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0.1 Outline

The material of this thesis is composed out of three articles [9, 71, 28] each consti-
tuting a separate chapter. At the beginning of each chapter the author’s contribution
and the status of the corresponding paper is described. In this outline we describe
how these parts fit together and what are the main contributions of this thesis into the
theory of globally valued fields. For more detailed descriptions of results in respective
chapters we refer the reader to introductions therein.

Definition 0.1.1. Let F be a field. A global height on F is a collection of functions
h : Pn(F )→ R≥0, for every natural n, satisfying the following axioms.

Height of one: h(1 : 1) = 0
Invariance: ∀x ∈ Pn(F ), ∀σ ∈ Symn+1, h(σx) = h(x)
Additivity: ∀x ∈ Pn(F ), ∀y ∈ Pm(F ), h(x⊗ y) = h(x) + h(y)
Monotonicity: ∀x ∈ Pn(F ), ∀y ∈ Pm(F ), h(x) ≤ h(x : y)
Triangle inequality: ∀x, y ∈ F n+1, x+ y ̸= 0, h(x+ y) ≤ h(x : y) + e

for some real number e ≥ 0 which is called the Archimedean error, and (xi)i⊗ (yj)j =

(xiyj)i,j is the Segre embedding. A globally valued field is a field equipped with a
global height.

These structures were originally defined in a different (equivalent) way by Ben
Yaacov and Hrushovski in [10]. They form a first-order class GVFe in unbounded
continuous logic from [5]. In any GVF, the Archimedean error can be taken to be
any number bigger or equal h(2 : 1). Thus, when talking about a fixed GVF, we will
typically not mention an Archimedean error. The reason why e appears in the defini-
tion is that if one puts h(2 : 1) instead in the above triangle inequality, the obtained
class is not anymore first-order. The main examples of globally valued fields are global
fields, i.e., number fields and function fields of irreducible curves over finite fields. In
this case, the heights can be defined using the product formula. The fundamental
motivating question is: what structural properties explain the similarities between
number fields and function-field type global fields?

When faced with fields equipped with an extra structure (for example empty
structure, derivation or an automorphism), in mathematical practice we usually build
‘geometry’ dual to the algebra imposed by the extras. For example algebraic geom-
etry is dual to commutative algebra. Or, Kolchin varieties are dual to differential
algebra. Model theory provides a toolkit in analysing classes of enriched fields and
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the associated geometries. In the above mentioned cases it leads to the understand-
ing of universal domains (through the notion of existential closedness) and to ques-
tions about classification of certain special varieties/equations (stably embedded sets,
strongly minimal equations, modular forking geometry). For example, in the case of
fields with an automorphism, one characterises existentially closed models as a first
order class ACFA and there is a rich geometric theory on difference varieties in ACFA

developed in [21]. Moreover, in this case, there are classical structures that are models
of ACFA, namely the ultraproducts of algebraic closures of finite fields with Frobenius
automorphisms [44].

The main motivation of this thesis was to understand a piece of this model-
theoretic toolkit for globally valued fields, namely identifying ‘classical’ existentially
closed models, and studying the question of axiomatizability of all of them. This first
part of this goal was achieved through Theorem 0.1.3, however, the existence of the
model companion for globally valued fields is still conjectural. Moreover, in this work
we connect various ‘geometries’ to the algebra of fields with heights. For example we
use Arakelov geometry to prove Theorem 0.1.3 and the theory of adelic curves [24]
to prove Theorem 0.1.5. Let us now go more thoroughly through the core statements
proved in this thesis.

The main result of Chapter 1 is the following theorem (joint with Ben Yaacov,
Destic and Hrushovski) giving many equivalent definitions of globally valued fields,
including one given in terms of a (measure theoretic) product formula.

Theorem 0.1.2. [9] There is a bijective correspondence between the following struc-
tures on a field F :

1. Local terms satisfying the product formula,
2. Global heights,
3. Global functionals,
4. Global families of local measures,
5. Renormalisation classes of global admissible measures,
6. Equivalence classes of global lattice valuations.

For a description of all these equivalent structures, see Introduction 1.1. The
significance of this theorem is that it unifies various approaches in studying global
structures on fields, e.g. [10, 24, 36], as well as allows tools from various areas of
mathematics to be used in their study [1, 18, 27, 60] (see Table 1.1). Indeed, in
Chapter 2 we use Arakelov geometry to prove the main result of this thesis, resolving
a conjecture of Hrushovski from [43, Conjecture 4.1].

6



Theorem 0.1.3. [71] The field Q equipped with the Weil projective height is an
existentially closed globally valued field.

This means that if X is a variety over Q and the function field of X is equipped
with a global height h satisfying h(2 : 1) = log 2 then there is a generic sequence of
points xn ∈ X(Q) such that for any tuple of rational functions f0, . . . , fk on X, we
have

lim
n

ht(f0(xn) : · · · : fk(xn)) = h(f0 : · · · : fk),

where on the left hand side ht is the Weil projective height on Q. This result is an
arithmetic analogue of the main result of [10] where Ben Yaacov and Hrushovski show
that the algebraic closure of C(t) is existentially closed as a globally valued field (in
that case there is a unique GVF structure that is zero on C and satisfies h(t : 1) = 1).
For some applications of Theorem 0.1.3, see Introduction 2.1.

Let us note that even though the paper [71] was written before [9], in this thesis we
incorporate Theorem 0.1.2 to simplify a part of the proof of Theorem 0.1.3. Another
place where Theorem 0.1.2 is important, is Chapter 3. There, we use the comparison
between globally valued fields and adelic curves [24] to translate the adelic intersection
theory developed by Chen and Moriwaki [25] to the GVF context. In elementary
terms, it means that if X is a variety over a field F equipped with a GVF structure,
and we are given embeddings ji : X → Pni defined over F (for i = 0, . . . , d = dimX),
then we can associate to this data a real number d̂eg(j0, . . . , jd) which measures
the arithmetic complexity of the embeddings, relative to the GVF structure on F .
The adelic intersection product d̂eg(j0, . . . , jd) can be defined as follows. There is a
unique (up to a multiplicative scalar from F ) polynomial R(λ0, . . . , λd) of multidegree
(δ0, . . . , δd) where δj is the intersection number deg

(∏
i ̸=j c1(j

∗
iO(1))

)
, such that

R(λ0, . . . , λd) = 0 ⇐⇒ (∃x ∈ X)(∀i = 0, . . . , d)(ji(x) ⊂ {λi = 0}),

for λi being a tuple of coordinates of a linear form on Pni . Call R the resultant of
the family j0, . . . , jd. Let us denote by Rn the resultant of the family of embeddings
j′0, . . . , j

′
d, where we replace each ji by the post-composition with the n’th Veronese

map on the corresponding projective space. Then

d̂eg(j0, . . . , jd) := lim
n

1

nd+1
h(Rn),

where by h(Rn) we mean the global height of the tuple of the coefficients of Rn.
For a more detailed definition of the adelic intersection product d̂eg(j0, . . . , jd), see
Section 3.3 and [25]. To state the next result we need one more notation.
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Definition 0.1.4. Let S be a variety over a globally valued field F . We denote by
SGVF the space of quantifier-free types extending S over F . In other words, as a set

SGVF = {(x, hx) : x ∈ S and hx is a global height on κ(x) extending the one on F},

where by κ(x) we denote the residue field of x over F , and x varies over scheme-
theoretic points of S. The topology is defined as the weakest for which Zariski open
sets U ⊂ S induce open subsets UGVF ⊂ SGVF and for which a morphism f : U → Pn

induces a continuous real-valued function (x, hx) 7→ hx(f(x)) on UGVF. With this
topology SGVF becomes a locally compact, Hausdorff topological space.

One of the main results of Chapter 3 (joint with Pablo Destic and Nuno Hultberg)
is the following.

Theorem 0.1.5. [28] Let X → S be a flat projective morphism of finite type
schemes over a globally valued field F , of relative dimension d. Let ji : X → Pni

S

be closed embeddings over S, for i = 0, . . . , d. For s = (x, hx) ∈ SGVF, let us write
d̂eg(j0, . . . , jd|Xs) for the adelic intersection product of pullbacks of ji’s with respect
to the morphism x→ S and the global height hx on κ(x). Then, the map

SGVF → R

s 7→ d̂eg(j0, . . . , jd|Xs)

is continuous. In other words, the adelic intersection product is quantifier-free defin-
able in families.

This can probably be deduced from the existence and regularity of the Deligne
pairing, however, we provide a proof using resultants and [25] directly. As an appli-
cation, we prove a conjecture of Gualdi [32] about heights of complete intersections
in toric varieties. The precise statement is below.

Theorem 0.1.6. [28] Let f1, . . . , fm be Laurent polynomials in n variables with
coefficients in a number field K and let T be a proper toric variety with torus T =

Gn
m ⊂ T . Denote by Vi the hypersurface defined by fi and by ρi its Ronkin function.

Let (ζ1,j, . . . , ζm,j)j be a generic sequence of tuples of roots of unity in Tm and let
D0, . . . , Dn−m be semipositive toric adelic divisors on T with associated local roof
functions θ0,v, . . . , θn−m,v. Then,

lim
j→∞

d̂eg(D0, . . . , Dn−m | ζ1,jV1 ∩ · · · ∩ ζm,jVm)

=
∑
v∈MK

nv MIM(θ0,v, . . . , θn−m,v, ρ
∨
1 , . . . , ρ

∨
m).
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In particular, if V1, . . . , Vn are hypersurfaces in T = Pn over K and (ζ1,j, . . . , ζn,j)j

is a generic sequence of tuples of roots of unity in Tn, then this gives a formula for

lim
j→∞

ht(ζ1,jV1 ∩ · · · ∩ ζn,jVn)

in terms of mixed integrals of Ronkin functions associated to Laurent polynomials
defining the Vi’s. Thus the computation of the above arithmetic intersection numbers
is reduced to a (global) convex geometric problem.

Summarising, in this thesis, we make the following contributions to the theory of
globally valued fields:

• Theorem 0.1.2 explains what globally valued fields really are, building a dictio-
nary between various definitions.

• Theorem 0.1.3 shows that studying universal problems over all globally valued
fields is equivalent to studying them over Q uniformly in parameters. In other
words, it shows that Q is a kind of universal GVF, in the sense that every GVF
extending Q embeds into an ultrapower of Q.

• Theorem 0.1.5 says that heights of cycles are quantifier-free expressible in the
GVF language. As a corollary, this leads to a better understanding of equidis-
tribution and cycles defined over an equidistributing sequence.

• Theorem 0.1.6 is an instance of the previous bullet, where the Bilu equidistri-
bution is understood as a convergence in P1

GVF.

To use tools from model theory in order to study globally valued fields it would be
desirable to characterise all existentially closed models. Theorem 0.1.5 was originally
motivated by the search of geometric axioms for the (conjecturally existing) model
companion of GVF. However, even without the model companion, the use of geo-
metric stability methods is possible in this landscape. For example, Ben Yaacov and
Hrushovski show [11] that the theory of globally valued fields is quantifier-free stable.
Another exciting direction of development of GVF would be the study of adeles and
adelic lattices over a field with a global height. This is related to the study of adelic
vector spaces e.g. in [13, 24] and is a part of the current research program of the
author.
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Chapter 1

Foundations

This chapter is based on the paper [9] joint with Itäı Ben Yaacov, Pablo Destic
and Ehud Hrushovski. The author’s most notable contributions to this project consist
of establishing the connections with ‘Riemann-Zariski-Berkovich’ spaces, fixing some
proofs from [11], an abstract characterisation of the lattice of adelic divisors, and an
introduction to the ‘baby unbounded continuous logic’ at the end. The paper contains
some references to the author’s work [71], which are changed here to references to
Chapter 2 (mostly in Section 1.8). The paper has been submitted to a journal.

1.1 Introduction

A global field K, i.e., either a number field, or a finite extension of the field k(t)

(for some finite base-field k), satisfies a product formula, which means that there is a
natural choice of absolute values (| · |i)i∈I on K such that∏

i∈I

|a|i = 1 for all a ∈ K×. (1.1)

In fact, if one of the absolute values has either discrete value group with finite residue
field or is Archimedean, the product formula characterises this class of fields, see the
Artin-Whaples theorem [2, Theorem 3]. Geometrically, the product formula can be
interpreted as the fact that every ‘function’ a ∈ K× has the same number of zeros and
poles, counted with multiplicities. Indeed, by taking − log of the previous formula,
we get ∑

i∈I

− log |a|i = 0, (1.2)
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where we can think of − log |a|i as of the order of vanishing of a at i ∈ I. This point
of view and the analogy between function fields and number fields is very useful, see
[39, Chapter I.6], and [79, Chapter IV].

However, despite Artin-Whaples, there are classical fields with valuations sat-
isfying ‘product formulas’, that do not come from number fields or function fields
of curves over finite fields. First, note that function fields of curves over any field
give such examples, as if C is a smooth projective curve over any field, then non-zero
rational functions on C have the same number of zeroes and poles (counted with mul-
tiplicities). Even more generally, if X is a one-dimensional proper regular Noetherian
scheme, it may happen that rational functions on X satisfy the product formula with
respect to orders of vanishing at closed points of X. A spectacular example of this
behavior is when X is the Fargues-Fontaine curve, see [54]. Also, in the world of
analytic functions, Jensen’s formula∑

0<|a|<r

orda(f) log
r

|a|
+

1

2π

∫ 2π

0

− log |f(reiθ)|dθ = − log |f(0)| (1.3)

can be thought of as a product formula, with an error − log |f(0)| = Or(1). This
observation is a part of the Vojta’s dictionary between diophantine approximation
and value distribution theory, see [76]. Moreover, by using the above Jensen’s formula
for r = 1 together with p-adic Jensen’s formulas [48, Remark 2.8], one can deduce
that for f ∈ Q(z)× we have∑

p

− log ∥f∥p +
1

2π

∫ 2π

0

− log |f(eiθ)|dθ +
∑
x∈P1

Q

ordx(f) · ht(x) = 0, (1.4)

where ∥f∥p is the p-adic Gauss norm of f (i.e., the supremum of the p-adic norm of
f on the p-adic unit disc, if f ∈ Q[z]) and for x ∈ P1

Q the number ht(x) is the Weil
height of x.

Equation (1.4) is a natural example of a product formula with a continuous mea-
sure (at least over Archimedean absolute values), in contrary to the counting measure
case in Equation (1.2). Moreover, even if we restrict to number fields, while each has
a discrete space of places, when we pass to Q, the space becomes locally compact
but not discrete. This suggests that a more general notion of ‘global fields’ should
include not only counting measures on the space of absolute values on a field. There
are a few candidates of such notion in the literature. First, Gubler in [36] defined
an M-field, which is a field K together with a measure space (M,µ) and µ-almost
everywhere defined maps

(v ∈M) 7→ (|x|v ∈ R≥0)
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for x ∈ K, such that µ-almost everywhere | · |v is an absolute value, and log |z|v ∈
L1(M,µ) for z ∈ K×. This formulation allows errors like in Equation (1.3), and if
we want the product formula to hold, we need to additionally assume that log |z|v ∈
L1
0(M,µ) (integral must be zero). The consideration of such more general product

formulas found applications soon after the appearance of [36], as Moriwaki [56] used
height functions on finitely generated fields over Q, to recover the Raynaud’s theorem
(Manin-Mumford conjecture). Later, Chen and Moriwaki introduced (proper) adelic
curves in [24], and Ben Yaacov and Hrushovski introduced (globally or) multiply
valued fields in [10]. Both of these notions are defined similarly to M-fields (satisfying
the product formula). Let us also mention the work [83] in which Yuan and Zhang
extend the theory of Moriwaki developed in [56, 57].

In this paper we present the basics of the theory of globally valued fields, compare
it to adelic curves, and describe how to see those as models of an unbounded contin-
uous logic theory GVFe (where e ≥ 0). The logic interpretation of globally valued
fields allows to define various operations (e.g. ultraproducts) typical to model theory,
in the context of global fields. In particular this implies some transfer principles from
number fields to function fields, or in Nevanlinna theory, see Example 1.11.11 and Ex-
ample 1.11.12 respectively. Moreover, the logic treatment implies automatic effective-
ness given finiteness in Corollary 1.12.9. The connection to stability in model theory
would be desirable, especially because it has been useful in other algebro-geometric
contexts, like in the solution of the geometric Mordell-Lang conjecture [42].

This paper is partially based on the unpublished notes [11], however, some defini-
tions are adjusted, and some new results are obtained. We hope that it will provide
a useful reference for globally valued fields in the future.

Let us describe the main definitions and results of this text in more detail. Recall
that an adelic curve is a field F together with a measure space (Ω,A, ν) and a map
ϕ : ω 7→ |· |ω from Ω to the space of absolute values MF on F , such that for all a ∈ F×

the function
ω 7→ log |a|ω

is integrable (and measurable) on Ω. Given such data, we can define functions h :

F n → R ∪ {−∞} given by

h(a1, . . . , an) =

∫
Ω

max(log |a1|ω, . . . , log |an|ω)dν(ω). (1.5)

Denote by A(F ) :=
⋃
n∈N

F n and P(F ) :=
⋃
n∈N

Pn(F ). We use the symbol ⊗ to denote

both Segre products A(F ) × A(F ) → A(F ) and P(F ) × P(F ) → P(F ). It is easy to
check that the above functions form a ‘height’ on F , which we define below.
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Definition 1.1.1. A height on F is a function h : A(F )→ R∪{−∞} satisfying the
following axioms, for some Archimedean error e ≥ 0.

Height of zero: ∀x ∈ F n, h(x) = −∞⇔ x = 0
Height of one: h(1, 1) = 0
Invariance: ∀x ∈ F n, ∀σ ∈ Symn, h(σx) = h(x)
Additivity: ∀x ∈ F n, ∀y ∈ Fm, h(x⊗ y) = h(x) + h(y)
Monotonicity: ∀x ∈ F n, ∀y ∈ Fm, h(x) ≤ h(x, y)
Triangle inequality: ∀x, y ∈ F n, h(x+ y) ≤ h(x, y) + e

A height h is called global if h ↾F×≡ 0. It then induces a function P(F ) → R≥0 and
we write ht(x) := h[x : 1] for x ∈ F .

The main theorem of this text says that the data of (global) heights on F is
equivalent to a few other types of data, each of different flavour. We first state it and
then explain the nature of various structures appearing therein.

Theorem 1.1.2. (Theorem 1.7.7) There is a bijective correspondence between the
following structures on F :

1. Local terms (Definition 1.7.1),

2. Heights (Definition 1.1.1),

3. Positive functionals (Definition 1.6.3),

4. Families of local measures (Definition 1.6.6),

5. Renormalisation classes of admissible measures (Definition 1.6.7),

6. Equivalence classes of lattice valuations (Definition 1.4.11).

Moreover, this correspondence respects the ‘global’ ones, i.e., the ones satisfying the
product formula.

We define a multiply valued field (resp. globally valued field) to be a field with
any one of these equivalent structures (resp. that are global); thus if K is a globally
valued field, we may freely talk about the Weil heights, the local terms, the valuation
into the L1-lattice, or about a renormalization class of a globalizing measure. We use
the abbreviations MVF and GVF respectively.

If we require a specific presentation, we will simply say “a GVF, presented via
local terms” (or via Weil heights etc.) A product formula field is another synonym
that has been used, especially for the local term presentation.
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Note that “local” is a slightly misleading shorthand; “mean local terms” would
be a better description, as they arise by integration over the various localities (and
similarly for Weil heights over MVFs).

We note that while MVFs can be useful for local or “mean-local” work, they do
not form an axiomatizable class (in the sense of unbounded continuous logic). Any
axiomatizable class containing all MVFs would allow non-zero elements whose height
is −∞. We can avoid this by adding an axiom insisting on a lower bound for the
heights of non-zero elements; but any such bound will actually imply that 0 is a lower
bound, leading precisely to GVFs.

The above theorem says that GVF structures on a field can be seen as coming
from seemingly different worlds.

• First, one can define them through heights (points (1) and (2)), which easily
fits into the realm of unbounded continuous logic.

• Second, on a countable characteristic zero field, point (3) specialises to the
data of a linear functional APic(F )→ R which is non-negative on the effective
cone, where APic(F ) is the colimit of the spaces of adelic divisors on arithmetic
varieties with function field F . Also, if F is finitely generated over a subfield k
(of any characteristic), then global functionals trivial on k correspond to linear
functionals NS(F/k) → R that are non-negative on the effective cone, where
NS(F/k) is the colimit of the Néron–Severi groups of proper varieties over k
with function field F . We give details on this approach in Section 1.8.

• Third, GVF structures can come from measures on the space of pseudo-absolute
values like in Equation (1.4), or from adelic curves. These correspond to points
(4) and (5). Another measure theoretic way of presenting a GVF structure on
a field is a global ‘valuation’ valued in a Banach L1-lattice as in point (6), see
Definition 1.4.11 or [1] for an example.

We summarise this dictionary in the table below.

Weil heights Algebraic cycles Measure theory Banach lattices
Global APic(F )→ R Proper adelic v : F× → Γ ∪ {∞}
heights or NS(F/k)→ R curves, M-fields ‘valuation’ valued in
as in positive on the satisfying the an L1-lattice Γ,

Definition 1.1.1 effective cone product formula see Definition 1.4.11
[71] or [10, 27] [24, 36] and [1]
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In particular, if the field F is countable, it follows from the proof of Theorem 1.1.2
that every (global) height on F actually comes from a (proper) adelic curve structure,
as in Equation (1.5).

Corollary 1.1.3 (Corollary 1.7.11). Any GVF structure on a countable field F has
a proper adelic curve representation with Ω = MF .

This means that GVF structures on a countable field F can be seen as equivalence
classes of adelic structures on F with respect to the equivalence relation defined
by inducing the same height via Equation (1.5). This corollary is important for
the future development of globally valued fields, as it allows to use vast existing
literature on adelic curves e.g. from [25, 26, 30, 52, 53, 72] to study model theory of
GVF structures. For example, the Hilbert-Samuel theorem in [26] may be useful in
proving amalgamation theorems over some globally valued fields (see [6, 7] for more
details). However, it is natural to treat h in Definition 1.1.1 as a continuous logic
predicate, so by ‘model theory’ we mean the model theory in unbounded continuous
logic introduced in [5]. Axioms from Definition 1.1.1 define an unbounded continuous
logic theory GVFe of globally valued fields with Archimedean error e. Another reason
for considering continuous logic, is that for example Q with Weil heights considered
in discrete logic (with an additional sort for values of heights) is undecidable, as it
interprets1 the totally real algebraic integers (known to be undecidable by [66]).

We provide a survey of the unbounded continuous logic (in a simplified setting)
in Section 1.11. In Section 1.12, we give some background on existential closedness
in this logic and state the following problem.

Conjecture 1.1.4. (Conjecture 1.12.7) The theory GVFe has a model companion,
for every Archimedean error e ≥ 0.

This conjecture asks whether we can axiomatize (in a first order way) existen-
tially closed globally valued fields. Intuitively, a GVF F is existentially closed, if
all polynomial equations together with height inequalities that are consistent (solved
in an extension of F ), have a solution in F . Existential closedness of GVFs implies
existence of small sections of certain adelic vector bundles, see e.g. Minkowskian line
bundles in [26, Section 8.9]. This weaker condition may be equivalent to existential
closedness, but in any case forms an important part and is in itself axiomatizable.

1By the formula: v(x) = 0 for almost all non-Archimedean v, and v(i− x/i+ x) = 0 for almost
all Archimedean v.
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In [10, 71] respectively (the latter corresponds to Chapter 2 here), the globally
valued fields k(t) (with ht(t) = 1, ht|k = 0) and Q (equipped with Weil projective
heights) have been proven to be existentially closed. Over Q it implies for example,
that a finiteness statement (e.g. Bogomolov) is true in every GVF extension of Q if
and only if it is true in Q uniformly in parameters. Conjecture 1.12.7 would imply
that all existentially closed globally valued fields are elementary equivalent to one
of these two kinds of GVFs. In particular, the problem of approximating essential
infimum of an adelic line bundle (up to some ε > 0) would be decidable.

In course of proving Theorem 1.1.2 we introduce a few gadgets associated to F
and prove some results that may be of independent interest. We call a function
| · | : F → [0,∞] a pseudo-absolute value, if |xy| = |x| · |y|, |x + y| ≤ |x| + |y|,
|0| = 0, |1| = 1 (with 0 · ∞ and ∞ · 0 undefined). By an absolute value we mean
a pseudo-absolute value valued in [0,∞). We provide a Riemann-Zariski-Berkovich
characterisation of the space of pseudo-absolute values ΘF on F with the pointwise
convergence topology. Let us remark that a similar result (in the case of a field
extension while fixing the absolute value on the smaller field) was independently
obtained by Antoine Sédillot in [73, Birational approach I.11.2.2].

Proposition 1.1.5. (Proposition 1.2.7) Let F be of characteristic zero. Then there
is a homeomorphism θ : ΘF → M(F ) between the space of pseudo-absolute values
on F , and

M(F ) := lim←−M(X ),

where X are in the system of arithmetic varieties over Spec(Z) with the data of an
embedding of their function field into F , and M is the Berkovich analytification
functor (soM(Spec(A)) is the set of all multiplicative real-valued seminorms on A).

Proposition 1.1.6. (Remark 1.2.10) In any characteristic, if F/k is either finitely
generated, or F is countable, then there is a homeomorphism

θ : ΘF/k → lim←−X
an,

where ΘF/k is the space of pseudo-absolute values on F that restrict to the trivial
absolute value on k, and X are normal projective varieties over k together with an
embedding of k(X) to F over k. Here (−)an is the Berkovich analytification with
respect to the trivial absolute value on k (so Spec(A)an is the set of all multiplicative
real-valued seminorms on a k-algebra A that restrict to the trivial absolute value on
k).
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This description is useful, because using the results about Berkovich spaces over
Z from [51] we easily get the following result (related to [83, Lemma 3.1.1]).

Corollary 1.1.7. (Corollary 1.2.9 and Corollary 1.2.11) The set of absolute values
on a countable field F is dense in the space of pseudo-absolute values ΘF .

Also, if F/k is finitely generated (or both are countable), then the set of absolute
values on F that are trivial on k is dense in ΘF/k.

We use this corollary to identify positive elements of the universal lattice of F×,
i.e., the divisible hull of the Grothendieck group of the lattice of finite subsets of
F× (with + being the multiplication of sets and ∨ being the union). We denote this
lattice by ULatQ(F ), see Definition 1.4.4 for more details. Let |·| be a pseudo-absolute
value on F and α =

∨
x∈I d̂iv(x) −

∨
y∈J d̂iv(y) ∈ ULatQ(F ). Using the notation

v(x) := − log |x| we define v(α) = maxx∈I miny∈J v(x/y). We call α ∈ ULatQ(F )

positive if for all v as above, v(α) ≥ 0. The following characterisation of positive
elements is used to get equivalence of points (2) and (3) in Theorem 1.1.2.

Theorem 1.1.8. (Corollary 1.5.15) For each α ∈ ULatQ(F ), the following conditions
are equivalent:

(i) For every pseudo-absolute value | · | on F , v(α) ≥ 0.

(ii) For every ε ∈ R>0, there is some m ∈ N such that mα ∈ Γmε.

In this statement, Γε ⊂ ULatQ(F ) (for any ε > 0) is the set of elements of the
form

p∧
i=1

d̂iv

(
q∑
j=1

mi,jaj

)
−

q∧
j=1

d̂iv(aj),

where a1, . . . , aq ∈ F×, p, q ∈ N∗, and (mi,j)1≤i≤p
1≤j≤q

∈ Zpq are such that for all i ≤ p

we have
∑q

j=1 |mi,j| < 2ε. Moreover, if F is countable, in (i) one can only consider
absolute values. The significance of this theorem is that it gives a syntactic criterion
for positivity (which is a semantic property).

Furthermore, we study the quotient LDivQ(F ) of ULatQ(F ) by the kernel ideal I
of the pairing (v, α) 7→ v(α). The following characterisations are provided:

• if F is countable of characteristic zero, then LDivQ(F ) can be seen as a sublattice
of the space of Arakelov divisors on F -models, see Corollary 1.5.17;
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• if F/k is a finitely generated extension, then LDivQ(F ) divided by the ideal
generated by LDivQ(k) is isomorphic to the space of b-divisors on the Riemann-
Zariski space of F/k, i.e., to the colimit of rational Cartier divisors on birational
models of F over k, see Corollary 1.8.4.

The lattice structure on the space of Arakelov divisors on F -models from the first
bullet has been introduced in [77, 67] in the language of (generalised or b-) Weil func-
tions. We use the a different description of this lattice from Chapter 2. The second
bullet has been discovered (in a slightly different language) also in [47, Theorem 5.2].
Interestingly, already André Weil in the 1950’s was aware of this interpretation of
(b-)divisors, see [78, Theorem 13].

The positive functional appearing in the statement of Theorem 1.1.2 is by defini-
tion a linear functional l : LDivQ(F )→ R which is non-negative on the positive cone
{α ≥ 0} ⊂ LDivQ(F ).

Let us elaborate on the meaning of point (5) in Theorem 1.1.2 (point (4) is similar).
We introduce a locally compact topological space Ω◦

F which is defined as the set of
pseudo-valuations v : F → [−∞,∞], i.e., functions of the form −c log | · | for c ∈ R>0

and non {0, 1,∞}-valued pseudo-absolute values | · | on F . Thus, one can think of
Ω◦
F as an additive version of M(F ) (see the difference between Equation (1.1) and

Equation (1.2)). For technical reasons, we sometimes need to work with a slightly
bigger space Ω◦

F ⊂ ΩF , but in practice one can restrict attention to pseudo-valuations,
see Definition 1.2.4 and Remark 1.6.8. The following representation theorem follows
from equivalence of (1) and (5) in Theorem 1.1.2.

Corollary 1.1.9. Let F be any field equipped with a GVF structure. Then there
exists a measure µ on Ω◦

F such that the heights on F are given by the formula

h(a1, . . . , an) =

∫
Ω◦

F

−min(v(a1), . . . , v(an))dµ(v).

The minus sign appears so that the formula is consistent with Equation (1.5).
There are two differences between Corollary 1.1.3 and Corollary 1.1.9: the latter
works also for uncountable fields, and the ambient topological space Ω◦

F does not
vary. In fact, the previous corollary follows from the latter. In general, the flexibility
of choosing Ω to be any measurable space in the definition of adelic curves is useful,
as it allows to compare different metrics over the same absolute value, see for example
Harder-Narasimhan filtrations in [24, 26, 52].

18



After proving Theorem 1.1.2 we give some examples and focus on the relative
situation when K ⊂ F is an extension of globally valued fields. Using a disintegra-
tion type result, we get a relative version of Corollary 1.1.9, namely Corollary 1.9.2
and Corollary 1.9.4. This is interesting in light of recent applications of families of
measures on Berkovich spaces, for example in [61, 62].

In Section 1.10 we prove uniqueness (up to scaling) of the GVF structure on
classical global fields (Lemma 1.10.1 and Lemma 1.10.2), and the following.

Proposition 1.1.10. (Proposition 1.10.5) Let K be a GVF and consider a finite
Galois field extension K ⊂ F . Then there is a unique GVF structure on F extending
the one on K that is invariant under the action of Aut(F/K).

It is worth mentioning that using representations by adelic curves, the existence
(but not uniqueness) follows from [24, Section 3.4]. Also, under an additional as-
sumption on the GVF structure, this result was independently obtained by Antoine
Sédillot in [73, Propositions II.5.3.1 and II.5.4.1].

Acknowledgements. We would like to thank Leo Gitin, Nuno Hultberg, Konstanti-
nos Kartas, Jérôme Poineau and the participants of logic seminars in Oxford and
Wroc law for helpful conversations and remarks. The second and fourth authors would
like to thank the organizers and the participants of the 2024 Students’ Conference on
Non-Archimedean, Tropical and Arakelov Geometry, for their interest in this project.
There we learned that variants of Proposition 1.1.5 and Proposition 1.1.10 were inde-
pendently obtained in [73]. We kindly thank Antoine Sédillot for informing us about
that.

1.2 Valuations

Let F be a field. We will later need an enlargement of the space of valuations on
F to be able to consider Archimedean valuations even if F has cardinality bigger than
continuum. That is why we introduce the following definition (partially appearing
already in [78]).

Definition 1.2.1.

• A pseudo-absolute value | · | on F is a function | · | : F → R>0∪{0,∞} satisfying
|x+ y| ≤ |x|+ |y|, |xy| = |x||y|, |0| = 0, |1| = 1 with 0 · ∞ undefined.
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• We call a pseudo-absolute value trivial, if it attains values only from {0, 1,∞}.
Otherwise, we call it a non-trivial pseudo-absolute value.

• A pseudo-valuation v on F is a map v : F → R ∪ {±∞} attaining at least one
value outside of the set {−∞, 0,∞} and such that v(xy) = v(x) + v(y), v(0) =

∞, v(1) = 0, v(2) ̸= −∞, v(x+y) ≥ min(v(x), v(y))+min(v(2), 0), with−∞+∞
undefined.

• An abstract pseudo-valuation v on F is a map v : F → Γ ∪ {±∞}, where
Γ is a divisible ordered abelian group, which satisfies the above axioms of a
pseudo-valuation (but with addition and minima interpreted in Γ).

Lemma 1.2.2. Let v : F → Γ∪{±∞} be an abstract pseudo-valuation on F and let
∆ ⊂ Γ be a convex subgroup such that v(2) ̸< ∆. Consider the function u(a) = v(a)

mod ∆ and

w(a) =


∞ if v(a) > ∆,
v(a) if v(a) ∈ ∆,
−∞ if v(a) < ∆.

Then u,w satisfy the axioms of abstract pseudo-valuations on F , possibly without
the axiom asserting that they attain at least one value outside of the set {−∞, 0,∞}.

Proof. Straightforward.

We omit the prefix “pseudo” in Definition 1.2.1, if the map does not attain ±∞
at non-zero elements. Note that this gives a slightly non-standard definition of a
valuation on F , as we exclude the {0,∞}-valued ones from the usual definition, and
include some that do not satisfy the ultrametric inequality without the correction
min(v(2), 0). The set of valuations on F is denoted by ValF and the set of absolute
values is denoted by MF . We topologize those spaces with the pointwise convergence
topology. Note that for a pseudo-absolute value | · | on F , the set of elements O :=

{|x| < ∞} is valuation ring with the maximal ideal m consisting of elements with
|x| = 0. The quotient K = O/m is then a field with an absolute value. Thus we
get an induced surjective map p : F → K ∪ {∞} where the preimage of infinity is
a complement of a valuation ring. Such a map is called a place. Summarising, the
following holds.

Remark 1.2.3.

1. If |·| is a pseudo-absolute value on F , then there exists a place p : F → K∪{∞}
into a field K with an absolute value | · |K such that |x| = |p(x)|K .
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2. If | · | is a non-trivial pseudo-absolute value on F and c ∈ R>0, then v(x) =

−c log |x| is a pseudo-valuation on F .

3. If v is a pseudo-valuation on F , then there is a non-trivial pseudo-absolute value
| · | on F and a constant c ∈ R>0 such that v(x) = −c log |x| for all x ∈ F .

Proof. The proof of (1) is outlined above. For (2) note that by (1) we can assume
that | · | is a norm. By passing to the completion, without loss of generality | · | is
complete on F . Then either | · | is a non-Archimedean absolute value on F in which
case the statement follows, or (by the classification of Archimedean normed complete
fields) (F, | · |) ⊂ (C, ∥ · ∥t), where ∥ · ∥ is the standard Euclidean absolute value on C
and t ∈ (0, 1]. The direct inspection of the statement on (C, ∥ · ∥t) finishes the proof
of (2).

To see (3), put a = −min(v(2), 0). The case a = 0 is clear, so assume that a > 0.
We define |x| = 2−v(x)/a and check that | · | is a pseudo-absolute value. First note that
|x+ y| ≤ 2 max(|x|, |y|) implies by induction that

∣∣∣ 2n∑
i=1

xi

∣∣∣ ≤ 2n max
i
|xi|.

In particular |2n| ≤ 2n and for any integer N we get |N | ≤ N log(N) using the binary
expansion of N . Replacing N with Nk and taking limit over k →∞ we get |N | ≤ N .
Hence

|x+ y|2n = |(x+ y)2
n| ≤ 2n+1 max

0≤i≤2n

(
2n

i

)
|x|i|y|2n−i ≤ 2n+1(|x|+ |y|)2n .

Taking 2n’th roots and the limit n→∞ we get |x+ y| ≤ |x|+ |y| which finishes the
proof.

We can drop the prefix “pseudo” everywhere in the above remark and points
2. and 3. remain true. Note that non-trivial pseudo-absolute values and pseudo-
valuations represent almost the same data, the difference being that we can multiply
pseudo-valuations by an arbitrary positive number and we cannot always increase a
non-trivial pseudo-absolute value to a positive number, in the space of non-trivial
pseudo-absolute values.

Definition 1.2.4. Let A be the set of functions v : F → [−∞,∞] satisfying

v(xy) = v(x) + v(y), v(0) =∞, v(1) = 0, v(x+ y) ≥ min(v(x), v(y)) + min(v(2), 0),
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and v(2) ̸= −∞. We define the space ΩF as cl(A) \ {−∞, 0,∞}F , so it is an open
subset of the compact space cl(A) ⊂ [−∞,∞]F . Hence, it is a locally compact,
Hausdorff topological space. Moreover, we denote the subset of pseudo-valuations by
Ω◦
F := {v(2) ̸= −∞} ⊂ ΩF which equivalently can be defined as A \ {−∞, 0,∞}F .

Example 1.2.5. Consider F = Q(x) and let | · |n be the absolute value on F coming
from the embedding Q(x) ⊂ C sending x to 1 + π

n
. Then for vn = −n log | · |n we have

limn vn(x) = −π and limn vn(2) = −∞. Hence any limit point v of (vn)n∈N is in ΩF ,
but is not a pseudo-valuation.

We call an element v ∈ ΩF non-Archimedean, if v(2) ≥ 0 and Archimedean in
the other case. Not every element v ∈ ΩF is a non-trivial pseudo-absolute value on
F , however, the set of non-trivial pseudo-absolute values is dense in ΩF . We choose
to work with ΩF instead of the set of non-trivial pseudo-absolute values because of
nicer topological properties, see Lemma 1.2.13 and the line under it.

Note that if F is countable, then

ValF =
⋂
a∈F×

{v ∈ ΩF : v(a) ̸= ±∞}

is a Borel subset of ΩF and in that case we equip ValF with the σ-algebra of its Borel
subsets. Denote by ΘF the space of pseudo-absolute values equipped with pointwise
convergence topology - note that it is a compact Hausdorff space. Overall, we get the
following diagram of spaces associated to F

MF ΘF

ValF ΩF

where the dashed arrows are − log’s defined only on non-trivial (pseudo-)absolute
values.

Our goal now is to prove Corollary 1.2.9 and Corollary 1.2.11. Since these corol-
laries hold under different assumptions, let us restrict our attention to characteristic
zero F until Remark 1.2.10. Call a normal, projective, generically smooth, integral
scheme X → Spec(Z) an F -submodel, if the function field of X is equipped with an
embedding to F (this definition will also appear in a different context in Chapter 2,
Remark 2.3.19). For an F -submodel X define its Berkovich analytification as

M(X ) := {(p, | · |) with p ∈ X and | · | is an absolute value on κ(p)}.
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For a point x = (p, | · |) if f ∈ OX (U) where p ∈ U ⊂ X , then we write |f(x)| for |f(p)|
where f(p) ∈ κ(p) is the evaluation of f at p. The topology onM(X ) is the coarsest
such that the projection q :M(X )→ X is continuous, and for every f as above, the
function x 7→ |f(x)| is continuous on q−1(U). This makesM(X ) a compact Hausdorff
topological space. For a thorough treatment of these spaces, see [51, 60]. We define

M(F ) := lim←−M(X )

to be the inverse limit over (the directed system of) all F -submodels of F . If X
is a proper scheme over a complete valued field, we write Xan for the Berkovich
analytification, i.e., the subset ofM(X) where absolute values on residue fields extend
the one on the base-field.

Construction 1.2.6. Let | · | ∈ ΘF . Denote by O ⊂ F the valuation subring
consisting of elements with |x| < ∞, by m its maximal ideal, and by k the residue
field. Denote the induced absolute value on k also by | · |. Fix an F -submodel X .
Consider the diagram

Spec(F ) X

Spec(O) Spec(Z)

ϕ

where the top horizontal arrow comes from the embedding of the function field of X
into F and the diagonal arrow exists by projectivity of X over Z. Let p = ϕ(m) and
consider the induced field extension κ(p) ⊂ k. We can restrict | · | to κ(p) to get an
absolute value inducing a point x ∈M(X ). Summarising, we constructed a map

θ : ΘF →M(F ).

Proposition 1.2.7. The map θ is a homeomorphism.

Proof. First let us check that for an F -submodel X the composed map

ΘF →M(F )→M(X )→ X

is continuous with respect to the Zariski topology on the codomain. Let Spec(A) ⊂ X
be an open affine subset and let A ⊂ F be the induced embedding of A. If we denote
by p : ΘF → X the composition above, then

p−1(Spec(A)) = {| · | ∈ ΘF : A ⊂ {|x| <∞}}.
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However, since A is finitely generated over Z, if we pick its generators a1, . . . , an, then
this set can be written as {| · | ∈ ΘF : maxi |ai| < ∞} which is an open subset of
ΘF . Thus p is continuous. Hence, the continuity of θ follows, by the definition of
topology on M(X ). Since both domain and codomain of θ are compact Hausdorff
spaces, it is enough to show that θ is a bijection. The classical Riemann-Zariski space
construction shows that valuation subrings of F are in bijection with the inverse limit
of the system of F -submodels, see e.g. [74, Corollary 3.4.7]. More precisely, if O ⊂ F

is a valuation ring, then there exists a unique sequence of points x(i) ∈ Xi, where
(Xi)i∈I is the system of F -submodels, such that O = lim−→OXi,x(i). Then absolute
values on the residue field k of O correspond to consistent families of absolute values
on κ(x(i)) for i ∈ I, which finishes the proof.

Proposition 1.2.8. Let X be an F -submodel. Then the generic fiber of the projec-
tion q :M(X )→ X is dense inM(X ).

Proof. First note that it is enough to prove that for a nonempty open U ⊂ X the
set q−1(U) is dense. Indeed, this is because M(X ) is a Baire space, and X has a
countable basis of open subsets, whose intersection is exactly the generic point of X .

Fix open non-empty subsets U ⊂ X and V ⊂ M(X ). We need to show that
V ∩q−1(U) ̸= ∅. By [51, Proposition 6.4.1 and Proposition 6.6.10] the mapM(X )→
M(Z) is open. Hence, by the description of M(Z) e.g. in [60, Corollaire 3.1.12],
there is x ∈ V with its image x|Q in M(Z) being an absolute value on Q. Since the
problem is invariant under putting an absolute value to a positive power, without
loss of generality x|Q is either a p-adic absolute value on Q (for some prime p), or the
Euclidean one. Let K be the completion of Q with respect to this absolute value.

Let X be the generic fiber of X → Spec(Z), so it is a smooth, projective scheme
over Q with the function field F . Denote by U the intersection of U with X and
assume that the point x ∈ V corresponds to an absolute value | · | on κ(x0) for
x0 ∈ X. We consider two cases:

(1) x|Q is non-Archimedean. In that case K = Qp and we consider the Berkovich
analytification Xan

K of XK with projection ρ : Xan
K → XK . We get the pullback

diagram
Xan
K M(X )

x|Q M(Z)

j

As UK ⊂ XK is everywhere dense open, by [12, Corollary 3.4.5] the subset ρ−1(UK) is
everywhere dense in Xan

K . Thus, as V intersects the fiber over x|Q witnessed by x ∈ V ,
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the set V ∩ ρ−1(UK) is non-empty. But ρ−1(UK) = j−1(q−1(U)), so if y ∈ ρ−1(UK),
then j(y) ∈ V ∩ q−1(U), which finishes the proof in this case.

(2) x|Q is Archimedean. In that case K = R and we look at the complex analytifi-
cation Xan

C which is a smooth complex variety with the conjugation map c. Then the
fiber of M(X ) over x|Q is Xan

C /c, and it is enough to prove that non-empty Zariski
open subsets of X yield everywhere dense open subsets of Xan

C . This is classical, and
can be easily deduced e.g. from the resolution of singularities.

We use the above proposition to get the following corollary.

Corollary 1.2.9. Let F be a countable field of characteristic zero. The set MF is a
dense subset of ΘF . In particular, the set ValF is a dense subset of ΩF .

Proof. Note that MF =
⋂
a∈F×{| · | ∈ ΘF : |a| < ∞}. By the fact that ΘF is

a Baire space, and F is countable, it is enough to show that for a ∈ F×, the set
V = {| · | ∈ ΘF : |a| <∞} is dense.

Using the homeomorphism from Proposition 1.2.7, it is enough to check that for
an F -submodel X and an open subset U ⊂M(X ), if we denote by s : ΘF →M(X )

the natural projection, V ∩ s−1(U) ̸= ∅. By possibly replacing the F -submodel X
by a one over it, we may assume that there is an open subscheme Spec(A) ⊂ X such
that a ∈ A ⊂ F . By Proposition 1.2.8, there is a point x ∈ U ⊂M(X ) such that its
first coordinate (if we write is as a pair) is in Spec(A) ⊂ X .

Now, if | · | ∈ ΘF is such that s(| · |) = x, then | · | ∈ V ∩ s−1(U), which gives
the desired non-emptiness. Since maps in the system of Berkovich analytifications of
F -submodels are surjective, such pseudo-absolute value | · | exists, which finishes the
proof.

Remark 1.2.10. One can perform the above constructions also in the relative con-
text, where we fix a base-field k ⊂ F and F is either finitely generated over k of
arbitrary characteristic, or countable. Indeed, let ΘF/k ⊂ ΘF be the set of pseudo-
absolute values that are 1 on k× and let MF/k be the set of absolute values on F that
are trivial on k. We then get (using the same proof as in Proposition 1.2.7)

ΘF/k ≃ lim←−X
an,

where the inverse limit is taken over normal projective varieties X over k together
with an embedding of k(X) to F over k. The Berkovich analytification Xan is with
respect to the trivial absolute value on k. The generic fiber of the natural projection
π : Xan → X is dense, by [12, Section 3.5].
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In the case F is countable, we can copy the proof of Corollary 1.2.9 to get density
of MF/k in ΘF/k. In the case F is finitely generated over k, we can write

ΘF/k ≃ lim←−
k(X)≃F

Xan,

where in the limit we only take varieties over k with an isomorphism of their function
field with F (over k). If X ′ → X is a birational map in the system, we get a
commutative diagram

X ′ an Xan

MF/k MF/kid

with the vertical maps come from isomorphisms k(X), k(X ′) ≃ F . Taking inverse
limits, we also get density in that case. Summarising, we get the following.

Corollary 1.2.11. Let k ⊂ F be either a finitely generated extension, or an extension
of countable fields. Then the set MF/k is a dense subset of ΘF/k.

Let us come back to the context of a general field F . Define ΩF to be the quotient
of ΩF by the multiplicative action of R>0 (with the quotient topology) and call two
elements of ΩF equivalent if they lie in a single orbit of this action. We use the symbol
∼ to denote this equivalence relation. For a ∈ F× we define sets

ΩF (a) := {v ∈ ΩF : v(a) = 1},

and ΩF (a) := π(ΩF (a)) for the projection π : ΩF → ΩF . Note that ΩF (a) is the set
of classes of v ∈ ΩF with 0 < v(a) < ∞. Moreover, ΩF (a) is compact and π defines
a bijection between ΩF (a) and ΩF (a). We also have

ΩF =
⋃
a∈F×

ΩF (a).

Remark 1.2.12. In general ΩF is not Hausdorff. For example, if F = Q(x), then
the relation of being equivalent in ΩF is not closed. Indeed, consider the elements
0, x, x − p−1 in F and let | · | be an appropriate power of the Gauss absolute value
(with respect to the p-adic absolute value on Q) so that we have

|x| = 2, |x− p−1| = 2, |p−1| = 1 +
1

n
.

Let vn be the corresponding valuation on F and note that vn ∼ n·vn. By taking limits
(possibly we need to pass to a subnet in [−∞,∞]F ), we see that vn converges to a
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pseudo-valuation v where the above triangle has sides (2, 2, 1), while n · vn converges
to a pseudo-valuation w where the same triangle has sides (∞,∞, e). Note that these
values are not contained it {−∞, 1,∞}, so v, w ∈ ΩF . Moreover, v is not equivalent
to w.

Even though the full space ΩF may not be Hausdorff, we have the following lemma.

Lemma 1.2.13. The sets ΩF (a) are Hausdorff topological subspaces, for a ∈ F×.

Proof. Consider π−1(ΩF (a)) = {v ∈ ΩF : 0 < v(a) <∞}. We show that the relation
of being equivalent is closed when restricted to this subset. Let fb : π−1(ΩF (a)) →
[−∞,∞] be a function given by fb(v) = v(b)

v(a)
, for b ∈ F . Note that it these are

continuous functions and for v, w ∈ π−1(ΩF (a)) we have v ∼ w if and only if for all
b ∈ F the equality fb(v) = fb(w) holds, which is a closed condition.

In particular, because restricted quotients π : ΩF (a) → ΩF (a) are continuous,
they are homeomorphisms between compact Hausdorff spaces.

Lemma 1.2.14. Let v ∈ ΩF . Then, there exists v′ ∈ ΩF ′ such that v′|F = v.

Proof. Let a ∈ F be such that 0 < v(a) < ∞. Without loss of generality, we
can assume that v(a) = 1. Consider the restriction map ΩF ′(a) → ΩF (a). It is a
continuous map between compact Hausdorff spaces, so to prove it is surjective it is
enough to prove it has dense image. Thus, we can assume that v(2) ̸= −∞. By
Remark 1.2.3 we can assume that v = − log | · | for some non-trivial pre-absolute
value | · |.

Let O ⊂ F be the valuation ring of elements with |x| ≠∞ and let k and m be its
residue field and maximal ideal respectively. By Chevalley’s theorem on extending
valuations, there is a valuation ring O′ ⊂ F ′ with maximal ideal m′ and residue field k′

such that O′∩F = O and m′∩O = m. The non-trivial pre-absolute value | · | induces
an absolute value | · | on k and we are reduced to proving that the corresponding
valuation extends to a pre-valuation on k′.

Let K be a complete, algebraically closed, normed field, such that the absolute
value | · | on k comes from an embedding k ⊂ K. Such exists, as we can extend
the induced absolute value on the completion of k to its algebraic closure. Take an
ultrapowerK∗ ofK such that k′ embeds toK∗ over k. The ultrapower of the valuation
on K gives an abstract pre-valuation v∗ on K∗ with the value group Γ. Let ∆ ⊂ Γ be
the convex hull of R and ∆0 ⊂ ∆ be the convex subgroup of infinitesimal elements.
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We use Lemma 1.2.2 two times: first restricting v∗ to ∆, and next quotienting ∆

by ∆0. Identifying ∆/∆0 with R, we get a (non-abstract) pseudo-valuation u on K∗

extending v on k. By Remark 1.2.3, we can write u = − log | · |u for some pseudo-
absolute value | · |u that extends | · | on k (without loss of generality we can take c = 1

for the constant from Remark 1.2.3). By restricting | · |u to k′, we are done.

1.3 Seminorms

In this section we introduce a submultiplicative variant of (pseudo-)absolute values
and show how to obtain (pseudo-)absolute values from them.

Definition 1.3.1. A pseudo-seminorm | · | on a ring R is a function | · | : R →
R≥⊬ ∪ {+∞} satisfying |x + y| ≤ |x| + |y|, |xy| ≤ |x| · |y|, |0| = 0, | ± 1| = 1, with
0 · ∞ undefined. A pseudo-seminorm | · | is called power-multiplicative if |xn| = |x|n

for all x ∈ R and n ∈ N. It is a pseudo-absolute value if |xy| = |x||y| for all x, y ∈ R.
We define a partial order on the set of pseudo-seminorms of F by

| · |1 ≤ | · |2 ⇔ ∀x ∈ F, |x|1 ≤ |x|2.

Note that a pseudo-seminorm on a ring R is simply the data of a subring R′ ⊆ R

(characterized by R′ = {x ∈ R : |x| ≠∞}) and a non-zero seminorm on R′.

Lemma 1.3.2. Let | · | be a minimal pseudo-seminorm on a field R. Then | · | is a
pseudo-absolute value.

Proof. Let R′ = {|x| < ∞}. Note that if there was a seminorm on R′ smaller than
the restriction of | · | to R′, then one could extend it to a pseudo-seminorm on R by
taking the value ∞ at R \ R′, which would contradict minimality of | · |. Hence, the
restriction of | · | is a minimal seminorm on R′. Consider its spectral radius norm

ρ(x) =

{
lim

n→+∞
|xn|1/n if |x| ≠∞

∞ if |x| =∞.

It is a classical result (see [12, Corollary 1.3.3]) that the spectral radius of a seminorm
is a power-multiplicative seminorm. By minimality, we get | · | = ρ, which shows that
| · | is power multiplicative on R′.

Note that if |x| = 0 for x ∈ R′, then for any y ∈ R′, we have |xy| ≤ |x||y| = 0, so
in fact |xy| = |x||y| in this case. Take on the other hand x ∈ R′ that satisfies |x| ≠ 0.
Let us define the following function on R′:

p(z) = inf
n∈N

|xnz|
|x|n

.
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By the power-multiplicativity of | · | on R′, p(1) = 1 and it is easy to check that p is
subadditive, and submultiplicative on R′. Moreover, looking at n = 0 one gets p ≤ |· |
on R′. By minimality, this means that p = | · |, so |y| = p(y) ≤ |xy|

|x| , which proves that
|xy| = |x||y|. Thus, | · | is an absolute value on R′.

Let p = {|x| = 0} ⊂ R′ be the prime zero ideal. By the Chevalley’s extention
theorem, there is a valuation subring O ⊂ R with a maximal ideal m satisfying
R′ ∩m = p. By Lemma 1.2.14, there is a pseudo-absolute value v′ on O/m extending
the norm | · | on R′/p. Extending this pseudo-absolute value by ∞ on R \ O, we get
that there is a pseudo-absolute value v on R extending the seminorm | · | on R′. By
minimality (as a pseudo-seminorm on R) of | · |, we get that | · | = v, i.e., that | · | is
a pseudo-absolute value.

Corollary 1.3.3. Let | · | be a pseudo-seminorm on F . Then, there exists a pseudo-
absolute value ∥·∥, such that ∥·∥ ≤ | · |.

Proof. It is clear that if S is a totally ordered set of pseudo-seminorms of F , the lower
bound | · |inf defined by

∀x ∈ F, |x|inf = inf
|·|s∈S

|x|s.

is again a pseudo-seminorm. Thus, by Zorn’s lemma, there exists a minimal pseudo-
seminorm on F which is smaller than | · |. By Lemma 1.3.2, it is a pseudo-absolute
value.

Lemma 1.3.4. Let f : R→ F be a ring homomorphism from a ring to a field, and
let | · | be a pseudo-seminorm on R such that

∀x ∈ R, f(x) = 1⇒ |x| ≥ 1.

Then, there exists a pseudo-absolute value ∥·∥ on F such that

∀x ∈ R, ∥f(x)∥ ≤ |x|.

Proof. Define a function ∥·∥0 : F → R≥0 ∪ {+∞} by

∥y∥0 = inf
x∈f−1({y})

|x|.

(thus ∥y∥0 = +∞ if y is not in the image of f). The condition f(x) = 1 ⇒ |x| ≥ 1

implies that ∥1∥0 = 1, hence ∥·∥0 is a pseudo-seminorm. By Corollary 1.3.3, there
exists a pseudo-absolute value ∥·∥ on F such that ∥·∥ ≤ ∥·∥0. By construction, it
satisfies the lemma’s conclusion.
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1.4 Lattices

In order to encode global structures on F we use tropical polynomials.

Definition 1.4.1. A Q-tropical polynomial is a term in the language of divisible
ordered abelian groups, i.e., in +,max, 0, α · x for α ∈ Q. We also use the symbol ∨
for maximum and ∧ for minimum (which is defined by a ∧ b := −((−a) ∨ (−b)) for
any a, b). For example t(x, y) = min(1

2
max(x, y + x), 1

3
y) is a Q-tropical polynomial.

We call t a Z-tropical polynomial, if it only uses α ∈ Z.

Certain universal lattices in F× play an important role in this thesis. Before we
define those, we recall the definitions of a lattice monoid and a lattice group.

Definition 1.4.2. A lattice monoid (group) is a commutative monoid (group) (Γ,+)

equipped with a join operation ∨ which satisfies the following axioms.

• Idempotence: ∀x ∈ Γ, x ∨ x = x

• Commutativity: ∀x, y ∈ Γ, x ∨ y = y ∨ x

• Associativity: ∀x, y, z ∈ Γ, (x ∨ y) ∨ z = x ∨ (y ∨ z)

• Translation-invariance: ∀x, y, z ∈ Γ, (x+ z) ∨ (y + z) = (x ∨ y) + z

A morphism of lattice monoids (groups) is a map from a lattice monoid (group) to
another which preserves addition and join. We call a lattice group divisible, if the
ambient abelian group is divisible. Every lattice monoid has a natural partial order
defined by

x ≥ y ⇐⇒ x ∨ y = x.

If it does not cause confusion, we may write |x| for max{x,−x}.

It is easy to see that this partial order is compatible with the group law of the
lattice group, and that the operations ∨ and + are increasing with respect to this
order. Lattice groups have the following property which may not hold in lattice
monoids (for example in the lattice monoid of formal joins in F , see Definition 1.4.4).

Lemma 1.4.3. Let Γ be a lattice group. Then for any x, y ∈ Γ and n ∈ N we have

n(x ∨ y) = (nx) ∨ (ny).
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Proof. By writing x = x+ + x−, where x+ = x ∨ 0, x− = x ∧ 0, and same with y, we
are reduced to show that (nx)± = nx±. This follows from the calculation:

(nx)+ + nx+ = (nx) ∨ 0 +
n∨
k=0

(kx) =
2n∨
k=0

(kx) = 2nx+,

and similarly for (nx)−.

The forgetful functor from the category of lattice groups to the category of abelian
groups has a left adjoint. Moreover, by the above lemma, the forgetful functor from
the category of divisible lattice groups to the category of lattice groups also has a left
adjoint. By composing those we get a functor from a category of abelian groups to
the category of divisible group lattices (left adjoint to the forgetful functor), which
we call the universal lattice group functor.

Let us describe the lattice group structure on the universal lattice group of F×.
When we want to write the product in F× additively, we use the notation d̂iv(a) for
an element a ∈ F×. For example d̂iv(a) + d̂iv(b) = d̂iv(ab) and d̂iv(1) = 0.

Definition 1.4.4. A formal join in F× is an expression of the form
∨
x∈I d̂iv(x),

where I is a finite subset of F×. The set of such expressions forms a lattice monoid
with operations defined as follows:∨

x∈I

d̂iv(x) ∨
∨
y∈J

d̂iv(y) =
∨

z∈I∪J

d̂iv(z),

∨
x∈I

d̂iv(x) +
∨
y∈J

d̂iv(y) =
∨

(x,y)∈I×J

d̂iv(xy),

where on the right hand sides we skip the repeats. In other words, the formal joins
form a lattice monoid isomorphic to the lattice monoid of finite subsets of F× with
join being the sum and plus being the set of multiples of pair of elements from the
corresponding sets.

The divisible hull of the Grothendieck group of the lattice monoid of formal joins in
F× satisfies the universal property of the universal lattice group of F×. Equivalently,
one could also take the Grothendieck group of the lattice monoid of formal joins in
F×
Q = F× ⊗ Q. To shorten the notation, we thus refer to this divisible group lattice

as the universal lattice of F× and denote it by ULatQ(F ).

In other words, elements of the universal lattice of F× can be represented by
differences ∨

x∈I

d̂iv(x)−
∨
y∈J

d̂iv(y),
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for finite I, J ⊂ F×
Q . It follows that if t is a Q-tropical polynomial and a = (a1, . . . , an)

is a tuple of elements from F×, then t(d̂iv(a)) = t(d̂iv(a1), . . . , d̂iv(an)) can be written
in the above form in ULatQ(F ) with I and J consisting of multiples of rational powers
of ai’s (and hence in any divisible group lattice with a homomorphism d̂iv : F× → Γ).
More generally, using the same argument the following holds.

Lemma 1.4.5. Let t(x) be a Q-tropical polynomial with x = (x1, . . . , xn). Then
there are terms αi(x) =

∑n
k=1 qik · xk and βj(x) =

∑n
k=1 rjk · xk (with qik, rjk ∈ Q)

over some finite index sets i ∈ I, j ∈ J such that in any divisible group lattice Γ, the
equality

t(x) = max
i∈I

αi(x)−max
j∈J

βj(x) = max
i∈I

min
j∈J

(αi(x)− βj(x))

holds, as functions on Γn.

Using the above observations, we define a pairing between ΩF and ULatQ(F ).

Definition 1.4.6. We define a pairing

ev : ΩF × ULatQ(F )→ [−∞,∞],

by sending a pair (v, t(d̂iv(a))) to v
(
t(d̂iv(a))

)
:= t(v(a)), where a is a tuple. More

precisely, this formula works in the case where v is a valuation. In general, we
define it in the following way. Fix an element v ∈ ΩF and consider a quotient group
F×
Q /{v = 0}, where we quotient by elements x with v(x) = 0 (note that v has a

natural extension to F×
Q ). We define a linear order there by

x ≥ y ⇐⇒ v(x/y) ≥ 0,

where x, y are classes of x, y in the quotient. Now consider an element

α =
∨
x∈I

d̂iv(x)−
∨
y∈J

d̂iv(y) ∈ ULatQ(F ).

Let i, j be the classes of the biggest elements (with respect to ≥) of I, J respectively.
We put ev(v, α) = v(α) := v(i/j) ∈ [−∞,∞] and leave to the reader the fact that it
doesn’t depend on the choice of a presentation of α in ULatQ(F ). Equivalently, one
could define

v(α) = max
x∈I

min
y∈J

v(x/y).

Moreover, the same definition makes sense if v is an abstract pseudo-valuation on F .

32



Remark 1.4.7. Let t be a Q-tropical polynomial and a be a tuple of elements from
F×. From now on, when we write t(v(a)), we mean v

(
t(d̂iv(a))

)
, for any abstract

pseudo-valuation v on F or v ∈ ΩF . Note that the relation t(v(a)) = v(b) is uniformly
definable in any two sorted structure (K,Γ ∪ {±∞}, v) where K is a field, Γ is a
divisible ordered abelian group and v : K → Γ ∪ {±∞} is an abstract pseudo-
valuation.

Lemma 1.4.8. The pairing ev : ΩF × ULatQ(F ) → [−∞,∞] has the following
properties:

• v(α ∨ β) = max(v(α), v(β)),

• v(α + β) = v(α) + v(β),

for all v ∈ ΩF , α, β ∈ ULatQ(F ), and in the second equation the right hand side is
undefined if the terms are −∞,∞. Moreover, for α ∈ ULatQ(F ), the corresponding
map evα : ΩF → [−∞,∞] is continuous.

Proof. Continuity follows from the continuity of max and min on [−∞,∞]. The rest
is omitted.

Definition 1.4.9. By an ideal I in a group lattice Γ we mean a subgroup having
the following property:

(∀α ∈ I)(|α| ∈ I) and (∀β ∈ Γ)(∀α ∈ I)(0 ≤ β ≤ α =⇒ β ∈ I).

Note that an ideal in a divisible lattice group is automatically itself divisible. The
quotient group Γ/I admits a natural group lattice structure.

Now, we define the notion of L1-lattices.

Definition 1.4.10. An L1-lattice is a lattice group Γ which is also an R-vector space,
together with a norm ∥·∥ such that

• (Γ, ∥·∥) is a Banach space.

• For all α ∈ Γ, ∥α∥ = ∥α+∥+ ∥α−∥.

If (Γ, ∥·∥) is an L1-lattice, then we can define a continuous linear form
∫

: Γ→ R by∫
α := ∥α+∥ − ∥α−∥.
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Let us mention that every L1-lattice is isomorphic to a one of the form L1(µ) for
some measure µ on some measure space, see [55].

Definition 1.4.11. Let F be a field. A lattice valuation on F is the data of an
L1-lattice Γ and a map v : F → Γ ∪ {∞} satisfying:

v(xy) = v(x)+v(y), v(x+y) ≥ v(x)∧v(y)+v(2)∧0, v(1) = 0, v(x) =∞⇔ x = 0,

and such that Γ is generated as an L1-lattice by values of v (i.e., the divisible sublattice
generated by those values is dense in Γ). Such a lattice valuation is called global if
for all x ∈ F×,

∫
v(x) = 0.

There is a natural notion of equivalence of two lattice valuations v : F → Γ∪{∞},
v′ : F → Γ′ ∪ {∞}, namely an isomorphism of L1-lattices Γ → Γ′ such that the
following diagram commutes

Γ′ ∪ {∞}

F Γ ∪ {∞}

v′

v

≃

Note that we could have not imposed the condition of being generated by values
of v, but we do it to have a bijective correspondence in Theorem 1.7.7.

1.5 Positivity

Here we study when the evaluation pairing is non-negative, for all v ∈ ΩF .

Definition 1.5.1. Consider the subset I ⊂ ULatQ(F ) consisting of those α such
that for all v ∈ ΩF we have ev(v, α) = 0. It is an ideal by Lemma 1.4.8. We define
a divisible group lattice LDivQ(F ) := ULatQ(F )/I and call it the space of lattice
divisors on F . In particular, α ∈ LDivQ(F ) is positive (written α ≥ 0) if and only if,
for all v ∈ ΩF we have ev(v, α) ≥ 0.

Remark 1.5.2. The ideal I is in general not trivial. For example, if F = Q one can
consider an element

α = d̂iv(pq) ∨ 0− d̂iv(p) ∨ d̂iv(q) ∨ 0,

for some primes p ̸= q. Then, by using Ostrowski’s theorem and direct inspection,
for any pseudo-valuation v on Q we have v(α) = 0. However, if α = 0 in ULatQ(Q),
this would mean that there is a finite subset A ⊂ Q× such that

A ∪ pqA = A ∪ pA ∪ qA,
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but looking at the element of the highest Euclidean norm in A, we get that this is
impossible.

Definition 1.5.3. We call lattice divisors of the form d̂iv(f), for f ∈ F×
Q , principal.

The quotient of LDivQ(F ) by the subspace of principal lattice divisors is called the
space of lattice line bundles on F and is denoted by LPicQ(F ). The effective cone of
LPicQ(F ) is defined as the set of classes of positive lattice divisors on F .

Definition 1.5.4. Consider pairs (ϕ, t) = (ϕ(x, y), t(x)), where x, y are tuples of
variables, ϕ(x, y) is a quantifier-free ring language formula implying that none of
variables of x are zero, and t(x) is a Q-tropical polynomial. We call such a pair
positive, if

VF |= (∀a, b)(ϕ(a, b) =⇒ t(v(a)) ≥ 0).

By VF we mean a common theory of triples (K,Γ∪{±∞}, v), where v is an abstract
pseudo-valuation on a field K and Γ is the corresponding divisible ordered abelian
group.

Below we prove a syntactic criterion on positivity of a lattice divisor. Existence
of such a criterion also follows from Corollary 1.5.15 but we provide an elementary
proof here, that only uses the compactness theorem.

Proposition 1.5.5. Let a be a tuple of elements in F× and let t(x) be a Q-tropical
polynomial of the corresponding arity. Then the following are equivalent:

1. t(d̂iv(a)) ≥ 0,

2. for every n ∈ N there is a quantifier-free ring formula ϕn(x, yn) such that F |=
ϕn(a, bn) for some tuple bn in F and (ϕn(x, yn), t(x)− 1

n
v(2)−) is a positive pair,

where v(2)− = min(v(2), 0).

Proof. First, note that by definition of ΩF and continuity of the evaluation function
at t(d̂iv(a)), the first condition is equivalent to (∀v ∈ Ω◦

F )(t(v(a)) ≥ 0).
Assume that we have positive pairs (ϕn(x, yn), t(x)− 1

n
v(2)−) and tuples bn in F

such that F |= ϕn(a, bn) for each n ∈ N and fix a pseudo-valuation v ∈ Ω◦
F . Note that

(F, v) |= VF, so t(v(a)) − 1
n
v(2)− ≥ 0 for each n ∈ N. Thus in fact t(v(a)) ≥ 0, as

v(2) ̸= −∞. By the above observation, we get t(d̂iv(a)) ≥ 0.
On the other hand, assume that for some n ∈ N there is no positive pair (ϕn(x, yn), t(x)−

1
n
v(2)−) with quantifier-free ϕn(x, yn) and no tuple bn in F , such that F |= ϕn(a, bn).

Consider the following theory in the VF language with constants for F :

T = Dat(F ) ∪ {v is an abstract pseudo-valuation} ∪ {t(v(a)) <
1

n
v(2)−},
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where Dat(F ) is the quantifier-free diagram of F (so the quantifier-free theory of
F in the language of rings enriched with constants from F ). If it was inconsistent,
there would be a quantifier-free formula ψ(a, b) in Dat(F ) such that ψ(a, b)∧(t(v(a)) <
1
n
v(2)−) is inconsistent with VF. But then (ψ(x, y), t(x)− 1

n
v(2)−) would be a positive

pair such that F |= ψ(a, b) which can not happen by our assumption.
Let (K,Γ∪{±∞}, v) be a model of T and consider the natural embedding F ⊂ K

with β := t(v(a)) < 1
n
v(2)−. First consider the case β = −∞. Write t(d̂iv(a)) =

q · (
∧
i d̂iv(xi) −

∧
j d̂iv(yj)) for some q ∈ Q>0 and xi, yj from F×. Let O = {x ∈

F : v(x) ̸= −∞} be the valuation ring of v|F . Choose i0 and j0 such that for all i
and j we have v(xi0/xi) ≥ 0, v(yj0/yj) ≥ 0. In particular xi0/xi ∈ O, yj0/yj ∈ O,
but xi0/yj0 ̸∈ O. Let u : F× → F×/O× =: Σ and note that it is a non-Archimedean
abstract valuation. Let β′ be the class of xi0/yj0 in Σ. Define ∆ ⊂ Σ as the smallest
convex subgroup containing β′ and let ∆0 ⊂ ∆ be the biggest convex subgroup of
∆ without β′. Then by truncating u to ∆ and taking the quotient by ∆0 we get an
abstract pseudo-valuation on F where the value group ∆/∆0 can be embedded to R.
Hence, there exists a pseudo-valuation u′ on F with t(u′(a)) < 0. That is because
the relations u′(xi0/xi) ≥ 0, u′(yj0/yj) ≥ 0 and u′(xi0/yj0) < 0 hold by construction.
This finishes the proof in this case.

Now assume that β ̸= −∞. Let ∆ ⊂ Γ be the smallest convex subgroup containing
β and let ∆0 ⊂ ∆ be the biggest convex subgroup of ∆ with β ̸∈ ∆0. If we choose an
embedding ∆/∆0 ⊂ R, we can define a function w on F by sending a to v(a) mod ∆0

if v(a) ∈ ∆, to ∞ if v(a) > ∆, and to −∞ if v(a) < ∆. Note that v(2) ̸< ∆ because
β < 1

n
v(2)−, so by Lemma 1.2.2 the function w is a pseudo-valuation on F . Moreover,

by construction t(w(a)) = β < 0, where β is the class of β modulo ∆0 in R. Hence,
t(d̂iv(a)) ̸≥ 0, which finishes the proof.

Let us consider a relative situation where F is a field extending k. Using Lemma 1.2.14
we get the following corollaries.

Corollary 1.5.6. The natural morphism ULatQ(k)→ ULatQ(F ) induces an embed-
ding LDivQ(k) ⊂ LDivQ(F ) respecting the non-negative cone.

Corollary 1.5.7. Let A be a domain with Frac(A) = F and fix an absolute value
| · | on κ(p) for a point p ∈ Spec(A). There is a pseudo-valuation v on F such that
for all a ∈ A we have v(a) = − log |amod p|.

Now we prove a relative variant of Proposition 1.5.5.
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Proposition 1.5.8. Let k be a subfield of F and α ∈ LDivQ(F ). The following are
equivalent:

1. for every v ∈ ΩF that restricts to the trivial valuation on k, we have v(α) ≤ 0;

2. there are finitely many a1, . . . , an ∈ k× such that α ≤
∨n
i=1 d̂iv(ai).

Proof. The implication from (2) to (1) follows from Lemma 1.4.8. To prove the other
one, assume for a contradiction that one cannot find finitely many elements in k that
satisfy (2). This means that for every a1, . . . , an ∈ k×, there is a pseudo-valuation
v ∈ ΩF that satisfies v(α) > maxi v(ai). Consider the following first order theory:

T = Dat(F ) ∪ {v is an abstract pseudo-valuation} ∪ {v(α) > v(b) : b ∈ k×}.

This theory is consistent by the assumption, so there is an abstract pseudo-valuation
v0 : F → Γ ∪ {±∞} such that for all b ∈ k× we have v0(α) > v0(b). Now we proceed
as in the proof of Proposition 1.5.5, to get a pseudo-valuation v1 on F that restricts
to the trivial valuation on k and satisfies v1(α) > 0, which contradicts (1).

Corollary 1.5.9. Let k ⊂ F be a finitely generated extension. Then the ideal

Ik = {α ∈ LDivQ(F ) : ∀v ∈ ValF/k v(α) = 0}

is the smallest ideal containing LDivQ(k) in LDivQ(F ).

Here, the embedding LDivQ(k) ⊂ LDivQ(F ) is the one from Corollary 1.5.6 and
by ValF/k we denote valuations on F that are trivial on k. Let us also denote by ΩF/k

pseudo-valuations on F that restrict to the trivial valuation on k.

Proof. By Corollary 1.2.11 we can replace ValF/k in the definition of Ik by ΩF/k. Then
the statement follows from Proposition 1.5.8.

Next, we want describe the set of positive lattice divisors in more detail, see
Corollary 1.5.15. Let us start with the following lemma.

Lemma 1.5.10. For every tuple a = (a1, . . . , an) ∈ (F×)n and ε ∈ R>0, the following
are equivalent:

(i) For every pseudo-valuation v on F , v
(

n∧
i=1

d̂iv(ai)

)
≤ 0 if v is non-Archimedean,

and v
(

n∧
i=1

d̂iv(ai)

)
< −εv(2) if v is Archimedean.
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(ii) There exists a family (ms)s∈Nn of integers withms = 0 except for a finite number
of indices s, such that ∑

s∈Nn

|ms|2−ε|s| < 1,

and ∑
s∈Nn

msa
s = 1.

Proof. First assume that (ii) is satisfied, and that there is a v ∈ ΩF such that

v

(
n∧
i=1

d̂iv(ai)

)
> −εv(2)−. Let (ms)s∈Nn be a family satisfying (ii). Then:

• If v is non-Archimedean, we have min
i≤n

v(ai) > 0, so v(ai) > 0 for all i ≤ n.

Thus, the equality
∑

s∈Nn msa
s = 1 implies v(1) > 0.

• If v is Archimedean, we may, up to multiplication by a positive constant, write
v = − log∥·∥, where ∥·∥ is a pseudo-absolute value on F with ∥2∥ = 2. We then
have min

i≤n
v(ai) > −εv(2) = ε log(2), so ∥ai∥ < 2−ε. Thus,

1 = ∥1∥ =

∥∥∥∥∥∑
s∈Nn

msa
s

∥∥∥∥∥ ≤
n∑
i=1

|ms|2−ε|s| < 1.

Either way, we obtain a contradiction, which shows that (ii) implies (i).
Now, assume that (ii) is not satisfied. Consider the sub-norm ∥·∥ε defined on

Z[X1, . . . , Xn] by ∥∥∥∥∥∑
s∈Zn

asX
s

∥∥∥∥∥
ε

=
∑
s∈Nn

|as|2−ε|s|,

and the ring homomorphism f : Z[X1, . . . , Xn] → F sending Xi to ai for all i ≤ n.
Then, ∥·∥ε and f satisfy the conditions of Lemma 1.3.4, hence there exists a pseudo-
absolute value ∥·∥ of F such that for all P ∈ Z[X1, . . . , Xn], ∥f(P )∥ ≤ ∥P∥ε. In
particular ∥ai∥ ≤ 2−ε for all i ≤ n.

Assume that ∥·∥ is a non-trivial pseudo-absolute value. Then by Remark 1.2.3,
v = − log∥·∥ is a pseudo-valuation on F . But v satisfies min1≤i≤n v(ai) ≥ ε log(2),
which contradicts (i) since, if v is Archimedean, then v(2) = − log∥2∥ ≥ − log(2).

On the other hand, if ∥·∥ is a trivial pseudo-absolute value, then ∥ai∥ ≤ 2−ε < 1

implies ∥ai∥ = 0 for all 1 ≤ i ≤ n. Let O = {x ∈ F : ∥x∥ <∞} be the valuation ring
associated to ∥·∥, and let v′ : F → Σ ∪ {+∞} the corresponding abstract valuation,
where Σ := F×/O×. Then β := min1≤i≤n v

′(ai) > 0 in Σ. Let ∆ ⊂ Σ be the
smallest convex subgroup of Σ containing β, and ∆0 be the biggest convex subgroup

38



not containing β. Then, by truncating u to ∆ and taking the quotient by ∆0, we
obtain an abstract non-Archimedean pseudo-valuation v whose value group ∆/∆0

can be embedded into R. Hence, v is a non-Archimedean pseudo-valuation on F and
by construction satisfies min1≤i≤n v(ai) > 0, which contradicts (i).

Definition 1.5.11. For every ε ∈ R>0, let Γε ⊆ ULatQ(F ) be the set of elements of
the form

p∧
i=1

d̂iv

(
q∑
j=1

mi,jaj

)
−

q∧
j=1

d̂iv(aj),

where a1, . . . , aq ∈ F×, p, q ∈ N∗, and (mi,j)1≤i≤p
1≤j≤q

∈ Zpq is such that for all i ≤ p,
q∑
j=1

|mi,j| < 2ε.

Remark 1.5.12. For all ε > 0, Γε is closed under ∧. Indeed, if two elements of
ULatQ(F ) are written as

∧
1≤i≤m

d̂iv(bi)−
∧

1≤i≤n
d̂iv(ai) and

∧
1≤i≤p

d̂iv(b′i)−
∧

1≤i≤q
d̂iv(a′i)

respectively, then their meet is equal to: ∧
1≤i≤m
1≤j≤q

d̂iv(bia
′
j)

 ∧
 ∧

1≤i≤n
1≤j≤p

d̂iv(b′iai)

− ∧
1≤i≤p
1≤j≤q

d̂iv(aia
′
j).

Thus, if both elements of ULatQ(F ) are of the form described in Definition 1.5.11,
then their meet is also of this form.

Lemma 1.5.13. For any α ∈ ULatQ(F ) and ε ∈ R>0, the following are equivalent:

(i) For every pseudo-valuation v on F , v(α) ≥ 0 if v is non-Archimedean, and
v(α) > εv(2) if v is Archimedean.

(ii) There exists an integer m ∈ N such that mα ∈ Γmε.

Proof. (ii)⇒ (i) Assume that mα ∈ Γmε for some m ∈ N. Then, mα can be written
as
∧p
i=1 d̂iv(bi) −

∧q
j=1 d̂iv(aj) where a1, . . . , aq, b1, . . . , bp ∈ F×, and for all i ≤ p,

there is a tuple (mi,1, . . . ,mi,q) ∈ Zq such that bi =
q∑
j=1

mi,jaj, and
∑q

j=1 |mi,j| < 2mε.

Then, for every pseudo-valuation v and i ≤ p:

• if v is non-Archimedean,
q

min
j=1

v(aj/bi) ≤ 0,

• if v is Archimedean,
q

min
j=1

v(aj/bi) < −mεv(2).
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Using the fact that m ·v(α) = v(mα) =
p

min
i=1

q
max
j=1

v(bi/aj), we conclude that α satisfies

(i).
(i) ⇒ (ii) Let α ∈ ULatQ(F ) and assume that α satisfies (i). Since any element

of ULatQ(F ) can be written as a meet of elements of the form −
∧n
i=1 d̂iv(ai), with

a = (a1, . . . , an) ∈ (F×)n, and by Remark 1.5.12, it is enough to prove (i) ⇒ (ii) for
elements of this form.

Let ∥·∥ε be the ring norm on Z[X1, . . . , Xn] defined by∥∥∥∥∥∑
s∈Nn

msX
s

∥∥∥∥∥ =
∑
s∈Nn

|ms|2−ε|s|.

Then, by Lemma 1.5.10, there exists a polynomial P ∈ Z[X1, . . . , Xn] with ∥P∥ε < 1,
such that P (a) = 1.

Claim 1.5.14. We have α ∈ Γδ, with 2δ = degP
(

4ε

2ε−1
+ n
)
.

Proof. We define the (finite) subset E of Z[X1, . . . , Xn] of homogeneous polynomials
H of degree degH ≤ degP , such that ∥H∥ε ≤ 1 and H(a) ̸= 0. Then, a may be
written as ∧

H∈E

d̂iv(H(a))−
∧

1≤i≤n
H∈E

d̂iv(aiH(a)).

We now show that α ∈ Γδ by writing each H ∈ E as a sum of at most 2δ terms of
the form aiH

′ with 1 ≤ i ≤ n, H ′ ∈ E.

• If degH ≥ 1, then we may write H =
n∑
i=1

XiHi with H1, . . . , Hn homogeneous

polynomials of degree degH−1 such that ∥H∥ε = 2−ε
n∑
i=1

∥Hi∥ε. Then, for each

1 ≤ i ≤ n, the absolute values of the coefficients of Hi sum to 2ε(degP−1)∥Hi∥ε.
By splitting the coefficients adequately, we can write each Hi as a sum of Ni =⌈
2ε(degH−1)∥Hi∥ε

t

⌉
(homogeneous) polynomials such that the absolute values of

the coefficients in each of them sum to at most t = ⌊2ε(degH−1)⌋. Thus, Hi

may be written as a sum of Ni homogeneous polynomials of degree degH − 1

and of ε-norm at most t2ε(1−degH) ≤ 1. Hence, H(a) is a sum of at most
N = N1 + . . .+Nn terms of the required form, with

N ≤
n∑
i=1

(
1 +

2ε(degH−1)∥Hi∥ε
t

)
= n+

2ε degH∥H∥ε
t

≤ n+
4ε

2ε − 1
,

since ∥H∥ε ≤ 1, and t ≥ 2ε(degH−2)(2ε − 1).
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• If degH = 0, then up to a sign change, H = 1, and by assumption

H(a) = 1 = P (a) =

degP∑
d=1

Pd(a),

where P1, . . . , PdegP are the homogeneous components of P . As seen above,
each Pd may be written as a sum of at most n+ 4ε

2ε−1
terms of the required form,

which concludes the proof of Claim 1.5.14.

Now, by Lemma 1.5.10, α also satisfies (i) for some 0 < ε′ < ε. But, for all m ∈ N,
we have

mα = −
∧
P

d̂iv(P (a)),

where the meet ranges over all homogeneous monomials of degree m in X1, . . . , Xn,
whose number is

(
n+m−1
n−1

)
. Thus, claim 1.5.14 applies, replacing α by mα, ε by mε′, P

by Pm and n by
(
n+m−1
n−1

)
, showing thatmα ∈ Γδ with 2δ = m degP

(
4mε′

2mε′−1
+
(
n+m−1
n−1

))
.

Since ε′ < ε, for large enough m, we have δ < mε, which concludes the proof.

Corollary 1.5.15. For each α ∈ ULatQ(F ), the following conditions are equivalent:

(i) For every pseudo-valuation v on F , v(α) ≥ 0.

(ii) For every abstract valuation v on F , v(α) ≥ 0.

(iii) For every abstract pseudo-valuation v on F , v(α) ≥ 0.

(iv) For every v ∈ ΩF , v(α) ≥ 0.

(v) For every ε ∈ R>0, there is some m ∈ N such that mα ∈ Γmε.

Proof. It is clear that (iii) ⇒ (ii) ⇒ (i), and (i) ⇔ (iv) since the set of pseudo-
valuations is a dense subset of ΩF . Additionally, (i) ⇔ (v) is a consequence of
Lemma 1.5.13. We then prove (v) ⇒ (iii) as in the proof of (ii) ⇒ (i) in Lemma
1.5.13.

If the ambient field is countable, positivity of an element α ∈ LDivQ(F ) can be
checked by pairing with not necessarily all pseudo-valuations.

Lemma 1.5.16. Assume that F is countable and let α = t(d̂iv(a)) ∈ LDivQ(F ).
Then α ≥ 0 if and only if for all v ∈ ValF we have t(v(a)) ≥ 0.
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Proof. By Lemma 1.4.8 the evaluation function v 7→ t(d̂iv(a)) is continuous. Thus
the result follows from Corollary 1.2.9 and Corollary 1.2.11.

Corollary 1.5.17. Let F be a countable field of characteristic zero. Then for
α ∈ LDivQ(F ) we have α = 0 if and only if for all v ∈ ValF we have v(α) = 0.

1.6 Measures

Recall that for a locally compact Hausdorff topological space X, positive func-
tionals on the space of compactly supported continuous functions on X correspond
to Radon measures on X (this correspondence sometimes serves as a definition of a
Radon measure).

Definition 1.6.1. Let α ∈ LDivQ(F ) be a non-zero, positive (α ≥ 0) element. We
define a compact space

ΩF (α) = {v ∈ ΩF : v(α) = 1},

and its projection to ΩF denoted ΩF (α). Moreover, let

⟨α⟩ := {β ∈ LDivQ(F ) : (∃n ∈ N)(|β| ≤ n · α)}.

Note that ⟨α⟩ is a sublattice of LDivQ(F ). We call it the set of elements dominated
by α.

Construction 1.6.2. Fix α ≥ 0 from LDivQ(F ) and consider the restricted evalua-
tion product

ΩF (α)× ⟨α⟩ → R.

It defines a natural map
i : ⟨α⟩ → C(ΩF (α)),

given by β 7→ (v 7→ v(β)). Note that by max-closed/tropical Stone-Weierstrass
theorem (see e.g. [40, Theorem 7.29]), the image of i is a dense subset with respect
to the uniform convergence topology.

Definition 1.6.3. A positive functional on F is a Q-linear map l : LDivQ(F ) → R
which takes non-negative lattice divisors to non-negative numbers. We call l a global
functional, if additionally it takes principal lattice divisors (see Definition 1.5.3) to
zero. Note that it equivalently can be described as a linear map l : LPicQ(F ) → R
non-negative on the effective cone. Furthermore, if F is of characteristic zero we say
that l is normalised if l(d̂iv(2)+) = log 2.
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Now, the following corollary follows from applying the Riesz-Markov-Kakutani
representation theorem to the pairing from Construction 1.6.2.

Corollary 1.6.4. Let l be a positive functional on F . Then for every non-zero α ≥ 0

in LDivQ(F ), there is a unique finite Radon measure µα on ΩF (α) such that for all
β ∈ ⟨α⟩ we have

l(β) =

∫
ΩF (α)

v(β)dµα(v).

We also use the notation µα for the pushforward of this measure to ΩF (α).

Hence, a positive functional l on F induces a family of measures µα on ΩF (α) for
non-zero, positive α ∈ LDivQ(F ).

Lemma 1.6.5. For any non-zero, positive α, γ ∈ LDivQ(F ) the local measures µα, µγ
associated to a positive functional l on F satisfy

dµα
dµγ

=
v(α)

v(γ)
,

when restricted to ΩF (α) ∩ ΩF (γ), where v(α)
v(γ)

is a function taking the class of v to
v(α)
v(γ)

(which does not depend on the representative).

Proof. First, note that we have

l(γ) ≥ l(γ ∧ nα) =

∫
ΩF (α)

v(γ ∧ nα)dµα(v) ≥ n · µα({v ∈ ΩF (α) : v(γ) =∞}).

Since n is an arbitrary natural number here, we get that

µα({v ∈ ΩF (α) : v(γ) =∞}) = 0.

Thus, for β ∈ ⟨α⟩ ∩ ⟨γ⟩ we can write

l(β) =

∫
ΩF (α)

v(β)dµα(v) =

∫
ΩF (α)∩ΩF (γ)

v(β)

v(α)
dµα(v).

Symmetrically, we have

l(β) =

∫
ΩF (γ)

v(β)dµγ(v) =

∫
ΩF (α)∩ΩF (γ)

v(β)

v(γ)
dµγ(v).

This finishes the proof.
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For a ∈ F× we denote by µa the measure on ΩF (a) coming from α = d̂iv(a)+ (it
depends on the choice of a positive functional on F ). Note that with this definition
ΩF (a) = ΩF (α). According to the following definition, a positive functional on F

induces a family of local measures on F . Later we will see that every such family
determines uniquely a positive functional on F .

Definition 1.6.6. By a family of local measures on F we mean a family of finite
Radon measures µa on ΩF (a) for a ∈ F×, such that for any a, b ∈ F× we have

dµa
dµb

=
v(a)

v(b)
,

on ΩF (a) ∩ ΩF (b) and µa{v ∈ ΩF (a) : v(b) = ∞} = 0. We call such a family global,
if in addition, for every a ∈ F×, we have

µa(ΩF (a)) = µa−1(ΩF (a−1)).

Now we pass to a global description of GVF functionals.

Definition 1.6.7. An admissible measure on F is a Radon measure µ on ΩF which
satisfies the following conditions.

1. For every a ∈ F× the function eva : v 7→ v(a) is µ-integrable.

2. There is a family of Borel sections sa : ΩF (a) → π−1(ΩF (a)) of π, such that µ
restricted to π−1(ΩF (a)) is equal to sa∗µa for µa := π∗(µ|π−1(ΩF (a))).

Note that the Borel sections sa are uniquely determined, up to a set of µa-measure
zero. Moreover, we call µ a global measure on F (or a GVF measure), if in addition
for all a ∈ F× the product formula holds:∫

ΩF

v(a)dµ(v) = 0.

Remark 1.6.8. Note that the condition (1) in the above definition implies in par-
ticular that µ{v(2) = −∞} = 0, hence µ can be seen as a measure on the set of
pseudo-valuations Ω◦

F . We choose to work with the bigger space ΩF to ensure that
the sets ΩF (a) are compact.

Definition 1.6.9. Let µ, µ′ be two admissible measures on F . We say that µ can
be renormalised to µ′, if for every a ∈ F× and Borel sections sa, s′a : ΩF (a) →
π−1(ΩF (a)) associated to measures µ, µ′ respectively, the measures µa, µ′

a obtained as
pushforwards of µ, µ′ through π : ΩF (a)→ ΩF (a) respectively, satisfy:

dµa
dµ′

a

=
s′a
sa
.
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Lemma 1.6.10. Renormalisation is an equivalence relation among admissible mea-
sures on F that respects being a global measure.

Proof. The first part is clear. The second part follows from Lemma 1.7.2.

We now describe how to construct an admissible measure on F from a family of
local measures.

Construction 1.6.11. Fix a family of local measures (µa)a∈F× . Well order F× as
(aα)α<κ for some ordinal κ. We inductively build sections sα : ΩF (aα)→ ΩF (aα) such
that for α, β < κ we have

sα|ΩF (aα)∩ΩF (aβ)
= sβ|ΩF (aα)∩ΩF (aβ)

almost everywhere with respect to µaα or µaβ equivalently. Assume that we have
already built such sγ for γ < α and let a = aα. Pick a countable sequence of γn < α

such that for an = aγn the set
⋃
n ΩF (a) ∩ ΩF (an) has maximal µa-measure. Define

s = sα : ΩF (a)→ ΩF (a), at least up to µa-measure zero, as sn = sγn on ΩF (a)∩ΩF (an)

(this makes sense by the inductive assumption about sn’s) and on the rest define
it to be the inverse of the projection π : ΩF (a) → ΩF (a). Let να := gα · sα∗µα,
where gα(v) = 1/sα(π(v))(aα). Next, define a measure µ on ΩF to be the unique
Radon measure which coincides with να on π−1(ΩF (aα)). This makes sense, as every
compact subset of ΩF is contained in a finite union of π−1(ΩF (a))’s and the choice
of gα’s ensures that να’s agree on overlaps because of the following calculation (on
π−1(ΩF (aα)) ∩ π−1(ΩF (aβ))):

να = gα · sα∗µα = gα · sα∗
(
v(aα)

v(aβ)
µβ

)
=

1

sα(π(v))(aα)
· sα(π(v))(aα)

sα(π(v))(aβ)
· sα∗µβ

1

sα(π(v))(aβ)
· sα∗µβ =

1

sβ(π(v))(aβ)
· sβ∗µβ = gβ · sβ∗µβ = νβ.

Since
να = gα · sα∗µα = sα∗

(
1

sα(v)(aα)
µα

)
,

where v ∈ ΩF (aα), the measure µ satisfies the second condition in the definition of
an admissible measure. Moreover, by construction for every a = aα ∈ F× (with
sa = sα, νa = να) we have∫

ΩF

v(a)+dµ(v) =

∫
π−1(ΩF (a))

v(a)dµ(v) =

∫
π−1(ΩF (a))

v(a)dνa(v)
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=

∫
π−1(ΩF (a))

v(a)

sa(π(v))(a)
dsa∗µa(v) =

∫
ΩF (a)

dµa = µa(ΩF (a)) <∞.

Thus, µ also satisfies the first condition from the definition of an admissible measure,
and a similar calculation for v(a)− shows that a global family of local measures induces
a global measure on F .

Remark 1.6.12. Note that in the above construction, if we start with a0 = 1/2

in the characteristic zero case, then we can assume that the obtained measure µ on
ΩF restricted to Archimedean v ∈ ΩF is concentrated on v’s with v(2) = − log 2.
In particular, if F is a countable field of characteristic zero, then by Lemma 1.2.3
we can assume that the measure comes from a pushforward of some measure via
− log : MF → ValF ⊂ ΩF . More precisely, we can even assume that the measure
on MF is concentrated on the union of Non-Archimedean norms and Archimedean
norms extending | · |∞ on Q.

1.7 Heights

In this section we construct the correspondence between structures we have intro-
duced. We start by defining globally valued fields via local terms.

Definition 1.7.1. A family of functions Rt : (F×)nt → R indexed by Q-tropical
polynomials t (of arity nt respectively), that are also denoted by

Rt(a) =:

∫
t(v(a))dv,

is called a family of local terms on F if it satisfies the following axioms:

1. Rt are compatible with permutations of variables and dummy variables.

2. (Linearity) Rt1+t2 = Rt1 + Rt2 , Rqt = qRt for all Q-tropical polynomials t1, t2, t
and rational numbers q.

3. (Local-global positivity) If (ϕ, t) is a positive pair (see Definition 1.5.4), then

(∀a)(ϕ(a) =⇒ Rt(a) ≥ 0).

We use the name product formula field to call a field with local terms that satisfy the
following axiom:

(4) (Product formula)
∫
v(x)dv = 0 for all x ∈ F×.
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Fields with local terms (resp. product formula fields) form a category where mor-
phisms are embeddings of fields such that the predicates Rt of the bigger field restrict
to the ones of the smaller one. We call local terms trivial, if all predicates Rt are zero.

Lemma 1.7.2. An admissible measure µ on F defines local terms on F via

Rt(a) :=

∫
ΩF

t(v(a))dµ(v).

Moreover, these only depend on the renormalisation class of µ.

Proof. Note that the map v 7→ t(v(a)) can be bounded by a multiple of maximum of
valuations of finitely many elements from F×, by Lemma 1.4.5. Hence, the integral
will be finite by the first condition in the definition of admissibility.

We check the local-global positivity axiom. If (ϕ, t) is a positive pair and F |= ϕ(a),
then v 7→ t(v(a)) in non-negative on ΩF , so the integral will be non-negative. We
omit checking the other axioms of multiply valued field structures.

Assume that µ, µ′ are in the same renormalisation class and keep the notation
from Definition 1.6.9. Let f be a function supported on π−1(ΩF (a)) for some a ∈ F×

which is homogeneous with respect to the R>0-action, i.e., f(rv) = rf(v) for r ∈ R>0.
Then we have∫

ΩF

f(v)dµ(v) =

∫
ΩF (a)

f(sa(v))dµa(v) =

∫
ΩF (a)

f(sa(v))
dµa
dµ′

a

dµ′
a(v)

=

∫
ΩF (a)

f(sa(v))
s′a
sa
dµ′

a(v) =

∫
ΩF (a)

f(s′a(v))dµ′
a(v) =

∫
ΩF

f(v)dµ′(v).

Now let f be a homogeneous (without loss of generality non-negative) function on
ΩF that is both µ, µ′-integrable. Take a1, . . . , an ∈ F× such that the integrals with
respect to µ, µ′ are approximated up to ε by the integrals over

⋃n
i=1 ΩF (ai). The

above calculation and the inclusion–exclusion principle shows that the integrals of
f with respect to µ, µ′ differ only at most 2ε, so they must be the same, as ε was
arbitrary. If we take f = evβ for some β ∈ LDivQ(F ), we are done.

Note that the first part of the above lemma works, even if µ satisfies only the first
condition of being an admissible measure on F . Before we proceed further, we need
to prove a few properties of heights (see Definition 1.1.1) which will allow us to pass
from heights to positive functionals.
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Lemma 1.7.3. Let h be a height on F . Then, h is invariant by duplication of
coordinates, addition of zero coordinates, and multiplication of coordinates by roots
of unity. More precisely, let ξ ∈ F n, x ∈ F , and let λ ∈ F× be a root of unity. Then,

h(ξ, x, x) = h(ξ, x, 0) = h(ξ, λx) = h(ξ, x).

Proof. Let us start with duplication of coordinates. Using the fact that h(1, 1) = 0,
we have

h(ξ, x, ξ, x) = h((ξ, x)⊗ (1, 1)) = h(ξ, x).

But, by monotonicity, h(ξ, x) ≤ h(ξ, x, x) ≤ h(ξ, x, ξ, x), which shows that h(ξ, x, x) =

h(ξ, x). Now, we show that h(1, 0) = h(1, λ) = 0.

• By duplication of coordinates, h(1, 0) = h(1, 0, 0, 0) = h((1, 0)⊗2) = 2h(1, 0),
thus h(1, 0) = 0.

• Let m be the order of λ in F×, and consider the tuple Λ := (1, λ, . . . , λm−1).
Since we know h(1, 1) = 0, we may assume thatm ≥ 2. Then, up to permutation
of coordinates, Λ⊗m = (Λ, . . . ,Λ), where the tuple Λ is repeated m times.
Hence, by duplication of coordinates, mh(Λ) = h(Λ), thus h(Λ) = 0. But, by
monotonicity, 0 = h(1) ≤ h(1, λ) ≤ h(Λ), which shows that h(1, λ) = 0.

Now, by monotonicity of h, we have

h(ξ, x) ≤ h(ξ, x, 0) ≤ h((ξ, x)⊗ (1, 0)) = h(ξ, x) + h(1, 0),

and
h(ξ, x) ≤ h(ξ, x, λx) ≤ h((ξ, x)⊗ (1, λ)) = h(ξ, x) + h(1, λ).

Therefore, h(ξ, x, 0) = h(ξ, x, λx) = h(ξ, x).

Lemma 1.7.4 (Generalized triangle inequality). Let h be a height on F with
Archimedean error e. Then, for all n,m ∈ N, and (x1, . . . , xn) ∈ (Fm)n, we have

h(x1 + . . .+ xn) ≤ h(x1, . . . , xn) + log2(n)e.

Proof. First, we show that if the lemma is true for some n ∈ N, it is also true for 2n.
Indeed, we then have

h(x1 + . . .+ x2n) ≤ h(x1 + . . .+ xn, xn+1 + . . .+ x2n) + e

= h((x1, xn+1) + (x2, xn+2) + . . .+ (xn, x2n)) + e

≤ h(x1, . . . , x2n) + (log2(n) + 1)e

h(x1 + . . .+ x2n) ≤ h(x1, . . . , x2n) + log2(2n)e.

48



By induction, the lemma is true whenever n is a power of 2.
In the general case, monotonicity allows us to add any number of zero tuples, so

h(x1 + . . .+ xn) ≤ h(x1, . . . , xn) + ⌈log2(n)⌉e.

Now, fix some n,m ∈ N, and tuples x1+. . .+xn ∈ Fm. For all p ∈ N, by distributivity
of the Segre product relative to coordinate-by-coordinate addition, the p-th Segre
power of the sum x1 + . . .+ xn can be written

(x1 + . . .+ xn)⊗p =
∑

1≤i1,...,ip≤n

xi1 ⊗ . . .⊗ xip .

On the other hand, the p-th Segre power is also distributive relative to concatenation,
hence (up to permutation of coordinates), (x1, . . . , xn)⊗p is the concatenation of the
tuples xi1 ⊗ . . .⊗ xip for all (i1, . . . , ip) ∈ {1, . . . , n}p.
Thus,

h((x1 + . . .+ xn)⊗p) ≤ h((x1, . . . , xn)⊗p) + ⌈log2(n
p)⌉e,

i.e. ph(x1 + . . . + xn) ≤ ph(x1, . . . , xn) + ⌈p log2(n)⌉e. We conclude by dividing by p
and taking the limit when p goes to infinity.

Proposition 1.7.5. Let l : LDivQ(F )→ R be a positive functional. Define a height
hl on F by

∀(x1, . . . , xn) ∈ F n \ {0}, hl(x1, . . . , xn) = −l

 ∧
1≤i≤n
xi ̸=0

d̂iv(xi)

 .

Then, l 7→ hl is a bijection from the set of positive functionals on F to the set
of heights on F , which additionally restricts to a bijection from the set of global
functionals to the set of global heights.

Proof. It is immediate that hl satisfies the axioms in Definition 1.1.1, with Archimedean
error e = hl(2, 1), since the tropical divisor d̂iv(x+ y)− d̂iv(x) ∧ d̂iv(y)− d̂iv(2) ∧ 0

is positive.
Now, for a height h on F , we may recover a group morphism lh : ULatQ(F )→ R

by setting

lh

(
m∧
j=1

d̂iv(bj)−
n∧
i=1

d̂iv(ai)

)
= h(a)− h(b),

for all a ∈ (F×)n, b ∈ (F×)m. This shows injectivity. To prove surjectivity, we need
to show that lh factors to a positive functional on F , i.e. that it is positive on the
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positive cone of ULatQ(F ). For that, we use characterization (v) in Corollary 1.5.15.
More precisely, let us show that for all ε > 0, if α ∈ Γc, then lh(α) ≥ −εe, where e is
the Archimedean error of h. Let α ∈ Γc. By Definition 1.5.11, we may write

α =
m∧
j=1

d̂iv(bj)−
n∧
i=1

d̂iv(ai),

where a = (a1, . . . , an) ∈ (F×)n, and each bj is a sum of exactly ⌊2ε⌋ elements of the
form ai, −ai or 0, i.e. coordinates of the tuple a′ = (((−1, 1) ⊗ a), 0) ∈ R2n+1. Note
that by lemma 1.7.3, h(a′) = h(a).

Let r := ⌊2ε⌋, and fix a bijection π : {1, . . . , 2n + 1}r → {1, . . . , (2n + 1)r}. For
all j ∈ {1, . . . , r} consider the tuple dj ∈ F (2n+1)r such that, for all (i1, . . . , ir) ∈
{1, . . . , (2n+ 1)}r,

dj,π(i1,...,ir) = a′ij .

Since dj only contains coordinates of a′, we have h(d1, . . . , dr) ≤ h(a′) = h(a). On the
other hand, every bj is a sum of r coordinates of a′, so by construction, b is contained
in d1 + . . .+ dr. Thus, by monotonicity and Lemma 1.7.4,

h(b) ≤ h(d1 + . . .+ dr)

≤ h(d1, . . . , dr) + log2(r)e

h(b) ≤ h(a) + εe.

Thus, lh(α) ≥ −εe. By additivity of lh and characterization (v) in Corollary
1.5.15, it follows that lh is positive of the positive cone of ULatQ(F ), which concludes
the proof. Furthermore, it is immediate that hl is global if and only if l is a global
functional.

Remark 1.7.6. The above proof also shows that for any height h, the Archimedean
error e can always be taken to be h(2, 1).

The main result of this section is the following theorem giving equivalence between
the above introduced definitions.

Theorem 1.7.7. There is a bijective correspondence between the following struc-
tures on F :

1. Local terms,

2. Heights,
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3. Positive functionals,

4. Families of local measures,

5. Renormalisation classes of admissible measures,

6. Equivalence classes of lattice valuations.

Moreover, this correspondence respects the ‘global’ ones.

Proof. We describe how to pass between structures with consecutive numbers in circle.

• To pass from (1) to (2), we define h(a1, . . . , an) to be Rt(a1, . . . , an) for t =

−min(x1, . . . , xn). The axioms from Definition 1.1.1 are satisfied with Archimedean
error e = h(2, 1), since the lattice divisor d̂iv(x+y)− d̂iv(x)∧ d̂iv(y)− d̂iv(2)∧0

is positive.

• From (2) to (3) (even to get the equivalence between those two) we use Propo-
sition 1.7.5.

• From (3) to (4), a positive functional on F yields a family of local measures
(µa)a∈F× as in Corollary 1.6.4.

• The passage from (4) to (5) is the content of Construction 1.6.11.

• Lemma 1.7.2 provides a correspondence from (5) to (1).

• From (5) to (6), let µ be an admissible measure on F . This makes L1(ΩF , µ)

an L1-lattice, and the map v : x 7→ (v 7→ v(x)) a lattice valuation (here Γ is the
L1-lattice generated by the image of v).

• Finally, from (6) to (2), if (Γ, v) is a lattice valuation on F , then we define a
height on F by

h(a1, . . . , an) = −
∫
v(a1) ∧ . . . ∧ v(an).

This clearly satisfies the axioms from Definition 1.1.1.

We omit the proof that by going in a cycle, we get back the same structure.

Definition 1.7.8. We say that F is equipped with a multiply valued field structure
(abbreviated MVF), if it is given with one of the equivalent structures from Theo-
rem 1.7.7. We call an MVF F a globally valued field (abbreviated GVF), if the MVF
structure is additionally global, or in other words it satisfies the product formula.
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Corollary 1.7.9. If µ is a Radon measure on ΩF satisfying the first axiom of being
an admissible measure on F , then there is an admissible measure ν on F inducing the
same MVF structure on F . Hence, an MVF structure on F can be seen as a Radon
measure on ΩF such that the evaluation functions are integrable, up to the equivalence
relation given by integrating homogeneous functions on ΩF as in Lemma 1.7.2.

Finally, we can compare globally valued fields to proper adelic curves, which we
define below.

Definition 1.7.10. [24, Section 3.1] An adelic structure on F is a measure space
(Ω,A, ν) together with a map ϕ : ω 7→ | · |ω from Ω to MF such that for all a ∈ F×

the function
ω 7→ log |a|ω

is integrable (and measurable) on Ω. Moreover, we call the adelic structure proper, if
for all a ∈ F× ∫

Ω

log |a|ωdν(ω) = 0.

Together, the data (F, (Ω,A, ν), ϕ) is called an adelic curve.

Similarly as in Lemma 1.7.2, adelic structures on F induce multiply valued field
structures by taking

Rt(a) :=

∫
Ω

t(− log |a|ω)dν(ω).

Moreover, by Remark 1.6.12, we get the following.

Corollary 1.7.11. If F is countable, then every multiply valued field structure on
F is induced by an adelic structure. Similarly, in that case every GVF structure on
F is induced by a proper adelic structure. Moreover, Ω can be assumed to be MF .

1.8 Intersection theory

This section can be seen as a preview to some results appearing in Chapter 2 where
I classify GVF structures on extensions of Q in terms of Arakelov geometry.

One can construct examples of globally valued fields using intersection theory or
Arakelov intersection theory. If X is an arithmetic variety, let us denote by ADivR(X )

the group of arithmetic R-divisors of C0-type, see Section 2.2 for precise definitions.
Assume that F is a finitely generated extension of Q. Let ADivR(F ) be the direct
limit of ADivR(X )’s, over the system of arithmetic varieties X with their function
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field isomorphic to F . A GVF functional l : ADivR(F ) → R is a linear map which
vanishes on principal arithmetic divisors and is non-negative on effective arithmetic
divisors. With this notation we have the following.

Theorem 1.8.1 (Corollary 2.3.18). There is a natural bijection:{
GVF functionals ADivR(F )→ R

}
←→

{
GVF structures on F

}
l 7−→

(
Rl
t(a) := l(Dt(a))

)
t

where Dt(a) = t(d̂iv(a)) if a is a tuple from F× and t is a Q-tropical polynomial.

The lattice structure on ADivQ(F ) is constructed in Section 2.3 and Dt(a) is
defined with respect to it. This result follows from Theorem 1.7.7 and Corollary 1.5.17,
together with density of lattice divisors in the space of arithmetic divisors proved in
Proposition 2.3.17. We postpone the proof to Chapter 2 where more details about
arithmetic R-divisors of C0-type are given.

In particular, if X is an F -model of dimension d over Spec(Z) and D is an arith-
metically nef R-divisor on X , then the map

E 7→ Dd · E

defines a GVF structure on F , where the product taken is the arithmetic intersection
product (see [45], [56] or Section 2.2.6), possibly calculated on a blowup of X . In
fact, any GVF structure can be approximated by such in the following sense.

Theorem 1.8.2 (Remark 2.2.72). The set of GVF structures on F coming from
arithmetically ample arithmetic divisorsD on F -models X (by the formula E 7→ Dd·E)
is dense in the space of all GVF functionals ADivQ(F ) → R, with respect to the
pointwise convergence topology.

Let us remark that the example outlined in Equation (1.4) from the introduction
comes from arithmetic intersection product by taking X to be P1

Z andD to be d̂iv(z)∨0

(equivalently O(1) with the Weil metric), where we write z = x
y

for the variable
generating the function field Q(z) of P1

Z.
Similarly, if K is a finitely generated field over a field k and we restrict our

attention to GVF structures that are trivial when restricted to k, we get the following
correspondence.
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Theorem 1.8.3. [10] There is a natural bijection:{
GVF functionals DivQ(K/k)→ R

}
←→

{
GVF structures on K trivial on k

}
,

l 7−→
(
Rl
t(a) := l(Dt(a))

)
t

where Dt(a) = t(div(a)) for tuples a from F× and Q-tropical polynomials t.

Here DivQ(K/k) = lim−→DivQ(X) is the direct limit of (Q-Cartier) divisors of nor-
mal projective varietiesX over k together with isomorphisms k(X) ≃ K over k. These
are often called (Q-Cartier) b-divisors, see [68]. The lattice structure on DivQ(K/k)

is defined as follows: if D,E ∈ Div(X) are effective Cartier divisors, then we define
D ∧ E by the class of the exceptional fiber of the blowup X ′ → X of X at D ∩ E.
Equivalently, we define D∧E as the class of D∩E on a blowup X ′ where D∩E is a
Cartier divisor. For Q-divisors, or non-effective divisors, we extend using axioms of a
group lattice. The proof that it is well defined is the same as Lemma 2.3.5. A GVF
functional l : DivQ(K/k)→ R on the left hand side of the correspondence is a linear
map which vanishes on principal divisors and is non-negative on the effective cone.
Let us note, that there is a natural pairing ValK/k×DivQ(K/k) → R satisfying the
conclusion of Lemma 1.4.8, and such that for D ∈ DivQ(K/k) we have D = 0 if and
only if, for all v ∈ ValK/k we have v(D) = 0.

Proof of Theorem 1.8.3. By Theorem 1.7.7 the data of a GVF structure on K trivial
on k is equivalent to the data of a GVF functional l : LDivQ(K) → R that vanishes
on LDivQ(k). Let Ik ⊂ LDivQ(K) be the ideal generated by LDivQ(k) (in the sense
of Definition 1.4.9). It is enough to prove that as group lattices

LDivQ(K)/Ik ≃ DivQ(K/k).

We construct the isomorphism in the following way. First, there is a map f :

ULatQ(K) → DivQ(K/k) coming from the universal property. Second, note that
the ideal I from Definition 1.5.1 is contained in the kernel of f . Indeed if α ∈ I,
then f(α) pairs with any v ∈ ValK/k to zero, so f(α) = 0. Thus, f factors through
f : LDivQ(K) → DivQ(K/k), and from Corollary 1.5.9 we get that the kernel is
exactly the ideal generated by LDivQ(k), which finishes the proof.

From the above proof we get the following.

Corollary 1.8.4. The quotient of LDivQ(K) by the (group lattice) ideal generated
by LDivQ(k) is isomorphic to DivQ(K/k).
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In fact, GVF functionals also vanish on numerically trivial divisors. We give a
simple proof below.

Lemma 1.8.5. [10, Proposition 11.5] Let l : Div(K/k) → R be a GVF functional.
Then for a numerically trivial divisor E, the equality l(E) = 0 holds.

Proof. Assume that E is a divisor on X with k(X) ≃ K and fix an ample Q-divisor
A on X. Since E is numerically trivial, Q-divisors A ± E are ample (by Kleiman’s
criterion). Hence, for some big enough n we get that n(A±E) are rationally equivalent
to effective Q-divisors. Thus

n · l(A± E) = l(n(A± E)) ≥ 0.

Dividing by n, we get |l(E)| ≤ l(A). Since A was an arbitrary ample Q-divisor, by
replacing it by tA for arbitrary small t > 0, we get l(E) = 0.

Hence, the left (and so also right) hand side of the correspondence in Theorem 1.8.3
can be equivalently described as

N+
1 (K/k) := lim←−N

+
1 (X),

where N+
1 (X) is the movable cone in N1(X) (i.e., the dual cone to the effective cone

in N1(X)). Let us point out that the cone N+
1 (K/k) has appeared in [27] under the

name BPFd−1(X ) where d is the transcendence degree of K over k.
Note that if D is an ample divisor on a d-dimensional X with k(X) ≃ K, then

the formula
E 7→ Dd−1 · E

defines a GVF structure on K and the set of such GVF structures on K (trivial on
k) is dense.

Theorem 1.8.6. [10, Corollary 10.11] The set of GVF structures on K coming from
ample divisors D on varieties X with k(X) ≃ K (by the formula E 7→ Dd−1 · E)
is dense in the space of all GVF functionals DivQ(K/k) → R, with respect to the
pointwise convergence topology.

For an exposition of the proof of this theorem, see Section 2.1.2. In a different
language, this was independently proven in [27, Theorem C].

Theorem 1.8.2 and Theorem 1.8.6 together with certain Bertini theorems, are
crucial results implying that globally valued fields Q[1], k(t)[1] respectively (see Sec-
tion 1.10 for the notation) are existentially closed (see Section 1.12).
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In Chapter 3 (which is based on the joint paper with Pablo Destic and Nuno Hult-
berg [28]), the intersection theory introduced in [25] is studied from the continuous
logic point of view.

1.9 Disintegration

Consider a field extension K ⊂ L and assume that L is equipped with an MVF
structure. One can describe restriction of this structure to K in a few ways, using
Theorem 1.7.7. For example, if (µ′

a)a∈L is a family of local measures on L, then for
a ∈ F , one can look at restrictions ΩF ′(a)→ ΩF (a) and if µa denotes the pushforward
of µ′

a, then (µa)a∈K is the family of local measures onK corresponding to the restricted
multiply valued field structure. Similarly, if µ′ is a measure on ΩL inducing the MVF
structure on L, then for the partial map r : ΩL → ΩK restricting elements to K, the
measure µ = r∗µ

′ induces the restricted MVF structure on K. Also, one can look
at the restriction of the corresponding positive functional, via the embedding from
Corollary 1.5.6. Finally, the restriction of the MVF or height functions is just the
restriction of their domains to the smaller field.

Let us introduce some notation regarding the partial restriction map r : ΩL → ΩK .
It is defined on

ΩL:K := {v ∈ ΩL : v|K ̸∈ {−∞, 0,∞}K}.

We denote the complement of this open set by ΩL/K . Also, for v ∈ ΩK we write ΩL:v

for the set of w ∈ ΩL with w|K = v. Hence

ΩL:K =
⋃
v∈ΩK

ΩL:v.

Let µ be an admissible measure on L. We can write µ as the sum of its restrictions
to ΩL:K ,ΩL/K . We denote these restrictions by µL:K , µL/K respectively. Note that
µ = µL:K + µL/K .

Lemma 1.9.1. If r∗µ can be renormalised to an admissible measure ν on K, then
µ can be renormalised to an admissible measure µ′ on L such that r∗µ′ = ν.

Proof. Note that local measures associated to ν and pushforwards of local measures
associated to µ are the same. Hence, given sections sa : ΩK(a)→ ΩK(a) for a ∈ K×
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agreeing on overlaps, it is enough to construct sections ua : ΩL(a)→ ΩL(a) (agreeing
on overlaps) such that the diagram

ΩL(a) ΩL(a)

ΩK(a) ΩK(a)
sa

ua

rr

commutes. This is achieved by copying Construction 1.6.11 for both K and L.
Start by taking any sections ua agreeing on overlaps (construct them as in Con-
struction 1.6.11). Next, let ha : ΩL(a)→ R>0 be defined by

ha(v) =
sa(v|K)

ua(v)|K
.

Since both sa’s and ua’s agree on overlaps, we get that ha’s also agree on overlaps, so
by putting

u′a := ha · ua

we are done.

Thus, if ν is a global measure on K inducing a GVF structure, and there is a
GVF structure on L extending the one on K, one can find a global measure µ on L

such that r∗µ = ν.
Let us restrict our attention to the case where K,L are countable. Note that

then ΩK ,ΩL are locally compact, separable metric spaces (because a compact metric
space is separable). Using the existence of conditional probability, we get the following
description of GVF extensions.

Corollary 1.9.2. Let ν be a global measure on K. Then for every GVF structure on
L extending the one on K, there is a measure µL/K on ΩL/K and a family of measures
µv on ΩL:K , for every v ∈ ΩK , such that:

1. v 7→ µv is a Borel map and µv is a probability measure for ν-almost every
element of ΩK ;

2. if µL:K := ν ⊗ µv, that is µ(A) =
∫
ΩL:K

µv(A)dν(v), then µ := µL:K + µL/K is a
globalising measure on L inducing the GVF structure there;

3. µv is concentrated on r−1(v) for ν-almost all v ∈ ΩK .
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Proof. First we use Lemma 1.9.1 to get a global measure µ on K with r∗µL:K = ν.
Next, we order K× as (ai)i<ω and for every ai we use the existence of conditional
probability (see [63, Theorem A] for a precise statement) to get the measures µv for
v ∈ π−1(ΩK(ai)\

⋃
j<i ΩK(aj)) satisfying the assumptions locally (where π : ΩK → ΩK

is the projection map). By countability of K, the obtained family (µv)v∈ΩK
satisfies

the assumptions.

Definition 1.9.3. We call a GVF structure discrete on a field K, if it is induced
by a measure µ =

∑
i∈I δvi being a sum of Dirac deltas at some family of pairwise

non-equivalent valuations {vi}i∈I ⊂ ValK such that for every a ∈ K× the set {i ∈ I :

vi(a) ̸= 0} is finite and we have
∑

i vi(a) = 0.

Corollary 1.9.2 gives a nice presentation of globally valued fields structures on
finitely generated extensions of a countable discrete GVF.

Corollary 1.9.4. Let K ⊂ L be a finitely generated extension of a discrete GVF
structure on a countable K given by the family {vi}i∈I ⊂ ValK . Let X be a projective
variety over K with function field isomorphic to L. Denote by Xan

i the Berkovich
analytification of Xi = X ⊗K Kvi for i ∈ I, and by Xan

0 the Berkovich analytification
of X treated as a variety over K with the trivial metric. Then, there exists a measure
µ0 on Xan

0 and a family of probability measures µi on Xan
i such that

µ = µ0 +
∑
i∈I

µi

is a global measure on L. Moreover, all these measures are concentrated on points in
the analytifications mapping to the generic point η : Spec(L)→ X and the measures
µi are uniquely determined by this property.

Conversely, any such family of measures with µ satisfying the product formula
axiom, yields a GVF structure on L extending the one on K.

Remark 1.9.5. Note that the measure µ0 above is not unique, because in Xan
0 there

are many points corresponding to equivalent pseudo-valuations on L. This is in
contrast to Xan

i for i ∈ I, where any two different points represent non-equivalent
pseudo-valuations on L, because all of them restrict to the same non-trivial valuation
on K.
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1.10 Finite extensions

In this section we study finite extensions of some globally valued fields.

Lemma 1.10.1. [10, Lemma 12.1] Let C be an irreducible curve over a field k with
the function field K = k(C) and fix t ∈ K \k. Then, for every r ≥ 0 there is a unique
GVF structure on K which is trivial on k and satisfies ht(t) = r.

Proof. This follows from the fact that N+
1 (K/k) = N+

1 (C) = R≥0. For an alternative
proof, see [10].

We write k(t)[r] to denote the unique GVF structure on k(t) with ht(t) = r

and ht(a) = 0 for a ∈ k×. Note that this notation depends on the choice of a
transcendental element t.

The next results follows from Theorem 1.8.1, but we present an elementary proof
avoiding the use Arakelov geometry.

Lemma 1.10.2. Let K be a number field. Then, for any r ≥ 0, there is a unique
GVF structure on K satisfying ht(2) = r · log 2.

Proof. Let S ⊂ ValK be a set of representatives of equivalence classes of valuations
on K such that for all a ∈ K× we have

∑
v∈S v(a) = 0. By Ostrowski’s theorem any

GVF structure on K is given by a choice of weights wv ≥ 0 such that for all a ∈ K×

we have
∑

v∈S v(a) · wv = 0.
Let W be the R-vector space freely generated by S. A choice of weights as

above corresponds to a linear functional on W that vanishes at the image of the map
f : K× → W , sending a to

∑
v∈S v(a) ·v. Let N = {

∑
v∈S av ·v :

∑
v∈S av = 0} be the

kernel of the ‘summing of coordinates’ functional on W . It is enough to show that
the real vector space spanned by f(K×) is N , as then, a linear functional l : W → R
that vanishes on f(K×) is the same as a linear functional on W/N ≃ R.

Consider w =
∑

v∈S av · v ∈ f(K×). We can write w = w′ + w′′ with w′ ∈ W

having zero entries over Archimedean places, and w′′ ∈ W having zero entries over
non-Archimedean places. The class of w′ modulo N can be seen as an element of
Cl(K)⊗R = 0, as the class group of K is finite. On the other hand, by the Dirichlet
unit theorem, the dimension of the real span of elements from f(K×) with vanishing
non-Archimedean entries is of dimension r1 + r2 − 1, where r1, r2 are the numbers of
real and complex embeddings (up to conjugation) of K. Thus, the class of w′′ modulo
N is also trivial, which finishes the proof.
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If r = 1, we call this unique GVF structure on a number field the standard GVF
structure. Standard GVF structures are compatible with extensions of number fields
by the uniqueness in Lemma 1.10.2. The union Q of all number fields is thus also
equipped with a unique GVF structure stratifying ht(2) = log 2, and we also call it
standard. We write Q[1] for the standard GVF structure on Q, and Q[r] for the one
satisfying ht(2) = r · log 2.

For a general globally valued field, we only have uniqueness of a GVF structure
on a finite extension additionally assuming Galois-invariance (see Example 1.10.6 for
a counter-example without the Galois invariance assumption). To prove it we need a
few lemmas.

Lemma 1.10.3. Let K ⊂ F be a finite Galois extension with the Galois group G.
Then the restriction map Ω◦

F → Ω◦
K is defined everywhere, and identifies Ω◦

K with the
topological quotient of Ω◦

F by G.

Proof. First we prove the the restriction map is defined everywhere. Assume that
| · | is a pseudo-absolute value on F that is {0, 1,∞}-valued on K, but not on F . In
particular, | · | must be non-Archimedean. Let a ∈ F be such that |a| > 1 and let
bi ∈ K be such that

∑
i≤n bia

i = 0 and bn ̸= 0. Let i0 be such that bi0 is the biggest,
in the sense that for i ̸= i0 we have |bi0/bi| ≥ 1. Dividing everything by bi0 we get

|a|i0 ≤ max
i ̸=i0
|bi/bi0| · |a|i ≤ max

i ̸=i0
|a|i.

It follows that i0 = n, as |a| > 1. Thus without loss of generality bn = 1 and |bi| ≤ 1.
If there is i with |bi| = 1, then maxi<n |bi| · |a|i is uniquely achieved (say at i1), so
we get |a|n = |bi1 | · |a|i1 = |a|i1 which gives a contradiction. Hence for all i we have
|bi| = 0 and so 1 < |a|n ≤ maxi<n |bi| · |a|i = 0, which gives a contradiction.

Now we prove that the restriction map is a topological quotient by G. By local
compactness it is enough to prove that G acts on fibers transitively. In other words,
we need to show that if | · |1, | · |2 are pseudo-absolute values on F that coincide on
K, then there exists g ∈ G such that |g(·)|1 = | · |2.

We split the problem in two cases, depending on | · | being non-Archimedean or
Archimedean. First, assume the former. Then let oi ⊂ Oi denote the inclusions
{|x|i ≤ 1} ⊂ {|x|i ̸= ∞} for i = 1, 2. Note that Oi is uniquely determined by oi,
as the ordered group F×/o×i has a unique convex non-zero Archimedean subgroup.
By [31, Conjugation Theorem 3.2.15] there is a g ∈ G such that go1 = o2. By
uniqueness, we get that also gO1 = O2, and since both | · |1, | · |2 extend a non-trivial
pseudo-absolute value | · | on K, we get that |g−1(·)|1 = | · |2.
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Now, we assume that | · | is Archimedean. Let O1 = {|x|1 ̸=∞},O2 = {|x|2 ̸=∞}
and denote by O their intersections with K. By [31, Conjugation Theorem 3.2.15]
there is a g ∈ G such that gO1 = O2. Let us assume that O1 = O2, by replacing | · |1
with |g−1(·)|1. We end up with the diagram

F l ∪ {∞}

K k ∪ {∞}

where k, l are the residue fields of O,O1 respectively. Use the notation | · |1, | · |2 for
the two induced absolute values on l that extend the absolute value | · | on k. Denote
by G1 < G the subgroup fixing O1 setwise. By [31, Lemma 5.2.6], using the fact that
k ⊂ l is separable as we are in characteristic zero, the natural map G1 → Aut(l/k)

is surjective. Thus, it is enough to show that there exists σ ∈ Aut(l/k) such that
|σ(·)|1 = |·|2. We can assume that absolute values |·|1, |·|2 come from two embeddings
of l into C that restrict to the same embedding on k. By [31, Theorem 5.2.7.(2)] the
extension k ⊂ l is Galois, which proves the existence of the desired σ ∈ Aut(l/k) and
finishes the proof.

Lemma 1.10.4. Let G be a finite group acting on a locally compact topological
space X with a locally compact topological quotient r : X → Y = X/G. Assume
that ν is a Radon measure on Y . Then there is a unique G-invariant Radon measure
µ on X such that r∗µ = ν.

Proof. Since ν is a Radon measure, without loss of generality we can assume that
Y is compact. In that case ν is given by a functional ν : C(Y ) → R and we prove
that it has a unique G-invariant extension to C(X). Note that the pullback C(Y )→
C(X) maps C(Y ) bijectively onto C(X)G. Also, there is a retraction Tr : C(X) →
C(X)G ≃ C(Y ) defined by Tr(f) := 1

|G|
∑

g∈G g
∗f . Thus, a G-invariant functional

µ : C(X) → R extending ν must be of the form µ(f) = µ(Tr(f)) = ν(Tr(f)). This
finishes the proof.

Note that the above proof works in the same way for a compact group G (using
the Haar measure instead of the counting measure). Now we prove the existence and
uniqueness of a Galois-invariant GVF extension. Existence can be concluded using
[24, Section 3.4].

Proposition 1.10.5. Let K be a GVF and consider a finite Galois field extension
K ⊂ F . Then there is a unique GVF structure on F extending the one on K that is
invariant under the action of G = Aut(F/K).
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Proof. By Lemma 1.10.3 the restriction r : Ω◦
F → Ω◦

K satisfies the assumptions of
Lemma 1.10.4, so for any global measure ν onK there is a unique G-invariant measure
µ on F such that r∗µ = ν. By Lemma 1.9.1 we get the uniqueness.

To prove existence it is enough to prove that the measure µ obtained as above
satisfies the product formula. From the proof of Lemma 1.10.4 we get that for a ∈ F×

we have: ∫
ΩF

eva dµ =

∫
ΩK

Tr(eva)dν,

where eva(v) = v(a). However, using Tr(eva) = evN(a) (where N(a) ∈ K is the
F/K-norm) we get the product formula, provided that we prove integrability of eva.

Let Sk be the symmetric functions for k = 0, . . . , n (with n = [F : K]) so that∑
k≤n Sk(a)ak = 0. Note that for any pseudo-absolute value | · | on F we have

|a|n ≤ [n] max
k<n

(|Sk(a)| · |a|k) = [n]|Sk0(a)| · |a|k0 ,

where by an expression in square brackets like [n] we mean n if | · | is Archimedean
and 1 otherwise. By dividing and taking − log we get

(n− k0)v(a) ≥ v(Sk0(a))− log[n] ≥ min
k<n

v(Sk(a))− log[n],

where v = log | · |. If we assume that v(a) ≤ 0, we get that v(a) ≥ (n − k0)v(a) ≥
mink<n v(Sk(a))− log[n]. Hence, this gives a bound

−v(a)− ≤ −min
k<n

v(Sk(a)) + log[n].

By Remark 1.6.12 we can assume that the restriction of ν to Archimedean v ∈ ΩK is
concentrated on the set {v(2) = − log 2}, so we can replace log[n] in the above bound
by −v(n)−. In this way we get integrability of the function − ev−

a and by replacing a
with a−1 the integrability of eva follows.

Since we have uniqueness and existence for every finite Galois extension, there
is also a unique Galois-invariant GVF extension to the algebraic closure. We call it
the symmetric extension. Note that without assuming Galois-invariance, there can
be multiple ways to extend a GVF structure to a finite field extension.

Example 1.10.6. Consider any GVF structure on Q(x, y) with ht(x) ̸= ht(y). If we
look at the degree two extension Q(x+y, xy) ⊂ Q(x, y), then the symmetric extension
of the restriction of the starting GVF structure satisfies ht(x) = ht(y), so yields a
different GVF structure then the starting one.
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1.11 Continuous logic

We outline unbounded continuous logic, at least for discretely metrized spaces. We
closely follow [5], but in this simplified setting. For other introductions to continuous
logic, see [8] or [38].

Definition 1.11.1. A language L consists of the following data. First, a tuple of
function symbols f , constant symbols c and continuous predicate symbols P . Second,
for each function or predicate symbol, its arity is specified, and it is equipped with a
gauge modulus ∆p, i.e. a right-continuous increasing function ∆p : (0,∞) → (0,∞).
Finally, there are two distinguished predicates, a gauge symbol (or height symbol) ht

of arity 1, and the binary symbol ‘=’ for the metric which will be interpreted as the
{0, 1}-valued discrete metric. For simplicity, we assume that ht is also a continuous
predicate symbol.

Example 1.11.2. The language of globally valued fields consists of binary function
symbols +, ·, constants 0, 1, and continuous predicates (hn)n∈N. We often omit n
when discussing hn. Later we will determine the gauge moduli for these symbols.

Definition 1.11.3. Let L be a language. An L-structure M is a set M together
with interpretations of function, constant and predicate symbols from L, and an
interpretation of a gauge symbol ht : M → R≥0. Moreover, if f is a function symbol
with gauge modulus ∆f , then

(∀r > 0)(∀x ∈M)(ht(x) < r =⇒ ht(f(x)) ≤ ∆f (r)).

Similarly, for a predicate symbol P with gauge modulus ∆P we demand that

(∀r > 0)(∀x ∈M)(ht(x) < r =⇒ |P (x)| ≤ ∆P (r)).

Finally, for each constant symbol c we have a number ∆c such that ht(c) ≤ ∆c. If
the domain of f or P has more than one variable, we define ht : Mk → R≥0 by taking
maximum of heights of coordinates and impose the same condition.

Example 1.11.4. Let F be equipped with a GVF structure, given by a global height
function h. We equip it with an L-structure, where L is the language of globally valued
fields in the following way. For x ∈ F we define

ht(x) := h[1 : x].

Let e > 0 be such that ht(2) ≤ e. Then the following inequalities hold:
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• ht(xy) ≤ ht(x) + ht(y),

• ht(x+ y) ≤ ht(x) + ht(y) + e.

To see this one can either prove it directly, or use Corollary 1.7.11 together with [30,
Proposition 1.13]. These inequalities show that the function ∆(r) = 2r + e is valid
gauge moduli for addition and multiplication symbols. For constants 0, 1 we take
∆ = 0. For a predicate symbol hn, ∆n(r) = 1 + n · r can serve as a gauge moduli for
hn interpreted as the height hn : F n → {−1} ∪ R≥0 with hn(0) = −1.

Note that here we put h(0) = −1 instead of h(0) = −∞, because the value −∞
is not allowed in unbounded continuous logic.

Definition 1.11.5. Let L be a language. We define L-terms inductively as follows:

• Any variable is an L-term.

• Any constant c from L is an L-term.

• If f is a function symbol from L of arity n, and t1, . . . , tn are L-terms, then
f(t1, . . . , tn) is an L-term.

We then define L-formulas inductively as follows:

• If P is a predicate symbol from L of arity n, and t1, . . . , tn are L-terms, then
P (t1, . . . , tn) is an L-formula.

• As connectives we use continuous functions Rn → R. So whenever φ1(x), . . . , φn(x)

are formulas in variables x and u : Rn → R is continuous, then u(φ1(x), . . . , φn(x))

is a formula.

• Let f : R≥0 → R be a compactly supported continuous function and φ(x, y) be
a formula in tuples of variables x, y. Then we can form formulas of variables y
of the form:

ψ(y) = inf
x
f(ht(x)) · φ(x, y), ξ(y) = sup

x
f(ht(x)) · φ(x, y).

A formula is called quantifier-free if it does not use the quantifiers inf and sup. A
variable x is said to occur freely in a formula ϕ if is has at least one occurrence which
is not bound by a quantifier. A formula with no free variables is called a sentence. We
denote by Fn(L) (or Fn if L is clear from the context) the set of L-formulas with n

free variables x1, . . . , xn, and by F qf
n (L) (or F qf

n ) the set of quantifier-free formulas in
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Fn(L). For each L-structure M one can inductively define the interpretation of any
formula φ(x) evaluated on a tuple a from M (denoted φ(a)M or just φ(a)). In the base
of this induction, for an atomic formula w1 = w2 we define the value (w1 = w2)

M(a)

as 0 if w1(a) = w2(a) in M and 1 otherwise. Moreover, when interpreting quantifiers,
we put

(inf
x
f(ht(x)) · φ(x, b))M := min(0, inf

a
f(ht(a)) · φ(a, b)M),

and similarly with supremum. If M has elements of unbounded height, this coincides
with the natural interpretation. This modification is needed for  Loś’s theorem to
hold.

Moreover, for each formula φ(x) we define inductively its gauge moduli ∆φ so that

(∀L− structures M)(∀a ∈M)(∀r > 0)(ht(a) < r =⇒ |φ(a)| ≤ ∆φ(r)).

We leave the details on how to exactly define ∆φ to the reader.

Definition 1.11.6. A theory T in a language L is a set of conditions of the form
φ = 0 for sentences φ. For an L-structure M we say that M is a model of T (written
M |= T ), if in M the conditions φM = 0 from T hold.

We also allow conditions of the form φ ∈ C where C is a closed subset of R, as
this gives equivalent notion.

Example 1.11.7. Assume that L is a language and let f be a binary function
symbol, P be a continuous predicate, and c be a constant. Let us describe how to
write the statement

(∀x, y)
(
f(x, y) = c =⇒ P (x) = 0

)
as a theory T , i.e., how to find a theory T such that the models of T are exactly the
L-structures satisfying (in the naive sense) this statement.

Let fn : R≥0 → R be a sequence of continuous non-increasing functions such that
fn|[0,n] = 1 and fn|[n+1,∞) = 0. For all natural n we consider the condition[

sup
x,y

fn(ht(x, y)) · φn(x, y)
]

= 0,

where
φn(x, y) =

[
min

(
1− (f(x, y) = c), |P (x)|

)]
.

The set T of all such conditions does the job, as if there was a model M of T with
a, b ∈M such that f(a, b) = c in M and P (a) ̸= 0, then for n such that ht(a), ht(b) < n

the formula
sup
x,y

fn(ht(x, y)) · φn(x, y)
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would be evaluated to something bigger or equal min(1, |P (a)|) which is bigger than
zero.

Definition 1.11.8. We denote by GVFe the theory of globally valued fields in the
language of globally valued fields with ht(2) ≤ e, see Example 1.11.4. It consists of
the field axioms, the axioms from Definition 1.1.1, the axiom ht(x) = h[x : 1], axioms
saying that ht(2) ≤ e and hn(0) = −1, and the product formula axiom (asserting
that the height h is global). More precisely, one needs to translate these axioms
to conditions of the form φ = 0, as in Example 1.11.7. We skip the details of this
translation. By abuse of notation, if M |= GVFe for some e ≥ 0, we write M |= GVF.
Moreover, for every Q-tropical polynomial t, we introduce a predicate Rt using height
predicates hn and Lemma 1.4.5.

Construction 1.11.9. Fix a language L. Let I be a set, U be an ultrafilter on I

and Mi be L-structures for i ∈ I. We define the ultraproduct M :=
∏

Mi/U as the
quotient M := N0/ ∼ where

N0 = {(ai)i∈I ∈
∏
i∈I

Mi : ht(ai) is bounded}

and (ai)i∈I ∼ (bi)i∈I if the set of indices i where ai = bi is in U . We equip M with an
L-structure interpreting constants as classes of constants in the product and functions
as classes of values of functions in the product. For a continuous predicate symbol
P , we interpret it by taking:

P ([a])M := lim
i→U

P (a(i))Mi ,

where [ai] is the class of (a(i))i∈I ∈ N0 and limi→U is the ultralimit with respect to
U . These definitions make sense by Definition 1.11.3.

Theorem 1.11.10. ( Loś’s theorem) Let φ be an n-ary L-formula and Mi be L-
structures for i ∈ I. Fix an ultrafilter U on I, let M :=

∏
Mi/U , and [a1], . . . , [an] ∈

M. Then,
φ([a1], . . . , [an])M = lim

i→U
φ(a1(i), . . . , an(i))Mi .

Proof. The proof is a standard induction over the complexity of the formula φ. We
only describe how to deal with the quantifier case.

Consider a formula φ(x) = infy f(ht(y)) · ψ(x, y). Fix a tuple [a] = ([a1], . . . , [an])

in M . First, assume that φ([a]) < r and that in the minimum in the inductive
interpretation is not attained at 0 (the other case is easy). This means that there
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is a tuple [b] in M such that f(ht([b])) · ψ([a], [b]) < r. By continuity of f and the
inductive hypothesis, we get that

lim
i→U

f(ht b(i)) · ψ(a(i), b(i)) < r.

Thus
lim
i→U

inf
y
f(ht(y)) · ψ(a(i), y) < r.

On the other hand, assume that limi→U φ(a(i)) < r. Without loss of generality,
assume that for all i ∈ I there is a tuple b(i) in Mi such that f(ht b(i)) ·ψ(a(i), b(i)) <

r. We have two cases now:

• either ht(b(i)) is bounded,

• or it is not.

In the bounded case, there is a tuple [b] in M such that f(ht([b])) · ψ([a], [b]) < r,
which proves that φ([a]) < r. In the unbounded case, since f is compactly supported,
we get that 0 < r. By the definition of interpretation of quantifiers, we are done.

Example 1.11.11. Pick a sequence of real positive numbers (ri)i<ω converging to
zero. Let F be the ultraproduct

∏
iQ[ri]/U with respect to an ultrafilter U on ω.

Then F is a characteristic zero, algebraically closed field, with the GVF structure
trivial on Q. One can also consider a finite-to-zero characteristic variant, i.e., K =∏

p Fp(t)[1]/U , which is again, a characteristic zero, algebraically closed GVF, with
the GVF structure trivial on Q.

Example 1.11.12. Jensen’s formula (1.3):

∑
0<|a|<r

orda(f) log
r

|a|
+

1

2π

∫ 2π

0

− log |f(reiθ)|dθ = − log |f(0)|

can be used to define a GVF structure on a subfield of meromorphic functions M.
Indeed, fix an ultrafilter u on R>0 that avoids finite Lebesgue measure sets. Let η(r)

be a positive function that converges to 0 when r →∞. Put

htη,r(f) :=
∑

0<|a|<r

max(0, orda(f))
log(r/|a|)
η(r)

+
1

2π

∫ 2π

0

max(0,− log |f(reiθ)|) dθ
η(r)

and htη,u(f) := limr→u htη,r(f). Then we define

M[η, u] = {f ∈M : htη,u(f) <∞}
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and equip it with a GVF structure by defining heights h : Pn(M[η, u])→ R similarly.
By existential closedness of C(t)[1] (see Section 1.12), M[η, u] satisfies the universal
theory of C(t)[1] (asM[η, u] embeds into an ultrapower of C(t)[1]). This formalizes a
rudimentary part of Vojta’s dictionary between number theory and value distribution
theory, and sets a goal of formalizing more.

Definition 1.11.13. A set of conditions Σ = {φi ≤ ri : i ∈ I} is approximately
finitely satisfiable if for all finite I0 ⊂ I and ε > 0 the set of conditions {φi ≤ ri + ε :

i ∈ I0} is satisfiable.

Corollary 1.11.14. (Compactness) Let Σ be a set of conditions in variables (xα)α<κ,
and (rα)α<κ ∈ Rκ

≥0. Assume that Σ′ = Σ ∪ {ht(xα) ≤ rα : α < κ} is approximately
finitely satisfiable. Then, it is satisfiable. Furthermore, assume that for each finite
subset σ of Σ′ and ε > 0, σ is satisfiable up to ε in some model Mσ,ε |= T . Then, Σ′

is satisfiable in some ultraproduct of the Mσ,ε.

Proof. Write Σ′ = {φi ≤ ri : i ∈ I}, and let Pω(I) be the set of finite subsets of I.
For each I0 ∈ Pω(I) and ε > 0, let MI0,ε be a model in which {φ ≤ ri + ε : i ∈ I0} is
satisfiable, and let Î0 ⊂ Pω(I) be the set of I1 such that I0 ⊂ I1. Then, the set

{Î0 × (0, ε) : I0 ∈ Pω(I), ε ∈ (0, 1)}

is stable under finite intersections, so we can extend it to an ultrafilter U on Pω(I)×
(0, 1).

For all I0 ∈ Pω(I) and ε > 0, let Ĩ0 ∈ Pω(I) be the finite set of indices of the
conditions ht(xα) ≤ rα, for α such that xα occurs freely in φi for some i ∈ I0. Now,
let

M∗ :=
∏

MI0∪Ĩ0,ε/U .

Define a sequence ([aα])α<κ in M∗ in the following way: for all I0 ∈ Pω(I) and ε > 0,
set ([aα(I0, ε)])α<κ to be a realisation in MI0∪Ĩ0,ε of {φ ≤ ri+ε : i ∈ I0∪ Ĩ0}. Since we
may choose any value of aα if xα does not occur freely in φ, we set aα = 0 in this case.
Thus, for all α < κ, and for all (I0, ε) ∈ Pω(I) × (0, 1), we have ht(aα(i)) ≤ rα + 1,
which ensures that [aα] is indeed an element of M∗. Now, let i ∈ I, and ε > 0, the
set {̂i} × (0, ε) is in U , therefore by  Loś’s theorem, φ([aα] : α < κ)M

∗ ≤ ri + ε. Since
this is true for all ε > 0, ([aα]α<κ is indeed a realisation of Σ′.

Definition 1.11.15. Let T be a theory in a language L. We define the space of
n-types Sn(T ) as the set of functions f : Fn(L) → R such that there is M |= T and
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a ∈ Mn such that f(φ) = φ(a)M for all φ ∈ Fn. Thus, each function represents a
consistent set of conditions φ(c1, . . . , cn) = f(φ) in the language enriched by constants
c1, . . . , cn. The space of n-types is equipped with the pointwise convergence topology.
We write Sn,ht≤r(T ) for the set of types with ht(ci) ≤ r for i = 1, . . . , n. Note that

Sn(T ) =
⋃
r≥0

Sn,ht≤r(T )

and each Sn,ht≤r(T ) is compact (by the compactness theorem). Moreover, Sn(T ) is
locally compact, and equipped with the colimit topology with respect to the above
union.

Similarly, we define the space of quantifier-free types Sqf
n (T ) as the set of functions

f : F qf
n (L) → R which are satisfiable in some model of T . Note that there is a

restriction map Sn(T ) → Sqf
n (T ) (where the latter is the set of quantifier-free n-

types).

If M is a model of T , we define LM as the language obtained by adding constants
(ca)a∈M to L. Then, M is naturally an LM -structure by interpreting ca as a. An
LM -formula may also be called an L-formula with parameters in M . Let T ′ be the
theory in LM consisting of T and the atomic diagram of M (i.e., all quantifier-free
sentences about tuples from M , written using constants (ca)a∈M). Note that models
of T ′ correspond to inclusions M ⊂ N, where N is a model of T . If T is clear from
the context, we write Sn(∅) for Sn(T ) and if M |= T , we write Sn(M) := Sn(T ′) with
T ′ as above (we abuse notation slightly, as Sn(M) depends on M, not only on the set
M). Similarly, we define Sqf

n (M) := Sqf
n (T ′). For a ∈M , we define tp(a/M) ∈ Sn(M)

and qftp(a/M) ∈ Sqf
n (M) to be the respective functions φ 7→ φ(a)M.

Definition 1.11.16. Let M ⊂ N be an extension of models of T . A function f :

Nn → R is called M-definable if there exists a continuous function f̃ : Sn(M) → R
such that

∀a ∈ N, f(a) = f̃(tp(a/M)).

Similarly, f is called quantifier-free M-definable if there exists a continuous function
f̃ : Sqf

n (M)→ R such that

∀a ∈ N, f(a) = f̃(qftp(a/M)).

Note that in both cases f can be defined by the same formula on any M ⊂ N′ |= T .
Similarly, a subset X ⊂ Nn is called (quantifier-free) M-definable if its indicator

function is (quantifier-free) M -definable.
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Note that we can treat φ ∈ Fn(LM) as an M -definable function by putting φ(p) :=

p(φ) for p ∈ Sn(M). The induced map Fn(LM) → C(Sn(M)) has a dense image in
the compact-open topology. If two formulas φ1, φ2 ∈ Fn(L) (without parameters)
define the same function in all models of T , we say that they are T -equivalent.

We could define type spaces over models of the universal part of T , but in the
GVF context that does not yield a more general notion, as GVFe is a universal theory,
at least if we add the inverse symbol to the language.

Remark 1.11.17. Let K be a GVF and let K0 be the underlying field, treated as a
structure in the language Lrings = (0, 1,+, ·). Then, the inclusion of the set of Lrings-
formulas to the set of formulas over the language of globally valued fields induces a
restriction map π : Sqf

n (K)→ Sqf
n (K0), mapping qftp(a/K) to the point qftp(a/K0) ∈

Sqf
n (K0) corresponding to the irreducible subvariety loc(a/K) = V ⊂ An

K defined by
polynomials that vanish on a. Since a generates K(V ) over K, qftp(a/K) is uniquely
determined by qftp(a/K0) and the heights of tuples from K(V ). Thus, there is a
bijection between the fiber of π over V and the set of GVF structures on K(V )

extending the one on K.

Remark 1.11.18. It is worth mentioning that the only quantifier-free definable sets
of bounded height in GVFs are the algebraically constructible sets. More precisely,
if K is a GVF and X ⊂ Sqf

n,ht≤r(K) is a clopen subset, then it is induced by some
constructible subset ofKn. Indeed, this is because the set of quantifier-free GVF types
extending a given quantifier-free ACF type over K is convex, and hence connected.
Moreover, since −min(h(x), 0) defines the characteristic function of {0} in a GVF,
the restriction map from quantifier-free GVF types to ACF types is continuous.

1.12 Existential closedness

In this section we present a few notions from discrete logic in the unbounded
continuous setup. We follow [19, Chapter 3]. Let L be an (unbounded continuous
logic) language and let T be an L-theory. Consider an extension M ⊂ N of models
of T .

Definition 1.12.1. Let M ⊂ N be an inclusion of L-structures. We write M ≺∃ N,
if M is existentially closed in N, which means that if φ(x, y) is a quantifier-free formula
in L and b ∈M |y|, then for all ε > 0, r > 0 the following holds:

(∃a ∈ N |x| : ht(a) ≤ r)(φ(a, b)N = 0) =⇒ (∃a′ ∈M |x| : ht(a′) ≤ r+ε)(|φ(a′, b)M| ≤ ε).
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Equivalently, this means that for any formula φ(x, y) valued in [0, 1] and any natural
n, if

N |=
(
(sup
x
fn(ht(x)) · (1− φ(x, b)

)
= 1,

then
M |=

(
(sup
x
fn(ht(x)) · (1− φ(x, b)

)
= 1,

where fn are the functions from Example 1.11.7.

The ε shows up in the definition, because with it we get the following lemma
directly generalising the discrete logic case.

Lemma 1.12.2. Let M ⊂ N be an inclusion of L-structures. The following condi-
tions are equivalent:

1. M ≺∃ N.

2. In Sqf
n (M), the set of quantifier-free types realised in M is dense in the set of

quantifier-free types realised in N for all n ∈ N.

3. For some ultrapower M∗ of M, there is an embedding N ↪→M∗ over M.

Proof. (3)⇒ (1) follows directly from  Loś’s theorem.
(1) ⇒ (3) Let (aα)α<κ be an enumeration of N, let rα = ht(xα) and let Σ be the

set of conditions of the form φi = 0 in the variables (xα)α<κ, with parameters in M ,
which are satisfied by the aα. Then, by (1), Σ is finitely approximately satisfiable in
M, so by Corollary 1.11.14, Σ is satisfiable in an ultrapower of M.

(1)⇒ (2) Let a ∈ Nn, and let U ⊂ Sqf
n (M) be an open set containing qftp(a/M).

Then, U contains a base open which can be expressed as a finite intersection of
conditions of the form {|φi| < δ}, say for i ≤ m, where all φi are quantifier-free
formulas with parameters in M . Then, Definition 1.12.1 applied to the formula φ =

max(|φ1−φ1(a)N|, . . . , |φm−φm(a)N|} with r = ht(a) and ε small enough, gives the
existence of an a′ ∈Mn such that for all i ≤ n, |φ(a′)M| < δ. Hence, qftp(a′/M) ∈ U ,
which proves (2).

(2) ⇒ (1) follows from the fact that the intersection of conditions ht(x) < r + ε

and |φ(x, b)| < ε defines a neighborhood of qftp(a/M) in Sn(M).

Similarly, we write M ≺ N and call the inclusion elementary, if for all tuples a in
M and all formulas φ(x) we have φ(a)M = φ(a)N. If the embedding N ↪→M∗ in the
above lemma is elementary, then M ≺ N by  Loś’s lemma (and also vice versa).
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Definition 1.12.3. An L-structure M |= T is existentially closed (with respect to
T ) if for all extensions M ⊂ N |= T we have M ≺∃ N. We call T model complete, if
for all embeddings M ⊂ N of models of T we have M ≺ N.

Model complete theories also have the following characterisation.

Lemma 1.12.4. Let T be a theory. Then, T is model complete if and only if all
models of T are existentially closed.

Proof. The forward direction is clear, since M ≺ N implies M ≺∃ N.
Conversely, assume all models of T are existentially closed, let M ⊆ N be an

inclusion of models of T , and let φ be a sentence with parameters in M . We show
that φN = φM by induction on the complexity of φ.

If φ is quantifier-free, then by definition φN = φM.
If φ = infx f(ht(x)) · ψ(x), with ψ such that ψ(a)N = ψ(a)M for all a ∈Mn, then

φN = min(0, infa∈Nn f(ht(a)) · ψ(a)N) ≤ φM. On the other hand, by Lemma 1.12.2,
there is an ultraproduct M∗ of M such that N embeds into M∗ over M. The same
argument as above shows that φM∗ ≤ φN . But, by  Loś’s theorem, we have φM∗

= φM,
hence φN = φM.

If φ is of the form supx f(ht(x)) ·ψ(x), the same argument applied to −ψ(x) shows
that φN = φM, which concludes the proof.

Definition 1.12.5. We say that an L-theory T ∗ is a model companion of T , if T ∗ is
model complete and:

• all models of T admit an embedding into a model of T ∗,

• all models of T ∗ admit an embedding into a model of T .

If a model companion of T exists, it is unique. Moreover, similarly as in the
discrete logic, there is a following characterisation of existence of a model companion.

Lemma 1.12.6. Assume that T is inductive, i.e., that a sum of a chain of models of
T is also a model of T . Let K be the class of existentially closed models of T . Then
the following are equivalent:

1. K is an elementary class,

2. T has a model companion.

Moreover, if these conditions are satisfied, the model companion is the common theory
of K.

72



Proof. This is a straightforward consequence of Lemma 1.12.4.

We mention that if T is inductive, existentially closed models exist and every
model of T can be embedded in such. Note that theories GVFe are inductive, for
e ≥ 0. A very important question for the development of globally valued fields is the
following conjecture.

Conjecture 1.12.7. For e ≥ 0, the theory GVFe has a model companion.

The affirmative answer to this question would open a path for the use of model
theoretic methods in studying heights. In the first instance, it would follow that
existentially closed globally valued fields are elementarily equivalent to one of the
following (up to a scaling of the GVF structure): Q with ht(2) = log(2), Q(t) with
ht(t) = 1, ht |Q = 0, and Fp(t) with ht(t) = 1 for a prime p. This is because Q(t),Fp(t)
and Q[1] are existentially closed by [10, 71] respectively (for the proof of the latter,
see Chapter 2). The proof methods in loc.cit. and the recent developments of adelic
curves [52, 72] suggest a positive answer.

Let us note that existential closedness of the above GVFs and Lemma 1.12.2 imply
the following result, which due to Corollary 1.7.11 may shed some light on the study
of adelic curves.

Corollary 1.12.8. Every globally valued field K embeds in an ultrapower of:

• either Q[r] if K is of characteristic zero and r = ht(2) > 0,

• or Q(t)[1] (with ht(2) = 0) if K is of characteristic zero and ht(2) = 0,

• or Fp(t)[1] if K is of characteristic p.

The GVF in the middle dot could be replaced by any GVF of the form k(t)[1]

with k of characteristic zero, for example by C(t)[1]. Below is another corollary that
follows from existential closedness of Q[1].

Corollary 1.12.9. Let X be a variety over Q and let h be a quantifier-free definable
function on X (for example a Néron–Tate height on an abelian variety X ⊂ A or
the Weil height with respect to some embedding X ⊂ Pk). Assume that there is an
embedding X ⊂ Pk and numbers C,D > 0 such that hk ≤ C · h + D on X(Q), and
that there are only finitely many elements in X(Q) of height smaller than h0. Then
these elements can be computed effectively (knowing C and D).
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Proof. Let {x1, . . . , xn} = {x ∈ X(Q) : h(x) < h0}. Assume that x ∈ X(L) for some
GVF extension Q ⊂ L satisfies h(x) < h0. Then by existential closedness of Q[1],
there is x′ ∈ X(Q) \ {x1, . . . , xn} such that h(x′) < h0, which gives a contradiction.
Hence, {x1, . . . , xn} is the set of all solutions to the condition h(x) < h0 on X in all
GVF extensions of Q[1].

Let Ld be a discrete first-order language with two sorts, one in the ring language
and another one in an ordered field language. We also add constants on the ordered
field sort R, indexed by the real numbers, and constants on the ring sort, indexed
by the algebraic numbers. Let Td be the first order theory given by the GVF axioms
from Definition 1.1.1 (with −∞ replaced by −1), but where the values of the heights
land in the sort R, and where R is a real-closed field containing R. Furthermore,
we add the quantifier-free formulas about the GVF Q to the theory Td. Note that
for any M |= Td, the set Mb := {m ∈ M : ht(m) is bounded} has a natural GVF
structure, where one takes the height valued in RM and post-composes it with the
standard-part function. Let E = C · h0 + D + 1. Then, by the assumptions and the
first paragraph of this proof,

Td |= {x ∈ X : h(x) < h0 ∧ hk(x) < E} = {x1, . . . , xn}.

Hence, by completeness (for discrete first order logic), there is an algorithm that will
find the proof of this statement - a program listing all consequences of Td will at some
point arrive at this sentence for some x1, . . . , xn.
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Chapter 2

Existential closedness of algebraic
numbers

This chapter is based on the author’s paper [71]. Some changes are made to
incorporate the results from Chapter 1, mostly in Section 2.3.2. The paper has been
submitted to a journal.

2.1 Introduction

2.1.1 Main results

In this paper we study polynomial equations with height conditions. Recall that for
a number q ∈ Q× its height is ht(q) := log(max(|a|, |b|)), if q = a/b for some coprime
integers a, b. It measures the complexity of a number. This height extends to the
absolute logarithmic Weil height on Q, and on tuples a ∈ Qm we define it to be the
maximum of heights of coordinates. Note that it is not invariant under (even linear)
changes of coordinates. In general, if X is a variety over Q and f, g : X → Am

Q are
morphisms, we get an induced height for x ∈ X(Q) given by ht(f(x))− ht(g(x)). If
h1, . . . , hn are functions on X(Q) obtained in this way, one could ask the following
question.

Question I. Given real numbers r1, . . . , rn, does there exist x ∈ X(Q) with h1(x) =

r1, . . . , hn(x) = rn?
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This question is important when one wants to compare various heights, for exam-
ple when on an abelian variety one looks at the naive heights and the Néron–Tate
height, see for example inequalities in [41, Part B].

Without conditions on heights, the (weak) Nullstellensatz provides the answer.
More precisely, X has a Q-point if and only if X has an F -point, for some field
extension Q ⊂ F , which is equivalent to non-emptiness of X.

Of course, even for a non-empty X, the answer cannot be positive for any tuple
of real numbers, essentially for two reasons. First, the height function is not onto
R. Second, there may be some relations between heights h1, . . . , hn, for example
h1 + h2 = h3 or h1 ≥ 0. To fix the first problem we ask instead whether there
is a point approximating values r1, . . . , rn up to ε, for some ε > 0. To resolve the
other problem, we need to make the definition of height robust enough, so that the
necessary conditions on tuples r1, . . . , rn are simple to state.

The Weil height machine (see [41, Part B]) is an example of a robust formalism for
heights on varieties over Q. For a projective variety X over Q with a line bundle L,
the Weil height machine associates a function hL : X(Q) → R which is well defined
only up to a bounded term. If L is very ample, then hL has a representative of the
form described above, on the complement of the hypersurface given by the zeroes of
a section of L. However, to make sense of our motivating question we need to have
heights defined not up to bounded terms. Fortunately, one can equip L with an extra
datum which will give a representative of hL. For simplicity assume that X is over
Q and choose a projective integral scheme X over Z with a line bundle L, such that
XQ = X,LQ = L. Such a scheme is called an arithmetic variety. Assume additionally
that X is smooth over Q and that h is a conjugation invariant hermitian metric on
the complex analytification of L. A pair L = (L, h) is called a hermitian line bundle
on X and it defines a height function hL : X(Q) → R. If x is a closed point in X,
then hL(x) is the normalised arithmetic degree of the line bundle L restricted to the
curve defined by taking the closure of {x} in X . For the details of this approach,
see [18]. We choose to work with slightly more general objects parametrising heights,
namely arithmetic R-divisors of C0-type introduced by Moriwaki in [58]. These are
pairs D = (D, g), where D is an R-Cartier divisor on X and g is a D-Green’s function
of C0-type. A trivial example of such object is a principal R-divisor of C0-type, i.e., a
real combination of d̂iv(f) = (div(f),− log |f |2) for f ’s in the function field of X. For
a closed point x ∈ X, one defines hD(x) as the normalised (arithmetic) intersection of
D and the closure of {x} in X , see Subsection 2.2.4. Now we can ask a more refined
version of the question above.
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Question II. Given real numbers r1, . . . , rn, ε > 0, and arithmetic R-divisors of
C0-type D1, . . . ,Dn on X , does there exist x ∈ X(Q) with

|hDi
(x)− ri| < ε for all i = 1, . . . , n?

The arithmetic R-divisors of C0-type on X form a vector space over R denoted
ADivR(X ). The main theorem of this paper gives the following answer.

Theorem A (Theorem 2.2.70). Let D0, . . . ,Dn be arithmetic R-divisors of C0-type
on X with D0 = (div(2), 0). Fix ε > 0, a closed strict subscheme Z ⊂ X = X ⊗ Q,
and a linear functional

l : ADivR(X )→ R,

which is non-negative on effective arithmetic R-divisors of C0-type, zero on principal
arithmetic R-divisors of C0-type, and sends D0 to log(2). Then there exists a closed
point x ∈ X \ Z such that for all i = 0, . . . , n

|hDi
(x)− l(Di)| < ε.

The theorem still holds if l is defined only on the real vector subspace of ADivR(X )

generated by D0, . . . ,Dn, provided that one of D1, . . . ,Dn is big in the sense of Def-
inition 2.2.39, see Corollary 2.3.28. Note that the conditions on values of heights
hD0

(x), . . . , hDn
(x) in Theorem A are optimal, if we expect to find a solution x gen-

eral enough. Indeed, always hD0
(x) = log(2); if x ̸∈ supp(Di) and Di is effective, then

hDi
(x) ≥ 0 for all i = 1, . . . , n; and for any principal E we have hE(x) = 0, by the

product formula.
One can consider another way of making sense out of Question I. Note that for a

number q ∈ Q×, the height ht(q) can be expressed in a way that does not involve a
presentation as a quotient of two integers:

ht(q) = −min(− log |q|, 0) +
∑
p prime

−min(vp(q), 0) log p,

where vp is the p-adic valuation on Q with vp(p) = 1. More generally, let us consider
the measure µ on the space of (non-Archimedean and Archimedean) valuations ValK

for a number field K, defined by the following formula

µ :=
1

[K : Q]

( ∑
p∈Spec(OK)

δordp · log #κ(p) +
∑

σ:K→C

δ− log |σ(·)|

)
.
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The first sum is taken only over closed points, and the second sum is taken over all
embeddings of fields (so that − log |σ(·)| is an Archimedean valuation for an embed-
ding σ). By κ(p) we mean the residue field of the point p and δ denotes the Dirac
delta. Then for q ∈ K× we have

ht(q) =

∫
ValK

−min(v(q), 0)dµ(v)

and ∫
ValK

v(q)dµ(v) = 0.

If t(x1, . . . , xn) is an expression composed out of n free variables, addition, Q-scalar
multiplication and taking minima (i.e., it is a Q-tropical polynomial, see Defini-
tion 1.4.1), for a tuple a1, . . . , an ∈ (K×)n we can define the “t-height” of this tuple
by

Rt(a1, . . . , an) :=

∫
ValK

t(v(a1), . . . , v(an))dµ(v).

It does not depend on the number field K, so we get a function Rt : (Q×
)n → R.

Note that (representatives of) Weil heights are included among these functions.
In general, a field F equipped with a collection of functions Rt : (F×)n → R for

each Q-tropical polynomial t is called a globally valued field (abbreviated GVF) if it
satisfies the axioms from Definition 1.7.1. One denotes

Rt(a) =:

∫
t(v(a))dv

and the product formula axiom asserts that∫
v(a)dv = 0 for all a ∈ F×.

These unbounded continuous logic structures were introduced by Ben Yaacov and
Hrushovski in [10]. The notation with integrals is natural in the sense that every
GVF structure on F comes from a unique (up to a renormalisation) measure µ on
the space ΩF of pseudo-valuations on F , such that for all Q-tropical polynomials t
and all tuples a in F× ∫

t(v(a))dv =

∫
ΩF

t(v(a))dµ(v).

For the details on this construction see Chapter 1, Theorem 1.7.7.
One can reformulate Question I in the language of globally valued fields in the

following way.

78



Question III. Given real numbers r1, . . . , rn, ε > 0, polynomials f1, . . . , fs, g ∈
Q[x1, . . . , xm] and Q-tropical polynomials (in m variables) t1, . . . , tn, does there exist
a = (a1, . . . , am) ∈ (Q×

)m satisfying f1(a) = · · · = fs(a) = 0, g(a) ̸= 0 with

|Rti(a)− ri| < ε for all i = 1, . . . , n?

The answer to this question cannot be positive for all tuples r1, . . . , rn as for
example it may happen that Rt1+t2 = Rt1 + Rt2 , or Rt3 ≥ 0. Moreover, equations
f1(a) = 0, . . . , fs(a) = 0 can add some constrains on the heights. To see for which
tuples r1, . . . , rn existence of solutions is possible/expected one can use a definition
common in model theory. Namely, call equations

f1(a) = · · · = fs(a) = 0, g(a) ̸= 0, Rt1(a) = r1, . . . , Rtn(a) = rn

consistent, if there is a GVF extension Q ⊂ F and a tuple a in F satisfying them.
We prove that consistent equations can be approximately solved in Q, which in the
language of model theory means (essentially by definition) that Q is existentially
closed as a GVF, see Definition 2.3.21. Note that this can bee seen as a (weak)
Nullstellensatz with height conditions.

Theorem B (Theorem 2.3.24). Q is an existentially closed GVF.

This theorem is an arithmetic analogue of [10, Theorem 2.1] which states that the
field k(t) equipped with a natural GVF structure coming from the product formula on
curves over the base field k (which is an arbitrary field) is existentially closed. Observe
that as an immediate corollary from Theorem B, one gets a global Fekete-Szegő type
result, i.e., [10, Theorem 3.11] for number fields (in loc.cit. it is conditional on the
existential closedness of the algebraic numbers).

Theorem B served as a motivation for this project and it is a consequence of
Theorem A because of a translation theorem between the languages of globally valued
fields and of functionals on arithmetic R-divisors. To express the translation, fix a
finitely generated extension Q ⊂ F and as in Definition 2.3.1, let ADivR(F ) be the
injective limit of ADivR(X ) for all (normal, generically smooth) arithmetic varieties
X with function field isomorphic to F . We call l : ADivR(F )→ R a GVF functional,
if it satisfies the following conditions, already appearing in Theorem A:

• it sends principal arithmetic R-divisors of C0-type to zero,

• it is non-negative on effective arithmetic R-divisors of C0-type.
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Additionally, we call such l normalised, if l((div(2), 0)) = log 2. For the details see
Definition 2.3.10. In Definition 2.3.3 we introduce a lattice structure on the space of
arithmetic Q-divisors of C0-type denoted ADivQ(F ) ⊂ ADivR(F ). In particular for
a Q-tropical polynomial t (of arity m) the expression t(D1, . . . ,Dm) makes sense for
D1, . . . ,Dm ∈ ADivQ(F ). This lattice structure has also been considered in [77, 67]
in the language of (generalised or b-) Weil functions. We prove the following.

Theorem C (Corollary 2.3.18). Let F be a finitely generated extension of Q. There
is a natural bijection{

GVF functionals ADivR(F )→ R
}
←→

{
GVF structures on F

}
l 7−→

(
Rl
t(a) := l(Dt(a))

)
Q-tropical polynomials t

where Dt(a) = t(d̂iv(a1), . . . , d̂iv(an)) if a = (a1, . . . , an).

This theorem formally extends to arbitrary extensions of Q, see Remark 2.3.19.
Over finite prime fields an analogous geometric description of globally valued fields
follows from [10, Section 11].

At the end of the paper we present a new interpretation of the essential infimum
function ζ. If D is an arithmetic R-divisor of C0-type on a normal, generically smooth
arithmetic variety X , then the essential infimum of D is defined to be

ζ(D) := sup
Y⊂X

inf
x∈X (Q)\Y

hD(x),

where the supremum is taken over all Zariski-closed strict subschemes Y ⊂ X . How-
ever, since points approximate arbitrary GVF functionals by Theorem A, the following
holds.

Theorem D. [64, Theorem 4.6] Let D be an arithmetic R-divisor of C0-type on X .
Then

ζ(D) ≤ inf{l(D) : l is a normalised GVF functional on ADivR(F )}.

Moreover, if DQ is big, this is an equality.

This result was proved by Qu and Yin in a different language (on their right-hand
side some arithmetic intersection numbers appear instead of evaluations of GVF func-
tionals), and it generalises [3, Corollary 4.2]. The author would like to thank François
Ballaÿ for providing a reference. We decided to include the above theorem in this
introduction to underline the new interpretation of the essential infimum function
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ζ. To see our presentation of the proof of Theorem D using Theorem A, see Theo-
rem 2.3.32. Note that Theorem A is stronger, in the sense that it allows to consider
several different arithmetic R-divisor of C0-type at once.

Assume that X is a normal, generically smooth arithmetic variety of dimension
d + 1 and let D be a pseudo-effective arithmetic R-divisor of C0-type on X , with
DQ big. The essential infimum function is related to other arithmetic invariants via
Zhang’s inequality which states (in the form from [3, Theorem 7.2.(ii)]) that under
the above assumptions

ζ(D) ≥ v̂ol(D)

(d+ 1) vol(DQ)
=: φ(D).

We prove the following theorem which gives a characterisation of when the equality
occurs in Zhang’s inequality.

Theorem E (Theorem 2.3.36). Let D be a big arithmetic R-divisor of C0-type on
X . Consider the statements:

(1) φ(D) = ζ(D);

(2) DDφ is a GVF functional;

(3) the infimum

ζ(D) = inf{l(D) : l is a normalised GVF functional on ADivR(F )}

is achieved at a unique normalised GVF functional;

(4) ζ is Gateaux differentiable at D in every direction.

Then (1) ⇐⇒ (2) =⇒ (3) ⇐⇒ (4).

Standard methods show that Gateaux differentiability of ζ at D gives equidistribu-
tion, see Lemma 2.3.38 and [18, Section 8]. From the logic viewpoint, equidistribution
corresponds to uniqueness of a GVF functional (at least its non-generic part), satis-
fying some equations, in the case of Theorem E of the form l(D) = ζ(D). It is an
interesting question why the classical equidistribution theorems are formulated with
respect to a single divisor only.

We choose to work with arithmetic R-divisors of C0-type in this paper, however,
one could work in a more general context of adelic R-divisors on varieties over number
fields (see [59], [3]). We only work over Q as this is enough for existential closedness of
Q, essentially by the claim in the proof of Theorem 2.3.24. Also, from the GVF point
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of view passing from arithmetic to adelic divisors does not make much difference,
since GVF functionals on arithmetic R-divisors of C0-type extend uniquely to GVF
functionals on adelic R-divisors on the generic fiber of the corresponding arithmetic
variety. This follows from [59, Theorem 4.1.3].

2.1.2 The technique used to prove Theorem A

In this subsection we describe the proof technique used to prove Theorem A. It is
an arithmetic generalisation of the argument for existential closedness of k(t) from
[10] for a fixed base field k. Assume that k = k. For a projective variety X over k,
let N1(X) be the Néron–Severi group of X tensored with R. The crucial geometric
ingredient in [10] is the following theorem.

Theorem. [10, Theorem 10.9, Corollary 10.11] Let X be a projective smooth variety
with a dominant morphism to the projective line π : X → P1 over k. Assume that
l : N1(X)→ R is a linear functional having the following properties:

• l is non-negative on classes of effective divisors;

• for D = π∗p, where p ∈ P1 is closed, we have l(D) = degP1(p) = 1 (by algebraic
closedness).

Fix ε > 0 and let D1, . . . , Dn be a basis of N1(X). Then there exists an irreducible
curve C ⊂ X such that for all i = 1, . . . , n we have∣∣∣ degC(Di)

deg(C/P1)
− l(Di)

∣∣∣ < ε.

Note that in this case, if η is the generic point of P1, then C is determined by its
generic point η′ ∈ Xη and degC(Di)

deg(C/P1)
can be thought of as hDi

(η′).
To outline the proof of this theorem from [10], we recall the terminology concerning

divisors and curves on a projective smooth variety X over k. For details, see [49].
Assume that X is of dimension d+ 1.

• By Z1(X),Zd(X) = Z1(X) we denote the cycles of dimension 1 and d respec-
tively, in X. This means that these are free abelian groups generated by integral
subvarieties of the corresponding dimension.

• There is a bilinear intersection pairing · : Z1(X) × Z1(X) → Z. It induces the
numerical equivalences ≡ on Z1(X),Z1(X) where

D ≡ D′ ⇐⇒ (for all C ∈ Z1(X))(C ·D = C ·D′),
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C ≡ C ′ ⇐⇒ (for all D ∈ Z1(X))(C ·D = C ′ ·D).

We use the following notation for the quotients tensored with reals: N1(X) :=

(Z1(X)/ ≡)⊗R, N1(X) := (Z1(X)/ ≡)⊗R. Note that N1(X), N1(X) are finite
dimensional, and the induced pairing · : N1(X) × N1(X) → R is perfect of
signature (1,−1,−1, . . . ,−1), by the Hodge index theorem.

• Let Eff1(X) ⊂ N1(X),Eff1(X) ⊂ N1(X) be the closed convex cones generated
by effective curves and effective divisors in N1(X) and N1(X) respectively.
Denote by N+

1 (X), N1
+(X) the dual cones. More precisely

N+
1 (X) = {C : (for all D ∈ Eff1(X))(C ·D ≥ 0)},

N1
+(X) = {D : (for all C ∈ Eff1(X))(C ·D ≥ 0)}.

We call elements of N+
1 (X) movable curves classes, and elements of N1

+(X)

numerically effective (nef) divisors.

• Any D ∈ Z1(X) is a Cartier divisor (as X is smooth), so it induces a line bundle
O(D) on X. Its volume is the quantity

vol(D) := lim sup
m→∞

dimkH
0(X,O(mD))

md+1/(d+ 1)!
.

It extends to a continuous function vol : N1(X)→ R. The big cone is the set

Big(X) := {D : vol(D) > 0}.

It can be equivalently described as the (euclidean) interior of Eff1(X). On the
other hand, the interior of N1

+(X) is the convex cone generated by classes of
ample divisors D, i.e., such that the linear system |mD| induces an embedding
into a projective space, for m big enough.

• The volume function vol : N1(X)→ R is differentiable on the big cone and the
derivative at D ∈ Big(X) is given by (d+ 1)⟨Dd⟩, where ⟨Dd⟩ : N1(X)→ R is
the positive intersection product. It can be seen as an element ⟨Dd⟩ ∈ N+

1 (X).
Moreover, ⟨Dd⟩ can be approximated by pushforwards of d’th self intersections
of ample D′ on blowups f : X ′ → X with D′ ≤ f ∗D. If D itself is an ample
Cartier divisor, then ⟨Dd⟩ can be given by the d’th self intersection of D. In
this case one can use the Theorem of Bertini to get an irreducible curve. For
the details of this point see [15], [10, Section 10].
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Sketch of the proof of the Theorem. We divide the argument from [10] into the fol-
lowing steps.

1. Replace l by an approximation that is strictly positive on Eff1(X) \ {0}.

2. Consider the function

γ :=
vol1/(d+1)

l
: N1(X) \ {0} → R.

By the first point it is continuous, and for t > 0 we have γ(D) = γ(tD). The
restriction of γ to the unit sphere of N1(X) determines the whole function, and
by compactness of the sphere it achieves maximum. If at B the maximum is
achieved, then by calculating the derivative of (the logarithm of) γ at B we get

⟨Bd⟩
vol(B)

=
l

l(B)
.

3. Pick a blowup f : X ′ → X and an ample B′ on X ′ with B′ ≤ f ∗B such that the
pushforward of the d’th self intersection of B′ approximates ⟨Bd⟩ and vol(B′)

approximates vol(B). For simplicity assume that X ′ = X,B′ = B. Let C be a
d’th self intersection of B, which is irreducible by the Bertini theorem.

4. We get the equation
C

vol(B)
=

l

l(B)
.

By applying this equation on π∗p, where p is some closed point of P1, we get

deg(C/P1)

vol(B)
=

degC(π∗p)

vol(B)
=
l(π∗p)

l(B)
=

1

l(B)
,

where the first equality follows from the projection formula for π. Thus

deg(C/P1) =
vol(B)

l(B)
.

By putting everything together we get

C

deg(C/P1)
= l,

Note that in the first step we replaced l by an approximation, so at the end we
get the conclusion if the approximation was good enough.
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The proof of Theorem A uses the same steps, but we need to work with arith-
metic R-divisors of C0-type, instead of Cartier divisors. Fortunately the necessary
arithmetic variants of the geometric theorems used in the above sketch are available.
However, in the arithmetic context a few additional steps are necessary. More pre-
cisely, in the arithmetic analogue of step (3) from the above sketch, a lower bound
on the (geometric) volume of the generic part of the divisor is needed. This bound is
obtained by using arithmetic Fujita approximation [22], [82] together with Zhang’s in-
equality [84], see Lemma 2.2.59 and Proposition 2.2.68. The other crucial ingredients
are differentiability of the arithmetic volume [23] (see also [45]) and arithmetic Bertini
theorems [20] and [80]. Note that [20] was motivated by a question of Hrushovski at
the SAGA in Orsay, regarding arithmetic type Bertini theorems.

2.1.3 Connections with other results

Existential closedness of Q and k(t) sets a goal of axiomatizing existentially closed
models of the theory GVF. Ben Yaacov has published research notes [7], [6] related
to this aim. The model companion is conjectured to exist (see Conjecture 1.12.7),
and it is possible that it is tame in some model theoretic sense. For example, by [11,
Theorem 14.2], GVF structures are quantifier-free stable (i.e., quantifier-free formulas
do not have the order property in the continuous logic sense).

On the other hand, a more geometrical approach to globally valued fields was
developed by Chen and Moriwaki in the series of papers about adelic curves (see
Definition 1.7.10) [24], [25], [26]. The authors in [25] introduced Arakelov intersec-
tion theory over an arbitrary countable adelic curve. Differentiability of the volume
function in the context of adelic curves may lead to generalisations of the main result
of this paper to a bigger class of GVF structures. The results in [53], [72] are very
promising in this direction. Also, see Chapter 3 for a continuous logic approach to
the intersection theory from [25] and an application in Arakelov geometry.

Existential closedness of Q also has some immediate applications to understanding
spectra of height functions. For example, it implies that if D is a geometrically big
arithmetic R-divisor of C0-type on an arithmetic variety X , then the set

{hD(x) : x ∈ X (Q)}

is dense in the interval (ζ(D),+∞). More generally, for an n-tuple of arithmetic R-
divisors of C0-type, the set of points in Rn that can be approximated by the values
of heights of tuples from X is convex. This follows from the fact that the set of GVF
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structures on Q(X ) extending the standard one on Q is convex (and closed under
addition of GVF structures trivial on Q). In particular, this automatically recovers
the ‘density’ parts of the results from [46]. Furthermore, using the ‘continuity of
heights’ from Chapter 3, one can also recover the density of values of the Faltings
height above its essential infimum, i.e., the ‘density’ part of [16, Corollary 1.1].
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2.1.5 Outline

The article is organized as follows. In Section 2.2 we introduce all the necessary
background on arithmetic R-divisors of C0-type. In Subsection 2.2.10 we give the
proof of Theorem A. Next in Section 2.3 we introduce lattice divisors and use them
to prove Theorem B using the translation from Theorem C. In Subsection 2.3.3 we
prove Theorem D and Theorem E.

2.2 Intersection theory of arithmetic divisors

Notation. We stick with the following conventions.

1. If f is a function on a real vector space, then we write Dxf(y) for the derivative
of f at x in direction y, so thatDxf is a linear map (if f is Gateaux differentiable
at x).

2. If A is an abelian group, and K is one of Z,Q,R we write AK for the tensor
product A ⊗Z K. If A is written multiplicatively, then for f1, . . . , fn ∈ A and
α1, . . . , αn ∈ K we write fα1

1 · · · fαn
n for the product f1 ⊗ α1 · . . . · fn ⊗ αn.

3. For a field F we call a function v : F× → R a non-Archimedean valuation if it
is a multiplicative homomorphism and satisfies the ultrametric inequality (with
the convention v(0) =∞).
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4. By an Archimedean valuation on a field F we mean a function v : F× → R of
the form v(−) = − log |σ(−)|, where σ : F → C is an embedding of fields. Note
that complex conjugate embeddings give the same Archimedean valuation and
every Archimedean valuation comes from a pair of conjugate embeddings (or
from a single real embedding).

5. By a valuation we mean either a non-Archimedean or an Archimedean valuation
on a field and we denote by ValF the space of valuations on a field F (with the
topology coming from the embedding into RF\{0}).

6. If X is a scheme over Spec(A) and we have a map Spec(B)→ Spec(A) we write
XB or X ⊗ B for the fiber product. By a strict subscheme of X we mean a
subscheme that is not equal to X .

7. If p ∈ X is a point in a scheme, we write κ(p) for the residue field. The function
field of X is denoted by κ(X ).

8. For a scheme X we denote by Zd(X ) the group of d-dimensional cycles on
X , i.e., the free abelian group generated by dimension d integral subschemes
of X . Moreover, we denote by Div(X ) the group of Cartier divisors on X
and by OX (D) the invertible subsheaf of the sheaf of rational functions on X
corresponding to D, as defined in [39, Chapter II, Section 6] or [24, Definition
2.4.2]. Note that then the rational function 1 defines a canonical rational section
of OX (D).

9. If L is a line bundle on a scheme X and s is a rational section of L, then as
in [24, Remark 2.4.4], by div(s) we denote the Cartier divisor on X associated
to the invertible subsheaf of the sheaf K of invertible rational functions on X ,
defined by the image of the embedding L → K sending s to 1. We use the same
notation for the cycle associated with this Cartier divisor.

10. An arithmetic variety in this paper is an integral (irreducible and reduced)
scheme, finite type and projective over Spec(Z). It is generically smooth if the
base change XQ is smooth over Spec(Q). We write deg(x) = [κ(x) : Q] for a
closed point of the generic fiber x ∈ XQ ⊂ X .

11. If X is an arithmetic variety and v is a non-Archimedean valuation on κ(X ),
we write supp(v) ∈ X for the image of the maximal ideal of the value ring
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Ov ⊂ κ(X ) via the unique map ϕ making the following diagram commute:

Spec(κ(X )) X

Spec(Ov) Spec(Z).

ϕ

Such map always exists by the valuative criterion of properness.

2.2.1 Hermitian line bundles on arithmetic varieties

For this subsection let X be a generically smooth arithmetic variety. Let d+ 1 be the
dimension of X and let X = XQ be the generic fiber.

Warning 2.2.1. In this subsection X is not necessarily normal.

Remark 2.2.2. We use the following conventions regarding complex analytifications
of arithmetic varieties.

1. By X (C) we mean the complex analytification of the base change XC = X ⊗C.
It is in a natural bijection with the set of maps Spec(C) → X . Complex con-
jugation induces a map Spec(C) → Spec(C) and by precomposition it induces
complex conjugation F∞ : X (C)→ X (C).

2. In the context of the first point, if x ∈ X is a closed point and σ : κ(x) → C
is an embedding of fields, we denote by xσ the point of X (C) corresponding to
the composition

Spec(C)→ Spec(κ(x))→ X → X .

Definition 2.2.3. Let M be a complex manifold with a (complex) line bundle L.
A hermitian metric h on L is a collection of hermitian metrics hx on fibers Lx of L
for all x ∈M . It is smooth if for all open U ⊂M and all sections s of L over U , the
function |s|2h(x) := hx(s(x), s(x)) is a smooth function U → R. Since the data of a
smooth hermitian metric is determined by functions | · |h (and vice versa), we use the
name “smooth hermitian metric” also for collections of norms of sections coming from
some h as described above. The Chern form of L := (L, h) is a differential (1, 1)-form
c1(L) on M such that if s is an invertible (holomorphic) section of L over U ⊂ M ,
then c1(L)|U = i

2π
∂∂ log |s|2h.
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Definition 2.2.4. Let M = X (C) and let L = (L, h) be a line bundle on M equipped
with a hermitian metric h. We say that h is of real type, if for all x ∈ M with
x := F∞(x) and for all sections s, s′ ∈ Lx we have

hx(s, s
′) = hx(F∞(s), F∞(s′)),

where the action on germs of sections is defined by precomposition with F∞.

Definition 2.2.5. A hermitian line bundle L = (L, | · |L) on X is a pair consisting of
a line bundle L on X and a smooth hermitian metric of real type | · |L on the complex
analytification of the line bundle LC on XC. A section s ∈ H0(X ,L) is (strictly) small,
if |s|L ≤ 1 (resp. |s|L < 1) on X (C). The (finite) set of small sections is denoted by
Ĥ0(X ,L). The Chern form of the analytification of LC on XC is denoted by c1(L).

Theorem 2.2.6. [18, Theorem (2.5)] Let L0, . . . ,Ld be hermitian line bundles on
X . There exists a unique family of linear maps

d̂eg(L0 · · · Ln−1|−) : Zn(X )→ R,

for n = 0, . . . , d + 1 (for n = 0 we mean a map d̂eg(−) : Z0(X ) → R) satisfying the
following properties:

1. For every integer n ∈ {0, . . . , d}, every integral closed subscheme Z of X such
that dim(Z) = n+ 1, every integer m ̸= 0 and every regular meromorphic (i.e.,
defined on a dense open subset of Z) section s of L⊗m

n |Z , one has

m d̂eg(L0 · · · Ln|Z)

= d̂eg(L0 · · · Ln−1| div(s)) +

∫
Z(C)
− log ∥s∥ ∧ c1(L0) ∧ . . . ∧ c1(Ln−1).

2. For a closed point z of X viewed as a 0-dimensional cycle, one has

d̂eg(z) = log #κ(z).

Moreover, these maps are multilinear and symmetric in the hermitian line bundles
L0, . . . ,Ld and only depend on their isomorphism classes as hermitian line bundles.

Notation 2.2.7. If n = d+ 1 in the context of the above theorem, we skip X in the
notation and write

d̂eg(L0 · · · Ld)

or just L0 · . . . · Ld.
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Remark 2.2.8. For a morphism of generically smooth arithmetic varieties f : Y →
X , if L = (L, h) is a hermitian line bundle on X , then one can pullback it to Y to get
a hermitian line bundle f ∗L := (f ∗L, f ∗h) on Y .

Remark 2.2.9. Let L0, . . . ,Ll−1 be hermitian line bundles on X . If i : Z ↪→ X is
an l-dimensional irreducible reduced subscheme which is generically smooth, then the
following intersection numbers are the same

d̂eg(L0 · · · Ll−1|Z) = d̂eg(i∗L0 · · · i∗Ll−1).

Here on the right hand side we treat Z as a generically smooth arithmetic variety,
and i∗L0, . . . , i

∗Ll−1 are hermitian line bundles on Z. In this case we also write
L0|Z · . . . · Ll−1|Z for this intersection number.

Theorem 2.2.10. [18, Proposition (2.9)] Let f : X ′ → X be a generically finite
morphism of arithmetic varieties, let Z be an integral closed subscheme of X ′ and let
l = dim(Z). Assume that L0, . . . ,Ll−1 are hermitian line bundles on X .

1. If dim(f(Z)) < l, then d̂eg(f ∗L0 · · · f ∗Ll−1|Z) = 0.

2. Otherwise, dim(f(Z)) = l and

d̂eg(f ∗L0 · · · f ∗Ll−1|Z) = d̂eg(L0 · · · Ll−1|f∗(Z)).

where f∗(Z) = [κ(Z) : κ(f(Z))]f(Z) is an l-cycle on X .

Definition 2.2.11. A hermitian line bundle L on X is ample if the following three
conditions are satisfied:

• L is relatively ample with respect to X → Spec(Z),

• c1(L) is positive,

• H0(X , nL) is generated (as a Z-module) by strictly small sections of nL, for n
big enough.

Definition 2.2.12. [80, Definition 1.1] Let M,L be ample hermitian line bundles
on X . Denote by ∥ · ∥ the hermitian norm of L. A section s ∈ Ĥ0(X ,L) is (ε,M)-
irreducible if the following conditions are satisfied.

1. The d-cycle Z := div(s) is irreducible (hence an arithmetic variety).
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2. The following inequality holds

|d̂eg(Md · L)− d̂eg(Md|Z)| < ε · d̂eg(Md|Z).

By the inductive definition of the arithmetic intersection number (see Theorem 2.2.6),
we can present the second condition in the following equivalent forms:∫

X (C)
− log ∥s∥2 ∧ c1(M)d < ε · d̂eg(Md| div(s))

or ∫
X (C)
− log ∥s∥2 ∧ c1(M)d <

ε

1 + ε
· d̂eg(Md · L).

Remark 2.2.13. The definition from [80, Definition 1.1] is more general and has an
additional assumption that the current i

2π
∂∂(− log ∥s∥2) + δZ(C) is represented by a

semi-positive form. However, in our case, by the Poincaré–Lelong formula we get

i

2π
∂∂(− log ∥s∥2) + δZ(C) = [c1(L)]

as currents. Since L is an ample hermitian line bundle, the form c1(L) is positive, so
the additional assumption is automatically satisfied in this case.

Theorem 2.2.14. [80, Remark 6.7.(ii)] Assume that dim(X ) ≥ 2. Let L,M be
ample hermitian line bundles on X . Fix ε > 0. Then

lim
n→∞

#{s ∈ Ĥ0(X ,L⊗n
) : s is (ε,M)-irreducible, div(s)Q is smooth}

#Ĥ0(X ,L⊗n
)

= 1.

Theorem 2.2.15. [20, Theorem 2.21]. Let L be an ample hermitian line bundle on
X and Y ⊂ X be a closed strict subscheme. Then

lim
n→∞

#{s ∈ Ĥ0(X ,L⊗n
) : div(s) is not contained in Y}
#Ĥ0(X ,L⊗n

)
= 1.

2.2.2 Arithmetic R-divisors

Warning 2.2.16. For the rest of this section (unless stated otherwise) we impose
stronger assumptions on X . Namely here X is a generically smooth, normal arith-
metic variety of dimension d+ 1.

Remark 2.2.17. We recall here definitions of objects related to X that we need.
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1. Let J be a subsheaf of the sheaf of continuous real-valued functions on X (C)

(with respect to the euclidean topology). A J - function (or a J -type function)
on an euclidean open conjugation invariant subset U ⊂ X (C) is a continuous
function U → R lying in J (U) that is invariant under complex conjugation.

2. We use three subsheafs J of the sheaf of continuous (real-valued) functions on
X (C), in the above context:

• J = C0 - the full sheaf of continuous functions,

• J = C∞ - the subsheaf of smooth functions,

• J = C0 ∩ PSH - the subsheaf of plurisubharmonic continuous functions.

For the definition of a plurisubharmonic function, see [59, Section 1.4].

3. Let K be one of Z,Q,R. A K-Cartier divisor on X is an element of the group
Div(X )K. A K-rational function is an element of κ(X )×K. Let D =

∑
i αiDi ∈

Div(X )K for αi ∈ K and Cartier divisors Di. If fi is a local equation for Di for
all i, then we call

∏
i f

αi
i ∈ κ(X )×K a local equation for D. On the other hand,

if f ∈ κ(X )×K, then we write (f) or div(f) for the corresponding K-Cartier
divisor. For D ∈ Div(X )K we write DQ ∈ Div(XQ)K for its restriction to the
generic fiber.

4. For a K-Cartier divisor D on X , its support is the set

supp(D) := {p ∈ X : f ̸∈ (O×
X ,p)K for a local equation f of D at p}.

If D =
∑

i αiDi is a decomposition as in the previous point with αi’s linearly
independent over Q, then supp(D) =

⋃
i supp(Di) where the latter supp is the

support of a Cartier divisor. For details see [59, Section 1.2].

5. A Z-Zariski open set in X (C) is a set of the form V(C) ⊂ X (C) for some Zariski
open V ⊂ X (i.e., V open in the topology of the scheme X ). If p ∈ X (C), then a
Z-Zariski neighbourhood is an open neighbourhood of p being a Z-Zariski open
set.

Definition 2.2.18. Let D be an R-Cartier divisor on X . A D-Green’s function on X
of J -type (if J is C0, we skip it in the notation) is a function g : U(C)→ R for some
Zariski open U ⊂ X such that if D =

∑
aiDi for some real ai’s and Cartier divisors
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Di’s, then for every p ∈ X (C) there is a Z-Zariski neighbourhood p ∈ V(C) ⊂ X (C)

with local equations fi’s for Di’s, such that the function

g(x) +
∑
i

ai log |fi(x)|2

restricted to the intersection of U(C) and V(C), extends to a J -function on V(C).
We identify arithmetic R-divisors of C0-type (D, g) = (D, g′) if g : U(C) → R, g′ :

U ′(C)→ R coincide on the intersection (U ∩ U ′)(C).

Remark 2.2.19. The identification in the above definition makes sense, because for
a pair (D, g) as above, an extension g′ : U ′(C) → R for U ⊂ U ′ is unique if it exists.
This follows from the fact that complex points of a Zariski open subset of X are dense
in the euclidean topology on X (C). Thus, for every arithmetic R-divisor of C0-type,
there exists the biggest Zariski open U ⊂ X such that g can be defined on U(C) (just
take the sum of all possible extensions and glue by uniqueness) and this open set is
X \ supp(D).

Definition 2.2.20. An arithmetic R-divisor of C0-type [resp. J -type] on X is a
pair D = (D, g), where D is an R-Cartier divisor on X and g is a D-Green’s function
on X [of J -type]. An arithmetic R-divisor of C0-type is called principal, if it can
be written as an R-combination of arithmetic R-divisors (of C∞-type) d̂iv(f) :=

(div(f),− log |f |2) for some rational functions f on X . Also, (D, g) is an arithmetic
Z-divisor [resp. Q-divisor] of C0-type (or J -type) if it is an arithmetic R-divisor of
the corresponding type, with D being a Cartier [resp. Q-Cartier] divisor on X .

Remark 2.2.21. Let ϕ : Y → X be a map of generically smooth, normal arithmetic
varieties and let D = (D, g) be an arithmetic R-divisor of C0-type on X . If the
pullback ϕ∗D exists and g can be defined on an open subset U of X whose preimage
is non-empty in Y , one can equip ϕ∗D with a Green’s function being the pullback of
g. In particular, if Y → X is a birational map, one can pullback arithmetic R-divisors
of C0-type.

Notation 2.2.22. Arithmetic R-divisors of C0-type form an abelian group (with
component-wise addition) and this group is denoted by ADivR(X ). The subgroup
of principal arithmetic R-divisors of C0-type is denoted by RDivR(X ). We use the
symbol ≡ to indicate equality up to principal arithmetic R-divisors of C0-type. The
quotient ADivR(X )/RDivR(X ) is denoted by N̂1(X ). Note that this notation is not
standard, but we use it so that the proof of Theorem 2.2.70 looks similar to the
geometric setting outlined in Subsection 2.1.2.
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2.2.3 Positivity of R-Cartier divisors

Definition 2.2.23. Let D be an R-Cartier divisor on X and let v be a non-
Archimedean valuation on κ(X ). Let p = supp(v) ∈ X and let f ∈ κ(X )×R be a
local equation for D at p. We then write β(v,D) for the value v(f) which is the
R-linear (multiplicative) extension of the valuation v : κ(X )× → R. Moreover, if D
is an R-divisor of C0-type on X we define β(v,D) := β(v,D). On the other hand,
if v is an Archimedean valuation on κ(X ) induced by σ : κ(X ) → C, then we define
β(v,D) := 1

2
g(p), where p is the point of X (C) coming from the composition

Spec(C) Spec(κ(X )) X .Spec(σ)

Note g is defined on p since Spec(κ(X )) is the generic point of X . Furthermore, since
g is conjugation-invariant, the value g(p) does not depend on the choice of σ inducing
v.

Definition 2.2.24. Let D be an R-Cartier divisor on X . The Weil decomposition
of D is the codimension one cycle on X of the form∑

Γ

ordΓ(D)Γ,

where the sum is taken over all codimension one integral subschemes of X and
ordΓ(D) = β(ordΓ,D). This makes sense, as we assume that X is normal, which
implies that the order of vanishing at an integral subscheme Γ of codimension one is
a valuation on κ(X ).

Lemma 2.2.25. Let D be an R-Cartier divisor on X . The following are equivalent.

(1) D is a positive R-combination of effective Cartier divisors.

(2) For all p ∈ X if f ∈ κ(X )×R is a local equation for D at p, then f ∈ (OX ,p\{0})R.

(3) For all non-Archimedean valuations v on κ(X ) we have β(v,D) ≥ 0.

(4) If D =
∑

Γ aΓΓ is the Weil decomposition of D, then all aΓ are non-negative.

Moreover, the same holds (with Q-tensors instead of R-tensors) for a Q-Cartier divisor
D.

In the above by (OX ,p \ {0})R we mean the subsemigroup of κ(X )×R generated by
elements of the form gr with g ∈ OX ,p \ {0} and r > 0.
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Proof. Implications (1) =⇒ (2) =⇒ (3) =⇒ (4) are skipped. The implication
(4) =⇒ (1) is [24, Proposition 2.4.16]. Implications in the Q case are skipped.

Definition 2.2.26. Let D be an R-Cartier divisor on X . We say that D is effective, if
it satisfies the equivalent conditions from Lemma 2.2.25. In this case we write D ≥ 0.
Similarly, if E is another R-Cartier divisor on X , we write D ≥ E , if D − E ≥ 0. We
also define the space of rational functions having poles at most given by D as

H0(X ,D) := {f ∈ κ(X )× : D + div(f) ≥ 0} ∪ {0}.

A similar definition applies to R-Cartier divisors on X = XQ.

Lemma 2.2.27. [58, Lemma 5.2.3] The following hold.

1. Let Z be a Weil divisor on X . Then there is an effective Cartier divisor A on
X such that Z ≤ A.

2. Let D be a Cartier divisor on X . Then there are effective Cartier divisors A
and B on X such that D = A− B.

3. Let x1, . . . , xl be points of X and let D be a Cartier divisor on X . Then there
are effective Cartier divisors A and B, and a non-zero rational function ϕ on X
such that D + (ϕ) = A− B and x1, . . . , xl ̸∈ supp(A) ∪ supp(B).

Lemma 2.2.28. Let D = (D, g) be an arithmetic R-divisor of C0-type on X . Fix
a point x ∈ X . Then there exists an arithmetic R-divisor of C0-type D′

= (D′, g′)

such that D′ =
∑m

i=1 α
′
iD′

i for some real α′
i’s and effective Cartier D′

i’s, and such that
D −D′ is principal. Moreover, g′ can be defined on (X \

⋃m
i=1 supp(D′

i))(C) and one
can assume that x ∈ X \

⋃m
i=1 supp(D′

i).

Proof. Let D =
∑n

i=1 αiDi for some real αi’s and Cartier (but not necessarily effec-
tive) divisors Di’s. By Lemma 2.2.27 there are effective Cartier divisors Ai,Bi’s and
rational functions fi’s on X , such that

Di = Ai − Bi + div(fi) for all i = 1, . . . , n

and with x ̸∈ supp(Ai)∪ supp(Bi). Let D′ =
∑n

i=1 αi(Ai−Bi). Let U = X \ supp(D)

and let V = X \
⋃n
i=1 supp(div(fi)). Let g′ = g+

∑n
i=1 αi log |fi|2 on (U ∩V)(C). Pick

P ∈ (U ∩V)(C) and let W(C) ⊂ (U ∩V)(C) be a Z-Zariski neighbourhood of P with
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local equations ai, bi for Ai,Bi respectively (for all i) such that onW(C) a continuous
extension of

g(x) +
n∑
i=1

αi(log |ai|2(x)− log |bi|2(x) + log |fi|2(x))

can be defined. Then the function

g′(x) +
n∑
i=1

αi(log |ai|2(x)− log |bi|2(x))

can also be defined on W(C), which proves that (D′, g′) is an arithmetic R-divisor of
C0-type. By Remark 2.2.19 g′ can be defined on

(
X \

⋃n
i=1(supp(Ai)∪supp(Bi))

)
(C).

Moreover, by construction x ̸∈
⋃n
i=1(supp(Ai) ∪ supp(Bi)), which finishes the proof.

2.2.4 Heights with respect to arithmetic R-divisors

Definition 2.2.29. Let x ∈ X = XQ be a closed point and let v be a valuation on
κ(x). Let D = (D, g) be an arithmetic R-divisor of C0-type on X with D effective
and x ̸∈ supp(D). We define the local degree of D with respect to v d̂egv(D|{x}) in
the following way:

• If v is Archimedean we put d̂egv(D|{x}) := 1
2
g(xσ) where σ : κ(x) → C is any

embedding which induces v on κ(x).

• If v is non-Archimedean we put d̂egv(D|{x}) = v(d|x) where d is a local equation
for D at the point q ∈ X defined as the image of the maximal ideal of the value
ring Ov ⊂ κ(x) via the map ϕ in the following diagram

Spec(κ(x)) X

Spec(Ov) Spec(Z).

ϕ

Existence and uniqueness of ϕ follows from the valuative criterion of proper-
ness. If d is an R-rational function, we use the unique (multiplicative) R-linear
extension of v to calculate v(d|x). Note that q generalises to x, so d is a regular
function on the neighbourhood of x and d|x ∈ κ(x)×R .

Definition 2.2.30. Let D = (D, g) be an arithmetic Z-divisor of C0-type on X
with D effective and let x ∈ X = XQ be a closed point of the generic fiber of X . If
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x ̸∈ supp(D) and D is a Cartier divisor on X the height of x with respect to D is
defined to be

hD(x) :=
1

[κ(x) : Q]

(
log #

(
OC(D)/OC

)
+

1

2

∑
σ:κ(x)→C

g(xσ)
)
,

where C = {x} ⊂ X is the 1-cycle corresponding to x and we treat OC(D)/OC as a
module over the ring of functions of C ∩ D. For a general D, by Lemma 2.2.28 there
is a decomposition D =

∑m
i=1 αiDi + d̂iv(f) with αi real, Di effective Cartier, such

that x ̸∈ supp(Di) for all i = 1, . . . ,m and where f is an R-rational function on X .
Then we put

hD(x) :=
m∑
i=1

αihDi
(x).

Note that this is well defined by the product formula on number fields. For details,
see [59, Section 4.2]. Also, we define the arithmetic degree of D with respect to x as
the quantity d̂eg(D|{x}) satisfying

hD(x) =
d̂eg(D|{x})

deg(x)
.

Lemma 2.2.31. Let D be an arithmetic R-divisor of C0-type on X and let x ∈ X =

XQ be a closed point of the generic fiber of X with x ̸∈ supp(D). Let K = κ(x) and
denote by OK its integer ring. Then

hD(x) =

∫
ValK

d̂egv(D|{x})dµ(v),

where µ is the measure

µ =
1

[K : Q]

( ∑
p∈Spec(OK)

δordp · log #κ(p) +
∑

σ:K→C

δ− log |σ(−)|

)
and ValK is the space of valuations on K (see Example 2.3.20).

Proof. By Lemma 2.2.28 we can write D =
∑m

i=1 αiDi + d̂iv(f) with αi real, Di
effective Cartier, such that x ̸∈ supp(Di) for all i = 1, . . . ,m and where f is an
R-rational function on X . Note that

supp(div(f)) ⊂ supp(D) ∪
m⋃
i=1

supp(Di)

and x is not in the right hand side, so x ̸∈ supp(d̂iv(f)). Since both the height
and the integral are linear in D and give zero on d̂iv(f) (see the product formula
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in Example 2.3.20), it is enough to check that the lemma holds for an arithmetic
Z-divisor of C0-type D with D effective. This is standard, but for convenience we
provide a proof here.

By unraveling the definitions, we need to prove that

log #
(
OC(D)/OC

)
=

∑
p∈Spec(OK)

d̂egordp(D|{x}) · log #κ(p).

Let C be the closure of x in X (with the reduced scheme structure). By the valuative
criterion of properness (not directly, one has to use it for primes of OK), we get a
diagonal map ϕ on the commutative diagram

Spec(K) X

Spec(OK) Spec(Z).

x

ϕ

Since x is the generic point of C, ϕ factors through C. As C → Spec(Z) is projective
and has finite fibers (as the composition with Spec(OK)→ C has finite fibers), by [75,
Theorem 19.1.7] we get that C is affine (and finite) over Spec(Z). Let C = Spec(A).
Note that then Z ⊂ A ⊂ OK ⊂ K and OK is the integral closure of A. Let I, J be
the ideals of D in A,OK respectively (more precisely J is the ideal of the pullback of
D to Spec(OK)). Consider the diagram coming from the snake lemma

0 //

��

0 //

��

kerh

��

0 // I //

f
��

A //

g
��

A/I //

h
��

0

0 // J //

��

OK //

��

OK/J

��

// 0

cok f //// cok g // cokh // 0.

Note that log #
(
OC(D)/OC

)
= log #(A/I). We now show that #(A/I) = #(OK/J).

If q ∈ Spec(A), then we can localise everything at q and as D is an effective Cartier
divisor, it means that in Aq the ideal Iq is generated by a single element a ∈ Aq. Also
Jq is generated by a in (OK)q. Thus (cok f)q ≃ (cok g)q. We calculate

log #(cok f) =
∑

q∈Spec(A)

log #(cok f)q =
∑

q∈Spec(A)

log #(cok g)q = log #(cok g).
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Using two exact sequences

0 // kerh // cok f // cok g // cokh // 0

0 // kerh // A/I // OK/J // cokh // 0

we get that

log #(kerh)− log #(cok f) + log #(cok g)− log #(cokh) = 0,

log #(kerh)− log #(A/I) + log #(OK/J)− log #(cokh) = 0.

Putting it all together we get that indeed log #(A/I) = log #(OK/J). We calculate

log #(OK/J) =
∑

p∈Spec(OK)

log #(OK/J)p =
∑

p∈Spec(OK)

ordp(J) log #κ(p),

where by ordp(J) we mean the value of the valuation ordp at a local equation for J
at p. By the definition d̂egordp(D|{x}) = ordp(J), which finishes the proof.

Lemma 2.2.32. Let x ∈ X = X ⊗ Q be a closed point and let D = (div(2), 0).
Then

hD(x) = log(2).

Proof. Note that D = d̂iv(2) + (0, 2 log(2)). Hence we get

hD(x) = h(0,2 log(2))(x) =
1

2[κ(x) : Q]

∑
σ:κ(x)→C

2 log(2) = log(2).

Lemma 2.2.33. Assume that X ′ is a generically smooth, normal arithmetic variety.
Let f : X ′ → X be a generically finite map and let x′ ∈ X ′ = X ′ ⊗ Q be a closed
point. Then for x = f(x′) ∈ X = X ⊗Q and for any arithmetic R-divisor of C0-type
D on X we have

hf∗D(x′) = hD(x).

Proof. As in Definition 2.2.30, we reduce to the case that D is an arithmetic Z-divisor
of C0-type with D effective and x ̸∈ supp(D). Let C = {x} and C ′ = {x′}. Then
C ′ → C is a finite morphism of degree deg(x′/x) := deg(x′)/ deg(x). Both sides of the
equality depend only on the restriction of D to C, so we can without loss of generality
assume that X = C,X ′ = C ′. In this case D is a Z-divisor of C∞-type. Let L = O(D)

be the corresponding metrized line bundle. By Theorem 2.2.10 we get

d̂eg(f ∗L|C ′) = d̂eg(L|f∗C ′) =
deg(x′)

deg(x)
· d̂eg(L|C).
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Thus

hf∗D(x′) =
d̂eg(f ∗L|C ′)

deg(x′)
=

d̂eg(L|C)
deg(x)

= hD(x).

2.2.5 Positivity of arithmetic R-divisors

Definition 2.2.34. We use the following notions regarding an arithmetic R-divisor
of C0-type D = (D, g) on X .

1. We write D ≥ 0 if D ≥ 0 and g ≥ 0. Note that this does not depend on the
choice of g since if g′ extends g and g′(x) < 0 for some x ∈ X (C), then the set
{y ∈ X (C) : g′(y) < 0} is open, so it has to intersect the domain of g which is a
dense open subset of X (C). We then call D effective. If E is another arithmetic
R-divisor of C0-type on X , then D ≥ E means that D − E ≥ 0.

2. There is a natural norm | · |D associating to each rational function f ∈ H0(X ,D)

a function
|f |D : X (C)→ R,

which is the unique continuous extension of |f | · exp(−g/2) on X (C). For well
definiteness, see [59, Proposition 1.4.2]. It induces a supremum norm

∥ · ∥Dsup : H0(X ,D)→ R.

A rational function f ∈ H0(X ,D) is called small, if ∥f∥Dsup ≤ 1. It is called
strictly small if ∥f∥Dsup < 1. The set of small sections is denoted by Ĥ0(X ,D).

3. Assume that D is an arithmetic Z-divisor of C∞-type. Let L be the (complex
analytic) line bundle over X (C) induced by the base change of OX(DQ) to C
(recall that X = XQ). Then for a Zariski open U ⊂ X where d ∈ κ(X )× is a
local equation for D and a section s of L over U(C) one can define a norm of s
by presenting s = f · d−1 for some holomorphic function f : U(C)→ C and by
putting

|s|L := |f | · exp(−(g + log |d|2)/2),

where by g + log |d|2 we mean the unique continuous (even smooth) extension
of this function to U(C). In fact, this metric comes from a unique hermitian
product on L and the Chern form of the pair (L, | · |L) is denoted by c1(D) (see
Definition 2.2.3). Note that c1(D)|U(C) = i

2π
∂∂(g + log |d|2).
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4. The arithmetic volume of D is defined to be the following number

v̂ol(D) := lim sup
m→∞

log #Ĥ0(X ,mD)

md+1/(d+ 1)!
.

The arithmetic volume only depends on the class of D in N̂1(X ). Also, recall
that volume of an R-divisor DQ on the generic fiber X = XQ is

vol(DQ) := lim sup
m→∞

dimQH
0(X,mDQ)

md/d!
.

Remark 2.2.35. Note that for an arithmetic R-divisor of C0-type D on X , it is effec-
tive if and only if for every valuation v on κ(X ) (non-Archimedean or Archimedean)
we have β(v,D) ≥ 0.

Notation 2.2.36. If D is an arithmetic Z-divisor of C∞-type on X , we denote by
O(D) the pair (OX (D), | · |), where | · | is the smooth hermitian metric of real type
described in Definition 2.2.34. Note that in this case Ĥ0(X ,D) = Ĥ0(X ,O(D)) (both
definitions of small sections agree).

Remark 2.2.37. If L is a hermitian line bundle on X , then a rational section s of
L defines an arithmetic Z-divisor of C∞-type on X . Namely, take the pair d̂iv(s) =

(div(s),− log |s|2L). Then O(d̂iv(s)) ≃ L as hermitian line bundles. Moreover, if
L = O(D) and s is the rational section corresponding to the rational function 1, then
d̂iv(s) = D = (D, g). To see that − log |s|2L = g, take an open subset U where d is a
local equation for D and where d ∈ OX (U)×. Then s = d · d−1, so by the definition
we have

|s|L = |d| · exp(−(g + log |d|2)/2) = exp(−g/2).

Remark 2.2.38. Let L = O(D) for an arithmetic Z-divisor of C∞-type D on X .
Then for a closed point in the generic fiber x ∈ XQ ⊂ X , Definition 2.2.30 and the
arithmetic degree map from Theorem 2.2.6 agree, i.e.,

d̂eg(D|{x}) = d̂eg(L|{x}).

Definition 2.2.39. We gather here properties of arithmetic R-divisors of C0-type
on X crucial for the proof of Theorem 2.2.70.

1. An arithmetic R-divisors of C0-type D on X is big, if v̂ol(D) > 0.

2. An arithmetic R-divisors of C0-type E on X is pseudo-effective, if for all big
arithmetic R-divisors of C0-type B on X , the sum B + E is big.
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3. We say that D = (D, g) ∈ ADivR(X ) is nef, if the following conditions are
satisfied:

• D is relatively nef,

• D is an arithmetic R-divisor of (C0 ∩ PSH)-type,

• hD(x) ≥ 0 for all closed points x ∈ X = XQ.

4. D ∈ ADivR(X ) is called integrable, if it is in a real vector space generated by nef
arithmetic R-divisors of C0-type. The space of integrable R-divisors of C0-type
on X is denoted by IDivR(X ).

5. D ∈ ADivR(X ) is called ample, if there exists a decomposition D =
∑m

i=1 αiAi
with αi > 0 for i = 1, . . . ,m and where Ai are arithmetic Z-divisors of C∞-type
such that each O(Ai) is an ample hermitian line bundle.

Lemma 2.2.40. Let D be an arithmetic R-divisor of C0-type on X . If D is big,
then there is a natural number n ̸= 0 and a rational function f ∈ κ(X )× such that
d̂iv(f) + nD is effective on X . Moreover, DQ is big. Also, if D is effective on X , then
it is pseudo-effective on X .

Proof. We skip the proof of the first part. For the second part let A be an ample
R-divisor of C∞-type on X and using the continuity of arithmetic volume (see The-
orem 2.2.54) pick a natural number n with v̂ol(D − 1

n
A) > 0. By the first part of

the lemma, there is a Q-rational function f on X with d̂iv(f) + D − 1
n
A ≥ 0. Thus

div(f) + DQ − 1
n
AQ ≥ 0, so vol(DQ) ≥ vol( 1

n
AQ) > 0. For the last part, let B be a

big arithmetic R-divisor of C0-type on X . Since D is effective, the rational function
1 is small as an element of H0(X ,D). Thus any small s ∈ Ĥ0(X ,mB) is also a small
element of Ĥ0(X ,m(B +D)). Hence v̂ol(B +D) ≥ v̂ol(B) > 0.

Proposition 2.2.41. [58, Proposition 2.4.2] Let g be aD-Green’s function of J -type
(for J equal C0,PSH∩C0 or C∞) on X and let

D = b1E1 + · · ·+ brEr

be a decomposition such that E1, . . . , Er ∈ Div(X ) and b1, . . . , br ∈ R. Note that Ei is
not necessarily an irreducible Weil divisor. Then we have the following:

1. There are g1, . . . , gr such that gi is an Ei-Green’s function of J -type for each i

and g = b1g1 + · · ·+ brgr.

102



2. If E1, . . . , Er are effective, b1, . . . , br ≥ 0, g ≥ 0, then there are g1, . . . , gr such
that gi is a non-negative Ei-Green’s function of J -type for each i and g =

b1g1 + · · ·+ brgr.

Lemma 2.2.42. Let D be an R-Cartier divisor on X . Then there exists a D-Green’s
function g on X .

Proof. It is enough to prove the lemma assuming that D is a Cartier divisor. In this
case we can use an ample Cartier divisorH on X and take a natural number l such that
lH+D is ample. Since D = (lH+D)− lH, we can without loss of generality assume
that D is ample. Then the corresponding line bundle O(D) has a hermitian metric,
for example by [20, Corollary 2.11]. By taking the rational section of this bundle
corresponding to the rational function 1, we are done (see Remark 2.2.37).

Lemma 2.2.43. Let D be an arithmetic R-divisor of C0-type on X . Fix ε > 0.
Then there exist:

• ample arithmetic R-divisors of C∞-type A,A′;

• a C0-function ϕ on X (C) with ∥ϕ∥sup < ε;

such that D ≡ A−A′ − (0, ϕ) (equality modulo R-rational equivalence).

Proof. By Proposition 2.2.41 we can writeD =
∑

i aiDi for some arithmetic Z-divisors
of C0-type Di and ai ∈ R. Let ϕi be a C0-function on X (C) such that Di+(0, ϕi) are of
C∞-type and with ∥ϕi∥sup < δ. By [20, Corollary 2.6] we can presentO(Di+(0, ϕi)) as
a difference of two ample hermitian line bundles. By taking rational sections of those
hermitian line bundles, we can write Di + (0, ϕi) as a difference of ample arithmetic
Z-divisors of C∞-type, at least up to a principal divisor. Let

Di + (0, ϕi) ≡ Ai −A
′
i

be such a decomposition. Then we get

D ≡
∑
i

ai(Ai −A
′
i)− (0,

∑
i

aiϕi).

Note that ∥
∑

i aiϕi∥sup ≤
∑

i |ai|∥ϕi∥sup < (
∑

i |ai|)δ. By taking δ small enough
and rearranging the terms we get the result (note that a sum of ample arithmetic
R-divisors is ample).
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2.2.6 Intersection product and arithmetic volume

We use the intersection product of arithmetic divisors defined in [58] and extended
by [45]. In our notation an arbitrary arithmetic R-divisor of C0-type appears on the
right in contrary to [45]. More precisely, we have the following.

Theorem 2.2.44. There exists a symmetric multi-linear map

d̂eg : IDivR(X )×(d+1) → R

extending the intersection product of arithmetic Z-divisors of C∞-type from Theo-
rem 2.2.6. Moreover, one can extend it even further, to a multi-linear function

d̂eg : IDivR(X )×d × ADivR(X )→ R.

This extension is the unique one having the following property: If D0, . . . ,Dd are nef
and Dd+1 is pseudo-effective, then d̂eg(D0 · · · Dd · Dd+1) ≥ 0. Also, it only depends
on the classes of the divisors in N̂1(X ).

Proof. This is [45, Lemma 2.5]. The fact that the product only depends on the
classes of divisors in N̂1(X ) follows for example from [58, Theorem 5.2.2 and Claim
6.4.2.2.(c)].

Notation 2.2.45. We usually omit d̂eg in the notation, and just write D0 · . . . · Dd+1

for d̂eg(D0 · · · Dd · Dd+1) where D0, . . . ,Dd are integrable arithmetic R-divisors of
C0-type and Dd+1 is an arithmetic R-divisor of C0-type.

Lemma 2.2.46. [45, Lemma 2.3 and Lemma 2.5] Let π : X ′ → X be a birational
morphism from a generically smooth normal arithmetic variety. Then

D0 · . . . · Dd+1 = π∗D0 · . . . · π∗Dd+1,

for all arithmetic R-divisors of C0-type D0, . . . ,Dd+1 on X with D0, . . . ,Dd integrable.

Theorem 2.2.47. [45, Theorem 6.4] Let D be an arithmetic R-divisor of C0-type
on X .

1. The following are equivalent.

(a) D is pseudo-effective.
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(b) For any normalized blowup ϕ : X ′ → X and for any nef arithmetic R-
divisor of C0-type H on X ′, we have

d̂eg(Hd · ϕ∗D) ≥ 0.

(c) For any blowup ϕ : X ′ → X such that X ′ is normal, generically smooth,
and for any ample arithmetic Q-divisor of C∞-type H on X ′, we have

d̂eg(Hd · ϕ∗D) ≥ 0.

2. Suppose that D is pseudo-effective. The following are equivalent.

(a) D is principal.

(b) There exist a blowup ϕ : X ′ → X with normal, generically smooth X ′, and
an ample arithmetic R-divisor of C∞-type H on X ′, such that

d̂eg(Hd · ϕ∗D) = 0.

Lemma 2.2.48. Let f : X ′ → X be a blowup and D be an arithmetic R-divisor of
C0-type on X . Then v̂ol(D) = v̂ol(f ∗D). Moreover, D is pseudo-effective [effective]
on X if and only if f ∗D is pseudo-effective [effective] on X ′.

Proof. The first part is standard, see for example [45, Section 2] or [59, Definition
4.3.2]. Now we prove the second part. Assume that f ∗D is pseudo-effective on X ′.
Take a big arithmetic R-divisor of C0-type B on X . Then, by the invariance of the
arithmetic volume under birational maps, f ∗B is big, so we get

v̂ol(B +D) = v̂ol(f ∗B + f ∗D) > 0.

Thus D is pseudo-effective on X . The other implication follows from Theorem 2.2.47.
To see that effectivity of D, f ∗D is equivalent, use Remark 2.2.35 and the definition
of the pullback of an arithmetic R-divisor of C0-type.

Lemma 2.2.49. Let f : X ′ → X be a blowup and D be an arithmetic R-divisor of
C0-type on X . Then D is nef on X if and only if f ∗D is nef on X ′.

Proof. We check that the three conditions defining nefness are equivalent for D and
f ∗D.

• Relative nefness: here equivalence follows from the projection formula and the
fact that if C is a curve in X mapped to a closed point in Spec(Z), then there
is a curve C ′ in X ′ whose push-forward gives a positive multiple of C.
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• (C0 ∩ PSH)-type: here equivalence follows from [59, Proposition 1.4.1].

• Non-negative height on closed points: here equivalence follows from Lemma 2.2.33
and from the fact that f is surjective on closed points.

Remark 2.2.50. Because of Lemma 2.2.48 and Lemma 2.2.49 we use the notions of
bigness, pseudo-effectivity, effectivity and nefness without referring to an arithmetic
variety where the divisor is defined.

2.2.7 Differentiability of the arithmetic volume

Results in this section follow easily from [45]. We provide some proofs for the reader’s
convenience.

Definition 2.2.51. We call a function α : ADivR(X )→ R continuous, if

α(D) = lim
ε1,...,εr,∥f∥sup→0

α(D +
r∑
i=1

εiDi + (0, f)),

for any arithmetic R-divisors of C0-type D,D1, . . . ,Dr on X and any f of C0-type on
X .

Definition 2.2.52. Let D be a big arithmetic R-divisor of C0-type on X . Let Θ̂(D)

be the set of pairs (f : X ′ → X ,A) consisting of a blowup f : X ′ → X together with a
nef arithmetic R-divisor of C0-type on X ′ such that f ∗D−A is pseudo-effective. Let
Θ̂amp(D) be the set of pairs (f : X ′ → X ,A) in Θ̂(D) where A is an ample arithmetic
R-divisor of C∞-type on X ′ and f ∗D − A is an effective arithmetic Q-divisor of
C0-type on X ′. The positive intersection d’th power of D is the function

⟨Dd⟩ : ADivR(X )→ R

defined in the following way:

⟨Dd⟩E = sup
(f,A)∈Θ̂amp(D)

Ad · f ∗E , for nef and big E ∈ ADivR(X );

and for other E ∈ ADivR(X ) we extend by linearity and continuity in the sense of
Definition 2.2.51.
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Remark 2.2.53. The Definition 2.2.52 is equivalent to the one in [45]. This equiv-
alence follows from [45, Proposition 3.9, Proposition 3.10.(3), proof of Theorem 5.3].
Moreover, if D is nef in the above definition, then ⟨Dd⟩E = Dd · E by [45, Remark
3.8.(3)].

Theorem 2.2.54. [45, Theorem 5.3] The function v̂ol : ADivR(X ) → R has the
following properties:

1. It is continuous in the sense of Definition 2.2.51.

2. It is positively (d+ 1)-homogeneous, i.e.,

v̂ol(tD) = td+1v̂ol(D),

for any t > 0 and arithmetic R-divisor of C0-type D on X .

3. It is differentiable on the big cone and at a big D ∈ ADivR(X ) the derivative is
given by

DDv̂ol(E) = (d+ 1)⟨Dd⟩E .

Lemma 2.2.55. Let A,B be arithmetic R-divisors of C0-type on X with B − A
pseudo-effective. Then v̂ol(A) ≤ v̂ol(B).

Proof. Without loss of generality v̂ol(A) > 0. Fix ε > 0. We have

v̂ol(B) = v̂ol((1− ε)A+ (εA+ B −A)) ≥ v̂ol((1− ε)A) = (1− ε)d+1v̂ol(A),

where the inequality follows as in Lemma 2.2.40, as εA + B − A is big. By taking
ε→ 0, we get the result.

Definition 2.2.56. Let D be a big arithmetic R-divisor of C0-type on X . Following
[45], we equip the set Θ̂(D) with a partial order defined in the following way:

(f1 : X1 → X ,A1) ≤ (f2 : X2 → X ,A2)

if and only if there exists a blowup f : X ′ → X which factors as

X ′ Xi Xgi fi

so that on X ′ the arithmetic R-divisor of C0-type g∗2A2 − g∗1A1 is pseudo-effective.
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Lemma 2.2.57. [45, Proposition 3.2] Let D be a big arithmetic R-divisor of C0-type
on X . Then Θ̂(D) is filtered with respect to the order defined in Definition 2.2.56.
Moreover, for any (f1 : X1 → X ,A1), (f2 : X2 → X ,A2) ∈ Θ̂(D) there is a blowup
f : X ′ → X together with a nef arithmetic R-divisor of C0-type A such that f factors
as in Definition 2.2.56 and

g∗1A2, g
∗
2A2 ≤ A ≤ f ∗D,

where the inequalities are written with respect to the pseudo-effective cone.

Lemma 2.2.58. [45, Proposition 3.1] Let D be a big arithmetic R-divisor of C0-
type on X . Let (f : X ′ → X ,A) ∈ Θ̂(D) and fix a number 0 < γ < 1. Then there is
B ∈ ADivR(X ′) with (f,B) ∈ Θ̂amp(D) such that f ∗D − B is an effective arithmetic
Q-divisor of C0-type and B − γA is pseudo-effective.

Lemma 2.2.59. Let D1, . . . ,Dn be big and nef arithmetic R-divisors of C0-type on
X . Let B be a big arithmetic R-divisor of C0-type on X . Fix ε > 0. Then there is a
pair (f,A) ∈ Θ̂amp(B) such that for all i = 1, . . . , n

|⟨Bd⟩Di −A
d · f ∗Di| < ε

and satisfying

v̂ol(B) ≥ v̂ol(A) >
1

2
v̂ol(B).

Proof. First of all, we take (f0,A0) ∈ Θ̂(B) satisfying

v̂ol(B) ≥ v̂ol(A0) >
3

4
v̂ol(B).

Such exists by the arithmetic Fujita approximation theorem [22, Theorem 4.3], [82,
Theorem C]; see also [45, Proposition 3.11.(1)]. Next, take pairs (fi,Ai) ∈ Θ̂amp(B)

such that
⟨Bd⟩Di − ε ≤ A

d

i · f ∗
i Di ≤ ⟨B

d⟩Di

for all i = 1, . . . , n. By Lemma 2.2.57 and induction, there is a pair (f : X ′ →
X ,A′

) ∈ Θ̂(D) such that for all i = 0, . . . , n there exists a factorisation

X ′ Xi Xgi fi

and
g∗iAi ≤ A

′ ≤ f ∗D
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with respect to the pseudo-effective cone. We can proceed by induction because
of Lemma 2.2.48. Choose a real number 0 < γ < 1 to be specified later. By
Lemma 2.2.58 there is an ample A ∈ ADivR(X ′) such that (f,A) ∈ Θ̂amp(B) and
A− γA′ is pseudo-effective. Using Lemma 2.2.55 we get:

v̂ol(A) ≥ v̂ol(γA′
) = γdv̂ol(A′

) ≥ γdv̂ol(A0) > γd · 3

4
v̂ol(B) >

1

2
v̂ol(B),

for γ such that γd · 3
4
> 1

2
. The inequality v̂ol(A) ≤ v̂ol(B) also follows from

Lemma 2.2.55. Moreover for i = 1, . . . , n we have

⟨Bd⟩Di ≥ A
d · f ∗Di ≥ (γA′

)d · f ∗Di ≥ γd · Adi · f ∗
i Di

≥ γd(⟨Bd⟩Di − ε) = γd⟨Bd⟩Di − γdε.

Thus
|⟨Bd⟩Di −A

d · f ∗Di| ≤ (1− γd)⟨Bd⟩Di + γdε.

Let M := max(⟨Bd⟩Di : i = 1, . . . , n). Then for γ such that

(1− γd)M + γdε < 2ε

and using the fact that ε was arbitrary, we are done.

Lemma 2.2.60. The following functions are continuous in the sense of Defini-
tion 2.2.51:

• h(−)(x) for a closed point x ∈ X ⊗Q.

• Dd · (−) for D an ample arithmetic R-divisor of C∞-type on X .

• ⟨Bd⟩(−) for B a big arithmetic R-divisor of C0-type on X .

Proof. All of the functions in question are linear, so it is enough to check that for α
being one of them, we have

lim
∥f∥sup→0

α((0, f)) = 0.

For the height function it follows directly from the definition. For the second function
this is [45, Lemma 2.5]. For the last function this is by Definition 2.2.52.
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2.2.8 Essential infimum and Zhang’s inequality

Definition 2.2.61. Let D be an arithmetic R-divisor of C0-type on X . Use the
notation X = X ⊗Q. The essential infimum of D is the following number

ζ(D) := sup
Y⊂X

inf
x∈X\Y(Q)

hD(x),

where the supremum is taken taken over all closed strict subschemes Y ⊂ X . Note
that ζ depends only on the rational class of an arithmetic R-divisor of C0-type and a
priori has values in R ∪ {±∞}.

Lemma 2.2.62. The essential infimum function ζ has the following properties:

1. If D is an arithmetic R-divisor of C0-type on X and f : X ′ → X is a blowup,
then ζ(D) = ζ(f ∗D).

2. For any arithmetic R-divisors of C0-type A,B on X

ζ(A+ B) ≥ ζ(A) + ζ(B).

3. It is positively 1-homogeneous.

4. It is non-negative on effective arithmetic R-divisors of C0-type.

5. For any arithmetic R-divisors of C0-type A,B on X such that B is big and
A ≤ B with respect to the pseudo-effective cone, we have ζ(A) ≤ ζ(B).

6. It has values in R ∪ {−∞}.

Proof. The first property follows from the fact that blowups are isomorphisms on an
open set and from Lemma 2.2.33. For the proof of properties two, three and four,
see [3, Lemma 3.15]. For the fifth one fix arithmetic R-divisors of C0-type A,B on X
such that B is big and A ≤ B. Then we have

ζ(B) = lim
ε→0+

ζ((1 + ε)B) = lim
ε→0+

ζ(εB + (B −A) +A)

≥ lim inf
ε→0+

ζ(εB + (B −A)) + ζ(A).

By pseudo-effectivity of B − A and bigness of B the divisor εB + (B − A) is big for
ε > 0, hence the value of ζ on it is non-negative. Thus we get ζ(B) ≥ ζ(A).

By Lemma 2.2.43 and the fact that values of ζ only depend on the rational equiv-
alence classes of arithmetic R-divisors of C0-type, to get the last property it is enough
to show that for an ample Z-divisor of C∞-type A one has ζ(A) < ∞. This follows
from Zhang’s inequalities, but for an elementary proof using Weil’s height machine,
see [14, Proposition 2.6].
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Lemma 2.2.63. [3, Lemma 3.16] Let D be an arithmetic R-divisor of C0-type on
X and let D0 = (div(2), 0). Then

1. ζ(D − r
log 2
· D0) = ζ(D)− r for all real r;

2. if D is pseudo-effective and DQ is big, then ζ(D) ≥ 0;

3. if DQ is big, the following inequality holds

ζ(D) ≥ sup{r : D − r

log 2
· D0 is pseudo-effective}.

Proof. The first point follows from additivity of height and Lemma 2.2.32. The second
point is [3, Lemma 3.16]. The third point follows from the first two.

Theorem 2.2.64. Let D be a pseudo-effective arithmetic R-divisor of C0-type on
X with DQ big. Then the following inequality holds

ζ(D) ≥ v̂ol(D)

(d+ 1) vol(DQ)
.

Proof. In this form the theorem follows from [3, Theorem 7.2.(ii)].

2.2.9 Convex geometry

Lemma 2.2.65. An open convex set in Rn is the interior of its closure.

Proof. This is classical, for a proof see for example [10, Lemma 5.6].

Lemma 2.2.66. Let V be a finite dimensional real vector space and let V + be a
closed convex cone in V not containing any line. Let l : V → R be a linear functional
non-negative on V +. Then for any vectors v0, . . . , vn ∈ V and for any ε > 0 there is a
linear functional l′ : V → R strictly positive on V + \ {0} such that for all i = 0, . . . , n

|l(vi)− l′(vi)| ≤ ε.

Moreover, if v0 ∈ V +, then one can additionally assume that l′(v0) ≥ l(v0).

Proof. Fix v0, . . . , vn ∈ V and ε > 0. It is enough to find a linear functional m :

V → R such that V + \ {0} ⊂ {v ∈ V : m(v) > 0}. Indeed, in this case we can
just put l′ := l + δm for small enough positive δ. To define m one can equip V with
a (non-degenerate, positively defined) scalar product and take m to be the product
with a vector from the interior of the dual cone of V +. For details, see for example
[10, Lemma 5.7].
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Lemma 2.2.67. Let V be a finite dimensional real vector space and let V + be a
closed convex cone in V generating the whole space. Assume that l : V → R is a
linear functional strictly positive on V + \ {0} and that α : V → R is a non-negative
function which is:

1. non-zero,

2. continuous,

3. positively 1-homogeneous,

4. differentiable on (V +)o,

5. vanishing outside (V +)o.

Then there is a unique continuous continuation of the function α
l

to V \{0}. Moreover,
there exists a point p ∈ (V +)o such that

Dpα

α(p)
=

l

l(p)
.

Proof. Pick a euclidean norm on V and let S be the unit sphere of it. Since both
l and α are positively 1-homogeneous, for the first part it is enough to show that α

l

has a unique continuous extension to S. This follows from the fact that if l(q) = 0

for q ∈ S, then q ∈ S ∩ V \ V + and S ∩ V \ V + is a relatively open set in S, where
α is zero. To prove the second part, let p ∈ S be a point where the maximum of α

l
is

achieved (it exists by compactness of S). Then α(p), l(p) > 0, because α isnon-zero.
Point p is a local maximum of α

l
and so also of log(α

l
) = log(α) − log(l) (note that

both functions are defined in a neighbourhood of p). Hence the derivative of log(α
l
)

at p vanishes and we get

Dpα

α(p)
= Dp(log(α)) = Dp(log(l)) =

l

l(p)
.

2.2.10 Approximating a global functional

For this subsection we fix a normal, generically smooth arithmetic variety X over
Spec(Z). Let d+ 1 ≥ 2 be the dimension of X .

Proposition 2.2.68. Let B,D0, . . . ,Dn be arithmetic R-divisors of C0-type on X
with B big. Fix ε > 0. Then there exists a blowup f : X ′ → X and an ample
arithmetic Q-divisor of C∞-type B′ on X ′ such that:
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• vol(B′
Q) > v̂ol(B)

2(d+1)ζ(B) =: A;

• |⟨Bd⟩Di − B
′d · f ∗Di| < Aε for all i = 0, . . . , n.

Proof. First, note that the expression

⟨Bd⟩D − B′d · f ∗D

is linear and continuous in D, see Lemma 2.2.60. Moreover, it only depends on
the rational equivalence class of D. Hence, by Lemma 2.2.43 we can without loss
of generality assume that D0, . . . ,Dn are ample arithmetic R-divisors. In particular
they are big and nef. Thus, by Lemma 2.2.59 for Aε instead of ε, there is a pair
(f : X ′ → X ,A) ∈ Θ̂amp(B) such that for all i = 0, . . . , n

|⟨Bd⟩Di −A
d · f ∗Di| < Aε

and
v̂ol(B) ≥ v̂ol(A) >

1

2
v̂ol(B).

We use Theorem 2.2.64 to get the middle inequality of

v̂ol(B)

2(d+ 1) vol(AQ)
<

v̂ol(A)

(d+ 1) vol(AQ)
≤ ζ(A) ≤ ζ(f ∗B) = ζ(B).

The last inequality is by Lemma 2.2.62. We get

vol(AQ) >
v̂ol(B)

2(d+ 1)ζ(B)
= A.

Note that A is an ample arithmetic R-divisor of C∞-type on X ′, so it is of the form

A =
∑
j

ajAj,

for some some aj ∈ R, and Aj being ample arithmetic Z-divisors of C∞-type. Replac-
ing aj’s by sufficiently good rational approximations, we can find an ample arithmetic
Q-divisor of C∞-type B′ on X ′ satisfying the desired inequalities. This is because of
multilinearity of the arithmetic intersection product and the continuity of the volume
vol.

The below proposition is proven in a similar way to [3, Theorem 4.1] and [64,
Theorem 4.6].
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Proposition 2.2.69. Let B,D0, . . . ,Dn be arithmetic R-divisors of C0-type on X
with B being an ample arithmetic Q-divisor of C∞-type. Let Z ⊂ X = X ⊗ Q be a
closed strict subscheme. Fix ε > 0. Then there exists a closed point x ∈ X \ Z such
that ∣∣∣hDi

(x)− B
d · Di

vol(BQ)

∣∣∣ < ε, for all i = 0, . . . , n.

Proof. First, note that Bd·Di

vol(BQ)
does not change when we replace B with a multiple of

itself, so we can without loss of generality assume that B is an ample Z-arithmetic
divisor of C∞-type. Also, the expression

hD(x)− B
d · D

vol(BQ)

is linear inD and depends only on its rational equivalence class. Thus, by Lemma 2.2.60
and Lemma 2.2.43, we can without loss of generality assume that all Di’s are ample
arithmetic Z-divisors of C∞-type.

The above reduction allows us to work with ample hermitian line bundles

O(B),O(D0), . . . ,O(Dn) on X .

To ease the notation we do not write O(−) for the corresponding hermitian line
bundles. Let C be a positive number, such that for all i = 0, . . . , n we have C ·c1(B) ≥
c1(Di). Now we use Theorem 2.2.14 together with Theorem 2.2.15 for L = B and
Y being the closure of Z in X , to find a small section s1 ∈ Ĥ0(X ,L⊗n1

) which is
(δ,L)-irreducible (we specify δ later) and with div(s1) generically smooth and not
contained in Y . Then for all i = 0, . . . , n we have

Di · B
d

=
1

n1

Di · B
d−1 · d̂iv(s1)

=
1

n1

(
Di|div(s1) · (B|div(s1))d−1 +

∫
X (C)
− log ∥s∥ ∧ c1(Di) ∧ c1(B)d−1

)
.

Note that in the above formula we treat div(s1) as a cycle on X as in Theorem 2.2.6.
By the choice of s1 (and using one of the equivalent conditions from Definition 2.2.12)
we get

0 ≤
∫
X (C)
− log ∥s∥ ∧ c1(Di) ∧ c1(B)d−1

≤ C ·
∫
X (C)
− log ∥s∥ ∧ c1(B)d ≤ δ

1 + δ
· n1C · B

d+1
< n1ε,
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for δ small enough for the last inequality. Together we obtain∣∣Di · Bd − 1

n1

Di|div(s1) · (B|div(s1))d−1
∣∣ < ε.

Now we use exactly the same strategy, to find a small section s2 ∈ Ĥ0(div(s1),L|⊗n2

div (s1)
)

which satisfies∣∣Di|div(s1) · (B|div(s1))d−1 − 1

n2

Di|div(s1)∩div(s2) · (B|div(s1)∩div(s2))d−2
∣∣ < ε.

We can do this since the cycle div(s1) is irreducible, hence it is a (generically smooth,
but not necessarily normal) arithmetic variety. Moreover, restrictions of ample her-
mitian line bundles are ample, for example by [20, Corollary 2.8]. In the above
inequality div(s1) ∩ div(s2) is the cycle associated to zeroes of s2 on the arithmetic
variety div(s1).

Repeating the above procedure d times, we find small sections s1, . . . , sd of

L⊗n1
, (L|div(s1))⊗n2 , . . . , (L|div(s1)∩...∩div(sd−1))

⊗nd

respectively, such that the following hold:

1. div(s1)∩ · · · ∩div(sd) is an irreducible, generically smooth arithmetic variety of
dimension 1, hence it is of the form {x} for some closed point x ∈ X. Moreover,
we can assume that x ̸∈ Z.

2. For all i = 0, . . . , n we have∣∣Di · Bd − 1

n1 · · ·nd
d̂eg(Di|{x})

∣∣ < dε. (2.1)

By the inductive definition of the ordinary intersection product of line bundles on a
variety X (see for example [18, Remark (2.6)]) and by ampleness of BQ we get

vol(BQ) = BdQ =
1

n1

deg(Bd−1
Q | div(s1)Q)

=
1

n1 · n2

deg(Bd−2
Q | div(s1)Q ∩ div(s2)Q)

= · · · = 1

n1 · · ·nd
deg(div(s1)Q ∩ · · · ∩ div(sd)Q)

=
1

n1 · · ·nd
deg(x).
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Hence, using Equation (2.1) we end up with∣∣∣∣ Di · Bdvol(BQ)
− d̂eg(Di|{x})|

deg(x)

∣∣∣∣ < d

vol(BQ)
ε for all i = 0, . . . , n.

By the definition of height we have

hDi
(x) =

d̂eg(Di|{x})
deg(x)

,

so ∣∣∣hDi
(x)− Di · B

d

vol(BQ)

∣∣∣ < d

vol(BQ)
ε for all i = 0, . . . , n.

This finishes the proof, as ε was arbitrary.

Theorem 2.2.70. Let D0, . . . ,Dn be arithmetic R-divisors of C0-type on X with
D0 = (div(2), 0). Fix ε > 0, a closed strict subscheme Z ⊂ X = X ⊗Q, and a linear
functional

l : ADivR(X )→ R,

which is non-negative on effective arithmetic R-divisors of C0-type, zero on principal
arithmetic R-divisors of C0-type, and sends D0 to log(2). Then there exists a closed
point x ∈ X \ Z such that for all i = 0, . . . , n

|hDi
(x)− l(Di)| < ε.

Proof. Put M := max(|l(D0)|, . . . , |l(Dn)|). Let V be the real span of classes of
D0, . . . ,Dn,M in N̂1(X ), where M is some big arithmetic R-divisor of C0-type in
ADivR(X ). Let V + be the (euclidean) closure of the subset of classes of big arithmetic
R-divisors of C0-type from V . It is a convex closed cone that does not contain any
line in V by Theorem 2.2.47. Moreover, D0 is effective, hence by Lemma 2.2.40 it lies
in V +. Thus, by Lemma 2.2.66 we can approximate l (by the assumptions it is well
defined on V ) arbitrarily close by linear functionals strictly positive on V + \ {0} and
non-decreasing the value on D0. Since ε is arbitrary in the statement of the theorem,
we can without loss of generality replace l with sufficiently good approximation, so we
assume that l is strictly positive on V + \ {0}, l(D0) = log(2) + ε′ for some 0 ≤ ε′ < ε,
and that max(|l(D0)|, . . . , |l(Dn)|) < 2M .

We use Lemma 2.2.67 with α = v̂ol
1/(d+1)

and V +, V, l as above. Note that the
assumptions of the lemma are satisfied by Theorem 2.2.54 and by Lemma 2.2.65 which
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implies that (V +)o is the set of classes of big arithmetic R-divisors of C0-type in V .
Thus there exists p ∈ (V +)o such that

Dpα

α(p)
=

l

l(p)
.

If B represents the class of p, then by Theorem 2.2.54 we get

⟨Bd⟩
v̂ol(B)

=
l

l(B)
.

By Proposition 2.2.68 there is a blowup f : X ′ → X and an ample arithmetic
Q-divisor of C∞-type B′ on X ′ such that the following hold:

• vol(B′
Q) > v̂ol(B)

2(d+1)ζ(B) =: A;

• |⟨Bd⟩Di − B
′d · f ∗Di| < Aε for all i = 1, . . . , n.

Now, we can use Proposition 2.2.69 for the ample arithmetic Q-divisor of C∞-
type B′ and arithmetic R-divisors of C0-type f ∗D0, . . . , f

∗Dn to find a closed point
x′ ∈ X ′ \ f−1(Z) (where X ′ := X ′ ⊗Q) which satisfies

∣∣∣hf∗Di
(x′)− B

′d · f ∗Di
vol(B′

Q)

∣∣∣ < ε for all i = 0, . . . , n.

By putting the above equations and inequalities together we get that for any natural
i smaller or equal n we have∣∣∣hf∗Di

(x′)− v̂ol(B)

vol(B′
Q)l(B)

· l(Di)
∣∣∣ < (1 +

A

vol(B′
Q)

)
ε < 2ε. (2.2)

Let C := v̂ol(B)
vol(B′

Q)l(B)
. Applying the last inequality for i = 0 we get

| log(2)− C(log(2) + ε′)| = |hf∗D0
(x′)− C · l(D0)| < 2ε,

because of Lemma 2.2.32. Thus by Lemma 2.2.71 we get that |C − 1| < 3ε/ log(2).
Recall that max(|l(D0)|, . . . , |l(Dn)|) < 2M . By using the bound on |C − 1| in Equa-
tion (2.2) we get

|hf∗Di
(x′)− l(Di)| <

(
2 +

6M

log(2)

)
ε.

Let x = f(x′) ∈ X. By Lemma 2.2.33 we have hf∗Di
(x′) = hDi

(x). Since M is
independent of ε (it only depends on the initial data), this finishes the proof of the
theorem.
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Lemma 2.2.71. Let C, ε > 0, ε > ε′ ≥ 0 and assume that |1 − C(1 + ε′)| < 2ε.
Then |C − 1| < 3ε.

Proof. Skipped.

Remark 2.2.72. From the proof of Theorem 2.2.70 it follows that any functional l
satisfying the assumptions, can be approximated (in the pointwise convergence topol-
ogy) by functionals that are of the form D 7→ Bd · f ∗D, where B is an arithmetically
ample Q-divisor of C∞-type on a blowup of X , of degree one.

Note that from the proof of Theorem 2.2.70 it follows that l does not have to be
defined on the whole space ADivR(X ). However, by the M.Riesz extension theorem
it does not give a more general statement, see Subsection 2.3.3 and Corollary 2.3.28.

2.3 Applications in globally valued fields

2.3.1 Lattice divisors and globally valued field functionals

Fix a finitely generated field extension Q ⊂ F for this subsection.

Definition 2.3.1. We call X an F -model, if it is a generically smooth, normal
arithmetic variety together with an isomorphism κ(X ) ≃ F . The system of F -models
together with morphisms respecting isomorphisms of function fields with F is filtered.
We use the following notations for direct limits of various groups of divisors with
respect to this filtering

ADivK(F ) := lim−→ADivK(X ) for K = Z,Q or R;

RDivK(F ) := lim−→RDivK(X ) for K = Z,Q or R;

N̂1(F ) := lim−→ N̂1(X ).

We write ADiv0
K(X ) for the group of arithmetic K-divisors of C0-type such that the

underlying divisor is 0. This space can be naturally identified with the set of C0-type
functions on X (C). We define

ADiv0
K(F ) := lim−→ADiv0

K(X ) for K = Z,Q or R.

Note that ADiv0
K(F ) has a norm induced by the supremum norms on C0-functions

on (analytifications of) F -models. We use notation ∥ · ∥sup for this norm.
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Remark 2.3.2. Note that there is a natural exact sequence

0 −→ RDivR(F ) −→ ADivR(F ) −→ N̂1(F ) −→ 0.

Next we introduce a lattice structure on the space of arithmetic divisors on F -
models. This structure has also been used in [77, 67] using the language of (generalised
or b-) Weil functions.

Definition 2.3.3. Let D, E ∈ ADivQ(F ) and assume that X is an F -model such that
D, E ∈ ADivQ(X ). We define the lattice infimum D ∧ E of D = (D, g) and E = (E , h)

in the following way.

1. Assume that D, E are effective Cartier divisors on X and that D∩E is a Cartier
divisor. Then we put D ∧ E := (D ∩ E ,min(g, h)) as an element of ADivQ(F ).

2. Assume that D, E are effective Cartier divisors on X . Let X ′ be an F -model
over X such that the intersection of the pullbacks of D, E to X ′ is a Cartier
divisor. Then use the above definition on X ′.

3. Assume that D, E are Cartier divisors on X . By Lemma 2.2.27 there exists an
effective Cartier divisor A on X such that D+A, E +A are effective. Equip A
with an A-Green’s function a on X . We can do this by Lemma 2.2.42. Define
D ∧ E := ((D +A) ∧ (E +A))−A for A = (A, a).

4. Assume that D, E are Q-Cartier divisors on X . Let n be a natural number such
that nD, nE are Cartier divisors on X . Put D ∧ E := 1

n
(nD ∧ nE).

We say that D ∧ E can be calculated on X , if we do not have to pass to a model
X ′ above X to define it. More precisely, this means that there is natural number n
and an effective Cartier divisor A on X such that nD, nE are arithmetic Z-divisors
of C0-type and the intersection (nD +A) ∩ (nE +A) is a Cartier divisor on X .

Moreover, if D, E are Q-Cartier divisors on X , we define D ∧ E using the same
procedure.

Remark 2.3.4. Let X ,X ′ be F -models with a morphism f : X ′ → X , and let
D, E ∈ ADivQ(X ). If D∧E can be calculated on X , then f ∗D∧f ∗E can be calculated
on X ′. Indeed, it is enough to take a natural number n and a Cartier divisor A on
X as in Definition 2.3.3, and consider the pullback f ∗A on X ′.

Lemma 2.3.5. The lattice structure on ADivQ(F ) is well defined and does not
depend on the choices in the definition.
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Proof. Fix the notation from Definition 2.3.3. We check point by point, that the
procedure does not depend on the choices made.

1. Assume that D, E are effective Cartier divisors on X such that D ∩ E is an
effective Cartier divisor. We need to show that min(g, h) is a (D ∩ E)-Green’s
function on X . Let SpecA ⊂ X be an open subset where D, E ,D ∩ E are given
respectively by d, e, f and assume that x, y, d′, e′ ∈ A are such that d = fd′, e =

fe′, f = xd+ ye. Note that f · (1− (xd′ + ye′)) = 0, so f = 0 or xd′ + ye′ = 1,
as A is an integral domain. If f = 0, then d = e = 0 and this cannot happen.
We must show that the function

min(g(p), h(p)) + log |f |2(p)

extends to a C0-type function on (SpecA)(C). By the assumption we know
that functions

g(p) + log |d|2(p) and h(p) + log |e|2(p)

extend to a C0-type functions on (SpecA)(C). Note that

g(p) + log |d|2(p) = g(p) + log |f |2(p) + log |d′|2(p),

h(p) + log |e|2(p) = h(p) + log |f |2(p) + log |e′|2(p).

Thus it is enough to show that for every p ∈ (SpecA)(C) we have |d′|(p) ̸= 0

or |e′|(p) ̸= 0. However, xd′ + ye′ = 1, so if d′(p) = e′(p) = 0, then 0 =

x(p)d′(p) + y(p)e′(p) = 1 which gives a contradiction.

2. Assume that D, E are effective Cartier divisors on X and let X ′,X ′′ be F -models
over X where intersections of pullbacks of D, E are Cartier divisors. Without
loss of generality X ′′ is over X ′. Consider open sets SpecC → SpecB → SpecA

inside X ′′ → X ′ → X respectively, and assume that D, E have local equations
d, e ∈ A on Spec(A). Assume also, that on SpecB we have (d, e) = (f) for some
f ∈ B. Let x, y, d′, e′ ∈ B be elements such that d = fd′, e = fe′, f = xd + ye.
The same equations hold in C (for pullbacks), so (d, e) calculated in SpecB

and pulled back to SpecC is the same as (d, e) calculated in SpecC. Note that
to define the Green’s function for the intersection of pullbacks of D, E on X ′′

one can take the minimum of pullbacks of g, h to X ′′, or the pullback of the
minimum of pullbacks of g, h on X ′.
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3. Assume that D, E are Cartier divisors on X and let A,B be effective Cartier
divisors on X with D+A, E+A effective. Replace X by an F -model X ′ over X
where (D+A)∩ (E +A) is an effective Cartier divisor. To prove independence
of A in the definition of the lattice infimum (point 3.) it is enough to show that
for any effective Cartier divisor B on X ′ we have

((D +A) ∩ (E +A))−A = ((D +A+ B) ∩ (E +A+ B))− (A+ B).

To ease the notation, replaceD+A, E+A byD, E respectively. We want to prove
that D∩E = ((D+B)∩ (E +B))−B assuming that D, E ,D∩E ,B are effective
Cartier divisors on X . Let SpecA ⊂ X be an open subset where the effective
Cartier divisors from the previous sentence are given respectively by d, e, f, b ∈
A. Also, assume that SpecA is chosen so that there are x, y, d′, e′ ∈ A such
that d = fd′, e = fe′, f = xd + ye. Note that then bd = bfd′, be = bfe′, bf =

xbd + ybe, hence (bf) = (be, bd), which gives the desired result. The fact that
the (D ∩ E)-Green’s function on X does not depend on A follows from the fact
that for real-valued functions g, h, j we have min(g + j, h+ j) = min(g, h) + j.

4. Finally, assume that D, E are Q-Cartier and let n ̸= 0 be a natural number
such that nD, nE are Cartier divisors on X . Fix a natural number m ̸= 0.
We need to show that using the point 3. of Definition 2.3.3 we get (nD) ∧
(nE) = 1

m
((mnD) ∧ (mnE)). Replace D, E by nD, nE respectively, to assume

that n = 1. By the previous points in this lemma, it is enough to prove that
if D, E are effective Cartier divisors on X with D ∩ E effective Cartier, then
(mD)∩(mE) = m(D∩E). Let SpecA ⊂ X be an open subset where D, E ,D∩E
are given respectively by d, e, f and assume that x, y, d′, e′ ∈ A are such that
d = fd′, e = fe′, 1 = xd′ + ye′ (see point 1. in this lemma). Note that

1 = (xd′ + ye′)2m =
2m∑
i=0

(
2m

i

)
xiy2m−i(d′)i(e′)2m−i ∈ ((d′)m, (e′)m).

Thus, from the fact that dm = fm(d′)m, em = fm(e′)m, we get that (dm, em) =

(fm), which finishes the proof. The fact that the (D∩E)-Green’s function on X
does not depend on m follows from the fact that min(mg,mh) = mmin(g, h).

Recall that in Definition 2.2.23 we have introduced a pairing β(v,D) between
valuations v on F and arithmetic R-divisors D ∈ ADivR(X ) on an F -model X .
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Lemma 2.3.6. Let v be a valuation on F . If D ∈ ADivR(F ), then the value β(v,D)

does not depend on the F -model on which D is defined. Moreover, the function
β(v,−) has the following properties:

1. it is R-linear,

2. for every D, E ∈ ADivQ(F ) we have β(v,D ∧ E) = min(β(v,D), β(v, E)).

Proof. The fact that β(v,D) does not depend on the F -model follows from the defi-
nition of pullback, see Remark 2.2.21. Linearity is clear. To prove the second point,
by Lemma 2.3.5 and R-linearity we can reduce to the following situation. Assume
that D, E are arithmetic Z-divisors on X with D, E ,D ∩ E effective Cartier. If v is
Archimedean, the statement follows from the definition, so assume that v is non-
Archimedean. Let p = supp(v) ∈ X and let SpecA ⊂ X be an open neighbourhood
of p where D, E ,D ∩ E are given by d, e, f ∈ A respectively. Assume additionally
that x, y, d′, e′ ∈ A are such that d = fd′, e = fe′, 1 = xd′ + ye′ (see point 1. in
Lemma 2.3.5). We need to show that v(f) = min(v(d), v(e)). Note that

0 = v(1) = v(xd′ + ye′) ≥ min(v(x) + v(d′), v(y) + v(e′)) ≥ min(v(d′), v(e′))

and
v(d) = v(f) + v(d′), v(e) = v(f) + v(e′).

Note that if v(d′), v(e′) > 0, then 0 ≥ min(v(d′), v(e′)) > 0, which gives a contradic-
tion. Thus one of v(d′), v(e′) has to be zero, and we get the result.

Lemma 2.3.7. Let X be an F -model with a closed point in the generic fiber x ∈ X =

XQ. Let D, E ,A be arithmetic Z-divisors of C0-type on X such that A,A+D,A+ E
are effective and (A+D) ∩ (A+ E) is principal, so that D ∧ E can be calculated on
X . Assume that x does not belong to the support of any of D, E ,A,A + D,A + E
and let v be a valuation on κ(x). Then

d̂egv(D ∧ E|{x}) = min(d̂egv(D|{x}), d̂egv(E|{x})).

Proof. We skip this proof. It is almost the same as the proof of Lemma 2.3.6.

Definition 2.3.8. We denote by LDivQ(F ) the Q-vector space generated by Q-
vector and lattice operations from principal arithmetic Z-divisors d̂iv(f), for f ∈ F .
We call these lattice divisors on F . For an F -model X we denote by LDivQ(X ) the
inverse image of lattice divisors on F via the natural map ADivQ(X ) → ADivQ(F ).
We denote by LDiv0

Q(F ),LDiv0
Q(X ) the subspaces where the corresponding divisor is

0.
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Remark 2.3.9. In the above definition we use the same name and notation as in
Definition 1.5.1. This is because both (divisible) group lattices are canonically isomor-
phic. Indeed, from the universal property, there is a surjective group lattice morphism
from ULatQ(F ) to the Arakelov lattice divisors LDivQ(F ) from Definition 2.3.8. Fur-
thermore, by Remark 2.2.35 together with Corollary 1.5.17, the kernel is the same is
in Definition 1.5.1.

Definition 2.3.10. Let l be a linear functional on a (real or rational) vector sub-
space of ADivR(F ) (resp. Q or R-linear). We call l a globally valued field functional
(abbreviated GVF functional), if it satisfies the following properties:

• it maps principal R-divisors of C0-type in its domain to 0,

• it is non-negative on effective arithmetic R-divisors of C0-type in its domain.

Moreover, we call l normalized, if its domain contains a pullback of a non-principal
arithmetic R-divisor of C0-type D on Spec(Z) and l sends it to d̂eg(D). Here we mean
the arithmetic degree from Theorem 2.2.44 or equivalently the arithmetic degree from
Definition 2.2.30, for the arithmetic variety Spec(Z).

Note that this is as in Definition 1.6.3, however here the domain is more general.

Proposition 2.3.11. Let X be an F -model. Then LDiv0
Q(X ) is a dense subset of

ADiv0
R(X ) with respect to the supremum norm.

Proof. Identify ADiv0
R(X ) with continuous real-valued functions on X (C)/F∞. By

the Stone–Weierstrass theorem (max-closed), it is enough to check the following:

• a constant non-zero function is in LDiv0
Q(X );

• if g ∈ LDiv0
Q(X ), then ag ∈ LDiv0

Q(X ) for a ∈ Q;

• if g, h ∈ LDiv0
Q(X ), then g + h,max(g, h) ∈ LDiv0

Q(X );

• the algebra LDiv0
Q(X ) separates points of X (C)/F∞.

For a constant non-zero function we can take d̂iv(2) ∧ d̂iv(1). The second and third
points are automatic. Now we prove the last point. Fix an embedding X ⊂ PnZ and
assume that X is not contained in any hyperplane. Pick

x, y ∈ X (C) ⊂ PnZ(C) = {[z0 : · · · : zn]|(∃i = 0, . . . , n)(zi ̸= 0)}

123



which have different conjugation classes. Assume that x0 = y0 = 1 (possibly after a
change of coordinates of PnZ). Let i, i′ be indexes among 1, . . . , n such that xi ̸= yi

and xi′ ̸= yi′ . Note that we can without loss of generality assume that i′ = i. Indeed,
if xi = yi and xi′ = yi′ , then we can change the coordinates of PnZ so that the new i’th
coordinate is a sum of the i’th and i′’th coordinate, and other coordinates stay the
same. The new i’th coordinates of x and y become xi + xi′ , xi + xi′ respectively, and
they have different conjugation classes as xi, xi′ ∈ C \ R.

Let X0, . . . , Xn be the natural projective coordinates on PnZ and denote by fj the
restriction of Xj

X0
to X , for each j = 0, . . . , n. This makes sense as X is not contained

in any hyperplane. Let E be the lattice divisor on F defined by the formula

E := d̂iv(1) ∧ d̂iv(f1) ∧ · · · ∧ d̂iv(fi−1) ∧ d̂iv(fi+1) ∧ · · · ∧ d̂iv(fn).

Pick natural numbers a, b such that the following hold:

1.
∣∣∣xi+axi+b

∣∣∣ ̸= ∣∣∣yi+ayi+b

∣∣∣;
2. for c = a or c = b we have

|xi + c| > 1, |x1|, . . . , |xn|;

|yi + c| > 1, |y1|, . . . , |yn|.

Such exists by Lemma 2.3.13 with N big enough. Consider the following lattice
divisor on F

D := −(E ∧ d̂iv(fi + a)) + (E ∧ d̂iv(fi + b)).

Let X ′ be an F -model over X with D ∈ LDivQ(X ′). Let v be a non-Archimedean
valuation on F .

Claim 2.3.12. The equality β(v,D) = 0 holds.

Proof of the claim. By Lemma 2.3.6 it is enough to show that

min({v(fj) : j ̸= i} ∪ {v(fi + a)}) = min({v(fj) : j ̸= i} ∪ {v(fi + b)}),

where j above varies form 0 to n with f0 = 1. This follows from the ultrametric
inequality for non-Archimedean valuations.
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In particular, the Weil decomposition of D is trivial, hence D = 0 as X ′ is normal.
Thus D = (0, g) for some C0-type function g on X ′(C). Consider the function H

defined by the formula

−min({− log |zj| : j ̸= i}∪{− log |zi+az0|})+min({− log |zj| : j ̸= i}∪{− log |zi+bz0|}),

for [z0 : · · · : zn] ∈ PnZ(C). Note that it is a C0-type function on PnZ(C) (it does
not depend on the representative of a point) and it restricts to a C0-type function
h := H|X (C) on X (C). By Lemma 2.3.6 and Definition 2.2.23, for points p ∈ X ′(C)

factoring through the inclusion Spec(F ) → X ′ (note that those are the same for X
and X ′), we have

g(p) = −min({− log |fj|(p) : j ̸= i} ∪ {− log |fi + a|(p)})

+ min({− log |fj|(p) : j ̸= i} ∪ {− log |fi + b|(p)})

= −min({− log |zj|(p) : j ̸= i} ∪ {− log |zi + az0|(p)})

+ min({− log |zj|(p) : j ̸= i} ∪ {− log |zi + bz0|(p)})

= H(p) = h(p),

where the second inequality holds as fi = Xi

X0
|X and for p as above z0(p) ̸= 0. Since

g, h are continuous, g must be a pullback of h to X ′(C), as those agree on a dense
subset. Thus (0, h) ∈ LDivQ(X ). Moreover, by the choice of a, b we get that

h(x) = log

∣∣∣∣xi + a

xi + b

∣∣∣∣ ̸= log

∣∣∣∣yi + a

yi + b

∣∣∣∣ = h(y).

This finishes the proof.

Lemma 2.3.13. Let x ̸= y ∈ C be such that Im(x), Im(y) ≥ 0. Let N be a natural
number. Then there are natural numbers a, b > N such that∣∣∣∣x+ a

x+ b

∣∣∣∣ ̸= ∣∣∣∣y + a

y + b

∣∣∣∣
Proof. Skipped.

Lemma 2.3.14. Every GVF functional

ADivQ(F )→ R

extends uniquely to a GVF functional

ADivR(F )→ R.
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Proof. By Lemma 2.2.28 we get the uniqueness. For existence, use Proposition 2.2.41
to get surjectivity of the natural map ADivQ(F ) ⊗ R → ADivR(F ) and for the fact
that the real span of the image of the effective cone of ADivQ(F ) spans the effective
cone in ADivR(F ).

Lemma 2.3.15. Let D be a Q-Cartier divisor on an F -model X . Then there exists
an F -model X ′ over X and an a D-Green’s function g on X ′ such that (D, g) ∈
LDivQ(X ′).

Proof. By presenting D as a rational number times a difference of two very ample
Cartier divisors, we can reduce to the case where D is very ample. In particular it
is globally generated. Pick a basis f1, . . . , fn ∈ H0(X ,D) of rational functions with
poles at most given by D.

Claim 2.3.16. D +
∧n
i=1 div(fi) = 0.

Proof of the claim. Recall that for a Cartier divisor D by rational functions with poles
at most given by D we mean

H0(X ,D) = {0} ∪ {f ∈ κ(X )× | D + div(f) ≥ 0}.

Note that {D+ div(f) | f ∈ H0(X ,D)} is the set of effective Cartier divisors linearly
equivalent to D. The fact that O(D) is globally generated implies that for every
p ∈ X there is E ∈ {D + div(fi) | i = 1, . . . , n} such that p ̸∈ E . Thus the ideal
defining E is (1) at p. Since p was arbitrary, we get that the sum of ideals of effective
Cartier divisors Ei = D + div(fi) is (1). By the definition this means that (possibly
passing to a blowup X ′ of X )

0 =
∧

i=1,...,n

(D + div(fi)) = D +
∧

i=1,...,n

div(fi),

which finishes the proof of the claim.

Thus, we can put D := −
∧n
i=1 d̂iv(fi) and this gives a desired D-Green’s function

g on X ′.

Proposition 2.3.17. Every GVF functional

LDivQ(F )→ R

extends uniquely to a GVF functional

ADivR(F )→ R.
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Proof. Let l : LDivQ(F ) → R be a GVF functional. By Lemma 2.3.14 it is enough
to show that l has a unique extension to ADivQ(F ). Pick D ∈ ADivQ(F ) and let
X be a generically smooth, normal, arithmetic variety with κ(X ) ≃ F such that
D ∈ ADivQ(X ). Let D = (D, g) on X . By Lemma 2.3.15 (possibly replacing X by
an F -model over it) there is a D-Green’s function g′ on X with (D, g′) ∈ LDivQ(X ).
The value of l on (D, g′) is determined, so it is enough to define (and show uniqueness
of) the value of the extension at (0, g − g′) ∈ ADivQ(X ). Let h be the continuous
extension of g−g′ to X (C). By Proposition 2.3.11 there is a pair of Green’s functions
for the 0 divisor g1, g2 on X such that:

• g1 ≤ h ≤ g2,

• 0 ≤ g2 − g1 < ε,

• (0, g1), (0, g2) ∈ LDivQ(X ).

To find these Green’s functions, take g1 approximating h− 1
4
ε up to 1

4
ε and similarly

with g2. Hence, any GVF extension of l assigns a value between l((0, g1)) and l((0, g2))
to (0, h). Moreover,

|l((0, g2))− l((0, g1))| = |l((0, g2 − g1))| < ε|l((0, 1))|.

Take a sequence εn → 0 and for each εn pick (g1)n, (g2)n as above, such that (g1)n

is increasing and (g2)n is decreasing (one can do it since LDivQ(F ) is closed under
maximum and minimum). For any GVF extension of l, we must have l((0, h)) =

limn l((0, (gi)n) for i = 1, 2.
This proves that if an extension exists, it has to be given by the above construc-

tion. To prove existence one can either show that the above definition gives a GVF
functional, or use the Riesz extension theorem (i.e., Theorem 2.3.26) to get one.

Corollary 2.3.18. There is a natural bijection:{
GVF functionals ADivR(F )→ R

}
←→

{
GVF structures on F

}
l 7−→

(
Rl
t(a) := l(Dt(a))

)
t

where Dt(a) = t(d̂iv(a)) if a is a tuple from F× and t is a Q-tropical polynomial.

Proof. As indicated in Section 1.8, this follows from Theorem 1.7.7 and Proposi-
tion 2.3.17 (see also Remark 2.3.9).
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Remark 2.3.19. One can generalise the above corollary to an arbitrary character-
istic zero field F . Indeed, recall that we call a generically smooth, normal arithmetic
variety X an F -submodel, if it is equipped with a fields embedding κ(X ) → F (as
in Section 1.2). We equip F -submodels with a category structure where a morphism
X → Y is a dominant map of arithmetic varieties that respects the field embeddings
into F . Then we put

ADivR(F ) = lim−→ADivR(X ),

where the limit is taken over the category of F -submodels with pullback maps on
arithmetic R-divisors of C0-type. A linear functional l : ADivR(F ) → R is called a
GVF functional, if the natural restriction to ADivR(X ) is a GVF functional for all
F -submodels X . In this case ADivR(F ) also has a lattice structure. Moreover, there
is a natural bijection{

GVF functionals ADivR(F )→ R
}
←→

{
GVF structures on F

}
l 7−→

(
Rl
t(a) := l(Dt(a))

)
Q-tropical polynomials t

where Dt(a) = t(d̂iv(a1), . . . , d̂iv(an)) if a = (a1, . . . , an).

2.3.2 Existential closedness of the algebraic numbers

In this section we prove the existential closedness of the algebraic numbers (with
the standard GVF structure). Let us start with setting some notation.

Example 2.3.20 (Number fields). Let K be a number field with the integer ring
OK . Then, for f ∈ K∗ we have the following product formula∑

p∈Spec(OK)

ordp(f) · log #κ(p) +
∑

σ:K→C

− log |σ(f)| = 0,

where in the first sum we only take closed points and the second sum is taken over
embeddings of fields. This yields a GVF structure on K induced by the measure

µ :=
1

[K : Q]

( ∑
p∈Spec(OK)

δordp · log #κ(p) +
∑

σ:K→C

δ− log |σ(−)|

)
.

This GVF structure is unique up to multiplication by a positive scalar by Lemma 1.10.2.
We denote it by K[1]. It extends the GVF structure on Q given by the same formula.
The composition of all finite extensions of Q yields the standard GVF structure on
Q denoted Q[1]. Note that this GVF structure is Galois-invariant, i.e., if a, a′ lie in
the same Galois orbit, then Rt(a) = Rt(a

′) for any Q-tropical polynomial t of the
corresponding arity.
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In Definition 1.12.1 we defined existential closedness for a general (discrete, un-
bounded) continuous logic structure. In the context of globally valued fields (with
the local terms presentation as in Definition 1.7.1), this specialises to the following.

Definition 2.3.21. Let F be a GVF. It is existentially closed, if for any GVF
extension F ⊂ K and for any finite tuple a in K the following condition holds: if
f1, . . . , fm ∈ F (x) and g1, . . . , gn, h ∈ F [x] satisfy

Rti(fi(a)) = ri for i = 1, . . . ,m;

g1(a) = · · · = gn(a) = 0;

h(a) ̸= 0;

(2.3)

for some Q-tropical polynomials t1, . . . , tm, then for any ε > 0 there is a tuple a′ in
F such that

|Rti(fi(a
′))− ri| < ε for i = 1, . . . ,m;

g1(a
′) = · · · = gn(a′) = 0;

h(a′) ̸= 0.

(2.4)

Note that by Proposition 1.10.5 (just by the existence part) an existentially closed
GVF must be algebraically closed.

Definition 2.3.22. Let F be a finitely generated extension of Q and fix an F -model
X . Let D1, . . . ,Dm be arithmetic Q-divisors of C0-type on X , and t be a Q-tropical
polynomial. We say that the inductive definition of t(D1, . . . ,Dm) can be calculated
on X , in the following cases:

• when t(x1, . . . , xn) = xi, we always say so;

• when t = α · t′, we say so if the inductive definition of t′(D1, . . . ,Dm) can be
calculated on X ;

• when t = t1 + t2, we say so if the inductive definitions of

t1(D1, . . . ,Dm), t2(D1, . . . ,Dm)

can be calculated on X ;

• when t = t1 ∧ t2, we say so if the inductive definitions of

D := t1(D1, . . . ,Dm), E := t2(D1, . . . ,Dm)

can be calculated on X , and D ∧ E can be calculated on X .
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Lemma 2.3.23. Let F = Q(a) be a finitely generated extension of Q and let X be an
F -model. Let D = t(d̂iv(f1(a)), . . . , d̂iv(fn(a))) for some Q-tropical polynomial t and
some rational functions f1, . . . , fn ∈ Q(y) (where y are some independent variables).
Assume that the inductive definition of D can be calculated on X . Let x ∈ XQ be a
sufficiently generic closed point. Then

hD(x) = Rt(f1(a)|x, . . . , fn(a)|x),

where on the right hand side, fi(a)|x is the evaluation of the rational function fi(a)

at x for every i = 1, . . . , n, and Rt is calculated with respect to the GVF structure
κ(x)[1].

Proof. Let µ be the standard GVF measure on Valκ(x) as described in Example 2.3.20
and let f = (f1, . . . , fn). We calculate

Rt(f(a)|x) =

∫
t(v(f(a)|x))dv =

∫
Valκ(x)

t(v(f(a)|x))dµ(v).

By Lemma 2.3.7 and induction, for a sufficiently generic x we get the equality with∫
Valκ(x)

d̂egv(D|{x})dµ(v) = hD(x),

where the last equality holds by Lemma 2.2.31.

Theorem 2.3.24. Q[1] is an existentially closed GVF.

Proof. We start with the following reduction.

Claim 2.3.25. To prove existential closedness of Q[1] it suffices to prove the following
statement:

(*) For every finitely generated GVF extension Q[1] ⊂ K generated by a tuple a,
if a satisfies Equations (2.3) in Definition 2.3.21 (with F = Q), then for any ε > 0

there exists a tuple a′ in Q[1] satisfying Equations (2.4).

Proof of the claim. Let Q[1] ⊂ K be a GVF extension and let a be a tuple in K.
Assume that it satisfies Equations (2.3) from Definition 2.3.21 (with F = Q). Let b
be an element in Q such that fi, gj, h are defined using parameters from Q(b) for all
i, j as in Definition 2.3.21. Fix ε > 0. Use the condition (*) for the finitely generated
extension Q[1] ⊂ Q(b, a) to get a tuple (b′, a′) satisfying Equations (2.4) (but with b′

replacing b in all functions fi, gj, h). Moreover, by adding some equations over Q, we
can assume that the minimal polynomial of b′ is the same as that of b. Let σ be an
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automorphism of Q taking b′ to b. Since the GVF structure Q[1] is Galois-invariant
(see Example 2.3.20) the tuple σ(a′) satisfies Equations (2.4), which finishes the proof
of the claim.

We prove (*) for a finitely generated GVF extension Q[1] ⊂ F = Q(a). By
uniqueness of finite GVF extensions of Q[1], we can assume that F is not algebraic
over Q. By Corollary 2.3.18 a GVF structure on F corresponds to a GVF functional
l : ADivR(F )→ R. Continuous logic predicates in Equations (2.3) correspond to some
finite family D1, . . . ,Dm ∈ LDivQ(X ) on some F -model X with l(Di) = Rti(f i(a)).
By possibly passing to a different F -model, we can assume that the inductive defini-
tions of these lattice arithmetic Q-divisors of C0-type can be calculated on X . We
can do this by Remark 2.3.4. Fix ε > 0. As F is of transcendence degree at least 1

over Q, we can use Theorem 2.2.70 to find a closed point x ∈ XQ satisfying

|hDi
(x)− l(Di)| < ε for i = 1, . . . , r

and being sufficiently generic so that one can apply Lemma 2.3.23. By putting a′ = a|x
we get

Rti(f i(a
′)) = Rti(f i(a)|x) = hDi

(x) for all i = 1, . . . , r.

This finishes the proof of (*) and hence proves that Q[1] is an existentially closed
GVF.

2.3.3 Essential infimum and GVF functionals

For this subsection, let F be a finitely generated extension of Q and let X be an
F -model. Assume that the transcendence degree of F over Q is d (in particular X is
of dimension d+ 1).

Theorem 2.3.26. (M.Riesz extension theorem) Let K be R or Q and work in the
category of K vector spaces. Let E be a vector space, W ⊂ E be a subspace, and let
K ⊂ E be a convex cone. Assume that a linear functional l0 : W → R non-negative
on W ∩K is given. If the condition

E ⊂ K +W

is satisfied, then there exists an extension l : E → R of ϕ, non-negative on K.
Moreover, l is unique, if for each e ∈ E and ε > 0, there are w,w′ ∈ W with
w − e, e− w′ ∈ K and l0(w − w′) < ε.

Proof. This is classical. For a proof, see [11, Lemma 5.8].

131



Corollary 2.3.27. Let V be a real vector subspace of ADivR(F ) containing a big
arithmetic R-divisor D of C0-type. Assume that we are given a GVF functional

l0 : V → R

Then there exists an extension l0 ⊂ l : ADivR(F )→ R to a GVF functional l.

Proof. Let W be the image of V under the projection π : ADivR(F ) → N̂1(F ).
Note that l0 factors through W as it is a GVF functional. Use Theorem 2.3.26 (the
existence part) with E = N̂1(F ) and K being the image of the cone of effective
arithmetic R-divisors of C0-type under π. Take a class of an arithmetic R-divisor of
C0-type E on an F -model X . Note that by Theorem 2.2.54, for a natural number n
we have (possibly by passing to a different F -model)

v̂ol(nD + E) = nd+1v̂ol(D +
1

n
E),

and limn v̂ol(D + 1
n
E) = v̂ol(D) > 0, so for n big enough F := nD + E is big. In

particular by Lemma 2.2.40 its π image is in K. Note that

E = F + (−nD),

and by the fact that π(E) ∈ E was arbitrary, we get an extension function N̂1(F )→ R
non-negative on classes of effective arithmetic R-divisors of C0-type. By composing
it with π we are done.

Corollary 2.3.28. Let D0, . . . ,Dn be arithmetic R-divisors of C0-type on X with
D0 = (div(2), 0). Denote by V the real vector space generated by D0, . . . ,Dn and
assume that one of D0, . . . ,Dn is big. Fix ε > 0, a closed strict subscheme Z ⊂ X =

X ⊗Q, and a normalised GVF functional

l : V → R,

Then there exists a closed point x ∈ X \ Z such that for all i = 0, . . . , n

|hDi
(x)− l(Di)| < ε.

Construction 2.3.29. Let B be a big arithmetic R-divisor of C0-type on an F -model
X ′. We define a linear functional lB : ADivR(F )→ R by the following formula.

lB : ADivR(F )→ R

E 7→ ⟨(ϕ∗B)d⟩ · E ,
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where E is an arithmetic R-divisor of C0-type on ϕ : X ′′ → X ′. By Lemma 2.2.46 lB
is well defined. Moreover, by Theorem 2.2.54 we have

⟨(ϕ∗B)d⟩ · E =
1

d+ 1
DBv̂ol(E) = lim

t→0+

v̂ol(ϕ∗B + tE)− v̂ol(ϕ∗B)

(d+ 1)t
.

But for effective E and t > 0 we have v̂ol(ϕ∗B + tE)− v̂ol(ϕ∗B) ≥ 0, see the proof of
Lemma 2.2.40. Thus lB(E) ≥ 0 and so lB is in fact a GVF functional. Note that if B
is nef, then lB(E) = (ϕ∗B)d · E by Remark 2.2.53.

Lemma 2.3.30. Let D be an arithmetic R-divisor of C0-type on X . Then D is
pseudo-effective if and only if the following holds.

For all GVF functionals l : ADivR(F )→ R we have l(D) ≥ 0.

Moreover, D is principal if and only if it satisfies the following.

For all GVF functionals l : ADivR(F )→ R we have l(D) = 0.

Proof. We start with the first characterisation. Assume that D is pseudo-effective
and let B be a big arithmetic R-divisor of C0-type. Then for every δ > 0 we have
v̂ol(D + δB) > 0, so if l is a GVF functional on ADivR(F ) we have

l(D) = lim
δ→0+

l(D + δB) ≥ 0,

where the last inequality follows from Lemma 2.2.40. On the other hand, if D is
not pseudo-effective, by Theorem 2.2.47 there is an F -model π : X ′ → X with a nef
arithmetic R-divisor H such that Hd · π∗D < 0. By Construction 2.3.29, l = lH is a
GVF functional, and it satisfies l(D) < 0 which finishes the proof.

To prove the other characterisation, it is enough to prove that if all GVF func-
tionals vanish on D, then D is principal. Note that by the first part of the lemma we
get that D is pseudo-effective. Now the result follows from Theorem 2.2.47 and the
proof of the first characterisation.

Remark 2.3.31. Fix the notation from Lemma 2.3.30 and let D0 = (div(2), 0).
Note that in both characterisations we could in fact check the corresponding condition
only for normalised GVF functionals. Indeed, assume that the first condition holds for
normalised GVF functionals on ADivR(F ). Take any GVF functional l : ADivR(F )→
R. If l(D0) ̸= 0, we can rescale it (using a positive scalar as D0 is effective) to be
normalised, so l(D) ≥ 0. If l(D0) = 0, we can take any normalised GVF functional l′

on ADivR(F ) and if we had l(D) < 0, then for n big enough (l′ + nl)(D) < 0, which
gives a contradiction.
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By unravelling the proof of the first part of the below theorem, one can see that
it is essentially the same as the proof of [64, Theorem 4.6] (but using Theorem 2.2.14
instead of [64, Theorem 3.9]). We decided to include this theorem here to underline
the new interpretation of ζ using GVF functionals.

Theorem 2.3.32. [64, Theorem 4.6] Let D be an arithmetic R-divisor of C0-type
on X . Then

ζ(D) ≤ inf{l(D) : l is a normalised GVF functional on ADivR(F )}.

Moreover, if DQ is big, this is an equality.

Proof. For the first part, assume that there is a normalised GVF functional l :

ADivR(F ) → R such that l(D) = r. Fix a closed strict subscheme Y ⊂ X and
ε > 0. By Theorem 2.2.70 there is a closed point x ∈ X = XQ such that x ̸∈ Y and
|hD(x) − l(D)| < ε. We can use the theorem because l is normalised. Since Y was
arbitrary, we get

ζ(D) = sup
Y⊂X

inf
x∈X\Y(Q)

hD(x) ≤ r + ε.

As l and ε were arbitrary, we get the desired inequality.
For the other part, by Lemma 2.2.63 (using bigness of DQ) we have

ζ(D) ≥ sup{r : D − r

log 2
· D0 is pseudo-effective},

for D0 = (div(2), 0). By Lemma 2.3.30 we know that for any fixed r ∈ R

D − r

log 2
· D0 is pseudo-effective

if and only if for all GVF functionals l : ADivR(F )→ R we have l(D− r
log 2
· D0) ≥ 0.

Note that for a normalised GVF functional l : ADivR(F )→ R we have

l(D − r

log 2
· D0) = l(D)− r,

so this expression is ≥ 0 if and only if l(D) ≥ r. By Remark 2.3.31 we get that

ζ(D) ≥ sup{r : (∀l)(l(D) ≥ r)},

where we quantify over all normalised GVF functionals l on ADivR(F ). This gives
the desired equality in the case where DQ is big.

As a corollary one gets [64, Theorem 1.4] which is equivalent to [3, Corollary 4.2]
without the semi-positivity assumption.
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Corollary 2.3.33. [64, Theorem 1.4] Let D be an arithmetic R-divisor of C0-type
on X with DQ big and let D0 = (div(2), 0). Then

ζ(D) = sup{r : D − r

log 2
· D0 is pseudo-effective}.

Proof. Note that by Lemma 2.2.63

ζ(D) ≥ r ⇐⇒ ζ(D − r

log 2
D0) ≥ 0,

which by Theorem 2.3.32 is equivalent to the inequality inf l(l(D)− r
log 2

) ≥ 0 where the
infimum is taken over all normalised GVF functionals on ADivR(F ). By Lemma 2.3.30
this is equivalent to D − r

log 2
D0 being pseudo-effective, which finishes the proof.

Construction 2.3.34. Let D ∈ ADivR(F ) be big. Note that then DQ is big by
Lemma 2.2.40. Let

φ(E) =
v̂ol(E)

(d+ 1) vol(EQ)

for E ∈ ADivR(F ) with big EQ. Note that it is well defined since both v̂ol and vol

are invariant under birational pullbacks (see Lemma 2.2.48 and [49] for vol). By
differentiability of v̂ol from Theorem 2.2.54 and differentiability of vol proved in [15,
Theorem A] we get a linear functional

DDφ : ADivR(F )→ R

which is the Gateaux derivative of φ calculated on an appropriate F -model. This
linear functional is normalised and zero on principal arithmetic R-divisors of C0-type,
but is not necessarily a GVF functional.

Lemma 2.3.35. Let D be a big arithmetic R-divisor of C0-type on X . Then there
exists a normalised GVF functional l : ADivR(F )→ R such that ζ(D) = l(D).

Proof. We give two proofs. First, we can find a sequence of normalised GVF func-
tionals ln on ADivR(F ) with limn ln(D) = ζ(D) by Theorem 2.3.32. Pick a bound
C > 0 such that ln(D) < C for all natural n. Let E ∈ ADivR(F ). As in the proof of
Corollary 2.3.27, take a natural number m such that mD−E ,mD+ E are big. Then
for all GVF functionals l on ADivR(F ) with l(D) ≤ C we have

−Cm ≤ l(E) ≤ Cm.
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Denote by m = mE a number suitable for E . We get that the set of normalised GVF
functionals l on ADivR(F ) with l(D) ≤ C embeds as a closed subset into∏

E∈ADivR(F )

[−CmE , CmE ].

This product is compact, so we can find a subnet of (ln)n∈N converging to a desired
normalised GVF functional.

Another way to construct such a normalised GVF functional is to consider the
vector space V generated by D0 = (div(2), 0) and D in ADivR(F ). Next, define l
on V by putting l(D0) := log(2), l(D) := ζ(D). By Corollary 2.3.33 we get that l is
a GVF functional, and by Corollary 2.3.27 it has an extension to ADivR(F ), which
finishes the second proof.

Theorem 2.3.36. Let D be a big arithmetic R-divisor of C0-type on X . Consider
the statements:

(1) φ(D) = ζ(D);

(2) DDφ is a GVF functional;

(3) the infimum

ζ(D) = inf{l(D) : l is a normalised GVF functional on ADivR(F )}

is achieved at the unique normalised GVF functional;

(4) ζ is Gateaux differentiable at D in every direction.

Then (1) ⇐⇒ (2) =⇒ (3) ⇐⇒ (4).

Proof. Let E ∈ ADivR(F ). Note that for small real t the arithmetic R-divisor of
C0-type D + tE is big. Let l0 be a normalised GVF functional on ADivR(F ) with
l0(D) = ζ(D). Such exists by Lemma 2.3.35. For real t > 0 small enough we then
have

ζ(D + tE)− ζ(D)

t
≤ l0(D + tE)− l0(D)

t
= l0(E). (2.5)

To get the above inequality we use Theorem 2.3.32. Now we pass to proving equiva-
lence of the conditions in the theorem.

(1)⇒ (2) : Assuming φ(D) = ζ(D), by Theorem 2.2.64 we get

φ(D + tE)− φ(D)

t
≤ ζ(D + tE)− ζ(D)

t
≤ l0(E).
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Taking t → 0+ we get that DDφ ≤ l0, but since they are linear (in particular odd)
this implies that DDφ = l0 is a GVF functional.

(2)⇒ (1) : From Theorem 2.3.32 we then get that ζ(D) ≤ DDφ(D) = φ(D) which
together with Theorem 2.2.64 gives the equality.

(1)⇒ (4) : From the proof of (1)⇒ (2) we get that

l0(E) = DDφ(E) ≤ lim
t→0+

ζ(D + tE)− ζ(D)

t
≤ l0(E).

For the negative t replace E by −E .
(4)⇒ (3) : By taking the limit t→ 0 in Equation (2.5) we get

DDζ(E) ≤ l0(E).

Since both maps are linear, we get DDζ = l0, hence the uniqueness of l0 follows.
(3)⇒ (4) : Let V be the real vector subspace generated by D0 = (div(2), 0),D, E

in ADivR(F ). If the classes of D0,D, E are linearly dependent in N̂1(F ), then differ-
entiability of ζ at D in direction E follows from Lemma 2.2.62 and Lemma 2.2.63.
Assume that those classes are linearly independent. Let V + be the (euclidean) clo-
sure of the big cone in V and pick a hyperplane P in V containing D0,D, such that
Q := P ∩V + is a compact convex set. This is possible as V + does not contain a line.
By assumption and Theorem 2.3.26 we know that l0 restricted to P is the unique
affine function l on P having the following properties:

• l(D0) = log(2),

• l(D) = ζ(D),

• l is non-negative on Q.

Consider the function f(t) = ζ(D + tE) on a neighbourhood of 0. It is concave by
Lemma 2.2.62. We now show that if f is not differentiable at zero, then we can find
a different affine function l having the listed properties. By moving the hypersurface
P and rescaling D0,D, E we can without loss of generality assume that D0,D, E ∈ P .
In other words

P = {aD0 + bD + cE : a+ b+ c = 1}.

Fix coordinates on P so that D0 is the zero and the basis vectors are e1 = D−D0, e2 =

E − D0. Consider the function

g(ε) := sup{r : D + εe2 + re1 is pseudo-effective}.
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There is a positive t such that g : (−t, t)→ R is a concave function, as Q is a compact
convex set. Note that

D + εe2 + re1 = (1 + r)D + εE − (r + ε)D0.

By Corollary 2.3.33 we know that D + εe2 + re1 is pseudo-effective if and only if
ζ(D+ εe2 + re1) ≥ 0, which by the above calculation and Lemma 2.2.63 is equivalent
to

ζ(D + εe2 + re1) = ζ((1 + r)D + εE)− (r + ε) log(2)

= (1 + r)ζ(D +
ε

1 + r
E)− (r + ε) log(2) = (1 + r)f(

ε

1 + r
)− (r + ε) log(2) ≥ 0.

The supremum of r where this quantity is non-negative is achieved when we have the
equality with zero, so we get the functional equation

(1 + g(ε))f(
ε

1 + g(ε)
)− (g(ε) + ε) log(2) = 0.

Thus
f(

ε

1 + g(ε)
) = log(2)

g(ε) + ε

1 + g(ε)
.

Note that g(0) is strictly positive as v̂ol(D) > 0. If g was differentiable at 0, then f

also would be, as
f( ε

1+g(ε)
)− f(0)
ε

1+g(ε)

= log(2)

g(ε)+ε
1+g(ε)

− g(0)
1+g(0)

ε
1+g(ε)

.

Thus g is not differentiable at 0. This means that there exist two different lines X1, X2

on P such that Xi ∩Q = {D+ g(0)e1} for i = 1, 2. Consider affine functions l1, l2 on
P determined by the following conditions

• li vanishes on Xi,

• li(D0) = log(2),

• li(D) = ζ(D),

for i = 1, 2. Note that such functions exists by Corollary 2.3.33. Moreover, they are
non-negative on Q, since they are affine, their zero sets are supporting lines for Q,
and they are positive on a point D0 in Q. This gives a non-uniqueness of l0, which
finishes the proof.

Question 2.3.37. What is the set of all arithmetic big R-divisors of C0-type D with
DDζ Gateaux differentiable?
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Before the next lemma, note that if x ∈ XQ is a sufficiently general closed point,
then for E ∈ ADivR(F ) one can make sense out of hE(x). Indeed, if E ∈ ADivR(X ′) for
some F -model ϕ : X ′ → X , then if x is in the open subset where ϕ is an isomorphism,
we can define hE(x) := hE(ϕ−1(x)).

The below lemma follows the lines of [18, Lemma (8.2)] or [23, Section 5] and
proves that differentiability of ζ is enough for equidistribution (over all places).

Lemma 2.3.38. Let D be a big arithmetic R-divisor of C0-type on X . Assume that
(xn)n∈N is a sequence of closed points in the generic fiber of X which converges to
the generic point. If ζ is Gateaux differentiable at D in directions E ,−E ∈ ADivR(F )

and
lim
n
hD(xn) = ζ(D),

then
lim
n
hE(xn) = DDζ(E).

Proof. Let t > 0 be a real number. We calculate

lim inf
n→∞

hE(xn) = lim inf
n→∞

hD+tE(xn)− hD(xn)

t
.

Note that lim infn→∞ hD+tE(xn) ≥ ζ(D + tE) and lim infn→∞ hD(xn) = ζ(D). Thus
we get

lim inf
n→∞

hD+tE(xn)− hD(xn)

t
≥ ζ(D + tE)− ζ(D)

t
.

Taking the limit t→ 0+ we have

lim inf
n→∞

hE(xn) ≥ DDζ(E).

Replacing E with −E we get

lim sup
n→∞

hE(xn) ≤ DDζ(E).

Together those inequalities give limn hE(xn) = DDζ(E) which finishes the proof.

Definition 2.3.39. Say that D satisfies logarithmic equidistribution, if for any generic
sequence xn ∈ X (Q) with hD(xn)→ ζ(D), if E is any arithmetic R-divisor of C0-type
on an F -model, then limn hE(xn) exists and does not depend on (xn)n∈N.

Corollary 2.3.40. Let D be a big arithmetic R-divisor of C0-type on X . Then D
satisfies logarithmic equidistribution, if and only if ζ is Gateaux differentiable at D.
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Proof. Lemma 2.3.38 proves the implication from right to left.
On the other hand, if D does not satisfy logarithmic distribution, then there are

generic sequences (xn)n∈N, (x
′
n)n∈N and an arithmetic R-divisor of C0-type E on an

F -model, such that
lim
n
hD(xn) = lim

n
hD(x′n) = ζ(D)

and
lim
n
hE(xn) ̸= lim

n
hE(x′n).

In particular, there are two different GVF functionals on the linear span of D, E in
ADivR(F ) so Theorem 2.3.26 and Theorem 2.3.36 finish the proof.

The bigness condition was recently relaxed in [4]. Moreover, the authors made
progress towards Question 2.3.37 by finding new criteria (e.g. [4, Theorem 6.1]) for
differentiability of the essential infimum ζ.
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Chapter 3

Continuity of heights

This chapter is based on the paper [28] joint with Pablo Destic and Nuno Hultberg.
Some changes are made, to incorporate the contents of the previous chapters (mostly
in the introduction and Section 3.2.1). The author’s contributions to this project
consist of proving the quantifier-free definability of the arithmetic intersection pairing
through the connection with adelic curves, and of the idea of using this definability to
attack the Gualdi’s conjecture. The paper has been submitted to a journal.

3.1 Introduction

In classical algebraic geometry Bezout’s theorem states that generically the intersec-
tion of n hypersurfaces of degrees d1, . . . , dr in Pn is of degree d1 . . . dr. More generally,
degrees of fibers in a flat family do not vary.

Theorem 3.1.1 (Corollary III 9.10 [39]). Let X → S be a flat projective family of
varieties over a field K of relative dimension d. Let L be a line bundle on X . Then,
the degree of the fibres degL(Xs) is locally constant.

In particular, the map s 7→ degL(Xs) is a continuous function on S with the
Zariski topology. The same result is implied for the intersection of d different line
bundles. In this work, we study an arithmetic variant of this ‘continuity’ of degrees.
More precisely, we prove that arithmetic intersection numbers parametrized over a
base form a quantifier-free definable formula in the theory GVF. Let us introduce
some notation to explain this statement.

One can associate to a finite type scheme S over a GVF K, a locally compact
Hausdorff space SGVF, consisting of GVF quantifier-free types concentrated on S.
We call it the GVF analytification of S. Note that for K = Q, a generic sequence
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si in S(Q) ⊂ SGVF converges to a point in SGVF if and only if the value hM(si)

converges for every adelically metrized line bundle M on S. In Definition 3.3.21, for
a flat family X → S over a GVF K, we introduce the group of global line bundles
on X over S. Every embedding j : X → PnS over S, induces a global line bundles on
X over S. Following [84], we define semipositivity and integrability in this context.
For example, the group of globally integrable line bundles on X over S is denoted
by P̂ic

int
Q (X/S). In Proposition 3.3.22 we define an intersection paring on tuples of

globally integrable line bundles, and we prove the following.

Theorem 3.1.2 (Theorem 3.3.1). Let X → S be a flat projective morphism of finite
type schemes over a GVF K of relative dimension d. Let L0, . . . ,Ld ∈ P̂ic

int
Q (X/S).

Then, the map

SGVF → R

s 7→ d̂eg(L0, . . . ,Ld|Xs)

is continuous.

Equivalently, this means that the intersection product d̂eg(L0, . . . ,Ld|Xs) (for
s ∈ S(F ) with K ⊂ F being a GVF extension) can be defined by a quantifier-free
formula in the GVF language, with parameters from the base-field K. We believe
that this fact may be important in axiomatizing the model companion of globally
valued fields (if it exists). To see how the intersection pairing is defined in the case
of globally integrable line bundles coming from embeddings into projective spaces,
see Outline 0.1. In particular, the above theorem (more precisely a version where
we do not fix a GVF structure on K, but only fix a uniform bound on h(2 : 1))
generalises Silverman’s Height Limit Theorem [69, Theorem B] from limits of heights
of points from a section of an abelian family, to limits of heights of cycles in such
family. Another immediate application (that also uses the existential closedness of
Q) is the density of the Faltings height above its essential infimum, see Section 2.1.3
for more details.

For the benefit of Arakelov geometers reading this thesis, let us phrase a version
of the ‘continuity of heights’ over Q that does not use globally valued fields in the
statement.

Theorem 3.1.3. Let π : X → S be a surjective morphism of projective varieties over
Q, generically of relative dimension d. Let (si)i be a generic sequence of points in
S(Q) such that for every adelic line bundle M on S the value hM(si) converges. Let
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L0, . . . , Ld be integrable line bundles on X . Then, the arithmetic intersection number
on fibers

d̂eg(L0 . . . Ld|Xsi)

converges. Its limit can be described as a certain arithmetic intersection number over
a GVF.

Moreover, if hM(si) converges to LdimS
M for some arithmetically nef line bundle

L and every adelically metrized line bundle M , then d̂eg(L0 . . . Ld|Xsi) converges to
the intersection number (π∗L)dimSL0 . . . Ld.

The moreover part of the theorem corresponds to Proposition 3.3.26, and is essen-
tially due to Chen and Moriwaki [25, Proposition 4.5.1]. Equidistribution theorems
in Arakelov geometry provide us with various examples of sequences to which the
above theorem can be applied. We note in particular Yuan’s equidistribution in the
form of [18, Lemma 8.2] gives such examples.

As an application, we look at heights of complete intersections of hypersurfaces
twisted by generic tuples of roots of unity in a toric variety. The starting point of our
considerations is [33], where a formula was given, for the height of a single hypersurface
in a toric variety, with respect to a semipositively metrized toric divisor. However,
Roberto Gualdi observed in his thesis [32] that it is not possible to extend a result of
the same nature to an intersaction of more than one hypersurfaces. In fact, he gives
examples of polynomials with the same associated arithmetic data, defining cycles of
differing heights. As a remedy to this issue, he suggested to consider average heights
of cycles with prescribed arithmetic data and formulated the following statement,
which we prove in this article, as a conjecture.

Theorem 3.1.4 (Theorem 3.4.5). Let f1, . . . , fm be Laurent polynomials in n vari-
ables with coefficients in a number field K and let T be a proper toric variety with
torus T = Gn ⊂ T . Denote by Vi the hypersurface defined by fi and by ρi its Ronkin
function. Let (ζ1,j, . . . , ζm,j)j be a generic sequence of small points in Tm for the Weil
height and let D0, . . . , Dn−m be semipositive toric adelic divisors on T with associated
local roof functions θ0,v, . . . , θn−m,v. Then,

lim
j→∞

d̂eg(D0, . . . , Dn−m | ζ1,jV1 ∩ · · · ∩ ζm,jVm)

=
∑
v∈MK

nv MIM(θ0,v, . . . , θn−m,v, ρ
∨
1 , . . . , ρ

∨
m).
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The original conjecture can be found in [32, Conjecture 6.4.4]. Let us unravel
the statement of this theorem. Assume for simplicity that T = Pn, n = m and D0

corresponds to the Weil projective height. For each place v on K, θ0,v, ρ∨1 , . . . , ρ∨m are
concave functions on some compact convex sets (depending on the place v) contained
in Rn identified with the character latticeM of T = Gn tensored with R (in particular,
it has a natural Haar measure dm of covolume one). The function MIM is multilinear
with respect to the sup-convolution of concave functions (an operation on concave
functions that generalises the Minkowski sum) and satisfies

MI(θ, . . . , θ) = (n+ 1)!

∫
∆

θ(m)dm.

The Ronkin function of a Laurent polynomial f (with respect to a place v) is defined
as a function ρf : NR → R given by

ρf (u) =

∫
trop−1(u)

− log |f(x)|dσu(x),

where N is the co-character lattice of T and trop : Tan
v → NR is the tropicalization

map (so if v is the real place of Q it corresponds to taking − log’s of absolute values of
coordinates on the tori (C×)n), and σu is a natural probabilistic measure on trop−1(u)

(The Haar measure in the archimedean case, and the Dirac delta at the Gauss point
in the non-archimedean place). Legendre-Fenchel duality associates with ρf its dual
ρ∨f which is supported on the Newton polygon of f inside MR. Thus, the equation
from the conjecture describes the limit heights of twisted intersections as a sum of
contributions from all places, of local convex theoretic data. Mixed integrals and
further convex geometry tools are discussed in more detail in Section 3.2.4.

Roberto Gualdi and Martin Sombra have together proved partial results towards
the conjecture. In [34] they prove the above result in the case T = P2, m = 2 and
f1(x1, x2) = f2(x1, x2) = x1 + x2 + 1. Moreover, for this example, they compute that
both sides of the identity in question are equal to the intriguing value 2ζ(3)

3ζ(2)
. They have

also solved the m = 2 case of the conjecture in [35]. Their methods fundamentally
differ from ours. In particular, their approach relies on local logarithmic equidistribu-
tion as in [29] while we modify the problem in such a way that we can apply Yuan’s
equidistribution theorem from [81].

The structure of this chapter is the following. In Section 3.2 we introduce glob-
ally valued fields, GVF analytifications, and give some examples. We also present
necessary notions from Arakelov geometry of toric varieties. In Section 3.3 we use
the theory of adelic curves to define the intersection product over arbitrary GVF and
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prove Theorem 3.3.1. We also prove Theorem 3.3.24 which relates global integrable
line bundles (in our new sense) to integrable adelic line bundles over a number field
(in the sense of Zhang). In Section 3.4 we use the previous results and perform cal-
culations which allow us to conclude with Theorem 3.4.5. In Appendix 3.5 we prove
an estimate on a variant of the Mahler measure of a polynomial, needed in the proof
of Theorem 3.3.1. We believe this is known to experts, however we could not find a
suitable reference. The appendix is self-contained and elementary.

3.1.1 Acknowledgements

We would like to thank our advisors Itäı Ben Yaacov, Ehud Hrushovski and Fabien
Pazuki for various discussions and comments regarding this work. We further thank
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Gualdi and Martin Sombra, for sharing with us their draft [35] and for their helpful
remarks. Moreover, we would like to thank the organizers and the participants of the
2024 Students’ Conference on Non-archimedean, Tropical and Arakelov Geometry,
for their interest in this project. We are grateful to Rémi Reboulet for pointing out
the connection to Deligne pairings. The second author would like to thank Qingyuan
Bai for helpful suggestions on mixed volumes. The third author would like to thank
Douglas Molin for discussions about limit heights.

3.2 Preliminaries

This section will serve both to recall definitions and theorems, as well as to state and
prove technical results related to the definitions just recalled.

3.2.1 Zhang divisors

Let F be a field. Recall that GVF structures on F correspond to GVF functionals,
which are linear functionals

l : LDivQ(F )→ R

that are non-negative on the positive cone, and are zero on principal lattice divisors.
Assume that F is a finitely generated extension of Q. In that case, LDivQ(F )

embeds into
ADivQ(F ) = lim−→ADivQ(X ),
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where ADivQ(X ) is the group of arithmetic Q-divisors of C0-type on X , and the union
is taken over the system of all arithmetic varieties X (i.e., normal, integral, flat and
projective over Spec(Z)) with an isomorphism κ(X ) ≃ F . Moreover, ADivQ(F ) has a
(divisible) group lattice structure extending the group lattice structure of LDivQ(F ).

Let X = (X, πX) be a projective scheme over Q with a fixed isomorphism πX :

κ(X)→ F . To avoid confusion, we use the name Zhang divisors/Zhang line bundles
for Cartier divisors on X equipped with adelic Green’s functions/line bundles with
adelic metrics, in the sense of [18, Remark (4.8)] (originally defined by Zhang [85]).
Recall that a v-adic Green’s function gv for a divisor D on a variety X, is a continuous
function gv : Xan

v \ supp(D)→ R such that if U ⊂ X is a Zariski open subset where
D is the divisor of a rational function f , then gv + log |f |v extends to a continuous
function on Uan

v . A Zhang divisor D = (D, (gv)v∈MQ) is a divisor D on X equipped
with a family of continuous v-adic Green’s functions gv for v ∈ MQ, such that there is
an arithmetic variety X over Spec(Z) with X ⊗Q = X, and an arithmetic Z-divisor
D of C0-type with D⊗Q = D, such that for all but finitely many places gv coincides
with the v-adic Green’s function associated to D (see [18, Section 4] for more details).

We denote the group of Zhang divisors on X by ZDiv(X) and by ZDivQ(X) its
tensor with Q. Using the same methods as in Section 2.3.1, one can define a lattice
structure on

ZDivQ(F ) = lim−→ZDivQ(X),

where the direct limit is taken over the system of all X as above (with maps respecting
the isomorphisms πX). Then the group lattice LDivQ(F ) has a natural embedding into
ZDivQ(F ). Moreover, every GVF functional extends uniquely to a positive functional
on ZDivQ(F ) (similarly as in Proposition 2.3.17) so we get the following.

Corollary 3.2.1. On a finitely generated field F over Q there is a natural bijection{
GVF functionals ZDivQ(F )→ R

}
←→

{
GVF structures on F

}
,

where by GVF functionals we mean the linear ones that are non-negative on the
effective cone, and are zero on principal Zhang divisors.

For D ∈ ZDivQ(X) and x ∈ X(Q) we write hD(x) for the height of x with respect
to D. We use the same notation for heights with respect to Zhang line bundles.
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3.2.2 GVF analytification

Now, we describe a construction which recovers the space of quantifier-free types in
the theory of globally valued fields, as in Remark 1.11.17.

Definition 3.2.2. Let K be a GVF and let X be a finite type scheme over K. We
define the GVF analytification of X over K, denoted XGVF,K (or XGVF if the base
GVF is implied), to be the set of couples x = (π(x), hx) where π(x) is a point of X,
and hx is a height on κ(π(x)) extending the height on K. If x ∈ XGVF,K and U ⊂ X

is an open containing π(x), we will also denote by hx the map

hx :
A(OX(U)) → R ∪ {−∞}
(f1, . . . , fn) 7→ hx(f1(π(x)), . . . , fn(π(x)))

.

We equip XGVF,K with the weakest topology such that

1. The map π : XGVF,K → X is continuous ontoX with the constructible topology.

2. For every Zariski open U ⊂ X, and every tuple (f1, . . . , fn) ∈ OX(U)n, the map
x 7→ hx(f1, . . . , fn) is continuous.

Remark 3.2.3. IfX ⊂ An
K is affine, it follows thatXGVF,K can be naturally identified

with the space Sqf
X of quantifier-free types on X. Since the space of quantifier-free

types is locally compact, so is XGVF,K .

Remark 3.2.4. Let K ⊂ F be a GVF extension. Then, there is a canonical
analytification map X(F ) → XGVF,K , defined by taking x ∈ X(F ) to the point
(x, hx), where hx is the restriction of the height on F to κ(x). The image of x by this
map will be denoted xan.

3.2.3 Polarisations

Here we present how arithmetic intersection theory can induce GVF structures and
how to interpret Yuan’s equidistribution result as certain kind of uniqueness of a GVF
structure.

Definition 3.2.5. Let F be a finitely generated characteristic zero field equipped
with a GVF structure. We say that this GVF structure comes from a polarisation
(X,H1, . . . , Hd), if X is a normal projective variety of dimension d over Q with
function field F and H i ∈ ZDivQ(X) are arithmetically nef Zhang divisors, such that
the GVF functional

l : ZDivQ(F )→ R
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is given by
l(D) = H1 · . . . ·Hd ·D.

The name “polarisation” comes from [56, Section 3.1], however here we also allow
not necessarily model Zhang divisors. We also use the term polarisation if instead of
H i’s we are given the corresponding Zhang line bundles O(H i). If the H i occurs with
multiplicity ki we denote by (X,H

k1
1 , . . . , H

kr
r ) for the corresponding polarisation.

Remark 3.2.6. A polarisation (X,H1, . . . , Hd) induces a GVF structure structure
on F that extends the standard GVF structure on Q (i.e., satisfies ht(2) = log 2) if
and only if the geometric intersection number satisfies H1 · . . . ·Hd = 1.

Yuan’s equidistribution [81] gives examples of polarised GVF structures. Let us
recall a version of it from [18, Lemma (8.2)].

Theorem 3.2.7. Let X be a projective variety of dimension d over Q. Fix a
semipositive Zhang divisor D with D ample and Dd+1

= 0. For any generic sequence
xn ∈ X(Q) with hD(xn)→ 0, and any M ∈ ZDivQ(X) we have

lim
n
hM(xn) =

D
d ·M

deg(D)
.

For the next two corollaries, fix the context of the above theorem. Also, denote
by F the function field of X.

Corollary 3.2.8. There is a unique GVF functional l on F extending the standard
one on Q and satisfying l(D) = 0.

Proof. Fix a GVF functional l on F with the above properties and a Zhang divisor
M ∈ ZDivQ(F ). Since the quantities from the assumptions of Theorem 3.2.7 are bira-
tional invariant, without loss of generality M ∈ ZDivQ(X). By existential closedness
of Q there is a generic sequence of elements xn ∈ X(Q) such that hD(xn)→ l(D) = 0

and hM(xn)→ l(M). By Theorem 3.2.7 we get that

l(M) =
D
d ·M

deg(D)
.

On the other hand, l given by this formula on X and its blowups, is a GVF functional,
which finishes the proof.

Corollary 3.2.9. Fix a generic sequence (xn)n∈N satisfying the assumptions from
Theorem 3.2.7. The sequence xann ∈ XGVF converges to the point xan∞ ∈ XGVF defined
by the generic point x∞ ∈ X(F ) together with the GVF structure l on F . Moreover,
l is induced by the polarisation (X,D, . . . , D).
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Yuan’s equidistribution theorem can be applied to the case when X = PdK over a
number field K and O(1) endowed with the Weil metrics (denoted by O(1)).

Corollary 3.2.10. There is a unique GVF structure on Q(x1, . . . , xd) extending the
standard one on Q and satisfying ht(x1) = · · · = ht(xd) = 0.

Corollary 3.2.11. Fix a number field K. Let πi :
∏e

i=1 PdK → PdK be the i-th
projection and let L =

∑
i π

∗
iO(1). Let xn ∈

∏e
i=1 PdK(Q) be a generic sequence of

small points, i.e., satisfying hL(xn)→ 0. Let F be the function field of
∏e

i=1 PdK with
the GVF structure coming from the polarisation (

∏e
i=1 PdK , π∗

1O(1)
d
, . . . , π∗

eO(1)
d
).

Then
lim
n
xann = xan∞,

where xan∞ ∈ PdGVF is defined by the generic point x∞ ∈ PdK(F ). Moreover, naturally
identifying F with K(xij : i ≤ d, j ≤ e), the GVF structure on F is the unique one
satisfying ht(xij) = 0 and ht(2) = log 2.

3.2.4 Convex geometry and toric varieties

This section contains basic notions on Ronkin metrics on toric varieties and some
calculations in convex geometry. For more details on Ronkin metrics we suggest [33].
For an in depth treatment of the Arakelov geometry of toric varieties, see [17].

Let us briefly recall basics of toric varieties here. Let T ∼= Gn
m be a split torus

over a number field K. Denote by N its co-character lattice and by M its character
lattice. We denote by ⟨m,u⟩ ∈ R the natural pairing between m ∈ MR and u ∈ NR

(so that m ◦ u(t) = t⟨m,u⟩ for m ∈ M,u ∈ N). A rational polyhedral cone σ in NR is
a cone σ ⊂ NR that is generated by a finite set of vectors v1, . . . , vn ∈ N . A complete
fan Σ in NR is a finite collection Σ = {σ}σ∈Σ of rational polyhedral cones, closed
under taking a face (i.e., an intersection with the zero set of a linear form that is
non-negative on the ambient cone) of any cone, whose union is NR, and such that
for every two σ, σ′ ∈ Σ, their intersection τ = σ ∩ σ′ is a face of both σ and σ′. To
a rational polyhedral cone σ one associates a finitely generated semigroup σ∨ ∩M
(where σ∨ := {m ∈ MR : ⟨m,u⟩ ≥ 0 for all u ∈ σ}), and a finitely generated K-
algebra K[σ∨ ∩M ]. For a complete fan Σ these glue to a proper variety XΣ that
contains each Xσ = Spec(K[σ∨∩M ]) as a Zariski open set. In particular, we identify
T ∼= X0 ⊂ XΣ with the open subset corresponding to the trivial cone {0} in Σ.
Furthermore, XΣ is equipped with a natural action of T, and X0 is the unique open
(and dense) orbit of this action.
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Definition 3.2.12. A toric Cartier divisor on a toric variety X is defined to be a
Cartier divisor which is invariant under the action of the torus µ : T×X → X. This
means that a Cartier divisor D is toric if µ∗D = π∗D, where π denotes the projection
map.

Definition 3.2.13. A virtual support function or virtual polytope with respect to a
fan Σ on NR is a function NR → R that is linear and integral on each cone in Σ.

There is a natural bijection between toric Cartier divisors on XΣ and virtual
support function with respect to a complete fan Σ. If f : NR → R is a virtual support
function, that restricted to σ is given by f(u) = ⟨mσ, u⟩, then one associates to it a
toric Cartier divisor that restricted to Xσ is div(χ−mσ) (where for m ∈M , χm is the
associated affine function on T, which we treat as a rational function on Xσ). For
more details and for the proof of this correspondence, see [17, Section 3.3].

Let v be a place of K. A v-adic Green’s function gv for a toric Cartier divisor D is
called toric if its restriction to (X0)

an factors through the tropicalization map trop :

(X0)
an → NR taking x ∈ (X0)

an to − log |χm(x)|v. For the details of tropicalization
maps, see [17, Section 4.1].

Theorem 3.2.14. [17, Theorem 4.8.1.(1)] Let D be the toric divisor associated to
the virtual support function Ψ. Then, the space of v-adic Green’s functions for D
is in bijection with continuous functions ψ : NR → R such that ψ − Ψ is bounded.
Concave functions correspond to semipositive metrics under this bijection.

If Dv is a toric divisor with a semipositive v-adic Green’s function, Legendre-
Fenchel duality associates to ψ a concave function

θDv
: x 7→ inf

u∈NR
(⟨x, u⟩ − ψ(u))

on the polytope ∆Ψ ⊂MR defined as

∆Ψ := {x ∈MR : ⟨x, u⟩ ≥ Ψ(u) for all u ∈ NR}.

The function θDv
: ∆Ψ → R is called the roof function of Dv.

A collection of functions (ψv)v∈MK
defines a Zhang metric on the toric divisor

corresponding to Ψ if for all v the difference |ψv −Ψ| is bounded and for almost all v
we have ψv = Ψ. We call D ∈ ZDiv(XΣ) a toric Zhang divisor, if D is a toric Cartier
divisor, and the metrics on D come from a collection of functions (ψv)v∈MK

satisfying
the above condition.

150



The vector space MR carries a Haar measure normalized in such a way that M has
covolume 1. We associate to a compact convex set ∆ its volume vol(∆) with respect
to the Haar measure. Recall that the Minkowski sum of subsets S1, S2 of a vector
space V is defined by

S1 + S2 = {s1 + s2 | s1 ∈ S1, s2 ∈ S2}.

The volume is a homogeneous polynomial on the space of compact convex sets
with Minkowski addition. Therefore, one can consider the following.

Definition 3.2.15. [17, Definition 2.7.14] The mixed volume is a multilinear form
on compact convex sets defined by

MV(∆1, . . . ,∆n) =
n∑
j=1

(−1)n−j
∑

1≤i1<···<ij≤n

vol(∆i1 + · · ·+ ∆ij).

It satisfies MV(∆, . . . ,∆) = n! vol(∆).

Given a concave function θ on a compact convex set ∆, we associate to it its
integral

∫
∆
θ(m)dm. Given concave functions θ1 on ∆1 and θ2 on ∆2, we define their

sup-convolution by

θ1 ⊞ θ2(m) = sup
m1+m2=m

θ(m1) + θ(m2).

It defines a concave function on ∆1 + ∆2. The sup-convolution is defined this way so
that for θ1 and θ2 positive concave functions the hypograph of θ1⊞θ2 is the Minkowski
sum of the hypographs of θ1 and of θ2. Similarly as in the case of mixed volumes, one
can consider the following.

Definition 3.2.16. [17, Definition 2.7.16] The mixed integral is a multilinear form
on concave functions θ0, . . . , θn on compact convex sets ∆0, . . . ,∆n defined by

MI(θ0, . . . , θn) =
n∑
j=0

(−1)n−j
∑

0≤i0<···<ij≤n

∫
∆i1

+···+∆ij

θi1 ⊞ · · ·⊞ θij(m)dm.

It satisfies MI(θ, . . . , θ) = (n+ 1)!
∫
∆
θ(m)dm.

These notions are helpful to express arithmetic intersection numbers combinato-
rially.
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Theorem 3.2.17. [17, Theorem 5.2.5] Let D0, . . . , Dn be semipositive toric Zhang
divisors on XΣ. Then,

d̂eg(D0, . . . , Dn|XΣ) =
∑
v∈MK

nv MIM(θ0,v, . . . , θn,v),

where θi,v is the roof function of Di,v, for every i = 0, . . . , n and v ∈ MK .

For a non-zero Laurent polynomial f ∈ K[M ], we denote by V (f) its vanishing
locus on XΣ. Let NP(f) be the Newton polytope of f =

∑
m cmχ

m, i.e., the convex
hull of the positions m of its non-zero coefficients cm ̸= 0. Then, NP(f) defines
a Cartier divisor on a suitable toric modification of XΣ such that f gives rise to
a regular section (see [17, Section 3.4] and [33, Lemma 5.1]). It vanishes precisely
on V (f) by [33, Theorem 4.3]. We now define the Ronkin metric on the divisor
DNP(f) corresponding to NP(f). For this we use that the fibers trop−1(u) of the
tropicalization map trop : Tan

v → NR carry a natural choice of probability measure
σu. In the non-archimedean case, it is concentrated on the Gauss point over u. In
the archimedean case, it is induced by the Haar measure on (S1)n.

Definition 3.2.18. [33, Definition 2.7] Let f be a non-zero Laurent polynomial over
K. The Ronkin function of f over a place v is the map ρf : NR → R defined by

ρf : u 7→
∫
trop−1(u)

− log |f(x)|dσu(x).

By [33, Proposition 2.10], ρf is a concave continuous function with bounded dif-
ference from ΨNP(f). By Theorem 3.2.14, it defines a semipositive Green’s function
for D(f). The collection of v-adic Ronkin functions gives rise to a Zhang divisor Rf

by [33, Lemma 5.11].

Theorem 3.2.19. (variation of [33, Theorem 5.12]) Let XΣ be a proper toric variety.
Let f be a Laurent polynomial with vanishing locus Z such that NP(f) defines a
divisor on XΣ. Let D0, . . . , Dn−1 be semipositive toric Zhang divisors on XΣ. Then,

d̂eg(D0, . . . , Dn−1|Z) = d̂eg(D0, . . . , Dn−1, Rf |XΣ).

Definition 3.2.20. Let γ : V → W be a homomorphism of finite dimensional real
vector spaces and f : V → R ∪ {−∞} be a closed concave function with compact
support. We define the direct image of f along γ by

γ∗f(w) = max
v∈γ−1(w)

f(v).

It is a closed concave function with compact domain in W .
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Lemma 3.2.21. Let γ : M →M ′ be a map of lattices. Then, this induces a map on
the rings of Laurent polynomials K[γ] : K[M ]→ K[M ′]. Let f ∈ K[M ] \ {0}. Then,

ρK[γ](f) = ρf ◦ γ∨

and
ρ∨K[γ](f) = γ∗ρ

∨
f (m).

Proof. The first statement follows readily from the definitions. The second statement
follows from the first using [17, Proposition 2.3.8(1)].

We now prove generalizations of Lemma 1.11 and Proposition 1.12 in [33]. We
apply this to write the formulas in the preceding section in the form used in [32,
Conjecture 1].

Lemma 3.2.22. Let ∆1, . . . ,∆k be polytopes contained in a k-dimensional rational
subspace L and denote by π the projection away from this subspace to the quotient
P . Let Q1, . . . , Qn−k be polytopes in MR. Then,

MVM(∆1, . . . ,∆k, Q1, . . . , Qn−k) = MVL(∆1, . . . ,∆k) ·MVP (π(Q1), . . . , π(Qn−k)).

Proof. By the definition of mixed volume one obtains

MVM(∆1, . . . ,∆k, Q1, . . . , Qn−k)

=
n−k∑
j=1

(−1)n−j
∑

1≤i1<···<ij≤n−k

∑
I⊂{1,...,k}

(−1)|I| vol(∆I +Qi1 + · · ·+Qij).

Here ∆I is taken to denote
∑

i∈I ∆i. It now suffices to show that∑
I⊂{1,...,k}

(−1)|I| vol(∆I +Q) = (−1)k MVL(∆1, . . . ,∆k) vol(π(Q)).

For this take any p ∈ P and denote by Qp the preimage of p in Q. We may view∑
I⊂{1,...,k}(−1)|I| vol(∆I +Q) as an integral over π(Q), namely as∫

π(Q)

∑
I⊂{1,...,k}

(−1)|I| vol(∆I +Qp).

In order to conclude, we need to show that
∑

I⊂{1,...,k}(−1)|I| vol(∆I+R) = MVL(∆1, . . . ,∆k)

for any polytope R in the k-dimensional subspace spanned by the ∆i. For this we
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decompose the expression by writing out the volumes as mixed volumes and order by
the number of R occurring in the expansion.∑
I⊂{1,...,k}

(−1)|I| vol(∆I +R)

=
k∑
s=0

(
k

s

) ∑
I⊂{1,...,k}

(−1)|I|
∑

1≤j1≤···≤jk−s≤k,ji∈I

(
k − s
J

)
MV(∆j1 , . . . ,∆jk−s

, R, . . . , R).

Here
(
k−s
J

)
is taken to denote the number of partitions of k − s elements into

partitions of form J , i.e., the multinomial coefficient for k − s and #{i|ji = m}.
We reorder the sum to sum over size k − s multisets of {1, . . . , k}. Fix a multiset
1 ≤ j1 ≤ · · · ≤ jk−s ≤ k of order k−s in elements of {1, . . . k}. Then, its contribution
to the sum is (

k

s

)(
k − s
J

)
MV(∆j1 , . . . ,∆jk−s

, R, . . . , R)
∑
I⊇J

(−1)|I|,

where containment is understood on the level of underlying sets. By comparing to
the expansion of

∏
I\J(1 − 1) we see that this vanishes for J ̸= I and is (−1)k for

J = I.

Lemma 3.2.23. Let the gi be concave functions on polytopes Qi and ∆i as before.
Then,

MIM(ι∆1 , . . . , ι∆k
, g1, . . . , gn−k+1) = MVL(∆1, . . . ,∆k) ·MIP (π∗g1, . . . , π∗gn−k+1).

Proof. The reduction to the previous Lemma is precisely as in [33, Proposition 1.12].

3.3 Intersection product

In this section we study the intersection product defined in [25] and prove that
it varies continuously in flat families. We will treat the case of a trivial GVF in a
separate section as the natural class of line-bundles differs from the non-trivial setting.
Our main result is the following theorem.

Theorem 3.3.1. (Later appears as Theorem 3.3.23) Let X → S be a flat projec-
tive morphism of finite type schemes over a GVF K of relative dimension d. Let
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L0, . . . ,Ld ∈ P̂ic
int
Q (X/S) be globally integrable line bundles on X over S. Then, the

map

SGVF → R

s 7→ d̂eg(L0, . . . ,Ld|Xs)

is continuous.

The above theorem can be applied in various settings of interest to number theo-
rists because of the following.

Corollary 3.3.2. Suppose that S is projective over Q and X → S a projective
morphism. Then, any integrable Zhang line bundle on X is a globally integrable line
bundle in P̂ic

int
Q (X/S).

Proof. It is a weaker property to be an element of P̂ic
int
Q (X/S) than of P̂ic

int
Q (X ).

Hence, the statement follows from Theorem 3.3.24.

Remark 3.3.3. The property of being globally integrable is preserved under base
change. In particular, one may apply Theorem 3.3.1 to integrable Zhang divisors on
a projective X after restricting to the flat locus of X → S.

3.3.1 Lattice divisors

Let K be a countable GVF. We can assume that it is represented by a proper adelic
curve (K, (Ω,A, ν), ϕ) with Ω = MK , the trivial absolute value having zero mass,
and the restriction of the measure to the archimedean places ν|Ω∞ being supported
at normalized valuations (i.e., satisfying v(2) = − log 2). Moreover, whenever we
consider a GVF extension K ⊂ F in this subsection, we assume that F is also
countable and the GVF structure on F is induced by an adelic curve structure with
the same properties (see Section 1.9).

We recall ideas from the theory of adelic curves only briefly. We refer to [24, 25]
for details. Let us start by recalling a definition.

Definition 3.3.4. Let X be a finite type K-scheme with a line bundle L. A metric
family on L is a family φ = (φω)ω∈Ω, where each φω is a continuous metric on Lω

on Xan
ω . Here Xan

ω is the Berkovich analytification of Xω = X ⊗K Kω, where Kω is
the completion of K with respect to the absolute value ω ∈ Ω = MK . We call a pair
L = (L, φ) a metrized line bundle on X over K.
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This is as in [25, Definition 4.1.4], but we also allow non-projective X. Also, we
naturally extend this definition to Q-line bundles. Similarly, we extend the definition
of a Green’s function family of a (Q-)Cartier divisor on X from [25, Definition 4.2.1],
to a non-projective X, word for word. A (Q-)Cartier divisor with a Green’s function
family is called a metrized divisor.

Chen and Moriwaki introduce adelic line bundles as a subset of metrized line bun-
dles respecting the global nature of the adelic curve, see [25, Definition 4.1.9]. There
are two conditions. Firstly, the variation of metrics along ω has to be measurable.
This condition does not occur for number fields since their set of places is discrete.
Finally, one needs a condition requiring that the family of metrics has finite distance
to arising from a global model. This condition is referred to as being dominated. In
order to obtain an intersection theory, one needs to demand the metrics at each place
to be integrable, i.e. the difference of semipositive metrics. We follow the definition
of semipositivity from [24, Section 2.3]. Note that this only allows for semipositive
metrics on semiample line bundles.

Definition 3.3.5. Consider Pn = PnK with coordinates x0, . . . , xn. We equip the
anti-tautological line bundle O(1) with two families of metrics φ = (| · |ϕω)ω∈Ω, ψ =

(| · |ψω)ω∈Ω defined in the following way. For a section s ∈ H0(Pn,O(1)) identified
with a linear form A we have

|s(z)|φω :=
|A(z)|ω

max(|z0|ω, . . . , |zn|ω)
,

for z ∈ Pn,anω and any ω ∈ Ω. The metric ψ is defined in the same way for non-
archimedean ω, but for archimedean ω we set

|s(z)|ψω :=
|A(z)|ω√∑n

i=0 |zi|2ω
,

for all z ∈ Pn,anω . We call φ, ψ the Weil and the Fubini-Study metric respectively and
use the notation O(1) = (O(1), φ),O(1)

FS
= (O(1), ψ). We use the same notation

for pullbacks of these adelic line bundles on PnS for any finite type K-scheme S. Both
the Weil and the Fubini-Study metric define semipositive adelic line bundles.

For a place ω ∈ Ω and Green’s functions ϕ, ψ for a divisor D we denote by dω(ϕ, ψ)

the sup-norm of ϕ−ψ and call it the local distance of ϕ and ψ. For different metrics
on a divisor over an adelic curve we denote by d(ϕ, ψ) the global distance of ϕ and
ψ. It is defined as the upper integral

∫ +
dω(ϕω, ψω)ν(dω) over the local distances (see

[24, Definition A.4.1]).
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From the point of view of globally valued fields the Weil metric is the fundamental
object. We need to relate it to the Fubini-Study height to invoke calculations from
that setting.

Lemma 3.3.6. Let αn : Pr → Ps be the n-th Veronese map. Consider two metrics
on the line bundle O(1) on Pr, namely the Weil metric φ and the metric n

√
α∗
nψ which

is the n-th root of the pullback of the Fubini-Study metric from O(1) on Ps. Then
for non-archimedean places the two metrics are the same and for archimedean places
σ ∈ Ω we have

dσ(φ, n
√
α∗
nψ) ≤ r log n

n
,

for n ≥ r + 1.

Proof. We only calculate the archimedean case. Consider the section x0 of O(1) on
Pr. By definition we have

|x0(z)|φ =
|z0|σ

max(|z0|σ, . . . , |zn|σ)

and

|x0(z)| n√α∗
nψ

= n

√√√√ |z0|nσ√∑
|I|=n |zI |2σ

=
|z0|σ

2n

√∑
|I|=n |zI |2σ

.

Hence we calculate∣∣∣∣− log
|x0(z)|φ
|x0(z)| n√α∗

nψ

∣∣∣∣ =

∣∣∣∣ log
max(|z0|σ, . . . , |zn|σ)

2n

√∑
|I|=n |zI |2σ

∣∣∣∣.
This is bounded by

| log 2n
√
s+ 1| =

∣∣∣∣ log 2n

√(
r + n

n

)∣∣∣∣ ≤ 1

2n
| log(r + 1)nr| ≤ r log n

n
,

where in the first inequality we use the fact that
(
r+n
n

)
≤ (r + 1)nr and the second

inequality holds for n ≥ r + 1.

Lemma 3.3.7. Let f : Q→ P be a morphism of projective schemes over K and let
L be an adelic line bundle on P . Then f ∗L is an adelic line bundle on Q.

If L is semipositive or integrable, so is f ∗L.

Proof. The fact that f ∗L is an adelic line bundle is found in [26, Section 2.8.3 and
2.9.5]. The semipositivity assertion follows from [26, Lemma 6.1.2].
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Fix a projective morphism π : X → S of finite-type K-schemes, where S is not
necessarily projective.

Definition 3.3.8. We say that a metrized family L on X is simple over S, if there
is a closed embedding j : X → PnS over S (for some n), such that L = j∗O(1). The
elements of the Q-vector space of metrized Q-line bundles on X generated by simple
ones are called lattice line bundles on X over S and are denoted by LPicQ(X/S). The
space of metrized Q-divisors coming from rational sections of such metrized Q-line
bundles is denoted by LDivQ(X/S) and its elements are called lattice divisors on X
over S. If S is equal to Spec(K), we omit it in the notation. Moreover, if we want to
emphasize the dependence on the GVF K, we use the notation LPicQ(X/S)K .

Remark 3.3.9. It follows from Lemma 3.3.7 that simple metrized line bundles on X
over S are semipositive on fibers. More precisely, if K ⊂ F is a GVF extension, and
s ∈ S(F ), then a simple metrized line bundle L over S coming from an embedding
j : X → PnS induces an adelic line bundle Ls = j∗sO(1) which is semipositive on Xs
with respect to the GVF F .

We remark that for any GVF extension F/K, a finite type F -scheme T , and a
morphism of K-schemes T → S, there is a base-change map

LPicQ(X/S)K → LPicQ(XT/T )F .

In particular for s ∈ S(F ), there is a specialisation map

LPicQ(X/S)K → LPicQ(Xs)F .

Let us describe these maps more precisely. Let L = (L, φ) ∈ LPicQ(X/S)K , for
φ = (φω)ω∈MK

. This means that each φω is a metric on Lω over X an
ω . To get a family

of metrics ψ = (ψv)v∈MF
on the base-change LT of L via the morphism XT → X

one proceeds as in [25, Example 4.1.8] (which works the same when K ′ = F/K is
not algebraic). Equivalently, one could take an embedding j : X → PnS that realises
L = j∗O(1) (or two embeddings such that it comes from the difference of pullbacks)
and define (LT , ψ) via the pullback of O(1) through the map jT : XT → PnT .

3.3.2 Heights of resultants

Chen and Moriwaki have constructed an intersection product of integrable adelic
Cartier divisors in [25]. In this subsection we look closely at its definition which uses
heights of certain resultants.
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Theorem 3.3.10. [25, Theorem B] Let X be a projective scheme of pure dimension
d over a GVF K. Then, there is a multilinear adelic intersection product

LPicQ(X)d+1 → R.

Proof. Given finitely many elements of LPicQ(X) we can replace K by a countable
subfield over which the corresponding embeddings to projective spaces (and X) are
defined. Then we can represent the GVF K by an adelic curve. Since lattice line bun-
dles are integrable, an arithmetic intersection number is defined by [25, Theorem B].
We show that the product on LPicQ(F ) only depends on the induced GVF structure
on K in Corollary 3.3.15.

We write the intersection number of lattice line bundles L0, . . . , Ld as L0 · · ·Ld.
We observe that the adelic intersection product is determined by its values on tuples
of simple line bundles. Let us fix a tuple of such simple adelic Cartier divisors on a
projective scheme X and analyse how to calculate their intersection.

Assume we are given closed embeddings ξi : X → Pri = P(Vi) for i = 0, . . . , d,
where Vi is a (ri + 1)-dimensional vector space over K with a distinguished basis. For
a natural number n, denote by ξ⊗ni : X → Pri(n) the composition of ξi with the n-th
Veronese map Pri = P(Vi)→ P(SnVi) = Pri(n) and write Vi(n) := SnVi. Note that in
this case we have

dimVi(n) = ri(n) + 1 =

(
ri + n

n

)
= O(nri).

For each n we define the line bundle Li(n) to be the pullback ξ⊗n,∗i O(1). We pull
back the Weil metric and the Fubini-Study metric to obtain adelic line bundles Li(n)

and Li(n)
FS

respectively. For n = 1, we omit the n in the notation. We note that
there is a canonical isomorphism Li(n) ∼= L⊗n

i .
Let δi(n) be the intersection number L0(n) · · ·Li−1(n) · Li+1(n) · · ·Ld(n) and set

δi = δi(1). Since Li(n) ∼= L⊗n
i , we have δi(n) = nd · δi. Let

W (n) := Sδ0(n)(V0(n)∨)⊗K . . .⊗K Sδd(n)(Vd(n)∨)

and note that using distinguished bases of Vi for i = 0, . . . , d we can naturally interpret
elements of W (n) as polynomials of multi-degree (δ0(n), . . . , δd(n)) on V0(n) × · · · ×
Vd(n). There is a unique (up to scaling) element Rn ∈ W (n) such that it vanishes on
(v0, . . . , vd) if and only if the intersection X ∩ Z(v0) ∩ · · · ∩ Z(vd) is non-empty (as
a scheme), where Z(vi) is the pullback to X of the hyperplane in P(Vi(n)) defined
by the zero-set of the linear form vi. We call it the resultant of X with respect
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to embeddings ξ⊗ni . It determines a unique element Rn ∈ P(W (n)) whose height
calculates the adelic intersection product in the following way.

Remark 3.3.11. [25, Remark 4.2.13]

L0(n)
FS
· . . . · Ld(n)

FS
=

∫
Ω\Ω∞

log ∥Rn∥ων(dω)

+

∫
Ω∞

ν(dσ)

∫
S0(n)σ×···×Sd(n)σ

log |(Rn)σ(z0, . . . zd)|ηS0(n)σ(dz0)⊗ · · · ⊗ ηSd(n)σ(dzd)

+ν(Ω∞)
1

2

d∑
i=0

δi(n)

ri(n)∑
l=1

1

l
,

where we use the notation from the cited remark, but with an additional variable
n. This means that Si(n)σ is the unit sphere in Vi(n)σ with the sphere measure
ηSi(n)σ . Moreover, for a non-archimedean ω ∈ Ω, the norm ∥ · ∥ω is the maximum
of coefficients norm, with respect to the distinguished basis of W (n), for example by
[26, Proposition A.2.2]. Later we write η(dz) for ηS0(n)σ(dz0)⊗ · · · ⊗ ηSd(n)σ(dzd) and
z for the tuple z0, . . . , zd (here n, d and σ are implicit).

Lemma 3.3.12. The adelic intersection product satisfies

lim
n

1

nd+1
L0(n)

FS
· . . . · Ld(n)

FS
= L0(n) · . . . · Ld(n).

Proof. It suffices to show that the metrics on 1
n
Li(n)

FS
converge with respect to the

global distance to the metrics on Li. By Lemma 3.3.6 the global distance satisfies
d( 1

n
Li(n)

FS
, Li) ≤ ν(Ω∞) · ri logn

n
.

We use the above formula and the lemma to calculate D0 · . . . ·Dd through resul-
tants. More precisely we show the following.

Proposition 3.3.13. In the above context we have

L0 · . . . · Ld = lim
n

1

nd+1
ht(Rn),

where we treat Rn’s as tuples, using the distinguished basis of W (n).

Proof. By Lemma 3.3.12 we only need to show that

|L0(n)
FS
· . . . · Ld(n)

FS
− ht(Rn)| = o(nd+1).

First we express ht(Rn) in a form of an integral

ht(Rn) =

∫
Ω

log ∥Rn∥ων(dω)
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=

∫
Ω\Ω∞

log ∥Rn∥ων(dω) +

∫
Ω∞

log ∥Rn∥σν(dσ),

where ∥ · ∥ω, ∥ · ∥σ denote the maximum of coefficients norms (for a non-archimedean
ω ∈ Ω or archimedean σ ∈ Ω∞), with respect to the distinguished basis of W (n).

Claim 3.3.14. We have

ν(Ω∞)
1

2

d∑
i=0

δi(n)

ri(n)∑
l=1

1

l
= O(nd log n).

In particular, when divided by nd+1 converges to zero, for n→∞.

Proof. This follows from the fact that δi(n) = ndδi and
ri(n)∑
l=1

1

l
= O(log ri(n)) = O(log nri) = O(log n).

By Remark 3.3.11 we will be done if we show that∣∣∣ ∫
S0(n)σ×···×Sd(n)σ

log |(Rn)σ(z)|η(dz)− log ∥Rn∥σ
∣∣∣ = o(nd+1),

where the constant is independent of σ ∈ Ω∞. But by Proposition 3.5.1 applied to
the polynomial (Rn)σ, we have∣∣∣ ∫

S0(n)σ×···×Sd(n)σ
log |(Rn)σ(z)|η(dz)−log ∥Rn∥σ

∣∣∣ ⩽ d∑
i=0

δi(n)

log(ri(n) + 1) +

ri(n)−1∑
k=1

1

k

 ,

where δi(n) = ndδi and log(ri(n) + 1) +
∑ri(n)−1

k=1
1
k

= O(log(ri(n))) = O(log n) for all
i ⩽ d, so

d∑
i=0

δi(n)

log(ri(n) + 1) +

ri(n)−1∑
k=1

1

k

 = O(nd log n) = o(nd+1),

where the given bound does not depend on σ.

Corollary 3.3.15. The intersection product on LPicQ(X) only depends on the
induced GVF structure on K.

Remark 3.3.16. By analysing precisely the proof of Proposition 3.3.13, one can see
that in fact it shows existence of an absolute constant C such that∣∣∣L0 · . . . · Ld −

1

nd+1
ht(Rn)

∣∣∣ ≤ C · (1 + ν(Ω∞)) ·max
i
riδi ·

log n

n
.

Note that the number ν(Ω∞) can be expressed as ht(2)
log 2

with respect to the induced
GVF structure on K.
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3.3.3 Definability of adelic intersection product

In this section we prove Theorem 3.3.1 for lattice line bundles. Let π : X → S be a
flat projective morphism with d-dimensional fibers. Suppose S = SpecA is an affine
variety (so that A is an integral domain).

Let L0, . . . ,Ld ∈ LPic(X/S) be simple over S with embeddings αi : X → PkiS . For
a field-valued point s ∈ S(F ) and any object Q over S, the notation Q(s) denotes its
base change to s. Denote by δi the intersection number

deg(L0(s) · . . . · Li−1(s) · Li+1(s) · . . . · Ld(s)|Xs)

for any s ∈ S(F ) in any field extension K ⊂ F . It is independent of the choice of s
since the family π : X → S is flat.

Lemma 3.3.17. There is a family of polynomials Rn with coefficients in A defined
up to scalar in A×, such that for all s ∈ S(F ) we have

Rn(s) = Rn,s,

where Rn,s is the resultant Rn from Subsection 3.3.2, defined for the scheme Xs
equipped with the family of embeddings (αi)s : Xs → Pkiκ(s) for i = 0, . . . , d.

Proof. This is probably standard, but we could not find a reference so we sketch a
proof here, based on the construction of resultants from [25, Section 1.6]. We use
notation from loc.cit but with the base-field k replaced by A, X over k replaced by
X over S = Spec(A), and Li’s replaced by Li’s.

First note that the whole Section 1.5 and Section 1.6 up to Proposition 1.6.2
of [25] go through word-for-word over A. It remains to prove the analogue of [25,
Proposition 1.6.2] over A. This boils down to calculating the cycles

q∗(c1(p
∗L0) · · · c1(p∗Li−1)c1(q

∗q∗i (OE∨
i
(1)))c1(p

∗Li+1) · · · c1(p∗Ld) ∩ [X ×S P̌])

= c1(q
∗
i (OE∨

i
(1))) · q∗(c1(p∗L0) · · · c1(p∗Li−1)c1(p

∗Li+1) · · · c1(p∗Ld) ∩ [X ×S P̌])

We look at the diagram
X ×S P̌ X

P̌ S

p

q r

s

and use flat base-change to get the equality

q∗(c1(p
∗L0) · · · c1(p∗Li−1)c1(p

∗Li+1) · · · c1(p∗Ld) ∩ [X ×S P̌])
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= s∗r∗(c1(L0) · · · c1(Li−1)c1(Li+1) · · · c1(Ld) ∩ [X ]).

Let η be the generic point of S. By the flat base-change for the localisation map
η → S, we get

r∗(c1(L0) · · · c1(Li−1)c1(Li+1) · · · c1(Ld) ∩ [X ])

= deg(L0(η) · · · Li−1(η)Li+1(η) · · · Ld(η))[S]

which is equal to δi · [S]. Hence the cycle in question is equal to

c1(q
∗
i (OE∨

i
(1)))s∗(δi · [S]) = c1(q

∗
i (OE∨

i
(1))) ∩ δi[P̌] = c1(q

∗
i (OE∨

i
(δi))) ∩ [P̌],

which finishes the proof as in [25, Proposition 1.6.2].

Proposition 3.3.18. Let X → S be a flat projective morphism of finite type schemes
over a GVF K of relative dimension d. Let L0, . . . ,Ld ∈ LPic(X/S) be lattice line
bundles on X over S. Then, the map

SGVF → R

s 7→ d̂eg(L0(s), . . . ,Ld(s)|Xs)

is continuous.

Proof. By Remark 3.2.3 (continuity with respect to the constructible topology) we
may without loss of generality assume that S is an affine variety and the line bundles
are simple over the base S.

Fix a net (si)i ∈ SGVF and s ∈ SGVF such that si → s. Using the notation from
Lemma 3.3.17, put

In,i =
1

nd+1
ht(Rn(si)), In =

1

nd+1
ht(Rn(s)),

Ii = lim
n

1

nd+1
ht(Rn(si)), I = lim

n

1

nd+1
ht(Rn(s)).

We need to show that limi Ii = I. Pick a positive number ε. First, note that there
is a natural number n such that

|I − In| < ε

and
|Ii − In,i| < ε

163



for all i. Indeed, this is possible because by Remark 3.3.16 the above differences are
bounded by logn

n
times an absolute multiple of (1 + ν(Ω∞)) maxi kiδi. Next, note that

for i big enough we have
|In,i − In| < ε

because for a fixed n, ht(Rn(y)) is a continuous function on SGVF. Hence together we
get

|I − Ii| < 3ε,

which finishes the proof as ε > 0 was arbitrary.

3.3.4 Integrable divisors over globally valued fields

For applications, it is useful to consider not only lattice line bundles, but also to allow
certain limit metrics. We will define global line bundles and globally semipositive line
bundles over a GVF in the spirit of Zhang line bundles. Let X → S be a projective
morphism of finite type schemes over a GVF K.

Definition 3.3.19. A lattice line bundle L on X over S is called semipositive if for
every s ∈ SGVF the family of metrics φ|Xs consists of semipositive metrics over almost
all places ω ∈Mκ(s).

Definition 3.3.20. Let L be a line bundle on X over S. For every compact set
C ⊂ SGVF, we define a pseudometric dC on the space of metrics on L. Let s be a
section of L and let ϕ and ψ be two families of metrics on L. Then, we define

dC(ϕ, ψ) = sup
z∈C

∫ +

Ωκ(z)

sup
x∈X an

s,ω

| log |s|ϕ − log |s|ψ|ν(dω),

where
∫ + is the upper integral functional (i.e., the infimum of integrals of measurable

functions bounding the ambient function from above, see [24, Definition A.4.1] for
details).

Note that the set of (semipositive) adelic divisors is closed under this norm. The
norm allows us to define notions of global and integrable divisors on X over S.

Definition 3.3.21. A global line bundle L on X over S is defined to be a line
bundle L with a metric family ϕ such that there is a sequence of lattice line bundles
Lk = (L, ϕk) such that

lim
k→∞

dC(ϕk, ϕ) = 0

for every compact C ⊂ SGVF.
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It is called globally semipositive if the metric families ϕk can be chosen semi-
positive. A global line bundle L is called globally integrable if there are globally
semipositive line bundles L+ and L− and an isometry L ∼= L+ ⊗ L

∨
−.

We denote the isometry classes of global Q-line bundles by P̂icQ(X/S). The
subgroup of integrable line bundles is denoted by P̂ic

int
Q (X/S). If S = SpecK, we

often omit it in the notation. We furthermore denote the distance between two metric
families by d.

Proposition 3.3.22. Let X be a projective scheme of pure dimension d over a
countable GVF K. The intersection product on lattice divisors extends to a pairing

P̂ic
int
Q (X)d+1 → R.

Proof. By linearity, it suffices to construct the pairing for globally semipositive divi-
sors. It suffices to show that on the set of semipositive lattice divisors the intersection
product is continuous with respect to d.

Let L = (O, ϕ) be a lattice line bundle with trivial underlying line bundle and
d(ϕ, 0) = C and let L1, . . . , Ld ∈ LPicQ

+(X) be semipositive lattice line bundles.
Then,

|L · L1 · · ·Ld| ≤ C deg(L1 · · ·Ld).

This can be read off from the interpretation of the intersection number as the integral
over local heights

|L · L1 · · ·Ld| = |
∫
Ω

∫
Xan

ω

log |1|ϕ,ω c1(L1,ω) · · · c1(Ld,ω)ν(dω)|

≤
∫ +

Ω

sup
x∈Xan

ω

| log |1|ϕ,ω(x)| deg(L1 · · ·Ld)ν(dω)

≤ C deg(L1 · · ·Ld).

We are finally ready to prove Theorem 3.3.1. We restate it for convenience.

Theorem 3.3.23. Let X → S be a flat projective morphism of finite type schemes
over a GVF K of relative dimension d. Let L0, . . . ,Ld ∈ P̂ic

int
Q (X/S) be globally

integrable divisors on X over S. Then, the map

SGVF → R

s 7→ d̂eg(L0, . . . ,Ld|Xs)

is continuous.
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Proof. We assume by linearity that L0, . . . ,Ld are all semipositive. Let C ⊂ SGVF be
a compact subset. For k ∈ N, let Lk0, . . . ,L

k

d be semipositive lattice line bundles such
that dC(Lki ,Li) converges to zero. Then, the functions d̂eg(Lk0, . . . ,L

k

d|Xs) converge
uniformly to d̂eg(L0, . . . ,Ld|Xs) on C. Since the former are continuous by Proposition
3.3.18, the latter is, too. We are done since SGVF is locally compact by remark
3.2.3.

For applications the following theorem is crucial. It follows from [84], but we have
not found a suitable reference for the precise statement we need. Our reasoning uses
some techniques found in the proof of the arithmetic Demailly theorem in [64] or from
[20]. Note that we have the notion of semipositivity and integrability for both Zhang
line bundles and global line bundles and that they are a priori different.

Theorem 3.3.24. Every integrable Zhang line bundle L = (L, ϕ) on a projective
variety over a number field is induced by an integrable global divisor.

Proof. We prove that arithmetically ample divisors are induced by integrable global
divisors. Arithmetically ample divisors in turn are dense in semipositive Zhang divi-
sors allowing us to finish the proof.

Definition 3.3.25. A hermitian line bundle L over an arithmetic variety X → SpecZ
is called arithmetically ample if

1. LQ is ample,

2. the metrics on L are semipositive at each place,

3. the height ĉ1(L|Y)dimY > 0 for every irreducible horizontal subvariety Y ⊆ X .

A Zhang divisor is called arithmetically ample if it is induced by an arithmetically
ample Hermitian line bundle.

We want to approximate an arithmetically ample arithmetic divisor L defined on
the model X from below. For this we apply the maps ιn : X → P(H0(nL)). We endow
the line bundle O(1) on P(H0(nL)) with the metric hn induced by the supremum
norm on H0(nL). Semipositivity implies precisely that the induced metrics on L

converge uniformly to L by [84, Theorem 3.5]. This is always semipositive at all
places and the underlying line bundle is ample. It is arithmetically ample since the
subspace of integral sections in H0(nL) has a basis s1, . . . , sN consisting of strictly
small integral sections, at least for n large enough. We are reduced to proving the
claim for (O(1), hn) on P(H0(nL)). At finite places, the metric on O(1) agrees with
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the Weil metric for the basis s1 . . . , sN (as in Claim 2.3.16). It remains to show the
approximation at the infinite place. We can approximate the metric hn by a smooth
metric with everywhere positive curvature.

From now on we assume that L is O(1) on some projective space Pn with Weil
metrics at finite places and a smooth metric with everywhere positive curvature at
∞. By Dini’s theorem it suffices to prove pointwise approximation, i.e., for every
point x ∈ X(C) and ϵ > 0 there exists an integer N > 0 and a small integral section
s ∈ H0(O(N)) such that − 1

N
log |s(x)| < ϵ.

We prove first that for arbitrarily big N we can find l ∈ H0(PnR,O(N)) satisfying
− log |l|sup ≥ ϵ and − 1

N
log |l(x)| < 2ϵ. Let x be the complex conjugate of x. We apply

[84, Theorem 2.2] to O(1) and Y = {x, x} to obtain a holomorphic section s of O(N)

with − log |s|sup = 0 and − 1
N

log |sN(x)|,− 1
N

log |sN(x)| < ϵ/2. The section sN⊗sN ∈
H0(PnC,O(2N)) is then a section l ∈ H0(PnR,O(2N)) satisfying − log |l|sup ≥ 0 and
− 1

2N
log |l(x)| < ϵ. Rescaling proves the claim.

The vector space H0(PnR,O(N)) has a norm given by the supremum norm on
X(C). The global sections over Z form a lattice ΛN = H0(PnZ,O(N)). By [84,
Theorem 4.2], there exists 0 < r < 1 such that for big enough N , there is a basis of
ΛN consisting of vectors of norm < rN . For r < r′ < 1, and big enough N it follows
that for every l ∈ H0(PnR,O(N)) there exists l′ ∈ ΛN with |l − l′|sup < (r′)N . We
apply this to the section l constructed in the previous paragraph. Then, l′ eventually
satisfies |l′|sup ≤ 1. Furthermore, for small enough ϵ in the construction of l we can
ensure − log |r′| > 2ϵ. Then, for big enough N we have − 1

N
log |l′(x)| < 3ϵ proving

the theorem.

Let us present a result due to Chen and Moriwaki that allows to calculate the
adelic intersection product over a GVF structure that comes from a polarisation.

Let (S,H1, . . . , Hn) be a polarisation inducing a GVF structure on F = Q(S). Let
X be a d-dimensional projective variety over F which is the generic fiber of a projective
morphism π : X → S. Fix globally integrable line bundles L0, . . . ,Ld ∈ P̂ic

int
Q (X/S)Q

and denote by L0, . . . , Ld their restriction to P̂ic
int
Q (X)F .

Proposition 3.3.26. [25, Proposition 4.5.1] The following equality holds:

d̂eg(L0, . . . , Ld|X) = L0 · . . . · Ld · π∗H1 · . . . · π∗Hn,

where the left hand side is the adelic intersection product over the globally valued
field F and the right hand side is the arithmetic/Arakelov intersection product of
integrable Zhang divisors on X .
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Proof. The case of the polarisation and the line bundles Li being defined on a model
over Z is [25, Proposition 4.5.1]. Our version follows from continuity of the intersection
product on semipositive line bundles and continuity of the intersection number in
families, cf. Theorem 3.3.1.

3.4 Average intersections

Let f1, . . . , fm be Laurent polynomials in n variables with coefficients in a number
field K. Each fi defines a hypersurface Vi inside a proper toric variety T with torus
T = Gn

m ⊂ T . Let (u1,j, . . . , um,j)j be a generic sequence of small points in Tm with
respect to the Weil height on Tm ⊂ Pnm. For integrable Zhang divisors D0, . . . , Dn−m

on T we want to compute

lim
j→∞

d̂eg(D0, . . . , Dn−m|u1,jV1 ∩ · · · ∩ um,jVm).

Denote the coordinates of the i-th factor of Gn
m by w1,i, . . . , wn,i. We let V ⊂ T ×Tm

be the intersection of the vanishing loci of fi(z1w−1
1,i , . . . , znw

−1
n,i). We note that under

V → Tm the generic fibre has dimension n−m. The map V → Tm is flat of relative
dimension n −m over a dense Zariski open U ⊆ Tm. We define global line bundles
L0, . . . ,Ln−m ∈ P̂ic

int
Q (V/U) by pulling back O(D0), . . . ,O(Dn−m) to T × Tm and

restricting to V . This makes sense by Theorem 3.3.24. By Theorem 3.3.1, the map

UGVF → R

u 7→ d̂eg(L0, . . . ,Ld|Xu)

is continuous. We note that on (u1, . . . , um) ∈ U(K) the above map is given by

(u1, . . . , um) 7→ d̂eg(D0, . . . , Dn−m|u1V1 ∩ · · · ∩ umVm).

By Corollary 3.2.11, a generic small sequence (u1,j, . . . , um,j)j in Tm has the cor-
responding points on UGVF converging to K(w1,1, . . . , wn,1, . . . , w1,m, . . . , wn,m) with
the polarized GVF structure associated to (

∏m
i=1 Pn, π∗

1O(1)
n
, . . . , π∗

mO(1)
n
). Denote

this limit point by ηcan ∈ UGVF.
Since the right hand side is the intersection over a polarized GVF it can be com-

puted up to birational modification as the height of V ⊂ T ×
∏m

i=1 Pn with respect to
π∗
hD0 . . . π

∗
hDn−m · (

∑
π∗
iO(1))nm by Proposition 3.3.26. In other words, we get the

following.
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Lemma 3.4.1. Suppose that D0, . . . , Dn−m are integrable Zhang divisors on T over
K. Then,

lim
j→∞

d̂eg(D0, . . . , Dn−m|u1,jV1 ∩ · · · ∩ um,jVm)

= d̂eg(π∗
hD0 . . . π

∗
hDn−m · π∗

1O(1)
n
· · · π∗

mO(1)
n
|V ).

On the right hand side, the Di should be viewed as adelic divisors pulled back to
T ×

∏m
i=1 Pn.

We need to be careful when applying Fubini’s theorem in the non-archimedean
setting. This is because of the failure of (X×Y )an = Xan×Y an. In our setting, there
is a preferred very affine chart (i.e., an open subset isomorphic to a closed subscheme
of a tori) given by the torus in the toric variety.

We sketch an argument that one can apply Fubini in this situation. This is based
on [70, Proposition 3.4.21]. If α ∈ A(dimX,dimX)(Xan) and β ∈ A(dimY,dimY )(Y an) are
smooth forms that are defined on very affine charts of integration U ⊆ X and V ⊆ Y .
Then, U×V ⊆ X×Y is a very affine chart of integration for π∗

Xα∧π∗
Y β. Furthermore,

trop(U×V ) = trop(U)× trop(V ) by Rosenlicht’s theorem. Then, one needs to prove
that one has the product measure on each polyhedron in the tropicalization. This
is done by adapting [70, Lemma 3.4.16]. The general case follows by approximation.
We refer to [37] for an introduction to the theory of forms in the non-archimedean
setting.

Theorem 3.4.2. LetRi denote the Ronkin divisor associated to gi = fi(z1w
−1
1,i , . . . , znw

−1
n,i)

on a suitable toric blowup X of T ×
∏m

i=1 Pn. Let Ṽ denote the common vanishing
locus of the gi. Then, we have an identity

d̂eg(R1 . . .Rmπ
∗
hD0 . . . π

∗
hDn−m · π∗

1O(1)
n
· · · π∗

mO(1)
n
|X)

= d̂eg(π∗
hD0 . . . π

∗
hDn−m · π∗

1O(1)
n
· · · π∗

mO(1)
n
|Ṽ ).

Proof. In order not to overburden notation we omit the superscript denoting the
analytification.

Let si denote the distinguished section of O(Ri). The sections gisi of O(Ri) have
common vanishing locus Ṽ . By the iterative definition of the height, the equality of
intersection numbers is equivalent to the vanishing of the integrals occurring in the
height computations. These are of the form∫
div(g1)∩···∩div(gr−1)

log |grsr|c1(Rr+1) . . . c1(Rm)π∗
hc1(D0) . . . π

∗
hc1(Dn−m)

m∏
i=1

π∗
i c1(O(1)).
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Let us write ω for c1(Rr+1) . . . c1(Rm)π∗
hc1(D0) . . . π

∗
hc1(Dn−m)

∏
i ̸=r π

∗
i c1(O(1)). To

each of them we can apply Fubini to obtain∫
div(g1)∩···∩div(gr−1)∩X

log |grsr|π∗
rc1(O(1))nω

=

∫
(div(g1)∩···∩div(gr−1)∩(T×

∏r−1
i=1 T))×T×

∏m
i=r+1 T

log |grsr|π∗
rc1(O(1))nω

=

∫
(div(g1)∩···∩div(gr−1)∩(T×

∏r−1
i=1 T))×

∏m
i=r+1 T

(∫
T

log |grsr|c1(O(1))n
)
ω

=

∫
(div(g1)∩···∩div(gr−1)∩(T×

∏r−1
i=1 T))×

∏m
i=r+1 T

(∫
T

log |grsr|dσ0(x)

)
ω.

The first equality follows since a Zariski closed subset with empty interior is a nullset
with respect to a measure associated to a differential form.

We claim that the inner integral
∫
T log |grsr|σ0(x) vanishes at each fiber. Recall

that gr(t, t1, . . . , tm) = fr(tt
−1
r ). Let πr denote the projection from T×

∏m
i=1 T to the

r-th component Tr in the second factor.
We compute

log |sr(t, t1, . . . , tm)| =
∫
trop−1(trop(t,t1,...,tm))

− log |gr(x)|dσ(t,t1,...,tm)(x)

=

∫
trop−1(trop(t,tr))⊂(T×Tr)trop

− log |fr(xx−1
r )|dσ(t,tr)(x, xr)

=

∫
trop−1(trop(tt−1

r ))⊂Ttrop
r

− log |fr(x)|dσtt−1
r

(x) = ρr(tt
−1
r ).

Here, ρr denotes the Ronkin function for fr and Tr denotes the r-th factor of the
torus.

Consider the fibre over an element

(t, t1, . . . , tr−1, tr+1, . . . , tm) ∈

(
div(g1) ∩ · · · ∩ div(gr−1) ∩ (T×

r−1∏
i=1

T)

)
×

m∏
i=r+1

T.

Over this fibre we evaluate the integral∫
T

log |gr(t, t1, . . . , tm)sr(t, t1, . . . , tm)|σ0(tr) =

∫
T

log |fr(tt−1
r )|+ ρr(tt

−1
r )σ0(tr)

= −ρr(t) + ρr(t) = 0.

Lemma 3.4.3. Let Ri denote the Ronkin line bundle associated to fi and suppose it
is already defined on T and assume D0, . . . , Dn−m are toric. Let X denote a suitable
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toric blow-up of T ×
∏m

i=1 Pn over which Ri are defined. We have an equality of
intersection numbers

d̂eg(R1 . . .Rmπ
∗
hD0 . . . π

∗
hDn−m · π∗

1O(1)
n
· · · π∗

mO(1)
n
|X)

= d̂eg(R1 . . . RmD0 . . . Dn−m|T )

Proof. By linearity, we assume that D0, . . . , Dn−m are all semipositive. Then, we
interpret the left hand side in a combinatorial manner as in [17, Theorem 5.2.5].
Next, we apply Lemma 3.2.23. The occurring polytopes are m times n copies of the
unit simplex, one set of copies for each factor in

∏m
i=1 Pn. One sees immediately that

the pushforward of the roof functions of the π∗
hDi’s yield the roof functions of the

Di’s. Similarly, the pushforward of the roof function of Ri is the roof function of Ri

by Lemma 3.2.21. This finishes the proof.

Theorem 3.4.4. Let f1, . . . , fm be Laurent polynomials in n variables with coeffi-
cients in a number field K and let T be a proper toric variety with torus T = Gn

m ⊂ T .
Suppose that NP(fi) define divisors on T . Denote by Vi the hypersurface defined by
fi. Let (ζ1,j, . . . , ζm,j)j be a generic sequence of small points in Tm with respect to
the Weil height and D0, . . . , Dn−m be integrable toric Zhang divisors on T . Then,

lim
j→∞

d̂eg(D0, . . . , Dn−m | ζ1,jV1 ∩ · · · ∩ ζm,jVm) = d̂eg(R1 . . . RmD0 . . . Dn−m|T ).

Proof. This is a combination of Lemma 3.4.1, Theorem 3.4.2 and Lemma 3.4.3.

Finally, we prove Conjecture 6.4.4. from [32].

Theorem 3.4.5. Let f1, . . . , fm be Laurent polynomials in n variables with coeffi-
cients in a number field K and let T be a proper toric variety with torus T = Gn ⊂ T .
Denote by Vi the hypersurface defined by fi and by ρi its Ronkin function. Let
(ζ1,j, . . . , ζm,j)j be a generic sequence of small points in Tm for the Weil height and
let D0, . . . , Dn−m be semipositive toric Zhang divisors on T with associated local roof
functions θ0,v, . . . , θn−m,v. Then,

lim
j→∞

d̂eg(D0, . . . , Dn−m | ζ1,jV1 ∩ · · · ∩ ζm,jVm)

=
∑
v∈MK

nv MIM(θ0,v, . . . , θn−m,v, ρ
∨
1 , . . . , ρ

∨
m).

Proof. We apply the projection formula to restrict to the case, where the NP(fi) define
divisors on T . Then, the conjecture follows from Theorem 3.4.4 and Theorem 3.2.17.
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3.5 Appendix: Mahler measures of complex polyno-
mials

In this appendix, we study some measures of complexity of complex polynomials.
For a non-zero P ∈ C[X1, . . . , Xn], we define the logarithmic Mahler measure

m(P ) =

∫
[0,1]n

log |P (e2iπt1 , . . . , e2iπtn)|dt1 . . . dtn,

and the logarithmic Fubini-Study Mahler measure

mSn(P ) =

∫
Sn

log |P (z1, . . . , zn)|dηn(z1, . . . , zn),

where Sn is the unit sphere in Cn for the usual Euclidean norm, and ηn is the spherical
measure on Sn, normalized so that ηn(Sn) = 1.

In [50], Pierre Lelong studied these two measures and gave a bound for the distance
between them in terms of n and the degree of P .

In this appendix, we prove an analogue of Lelong’s result for polynomials in
X1, . . . , Xn, where each X i is a tuple of abstract variables of length mi. More pre-
cisely, we define the mixed Fubini-Study Mahler measure by

mSm1×...×Smn
(P ) =

∫
Sm1×...Smn

log |P (z1, . . . , zn)|dηm1(z1) ∧ . . . ∧ dηmn(zn).

This measure has already been studied by Rémond in [65], in which he bounds
mSm1×...×Smn

(P ) in terms of the absolute values of the coefficients of P . Our goal here
is to prove a slightly different inequality, namely the following proposition.

Proposition 3.5.1. Let P ∈ C[X1, . . . , Xn] be a non-zero polynomial, where each
X i is a tuple of abstract variables of length mi. For all i ≤ n, let di be the degree of
P in X i. Then,

∣∣mSm1×...×Smn
− log∥P∥

∣∣ ⩽ n∑
i=1

di

(
log(mi + 1) +

1

2

mi−1∑
k=1

1

k

)
,

where ∥P∥ is the maximum absolute value of the coefficients of P .

Let us start with the simpler case where eachmi is equal to 1. Let P ∈ C[X1, . . . , Xn]

be a non-zero polynomial of degree d.
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Lemma 3.5.2. Let

S(P ) := sup{|P (z1, . . . , zn)| : (z1, . . . , zn) ∈ Cn and |zi| ⩽ 1 for all i}.

Then,

∥P∥ ⩽ S(P ) ⩽

(
n+ d

n

)
∥P∥.

Proof. The rightmost inequality follows from the fact that a polynomial of degree d
has at most

(
n+d
n

)
non-zero coefficients.

For the other inequality, write P =
∑

k∈Nn anX
n, and consider the integral

I =

∫
[0,1]n
|P (e2iπt1 , . . . , e2iπtn)|2 dt1 . . . dtn

=

∫
[0,1]n

P (e2iπt1 , . . . , e2iπtn)P (e2iπt1 , . . . , e2iπtn) dt1 . . . dtn

=

∫
[0,1]n

( ∑
k,l∈Nn

akal exp (2iπ(k1 − l1)t1 + . . .+ 2iπ(kn − ln)tn)

)
dt1 . . . dtn

I =
∑
k,l∈Nn

akal

∫
[0,1]n

exp (2iπ(k1 − l1)t1 + . . .+ 2iπ(kn − ln)tn) dt1 . . . dtn.

Now, for k, l ∈ Nn with k ̸= l, there exists 1 ⩽ r ⩽ n with kr − lr ̸= 0. So,∫
[0,1]n

exp (2iπ(k1 − l1)t1 + . . .+ 2iπ(kn − ln)tn) dt1 . . . dtn

=

∫
[0,1]n−1

exp

(∑
s̸=r

2iπ(ks − ls)ts

)(∫ 1

0

e2iπ(kr−lr)trdtr

)∏
s ̸=r

dts = 0,

and for k = l,∫
[0,1]n

exp (2iπ(k1 − l1)t1 + . . .+ 2iπ(kn − ln)tn) dt1 . . . dtn = 1.

So, finally
I =

∑
k∈N

|ak|2 ⩾ ∥P∥2.

But we also have

I =

∫
[0,1]n
|P (e2iπt1 , . . . , e2iπtn)|2 dt1 . . . dtn ⩽ S(P )2.

Hence, ∥P∥ ⩽ S(P ).
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Remark 3.5.3. In particular, Lemma 3.5.2 implies that

S(P ) = lim
m→+∞

∥Pm∥1/m.

Lemma 3.5.4. Assume that n = 1, i.e., P =
d∑

k=0

akX
k ∈ C[X]. Then, for all

0 ⩽ k ⩽ d:

|ak| ⩽
(
d

k

)
exp(m(P ))

Proof. Since C is algebraically closed, we can write P = λ
degP∏
i=1

(X−αi), where λ ∈ C×,

α1, . . . , αdegP ∈ C. Now, by Jensen’s formula, we have for each 1 ⩽ i ⩽ degP ,∫ 1

0

log
∣∣e2iπt − αi∣∣ dt = max(0, log |αi|).

So, by summing,

m(P ) = log |λ|+
degP∑
i=1

max(0, log |αi|).

Now, let k ⩽ degP . Then, the coefficient of Xk in P is equal to

ak = (−1)degP−kλ
∑

I⊆{1,...,degP}

∏
i∈I

αi.

So, by the triangle inequality

|ak| ⩽ |λ|
∑

I⊆{1,...,degP}

∏
i∈I

|αi| ⩽
(

degP

k

)
|λ|

degP∏
i=1

max(1, αi) ⩽

(
d

k

)
exp(m(P ).

Lemma 3.5.5. Write P =
∑

m∈Nn

amX
m1
1 . . . Xmn

n . Then, for everym = (m1, . . . ,mn) ∈

Nn, we have

|am| ⩽
(

d

m1, . . . ,mn

)
exp(m(P )).

Proof. We prove this inequality by induction on n. The n = 1 case is the result of
Lemma 3.5.4, so we may assume n ⩾ 2. The result is also immediate if am is zero, so

assume it is not. Write P =
d∑

k=0

PkX
k
n, where the Pk are in C[X1, . . . , Xn−1]. Then,

we may write

m(P ) =

∫
[0,1]n−1

m(P (e2iπt1 , . . . , e2iπtn−1 , X))dt1 . . . dtn−1.
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By Lemma 3.5.4, we have for all (t1, . . . , tn−1) ∈ [0, 1]n−1, |Pmn(e2iπt1 , . . . , e2iπtn−1)| ⩽(
d
mn

)
exp(m(P (e2iπt1 , . . . , e2iπtn−1 , X))). Since Pmn(e2iπt1 , . . . , e2iπtn−1) is non-zero for

almost all (t1, . . . , tn−1), we may write
m(P (e2iπt1 , . . . , e2iπtn−1 , X)) ⩾ log |Pmn(e2iπt1 , . . . , e2iπtn−1)| − log

(
d
mn

)
and integrate,

yielding

m(P ) ⩾ m(Pmn)− log

(
d

mn

)
,

i.e., exp(m(Pmn)) ⩽
(
d
mn

)
exp(m(P )) Since Pmn has degree at most d − mn, the

induction hypothesis gives |am| ⩽
(

d−mn

m1,...,mn−1

)
exp(m(Pmn)). Since

(
d
mn

)(
d−mn

m1,...,mn−1

)
=(

d
m1,...,mn

)
, this concludes.

Corollary 3.5.6.
|m(P )− log∥P∥| ⩽ d log(n+ 1)

Proof. First, it is clear that m(P ) ⩽ log(S(P )) ⩽ log∥P∥ + log
(
n+d
n

)
by Lemma

3.5.2. A basic counting argument shows that
(
n+d
n

)
⩽ (n + 1)d, hence m(P ) ⩽

log∥P∥+ d log(n+ 1).
For the other direction, write P =

∑
m∈Nn

amX
m1
1 . . . Xmn

n . By Lemma 3.5.5, we

have for all m ∈ Nn,

|am| ⩽
(

d

m1, . . . ,mn

)
exp(m(P ))

A basic counting argument shows that
(

d
m1,...,mn

)
⩽ (n + 1)d, hence by taking the

maximum over all coefficients,

∥P∥ ⩽ (n+ 1)d exp(m(P )),

i.e., log∥P∥ ⩽ m(P ) + d log(n+ 1), which concludes the proof.

Remark 3.5.7. If P ∈ C[X1, . . . , Xn] is homogeneous, we may replace n+ 1 by n in
the above inequality. Indeed, evaluating in Xn = 1 does not change m(P ) and ∥P∥,
so we may replace P with a polynomial in n− 1 variables.

Lemma 3.5.8.
|mSn(P )− log∥P∥| ⩽ 2d log(n+ 1).

Proof. It is clear from the definition that mSn(P (e2iπt1X1, . . . , e
2iπtnXn)) = mSn(P )

for all t1, . . . , tn ∈ [0, 1]. So, we may write

mSn(P ) =

∫
[0,1]n

mSn(P (e2iπt1X1, . . . , e
2iπtnXn))dt1 . . . dtn.
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By Fubini, this is equal to∫
Sn

(∫
[0,1]n

(P (z1e
2iπt1 , . . . , zne

2iπtn))dt1 . . . dtn

)
dηn(z) =

∫
Sn
m(P (z1X1, . . . , znXn))dηn(z)

But, by Lemma 3.5.6, we have for all z ∈ Sn:

|m(P (z1X1, . . . , znXn))− log∥P∥| ⩽ d log(n+ 1)

So, by integrating:∣∣∣∣mSn(P )−
∫
Sn

log∥P (z1X1, . . . , znXn)∥dηn(z)

∣∣∣∣ ⩽ d log(n+ 1).

Moreover, it is clear that for all z ∈ Sn, ∥P (z1X1, . . . , znXn)∥ ⩽ ∥P∥, therefore∫
Sn

log∥P (z1X1, . . . , znXn)∥dηn(z) ⩽ log∥P∥.

On the other hand, if P is written as
∑

s∈Nn asX
s1
1 . . . Xsn

n , we have for all s such
that as ̸= 0,∫

Sn
log∥P (z1X1, . . . , znXn)∥dηn(z) =

∫
Sn

(
max
s

log |aszs11 . . . zsnn |
)
dηn(z)

⩾ max
s

∫
Sn

log |aszs11 . . . zsnn |dηn(z)

= max
s

(
log |as|+

n∑
i=1

si

∫
Sn

log |zi|dηn(z)

)

= max
s

(
log |as|+ |s|

∫
Sn

log |z1|dηn(z)

)
∫
Sn

log∥P (z1X1, . . . , znXn)∥dηn(z) ⩾ log∥P∥+ d

∫
Sn

log |z1|dηn(z).

It remains to show that
∫
Sn

log |z1|dηn(z) ≥ − log(n + 1). In fact, we even know from

[50, Equation 2.28] that this integral evaluates to −1
2

n−1∑
i=1

1
k
.

Now, we move on to the mixed case. Fix a non-zero polynomial P ∈ C[X1, . . . , Xn]

and denote di := degXi
P . Our goal is to adapt the result of Lemma 3.5.8 and find a

bound for the distance between this measure and log∥P∥ in terms of the di.

Lemma 3.5.9. Again, let

S(P ) := sup{|P (z1, . . . , zn)|(z1, . . . , zn) ∈ Cm1+...+mn and |zi,j| ⩽ 1 for all i, j}.

Then,

∥P∥ ⩽ S(P ) ⩽

(
n∏
i=1

(
mi + di
mi

))
∥P∥
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Proof. This follows from the fact that the number of non-zero coefficients of P is at

most
n∏
i=1

(
mi+di
mi

)
, by the same argument as in the proof of Lemma 3.5.2.

Lemma 3.5.10. Write

P =
∑

(k1,...,kn)∈Nm1×...×Nmn

ak1,...,knX
k1
1 . . . X

kn
n ,

where Xki
i :=

mi∏
j=1

X
ki,j
i,j . Then, for every k = (k1, . . . , kn) ∈ Nm1 × . . .× Nmn , we have

|ak1,...,kn| ⩽

(
n∏
i=1

(
di

ki,1, . . . , ki,mi

))
exp(m(P )).

Proof. The proof is a straightforward induction on n, based on Lemma 3.5.5.

Corollary 3.5.11. The following inequality holds:

|m(P )− log∥P∥| ⩽
n∑
i=1

di log(mi + 1).

Proof. First, it is clear that m(P ) ⩽ log(S(P )) ⩽ log∥P∥ +
∑n

i=1 log
(
mi+di
mi

)
by

Lemma 3.5.2. As in the proof of Corollary 3.5.6, a counting argument shows that(
mi+di
mi

)
⩽ (mi + 1)di , so m(P ) ⩽ log∥P∥+

∑n
i=1 di log(mi + 1).

Then, it follows from Lemma 3.5.10 and the fact that every multinomial coefficient(
di

k1,...,kmi

)
is smaller or equal to (mi + 1)di , that

∥P∥ ⩽

(
n∏
i=1

(mi + 1)di

)
exp(m(P )),

i.e., log∥P∥ ⩽ m(P ) +
∑n

i=1 di log(mi + 1), which concludes the proof.

Remark 3.5.12. If P ∈ C[X1, . . . , Xn] is homogeneous in each of the tuples X i, we
may replace mi + 1 by mi in the above inequality. Indeed, evaluating in Xi,mi

= 1

does not change m(P ) nor ∥P∥, so we may replace X i by a (mi − 1)-tuple.

We are finally able to prove the main result of this appendix.

Proof of Proposition 3.5.1. We first prove the inequality

mSm1×...×Smn
(P ) ⩽ log∥P∥+

n∑
i=1

di log(mi + 1)

exactly as in the proof of Corollary 3.5.11.
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For the other inequality, we again reason by induction on n. If n = 1, the result
follows directly from Lemma 3.5.8. So, assume n ⩾ 2. Write P =

∑
k∈Nmn

PkX
k

n, where

the Pk are in C[X1, . . . , Xn−1]. Let l ∈ Nmn be such that ∥Pl∥ = ∥P∥. Then, we have

mSm1×...×Smn
=

∫
S1×...×Smn−1

mSmn
(P (z1, . . . , zn−1, X))dηm1(z1) ∧ . . . ∧ dηmn−1(zn−1)

By Lemma 3.5.8, we have for all z1, . . . , zn−1,

mSmn
(P (z1, . . . , zn−1, X)) ⩾ log∥P (z1, . . . , zn−1, X)∥ − dn

(
log(mn + 1) +

1

2

mn−1∑
k=1

1

k

)

⩾ log |Pl(z1, . . . , zn−1)| − dn

(
log(mn + 1) +

1

2

mn−1∑
k=1

1

k

)
,

so by integrating, we get

mSm1×...×Smn
⩾ mSmn

(Pl)− dn

(
log(mn + 1) +

1

2

mn−1∑
k=1

1

k

)
.

But, by induction hypothesis,

mSmn
(Pl) ⩾ log∥Pl∥ −

n−1∑
i=1

di

(
log(mi + 1) +

1

2

mi−1∑
k=1

1

k

)
,

where ∥Pl∥ = ∥P∥ by assumption, which concludes the proof.
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