the genealogies plotted separately for each component. (c) Expected

coefficient of determination and held-out log-likelihood improvement with varying

number of components. (d) Proportion of the out of Africa-like ancestry and (e)

Expected coefficient of determination across all African populations analyzed.

The PCA visualization in (b) is based on a KDE plot with a threshold of 0.05,

and binary local ancestry estimates are obtained by thresholding the inferred

posteriors at 0.5. Individual data-points overlaid on the violin plots. . . . . . 136
3.8 Dating the ancestral components corresponding to deep admixture

event. Coancestry curves and (a) one-date admixture model fit, (b) two-date

admixture model fit and (c) constant migration rate continuous admixture model

fit for Yorubans. (d) Per-population least squared log-likelihood corresponding to

various admixture models along with the admixture dates and weights inferred

using two-date admixture model. The log-likelihood values are aggregated across

20 jackknife runs. Populations are sorted based on highest to lowest proportion

of Eurasian-like ancestry, pink represents the younger admixture date and purple

represents the older admixture date in (d). Individual data-points overlaid on

the violin plots. Admixture dates in the plot are in generations. . . . . . . . 138



List of Figures xxi

3.9 Enrichment of weak to strong mutation rates in the deep admixture
African components. (a) Enrichment of weak to strong mutation rates across
various continental groups, including NFE (non-Finnish Europeans), SAS (South
Asians), EAS (East Asians), and MID (Middle Eastern and North African
populations). (b) Enrichment of weak to strong mutation rates in OOA-like and
non-OOA-like (African) segments in African populations. (c) Weak to strong
mutation rate enrichment in five ancient African samples, including new001,
ela001, baa001, I5950, and I10871 (see population descriptions in Table 3.1b).
Shaded regions indicate 95% confidence intervals derived from 1,000 bootstrap
replicates, while the dashed line represents the baseline of no enrichment. Results
derived from HGDP+1,000GP and HGDP+1,000GP+aDNA+archaic genealogies. 140

3.10 Weak to strong mutation rates at recombination hotspots across
populations. Weak to strong mutation counts across populations and deep
admixture component in (a-b) PRDM9-A hotspots, (c-d) PRDM9-C hotspots.
Panel (a) and (c) measure the number of individuals carrying weak to strong
mutations around the PRDM9 hotspots, normalized by the total number of
individuals and the AT content of the region. Whereas, Panel (b) and (d)
measure the time-stratified normalized mutation rate enrichment with respect to
weak to strong mutation rates in East Asians. In panel (b) and (d) the shaded
regions indicate 95% confidence intervals derived from 1,000 bootstrap replicates,
while the dashed line represents the baseline of no enrichment. Results derived
from HGDP+1,000GP and HGDP+1,000GP+aDNA+archaic genealogies. . . 145

3.11 Coalescence rates with modern and ancient samples. (a) Matrix of
pairwise coalescence rates for all modern and ancient groups in the epoch spanning
64,000–100,000 years. (b) Dendrogram corresponding to the UPGMA hierarchical
clustering of the pairwise coalescence rate matrix in (a). (c) PCA visualization
of coalescence rates for the epoch spanning 64,000–100,000 years, with PC1 and
PC2 representing the eigenvectors capturing the greatest variance among modern
samples. (d-e) Top 25 groups based on coalescence rates with (d) Denisovan, and
(e) Neanderthals during the epoch spanning 64,000–100,000 years. (f-g) Inverse
coalescence rates (ICR) of (f) Denisovan and (g) Neanderthals with other modern
human groups from 64,000-1.6million years. Darker lines represent population-
averaged ICRs. Row and column colors in (a), dendrogram leaves in (b), dots
and bars in (c-e), and lines in (f-g) are colored according to the common legend.
NFE = non-Finnish Europeans, EAS = East Asians, MID = Middle Easterners
and North Africans, SAS = South Asians, OCE = Oceanians. The numbers in
brackets in (c) indicate the proportion of variance explained by each principal
component. The error bars in (d-e) represent 95% confidence intervals calculated
using 100 bootstraps. Results derived from HGDP+1,000GP+aDNA+archaic
genealogies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
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3.12 Inverse coalescence rates (ICRs) of OOA-like and Non-OOA-

like component in Yoruba. ICRs of OOA-like (YOROBA_MINOR)
and Non-OOA-like (YORUBA_MAJOR) components in Yoruba
with other modern human and archaic groups from 64,000-1.6million
years ago. Darker lines represent population-averaged ICRs and
fainter lines represent within population ICRs. NFE = non-Finnish
Europeans, EAS = East Asians, MID = Middle Easterners and North
Africans, SAS = South Asians, OCE = Oceanians. . . . . . . . . . 148

3.13 Differences in PGS predictive power across populations and deep

admixture components. (a) PGS prediction R2 across 32 quantitative

phenotypes and four population groups: self-identified non-British Europeans

(EUR), South Asians (SAS), East Asians (EAS), and Africans (AFR). Error bars

represent the 95% confidence intervals for the prediction R2. (b) Normalized

predictive ability of the PGS based on the OOA-like and non-OOA-like ancestry

components across the same 32 quantitative phenotypes. Error bars represent

the 95% confidence intervals calculated using 1,000 bootstrap replicates. Traits

are sorted based on their prediction R2 in Europeans. PGS was calculated using

posterior mean effect estimates obtained during Quickdraws’ model fitting step.

A meta-analysis using inverse variance-weighted average across traits is presented

in (a) and (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

3.14 Decomposing American wolves with grey wolves and coyote as ref-

erence. (a) Inferred inverse coalescence rates and proportions: each line

represents inverse coalescence rate profiles with a reference population. (b)

PCA visualization of the coalescence count and opportunity matrix derived from

the genealogies plotted separately for each component. (c) Expected coefficient

of determination and held-out log-likelihood improvement with varying number

of components. (d) Histogram of the inferred local ancestry posteriors. (e)

Coancestry curves and model fit for one-date, two-date, and continuous migration

scenarios (admixture dates in generations). The figure title includes ‘logl’, which

refers to the log-likelihood of the fit (higher values indicate a better fit). The PCA

visualization in (b) is based on a KDE plot with a threshold of 0.05, and binary

local ancestry estimates are obtained by thresholding the inferred posteriors at 0.5. 158
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4.1 A simplified overview of Quickdraws. Quickdraws is a scalable
mixed model designed for genome-wide association studies (GWAS).
It improves the power of association testing through a two-step pro-
cess. First, it estimates the genomic prediction for a trait by excluding
the testing chromosome, employing a leave-one-chromosome-out
method. The prediction models sparsity of effects and is optimized
using advanced variational inference techniques ensuring scalability
for large sample sizes. Second, the model leverages this genomic
prediction to improve the signal-to-noise ratio for finding association
between a trait and a variant. . . . . . . . . . . . . . . . . . . . . . 160

4.2 Overview of the Quickdraws algorithm. The algorithm is
divided into two main steps, first step deals with estimating genetic ef-
fects and the second step with calculating and calibrating per-variant
test statistics. The first step is further divided into heritability estima-
tion using moment-based methods [111] and Bayesian regression for
phenotype prediction which uses stochastic variational inference and
GPU-based matrix multiplication for increased scalability. In the test
statistics calculation step we use a novel calibration strategy which
estimates and matches effective sample size with linear regression
model run on unrelated and homogeneous subset of the data, along
with approximate Firth logistic regression to correct for biases in
binary traits. The illustrations were downloaded from Flaticon. . . 171

4.3 Transfer-learning in Bayesian regression. We measure the
causal χ2 and false positive rate at 5 × 10−4, with and without
pretraining (for 90 epochs), and varying the number of LOCO training
epochs. Error bars represent the standard error of the mean χ2 or
false positive rate across 50 independent quantitative traits with
GB-unrel structure and 2% polygenicity. . . . . . . . . . . . . . . . 182

5.1 Phenotype simulation design. We simulate causal effects using a
spike-and-slab, mixture of Gaussian, Laplace or Gaussian distribution
only on odd chromosomes, whereas we treat even chromosomes as
null controls to test for false positive rate and calibration of test
statistics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

5.2 Summary of calibration in simulations for quantitative traits.
False positive rate (FPR) at a significance threshold of α ∈ {0.05, 0.0005},
calculated as the number of variants on even chromosomes with p-
value lower than α. The line inside each box indicates the median
value, the central box indicates the interquartile range, whiskers
indicate data up to 1.5 times the IQR, and outliers are shown as
separate points. A description of the group labels (GB-unrel, GB-rel,
GB-rel+, EUR) is provided in Section 5.3.1. . . . . . . . . . . . . . 194
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5.3 Summary of calibration in simulations for binary traits and
common variants (MAF ≥ 1%). False positive rate (FPR) at a
significance threshold of α ∈ {0.05, 0.0005}, calculated as the number
of variants on even chromosomes with p-value lower than α. The line
inside each box indicates the median value, the central box indicates
the interquartile range, whiskers indicate data up to 1.5 times the
IQR, and outliers are shown as separate points. A description of the
group labels (GB-unrel, GB-rel, EUR) is provided in Section 5.3.1. 196

5.4 Summary of calibration in simulations for binary traits and
rare variants (MAF < 1%). False positive rate (FPR) at a
significance threshold of α ∈ {0.05, 0.0005}, calculated as the number
of variants on even chromosomes with p-value lower than α. The line
inside each box indicates the median value, the central box indicates
the interquartile range, whiskers indicate data up to 1.5 times the
IQR, and outliers are shown as separate points. A description of the
group labels (GB-unrel, GB-rel, EUR) is provided in Section 5.3.1. 197

5.5 Statistical power in simulated quantitative and binary traits
for unrelated British samples. (a) % increase in average χ2 test
statistics at causal variants with respect to linear regression (Lin.
Reg.) for quantitative traits, varying the number of simulated causal
variants from 5,000 to 50,000 variants. (b) % increase in average χ2

test-statistics at causal variants with respect to logistic regression
(Log. Reg.) for binary traits, varying the number of simulated causal
variants from 1,250 to 10,000 variants. Traits in panel (a) and (b)
are simulated for 50,000 samples with h2 = 0.4; the prevalence is
fixed to 30% for binary traits in panel (b). Error bars represent the
standard error in the percentage improvement, measured using 50
independent traits. The causal χ2 is normalized by the mean χ2 at
null variants for each trait. . . . . . . . . . . . . . . . . . . . . . . 200

5.6 Power and FPR in N= 405k simulation. (a) The mean χ2

at causal variants across different methods and polygenicities for
Quantitative traits, and prevalence for binary traits. The χ2 at causal
variants is not normalized by the χ2 at null variants in this plot.
(b) The mean false positive rates (FPR) at 0.005 calculated at null
variants across different methods and polygenicities for Quantitative
traits, and prevalence for binary traits. The simulation was performed
using the N= 405k set of white British individuals. The error bars
represent 95% confidence intervals. The red dashed line corresponds
to false positive rate = 0.005. . . . . . . . . . . . . . . . . . . . . . 202
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5.7 Power and FPR in N= 460k simulation. (a) The mean χ2

at causal variants across different methods and polygenicities for

quantitative traits, and prevalence for binary traits. The χ2 at causal

variants is not normalized by the χ2 at null variants in this plot.

(b) The mean false positive rates (FPR) at 0.005 calculated at null

variants across different methods and polygenicities for Quantitative

traits, and prevalence for binary traits. The simulation was performed

using the N= 460k set of UK Biobank self-identified Europeans [3].

The error bars represent 95% confidence intervals. The red dashed

line corresponds to false positive rate = 0.005. . . . . . . . . . . . 203

5.8 Calibration in real data analysis. Attenuation ratio of Quick-

draws (N=405k) vs. linear regression in unrelated samples (N=337k);

vertical and horizontal lines represent mean ± standard errors in the

attenuation ratio estimate for each method. . . . . . . . . . . . . . 205

5.9 Functional enrichment at associated variants for quantitative

traits. Functional enrichment profile of variants associated across

79 quantitative traits. We considered either (a) the set of variants

significantly associated (p ≤ 5 × 10−8) using both Quickdraws and

REGENIE, matching the p-value distribution (see Methods), or (b)

the set of variants associated using Quickdraws but not REGENIE.

Error bars represent jackknife standard errors; the red dashed line

corresponds to no enrichment. . . . . . . . . . . . . . . . . . . . . 206

5.10 Functional enrichment at associated variants for binary

traits. Functional enrichment profile of variants associated across 50

binary traits. We considered either (a) the set of variants significantly

associated (p ≤ 5 × 10−8) using both Quickdraws and REGENIE,

matching the p-value distribution (see Methods), or (b) the set of

variants associated using Quickdraws but not REGENIE. Error bars

represent jackknife standard errors; the red dashed line corresponds

to no enrichment. . . . . . . . . . . . . . . . . . . . . . . . . . . . 206



xxvi List of Figures

5.11 Approximately independent loci and effective sample size in
UK Biobank analysis. (a) Number of approximately independent
loci after plink clumping in FastGWA (x-axis) vs. REGENIE, BOLT-
LMM, and Quickdraws for 79 quantitative traits. (b) Number of
approximately independent loci after Plink clumping in REGENIE
(x-axis) vs. Quickdraws for 250 randomly sampled plasma protein
traits. (c) The χ2 for 79 quantitative traits and N= 405k UK Biobank
set conditioned on genome-wide significance (p < 5 × 10−8) in linear
regression run on unrelated subset of the data (N= 337k). Median
χ2: FastGWA = 58.57, REGENIE = 68.08, BOLT-LMM = 70.16,
Quickdraws = 70.64. (d) Histogram of the effective-sample size
increase compared to FastGWA for 79 quantitative traits, measured
as the mean χ2 minus 1 at genome-wide significant variants inferred
though linear regression run on unrelated subset of the data (N=
337k). For (a-c) The gray line represents the y=x line and the dashed
lines represent a linear regression fit for each method, for (d) the
dashed line represents the median improvement in effective sample-
size across traits. In (c), the slope refers to the linear regression slope
of the χ2 values between each pair of methods. . . . . . . . . . . . . 208

5.12 Replication analysis in Biobank Japan and Finngen. (a)
The χ2 in UK Biobank conditioned on genome-wide significance
(p < 5 × 10−8) in replicating biobank across GWAS methods. The
variants are aggregated across traits, quantitative and binary traits
for REGENIE and FastGWA, and only quantitative traits for BOLT-
LMM. The gray line represents the y=x line, and the dashed line the
linear regression fit without intercept. Median χ2 for quantitative
traits: FastGWA = 28.36, REGENIE = 33.44, BOLT-LMM = 34.47,
Quickdraws = 36.32; binary traits: FastGWA = 14.08, REGENIE
= 14.34, Quickdraws = 14.51. (b-c) Replication venn diagram for
(b) 30 overlapping quantitative traits in Biobank Japan and (b)
23 overlapping binary traits in Biobank Japan and Finngen. (d-e)
Number of replicated variants vs replication rate for (d) quantitative
and (e) binary traits. The discovery threshold was fixed to 5 × 10−9

and the replication threshold was varied from 5 × 10−2 to 5 × 10−8.
The error bars represent standard errors calculated using block jack-
knife across chromosomes. The dashed line represents a cubic spline
fit to the datapoints. In (a), the slope represents the linear regression
slope of the χ2 values between methods, and in (b-c), the percentages
indicate the proportion of associations found with respect to the
union of all methods. . . . . . . . . . . . . . . . . . . . . . . . . . . 211



List of Figures xxvii

5.13 Phenotype prediction analyses in the UK Biobank. (a)
Held-out mean phenotype prediction R2 comparing step 1 posterior
estimates from Quickdraws, BOLT-LMM and BOLT-LMM-Inf. (b)
Comparing Quickdraws’ step 1 posterior estimates with PGS calcu-
lated using Quickdraws’ association statistics and P+T (pruning and
thresholding as implemented in PRSice) or PRS-CS. (c-d) Comparing
predictive power for PGS calculated using association statistics from
different GWAS methods and different PGS methods, (c) P+T as
implemented in PRSice and (d) PRS-CS. All analyses was performed
on 27,683 held-out non-British Europeans, 9,044 self-identified south
Asians, 1,457 self identified east Asians and 7,204 self identified
African of African American samples. Results are aggregated across
the 79 quantitative traits we analyzed, and the error bars represent
95% confidence interval of the mean prediction R2 for each method
in each population subgroup. . . . . . . . . . . . . . . . . . . . . . . 213

5.14 Effects of PGS-adjustment on association power. (a) Total
number of independent loci found on chromosomes 1-5, using different
GWAS methods with and without PGS adjustment in 79 UK Biobank
quantitative traits. (b) Mean χ2 - 1 at significant variants with and
without PGS adjustment for the same traits and regions. Significant
variants were defined as those with LR-unrel p-value ≤ 5 × 10−8.
FastGWA with PGS adjustment yielded an increase in the number
of independent loci (with PGS adjustment, 159.1; without, 141.6;
paired t-test p = 1.9 × 10−9) and higher mean χ2-1 at significant
variants (with PGS adjustment, 96.0; without, 89.8; p = 3.3 × 10−11).
REGENIE with PGS adjustment yielded fewer independent loci
(with PGS adjustment, 144.1; without, 150.1; p = 7.4 × 10−6), and
similar mean χ2 - 1 values (with PGS adjustment, 124.6; without,
124.1; p > 0.05). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

5.15 Computational performance of Quickdraws on different
computing architectures. We assessed the running time and cost
associated with Quickdraws’ model fitting step (Step 1) across varying
numbers of samples (N) and phenotypes (P ). Performance was com-
pared for three architectures: an Nvidia A10G GPU node on the UK
Biobank Research Analysis Platform (RAP) (mem2_ssd2_gpu1_x8),
a 14-core MacBook Pro equipped with the Apple M3 chip, and
an 8-core CPU node on the UK Biobank RAP (mem2_ssd1_v2_x8).
Running costs were calculated only for the GPU and CPU nodes on
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1.1 Setting the scene

The costs of DNA sequencing have dropped significantly over the last couple of

decades, from $2.7 billion to sequence one human genome in the Human Genome

Project [1] to around $600 [2]. This dramatic reduction in cost has facilitated

1
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the generation of vast amounts of genetic data, enabling researchers to draw

numerous inferences about the complexity of human genetics. With this influx

of data, the field of statistical genetics has emerged as a critical area of study,

focusing on the development of sophisticated statistical methods to manage and

interpret this big data. Statistical genetics can be broadly divided into two main

directions. First, quantitative genetics aims to understand how genetic variation

affects observable phenotypes, providing valuable insights into the relationship

between genes and traits. On the other hand, population genetics uses genomic

data to look backward in time and aims to reconstruct the evolutionary forces

that have shaped present-day genetic diversity.

In this thesis, we harness the wealth of genomic data now available from

comprehensive datasets such as the UK Biobank [3], the Human Genome Diversity

Project [4], and the 1000 Genomes Project [5] to investigate both key areas of

statistical genetics. First, in the realm of population genetics, we introduce a

method called GhostBuster, designed to identify mixtures between ancestral human

groups, including those involving unsampled populations, shedding light on the

evolutionary forces shaping human diversity. Second, in the field of quantitative

genetics, we present Quickdraws, a tool that utilizes present-day genetic variation

to conduct genome-wide association studies, enabling us to understand how these

variations contribute to complex traits.

In this introductory chapter, we discuss the motivation, research aims, and

literature review for analyses in Chapters 2 to 5. We structure the rest of the chapter

to discuss the population genetics and quantitative genetics aspects separately. In

Chapter 2, we introduce a novel method called GhostBuster, which relies on recent

advances in building genome-wide genealogies at scale [6–8]. In Chapter 3, we

apply this method to understand population structure in Africa. In Chapter 4,

we shift to the quantitative genetics angle and introduce Quickdraws, a scalable

variational inference method for performing genome-wide associations. In Chapter 5,

we assess Quickdraws’ efficiency, power, and robustness in simulations and real-data
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applications. We discuss the key takeaways, limitations and future directions for

both GhostBuster and Quickdraws separately in Chapter 3 and 5 respectively.

1.2 Understanding population history through
genetic data

The study of how evolutionary forces impact genetics, and therefore phenotypes, has

been conducted for more than a century. Even with limited data, mathematicians

have theorized frameworks to understand the relationship between evolutionary

forces and present-day genetics. With the availability of genetic data, it has now

become possible to construct a quantitative understanding of how evolutionary

forces such as mutations, recombination, selection, and demographic changes like

population structure and admixture have impacted our present-day genetic makeup.

In this thesis, we focus on two such important forces that have shaped the genetics of

present-day individuals: admixture and population structure. In this section, we will

discuss various established theoretical foundations to understand population history

through genetic data, particularly genome-wide genealogies, and their application

to recently available genomic data.

1.2.1 Basic definitions

Deoxyribonucleic acid (DNA) encodes the hereditary information of an individual.

It consists of four nucleotide bases: adenine (A), cytosine (C), guanine (G), and

thymine (T). Adenine pairs with thymine, and cytosine pairs with guanine, forming

base pairs. Each nucleotide also includes a sugar molecule and a phosphate group.

DNA sequences are arranged in a double helix structure, which is tightly coiled

around proteins called histones to form chromosomes. Humans are diploid organisms,

meaning they have two copies of each chromosome, one inherited from each parent.

The human genome is compacted into 23 pairs of chromosomes, of which 22

pairs are autosomal chromosomes shared by both sexes, while one pair is sex-

specific. DNA varies between individuals due to evolutionary processes including

mutations and recombination.
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Mutations are random changes in the DNA sequence that can happen during

DNA replication or due to external factors. While mutations can occur in any

cell, those occurring in germ cells are passed down to offspring and are called

germline or de novo mutations. Humans have an estimated average mutation rate

of 1.2 × 10−8 per nucleotide per generation [9], with one generation approximately

corresponding to 28 years in humans [10, 11]. Males contribute more de novo

mutations than females [12], and, on average, humans inherit 70 de novo mutations

compared to their parents. These mutations can be of various types, including

single nucleotide variants (SNVs), which are the most common and involve the

alteration of a single nucleotide base. Insertions and deletions (indels) involve

the addition or removal of one or more nucleotide bases, copy number variants

(CNVs) result in the duplication or deletion of large sections of DNA, and structural

variants encompass even larger alterations to DNA.

Recombination is another key mechanism that ensures genetic diversity in

several organisms. In humans, recombination mainly occurs during meiosis, a type

of cell division responsible for the production of germ cells. During meiosis, the

chromosomes from each parent align and cross over, creating a mosaic of both

parental chromosomes. Consequently, offspring inherit a proportion of their genetic

material from each parent’s maternal chromosomes and a portion from that parent’s

paternal chromosomes. In most mammals, including humans, the locations of these

crossover events are concentrated in specific regions of the chromosomes called

recombination hotspots. It has been shown that the location of these hotspots is

determined by where a crucial gene called PRDM9 [13] binds to DNA.

Apart from mutations and recombination, which are almost stochastic in nature,

various demographic factors like population structure, migration and admixture

also influence the genetic makeup of present-day individuals. Population structure

is defined as a systematic difference in allele frequencies between subpopulations.

This occurs due to non-random mating within a species, either due to geography

or other factors. For example, the geographic distance between continents has

caused human populations within a certain continent to mix more frequently among
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themselves than with populations from other continents, resulting in systematic

genetic differences between individuals from different continents [14]. It has also

been shown recently that population structure within humans exists not only on

a continental scale but also within smaller geographical regions, termed fine-scale

population structure [15–17].

Another key demographic factor influencing present-day genetics is migration,

which refers to the systematic movement of individuals and their genetic material

between populations. With the availability of genetic data and archaeological records

we have now established impacts of mass migrations in human history. For example

it is now well established there was a huge wave of migration of anatomically modern

humans from Africa to Eurasia around 50,000-100,000 years ago which gave rise to

present-day non African populations [18]. More recently, there have been migrations

from East Asia to America [19], spread of Anatolian or farming ancestry in Europe

[20] and a rapid migration from the steppe into Europe and south Asia [21].

Migrations involve geographic movement of individuals over an extended duration

of time, but two populations can mix more abruptly or over a shorter time

duration. This is referred to as an admixture event. Admixture affects genetics

by producing offspring that are a mixture of two or more distinct subpopulations.

Some examples of previously documented admixtures in humans include present-

day African American individuals in America, whose genomes are admixed from

African, Native American, and European sources [22, 23]. Introgression is similar

to admixture except it involves small amount of gene-flow from one population

to another usually involving populations or species which are very diverged. For

example, the Neanderthal introgression into humans, which has resulted in 1-

3% of modern day non-African DNA coming from Neanderthals [24]. Similarly,

Denisovan introgression into South Asia and Oceania, contributes up to 5% of

Denisovan ancestry in Papuans [25].

When two subpopulations admix, we often do not know these source groups. It

might also be possible that, due to extensive admixture, we no longer have source

groups that are 100% comprised of one subpopulation or another. We define a “ghost”
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population as a population (or a group of related individuals) that contributed

genetic material to present-day individuals but have not yet been sequenced or

identified in modern genetic studies. These populations may no longer exist or

remain unsampled, making their detection reliant on indirect inference from present-

day genetic variation. By analyzing patterns of population structure and admixture,

we can infer their historical presence even in the absence of direct genomic data.

1.2.2 Theoretical framework to understand population his-
tory from genetic data

The Wright-Fisher model [26, 27] is one of the most popular population genetics

models, which formalizes how populations trace their ancestry backward in time.

The simplest version of the Wright-Fisher model simulates the genetic history

of samples as follows: (i) Starting with N haploid individuals in the population,

each individual, going backward in time, chooses its immediate ancestor uniformly

and independently at random from a set of N ancestors with replacement. (ii)

Generations are discrete and do not overlap, so (i) can be repeated backward in time

until there is only one common ancestor of the population or a sample. Furthermore,

the Wright-Fisher model assumes tracing a single-site, equality of fitness and lack

of any population structure. A simple depiction of how the common ancestor is

chosen backward in time for three lineages is shown in Figure 1.1.

It is possible to derive the probability distribution of the time to the most recent

common ancestor (TMRCA) under the Wright-Fisher model assuming a constant

effective population size Ne. The TMRCA for a pair of samples is geometrically

distributed and takes the form:

P (τ2 = t) =
(

1 − 1
Ne

)t−1 1
Ne

(1.1)

where τ2 is the time to most recent common ancestor, and Ne is the effective

population size. The cumulative distribution function (cdf) of τ2 looks like:

P (τ2 ≤ t) = 1 −
(

1 − 1
Ne

)t
(1.2)
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Figure 1.1: Example of three lineages coalescing backwards in time in the
Wright Fisher model. Each individual chooses its ancestors from the set of ancestors
with replacement until all the lineages coalesce into a single common ancestor. The three
samples are colored blue and the common ancestor for the three samples red

Assuming a large and constant population size, Ne → ∞ and setting T2 = τ2
Ne

we can approximate the cdf as follows:

P (T2 ≤ t) = P (τ2 ≤ Net) = P (τ2 ≤ ⌊Net⌋)

= 1 −
(

1 − 1
Ne

)⌊Net⌋

→ 1 − e−t as Ne → ∞

(1.3)

Note that the TMRCA takes the form of a standard exponential distribution.

This is the coalescent model, introduced by three scientists independently in 1982-

1983: Kingman, Hudson and Tajima [28–32]. As we will see the coalescent is

a simplification of the Wright-Fisher model [26, 27] for large populations which

generalizes to various features in human genetics like mutations, recombinations

and population structure.

It is possible to generalize the coalescent to n lineages instead of a pair. Let us

define ξ(τ) as the number of lineages remaining at time τ (measured backwards,

in generations). Going backward in time with the initialization ξ(0) = n, ξ(τ)

behaves as a Markov process. That is the distribution of ξ(τ + 1) only depends
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on the previous one, ξ(τ). We can define the transition probability of going from

i lineages to j lineages in one generation as:

pi,j = P (ξ(τ + 1) = j | ξ(τ) = i) (1.4)

It can be shown under the standard coalescent model, setting Ne → ∞ and

ignoring second order terms, the transition matrix simplifies as follows:

pi,i ≈ 1 −

(
i
2

)
Ne

pi,i−1 ≈

(
i
2

)
Ne

pi,j ≈ 0 for any j < i− 1

(1.5)

This implies the coalescent for n samples only allows up to one pair of lineages

to coalesce per generation, making a binary “coalescent” tree. Additionally, the

rate of coalescence depends on the number of lineages present at a given time. Let

Tj = τj

Ne
be the times to go from j to j − 1 ancestors (scaled by the population

size Ne) then according to the coalescent Tj is independent of Ti (i ̸= j) and

is distributed as follows:

Tj ∼ exp

((
j

2

))
, fj(t) =

(
j

2

)
e−(j

2)t (1.6)

It is possible to generalize the above model for time-varying population sizes.

Let us define the effective population size at time t as Ne(t). We can write the

effective population size as a product of population size at t = 0 and relative

population size ν(t). Specifically, Ne(t) = Ne(0)ν(t). Scaling the coalescence times

based on population size at t = 0, Ne(0), the probability distribution when j

ancestors remain is given as follows:

P (Tj > t | Tn + Tn−1 + ...+ Tj+1 = s) = exp

(
−
(
j

2

)∫ s+t

s

1
ν(u)du

)
(1.7)

The above equation simplifies to the standard coalescent with constant pop-

ulation size if we set ν(t) = 1.

Coalescent with mutations: To simulate mutations on the coalescent, we

make an additional assumption called the infinite sites assumption. This assumption
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states that whenever a mutation occurs, it will always result in a new and unique

mutated site, thereby disallowing any site from having more than one mutation. In

humans, where the mutation rate is on the order of 10−8 per base per generation,

it is realistic to assume that a mutation does not hit the same site more than

once. We can model mutations as a homogeneous Poisson process on the coalescent.

This means the total number of mutation events will follow a Poisson distribution

with mean µtL, where µ is the mutation rate per base pair per generation, t is

the time to the most recent common ancestor in generations, and L is the length

of the genomic span being considered in base pairs. This is the generative model.

During inference, where we already have information about mutations, we aim to

reconstruct population characteristics backward in time.

Coalescent with recombination: In addition to modeling mutation, we also

need to account for recombination to fully infer human population characteristics.

We can modify the coalescent model to account for recombination as follows: Each

pair of lineages can not only coalesce but also undergo recombination events, which

split the ancestry of a single lineage into two parts. Going backward in time, at each

generation, each segment of DNA can trace its ancestry independently, potentially

to different ancestors. This process creates a branching structure where different

segments of an individual’s genome may trace back to different ancestors, creating

a more complex ancestral structure than a simple coalescent tree. This model

is called the coalescent with recombination [33]. This graph structure was first

introduced in [34], and is called the ancestral recombination graph (ARG). An

illustrative example of an ARG is depicted in Figure 1.2. ARGs induce a sequence

of trees along the genome (see Figure 1.2b). Genome-wide inference of ARGs is

also loosely referred to as inferring genome-wide genealogies. In this thesis, we

use the terms genealogies, tree sequences, and ARGs interchangeably, but a more

descriptive difference can be found in [35].

The generality and simplicity of the coalescent limiting model enables extending

it to account for many factors, including non-uniform recombination rates, time-

varying population sizes and multiple samples. There is a suite of methods to
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x

x

Today

Millions 
of years 
ago

A B

Figure 1.2: Example of an ancestral recombination graph (ARG) and the
corresponding sequence of trees. A. In the coalescent with recombination model the
Lineages going backward in time can either coalesce or recombine, which means different
portions of the genome have slightly different history. B. Corresponding sequence of trees
representation of the ARG, X denotes the recombination position.

infer these ARGs which rely on the coalescent theory. We will introduce some

of these methods in Section 1.2.4.

Estimation of coalescence rates for a pair of lineages: We can also

perform inference under the coalescent. Let us simplify the coalescent for a pair of

haplotypes and infer time-varying coalescence rates assuming piece-wise constant

coalescence rates. We assume step-wise constant coalescence rates defined by fixed

time intervals or epochs, labeled as I1, I2, ... Im. Let us say the coalescence

rate in each epoch e ∈ 1, . . . ,m is γ(e) and is the parameter to be inferred. The

epoch index when the coalescence happens in the l-th tree is given by el and the

coalescence time is denoted by tl (Iel
≤ tl ≤ Iel+1). Extending the coalescent from

Equation 1.7 for piece-wise constant coalescence rates, we can write the likelihood

of the coalescence time (for a pair of lineages) as:

P (tl) = γ(el)e−γ(el)(tl−Iel
)
el∏
e=1

e−γ(e−1)(Ie−Ie−1) (1.8)

For maximum likelihood estimation, we assume the L trees (or data points) are
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independent, so we sum the log-likelihood across trees and estimate the coalescence

rates by maximizing the following:

logP (tl) = log γ(el) − γ(el)(tl − Iel
) −

el∑
e=1

γ(e− 1)(Ie − Ie−1),

logP (t) =
L∑
l=1

(
log γ(el) − γ(el)(tl − Iel

) −
el∑
e=1

γ(e− 1)(Ie − Ie−1)
)
. (1.9)

The MLE estimate for the coalescence rates are given by:

γ̂(e) = ne∑
l:e=el

(tl − Ie) +∑
l:e<el

(Ie − Ie−1)
(1.10)

where, ne is the number of trees which coalesce in the e-th epoch and is referred to

as “coalescence count” and ∑l:e=el
(tl − Ie) +∑

l:e<el
(Ie − Ie−1) is the sum of branch

length until the haplotype coalesces and is referred as the “opportunity”.

1.2.3 Survey of methods to infer population structure and
admixture history

Current methods to infer population structure can be classified into two main

categories. The first set of approaches are model-based approaches, where the

methods rely on a predefined generative model of how the population structure would

impact the genetics and use this model to solve the reverse problem of inferring the

population structure given the genetics. Popular model-based methods to identify

population structure include Structure [36], Admixture [37], and FineStructure [38].

The other category of methods are model-free approaches, which do not rely on

modeling assumptions and are more exploratory in nature. Dimensionality reduction

methods like Principal Component Analysis (PCA) are a popular example of such

methods. The choice of which method to use depends on the type of genetic data

being analyzed, computational resources, data sizes, and modeling assumptions.

Some of the earliest methods to understand population structure relied on

quantifying genetic distances between individuals within and across predefined

reference populations. One such measure, the “fixation index” also referred to

as Fst [39, 40], measures the normalized allele frequency difference between two

populations and within a population. Under several simplifying assumptions,
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including constant population sizes, the fixation index equals 1 − T0/T , where T0

is the average coalescence time for individuals within the population and T is the

average coalescence time of two lineages drawn at random from the collection of

the two populations. The index is bounded between 0 to 1, where 0 refers to two

populations being indistinguishable from each other, and 1 refers to when they are

highly diverged. Since Fst measures genetic differences between populations due

to genetic drift, population size plays a vital role in dictating how much drift is

present. Smaller population sizes experience stronger drift, making methods that

rely solely on Fst sensitive to assumptions about population sizes.

Early work to infer population structure also relied on analyzing variation in

the Y-chromosome and mitochondrial DNA (mtDNA), as they do not recombine

[41, 42]. This allows for inferring a single genealogical tree that relates various

populations, instead of an ARG or an average genealogical tree. In particular, the

analysis of population structure using Y-chromosome or mitochondrial DNA involves

considering prespecified “haplogroups”, which are specific haplotypes thought to have

arisen early in human history and are present in differing amounts in various human

populations. By analyzing the number of specific haplogroups among populations,

one can infer the coalescence times and topology of the genealogical tree explaining

this pattern. Additionally, because Y-chromosomes are only inherited from the

paternal lineage and mtDNA from the maternal lineage, this allows inference of

population history that might be sex-biased. Although its importance in identifying

sex-biased population structure persists even today, the number of haplogroups is

limited, making it not always possible to discern subtle differences in populations

by only looking at the Y-chromosome or mtDNA.

A popular model-based method to infer population structure is “STRUCTURE”

[36], which clusters individuals into a fixed number of distinct populations based on

their genotypic similarity. STRUCTURE assumes a similar generative model as

latent Dirichlet allocation (LDA) in machine learning [43], which is used for topic

modeling (though STRUCTURE predates LDA). The method works by partitioning

the individuals into K populations, each characterized by allele frequency spectrum.
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It explicitly models the probability of observing the genotypes given the data and

the assignment of the individual and proceeds with a Bayesian algorithm to infer

the assignment of the individual and the corresponding allele frequencies that define

the clusters. Several developments have improved the scalability of STRUCTURE,

including methods like ADMIXTURE [37] and fastSTRUCTURE [44].

PCA is a model-free method to infer and visualize population structure in

the data [45–47]. It proceeds by eigen-decomposing the genotype matrix for all

individuals and projecting the samples onto the top K eigenvectors. Due to

eigen-decomposition, the top K eigenvectors maximize the amount of variance

explained while being orthogonal to each other. It has been demonstrated that

the top eigenvectors or principal components of the genotype matrix can capture

the demographic history of samples without any specific modeling assumptions

about the demography [46, 48]. For example, the first two principal components

(PCs) of a widely studied human genetic dataset, the UK Biobank, clearly separate

populations from sub-Saharan Africa from the rest of the samples. Furthermore,

PC3 and PC4 start separating populations outside Africa. An accompanying plot

which includes the principal components for the UK Biobank data is presented

in Figure 1.3. This plot is taken from [3].

Both STRUCTURE and PCA work well when the population structure is strong,

making differences in allele frequencies or genotypes among individuals identifiable

from noise [46]. There are a suite of methods to infer more subtle differences in

populations, also referred to as fine-scale population structure. Identity-by-descent

(IBD) methods use shared genetic segments between individuals to identify recent

genetic relatedness and infer fine-scale population structure [49]. Other Methods like

ChromoPainter and FineStructure [38] are model-based and use the Li and Stephens

[50] algorithm to model an individual’s haplotype as a mosaic of other individuals

in a reference panel. Once the chromosome is painted, follow-up methods like

FineStructure summarize the painting. The Li and Stephens algorithm is also used

extensively to infer genealogies from sequencing data, as we will see in Section 1.2.4.
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Figure 1.3: PCA visualization of 500, 000 individual genotypes from the UK
Biobank. PC1 and PC2 separate the African individuals from non-African individuals,
whereas PC3 and PC4 separate individuals in Eurasia. The figure was taken from [3]
(Creative Commons License).

Methods to identify population structure can also identify signatures of admix-

ture in the data. For example, if there is recent admixture between two populations,

the individuals who are admixed would have their STRUCTURE assignment as a

mixture of two or more clusters, or would show a “cline” in the PCA, representing

a continuum of ancestry between source groups. The American individuals in

the UK Biobank dataset are admixed with varying admixture proportions from

Native Americans, Europeans, and Africans, and this can be visualized in the

PC plots in Figure 1.3.

Other methods to infer admixture can characterize the admixture event by

inferring an admixture date. Methods like Globetrotter [51], TRACTS [52], ALDER

[53], and Rolloff [54, 55] use haplotype information to infer admixture proportions,

sources, and admixture times. The idea behind these methods is based on the

observation that if admixture is recent, there will be long segments of DNA from each

ancestry because there has been less time for recombination to mix the ancestries

thoroughly. In a simple 2-way admixture, the length of the DNA segment from a
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particular ancestry is exponentially distributed with the rate proportional to the

admixture time; this is called a co-ancestry curve. More formally, the probability of

no recombination between two points a distance g (in genetic distance units) apart

since admixture is e−gλ, where λ is the admixture time. For a two-way admixture

model with a single pulse of gene flow, the joint probability of ancestries at loci

separated by a genetic distance g, conditional on recombination, is given by:

pAA(g) = α(e−gλ + α(1 − e−gλ)),

pAB(g) = pBA(g) = α(1 − α)(1 − e−gλ),

pBB(g) = (1 − α)(e−gλ + (1 − α)(1 − e−gλ))

(1.11)

where, α is the genome-wide proportion of ancestry ‘A’ and 1 − α of ancestry

‘B’. In the case of multi-way admixture (more than two sources), the distribution

becomes a mixture of exponential [51]. Therefore, using ChromoPainter to infer

the painting of a target individual, methods like Globetrotter can accurately infer

the admixture sources and admixture time. It is important to note that inferring

admixture becomes challenging for old admixture events or admixture involving

similar groups as recombination breaks up the long ancestry segments or ancestry

segment inference becomes noisy when groups involved are very similar.

Once we identify the presence of an admixture event, various supervised learning

methods can be employed to infer the local ancestry (ancestry along the genome)

of a target. RFmix [56] uses support vector machines (SVMs) to classify regions

of the sequence that belong to a particular reference population and infers the

local ancestry quite accurately for recent admixtures between deeply diverged

populations, such as the 3-way admixture in Americans. FLARE [57] is designed

to scale efficiently to large sample sizes, while Mosaic [58] corrects for phasing

errors during local ancestry inference and does not require prior knowledge of source

groups, making it particularly useful for more complex scenarios.

F-statistics are another suite of methods, first proposed by Nick Patterson [19,

21, 55, 59, 60], which are useful for detecting population structure and admixture.

These statistics, like the fixation index (Fst), rely on allele frequencies in different

populations to infer genetic distances between individuals, the presence of admixture,
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or population splits in the dataset. There are three main kinds of f-statistics. The

f2 statistic is simply the average squared allele frequency difference between two

populations. Similar to Fst, it measures the amount of genetic drift (and therefore

genetic difference) between two populations. The f3 statistic is a three-population

test measuring the amount of shared genetic drift between two populations from

a common ancestor. The f3 statistic is also used as a test to detect admixture.

The f4 statistic is a four-population test that measures how clade-like the four

populations are. The f2, f3, and f4 statistics are defined as follows:

f2(A,B) = 1
L

L∑
i=1

(pA,i − pB,i)2,

f3(A;B,C) = 1
L

L∑
i=1

(pA,i − pB,i)(pA,i − pC,i),

f4(A,B;C,D) = 1
L

L∑
i=1

(pA,i − pB,i)(pC,i − pD,i)

(1.12)

where, pX,i is the allele frequency in population X at locus i and L is the number

of loci considered. As f -statistics only take allele frequencies into account, they

have become a widely used method to understand population structure, especially

in ancient DNA studies where there is scarcity of high-coverage sequencing data

but an abundance of low-coverage ancient samples. A more detailed explanation of

f -statistics and their geometric interpretation can be found in [61].

1.2.4 Large-scale inference of genome-wide genealogies

Many model-based methods to detect population structure and admixture rely

on coalescent theory to model the likelihood of the observed genotype given the

population sizes or admixtures. It is reasonable to question if we can infer the ARGs

directly from the genetic variation data. Assuming the validity of assumptions

under the coalescent, inferring the ARG directly would make understanding the

evolutionary forces responsible for observed genetic variation much easier, as under

the coalescent model the evolutionary forces impact the genetic variation through

the ARGs (see Figure 1.4).
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Figure 1.4: Evolutionary forces impact genotypes through genealogies.
Evolutionary forces like mutations, recombination, population bottlenecks, admixture,
migration and selection affect the observed genotypes through the unobserved genealogies

Inferring Ancestral Recombination Graphs (ARGs) directly from genetic varia-

tion data is challenging because each recombination event splits the genealogical

tree into two trees. The fact that mutation rates and recombination rates in

humans (and many other species) are roughly similar means that, on average,

there is only one mutation per branch on the tree, making it difficult to infer the

genealogy. However, ARG inference methods leverage the fact that recombinations

are unevenly distributed along the genome and still result in correlated adjacent

trees. Over the past decade, new statistical methods have been developed to

utilize these insights for ARG inference.

ARG-weaver [62] is one of the earliest scalable genealogy inference methods.

ARG-weaver uses a Markovian approximation to the coalescent with recombination,

the Sequentially Markovian Coalescent (SMC) [63], to constrain the space of

possible ARGs. The SMC model reduces the search space of possible ARGs and

makes it Markovian by ignoring coalescent events between lineages that do not

share overlapping ancestral material. It essentially moves along the chromosome

and updates the coalescent tree instead of the full ancestral recombination graph
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whenever a recombination occurs. ARG-weaver simplifies the inference of Ancestral

Recombination Graphs (ARGs) by discretizing time, which further reduces the

space of possible ARGs. It employs a Gibbs sampling approach, where a sample

is “threaded1” into the ARG based on the conditional probability of the rest of

the ARG. Despite these approximations, ARG-weaver is limited in its scalability

and can handle at most a few hundred samples.

Tsinfer [7] and tsdate [64] are recent algorithms for ARG inference that are able

to scale to hundreds of thousands of samples. Tsinfer uses a variation of the Li and

Stephens algorithm to infer the tree sequence. It first estimates various possibilities

of ancestral haplotypes at a given site and then uses the Li and Stephens copying

process to paint the younger ancestors using older ancestors, thereby generating an

ARG structure around the variant. Tsdate uses the topologies inferred using tsinfer

to date the coalescence events using a conditional coalescent prior, conditioning

on the number of descendants of each node on a local tree. Tsinfer and tsdate

also demonstrated that storing genotype information in the tree sequence format

saves a significant amount of disk space, leveraging the tree structure to save the

variants instead of treating all variants independently.

Relate [6], like tsinfer and tsdate, uses a variation of the Li and Stephens

algorithm to infer genealogies and can scale to thousands of samples. It proceeds

by using the Li and Stephens algorithm to calculate pairwise distances between

samples at a given site, followed by hierarchical clustering to build a tree that best

represents the observed variation around this site. Once the local trees are inferred

and heuristically matched with adjacent trees, Relate estimates the coalescence

times using an MCMC routine under the coalescent prior, conditioning on the

tree topology. Relate also supports an iterative method to jointly estimate the

population sizes along with estimating the coalescence times, making it more

flexible for use in human datasets.

ARG-Needle [8] is another recent algorithm that is able to scale to hundreds

of thousands of samples. Like ARGweaver, it threads a sample into the genealogy
1essentially integrating a sample into an existing ARG structure



1. Introduction 19

one at a time, but uses heuristics to speed up the process. It essentially proceeds

as follows: for a new sample to be threaded, it detects K closely related samples

around the variant, uses ASMC [65] to infer the coalescence times with those

K possible samples, and then uses the sample corresponding to the minimum

coalescence time to thread the new sample into the ARG. This process is repeated

until all samples are threaded into the genealogy. Apart from genealogy inference,

ARG-Needle also demonstrated the promise of using genealogies for phenotype

prediction and association testing.

Singer [66] is a Bayesian method for ARG inference that scales to hundreds

of samples. Like ARGweaver and ARG-Needle, Singer uses threading to infer the

genealogies in a Bayesian way. Specifically, Singer employs a two-step threading

algorithm where the first step samples the possible branch to thread and the

second step samples the coalescence time for this threading. This is done under

an MCMC routine, which enables the sampling of not only coalescence times

but also tree topologies.

Overall, there has been recent development in accurate and scalable inference

of genome-wide genealogies from genetic variation data. A recent evaluation of

the performance of some of these ARG inference methods under some accuracy

metrics can be found in [67]. This opens a new suite of directions to understand

the evolutionary forces responsible for our genetic variation using these genealogies.

In the next section, we survey some novel methods that rely on genealogies and

help us understand our human past more accurately.

1.2.5 Genome-wide genealogies to understand evolutionary
history

By inferring genome-wide genealogies, we hope to be one step closer to understanding

evolutionary history, as the evolutionary history has impacted genetic variation

through these genealogies. Let us explore the various evolutionary forces we can

infer once we know the genealogies.
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Inferring population sizes using genealogies: Under the coalescent, the

population sizes are defined as the reciprocal of the coalescent rates between indi-

viduals in the same population. Therefore, given the genealogy, it is straightforward

to infer the population sizes. A common approach to infer these time-varying

population sizes is to discretize the time into several epochs and count the number

of coalescence events between individuals in each epoch, divided by the opportunity

for the coalescence event to happen, that is, the sum of branch lengths in the epoch.

In a simplistic case, this can be done for all pairs of individuals in the population,

which results in an unbiased estimate of the population size.

Inferring population structure using genealogies: Following the argument

for inferring population sizes, one can also infer cross-population coalescence rates,

that is, the chance of coalescence between two individuals from different populations.

These rates are a common way to identify population structure or migration

[68], as populations with higher cross-coalescence rates would be more similar to

each other either due to a recent population split or recent migration between

the two populations.

Inferring presence of admixture using genealogies: A simple way to

identify recent admixture in a genealogy is by looking at genealogical nearest

neighbors. If there is a recent admixture event, different regions of the genome

would have different affinities to reference populations. A straightforward method to

infer regions of the genome where a target individual is closer to one population than

another is to look at its first coalescence event with the reference panel. A population

description of the sister individuals at the tree would roughly indicate which

population the target individual most closely relates to in that section of the genome.

This is also loosely how admixture inference methods like ChromoPainter work.

A more careful analysis is needed if there are multiple admixture events or if the

admixture event is old and can not be summarized by just the first coalescence event.

Our method, GhostBuster (discussed in Chapters 2-3), addresses this problem.

Inferring positive selection: Relate [69] devised a simple statistic to detect

the presence of positive selection in the data. Specifically, the statistic compares
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the speed of spread of a certain lineage relative to other lineages in the tree.

Relate’s selection test uses results from the standard coalescent to model the joint

distribution of the number of descendants given k lineages. Relate’s selection

test produced controlled false positive rates while outperforming other selection

inference methods, such as singleton density scores [70], which did not leverage

the genealogy to infer selection. A similar test was devised in ASMC [65], where

they considered pairwise genealogies and regions of significantly lower TMRCA to

detect positive selection. Additionally, CLUES [71] and CLUES2 [72] use inferred

genealogical information in an importance sampling scheme to directly estimate

the likelihood of alleles under selection.

Among other applications, twigstats [69], used inferred genealogies to more

accurately estimate f-statistics. By effectively truncating trees and focusing only on

mutations in the recent part of the tree, twigstats improved f-statistics standard

errors to detect fine-scale structure. Another approach, introduced glike [73],

involves estimating the likelihood of the observed genealogy given the demographic

parameters, thereby accurately estimating parameters like population sizes, ad-

mixtures, and migrations from the observed genealogies. This method surpasses

techniques that only use genetic data for inference. ARG-based methods also have

their limitations. Firstly, most methods rely on the inferred ARG to be an accurate

estimate of the true underlying genealogy. Second, ARG-based methods are not

necessarily computationally faster than methods which directly operate on genotype

data. Third, accurate estimation of ARGs currently requires high-quality genetic

data, which may not always be available. However, despite these limitations, ARG-

based methods provide powerful insights into population history and evolutionary

processes that are difficult to achieve with other approaches. A comprehensive

review comparing different ARG inference methods and discussing their application

in understanding human history can be found in [74, 75].
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1.2.6 Motivation for GhostBuster

Population movements and mixtures have been a constant feature of human history

across various time scales. Notable examples include the Out of Africa migration,

Neanderthal and Denisovan introgression over 40,000 years ago, multiple admixtures

in Holocene Europe, and recent migrations and multi-way admixtures in the

Americas within the last few hundred years (see Figure 1.5a-c). Despite this,

the genetic legacy of some events remains elusive due to the limited resolution of

statistical methods and the scarcity of ancient DNA samples (see Figure 1.5d).

Many previous methods for deciphering admixtures have relied on detecting long

segments of DNA corresponding to recent admixture events. These methods often

use local ancestry correlation to date admixtures, which have proven effective for

identifying events within the last few thousand years. However, as recombination

events shorten these segments, the statistical power of these methods diminishes,

making it challenging to infer older admixtures [51, 53–55]. Another widely used

approach involves sequencing or genotyping ancient DNA samples, providing direct

evidence of the genetic makeup of our ancestors. Ancient DNA studies, employing

methods such as PCA [46], STRUCTURE [36], and f-statistics [19, 21, 55, 59, 60],

have significantly extended our understanding of human history up to approximately

10,000 years ago—beyond the temporal reach of haplotype-based methods. However,

the deeper human past remains difficult to uncover due to the scarcity of ancient

DNA samples from earlier periods, which are challenging to preserve over such

long timescales. While the limited number of archaic DNA samples has offered

some insights, they remain insufficient to fully reconstruct the complex genetic

history of early human populations.

Furthermore, previous methods typically rely on deriving summary statistics from

genetic data to infer the presence of admixture and population structure. Identifying

subtle changes in population history directly from genetic data is particularly

challenging when there is minimal evidence or when source groups remain unsampled.

The large-scale inference of genome-wide genealogies provides a more direct approach

to examining the demographic factors influencing genetic variation. By modeling
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these demographic changes, genealogies offer a more interpretable and detailed view

of human history, allowing researchers to trace population dynamics with greater

accuracy and uncover previously hidden aspects of our ancestral past.

In this thesis, we introduce a novel method called GhostBuster, which leverages

coalescent theory and inferred genealogies to analyze past mixture events with greater

statistical power and interpretability. GhostBuster is a mixture model that clusters

the genealogical history of a target individual based on its coalescence rates with a

set of reference populations. This approach not only characterizes mixture events but

also decomposes the local ancestry of target individuals. Unlike traditional methods,

GhostBuster does not require sampled source populations to identify admixture

events, making it capable of detecting ghost admixtures. Through simulations

and real-data examples, we demonstrate that GhostBuster can successfully recover

signatures of both ancient and recent admixtures, accurately identifying source

groups, admixture times, and the local ancestry of target individuals.

We apply GhostBuster to both modern and ancient samples from sub-Saharan

Africa, a region where ancient DNA is particularly scarce due to environmental

conditions that hinder DNA preservation. Our analysis uncovered two significant

events that occurred in Africa. First, we identified a Holocene-era back-to-Africa

migration that introduced detectable levels of Eurasian ancestry into all sub-Saharan

African populations we analyzed. This event, which occurred between the last

millennium and approximately 10,000 years ago, provides a very likely explanation

for the presence of small amounts of Neanderthal ancestry in modern Africans.

Leveraging inferred local ancestry, we detected differential enrichment for specific

trimer mutations, including TCC to TTC substitutions, which have been previously

linked to West Eurasian populations [76]. Further characterization of this event

using coalescence rate affinities with various ancient populations revealed that the

Eurasian ancestry in Africans may trace back to early European farmers from

Anatolia, suggesting a potential spread of farming practices from Europe to the

Middle East and North Africa, eventually reaching sub-Saharan Africa. The second

event represents a more ancient admixture between two African population groups,
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one of which is closely related to the out-of-Africa population that gave rise to

present-day Eurasians. Our findings suggest that these populations diverged at

least 300,000 years ago and subsequently admixed around or after the major out-of-

Africa migration. This admixture is associated with differences in population sizes

and PRDM9 hotspot activity between the two groups. Furthermore, we observed

distinct affinities of these ancient populations with other archaic humans, such as

Neanderthals and Denisovans, from that era. Finally, our analysis revealed that the

two ancient populations exhibit differing levels of polygenic score (PGS) portability

when genome-wide association studies (GWAS) are conducted in European cohort,

highlighting the importance of ancestry decomposition in understanding genotypic

variation affecting phenotypes.
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Figure 1.5: Some examples of migration and admixture events in human history. A. Archaeological
and genetic evidence suggests modern humans originated in Africa and migrated out between 50,000 and 100,000
years ago [18, 77]. They interbred with Neanderthals, who contributed up to 3% of non-African DNA. After leaving
Africa, the population split into west and east Eurasian groups, creating genetic differences between Europeans and
Asians. East Eurasians also admixed with Denisovans, though the timing and location are debated [25, 78]. B. Europe
has experienced significant migrations, starting with Anatolian farmers 7,000-9,000 years ago, followed by Steppe
pastoralists around 5,000 years ago, which heavily influenced present-day European ancestry. There is also evidence
of recent gene flow from North African groups into southern Europeans, such as Italians and Spanish, and ancient
Siberian-related ancestry in northeastern Europeans like Finns and Russians [21, 58]. C. The peopling of America
likely began during the last glacial period, which created a land bridge to Eurasia [79], ending around 15,000 years
ago. Ancient DNA in America shows genetic links to ancient Siberians (MA1), Han Chinese, and the Onge tribe [80].
Present-day American genetics are influenced by historical events like colonization and the trans-Atlantic slave trade,
resulting in admixture from Native American, African, and European sources [22, 23]. D. Previously identified human
admixtures were determined using various methods, including haplotype-based approaches [51, 53–55], ancient DNA,
and archaic DNA analyses. The histogram shows the ages of ancient DNA samples sequenced to date, sourced from
the Allen Ancient DNA Resource [81]. The illustrations were downloaded from Flaticon.
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1.3 Understanding complex traits through ge-
netic data

An important line of work in statistical genetics focuses on understanding how the

patterns of genetic variation in present-day individuals affect phenotypes. The first

disease gene was mapped in 1983, identifying a short tandem repeat on chromosome

4 responsible for Huntington’s disease [82]. This study involved analyzing pedigrees

with fewer than 100 samples to pinpoint the genetic cause of Huntington’s disease.

Huntington’s disease is an example of a monogenic disorder, where alterations in a

single gene (in this case, Huntington gene) explains the entire genetic basis of the

disease. With the growing size of genetic datasets, we now know that most complex

traits and common diseases in humans are not monogenic but polygenic, where

hundreds or thousands of small alterations in the genome explain the genetic basis

of a trait. Finding these small polygenic effects spread across the genome requires

examining genetic variation data genome-wide in a larger number of samples.

The Wellcome Trust Case Control Consortium (WTCCC) [83] was one of

the first efforts to perform a large-scale genetic association study. It genotyped

17,000 individuals, comprising 2,000 cases and 3,000 common controls across

seven common diseases (type 1 diabetes, type 2 diabetes, coronary heart disease,

hypertension, bipolar disorder, rheumatoid arthritis, and Crohn’s disease). The

WTCCC performed a genome-wide association study to look at polymorphisms

in the genome that correlate more than usual with the case-control status and

found 90 new variants across all the diseases analyzed, confirming the presence of

28 previously established variants. Since then, Genome-wide association studies

have become a cornerstone in current-day quantitative genetics to understand how

genetic variation affects phenotypes.

1.3.1 Basic definitions

The heritability of a trait, roughly speaking, is the proportion of total trait variance

explained by genetic variation. It measures how important genetics are in predicting

a given trait, where a heritability of 1 means genetics explain all the variance in the
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trait between individuals, and a heritability of 0 means genetics does not explain

any variance in the trait. It is important to note that heritability for a trait depends

on the quality of phenotypic measurements and the environment itself. Heritability

should not be confused with the variance associated with the direct biological

mechanisms affecting a trait. In many complex traits, the path from genes to traits

is complex and indiscernible [84]. A more detailed understanding of heritability,

its implications, and common misunderstandings can be found in [85, 86].

Linkage disequilibrium (LD) refers to the correlation patterns in genetic variation

data due to the fact that variants close to each other are transmitted together more

frequently than variants further away from each other. LD is further exacerbated

because most recombination in humans happens at recombination hotspots, creating

distinct LD patterns along the genome. LD can be both a boon and a bane in

analyzing human variation data. It is a boon because common variants used in

low-cost genotyping arrays, can capture the signal from nearby unobserved causal

variants, thus providing substantial power in predicting the phenotype using low-

cost common variation data. However, it is a bane because the same LD makes

it challenging to distinguish causal variants from associated variants, as tightly

correlated variants obscure the identification of the true causal variant.

Two major challenges in performing genome-wide association studies (GWAS)

are the presence of population structure and relatedness in the data, both of which

can confound genetic signals and inflate test statistics. We have already discussed

population structure in the context of population genetics in Section 1.2.1. In

quantitative genetics, population structure can lead to allele frequency differences

between cases and controls, resulting in spurious associations between genotypes and

traits — a phenomenon known as population stratification. Relatedness between

samples is another significant confounder in association testing and is typically

estimated through the genetic relatedness matrix (GRM). The (GRM) is computed

as XXT

M
, where X is an N ×M mean-centered and standardized genotype matrix, N

is the sample size, and M is the number of variants. The GRM plays a crucial role
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in linear mixed model (LMM) methods, which are widely used in GWAS to account

for these confounders. We will discuss LMM methods in more detail in Section 1.3.3.

1.3.2 Genome-wide association studies: usage and appli-
cations

After it became clear that many human traits are polygenic in nature, an unbiased

genome-wide scan for variants associated with these traits was warranted. Following

the first large-scale genome-wide association study published by the Wellcome

Trust Case Control Consortium (WTCCC) in 2007, a huge wave of large-scale

population-wide studies aimed at understanding the genetic architectures of various

complex traits ensued. Today, 17 years after WTCCC, GWAS has become a

standard protocol for understanding the genetic basis of most complex traits. With

sequencing and phenotyping efforts from pharmaceutical industries, academia, and

independent nation-wide “biobanks”, GWASs have been performed on thousands

of human traits, using millions of individuals, and have identified hundreds of

thousands of genetic associations [87].

GWAS has become a vital element in drug discovery, with two-thirds of the

new drugs approved by the FDA in 2021 supported by human genetic evidence

[88–90]. Some examples include Finerenone, an NR3C2 antagonist approved for the

treatment of chronic kidney disease [91, 92]. Baricitinib, identified through GWAS

studies for COVID-19 severity, was shown to reduce the COVID-19 mortality

rate by approximately 20% [93, 94]. It is important to note that GWASs are

not enough to support drug target discovery on their own. Further downstream

analysis, such as replication, expression QTL studies in relevant tissues and cell

types, and understanding off-target effects, are necessary and are part of the GWAS

pipeline to obtain suitable drug targets.

Apart from identifying genetic associations with traits, GWAS is also utilized to

build polygenic scores for a trait or disease susceptibility. Polygenic scores, or PGS,

use the estimated effects for a trait to build a predictor of the genetic likelihood of

a trait. PGS have found clinical potential for personalized medicine and treatment,
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with current utility for various genetic disorders including cardiovascular diseases

[95]. GWAS has also enabled the identification of genetic similarity between traits

and diseases, helping to identify biological pathways for gene functions [96]. On

a more general level, GWAS hits have also helped us understand the evolution

of certain human traits, where selection mechanisms like directional, stabilizing,

and pleiotropic are among the most likely explanations of how trait-associated

variants spread forward in time [97]. Additionally, GWAS has been useful in causal

inference studies, as a genetic instrument in Mendelian randomization, helping to

identify disease-causing traits [98, 99]. An overview of the GWAS pipeline and its

application can be found in Figure 1.6 and following reviews [90, 100].

1.3.3 Theoretical framework to perform GWAS

There are two main categories of methods to perform genome-wide association

studies. The first set of methods involves fitting a linear model to estimate the

effect of a variant on the phenotype, taking into account various covariates. The

linear models fit the following model:

y = xtestβtest + αC + ϵ. (1.13)

In the above, y is an N × 1 vector of mean-centered and standardized phenotype

values, xtest is an N × 1 vector of mean-centered and standardized bi-allelic variant

values (that is, the original x̃test takes values in {0, 1, 2}N for diploid samples),

C is an N × C matrix of covariates of interest, such as principal components,

age, and sex, and ϵ is Gaussian noise.

Linear models fit the model in Equation 1.13 using a simple OLS estimate for

linear regression or an iterative scheme for logistic regression. Test statistics are

calculated from standard closed-form solutions for the standard error of the estimates.

However, simple linear models fail to correct for the presence of population structure

and cryptic relatedness in the data, making the resulting test statistic estimates

inflated. Therefore, methods that rely on linear models require working with a

subset of unrelated and homogeneous individuals to ensure the false positive rates
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Figure 1.6: Overview of a typical GWAS pipeline. The GWAS pipeline typically
begins with genotyping and phenotyping a large cohort of individuals, including both
cases and controls for disease traits. Genotyping can be conducted using either low-cost
SNP arrays or whole-genome sequencing. Quality control steps are crucial and involve
filtering variants and samples based on various criteria (see Section 5.2 for detailed quality
control procedures). If genotyping was performed instead of whole-genome sequencing,
genotype imputation follows as the next step. Subsequently, genome-wide association
testing is conducted for each variant and phenotype of interest to generate p-values and
effect estimates, indicating the association between each variant and the phenotype. The
resulting GWAS summary statistics have several downstream applications. These include
replication and meta-analyses to increase statistical power, fine-mapping and functional
analyses to identify causal variants among the associated variants, and the calculation of
polygenic scores. This pipeline structure was adapted from [101], with the fine-mapping
figure from [102] and the polygenic scores figure from [103].

are not too high. This, in turn, reduces the sample size and power to detect

genetic associations in the dataset.

The second class of methods are Linear mixed models or LMMs. LMMs are
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an extension of linear models that facilitate the analysis of non-independent data.

They are commonly adopted in the analysis of genomic data involving population

structure or cryptic relatedness. LMMs handle non-independence by modeling

random effects that capture variability within different subpopulations or phenotypic

correlation across close relatives. In an LMM for genome-wide association analysis,

the phenotype of interest is often modeled as a combination of fixed effects, which

include the effects of the test variant and covariates, and random effects, which

include genetic effects and environmental effects:

y = xtestβtest + αC + g + ϵ. (1.14)

Similar to the linear model above, y is an N × 1 vector of mean-centered and

standardized phenotype values, xtest is an N × 1 vector of mean-centered and

standardized bi-allelic variant values, C is an N × C matrix of covariates. We are

mainly interested in inferring the fixed effect of a particular variant, βtest, given

the random genetic effects, which help capture the effects of population structure

and relatedness. We model the genetic and environmental effects using

g = βGRMXGRM

ϵ ∼ N (0, σ2
e), (1.15)

where XGRM is an N ×MGRM mean-centered and standardized genotype matrix,

independent of xtest, and σ2
e is the environmental variance for a given phenotype.

For simplicity, the environmental random effect is assumed to be independent

and identically distributed (i.i.d.) from a normal distribution, and the random

genetic effect is modeled as a weighted sum of standardized genotypes. The

random genetic effect g can also be thought of as a sample from N (0, σ2
gK),

where σ2
g is the genetic variance for a given phenotype and K = 1

M
XGRMX

T
GRM

is the genetic relatedness matrix.

Leave-one-chromosome-out: It has been observed that in order to avoid

reducing the power of association, the matrix XGRM should not contain the test

variant xtest, as well as any other variants in linkage disequilibrium (LD) with
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xtest. This problem has been referred to as “proximal contamination” [104]. Fitting

an LMM with genetic effects from variants not in LD with the testing variant,

however, would require re-training the model to infer genetic effects for every

tested variant, which would cause major computational overheads. [105] proposed

a simple solution to this problem, referred to as the leave-one-chromosome-out

(LOCO) scheme, where the XGRM is constructed using all variants except those on

the same chromosome as the test variant. For example, assuming 22 autosomal

chromosomes and a test variant on chromosome 7, XGRM is built to contain all

variants from chromosome 1-6 and 8-22. This approach, which requires training a

separate model for each chromosome, allows circumventing proximal contamination

while increasing association power, and has been widely adopted by recent LMM

association algorithms [106–108].

Calculation of the test statistic: To infer the fixed effect βtest in Equa-

tion 1.14, one can marginalize the random effects βGRMXGRM and ϵ to get the

marginalized log-likelihood:

y | xtest, βtest, σ2
e , σ

2
g ∼ N (xtestβtest,

σ2
g

M
XGRMX

T
GRM + σ2

eIN)

logP (y | xtest, βtest, σ2
e , σ

2
g) ∝ −1

2(y − xtestβtest)TV −1(y − xtestβtest) − 1
2 |log(V )|,

(1.16)

where σ2
g and σ2

e are genetic and environmental variance components as described

above, and V is a covariance matrix, defined as V = σ2
g

M
XGRMX

T
GRM + σ2

eIN .

The maximum likelihood estimate (MLE) for βtest is obtained by setting
∂ logP (y|xtest,βtest)

∂βtest
= 0; the variance of the estimate is obtained using the inverse

Fisher information −E
[
∂2 logP (y|xtest,βtest)

∂β2
test

| β̂test
]−1

and takes the form:

β̂test = (xTtestV −1xtest)−1(xTtestV −1y)

var(β̂test) = (xTtestV −1xtest)−1. (1.17)

The variance components, σ2
g and σ2

e , are estimated using restricted likelihood

maximization (REML) [106] or moment-based methods [109, 110] rather than

standard maximum likelihood estimation. In this work, we estimate the vari-

ance components σ̂2
g and σ̂2

e using the RHE-MC algorithm [109, 110], a highly
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scalable moment-based approach that was recently extended to allow processing

multiple traits in parallel [111]. We then estimate the covariance matrix using

V̂ = σ̂2
g

M
XGRMX

T
GRM + σ̂2

eIN , and the effects using

β̂test = (xTtestV̂ −1xtest)−1(xTtestV̂ −1y),

var(β̂test) = (xTtestV̂ −1xtest)−1. (1.18)

Using the asymptotic property of the MLE,

β̂test − βtest√
var(β̂test)

∼ N (0, 1). (1.19)

To test the null hypothesis βtest = 0, we therefore substitute the MLE estimate

and the variance of the estimate from Equation 1.18, and square both sides to get:

(xTtestV̂ −1y)2

xTtestV̂ −1xtest
∼ χ2

1. (1.20)

There are two common modeling assumptions for the distribution of genetic

effects along the genome, leading to different LMM foundations - Infinitesimal

and non-infinitesimal models.

Infinitesimal model: The infinitesimal model places a normal prior on the

effect estimates βGRM from Equation 1.15, and assumes the total genetic effect

explained by all the genetic markers to be σ2
g :

βGRM ∼ N (0, σ2
gIM/M) (1.21)

As the prior and likelihood are conjugate, we can infer the posterior distribution

P (βGRM | XGRM , y):

P (βGRM | XGRM , y) = N
((

IMM

σ2
g

+ XT
GRMXGRM

σ2
e

)−1
XT
GRMy

σ2
e

,

(
IMM

σ2
g

+ XT
GRMXGRM

σ2
e

)−1 ) (1.22)

The posterior mean estimate of βGRM in Equation 1.22, also referred to as the

best linear unbiased predictor (BLUP), can be written as:

β̂GRM =
(
IMM

σ2
g

+ XT
GRMXGRM

σ2
e

)−1
XT
GRMy

σ2
e

(1.23)
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The residual phenotype, formed by regressing out the effect of other variants

on the phenotype, is given by ỹ = y − XGRM β̂GRM and simplifies to

ỹ = y −XGRM β̂GRM = σ2
eV

−1y (1.24)

This provides a link between the BLUP and test statistics for xtest in Equation

1.20, which is exploited to compute test statistics for non-infinitesimal models.

Under the infinitesimal model, the test statistic can be rewritten as:

(xTtestỹ/σ2
e)2

xTtestV̂ −1xtest
∼ χ2

1 (1.25)

Non-infinitesimal model: It is often the case that a large fraction of variants

are not linked to the phenotype, so the above model can be improved by adopting

a more appropriate prior, such as a spike-and-slab prior, or a mixture-of-Gaussian

prior. The spike-and-slab prior can be modeled as follows:

P (βGRM) ∼ p0N (0, σ2
g/Mp0) + (1 − p0)δ(0), (1.26)

where δ(0) is the Dirac-delta function at 0. A mixture-of-Gaussian prior replaces

the Dirac-delta function using a low-variance normally distributed component,

and can be written as:

P (βGRM) ∼ p0N (0, σ2
g,1/M) + (1 − p0)N (0, σ2

g,2/M). (1.27)

Equation 1.25 can still be used to compute test statistics, by replacing ỹ with

the phenotype residuals calculated using BLUP under the non-infinitesimal model.

Note that it is often not possible to obtain a closed-form solution for the BLUP

under an non-infinitesimal model, but can be approximated through MCMC or

variational inference algorithms.

1.3.4 Survey of methods to perform GWAS

Plink [112] is one of the most widely used linear model-based GWAS algorithms.

Its subsequent versions [113] improve its scalability by implementing vectorized

operations over phenotypes, working with the disk-space efficient pgen format, and
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supporting sparse matrix multiplication [114]. Despite its efficiency, Plink does not

implement a linear mixed model to correct for population structure and relatedness,

and therefore is only used with unrelated homogeneous subsets of the data.

EMMA [115] is among the earliest methods to implement a linear mixed model for

association testing in human datasets. It optimized the fixed effects by maximizing

the full likelihood in Equation 1.16 relying on spectral decomposition. The overall

algorithm was still cubic in sample size and required constructing the N × N

kinship matrix. EMMAX, or EMMA expedited [116], was a follow-up to EMMA

which improved its scalability by more than two orders of magnitude. Instead of

recomputing the variance parameters for each variant separately, EMMAX observed

that a single variant does not have a huge effect on the variance components and

therefore estimated it once and reused it for association testing.

Fast-LMM [117] used the spectral decomposition of the kinship matrix and

its low-rank representation to speed up association testing further compared to

EMMAX. Fast-LMM-Select [118] followed as a subsequent method, which subsets

the markers for kinship calculation based on their predictability for the trait using

a linear model. It was later shown that this strategy of reducing the number of

markers in kinship calculation leads to inflation in the test statistics, as background

polygenic effects are not fully captured [105].

BOLT-LMM [106, 107] was one of the first methods to scale linearly with

the number of markers and sub-quadratically with the number of samples. The

overall complexity of BOLT-LMM is O(MN1.5). BOLT-LMM achieved this by

using conjugate gradient techniques for matrix inversions (thus never explicitly

computing the kinship matrix), an efficient grid search algorithm for estimating

variance parameters, and a variational inference routine to predict the polygenic

effects. Furthermore, BOLT-LMM’s variational inference routine imposed a mixture

of Gaussian priors on the effect estimates, allowing it to model the non-infinitesimal

genetic architecture, which led to improved statistical power in GWAS.

The assumption of normality about the test statistic distribution is often violated

in binary traits, especially when the ratio of cases to controls is imbalanced or when
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testing with a rare variant. SAIGE [119] implements saddle point approximation

(SPA) [120, 121] to correct the test statistics and ensure calibration in binary

traits. SAIGE also employs conjugate gradient tricks similar to BOLT-LMM, which

speeds up the calculation of test statistics while avoiding explicit computation

of the kinship matrix.

FastGWA [108] and FastGWA-GLMM [122] are among the fastest methods to

perform linear mixed model association testing for quantitative and binary traits.

FastGWA-GLMM is the generalized mixed model extension of FastGWA, aimed at

analyzing binary traits. These methods approximate the GRM as a sparse matrix,

thresholding it to only keep close relatives. The sparse GRM is generated once and

used for all subsequent analyses, making matrix multiplications in test statistics

calculation extremely fast. However, approximating the kinship with a sparse matrix

loses some statistical power compared to methods that use the dense matrix.

REGENIE [123] is a recent method for association testing that uses block-wise

ridge regression to estimate the polygenic effect and then vectorized test statistics

calculation routines, allowing for the analysis of multiple phenotypes at scale.

REGENIE also implements an approximate version of Firth logistic regression and

saddle point approximation to correct test statistics for binary traits. REGENIE

scales linearly with sample size and number of markers, making it approximately

two orders of magnitude faster than BOLT-LMM in the analysis of 50 quantitative

traits in the UK Biobank. However, it still does not match BOLT-LMM’s statistical

power, as it does not account for the non-infinitesimal genetic architecture.

A table comparing modern GWAS methods can be found in table 1.1.

1.3.5 Motivation for Quickdraws

As we saw in Section 1.3.2, genome-wide association studies (GWAS) are a key

step in modern analyses of complex traits and diseases. These association studies

are being enabled by the rapid growth of modern biobanks [3, 124–128], which

contain vast amounts of genomic, phenotypic, and environmental information

for increasingly diverse groups [129]. The scale of these data sets, however,
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creates several computational obstacles, which have led to significant advances

in statistical methodology and the development of highly scalable linear-mixed-

model GWAS algorithms [104, 106–108, 115–118, 130–133]. Among these, the

BOLT-LMM algorithm [106, 107] achieves state-of-the-art association power by

adopting a Bayesian mixture prior to model non-infinitesimal trait architectures, but

is computationally intensive, particularly when applied to multiple traits, and has

limited applicability to binary traits. More recent methods, including SAIGE [119],

FastGWA [108, 122], and REGENIE [123], are highly scalable and may be used for

the analysis of both quantitative and binary traits. These algorithms have enabled

performing GWAS for millions of genomic variants and individuals [134] across

thousands of traits and diseases [135], but rely on modeling approximations, such as

the use of block-wise ridge regression or sparse genetic relationship matrices, that

may reduce statistical power. As a result, current GWAS algorithms are either highly

scalable and cost effective or highly powered to detect association, but not both.

In this thesis we describe a method, called Quickdraws, that uses machine

learning strategies to simultaneously achieve state-of-the-art association power and

computational efficiency, while being applicable to both quantitative and binary

traits. Quickdraws uses a Bayesian regression model with a spike-and-slab prior

on variant effects, which is efficiently trained by leveraging recent advances in

stochastic variational inference, transfer learning, and graphics processing units

(GPUs) matrix operations. We use simulations to show that, applied to the analysis

of quantitative traits, Quickdraws matches the association power of BOLT-LMM,

the most powerful method, while requiring orders of magnitude less computation.

For binary traits, Quickdraws achieves higher statistical power compared to existing

methods such as SAIGE, REGENIE, and FastGWA, equivalent to analyzing up to

13.4% more samples, while having a comparable computational speed. We apply

Quickdraws and other methods to test 13.3 million variants for 79 quantitative

traits and 50 disease traits in up to ∼405k individuals from the UK Biobank data

set [3]. For quantitative traits, Quickdraws identifies 4.97% more independent

associations than REGENIE and 22.71% more than FastGWA; for disease traits, it
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detects 3.25% more associations than REGENIE and 7.07% more than FastGWA.

These associations result in similar gains in the number of replicated signals in

Biobank Japan [124] and Finngen [128]. We estimate computational costs using

the UK Biobank RAP platform, observing that despite these gains in statistical

power, the cost for running these analyses using Quickdraws is comparable to

that of other highly scalable methods.
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2.1 Chapter overview

In this chapter, we introduce GhostBuster, a novel method for detecting admixture

events by analyzing genome-wide genealogies inferred from genomic variation

data. GhostBuster employs a mixture model to probabilistically cluster regions

of the genome, identifying distinct “types” of coalescence histories for a target

individual, with each ancestry type characterized by its coalescence rates to reference

populations. Using an efficient expectation-maximization (EM) algorithm, the

method iteratively updates these coalescence rates and the local ancestry of the

target individual. The algorithm operates in two iterative steps. In the first

step, GhostBuster assigns each genomic region of the target individual to an

ancestry type, effectively decoding local ancestry (see Figure 2.1A). This is done by

comparing who the target individual coalesces with back in time, with coalescence

rates describing each ancestry type. In the second step, GhostBuster refines the

coalescence rates that define each ancestry by leveraging the updated local ancestry

information, analogous to updating cluster means and covariances in Gaussian

mixture models (see Figure 2.1B).

We begin by presenting the theoretical framework underlying GhostBuster in

Section 2.2, where we employ coalescent theory to model the observed genealogies.

Next, in Section 2.3, we delve into the algorithmic and methodological details

of the method. In Section 2.4, we discuss the various modern and ancient DNA

resources used in the analyses and the construction of genealogies. In Section 2.5,

we apply GhostBuster to two simulated scenarios, demonstrating its ability to

recover ghost admixture events and exploring different aspects of the method. In

Section 2.6, we apply GhostBuster to real data, replicating several well-established
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admixture signals and comparing local ancestry estimates to prior studies. Finally,

in Section 2.7, we apply GhostBuster to decompose and interpret admixture events

over the last 10,000 years in Europe, a period that has gained new clarity through

the availability of ancient DNA.
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Figure 2.1: A simplified overview of GhostBuster. GhostBuster implements an
iterative expectation-maximization (EM) algorithm which cycles between two states A
and B. (A) inferring local ancestry of a target individual given multiple coalescence rates
of the target individuals with a set of reference populations. (B) using the local ancestry to
refine the estimates of coalescence rates of target individual and the reference populations.



44 2.2. Theoretical framework for our method

2.2 Theoretical framework for our method

2.2.1 Introduction to mixture models

Mixture models are probabilistic models that represent subpopulations within a

larger population by assuming the data is generated from a mixture of distributions,

each corresponding to a subpopulation or cluster.

Gaussian mixture models

One of the simplest and most widely used mixture models is the Gaussian Mixture

Model (GMM). The GMM assumes that the data is generated from a mixture

of multiple Gaussian distributions, where each observation is drawn from one

of the Gaussian components.

Consider a dataset x = (x1, x2, . . . , xn), where x is a vector of n independent

observations. For simplicity, assume that these observations are sampled from a

mixture of two Gaussian distributions. To model this mixture, we introduce a

set of hidden variables z = (z1, z2, . . . , zn), where each zi is a categorical variable

indicating which Gaussian component generated the corresponding observation xi.

Specifically, zi = 0 if xi is drawn from the first Gaussian component, and zi = 1 if

xi is drawn from the second. The conditional distribution of the random variable

Xi, given its corresponding hidden variable Zi, is defined as follows:

Xi|(Zi = 0) ∼ N (µ1,Σ1),

Xi|(Zi = 1) ∼ N (µ2,Σ2),

where, N (µ1,Σ1) and N (µ2,Σ2) denote Gaussian distributions with means µ1

and µ2, and covariance matrices Σ1 and Σ2, respectively. Additionally, let us

assume the prior probabilities of the components are given by P (Zi = 0) = π1

and P (Zi = 1) = π2, where π2 = 1 − π1.

The aim of the GMM is to estimate the parameters corresponding to the mixture

of two Gaussians, namely θ = (π1, µ1,Σ1, µ2,Σ2), by maximizing the likelihood

of the observed data. However, it is important to note that the vector z is a

hidden variable, meaning we do not know which observation corresponds to which
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cluster. Consequently, we need to maximize the “incomplete-data likelihood,” which

integrates out the hidden variable z:

L(θ;x) =
n∏
i=1

[
π1 N (xi|µ1,Σ1) + π2 N (xi|µ2,Σ2)

]
. (2.1)

where, N (xi|µj,Σj) represents the Gaussian probability density function for the

j-th component, evaluated at xi. Since the likelihood involves a summation inside

the product, direct maximization is challenging. To address this, the Expectation-

Maximization (EM) algorithm is employed [136]. Instead of directly maximizing

the incomplete-data likelihood, the EM algorithm operates on the “complete-data

likelihood,” which assumes knowledge of the hidden variables z:

L(θ;x, z) =
n∏
i=1

2∏
j=1

[
πj N (xi|µj,Σj)

]1(zi=j) (2.2)

where, 1(zi = j) is an indicator variable that equals 1 if the observation xi belongs

to component j, and 0 otherwise. This formulation represents the likelihood as a

product and the log-likelihood as a sum over components and observations, which

eventually simplifies the optimization process.

logL(θ;x, z) =
n∑
i=1

2∑
j=1

1(zi = j)
[

log πj + log N (xi|µj,Σj)
]

=
n∑
i=1

2∑
j=1

1(zi = j)
[

log πj − 1
2 log|Σj|−

1
2(xi − µj)⊤Σ−1

j (xi − µj) − d

2 log(2π)
]
.

(2.3)

The EM algorithm alternates between the E-step, where the expected values

of the hidden variables zi are computed given the current parameter estimates,

and the M-step, which maximizes the expected complete-data log-likelihood with

respect to the parameters θ. Through these iterative updates, the EM algorithm

refines the parameter estimates, ultimately converging to a local maximum of

the incomplete-data likelihood [136] (see Figure 2.2). The EM algorithm for

GMM operates as follows:
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Observed data EM iteration 100

Figure 2.2: Gaussian mixture model. The observed data and inferred clusters using
the Gaussian mixture model after 100 EM iterations, the Gaussian mixtures inferred are
represented by the red ellipse.

1. E-step: Calculates the expected log-likelihood of the complete data, given

the current parameter estimates.

EZ|X=x;θ(t) [logL(θ;X,Z)]

= EZ|X=x;θ(t)

[
log

n∏
i=1

L(θ;xi, Zi)
]

= EZ|X=x;θ(t)

[
n∑
i=1

logL(θ;xi, Zi)
]

=
n∑
i=1

EZi|Xi=xi;θ(t) [logL(θ;xi, Zi)]

=
n∑
i=1

2∑
j=1

P (Zi = j|Xi = xi; θ(t)) logL(θj;xi, j)

=
n∑
i=1

2∑
j=1

γ
(t)
j (xi)

[
log τj − 1

2 log|Σj|−
1
2(xi − µj)⊤Σ−1

j (xi − µj) − d

2 log(2π)
]

(2.4)

where, the log-likelihood of the complete data comes from Equation 2.3; γj(xi)

is the posterior probability that the data point xi was generated by the j-th

Gaussian distribution:

γ
(t)
j (xi) =

π
(t)
j N (xi|µ(t)

j ,Σ
(t)
j )∑2

j=1 π
(t)
j N (xi|µ(t)

j ,Σ
(t)
j )

(2.5)

2. M-step: Maximizes the expected log-likelihood, computed in the E-step, with

respect to the model parameters θ. For a GMM, this results in straightforward
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analytical update equations, as shown below:

π
(t+1)
j = 1

n

n∑
i=1

γ
(t)
j (xi)

µ
(t+1)
j =

∑n
i=1 γ

(t)
j (xi)xi∑n

j=1 γ
(t)
j (xi)

Σ(t+1)
j =

∑n
i=1 γ

(t)
j (xi)(xi − µt+1

j )(xi − µt+1
j )⊤∑n

j=1 γ
(t)
j (xi)

(2.6)

2.2.2 Mixture model for the coalescent

We aim to extend the basic example of mixture models to genealogies by specifically

modeling coalescence events on a given target lineage as a mixture distribution. The

input to our method includes, for each site, information about which individuals

the target sample coalesces with and the corresponding coalescence times as we

trace backwards in time. Our goal is to model this as a mixture distribution,

clustering locations based on differences in the coalescence histories of the target

lineage. The expected output of our model is a per-component coalescence rate

matrix, which specifies how the target individual coalesces with each reference

population across the components of the mixture.

Our method is based on the assumption that admixture can be characterized by

coalescence rates with a set of reference populations. To illustrate this, consider

the example of Denisovan admixture in Papuans. It is well known that Papuans

carry up to 5% Denisovan ancestry in their genomes contributed around 40,000

years ago [25]. This archaic ancestry has different coalescence rates to reference

populations compared to the majority of Papuan ancestry: regions with Denisovan

ancestry exhibit more frequent coalescence events with Denisovans recently (last

40,000 − 700,000 years), but do not tend to coalesce with modern human lineages

until the time of the Denisovan-human split, estimated around 700,000 years ago

[25]. Therefore, there is a clear difference in the coalescence history between

archaic and non-archaic genomic regions in Papuans, which we leverage to infer

admixture. Importantly, our method does not require explicit source groups

or unadmixed outgroups to infer an admixture event. In the Papuan example,
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Denisovan ancestry not only exhibits quicker coalescence with Denisovans but also

shows slower coalescence with other Papuans and modern human groups. We can

leverage these differences in coalescence rates with modern human groups alone

to characterize the admixture, enabling us to infer admixture without relying on

explicit source groups or additional assumptions about outgroups.

The generative model

To formalize the model, we first define the probabilistic process that gives rise

to the observed data, which in our case are coalescent trees along the genome.

Our approach is based on a structured generative model where we fix the model

parameters - namely, the global ancestry proportions (π), the admixture time

(λ), and the coalescence rates with reference groups (γ) - and then generate the

genealogies at each position under these assumptions.

1. Global ancestry proportions (π): The target lineage is assumed to originate

from a mixture of ancestries, where the global ancestry proportions π describe

the expected fraction of the genome inherited from each ancestral source.

Therefore, π is a vector of length equal to the number of ancestries.

2. Admixture time (λ): The admixture event is assumed to have occurred λ

generations in the past. Therefore, λ is a scalar.

3. Coalescence rates (γ): For each ancestry, the coalescence rates with reference

populations are determined by the matrix γ which encodes the instantaneous

rate at which the target lineage coalesces with lineages belonging to each

reference group. Therefore, γ is a matrix of dimension equal to the number

of ancestries × number of reference groups × number of time epochs. The

ancestry the target individual belongs to can change along the genome, and

we will therefore refer to the local ancestry of a target individual.

The observed data under the model consist of the coalescence genealogies of the

target individual with reference populations. The generative process for producing

the observed genealogies is as follows:
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1. Sample local ancestry: The local ancestry states along the genome are

sampled according to a Hidden Markov Model (HMM) with global ancestry

proportions π and transition probabilities determined by the admixture time

λ. More details about the HMM can be found in section 2.2.6.

2. Thread the target sample into the genealogy: The target sample

is integrated into an existing genealogy of reference samples based on the

sampled local ancestry and corresponding coalescence rates. The probability

of coalescing with a particular lineage is calculated based on the descendant

composition of the coalescing lineage. Further details on the likelihood

associated with coalescence with a lineage can be found in the next subsection.

3. Construct the final genealogy: The resulting genealogy consists of the

original reference samples plus the target sample at each genomic position.

Coalescence rates with a ‘mixed’ lineage

As demonstrated in Section 1.2.2, the properties of the coalescent provide a closed-

form solution for the Maximum Likelihood Estimate (MLE) of coalescence rates

when only one reference population is considered. However, when dealing with

lineages whose descendants originate from a mixture of populations, computing

the likelihood becomes more complex.

Such mixed lineages arise primarily from two factors: (1) historical gene-flow

or population structure among reference samples and (2) uncertainty in genealogy

inference from genetic variation data. To illustrate this, we revisit the case of

Denisovan admixture in Papuans. Suppose we analyze a Papuan individual (≈ 5%

Denisovan ancestry) alongside other Papuans (who also carry some Denisovan

ancestry) and archaic Denisovans as reference populations. In this scenario, the

target Papuan may coalesce with lineages containing both Papuan and Denisovan

samples. This could be due to the merging of Denisovan and human populations

over 700,000 years ago, Denisovan admixture in Papuan reference samples more

recently, or simply uncertainty in tree topology and dating estimates in genealogy

inference methods, leading to noisier split times.
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To compute the likelihood of a lineage coalescing with a mixed lineage, we

leverage the descendant composition of lineages - i.e., the reference population

assignments at the leaves of the tree - to inform the coalescence rate with the

target. This likelihood is calculated in two steps: (1) determining the population of

the lineage and (2) sampling the coalescence time conditioned on this information.

Specifically, we assume that the population label of a lineage is drawn uniformly

from the set of its descendants, using the local tree to establish this distribution. For

instance, if a lineage has five Papuan and one Denisovan descendant, it is assigned

to the Papuan population with probability 5
6 and to the Denisovan population with

probability 1
6 . Given the population label, the coalescence time with the target

follows an exponential distribution, with a rate determined by the coalescence

rate between the target and the sampled population. This approach integrates

naturally with the EM algorithm introduced later. By treating the lineage label as

a latent variable, we effectively “complete” the data, enabling analytical updates

at each iteration of the algorithm.

Beyond its computational efficiency, we believe this approach is also one of the

simplest ways to model ‘mixed’ lineages. Instead of relying on knowledge of the

population history in the reference population, our method samples descendants

uniformly. This increases robustness to errors in genealogy inference by preventing

abrupt lineage label switches. Additionally, in a clean split model, when populations

merge, their coalescence rates become equal, rendering the choice of averaging

inconsequential. Finally, under the assumption of approximately equal sample

sizes and genetic drift across reference populations — and without prior knowledge

of the genetic history of reference samples - this weighting provides an unbiased

likelihood of coalescence with a given lineage. Future work can relax some of these

assumptions with improved weighting schemes.

This approach of randomly sampling a descendant and computing the pairwise

likelihood leads to a mixture of exponential weighted by the descendants. It is

important to note that this differs from a simpler composite likelihood approach,

which assumes pairwise independence between lineages and, by not conditioning
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on the inferred tree topology, overcounts non-independent events, leading to

overconfident estimates and reduced statistical power.

Additionally, the maximum likelihood estimation (MLE) of coalescence rates

derived in Section 1.2.2 assumes independence of trees along the genome, which

is an unrealistic assumption. To address this, we employ a Hidden Markov Model

(HMM) to account for ancestry switches along the genome, modeling each location

as Markovian. This approach relaxes the independence assumption and improves

the robustness and accuracy of our likelihood estimation.

Likelihood of a single coalescence event

Under our model, we derive the likelihood of a single coalescence event involving

a lineage whose descendants are drawn from a mixture of populations. Let the

coalescing clade or lineage have ng descendants from population g, with the total

number of descendants across R reference populations given by ∑R
g=1 ng. The

probability density for observing a coalescence event at time t, given the matrix

of coalescence rates per group per epoch γ, is expressed as:

P (t|γ) =
∑R
g=1 γg(m)ng∑R

g=1 ng
e−
∑R

g=1 γg ·Og(t), (2.7)

where, ng is the number of descendants in group g, γg(m) is the coalescence rate of

group g during epoch m, and γg · Og(t) is the dot product (over time epochs) of

the coalescence rates γg for group g and opportunity Og(t), defined as the sum of

branch lengths from the previous coalescence time to t for all group g individuals.

Lemma. This weighting is equivalent to randomly sampling a descendant from

the coalescing lineage and computing the pairwise coalescence likelihoods.

Proof. Let q be a categorical random variable that indicates which individual

coalesces with the target. The probability of selecting the k-th descendant is given by:

P (q = k | γ) = 1∑R
g=1 ng

, (2.8)



52 2.2. Theoretical framework for our method

where ng is the number of descendants in group g. The joint probability of observing

a coalescence event at time t and the descendant q = k, assuming conditional

independence between t and q, is expressed as:

P (t, q = k | γ) = P (t | q = k, γ)P (q = k | γ)

= γg(k)(m)e−
∑R

g=1 γg ·Og(t) 1∑R
g=1 ng

, (2.9)

where P (t | q = k, γ) is derived from the pairwise coalescence likelihood. Summing

over all possible descendants in the coalescing clade, we obtain the following

expression for the likelihood of observing a coalescence event at time t:

P (t | γ) =
∑

k∈Clade
P (t, q = k | γ)

=
∑R
g=1 γg(m)ng∑R

g=1 ng
e−
∑R

g=1 γg ·Og(t). (2.10)

This matches the expression in Equation 2.7.

2.2.3 EM derivation: terminology

We aim to fit a mixture model to cluster the genome based on variations in

coalescence rates. To reduce computational costs, we divide the genome into

T small grids and focus on inferring local ancestry at these grid points, rather

than at every individual location on the genome (by default, grid points are

equally spaced 10kb apart). Additionally, we approximate coalescence rates as

piecewise constant functions over time, defined by E time epochs that are equally

spaced on a logarithmic scale [68]. For the derivation of the EM algorithm, we

use the following terminology:

Fixed constants used in derivation

1. C: Total number of coalescence events between the target lineage and reference

samples across the entire genome.

2. T : Total number of grid points.

3. A: Number of clusters assumed for the target lineage.
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4. E: Total number of time epochs in which the coalescence rates are assumed

to be piecewise constant (by default, E = 20).

5. N : Total number of reference individuals in the genealogy.

6. R: Total number of reference groups in the genealogy.

7. Nli: Number of reference individuals subtending the lineage, which coalesces

with the target lineage in the i-th coalescence event at the l-th grid position.

8. Nc: Number of reference individuals subtending the lineage corresponding to

the c-th coalescence event.

Subscripts/Superscripts used in derivation

1. l: Index of the grid position.

2. i: Index of the coalescence event involving the target in the local tree.

3. g: Predefined reference group (e.g., Papuans, Denisovans, etc.).

4. j: Index of the cluster or component in the mixture model.

5. m: Index of the time epoch, measured backwards in time.

6. c: Index of the coalescence event involving the target in the entire genealogy.

7. υ: υ-th EM iteration.

Input data

1. tli, tc ∈ R+: Coalescence time, where tli denotes the time (measured relative

to the previous coalescence event) for the i-th coalescence event at the l-th

grid position, and tc represents the time for the c-th coalescence event.

2. nlig, ncg ∈ Z+: Number of individuals from group g involved in a coalescence

event, where nlig represents the number of individuals from group g partici-

pating in the i-th coalescence event at the l-th grid position, and ncg denotes

the number of individuals from group g involved in the c-th coalescence event.

3. Ql ∈ Z+: Total number of coalescence events between the target lineage and

reference samples within the tree corresponding to the l-th grid position.
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4. eli, ec ∈ {1, 2, 3, . . . , E}: Time epoch during which a coalescence event occurs,

where eli denotes the epoch of the i-th coalescence event at the l-th grid

position, and ec represents the epoch of the c-th coalescence event.

5. rl ∈ R+: Genetic distance between the (l − 1)-th and l-th grid positions (in

Morgans).

Mixture model parameters

1. γ ∈ RA×R×E
+ : Coalescence rate matrix, where γjg(m) represents the coales-

cence rate between reference group g and the target in the j-th mixture

component during epoch m.

2. π ∈ [0, 1]A: Cluster proportions, where πj = P (zl = j) denotes the proportion

of the j-th mixture component. Additionally, 0 ≤ πj ≤ 1, ∑A
j=1 πj = 1.

3. λ ∈ R+: Admixture time, measured in generations.

Hidden variables in the EM

1. z ∈ {1, 2, . . . , A}T : Local ancestry vector, where zl represents the local

ancestry of the target at the l-th grid position, zc denotes the same for the

c-th coalescence event.

2. q ∈ {1, 2, . . . , N}C : Reference individual indices, where qli denotes the index

of the reference individual that coalesces in the i-th coalescence event at the

l-th grid position, qc denotes the same for c-th coalescence event.

3. q′ ∈ {1, 2, . . . , R}C : Reference individual groups, where q′
li denotes the

population group of the reference individual coalescing in the i-th coalescence

event at the l-th grid position, q′
c denotes the same for c-th coalescence event.

4. ωl ∈ R+: Number of recombination events since admixture, occurring between

the (l − 1)-th and l-th grid positions.
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2.2.4 EM derivation: the likelihood
The “incomplete-data likelihood”

We aim to formalize the likelihood for the mixture model described in Section

2.2.2. Following the approach of the EM algorithm for GMMs outlined in Section

2.2.1, we first define the “incomplete-data likelihood,” which is based solely on

the directly observable quantities. These include: (1) The vector of coalescence

times for each event between the target lineage and reference samples, denoted as

t = (t1, t2, . . . , tC). (2) The corresponding vector of time epochs, e = (e1, e2, . . . , eC).

(3) The clade distribution vector, ng = (n1g, n2g, . . . , nCg), which records the number

of individuals from group g corresponding to each coalescence event. The incomplete-

data likelihood, which incorporates these observable quantities, is expressed as:

P (t|γ, π, λ) =
∑
z

P (t|z, γ, π, λ)P (z|γ, π, λ) (2.11)

Here, z is a hidden categorical random variable that determines the “type” of

coalescence history for the target individual. These coalescence histories are

distinguished by the different coalescence rates between the target individual

and reference samples. The parameters to be inferred include γ, π, and λ: γ

represents the coalescence rate matrix, π denotes the mixture proportions, and

λ is the admixture time. See section 2.2.3 for their definitions. To compute the

incomplete-data likelihood, we sum over all possible configurations of the hidden

variable z using ∑
z. Notably, given the value of z, the conditional probability

P (t|z, γ, π, λ) can be factorized across coalescence events.

P (t|γ, π, λ) =
∑
z

(
C∏
c=1

P (tc|zc, γ, π, λ)
)
P (z|γ, π, λ) (2.12)

We can now utilize our model as described in Section 2.2.2 and Equation 2.7

to get P (tc|zc, γ, π, λ):

P (t|γ, π, λ) =
∑
z:zc=j

(
C∏
c=1

∑R
g=1 γjg(ec)ncg∑R

g=1 ncg
e−
∑R

g=1 γjg ·Og(t)
)
P (z|γ, π, λ) (2.13)

Similar to equation 2.7, γjg ·Og(t) is the dot-product (over time epochs) between

the coalescence rates of the j-th component, g-th reference group and Opportunity

of the g-th group.
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The “complete-data likelihood”

As with the GMM, the incomplete-data likelihood in Equation 2.13 is not di-

rectly optimizable due to its complex form. To address this, we employ the EM

algorithm, which utilizes the complete-data likelihood to maximize the incomplete-

data likelihood. This assumes access to complete information, including both

observable quantities and hidden variables. In our case, hidden variables to

facilitate computations in the EM algorithm include: (1) z = (z1, z2, . . . , zC),

which records the mixture component assignment for the c-th coalescence event.

(2) q = (q1, q2, . . . , qC), which identifies the reference individual involved in the

c-th coalescence event. (3) ω = (ω1, ω2, . . . , ωT ), which identifies number of

recombination events since admixture between two genomic positions (T is the

total number of genomic positions considered).

The complete-data likelihood represents the joint probability of observing the

coalescence times t, along with the hidden variables z and q, given the model

parameters γ, π, and λ. We express this likelihood as the product of probabilities

for each coalescence event, where the product is across all coalescence events (relating

the target) c, clusters j, reference individuals k, and time epochs m:

P (t, z, q|γ, π, λ) = P (z|π, γ, λ)P (t, q|z, π, γ, λ)

= P (z|π, λ)
C∏
c=1

P (tc, qc|zc, γ)

= P (z|π, λ)︸ ︷︷ ︸
Term 1

C∏
c=1

A∏
j=1

Nc∏
k=1

E∏
m=1

P (tc, qc = k|zc = j, γ)1{zc=j}1{qc=k}1{ec=m}︸ ︷︷ ︸
Term 2

(2.14)

Here, C represents the total number of coalescence events involving the target

individual, A is the number of assumed clusters or components, Nc denotes the

number of reference individuals corresponding to the c-th coalescence event, and E

is the total number of time epochs. The indicator functions 1{zc=j}, 1{qc=k}, and

1{ec=m} ensure that probability contributions are assigned to the appropriate cluster,

reference individual, and time epoch, respectively. The complete-data likelihood is

divided into two terms. The first term depends on the cluster proportions π and the

admixture time λ, while the second term depends on the coalescence rates γ. Notably,
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the second term simplifies to a product over coalescence events due to the assumption

of conditional independence of coalescence times, tc given the hidden variable zc.

Coalescence events in an ARG can span more than one tree, particularly for

nodes lower in the tree, which are less likely to be affected by recombination and

thus persist longer along the genome. The likelihood in Equation 2.14 can be

reformulated as a product over genomic positions. To achieve this, we propose

a windowing approach that partitions the genome into grids and appropriately

scales the likelihood based on the persistence of a coalescence event along the

genome. This approach enables us to maintain the structure of Equation 2.14

while transitioning from a formulation based on individual coalescence events to

one that operates along genomic segments:

P (t, z, q|γ, π, λ) =

= P (z|π, λ)
T∏

l=1

A∏
j=1

C∏
c=1

Nc∏
k=1

E∏
m=1

(
P (tc, qc = k|zc = j, γ)1{zc=j}1{qc=k}1{ec=m}

) 1{wc=l}
Kc (2.15)

where, 1{wc=l} is an indicator random variable that identifies whether the l-th grid

point overlaps with the node corresponding to the c-th coalescence event, and Kc

represents the total number of grid points spanned by the node associated with

the c-th coalescence event (referred to as node persistence). The likelihood in

Equation 2.15 is scaled by 1
Kc

to ensure that, when multiplied over all grids, it

remains equivalent to the original likelihood in Equation 2.14. The likelihood in

Equation 2.15 can be simplified further by considering only the coalescence events

in the tree that overlap with the l-th grid position.

P (t, z, q|γ, π, λ) =

= P (z|π, λ)
T∏

l=1

A∏
j=1

Ql∏
i=1

Nli∏
k=1

E∏
m=1

(
P (tli, qli = k|zli = j, γ)1{zli=j}1{qli=k}1{eli=m}

) 1
Kli (2.16)

where, instead of taking the product over all coalescence events in the ARG, we

consider only the coalescence events within the local tree at the l-th grid position.

Consequently, coalescence events are indexed by the grid position l and the order

of the coalescence event within the tree, denoted as i. Here, Ql represents the total

number of coalescence events between the target lineage and reference samples
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within the tree corresponding to the l-th grid position. Further details about the

calculation of node persistence, Kli, can be found in Section 2.3.7.

A approximation to the “true” likelihood

The hidden variable zli in Equation 2.16 is indexed over coalescence events in the

ARG. This indexing adds significant complexity to the likelihood computation and

reduces its interpretability, as the hidden variables do not correspond directly to the

local ancestry of the target individual at specific genomic positions. Instead, they

remain tied to individual coalescence events, making it challenging to efficiently

model ancestry transitions along the genome. To mitigate this, we introduce a

approximation to the likelihood in Equation 2.16. Specifically, we replace zli, which

represents the cluster assignment for the i-th coalescence event at the l-th grid

position, with a single cluster assignment zl for the entire grid position l. This

approximation assumes that all coalescence events occurring at a given genomic

position share the same cluster assignment. By reducing the number of hidden

variables indexed over coalescence events, this approximation significantly simplifies

the likelihood computation and makes it more interpretable.

P (t, z, q|γ, π, λ) ≈

≈ P (z|π, λ)
T∏

l=1

A∏
j=1

Ql∏
i=1

Nli∏
k=1

E∏
m=1

(
P (tli, qli = k|zl = j, γ)1{zl=j}1{qli=k}1{eli=m}

) 1
Kli (2.17)

While this approximation is computationally efficient (as we show later in section

2.2.6 due to HMMs), it assumes that all coalescence events at a given position

share the same ancestry cluster. This simplification may not fully capture the

complexity of human demographic history, which involves multiple admixture and

migration events. Retaining coalescence event-level indexing for z could provide a

richer model that better distinguishes older from recent ancestry shifts. However,

we believe that this comes with significant computational challenges. Future work

could explore this direction to achieve a more fine-grained representation of human

ancestry, capturing the sequential impact of migration waves across time.
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Accounting for uncertain coalescence events

Genealogies inferred from genetic variation data come with the added complexity of

uncertainty, as they are not always entirely accurate. The support for a particular

node in the tree is stronger when there is a mutation mapped just above that node.

To account for this uncertainty, we scale the likelihood by the confidence in each

coalescence event. Specifically, as we move backward in time along the target lineage,

we count the number of coalescence events that occur before encountering a mutation.

All coalescence events between successive mutations are then weighted based on the

number of such events. This adjustment is ad hoc, but improves the robustness of

our method to errors in inferred genealogies, as demonstrated in empirical analyses.

Overall, this results in scaling the likelihood in Equation 2.17 by an additional

term, Hli, which calculates the effective contribution of a coalescence event to the

likelihood depending on its certainty. The updated likelihood is now given as:

P (t, z, q|γ, π, λ) ≈

≈ P (z|π, λ)︸ ︷︷ ︸
Term 1

T∏
l=1

A∏
j=1

Ql∏
i=1

Nli∏
k=1

E∏
m=1

(
P (tli, qli = k|zl = j, γ)1{zl=j}1{qli=k}1{eli=m}

) 1
Bli︸ ︷︷ ︸

Term 2

(2.18)

Here, Bli = HliKli represents the effective scaling factor that accounts for both

node persistence and the certainty of coalescence events in the inferred genealogies.

Further details on the calculation of this weighting can be found in Section 2.3.8.

As discussed earlier, Term 1 and Term 2 are handled separately. We use

the expectation-maximization (EM) algorithm to optimize Term 1 for estimating

admixture time λ and cluster proportions π and Term 2 for estimating coalescence

rates γ. In the following sections, we derive the EM updates for Term 1 (see Section

2.2.6) and Term 2 (see Section 2.2.5) independently.

2.2.5 EM derivation: inference of coalescence rates

We write the likelihood Term 2 in Equation 2.18 which only depends on coalescence

rates as follows:

P (t, q|z, γ) =
T∏
l=1

A∏
j=1

Ql∏
i=1

Nli∏
k=1

E∏
m=1

P (tli, qli = k|zl = j, γ)
1{zl=j}1{qli=k}1{eli=m}

Bli (2.19)
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where, the indicator random variables 1{zl=j}, 1{eli=m} and, 1{qli=k} are present

to simplify the equation when writing it down for all the trees and coalescence

events in that tree. The log-likelihood is given by:

logP (t, q|z, γ) =
T∑
l=1

A∑
j=1

Ql∑
i=1

Nli∑
k=1

E∑
m=1

1{qli=k}1{zl=j}1{eli=m} logP (tli, qli = k|zl = j, γ)
Bli

(2.20)

We can simplify the likelihood by uniformly sampling a descendant from the

coalescing lineage and considering its pairwise coalescence likelihood. See Section

2.2.2 for a detailed explanation and the underlying motivation for this model.:

P (tli, qli = k | zl = j, γ) = P (tli | γ, zl = j, qli = k)P (qli = k | zl = j, γ)

P (tli, qli = k | zl = j, γ) = γjg(k)(m)e−
∑R

g=1 γjg ·Olg [i] 1∑R
g=1 nlig

(2.21)

where g(k) denotes the group assignment (among R groups) of the k-th individual in

the reference panel, nlig represents the number of group g individuals coalescing in

the i-th coalescence event at position l, and Olg[i] is the sum of branch lengths from

the (i− 1)-th to the i-th coalescence event corresponding to all group g individuals.

Overall, P (tli, qli = k | zl = j, γ) can be simplified by focusing only on the terms

dependent on the cluster membership j, as follows:

P (tli, qli = k|γ, zl = j) = γjg(k)(m)e−
∑R

g=1 γjg ·Olg [i]∑R
g=1 nlig

∝ γjg(k)(m) × e−
∑R

g=1 γjg ·Olg [i] (2.22)

In the following sections, we derive the E-step and M-step for the likelihood

presented in Equation 2.19.

E-step

In the E-step we calculate the expected log-likelihood, where the expectation is with

respect to the hidden variables conditioned on the data and previous parameter

estimates. We therefore proceed by stating the expected log-likelihood in our case:

Ez,q|γυ−1,λυ−1,πυ−1,t

( T∑
l=1

A∑
j=1

Ql∑
i=1

Nli∑
k=1

E∑
m=1

1{qli=k}1{zl=j}1{eli=m} logP (tli, qli = k|zl = j, γ)
Bli

)
(2.23)



2. A method to find ghost populations using genome-wide genealogies 61

We start simplifying the expected log-likelihood by taking the expectation

inside the summations, and transforming the expected value of indicator random

variables as probabilities.

=
T∑

l=1

A∑
j=1

Ql∑
i=1

Nli∑
k=1

E∑
m=1

1{eli=m}P (qli = k, zl = j|γυ−1, λυ−1, πυ−1, t) log(P (tli, qli = k|zl = j, γ))
Bli

(2.24)

Simplifying further and substituting the value of log(P (tli, qli = k|zl = j, γ))

from Equation 2.22. Note that we omit the constants of proportionality as they do

not depend on the coalescence rates and thus will not affect the maximization

in the M-step.

=
T∑
l=1

A∑
j=1

Ql∑
i=1

Nli∑
k=1

E∑
m=1

(
P (qli = k|γυ−1, t, zl = j)P (zl = j|t, γυ−1, λυ−1, πυ−1)

× 1{eli=m}
log(P (tli, qli = k|zl = j, γ))

Bli

)

=
T∑
l=1

A∑
j=1

Ql∑
i=1

Nli∑
k=1

E∑
m=1

(
P (qli = k|γυ−1, t, zl = j)P (zl = j|t, γυ−1, λυ−1, πυ−1)

× 1{eli=m}
log(γjg(k)(m)) −∑R

g=1 γjg ·Olg[i]
Bli

)
(2.25)

Note the probability P (qli = k|γυ−1, t, zl = j) does not depend on admixture

time and proportion. We can simplify the expected log-likelihood further and

switch the individual assignment hidden variable qli to more rapidly computable

group assignment hidden variable q′
li.

T∑
l=1

A∑
j=1

Ql∑
i=1

Nli∑
k=1

E∑
m=1

(
P (qli = k|γυ−1, zl = j)P (zl = j|t, γυ−1, λυ−1, πυ−1)

×1{eli=m}
log(γjg(k)(m))

Bli

)

−
T∑
l=1

A∑
j=1

Ql∑
i=1

Nli∑
k=1

E∑
m=1

(
P (qli = k|γυ−1, zl = j)P (zl = j|t, γυ−1, λυ−1, πυ−1)

×1{eli=m}

∑R
g=1 γjg ·Olg[i]

Bli

)
(2.26)

We group the individuals based on group assignment in the first term (red term)
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and use ∑Nli
k=1 P (qli = k|γυ−1, zl = j) = 1 in the second term (blue term).

T∑
l=1

A∑
j=1

Ql∑
i=1

R∑
g=1

E∑
m=1

(
P (q′

li = g|γυ−1, zl = j)P (zl = j|t, γυ−1, λυ−1, πυ−1)

×1{eli=m}
log(γjg(m))

Bli

)

−
T∑
l=1

A∑
j=1

Ql∑
i=1

E∑
m=1

(
P (zl = j|t, γυ−1, λυ−1, πυ−1)1{eli=m}

R∑
g=1

γjg ·Olg[i]
Bli

)
(2.27)

It is important to note we use the group-wise assignment, q′
li moving forward

instead of the individual-wise assignment, qli. Let us denote Uυ−1
l,i,g,j,m as the first

probability in the red term above, corresponding to the membership “group g

individual coalesces in the i-th coalescence event”. And, let us denote T υ−1
l,j as the

first probability in the blue term above, corresponding to the local ancestry of

the target. We use the forward-backward algorithm for HMMs to evaluate Tl,j in

Section 2.2.6. Whereas, we calculate Uυ−1
l,i,g,j,m based on our assumed model that

the probability of coalescing with reference individual is directly proportional to

its coalescence rate and for a group of individual on the weighted mean of their

individual coalescence rates (see Section 2.2.2):

Uυ−1
l,i,g,j,m = P (q′

li = g|γυ−1, zl = j) =
γυ−1
jg (m)nlig∑R

g=1 γ
υ−1
jg (m)nlig

(2.28)

M-step

Once we have the expected log-likelihood we can maximize it in the M-step. We

substitute Uυ−1
l,i,g,j,m and T υ−1

l,j as hidden variables from Equation 2.28, and the HMM

forward-backward expectation into Equation 2.27. We then maximize with respect

to γjg(m) the resulting expression:
T∑
l=1

Ql∑
i=1

A∑
j=1

R∑
g=1

E∑
m=1

(
Uυ−1
l,i,g,j,mT

υ−1
l,j 1{eli=m}

log(γjg(m))
Bli

)

−
T∑
l=1

Ql∑
i=1

A∑
j=1

E∑
m=1

(
T υ−1
l,j 1{eli=m}

R∑
g=1

γjg ·Olg[i]
Bli

)
(2.29)

Differentiating with respect to γjg(m) and setting it to 0 we get:
T∑
l=1

Ql∑
i=1

(1{eli=m}U
υ−1
l,i,g,j,mT

υ−1
l,j

γjg(m)Bli

)
−

T∑
l=1

Ql∑
i=1

(1{eli=m}T
υ−1
l,j Olg[i]

Bli

)
= 0 (2.30)
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γυjg(m) =
∑T
l=1

∑Ql
i=1 1{eli=m}U

υ−1
l,i,g,j,mT

υ−1
l,j /Bli∑T

l=1
∑Ql
i=1 1{eli=m}T

υ−1
l,j Olg[i]/Bli

γυjg(m) =

∑T
l=1

∑Ql
i=1 1{eli=m}

γυ−1
jg (m)nlig∑R

g=1 γ
υ−1
jg (m)nlig

T υ−1
l,j /Bli∑T

l=1
∑Ql
i=1 1{eli=m}T

υ−1
l,j Olg[i]/Bli

(2.31)

Notice that the coalescence rate estimates closely resemble the pairwise maximum

likelihood estimate for two lineages derived in Equation 1.10 in Section 1.2.2.

2.2.6 EM derivation: inference for admixture time and
proportions

We assume a Markov model to express the likelihood for Term 1 in Equation 2.18.

In addition to the local ancestry hidden variable (z), we introduce another hidden

variable, ωl, which records the number of recombination events since admixture

between positions l − 1 and l. A user-provided recombination map is assumed to

be available, specifying the genetic distance between two grid points, denoted as

rl. The “complete-data likelihood” for this term can then be written as:

P (z, ω | λ, π) =
T∏
l=1

( A∏
j=1

π
I{zl=j,ωl>0}
j

)
P (zl−1)I{ωl=0} (λrl)ωle−λrl

ωl!
, (2.32)

where the likelihood for the number of recombination events follows a Poisson

counting process. Notably, a local ancestry change occurs only if there is at least

one recombination event. As a boundary condition, we impose P (ωl > 0) = 1 for

l = 1. The model parameters are λ, representing the admixture time, and π, the

global cluster proportions. The corresponding log-likelihood can be expressed as:

logP (z, ωl | λ, π) =
T∑
l=1

( A∑
j=1

I{zl = j, ωl > 0} log πj
)

+ωl log(λrl) −λrl + constants.

(2.33)

Note in the above equation, we have removed terms (called them ‘constants’)

which do not depend on λ or π, as they will be discarded in the M-step.
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E-step

To perform the EM algorithm, we compute the expected log-likelihood of the

complete data, where the expectation is taken over the hidden variables condi-

tioned on the observed data and the model parameters from the previous iter-

ation (including γ).

Ez,ωl|γυ−1,λυ−1,πυ−1,t

( T∑
l=1

( A∑
j=1

I{zl = j, ωl > 0} log πj
)

+ ωl log λrl − λrl
)

(2.34)

We start simplifying the expected log-likelihood by taking the expectation

inside the summation, and transforming the expected value of indicator random

variables as probabilities.

T∑
l=1

( A∑
j=1

P (zl = j, ωl > 0|γυ−1, λυ−1, πυ−1, t) log πj
)

+ E(ωl)logλrl − λrl (2.35)

where the expectation is taken over the hidden variables conditioned on the data

and previous iterations’ parameter updates. We are interested in inferring three

terms, (1) P (zl = j, ωl > 0|γυ−1, λυ−1, πυ−1, t), (2) E(ωl|γυ−1, λυ−1, πυ−1, t) and (3)

P (zl = j|t, γυ−1, λυ−1, πυ−1). We start with the first term:

P (zl = j, ωl > 0|P υ−1, t) = P (zl = j|P υ−1, t)P (ωl > 0|zl = j, P υ−1, t)

= P (zl = j|P υ−1, t)
A∑
i=1

P (ωl > 0|zl = j, zl−1 = i, P υ−1, t)P (zl−1 = i|zl = j, P υ−1, t)

=
A∑
i=1

P (zl = j|P υ−1, t)P (ωl > 0|zl = j, zl−1 = i, P υ−1, t)P (zl−1 = i|zl = j, P υ−1, t)

=
A∑
i=1

P (ωl > 0|zl = j, zl−1 = i, P υ−1)P (zl = j, zl−1 = i|P υ−1, t) (2.36)

where, P υ−1 = (γυ−1, λυ−1, πυ−1) is a short-hand for the tuple of all previous

parameters. We denote the second term (colored in blue) as ϵij(l) as it denotes

the probability of being in state i and state j at position l − 1 and l respectively.

Similar to the Baum-Welch algorithm we can solve for ϵij(l) through the forward-

backward pass in HMMs.
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ϵij(l) = P (zl = j, zl−1 = i|P υ−1, t)

= P (zl = j, zl−1 = i, t|P υ−1)
P (t|P υ−1)

= P (t1.., tl−1, zl−1 = i|P υ−1)P (zl = j|zl−1 = i, P υ−1)P (tl.., tT |zl = j, P υ−1)P (tl|zl, P
υ−1)

P (t|P υ−1)

= P (t1.., tl−1, zl−1 = i|P υ−1)P (zl = j|zl−1 = i, P υ−1)P (tl.., tT |zl = j, P υ−1)P (tl|zl, P
υ−1)

A∑
j=1

A∑
i=1

P (t1.., tl−1, zl−1 = i|P υ−1)P (zl = j|zl−1 = i, P υ−1)P (tl.., tT |zl = j, P υ−1)P (tl|zl, P υ−1)

(2.37)

where, P (t1.., tl−1, zl−1 = i|P υ−1) is called the forward-pass and P (tl.., tT |zl =

j, P υ−1) is called the backward-pass. The transition probability for the HMM

is given as follows:

P (zl = j|zl−1 = i, P υ−1) =
(1 − e−rlλ

υ−1)πυ−1
j , if i ̸= j

e−rlλ
υ−1 + (1 − e−rlλ

υ−1)πυ−1
j , if i = j

(2.38)

whereas the emission probability for the HMM P (tl|zl, P υ−1) only depends on

γυ−1 and follows from the scaled likelihood in Equation 2.19:

P (tl|zl = j, P υ−1) =
(∑R

g=1 γ
υ−1
jg (m)nlig∑R
g=1 nlig

e−
∑R

g=1 γ
υ−1
jg ·Olg [i]

) 1
Bli (2.39)

The first term (highlighted in red) in Equation 2.36 represents the probability

of at least one recombination event, conditioned on the local ancestry states zl−1

and zl. It is expressed as follows:

P (ωl > 0|zl = j, zl−1 = i, P υ−1) =


1, if i ̸= j

(1−e−rlλυ−1 )πυ−1
j

e−rlλυ−1 +(1−e−rlλυ−1 )πυ−1
j

, if i = j
(2.40)

The next term to be computed in the E-step is E(ωl), where the expectation

is taken over the hidden variables zl and ωl, conditioned on the observed data

and the model parameters from the previous iteration. This expectation can

be simplified as follows:

E(ωl|P υ−1, t) = E(ωl|ωl > 0, P υ−1, t)P (ωl > 0|P υ−1, t)

= E(ωl|ωl > 0, P υ−1)P (ωl > 0|P υ−1, t)

= λυ−1rl
1 − e−λυ−1rl

P (ωl > 0|P υ−1, t) (2.41)
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In order to evaluate P (ωl > 0|P υ−1, t) we do the following:

P (ωl > 0|P υ−1, t) =
A∑
j=1

A∑
j=1

P (ωl > 0|zl = j, zl−1 = i, P υ−1, t)P (zl = j, zl−1 = i|P υ−1, t)

=
A∑
j=1

A∑
j=1

P (ωl > 0|zl = j, zl−1 = i, P υ−1)ϵij(l) (2.42)

The terms required in Equation 2.42 have already been calculated in Equations

2.37 and 2.40. As a boundary condition, we impose P (ωl > 0) = 1 for l = 1. Finally,

to compute the local ancestry estimate P (zl = j | t, γυ−1, λυ−1, πυ−1) needed in

Equation 2.31, we perform a forward-backward pass:

P (zl = j|t, γυ−1, λυ−1, πυ−1) = P (t1.., tl−1, zl−1 = i|P υ−1)P (tl.., tT |zl = j, P υ−1)
A∑
j=1

P (t1.., tl−1, zl−1 = i|P υ−1)P (tl.., tT |zl = j, P υ−1)

(2.43)

where, P (t1.., tl−1, zl−1 = i|P υ−1) and P (tl.., tT |zl = j, P υ−1) is the forward and

backward probability respectively.

M-step

Once all the necessary equations in the E-step have been determined, we proceed to

the M-step, where we maximize the expected log-likelihood. Specifically, we optimize

with respect to λ and the cluster proportions π by maximizing the following equation:
T∑
l=1

( A∑
j=1

P (zl = j, ωl > 0|γυ−1, λυ−1, πυ−1, t) log πj
)

+ E(ωl)logλrl − λrl (2.44)

1. Differentiating with respect to πj and setting to zero we get:

πυj ∝
T∑
l=1

P (zl = j, ωl > 0|γυ−1, λυ−1, πυ−1, t)

πυj =

T∑
l=1

P (zl = j, ωl > 0|γυ−1, λυ−1, πυ−1, t)
A∑
j=1

T∑
l=1

P (zl = j, ωl > 0|γυ−1, λυ−1, πυ−1, t)
(2.45)

We get the term P (zl = j, ωl > 0|γυ−1, λυ−1, πυ−1, t) from the E-step Equation

2.36.
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2. Differentiating with respect to λ and setting to zero we get:

λt =

T∑
l=1

E(ωl|γυ−1, λυ−1, πυ−1, t)
T∑
l=1

rl

(2.46)

Note we get the expected number of recombinations from Equation 2.41 in

E-step.
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2.2.7 Summary of the algorithm

We present a summary of the EM algorithm for GhostBuster here:

Algorithm 1 EM Algorithm for GhostBuster
1: Input: Genealogies X = {(t1, n1), (t2, n2), . . . , (tC , nC)} containing coalescence

times and population counts for each coalescence event, number of components A,
number of time epochs E, number of grid points T , total number of coalescence
events C and number of reference groups R.

2: Preprocessing: Calculate likelihood scaling term Bc for each coalescence event
c = 1, 2, . . . , C, and rl genetic distance between two grid points

3: Initialize: Coalescence rates γ(0)
j , mixing coefficients π(0)

j for each component
j = 1, 2, . . . , A and admixture time λ(0)

4: Set: Iteration υ = 1
5: repeat
6: E-step:
7: for each component j = 1, 2, . . . , A do
8: for each data point (tli, nli) do

▷ tli represent the coalescence time in l-th grid and i-th coalescence event
▷ P υ−1 = {γυ−1, λυ−1, πυ−1}

9: Compute the likelihood under the component:

P (tl|zl = j, P υ−1) =
(∑R

g=1 γ
υ−1
jg (m)nlig∑R
g=1 nlig

e−
∑R

g=1 γ
υ−1
jg ·Olg [i]

) 1
Bli

10: end for
11: Perform forward-backward pass with the HMM to get P (zl = j|X,P υ−1)

see Equation 2.43
12: end for
13: M-step:
14: for each component j = 1, 2, . . . , A do
15: Update the coalescence rates:

see Equation 2.31
16: Update the cluster proportions:

see Equation 2.45
17: Update the admixture time:

see Equation 2.46
18: end for
19: Increment: υ = υ + 1
20: until convergence
21: Output: Final parameters, {γυ, λυ, πυ} and local ancestry posteriors, P (zl =

j|X,P υ) for l = 1, 2, . . . , T and j = 1, 2, . . . , A
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2.3 Method description

2.3.1 Graphic overview of the method

Figure 2.3: Overview of the GhostBuster algorithm. The EM algorithm computes
a local maximum likelihood estimate (MLE) for the mixture model, clustering genomic
regions based on variations in coalescence histories for a given target individual. In the
E-step, the expected log-likelihood of the data is calculated, conditioned on the local
tree topology and the current estimates of model parameters (proportions, admixture
time, and coalescence rates). An HMM is then used to infer the local ancestry of the
target individual, with emissions modeled using the likelihood of coalescence times and
transitions modeled as a Poisson process dependent on recombination rates. In the
M-step, the expected log-likelihood obtained from the E-step is maximized to update
the model parameters. The EM algorithm ensures non-decreasing likelihood updates
at each iteration, leading to convergence at a local optimum [136]. The likelihood is
conditioned on the tree topology by carefully accounting for lineage contributions based
on their descendants. This approach provides higher statistical power to detect admixture
events by avoiding assumptions of independence among reference individuals or reliance
on composite likelihoods. Detailed derivations of the likelihood and EM algorithm updates
are presented in Section 2.2.

2.3.2 PCA visualization to visualize ancestral components

To visualize the clustering performed by GhostBuster, we perform Principal Compo-

nent Analysis (PCA) on the coalescence count and opportunity matrices obtained

from the genealogies. The coalescence count matrix is an Nref × Nsites matrix,

where the (g, l)th entry represents the total contribution of reference group g to

the coalescence events at genomic position l. We aggregate the contributions

from all coalescence events involving the target individual at genomic position l,
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considering only those events that occur within the predefined start and end time

epochs. These time epochs are aligned with the start and end epochs used in the

GhostBuster analysis. These epochs control the time periods in which we expect

to observe differences in coalescence patterns. We construct a similar matrix for

the opportunity, also an Nref ×Nsites matrix, where each entry g, l records the total

opportunity for reference group g at position l. The same time epochs are used

as in the coalescence count matrix to ensure consistency.

The coalescence count and opportunity matrices are then stacked to form

a 2Nref × Nsites matrix, which is mean-centered and standardized. We perform

eigen-decomposition on this matrix to obtain the leading principal components.

These principal components provide a visual interpretation of the clustering per-

formed by GhostBuster, helping to better understand the patterns in coalescence

across the genome.

2.3.3 Coancestry curves to date admixture event

Given the local ancestry inferred using GhostBuster, we use coancestry curves

to accurately estimate the date of the admixture event. As outlined in Section

1.2.3, the joint probability of observing ancestry at a genetic distance g under a

single-pulse admixture model is given by:

pAA(g) = α2 + α(1 − α) exp(−gλ)

pAB(g) = α(1 − α) − α(1 − α) exp(−gλ)

pBB(g) = (1 − α)2 + α(1 − α) exp(−gλ) (2.47)

where α is the genome-wide proportion of ancestry ‘A’, 1 − α of ancestry ‘B’ and λ

is the admixture time in generations. We also consider admixture models with two-

dates corresponding to two-pulses of gene flow. The joint probability of observing

ancestry at a genetic distance g under a double admixture model is given by:
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pAA(g) = α2
1(1 − α3)2 + α2

1α3(1 − α3) exp(−gλ2) + α1α2(1 − α3) exp(−gλ1)
pBB(g) = α2

2(1 − α3)2 + α2
2α3(1 − α3) exp(−gλ2) + α1α2(1 − α3) exp(−gλ1)

pAB(g) = pBA(g) = α1α2(1 − α3)2 + α1α2α3(1 − α3) exp(−gλ2) − α1α2(1 − α3) exp(−gλ1)
pCA(g) = pAC(g) = α3(1 − α3)α1 − α3(1 − α3)α1 exp(−gλ2)
pCB(g) = pBC(g) = α3(1 − α3)α2 − α3(1 − α3)α2 exp(−gλ2)
pCC(g) = α2

3 + α3(1 − α3) exp(−gλ2) (2.48)

where, α1(1 − α3) is the genome-wide proportion of ancestry ‘A’, α2(1 − α3) of

ancestry ‘B’, α3 of ancestry ‘C’ and λ1, λ2 are the corresponding admixture times.

Finally, we consider admixture models corresponding to constant migration rate

continuous admixture. In this case the joint probability of observing ancestry

at a genetic distance g is given by:

pAA(g) = α2 + α(1 − α)
λs∑
j=λe

wj exp(−gj)

pAB(g) = α(1 − α) − α(1 − α)
λs∑
j=λe

wj exp(−gj)

pBB(g) = (1 − α)2 + α(1 − α)
λs∑
j=λe

wj exp(−gj) (2.49)

where, wj = µ(1−µ)λs−j

1−(1−µ)λs−λe+1 ; λs and λe are the start and end time of the admixture,

µ is the constant migration rate. Detailed derivation of the analytical coancestry

curves can be found in the supplementary information of [51].

We fit the exponential distribution to all possible ancestry combinations and

jointly maximize the log-likelihood. In the case of three-way or more complex admix-

ture, we fit coancestry curves for each pair of ancestries separately, estimating the

dates for each event independently. We use 20 block-jackknife across chromosomes

to estimate standard errors when dating the admixture event. Additionally, we

use diploid ancestry calls (summing the posteriors of two haplotypes) to prevent

phasing errors from biasing the admixture dating.

Genetic drift can cause the fixation or loss of certain alleles, introducing a

downward bias in the dating estimates derived from coancestry curves. This effect

is particularly pronounced in small populations or when considering ancient events,
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where the influence of drift is much greater. To mitigate this bias, we normalize

the coancestry curves by the coancestry curves generated from randomly sampling

haplotype pairs from different individuals, also known as pseudo-individuals. As

previously done in Globetrotter [51], this approach corrects for the impact of genetic

drift and provides an unbiased admixture date.

Another source of error in admixture dating can arise from inaccuracies in

recombination maps. This is particularly relevant for dating ancient events, where

errors on the scale of tens of kilo-bases in the recombination map can downward-bias

the inferred date [137]. In our case, this issue does not affect the simulated examples,

as we assume a perfect recombination map, but might have some impact on real

data, especially the old admixture dates. However, due to the lack of suitable error

estimates for the recombination map of the population being analyzed, we highlight

this as a cautionary note for the interpretation of results from real data.

Finally, the effects of selection and the evolution of recombination maps can

influence admixture dates; however, we assume these factors have a minimal impact

on our real-data examples.

2.3.4 Joint analysis of multiple targets

Sometimes the reference populations can be themselves admixed. GhostBuster allows

estimating the coalescence rates of the target lineage with reference populations

conditioned on the local ancestry of the reference populations. It does so by

counting coalescence events and opportunity separately for different ancestries in

the admixed reference populations.

It is also possible that the reference populations share the same admixture event

as the target individual. To account for this, we employ a two-step procedure to fit

the admixture event. First, we fit a mixture model assuming unadmixed reference

populations, assigning ancestry to all admixed reference populations. Next, we

threshold the inferred local ancestry probabilities for the reference populations and

refit the mixture model conditioned on this local ancestry. This method allows for

an approximate joint fitting of multiple target individuals.
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2.3.5 Tree Filtering

Relate trees have variable span along the genome. We only consider trees every

10kb and 0.05cM apart, ensuring the tree intervals overlap with the local ancestry

grid at least once. We filter out trees in regions corresponding to centromeres,

telomeres, and the HLA region, along with a 500kb buffer around these areas. The

positions of centromeres, telomeres, and the HLA region in the appropriate genome

build were obtained from UCSC genome browser [138].

2.3.6 Choosing the number of components

A critical aspect of decomposing local ancestry is selecting the optimal number of

components for our method. To ensure we determine the appropriate number, we

conduct several tests to evaluate and optimize this choice.

First, we assess the model’s log-likelihood on an independent, held-out chromo-

some. This allows us to distinguish admixture events that replicate consistently

across chromosomes from biases that are chromosome-specific and do not generalize

well. The evaluation proceeds as follows: we estimate the parameters—such as

coalescence rates and proportions—using our EM algorithm on data from all

chromosomes except the held-out one (by default we use chromosomes 2-5). We then

use the fitted parameters to calculate the log-likelihood on the held-out chromosome

(by default we use chromosome 1), by turning off the HMM (treating grid points

independently). The optimal number of components is identified by selecting the

point where the total log-likelihood across held-out chromosomes is maximized.

Second, we analyze the posterior probabilities of local ancestry by plotting a

histogram of the target’s local ancestry posteriors and calculating the expected

coefficient of determination (expected R2), as defined in [23, 58]. Expected R2

estimates the expected correlation between true and inferred local ancestry, assuming

the true local ancestry (one-hot encoded) as a random variable following a Bernoulli

distribution with the same mean as the inferred local ancestry. The calculation of

expected R2 therefore does not need the true local ancestry. Both the histogram
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and expected R2 help assess the confidence of the cluster assignments, where values

greater than 0.7 generally indicate confident local ancestry inference.

The expected R2 between true (denoted as X) and predicted local ancestry

estimates (denoted as Y ) can be calculated as follows:

E(R2
XY ) = E

(
cov(X, Y )2

Var(Y )Var(X)

)
(2.50)

≈ E(cov(X, Y ))2

Var(Y )E(Var(X)) (2.51)

Assuming the true local ancestry to follow a Bernoulli distribution with same

empirical mean as predicted local ancestry, P (Xg = 1) = Yg. Where, g indexes

the local ancestry position (total = G) along the genome. We can evaluate the

terms in Equation 2.51 as follows:
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∑
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(2.52)

Finally the E(R2
XY ) is given as:

E(R2
XY ) ≃

∑
g Y

2
g −

(∑
g Yg

)2
/G∑

g Yg −
(∑

g Yg
)2
/G

. (2.53)



2. A method to find ghost populations using genome-wide genealogies 75

We use a diploid version of the Equation 2.53 which sums the local ancestry for both

haploids; more details and derivation for the diploid version can be found in [58].

Finally, we use the inferred local ancestry to perform coancestry curve-based

dating of the admixture event. Unlike admixture tracts, which correspond to long

ancestry segments, general biases tend to result in much older estimated dates.

Admixture dates exceeding 2,500 generations are challenging to distinguish from

spurious events and are typically regarded with caution, as they may reflect biases

in genealogical inference rather than true admixture.

While this approach performs well in simulations, real data introduces additional

complexities. The full admixture history of a sample is often intricate, and source

populations themselves may be the result of earlier admixture. Thus, in practice,

we select the number of components based on how well the components can be

interpreted in the context of real data. In most cases, this results in choosing

two components. Ultimately, the choice of the number of components can be

data-driven, guided by the held-out log-likelihood, expected R2, and coancestry

dating, or informed by prior knowledge of the admixture event.

2.3.7 Calculation of node persistence

The majority of nodes in adjacent trees are shared. Accurate calculation of node

persistence is critical in our likelihood estimation, as it prevents the over-counting

of identical or similar coalescence events. In true genealogies, nodes can be

distinguished by their coalescence times. These coalescence times remain consistent

across adjacent trees unless a recombination event affects the corresponding node.

However, in inferred genealogies, the coalescence times are not precisely identical,

even in the absence of recombination, as each tree is dated independently based

on its structure. To identify equivalent nodes in inferred genealogies, we examine

the descendant composition of these nodes. Specifically, we store a vector of length

equal to the number of reference samples, representing the descendant composition

of the lineage coalescing with the target lineage. In this vector, the mth entry is set

to 1 if haplotype m descends from the coalescence event, and 0 otherwise. Similar
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Figure 2.4: Comparison of Approximate and True Node Persistence in
Simulated Trees. True node persistence is determined by identifying the exact
coalescence times across neighboring trees, while approximate node persistence is estimated
based on the correlation of descendant sets between adjacent trees. In this case, the
correlation cutoff for approximate node persistence is set to 0.5, with the number of
overlaps indicating the number of 10kb intervals for which the node persists.

to defining equivalent branches in Relate [6], we define two nodes as equivalent if

the correlation coefficient between their descendant composition vectors exceeds

a predefined threshold (default = 0.5). To ensure that each node is matched

with at most one other node, we rank pairs of candidate nodes in descending

order of their correlation coefficient. Nodes are then associated based on their

position in this sorted list, with any pair involving a node already associated

with another node being removed.

In true genealogies, where we have access to actual node persistence, we observed

that the approximate node persistence reasonably aligns with the true values (see

Figure 2.4 for comparison).

2.3.8 Handling uncertain coalescence events

Since the mutation and recombination rates in humans are approximately similar,

multiple tree structures often exist to explain the genetic variation at a given site,

making genealogy inference uncertain and potentially inaccurate. To address this
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uncertainty, we scale the likelihood of our mixture model based on the confidence in

coalescence events, which is evaluated by the presence of mutations above the node.

Specifically, we trace the coalescence events along the target lineage backward in

time, identifying subsets of nodes (or coalescence events) that are jointly supported

by at least one mutation (see Figure 2.5). For each subset, we calculate the expected

number of coalescence events (or nodes) that are supported by mutations. To clarify,

this is equivalent to asking: what is the expected number of coalescence involving the

target lineage if the coalescence events between the lineages were shuffled randomly?

We assume that clades coalescing with the target are resolved—that is, they have

mutations supporting their tree structure. We further assume that unresolved

coalescence events occur around the same time, simplifying their contribution to

the likelihood. The expected number of coalescence events, conditioned on the

presence of C unresolved events, can be computed as the sum of the probability of

coalescing with the target for the C independent coalescence events.

E [C] =
C∑
i=1

i(
i+1

2

) (2.54)

=
C∑
i=1

2
i+ 1 (2.55)

We scale the likelihood for each node by the expected number of coalescence

events divided by the observed number of coalescence events, that is E[C]
C

. For

cases where there are 1, 2, or 3 unresolved nodes, the corresponding expected

number of coalescence events equals 1, 5
3 , and 13

6 , leading to effectively scaling

the likelihood by 1, 5
6 , and 13

18 , respectively.

2.3.9 Initialization

To approximate a solution near the global maximum, we perform a random search

over 20 randomly initialized values for coalescence rates, proportions, and admixture

times. The coalescence rates are sampled from a log-uniform distribution within the

range [5 × 10−2, 1 × 10−7]. The proportions are drawn from a uniform distribution

between 0.01 and 0.99, while the admixture times are sampled from a log-uniform
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Figure 2.5: Handling uncertainty in coalescence events. We calculate the expected
number of coalescence events for subsets of nodes jointly supported by a mutation. In
this example, there are three such subsets on the target lineage, with weights for each
coalescence event calculated based on the number of nodes in the subset.

distribution spanning 20 to 2000 generations. For each random initialization,

the EM algorithm is run for 10 iterations. The initialization that achieves the

highest log-likelihood after these iterations is selected as the optimal starting

point for further model fitting.
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2.4 Data and quality control

2.4.1 Modern human datasets

We work with multiple publicly available modern human datasets throughout our

analysis. The datasets we analyze include the Human Genome Diversity Project

(HGDP) [4, 139], Simons Genome Diversity Project (SGDP) [140], and 1,000

Genomes Project (1,000 GP) [5, 141]. The whole-genome sequenced version of

HGDP [139] comprises 929 individuals and 51 diverse population groups sampled

across the globe, with an average coverage of 34× (range: 23-75×). The 1,000

GP dataset comprises 2,504 individuals from 26 populations across the globe,

with an average coverage of 32× (range: 26-66×). The SGDP dataset comprises

278 individuals from 142 diverse populations across the globe, with an average

coverage of 43× (range: 34-83×).

In particular, we use the unified version of HGDP and 1,000 GP [142], where

the genomes from the two projects were jointly called. We obtained the phased

version of the dataset from gnomad [143]. This dataset was called with the hg38

genome build. The phased data had already undergone variant QC to filter variants

with (1) HWE ≥ 1 × 10−30, (2) F_MISSING ≤ 0.1, or (3) ExcHet ≥ 0.5 and

ExcHet ≤ 1.5. We additionally excluded multi-allelic SNPs and Indels from the

dataset. We also performed sample QC, retaining only a subset of African samples

from the 1,000 GP (20 individuals per 6 African subgroups: ‘ACB’, ‘ASW’, ‘ESN’,

‘LWK’, ‘GWD’, ‘MSL’) and removing close relatives up to the 2nd degree. This

QC step was implemented to minimize biases introduced by close relatives during

genealogy inference and to prevent data imbalance between the two datasets. To

remove relatives, we used the list of unrelated samples in HGDP + 1,000 GP

inferred in the Allen Ancient DNA Resource [81] and retained only individuals

falling within this set. Finally, we retained 45.6 million variants and 1,026 samples

across 58 population groups in this dataset.

The Simons Genome Diversity Project (SGDP) was called in the hg37 genome

build and was therefore not merged with the HGDP + 1,000 GP dataset. We treated
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it separately as an independent validation dataset. The phased data for SGDP was

obtained from Reich lab website [144]. Apart from the filtering done in [140], we

additionally excluded multi-allelic SNPs and Indels from our analysis. We retained

28.3 million variants and 278 samples across 130 population groups in this dataset.

2.4.2 High quality ancient DNA resources

The assembly and quality control of the ancient DNA dataset were performed

by Dr. Leo Speidel, who is one of the co-authors on the paper. Apart from the

modern samples, we also consider 49 ancient DNA and 4 archaic DNA samples.

These samples were all high coverage, with an average coverage of 17.3× (range:

10.3-65.1×). The ancient and archaic DNA samples used in the analysis are

tabulated in B.1.

The ancient DNA BAM files were processed using bcftools mpileup to generate

variant calls, selecting only reads with a mapping quality of 20 or higher, a base

quality of 20 or higher, and a minimum depth of coverage of 5. The variant calls

from the ancient DNA samples were then merged with the 1,000 GP (downloaded

from [145]) and phased using shapeit4. The phasing process involved first phasing

variants observed in 1,000 GP and then using the phasing as a scaffold to phase

variants not observed in 1,000 GP within the ancient dataset. We additionally

randomly phased singletons in the ancient dataset. Subsequently, the ancient DNA

dataset was lifted over to the hg38 reference genome using picard LiftoverVcf

and merged with the unified version of HGDP + 1,000 GP using the bcftools

merge -0 option. This merging resulted in less than 0.001% missingness. After

merging, we filtered out multi-allelic variants, duplicate variants, and indels. As

a final sanity check, we compared allele frequencies between the HGDP + 1,000

GP dataset and the ancient DNA dataset, finding a high correlation between the

allele frequencies with minimal missingness (see Figure B.1).
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2.4.3 Building genome-wide genealogies for moderns and
ancients

We use Relate [6] to construct genealogies from phased data for both modern

and ancient samples. For genealogies involving only modern samples, we apply a

genomic mask provided with 1,000 Genomes Project (lifting it for hg38 datasets),

retaining only regions marked as “passing” to exclude variants with high uncertainty.

Additionally, we mask sites where the human ancestral allele FASTA file (accessible

through Ensembl [146, 147]) shows missing data, as well as sites corresponding

to multi-allelic SNPs or indels. For genealogies that include archaic samples, we

further refine this mask by considering only sites that pass in all Neanderthal and

Denisovan masks (accessible through [148]). Additionally, for genealogies with

ancient samples, we filter out sites where ancient samples exhibit more than 10%

missingness. The masks corresponding to ancient and archaic samples are lifted

over to the hg38 reference genome to ensure consistency.

To identify the most likely ancestral allele for each SNP, we use an estimate of

the human ancestral genome (accessible through Ensembl [146, 147]). We utilize

the HapMap3 inferred recombination rate maps for builds hg37 and hg38, which

can be downloaded from [149]. The mutation rate is set to 1.25 × 10−8 for building

genealogies of modern samples, while for genealogies involving ancient or archaic

samples, the mutation rate is adjusted to 1.2 × 10−9, and all CpG sites are excluded

from genealogy inference. To ensure consistency in the genealogies, we enforce

the construction of topologies every 10kb using the –fb option. When working

with ancient samples, we provide the estimated ages of the samples to improve

the accuracy of the genealogies. The population size of the sample is estimated

by iteratively fitting the (time-varying) population sizes and branch lengths for

chromosome 1, over five iterations. The converged population size is then used

as a prior for estimating branch lengths on the remaining chromosomes. Finally,

the resulting trees are converted to tskit format, retaining only the trees to be

used for model fitting in GhostBuster.
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Due to differences in variant filtering and genome build, we construct multiple

genealogies for distinct sets of samples. The genealogies include:

1. HGDP + 1,000GP: Comprises all modern samples from HGDP and a subet

of African samples from 1,000 Genomes Project.

2. HGDP + 1,000GP + aDNA: Includes HGDP + 1,000GP samples along

with 49 high-coverage ancient DNA samples.

3. HGDP + 1,000GP + aDNA + archaic: Extends the HGDP + 1,000GP

+ aDNA set by adding 4 archaic samples.

4. SGDP: Contains all modern samples from SGDP.

We verified our inferred genealogy for all sample sets by evaluating the inferred

inverse coalescence rates between populations (see figures B.2, B.3, B.4, B.5, B.6).

For real data analysis of population structure in Africa (Chapter 3), we primarily

focus on using samples from HGDP and 1,000GP, while incorporating SGDP

samples to augment the analyses where feasible.

2.5 Accurate local ancestry inference in simula-
tions

2.5.1 Simulation design

To assess the power and robustness of detecting ghost populations, we simulate

two distinct admixture scenarios: a four-way recent admixture and Denisovan

admixture into Papuans. For both simulations, we used a constant mutation rate of

1.25 × 10−8 and the HapMap3 recombination rate map, excluding regions with zero

recombination rate, centromeres, telomeres and the HLA region on chromosome

6. We simulate demography using msprime [150].

1. Four-way recent admixture: In this scenario, we assume four reference

populations (A, B, C, and D), each contributing 25% to form the focal

individual 5,000 years ago. Populations A and B split 50,000 years ago, as
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do populations C and D, with all populations merging back together 100,000

years ago (see Figure 2.6a). We assume a constant population size of 20,000

for all populations after their split and 10,000 for the super-populations prior

to 50,000 years ago. To assess the case without a ghost population, we

sample 10 diploid individuals from each population and five focal (admixed)

individuals. For the ghost population scenario, we sample 10 individuals each

from populations A, B, and C, with none from population D.

2. Denisovan Introgression into Papuans: This scenario uses the simulation

model and script provided by [151] to simulate Denisovan introgression

into Papuans. We assume three reference populations (Papuans, Africans,

and Denisovans), where Papuans and Africans split 72,036 years ago, and

Denisovans split from modern humans 656,908 years ago (see Figure 2.6b).

Denisovans admixed with Papuans around 43,935 years ago with a 5%

admixture proportion. The population sizes are 3, 899 for modern Papuans,

27,122 for Africans, and 4,947 for Denisovans before they went extinct. We

also simulate the Out-of-Africa bottleneck, where the Papuan population size

drops to 136. A graphic overview of this simulation is shown in Figure 2.6b.

We fit five Papuan individuals, using 25 Papuans and 25 Africans as the

reference panel. Additionally, we assess the power and compare local ancestry

estimates with and without an ancient Denisovan sample dated to 67,570

years ago.

2.5.2 Four-way recent admixture

We validated GhostBuster’s ability to detect admixture events through a simple

simulation, where we modeled a recent 4-way admixture event occurring 5,000 years

ago, involving groups that had been separated for at least 50,000 years (see Figure

2.6a). The focal individual in our simulation resulted from an equal contribution

of 25% ancestry from four distinct reference populations, labeled A, B, C, and

D. We sampled up to 10 individuals from each reference population and used
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Figure 2.6: Simulation design for performance evaluation. A. Four-way recent
admixture simulation, B. Simulated Denisovan introgression into Papuans. The simulation
parameters including the population size, mutation rate and recombination map are
described in Section 2.5.1.

chromosomes 1 through 5. More details about the simulation setup can be found

in Section 2.5.1. Our objective was to decompose the focal individual’s ancestry

both with and without access to all reference populations, with the expectation

of accurately identifying the four ancestral components. We applied our method

primarily to trees inferred using genetic variation data via Relate, assuming a

constant mutation rate of 1.25 × 10−8, while results comparing with true trees

simulated using msprime are also presented. Additionally, we only focused on

coalescence events occurring from 0 to 50,000 years.

We first tested the method with access to all four reference populations and

applied our approach to decompose the focal individual’s ancestry into four distinct

components or clusters. Starting with a random initialization of coalescence rates

and proportions, we fit our model over 200 EM iterations until the log-likelihood

converged. The resulting inverse coalescence rates represent the four clusters that

best differentiated the coalescence events for the focal individual (see Figure 2.7a).

The inverse coalescence rate (ICR) for each component reflects its affinity toward
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one of the four reference populations—a lower ICR value indicates faster coalescence

with that specific population. Our analysis revealed that the four clusters identified

by GhostBuster contributed approximately 25% to the focal individual’s ancestry,

with each cluster more closely related to one of the four reference populations. For

example, component 1 was most similar to population D, component 2 to population

A, component 3 to population C, and component 4 to population B. The clusters

were clearly distinguishable using the top four principal components (PCs) of the

coalescence count and opportunity matrices (see Figure 2.7b). Further evaluation

based on the expected coefficient of determination and held-out log-likelihood

indicated that four components provided the best fit to the data, with diminishing

returns in held-out log-likelihood beyond four components (see Figure 2.7c). We

also accurately dated the admixture event to 185.1 generations, or 5,182.8 years,

using coancestry curves (see Figure 2.7d). Finally, we assessed the accuracy and

calibration of our local ancestry inference by comparing it with the simulated ground

truth, demonstrating strong correlation and low calibration error (see Figure 2.7e-g).

Next, we removed population D (without loss of generality) from the genealogies

and attempted to decompose the focal individual. This scenario simulates the

presence of a ghost population, as population D contributed to the focal individual’s

genetic makeup but is not included in the reference panel. We reran our method,

fixing the number of components to four. The four components still contributed

roughly 25% to the total ancestry. The inverse coalescence rates (ICRs) for each

component only existed for populations A, B, and C, as no individuals from

population D were sampled. Component 2’s ICR was closest to population B,

component 3 was closest to population A, and component 4 was closest to population

C (see Figure 2.8a). However, component 1 was more distantly related to all three

populations, indicating slower coalescence with each. This could be the ancestry

relating to population D, which may have been tagged by its slower coalescence

rates with populations A-C. Similar to the run with access to population D, we

performed PCA visualization (see Figure 2.8b), evaluation of the number of clusters

(see Figure 2.8c), coancestry curve dating (see Figure 2.8d), and accuracy and
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calibration of local ancestry inference (see Figure 2.8e-g). When comparing local

ancestry with the simulated ground truth, we found a strong correlation, with an

R2 value of 0.88, indicating that component 1 effectively captured the ancestry

related to population D without requiring direct samples from that population.



2. A method to find ghost populations using genome-wide genealogies 87

     

     

     

     

     

               

         

         

 

 

 

 

                    

     

     

     

     

     

               

         

         

 

 

 

 

                    

     

     

     

     

     

               

         

         

 

 

 

 

                    

     

     

     

     

     

               

         

         

 

 

 

 

                    

(a)

(c)

(e) (f) (g)

(b) (d)

Figure 2.7: Decomposing focal individuals in the four-way admix simulation with presence of all
source populations. (a) Inferred inverse coalescence rates and proportions: each line represents inverse coalescence
rate profiles with a reference population. (b) PCA visualization of the coalescence count and opportunity matrix
derived from the genealogies plotted separately for each component. (c) Expected coefficient of determination and
held-out log-likelihood improvement with varying number of components. (d) Coancestry curve for normalized
joint probability of component 1 and the inferred admixture dates (in generations). (e) Precision-recall curves, (f)
Calibration curves, and (g) Prediction R2 for inferred local ancestry compared to the simulated ground truth, where
inference was done using true trees or Relate trees. The PCA visualization in (b) is based on a KDE plot with a
threshold of 0.05, and binary local ancestry estimates are obtained by thresholding the inferred posteriors at 0.5.
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Figure 2.8: Decomposing focal individuals in the four-way admix simulation with absence of one
source population. (a) Inferred inverse coalescence rates and proportions: each line represents inverse coalescence
rate profiles with a reference population. (b) PCA visualization of the coalescence count and opportunity matrix
derived from the genealogies plotted separately for each component. (c) Expected coefficient of determination and
held-out log-likelihood improvement with varying number of components. (d) Coancestry curve for normalized
joint probability of component 1 and the inferred admixture dates (in generations). (e) Precision-recall curves, (f)
Calibration curves, and (g) Prediction R2 for inferred local ancestry compared to the simulated ground truth, where
inference was done using true trees or Relate trees. The PCA visualization in (b) is based on a KDE plot with a
threshold of 0.05, and binary local ancestry estimates are obtained by thresholding the inferred posteriors at 0.5.
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2.5.3 Denisovan-like Introgression into Papuans

We emulated the archaic introgression of Denisovan ancestry in modern-day Papuans

by simulating an admixture event that occurred approximately 44,000 years ago,

with an admixture proportion of 5% (see Figure 2.6b). The simulation parameters

are from [151], and further details can be found in Section 2.5.1. For our analysis,

we simulated 25 Papuan-like individuals, 25 Mbuti-like individuals (representing

African ancestry), and a Denisovan-like ancient sample. We focused on chromosomes

1 through 5 for our analysis. Our objective was to decompose the Papuan individuals’

ancestry both with and without access to the Denisovan sample, aiming to accurately

identify Denisovan segments and admixture within Papuans. Similar to our previous

simulation of a four-way recent admixture, we primarily applied our method to

trees inferred from genetic variation data via Relate, assuming a constant mutation

rate of 1.25 × 10−8. Finally, we focused only on coalescence events occurring from

10,000 to 1,000,000 years for this analysis.

We begin our analysis by assuming we have access to one ancient Denisovan

sample. We decompose five out of the 25 Papuan individuals, assuming two distinct

components. As with the previous simulation, we randomly initialize the parameters

and fit the EM algorithm for 200 iterations until the log-likelihood converges. The

converged components reveal a major component, contributing around 95.85% to the

local ancestry, and a minor component contributing 4.15% (see Figure 2.9a). The

inverse coalescence rates (ICRs) characterizing these components differ significantly.

Component 1 demonstrates a slower coalescence rate with the ancient Denisovan

sample and a relatively faster coalescence with the modern Mbuti samples. In

contrast, component 2 exhibits a very fast coalescence rate with Denisovans but

slower coalescence with modern Mbuti and Papuan samples. It is important to

note that the most striking difference between the two components is the vastly

accelerated coalescence with Denisovans in the minority group, up to 1,000× faster

compared to the majority group. However, there is also a substantial difference in

coalescence with modern groups, which we will leverage to decompose the ancestry

without access to the ancient Denisovan sample.
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The clusters were distinguishable using the top four principal components (PCs)

of the coalescence count and opportunity matrices (see Figure 2.9b). Further

evaluation based on the expected coefficient of determination and held-out log-

likelihood indicated that two components provided the best fit to the data, with

diminishing returns in held-out log-likelihood beyond four components (see Figure

2.9c). We also accurately dated the admixture event to 1,546.7 generations, or

44,854.3 years, using coancestry curves (see Figure 2.9d). Finally, we assessed the

accuracy and calibration of our local ancestry inference by comparing it with the

simulated ground truth and HMMIX, a recent HMM-based method tailored to

find archaic introgression such as this one [151], demonstrating strong correlation

with the ground truth, surpassing HMMIX, and showing low calibration error

(see Figure 2.9e-g).

Next, we removed the Denisovan samples from our analysis and decomposed

the same Papuan individuals into two components. In this scenario, the Denisovan

ancestry in Papuans can be thought of as a ghost population. Our method converged

on two components, contributing approximately 95.9% and 4.1% to the local ancestry,

respectively (see Figure 2.10a). The ICRs of the minor component closely matched

those of the minor component from the earlier analysis that included the Denisovan

sample, showing slower coalescence with Mbuti and Papuans (see Figure 2.9a).

Similar to the run with access to the Denisovan genome, we performed PCA

visualization (see Figure 2.10b), evaluation of the number of clusters (see Figure

2.10c), coancestry curve dating (see Figure 2.10d), and accuracy and calibration of

local ancestry inference (see Figure 2.10e-g). To verify that the minor component

indeed represents Denisovan ancestry, we compared the local ancestry inferred

using GhostBuster with the simulated ground truth and found a high degree of

correlation (R2 = 0.63), surpassing HMMIX [151].

In order to test the robustness and false-positive rate of our method, we

attempted to decompose five Mbuti individuals in the same simulation. The Mbuti

individuals are panmictic, with no simulated population structure or admixture.

When we forced GhostBuster to find two components for relate trees, it identified
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two components with varying coalescence rates with Papuans. However, these

components were not clearly separated in the PC plots. In terms of held-out log-

likelihood, the two-component solution offered only a slight improvement compared

to a single-component model. Moreover, the histogram of the local ancestry

posteriors and the expected R2 = 0.49, both suggest that the local ancestry inferred

is highly uncertain in this case. Additionally, dating this event using coancestry

curves inferred an admixture date of around 2,800 generations (81,200 years),

which is older than the Mbuti and Papuan split time in this simulation, raising

suspicion. Thus, while it is possible to fit a two-component model, it does not

necessarily provide compelling evidence for admixture. It is therefore crucial to

evaluate PC plots, held-out likelihood, expected coefficient of determination, and

coancestry dating along with other sources of evidence in real-data analyses to be

more confident about the presence of gene flow or admixture.
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Figure 2.9: Decomposing Papuan individuals in simulations with Mbuti and Denisovans as additional
references. (a) Inferred inverse coalescence rates and proportions: each line represents inverse coalescence rate
profiles with a reference population. (b) PCA visualization of the coalescence count and opportunity matrix derived
from the genealogies plotted separately for each component. (c) Expected coefficient of determination and held-out
log-likelihood improvement with varying number of components. (d) Coancestry curve for normalized joint probability
of component 1 and the inferred admixture dates (in generations). (e) Precision-recall curves, (f) Calibration curves,
and (g) Prediction R2 for inferred local ancestry compared to the simulated ground truth, where inference was done
using true trees or Relate trees. The PCA visualization in (b) is based on a KDE plot with a threshold of 0.05, and
binary local ancestry estimates are obtained by thresholding the inferred posteriors at 0.5.
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Figure 2.10: Decomposing Papuan individuals in simulations with only Mbuti as additional references.
(a) Inferred inverse coalescence rates and proportions: each line represents inverse coalescence rate profiles with
a reference population. (b) PCA visualization of the coalescence count and opportunity matrix derived from the
genealogies plotted separately for each component. (c) Expected coefficient of determination and held-out log-likelihood
improvement with varying number of components. (d) Coancestry curve for normalized joint probability of component
1 and the inferred admixture dates (in generations). (e) Precision-recall curves, (f) Calibration curves, and (g)
Prediction R2 for inferred local ancestry compared to the simulated ground truth, where inference was done using
true trees or Relate trees. The PCA visualization in (b) is based on a KDE plot with a threshold of 0.05, and binary
local ancestry estimates are obtained by thresholding the inferred posteriors at 0.5.
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Figure 2.11: Decomposing Mbuti individuals in simulations with Papuan as additional references.
(a) Inferred inverse coalescence rates and proportions: each line represents inverse coalescence rate profiles with
a reference population. (b) PCA visualization of the coalescence count and opportunity matrix derived from the
genealogies plotted separately for each component. (c) Expected coefficient of determination and held-out log-likelihood
improvement with varying number of components. (d) Coancestry curve for normalized joint probability of component
1 and the inferred admixture dates (in generations). (e) Histogram of the inferred local ancestry posteriors. The PCA
visualization in (b) is based on a KDE plot with a threshold of 0.05, and binary local ancestry estimates are obtained
by thresholding the inferred posteriors at 0.5.
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2.6 Identifying several recent admixtures accu-
rately

Haplotype-based methods like Alder [53], Globetrotter [51], and Mosaic [58] have

been instrumental in inferring recent admixture events, particularly those occurring

less than 2,000 years ago. We focus on several well-documented, recently admixed

populations from the Human Genome Diversity Project (HGDP), namely the

Hazara, Bedouin, and Maya. Each of these populations has undergone two-way

admixture events within the past few thousand years, which have been reliably

detected by previous methods. Our objective is to decompose the ancestry of

individuals from these populations using GhostBuster and to compare the local

ancestry with results from other haplotype-based methods.

We begin by decomposing the ancestry of Hazara individuals from the HGDP,

who have been shown in previous studies to result from recent admixture between

groups similar to modern-day Pathans in South Asia and Mongols in East Asia [51,

58]. Using all populations in our HGDP + 1,000GP dataset (as described in Section

2.4), we fit two components to decompose the ancestry of the five Hazara individuals

from chromosome one to five. We focused on coalescence events within the last 10,000

years, dividing the time scale into 10 logarithmically spaced epochs. Our analysis

revealed that the Hazara individuals could be decomposed into two components,

each contributing roughly 50% to the overall ancestry. The inverse coalescence

rates (ICRs) indicate that component 1 is closely related to East Asian groups,

while component 2 is more closely aligned with South Asian groups—consistent

with previous findings using Globetrotter and Mosaic (see Figure 2.12a). The two

components separated clearly in the PC plots (see Figure 2.12b). Moreover, two

components provided the best fit with high expected coefficient of determination

and held-out likelihood improvement (see Figure 2.12c). The coancestry curves

inferred admixture dates of around 26.2 generations or 733.6 years, assuming 28

years per generation (see Figure 2.12d). To further validate our results, we compared

the local ancestry estimates from our method with those obtained using Mosaic,

which was run using genotyped variants and all reference populations in HGDP. We
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found that the local ancestry was highly correlated between the two methods, with

a mean correlation of 0.87 (see Figure 2.12e). Potential differences in local ancestry

estimates may be attributed to additional steps in Mosaic, such as correction for

phasing, which are not present in our method.

We conducted similar analyses for other populations in the HGDP, including the

Bedouin, who have a well-documented history of European and African admixture

within the last 40 generations. Our findings reveal two components: a major

component, comprising 90%, closely aligned with Middle Eastern and European

groups, and a minor component more closely related to sub-Saharan African

groups (see Figure 2.13a). The PC plots effectively distinguish between these

ancestries (see Figure 2.13b), and the coancestry curves suggest an admixture date

of approximately 36.6 generations or 1,024.8 years (see Figure 2.13d). Similar to

our analysis of the Hazara, the local ancestry inferred with GhostBuster shows

a high correlation with that inferred using Mosaic, with a mean local ancestry

correlation of 0.86 (see Figure 2.13e).

Finally, we analyzed Maya individuals from Central America, who exhibit a well-

documented two-way admixture between Native American and European ancestries,

largely resulting from European colonization. We identified two components: the

major component, comprising 86%, is closely aligned with other Native American

groups, while the minor component shows a closer relationship to European

groups (see Figure 2.14a). The PC plots successfully separate the ancestries

(see Figure 2.14b), and the coancestry curves estimate an admixture date of

approximately 6.4 generations, or 179.2 years (see Figure 2.14d). As with the

Hazara and Bedouin populations, the local ancestry inferred with GhostBuster

showed a strong correlation with Mosaic, with a mean local ancestry correlation

of 0.92 (see Figure 2.14e).
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Figure 2.12: Decomposing Hazara individuals in Human Genome Diversity Project. (a) Inferred inverse
coalescence rates and proportions: each line represents inverse coalescence rate profiles with a reference population.
(b) PCA visualization of the coalescence count and opportunity matrix derived from the genealogies plotted separately
for each component. (c) Expected coefficient of determination and held-out log-likelihood improvement with varying
number of components. (d) Coancestry curve for normalized joint probability of component 1 and the inferred
admixture dates (in generations). (e) Local ancestry inference for GhostBuster vs. Mosaic. The PCA visualization in
(b) is based on a KDE plot with a threshold of 0.05, and binary local ancestry estimates are obtained by thresholding
the inferred posteriors at 0.5. The diploid local ancestry in (e) is based on chromosome 1 for HGDP samples
HGDP00102 and HGDP00103.
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Figure 2.13: Decomposing Bedouin individuals in Human Genome Diversity Project. (a) Inferred inverse
coalescence rates and proportions: each line represents inverse coalescence rate profiles with a reference population.
(b) PCA visualization of the coalescence count and opportunity matrix derived from the genealogies plotted separately
for each component. (c) Expected coefficient of determination and held-out log-likelihood improvement with varying
number of components. (d) Coancestry curve for normalized joint probability of component 1 and the inferred
admixture dates (in generations). (e) Local ancestry inference for GhostBuster vs. Mosaic. The PCA visualization in
(b) is based on a KDE plot with a threshold of 0.05, and binary local ancestry estimates are obtained by thresholding
the inferred posteriors at 0.5. The diploid local ancestry in (e) is based on chromosome 1 for HGDP samples
HGDP00607 and HGDP00608.
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Figure 2.14: Decomposing Maya individuals in Human Genome Diversity Project. (a) Inferred inverse
coalescence rates and proportions: each line represents inverse coalescence rate profiles with a reference population.
(b) PCA visualization of the coalescence count and opportunity matrix derived from the genealogies plotted separately
for each component. (c) Expected coefficient of determination and held-out log-likelihood improvement with varying
number of components. (d) Coancestry curve for normalized joint probability of component 1 and the inferred
admixture dates (in generations). (e) Local ancestry inference for GhostBuster vs. Mosaic. The PCA visualization in
(b) is based on a KDE plot with a threshold of 0.05, and binary local ancestry estimates are obtained by thresholding
the inferred posteriors at 0.5. The diploid local ancestry in (e) is based on chromosome 1 for HGDP samples
HGDP00856 and HGDP00860.



100 2.7. Identifying multi-way admixture in holocene Europe

2.7 Identifying multi-way admixture in holocene
Europe

Europe’s prehistory is among the most thoroughly understood, owing to the wealth

of ancient DNA data, archaeological evidence, and linguistic studies conducted in

the region. One of the most significant breakthroughs in ancient DNA research

over the past decade has been the identification of a large-scale migration from the

Steppe into Europe (and Asia), which fundamentally altered the genetic landscape

of the continent over the past 5,000 years [21]. Prior to this discovery, archaeological

evidence indicated the existence of only two major ancestral groups in Europe:

the indigenous hunter-gatherer populations and the agricultural communities that

migrated from Anatolia. However, ancient DNA studies revealed the presence of

a third ancestry, which in many cases now constitutes the dominant component

of modern European genomes and is also likely the origin of the Indo-European

languages [152]. This third ancestry is most strongly associated with the Yamnaya

people, who inhabited the Steppe region north of the Caspian Sea, in what is present-

day Ukraine and Russia. The Yamnaya are thought to have lived primarily as

nomadic herders and were among the earliest adopters of wheeled carts and wagons.

Their influence extended to the final Neolithic cultures, such as the Corded Ware

and Bell Beaker cultures, which spread throughout Europe, both culturally and

genetically. See Figure 1.5B for an illustration of this 3-way admixture in Europe.

We compiled a dataset of high-coverage ancient DNA samples corresponding

to 17 ancient Anatolian and Balkan Neolithic farmers, 2 ancient Western hunter-

gatherers, and one Yamnaya sample. We additionally added 5 present-day British

samples from 1,000 GP, which we decomposed considering a time span from 1,000 to

30,000 years ago. With the abundance of ancient DNA in Europe, it is increasingly

clear that most populations, including the British samples, have undergone at least

two waves of admixture. The first wave, corresponding to the origin and spread

of farming from Anatolia, led to the mixing of local hunter-gatherer groups with

farmers from the Near East. The second wave is believed to correspond to the later

large-scale Yamnaya-like ancestry from the Steppe. When we ran GhostBuster with
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three components to decompose the 5 present-day British samples with ancient

farmer-like, hunter-gatherer-like and Yamnaya-like populations as references; we

found that each component was closer to one of the ancient groups. Component 1,

contributing 12%, is closest to Western hunter-gatherers, component 2, contributing

45.6%, is closer to farmers, and component 3, explaining the remainder, is closest to

Yamnaya (see Figure 2.15a). The ancestry separates in the PC plots, most strikingly

for component 3 versus the rest (see Figure 2.15b), and the coancestry curves suggest

admixture dates of around 330 generations for component 1, and 262 generations for

component 3 (see figures 2.15c and B.7). The proportions of hunter-gatherer, farmer,

and Yamnaya ancestry in British samples roughly match previous estimates [21].

In terms of held-out log-likelihood and the expected coefficient of determination,

the three-component model did not outperform a single-component model and had

uncertain posterior calls (see Figure 2.15d-e). This could be attributed to the small

sample size of reference populations for hunter-gatherers and Yamnaya used in this

analysis, making the method unsure about the event. We discuss this shortcoming

and explore future directions to enhance statistical power and robustness for this

and similar scenarios in the discussion section of Chapter 3.
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Figure 2.15: Decomposing British individuals in 1,000GP with ancient farmers, hunter-gatherers
and Yamnaya. (a) Inferred inverse coalescence rates and proportions: each line represents inverse coalescence
rate profiles with a reference population. (b) PCA visualization of the coalescence count and opportunity matrix
derived from the genealogies plotted separately for each component. (c) Expected coefficient of determination and
held-out log-likelihood improvement with varying number of components. (d) Coancestry curve for normalized joint
probability of component 1 and the inferred admixture dates (in generations). (e) Histogram of the inferred local
ancestry posteriors. The PCA visualization in (b) is based on a KDE plot with a threshold of 0.05, and binary local
ancestry estimates are obtained by thresholding the inferred posteriors at 0.5.
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3.1 Chapter overview

In this chapter, we utilize GhostBuster to analyze real genetic data from various

publicly available modern and ancient human datasets to gain insights into the

evolutionary history of humans in Africa.

In Section 3.2, we start by providing an overview of previous population genetics

research that has contributed to our understanding of both recent and ancient

history in Africa. In Section 3.3, we uncover evidence of Eurasian-like ancestry

within African populations using GhostBuster. Our analysis identifies two distinct

sources for this ancestry: repeated back-migration events from Eurasia over the past

10,000 years and a deeper event more than 15,000 years ago involving a population

that likely remained in Africa but shares a close genetic relationship with populations

outside Africa. In the remainder of the section, we characterize the back-to-Africa

event and present independent strategies to validate it. These include estimating the

timing of the admixture, identifying likely source populations, analyzing correlations

with Neanderthal ancestry in African populations, and investigating population-

specific mutational signatures. In Section 3.4, we investigate the older admixture

event involving early interactions between populations that differentially relate

with the out-of-Africa lineage. We propose several validation strategies for this

ancient event, including distinguishing it from recent back-to-Africa migrations by

the absence of Neanderthal ancestry, leveraging GC-biased mutational signatures at

recombination hotspots, and demonstrating higher trait predictability in segments

corresponding to the component closely related to out-of-Africa groups. Finally,

in Section 3.5, we conclude the chapter by synthesizing the key findings from

applying GhostBuster to both simulations and real data, and we outline potential

directions for future research.

3.2 Overview of African population history

Africa is widely recognized as the cradle of modern humans, with fossil evidence

of Homo sapiens dating back approximately 300,000 years [153–155]. This view is



3. Understanding population structure in Africa using GhostBuster 105

further supported by population genetics data, which reveal Africa’s extraordinary

genetic diversity – more than twice that of any other continent [156] – and some

of the oldest population splits in human history. Despite Africa’s crucial role in

human genetics, unraveling its population history poses significant challenges.

The preservation of ancient DNA is hindered by the region’s hot and humid

climate, resulting in a scarcity of ancient genetic samples. Additionally, recent

demographic events, including back-to-Africa migrations, the Bantu expansion

[157], and European colonization, have obscured ancient genetic signals in modern

samples, complicating efforts to reconstruct Africa’s deeper genetic history.

In this section, we provide an overview of population genetics advancements in

understanding the continent’s population history. We begin with relatively recent

events, such as European colonization, maritime trade, and the Bantu expansion

in Section 3.2.1, then explore older back-to-Africa migrations in Section 3.2.2,

and finally delve into the deep population structure that characterizes Africa’s

genetic landscape in Section 3.2.3.

3.2.1 Colonization, maritime trade and Bantu expansion

Africa has experienced significant demographic changes in the recent past. Among

the most recent ones were the ones due to European colonization and the trans-

Atlantic slave trade in the last five hundred years. The trans-Atlantic slave trade

forcibly displaced millions of Africans, primarily from West Africa to the Americas.

Many died en route, while others survived and admixed with Indigenous Americans

and Europeans [158]. Within Africa, the genetic impact of European colonization

was more limited due to sociopolitical barriers, segregation policies, and cultural

divisions [157]. Nonetheless, some localized admixture occurred between Europeans

and Africans, particularly in regions around trade ports and settler colonies, such

as South Africa.

The maritime trade and Indian Ocean trading network over the past two thousand

years have profoundly influenced the genetic diversity and cultural heritage of African

populations. One striking example is the Malagasy people of Madagascar, who



106 3.2. Overview of African population history

speak an Austronesian language – remarkably different from other African languages.

Several studies, including Pierron et al. [159, 160], provide evidence that the genetic

composition of present-day Malagasy populations reflects a significant admixture

event involving East African Bantu-speaking populations and Southeast Asians. This

admixture is thought to have occurred in the first millennium CE, facilitated by the

Indian Ocean trading system, which brought Austronesian-speaking seafarers from

the Indonesian archipelago (approximately 7,500 kilometers away) to Madagascar.

These Southeast Asian seafarers carried with them their language, agricultural

techniques, and cultural practices, which later blended with those of East African

populations, creating the unique genetic and cultural identity of the Malagasy people.

Apart from Madagascar, maritime trade profoundly influenced several coastal

regions in eastern Africa. Notably, the Swahili coast – which includes parts of

modern-day Kenya, Tanzania, and Mozambique, as well as the islands of Zanzibar,

Pemba, and the Comoros, was significantly shaped by the Indian Ocean trade

network. Brielle et al. [161] utilized ancient DNA from the Swahili coast to

demonstrate that these extensive trade routes, connecting Africa with the Middle

East, South Asia, and Europe, facilitated not only the exchange of goods but also

the movement of people. This movement resulted in gene flow between African

populations and traders from distant regions. Their study uncovered substantial

Persian and Arab ancestry among both ancient and present-day individuals from

the Swahili coast.

The Bantu expansion predates the maritime migrations and colonization of

Africa and is recognized as one of the largest and most impactful migrations in

African history. Bantu is one among over 500 closely related languages within the

Niger-Congo language family, collectively spoken by more than 300 million people

today, across an expanse of roughly 5,000,000 square kilometers. Several population

genetic studies [157, 162–165] have shown the Bantu-expansion not only led to

spread of the language but was also accompanied by population movement and

advent of farming in Africa. The expansion is believed to be have started 4,000 to

6,000 years ago from West Africa and eventually spread to East and then South
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Africa. There is still considerable debate about the exact migration paths chosen

during the expansion, but nonetheless the Bantu expansion led to wide-spread

mixing or replacement of local hunter gatherer and pastoralist groups across Africa.

3.2.2 Back-to-Africa migration

Migrations from Eurasia into Africa have been identified before. North African

groups such as the Mozabites, Moroccans, Tunisians, and Egyptians are primarily

descended from ancient inhabitants of North Africa, who have been part of the

West Eurasian clade for over 10,000 years. Additionally, the Arab slave trade

introduced some sub-Saharan African ancestry into these populations within the

last millennium [23, 51, 58]. One of the primary barriers to migration into Africa is

the vast Sahara Desert, which would have impacted migrations from Eurasia into

sub-Saharan Africa. However, it is well known that the Sahara underwent periodic

climate cycles due to changes in Earth’s orbit, transitioning between arid and humid

phases. The humid phase, often referred to as the “Green Sahara” period, could

have made migrations into and out of Africa more feasible. The last Green Sahara

period occurred approximately 5,000 to 11,000 years ago [166, 167].

One of the first studies to identify potential Eurasian ancestry in sub-Saharan

Africans was conducted by Pickrell et al. [168, 169]. The authors utilized ALDER

[53], a method designed to identify and date admixture signals through coancestry

curves (as described in Section 2.3.3), and found evidence of West Eurasian ancestry

in South and East African populations, but not in West or Central Africans. The

estimated proportions of West Eurasian ancestry were up to 14% in South African

populations and up to 50% in East African populations. The admixture events were

dated to approximately 900–1,800 years ago in South Africa and 2,700–3,300 years

ago in East Africa. Furthermore, the study revealed that the Eurasian ancestry in

both South and East Africa was shared, leading to the theory that the most likely

source of Eurasian ancestry in South Africa originated from East Africa. While

the findings strongly supported a “back-to-Africa” migration event, the method’s

limited statistical power and reliance on reference populations may have hindered
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the detection of similar events in other African populations. These populations

may have experienced smaller proportions of Eurasian ancestry or older admixture

events, which were beyond the resolution of the study.

In another study, Llorente et al. [170, 171] sequenced an ancient individual

from the Mota caves in Ethiopia, who lived approximately 4,500 years ago. This

ancient DNA sample provided direct evidence of Eurasian ancestry in African

populations, as it was considered to predate the back-to-Africa migration event

and thus served as a reference population without any Eurasian admixture. Using

the Mota individual as a reference, the study identified 4 to 7% West Eurasian

ancestry in East African populations, with lower proportions observed in some

southern African populations. However, this analysis relied on a reference out-group

population and summary statistics derived from allele frequency differences, which

tend to be underpowered for detecting subtle admixture signals.

Several studies have identified small amounts of Neanderthal ancestry in African

individuals, suggesting a back-to-Africa migration as a plausible explanation [172,

173]. Chen et al. [172] developed a novel method called IBDmix to detect

introgressed Neanderthal sequences in African individuals. The authors discovered

that per individual, modern-day Africans carry between 16.4 and 18 megabases

(Mb) of Neanderthal sequence per individual, which is roughly one-third of the

Neanderthal sequence found in modern-day non-Africans. Interestingly, 94% of the

Neanderthal sequences identified in African samples were shared with non-Africans,

with a significantly higher overlap observed with Neanderthal sequences found in

Europeans compared to East Asians. To explain the large amount of Neanderthal

ancestry that they identify, combined with very short tract lengths, the authors

propose a model involving an ancient migration of humans to Neanderthal regions,

followed by a more recent back migration to Africa, as the most likely explanation

for the presence of Neanderthal segments in African populations. Overall, the study

provides independent validation of a backflow event into Africa, though it does not

have the resolution to precisely characterize the proportions and timings of this event.
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Finally, ancient DNA from North Africa has revealed significant ancient migra-

tions from the Middle East and Europe into the African continent [174–176]. The

Taforalt individual, sequenced from eastern Morocco and dated to 15,000 years ago,

exhibited genetic composition that was two-thirds similar to Middle Eastern hunter-

gatherers and one-third similar to sub-Saharan Africans [174]. Recent studies have

uncovered additional ancient DNA in North Africa, indicating not only migrants

from the Middle East but also European Neolithic farmers who introduced new

lifestyles to North Africa between 7,000 and 9,000 years ago [175, 176]. These

migrations from the Middle East and Europe likely influenced the genetics of

populations in regions north of the Sahara. However, the extent to which such

migrations impacted populations south of the Sahara remains an open question,

given the Sahara’s historical role as a barrier to large-scale gene flow.

3.2.3 Deep population structure within Africa

The population structure in Africa prior to the Out-of-Africa event has been a

topic of considerable debate, with compelling evidence supporting the existence of

structured populations even before humans expanded out of Africa. Scerri et al.

[177] argue that fossil data from Africa do not reflect contemporary humans emerging

progressively in a single region. Instead, these fossils suggest that humans appeared

at different times and in various combinations, exhibiting diverse ancestral features.

This perspective is supported by findings suggesting that modern human cognition

may have developed independently in multiple regions, alongside paleo-climatic

models that reveal how periodic climate fluctuations likely influenced migration

and adaptation [178, 179]. The structured African metapopulation model proposed

by Scerri et al. challenges the simple tree-like model of human evolution. This

model suggests that ancient populations could coalesce, split, experience gene flow,

or go extinct over time. Scerri et al. found that the structured metapopulation

model, also referred to as the “population fragmentation and coalescence model”,

better explains the genetic and archaeological data compared to a simple panmixia

model, which assumes a single, interbreeding population.
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There has also been considerable research showing evidence for unsampled

or “ghost” archaic hominids in Africa [180–184]. For instance, Durvasula et al.

utilized the conditional site frequency spectrum (CSFS) to identify an archaic

component in West Africans that diverged from modern humans over 700,000 years

ago and contributed up to 19% to the genetic makeup of contemporary West African

populations. Similarly, the Relate study reported an excess of long genetic branches

in Africa, akin to patterns of Neanderthal ancestry in Europe [6]. Despite these

studies, archaic introgression in Africa is still debated as methods struggle to account

for the possibly complex population structure in Africa.

Hollfelder et al. [185] and Ragsdale et al. [186] argue that the model of archaic

admixture in Africa does not fully explain the genetic diversity of present-day

African populations. Ragsdale et al. applied a maximum likelihood framework to

infer demographic parameters that best explain the one- and two-locus statistics

for various African groups. The authors found that the “population fragmentation

and coalescence model” [177] consistently outperformed other models, including

those involving archaic admixture in Africa. The model proposed by Ragsdale et

al. describes a weakly structured stem, with three co-existing stem populations

more than 100,000 years ago. These populations underwent migration among

themselves and eventually merged in different proportions to form present-day

African populations. The proposed model aligns more closely with the archaeological

data from that period but remains limited by model misspecification, as it imposes

constraints on the range of possible models when inferring demographic parameters.

Ancient DNA in Africa is scarce due to poor preservation in hot and humid

conditions, but there are a few samples spanning the past 18,000 years. Lipson et al.

[187] argue that analyzing these ancient samples helps reduce confounding factors

from more recent events such as back-to-Africa migrations, the Bantu expansion, and

European colonization. By studying the ancient DNA of 31 samples, the study aimed

to understand the population structure of hunter-gatherers in central and southern

Africa, which represent some of the deepest splits in modern human lineages. Using

supervised PCA, the researchers categorized the ancient samples based on three
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modern African groups: the San from southern Africa, the Mbuti from central

Africa, and the Dinka from northeastern Africa. The authors found increasing

regionalization among the ancient samples, with genetic similarities best predicted by

geographic locations, suggesting minimal long-range migrations within these groups.

The observed patterns of variation in the ancient samples were best explained by

admixture involving at least three ancestries between 20,000 and 50,000 years ago.

Finally, Cousins et al. [188] provide statistical evidence for archaic admixture

events that potentially affected all human populations. The study proposes a novel

method based on the pairwise sequentially Markovian coalescent (PSMC [189]) to

identify events of population splits and mergers. Their analysis suggests that human

populations underwent an admixture event approximately 300,000 years ago with

two deeply divergent human species, which diverged around 1.5 million years ago.

The admixture proportions in all analyzed human populations were roughly 80:20.

3.3 Evidence for widespread back-to-Africa mi-
gration

To investigate the admixture history within Africa, we used GhostBuster to analyze

genetic data from 17 modern sub-Saharan African groups from the Human Genome

Diversity Project (HGDP), the 1,000 Genomes Project (1,000 GP), and Simon’s

Genome Diversity Project (SGDP). In addition, we examined five ancient African

samples (coverage between 10.52 - 18.51), including a 7,900-year-old sample from

Shum Laka in Cameroon [190]; 1,900- and 400-year-old samples from Ballito

Bay, Eland Cave, and Newcastle in South Africa [191]; and a 4,500-year-old

sample from Mota Cave in Ethiopia [170]. The groups we analyzed are listed

in Table 3.1, and a map of the geographic locations of all modern and ancient

samples is provided in Figure 3.1c.

3.3.1 Finding Eurasian-like ancestry in Africans

To detect Eurasian-like ancestry in African samples, we combined non-Finnish

European (NFE), East Asian (EAS), and South Asian (SAS) individuals into a
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Population Dataset Location Samples
Esan 1,000GP Nigeria 20
Gambian 1,000GP Gambia 20
Luhya 1,000GP Kenya 20
Mende 1,000GP Sierra Leone 20
Biaka HGDP Central African Republic 22
Mandenka HGDP Senegal 21
Mbuti HGDP Democratic Republic of Congo 12
San HGDP Namibia and South Africa 6
Yoruba HGDP Nigeria 21
Bantu Kenya HGDP Kenya 11
Bantu SouthAfrica HGDP Botswana or Namibia 8
Somali SGDP Kenya 1
Luo SGDP Kenya 2
Masai SGDP Kenya 2
Ju Hoan North SGDP Namibia 4
Dinka SGDP Sudan 3
Khomani San SGDP South Africa 2
Total 195

(a)

ID Publication Location Coverage Age
I10871 Lipson et al. [190] Shum Laka, Cameroon 18.51 7890
new001 Schlebusch et al. [191] Newcastle, South Africa 11.073 418
ela001 Schlebusch et al. [191] Eland Cave, South Africa 10.52 493
baa001 Schlebusch et al. [191] Ballito Bay A, South Africa 12.93 1909
I5950 Llorente et al. [170] Mota cave, Ethiopia 11.28 4472
Total 5

(b)

Table 3.1: Sub-Saharan African populations analyzed. (a) Modern samples and,
(b) Ancient samples

single “super-population” and labeled them collectively as Eurasians. Each African

population was decomposed using GhostBuster using this Eurasian and other

African populations in the dataset as reference groups. The analysis was conducted

with two components and pre-specified coalescence rates based on genome-wide

coalescence rates for Eurasians and the specific African population being analyzed.

This approach is justified by our empirical observation that Africans carry only
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a small proportion of Eurasian ancestry, making genome-wide ancestry a reliable

proxy for each component. To avoid potential confounding factors, we excluded

recently admixed groups such as individuals from the Middle East and Americas

from the reference panel. We focused on coalescence events occurring between 0

and 50,000 years ago, dividing this time span into 20 epochs on a log scale, ranging

from 1,000 to 50,000 years. Coalescence events after 50,000 years were disregarded,

as they are likely associated with older events before the out of Africa migration.

We identified between 1.2% and 19.3% Eurasian-like ancestry among the modern

African groups analyzed, with the highest proportions observed in the Somali and

Masai from East Africa (approximately 19.3% and 13.5% respectively, see Figure

3.1d). In ancient samples, we detected around 1.2% Eurasian-like ancestry in the

4,500-year-old Mota individual from Ethiopia and 1.6% in the 7,900-year-old Shum

Laka individual from Cameroon. In contrast, only 0.37% Eurasian-like ancestry was

found in the 1,900-year-old Ballito Bay individual from South Africa, an ancestor of

modern-day San populations. It is important to note that these proportions represent

ancestry where the target lineage coalesces more quickly with Eurasian populations

than with other African populations, rather than indicating the specific geographic

origins of the source groups. As we will demonstrate later, this Eurasian-like

ancestry results from two distinct events: a repeated back-migration from Eurasia

within the last 10,000 years and an ancient admixture event over 20,000 years ago

between populations that are differentially related to the out-of-Africa population.

We estimated coalescence rates using the inferred local ancestry, which demon-

strated strong concordance with the genome-wide coalescence rates used for model

fitting, confirming the robustness of our approach (see figures 3.1a, B.2, B.3,

and B.5). The Eurasian and African-like components are clearly separated in

a PCA visualization of coalescence counts and opportunities, further validating

the successful identification of two ancestries (see Figure 3.1b). Moreover, the

high coefficient of determination underscores the reliability of the method’s local

ancestry assignments (see Figure 3.1e). A comparison of inferred local ancestry with

background selection B-statistics [192] revealed no significant correlation, indicating
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that the method is not substantially influenced by biases associated with genomic

variation in background selection (see Figure B.8).
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Figure 3.1: Finding Eurasian-like ancestry in sub-Saharan Africans. (a) Inferred inverse coalescence
rates and proportions when decomposing Yorubans: each line represents inverse coalescence rate profiles with a
reference population. (b) PCA visualization of the coalescence count and opportunity matrix derived from the
genealogies plotted separately for each component. (c) Map of the African samples analyzed with red inverted triangles
corresponding to modern samples in HGDP, 1,000GP and SGDP, and green squares for 5 ancient African samples
(with their estimated sampling ages in brackets). (d) Proportion of Eurasian-like ancestry and (e) Expected coefficient
of determination across all African populations analyzed. The PCA visualization in (b) is based on a KDE plot with
a threshold of 0.05, and binary local ancestry estimates are obtained by thresholding the inferred posteriors at 0.5.
Individual data-points overlaid on the violin plots.
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3.3.2 Dating the admixture event

We dated these admixture events using coancestry curves derived from the local

ancestry inferred by GhostBuster. To capture population-specific variation, we

estimated admixture dates separately for each African population. However, for

single-sample individuals, we could not apply the pseudo-individual normalization

method described in Section 2.3.3, which is critical for addressing population-specific

drift and ensuring unbiased admixture date inference. We therefore do not report

admixture dates for ancient individuals and the Somali population.

We fit the coancestry curves using three models: a single-date admixture

model, a two-date admixture model, and a continuous admixture model with

a constant migration rate. Our analysis revealed that a single admixture date

did not adequately fit the coancestry curves for several African populations, as

indicated by the visual fit of the coancestry curves and significant in-sample log-

likelihood difference between the single-date and two-date admixture models (> 20×

difference in number of parameters). This finding suggests a more complex genetic

history (see Figure 3.2a-c). Both the two-date and continuous admixture models

provided an improved fit to the coancestry curves, as measured by the log-likelihood

of the least squares fit. Notably, the two-date admixture model outperformed the

continuous migration model in 14 out of 16 African populations (see Figure 3.2d).

The two admixture dates exhibited considerable variation across geographic

regions. In East African populations such as the Luhya (LWK), Bantu Kenya,

Masai, and Luo, the more recent admixture event occurred ≤ 3,000 years ago. In

contrast, for West and Central African populations, including the Mende (MSL),

Gambian (GWD), Mandenka, Esan (ESN), Yoruba, Mbuti, and Biaka, the recent

admixture event is estimated to have occurred between 3,000 and 7,000 years ago.

South African populations exhibited intermediate admixture dates ranging from

400 to 4,500 years ago, with the Khomani San showing the most recent admixture

event at approximately 400 years ago. The older admixture event dates were at

least 15,000 years old, ranging from 15,000 to 35,000 years across different African

populations. Population-specific admixture dates and contributions are summarized
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(a) (b) (c)

(d)

Figure 3.2: Dating the Eurasian-like ancestry in sub-Saharan Africans. Coancestry curves and (a) one-date
admixture model fit, (b) two-date admixture model fit and (c) constant migration rate continuous admixture model fit
for Yorubans. (d) Per-population least squared log-likelihood corresponding to various admixture models along with
the admixture dates and weights inferred using two-date admixture model. The log-likelihood values are aggregated
across 20 jackknife runs. Populations are sorted based on highest to lowest proportion of Eurasian-like ancestry, pink
represents the younger admixture date and purple represents the older admixture date in (d). Individual data-points
overlaid on the violin plots. Admixture dates in the plot are in generations.

in Figure 3.2d and Table B.2. It is important to note that these admixture dates

have not been adjusted for potential inaccuracies in the recombination map, as

reliable error estimates were unavailable. This limitation may introduce a downward

bias in the dating of the older admixture event [137].

Given the distinct dates of these two admixture events, we perform separate

validation analyses for each. To differentiate between the events, we first calculate
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the segment length of Eurasian ancestry segments by applying a threshold to

the local ancestry posterior at 50%, then combining adjacent matching ancestry

segments. Next, we estimate the posterior probability that a segment belongs to

either the younger (typically in the last 10,000 years) or older (typically between

15,000 to 35,000 years) admixture event for each population, using segment length

as the determining factor. In particular, we use the admixture dates and proportions

as inferred using per-population coancestry curve dating to assign this posterior.

Given the assumption that segment lengths follow an exponential distribution

conditioned on the admixture time, we proceed with the following model, given

segment length L, admixture times tyounger and tolder and priors pyounger and polder

from coancestry curve dating:

Likelihood: P(L|t) = te−t∗L

Prior: P(t = tyounger) = pyounger = 1 − polder

Posterior: P(t = tyounger|L) = P(L|tyounger) · pyounger

P(L|tyounger) · pyounger + P(L|tolder) · polder

P(t = tolder|L) = P(L|tolder) · polder

P(L|tyounger) · pyounger + P(L|tolder) · polder
(3.1)

We estimate the posterior probability of each position in the local ancestry

belonging to either the younger or older admixture event. By combining these

posterior estimates with GhostBuster’s initial local ancestry inference, we obtain

the probabilities that each segment represents either a younger or older Eurasian

ancestry. Additionally, we construct histograms reflecting the segment length

distribution for each population analyzed (see Figure B.9). In subsequent sections,

we demonstrate that these younger and older Eurasian segments differ in their

mutational signatures and levels of Neanderthal enrichment. We hypothesize that

the younger Eurasian segments correspond to a back-to-Africa migration originating

from Eurasia, while the older segments likely represent an ancient admixture event

between African groups – those who likely remained in Africa and those who

migrated out of Africa. For much of the analysis in subsequent subsections, we focus
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primarily on the younger segments to highlight their distinct properties relative to

the older segments. However, a detailed analysis of the older admixture segments

is conducted in further Section 3.4.

3.3.3 Eurasian ancestry explains the Neanderthal ancestry
in Africans

Previous research has shown that modern Africans carry small amounts of Nean-

derthal ancestry in their genomes, likely due to a back-migration event from Europe

[139, 172, 193, 194]. We look for this Neanderthal ancestry as a way to validate the

Eurasian segments identified in our analysis. Specifically, we used GhostBuster to

detect Neanderthal ancestry in African individuals by jointly analyzing genealogies

inferred from both modern African samples and ancient samples, including three

Neanderthal genomes from the Altai, Chagyrskaya, and Vindija caves.

Our analysis focused on coalescence events that occurred between 50,000 and

2 million years ago, partitioning this time frame into 20 epochs on a logarithmic

scale. To specifically detect Neanderthal segments rather than other ancient events,

we restricted the analysis to coalescence events with sequenced Neanderthals only,

ignoring the rest of the tree. We began by setting the cluster coalescence rates to

genome-wide coalescence rates observed between sequenced Neanderthals themselves

and the target African populations. Using these predefined coalescence rates,

we employed the EM algorithm to estimate admixture proportions, admixture

time, and local ancestry across the sample. In the final iteration of the EM

algorithm, we update the coalescence rates based on the inferred local ancestry

instead of using the pre-specified genome-wide coalescence rates. This adjustment

fine-tunes the estimates to account for differences between the Neanderthal sources

that contributed ancestry to Africans and the sequenced Neanderthals, allowing

us to obtain unbiased and accurate estimate of Neanderthal local ancestry in

African genomes.

To validate our approach for detecting Neanderthal ancestry, we first estimated

Neanderthal ancestry in Eurasians, recovering approximately 1–2% across six modern
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Eurasian groups (see Figure B.10). These proportions align with prior findings [195,

196]. East Asian populations exhibited approximately 20% higher Neanderthal

ancestry, with an average of 1.5%, compared to South Asians and Europeans,

which showed about 1.25% Neanderthal ancestry – consistent with previous studies

[197, 198]. Furthermore, we observed little to no Neanderthal ancestry in genomic

regions previously identified as “archaic deserts” [173, 199] (see Figure B.10d). It

is important to note our approach circumvents the need for un-admixed reference

samples or identity-by-descent (IBD) segments with Neanderthals, and utilizes the

entire coalescence history with sequenced Neanderthal directly, making it more

robust and powerful for finding Neanderthal ancestry in Africans.

We found that African samples from the HGDP+1,000GP dataset exhibit

approximately 0.004% to 0.056% Neanderthal ancestry, with the lowest levels

observed in Mbuti individuals and the highest levels in Bantu Kenyans, among

the populations analyzed. Figure 3.3a shows the inverse coalescence rates for

Neanderthal ancestry in Yoruba (as a representative population). Our analysis

revealed a strong correlation between the genome-wide Neanderthal proportion

and the Eurasian-like ancestry proportion inferred with GhostBuster, yielding a

correlation R2 = 0.51. To examine Neanderthal ancestry correlations associated with

the younger and older admixture events, we fitted a joint regression model to predict

Neanderthal ancestry proportion based on the proportions of younger and older

Eurasian ancestry within individuals. The younger Eurasian ancestry proportion

had a slope of 1.22%, whereas the older Eurasian ancestry showed a slope of 0.67%.

These slopes represent the increase in Neanderthal ancestry per unit increase

in Eurasian-like ancestry, effectively quantifying the proportion of Neanderthal

ancestry within these Eurasian segments. The joint regression also inferred an

intercept not significantly different from 0 at 0.009%. This suggests a probable

absence of Neanderthal ancestry in non-Eurasian-like segments and highlights a

disparity in Neanderthal ancestry between the two Eurasian-like segments identified

in Africa (see Figure B.11).
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At the local ancestry level, we defined the enrichment of Neanderthal ancestry

within Eurasian segments as the mean local ancestry posterior for Neanderthal

ancestry in Eurasian segments (determined by a local ancestry threshold of 0.5)

divided by the mean posterior in non-Eurasian segments. Under a model with

no correlation between Neanderthal and Eurasian-like ancestry in Africa, this

enrichment should be close to unity. However, we observed a 21.9× enrichment

of Neanderthal ancestry within Eurasian segments compared to non-Eurasian

segments (see Figure 3.3b). Further stratification of Eurasian segments by length

showed even higher enrichment for longer segments and lesser enrichment for

shorter segments: 31.4× for segments longer than 0.5cM, 23.1× for segments

between 0.2 and 0.5cM, 11.3× for segments between 0.1 and 0.2cM, and 4.3×

for segments shorter than 0.1cM.

The disparity in estimated coefficients for older and younger admixture in Figure

B.11, combined with reduced enrichment in shorter segments, suggests the possibility

that Neanderthal ancestry is entirely absent from the older admixture event and

the reduced signal is only driven by misassignment of segments originating from

the more recent event to the older event. To obtain more robust estimates of

Neanderthal local ancestry while minimizing false-positive rates, we recalculated

Neanderthal ancestry in Africans by masking non-Eurasian-like segments and only

using the Eurasian-like segments during coalescence rate inference. This masking

produced genome-wide proportions of Neanderthal ancestry that were comparable

to the original run without masking (paired t-test, p = 0.18).

We dated the admixture event using Eurasian segments that specifically con-

tained at least one Neanderthal segment. This analysis aimed to determine whether

Neanderthal ancestry was present in both the younger and older Eurasian segments.

If a date exceeding 20,000 years is detected, it would indicate that the older Eurasian

segments also carried Neanderthal ancestry. Conversely, detecting only more recent

admixture dates would suggest that Neanderthal ancestry arrived exclusively through

the more recent admixture event. We constructed coancestry curves using hard-

called local ancestry, where Eurasian-like segments with Neanderthal ancestry
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(posterior probability ≥ 0.1) at at least one position were assigned a value of

1, while all other regions, including Eurasian-like segments without Neanderthal

ancestry, were assigned a value of 0. We then fit multiple admixture models to the

generated coancestry curves. Our analysis revealed that a single admixture date

provides an adequate (in-sample log-likelihood difference between single- and two-

date admixture models < 2 × difference in number of parameters, see Figure B.12)

fit for most African populations, with some exceptions. For instance, populations

such as Bantu Kenya from East Africa fit better with a two-admixture-date model.

Similarly, West African populations like Gambian (GWD) and Mende (MSL) also

showed a slight improvement with a two-admixture-date model, though these

estimates were more noisy (see Figure B.12). The admixture dates corresponding

to both single- and two-date models for some populations ranged approximately

from 4,000 to 10,000 years ago (see Figure 3.3c-d). These admixture dates fall

within the range of the younger admixture dates inferred previously in Section

3.2, and are not consistent with the older admixture date. This suggests that the

older admixture date, which occurred approximately 15,000 - 35,000 years ago, did

not carry Neanderthal ancestry. Furthermore, admixture dates varied based on

the present-day geographic location of samples. West African populations, such as

Yoruba and Esan, exhibited the oldest admixture dates, approaching 10,000 years

ago – aligning with the green Sahara period [166, 167] and well before the expansion

of Bantu-speaking peoples. Central African hunter-gatherers, including Mbuti

individuals, exhibit minimal Neanderthal ancestry, leading to noisier coancestry

curve dating and were therefore excluded from the main figure. More detailed

results, including the dating of Neanderthal ancestry in Mbuti individuals, can be

found in Figure B.12. These findings suggest that the Neanderthal ancestry present

in Africans is predominantly associated with the younger admixture event, which

occurred during the Holocene, starting shortly after the end of the last Ice Age.

To further validate our hypothesis that the older Eurasian segments do not carry

substantial Neanderthal ancestry, we analyzed the mean posterior probability of

Neanderthal ancestry as a function of segment length. We compared the empirical



3. Understanding population structure in Africa using GhostBuster 123

estimates of mean Neanderthal posterior probabilities to theoretical predictions from

a two-date admixture model, under the assumption that only the younger admixture

event contributes Neanderthal ancestry. The theoretical model is defined as follows:

P (L ≤ l|modelyounger) = 1 − e−ltyounger

P (L ≤ l|modelolder) = 1 − e−ltolder

P (Neanderthal|modelyounger) = α

P (Neanderthal|modelolder) = 0

P (modelyounger) = 1 − P (modelolder) = pyounger (3.2)

where, modelyounger and modelolder correspond to Eurasian-like ancestry in Africans

derived from the younger and older admixture events, respectively. Here, α

represents the proportion of Neanderthal ancestry in the Eurasian source population

contributing to the younger admixture event; tyounger and tolder are the admixture

dates, and pyounger is the proportion of ancestry contributed by the younger admixture

event. These parameters are estimated using the coancestry curves presented in

Section 3.3.2. Based on the Equation 3.2, the probability of Neanderthal ancestry

conditioned on segment length can be expressed as:

P (Neanderthal|L ≤ l) = αpyounger(1 − e−ltyounger)
pyounger(1 − e−ltyounger) + (1 − pyounger)(1 − e−ltolder) (3.3)

We estimated confidence intervals for the theoretical models by incorporating

uncertainties in coancestry dating. Our results showed that the theoretical model,

assuming no Neanderthal ancestry from the older admixture event, fit the empirical

data well across several populations (see Figure B.13). This finding further

supports the hypothesis that the older admixture event did not contain substantial

Neanderthal ancestry.

Finally, we analyzed Neanderthal content in ancient African samples, finding

0.026% and 0.017% Neanderthal ancestry in ela001 (493 years) and new001 (418

years) individuals respectively, and 0.01% in the 1,900-year-old Ballito Bay individual

(baa001). In contrast, we detected no Neanderthal ancestry (< 10−9%) in ancient

samples from the Mota Cave (4,472 years) and Cameroon (7,890 years). This
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again suggests that the younger admixture event which might be missing in Mota

and Cameroon individuals contributed Eurasian-like ancestry with detectable

Neanderthal ancestry, whereas the older admixture event might be associated

with reduced or no Neanderthal ancestry.
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P(Nea. | Eurasian) = 0.45% 
P(Nea. | African) = 0.02%
Avg. Enrichment = 21.9x
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≈ 4,500 years

Figure 3.3: Eurasian ancestry explains the Neanderthal ancestry in Africans. (a) Inferred inverse
coalescence rates and proportions for Neanderthal ancestry in Yorubans: the line represents the inverse coalescence
rate profiles with sequenced Neanderthals. (b) Sample HGDP01405 showing a 20 Mb region enriched for Neanderthal
ancestry, overlapping Eurasian-like segments. The average enrichment is calculated as the ratio of the mean posterior
probability of Neanderthal ancestry in Eurasian segments, P (Nea | Eurasian), to the mean posterior probability
in African segments, P (Nea | African). (c) Coancestry curve showing the normalized joint probability and single
admixture date fit for Eurasian segments carrying Neanderthal ancestry, averaged across all African samples analyzed.
(d) Admixture dates derived from coancestry curves generated by Eurasian segments carrying Neanderthal ancestry
for each population. For Bantu Kenya a two-date admixture model fit is shown, as it better explains the coancestry
patterns. More detailed results are provided in Figure B.12. Grey lines in (c) and error bars in (d) represent jackknife
estimates and 95% confidence intervals around the mean. For panel (d) single date admixtures shown in golden,
whereas two date admixtures shown in pink and purple. Results derived from HGDP+1,000GP+aDNA+archaic
genealogies.
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3.3.4 Mutational profiles validate Eurasian segments in
Africans

Evidence suggests that human mutation rates have evolved over short time scales

and independently across different populations [76, 200]. One notable example

is the TCC to TTC mutation, which occurs at up to twice the rate in West

Eurasian groups compared to East Asians or Africans. Another example is GC-

biased gene conversion (GCbGC) [201], which preferentially selects GC alleles

(termed “strong”) over AT alleles (termed “weak”). GCbGC is influenced by

factors such as population size and recombination hotspots: populations with larger

effective population sizes or fewer bottlenecks exhibit higher rates of weak to strong

mutations than populations with reduced population sizes. Figure B.14 illustrates

the evolution of weak to strong mutations relative to strong to weak mutations

across various continental populations.

To investigate this within the context of the back-migration event, we define the

normalized mutation rate similar to the Relate [6] paper for a specific mutation type

(example, TCC to TTC, or weak to strong) in a given population. This normalized

mutation rate (NMR) is calculated as the ratio of the number of mutations of that

specific type that have arisen in the population to the number of mutations of all

other types that have arisen in the same population. Formally, this is expressed as:

NMRpop, type =
∑
mut 1(mut ∈ type)Nmut,pop∑
mut 1(mut /∈ type)Nmut,pop

(3.4)

where, ∑mut sums all the mutations in the genealogy, Nmut,pop counts the number

of individuals belonging to population ‘pop’ carry the mutation ‘mut’. We further

stratify mutation rates by allele age, dividing them into 10 epochs ranging from

1,000 years to 1 million years. To facilitate meaningful comparisons, we further

divide these normalized mutation rates (NMR) and the normalized mutation rates

(NMR) in African populations:

NMREpop, type = NMRpop, type

NMRAFR, type
(3.5)
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This measure, referred to as the Normalized Mutation Rate Enrichment (NMRE),

quantifies the relative enrichment of specific mutation types in a given population

compared to their normalized mutation rates in Africans. A significant deviation

from unity indicates that the specific mutation type is either enriched (greater

than 1) or depleted (less than 1) in the population relative to the African baseline.

We examine this enrichment across various continental populations, including all

non-Finnish Europeans (NFE), East Asians (EAS), South Asian (SAS) and Middle

Eastern and North African (MID) groups in HGDP. Notably, we analyze the

enrichment for Eurasian and non-Eurasian segments in African samples separately.

To correct for mutational biases in local ancestry fitting, we down-sample Eurasian

and non-Eurasian segments at each location to equalize the number of descendants

in both categories. We perform 1,000 chromosome-wise bootstraps to estimate the

confidence interval around the normalized mutation rate enrichment.

Examining the TCC to TTC mutation types, we observe significant enrichment

not only in European, Middle Eastern, and South Asian populations but also

in the Eurasian-like segments within African individuals. In Figure 3.4a,b, this

enrichment is plotted separately for Eurasian segments, conditioned on their segment

lengths. Both long and short Eurasian segments in Africans exhibit significant

enrichment in TCC to TTC mutations during the period from 1,000 to 40,000

years ago, consistent with the evolutionary trajectory of these mutations, which

rose sharply around 15,000 years ago and declined approximately 2,000 years ago

[200]. The enrichment is particularly pronounced in longer Eurasian segments,

which are more likely to be associated with the younger admixture date, peaking at

approximately 2× around 20,000 years ago – levels comparable to those observed

in Europeans. This pattern suggests a European source as the most probable

origin for the back-to-Africa migration.

We conducted this analysis across various African populations and consistently

found enrichment in Eurasian segments across all groups. Populations with more

recent admixture, such as the San, Bantu Kenya, and Mandenka, exhibited the

highest enrichment, while those with older admixture events, such as the Mbuti,
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(a) (b)

(c)

Figure 3.4: Enrichment of TCC to TTC mutation rates in African components. (a) Enrichment of
TCC to TTC mutation rates across various continental groups, including NFE (non-Finnish Europeans), SAS (South
Asians), EAS (East Asians), and MID (Middle Eastern and North African populations). (b) Enrichment of TCC
to TTC mutation rates in Eurasian and non-Eurasian (African) segments in African populations. (c) TCC to TTC
mutation rate enrichment in five ancient African samples, including new001, ela001, baa001, I5950, and I10871 (see
population descriptions in Table 3.1b). Shaded regions indicate 95% confidence intervals derived from 1,000 bootstrap
replicates, while the dashed line represents the baseline of no enrichment. In panel (b), the Eurasian segments in
Africans are further categorized based on their lengths: segments shorter than 0.1 cM, those between 0.1 and 0.5
cM, and segments longer than 0.5 cM. Results derived from HGDP+1,000GP and HGDP+1,000GP+aDNA+archaic
genealogies.
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Biaka, and Yoruba, showed weaker enrichment for TCC to TTC mutations. Notably,

some African populations, including the San and Bantu Kenyans, displayed empirical

enrichment levels exceeding the average across all non-Finnish Europeans (see

Figure B.15). In our analysis of ancient African samples, similar enrichment

patterns emerged, though with increased variability due to smaller sample sizes. We

normalized mutation rates in ancient samples relative to the mutation rates in their

African segments, rather than using mutation rates from modern African samples,

to minimize the impact of differences in sampling times and biases associated with

ancient DNA genealogy construction. We observed modest enrichment in more

recent ancient samples from South Africa, whereas older samples from Mota Cave

and Cameroon showed no detectable enrichment (see Figure 3.4c). This absence of

enrichment in older samples could be attributed to statistical noise when detecting

TCC to TTC mutation enrichment in individual ancient samples or might indicate

a lack of back-to-Africa admixture signals in these older populations.

In addition to examining the TCC to TTC mutations, we also investigated

the enrichment of mutations related to weak to strong mutation types. For our

analysis, we excluded CpG sites when defining weak or strong mutations. Similar

to patterns observed in European, East Asian, and South Asian populations, the

Eurasian segments within African genomes also showed reduction for weak to strong

mutations relative to African genomes as a whole. The reduction in weak-to-strong

mutations reached its peak approximately 50,000–100,000 years ago, aligning with

patterns observed in other Eurasian populations. Interestingly, Eurasian segments of

all lengths in Africans exhibit a similar pattern of weak to strong mutation reduction,

and with a slightly lower amplitude compared to that observed in Europeans and

East Asians. This pattern suggests that the Eurasian-like ancestry in African

genomes may have experienced an even more pronounced bottleneck than the

population that initially migrated out of Africa (see Figure 3.5a,b). As with TCC to

TTC enrichment, we stratified the weak to strong mutation reduction by population

and ancient samples. We found consistent levels of weak to strong reduction across

all modern populations and ancient samples, suggesting that both the younger and
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(a) (b)

(c)

Figure 3.5: Enrichment of weak to strong mutation rates in African components. (a) Enrichment of
weak to strong mutation rates across various continental groups, including NFE (non-Finnish Europeans), SAS (South
Asians), EAS (East Asians), and MID (Middle Eastern and North African populations). (b) Enrichment of weak to
strong mutation rates in Eurasian and non-Eurasian (African) segments in African populations. (c) weak to strong
mutation rate enrichment in five ancient African samples, including new001, ela001, baa001, I5950, and I10871 (see
population descriptions in Table 3.1b). Shaded regions indicate 95% confidence intervals derived from 1,000 bootstrap
replicates, while the dashed line represents the baseline of no enrichment. In panel (b), the Eurasian segments in
Africans are further categorized based on their lengths: segments shorter than 0.1 cM, those between 0.1 and 0.5
cM, and segments longer than 0.5 cM. Results derived from HGDP+1,000GP and HGDP+1,000GP+aDNA+archaic
genealogies.

older admixture events may have undergone a population bottleneck approximately

50,000–100,000 years ago (see Figure 3.5c and B.16). Finally, we present the

mutation rate enrichment for Eurasian-like versus non-Eurasian-like segments in

Africans across all 96 trimer mutation types, as shown in Figure B.17.
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3.3.5 Identifying source populations for Eurasian ancestry

To characterize the admixture event and identify potential source populations

contributing Eurasian-like ancestry to Africa, we calculated coalescence rates using

modern samples from the HGDP+1,000GP dataset and a subset of 40 high-coverage

ancient samples with estimated sampling ages less than 10,000 years and sampled

in Eurasia or Africa (see Table B.1 for list of all ancient samples). For clarity,

we grouped ancient samples corresponding to Neolithic Anatolian and Balkan

farmers into one group, and Western Hunter-gatherers into one group. We used

Colate [202] with the –mode local_ancestry flag to infer the coalescence rates

conditioned on the local ancestry in African samples. We analyzed Eurasian-like

segments associated with both recent and ancient admixture events separately, with a

primary focus on understanding the recent Eurasian-like segments. Furthermore, to

capture population-specific variations in Eurasian ancestry, we conducted analyses

for each African population separately.

To understand coalescence relationships across populations, we focused on the

epoch spanning 10,000–16,000 years and constructed a pairwise coalescence rate

matrix. This matrix was visualized using a heatmap, a clustering dendrogram,

and PCA (see 3.6a-c, respectively). The clustering dendrogram is based on inverse

coalescence rates distance matrix. We observed that both modern and ancient

samples primarily clustered by sampling time and geography, forming distinct

continental groups for East Asian, European, and African populations. The five

ancient African populations (ela001, new001, baa001, I5950, I10871) clustered closely

with modern African segments, while the European ancients coalesced with modern

Europeans, South Asians, Middle Eastern groups, and the Eurasian-like segments in

Africans. The Eurasian-like segments in Africa clustered more closely with modern

Eurasian populations than with African segments. The younger segments exhibited

stronger clustering with Europeans, whereas the older segments displayed roughly

equal affinity to all out-of-Africa populations, including Europeans, South Asians,

and East Asians (see Figure 3.6a,c). The Eurasian segments for both recent and

ancient admixture events, exhibited high coalescence rates within their own group
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than with other populations, suggesting a significant bottleneck in the Eurasian

population that contributed to Eurasian-like ancestry in Africans (see Figure 3.6a).

Further examining the pairwise coalescence rate patterns among Eurasian-like

segments in Africans reveals geographic patterns, indicating a more pronounced

bottleneck in West African populations such as Yoruba and Esan (see Figure B.18).

We performed PCA on the inferred coalescence rates matrix, initially using only

modern populations and African segments in Africans. We then projected the ancient

samples and the Eurasian-like segments in Africa onto the same plot. We identified

signatures of prior admixture: South Asian samples aligned along the European–East

Asian cline, Middle Eastern groups positioned along the European–African cline,

and the Hazara clustered along the South Asian–East Asian cline. The younger

Eurasian segments in Africans clustered closer to Europeans, lying on the gradient

connecting European and the older Eurasian segments in Africans. When looking at

ranked coalescence rates across modern samples, the younger Eurasian-like segments

in Africa coalesced most rapidly with North African, Middle Eastern (specifically,

Mozabite and Bedouin), and southern European groups, such as Sardinians and

Tuscans. Notably, West and East African populations exhibited distinct affinities

toward Mozabite and Bedouin populations. West African groups showed closer

genetic ties to the Mozabite from Algeria, while East African groups displayed greater

affinity with Bedouins sampled from the Middle East. This pattern, combined

with the differing admixture dates observed in East and West Africa (as discussed

in Section 3.3.2), implies distinct sources of Eurasian ancestry in these regions

and highlights the ancient nature of back-migration into West Africa, which dates

back to approximately 10,000 years.

Among ancient samples, the highest coalescence rates were observed with

Anatolian and Balkan farmers (see Figure 3.6d-e, Figure B.19). This indicates

that the Eurasian ancestry in Africa, particularly the younger segments, may be

associated with European farming groups. It also suggests a possible trajectory of

farming spreading from Europe into the Middle East and North Africa, followed

by the further dissemination of this ancestry across Africa [174–176].



3. Understanding population structure in Africa using GhostBuster 133
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Figure 3.6: Coalescence rates with modern and ancient samples. (a) Matrix of pairwise coalescence
rates for all modern and ancient groups in the epoch spanning 10,000–15,848 years. (b) Dendrogram corresponding
to the UPGMA hierarchical clustering of the pairwise coalescence rate matrix in (a). (c) PCA visualization of
coalescence rates for the epoch spanning 10,000–15,848 years, with PC1 and PC2 representing the eigenvectors
capturing the greatest variance among modern samples. (d-e) Top 25 groups based on coalescence rates with (d)
younger Eurasian-like segments in the San, and (e) younger Eurasian-like segments in Yoruba during the epoch
spanning 10,000–15,848 years. Row and column colors in (a), dendrogram leaves in (b), and dots and bars in (c-e)
are colored according to the common legend. NFE = non-Finnish Europeans, EAS = East Asians, MID = Middle
Easterners and North Africans, SAS = South Asians, OCE = Oceanians. The numbers in brackets in (c) indicate
the proportion of variance explained by each principal component. The error bars in (d-e) represent 95% confidence
intervals calculated using 100 bootstraps. Results derived from HGDP+1,000GP+aDNA+archaic genealogies.
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3.4 Evidence of a deep admixture event in Africans

We used GhostBuster to understand the deep evolutionary history in Africa. Our

analysis incorporates the same set of modern and ancient African samples as used

in the “Back-to-Africa” section, detailed in Table 3.1.

3.4.1 Ancient admixture across sub-Saharan African pop-
ulations

To examine ancient events, we focused on coalescence events that occurred between

10,000 and 5,000,000 years ago, dividing this time frame into 20 epochs on a

logarithmic scale. We excluded coalescence events more recent than 10,000 years,

as these likely represent more recent events like previously discussed back-to-Africa

migrations. Consistent with previous analyses of back-to-Africa migration, we

grouped non-Finnish Europeans (NFE), East Asians (EAS), and South Asians

(SAS) as Eurasians. For each African population, analyses were conducted using

all Eurasian and African populations in the dataset as reference groups, while

excluding Middle Eastern and American populations from the reference panel. To

further concentrate on broader lineage relationships, coalescence events between

individuals within the target population were excluded.

Starting from a random initialization, the coalescence rates converged to reveal

two distinct components. Figure 3.7a shows the inferred coalescence rates in

Yorubans, used as a representative group. These rates suggest two components that

primarily differ in their coalescence rates with Eurasians. We refer to the component

closer to Eurasian populations as the out-of-Africa-like (OOA-like) component and

the one relatively closer to African populations as the non-out-of-Africa-like (non-

OOA-like) component. The Eurasian-like ancestry previously identified in Section

3.3 strongly correlates with the OOA-like component in this deep admixture, with

more than 98% of segments attributed Eurasian-like lying within this component.

This correlation is largely explained by the component’s faster coalescence rate with

Eurasians and supports the presence of two distinct types of Eurasian ancestries in

Africans, as discussed in Section 3.3. To specifically examine this deeper admixture
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events, we masked regions corresponding to previously identified Eurasian-like

segments (posterior probability Eurasian-like > 10%) and a 100kb flanking region

around them to avoid biases from recent back-to-Africa migration.

Both the held-out likelihood and the expected coefficient of determination

indicate that two components best capture the observed coalescence differences

without ambiguity regarding the admixture event (see Figure 3.7b and Figure B.20).

We identified varying proportions of OOA-like and non-OOA-like components across

modern and ancient African groups after removing ancestry corresponding to the

back-to-Africa migration. Among modern groups in the HGDP+1,000GP and

SGDP datasets, Dinka individuals exhibited the highest proportion of OOA-like

ancestry at approximately 36.8%, while Khomani San individuals showed the lowest

at 10.6%. In ancient individuals, we detected 35.9% OOA-like ancestry in the

4,500-year-old Mota individual, 27.6% in a 7,900-year-old ancient African from

Cameroon, and 30.1% in younger ancient samples from South Africa, namely ela001

and new001. In contrast, the Ballito Bay individual, baa001, exhibited 12.3% OOA-

like ancestry. Overall, we observed a higher proportion of the OOA-like component

in East Africa, followed by West and South Africa, with the lowest levels in Central

African hunter-gatherers (see Figure 3.7d). The first four principal components of

the coalescence count and opportunity matrix did not reveal substantial differences

between clusters (see Figure 3.7b). This is attributable to the large number of

African reference panel groups compared to a single group representing Eurasians,

which exhibit less variation between the components inferred by GhostBuster.
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Figure 3.7: Decomposing sub-Saharan Africans to find a deep admixture event. (a) Inferred inverse
coalescence rates and proportions when decomposing Yorubans: each line represents inverse coalescence rate profiles
with a reference population. (b) PCA visualization of the coalescence count and opportunity matrix derived from
the genealogies plotted separately for each component. (c) Expected coefficient of determination and held-out
log-likelihood improvement with varying number of components. (d) Proportion of the out of Africa-like ancestry and
(e) Expected coefficient of determination across all African populations analyzed. The PCA visualization in (b) is
based on a KDE plot with a threshold of 0.05, and binary local ancestry estimates are obtained by thresholding the
inferred posteriors at 0.5. Individual data-points overlaid on the violin plots.
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3.4.2 Dating the admixture event

We constructed coancestry curves using the inferred local ancestry data without

filtering out previously identified back-to-Africa segments. These curves were

then used to fit various admixture dating models, including single-date, two-date,

and continuous admixture models. Similar to the back-to-Africa migration, we

found that a single-date model did not provide a good fit to the coancestry curves.

Notably, the two-date admixture model provided the best fit for the coancestry

data across 10 out of 16 African populations (see Figure 3.8). Consistent with

the back-to-Africa migration, the younger admixture dates ranged from 1,500 to

7,000 years ago, while the older admixture event occurred approximately 23,000

to 40,000 years ago (see Figure 3.8).

Next, we removed the local ancestry in and around the Eurasian-like segments

previously identified in Section 3.3 and recalculated the coancestry curves. After

removing the local ancestry corresponding to the more recent back-to-Africa

migration, we found that the single-date admixture model fit the coancestry data

as well as the two-date and continuous admixture models in most scenarios (see

Figure B.21). This suggests that the younger date in the initial fit most likely

captures the more recent back-to-Africa migration. Therefore, we focus on the

older date as the estimated time of admixture between OOA-like and non-OOA-like

populations and exclude the Eurasian-like ancestry identified in the back-to-Africa

section from all subsequent analyses. This admixture is dated to 23,000-40,000

years across groups (see Table B.3). It is important to note that these admixture

dates have not been adjusted for potential errors in the recombination map, as we

lacked reliable error estimates for it. We believe this may introduce a downward

bias in the dating estimates [137]. However, it might be reasonable to assume

that the admixture occurred around or after the out-of-Africa migration dated

around 50,000–100,000 years ago [18].

Given the deep nature of the admixture, we performed additional “sanity

checks”, such as running GhostBuster with the HMM disabled and using only

African reference populations (removing Eurasians). These analyses produced
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similar coalescence rates and correlated but more uncertain local ancestry estimates

compared to the initial run with the HMM enabled and Eurasian samples included

in the reference population (see Figure B.22 and B.23).

(a) (b) (c)

(d)

Figure 3.8: Dating the ancestral components corresponding to deep admixture event. Coancestry curves
and (a) one-date admixture model fit, (b) two-date admixture model fit and (c) constant migration rate continuous
admixture model fit for Yorubans. (d) Per-population least squared log-likelihood corresponding to various admixture
models along with the admixture dates and weights inferred using two-date admixture model. The log-likelihood
values are aggregated across 20 jackknife runs. Populations are sorted based on highest to lowest proportion of
Eurasian-like ancestry, pink represents the younger admixture date and purple represents the older admixture date in
(d). Individual data-points overlaid on the violin plots. Admixture dates in the plot are in generations.
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3.4.3 Mutational profiles validate the admixture event

We used mutation profiles as near orthogonal evidence that GhostBuster has

identified two distinct components that are unlikely to be data or method artefacts.

Similar to the analysis in Section 3.3.4, we calculated the normalized mutational

enrichment profiles for continental populations and inferred mixture components

relative to genome-wide normalized mutation rates in the African population.

In contrast to our analysis of the more recent back-to-Africa migration, we did

not observe enrichment for TCC to TTC mutations (see Figure B.24). This is likely

because this admixture event predates the emergence of TCC to TTC mutations in

Eurasian populations. However, we detected distinct patterns in the enrichment

of weak to strong mutations between the two ancestry components. To classify

mutations as weak or strong, CpG sites were excluded, following the approach used

in analyzing the back-to-Africa migration. We observed a reduction of weak to strong

mutations in the out-of-Africa-like (OOA-like) component compared to genome-wide

weak to strong mutation rates within Africa. This reduction peaked approximately

50,000 – 100,000 years ago, aligning with patterns observed in other Eurasian

populations (see Figure 3.9a-b). These findings suggest a notable divergence in

the trajectories of existing mutations during this period, driven by differential

GC-biased gene conversion between the two ancestral components. Among ancient

samples, the 4,500-year-old individual from Mota Cave (I5950) and the 400-year-

old individual from South Africa (new001) exhibited approximately double the

weak-to-strong mutation reduction signal compared to modern samples (see Figure

3.9c). This increase cannot be attributed to our estimated uncertainty and may

suggest that the OOA-like group ancestors for these individuals experienced a

particularly small effective population size. In contrast, the 1,900- and 500-year-old

individuals from South Africa (baa001 and ela001) displayed a subtle weak-to-strong

signal reduction in the OOA-like group, similar to what is observed in modern-day

samples (see Figure 3.9c). Meanwhile, the 7,900-year-old individual from Cameroon

(I10871) showed no significant difference in weak-to-strong enrichment between

the two components (see Figure 3.9c).
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(a) (b)

(c)

Figure 3.9: Enrichment of weak to strong mutation rates in the deep admixture African components.
(a) Enrichment of weak to strong mutation rates across various continental groups, including NFE (non-Finnish
Europeans), SAS (South Asians), EAS (East Asians), and MID (Middle Eastern and North African populations). (b)
Enrichment of weak to strong mutation rates in OOA-like and non-OOA-like (African) segments in African populations.
(c) Weak to strong mutation rate enrichment in five ancient African samples, including new001, ela001, baa001, I5950,
and I10871 (see population descriptions in Table 3.1b). Shaded regions indicate 95% confidence intervals derived
from 1,000 bootstrap replicates, while the dashed line represents the baseline of no enrichment. Results derived from
HGDP+1,000GP and HGDP+1,000GP+aDNA+archaic genealogies.
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3.4.4 Variation in PRDM9 activity across populations

In humans, recombination predominantly occurs at specific regions in the genome

known as recombination hotspots. The placement of these hotspots is largely

governed by the PRDM9 gene, which encodes a zinc finger protein responsible for

identifying and binding to distinct DNA sequence motifs. Once bound, PRDM9

modifies histones near the binding sites, creating an environment conducive to

recombination initiation.

Multiple types of PRDM9 have been identified in humans, distinguished by

variations in the zinc finger array configuration. These PRDM9 types can bind to

different sequence motifs across the genome, resulting in distinct recombination

hotspot locations. Of all the known PRDM9 types in humans, PRDM9-A is the

most common, binding to a specific sequence motif (“CCNCCNTNNCCNC”) [203,

204]. It is present in all modern human populations but absent in chimpanzees [205].

PRDM9-B shares most of its binding motif with PRDM9-A and thus targets similar

hotspot locations. Another notable PRDM9 type, PRDM9-C, binds to a distinct

sequence motif, a unique 17-base pair sequence (“CCgCNgtNNNCgtNNCC”), which

directs recombination events to different genomic locations. The small letters

in the motif indicate less conserved bases. PRDM9-C is particularly common

in African populations but occurs less frequently in Eurasian populations [206–

208]. Importantly, the probability of crossover hotspots associated with PRDM9-

C is strongly influenced by the alleles an individual carries at the PRDM9 gene

(rs6889665, p < 10−245 [206]).

The recombination machinery repairs double-strand breaks with a slight pref-

erence for incorporating GC alleles over AT alleles, leading to GC-biased gene

conversion and an increased rate of weak to strong mutations around recombination

hotspots. Separately, frequent DNA repair at these hotspots gradually erodes the

sequence motifs that PRDM9 zinc fingers bind to, a phenomenon known as hotspot

death. The continual loss of hotspots places evolutionary pressure on PRDM9

to form new hotspots through alterations in its zinc finger domains, changing its

binding specificity. Consequently, PRDM9 has become one of the fastest-evolving
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genes, constantly adapting to balance hotspot erosion and renewal [205, 209]. While

the locations of recombination hotspots are determined by the specific PRDM9

allele an individual carries, examining GC-biased gene conversion and signatures of

hotspot death at these sites provides insight into the evolutionary history of a lineage.

We leverage this evolutionary information to improve our understanding and provide

independent evidence of the ancient admixture event under investigation.

We begin by examining the PRDM9-C allele (rs6889665), which has previously

been shown to strongly predict the probability of crossover at PRDM9-C hotspots

[206]. In our dataset, we found the SNP rs6889665 to have a frequency of 33.7%

in Africans, 8.4% in East Asians, 7.4% in South Asians, and 6.3% in non-Finnish

Europeans. Additionally, its frequency was 44.1% in the non-out-of-Africa (non-

OOA-like) component but only 2.7% in the out-of-Africa-like (OOA-like) component.

Figure B.25 depicts the tree at PRDM9, identifying rs6889665 as one of the oldest

mutations on the tree. Notably, the mutation shows an excess of descendants

inferred to possess ancestry from the non-OOA-like component compared to the

OOA-like component.

Next, we analyzed the PRDM9-A and PRDM9-C hotspots along the genome

(provided by Dr. Anjali Hinch) to investigate differences in their evolutionary

histories across various populations and ancestral components involved in the deep

admixture event. Specifically, we examined weak to strong mutations in and around

these hotspots and their impact on different populations. PRDM9-A and PRDM9-C

hotspots were analyzed separately, excluding regions where both hotspots occur

within a 5kb interval. Consistent with the mutational enrichment analysis, CpG

sites were excluded when classifying mutations as weak or strong.

To understand population-level differences in PRDM9 activity, we began by

examining the number of descendants carrying the weak to strong mutations at

these hotspots per population. This quantity was normalized by the total number of

population samples in the dataset and the AT content of the region. Furthermore,

we only considered mutations with an age of less than one million years. Figure

3.10a,c presents the normalized descendant count per continental population as
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a function of the distance from the hotspot center for weak to strong mutations.

For hotspots associated with PRDM9-A, we observed similar peak intensities

around the hotspot center across all continental populations analyzed. In contrast,

PRDM9-C hotspots exhibited differences in activity across continental populations,

with Africans showing a higher peak compared to non-African populations. This

discrepancy could be attributable to population-specificity of PRDM9-C allele

previously identified [206, 208].

To explore differences in weak to strong mutation rates across the ancestral

components involved in the deep admixture event, we analyzed weak to strong

mutations within 1,000 bp of the hotspot center and calculated the time-stratified

mutation rate enrichment as described in Section 3.4.3. However, it is important to

note that while Relate provides estimates of mutational ages, its accuracy within

hotspots is limited. These estimates are likely correlated with true ages, but

they should not be interpreted as highly precise chronological markers. Unlike

the genome-wide mutational enrichment analysis, we normalized the enrichment

relative to the mutation rate in East Asians (rather than Africans) and focused

exclusively on regions around the hotspots.

Figure 3.10b,d illustrates the weak to strong mutation rate enrichment for the

OOA-like and non-OOA-like components at PRDM9-A and PRDM-C hotspots

respectively. Relative to the weak to strong mutation rate in East Asians, both the

OOA-like and non-OOA-like components exhibited enrichment for weak to strong

mutations around 50,000 years ago at PRDM9-A hotspots. This enrichment was

of a similar magnitude for both components. However, in regions near PRDM9-

C hotspots, we observed a significant difference in enrichment between the two

components (see Figure 3.10d), with the non-OOA-like component exhibiting higher

weak to strong mutations. This suggests that the PRDM9-C allele historically

exhibited greater activity relative to the PRDM9-A allele in the non-OOA-like

group compared to the OOA-like group. This finding, along with the broader

differences in GC-biased gene conversion (GCbGC), provides compelling evidence

that the two groups represent genuine, ancient population stratification within
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African ancestral groups. It is difficult to conceive of confounding factors that could

misclassify ancestry in a way that would result in distinct mutation types appearing

on separate lineages. This is particularly true given that information about mutation

type is invisible to GhostBuster and that our normalization procedure for identifying

mutational biases explicitly matches the genomic regions used to define OOA-like

and non-OOA-like mutation profiles. Furthermore, these patterns align precisely

with a priori expectations of ancient stratification. The present-day frequency

of PRDM9-C is lower than PRDM9-A in both non-African and inferred OOA-

like African individuals, while it is comparatively higher in non-OOA-like African

lineages. These observations strongly support the hypothesis of deep population

structure within African ancestral groups. Finally, it is worth noting that the

mutation rate enrichments shown in Figure 3.10b,d are based on mutations mapped

to the genealogy. A small fraction of mutations (less than 3%) do not map to the

genealogy and therefore cannot be dated. Nevertheless, we believe the observed

signal is robust and unlikely to be affected by these non-mapping mutations.
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(a)

(c)

(b)

(d)

Figure 3.10: Weak to strong mutation rates at recombination hotspots across populations. Weak
to strong mutation counts across populations and deep admixture component in (a-b) PRDM9-A hotspots, (c-d)
PRDM9-C hotspots. Panel (a) and (c) measure the number of individuals carrying weak to strong mutations around
the PRDM9 hotspots, normalized by the total number of individuals and the AT content of the region. Whereas,
Panel (b) and (d) measure the time-stratified normalized mutation rate enrichment with respect to weak to strong
mutation rates in East Asians. In panel (b) and (d) the shaded regions indicate 95% confidence intervals derived
from 1,000 bootstrap replicates, while the dashed line represents the baseline of no enrichment. Results derived from
HGDP+1,000GP and HGDP+1,000GP+aDNA+archaic genealogies.
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3.4.5 Characterizing the admixture event using coalescence
rates

In order to characterize the deep admixture event better, we look at the relationship

of two ancestral components with various modern, ancient and archaic populations.

Similar to analysis in Section 3.3.5 we calculate coalescence rates with modern

samples from HGDP+1,000GP dataset and 49 high-coverage ancients and 4 archaic

human groups (see Table B.1) conditioned on the inferred local ancestry for each

African population.

We consider coalescence events in epoch corresponding to 64,000-100,000 years

in the coalescent history. Following the analysis of the back-to-Africa migration

(Section 3.3.5), we constructed a pairwise coalescence rate matrix, which is visualized

using a heatmap, UPGMA dendrogram, PCA, and coalescence rate bar plots for

this epoch (see Figure 3.11a-e, respectively). The PCA plots in Figure 3.11c

were inferred by calculating PCA on the coalescence rate matrix corresponding to

modern populations and non-OOA-like segments in Africans. We then projected the

ancients, archaic and OOA-like segments onto the plot. We found the populations to

cluster based on geography and sampling times with distinct continental ancestries

corresponding to East Asians, Europeans and non-OOA-like African segments visible

in the heatmap and PCA (see Figure 3.11a,c). The OOA-like segments clustered

better with Eurasian populations than non-OOA-like African population. On the

PCA plot, they lie along the cline connecting non-OOA-like segments with Europe

- East Asia cline. In the inverse coalescence rate plots, the Eurasian population

aligns more closely with the OOA-like segment and is estimated to have split from

them approximately 100,000 years ago.

We analyzed coalescence rates in relation to archaic human groups, including

three Neanderthal and one Denisovan sample. These samples clustered with the non-

OOA-like component (see Figure 3.11b). To confirm this observation, we examined

coalescence rates across different time epochs and found that both Denisovan

and Neanderthal samples consistently exhibited closer relationships to the non-

OOA-like component until approximately one million years ago, when all human
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Figure 3.11: Coalescence rates with modern and ancient samples. (a) Matrix of pairwise coalescence
rates for all modern and ancient groups in the epoch spanning 64,000–100,000 years. (b) Dendrogram corresponding
to the UPGMA hierarchical clustering of the pairwise coalescence rate matrix in (a). (c) PCA visualization of
coalescence rates for the epoch spanning 64,000–100,000 years, with PC1 and PC2 representing the eigenvectors
capturing the greatest variance among modern samples. (d-e) Top 25 groups based on coalescence rates with (d)
Denisovan, and (e) Neanderthals during the epoch spanning 64,000–100,000 years. (f-g) Inverse coalescence rates (ICR)
of (f) Denisovan and (g) Neanderthals with other modern human groups from 64,000-1.6million years. Darker lines
represent population-averaged ICRs. Row and column colors in (a), dendrogram leaves in (b), dots and bars in (c-e),
and lines in (f-g) are colored according to the common legend. NFE = non-Finnish Europeans, EAS = East Asians,
MID = Middle Easterners and North Africans, SAS = South Asians, OCE = Oceanians. The numbers in brackets
in (c) indicate the proportion of variance explained by each principal component. The error bars in (d-e) represent
95% confidence intervals calculated using 100 bootstraps. Results derived from HGDP+1,000GP+aDNA+archaic
genealogies.
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(a) (b)

Figure 3.12: Inverse coalescence rates (ICRs) of OOA-like and Non-OOA-like
component in Yoruba. ICRs of OOA-like (YOROBA_MINOR) and Non-OOA-like
(YORUBA_MAJOR) components in Yoruba with other modern human and archaic
groups from 64,000-1.6million years ago. Darker lines represent population-averaged ICRs
and fainter lines represent within population ICRs. NFE = non-Finnish Europeans, EAS
= East Asians, MID = Middle Easterners and North Africans, SAS = South Asians, OCE
= Oceanians.

lineages converge. The coalescence rate patterns suggest ancient migration or

admixture events involving these four human and archaic groups (see Figure 3.11d-

g). Furthermore, inverse coalescence rates between Out-of-Africa-like (OOA-like)

and non-OOA-like components reveal a deep ancestral split, with the two rates

converging at least 300,000 years ago (see Figure 3.12). This predates the divergence

of the Eurasian population from the OOA-like component and occurs after the

split of Neanderthals and Denisovans from the modern human lineage, although

there may be considerable uncertainty in the exact split time.
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3.4.6 Impact of the admixture event on polygenic score
portability in Africa

Polygenic scores (PGS) evaluate an individual’s genetic predisposition to specific

diseases or traits, providing valuable insights into personalized health risks. A PGS

is derived from large-scale genome-wide association studies (GWAS), which identify

associations between genetic variants and traits of interest. These associations are

then used to calculate the risk for a disease or the predisposition to a complex

trait. PGSs have been transformative in personalized medicine and is increasingly

being applied in clinical settings [95, 210]. However, despite their success, a major

limitation of PGS is their reduced accuracy and predictive power across diverse

ancestral backgrounds [211, 212]. The majority of polygenic scores (PGS) are

derived from genome-wide association studies (GWAS) conducted predominantly on

populations of European ancestry, resulting in limited “portability” when applied

to non-European populations. One key reason for this lack of portability is the

difference in Linkage Disequilibrium (LD) patterns and allele frequencies between

ancestrally diverged groups. Since PGS are typically based on common variants

that serve as proxies for underlying causal mutations, differences in LD between the

causal and tag variants or shifts in the frequency of these variants can introduce

bias. This bias is most pronounced in individuals who are genetically distant from

the GWAS reference population [212]. We aim to investigate the differences in

PGS portability for African individuals in the UK Biobank. Specifically, in the

context of the deep admixture event, we aim to determine whether the two ancestral

components in Africa exhibit differences in PGS portability across a broad range

of phenotypes. Furthermore, given our hypothesis that the OOA-like population

significantly contributed to the ancestry of European individuals, we anticipate this

analysis will reveal higher PGS portability for segments derived from the OOA-like

population compared to those derived from the non-OOA-like population.

We used posterior mean effect estimates from the recent GWAS method Quick-

draws to calculate polygenic scores (PGS) for several quantitative traits in the UK

Biobank, utilizing data from up to 405,000 white British individuals for model fitting.



150 3.4. Evidence of a deep admixture event in Africans

Detailed information on Quickdraws and the PGS calculation methodology can be

found in Chapter 4 and Section 5.4.4. The traits analyzed included blood-related

phenotypes, anthropometric measurements, and other quantitative traits (see Table

B.5 for a full list). We focused our analysis on 32 phenotypes selected based on

the predictive power of polygenic scores (PGS) in Europeans (R2 > 0.1) and a

high phenotyping rate in self-identified Africans (phenotyping rate > 0.9). Figure

3.13a illustrates the prediction R2 achieved using the calculated PGS across various

self-identified ancestry groups and phenotypes. For several phenotypes, we observed

that the predictive power in African individuals dropped to approximately 20%

of the prediction R2 observed in European populations.

To examine differences in PGS portability across the two ancestries identified

using GhostBuster – namely, OOA-like and non-OOA-like – we began by phasing

the UK Biobank SNP array data using SHAPEIT4 [213]. We filtered the data to

retain only 4,557 African samples with less than 10% recent European admixture,

as inferred using hapmix [23, 214]. The phased haplotypes were then lifted over to

the hg38 genome build. To infer the ancestral components within these African

samples, we utilized an optimized implementation of Chromopainter [38], using

African samples from the HGDP and 1,000 Genomes Project as the reference panel.

Chromosome painting was performed with parameters optimized through initial

fitting on a subset of the data: a mutation probability per SNP of θ = 0.0011 and

a recombination scaling factor ρ = 368.43. This process assigned each genomic

site in the UK Biobank African samples a posterior probability of copying from

individuals in the reference panel. For each site, we selected the top 20 reference

individuals with the highest posterior probabilities and normalized these probabilities

so their sum equaled one. Using local ancestry inference from GhostBuster and

the HGDP+1,000GP reference panel, we then estimated local ancestry in the

UK Biobank African samples by calculating a weighted average of local ancestry

posteriors, with weights determined by the Chromopainter copying probabilities.

Overall, we obtained an estimate of the local ancestry corresponding to the two

ancestral components in 4,557 phased African samples from the UK Biobank.
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To examine differences in the predictive ability of PGS across the two ancestral

components, we decomposed the PGS of an African individual into OOA-like

and non-OOA-like components, conditioned on the local ancestry of the sample,

following the pipeline described in [214]. The decomposition begins by estimating

the expected allele counts for each ancestry background as follows:

Hc
i,j = Hi,j ∗ P (Li,j = c)

Gc
i,j = Hc

i1,j +Hc
i2,j (3.6)

where, Hi,j represents the phased haplotype of sample i (with i1 and i2 indexing the

haplotypes of sample i) at variant position j, Li,j is the local ancestry of sample

i at position j, and Gc
i,j is the expected allele count for ancestry background c ∈

{OOA-like, non-OOA-like}. As suggested in [214], we mean-center these genotypes

before calculating ancestry-specific PGS as follows:

ḠOOA-like
ij = GOOA-like

ij − 2fOOA-like
j

(
POOA-like, OOA-like
ij + POOA-like, non-OOA-like

ij

)
,

Ḡnon-OOA-like
ij = Gnon-OOA-like

ij − 2fnon-OOA-like
j

(
P non-OOA-like, non-OOA-like
ij + POOA-like, non-OOA-like

ij

)
(3.7)

where, Ḡc
ij is the mean-centered genotype for ancestry background c. P c1,c2

ij denotes

the local ancestry product across the two haplotypes, calculated as P c1,c2
ij = P (Li1,j =

c1) ∗ P (Li2,j = c2), where i1 and i2 represent the two haplotypes of an individual.

The frequency fOOA-like is determined using an OLS regression of the observed

genotype given the local ancestry:

Gij = Ij + Sj ∗
(
2POOA-like, OOA-like

ij + 2POOA-like, non-OOA-like
ij

)
+ εi

fOOA-like = Sj + Ij
2 and fnon-OOA-like

j = Ij
2 (3.8)

Finally the ancestry specific PGS can be obtained by multiplying the posterior

mean effect estimates and mean-centered genotypes as follows:

PGSOOA-like,i =
∑
j

β̂jḠ
OOA-like
ij (3.9)

PGSnon-OOA-like,i =
∑
j

β̂jḠ
non-OOA-like
ij
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where, β̂j is the posterior mean effect or PGS beta for variant j. To estimate

the role of ancestry specific PGS in predicting the phenotype we fit a linear

regression of the form:

Yi = I+βOOA-likePGSOOA-like,i+βnon-OOA-likePGSnon-OOA-like,i+αCovariatesi (3.10)

Here, βOOA-like and βnon-OOA-like represent the predictive ability of the PGS based

on the OOA-like and non-OOA-like ancestry components for phenotype Y . These

coefficients were estimated using ordinary least squares (OLS) regression, and their

confidence intervals were derived from 1,000 bootstrap resamples of the individuals.

Finally, the effect estimates were normalized by the corresponding effect estimates

obtained from non-British self-identified European individuals, providing a measure

of predictive ability relative to European samples.

We evaluated the predictive ability of PGS based on the two ancestry components

across 32 quantitative phenotypes in 4,557 African samples. The predictive ability

of the OOA-like component, βOOA-like, was higher than that of the non-OOA-like

component, βnon-OOA-like, in 28 out of 32 traits (paired t-test p = 5.3 × 10−6, see

Figure 3.13b). An inverse-variance meta-analysis across 32 phenotypes showed a 35%

higher effect size (βOOA-like, meta = 0.81, βNon-OOA-like, meta = 0.6) and approximately

82% greater predictive power as measured by R2), which scales with the square

of the effect size. Among the phenotypes analyzed, total bilirubin levels exhibited

predictive power greater than 1 in both components, as its predictive ability

in Africans was comparable to that in Europeans (see Figure 3.13a). Certain

phenotypes, such as gamma-glutamyl transferase (GGT) and Apolipoprotein B,

showed substantial differences in predictive ability between the two components.

GGT demonstrated significantly higher predictive power in the OOA-like component

(βOOA-like = 0.98, βnon-OOA-like = 0.06) but low prediction R2 overall, whereas

Apolipoprotein B showed greater predictive power in the non-OOA-like component

(βOOA-like = 0.34, βnon-OOA-like = 0.92). This discrepancy is likely attributable

to the oligogenic nature of these traits, with only a small number of genomic

regions controlling the phenotype [215]. Manhattan plots for these traits are

presented in Figure B.26.
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(a)

(b)

Figure 3.13: Differences in PGS predictive power across populations and deep admixture components.
(a) PGS prediction R2 across 32 quantitative phenotypes and four population groups: self-identified non-British
Europeans (EUR), South Asians (SAS), East Asians (EAS), and Africans (AFR). Error bars represent the 95%
confidence intervals for the prediction R2. (b) Normalized predictive ability of the PGS based on the OOA-like
and non-OOA-like ancestry components across the same 32 quantitative phenotypes. Error bars represent the 95%
confidence intervals calculated using 1,000 bootstrap replicates. Traits are sorted based on their prediction R2 in
Europeans. PGS was calculated using posterior mean effect estimates obtained during Quickdraws’ model fitting step.
A meta-analysis using inverse variance-weighted average across traits is presented in (a) and (b).
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3.5 Discussion

Genealogies provide a powerful and interpretable framework for understanding

human history. In this work, we introduce GhostBuster, a mixture model that

leverages inferred genealogies to detect and analyze historical admixture events.

GhostBuster identifies patterns in the coalescence history of target individuals,

clustering these patterns to detect ancestry differences across the genome. In

simulations involving both modern and ancient gene flow, GhostBuster demonstrated

high power for detecting admixture events and provided more accurate local ancestry

inference than traditional HMM-based methods [151]. In real data examples,

including admixture events within the past 2,000 years, GhostBuster’s results

aligned closely with previous haplotype-based methods [58], underscoring its robust

capability to detect recent gene flow events.

We applied GhostBuster to investigate the population history of Africa by

analyzing joint genealogies inferred from publicly available modern and ancient

populations. Our analysis began by focusing on admixture history in the context

of back-to-Africa migration [168, 170, 172]. Using GhostBuster, we uncovered

widespread back-to-Africa migration from Eurasia, contributing an average of

approximately 2.5% and up to 10% Eurasian ancestry across all present-day African

populations analyzed. We identified previously unrecognized ancient back-migration

events in several populations, particularly in West and Central Africa, while

corroborating previously documented back-migration events in East and South

Africa [169, 170]. We estimated the timing of these admixture events ranged

from the past millennium to approximately 10,000 years ago, coinciding with the

end of the last Ice Age and aligning with the Green Sahara period [166, 167],

when the Sahara was likely more navigable. Characterizing and validating the

admixture event, we also found that this back-migration event alone provides a

plausible explanation for the presence of small amounts of Neanderthal ancestry

in African genomes. Furthermore, the Eurasian segments in Africans exhibited

distinct mutational profiles, including elevated TCC to TTC mutations, and showed

genetic proximity to populations in modern-day North Africa, the Middle East, and
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Anatolian farmer-related groups. These findings suggest a connection between this

migration and the spread of farming practices from Europe into Africa.

In addition to the back to Africa migration, we applied GhostBuster to examine

deeper population history in Africa, focusing on events from 10,000 years ago and

earlier. Previous studies have proposed various hypotheses including presence of

ghost populations [180, 184], weak structured stem [186], and ancient migrations

[190] to explain the complex population structure in sub-Saharan Africa. Using

GhostBuster, we identified two distinct ancestral components in the African genome,

differentiated by their coalescence rates with Eurasians. We hypothesize that

these components reflect an ancient admixture event occurring around or after

the out-of-Africa migration, involving two ancestral populations. One of these

populations likely represents a group closely related to the out-of-Africa population.

We observed significant differences in population sizes and historical hotspot activity

between these ancient groups, as evidenced by variations in weak to strong mutation

rates across the genome and at specific recombination hotspots. Additionally, we

identified differential affinities of the two components with archaic human groups,

including Neanderthals and Denisovans, and found evidence of a deep population

split between the two components, occurring at least 300,000 years ago. Finally, our

analysis of African individuals in the UK Biobank revealed substantial differences

in polygenic score (PGS) portability between these two ancestral components when

European GWAS data were used for PGS construction.

Overall, GhostBuster proved effective in characterizing previously known admix-

tures while uncovering new insights into more ancient admixture events in Africa.

We believe GhostBuster can be leveraged to investigate a wide range of admixture

events, both recent and ancient, offering valuable insights with numerous downstream

applications. For instance, admixture inference is crucial for understanding the

evolutionary history of species, shedding light on the complex dynamics of migration,

adaptation, and gene flow that have shaped modern populations. By inferring

local ancestry along the genome, GhostBuster enables the identification of regions

involved in adaptive admixture, where genes from one population may confer
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selective advantages in another. Furthermore, GhostBuster’s ability to detect and

analyze fine-scale admixture has significant implications for medical genetics, helping

researchers uncover the genetic basis of phenotypic variation across populations,

including differences in disease susceptibility and other health-related traits.

3.5.1 Limitations and future work

We identify several current limitations and areas for future improvement. First,

GhostBuster uses genome-wide genealogies, which generally requires high-coverage

sequencing data to accurately infer genetic relationships between samples. However,

many ancient DNA samples are sequenced at low coverage, limiting their integration

into current genealogy inference methods. Addressing this challenge through scalable

“threading” techniques to incorporate low-coverage ancient DNA into genealogies,

or through imputation methods [216, 217], could significantly expand the number

of ancient samples available for analysis. This would greatly improve GhostBuster’s

capacity to provide a comprehensive view of population history, particularly in

cases where admixture signals are subtle and may not be apparent from limited

high-coverage ancient DNA or modern samples – such as in the complex 3-way

admixture observed in Europe (see Section 2.7).

Second, biases in genealogy inference can occasionally produce false admixture

signals, as shown in our simulations (see Section 2.5). Typically, these biases

are mitigated by evaluating the held-out log-likelihood, assessing confidence in

local ancestry inference, and analyzing coancestry curve dating. Advancements in

genealogy inference methods to reduce biases and increase reconstruction accuracy

would further strengthen our model’s reliability, making this an important direction

for future research.

Third, GhostBuster is computationally slower than some other ancestry inference

software that rely on low-dimensional summary statistics. While these alternatives

often lack the statistical power to detect subtle admixture signals, there are promising

strategies to improve GhostBuster’s computational efficiency. For instance, using

PCA on the coalescence count matrix generated by GhostBuster can provide a fast,
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approximate inference of admixture. Additionally, implementing GhostBuster in a

low-level programming language or leveraging modern computing architectures like

GPUs could significantly improve its speed, making it more feasible for large-scale

analyses. We propose these improvements as directions for future work.

Finally, expanding the use of GhostBuster to study the evolutionary history of

other species would also be highly beneficial. In the next section, we demonstrate

its effectiveness in uncovering an admixture event in American wolves. We believe

that GhostBuster could similarly aid in understanding the population dynamics and

admixture history of several other species, paving the way for broader applications

in evolutionary biology.

3.5.2 Understanding admixtures in non human organisms

To demonstrate the ability of GhostBuster to detect admixture beyond humans,

we applied it to understand the admixture history of North American wolves. We

analyzed five American Great Lakes wolves alongside one Coyote and 29 European

grey wolf genomes. Previous research has shown that Great Lakes wolves have

undergone admixture with Coyotes over the last few thousand years [218–220]. We

used the Relate trees and dataset from [221], along with a canid recombination map

from [222]. GhostBuster was run with two components, considering coalescence

events over a wide time interval ranging from 100 years to one million years. Our

analysis revealed that the major component, contributing approximately around

three quarters, was closer to grey wolves, while the minor component was closer

to the coyote sample in the dataset. Using coancestry curve fitting, we identified

the two-date admixture model as the best fit for the observed coancestry curves.

The inferred admixture dates were 186.7 generations (560.1 years) and 1777.7

generations (5,333.1 years), with 79% of the observed admixture attributed to the

older admixture date. See Figure 3.14 for further details.



158 3.5. Discussion

(a)

(d)

(e)

     

     

     

                         

         

         

      

         

                    

     

     

     

                         

         

         

      

         

                    

(b) (c)

Figure 3.14: Decomposing American wolves with grey wolves and coyote as reference. (a) Inferred inverse
coalescence rates and proportions: each line represents inverse coalescence rate profiles with a reference population.
(b) PCA visualization of the coalescence count and opportunity matrix derived from the genealogies plotted separately
for each component. (c) Expected coefficient of determination and held-out log-likelihood improvement with varying
number of components. (d) Histogram of the inferred local ancestry posteriors. (e) Coancestry curves and model fit
for one-date, two-date, and continuous migration scenarios (admixture dates in generations). The figure title includes
‘logl’, which refers to the log-likelihood of the fit (higher values indicate a better fit). The PCA visualization in (b) is
based on a KDE plot with a threshold of 0.05, and binary local ancestry estimates are obtained by thresholding the
inferred posteriors at 0.5.
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4.1 Chapter overview

In this chapter, we introduce a novel method called Quickdraws, which we developed

to perform scalable and statistically powerful genome-wide association studies.

Quickdraws leverages advancements in machine learning and the processing power

of modern computing architectures, such as graphical processing units (GPUs), to

conduct genome-wide association studies on a large scale. We begin by presenting

the theoretical framework for Quickdraws in Section 4.2, which incorporates modern

variational inference techniques, including stochastic variational inference. After

establishing the theoretical foundation, we will delve into the algorithm’s details in

Section 4.3, covering several steps such as heritability estimation, Bayesian regression,

and the estimation and calibration of test statistics. Finally we summarize the

key steps in the algorithm in Section 4.4.

෡𝒀𝑳𝑶𝑪𝑶

𝒀
−
෡ 𝒀
𝑳
𝑶
𝑪
𝑶

aa Aa AA

Figure 4.1: A simplified overview of Quickdraws. Quickdraws is a scalable mixed
model designed for genome-wide association studies (GWAS). It improves the power of
association testing through a two-step process. First, it estimates the genomic prediction
for a trait by excluding the testing chromosome, employing a leave-one-chromosome-out
method. The prediction models sparsity of effects and is optimized using advanced
variational inference techniques ensuring scalability for large sample sizes. Second, the
model leverages this genomic prediction to improve the signal-to-noise ratio for finding
association between a trait and a variant.
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4.2 Theoretical framework for our method

4.2.1 Bayesian inference

Bayesian inference is a popular statistical inference approach that takes into account

prior beliefs about the model along with evidence obtained from the data. We

introduce some basic terminology related to Bayesian inference, which we utilize in

the following sections to describe our inference approach. We refer the reader to

[223, 224] for a more in-depth review on Bayesian inference and variational Bayes

approaches. We use the following notation and terminology:

• X = (x1, x2, ..., xn) is a set of n observed data-points

• θ parameterizes the probability distribution of the data-points, x ∼ P (x | θ).

• The prior distribution, P (θ), is the distribution of the parameters before any

data is observed.

• The data likelihood or likelihood, P (X | θ), is the distribution of the data

conditioned on model parameters.

• The evidence or marginal likelihood is the distribution of the observed data

marginalized over parameters,

P (X) =
∫
P (X | θ)P (θ)dθ.

• The posterior, P (θ | X), is the distribution of the parameters after taking

into account the observed data,

P (θ | X) = P (X | θ)P (θ)
P (X) = P (X | θ)P (θ)∫

P (X | θ)P (θ)dθ .

In the context of Bayesian inference, we are most interested in deriving the

posterior distribution given prior beliefs on the parameters. Unless the likelihood and

prior are conjugate, however, we generally cannot derive a closed-form solution for

the posterior. Thus, in more general and usually more complex scenarios, Bayesian

Inference heavily relies on sampling approaches, such as MCMC, or approximate

methods, such as variational Bayes, to infer the posterior.
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4.2.2 Variational inference

Variational inference is a popular approximate inference technique often used to

infer posterior estimates for models that do not allow for a closed-form solution

for their posterior. In variational inference, posterior inference is formulated as an

optimization problem. As the exact posterior probability is often intractable, we

assume an approximate posterior family that is easy to evaluate. We then optimize

the parameters of this posterior family so that the Kullback–Leibler (KL) divergence

between the approximate and true posteriors is sufficiently small:

KL (qω(θ)∥P (θ | X)) =
∫
qω(θ) log

(
qω(θ)

P (θ | X)

)
dθ, (4.1)

where P (θ | X) is the true posterior and qω(θ) is the approximate posterior,

parameterized by ω (also known as variational parameters). Variational inference

aims to minimize the KL divergence in Equation 4.1, to obtain optimal variational

parameters ω∗:

ω∗ = argmin
ω

KL(qω(θ)||P (θ|X)). (4.2)

4.2.3 Evidence lower bound and mean-field variational in-
ference

Note that Equation 4.2 poses an optimization problem that requires the calculation of

KL divergence between approximate posterior and the true posterior. However, this

objective cannot be computed because it requires information about the posterior,

which is not available in closed form. We thus use the Bayes rule to simplify

the above equation,

KL(qω(θ)||P (θ|X)) = E[log(qω(θ))] − E[log(P (θ|X)]

= E[log(qω(θ))] − E[log(P (θ,X)] + log(P (X))

= KL(qω(θ)||P (θ)) − E[log(P (X|θ)] + log(P (X)) ≥ 0 (4.3)

=⇒ log(P (X)) ≥ E[log(P (X|θ)] −KL(qω(θ)||P (θ)). (4.4)
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In the above, the term on the left is the logarithm of the evidence, so the term

on the right is called the evidence lower bound, or ELBO. Variational inference

algorithms try to minimize the KL divergence between the true posterior and

approximate posterior by maximizing the ELBO in Equation 4.4. The ELBO can

also be seen as the difference between the expected log-likelihood of the data and

the KL divergence between the approximate posterior and prior,

LV I(ω) = E[log(P (X|θ)] −KL(qω(θ)||P (θ)). (4.5)

In the context of Bayesian regression, our sampling distribution is P (y | X)

instead of P (X), where y is the outcome variable and X is the input variable.

In that case, the ELBO is written as

LV I(ω) = E[log(P (y|θ,X))]︸ ︷︷ ︸
Expected LL

−KL(qω(θ)||P (θ))︸ ︷︷ ︸
KL-divergence

(4.6)

Mean-field variational inference

The fully-factorized or mean-field posterior is a commonly used approximate

posterior in variational inference. In this approach, the posterior can be represented

as a product of factors with only one parameter per factor. This enables the use

of coordinate-ascent variational inference algorithms and makes operations such

as sampling and computation of the ELBO, used in other variational inference

strategies, more efficient.

Using this approach, the model we adopt when estimating genetic effects in

quantitative traits, that is, a Bayesian linear regression with spike-and-slab prior

and a fully-factorized spike-and-slab approximate posterior, takes the form

Likelihood: P (y | X, β) ∼ N (βTX, σ2
e)

Prior: P (β) =
∏
j

P (βj), P (βj) ∼ (1 − p0)N (0, σ2) + p0δ(0)

Approximate Posterior: q(β) =
∏
j

q(βj), q(βj) ∼ (1 − ψj)N (µj, σ2
j ) + ψjδ(0)

(4.7)
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In the above, y and X are the output and input variables, respectively, β are the

unknown effects of the linear regression, which have a spike-and-slab prior P (β), σ2
e

and σ2 are the variance component corresponding to noise and per predictor effect,

p0 is the sparsity and j indexes all the predictors in the regression. The approximate

posterior in this model assumes a fully-factorized spike-and-slab structure with

variational parameters µ, ψ, and σ. As shown in [225], a spike-and-slab prior

is conjugate to the normal likelihood, making a fully-factorized spike-and-slab

posterior a good choice for the approximate posterior family.

4.2.4 Coordinate ascent variational inference

Coordinate ascent variational inference (CAVI), introduced in [224], is one of

the most popular mean-field variational inference algorithms. CAVI iteratively

optimizes each factor in the mean-field posterior while fixing the other factors,

thereby improving the ELBO in each iteration and finding a local optimum. CAVI

updates each factor in the approximate posterior as follows:

log q(β∗
j) = Eβ(−j) [log(P (y, β))] + C (4.8)

The optimal update for a variational parameter is proportional to the exponential

of the expected logarithm of the complete conditional, where the expectation is

taken with respect to all the variational parameters except the one which is being

updated. The hyperparameters, which include σ2, σ2
e and p0 are assumed fixed. It

can be shown that the above updates increase the ELBO each iteration (see [223]

for a concise proof). We next derive the CAVI update equations for the Bayesian

linear regression model described in Equation 4.7.

Derivation of CAVI updates for spike-and-slab Bayesian linear regression:

log q(β∗
j) = Eβ(−j) [log(P (y, β))] + C

= Eβ(−j) logP (y | β) + Eβ(−j) logP (βj) + C

=
N∑
n=1

(
Eβ(−j) logP (yn | β)

)
+ Eβ(−j) logP (βj) + C. (4.9)
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We will remove terms which do not depend on βj and absorb them in the constant

C; the constant is thus not necessarily the same from one step to the other, but

we simplify the notation by always expressing it as C. We start by simplifying the

equation by substituting the normal log-likelihood and spike-and-slab prior,

log q(β∗
j) =

N∑
n=1

Eβ(−j)

(
− (yn − βTxn)2

2σ2
e

− log(σe)
)

+ Eβ(−j) logP (βj) + C. (4.10)

Because the spike-and-slab distribution can be seen as mixture of non-overlapping

Gaussians, [225] shows that it forms an exponential family (see theorems 1 and 2 in

[225]). The natural parameters for the spike-and-slab distribution (1−p0)N (µ, σ2)+

p0δ(0) are − 1
2σ2 , µ

σ2 , and log p0 − log(1 − p0) + µ2

2σ2 + 1
2 log σ2, with corresponding

sufficient statistics I {βj ̸= 0} β2
j , I {βj ̸= 0} βj, and I {βj = 0}. We can substitute

the natural parameters for the prior to simplify further:

log q(β∗
j ) =

=
N∑

n=1

Eβ(−j)

(
−

(yn − βT xn)2

2σ2
e

)
+ Eβ(−j)

(
− I {βj ̸= 0}

β2
j

2σ2

− I {βj = 0} (log p0 − log(1 − p0) + log(σ))
)

+ C

= −Eβ(−j)

(∑N

n=1(yn − βjxn,j −
∑

i̸=j
βixn,i)2

2σ2
e

)
− I {βj ̸= 0}

β2
j

2σ2 − I {βj = 0}
(

log
p0σ

1 − p0

)
+ C

= −Eβ(−j)

(∑N

n=1(βjxn,j − (yn −
∑

i ̸=j
βixn,i))2

2σ2
e

)
− I {βj ̸= 0}

β2
j

2σ2 − I {βj = 0}
(

log
p0σ

1 − p0

)
+ C

= −Eβ(−j)

(∑N

n=1(β2
j x

2
n,j − 2(yn −

∑
i ̸=j

βixn,i)βjxn,j)

2σ2
e

+
β2

j

2σ2

)
I {βj ̸= 0} −

(
log

p0σ

1 − p0

)
I {βj = 0} + C

= −

(∑N

n=1 x
2
n,j

2σ2
e

+
1

2σ2

)
I {βj ̸= 0}β2

j −
(

log
p0σ

1 − p0

)
I {βj = 0}

+ Eβ(−j)

(∑N

n=1(yn −
∑

i ̸=j
βixn,i)xn,j

σ2
e

)
I {βj ̸= 0}βj + C (4.11)

Substituting the expected value of the approximate spike-and-slab posterior

(1 − ψi)N (µi, σi) + ψiδ(0) with (1 − ψi)µi,

log q(β∗
j) = −

(∑N
n=1 x

2
n,j

2σ2
e

+ 1
2σ2

)
I {βj ̸= 0} β2

j+

+
(∑N

n=1(yn −∑
i ̸=j µi(1 − ψi)xn,i)xn,j)

σ2
e

)
I {βj ̸= 0} βj+

−
(

log p0σ

1 − p0

)
I {βj = 0} + C. (4.12)
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Now comparing the coefficients of the sufficient statistics I {βj ̸= 0} β2
j , I {βj ̸= 0} βj

and I {βj = 0} to the natural parameters of the spike-and-slab − 1
2σ2

j
, µj

σ2
j

and logψj−

log(1 − ψj) + µ2
j

2σ2
j

+ 1
2 log σ2

j , respectively [225], we get the following update rules:

σ2
j = 1∑N

n=1 x
2
n,j

σ2
e

+ 1
σ2

µj =
∑N
n=1(yn −∑

i ̸=j µi(1 − ψi)xn,i)xn,j)∑N
n=1 x

2
n,j + σ2

e

σ2

ψj = 1 − 1

1 + p0
1−p0

√
1 + σ2/σ2

e

∑N
n=1 x

2
n,j exp

−

(∑N

n=1

(
yn−

∑
i ̸=j

µi(1−ψi)xn,i)xn,j

))2

2σ4
e/σ

2+2σ2
e

∑N

n=1 x
2
n,j


(4.13)

4.2.5 Stochastic variational inference

CAVI provides a principled way to perform variational inference but requires a full

pass through the data for each iteration, which is computationally expensive for

large datasets. BOLT-LMM [106] [107] observed that CAVI scales approximately

as O(MN1.5), because the number of CAVI steps increase by
√
N , where M is

the number of predictors and N is the number of samples. Stochastic variational

inference [226] uses ideas from stochastic optimization [227] to update the variational

parameters through a noisy but unbiased estimate of ELBO’s gradient. Like

other modern machine learning optimizers, stochastic variational inference is

also amenable to working with batches of data, rather than with a full pass

through the data, making it more efficient when applied to large datasets. Overall,

stochastic variational inference provides a more efficient and scalable approach

for posterior inference and has been widely applied to many machine learning

problems, ranging from topic modeling [226] to generative models such as variational

autoencoders (VAE) [228].

We now derive the stochastic variational inference objective for the Bayesian

linear regression model described in Equation 4.7 and a similar Bayesian logistic

regression model. In later Section 4.3.2, we highlight several practical considerations

linked to implementing the algorithm.
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Derivation of Stochastic VI objective for spike-and-slab Bayesian lin-

ear regression:

Stochastic VI tries to find the optimal variational parameters by performing

gradient descent directly on the ELBO objective in Equation 4.6,

LV I(ψ, µ, σ) = E[log(P (y | β,X)] −KL(qψ,µ,σ(β) | P (β)) (4.14)

Assuming the same model as in Equation 4.7 with a fully factorized spike and

slab prior, the ELBO can be simplified as follows:

LQV I(ψ, µ, σ) =
N∑
n=1

E[log(p(yn | β))] −KL(qψ,µ,σ(β) | P (β))

=
N∑
n=1

E[log(p(yn | β))] −
M∑
j=1

KL(qψj ,µj ,σj
(βj) | P (βj))

= −
N∑
n=1

∫ (yn − βTxn)2

2σ2
e

qψ,µ,σ(β)dβ −
M∑
j=1

KL(qψj ,µj ,σj
(βj) | P (βj))

(4.15)

where N is the number of samples, M is the number of predictors, and β are the effect

estimates. We derive the KL divergence between two spike-and-slab distributions as

a special case of the KL divergence between non-overlapping mixture distributions

(see Appendix A for details). We do not have a closed form for the log-likelihood

term. The usual approach in stochastic variational inference is to replace the integral

with an approximate Monte Carlo estimate. This results in a noisy yet unbiased

estimate of the ELBO, which can be shown to converge to a local minimum under

the Robbins-Munro condition [227] on step-size:

LQV I(ψ, µ, σ) ≈ −
N∑
n=1

S∑
s=1

(yn − β(s)xn)2

2σ2
e

+

−
M∑
j=1

(
ψj
2

(
−1 +

µ2
j + σ2

j

σ2 − log
σ2
j

σ2

)
+ (1 − ψj) log 1 − ψj

1 − p0
+ ψj log ψj

p0

)
(4.16)

We take S Monte Carlo samples from the approximate posterior β(s) to calculate

the approximate log-likelihood. Similar to the use of stochastic optimization

in machine learning, we can also have a batched version of the above ELBO,

where we update the variational parameters after each mini-batch of data. We
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divide the input data into B equally sized batches and maximize the batched-

version of ELBO given below:

LQV I(ψ, µ, σ) ≈ −
B∑
b=1

(
S∑
s=1

(yb − β(s)Xb)2

2σ2
e

+

− 1
B

M∑
j=1

(
ψj
2

(
−1 +

µ2
j + σ2

j

σ2 − log
σ2
j

σ2

)
+ (1 − ψj) log 1 − ψj

1 − p0
+ ψj log ψj

p0

))
(4.17)

Derivation of Stochastic VI objective for spike-and-slab Bayesian lo-

gistic regression:

The Bayesian logistic regression model is similar to the linear regression case,

only differing in the likelihood term. The model for Bayesian logistic regression

with spike-and-slab prior can be written as

Likelihood: P (y | X, β) =
N∏
n=1

cyn
n {1 − cn}1−yn , cn = σ(βTXn)

Prior: P (β) =
∏
j

P (βj), P (βj) ∼ (1 − p0)N (0, σ2) + p0δ(0)

Approximate Posterior: q(β) =
∏
j

q(βj), q(βj) ∼ (1 − ψj)N (µj, σ2
j ) + ψjδ(0)

(4.18)

Similar to the linear model in Equation 4.7, Xn and yn represent the input vector

and output values for the n-th datapoint. Additionally, σ is the sigmoid function and

cn is the output of the logistic regression after applying the sigmoid. We still assume

a spike-and-slab approximate posterior, although it is not conjugate to the logistic

regression model, because we empirically find it to still perform well in this case.

The ELBO for Bayesian logistic regression can be simplified as in the linear case:

LBiV I(ψ, µ, σ) =
N∑
n=1

E[log(p(yn | β))] −KL(qψ,µ,σ(β) | P (β))

= −
N∑
n=1

∫
{yn log cn + (1 − yn) log(1 − cn)}qψ,µ,σ(β)dβ −

M∑
j=1

KL(qψj ,µj ,σj
(βj) | P (βj))

(4.19)
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where cn = σ(βTXn), that is, the output after sigmoid activation. We estimate the

expected log-likelihood with a Monte Carlo estimate, whereas we write a closed-form

solution for the KL divergence term similar to Equation 4.17. The batched version

of the ELBO for Bayesian logistic regression can be written as

LBiV I(ψ, µ, σ) ≈ −
B∑
b=1

(
S∑
s=1

yb log(σ(βTXb)) + (1 − yb) log(1 − σ(βTXb))+

− 1
B

M∑
j=1

(
ψj
2

(
−1 +

µ2
j + σ2

j

σ2 − log
σ2
j

σ2

)
+ (1 − ψj) log 1 − ψj

1 − p0
+ ψj log ψj

p0

))
(4.20)

where we take S Monte Carlo samples to approximate the log-likelihood term.

4.3 Method description

4.3.1 Overview of the method

Quickdraws is a mixed-model association algorithm that models phenotypes as a

combination of fixed effects, random genetic effects, and random environmental

effects (see Section 1.3.3 for introduction to mixed models). Like all modern GWAS

algorithms [106–108, 119, 122, 123], Quickdraws detects association using a two-step

approach. The first step, sometimes called model fitting, focuses on estimating

the random genetic effects, while the second, which we refer to as the testing step,

computes an association statistic for all candidate variants.

During the first model fitting step, Quickdraws estimates the variance due to

the genetic and environmental random effects. For quantitative traits, we estimate

variance components for multiple traits in parallel using randomized Haseman-

Elston regression (RHE), a fast method-of-moments approach [109–111]. For binary

traits, we instead perform a grid search over a predefined set of heritability values.

Next, Quickdraws estimates genetic effects by using a leave-one-chromosome-out

scheme [104–106, 117], where phenotypic values for all samples are predicted

from raw genotype data, using predominantly common genomic variants. The

accuracy of this prediction step is a key determinant of association power [105],

and is performed using Bayesian regression, where the previously obtained variance
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component estimates are used to set the prior. Similarly to BOLT-LMM, which

uses a mixture-of-Gaussians prior on variant effects [106, 107], Quickdraws increases

association power by modeling trait architectures that are not fully polygenic.

It does so by adopting a spike-and-slab prior on variant effects. Other scalable

methods, such as REGENIE and FastGWA, on the other hand, rely on Gaussian

priors that are more computationally tractable but assume fully polygenic traits.

Quickdraws incorporates several technical advancements to achieve scalability

while maintaining high power. First, Quickdraws uses stochastic variational

inference [226, 229], optimized with first-order optimizers [227, 230], to enable

linear scaling with sample size, whereas BOLT-LMM requires O(N1.5) computation

for N individuals. Second, gradient-based stochastic variational inference allows

Quickdraws to leverage modern computing architectures, such as GPUs. By

offloading matrix multiplications and gradient evaluations to GPUs, Quickdraws

achieves significant speedups over CPU-based computation. Finally, Quickdraws

accelerates convergence by initializing leave-one-chromosome-out (LOCO) runs with

effect estimates from the whole-genome model, reducing computation without

compromising accuracy [231]. Further details on Bayesian regression and its

computational optimizations are provided in the later Section 4.3.2.

During the testing step, Quickdraws uses these estimated genetic effects to

compute a score-based test statistic for a linear or logistic mixed model, which is

approximated up to a constant of proportionality [106, 232, 233]. This constant is

later estimated by matching an estimate of the scaled effective sample size [234] from

linear or logistic regression on an unrelated and homogeneous subset of the data.

We additionally correct for potential instability in the score-based test statistic that

may be due to case/control imbalance in binary traits [119], using approximate

Firth logistic regression [123]. We further optimize the calculation of test statistics

using Numba [235] and parallelize matrix operations across multiple cores.

A graphic overview of the method can be found in Figure 4.2.
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Heritability estimation

Estimate genetic effects

Calculating test statistics

• RHE-MC: Fast moment-based 
estimator

• Spike-and-slab Stochastic VI
• GPUs for fast matrix product
• First-order optimizer: O(# samples)

• Score-based test statistics for GLMMs
• Match scaled effective sample size
• Firth Logistic Regr. for binary traits 

+

Figure 4.2: Overview of the Quickdraws algorithm. The algorithm is divided into
two main steps, first step deals with estimating genetic effects and the second step with
calculating and calibrating per-variant test statistics. The first step is further divided
into heritability estimation using moment-based methods [111] and Bayesian regression
for phenotype prediction which uses stochastic variational inference and GPU-based
matrix multiplication for increased scalability. In the test statistics calculation step we
use a novel calibration strategy which estimates and matches effective sample size with
linear regression model run on unrelated and homogeneous subset of the data, along
with approximate Firth logistic regression to correct for biases in binary traits. The
illustrations were downloaded from Flaticon.

4.3.2 Bayesian regression with spike-and-slab prior

Quickdraws uses a Bayesian regression to estimate the genetic effects. This

Bayesian regression uses a spike-and-slab distribution on the variant effects, which

results in increased association power compared to approaches that assume an

infinitesimal model and rely on a Gaussian prior. We optimize the posterior using

stochastic variational inference [226], which significantly improves the scalability

of this approach.
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Quantitative traits

Quickdraws adopts a Bayesian linear regression model as discussed in Section 4.2.3:

Likelihood: P (y | X, β) ∼ N (βTX, σ2
e)

Prior: P (β) =
∏
j

P (βj), P (βj) ∼ (1 − p0)N (0, σ2) + p0δ(0)

Approximate Posterior: q(β) =
∏
j

q(βj), q(βj) ∼ (1 − ψj)N (µj, σ2
j ) + ψjδ(0)

(4.21)
Similar to Equation 4.7, given N individuals and M variants, X is an N ×M

covariate-adjusted genotype matrix, y is a N × 1 covariate-adjusted phenotype

vector, and β is a M × 1 vector of variant effects. δ(0) is the Dirac delta function

at 0, representing the spike in the spike-and-slab prior used to model the sparsity

in the genetic architecture. σ2
e and σ2 are the variance component corresponding to

environment and per predictor effect, p0 is the sparsity and j indexes over all model

SNPs. As we discussed in Section 4.2.3, we also assume a fully-factorized spike-

and-slab approximate posterior, which leads to efficient and low-variance sampling

from the posterior. And, we use stochastic variational inference to directly optimize

the evidence lower bound (ELBO). The ELBO for Bayesian linear regression with

spike-and-slab prior, normal likelihood, and spike-and-slab approximate posterior

(derived in Section 4.2.5) can be approximated as follows:

LQV I(ψ, µ, σ) ≈ −
B∑
b=1

(
S∑
s=1

(yb − β(s)Xb)2

2σ2
e

+

− 1
B

M∑
j=1

(
ψj
2

(
−1 +

µ2
j + σ2

j

σ2 − log
σ2
j

σ2

)
+ (1 − ψj) log 1 − ψj

1 − p0
+ ψj log ψj

p0

))
(4.22)

In this expression, LQV I(ψ, µ, σ) is the variational inference objective to be

maximized, ψ, µ, σ are the variational parameters to be optimized, Xb and yb

are a genotype matrix and a phenotype vector containing the b-th (out of B)

batch of the data, batched along the number of samples, while β(s) are the effect

estimates sampled from the approximate posterior q(β). Note that, contrary to

other variational inference schemes, we aim to optimize a stochastic objective,

since β(s) is randomly sampled.
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Binary traits

For binary traits, we adopt a Bayesian logistic regression model, so that the

likelihood of Equation 4.21 becomes:

P (y | X, β) =
N∏
n=1

cyn
n {1 − cn}1−yn , cn = σ(βTXn), (4.23)

while the prior and approximate posterior are unchanged. In the above, Xn and yn
represent the covariate-adjusted genotype vector and phenotype values for the n-th

individual, σ is the sigmoid function, which maps the output of the regression to a

value between 0 and 1, and all other quantities are as previously defined. We also

assume that the approximate posterior has a spike-and-slab distribution; although

it is not conjugate to the logistic distribution, we observed it to provide a good

approximation to the true posterior. The ELBO, which we again optimize using

stochastic variational inference, now takes the form:

LBiV I(ψ, µ, σ) ≈ −
B∑
b=1

(
S∑
s=1

yb log(σ(βTXb)) + (1 − yb) log(1 − σ(βTXb)) +

− 1
B

M∑
j=1

(
ψj
2

(
−1 +

µ2
j + σ2

j

σ2 − log
σ2
j

σ2

)
+ (1 − ψj) log 1 − ψj

1 − p0
+ ψj log ψj

p0

))
(4.24)

where all terms are defined as in Equation 4.22 and derivation is provided

in Section 4.2.5.

Practical considerations

Stochastic VI methods provide a principled and efficient way to perform variational

inference. This approach is simple but requires particular care to make sure that the

variance of the ELBO estimate is not too large, as that may have a negative impact

on convergence. We make use of multiple recently developed strategies to reduce

variance in the stochastic estimation of the ELBO, including continuous relaxation

[236, 237], local reparameterization trick [238], and antithetic variates [239].

Reparameterization: When dealing with stochastic objectives, such as the ELBO,

it is often difficult to differentiate the objective due to intrinsic randomness in the
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parameters. One solution to this problem is provided by the reparameterization

trick [228, 240], which models the stochasticity in the parameters as an input to

the model rather than an intrinsic property of the model. In more detail, the

reparameterization trick assumes that distributions can be reparameterized in the

form g(θ, ϵ) where θ is the variational parameter, ϵ is the independently sampled

random variable, and g is a differentiable function. As an example, consider the

case of an isotropic normal distribution. To sample from a mean-field normal

distribution, we may reparameterize the sample as follows:

X ∼ N (µ, σ2I) =⇒ X = µ+ ϵ · σ,

ϵ ∼ N (0, I), (4.25)

where ϵ is i.i.d. normal noise with no dependence on µ and σ. Relying on the

reparameterization and treating ϵ as an independent input, we can differentiate

with respect to µ and σ.

Local reparamaterization: The local reparamaterization trick [238] was intro-

duced as a way to provide computationally fast and low-variance gradient estimators

in parameter-heavy stochastic VI methods. It was originally applied to perform

variational inference in Bayesian neural networks but is easily extended to Bayesian

regression. Using the original reparamaterization trick [228, 240] leads to sampling

i.i.d. noise at least once for each parameter, making this approach computationally

intensive in high-dimensional settings, which may involve millions of parameters.

The local reparamaterization trick translates the uncertainty on individual effect

estimates, β, into local noise in the output, βTX, thus reducing the computational

overhead. In the simple mean-field Gaussian VI, the local reparameterization trick

can be used to sample the outputs directly,

wi,j ∼ N (µi,j, σ2
i,j), bm,j =

∑
i

am,iwi,j, (4.26)

where am,i is the m-th input data point and i-th input feature and bm,j is the output

corresponding to the m-th data point and j-th output variable in the Bayesian linear
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regression model. bm,j is a weighted-sum of normally distributed random variables,

implying that bm,j is also normally distributed, with the following parameters:

wi,j ∼ N (µi,j, σ2
i,j) =⇒ bm,j ∼ N (γm,j, δ2

m,j),

γm,j =
∑
i

am,iµi,j, δ2
m,j =

∑
i

a2
m,iσ

2
i,j. (4.27)

In order to sample this output directly, one can apply the original reparam-

eterization trick for the normal distribution:

bm,j = γm,j + ϵm,jδm,j, ϵm,j ∼ N (0, 1). (4.28)

Note that in Bayesian linear/logistic regression the local reparameterization

removes the need to sample all the weights in a layer and only requires sampling

proportional to the number of output variables (= number of phenotypes in our

case) for each mini-batch of data, substantially improving the computational

complexity of the algorithm.

The local reparamaterization trick was originally only derived for mean-field

Gaussian variational inference, since the weighted sum of arbitrary distributions

cannot always be analytically derived. In the case of mean-field spike-and-slab

distributions, we use the central limit theorem to approximate the weighted sum

of independent spike-and-slab distributions as approximately Gaussian. Note that

the input dimension for Bayesian regression in our setup is quite high (usually

> 100, 000 markers), justifying this approximation. This idea was first explored

in [241] to sample discrete weights for binary and ternary neural networks. We

thus reparametrize the output of our model (as described in equations 4.21 and

4.23) as follows:

wi,j ∼ pi,jN (µi,j, σ2
i,j) + (1 − pi,j)δ(0) =⇒ bm,j ∼ N (γm,j, δm,j),

γm,j =
∑
i

am,iµi,jpi,j, δm,j =
∑
i

a2
m,i(pi,jσ2

i,j + pi,jµ
2
i,j − p2

i,jµ
2
i,j). (4.29)

Antithetic variates for variance reduction: The use of antithetic variates

is a popular approach to speed up Monte Carlo computations of the expectation

of a random function [239]. This strategy relies on taking the antithetic path of
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the sampled path to reduce the variance in the overall estimator. For example, in

order to sample from a normal random variable (with mean µ and variance σ2),

one might use the reparameterization trick to sample µ+ ϵσ. The antithetic path

for a normally distributed random variable is µ − ϵσ. In addition to providing a

valid sample from the underlying distribution (in this case, normal with mean µ

and variance σ2), the antithetic path also reduces the variance of the Monte Carlo

estimate, as the sampled path and antithetic path are often negatively correlated.

We use both antithetic variates and the local reparameterization trick to reduce

the variance of the ELBO. As described above, the antithetic path for a normally

distributed random variable is simply obtained by replacing ϵ with −ϵ. For each

forward pass, we thus obtain two Monte Carlo samples for the output of the

model as follows:

β(s1) = (
∑
i

am,iµi,j +
√∑

i

a2
m,i(pi,jσ2

i,j + pi,jµ2
i,j − p2

i,jµ
2
i,jϵ),

β(s2) = (
∑
i

am,iµi,j −
√∑

i

a2
m,i(pi,jσ2

i,j + pi,jµ2
i,j − p2

i,jµ
2
i,jϵ),

β(s) = [β(s1), β2(s2)]. (4.30)

4.3.3 Heritability estimation

To set the prior variance and likelihood contribution in equations 4.21 and 4.23,

we compute an estimate of the narrow-sense heritability for the trait of interest.

For quantitative traits, we estimate heritability using a parallelized implementation

of the randomized Haseman–Elston regression algorithm[109, 110] (RHE, PyPI

version 1.0) that allows the simultaneous estimation of variance components for

multiple traits [111]. This approach requires a single pass through the data and

allows estimating heritability in time linear in N and M . We set the number of

random RHE-mc vectors to 50 while assigning markers to 8 components based

on their LD scores and MAF. We also exclude the HLA region, as recommended

in [110]. For Binary traits, we perform a grid search over a set of heritability

values, h2 ∈ {0.01, 0.25, 0.5, 0.75}, running the Bayesian regression for each value

and selecting the heritability corresponding to the highest likelihood.
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4.3.4 Test statistics calculation

After estimating the random genetic effects as described in sections 4.3.2 and 4.3.3,

we compute association statistics for quantitative or binary traits as follows.

Quantitative traits

We model the phenotype of interest as a combination of fixed and random effects,

which include genetic effects and environmental effects:

y = αC + xtestβtest + g + ϵ, (4.31)

where y is a N × 1 vector of phenotype values, xtest is a N × 1 vector of variant

values, C is a N × C matrix of C covariates, g and ϵ are random genetic and

environmental effects. Note that using a covariate-adjusted genotype and phenotype

by first regressing out any covariates is equivalent to including covariates as fixed

effects in the above equation. Based on this model, we aim to compute the following

χ2 association statistic (a derivation is provided in Section 1.3.3):

(xTtestV̂ −1y)2

xTtestV̂ −1xtest
∼ χ2

1, (4.32)

where V̂ is the estimated variance matrix, defined as V̂ = σ̂g
2

M
XGRMX

T
GRM + σ̂e

2IN ,

σ̂g
2 and σ̂e

2 are estimated genetic and environmental variance components, and

XGRM is the genotype matrix used for model fitting. Obtaining the test statistic of

Equation 4.32 requires calculating the inverse of a N × N matrix, which creates

a computational bottleneck for large sample sizes. This test statistic can be

linked to the best linear unbiased predictor (BLUP) of a trait, by re-writing

Equation 4.32 as described in [106]:

(xTtestỹ/σ2
e)2

xTtestV̂ −1xtest
∼ χ2

1. (4.33)

In the above, ỹ is a residual phenotype estimated using BLUP. We adopt a

similar strategy and replace the ỹ with ỹLOCO, leave-one-chromosome-out residual

phenotype from Bayesian regression. In addition, the denominator xTtestV̂ −1xtest of

Equation 4.33 can be shown to be well approximated using a constant multiple of
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xTtestxtest [232], further reducing computational costs. We can therefore write the

test statistics for a quantitative trait up to a constant of proportionality as:

χ2
Q ∝ (xTtestỹLOCO)2

xTtestxtest
. (4.34)

Binary traits

For binary traits, we model the association between genotype and phenotype

using a logistic mixed model:

logit(pi) = αC + xtestβtest + g + ϵ, (4.35)

where pi = P (yi = 1 | xtest, g, C) is the probability of i-th individual being a case

given xtest, covariates C, and random genetic effects g. A score test statistic for

the null hypothesis βtest = 0 is then computed as T = xTtest(y − p̂), where p̂ is the

estimated mean under the null model. The normalized test statistic for logistic

mixed model can then be written as:

T = xTtest(y − p̂)√
xTtestP̂ xtest

, (4.36)

where P̂ = V̂ −1 − V̂ −1C(CT V̂ −1C)−1CT V̂ −1 is a dense N × N matrix with

V̂ = σ̂g
2

M
XGRMX

T
GRM + Ŵ−1 and Ŵ = diag{p̂(1 − p̂)}. Similar to quantitative

traits, the test statistic in Equation 4.35 can be written up to a constant of

proportionality [119] as:

TB ∝ xTtest(y − p̂)√
xTtestŴxtest

, (4.37)

where Ŵ is a diagonal matrix (with diagonal entries p̂i(1 − p̂i)) from the predictions

of the null model in Step 1. The test statistic from 4.37 is assumed to be normally

distributed, which is often not the case with binary traits that have low prevalence

or for rare variants. We therefore instead perform Firth logistic regression, which

penalizes the likelihood by using a Jeffreys’ prior, removing most of the asymptotic

bias in maximum-likelihood estimation. In order to save computation, we use

the likelihood ratio test with an approximate version of Firth logistic regression
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introduced in [123] on variants below a p-value threshold of 0.05. We further narrow

down the list of variants by only applying Firth logistic regression to rare variants

(default MAF < 5%) or rare traits (default prevalence < 5%) or both.

Calibration of test statistics

Calibrating the test statistics generated up to a constant of proportionality in

Equation 4.34 and 4.37 is a crucial part of a GWAS algorithm, which ensures the

false positives are controlled. We calibrate the summary statistics by estimating

the effective sample size (ESS) increase compared to running linear regression

on a homogeneous subset of unrelated individuals. To this end, we estimate the

increase in ESS linked to the use of non-infinitesimal (i.e., sparse) Bayesian linear

regression (γblr), as well as the reduction in ESS due to the presence of close

relatives (γrel). We then adjust the summary association statistics by matching

the mean χ2 statistic minus one [234] with that observed for linear or logistic

regression run on a homogeneous subset of unrelated individuals. In more detail,

we multiply the uncalibrated Quickdraws summary statistics from equations 4.34

and 4.37 by a correction term c, computed as:

c =
γrelγblr

Nqd

Nlr
(< χ2

lr > −1) + 1
< χ2

qd >
. (4.38)

In the above, < χ2
qd > and < χ2

lr > are the mean χ2 test statistics from uncorrected

Quickdraws and from linear/logistic regression run on a homogeneous unrelated

subset of individuals, respectively. Nqd

Nlr
is the ratio of the total number of samples

to the number of homogeneous unrelated samples used for linear/logistic regression.

γrel and γblr are correction terms to account for relatedness and the use of Bayesian

linear regression, which we describe in detail below. Note that the γblr term is

estimated for each LOCO run, so the correction in Equation 4.38 is performed

separately for each chromosome. For binary traits, we use logistic regression and

apply the correction separately for Firth-corrected and Firth-uncorrected variants.

Correcting the ESS for the presence of relatedness (γrel term). To estimate

the effective number of samples in the presence of relatedness, we follow an approach
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similar to that of [242]. To this end, we first estimate genetic relatedness between

samples using KING [243] as implemented in PLINK [113]. We only retain

relationships up to the 3rd degree (KING score > 2− 9
2 ), as we found the ESS

multiplier, described below, to not be significantly impacted by the inclusion of

higher degree relatives. For each pair of relatives, we estimate the degree of the

relationship using KING’s output values as follows:

Range for KING ψ value Relatedness
ψ ≥ 2− 3

2 1 (Monozygotic Twins)
2− 3

2 > ψ ≥ 2− 5
2 0.5 (1st degree)

2− 5
2 > ψ ≥ 2− 7

2 0.25 (2nd degree)
2− 7

2 > ψ ≥ 2− 9
2 0.125 (3rd degree)

Table 4.1: Genetic relationship estimates based on KING values.

Based on this, we compute the reduction factor for the effective sample size,

γrel, using the following estimator, for which a derivation can be found in [242]:

γrel =
tr((Kσ2

g + I(1 − σ2
g))−1K)

N
. (4.39)

In this expression, N is the total number of samples, K is the estimated kinship

matrix, and σ2
g is the heritability of the trait. To efficiently compute γrel, we

eigendecompose the matrixK, obtained using KING utilizing the block-like structure

of the kinship matrix. In particular, the effective sample size multiplier in the

presence of relatedness can be approximated as:

γrel ≈ 1
N

N∑
i=1

λi
(λi − 1)σ2

g + 1 , (4.40)

where λi is the i-th eigenvalue of the kinship matrix K. And to facilitate this

computation, we separately sum across each block Bi of related individuals:

γrel ≈ 1
N

B∑
i=1

NBi∑
j=1

λi,j
(λi,j − 1)σ2

g + 1 . (4.41)

For binary traits, we convert the heritability from the liability scale to the observed

scale.
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Correcting the ESS for the use of Bayesian linear regression (γblr term):

The effective sample size multiplier, γblr, has been shown to be proportional to

the inverse of the residual trait variance in a linear regression model [106, 242].

To account for the increase in effective sample size in the model fitting step, we

therefore calculate the inverse variance of the residual trait

γblr = V ar(y)
V ar(y − ŷ) (4.42)

where y and ŷ are true and predicted trait values from the whole-genome regression

regression on a held-out set. In more detail, we use the effect estimates from the

best sparsity parameter to calculate the variance explained on held-out data. As

the γblr term needs to be computed during the LOCO step, we compute these

variance terms separately for each chromosome and sum across all chromosomes,

excluding the one currently being tested.

4.3.5 Performance optimization
Memory optimization

1. Raw genotypes: for a diploid individual, the raw genotypes take values in

0, 1, 2. We store the N ×M genotype matrix in NM/4 bytes, that is using 2

bits per genotype entry. We do so by encoding 8 consecutive entries of the

genotype matrix using two 8-bit integers using the built-in numpy features in

Python, np.packbits() and np.unpackbits(). We also store the column-

wise mean and variance of the genotype matrix, used to mean-center and

standardize, on the fly.

2. Genotype streaming during the calculation of test statistics: the

calculation of test statistics is usually performed on many more variants than

those used for model fitting. We therefore optimize this step by streaming

genotype blocks rather than loading all the variants into memory. The block

size is determined based on the maximum memory allowed at runtime (default:

32GB) and the data IO is parallelized using multiple cores.
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Speed optimization

1. GPUs for fast Bayesian regression: we use GPUs along with the pytorch

machine learning package [244] to speed-up matrix multiplication and sampling

operations during stochastic variational inference.

2. Transfer learning: rather than training the 22 LOCO models independently,

we initialize each model training using the effect estimates previously computed

for the whole-genome regression. This transfer learning approach requires

fewer iterations to converge, making model fitting 2× to 2.5× faster, and leads

to similar association power when compared to training each LOCO model

separately. We compare the advantage of transfer learning over independent

random initialization in simulations, by looking at the power improvement vs

number of iterations in Figure 4.3.
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Figure 4.3: Transfer-learning in Bayesian regression. We measure the causal χ2

and false positive rate at 5 × 10−4, with and without pretraining (for 90 epochs), and
varying the number of LOCO training epochs. Error bars represent the standard error of
the mean χ2 or false positive rate across 50 independent quantitative traits with GB-unrel
structure and 2% polygenicity.

3. Numba optimization for the calculation of test statistics: we imple-

ment a fully-vectorized version of linear regression for multiple traits using the

parallel and njit functionality from the Numba just-in-time (JIT) compiler

[235].
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4. Calibrating test statistics using genotyped SNP data: instead of

running linear regression or logistic regression on all imputed variants, we

calibrate our test statistics only using the genotype data provided in step 1

(∼458k variants). We find that matching scaled effective sample size estimates

using this subset of variants provides consistent calibration in the larger set

of imputed variants, while greatly reducing running time, as we only need to

evaluate the logistic or linear regression model on a subset of variants.

5. HDF5 and PySnpTools for data loading: we store the raw genotype

matrix in a compressed HDF5 file [245], which provides fast sample-wise

access (that is, it allows obtaining all variants for an individual) for Bayesian

regression. We instead use PySnpTools (see https://github.com/fastlmm/

PySnpTools), which provides parallelizable variant-wise access, to access bgen

or bed files for the calculation of test statistics.

6. Approximate Firth logistic regression: Approximate Firth regression is

only applied to variants with logistic regression p-value below 0.05, as done in

REGENIE and FastGWA-GLMM. We further narrow down the list of variants

by only applying Firth logistic regression to rare variants (MAF < 5%) or

rare traits (prevalence < 5%).

7. Multiple traits: Most of our operations are vectorized using Numpy [246]

and Numba [235], which leads to computational gains in the parallel analysis

of multiple traits.

4.3.6 Hyperparameter tuning

We perform cross-validation by randomly splitting the data into training (80%)

and testing (20%) sets to estimate the optimal sparsity hyperparameter 1 − p0

(see Equation 4.7) using the values {0.5, 0.2, 0.1, 0.05, 0.02, 0.01}. For heritability

in binary traits, we evaluate {0.01, 0.25, 0.5, 0.75}. Compared to coordinate-

ascent variational inference, stochastic variational inference relies on additional

hyperparameters that affect the final testing performance. These include the learning

https://github.com/fastlmm/PySnpTools
https://github.com/fastlmm/PySnpTools
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rate of the optimizer, the batch-size, and the number of training epochs. Setting

a high learning rate results in unstable convergence of the optimizer, while a low

learning rate leads to the need for more training epochs. Larger batch sizes lead to

better performance but increased GPU memory usage. Considering these trade-offs,

we set the batch-size to 128; the learning rate corresponding to each value of the

sparsity hyperparameter was set to 4 × 10−4, 2 × 10−4, 2 × 10−4, 1 × 10−4,2 × 10−5,

5×10−6 for sparsity (1−p0) ∈ {0.01, 0.02, 0.05, 0.1, 0.2, 0.5}. We also set the number

of training epochs to 80 for the initial cross-validation step, and to 40 for the final

LOCO step. We observed these hyperparameters to be robust across various sample

sizes, providing a good balance between statistical power and computational costs.
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4.4 Summary of the Quickdraws algorithm

We provide a summary of the Quickdraws algorithm, which performs two main steps:

1. Estimating genetic effects (model fitting): This is further divided into

two parts:

(a) Variance component estimation: For quantitative traits, we use a

multi-trait version of the RHE-mc algorithm [109–111] to obtain estimates

of narrow-sense heritability. For binary traits, we directly perform the

Bayesian regression (see below) while testing several heritability values

in a grid search.

(b) Bayesian regression: We perform Bayesian linear/logistic regression

to estimate the genetic effects, using a spike-and-slab prior on the effect

estimates:

P (βj) ∼ (1 − p0)N (0, σ2) + p0δ(0). (4.43)

There is one free hyperparameter in the prior (the sparsity term 1 − p0)

for quantitative traits and two free hyperparameters for binary traits

(the sparsity term and h2). We perform cross-validation to estimate

these hyperparameters, splitting the input genotype/phenotype data

into 90% for training and 10% for validation and parallelly running the

regression using 1 − p0 ∈ {0.01, 0.02, 0.05, 0.1, 0.2, 0.5} and, for binary

traits, h2 ∈ {0.01, 0.25, 0.5, 0.75, 0.9}. We choose the sparsity (and h2

for binary traits) parameter that maximizes (in the validation set) the

test log-likelihood for the traits.

After obtaining the optimal hyperparameters for each trait, we retrain

the regression using a leave-one-chromosome-out approach. We obtain a

2.5 − 3× speed-up for the training for this LOCO step by using transfer

learning, initializing the effect estimates from the cross-validation run

performed using all chromosomes.
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2. Calculation and calibration of association statistics (testing): Given

the estimated genetic effects, we calculate linear mixed-model or logistic

mixed-model test statistics up to a constant of proportionality. We rely

on optimizations such as just-in-time compilation and code vectorization

in Numba. We estimate the constant of proportionality by matching the

estimated scaled effective sample size of linear regression on a subset of

unrelated homogeneous samples for quantitative traits, and logistic regression

on a subset of unrelated homogeneous samples for binary traits.
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5.1 Chapter overview

In this chapter we apply Quickdraws to simulated and real phenotypes in the UK

Biobank [3]. We start by discussing data and quality control steps we used to

perform GWAS in the UK Biobank in Section 5.2. In order to assess the calibration

and demonstrate statistical power we then perform simulation studies in Section 5.3

across a wide variety of designs varying relatedness, population structure, prevalence

and the genetic architecture of the simulated trait. Subsequently in Section 5.4,

we apply Quickdraws on 79 quantitative and 50 self-reported disease phenotypes

from UK Biobank where we show Quickdraws leads to state-of-the-art statistical

power while controlling for false positives. We perform a replication analysis with

summary statistics from external biobanks like Biobank Japan and Finngen, followed

by predictive power analysis and comparing with PGS methods. Finally in Section

5.5, we perform a thorough cost analysis on UK Biobank’s cloud platform comparing

Quickdraws against recent scalable methods like FastGWA and REGENIE. We

conclude the chapter with discussing the key findings and directions for future work.

5.2 Data and quality control

5.2.1 UK Biobank data

We used the UK Biobank SNP array data for 405,088 white British samples [3] (in

PLINK bed format [112, 113]) for model fitting and HRC+UK10k-imputed data [3,

247, 248] (in bgen v1.2 format [249]) for association testing. We filtered the set of

available autosomal variants to have minor allele frequency (MAF) ≥ 1%, Hardy-

Weinberg equilibrium p ≥ 1 × 10−15, and a genotyping rate above 99%, obtaining a

set of 458,620 markers. We used these markers as input for the model-fitting step

of BOLT-LMM, REGENIE, and Quickdraws, while for SAIGE we performed LD

pruning using PLINK (v1.9 [112, 113] setting –window_size to 50kb, –step_size

to 5, and the R2 threshold to 0.05) as recommended, which resulted in 89, 177

markers. We computed association statistics on a much larger set of ∼13.3 imputed

variants with MAF ≥ 0.1% and INFO score ≥ 0.8.
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For our main analyses we considered 79 quantitative traits (comprising blood-

related, anthropometric, and other traits) and 50 binary self-reported disease traits.

The traits we selected had a phenotyping rate higher than 80% and, for quantitative

traits, a statistically significant estimated narrow-sense heritability (p < 5 × 10−4,

using LD-score regression estimates available at https://nealelab.github.io/

UKBB_ldsc/h2_browser.html). Quantitative traits were also standardized, mean-

centered, and quantile normalized to have an approximately Gaussian distribution.

All methods we considered were provided with the top 20 principal components of

the genotype matrix [3], age, sex, age2, age ∗ sex, age2 ∗ sex, and smoking status

as covariates during model fitting and testing.

We additionally considered 2,923 plasma protein traits from the UK Biobank,

which we pre-processed as done in [250, 251]. We downloaded normalized protein

expression values from the UK Biobank RAP (field 30900), with measurements

for up to 53,074 participants. For GWAS, we considered up to 49,441 European

participants (based on self-reported field 21000). We ran Quickdraws with covariates

including the top 20 principal components [3], age, sex, age2, age ∗ sex, age2 ∗ sex,

smoking status, collection site, batch, and time difference between blood sampling

and protein measurement. We also ran REGENIE on 250 randomly sampled plasma

proteins, focusing on a subset of N = 43,293 individuals overlapping the British

ancestry subgroup described in [3]. Association was performed in independent

batches of 250 traits in parallel.

5.2.2 Quality control and preprocessing for GWAS

Our analyses made use of the following filtering criteria:

1. Genotype QC: for model fitting, we use markers with minor allele frequency

≥ 1%, Hardy-Weinberg equilibrium test P > 1 × 10−15, and genotyping rate

> 99%.

2. Missing data: we remove samples with phenotype missingness above 50% and

mean-impute the remaining missing values. During the Bayesian regression

https://nealelab.github.io/UKBB_ldsc/h2_browser.html
https://nealelab.github.io/UKBB_ldsc/h2_browser.html
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step, we also median-impute the genotype matrix to enable 2-bit genotype

encoding. We allow missing data during the computation of test statistics.

3. Mean-centering and transforming: all analyses are performed on mean-

centered and standardized genotypes. Quantitative phenotypes are mean

centered, and quantile normalized to a normal distribution.

4. Covariates: we regress covariates (top 20 PCs, age, sex, age2, age×sex,

age2×sex, smoking status) from both genotype and phenotype on the fly,

which is equivalent to including covariates as fixed effects in the model. We

also remove individuals with any missing covariates (“complete case analysis”).

5.3 Performance in simulated data

5.3.1 Simulation design

To assess the robustness and power of Quickdraws and other methods, we performed

simulations with varying levels of relatedness and population stratification. We

used SNP array data from the UK Biobank, using all autosomal variants with

minor allele frequency ≥ 0.01%, Hardy-Weinberg equilibrium p ≥ 1 × 10−15, and

a genotyping rate above 99%, obtaining 512, 828 variants. Of these, 54,568 had a

minor allele frequency (MAF) between 10−4 and 10−2. We either randomly sampled

50,000 individuals to assemble groups of samples matching specific relatedness

and population structure criteria, or considered the entire subset of white British

(N=405k) and self-identified Europeans (N=460k). In each setting, we simulated

50 quantitative and 50 binary traits with narrow-sense heritability h2
g = 0.4, a

realistic MAF dependence (α = −0.3 [252, 253]), and varying polygenicity and

prevalence levels.

We also simulated phenotypes generated using different distributions of genetic

effects, including spike-and-slab, mixture of Gaussian, Laplace, and Gaussian.

To simulate effects following a spike-and-slab prior, given a polygenicity value p

and M variants, we randomly selected Mp causal variants (out of M = 512, 828

variants) and randomly sampled their effect sizes from a Gaussian distribution.
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Causal chromosomes (power evaluation)

Null chromosomes (FPR evaluation)

Figure 5.1: Phenotype simulation design. We simulate causal effects using a spike-
and-slab, mixture of Gaussian, Laplace or Gaussian distribution only on odd chromosomes,
whereas we treat even chromosomes as null controls to test for false positive rate and
calibration of test statistics.

To facilitate the calculation of false positive rates and assess calibration, we only

chose causal variants from the odd chromosomes, setting the effect sizes of variants

on even chromosomes to zero. We simulated population stratification and shared

environment between close relatives using

yi =
Mp∑
j=1

Gi,jβj + Aγ + τ + ϵ,

βj ∼ N (0,
h2
gcf

Mp
) ϵ ∼ N (0, h2

e), (5.1)

where
Mp∑
j=1

Gi,jβj is a genetic effect explaining 40% of trait variance, Aγ is a

population stratification term determined using self-reported ancestry, τ is the

shared environmental effect, simulated by assigning a Gaussian draw to closely

related individuals, and ϵ is the residual environmental effect, with variance equal

to h2
e. To simulate from a mixture-of-Gaussian prior, we added an extra parameter

f ∈ 0.05, 0.5, which controls the fraction of variance explained by the Gaussian

with smaller variance. For Laplace and Gaussian priors, we assumed polygenicity

p = 1, and sampled the effects βj in Equation 5.1 from either distribution.

In our simulations, we set the variance explained due to population stratification

to be 5% of trait variance, whereas sample relatedness explained 10% of the trait

variance in 2nd degree relatives and 20% in 1st degree relatives [108]. To simulate a

realistic MAF-dependent trait architecture, we set cf ∝ (2f(1 − f))α, where f is
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the minor allele frequency and α = −0.3 [252, 253]. For binary traits, we adopted a

liability threshold model by synthesizing a quantitative phenotype as in Equation 5.1

and setting individuals above/below a given prevalence value as cases/controls. We

varied the prevalence in binary traits from 0.3 to 0.001 and the amount of relatedness

and population structure based on the following four simulation conditions:

• Unrelated white British (GB-unrel): We randomly sampled 50,000

individuals from the set of unrelated white British as defined in [3]. This

scenario does not include population structure or relatedness.

• Related white British (GB-rel): We included 25, 000 individuals from

the set of individuals in the related white British but not in the unrelated

white British subset, along with 25, 000 unrelated white British individuals.

This resulted in 552 first degree, 906 second degree, and 1396 third degree

relative pairs (3.4× more relative pairs than randomly sampling from related

white British subset). We also considered less and more extreme levels of

relatedness, assembling sets of samples by randomly sampling from the related

white British subset (referred to as GB-rel-ukb) and including high proportions

of first and second degree relatives (referred as GB-rel+ having 7.3× and

4.8× more first and second degree pairs than randomly sampling from related

white British subset).

• European structure (EUR): To simulate higher levels of population

structure in the dataset, we included 25,000 non-British European samples

[3] along with 25,000 unrelated British samples. This set also comprised

451 first-degree and 107 second-degree relative pairs, corresponding to 1.2×

and 0.8× the amount of first- and second-degree pairs found in the subset of

related white British individuals.

• Pan-ancestry structure (PAS): To simulate population structure compris-

ing multiple ancestry descriptors found in the UK Biobank, we included 7,500

self-reported African samples, 7,500 self-reported South Asian samples, along
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with 35,000 unrelated British samples, as defined in [3]. This set comprised

425 first-degree and 173 second-degree relative pairs, corresponding to 1.1×

and 1.2× more first- and second-degree pairs than randomly sampling from

the subset of related white British individuals. We simulated correlated

variant effects across ancestry groups using a multivariate Gaussian, setting

the covariance of effects between Africans and other subgroups to 0.4, and

between the European and south-Asian subgroups to 0.7 [254].

5.3.2 False positive rate evaluation

We verified the calibration of Quickdraws and the other methods by considering

varying levels of polygenicity, relatedness, population structure, and the prevalence

of binary traits. We measured false positive rates (FPRs), calculated as the

proportion of null variants (that is, variants on even chromosomes) below a chosen

p-value threshold.

We first tested calibration in analyses involving quantitative traits, considering

several simulation settings with population structure and relatedness and varying

polygenicity of traits from 1% to 10%. In these experiments, linear regression was

not robust to the presence of relatedness and population structure, as previously

observed [105, 106, 108], while all other methods were reasonably calibrated, with

a few exceptions (see Figure 5.2). Like other mixed-model methods, Quickdraws

remained calibrated, not showing significant inflation in any of the simulation

conditions we considered. REGENIE produced significantly inflated test statistics

in data sets including high levels of relatedness (t-test p < 1.5 × 10−4, see GB-rel+

in Figure 5.2), which comprise 1,250 first-degree and 1,250 second-degree relative

pairs (corresponding to ∼7.3× and ∼4.8× more relatives compared to the white

British subset of UK Biobank samples). Finally, we observed higher variance for

Quickdraws’ FPR estimates in simulations involving non-homogeneous ancestry,

due to higher noise in the estimated effective sample size, which relies on a smaller

number of unrelated homogeneous individuals.
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Figure 5.2: Summary of calibration in simulations for quantitative traits. False
positive rate (FPR) at a significance threshold of α ∈ {0.05, 0.0005}, calculated as the
number of variants on even chromosomes with p-value lower than α. The line inside each
box indicates the median value, the central box indicates the interquartile range, whiskers
indicate data up to 1.5 times the IQR, and outliers are shown as separate points. A
description of the group labels (GB-unrel, GB-rel, GB-rel+, EUR) is provided in Section
5.3.1.

We then assessed statistical robustness in the analysis of binary traits, where

we varied the prevalence of the trait from 0.3 to 0.001 under varying levels of

population structure and relatedness (see figures 5.3 and 5.4 for FPR of common

and rare variants separately) while fixing the polygenicity of the traits to 2%.

Binary trait association analysis often violates the normality assumptions made

when defining the null distribution of association statistics in linear mixed models,
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thereby resulting in high FPR, particularly for lower frequency variants or for traits

with lower prevalence [119]. Consistent with this, BOLT-LMM and BOLT-LMM-Inf,

which are not designed for the analysis of low-prevalence binary traits, were inflated

across all simulated conditions (t-test p < 3 × 10−5) when the prevalence dropped to

or below 0.1. Quickdraws produced controlled false positive rates for both common

(MAF > 1%) and rare (MAF < 1%) variants in all the simulation settings we

considered, which included population structure, relatedness, and low-prevalence

binary traits (see figures 5.3 and 5.4 respectively). REGENIE with Firth logistic

regression fallback was inflated for common variants in traits with high prevalence

(prevalence = 0.1 and 0.3) for several population structure and relatedness settings

we considered. When the prevalence of the trait was set to 0.01 (that is, 500 cases

out of 50,000 samples) or below, both Quickdraws and REGENIE yielded deflated

test statistics (t-test p < 3×10−5); in scenarios with such a low prevalence, however,

all methods we considered lacked sufficient statistical power to detect association

(χ2 at causal variants ≈1). SAIGE did not converge for up to 28% of the traits when

the prevalence dropped to 0.001, leading to significant deflation (t-test p < 10−15).

Finally, we verified the calibration of false positive rates in various other simulated

conditions, including stronger population structure with up to 30% non-European

ancestry (see Figure B.27), varying levels of relatedness (see Figure B.28), and

genetic architectures involving diverse causal effect size distributions (see Figure

B.29). We also evaluated false positive rates in simulations involving all white

British individuals (N ≈ 405k) and all self-identified European individuals from

the UK Biobank (N ≈ 460k), varying levels of polygenicity in quantitative traits

(1% to 10%), and varying levels of prevalence (0.3 to 0.001) in binary traits. We

found Quickdraws to yield controlled false positive rates across varying significance

thresholds, while fastGWA, REGENIE, and BOLT-LMM-Inf led to significant

inflation in some cases (see figures 5.6, 5.7 and tables 5.1, B.4). This is likely

the result of residual population stratification, which is not fully corrected using

principal components in these simulated scenarios and, if present, may cause subtle

inflation in real-data analyses [255–257].
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Figure 5.3: Summary of calibration in simulations for binary traits and
common variants (MAF ≥ 1%). False positive rate (FPR) at a significance threshold
of α ∈ {0.05, 0.0005}, calculated as the number of variants on even chromosomes with
p-value lower than α. The line inside each box indicates the median value, the central
box indicates the interquartile range, whiskers indicate data up to 1.5 times the IQR,
and outliers are shown as separate points. A description of the group labels (GB-unrel,
GB-rel, EUR) is provided in Section 5.3.1.
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Figure 5.4: Summary of calibration in simulations for binary traits and
rare variants (MAF < 1%). False positive rate (FPR) at a significance threshold
of α ∈ {0.05, 0.0005}, calculated as the number of variants on even chromosomes with
p-value lower than α. The line inside each box indicates the median value, the central
box indicates the interquartile range, whiskers indicate data up to 1.5 times the IQR,
and outliers are shown as separate points. A description of the group labels (GB-unrel,
GB-rel, EUR) is provided in Section 5.3.1.
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Table 5.1: Summary of calibration in simulations involving (a) N = 405k white
British individuals and (b) N = 460k European individuals [3]. We report the
false positive rate (FPR) at a significance threshold of α ∈ {0.05, 0.0005}, calculated as
the fraction of variants on even chromosomes with p-value lower than α. We varied the
polygenicity from 1% to 10% in quantitative traits. For binary traits, we changed the
prevalence from 0.3 to 0.001, fixing the polygenicity to 2%. Mean FPR refers to the mean
across 50 independent simulated traits, SE refers to standard errors, and p-values are
computed for the significance of a deviation from the FPR threshold.

Simulation Type FPR Threshold Polygenicity (QT) / Mean SE T-test
Prevalence (BT) FPR FPR P

Quantitative Traits

0.05
1% 0.05034 0.00022 0.13382
2% 0.05040 0.00029 0.17865
10% 0.05036 0.00017 0.03658

0.0005
1% 0.00052 0.00001 0.06363
2% 0.00053 0.00002 0.04845
10% 0.00052 0.00001 0.04787

Binary Traits

0.05

0.3 0.04923 0.00022 0.00103
0.1 0.04986 0.00019 0.46758
0.01 0.04940 0.00016 0.00044
0.001 0.04648 0.00016 7.39 × 10−39

0.0005

0.3 0.00048 0.00001 0.05193
0.1 0.00051 0.00001 0.57445
0.01 0.00046 0.00001 0.00018
0.001 0.00042 0.00001 5.28 × 10−13

(a) N = 405k white British individuals.

Simulation Type FPR Threshold Polygenicity (QT) / Mean SE T-test
Prevalence (BT) FPR FPR P

Quantitative Traits

0.05
1% 0.05061 0.000231 0.0098
2% 0.05019 0.00025 0.4444
10% 0.05037 0.00026 0.1709

0.0005
1% 0.00053 0.00001 0.0075
2% 0.00053 0.00001 0.01728
10% 0.00053 0.00001 0.0429

Binary Traits

0.05

0.3 0.04983 0.00015 0.3108
0.1 0.04997 0.00017 0.9015
0.01 0.0437 0.00058 5.19 × 10−18

0.001 0.03121 0.0022 3.72 × 10−13

0.0005

0.3 0.00051 0.00001 0.1391
0.1 0.00053 0.00002 0.0436
0.01 0.00033 0.00003 4.93 × 10−7

0.001 0.00022 0.00003 2.47 × 10−15

(b) N = 460k European individuals.
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5.3.3 Statistical power evaluation

We now focus on evaluating the statistical power of Quickdraws in these simulations.

We first tested the performance of Quickdraws in quantitative trait association

and compared it with previous association testing methods including BOLT-LMM,

REGENIE, FastGWA, and an implementation of linear regression provided in Plink

[112, 113]. For BOLT-LMM, we also considered a faster implementation that uses

infinitesimal priors (BOLT-LMM-Inf), which is more scalable but does not lead

to higher association power in less polygenic genetic architectures [106, 107]. We

measured statistical power by considering the average χ2 test statistics at simulated

causal variants, focusing on the set of unrelated white British samples and varying

the number of causal variants in the simulation from 5,000 to 50,000 [252]. We

normalized the average χ2 test statistics at causal variants by the average χ2 test

statistics at null variants to remove any residual stratification. In these simulations,

the modeling of trait polygenicity adopted by Quickdraws led to higher average χ2

statistics (paired t-test p < 10−20 for polygenicity up to 2%) compared to REGENIE,

FastGWA, BOLT-LMM-Inf, and linear regression (see Figure 5.5a and Figure B.30

for more simulation conditions). The difference in association power compared to

other infinitesimal methods was larger for traits with lower polygenicity (paired

t-test p < 10−53 for 5,000 causal variants). For instance, when the number of causal

variants was reduced to 5,000, Quickdraws achieved ≥ 11.46% higher average χ2

compared to REGENIE and BOLT-LMM-Inf (paired t-test p < 10−53), resulting

in a similarly large gain in effective sample size [234].

Next, we applied Quickdraws to the analysis of binary traits, comparing its

association power with previous binary trait association methods including SAIGE,

REGENIE, and FastGWA-GLMM. We simulated phenotypes under a liability

threshold model, where cases and controls are defined as individuals who are above

or below a chosen liability threshold as described in Section 5.3.1. We fixed the

prevalence at 0.3 and varied the number of causal variants in the simulation from

1,250 to 10,000 [252, 258, 259]. In these experiments, the use of a non-infinitesimal

prior in Quickdraws led to higher statistical power compared to SAIGE, REGENIE,
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and FastGWA (paired t-test p < 10−12, Figure 5.5b and Figure B.31 for more

simulation conditions). The difference in association power compared to other

methods was again larger for traits with lower polygenicity (paired t-test p < 10−43

for 1,250 and 2,500 causal variants). For instance, Quickdraws obtained 11.5% and

12.04% higher average χ2 compared to REGENIE and FastGWA on the simulated

causal variants for traits with a low polygenicity of 0.25%.
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Figure 5.5: Statistical power in simulated quantitative and binary traits for
unrelated British samples. (a) % increase in average χ2 test statistics at causal
variants with respect to linear regression (Lin. Reg.) for quantitative traits, varying the
number of simulated causal variants from 5,000 to 50,000 variants. (b) % increase in
average χ2 test-statistics at causal variants with respect to logistic regression (Log. Reg.)
for binary traits, varying the number of simulated causal variants from 1,250 to 10,000
variants. Traits in panel (a) and (b) are simulated for 50,000 samples with h2 = 0.4; the
prevalence is fixed to 30% for binary traits in panel (b). Error bars represent the standard
error in the percentage improvement, measured using 50 independent traits. The causal
χ2 is normalized by the mean χ2 at null variants for each trait.

Finally, we tested Quickdraws in simulations where causal effects were not

assumed to follow a spike-and-slab distribution, where a subset of variants con-

tributes to the phenotype. Instead, we sampled effects from a Gaussian, a mixture

of Gaussian, or a Laplace distribution. In the mixture of Gaussian setting, we

again observed that Quickdraws and BOLT-LMM yielded higher power compared

to other models. In simulations involving fully infinitesimal traits with Laplace and

Gaussian effects, Quickdraws and BOLT-LMM produced results similar to other

approaches that assume a fully infinitesimal trait architecture (see Figure B.32). We
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also evaluated power in simulations involving all white British individuals from the

UK Biobank (N ≈ 405k) and all self-identified European individuals from the UK

Biobank (N ≈ 460k). In these settings, we found Quickdraws to provide the highest

association power, with higher power than BOLT-LMM when the polygenicity of

the trait was low (see figures 5.6 and 5.7).

Overall, these simulations demonstrate that the use of a non-infinitesimal spike-

and-slab prior results in higher statistical power to detect association in both

quantitative and binary trait simulations. Quickdraws matched or outperformed

the power of BOLT-LMM in the analysis of quantitative traits and obtained higher

association power than existing GWAS algorithms in binary traits. Quickdraws

also yielded controlled FPR in all simulation settings we considered, which included

population structure, relatedness, and low-prevalence binary traits.
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(a)

(b)

Polygenicity Prevalence

Figure 5.6: Power and FPR in N= 405k simulation. (a) The mean χ2 at causal
variants across different methods and polygenicities for Quantitative traits, and prevalence
for binary traits. The χ2 at causal variants is not normalized by the χ2 at null variants
in this plot. (b) The mean false positive rates (FPR) at 0.005 calculated at null variants
across different methods and polygenicities for Quantitative traits, and prevalence for
binary traits. The simulation was performed using the N= 405k set of white British
individuals. The error bars represent 95% confidence intervals. The red dashed line
corresponds to false positive rate = 0.005.
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(a)

(b)

Polygenicity Prevalence

Figure 5.7: Power and FPR in N= 460k simulation. (a) The mean χ2 at causal
variants across different methods and polygenicities for quantitative traits, and prevalence
for binary traits. The χ2 at causal variants is not normalized by the χ2 at null variants
in this plot. (b) The mean false positive rates (FPR) at 0.005 calculated at null variants
across different methods and polygenicities for Quantitative traits, and prevalence for
binary traits. The simulation was performed using the N= 460k set of UK Biobank
self-identified Europeans [3]. The error bars represent 95% confidence intervals. The red
dashed line corresponds to false positive rate = 0.005.
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5.4 UK Biobank analysis

We applied Quickdraws to the analysis of 79 quantitative traits (comprising of blood-

related, anthropometric, and other traits) and 50 self-reported disease traits for

∼405,000 white British individuals from the UK Biobank dataset (see tables B.5 and

B.6 for the list of traits), which we selected based on their high phenotyping rate and

the significance of their estimated heritability as described in Section 5.2. We applied

standard quality-control filtering steps, retaining 458,420 genotyped markers to be

used for model-fitting and ∼13.3 million imputed variants for association testing. We

compared the test statistics we obtained using Quickdraws to those obtained by other

association methods, including SAIGE, FastGWA, REGENIE, and BOLT-LMM.

5.4.1 Analysis of false positive rates

We assessed the calibration of the test-statistics in real data by comparing the

LD-score regression attenuation ratio estimates [107] obtained using Quickdraws

to those obtained using linear regression while restricting to the set of unrelated

individuals with homogeneous British ancestry [3]. Because linear regression is

expected to be calibrated in this sample set, similar attenuation ratio estimates for

Quickdraws provide evidence for its calibration [107, 108]. We performed LD-score

regression using the baseline-LD model [260] and estimated attenuation ratios using

test statistics generated using Quickdraws on all ∼13.3 million testing variants

across the set of 79 quantitative traits. Quickdraws produced attenuation ratios

close to those of linear regression on unrelated samples (mean attenuation ratio for

Quickdraws = 0.0832, s.e. = 0.008; mean attenuation ratio for linear regression on

unrelated samples = 0.0892, s.e. = 0.008; Figure 5.8). Quickdraws also remained

calibrated in the analysis of low-prevalence binary traits, where it did not produce

signatures of false positive association signals that are present in methods that

do not perform adjustments of test statistics such as saddle-point approximation

(SPA) [119] or approximate Firth logistic regression [123] (see Manhattan plots in

figures B.33 and B.34, additional examples of Manhattan plots for quantitative

trait are shown in figures B.35 and B.36).
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Figure 5.8: Calibration in real data analysis. Attenuation ratio of Quickdraws
(N=405k) vs. linear regression in unrelated samples (N=337k); vertical and horizontal
lines represent mean ± standard errors in the attenuation ratio estimate for each method.

To further validate signals found using Quickdraws but not found using RE-

GENIE, we evaluated the functional annotation of regions where these variants

are found. We used the Baseline-LD model annotations [260, 261] to assess the

distribution of functional annotations for sets of variants associated using different

methods. We define the functional enrichment for a set of variants as the proportion

of variants being in a particular functional category, divided by the genome-wide

fraction of variants assigned to that category. We considered binary and quantitative

traits separately and estimated the mean functional enrichment across phenotypes

by computing the ratio between the number of variants from a given set that belong

to a functional category (numerator) and the total number of variants in the set

(denominator). We estimated this ratio by separately summing the numerator

and denominator term across all analyzed phenotypes. We estimated standard

errors around the enrichment by applying the jackknife method to 50 equally sized

genome blocks. We looked at functional enrichment for various sets of variants,

including (1) variants found in Quickdraws but not in REGENIE, (2) variants found
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in both Quickdraws and REGENIE. For (2), we matched the χ2 distribution of

the two considered sets, sampling variants detected using REGENIE so that they

approximately match the empirical χ2 distribution of the variants detected using

Quickdraws. We found similar enrichments compared to variants found using both

REGENIE and Quickdraws (see figures 5.9 and 5.10), suggesting no substantial

differences in the functional profile of variants exclusively detected using Quickdraws.
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Figure 5.9: Functional enrichment at associated variants for quantitative traits.
Functional enrichment profile of variants associated across 79 quantitative traits. We
considered either (a) the set of variants significantly associated (p ≤ 5 × 10−8) using
both Quickdraws and REGENIE, matching the p-value distribution (see Methods), or (b)
the set of variants associated using Quickdraws but not REGENIE. Error bars represent
jackknife standard errors; the red dashed line corresponds to no enrichment.
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Figure 5.10: Functional enrichment at associated variants for binary traits.
Functional enrichment profile of variants associated across 50 binary traits. We considered
either (a) the set of variants significantly associated (p ≤ 5×10−8) using both Quickdraws
and REGENIE, matching the p-value distribution (see Methods), or (b) the set of variants
associated using Quickdraws but not REGENIE. Error bars represent jackknife standard
errors; the red dashed line corresponds to no enrichment.
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5.4.2 Number of associations

We assessed the number of approximately independent associations detected using

each method, performing variant clumping with strict filtering criteria (p-value

threshold = 5 × 10−9, R2 threshold = 0.01). A summary of these results for

Quickdraws, REGENIE, and FastGWA, the most scalable methods we tested, is

shown in Figure 5.11a; additional data is reported in tables B.7 and B.8. The

gains we observed in the number of detected associations were consistent with the

increase in power observed in simulations: Quickdraws produced significantly more

independent associations compared to REGENIE and FastGWA for quantitative and

disease traits (binomial test p < 1.9 × 10−3) and a similar number of independent

associations compared to BOLT-LMM for quantitative traits (total number of

associations, Quickdraws = 26,236, BOLT-LMM = 26,368). In more detail,

for quantitative traits, Quickdraws found 4.97% more independent associations

compared to REGENIE and 22.71% more compared to FastGWA; for disease traits,

Quickdraws found on average 3.25% more independent associations compared to

REGENIE and 7.07% compared to FastGWA. The gain was higher in traits with

high heritability or low polygenicity such as mean platelet volume (8.04% increase

over REGENIE) and standing height (26.1% increase over REGENIE) [262].

We also analyzed 250 randomly sampled plasma-protein traits (N ≈ 43k, see

Methods), which have a less polygenic architecture than the other quantitative

traits we considered [250]. In these analyses, Quickdraws found significantly more

independent association signals compared to REGENIE (5.54% more loci, p =

6.6 × 10−3, see Figure 5.11b). Finally, we estimated the effective sample size,

calculated as the average χ2 − 1 association statistic at variants that were found to

be significantly associated (p < 5 × 10−8) using linear regression model applied to

unrelated homogeneous subset of the data [234]. We found the effective sample size

estimated for Quickdraws to be 14.7% higher (p = 7.6 × 10−4) than FastGWA and

3.4% (p = 0.197) higher than REGENIE, while being similar to that of BOLT-LMM

(p = 0.46) when applied to quantitative traits (see Figure 5.11c-d).
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(a) (b)

(d)

(c)

Figure 5.11: Approximately independent loci and effective sample size in UK
Biobank analysis. (a) Number of approximately independent loci after plink clumping
in FastGWA (x-axis) vs. REGENIE, BOLT-LMM, and Quickdraws for 79 quantitative
traits. (b) Number of approximately independent loci after Plink clumping in REGENIE
(x-axis) vs. Quickdraws for 250 randomly sampled plasma protein traits. (c) The χ2

for 79 quantitative traits and N= 405k UK Biobank set conditioned on genome-wide
significance (p < 5 × 10−8) in linear regression run on unrelated subset of the data
(N= 337k). Median χ2: FastGWA = 58.57, REGENIE = 68.08, BOLT-LMM = 70.16,
Quickdraws = 70.64. (d) Histogram of the effective-sample size increase compared to
FastGWA for 79 quantitative traits, measured as the mean χ2 minus 1 at genome-wide
significant variants inferred though linear regression run on unrelated subset of the data
(N= 337k). For (a-c) The gray line represents the y=x line and the dashed lines represent
a linear regression fit for each method, for (d) the dashed line represents the median
improvement in effective sample-size across traits. In (c), the slope refers to the linear
regression slope of the χ2 values between each pair of methods.
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5.4.3 Replication analysis with Biobank Japan, Finngen
and other large-scale GWAS

To validate the additional associations detected using Quickdraws, we performed a

replication analysis using GWAS summary statistics from the Biobank Japan data

set [124], which used BOLT-LMM-Inf and SAIGE to detect associations, FinnGen,

[128] which used REGENIE, and other trait-specific large-scale studies [263–267] We

assessed the number of variants detected using different GWAS methods that can

be replicated in the Biobank Japan, FinnGen and other large-scale studies, using

downloaded summary association statistics. We considered 30 quantitative traits

and 13 self-reported disease traits from Biobank Japan, as well as 21 self-reported

disease traits from FinnGen for which equivalent definitions were available in both

our analyses and the replication data set, and for which at least one significant

association was detected in both studies. We also considered 5 disease traits (Crohn’s

disease [263], Type 2 Diabetes [264], Celiac disease [265], Depression [266] and

Ulcerative Colitis [267]) that have publicly available summary statistics calculated

on higher number of cases than in the UK Biobank. We considered variants with

MAF ≥ 0.1%, INFO score ≥ 0.8, and appearing in both UK Biobank and the

replicating dataset, leading to ∼5.89 million variants available for Biobank Japan

replication, and ∼10.89 million variants available for FinnGen replication.

We separately considered the replication of associated variants and loci. For

the replication of individual variants, we assessed the number (and proportion) of

variants detected (Pdis ≤ 5 × 10−9) in the UK Biobank that are also significant

in Biobank Japan, using multiple replication thresholds, Prep ≤ 5 × 10−2, Prep ≤

5×10−4, and Prep ≤ 5×10−6. Where, Pdis and Prep are the significance thresholds for

discovery and replication. For the replication of loci, we followed a procedure similar

to that adopted in [268], defining a credible set for a locus to contain a lead (or

sentinel) associated variant together with additional proxy variants found within a 50

kb window from the lead variant and with association significance P ≤ 100×Psentinel.

We defined a locus as replicated if any variant in the credible set was also found to

be associated (at P ≤ 5 × 10−2) with the same direction of effect in the replication
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cohort. First, we calculated the average replication rate for each trait using all

GWAS methods (FastGWA, REGENIE, and Quickdraws) with a discovery threshold

of 5 × 10−9. Then, we adjusted the discovery threshold for each method, varying it

from 2 × 10−9 to 8 × 10−9, to achieve the same replication rate for each method.

Across the 53 quantitative and disease traits available in Biobank Japan and

Finngen (which comprise 40 independent traits based on squared phenotypic

correlation ≤ 0.1), Quickdraws yielded a significantly higher number of replicated

loci compared to REGENIE (binomial test p = 0.014) and FastGWA (binomial

test p = 7 × 10−4). For the set of 30 quantitative traits present in both studies, we

observed a 2.5% and 15.72% increase over REGENIE and FastGWA, respectively,

and a similar number of replicated loci compared to BOLT-LMM (total number

of replicated loci, Quickdraws = 37,210, BOLT-LMM = 37,072). For the smaller

set of 23 overlapping disease traits we analyzed, Quickdraws obtained 1.07% and

3.38% more replicated loci compared to REGENIE and FastGWA, respectively. We

observed a similar increase in the number of replicated loci for 5 disease traits where

we had access to meta-analyzed summary statistics from large-scale studies (see

Table B.9). We verified that this increase in the number of replicated loci did not

correspond to a decrease in replication rates across these methods (see Table B.10 and

Figure 5.12d-e). A Venn diagram depicting the relationships between sets of variants

replicated using different methods is shown in Figure 5.12b-c. Note that these results

may be affected by the choice of GWAS method used in the replication cohort.
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Figure 5.12: Replication analysis in Biobank Japan and Finngen. (a) The χ2

in UK Biobank conditioned on genome-wide significance (p < 5 × 10−8) in replicating
biobank across GWAS methods. The variants are aggregated across traits, quantitative
and binary traits for REGENIE and FastGWA, and only quantitative traits for BOLT-
LMM. The gray line represents the y=x line, and the dashed line the linear regression
fit without intercept. Median χ2 for quantitative traits: FastGWA = 28.36, REGENIE
= 33.44, BOLT-LMM = 34.47, Quickdraws = 36.32; binary traits: FastGWA = 14.08,
REGENIE = 14.34, Quickdraws = 14.51. (b-c) Replication venn diagram for (b) 30
overlapping quantitative traits in Biobank Japan and (b) 23 overlapping binary traits in
Biobank Japan and Finngen. (d-e) Number of replicated variants vs replication rate for
(d) quantitative and (e) binary traits. The discovery threshold was fixed to 5 × 10−9 and
the replication threshold was varied from 5 × 10−2 to 5 × 10−8. The error bars represent
standard errors calculated using block jack-knife across chromosomes. The dashed line
represents a cubic spline fit to the datapoints. In (a), the slope represents the linear
regression slope of the χ2 values between methods, and in (b-c), the percentages indicate
the proportion of associations found with respect to the union of all methods.
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5.4.4 Predictive power in out-of-sample data

To verify that these power gains are due to the modeling of non-infinitesimal trait

architectures, we measured the accuracy of the polygenic predictions computed by

Quickdraws, BOLT-LMM, and BOLT-LMM-Inf during the model fitting step [106,

107]. To this end, we used predictors from step 1 trained on the ∼405,000 white

British subset to perform trait prediction for the remaining individuals. Across

79 quantitative traits, Quickdraws and BOLT-LMM obtained a mean correlation

between true and predicted trait in the held-out European samples of 0.307 (s.e

= 0.0061) and 0.313 (s.e = 0.0061), respectively, whereas BOLT-LMM-Inf yielded a

lower correlation of 0.271 (s.e = 0.0061) (see Figure 5.13a). Similar improvements

due to the modeling of non-infinitesimal trait architectures have also been observed

in the context of polygenic prediction [106, 107, 269–271].

Comparison with PGS methods

We also compared the predictions from step 1 of Quickdraws with polygenic scores

(PGS) built using recent methods [272, 273]. To this end, we constructed PGS

for all the 79 quantitative traits analyzed, using either pruning and thresholding

(P+T) as implemented in PRSice [272] or the PRS-CS method [273]. We used

summary statistics generated using various methods on the set of ∼13.3 million

imputed variants to generate PGS for held-out individuals from self-identified

European, South Asian, East Asian, and African subgroups of the UK Biobank.

We report the mean predictive R2 and the 95% confidence interval across all

analyzed traits, obtained using a meta-analysis of Fisher-transformed estimated

correlation coefficients.

We found Quickdraws’ step 1 predictors to be significantly more accurate (paired

t-test p < 5.6 × 10−6 compared to PRS-CS and P+T) than summary-statistics

derived PGS methods in the European held-out set, while achieving similar accuracy

in other groups (see Figure 5.13b). In addition, we compared the accuracy of PGS

estimates built based on summary association statistics obtained using different

association algorithms. Consistent with a recent analysis that did not observe higher
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accuracy for PGS built from summary statistics derived from non-infinitesimal

modeling [274], we did not observe significant differences between using Quickdraws,

BOLT-LMM, or REGENIE, but found PGS built using summary statistics from

FastGWA to be significantly less predictive (paired t-test p < 2.2×10−4 for both PRS-

CS and P+T in European and South-Asian held-out samples, see Figure 5.13c-d).

(a) (b)

(c) (d)

Figure 5.13: Phenotype prediction analyses in the UK Biobank. (a) Held-out
mean phenotype prediction R2 comparing step 1 posterior estimates from Quickdraws,
BOLT-LMM and BOLT-LMM-Inf. (b) Comparing Quickdraws’ step 1 posterior estimates
with PGS calculated using Quickdraws’ association statistics and P+T (pruning and
thresholding as implemented in PRSice) or PRS-CS. (c-d) Comparing predictive power for
PGS calculated using association statistics from different GWAS methods and different
PGS methods, (c) P+T as implemented in PRSice and (d) PRS-CS. All analyses was
performed on 27,683 held-out non-British Europeans, 9,044 self-identified south Asians,
1,457 self identified east Asians and 7,204 self identified African of African American
samples. Results are aggregated across the 79 quantitative traits we analyzed, and the
error bars represent 95% confidence interval of the mean prediction R2 for each method
in each population subgroup.
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Comparison with PGS adjusted GWAS

This analysis was performed by Dr. Georgios Kalantzis, who is one of the co-authors

on the paper. We briefly experimented with using polygenic scores as covariates when

performing association, a strategy recently shown to effectively increase association

power [275–277]. For this analysis, we focus on chromosomes 1 to 5, using up to

405,088 samples from the white British subgroup, and analyzing all 79 quantitative

traits. We first generate leave-one-chromosome-out (LOCO) polygenic scores, as

described in [275], using PRS-CS and summary statistics computed with FastGWA

or REGENIE. We then used FastGWA and REGENIE to test for association again,

this time including the LOCO PGS corresponding to the chromosome of the variant

being tested as a covariate, during both the model-fitting and association steps.

Consistent with recent results [275, 277], we found that this approach increased

the effective sample size for FastGWA, which relies on approximate sparse GRMs.

While showing no improvement in power for REGENIE, which already uses genome-

wide regression to account for polygenic effects. The effective sample size and total

number of genome-wide significant hits, however, remained lower than that achieved

using Quickdraws or BOLT-LMM (see Figure 5.14).



5. Application to simulated and real phenotypes in UK Biobank 215

Qu
ick
dra
ws

BO
LT-
LM
M

Re
ge
nie

Re
ge
nie
+P
GS

Fas
tGW

A

Fas
tGW

A+
PG
S

0

2000

4000

6000

8000

10000

12000

14000
# significant associations

Qu
ick
dra
ws

BO
LT-
LM
M

Re
ge
nie

Re
ge
nie
+P
GS

Fas
tGW

A

Fas
tGW

A+
PG
S

0

20

40

60

80

100

120

140
Mean χ2 − 1 at significant variants 

Figure 5.14: Effects of PGS-adjustment on association power. (a) Total number
of independent loci found on chromosomes 1-5, using different GWAS methods with
and without PGS adjustment in 79 UK Biobank quantitative traits. (b) Mean χ2 - 1 at
significant variants with and without PGS adjustment for the same traits and regions.
Significant variants were defined as those with LR-unrel p-value ≤ 5 × 10−8. FastGWA
with PGS adjustment yielded an increase in the number of independent loci (with PGS
adjustment, 159.1; without, 141.6; paired t-test p = 1.9 × 10−9) and higher mean χ2-1
at significant variants (with PGS adjustment, 96.0; without, 89.8; p = 3.3 × 10−11).
REGENIE with PGS adjustment yielded fewer independent loci (with PGS adjustment,
144.1; without, 150.1; p = 7.4 × 10−6), and similar mean χ2 - 1 values (with PGS
adjustment, 124.6; without, 124.1; p > 0.05).
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5.4.5 Correction of participation bias

Quickdraws implements functionality to optionally correct for participation bias

when computing association statistics in step 2, using an approach closely related

to the one proposed in [278]. This approach relies on the use of sampling weights,

which are computed by considering a range of covariates and are used to up-weight

or down-weight individuals estimated to be under-sampled or over-sampled in the

study [278]. Quickdraws takes these weights as input and performs a weighted linear

regression, using a Huber-White estimator to compute the variance of the fixed

effects in the regression. The test statistics are recalibrated using a weighted linear

regression, by matching the effective sample size estimated from a weighted linear

regression on an unrelated and homogeneous sample, similar to the unweighted case.

To apply this approach in the analysis of Table B.11, we analyzed 79 quantitative

traits and 338,738 individuals from the white British subgroup for which all

the covariates used in [278] to estimate sampling weights were available. These

covariates included sex, age, education age, alcohol consumption frequency, smoking

status, income, household size, employment status, body mass index, overall health,

height, urbanization, weight, assessment center, self-reported ethnicity, and years

of education. We used the LASSO regression model provided in [278] to estimate

these sampling weights and compared the number of approximately independent

loci identified using LDAK with a similar participation bias adjustment but applied

on unrelated homogeneous subset of the data.

5.5 Cost analysis on UK Biobank RAP

We compared the computational efficiency of Quickdraws in large-scale UK Biobank

analyses to that of REGENIE, FastGWA, SAIGE, and BOLT-LMM, testing the

speed and cost of running each method on the UK Biobank’s RAP cloud platform.

We tested ∼13.3 million imputed genotypes for association with the 50 quantitative

and 50 binary traits varying the number of samples between N = 50,000, N =

405,088 and artificially simulated N = 1,000k. We used 458,464 markers for model
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fitting for Quickdraws, REGENIE, and BOLT-LMM and an LD-pruned set of 89,177

markers for SAIGE, and used precomputed sparse GRM matrices for FastGWA and

SAIGE. Unlike current approaches, Quickdraws allows leveraging GPU hardware

to speed up the Bayesian regression in the model fitting step. To provide a more

detailed overview of computational costs and to optimize the hardware configuration

used for each approach, we tested all methods on up to four different RAP machines.

For N = 50k, we consider mem3_ssd1_v2_x4, mem2_ssd1_v2_x8,

and mem1_ssd1_v2_x16; for N = 405k, we consider mem2_ssd1_v2_x8,

mem2_ssd1_v2_x16, mem1_ssd1_v2_x36, and mem1_ssd1_v2_x72 ; for N = 1,000k,

we only consider mem1_ssd1_v2_x36. Additionally, we use mem2_ssd2_gpu1_x8 to

run step 1 of Quickdraws on an instance providing a 24GB Nvidia A10G GPU.

All the jobs on RAP were run using “on-demand” priority. Each method was run

using configurations that would optimize performance, where possible, example, by

allowing multi-threading and supplying files using the most efficient file formats,

and all methods were given the same file containing testing variants as input.

BOLT-LMM, FastGWA and SAIGE do not leverage multi-trait parallelization,

so we run them for 5 phenotypes and extrapolate the results for 50 phenotypes.

We also only run BOLT-LMM for one of the three RAP instances, as the large

difference in running costs would not to be significantly reduced using other types

of hardware. For binary traits and N = 1,000k, which are more computationally

intensive, we run step 2 for Quickdraws, REGENIE, and SAIGE using a subset of

∼13.3 million testing variants, and linearly extrapolate the results.

Additionally, Quickdraws allows running the model-fitting step in either high-

memory or low-memory mode. The high-memory mode allows for loading the

genotype matrix in memory for faster access. The low-memory mode uses a multi-

threaded approach to stream the genotype data from disk, decreasing the total

memory footprint, while being marginally slower than the high-memory option

(20% slower on the RAP instance we tested). For the analysis in table 5.2, we

report the minimal cost across the RAP machines we considered for each method,

along with running time and total memory usage computed on a common machine,



218 5.6. Discussion

using the high-memory option for Quickdraws. A more detailed cost analysis can

be found in table B.12, B.13, B.14 and B.15.

Samples Method Step 1 Step 2 Total time Total memory* Cost on RAP**
(h) (h) (h) (GB) (£)

50k Quickdraws 9.6 9 18.6 48 (16) 7.9
BOLT-LMM 127 671.5 798.5 <15 158.4
REGENIE 1.1 19.4 20.5 <15 4.0
FastGWA - 20.2 20.2 <15 3.6

405k Quickdraws 97.7 51.5 149.3 63 (16) 93.0
BOLT-LMM 1,150 7,250 8,400 46 7500.0
REGENIE 4.7 45.3 50.0 <15 24.2
FastGWA - 128.4 128.4 <15 37.3

(a) Quantitative traits

Samples Method Step 1 Step 2 Total time Total memory* Cost on RAP**
(h) (h) (h) (GB) (£)

50k Quickdraws 18.3 77.8 96.1 49 (16) 25.2
SAIGE 2.1 270.9 273 <15 47.5

REGENIE 13.1 168.9 182.0 <15 41.0
FastGWA - 40.6 40.6 <15 9.2

405k Quickdraws 162.7 519.7 682.3 67 (16) 395.9
SAIGE 9.0 12015.5 12024.4 <15 2834.9

REGENIE 56 813.9 869.9 <15 506.9
FastGWA - 254.1 254.1 <15 98.1

(b) Binary traits

Table 5.2: Computational efficiency of Quickdraws for (a) quantitative and (b)
binary trait association. We compare the computational requirements for recent GWAS
algorithms with Quickdraws to generate summary statistics for 13.3 million variants and
50 phenotypes with either N = 50, 000 or N = 405, 088 and 458, 464 genotyped markers
for model fitting (89, 177 genotyped markers for SAIGE, see Methods); *Total memory
includes CPU RAM memory and GPU memory, only Quickdraws requires GPU memory
which is reported separately in brackets; **A more detailed cost analysis can be found
in table B.12 and B.13 Running times are computed using the same hardware for all
methods (mem2_ssd1_v2_x8, with 32 GB of RAM, 8-core processor for N = 50k and
mem1_ssd1_v2_x36, 72 GB of RAM, 36-core processor for N = 405k datasets).

5.6 Discussion

To fully harness the growing volumes of genomic, phenotypic, and environmental

information contained in modern biobanks, existing GWAS algorithms need

to optimize a complex trade-off between cost efficiency, statistical power, and

robustness. We developed an algorithm for genome-wide association testing,
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called Quickdraws, that navigates these trade-offs by combining established GWAS

paradigms, such as using mixed-effect models [104, 106–108, 115–118, 130–133] to

handle relatedness and population structure and the use of penalized regression

[123, 279] for binary traits, with recent ideas from Bayesian machine learning, such

as stochastic variational inference [226, 229], first-order gradient optimizers [227,

230], and transfer learning [231]. In addition, Quickdraws allows leveraging GPUs,

which are available in modern computing platforms and have been widely adopted

in machine learning applications to parallelize computationally intensive matrix

operations [244]. Overall, this strategy allows Quickdraws to achieve higher average

association power than existing methods in the analysis of binary traits, and to

match the association power obtained in quantitative traits by BOLT-LMM, the

only other approach that enables modeling of non-infinitesimal architectures. In

computational benchmarks using the UK Biobank RAP cloud platform, Quickdraws

required a fraction of the computational resources used by BOLT-LMM, with costs

comparable to those of scalable methods with lower average association power.

Summary statistics for the traits we analyzed, which comprise 79 quantitative

traits, 50 self-reported diseases, and 2923 plasma protein traits, are freely available

for download from [280].

The gains in statistical power achieved by Quickdraws are equivalent to analyzing

data sets that contain larger sample sizes [106, 107, 234], with our simulations

showing increases in effective sample size of over 19.2% for traits linked to a few

thousands of causal variants. Similarly, our analyses of real traits, in which we

focused on quantitative traits and diseases with high heritability and phenotyping

rate, yielded more independent association signals than current scalable approaches

(example, 26.1% and 8.04% increase over REGENIE for Height and Mean platelet

volume, see tables B.7 and B.8). Although complex traits are known to be highly

polygenic [134], their genetic architectures, in particular for molecular traits such as

metabolites [281], are estimated to be far from a purely infinitesimal model, with

large fractions of heritability concentrating in a relatively small set of variants [252,

258, 282]. As the range of phenotypic measurements available in biobank data sets
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continues to grow, we therefore expect the increase in computational power that we

observed in our analyses to also be observed in broader sets of traits and diseases.

5.6.1 Sharing and combining posterior effect estimates

Our analyses demonstrate that, in addition to increasing association power by

allowing the computation of a residualized phenotype, the posterior mean estimates

of the effect sizes computed during the model fitting step can be used to construct

polygenic scores that perform well in held-out individuals compared to those

computed from summary association statistics. Therefore, sharing these effect

estimates, which we make available for the traits we analyzed (see [280]), may

facilitate novel downstream analyses. However, compared to the use of summary

association statistics, one disadvantage of using posterior effect estimates to construct

polygenic scores is the lack of established methodology to combine them across

independent cohorts. Developing strategies that allow to meta-analyze these effects

across cohorts could open new avenues for the development of federated association

and polygenic prediction strategies that preserve high statistical power without

the need for sharing individual-level data.

5.6.2 Limitations and future work

We highlight several current limitations and areas of future work to improve the

Quickdraws algorithm. First, Quickdraws leverages modern GPU hardware to speed

up the Bayesian regression in the model fitting step and is therefore slower when run

on traditional CPU hardware (see Figure 5.15 for a comparison). GPUs may not

be as easily accessible as CPUs, and have higher costs, as evidenced in Table B.12

and B.13. Our analyses on the RAP cloud platform, however, demonstrates that

the overall increase in running costs is not substantial. Furthermore, the extensive

use of GPUs in machine learning applications is likely to continue to increase

their availability, paving the way for additional GPU-based applications in human

genetics. Future work may allow developing a faster CPU-based implementation

of Quickdraws. Second, although Quickdraws is well parallelized for the analysis
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of multiple traits, it currently does not capture the correlations that often exist

across these traits. Extending Quickdraws to leverage genetic and environmental

correlations is likely to lead to improved performance [283, 284]. Third, although we

have shown that a strategy based on adjusting for polygenic scores computed within

the same sample does not lead to power gains comparable to those achieved by

Quickdraws and BOLT-LMM, it is possible that using polygenic scores constructed

from larger external cohorts will lead to more substantial power increases [276,

277]. Fourth, association analyses have recently been shown to be affected by

participation biases [285, 286], to which Quickdraws is also susceptible. To mitigate

these biases, we implemented the adjustment strategy proposed in [278] in step

2 of the Quickdraws algorithm (as described in Section 5.4.5). However, further

work will be needed to incorporate this adjustment in step 1 of the algorithm.

Despite these current limitations and avenues for future development, we believe

that Quickdraws will provide a useful tool for large-scale GWAS, demonstrating the

promise of leveraging modern machine learning methodology to improve statistical

power and efficiency in these analyses.
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Figure 5.15: Computational performance of Quickdraws on different computing
architectures. We assessed the running time and cost associated with Quickdraws’
model fitting step (Step 1) across varying numbers of samples (N) and phenotypes (P ).
Performance was compared for three architectures: an Nvidia A10G GPU node on the UK
Biobank Research Analysis Platform (RAP) (mem2_ssd2_gpu1_x8), a 14-core MacBook
Pro equipped with the Apple M3 chip, and an 8-core CPU node on the UK Biobank RAP
(mem2_ssd1_v2_x8). Running costs were calculated only for the GPU and CPU nodes on
the RAP.
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Theorem 1: Let q = ∑N
i πifi be a mixture of non-overlapping distributions, i.e.,

Si ∩ Sj = ∅,∀i ̸= j, where Si is the support of distribution fi. If p is a probability
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distribution and can be represented as a mixture of non-overlapping distributions

with the same support as fi, i.e., p = ∑N
i π

′
igi and support of gi = support of fi,

the KL divergence between q and p can be simplified as follows:

KL(q||p) =
N∑
i

(πiKL(fi||gi) + πi log(πi) − πi log(π′
i)) (A.1)

Proof: Assuming q is 0 outside ∪N
i Si, we can write the integral as

KL(q||p) =
∫
q log(q) − q log(p) =

N∑
i

∫
Si

q log(q) − q log(p)

=
N∑
i

∫
Si

(
N∑
i

πifi

)
log

(
N∑
i

πifi

)
−
(

N∑
i

πifi

)
log

(
N∑
i

π′
igi

)
. (A.2)

Because Si ∩ Sj = ∅,∀i ̸= j, we can simplify as

KL(q||p) =
N∑
i

∫
Si

πifi log(πifi) − πifi log(π′
igi)

=
N∑
i

πi

(∫
Si

fi log(fi) − fi log(gi)
)

+
N∑
i

(
πilog(πi)

∫
Si

fi − πilog(π′
i)
∫
Si

fi

)

=
N∑
i

πi

(∫
Si

fi log(fi) − fi log(gi)
)

+
N∑
i

(πilog(πi) − −πilog(π′
i))

=
N∑
i

(πiKL(fi||gi) + πi log(πi) − πi log(π′
i)) (A.3)
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Figure B.1: Comparison of allele frequencies between HGDP+1,000GP and
ancient samples. We analyze biallelic SNPs on chromosome 20 within the masked
regions. The comparison includes union (“all sites”) and intersection (“overlapping sites”)
of SNPs in the two datasets seperately.
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Figure B.2: Pairwise inverse coalescence rates estimated from Relate trees for
the HGDP+1,000GP dataset. Genome-wide average inverse cross-coalescence rates
between afr (Sub-Saharan Africans), eas (East Asians), nfe (Non-Finnish Europeans),
and sas (South Asians).
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Figure B.3: Pairwise inverse coalescence rates estimated from Relate trees for
the HGDP+1,000GP+aDNA dataset. Genome-wide average inverse cross-coalescence
rates between I9590 (Mota individual, Ethiopia), afr (modern Sub-Saharan Africans),
baa001 (Ballito Bay individual, South Africa), and nfe (modern Non-Finnish Europeans).
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Figure B.4: Pairwise inverse coalescence rates estimated from Relate trees
for the HGDP+1,000GP+archaics dataset. Genome-wide average inverse cross-
coalescence rates between Denisovan, Neanderthals, afr (modern Sub-Saharan Africans),
and nfe (modern Non-Finnish Europeans).
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Figure B.5: Pairwise inverse coalescence rates estimated from Relate trees
for the SGDP dataset. Genome-wide average inverse cross-coalescence rates between
Africans, East Asians, South Asians, and West Eurasians.

Yamnaya nfe

Farmer WHG

1e+03 1e+04 1e+05 1e+06 1e+07 1e+03 1e+04 1e+05 1e+06 1e+07

1e+03

1e+04

1e+05

1e+06

1e+03

1e+04

1e+05

1e+06

1e+03

1e+04

1e+05

1e+06

1e+03

1e+04

1e+05

1e+06

Years ago

0.
5/

m
ea

n_
ha

pl
oi

d_
co

al
es

ce
nc

e_
ra

te

Group2

Farmer

WHG

Yamnaya

nfe

Figure B.6: Pairwise inverse coalescence rates estimated from Relate trees
for the European subset of the HGDP+1,000GP+aDNA dataset. Genome-
wide average inverse cross-coalescence rates between Farmers, WHG (Western Hunter-
Gatherers), Yamnaya, and nfe (modern Non-Finnish Europeans).
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Figure B.7: Co-ancestry curves for 3-way admixture in Europe. We refit each co-
ancestry curve with an exponential fit to estimate the date of a multi-way admixture event.
In this case component 1 represent WHG ancestry, component 2 farmer and component 3
Yamnaya-like ancestry. Inferred admixture dates in the plot are in generations.
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Figure B.8: Mean Eurasian-like ancestry proportion stratified by background
selection intensity. The mean Eurasian-like ancestry proportion is calculated across
African samples from the HGDP and 1,000GP. The background selection B-map was
obtained from [192]. Error bars represent standard errors around the mean.
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Figure B.9: Eurasian-like ancestry segment length distribution across African
populations. Panels (a-v) show histograms of Eurasian-like ancestry segment lengths
for each African population analyzed in the HGDP, 1,000GP, and SGDP datasets. Each
panel title includes the population label, the reciprocal of the African proportion, and the
mean segment length (an estimate of single-event admixture date in generations). The
x-axis is truncated at 5 cM.
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(a) (b)

(c)

(d)

Figure B.10: Detecting Neanderthal ancestry in Eurasian populations with
GhostBuster. (a) Proportion of Neanderthal ancestry estimated for two East Asian
(Han, Japanese), two European (French, Russian), and two South Asian (Pathan, Brahui)
populations from the HGDP+1,000GP dataset. (b) Chromosome-wide average proportion
of Neanderthal ancestry. (c) Genome-wide average proportion of Neanderthal ancestry
along the genome. (d) Average Neanderthal ancestry across five previously identified
archaic deserts [173, 199]. In panel (c), the green dashed line represents the genome-wide
average Neanderthal ancestry. In panel (d), the dashed lines mark the start and end
positions of the deserts. Regions within and 100 kb around the ENCODE blacklist
[287] have been excluded from the analysis. Panel (a) overlays individual genome-wide
Neanderthal ancestry data points for each sample on the violin plots. The positions shown
in panel (d) are based on the hg38 genome build.
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(a)

(b)

Figure B.11: Joint-regression of Neanderthal and Eurasian-like ancestry in
Africans. (a) Mean coefficient estimates and confidence intervals from the joint regression
analysis of genome-wide Neanderthal ancestry proportions against Eurasian-like ancestry
proportions, divided into younger and older Eurasian-like segments. (b) Genome-wide
residual Neanderthal ancestry vs. Eurasian-like ancestry proportions across all African
samples. The residual Neanderthal proportion is defined as the genome-wide Neanderthal
ancestry proportion minus the estimated proportion attributed to other Eurasian-like
ancestry, as inferred from the joint regression. Error bars in (a) represent 95% confidence
intervals around the mean estimated coefficients using least squares. Error bars in
(b) represent the population-specific standard deviation of Eurasian and Neanderthal
proportions, while the dashed line in (b) indicating the least squares fit.
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Single-date admixture model Two-date admixture model

Figure B.12: Dating Eurasian-like segments carrying Neanderthal ancestry in
Africans. Coancestry curves were generated by considering only Eurasian-like segments
that carry Neanderthal ancestry (with posterior probability ≥ 0.1) at at least one position
within the segment. Eurasian-like segments that did not carry any Neanderthal ancestry
were treated as African (non-Eurasian-like) ancestry. The figure displays the log-likelihoods
corresponding to various admixture models, including one-date, two-date, and constant
continuous migration models. Single admixture model fits and two-date admixture model
fits are shown, with populations sorted from highest to lowest proportion of Eurasian-like
ancestry. The log-likelihood values are aggregated across 20 jackknife runs. For the
two-date admixture model, pink represents the younger admixture date, and purple
represents the older admixture date. Admixture dates in the plot are in generations.
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Figure B.13: Comparison of observed Neanderthal proportion with theoretical
expectations under the assumption of no Neanderthal ancestry in older
Eurasian admixture. The posterior probability of being Neanderthal is measured
for Eurasian-like segments in Africa with segment sizes less than or equal to the specified
value (x-axis). Observed values are compared to theoretical Neanderthal proportions
assuming two admixture events, where only the younger event contributes to Neanderthal
ancestry. Shaded regions represent 95% confidence intervals for the observed Neanderthal
proportion and theoretical estimates, accounting for variability in admixture dating. The
x-axis is limited to 5 cM.
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(a) (b) (c)

Figure B.14: Evolution of number of weak to strong mutations relative
to strong to weak mutations across populations. Ratio of number of weak to
strong mutations divided by strong to weak mutations across various continental groups,
including NFE (non-Finnish Europeans), SAS (South Asians), EAS (East Asians), and
MID (Middle Eastern and North African populations), AFR (sub-Saharan Africans). CpG
sites are excluded from calling both weak and strong mutations. Shaded regions indicate
95% confidence intervals derived from 1,000 bootstrap replicates, while the dashed line
represents the baseline of no enrichment.
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Figure B.15: Enrichment of TCC to TTC mutation rates across African
ancestral components in diverse African populations. Enrichment of TCC to TTC
mutation rates in younger and older Eurasian-like segments compared to non-Eurasian-like
(African) segments across 11 modern African populations (see population descriptions
in 3.1a). Shaded regions indicate 95% confidence intervals derived from 1,000 bootstrap
replicates, while the dashed line represents the baseline of no enrichment.
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Figure B.16: Enrichment of weak to strong mutation rates across African
ancestral components in diverse African populations. Enrichment of weak to
strong mutation rates in younger and older Eurasian-like segments compared to non-
Eurasian-like (African) segments across 11 modern African populations (see population
descriptions in 3.1a). Shaded regions indicate 95% confidence intervals derived from 1,000
bootstrap replicates, while the dashed line represents the baseline of no enrichment.
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Figure B.17: Mutation count enrichment across all 96 trimer types in Eurasian-
like segments within African individuals from the HGDP+1,000GP dataset.
(a) Younger Eurasian-like segments and (b) older Eurasian-like segments are shown.
The y-axis represents the enrichment, calculated relative to the mutation count in non-
Eurasian-like segments of African individuals. Shaded regions indicate 95% confidence
intervals derived from 1,000 bootstrap replicates, while the dashed line represents the
baseline of no enrichment.
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(a)

(b)

(c)

(d)

Figure B.18: Coalescence rates between Eurasian-like and non-Eurasian-like
segments in Africans. Pairwise coalescence rate matrices and corresponding UPGMA
dendrograms for (a-b) Younger Eurasian-like segments and (c-d) Older Eurasian-like
segments. The coalescence rates correspond to the epoch spanning 10,000 to 15,848 years.
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Figure B.19: Coalescence rates with modern and ancient samples. Each bar
plot shows the coalescence rate for the epoch spanning 10,000–15,848 years between
Eurasian-like segments from the younger admixture date and various modern and ancient
samples. Only the top 25 groups are displayed. Error bars represent 95% confidence
intervals, calculated from 100 bootstrap samples.
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Figure B.20: Held-out likelihood and expected R2 for the deep admixture
event across African populations. The held-out likelihood was calculated by fitting
the EM algorithm on chromosome 1 and testing on chromosome 2. The number of
components varied between 1 and 4 or 5.
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Figure B.21: Dating the ancestral components of the deep admixture event.
This analysis is similar to Figure 3.8, but with local ancestry segments identified as
Eurasian-like in the back-to-Africa analysis masked. Additionally, regions within 5 cM
of these segments were also excluded. The plot displays the log-likelihoods for one-
date, two-date, and continuous admixture models across populations, as well as the
inferred admixture date for the single-date admixture model. The log-likelihood values
are aggregated across 20 jackknife runs. The legend remains identical to that in Figure
3.8. Admixture dates in the plot are in generations.
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Figure B.22: Comparison of GhostBuster runs with and without the HMM.
Chromosome 1 of San individuals from the HGDP+1,000GP dataset was decomposed,
fixing the number of components to 2. The HMM was turned off, treating each site
independently for local ancestry calculation. (a) shows the inverse coalescence rates when
the HMM is turned off, and (b) compares the correlation in local ancestry inferred with
and without the HMM. Plot (b) is based on binning the posterior probabilities into 500
equally spaced bins and calculating the average posterior within each bin.
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Figure B.23: Comparison of GhostBuster runs with and without Eurasian
reference samples. Chromosome 1 of San individuals from the HGDP+1,000GP dataset
was analyzed, fixing the number of components to 2. The Eurasian samples were excluded
from the reference panel prior to ancestry decomposition. (a) shows the inverse coalescence
rates when only African populations were used as the reference, and (b) compares the
correlation in local ancestry inferred with and without Eurasian samples in the reference
panel. Plot (b) is based on binning the posterior probabilities into 500 equally spaced
bins and calculating the average posterior within each bin.
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Figure B.24: Mutation count enrichment across all 96 trimer types in OOA-like
segments within African individuals from the HGDP+1,000GP dataset. The
y-axis represents the enrichment, calculated relative to the mutation count in non-OOA-
like segments of African individuals. Shaded regions indicate 95% confidence intervals
derived from 1,000 bootstrap replicates, while the dashed line represents the baseline of
no enrichment.

rs6889665

Figure B.25: Relate-inferred tree at the PRDM9 gene. Relate-inferred tree at
chromosome 5:23,532,534 (hg38 build), highlighting the PRDM9-C allele (rs6889665) as a
star on the lineage along with the descendant population composition. The genealogy
was subset to include Africans (OOA-like and Non-OOA-like), East Asians (eas), South
Asians (sas), and non-Finnish Europeans (nfe).



250 B.1. Additional figures

(a) Apolipoprotein B

(b) Gamma Glutamyl Transferase (GGT)

(c) Total Bilirubin

Figure B.26: Manhattan plots for some blood traits. (a) Apolipoprotein B, (b)
Gamma Glutamyl Transferase (GGT), (c) Total Bilirubin. The GWAS summary statistics
was calculated using Quickdraws (more details in chapter 5). The green line indicates
P = 1 × 10−20.
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Figure B.27: Summary of calibration in simulations with varying levels of
population structure. False positive rate (FPR) at a significance threshold of α ∈
{0.05, 0.0005}, calculated as the fraction of variants on even chromosomes with p-value
lower than α. The line inside each box indicates the median value, the central box
indicates the interquartile range, whiskers indicate data up to 1.5 times the IQR, and
outliers are shown as separate points. A description of the group labels (GB-unrel, EUR,
PAS) is provided in section 5.3.1.
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Figure B.28: Summary of calibration in simulations with varying levels of
relatedness. False positive rate (FPR) at a significance threshold of α ∈ {0.05, 0.0005},
calculated as the number of variants on even chromosomes with p-value lower than
α. The line inside each box indicates the median value, the central box indicates the
interquartile range, whiskers indicate data up to 1.5 times the IQR, and outliers are
shown as separate points. GB-unrel refers to simulations including only unrelated British
individuals, GB-rel-ukb refers to randomly sampling from the related white British subset,
GB-rel refers to the default relatedness setting with 3.4× more relative pairs compared to
the UK Biobank, and GB-rel+ refers to the extreme relatedness case of 7.3× and 4.8×
more first and second degree relative pairs compared to the UK Biobank. The prevalence
of binary traits was fixed at 10%.
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Figure B.29: Summary of calibration in simulations with varying causal effect
distributions. The first two rows correspond to causal effects simulated from a mixture
of two Gaussian. Polygenicity refers to the proportion corresponding to the Gaussian
with higher variance, and f refers to the fraction of total variance explained by the
Gaussian with lower variance. False positive rate (FPR) at a significance threshold of
α ∈ {0.05, 0.0005}, calculated as the fraction of variants on even chromosomes with
p-value lower than α. The line inside each box indicates the median value, the central
box indicates the interquartile (IQR) range, whiskers indicate data up to 1.5 times the
IQR, and outliers are shown as separate points.
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Figure B.30: Summary of statistical power in simulations for quantitative
traits. We measure the normalized causal χ2 at top 1,000 and top 10,000 causal variants.
To correct for confounding, the causal χ2 is normalized by the average χ2 at null variants
on even chromosomes. The line inside each box indicates the median value, the central
box indicates the interquartile range, whiskers indicate data up to 1.5 times the IQR,
and outliers are shown as separate points. A description of the group labels (GB-unrel,
GB-rel, GB-rel+, EUR) is provided in section 5.3.1.
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Figure B.31: Summary of statistical power in simulations for binary traits.
We measure the normalized causal χ2 at top 1,000 and top 10,000 causal variants. To
correct for confounding, the causal χ2 is normalized by the average χ2 at null variants
on even chromosomes. The line inside each box indicates the median value, the central
box indicates the interquartile range, whiskers indicate data up to 1.5 times the IQR,
and outliers are shown as separate points. A description of the group labels (GB-unrel,
GB-rel, EUR) is provided in the section 5.3.1.
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Figure B.32: Summary of statistical power in simulations with varying causal
effect distributions. The first two rows correspond to causal effects simulated from
a mixture of two Gaussian. Polygenicity refers the proportion corresponding to the
Gaussian with higher variance, and f refers to the fraction of total variance explained by
the Gaussian with lower variance. We measure the normalized causal χ2 at top 1,000 and
top 10,000 causal variants. To correct for confounding, the causal χ2 is normalized by the
average χ2 at null variants on even chromosomes. The line inside each box indicates the
median value, the central box indicates the interquartile range (IQR), whiskers indicate
data up to 1.5 times the IQR, and outliers are shown as separate points.
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(a) (b)

Figure B.33: Manhattan plots for two binary traits. (a) Asthma (prevalence
= 0.119) and (b) Basal cell carcinoma (prevalence = 0.012). ∼13.3 million variants were
tested. Red lines indicate a genome-wide significance threshold of P = 5 × 10−8 and the
green line indicates P = 1 × 10−20.
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(a) (b)

Figure B.34: Manhattan plots for two binary traits. (a) Celiac disease (prevalence
= 0.0047) and (b) Vitiligo (prevalence = 0.0005). ∼13.3 million variants were tested. Red
lines indicate a genome-wide significance threshold of P = 5 × 10−8 and the green line
indicates P = 1 × 10−20.
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(a) (b)

Figure B.35: Manhattan plots for two quantitative traits. (a) Eosinophil count
(RHE-me h2 = 0.213) and (b) Haemoglobin concentration (RHE-mc h2 = 0.158). ∼13.3
million variants were tested. Red lines indicate a genome-wide significance threshold of
P = 5 × 10−8 and the green line indicates P = 1 × 10−20.
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(a) (b)

Figure B.36: Manhattan plots for two quantitative traits. (a) Lymphocyte
percentage (RHE-mc h2 = 0.196) and (b) Mean platelet volume (RHE-mc h2 = 0.448).
∼13.3 million variants were tested. Red lines indicate a genome-wide significance threshold
of P = 5 × 10−8 and the green line indicates P = 1 × 10−20.
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B.2 Additional tables

Table B.1: Ancient samples built in the genealogy. Ancient sample IDs, sampling
age (in years), country of origin and genomic coverage

ID Date Country Coverage
AltaiNeandertal 110,450 Russia 52.0
Vindija 41,950 Croatia 30.0
Chagyrskaya 80,000 Russia 27.0
Denisova 63,900 Russia 31.0
WC1 9,219 Iran 10.4
PB675 5,416 Ireland 15.9
JP14 5,497 Ireland 16.6
SRA62 5,979 Ireland 13.2
rath1 3,906 Ireland 11.6
bally 5,132 Ireland 11.3
Yamnaya 4,890 Kazakhstan 25.2
BOT2016 5,450 Kazakhstan 13.6
Ust_Ishim 45,020 Russia 42.0
SF12 8,895 Sweden 65.2
KH150622 3,350 Germany 18.2
KH150623 3,350 Germany 17.1
KH150620 3,350 Germany 16.3
KK1 9,678 Georgia 11.3
I0018 7,140 Germany 19.0
I0001 8,025 Luxembourg 20.1
I10871 7,890 Cameroon 18.5
I5950 4,472 Ethiopia 11.3
Klein7 7,122 Austria 11.3
Asp6 7,524.5 Austria 12.1
Ess7 6,975 Germany 12.3
Herx 7,078.5 Germany 11.5
Dil16 7,116.5 Germany 10.6
Nea2 8,098 Greece 12.5
Nea3 8,183.5 Greece 11.6
VC3-2 7,495.5 Serbia 11.2
STAR1 7,532.5 Serbia 10.6
LEPE52 7,812 Serbia 12.4
LEPE48 7,939.5 Serbia 10.9
VLASA7 8,552 Serbia 15.2
VLASA32 9,604.5 Serbia 12.7
Bar25 8,294.5 Turkey 12.7
AKT16 8,547.5 Turkey 12.3

Continued on next page
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Table B.1: (Continued)

ID Date Country Coverage
USR1 11,435 USA 17.0
Sumidouro5 10,405 Brazil 13.6
Lovelock3 627 USA 18.1
Lovelock2 1,880 USA 14.4
AHUR_2064 10,970 USA 17.9
Anzick 12,649 USA 14.0
new001 418 South Africa 11.1
ela001 493 South Africa 10.5
baa001 1,909 South Africa 12.9
2H11 5,163 France 23.6
2H10 5,166 France 13.8
Kolyma1 9,786 Russia 15.0
Yana1 31,950 Russia 24.3
Sunghir3 34,093 Russia 12.0
atp016 4,971 Spain 15.3
atp002 4,746 Spain 11.3

Table B.2: Admixture date estimates for the back to Africa admixture event in
Africans. Estimated dates for the younger admixture event based on two-date co-ancestry
curve fitting, measured in generations. The lower and upper bounds represent the 95%
confidence intervals derived from 20 jackknife replicates during the co-ancestry curve
fitting process.

Population Mean Lower bound Upper bound
Masai 57.7 49.5 66.7
Bantu Kenya 103.4 93.2 113.6
LWK 108.9 100.3 117.8
Luo 32.7 16.3 68.1
Khomani San 14.9 1 41.4
Ju Hoan North 105.2 82.1 126.8
GWD 130.1 125.3 141.9
Mandenka 130.6 119.2 138.9
San 81.8 75.2 88.9
Dinka 108.0 87.9 213.5
Bantu SAfrica 162.7 149.4 176.7
MSL 148.9 143.1 160.1
ESN 187.5 178.2 227.7
Yoruba 233.6 214.3 261.3
Mbuti 175.8 134.2 254.3
Biaka 165.7 143.4 192.2
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Table B.3: Admixture date estimates for the deep admixture event in Africans.
Estimated dates for the deep admixture event based on two-date co-ancestry curve fitting,
measured in generations. The lower and upper bounds represent the 95% confidence
intervals derived from 20 jackknife replicates during the co-ancestry curve fitting process.

Population Mean Lower bound Upper bound
Dinka 1,353.7 1,270.1 1,433.8
Luo 1,181.2 1,139.5 1,205.8
ESN 1,384.2 1,354.5 1,436.4
Yoruba 1,402.8 1,377.4 1,446.0
Masai 841.3 792.0 899.1
MSL 1,362.7 1,338.6 1,396.8
GWD 1,343.1 1,312.2 1,367.3
Mandenka 1,253.0 1,225.6 1,283.9
LWK 1,194.2 1,168.5 1,211.1
Bantu Kenya 1,181.7 1,153.4 1,205.6
Bantu SAfrica 1,229.7 1,210.5 1,249.2
Biaka 1,233.7 1,221.7 1,251.3
Mbuti 1,196.0 1,169.3 1,217.5
Ju Hoan North 1,008.1 957.9 1,067.8
San 1,021.2 989.6 1,051.7
Khomani San 819.5 759.5 909.4

Table B.4: False positive rates (FPR) for FastGWA in quantitative trait
simulations with up to 460,000 self-identified Europeans. The table presents
the FPR for FastGWA under various sample sizes, controlling for residual population
stratification by adjusting the number of included principal components (PCs) or by
omitting them entirely. The polygenicity of the simulated trait is fixed at 1%. S.E.
refers to the standard error, and * indicates a Bonferroni-significant t-test p-value. The
significance threshold for the FPR was set at 0.005. Each simulation condition varied
one of the following baseline parameters: sample size (N = 460k), ancestry differences
explaining 5% of phenotypic variance, and the use of 10 PCs to correct for stratification.

Condition Mean FPR S.E. FPR t-test p-value
Varying sample sizes
N = 50k 0.00503 2.99 x 10−5 0.23
N = 100k 0.00514 4.35 x 10−5 0.0009
N = 460k 0.00586 4.11 x 10−5 8 x 10−38 *
Varying pop. stratification
5% 0.00586 4.11 x 10−5 8 x 10−38 *
0% 0.00509 2.94 x 10−5 0.0019
Varying #PCs
3 PCs 0.01424 3.23 x 10−4 2 x 10−48 *
10 PCs 0.00586 4.11 x 10−5 8 x 10−38 *
20 PCs 0.00531 3.61 x 10−5 1.8 x 10−13 *
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Table B.5: Quantitative traits analyzed. Quantitative traits analyzed, including
RHE-MC h2 estimates and sample sizes (N).

UKBB ID Phenotype h2 N
30850 Testosterone 0.03 355373
1438 Bread intake 0.053 396396
874 Duration of walks 0.054 346657

30740 Glucose 0.088 359138
2217 Age started wearing glasses 0.092 349337
30060 Mean corp. haemoglobin conc. 0.101 398336
30810 Phosphate 0.149 358861
30780 LDL direct 0.152 390888
3064 Peak expiratory flow (PEF) 0.152 370024
30690 Cholesterol 0.157 391567
30020 Haemoglobin conc 0.158 398342
30030 Haematocrit % 0.161 398343

46 Hand grip strength (left) 0.162 403800
47 Hand grip strength (right) 0.164 403850

30600 Albumin 0.168 359528
30670 Urea 0.172 391307
30680 Calcium 0.177 359391
30650 Asp-aminotransferase 0.178 390183
30860 Total protein 0.188 359122
4079 Diastolic blood pressure 0.188 379181
30640 Apolipoprotein B 0.189 389718
30200 Neutrophill % 0.19 397665
4080 Systolic blood pressure 0.192 379174
102 Pulse rate 0.194 379181

30180 Lymphocyte % 0.196 397665
30700 Creatinine 0.198 391377
30830 SHBG 0.2 356165
30880 Urate 0.206 391102
30630 Apolipoprotein A 0.213 357411
30150 Eosinophill count 0.213 397661
30790 Lipoprotein A 0.22 312270
30140 Neutrophill count 0.22 397661
30130 Monocyte % 0.221 397665
30870 Triglycerides 0.234 391260
30730 Gamma glutamyltransferase 0.24 391372
30710 C-reactive protein 0.241 390752
20257 Forced vital capacity (FVC) Z-score 0.242 328403
30750 Glycated haemoglobin 0.245 391597
30760 HDL cholesterol 0.248 359370
30210 Eosinophill % 0.251 397665
30130 Monocyte count 0.253 397661
30280 Immature reticulocyte fraction 0.26 391990

Continued on next page
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Table B.5: (Continued)

UKBB ID Phenotype h2 N
30250 Reticulocyte count 0.26 392210
20256 Forced expiratory volume (FEV1) Z-score 0.263 328403
30070 Red blood cell distribution width 0.264 398342
30260 Mean reticulocyte vol 0.266 392211
30240 Reticulocyte % 0.267 392210
20258 FEV1/FVC ratio Z-score 0.269 328403
30120 Lymphocyte count 0.269 397661

48 Waist circumference 0.277 404969
30010 Red blood cell count 0.279 398343
30610 Alkaline phosphatase 0.279 391586
30300 High light scatter reticulocyte count 0.289 391989
30770 IGF-1 0.29 389525
30270 Mean sphered cell vol 0.293 391990
23115 Leg fat % (left) 0.294 399130
23111 Leg fat % (right) 0.294 399151
30110 Platelet distribution width 0.296 398153
23127 Trunk fat % 0.302 398940
23119 Arm fat % (right) 0.302 399098
23123 Arm fat % (left) 0.305 399037
30290 High light scatter reticulocyte % 0.306 391990
23099 Body fat % 0.310 398955

49 Hip circumference 0.318 404972
30090 Platelet crit 0.326 398154
30840 Total bilirubin 0.327 389995
23110 Impedance of arm (left) 0.331 399149
23109 Impedance of arm (right) 0.331 399133
23128 Trunk fat mass 0.331 398918
21001 Body mass index (BMI) 0.348 405010
23106 Impedance of whole body 0.367 399144
30080 Platelet count 0.373 398339
21002 Weight 0.381 405018
30040 Mean corp. vol 0.414 398342
23105 Basal metabolic rate 0.419 399169
23102 Whole body water mass 0.428 399179
30050 Mean corp. haemoglobin 0.432 398339
30100 Mean platelet vol 0.448 398334

50 Standing height 0.745 405035
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Table B.6: Self-reported disease traits analyzed. Self-reported disease traits
analyzed, including their disease code and prevalence.

UKBB ID Disease ID Phenotype Prevalence
20002 1065 Hypertension 0.2740
20002 1473 High cholestrol 0.1400
20002 1111 Asthma 0.1190
20002 1465 Osteoarthritis 0.0946
20002 1387 Hayfever 0.0667
20002 1286 Depression 0.0649
20002 1138 Gastric reflux 0.0529
20002 1226 Hypothyroidism 0.0518
20002 1220 Diabetes 0.0421
20002 1265 Migraine 0.0343
20002 1074 Angina 0.0335
20002 1452 Eczema 0.0320
20002 1474 Hiatus hernia 0.0266
20002 1075 Heart attack 0.0247
20001 1002 Breast cancer 0.0241
20002 1094 Deep venous thrombosis 0.0210
20002 1162 Cholelithiasis 0.0188
20002 1294 Back problem 0.0183
20002 1396 Enlarged prostate 0.0183
20002 1309 Osteoporosis 0.0182
20002 1287 Anxiety 0.0182
20002 1351 Uterine fibroids 0.0170
20002 1538 Arthritis nos 0.0148
20002 1113 Emphysema 0.0142
20002 1458 Diverticulitis 0.0137
20002 1453 Psoriasis 0.0131
20002 1277 Glaucoma 0.0125
20001 1061 Basal cell carcinoma 0.0120
20001 1044 Prostate cancer 0.0097
20002 1223 Type 2 diabetes 0.0093
20002 1197 Bladder stone 0.0092
20002 1093 Pulmonary embolism 0.0088
20001 1059 Malignant melanoma 0.0087
20002 1225 Hyperthyroidism 0.0084
20002 1202 Urinary frequency 0.0069
20002 1353 Vaginal prolapse 0.0069
20002 1330 Iron deficiency anaemia 0.0065
20002 1463 Ulcerative colitis 0.0056
20002 1417 Nasal polyps 0.0050
20002 1295 Joint disorder 0.0049
20002 1456 Coeliac disease 0.0047

Continued on next page
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Table B.6: (Continued)

UKBB ID Disease ID Phenotype Prevalence
20002 1112 Chronic obstructive airways disease 0.0045
20002 1281 Retinal detachment 0.0041
20002 1123 Sleep apnoea 0.0038
20002 1331 Pernicious anaemia 0.0033
20002 1462 Crohns disease 0.0032
20002 1291 Bipolar disorder 0.0028
20002 1446 Gout 0.0026
20002 1661 Vitiligo 0.0005
20002 1430 Hypopituitarism 0.0004

Table B.7: Number of independent associated loci for quantitative traits.
Number of independent associated loci for quantitative traits after Plink clumping using
summary statistics from FastGWA, Regenie, BOLT-LMM, and Quickdraws

Phenotype FastGWA Regenie BOLT-MoG Quickdraws
Testosterone 72 65 83 40
Bread intake 5 5 6 5

Duration of walks 0 0 1 0
Glucose 87 92 94 93

Age started wearing glasses 30 30 29 32
Mean corp. haemoglobin conc. 82 85 86 86

Phosphate 131 140 149 140
LDL direct 151 165 170 164

Peak expiratory flow (PEF) 82 85 83 85
Cholesterol 181 192 197 191

Haemoglobin conc 306 341 363 356
Haematocrit % 276 305 317 316

Hand grip strength (left) 75 78 79 84
Hand grip strength (right) 76 89 91 91

Albumin 198 216 222 220
Urea 145 158 161 156

Calcium 178 196 205 198
Asp-aminotransferase 254 271 282 276

Total protein 250 277 296 290
Diastolic blood pressure 129 143 151 146

Apolipoprotein B 178 205 214 206
Neutrophill % 266 290 304 306

Systolic blood pressure 150 157 162 154
Pulse rate 171 182 186 187

Lymphocyte % 305 332 344 345
Creatinine 351 400 418 403

SHBG 275 334 348 328
Urate 228 262 272 265

Apolipoprotein A 252 306 319 294
Eosinophill count 299 334 345 356

Lipoprotein A 54 65 70 56
Neutrophill count 299 330 341 356

Monocyte % 362 416 437 449
Continued on next page
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Table B.7: (Continued)

Phenotype FastGWA Regenie BOLT-MoG Quickdraws
Triglycerides 234 287 288 294

Gamma glutamyltransferase 287 323 330 327
C-reactive protein 196 227 233 227

Forced vital capacity (FVC) 163 185 203 193
Glycated haemoglobin 345 400 418 408

HDL cholesterol 280 353 371 352
Eosinophill % 375 430 463 461

Monocyte count 402 470 490 494
Immature reticulocyte fraction 234 258 262 264

Reticulocyte count 311 361 372 367
Forced expiratory volume (FEV1) 189 218 228 228
Red blood cell distribution width 368 423 443 425

Mean reticulocyte vol 395 439 463 460
Reticulocyte % 307 353 363 361

FEV1/FVC ratio 272 301 323 307
Lymphocyte count 353 406 422 420

Waist circumference 186 206 214 212
Alkaline phosphatase 355 446 473 457
Red blood cell count 409 482 507 508

High light scatter reticulocyte count 325 373 393 390
IGF-1 364 435 459 445

Mean sphered cell vol 378 430 456 456
Leg fat % (left) 197 222 233 233

Leg fat % (right) 204 220 229 235
Platelet distribution width 456 549 576 591

Trunk fat % 197 224 238 237
Arm fat % (right) 215 240 258 251
Arm fat % (left) 206 242 256 246

High light scatter reticulocyte % 324 369 398 399
Body fat % 215 242 259 255

Hip circumference 255 292 308 306
Platelet crit 485 587 623 626

Total bilirubin 146 203 206 199
Impedance of arm (left) 257 292 309 307

Impedance of arm (right) 301 368 387 366
Trunk fat mass 302 367 384 373

Body mass index (BMI) 262 309 334 340
Impedance of whole body 354 451 488 452

Platelet count 539 670 720 721
Weight 329 398 428 423

Mean corp. vol 487 580 599 605
Basal metabolic rate 465 545 592 584

Whole body water mass 489 587 638 627
Mean corp. haemoglobin 429 538 562 569

Mean platelet vol 618 821 892 887
Standing height 1022 1327 1452 1674

Total 21,380 24,995 26,368 26,236
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Table B.8: Number of independent associated loci for binary traits. Number of
independent associated loci for binary traits after Plink clumping using summary statistics
from FastGWA, SAIGE, Regenie, and Quickdraws. We excluded traits (enlarged prostate,
prostate cancer, vaginal prolapse, and uterine fibroids) which led to matrix inversion
errors or non-convergence of Firth logistic regression, or for which no associations were
found using any method.

Phenotype FastGWA SAIGE Regenie Quickdraws
Hypertension 155 156 170 172

High cholesterol 52 52 56 57
Asthma 65 65 63 63

Osteoarthritis 2 2 2 2
Hayfever 20 21 20 20

Depression 1 1 1 1
Gastric reflux 1 1 1 1

Hypothyroidism 80 81 81 84
Diabetes 36 36 36 38
Migraine 9 9 8 9
Angina 8 9 9 8
Eczema 13 13 13 13

Hiatus hernia 0 0 0 0
Heart attack 9 8 9 9
Breast cancer 11 11 11 11

Deep venous thrombosis 9 9 9 9
Cholelithiasis 11 11 12 11
Osteoporosis 8 8 9 8
Diverticulitis 1 1 1 1

Psoriasis 21 21 18 25
Glaucoma 6 6 6 6

Basal cell carcinoma 12 12 12 12
Type 2 diabetes 2 2 2 2
Bladder stone 1 1 1 1

Pulmonary embolism 5 5 5 6
Malignant melanoma 3 3 2 3

Hyperthyroidism 12 12 11 12
Ulcerative colitis 8 8 8 8

Nasal polyps 5 5 6 6
Celiac disease 24 26 30 32

Chronic obstructive airways disease 1 1 0 1
Pernicious anaemia 1 1 2 2

Crohns disease 2 2 2 3
Total 594 599 616 636
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Table B.9: Number of individual variants replicated using trait-specific
summary statistics. Number of individual variants replicated using summary statistics
for Crohn’s disease [263], Type 2 Diabetes [264], Celiac disease [265], Depression [266], and
Ulcerative Colitis [267]. We use a discovery threshold of 5 × 10−8 and vary the replication
threshold from 5 × 10−2 to 5 × 10−6, and compare summary statistics from FastGWA,
Regenie, and Quickdraws.

Phenotype Method Repl. thresh. = 5 × 10−2 Repl. thresh. = 5 × 10−4 Repl. thresh. = 5 × 10−6

# repl. repl. ratio. # repl. repl. ratio. # repl. repl. ratio.
Crohns disease fastGWA 29 1 29 1 29 1
Crohns disease Regenie 29 1 29 1 29 1
Crohns disease Quickdraws 29 1 29 1 29 1
Type 2 diabetes fastGWA 2 1 2 1 2 1
Type 2 diabetes Regenie 2 1 2 1 2 1
Type 2 diabetes Quickdraws 2 1 2 1 2 1
Coeliac disease fastGWA 18 1 18 1 17 0.94
Coeliac disease Regenie 20 1 20 1 19 0.95
Coeliac disease Quickdraws 23 1 23 1 22 0.96

Depression fastGWA 1 1 1 1 1 1
Depression Regenie 0 0 0 0 0 0
Depression Quickdraws 2 1 2 1 2 1

Ulcerative colitis fastGWA 24 1 24 1 24 1
Ulcerative colitis Regenie 25 1 25 1 25 1
Ulcerative colitis Quickdraws 23 1 23 1 23 1

Total fastGWA 74 1 74 1 73 0.99
Total Regenie 76 1 76 1 75 0.99
Total Quickdraws 79 1 79 1 78 0.99
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Table B.10: Number of loci replicated in Biobank Japan. Number of loci replicated
in Biobank Japan using summary statistics from FastGWA, Regenie, and Quickdraws.
We exclude traits that did not yield any associations using any method and which do not
have a matching phenotype in Biobank Japan.

Phenotype FastGWA Regenie Quickdraws
# repl. repl. ratio. # repl. repl. ratio. # repl. repl. ratio.

Eosinophill count 356 0.224 389 0.215 403 0.217
Lymphocyte count 428 0.207 471 0.200 475 0.190

Mean corp. haemoglobin 756 0.267 943 0.245 1002 0.235
Mean corp. haemoglobin conc. 138 0.280 133 0.271 137 0.273

Mean corp. volume 824 0.283 943 0.257 1010 0.253
Monocyte count 440 0.205 526 0.209 569 0.203

Neutrophill count 462 0.227 490 0.220 513 0.220
Platelet count 865 0.278 993 0.265 1111 0.250

Red blood cell erythrocyte count 714 0.278 786 0.263 850 0.260
Albumin 255 0.236 286 0.232 287 0.233

Alkaline phosphatase 497 0.187 632 0.183 649 0.179
Aspartate aminotransferase 349 0.223 380 0.227 372 0.215

C-reactive protein 262 0.144 286 0.138 339 0.152
Calcium 255 0.205 263 0.197 260 0.194

Cholesterol 240 0.229 267 0.224 264 0.208
Creatinine 626 0.281 659 0.267 652 0.267

Gamma glutamyltransferase 442 0.245 495 0.239 515 0.234
Glucose 101 0.210 101 0.208 112 0.192

Glycated haemoglobin HbA1c 331 0.165 376 0.155 403 0.157
HDL cholesterol 397 0.189 458 0.179 462 0.177

LDL direct 187 0.194 210 0.205 215 0.204
Phosphate 115 0.153 133 0.160 128 0.153

Total bilirubin 464 0.261 546 0.244 526 0.240
Total protein 349 0.235 371 0.231 391 0.233
Triglycerides 409 0.196 494 0.202 504 0.200

Asthma 97 0.263 107 0.257 108 0.267
Hypothyroidism 67 0.128 73 0.132 74 0.134

Angina 10 0.192 10 0.229 11 0.220
Depression 0 0.000 0 0.000 0 0.000

Breast cancer 18 0.419 15 0.432 19 0.422
Osteoporosis 11 0.458 11 0.355 10 0.393

Ulcerative colitis 6 0.194 2 0.088 2 0.088
Glaucoma 15 0.417 14 0.389 13 0.361

Cholelithiasis 12 0.382 13 0.361 15 0.375
Chronic obstructive airways disease 1 0.500 1 0.500 1 0.500

Hyperthyroidism 31 0.201 26 0.194 30 0.210
Type 2 diabetes 3 0.300 3 0.300 4 0.333

Nasal polyps 2 0.111 2 0.167 2 0.111
Total 10555 0.228 11931 0.220 12457 0.217
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Table B.11: Number of independent associated loci for quantitative traits after
applying the correction for participation bias. Number of independent associated
loci for quantitative traits after PLINK clumping using summary statistics from weighted
GWAS in Quickdraws (N ≈ 338, 738) compared to weighted GWAS on unrelated samples
in LDAK (N ≈ 286, 432). Note that the adjustment for participation bias was only
applied to step 2 of the Quickdraws algorithm.

Phenotype LDAK Quickdraws
Eosinophill count 66 106

Eosinophill % 70 127
Haematocrit % 39 60

Haemoglobin concentration 39 68
High light scatter reticulocyte count 69 104

High light scatter reticulocyte % 69 107
Immature reticulocyte fraction 46 66

Lymphocyte count 56 98
Lymphocyte % 44 78

Mean corp. haemoglobin 97 161
Mean corp. haemoglobin concentration 22 27

Mean corp. volume 93 173
Mean platelet volume 160 315

Mean reticulocyte volume 100 128
Mean sphered cell volume 74 126

Monocyte count 72 109
Monocyte % 74 114

Neutrophill count 42 60
Neutrophill % 34 63
Platelet count 124 203
Platelet crit 104 161

Platelet distribution width 101 150
Red blood cell count 66 111

Red blood cell distribution width 77 116
Reticulocyte count 64 95

Reticulocyte % 60 103
Albumin 29 41

Alkaline phosphatase 76 116
Apolipoprotein A 59 80
Apolipoprotein B 56 71

Asp. aminotransferase 41 54
C-reactive protein 39 58

Calcium 31 45
Cholesterol 53 71
Creatinine 57 84

Gamma glutamyltransferase 65 91
Glucose 15 21

Glycated haemoglobin 71 99
HDL cholesterol 74 101

IGF-1 60 100
Continued on next page
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Table B.11: (Continued)

Phenotype LDAK Quickdraws
LDL direct 51 65

Lipoprotein A 26 29
Phosphate 22 33

SHBG 58 86
Testosterone 10 12

Total bilirubin 38 61
Total protein 35 49
Triglycerides 51 69

Urate 42 59
Urea 22 35

Standing height 201 445
Forced vital capacity (FVC) Z-score 8 15

FEV1/ FVC ratio Z-score 35 53
Basal metabolic rate 44 70

Forced expiratory volume (FEV1) Z-score 14 24
Body mass index (BMI) 23 33

Hip circumference 19 33
Waist circumference 16 22

Peak expiratory flow (PEF) 5 8
Weight 30 44

Hand grip strength (left) 1 3
Systolic blood pressure 18 22

Pulse rate 30 43
Body fat % 17 31

Diastolic blood pressure 5 12
Hand grip strength (right) 2 4

Trunk fat % 19 35
Trunk fat mass 16 30

Impedance of whole body 29 53
Bread intake 1 1

Leg fat % (left) 16 25
Leg fat % (right) 13 24
Arm fat % (left) 16 27

Arm fat % (right) 16 28
Impedance of arm (left) 25 43

Impedance of arm (right) 22 40
Whole body water mass 44 78

Age started wearing glasses 1 4
Duration of walks 0 0

Total 2629 5809



274 B.2. Additional tables

Table B.12: Computational efficiency of Quickdraws for quantitative trait
association. We compare the computational requirements of several GWAS algorithms
and Quickdraws across 3 to 4 RAP cloud instances for ∼13.3 million tested variants and
50 phenotypes with either N = 50,000 or N = 405,088 samples and 458,464 genotyped
markers for model fitting. * The step 1 for Quickdraws is run using mem3_ssd1_gpu_x8;
** extrapolated value; “-” indicates that BOLT-LMM was not run in this setting.

Sample Instance Quickdraws* Regenie FastGWA BOLT-LMM
(£) (£) (£) (£)

50k mem3_ssd1_v2_x4 7.9 3.95 3.63 -
mem2_ssd1_v2_x8 8.397 4.65 4.58 158.38
mem1_ssd1_v2_x16 9.018 6.18 7.01 -

405k mem2_ssd1_v2_x8 Disk space exceeded Disk space exceeded 37.31 Out of Memory
mem2_ssd1_v2_x16 92.993 24.18 59.28 -
mem1_ssd1_v2_x36 110.91 44.66 114.61 7500.0
mem1_ssd1_v2_x72 156.908 68.72 161.88 -

(a) Total cost (GBP) on UK Biobank RAP.

Sample Instance Quickdraws* Regenie FastGWA BOLT-MoG
(h) (h) (h) (h)

50k mem3_ssd1_v2_x4 20.18 27.07 24.84 -
mem2_ssd1_v2_x8 18.57 20.55 20.24 798.5**
mem1_ssd1_v2_x16 16.27 15.61 17.66 -

405k mem2_ssd1_v2_x8 Disk space exceeded Disk space exceeded 164.77 Out of Memory
mem2_ssd1_v2_x16 159.78 53.4 130.91 -
mem1_ssd1_v2_x36 149.29 50.02 128.37 8400**
mem1_ssd1_v2_x72 149.29 38.5 90.66 -

(b) Total running time (hours).
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Table B.13: Computational efficiency of Quickdraws for binary trait association.
We compare the computational requirements of several GWAS algorithms and Quickdraws
across 3 to 4 RAP cloud instances for ∼13.3 million tested variants and 50 phenotypes
with either N = 50,000 or N = 405,088 samples and 458,464 genotyped markers for model
fitting. * The step 1 for Quickdraws is run using mem3_ssd1_gpu_x8. All methods except
FastGWA were run on 1 million test variants and extrapolated.

Sample Instance Quickdraws* Regenie FastGWA SAIGE
(£) (£) (£) (£)

50k mem3_ssd1_v2_x4 30.5 44.20 9.28 47.54
mem2_ssd1_v2_x8 29.79 41.62 9.20 54.48
mem1_ssd1_v2_x16 25.221 40.99 11.64 101.94

405k mem2_ssd1_v2_x8 Disk space exceeded Disk space exceeded 98.1 2834.91
mem2_ssd1_v2_x16 395.937 506.85 126.04 5703.49
mem1_ssd1_v2_x36 571.964 769.17 226.82 10736.36
mem1_ssd1_v2_x72 628.003 1192.22 319.66 21887.59

(a) Total cost (GBP) on UK Biobank RAP.

Sample Instance Quickdraws* Regenie FastGWA SAIGE
(h) (h) (h) (h)

50k mem3_ssd1_v2_x4 143.87 300.78 63.58 322.24
mem2_ssd1_v2_x8 96.14 182.03 40.63 272.97
mem1_ssd1_v2_x16 51.21 100.49 29.34 253.28

405k mem2_ssd1_v2_x8 Disk space exceeded Disk space exceeded 433.29 12524.16
mem2_ssd1_v2_x16 798.55 930.32 278.35 12584.25
mem1_ssd1_v2_x36 682.33 869.96 254.06 12024.41
mem1_ssd1_v2_x72 453.89 663.53 179.02 12264.12

(b) Total running time (hours).

Table B.14: Computational efficiency of Quickdraws for a single quantitative or
binary trait. We compare the computational requirements of Regenie and Quickdraws,
which support the parallal analysis of multiple traits, with those of FastGWA, BOLT-
LMM, and SAIGE. All methods are used to compute summary statistics for ∼13.3 million
variants and one phenotype with N = 405,088 and 458,464 genotyped markers for model
fitting (89, 177 genotyped markers for SAIGE, see Methods). Running times and costs
are computed using the same hardware for all methods (mem1_ssd1_v2_x36, 72 GB of
RAM, 36-core processor).

Method Quantitative Traits Binary Traits
Time (hrs) Cost (£) Time (hrs) Cost (£)

Quickdraws 71.92 57.86 141.11 109.5
Regenie 26.71 22.38 24.73 22.40
BOLT-LMM 168.0 150.0 - -
FastGWA 2.6 2.29 5.08 4.536
SAIGE - - 240.48 214.72
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Table B.15: Computational efficiency of Quickdraws for N = 1,000,000 samples.
We compare the computational requirements of Quickdraws and Regenie when computing
summary statistics for 458k, 13.3 million and 600 million variants, 50 quantitative, and
50 binary traits, using N = 1,000,000 and 458,464 genotyped markers for model fitting.
The data set was generated by duplicating samples from the N = 405k subset of white
British individuals. * indicates that the cost of imputed variant association testing is
extrapolated from the testing time for 458, 464 genotyped markers. Quickdraws was run
using the low-memory option. Running times and costs were computed using the same
hardware for both methods (mem1_ssd1_v2_x36, 72 GB of RAM, 36-core processor).

Method Quantitative Traits Binary Traits
Time (hrs) Cost (£) Time (hrs) Cost (£)

Regenie (Step 1) 13.38 12.11 178.41 159.29
Regenie (Step 2, M = 458k) 2.13 1.90 32.96 29.43
Regenie* (Step 2, M = 13.3 mil.) 62.04 55.39 957.33 854.71
Regenie* (Step 2, M = 600 mil.) 2798.8 2498.8 43187.82 38558.34
Quickdraws (Step 1) 243.23 161.50 424.56 281.91
Quickdraws (Step 2, M = 458k) 1.51 1.36 23.4 21.19
Quickdraws* (Step 2, M = 13.3 mil.) 44.04 39.77 679.51 615.43
Quickdraws* (Step 2, M = 600 mil.) 1986.76 1794.13 30654.58 27763.75
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