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REAL LOCI IN (LOG-) CALABI-YAU MANIFOLDS VIA
KATO-NAKAYAMA SPACES OF TORIC DEGENERATIONS

HULYA ARGUZ

ABSTRACT. We study the real loci of toric degenerations of complex varieties
with reducible central fibre. We show that the topology of such degenerations
can be explicitly described via the Kato-Nakayama space of the central fibre
as a log space. We furthermore provide generalities of real structures in log
geometry and their lift to Kato-Nakayama spaces. A key point of this paper is
a description of the Kato-Nakayama space of a toric degeneration and its real
locus, both as bundles determined by tropical data. We provide several exam-
ples including real toric degenerations of K3-surfaces and a toric degeneration
of local P2,
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2 HULYA ARGUZ
INTRODUCTION.

The Strominger—Yau-Zaslow [SYZ] conjecture in mirror symmetry postulates
that mirror pairs of Calabi—Yau threefolds (X, X ) admit dual special Lagrangian
torus fibrations

f:X—=B, and f:X B

over a real three-dimensional affine manifold B with singular fibers over a discrim-
inant locus A C B. After weakening the condition on the torus fibration, Ruan
[Rull, Ru2, Ru3], Gross [Grll [Gr2] [Gr3], and Haase-Zharkov [HZ1, [HZ2, [HZ3]
have constructed integral affine manifolds together with topological or Lagrangian
torus fibrations on Calabi—Yau toric complete intersections. In this article, we
provide new tools to construct topological torus fibrations on Calabi—Yau man-
ifolds in bigger generality, by using log geometry and Kato—Nakayama spaces
[KN], which are topological spaces resembling some features of exploded mani-
folds studied in [Pa]. In particular, we consider toric degenerations of Calabi-
Yau varieties, introduced by Gross—Siebert [GS4], and describe how to construct
torus fibrations on the general fibre of such degenerations, by investigating the
Kato—Nakayama space of the central fiber. We further study the topology of the
Kato-Nakayama space of the central fiber, as well as the real loci in it, and pro-
vide canonical descriptions for both the Kato—Nakayama space and its real loci
as bundles determined by tropical data.

A toric degeneration is a degeneration of algebraic varieties § : X — T = Spec R
with R a discrete valuation ring and with central fibre Xy = §=1(0) a union of
toric varieties, glued pairwise along toric divisors. Here 0 € Spec R is the closed
point. We also require that ¢ is toroidal at the zero-dimensional toric strata, that
is, étale locally near these points, ¢ is given by a monomial equation in an affine
toric variety. Probably the most remarkable aspect of toric degenerations is that
the homogeneous coordinate ring for the total space of such degenerations can
be produced canonically from the central fibre Xy and some residual information
on the family X [GS3], captured by what is called a log structure. By residual
information we mean the following: By Proposition [2.3]we can assume at a general
point of the singular locus of X, the local equation of X is given as

(0.1) xy = f-t°

where t € R generates the maximal ideal. Then, the log structure captures e € N
and the restriction of f to x = y = 0. The information of the log structure on
Xp is encoded in the gluing data

se€ HY(B, 1A ®C»)
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where + : By = B\ A — B is the inclusion and A denotes the sheaf of integral
cotangent vectors on By. For a review of integral affine manifolds, log structures,
and gluing data see [GS3| [GHSJ.

One of the key results of [GS3] is a reconstruction algorithm of toric degener-
ations from the data of a toric log Calabi-Yau space (Xo, Mx,) [GS1, Defn.4.3],
which plays the role of the central fiber. Here, X is a proper reduced algebraic
space, and My, stands for the log structure on it. While the reconstruction of
a toric degeneration is done by an inductive procedure involving a wall structure
[GS3], and is typically impossible to carry through in practice, many features of
the family are already contained in the log structure. In this paper we study
topological features of toric degenerations by investigating the log structure on
Xo.

We first show that the topology of the toric degeneration reconstructed from
a toric log Calabi-Yau (X, Mx,) can be read off canonically by considering the
Kato-Nakayama space, or Betti realization [KN| of (Xo, Mx,). We review the
construction of the Kato—Nakayama space along with several examples in §Il One
of the major outcomes of [NOJ in this context, displayed as Theorem B4 shows
that under certain assumptions a morphism f : (X, Myx) — (Y, My) induces
a topological fiber bundle, that is, a continuous surjection which satisfies local
triviality,

fKN . (X,Mx)KN — (}/7 My)KN.

Following this intuition we obtain the following result.

Theorem 0.1. (= Theorem[31) Let 6 : X — D = {z € C||z| < R} be a toric
degeneration with strongly semi-simple singularities (Definition [2.10). Then the
restriction X \ Xo — D\ {0} is a topological fiber bundle isomorphic to

5N xid : XgN x (0, 7) — (ONEN x (0,7) = U(1) x (0,7).

In particular, for t = re’® € D, the restriction of this isomorphism to the fibre
over (€, r) induces a homeomorphism

(0.2) X, =~ XN (e")
between the general fibre of § and the fiber XEN(e?) of 65N over e € U(1).

In §4 we further study the topology of the Kato-Nakayama space of a toric
log Calabi—Yau, and investigate topological torus fibrations on the general fibre
of the associated degeneration. Such fibrations for specific classes of Calabi—Yau
threefolds were constructed in [Grl], by describing suitable Calabi-Yau compact-
ifications of smooth torus fibrations over the discriminant locus on the base. Con-
structing topological torus fibrations via Kato—Nakayama spaces offers a number
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of advantages. In particular, it replaces a single Calabi-Yau compactification
with a moduli space of compactifications parametrised by gluing data. Moreover,
it holds at any dimension and is not restricted to three dimensional Calabi—Yau’s.
Furthermore, this construction is intrinsic to the Gross—Siebert program in mir-
ror symmetry and though for simplicity of the exposition we concentrate on the
Calabi-Yau case throughout this article, all results have straight forward gener-
alizations to the context of log Calabi—Yau varieties which also play important
role in this program [GHK] [GHS].

To provide an explicit description of topological torus fibrations on the Kato—
Nakayama space XKN we first define momentum maps from X onto a topological
manifold B, which is realised as the intersection complex of Xy. This description
does not require reference to a symplectic structure. We then obtain the following
result.

Theorem 0.2. (= Theorem[{.7]) The composition of the generalized momentum
map p: Xo — B, and the natural retraction map r : XEN — X,

por: XpN — B,

is a bundle of (n + 1)-tori over B \ A, where n = dim B, and A is the amoeba
image of the discriminant locus in B. Similarly, XEN(€) is a bundle of n-tori
over B\ A.

Theorem .7 provides a description of a topological torus fibration on the gen-
eral fibre of a torus degeneration away from the discriminant locus. Studying
singular fibres over the discriminant locus amounts to analysing the topology of
the Kato—Nakayama space over points in X, which do not carry a fine log struc-
ture. For a concrete analysis in a two dimensional case, where the monodromy
around the discriminant locus is a Dehn twist, see Examples [[.8 and

We note that the families obtained by smoothing toric log Calabi—Yau spaces
can always be chosen projective under weak assumptions on the gluing data [GS1),
Thm 2.34], and in fact, each family can be deformed into a projective one, see
[GHS], Proposition 5.12 and Theorem A.7. The choice of a polarization is encoded
in a multivalued piecewise linear (MPL) function ¢ on B (for a short overview
on this see [RuSi, §1.1]). From the data of the MPL function ¢ encoding a choice
of a polarization, along with the gluing data s, we obtain an extension class in

(#.8) given by
(ci(p), Arg(s)) € Ext'(A,Z® U(1)) = H(B\ A,A) @ H'(B\ A,A® U(1)).

where A and A respectively denote the sheaf of integral tangent and cotangent
vectors on B, and ¢ () is the first Chern class of ¢, as in Definition [£.10. Taking
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this extension and an extension of A by Z as in (4.4]) as we obtain the following
extension of A, fitting into the commutative diagram in (7))

(0.3) 0—ZaU(l)—P —A—0

Use the extension P of A, we arrive at a canonical description of the Kato—
Nakayama space XV, over a subset B’ C B covered by the interiors of the
maximal cells and vertices of &2:

Proposition 0.3. (= Proposition[].12]) There is a canonical homeomorphism

Hom®(P,U(1))|pr —» XN

Bl

of topological fibre bundles over B', where Hom®(P,U(1)) C Hom(P,U(1)) is the
space of fibrewise homomorphisms restricting to the identity on U(1) C P.

In the second part of the paper we study real structures in toric degenerations,
and also obtain an analogous canonical description of real loci. In §8 we first
introduce the straightforward notion of a real structure on a log space (X, Mx),
where X is a real scheme with an anti-holomorphic involution tx : X — X, as

an involution
Ix = (LX,Lg() (X, My) — (X, M)

of log schemes over R with underlying scheme-theoretic morphism ¢x. After
treating some basic properties of real log schemes, we show that the real involution
on a real log scheme lifts canonically to its Kato-Nakayama space in § Our
primary interest in this paper are real structures in a toric log Calabi—Yau space
X and their lift to XN, One of the reasons for being interested in real structures
in this context is that the real locus produces natural Lagrangian submanifolds
on any complex projective manifold defined over R. Assuming the analytic model
(or the analytification of) X is defined over R, it comes with a natural family of
degenerating Lagrangian submanifolds. Again we can study these Lagrangians by
means of their analogues in X*N. We show that the real locus XN € X®N defines
real structures in toric degenerations, by showing that the fibre bundle structure
for 6¥N - XN — S' can be chosen to respect the real locus X{§ € X

Proposition 0.4. (= Proposition[6.4) The fibre bundle structure for 6~ : XEN —
S' can be chosen to respect the real locus X5y C XN in the sense that the local
trivializations identify the real subset with a submanifold of the fibres.

In §7, we further investigate standard real structures on toric log Calabi—Yau
spaces, and obtain a necessary and sufficient condition for the existence of a real
structure on a toric log Calabi Yau space:
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Proposition 0.5. (= Proposition [7.1) Let (X, Mx,) be a polarized toric log
Calabi- Yau space with intersection complex (B, &?). Then there is a standard real

structure on (Xo, Mx,) if and only if there exist lifted open gluing data s = (Sy)ver
with Xo ~ Xo(B, P, s) such that s, € A, @z R*.

We refer to the gluing data s € A, ®; R* as real lifted open gluing data. One
of our main results in this article is the following theorem, which provides a
canonical description of the Kato—Nakayama space of toric log Calabi—Yau space
defined by real lifted open gluing data.

Theorem 0.6. (= Theorem[7.7) Let (X,, Mx,) be a toric log Calabi-Yau space
defined by real lifted open gluing data. Then the real locus in XEN over B' C B
1S given by

X = Hom®(P, {£1})|p € Hom®(P,U(1))|p:-

where Hom®(P, U(1))|p: is defined as in Proposition [J-13.

Theorem [7.7] apriori describes the real locus as a section over B' C B. We
discuss the necessary criteria to extend the real locus as a continuous section over
B in Proposition 4.1l Analysing further the topology of the Kato—Nakayama
space XEN for X is defined by real lifted open gluing data, in Proposition
we prove that the restriction of p*N : XN — B to the real locus exhibits X{g
as a surjection with finite fibres. Over B\ A, this map is a topological covering
map with fibres of cardinality 2"T!. As a concrete example we study in §8.1] real
loci in a real toric degeneration of quartic K3 surfaces. For a specific choice of
the gluing data we reproduce a result of Castano-Bernard and Matessi [CBM] on
the topology of the real locus of an SYZ-fibration with compatible real involution
in our setup. We also investigate a non-trivial real structure on the local P2.

Related work: The real locus in algebraic varieties is studied extensively in
the mathematics literature from different perspectives [De, MJT| [DK| [Hul, [N}
NS]. Of particular interest is to understand the cohomology groups of real loci.
In [CBM], §3 the mod 2 cohomology of real loci is also studied via a spectral
sequence relating it to Hodge groups, see in connection with [GS2]. In [AP], in
our joint work with Thomas Prince, we continue this study from the point of
view developed here, in the case of Calabi—Yau threefolds. Among other things,
the rank of the mod 2 first cohomology group for a toric degeneration of quintic
threefolds turns out to be 101, agreeing with the Hodge number hM!. These
observations indicate deeper meaning of our real Lagrangians in the study of
Hodge theoretic mirror symmetry, which is investigated in [AP2]. The study of
real loci is also essential from the point of view of Gromov—Witten theory and
enumerative real algebraic geometry. Once we have a real Lagrangian L C A,
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a holomorphic disc with boundary on L glues with its complex conjugate to a
rational curve C' C X; with a real involution. Real rational curves are amenable
to techniques of algebraic geometry and notably of log Gromov-Witten theory
of the central fibre X,. Thus real Lagrangians provide an algebraic-geometric
path to open Gromov-Witten invariants and the Fukaya category. See [Sd, PSW)
FOOO, [Ge] for some previous work in this direction without degenerations. We
also note that another very influential method of producing algebraic varieties
with real structures combinatorially is Viro’s patchworking method [V]. This
method produces real algebraic hypersurfaces inside toric varieties with prescribed
topology. Bounds on the mod 2 Betti numbers of the real locus for such varieties
have been studied by Bihan, Itenberg, and Viro [Bl I, TV] and, very recently,
by Renaudineau— Shaw |ReSh| via the introduction of a real analog of tropical
homology groups [IKMZ]. Our method here is substantially different in that
our varieties typically do not embed as hypersurfaces in toric varieties. On the
downside, our setup is restricted to the toric degenerations treated in [GS3] and
hence only produces varieties with effective anti-canonical divisor. A certain
overlap of the two methods concerns hypersurfaces in toric varieties with effective
anticanonical bundle.

It is natural to ask if the Kato-Nakayama space of the central fiber of a toric
degeneration, can be obtained as a topological Calabi—Yau compactification as in
[RZ]. This is further investigated in [RZ2].
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during a visit to the University of Cambridge hosted by him. I am grateful to
Tom Coates and Dimitri Zvonkine for their useful suggestions which improved
the exposition of the paper. Finally, many thanks to an anonymous referee for
their very useful feedback and corrections. This project has received funding from
the “Research Training Group 1670 Mathematics inspired by String Theory” at
Universitdt Hamburg funded by the Deutsche Forschungsgemeinschaft (DFG),
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Conventions. We work in the category of complex analytic spacesﬂ For R a
finitely generated C-algebra we write Specan R for the analytic space associated
to the complex scheme Spec R.

IThe discussions in §5lon real structures in log geometry and in §7lon real toric degenerations

also hold in the category of schemes over R.
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For a = re®? € C\ {0} we denote by arg(a) = ¢ € R/2miZ and by Arg(a) =
¢"? = a/|a|. The unit disc in C is denoted D.

1. KATO-NAKAYAMA SPACES WITH A VIEW TOWARD TORIC DEGENERATIONS

1.1. Generalities on Kato-Nakayama spaces. Throughout this section we
assume basic familiarity with log geometry at the level of [Kf]. Logarithmic
structures in the analytic category have been introduced in [KN| Def.1.1.1]. For
more details we encourage the reader to also look at [Kkl [Og]. The structure
homomorphism of a log space (X, My) is denoted ay : Mx — Ox, or just « if
X is understood. The standard log point (Spec C,N @& C*) is denoted O,

To any log analytic space (X, Mx), Kato and Nakayama in [KN] have asso-
ciated functorially a topological space (X, Mx)XN its Kato-Nakayama space or
Betti-realization. We review this definition and its basic properties first before
discussing the additional properties coming from a real structure. Denote by
IIT = (Specan C, My;) the polar log point, with log structure

arT - MH,O = RZO X U(l) — C, (T, €i<p) 7 62'%0.

The map II' — Specan C forgetting the logarithmic structure makes II" into a
log space over C. Note Mo = U(1), so this log structure is not fine. As a set
define

(X, Mx)*N := Hom (I, (X, Mx)),

the set of morphisms of complex analytic log spaces II" — (X, M ). Note that a
log morphism f : II" — (X, My) is given by (a) its set-theoretic image, a point
z = ¢(0) € X, and (b) a monoid homomorphism f> : Mx, — Rsg x U(1).
Forgetting the monoid homomorphism thus defines a map of sets

(1.1) T (X, Mx)*N — X

We endow (X, M x )XY with the following topology. A local section s € I'(U, M),
U C X open, defines a map

(1.2) eve:m WU) — Rsq x U(1), fr—— f os.

As a subbasis of open sets on (X, Mx)XN we take ev;(V), for any U C X open,
s € I'U,Mx) and V C Ry x U(1) open. The forgetful map 7 is then clearly
continuous.

If the log structure is understood, we sometimes write XX~ instead of (X, M x)EN
for brevity.



REAL LOCUS OF KATO-NAKAYAMA SPACES 9

Remark 1.1. The following more explicit set-theoretic description of (X, M x XN
is sometimes useful. A log morphism f : Il — (X, My) with f(0) = z is
equivalent to a choice of monoid homomorphism f° fitting into the commutative
diagram

b_
MX,x f—_(ﬁm) RZO X U(l)

aX,xJ/ J/OCH

OX@ e C

Here ax, is the stalk of the structure morphism ax : Mx — Ox of X and
ev, takes the value of a holomorphic function at the point x. This diagram
implies that the first component p of f* is determined by z and the structure
homomorphism by the equation

p(s) = |(axa(s)) (@)]-

Thus giving f is equivalent to selecting the point x € X and a homomorphism
0 : Mx, — U(1) with the property that for any s € My, it holds

(axo(5)(2) = |(axa(s))(@)] - 0(s).

Since both sides vanish unless s € O)Xm C Mx ,, this last property needs to be
checked only on invertible elements. Note also that a homomorphism My, —
U(1) extends to M%, since U(1) is an abelian group. Summarizing, we have a
canonical identification

(1.3) (X, Mx)* = {(M) € [, Hom(M%,, U(1)) | Vh € 0%, : 0(h) = 12 }

[h(z)]

In this description we adopt the occasional abuse of notation of viewing Oy , as
a submonoid of M x , by means of the structure homomorphism Mx , = Ox ,.
Given s € Mx,, then by (L3) any point f € X*N over € X defines an element

0(s) € U(1). We refer to this element of U(1) as the phase of s at f. If s € O%,
then the phase of any point of XXN over x agrees with Arg(s) = e?#&(),

Next we give an explicit description of (X, My )XY assuming the log structure
has a global chart with a fine (i.e. finitely generated and integral) monoid. For a
fine and saturated monoid P, we have P8 ~ T @ 7Z" with T finite. Thus the set
Hom(P#P U(1)) is in bijection with |T'| copies of the real torus U(1)" by means
of choosing a basis of Z". This identification is compatible with the topology on
Hom (PP, U(1)) defined by the subbasis of topology consisting of the sets

(1.4) V, := {p € Hom(P® U(1)) | p(p) € V'},

for all V'C U(1) open and p € P*P.
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Proposition 1.2. Let P be a fine monoid and let X be an analytic space en-
dowed with the log structure defined by a holomorphic map g : X — Specan C[P].
Then there is a canonical closed topological embedding of (X, Mx )XY into X x
Hom(PsP, U(1)) with image

{(2,3) € XxHom(P®,U(1)) |Vp € P+ (7). € OF, = A(p) = Arg(g*(")(x)) }.

Proof. Denote by 3 : P — I'(X, Mx) the chart given by g and by 3, : P — Mx,
the induced map to the stalk at # € X. Recall the description (L3)) of (X, M x)KN
by pairs (z,6) with z € X and 6 : MY, — U(1) a group homomorphism
extending h + h(x)/|h(z)| for h € O% ,. With this description, the canonical
map in the statement is

U (X, Mx)*N — X x Hom(P#,U(1)), (z,60) — (z,00 B).

Here (8P : P&P — /\/l_gXp7 ., is the map induced by 3, on the associated groups.

To prove continuity of ¥, let p € P& and V' C U(1) be open. Then U~1(X xV,)
with V,, C Hom(P#P, U(1)) the basic open set from (I.4]), equals evgglp(p) (R>ox V),
with evges(p) defined in (L2). By the definition of the topology, U~*(X x V},) C
(X, Mx)¥N is thus open. Continuity of the first factor © of ¥ being trivial, this
shows that W is continuous.

We next check that im(W) is contained in the closed subset of X xHom(PsP, U(1))
stated in the assertion. Let (z,0) € (X, Mx)X¥YN. For p € P, the required equation
g*(2%)(x) = A(p)-|g*(z") ()| for A = o3 is non-trivial only if h := ¢*(z) € O% ,.
In this case, f,(p) maps to h under the structure homomorphism My, — Ox .

and hence
ha) G @)
h(z)|  |gt(zP) ()]

(60 B:(p)) () =

verifying the required equality.
Conversely, assume (z,\) € X x Hom(P#, U(1)) fulfills

(1.5) G (") (@) = A(p) - |6 (") (x)

for all p € P. Denote by a : Mx — Ox the structure homomorphism. Then

Y

M, fits into the cocartesian diagram of monoids

B 0%,)——P

Qg 0Bz l [ Bz

X
OX7{,C .MX71'

By the universal property of the fibered coproduct there exists a unique map

¢ € Hom(Mx,, S'), with ¢(h) = |Zg§\ for h € Ox , fitting into the following
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commutative diagram:

(o e

o

X
X,x MXm

The map ¢ defines a unique element in 6 : M%g . — U(1), as the induced map
on associated groups. For h € Og, it holds 0(h) = h(z)/|h(z)| and hence
(2,0) € (X, Mx)¥N. It is now not hard to see that the map (z,\) — (z,0) is
inverse to W and continuous as well. U

1.2. Examples of Kato-Nakayama spaces. We now discuss a few examples
of Kato-Nakayama spaces, geared toward toric degenerations. Unless otherwise
stated, N denotes a finitely generated free abelian group, M = Hom(N,Z) its
dual and Ng, My are the associated real vector spaces. If o C Ny is a cone then
the set of monoid homomorphisms ¢¥ = Hom(o,R5¢) C Mg denotes its dual
cone. A lattice polyhedron is the intersection of rational half-spaces in My with
an integral point on each minimal face.

The basic example is a canonical description of the Kato-Nakayama space of
a toric variety defined by a momentum polytope. We use a rather liberal defini-
tion of a momentum map in Definition [L.3] below that makes no reference to a
symplectic structure.

We first recall the notion of positive real locus of a toric variety, see e.g. [E], §4.1].
Let X be the complex projective toric variety associated to a full-dimensional,
convex lattice polyhedron = C Mg. A basic fact of toric geometry states that the
fan of X agrees with the normal fan ¥z of =. From this description, X is covered
by affine toric varieties Specan(C[o¥ N M]), for ¢ € ¥=. Since the patching is
monomial, it preserves the real structure of each affine patch. Hence the real locus
Hom(c",R) C Hom(c",C) of each affine patch glues to the real locus Xg C X.
Unlike in the definition of ¥, here R and C are multiplicative monoids. Moreover,
inside the real locus of each affine patch there is the distinguished subset

o0 =Hom(c",R>¢) C Hom(c",R),

with “Hom” referring to homomorphisms of monoid. These also patch via mono-
mial maps to give the positive real locus X>¢ C Xg.

With the positive real locus defined, we are now in position to define abstract
momentum maps.
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Definition 1.3. Let X be the complex toric variety defined by a full-dimensional
lattice polyhedron = C Mg. Then a continuous map

X — =

is called an (abstract) momentum map if the following holds.

(1) w is invariant under the action of Hom(M,U(1)) on X.

(2) The restriction of g maps X>¢ homeomorphically onto Z, thus defining a
section sp : = — X of p with image X>o.

(3) The map

(1.6) Hom(M,U(1)) xZ2 — X, (A, x)+— X sp(x)

induces a homeomorphism Hom(M, U(1)) xInt(Z) ~ X\ D, where D C X
is the toric boundary divisor.

Projective toric varieties have a momentum map, see e.g. [El §4.2]. For an affine
toric variety Specan(C[P]), momentum maps also exist. One natural construction
discussed in detail in [NOL §1], is a simple formula in terms of generators of the
toric monoid P [NO| Def.1.2 and Thm.1.4]. Some work is however needed to
show that if P = ¢¥ N M, then the image of this momentum map is the cone o
spanned by P. We give here another, easier but somewhat ad hoc construction

of a momentum map in the affine case.

Our next result concerns the announced canonical description of the Kato-
Nakayama space of a toric variety with a momentum map.

Proposition 1.4. Let X be a complex toric variety with a momentum map p :
X — = C Mg and let Mx be the toric log structure on X. Then the map (L.6)
factors through a canonical homeomorphism

® : = x Hom(M,U(1)) — (X, Mx)*N.

Proof. The toric variety X is covered by open affine sets of the form Specan(C[P])
with P8 = M, and these define charts for the log structure. Thus the local
description of X*N in Proposition as a closed subset globalizes to define a
closed topological embedding

v XN 5 X x Hom(M, U(1)).

With sy : 2 — X the section of p with image X>g C X, consider the continuous

map

¢ : = x Hom(M,U(1)) — X x Hom(M,U(1))
(a,A) —> (X-so(a),N)
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Blo(AY)

FIGURE 1.1. An oriented real blow-up of A! at the origin

Here A € Hom(M, U(1)) acts on X as an element of the algebraic torus Hom(M, C*).
The map ® has the continuous left-inverse p x id. Thus to finish the proof it re-
mains to show im(®) = im(¢). We may check this equation on U x Hom(M, U(1))
for U = Specan C[gV N M] toric affine open subsets of X. Note that ®~'(U x
Hom(M,U(1))) is the product with Hom(M,U(1)) of the open dense subset
n(U) C E.

Indeed, according to Proposition[L2] (x, A) € X x Hom(M, U(1)) lies in (X KN)
iff for all m € ¥ N M it holds 2™ (x) = A(m) - |2™(x)|. But this equation holds if
and only if x = X\ - so(a) for a = u(zx) since sy(a) € X>o implies

Z"(A - so(a)) = Am) - 2" (so(a)) = A(m) - [2"(x)].
Thus (z,\) € XENiff (z,X) = (A so(u(x)), A), that is, iff (z,\) € im(P). 0O

Remark 1.5. The left-hand side in the statement of Proposition [I.4] can also be
written T2 /A where A C T% is the local system of integral cotangent vectors.
Indeed, for any y € = we have the sequence of canonical isomorphisms

TE*’y/Ay — Hom(M,R)/ Hom(M, Z) = Hom(M,R/Z) = Hom(M, U(1)).

Example 1.6. Let X = A! = Specan(C[N]) be endowed with the divisorial
log structure M x (0}). For z the toric coordinate, |z| defines a momentum map
X — Ry in the sense of Definition By Proposition [[.4], there exists a
canonical homeomorphism
XN~ Ry, x St

The map 7 : XXN¥ — X is a homeomorphism onto the image over A\ {0}
and has fibre ST = Hom(Mx (o}), U(1)) = Hom(N, U(1)) over 0. Thus X*N is
homeomorphic to the oriented real blow up of A' at 0 [Gi].

More generally, let (X, M x p)) be the divisorial log structure on a complex
scheme X with a normal crossings divisor D C X. Then the Kato-Nakayama
space XXN of X can be identified with the oriented real blow up of X along D.
At a point z € X the map X*N — X has fibre (S')* with & the number of
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irreducible components of D containing z. For details of this construction we
refer to [Gi].

Example 1.7. Let X = P? with the toric log structure. There exists a momen-
tum map pu : P2 — Z with

= = Conv{(0,0),(1,0),(0,1)} C Mg

the 2-simplex and M = Z?. The momentum map exhibits the algebraic torus
(C*)% C P? as a trivial (S!)2-bundle over Int Z. Intrinsically, the 2-torus fibres of
w over Int(Z) are Hom(M, U(1)). Over a face 7 C Z, the 2-torus fibre collapses
via the quotient map given by restriction,

Hom(M,U(1)) — Hom(M NT,,U(1)),

where T, C My is the tangent space of 7. The quotient yields an S* over the
interior of an edge of = and a point over a vertex.

Now going over to the Kato-Nakayama space simply restores the collapsed
directions, thus yielding the trivial product

XEN — = % (512

The fibre of XX¥N — X over the interior of a toric stratum given by the face 7 C =
are the fibres of Hom(M,U(1)) — Hom(M NT,,U(1)).
An analogous discussion holds for all toric varieties with a momentum map.

We finish this section with an instructive non-toric example that features a
non-fine log structure. It discusses the most simple non-toric example of a toric
degeneration, the subject of Section

Example 1.8. Let X = Specan (Clz, y, w*,t]/(zy — t(w +1))), considered as a
holomorphic family of complex surfaces

0: X —C

via projection by t. For fixed ¢ # 0 we can eliminate w, which is invertible, to
arrive at 671(¢) ~ C%\ {zy = 0}. For t = 0 we have

57(0) = (€ x C) Lle- (C x ),

two copies of C x C* with coordinates x,w and y,w, respectively, glued semi-
normally along {0} x C*. Denote X, = 67%(0), let My = Mx,x, be the
log structure defined by the family and My, its restriction to the fibre over
0. Then (Xy, My,) comes with a log morphism f to the standard log point
O" = (pt,C* & N). We want to discuss the Kato-Nakayama space of (X,, Mx,)
together with the map to S!, the Kato-Nakayama space of OF.
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First note that X has an A;-singularity at the point pg with coordinates x =
y=1t=0,w= —1. Any Cartier divisor at py with support contained in X is
defined by a power of t. Hence My, ,, = N, while at a general point p of the
double locus (Xg)sing = C*, the central fibre is a normal crossings divisor in a
smooth space and hence My,, = N2 In particular, My, is not a fine sheaf
at pp. On the other hand (X, Mx,) is a typical example of Ogus’ notion of
relative coherence. In this category, the main result of [NOJ still says that XXN
is homeomorphic relative (C, Mc)*N = S' x R5g to XFN x Rsq. In particular,
the fibre of fXN . XEN — Gt = (ONEN gver ¢ € S! is homeomorphic to
C?\ {zy = 0}. We want to verify this statement explicitly.

As a matter of notation, we write s, s,, s; for the sections of M x or of M,
defined by the monomial functions indicated by the subscripts. We also use s; to
denote the generator of the log structure My: of OF.

Since s; generates My, ,, as a log structure, according to (L3) the fibre of
7 XN — Xo over py is a copy of U(1), by mapping 6 € Hom(ME, ,U(1)) to
its value on s;. The projection to S* = (OT)XN can then be viewed as the identity.

On the complement of pg the log structure is fine, but there is no global chart.
We rather need two charts, which we take to be

U = Xo\(z=y=0)=Specan (Clz"*", w*™'] x C[y*",w*"]) = (C*)*II (C*)*
V = Xo\ (w=—1)= Specan ((C[x, Y, wil]/(a:y))wﬂ,

respectively. The charts are as follows:

0:N — (U Myx,), ¢(1)=s.
YN — IV, Mx,), gp(a,b):s“-sb

Proposition [[2 now exhibits UXN, VEN as closed subsets of U x U(1) and V' x
U(1)?, respectively. In each case, the projections to the U(1)-factors are defined
by evaluation of § € Hom(M% ,,U(1)) on monomials. We write these U(1)-
valued functions defined on open subsets of Xi~ by 6;,6,,6,,0,, according to the
corresponding monomial. Since f : (Xo, Mx,) — OV is strict over U, we have
UKN = U x U(1) with f¥N = 0, the projection to U(1). For VXN over the double
locus & = y = 0 the fibre of the projection VXN — V is all of U(1)2, while for
x # 0 the value of 0, is determined by argz. An analogous statement holds for
y # 0.

To patch the descriptions of XN over the two charts amounts to under-
standing the map VEN — (ONEN = [U(1), the image telling the value of § €
Hom(M¥% ., ( )) on s;. Over V= X, \ (w = —1) we have the equation
st = (w+ 1)7'szs,. Thus, say over x # 0, we obtain a description of VKN
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by the value 6, of 6 € Hom(M¥, ,,U(1)) on s,. Then

Arg(v)

(1.7) 0= tretw T O

Thus the identification with UXN is twisted both by the phases of z and of w + 1.
A similar description holds for y # 0.

For t = 7€' # 0 denote by X N(e') the fibre over ¢ € U(1) = (O")XN and
similarly UXN(e??), VEN(i9). Tt is now not hard to construct a homeomorphism
between UKN () U VEN(e?) and 671(t) ~ C?\ {zy = 0}. For example, there
exists a unique such homeomorphism that on (x = 0) C UXN(e*?) restricts to

(w+ 1) - 7eio=¥)
s+ [(w+1)7|V/2’

(C*)? 2 (y = se, w) — ( (s + [(w + 1)7‘|1/2)ew) € C?,
and to a similar map with the roles of x and y swapped on (y = 0) C UXN(e®).
This form of the homeomorphism comes from considering the degeneration xy =
(w+ 1)t as a family of normal crossing degenerations of curves parametrized by
w = const. Details are left to the reader.

Example 1.9. An alternative and possibly more useful way to discuss the Kato-
Nakayama space of the degeneration zy = (w+ 1)t in Example [[.§ is in terms of
closed strata and the momentum maps of the irreducible components Y; = (y =
0), Y5 = (x = 0) of Xy and of their intersection Z = Y; NY,. Endow Y;, Y5, Z
with the log structures making the inclusions into Xj strict. Away from py we
then have global charts defined by s, s, for Y;, by s, s, for Y5 and by s,, s, for
Z. By functoriality, the fibre of 7 : XXN — X over these closed strata Y7, Y5,
7 agrees with YEN VEN ZKN “regpectively. Therefore, we can compute XEN as
the fibred sum

KN _ KN KN
XEN = yEN T o0 YN,

Away from the singular point p; € Xy of the log structure, VXN is the Kato-
Nakayama space of Y; as a toric variety times an additional S!-factor coming
from s;, and similarly for Y5. Since each Y; has a momentum map pu; with image
the half-plane R~ x R, Proposition [[4] gives a description of VXN as Ry x R x
U(1)3/ ~ with the U(1)-factors telling the phases of w, s; and of s, (for i = 1)
or of s, (for i = 2), respectively. We assume that the momentum map maps po
to (0,0) € R>g x R. Note that w # 0, so the phase of w is already determined
uniquely at any point of X,. The indicated quotient takes care of the special
point py by collapsing a U(1) over (x,y,w) = (0,0, —1) as follows. Restricting
the projection

Rso x R x U(1)? — Y}
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to x = 0 yields a U(1)?-bundle over C*, the w-plane. The two U(1)-factors record
the phases of s; and s,, respectively. Now the quotient collapses the second U(1)-
factor over w = —1, reflecting the fact that only s; survives in Mx, ,,.

Again by functoriality, the restriction of either VXN to {0} x R yields ZXN.

Using s, s, as generators for My over Z \ {po} = C* \ {—1} we see
"N = Rx U1} ~= C* xU(1)?/ ~

Now the three U(1)-factors tell the phases 6,,, 0,, 0, of w, s, s,. In the description
as C* x U(1)?/ ~, the equivalence relation collapses the U(1)-subgroup

{(exaey) e U(1)? } 0. -0, = 1}

over —1 € C*. Thus over the circle |w| = a inside the double locus z = y = 0,
XEN is a trivial U(1)2-bundle as long as a # 1, hence a 3-torus. This 3-torus
fibres as a trivial bundle of 2-tori over (OT)XN = S'. If ¢ = 1, one of the U(1)-
factors collapses to a point over w = —1, leading to a trivial family of pinched
2-tori over (OT)KN = St

A nontrival torus fibration arises if we consider a neighbourhood of the double
locus. This is most easily understood by viewing X N as a torus fibration over
R? by taking the union of the momentum maps

p:Xg— R ply, =, ply, =Ko ps,

with #(a,b) = (—a,b). Denote by X N(e') the fibre of XXN — (ONKN = §!
over ¢ € S1. Write p*N = pom : XEN — R? and p5N(e™?) for the restriction
to XEN(e™?). For any (a,b) € R*\ {(0,0)} the fibre (u*N)"(a,b) is a 3-torus
trivially fibred by 2-tori over (OT)¥N = S, We also have trivial torus bundles
over the half-spaces (R>o x R) \ {(0,0)} and (R<g x R) \ {(0,0)} as well as over
R x (R \ {0}). However, the torus bundle is non-trivial over any loop about
(0,0) € R2. The reason is that the equation zy = t(w+ 1) gives the identification
of torus fibrations over the two half planes via

(1.8) 0, =06, Arg(w +1) - 6,.

Now consider u&N(e®?) : XEN(e*?) — R? over a small circle about the origin
in R?, yielding a fibration by 2-tori over S'. The previous descriptions give
trivializations of p&N(e') over the right half-plane by 6,6, and over the left
half-plane by 6,,6,, yielding a half-circle times (S')? each. These trivialization
are identified at their boundaries, which map to two points on the vertical axis
{0} x R C R? by means of (L8). The two points on the vertical axis have
coordinates (0, £b), corresponding to circles |w| = r and |w| = R withr <1 < R
in the w-plane. Now Arg(w + 1) restricted to the circle |w| = r < 1 is homotopic
to a constant map, while for |w| = R > 1 this restriction has winding number 1.
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This means that the topological monodromy of the 2-torus fibration p*N(e*?) :
XEN(e?) — R? along a counterclockwise loop about (0,0) € R? is a (negative)
Dehn-twist. Thus p*N(e??) is homeomorphic to a neighbourhood of an I;-singular
fibre (a nodal elliptic curve) of an elliptic fibration of complex surfaces.

2. TORIC DEGENERATIONS FROM GLUING DATA

2.1. Toric degenerations and their intersection complex. We now focus on
toric degenerations with reducible central fiber, as introduced in [GS1l Def.4.1],
but following the conventions of [GHS| and interpreted in the complex-analytic
categoryE For much of the present paper we take the point of view that a toric
degeneration is given, thus avoiding to discuss the canonical reconstruction pro-
cedure involving wall structures [GS1],|[GHK],|[GHS]. To further simplify the pre-
sentation, we also restrict to the original case of one-dimensional families.

To define toric degenerations, we start with their central fibers. For this pur-
pose, we say a map ¢ : X — Y of toric varieties is a stratified embedding if it
induces isomorphisms of each closed toric stratum of X with a closed toric stra-
tum of Y. For an integral polytope 7, the convex hull of finitely many integral
points in R” for some n, we write A, ~ Z4™7 for the free abelian group of integral
vector fields on 7, or equivalently, for the group of integral tangent vectors at any
point of 7.

Definition 2.1. a) Let B be a topological manifold that is the underlying topo-
logical space of a cell complex & of integral polytopes with attaching maps
inclusions of faces preserving the integral affine structure. For each 7 € & we
assume that the map 7 — B is injective, that is, that no cell of & self-intersects.
We call (B, Z) an integral polyhedral manifold and write &, for the set of
maximal (n-dimensional) cells of Z.

b) A toric log Calabi-Yau is a reduced complex space Xy of some pure di-
mension n with irreducible components X, the projective toric varieties with
momentum polytopes the maximal cells ¢ of an integral polyhedral manifold
(B, 7). We refer to [GS1l, Defn.4.3] for further technical assumptions on toric
log Calabi—Yau spaces. For all 7 € & we also assume that

X, = ﬂ X,

0E Pmax,TCo

is isomorphic to the toric variety with momentum polytope 7. We call (B, &)
the intersection complex of Xy and X, its toric strata.

2See [GHS] §A.1 and §A.2] for the translation to the earlier conventions of [GS1] and [GS3].
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Thus for any 7 € & and face w C 7, we have a closed embedding ¢, : X, —
X,. Since ¢, preserves toric strata, it is the composition of a toric automorphism
of X, with the inclusion of a closed toric stratum into X, .

For the following definition recall that a normal complex space X with a divisor
Xo C X is called a toroidal pair if locally (X, Xj) is isomorphic to (Y, D) with Y
an affine toric variety and D C Y the union of toric prime divisors.

Definition 2.2. A toric degeneration is a proper and flat holomorphic map
6: X —D

of complex spaces, where D C C a disk, X is normal, and the central fiber X
a union of toric varieties, glued pairwise torically along toric prime divisors. We
also assume that there is a closed analytic subset Z C X with fibers over D
of codimension two such that (X, Xj) is a toroidal pair outside of Z. We also
assume that Z = Z N X is contained in the singular locus (Xo)sing 0of Xo.

We endow X and D with their divisorial log structures My = Oy N (9;{\ X and
My, and view a toric degeneration as a morphism of log analytic spaces

0: (X,Mx) — (]D,M]D)).

We are mostly concerned with the log structure My, on X, obtained by re-
striction of M. The induced morphism

(XQ, MXO) — OT

to the standard log point O is then also log smooth away from Z. We therefore
refer to Z as the log singular locus of Xj.

There is the following simple description of (Xg, My,) at smooth points of
(X0)sing, including points of Z. Let 0,0’ € Ppax be maximal cells and p = o No’
be of dimension n — 1. Let u, v be local holomorphic functions on X restricting
to toric monomials on X, , X, C Xy, respectively, such that X is locally defined
by uv = 0.

Proposition 2.3. There is a unique Laurent polynomial
n—1

o€ C[A,] = (C[zfl, o2t ]

and unique x € N\ such that in a neighbourhood of the algebraic torus (C*)"~! C
X,, the log morphism

(Xo, Mx,) = ot

is isomorphic to the logarithmic central fiber of the map

C*x (CHY" ' D V(f, k) — C, (u,v,t,2)—>t
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with V(f, k) C C* x (C*)"! defined by
(2.1) w = f,(z) - t".

Proof. This is a simple special case of [GS1, Thm.3.22 and Prop.4.20], which says
that considering u|x, and v|x , fixed, the restriction f(z,0) of f tot =0 and &
uniquely determine the local isomorphism class of the log structure Mx, on X
together with the log morphism to OF. U

Remark 2.4. We emphasize that f, depends on the choice of v and v. Indeed,
changing the monomial u|,—o € C[A,] by multiplication with 2™ € C[A,] C C[A,]
changes f, to 2™ - f,, and similarly for changes of v. Canonical choices of f,
can be deduced, however, depending on the choice of a connected component of
Int pN (B\ A) with A C B introduced in Definition [2.5] as should be clear from
the discussion of (Z.3]) below.

A central role in the theory of toric degenerations is played by a canonical
extension of the integral affine structure (transition functions in Z" x GL(n, Z))
already given on the interiors of maximal cells to a larger subset of B. To define
this affine structure, we now add the mild assumption that the compatible polar-
izations on the irreducible components X, C X, are the restrictions of an ample
line bundle on Xj. In particular, Xy is now projective.

Under this projectivity assumption, [RuSi, Prop.2.1] proves the existence of a

continuous map
(22) JA Xo — B,

with restriction to each irreducible component X, C Xy an abstract momentum
map in the sense of Definition [I.3]

Definition 2.5. We refer to i as a degenerate momentum map and write

N =por: XN — B

for the composition of p with 7 : XXN — Xj. The image A = pu(Z) of the log
singular locus Z C X is referred to as amoeba image of Z.

Note that A is contained in the (n — 1)-skeleton of 2. Moreover, given an
(n — 1)-cell p € 2, the intersection of Z with the algebraic torus (C*)"~* N X,
is an algebraic hypersurface, and there exists a diffeomorphism R"~! — Intp
mapping the amoeba of this hypersurface to A N Int(p), thus motivating the
name amoeba image.

We will now show that the integral affine structure on (J,c, Into C B
extends naturally to B\ A. For the statement, recall that an integral tangent
vector £ on a momentum polyhedron ¢ C R™ defines a monomial function 2¢ €
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Clz1, .- -, 2n). Thus the monomial function u in Proposition 2.3 defines a primitive
integral vector field { € A, that generates the quotient A,/A, ~ Z and points
from p into o. Similarly, v defines & € A, pointing from p into ¢’. Extending
the affine structure on Int o U Int ¢’ across a neighbourhood of z € Int p amounts
to define the parallel transport of ¢ through z as —¢ + m, for some m, in the
image of the inclusion A, — A,. Now if x € B\ A, the restriction of f to
pt(z) € (C*)"! C X, defines a continuous map

(2.3) " (z) = Hom (A, U(1)) 5 ¢ 25 r(1),

hence an element of A, = Hom (Hom(A,,U(1)),U(1)). We define m, as the
image of this element in A/. It is not hard to see that this extension of the
integral affine structure over |J p.dim pn—1 106 P does not depend on any choices,

see [RuSi, Constr.2.2 and Rem.2.3].

Proposition 2.6. There exists a unique integral affine structure on B\ A satis-
fying the following conditions:

(1) The affine structure restricts to the given affine structure on Int o, for any
0 E P pax-

(2) The extension over a point x € Int pN (B \ A) for p € & an (n — 1)-cell
is via (23) as described.

Proof. Uniqueness follows since if A C R™ is a closed subset with R™\ A connected,
then by the identity theorem for affine functions there is a unique extension of
the standard affine structure on R™\ A to R™.

To construct an integral affine chart near a point x € B\ A, let 7 € & be the
minimal cell containing x, assumed of codimension 7 > 1. Pick z € p~*(z) and
denote by V' C X, the complement of all closed toric strata in X, not containing
z, where p is as in (Z2). Thus V is the smallest neighbourhood of z that is a
union of torus orbits of the irreducible components of X,. Write P = WXO,Z
and let mg € P be the image of the generator of Myi. From the fact that X,
is a toric log Calabi-Yau space it is shown in [GS1l, §3.3] that there is a closed
embedding

(2.4) ® : V' — Specan (C[P @& A.])

with image the reduced union of toric prime divisors defined by 2™ = 0. Thus
if P, C P denotes the facet corresponding to o € .., with 7 C o, the map ®
restricts to an isomorphism of X, NV with Specan C[P, & A,]. In particular, ®
induces an isomorphism

(2.5) PP @A, 5 A,
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of free abelian groups, whose restriction to A, is the embedding A, — A, coming
from the fact that 7 is a face of ¢. Note that this isomorphism is unique up
to adding the composition of a homomorphism P2 — A, with the projection
PP g A, — PSP,

Note also that the embedding P — P induces a canonical isomorphism PP ~
Pe? /7, - mg. The induced isomorphism

Ay — PP A, — (P/Z-mo) ® A,

now identifies the set of integral points of the cone Rs¢- (0 —7) C A, ®z R with
a subset of the image of P, & A,. Varying o, the images of the facets P, C P
in P8P /Z - my are the integral points of the maximal cones of a complete fan in
the associated real vector space (P8P /Z - mg) ®z R. We thus see that any closed
embedding ® as in (24) defines an integral affine chart along Int 7. Since ® is
not unique, we now need to restrict to a certain choice of ® depending on the
point = € Int 7 N (B \ \A) to define the affine chart near x unambiguously.

To this end, observe that ® is the chart for a log structure over Of on V, which,
however can not be isomorphic to My, |y unless all f, are monomial. The picture
developed in [GS1), §3.3] rather shows that a chart for My, on an open subset
U C V can always be obtained as follows. For p € 9P denote by z, = ®*(2?) and
by A, C V the closure of V' \ V(2?), that is, the closure of the subset where 2”
does not vanish. The definition of the sheaf F in [GS1, p.263] then shows that
for any p € OP there exists h, € O*(A4,) such that

C[P] — O(U), 2P+ hy,- 2,

is the chart for a log structure over O' isomorphic to (U, Mx,|v).
It follows from (2.3)) that the restriction of Arg(h,) € U(1) to p~*(z) defines a
homomorphism
Hom(A,, U(1)) = i~ (z) — U(1),
hence an element m, € A, C A,. After replacing h, by z=™ - h, and ® by
mapping z” to z7"»z,, we can assume that m, = 0 for all p. Note that m, =0 is
equivalent to the statement that all maps

h’p|u*1(x) : U(l)r = HOHI(AT, U(l)) — C*

are homotopic to constant maps. We say that ® is adapted to x if this is the case,
that is, if all Ap|,-1(,) are homotopically constant. Note that at any x € B\ A there
is exactly one adapted chart at . We define the affine chart near x as explained
with respect to an adapted chart, generalizing the construction in codimension
one.

Compatibility of affine charts follows since moving x to a point y in an adjacent
higher-dimensional toric strata is done by localization of P, thus moving some
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direct summand of P#P to A,. By keeping y close to z, the restriction h, to u~*(y)
differs from the restriction to p~!(z) only by a small term, hence remains homo-
topically contractible. This shows that the restriction of ® to the corresponding
neighbourhood of y is an adapted chart also at y. The corresponding affine charts
are then compatible by construction. O

2.2. Faithful and simple toric degenerations. If the log singular locus Z C
Xy contains 0-dimensional strata of X, the information captured by the log space
(Xo, Mx,) typically is too limited to tell much about X — D. This is indeed the
situation in [GHK], where one obtains a large number of topologically different
toric degenerations with the central fiber a union of affine planes A2, joined
cyclically along their coordinate axes and with the same induced log structure on
Xo.

In contrast, if Z = () then (X, My) — (D, Mp) is log smooth and (X,, M x,) —
O captures the complete topology of

(2.6) X\ Xy — D\ {0}
Indeed, [NO, Thm.0.3] implies that (2.6) is topologically isomorphic to
XEN % (0,7) — (ONEN % (0,7) = U(1) x (0,7).

Here r > 0 is the radius of D.

Unfortunately, toric degenerations with Z = () cover only very restricted cases
such as when X} for ¢t # 0 is a toric or abelian variety. If Z # () one can sometimes
find a small resolution X — X with centers in Z making X — D log smooth and
the central fiber X normal crossings. This is for example always possible in
dimension 2. A certain tradeoff is that now the toric irreducible components of
Xo get replaced by certain modifications, complicating any explicit analysis of
KN,

Quite a bit more can still be said if Z at least does not contain zero-dimensional
toric strata of Xy, as considered in |GS1], [GS3]. To distinguish this situation
from the general case, we introduce the following definition.

Definition 2.7. A toric degeneration X — D is faithful if the log singular locus
Z C X does not contain zero-dimensional toric strata.

By definition, a faithful toric degeneration X — D is locally near zero-dimensional
strata of X, isomorphic to a map of affine toric varieties

(2.7) Specan C[P] — C

with reduced central fiber. Here P C Z"! is a saturated and finitely generated
monoid without invertibles other than 0, and the map to C is defined by a mono-
mial 2P € C[P]. A crucial observation in [GS1] is that in this situation there is a
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natural extension of the integral affine structure on the interiors of the maximal
cells o0 € P,,.« over neighbourhoods of vertices v € & in B, as we now explain.
At a vertex v € B we have u~'(v) = X,,, a zero-dimensional toric stratum, where
p is as in (22). There is a complete toric fan 3, which describes Ay at X, as
a gluing of affine toric varieties (for details see Al Lemma 4.11]). In fact, the
monoid P can be identified with

P~ {(m,h) € Z" X Z| h > p,(m)},

where ¢, : R* — R is a specified piecewise linear function. The choice of such a
function is described in relation with a choice of polarization in [GS3], whereas in
[GHS] it canonically occurs in the presented mirror construction. The fact that
Xy is reduced is equivalent to integrality of the slopes of ¢,.

Now a maximal cone C' € ¥, corresponds to a maximal cell o € & containing
v, and Spec[C' N Z"] defines an affine toric chart for X, containing the zero-
dimensional toric stratum under consideration. This shows that the integral
affine structure defined by P/Zp ~ Z" is compatible with the affine structures on
the maximal cells of & containing v.

We have thus defined compatible charts for an affine structure covering the open
stars of vertices and interiors of maximal cells inside the barycentric subdivision
P of P. The complement is the codimension two cells complex A C B covered
by all codimension two cells of P disjoint from vertices and interiors of maximal
cells. For example, in dimension 2, A is the union of barycenters of 1-cells of
&, while in dimension 3 A is the graph with edges connecting the barycenter of
codimension one cells 0 € & with the barycenters of 1-cells w € Z.

We summarize the discussion in the following proposition.

Proposition 2.8. If X — D is a faithful toric degeneration, there is a natural
integral affine structure on B\ A for A C B the largest (n — 2)-dimensional
subcomplex of the barycentric subdivision of &2 disjoint from vertices and interiors
of maximal cells of .

In this situation, the statement of the topological description (2.6]) of X'\ Xy —
D\ {0} still holds true in one important special case, that of simple singularities
introduced in [GS1, Def.1.60]. The original definition of this concept is by a
certain indecomposability condition of the local affine monodromy of the affine
structure about A. We will not embark on a discussion from this perspective and
rather use the characterization from [GS2] in terms of toric local models, which
we now introduce.



REAL LOCUS OF KATO-NAKAYAMA SPACES 25

Construction 2.9. Let X be a complete fan in Z"~? and assume g, ¢1, ..., 1Y,
are convex integral piecewise linear functions on ¥ with Newton polytopes

Ao, ..., A, C (R"9)",
that is,
i(m) = —inf{(n,m) ‘n € Ai}.

We assume that 1y is strictly convex, that is, > is the normal fan of a lattice
polyhedron 7 = A, while Ay, ..., A, are either a point or an elementary simplex
(a lattice simplex with all integral points vertices). Given this data, define a
monoid P C Z"*! by

(2.8) P = {(m, Qo, ..., ag) € ZP=9 x L9+ = Zn+1 ) a; > (m) for 0 < i < q}.

If we let K be the cone in (R"™!)* generated by

q q
U (A x{e}) = (r < {eg}) ul (A x {e]}),
i=0 =1
where e, ..., ey is the dual basis of the standard basis e, ..., ¢, in RI*L it is

easy to check that P = KV N Z"". Now the map of monoids

Nt — P (ag, a1, ..., a,) — (0,aq,...,a,)
defines a ring homomorphism CJ¢, sy, ..., s,] = C[P]. The composition
(2.9) Specan C[P] — C x C? — C

is a local model of a toric degeneration. The central fiber has irreducible compo-
nents (C*)9x Spec C[C'NZ""1] indexed by the maximal cones C' € ¥ and pairwise
glued along their toric prime divisors as prescribed by .

We are now in position to define toric degenerations with simple singularities
based on the local models provided in Construction

Definition 2.10. A toric degeneration X — I has semi-simple singularities if
locally it is isomorphic to a model

7 : Specan C[P] — C

as defined in Construction[2.9. If in addition we can assume the Newton polytopes
Ay, ..., A, are standard rather than merely elementary simplicies, we say that
X — D has strongly semi-simple singularities.

Note that a toric degeneration with semi-simple singulartities is necessarily
faithful because ¢ in the local model is the dimension of the toric stratum con-
sidered.
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Our definition of semi-simple singularities generalizes the definition of simple
singularities in [GS1], Def.1.60], which in addition requires a mirror dual condition
that amounts to a rigidity condition along a toric stratum. For example, in
dimension two, a toric degeneration is semi-simple iff at each point of the log
singular locus Z C Xj it is locally isomorphic to uv = w - t*, while being simple
imposes in addition that Z intersects each irreducible component of (Xp)sing in
at most one point.

The local equivalence of both definitions follows in finite deformation order,

th*+1 from the local models for the logarithmic central fiber

that is, modulo
in [GS2, Thm.2.6] and the local rigidity result concerning deformations [GS2)
Lem.2.15]. The extension from finite order deformations to analytic deforma-
tions follows from an analytic approximation result for relatively smooth log
morphisms, as carried out in |[RuSi, Prop.4.9] for the case with simple singu-
larities.

Toric degenerations with simple singularities are the most desirable from many
perspectives: Their central fibers have canonical (log-) versal deformations con-
structed starting from combinatorial data on (B, &?) by the smoothing algorithm
in [GS3], see [GHS|, §A.2] together with [RuSi, §4.3], their Hodge theory is largely
reflected by the affine geometry of B [GS2], and mirror symmetry is a perfect
duality on the class of such toric degenerations, exhibited by a discrete version
of Legendre duality on (B, Z?), see [GS1]. In the following sections we describe
the general fiber of a toric degeneration with simple singularities, by studying the
Kato—Nakayama space associated to the central fiber.

2.3. Lifted open gluing data and slab functions. In the remainder of this
section we review the (lifted) open gluing data introduced in [GS1, §5.1], which
plays a crucial role in the reconstruction of a toric degeneration from combina-
torial data on a toric log Calabi—Yau space Xj, that plays the role of the central
fiber [GS3]. Roughly speaking, gluing data is the data determining how the big
torus orbits on the toric irreducible components of X, are assembled together.
This assembling is determined by closed gluing data — see [GSI], Definition 2.3
and Definition 2.10. While closed gluing data can be interpreted as changing the
closed embeddings defined by the inclusion of toric strata on the central fibre
of a toric degeneration, we also have a modification of it given by open gluing
data [GS3] [GST], where “Open” refers to the fact that these gluing data modify
open embeddings. We note that the reconstruction of a toric degeneration can
be carried either on the cone side (the intersection complex) or on the fan side
(the dual intersection complex) [GS1l, §2]. In what follows we follow conventions
of |[GS3], and review “open gluing data” for the cone side.
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Let 0 € Prax be a maximal cell, and let 7 C 0. As explained in [GS3| Construc-
tion 1.17], there is a space PM(7) (PM(7) in the notation of [GSI]) of piecewise
multiplicative functions along 7, that depends only on the embedding of 7 in B.
The following definition, which can be found in [GS3, Defn 1.18], explains how
such piece-wise multiplicative functions can be used to modify the gluing of affine
pieces, which cover mutual intersections of irreducible components of Xj.

Definition 2.11. Open gluing data for (B, Z?) are data s = (s.), indexed by
e: w — 7 inclusion of faces in &, with the following properties: (1) s, € PM(7)
fore:w —7(2) siq, =1 foreveryr € & 3)ife: 7 — 7, f: 7 — 7" then
Sfoe = Sf + S Wherever defined:

Stoes = Sfo - Seo for all 0 € Py with 0 D 7"

In the case when B is positive and simple, we can recover open gluing data
from lifted gluing data, defined as in [GSI Defn 5.1] as a Cech cocycle. Not all
open gluing data arises in this way from lifted gluing data — see [GS1], Prop 4.25].
However, if it does, it arises from unique lifted gluing data [GS1, Thm 5.2]. Thus
we view the set of lifted gluing data as a subset of the set of open gluing data.
The following result is [GS1, Thm 5.4], stated on the cone side.

Theorem 2.12. In the case of positive and simple singularities, a polarized toric
log Calabi-Yau space with given intersection complex (B, ) is defined uniquely
up to isomorphism by lifted gluing data s € H'(B, 1, A @ C*), where A denotes
the sheaf of integral cotangent vectors.

For the details on how to define the log structure on a toric log Calabi—Yau
space from lifted open gluing data, see |[GS1l, §4]. In the remaining part of this
section we discuss the role of gluing data in connection with the reconstruction
algorithm of [GS3]. One of the main ingredients in this algorithm is a wall-
structure on (B, &). Part of the wall-structure are the slab functions f, ., which
are algebraic functions indexed by a codimension 1 cell p of & and a connected
component z of p\ A [GS3| Defn. 2.17]. These functions are obtained from the
data of the affine monodromy around the discriminant locus A, and they control
consistent gluings of the local models of the deformation of the central fibre. As
it is not the focus of the current article, we refer to [GS3] for a comprehensive
study of the reconstruction via wall-structures. Our interest in the wall-structure
in the context of this paper is based on its connection to lifted open gluing data.
We review the connection between slab functions and lifted open gluing data in
the following discussion.

Discussion 2.13. At a general point of the double locus (X)sing, exactly two
irreducible components X,,, X, C X, intersect and p = 01 N0y is an (n — 1)-cell.
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At such a point by Proposition there is a local description of X of the form
(2.10) wo = f(z1,...,2n-1) - ",

with ¢ a generator of the maximal ideal of R, k € N\ {0}, z1,..., 2,1 toric coor-
dinates for the maximal torus of X, = X, N X, and u, v restricting either to 0 or
to a monomial on X,, X,. The statement that the restriction of the function f is
well-defined after choosing u, v and that this restriction classifies the log structure
on the central fibre is one of the main results of [GS1]. The zero locus of f in X,
specifies the log singular locus Z C (Xo)sing Where the log structure My, is not
fine. Thus M, is fine outside a closed subset Z C (Xy)sing of codimension two,
a union of hypersurfaces on the irreducible components X, of Xy, dimp =n — 1.
Conversely, there is a sheaf F on X with support on (Xp)sing, an invertible Ox, -
module on the open dense subset where X is normal crossings, with everywhere
locally non-zero sections classifying log structures arising from a local embedding
into a toric degeneration (see |GS1], Theorem 3.22 and Definition 4.21). Thus
the moduli space of log structures on X, over O that look like coming from a
toric degeneration can be explicitly described by an open subset of I'((Xo)sing, F)
for some coherent sheaf F on (Xo)sing — see [GS1, Thm 3.22] for details. By [GS3|
Remark 2.18 2)], an element of I'((X()sing, F) can be described in terms of (order
0) slab functions f,, € C[A,], indexed by p a codim 1 cell of P, x a connected
component of p\ A, and where A, is the space of integral tangent vectors to p.
For an explicit description of these functions see |[GS3, Defn. 2.17].

The following result can be found in [GS1, Thm 5.2], under the assumption that
(B, &) be positive and simple — see [GS1], §4.3] and |GS1, §5] for a comprehensive
discussion on positivity and simplicity.

Theorem 2.14. Let s be lifted open gluing data. Then we have the following
uniquely determined data:

1) The log singular locus, given by a closed subset Z C Xo(B, 2, s), con-
tained in the union of codimension one strata and not containing any
zero-dimensional strata.

2) Normalized slab functions f,, € C[A,], which define a log structure on
Xo.

Being normalized means that if f, is the slab function describing the log struc-
ture near a zero-dimensional toric stratum x € X, along a codimension one
stratum X, C X, with € X, then f,(z) = 1. By the discussion after Defini-
tion 4.3 in [GS1], there always exist open gluing data normalizing a given toric
log Calabi-Yau space, so this assumption imposes no restriction. Note that while
previously we had viewed slab functions only as functions on (analytically) open
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subsets of the big torus of X,, hence as Laurent polynomials, in the setup of [GS1]
or [GS3] they extend as regular functions to the zero-dimensional toric stratum
they take reference to.

3. THE TOPOLOGY OF TORIC DEGENERATIONS AND XN

We now come to the first main result of this paper, which while a consequence
of results already in the literature, is our main motivation for the study of XN
and hence deserves to be spelled out. Similar statements to the following result, in
the case of affine hypersurfaces in smooth toric varieties, can be found in [RSTZ
Prop.5.12 and Cor.5.13].

Theorem 3.1. Let § : X — D = {z € C||z| < R} be a toric degeneration
with strongly semi-simple singularities (Definition [2.10). Then the restriction
X\ Xo = D\ {0} is a topological fiber bundle isomorphic to

SEN xid - XgN % (0,7) — (OSSN x (0,7) = U(1) x (0,7).

In particular, for t = re’® € D, the restriction of this isomorphism to the fibre
over (€, r) induces a homeomorphism

(3.1) Xy~ XFN(e")
between the general fibre of § and the fiber XEN(e?) of 65N over € € U(1).

The proof generalizes to the semi-simple case. However, this generalization
being a somewhat technical point, which requires a detailed local analysis of the
orbifold structure of the log singular locus in such cases, we skip it in this paper.
For the interested reader the proof can be provided in some unpublished notes of
Mark Gross. Note also that semi-simple, but not strongly semi-simple cases start
appearing only in dimensions > 3 with X; having singularities in codimension 4.

For the proof we have to recall the notion of relative coherence and relative log
smoothness, as defined in [NO, Def.3.6] and [Og|, p.399ff]. Recall that a face F
of a monoid P is a submonoid such that x,y € P, x +y € F implies z,y € F.
The corresponding notion of sheaf of faces of a sheaf of monoids is defined by
requiring the face condition stalkwise.

Definition 3.2. Let F — Ox be a log structure on a complex analytic space X.
F is relatively coherent if locally on X there exists a coherent log structure M
containing F such that F is locally generated as a sheaf of faces in M by a finite
number of sections of M. In this case one says that F is relatively coherent in

M.
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Any sheaf of faces F of M x of a coherent log structure My — Ox is again a
log structure, but the point of the definition is that F may not be coherent itself.
The notion of log smoothness extends to this class of non-coherent log structures.

Definition 3.3. Let (Y, My) be a fine log space. A morphism of log spaces
f (X, F) = (Y, My) is relatively log smooth if locally on X there is a fine log
structure M on X in which F is relatively coherent and satisfying the following
conditions:

i) The composed map (X, M) — (X, F) — (Y, My) is log smooth.

ii) The stalks of the quotient monoid M /F are free monoids.

The following is Theorem 5.1 in [NOJ. For the notion of exactness of a log
morphism see [Og, Def.1.2.1.15].

Theorem 3.4. Let f : (X, Mx) — (Y, My) be a proper, separated, exact and rel-
atively smooth morphism of log analytic spaces, with (Y, My) fine and (X, Mx)
relatively coherent. Then fX*N : (X, Mx)*N — (Y, My )*N is a topological fibre
bundle, with fibres oriented topological manifolds, possibly with boundary. O

We are now in position to prove Theorem [B.1]

Proof. (of Theorem B.Il) Since the log structure of & is trivial outside X, the
conclusion of the theorem follows immediately from [NO] once we verify the hy-
pothesis of Theorem B.4] for (Xo, My,) — OT.

Since My has stalks N, the condition of exactness follows from relative smooth-
ness.

By Definition 2.10], the toric degeneration X — I is locally isomorphic to the
composition

SpecC[P] — CxC! — C

defined by t = 2, where P is as in 2.8 There are two natural log structures on
Spec C[P], the toric one Mp and the divisorial one M defined by the divisor
(t = 0) C SpecC[P]. Now M; is not fine, but relatively coherent. In fact,
adopting the notation of Construction 2.9 M is the sheaf of faces defined by
the minimal face F' C P containing e.

To verify Definition B.3](ii), we need to verify that the quotient monoid P/F
is free. To this end denote by K = eg N K the cone in (R*)"*! generated by

(3.2) U (ai = {e})

=1
Then (P/F)" = Hom(P/F,N) is canonically isomorphic to the monoid of integral
points in Hom(K,Rs) C F*. Since by assumption all A; are elementary sim-
plices, K is a standard cone, and hence its integral points define a free monoid.
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Thus (P/F)" is free and in turn so is P/F. This verifies Definition B.3](ii) at the
zero-dimensional toric stratum of Specan C|P].

At other points of the divisor (¢ = 0) C Specan C[P], the inclusion (M;), C
(Mp), is given by taking the quotient of ' C P by a face of P/F, thus verify-
ing both the condition of relative coherence and freeness of the quotient monoid.
Hence, the log structure on (X, My) and its restriction to (X, Mx,) are rela-
tively coherent and the morphism to (D, Myp) and to OT, respectively, are rela-
tively log smooth.

We have thus verified the hypothesis of Theorem [3.4l Hence, the result follows.

0

4. TORUS FIBRATIONS ON KATO-NAKAYAMA SPACES

Let B be a topological manifold and let  : X — B be a torus bundle of
relative dimension r with transition functions taking values in U(1)" x GL(r, Z).
The topological classification of such torus bundles works in analogy with the
Lagrangian fibration case discussed in [Du]. Note that A = R'y,Z is a local
system with fibres

A, = HY(u N (2),Z) ~7".
We write Hom(A, U(1)) for the associated torus bundle. As a set,
Hom(A, U(1)) = [ [ Hom(A,, U(1)),
zeB
and the topology is generated by sets, for m € I'(U, A) with U € X and V C U(1)
open,
V., = {(m, ©) ‘ x €U, ¢ € Hom(A,,U(1)), ¢(m) € V}.
The torus Hom(A,,U(1)) ~ U(1)" acts fibrewise by translation on any trivial-
ization p~'(U) ~ U x T", and this action does not depend on the trivializa-
tion. Hence X — B can be viewed as a Hom(A, U(1))-torsor. In particular, if
i X — B has a section, then

X ~ Hom(A,U(1)) ~A®U(1)

is isomorphic to the trivial torsor. Here we write A = Hom(A,Z). The cohomol-
ogy group H'(X,A ® U(1)) classifies isomorphism classes of A ® U(1)-torsors by
the usual Cech description. Moreover, from the exact sequence

0—A—A®,R— A®,U(l) — 0,

exhibiting A ®z U(1) fibrewise as a quotient of a vector space modulo a lattice,
we obtain the long exact cohomology sequence

(4.1)

...— HYB,A) — H'(B,A®R) — H'(B,A® U(1)) = H*(B,A) —> ...
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The image of the class [X] € H'(B,A®@U(1)) of u: X — B under the connecting
homomorphism, as a A ® U(1)-torsor, defines the obstruction §([X]) € H?(B, A)
to the existence of a continuous section of y : X — B. The proof works as in the
symplectic case discussed in [Du], p.696f.

With this notation, we summarize the general discussion on torus bundles with
locally constant transition functions in the following proposition.

Proposition 4.1. Let B be a topological manifold and let p : X — B be a
torus bundle of relative dimension r with transition functions taking values in
U(1)" xGL(r,Z). Then up to isomorphism, X — B is given uniquely by the local
system

A=R'uZ

with fibres " and a class
(X] e HY(B, A U(1)).

Moreover, a continuous section of p exists if and only if 6([X]) € H?*(B,A)

vanishes, where ¢ is as in [AI)). In this case, we have an isomorphism X =~
Hom(A,U(1)) of torus bundles. O

Remark 4.2. A torus bundle X — B with locally constant transition functions in
U(1)" x GL(r,Z) as in the preceding proposition can be explicitly reconstructed
from its class [X] € HY(B,A ® U(1)) as follows. Since H'(B,A ® U(1)) =
Ext' (A, U(1)), any such class defines an extension

1—U(1) -5 A—0

of A by U(1). Then the set Hom®(&€,U(1)) of homomorphisms ¢ : £, — U(1),
z € B with ¢ oi = 1 is naturally a A ® U(1)-torsor by letting A : A, — U(1)
act by ¢ — (Ao gq)-¢. By the description of gluing trivial bundles via a Cech
1-cocycle, it is then not hard to construct an isomorphism of Hom®(&, U(1)) with
X — B as A ® U(1)-torsors.

Remark 4.3. Let X{N|pa4 — B\ A be the torus bundle defined by the cen-
tral fibre of a proper toric degeneration. If X, is built using trivial gluing
data ([GS1],Example 2.6), then [X{N|p 4] € HY(B\ A, A ® U(1)) is trivial and
hence the existence of a continuous section follows immediately from the above
proposition. More generally, we will see in Subsection [7 that for gluing data in
HY(B,1,A @ R*) ¢ H'(B, 1A ® C¥), the Kato-Nakayama space XN has a real
structure (Corollary [7.2)) and the real locus forms a branched cover of degree 27!
over B (Proposition [[H]). Moreover, for certain gluing data, including the trivial
one, this cover contains a connected component mapping homeomorphically to
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B, thus defining a section. See also Theorem 2.6 in [Gr3] for a related result on
the existence of Lagrangian sections in the context of SYZ-fibrations.

In the remaining part we discuss the key point of this article, and provide a
description of the Kato—Nakayama space over the central fibre of a toric degener-
ation as a topological torus bundle. We then discuss how to canonically classify
torus fibrations on it by controlling the gluing data in §4.11

Denote by Z¥N = 771(Z) C XN where Z C X is the log singular locus and

A=uZ)CB
the amoeba image of it in B. Consider the composition
(4.2) pEN s XEN T X, S B

of the projection of the Kato-Nakayama space with the generalized momentum
map. The main result of this section, Theorem [4.7] gives a canonical description
of the subset (uX*N)~"1(B\ A) C XEN as a torus bundle over B\ A. We will also
provide a cohomological description of this torus bundle in analogy with the case
of Lagrangian fibrations treated in [Du]. See also [Gr2], §3 and [Gr3], §2 for a
discussion in the context of SYZ-fibrations. For U C B\ A any subset, we write
XENy = (WEN)7H(U), viewed as a topological torus bundle over U. Generally,
topological r-torus bundles are fibre bundles with structure group Homeo(T™),
the group of homeomorphisms of the r-torus. There is the obvious subgroup
U(1)" x GL(r,Z) of homeomorphisms that lift to affine transformations on the
universal covering R™™' — 77 = R"/Z". In higher dimensions (certainly for
r > 5), there exist exotic homeomorphisms that are not isotopic to a linear one
[Htl Thm. 4.1]. However, in the present situation such exotic transition maps do
not occur, and we can even find a system of local trivializations with transition
maps induced by locally constant affine transformations.

For 0 € &7™* denote by M, the toric log structure for the irreducible com-
ponent X, C Xy and by XXN its Kato-Nakayama space. By [GSI], Lemma 5.13,

there is a canonical isomorphism
(4.3) MR x\z = MT |x\2 B Z,

the Z-factor generated by the generator ¢ of mg chosen above.

First we show that the log singular locus can be dealt with by taking closures,
even stratawise. For 7 € & denote by XXN = 771(X,) c XEN and by ZEN =
ZKN N XKN )

Lemma 4.4. On each toric stratum X, C X,, the preimage ZXN C XEN of the

log singular locus is a nowhere dense closed subset.
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Proof. Tt suffices to prove the statement over an irreducible component X, C X,
0 C B amaximal cell. Let z € ZN X, and X, C X, the minimal toric stratum
containing x. Since Z does not contain zero-dimensional toric strata, x is not
the generic point € X,. We claim that the generization map X, : Mx,. —
ﬂxm is injective. In fact, M, is locally the divisorial log structure for a toric
degeneration. Hence the stalks of My, are canonically a submonoid of N with
r the number of irreducible components of X, containing X, say X,,,..., Xo,.
An element a € N” lies in MXO@ iff > a;X,, is locally at x a Cartier divisor, in
a local description as the central fibre of a toric degeneration. In any case, both
M Xo,z and M Xo.n are submonoids of the same N, showing the claimed injectivity
of Xnz-

Now take a chart Mx, , — I'(U, Mx,) with U a Zariski-open neighbourhood of
nin Xo\Z. Shrinking U if necessary, one can assume that M X, |lunx. is a constant
sheaf, and so Proposition [[.2 yields a canonical homeomorphism 7~ 1(U N X)) =
(U N X, x Hom(MY,,,U(1)). By the definition of the topology on XXY, the
composition

(U N X,) x Hom(MY%,,,U(1)) — Hom(M%,,,U(1)) — Hom(My, .. U(1))

Xo,m? Xo,n?

of the projection with pull-back by the generization map x,, is continuous. By
injectivity of x,, this composition is surjective. Since z € cl(U) we conclude
that 7—!(z) is contained in the closure of 771(U), showing the density of the
complement of ZEN which is equivalent to the desired nowhere density. O

Lemma 4.5. For 0 € P denote by A, = I'(Int o, A) the group of integral

tangent vector fields on o. Then there is a canonical continuous surjection
®, 0 x Hom(A, @ Z,U(1)) — (1) (o) ¢ XEN,

which s a homeomorphism onto the image over the complement of the log singular
locus Z C Xj.

Proof. By Proposition [L4] we have a canonical homeomorphism between o x
Hom(A,,Z) and (X4, M,)5¥. Therefore, we have to construct a map

Oy: (Xg, M) x Hom(Z, U (1)) — (1"N) o).

We will first fix z € X, and describe ®, above z. As the fiber of the natural
projection (X,, M, )5 — X is isomorphic to Hom(ﬂ%&x, U(1)), and the fiber
of the natural projection X — X is isomorphic to Hom(MY, ,,U(1)), we
have to construct a map

0, Hom(MY, , & Z,U(1)) — Hom(MY, ., U(1)).
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Let X, C X, be the minimal toric stratum of X, containing x and let 1 be the
generic point of X,. We have n ¢ Z: indeed, if one would have n € Z, one
would have X, =7 C Z, in contradiction with the fact that Z does not contain
zero-dimensional toric strata. By minimality of 7, we have M%?mm = Mim. On
the other hand, as n ¢ Z, we have by (4.3)) a canonical isomorphism ﬂim SYAS
ﬂ%?om. Therefore, we have to construct a map

Oyt Hom(MY,,, U(1)) — Hom(MY, ,, U(1)).

We take for ®,, the map induced by the generization map X, : ﬂ%gw —

ﬂ_g)?om. By the proof of Lemma [£.4] ®, , is surjective. Varying = in X, we define
the map ®,,, which is continuous by definition of the topology on Kato-Nakayama
spaces. As the fiberwise maps ®, , are surjective, the map ®, is also surjective.

Finally, for x ¢ Z, we have by (4.3]) a canonical isomorphism Mﬁfm o~ ﬂ*g;?mx@
Z, hence M%fo,w ~ M%gw, and so @, is bijective. We conclude that ®, is an
homeomorphism onto its image over the complement of Z.

O

Remark 4.6. Let 0 € P be a maximal cell as in Lemma Al It follows
immediately from the definitions that with respect to the product decomposition

o x Hom(A, ©Z,U(1)) = XEN x U(1),

of the domain of the map ® according to Proposition [[L4] the restrictions of = :
XEN — Xo and 65N : XEN — St to (uEN)71(0)\ ZEN are given by the projection
to XEXN followed by XXN — X, and by the projection to U(1), respectively.

Theorem 4.7. The map p*N : XEN — B in ([@2) is a bundle of (n + 1)-tori
over B\ A, where n = dim B. Similarly, the fibre XEN(E) of 65V : XEN — St
defined in (B1), is a bundle of n-tori over B\ A.

Proof. For ¢ € &™ denote by T, = Hom(A,,U(1)) x U(1) the (n + 1)-torus
fibre of XN over ¢ in the description of Lemma Forz € B\ Alet 7 € & be
the unique cell with x € Int 7. Let n = dim B and & = dim 7. Then in an open
contractible neighbourhood U C B\ A of z, the polyhedral decomposition &
looks like the product of A ®7z R with an n — k-dimensional complete fan >, in
the vector space with lattice A, /A, ,. Over each maximal cell o containing 7, we
have the canonical homeomorphism of (¢*N)™! (o) with o x Hom(A,, U(1)) x U(1)
provided by Lemma Thus for any pair of maximal cells o,0’ D 7 we obtain
a homeomorphism of torus bundles

O,o: (UNonNao)xT, — (UNonNdao')xT,.

We only claim a fibre-preserving homeomorphism of total spaces here, ®, ,» does
in general not preserve the torus actions. In any case, these homeomorphisms
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are compatible over triple intersections, hence provide homeomorphisms of torus
bundles also for maximal cells intersecting in higher codimension. This way we
have described 77! (U) as the gluing of trivial torus bundles over a decomposition
of U into closed subsets, a clutching construction.

To prove local triviality from this description of 7=(U), replace U by a smaller
neighbourhood of z that is star-like with respect to a point y € Int(o) for some
maximal cell 0 2 z. By perturbing y slightly, we may assume that the rays ema-
nating from y intersect each codimension one cell p with p N U # () transversaly.
To obtain a fibre-preserving homeomorphism 7~!(U) ~ U x T,,, connect any other
point y € U with x by a straight line segment . Then = passes through finitely
many maximal cells o’. At each change of maximal cell apply the relevant @/,
to obtain the identification of the fibre over y with T,. O

Lemma 4.8. The topological torus bundle X{N|p 4 — B\ A has a distinguished
atlas of local trivializations with locally constant transition maps in U(1)" T x

GL(n+1,2Z).
Proof. 1t suffices to consider the attaching maps between the trivial pieces
(N (o) = 0 x Hom(A, @ Z,U(1))

of Lemma[£.5 for maximal cells o, ¢’ with p = oMo’ of codimension one. Let V' C p
be a connected component of p \ A. In Remark we saw that the transition
maps over V are given by the equation arg(v) = — arg(u) + arg(f) + &, - arg(t).
Now pXN|y, factors over the Kato-Nakayama space of X,, which can be trivialized
as V' x Hom(A,,U(1)) x U(1)2. The last factor is given by (Arg(u), Arg(t)), say,
and the transition map transforms this trivialization into the description with
(Arg(v), Arg(t)). Thus this transition is the identity on the first n —1 coordinates
given by A, and on Arg(¢), while on the last coordinate it is given by Arg(u)™
times the phase of the algebraic function f - ¢"». The homotopy class of this map
for constant t # 0 is given by the winding numbers of a generating set of closed
loops in 7y (T™™') = Z"!. These winding numbers define a monomial function 2™
on V x Hom(A,, U(1)) with z=™ - f homotopic to a constant map. The transition
function is therefore isotopic to (idga-1, Arg(z™ - t" - u™'),idyq)), fibrewise a
linear transformation of 77! = T™ x U(1) with coordinates (Arg(z), Arg(u)) for
T™ and Arg(t) for U(1), respectively. O

Remark 4.9. The translational factor U(1)"*! in Lemma L8 arises because non-
trivial gluing data change the meaning of monomials on the maximal cells by
constants. This will be discussed in further detail in §4.11

We provide a more comprehensive discussion on the topological classification
of torus bundles with transition maps in U(1)"*' x GL(n + 1,Z), as in Lemma



REAL LOCUS OF KATO-NAKAYAMA SPACES 37

4.8 in §4.11 As stated in Proposition [4.1], if ;1 : X — B is such a a fibre bundle,
then up to isomorphism, it is uniquely given by the local system A = R'y.Z
with fibres Z" and a class [X] € H' (B, A®U(1)). For the Kato-Nakayama space
XEN| g\ 4, the governing bundle B!y, Z is identified as follows.

Recall that on the intersection complex, we fix a multivalued piecewise affine
function ¢ as in [GHS| Defn 1.10]. As in [GS1], we assume ¢ takes values in Q) =
N. This data, by [GHS, Construction 1.14], defines an integral affine manifold
B, with an integral affine action by (R, +), making B, a torsor over B = B, /R.
This torsor comes with a canonical piecewise affine section locally representing
¢. The pull-back of A, under this section defines an extension

(4.4) 0 —2Z—P—AN—0

of A by the constant sheaf Z on B\ A.

Definition 4.10. The extension class of the sequence (4.4)) equals
ci(p) € Ext'(A,Z) = H'(B\ A, D),

called the first Chern class of ¢.

For the mirror dual interpretation of the Chern class of ¢ see [GHS, Equa-
tion (1.5)].

Remark 4.11. Much as in the discussion of the radiance obstruction in [GSI],
§1.1, the first Chern class ¢;(¢) can also be interpreted as an element in group
cohomology H'(m (B \ A, z),A,). Here A, ~ Z" is a (B \ A, z)-module by
means of parallel transport in A along closed loops based at some fixed = € B \A.
As an element in group cohomology, ¢1(¢p) is given by a twisted homomorphism
A:m(B\A,z) = A, v+ \,, determining the monodromy of P around a closed
loop v based at x as follows:

ANPZL—NDZ, (v,a)r— (TV-U,)W-U—I—a).

Here T', € GL(A;) is the monodromy of A along v and we have chosen an isomor-
phism P, ~ A, ®Z. Being a twisted homomorphism means that for a composition
Y172 of two loops based at x,

Ayiys = Ay 0Ty 4+ Ay

Here we use the convention that 7,7, runs through v, first, and hence 7T, ,, =
T, oT,, . This interpretation is also compatible with the fact that under discrete
Legendre duality, the roles of ¢;(¢) and the radiance obstruction swap ([GS1],

Proposition 1.50,3).
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Lemma 4.12. Writing ji for the restriction of ¥~ : XXN — B to B\ A, there
exists a canonical isomorphism of local systems R'ji,Z = P, where P is as in

@). O

Proof. For each point z € B there is a chart for the log structure on X, with
monoid C[P;], where P C P, is a certain submonoid of positive elements
with (P)s? = P, (|[GHS], §2.2 and [GS3], Construction 2.7). Hence from the
local description of X{N|p\ 4 in Lemma and Theorem E.7], the result follows
immediately. U

In view of Lemma [£.12] an immediate corollary is a complete topological de-
scription of XEN| B\A over large open sets.

Corollary 4.13. Denote by A C B a closed subset containing A and such that
B\ A retracts to a one-dimensional cell complexr. Then as a topological torus
bundle, Xy™|p, 4 is isomorphic to Hom(P,U(1)).

Proof. By Lemma[L§ we can treat X§™|p ; as a torus bundles with locally con-
stant transition functions in U(1)"** x GL(n + 1,Z). By Proposition 1.1 the
obstruction to the existence of a continuous section then lies in H*(B \ A, PY).
This cohomology group vanishes by the assumption on the existence of a retrac-
tion. U

We should emphasize that in Corollary 4.13] we have first used Lemma (4.§
to reduce to the case of locally constant transition functions. As discussed in
Remark [7.6] the transition functions for X§N|p 4 — B\ A between the canon-
ical charts coming from toric geometry are not locally constant, and hence this
corollary makes a purely topological statement.

4.1. Parametrizing torus fibrations by gluing data. To obtain a canonical
description of the fibration on X N we study a refinement of (£4]). Let P be the
sheaf of monomials of the form az? with a € C and p a local section of P. Note
that the multiples of the deformation parameter t are well-defined on all charts
and so define a constant subsheaf with fibres Z @ C* of P, and so a refinement

of ([A.4):
(4.5) 0—ZpC* —P —A—0.
The extension class

(c1(p), s) € Ext' (A, Z® C*) = H(B\ A,A) @ H'(B\ A, A®C>)
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has as second component the restriction to B\ A of the gluing data s, as dis-
cussed in |[GHS], Remark 5.16[1 Furthermore, dividing out R~y C C* defines an
extension P of A by Z @& U(1) with class

(4.6) (ci(p), Arg(s)) € Ext'(A,ZoU(1)) = H'(B\A,A)@H' (B\ A, A®U(1)).

Taking this latter extension and the extension of A by Z from (4] as two
columns, we obtain the following commutative diagram with exact rows and

columns:
0 0
1 — U(l) —— 2 U(1) Z 0
(4.7) 1—>;(1)—> P > P y 0
A —— A
0 0

Note that the extension of Z by U(1) in the second row is trivial by construction.
The middle row now defines an extension of P by U(1).

We use the extension P of A, defined in (1), to give a canonical description
of XXN on a large subset of B\ A, assuming the open gluing data normalizes the
toric log Calabi-Yau space (Xo, Mx,) ([GS1], Definition 4.3). Now, let

B = U Into U {v € 9[0]}
oe gpmax
be the subset of B covered by the interiors of maximal cells and the vertices of
Z. Assume that the toric log Calabi-Yau space (X, Mx,) is normalized with
respect to open gluing data s as discussed in [GS1, §4.4]. Denote by P the
extension of A by Z@ U(1) in (@7). Then, we obtain the following description of
the Kato—Nakayama space of X, obtained from affine geometry.

3The discussion in [GHY] is on the complement of a part A C B of the codimension two
skeleton of the barycentric subdivision. There is a retraction of A to a subset of A. However,
the discussion on monomials works on any cell 7 € & not contained in A and with X — Spec R

locally toroidal at some point of X .
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Remark 4.14. In connection with the extension class P defined in (.6)), we would
like to emphasize the role of the normalization condition of slab functions as
described in [GS1, §4.4]. The canonical description of the Kato—Nakayama space
over maximal cells of the central fiber in Lemma is based on toric monomials.
To extend this description over a point z € B\ A in a codimension one cell
p, we need the gluing equation (7)) to be monomial along the fibres of the
momentum map. This condition means that the restriction of f to a fibre of the
momentum map X, — p is monomial. This is a strong condition that in case
the Newton polyhedron of f is full-dimensional fails everywhere except at the
zero-dimensional toric strata of X,. The normalization condition then says that
the non-trivial gluing of the torus fibres over the vertices only comes from the
gluing data, hence is entirely determined by the extension class of P in Q).

Proposition 4.15. There is a canonical homeomorphism

Hom®(P,U(1))|p — XN

B/
of topological fibre bundles over B', where Hom®(P,U(1)) C Hom(P,U(1)) is the
space of fibrewise homomorphisms restricting to the identity on U(1) C P.

Proof. We obtain a canonical description of P over B’ as follows. Over a maximal
cell o, we have a canonical isomorphism of 73|U with the trivial bundle with fibre
A, ®ZBU(1). Thenif 0,0’ € Z™* and v € oMo’ is a vertex, the open gluing data
s define a multiplicative function s,, : A, — C*, and similarly for ¢’ [GS1], §5.1].
We glue the trivial bundles on o, ¢’ by means of Arg (.05, L) on the U(1)-factor.
The gluing on the discrete part A, ®Z is governed by a local representative of the
MPL function ¢, to yield P [RuSi, §1.1]. Accordingly, we obtain a description of
Hom®(P,U(1)) by gluing trivial pieces o x Hom(A, ® Z, U(1)). Note that under
the normalization condition on the slab functions f,, [GS1), §4.4], the gluing of
XEN from the same canonical trivial pieces in Lemma .5 is given by exactly the
same procedure over vertices. Indeed, given a codimension one cell p and a vertex
v € p, denoting by f,, the slab function attached to the connected component of
p \ A containing v, in the formula arg(u) + arg(v) = arg(f,,) + , - arg(t) given
as in Equation (Z.I]) the term involving f,, disappears due to the normalization
condition. O

Remark 4.16. We note that the class in H'(B',P¥V ® U(1)) defining XXN|p as a
topological torus bundle with locally constant transition functions in U(1)"* x
GL(n+ 1,7Z) according to Lemma I8, agrees with the extension class P in (7).
This is immediate from Remark E.2]

To describe the fibres of 35N : XEN — (ON)KN = G we need another extension.
For ¢ € U(1) denote by ¥, : Z&U(1) — U(1) the homomorphism mapping (1, 1)
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to ¢ and inducing the identity on U(1). We have a morphism of extensions

0 — ZOU() — A > 0

ol ]k

0 —— U(1) —>73¢ A > 0,

with the lower row having extension class W4(s) € Ext*(A, U(1)) = H'(B\ A, A®
u(1)).

Corollary 4.17. With the same assumptions as in Proposition[{.15, the fibre of
KN XEN| 5 — (Spec ONEN = ST = U(1) over ¢ € U(1) is isomorphic to the
n-torus bundle with local system A and with extension class Wy(s) € H' (B, A ®

u(1)).

Proof. By Lemma L5, the restriction of §¥N to the canonical piece o x Hom(A, ®
Z,U(1)) € XFN is given by composing with the inclusion Z — A, & Z. Thus
(6¥N)~1(¢) consists of homomorphisms A, & Z — U(1) mapping (0, 1) to ¢. The
statement now follows by tracing through the gluing descriptions of 73¢ and of
the extension class defined by (6¥N)~1(¢). O

5. REAL STRUCTURES IN LOG GEOMETRY

Recall that for a scheme X defined over R the Galois group G(C/R) = Z /27
acts on the associated complex scheme X = X Xspeck Spec C by means of the
universal property of the cartesian product

X — X

l l

SpecC —— SpecR.

The generator of the Galois action thus acts on X as an involution of schemes
over R making the following diagram commutative

X —s X

(5.1) l l

Spec C _oon Spec C.

Here conj denotes the R-linear automorphism of Spec C defined by complex con-
jugation.

Conversely, a real structure on a complex scheme X is an involution ¢ : X — X
of schemes over R fitting into the commutative diagram (5.1]). It is not hard to see
that if X is separated and any two points are contained in an open affine subset
(e.g. if X is quasi-projective) then X is defined over R with ¢ the generator of
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the Galois action ([Hr], II Ex.4.7). We call pair (X,¢) a real scheme. By abuse
of notation we usually omit + when talking about real schemes.

Definition 5.1. Let (X, Myx) be a log scheme over C with a real structure
tx : X — X on the underlying scheme. Then a real structure on (X, Mx)
(lifting vx ) is an involution

ZX = (Lx,Lg() . (X,Mx) — (X,MX)

of log schemes over R with underlying scheme-theoretic morphism ¢x. The data
consisting of (X, My) and the involutions tx, ¢/ is called a real log scheme.

In talking about real log schemes the involutions ¢y, /3 are usually omitted
from the notation. We also sometimes use the notation ¢x for the involution of
the log space (X, Mx) and in this case write ¢y if we want to emphasize we mean
the underlying morphism of schemes.

Definition 5.2. Let (X, Mx) and (Y, My) be real log schemes. A morphism
[ (X, Mx) — (Y, My) of real log schemes is called real if the following diagram

1S commutative.

_ 14
f_lLylMy - f_lMy

] I

b
_ L

Here the left-hand vertical arrow uses the identification ¢y o f = forx.

Remark 5.3. For a real morphism of real log schemes f : (X, Mx) — (Y, My)
the following diagram commutes.

[0y — [0y

/ /S
iy My = My

L%lox OX

/ /!

WMy — My

In fact, commutativity on the (1) bottom, (2) top, (3) right (4) left (5) back
and (6) front faces follows from the assumptions that (1) (X, My) is a real log
scheme, (2) (Y, My) is a real log scheme, (3) f is a morphism of log schemes,
(4) 5" applied to the right face plus the identity f oy =ty o f, (5) f induces
a real morphism on the underlying schemes and (6) f is a real morphism of real
log structures.
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Given a real log scheme (X, My) with a : My — Ox the structure homo-
morphism, for any geometric point z — X we have a commutative diagram

[,b Lb
MX@‘ — MX,L(:E) e MX@‘

OZ;EJ/ aL(i)J/ aiJ/

y i
OX,:?: E— OX,L(i‘) E— OX,:?:-

The compositions of the maps in the two horizontal sequences are the identity
on Mx; and on Ox z, respectively. For the next result recall that if X is a
pure-dimensional scheme and D C X is a closed subset of codimension one, then
the subsheaf M x py C Ox of regular functions with zeros contained in D defines
the divisorial log structure on X associated to D.

Proposition 5.4. Let X be a pure-dimensional scheme, D C X a closed subset of
codimension one and let Mx = M x p) be the associated divisorial log structure.
Then a real structure v on X lifts to Mx iff (D) = D. Moreover, in this case
the lift . is uniquely determined as the restriction of it to Mxpy C Ox.

Proof. Let 1 : X — X be a real structure on X with «(D) = D. Then «(X \ D) =
X \ D and hence /* restricts to an isomorphism ¢ : L‘lO)X(\D — O)X(\D. By
definition of M x,p), ¢ induces an isomorphism O L_l./\/l( x,p) — M(x,p). Hence
we get a real structure (1,") : (X, Mx,p)) = (X, M(x,p)) on (X, Mx,p)) lifting
L.

Conversely, let the real structure ¢ : X — X lift to (¢,¢") : (X, M(x,p)) —
(X, M(x,p))- In other words, there exists a morphism i L‘l/\/l(xp) — Mx,p)
making the following diagram commute.

(5.2) Lbl lbu

M x,p) — 5 Oy

Let D = i D,, be the decomposition into irreducible components. Since (? = idx
it suffices to show «(D) C D, or «(D,) C D for every u. Fix p and let U C X be
an affine open subscheme with UND,, # 0. Let f € Ox(U) be a non-zero divisor
with D C V(f). Then UNnD, CcUND C V(f). Write V(f) = (D, NU)UE
with £ C V/(f) the union of the irreducible components of V(f) different from
D,,. Replacing U by U \ E we may assume V(f) = U N D,. Note that U may
not be affine anymore, but this is not important from now on.

Taking sections of Diagram (5.2)) over +~*(U) shows that f ot = *(f) lies
in Mx,py(¢7'(U)) € Ox(¢"}(U)). By the definition of Mx p) this implies
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V(f o) C D. But also
V(fou)="(V(f)=c(UND,) =uUND,).

Taken together this shows that «(UND,) C D. Since U is open with UND,, # ()
we obtain the desired inclusion «(D,) C D. U

Proposition 5.5. Let f : (X, Mx) — (Y, My) be strict and assume that the
morphism [ of the underlying schemes is compatible with real structures tx on
X and vy on'Y. Then for any real structure i}, on My lifting 1y there exists a
unique real structure s on Mx lifting tx and compatible with f.

Proof. By strictness we can assume the log structure Mx on X is the pull-back
log structure f*My = f~'My D102 Ox. Hence,

L;(lMX — nglf_lMY @L;(lf710;; L;{10§ = f_lb)_/l./\/ly @f*%;loé nglof{'
Now for a lift /% : 13 My — Mx of i compatible with f, the composition
—1,-1 A i *
(p:f LyMY —>LXMX—>MX:fMY

factors over f~14}, : f~Liy' My — f~IMy and is hence determined by f and 45,.
Similarly, the composition

2
’QD : L;(10§ — L;(l./\/lX —X> MX = f*./\/ly

factors over /5 : 13'0% — O% and thus is known by assumption. Since fis a

real morphism of real schemes, ¢ and v agree on f‘lL{}O;. Hence the unique
existence of (% with the requested properties follows from the universal property
of the fibered sum. O

Explicit computations are most easily done in charts adapted to the real struc-
ture. For simplicity we provide the following statements for log structures in the
Zariski topology, the case sufficient for our main application to toric degenera-
tions. Analogous statements hold in the étale or analytic topology.

Definition 5.6. Let (X, Mx) be a log scheme with a real structure (1x,t%). A
chart 8 : P — T'(U, Mx) for (X, My) is called a real chart if (1) 1x(U) = U
and (2) there exists an involution tp : P — P such that for all p € P it holds

B(p(p)) = X (B(p))-

Example 5.7. An involution ¢p of a toric monoid P induces an antiholomorphic
involution on C[P] by mapping »_ a,2P to > @,z'?®). The induced real struc-
ture on the toric variety Xp = Spec C[P] permutes the irreducible components of
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the toric divisor Dp C Xp and hence, by Proposition [5.4] induces a real structure
on (Xp, M(x,,pp)). We claim the canonical toric chart

p:P—I(Xp, M(xp,0p)); p+—2"

is a real chart. Indeed, for any p € P we have B(1p(p)) = 2P) = LﬁXP(Zp) =
b

tx, (27), the last equality due to Proposition 5.4l

Real charts may not exist, a necessary condition being that X has a cover by
affine open sets that are invariant under the real involution ¢x. This is the only
obstruction:

Lemma 5.8. Let (X, Mx) be a real log scheme with involution tx. Let U C X
be a Lx-invariant open set supporting a chart  : P — T'(U, Mx). Then there
also exists a real chart §' : P — T'(U, Mx) for Mx on U.

Proof. Let

B:P@P—T(UMx), Bpr)=58p- XB0)),

and f# : (P @ P)® — T'(U, M%) the induced map at the group level. Let
P' C (P @ P)#® be the submonoid of (p,p') € (P & P)# such that 52°((p,p)) €
(U, My), and f': P — T'(U, Mx) the map given by the restriction of 32
to P’. Since B restricts to 4 on the first summand of P & P, the map ng
induces a surjective map (P @ P)% — I'(U, M5 /O%), and so (' is a chart for
Myx on U by Lemma 2.10 of [Kk]. We claim that 8’ is a real chart. As /%
preserves Mx C M, and F2((p',p)) = B0 - B (B(p)) = B (B(p) - (B()) =
2 (8% (p,p)), the involution (p,p') — (p',p) on (P & P)8 preserves P’ and so
defines an involution tpr: P’ — P’. By construction, for every (p,p’) € P’ we

have 6'(vp(p,p')) = B (P, p)) = tx(B'(p,p')), verifying the condition for a real
chart. 0

Note that if X is a separated scheme, real charts always exist at any point x
in the fixed locus of tx. In fact, take any chart defined in a neighbourhood U
of X, restrict to U Nux(U), still an affine open set by separatedness, and apply
Lemma [5.8

Proposition 5.9. Cartesian products exist in the category of real log schemes.

Proof. Let (X, Mx), (S, Ms), (T, Mr) be real log schemes endowed with mor-
phisms f : (X, Mx) = (T, Mr) and g : (S, Mg) — (T, M7). Then the fibre
product in the category of log schemes (S x7 X, Mgy, x) fits into the following
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cartesian diagram.

(5.3) (S X7 X, Mgxpx) —— (X, My)
lps . J{f
(S,Ms) (T> MT)

The log structure on the fibre product Sx7.X is given by Mgy, x = px Mx®p: m,
psMg. By the universal property of the fibered coproduct the existence of real
structures on (X, Myx), (S, Mg) and (T, Mr) ensures the existence of a real
structure on (S X7 X, Mgy,x). O

Note that in general the fibred coproduct of fine log structures px Mx @pz ry
py My is only coherent [Og, §II, Prop. 2.1.1], but not even integral. To take
the fibred product in the category of fine log schemes requires the further step of
integralizing (S X1 X, Mgyx,x). Given a monoid P with integralization P, and a
chart U — Spec Z[P] for a log scheme (U, My ), the integralization of (U, My ) is
the closed subscheme U Xgpecz(p) Spec Z[P™] of U with the log structure defined
by the chart U — Spec Z[P] — Spec Z[P™]. So integralization may change the
underlying scheme. A similar additional step is needed for staying in the category
of saturated log schemes. Fortunately, we are only interested in the case that ¢ is
strict, and in this case the fibre products in all categories agree. See [Og|, Ch.III,
§2.2.1, for details.

Example 5.10. Let S be the spectrum of a discrete valuation ring with residue
field C and w : X — S be a flat morphism. Let 0 € S be the closed point,
Xo = 771(0) and consider ¢ as a morphism of log schemes with divisorial log
structures 7 : (X, M(x x,)) = (S, M(s0)). If 7 commutes with real structures on
X and S, then by Proposition [5.4] the morphism 7 is naturally a real morphism
of real log schemes. Taking the base change by the strict morphism (Spec C, N &
C*) = (S, M(s,0)), Proposition 5.9 leads to a real log scheme (X,, Mx,) over the
standard log point O = (Spec C,N ¢ C*) with its obvious real structure.

6. LIFTING REAL INVOLUTIONS TO THE KATO-NAKAYAMA SPACE

In this section we study the additional structure on the Kato-Nakayama space
of a log space induced by a real structure.

Definition 6.1. Let (X, Mx) be a real log space with
ix = (ux, ) 1 (X, M) = (X, M)

denoting its real involution. Let II be the polar log point with real structure iy
given by the involution

(%) = (e ™)



REAL LOCUS OF KATO-NAKAYAMA SPACES 47
lifting the standard conjugation involution on C. We call the map
(6.1) SN XN XN (F T — (X, Mx)) — ix o foun
the lifted real involution on the Kato-Nakayama space.

Proposition 6.2. Let (X, Mx) be a real log space.

(1) The lifted real involution (8N is continuous and is compatible with the
underlying real involution vx of X under the projection m: XXN — X
(2) The real locus of X has a canonical lift to XXX,

Proof. The first part is immediate from the definition [6.1] and the second part is
a direct consequence of the first part. O

Definition 6.3. Let (X, Mx) be a real log space and (&N : XK*N — XEN the
lifted real involution. We call the fixed point set of /5N the real locus of XN,
denoted XEN C XKN,

Studying the real locus XEN € XN allows us to understand real structures
in toric degenerations, since under the presence of a real structure, Theorem [3.1]
generalizes to the following statement for the pair (XN, X§§).

Proposition 6.4. Let (X, Mx,) be a real toric log Calabi—Yau, with a log smooth
morphism § : (Xo, Mx,) — OT. Then the fibre bundle structure for 6*N : XEN —
S can be chosen to respect the real locus X5y C X§N in the sense that there
exists local trivializations in which the real involution becomes the pullback of the
standard real involution on the base. The analogous statement holds for XXN —
DXN assuming there is a real structure on (X, My) extending the real structure
on (Xo, Mx,). In particular, we obtain a fibre bundle structure on XEN — DEN.

Proof. We have to verify that under the presence of a real structure, the proof
of [NO|, Theorem 5.1, extends to the required stronger statement for pairs. The
proof first establishes a result for a toric model ([NOJ], Theorem 0.2) and then
globalizes by a result by Siebenmann ([Si], Corollary 6.14). Now the proof for
toric models indeed works on the positive real locus and leaves the phase (argu-
ment) untouched, thus readily gives the required local trivialization respecting
the real locus. For the globalization, there does exist a stratified version of [Si],
Corollary 6.14, the so-called “respectful version” ([Si], First Complement 6.10 and
Remark 6.16). Applying this result to the pairs Xy C X§N and AN < AFN,
respectively, then yields the assertions. U

In the remaining part of this section we study the real locus XEN < XKN,
Recall from the description (IL3)), there is a canonical projection map 7 : XXN —
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X. Let
TR : X]%QN — XR
denote its restriction to the real locus.
If x € Xy then the involution LE( induces an involution on the stalk Mx , as

well as on the stalk of the ghost sheaf My, = Mx /0% ,. We describe g Y(z)
in the next proposition.

Proposition 6.5. Let (X, Mx) be a real log space and x € Xg. Consider the
Kato—Nakayama space XXN described as in (L3) and let 7 : X¥N — X be the
projection. map. Then,

(1) A point (x,0) of the fibre 7= (x), where § € Hom(M¥,,U(1)) is as in
(@3), lies in XEN if and only if 6 o V%, = 0, where 0 is the complex
conjugate of 6.

(2) If i’ induces a trivial action on Mx ., then T () is canonically a torsor
for the group Hom(ﬂigw, Z]27).

Proof. (1) Let # € 7~ 1(x) be given by a log morphism f : II' — (X, M) with
image x. By (6.1) we have 7 € XEN if and only if
foum=ixof

Writing & = (z,0) as in (L.3)), we have

four = (z,0)

xof = (v.00i,)
The statement follows by comparison of the above two equations.
(2) Denote by x : Mx — My the quotient homomorphism. We define the action
of 7 € Hom(MY,, Z/2Z) on 7~ (z) by
(6.2) (7 0)(s) = T(ra(s)) - O(s)

for s € Mx, and 0 € Hom(M%,,U(1)). In this definition we take 7(k,(s)) €
Ox., by means of the identification Z/2Z = {£1}. By (1), ¢ defines a point in
XENGff 0ot , = 0. If /% induces a trivial action on M, hence on MY, then
this condition is preserved by the action of Hom(ﬂigx, 7./27). Indeed, by the
triviality of the induced action on Mipw and since 7 takes real values, it holds

TOI{IO&@:TOI{@,:TO/{I.

Thus 7 - 6 fulfills the condition stated in (1):

(T-H)OL'_’X@: ((To,%x)-H)OL?}(@:(TO@)@:T-H.
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Hence (6.2)) defines an action of Hom(ﬂ?m,Z/QZ) on m'(x). To check the
claimed torsor property, let 6y, 6, € Hom(M%, U(1)) define elements in 7 () C
Xg™. Then by (L3) we have for h € Ox

h

]
Hence 6, - 0, takes trivial values on O%,. Denote by 7 : M%Qw — U(1) the
induced map with 7o k, = 0, - §;*. Note that 7 takes real values, hence defines

amap T : ﬂi?,x — ZL/27:

00, =0,-0, = (0104,) (B20h,) = (010" 0 i, = (6 05).

The last equality follows since 6 - 6, factors over M%Ex, on which Lgm induces
a trivial action.

Now 7 € Hom(ﬂiﬁx, Z,/27) fulfills 61 = T - 65 by definition, showing that the
action is simply transitive. O

Corollary 6.6. Let (X, Mx) be a fine saturated real log space. If the stalk of
MY at x € Xg has rank v, and ¢, induces a trivial action on Mx o, then 771(z)
consists of 2" points.

Proof. This is an immediate consequence of Proposition O

Without the assumption of a trivial action on the ghost sheaf My ., the fibre
of XEN — Xp can be non-discrete, as we will see in the following example.

Example 6.7. Let X be a complex variety with a real structure vy and a ty-
invariant simple normal crossings divisor D with two irreducible components Dy,
D,. Assume there is a real point x € Dy N Dy and ¢y exchanges the two branches
of D at z. Denote by LibX the induced real structure on My = M x p) according to
Proposition 5.4l Then P = My, = N* and 7% ,(a,b) = (b, a). The action extends
to an involution ¢y; of M = P8 = Z2. In the present case there is a subspace
M' C M with M' @&y (M) = M, e.g. M' =7-(1,0). Then 6 : M — U(1) can be
prescribed arbitrarily on M’ and extended uniquely to M by enforcing fovy, = 6.
Thus in the present case 7' (z) = Hom(Z,U(1)) = S*.

In the general case, when M, is a fine monoid and Mﬁﬁx is torsion-free, by
[Og}, T1, Prop. 2.3.7] we can write M%, = M © Ox , with M a finitely generated
abelian group and such that Libx’x acts by an involution ¢y on M and by L_ﬁX@
on O% . Then m~'(z) = Hom(M, U(1)) is a disjoint union of tori, one copy of
Hom(M/T,U(1)) for each element of the torsion subgroup 7" C M. The fibres
T (z) for x € Xg are the preimage of the diagonal torus of the map

Hom(M,U(1)) — Hom(M,U(1)) x Hom(M,U(1)), 6+ (6 0wp,0).
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Although the rank of m%; varies, in toric situations the projection map X%V —
X interacts nicely with the momentum map description on X, ensuring the
smoothness of XEN. We describe XKN in such situations in the following Propo-
sition.

Proposition 6.8. Let (X, Mx) be a toric variety with its toric log structure and
X — = C Mg a momentum map. Let tx be the unique real structure on
(X, Mx) lifting the standard real structure according to Proposition 5.4 Then

there is a canonical homeomorphism
XEN ~ = x Hom(M, Z/27),
with the projection to = giving the composition jo g : XE~ — Z.

Proof. Recall the section sy : = — X of the momentum map with image X>¢ C
Xr from Definition [[.3l For a € Z, Proposition [L4] identifies

7 (n7 (a) € XN
with pairs (A - sg(a),\) € X x Hom(M,U(1)). The action of /5N on this fibre is
(A= sp(a), A) — (A~ s(a), \).

Thus (X - so(a), \) gives a point in XEY if and only if A = X. This is the case iff
A takes values in RN U(1) = {£1}, giving the result. O

7. REAL LOCI IN TORIC DEGENERATIONS

Recall that any complex toric variety is defined over Z and hence has a canon-
ical real structure by factoring the base change Spec C — SpecZ over SpecR.
Similarly, the standard log point has a canonical real structure. Let (Xo, Mx,)
be a toric log Calabi-Yau space [GS1, Defn. 4.3]. We call (X, Mx,) standard real
if it has a real structure compatible with the canonical real structure on the stan-
dard log point and inducing the canonical real structure on its toric irreducible
components. Since the morphism ¢ : (Xo, Mx,) — OV is strict at the generic
points of the irreducible components of Xy, and since any section of M x, that is
supported on higher codimensional strata is trivial (constant 1), there is at most
one such real structure on (X, My,). Standard real structures appear to be the
only class of real structures on toric log-Calabi-Yau spaces that exist in great gen-
erality. While other real structures, for example those lifting an involution on B,
should be extremely interesting in more specific situations, we therefore restrict
the following discussion to standard real structures, except for the example of a
toric degeneration of local P? discussed in §8.31

A toric log Calabi—Yau space (Xy, Mx,) with given intersection complex (B, &),
in good cases can be uniquely defined from additional combinatorial data given



REAL LOCUS OF KATO-NAKAYAMA SPACES 51

by lifted open gluing data by Theorem [2.120 Lifted open gluing data, which we
reviewed in §2.3] is given by elements s € H'(B, 1,A @ C*).

Proposition 7.1. Let (Xo, Mx,) be a polarized toric log Calabi-Yau space with
intersection complex (B, &2). Then there is a standard real structure on (Xo, Mx,)
if and only if there exist lifted open gluing data s = (8,)yer with Xo ~ Xo(B, X, s)
such that s, € Ay, @7 R*.

Proof. The proof is by inspection of the arguments in [GSI]. If s = (s, )., are
open gluing data taking values in R* C C*, the construction of Xy(B, Z,s) by
gluing affine toric varieties in [GS1], Definition 2.28 readily shows that the real
structures on the irreducible components induce a real structure on Xo(B, 2, s).

Conversely, given (Xy, Mx,) with a standard real structure, Theorem 4.14 in
[GST] constructs open gluing data s and an isomorphism Xy ~ Xy(B, £, s). The
construction has two steps. First, Xy being glued from toric varieties, there exist
closed gluing data s inducing this gluing. If X, admits a standard real structure, 5
automatically takes real values. In a second step one shows that the closed gluing
data are the image of open gluing data as in [GSI], Lemma 2.29 and Proposi-
tion 2.32,2. This step uses a chart for the log structure at a zero-dimensional
toric stratum z € Xy. In view of the given real structure on (Xo, Mx,), this
chart can be taken real (Lemma [5.8]). With this choice of chart, the construction
of open gluing data in the proof of [GS1], Theorem 4.14, indeed produces real
open gluing data. O

We refer to lifted open gluing data s as in Proposition [Z] as real lifted open
gluing data. It follows that, in terms of lifted gluing data, the existence of a
standard real structure has a simple cohomological formulation.

Corollary 7.2. Assuming (B, Z?) positive and simple, then the toric log Calabi-
Yau space (Xo, Mx,) defined by lifted gluing data s € H' (B, 1,A®C*) is standard
real if and only if s lies in the image of

HY(B,1,A @ R*) — HY(B, 1,A @ C*).

Proof. This follows again by inspection of the corresponding results in [GS1], here
Theorems 5.2 and 5.4. O

Recall from §2.3 that lifted open gluing data particularly defines slab functions
describing the log structure on the central fiber. We arrive at the following
characterization of real lifted open gluing data in terms of these functions.

Proposition 7.3. Let (X, Mx,) be a polarized toric log Calabi-Yau space with
intersection complex (B, ). Then (Xo, Mx,) is defined by real lifted open gluing
data if and only if the slab functions f,, € C[A,] describing the log structure Mx,
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are defined over R, that is f,, € R[A,| for any p € & of codimension one and x
a connected component of p\ A.

Proof. The relation between the slab functions f, , and charts for the log structure
is given in [GS1], Theorem 3.22. At a zero-dimensional toric stratum x € X the
description in terms of open gluing data yields an isomorphism of an open affine
neighbourhood in Spec X, with Spec C[P]/(2"7), with P = Mx, and pp € P
corresponding to the deformation parameter ¢t. The facets of P not containin&
pp are in one-to-one correspondence with the irreducible components of X, con-
taining x. Now charts for the log structure on this open subset are of the form

P — C[P]/(2"?), p+—> h,- 2P

with h, an invertible function on V(p), the closure of the open subset (27 #
0) C SpecC[P]. The equation describing this chart in terms of functions on
codimension one strata expresses the slab function (written £, (h) in [GS1]) as a
quotient of multiplicative functions (written g, in [GSI]) defined in terms of h,,.
This equation shows that describing a real chart via real open gluing data yields
real slab functions f, ..

Conversely, given real open gluing data and real slab functions, the real struc-
ture on Spec C[P] induces the involution /%, defining a standard real structure
on (X, Mx,). O

Remark 7.4. It is worthwhile pointing out that real structures on (Xy, My,) are
compatible with the smoothing algorithm of [GS3] in the following way. Assume
that (Xo, My,) is a toric log Calabi-Yau space for which the smoothing algorithm
of [GS3] works, for example with associated intersection complex (B, &) positive
and simple. Assume that (Xy, Mx,) has a real structure, not necessarily stan-
dard. The real involution then induces a possibly non-trivial involution on the
intersection complex (B, Z?). But in any case, (Xy, Mx,) has a description by
open gluing data s = (s,,,) and slab functions f,, with the real involution lifting
to an action on these data. By the strong uniqueness of the smoothing algorithm
it is then not hard to see that the real involution extends to the constructed
family X — Spec C[[t].

7.1. The real locus in the Kato—Nakayama space. Let us now assume we
have a standard real structure on (Xo, Mx,). We will investigate the topology of
the real locus X5 C XN, the fixed locus of the lifted real involution of X" from
Definition GBIl First, since (O")gN = {£1}, the real locus of X{§& decomposes
into two parts, the preimages of +1 under ¢%N : XXN — (ON)KN = §1 Denote
by X¢& (£1) these two fibres.

4This condition is non-trivial only if z € B
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Proposition 7.5. The restriction of /N : X{N — B to the real locus X is
surjective and has finite fibres. Over B\ A, this map is a topological covering
map with fibres of cardinality 2",

Proof. Let 0 € & be a maximal cell. In the canonical identification ®, of
(BN (o) € XEN away from A = pu(Z) given in Lemma [L5] the standard real
involution on (u*N)~!(a) € XEN lifts to the involution of o x Hom(A, & Z,U(1))
that acts by the identity on ¢ and by multiplication by —1 on A, @& Z. The fixed
point set of this involution over each point in ¢ is the set of two-torsion points
(£1,...,41) of U(1)"*. In particular, away from A = u(Z) C B, the projection
Xo® — B is a 2"*!-fold unbranched cover.

In any case, ®, (0 x Hom(A, ® Z, {£1})) is a closed subset in X§~ containing
X, &\ Z and projecting with fibres of cardinality at most 2"** to o. The statement
on finiteness of all fibres then follows if Z is nowhere dense in Xéf]g . This statement
follows as in Lemma .4l noting that the generization maps between stalks of M x,
at real points are compatible with the real involution. 0

We thus see that Xéf]g can be understood by studying (a) the unbranched
covering over B \ A and (b) the behaviour near the log singular locus by means
of the canonical uniformization map ®, of Lemma Sometimes, for instance
in dimension two, the unbranched cover together with the fact that X&RIEI is a
topological manifold, determines Xéf[g completely.

Remark 7.6. We can describe explicitly the homeomorphism of torus bundles
., in the proof of Theorem .1 locally around some x € B\ A, in terms of
slab functions. We restrict to the basic case 0 N o’ = p of codimension one. Let
[ be the function defining the log structure along X, according to (2.10). The
Kato-Nakayama space has an additional U(1)-factor coming from the deformation
parameter ¢. This additional factor gets contracted in X, along X,, but not in
XN, Thus over X, the Kato-Nakayama space is a U(1)-fibration. One factor
captures the phase of the deformation parameter ¢, the other the phase of the
monomial u (or v) describing X, as a divisor in X, and X,/, respectively. In
these coordinates for XN over o and o/, the gluing ®,, is determined by taking
the argument of (2.10):

(7.1) arg(u) + arg(v) = r, - arg(t) + arg(f).

For the unbranched cover, Lemma together with the gluing equation (Z.1]) in
Remark provide a full description of X(If]g . Note also that the gluing equation
involves the term x,-arg(t), which for x, odd and Arg(t) = —1 leads to a difference
in the identification of branches over neighbouring maximal cells ¢ C B. Recall
by Theorem [4.7 that the Kato—Nakayama space over each maximal cell, away
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from the discriminant locus, is given by o x Hom(A, & Z,U(1)) \ ®;1(ZXN).
Hence, for any real log Calabi-Yau space (X, Mx,) endowed with a standard
real structure, defined by real lifted open gluing data, XN is obtained by gluing
trivial pieces o x Hom (A, ®Z, U(1))\ @, (Z¥N) via Equation (ZI]). This exhibits
the real locus X \ Z*" as glued from the finite covers

(o x Hom(A, @ Z, {£1})) \ @, (Z"Y)

over the maximal cells 0. This gluing is determined by studying possible identi-
fications of each of these bundles over maximal cells, which is determined by the
choice of gluing data. In general the specific choice of such identifications changes
the topology of X(If]g, and hence has to be studied case by case. Assuming with-
out loss of generality that the toric log Calabi-Yau space (X, Mx,) is normalized
by the open gluing data, we can however give a neat global description over the
large subset B’ C B considered in Proposition In the simple case, there is
a retraction of B \ A to B’ and this result is strong enough to understand the
unbranched cover over B\ A completely. In the general case, this result can be
complemented by separate studies along the interior of codimension one cells to
gain a complete understanding of the real locus over B\ A.

As a preparation, we need to discuss the effect of the real involution on Dia-
gram (A7), and in particular on the middle vertical exact sequence

OHZ&BQ(l)—HsHA—m.

The action on the discrete part Z and A is induced by the action on the co-
homology of the torus fibres, which is multiplication by —1. Similarly, we can
act by multiplication by —1 on each entry of the sequence defining P, forming
the next to rightmost column in (7). For the extension by U(1), however, tak-
ing the pushout with complex conjugation on U(1), maps the extension class
s € Ext'(A,U(1)) to its complex conjugate 3. Thus only if this class is real,
reflected in a real choice of open gluing data (or slab functions as in Proposi-
tion [7.1]), there is an involution on P inducing multiplication by —1 on Z and A
and the conjugation on U(1). Note also that the extension class is real if and only
if it lies in the image of Ext'(A,Z @ {#£1}) under the inclusion {1} — U(1).
In this case, the extension of A by Z & U(1) is obtained by pushout from an
extension by Z @ {£1}. We now assume such an involution ¢z of P exists.

Theorem 7.7. Let (Xo, Mx,) be a toric log Calabi-Yau space defined by real
lifted open gluing data. Then the real locus in XEN over B' C B is given by

X& = Hom®(P, {£1})|r € Hom®(P,U(1))|s.
where Hom®(P, U(1))|p: is defined as in Proposition [-13.
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Proof. Recall the trivialization with fibres A, & Z & U(1) of P over the interior
of a maximal ¢ € & used in the proof of Proposition In this trivialization,
the involution 5 acts by —1 on A, @ Z and by conjugation on U(1). Taking
homomorphisms to U(1) and restricting to those homomorphisms inducing the
identity on the U(1)-factor, identifies the fibres of X N over Int o with Hom(A, &
Z,U(1)). The fixed point locus of the induced action of ¢5 is then the set of
homomorphisms to the two-torsion points of U(1), that is, Hom(A, & Z, {£1}),
as claimed. O

Remark 7.8. The topology of the 2"*!-fold cover of B’ can also be described in
terms of the monodromy representation as follows. Analogously to the discussion
for P in Remark .T1] the monodromy representation of P is given by viewing
(c1(y), s) € Ext'(A,Z @ U(1)) as a pair of twisted homomorphisms,

(X, 0) : m(B',x) — Hom(A,, Z & U(1)).

Explicitly, for a closed loop 7 at z, the action of (A, 8)(y) = (A, 6,) on the fibre
of Py~ A, ®Z ® U(1) is

ANBZBUQ1) > (v,a,8) — (T - v, A\ - v+a,0,(v) - ).

Here T, € GL(A,) is from parallel transport in A. If the open gluing data s are
real, 6 takes values in {£1} C U(1). Thus in the real case, (\,6) is a twisted
homomorphism with values in Hom(A,,Z & {£1}).

In view of Theorem [7.7] the monodromy representation of Xéf]g over B’ is
given by the induced action on Hom® (A, ®Z® {+1}, {£1}) = Hom(A,, {£1})®
Hom(Z,{+£1}). Note that the last summand in A, @Z@H{£1} does not contribute
to the right-hand side, since we restricted to those homomorphisms inducing the
identity on 0 @ 0 @ {£1}. The action of a closed loop v on Hom(A,, {£1}) ®
Hom(Z,{+£1}) is now readily computed as

(7.2) (@, ) — (SOOT'Y"‘NO)W“'H%N)’

Here we wrote the group structure on {41} additively. This formula gives an
explicit description of Xéf]g over B’ in terms of a permutation representation of
m(B', ) on the set A,/2A, @ {1} of cardinality 2"+

In this description, the map to the real part (O)EKN = {41} of the Kato-
Nakayama space U(1) of the standard log point, is induced by the inclusion
7Z®{£1} - A, ®Z ® {£1}. Thus to describe the fibres over {1} c (OT)KN
in X&le simply amounts to restricting to p = 41 in (7.2). In particular, ¢;(p)
only becomes relevant for the fibre over —1. This fact can also be seen from the
gluing description of (Z.1l), where &, is the only place for ¢;(¢) to enter.
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FIGURE 8.1. (B, Z) for a quartic K3 surface

8. EXAMPLES

8.1. A degeneration of K3 surfaces with non-simple singularities. In this
section we study a toric degeneration of real quartic K3 surfaces, and investigate
the topology of the real locus, based on the general results discussed in §7 We
first study an example of a degeneration of K3 surfaces where the associated inter-
section complex does not have simple singularities. It is nonetheless locally rigid,
and the smoothing algorithm of [GS3] is generalized to this case in dimension two
— for details see [GHS, Appendix A4].

Consider (B, ) the polyhedral affine manifold that as an integral cell com-
plex is the boundary of a 3-simplex, and is given by the convex hull of the set
of points {(1;0;0);(0;1;0);(0;0;1); (—1,—1,—1)}, with four focus-focus singu-
larities on each edge as illustrated in Figure Bl Note that to ensure simplicity
we would require to have only one focus-focus singularity on each edge of 2,
therefore in this case (B, Z?) is not simple. There are four maximal cells, each
isomorphic to the standard simplex in R? with vertices (0,0), (1,0) and (0,1). The
edges have integral length 1 and are identified pairwise to yield the boundary of a
tetrahedron. On each of the six edges there are four singular points of the affine
structure, with monodromy conjugate to (19). In this example (B, &?) does not
have simple singularities [GS1], §5.1] as there are four focus-focus singularities on
each edge, but it is locally rigid in the sense of [GS3], Definition 1.26. Thus the
smoothing algorithm of [GS3] works, yielding a one-parameter smoothing of X,
one for each choice of slab functions.

Consider the trivial (“vanilla”) gluing data, that is, s,, = 1 for all w,7 € &,
w C 7. Then X, is isomorphic as a scheme to ZyZ,ZyZ3 = 0 in P3, a union
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of four copies of P2. As the MPL-function defining the ghost sheaf My, we
take the function with kink x, = 1 on each of the edges. The moduli space of
toric log Calabi-Yau structures on X, with the given My, is described by the
space of global sections of an invertible sheaf £S on the double locus (X0 )sing
(JGS1], §5). This line bundle has degree 4 on each of the six P'-components.
The section is explicitly described by the functions f,,. Let v and v' the two
vertices adjacent to p and let f,, and f,,, be slab functions attached to the
connected components of p \ A containing v and v'. They are related by the
equation f,,(z) = x*f,.,(z71) for x the toric coordinate on P* (see e.g. [GS3],
Equation 1.11). The slab functions f,, for y another connected component of
p \ A are similarly determined in terms of f,,. Explicitly, restricting to the
normalized case, we have f,, = 1 + a1z + ap2® + azz® + z*, the highest and
lowest coefficients being 1 due to the normalization condition at the two zero-
dimensional toric strata of the projective line X, C Xj. The other coefficients
a; € C are free, to give a total of 6 - 3 = 18 parameters. Taking into account
the additional deformation parameter ¢, this number is in agreement with the
19 dimensions of projective smoothings of Xy (indeed, we obtain a versal family
as shown in [RuSi]). See the appendix of [GHS] for a discussion of projectivity
in this context.

By Proposition this smoothing is real if and only if all slab functions are
real, that is, if all coefficients a; € R. To obtain 4 focus-focus singularities on each
edge of & as drawn in Figure B.Il we need to choose the a; in such a way that
the 4 zeros of f,, =1+ a1z + asx? + azx® + x* have pairwise different absolute
values. These are then also all real (if not, as the a; are real, there is at least
one pair of complex conjugated roots, which then have the same absolute value,
contradiction). This condition is open in the Euclidean topology, but the closure
is a proper subset of R?, the space of tuples (ay,as, as) fulfilling this condition.
The precise choice does not matter for the following discussion and we assume
such a choice has been made for each edge.

Proposition 8.1. Let (Xo, Mx,) be the union of four copies of P? with the real
log structure as described. Assume that the zeros of the all the slab functions f,,
are all negative. Denote by A C B the pairwise different images of the 24 singular
points of the log structure (the zero loci of the slab functions).

Then the fibre X% (1) of og~ : X§p — {£1} € U(1) has two connected
components, one mapping homeomorphically to B, the other a branched covering
of degree 3, unbranched over B \ A and with a simple branch point over each
point of A. In particular, the latter component is a closed orientable surface of
genus 10.
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F1GURE 8.2. Chart at a vertex of (B, &) from Figure 81

Proof. In the present case of trivial gluing data with real slab functions f,,
without zeros on the positive real axis, the positive real sections o x {1} C
o x Hom(A,, {£1}) of the pieces of X N over maximal cells (Lemma [LH) are
compatible to yield a section of X(If]g (1) — B. In fact, all arguments in Equa-
tion [Z.Il describing the gluing vanish. The image of this section is thus a 2-sphere
mapping homomorphically to B.

To describe the remaining three branches of Xéf]g (1) — B, observe that at
each point of A there are local analytic coordinates x,y, w, defined over R, with
(Xo, Mx,) isomorphic to the central fibre of the degeneration zy = #(w + 1)
discussed in Example [L9 In this example we checked that the real locus of the
Kato-Nakayama space has three connected components, with two being sections
and one a two-fold branched cover with one branch point over B. Thus X3 (1) —
B is a cover of degree 4, simply branched at the 24 points of A and having at
least one section.

To finish the proof we have to study the global monodromy representation
m1(B\A) — S4 into the permutations of the four fixed points of the real involution
on a fibre and show it has at most two irreducible subrepresentations. We compute
a part of the affine monodromy representation and then use Remark [Z.8 and
notably Equation (Z2) to obtain the induced monodromy representation in Sj.

Figure depicts a chart at a vertex v with its three adjacent maximal cells.
The chart gives the affine coordinates in the union of the three triangles minus
the dotted lines. The locations of the 12 singular points on the outer dotted
lines are irrelevant in this chart and are hence omitted. We look at the part
of the fundamental group spanned by the three loops vi, 72, 3. Each loop
encircles one focus-focus singularity on an edge containing the vertex and hence
the affine monodromy along any such loop is conjugate to (19). In particular,
the translational part vanishes. Concretely, in standard coordinates of R?, the
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monodromy matrices 7T; along ~; are

o1 S N e e A T
() 1—117 2—10,3—01.

Now while the ~; are not loops inside B’ as treated in Remark [.8 it is not hard
to see that (7.2) still applies in the present case. We have p = 1 since we look
at X§p (1) and 6,, = 1 also for the translational parts. Thus (Z2) says that the
branches transform according to the linear part of the affine monodromy. Now
indeed a slab function f,, changes signs locally along the real locus over an edge
whenever crossing a focus-focus singularity. For Xéjg(l) this means that the two
branches given by Hom(A,, {£1}) C Hom(A,,{£1}) have trivial monodromy
around any focus-focus singularity on p, while the two other branches swap.

It thus remains to compute the action of the transpose T} on the two-torsion
points Z?2/27Z? of the real two-torus Hom(A,, U(1)) ~ R?/Z?. These are the four

vectors
Ug = Uy = Uy = us =
O ’ ! 0 ’ 2 1 ’ 1 ’

Here uq is the point in the positive real locus, yielding the section already treated
at the beginning of the proof. The permutation of the indices of the other three
vectors yield the three transpositions (23), (12), (13) for T}, T4 and T3, respec-
tively. These transpositions act transitively on {uj, us, us}, showing connect-
edness of the cover of degree 3. This component is a genus 10 surface by the
Riemann Hurwitz formula. O

8.2. K3 surfaces with simple singularities. As a second, related family of
examples we consider toric degenerations of K3 surfaces such that the associated
intersection complex (B, Z?) has simple singularities. We take a subdivision of
the polyhedral decomposition & of the tetrahedra B studied in §81 so that
every point in the discriminant locus of the affine structure lies between different
vertices of &2. By taking this subdivision we ensure that (B, #?) has actually
(strongly) semi-simple singularities as discussed in §2.21 Recall that each toric
irreducible component of the central fiber of a toric degeneration has momentum
map image corresponding to a maximal cell of the polyhedral decomposition &,
hence in this case the central fiber of the degeneration has several more irreducible
components, unlike in the non-simple case. We illustrate a face of the tetrahedra
B, along with the subdivision & obtained by taking barycentric subdivisions in
Figure 8.3

In this case the possible topologies of X&le are determined by Theorem [7.7 In-
terestingly, for the fibre X&' (1) over 1 € (O")*N = U(1), the question becomes a
purely group-theoretic one. In fact, according to (Z.2), for 1 = 1 the translational
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FI1GURE 8.3. The polyhedral decomposition on a triangular face
of the tetrahedra in case of simple singularities

part A of the affine monodromy representation does not enter in the computa-
tion. Moreover, by a classical result of Livné and Moishezon, the linear part of
the monodromy representation for an affine structure on S? with 24 focus-focus
singularities is unique up to equivalence [Mal, pg. 179]. The result says that there
exists a set of standard generators 71, . . ., 24 of 7 (S?%\ 24 points, ), closed loops
mutually only intersecting at z and with composition ~; - ... - 724 homotopic to
the constant loop, such that the monodromy representation takes the form

Tg, 1 odd

Ty, 1 even,

with 77, T3 as in (81). As in §81] the corresponding monodromy of the four
elements in Hom (A,, {£1}) =~ Z?/27Z* are (23) and (13), respectively. Thus
the computation only depends on the choice of the twisted homomorphism 6 €
HY(B',A ® {#1}). Now each 6, acts by translation on the fibre Z2/272. If
6, is non-trivial, the permutation is a double transposition. But any double
transposition together with (23) and (13) act transitively on the 4-element set.
Thus Xéf]g(l) is connected as soon as 6 # 0; otherwise we have two connected
components as in Proposition Rl

Proposition 8.2. Let (X, Mx,) be a toric log K3 surface with intersection com-
plex (B, &) having simple singularities and endowed with a standard real struc-
ture. Denote by 6 € H'(B,A ® {£1}) the argument of the associated lifted real
gluing data according to Corollary[7.9. Then X&le(l) has a connected component
mapping homeomorphically to B ~ S? if and only if 0 = 0, and is otherwise
connected. U
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For X&' (—1), the translational part of the affine monodromy enters in (Z2).
The action is also by translation, hence lead to a double transposition if non-
trivial. A similar analysis then shows that if Xéf]g (—1) is not connected, one
connected component maps homeomorphically to B ~ S2.

8.3. A non-standard real structure on local P2. As one example with a non-
standard real structure we discuss the toric degeneration of the canonical bundle
of P? from [GS4, Ex. 5.1]. This example features a finite, real wall structure
and thus yields an algebraic family over A! defined over R, which we view as an
analytic toric degeneration X — C. Denote by ¢ the real involution of X'. The
central fibre has six irreducible components with a single compact component,
P? x P'. The affine manifold B is sketched in Figure B4l with the dotted lines
indicating the singular locus of the affine structure.

FIGURE 8.4. The tropical manifold for a toric degeneration of Kp2.

The labels at the vertices refer to the corresponding theta functions of level 1
[GHS]. There is a global vertical integral vector field with corresponding affine
projection 7 : B — R? contracting the three vertical line segments of the central
prism. The theta function for the corresponding asymptotic monomial defines a
global holomorphic function without zeroes or poles, denoted s in [GS4]. Such a
function does not exist on Kp2 and indeed, the general fibre of X — C turns out
to be the complement Kp2 \ T'; of the graph I'y of a meromorphic section without
zeros and with poles along the three coordinate lines of P2. In an affine chart

containing the zero-dimensional toric stratum labelled U we have coordinates
2=W/U=27/X,v=V/U=Y/X and r, fulfilling the equation

(8.2) rvzs = (14 s)t.

Here r is also the restriction of a canonically defined global function, the theta
function for the primitive integral vector field along the unbounded edge emanat-
ing from the vertex labelled U. In this affine chart the embedding of the fibre X,
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over t into Kp2 is defined set-theoretically by mapping (v, z, 7, s) to the 2-form
rdz Adv in the fibre of Kp2 over [1,v, 2] € P2. In particular, r restricts to a linear
function on each fibre of Kp2 and (R2) expresses s in terms of r and the local

coordinates z, v of P?:
t

ver —t
Thus the hypersurface I'; removed in this chart is given by r = t/vz, the pull-back

S =

of the standard hyperbola via r and zv. Note also that for ¢ # 0 the restriction
of s to the zero section r = 0 or to the coordinate lines zv = 0 is constant —1.

Now the bounded cell, the prism, has a reflection symmetry inverting the ver-
tical lines and acting by swapping the vertices X with U, Y with V and Z with
W. It can be checked that this involution extends uniquely to an involution s
of B acting by affine isomorphisms with integral linear part (and half-integral
translational part) on each cell and respecting the projection 7 : B — R?. The
fixed locus B* C B is a copy of R? embedded in B. Taking the discriminant
locus A barycentric, it holds A C B* and then k induces an orientation reversing
involution of the integral affine manifold B with its polyhedral decomposition &2.

This involution respects the initial slab functions and in turn the whole wall
structure and hence induces an involution & of the toric degeneration X — C.
Explicitly, & swaps the two lines of six defining local equations displayed in [GS4,
Ex. 5.1]. The action on our coordinates in (8.2)) is as follows:

B (2) =2, K@) =v, E(s)=s" F&(r)=rs.

Thus away from the coordinate lines of P2, the involution & is the involution of
C\ {t/vz} ~ C* that interchanges the pole of s at r = t/vz with the zero at oo in
such a way that s turns into s~!. For fixed t # 0, taking vz — 0 in Equation (8.2)
implies that s = —1 over the coordinate lines. Now s = —1 is a fixed point of the
involution swapping s and s~!. Hence & acts trivially over the coordinate lines of
P2

Observe that & commutes with the standard real involution ¢ of X, given by
complex conjugation. The composition

IL=1L0K=KOlt

thus defines another antiholomorphic involution of X. This non-standard real
involution still commutes with the canonical real structure on P? and hence lies
over the real locus RP? of P? = CP%. But for t € R\ {0}, in the above embedding
of X; into Kpz, the non-standard real involution acts fibrewise by *(s) = 571
Thus the fibre of (X;)g over [1, z,v] € RP? with vz # 0 is the circle in the 7-plane
with center r = t/vz € R\ {0} and passing through the origin, that is, with

radius [¢/vz|. Indeed, for any z,0 € R\ {0} and r = £ (1 + ¢*") € C we can

vz
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FIGURE R&.5.

take s = e™¥' to obtain a point in (X;)g. The radius |t/vz| of the circles tend
to infinity as we approach the union of coordinate lines vz = 0 in Xj, but is
constant for fixed t/vz. Thus the limits of these circles cover all of the r-plane as
illustrated in Figure Summarizing, the fibre of (X;)r over [1, z,v] € RP? is a
circle for vz # 0, while over the union of coordinate lines |J; RP! C RP? it is the
whole Kpe-fibre.

Let us compare this picture with the Kato-Nakayama space of Xy. We are
only interested in the restriction of X} N to the fixed locus B® C B. Define
Ap~ as the sheaf of integral tangent vectors on B" fixed under k,. Then since
ker 7, is spanned by a global vertical tangent vector field £, we have a direct sum
decomposition

tl\|pn = A D Z

with the Z-factor spanned by £. The sheaf Ag- consists of those integral vectors
in 7*Agz|p~ that are invariant under local monodromy. Thus Ap- is a subsheaf
of the trivial sheaf (m|p«)*Age = Z* with quotient a sheaf Ax supported on the
discriminant locus A C B":

0 — Age — Z*> — Ax — 0.

The quotient Ax has stalks Z? at the three vertices of A, with generization maps
to Z on the interior of each of the edges of A. Said differently, the stalk of Apx ,
at x € A consists of the tangent vectors of the minimal cell containing x in the
polyhedral decomposition &, of B* = R? induced by 2.

In the canonical description of XXN over each maximal cell in Lemma 5] for
each maximal cell o € Z,;, we obtain a canonical continuous surjection

®, : 0 x Hom (A, U(1)) x U(1) x U(1) — (uxn) (o) C X

The two U(1)-factors correspond to the phases of s and t respectively. Over
the 1-skeleton of &, exactly those directions from Hom(A,, U(1)) =~ U(1)? get
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contracted by ®, that factor over Ax. Thus ®, induces a canonical bijection
Hom(Ag, ., U(1)) x U(1)? =~ pgx(z). Now

| Hom(Ap, ., U(1))

rEo

is canonically in bijection with the toric surface X, obtained by viewing &, as
a polyhedral decomposition of R?. For example, for o the interior triangle, we
obtain X, = P2. Thus jyx(B") is covered canonically by the product with U(1)?
of a union of the four toric surfaces defined by the four maximal cells of the
polyhedral decomposition &, of B* = R%. Explicitly, these four toric surfaces
are X,, = P? and the three restrictions X,,, X,,, Xy, of Kpz =~ Op2(—3) to
the three coordinate lines in P2. The four pieces are glued non-trivially using
Arg(1+ s), as in the description of Remark [7.6] with slab function f =1+ s.

Our real involution 7 induces the canonical real involution on the four toric
surfaces Xy, ..., Xy, and on the U(1)-factor for the phase of £. On s the action
is s — 5!, which acts trivially on its phase. Thus X{g (#1) is a union of
U(1) x RP?, with RP? covering 4 : 1 the triangle oy, and the restrictions of Kp2 to
the real loci RP! in the three coordinate lines of P2, each a U(1)-bundle over the
remaining cells o1, 09, 03. As expected from Theorem [B.Jland Proposition[6.4] this
is compatible with the above discussion for the real locus of X;. Note that since
the present B is not compact, we have to first compactify the situation to apply
Theorem [3.1] and Proposition [6.4l In the present example this compactification
can easily be achieved by replacing the unbounded cells of &2 by appropriate
bounded cells. Details are left to the reader.

We have made no serious attempt to uncover the general structure of X
involving non-trivial involutions x of B. It seems that it would be easiest to
restrict to cases where B” is already covered by cells of 2. This situation requires
the more general setup of [GHS|] to admit vertices of & to lie in the singular
locus A of the affine structure. Then B* defines an analytic subspace ) C X.
Moreover, the restriction of pgy to the fixed locus B, then factors over VXN and
we expect g (B") — YEN to be a U(1)"-fibration with r the local codimension
of B" in B. In the real situation, the real involution should act trivially on these
U(1)"-fibres, exhibiting X as a U(1)"-fibration over Yj§'.
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