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Our formulae are deduced from a more general determinantal identity for an ‘amal-
gamated product’, or more simply ‘amalgam’, of matrices, which is defined by taking
the Kronecker tensor products of their rows. The proof uses Schur-Weyl duality and the
representation theory of the symmetric group.

The identities obtained in this paper have possible applications to potential theory,
to multivariate interpolation in approximation theory, and to classical problems in al-
gebraic geometry. In particular, we use these identities to give a simple proof of the
multiplicativity of the rectangular transfinite diameter.

2. Multivariable Vandermonde matrices
2.1. Definition

Let r > 1 and let N = (Ny,..., N, ) denote an ordered sequence of integers N; > 2.
Set m = N1 N5 ... N,. Consider the ordered set

En = (61(&) y 62(§) y ot €m(§)>

of monomials in r variables z = (z(l), . ,Z(T)), which are of degree < N; — 1 in each
component 2z, and ordered degree-lexicographically. By this we mean that they are to
be ordered first with respect to the total degree, and then within each degree by the

lexicographic order. Given m such vectors z4,...,2,,, each of length r, we shall define
the multivariable Vandermonde matrix to be
Vn(z1s-- o zm) = (€5(24)) - (2.1)

It is a square m x m matrix. Note that this is one of several possible definitions for a
multivariable Vandermonde matrix: some authors replace the set En with the set of all
monomials of bounded total degree (see §2.4).

Example 2.1. When r = 1, we may write z; = (2;) and Ex = (1,2,2%,...,2V71). We
retrieve the classical Vandermonde matrix

1 2z 22 Z{V -1
1 20 23 zév -t
Vn(21,.-.,28) = : )
1 2n 2% z% -1
As is well known, its determinant is given by the formula
det Vn(z1,...,2n8) = H (zj — 2) (2.2)
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This can be deduced from the fact that the determinant vanishes when any two distinct
rows are equal, i.e., when z; = z;, for 7 # j.

The literature laments the fact that the determinant of the multivariable version of
the Vandermonde matrix does not factorise, which is perfectly true. However, one notices
that its determinant certainly vanishes when z; = z; agree in all components for some
i < j, which defines a condition of codimension r. This fact suggests that there must exist
a generalisation of (2.2), and indeed, in this note we shall prove two such formulae which
express det Vi (24, .., 2,,) in terms of determinants involving strictly fewer variables.

' &Zm

Example 2.2. Consider a simple case when r = 2. Let N = (2,2), m = 4 and write
z; = (21(1) (2)) Then Ey = (1,2, 2(2) 21022y and

1 251) z§2) (1)2(2)
(1) (2) (1) ( )
1 =z z z
V(2,2)(§17 c2y) = 21 22 1 22
1 z§ ) zg ) ( )zé )
1 Zil) zf) zil)z( )

In this case, our first formula states that:

det Vigo) (21, - - -, 24) = det Vi (24", 23 Dy det Vi (28", 2(V)
x det Vi (2%, 28 det Vi (57, 257)
— det Vi (2, 28Y) det Vi (257, Zfﬁ))
x det Vi(21”, 287) det Vi (287, 2{))

(1) (1) (2) (2)
= det 1 Z]('l) det 1 Z%l) det 1 Z]('Q) det 1 2%2)
1 2z 1z 1 2z 1 2z
1) (1) (2) (2)
~det |1 Z%l) det [ 1 Z%U det [ 1 2%2) det [ 1 (2)
1 2z 1 2z 1 2z 1

For the convenience of the reader, we may write this in more readable form by relabelling
the variables, giving the identity:

1 Y T1y1
T2 Y2 T2Y2
T3 Y3 T3Ys3
T4 Y4 T4lY4

det = (2 —x1)(rs — 23)(y3 — y1)(Ya — ¥2)

—_

- (563 - $1)(9E4 - $2)(y2 - yl)(y4 - ys) .

One may check that, indeed, if any two distinct rows are equal then it vanishes. See
Example 4.2 for the case N = (3,2).
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The second formula which we prove also expresses Vv as a linear combination of
completely factorising terms in separate sets of variables. It is more symmetric than the
first, but involves a greater number of terms. In this case it states that

1
det Vio,g) = 15 e(o) det Vi (289, 28)) det V3 (20D, 2{D)
oEY,
x det V(28,29 det Vi (282, 262))
1
BRT] e(o) (25) — 280N (28 - ZS?) x (282 = 20) (282 — 2))
o€,

where the symmetric group X4 acts on the four subscripts {1,2, 3,4} of the z;, and (o)
is the sign of a permutation o.

2.2. First formula for Vandermonde determinants

We may express the determinant of the Vandermonde matrix (2.1) in r variables as
a sum of terms which factorise into a product of Vandermonde determinants in & and
r — k variables.

Let Ni,...,N.>2andlet 1 <k <r. Let

m=DN;...Ny and n=Ngyi...N,

so that mn = Ny... N, is the rank of Vi, . n,). Consider mn vectors zy,...,z,,, of

length r. The coordinates of each variable z;, may be partitioned into two vectors

z; = (22

77 =1
of length k and r — k respectively, where

=V, 29 and 2= EY L)

/
Z; i

We shall express Vi, .. N, (21,3 Zm,) i terms of products of Vi, . n, (2,7 € I) and
VNisr,oN, (2,7 € J), where I and J range over subsets of {1,...,mn}.

In order to state the formula, recall that a standard Young tableau of shape n™ =
(n,...,n) is a square array with m rows and n columns of boxes in which the numbers
1,...,mn are placed in such a way that every row and column is increasing when read
from left to right, and top to bottom, respectively. For instance, the trivial tableau is as

follows:

1lm+1|...)mn—-2)+1mn—-1)+1
2m+2[.../m(n—2)+2\mn—1)+2

]. nm =

m| 2m |...| m(n—1) mn
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Our first formula for det Viy is not completely explicit but is relatively parsimonious.
It involves summing over pairs of standard tableaux.

Theorem 2.3. The multivariable Vandermonde determinant satisfies:

det Vin,,...n,) (21552

> o [[det Vin,,.... v (21 k € coli(@)) [ [ det Vin, ... (24 & € Tow;(8)) - (2.3)

a,f i=1 j=1

where the sum is over all pairs of standard tableaux o, 5 of shape n™, and the ®, 5 are
certain integers. The notation col;(a) denotes the set of elements in the it" column of
a, in ascending order, and likewise row;() denotes the G row of .

This formula depends on the choice of ordering of the rows z4, . .., z,,, since the notion
of a standard tableau also does. The integers ®, g are the entries of a matrix ® which
is the inverse conjugate of a matrix introduced by Fayers. The latter is a sparse and
explicit quasi-unipotent matrix whose entries are 0,41 (although its inverse conjugate
® can have entries in a larger set of integers).

Example 2.4. The two standard tableaux of shape (2,2) are:

13 1]2
24 3[4]
g N —
1a,2 15 5

The matrix ® with respect to 122,15 5 is

1 0
@ = (0 _1> .
Formula (2.3) then reduces to the formula in Example 2.2.

2.8. Second formula for the determinant

Our second formula is in completely closed form, but involves summing over a large
number of terms.

Theorem 2.5. Without loss of generality, let m > n. Let X,,, denote the symmetric
group which acts by permutations of {1,...,mn}. For any o € Ly, let “1,m denote the
(non-standard) tableau obtained from 1,m by permuting its entries. Let

n—1

3!
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The multivariable Vandermonde determinant satisfies:

1
det Vi, Ny (Z1s- - s Zyn) = > elo)

™ e mn

Hdet Viny,...Ny) (25 k€ coli(T1,m H det Ving,,,...n) (21, k € row;(T1,m)) , (2.4)

=1 Jj=1

where zj,, k € row;(71,m) denotes the z;, where the indices k are taken from the elements
in the ith row of “1,m in order (from left to right), and similarly, col;(“1,m) denotes
the elements in the jth column of °1,m, ordered from top to bottom.

The number H,, , is the product of the Hook lengths for a tableau of shape m™ or

n".

Example 2.6. Let » = 2 and m = 3,n = 2. We have

14
153 =|2|5
316
and therefore Theorem 2.5 states that
det Vig oy (21, -+, 26) =
1
m ( )deth,( 2oy 027 Ug)deﬂ/é( (78] 05726/76)

oEXs

x det Va(2!/, 2//,) det Vi (2" 2 ) det Va(2l, 21 ) (2.5)

o9 a Us’ 06

When r = 2 and m = n = 3, we have

135 =(2]5(8

and Theorem 2.5 yields
det‘/(?, 3)(2 .. .,gg) =
1
T Z detV3 01’ 027 og)det%( T4 057 O'G)det‘/'?’( o7 08’2‘{79)
(S

x det Va(z] 2], z) ) det Va(2],, 2, 2. ) det V3 (2], 20 z5,)  (2.6)

g2 0’57 0’3’ 0'67 o9
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These formulae are proved as special cases of a more general determinantal identity
for matrices, which will be postponed to section §3.

Remark 2.7. By repeated application of either formula (2.3) or (2.4) to reduce to the one-
variable case, and equation (2.2), we deduce that the general multivariable Vandermonde
determinant is a sum of completely factorising terms in which the variables are separated.

2.4. ‘Homogeneous’ Vandermonde determinants and interpolation

A common version of multivariable Vandermonde determinants involves only consid-
ering the union of the set of monomials which are homogeneous of given degrees 0, ..., N.

To define them, let N > 0 be an integer and r > 1. Let ER™ = (e;(z)) denote the
ordered set of monomials in r variables z = (z(l), cee Z(T)) which are homogeneous of de-
gree k, for all k < N. They are to be ordered first with respect to their total degree (from
smallest to largest), and then within each degree, they are to be ordered lexicograph-
ically. Let ¢ denote the number of such monomials. The ‘homogenous’ Vandermonde
determinant is the square matrix:

VAT (215 20) = (e5(20)) - (2.7)

Example 2.8. Let p; = (z;,y;) for i = 1,...,6 and consider the matrix

Loz oy 23 ;e y3
1 22y :rg oY yg
1 z3 w3 x5 73y3 ¥
Vs (1, - -, p6) = ’ 3 3 2.8
2,2 (pla apﬁ) 1 Ty Ya xi Tala yz ( )
1 x5 ys @2 x5y5 U2
1 26 Ys =5 TeYs Vg
Its determinant vanishes if and only if pq, ..., pg lie on a conic. A classical problem from
antiquity is to determine geometric conditions on the p; for this to hold. More precisely, if
c¢=(c1,...,c6)T is in the kernel of VQ}TS‘“, then the points p; lie on the conic f(x,y) =0,

where f(x, y) =1+ cox +c3y + 04:172 + csry + cGyQ.

Although such matrices are not our primary focus, one observes that V}\}"f‘ may always
be obtained as a submatrix of V(V-»N) by deleting rows and columns. It follows that
the proofs of the two previous theorems provide analogous statements for homogeneous
Vandermonde determinants.

Theorem 2.9. The determinant det(VJ}\}?ﬁ)(gl, ..., 2¢) of the homogeneous Vandermonde
matriz may be written as an explicit sum of products of degenerate Vandermonde matrices
in fewer variables in which the variables separate.

This may be done in two different ways, by taking degenerate versions of the expres-
sions in either Theorem 2.3 or 2.5 as we now illustrate.
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Example 2.10. Consider Example 2.8. Without loss of generality, we may assume that
T9 = T, i.e., points p; and po have the same x coordinate. Then Theorem 3.6 produces
the following expression for det Vhom (p1,---,D6):

X (Y2 —ys)(y1 — ¥s

e —

( ) (

( ) (
Vise(®) (w1 —@5) X (y2 — ya) (Y1 — va

(@) (w1 — w6) x (y2 — y3) (Y1 — ys)(y4 — ys)
—Viga(z) (x1 —25) X (2 — y6) (Y1 — Y6) (Y3 — s
(y1 — ya) (Y3 — Yo

)

x1 —5) X (Y2 — y3) (Y1 — ¥3) y4fy5)><(y17y2),

) )
) (21 — w6) X (y2 — ya) ( )
) (@1 —24) X (y2 — y5) (Y1 — y5) (Y3 — ya)
) ( ( ) ( )

where Vi j k() = (2 — ;) (25 —xp) (23
determinants in a single variable. This expression further collapses under additional

xr). Each line is thus a product of Vandermonde

assumptions on the location of the points p;, which we leave for the amusement of the
reader.

In fact, our technique also provides expressions for this determinant as a sum of
factorising terms in which the variables do not separate, but which encode information
about the collinearity of the p;. We illustrate again using Example 2.8.

Example 2.11. Without loss of generality, we may assume pg = (0,0) is the origin and
ps lies on the z-axis (i.e., y5 = 0). Then Theorem 3.6 also delivers a sum of products of
degenerate homogeneous Vandermonde determinants of degree 1:

1 X1 Y1
det Vhom = det (1 T2 y2> (X1ya — zatn ) (@2ys — T5Y2)y3(xs — T4)
1 23 ys3

1 X1 Y1
+det | 1 23 y3 | (z1y2 — 22u1)(T3ys5 — T5Y3)ya(T5 — x2)
1 x4 wya

1 X1 Y1
—det | 1 @2 yo | (w1ys — w3y1)(T2ys — T5y2)ya(ws —x3) . (2.9)
1 x4 s

Each of the 3 x 3 determinants in the previous expression vanishes whenever the three
points corresponding to its entries are collinear.
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2.5. Applications

The formulae in this paper may be used to compute determinants of matrices where
the entries in every row satisfy multiplicative relations uniformly in each column, i.e.,
each entry is a polynomial in a smaller number of matrix entries. The main statements
are Theorems 3.6 and 3.8 which provide a formula for an ‘amalgamated product’ of two
matrices and are proved using the representation theory of the symmetric group. This
might be a useful complement to the methods for computing determinants described
n [8,9]. As remarked above, these formulae can be applied in different ways, in both
generic and degenerate form, to compute multivariable Vandermonde determinants of
both rectangular and homogeneous types.

Vandermonde determinants and their variants appear in a variety of different fields
including approximation theory and multivariate interpolation [11], coding theory [10],
algebraic geometry [3], harmonic analysis [7] and potential theory [2]. We provide just
one application of our formulae to give a simple proof of the multiplicativity of the
rectangular transfinite diameter §6. We expect that our formulae could also be used to
explain factorisation and vanishing properties of generalised Vandermonde determinants
for specific configurations of points. See [4] and references therein. Further examples are
considered in 4.2 and 5.2.

3. A determinant identity for an amalgam of two matrices

We derive a formula for the determinant of a matrix obtained from two smaller ma-
trices by taking the Kronecker tensor products of each of their rows.

3.1. An amalgamated matriz

Let m,n > 1 and consider a matrix with mn rows and m columns:

ail a12 N 7 a,
a21 a22 s a2m ag
A= ) Tl (3.1)
Amn 1 Amn 2 oo Omnm Qmn

with entries a;; in a commutative ring R, and where a; = (a1 .. . Gim) € R™ denotes the

i*® row vector. Likewise, consider the matrix with mn rows and n columns

bll 612 ce bln 1_71
b21 b22 cee b2n b2
B=| . . Col= (3.2)
bmn 1 bmn 2 e bmn n an

with entries b;; € R, and b; = (b;1 ... b;,,) € R™ denotes the i row.
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Definition 3.1. Consider a new matrix which amalgamates these two matrices, by taking
the Kronecker tensor product of their rows:

A% B =

It is a square matrix with mn rows and columns, and entries in R.

Our convention for the Kronecker tensor product of two row vectors is:

(al,...,am)®(b1,...,bn):

(albl,agbl, . ,ambl, albg, agbg, ey ambg, e ,G,lbn, azbn, . ,ambn) (33)

a®by a®bz a®by

where commas between entries have been inserted to assist with legibility and a =
(a1, ...,ay). This convention must of course be applied consistently to every row in the
definition of the matrix A x B.

3.2. Special case: Kronecker tensor product

Suppose that C is a square m X m matrix, and D is a square n X n matrix with rows
dy,...,d,. Then the Kronecker tensor product C'® D may be represented by the matrix
A x B where

d,
m
A=| . | €Mppm(R) and B= : € Mynn(R) (3.4)
C d,
m
d,
It is well-known that det(C ® D) = det(C)™ det(D)™.
3.3. Minors
If I C {1,...,mn} is any subset with m elements, let A; denote the square matrix

with m rows and columns given as follows:



F. Brown / Journal of Algebra 678 (2025) 253-278 263

aill a’i12 AR ailm Qi]
Qi1 Giy2 oo Qiym a;,
AI = . . =
a‘inl 1 a’inz 2 ct ainL m sz
where I = {i1,...,in} and i1 <ig < ... < iy, are increasing. We define B; similarly by

selecting the rows of B indexed by I.
3.4. Young tableauz

Our formula for the determinant of A x B involves Young diagrams. Recall that a
Young diagram is specified by a partition A = (ny,...,n,) of N =n; +...+n,, denoted
by A B N. The integers n; satisfy n; > ... > n, > 1, and one writes |A| for N. The
corresponding Young diagram is a left-justified array of boxes with n; boxes in the ‘P
row. A standard Young tableau is defined to be a Young diagram in which every integer
from 1 to nqy +...4+n, is placed in every box in such a way that every row (and column)
is increasing when read from left to right (or top to bottom). We shall denote a standard
Young tableau corresponding to A\ using Greek letters «, 3, etc. The conjugate diagram
A to A is obtained by reflecting A along the diagonal (from top-left to bottom-right)
which passes through the top-left corner of the diagram. The conjugate of a standard
Young tableau « is also standard, and is denoted by «'.

Below is a picture of a standard Young tableau and its conjugate:

1]3]4] 1[2]6
25 3[5]7
6|7 4

_ ] = —

The formulae for det(A x B) only involve Young tableaux of rectangular shape, i.e., of
the form n™ = (n,...,n) with m rows consisting of n boxes, or their conjugates, which
are the form m™ = (m, ..., m) with n rows of length m.

Let 1, denote the standard Young tableau of shape A where the boxes are filled
consecutively firstly from top to bottom, then left to right. For any tableau = of shape
A, define the sign £(y) € {—1,1} to be the sign of the unique permutation 7 of ¥ such
that w(1,) = . One calls two (non-standard) tableau column-equivalent if they differ
only by permutating elements in each column. The notion of row-equivalence is defined
similarly.

Definition 3.2. [5, Definition 4.7]. Let A be a Young diagram. Given a standard Young
tableau a of shape A, and 8 of conjugate shape X', define the Fayers number (denoted
by square brackets [«, 8] in loc. cit.):

(a,B8) € {-1,0,1} (3.5)
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as follows. It is zero if there are two numbers in {1,...,|\|} which lie in a common
column of o and a common column of S. If not, there exists a unique tableau 7y of shape
A such that v is column-equivalent to «, and ' is column-equivalent to 3. Define («, 3)

in this case to be the sign (7).’

Definition 3.3. Define the Fayers matriz F to be:

(F)a,p = (. 5) ,

where a, 8 range over the set of standard tableaux of shape A, \’ respectively. Denote by
(EFE) the matrix whose entries are (EFE)q,p = e(a)Fy ge(8). Define

o= (EFE)” (3.6)
where * denotes the inverse transpose.

In [5, Lemma 4.5] it is shown that F' is invertible, and furthermore that F, 3 = 0
unless « dominates 3. It follows that F' is lower triangular with respect to any ordering
of standard tableaux which respects the dominance ordering. Recall that a shape A =
(M, ..., Ai,...) dominates the shape p = (p1, ..., t;,...) (with infinitely many trailing
zeros) if 3300 Ny > D70y for all n > 1 ([6, Definition 3.2]). A standard tableau o
dominates 3 if the truncation of « to its sub-tableaux which contain all the entries up
to k, for every k, dominates the corresponding trunction of 3, for all k£ > 1.

Remark 3.4. In the case of interest, when A\ = n" is rectangular, we may associate to a
standard tableau « of shape A the increasing sequence r; < 19 < ... < 1y, of the sums of
entries in each row. The associated lexicographic ordering is a convenient way to write
a basis for the standard tableaux «. For instance, if (o, 3) is non-zero and 8 # o’ then
B’ is strictly greater than « in this ordering.

3.5. Statement of the identities

Let A, B be as above.

Notation 3.5. Given a standard tableau « of shape n™, and S of shape m™, let

Ao =[[det Aoty and  Bg =[] det Beoy, 5

i=1 j=1

where for a standard tableau 7, col;(y) denotes the i*" column of .

1 Note that the above definition appears in loc. cit. with ‘column’ replaced by ‘row’ in the discussion
preceding Lemma 4.4, but is the opposite way around in the proof of Lemma 4.5.
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The determinant of Ax B separates into a linear combination of a product of determi-
nants of minors of A, and determinants of minors of B. Here and later on, we shall denote
by {aV} the vector space basis (over Q) dual to the vector space basis {a} indexed by
standard tableau of fixed shape n™, and similarly for 8 (if we view F' € Hom(V, W) as
a linear map between two vector spaces then ® € Hom(VV, WV) is a map between their
duals).

Theorem 3.6. We have the identity

det(AxB) =Y ®ov 3w AaBg
o,

where the sum is over all standard Young tableaux o of shape n™ and B of conjugate
shape m"™ and ®,v gv denotes the corresponding entry of the matriz ®.

Note that the entries of ®, which is the inverse of a quasi-unipotent matrix with
integer entries, are also integers. However, contrary to the matrix F', they are not all
equal to 0,—1,1. For example, when m = n = 3, a handful of entries of ® are equal to
—2 or 2. The entries ®,y ,v may be interpreted as a signed sum over chains of relations
a1~ Qg ~ ...~ a, where a ~ g if {a, 8') is non-zero.

Remark 3.7. The identity may be reinterpreted as a bilinear form. Let
A = Aa ) B = Bﬁ
denote the column vectors whose entries are the A, where a (respectively ) range over

the set of standard Young tableaux of shape m™ (resp. n"™). Then Theorem 3.6 states
that:

det(AxB)=A"®B .

The previous theorem has the advantage that it contains very few terms, but the
disadvantage that it involves inversion of a matrix. The following theorem is more sym-
metric, but typically involves a far higher number of terms.

Theorem 3.8. Let o, 8 be standard tableaux of shape n™ and m™ respectively. Then there
is an integer ko g such that

det(Ax B) ko3 = Z e(0)AsaBop -
O'EEmn

The integer ko, p vanishes if and only if (o, B) = 0.
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When o = 1,m and =1/, is its conjugate, then for m > n

n—1

Ra,p = Hm,n = H
=0

(m+1)!
il

is the product of the Hook lengths of a tableau of shape n™.
3.6. Examples

3.6.1. m=n=2
We may write explicitly

ail a2 bir bi2

_ | @21 az2 _ bar  bag
A= , B= b b

azy as2 31 32

a41 Q42 bar  ba2

and hence

a11bir  a2bin  aiibiz  aiebio
Ay B | G21021 a2ba anbyy  aznby
az1bz1  asabsr  aszibsa  asabao
aq1bs1  Ga2b41  aa1baz  asobao

There are exactly two standard Young tableaux of shape (2,2), namely:

113 1[2
24 314
R N —
«q (6]

where a1 = 1(22) has sign 1 and as has sign —1. With respect to the bases a1, as and
B1 = a}, B2 = aj, the entries of the Fayers matrix (F');; = (o, a’;). We have

1 0 1 0 1 0)\\" 1 0
r=(oh) o= (0 5)rG 8)) =65
Theorem 3.6 states that

det(A* B) = Aa1 Ba'l — 140¢,‘,BO/2
= det A12 det A34 det 313 det 324 —det A13 det A24 det Blg det 334

b1 b1
b3 b3

b1 bi2
bar  boo

bor  baa
ba1  bao

as1 as2
Q41  A42

a1 ai2
a1  a22

b3 b32
bar  ba2

a21 a22
a41 Q42
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3.6.2. m=3 andn =2
We have:

and hence

AxB=

a1 a2 ais
a21 Aag22 G23
a3z1 asz2 ass

a41 Q42  G43

as51  Aas2  Aa53
ae1 de2 G63

a11bi1  ai2bi
a21b21  az2ba:
agibs1  asz2bs:
ag1byr  a42b4;
as1bs1  as2bs:
ag1be1  as2be1

a13b11
a23b21
a33b31
a43b41
as3bs1
ag3be1

a11b12
a21ba2
a31b32
a41b42
as1bs52
ae1b62

b1 bi2
ba1 b2
b31 b3z
bar  ba2
bs1  bs2
be1  be2

a12b12
a22b22
a32b32
a42b42
as2bs2
ag2be2

The five standard Young tableaux of shape (2,2,2) are:

267

a13b12
a23b22
a33b32
a43b42
as3bs2
ag3be2

114 13 113 112 2
215 215 24 315 314
316 416 516 416 516
R s s sy S ——
aq (o7} a3 Qg as
Their conjugates 5; = « are as follows:
1123 1124 11215 1134 11315
5|6 3|56 31416 215|6 21416
_— = Y= == ——
B1 B2 B3 Ba Bs
The Fayers matrix F;; = (a;, ;) and the matrix ® are explicitly:
1 0 0 0 O 1 0 0 0 1
0O -1 0 0 O 0O -1 0 0 O
F = 0 0 1 0 O , =10 0 1 0 O
0 0 0 1 0 0O 0 0 1 o0
-1 0 0 0 -1 0O 0 0 0 -1

The bottom left corner entry Fj; comes from the fact that there is? a tableau

1[4
2
316

2 this tableau is easily found: its entry in row 4 and column j is the intersection col;(81) N row;(as) of
the set of numbers in column 4 of 81, with the set of numbers in column j of as.
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which is not standard, but has the properties that it is column-equivalent to «s, its
conjugate is column-equivalent to 31, and has sign —1. Theorem 3.6 states that

det(A*B) = Aal (Bﬁl + 355) - AQ2B52 + Aa3B53 + AQ4B54 - AQ5B55
and thus

det(A x B) = + det Ajo3 det Ays6 det B14 det Boy det Bsg
+ det A123 det Ayse det Bia det B3y det Bsg
— det A14 det Assg det B3 det Bas det Byg
+ det Aj95 det Asyg det Bis det Boy det Bsg
+ det Aq34 det Agsg det Bio det Bsy det Byg
— det A135 det Aoy det Bio det By det Bsg

3.7. Proof of Theorem 3.6

Let V, W be vector spaces over Q of dimensions m and n respectively. Consider a set
of mn vectors v1,...,Umn € V and wy, ..., Wn, € W. If we fix a basis eq,...,e,, of V
and f1,..., fn of W, the vectors v; and w; for 1 <4, j < mn may be written

V; = a;1€1 + ...+ Gimeém
corresponding to the i*" row of an mn x m matrix A, and similarly w; = bj1 f1+. . .+bin fn
corresponding to the i row of an mn x n matrix B.

The tensor product V @ W has dimension mn and basis ¢; ® f; for 1 <4 < m and
1 < j < n. The vector v; ® w; has coordinates

Vi @w; =anbiper ® fi+ ...+ aimbinem @ fn
which corresponds to the i*" row of the matrix A x B, see (3.3). Define an element
w(v,w) € N (V@ W)
by the formula
w(v,w) = (v1 @wy) A (V2 @ W) Ao A (U @ Winn) - (3.7)
Then we have

w(v,w) =det(A*B)(e1 @ fi) A(e2 ® fi) Ao Alem @ fn) (3.8)
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and therefore, computing the determinant det( AxB) is equivalent to finding an expression
for w(v,w). Recall that Schur-Weyl duality states that

Ver — Ps,\v e st
Ap

where the direct sum is over all partitions A of p, Sy denotes the Schur functor associated
to A, and S the corresponding Specht module, which is a representation of the symmetric
group ¥, acting upon V®? by permuting the factors. One has

VP W = P S\VeS,Weste s,
A,ukp

The exterior algebra AP(V @ W) is the subspace of V® @ W®P which corresponds to
the alternating (sign) representation ¢, of the copy of the symmetric group X, which is
embedded diagonally X, < ¥, x ¥,,, where ¥, x £,, acts naturally on V® @ W®P. Since
S = (SN @ €)Y (see below) it follows from Schur’s lemma that the sign representation
¢ occurs in the tensor product of Specht modules S* ® S* if and only if p = X, with
multiplicity one, and hence one has the formula

N (VeW)=S\VesSyW,
AFp

where both sides of the equation are naturally embedded in V®? @ W®P, In the case
of interest, we set p = mn and note that SyV vanishes if A has more than m = dim V'
rows. Similarly Sy/W vanishes if A has more than n = dim W columns. Since A - mn it
follows that the only contributing terms to the right-hand side of the previous formula
are those where A = (n,...,n) is a rectangular array with m rows and n columns and
hence the formula reduces to a single term

AN (VRW)=S\V@SyW  where A =n"".
There is a canonical isomorphism S)V = Sym"™(A™V), and Sy W = Sym™ (A"W), since
both sides of each equation are one-dimensional vector spaces. Consequently, we deduce
that there is a canonical isomorphism of one dimensional Q-vector spaces:
A (V@ W) =5 SaAV @ Sy W = Sym™(A"V) @ Sym™ (A"W) (3.9)
which sends

(1@ fi)A(e1® fa) Ao Alem® fo) = (er A Aew)" @ (LA A fo)™

We wish to compute the image of (3.7) under the map (3.9), which corresponds to the
inclusion of the sign representation ¢, in the tensor product of Specht modules S* ® S N
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Recall that S* has a basis indexed by the set of standard Young tableaux « of shape M.
A standard tableau « of shape A = n™ corresponds to a linear map:

a: VE™ 5 SV = Sym™ (NV) (3.10)

VRVO .. QU = [ N\ v
i=1i€col; (a)

where the exterior products are over the set of m elements in each column of « (in
increasing order) and the (symmetric) product is over all n rows. A similar statement
holds for a standard tableau [ of shape m™.
It follows from [5, Proposition 4.8], that the following bilinear map, which is defined
on standard tableaux «, 3 of respective shapes \, X,
R — (3.11)
a®f — F,pg={(x0)

is a surjective morphism of Specht modules. Equivalently, by tensor-Hom adjunction,
the matrix F' defines an isomorphism of Specht modules:

~

F:SY = (M we.
Its inverse transpose defines an isomorphism
MY~ aa
Fri(sY) S st e
Again by adjunction, we deduce that the morphism of Specht modules:
AV
(S)‘)v ® (SA ) — €
av ® B\/ — F;V)BV

is computed by F*. Consider the composition of maps

1— @M eosNe () — (Pes)ee (3.12)
where the first map is given by a tensor product of counits, and the second map contracts
the second and fourth terms in the tensor product using F™*. It is a morphism of Specht
modules, where 1 denotes the trivial representation. Recall that the counit Q — V@ VV
for a finite dimensional vector space V' may be represented by 1 — Y. v; ® vy, where v;

is any basis of V, and v} the dual basis. Applying this to the basis {a} for S* and {3}
for $* we may compute (3.12) by
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1»—>Za®av®ﬂ®ﬁv HZF;V’BVa@Jﬁ )
a,B a,B

Finally, it follows that the map of Specht modules obtained by tensoring (3.12) with
is given explicitly by the map

e P ws (3.13)

1 — Z@avyﬁva@)ﬂ,
a,p

since tensoring with € corresponds to multiplying F* by £ on both the left and the right.
We deduce that the map (3.9), which may be rewritten

AN (VoW)®e =5 S\V @S0 SyW @ SN

is induced by the natural map of Specht modules € — S* ® S/\/, and sends

@(v,w) Y Bov gv (@ ® B)(w(v,w)) (3.14)
o,
=S oan II{ A v A v
a,p i=1 \i€col;(c) i=1 \i€col;(B)

where the second line follows from (3.10). By definition of the determinant of a matrix,
one has

ﬁ /\ v; = (ﬁ det Acoh,(a)) et NeaN...Nep (3.15)

i=1i€col; () =1

and a similar statement for B. Putting the pieces (3.8), (3.14), (3.15) together proves
the theorem.

3.8. Proof of Theorem 3.8

Follow the argument of the previous paragraph but instead replace the morphism
(3.13) with a morphism

e — 805N
constructed as follows. For standard tableaux «, 8 of shape A, \' respectively, define

Pa,g € 5* @ SN
pap= Y e(0)a(a)®o(B)

0EX mn
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The image of p, s under the morphism (3.11) is equal to (mn)l{«, 3), since one has
(ca,08) = e(0){a, ). By Schur’s lemma p, g is non-zero if and only if («, 3) is non-
zero. Since the standard tableaux form a Z-basis for S*, it follows from (3.12) that p, g
is defined over the integers, and hence there exists an integer k. g such that

Pa.g = Ka,3 Z(I),Yv_’(;v"/@(g
7,0

For the last part of the theorem, set « = 1 and 8 = 1} and let A, B be the matrices
(3.4). Then A, is non-zero if and only if ¢t = o« is a tableau which is row equivalent
to 14, in which case it equals £ det(C)™ with sign given by the coefficient of the tabloid
{t} in ey (in the notation of [5] and references therein). Similarly, B,z is non-zero if
and only if ¢ is row-equivalent to 1y, and equal to +det(D)™ with sign given by the
coefficient of {¢'} in ey, . Since (¢,t') = (o, 08) = £(0){a, B) = &(o), we deduce that

> e(0)AgaBop = (e1,, €1,) det(C)" det(D)™ .

o

By [5, Lemma 4.6], the quantity (e1,, ey ) is equal to the product of the Hook lengths of
the diagram A. The statement follows since det(AxB) = det(C'® D) = det(C)™ det(D)™.

4. Proofs of Theorems 2.3 and 2.5

Recall the notation from section §2.2. Given Ny, ..., NV, integers > 2, and any number
Z1---,2x of vectors of length r, denote by

‘/(Nl,....,NT)<§1a v agK)

the matrix with Ny N ... N, columns and K rows whose entries in the i*" row are the
monomials in the coordinates of z;, ordered degree-lexicographically.

Lemma 4.1. The Vandermonde matrixz is an amalgamated product:

‘/(N17'~~7N1')(§17 s ’émn) = V(N1,~-.,Nk)(§/17 s ’E;nn) * V(Nk+1,~-~,N7v)(§,1/7 s 7§Z@n)
Proof. This holds by definition of * since the degree-lexicographically ordered row vector
of monomials (eq, ..., emn)(2) in z = (2/,2") is equal to the Kronecker tensor product of

the row vectors of monomials (eq,...,e,)(2') and (eq,...,e,)(2"). O

Theorems 2.3 and 2.5 therefore follow from Theorems 3.6 and 3.8 respectively.
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Example 4.2. We have

2

1z 21 y1 i 2y 1 oz o} L

1 =z § Yo Ty 96%3/2 1z 90% 1y

|1 =z 5 ys x3ys wz3ys | |1 x3 w3 1 ys
Vaa(@,y) = 1 2 22 ys ways woys | |1 ma 22 [T 1w
1 x5 2 ys xsys 2iys 1 x5 a2 L ys

1 z6 % Ys TeYs TgYe 1z a3 L ye

Consequently, Theorem 3.6 implies that

det(Vz2(z,y)) =
+( (23 —21)(23 — 22) (22 — 71) (26 — T4) (T6 — 75)( 5*334) ya —y1)(ys — y2) y6*y3)

+{ (23 — 1) (r3 — 22) (w2 — 21) (w6 — 24) (x5 — 75) (25 — —y1)(ya —v3)(ys —

Y2
yB_yl y5—y2 y6—
+ Y3

w5 —21)(T5 — 22) (T2 — 1) (26 — 23)(T6 — Ta) (T4 — —y1)(ya —vy2)(ys —

+

(@ ((
(@ ) z
(m—xl (24 — 22) (22 — 21) (26 — 23) (26 — T5) x5—x3)( ”
(( ))(( z
(fm—:m (x4 — 3) (w3 — 21) (w6 — 2) (W6 — @5) xs—xz)(yz—m Ys — Y3) (Y6 — Ya

)
)
)
)
- ((f% — x1) (25 — w3) (3 — x1) (6 — w2) (6 — 24) (24 — 302)) ((yz —y1)(ya — y3) (Y6 — ¥s )

This formula has the consequence that Vs o(z,y) factorises under mild conditions on
x;,y;. For instance, if y; = y» and zg = w3 then all terms vanish except the first and
Vs.2(x,y) completely factorises as a product of linear factors.

Thus we may deduce some simple sufficient geometric conditions under which a con-
figuration of six points in the plane p; = (z;,v;) for 1 < 4 < 6 may be interpolated
by a polynomial of the form f(x,y) = co + c1@ + cay + c32% + caxy + c5xy since this
is equivalent to the vanishing of det V3 o(x,y). For example, if p1, po have the same y
coordinate and ps, ps, pe the same z-coordinate. One may generate an unlimited number
of increasingly baroque examples of this kind.

5. Homogeneous Vandermonde determinants

Theorem 2.9 follows from Theorems 3.6 or 3.8 by noting that the homogenous Vander-
monde matrix (2.7) is a submatrix of the rectangular version (2.1). Its determinant can
therefore be deduced from that of det(AxB) by taking coefficients (or partial derivatives)
with respect to a certain set of a;;, b;; and finally specialising a;;, b;; as in the previous
section. Rather than writing down a general formula we illustrate with two different ways
of computing (2.8).

First note that the determinant in question may be computed indirectly by first
considering the amalgam of the following two 9 x 3 matrices:
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a1 dai2 @13 b1,1 b1,2 b1,3
a21 da22 23 b2,1 b2,2 b2,3
g1 Q92 0G93 bo.1 boo bggs

which for later reference is

a1,1b11 a12011 ai13bin aiabie aigobiz aisbie aiibiz aiebiz aisbis
a2,1b21 a22b21 a23ba1 a21ba2 a22ba2 assbaa as bz asobaz assbas

a9,1bg1  G92bg1 a93bg1 ag1bga agobyo agsbga agibgz  agobgs  agsbgs

Example 5.1. Consider the amalgam A x B and take the coefficient of the variables
a9, 3, 08,3, a7,2, b7,37 b&g, bg,Q, or equivalently, compute

o o0 o0 o0 o0 0

det(Ax B
8(1973 6(1873 604772 8b773 8()873 66972 ¢ ( * )

using Theorem 3.6. This amounts to computing the 6 x 6 minor of A x B obtained by
deleting rows 7, 8,9 and columns 6, 8,9 which contain entries a; 2b; 3, a;,3b; 2 and a; 3b; 3.
Now set a;1 = 1,a;2 = 24,043 = z?, and b;1 = 1,b;0 = yi,bi3 = yf This gives an

expression for det nggm (p1,--.,p6) as a sum of 24 factorising terms:

Vizs(2)Vi2a(y) (23 — 24) (Ys — y6) + Vias(2)Viza(y)(z3 — 26)(y2 — vs)
+Vi26(2)Viss (y) (z3 — 2a) (y1 — y2) + Viasz(@)Via(y) (s — 25)(ys — ve)
+Vi36(2) Viaa(y) (x2 — 5)(y3 — ys) + Vias(2)Vi23(y) (22 — 26) (Y4 — Ys)

+ 18 similar terms,

where
1 z z?
Vigr(2) =det | 1 25 27 | = (25 — 2:) (2 — 25) (2 — 2i) -
1 z z,%

On specialising o = x1 the formula collapses down to the eight terms listed in Exam-
ple 2.10.

Example 5.2. Our determinant formula for an amalgam can be used in a different manner.
We illustrate again with the simple Example 2.8. Consider the amalgam A x B as above,
but this time take the coefficient of ag 2,as,1,a7,1,b93,bs3,b72 in its determinant, or

equivalently, compute

0 0 0 0 0 0
Oar1 Oag,1 Oag.2 Oby 2 Obg 3 Obg 3

det(A x B)
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which amounts to computing a certain 6 x 6 minor of A x B, and finally substituting
a1 =bi1 =1, a;9 =bio=wx a;3=by3=uy; fori=1,...,6.° This is by no means
the only way of computing the determinant as a minor of an amalgam. By applying
Theorem 2.3 to compute det(A x B) and carrying out this procedure, we find a curious
expression for the determinant of V(p1,...,ps) as a sum of completely factorising terms.
It becomes particularly simple if we assume z¢g = yg = 0, i.e., the point pg is at the origin
and can easily be written down.
To do so compactly, let us define

1@ oy
Vvi’jﬁk = det 1 Zj Yj
1z yk

This determinant vanishes if and only if p;, p;, px are collinear. Let us also write

I
%J—Ww—dﬁ(é Z)—%%—%%-

Then we find that the determinant of V(py, ..., ps,0) simplifies to a sum of six completely
factorising terms:

Ty N ﬂ?% r1yr Y1
T2 Y2 T3 Tay2 Y3
V(pr,...,ps5,0) = —det | z3 y3 2} z3ys ¥3
Ty Y4 T{ Tays Y3
Ts5 Ys Ty TsYs y%

= Vi25¢1,3c24Ys5(Ta —x3) + Via3c1.4c2,5y3(x5 — 24)
+ Viaesciocsays(as — xa) + Vigaciocssya(zs — x2)
— Vigscr2c3ays(@s — x2) — Vi crscasya(rs — 3)
This general technique may be applied to matrices of Vandermonde type which are of

not of the precise form (2.1), and give sufficient conditions for a set of points in projective
space to be interpolated by homogeneous polynomials of given degree.

3 If one performs the substitutions before taking coefficients, the amalgam A x B has first row

(1 21 y1)®@(L =1 y1)=(1 =1 y1 z1 25 zy1 y1 ®1y1 Y1)

whose determinant vanishes because there are 3 repeated columns. The 6 X 6 minor of A x B described
above is obtained by striking out the 3 columns 4, 7,8 with repeated entries x1,y1 and z1y1, together with
the three final rows 7,8,9.
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6. An application to transfinite diameters

Let K C C” be a compact subset. One of the many possible variants of the notion of
transfinite diameter of K is

1/DN

t.(K)= lim sup ‘detV(NW,N)(gl,...,gNT)

N_>OO£17---7§N7'€K

where Dy = £N"(N — 1) is the total degree of the determinant. The existence of the
limit may be established following [13]. Note that a more common convention is to use
the homogeneous version of the Vandermonde matrix V}Q,O?f“ (2.7).
Consider the following variant. Let w = (wi,...,w,) denote a vector of positive
rational numbers. If the limit exists, we may define
ty(K) = lim sup |det Vir N, NY (215 -+ - ,ge)|1/DHN

N—o0 21520 €EK
where { = w; ... w,N" and D,y is the total degree of the determinant.* When w =
(1,...,1) this reduces to the previous definition, since ¢(;, . 1)(K) = t,(K).
A variant of the following theorem for the homogeneous transfinite diameter was

established a long time ago [12] (see also [1]) using different methods. It is an immediate
first application of the formula (2.4) for the multivariable Vandermonde determinant.

Theorem 6.1. Let K C C” be equal to a product K = Ky x Ko of compact subsets
of CF x C™ %, where k > 0. Write w = (w',w") where w' = (wy,...,w;) and w" =
(Wgt1, - - -, wy). If the limits exist we have

tw(K) = tw/(Kl)\w’l/lm X by (K2)Iw”\/\w|
where |w| = w1 + ... +w, and similarly for |w'|, |[w"|. In particular,

tr(K) =t (K1) X gy (Ko) "R/

Proof. We may assume that N; = w; N is an integer for all i. Let m = Nj... Ny and
n = Ng41...N,. Let us denote by

Dny,...N) = deg(det Vin, . Ny (2155 Zonn) - (6.1)
Then we have

4 We take the limit over all N which are divisible by the common denominator of wq,...,w, so that all
w; N are integers.
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Dwy,...N,) = > i1+ ..+ (6.2)
0<i1 <Ny —1,...,0<i, <N, —1
_ NiN,...N,

5 (Ni+No+...+ N, —1)

from which it follows that

which is consistent with Theorems 2.3 and 2.5.
By Theorem 2.5, we have

—~

mn)!
Hm;n

< sSup V(Nk+1,-~7Nr)(§;l)

z;'EKz

sup Ving,....v) (1)
zl€K,

sup V(Nl,...,NT)(éi)
2, €K

Let us write

Ni+...+ N — k Nk+1+...+NT—(T—/€)
o= and (=
N1+...+NT—’I“ N1—|-...—|—NT—’/‘

where a + 8 = 1. Then

sup Vin,,... N, (2:)
z, €K

X | sup ‘/(N17~»-7Nk)(§{i)

zie K,

It follows from Stirling’s formula that

o 2/ (N1 4Ny —r)
((mn)!)l/D(Nl ,,,,, Ny _ <(mn)!>l/ ! o
Hm,n Hm,n

as N — oo, since N; = w; N. Therefore, by letting N — oo we deduce that
b (K) <t (K211 5 g0 (Bl e

since o« = (w1 + ... +wg) /(w1 + ... +w,) and 8 = (wr1 + ... +w,) /(w1 + ... +w,).

To prove a lower bound, note that since K7, K are compact, there exists a configura-

tion of points 2, ..., 2}, € Ky and z7,..., 2/, € K, such that the respective multivariable

r=m
Vandermonde determinants are maximized. Define a configuration of mn points in K as

follows. For every 1 < k < mn write

E=i+(—1)m
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for unique 1 <i<mand 1 <j <n. Set

2, = (25, 2)

and observe that with these choices,

Ving, . N (21 Zmn) = Vivgone) (- 20) @ Vi, N (215 20)

is a Kronecker tensor product (§3.4). Thus

det(Vin,.,...n (21,) = det(Viw, ... v (20))" % det(Ving,, ... v (2)™ -

Now let N; = w; N be integers. Since the points z; and g}’ may be chosen independently,
we may take the limit as N — oo to conclude that

ty(K) > twl(Kl)@/'/'ﬂ' « tw,,([@)\w"l/lw\ o
Data availability
Data will be made available on request.
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