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Abstract

Understanding changes in the frequency, severity and seasonality of daily temperature
extremes is important for public policy decisions regarding heat waves and cold snaps. A heat
wave is sometimes defined in terms of both the daily minimum and maximum temperature,
which necessitates the generation of forecasts of their joint distribution. In this paper, we
develop time series models with the aim of providing insight, and producing forecasts of the
joint distribution that can challenge the accuracy of forecasts based on ensemble predictions
from a Numerical Weather Prediction model. We use ensemble model output statistics to
recalibrate the raw ensemble predictions for the marginal distributions, with ensemble copula
coupling used to capture the dependency between the marginal distributions. In terms of
time series modelling, we consider a bivariate VARMA-MGARCH model. We use daily
Spanish data recorded over a 65-year period, and find that, for the 5-year out-of-sample
period, the recalibrated ensemble predictions outperform the time series models in terms of

forecast accuracy.
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1 Introduction

Extreme weather events can have negative impacts on society and the economy. For example,
heat waves and cold snaps can lead to serious health problems and increased morbidity (Wang
et al. 2013; Dupuis 2012, 2014). The exposure of a variety of businesses to weather extremes has
prompted the development of weather derivatives (Alexandridis and Zapranis 2012; Alexandridis
et al. 2017; Campbell and Diebold 2005). With climate change, the frequency and severity of
extreme weather is increasing (Fildes and Kourentzes 2011; Meehl and Tebaldi 2004). Forecasts
of extreme weather events are of great importance, as they enable warnings to be made to the
public, and allow services, such as hospitals, to prepare. Although accurate point forecasting
is an aim, the inevitable uncertainty in the weather means that probabilistic forecasting is
appropriate. In this paper, we consider the probabilistic forecasting of heat waves. The definition
of a heat wave is sometimes based on the daily maximum temperature exceeding a specified
threshold on consecutive days, as it has been found that people’s health is sensitive to the
exposure to high temperatures for this duration (Pattenden et al. 2003; Le Tertre et al. 2006;
Hajat et al. 2006; Perkins and Alexander 2013). However, heat waves are also sometimes defined
as the simultaneous exceedances of the daily minimum and maximum temperature over specified
thresholds (see, for example, Keellings and Waylen 2014). In view of this, we aim to improve
the prediction of both the marginal and joint distributions of the daily minimum and maximum
temperature.

Probabilistic temperature forecasts can be obtained from a statistical time series model or
a physical model of the earth’s atmosphere, such as a Numerical Weather Prediction (NWP)
system (see, for example, Bauer et al. 2015; Baran and Lerch 2018). The NWP model uses
nonlinear partial differential equations to describe the physical dynamics of the atmosphere,
where complex weather variables such as wind, pressure and temperature are taken into
consideration (see, for example, Bauer et al. 2015). To account for the uncertainty existing in
the weather variables, ensemble predictions are produced by considering multiple different
initial conditions and model physics in the NWP models. Ensemble predictions are typically
subject to forecast bias and dispersion errors. To address this, post-processing methods have
been proposed (see, for example, Gneiting 2014; Baran and Lerch 2018). Among the existing
post-processing approaches, the ensemble model output statistics (EMOS) and ensemble
copula coupling (ECC) methods have been widely studied and applied.  The former

post-processes univariate weather variables, while the latter aims to capture the dependency



between univariate weather variables.

Statistical time series models, such as the well-established autoregressive moving average
(ARMA) and generalised autoregressive conditional heteroskedasticity (GARCH) models,
provide an alternative because historical observations of daily minimum and maximum
temperature are readily available for many locations (see, for example, Taylor and Buizza
2004; Campbell and Diebold 2005; Dupuis 2012). These models must be able to capture the
relatively complex dynamics in daily temperature data. Indeed, a careful modelling of a long
time series of temperature data provides an opportunity to confirm, or perhaps improve, our
understanding of how temperature extremes have been changing. With this in mind, the first
of our two main aims in this paper is to develop suitable time series models for both the daily
minimum and maximum temperature. Our second aim is to investigate whether such carefully
chosen time series models are able to compete with the accuracy of forecasts based on
ensemble predictions from an NWP model. To achieve this, we propose a novel vector ARMA
(VARMA) and multivairtae (GARCH) model, to model the joint distribution of the daily
minimum and maximum temperature. Our empirical analysis uses Spanish data, which is of
particular interest because Southern Europe has experienced sever heat waves in recent years
(see, for example, Kew et al. 2019).

The rest of the paper is structured as follows. Section 2 introduces our dataset of daily
time series of Spanish temperature observations. In Section 3, we describe our dataset of NWP
ensemble predictions, and discuss the steps required to obtain probabilistic forecasts from the
raw ensemble data. Univariate and bivariate candidate time series models are described in
Sections 4 and 5, respectively. Section 6 presents an empirical comparison of forecast accuracy.

Section 7 summarises the paper.

2 Daily Temperature Time Series

We considered historical data for the following four cities in Spain: Albacete, Seville, Caceres
and Madrid. For all four cities, heat waves have serious consequences, because each city has a
sizeable population. We intentionally chose locations that were not close, as this would have
led to similar temperatures and forecasting results. Our dataset consisted of daily minimum
and maximum observations, measured in degrees Celsius (°C), for the 65-year period from

1951 to 2015, inclusive. For each day, the values recorded were the minimum and maximum



temperature occurring on that day. In this paper, we used the common notation TN, TX, and
TG as abbreviations for the daily miNimum, maXimum and averaGe temperature, respectively,
where TG is defined as the mean of TN and TX. We obtained the data from the website of the
European Climate Assessment and Dataset project (http://www.ecad.eu/).

As has become standard in the literature on temperature time series modelling, the
observations for 29 February, occurring in each leap year, were removed from the series in
order to have a constant 365 days in each year (see, for example, Campbell and Diebold 2005;
Dupuis 2012). For each of our time series models, we used the first 60 years of data to specify
the models, which involved determining the orders of the ARMA and GARCH parts of the
model, as well as the types of functions to use for the trend and seasonality. We used the final
5 years of data to evaluate out-of-sample forecasts. To produce forecasts from each day in the
out-of-sample period, we used a rolling window approach, where we used the model with
parameters estimated using the previous 60 years of data. For example, to obtain a forecast for
the first day in the out-of-sample period, 1 January 2015, we used the data between 1 January
1951 and 31 December 2014 to estimate the model parameters.

Figure 1 is a plot of TN at Seville for the first estimation period 1951 to 2010, and Figure 2 is
the corresponding plot of TX. The trends in the plots will be discussed in Section 4.2. The plots
provide some indication of an overall rising trend over the latter half of the 60-year series, which
is consistent with the widely discussed rise in global temperatures since the 1970s. Naturally,
the series possess annual seasonality, which accounts for the repeating periodic spikes. The
seasonality is clear from Figure 3, which plots TN and TX observations for Seville against the
day of the year for the 60-year period 1951 to 2010. Note that, at least in the TN observations,
there is an annual cycle in both the mean and the variance, with the mean obviously at its

highest in the summer months, while the variance is at its highest in the winter.

Figure 1: Seville daily minimum temperature (TN) time series (in °C) for the entire 65-year sample,
with a linear trend starting from the beginning of 1974.
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Figure 2: Seville daily maximum temperature (TX) time series (in °C) for the entire 65-year sample,
with a linear trend starting from the beginning of 1974.
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Figure 3: Seville daily minimum (TN) and maximum temperature (TX) (in °C) plotted against the day
of the year for the first 60-year estimation sample.
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3 Weather Ensemble Predictions

We obtained the ensemble predictions from the European Centre for Medium-Range Weather
Forecasts (ECMWF). Each ensemble consisted of 51 scenarios for the future value of
temperature (see, for example, Molteni et al. 1996; ECMWEF Directorate 2012). The ECMWF
NWP model has a grid resolution of 0.125° in both latitude and longitude directions. We used
linear interpolation to convert ensemble predictions at the grid points into ensemble
predictions for the locations of the four Spanish cities in our study. For our out-of-sample
period (2011-2015), ECMWF provided ensemble predictions at lead times every 3 hours up to
6 days ahead then at lead times every 6 hours up to 15 days ahead, with midnight and midday
as forecast origins. With the forecast origin chosen as midnight, each of the 51 temperature
ensemble scenarios comnsists of a forecast function extending from midnight, with a single
forecast at each of the 3-hourly intervals up to 6 days ahead and then at each of the 6-hourly
intervals up to 15 days ahead. For each day, we converted each of these 51 scenarios into a

single ensemble member for TN and TX as follows. For each scenario, the forecast for the TN



and TX were computed as the minimum and maximum values of the ensemble predictions
within a certain day. For example, the 1 day-ahead forecast for the TN and TX were computed
as the minimum and maximum values of the ensemble predictions at lead times 3, 6,..., and 24
hours ahead; and the 15 day-ahead forecast for the TN and TX were computed as the
minimum and maximum values of the ensemble predictions at lead times 342, 348, 354 and 360
hours ahead. In this way, we produced 51 ensemble members for TN and TX for each day
under consideration.

As ensemble predictions are typically subject to forecast bias and dispersion errors, we used
the EMOS-ECC approach to recalibrate the ensemble using the historical temperature values.
This is a two-step approach. In the first step, EMOS fits a Gaussian distribution to the
marginal distribution of the temperature variable, where the mean and variance of the
Gaussian distribution are linear transformations of the mean and standard deviation of the 51
raw ensemble members (see, for example, Gneiting et al. 2005; Baran and Lerch 2018). EMOS

can be represented as follows,
Teymos: ~ N(aio + as1pig,e, beo + bt,IU]%E,t) (1)

where Tryr0s,: denotes the estimated temperature variable; a;; and by ; are constant parameters,
and pug,; and U%J denote the mean and variance of the 51 raw ensemble members. We set
bio,b,1 > 0 to ensure the non-negativity of the post-processed variances. We estimated the
parameters a;; and b;; using maximum likelihood, where the conditions b;g,b;1 > 0 were
ensured by applying a constrained optimisation algorithm. The parameters for the EMOS
approach are fitted using a rolling window estimation period. It has been found in the literature
that the choice of the length for the parameter estimation period can have a noticeable impact
on the forecast performance, particularly for longer lead times (see, for example, Gneiting et al.
2005; Gneiting 2014; Hemri et al. 2014; Feldmann et al. 2019; Baran et al. 2020). Therefore,
we considered multiple lengths for the estimation period. Following Gneiting et al. (2005), we
considered the most recent 40 days as the estimation period and following Gneiting (2014), we
considered the most recent 100 and 200 days as the estimation period. Because the longest
forecast horizon that we consider in this paper is relatively long (15 days), we also considered
the most recent 300 days as the estimation period. To not lose any out-of-sample data for

evaluation, the NWP ensemble predictions in 2010 were also used in the estimation period.



Once we had recalibrated the marginal distributions of TN and TX, we used ECC to capture
the dependency between the marginal distributions (Schefzik et al. 2013) in the second step.
More specifically, we first obtained a discrete sample of size 51 from each recalibrated marginal

distribution up to 15 days-ahead using the following expression,

_ m
Tt = Fppros, (53) (2)

where m = 1,2,...51, and Fry0s,+ denotes the Gaussian distribution in expression (1). We then
formed pairs of TN and TX values by arranging the 51 values for TN and TX, so that the samples
had the same rank order as the 51 pairs of TN and TX values in the raw ensemble. In other
words, the samples of TN and TX were arranged to have the same Spearman’s rank correlation
as the raw ensemble. Note that for consistency, in the empirical study in Section 6, we evaluate

the marginal distributions via the 51 values for TN and TX obtained from expression (2).

4 Univariate ARMA-GARCH Models

4.1 Model Specification

There are several studies that have modelled either TN, TX or TG using univariate models.
It has been shown that daily series of these variables exhibit the following features: a trend
in the mean and variance; a seasonal pattern in the mean and variance; and both large and
small absolute deviations from the mean tend to cluster (Taylor and Buizza 2004; Dupuis 2012,
2014). These characteristics are particularly suitable for autoregressive modelling of the mean
and variance.

Tol (1996) and Taylor and Buizza (2004) use AR-GARCH models to estimate the distribution
of TG, and Taylor and Buizza (2006) use AR-GARCH models to estimate the distribution of
temperature series recorded daily at midday. They model the mean and variance using seasonal
terms based on quadratic functions of a counter for the day of the year. Campbell and Diebold
(2005) also implement an AR-GARCH model for TG, but their seasonal modelling is based on
Fourier terms. In fitting an ARMA model to TX data, Wong (2015) uses a relatively complex
model for the mean, but does not consider a model for the variance. Dupuis (2012; 2014) uses
a multi-step approach in her univariate modelling of TN and TX; the series are preprocessed
by an AR-GARCH model before an extreme value theory approach is used to estimate the tails

of the resultant residuals. Erhardt et al. (2015) uses a copula approach to estimate the joint



distribution of TG at different locations, with marginal distributions estimated by a multi-step
AR model.

Empirical results have provided support for the AR-GARCH models in comparison with
a variety of simpler time series models. In this paper, we extend the literature on univariate
modelling by considering ARMA structures for the mean, rather than just AR, and by including
novel trend features. The univariate model that we consider is the ARMA-GARCH model of
expressions (3)-(7). In our empirical work, we applied the model separately to TN and TX. Our

model has the following expression:

T, = Si(p1,t) +v1Trend; + Sa(pa, t)Trend; + yy (3)
ye = Z biyt—i + Z Oietr—i + € (4)
i=1 i=1
e« = b (5)
hy = Ss(wi,t) + YaTrend, + Sy(wa, t)Trend;
+ zq: aiep_; + ZO: vieg_i1(e—i < 0) + z”: Bihi—i (6)
i=1 i=1 i=1
() (1)
Si(At) = X+ ; A1,jsin (2]7T365> + Ag j cos <2]7T365> (7)

T; is the temperature variable; u; and w; are vectors of parameters; ¥;, &5, 0;, a;, Vi, Bi, Ao
and \; ; are scalar parameters; X is a vector with entries A\g and A; j; Si(A,t) are the seasonal
terms involving the sum of pairs of Fourier terms; d(t) is a repeating step function that numbers
the days of the year from 1 to 365 within each year; J; denotes the number of pairs of Fourier
terms of a particular periodicity; y; is the stochastic part of T;; €; is the error term in the
ARMA process for y; hy is the variance of €; n is an i.i.d. distribution with mean 0 and
variance 1; 1(-) is the indicator function; and m, n, ¢, o, and p are the orders of the ARMA and
GARCH components. Following Franses et al. (2001), Taylor and Buizza (2004) and Dupuis
(2014), we included an asymmetric GARCH term, >0 vie7_;1(e;—; < 0), in expression (6) to
accommodate the effect that the impact of temperatures lower than expected on conditional
volatility tends to be different from the impact of temperatures higher than expected. In the
proposed formulation, 7; is assumed to be an i.i.d. Gaussian distribution with zero mean and
unit variance. We also experimented with the assumptions of Student-t and skew-t distributions,

but this did not lead to improved forecast accuracy.



4.2 Model Discussion

In Section 2, we described how our TN and TX time series exhibited an apparent trend, which
is consistent with the literature on climate change. Unit root tests rejected the hypothesis of the
trend being stochastic (see, for example, Cavaliere and Taylor 2009). We considered a variety of
approaches to modelling a deterministic trend in the mean and variance of the series, including
linear and quadratic functions of time, but these delivered relatively poor fit. Visual inspection
of the time series suggests a steady rise only from around the 1970s. This led us to consider a
trend defined as being zero up until the start of a chosen year, and linear thereafter. We chose
the starting year using the Schwarz Bayesian Criterion (SBC). We did this for the TN and TX
series for all four locations, and found that the optimal starting point for the linear trend was
close to 1974. In view of this, we defined the variable Trend; in expressions (3)-(7) as being a
linear trend starting on 1 January 1974. In Figure 1 and Figure 2, we show the trends of this type
fitted to the TN and TX time series for Seville. Although we feel this simplistic modelling of the
trend is reasonable for our study, which has its emphasis on short-term probabilistic prediction,
we acknowledge that there is potential for the incorporation of a more sophisticated approach,
such as the semiparametric panel model used by Atak et al. (2011) for monthly data.

A novel feature of our model is that we have included, in the expressions for the mean and
variance, an interaction term, which is the product of the trend and seasonality. This allows
the model to accommodate a different trend for each day of the year, which would imply that
climate change does not have a uniform effect on the different seasons of the year. Figure 4
shows how the resulting estimated trend differs across different days of the year. For clarity of
presentation, the figure focuses on just the first day of each month of the year. Allowing the
trend to differ across the days of the year was motivated by the work of Proietti and Hillebrand

(2017) with monthly temperature data.



Figure 4: For the first day of each month, Seville daily minimum temperature (TN) (in °C) plotted for
the first 60-year estimation sample, along with the trend estimated by the univariate ARMA-GARCH
model with Gaussian assumption.
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The lag orders, the numbers of Fourier terms, and the specification of the trend term were
chosen using the SBC. For the mean, this led to the use of three pairs of Fourier terms, interaction
terms involving the trend and three pairs of Fourier terms, and an ARMA(3,1) model. For the
variance, this led to two pairs of Fourier terms, the same trend variable as in the model for the
mean, interaction terms involving this trend and two pairs of Fourier terms, and an asymmetric
GARCH term.

In the appendix, Table 9 presents the parameters for the univariate ARMA-GARCH model
with Gaussian assumption, estimated using the first 60-year rolling window of TN and TX
recorded at Seville. The insight provided by the model is consistent with previous studies.
The coefficients 1, for the trend terms in the ARMA parts of both models are positive, which
indicates that the levels of TN and TX are rising. The coefficient 1, of the trend term in
the ARMA part for TN is larger than that for TX, which suggests a decrease in the diurnal
temperature range (DTR), defined as the difference between TN and TX. These findings are
consistent with those in previous work (see, for example, Dupuis 2014; Qu et al. 2014). One
term of each interaction pair {po,ws} is significant in both the ARMA and GARCH parts of
the model, implying that the impact of the trend is not the same across the seasonal cycle. This
was the finding of Proietti and Hillebrand (2017) for monthly data; our work has confirmed the
existence of the effect in the mean and variance of daily data. In the rest of the paper, we revert
from presenting the parameters for other models, because the insight was similar, and because,
for the bivariate models, the number of parameters is relatively large.

Figure 5 shows the out-of-sample autocorrelation plots of the standardised residuals and

squared standardised residuals for TN, where the residuals were obtained using the ARMA-
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GARCH model with Gaussian distribution. It can be seen that the residuals and squared
residuals only have little autocorrelation structure left. The autocorrelation plots for TX were

similar to that for TN, hence we omit them in the paper.

Figure 5: Out-of-sample autocorrelation plots for (a) the standardised residuals for TN, and (b) the
squared standardised residuals for TN. The plots in (a) and (b) were produced using the ARMA-GARCH
model with Gaussian distribution, estimated using the first 60 years of data for Seville.
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5 Bivariate VARMA-MGARCH Model

In this section, we present our proposed bivariate model for TN and TX. Although multivariate
time series models, such as the vector autoregressive moving average (VARMA) and multivariate
GARCH (MGARCH) models, have been applied successfully in various applications (see, for
example, Carroll et al. 2017; Taylor and Jeon 2018), they have not been used to model daily
maximum and minimum temperature. In this paper, we contribute to the literature on the
modelling and probabilistic forecasting of heat waves by evaluating bivariate and univariate
time series models of the daily minimum and maximum temperature.

We use a VARMA model for the mean of a vector containing the two variables, TN and TX,
and a MGARCH model for the covariance matrix. There exist different MGARCH specifications,
such as the VEC model (Bollerslev et al. 1988), the dynamic conditional correlation model (Engle
2002), and the BEKK model (Engle and Kroner 1995). In this paper, we use the VEC model,

11



which has a very flexible and general specification. In comparison with the univariate model of
Section 4, our bivariate model has the same essential features, with the addition of a model for
the conditional covariance. Having said that, it is important to note that the lag structure is
far richer in the bivariate model, as the two temperature variables are also modelled in terms of

lags of each other. The proposed model is expressed as follows:

T, = Si(p1,t)+p1Trend; + Sa(pe, t)Trend; + y; (8)
Yy = Z Diyr—i + Z Oi€—; + € (9)
i=1 i=1
€ = Ht1/2"7t (10)
vech(Hy) = S3z(wi,t) + YT rend; + Si(ws, t)Trend;
q
+ Z avech(e;_i€r;)
i=1
o 1(617,5 < 0)
+> (vivech (€€l ;) © | L(ezs < 0)
=1 1[(6171562,15 < O)
P
+ Bech(H; ;) (11)
i=1
J d(t) d(t)
Si(\t) = Xo+ jz::l)\l,j sin <2j7r365> + Ag j cos <2j7r3%> (12)

where T; = (T'N;, T'X;); vech denotes the operator that stacks the lower triangular portion of
a matrix as a column vector; (-)7 denotes matrix transpose; p;, w;, ¥, Ag and Ai j are vectors
of parameters; A is a vector consisting of the concatenation of Ag and A; j; ¢, 0;, oy, ~v; and
(B; are parameter matrices; S;(, t) is a deterministic seasonal vector; y; contains the stochastic
parts of T}; J; denotes the number of pairs of Fourier terms of a particular periodicity; €; is the
error term of y;; H; is the covariance matrix of €;; and m, n, ¢, o and p are the VARMA and
MGARCH orders. We assume 1), is a standard multivariate Gaussian distribution, which is a
common assumption in the MGARCH literature (Bauwens et al. 2006). d(¢) and Trend; are
defined as in Section 4. For practicality, in specifying the bivariate model, we used the analogous

terms that we had selected for the univariate model. For example, we used the same orders of

ARMA and GARCH terms.
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6 Empirical Forecasting Study

6.1 Forecasting Models

We considered the raw ensemble prediction as well as the recalibrated weather ensemble
predictions by implementing the EMOS-ECC, as described in Section 3. We recalibrated the
raw weather ensemble predictions using the most recent 40, 100, 200 or 300 days as the
estimation period. The EMOS-ECC method was implemented in Matlab.

We implemented the univariate ARMA-GARCH model of Section 4 for TN and TX. To
obtain the bivariate distribution of TN and TX, we took the simplistic approach of assuming
independence between the univariate distributions. We then implemented the Gaussian
bivariate VARMA-MGARCH model for TN and TX, which was described in Section 5. In the
VEC approach that we used within the VARMA-MGARCH models, we ensured the positive
definiteness of the matrix H; by adding a large penalty term to the likelihood in the case of a
violation occurring. For the optimisation algorithm, we set the initial parameter values to be
those estimated using the univariate Gaussian models for TN and TX, with the remaining
parameters set to zero. We then passed this initial parameter vector to the interior point
optimisation algorithm in Matlab. It is worth pointing out that, to achieve better estimation
efficiency, we estimated all the parameters simultaneously, rather than utilising a multi-step
approach. The multi-step sequential regression approaches were merely used to obtain initial
parameter vectors for the numerical optimisation algorithm. The univariate and bivariate
models were both implemented in Matlab.

Producing multi-day-ahead forecasts from the time series models is not trivial. The ARMA-
GARCH and VARMA-MGARCH models have closed form 1 day-ahead distributional forecasts,
but such analytic expressions do not exist for multi-step-ahead prediction. To address this, we
used simulation from each model with 1500 sample paths simulated over the forecast horizon of
multiple days. The marginal and joint distributions were constructed from these sample paths.
We make two remarks here. Firstly, in practice, TX should obviously be no less than TN. We
did not address this issue explicitly in our models because such temperature crossing occurred
very infrequently due to the distributions of TN and TX being reasonably far apart throughout
the year. In our simulation study, the frequency of crossing occurred in fewer than 1% of the
simulated sample paths, and so we took the pragmatic approach of setting TN and TX to be

their average when crossing occurred.
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6.2 Evaluating Forecasts of Marginal and Joint Distributions

In this section, we consider the evaluation of forecasts of univariate distributions of daily TN and
TX, and the joint distributions for daily TN and TX up to 15 days ahead for the out-of-sample
period 2011-2015. To evaluate univariate and multivariate distributional forecasts, we used the
continuous ranked probability score (CRPS) and energy score, respectively. The CRPS is widely
used to evaluate univariate distributional forecasts (Gneiting and Raftery 2007).

The CRPS is expressed as follows:
1
CRPS(Fp, m) = —5EIX; — Xj| + E[X; - ui (13)

where y; is the actual observation; X; and X; are random variables with CDF Fy; and E(+) is the
expectation. The score is averaged over the out-of-sample period to produce an overall measure
of accuracy.

Gueiting and Raftery (2007) introduce the energy score as a generalisation of the CRPS to

evaluate multivariate distributions. The energy score is expressed as follows:
1 /
ES(Fy yr) = — 5Bl Xe — X[ +E[ X — well (14)

where g, is the actual observation; ||-|| is the Euclidean norm; X; and X, are two independent
copies of a random vector with distribution F;.

The CRPS and energy score are said to be proper because their expectation is minimised
by the distributional forecast that is equal to the true distribution. This property is important,
as it encourages honest assessments (Garthwaite et al. 2005). In this paper, the CRPS and the
energy score are both negatively oriented, that is the lower the better. For simplicity and clarity,

we present the skill scores instead of the raw values for the CRPS and energy score. For each

score S and each method F', the skill score is calculated as 100 x (1 — ;,P/ ), where Sy and g,.,jf
are the score values averaged over the out-of-sample period and four locations corresponding to
forecast F' and the reference forecast, respectively. Positive values imply greater accuracy than
the reference method, and higher values indicate superior accuracy. The reference method was
chosen as the univariate ARMA-GARCH models for TN and TX.

Table 1 presents the CRPS skill scores, computed for the whole 5-year out-of-sample period,

for the CRPS for the univariate distributions of TN and TX. In these tables, Uni-TN&TX
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denotes the univariate ARMA-GARCH models for TN and TX; Bi-TN&TX denotes the bivariate
VARMA-MGARCH model for the joint distribution of TN and TX; RAW NWP denotes the raw
NWP predictions; and NWP-40, NWP-100, NWP-200 and NWP-300 denote the recalibrated
NWP ensemble predictions via EMOS-ECC with the length of the estimation period being 40,
100, 200, and 300 days, respectively. Each row in the tables can be viewed as representing
the forecasts produced by a pair of the temperature variables. For example, the first row in
each table was produced by the univariate models of TN and TX, where the TN forecasts were
produced using just the model for TN; and the TX forecasts were produced using just the model
for TX.

Table 1 provides three main insights. Firstly, the time series models were beaten by the
recalibrated NWP ensemble predictions. Secondly, comparing just the time series models, the
results show that, at least for TN, the bivariate model was better than the univariate models for
the shorter lead time, but the bivariate model was generally outperformed for the longer lead
times. Thirdly, we find that the recalibrated NWP outperformed the raw NWP predictions,
and longer estimation periods for the EMOS-ECC generally led to better performance for longer
lead times.

Table 1: CRPS skill scores for the univariate distributions of TN and TX for lead times up to 15 days for the
full 5-year out-of-sample period. Skill scores are computed relative to Uni-TX&TN.

Lead time 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

TN
Uni-TN&TX 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Bivariate-TN&TX 7.0 4.7 2.1 o7 03 -01 -03 -04 -04 -05 -03 -04 -04 -05 -06
RAW NWP 5.7 244 288 29.2 275 234 188 13.0 7.6 3.9 -42 -69 -88 -10.0 -11.8
NWP-40 37.1 45.5 46.1 44.1 40.1 33.6 256 176 9.0 1.2 -50 -10.5 -149 -179 -20.8
NWP-100 36.1 45.3 46.1 445 41.1 352 279 206 134 8.1 25 -1.8 -54 -80 -9.7
NWP-200 354 451 46.3 44.9 41.6 36.0 29.4 22.3 159 10.8 6.8 3.1 06 -1.6 -4.0
NWP-300 344 442 455 443 412 356 287 21.8 157 107 7.1 3.6 1.0 -0.8 -28

TX
Uni-TN&TX 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Bivariate-TN&TX 0.1 o0 -01 00 -00 -00 -01 -00 -01 -01 -0.1 -0.1 -0.1 -0.1 -0.1
RAW NWP 8.3 282 342 354 332 295 -82 -10.2 -12.1 -14.7 -22.1 -23.9 -25.8 -27.5 -29.1
NWP-40 54.4 60.5 59.2 55.7 50.0 426 327 240 151 6.2 -24 -9.1 -143 -18.6 -25.6
NWP-100 53.4 60.2 59.6 56.6 51.5 44.6 351 274 199 13.5 7.8 3.1 -14 -42 -6.7
NWP-200 519 594 59.2 56.8 51.8 449 36.7 296 228 170 11.8 8.1 4.8 2.2  -0.0
NWP-300 51.7 594 59.5 57.1 52.2 45.4 37.2 30.3 24.1 18.8 14.2 10.8 7.9 5.5 3.3

Note: Large skill scores are better. The best method of each column in each block is indicated in bold.

For the two temperature variables, Tables 2-3 provide a breakdown of the CRPS results for
the seasons of the year, with each table containing a block of results for each of the four
seasons: spring (March-May), summer (June-August), autumn (September-November), and
winter (December-February). Table 4 presents the skill scores for the energy score for the joint

distributions of TN and TX. These tables confirm the superiority of the NWP approaches,
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with the time series models becoming relatively more competitive for longer lead times.

Table 2: CRPS skill scores for the univariate distribution of TN for out-of-sample forecasts for lead times up
to 15 days for each season of the year. Skill scores are computed relative to Uni-TX&TN.

Lead time 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Spring (March-May)
Uni-TN&TX 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Bivariate-TN&TX 96 80 44 23 1.3 04 -01 -04 -05 -09 -08 -08 -09 -0.8 -0.9
RAW NWP 42 226 274 282 270 240 201 145 8.1 39 -6.0 -8.0 -109 -14.2 -17.8
NWP-40 34.9 444 459 44.7 418 373 299 213 120 5.0 -2.7 -86 -12.6 -17.8 -23.7
NWP-100 33.7 441 459 453 432 39.0 315 241 157 106 19 -3.7 -10.5 -16.5 -17.7
NWP-200 33.3 44.2 46.5 46.0 44.0 40.0 34.1 27.1 205 154 11.8 8.6 5.5 1.6 -1.6
NWP-300 33.4 44.7 47.1 46.8 45.3 41.2 34.9 28.4 21.8 16.8 13.6 11.0 8.2 4.7 1.8
Summer (June-August)
Uni-TN&TX 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Bivariate-TN&TX 172 82 30 02 -02 -06 -10 -10 -09 -04 -01 -01 01 -0.3 -0.5
RAW NWP 159 304 32.8 326 303 271 21.0 12.7 5.8 1.9 -27 -59 -62 -69 -94
NWP-40 41.9 472 470 449 404 356 29.1 199 111 29 -1.2 -93 -11.9 -14.3 -19.0
NWP-100 41.6 47.6 47.6 45.3 41.4 37.1 304 21.3 139 84 5.4 1.0 -09 -18 -34
NWP-200 40.5 46.7 46.7 44.3 40.5 36.0 29.7 20.8 142 86 6.0 1.9 -02 -23 -55
NWP-300 39.9 46.0 46.1 439 40.2 357 29.6 209 146 99 80 41 1.9 03 -24
Autumn (September-November)
Uni-TN&TX 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Bivariate-TN&TX 3.6 38 16 05 00 -02 02 03 03 0.1 02 01 -02 -00 -0.1
RAW NWP 7.2 289 333 323 29.0 237 196 142 99 6.7 -15 -44 -6.7 -87 -10.1
NWP-40 34.3 43.6 435 39.8 342 273 189 9.6 1.3 -6.7 -11.4 -15.8 -25.1 -32.6 -35.2
NWP-100 33.2 43.6 439 40.7 359 29.1 220 141 74 33 -03 -40 -6.7 -10.5 -13.2
NWP-200 33.3 44.3 45.1 42.4 38.0 31.8 25.6 18.6 124 738 4.7 1.1 -1.2 -35 -5.2
NWP-300 314 423 434 413 36.6 30.5 246 185 13.0 85 6.2 3.5 1.7 04 -04
Winter (December-February)
Uni-TN&TX 00 00 00 00 00 00 0O O0O 00 00 00 00 0.0 0.0 oO0.0
Bivariate-TN&TX -14 -0 -05 -02 00 01 -03 -06 -0.7 -0.7 -06 -07 -06 -0.7 -0.8
RAW NWP -29 17.0 22.6 24.7 244 195 152 109 6.5 29 -6.3 -88 -106 -94 -94
NWP-40 37.5 46.8 47.9 46.8 433 34.0 246 192 11.0 3.1 -47 -84 -104 -72 -6.2
NWP-100 36.2 459 472 46.5 43.4 354 275 22.2 16.0 9.8 33 -0.1 -29 -24 -37
NWP-200 35.0 45.3 46.7 46.3 43.2 35.9 28.0 22.2 158 10.6 4.6 0.8 -1.8 -23 -39
NWP-300 33.2 44.0 455 450 42.0 345 258 192 131 7.3 1.2 3.7 -72 -79 -98

Note: Large skill scores are better. The best method of each column in each block is indicated in bold.
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Table 3: CRPS skill scores for the univariate distribution of TX temperature for out-of-sample forecasts for
lead times up to 15 days for each season of the year. Skill scores are computed relative to Uni-TX&TN.

Lead time 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Spring (March-May)
Uni-TN&TX 00 00 00 0O 00 00 00 00 00 00 00 00 00 00 0.0
Bivariate-TN&TX 01 -00 -01 -00 -02 -02 -04 -03 -05 -04 -04 -04 -05 -05 -0.4
RAW NWP 93 290 36.1 39.0 374 327 49 38 14 -12 -73 -108 -14.3 -18.7 -21.6
NWP-40 59.7 65.4 652 622 574 49.0 38.7 30.3 215 138 69 08 -46 -10.1 -18.8
NWP-100 58.9 65.1 65.3 63.1 58.3 505 41.1 334 249 182 119 6.6 -0.6 -55 -8.7
NWP-200 570 64.1 64.8 629 58.3 50.9 424 352 275 222 170 129 86 4.9 2.6
NWP-300 56.2 63.3 64.0 623 579 50.6 42.9 36.2 29.3 24.5 19.9 15.8 11.7 7.6 4.6
Summer (June-August)
Uni-TN&TX 00 00 00 0O 00 00 00 00 00 00 00 00 00 00 0.0
Bivariate-TN&TX 0.1 0.1 0.1 0.2 01 -0.1 0.0 0.1 0.0 0.0 00 03 03 0.2 0.1
RAW NWP 12.1 39.3 46.8 46.4 432 39.7 175 133 83 39 -13 -33 -40 -52 -6.9
NWP-40 59.2 63.8 60.9 553 48.0 41.0 31.1 21.0 94 1.0 -10.2 -17.2 -20.5 -23.8 -31.5
NWP-100 57.6 63.3 60.9 553 481 408 323 231 150 89 24 -1.7 -31 -49 -70
NWP-200 55.7 62.0 59.8 54.9 480 403 32.7 24.3 16.8 103 4.0 -04 -26 -52 -6.9
NWP-300 55.9 625 60.6 55.8 48.7 40.7 323 239 166 109 53 1.9 03 -16 -3.6
Autumn (September-November)
Uni-TN&TX 00 00 00 0O 00 00 00 00 00 00 00 00 00 00 0.0
Bivariate-TN&TX -0 -02 -04 -03 -03 -02 -02 -01 -01 -02 -0.1 -0.1 -0.0 -0.0 0.0
RAW NWP 11.1 293 334 34.0 316 27.1 -16.6 -18.1 -19.2 -20.7 -29.5 -31.3 -33.1 -34.7 -36.6
NWP-40 50.5 574 56.1 53.0 46.5 385 28.6 19.0 9.5 -2.0 -11.6 -21.6 -30.2 -36.0 -41.5
NWP-100 49.8 57.6 57.0 545 49.6 427 33.0 250 170 102 47 -0.6 -49 -7.7 -10.8
NWP-200 471 56.3 56.7 55.1 504 434 358 284 21.3 154 101 6.4 29 04 -26
NWP-300 46.8 56.5 57.4 55.9 51.2 45.1 36.7 29.8 24.0 19.1 14.6 11.5 9.1 7.7 5.7
Winter (December-February)
Uni-TN&TX 00 00 00 0O 00 00 00 00 00 00 00 00 00 00 0.0
Bivariate-TN&TX 0.2 0.2 0.2 0.2 04 0.6 06 04 04 02 0.2 0.1 0.2 0.2 0.1
RAW NWP -0.6 11.3 15.7 16.9 155 14.3 -51.5 -52.6 -50.6 -51.9 -62.0 -60.9 -61.1 -58.9 -57.3
NWP-40 45.7 523 51.2 49.1 449 39.0 29.7 23.0 179 9.3 19 -10 -47 -69 -12.0
NWP-100 449 51.8 520 50.5 469 41.7 314 257 209 149 110 72 3.1 2.4 1.3
NWP-200 45.5 526 52.8 514 478 427 334 282 239 180 143 123 95 83 6.4
NWP-300 45.9 52.9 53.3 51.9 48.3 42.9 34.3 29.0 24.4 18.6 14.6 12.4 9.6 8.1 6.1

Note: Large skill scores are better. The best method of each column in each block is indicated in bold.

17



Table 4: Energy score skill scores for the joint distribution of TN and TX for lead times up to 15 days for each
season and for the full 5-year out-of-sample period. Skill scores are computed relative to Uni-TX&TN.

Lead time 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Spring (March-May)
Uni-TN&TX 00 00 00 0O 00 00 00 00 00 00 00 00 00 00 0.0
Bivariate-TN&TX 37 32 20 14 11 09 08 07 05 05 05 04 07 07 05
RAW NWP 85 274 336 354 338 295 102 72 35 05 -59 -88 -11.7 -15.6 -18.8
NWP-40 48.4 56.4 57.3 552 51.1 442 351 266 176 103 36 -24 -6.7 -11.6 -19.4
NWP-100 475 56.2 57.4 56.0 52.2 45.7 372 295 21.2 150 82 29 -34 -86 -11.2
NWP-200 46.4 55.8 57.4 56.2 525 464 39.0 319 247 194 150 11.3 7.7 4.1 1.3
NWP-300 459 555 571 56.1 52.8 46.6 39.7 33.1 26.4 21.6 17.7 14.2 10.9 7.2 4.3
Summer (June-August)
Uni-TN&TX 00 00 00 0O 00 00 0O 00 00 00 00 00 00 00 0.0
Bivariate-TN&TX 74 44 2.7 1.9 1.8 1.6 1.7 1.6 1.5 1.5 1.5 1.6 20 1.7 1.4
RAW NWP 15.0 364 414 409 380 348 182 124 6.7 26 -16 -41 -43 -54 -76
NWP-40 51.3 56.8 54.9 50.6 44.5 38.6 304 210 10.8 28 -6.0 -13.1 -15.3 -17.9 -25.0
NWP-100 50.2 56.6 55.1 50.7 448 38.9 315 226 150 9.2 4.1 01 -1.1 -2.8 -49
NWP-200 486 554 54.1 50.1 446 383 31.6 23.2 16.2 103 5.4 1.2 -06 -29 -52
NWP-300 484 554 544 506 45.0 385 314 23.2 16.5 11.3 7.1 3.7 2.2 05 -19
Autumn (September-November)
Uni-TN&TX 00 00 00 0O 00 00 00 00 00 00 00 00 00 00 0.0
Bivariate-TN&TX 1.7 1.9 1.0 0.6 04 04 06 06 05 04 04 04 06 06 0.5
RAW NWP 9.3 293 336 334 305 258 -0.8 -41 -63 -83 -16.0 -183 -19.9 -21.6 -23.3
NWP-40 42.1 50.7 50.1 46.7 40.7 33.3 240 145 6.0 -3.6 -10.9 -18.6 -27.6 -34.3 -38.5
NWP-100 41.3 50.8 50.8 48.0 433 36.7 283 202 128 73 26 -1.9 -55 -88 -11.7
NWP-200 40.0 50.5 51.2 49.1 44.7 383 31.5 242 176 124 8.0 4.5 1.6 -08 -3.3
NWP-300 39.0 49.7 50.8 49.0 445 38.6 314 24.8 19.2 14.6 11.0 8.0 5.9 4.5 2.9
Winter (December-February)
Uni-TN&TX 00 00 00 0O 00 00 00 00 00 00 00 00 00 00 0.0
Bivariate-TN&TX -0.2 03 0.2 0.5 0.5 o7 06 03 02 -01 -0.1 -02 00 -0.1 -0.2
RAW NWP -0.1 15,5 20.3 22.0 20.8 17.8 -15.8 -18.5 -20.1 -22.6 -31.5 -32.5 -33.6 -32.2 -31.8
NWP-40 40.7 48.6 48.7 472 433 358 263 204 137 53 -23 -55 -81 -7.7 -10.0
NWP-100 39.6 479 48.7 477 443 378 287 232 176 114 6.0 25 -0.7 -0.7 -20
NWP-200 39.2 47.8 48.7 47.9 44.6 38.5 29.9 24.3 19.0 134 85 5.6 3.1 2.5 0.7
NWP-300 38.3 473 483 475 442 38.0 29.2 232 179 121 70 35 06 -02 -22
Whole out-of-sample period
Uni-TN&TX 00 00 00 0O 00 00 00 00 00 00 00 00 00 00 0.0
Bivariate-TN&TX 32 25 15 1.1 10 09 09 08 07 06 06 05 08 07 05
RAW NWP 82 273 325 332 311 272 35 -0.2 -36 -6.5 -13.3 -155 -17.1 -18.6 -20.4
NWP-40 45.8 53.3 53.0 50.3 453 384 294 21.0 124 41 -34 -94 -14.0 -17.5 -23.0
NWP-100 44.8 53.1 53.3 509 46.5 40.2 31.8 243 170 110 54 1.0 -28 -54 -77
NWP-200 43.7 526 53.1 51.2 47.0 40.8 33.4 26.3 19.7 143 9.6 6.0 33 09 -14
NWP-300 43.1 522 529 51.1 47.0 40.8 33.4 26.6 20.5 154 11.2 7.8 5.3 3.3 1.0

Note: Large skill scores are better. The best method of each column in each block is indicated in bold.

6.3 Model Confidence Set

In Section 6.2, we presented the skill scores for the CRPS and energy score. In this section, we
consider statistical significance in the differences between the scores of a pair of methods, by
reporting model confidence set results (Hansen et al. 2011). The model confidence set method is
a sequential algorithm to select the best-performing models out of a pool of candidate models,
where in each step, the Diebold and Mariano test is used to test for statistical significance
between the scores of a pair of methods (Diebold and Mariano 2002).!

The output of the model confidence set method is a set of models that contains the best-

1To implement the model confidence set approach to evaluation, we used the MATLAB
code provided by Kevin Sheppard in his MFE Toolbox, which is freely available on
https://www.kevinsheppard.com/MFE _Toolbox.
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performing model with a given confidence level. Following Hansen et al. (2011), we considered
the 75% and 90% confidence levels. The results for these confidence levels were similar, hence,
to save space, we only report the results for the 90% confidence level.

In the appendix, we report two tables of the MCS results, Table 10 and Table 11: the former
presents the number of locations for which each model lies inside the model confidence set for
the 90% confidence levels for the 5-year out-of-sample period, for the CRPS for the univariate
distributions of TN and TX, and the latter 11 presents the model confidence set results for the
energy score for the joint distributions of TN and TX. A large number is preferred, where the
best and worst values are 4 and 0 respectively.

The results in these tables are consistent with the results in Section 6.2. The recalibrated
NWP approaches with the length of the estimation period being 200 and 300 performed the best.
Although the time series models were beaten by the NWP approaches, they became relatively

more competitive at the longer lead times such as 14 and 15 days.

6.4 Evaluating Heat Wave Forecasts

We evaluated forecasts of heat waves defined as the simultaneous exceedances of TN and TX
over specified thresholds for two consecutive days. For example, the 1 day-ahead forecast for a
simultaneous exceedance is based on the 1 and 2 day-ahead predictions for the joint distribution
of TN and TX. Hence, we can produce such forecasts up to 14 days-ahead.

There is no universal choice for the thresholds, as they are generally location specific. We
considered the thresholds 15°C and 30°C for TN and TX, respectively. These thresholds have
been used by the UK Met Office. As Spanish temperatures are generally hotter than in the
UK, we also considered the thresholds 17.5°C and 35°C. To give an idea of the extremity of
these temperatures, for each city, Table 5 presents the proportion of the in-sample and out-of-
sample summer days (June, July, and August) for which TN and TX exceeded each threshold
individually and simultaneously, and Table 6 presents the proportion of the in-sample and out-
of-sample summer days (June, July, and August) for which TN and TX exceeded each threshold

for two consecutive days, individually and simultaneously.
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Table 5: Percentage of summer observations exceeding the thresholds for each of the four Spanish locations.

TN>15°C TN>17.5°C
TN>15°C TX>30°C TN>17.5°C TX>35°C
& TX>30°C & TX>35°C
Period 1951-2010
Albacete 53 64 46 21 15 8
Seville 88 82 T 64 46 39
Caceres 76 66 63 53 23 22
Madrid 75 50 50 49 8 8
Period 2011-2015
Albacete 74 7 66 44 26 22
Seville 96 90 88 83 58 55
Caceres 79 75 70 54 34 31
Madrid 87 72 71 66 21 21

Table 6: Percentage of summer observations exceeding the thresholds for two consecutive days for each of the

four Spanish locations.

TN>15°C TN>17.5°C
TN>15°C TX>30°C TN>17.5°C TX>35°C
& TX>30°C & TX>35°C
Period 1951-2010
Albacete 42 56 36 12 9 4
Seville 84 77 71 55 36 30
Céaceres 69 58 54 42 16 15
Madrid 69 41 41 40 4 4
Period 2011-2015
Albacete 67 70 58 32 19 15
Seville 95 85 84 76 48 43
Caceres 71 68 62 43 23 20
Madrid 83 65 65 52 13 13

To evaluate forecasts of the probability of the event that TN and TX exceeded the specified

thresholds for two consecutive days, we calculated the widely used Brier score as follows:

BS(Pt, Ot) = (Pt - Ot)2

where p; is the predicted probability, o; is the actual outcome of the event, which is 1 if the

event occurs, and 0 otherwise. In a similar way to the calculation of skill scores in Section 6.2,

I5: )

we computed the skill score for the Brier score of each model as 100 x (1 ~ 0
Pref

Table 7 presents the skill scores and, in the appendix, Table 12 presents the corresponding
model confidence set results for the thresholds 15°C and 30°C. In these tables, the first vertical
block corresponds to the event that TN exceeds 15°C on each of the next two days; the second
vertical block reports the results for the event that TX exceeds 30°C on each of the next two
days; and the third vertical block corresponds to the event that TN exceeds 15°C and TX

exceeds 30°C on each of the next two days. Similarly, Table 8 presents the Brier skill scores
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and, in the appendix, Table 13 presents the corresponding model confidence set results for the
more extreme thresholds of 17.5°C and 35°C.

In Tables 7-8 and 12-13, the rankings of methods are similar to that for the CRPS and energy
score in the summer months in Tables 2-4 and 10-11 discussed in Section 6.2. Overall, the raw
and recalibrated NWP dominated the time series models, and the time series methods became
relatively more competitive at the longest of the lead times such as 13 and 14 days.

Table 7: Brier skill scores for out-of-sample probability forecasts of heat waves for the less extreme pair of

thresholds. Skill scores averaged across the four locations.

Lead time 1 2 3 4 5 6 7 8 9 10 11 12 13 14
TN>15°C
Uni-TN&TX 00 00 00 00O 0O 00 00O 00 00 00 00 00 0.0 o0.0
Bivariate-TN&TX 124 62 22 06 02 -07 -10 -09 -09 -06 -07 -05 -0.6 -0.9
RAW NWP 16.6 25.8 274 269 245 221 156 11.0 58 -1.3 -73 -9.8 -10.5 -104
NWP-40 44.5 46.0 439 37.1 312 260 175 6.9 -3.7 -109 -16.9 -24.4 -27.2 -31.5
NWP-100 444 46.6 44.4 398 345 302 221 142 67 19 -16 -56 -89 -13.6
NWP-200 42.6 44.7 429 387 339 299 219 146 79 33 -01 -29 -50 -78
NWP-300 41.7 447 434 39.9 35.2 31.0 23.6 16.8 10.7 6.6 3.4 0.9 -07 -24
TX>30°C
Uni-TN&TX 00 00 00 00 00 00 OO0 00 00 00 00 00 00 00
Bivariate-TN&TX -2 -00 00 02 01 -01 01 01 01 01 03 04 04 04
RAW NWP 247 38.1 422 400 36.7 21.7 92 52 33 -01 -26 -42 -6.0 -79
NWP-40 589 61.2 582 52.0 447 36.2 259 142 6.0 -3.7 -11.4 -18.7 -22.9 -28.1
NWP-100 59.3 62.2 59.0 52.7 452 379 28.0 192 149 90 58 27 03 -32
NWP-200 58.7 619 59.4 53.6 46.3 39.5 30.0 21.7 169 115 80 48 21 -04
NWP-300 57.0 60.8 583 52.7 458 389 30.2 223 18.0 12.6 9.2 6.5 3.3 0.6
TN>15°C & TX>30°C
Uni-TN&TX 00 00 00 00 00 00 OO0 00 00 00 00 00 00 00
Bivariate-TN&TX 63 48 38 33 28 26 28 31 33 31 31 38 41 3.5
RAW NWP 35.3 474 502 456 413 30.5 205 16.7 144 99 6.0 5.1 2.8 0.1
NWP-40 54.2 56.3 54.7 46.8 404 329 248 167 91 -0.6 -7.7 -146 -17.9 -22.2
NWP-100 54.3 57.4 55.3 48.2 418 350 264 195 152 9.6 6.1 34 1.0 -28
NWP-200 53.0 56.4 54.5 477 419 357 277 212 168 11.9 86 59 32 0.1
NWP-300 53.3 56.8 55.0 48.1 42.4 36.5 28.6 22.4 18.7 13.8 10.7 84 5.3 22

Note: Large skill scores are better. The best method of each column in each block is indicated in bold.
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Table 8: Brier skill scores for out-of-sample probability forecasts of heat waves for the more extreme pair of

thresholds. Skill scores averaged across the four locations.

Lead time 1 2 3 4 5 6 7 8 9 10 11 12 13 14
TN>17.5°C
Uni-TN&TX 00 00 00 00 00 00 00 00 00 O00 00 00 00 0.0
Bivariate-TN&TX 13.0 6.7 1.8 0.6 0.1 -0.1 -0.1 -0.2 -0.1 0.1 0.3 0.3 0.5 0.7
RAW NWP 12.8 26.0 283 279 24.7 206 149 89 4.3 1.2 -29 -49 -58 -9.1
NWP-40 39.6 45.1 44.7 41.5 35.7 30.1 227 141 49 -19 -84 -17.2 -22.2 -253
NWP-100 38.6 45.1 45.4 42.4 37.2 32.5 24.2 16.5 8.8 5.6 25 -28 -6.1 -10.0
NWP-200 35.2 42.3 42.7 40.1 34.8 304 223 153 9.1 5.7 3.2 -1.3 -40 -84
NWP-300 34.6 41.2 41.5 39.1 343 29.7 22.1 156 10.0 7.9 6.3 2.9 0.2 -3.5
TX>35°C
Uni-TN&TX 00 00 00 00 00 00 00 00 00 00 00 00 00 00
Bivariate-TN&TX 0.1 0.3 0.5 0.4 0.3 0.3 0.4 0.4 0.3 0.6 0.5 0.4 0.5 0.3
RAW NWP 31.5 44.1 454 42.8 39.5 29.6 22.0 183 122 9.1 5.9 5.1 3.6 0.6
NWP-40 60.7 61.1 55.8 49.2 40.1 326 235 132 39 -34 -11.5 -184 -20.5 -29.6
NWP-100 58.1 59.0 54.7 484 39.3 333 25.7 185 11.5 6.1 -02 -29 -58 -10.0
NWP-200 57.0 57.8 54.2 48.5 40.0 34.9 27.8 21.0 13.8 84 26 -02 -33 -82
NWP-300 57.9 585 54.8 49.0 399 34.6 270 20.1 132 85 39 19 -02 -3.7
TN>17.5°C & TX>35°C
Uni-TN&TX 00 00 00 00 00 00 00 00 00 O00 00 00 00 00
Bivariate-TN&TX 6.1 4.0 3.0 2.4 2.4 2.5 2.6 3.0 2.9 2.5 2.5 2.5 2.5 2.1
RAW NWP 42.8 519 51.0 484 44.8 37.4 30.5 26.5 19.2 14.9 11.2 10.2 7.8 4.5
NWP-40 59.9 61.6 56.6 50.3 42.3 35.7 26.3 16.8 8.6 2.5 -4.7 -11.0 -14.2 -20.1
NWP-100 56.6 58.3 54.0 485 41.0 359 283 215 146 87 26 -0.8 -35 -T74
NWP-200 54.8 56.5 52.6 47.8 409 36.8 29.8 23.1 16.3 106 52 1.9 -1.5 -69
NWP-300 55.3 56.6 52.7 48.0 404 36.0 289 22.1 15.7 10.7 6.5 4.2 1.6 -2.4

Note: Large values are better, with the best possible value being 4. The best method of each column in each block is
indicated in bold.

7 Summary

In this paper, we have considered distributional forecasting of the daily minimum and maximum
temperature. We had two main aims. Firstly, to develop a suitable time series model that
would provide insight into the evolution of these two temperature variables, as well as provide
accurate distributional forecasts. Secondly, we wanted to establish whether such carefully chosen
time series models can compete with the accuracy of distributional forecasts based on ensemble
predictions from an NWP model. We implemented a univariate ARMA-GARCH model and a
bivariate VARMA-MGARCH model. For the NWP ensemble predictions, we recalibrated the
raw predictions using the EMOS-ECC methods.

We evaluated forecasts of the marginal and joint distribution for the minimum and
maximum temperature. We also evaluated the accuracy of probabilistic forecasts of heat
waves, defined as the minimum and maximum simultaneously exceeding chosen thresholds.
Overall, we found that recalibarated NWP ensemble predictions with the 200 or 300-day
estimation period, comfortably performed the best. The time series models were generally
dominated by the raw and recalibrated NWP predictions. For the NWP ensemble predictions,

our finding that the recalibration delivers better performance for longer estimation periods,
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namely, 200 or 300 days, is consistent with the literature. For the time series models, the
performance for longer lead times is more competitive than for short lead times. We also found
that the proposed bivariate time series model outperformed the univariate time series models
for short lead times, but the advantage did not maintain for long lead times. The time series
models revealed some interesting results: there are increasing trends in the minimum and
maximum temperatures, there is a decreasing trend in the DTR, and different parts of the
seasonal cycle experience different rates of climate change, which are findings that are
consistent with those of other researchers.

In terms of future work, we are interested in considering the use of a series of intraday
temperature data to forecast TN and TX, although a concern with this is the availability of a
long history of intraday temperature observations. Other interesting future research directions
include the use of spatial analysis or perhaps the incorporation of covariates in the time series

models, such as the global mean temperature, which could be used to capture the trend.
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Appendix

Table 9: Parameter estimates and standard errors for the mean component of the univariate ARMA-GARCH

model with Gaussian assumption, derived using the first 60 years of daily minimum (TN) and maximum (TX)

temperature observations for Seville.

TN TX
ARMA
(1)o0 115(0.86) 245(1.08)
(11)11 -31.4(1.12) -40.3(1.43)
(11)2.1 8.11(0.773) 17.3(0.958)
(11)1,2 0.578(0.695) -2.19(0.8)
(11)2,2 -58.2(1.19) -87.9(1.39)
(11)1,3 -2.77(0.774) -2.02(0.94)
(1)2,3 -2.29(0.705) -2.36(0.792)
1 0.002(0.000124) 0.00104(0.000175)
(12)11 0.0000171(0.000163) 0.000816(0.000233)
(H2)1,2 -0.000739(0.000171) -0.000296(0.00023)
1 1.48(0.0218) 1.71(0.0159)
@2 -0.513(0.0162) -0.797(0.0164)
b3 -0.00311(0.00803) 0.073(0.00737)
01 -0.863(0.0208) -0.932(0.0142)
GARCH
(w1)o 99.03(15.5) 236(22.3)
(wi)1,1 4.74(2.34) 22.2(5.05)
(w1)2,1 0.6203(1.31) -7.99(3.50)
(w1)1,2 51.09(8.15) -65.9(7.53)
(w1)2,2 8.50(1.80) -8.22(3.39)
2 -0.00297(0.000499) 0.00121(0.000583)
(w2)1,1 -0.000238(0.000242) 0.000299(0.000750)
(w2)1,2 -0.00208(0.000408) 0.00124(0.000770)
ai 0.0275(0.00606) 0.124(0.0117)
o 0.0385(0.00870) -0.0683(0.0119)
b1 0.757(0.0344) 0.444(0.0475)
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Table 10: Model confidence set results for the CRPS of the univariate distributions of TN and TX for lead
times up to 15 days for the full 5-year out-of-sample period. The values are the number of locations for which

each model lies inside the model confidence set for the 90% confidence levels.

Lead time 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

TN
Uni-TN&TX 0 0 0 0 0 0 0 0 0 0 2 2 4 4 4
Bivariate-TN&TX 0 0 0 0 0 0 0 0 0 0 2 2 4 4 4
RAW NWP 0 0 0 0 0 0 1 2 3 3 3 3 3 2 2
NWP-40 4 3 3 3 2 2 2 2 1 1 1 1 0 0 0
NWP-100 3 2 3 3 3 2 2 2 1 1 1 1 2 1 0
NWP-200 2 3 3 3 3 4 4 4 4 4 4 4 3 3 2
NWP-300 2 3 3 4 4 4 4 4 4 4 4 4 4 3 3

TX
Uni-TN&TX 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3
Bivariate-TN&TX 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3
RAW NWP 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
NWP-40 4 4 4 1 0 0 0 0 0 0 0 0 0 0 0
NWP-100 2 4 3 2 2 3 1 0 0 0 0 0 0 0 0
NWP-200 2 3 3 3 3 3 3 3 2 0 0 0 0 0 2
NWP-300 1 3 3 4 4 4 4 4 4 4 4 4 4 4 4

Note: Large values are better, with the best possible value being 4. The best method of each column in each block is
indicated in bold.
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Table 11: Model confidence set results for the energy score of the joint distribution of TN and TX for lead
times up to 15 days for each season and for the full 5-year out-of-sample period. The values are the number of

locations for which each model lies inside the model confidence set for the 90% confidence levels.

Lead time 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Spring (March-May)
Uni-TN&TX 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2
Bivariate-TN&TX 0 0 0 0 0 0 0 0 0 0 0 0 0 3 3
RAW NWP 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
NWP-40 4 4 4 2 1 0 0 0 0 0 0 0 0 0 0
NWP-100 3 4 4 4 3 3 2 1 0 1 0 0 0 0 0
NWP-200 1 3 4 4 3 3 3 3 2 2 0 0 1 4 4
NWP-300 2 2 4 4 4 4 4 4 4 4 4 4 4 4 4
Summer (June-August)
Uni-TN&TX 0 0 0 0 0 0 0 0 0 0 1 2 1 2 2
Bivariate-TN&TX 0 0 0 0 0 0 0 0 0 1 2 4 4 4 3
RAW NWP 0 0 0 0 0 3 0 0 0 3 2 2 2 1 0
NWP-40 4 4 4 3 3 4 4 3 1 2 1 1 1 1 0
NWP-100 2 4 4 3 3 4 4 3 3 3 3 3 2 2 1
NWP-200 1 2 3 3 3 3 3 3 3 3 3 2 2 2 1
NWP-300 1 3 4 4 4 4 4 4 4 4 4 4 4 3 2
Autumn (September-November)
Uni-TN&TX 0 0 0 0 0 0 0 0 0 0 1 2 2 2 2
Bivariate-TN&TX 0 0 0 0 0 0 0 0 0 0 1 2 2 2 2
RAW NWP 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
NWP-40 4 4 3 3 0 0 0 0 0 0 0 0 0 0 0
NWP-100 3 4 4 4 4 3 1 0 0 0 0 0 0 0 0
NWP-200 3 3 4 4 4 3 4 3 3 3 3 3 3 3 2
NWP-300 3 3 4 4 4 4 4 4 4 4 4 4 4 4 4
Winter (December-February)
Uni-TN&TX 0 0 0 0 0 0 0 0 0 0 1 2 3 3 4
Bivariate-TN&TX 0 0 0 0 0 0 0 0 0 0 1 1 4 4 4
RAW NWP 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
NWP-40 4 4 3 3 3 2 1 2 1 1 0 1 1 1 3
NWP-100 3 4 3 3 3 2 1 2 3 3 2 2 1 2 4
NWP-200 2 3 3 3 3 4 4 4 4 4 4 4 4 4 4
NWP-300 3 4 4 4 4 4 4 3 4 4 3 3 2 3 4
Whole out-of-sample period
Uni-TN&TX 0 0 0 0 0 0 0 0 0 0 0 0 0 2 3
Bivariate-TN&TX 0 0 0 0 0 0 0 0 0 0 0 0 0 4 4
RAW NWP 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
NWP-40 4 4 4 2 1 0 0 0 0 0 0 0 0 0 0
NWP-100 0 4 4 3 3 2 0 0 0 0 0 0 0 0 0
NWP-200 0 3 3 3 3 3 3 3 3 3 2 2 1 3 3
NWP-300 0 2 3 4 4 4 4 4 4 4 4 4 4 4 4

Note: Large values are better, with the best possible value being 4. The best method of each column in each block is
indicated in bold.
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Table 12: Model confidence set results for out-of-sample probability forecasts of heat waves for the less extreme
pair of thresholds. The values are the number of locations for which each model lies inside the model confidence
set for the 90% confidence levels.

Lead time 1 2 3 4 5 6 7 8 9 10 11 12 13 14
TN>15°C
Uni-TN&TX o o o 0 1 1 1 2 4 4 4 4 4 4
Bivariate-TN&TX 1 o o0 o ©0 0 2 2 4 4 4 4 4 4
RAW NWP 1 1 1 1 1 2 3 3 4 3 2 2 3 3
NWP-40 4 3 3 3 3 4 4 4 4 2 2 0 1 1
NWP-100 4 4 4 4 4 4 4 4 4 4 4 4 4 4
NWP-200 3 3 3 4 4 4 4 4 4 4 4 4 4 4
NWP-300 3 3 3 4 4 4 4 4 4 4 4 4 4 4
TX>30°C
Uni-TN&TX o o o o0 o0 ©0 o0 1 1 2 3 4 4 4
Bivariate-TN&TX o o o o0 ©0 ©0 0O 1 1 2 3 4 4 4
RAW NWP o o 1 1 2 2 2 2 2 2 2 2 2 2
NWP-40 4 4 4 4 4 4 4 4 3 3 1 1 1 2
NWP-100 4 4 4 3 4 4 4 4 4 4 4 4 4 4
NWP-200 4 3 4 4 4 4 4 4 4 4 4 4 4 4
NWP-300 4 3 3 4 4 4 4 4 4 4 4 4 4 4
TN>15°C & TX>30°C
Uni-TN&TX o o o o0 o0 ©0 0 ©0 1 2 2 3 4 4
Bivariate-TN&TX o o o o ©0 ©0 0O 1 2 2 2 3 4 4
RAW NWP 1 3 3 3 4 4 3 3 3 4 4 4 4 4
NWP-40 4 4 4 4 4 4 3 2 2 3 2 2 2 1
NWP-100 4 4 4 4 4 4 3 3 4 3 3 3 3 3
NWP-200 3 3 4 4 4 4 3 3 3 3 3 3 4 3
NWP-300 3 4 4 4 4 4 4 4 4 3 3 3 4 3

Note: Large values are better, with the best possible value being 4. The best method of each column in each block is
indicated in bold.
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Table 13: Model confidence set results for out-of-sample probability forecasts of heat waves for the more extreme
pair of thresholds. The values are the number of locations for which each model lies inside the model confidence
set for the 90% confidence levels.

Lead time 1 2 3 4 5 6 7 8 9 10 11 12 13 14
TN>17.5°C
Uni-TN&TX o o o o0 o0 0 2 2 2 2 3 4 3 4
Bivariate-TN&TX 2 0 o0 O0 O O 2 2 2 3 3 4 4 4
RAW NWP o o 1 2 3 3 3 3 3 3 2 3 3 3
NWP-40 4 4 3 3 3 3 3 4 3 3 2 2 1 2
NWP-100 4 4 4 4 4 4 4 4 4 4 4 4 4 4
NWP-200 4 4 4 4 4 4 4 4 4 4 4 4 3 4
NWP-300 4 3 3 4 4 4 4 4 4 4 4 4 4 4
TX>35°C
Uni-TN&TX o o o o0 o0 1 2 2 3 3 4 4 4 4
Bivariate-TN&TX o o o o ©0 1 2 2 3 3 4 4 4 4
RAW NWP 1 1 3 3 4 4 4 4 4 4 4 4 4 4
NWP-40 4 4 4 4 4 4 4 4 3 2 2 2 1 0
NWP-100 3 3 4 4 4 4 4 4 4 4 4 4 4 4
NWP-200 3 3 4 4 4 4 4 4 4 4 4 4 4 4
NWP-300 4 4 4 4 4 4 4 4 4 4 4 4 4 4
TN>17.5°C & TX>35°C
Uni-TN&TX o o o 0 0 2 2 2 2 3 4 4 4 4
Bivariate-TN&TX o o o o ©0 1 2 2 2 3 4 4 4 4
RAW NWP 1 3 3 4 4 4 4 4 4 4 4 4 4 4
NWP-40 4 4 4 4 4 4 4 3 3 3 2 2 2 2
NWP-100 2 2 3 4 4 4 4 4 4 4 4 4 4 4
NWP-200 2 2 3 4 4 4 4 4 4 4 4 4 4 4
NWP-300 3 3 3 4 4 4 4 4 4 4 4 4 4 4

Note: Large values are better. The best method of each column in each block is indicated in bold.
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