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0.1 Outline

The material of this thesis is composed out of three articles |9 [71] 28] each consti-
tuting a separate chapter. At the beginning of each chapter the author’s contribution
and the status of the corresponding paper is described. In this outline we describe
how these parts fit together and what are the main contributions of this thesis into the
theory of globally valued fields. For more detailed descriptions of results in respective

chapters we refer the reader to introductions therein.

Definition 0.1.1. Let F' be a field. A global height on F' is a collection of functions

h : P"(F) — Rsg, for every natural n, satisfying the following axioms.

Height of one: h(1:1)=0
Invariance: Vo € P*(F), Vo € Sym,, ., h(oz) = h(z)
Additivity: Vo € PY(F), Yy € P"(F), h(z®y)=h(x)+ h(y)
Monotonicity: Vo e PY(F), Yy € P™(F), h(z) <h(z:y)
Triangle inequality: Vz,y € F"™ x4+ y #0, hiz +y) <h(x:y)+e

for some real number e > 0 which is called the Archimedean error, and (z;); ® (y;); =
(w;y;)i; is the Segre embedding. A globally valued field is a field equipped with a
global height.

These structures were originally defined in a different (equivalent) way by Ben
Yaacov and Hrushovski in [I0]. They form a first-order class GVF, in unbounded
continuous logic from [5]. In any GVF, the Archimedean error can be taken to be
any number bigger or equal h(2 : 1). Thus, when talking about a fixed GVF, we will
typically not mention an Archimedean error. The reason why e appears in the defini-
tion is that if one puts h(2 : 1) instead in the above triangle inequality, the obtained
class is not anymore first-order. The main examples of globally valued fields are global
fields, i.e., number fields and function fields of irreducible curves over finite fields. In
this case, the heights can be defined using the product formula. The fundamental
motivating question is: what structural properties explain the similarities between
number fields and function-field type global fields?

When faced with fields equipped with an extra structure (for example empty
structure, derivation or an automorphism), in mathematical practice we usually build
‘geometry’ dual to the algebra imposed by the extras. For example algebraic geom-
etry is dual to commutative algebra. Or, Kolchin varieties are dual to differential

algebra. Model theory provides a toolkit in analysing classes of enriched fields and



the associated geometries. In the above mentioned cases it leads to the understand-
ing of universal domains (through the notion of existential closedness) and to ques-
tions about classification of certain special varieties/equations (stably embedded sets,
strongly minimal equations, modular forking geometry). For example, in the case of
fields with an automorphism, one characterises existentially closed models as a first
order class ACFA and there is a rich geometric theory on difference varieties in ACFA
developed in [21]. Moreover, in this case, there are classical structures that are models
of ACFA, namely the ultraproducts of algebraic closures of finite fields with Frobenius
automorphisms [44].

The main motivation of this thesis was to understand a piece of this model-
theoretic toolkit for globally valued fields, namely identifying ‘classical’ existentially
closed models, and studying the question of axiomatizability of all of them. This first
part of this goal was achieved through Theorem [0.1.3] however, the existence of the
model companion for globally valued fields is still conjectural. Moreover, in this work
we connect various ‘geometries’ to the algebra of fields with heights. For example we
use Arakelov geometry to prove Theorem and the theory of adelic curves [24]
to prove Theorem [0.1.5] Let us now go more thoroughly through the core statements
proved in this thesis.

The main result of Chapter [1|is the following theorem (joint with Ben Yaacov,
Destic and Hrushovski) giving many equivalent definitions of globally valued fields,

including one given in terms of a (measure theoretic) product formula.

Theorem 0.1.2. [9] There is a bijective correspondence between the following struc-

tures on a field F":

Local terms satisfying the product formula,

Global heights,

Global functionals,

Global families of local measures,

Renormalisation classes of global admissible measures,
Equivalence classes of global lattice valuations.

AR AN ol S

For a description of all these equivalent structures, see Introduction [I.1} The
significance of this theorem is that it unifies various approaches in studying global
structures on fields, e.g. [10, 24] [36], as well as allows tools from various areas of
mathematics to be used in their study [Il I8, 27, 60] (see Table [L.I). Indeed, in
Chapter [2] we use Arakelov geometry to prove the main result of this thesis, resolving

a conjecture of Hrushovski from [43, Conjecture 4.1].



Theorem 0.1.3. [71] The field Q equipped with the Weil projective height is an
existentially closed globally valued field.

This means that if X is a variety over Q and the function field of X is equipped
with a global height h satisfying h(2 : 1) = log2 then there is a generic sequence of

points z, € X(Q) such that for any tuple of rational functions fy,..., fr on X, we

have

tim ht(foen) o felan)) = h(fo: - fi),

where on the left hand side ht is the Weil projective height on Q. This result is an
arithmetic analogue of the main result of [10] where Ben Yaacov and Hrushovski show
that the algebraic closure of C(t) is existentially closed as a globally valued field (in
that case there is a unique GVF structure that is zero on C and satisfies h(t : 1) = 1).
For some applications of Theorem (0.1.3] see Introduction [2.1]

Let us note that even though the paper [71] was written before [9], in this thesis we
incorporate Theorem [0.1.2] to simplify a part of the proof of Theorem [0.1.3] Another
place where Theorem [0.1.2]is important, is Chapter [3, There, we use the comparison
between globally valued fields and adelic curves [24] to translate the adelic intersection
theory developed by Chen and Moriwaki [25] to the GVF context. In elementary
terms, it means that if X is a variety over a field F' equipped with a GVF structure,
and we are given embeddings j; : X — P" defined over F (for i =0,...,d = dim X),
then we can associate to this data a real number ge?g(jo, ..., Ja) which measures
the arithmetic complexity of the embeddings, relative to the GVF structure on F.
The adelic intersection product ae\g( Jo,---,ja) can be defined as follows. There is a
unique (up to a multiplicative scalar from F') polynomial R(\y, ..., A;) of multidegree
(0o, . ..,04) where §; is the intersection number deg (H#j c¢1(j;O(1))), such that

R h) =0 <= Gz e X)(Vi=0,...,d)(j(z) C {\ =0}),

for A\; being a tuple of coordinates of a linear form on P™. Call R the resultant of
the family jo, ..., jq. Let us denote by R,, the resultant of the family of embeddings
Jos - - - Jiy, where we replace each j; by the post-composition with the n’th Veronese

map on the corresponding projective space. Then

1

deg<j07 s ajd) = 117ILII Wh(Rn%

where by h(R,) we mean the global height of the tuple of the coefficients of R,.
For a more detailed definition of the adelic intersection product ge?g( Joy - -5 Jd), See
Section 3.3/ and [25]. To state the next result we need one more notation.
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Definition 0.1.4. Let S be a variety over a globally valued field F. We denote by

Savr the space of quantifier-free types extending S over F. In other words, as a set
Savr = {(z, h,) : @ € S and h, is a global height on x(z) extending the one on F'},

where by k(x) we denote the residue field of z over F, and x varies over scheme-
theoretic points of S. The topology is defined as the weakest for which Zariski open
sets U C S induce open subsets Ugyr C Sgvr and for which a morphism f : U — P™
induces a continuous real-valued function (z,h;) — h,(f(z)) on Ugyr. With this

topology Sqvr becomes a locally compact, Hausdorff topological space.

One of the main results of Chapter 3| (joint with Pablo Destic and Nuno Hultberg)

is the following.

Theorem 0.1.5. [28] Let X — S be a flat projective morphism of finite type
schemes over a globally valued field F, of relative dimension d. Let j; : X — Pg
be closed embeddings over S, for i = 0,...,d. For s = (x,h;) € Sgvr, let us write
geg(jo, ..., Ja|Xs) for the adelic intersection product of pullbacks of j;’s with respect
to the morphism z — S and the global height h, on k(z). Then, the map

SGVF — R

S deg(jo: s )jd|XS>

is continuous. In other words, the adelic intersection product is quantifier-free defin-

able in families.

This can probably be deduced from the existence and regularity of the Deligne
pairing, however, we provide a proof using resultants and [25] directly. As an appli-
cation, we prove a conjecture of Gualdi [32] about heights of complete intersections

in toric varieties. The precise statement is below.

Theorem 0.1.6. [28] Let fi,..., fi, be Laurent polynomials in n variables with
coefficients in a number field K and let T be a proper toric variety with torus T =
G: C T'. Denote by V; the hypersurface defined by f; and by p; its Ronkin function.
Let (Cijs---,Cm,j); be a generic sequence of tuples of roots of unity in T™ and let
Do, ...,D,_, be semipositive toric adelic divisors on 7" with associated local roof
functions O, . . ., 0p—m. Then,

lim ge?g(bo, s D [ GVi N 0 G Vi)

J—00

= Z Mo MIns (00,05 - - s Onmmws PY s - -+ s Po)-

veEMg



In particular, if V4, ..., V], are hypersurfaces in ' = P" over K and ((1,- -, Cayj);

is a generic sequence of tuples of roots of unity in T, then this gives a formula for
.lim ht(gl,j‘/l n---N Cn,jvn)
j—o0

in terms of mixed integrals of Ronkin functions associated to Laurent polynomials
defining the V;’s. Thus the computation of the above arithmetic intersection numbers
is reduced to a (global) convex geometric problem.

Summarising, in this thesis, we make the following contributions to the theory of

globally valued fields:

e Theorem explains what globally valued fields really are, building a dictio-

nary between various definitions.

e Theorem shows that studying universal problems over all globally valued
fields is equivalent to studying them over Q uniformly in parameters. In other
words, it shows that Q is a kind of universal GVF, in the sense that every GVF

extending Q embeds into an ultrapower of Q.

e Theorem says that heights of cycles are quantifier-free expressible in the
GVF language. As a corollary, this leads to a better understanding of equidis-

tribution and cycles defined over an equidistributing sequence.

e Theorem is an instance of the previous bullet, where the Bilu equidistri-

bution is understood as a convergence in Pgyp-

To use tools from model theory in order to study globally valued fields it would be
desirable to characterise all existentially closed models. Theorem [0.1.5] was originally
motivated by the search of geometric axioms for the (conjecturally existing) model
companion of GVF. However, even without the model companion, the use of geo-
metric stability methods is possible in this landscape. For example, Ben Yaacov and
Hrushovski show [11] that the theory of globally valued fields is quantifier-free stable.
Another exciting direction of development of GVF would be the study of adeles and
adelic lattices over a field with a global height. This is related to the study of adelic
vector spaces e.g. in [I3, 24] and is a part of the current research program of the

author.



Chapter 1

Foundations

This chapter is based on the paper [9] joint with Itai Ben Yaacov, Pablo Destic
and Ehud Hrushovski. The author’s most notable contributions to this project consist
of establishing the connections with ‘Riemann-Zariski-Berkovich’ spaces, fixing some
proofs from [11], an abstract characterisation of the lattice of adelic divisors, and an
introduction to the ‘baby unbounded continuous logic’ at the end. The paper contains
some references to the author’s work [71], which are changed here to references to
C’hapter (mostly in Section @ The paper has been submitted to a journal.

1.1 Introduction

A global field K, i.e., either a number field, or a finite extension of the field k()
(for some finite base-field k), satisfies a product formula, which means that there is a

natural choice of absolute values (| - |;);e; on K such that

H|a|i:1 for all a € K*. (1.1)
iel
In fact, if one of the absolute values has either discrete value group with finite residue
field or is Archimedean, the product formula characterises this class of fields, see the
Artin-Whaples theorem [2, Theorem 3|. Geometrically, the product formula can be
interpreted as the fact that every ‘function’ a € K* has the same number of zeros and
poles, counted with multiplicities. Indeed, by taking — log of the previous formula,

we get

Z —loglal; = 0, (1.2)

el
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where we can think of —log |a|; as of the order of vanishing of a at i € I. This point
of view and the analogy between function fields and number fields is very useful, see
[39, Chapter 1.6], and [79, Chapter IV].

However, despite Artin-Whaples, there are classical fields with valuations sat-
isfying ‘product formulas’, that do not come from number fields or function fields
of curves over finite fields. First, note that function fields of curves over any field
give such examples, as if C' is a smooth projective curve over any field, then non-zero
rational functions on C' have the same number of zeroes and poles (counted with mul-
tiplicities). Even more generally, if X is a one-dimensional proper regular Noetherian
scheme, it may happen that rational functions on X satisfy the product formula with
respect to orders of vanishing at closed points of X. A spectacular example of this
behavior is when X is the Fargues-Fontaine curve, see [54]. Also, in the world of
analytic functions, Jensen’s formula

2T
o = / ~log|f(ré®)|do = —log |f(0)]  (1.3)

Z ord,(f)log

0<lal<r
can be thought of as a product formula, with an error —log|f(0)| = O,(1). This
observation is a part of the Vojta’s dictionary between diophantine approximation
and value distribution theory, see [76]. Moreover, by using the above Jensen’s formula

for r = 1 together with p-adic Jensen’s formulas [48, Remark 2.8, one can deduce
that for f € Q(z)* we have

2
S —tog il + 5 [ gl + 3 orda() Dia) =0, (1)
p z€P},
where || f||, is the p-adic Gauss norm of f (i.e., the supremum of the p-adic norm of
f on the p-adic unit disc, if f € Q[z]) and for « € P, the number ht(z) is the Weil
height of x.

Equation (|1.4]) is a natural example of a product formula with a continuous mea-
sure (at least over Archimedean absolute values), in contrary to the counting measure
case in Equation . Moreover, even if we restrict to number fields, while each has
a discrete space of places, when we pass to Q, the space becomes locally compact
but not discrete. This suggests that a more general notion of ‘global fields’ should
include not only counting measures on the space of absolute values on a field. There
are a few candidates of such notion in the literature. First, Gubler in [36] defined
an M-field, which is a field K together with a measure space (M, u) and p-almost
everywhere defined maps

(ve M) (|zf, € Rxo)

11



for x € K, such that p-almost everywhere | - |, is an absolute value, and log |z|, €
LY (M, ) for z € K*. This formulation allows errors like in Equation , and if
we want the product formula to hold, we need to additionally assume that log |z, €
L§(M, 1) (integral must be zero). The consideration of such more general product
formulas found applications soon after the appearance of [36], as Moriwaki [56] used
height functions on finitely generated fields over Q, to recover the Raynaud’s theorem
(Manin-Mumford conjecture). Later, Chen and Moriwaki introduced (proper) adelic
curves in [24], and Ben Yaacov and Hrushovski introduced (globally or) multiply
valued fields in [10]. Both of these notions are defined similarly to M-fields (satisfying
the product formula). Let us also mention the work [83] in which Yuan and Zhang
extend the theory of Moriwaki developed in [56, [57].

In this paper we present the basics of the theory of globally valued fields, compare
it to adelic curves, and describe how to see those as models of an unbounded contin-
uous logic theory GVF, (where e > 0). The logic interpretation of globally valued
fields allows to define various operations (e.g. ultraproducts) typical to model theory,
in the context of global fields. In particular this implies some transfer principles from
number fields to function fields, or in Nevanlinna theory, see Example and Ex-
ample respectively. Moreover, the logic treatment implies automatic effective-
ness given finiteness in Corollary [I.12.9] The connection to stability in model theory
would be desirable, especially because it has been useful in other algebro-geometric
contexts, like in the solution of the geometric Mordell-Lang conjecture [42].

This paper is partially based on the unpublished notes [I1], however, some defini-
tions are adjusted, and some new results are obtained. We hope that it will provide
a useful reference for globally valued fields in the future.

Let us describe the main definitions and results of this text in more detail. Recall
that an adelic curve is a field F' together with a measure space (€2,.A, ) and a map
¢ w ||, from € to the space of absolute values Mg on F', such that for all a € F'*
the function

w +— log |aly
is integrable (and measurable) on Q. Given such data, we can define functions h :
F" — RU{—o0} given by
h(a,...,a,) = /Qmax(log la1w, - - -, 1og |an|w)dv(w). (1.5)
Denote by A(F) := |J F™ and P(F') := |J P"(F). We use the symbol ® to denote

neN neN

both Segre products A(F') x A(F) — A(F) and P(F) x P(F) — P(F). It is easy to

check that the above functions form a ‘height’ on F', which we define below.

12



Definition 1.1.1. A height on F is a function h : A(F) — RU{—o0} satisfying the

following axioms, for some Archimedean error e > 0.

Height of zero: Vo € F", hz)=—-c0ex=
Height of one: h(1,1) =0

Invariance: Vr € F*, VYo € Sym,,, h(ox) = h(x)
Additivity: Vee F*, Vy e F™,  h(z®vy) = h(z) + h(y)
Monotonicity: Vee F*,Yye F™,  h(z) < h(z,y)
Triangle inequality: Vz,y € F™, h(z+y) < h(z,y)+e

A height h is called global if h [px= 0. It then induces a function P(F') — R, and
we write ht(z) := hlx : 1] for z € F.

The main theorem of this text says that the data of (global) heights on F' is
equivalent to a few other types of data, each of different flavour. We first state it and

then explain the nature of various structures appearing therein.

Theorem 1.1.2. (Theorem [1.7.7) There is a bijective correspondence between the

following structures on F"

1. Local terms (Definition |1.7.1)),

2. Heights (Definition [L.1.1)),

3. Positive functionals (Definition [1.6.3)),

4. Families of local measures (Definition [L.6.6),

5. Renormalisation classes of admissible measures (Definition [1.6.7),
6. Equivalence classes of lattice valuations (Definition [1.4.11]).

Moreover, this correspondence respects the ‘global” ones, i.e., the ones satisfying the

product formula.

We define a multiply valued field (resp. globally valued field) to be a field with
any one of these equivalent structures (resp. that are global); thus if K is a globally
valued field, we may freely talk about the Weil heights, the local terms, the valuation
into the L!-lattice, or about a renormalization class of a globalizing measure. We use
the abbreviations MVF and GVF respectively.

If we require a specific presentation, we will simply say “a GVF, presented via
local terms” (or via Weil heights etc.) A product formula field is another synonym

that has been used, especially for the local term presentation.

13



Note that “local” is a slightly misleading shorthand; “mean local terms” would
be a better description, as they arise by integration over the various localities (and
similarly for Weil heights over MVFs).

We note that while MVFs can be useful for local or “mean-local” work, they do
not form an axiomatizable class (in the sense of unbounded continuous logic). Any
axiomatizable class containing all MVFs would allow non-zero elements whose height
is —oo. We can avoid this by adding an axiom insisting on a lower bound for the
heights of non-zero elements; but any such bound will actually imply that 0 is a lower
bound, leading precisely to GVFs.

The above theorem says that GVF structures on a field can be seen as coming

from seemingly different worlds.

e First, one can define them through heights (points (1) and (2)), which easily

fits into the realm of unbounded continuous logic.

e Second, on a countable characteristic zero field, point (3) specialises to the
data of a linear functional APic(F) — R which is non-negative on the effective
cone, where APic(F’) is the colimit of the spaces of adelic divisors on arithmetic
varieties with function field F'. Also, if F' is finitely generated over a subfield k
(of any characteristic), then global functionals trivial on k& correspond to linear
functionals NS(F'/k) — R that are non-negative on the effective cone, where
NS(F/k) is the colimit of the Néron—Severi groups of proper varieties over k
with function field F'. We give details on this approach in Section [1.8]

e Third, GVF structures can come from measures on the space of pseudo-absolute
values like in Equation (1.4]), or from adelic curves. These correspond to points
(4) and (5). Another measure theoretic way of presenting a GVF structure on

a field is a global ‘valuation’ valued in a Banach L!-lattice as in point (6), see
Definition [1.4.11] or [I] for an example.

We summarise this dictionary in the table below.

Weil heights Algebraic cycles | Measure theory Banach lattices
Global APic(F) — R Proper adelic v: F* > T'U{oo}
heights or NS(F/k) — R | curves, M-fields | ‘valuation’ valued in

as in positive on the satisfying the an Ll-lattice T,
Definition m effective cone product formula | see Definition
[71] or [10, 27] [24, 136] and [1]

14



In particular, if the field F is countable, it follows from the proof of Theorem [I.1.2]
that every (global) height on F' actually comes from a (proper) adelic curve structure,

as in Equation (|1.5)).

Corollary 1.1.3 (Corollary [[.7.11)). Any GVF structure on a countable field F' has

a proper adelic curve representation with 2 = Mp.

This means that GVF structures on a countable field F' can be seen as equivalence
classes of adelic structures on F' with respect to the equivalence relation defined
by inducing the same height via Equation . This corollary is important for
the future development of globally valued fields, as it allows to use vast existing
literature on adelic curves e.g. from [25, 26], B0, 52, 53] [72] to study model theory of
GVF structures. For example, the Hilbert-Samuel theorem in [26] may be useful in
proving amalgamation theorems over some globally valued fields (see [6, [7] for more
details). However, it is natural to treat h in Definition as a continuous logic
predicate, so by ‘model theory’ we mean the model theory in unbounded continuous
logic introduced in [5]. Axioms from Definition define an unbounded continuous
logic theory GVF, of globally valued fields with Archimedean error e. Another reason
for considering continuous logic, is that for example Q with Weil heights considered
in discrete logic (with an additional sort for values of heights) is undecidable, as it
interpretd]] the totally real algebraic integers (known to be undecidable by [66]).

We provide a survey of the unbounded continuous logic (in a simplified setting)
in Section [[.IT} In Section [I.I2] we give some background on existential closedness

in this logic and state the following problem.

Conjecture 1.1.4. (Conjecture [1.12.7) The theory GVF, has a model companion,

for every Archimedean error e > 0.

This conjecture asks whether we can axiomatize (in a first order way) existen-
tially closed globally valued fields. Intuitively, a GVF F' is existentially closed, if
all polynomial equations together with height inequalities that are consistent (solved
in an extension of F), have a solution in F. Existential closedness of GVFs implies
existence of small sections of certain adelic vector bundles, see e.g. Minkowskian line
bundles in [26, Section 8.9]. This weaker condition may be equivalent to existential

closedness, but in any case forms an important part and is in itself axiomatizable.

!By the formula: v(x) = 0 for almost all non-Archimedean v, and v(i — x/i + x) = 0 for almost
all Archimedean v.
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In [10, [71] respectively (the latter corresponds to Chapter [2| here), the globally
valued fields k(t) (with ht(f) = 1, ht|, = 0) and Q (equipped with Weil projective
heights) have been proven to be existentially closed. Over Q it implies for example,
that a finiteness statement (e.g. Bogomolov) is true in every GVF extension of Q if
and only if it is true in Q uniformly in parameters. Conjecture would imply
that all existentially closed globally valued fields are elementary equivalent to one
of these two kinds of GVFs. In particular, the problem of approximating essential
infimum of an adelic line bundle (up to some ¢ > 0) would be decidable.

In course of proving Theorem we introduce a few gadgets associated to F'
and prove some results that may be of independent interest. We call a function
| -] : F — [0,00] a pseudo-absolute value, if |xy| = |x| - |y|, |z + y| < |=| + |y,
0] = 0,]1] = 1 (with 0 - 0o and oo - 0 undefined). By an absolute value we mean
a pseudo-absolute value valued in [0,00). We provide a Riemann-Zariski-Berkovich
characterisation of the space of pseudo-absolute values ©r on F' with the pointwise
convergence topology. Let us remark that a similar result (in the case of a field
extension while fixing the absolute value on the smaller field) was independently
obtained by Antoine Sédillot in [73], Birational approach 1.11.2.2].

Proposition 1.1.5. (Proposition [1.2.7) Let F' be of characteristic zero. Then there
is a homeomorphism 0 : O — M(F') between the space of pseudo-absolute values

on I, and
M(F) = lim M(X),
where X" are in the system of arithmetic varieties over Spec(Z) with the data of an

embedding of their function field into F', and M is the Berkovich analytification

functor (so M(Spec(A)) is the set of all multiplicative real-valued seminorms on A).

Proposition 1.1.6. (Remark [1.2.10)) In any characteristic, if F/k is either finitely

generated, or F'is countable, then there is a homeomorphism
0 : ®F/k — @Xan’

where ©p/;, is the space of pseudo-absolute values on F' that restrict to the trivial
absolute value on k, and X are normal projective varieties over k together with an
embedding of k(X) to F over k. Here (—)* is the Berkovich analytification with
respect to the trivial absolute value on k (so Spec(A)*" is the set of all multiplicative

real-valued seminorms on a k-algebra A that restrict to the trivial absolute value on

k).
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This description is useful, because using the results about Berkovich spaces over

Z from [51] we easily get the following result (related to |83, Lemma 3.1.1]).

Corollary 1.1.7. (Corollary and Corollary [1.2.11)) The set of absolute values
on a countable field F' is dense in the space of pseudo-absolute values O p.
Also, if F'/k is finitely generated (or both are countable), then the set of absolute

values on [’ that are trivial on k is dense in O p/y.

We use this corollary to identify positive elements of the universal lattice of F*,
i.e., the divisible hull of the Grothendieck group of the lattice of finite subsets of
F* (with 4+ being the multiplication of sets and V being the union). We denote this
lattice by ULatg(F'), see Definition[I.4.4]for more details. Let |-| be a pseudo-absolute
vel (fl:f(x) —Vyes CTR/(y) € ULatg(F). Using the notation
v(z) == —log|z| we define v(a) = max,e;mingeyv(z/y). We call a € ULatg(F)

value on F' and a = \/

positive if for all v as above, v(a) > 0. The following characterisation of positive
elements is used to get equivalence of points (2) and (3) in Theorem [1.1.2}

Theorem 1.1.8. (Corollary [1.5.15)) For each o« € ULatq(F'), the following conditions

are equivalent:
(i) For every pseudo-absolute value |- | on F', v(a) > 0.
(ii) For every € € R+, there is some m € N such that ma € T'y,..

In this statement, I'. C ULatg(F) (for any € > 0) is the set of elements of the

/’\Cﬁ?’ (i: mi,j%’) - /q\gi?f(aj),
i=1 j=1 j=1

where aq,...,a, € F*, p,q € N*, and (m; ;)1<i<p € ZP? are such that for all i < p
q p.q d)1gi<p
<j<q

we have 7% |m;;| < 2°. Moreover, if I is countable, in (i) one can only consider

form

absolute values. The significance of this theorem is that it gives a syntactic criterion
for positivity (which is a semantic property).
Furthermore, we study the quotient LDivg(F) of ULatg(F') by the kernel ideal I

of the pairing (v, &) — v(«). The following characterisations are provided:

e if F'is countable of characteristic zero, then LDivg(F) can be seen as a sublattice
of the space of Arakelov divisors on F-models, see Corollary [1.5.17}
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e if F//k is a finitely generated extension, then LDivy(F') divided by the ideal
generated by LDivg(k) is isomorphic to the space of b-divisors on the Riemann-

Zariski space of F'/k, i.e., to the colimit of rational Cartier divisors on birational

models of I’ over k, see Corollary [1.8.4]

The lattice structure on the space of Arakelov divisors on F-models from the first
bullet has been introduced in [77, 67] in the language of (generalised or b-) Weil func-
tions. We use the a different description of this lattice from Chapter 2] The second
bullet has been discovered (in a slightly different language) also in [47, Theorem 5.2].
Interestingly, already André Weil in the 1950’s was aware of this interpretation of
(b-)divisors, see [78, Theorem 13].

The positive functional appearing in the statement of Theorem is by defini-
tion a linear functional [ : LDivg(F) — R which is non-negative on the positive cone
{a >0} C LDivg(F).

Let us elaborate on the meaning of point (5) in Theorem|[1.1.2](point (4) is similar).
We introduce a locally compact topological space €23 which is defined as the set of
pseudo-valuations v : F — [—00, 00|, i.e., functions of the form —clog|- | for ¢ € R+,
and non {0, 1, co}-valued pseudo-absolute values | - | on F. Thus, one can think of
% as an additive version of M(F) (see the difference between Equation and
Equation (1.2))). For technical reasons, we sometimes need to work with a slightly
bigger space (2% C 2y, but in practice one can restrict attention to pseudo-valuations,
see Definition and Remark [I.6.8f The following representation theorem follows
from equivalence of (1) and (5) in Theorem [1.1.2]

Corollary 1.1.9. Let F be any field equipped with a GVF structure. Then there

exists a measure p on {23 such that the heights on F' are given by the formula

h(ay,...,a,) = / —min(v(ay),...,v(a,))du(v).
Q%

The minus sign appears so that the formula is consistent with Equation (1.5]).
There are two differences between Corollary and Corollary [[.I1.9; the latter
works also for uncountable fields, and the ambient topological space 2% does not
vary. In fact, the previous corollary follows from the latter. In general, the flexibility
of choosing 2 to be any measurable space in the definition of adelic curves is useful,
as it allows to compare different metrics over the same absolute value, see for example
Harder-Narasimhan filtrations in [24], 26], 52].

18



After proving Theorem [I.1.2] we give some examples and focus on the relative
situation when K C F is an extension of globally valued fields. Using a disintegra-
tion type result, we get a relative version of Corollary [I.1.9, namely Corollary
and Corollary [1.9.4] This is interesting in light of recent applications of families of
measures on Berkovich spaces, for example in [61], [62].

In Section we prove uniqueness (up to scaling) of the GVF structure on

classical global fields (Lemma [1.10.1] and Lemma [1.10.2]), and the following.

Proposition 1.1.10. (Proposition [1.10.5)) Let K be a GVF and consider a finite
Galois field extension K C F'. Then there is a unique GVF structure on F' extending
the one on K that is invariant under the action of Aut(F/K).

It is worth mentioning that using representations by adelic curves, the existence
(but not uniqueness) follows from [24, Section 3.4]. Also, under an additional as-
sumption on the GVF structure, this result was independently obtained by Antoine
Sédillot in [73], Propositions 11.5.3.1 and I1.5.4.1].

Acknowledgements. We would like to thank Leo Gitin, Nuno Hultberg, Konstanti-
nos Kartas, Jérome Poineau and the participants of logic seminars in Oxford and
Wroctaw for helpful conversations and remarks. The second and fourth authors would
like to thank the organizers and the participants of the 2024 Students’ Conference on
Non-Archimedean, Tropical and Arakelov Geometry, for their interest in this project.
There we learned that variants of Proposition and Proposition [I.1.10| were inde-
pendently obtained in [73]. We kindly thank Antoine Sédillot for informing us about
that.

1.2 Valuations

Let F be a field. We will later need an enlargement of the space of valuations on
F to be able to consider Archimedean valuations even if F' has cardinality bigger than
continuum. That is why we introduce the following definition (partially appearing
already in [78]).

Definition 1.2.1.

e A pseudo-absolute value |-| on F is a function |- | : FF — R.qU{0, oo} satisfying
|z 4+ y| < x|+ |yl, |zy| = |z||y|,|0] = 0,]1] = 1 with 0 - oo undefined.
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e We call a pseudo-absolute value trivial, if it attains values only from {0, 1, co}.

Otherwise, we call it a non-trivial pseudo-absolute value.

e A pseudo-valuation v on F is a map v : F' — R U {+oo} attaining at least one
value outside of the set {—00,0, 00} and such that v(zy) = v(z) + v(y),v(0) =
00,v(1) = 0,v(2) # —o0,v(z+y) > min(v(x), v(y))+min(v(2),0), with —oo+o0
undefined.

e An abstract pseudo-valuation v on F is a map v : F' — ' U {£oo}, where
I' is a divisible ordered abelian group, which satisfies the above axioms of a

pseudo-valuation (but with addition and minima interpreted in I').

Lemma 1.2.2. Let v: FF — I'U{Zoo} be an abstract pseudo-valuation on F’ and let
A C T be a convex subgroup such that v(2) £ A. Consider the function u(a) = v(a)

mod A and
oo ifw(a) > A,

w(a) = v(a) ifv(a) € A,
—oo if v(a) < A.
Then u,w satisfy the axioms of abstract pseudo-valuations on F', possibly without

the axiom asserting that they attain at least one value outside of the set {—o0, 0, 00}.
Proof. Straightforward. m

We omit the prefix “pseudo” in Definition [I.2.1], if the map does not attain oo
at non-zero elements. Note that this gives a slightly non-standard definition of a
valuation on F'| as we exclude the {0, co}-valued ones from the usual definition, and
include some that do not satisfy the ultrametric inequality without the correction
min(v(2),0). The set of valuations on F' is denoted by Valg and the set of absolute
values is denoted by Mp. We topologize those spaces with the pointwise convergence
topology. Note that for a pseudo-absolute value | - | on F, the set of elements O :=
{]x] < oo} is valuation ring with the maximal ideal m consisting of elements with
|z] = 0. The quotient K = O/m is then a field with an absolute value. Thus we
get an induced surjective map p : F' — K U {oo} where the preimage of infinity is
a complement of a valuation ring. Such a map is called a place. Summarising, the

following holds.
Remark 1.2.3.

1. If || is a pseudo-absolute value on F', then there exists a place p : F' — KU{oo}

into a field K with an absolute value | - |k such that |z| = |[p(z)|k.
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2. If | - | is a non-trivial pseudo-absolute value on F' and ¢ € R.q, then v(x) =

—clog |z| is a pseudo-valuation on F.

3. If v is a pseudo-valuation on F', then there is a non-trivial pseudo-absolute value

|- | on F' and a constant ¢ € Ry such that v(z) = —clog|z| for all x € F.

Proof. The proof of (1) is outlined above. For (2) note that by (1) we can assume
that | - | is a norm. By passing to the completion, without loss of generality | - | is
complete on F. Then either |- | is a non-Archimedean absolute value on F' in which
case the statement follows, or (by the classification of Archimedean normed complete
fields) (F,|-]) € (C, ]| - ||), where || - || is the standard Euclidean absolute value on C
and ¢ € (0,1]. The direct inspection of the statement on (C, || - ||) finishes the proof
of (2).

To see (3), put a = —min(v(2),0). The case a = 0 is clear, so assume that a > 0.
We define |z| = 27%(®)/@ and check that |- | is a pseudo-absolute value. First note that
|z + y| < 2max(|z|, |y|) implies by induction that

2774
>
i=1

In particular |2"| < 2" and for any integer N we get | N| < N log(/N) using the binary

< 2" max |z
K3

expansion of N. Replacing N with N* and taking limit over k — oo we get |[N| < N.
Hence

n n n 2” ,L' TL_/L n n
oo =16+ 071 <27 g (%) el < 20 el 4 1)

Taking 2™th roots and the limit n — oo we get |z + y| < |z| + |y| which finishes the
proof. O]

We can drop the prefix “pseudo” everywhere in the above remark and points
2. and 3. remain true. Note that non-trivial pseudo-absolute values and pseudo-
valuations represent almost the same data, the difference being that we can multiply
pseudo-valuations by an arbitrary positive number and we cannot always increase a
non-trivial pseudo-absolute value to a positive number, in the space of non-trivial

pseudo-absolute values.

Definition 1.2.4. Let A be the set of functions v : F' — [—00, 00| satisfying

v(zy) = v(z) +v(y),v(0) = c0,v(1) = 0,v(z + y) > min(v(z),v(y)) + min(v(2),0),
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and v(2) # —oo. We define the space Qp as cl(A) \ {00, 0,00}, so it is an open

F

subset of the compact space cl(A) C [—oo0,00]". Hence, it is a locally compact,

Hausdorff topological space. Moreover, we denote the subset of pseudo-valuations by
0% 1= {v(2) # —oo} C Qp which equivalently can be defined as A\ {—o0, 0,00}

Example 1.2.5. Consider F' = Q(z) and let | -|,, be the absolute value on F' coming
from the embedding Q(z) C C sending x to 14 =. Then for v, = —nlog|- |, we have
lim, v,(x) = —7 and lim,, v,,(2) = —oo0. Hence any limit point v of (v,)nen is in Qp,

but is not a pseudo-valuation.

We call an element v € Qp non-Archimedean, if v(2) > 0 and Archimedean in
the other case. Not every element v € (r is a non-trivial pseudo-absolute value on
F, however, the set of non-trivial pseudo-absolute values is dense in 2r. We choose
to work with Qr instead of the set of non-trivial pseudo-absolute values because of
nicer topological properties, see Lemma [1.2.13| and the line under it.

Note that if F' is countable, then

Valp = ﬂ {v e Qp:v(a) # +oo}
acFx
is a Borel subset of ) and in that case we equip Valg with the o-algebra of its Borel
subsets. Denote by ©p the space of pseudo-absolute values equipped with pointwise
convergence topology - note that it is a compact Hausdorff space. Overall, we get the

following diagram of spaces associated to F'

MF(—>®F

+ +
Valp —— Qp

where the dashed arrows are —log’s defined only on non-trivial (pseudo-)absolute
values.

Our goal now is to prove Corollary and Corollary [I.2.11] Since these corol-
laries hold under different assumptions, let us restrict our attention to characteristic
zero I until Remark [I.2.10] Call a normal, projective, generically smooth, integral
scheme X — Spec(Z) an F-submodel, if the function field of X" is equipped with an
embedding to F' (this definition will also appear in a different context in Chapter ,
Remark [2.3.19)). For an F-submodel X' define its Berkovich analytification as

M(X) :={(p,|-|) with p € X and | - | is an absolute value on x(p)}.
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For a point z = (p, |-|) if f € Ox(U) where p € U C X, then we write | f(z)| for | f(p)|
where f(p) € k(p) is the evaluation of f at p. The topology on M(X) is the coarsest
such that the projection ¢ : M(X') — X is continuous, and for every f as above, the
function z — | f(z)| is continuous on ¢=*(U). This makes M (X) a compact Hausdorff

topological space. For a thorough treatment of these spaces, see [51] [60]. We define
M(F) = lgn/\/l(/'\f )

to be the inverse limit over (the directed system of) all F-submodels of F. If X
is a proper scheme over a complete valued field, we write X?" for the Berkovich
analytification, i.e., the subset of M (X) where absolute values on residue fields extend
the one on the base-field.

Construction 1.2.6. Let |- | € ©p. Denote by O C F the valuation subring
consisting of elements with || < oo, by m its maximal ideal, and by k the residue
field. Denote the induced absolute value on k also by |- |. Fix an F-submodel X.
Consider the diagram

Spec(F) ——— X

o
| ]

Spec(Q) —— Spec(Z)

where the top horizontal arrow comes from the embedding of the function field of X
into F' and the diagonal arrow exists by projectivity of X over Z. Let p = ¢(m) and
consider the induced field extension k(p) C k. We can restrict | - | to x(p) to get an

absolute value inducing a point z € M(X). Summarising, we constructed a map
0:0p — M(F).
Proposition 1.2.7. The map 6 is a homeomorphism.
Proof. First let us check that for an F-submodel X the composed map
Op = M(F) > M(X) - X

is continuous with respect to the Zariski topology on the codomain. Let Spec(A) C X
be an open affine subset and let A C F be the induced embedding of A. If we denote
by p: ©p — X the composition above, then

p~ (Spec(A)) ={| - | € ©p : A C {Ja] < o0} }.
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However, since A is finitely generated over Z, if we pick its generators a4, ..., a,, then
this set can be written as {| - | € Op : max;|a;| < oo} which is an open subset of
Op. Thus p is continuous. Hence, the continuity of 6 follows, by the definition of
topology on M(X'). Since both domain and codomain of  are compact Hausdorff
spaces, it is enough to show that 6 is a bijection. The classical Riemann-Zariski space
construction shows that valuation subrings of F' are in bijection with the inverse limit
of the system of F-submodels, see e.g. [74], Corollary 3.4.7]. More precisely, if O C F
is a valuation ring, then there exists a unique sequence of points z(i) € X;, where
(X;)icr is the system of F-submodels, such that O = hﬂo&,x(i)- Then absolute
values on the residue field £ of O correspond to consistent families of absolute values

on k(x(i)) for ¢ € I, which finishes the proof. O

Proposition 1.2.8. Let X be an F-submodel. Then the generic fiber of the projec-
tion ¢ : M(X) — X is dense in M(X).

Proof. First note that it is enough to prove that for a nonempty open U C X the
set ¢~1(U) is dense. Indeed, this is because M(X) is a Baire space, and X has a
countable basis of open subsets, whose intersection is exactly the generic point of X.

Fix open non-empty subsets Y C X and V' C M(X). We need to show that
Vg ' (U) # @. By |51, Proposition 6.4.1 and Proposition 6.6.10] the map M(X) —
M(Z) is open. Hence, by the description of M(Z) e.g. in [60, Corollaire 3.1.12],
there is x € V' with its image z|g in M(Z) being an absolute value on Q. Since the
problem is invariant under putting an absolute value to a positive power, without
loss of generality z|q is either a p-adic absolute value on Q (for some prime p), or the
Euclidean one. Let K be the completion of Q with respect to this absolute value.

Let X be the generic fiber of X — Spec(Z), so it is a smooth, projective scheme
over Q with the function field F'. Denote by U the intersection of U with X and
assume that the point x € V corresponds to an absolute value | - | on k(zg) for
zo € X. We consider two cases:

(1) z|g is non-Archimedean. In that case K = Q, and we consider the Berkovich
analytification X3 of X with projection p : X% — Xgx. We get the pullback
diagram

Xon Ly M(X)

| |

zlg —— M(Z)

As U C Xk is everywhere dense open, by [12, Corollary 3.4.5] the subset p~!(Uk) is

everywhere dense in X&". Thus, as V intersects the fiber over z|g witnessed by x € V/,
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the set V N p~}(Uk) is non-empty. But p~'(Ux) = i (q ' (U)), so if y € p~(Uk),
then j(y) € V. N g ' (U), which finishes the proof in this case.

(2) x|g is Archimedean. In that case K = R and we look at the complex analytifi-
cation X&" which is a smooth complex variety with the conjugation map c. Then the
fiber of M(X) over z|g is X&"/c, and it is enough to prove that non-empty Zariski
open subsets of X yield everywhere dense open subsets of X&". This is classical, and

can be easily deduced e.g. from the resolution of singularities. O]
We use the above proposition to get the following corollary.

Corollary 1.2.9. Let F' be a countable field of characteristic zero. The set M is a

dense subset of Op. In particular, the set Valp is a dense subset of (2p.

Proof. Note that Mp = (\,cp«{| - | € ©p : |a| < oo}. By the fact that O is
a Baire space, and F' is countable, it is enough to show that for a € F*, the set
V ={|-]€0Op:]|a] <oc} is dense.

Using the homeomorphism from Proposition [I.2.7] it is enough to check that for
an F-submodel X and an open subset U C M(X), if we denote by s: Op — M(X)
the natural projection, V' N s !1(U) # @. By possibly replacing the F-submodel X
by a one over it, we may assume that there is an open subscheme Spec(A) C X such
that « € A C F. By Proposition [1.2.8] there is a point z € U C M(X) such that its
first coordinate (if we write is as a pair) is in Spec(A) C X.

Now, if | - | € O is such that s(| - |) = z, then | - | € V N s~ Y(U), which gives
the desired non-emptiness. Since maps in the system of Berkovich analytifications of
F-submodels are surjective, such pseudo-absolute value | - | exists, which finishes the

proof. O

Remark 1.2.10. One can perform the above constructions also in the relative con-
text, where we fix a base-field £k C F' and F' is either finitely generated over k of
arbitrary characteristic, or countable. Indeed, let ©p/, C ©p be the set of pseudo-
absolute values that are 1 on £ and let M/, be the set of absolute values on /' that

are trivial on k. We then get (using the same proof as in Proposition
@F/k >~ 1&] Xan’

where the inverse limit is taken over normal projective varieties X over k together
with an embedding of k(X)) to F' over k. The Berkovich analytification X" is with
respect to the trivial absolute value on k. The generic fiber of the natural projection
m: X* — X is dense, by [12], Section 3.5]|.
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In the case F is countable, we can copy the proof of Corollary [I.2.9]to get density

of Mg, in ©p. In the case I is finitely generated over k, we can write

@F/k >~ @ Xan’
k(X)~F
where in the limit we only take varieties over k£ with an isomorphism of their function
field with F' (over k). If X’ — X is a birational map in the system, we get a

commutative diagram
X/ an Xan

J J

Mpje —37 Mps

with the vertical maps come from isomorphisms k(X),k(X’) ~ F. Taking inverse

limits, we also get density in that case. Summarising, we get the following.

Corollary 1.2.11. Let &k C F be either a finitely generated extension, or an extension

of countable fields. Then the set My, is a dense subset of Op/;.

Let us come back to the context of a general field F. Define Q to be the quotient
of Qr by the multiplicative action of R.q (with the quotient topology) and call two
elements of (2 equivalent if they lie in a single orbit of this action. We use the symbol

~ to denote this equivalence relation. For a € F* we define sets
Qp(a) :={v e Qp:v(a) =1},

and Qp(a) := 7(Qp(a)) for the projection 7 : Qp — Qp. Note that Qp(a) is the set
of classes of v € Qp with 0 < v(a) < oco. Moreover, Qr(a) is compact and 7 defines

a bijection between Qx(a) and Qr(a). We also have
ac k>

Remark 1.2.12. In general Q is not Hausdorff. For example, if F' = Q(x), then
the relation of being equivalent in 2z is not closed. Indeed, consider the elements
0,7,z —p~ ' in F and let |- | be an appropriate power of the Gauss absolute value

(with respect to the p-adic absolute value on Q) so that we have
-1 -1 L
lz] =2,z —p | =2,|p |:1—|—E.

Let v,, be the corresponding valuation on F' and note that v,, ~ n-v,. By taking limits

(possibly we need to pass to a subnet in [—o0, 00]), we see that v, converges to a
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pseudo-valuation v where the above triangle has sides (2,2, 1), while n - v,, converges
to a pseudo-valuation w where the same triangle has sides (0o, 00, €). Note that these
values are not contained it {—o00, 1,00}, so v, w € Q. Moreover, v is not equivalent

to w.

Even though the full space Q may not be Hausdorff, we have the following lemma.

Lemma 1.2.13. The sets Qp(a) are Hausdorff topological subspaces, for a € F*.

Proof. Consider 7 *(Qr(a)) = {v € Qr : 0 < v(a) < oo}. We show that the relation
of being equivalent is closed when restricted to this subset. Let f, : 7' (Qr(a)) —
[—00,00] be a function given by fi(v) = %, for b € F. Note that it these are
continuous functions and for v,w € 7~ 1(Qp(a)) we have v ~ w if and only if for all
b € F the equality f;,(v) = fi(w) holds, which is a closed condition. O

In particular, because restricted quotients 7 : Qp(a) — Qp(a) are continuous,

they are homeomorphisms between compact Hausdorff spaces.
Lemma 1.2.14. Let v € Qp. Then, there exists v' € Qg such that v'|r = v.

Proof. Let a € F be such that 0 < v(a) < oo. Without loss of generality, we
can assume that v(a) = 1. Consider the restriction map Qp(a) — Qp(a). It is a
continuous map between compact Hausdorff spaces, so to prove it is surjective it is
enough to prove it has dense image. Thus, we can assume that v(2) # —oo. By
Remark we can assume that v = —log| - | for some non-trivial pre-absolute
value | - |.

Let O C F be the valuation ring of elements with |z| # co and let k& and m be its
residue field and maximal ideal respectively. By Chevalley’s theorem on extending
valuations, there is a valuation ring O’ C F’ with maximal ideal m’ and residue field &’
such that O'NF = O and m’N O = m. The non-trivial pre-absolute value | - | induces
an absolute value | - | on k and we are reduced to proving that the corresponding
valuation extends to a pre-valuation on &’

Let K be a complete, algebraically closed, normed field, such that the absolute
value | - | on k comes from an embedding & C K. Such exists, as we can extend
the induced absolute value on the completion of k to its algebraic closure. Take an
ultrapower K* of K such that &’ embeds to K* over k. The ultrapower of the valuation
on K gives an abstract pre-valuation v* on K* with the value group I'. Let A C I be

the convex hull of R and Ay C A be the convex subgroup of infinitesimal elements.
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We use Lemma two times: first restricting v* to A, and next quotienting A
by Ag. Identifying A/Ay with R, we get a (non-abstract) pseudo-valuation v on K*
extending v on k. By Remark , we can write u = —log]| - |, for some pseudo-
absolute value | - |, that extends |- | on k (without loss of generality we can take ¢ = 1
for the constant from Remark . By restricting | - |, to &/, we are done. O

1.3 Seminorms

In this section we introduce a submultiplicative variant of (pseudo-)absolute values

and show how to obtain (pseudo-)absolute values from them.

Definition 1.3.1. A pseudo-seminorm |- | on a ring R is a function |- | : R —
Rsp U {+o0} satistying |z + y| < |z| + |yl, |zy| < |z| - |y, |0] =0, | £ 1| = 1, with
0 - 0o undefined. A pseudo-seminorm | - | is called power-multiplicative if |x"| = |z|"
for all z € R and n € N. It is a pseudo-absolute value if |xy| = |z||y| for all z,y € R.

We define a partial order on the set of pseudo-seminorms of F' by
|"1 S"‘Q@VﬁGF, |.Z“1 < ‘I|2

Note that a pseudo-seminorm on a ring R is simply the data of a subring R’ C R

(characterized by R' = {x € R : |z| # oo}) and a non-zero seminorm on R’

Lemma 1.3.2. Let |- | be a minimal pseudo-seminorm on a field R. Then |- | is a

pseudo-absolute value.

Proof. Let R' = {|z| < oo}. Note that if there was a seminorm on R’ smaller than

the restriction of | - | to R, then one could extend it to a pseudo-seminorm on R by
taking the value oo at R\ R, which would contradict minimality of | - |. Hence, the
restriction of | - | is a minimal seminorm on R'. Consider its spectral radius norm
lim [2"Y™ if |2] # o0
plx) =q noree
00 if || = o0.

It is a classical result (see [12], Corollary 1.3.3|) that the spectral radius of a seminorm
is a power-multiplicative seminorm. By minimality, we get |- | = p, which shows that
| - | is power multiplicative on R’

Note that if || = 0 for 2 € R/, then for any y € R', we have |zy| < |z||ly| =0, so
in fact |xy| = |z||y| in this case. Take on the other hand x € R’ that satisfies |z| # 0.
Let us define the following function on R':

"2

z) = inf .
p( ) neN |$|n
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By the power-multiplicativity of | - | on R, p(1) = 1 and it is easy to check that p is
subadditive, and submultiplicative on R'. Moreover, looking at n = 0 one gets p < |- |

on R'. By minimality, this means that p = |-, so |y| = p(y) < 24

< T which proves that
|zy| = |z||y|. Thus, |- | is an absolute value on R'.

Let p = {|z| = 0} C R’ be the prime zero ideal. By the Chevalley’s extention
theorem, there is a valuation subring O C R with a maximal ideal m satisfying
R'Nm = p. By Lemma(l.2.14] there is a pseudo-absolute value v’ on O/m extending

the norm | - | on R'/p. Extending this pseudo-absolute value by co on R\ O, we get

that there is a pseudo-absolute value v on R extending the seminorm |- | on R'. By
minimality (as a pseudo-seminorm on R) of |- |, we get that |- | = v, i.e., that | - | is
a pseudo-absolute value. O

Corollary 1.3.3. Let |- | be a pseudo-seminorm on F'. Then, there exists a pseudo-
absolute value |||, such that ||-|| < |- |.

Proof. 1t is clear that if S is a totally ordered set of pseudo-seminorms of F'; the lower
bound | - |iy defined by

Vo € F, |z|in = inf |z]s.
Ils€S

is again a pseudo-seminorm. Thus, by Zorn’s lemma, there exists a minimal pseudo-
seminorm on F' which is smaller than | -|. By Lemma [1.3.2] it is a pseudo-absolute

value. O

Lemma 1.3.4. Let f: R — F be a ring homomorphism from a ring to a field, and

let | - | be a pseudo-seminorm on R such that
Vee R, f(x)=1=|z| > 1.
Then, there exists a pseudo-absolute value ||-|| on F' such that
Ve e R, [|f(2)] <z
Proof. Define a function [|-[|o : /' = Rxo U {+00} by

= inf x|.
lollo = _int s

(thus ||yl = +oo if y is not in the image of f). The condition f(z) =1 = |z| > 1
implies that ||1]|p = 1, hence ||-||o is a pseudo-seminorm. By Corollary |1.3.3] there
exists a pseudo-absolute value [|-|| on F such that [|-]] < ||||o. By construction, it

satisfies the lemma’s conclusion. O

29



1.4 Lattices

In order to encode global structures on F' we use tropical polynomials.

Definition 1.4.1. A Q-tropical polynomial is a term in the language of divisible

ordered abelian groups, i.e., in 4+, max,0,« - x for a € Q. We also use the symbol V

for maximum and A for minimum (which is defined by a A b := —((—a) V (=b)) for
1

any a,b). For example t(z,y) = min(; max(z,y + z), %y) is a Q-tropical polynomial.

We call t a Z-tropical polynomial, if it only uses a € Z.

Certain universal lattices in F'* play an important role in this thesis. Before we

define those, we recall the definitions of a lattice monoid and a lattice group.

Definition 1.4.2. A lattice monoid (group) is a commutative monoid (group) (T, +)

equipped with a join operation V which satisfies the following axioms.
e Idempotence: Ve € I', Vo ==
e Commutativity: Ve,y e ', cVy=yVz
e Associativity: Vz,y,z €', (xVy)Vz=2V(yV=2)
e Translation-invariance: Vz,y,z € I', (x+2)V(y+2) = (zVy)+ 2

A morphism of lattice monoids (groups) is a map from a lattice monoid (group) to
another which preserves addition and join. We call a lattice group divisible, if the
ambient abelian group is divisible. Every lattice monoid has a natural partial order
defined by

r>y < rVy=ux.

If it does not cause confusion, we may write |z| for max{z, —x}.

It is easy to see that this partial order is compatible with the group law of the
lattice group, and that the operations V and + are increasing with respect to this
order. Lattice groups have the following property which may not hold in lattice
monoids (for example in the lattice monoid of formal joins in F', see Definition [I.4.4)).

Lemma 1.4.3. Let I' be a lattice group. Then for any z,y € I' and n € N we have

n(z Vy) = (nz)V (ny).
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Proof. By writing = 27 + 27, where 27 =2V 0,2~ = 2 A 0, and same with y, we

are reduced to show that (nxz)* = naz*. This follows from the calculation:
n 2n
(nz)" +nzt = (nz) VO + \/(kx) = \/(km) = 2nx™,
k=0 k=0
and similarly for (nx)~. O

The forgetful functor from the category of lattice groups to the category of abelian
groups has a left adjoint. Moreover, by the above lemma, the forgetful functor from
the category of divisible lattice groups to the category of lattice groups also has a left
adjoint. By composing those we get a functor from a category of abelian groups to
the category of divisible group lattices (left adjoint to the forgetful functor), which
we call the universal lattice group functor.

Let us describe the lattice group structure on the universal lattice group of F*.
When we want to write the product in F* additively, we use the notation (fi;/(a) for
an element a € F*. For example (TR/(@) + &R/(b) = (Ti?/(@b) and (Tl?/(l) = 0.

Definition 1.4.4. A formal join in F'* is an expression of the form \/erdTv(;c),
where [ is a finite subset of F'*. The set of such expressions forms a lattice monoid

with operations defined as follows:

\/ div(z) v \/ div(y) = \/ div(z),

zel yeJ zelUJ
\/ div(z) + \/ div(y) = \/ div(ay),
xel yeJ (zy)elxJ

where on the right hand sides we skip the repeats. In other words, the formal joins
form a lattice monoid isomorphic to the lattice monoid of finite subsets of F'* with
join being the sum and plus being the set of multiples of pair of elements from the
corresponding sets.

The divisible hull of the Grothendieck group of the lattice monoid of formal joins in
F* satisfies the universal property of the universal lattice group of F'*. Equivalently,
one could also take the Grothendieck group of the lattice monoid of formal joins in
F(S = F* ® Q. To shorten the notation, we thus refer to this divisible group lattice
as the universal lattice of F* and denote it by ULatg(F).

In other words, elements of the universal lattice of F'* can be represented by

V/ div(z) = \/ div(y).

zel yeJ

differences
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for finite I, J C Fg. It follows that if ¢ is a Q-tropical polynomial and a = (ay, ..., a,)
is a tuple of elements from F'*, then ¢(div(a)) = t(div(ay),...,div(a,)) can be written
in the above form in ULatg(F') with I and J consisting of multiples of rational powers
of a;’s (and hence in any divisible group lattice with a homomorphism div: FX — r).

More generally, using the same argument the following holds.

Lemma 1.4.5. Let t(z) be a Q-tropical polynomial with = (z1,...,2,). Then
there are terms o;(z) = Y p_, qir - 2 and Bj(x) = Y o, mjk - 1 (with g, mj € Q)
over some finite index sets ¢ € I, 7 € J such that in any divisible group lattice I', the
equality

t(z) = max o;(z) — max f;(x) = maxmin(ay(x) — B;(x))

holds, as functions on I'".
Using the above observations, we define a pairing between 2 and ULatg(F).

Definition 1.4.6. We define a pairing
ev : Qp x ULatg(F) — [—o0, 00],

by sending a pair (v, t(cTR/(a))) to v(t(&i;(a))) := t(v(a)), where a is a tuple. More
precisely, this formula works in the case where v is a valuation. In general, we
define it in the following way. Fix an element v € Q0 and consider a quotient group
Fg /{v = 0}, where we quotient by elements = with v(z) = 0 (note that v has a

natural extension to Fiy). We define a linear order there by
T2y < v(z/y) =0,
where 7,7 are classes of x,y in the quotient. Now consider an element

a= \/ (TR/(:I;) - \/ (Tl:f(y) € ULatg(F).

zel yeJ

Let 4, j be the classes of the biggest elements (with respect to >) of I, J respectively.
We put ev(v,a) = v(a) :=v(i/j) € [—o0, 0] and leave to the reader the fact that it
doesn’t depend on the choice of a presentation of o in ULatg(F'). Equivalently, one
could define

v(a) = maxminv(z/y).

Moreover, the same definition makes sense if v is an abstract pseudo-valuation on F'.
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Remark 1.4.7. Let t be a Q-tropical polynomial and a be a tuple of elements from
F*. From now on, when we write t(v(a)), we mean v(t(d/i:f(a))), for any abstract
pseudo-valuation v on F or v € Qp. Note that the relation ¢(v(a)) = v(b) is uniformly
definable in any two sorted structure (K,I' U {£oo},v) where K is a field, I' is a
divisible ordered abelian group and v : K — I' U {£oo} is an abstract pseudo-

valuation.

Lemma 1.4.8. The pairing ev : Qp x ULatg(F) — [—o00,00] has the following

properties:
o v(aV f) = max(v(a), v(F)),
e v(a+f) =v(a)+v(B),

for all v € Qp, o, f € ULatg(F), and in the second equation the right hand side is
undefined if the terms are —oo, c0. Moreover, for a € ULatg(F'), the corresponding

map ev, : 0y — [—00, 00| is continuous.

Proof. Continuity follows from the continuity of max and min on [—oo, cc]. The rest
is omitted. n

Definition 1.4.9. By an ideal I in a group lattice I' we mean a subgroup having

the following property:
Vael)(lajel)and (VB eT)(Vae 0SS <a = pel).

Note that an ideal in a divisible lattice group is automatically itself divisible. The

quotient group I'/I admits a natural group lattice structure.
Now, we define the notion of L!-lattices.

Definition 1.4.10. An L!-lattice is a lattice group I" which is also an R-vector space,

together with a norm ||-|| such that
e (I',]|-]|) is a Banach space.
e Foralla €T, ||af = ||t + ||a ||

If (T, |]-]|) is an L'-lattice, then we can define a continuous linear form [ : ' — R by

/ o= [la*] - fla |-
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Let us mention that every L'-lattice is isomorphic to a one of the form L'(yu) for

some measure /4, on some measure space, see [55].

Definition 1.4.11. Let F be a field. A lattice valuation on F' is the data of an
L'-lattice T and a map v : F — I' U {co} satisfying:

v(zy) = v(r)+o(y), v(rt+y) > v(@)Av(y)+u(2)A0, o(1) =0, v(r)=oc0< z =0,

and such that I is generated as an L'-lattice by values of v (i.e., the divisible sublattice
generated by those values is dense in I'). Such a lattice valuation is called global if
for all z € F*, [wv(z) = 0.

There is a natural notion of equivalence of two lattice valuations v : F' — I'U{oo},
v' 1 F — I" U {oo}, namely an isomorphism of L'-lattices I' — T such that the

following diagram commutes
I"U{oo}
F =5 TU{cc}

Note that we could have not imposed the condition of being generated by values

of v, but we do it to have a bijective correspondence in Theorem [I.7.7]

1.5 Positivity

Here we study when the evaluation pairing is non-negative, for all v € Qp.

Definition 1.5.1. Consider the subset I C ULatg(F') consisting of those a such
that for all v € Qp we have ev(v,a) = 0. It is an ideal by Lemma We define
a divisible group lattice LDivg(F) := ULatg(F')/I and call it the space of lattice
divisors on F. In particular, o € LDivg(F) is positive (written o > 0) if and only if,

for all v € Qp we have ev(v,a) > 0.

Remark 1.5.2. The ideal I is in general not trivial. For example, if F' = QQ one can

consider an element
o = div(pg) V 0 — div(p) V div(q) V 0,

for some primes p # ¢. Then, by using Ostrowski’s theorem and direct inspection,
for any pseudo-valuation v on Q we have v(a)) = 0. However, if &« = 0 in ULatg(Q),
this would mean that there is a finite subset A C Q* such that

AUpgA=AUpAUqA,
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but looking at the element of the highest Fuclidean norm in A, we get that this is

impossible.

Definition 1.5.3. We call lattice divisors of the form &i\v(f), for f € FZ, principal.
The quotient of LDivg(F) by the subspace of principal lattice divisors is called the
space of lattice line bundles on F' and is denoted by LPicg(F). The effective cone of

LPicg(F) is defined as the set of classes of positive lattice divisors on F.

Definition 1.5.4. Consider pairs (¢,t) = (¢(z,y),t(z)), where z,y are tuples of
variables, ¢(z,y) is a quantifier-free ring language formula implying that none of
variables of x are zero, and t¢(x) is a Q-tropical polynomial. We call such a pair
positive, if

VF = (Va,b)(¢(a,b) = t(v(a)) > 0).

By VF we mean a common theory of triples (K,I"U{£o0},v), where v is an abstract

pseudo-valuation on a field K and I' is the corresponding divisible ordered abelian
group.
Below we prove a syntactic criterion on positivity of a lattice divisor. Existence

of such a criterion also follows from Corollary [1.5.15/ but we provide an elementary

proof here, that only uses the compactness theorem.

Proposition 1.5.5. Let a be a tuple of elements in F* and let ¢(x) be a Q-tropical

polynomial of the corresponding arity. Then the following are equivalent:
1. t(div(a)) > 0,

2. for every n € N there is a quantifier-free ring formula ¢,,(x,y,) such that F |=
¢n(a,by) for some tuple b, in F and (¢, (,y,), t(x) — 2v(2)7) is a positive pair,
where v(2)” = min(v(2),0).

Proof. First, note that by definition of 2z and continuity of the evaluation function
at t(&i?z(a)), the first condition is equivalent to (Vv € Q%.)(t(v(a)) > 0).

Assume that we have positive pairs (¢, (2, y,), t(z) — 2v(2)7) and tuples b, in F
such that F' = ¢,(a,b,) for each n € N and fix a pseudo-valuation v € Q%. Note that
(F,v) = VF, so t(v(a)) — 2v(2)~ > 0 for each n € N. Thus in fact t(v(a)) > 0, as
v(2) # —oo. By the above observation, we get t(&i:/(a)) > 0.

On the other hand, assume that for some n € N there is no positive pair (¢, (x, y,), t(x)—
Lv(2)7) with quantifier-free ¢,,(,y,) and no tuple b, in F, such that F |= ¢,,(a, by,).
Consider the following theory in the VF language with constants for F:

1
T = D4 (F) U {v is an abstract pseudo-valuation} U {t(v(a)) < —v(2)"},
n
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where D, (F) is the quantifier-free diagram of F' (so the quantifier-free theory of
F in the language of rings enriched with constants from F'). If it was inconsistent,
there would be a quantifier-free formula 1(a, b) in D, (F) such that ¢(a, b)) A(t(v(a)) <
Lv(2)7) is inconsistent with VF. But then (¢(z, y), t(z) — 1v(2)~) would be a positive
pair such that F' |= v (a,b) which can not happen by our assumption.

Let (K, I'U{£o00},v) be a model of T" and consider the natural embedding F' C K
with 8 := t(v(a)) < Lv(2)". First consider the case § = —oo. Write t(&i;(a)) =
q- (Al®($z) Ay &Rf(yj)) for some ¢ € Q¢ and z;,y; from F*. Let O = {z €
F :v(x) # —oo} be the valuation ring of v|p. Choose ig and jy such that for all i
and j we have v(xz;,/x;) > 0,v(yj,/y;) > 0. In particular z;,/x; € O,y,,/y; € O,
but z;,/y;, € O. Let uw: F* — F*/O* =: ¥ and note that it is a non-Archimedean
abstract valuation. Let ' be the class of z;,/y;, in X. Define A C X as the smallest
convex subgroup containing " and let Ay C A be the biggest convex subgroup of
A without /. Then by truncating u to A and taking the quotient by Ay we get an
abstract pseudo-valuation on F' where the value group A/A, can be embedded to R.
Hence, there exists a pseudo-valuation «’ on F' with t(u/(a)) < 0. That is because
the relations u'(z;,/z;) > 0,4 (yj,/y;) > 0 and «'(x;,/y;,) < 0 hold by construction.
This finishes the proof in this case.

Now assume that  # —oo. Let A C I' be the smallest convex subgroup containing
B and let Ag C A be the biggest convex subgroup of A with 5 ¢ Ag. If we choose an
embedding A/A, C R, we can define a function w on F' by sending a to v(a) mod Ag
if v(a) € A, to 0o if v(a) > A, and to —oo if v(a) < A. Note that v(2) £ A because
B < %v(2)_, so by Lemma the function w is a pseudo-valuation on F'. Moreover,
by construction t(w(a)) = < 0, where § is the class of 5 modulo Ay in R. Hence,
t(&i?f(a)) 7 0, which finishes the proof. O

Let us consider a relative situation where F'is a field extending k. Using Lemmall.2.14

we get the following corollaries.

Corollary 1.5.6. The natural morphism ULatg(k) — ULatg(F') induces an embed-
ding LDivg(k) C LDivg(F) respecting the non-negative cone.

Corollary 1.5.7. Let A be a domain with Frac(A) = F and fix an absolute value
| - | on k(p) for a point p € Spec(A). There is a pseudo-valuation v on F' such that
for all a € A we have v(a) = — log|amod p|.

Now we prove a relative variant of Proposition [1.5.5]
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Proposition 1.5.8. Let k be a subfield of F' and o € LDivg(F'). The following are

equivalent:
1. for every v € Qp that restricts to the trivial valuation on k, we have v(«) < 0;
2. there are finitely many ay,...,a, € k* such that o < \/}_, &R/(az)

Proof. The implication from (2) to (1) follows from Lemmal[l.4.8, To prove the other
one, assume for a contradiction that one cannot find finitely many elements in k that
satisfy (2). This means that for every ay,...,a, € k*, there is a pseudo-valuation

v € Qp that satisfies v(a) > max; v(a;). Consider the following first order theory:
T = Da(F) U{v is an abstract pseudo-valuation} U {v(a) > v(b) : b € k*}.

This theory is consistent by the assumption, so there is an abstract pseudo-valuation
vo : I — T'U {£o00} such that for all b € k* we have vg(a)) > vo(b). Now we proceed
as in the proof of Proposition [[.5.5] to get a pseudo-valuation v; on F' that restricts

to the trivial valuation on k and satisfies v; () > 0, which contradicts (1). O

Corollary 1.5.9. Let k C F be a finitely generated extension. Then the ideal
I, = {a € LDivg(F) : Yv € Valp, v(a) =0}
is the smallest ideal containing LDivg(k) in LDivg(F).

Here, the embedding LDivg(k) C LDivg(F) is the one from Corollary and
by Valp/, we denote valuations on I’ that are trivial on k. Let us also denote by 2z,

pseudo-valuations on F' that restrict to the trivial valuation on k.

Proof. By Corollary|1.2.11]we can replace Valp/,, in the definition of I;, by Qg/,. Then

the statement follows from Proposition [1.5.8] O

Next, we want describe the set of positive lattice divisors in more detail, see
Corollary [1.5.15 Let us start with the following lemma.

Lemma 1.5.10. For every tuple a = (aq,...,a,) € (F*)" and € € R, the following
are equivalent:

A (Tl\v(az)) < 0 if v is non-Archimedean,

(i) For every pseudo-valuation v on F', v (
i=1

and v (/\ al\v(al)) < —ew(2) if v is Archimedean.

i=1
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(ii) There exists a family (m)senn of integers with mg = 0 except for a finite number

> g2 < 1,

seN”

of indices s, such that

and

Proof. First assume that (ii) is satisfied, and that there is a v € Qp such that
v </\ ci:f(az)) > —ew(2)”. Let (my)senn be a family satisfying (ii). Then:
i=1

e If v is non-Archimedean, we have rginv(ai) > 0, so v(a;) > 0 for all i < n.

Thus, the equality ) . msa® =1 implies v(1) > 0.

e If v is Archimedean, we may, up to multiplication by a positive constant, write
v = —log||-||, where ||-|| is a pseudo-absolute value on F' with ||2|| = 2. We then

have niinv(a,-) > —ew(2) = elog(2), so ||a;]| < 27°. Thus,

1= 1] =

E msa’

seN”

n
<> mif2t <1
i=1

Either way, we obtain a contradiction, which shows that (ii) implies (i).

Now, assume that (ii) is not satisfied. Consider the sub-norm ||-||. defined on
ZIX1,..., X,] by

Z asX°®

SEL™

- Z a2,

€ seNm

and the ring homomorphism f : Z[X;,..., X,] — F sending X; to a; for all i < n.
Then, ||-||. and f satisfy the conditions of Lemma [1.3.4] hence there exists a pseudo-
absolute value ||-|| of F' such that for all P € Z[Xy,..., X,], |f/(P)|| < [|P]ls. In
particular [|a;|| < 27¢ for all i < n.

Assume that ||-|| is a non-trivial pseudo-absolute value. Then by Remark [1.2.3]
v = —log||-|| is a pseudo-valuation on F. But v satisfies minj<;<, v(a;) > clog(2),
which contradicts (i) since, if v is Archimedean, then v(2) = —log||2|| > — log(2).

On the other hand, if ||-|| is a trivial pseudo-absolute value, then ||a;|] <27¢ <1
implies ||a;|| = 0forall 1 <i<n. Let O = {x € I : ||z|| < oo} be the valuation ring
associated to |||, and let v’ : F' — ¥ U {+o0} the corresponding abstract valuation,
where ¥ = F*/O*. Then f = minj<;j<,v'(a;) > 0 in ¥. Let A C X be the

smallest convex subgroup of ¥ containing 5, and Ay be the biggest convex subgroup
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not containing #. Then, by truncating v to A and taking the quotient by Ay, we
obtain an abstract non-Archimedean pseudo-valuation v whose value group A/Ag
can be embedded into R. Hence, v is a non-Archimedean pseudo-valuation on F' and

by construction satisfies min;<;<, v(a;) > 0, which contradicts (i). O

Definition 1.5.11. For every € € R., let I'. C ULatg(F') be the set of elements of

the form
P[4 a
/\ div (Z mmaj) - /\ div(a,),
i=1 j=1 j=1

where ay,...,a, € F*, p,q € N*, and (m; )1<i<p € ZP is such that for all i < p,
1<j<q

q
Z |m,;’j| < 2°.
=1

Remark 1.5.12. For all € > 0, I'; is closed under A. Indeed, if two elements of
ULatg(F') are written as ~ /\ dlv( D= N le(CLZ) and A\ le(b/) A (Tl?/(a;)

1<i<m 1<i<n 1<:i<p 1<i<q
respectively, then their meet is equal to:

A divbal) | A A divtie) | =\ div(aid))

1<i<m 1<i<n 1<i<p
1<5<q 1<5<p 1<5<q

Thus, if both elements of ULatg(F') are of the form described in Definition [1.5.11}

then their meet is also of this form.
Lemma 1.5.13. For any o € ULatg(F) and € € R, the following are equivalent:

(i) For every pseudo-valuation v on F, v(a) > 0 if v is non-Archimedean, and

v(a) > ev(2) if v is Archimedean.
(ii) There exists an integer m € N such that ma € T'y,..

Proof. () (i) Assume that ma € I';,,c for some m € N. Then, ma can be written
as \P_ dlv( i) — ?Zlagf(aj) where ay,...,a,,b1,...,b, € F*, and for all i < p,

q
there is a tuple (m;,...,m;,) € Z such that b; = 3 m, ja;, and > %_, [m; ;| < 2™
j=1
Then, for every pseudo-valuation v and i < p:

q
e if v is non-Archimedean, mi{lv(aj/bi) <0,
j:

e if v is Archimedean, mqi{w(aj/bi) < —mev(2).
]:
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Using the fact that m-v(a) = v(ma) = rzril{l I?ELIX v(b;/a;), we conclude that « satisfies
().

(i) = (ii) Let a € ULatg(F) and assume that « satisfies (i). Since any element
of ULatg(F') can be written as a meet of elements of the form — A, CT'R/(CLZ-), with
a=(ai,...,a,) € (F*)", and by Remark [L.5.12] it is enough to prove (i) = (ii) for
elements of this form.

Let ||-||c be the ring norm on Z[Xy, ..., X,] defined by

> mXo| =) myf27

seN” seN”

Then, by Lemma|1.5.10} there exists a polynomial P € Z[X;, ..., X,,| with | P < 1,
such that P(a) = 1.

Claim 1.5.14. We have a € I's, with 2° = deg P (% + n)

Proof. We define the (finite) subset E of Z[X1, ..., X,] of homogeneous polynomials
H of degree deg H < deg P, such that ||H||. < 1 and H(a) # 0. Then, a may be

written as

A\ div(H (@) = A div(aH(a))

We now show that a € T's by writing each H € E as a sum of at most 2° terms of
the form a;H' with 1 <i<n, H € E.

o If deg H > 1, then we may write H = > X;H,; with Hy,..., H, homogeneous
i=1

polynomials of degree deg H — 1 such that |H||. = 27° >_||H;||.. Then, for each
i=1

1 < i < n, the absolute values of the coefficients of H; sum to 2548 =1 | ;..

By splitting the coefficients adequately, we can write each H; as a sum of N; =

"25(deg H-1) 1 H;ll-
t

the coefficients in each of them sum to at most ¢t = [2°(d¢#=1) | Thus, H;

may be written as a sum of N; homogeneous polynomials of degree deg H — 1

-‘ (homogeneous) polynomials such that the absolute values of

and of e-norm at most #2°10~d¢H) < 1 Hence, H(a) is a sum of at most
N = N; +...+ N, terms of the required form, with

n 25(d6gH71)||H‘”5 2:—:degH||]{||6 4€
N < 1 ! = I |kl | U -
= ZZI ( + y ) n + y <n-+ 5 1’

since |[H||. < 1, and ¢ > 25(des H=2)(9= _ 1),
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o If deg H = 0, then up to a sign change, H = 1, and by assumption

deg P
H(a)=1=P(a) = Y Pi(a),
d=1
where Py, ..., Pyegp are the homogeneous components of P. As seen above,

4€
2e—1

each P; may be written as a sum of at most n+ terms of the required form,

which concludes the proof of Claim [1.5.14]

]

Now, by Lemma|1.5.10] « also satisfies (i) for some 0 < ¢’ < e. But, for all m € N,

we have

ma = — /\ div(P(a)),

where the meet ranges over all homogeneous monomials of degree m in Xy,..., X,
whose number is ("TLT; 1). Thus, claim [1.5.14| applies, replacing o by ma, € by me’, P
by P™ and n by ("JTFLTl_l), showing that ma € I's with 2° = m deg P (2:5:’8;1 + ("Tﬁl—l))

Since €’ < g, for large enough m, we have § < me, which concludes the proof. n

Corollary 1.5.15. For each a € ULatg(F'), the following conditions are equivalent:
(i) For every pseudo-valuation v on F, v(a) > 0.
(ii) For every abstract valuation v on F', v(a) > 0.
(iii) For every abstract pseudo-valuation v on F, v(a) > 0.
(iv) For every v € Qp, v(a) > 0.
(v) For every ¢ € R, there is some m € N such that ma € T',..

Proof. 1t is clear that (iii) = (ii) = (i), and (i) < (iv) since the set of pseudo-
valuations is a dense subset of Qp. Additionally, (i) < (v) is a consequence of
Lemma We then prove (v) = (iii) as in the proof of (ii) = (i) in Lemma
513 O

If the ambient field is countable, positivity of an element o € LDivg(F') can be

checked by pairing with not necessarily all pseudo-valuations.

Lemma 1.5.16. Assume that F' is countable and let o = t(d/i:/(a)) € LDivg(F).
Then « > 0 if and only if for all v € Valp we have t(v(a)) > 0.
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Proof. By Lemma m the evaluation function v — t(&i\v(a)) is continuous. Thus
the result follows from Corollary and Corollary [1.2.11} [

Corollary 1.5.17. Let I be a countable field of characteristic zero. Then for
a € LDivg(F') we have o = 0 if and only if for all v € Valp we have v(a) = 0.

1.6 Measures

Recall that for a locally compact Hausdorff topological space X, positive func-
tionals on the space of compactly supported continuous functions on X correspond
to Radon measures on X (this correspondence sometimes serves as a definition of a

Radon measure).

Definition 1.6.1. Let a € LDivg(F') be a non-zero, positive (o > 0) element. We

define a compact space
Qp(a) ={v € Qp 1 v(a) =1},
and its projection to Qp denoted Qg (a). Moreover, let
(a) == {8 € LDivg(F) : (3n € N)(|8 < n- )},

Note that («) is a sublattice of LDivg(F'). We call it the set of elements dominated
by «.

Construction 1.6.2. Fix a > 0 from LDivg(F') and consider the restricted evalua-
tion product
Qp(a) x (o) = R.

It defines a natural map
i:{a)y = C(Qr(a)),

given by 5 +— (v — v(f)). Note that by max-closed/tropical Stone-Weierstrass
theorem (see e.g. |40, Theorem 7.29]), the image of i is a dense subset with respect

to the uniform convergence topology.

Definition 1.6.3. A positive functional on F is a Q-linear map [ : LDivg(F) — R
which takes non-negative lattice divisors to non-negative numbers. We call [ a global
functional, if additionally it takes principal lattice divisors (see Definition [1.5.3) to
zero. Note that it equivalently can be described as a linear map [ : LPicg(F) — R
non-negative on the effective cone. Furthermore, if F' is of characteristic zero we say
that [ is normalised if l(cfi:/(Q)*) = log 2.
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Now, the following corollary follows from applying the Riesz-Markov-Kakutani

representation theorem to the pairing from Construction [1.6.2]

Corollary 1.6.4. Let [ be a positive functional on F'. Then for every non-zero a > 0
in LDivg(F'), there is a unique finite Radon measure f, on Qg(a) such that for all

B € (o) we have

1(8) = / o)

We also use the notation i, for the pushforward of this measure to Qp(a).

Hence, a positive functional [ on F induces a family of measures ji, on Qp(a) for

non-zero, positive o € LDivg(F).

Lemma 1.6.5. For any non-zero, positive a, v € LDivg(F’) the local measures f,, i

associated to a positive functional [ on F' satisfy

dpa  v(a)
dpy  v(7)

when restricted to Qp(a) N Qp(7), where Z((:)) is a function taking the class of v to

ZE:; (which does not depend on the representative).

Proof. First, note that we have

(y) =2 l(y Ana) = /Q ( )v(’y Ana)dpa(v) 2 n - pa({v € Qp(a) : v(y) = oo}).

Since n is an arbitrary natural number here, we get that
pa({v € Qp(a): v(y) = o0}) = 0.
Thus, for 5 € () N (y) we can write

= [ @ = [ )

Symmetrically, we have

= v V) = v(B) v
1) = /szm) (Bt v) /QF(a)ﬂQF(v) v(7) Aal)

This finishes the proof. O
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For a € F* we denote by ji, the measure on Qp(a) coming from o = (ii\v(a)Jr (it
depends on the choice of a positive functional on F). Note that with this definition
Qr(a) = Qp(a). According to the following definition, a positive functional on F
induces a family of local measures on F. Later we will see that every such family

determines uniquely a positive functional on F.

Definition 1.6.6. By a family of local measures on F' we mean a family of finite

Radon measures y, on Qp(a) for a € F*, such that for any a,b € F* we have

dpta  v(a)

du, — v(b)’
on Qp(a) N Qp(b) and pu{v € Qr(a) : v(b) = 0o} = 0. We call such a family global,

if in addition, for every a € F'*, we have

1a(Qr(a)) = pra-1(Qr(a™)).
Now we pass to a global description of GVF functionals.

Definition 1.6.7. An admissible measure on F is a Radon measure p on 2 which

satisfies the following conditions.

1. For every a € F'* the function ev, : v — v(a) is u-integrable.

2. There is a family of Borel sections s, : Qp(a) — 77 1(Qr(a)) of 7, such that p

restricted to 771(Qr(a)) is equal to Suupty for f1g = T (1] r-1(p(a)))-

Note that the Borel sections s, are uniquely determined, up to a set of u,-measure
zero. Moreover, we call p a global measure on F' (or a GVF measure), if in addition
for all a € F* the product formula holds:

/QF v(a)du(v) = 0.

Remark 1.6.8. Note that the condition (1) in the above definition implies in par-
ticular that p{v(2) = —oo} = 0, hence p can be seen as a measure on the set of
pseudo-valuations 23.. We choose to work with the bigger space 1 to ensure that

the sets Qr(a) are compact.

Definition 1.6.9. Let u, i/ be two admissible measures on F'. We say that p can
: Qp(a) —

77 1(Qp(a)) associated to measures y, i/ respectively, the measures fi4, i1, obtained as

be renormalised to ', if for every a € F* and Borel sections s,, s,
pushforwards of u, ' through 7 : Qr(a) — Qp(a) respectively, satisfy:

dpta s,

—_a

dpy, S
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Lemma 1.6.10. Renormalisation is an equivalence relation among admissible mea-

sures on F' that respects being a global measure.
Proof. The first part is clear. The second part follows from Lemma [1.7.2] n

We now describe how to construct an admissible measure on F' from a family of

local measures.

Construction 1.6.11. Fix a family of local measures (1i,)qcpx. Well order F* as
(4a)a<x for some ordinal k. We inductively build sections s, : Qr(as) — Qr(as) such

that for a, f < k we have

Sa‘ﬁp(aa)ﬁﬁp(a/;) = 36|§F(aa)mﬁF(aﬁ)

almost everywhere with respect to p,, or pia, equivalently. Assume that we have
already built such s, for v < o and let a = a,. Pick a countable sequence of v,, < «
such that for a, = a, the set |, Qr(a) N Qp(a,) has maximal j,-measure. Define
s =84 Qp(a) = Qp(a), at least up to j,-measure zero, as s, = s., on Qp(a)NQr(a,)
(this makes sense by the inductive assumption about s,’s) and on the rest define
it to be the inverse of the projection m : Qp(a) — Qp(a). Let vy := gu * Saxlla
where g, (v) = 1/s4(7(v))(as). Next, define a measure p on Qp to be the unique
Radon measure which coincides with v, on 771(Qx(a,)). This makes sense, as every
compact subset of Qp is contained in a finite union of 77!(Qr(a))’s and the choice

of ga’s ensures that v,’s agree on overlaps because of the following calculation (on
7 (Qp(aa)) N7 (Qr(ag))):

v(aa) 5) 1 _sa(m(v))(aa)

ot =5 (50) = Sy S

1 1
m “Saxfg = m ©Spxlp = g3 * Spxflp = V3.

Since

1
Voo = Jo * Saxla = Sax (Wua)a

where ¥ € Qr(a,), the measure p satisfies the second condition in the definition of
an admissible measure. Moreover, by construction for every a = a, € F* (with

Sq = Sa, Vo = Vo) We have
/ﬁwmmwzf vwwwzf o(a)dva(v)
Qp 7=1(Qp(a)) 7= 1(Qp(a))
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_ vl Ly _ e
= o ) = [ e 1) < 0

Thus, i also satisfies the first condition from the definition of an admissible measure,
and a similar calculation for v(a)~ shows that a global family of local measures induces

a global measure on F'.

Remark 1.6.12. Note that in the above construction, if we start with ay = 1/2
in the characteristic zero case, then we can assume that the obtained measure y on
Qp restricted to Archimedean v € Qp is concentrated on v’s with v(2) = —log?2.
In particular, if F' is a countable field of characteristic zero, then by Lemma [1.2.3
we can assume that the measure comes from a pushforward of some measure via
—log : Mp — Valgp C Qp. More precisely, we can even assume that the measure
on Mp is concentrated on the union of Non-Archimedean norms and Archimedean

norms extending | - | on Q.

1.7 Heights

In this section we construct the correspondence between structures we have intro-

duced. We start by defining globally valued fields via local terms.

Definition 1.7.1. A family of functions R, : (F*)™ — R indexed by Q-tropical

polynomials ¢ (of arity n, respectively), that are also denoted by

is called a family of local terms on F' if it satisfies the following axioms:
1. R; are compatible with permutations of variables and dummy variables.

2. (Linearity) Ry 4+, = Ry, + Ri,, Ry = qR; for all Q-tropical polynomials ¢y, to, ¢

and rational numbers q.
3. (Local-global positivity) If (¢,t) is a positive pair (see Definition [1.5.4), then

(Va)(¢(a) = Ri(a) > 0).

We use the name product formula field to call a field with local terms that satisfy the

following axiom:

(4) (Product formula) [v(z)dv =0 for all x € F*.
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Fields with local terms (resp. product formula fields) form a category where mor-
phisms are embeddings of fields such that the predicates R; of the bigger field restrict

to the ones of the smaller one. We call local terms trivial, if all predicates R; are zero.

Lemma 1.7.2. An admissible measure p on F' defines local terms on F' via

Ry(a) = /Q Ho(a))du(v).

Moreover, these only depend on the renormalisation class of .

Proof. Note that the map v — t(v(a)) can be bounded by a multiple of maximum of
valuations of finitely many elements from F*, by Lemma [1.4.5] Hence, the integral
will be finite by the first condition in the definition of admissibility.

We check the local-global positivity axiom. If (¢, t) is a positive pair and F' = ¢(a),
then v — ¢(v(a)) in non-negative on Qp, so the integral will be non-negative. We
omit checking the other axioms of multiply valued field structures.

Assume that u, ' are in the same renormalisation class and keep the notation
from Definition . Let f be a function supported on 7= (Qx(a)) for some a € F*
which is homogeneous with respect to the R-g-action, i.e., f(rv) = rf(v) for r € R.y.

Then we have

) = [ feain@ = [ )

Or(a) Or(a) "

[ s 2w = [ e = [ i)

Qr(a) a Qr(a)
Now let f be a homogeneous (without loss of generality non-negative) function on
Qp that is both u, p/-integrable. Take a,...,a, € F* such that the integrals with
respect to u, ' are approximated up to e by the integrals over |J;_; Qr(a;). The
above calculation and the inclusion—exclusion principle shows that the integrals of
f with respect to p,p differ only at most 2, so they must be the same, as ¢ was

arbitrary. If we take f = evg for some € LDivg(F'), we are done. O

Note that the first part of the above lemma works, even if i satisfies only the first
condition of being an admissible measure on F. Before we proceed further, we need
to prove a few properties of heights (see Definition [1.1.1) which will allow us to pass

from heights to positive functionals.
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Lemma 1.7.3. Let h be a height on F. Then, h is invariant by duplication of
coordinates, addition of zero coordinates, and multiplication of coordinates by roots
of unity. More precisely, let £ € F", x € F, and let A € F* be a root of unity. Then,

h(E,2,x) = h(E,2,0) = h(€, Ax) = h(&, 2).

Proof. Let us start with duplication of coordinates. Using the fact that h(1,1) = 0,

we have

h(§, x,& x) = h((§,2) ® (1,1)) = h(, z).
But, by monotonicity, h(§, x) < h(, z,x) < h(€, z, €, x), which shows that h(§, z, z) =
h(¢, z). Now, we show that h(1,0) = h(1,\) = 0.

e By duplication of coordinates, h(1,0) = h(1,0,0,0) = h((1,0)%?) = 2h(1,0),
thus h(1,0) = 0,

e Let m be the order of X in F*, and consider the tuple A := (1, \,..., A™1).
Since we know h(1, 1) = 0, we may assume that m > 2. Then, up to permutation
of coordinates, A®™ = (A,...,A), where the tuple A is repeated m times.
Hence, by duplication of coordinates, mh(A) = h(A), thus h(A) = 0. But, by
monotonicity, 0 = h(1) < h(1,\) < h(A), which shows that h(1, \) = 0.

Now, by monotonicity of h, we have
h(&,x) < h(§, x,0) < h((§, =) @ (1,0)) = h(&, z) + h(1,0),

and
h(& z) < h(& x, \x) < h((§2)® (1,N) = h(&,z) + h(1,N).
Therefore, h(€,x,0) = h(€, x, \x) = h(¢, ). O

Lemma 1.7.4 (Generalized triangle inequality). Let h be a height on F with

Archimedean error e. Then, for all n,m € N, and (z1,...,z,) € (F™)", we have
h(xy+ ...+ x,) < h(xq,...,2,) + logy(n)e.

Proof. First, we show that if the lemma is true for some n € N, it is also true for 2n.

Indeed, we then have

h(zy+ ...+ xo) <h(xi+ ...+ Tp,Tpe1 + ... +T2,) +€
= h((x1, Tps1) + (T2, Tpgo) + ...+ (Tp, T2n)) + €
< h(xq,...,x9,) + (logy(n) + 1)e

h(zy+ ...+ xa,) < h(x1, ..., 22,) + logy(2n)e.
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By induction, the lemma is true whenever n is a power of 2.

In the general case, monotonicity allows us to add any number of zero tuples, so
hazy+ ...+ x,) < h(xg, ..., 2,) + [logy(n)]e.

Now, fix some n, m € N, and tuples x1+...+z, € F™. For all p € N, by distributivity
of the Segre product relative to coordinate-by-coordinate addition, the p-th Segre

power of the sum z; + ...+ x, can be written

(x4 ...+ 2,)% = Z Ty ® ...,

1<it,.ip<n

On the other hand, the p-th Segre power is also distributive relative to concatenation,

hence (up to permutation of coordinates), (z1, ..., x,)% is the concatenation of the
tuples z;, ® ... ® x;, for all (iy,...,i,) € {1,...,n}".
Thus,

h((z1+ ...+ 2,)%) < h((21, ..., 2,)%) + [logy(nP)]e,

ie. ph(zy+...+z,) < ph(xy,...,x,) + [plogy(n)]e. We conclude by dividing by p
and taking the limit when p goes to infinity. ]

Proposition 1.7.5. Let [ : LDivg(F) — R be a positive functional. Define a height
h; on F' by

V(@ ... x) € FU\A{0}, hi(wn,.. o m0) = =1 |\ div(w,)
lgz%gn
x;7£0

Then, [ — h; is a bijection from the set of positive functionals on F' to the set

of heights on F', which additionally restricts to a bijection from the set of global
functionals to the set of global heights.

Proof. It is immediate that h; satisfies the axioms in Definition[I.1.1], with Archimedean
error e = hy(2,1), since the tropical divisor (il?/(l’ +y) — (il?/'(l’) A ch?/(y) — (51;(2) A0
is positive.

Now, for a height h on F', we may recover a group morphism [, : ULatg(F) — R
by setting

Iy (/\ div(b;) - /\cfvmi)) = h(a) = h(b),

for all a € (F*)",b € (F*)™. This shows injectivity. To prove surjectivity, we need

to show that [, factors to a positive functional on F, i.e. that it is positive on the
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positive cone of ULatg(F). For that, we use characterization (v) in Corollary [1.5.15]
More precisely, let us show that for all € > 0, if a € I, then [, () > —ce, where e is
the Archimedean error of h. Let a € I'.. By Definition [I.5.11] we may write

a= N\ div(b;) - /\&i\V(ai%
i=1 i=1

where a = (a1,...,a,) € (F*)", and each b; is a sum of exactly |2°] elements of the
form a;, —a; or 0, i.e. coordinates of the tuple ' = (((—1,1) ® a),0) € R*"*'. Note
that by lemma [1.7.3] h(a’) = h(a).

Let r := [2°], and fix a bijection 7 : {1,...,2n+ 1}" — {1,...,(2n+ 1)"}. For
all j € {1,...,7} consider the tuple d; € F@"#V" such that, for all (iy,...,i,) €
{1,....2n+ 1)},

Since d; only contains coordinates of ', we have h(dy, ..., d,) < h(a’) = h(a). On the
other hand, every b; is a sum of r coordinates of a’, so by construction, b is contained
in dy + ...+ d,. Thus, by monotonicity and Lemma

h(b) < h(dy + ... +dy)
< h(dy,...,d,)+logy(r)e
h(b) < h(a) + ee.

Thus, (o) > —ee. By additivity of [, and characterization (v) in Corollary
1.5.15] it follows that [}, is positive of the positive cone of ULatg(F"), which concludes
the proof. Furthermore, it is immediate that h; is global if and only if [ is a global

functional. n

Remark 1.7.6. The above proof also shows that for any height h, the Archimedean

error e can always be taken to be h(2,1).

The main result of this section is the following theorem giving equivalence between

the above introduced definitions.

Theorem 1.7.7. There is a bijective correspondence between the following struc-

tures on F':
1. Local terms,

2. Heights,
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3.

4.

d.

6.

Positive functionals,
Families of local measures,
Renormalisation classes of admissible measures,

Equivalence classes of lattice valuations.

Moreover, this correspondence respects the ‘global’ ones.

Proof. We describe how to pass between structures with consecutive numbers in circle.

To pass from (1) to (2), we define h(ay,...,a,) to be Ri(ay,...,a,) for t =

—min(zy,...,%,). The axioms from Definition are satisfied with Archimedean

error e = h(2, 1), since the lattice divisor cTi:/(x—i—y) — 51:/(:6) /\ci:f(y) — (TR/(Q) A0

is positive.

From (2) to (3) (even to get the equivalence between those two) we use Propo-
sition [L.7.9l

From (3) to (4), a positive functional on F' yields a family of local measures

(ta)acr> as in Corollary [1.6.4]

The passage from (4) to (5) is the content of Construction [1.6.11
Lemma provides a correspondence from (5) to (1).

From (5) to (6), let 1 be an admissible measure on F. This makes L'(Qp, u1)
an Ll-lattice, and the map v : # — (v — v(x)) a lattice valuation (here I is the

L'-lattice generated by the image of v).

Finally, from (6) to (2), if (I',v) is a lattice valuation on F, then we define a
height on F' by

h(ay, ..., a,) = —/y(al) A oA v(ag).

This clearly satisfies the axioms from Definition [1.1.1

We omit the proof that by going in a cycle, we get back the same structure. O

Definition 1.7.8. We say that F' is equipped with a multiply valued field structure

(abbreviated MVF), if it is given with one of the equivalent structures from Theo-
rem We call an MVF F a globally valued field (abbreviated GVF), if the MVF

structure is additionally global, or in other words it satisfies the product formula.
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Corollary 1.7.9. If i is a Radon measure on )y satisfying the first axiom of being
an admissible measure on F', then there is an admissible measure v on F' inducing the
same MVF structure on F. Hence, an MVF structure on F' can be seen as a Radon
measure on ) such that the evaluation functions are integrable, up to the equivalence

relation given by integrating homogeneous functions on 2z as in Lemma [1.7.2]

Finally, we can compare globally valued fields to proper adelic curves, which we

define below.

Definition 1.7.10. [24] Section 3.1] An adelic structure on F' is a measure space
(Q, A, v) together with a map ¢ : w — | - |, from Q to Mg such that for all a € F*
the function

w +— log |al,

is integrable (and measurable) on ). Moreover, we call the adelic structure proper, if
for all a € F*

/ log |al,dv(w) = 0.
Q
Together, the data (F, (2, A,v), ¢) is called an adelic curve.

Similarly as in Lemma [1.7.2] adelic structures on F' induce multiply valued field

structures by taking
Rifa)i= [ t(-logal.)dv(w).
Q
Moreover, by Remark [1.6.12] we get the following.

Corollary 1.7.11. If F is countable, then every multiply valued field structure on
F'is induced by an adelic structure. Similarly, in that case every GVF structure on

F' is induced by a proper adelic structure. Moreover, {2 can be assumed to be Mpg.

1.8 Intersection theory

This section can be seen as a preview to some results appearing in Chapter|9 where
I classify GVF structures on extensions of Q in terms of Arakelov geometry.

One can construct examples of globally valued fields using intersection theory or
Arakelov intersection theory. If X is an arithmetic variety, let us denote by ADivg(X)
the group of arithmetic R-divisors of C%-type, see Section for precise definitions.
Assume that F' is a finitely generated extension of Q. Let ADivg(F') be the direct

limit of ADivg(X)’s, over the system of arithmetic varieties X with their function
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field isomorphic to F. A GVF functional | : ADivg(F') — R is a linear map which
vanishes on principal arithmetic divisors and is non-negative on effective arithmetic

divisors. With this notation we have the following.

Theorem 1.8.1 (Corollary [2.3.18]). There is a natural bijection:
{GVF functionals ADivg(F) — R} «— {GVF structures on F'}

L (Ri(a) = (Di(a)))

t

where Dy(a) = t(cT’R/(a)) if a is a tuple from F* and ¢ is a Q-tropical polynomial.

The lattice structure on ADivg(F) is constructed in Section and Dy(a) is
defined with respect to it. This result follows from Theorem[I.7.7and Corollary[1.5.17]
together with density of lattice divisors in the space of arithmetic divisors proved in
Proposition We postpone the proof to Chapter [2] where more details about
arithmetic R-divisors of C-type are given.

In particular, if X' is an F-model of dimension d over Spec(Z) and D is an arith-

metically nef R-divisor on X', then the map
D' E

defines a GVF structure on F', where the product taken is the arithmetic intersection
product (see [45], [56] or Section [2.2.6]), possibly calculated on a blowup of X. In

fact, any GVF structure can be approximated by such in the following sense.

Theorem 1.8.2 (Remark [2.2.72). The set of GVF structures on F' coming from
arithmetically ample arithmetic divisors D on F-models X (by the formula & ﬁd-g)
is dense in the space of all GVF functionals ADivg(F) — R, with respect to the

pointwise convergence topology.

Let us remark that the example outlined in Equation from the introduction
comes from arithmetic intersection product by taking X to be P} and D to be d/i:f(z)vo
(equivalently O(1) with the Weil metric), where we write z = % for the variable
generating the function field Q(z) of P}.

Similarly, if K is a finitely generated field over a field £ and we restrict our
attention to GVF structures that are trivial when restricted to k, we get the following

COI‘I"QSpOIldeIlCG.
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Theorem 1.8.3. [I0] There is a natural bijection:
{GVF functionals Divg(K/k) — R} +— {GVF structures on K trivial on k},

[ — (Ry(a) :=U(Dy(a))),
where Dy(a) = t(div(a)) for tuples a from F* and Q-tropical polynomials ¢.

Here Divg(K/k) = lim Divg(X) is the direct limit of (Q-Cartier) divisors of nor-
mal projective varieties X over k together with isomorphisms k(X) ~ K over k. These
are often called (Q-Cartier) b-divisors, see [68]. The lattice structure on Divg(K/k)
is defined as follows: if D, E € Div(X) are effective Cartier divisors, then we define
D A E by the class of the exceptional fiber of the blowup X’ — X of X at DN E.
Equivalently, we define D A E as the class of DN E on a blowup X’ where DN FE is a
Cartier divisor. For Q-divisors, or non-effective divisors, we extend using axioms of a
group lattice. The proof that it is well defined is the same as Lemma [2.3.5] A GVF
functional [ : Divg(K/k) — R on the left hand side of the correspondence is a linear
map which vanishes on principal divisors and is non-negative on the effective cone.
Let us note, that there is a natural pairing Valg/x x Divg(K/k) — R satisfying the
conclusion of Lemma and such that for D € Divg(K/k) we have D = 0 if and
only if, for all v € Valg/, we have v(D) = 0.

Proof of Theorem[1.8.3. By Theorem the data of a GVF structure on K trivial
on k is equivalent to the data of a GVF functional [ : LDivg(K) — R that vanishes
on LDivg(k). Let Iy C LDivg(K) be the ideal generated by LDivg(k) (in the sense
of Definition [1.4.9). It is enough to prove that as group lattices

LDivg(K)/I) ~ Divg(K/k).

We construct the isomorphism in the following way. First, there is a map f :
ULatg(K) — Divg(K/k) coming from the universal property. Second, note that
the ideal I from Definition [1.5.1] is contained in the kernel of f. Indeed if a € I,
then f(«) pairs with any v € Valg/; to zero, so f(a) = 0. Thus, f factors through
f : LDivg(K) — Divg(K/k), and from Corollary we get that the kernel is
exactly the ideal generated by LDivg(k), which finishes the proof. O

From the above proof we get the following.
Corollary 1.8.4. The quotient of LDivg(K') by the (group lattice) ideal generated

by LDivg(k) is isomorphic to Divg(K/k).
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In fact, GVF functionals also vanish on numerically trivial divisors. We give a

simple proof below.

Lemma 1.8.5. [10, Proposition 11.5] Let [ : Div(K/k) — R be a GVF functional.
Then for a numerically trivial divisor E, the equality {(F) = 0 holds.

Proof. Assume that E is a divisor on X with k(X) ~ K and fix an ample Q-divisor
A on X. Since E is numerically trivial, Q-divisors A + E are ample (by Kleiman’s
criterion). Hence, for some big enough n we get that n( A+ FE) are rationally equivalent

to effective Q-divisors. Thus
n-1(A+ E)=1(n(A+E)) > 0.

Dividing by n, we get |[(E)| < I(A). Since A was an arbitrary ample Q-divisor, by
replacing it by tA for arbitrary small ¢t > 0, we get [(E) = 0. O

Hence, the left (and so also right) hand side of the correspondence in Theorem

can be equivalently described as
NiF(K/k) = lim N (X),

where N;"(X) is the movable cone in N;(X) (i.e., the dual cone to the effective cone
in N'(X)). Let us point out that the cone N;"(K/k) has appeared in [27] under the
name BPF?'(X) where d is the transcendence degree of K over k.
Note that if D is an ample divisor on a d-dimensional X with k(X) ~ K, then
the formula
Ew— D" E

defines a GVF structure on K and the set of such GVF structures on K (trivial on

k) is dense.

Theorem 1.8.6. [10, Corollary 10.11] The set of GVF structures on K coming from
ample divisors D on varieties X with k(X) ~ K (by the formula F +— D! . E)
is dense in the space of all GVF functionals Divg(K/k) — R, with respect to the

pointwise convergence topology.

For an exposition of the proof of this theorem, see Section In a different
language, this was independently proven in |27, Theorem C].
Theorem [1.8.2| and Theorem together with certain Bertini theorems, are

crucial results implying that globally valued fields Q[1], k(t)[1] respectively (see Sec-
tion for the notation) are existentially closed (see Section |1.12)).
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In Chapter 3| (which is based on the joint paper with Pablo Destic and Nuno Hult-
berg [2§]), the intersection theory introduced in [25] is studied from the continuous

logic point of view.

1.9 Disintegration

Consider a field extension K C L and assume that L is equipped with an MVF
structure. One can describe restriction of this structure to K in a few ways, using
Theorem [1.7.7 For example, if (p1),)ser, is a family of local measures on L, then for
a € F, one can look at restrictions Qg (a) — Qp(a) and if 1, denotes the pushforward
of pi,, then (ia)ack is the family of local measures on K corresponding to the restricted
multiply valued field structure. Similarly, if ;' is a measure on €2 inducing the MVF
structure on L, then for the partial map r : Q; — Qg restricting elements to K, the
measure j = 1, induces the restricted MVF structure on K. Also, one can look
at the restriction of the corresponding positive functional, via the embedding from
Corollary [I.5.6] Finally, the restriction of the MVF or height functions is just the
restriction of their domains to the smaller field.

Let us introduce some notation regarding the partial restriction map r : Q; — Q.
It is defined on

Qr.ie = {v € Qp :v|g € {—00,0,00}*}.

We denote the complement of this open set by Q7. Also, for v € Qg we write Qp,,

for the set of w € Qp with w|x = v. Hence
QL:K = U QL:v-
VEQK

Let p be an admissible measure on L. We can write p as the sum of its restrictions

to Qr.k, k. We denote these restrictions by pir.x, jir/x respectively. Note that
W= pL.x + HL/K-

Lemma 1.9.1. If r,u can be renormalised to an admissible measure v on K, then

i can be renormalised to an admissible measure ' on L such that r.u' = v.

Proof. Note that local measures associated to v and pushforwards of local measures

associated to u are the same. Hence, given sections s, : Qx(a) — Qx(a) for a € K*
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agreeing on overlaps, it is enough to construct sections u, : Qr(a) — Qr(a) (agreeing

on overlaps) such that the diagram

Uq

L(a) e QL<G>

| ,

K((Z) L) QK(CL)

<)

2

commutes. This is achieved by copying Construction [I.6.11] for both K and L.
Start by taking any sections u, agreeing on overlaps (construct them as in Con-
struction [1.6.11]). Next, let h, : Q7 (a) — Rsg be defined by

Since both s,’s and u,’s agree on overlaps, we get that h,’s also agree on overlaps, so
by putting

I
Uy = hg - Uq

we are done. O

Thus, if v is a global measure on K inducing a GVF structure, and there is a
GVF structure on L extending the one on K, one can find a global measure p on L
such that r.pu = v.

Let us restrict our attention to the case where K, L are countable. Note that
then Q, Q are locally compact, separable metric spaces (because a compact metric
space is separable). Using the existence of conditional probability, we get the following

description of GVF extensions.

Corollary 1.9.2. Let v be a global measure on K. Then for every GVF structure on
L extending the one on K, there is a measure p,/x on €27,k and a family of measures

1y on Qp. g, for every v € Qg , such that:

1. v +— u, is a Borel map and pu, is a probability measure for v-almost every

element of Q;

2. if pr.x = v ® uy, that is u(A) = fQL:K po(A)dv(v), then p = pr.x + pir/x is a
globalising measure on L inducing the GVF structure there;

3. i, is concentrated on r~!(v) for v-almost all v € Q.
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Proof. First we use Lemma to get a global measure p on K with ryur.x = v.
Next, we order K* as (a;)i<, and for every a; we use the existence of conditional
probability (see [63, Theorem A] for a precise statement) to get the measures p, for
v E W‘l(ﬁK(ai)\UjQ. Qk(a;)) satisfying the assumptions locally (where 7 : Qx — Q
is the projection map). By countability of K, the obtained family (i,)veq, satisfies

the assumptions. ]

Definition 1.9.3. We call a GVF structure discrete on a field K, if it is induced

by a measure p = » ._;d,, being a sum of Dirac deltas at some family of pairwise

iel
non-equivalent valuations {v; };c; C Valg such that for every a € K* the set {i € I :
v;i(a) # 0} is finite and we have ), v;(a) = 0.

Corollary gives a nice presentation of globally valued fields structures on

finitely generated extensions of a countable discrete GVF.

Corollary 1.9.4. Let K C L be a finitely generated extension of a discrete GVF
structure on a countable K given by the family {v; };c; C Valg. Let X be a projective
variety over K with function field isomorphic to L. Denote by X" the Berkovich
analytification of X; = X ®g K,, for ¢ € I, and by X§" the Berkovich analytification
of X treated as a variety over K with the trivial metric. Then, there exists a measure

to on Xi" and a family of probability measures ; on X such that

p= po + Z Hi
iel
is a global measure on L. Moreover, all these measures are concentrated on points in
the analytifications mapping to the generic point 7 : Spec(L) — X and the measures
1; are uniquely determined by this property.
Conversely, any such family of measures with p satisfying the product formula

axiom, yields a GVF structure on L extending the one on K.

Remark 1.9.5. Note that the measure py above is not unique, because in X§* there
are many points corresponding to equivalent pseudo-valuations on L. This is in
contrast to X" for ¢ € I, where any two different points represent non-equivalent
pseudo-valuations on L, because all of them restrict to the same non-trivial valuation
on K.
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1.10 Finite extensions

In this section we study finite extensions of some globally valued fields.

Lemma 1.10.1. [I10, Lemma 12.1] Let C' be an irreducible curve over a field k& with
the function field K = k(C') and fix t € K \ k. Then, for every r > 0 there is a unique
GVF structure on K which is trivial on k£ and satisfies ht(t) = r.

Proof. This follows from the fact that N (K/k) = N;"(C) = Rsq. For an alternative
proof, see [10]. O

We write k(t)[r] to denote the unique GVF structure on k(t) with ht(¢t) = r
and ht(a) = 0 for a € k*. Note that this notation depends on the choice of a
transcendental element ¢.

The next results follows from Theorem [I.8.1] but we present an elementary proof

avoiding the use Arakelov geometry.

Lemma 1.10.2. Let K be a number field. Then, for any r > 0, there is a unique
GVF structure on K satisfying ht(2) = r - log 2.

Proof. Let S C Valg be a set of representatives of equivalence classes of valuations
on K such that for all a € K* we have ) _cv(a) = 0. By Ostrowski’s theorem any
GVF structure on K is given by a choice of weights w, > 0 such that for all a € K*
we have ) _.v(a)-w, = 0.

Let W be the R-vector space freely generated by S. A choice of weights as
above corresponds to a linear functional on W that vanishes at the image of the map
f:K* = W, sendingato ) .qv(a)-v. Let N ={} _ca,-v:)  _sa, =0} bethe
kernel of the ‘summing of coordinates’ functional on W. It is enough to show that
the real vector space spanned by f(K*) is N, as then, a linear functional [ : W — R
that vanishes on f(/K ™) is the same as a linear functional on W/N ~ R.

Consider w = Y _qa,-v € f(K*). We can write w = w' + w” with w" € W
having zero entries over Archimedean places, and w” € W having zero entries over
non-Archimedean places. The class of w’ modulo N can be seen as an element of
ClI(K)®R = 0, as the class group of K is finite. On the other hand, by the Dirichlet
unit theorem, the dimension of the real span of elements from f(K*) with vanishing
non-Archimedean entries is of dimension r; + ro — 1, where rq, ry are the numbers of
real and complex embeddings (up to conjugation) of K. Thus, the class of w” modulo

N is also trivial, which finishes the proof. m
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If r =1, we call this unique GVF structure on a number field the standard GVF
structure. Standard GVF structures are compatible with extensions of number fields
by the uniqueness in Lemma The union @ of all number fields is thus also
equipped with a unique GVF structure stratifying ht(2) = log 2, and we also call it
standard. We write Q[1] for the standard GVF structure on Q, and Q[r] for the one
satisfying ht(2) = r - log 2.

For a general globally valued field, we only have uniqueness of a GVF' structure
on a finite extension additionally assuming Galois-invariance (see Example for
a counter-example without the Galois invariance assumption). To prove it we need a

few lemmas.

Lemma 1.10.3. Let K C F be a finite Galois extension with the Galois group G.
Then the restriction map Qf — 25 is defined everywhere, and identifies {23 with the
topological quotient of €2%. by G.

Proof. First we prove the the restriction map is defined everywhere. Assume that
| - | is a pseudo-absolute value on F' that is {0, 1, co}-valued on K, but not on F. In
particular, | - | must be non-Archimedean. Let a € F' be such that |a] > 1 and let
b; € K be such that >, b;a' = 0 and b, # 0. Let iy be such that b, is the biggest,
in the sense that for i ;é_io we have |b;,/b;| > 1. Dividing everything by b;, we get

la]® < max |b; /b, - |al* < max |a|’.
i#io i#io

It follows that iy = n, as |a| > 1. Thus without loss of generality b, = 1 and |b;| < 1.
If there is ¢ with |b;] = 1, then max;, |b;] - |a|" is uniquely achieved (say at i), so
we get |a|™ = |b;,| - |a|* = |a|* which gives a contradiction. Hence for all 7 we have
|b:] =0 and so 1 < |a|™ < max;, |b;] - |a]* = 0, which gives a contradiction.

Now we prove that the restriction map is a topological quotient by G. By local

compactness it is enough to prove that GG acts on fibers transitively. In other words,

we need to show that if | - |1, ]| - |2 are pseudo-absolute values on F' that coincide on
K, then there exists g € G such that |g(-)[1 = | - |2
We split the problem in two cases, depending on | - | being non-Archimedean or

Archimedean. First, assume the former. Then let 0; C O; denote the inclusions
{lz|; < 1} C {|z|; # oo} for i = 1,2. Note that O; is uniquely determined by o;,
as the ordered group F* /o has a unique convex non-zero Archimedean subgroup.
By [31, Conjugation Theorem 3.2.15| there is a ¢ € G such that go; = 0s. By
uniqueness, we get that also gO; = O, and since both | - |1, | - |2 extend a non-trivial

pseudo-absolute value | - | on K, we get that [¢g71(-)]; = | - |
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Now, we assume that |- | is Archimedean. Let O; = {|z|; # oo}, Os = {|z|2 # o0}
and denote by O their intersections with K. By [31, Conjugation Theorem 3.2.15]
there is a g € G such that gO; = O,. Let us assume that O; = O, by replacing | - |;
with |¢g7'(*)|;. We end up with the diagram

F—— [U{oo}

[

K —— kU{oo}

where k, [ are the residue fields of O, O; respectively. Use the notation |- |1, | - |2 for
the two induced absolute values on [ that extend the absolute value |- | on k. Denote
by G1 < G the subgroup fixing O; setwise. By [31, Lemma 5.2.6], using the fact that
k C [ is separable as we are in characteristic zero, the natural map G; — Aut(l/k)
is surjective. Thus, it is enough to show that there exists o € Aut(l/k) such that
lo(-)]1 = |-|]2- We can assume that absolute values |- |1, || come from two embeddings
of [ into C that restrict to the same embedding on k. By [31, Theorem 5.2.7.(2)| the
extension k£ C [ is Galois, which proves the existence of the desired o € Aut(l/k) and
finishes the proof. n

Lemma 1.10.4. Let G be a finite group acting on a locally compact topological
space X with a locally compact topological quotient r : X — Y = X/G. Assume
that v is a Radon measure on Y. Then there is a unique G-invariant Radon measure

pon X such that ropu = v.

Proof. Since v is a Radon measure, without loss of generality we can assume that
Y is compact. In that case v is given by a functional v : C'(Y) — R and we prove
that it has a unique G-invariant extension to C'(X). Note that the pullback C(Y') —
C(X) maps C(Y) bijectively onto C(X)“. Also, there is a retraction Tr : C(X) —
C(X)% ~ C(Y) defined by Tr(f) := ﬁdeG g*f. Thus, a G-invariant functional
p: C(X) — R extending v must be of the form p(f) = u(Tr(f)) = v(Tr(f)). This
finishes the proof. O

Note that the above proof works in the same way for a compact group G (using
the Haar measure instead of the counting measure). Now we prove the existence and
uniqueness of a Galois-invariant GVF extension. Existence can be concluded using
[24, Section 3.4].

Proposition 1.10.5. Let K be a GVF and consider a finite Galois field extension
K C F. Then there is a unique GVF structure on F' extending the one on K that is
invariant under the action of G = Aut(F/K).
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Proof. By Lemma [1.10.3| the restriction r : 2% — Qf satisfies the assumptions of
Lemmall.10.4] so for any global measure v on K there is a unique G-invariant measure
pon F' such that r,u = v. By Lemma [1.9.1] we get the uniqueness.

To prove existence it is enough to prove that the measure p obtained as above
satisfies the product formula. From the proof of Lemma|1.10.4| we get that for a € F'*

we have:
/ evy du :/ Tr(ev,)dv,
Qp Qk

where ev,(v) = v(a). However, using Tr(ev,) = evn@) (where N(a) € K is the
F/K-norm) we get the product formula, provided that we prove integrability of ev,.

Let Sy be the symmetric functions for k = 0,...,n (with n = [F' : K]) so that
> i<, Sk(a)a® = 0. Note that for any pseudo-absolute value | - | on F we have

jal" < [n] max(|Sx(a)] - al*) = [n]|Sk,(a)] - la]*,

where by an expression in square brackets like [n] we mean n if |- | is Archimedean

and 1 otherwise. By dividing and taking — log we get
(n — ko)v(a) 2 v(Sk(a)) — log[n] = minwv(Sy(a)) —logn],

where v = log| - |. If we assume that v(a) < 0, we get that v(a) > (n — ko)v(a) >
ming<, v(Sk(a)) — log[n]. Hence, this gives a bound

—v(a)” < — ggv(Sk(a)) + log[n].

By Remark we can assume that the restriction of v to Archimedean v € Qg is
concentrated on the set {v(2) = —log 2}, so we can replace log[n] in the above bound
by —v(n)~. In this way we get integrability of the function —ev, and by replacing a
with a=! the integrability of ev, follows. O

Since we have uniqueness and existence for every finite Galois extension, there
is also a unique Galois-invariant GVF extension to the algebraic closure. We call it
the symmetric extension. Note that without assuming Galois-invariance, there can

be multiple ways to extend a GVF structure to a finite field extension.

Example 1.10.6. Consider any GVF structure on Q(x,y) with ht(x) # ht(y). If we
look at the degree two extension Q(z+y, zy) C Q(z,y), then the symmetric extension
of the restriction of the starting GVF structure satisfies ht(z) = ht(y), so yields a
different GVF structure then the starting one.
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1.11 Continuous logic

We outline unbounded continuous logic, at least for discretely metrized spaces. We
closely follow [5], but in this simplified setting. For other introductions to continuous

logic, see [§] or [38].

Definition 1.11.1. A language L consists of the following data. First, a tuple of
function symbols f, constant symbols ¢ and continuous predicate symbols P. Second,
for each function or predicate symbol, its arity is specified, and it is equipped with a
gauge modulus A,, i.e. a right-continuous increasing function A, : (0,00) — (0, c0).
Finally, there are two distinguished predicates, a gauge symbol (or height symbol) ht
of arity 1, and the binary symbol ‘=" for the metric which will be interpreted as the
{0, 1}-valued discrete metric. For simplicity, we assume that ht is also a continuous

predicate symbol.

Example 1.11.2. The language of globally valued fields consists of binary function
symbols +, -, constants 0,1, and continuous predicates (h,)nen. We often omit n

when discussing h,,. Later we will determine the gauge moduli for these symbols.

Definition 1.11.3. Let £ be a language. An L-structure 9 is a set M together
with interpretations of function, constant and predicate symbols from £, and an
interpretation of a gauge symbol ht : M — Rs(. Moreover, if f is a function symbol

with gauge modulus Ay, then
(Vr > 0)(Vox € M)(ht(z) <r = ht(f(x)) < As(r)).
Similarly, for a predicate symbol P with gauge modulus Ap we demand that
(Vr > 0)(Vz € M)(ht(x) <r = |P(z)| < Ap(r)).

Finally, for each constant symbol ¢ we have a number A. such that ht(c) < A,.. If
the domain of f or P has more than one variable, we define ht : M* — R+ by taking

maximum of heights of coordinates and impose the same condition.

Example 1.11.4. Let F be equipped with a GVF structure, given by a global height
function h. We equip it with an L-structure, where L is the language of globally valued
fields in the following way. For x € F' we define

ht(z) := h[l : z].
Let e > 0 be such that ht(2) < e. Then the following inequalities hold:
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o ht(zy) <ht(z) + ht(y),
e ht(z +y) < ht(z) + ht(y) +e.

To see this one can either prove it directly, or use Corollary together with [30,
Proposition 1.13]. These inequalities show that the function A(r) = 2r + e is valid
gauge moduli for addition and multiplication symbols. For constants 0,1 we take
A = 0. For a predicate symbol h,,, A,(r) =1+ n-r can serve as a gauge moduli for
h, interpreted as the height h, : F* — {—1} UR>( with h,(0) = —1.

Note that here we put h(0) = —1 instead of h(0) = —oo, because the value —oo

is not allowed in unbounded continuous logic.

Definition 1.11.5. Let £ be a language. We define L-terms inductively as follows:
e Any variable is an L-term.
e Any constant ¢ from £ is an L-term.

o If f is a function symbol from L of arity n, and tq,...,t, are L-terms, then
f(t1, ..., t,) is an L-term.

We then define L£-formulas inductively as follows:

e If P is a predicate symbol from L of arity n, and t¢q,...,t, are L-terms, then
P(ty,...,t,) is an L-formula.

e As connectives we use continuous functions R” — R. So whenever ¢y (z),. .., ¢, (2)
are formulas in variables = and u : R” — R is continuous, then u(¢1(x), . .., @, (z))

is a formula.

e Let f:R5p — R be a compactly supported continuous function and ¢(x,y) be
a formula in tuples of variables x,y. Then we can form formulas of variables y

of the form:
¥(y) = inf f(ht(x)) - (z,y), £(y) = sup f(ht(z)) - ¢l y).

A formula is called quantifier-free if it does not use the quantifiers inf and sup. A
variable z is said to occur freely in a formula ¢ if is has at least one occurrence which
is not bound by a quantifier. A formula with no free variables is called a sentence. We
denote by F,(L) (or F, if £ is clear from the context) the set of L-formulas with n

free variables z1, ..., z,, and by F4(L) (or Fi) the set of quantifier-free formulas in
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F,.(L). For each L-structure 2 one can inductively define the interpretation of any
formula ¢(z) evaluated on a tuple a from 9t (denoted ¢(a)™ or just ¢(a)). In the base
of this induction, for an atomic formula w; = w, we define the value (w; = w2)™(a)
as 0 if wy(a) = wy(a) in M and 1 otherwise. Moreover, when interpreting quantifiers,
we put
(inf f(ht(x)) - @(x,5))™ := min(0, inf f(ht(a)) - p(a, b)™),

and similarly with supremum. If 9t has elements of unbounded height, this coincides
with the natural interpretation. This modification is needed for Los’s theorem to
hold.

Moreover, for each formula ¢(z) we define inductively its gauge moduli A, so that
(VL — structures M) (Va € M)(Vr > 0)(ht(a) <r = |p(a)] < Ay(r)).

We leave the details on how to exactly define A, to the reader.

Definition 1.11.6. A theory T in a language L is a set of conditions of the form
© = 0 for sentences ¢. For an L-structure 9 we say that 9t is a model of T' (written
M = T), if in M the conditions ™ = 0 from T hold.

We also allow conditions of the form ¢ € C' where C' is a closed subset of R, as

this gives equivalent notion.

Example 1.11.7. Assume that £ is a language and let f be a binary function
symbol, P be a continuous predicate, and ¢ be a constant. Let us describe how to
write the statement
(Vz,y)(f(z,y) =c = P(z) =0)
as a theory T, i.e., how to find a theory T such that the models of T" are exactly the
L-structures satisfying (in the naive sense) this statement.
Let f, : R>g — R be a sequence of continuous non-increasing functions such that

fulon) = 1 and fi|jn41,00) = 0. For all natural n we consider the condition
[sup fn(ht(l‘vy)) ) 9071(1:’ y)} =0,
z,Y

where

pul@,y) = [min(1 = (f(z,y) = ¢), |P()])].
The set T of all such conditions does the job, as if there was a model 9t of T" with
a,b € M such that f(a,b) = cin M and P(a) # 0, then for n such that ht(a),ht(b) < n

the formula

sup £ (ht(, ) - 9n(x.9)
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would be evaluated to something bigger or equal min(1, |P(a)|) which is bigger than

Zero.

Definition 1.11.8. We denote by GVF, the theory of globally valued fields in the
language of globally valued fields with ht(2) < e, see Example . It consists of
the field axioms, the axioms from Definition [1.1.1] the axiom ht(z) = h[z : 1], axioms
saying that ht(2) < e and h,(0) = —1, and the product formula axiom (asserting
that the height h is global). More precisely, one needs to translate these axioms
to conditions of the form ¢ = 0, as in Example [I.I1.7 We skip the details of this
translation. By abuse of notation, if 9 = GVF, for some e > 0, we write 9 = GVF.
Moreover, for every QQ-tropical polynomial ¢, we introduce a predicate R; using height

predicates h,, and Lemma [1.4.5]

Construction 1.11.9. Fix a language £. Let I be a set, U be an ultrafilter on [/
and IM; be L-structures for i € I. We define the ultraproduct 9t := [[9; /U as the
quotient M := Ny/ ~ where

No = {(ai)ier € HMl : ht(a;) is bounded}
iel
and (a;)ier ~ (b;)ier if the set of indices ¢ where a; = b; is in Y. We equip 9 with an
L-structure interpreting constants as classes of constants in the product and functions
as classes of values of functions in the product. For a continuous predicate symbol
P, we interpret it by taking:
P([a])™ := lim P(a(i))™,
i—U

where [a;] is the class of (a(i))ie; € Ny and lim;_y; is the ultralimit with respect to
U. These definitions make sense by Definition [1.11.3

Theorem 1.11.10. (Lo§’s theorem) Let ¢ be an n-ary L-formula and 9t; be £-

structures for ¢ € I. Fix an ultrafilter ¢ on I, let M := [[; /U, and [a4],...,[a,] €
M. Then,
e, - lan])™ = lim (a1 (i), .. ., an(3))™
i—U

Proof. The proof is a standard induction over the complexity of the formula ¢. We
only describe how to deal with the quantifier case.

Consider a formula ¢(z) = inf, f(ht(y)) - ¢¥(z,y). Fix a tuple [a] = ([a1], .. -, [an])
in M. First, assume that ¢([a]) < r and that in the minimum in the inductive

interpretation is not attained at 0 (the other case is easy). This means that there
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is a tuple [b] in M such that f(ht([b])) - ¢([a], [b]) < r. By continuity of f and the
inductive hypothesis, we get that

lm (1 (0)) - 1(a0). (7)) < r.
Thus

lim inf f(ht(y)) - ¥(a(i),y) < r.

i—U Yy
On the other hand, assume that lim; ., p(a(i)) < r. Without loss of generality,
assume that for all i € I there is a tuple b(7) in M; such that f(htb(7)) - (a(i),b(i)) <

r. We have two cases now:
e cither ht(b(7)) is bounded,
e or it is not.

In the bounded case, there is a tuple [b] in M such that f(ht([b])) - ¥ ([a],[b]) < r,
which proves that ¢([a]) < r. In the unbounded case, since f is compactly supported,

we get that 0 < r. By the definition of interpretation of quantifiers, we are done. []

Example 1.11.11. Pick a sequence of real positive numbers (7;);<, converging to
zero. Let F' be the ultraproduct [[, Q[r;]/U with respect to an ultrafilter U on w.
Then F'is a characteristic zero, algebraically closed field, with the GVF structure
trivial on Q. One can also consider a finite-to-zero characteristic variant, i.e., K =

[, Fp(t)[1]/U, which is again, a characteristic zero, algebraically closed GVF, with
the GVF structure trivial on Q.

Example 1.11.12. Jensen’s formula (1.3):

Z ord,(f)log T

0<|al<r

1 2 )

— [ -1 )|do = —1 0
g [ —oglfe)ido = —10g110)
can be used to define a GVF structure on a subfield of meromorphic functions M.
Indeed, fix an ultrafilter u on Ry that avoids finite Lebesgue measure sets. Let n(r)

be a positive function that converges to 0 when r — co. Put

log(r/lal) | 1 [*

o do
n(r) ot 0 max<07 - IOg ]f(?"e 0)‘)_

bty (f) == Z max(0, ord,(f)) n(r)

0<|al<r

and ht, ,(f) := lim,_,, ht, ,(f). Then we define
Mn,u] = {f € M :ht,.(f) < oo}
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and equip it with a GVF structure by defining heights h : P*(M[n, u]) — R similarly.
By existential closedness of C(£)[1] (see Section [1.12), M|n, u] satisfies the universal
theory of C(¢)[1] (as M|n, u] embeds into an ultrapower of C(¢)[1]). This formalizes a
rudimentary part of Vojta’s dictionary between number theory and value distribution

theory, and sets a goal of formalizing more.

Definition 1.11.13. A set of conditions ¥ = {p; < r; : @ € I} is approzimately
finitely satisfiable if for all finite Iy C I and £ > 0 the set of conditions {¢; < r; + ¢ :
i € Iy} is satisfiable.

Corollary 1.11.14. (Compactness) Let X be a set of conditions in variables (24 )a<x,
and (7o)a<x € REy. Assume that X' = ¥ U {ht(z,) < 7o : @ < K} is approximately
finitely satisfiable. Then, it is satisfiable. Furthermore, assume that for each finite
subset o of ¥ and ¢ > 0, ¢ is satisfiable up to ¢ in some model M, . = T". Then, >

is satisfiable in some ultraproduct of the M, ..

Proof. Write ¥/ = {¢; < r; :i € I}, and let P,(I) be the set of finite subsets of I.
For each Iy € P, (I) and € > 0, let M, . be a model in which {¢ <r;+e:i € [y} is
satisfiable, and let I, C P,(I) be the set of I; such that Iy C I;. Then, the set

{Iy x (0,€) : Iy € P,(I),e € (0,1)}

is stable under finite intersections, so we can extend it to an ultrafilter & on P, (1) x
(0,1).

For all Iy € P,(I) and € > 0, let Iy € P,(I) be the finite set of indices of the
conditions ht(z,) < r,, for a such that z, occurs freely in ; for some i € I,. Now,
let

m* = Hmloufo,s/u-
Define a sequence ([aq])a<y in 9 in the following way: for all Iy € P, (I) and £ > 0,
set ([aa (1o, €)])a<x to be a realisation in M,z of {p <ri+e:ie€ IyUI}. Since we
may choose any value of a,, if z, does not occur freely in ¢, we set a, = 0 in this case.
Thus, for all @ < &, and for all (lp,e) € P,(I) x (0,1), we have ht(a,(i)) < ro + 1,
which ensures that [a,] is indeed an element of 9t*. Now, let ¢ € I, and ¢ > 0, the
set {/z\} x (0,¢) is in U, therefore by Log’s theorem, ¢([as] : a < k)™ < r7; + . Since

this is true for all € > 0, ([aq]a<s is indeed a realisation of X' O

Definition 1.11.15. Let 7" be a theory in a language £. We define the space of
n-types S, (T) as the set of functions f : F,,(£L) — R such that there is 9t = T" and
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a € M" such that f(p) = p(a)™ for all ¢ € F,. Thus, each function represents a
consistent set of conditions (¢, ..., ¢,) = f(p) in the language enriched by constants
c1,...,c,. The space of n-types is equipped with the pointwise convergence topology.
We write S, ni<,(T) for the set of types with ht(¢;) < r for i =1,...,n. Note that

Su(T) = | Sumsr (T)
r>0

and each S, i<, (7" is compact (by the compactness theorem). Moreover, S, (T") is
locally compact, and equipped with the colimit topology with respect to the above
union.

Similarly, we define the space of quantifier-free types S4(T) as the set of functions
[ F¥(L£) — R which are satisfiable in some model of T. Note that there is a
restriction map S,(T) — S9(T) (where the latter is the set of quantifier-free n-

types).

If M is a model of T', we define £, as the language obtained by adding constants
(€a)aen to L. Then, M is naturally an L£y-structure by interpreting ¢, as a. An
Ly-formula may also be called an L-formula with parameters in M. Let 7" be the
theory in L), consisting of 7" and the atomic diagram of 9t (i.e., all quantifier-free
sentences about tuples from M, written using constants (¢, )eenr). Note that models
of T" correspond to inclusions 9t C N, where N is a model of T'. If T is clear from
the context, we write S, (@) for S, (T) and if M = T, we write S, (M) := S,(T") with
T’ as above (we abuse notation slightly, as S,,(M) depends on 9, not only on the set
M). Similarly, we define S¥(M) := S¥(T"). For a € M, we define tp(a/M) € S, (M)
and qftp(a/M) € S4(M) to be the respective functions ¢ — p(a)™.

Definition 1.11.16. Let 9t C 91 be an extension of models of 7. A function f :
N™ — R is called M-definable if there exists a continuous function f : S,(M) — R
such that

Va € N, f(a) = f(tp(a/M)).
Similarly, f is called quantifier-free M-definable if there exists a continuous function

f:S9(M) = R such that

Va € N, f(a) = f(aftp(a/M)).

Note that in both cases f can be defined by the same formula on any 9t C N =T
Similarly, a subset X C N" is called (quantifier-free) M -definable if its indicator
function is (quantifier-free) M-definable.
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Note that we can treat ¢ € F, (L) as an M-definable function by putting ¢(p) :=
p(p) for p € S,(M). The induced map F,,(Ly) — C(S,(M)) has a dense image in
the compact-open topology. If two formulas ¢,y € F,(L£) (without parameters)
define the same function in all models of T, we say that they are T-equivalent.

We could define type spaces over models of the universal part of T', but in the
GVF context that does not yield a more general notion, as GVF, is a universal theory,

at least if we add the inverse symbol to the language.

Remark 1.11.17. Let K be a GVF and let K be the underlying field, treated as a
structure in the language Lyings = (0,1, 4+, ). Then, the inclusion of the set of Lings-
formulas to the set of formulas over the language of globally valued fields induces a
restriction map 7 : SY(K) — S94(Ky), mapping qftp(a/K) to the point qftp(a/Kjy) €
S4(Ky) corresponding to the irreducible subvariety loc(a/K) =V C A% defined by
polynomials that vanish on a. Since a generates K (V') over K, qftp(a/K) is uniquely
determined by qftp(a/Ky) and the heights of tuples from K (V). Thus, there is a
bijection between the fiber of © over V' and the set of GVF structures on K (V)

extending the one on K.

Remark 1.11.18. It is worth mentioning that the only quantifier-free definable sets
of bounded height in GVFs are the algebraically constructible sets. More precisely,
if K isa GVF and X C nghtST(K ) is a clopen subset, then it is induced by some
constructible subset of K. Indeed, this is because the set of quantifier-free GVF types
extending a given quantifier-free ACF type over K is convex, and hence connected.
Moreover, since —min(h(x),0) defines the characteristic function of {0} in a GVF,

the restriction map from quantifier-free GVF types to ACF types is continuous.

1.12 Existential closedness

In this section we present a few notions from discrete logic in the unbounded
continuous setup. We follow [19, Chapter 3|. Let £ be an (unbounded continuous
logic) language and let 7" be an L-theory. Consider an extension 9T C 91 of models
of T.

Definition 1.12.1. Let 99T C 91 be an inclusion of L-structures. We write 991 <3 I,
if M is existentially closed in N, which means that if p(z, y) is a quantifier-free formula
in £ and b € MW then for all € > 0,7 > 0 the following holds:

(3a € N ht(a) < 7r)(p(a, D) =0) = (3d’ € M= : ht(d') < r+e)(|e(d’,b)™] < ).
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Equivalently, this means that for any formula ¢(x,y) valued in [0, 1] and any natural
n, if
Nk ((Sl;p fu(bt(z)) - (1 = ¢(2,b)) = 1,
then
M = ((Slmlp fa(ht(2)) - (1 = p(2,0)) = 1,
where f,, are the functions from Example [[.11.7]

The ¢ shows up in the definition, because with it we get the following lemma

directly generalising the discrete logic case.

Lemma 1.12.2. Let 9t C 91 be an inclusion of L-structures. The following condi-

tions are equivalent:
1. 9 <5 M.

2. In S9(M), the set of quantifier-free types realised in 9 is dense in the set of
quantifier-free types realised in 91 for all n € N.

3. For some ultrapower 2* of 91, there is an embedding D1 — 9* over M.

Proof. (3) = (1) follows directly from Lo$’s theorem.

(1) = (3) Let (aa)a<r be an enumeration of N, let r, = ht(z,) and let ¥ be the
set of conditions of the form ¢; = 0 in the variables (z,)a<x, With parameters in M,
which are satisfied by the a,. Then, by (1), 3 is finitely approximately satisfiable in
M, so by Corollary Y is satisfiable in an ultrapower of 9.

(1) = (2) Let a € N, and let U C S4(M) be an open set containing qftp(a/M).
Then, U contains a base open which can be expressed as a finite intersection of
conditions of the form {|p;| < 0}, say for i < m, where all ¢; are quantifier-free
formulas with parameters in M. Then, Definition [1.12.1] applied to the formula ¢ =
max(|¢o1 — ©1(a)™, ..., |em — m(a)™|} with 7 = ht(a) and e small enough, gives the
existence of an @’ € M™ such that for all i < n, |p(a’)™| < 6. Hence, gftp(a’/M) € U,
which proves (2).

(2) = (1) follows from the fact that the intersection of conditions ht(z) < r + ¢
and |p(x,b)| < € defines a neighborhood of qftp(a/M) in S, (M). O

Similarly, we write 2t < 91 and call the inclusion elementary, if for all tuples a in
9 and all formulas ¢(z) we have ¢(a)™ = ¢(a)™. If the embedding M < 9M* in the

above lemma is elementary, then 9t < 91 by Los’s lemma (and also vice versa).
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Definition 1.12.3. An L-structure MM = T is existentially closed (with respect to
T) if for all extensions M C N = T we have M <3 N. We call T" model complete, if
for all embeddings 99 C 91 of models of T" we have 9t < 1.

Model complete theories also have the following characterisation.

Lemma 1.12.4. Let T be a theory. Then, T is model complete if and only if all

models of T are existentially closed.

Proof. The forward direction is clear, since 9t < 91 implies 9T <3 N.

Conversely, assume all models of T are existentially closed, let 9T C 91 be an
inclusion of models of 7', and let ¢ be a sentence with parameters in M. We show
that " = ¢™ by induction on the complexity of ¢.

If ¢ is quantifier-free, then by definition ¢” = ™.

If ¢ = inf, f(ht(x)) - (z), with ¢ such that (a)” = 1 (a)™ for all @ € M™, then
©™ = min(0, infuenn f(ht(a)) - ¥(a)™) < ™. On the other hand, by Lemma[l.12.2]
there is an ultraproduct 2t of 91 such that T embeds into * over M. The same
argument as above shows that @™ < V. But, by Lo§’s theorem, we have @™ = ™,
hence o™ = ™.

If ¢ is of the form sup, f(ht(z))-1¥(z), the same argument applied to —t(x) shows
that " = ¢™, which concludes the proof. O]

Definition 1.12.5. We say that an L-theory T is a model companion of T, if T* is

model complete and:
e all models of T" admit an embedding into a model of T™,
e all models of T admit an embedding into a model of 7.

If a model companion of T exists, it is unique. Moreover, similarly as in the

discrete logic, there is a following characterisation of existence of a model companion.

Lemma 1.12.6. Assume that T is inductive, i.e., that a sum of a chain of models of
T is also a model of T'. Let K be the class of existentially closed models of T. Then

the following are equivalent:
1. K is an elementary class,
2. T has a model companion.

Moreover, if these conditions are satisfied, the model companion is the common theory

of K.
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Proof. This is a straightforward consequence of Lemma [1.12.4 O

We mention that if T is inductive, existentially closed models exist and every
model of T" can be embedded in such. Note that theories GVF, are inductive, for
e > 0. A very important question for the development of globally valued fields is the

following conjecture.
Conjecture 1.12.7. For e > 0, the theory GVF, has a model companion.

The affirmative answer to this question would open a path for the use of model
theoretic methods in studying heights. In the first instance, it would follow that
existentially closed globally valued fields are elementarily equivalent to one of the
following (up to a scaling of the GVF structure): Q with ht(2) = log(2), Q(t) with
ht(t) = 1, ht |p = 0, and F,(t) with ht(¢) = 1 for a prime p. This is because Q(¢), F,(t)
and Q[1] are existentially closed by [10, [71] respectively (for the proof of the latter,
see Chapter [2). The proof methods in loc.cit. and the recent developments of adelic
curves [52], [72] suggest a positive answer.

Let us note that existential closedness of the above GVFs and Lemma [1.12.2/imply
the following result, which due to Corollary may shed some light on the study

of adelic curves.
Corollary 1.12.8. Every globally valued field K embeds in an ultrapower of:

e cither Q[r] if K is of characteristic zero and r = ht(2) > 0,

e or Q(¢)[1] (with ht(2) = 0) if K is of characteristic zero and ht(2) = 0,

e or F,(¢)[1] if K is of characteristic p.

The GVF in the middle dot could be replaced by any GVF of the form k(¢)[1]

with k of characteristic zero, for example by C(¢)[1]. Below is another corollary that

follows from existential closedness of Q[1].

Corollary 1.12.9. Let X be a variety over Q and let h be a quantifier-free definable
function on X (for example a Néron—Tate height on an abelian variety X C A or
the Weil height with respect to some embedding X C P¥). Assume that there is an
embedding X C P* and numbers C, D > 0 such that h;, < C-h+ D on X(Q), and

that there are only finitely many elements in X (Q) of height smaller than hy. Then

these elements can be computed effectively (knowing C' and D).
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Proof. Let {z1,...,z,} ={z € X(Q) : h(z) < ho}. Assume that x € X (L) for some
GVF extension Q C L satisfies h(z) < ho. Then by existential closedness of Q[1],
there is 2’ € X(Q) \ {z1,...,2,} such that h(a') < hg, which gives a contradiction.
Hence, {z1,...,x,} is the set of all solutions to the condition h(z) < hy on X in all
GVF extensions of Q[1].

Let Ly be a discrete first-order language with two sorts, one in the ring language
and another one in an ordered field language. We also add constants on the ordered
field sort R, indexed by the real numbers, and constants on the ring sort, indexed
by the algebraic numbers. Let T, be the first order theory given by the GVF axioms
from Definition (with —oo replaced by —1), but where the values of the heights
land in the sort R, and where R is a real-closed field containing R. Furthermore,
we add the quantifier-free formulas about the GVF Q to the theory 7). Note that
for any M | Ty, the set M, := {m € M : ht(m) is bounded} has a natural GVF
structure, where one takes the height valued in RM and post-composes it with the
standard-part function. Let £ = C'- hg + D 4 1. Then, by the assumptions and the
first paragraph of this proof,

ToE{r e X :h(x) <hoANhp(x) < E} ={x1,...,2,}.

Hence, by completeness (for discrete first order logic), there is an algorithm that will
find the proof of this statement - a program listing all consequences of T,; will at some

point arrive at this sentence for some x4, ..., z,. O
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Chapter 2

Existential closedness of algebraic
numbers

This chapter is based on the author’s paper [71]. Some changes are made to
incorporate the results from Chapter [1, mostly in Section [2.3.9. The paper has been

submitted to a journal.

2.1 Introduction

2.1.1 Main results

In this paper we study polynomial equations with height conditions. Recall that for
a number ¢ € Q* its height is ht(q) := log(max(|al, |b])), if ¢ = a/b for some coprime
integers a,b. It measures the complexity of a number. This height extends to the
absolute logarithmic Weil height on Q, and on tuples @ € Q" we define it to be the
maximum of heights of coordinates. Note that it is not invariant under (even linear)
changes of coordinates. In general, if X is a variety over Q and f,¢g: X — Ag are

morphisms, we get an induced height for x € X (Q) given by ht(f(x)) — ht(g(x)). If

hi, ..., h, are functions on X (Q) obtained in this way, one could ask the following
question.

Question I. Given real numbers 7y, ... ,7,, does there exist z € X (Q) with hy(z) =
Tl ey ho(z) = 1,7
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This question is important when one wants to compare various heights, for exam-
ple when on an abelian variety one looks at the naive heights and the Néron—Tate
height, see for example inequalities in [41, Part B|.

Without conditions on heights, the (weak) Nullstellensatz provides the answer.
More precisely, X has a Q-point if and only if X has an F-point, for some field
extension Q C F, which is equivalent to non-emptiness of X.

Of course, even for a non-empty X, the answer cannot be positive for any tuple
of real numbers, essentially for two reasons. First, the height function is not onto
R. Second, there may be some relations between heights hq, ..., h,, for example
hy + ho = hsy or hy > 0. To fix the first problem we ask instead whether there
is a point approximating values r1,...,7, up to ¢, for some ¢ > 0. To resolve the
other problem, we need to make the definition of height robust enough, so that the
necessary conditions on tuples 7y, ..., r, are simple to state.

The Weil height machine (see [41, Part B|) is an example of a robust formalism for
heights on varieties over Q. For a projective variety X over Q with a line bundle L,
the Weil height machine associates a function hz : X (Q) — R which is well defined
only up to a bounded term. If L is very ample, then h; has a representative of the
form described above, on the complement of the hypersurface given by the zeroes of
a section of L. However, to make sense of our motivating question we need to have
heights defined not up to bounded terms. Fortunately, one can equip L with an extra
datum which will give a representative of hy. For simplicity assume that X is over
Q@ and choose a projective integral scheme X over Z with a line bundle £, such that
Xo = X, Lo = L. Such a scheme is called an arithmetic variety. Assume additionally
that X is smooth over Q and that A is a conjugation invariant hermitian metric on
the complex analytification of L. A pair £ = (£, h) is called a hermitian line bundle
on X and it defines a height function hz : X(Q) — R. If z is a closed point in X,
then hz(z) is the normalised arithmetic degree of the line bundle £ restricted to the
curve defined by taking the closure of {x} in X. For the details of this approach,
see [I8]. We choose to work with slightly more general objects parametrising heights,
namely arithmetic R-divisors of C°-type introduced by Moriwaki in [58]. These are
pairs D = (D, g), where D is an R-Cartier divisor on X' and g is a D-Green’s function
of C%type. A trivial example of such object is a principal R-divisor of C°-type, i.e., a
real combination of (fl:/(f) = (div(f), —log|f|?) for f’s in the function field of X. For
a closed point = € X, one defines hz(z) as the normalised (arithmetic) intersection of
D and the closure of {z} in X, see Subsection [2.2.4, Now we can ask a more refined

version of the question above.
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Question II. Given real numbers rq,...,7,, ¢ > 0, and arithmetic R-divisors of
C%type Dy,...,D, on X, does there exist x € X(@) with

|hp,(x) — 7| <eforalli=1,...,n?

The arithmetic R-divisors of C%-type on X form a vector space over R denoted

ADivg(X). The main theorem of this paper gives the following answer.

Theorem A (Theorem [2.2.70)). Let Dy, ..., D, be arithmetic R-divisors of C°-type
on X with Dy = (div(2),0). Fix € > 0, a closed strict subscheme Z C X = X ® Q,

and a linear functional

[ : ADivg(X) — R,

which is non-negative on effective arithmetic R-divisors of C°-type, zero on principal
arithmetic R-divisors of C%-type, and sends Dy to log(2). Then there exists a closed
point x € X \ Z such that for alli =0,...,n

|y, () — 1(Dy)| < e.

The theorem still holds if [ is defined only on the real vector subspace of ADivg(X)
generated by Do, ..., D,, provided that one of D, ..., D, is big in the sense of Def-
inition [2.2.39 see Corollary 2.3.28 Note that the conditions on values of heights
h3,(x),...,hp (v) in Theorem A are optimal, if we expect to find a solution x gen-
eral enough. Indeed, always hp (x) = log(2); if 2 ¢ supp(D;) and D; is effective, then
hp,(x) > 0 for all i = 1,...,n; and for any principal & we have hz(z) = 0, by the
product formula.

One can consider another way of making sense out of Question I. Note that for a
number ¢ € Q*, the height ht(q) can be expressed in a way that does not involve a

presentation as a quotient of two integers:

ht(q) = —min(—log|g[,0) + Y —min(v,(q),0)logp,

p prime

where v, is the p-adic valuation on Q with v,(p) = 1. More generally, let us consider
the measure p on the space of (non-Archimedean and Archimedean) valuations Valg

for a number field K, defined by the following formula

L= [Kl;@]< > Oowa, log#u(p) + Y 5—1ogo<->|>-

pESpec(Ok) o:K—C
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The first sum is taken only over closed points, and the second sum is taken over all
embeddings of fields (so that —log|o(-)| is an Archimedean valuation for an embed-
ding o). By k(p) we mean the residue field of the point p and § denotes the Dirac
delta. Then for ¢ € K* we have

ht(q) = /V  —min(v(a),0)du(0)

and

/ vladu) =0

If t(x1,...,x,) is an expression composed out of n free variables, addition, Q-scalar
multiplication and taking minima (i.e., it is a Q-tropical polynomial, see Defini-
tion [1.4.1)), for a tuple a1, ...,a, € (K*)" we can define the “t-height” of this tuple
by

Rian, ... ay) = /C»l Holay), ... v(an))dp(o).

It does not depend on the number field K, so we get a function R; : (@X)” — R.
Note that (representatives of) Weil heights are included among these functions.

In general, a field F' equipped with a collection of functions R, : (F*)" — R for
each Q-tropical polynomial ¢ is called a globally valued field (abbreviated GVF) if it

satisfies the axioms from Definition [L7.Il One denotes
Ri(a) =: /t(v(a))dv
and the product formula axiom asserts that
/v(a)dv =0 for all a € F*.

These unbounded continuous logic structures were introduced by Ben Yaacov and
Hrushovski in [I0]. The notation with integrals is natural in the sense that every
GVF structure on F' comes from a unique (up to a renormalisation) measure p on
the space (2 of pseudo-valuations on F', such that for all Q-tropical polynomials ¢

and all tuples @ in F'*

/ummmv:l;ammmmm.

For the details on this construction see Chapter |1, Theorem [1.7.7]
One can reformulate Question I in the language of globally valued fields in the

following way:.
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Question III. Given real numbers rq,...,7r,, € > 0, polynomials fi,..., fs,g €

Qlx1,. .., 2] and Q-tropical polynomials (in m variables) t1, ..., t,, does there exist
a=(ay,... ay) € Q)™ satistying f1(@) = --- = f,(a@) = 0, g(@) # 0 with
|Ry, (@) —r;| <eforalli=1,...,n7
The answer to this question cannot be positive for all tuples rq,...,7, as for

example it may happen that Ry ., = Ry, + R, or Ry, > 0. Moreover, equations
fi(@) =0,..., fs(@) = 0 can add some constrains on the heights. To see for which
tuples 7q,...,r, existence of solutions is possible/expected one can use a definition

common in model theory. Namely, call equations

fi(@) == fu(@) = 0,9(a) # 0, Ry, (@) = r1,..., Ry, (@) = 7

consistent, if there is a GVF extension Q C F and a tuple @ in F satisfying them.
We prove that consistent equations can be approximately solved in Q, which in the
language of model theory means (essentially by definition) that Q is existentially

closed as a GVF, see Definition [2.3.21] Note that this can bee seen as a (weak)
Nullstellensatz with height conditions.

Theorem B (Theorem [2.3.24). Q is an existentially closed GVF.

This theorem is an arithmetic analogue of [10, Theorem 2.1| which states that the
field % equipped with a natural GVF structure coming from the product formula on
curves over the base field k£ (which is an arbitrary field) is existentially closed. Observe
that as an immediate corollary from Theorem B, one gets a global Fekete-Szegé type
result, i.e., [0, Theorem 3.11] for number fields (in loc.cit. it is conditional on the
existential closedness of the algebraic numbers).

Theorem B served as a motivation for this project and it is a consequence of
Theorem A because of a translation theorem between the languages of globally valued
fields and of functionals on arithmetic R-divisors. To express the translation, fix a
finitely generated extension Q C F and as in Definition 2.3.1] let ADivg(F') be the
injective limit of ADivg(X') for all (normal, generically smooth) arithmetic varieties
X with function field isomorphic to F. We call [ : ADivg(F') — R a GVF functional,

if it satisfies the following conditions, already appearing in Theorem A:
e it sends principal arithmetic R-divisors of C°-type to zero,

e it is non-negative on effective arithmetic R-divisors of C%-type.
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Additionally, we call such [ normalised, if 1((div(2),0)) = log2. For the details see
Definition [2.3.10, In Definition we introduce a lattice structure on the space of
arithmetic Q-divisors of C%-type denoted ADivg(F) C ADivg(F). In particular for
a Q-tropical polynomial ¢ (of arity m) the expression ¢(Dy, ..., D,,) makes sense for
Dy, ..., D,, € ADivg(F). This lattice structure has also been considered in [77, [67]

in the language of (generalised or b-) Weil functions. We prove the following.

Theorem C (Corollary 2.3.18)). Let F' be a finitely generated extension of Q. There

is a natural bijection
{GVF functionals ADivg(F) — R} «— {GVF structures on F'}

L +— (Ri(@) = 1(Dy(a)))

Q-tropical polynomials ¢

where D,(@) = t(div(ay), ..., div(a,)) if @ = (ay, ..., an).

This theorem formally extends to arbitrary extensions of Q, see Remark [2.3.19]
Over finite prime fields an analogous geometric description of globally valued fields
follows from |10} Section 11].

At the end of the paper we present a new interpretation of the essential infimum
function ¢. If D is an arithmetic R-divisor of C°-type on a normal, generically smooth
arithmetic variety X, then the essential infimum of D is defined to be

(D)= sup inf hp(a)
YCX zeX(Q\Y
where the supremum is taken over all Zariski-closed strict subschemes Y C X'. How-

ever, since points approximate arbitrary GVF functionals by Theorem A, the following
holds.

Theorem D. [64, Theorem 4.6] Let D be an arithmetic R-divisor of C°-type on X.
Then

¢(D) < inf{l(D) : | is a normalised GVF functional on ADivg(F)}.
Moreover, if Dg is big, this is an equality.

This result was proved by Qu and Yin in a different language (on their right-hand
side some arithmetic intersection numbers appear instead of evaluations of GVF func-
tionals), and it generalises |3, Corollary 4.2]. The author would like to thank Francois
Ballay for providing a reference. We decided to include the above theorem in this

introduction to underline the new interpretation of the essential infimum function
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(. To see our presentation of the proof of Theorem D using Theorem A, see Theo-
rem [2.3.32] Note that Theorem A is stronger, in the sense that it allows to consider
several different arithmetic R-divisor of C°-type at once.

Assume that X is a normal, generically smooth arithmetic variety of dimension
d + 1 and let D be a pseudo-effective arithmetic R-divisor of C’-type on X, with
Dg big. The essential infimum function is related to other arithmetic invariants via
Zhang’s inequality which states (in the form from [3], Theorem 7.2.(ii)]) that under

the above assumptions

—

vol(D) _. o(D).

(P) = o valDy)

We prove the following theorem which gives a characterisation of when the equality

occurs in Zhang’s inequality.

Theorem E (Theorem [2.3.36). Let D be a big arithmetic R-divisor of C°-type on
X. Consider the statements:

(1) ¢(D) = ((D):
(2) Dpy is a GVF functional;
(3) the infimum
((D) = inf{l(D) : | is a normalised GVF functional on ADivg(F)}
is achieved at a unique normalised GVF functional;

(4) ¢ is Gateaux differentiable at D in every direction.
Then (1) <= (2) = (3) <= (4).

Standard methods show that Gateaux differentiability of ¢ at D gives equidistribu-
tion, see Lemma and [I8], Section 8]. From the logic viewpoint, equidistribution
corresponds to uniqueness of a GVF functional (at least its non-generic part), satis-
fying some equations, in the case of Theorem E of the form (D) = ((D). It is an
interesting question why the classical equidistribution theorems are formulated with
respect to a single divisor only.

We choose to work with arithmetic R-divisors of C°-type in this paper, however,
one could work in a more general context of adelic R-divisors on varieties over number
fields (see [59)], [3]). We only work over Q as this is enough for existential closedness of

Q, essentially by the claim in the proof of Theorem [2.3.24] Also, from the GVF point
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of view passing from arithmetic to adelic divisors does not make much difference,
since GVF functionals on arithmetic R-divisors of C%type extend uniquely to GVF
functionals on adelic R-divisors on the generic fiber of the corresponding arithmetic
variety. This follows from [59, Theorem 4.1.3].

2.1.2 The technique used to prove Theorem A

In this subsection we describe the proof technique used to prove Theorem A. It is
an arithmetic generalisation of the argument for existential closedness of m from
[10] for a fixed base field k. Assume that k = k. For a projective variety X over k,
let N'(X) be the Néron-Severi group of X tensored with R. The crucial geometric

ingredient in [10] is the following theorem.

Theorem. [0, Theorem 10.9, Corollary 10.11] Let X be a projective smooth variety
with a dominant morphism to the projective line 7 : X — P! over k. Assume that

[: N'Y(X) — R is a linear functional having the following properties:
e [ is non-negative on classes of effective divisors;

e for D = 7*p, where p € P! is closed, we have [(D) = degp: (p) = 1 (by algebraic

closedness).

Fix ¢ > 0 and let Dy,..., D, be a basis of N'(X). Then there exists an irreducible

curve C' C X such that for all i = 1,...,n we have
degq(D;)
—— — (D .
T

Note that in this case, if 7 is the generic point of P!, then C' is determined by its

deg~(D;)
deg(C/P1)

To outline the proof of this theorem from [10], we recall the terminology concerning

generic point 1 € X,, and can be thought of as hp, (7).

divisors and curves on a projective smooth variety X over k. For details, see [49].
Assume that X is of dimension d + 1.

e By Z,(X),Z4(X) = Z'(X) we denote the cycles of dimension 1 and d respec-
tively, in X. This means that these are free abelian groups generated by integral

subvarieties of the corresponding dimension.

e There is a bilinear intersection pairing - : Z1(X) x Z'(X) — Z. It induces the

numerical equivalences = on Z;(X), Z'(X) where
D=D" < (forall C € Z(X))(C-D=C-D"),
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C=C" < (forall De Z'(X))(C-D=C"-D).

We use the following notation for the quotients tensored with reals: N'(X) :=
(Z'(X)/ =)®R, Ny (X) := (Z,(X)/ =) ®R. Note that N;(X), N'(X) are finite
dimensional, and the induced pairing - : Ni(X) x N'(X) — R is perfect of
signature (1,—1,—1,...,—1), by the Hodge index theorem.

Let Eff;(X) € Ny (X),Eff'(X) € N'(X) be the closed convex cones generated
by effective curves and effective divisors in N;(X) and N'(X) respectively.
Denote by N;"(X), N1 (X) the dual cones. More precisely

N (X) ={C: (for all D € Eff'(X))(C- D >0)},

Ni(X)={D: (for all C € Eff;(X))(C - D > 0)}.

We call elements of N;"(X) movable curves classes, and elements of Ni(X)

numerically effective (nef) divisors.

Any D € Z'(X) is a Cartier divisor (as X is smooth), so it induces a line bundle
O(D) on X. Its volume is the quantity

, dimy H°(X, O(mD))
vol(D) := hnl?—?olip (1 1)

It extends to a continuous function vol : N1(X) — R. The big cone is the set
Big(X) :={D : vol(D) > 0}.

It can be equivalently described as the (euclidean) interior of Eff'(X). On the
other hand, the interior of Ni(X) is the convex cone generated by classes of
ample divisors D, i.e., such that the linear system |mD| induces an embedding

into a projective space, for m big enough.

The volume function vol : N'(X) — R is differentiable on the big cone and the
derivative at D € Big(X) is given by (d + 1)(D?), where (D?) : N'(X) — R is
the positive intersection product. It can be seen as an element (D) € N, (X).
Moreover, (D) can be approximated by pushforwards of d’th self intersections
of ample D’ on blowups f : X' — X with D' < f*D. If D itself is an ample
Cartier divisor, then (D) can be given by the d’th self intersection of D. In
this case one can use the Theorem of Bertini to get an irreducible curve. For
the details of this point see [15], [10, Section 10].
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Sketch of the proof of the Theorem. We divide the argument from [I0] into the fol-

lowing steps.
1. Replace [ by an approximation that is strictly positive on Eff'(X)\ {0}.

2. Consider the function

11/(@+1)
= V"f L NYX)\ {0} = R.

By the first point it is continuous, and for ¢ > 0 we have v(D) = ~(tD). The
restriction of 7y to the unit sphere of N'(X) determines the whole function, and
by compactness of the sphere it achieves maximum. If at B the maximum is

achieved, then by calculating the derivative of (the logarithm of) v at B we get

(BY) _ 1
vol(B)  I(B)’

3. Pick a blowup f : X’ — X and an ample B’ on X’ with B’ < f*B such that the
pushforward of the d’th self intersection of B’ approximates (B?) and vol(B’)
approximates vol(B). For simplicity assume that X' = X, B’ = B. Let C be a

d’th self intersection of B, which is irreducible by the Bertini theorem.

4. We get the equation
C l

vol(B) ~ I(B)

By applying this equation on 7*p, where p is some closed point of P!, we get

deg(C/P') _ degy(r™p) _ U(m"p) _ 1
vol(B) wl(B) _ I(B) _I(B)

where the first equality follows from the projection formula for 7. Thus

vol(B)
(B)

deg(C/P') =

By putting everything together we get

C

deg(C'/P) =1

Note that in the first step we replaced [ by an approximation, so at the end we

get the conclusion if the approximation was good enough.
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The proof of Theorem A uses the same steps, but we need to work with arith-
metic R-divisors of C%type, instead of Cartier divisors. Fortunately the necessary
arithmetic variants of the geometric theorems used in the above sketch are available.
However, in the arithmetic context a few additional steps are necessary. More pre-
cisely, in the arithmetic analogue of step (3) from the above sketch, a lower bound
on the (geometric) volume of the generic part of the divisor is needed. This bound is
obtained by using arithmetic Fujita approximation [22], [82] together with Zhang’s in-
equality [84], see Lemma and Proposition [2.2.68] The other crucial ingredients
are differentiability of the arithmetic volume [23] (see also [45]) and arithmetic Bertini
theorems [20] and [80]. Note that [20] was motivated by a question of Hrushovski at
the SAGA in Orsay, regarding arithmetic type Bertini theorems.

2.1.3 Connections with other results

Existential closedness of Q and w sets a goal of axiomatizing existentially closed
models of the theory GVF. Ben Yaacov has published research notes [7], [6] related
to this aim. The model companion is conjectured to exist (see Conjecture ,
and it is possible that it is tame in some model theoretic sense. For example, by [11]
Theorem 14.2|, GVF structures are quantifier-free stable (i.e., quantifier-free formulas
do not have the order property in the continuous logic sense).

On the other hand, a more geometrical approach to globally valued fields was
developed by Chen and Moriwaki in the series of papers about adelic curves (see
Definition [24], [25], [26]. The authors in [25] introduced Arakelov intersec-
tion theory over an arbitrary countable adelic curve. Differentiability of the volume
function in the context of adelic curves may lead to generalisations of the main result
of this paper to a bigger class of GVF structures. The results in [53], [72] are very
promising in this direction. Also, see Chapter [3| for a continuous logic approach to
the intersection theory from [25] and an application in Arakelov geometry.

Existential closedness of Q also has some immediate applications to understanding
spectra of height functions. For example, it implies that if D is a geometrically big

arithmetic R-divisor of C%-type on an arithmetic variety X', then the set

{hp(x) -z € X(Q)}

is dense in the interval ({(D), +o00). More generally, for an n-tuple of arithmetic R-
divisors of C%-type, the set of points in R™ that can be approximated by the values
of heights of tuples from X is convex. This follows from the fact that the set of GVF
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structures on Q(&X') extending the standard one on Q is convex (and closed under
addition of GVF structures trivial on Q). In particular, this automatically recovers
the ‘density’ parts of the results from [46]. Furthermore, using the ‘continuity of
heights’ from Chapter [3] one can also recover the density of values of the Faltings
height above its essential infimum, i.e., the ‘density’ part of [16, Corollary 1.1].
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2.1.5 Outline

The article is organized as follows. In Section we introduce all the necessary
background on arithmetic R-divisors of C%type. In Subsection we give the
proof of Theorem A. Next in Section we introduce lattice divisors and use them
to prove Theorem B using the translation from Theorem C. In Subsection we

prove Theorem D and Theorem E.

2.2 Intersection theory of arithmetic divisors

Notation. We stick with the following conventions.

1. If f is a function on a real vector space, then we write D, f(y) for the derivative
of f at z in direction y, so that D, f is a linear map (if f is Gateaux differentiable

at x).

2. If A is an abelian group, and K is one of Z,Q,R we write Ag for the tensor
product A ®z K. If A is written multiplicatively, then for fi,..., f, € A and
ag, ..., q, € K we write fi'' -+ f& for the product fi ® ay ... f, ® a.

3. For a field F' we call a function v : F* — R a non-Archimedean valuation if it
is a multiplicative homomorphism and satisfies the ultrametric inequality (with

the convention v(0) = 00).
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10.

11.

By an Archimedean valuation on a field F' we mean a function v : F’* — R of
the form v(—) = —log|o(—)|, where ¢ : F' — C is an embedding of fields. Note
that complex conjugate embeddings give the same Archimedean valuation and
every Archimedean valuation comes from a pair of conjugate embeddings (or

from a single real embedding).

By a valuation we mean either a non-Archimedean or an Archimedean valuation
on a field and we denote by Valg the space of valuations on a field F' (with the
topology coming from the embedding into RF\0}).

If X is a scheme over Spec(A) and we have a map Spec(B) — Spec(A) we write
Xp or X ® B for the fiber product. By a strict subscheme of X we mean a

subscheme that is not equal to X.

If p € X is a point in a scheme, we write k(p) for the residue field. The function

field of X is denoted by k(X).

For a scheme X we denote by Z4(X) the group of d-dimensional cycles on
X, i.e., the free abelian group generated by dimension d integral subschemes
of X. Moreover, we denote by Div(X) the group of Cartier divisors on X
and by Ox (D) the invertible subsheaf of the sheaf of rational functions on X
corresponding to D, as defined in [39, Chapter II, Section 6| or [24, Definition

2.4.2|. Note that then the rational function 1 defines a canonical rational section
of OX (D) .

If £ is a line bundle on a scheme X and s is a rational section of £, then as
in |24, Remark 2.4.4], by div(s) we denote the Cartier divisor on X associated
to the invertible subsheaf of the sheaf IC of invertible rational functions on X,
defined by the image of the embedding £ — K sending s to 1. We use the same

notation for the cycle associated with this Cartier divisor.

An arithmetic variety in this paper is an integral (irreducible and reduced)
scheme, finite type and projective over Spec(Z). It is generically smooth if the
base change Xy is smooth over Spec(Q). We write deg(z) = [k(z) : Q] for a
closed point of the generic fiber z € Xy C X.

If X is an arithmetic variety and v is a non-Archimedean valuation on x(X),

we write supp(v) € X for the image of the maximal ideal of the value ring
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O, C k(X) via the unique map ¢ making the following diagram commute:

Spec(k(X)) — &

L]

Spec((’)v) — Spec(Z).

Such map always exists by the valuative criterion of properness.

2.2.1 Hermitian line bundles on arithmetic varieties

For this subsection let X’ be a generically smooth arithmetic variety. Let d+ 1 be the
dimension of X and let X = Xy be the generic fiber.

Warning 2.2.1. In this subsection X is not necessarily normal.

Remark 2.2.2. We use the following conventions regarding complex analytifications

of arithmetic varieties.

1. By X(C) we mean the complex analytification of the base change Xr = X ® C.
It is in a natural bijection with the set of maps Spec(C) — X. Complex con-
jugation induces a map Spec(C) — Spec(C) and by precomposition it induces
complex conjugation F, : X(C) — X (C).

2. In the context of the first point, if x € X is a closed point and o : kK(x) — C
is an embedding of fields, we denote by 27 the point of X'(C) corresponding to

the composition
Spec(C) — Spec(k(z)) - X — X.

Definition 2.2.3. Let M be a complex manifold with a (complex) line bundle L.
A hermitian metric h on L is a collection of hermitian metrics h, on fibers L, of L
for all z € M. It is smooth if for all open U C M and all sections s of L over U, the
function |s|?(x) := h,(s(x),s(x)) is a smooth function U — R. Since the data of a
smooth hermitian metric is determined by functions |- |, (and vice versa), we use the
name “‘smooth hermitian metric” also for collections of norms of sections coming from
some h as described above. The Chern form of L := (L, h) is a differential (1, 1)-form
c1(L) on M such that if s is an invertible (holomorphic) section of L over U C M,
then ¢;(L)|y = 5=001log |s|?.
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Definition 2.2.4. Let M = X(C) and let L = (L, k) be a line bundle on M equipped
with a hermitian metric h. We say that h is of real type, if for all x € M with

T := F(z) and for all sections s,s" € L, we have

he(s,8") = ha(Fs(s), Faol(s)),

where the action on germs of sections is defined by precomposition with F..

Definition 2.2.5. A hermitian line bundle L = (L,|-|z) on X is a pair consisting of
a line bundle £ on X and a smooth hermitian metric of real type |- |z on the complex
analytification of the line bundle L¢ on X¢. A section s € HO(X, L) is (strictly) small,
if |s|z <1 (resp. |s|z < 1) on X(C). The (finite) set of small sections is denoted by
H°(X,L). The Chern form of the analytification of £¢ on Xg is denoted by ¢;(Z).

Theorem 2.2.6. [I8, Theorem (2.5)] Let Ly, ..., Ly be hermitian line bundles on

X. There exists a unique family of linear maps
deg(Lo -+ Looi|—) 1 Zn(X) — R,

forn=20,...,d+ 1 (for n = 0 we mean a map d/e\g(—) : Zo(X) — R) satisfying the

following properties:

1. For every integer n € {0,...,d}, every integral closed subscheme Z of X such
that dim(Z) = n+ 1, every integer m # 0 and every regular meromorphic (i.e.,

defined on a dense open subset of Z) section s of LZ™|z, one has
m deg(Lo - - L,| Z)

— deg(Ly - Toa| div(s)) + / “log ||s]| A cr(Zo) A+ A cr(Tor).
2(C)

2. For a closed point z of X viewed as a 0-dimensional cycle, one has
deg(z) = log ##(2).
Moreover, these maps are multilinear and symmetric in the hermitian line bundles
Lo, ..., L4 and only depend on their isomorphism classes as hermitian line bundles.

Notation 2.2.7. If n = d+ 1 in the context of the above theorem, we skip X in the

notation and write

&E(ZO...Zd)

or just Lo - ... Lg.
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Remark 2.2.8. For a morphism of generically smooth arithmetic varieties f : Y —
X, if L = (£, h) is a hermitian line bundle on X, then one can pullback it to Y to get
a hermitian line bundle f*£ := (f*£, f*h) on ).

Remark 2.2.9. Let Lo, ..., L;_1 be hermitian line bundles on X. If i : Z — X is
an [-dimensional irreducible reduced subscheme which is generically smooth, then the

following intersection numbers are the same
deg(Lo- -+ Li-1|Z) = deg(i"Lo - -+ i*Li—1).

Here on the right hand side we treat Z as a generically smooth arithmetic variety,
and i*Ly,...,i*L;_, are hermitian line bundles on Z. In this case we also write

Lo|lz ...+ L,_1|z for this intersection number.

Theorem 2.2.10. [I8, Proposition (2.9)] Let f : X’ — X be a generically finite
morphism of arithmetic varieties, let Z be an integral closed subscheme of X’ and let

| = dim(Z). Assume that Lo, ..., L, ; are hermitian line bundles on X.
1. If dim(f(Z)) < I, then deg(f*Lo - - - f*L1_1|Z) = 0.
2. Otherwise, dim(f(Z)) =1 and

deg(f*Lo--- [*Li1|Z) = deg(Lo - - Li-1| [.(2)).

where f.(Z) = [r(Z2) : k(f(2))]f(2) is an l-cycle on X.

Definition 2.2.11. A hermitian line bundle £ on X is ample if the following three

conditions are satisfied:
e L[ is relatively ample with respect to X — Spec(Z),
e ci(L) is positive,

e H°(X,nL) is generated (as a Z-module) by strictly small sections of nL, for n
big enough.

Definition 2.2.12. [80, Definition 1.1] Let M, £ be ample hermitian line bundles
on X. Denote by || - || the hermitian norm of £. A section s € H(X, L) is (¢, M)-

wrreducible if the following conditions are satisfied.

1. The d-cycle Z := div(s) is irreducible (hence an arithmetic variety).
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2. The following inequality holds
|deg(M" - L) — deg(M"|2)| < ¢ - deg(M"|2).

By the inductive definition of the arithmetic intersection number (see Theorem [2.2.6)),

we can present the second condition in the following equivalent forms:
/ —log [ls]* A e1 (M) < < - deg(M"| div(s))
X(0)

or

] 2 0 ey (M) < ——— . deg(M* - D).
/m) og 5| A e (M) < = - deg(M" - )

Remark 2.2.13. The definition from [80, Definition 1.1] is more general and has an
additional assumption that the current -=99(—log ||s||?) + 0z(c) is represented by a

semi-positive form. However, in our case, by the Poincaré-Lelong formula we get
7 — _
5-00(=log ||s[*) + dz(c) = e (L)]

as currents. Since £ is an ample hermitian line bundle, the form ¢;(£) is positive, so

the additional assumption is automatically satisfied in this case.

Theorem 2.2.14. [80, Remark 6.7.(ii)] Assume that dim(X) > 2. Let £, M be

ample hermitian line bundles on X. Fix € > 0. Then

lim #{s € fIO(X,Zm) : s is (g, M)-irreducible, div(s)q is smooth}

e 1.
n—00 #HO(X’ £ )

Theorem 2.2.15. |20, Theorem 2.21]. Let £ be an ample hermitian line bundle on
X and Y C X be a closed strict subscheme. Then

lim #{s € ﬁIO(X,Z®n) : div(s) is not contained in Y}

- 1.
n—00 #HO(X’ £ )

2.2.2 Arithmetic R-divisors

Warning 2.2.16. For the rest of this section (unless stated otherwise) we impose
stronger assumptions on X. Namely here X is a generically smooth, normal arith-

metic variety of dimension d + 1.

Remark 2.2.17. We recall here definitions of objects related to X that we need.
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1. Let J be a subsheaf of the sheaf of continuous real-valued functions on X (C)
(with respect to the euclidean topology). A J- function (or a J-type function)
on an euclidean open conjugation invariant subset U C X' (C) is a continuous

function U — R lying in J(U) that is invariant under complex conjugation.

2. We use three subsheafs J of the sheaf of continuous (real-valued) functions on
X(C), in the above context:

e J = (Y - the full sheaf of continuous functions,
e 7 = (' - the subsheaf of smooth functions,

o 7 =C°NPSH - the subsheaf of plurisubharmonic continuous functions.
For the definition of a plurisubharmonic function, see [59) Section 1.4].

3. Let K be one of Z,Q,R. A K-Cartier divisor on X is an element of the group
Div(X)x. A K-rational function is an element of x(X)g. Let D = > oD, €
Div(&X)k for a;; € K and Cartier divisors D;. If f; is a local equation for D; for
all 4, then we call [], /" € x(X)g a local equation for D. On the other hand,
if f € k(X)g, then we write (f) or div(f) for the corresponding K-Cartier
divisor. For D € Div(X)k we write Dy € Div(&Xg)k for its restriction to the

generic fiber.

4. For a K-Cartier divisor D on X, its support is the set
supp(D) :=={p € X : f ¢ (Oy )k for a local equation f of D at p}.

If D=)",a/D;is a decomposition as in the previous point with «;’s linearly
independent over Q, then supp(D) = |J, supp(D;) where the latter supp is the

support of a Cartier divisor. For details see [59, Section 1.2].

5. A Z-Zariski open set in X (C) is a set of the form V(C) C X(C) for some Zariski
open ¥V C X (i.e., V open in the topology of the scheme X). If p € X(C), then a
Z-Zariski neighbourhood is an open neighbourhood of p being a Z-Zariski open

set.

Definition 2.2.18. Let D be an R-Cartier divisor on X'. A D-Green’s function on X
of J-type (if J is C°, we skip it in the notation) is a function g : U(C) — R for some
Zariski open U C X such that if D = > a;D; for some real a;’s and Cartier divisors
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D;’s, then for every p € X'(C) there is a Z-Zariski neighbourhood p € V(C) C X(C)

with local equations f;’s for D;’s, such that the function
g9(x) + Z a; log | fi(x)[?

restricted to the intersection of U(C) and V(C), extends to a J-function on V(C).
We identify arithmetic R-divisors of C%-type (D,g) = (D,¢') if g : U(C) — R, ¢’ :
U'(C) — R coincide on the intersection (U NU')(C).

Remark 2.2.19. The identification in the above definition makes sense, because for
a pair (D, g) as above, an extension ¢’ : U'(C) — R for U C U’ is unique if it exists.
This follows from the fact that complex points of a Zariski open subset of X are dense
in the euclidean topology on X (C). Thus, for every arithmetic R-divisor of C°-type,
there exists the biggest Zariski open U C X such that g can be defined on U (C) (just

take the sum of all possible extensions and glue by uniqueness) and this open set is
& \ supp(D).

Definition 2.2.20. An arithmetic R-divisor of C°-type [resp. J-type] on X is a
pair D = (D, g), where D is an R-Cartier divisor on X and g is a D-Green’s function
on X [of J-type]. An arithmetic R-divisor of CO-type is called principal, if it can
be written as an R-combination of arithmetic R-divisors (of C*°-type) (Tl:/( f) =
(div(f), —log|f]?) for some rational functions f on X. Also, (D, g) is an arithmetic
Z-dwisor [resp. Q-divisor| of C°-type (or J-type) if it is an arithmetic R-divisor of
the corresponding type, with D being a Cartier |resp. Q-Cartier| divisor on X.

Remark 2.2.21. Let ¢ : Y — X be a map of generically smooth, normal arithmetic
varieties and let D = (D, g) be an arithmetic R-divisor of C%-type on X. If the
pullback ¢*D exists and g can be defined on an open subset U of X whose preimage
is non-empty in ), one can equip ¢*D with a Green’s function being the pullback of
g. In particular, if ) — X is a birational map, one can pullback arithmetic R-divisors
of C%-type.

Notation 2.2.22. Arithmetic R-divisors of C%-type form an abelian group (with
component-wise addition) and this group is denoted by ADivg(X). The subgroup
of principal arithmetic R-divisors of C%-type is denoted by RDivg(X). We use the
symbol = to indicate equality up to principal arithmetic R-divisors of C%-type. The
quotient ADivg(X)/ RDivg(X) is denoted by N!(X). Note that this notation is not
standard, but we use it so that the proof of Theorem looks similar to the
geometric setting outlined in Subsection [2.1.2]
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2.2.3 Positivity of R-Cartier divisors

Definition 2.2.23. Let D be an R-Cartier divisor on X and let v be a non-
Archimedean valuation on x(X). Let p = supp(v) € X and let f € k(X)g be a
local equation for D at p. We then write (v, D) for the value v(f) which is the
R-linear (multiplicative) extension of the valuation v : k(X)* — R. Moreover, if D
is an R-divisor of C°-type on X we define 3(v,D) := B(v,D). On the other hand,
if v is an Archimedean valuation on x(&’) induced by o : k(X) — C, then we define
B(v,D) := %g(p), where p is the point of X(C) coming from the composition

Spec(C) Specto) Spec(k(X)) — X.

Note g is defined on p since Spec(k(X)) is the generic point of X'. Furthermore, since
g is conjugation-invariant, the value g(p) does not depend on the choice of o inducing

V.

Definition 2.2.24. Let D be an R-Cartier divisor on X. The Weil decomposition

of D is the codimension one cycle on X of the form
Z ordr(D)T,
r

where the sum is taken over all codimension one integral subschemes of X and
ordp(D) = P(ordr,D). This makes sense, as we assume that X is normal, which
implies that the order of vanishing at an integral subscheme I' of codimension one is

a valuation on k(X).

Lemma 2.2.25. Let D be an R-Cartier divisor on X'. The following are equivalent.
(1) D is a positive R-combination of effective Cartier divisors.
(2) Forallp € Xif f € k(X)g is a local equation for D at p, then f € (Ox,\{0})r.
(3) For all non-Archimedean valuations v on x(X) we have (v, D) > 0.
(4) It D =) arl is the Weil decomposition of D, then all ar are non-negative.

Moreover, the same holds (with Q-tensors instead of R-tensors) for a Q-Cartier divisor
D.

In the above by (Ox, \ {0})r we mean the subsemigroup of x(X); generated by
elements of the form ¢” with g € O, \ {0} and r > 0.
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Proof. Implications (1) = (2) = (3) = (4) are skipped. The implication
(4) = (1) is 24} Proposition 2.4.16]. Implications in the Q case are skipped. [

Definition 2.2.26. Let D be an R-Cartier divisor on X. We say that D is effective, if
it satisfies the equivalent conditions from Lemma|[2.2.25| In this case we write D > 0.
Similarly, if £ is another R-Cartier divisor on X', we write D > &, if D — & > 0. We

also define the space of rational functions having poles at most given by D as
H(X,D) :={f € k(X)*: D+div(f) >0} U {0}.

A similar definition applies to R-Cartier divisors on X = AXjp.

Lemma 2.2.27. [58, Lemma 5.2.3] The following hold.

1. Let Z be a Weil divisor on X. Then there is an effective Cartier divisor A on
X such that Z < A.

2. Let D be a Cartier divisor on X. Then there are effective Cartier divisors A
and B on X such that D = A — B.

3. Let x1,...,2; be points of X and let D be a Cartier divisor on X'. Then there
are effective Cartier divisors A and B, and a non-zero rational function ¢ on X
such that D+ (¢) = A— B and x1,...,z; € supp(A) Usupp(B).

Lemma 2.2.28. Let D = (D, g) be an arithmetic R-divisor of C%-type on X. Fix
a point © € X. Then there exists an arithmetic R-divisor of C°-type D = (D', q)
such that D’ = )" | oD} for some real o’s and effective Cartier D}’s, and such that
D — D is principal. Moreover, ¢’ can be defined on (X \ U, supp(D;}))(C) and one
can assume that x € X'\ ;- supp(D;).

Proof. Let D = " | a;D; for some real o;’s and Cartier (but not necessarily effec-
tive) divisors D;’s. By Lemma [2.2.27| there are effective Cartier divisors A;, B;’s and

rational functions f;’s on X, such that
D;=A;, — B, +div(f;) foralli=1,... n

and with = & supp(A;) Usupp(B;). Let D' = >"" | a;(A; — B;). Let U = X\ supp(D)
and let V = X\ J,_, supp(div(f;)). Let ¢ = g+ > 1, a;log|f;]* on (UNV)(C). Pick
P e (UNV)(C) and let W(C) C (UNV)(C) be a Z-Zariski neighbourhood of P with
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local equations a;, b; for A;, B; respectively (for all 4) such that on W(C) a continuous

extension of
g9(x) + i a;(log |a;|*(x) — log |b;[* () + log | fil*(x))
i=1
can be defined. Then the function
g(2) + 3 a(log Jai2(x) — log b P(x))
i=1

can also be defined on W(C), which proves that (D', ¢') is an arithmetic R-divisor of
C'-type. By Remark [2.2.19| ¢’ can be defined on (X' \ |J_, (supp(A;) Usupp(53;))) (C).
Moreover, by construction = ¢ |J;_, (supp(A;) U supp(B;)), which finishes the proof.

[

2.2.4 Heights with respect to arithmetic R-divisors

Definition 2.2.29. Let x € X = Xy be a closed point and let v be a valuation on
k(z). Let D = (D, g) be an arithmetic R-divisor of C°%-type on X with D effective
and = ¢ supp(D). We define the local degree of D with respect to v ge?gv(5|m) in

the following way:

o If v is Archimedean we put g(;gv(§|m) := 2g(27) where o : k(z) — C is any

embedding which induces v on k().

e If v is non-Archimedean we put ge?gv (D|{z}) = v(d|,) where d is a local equation
for D at the point ¢ € X defined as the image of the maximal ideal of the value
ring O, C k(z) via the map ¢ in the following diagram

Spec(k(z)) ———= &

-
-
-
/¢
-
-
-
-

Spec(O,) — Spec(Z).

Existence and uniqueness of ¢ follows from the valuative criterion of proper-
ness. If d is an R-rational function, we use the unique (multiplicative) R-linear
extension of v to calculate v(d|,). Note that ¢ generalises to x, so d is a regular

function on the neighbourhood of  and d|, € x(z)g.

Definition 2.2.30. Let D = (D,g) be an arithmetic Z-divisor of C’-type on X
with D effective and let z € X = &y be a closed point of the generic fiber of X. If
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x ¢ supp(D) and D is a Cartier divisor on X the height of x with respect to D is
defined to be

1 1 .
hp(z) == m(log#(oc(l?)/(’)c)+§ Z g(w )>,

o:k(z)—=C

where C = m C X is the 1-cycle corresponding to = and we treat O¢(D)/O¢ as a
module over the ring of functions of C N D. For a general D, by Lemma there
is a decomposition D = > a;D; + &R/( f) with «; real, D; effective Cartier, such
that x ¢ supp(D;) for all ¢ = 1,...,m and where f is an R-rational function on X.

Then we put
hp(r) =Y aihp (2).
i=1

Note that this is well defined by the product formula on number fields. For details,
see [59, Section 4.2]. Also, we define the arithmetic degree of D with respect to = as
the quantity geg(ﬁ|m) satisfying

_ deg(D|{z})
hs(z) = W-

Lemma 2.2.31. Let D be an arithmetic R-divisor of C%-type on X and let z € X =
Xo be a closed point of the generic fiber of X with = & supp(D). Let K = k(z) and
denote by Oy its integer ring. Then

has(2) = / ez, (DITaPdn(v).

where p is the measure

©= [Kle]< > Oora, log#u(p) + > 5logo<>>

pESpec(Ok) o:K—C

and Valg is the space of valuations on K (see Example [2.3.20)).

Proof. By Lemma [2.2.28 we can write D = S a;D; + (il?/(f) with «; real, D;
effective Cartier, such that ¢ supp(D;) for all i« = 1,...,m and where f is an

R-rational function on X. Note that
supp(div(f)) C supp(D) U _Jsupp(D;)
i=1

and x is not in the right hand side, so = ¢ supp(cfi:/(f)). Since both the height

and the integral are linear in D and give zero on JR/( f) (see the product formula
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in Example [2.3.20)), it is enough to check that the lemma holds for an arithmetic
Z-divisor of C%-type D with D effective. This is standard, but for convenience we
provide a proof here.

By unraveling the definitions, we need to prove that

log #(0c(D)/Oc)= Y degyq,(DI{z}) - log #(p).
pESpec(Ok)
Let C be the closure of z in X (with the reduced scheme structure). By the valuative
criterion of properness (not directly, one has to use it for primes of Ok), we get a
diagonal map ¢ on the commutative diagram

Spec(K) ;)7 X

Lo

Spec(Ok) —— Spec(Z).

Since z is the generic point of C, ¢ factors through C. As C — Spec(Z) is projective
and has finite fibers (as the composition with Spec(Ox) — C has finite fibers), by [75,
Theorem 19.1.7] we get that C is affine (and finite) over Spec(Z). Let C = Spec(A).
Note that then Z C A C O C K and Ok is the integral closure of A. Let I,.J be
the ideals of D in A, Ok respectively (more precisely J is the ideal of the pullback of

D to Spec(Ok)). Consider the diagram coming from the snake lemma,

0 0 ker h
0 { fll AJl 0
! 9 h
0 J OK OK/J—>0
cok f ——cokyg cok h 0.

Note that log #(Oc(D)/Oc)= log #(A/I). We now show that #(A/I) = #(Ok/J).
If ¢ € Spec(A), then we can localise everything at ¢ and as D is an effective Cartier
divisor, it means that in A, the ideal I, is generated by a single element a € A,. Also

J, is generated by a in (Ok),. Thus (cok f), ~ (cok g),. We calculate

log #(cok f) = Z log #(cok f), = Z log #(cok g), = log #(cok g).

q€Spec(A) geSpec(A)
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Using two exact sequences

0—— kerh——cok f cok g cokh——0

0——kerh A/l Ok/J —cokh——0

we get that

log # (ker h) — log #(cok f) + log #(cok g) — log #(cok h) = 0,

log #(ker h) — log #(A/I) + log #(Ok/J) — log #(cok h) = 0.
Putting it all together we get that indeed log #(A/I) = log #(Ok/J). We calculate

log #(Ok/J) = Z log #(Ok/J), = Z ord,(J) log #k(p),

p€Spec(Ok) p€Spec(Ok)

where by ord,(J) we mean the value of the valuation ord, at a local equation for .J
at p. By the definition ge?gordp (D|{z}) = ord,(J), which finishes the proof. O

Lemma 2.2.32. Let z € X = X ® Q be a closed point and let D = (div(2),0).
Then

() = log(2).

Proof. Note that D = 51\\7(2) + (0,21log(2)). Hence we get

h(z) = ho210g(2)) (T) = m Z 21og(2) = log(2).

o:k(x)—C

]

Lemma 2.2.33. Assume that X’ is a generically smooth, normal arithmetic variety.
Let f: X" — X be a generically finite map and let 2/ € X’ = X’ ® Q be a closed
point. Then for z = f(2') € X = X ® Q and for any arithmetic R-divisor of C°-type
D on X we have
hp(x') = hp(x).

Proof. As in Definition we reduce to the case that D is an arithmetic Z-divisor
of C%type with D effective and z ¢ supp(D). Let C = {z} and ¢’ = {2/}. Then
C' — C is a finite morphism of degree deg(z’/z) := deg(z’)/ deg(z). Both sides of the
equality depend only on the restriction of D to C, so we can without loss of generality
assume that X = C, X’ = C'. In this case D is a Z-divisor of C*®-type. Let £ = O(D)

be the corresponding metrized line bundle. By Theorem we get
_ deg(2)

deg(f*L|C") = deg(L| f.C") = = - deg(L[C).
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Thus L L
oy deg(fLICY) _ deg(L]C)
hyo(®) = deg(z’) deg(x) ().

2.2.5 Positivity of arithmetic R-divisors

Definition 2.2.34. We use the following notions regarding an arithmetic R-divisor
of C%type D = (D,g) on X.

1. We write D > 0 if D > 0 and g > 0. Note that this does not depend on the
choice of g since if ¢’ extends g and ¢'(x) < 0 for some z € X(C), then the set
{y € X(C) : ¢'(y) < 0} is open, so it has to intersect the domain of g which is a
dense open subset of X'(C). We then call D effective. If £ is another arithmetic
R-divisor of C%-type on X, then D > £ means that D — & > 0.

2. There is a natural norm |- ]5 associating to each rational function f € H°(X, D)

a function

fIP: X(C) > R,
which is the unique continuous extension of |f| - exp(—g/2) on X(C). For well
definiteness, see [59, Proposition 1.4.2]. It induces a supremum norm

|12, : H'(X, D) — R,

sup

A rational function f € HO(X,D) is called small, if || f||2, < 1. Tt is called

sup

strictly small if || f||2 < 1. The set of small sections is denoted by I/:}O(X,ﬁ).

sup

3. Assume that D is an arithmetic Z-divisor of C*®-type. Let L be the (complex
analytic) line bundle over X' (C) induced by the base change of Ox(Dg) to C
(recall that X = Xg). Then for a Zariski open U C X where d € k(X)* is a
local equation for D and a section s of L over U(C) one can define a norm of s
by presenting s = f - d~! for some holomorphic function f : U(C) — C and by
putting

stz = f] - exp(— (g + log|d[?)/2),

where by g + log |d|> we mean the unique continuous (even smooth) extension
of this function to U(C). In fact, this metric comes from a unique hermitian
product on L and the Chern form of the pair (L, | - |z) is denoted by ¢, (D) (see

Definition . Note that ¢1(D)|u(c) = 5=99(g + log |d|?).

¥
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4. The arithmetic volume of D is defined to be the following number

—_ , log #H°(X, mD)
(D) :=1
VAP P T 1)

The arithmetic volume only depends on the class of D in N 1(X). Also, recall
that volume of an R-divisor Dg on the generic fiber X = &j is

dimg H°(X, mD,
R

Remark 2.2.35. Note that for an arithmetic R-divisor of C*-type D on X, it is effec-
tive if and only if for every valuation v on k(&) (non-Archimedean or Archimedean)
we have 3(v, D) > 0.

Notation 2.2.36. If D is an arithmetic Z-divisor of C*®-type on X, we denote by
O(D) the pair (Ox(D), |- |), where | - | is the smooth hermitian metric of real type
described in Definition [2.2.34] Note that in this case ﬁO(X, D) = ﬁo()(, O(D)) (both

definitions of small sections agree).

Remark 2.2.37. If £ is a hermitian line bundle on X, then a rational section s of
L defines an arithmetic Z-divisor of C*°-type on X'. Namely, take the pair JR/(S) =
(div(s), —log|s[%). Then (f)(d/l:/(s)) ~ L as hermitian line bundles. Moreover, if
L = O(D) and s is the rational section corresponding to the rational function 1, then
va(s) =D = (D, g). To see that — log |s|2 = g, take an open subset U where d is a
local equation for D and where d € Ox(U)*. Then s = d-d~!, so by the definition

we have
|slz = |d| - exp(—(g + log |d|*)/2) = exp(—g/2).

Remark 2.2.38. Let £ = O(D) for an arithmetic Z-divisor of C*®-type D on X.
Then for a closed point in the generic fiber x € Xy C &, Definition [2.2.30| and the

arithmetic degree map from Theorem [2.2.6| agree, i.e.,
deg(D|{z}) = deg(L|{x}).

Definition 2.2.39. We gather here properties of arithmetic R-divisors of C-type
on X crucial for the proof of Theorem [2.2.70]

1. An arithmetic R-divisors of C%-type D on X is big, if ;51(5) > 0.

2. An arithmetic R-divisors of C%-type £ on X is pseudo-effective, if for all big
arithmetic R-divisors of C%-type B on X, the sum B + £ is big.
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3. We say that D = (D,g) € ADivg(X) is nef, if the following conditions are
satisfied:

e D is relatively nef,
e D is an arithmetic R-divisor of (C° N PSH)-type,

e hp(x) > 0 for all closed points z € X = Ap.

4. D € ADivg(X) is called integrable, if it is in a real vector space generated by nef
arithmetic R-divisors of C%-type. The space of integrable R-divisors of C°-type
on X is denoted by IDivg(X).

5. D € ADivg(X) is called ample, if there exists a decomposition D = 7" oA,
with a; > 0 for i = 1,...,m and where A; are arithmetic Z-divisors of C*®-type

such that each O(A;) is an ample hermitian line bundle.

Lemma 2.2.40. Let D be an arithmetic R-divisor of C%-type on X. If D is big,
then there is a natural number n # 0 and a rational function f € x(X)* such that
JR/( f) +nD is effective on X. Moreover, Dg is big. Also, if D is effective on X, then

it is pseudo-effective on X.

Proof. We skip the proof of the first part. For the second part let A be an ample
R-divisor of C*°-type on X and using the continuity of arithmetic volume (see The-
orem pick a natural number n with ;51(7_3 — %.71) > 0. By the first part of
the lemma, there is a Q-rational function f on X with (Tl?/( f)+D—1A>0. Thus
div(f) + Dg — £ Ag > 0, so vol(Dg) > vol(£.Ag) > 0. For the last part, let B be a
big arithmetic R-divisor of C%-type on X. Since D is effective, the rational function
1 is small as an element of H°(X', D). Thus any small s € H°(X, mB) is also a small
element of H(X, m(B + D)). Hence vol(B + D) > vol(B) > 0. O

Proposition 2.2.41. [58, Proposition 2.4.2] Let g be a D-Green'’s function of J-type
(for J equal C°, PSHNC® or C*°) on X and let

D=0b&+ - -+0bE,

be a decomposition such that &, ..., &, € Div(X) and by,...,b. € R. Note that &; is

not necessarily an irreducible Weil divisor. Then we have the following:

1. There are gy, ..., g, such that g; is an &-Green’s function of J-type for each i
and g = bygi + -+ - + 0,9,
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2. If &,...,&, are effective, by,...,b. > 0,9 > 0, then there are gy,...,g, such
that ¢; is a non-negative &;-Green’s function of J-type for each ¢ and g =
bigi + -+ brgy

Lemma 2.2.42. Let D be an R-Cartier divisor on X. Then there exists a D-Green’s

function g on X.

Proof. 1t is enough to prove the lemma assuming that D is a Cartier divisor. In this
case we can use an ample Cartier divisor H on X and take a natural number [ such that
[ + D is ample. Since D = (IH + D) — IH, we can without loss of generality assume
that D is ample. Then the corresponding line bundle O(D) has a hermitian metric,
for example by [20, Corollary 2.11]. By taking the rational section of this bundle
corresponding to the rational function 1, we are done (see Remark . O

Lemma 2.2.43. Let D be an arithmetic R-divisor of C°-type on X. Fix ¢ > 0.

Then there exist:
e ample arithmetic R-divisors of C™-type A, 71/;
e a C’-function ¢ on X(C) with ||¢]|sup < &;
such that D= A — A — (0, ) (equality modulo R-rational equivalence).

Proof. By Propositionwe can write D = Y, a;D; for some arithmetic Z-divisors
of C%-type D; and a; € R. Let ¢; be a CO-function on X' (C) such that D;+(0, ¢;) are of
C*>-type and with ||¢;||sup < 8. By [20, Corollary 2.6] we can present O(D;+(0, ¢;)) as
a difference of two ample hermitian line bundles. By taking rational sections of those
hermitian line bundles, we can write D; + (0, ¢;) as a difference of ample arithmetic

Z-divisors of C'°-type, at least up to a principal divisor. Let

— —

D;+(0,¢;) = A; — A,

be such a decomposition. Then we get

=D ai( A =) = (0. aih).

7 %

S

Note that || > a;idillsup < Do, |asll|@illsup < (32, |as])d. By taking ¢ small enough
and rearranging the terms we get the result (note that a sum of ample arithmetic

R-divisors is ample). O
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2.2.6 Intersection product and arithmetic volume

We use the intersection product of arithmetic divisors defined in [58] and extended
by [45]. In our notation an arbitrary arithmetic R-divisor of C%-type appears on the

right in contrary to [45]. More precisely, we have the following.

Theorem 2.2.44. There exists a symmetric multi-linear map
deg : IDivg(X)*@D 5 R

extending the intersection product of arithmetic Z-divisors of C'"*°-type from Theo-

rem [2.2.6] Moreover, one can extend it even further, to a multi-linear function
deg : IDivp(X)*? x ADivg(X) — R.

This extension is the unique one having the following property: If Dy, ..., D, are nef
and D, is pseudo-effective, then Eég(ﬁo -++Dy-Dgy1) > 0. Also, it only depends

on the classes of the divisors in N L.

Proof. This is [45, Lemma 2.5|. The fact that the product only depends on the
classes of divisors in N 1(Xx) follows for example from [58, Theorem 5.2.2 and Claim

6.4.2.2.(c)]. 0

Notation 2.2.45. We usually omit ge\g in the notation, and just write Dy - ...  Da41
for &E(T)O Dy - 5d+1) where Dy, ..., Dy are integrable arithmetic R-divisors of

C-type and Dy,4 is an arithmetic R-divisor of C-type.

Lemma 2.2.46. [45, Lemma 2.3 and Lemma 2.5] Let 7 : X — X be a birational

morphism from a generically smooth normal arithmetic variety. Then

DO'---',Z_)d—i—l :71'*,1_)0' ...'W*5d+1,
for all arithmetic R-divisors of CO-type Dy, . .., Dqs1 on X with Dy, . .., D, integrable.

Theorem 2.2.47. [45, Theorem 6.4] Let D be an arithmetic R-divisor of C-type
on X.

1. The following are equivalent.

(a) D is pseudo-effective.
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(b) For any normalized blowup ¢ : X’ — X and for any nef arithmetic R-
divisor of C%-type H on X’, we have

deg(H" - ¢"D) > 0.

(c¢) For any blowup ¢ : X’ — X such that X" is normal, generically smooth,

and for any ample arithmetic Q-divisor of C™-type H on X’, we have
deg(H" - D) > 0.
2. Suppose that D is pseudo-effective. The following are equivalent.

(a) D is principal.

(b) There exist a blowup ¢ : X’ — X with normal, generically smooth X’ and
an ample arithmetic R-divisor of C™-type H on X", such that

deg(H" - ¢*D) = 0.

Lemma 2.2.48. Let f: X’ — X be a blowup and D be an arithmetic R-divisor of
C%type on X. Then \781(1_?) = ;81( f*D). Moreover, D is pseudo-effective |effective]
on X if and only if f*D is pseudo-effective [effective] on X"

Proof. The first part is standard, see for example [45, Section 2| or [59, Definition
4.3.2]. Now we prove the second part. Assume that f*D is pseudo-effective on X"
Take a big arithmetic R-divisor of C%-type B on X. Then, by the invariance of the

arithmetic volume under birational maps, f*B is big, so we get
vol(B+ D) = vol(f*B + f*D) > 0.

Thus D is pseudo-effective on X. The other implication follows from Theorem [2.2.47]
To see that effectivity of D, f*D is equivalent, use Remark [2.2.35 and the definition
of the pullback of an arithmetic R-divisor of C°-type. O

Lemma 2.2.49. Let f: X’ — X be a blowup and D be an arithmetic R-divisor of
C%type on X. Then D is nef on X if and only if f*D is nef on A”.

Proof. We check that the three conditions defining nefness are equivalent for D and
f*D.

e Relative nefness: here equivalence follows from the projection formula and the
fact that if C is a curve in X mapped to a closed point in Spec(Z), then there

is a curve C' in X’ whose push-forward gives a positive multiple of C.
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e (C° N PSH)-type: here equivalence follows from [59, Proposition 1.4.1].

e Non-negative height on closed points: here equivalence follows from Lemmal[2.2.33]

and from the fact that f is surjective on closed points.
]

Remark 2.2.50. Because of Lemma and Lemma [2.2.49 we use the notions of
bigness, pseudo-effectivity, effectivity and nefness without referring to an arithmetic

variety where the divisor is defined.

2.2.7 Differentiability of the arithmetic volume

Results in this section follow easily from [45]. We provide some proofs for the reader’s

convenience.

Definition 2.2.51. We call a function « : ADivg(&X') — R continuous, if

o) = lim oD+ &Di+(0,f)),

1l fllanp—0 P

for any arithmetic R-divisors of C%-type D, D, ..., D, on X and any f of C’-type on
X.

Definition 2.2.52. Let D be a big arithmetic R-divisor of C°-type on X. Let @(1_))
be the set of pairs (f : X’ — X, A) consisting of a blowup f : X’ — X together with a
nef arithmetic R-divisor of C%-type on X’ such that f*D — A is pseudo-effective. Let
Ouamp(D) be the set of pairs (f : X' — X, A) in O(D) where A is an ample arithmetic
R-divisor of C*®-type on X’ and f*D — A is an effective arithmetic Q-divisor of
CP-type on X’. The positive intersection d’th power of D is the function

(D) : ADivg(X) — R
defined in the following way:

(5(1)3 = sup A f*E, for nef and big €& € ADivg(X);
(f,A)€Oamp(D)

and for other & € ADivg(X) we extend by linearity and continuity in the sense of
Definition 2.2.511
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Remark 2.2.53. The Definition [2.2.52| is equivalent to the one in [45]. This equiv-
alence follows from [45], Proposition 3.9, Proposition 3.10.(3), proof of Theorem 5.3].
Moreover, if D is nef in the above definition, then (5‘6? =Dz by [45, Remark
3.8.(3)].

Theorem 2.2.54. |45, Theorem 5.3] The function vol : ADivg(&X) — R has the

following properties:
1. Tt is continuous in the sense of Definition R.2.511
2. It is positively (d 4+ 1)-homogeneous, i.e.,
vol(tD) = 4 vol(D),
for any ¢ > 0 and arithmetic R-divisor of C°-type D on X.

3. Tt is differentiable on the big cone and at a big D € ADivg(X) the derivative is
given by
Dpvol(€) = (d+ 1)(DYE.

Lemma 2.2.55. Let A, B be arithmetic R-divisors of C-type on X with B — A
pseudo-effective. Then \751(71) < \7(;1(3)

Proof. Without loss of generality @(Z) > (. Fix ¢ > 0. We have

vol(B) = vol((1 — &) A + (eA+ B — A)) > vol((1 — £)A) = (1 — £)*'vol(A),

where the inequality follows as in Lemma [2.2.40, as eA + B — A is big. By taking
e — 0, we get the result. O

Definition 2.2.56. Let D be a big arithmetic R-divisor of C°-type on X. Following
[45], we equip the set (:)(5) with a partial order defined in the following way:

(fi: X — X A) < (fo: Xy — X, Ay)

if and only if there exists a blowup f : X’ — X which factors as

X —Sx oy

so that on X’ the arithmetic R-divisor of C°-type g3A; — g* A, is pseudo-effective.
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Lemma 2.2.57. [45], Proposition 3.2] Let D be a big arithmetic R-divisor of C%-type
on X. Then ©(D) is filtered with respect to the order defined in Definition .
Moreover, for any (f1 : X1 — X, A1), (f2 : Xy = X, Ay) € ©(D) there is a blowup
f: X" — X together with a nef arithmetic R-divisor of C%-type A such that f factors
as in Definition 2.2.56] and

gi Az, g5 Ay < A< D,
where the inequalities are written with respect to the pseudo-effective cone.

Lemma 2.2.58. [45, Proposition 3.1] Let D be a big arithmetic R-divisor of C°-
type on X. Let (f : X' — X, A) € O(D) and fix a number 0 < y < 1. Then there is
B € ADivg(X’) with (f, B) € Oump(D) such that f*D — B is an effective arithmetic
Q-divisor of C°-type and B — vA is pseudo-effective.

Lemma 2.2.59. Let Dy,...,D, be big and nef arithmetic R-divisors of C°-type on
X. Let B be a big arithmetic R-divisor of C%-type on X. Fix € > 0. Then there is a
pair (f, A) € Oump(B) such that for alli =1,...,n

(BYD, — A f*D,| < ¢

and satisfying
—_ —_ 1 _
vol(B) > vol(A) > §V01(B).

Proof. First of all, we take (fo, Ay) € O(B) satisfying

—_

vol(B) > vol(Ap) > 2?01(3).

Such exists by the arithmetic Fujita approximation theorem [22, Theorem 4.3], [82,
Theorem C|; see also [45, Proposition 3.11.(1)]. Next, take pairs (f;, A;) € Oump(B)
such that

BYD, —c < A 17D, < (BYD,

for all 4 1,...,n. By Lemma [2.2.57| and induction, there is a pair (f : X’ —

X, A) € O(D) such that for all i =0, ..., n there exists a factorisation

and
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with respect to the pseudo-effective cone. We can proceed by induction because
of Lemma [2.2.48] Choose a real number 0 < v < 1 to be specified later. By
Lemma there is an ample A € ADivg(X”) such that (f,A) € Oump(B) and
A— 771/ is pseudo-effective. Using Lemma we get:

— —~ — —~ — —~ — 3~ — 1~ —
Vol(.A) > vol(7A) = yWvol(A) > v¥vol(Ay) > ~° ZVOl(B) > 2vol( ),
for v such that -3 > % The inequality vol(.?l) < \751(3) also follows from
Lemma [2.2.55] Moreover for i ..,n we have

(BYD; > A" 1D, > (vA)- D > 4 AL - £7D;

[(BYD: = A 1*Di| < (1 =) (BY)Di + 7.
Let M :=max({B)D; :i=1,...,n). Then for v such that
(1 —HM +~% < 2¢
and using the fact that € was arbitrary, we are done. [

Lemma 2.2.60. The following functions are continuous in the sense of Defini-

tion 2251k
o h(y(z) for a closed point x € X ® Q.

o« D' (—) for D an ample arithmetic R-divisor of C*®-type on X.

. (Ed>(—) for B a big arithmetic R-divisor of C°-type on X.

Proof. All of the functions in question are linear, so it is enough to check that for a

being one of them, we have

lim a((0, f)) =

[[fllsup—0

For the height function it follows directly from the definition. For the second function
this is [45, Lemma 2.5]. For the last function this is by Definition [2.2.52] O
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2.2.8 Essential infimum and Zhang’s inequality

Definition 2.2.61. Let D be an arithmetic R-divisor of C%-type on X. Use the
notation X = X ® Q. The essential infimum of D is the following number

((D):=sup inf hp(),
Ycx zex\Y(Q)
where the supremum is taken taken over all closed strict subschemes ) C X. Note
that ¢ depends only on the rational class of an arithmetic R-divisor of C°-type and a

priori has values in R U {#+o0}.
Lemma 2.2.62. The essential infimum function  has the following properties:

1. If D is an arithmetic R-divisor of C%-type on X and f : X’ — X is a blowup,
then ¢(D) = ¢(f*D).

2. For any arithmetic R-divisors of C°-type A, B on X
C(A+B) > ((A) +¢(B).
3. It is positively 1-homogeneous.
4. Tt is non-negative on effective arithmetic R-divisors of C°-type.

5. For any arithmetic R-divisors of C%type A, B on X such that B is big and
A < B with respect to the pseudo-effective cone, we have ((A) < ((B).

6. It has values in R U {—o0}.

Proof. The first property follows from the fact that blowups are isomorphisms on an
open set and from Lemma [2.2.33] For the proof of properties two, three and four,
see [3, Lemma 3.15]. For the fifth one fix arithmetic R-divisors of C%-type A, B on X
such that B is big and A < B. Then we have

((B) = lim ((1+2)B) = lim ((B+(B—A) + A)

> liminf ((eB + (B — A)) + ((A).

e—0t
By pseudo-effectivity of B — A and bigness of B the divisor eB + (B — A) is big for
£ > 0, hence the value of ¢ on it is non-negative. Thus we get ((B) > ((A).

By Lemma and the fact that values of ¢ only depend on the rational equiv-
alence classes of arithmetic R-divisors of C-type, to get the last property it is enough
to show that for an ample Z-divisor of C*®-type A one has ((A) < oo. This follows
from Zhang’s inequalities, but for an elementary proof using Weil’s height machine,
see |14, Proposition 2.6|. O
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Lemma 2.2.63. [3, Lemma 3.16] Let D be an arithmetic R-divisor of C%-type on
X and let Dy = (div(2),0). Then

1. ¢(D— iog3 " Do) = ¢(D) — r for all real r;

2. if D is pseudo-effective and Dy is big, then (D) > 0;

3. if Dy is big, the following inequality holds

¢(D) > sup{r: D — T - Dy is pseudo-effective}.
log 2
Proof. The first point follows from additivity of height and Lemma[2.2.32] The second
point is [3, Lemma 3.16]. The third point follows from the first two. ]

Theorem 2.2.64. Let D be a pseudo-effective arithmetic R-divisor of C°-type on
X with Dg big. Then the following inequality holds
_ vol(D)
D) > .
C( ) - (d + 1) VOI(DQ)

Proof. In this form the theorem follows from [3, Theorem 7.2.(ii)]. O

2.2.9 Convex geometry
Lemma 2.2.65. An open convex set in R" is the interior of its closure.
Proof. This is classical, for a proof see for example [10, Lemma 5.6]. O

Lemma 2.2.66. Let V be a finite dimensional real vector space and let V' be a
closed convex cone in V' not containing any line. Let [ : V' — R be a linear functional
non-negative on V*. Then for any vectors vy, ..., v, € V and for any € > 0 there is a

linear functional I : V' — R strictly positive on V' \ {0} such that for alli =0,...,n
() — V()] <.
Moreover, if vy € VT, then one can additionally assume that I'(vg) > I(vp).

Proof. Fix vg,...,v, € V and € > 0. It is enough to find a linear functional m :
V' — R such that V*\ {0} € {v € V : m(v) > 0}. Indeed, in this case we can
just put I’ := [ + dm for small enough positive 6. To define m one can equip V with
a (non-degenerate, positively defined) scalar product and take m to be the product
with a vector from the interior of the dual cone of V. For details, see for example
[10, Lemma 5.7]. O
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Lemma 2.2.67. Let V be a finite dimensional real vector space and let V' be a
closed convex cone in V' generating the whole space. Assume that [ : V — R is a
linear functional strictly positive on V1 \ {0} and that o : V' — R is a non-negative

function which is:
1. non-zero,
2. continuous,
3. positively 1-homogeneous,
4. differentiable on (V1)°,
5. vanishing outside (V' 1)°.

Then there is a unique continuous continuation of the function ¢ to V'\{0}. Moreover,

there exists a point p € (V1)° such that
Dya 1

alp)  Up)
Proof. Pick a euclidean norm on V' and let S be the unit sphere of it. Since both

[ and « are positively 1-homogeneous, for the first part it is enough to show that ¢
has a unique continuous extension to S. This follows from the fact that if i(¢) = 0
for g € S, then g € SNV \ VT and SNV \ VT is a relatively open set in S, where
a is zero. To prove the second part, let p € S be a point where the maximum of 7 is
achieved (it exists by compactness of S). Then a(p),l(p) > 0, because « isnon-zero.
Point p is a local maximum of ¢ and so also of log(%) = log(a) — log(l) (note that
both functions are defined in a neighbourhood of p). Hence the derivative of log(7)
at p vanishes and we get
Dy«
a(p)

= Dy{10g(c0)) = Dy(108(0)) = -

2.2.10 Approximating a global functional

For this subsection we fix a normal, generically smooth arithmetic variety X over
Spec(Z). Let d+ 1 > 2 be the dimension of X.

Proposition 2.2.68. Let B, Dy, ...,D, be arithmetic R-divisors of C°-type on X
with B big. Fix ¢ > 0. Then there exists a blowup f : &’ — X and an ample
arithmetic Q-divisor of C*°-type B on X’ such that:
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/ volB) . 4.
[ J VOl(BQ) > W =: A,

) |<Bd)5i —Eld~f*5i| < Aeforalli=0,...,n.

Proof. First, note that the expression

—d\ = —/d

(BYD-B" D

is linear and continuous in D, see Lemma Moreover, it only depends on
the rational equivalence class of D. Hence, by Lemma we can without loss
of generality assume that Dy, ..., D, are ample arithmetic R-divisors. In particular
they are big and nef. Thus, by Lemma for Ae instead of e, there is a pair
(f: &' = X, A) € Ounp(B) such that for all i = 0,...,n

(B'YD; — A" f'Dy| < Ae
and .
vol(B) > vol(A) > 5@1(3).
We use Theorem [2.2.64] to get the middle inequality of

vol(B) vol(A) _ o
2<d—|— 1) VOI(.AQ) < (d+ 1) V01<AQ> S C(A) S C(f B) - C(B)

The last inequality is by Lemma [2.2.62] We get

vol(B)
vl > S B)

Note that A is an ample arithmetic R-divisor of C™-type on X", so it is of the form
.71 = Z aj?lj,
J

for some some a; € R, and .,le being ample arithmetic Z-divisors of C'*°-type. Replac-
ing a;’s by sufficiently good rational approximations, we can find an ample arithmetic
Q-divisor of C*°-type B on X’ satisfying the desired inequalities. This is because of
multilinearity of the arithmetic intersection product and the continuity of the volume
vol. O]

The below proposition is proven in a similar way to [3 Theorem 4.1] and [64,
Theorem 4.6].
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Proposition 2.2.69. Let B, Dy, ..., D, be arithmetic R-divisors of C°-type on X
with B being an ample arithmetic Q-divisor of C®-type. Let Z C X = X ® Q be a
closed strict subscheme. Fix ¢ > 0. Then there exists a closed point x € X \ Z such
that .
B - D,
he= (1) —
2. = i)

<eg, foralli=0,...,n.

7(1 P
Proof. First, note that Vljl('l%)

itself, so we can without loss of generality assume that B is an ample Z-arithmetic

does not change when we replace B with a multiple of

divisor of C'"*°-type. Also, the expression
_d JR—
B -D
he(z) — —
2(®) = I8y
is linear in D and depends only on its rational equivalence class. Thus, by Lemma/[2.2.60
and Lemma [2.2.43| we can without loss of generality assume that all D,’s are ample
arithmetic Z-divisors of C'*°-type.

The above reduction allows us to work with ample hermitian line bundles
O(B),0(Dy),...,0(D,) on X.

To ease the notation we do not write O(—) for the corresponding hermitian line
bundles. Let C be a positive number, such that for alli = 0,...,n we have C'-¢;(B) >
c1(D;). Now we use Theorem together with Theorem for £ = B and
Y being the closure of Z in X, to find a small section s; € H o(x ,Z®m) which is
(6, £)-irreducible (we specify d later) and with div(s;) generically smooth and not

contained in )). Then for all « = 0,...,n we have

— 1 — —g— —
DZ"Bd: —Dllgd l'diV(Sl)

ni

1 /= = _ = nd—
= — (Dilaivton) - Blavisn)* ™" + / ~log ls|| Aer(Dy) A (B)* ).
m X(C)
Note that in the above formula we treat div(s;) as a cycle on X" as in Theorem m
By the choice of s; (and using one of the equivalent conditions from Definition [2.2.12)

we get
0< / —log ||s]| A c1(D;) A cr(B)*
X(C)

J

—=d+1
-mC-B <
1 T (5 n nie,

<. [ gl neu(B) <
X(C)
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for ¢ small enough for the last inequality. Together we obtain

. 1 - _
|Dz B — n_1Di|diV(s1) ’ (B|div(51))d 1| <&

Now we use exactly the same strategy, to find a small section s, € H°(div(s;), 2@32(51))

which satisfies

_ _ 1 _ -
Dilaivis) - (Blaivis) ™ — n_2Di’div(s1)ﬂdiv(52) < (Blaiv(s)ndiviss)) T 7] < €.

We can do this since the cycle div(s;) is irreducible, hence it is a (generically smooth,
but not necessarily normal) arithmetic variety. Moreover, restrictions of ample her-
mitian line bundles are ample, for example by [20, Corollary 2.8]. In the above
inequality div(s;) N div(sy) is the cycle associated to zeroes of sy on the arithmetic
variety div(s;).

Repeating the above procedure d times, we find small sections sy, ..., s; of

—®n — n vl n,
L 17 (ﬁldiv(sl)>® 27 ey (‘C’div(sl)ﬂ...ﬂdiv(sd,l))® d

respectively, such that the following hold:

1. div(sy)N---Ndiv(sg) is an irreducible, generically smooth arithmetic variety of
dimension 1, hence it is of the form {z} for some closed point z € X. Moreover,

we can assume that x & 7.

2. Forall t=0,...,n we have

D, B~ — L dea(Di[{a))| < d-. (2.1)

nl..-nd

By the inductive definition of the ordinary intersection product of line bundles on a

variety X (see for example [I8, Remark (2.6)]) and by ampleness of Bg we get

1 :
vol(Bg) = B = - deg(B(éfll div(si)g)

1 . .
- ny - Ny deg(Bé_2| div(s1)g N div(sz)q)
1
— == deg(diV(Sl)Q n---N diV<3d)Q)
nl PR nd
1
P eg(z)
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Hence, using Equation ({2.1)) we end up with

D, B _ deg(Dil{z})l| _
vol(Bg) deg(z) vol(Bg)

gforalli=0,...,n.

By the definition of height we have

o () FEDITD)

deg(x)
SO
D, B d
hg () — — < foralli =0,...,n.
0.%) = 8oy | = vol(Bg)© Al i = 0o
This finishes the proof, as ¢ was arbitrary. O

Theorem 2.2.70. Let Dy, ..., D, be arithmetic R-divisors of C°-type on X with
Do = (div(2),0). Fix € > 0, a closed strict subscheme Z C X = X ® Q, and a linear

functional
[ : ADivg(X) — R,

which is non-negative on effective arithmetic R-divisors of C°-type, zero on principal
arithmetic R-divisors of C%-type, and sends Dy to log(2). Then there exists a closed
point x € X \ Z such that for alli=0,...,n

s, (z) — 1(D3)| < e.

Proof. Put M := max(|l(Dy)|,...,[l(D,)|). Let V be the real span of classes of
Do, ..., Dy, M in N*(X), where M is some big arithmetic R-divisor of C%-type in
ADivg(X). Let VT be the (euclidean) closure of the subset of classes of big arithmetic
R-divisors of C%-type from V. It is a convex closed cone that does not contain any
line in V' by Theorem Moreover, Dy is effective, hence by Lemma it lies
in V. Thus, by Lemma we can approximate [ (by the assumptions it is well
defined on V') arbitrarily close by linear functionals strictly positive on V*\ {0} and
non-decreasing the value on Dy. Since ¢ is arbitrary in the statement of the theorem,
we can without loss of generality replace [ with sufficiently good approximation, so we
assume that [ is strictly positive on V*\ {0}, [(Dy) = log(2) + ¢’ for some 0 < &’ < ¢,

and that max(|l(Dy)|,..., [I(Dy,)|) < 2M.
~1/(d+1
We use Lemma [2.2.67| with @ = vol A and VT, V.l as above. Note that the

assumptions of the lemma are satisfied by Theorem [2.2.54]and by Lemma[2.2.65| which
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implies that (VV1)° is the set of classes of big arithmetic R-divisors of C%type in V.
Thus there exists p € (V1)° such that

Do _ 1
alp)  Up)
If B represents the class of p, then by Theorem [2.2.54] we get
B) _ L
vol(B)  I(B)’

By Proposition [2.2.68| there is a blowup f : X’ — X and an ample arithmetic
Q-divisor of C*-type B on X’ such that the following hold:

vol(B) . 4.
° VOl(B{@) > m = A,

) |<Bd)5i —Eld~f*§i] <Aeforalli=1,...,n.

Now, we can use Proposition [2.2.69 for the ample arithmetic Q-divisor of C°°-
type B and arithmetic R-divisors of C'-type f*Dy,..., [*D, to find a closed point
¥ e X'\ f71(Z) (where X' := X’ ® Q) which satisfies

Eld . f*@z

o2~ iy

<eforalli=0,...,n.

By putting the above equations and inequalities together we get that for any natural

1 smaller or equal n we have

e, () =

< (1 + VOl(Bb))g < 2e. (2.2)

Let C := —v2B)__ Applying the last inequality for i = 0 we get
vol(Bg)i(B)

[log(2) — C(log(2) +&')| = |h5, () — C - I(Do)] < 2e,

because of Lemma [2.2.32, Thus by Lemma [2.2.71f we get that |C' — 1| < 3¢/ log(2).
Recall that max(|{(Dy)l, ..., |[l(D,)|) < 2M. By using the bound on |C' — 1| in Equa-

tion (|2.2)) we get

o, (&) = U(D;)| < (2 + %)g.

Let z = f(2') € X. By Lemma [2.2.33 we have h;.5 (2') = hp (x). Since M is
independent of € (it only depends on the initial data), this finishes the proof of the

theorem. O
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Lemma 2.2.71. Let C,e > 0, ¢ > ¢’ > 0 and assume that |1 — C(1 + &')| < 2e.
Then |C — 1] < 3e.

Proof. Skipped. u

Remark 2.2.72. From the proof of Theorem it follows that any functional [
satisfying the assumptions, can be approximated (in the pointwise convergence topol-
ogy) by functionals that are of the form D B f*D, where B is an arithmetically
ample Q-divisor of C'"*°-type on a blowup of &X', of degree one.

Note that from the proof of Theorem [2.2.70] it follows that [ does not have to be
defined on the whole space ADivg(&Xx'). However, by the M.Riesz extension theorem
it does not give a more general statement, see Subsection and Corollary [2.3.28].

2.3 Applications in globally valued fields

2.3.1 Lattice divisors and globally valued field functionals

Fix a finitely generated field extension Q C F for this subsection.

Definition 2.3.1. We call X an F-model, if it is a generically smooth, normal
arithmetic variety together with an isomorphism x(X’) ~ F. The system of F-models
together with morphisms respecting isomorphisms of function fields with F is filtered.
We use the following notations for direct limits of various groups of divisors with

respect to this filtering
ADivg(F) := liﬂADivK(X) for K=27,Q or R;
RDivg(F) = @RDiVK(X) for K =7Z,Q or R;
NY(F) = lim N'(X).

We write ADivY(X) for the group of arithmetic K-divisors of C°-type such that the
underlying divisor is 0. This space can be naturally identified with the set of C°-type
functions on X'(C). We define

ADivy (F) = hﬂADiv%(X) for K = Z,Q or R.

Note that ADiv}(F) has a norm induced by the supremum norms on C°-functions

on (analytifications of) F-models. We use notation || - ||syp for this norm.
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Remark 2.3.2. Note that there is a natural exact sequence
0 —> RDivg(F) — ADivg(F) — N'(F) — 0.

Next we introduce a lattice structure on the space of arithmetic divisors on F-
models. This structure has also been used in [77, 67| using the language of (generalised

or b-) Weil functions.

Definition 2.3.3. Let D, € € ADivg(F) and assume that X is an F-model such that
D, € € ADivg(X). We define the lattice infimum DAE of D = (D, g) and € = (€, h)

in the following way.

1. Assume that D, £ are effective Cartier divisors on X and that DNE is a Cartier
divisor. Then we put D A € := (DN E,min(g, h)) as an element of ADivg(F).

2. Assume that D, & are effective Cartier divisors on X. Let X’ be an F-model
over X such that the intersection of the pullbacks of D, & to X’ is a Cartier

divisor. Then use the above definition on X”.

3. Assume that D, & are Cartier divisors on X'. By Lemma there exists an
effective Cartier divisor A on X such that D+ A, £ + A are effective. Equip A
with an A-Green’s function a on X. We can do this by Lemma [2.2.42] Define
DAE:=(D+ANE+A)—Afor A= (A, a).

4. Assume that D, £ are Q-Cartier divisors on X. Let n be a natural number such
that nD, n& are Cartier divisors on X. Put DA E := 1(nD A nf).

We say that D A € can be calculated on X, if we do not have to pass to a model
X’ above X to define it. More precisely, this means that there is natural number n
and an effective Cartier divisor A on X such that nD,n€ are arithmetic Z-divisors
of C%-type and the intersection (nD + A) N (n€ + A) is a Cartier divisor on X.
Moreover, if D, E are Q-Cartier divisors on X', we define D A £ using the same

procedure.

Remark 2.3.4. Let X, X’ be F-models with a morphism f : X’ — X', and let
D, & € ADivg(X). If DAE can be calculated on X, then f*D A f*€ can be calculated
on X’. Indeed, it is enough to take a natural number n and a Cartier divisor A on
X as in Definition and consider the pullback f*A on X”.

Lemma 2.3.5. The lattice structure on ADivgy(F') is well defined and does not

depend on the choices in the definition.
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Proof. Fix the notation from Definition We check point by point, that the

procedure does not depend on the choices made.

1. Assume that D, are effective Cartier divisors on X such that D N &€ is an
effective Cartier divisor. We need to show that min(g, h) is a (D N &)-Green’s
function on X'. Let Spec A C X be an open subset where D,E, D N E are given
respectively by d, e, f and assume that x,y,d’, e’ € A are such that d = fd',e =
fe', f = xd + ye. Note that f- (1 — (xzd' +ye’)) =0,s0 f =0 or xd + ye' =1,
as A is an integral domain. If f = 0, then d = ¢ = 0 and this cannot happen.

We must show that the function

min(g(p), h(p)) + log | f)*(p)

extends to a C'-type function on (Spec A)(C). By the assumption we know

that functions
9(p) +log |d|*(p) and h(p) + log |e[*(p)

extend to a C°-type functions on (Spec A)(C). Note that

9(p) +log|d|*(p) = g(p) + log | f|*(p) + log |d'[*(p),

h(p) + log le|*(p) = h(p) + log | f|*(p) + log |€'|*(p).

Thus it is enough to show that for every p € (Spec A)(C) we have |d'|(p) # 0
or |¢/|(p) # 0. However, zd + ye/ = 1, so if d'(p) = €'(p) = 0, then 0 =
z(p)d'(p) + y(p)e'(p) = 1 which gives a contradiction.

2. Assume that D, £ are effective Cartier divisors on X and let X/, X" be F-models
over X where intersections of pullbacks of D, £ are Cartier divisors. Without
loss of generality X" is over X’. Consider open sets Spec C' — Spec B — Spec A
inside X’ — X’ — X respectively, and assume that D, E have local equations
d,e € Aon Spec(A). Assume also, that on Spec B we have (d, e) = (f) for some
f € B. Let x,y,d', ¢’ € B be elements such that d = fd',e = fe', f = xd + ye.
The same equations hold in C' (for pullbacks), so (d,e) calculated in Spec B
and pulled back to Spec C' is the same as (d, e) calculated in Spec C'. Note that
to define the Green’s function for the intersection of pullbacks of D, & on X"
one can take the minimum of pullbacks of g, h to X”, or the pullback of the

minimum of pullbacks of g, h on X”.
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3. Assume that D, & are Cartier divisors on X and let A, B be effective Cartier
divisors on X with D+ A, £ + A effective. Replace X by an F-model X’ over X
where (D + A)N (€ + A) is an effective Cartier divisor. To prove independence
of A in the definition of the lattice infimum (point 3.) it is enough to show that

for any effective Cartier divisor B on X’ we have
(D+ANE+A)-A=(D+A+B)N(E+A+B)) — (A+B).

To ease the notation, replace D+.A4, E+.A by D, £ respectively. We want to prove
that DNE = (D + B)N (€ + B)) — B assuming that D, &, DNE, B are effective
Cartier divisors on X. Let Spec A C X be an open subset where the effective
Cartier divisors from the previous sentence are given respectively by d, e, f,b €
A. Also, assume that Spec A is chosen so that there are z,y,d, e’ € A such
that d = fd',e = fe/, f = xd + ye. Note that then bd = bfd' be = bfe',bf =
xbd + ybe, hence (bf) = (be, bd), which gives the desired result. The fact that
the (DN &)-Green’s function on X does not depend on A follows from the fact
that for real-valued functions g, h, j we have min(g + j,h + j) = min(g, h) + j.

4. Finally, assume that D, & are Q-Cartier and let n # 0 be a natural number
such that nD,n€ are Cartier divisors on X'. Fix a natural number m # 0.
We need to show that using the point 3. of Definition we get (nD) A
(n€) =
that n = 1. By the previous points in this lemma, it is enough to prove that
if D, & are effective Cartier divisors on X with D N & effective Cartier, then
(mD)N(mE) = m(DNE). Let Spec A C X be an open subset where D, £, DNE
are given respectively by d, e, f and assume that x,y,d, e’ € A are such that
d= fd,e= fe';1 =xd + ye' (see point 1. in this lemma). Note that

((mnD) A (mn€)). Replace D,E by nD,n€ respectively, to assume

1
m

L= (o 4y = 3 (M)t P (@ ),

- 2
=0

Thus, from the fact that d™ = f™(d')™, e™ = f™(e/)™, we get that (d™,e™) =
(f™), which finishes the proof. The fact that the (DNE)-Green’s function on X

does not depend on m follows from the fact that min(mg, mh) = mmin(g, h).
O
Recall that in Definition [2.2.23| we have introduced a pairing 3(v,D) between

valuations v on F' and arithmetic R-divisors D € ADivg(X) on an F-model X.
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Lemma 2.3.6. Let v be a valuation on F. If D € ADivg(F), then the value 5(v, D)
does not depend on the F-model on which D is defined. Moreover, the function

B(v, —) has the following properties:
1. it is R-linear,
2. for every D, E € ADivg(F) we have 3(v, D A €) = min(B(v, D), B(v, E)).

Proof. The fact that 8(v, D) does not depend on the F-model follows from the defi-
nition of pullback, see Remark Linearity is clear. To prove the second point,
by Lemma [2.3.5] and R-linearity we can reduce to the following situation. Assume
that D, & are arithmetic Z-divisors on X with D, &, D N & effective Cartier. If v is
Archimedean, the statement follows from the definition, so assume that v is non-
Archimedean. Let p = supp(v) € X and let Spec A C X be an open neighbourhood
of p where D, &, D N E are given by d,e, f € A respectively. Assume additionally
that x,y,d', e/ € A are such that d = fd',e = fe/;1 = xd + ye’ (see point 1. in
Lemma [2.3.5)). We need to show that v(f) = min(v(d),v(e)). Note that

0=v(1) =v(zd +ye') > min(v(z) + v(d'),v(y) + v(e')) > min(v(d"), v(e"))

and
v(d) = v(f) +v(d), v(e) = v(f) + v(€).
Note that if v(d'),v(e’) > 0, then 0 > min(v(d’),v(e’)) > 0, which gives a contradic-

tion. Thus one of v(d'),v(e’) has to be zero, and we get the result. O

Lemma 2.3.7. Let X be an F-model with a closed point in the generic fiber x € X =
Xo. Let D, &, A be arithmetic Z-divisors of C%-type on X such that A, A+ D, A+ &
are effective and (A + D) N (A + &) is principal, so that D A € can be calculated on
X. Assume that z does not belong to the support of any of D, £, A, A+ D, A+ &

and let v be a valuation on k(z). Then
deg, (D A E[{x}) = min(deg,(D|{x}), deg, (€|{z})).
Proof. We skip this proof. It is almost the same as the proof of Lemma, [2.3.6| n

Definition 2.3.8. We denote by LDivg(F') the Q-vector space generated by Q-
vector and lattice operations from principal arithmetic Z-divisors JR/( f), for f € F.
We call these lattice divisors on F. For an F-model X we denote by LDivg(X) the
inverse image of lattice divisors on F' via the natural map ADivg(X) — ADivg(F).
We denote by LDivgy(F), LDiv¢,(X) the subspaces where the corresponding divisor is
0.
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Remark 2.3.9. In the above definition we use the same name and notation as in
Definition . This is because both (divisible) group lattices are canonically isomor-
phic. Indeed, from the universal property, there is a surjective group lattice morphism
from ULatg(F) to the Arakelov lattice divisors LDivg(F) from Definition 2.3.8] Fur-
thermore, by Remark together with Corollary the kernel is the same is
in Definition [[.5.1]

Definition 2.3.10. Let [ be a linear functional on a (real or rational) vector sub-
space of ADivg(F') (resp. Q or R-linear). We call [ a globally valued field functional
(abbreviated GVF functional), if it satisfies the following properties:

e it maps principal R-divisors of C-type in its domain to 0,
e it is non-negative on effective arithmetic R-divisors of C°-type in its domain.

Moreover, we call [ normalized, if its domain contains a pullback of a non-principal
arithmetic R-divisor of C°-type D on Spec(Z) and [ sends it to Ee\g(ﬁ). Here we mean
the arithmetic degree from Theorem or equivalently the arithmetic degree from
Definition [2.2.30} for the arithmetic variety Spec(Z).

Note that this is as in Definition [1.6.3] however here the domain is more general.

Proposition 2.3.11. Let X be an F-model. Then LDiv((X) is a dense subset of

ADivg (X) with respect to the supremum norm.

Proof. Identify ADivy(X) with continuous real-valued functions on X(C)/F,. By

the Stone—Weierstrass theorem (max-closed), it is enough to check the following:
e a constant non-zero function is in LDivg)(X);
o if g € LDiv{(X), then ag € LDivy(X) for a € Q;
e if g,h € LDiv((X), then g + h, max(g, h) € LDivy(X);
e the algebra LDivy(X) separates points of X(C)/Fi.

For a constant non-zero function we can take (TR/(Q) A &Rf(l) The second and third
points are automatic. Now we prove the last point. Fix an embedding X C P} and

assume that X is not contained in any hyperplane. Pick

z,y € X(C) CPL(C)={lz0: - :2)[(Fi=0,...,n)(z #0)}
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which have different conjugation classes. Assume that xo = yo = 1 (possibly after a
change of coordinates of P%). Let i,i" be indexes among 1,...,n such that x; # y;
and Ty # yy. Note that we can without loss of generality assume that i = i. Indeed,
if 7; = y; and xy = y;r, then we can change the coordinates of P so that the new ¢’th
coordinate is a sum of the i’th and ¢"’th coordinate, and other coordinates stay the
same. The new i'th coordinates of x and y become x; + x;,T; + x; respectively, and
they have different conjugation classes as x;, 2y € C\ R.

Let X, ..., X, be the natural projective coordinates on P and denote by f; the
restriction of i((—f) to X, for each j = 0,...,n. This makes sense as X is not contained

in any hyperplane. Let £ be the lattice divisor on F defined by the formula

Pick natural numbers a, b such that the following hold:

£

yital.
yitb |’

zit+a
x;+b

1.

2. for ¢ = a or ¢ = b we have
|z +c| > 1, |z, ..., |2l

lyi +c| > 1|yl [ynl

Such exists by Lemma [2.3.13| with N big enough. Consider the following lattice
divisor on F
D= —(EAdV(f; + a)) + (E Adiv(f; + b))

Let X’ be an F-model over X with D € LDivg(X”’). Let v be a non-Archimedean

valuation on F.

Claim 2.3.12. The equality (v, D) = 0 holds.

Proof of the claim. By Lemma [2.3.6]it is enough to show that

min({v(f;) : j # i} U{v(fi + a)}) = min({v(f;) : j # i} U{o(fi + 0)}),

where j above varies form 0 to n with fy = 1. This follows from the ultrametric

inequality for non-Archimedean valuations. O]
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In particular, the Weil decomposition of D is trivial, hence D = 0 as X’ is normal.
Thus D = (0, g) for some C°-type function g on X’(C). Consider the function H
defined by the formula

—min({—log |z;| : j # i}U{—log|zi+az|})+min({—log|z;| : j # i}U{—log |zi+bz|}),

for [z9 : --- : 2,] € P%(C). Note that it is a C%-type function on P%(C) (it does
not depend on the representative of a point) and it restricts to a C%type function
h := Hl|xc) on X(C). By Lemma and Definition for points p € A’(C)
factoring through the inclusion Spec(F') — &’ (note that those are the same for X

and X’), we have
9(p) = —min({—log|f;[(p) : § # i} U{—log|fi + al(p)})

+min({—log|f;|(p) : j # i} U{—log|fi +b|(p)})
= —min({—log|z|(p) : j # i} U {—log |z + az|(p)})
+min({—log |2[(p) : j # i} U{—log |z + bz|(p)})
= H(p) = h(p),

where the second inequality holds as f; = ))go

g, h are continuous, g must be a pullback of h to X’(C), as those agree on a dense
subset. Thus (0, h) € LDivg(&X'). Moreover, by the choice of a,b we get that

x and for p as above zy(p) # 0. Since

T; +a

h(z) = log P>

# lo

This finishes the proof. O

Lemma 2.3.13. Let z # y € C be such that Im(x), Im(y) > 0. Let N be a natural

number. Then there are natural numbers a,b > N such that

T+ a
Tz +b

y+a
y+b

d

Proof. Skipped. u

Lemma 2.3.14. Every GVF functional
ADivg(F) - R
extends uniquely to a GVF functional
ADivg(F) — R.
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Proof. By Lemma we get the uniqueness. For existence, use Proposition
to get surjectivity of the natural map ADivg(F) ® R — ADivg(F') and for the fact
that the real span of the image of the effective cone of ADivg(F') spans the effective
cone in ADivg(F). O

Lemma 2.3.15. Let D be a Q-Cartier divisor on an F-model X'. Then there exists
an F-model X" over X and an a D-Green’s function g on &X” such that (D,g) €
LDivg(X’).

Proof. By presenting D as a rational number times a difference of two very ample
Cartier divisors, we can reduce to the case where D is very ample. In particular it
is globally generated. Pick a basis fi,..., f, € H(X,D) of rational functions with
poles at most given by D.

Claim 2.3.16. D+ A\, div(f;) =0.

Proof of the claim. Recall that for a Cartier divisor D by rational functions with poles

at most given by D we mean
H(X,D) ={0}U{f € r(X)|D+div(f) > 0}.

Note that {D+div(f) | f € H*(X,D)} is the set of effective Cartier divisors linearly
equivalent to D. The fact that O(D) is globally generated implies that for every
p € X there is € € {D +div(f;) | i« = 1,...,n} such that p € £. Thus the ideal
defining & is (1) at p. Since p was arbitrary, we get that the sum of ideals of effective
Cartier divisors & = D + div(f;) is (1). By the definition this means that (possibly
passing to a blowup X’ of X)

0= A (D+div(f)) =D+ N div(f).

i=1,....,n i=1,....,n
which finishes the proof of the claim. m
Thus, we can put D := — A}, (Tl:f( /i) and this gives a desired D-Green’s function
gon X' O

Proposition 2.3.17. Every GVF functional
LDivg(F) — R
extends uniquely to a GVF functional
ADivg(F) — R.
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Proof. Let [ : LDivg(F) — R be a GVF functional. By Lemma it is enough
to show that [ has a unique extension to ADivg(F). Pick D € ADivg(F) and let
X be a generically smooth, normal, arithmetic variety with x(X) ~ F such that
D € ADivg(X). Let D = (D,g) on X. By Lemma (possibly replacing X by
an F-model over it) there is a D-Green’s function ¢’ on X with (D, ¢') € LDivg(X).
The value of I on (D, ¢’) is determined, so it is enough to define (and show uniqueness
of) the value of the extension at (0,9 — ¢') € ADivg(X). Let h be the continuous
extension of g — ¢’ to X(C). By Proposition there is a pair of Green’s functions
for the 0 divisor ¢q, go on X such that:

® 0 S h S g2,
e 0<g—g1 <g,
4 (0791)7 (0792) € LDIVQ(X)

To find these Green’s functions, take g; approximating h — };5 up to 1—115 and similarly
with ¢go. Hence, any GVF extension of [ assigns a value between {((0, g1)) and [((0, g2))
to (0,h). Moreover,

[1(0, 92)) = 1((0, 1)) | = [1((0, g2 — g1))| < €[1((0, 1))].

Take a sequence ¢, — 0 and for each &, pick (g1)n, (g2), as above, such that (g1),
is increasing and (gs2), is decreasing (one can do it since LDivg(F') is closed under
maximum and minimum). For any GVF extension of [, we must have {((0,h)) =
lim, 1((0, (g;)n) for i =1,2.

This proves that if an extension exists, it has to be given by the above construc-
tion. To prove existence one can either show that the above definition gives a GVF
functional, or use the Riesz extension theorem (i.e., Theorem to get one. [

Corollary 2.3.18. There is a natural bijection:
{GVF functionals ADivg(F) — R} «— {GVF structures on F'}
I — (Ry(a) :=I(Dy(a))),
where Dy(a) = t(cTi:/(a)) if a is a tuple from F* and ¢ is a Q-tropical polynomial.

Proof. As indicated in Section [I.8] this follows from Theorem and Proposi-
tion [2.3.17] (see also Remark [2.3.9)). O
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Remark 2.3.19. One can generalise the above corollary to an arbitrary character-
istic zero field F. Indeed, recall that we call a generically smooth, normal arithmetic
variety X an F-submodel, if it is equipped with a fields embedding x(X) — F (as
in Section . We equip F-submodels with a category structure where a morphism
X — Y is a dominant map of arithmetic varieties that respects the field embeddings
into F'. Then we put
ADivg(F) = @ADiVR(X),

where the limit is taken over the category of F-submodels with pullback maps on
arithmetic R-divisors of C°-type. A linear functional [ : ADivg(F) — R is called a
GVF functional, if the natural restriction to ADivg(X) is a GVF functional for all
F-submodels X. In this case ADivg(F') also has a lattice structure. Moreover, there

is a natural bijection
{GVF functionals ADivg(F) — R} <— {GVF structures on F'}
L — (Ry(@) := (Dy(a)))

Q-tropical polynomials ¢

where D,(@) = t(div(ay), ..., div(a,)) if @ = (ay, ..., an).

2.3.2 Existential closedness of the algebraic numbers

In this section we prove the existential closedness of the algebraic numbers (with

the standard GVF structure). Let us start with setting some notation.

Example 2.3.20 (Number fields). Let K be a number field with the integer ring
Ok. Then, for f € K* we have the following product formula
> ordy(f) log#n(p) + Y —loglo(f)| =0,
pESpec(Ok) o:K—C
where in the first sum we only take closed points and the second sum is taken over

embeddings of fields. This yields a GVF structure on K induced by the measure

po= [Kl 0 ( Z Sord, - log #r(p) + Z 5—loga(—)>'

peSpec(Ok) o:K—C

This GVF structure is unique up to multiplication by a positive scalar by Lemmall.10.2]
We denote it by K[1]. It extends the GVF structure on Q given by the same formula.
The composition of all finite extensions of QQ yields the standard GVF structure on
Q denoted Q[1]. Note that this GVF structure is Galois-invariant, i.e., if @, @ lie in
the same Galois orbit, then R;(a@) = R:(@’') for any Q-tropical polynomial ¢ of the

corresponding arity.

128



In Definition |1.12.1| we defined existential closedness for a general (discrete, un-
bounded) continuous logic structure. In the context of globally valued fields (with
the local terms presentation as in Definition [1.7.1)), this specialises to the following.

Definition 2.3.21. Let F' be a GVF. It is existentially closed, if for any GVF
extension ' C K and for any finite tuple @ in K the following condition holds: if
fi,oooy fm € F(T) and g1, ..., gn, h € F[T] satisfy

Ry (fi(@)) =ri fori=1,...,m;

91(@) = -+ = gn(a) = 0; (2.3)
h(@) # 0;
for some Q-tropical polynomials tq,...,%,,, then for any € > 0 there is a tuple @ in
F' such that
|Ry., (fi(@)) —ri| <efori=1,...,m;
g1(@) = -+ = gn(@) = 0; (24)
h(a") # 0.

Note that by Proposition [1.10.5] (just by the existence part) an existentially closed
GVF must be algebraically closed.

Definition 2.3.22. Let F' be a finitely generated extension of Q and fix an F-model
X. Let Dy,...,D,, be arithmetic Q-divisors of C%-type on X, and t be a Q-tropical
polynomial. We say that the inductive definition of t(D1,...,D,,) can be calculated

on X, in the following cases:
e when t(zy,...,z,) = x;, we always say so;

e when t = a - t/, we say so if the inductive definition of ¢/(Dy,...,D,,) can be

calculated on X;

e when t = t; + t5, we say so if the inductive definitions of
t1(D1,..., D), ta(Dy, ..., D)
can be calculated on X;
e when t = t; A ty, we say so if the inductive definitions of
D:=t,(D1,...,Dp),E =t3(Dy,...,Dy)
can be calculated on X, and D A € can be calculated on X.
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Lemma 2.3.23. Let F' = Q(a) be a finitely generated extension of Q and let X be an
F-model. Let D = t(d/i:/(fl (@)),... ,&Rf(fn(a))) for some Q-tropical polynomial ¢ and
some rational functions f1,..., f, € Q(y) (where 7 are some independent variables).
Assume that the inductive definition of D can be calculated on X. Let x € Xy be a

sufficiently generic closed point. Then

hp(2) = Re(f1(@)], - -, fu(@)]2),

where on the right hand side, f;(@)|, is the evaluation of the rational function f;(a)

at x for every i = 1,...,n, and R; is calculated with respect to the GVF structure

k(z)[1].

Proof. Let p be the standard GVF measure on Val,(,) as described in Example [2.3.20
and let f = (f1,..., fn). We calculate

R(F@).) = / H(F(@).))dv = / H(F@)2))diu(w).

Val,i(z)

By Lemma [2.3.7 and induction, for a sufficiently generic x we get the equality with
| @ OEhdu(w) = o)
ValR(,c)

where the last equality holds by Lemma [2.2.31} [
Theorem 2.3.24. Q1] is an existentially closed GVF.

Proof. We start with the following reduction.

Claim 2.3.25. To prove existential closedness of Q[1] it suffices to prove the following
statement:

(*) For every finitely generated GVF extension Q[1] C K generated by a tuple @,
if @ satisfies Equations in Definition (with £/ = Q), then for any ¢ > 0
there exists a tuple @ in Q[1] satisfying Equations .

Proof of the claim. Let Q[1] C K be a GVF extension and let @ be a tuple in K.
Assume that it satisfies Equations (2.3 from Definition (with F = Q). Let b
be an element in Q such that f;, g;, h are defined using parameters from Q(b) for all
i,7 as in Definition [2.3.21] Fix ¢ > 0. Use the condition (*) for the finitely generated
extension Q[1] C Q(b, @) to get a tuple (V',a’) satisfying Equations (but with ¥/
replacing b in all functions f;, g;, h). Moreover, by adding some equations over Q, we

can assume that the minimal polynomial of 4" is the same as that of b. Let o be an
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automorphism of Q taking ¥’ to b. Since the GVF structure Q[1] is Galois-invariant

(see Example [2.3.20) the tuple o(@’) satisfies Equations ([2.4), which finishes the proof
of the claim. O

We prove (*) for a finitely generated GVF extension Q[1] € F = Q(a). By
uniqueness of finite GVF extensions of Q[1], we can assume that F' is not algebraic
over Q. By Corollary 2.3.1§ a GVF structure on F' corresponds to a GVF functional
[ : ADivg(F) — R. Continuous logic predicates in Equations correspond to some
finite family D, ..., D,, € LDivg(X) on some F-model X with I(D;) = R;,(f,(a)).
By possibly passing to a different F-model, we can assume that the inductive defini-
tions of these lattice arithmetic Q-divisors of C°-type can be calculated on X. We
can do this by Remark [2.3.4] Fix ¢ > 0. As F is of transcendence degree at least 1
over Q, we can use Theorem to find a closed point z € Xy satisfying

b () = 1(Dy)| < e fori=1,...,r

and being sufficiently generic so that one can apply Lemmal2.3.23| By putting@ = a|,

we get

R,(F.(@)) = Ry, (F.(@)],) = hp, () for alli =1, 7.

This finishes the proof of (*) and hence proves that Q[1] is an existentially closed
GVF. =

2.3.3 Essential infimum and GVF functionals

For this subsection, let F' be a finitely generated extension of () and let X be an
F-model. Assume that the transcendence degree of F' over Q is d (in particular X is
of dimension d + 1).

Theorem 2.3.26. (M.Riesz extension theorem) Let K be R or Q and work in the
category of K vector spaces. Let E be a vector space, W C E be a subspace, and let
K C FE be a convex cone. Assume that a linear functional [y : W — R non-negative
on W N K is given. If the condition

ECK+W

is satisfied, then there exists an extension [ : £ — R of ¢, non-negative on K.
Moreover, [ is unique, if for each ¢ € E and ¢ > 0, there are w,w’ € W with

w—e,e—w €K and lp(w —w') < e.
Proof. This is classical. For a proof, see [I1, Lemma 5.§]. ]
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Corollary 2.3.27. Let V be a real vector subspace of ADivg(F') containing a big

arithmetic R-divisor D of C%type. Assume that we are given a GVF functional
lo:V—=R
Then there exists an extension Iy C [ : ADivg(F) — R to a GVF functional .

Proof. Let W be the image of V' under the projection 7 : ADivg(F) — Nl(F)
Note that [, factors through W as it is a GVF functional. Use Theorem (the
existence part) with E = N'(F) and K being the image of the cone of effective
arithmetic R-divisors of C%-type under 7. Take a class of an arithmetic R-divisor of
C%type € on an F-model X. Note that by Theorem [2.2.54] for a natural number n
we have (possibly by passing to a different F-model)

— —~ 1—
vol(nD + &) = n*vol(D + =€),
n

and lim,, \781(5 +18) = ;\01(1_)) > 0, so for n big enough F := nD + £ is big. In
particular by Lemma [2.2.40]its 7 image is in K. Note that

& =F + (-nD),

and by the fact that 7(€) € E was arbitrary, we get an extension function N YF) >R
non-negative on classes of effective arithmetic R-divisors of C°-type. By composing

it with m we are done. ]

Corollary 2.3.28. Let Dy, ..., D, be arithmetic R-divisors of C’-type on X with
Do = (div(2),0). Denote by V the real vector space generated by Dy, ..., D, and

assume that one of Dy, ..., D, is big. Fix ¢ > 0, a closed strict subscheme Z C X =
X ® Q, and a normalised GVF functional

[:V =R,
Then there exists a closed point x € X \ Z such that for alli =0,...,n
i (2) = (D) < =.

Construction 2.3.29. Let B be a big arithmetic R-divisor of C*-type on an F-model
X’. We define a linear functional Iz : ADivg(F') — R by the following formula.

ZE : ADIVR(F) —R
= ((¢"B)") - €,
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where € is an arithmetic R-divisor of C%-type on ¢ : X" — X’. By Lemma [2.2.46| I3
is well defined. Moreover, by Theorem we have

s = 1 vol(¢"B + t€) — vol(¢°B)

But for effective £ and t > 0 we have \70\1(¢*B +t€) — \70\1(¢*B) > 0, see the proof of
Lemma [2.2.40, Thus I5(£) > 0 and so I is in fact a GVF functional. Note that if B

is nef, then I5(€) = (¢*B)? - € by Remark [2.2.53]

Lemma 2.3.30. Let D be an arithmetic R-divisor of C°-type on X. Then D is
pseudo-effective if and only if the following holds.

For all GVF functionals [ : ADivg(F) — R we have [(D) > 0.

Moreover, D is principal if and only if it satisfies the following.

For all GVF functionals [ : ADivg(F) — R we have {(D) = 0.

Proof. We start with the first characterisation. Assume that D is pseudo-effective
and let B be a big arithmetic R-divisor of C%-type. Then for every § > 0 we have
;(;1(7_3 +6B) > 0, so if [ is a GVF functional on ADivg(F) we have

(D) = lim (D + 0B) >0,

6—0t

where the last inequality follows from Lemma [2.2.40, On the other hand, if D is
not pseudo-effective, by Theorem [2.2.47| there is an F-model 7 : X’ — X with a nef
arithmetic R-divisor H such that H - 7D < 0. By Construction [2.3.29} | = I3 is a

GVF functional, and it satisfies [(D) < 0 which finishes the proof.

To prove the other characterisation, it is enough to prove that if all GVF func-

tionals vanish on D, then D is principal. Note that by the first part of the lemma we
get that D is pseudo-effective. Now the result follows from Theorem [2.2.47| and the

proof of the first characterisation. n

Remark 2.3.31. Fix the notation from Lemma and let Dy = (div(2),0).
Note that in both characterisations we could in fact check the corresponding condition
only for normalised GVF functionals. Indeed, assume that the first condition holds for
normalised GVF functionals on ADivg(F'). Take any GVF functional [ : ADivg(F) —
R. If [(Dy) # 0, we can rescale it (using a positive scalar as Dy is effective) to be
normalised, so I(D) > 0. If I(Dy) = 0, we can take any normalised GVF functional {’

on ADivg(F) and if we had (D) < 0, then for n big enough (I’ 4+ nl)(D) < 0, which

gives a contradiction.
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By unravelling the proof of the first part of the below theorem, one can see that
it is essentially the same as the proof of [64, Theorem 4.6] (but using Theorem [2.2.14
instead of [64, Theorem 3.9]). We decided to include this theorem here to underline

the new interpretation of ¢ using GVF functionals.

Theorem 2.3.32. [64) Theorem 4.6] Let D be an arithmetic R-divisor of C%-type
on X. Then

¢(D) < inf{l(D) : | is a normalised GVF functional on ADivg(F)}.
Moreover, if Dg is big, this is an equality.

Proof. For the first part, assume that there is a normalised GVF functional [ :

ADivg(F) — R such that (D) = r. Fix a closed strict subscheme ) C X and
€ > 0. By Theorem there is a closed point x € X = Xy such that x € J and
|h(x) — I(D)| < . We can use the theorem because [ is normalised. Since ) was
arbitrary, we get
((D)=sup inf hg(z)<r+e.
ycx zexX\y(Q)
As [ and € were arbitrary, we get the desired inequality.

For the other part, by Lemma [2.2.63| (using bigness of Dg) we have

¢(D) > sup{r: D — % - Dy is pseudo-effective},
0g

for Dy = (div(2),0). By Lemma [2.3.30| we know that for any fixed r € R

D - Dy is pseudo-effective

B log 2
if and only if for all GVF functionals [ : ADivg(F) — R we have [(D — = - Dg) > 0.

log2
Note that for a normalised GVF functional [ : ADivg(F) — R we have

- r _

(D Do) =1(D) -,

B log 2
so this expression is > 0 if and only if /(D) > r. By Remark [2.3.31| we get that

¢(D) = sup{r : (V[)(I(D) = )},

where we quantify over all normalised GVF functionals | on ADivg(F). This gives

the desired equality in the case where Dy is big. O]

As a corollary one gets [64, Theorem 1.4] which is equivalent to [3, Corollary 4.2]

without the semi-positivity assumption.
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Corollary 2.3.33. [64, Theorem 1.4] Let D be an arithmetic R-divisor of C-type
on X with Dg big and let Dy = (div(2),0). Then

((D) =sup{r: D — g2 D, is pseudo-effective}.

Proof. Note that by Lemma [2.2.63

r o —

Do) > 0,

((D)>r <= ¢((D- o2

which by Theorem 2.3.32]is equivalent to the inequality inf, (I(D) — ;5) > 0 where the

infimum is taken over all normalised GVF functionals on ADivg(F'). By Lemma/2.3.30
this is equivalent to D — @T)O being pseudo-effective, which finishes the proof. [J

Construction 2.3.34. Let D € ADivg(F) be big. Note that then Dg is big by
Lemma 2.2.400 Let o

vol(&)
(d+ 1) vol(&y)
for £ € ADivg(F) with big £&. Note that it is well defined since both vol and vol
are invariant under birational pullbacks (see Lemma and [49] for vol). By
differentiability of vol from Theorem and differentiability of vol proved in [15,

Theorem A| we get a linear functional

p(€) =

Dyy : ADivg(F) — R

which is the Gateaux derivative of ¢ calculated on an appropriate F-model. This
linear functional is normalised and zero on principal arithmetic R-divisors of C%-type,

but is not necessarily a GVF functional.

Lemma 2.3.35. Let D be a big arithmetic R-divisor of C°-type on X. Then there
exists a normalised GVF functional [ : ADivg(F) — R such that ¢(D) = (D).

Proof. We give two proofs. First, we can find a sequence of normalised GVF func-
tionals I, on ADivg(F) with lim, 1,(D) = ((D) by Theorem [2.3.32| Pick a bound
C > 0 such that [,(D) < C for all natural n. Let £ € ADivg(F). As in the proof of
Corollary take a natural number m such that mD — £, mD + £ are big. Then

for all GVF functionals [ on ADivg(F') with (D) < C' we have

—Cm <1(€) < Cm.
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Denote by m = mg a number suitable for £. We get that the set of normalised GVF

functionals | on ADivg(F') with {(D) < C embeds as a closed subset into

H [—C'mg, Cmyg].
E€ADivg(F)
This product is compact, so we can find a subnet of (I,),en converging to a desired
normalised GVF functional.
Another way to construct such a normalised GVF functional is to consider the
vector space V generated by Dy = (div(2),0) and D in ADivg(F). Next, define

on V by putting [(Dy) := log(2),!(D) := ¢(D). By Corollary [2.3.33| we get that [ is
a GVF functional, and by Corollary [2.3.27| it has an extension to ADivg(F’), which
finishes the second proof. n

Theorem 2.3.36. Let D be a big arithmetic R-divisor of C%-type on X. Consider

the statements:

(2) Dpyp is a GVF functional;
(3) the infimum

((D) = inf{l(D) : I is a normalised GVF functional on ADivg(F)}
is achieved at the unique normalised GVF functional;
(4) ¢ is Gateaux differentiable at D in every direction.
Then (1) <= (2) = (3) <= (4).

Proof. Let €& € ADivg(F). Note that for small real ¢ the arithmetic R-divisor of
C%type D + t€ is big. Let Iy be a normalised GVF functional on ADivg(F) with
lo(D) = ¢(D). Such exists by Lemma [2.3.35/ For real ¢+ > 0 small enough we then

have . o . _
((D—i—té‘)—C(D)<50(D+t5)—lo(D):lo<g)_ (2.5)
t - t

To get the above inequality we use Theorem [2.3.32] Now we pass to proving equiva-

lence of the conditions in the theorem.

(1) = (2) : Assuming (D) = ((D), by Theorem we get
p(D+1t€) — (D) _ ((D+1tE) —((D)
t

p <1y(&).

<
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Taking t — 07 we get that Dxp < ly, but since they are linear (in particular odd)
this implies that D¢ = [y is a GVF functional.

(2) = (1) : From Theoremwe then get that (D) < Dzp(D) = (D) which
together with Theorem [2.2.64] gives the equality.

(1) = (4) : From the proof of (1) = (2) we get that

((D+1t&) - (D)

Io(€) = Dp(€) < i
0(€) = Dpp(€) < lim
For the negative t replace £ by —€&.

(4) = (3) : By taking the limit ¢ — 0 in Equation (2.5 we get

D5((E) < 1o(€).

Since both maps are linear, we get D¢ = [y, hence the uniqueness of [y follows.

(3) = (4) : Let V be the real vector subspace generated by Dy = (div(2),0),D, &
in ADivg(F). If the classes of Dy, D, € are linearly dependent in N L(F), then differ-
entiability of ¢ at D in direction & follows from Lemma and Lemma .
Assume that those classes are linearly independent. Let V* be the (euclidean) clo-
sure of the big cone in V and pick a hyperplane P in V containing Dy, D, such that
Q := PNV is a compact convex set. This is possible as V' does not contain a line.
By assumption and Theorem [2.3.26] we know that [y restricted to P is the unique

affine function [ on P having the following properties:

e [(Dy) =log(2),

o I(D) =((D),
e [ is non-negative on Q).

Consider the function f(t) = ¢(D + t€) on a neighbourhood of 0. It is concave by
Lemma We now show that if f is not differentiable at zero, then we can find
a different affine function [ having the listed properties. By moving the hypersurface
P and rescaling Dy, D, £ we can without loss of generality assume that Dy, D, € € P.
In other words

P={aDy+bD+c€:a+b+c=1}

Fix coordinates on P so that Dy is the zero and the basis vectors are e; = D—Dy, €5 =
€ —D,. Consider the function

g(e) :=sup{r : D + ey + re; is pseudo-effective}.
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There is a positive ¢ such that g : (—¢,¢) — R is a concave function, as () is a compact

convex set. Note that
D+eey+rey = (1+7)D+e€ — (r+¢)Dy.

By Corollary we know that D + ces + re; is pseudo-effective if and only if
¢ (Z_)—I— geg +rey) > 0, which by the above calculation and Lemma is equivalent
to

((D+ceey+rer) =C((1+7)D+e€) — (r+¢)log(2)

= (1+7r)(D+

) — (o) log(2) = (14 1) f (=) = (r+ ) log(2) 2 0.

The supremum of r where this quantity is non-negative is achieved when we have the

equality with zero, so we get the functional equation

(1 4+ 9N S ) — (900) + ) log(2) = 0.
Thus o)+
€ _ gle)+e¢

Note that ¢(0) is strictly positive as \751(5) > 0. If g was differentiable at 0, then f

also would be, as

5 o 9(5)+5 _ 9(0)
f(1+g(a)') f(0) — 1og(2) 1+g(e)  1+¢(0)

1+g(e) 1+g(e)

Thus ¢ is not differentiable at 0. This means that there exist two different lines X, X5
on P such that X;NQ = {D + g(0)e;} for i = 1,2. Consider affine functions /;, I, on
P determined by the following conditions

e [; vanishes on X,

o 1,(Dy) = log(2),

for i = 1,2. Note that such functions exists by Corollary 2.3.33] Moreover, they are
non-negative on (), since they are affine, their zero sets are supporting lines for @,
and they are positive on a point Dy in (). This gives a non-uniqueness of Iy, which
finishes the proof. n

Question 2.3.37. What is the set of all arithmetic big R-divisors of C°-type D with
D5 (¢ Gateaux differentiable?
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Before the next lemma, note that if x € Xy is a sufficiently general closed point,
then for £ € ADivg(F) one can make sense out of hz(). Indeed, if £ € ADivg(X”) for
some F-model ¢ : X’ — X, then if z is in the open subset where ¢ is an isomorphism,
we can define hg(x) := hg(¢~'(z)).

The below lemma follows the lines of [I8, Lemma (8.2)] or [23, Section 5| and

proves that differentiability of ¢ is enough for equidistribution (over all places).

Lemma 2.3.38. Let D be a big arithmetic R-divisor of C%-type on X. Assume that
(Zn)nen 1s a sequence of closed points in the generic fiber of X' which converges to
the generic point. If ¢ is Gateaux differentiable at D in directions £, —€ € ADivg(F)

and
lim hz(z,) = ¢(D),
then

Proof. Let t > 0 be a real number. We calculate

hs .z (x,) — hp(x,
lim inf hg(z,) = lim inf D412(2n) — hp(2 )
n—00 n—00 t

Note that liminf, e hp_ iz () > (D + t€) and liminf, . hp(x,) = (D). Thus

we get
lim inf hmtf(%)t— hp(2s) s D+ t€t) — D)

Taking the limit ¢ — 0% we have

liminf hg(7,) > D5C(E).

n—oo

Replacing € with —& we get

lim sup hg(z,) < D5C(E).

n—oo

Together those inequalities give lim,, hz(7,) = D5((£) which finishes the proof. [

Definition 2.3.39. Say that D satisfies logarithmic equidistribution, if for any generic
sequence x,, € X(Q) with hgz(x,) — ¢(D), if £ is any arithmetic R-divisor of C%-type

on an F-model, then lim, hg(x,) exists and does not depend on (z,,)nen.

Corollary 2.3.40. Let D be a big arithmetic R-divisor of C°-type on X. Then D

satisfies logarithmic equidistribution, if and only if ¢ is Gateaux differentiable at D.
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Proof. Lemma proves the implication from right to left.

On the other hand, if D does not satisfy logarithmic distribution, then there are
generic sequences (T, )nen, (7),)neny and an arithmetic R-divisor of C%-type £ on an
F-model, such that

lim h () = lim hp(z;,) = ¢(D)
and
liin he(x,) # 1171111 he(z),).

In particular, there are two different GVF functionals on the linear span of D, € in
ADivg(F) so Theorem [2.3.26| and Theorem [2.3.36 finish the proof. O

The bigness condition was recently relaxed in [4]. Moreover, the authors made
progress towards Question [2.3.37| by finding new criteria (e.g. [4, Theorem 6.1]) for

differentiability of the essential infimum (.
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Chapter 3

Continuity of heights

This chapter is based on the paper [28] joint with Pablo Destic and Nuno Hultberg.
Some changes are made, to incorporate the contents of the previous chapters (mostly
i the introduction and Section . The author’s contributions to this project
consist of proving the quantifier-free definability of the arithmetic intersection pairing
through the connection with adelic curves, and of the idea of using this definability to

attack the Gualdi’s conjecture. The paper has been submitted to a journal.

3.1 Introduction

In classical algebraic geometry Bezout’s theorem states that generically the intersec-
tion of n hypersurfaces of degrees dy, .. ., d, in P" is of degree d; . . . d,.. More generally,

degrees of fibers in a flat family do not vary.

Theorem 3.1.1 (Corollary IIT 9.10 [39]). Let X — S be a flat projective family of
varieties over a field K of relative dimension d. Let £ be a line bundle on X'. Then,

the degree of the fibres deg,(X;) is locally constant.

In particular, the map s — deg,(&X;) is a continuous function on S with the
Zariski topology. The same result is implied for the intersection of d different line
bundles. In this work, we study an arithmetic variant of this ‘continuity’ of degrees.
More precisely, we prove that arithmetic intersection numbers parametrized over a
base form a quantifier-free definable formula in the theory GVF. Let us introduce
some notation to explain this statement.

One can associate to a finite type scheme S over a GVF K, a locally compact
Hausdorft space Sqyr, consisting of GVF quantifier-free types concentrated on S.
We call it the GVF analytification of S. Note that for K = Q, a generic sequence
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s; in S(Q) C Sgvr converges to a point in Sgyr if and only if the value hyz(s;)
converges for every adelically metrized line bundle M on S. In Definition , for
a flat family X — S over a GVF K, we introduce the group of global line bundles
on X over S. Every embedding j : X — P§ over S, induces a global line bundles on
X over S. Following [84], we define semipositivity and integrability in this context.

For example, the group of globally integrable line bundles on X" over S is denoted

by lgi\cgt(X /S). In Proposition [3.3.22| we define an intersection paring on tuples of

globally integrable line bundles, and we prove the following.

Theorem 3.1.2 (Theorem [3.3.1). Let X — S be a flat projective morphism of finite
type schemes over a GVF K of relative dimension d. Let Lo, ..., Ly € P/’i\cgt(X /S).
Then, the map

SGVF — R
S d/%(ZOa SR ,Zd|X5)

1s continuous.

Equivalently, this means that the intersection product ge\g(zo, o, L4|Xy) (for
s € S(F) with K C F being a GVF extension) can be defined by a quantifier-free
formula in the GVF language, with parameters from the base-field K. We believe
that this fact may be important in axiomatizing the model companion of globally
valued fields (if it exists). To see how the intersection pairing is defined in the case
of globally integrable line bundles coming from embeddings into projective spaces,
see Outline . In particular, the above theorem (more precisely a version where
we do not fix a GVF structure on K, but only fix a uniform bound on A(2 : 1))
generalises Silverman’s Height Limit Theorem [69, Theorem B| from limits of heights
of points from a section of an abelian family, to limits of heights of cycles in such
family. Another immediate application (that also uses the existential closedness of
Q) is the density of the Faltings height above its essential infimum, see Section m
for more details.

For the benefit of Arakelov geometers reading this thesis, let us phrase a version
of the ‘continuity of heights’ over Q that does not use globally valued fields in the

statement.

Theorem 3.1.3. Let 7 : X — S be a surjective morphism of projective varieties over
Q, generically of relative dimension d. Let (s;); be a generic sequence of points in

S(Q) such that for every adelic line bundle M on S the value h3(s;) converges. Let
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Lo, ..., Lg be integrable line bundles on X'. Then, the arithmetic intersection number
on fibers
deg(fo .. fd|2(sl)

converges. Its limit can be described as a certain arithmetic intersection number over
a GVF.

Moreover, if hyz(s;) converges to L1 for some arithmetically nef line bundle
L and every adelically metrized line bundle M, then ge\g(fo ... Lg|X,,) converges to

the intersection number (7*L) ™S L, ... Ly.

The moreover part of the theorem corresponds to Proposition [3.3.26], and is essen-
tially due to Chen and Moriwaki [25, Proposition 4.5.1|. Equidistribution theorems
in Arakelov geometry provide us with various examples of sequences to which the
above theorem can be applied. We note in particular Yuan’s equidistribution in the
form of [I8, Lemma 8.2] gives such examples.

As an application, we look at heights of complete intersections of hypersurfaces
twisted by generic tuples of roots of unity in a toric variety. The starting point of our
considerations is [33], where a formula was given, for the height of a single hypersurface
in a toric variety, with respect to a semipositively metrized toric divisor. However,
Roberto Gualdi observed in his thesis [32] that it is not possible to extend a result of
the same nature to an intersaction of more than one hypersurfaces. In fact, he gives
examples of polynomials with the same associated arithmetic data, defining cycles of
differing heights. As a remedy to this issue, he suggested to consider average heights
of cycles with prescribed arithmetic data and formulated the following statement,

which we prove in this article, as a conjecture.

Theorem 3.1.4 (Theorem [3.4.5)). Let fi,..., f,, be Laurent polynomials in n vari-
ables with coefficients in a number field K and let T be a proper toric variety with
torus T = G™ C T. Denote by V; the hypersurface defined by f; and by p; its Ronkin

function. Let (Cij,...,Gn,;); be a generic sequence of small points in T™ for the Weil
height and let Dy, . .., D,_,, be semipositive toric adelic divisors on T with associated
local roof functions 6, ..., 0,—m.. Then,

lim ae\g(ﬁo, ooy Dy | CVim NG Vin)

Jj—00

= Z Ty MIM<00,U7 Ce ,Qn_mﬂ,, p\1/7 e 7p;7/1)

VEM
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The original conjecture can be found in [32, Conjecture 6.4.4]. Let us unravel
the statement of this theorem. Assume for simplicity that 7' = P*,n = m and D,
corresponds to the Weil projective height. For each place v on K, 6, py, ..., p,, are
concave functions on some compact convex sets (depending on the place v) contained
in R™ identified with the character lattice M of T = G™ tensored with R (in particular,
it has a natural Haar measure dm of covolume one). The function MI,, is multilinear
with respect to the sup-convolution of concave functions (an operation on concave

functions that generalises the Minkowski sum) and satisfies

MI(, . .0) = (n+ 1)!/ O(m)dm.
A

The Ronkin function of a Laurent polynomial f (with respect to a place v) is defined

as a function py : Ng — R given by

= [ losl(@)don(o)

where N is the co-character lattice of T and trop : T3" — N is the tropicalization
map (so if v is the real place of Q it corresponds to taking — log’s of absolute values of
coordinates on the tori (C*)"), and o, is a natural probabilistic measure on trop~*(u)
(The Haar measure in the archimedean case, and the Dirac delta at the Gauss point
in the non-archimedean place). Legendre-Fenchel duality associates with py its dual
p]Vc which is supported on the Newton polygon of f inside Mg. Thus, the equation
from the conjecture describes the limit heights of twisted intersections as a sum of
contributions from all places, of local convex theoretic data. Mixed integrals and
further convex geometry tools are discussed in more detail in Section [3.2.4]

Roberto Gualdi and Martin Sombra have together proved partial results towards
the conjecture. In [34] they prove the above result in the case T'= P? m = 2 and
fi(z1, z2) = fa(x1,x2) = 1 + 22 + 1. Moreover, for this example, they compute that
both sides of the identity in question are equal to the intriguing value %83 They have
also solved the m = 2 case of the conjecture in [35]. Their methods fundamentally
differ from ours. In particular, their approach relies on local logarithmic equidistribu-
tion as in [29] while we modify the problem in such a way that we can apply Yuan’s
equidistribution theorem from [&1].

The structure of this chapter is the following. In Section we introduce glob-
ally valued fields, GVF analytifications, and give some examples. We also present
necessary notions from Arakelov geometry of toric varieties. In Section we use

the theory of adelic curves to define the intersection product over arbitrary GVF and
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prove Theorem [3.3.1] We also prove Theorem which relates global integrable
line bundles (in our new sense) to integrable adelic line bundles over a number field
(in the sense of Zhang). In Section we use the previous results and perform cal-
culations which allow us to conclude with Theorem [3.4.5] In Appendix we prove
an estimate on a variant of the Mahler measure of a polynomial, needed in the proof
of Theorem [3.3.1] We believe this is known to experts, however we could not find a

suitable reference. The appendix is self-contained and elementary.
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3.2 Preliminaries

This section will serve both to recall definitions and theorems, as well as to state and

prove technical results related to the definitions just recalled.

3.2.1 Zhang divisors

Let F be a field. Recall that GVF structures on F correspond to G VF functionals,
which are linear functionals
[ : LDivg(F) - R

that are non-negative on the positive cone, and are zero on principal lattice divisors.
Assume that F' is a finitely generated extension of Q. In that case, LDivg(F)
embeds into
ADivg(F) = liﬂADin(X),
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where ADivg(X) is the group of arithmetic Q-divisors of C%-type on X, and the union
is taken over the system of all arithmetic varieties X (i.e., normal, integral, flat and
projective over Spec(Z)) with an isomorphism x(X') ~ F. Moreover, ADivg(F') has a
(divisible) group lattice structure extending the group lattice structure of LDivg(F').

Let X = (X,mx) be a projective scheme over Q with a fixed isomorphism 7y :
k(X) — F. To avoid confusion, we use the name Zhang divisors/Zhang line bundles
for Cartier divisors on X equipped with adelic Green’s functions/line bundles with
adelic metrics, in the sense of [I8, Remark (4.8)| (originally defined by Zhang [85]).
Recall that a v-adic Green’s function g, for a divisor D on a variety X, is a continuous
function g, : X3 \ supp(D) — R such that if U C X is a Zariski open subset where
D is the divisor of a rational function f, then g, + log|f|, extends to a continuous
function on U2™. A Zhang divisor D = (D, (gu)vewmg) is a divisor D on X equipped
with a family of continuous v-adic Green’s functions g, for v € Mg, such that there is
an arithmetic variety & over Spec(Z) with X ® Q = X, and an arithmetic Z-divisor
D of C°-type with D ® Q = D, such that for all but finitely many places ¢, coincides
with the v-adic Green’s function associated to D (see [I8, Section 4] for more details).

We denote the group of Zhang divisors on X by ZDiv(X) and by ZDivg(X) its
tensor with Q. Using the same methods as in Section [2.3.1] one can define a lattice
structure on

ZDive(F) = lim ZDive(X),

where the direct limit is taken over the system of all X as above (with maps respecting
the isomorphisms 7x ). Then the group lattice LDivg(F') has a natural embedding into
ZDivg(F'). Moreover, every GVF functional extends uniquely to a positive functional
on ZDivg(F') (similarly as in Proposition so we get the following.

Corollary 3.2.1. On a finitely generated field F' over QQ there is a natural bijection
{GVF functionals ZDivg(F) — R} «— {GVF structures on F'},

where by GVF functionals we mean the linear ones that are non-negative on the

effective cone, and are zero on principal Zhang divisors.

For D € ZDivg(X) and 2 € X (Q) we write h55(x) for the height of z with respect
to D. We use the same notation for heights with respect to Zhang line bundles.
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3.2.2 GVF analytification

Now, we describe a construction which recovers the space of quantifier-free types in
the theory of globally valued fields, as in Remark [1.11.17]

Definition 3.2.2. Let K be a GVF and let X be a finite type scheme over K. We
define the GVF analytification of X over K, denoted Xgyp x (or Xgyr if the base
GVF is implied), to be the set of couples x = (n(z), h,) where 7(x) is a point of X,
and h, is a height on k(7 (z)) extending the height on K. If v € Xgyp x and U C X

is an open containing 7(x), we will also denote by h, the map

A(Ox(U)) — R U {—o0}
(fryooifo) = halfilm(2)), s fu(m(@))

We equip Xqyr,x with the weakest topology such that

hy -

1. The map 7 : Xqvr x — X is continuous onto X with the constructible topology.

2. For every Zariski open U C X, and every tuple (fi,..., fn) € Ox(U)", the map

x> hy(f1,..., fn) is continuous.

Remark 3.2.3. If X C A} is affine, it follows that Xqyr x can be naturally identified
with the space S;‘(f of quantifier-free types on X. Since the space of quantifier-free

types is locally compact, so is Xqyr k-

Remark 3.2.4. Let K C F be a GVF extension. Then, there is a canonical
analytification map X(F) — Xgvrk, defined by taking x € X(F) to the point
(x, h,), where h, is the restriction of the height on F' to x(z). The image of x by this

map will be denoted x®".

3.2.3 Polarisations

Here we present how arithmetic intersection theory can induce GVF structures and
how to interpret Yuan’s equidistribution result as certain kind of uniqueness of a GVF

structure.

Definition 3.2.5. Let F' be a finitely generated characteristic zero field equipped
with a GVF structure. We say that this GVF structure comes from a polarisation
(X,Hy,...,Hy), if X is a normal projective variety of dimension d over Q with
function field F and H; € ZDivg(X) are arithmetically nef Zhang divisors, such that
the GVF functional

[ :ZDivg(F) - R
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is given by
(D)=T,-...-Hs-D.

The name “polarisation” comes from [56, Section 3.1|, however here we also allow
not necessarily model Zhang divisors. We also use the term polarisation if instead of
H;’s we are given the corresponding Zhang line bundles O(H;). If the H; occurs with
multiplicity k; we denote by (X, ﬁ]fl, . ,ﬁ’?) for the corresponding polarisation.

Remark 3.2.6. A polarisation (X, Hy,..., H,) induces a GVF structure structure
on F that extends the standard GVF structure on Q (i.e., satisfies ht(2) = log2) if

and only if the geometric intersection number satisfies Hy - ... - Hy = 1.

Yuan’s equidistribution [81] gives examples of polarised GVF structures. Let us

recall a version of it from [I8, Lemma (8.2)].

Theorem 3.2.7. Let X be a projective variety of dimension d over Q. Fix a
semipositive Zhang divisor D with D ample and D" = 0. For any generic sequence
z, € X(Q) with hj5(x,) — 0, and any M € ZDivg(X) we have
| D' M
1171111 hyp(xn) = doa(D)’
For the next two corollaries, fix the context of the above theorem. Also, denote
by F the function field of X.

Corollary 3.2.8. There is a unique GVF functional [ on F' extending the standard

one on Q and satistying I(D) = 0.

Proof. Fix a GVF functional [ on F' with the above properties and a Zhang divisor
M € ZDivg(F). Since the quantities from the assumptions of Theorem are bira-
tional invariant, without loss of generality M € ZDivg(X). By existential closedness
of Q there is a generic sequence of elements x,, € X(Q) such that hi(z,) — (D) =0
and hyz(x,) — ((M). By Theorem we get that
—. D'M
(M) = m.
On the other hand, [ given by this formula on X and its blowups, is a GVF functional,
which finishes the proof. m

Corollary 3.2.9. Fix a generic sequence (z,)nen satisfying the assumptions from
Theorem m The sequence 3" € Xgyp converges to the point 22 € Xgyr defined
by the generic point x, € X (F') together with the GVF structure [ on F'. Moreover,
[ is induced by the polarisation (X, D, ..., D).
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Yuan’s equidistribution theorem can be applied to the case when X = P4 over a
number field K and O(1) endowed with the Weil metrics (denoted by O(1)).

Corollary 3.2.10. There is a unique GVF structure on Q(zy, ..., z,) extending the
standard one on Q and satisfying ht(x;) = - - - = ht(x4) = 0.

Corollary 3.2.11. Fix a number field K. Let m; : [[i_, P4 — P% be the i-th
projection and let L = Y, 7 O(1). Let z,, € [[;_, P%(Q) be a generic sequence of
small points, i.e., satisfying hy(z,) — 0. Let F be the function field of [[;_, P} with

the GVF structure coming from the polarisation ([]5_, P4, 7tO(1),..., 7 O(1)).
Then

an

: an __
lim )" = 227,

where 720 € P& is defined by the generic point z,, € P%(F). Moreover, naturally
identifying F' with K(x;; : i < d,j < e), the GVF structure on F' is the unique one
satisfying ht(z;;) = 0 and ht(2) = log 2.

3.2.4 Convex geometry and toric varieties

This section contains basic notions on Ronkin metrics on toric varieties and some
calculations in convex geometry. For more details on Ronkin metrics we suggest [33].
For an in depth treatment of the Arakelov geometry of toric varieties, see [17].

Let us briefly recall basics of toric varieties here. Let T = G}, be a split torus
over a number field K. Denote by N its co-character lattice and by M its character
lattice. We denote by (m,u) € R the natural pairing between m € Mg and u € Ny
(so that m o u(t) = t™% for m € M,u € N). A rational polyhedral cone o in Ny is
a cone 0 C Ng that is generated by a finite set of vectors vq,...,v, € N. A complete
fan ¥ in Ng is a finite collection ¥ = {o},ex of rational polyhedral cones, closed
under taking a face (i.e., an intersection with the zero set of a linear form that is
non-negative on the ambient cone) of any cone, whose union is Ng, and such that
for every two 0,0’ € ¥, their intersection 7 = o N ¢’ is a face of both ¢ and ¢’. To
a rational polyhedral cone o one associates a finitely generated semigroup o¥ N M
(where ¥ := {m € Mg : (m,u) > 0for all u € o}), and a finitely generated K-
algebra K|[o¥ N M]. For a complete fan X these glue to a proper variety Xy that
contains each X, = Spec(K[o¥ N M]) as a Zariski open set. In particular, we identify
T = Xy C Xy with the open subset corresponding to the trivial cone {0} in .
Furthermore, Xy, is equipped with a natural action of T, and X, is the unique open

(and dense) orbit of this action.
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Definition 3.2.12. A toric Cartier divisor on a toric variety X is defined to be a
Cartier divisor which is invariant under the action of the torus p: T x X — X. This
means that a Cartier divisor D is toric if u*D = 7* D, where 7 denotes the projection

map.

Definition 3.2.13. A wirtual support function or virtual polytope with respect to a

fan ¥ on Ny is a function Ng — R that is linear and integral on each cone in X.

There is a natural bijection between toric Cartier divisors on Xy and virtual
support function with respect to a complete fan . If f : Ng — R is a virtual support
function, that restricted to o is given by f(u) = (m,,u), then one associates to it a
toric Cartier divisor that restricted to X, is div(y ™) (where for m € M, x™ is the
associated affine function on T, which we treat as a rational function on X,). For
more details and for the proof of this correspondence, see [I7, Section 3.3].

Let v be a place of K. A v-adic Green’s function g, for a toric Cartier divisor D is
called toric if its restriction to (X)*" factors through the tropicalization map trop :
(Xo)*™ — Ng taking z € (Xo)* to —log|x™(z)|,. For the details of tropicalization

maps, see [17, Section 4.1].

Theorem 3.2.14. [I7, Theorem 4.8.1.(1)] Let D be the toric divisor associated to
the virtual support function W. Then, the space of v-adic Green’s functions for D
is in bijection with continuous functions ) : Ng — R such that ) — ¥ is bounded.

Concave functions correspond to semipositive metrics under this bijection.

If D, is a toric divisor with a semipositive v-adic Green’s function, Legendre-

Fenchel duality associates to ¥ a concave function

05, : x> inf ((z,u) —(u))

u€Ng

on the polytope Ay C Mg defined as
Ay :={x € Mg : (z,u) > U(u) for all u € Ng}.

The function 65 : Ay — R is called the roof function of D,.

A collection of functions (1, )yem, defines a Zhang metric on the toric divisor
corresponding to W if for all v the difference [¢, — ¥| is bounded and for almost all v
we have 1, = U. We call D € ZDiv(Xy) a toric Zhang divisor, if D is a toric Cartier
divisor, and the metrics on D come from a collection of functions (v, )ven, satisfying

the above condition.
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The vector space My carries a Haar measure normalized in such a way that M has
covolume 1. We associate to a compact convex set A its volume vol(A) with respect
to the Haar measure. Recall that the Minkowski sum of subsets Si,.55 of a vector

space V' is defined by
S1+ 5= {Sl—l—SQ ‘ S1 € 51,82 € SQ}

The volume is a homogeneous polynomial on the space of compact convex sets

with Minkowski addition. Therefore, one can consider the following.

Definition 3.2.15. [I7, Definition 2.7.14] The mized volume is a multilinear form

on compact convex sets defined by

MV(AL . A) =) (D" Y vol(Ay, + -+ Ay).

j=1 1<i1 <<i;<n
It satisfies MV(A, ..., A) = nlvol(A).

Given a concave function # on a compact convex set A, we associate to it its
integral [ A 0(m)dm. Given concave functions ; on A; and ; on Ay, we define their
sup-convolution by

0B O,(m) = sup 6(mq) + 0(my).

mi1+meo=m

It defines a concave function on A; + A,. The sup-convolution is defined this way so
that for ¢, and 0, positive concave functions the hypograph of 8, H6s is the Minkowski
sum of the hypographs of 8; and of #;. Similarly as in the case of mixed volumes, one

can consider the following.

Definition 3.2.16. [I7, Definition 2.7.16] The mized integral is a multilinear form

on concave functions 6, ..., #, on compact convex sets A, ..., A, defined by

n

MI(6o, - 0n) = Z(_l)n_j Z / 0;, B --- 86, (m)dm.
j:() 0§’i0<~..<ijgn Ail-l,-..._;’_Aij

It satisfies MI(6,...,0) = (n+ 1)! [, O(m)dm.

These notions are helpful to express arithmetic intersection numbers combinato-

rially.
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Theorem 3.2.17. [I7, Theorem 5.2.5] Let Dy, ..., D, be semipositive toric Zhang

divisors on Xy. Then,

deg(Dy, ..., DulXs) = > nyMlus(fos, .., 0n),

vEM

where 0; ,, is the roof function of D;,, for every i = 0,...,n and v € M.

For a non-zero Laurent polynomial f € K[M], we denote by V(f) its vanishing
locus on Xy. Let NP(f) be the Newton polytope of f =" ¢c,x™, i.e., the convex
hull of the positions m of its non-zero coefficients ¢,, # 0. Then, NP(f) defines
a Cartier divisor on a suitable toric modification of Xy such that f gives rise to
a regular section (see [17, Section 3.4] and [33, Lemma 5.1]). It vanishes precisely
on V(f) by [33, Theorem 4.3]. We now define the Ronkin metric on the divisor
Dnp(y) corresponding to NP(f). For this we use that the fibers trop™(u) of the
tropicalization map trop : T2" — Np carry a natural choice of probability measure
0y. In the non-archimedean case, it is concentrated on the Gauss point over u. In

the archimedean case, it is induced by the Haar measure on (S*)".

Definition 3.2.18. [33] Definition 2.7] Let f be a non-zero Laurent polynomial over
K. The Ronkin function of f over a place v is the map p; : Ng — R defined by

P U —log |f(z)|doy,(x).

trop~* (u)

By [33, Proposition 2.10], py is a concave continuous function with bounded dif-
ference from Wyp(y). By Theorem [3.2.14} it defines a semipositive Green’s function
for D(f). The collection of v-adic Ronkin functions gives rise to a Zhang divisor Ry
by [33 Lemma 5.11].

Theorem 3.2.19. (variation of [33, Theorem 5.12|) Let X, be a proper toric variety.
Let f be a Laurent polynomial with vanishing locus Z such that NP(f) defines a

divisor on Xy,. Let EO, ..., D,_1 be semipositive toric Zhang divisors on Xy. Then,

deg(Dy, ..., Dy_1|Z) = deg(Dy, ..., Dn_1, Rs| Xx).

Definition 3.2.20. Let v : V — W be a homomorphism of finite dimensional real
vector spaces and f : V' — R U {—o0} be a closed concave function with compact

support. We define the direct image of f along v by

Vof (w) = max f(v).

veyH(w)

It is a closed concave function with compact domain in W.
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Lemma 3.2.21. Let v : M — M’ be a map of lattices. Then, this induces a map on
the rings of Laurent polynomials K[y] : K[M| — K[M']. Let f € K[M]\{0}. Then,

PERI) = Pro’

and

Picii( = VePy ().

Proof. The first statement follows readily from the definitions. The second statement
follows from the first using [I7, Proposition 2.3.8(1)]. O

We now prove generalizations of Lemma 1.11 and Proposition 1.12 in [33]. We
apply this to write the formulas in the preceding section in the form used in [32,

Conjecture 1].

Lemma 3.2.22. Let Aq,..., A, be polytopes contained in a k-dimensional rational
subspace L and denote by 7 the projection away from this subspace to the quotient
P. Let @Qy,...,Q,_k be polytopes in Mg. Then,

MVM(Al, . ,Ak,Ql, ey Qn—k) = MVL(Al, ey Ak) . MVP(W(Ql), e ,W(Qn_k)).

Proof. By the definition of mixed volume one obtains
MVM(AD R Alm Qh s )Qn—k)

n—=k
:Z(_l)n—j Z Z DM vol(Ar + Qi + -+ + Q)
=1

1<ii<<ij<n—k IC{1,....k}

Here A; is taken to denote ), ; A;. It now suffices to show that

> (=D)vol(Ar + Q) = (=1)F MV (A, ..., Ay) vol(n(Q)).

For this take any p € P and denote by (), the preimage of p in ). We may view
D vol(A; + Q) as an integral over 7((Q), namely as
Zlc{l k}( 1) g 5 y

.....

In order to conclude, we need to show that 3, (= DUvol(Aj+R) = MV (A4, ..., Ag)

-----

for any polytope R in the k-dimensional subspace spanned by the A;. For this we
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decompose the expression by writing out the volumes as mixed volumes and order by

the number of R occurring in the expansion.

> (=1vol(A; + R)

Ic{1,...,k}
k
k k—s
:Z(S) SRy ( . >MV(Aj1,...,AjkS,R,...,R).
s=0 Ic{1,...,k} 1<j1 < <jp_s<k,js €I

Here (kf) is taken to denote the number of partitions of k — s elements into
partitions of form J, i.e., the multinomial coefficient for k — s and #{i|j; = m}.
We reorder the sum to sum over size k — s multisets of {1,...,k}. Fix a multiset
1<y <+ <jps < koforder k—s in elements of {1,...k}. Then, its contribution

to the sum is
kN (k—s
(s) ( J ) MV(A;,, ..., A, ., R,...,R) Z(—l)“',
2J

where containment is understood on the level of underlying sets. By comparing to
the expansion of [, ,(1 — 1) we see that this vanishes for J # I and is (—1)* for
J=1. m

Lemma 3.2.23. Let the g; be concave functions on polytopes Q; and A; as before.
Then,

MIM(LAU ey lag, g1, 7gn—k+1> = MVL(Alv s 7Ak) . MIP(’]T*gb cee 77r*gn—k+1)'

Proof. The reduction to the previous Lemma is precisely as in [33, Proposition 1.12].
]

3.3 Intersection product

In this section we study the intersection product defined in [25] and prove that
it varies continuously in flat families. We will treat the case of a trivial GVF in a
separate section as the natural class of line-bundles differs from the non-trivial setting.

Our main result is the following theorem.

Theorem 3.3.1. (Later appears as Theorem [3.3.23) Let X — S be a flat projec-

tive morphism of finite type schemes over a GVF K of relative dimension d. Let
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Lo,...,.Lq € ﬁi\cgt(X /S) be globally integrable line bundles on X over S. Then, the

map

Savr —+ R
S ge\g(ZOa s 7Zd|XS)

1S continuous.

The above theorem can be applied in various settings of interest to number theo-

rists because of the following.

Corollary 3.3.2. Suppose that S is projective over Q and X — S a projective
morphism. Then, any integrable Zhang line bundle on & is a globally integrable line
bundle in Picy (X/S).

Proof. Tt is a weaker property to be an element of ﬁ:g(él’ /S) than of ﬁ:g(é\,’ ).
Hence, the statement follows from Theorem [3.3.24] n

Remark 3.3.3. The property of being globally integrable is preserved under base
change. In particular, one may apply Theorem to integrable Zhang divisors on
a projective X after restricting to the flat locus of X — S.

3.3.1 Lattice divisors

Let K be a countable GVF. We can assume that it is represented by a proper adelic
curve (K, (92, A,v),¢) with Q = My, the trivial absolute value having zero mass,
and the restriction of the measure to the archimedean places v|g_ being supported
at normalized valuations (i.e., satisfying v(2) = —log2). Moreover, whenever we
consider a GVF extension K C F' in this subsection, we assume that F' is also
countable and the GVF structure on F' is induced by an adelic curve structure with
the same properties (see Section .

We recall ideas from the theory of adelic curves only briefly. We refer to [24] 25]

for details. Let us start by recalling a definition.

Definition 3.3.4. Let X be a finite type K-scheme with a line bundle L. A metric
family on L is a family ¢ = (p,)secq, where each ¢, is a continuous metric on L,
on X2". Here X2" is the Berkovich analytification of X, = X ®x K, where K, is
the completion of K with respect to the absolute value w € Q = Mg. We call a pair
L = (L,p) a metrized line bundle on X over K.
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This is as in |25, Definition 4.1.4], but we also allow non-projective X. Also, we
naturally extend this definition to Q-line bundles. Similarly, we extend the definition
of a Green’s function family of a (Q-)Cartier divisor on X from |25 Definition 4.2.1],
to a non-projective X, word for word. A (Q-)Cartier divisor with a Green’s function
family is called a metrized divisor.

Chen and Moriwaki introduce adelic line bundles as a subset of metrized line bun-
dles respecting the global nature of the adelic curve, see |25, Definition 4.1.9]. There
are two conditions. Firstly, the variation of metrics along w has to be measurable.
This condition does not occur for number fields since their set of places is discrete.
Finally, one needs a condition requiring that the family of metrics has finite distance
to arising from a global model. This condition is referred to as being dominated. In
order to obtain an intersection theory, one needs to demand the metrics at each place
to be integrable, i.e. the difference of semipositive metrics. We follow the definition
of semipositivity from [24, Section 2.3|. Note that this only allows for semipositive

metrics on semiample line bundles.

Definition 3.3.5. Consider P" = P% with coordinates zy,...,z,. We equip the
anti-tautological line bundle O(1) with two families of metrics ¢ = (| - |4, )wen, ¥ =
(] * 4o )weq defined in the following way. For a section s € H°(P",O(1)) identified
with a linear form A we have

|A(2) e

max(|zolw, - - - |2n|w)’

|5(2) g =

for z € P»*" and any w € . The metric ¢ is defined in the same way for non-

archimedean w, but for archimedean w we set

[A(2)]w

V2 ico |Zi|(,2u’

for all z € P*". We call ¢, 1) the Weil and the Fubini-Study metric respectively and

use the notation O(1) = (O(l),gp),(’)(l)FS = (O(1),v). We use the same notation
for pullbacks of these adelic line bundles on P§ for any finite type K-scheme S. Both

|5(2) ], =

the Weil and the Fubini-Study metric define semipositive adelic line bundles.

For a place w € Q and Green’s functions ¢, ¢ for a divisor D we denote by d, (¢, 1)
the sup-norm of ¢ — 1 and call it the local distance of ¢ and 1. For different metrics
on a divisor over an adelic curve we denote by d(¢, ) the global distance of ¢ and
1. It is defined as the upper integral [ T dy (s, Y )v(dw) over the local distances (see
[24, Definition A.4.1]).
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From the point of view of globally valued fields the Weil metric is the fundamental
object. We need to relate it to the Fubini-Study height to invoke calculations from
that setting.

Lemma 3.3.6. Let o, : P" — P* be the n-th Veronese map. Consider two metrics
on the line bundle O(1) on P", namely the Weil metric ¢ and the metric m which
is the n-th root of the pullback of the Fubini-Study metric from O(1) on P*. Then
for non-archimedean places the two metrics are the same and for archimedean places
o € ) we have

rlogn

d n * <
o (¢, Y azh) < —

forn>r+1.

Proof. We only calculate the archimedean case. Consider the section zy of O(1) on

P". By definition we have

|ZO’0'
maX(’ZO’aa SRR ‘Zn‘ﬂ)

|z0(2)]p =

and

N _ |20

o)y = n = :
N /
! Z\I\:n ‘zl|g' KV Z|]\:n |ZI|L27

Hence we calculate

max(|2olys - -, [2nlo)

3/ Z|I|:n |21]2

1 1
log 2n/(r+n)‘ < L log(r + 17| < r ogn’
n 2n n

where in the first inequality we use the fact that ("*") < (r 4+ 1)n” and the second
inequality holds for n > r + 1. O

’ —log |I0(2>|80
lzo(2)]y /g

= ’10g

This is bounded by

|log ¥/s+ 1| =

Lemma 3.3.7. Let f: @ — P be a morphism of projective schemes over K and let
L be an adelic line bundle on P. Then f*L is an adelic line bundle on Q.

If L is semipositive or integrable, so is f*L.

Proof. The fact that f*L is an adelic line bundle is found in [26, Section 2.8.3 and
2.9.5]. The semipositivity assertion follows from [26, Lemma 6.1.2]. O
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Fix a projective morphism 7 : X — S of finite-type K-schemes, where S is not

necessarily projective.

Definition 3.3.8. We say that a metrized family £ on X is simple over S, if there
is a closed embedding j : X — P% over S (for some n), such that £ = 7*O(1). The
elements of the Q-vector space of metrized Q-line bundles on X generated by simple
ones are called lattice line bundles on X over S and are denoted by LPicg(X'/S). The
space of metrized Q-divisors coming from rational sections of such metrized Q-line
bundles is denoted by LDivg(&X'/S) and its elements are called lattice divisors on X
over S. If S is equal to Spec(K), we omit it in the notation. Moreover, if we want to
emphasize the dependence on the GVF K, we use the notation LPicg(X/S)k.

Remark 3.3.9. It follows from Lemma 3.3.7 that simple metrized line bundles on X
over S are semipositive on fibers. More precisely, if K C F'is a GVF extension, and
s € S(F), then a simple metrized line bundle £ over S coming from an embedding
j : X — P% induces an adelic line bundle £, = 7*O(1) which is semipositive on X,
with respect to the GVF F.

We remark that for any GVF extension F/K, a finite type F-scheme 7', and a

morphism of K-schemes T' — 5, there is a base-change map
LPicg(X/S)x — LPicg(Xr/T)p.
In particular for s € S(F), there is a specialisation map
LPicg(X/S)x — LPico(&Xs)r.

Let us describe these maps more precisely. Let £ = (£, ) € LPicg(X/S)k, for
¢ = (¢u)wenmy - This means that each ¢, is a metric on £, over X2". To get a family
of metrics ¥ = (1y)pen, on the base-change L of £ via the morphism Xp — X
one proceeds as in [25, Example 4.1.8] (which works the same when K’ = F/K is
not algebraic). Equivalently, one could take an embedding j : & — P¢ that realises

L = j*O(1) (or two embeddings such that it comes from the difference of pullbacks)

and define (L7, ) via the pullback of O(1) through the map jr : Xr — P

3.3.2 Heights of resultants

Chen and Moriwaki have constructed an intersection product of integrable adelic
Cartier divisors in [25]. In this subsection we look closely at its definition which uses

heights of certain resultants.
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Theorem 3.3.10. [25, Theorem B| Let X be a projective scheme of pure dimension

d over a GVF K. Then, there is a multilinear adelic intersection product
LPicg(X)*! — R.

Proof. Given finitely many elements of LPicg(X) we can replace K by a countable
subfield over which the corresponding embeddings to projective spaces (and X) are
defined. Then we can represent the GVF K by an adelic curve. Since lattice line bun-
dles are integrable, an arithmetic intersection number is defined by [25, Theorem B|.
We show that the product on LPicg(F') only depends on the induced GVF structure
on K in Corollary [3.3.15] O

We write the intersection number of lattice line bundles Ly, ..., Lq as Ly - Lq.
We observe that the adelic intersection product is determined by its values on tuples
of simple line bundles. Let us fix a tuple of such simple adelic Cartier divisors on a
projective scheme X and analyse how to calculate their intersection.

Assume we are given closed embeddings & : X — P = P(V;) for i = 0,...,d,
where V; is a (r; + 1)-dimensional vector space over K with a distinguished basis. For
a natural number n, denote by ¢ : X — P(™) the composition of & with the n-th
Veronese map P7i = P(V;) — P(S™V;) = P"(™ and write V;(n) := S"V;. Note that in
this case we have

dim Vi(n) = ri(n) + 1 = (TZ") — O™,

For each n we define the line bundle L;(n) to be the pullback &™*O(1). We pull

back the Weil metric and the Fubini-Study metric to obtain adelic line bundles L;(n)
and mFS respectively. For n = 1, we omit the n in the notation. We note that
there is a canonical isomorphism L;(n) & LY.

Let 6;(n) be the intersection number Lo(n)---L;_1(n) - Lit1(n)--- Lg(n) and set

§; = 6;(1). Since L;(n) = LY", we have 6;(n) = n- ;. Let
W(n) := S*™V(n)) @k ... @ 5% (Vy(n)Y)

and note that using distinguished bases of V; for i = 0, ..., d we can naturally interpret
elements of W (n) as polynomials of multi-degree (d9(n),...,dq4(n)) on Vo(n) x -+ x
Vi(n). There is a unique (up to scaling) element R, € W (n) such that it vanishes on
(vo, - ..,vgq) if and only if the intersection X N Z(vy) N -+ N Z(vy) is non-empty (as
a scheme), where Z(v;) is the pullback to X of the hyperplane in P(V;(n)) defined

by the zero-set of the linear form v;. We call it the resultant of X with respect
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to embeddings £7". It determines a unique element R, € P(W(n)) whose height

calculates the adelic intersection product in the following way:.

Remark 3.3.11. |25, Remark 4.2.13]

Lo(n) -...-Lg(n) = /Q\Q log || Ry || v (dw)

T / v(do) / 1og [(Ru)o (201 - - 2) 0oy, (d20) © - -~ © 5,0, (d70)
Qoo SQ(TL)O-X---XSd(n)g

1 d ri(n) 1
IGRES SUID PES
=0 =1

where we use the notation from the cited remark, but with an additional variable
n. This means that S;(n), is the unit sphere in V;(n), with the sphere measure
Nss(n),- Moreover, for a non-archimedean w € 2, the norm || - ||, is the maximum
of coefficients norm, with respect to the distinguished basis of W (n), for example by
|26, Proposition A.2.2]. Later we write n(dz) for ns,m), (dz0) ® - -+ ® s, (), (dz4) and

z for the tuple 2, ..., zq (here n,d and o are implicit).

Lemma 3.3.12. The adelic intersection product satisfies

. 1 FS FS
h£n WLQ(TL) co..-Lg(n) = Lo(n)-...  Lg(n).

——FS
Proof. 1t suffices to show that the metrics on %Ll(n) converge with respect to the

global distance to the metrics on L;. By Lemma, the global distance satisfies
| ——Fs

d(2Li(n) ", L;) < v(Qy) - B, -

n

We use the above formula and the lemma to calculate Dy - .. .- Dy through resul-

tants. More precisely we show the following.

Proposition 3.3.13. In the above context we have

Ly-...-Ly=1lim
0 4 E pdtt

ht(R,,),
where we treat R,,’s as tuples, using the distinguished basis of W (n).

Proof. By Lemma [3.3.12] we only need to show that
Lo() . Ta(n) > —ht(R,)| = o(n®*h).

First we express ht(R,,) in a form of an integral
ht(R,) = [ log|| R lov(de)
Q
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_ / log | Rl (de) + / log | Ru o (do),
O\ Qoo Qoo

where ||« ||, || - ||o denote the maximum of coefficients norms (for a non-archimedean

w € Q or archimedean o € (), with respect to the distinguished basis of W (n).
Claim 3.3.14. We have

d ri(n)
I
- = 4] )
In particular, when divided by n®*! converges to zero, for n — co.

Proof. This follows from the fact that §;(n) = n?d; and
ri(n)

Z % = O(logri(n)) = O(logn™) = O(logn).

By Remark we will be done if we show that

| log () (2)ln(d:) -
So(n)e X-+xSgq(n)o

where the constant is independent of o € Q.. But by Proposition [3.5.1] applied to

— O(?”LdJrl),

the polynomial (R,),, we have

/ log | (R )o (2) n(dz) -
So(n)or X+ XS (M)er

where 0;(n) = n46; and log(r;(n) + 1) + Z” (-1 £ = O(log(rs(n))) = O(log n) for all

1 < d, so

< Z 0i(n) { log(ri(n) +1) + Z

k=1

d ri(n)—1 1
Zéz(n) log(ri(n )+ z (n%logn) = o(nt),
i=0 k=1
where the given bound does not depend on o. O]

Corollary 3.3.15. The intersection product on LPicg(X) only depends on the
induced GVF structure on K.

Remark 3.3.16. By analysing precisely the proof of Proposition [3.3.13] one can see

that in fact it shows existence of an absolute constant C such that

he(R)| < O (14 v() - maxr; - 28

Lo+ Lg— ——
nd+1 n - i n

ht(2)
log 2

Note that the number v({),) can be expressed as
GVF structure on K.

with respect to the induced

161



3.3.3 Definability of adelic intersection product

In this section we prove Theorem for lattice line bundles. Let 7 : X — S be a
flat projective morphism with d-dimensional fibers. Suppose S = Spec A is an affine
variety (so that A is an integral domain).

Let Ly, ..., Ly € LPic(X/S) be simple over S with embeddings o; : X — P¥. For
a field-valued point s € S(F') and any object @ over S, the notation Q(s) denotes its

base change to s. Denote by ¢§; the intersection number
deg(ﬁo(s) e Ei_1(8> : »Ci—l—l(S) e Ed(S)|XS)

for any s € S(F) in any field extension K C F. It is independent of the choice of s
since the family 7 : X — S is flat.

Lemma 3.3.17. There is a family of polynomials R,, with coefficients in A defined
up to scalar in A*, such that for all s € S(F') we have

Rn(5> = Rn,sa

where R, s is the resultant R, from Subsection , defined for the scheme X
equipped with the family of embeddings (o), : Xs — IP’ﬁ"(S) fori=0,...,d.
Proof. This is probably standard, but we could not find a reference so we sketch a
proof here, based on the construction of resultants from [25, Section 1.6]. We use
notation from loc.cit but with the base-field k£ replaced by A, X over k replaced by
X over S = Spec(A), and L;’s replaced by L;’s.

First note that the whole Section 1.5 and Section 1.6 up to Proposition 1.6.2
of [25] go through word-for-word over A. It remains to prove the analogue of [25]

Proposition 1.6.2] over A. This boils down to calculating the cycles

Gu(c1(p*Lo) -+ (P Li1)er (¢ (Opy (1)er (p* L) -+ 1 (p*La) N [X x5 P))

= c1(q; (Opy (1)) - ¢ler(p™Lo) - - c1(P*Lima)cr (" Liv) - - - ea(p*La) N [X x5 P)
We look at the diagram
X xsP—— X
o "
P—2 S
and use flat base-change to get the equality

¢ (c1(p*Lo) -1 (P Licr)er(p™Liga) - - a(p™La) N [X x5 P])
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= 8*7’* (Cl<£0) e C1 (;Cifl)(?l (£i+1) e (ﬁd) N [X])
Let n be the generic point of S. By the flat base-change for the localisation map
n — S, we get
ri(c1(Lo) - cr(Lici)er(Lia) - - ear(La) N[X])

= deg(Lo(n) -+ Lim1(n)Liv1(n) -+ - La(n))[S]
which is equal to §; - [S]. Hence the cycle in question is equal to
c1(¢; (Opy (1))s*(8: - [S]) = e1(q; (Opy (1)) N &[] = e1(g; (Opy (6:)) N [P,
which finishes the proof as in [25, Proposition 1.6.2].
O

Proposition 3.3.18. Let X — S be a flat projective morphism of finite type schemes
over a GVF K of relative dimension d. Let Ly, ...,Lq € LPic(X/S) be lattice line
bundles on X over S. Then, the map

SGVF — R
s> deg(Lo(s), ..., La(s)|Xs)

1S continuous.

Proof. By Remark (continuity with respect to the constructible topology) we
may without loss of generality assume that S is an affine variety and the line bundles
are simple over the base S.

Fix a net (s;); € Sgvr and s € Sgyr such that s; — s. Using the notation from
Lemma [3.3.17] put

ndlﬂht(Rn(si)), I = — ht(Ro(s)),

nd+1

[n,i =

1 1
I; = lim —— ht(R,(s;)), I =1lim —— ht(R,(s)).

nd+1 nd+1
We need to show that lim; I; = I. Pick a positive number €. First, note that there

is a natural number n such that
\I—1,] <e
and

‘[z — [n,z‘ <€
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for all 7. Indeed, this is possible because by Remark [3.3.16| the above differences are
bounded by 5" times an absolute multiple of (14 v(Qs)) max; k;d;. Next, note that

n

for ¢ big enough we have

|In,i — In| <€

because for a fixed n, ht(R,(y)) is a continuous function on Sgyr. Hence together we
get
1T —I| < 3¢,

which finishes the proof as ¢ > 0 was arbitrary. O

3.3.4 Integrable divisors over globally valued fields

For applications, it is useful to consider not only lattice line bundles, but also to allow
certain limit metrics. We will define global line bundles and globally semipositive line
bundles over a GVF in the spirit of Zhang line bundles. Let X — S be a projective
morphism of finite type schemes over a GVF K.

Definition 3.3.19. A lattice line bundle £ on X over S is called semipositive if for

every s € Sgvr the family of metrics ¢|y, consists of semipositive metrics over almost

all places w € My y).

Definition 3.3.20. Let £ be a line bundle on X over S. For every compact set
C C Sgvr, we define a pseudometric de on the space of metrics on £. Let s be a

section of £ and let ¢ and v be two families of metrics on £. Then, we define

+
do () = sup / sup | log |sls — log [sly|v(dw),

zeC r(z) TEXEL

where [ ™ is the upper integral functional (i.e., the infimum of integrals of measurable
functions bounding the ambient function from above, see [24, Definition A.4.1| for
details).

Note that the set of (semipositive) adelic divisors is closed under this norm. The

norm allows us to define notions of global and integrable divisors on X over S.

Definition 3.3.21. A global line bundle £ on X over S is defined to be a line
bundle £ with a metric family ¢ such that there is a sequence of lattice line bundles
Ly = (L, ¢y) such that

lim do (6, ¢) = 0

for every compact C' C Sgvr.
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It is called globally semipositive if the metric families ¢ can be chosen semi-
positive. A global line bundle £ is called globally integrable if there are globally
semipositive line bundles £, and £_ and an isometry £ 2= £, ® .

We denote the isometry classes of global Q-line bundles by l:/’i\cQ(X /S). The
subgroup of integrable line bundles is denoted by P/’i\cgt()( /S). If S = Spec K, we
often omit it in the notation. We furthermore denote the distance between two metric

families by d.

Proposition 3.3.22. Let X be a projective scheme of pure dimension d over a
countable GVF K. The intersection product on lattice divisors extends to a pairing
—~ int d
Picg (X)™' — R.
Proof. By linearity, it suffices to construct the pairing for globally semipositive divi-
sors. It suffices to show that on the set of semipositive lattice divisors the intersection
product is continuous with respect to d.
Let L = (O, ¢) be a lattice line bundle with trivial underlying line bundle and
d(¢,0) = C and let Ly,..., Ly € LPicg™(X) be semipositive lattice line bundles.
Then,

T-Ty- Tl < Cdeg(Ls --- La).

This can be read off from the interpretation of the intersection number as the integral

over local heights
T T =1 [ [ dogltlew i) Tar(de)
QJxan

+
g/ sup [log |1y (x)| deg(Ty - - T (dw)
Q

reXan

< Cdeg(Ly--- Ly).

We are finally ready to prove Theorem [3.3.1. We restate it for convenience.

Theorem 3.3.23. Let X' — S be a flat projective morphism of finite type schemes
over a GVF K of relative dimension d. Let Lo,...,Ly € P/’i\cg(% /S) be globally

integrable divisors on X over S. Then, the map

SGVF — R
S = d/E%(ZOa SR ,Zd|X5)

1S continuous.
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Proof. We assume by linearity that Lo, ..., Ly are all semipositive. Let C' C Sgyr be
a compact subset. For k € N, let Zlg, e ,ZZ be semipositive lattice line bundles such
that dC(Zf,Zi) converges to zero. Then, the functions ge?;(zg b ,ZZP{S) converge
uniformly to &E(ZO, ..., L4|&,) on C. Since the former are continuous by Proposition
[3.3.18] the latter is, too. We are done since Sgyr is locally compact by remark
3.2.3 O

For applications the following theorem is crucial. It follows from [84], but we have
not found a suitable reference for the precise statement we need. Our reasoning uses
some techniques found in the proof of the arithmetic Demailly theorem in [64] or from
[20]. Note that we have the notion of semipositivity and integrability for both Zhang
line bundles and global line bundles and that they are a priori different.

Theorem 3.3.24. Every integrable Zhang line bundle L = (L, $) on a projective

variety over a number field is induced by an integrable global divisor.

Proof. We prove that arithmetically ample divisors are induced by integrable global
divisors. Arithmetically ample divisors in turn are dense in semipositive Zhang divi-

sors allowing us to finish the proof.

Definition 3.3.25. A hermitian line bundle £ over an arithmetic variety X — Spec Z

is called arithmetically ample if
1. Lg is ample,
2. the metrics on £ are semipositive at each place,
3. the height ¢ (L|y)¥™Y > 0 for every irreducible horizontal subvariety ) C X.

A Zhang divisor is called arithmetically ample if it is induced by an arithmetically

ample Hermitian line bundle.

We want to approximate an arithmetically ample arithmetic divisor L defined on
the model X from below. For this we apply the maps ¢,, : X — P(H%(nL)). We endow
the line bundle O(1) on P(H%(nL)) with the metric h, induced by the supremum
norm on H%(nL). Semipositivity implies precisely that the induced metrics on L
converge uniformly to L by [84, Theorem 3.5|. This is always semipositive at all
places and the underlying line bundle is ample. It is arithmetically ample since the
subspace of integral sections in H(nL) has a basis si,...,sy consisting of strictly
small integral sections, at least for n large enough. We are reduced to proving the
claim for (O(1),h,) on P(H%(nL)). At finite places, the metric on O(1) agrees with
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the Weil metric for the basis s;...,sy (as in Claim . It remains to show the
approximation at the infinite place. We can approximate the metric h, by a smooth
metric with everywhere positive curvature.

From now on we assume that L is O(1) on some projective space P with Weil
metrics at finite places and a smooth metric with everywhere positive curvature at
0o. By Dini’s theorem it suffices to prove pointwise approximation, i.e., for every
point z € X(C) and € > 0 there exists an integer N > 0 and a small integral section
s € H°(O(N)) such that —< log|s(z)| < e.

We prove first that for arbitrarily big N we can find [ € H*(PE, O(N)) satisfying
—log |l|sup > € and —% log |l(x)| < 2e. Let T be the complex conjugate of x. We apply
[84, Theorem 2.2| to O(1) and Y = {z, T} to obtain a holomorphic section s of O(N)
with —log |s]sup = 0 and —; log sy (2)|, —= log |sn (T)| < €/2. The section sy @5y €
H°(Pg,O(2N)) is then a section | € H(Pg, O(2N)) satisfying — log |l|sup > 0 and
—5r log |I(z)| < e. Rescaling proves the claim.

The vector space H°(P%, O(N)) has a norm given by the supremum norm on
X(C). The global sections over Z form a lattice Ay = H°(P%, O(N)). By [84,
Theorem 4.2], there exists 0 < r < 1 such that for big enough N, there is a basis of
Ay consisting of vectors of norm < r¥. For r» < r’ < 1, and big enough N it follows
that for every [ € HY(PR, O(N)) there exists I' € Ay with |l — U'|swp < (@), We
apply this to the section [ constructed in the previous paragraph. Then, [ eventually
satisfies |I'|sup < 1. Furthermore, for small enough € in the construction of [ we can
ensure —log|r’| > 2¢. Then, for big enough N we have —x log |l'(x)| < 3¢ proving
the theorem. N

Let us present a result due to Chen and Moriwaki that allows to calculate the

adelic intersection product over a GVF structure that comes from a polarisation.

Let (S, Hy, ..., H,) be a polarisation inducing a GVF structure on F' = Q(S). Let
X be a d-dimensional projective variety over F' which is the generic fiber of a projective
morphism 7 : X — S. Fix globally integrable line bundles Lo, ..., Lq € P/’i\cgt(z\f /S)a
and denote by Ly, ..., Ly their restriction to P/’i\cgt(X )F.

Proposition 3.3.26. [25, Proposition 4.5.1] The following equality holds:

deg(To, ... TalX) =Lo- ... La-7"Hy-... 7 H,,

where the left hand side is the adelic intersection product over the globally valued
field F' and the right hand side is the arithmetic/Arakelov intersection product of

integrable Zhang divisors on X.
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Proof. The case of the polarisation and the line bundles L; being defined on a model
over Z is [25], Proposition 4.5.1]. Our version follows from continuity of the intersection
product on semipositive line bundles and continuity of the intersection number in

families, cf. Theorem [3.3.1] O

3.4 Average intersections

Let fi,..., f,n be Laurent polynomials in n variables with coefficients in a number
field K. Each f; defines a hypersurface V; inside a proper toric variety 7" with torus
T =G}, CT. Let (u1,...,Un,;); be a generic sequence of small points in T™ with
respect to the Weil height on T™ C P™™. For integrable Zhang divisors Dy, . .., Dy_pm

on T" we want to compute

lergo ae\g(ﬁo, s Dy un VIO Ny, Vi)
Denote the coordinates of the i-th factor of G}}, by w4, ..., w,,;. Welet V.C T xT™
be the intersection of the vanishing loci of f;(z1w; FR znw;;). We note that under
V' — T™ the generic fibre has dimension n — m. The map V' — T™ is flat of relative
dimension n — m over a dense Zariski open U C T™. We define global line bundles
Loy.... Lo € P/’i\cgt(V/U) by pulling back O(Dy),...,O(Dy_p) to T x T™ and

restricting to V. This makes sense by Theorem |3.3.24l By Theorem [3.3.1], the map

UGVF — R
w s deg(Lo, ..., LalX,)
is continuous. We note that on (uy, ..., u,) € U(K) the above map is given by

(Uly .oy Up) > EeE(EO, ooy Dy lid Vi O e Nug, Vi)

By Corollary , a generic small sequence (uyj, ..., Up ); in T™ has the cor-
responding points on Ugyr converging to K (w11, ..., Wn 1, Wims- -, Wn,y,) With
the polarized GVF structure associated to ([];-, P", 01", ..., 7 0(1)"). Denote
this limit point by n°*" € Ugyr.

Since the right hand side is the intersection over a polarized GVF it can be com-
puted up to birational modification as the height of V- C T x [];~, P" with respect to
75Dy ... WDy - (3. m:O(1))"™ by Proposition . In other words, we get the

following.
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Lemma 3.4.1. Suppose that Do,. .., D,_,, are integrable Zhang divisors on T over
K. Then,

lim d/f%(ﬁoy ey Dy |un Vi N e N g Vi)

Jj—o0

o1

:d/(%(ﬁ;;ﬁo...ﬂ,tbn,m-ﬂi‘ (1)n7r:n (1) |V).

On the right hand side, the D; should be viewed as adelic divisors pulled back to
T x [, P

We need to be careful when applying Fubini’s theorem in the non-archimedean
setting. This is because of the failure of (X x Y)?" = X?* x Y. In our setting, there
is a preferred very affine chart (i.e., an open subset isomorphic to a closed subscheme
of a tori) given by the torus in the toric variety.

We sketch an argument that one can apply Fubini in this situation. This is based
on [70, Proposition 3.4.21]. If a € AWdmXdimX)(xan) anq 5 ¢ AldmY.dimY)yan) ap0
smooth forms that are defined on very affine charts of integration U C X and V C Y.
Then, UxV C X xY is a very affine chart of integration for 7, aAxj 3. Furthermore,
trop(U x V') = trop(U) x trop(V') by Rosenlicht’s theorem. Then, one needs to prove
that one has the product measure on each polyhedron in the tropicalization. This
is done by adapting [70, Lemma 3.4.16|. The general case follows by approximation.
We refer to [37] for an introduction to the theory of forms in the non-archimedean

setting.

Theorem 3.4.2. Let R; denote the Ronkin divisor associated to g; = fi(z1w;, FR ZnW,, D)
on a suitable toric blowup X of T'x [T, P". Let V denote the common vanishing

locus of the g;. Then, we have an identity

———n

deg(Ry... Rt Do . T Dy -7 O(1) -7t O(1) ] X)

m
T T Y YL D * A1) T
=deg(m; Do ... 75 Dy - m;O(1) -+ -mr O(1) |V).

Proof. In order not to overburden notation we omit the superscript denoting the
analytification.

Let s; denote the distinguished section of O(R;). The sections g;s; of O(R;) have
common vanishing locus V. By the iterative definition of the height, the equality of
intersection numbers is equivalent to the vanishing of the integrals occurring in the

height computations. These are of the form

/ log g8, |c1(Rys1) - .. c1(Ru)mrei(Do) . .. mhici (D) H i (O(1)).
div(g1)N--Ndiv(gr—1) =1
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Let us write w for ¢;(R,y1) ... c1(Rm)mici (Do) ... m5e1(Dam) [liz 71 (O(1)). To
each of them we can apply Fubini to obtain

/ l0g g, |77 (OTD)"e
div(g1)N---Ndiv(gr—1)NX

/ log |gr5. | ex (1)) e
(div(g1)n--Ndiv(gr—1)N(TXT}Z{ T)) x T2,y T

/ ( [ 1o \grsTrcmou))") “
(div(gn)n--ndiv(gr— )T} T)) <[, T \JT

/ (/ log|grsr|d00(x)) w.
(div(gn)n--Ndiv(gr—1)N(TX[ 7= T)) <17, T \JT

The first equality follows since a Zariski closed subset with empty interior is a nullset
with respect to a measure associated to a differential form.

We claim that the inner integral [} log|g,s.|oo(x) vanishes at each fiber. Recall
that g,(¢,t1,...,tm) = f-(tt;'). Let m, denote the projection from T x [[~, T to the
r-th component T, in the second factor.

We compute

log |8 (t, s+ tn)| = / log g, (2)[do .0 ()

tI‘Op_l (trop(t,tl 7---7t7n))

—log|fy(zz,)|dos (2, 2,)

\/trop 1(trop(t,tr))C(Tx T, )trop

—log |fr<$)|d0tt;1(73) = pe(tt;1).

/trop1(tr0p(ttrl))CTf«rop
Here, p, denotes the Ronkin function for f, and T, denotes the r-th factor of the

torus.

Counsider the fibre over an element

r—1 m
(ttyy .o tettygt, . t) € (div(gl)ﬂ---ﬂdiv(grl)ﬂ('ﬂ‘ X H’]I‘)) <[] T

i=1
Over this fibre we evaluate the integral
/log lgr(tstas s tm)Se(t e, - ooy tn)|oo(t) = /log |-t D]+ pr(tt, ) oo(ts)
T T
= —pr(t) + pr(t) = 0.
O

Lemma 3.4.3. Let R; denote the Ronkin line bundle associated to f; and suppose it

is already defined on T" and assume D, ..., D,,_,, are toric. Let X denote a suitable
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toric blow-up of T" x [[;“, P" over which R; are defined. We have an equality of

intersection numbers

deg(Ry ... Rt Do... T Dy -7 O(1) -7t O(1) | X)

m

— deg(Ry ... RyDy... Dyp_p|T)

Proof. By linearity, we assume that Dy, ..., D,_,, are all semipositive. Then, we
interpret the left hand side in a combinatorial manner as in [I7, Theorem 5.2.5].
Next, we apply Lemma [3.2.23] The occurring polytopes are m times n copies of the
unit simplex, one set of copies for each factor in ", P". One sees immediately that
the pushforward of the roof functions of the 7} D;’s yield the roof functions of the

D;’s. Similarly, the pushforward of the roof function of R; is the roof function of R;

by Lemma |3.2.21] This finishes the proof. ]
Theorem 3.4.4. Let fi,..., f,, be Laurent polynomials in n variables with coeffi-

cients in a number field K and let T" be a proper toric variety with torus T = G}, C T'.
Suppose that NP(f;) define divisors on T'. Denote by V; the hypersurface defined by
fi- Let (C1,---,Gnyj); be a generic sequence of small points in T™ with respect to

the Weil height and Dy, ..., D,_,, be integrable toric Zhang divisors on 7. Then,
Jim deg(Do, ., Dy | CLiViN -+ N CnVin) = deg(Ry ... RpDy ... Dypyn|T).

Proof. This is a combination of Lemma [3.4.1], Theorem and Lemma [3.4.3] O
Finally, we prove Conjecture 6.4.4. from [32].

Theorem 3.4.5. Let fi,..., f,, be Laurent polynomials in n variables with coeffi-
cients in a number field K and let T" be a proper toric variety with torus T = G" C T
Denote by V; the hypersurface defined by f; and by p; its Ronkin function. Let
(Cijy---+GCmyj); be a generic sequence of small points in T™ for the Weil height and
let Dy, ..., D,_,, be semipositive toric Zhang divisors on T with associated local roof
functions 0, . .., 0n—m.. Then,

lim deg(Do, . .., Dy | Vi O+ 0 G Vin)

Jj—o0
= Z Mo MInr (0005 - - s Onmws PY 5+ -+ Prn)-
veEM

Proof. We apply the projection formula to restrict to the case, where the NP(f;) define
divisors on 7. Then, the conjecture follows from Theorem and Theorem [3.2.17]
]
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3.5 Appendix: Mahler measures of complex polyno-
mials

In this appendix, we study some measures of complexity of complex polynomials.

For a non-zero P € C[Xy,...,X,], we define the logarithmic Mahler measure
m(P) = / log |P(e*™ ... e*™)|dt, ... dt,,
[0,1)
and the logarithmic Fubini-Study Mahler measure

ms, (P) :/ log |P(z1, ., zp)|dnn (21, - .., 2n),
STL

where S,, is the unit sphere in C" for the usual Euclidean norm, and 7, is the spherical
measure on S,, normalized so that 7,(S,) = 1.

In [50], Pierre Lelong studied these two measures and gave a bound for the distance
between them in terms of n and the degree of P.

In this appendix, we prove an analogue of Lelong’s result for polynomials in
X1,...,X,, where each X is a tuple of abstract variables of length m;. More pre-

cisely, we define the mixed Fubini-Study Mahler measure by

s, . xom, (P) = /S g1 Z )l (50) A A (52
’an ><"' mn

This measure has already been studied by Rémond in [65], in which he bounds
M, X XS, (P) in terms of the absolute values of the coefficients of P. Our goal here

is to prove a slightly different inequality, namely the following proposition.

Proposition 3.5.1. Let P € C[X},...,X,] be a non-zero polynomial, where each
X, is a tuple of abstract variables of length m,. For all i < n, let d; be the degree of
P in X;. Then,

n m;—1
11
16, x5, = V0BIIPII| < <1og<m@- +1)+3 z) ,
=1 k=1

where || P|| is the maximum absolute value of the coefficients of P.

Let us start with the simpler case where each m; is equal to 1. Let P € C[Xq, ..., X,)]

be a non-zero polynomial of degree d.
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Lemma 3.5.2. Let
S(P) :=sup{|P(z1,...,2n)| : (21,...,2,) € C" and |z < 1 for all i}.

Then,

n+d
iPr<se < (el

Proof. The rightmost inequality follows from the fact that a polynomial of degree d

n+d)

has at most ( ) non-zero coeflicients.

For the other inequality, write P =), . a,X™, and consider the integral

2dty .. .dt,

1= [ e,
[0,1]"

= / P(e*™ . i) P(e2inty | e2imta) dty .. dt,
(0,1]

Loz

k,leNm

I=> am / exp (2im(ky — L)ty + ... + 2im(kn — L)ty) dty ... dt,

k,leN"

aga; exp (2im(ky — L))ty + ... + 2iw(k, — ln)tn)> dt,...dt,

Now, for k,l € N" with k # [, there exists 1 < r < n with k., — [, # 0. So,

/ exp (2im(ky — L)ty + ... + 2im(k, — 1,)ty,) dty ... dt,
0,1]"

_ A) e (Z 2ir (ks —ls)ts) ( /0 2ir(kr 12t g > It =

S#ET S#T
and for k = [,

[0,1]"
So, finally

1=l > PP

keN

But we also have

I / (P(™ T2 dpy . dt, < S(P).
oap

Hence, || P|| < S(P). O
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Remark 3.5.3. In particular, Lemma [3.5.2 implies that

S(P)= lim |P™|"™.

m—-+00

d
Lemma 3.5.4. Assume that n = 1, ie., P = Y a;X* € C[X]. Then, for all
k=0
0<k<d:

il < () explm(P)

deg P

Proof. Since C is algebraically closed, we can write P = A [[ (X —«;), where A € C*,
i=1

ai, ..., 040 p € C. Now, by Jensen’s formula, we have for each 1 < ¢ < deg P,

1
/ log €™ — a;| dt = max(0,log |a]).
0

So, by summing,
deg P

m(P) =log|A| + Z max (0, log |a]).

i=1
Now, let k < deg P. Then, the coefficient of X* in P is equal to

ap = (—1)%8 L7k Z Hai.

I1C{1,...,deg P} i€l

So, by the triangle inequality

deg P
deg P d
arl <AL ) H\@i\g( . )m Emax(l,ai)g (k> exp(m(P).

IC{1,...,deg P} i€l

]

Lemma 3.5.5. Write P = > a, X{" ... X". Then, for every m = (my,...,m,) €
mEN'"/
N", we have

d
Am| < exp(m(P)).
nd< () epln(P)
Proof. We prove this inequality by induction on n. The n = 1 case is the result of

Lemma (3.5.4] so we may assume n > 2. The result is also immediate if a,, is zero, so

d
assume it is not. Write P = > P, X* where the P, are in C[Xy,..., X,,_1]. Then,
k=0

we may write

m(P) :/[ - m(P(e™ 2=t XO))dty L dt,_ .
0,1)7-
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By Lemma we have for all (t1,...,t,_1) € [0, 1]"7, | Py, (€21 ... e¥min-1)| <

(nfn) exp(m(P(e*™ .. e¥mn-1 X))). Since P, (e*™, ..., e*™"-1) is non-zero for
almost all (¢,...,t,_1), we may write

m(P(e*™ ... ¥t X)) > log | P, (e¥™, ... e2imin=1)| — log (nffn) and integrate,
yielding

mGﬁ>mGhJ—ng5)

n

ie., exp(m(Py,)) < (d ) exp(m(P)) Since P,,, has degree at most d — m,, the

mn

induction hypothesis gives |a,,| < (, “7™ ) exp(m(Py,)). Since ( nffn) (mld‘m" ) =

mi,..., Mnp—1

Corollary 3.5.6.
[m(P) — log|| P[|| < dlog(n + 1)
Proof. First, it is clear that m(P) < log(S(P)) < log|P|| + log ("**) by Lemma
. A basic counting argument shows that (”:d) < (n + 1)4, hence m(P) <
log|| P|| + dlog(n + 1).
For the other direction, write P = > a,X{"...X. By Lemma [3.5.5] we

meN”

have for all m € N,

and< (0 Yeswlm(r)

A basic counting argument shows that (m1 d " ) < (n + 1)% hence by taking the

.....

maximum over all coefficients,
1Pl < (n+1)? exp(m(P)),
i.e., log||P|| < m(P) + dlog(n + 1), which concludes the proof. O

Remark 3.5.7. If P € C[X1,..., X,] is homogeneous, we may replace n+ 1 by n in
the above inequality. Indeed, evaluating in X,, = 1 does not change m(P) and || P,

so we may replace P with a polynomial in n — 1 variables.

Lemma 3.5.8.
Ims,, (P) — log|| P[|| < 2dlog(n + 1).

Proof. Tt is clear from the definition that ms, (P(e*™ X, ..., e*™ X)) = mg, (P)

for all ¢,...,t, € [0,1]. So, we may write

m§n<P) = / mgn(P(eziﬂ-thl, e ,€2iﬁtan))dt1 e dtn
[0,1]"
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By Fubini, this is equal to

/ </ (P(zle%r“, . ,zne%”t”))dtl co.dt ) dn,(z / m(P(z1X1, ..., 2. X3))dn,(Z)
Sn [0,1]»

But, by Lemma [3.5.6, we have for all Z € S,,:
m(P(1X0, .. 20 X)) — log| Pll| < dlog(n +1)

So, by integrating:

< dlog(n +1).

me, (P) = [ Tog[ P15 X,) (2
Sn

Moreover, it is clear that for all Z € S,, ||P(z1X1,...,2,X,)| < || P]|, therefore

[ log||P(z1 X1, ..., 2,X,)||dn,(Z) < log|| P]|.

Sn

On the other hand, if P is written as Y . asX7" ... X", we have for all s such
that as # 0,

/ logl| P(+1 X1, ., 20 Xo)||dnn(Z) = / (maxlogla,zi . 2201) dna(2)
Sn $

n

> mf‘x/g loglaszy" ... 23" |din (2)

= max <log las| + ZSZ/ log |Zz‘|d77n(5))
® i=1 /Sn

= max (log las| + ]S!/ log ’21|dnn(z))
S Sn

/ log||P(21 X1, . -, 2, X)) ||dnn (Z) = log||P|| + d/ log |21 |dn,(Z).
Sn

Sn

It remains to show that [ log|z1|dn,(Z) > —log(n + 1). In fact, we even know from

]

?rl»—‘

[50, Equation 2.28] that this integral evaluates to —3 i

Now, we move on to the mixed case. Fix a non-zero polynomial P € C[X, ..., X,]
and denote d; := degx, P. Our goal is to adapt the result of Lemma and find a

bound for the distance between this measure and log||P|| in terms of the d;.
Lemma 3.5.9. Again, let

S(P) :=sup{|P(z1,...,Za)|(Z1, ..., Zn) € C™ "™ and |z; ;] < 1 for all 4,5}

1Pl < (H (m’”)> 7

1=

Then,
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Proof. This follows from the fact that the number of non-zero coefficients of P is at

most [] (m;;r_di), by the same argument as in the proof of Lemma [3.5.2] O]

i=1

Lemma 3.5.10. Write

Z k1 ~kn
= akl ----- anl Tt Xn ’
(K1, ken ) EN™1 x . xNmn

where 77 = ﬁ Xf;’ Then, for every k = (ky,...,k,) € N™ x ... x N we have
j=1

|y | < (H (k'1 g )) exp(m(P)).

=1

Proof. The proof is a straightforward induction on n, based on Lemma O

Corollary 3.5.11. The following inequality holds:

[m(P) —log|[ Pl|| < ) _ d;log(m; +1).
i=1
Proof. First, it is clear that m(P) < log(S(P)) < log||P| + >, log (mn:d) by
Lemma [3.5.2] As in the proof of Corollary [3.5.6] a counting argument shows that
(") < (my + 1)%, so m(P) < log||P|| + Yo, dilog(m; + 1).
Then, it follows from Lemma|3.5.10[and the fact that every multinomial coefficient

(k1 dik ) is smaller or equal to (m; + 1)%, that

,,,,, m;

i=1

IP] < (Hm + 1>di> exp(m(P)),

ie., log||P|| < m(P) + >, d;ilog(m; + 1), which concludes the proof. O

Remark 3.5.12. If P € C[X,...,X,] is homogeneous in each of the tuples X;, we
may replace m; + 1 by m, in the above inequality. Indeed, evaluating in X;,,, =1

does not change m(P) nor ||P||, so we may replace X; by a (m; — 1)-tuple.
We are finally able to prove the main result of this appendix.

Proof of Proposition|3.5.1. We first prove the inequality

MG, xSy (P) < 10g|| P+ dilog(m; + 1)

i=1

exactly as in the proof of Corollary [3.5.11]
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For the other inequality, we again reason by induction on n. If n = 1, the result

follows directly from Lemma |3.5.8. So, assume n > 2. Write P = ) Pkyz, where
kENmn

the Py are in C[X1,..., X, _1]. Let l € N be such that ||| = || P||. Then, we have

M .. x5, = / ms, (P(Z1, . et X))t (Z1) A oo A i (57)
S1X...XSm,, 4

By Lemma [3.5.8 we have for all z1,...,%,_1,

my—1
_ 1'¢< 1
ms,, (P(Z1,..,Zn 1, X)) = log|P(Z1,. .., Zn 1, X)|| — dy, (10g(mn+ 1)+ 3 > E)

k=1
17exM 1
210g|Pl(317"'73n71)| _dn <1Og(mn+1)+§ E) s
k=1
so by integrating, we get
171
mSmIX“'XSmn > mSmn (Pl> - dTL ]-Og(mn + 1) + 5 E .
k=1

But, by induction hypothesis,

n—1 1 m;—1 1

ms,,, (P) = log||Fi|| — Zdi (log(mi +1) + 3 E) ,

i=1 k=1

where ||F|| = || P|| by assumption, which concludes the proof. O
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