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Abstract. States can be mapped between the Poincaré space (representing
photon polarizations) and the Bloch space (representing states of a quantum
spin-1

2 particle). Using this mapping and analogous mappings for unitary
operators, techniques and formalisms developed in one space can be applied in
the other. As an example, error-correction strategies originally developed in the
context of pulsed nuclear magnetic resonance experiments are applied to linear
optics to propose the design of a new class of composite high-fidelity broadband
linear retarder.

The Poincaré sphere provides a convenient representation of the polarization state of a photon
or a light ray [1]. Adopting a basis set |R〉 and |L〉, representing right- and left-circular polarized
photons respectively, a photon of any polarization can be represented (within an overall phase)
by the superposition

|P〉 = cos (θ/2) |R〉 + exp (iφ) sin (θ/2) |L〉 . (1)

The angles θ and φ then define the point on the surface of the unit sphere whose North and
South poles represent the states |R〉 and |L〉 respectively (see figure 1(a)). Points in the northern
(southern) hemisphere represent general right- (left-) elliptical polarizations and the points on
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the equator represent all possible linear polarizations. The orthogonal horizontal and vertical
linear polarizations

|H〉 = 1√
2
(|R〉 − |L〉) and |V 〉 = 1√

2
(|R〉 + |L〉), (2)

appear at diametric points on the equator, as do the diagonal polarizations

|D+〉 = 1√
2
(|R〉 + i |L〉) and |D−〉 = 1√

2
(|R〉 − i |L〉). (3)

In general, any two diametric points on the sphere represent a new orthogonal polarization basis,
and the arbitrary state in equation (1) can be expressed in this new basis.1

When we consider the action of retarders, the power of the Poincaré sphere construction
becomes clear. For example, a quarter-wave circular retarder introduces an additional phase
of π/2 to the |L〉 component over the |R〉 component, so the retarder converts the state in
equation (1) to

Cλ/4 |P〉 = cos (θ/2) |R〉 + exp [i(φ + π/2)] sin (θ/2) |L〉, (4)

where Cλ/4 is an operator representing the action of the plate. In fact, Cλ/4 is simply a rotation of
π/2 about the axis connecting |L〉 and |R〉 in figure 1(a); thus it leaves purely circularly polarized
states unchanged, converts vertically or horizontally polarized states to diagonally polarized ones,
and so on. Similarly, a linear quarter-wave retarder with its optic axis aligned vertically introduces
a phase of π/2 to the |V 〉 component over the |H〉 component. The corresponding operator is
a rotation of π/2 about the axis connecting |H〉 and |V 〉; it rotates linear polarizations onto
circular polarizations and vice versa.

In this paper, the following notation will be adopted: Lφ
α describes the action of a linear

retarder introducing a phase of α to one linear polarization component, with its optic axis at an
angle φ/2 to the vertical. In figure 1(a) this operator corresponds to a rotation of an angle α

about a horizontal axis that makes an angle φ with the axis connecting |H〉 and |V 〉2. Thus a
horizontally aligned half-waveplate would be represented by the operator L±π

π , with the choice of
sign reflecting the choice of horizontal orientation. In fact, commercial wave plates are typically
‘multiple order’, meaning that they should actually be represented by Lφ

(2nπ+α) where α = π/2 for
a quarter-wave plate and α = π for a half-wave plate. ‘Zero-order’wave plates are also available,
made from two multiple-order plates, and represented by L−φ

2nπ · Lφ

(2nπ+α) = Lφ
α.

Given that the polarization state of a photon resides in a two-dimensional state-space, it is
not surprising that the Poincaré sphere shares much in common with the Bloch sphere [3], which

1 The Stokes parameters, an alternative representation of polarization, are given by the projections S0 = 2〈P |P〉,
S1 = 2(|〈H |P〉|2 − 〈P |P〉), S2 = 2(|〈D+|P〉|2 − 〈P |P〉) and S3 = 2(|〈R|P〉|2 − 〈P |P〉) [2].
2 Adopting the basis defined by |R〉 = (1, 0)T and |L〉 = (0, 1)T , the operator Lφ

α can be expressed explicitly in
matrix notation as

Lφ
α =

(
cos

(
1
2 α

)
i exp (−iφ) sin

(
1
2 α

)
i exp (iφ) sin

(
1
2 α

)
cos

(
1
2 α

)
)

. (5)

This is the Jones matrix [2] represented in the |R〉, |L〉 basis.

New Journal of Physics 9 (2007) 24 (http://www.njp.org/)

http://www.njp.org/


3 Institute of Physics �DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

Figure 1. (a) The Poincaré sphere representing all possible polarizations of a
photon or light ray. (Polarizations shown: |R〉, |L〉, right and left circular; |H〉,
|V 〉, horizontal and vertical; |D±〉, diagonal.) (b) The Bloch sphere representing
all possible quantum states of a two-level system. (Notation: |↑i〉 represents a
spin-up state along the i-axis.)

is usually invoked to describe the state of a spin-1
2 particle but is, in fact, generally applicable to

two-level quantum systems. By analogy with equation (1), the general spin-half state,

|ψ〉 = cos (θ/2) |↑z〉 + exp (iφ) sin (θ/2) |↓z〉 , (6)

can be represented as a point on the Bloch sphere; figure 1(b) shows how the polarization states
on the Poincaré sphere map onto the spin states on the Bloch sphere. (Of course, other valid
mappings exist, but the mapping in figure 1 will be particularly convenient for the following
discussion.)

Just as the utility of the Poincaré sphere becomes clear in considering the action of retarders
on photons or rays, the Bloch sphere provides a powerful framework in which to visualize the
effect of a magnetic field on the spin state of a spin-1

2 particle. Applying a magnetic field B along
the z-axis generates a Zeeman splitting, h̄ω = γµB, between the energies of states |↑z〉 and |↓z〉,
where γ is the gyromagnetic ratio and µ is the magnetic moment of the particle. With time, the
|↓z〉 part of the superposition accumulates a phase with respect to the |↑z〉 part at a rate ω; the
spin thus ‘precesses’ about the z-axis [3, 4]. The unitary transformation generated by a z-axis
magnetic field applied for a limited duration to a spin-1

2 particle is analogous to the action of a
circular retarder on a photon. Similarly, a magnetic field applied for a duration αh̄/(γµB) in the
x − y plane at an angle φ to the x-axis is analogous to the action of a linear retarder represented
by the operator Lφ

α.
In fact, experiments of this kind on spin-1

2 systems are more commonly done with a fixed
magnetic field applied along the z-axis, such that the moment’s state precesses at a rate ωz. For
a transverse field to couple to the moment, it must be circularly polarized at the same frequency,
i.e., it must be resonant. This problem is most simply treated by moving into a rotating frame at
frequency ωz [5]. The finite duration transverse magnetic field applied to generate a rotation of
the spin’s state around a particular transverse axis in the rotating frame corresponds to a pulse
of radiation of frequency ωz in the lab frame: the pulse duration and intensity determine the
angle through which the state is rotated; the phase of the pulse determines about which axis
in the rotating frame the rotation occurs. Such ‘pulsed magnetic resonance’ experiments are
most commonly performed on large ensembles of nuclear magnetic moments [5] and electron
paramagnetic moments [6].
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To summarize, each possible polarization state for a photon, represented by a point on the
Poincaré sphere, maps on to a state of a spin-1

2 particle, represented by a point on the Bloch
sphere. The action of a linear retarder on a photon is to rotate the state of polarization about an
axis in the horizontal plane of figure 1(a); the equivalent operation on the state of a spin-1

2 particle
is the application of a radiation pulse of appropriate duration and phase. Given this symmetry
between the properties of states and operations defined in the Poincaré and Bloch spaces, we
may now consider the possibility of applying the formalisms and techniques developed for one
space in the other.

For example, various techniques have been developed by magnetic resonance
spectroscopists to address certain kinds of systematic error that arise in pulsed magnetic resonance
experiments. One class, rotation angle errors, can arise because the ensemble of spins constituting
the sample is distributed over a finite volume. The experiments are typically performed in a
resonator to enhance the intensity of the radiation coupling to the spins. Depending on the
geometry of the resonator and the size of the sample, the intensity of the radiation can vary
significantly over the volume occupied by the sample, and this variation leads to a distribution of
rotation angles across the sample. Errors of this kind are systematic in the sense that a particular
spin ‘overshoots’ or ‘undershoots’ by the same factor each time a radiation pulse is applied,
because its position within the resonator does not change. Using the notation described above,
a pulse might be applied with the intention of generating the rotation described by Lφ0

α , but the
rotation that actually takes place is Lφ0

(1+ε)α. The fact that, for a particular spin, the error ε is the
same in successive pulses (i.e. the error is systematic) can be exploited to develop methods for
correcting it [7].

The strategy (known in the magnetic resonance literature as BB1 [7] or W1 [8]) is to apply
a sequence of corrective operators after the initial ‘naı̈ve’ operator, so the composite sequence
becomes

LC(α, φ0, φ1, φ2, ε) = Lφ1
(1+ε)π · Lφ2

2(1+ε)π · Lφ1
(1+ε)π · Lφ0

(1+ε)α, (7)

where φ1 and φ2 are to be chosen to optimize the performance of the composite sequence. This
is facilitated by defining a quantity called the fidelity of two unitary operators A and B,

F(A, B) = 1
2Tr(A−1 · B). (8)

The fidelity has the following properties: if the two operators, A and B, are identical, F = 1;
as the rotations that they represent deviate from one another, F decreases. The fidelity is thus a
useful measure of how similar the composite operator LC is to the ideal operator Lφ0

α . We proceed
by expanding the fidelity of these operators in powers of the rotation angle error, ε,

F(LC, Lφ0
α ) = 1 − F2ε

2 − F4ε
4 − F6ε

6 − · · · , (9)

where the coefficients Fi are functions of α, φ1 − φ0 and φ2 − φ0. The coefficients of odd powers
of ε are zero because the fidelity is an even function of the error; F can only decrease from 1 as
the errors increase. The final step is to choose values of φ1 and φ2 such that the leading terms in
the expansion of F become zero. In practice, this approach is very successful, and it is always
possible to suppress the coefficients F2 and F4. The fidelity of the composite operator LC thus
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Table 1. Commonly encountered examples of the operator Lφ
α, the corresponding

experimental operations in the Poincaré and Bloch spaces, and the values of φ0,
φ1 and φ2 for the BB1 composite operator.

Operator Poincaré operation Bloch operation φ0 φ1 − φ0 φ2 − φ0

L0
π/2

1
4 -waveplate (optic axis vertical) π/2-pulse around x-axis 0 4.587 1.195

Lπ/2
π/2

1
4 -waveplate (optic axis diagonal) π/2-pulse around y-axis π/2 4.587 1.195

L0
π

1
2 -waveplate (optic axis vertical) π-pulse around x-axis 0 4.460 0.8128

Lπ/2
π

1
2 -waveplate (optic axis diagonal) π-pulse around y-axis π/2 4.460 0.8128

depends on the fractional error ε only to the sixth power. To optimize a rotation of α about an
axis defined by φ0, φ1 and φ2 are found to be [8, 9]

φ1 − φ0 = ±arccos
(
− α

4π

)
and φ2 − φ0 = 3(φ1 − φ0). (10)

(Recently, Brown et al have generalized the BB1 approach to correct errors to arbitrary order
in ε [10]. However, they find that to improve at all on BB1 a very large number of corrective
pulses are required; it is not yet clear whether such long corrective sequences will be useful in
practice.)

Two points are worth highlighting at this stage. Firstly, this procedure corrects the operator,
not the state. LC thus constitutes a better approximation to the ideal operator independently of
the starting state. Secondly, although the strategy outlined here was developed in the context
of pulsed magnetic resonance, and has been shown to be very effective in both nuclear [7]
and electron [11] resonance experiments, the formalism is equally applicable to rotations of the
polarization of a photon. The practical device that can implement the operation LC in the Poincaré
space is a composite stack of four zero-order linear waveplates, whose optic axes have specific
relative orientations defined by φ0, φ1 and φ2, replacing the single waveplate. Table 1 lists BB1
solutions for φ1 and φ2 for common rotations, and descriptions of the corresponding waveplates
or radiation pulses.

In order to appreciate fully the benefits of the composite retarder, we must consider the
source of the rotation angle error, ε, that it corrects. A conventional zero-order retarder must be
constructed for a specific wavelength, λ0; the thickness of the waveplate must be such that the
relative phase accumulated by the two polarization components is π/2 (for a quarter-waveplate)
or π (for a half-waveplate). If the actual wavelength λ deviates from λ0, the effective path length
through the plate changes, and the relative phase accumulated is wrong by a factor

(1 + ε) = λ0/λ. (11)

Thus the rotation angle error, given by the fractional change in the wavelength, is systematic in
the same way as the errors described above for spin-1

2 systems. Having shown that the fidelity of
the composite operator LC is less sensitive to rotation angle errors of this kind than the simple
rotation, it is interesting to examine the effect that this has on the practical utility of the composite
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Figure 2. In black, the magnitude of the retardance error for (solid) quarter-wave
and (dashed) half-wave BB1 composite retarders as a function of the fractional
deviation of the wavelength from the designated wavelength, λ0. In grey, the same
quantities for simple zero-order waveplates.

retarder over a conventional zero-order retarder. The fidelity of the conventional retarder depends
on the rotation angle error as ε,

F
(
Lφ0

(1+ε)α · Lφ0
α

)
= cos

(αε

2

)
≈ 1 − α2ε2

4
, (12)

for small values of ε. Therefore, if, for a particular application, an effective rotation error of
εmax is tolerable, the maximum actual fractional error that can be sufficiently corrected by the
composite retarder, εC

max, satisfies

F6

(
εC

max

)6 = α2ε2
max

4
or εC

max =
(

α2

4F6

)1/6
3
√

εmax, (13)

for small values of εmax and εC
max. F6 depends on the target rotation angle α, but in the range

0 < α � π, |F6| < 5. Thus for example, under the circumstances where a conventional quarter-
wave retarder (for which α = π/2 and F6 ≈ 1) would function satisfactorily over a range of
wavelengths within ±0.1% of its designated wavelength, the composite retarder would work over
a range exceeding ±11%. For larger tolerable errors, the small-ε approximation breaks down.
Figure 2 shows the magnitude of the retardance error of quarter- and half-wave BB1 composite
retarders as a function of the fractional deviation of the wavelength from the designated value,
λ0. The retardance error remains small over a remarkably large wavelength bandwidth compared
to traditional zero-order retarders.

For applications where a very large bandwidth is important but small errors over the whole
range can be tolerated, a second, related, class of composite rotation, known as BB2 [7], is
more suitable. In the BB2 sequence φ1 − φ0 = π/2 is fixed, and the choice of φ2 depends on
the bandwidth required and the error that can be tolerated. Figure 3 shows the magnitude of the
retardance error for quarter- and half-wave retarders with φ2 chosen such that the retardance error
does not exceed λ/20. The wavelength range over which the retardation error is below λ/20 is
extremely wide: 0.6λ0 < λ < 3.2λ0 for the quarter-wave retarder and 0.65λ0 < λ < 2.2λ0 for
the half-wave retarder.

New Journal of Physics 9 (2007) 24 (http://www.njp.org/)

http://www.njp.org/


7 Institute of Physics �DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

Figure 3. In black, the magnitude of the retardance error for (solid) quarter-
wave and (dashed) half-wave BB2 composite retarders as a function of the
fractional deviation of the wavelength from the designated wavelength, λ0. For
the quarter-waveplate, φ1 − φ0 = π/2, φ2 − φ0 = 5.19; for the half-waveplate,
φ1 − φ0 = π/2, φ2 − φ0 = 5.43. In grey, the same quantities for simple zero-
order waveplates.

Finally, we must consider the practicality of building a composite retarder. The device
comprises a sequence of conventional retarders with relative alignments determined by the
intended action of the composite retarder. Given that it is impossible to build the composite
with ideal components and perfect alignments, the operator for a practical retarder is (cf the
operator representing the ideal device, see equation (6)).

LC,imp = Lφ1+δφ1
(1+ε+δ1)π

· Lφ2+δφ2
2(1+ε+δ2)π

· Lφ1+δφ3
(1+ε+δ3)π

· Lφ0+δφ4
(1+ε+δ4)α

(14)

where the δi are caused by errors in the waveplate thicknesses and the δφi represent errors in
relative alignments. The fidelity F(LC, Lφ0

α ) depends on δi to second order, and to δφi to first
order with coefficients smaller than 10−3. The fabrication of the composite retarder is therefore
entirely feasible; manufacturing errors would have to be substantial to affect its performance
significantly.

Another approach to making waveplates that are less sensitive to wavelength is to combine
two waveplates made of materials with different birefringences [12]. The BB1 and BB2 composite
retarders described here almost always outperform commercial ‘achromatic waveplates’ of this
kind3. By incorporating a larger number of birefringent materials, it is, in principle, possible to
improve the performance of multi-material achromatic waveplates [13, 14], but they must be
designed individually for particular wavelength ranges, become very sensitive to the precision
of construction, and are limited in damage threshold by the weakest constituent material.

A generic problem with compound waveplates is the possibility of interference fringes
arising from reflections at interfaces within the stack. This issue is expected to be less severe for
constructions of multiple plates of the same material with their optic axes rotated with respect
to one another (as described here and elsewhere [15, 16]) than for waveplates constructed from
multiple materials of different birefringences. Interference effects in both classes of waveplates
have been studied in detail elsewhere [17]–[19].

3 For example, Tower Optical Corp., 3600 South Congress Ave., Unit J, Boynton Beach, FL 33426, USA, product
numbers AO12A-1/4-X (quarter-wave) and AO12A-1/2-X (half-wave).
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In summary, states and operators map between the Poincaré and Bloch spaces representing
photon polarizations and spin-1

2 states respectively. This mapping allows us to translate strategies
for control and manipulation of systems that reside in one space into systems residing in the other.
In this paper, this is demonstrated by considering the linear-optics analogue of certain classes of
pulse sequence developed for nuclear magnetic resonance experiments, and using it to propose
the design of a new class of broadband linear retarders with very favourable characteristics.
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