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Abstract
Gate-level quantum circuits are often derived manually from higher level algorithms. While this
suffices for small implementations and demonstrations, ultimately automatic circuit design will be
required to realise complex algorithms using hardware-specific operations and connectivity.
Therefore, ab initio creation of circuits within a machine, either a classical computer or a hybrid
quantum–classical device, is of key importance. We explore a range of established and novel
techniques for the synthesis of new circuit structures, the optimisation of parameterised circuits,
and the efficient removal of low-value gates via the quantum geometric tensor. Using these
techniques we tackle the tasks of automatic encoding of unitary processes and translation
(recompilation) of a circuit from one form to another. Using emulated quantum computers with
various noise-free gate sets we provide simple examples involving up to 10 qubits, corresponding
to 20 qubits in the augmented space we use. Further applications of specific relevance to chemistry
modelling are considered in a sister paper, ‘Exploiting subspace constraints and ab initio variational
methods for quantum chemistry’. The emulation environments used were QuEST, QuESTlink and
pyQuEST. All resources will be made openly accessible and are currently available upon request.

1. Introduction

The standard formalism for describing instructions on quantum computers is that of circuits consisting of
quantum gates [1–4]. This description of reversible logic functions serves as a platform on which the
capabilities of a given quantum hardware can be described as sets of available native gates, as well as a
language in which to describe quantum algorithms using well-established universal sets of gates [5].

Native gate sets for quantum hardware often consist of a limited number of gates, which express hardware
constraints like restricted qubit connectivity or a specific set of supported gates, as is the case e.g. for trapped
ions [6–10], superconducting qubits [11–14], and silicon-based hardware [15–19]. Quantum algorithms, on
the other hand, are often prescribed in a gate set that fits the properties of the computation [20]. This
mismatch in expressibility necessitates methods for circuit compilation, where the description in one gate set
is translated to an equivalent circuit using a different set, or, more generally, circuit synthesis, where a circuit
is constructed from a generic description of its unitary action. This process is analogous to the compilation
process on classical hardware, where high-level programming language instructions must be translated to
assembly and ultimately to byte code compatible with the specific hardware it will be executed on.

Several techniques have been proposed to approach such quantum compilation tasks. Exact unitary
decompositions apply transformations to the target unitary, which yields a solvable relationship between
matrix elements of the unitary and gates in the resulting circuit [21–24]. These methods always lead to
exact—but sometimes impractically long—expressions of unitaries as gate sequences. Small problems acting
on only a few qubits can also be solved using exhaustive search of all possible gate sequences [25] to find the
optimal circuit implementing the desired unitary. Where exhaustive search would be prohibitively costly, a
tree-like structure may be used to represent circuit layouts, which can then be searched more efficiently using
an approximate A∗ algorithm to find near-optimal solutions for problems on up to four qubits [26].
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Employing various techniques to reduce the size of the considered search space—which may impact the
solution optimality—this method can be used on up to six qubits [27].

For larger problems where an (impractically deep) circuit implementation is already known, the number
of gates can often be reduced by partitioning the structure into smaller sub-problems. These sub-circuits can
then be compiled individually, either with high precision [28] or only approximately [29].

In some cases, a known circuit for the desired quantum algorithm may be incompatible with the
connectivity constraints of the hardware. This task is often called qubit routing or circuit transformation, and
several methods have been applied to efficiently find the necessary SWAP operations between gates, including
simulated annealing [30], tabu search [31], artificial neural networks [32, 33], and specialised
heuristics [34–37]. Furthermore, sometimes SWAPs can be avoided altogether [38].

A different approach is to dynamically construct a circuit through machine learning, heuristics, or
metaheuristics. Several techniques have been proposed, including pseudorandom walks [39], genetic
algorithms [40], temporal planning [41], and deep learning [42]. Such methods can sometimes also be used
to synthesise approximations to a desired unitary, rather than a perfect re-expression, resulting in shorter
circuits than exact compilation. Of particular relevance for the present work are approaches which randomly
propose circuit structure changes to try and minimise some cost function. Examples of this are given in the
[43–45]. Each of these works proposes the use of different cost functions, but all of them employ
Metropolis-Hastings random sampling to minimise the cost.

It is also noteworthy that while many variational quantum eigensolvers (VQEs)—which seek to generate
a circuit to prepare the ground state of a Hamiltonian from a given input state—use fixed circuit structures,
there have been advancements in generating gate sequences dynamically, for example ADAPT-VQE [46, 47]
and the evolutionary VQE (EVQE) [48]. As we will discuss, these approaches can, in principle, also be used
for circuit synthesis tasks.

The present manuscript presents a broad exploration of the efficacy of variational quantum
algorithm-based methods for circuit synthesis and (re-)compilation. We leverage previously described
methods as well as techniques that are, to the authors’ best knowledge, novel. To assess the capabilities of
each approach we use emulated quantum computers, and document the results of systematic studies across a
variety of contexts (gates sets, connectivities, etc) and problem scales (up to 20 qubits). Based on the trends
we observe, we draw conclusions on the prospects and value of the approach. We note that small-scale circuit
manipulation is certainly practical and can be of key significance in realising components of larger circuits.
However, the direct synthesis of entire circuits at a scale relevant to quantum advantage does remain a
challenging task whose feasibility is unclear.

To the best of the authors’ knowledge, the novel contributions of this work are the restriction of the cost
function to a specific subspace (section 2.3), detection of redundant gates using the quantum metric tensor
(QMT) (section 3.4.2), and the application of the adapted versions of random search (section 3.6.2) and tabu
search (section 3.6.3) to the problem of finding the circuit structure. We selected these methods in order to
explore the efficiency with which substantial circuits can by synthesised using these specific (semi-)random
ways to traverse the circuit structure space, which has not previously been discussed in the literature.

The rest of this paper is structured as follows. In section 2 we describe the cost function we use to
quantify the closeness of a proposed circuit to the target unitary, which heavily draws ideas from [45] and
[49]. Section 3 describes the routines and subroutines we use to generate circuits in detail. We then apply
these routines to various problems, report the results in section 4, and discuss their implications as well as
potential future improvements in section 5.

2. Unitary equivalence via energy minimisation

2.1. Previous work
The present manuscript substantially builds upon earlier formalisms introduced in, for example, [45, 49]. In
this section, we briefly recapitulate their methods and motivate our extensions to it.

When synthesising a circuit C for a given unitary U, some measure of how well C approximates U is
necessary to drive an optimisation routine towards (approximate) equivalence of C and U. Jones and
Benjamin [49] use the energy of an artificial Hamiltonian to provide such a measure for the case where
equivalence is wanted only for a single input state |ψ0〉. Khatri et al [45], on the other hand, provide a
method called Hilbert–Schmidt test, which uses the average fidelity 〈ψ|C†U|ψ〉 over Haar-distributed random
states |ψ〉 to take all input states into account when measuring the closeness of U and C. In the following, we
start from the formalism in [49] and extend it to arrive at a variant of the Hilbert–Schmidt test, which we will
use as our cost function.

The technique in [49] starts by first applying the target unitary U to the target input state |ψ0〉. Then, the
task is to find a circuit C† that inverts the action of U, such that at the output |ψ1〉 := C†U|ψ0〉 the initial state
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Figure 1. The setup used in [49] to synthesise a circuit C which has the same action on |ψ0⟩ as U. The target is |ψ1⟩ ∼ |ψ0⟩.

Figure 2. The circuit setup equivalent to a Hilbert–Schmidt test in [45], which we used to synthesise C ∼ U. The target is
|ψ1⟩ ∼ |0⟩H ⊗ |0⟩H ′ .

|ψ0〉 is recovered up to a global phase3. If the output is proportional to the input, |ψ0〉 ∼ |ψ1〉, then
necessarily C ∼ U holds for the input state |ψ0〉. Using an appropriately constructed gapped Hamiltonian H̃
whose ground state is |ψ0〉, the initial problem is now an energy minimisation task—as depicted in
figure 1—of the form

min
C
〈ψ0|U†CH̃C†U|ψ0〉. (1)

However, it is often desirable to synthesise a circuit C that completely recovers the action of a given
unitary U for all relevant input states. This might be the full Hilbert space of |ψ〉—we call itH—or a closed
subspace thereof, depending on the application. Recent research [44, 50–53] has shown that in some cases,
using a subset of k� dim(H) random states |ψk〉 sampled fromH, and minimising the sum of their energies

min
C

∑
k

〈ψk|U†CH̃C†U|ψk〉 (2)

is a sufficient condition to get unitary equivalence. However, this only holds true for highly structured
operators. Therefore, in this work, we use cost functions building on [45] to probe all states in the Hilbert
space simultaneously, rather than restricting to a random sample thereof.

Starting from equation (1) and figure 1, it is possible to achieve full unitary equivalence of U and C by
exploiting the Choi–Jamiołkowski isomorphism [54, 55]. From an all-zero input we first create the
maximally entangled state |ψ ′

0〉=
∑

k |k〉⊗ |k〉. We can then map the action of C†U on every state inH to the
action of C†U⊗1 on the single state |ψ ′

0〉 in the spaceH⊗H ′, whereH ′ is a copy ofH. Figure 2 shows a
circuit construction of this method, which is equivalent to the Hilbert–Schmidt test introduced in [45]. The
output state |ψ ′

1〉 is proportional to the input state |ψ ′
0〉 if and only if C ∼ U. Therefore, applying the inverse

of the preparation circuit that created |ψ ′
0〉 returns the state to the original computational all-zero state if

indeed C ∼ U. In order to estimate how close we are to this ideal, we can use any Hamiltonian H̃ which has
|0〉H⊗ |0〉H ′ as its unique and gapped ground state as an artificial Hamiltonian. Because we know an
expectation value of 〈ψ1|H̃|ψ1〉= 0 exactly corresponds to U∼ C, energy minimisation techniques can be
used to find a circuit C which is equivalent to a given unitary U for all input states. Note that for
H̃= |0〉〈0|H⊗ |0〉〈0|H ′ , we exactly recover the Hilbert–Schmidt test with a target expectation value of
〈H̃〉= 1.

Figure 3 in section 2.3 shows a—to the authors’ best knowledge—novel modification to this setup, which
interpolates between figures 1 and 2 by considering a specific subspace ofH, on which we elaborate in
section 2.3.

3 In this work we use∼ between operators to denote equivalence up to a global phase, i.e. A∼ B↔ A= eiθB.
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As shorthand notation for our cost function we will write 〈H̃〉 to mean the expectation value 〈ψ1|H̃|ψ1〉
in the full augmented space with |ψ1〉 as produced by the circuit in figure 2. Possible choices for H̃ are
discussed in the next subsection.

Using 〈H̃〉 to determine unitary equivalence ignores global phase factors by which U and C might differ.
In most scenarios, this is desirable, since such a global phase is physically irrelevant. However, if the resulting
C is to be used in a controlled fashion within a larger circuit, a global phase mismatch of U and C becomes a
physically relevant relative phase. In this case, an additional phase gate with an appropriate parameter must
be added to C at the end of the synthesis process.

2.2. Synthesis Hamiltonians
When expressing the condition of unitary equivalence as an energy minimisation problem, there is some
freedom in choosing an appropriate H̃, as any gapped Hamiltonian with the all-zero computational basis
state as its ground state can be used. In this work, we consider the two Hamiltonians

Hsum =
1

N

∑
k

σz
k (3)

where σz
k is the Pauli-Z operator acting on qubit k, and N is the total number of qubits, and

Hproj = 1− |0〉〈0|. (4)

While Hproj corresponds—as previously mentioned—to the Hilbert–Schmidt test, Hsum is more closely
related to the local Hilbert–Schmidt test [45], and the local cost function proposed in [56]. Both of these
Hamiltonians have a ground state energy of 0 and maximum energy of 1, they differ in the energy structure
of their excited states, and thus also in how they measure the closeness of a circuit is to a target unitary.

The projector-based Hproj simply measures the overlap with the desired all-zero state, while assigning
every other product state the same maximum energy of 1.

On the other hand, the sum-based Hsum assigns each computational basis state an energy proportional to
its Hamming distance [57] from the ground state, i.e. it measures how many bit flips would be necessary to
get to the desired all-zero state. The state |0 . . .01〉 therefore has a lower energy than the state |1 . . .11〉 when
measured with Hsum, while Hproj evaluates them as being at equal distances from the target.

The choice of Hamiltonian can also have a significant impact on the difficulty of finding the optimal
parameters. For instance, [45, 56], discuss that global cost functions—like Hproj—are very likely to come
across barren plateaus during the parameter optimisation, while employing local costs—such as Hsum—is
much less prone to such problems.

Even though in this work we only consider Hsum and Hproj, many other Hamiltonians may be used.
Depending on the application, they can be designed to emphasise different properties of what constitutes a
good output state, and may penalise some highly undesirable properties more harshly than others.

2.3. Subspace compilation
For some tasks, synthesising the entire unitary is unnecessary. For instance, some chemistry problems
demand symmetry conservation, such as particle number preservation and spin preservation. If a unitary
with such a structure is applied to a state whose entire weight is within one such subspace, the operation
outside that subspace becomes irrelevant. In this task, the unitary U has a block-diagonal form,

U= U1⊕U2⊕U3⊕ ·· ·⊕Un, (5)

where Uj is a unitary and⊕means the direct sum. The task now is discovering a circuit that correctly
implements the unitary Uj, given the entire unitary U.

We address the compilation within such a subspace as subspace compilation. Assuming that the subspace
size is much smaller than the full space, we will demonstrate how our learning method considerably
improves the synthesis time and decreases the number of gates in the final circuit compared to the
compilation in the full space.

Consider a block-diagonal unitary U acting in a Hilbert spaceH of dimension d= 2n. Without loss of
generality, suppose U= U1⊕U2, i.e. a block-diagonal unitary comprised of two blocks. Let U1 be an
operator inH1 and U2 an operator inH2, the unitary U acts onH=H1⊕H2, whereH1 andH2 are
subspaces ofH. Given thatH1 has dimension d1 andH2 has dimension d2, the dimension ofH is d1 + d2 = d.

Given access to U, compiling U1 on subspaceH1 using our ab initio technique has a cost evaluation setup
shown in figure 3; this circuit generalises the compilation explained in section 2.2.

4
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Figure 3. One cost evaluation in a subspace compilation. The unitary P prepares a maximally entangled state |Φ⟩HH ′
1
according

to equation (6).

First, we prepare two quantum registers: the main register (representingH) with n qubits and the ancilla
register (representingH ′

1) withm= dlog2 d1e qubits. Second, we prepare a maximally entangled state
|Φ〉HH ′

1
on both registersH⊗H ′

1, where

P|0〉HH ′
1
= |Φ〉HH ′

1
=

1√
d1

∑
sj∈S

|sj〉H|j〉H ′
1
, (6)

with a unitary operator P, and S, an orthonormal basis spanningH1. Note that |Φ〉HH ′
1
is maximally

entangled between spacesH andH ′
1, i.e. TrH(|Φ〉〈Φ|)HH ′

1
= 1H ′

1
and TrH ′

1
(|Φ〉〈Φ|)HH ′

1
= 1H.

3. Ab initio circuit synthesis

In this section we discuss algorithms and subroutines used to vary the structure of ansatz-circuits and their
parameters in order to minimise the expected energy under specific Hamiltonians, thereby solving various
circuit synthesis and VQE problems. We introduce notation and definitions for our synthesis protocols
momentarily, while sections 3.2–3.5 describe subroutines which are then used within the algorithms laid out
in section 3.6.

3.1. Formalism
The building blocks of our circuits are primitive gates Gk, which can be single-qubit rotations, multi-qubit
rotations, SWAPs, etc acting on different sets of qubits. We assume that every gate has a classical parameter,
e.g. a rotation angle, associated with it. The formalism is easily extended to also include non-parametrised
gates; they are simply gates whose parameter is permanently fixed. In our terminology, altering the
parameter associated with a gate does not constitute a replacement of the gate itself.

We refer to a specific set of gates L= {Gk} as a gate library. Note that each Gk specifies which qubits the
gate acts upon; for example, the Pauli-X rotations on different qubits 1 and 2—Rx

1 and Rx
2

respectively—would be considered two separate gates Gk. This allows a gate library to include information
about only locally available gates and qubit connectivity.

A circuit structure—or ansatz—C can be represented by an ordered sequence of such primitive gates

C := (C0,C1, . . . ,CN−1), (7)

where Ck ∈ L.
Before the circuit can be applied to a quantum state, a parameter vector θ containing the parameter θk for

each gate Ck must be assigned. We write

C(θ) := (C0(θ0),C1(θ1), . . . ,CN−1(θN−1)).

Applying a circuit C(θ) to a state |ψ〉means evaluating

CN−1(θN−1) · . . . · C1(θ1) · C0(θ0)|ψ〉.

A given circuit C(θ) can be modified in two fundamentally different ways. One is to change the
parameters θ, which we call parameter optimisation. The other is to add or remove gates to or from the circuit
structure C, which we refer to as circuit structure modifications. The procedures for how we perform these
modifications are explained in detail in the following subsections. Our routines are also given as simplified
versions in high-level pseudocode in appendix A.2, which might miss some performance enhancing tweaks
for the sake of clarity and brevity.

5
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3.2. Parameter optimisation
For a given circuit structure C containing parameterised gates—often called ansatz circuit—we want to find
the parameter vector θ which minimises the expected energy of our artificial Hamiltonian H̃, i.e. the cost
function. At this minimum, the circuit C(θ)most closely approximates the desired unitary U within the
scope of its parameter space. In our algorithms, we use imaginary time evolution [58, 59] in a slightly
modified version. We first compute the matrix object4

Aij = Re(〈∂iψ|∂jψ〉− 〈∂iψ|ψ〉〈ψ|∂jψ〉), (8)

which we refer to as the QMT [60–62], and the gradient vector

Bi =−〈∂iψ|H|ψ〉. (9)

The time evolution of the parameter vector θ is then given by [59]

A θ̇ = B. (10)

Using the forward Euler method [63] we thus get the update rule for the parameter vector

θt+1 = θt−λA−1B. (11)

The matrix A is often close to singular, so some regularisation method is required to stabilise the
iteration. We use Tikhonov regularisation, but other methods may be used as well.

To find a suitable λ, we use an idea similar to the one presented in [49]. In each iteration, we start from a
small (arbitrary) initial value of λ0 = 0.05 for each time step. But, because the evaluation of the QMT and
the gradient vector may be expensive operations [64] compared to the evaluation of the expected energy for a
given set of parameters, we then try to exponentially increase the step size until we find a local minimum
along the established step direction. This means repeatedly multiplying λ by some constant factor κ until an
energy increase is found, and then accepting the immediately preceding λ-value. However, if the initial step
size turns out to already increase the energy, we instead shrink λ exponentially until we find a decrease in
energy or hit a minimum step size. This exponential search is almost always useful in emulators, where the
gradient direction is known to high numerical precision. Its usefulness in avoiding barren plateaus is reduced
on real quantum hardware when shot noise limits how precisely the gradient direction can be determined.

To detect convergence, we use absolute and relative changes of the energy, and require one of the
conditions to be met a number kconv ∼ 5 of times. Algorithm 1 shows the full procedure.

3.3. Introduction of new gates
Dynamic expansion of a given ansatz circuit has been explored by VQE methods [46–48] and in more
general contexts [43, 44, 50]. The formalism we introduce here is very generic, but naturally shares some
ideas with previous works, especially [44].

The algorithms introduced later rely on the concept of amove, which refers to the most basic possible
modification of a circuit structure C, i.e. the insertion of one additional gate at some position in the gate
sequence. Given a library of gates L and a circuit with N gates, it is convenient to define a move as a tuple
(G, n), with a gate G ∈ L and an index 0⩽ n⩽ N. Applying such a move to an existing circuit C means
inserting gate G at position n.

C 7→ (C0, . . . ,Cn−1,G,Cn, . . . ,CN−1). (12)

The routine APPLYMOVE in algorithm 2 performs exactly this action.
To access the gate and the index of a move, we use subscripts G and n, respectively, e.g. ifM= (Rx

1,4),
thenMG = Rx

1 andMn = 4. This definition allows us to conveniently pass aroundmoves between functions,
which will be useful later.

For a circuit containing N gates, all possible moves are given by

Mall = {(G,n) | 0⩽ n⩽ N and G ∈ L}. (13)

However, many of the moves inMall will lead to redundancies in the circuit, because neighbouring
identical gates acting on the same qubits can be merged straightforwardly. We eliminate modifications

4 We use the shorthand notation |∂µψ⟩ := ∂|ψ(θ)⟩
∂θµ

.

6
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leading to such obvious redundancies and generate a set containing only potentially useful moves. The
specific method we used is given in algorithm 2 and works as follows. We separately look at each qubit k, and
in one iteration only consider the gates in C acting on qubit k. Potentially useful modifications are then
insertions of gates from the library between consecutive pairs of gates which also act on qubit k, but are
different to the previous and following gate acting on qubit k.

In some cases—e.g. if some gates in L commute with one another—algorithm 2 will still include moves
that lead to redundancies. The QMT as defined in section 3.2 can be used to detect such redundant gates.
The details of this operation are given in the next subsection.

3.4. Removal of superfluous gates
In a circuit C, not all gates in the sequence necessarily contribute to generating the desired unitary in a useful
way. We use three distinct techniques with varying computational cost and ability to detect such
redundancies, which we discuss in the following.

In our algorithms, we use these methods in the order small parameter→ QMT-assisted→ trial and error,
as shown in algorithm 4. Each method can, in principle, also detect all redundancies of the previous
methods5, but is more costly to perform, which makes this staged approach useful.

3.4.1. Small parameter removal
The computationally cheapest way to detect non-contributing gates is by checking the associated parameters
after optimising them6. For every circuit parameter close to 0 modulo7 2π, θk ≈ 0 mod 2π, the
corresponding gate Ck can be removed immediately.

3.4.2. QMT assisted removal
As a more sophisticated and computationally slightly more expensive method to detect further redundancies,
we check the QMT—as defined in equation (8)—for linearly dependent rows.

The QMT contains information about how the output state changes with respect to varying the
parameters. If rows i and j in this tensor are linearly dependent, the linearised actions of Ci and Cj are
equivalent in the tangent space of the circuit C at the current position θ in parameter space. Intuitively, this
means that changes to the parameters θi and θj from their current values would move the state in the same
direction inside some subspace of the full Hilbert space. While this does not guarantee that Ci and Cj have
equivalent actions in the full Hilbert spaceH or at a different point θ ′ in parameter space, it is a strong
indication of it. We therefore use ∣∣(A⊺

i,· ·Aj,·)−‖Ai,·‖‖Aj,·‖
∣∣< εQMT, (14)

where Ai,· is the ith row vector of A, as a heuristic for detecting potentially redundant gates with an
appropriately small εQMT.

At many points in the iteration the QMT is already known from the previously performed parameter
optimisation and does not need to be explicitly re-calculated. As calculating this matrix is computationally
relatively expensive, this saves valuable computing time.

The removal is performed as follows. For all pairs of rows i, j we check the condition in equation (14). If it
is fulfilled, we adjust the parameter of the first gate to θi ← θi + θj and remove the gate Cj from the circuit C
as well as θj from the parameter vector θ. If this removal does not significantly increase the energy, the new
circuit is kept, otherwise the deletion is reverted. Among other redundancies, this method allows the
relatively easy detection of identical gates separated by gate sequences they (non-trivially) commute with.

3.4.3. Trial and error removal
The above method is good at finding redundancies where one gate can absorb a different one into its
parameter. It cannot, however, detect cases where multiple gates need to adjust their parameters in order to
compensate the removal of one specific gate. We therefore employ a third strategy, which is computationally
more expensive, but can also detect much more subtle redundancies.

Given a circuit C and a set of gate indicesR to be considered candidates for removal, we delete Ck for
each k ∈R from the circuit without replacement, and run a full parameter optimisation as in section 3.2

5 In the generalisation of also allowing non-parametrised gates in the circuit—which we do not discuss further—only trial and errormay
be used for those specific gates.
6 We assume that every gate G approaches the identity for small parameters, i.e. limθ→0G(θ) = 1.
7 For practical reasons we use the slightly unusual definition of a mod b= a− b⌊a/b+ .5⌋ which returns values in the interval
[−b/2,b/2) instead of the usual [0,b).

7
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Figure 4. The initial circuit we use for gate libraries L where two-qubit gates are limited to nearest neighbours.

with the modified circuit. If the energy after the relaxation is not significantly higher than before, the deleted
gate is considered redundant and remains removed. We refer to this method as a hard removal, because the
circuit is abruptly taken to a different point in parameter space, potentially far away from a local minimum.

An alternative to the aforementioned hard removal explored by the authors but not reported here, is a
method we refer to as soft removal. The parameter θk, for k ∈R, is shifted towards zero by some
predetermined amount, and a single imaginary time step for all parameters except θk is performed right
afterwards. This procedure is repeated until the parameter is close to zero, and only then is the gate
completely removed. This allows the circuit to stay close to the local minimum it is already in. Therefore this
method can occasionally lead to better results.

3.5. Initial circuit
When the gates in the considered library L have limited connectivity, i.e. not every qubit can interact with
every other qubit directly, finding useful gate additions by randomly adding gates can become increasingly
improbable. For example, in a linear chain of qubits with nearest-neighbour connectivity, having qubit 0
interact with qubit 3 requires the correct simultaneous addition of at least three gates. The effort of finding
the correct combination of three gates is further hampered by the fact that—at least for the artificial
Hamiltonians H̃ we use for our circuit synthesis tasks—the energy landscape with regard to adding only a
subset of those gates is flat.

To alleviate these connectivity limitations, it can be helpful to choose not to start with an empty circuit,
but to have an initial structure of parameterised SWAP gates, where every qubit can be close to every other
qubit at some point, and is able to—but does not need to—subsequently return to its original position. This
can be achieved by an ansatz of the form

C(0) =
N∏

n=0

⌈N/2−1⌉∏
k=1

E2k,2k+1

⌊N/2−1⌋∏
k=0

E2k,2k+1

 (15)

where N is the number of qubits and

Ei,j := exp

(
i
θ

2
SWAPi,j

)
(16)

is a gate which performs no action for θ= 0 and swaps the qubits i and j if θ = π. The ansatz is visualised in
figure 4, where the E gate is indicated by the usual SWAP symbol, but drawn with dotted lines.

The Ei,j gates are typically not part of the gate library L and must be compiled to it separately. If all
parameters converge to either 0 or π, it is sufficient to compile the SWAP gate to the desired gate library L.

3.6. Circuit structure finding
Here we describe the algorithms we used to synthesise quantum circuits, all of which are adaptions of
well-known optimisation techniques.

3.6.1. Hill climbing
The simplest and most straightforward algorithm we employ is a variant of hill climbing [65], which
iteratively searches some neighbourhood of the current circuit structure, and accepts the lowest energy
solution within that neighbourhood. In our case, we define the neighbourhood of a circuit structure as all
circuits reachable by applying Nmoves moves as defined in section 3.3. For hill climbing, we only consider
Nmoves = 1.

Starting from some initial circuit C(0), all moves are tried, their parameters optimised according to
section 3.2, and the energies of the resulting circuits are recorded. The move which resulted in the lowest
energy is kept and becomes the new circuit C(1). This procedure is repeated until the energy falls below a

8
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given threshold. Removal of non-contributing gates is only done once at the end of the iteration. Algorithm 5
shows this procedure.

Because it only checks the immediate neighbourhood of the current circuit for improvements, this
method quickly gets stuck in local minima of the cost function. This problem is typical for hill climbing
algorithms. In some very limited cases, it is possible to extend the search radius to all combinations of two or
more sequential steps, i.e. Nmoves > 1, in order to escape such local optima. However, in most cases the search
space volume grows very rapidly with the search depth, making larger search radii impractical.

3.6.2. Random search
To be able to escape local minima in which hill climbing gets stuck, we must make larger steps in
configuration space. However, as mentioned in the previous section, the size of the neighbourhood grows
too rapidly to exhaustively search it. We therefore resort to a variant of random search [65], which in each
iteration proposes a random modification to the circuit, and accepts it if it lowers the energy.

A single proposed modification—we will call this a random step—consists of applying a number of
Nmoves randomly chosenmoves to the circuit, and only then optimising its parameters. This essentially means
adding Nmoves random gates to the circuit. Such a random step takes us further in the space of circuit
structures and thus has the ability to escape from local optima. Because many of the added gates are
potentially not contributing to the reduction in energy, we attempt to remove as many of the newly added
gates as possible after each random step via the methods discussed in section 3.4.

When drawing a random move, some gate types (e.g. controlled rotations) might be overrepresented
compared to others (e.g. local rotations), simply because there are more of them. This also skews the number
of gates by type in the final circuit, which we found to sometimes hinder performance. We therefore first sort
all moves into two groups, one containing only moves with single-qubit gates, and the other containing only
those with two-qubit gates. To draw a randommove, we first choose one of the groups with equal probability,
and then uniformly draw a move from the chosen group. For clarity we omit this detail in algorithm 3.

Instead of simply accepting every random step that lowers the cost function, we furthermore found it
beneficial to sample a small number Nsamp ∼ 10 of random steps and choose to keep only the step resulting
in the lowest cost. Algorithm 3 shows this procedure.

3.6.3. Tabu search
As an extension to random search—which relies purely on chance to find useful modifications to the
circuit—we also used a variant of tabu search [66] to avoid repeated application of unsuccessful circuit
modifications. Here we briefly outline the idea behind the algorithm and its potential pitfalls.

The overall structure of our variant of tabu search is exactly the same as for random search in
algorithm 3, but with Nsamp = 1. It has however, the additional feature of a tabu list, which we call τ .
Whenever a move is performed, it is recorded into this list, together with a label recording at which iteration
the move was performed. For a number of iterations Ttabu ∼ 20, the same move must then not be repeated.
Therefore, before choosing a random move, all tabu moves are removed from the set of potential moves.

To keep the action of the moves consistent when positions in the circuit change due to the insertion or
deletion of gates, we update the insertion indicesMn ∀M ∈ τ in the stored moves accordingly, whenever the
circuit changes. This means decrementing all stored indicesMn >m ∀M ∈ τ by 1 if the gate with indexm is
deleted, and incrementing all indicesMn ⩾m ∀m ∈ τ by 1 when a new gate at indexm is inserted.

4. Results

We present our numerical findings for different applications of our method in this section. Unless otherwise
noted, the calculations use the default hyperparameters listed in table A1 in appendix A.1. The complete set
of data generated for this section is available at reference [67].

4.1. Cost functions as proxy for unitary equivalence
To determine whether two operators8 C and U are equivalent, an appropriate metric to use is the
global-phase invariant operator norm of their difference

D(U,C) =min
ϕ
‖U− eiϕC‖=min

ϕ

[
max
|ψ⟩
‖U|ψ〉− eiϕC|ψ〉‖2

]
, (17)

which we will refer to as the operator distance. It is the maximum L2-norm of the difference (and thus the
Euclidean distance) between the desired output U|ψ〉 and the output of the recompiled version C|ψ〉.

8 From here on we will omit explicit indication of the parameter vector θ wherever practical.
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Figure 5.Operator distance between the target U and recompiled C unitaries for a set of recompiled QFT circuits on 5 qubits. The
data points at very small costs are in the range of numerical noise and likely influenced by finite data type accuracy.

Figure 6. Histograms of the number of gates required to express Haar-distributed unitaries as a circuit containing only gates from
Lallrot for different numbers of qubits. Left (red) data was obtained using tabu search, right (blue) data is from our random search
algorithm.

For the calculations only considering a subspace, we also define

DS(U,C) :=D(ΠS UΠS ,ΠS CΠS) (18)

where ΠS is the projector onto the relevant subspace.
Throughout our results we use the expected energy ofHsum orHproj as defined in equations (3) and (4) to

assess how closely a constructed circuit C reproduces the desired unitary U. Note, however, that in general
〈H̃〉≁D(C,U). This is easily demonstrated with an n-controlled Pauli-Z gate C0..n−1[σ

z
n], for which the

identity operator yields an energy of 〈Hproj〉= 〈Hsum〉= 2−n, but the operator distance has a macroscopic
value ofD(1,C0..n−1[σ

z
n]) =

√
2.

We therefore surveyed the resulting circuits of many 5-qubit QFT synthesis results and compared the cost
functions of 〈Hsum〉 and 〈Hproj〉 to the actual operator distanceD. The results are plotted in figure 5 and
show that close to convergence the used cost functions are both very good proxies for the actual operator
distance. We therefore confidently use our cost functions to assess the quality of the recompiled circuit.

4.2. Random unitaries
4.2.1. Dense unitaries
To test and benchmark our circuit synthesis protocols, we generated uniformly Haar-distributed random
unitaries9 as targets, and tried to find circuit representations for them. For each target on N qubits we ran a
single attempt to create a circuit performing the same action using the gate set of

Lallrot = {Rσk ,Cℓ[Rσk ] |σ ∈ {x,y,z},k, ℓ ∈ [N] and k 6= ℓ} (19)

where [N]≡ {1, . . . ,N}, which contains all local single-qubit Pauli rotations Rx
k, R

y
k, and Rz

k on each qubit k,
as well as single-controlled versions thereof with no connectivity constraints. The results of 100 random
unitaries per method and number of qubits are shown in figure 6.

9 The unitaries were created using scipy.stats.unitary_group in Python and CircularUnitaryMatrixDistribution in
Mathematica.
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Figure 7. Normalised histograms showing properties of synthesised circuits C recovering the action of single 4-state block U1

within a block-diagonal operator U on 4 qubits. The blocks making up U are each Haar distributed random unitaries. Empty
histograms in grey show results for the full space method, filled histograms in blue show subspace results. Circuits for
same unitary U were synthesised 100 times. (a) Operator distance as in equation (17) within the subspaceH1. (b) Number of
gates in the resulting circuit. (c) Number of total imaginary time evolution steps needed by the algorithm.

We find that the number of gates in the circuits produced by random and tabu search correlates well with
the increasing degrees of freedom of the targets, which for a dense unitary on N qubits is 22N. Therefore, for
3 qubits, we would on average expect to require no fewer than 64 gates, and find a mean number of 65 gates
in our synthesised circuits. For 4 qubits, we observe a mean of 275 gates, where at least 256 would be
expected. This indicates that, at least for dense, unstructured unitaries, the circuits produced by tabu and
random search do not contain a large number of superfluous gates.

Note that the results show no significant difference between tabu and random search, which we discuss in
section 4.3.

4.2.2. Subspace compilation
In order to assess the efficacy of compiling a unitary only in a certain subspace, we generated a random
unitary operator which is block-diagonal in the computational basis when sorted by Hamming weight,
i.e. the number of ones in each state belonging to the same block is equal. Each of these blocks was then
assigned a Haar-distributed random unitary. We synthesised circuits representing the full unitary, as well as
only the block with a Hamming weight of 1, i.e. the states {|0001〉, |0010〉, |0100〉, |1000〉}, using random
search. For numerical reasons—and because at this problem size barren plateaus proved not to be an
issue—we employed 〈Hproj〉 as our cost function in this example. The target energy was set to 〈Hproj〉⩽ 10−5,
and other hyperparameters were Nmoves = 30 and Nsamp = 10. Because of the stochastic nature of the
compilation process, we synthesised 100 circuits each in the full- and subspace, of which 97 of the subspace
and 95 of the full space attempts converged. Figure 7 summarises the outcomes of the successful calculations.

The results distinctly show that for comparable accuracy (a), considering only a subspace results in vastly
fewer gates (b), as well as many fewer iterations (c). Therefore we expect this method to yield much better
results whenever the target unitary conserves some quantity, and the relevant subspace is known in advance.
Prominently, this is the case for time evolution operators in quantum chemistry, where the number of
electrons is a conserved and known quantity, and corresponds to the Hamming weight of the states. The
sister paper to the present work [68] explores this application in greater detail.

4.3. Quantum Fourier transform
As shown in the previous subsection, when compiling random unitaries, the number of required parameters
quickly makes compiling circuits with our available resources for more than a few qubits infeasible. However,
practically relevant circuits usually have much more structure than random unitaries. We therefore also
synthesise quantum Fourier transform (QFT) [69] circuits using various gate sets as examples of unitaries
closer to real-world applications. Figure 8 shows the target circuit of a 4-qubit QFT as an example. We
re-express it using the established gate set Lallrot, as well as

LNNrot = {Rσk ,Cℓ[Rσk ] |σ ∈ {x,y,z},k, ℓ ∈ [N] and |k− ℓ|= 1} (20)

which contains all local single-qubit rotations and local rotations controlled by nearest neighbours in an
open linear chain topology. To test the ability of our algorithms to work with a much more restricted gate set,
we furthermore synthesise QFT circuits using the set

LSWAP = {Rσk ,Ek,ℓ |σ ∈ {x,y,z},k, ℓ ∈ [N] and |k− ℓ|= 1} (21)

11
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Figure 8. Example of a quantum Fourier transform circuit on four qubits as used in our calculations. The controlled operators

Pn = e−iπ (σz−1)2−n

are phase gates with rotation angles of 2π/2n.

which, in addition to local rotations, contains the parameterised SWAP gate introduced in equation (16)
between neighbouring qubits as the only entangling operator. None of these gate sets contain Hadamard or
controlled phase gates—which constitute the majority of the gates in the canonical circuit—making this a
suitable benchmarking synthesis task.

For demonstration purposes, we tried synthesising QFT circuits for 3 to 6 qubits, all mentioned gate sets,
and all discussed circuit structure generation algorithms, 100 times each. The target energy for the used cost
function was 〈Hsum〉⩽ 10−8. The results are shown in figure 9. In addition to the outcomes shown in
figure 9, we furthermore performed ten calculations each for nqb = 7 . . .10 qubits using tabu search and the
Lallrot gate set. These resulted in the convergence of 8, 7, 5, and 1 calculations, respectively, and minimum
gate counts of 72, 93, 114, and 138.

We found that the hill climbing algorithm can perform well for some problems, especially when the
available gate set has high expressibility as is the case for Lallrot and LNNrot. In these cases, hill climbing found
circuits with gate counts close to the lower bound of all algorithms we investigated, albeit at a higher
computational cost than tabu and random search. However, more restricted gate sets like LSWAP severely
hamper its ability to find solutions. Being the only deterministic algorithm we presented, circuits it fails to
synthesise cannot be helped by re-running the procedure.

The probabilistic schemes of tabu search and random search, on the other hand, produce different
outcomes for every run. We found that using a fully connected gate set consistently yields a higher
probability for convergence than restricting the interactions to neighbouring qubits in a linear chain, despite
using an initial circuit of SWAPs to counteract connectivity constraints. Calculations starting from an empty
circuit (not plotted) show even lower convergence rates. Further decreasing the expressibility of the available
gates by using LSWAP as the gate set sees another significant drop in the relative number of converged
calculations for nqb ⩾ 4, indicating that all of our algorithms struggle to find solutions when they are greatly
restricted in the choice of gates they can add.

Comparing our approaches of tabu and random search, we find—as for random unitaries—no significant
difference in the number of gates in the resulting circuit or the convergence probability, despite tabu search
trying to remember and avoid unsuccessful circuit modifications. It is to be expected for this mechanism not
to have a noticeable impact when using libraries containing many gates, like Lallrot, because the
neighbourhood—i.e. the circuits which can be produced by adding a single gate from the library at any
position—is much larger than the number of additions the algorithm can reasonably try during the iteration.
For example, on 5 qubits with an existing circuit containing 20 gates, the Lallrot gate set produces several
hundred potential moves, of which our algorithms typically explore∼ 20. However, even when using the
LSWAP library with only very few gates in it, which thus produces a smaller neighbourhood for each circuit,
we found no significant difference between the two approaches. This observation is independent of how
many iterations the tabumoves are remembered for.

4.4. n-qubit Toffoli
A potentially difficult operator to synthesise from only two-qubit gates is the n-qubit Toffoli gate, i.e. a
Pauli-X gate with n− 1 controls. The difficulty lies in the fact that it only acts on a very small subspace ofH,
which is not straightforward to exclusively address using gates acting on much larger spaces ofH.
Additionally, while it is relatively straightforward to detect whether a given circuit can act exclusively in the
given subspace, finding a measure indicating that a given circuit is close to having this property proves
difficult. If this kind of measure were found, it could guide the compilation process in the right direction.
Unfortunately, our used cost functions do not contain such information.

In our implementation, because a large portion of all possible input states must remain unchanged by the
circuit, adding any small number of gates will likely result in their parameters being tuned to zero during
optimisation, as that matches the correct action on most input states. The algorithm then subsequently
removes the gates with vanishing parameters, leading to no progress being made.

12
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Figure 9. Number of gates and fraction of converged calculations for synthesis of a QFT circuit for nqb = 3 . . .6 qubits and
different gate sets LSWAP, LNNrot, and Lallrot. Shaded graphs are histograms of the number of gates in the resultant circuit, left, red

for tabu search, right, blue for random search, centred around their respective number of qubits. Each calculation was
run 100 times with identical parameters as listed in the text and appendix. Red and blue carets indicate the fraction of converged
calculations for each instance according to the right scale. Separation from the central line is for visual purposes only. Grey dashed
lines if present, indicate that the hill climbing algorithm converged for a particular instance and shows the number of
qubits in the final circuit it produced.

Figure 10 shows the results for our synthesis calculations to generate n-qubit Toffoli gates for n= 3,4,5
using the Lallrot gate library, each 100 times. For the smaller cases of n= 3 and 4 our algorithm can find
correct circuits reliably. In these cases the number of simultaneously added gates is large enough to overcome
the previously discussed limitation. This is helped by the fact that the number of states on which the Toffoli
acts like the identity operator is not overwhelmingly bigger than the number of states on which it acts
nontrivially. Therefore, in these cases, we succeed in synthesising an appropriate circuit virtually all of the
time. For n⩾ 5, on the other hand, our algorithm was not able to find any solutions at all.

As an attempt to inject some prior knowledge into the algorithm, we also performed 5-qubit Toffoli gate
synthesis starting the iteration from one of the successful 4-qubit Toffoli synthesis results. With this ‘warm
start’ technique, 80 out of 100 calculations converged. While such an assisted start deviates from the strict
ab initio framework—even more so than the SWAP network used in some of our calculations—and requires a
specific incremental structure of the target circuit, it can still be a very useful resource for some tasks.

13
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Figure 10. Histograms of the numbers of gates required and convergence fractions when synthesising an nqb-qubit Toffoli using
the Lallrot gate set and tabu search. Histograms are centred around the corresponding number of qubits, red carets indicate how
many of the started calculations converged. Histogram data for 5 qubits is missing because none of the calculations succeeded.

5. Discussion and outlook

In this work we have combined a variant of the Hilbert–Schmidt test [45] with artificial Hamiltonians Hsum

and Hproj similar to [49] to construct cost functions representing the closeness of a unitary to a dynamically
created circuit, where the cost can in principle be evaluated on a quantum computer. However, we only
employed emulators of such quantum hardware, and have thus circumvented some practical challenges like
shot noise and barren plateaus, whose impact on the performance on the presented scheme remains to be
investigated. We leave this question of how noisy hardware would affect the results as a potential future
research direction. We presented three different algorithms which use this cost function to dynamically
construct quantum circuits replicating the action of a given unitary from the ground up and demonstrated
their performance on various synthesis tasks.

Our results suggest that the presented algorithms are able to generate circuit representations for dense
random unitaries with gate counts close to what we would expect to be optimal, based on the degrees of
freedom in such a unitary. For block-diagonal random unitaries we were furthermore able to show that
generating a circuit whose closeness to the target is only judged within a restricted subspace greatly reduces
both the synthesis resource requirements and the gate count in the resulting circuit. This can be important
when time evolving Hamiltonians with such a block-diagonal structure, as is usually the case in quantum
chemistry.

None of the cases we numerically investigated showed a significant difference between random search and
tabu search. This strongly suggests that our simple attempt at guiding the search through the circuit structure
space more efficiently than random moves is not sophisticated enough to yield any practical advantage. We
note that the implementation of tabu search used here, only incorporates its most basic aspect of short-term
memory. Its performance could potentially be improved by including more elaborate concepts such as
intermediate-term and long-term memory [66].

The presented results for synthesising QFT circuits using various gate sets show that for small numbers of
qubits and highly expressive sets of gates, the hill climbing method can consistently produce circuits with
very few gates, almost always close to the minimum number we found for any method. However, if the
method gets stuck in a local minimum or proceeds too slowly due to the increasing size of the
neighbourhood, there are no provisions in our presented framework to overcome these problems. Tabu and
random search produced accurate results even for a very restricted gate set on a small number of qubits, but
scaled unfavourably when increasing the number of qubits in these cases.

Finally, the attempts at synthesising an n-qubit Toffoli gate clearly showed the limitations of our method.
Due to the properties of the cost functions, as discussed in section 4.4, we were only able to generate circuits
for Toffoli gates on 5 qubits by assisting the algorithm with previously generated knowledge.

We emphasise that there is significant value in the ability to synthesise even small unitaries, since such
compiled functions can be used as components of larger algorithms. For example, in grid-based chemistry,
although the total number of computational qubits may be in the many thousands, the QFT used to move
between real-space and momentum-space is local to each particle’s representation, often acting on only
around 20 qubits [70]. A different example is the method in [28], where large circuits are first decomposed
into blocks small enough for individual recompilation. The presented method may be used as a subroutine in
such a scheme to synthesise efficient circuits for each of these blocks. Indeed, even the ability to compile a
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multi-qubit gate involving 3 or 4 qubits into a compact set of 1- and 2-qubit gates can be valuable. Therefore
the significance of the techniques described in this paper does not depend on their ability to scale directly to
circuit sizes that might be considered ‘post-classical’ (≳50 qubits). Nevertheless it is of course interesting to
reflect on the prospects for such large scale circuit synthesis and (re-)compilations. Our results suggest that
the methods will require significant further development for any such task to be realistic. We now remark on
a few such possibilities.

Firstly, note that the algorithms used for circuit structure modifications are largely independent from the
parameter optimisation routine, except for reusing information in the QMT. Therefore, if a different method
for optimising the parameters proves more suitable, it can be straightforwardly substituted for the imaginary
time evolution used in the present paper. One promising candidate is introduced in [71] named CoVaR,
where an eigenstate of the system is prepared by a root-finding algorithm similar to Newton’s method. By
tweaking the spectrum of our synthesis Hamiltonians such that only product states are eigenstates, this
method could be used to find the appropriate parameters in each iteration.

Secondly, the gate sets need not consist only of unitary operators. Instead, it would be possible to also
include ancilla qubits on which intermediate measurements may be performed, whose outcomes can become
part of the cost function. In this case, imaginary time evolution must be adapted to find the correct descent
direction [60].

Thirdly, there are also possible enhancements to the Hamiltonians used to generate our cost functions. As
briefly mentioned in section 2.2, instead of the relatively straightforward Hproj and Hsum, other properties of
the solution may be included to judge how suitable a particular outcome is, such as the desired entanglement
via a witness, or the conservation of symmetries in the problem.

Fourthly and perhaps most challengingly, an intriguing direction of research is to explore methods for
introducing circuit variants that are more nuanced than the Darwinian ‘random variation, non-random
selection’ employed in this paper. While enhancements to the tabu search introduced here may form part of
the solution, another way forward might be to explore techniques that use information from the output state
to deduce which modifications to the circuit are most likely to result in a reduction of the cost function.

Finally we remark that the presented methods to construct circuits ab initio can be used not only to
express a desired unitary using various target gate sets, but also as a variational quantum eigensolver to
prepare the ground state of some physical Hamiltonian. For this task, the evaluation of the cost function is
straightforwardly replaced by the Hamiltonian of interest. This idea, among other applications, is explored in
the sister paper to the present work [68].
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Appendix A. Algorithmic details

A.1. Global hyperparameters
In order to make the algorithms easier to read, we globally define some hyperparameters in table A1. They
stay constant during the whole synthesis process and can be used to tweak some properties of the algorithms.

A.2. Pseudocode
To minimise clutter in the main text, we collect pseudocode for most of our described routines in this
appendix for the interested reader. In contrast to the main text, where we write the cost function as 〈H̃〉, in
pseudocode to explicitly denote which circuit is applied, we use the notation

E(C(θ)) = 〈ψ1|H̃|ψ1〉 (A1)
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Table A1. Hyperparameters used in the pseudocode of our subroutines, collected here for more concise descriptions of the algorithms.

Param Default Use

H̃ Hsum The synthesis Hamiltonian in the augmented space. In our case either Hsum or Hproj.
δabs 10−5 Threshold for the absolute energy change per iteration regarded as constant during the

parameter optimisation.
δrel 10−3 Limit for the relative energy change per iteration considered constant during the

parameter optimisation.
kmax,opt 500 Maximum number of iterations for parameter optimisation.
nconv 5 Number of times the convergence criterion must be fulfilled in parameter optimisation

to be considered converged.
κ 1.4 Factor by which the step size λ of the parameter optimisation is in- or decreased while

searching along the gradient direction.
λ0 0.05 Initial step size in the parameter optimisation routine.
kmax 10 000 Maximum number of iterations for circuit modifications.
Econv 10−8 Energy at which the calculation is considered converged.
Nmoves 30 Number of gates added in a single circuit modification iteration for random and tabu

search.
Nsamp 10 Number of times a circuit is modified in a single iteration until the best result is picked

for the next iteration in random search.
L Lallrot The library to draw new gates from.
εQMT 10−3 Small quantity to detect linearly dependent rows in the QMT.
εparam εremove Threshold for the magnitude of parameters below which the corresponding gate is

removed.

εremove
Ek−Ek−1

50 Energy increase considered acceptable for the removal of unnecessary gates.

with

|ψ1〉= P†C†(θ)UP(|0〉H⊗ |0〉H ′) (A2)

where operator P prepares Bell pairs as depicted on the left side of figure 2.

Algorithm 1. The routine we use to optimise the parameters θ for a given circuit structure C.

function OPTIMISEPARAMETERS(C, θ)
E0←E(C(θ)), kconv← 0
for k← 1 ..kmax,opt do

Aij← Re(⟨∂iψ|∂jψ⟩− ⟨∂iψ|ψ⟩⟨ψ|∂jψ⟩) ∀ i, j
Bi ←−⟨∂iψ|Ĥ|ψ⟩ ∀ i
∆←REGULARISE(A)−1B
λ←CHOOSELAMBDA(λ0,C,θ,∆)
θ← θ−λ∆
Ek←E(C(θ))
if Ek− Ek−1 < δabs or

Ek−Ek−1

Ek
< δrel then

kconv← kconv + 1
else
kconv← 0

if kconv = nconv then return θ
return fail ▷ No convergence at max iterations

function CHOOSELAMBDA(λ, C, θ,∆)
λ−← λ/κ, λ+← λ ·κ, E←E(C(θ−λ∆))
E+←E(C(θ−λ+∆)), E−←E(C(θ−λ−∆))
if E− > E< E+ or λ⩽ λmin then
return λ ▷ No improvement either side

if E+ < E− then
return CHOOSELAMBDA(λ+,C,θ,∆) ▷ Grow λ

return CHOOSELAMBDA(λ−,C,θ,∆) ▷ Shrink λ
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Algorithm 2. Routine GENERATEMOVES to generate all moves applicable to a circuit structure C not leading to obvious
redundancies in the resulting circuit. The helper function APPLYMOVE applies the moveM to the circuit structure C and
parameter vector θ, and makes other routines easier to read.

function GENERATEMOVES(C)
M←{}
for k← 1 ..Nqubits do

▷ Indices of gates touching qubit k
Ñ← (p | Cp acts on qubit k)
Gleft← 1

for allm ∈ Ñ do
M←M∪{(G,m) |G ∈ L and G ̸= Gleft and G ̸= Cm}
Gleft←Cm

M←M∪{(G,max(Ñ)+ 1) |G ∈ L and G ̸= Gleft}
returnM

function APPLYMOVE(C, θ,M)
C ← (C0, . . . ,CMn−1,MG,CMn , . . .)
θ← (θ0, . . .θMn−1,0,θMn , . . .)
return C,θ

Algorithm 3. A simplified version of the random search algorithm used to generate our results. It
calls several subroutines from algorithms 1, 2 and 4.

function RANDOMSEARCH(C(0), θ(0))
E0←E(C(0)(θ(0)))
for k← 1 ..kmax do

▷R and R̃ contain indices of newly added gates
Ek← Ek−1, R← {}
C(k)←C(k−1), θ(k)← θ(k−1)

form← 1 ..Nsamp do
C̃ ← C(k−1), θ̃← θ(k−1), R̃ ← {}
for n← 1 ..Nmoves do

M←random element of GENERATEMOVES(C̃)
C̃, θ̃← APPLYMOVE(C̃, θ̃,M)

R̃ ← { j | j ∈ R̃ and j<Mn}∪ {Mn}∪ { j+ 1 | j ∈ R̃ and j⩾Mn}
θ̃← OPTIMISEPARAMETERS(C̃, θ̃)
if E(C̃(θ̃))< Ek then
C(k)← C̃, θ(k)← θ̃

Ek←E(C̃(θ̃)), R← R̃
C(k),θ(k)← PRUNE(C(k),θ(k),R)
Ek←E(C(k)(θ(k)))
if Ek < Econv then
return PRUNE(C(k),θ(k),{0, . . . ,Ngates(C(k))})

return fail ▷ No convergence at iteration limit
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Algorithm 4. Our routine to detect and remove unnecessary gates from a circuit. C and θ are
the circuit structure and current parameters, respectively, andR is a set of indices of gates that
should be considered for deletion. The helper function DELETE removes the gates at the indices
specified inD from the circuit and updates the indices inR accordingly.

function Prune(C, θ,R)
▷ Remove vanishing parameters
D← {k | |θk mod 2π|< εparam}
C,θ,R← DELETE(C,θ,R,D)
▷ Quantum metric tensor assisted removal
D← {}, K← {}, θ+← 0
Aij← Re(⟨∂iψ|∂jψ⟩− ⟨∂iψ|ψ⟨⟨ψ|∂jψ⟩) ∀ i, j
for k ∈R do
D←D∪{n | n> k and

∣∣(A⊺
k,· ·An,·)−∥Ak,·∥∥An,·∥

∣∣< εQMT}
for all n ∈ D do
C ′,θ ′← DELETE(C,θ,{},{n})
θ ′
k ← θk + θn
if E(C ′(θ ′))> E(C(θ))+ εremove then
K←K∪{n}

else
θ+k ← θ+k + θn

θ← θ+ θ+

C,θ,R← DELETE(C,θ,R,D\K)
▷ Trial and error removal
whileR ̸= {} do

k←max(R)
R←R\{k}
C ′← (C0, . . .Ck−1,Ck+1, . . .)
θ ′← (θ0, . . .θk−1,θk+1, . . .)
θ ′← OPTIMISEPARAMETERS(C ′,θ ′)
if E(C ′(θ ′))< E(C(θ))+ εremove then
C ← C ′

θ← θ ′

return C, θ

function DELETE(C, θ,R,D)
for d← INVERSESORTED(D) do
C ← (C0, . . .Cd−1,Cd+1, . . .)
θ← (θ0, . . .θd−1,θd+1, . . .)
R← {n | n ∈R and n< d}∪ {n− 1 | n ∈R and n> d}

return C, θ,R

Algorithm 5. A simple variant of hill climbing for circuit synthesis.

functionHILLCLIMB(C(0), θ(0))
E0←E(C(0)(θ(0)))
for k← 1 ..kmax do

Ek← Ek−1

for allM ∈ GENERATEMOVES(C(k−1)) do
C̃, θ̃← APPLYMOVE(C(k−1),θ(k−1),M)

θ̃← OPTIMISEPARAMETERS(C̃, θ̃)
if E(C̃(θ̃))< Ek then
C(k)← C̃, θ(k)← θ̃, Ek←E(C̃(θ̃))

if Ek < Econv then
return PRUNE(C(k),θ(k),{0, . . . ,Ngates(C(k))})

if Ek = Ek−1 then
return fail ▷ No more improvement

return fail ▷ No convergence at iteration limit
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Table B2. Details of results with the least number of two-qubit gates for the QFT and Toffoli circuits discussed in the main text. The
number of two-qubit gates (N2qb) is the lowest found in any calculation for the given circuit and gate set, Ngates is the corresponding

number of total gates in those circuits. The mean compile time T is averaged over all calculations with the specified parameters,
including ones that terminated due to a set time limit.

Circuit nqb Gate set N2qb Ngates T [s]

QFT 3 allrot 6 14 103
QFT 3 NNrot 6 12 174
QFT 3 SWAP 6 20 829
QFT 4 allrot 12 22 342
QFT 4 NNrot 12 24 1459
QFT 4 SWAP 13 132 6228
QFT 5 allrot 20 37 9966
QFT 5 NNrot 20 35 39 709
QFT 5 SWAP 30 128 116 782
QFT 6 allrot 29 46 53 235
QFT 6 NNrot 30 77 183 580
QFT 6 SWAP 92 123 239 180
QFT 7 allrot 44 72 126 094
QFT 7 NNrot 46 209 248 486
QFT 8 allrot 60 418 263 227
QFT 8 NNrot 77 115 345 283
QFT 9 allrot 82 259 317 498
QFT 10 allrot 162 429 431 999
Toffoli 3 allrot 5 6 26
Toffoli 4 allrot 13 20 1151
Toffoli 5 allrot 33 167 96 868

Appendix B. Gate counts

In this appendix we collect the results exhibiting the smallest number of two-qubit gates for the QFT and
Toffoli syntheses across all random search and tabu search calculations. The used gate sets are those given in
the main text, with added parametrised SWAP (Ei,j) gates for the substrate. Table B2 contains the full result
data.

The mean compile time T is reported for execution on 8 cores (nqb ⩽ 6) or 48 cores (nqb > 6) of Intel
Platinum 8628 CPUs within the University of Oxford Advanced Research Computing facility.
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