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Abstract
We prove that for every n ∈ ℕ such that n ≥ 2, the reduced group C∗-algebras of the
countable free groups C∗

r (𝔽n) have strict comparison. Our method works in a general
setting: for every finitely generated acylindrically hyperbolic group G with trivial fi-
nite radical and the rapid decay property, we have C∗

r (G) have strict comparison. This
work also has several applications in the theory of C∗-algebras including: resolving
Leonel Robert’s selflessness problem for C∗

r (G); uniqueness of embeddings of the
Jiang-Su algebra 𝒵 up to approximate unitary equivalence into C∗

r (G); full computa-
tions of the Cuntz semigroup of C∗

r (G) and future directions in the C∗-classification
program.

1 Introduction

1.1 Strict comparison

The subspaces of a finite dimensional Hilbert space ℋ can be compared and classified
by their dimension; algebraically, the dimension of a subspace 𝒦 ⊂ ℋ is the trace of
the orthogonal projection onto 𝒦. For matrices x, y one has the following natural
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notion of comparison, that is x ≾ y if x = rys for some matrices r , s. It turns out
here that the rank is what precisely implements this comparison, that is rank(x) ≤
rank(y) if and only if x ≾ y. Murray and von Neumann studied this comparison
quite effectively in a broad setting of bounded operators on Hilbert spaces, in what
are today called von Neumann algebras. In a broad class of von Neumann algebras
known as II1 factors, they were able to establish a comparison theorem, showing that
the lattice of projections under the above subequivalence is determined exactly by the
unique finite trace [51]. Notably, in this context the trace takes on continuous values,
that is, for all t ∈ [0,1], there is a projection p ∈ 𝒫(M) with τ(p) = t .

Such a comparison property allows for an algebraic perspective that is useful in
operator algebras. Naturally one would want an analogue of the above Murray von
Neumann comparison theorem in C∗-algebras. However, the behavior of C∗-algebras
is very different as evidenced, for instance, by the typical lack of projections. Hence,
an analogue of this property is not only subtle to define for all unital simple C∗-
algebras but also will not hold automatically in all situations like in the setting of
II1 factors. The appropriate analogue here is called strict comparison, initially con-
sidered by Blackadar [10]. This can be rephrased in a much more algebraic man-
ner in terms of a certain notion of order-completeness (almost unperforation) of the
important invariant called the Cuntz semigroup (see [60], and for instance, [31] or
paragraph 3.4 of [4] for more details).

Let A be a C∗-algebra and let 𝕂 denote the compact operators on ℓ2. If a, b ∈
(A ⊗𝕂)+ are positive elements, we say that a ≾ b (Cuntz subequivalent) if there are
vn ∈ A ⊗ 𝕂 such that v∗

nbvn → a. Now given τ a trace on A, there is a canonical
extension of τ to (A ⊗𝕂)+ (denoted by τ again). The dimension function here with

respect to τ is defined on (A ⊗ 𝕂)+ by dτ (a) := limn τ (a
1
n ) (note that for positive

operators in matrices, dτ precisely gives the rank of the operator). If a, b ∈ (A⊗𝕂)+
satisfy a ≾ b, then dτ (a) ≤ dτ (b). A unital, simple, exact C∗-algebra A with unique
trace τ has strict comparison if whenever a, b ∈ (A ⊗ 𝕂)+ are such that dτ (a) <

dτ (b), then a ≾ b. Note that many of the C∗-algebras considered in the results of our
paper will be unital, simple, exact and with unique trace (this includes the reduced
C∗-algebras of hyperbolic groups [1]), so that the above definition will suffice. In full
generality, the definition will involve the space of quasitraces and is more subtle.

Despite being such a fundamental and natural property of a C∗-algebra, proving
strict comparison is difficult and has far-reaching applications (please see Sect. 1.3
where several applications arising from our present work are described). Strict com-
parison occupies an important place as a hypothesis in Elliott’s classification pro-
gram, which seeks to classify simple, nuclear C∗-algebras by K-theoretical and
tracial data. This program has seen immense success in recent times and has re-
sulted in a substantial body of work due to several mathematicians (see for instance
[13, 14, 34, 35, 69, 71]). Note also the influential Toms-Winter conjecture predicts
that three regularity properties of very different natures, namely topological (finite nu-
clear dimension), functional analytic (𝒵-stability), and algebraic (strict comparison),
are equivalent for a separable, unital, simple, non-elementary, nuclear C∗-algebra A.
These three seemingly independent regularity properties, which are conjectured to
be equivalent, are exactly the conditions under which one considers a C∗-algebra to
belong to the classification program.
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1.2 Context and main results

A prototypical example of a reduced group C∗-algebra is the one arising from the
countable free group 𝔽2. The study of this C∗-algebra has been extremely important
for opening up several deep insights in the subject. Some examples of this include the
following fundamental results: unique trace and simplicity [57] (see also the major
works [39, 43] which were inspired by Powers’ insights), lacking non-trivial pro-
jections [55], K-theory computations [55], showing stable rank 1 [29] in the sense
of Rieffel [59], and showing strong convergence matrix models [40] (see also [48]
whose ideas inspired the present paper). Despite these important developments, the
fundamental question of proving strict comparison for C∗

r (𝔽2) has evaded experts.
Within the community, it has been a widely-known open problem with initial moti-
vation stemming from the work of Dykema-Rørdam in 1998 ([27, 28], see also [46,
Proposition 6.3.2]), which addresses comparison in C∗

r (𝔽∞). Note that the ideas be-
hind the proof for strict comparison for C∗

r (𝔽∞) cannot be readily used to prove this
result for C∗

r (𝔽2). For instance, the proof there uses the ability to find freely indepen-
dent elements from any finite subsets, up to norm perturbations, which holds inside
C∗

r (𝔽∞). However such behavior is not clear at all to witness inside C∗
r (𝔽2). Strict

comparison for C∗
r (𝔽2) has been explicitly stated as an open question in the work of

Robert in 2012 [46] and in the recent substantial problem list in C∗-algebras [62], see
Problems 86 and 88.

Robert in [47] asks a very interesting, more general question of selflessness for
these C∗-algebras: the existence of a Haar unitary that is freely independent (in the
reduced sense) from C∗

r (G) viewed as the diagonal inclusion in its C∗-ultrapower.
Interestingly, this property is well-studied and is of interest in the II1 factor context
where it turns out that such freely independent unitaries can always be constructed,
due to beautiful work of Popa from [56]. Robert obtained a crucial insight that this
selflessness property in C∗-algebras implies strict comparison through a soft ultra-
power argument. For natural reasons, this is of independent interest from a continuous
model theory point of view.

Another key motivation for showing strict comparison is that it is crucial in fully
computing the Cuntz semigroup, introduced by Cuntz in his fundamental investi-
gation on the existence of traces on C∗-algebras [19]. Over several decades, Cuntz
semigroup theory has evolved into a very mature field of research [31]. It has been a
long-sought problem to obtain full computations of the Cuntz semigroup of reduced
group C∗-algebras in a general sense and has been described in [31] as “may be out
of reach”. The problem of computing the Cuntz semigroup for C∗

r (𝔽2) is even explic-
itly stated as Problem 16.4 therein. All of the problems described above are settled in
this paper.

Theorem A For any n ∈ ℕ such that n ≥ 2, C∗
r (𝔽n) has strict comparison. In fact,

C∗
r (𝔽n) is selfless in the sense of Robert [47].

Thanks to major developments [49, 60], we now know that for unital, separa-
ble, simple, unique trace, nuclear, infinite-dimensional C∗-algebras, strict compari-
son and 𝒵-stability are equivalent. Importantly, at the moment, outside the 𝒵-stable



642 T. Amrutam et al.

case there are only a few examples of strict comparison arising from groups, such as
infinite reduced free products like C∗

r (𝔽∞) ([46, Proposition 6.3.2]). With our next
main result, we greatly expand the list of known examples. To motivate this, we need
to discuss the following notion. We say a group G has the rapid decay property if,
for every finite generating set X, there exists a polynomial P such that for every ele-
ment a ∈ ℂG supported on BX(r), ∥λG(a)∥ ≤ P(r)∥a∥2. The rapid decay property
(see the survey [61]) was first proved by Haagerup for the free groups [37]. It was
then generalized to Gromov hyperbolic groups [23, 42], relatively hyperbolic groups
with peripheral subgroups having rapid decay [61], cocompact lattices in SL3(ℝ) or
SL3(ℂ) [15, 44], mapping class groups of surfaces [5], large type Artin groups [16],
heirarchically hyperbolic groups [7], and more. Rapid decay is extremely influential
and has been used to prove several important problems, including the Novikov con-
jecture [17], the Baum-Connes conjecture [45], and others including [36]. Before we
state our result, we will need to recall one more important and influential notion from
geometric group theory [53]. A group is said to be acylindrically hyperbolic if it ad-
mits a non-elementary acylindrical action on a Gromov hyperbolic metric space. We
direct the reader to [52] for context, examples, and references. Recall also the finite
radical for a group is the largest finite normal subgroup. Within the class of acylindri-
cally hyperbolic groups G, it turns out that the finite radical being trivial is equivalent
to C∗

r (G) having unique trace, which is in turn equivalent to C∗
r (G) being simple (see

Theorem 1.4 of [11] and Theorem 2.35 of [21]). We are now ready to state our next
result:

Theorem B Let G be an arbitrary finitely generated countable group that is acylin-
drically hyperbolic with trivial finite radical and, in addition, enjoys the rapid decay
property. Then C∗

r (G) has strict comparison. In fact, we have C∗
r (G) is selfless in the

sense of Robert [47].

Note that the trivial finite radical assumption in the above theorem is necessary
due to the fact that these C∗-algebras will have unique trace as a consequence of
being selfless (see also [11]). The following are some examples of groups (with an
added trivial finite radical assumption) that fit into the above result (see [21, 52]): non-
elementary hyperbolic groups; non-elementary relatively hyperbolic groups relative
to peripheral subgroups with the rapid decay property, which includes free products
of groups with the rapid decay property; mapping class groups of compact orientable
surfaces [8]; graph products of rapid decay groups over graphs without a splitting
[50]; heirarchically hyperbolic groups [6]. In light of [44], it is very timely and inter-
esting to ask if our main results hold in the setting of higher rank lattices, especially
cocompact lattices in SL3(ℝ).1 Our proof strategy has no bearing in this setting, and
therefore we leave it as an important open question arising from our work. Notably,
even stable rank 1 seems to be an open problem for reduced group C∗-algebras of
higher rank lattices. We also speculate that our proof technique might open up a way

1In a recent development [65], I. Vigdorovich has settled this problem.
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to prove strict comparison for even wider families of groups, such as all C∗-simple
groups with rapid decay, see Remark 3.6.2

Importantly, also see Remark 3.9, which describes why the rapid decay assumption
cannot be removed with our current approach. However, we point out that our result
gives new examples of groups which do not have rapid decay property but whose
reduced C∗-algebras are selfless. Indeed by Theorem A and Theorem 4.2 of [47], we
have C∗

r (𝔽2 ∗ SL3(ℤ)) is selfless, however 𝔽2 ∗ SL3(ℤ) does not have rapid decay
(see Remark 8.6 in [64]).

1.3 Applications to classification and Cuntz semigroup theory

It is a very standard fact that every II1 factor contains a copy of the hyperfinite II1 fac-
tor R uniquely up to pointwise approximate unitary equivalence. The most naïve ana-
logue of this in C∗-algebras would be that every simple, unital, infinite-dimensional
C∗-algebra contains the Jiang-Su algebra 𝒵 uniquely up to pointwise approximate
unitary equivalence. Both existence and uniqueness problems for embeddings of 𝒵
tend to be difficult, see [62, Sect. 18]. It is known that there are simple, unital, infinite-
dimensional C∗-algebras that do not contain 𝒵 [20]. It remains open if there is any
unital C∗-algebra A with two non-equivalent unital embedding of 𝒵 . Our work yields
the following concrete application. The result below follows from Proposition 6.3.1
in [46] (which can be applied since the reduced C∗-algebras of the groups in consid-
eration have unique quasitrace from Haagerup’s famous quasitrace theorem [38], and
have stable rank one from [32] see also [58]) and our Theorem B. Note also that the
following result addresses problems 62 and 64 in [62]:

Theorem C For any exact group G in the class of groups covered in Theorem B, there
is a unital embedding of the Jiang-Su algebra 𝒵 → C∗

r (G), and this embedding is
unique up to pointwise approximate unitary equivalence.

As explained in the beginning of the introduction, strict comparison is a crucial
hypothesis that is used in classifying maps up to K-theoretic and tracial data in the
nuclear setting. In the natural progression of the current landscape of classification,
we expect new developments to emerge in the more general setting of non-nuclear
C∗-algebras, wherein strict comparison will still naturally play a crucial role as a
hypothesis for the co-domain for classifying maps between C∗-algebras up to the
total invariant. Our results here will provide a wealth of interesting new and natural
co-domains for this type of classification phenomena.

In [18], Coward-Elliott-Ivanescu gave a new picture of the Cuntz semigroup in
terms of Hilbert modules; they showed that for C∗-algebras of stable rank one, the
Cuntz semigroup encodes precisely the isomorphism classes of countably generated
Hilbert modules, similarly to how the Murray-von Neumann semigroup encodes iso-
morphism classes of finitely generated projective modules. The theory of Cuntz semi-
groups is particularly well-developed for C∗-algebras of stable rank one [3]. An im-
portant notion in this context is pureness, which was introduced by Winter in his

2In a very recent development [54], N. Ozawa has developed a new approach that proves selflessness for
the reduced C∗-algebras of groups admitting extremely proximal boundaries.



644 T. Amrutam et al.

seminal study [70] of regularity properties for simple, nuclear C∗-algebras. Pureness
can be thought of as 𝒵-stability at the level of the Cuntz semigroup, since in [2],
it was shown that a C∗-algebra A is pure if and only if its Cuntz semigroup Cu(A)

tensorially absorbs Cu(𝒵). More recently, it was shown that pure C∗-algebras form a
robust class [4], and as observed in [4, Example 5.14], if G is an exact, infinite, C∗-
simple group, then C∗

r (G) has strict comparison if and only if C∗
r (G) is pure. If A is a

unital, separable, simple, stably finite, pure C∗-algebra, then the Cuntz semigroup can
be computed as Cu(A) = V (A) ⊔ LAff(QT (A))++ (see Theorem 2.6 in [12]). Here
where QT (A) denotes the quasitracial states on A, V (A) denotes the Murray-von
Neumann semigroup and LAff(K) means the lower-semicontinuous, affine functions
K to (−∞,∞] if K is a compact convex set, and LAff(K)++ means the subset of
strictly positive elements, that is, the lower-semicontinuous, affine functions K to
(0,∞]. If K contains only one point, then LAff(K)++ = (0,∞]. If A is exact, then
QT (A) = T (A) by a famous result of Haagerup [38]. Thus, if G is an exact, infinite,
C*-simple group such that C∗

r (G) has strict comparison, then its Cuntz semigroup
can be computed as Cu(C∗

r (G)) = V (C∗
r (G)) ⊔ [0,∞] since such C∗-algebras have

a unique trace [11]. Combined with our main results, this answers Problem 16.4 from
[31] which asks to fully compute the Cuntz semigroup for C∗

r (𝔽n), which is a Cuntz
semigroup version of Blackadar’s fundamental comparison property [10] for projec-
tions in C∗

r (𝔽n).

Theorem D The Cuntz semigroup of C∗
r (𝔽2) is ℕ ⊔ [0,∞].

Note that, our Theorem B can be used to fully compute the Cuntz semigroup for
the vast family of exact acylindrically hyperbolic groups with trivial finite radical
and with rapid decay property as described above. This partially settles the general
problem in the paragraph before Problem 16.4 in [31], obtaining a full computation
for many classes of C∗-simple groups. For examples of groups with stable rank one,
see [29, 32, 58]. Note our work also recovers with a new proof, stable rank one for
the families of groups in the statement of Theorem B (via Theorem 3.1(2) of [47]).

1.4 Comments to the reader

The inroad to prove strict comparison is to prove the more general free indepen-
dence theorem in the norm ultrapower of the reduced group C∗-algebra, which is the
selflessness property from [47]. As mentioned previously, our inspiration for the ar-
gument to achieve this came from a recent very beautiful paper by Louder and Magee
[48]. Curiously, our original approach to solving the problem of strict comparison was
(motivated in a sense by the work of the third author [30]) to use strong convergence
methods in random matrix theory, and this is what indirectly led us to [48]. Now, in
order to prove this free independence theorem, one benefits by using the rapid decay
property (see [37, 61]), which allows one to control the operator norm of elements in
the group ring in terms of the radius of the ball of support and the 2-norm. A key next
step is a quantitative analysis of the eventual faithfulness of certain tailored retraction
maps that one constructs using the group structure; for instance, free product struc-
ture, or, more generally, an acylindrical action on a hyperbolic space. This is used to
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obtain a particularly strong existential inclusion of the group into the free product of
itself with a copy of ℤ. Piecing these ideas together allows one to push this inclusion
to the level of the reduced group C∗-algebra, as needed.

1.5 Concerning the organization

The proofs of these results split into a hands-on computational part (showing selfless-
ness in our sense, see Definition 3.1) and a soft C∗-algebra part (using rapid decay à
la Louder-Magee, see Theorem 3.5), and then reaching the finish line for strict com-
parison with Robert’s [47]. If the reader would like to just focus on understanding the
proof for arbitrary free products with rapid decay, we direct them to a self contained
approach via the combination of Proposition 3.2 and Theorem 3.5. We also remark
to the reader that after our paper was released publicly, M. Magee kindly shared with
us his proof (via a quantitative Baumslag lemma) for just the non abelian free group
case. This is in Sect. 3.4.

On the other hand, the proof of Theorem B is quite involved, but the quantitative
part is somewhat natural from a geometric point of view. Appendix A contains a
quantitative version of a key theorem of Wenyuan Yang that is needed to prove our
result B. This is quite technical and we recommend the interested reader to side by
side refer to [72, Corollary 3.4].

2 Notation

Let Γ be a countable discrete group. If Y is a generating set for Γ then we denote by
BY (R) the elements of the R-ball around the identity in the Cayley graph of Γ with
the generating set Y . Let ℂΓ denote the complex group algebra associated to Γ. We
equip ℂΓ with three separate norms. Let x = ∑︁

xgg, then

∥x∥1 :=
∑︂

g∈Γ

|xg|;

∥x∥2
2 :=

∑︂

g∈Γ

|xg|2;

∥x∥ := sup{∥xy∥2 : y ∈ ℂΓ, ∥y∥2 ≤ 1}.

We call these norms on ℂΓ the ℓ1-norm, the ℓ2-norm, and the reduced operator norm
respectively. As suggested by the definition of the operator norm, each element of
ℂΓ can be viewed as a bounded operator on the Hilbert space ℓ2(Γ), by the left reg-
ular representation λΓ : ℂΓ → 𝔹(ℓ2Γ) (define λΓ(g)(δh) = δgh and extend linearly).
Note therefore we can write ∥x∥ = ∥λΓ(x)∥ when viewed as a bounded operator on
ℓ2(Γ). Note that for any element x ∈ ℂΓ, one has the following elementary inequal-
ity ∥x∥2 ≤ ∥x|| ≤ ∥x∥1. We define the reduced group C∗-algebra C∗

r (Γ) to be the
operator norm closure of ℂΓ inside of 𝔹(ℓ2(Γ)). We will also need the following
elementary fact, which follows from the triangle inequality: if ϕ : Γ → G is a group
homomorphism then ϕ extends to an ℓ1-contractive map between ℂΓ and ℂG.
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A state on a unital C∗-algebra A is a positive linear functional ϕ such that ϕ(1) =
1. We say that a state ϕ is faithful if ϕ(x∗x) > 0 for any nonzero x ∈ A. We call ϕ

a trace if ϕ(xy) = ϕ(yx) for all x, y ∈ A. Let A1,A2 ⊂ (A,ϕ) be subalgebras. We
say that A1 and A2 are freely independent relative to ϕ if whenever ak ∈ Aik with
ϕ(ak) = 0 and ik ≠ ik+1 for 1 ≤ k < n then ϕ(a1 · · ·an) = 0. If (B1, ρ1), (B2, ρ2)

are unital C∗-algebras with faithful states, then there is a unital C∗-algebra with a
faithful state (B,ρ) and embeddings πi : (Bi, ρi) ↪→ (B,ρ) such that π1(B1) and
π2(B2) are freely independent relative to ρ. We call (B,ρ) the reduced free product
of (B1, ρ1) and (B2, ρ2); we omit the states when they are clear from context (see
[22, 66]), and write B1 ∗ B2. We have in this context that whenever G1 and G2 are
countable groups, C∗

r (G1 ∗ G2) ∼= C∗
r (G1) ∗ C∗

r (G2), see Proposition 1.5.3 in [67].
Let 𝒰 be a free ultrafilter on the natural numbers. For a discrete group Γ we denote

by Γ𝒰 the following quotient:

Γ𝒰 :=
(︄

∏︂

ℕ

Γ

)︄

/N𝒰 ,

where N𝒰 consists of all sequences which are eventually identity with respect to 𝒰 .
More precisely, a sequence (gn)n ∈ N𝒰 if and only if there is S ∈ 𝒰 such that gn = 1Γ

for all n ∈ S. We call Γ𝒰 an ultrapower of Γ. If A is a C∗-algebra, we define A𝒰 as

A𝒰 := {(xn)n : xn ∈ A, sup
n

∥xn∥ < ∞}/I𝒰

where I𝒰 is the ideal consisting of all norm-bounded sequences (xn) in A with the
following property: for all ε > 0 there is S ∈ 𝒰 such that for all n ∈ S, ∥xn∥ < ε. We
call A𝒰 an ultrapower of A. Note that under the definition ∥(xn)𝒰∥A𝒰 = lim𝒰 ∥xn∥,
and the natural product structure, A𝒰 is a C∗-algebra.

3 Proof of main results

3.1 A new property for groups

The following is a quantitative strengthening of the definition of the mixed identity
free (MIF) property for groups [41], and our terminology is motivated by [47] and is
very much related to the quantitative Baumslag lemma from [48].

Definition 3.1 We say a group with a finite generating set (G,X) is selfless if there

is a function f : ℕ → ℝ+ with lim infn f (n)
1
n = 1 such that for all n ≥ 1, there is an

epimorphism ϕn : G ∗ ⟨a⟩ → G such that ϕn|G = idG, ϕn is injective on BX∪{a}(n),
and ϕn(BX∪{a}(n)) ⊂ BX(f (n)). Here, a is a torsion-free generator so that G ∗ ⟨a⟩ ∼=
G ∗ℤ.

The following is a particularly motivating example:

Proposition 3.2 If (G,X) contains a torsion-free element and (H,Y ) is an infinite
group, then G ∗ H is selfless. In particular, 𝔽n is selfless for all n ≥ 2.
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Proof Let g ∈ G be torsion-free. Set p = |g|X . For each n let hn ∈ H be an element
such that |hn|Y = 2n + 1. Define ϕn : G ∗ H ∗ ⟨a⟩ → G ∗ H by ϕn|G∗H = idG∗H and

ϕn(a) = hngh−1
n . It is clear that limn |ϕn(a)|

1
n

X∪Y = 1, and therefore

ϕn(BX∪Y∪{a}(n)) ⊂ BX∪Y (f (n));

for some function f where limn f (n)
1
n = 1.

It remains to show that ϕn is injective on BX∪Y∪{a}(n). It suffices to show that, if

s1t1 · · · sm−1tm−1sm = e

where si ∈ G ∗ H are such that |si |X∪Y ≤ 2n for all 1 ≤ i ≤ m and si ≠ e for all
1 < i < m, and ti = hng

pi h−1
n for some nonzero integers pi , then m = 1 and s1 = e.

Assume that m > 1. We expand out the expression s1t1 · · · sm−1tm−1sm and re-
group the product as follows:

(s1hn)g
p1(h−1

n s2hn)g
p2(h−1

n s3 · · · sm−1hn)g
pm−1(h−1

n sm).

We claim that each term in parentheses begins and ends with a letter in H . Indeed,
for each si ∈ H (necessarily nontrivial) this is immediate. Otherwise, si begins either
with a letter in G or a letter in H of length at most 2n followed by a letter in G; si
ends in a similar way. Therefore h−1

n sihn begins and ends with a letter in H . Since
each pi is nonzero, we now see that the above product is a nontrivial word in the free
product; this finishes the proof. □

3.2 A general family of selfless groups

We will prove here that all finitely generated acylindrically hyperbolic groups with
trivial finite radical are selfless. For this subsection, for background notation and pre-
liminaries on acylindrically hyperbolic groups, please refer to the beautiful memoir
[21], and also [52]. At the outset we wish to express our gratitude to the following two
experts for their guidance. Firstly we sincerely thank D. Osin who first pointed out
to us that our selflessness for free products (Proposition 3.2) will hold in the general
setting of acylindrically hyperbolic groups. Secondly we are very grateful to W. Yang
for kindly sharing with us his ideas towards a different approach. First we describe
the outline for our proof:

3.2.1 Outline of proof

The key step in the proof is to use a hyperbolically embedded 𝔽2 subgroup to con-
struct the sequence of elements going to infinity, which will implement selflessness.
The fact that this embedding is a Lipschitz quasi-retract [21] is crucial to relate word
length inside 𝔽2 and G. Then to check that these elements don’t form a trivial word
with a ball with a controlled co-growth, we have to use a quantitative version of
Wenyuan Yang’s “admissible path lemma” in [72], and argue that any word yields
a quasi-geodesic. The proof crucially uses both acylindricity and geometry of hy-
perbolic space. Roughly, it says that a concatenation of quasigeodesics which trav-
els alternatively near contracting subsets and leaves them in an orthogonal way, is a
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quasigeodesic. The careful quantitative analysis of this argument which is needed for
our proof is done in Appendix A.

Theorem 3.3 Let G be a finitely generated acylindrically hyperbolic group with triv-
ial finite radical. Then G is selfless.

Proof Fix a finite generating set S for G. Since G is acylindrically hyperbolic and
has trivial finite radical, by [21, Theorem 6.14], there is a hyperbolically embedded
copy of 𝔽2 in G. Denote by a, b the generators of 𝔽2. Without loss of generality,
assume a, b ∈ S. By the proof of [21, Theorem 4.31], there is a constant K > 0 and a
finite generating set Y of 𝔽2 such that for all h ∈ 𝔽2, |h|Y ≤ |h|S and |h|S ≤ K|h|Y .
Since {a, b} and Y are both finite generating sets for 𝔽2, we have that |h|a,b and |h|Y
are quasi-equivalent. Therefore there are constants C, D such that whenever h ∈ 𝔽2,
|h|{a,b} ≤ C|h|S and |h|S ≤ D|h|{a,b}.

Set gn = bnab−n. We note that each gn is primitive. Note that for all n, 𝔽2 =
⟨b⟩ ∗ ⟨gn⟩. By hyperbolicity of free factors ([21, Example 2.2(c)]) and transitivity
of hyperbolic embeddings ([21, Proposition 4.35]) we have that ⟨gn⟩ is hyperboli-
cally embedded in G. In particular, since a has infinite order and is contained inside
a hyperbolically embedded cyclic subgroup, [52, Theorem 1.4] says that there is an
acylindrical action of G on a hyperbolic space X such that a is loxodromic. It follows
that gn is loxodromic for each n too. By almost malnormality of hyperbolically em-
bedded subgroups ([21, Proposition 4.33]), [21, Remark 6.2], and [21, Corollary 6.6],
it follows that E(gn) = ⟨gn⟩ for each n.

We note that for all n ≥ 1
2C2D and any h ∈ BS(|gn|1/2

S ) \ {e} (the |gn|1/2
S -ball

around the identity in the Cayley graph of G with the generating set S), we have
h /∈ E(gn). Indeed, |gn|{a,b} = 2n + 1 > C2D which implies that either h /∈ 𝔽2 or

|h|{a,b} ≤ C|h|S ≤ C|gn|1/2
S ≤ C

√
D|gn|1/2

{a,b} < |gn|{a,b},

while clearly every element g′ ∈ E(gn) \ {e} is an element of 𝔽2 with |g′|{a,b} ≥
|gn|{a,b}.

Since all of the gn are conjugate, they all have equal stable length. Therefore
we can apply Theorem A.4 to get a degree 6 polynomial P such that whenever
h1, . . . , hm ∈ BS(|gn|1/2

S ) and |k1|, . . . , |km| ≥ P(|gn|S) we have h1g
k1
n · · ·hmg

km
n ≠

e.
We define ϕN : G ∗ ⟨z⟩ → G by ϕN |G = id and ϕN(z) = g

P(D(4CN2+1))

2CN2 . We can
now conclude as in the proof of Proposition 3.2. Clearly ϕN satisfies the subexpo-
nential growth condition, since |g2CN2 |S ≤ D|g2CN2 |a,b = D(4CN2 + 1). It remains
to show that ϕn is injective on BS∪{z}(N). It suffices to show that

h1ℓ1 · · ·hmℓm ≠ e

for all hi ∈ G such that |hi |S ≤ 2N for all 1 ≤ i ≤ m and hi ≠ e for all 1 < i < m,
and for all ℓi = ϕN(z)pi where the pi are nonzero integers. But this follows from
the previous paragraph’s assertion, since, taking n = 2CN2, we have hi ∈ BS(2N) ⊂
BS(

√
(2n + 1)/C) ⊂ BS(|gn|1/2

S ) while the powers of gn are larger, in magnitude,
than P(D(2n + 1)) and thus are also larger than P(|gn|S). (Here, we assume P is
increasing, which is true for sufficiently large values.) □
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3.3 Proving strict comparison for 𝑪∗
𝒓 (𝑮)

Definition 3.4 Let G ≤ Γ be countable discrete groups. We say that Γ is existentially
C∗-residually-G (terminology motivated by [48]) if for all finite sets S ⊂ Γ and ε >

0, there is a homomorphism ϕ : Γ → G such that ϕ|G = idG and for all z ∈ ℂΓ

supported on S with ∥z∥1 = 1, we have ∥λG(ϕ(z))∥ ≤ ∥λΓ(z)∥ + ε.

Theorem 3.5 Suppose (G,X) is selfless and has rapid decay. Then G ∗ ⟨a⟩ ∼= G ∗ ℤ

is existentially C∗-residually-G.

Proof We follow the proof of [48, Theorem 1.6]. Set Y = X ∪ {a} to be our finite
generating set of Γ := G ∗ℤ. Let ε > 0 and let S ⊂ Γ be a finite subset. Then there is
some R > 0 such that S ⊂ BY (R). Let SY (R) ⊂ ℂΓ denote the elements supported
on BY (R) with ℓ1 norm equal to 1. Using compactness of SY (R) with respect to the
ℓ1 norm, we find a finite ε

3 -net {ai}i∈I for SY (R). That is, every element in SY (R)

would be within ε/3 distance of one of the ai ’s. It now suffices to prove the existence
of a homomorphism ϕ : Γ → G such that ϕ|G = idG and that, for all i ∈ I ,

∥λG(ϕ(ai))∥ ≤ ∥λΓ(ai)∥ + ε

3
.

Since G is selfless, we get a function f : ℕ → ℝ+ such that lim infn f (n)
1
n = 1

and homomorphisms ϕn : Γ → G which are epimorphisms, are identity on G, are
injective on BY (n), and such that ϕn(BY (n)) ⊂ BX(f (n)). Using rapid decay of G

we get a polynomial P such that ∥λG(a)∥ ≤ P(r)∥a∥2 for all a supported on BX(r).

Now, as lim infn f (n)
1
n = 1, we may pick m such that P(f (2mR))

1
2m < 1+ ε

3 . Define
bi = ϕ2mR(ai) for each i ∈ I .

Note that ∥λΓ(ai)∥2m = ∥λΓ(a∗
i ai)

m∥ and similarly ∥λG(bi)∥2m = ∥λG(b∗
i bi)

m∥.
Since each ai is supported on BY (R), (a∗

i ai)
m is supported on BY (2mR), and hence

each (b∗
i bi)

m = ϕ2mR((a∗
i ai)

m) is supported on BX(f (2mR)). Since ϕ2mR is injec-
tive on BY (2mR), we have that ∥(b∗

i bi)
m∥2 = ∥(a∗

i ai)
m∥2. Therefore

∥λG(bi)∥2m = ∥λG(b∗
i bi)

m∥
≤ P(f (2mR))∥(b∗

i bi)
m∥2

= P(f (2mR))∥(a∗
i ai)

m∥2

≤ P(f (2mR))∥λΓ(ai)∥2m.

Since we assumed that ∥ai∥1 = 1, we conclude that

∥λG(bi)∥ ≤ P(f (2mR))
1

2m ∥λΓ(ai)∥
≤ (1 + ε

3
)∥λΓ(ai)∥

≤ ∥λΓ(ai)∥ + ε

3
. □
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Remark 3.6 In the above proof, the injectivity of ϕn on the radius n ball BX∪{a}(n) is
used only to obtain the equality ∥(b∗

i bi)
m∥2 = ∥(a∗

i ai)
m∥2. If instead ϕn is g(n)-to-1

on the radius n ball for some function g : ℕ →ℕ such that limg(n)
1
n = 1, then by the

Cauchy-Schwarz inequality we would still have ∥(b∗
i bi)

m∥2 ≤ √
g(2mR)∥(a∗

i ai)
m∥2

and the rest of the proof would proceed as above. To summarize, in the definition of
selfless, we can assert the weaker condition that ϕn is g(n)-to-1 for some subexpo-
nential function g. Note that in this setting, the group homomorphism ϕ = (ϕn)𝒰 :
G ∗ ℤ → G𝒰 is no longer necessarily injective, which isn’t a requirement anyway
to prove Proposition 3.7. We suspect that this approach might also help resolve the
question of strict comparison in broader generality.

Proposition 3.7 If Γ is existentially C∗-residually-G, then for some free ultrafilter 𝒰
on ℕ there is a ∗-homomorphism ϕ : C∗

r (Γ) → C∗
r (G)𝒰 such that ϕ ◦ ι = Δ where ι

is the inclusion of C∗
r (G) ⊂ C∗

r (Γ) arising from the group inclusion G ≤ Γ and Δ is
the diagonal embedding C∗

r (G) ⊂ C∗
r (G)𝒰 .

Proof Since Γ is existentially C∗-residually-G, there are epimorphisms ϕn : Γ → G

which are identity on G and such that for all z ∈ℂΓ with ∥z∥1 = 1 we have

lim
n→𝒰

∥λG(ϕn(z))∥ ≤ ∥λΓ(z)∥.

In other words, for all z ∈ ℂΓ with ∥z∥1 = 1 we have

∥(ϕn(z))𝒰∥C∗
r (G)𝒰 ≤ ∥z∥C∗

r (Γ).

Since the map ϕ = (ϕn)𝒰 is a homomorphism, we immediately get the previous in-
equality for all z ∈ℂΓ. Then the inequality implies that we can extend ϕ continuously
to all of C∗

r (Γ); thus, ϕ is the desired ∗-homomorphism. □

Corollary 3.8 If G ∗ ℤ is existentially C∗-residually-G, then C∗
r (G) is selfless in the

sense of [47]. In particular, C∗
r (G) has strict comparison.

Proof By [47, Theorem 2.6], it suffices to show that, for some free ultrafilter
𝒰 on ℕ there is an injective ∗-homomorphism ϕ from the reduced free prod-
uct C∗

r (G) ∗ C∗
r (ℤ) to C∗

r (G)𝒰 such that, composing with the canonical inclusion
C∗

r (G) ⊂ C∗
r (G)∗C∗

r (ℤ), we obtain the diagonal embedding C∗
r (G) ⊂ C∗

r (G)𝒰 . The
content of Proposition 3.7 is precisely producing such a ∗-homomorphism, and it is
injective because G∗ℤ is C∗-simple for any infinite group G, (see for example Corol-
lary 3 in [24]), and as a consequence, any ∗-homomorphism with domain C∗

r (G ∗ℤ)

will be automatically injective. □

Remark 3.9 In [26] and [32], the existence of sufficiently many free sub-semigroups
of G with a form of the rapid decay property, which they call the ℓ2-spectral ra-
dius property, is sufficient to show stable rank 1 of C∗

r (G). In our setting, to show
that C∗

r (G) is selfless and therefore has strict comparison, we need an embedding
of C∗

r (G ∗ ℤ) into C∗
r (G)𝒰 which requires estimating the operator norm on all of

ℂ(G ∗ ℤ) simultaneously. This is precisely why removing the rapid decay assump-
tion is apriori difficult.
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Proof of Theorem B If G is as in the hypothesis of Theorem B, then by Theorem 3.3
and Theorem 3.5 G ∗ ℤ is existentially C∗- residually-G, so that by Corollary 3.8
C∗

r (G) has strict comparison, and is in fact selfless. □

3.4 On the particular case of free groups

After initial versions of our paper were released, M. Magee pointed out to us another
proof via [48] in the case of non-abelian free groups (avoiding Proposition 3.2). We
thank him sincerely for allowing us to include this here.

Theorem 3.10 ([48]) Let n > 1 and a ∈ 𝔽n be a non identity element. Denote by G =
𝔽n∗⟨a⟩ ⟨a⟩×ℤ, also known as an extension of centralizers of a. Then G is existentially
C∗-residually-𝔽n.

Proof We consider the maps defined in the proof of Proposition 1.8 of [48], proved
using their quantitative Baumslag lemma. Within the proof, note that the maps f

constructed are actually identity on the base free group 𝔽n (they are moreover com-
position of an automorphism fixing 𝔽n and natural retract to 𝔽n). Then by following
Theorem 1.6 of [48], the desired conclusion is reached. □

Note that for the applications described in this paper (via applying Proposi-
tion 3.7), we need the degenerate case where a = 1𝔽n

in the above (which is for
instance handled directly by our Proposition 3.2). While this is not handled directly
in the above argument, it is possible to deduce this case via the following obser-
vation: take n = 2, 𝔽2 = ⟨x, y⟩ and a = y, in the above Theorem. Then clearly,
G ∼= ℤ ∗ (ℤ × ℤ), and let the generator commuting with y be denoted t . Then the
group generated by x, y, txt is isomorphic to 𝔽3 as a subgroup of G, and contains
the original 𝔽2. This can therefore serve to replace G in the conclusion of the Theo-
rem as needed. An identical argument works for any n > 2 as well.

Appendix A: Quantitative version of Wenyuan Yang’s admissible
path lemma

The aim of this section is to prove a quantitative version of W. Yang’s admissible
path lemma [72, Corollary 3.4], which applies to our setting. For our purposes, we
will take a fixed action on a hyperbolic space but vary the loxodromic element and
thus the quasi-geodesic constants λ. So throughout, we track dependence on λ. The
following quantitative version of the Morse lemma is present in [33, Sect. 5.2]; see
[63, Theorem 1.1] for an explicit polynomial.

Lemma A.1 [Quantitative Morse Lemma] Let X be a δ-hyperbolic space, and let γ

be a (λ,0)-quasi-geodesic. Let σ be a geodesic with the same endpoints as γ . Then γ

is contained in a Q1(λ)-neighborhood of σ with Q1 a quadratic polynomial (which
depends on δ).
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We continue with some notation. Let (G,S) ↷ X be a group G with a finite gen-
erating set S acting acylindrically on a δ-hyperbolic space X. Fix an origin o ∈ X. Let
g ∈ G be a loxodromic element. Let τ(g) = limn

d(gno,o)
n

denote the stable length of
g. We observe that τ(g) is independent of the choice of base point and is stable under
conjugation. Let [g] denote the displacement (or translation length) of g, defined by

[g] = inf
x∈X

d(gx, x).

This infimum is in fact achieved at some point x0 ∈ X (see the discussion after Def-
inition 5 in [25]). We let Lg = ∪n∈ℤ[gnx0, g

n+1x0]. Let γ = ∪n∈ℤ[gno,gn+1o] be

the axis of g going through o. Let λ = d(go,o)
τ(g)

so that γ is a (λ,0)-quasi-axis; i.e., the
length of any sub-segment of γ is at most λ times the distance between the endpoints.
That is, if m < n are integers then

n−1∑︂

i=m

d(gio, gi+1o) ≤= λd(gn−mo,o).

Note that clearly [g] ≤ d(go, o) = τ(g)λ. Let E(g) denote the maximal elementary
(i.e., virtually cyclic) subgroup of G containing g. For sets Y,Z ⊂ X, let πY (Z)

denote the projection of Z onto Y . More precisely, y ∈ πY (Z) if and only if y ∈ Y

and there exists z ∈ Z such that d(y, z) = min{d(y′, z) : y′ ∈ Y }. For a set Y ⊂ X let
∥Y∥ denote its diameter; i.e., the smallest real number such that d(y, y′) ≤ ∥Y∥ for
all y, y′ ∈ Y .

The following is due to Delzant.

Proposition A.2 ([25, Proposition 5]) Let G ↷ X be an acylindrical action on a hy-
perbolic space. Then there exists a constant D0 such that for all loxodromic elements
(i.e. hyperbolic isometries) g ∈ G and for all h /∈ E(g),

∥πLg (hLg)∥ ≤ D0(1 + [g]).
The following lemma is the quantitative version of [68, Lemma 2.23].

Lemma A.3 (Quantitative Bounded Projection) Let G ↷X be an acylindrical action
on a hyperbolic space. Then there is a quadratic Q2 such that whenever a loxodromic
element g and a point x ∈ X gives a (λ,0)-quasi-axis γ = ∪n∈ℤ[gnx,gn+1x] and
h /∈ E(g), then

∥πγ (hγ )∥ ≤ Q2(λ)(1 + [g]).
Proof The quasi-axes γ and Lg both converge to the same points on the Gromov
boundary of X. We may, therefore, apply the quantitative Morse lemma to transfer
the inequality from Proposition A.2 to γ , up to a quadratic in λ. □

The following theorem, the main theorem of this section, is essentially a repro-
duction of [72, Corollary 3.4] but where we have tracked all of the constants and
dependencies to verify they grow polynomially.



Strict comparison in reduced group C∗-algebras 653

Theorem A.4 (Quantitative Admissible Path Theorem) Let (G,S) ↷ X be a group
G with a finite generating set S acting acylindrically on a δ-hyperbolic space X. Fix
a constant C > 0. There is a degree 6 polynomial P (depending on G, S, X, δ, C)
such that if g is loxodromic with τ(g) = C, then for all group elements h1, . . . , hm /∈
E(g) such that |hi |S ≤ |g|S , the product h1g

n1h2g
n2 · · ·hmgnm ≠ e whenever |ni | ≥

P(|g|S) for all 1 ≤ i ≤ m (with nm also being allowed to equal 0).

Proof Set λ = d(go,o)
τ(g)

. Let ℒ be the collection of (λ,0)-quasi-geodesics in X;
in particular, ℒ includes all geodesics since λ ≥ 1. Let 𝕏 be defined by 𝕏 =
{∪ℓ

n=k[hgno,hgn+1o] : h /∈ E(g)} and note that 𝕏 ⊂ ℒ. By Lemma A.1 and the proof
of [9, Corollary 3.4], we have that 𝕏 is (μ, ε)-contracting with respect to ℒ where μ,
ε are uniformly bounded above by a quadratic Q3(λ). That is, whenever q ∈ ℒ and
p ∈ 𝕏 such that d(q,p) ≥ Q3(λ) then ∥πp(q)∥ < Q3(λ). (In the notation of [72],
μ(λ′, c′), ε(λ′, c′) ≤ Q3(λ) for all λ′, c′ ∈ℝ.)

We now obtain that for each p ∈𝕏, p is σ -quasiconvex where σ(U) = 3
2Q3(λ) +

2U . Indeed, let q be a geodesic in X such that its endpoints q+ and q− are in the
U -neighborhood NU(p) of p. Since p is (μ, ε)-contracting, either d(q,p) < μ (and
we are done) or ∥πp(q)∥ < ε. In particular, we have d(q+, q−) ≤ ε + 2U . Since
q is a geodesic, for any x ∈ q we have d(q+, x) + d(q−, x) = d(q+, q−). Therefore
without loss of generality d(q+, x) ≤ ε/2+U , implying that d(x,πp(x)) < 2U + 3

2ε.
Thus q ⊂ Nσ(U)(p).

By Lemma A.3, if p,p′ ∈𝕏 are quasi-geodesics corresponding to h, h′ in different
left cosets of E(g), then p, p′ have bounded projection T where T = Q2(λ)(1 +
[g]) = O(λ3) since [g] ≤ d(go, o) = τ(g)λ (and the stable length τ(g) is fixed). We
note that in [72], the symbol τ is used for bounded projection but we have already
used τ for stable length. By [72, Lemma 2.7], p, p′ also have ν-bounded intersection
where ν(U) = 2U + O(λ3).

Now let n1, . . . , nk be integers and consider the path

P = [o,h1o] ∪ [h1o,h1go] ∪ · · · ∪ [h1g
n1−1o,h1g

n1o] ∪ [h1g
n1o,h1g

n1h2o] ∪ . . .

. . . ∪ [h1g
n1 · · ·hkg

nk−1o,h1g
n1 · · ·hmgnmo];

set qi to be the geodesic subsegment of P where hi first appears and set pi to be the
subpath of P between qi and qi+1 (with pm being the subpath of P coming after qm).
More explicitly, for i = 1,2 we have that qi and pi are as follows:

q1 = [o,h1o],
q2 = [h1g

n1o,h1g
n1gh2o],

p1 = [h1o,h1g
sgn(n1)o] ∪ · · · ∪ [h1g

n1−sgn(n1)o, h1g
n1o],

p2 = [h1g
n1h2o,h1g

n1h2g
sgn(n2)o] ∪ · · · ∪ [h1g

n1h2g
n2−sgn(n2)o, h1g

n1h2g
n2o]

P is a path from o to h1g
n1h2g

n2 · · ·hmgnmo in X. We note that each pi is a (λ,0)-
quasi-geodesic in 𝕏 (and thus has two endpoints in some p′ ∈ 𝕏), each pi has length
at least τ(g)|ni |, each qi has C′|g|S -bounded projection to pi and pi−1 (since qi is
a geodesic of length at most C′|h|S ≤ C′|g|S where C′ = maxk∈S d(ko, o); note that
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C′ is a constant dependent only on the group action and the choice of generating set),
and any two pi , pi+1 have ν-bounded intersection since each hi /∈ E(g) so pi , pi+1
lie in different quasi-axes of g. We note that λ = τ(g)d(go, o) ≤ τ(g)C′|g|S so that
λ = O(|g|S).

We are now ready to analyze the constants in the proof of [72, Proposition 3.3].
We have c = 0 everywhere.

Cλ,0 = λ(μ(λ,0) + ϵ(λ,0) + C′|g|S)

= O(|g|3S)

Bλ,0 = 2ε(1,0) + 2μ(1,0) + ν(μ(1,0) + σ(0)) + C′|g|S
= O(|g|2)

R = max(C′|g|S + 2ε(1,0) + 4μ(1,0) + 1,

μ(1,0) + 5ε(1,0) + Bλ,0 + 1)

= O(|g|2S)

Λ = λ(6R + 1)

= O(|g|3S)

D = max(μ(1,0) + ε(1,0) + C′|g|S + Cλ,0,

2C′|g|S + 3ε(1,0) + 6μ(1,0),

Λ(R + σ(μ(1,0))),

13ε(1,0) + 6μ(1,0) + 2Bλ,0)

= O(|g|5S).

Now, if we choose all of the ni so that |ni | are larger than λD = O(|g|6S), we can
apply [72, Corollary 3.4] to obtain that our path P is a (Λ,0)-quasi-geodesic. In
particular, P is nontrivial and so it must be that h1g

n1h2g
n2 · · ·hmgnm ≠ e. (Note

that in the case nm = 0, we can still apply [72, Corollary 3.4].) This finishes the
proof. □
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