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Abstract

In this thesis we accomplish four main results related to Jacobians of curves.

Firstly, we find a large number of hyperelliptic curves of genus 2, 3 and 4
whose Jacobians have torsion points of large order. The genus 2 case is
particularly well-studied in the literature, and we provide a new example
of a geometrically simple Jacobian of a genus 2 curve with a point of
order 25, an order which was not previously known. For geometrically
simple Jacobians of curves of genus 3 and 4, we extend the known orders
of points, increasing the largest known order in both cases to 91 and 88,

respectively.

Secondly, we find an explicit embedding of the Kummer variety of a genus 3
superelliptic curve into projective space. This is a natural extension of the
embeddings that are already known for the Kummer varieties of hyperel-

liptic curves of genus 2 and 3.

Thirdly, we classify the genus 2 curves whose Jacobians admit a (4,4)-
isogeny. We find an infinite family of genus 2 curves for which the elements
of the kernel of the (4,4)-isogeny are defined over the ground field, and
make partial progress on classifying the genus 2 curves with this property.
We also extend Flynn’s example of a genus 2 curve whose Jacobian admits

a (5, 5)-isogeny to infinitely many geometrically nonisomorphic curves.

Finally, we extend Schaefer’s algorithm for computing the Selmer group of
a Jacobian to carry out a (4,4)-descent on Jacobians of curves that admit

a (4, 4)-isogeny.
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Chapter 1

Introduction

A major aim of arithmetic geometry is to study rational solutions to diophantine
equations. In more modern language, we consider solutions to algebraic varieties over
number fields. This is hard in general, so it’s helpful to impose more structure on the
varieties. There are two situations in which finding rational points on varieties is easier.
The first is when the dimension of the variety is small. The second is when there is
more structure on the variety; for example, when the set of points forms a group. The
first condition leads us to consider curves, which are 1-dimensional varieties, and the
second condition leads us to consider abelian varieties.

The space of curves is partitioned by an isomorphism invariant called the genus.
Genus 0 curves are well understood. These are the conics, and whenever there is a
single rational point on a conic, the space of all rational points is birationally equivalent
to the projective line. Moreover, there is an effective procedure to decide whether or
not a rational point exists.

Genus 1 curves (with a rational point) are elliptic curves. Elliptic curves are also
abelian varieties, and are very important objects in arithmetic geometry. If the elliptic
curve is given in the form y* = f(z) where f(x) is a monic cubic, then the group law
can be described by an elementary chord and tangent process: this defines three points
P, @, R on the curve as adding to zero precisely when they are the intersection of the
curve with a line (counting multiplicities).

Curves of genus at least 2 are somewhat understood. Faltings’ theorem implies
that a curve of genus at least 2 over a number field has only finitely many rational
points. The theorem is ineffective, meaning that it doesn’t identify the points, or even
how many points there are.

To any curve C, we can associate an abelian variety called the Jacobian of the
curve. This can be used to study the curve, but is also interesting in its own right,

and is our main object of study in this thesis.



Abelian varieties Let A be an abelian variety over a number field K, and let
A(K) denote the group of K-rational points. The Mordell-Weil theorem states that
A(K) = A(K)tors X Z", where A(K)ors is a finite group, called the torsion subgroup,
and r is a nonnegative integer, called the rank. Mordell proved the case when A is an
elliptic curve over the rational numbers ([Mor22]) and Weil generalised this to abelian
varieties over number fields ([Wei29]).

In this thesis we focus on the situation when the abelian variety is the Jacobian J
of a curve C. We are interested in the torsion subgroups that can occur and methods
to determine the rank of Jacobians. A well-known method for bounding the rank is
called descent, which aims to find an upper bound for the size of J(K)/mJ(K) for
some integer m > 2. This method always theoretically gives an upper bound on the

rank, but it need not be sharp. In fact, there is an exact sequence of groups
0— J(K)/mJ(K)— Sel™(J/K) — UL(J/K)[m] — 0, (1.1)

where Sel™(J/K) is the upper bound computed by descent, called the Selmer group,
and II(J/K)[m| is the m-part of the Tate-Shafarevich group. Thus II(J/K)[m|
measures the sharpness of the bound computed by descent.

It is of interest to compute examples of nontrivial elements of III(7/K)[m]. One
method of doing this is to play off different descents; for example, showing that the
bound from a 2-descent is sharp but that the bound from a 3-descent is not. Un-
fortunately, it is currently computationally infeasible to do descents on Jacobians of
genus 2 curves for m large. We can reduce the size of the computation by doing a
descent via isogeny, instead of a complete m-descent. This can be done by finding
isogenies p: J — J' and ¢': J' — J such that the multiplication-by-m map factors
as [m] = ¢’ o . For such isogenies to exist over the ground field, it is necessary that
the m-torsion group J[m](K) has a subgroup of size m? that is K-rational as a set.
We address this problem in Chapter 5. Given a Jacobian [J of a curve with a suitable
subgroup ¥, we can often use an embedding of the Kummer variety to compute the
curve C’ such that J/¥ is isomorphic to the Jacobian of C’. Computing the curve
C’ is interesting in its own right, but is also useful for applying the descent theory in

[Sch98], as we later explain.

Torsion We are also interested in the problem of torsion on abelian varieties. This
is completely understood in genus 1 using Mazur’s theorem ([Maz77]), which provides

an explicit list of the possible torsion subgroups of elliptic curves over QQ, as well as
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examples for each torsion subgroup. It is also well-studied on Jacobians of hyperelliptic
curves of genus at least 2, for which there are many examples of large order torsion
points in the literature. The ultimate goal is, for each genus ¢, to compute the set
of positive integers N for which there is a point of order N defined over Q on the
Jacobian of a genus g curve. In genus g > 2, we can so far only find examples of such
N, rather than prove bounds on the sets, or show that a certain order can’t exist.

The problem naturally has two cases: split Jacobians and geometrically simple
Jacobians. If the Jacobian of a curve is split, isogenous to a product of lower dimension
abelian varieties, then its torsion is made up of the torsion of the varieties in the
splitting. In the split case, many examples of torsion orders are known in genus 2 and
3. The main contributions are due to Howe et al. ([HLP00]) and Howe ([How14]).
Of particular note is Howe’s example of a split Jacobian of a genus 2 curve with a
70-torsion point ([How14]). In contrast, if the Jacobian is geometrically simple, then
the torsion doesn’t come from abelian varieties of lower dimension. We provide a new
criterion for the Jacobian of a curve to be geometrically simple, that is easy to apply
and has a simple proof.

Most of the examples of large torsion orders on Jacobians of genus 2 curves are
produced by forcing the curve to have some rational non-Weierstrass points and then
imposing relations between them. This produced many examples in dimension 2, and
has also been used to generate families of curves whose torsion orders grow with the
genus. One hopes to find larger torsion orders outside of such families, but the method
has been difficult to generalise to Jacobians of higher genus curves. In fact, not many
torsion orders are known for geometrically simple Jacobians of curves of genus g > 3.
One main contribution is due to Kronberg, who finds a Jacobian of a genus 3 curve
with a point of order 41 and a Jacobian of a genus 4 curve with a point of order 71
([Krol5]). Kronberg doesn’t show the Jacobians are geometrically simple, but we can
show this using our method.

In Chapter 3, we generalise several methods for finding Jacobians with torsion
points of large order so that they are practical for Jacobians of hyperelliptic genus 3
and 4 curves. We find the first example of a point of order 25 on a geometrically
simple Jacobian of a genus 2 curve, and recover all known orders of torsion points on
geometrically simple Jacobians of genus 2 curves. In addition, we find (conjecturally)
two new curves with points of order 48, whose Jacobians are split, and one new (again,
conjecturally) genus 2 curve with a point of order 32, whose Jacobian is geometrically

simple. We also find a genus 2 curve with geometrically simple Jacobian defined



over Q with a point of order 35 defined over a quadratic extension, and a genus 2
curve with geometrically simple Jacobian defined over a degree 4 number field with
a point of order 42. In genus 3 and 4 we find many new examples of torsion orders
on geometrically simple Jacobians of hyperelliptic curves, contributing significantly to
the known orders of points. We improve the largest known orders in both cases, to 91
and 88, respectively. Tables 3.1, 3.2 and 3.3 summarise our results, as well as the

known torsion orders.

Kummer embeddings The Kummer variety is a variety associated to an abelian
variety given by the quotient by negation. Like Jacobians of curves, in general Kummer
varieties are usually described abstractly, without an explicit embedding into projective
space. But an explicit embedding of the Kummer variety is a useful tool. Recently,
Bruin et al. used the explicit embedding of the Kummer variety of a family of genus 2
curves to do explicit descent ([BFT14]). They considered the family of genus 2 curves
admitting a rational copy of Z/37Z x Z/3Z in J(C)[3]. Denoting this subgroup by X,
there is an isogeny ¢: J — J/%. The quotient J' := J /3 is the Jacobian of another
genus 2 curve, and in the paper they find the explicit equation of the curve for which
J' is the Jacobian. To do this, they descend the isogeny ¢ to the Kummer varieties
K of J and K’ of J'. The explicit embedding of the Kummer variety encodes the
equation of the curve, and they were able to find the equation of the curve for X', and
thus for J’. They then used an algorithm due to Schaefer ([Sch98]) to compute the
Selmer groups of specific Jacobians in the family, and exhibit examples of Jacobians
of genus 2 curves with nontrivial 3-part of III.

An explicit embedding of the Kummer variety can also be used to give a theory of
heights for Jacobians of curves ([Fly95], [FS97], [Stol17]). This is required to compute
the full Mordell-Weil group given a full rank sublattice.

The Kummer embedding has been computed for genus 2 curves ([Fly90b]) and
for genus 3 hyperelliptic curves ([Miill4], [Stol7]). In fact, in genus 2, an embedding
of the Jacobian is known ([Fly90b]). The class of genus 3 curves is divided into
hyperelliptic curves and smooth plane quartics. A subclass of smooth plane quartic
curves is superelliptic curves of genus 3. Assuming the characteristic is not 2 or 3, such
curves can be written in the form y*z = f(z, z), where f is a degree 4 homogeneous
form. In Chapter 4, we find an explicit embedding of the Kummer variety of genus 3

superelliptic curves.



Descent Complete 2-descents on Jacobians of hyperelliptic curves are now routine.
Recently, Bruin et al. computed a descent via (3, 3)-isogeny [BFT14] and Flynn com-
puted a descent via (5, 5)-isogeny ([Fly15]). These exhibited nontrivial 2-part, 3-part
and 5-part of III, respectively, on Jacobians of genus 2 curves. In Section 5.8, we
generalise Flynn’s example of Jacobians of curves with a (5,5)-subgroup and derive
their isogenous curves.

We also find a family of genus 2 curves whose Jacobians admit a (4, 4)-isogeny. We
explicitly compute the isogeny on Kummer surfaces and find a subfamily such that
the kernel of the (4, 4)-isogeny is defined elementwise over @Q, rather than just as a
subgroup. We then develop the theory required to do a descent via (4, 4)-isogeny on
the Jacobians of curves in the family. This allows us to compare the Richelot descent
(also called the (2,2)-descent) against the (4, 4)-descent, which gives the potential to
exhibit nontrivial 2-part of I1I. We have implemented this in MAGMA but have yet to
find such an example.

As a byproduct of the work on (4,4)-isogenies, we find an algorithm to compute

J4)(K) for the Jacobian of a genus 2 curve.
Future work Chapter 7 contains ideas to build on the work presented in this thesis.

A note on computations All the computations in this thesis are written in the
MAGMA programming language ([BCP97]). We provide the code in [Nicl8]. See the
README. txt file in that directory for instructions.

Notation We list some important notation here, though some concepts are only
explained in Chapter 2. Throughout this thesis, K denotes a field and C denotes a
curve. We write J for the Jacobian of a curve, and we write IC for the Kummer variety
of a curve. We usually use ¢ to denote an isogeny of abelian varieties. We write [m]
for the translation-by-m map on an abelian variety. If f: A — B is a homomorphism
of groups, then we write A[f] for the kernel of f.

For a hyperelliptic or superelliptic curve C, we write 7: C — P! for the map
(z,y) +~ x. For a hyperelliptic curve C: y* = f(x), we write t: C — C for the
hyperelliptic involution: (z,y) — (z, —y). We write k: J — K for the map that sends

a point on the Jacobian of a curve to its image on the Kummer variety.



Chapter 2

Background

2.1 Curves and Jacobians

2.1.1 Curves

Let K be a field. An elliptic curve F/K is a genus 1 curve with a K-rational point.
Assuming the characteristic of K is not equal to 2 or 3, an elliptic curve is birational
to y? = 2% 4+ ax + b for some a,b € K. Explicitly, we consider this as the projective
curve in P? defined by 3?2z = 2® + axz? + bz5.

Hyperelliptic curves generalise elliptic curves to higher genus. A hyperelliptic curve
is one of the form C: y?> = f(x) for a square-free polynomial f(z) of degree at least
3. When deg f > 3, the projective closure of C in P? is singular. To get around this,
we define two affine coordinate charts for C, and glue them together. Let g = (%1
(we will see in Lemma 2.1.11 that this is the genus of C). Explicitly, one coordinate
chart is y* = f(z) in A? (which we refer to as the affine coordinate chart), and the
other coordinate chart is v? = f(u) = u2t2f(1/u). The charts are glued together via
(u,v) = (1 e ) We sometimes refer to this coordinate change as the flip map, since

2z z9tt

the coefficients of f(u) = u29t2f(1/u) are in reverse order to the coefficients of f(z).

Hyperelliptic curves naturally divide into two classes, depending on whether deg f
is even or odd. If deg f is odd, then the curve always has a rational point: the (u,v)-
coordinate chart has equation v> = f(u) = u2*2f(1/u) and u divides f(u), since
deg f = 2g + 1; thus (u,v) = (0,0) always lies on the curve. We denote this point by
oo. If deg f is even, then C need not have a rational point. The other coordinate chart
in this case is v = f(u), where f(0) = fag+2 # 0. There are two points at infinity:
(0, ++/ fag+2) and (0, —\/m% which we denote by cot and oo™, respectively. We
refer to co and oo™, 0o~ as the points at infinity.

An odd degree hyperelliptic curve can always be transformed to an even degree

hyperelliptic curve by first transforming to (z,y) = (X 4 9,Y), giving the equation
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Y? = f(X +6) = g(X), where ¢ is chosen so that g(0) # 0. The flip map then gives
an even degree hyperelliptic curve. To see which curves admit an odd degree form, we
need to introduce Weierstrass points.

Given a hyperelliptic curve C: 4> = f(z), we can define the hyperelliptic map
7: C — P! by (z,y) — [z: 1] (in the affine coordinate chart) and (u,v) > [1: u] in the
other coordinate chart. The points at which this map is ramified are called Weierstrass
points. If deg f is even, then these points are just (a,0), where « is a root of f(z). If
deg f is odd, then we still get the points (o, 0) where « is a root of f(x), but the point
at infinity, oo, is also a Weierstrass point.

A hyperelliptic curve C: y?> = f(x) is K-birational to one of odd degree if and
only if it has a K-rational Weierstrass point. Indeed, if the curve has a K-rational
Weierstrass point, we can linearly transform so that y? = zg(z), and then the flip map
takes the curve to an odd degree form. Conversely, if C is K-birational to one of odd
degree, then this odd degree curve has the K-rational Weierstrass point co.

A superelliptic curve is a curve of the form y™ = f(z), where m > 2 and
f(z) € K|x] has degree d > 1, and f(z) is m-power free. If ged(m,d) = 1, then
the normalisation of this affine curve is nonsingular and has a single point at infinity,
denoted oo.

If C is a curve over the field K, then we write K (C) for the function field of C.

2.1.2 Divisors and Jacobians

If X is a variety over a field K and if F//K is a field extension, then write X for the

base extension X Xgpec x Spec F.

Definition 2.1.1. Let C be a smooth curve over a field K. A divisor on C is a
finite linear combination of points in C(K). Explicitly, if P,...,P. € C(K) and
ni,...,n, €L, then Y., n;P; is a divisor on C. If F C K is a perfect field extension
of K, then the Galois group Gal(K/F) acts on DivCgk by extension of the action on
C(K). We define (DivC)(F) = (Div Cz) ' K/F) . The set of all divisors on C forms an
abelian group. The degree of the divisor Y ., n;P; is Y _._, n;. The group of degree-0

divisors forms a subgroup of DivC, denoted Div°C.

Given a function f on a smooth irreducible curve C, we can associate a divisor
div f as the divisor of zeroes and poles of f. Formally, for each point P € C, the local

ring K[C|p is a discrete valuation ring, with valuation vp: K(C) — Z. We define the



divisor of f as

divf =Y vp(f)- P. (2.1)

pPeC

This is a finite sum ([Sil09, Chapter I1.3]).

Proposition 2.1.2 ([Har77]). Let C be a smooth curve and let f € K(C) be a function

on the curve. Then the degree of div f is zero.

Example 2.1.3. Consider the hyperelliptic curve C: y*> = x® + 1. This has the point
P = (0,1). The functiont = x is a uniformiser at P since t = 0 intersects C at y* = 1,
which gives y = +1, each with multiplicity 1. We have vp(y) = 0 and vp(x) = 1. Note
that the tangent to C at P isy = 1, and that vp(y—1) = vp((y—1)(y+1)) = vp(z®) = 5;
we know that vp(y + 1) = 0 since t = x doesn’t divide y + 1. So in fact the function
y — 1 has a zero of multiplicity 5 at P. We reduce to finitely many calculations of

vp(g) since g only meets the curve at finitely many points.

Definition 2.1.4. Let C be a curve over a field K. We say that divisors D and
E in DivC are linearly equivalent if there exists a function g € K(C)* such that
divg = D — E. In this case, we write D ~ E. We define PrincC as the group of
divisors that are linearly equivalent to zero.

By Proposition 2.1.2, we have PrincC C Div'C. We define the Picard group
as PicC = DivC/PrincC, and the degree-zero part of the Picard group as Pic’C =
Div’ C/ PrincC.

Let K be an algebraic closure of K and let F' C K be a perfect field extension of
K. The Galois group Gal(K /F) naturally acts on Div’Cs, preserving the subgroup

Princ Cx.
Definition 2.1.5. We define the Jacobian of C as the K-variety with F-points
J(F) = (Pic® Cie) /7). (2.2)

Milne shows the Jacobian exists ([Mil]). If C(K) # 0, then Proposition 2.1.7 shows
that this definition of J(F) is equivalent to Pic’ Cp.

Remark 2.1.6. Proposition 2.1.7 deals with the more general definition of the Picard
group; if X s a variety over a field K, then Pic X is the group of isomorphism classes
of invertible sheaves on X with multiplication being the tensor product. In this case,

Pic’ X is defined as the connected component of Pic X that contains the identity.
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Proposition 2.1.7 ([CM96]). Let X be a variety over a field K. If X(K) # 0, then
Pic X = (Pic Xy )Ga(K/K),

Proof. Suppose F'/K is a finite Galois extension with Galois group G. Then we have

an exact sequence
0 — Pic X — (Pic Xp) — H*(G, F*) — ker(Br X — Br Xp), (2.3)

coming from the Hochschild-Serre spectral sequence (see Section 3.4 of [VA]). Taking

the direct limit over all finite Galois extensions gives
0 — Pic X & (Pic X#)9% % Br K 2 ker(Br X — Br Xz). (2.4)

The map f is surjective if and only if im g = 0, which holds if and only if ker h = 0.
Thus f is surjective if and only if A is injective. The map ¢g: Br K — Br X comes from
the structure map 7m: X — Spec K. If X has a K-point, then there is a morphism
s: Spec K — X that is a section of the structure map, meaning 7 o s = id. Consider
the map induced by 7 o s on Brauer groups; this is Br K Y BrX % BrK and the
composition is the identity. Hence v is injective, so f is surjective. See [CM96] for

more details. [l

2.1.3 Differentials

Definition 2.1.8 (Differentials on a curve). Let C be a smooth irreducible curve over
a field K and let K denote the algebraic closure of K. The space of differentials on C
is denoted Q¢ ; it is a 1-dimensional K (C)-vector space. There is a nontrivial K -linear
derivation d: K (C) — Qe; it satisfies d(fg) = fdg-+gdf and d(f+g) = df +dg. There
is some f € K(C) such that d(f) # 0. The space Qc is generated as a K(C)-vector
space by elements dg, where g € K(C).

If w € Qe is a differential on a curve C, then, fixing g € K(C), there is a unique
f € K(C) such that w/dg = f. We can also define divisors of differentials. If P € C is

a point on C, and if ¢t € K(C) is a uniformiser at P, then we define
vp(w) = vp(w/dt). (2.5)

Note that w/dt is just a function on C, so that vp is well-defined. This valuation is

nonzero for only finitely many points P € C(K), and we define

divw = Z vp(w) - P (2.6)

PeC(K)



as the divisor of w.

The quotient of any two nonzero differentials is a function, and hence the divisors of
any two differentials on a curve differ by the divisor of a function, and are thus linearly
equivalent. The divisor of a differential is thus well-defined up to linear equivalence,
and we call it the canonical divisor.

Given two divisors D =Y ,np-P,E =) ,mp- P on a curve, we write D > E if
np > mp for all P € C. We say the divisor D is effective if D > 0. This leads to the
definition of the Riemann-Roch space of a divisor. Let C be a smooth irreducible curve
and let k¢ be the canonical divisor. Let D be a divisor on C. Then let L(D) = {f €
K(C)*: divf+ D >0} U{0}. This is the space of all functions on C that have zeroes
at least where D has zeroes and poles at most where D has poles. The space L(D) is

a finite-dimensional K-vector space. We write £(D) for the dimension of L(D).

Theorem 2.1.9 (Riemann-Roch). Let C be a smooth irreducible curve over an alge-

braically closed field K, and let ke be its canonical divisor. Further, let g be the genus
of C. Then

{(D)—tl(ke — D) =degD+1—g. (2.7)

Remark 2.1.10. In particular, putting D = ke and D = 0 gives deg ke = 2g — 2.

Using the Riemann-Roch theorem, and explicitly computing the canonical divisor
on a hyperelliptic curve, we can compute the genus of hyperelliptic curves, as in the
following Lemma. The proof of the lemma also serves as an example for how to

compute the divisor of a function on a curve.

Lemma 2.1.11. Let C/K be the hyperelliptic curve C: y*> = f(x). Let g = [%1.

The canonical divisor on C is

v {EQQ — 2)oo, if deg f odd 28)

g—1)(coT +007), if degf even
where oo and oo™, 00™ are the points at infinity. Thus the genus of C is g.

Proof. To compute the canonical divisor it suffices to compute the divisor of any
differential on C. We use w = dx for this. In the affine coordinate chart the curve is
defined by y? = f(z). At any non-Weierstrass affine point P = (g, yo) we have y # 0,

and so x— 1y is a uniformiser for P. Thus vp(dz) = vp(dx/d(x—1x¢)) = vp(dx/dx) = 0.
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At a Weierstrass affine point, we have P = (x¢,0), and y is a uniformiser for P. We
have vp(dz) = vp(dx/dy). Since 2ydy = f'(x)dx, we have vp(dx/dy) = vp(2y/f'(x)).
Since f(z) has no repeated roots, we have f'(x) # 0 at the point P. Thus vp(dz/dy) =
1 at an affine Weierstrass point.

We now consider the points at infinity. In the other coordinate chart, the curve is
defined by v? = f(u) = u29t2f(1/u). If deg f is odd, then there is a single point at
infinity, denoted oo, and v is a uniformiser. If deg f is even, then there are two points
at infinity, denoted oo™, 0o™; they are the solutions to u = 0,02 = f (0). In either case,
we have dz = d(1/u) = —Xdu. The order of u at co is 2 and the order of u at each
of oo™, 007 is 1.

)
Using 2udv = f'(u)du, we find ve(dz) = —20s0(u) + veo(v) = —3. Indeed, f'(u) is
invertible at co, and v* = ug(u) where g(0) # 0 gives u = v?/g(u) in a neighbourhood

If deg f is odd, we have v is a uniformiser at 0o, and 80 Vs (dz) = Veo(—

of oo.

If deg f is even, then u is a uniformiser at co™, 0o, and so
1
Voot () = Voot (——du/du) = —2. (2.9)
u

We can simplify by subtracting the divisor of y, which is the divisor of a function.

Let W denote the set of Weierstrass points on C. We can compute the divisor of y as

vy {ZPGWP— (29 + 2)o0, if deg f odd

2.10
Yopew P—(g+1)(c0" +007), if degf even. (2.10)

By subtracting the divisor of y from divdzx, we get exactly the statement in the

Lemma. L]

2.1.4 Mumford representation of divisors

We sometimes use the Mumford representation to represent divisors on the Jacobian
of a hyperelliptic curve. This is the way MAGMA represents points on the Jacobian,
and the MAGMA handbook has a good description (see [BCP97] for more details). The
representation is originally due to Mumford ([Mum07], and see also [Can87]), but they
only deal with the odd degree case.

Let D € Div’ C be a divisor representing a point on the Jacobian J of a C of genus g.
Let B be a degree g divisor on C. The Riemann-Roch theorem (Theorem 2.1.9) implies
that there is an effective degree ¢ divisor F such that D ~ E — B; indeed,

(D+B)={¢k—D—B)+deg(D+ B)+1—g; (2.11)
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the right hand side is at least 1, since ¢ is the dimension of a vector space, and is thus
nonnegative, and since deg(D + B) = g. But /(D + B) is the dimension of the space
of functions g € K(C) such that divg+ D + B > 0. Since (D + B) > 1, there exists
a nonzero ¢, and we can then let £ =divg+ D + B.

Now let f(x) be a polynomial of degree 5 or 6; let C: y? = f(z) be the corresponding
hyperelliptic curve of genus 2. We define

{200, if deg f =5,
My, =

2.12
oot +o007, if degf =6, (212)

which will play the role of B in the above. Let D € Div’C be a divisor; let E be
the effective divisor such that D ~ E — m,,, as above. The Mumford representation
of the divisor D expresses £ — m,, as a triple (a(x),b(x),d) as follows. First write
E = P, + P, for two points Py, P, € C.

If deg f = 5, then we first reduce the P, P, to remove any occurrences of co among
the P;; after possibly relabelling, we may assume we have points P, ..., P; in the affine
chart such that £ — goo = Zle P, — doo. Let P; = (x;,y;) be the coordinates of the
points. Let a(z) = H?Zl(x — z;) be the unique monic polynomial whose roots are
x1,...,Zq, with multiplicity. Let b(z) be the unique degree d — 1 polynomial such that
b(x;) = y; for each i = 1,...,d. The Mumford representation of D is (a(x),b(z),d). If
d = 0, then the representation is (1,0,0), which represents the identity point on the
Jacobian.

Now suppose deg f = 6. If P, = 1(P,), where ¢ denotes the hyperelliptic involution,
then Py + P, — oo™ — 0o~ is the divisor of the function z — z(Py), so represents the
identity point on the Jacobian; in this case, the Mumford representation is (1,0, 0).
This includes the case when {P;, P,} = {co",007}. If both Pj, P, are affine points,
then we let a(xz) = (z — z1)(x — x2) and let b(x) be the unique degree 1 polynomial
such that b(x;) = y; for each ¢ = 1,2. Next consider the case when precisely one
of the P; is affine, say P, = (x1,y1), and P, € {oo™, 007}, with (u,v)-coordinates
(ug,v2). In this case, we take a(z) = = — x1, and define b(x) of degree 2 such that
b(z1) = y1 and usb(1/uy) = vo. The remaining case is when both Py, P, are at infinity
and Py # ((P,). This corresponds to P, = P, with P; € {oo™, 007 }. Let (uy,v;1) be
the (u,v)-coordinates of P;. In this case, we let a(z) = 1 and define b(x) such that

u3b(1/uy) = vy. In all cases, dega(x) is even when deg f = 6.

Remark 2.1.12. The conditions of the form u3b(1/u) = v are due to the change of
coordinates (x,y) = (1/u,v/u3) between the two coordinate charts of the hyperelliptic

curve y* = f(x).
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Remark 2.1.13. This is unfortunately complicated to define properly, but not too
difficult to work with.

2.1.5 Igusa invariants

The Igusa invariants are geometric isomorphism invariants for hyperelliptic curves of
genus 2 over a field K ([Igu60]). Two hyperelliptic curves of genus 2 over K are
isomorphic over K if and only if their Igusa invariants are equal. Let C: y* = f(z)
be a hyperelliptic curve. The Igusa invariants of C are defined as explicit polynomials
(Iy: Iy: Ig: Ihp) in the coefficients of f(x) in the weighted projective space P(2,4, 6, 10).

It suffices to define the Igusa invariants in the case deg f = 6, since any hyperelliptic
curve is birational to one in this form. We thus give the Igusa invariants in the case
that deg f = 6. See Igusa’s original paper for his more general definition ([Igu60]).

Let x1,...,26 be the roots of f(x) in K. The symmetric group Sg acts on the
polynomial ring K[tq,...,ts] by permuting the ;. We now define a map

h: K[tl,...,tG] — K[tl,...,tﬁ]
(2.13)
#Stab56 ZJ

o€Se

where Stabg,(g) denotes the stabiliser subgroup of g. Let e be the map that sends
ti— x; for i =1,...,6. We now also the notation ¢;; to denote t; —¢;.

With this notation, we define the Igusa invariants as

I = fge(h@%ﬂgﬂgﬁ)),
= fé‘e(h(t%2t33t§1ti5t§6t§4)),
= ff?e( (tfzt 3t2 t25t 6t 475 475 5t >>7

I = 6106(1_[ tij)a

1<j

(2.14)

where fg is the leading coefficient of f(z). In particular, Iy = disc(f).

Remark 2.1.14. We will use the Igusa invariants to check whether the curves we find
in Chapter 3 are geometrically isomorphic to known curves in the literature, and also in
Chapter 5 to show that the curves we find that admit a (5,5)-isogeny are geometrically

nonisomorphic.

Example 2.1.15. Let C;: y* = 25+2+1 and Cy: y* = 2(2®+x+1) be two hyperelliptic

curves over Q. The MAGMA function IgusaClebschInvariants computes their Igusa
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muariants as

(—240 : 1620 : —119880 : —43531), (2.15)
(—960 : 25920 : —7672320 : —44575744), (2.16)

respectively. These are equal in the projective space P(2,4,6,10), since (2.16) equals
(2.15) scaled by 2. This reflects that C; and Cy are isomorphic over Q. On the other

hand, let C3: y*> = 2® + 22 + 1. MAGMA computes the Igusa invariants of Cs as
(—240 : 1620 : —119880 : 153344). (2.17)

There is no d € Q  such that (d®Iy: d*I,: d®Ig: d"°I,o) is equal to both (2.15) and
(2.17), and thus the Igusa invariants of C; and of C3 are not equal. Consequently, C;

and C3 are not geometrically isomorphic.

2.2 Abelian varieties

Definition 2.2.1. Let K be a field. An abelian variety A/K is a proper variety A
with a distinguished point 0 € A(K) and morphisms m: Ax A — A and [—-1]: A — A
such that m (the group law) and [—1] (the inverse map) satisfy the axioms of a group.

If A is an abelian variety over a field K, then the set of rational points A(K) is a
group. Jacobians of curves are group varieties, with the group law inherited from the

divisor group of the curve.

Theorem 2.2.2 (Mordell-Weil ([Wei29])). Let A be an abelian variety over a number
field K. Then the group of rational points is finitely generated. Thus, there is a finite
abelian group Aios(K) and a nonnegative integer r such that A(K) = Aios(K) X Z7.

Definition 2.2.3. Let A and B be abelian varieties over a field K. An isogeny is a

surjective map ¢: A — B with finite kernel.

An important example of an isogeny is the multiplication-by-m map, defined for
each nonzero m € Z. We denote the isogeny by [m]|: A — A.
For all a € A, we let t, denote the translation-by-a map A — A. Given a line

bundle L on an abelian variety A we can define the map

vr: A — Pic(A) (2.18)
ars tiL@ L (2.19)
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Theorem 2.2.4 (Riemann-Roch for abelian varieties ([Mum70])). Let L be a line
bundle on an abelian variety A. Then L = O(D) for some divisor D on X. We have

(i) x(L) = (D9)/g!,

(i) x(L)* = deg oy,

where (DY) is the gth self-intersection of D.

2.2.1 The dual abelian variety

We give a brief description of the dual abelian variety, following Milne in [Mil], and
refer there for further background. We first introduce some notation. Let A be an
abelian variety. Suppose T' is a K-variety, with ¢: Spec K (t) — T a given K (t)-point;
then we write A; for the product A X Spec K (t).

We define the Picard variety of an abelian variety A as the group of invertible
sheaves on A. We define Pic’ A as the subgroup of invertible sheaves £ € Pic A that

satisfy t2£ = L for all a € A(K). Let T be a K-variety. We define a family of degree-0

invertible sheaves parametrised by T as an invertible sheaf £ on A x T satisfying
(i) L]axin€ Pic’(Ay) for all t € T, and
(ii) Llgoyxr is trivial.

We temporarily refer to such a pair (T,L£) as a K-pair for A. We define the dual
abelian variety as a K-pair (AY,P) for A satisfying the following universal property:
for any K-pair (T, L) for A there exists a unique regular map f: T — A" such that
L=(1xf)P.

Letting T be a field extension K’ of K, the points AY(K’) are in bijection with
Pic® Ax,. Thus we can represent points of AY(K') by divisors on Ag.

A polarisation of an abelian variety A is an isogeny A\: A — AY such that over K

there is an ample invertible sheaf £ such that A is the map

A(K) — Pic(Ag)
(2.20)
arstiLe L
Given an isogeny ¢: A — B of polarised abelian varieties, Milne defines the dual
isogeny ¢": BY — AY in [Mil]. If A is principally polarised, with polarisation A4: A —

AV, and B is polarised, with polarisation \g: B — BY, we can define the composition
v AL
B 28 BY £ 4Y 24, 4, (2.21)

which we also refer to as the dual isogeny when it is clear from context.
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Remark 2.2.5. In the case that ¢: A — A is an endomorphism of abelian varieties,
and \: A — AV is a principal polarisation, then ¢ — A\t o @Y o X\ is the Rosati

involution (see [CS86] for more about the Rosati involution,).

2.2.2 The Weil pairing

We first give the general definition of the Weil pairing on an abelian variety, which
generalises better to the Weil pairing e, of an isogeny, and then give a definition more
suitable for computations.

We follow Milne for this section ([Mil]). Let A be an abelian variety over a field
K. For an integer n > 2, we define the Weil pairing

en: Aln] x AV[n] = py, (2.22)

as follows. Let a € A[n](K) and let ' € AV[n](K). As in Section 2.2.1, we can repre-
sent @’ by a divisor D on A. Let £ be the invertible sheaf corresponding to the divisor
D; since £ € Pic’ A, we have [n]*L = L£" (see [Mil, Remark 8.5]). The equivalent
statement in divisors is that [n]*D is linearly equivalent to nD, and since a’ € AY[n]
we have nD ~ 0. In particular, there are functions f,g on A such that div f = nD
and divg = [n|*D. Following Milne (and compare with [Sil09, Section IIL.8] for the

elliptic curves case), we have
div(f o [n]) = [n]"div f = [n|*(nD) = n([n]*D) = ndivg = div g". (2.23)

Hence ¢"/(f o [n]) is a rational function on A without zeroes or poles and is therefore

constant, say ¢" = ¢(f o [n]) for some ¢ € K*. Let © € A; then

9"z +a) = cf([nl(x + a)) = cf([n](x)) = g"(x), (2.24)

which implies = — ¢"(x 4+ a)/g"(x) is the constant map 1, wherever it is defined.

The image of the map x — g(x + a)/g(x) is thus contained inside p,,. A map from

a complete variety to an affine variety is constant, and so we identify the map with

g(x+a)/g(x) € p, for any z € A at which the map is defined. Thus we define

g(x +a)
g(x)

for any x € A at which the right hand side is defined.

en(a,a’) = € fin (2.25)

Given a polarisation A\: A — AV, we can then define the pairing

e): Aln] x Aln] = pin,

en(a,b) = e, (a, \b). (2.26)
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An alternative definition of ¢, Let f € K(C) be a function defined on a curve.
If D=3 ,np-P eDivC is a divisor and if D and div f have disjoint support, then

we define
7o) =TTspy. (2.27)
If ¢ € K*, then
(c- (D) = [[(e- P = =P f(D). (2.28)

P

Hence if deg D = 0, then f(D) is independent of scaling f by a constant.

Remark 2.2.6. Note the difference between (c- f)(D) and c- (f(D)). The former is
the function c - f evaluated at the divisor D, and the latter is f(D) multiplied by the

constant c.
Then we can define the Weil pairing on degree zero divisors as follows.

Proposition 2.2.7 ([How96]). Let Dy, Dy € Div’C be divisors representing n-torsion
points in J(C). Then there are functions h; € K(C)* such that divh; = nD;, for
1t =1,2. The Weil pairing satisfies

en: Jnl x Jn] — pn

ho(D1) (2.29)
hi(Dy)

€n(D1>D2) =

The following well-known lemma shows explicitly that the Weil pairing is well-
defined on the Jacobian. There are many proofs for the elliptic curve case, but I
couldn’t find an exact reference for the more general case. We give the proof as it is

instructive for computing the Weil pairing.

Lemma 2.2.8. The Weil pairing e, is well-defined on the Jacobian. That is, if D ~
D}, then e, (D1, Ds) = e,(D}, Ds).

Proof. Suppose we replace Dy with D] where divg = Dy — D] and hy with b}, where

div b} = nD}. Then we want to show the Weil pairing is invariant; that is,

- . (2.30)
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We start with the right hand side and rearrange:

ha(D1) . he(Dy — div g)
Wi (Dy) — hi(Dy) (R /hi)(Ds) (2.31)
_ hy(D1) 1

 n(D2) ho(divg) (7 /hn)(Ds)

(2.32)

To show the result it is equivalent to show that hs(divg) = (hy/h})(D2). Using

WEeil reciprocity, this is equivalent to

But divhy = nD,, so that g(divhy) = ¢"(Ds2). Moreover, divg" = nD; — nD)| =
div(hi/h}). Hence g™ and h;/h} differ by a constant, and so are equal when evaluated
on divisors.

We can show similarly that we can replace Dy by a linearly equivalent D). Hence

the Weil pairing is invariant on replacing divisors with linearly equivalent divisors. [

Remark 2.2.9. Note that if we just replace Dy by D} = Dy +div g, and don’t replace
hi by b}, then we find

ha(Dy) - ho(Dy + div g) B ha(Dy) )
hl(DQ) - h1<D2) - hl(DZ) 'hQ(dIVg) (2-34)
= e,(D1, Dy) - g(div hy) = e, (D1, D2) - g(D2)", (2.35)

so that e,(Dy, D) is well-defined modulo K(g, D)™™, where K(g,Ds) is the field of
definition of g and Dy. In particular, if Dy, D}, Dy are defined over K, then we can
compute e,(D1, Dy) = modulo K*™ by just computing he(D})/hi(Ds). This can be
useful when the supports of D1 and Dy are not disjoint, as then one of hy or hy can

have a zero or pole along Dy or D;.

The Weil pairing for an isogeny We now define the Weil pairing for an isogeny

of abelian varieties. This is the definition given in [Sch98§].

Definition 2.2.10. Let ¢: A — B be a degree n isogeny of abelian varieties, and let
pV: BY — AY be the dual isogeny. Let D € Alp] and let E € BY[p"]. Let D" be
a dwisor on AV representing D and let g be a function on BY with divisor ¢¥ ' D’
Then define

eo(D, E) = g(B+ X)/g(X) (2.36)
for any X € BY for which the right hand side is defined.
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Suppose ¢: J — J' is an isogeny of Jacobians, and let A\: J — JY and \': J' —
J" be the canonical principal polarisations. Let ¢ = A~1pV )\, as in Section 2.2.1.
Then we can define the p-Weil pairing with respect to X' as

e Tl x TP = pm
<P7 Q) = e@(P7 Al(@))

Where it is clear from context, we drop the superscript for the polarisation.

(2.37)

The Weil pairing is compatible Let ¢: J — J’ be an isogeny, and let ¢': J" —
J be its dual, so that ¢’ o = [m] for some integer m. The Weil pairing is compatible,

in the sense that the following diagram commutes:

JIm] x J¢]
<p><1d> M, (238)
J'¢'] x Tl¢]

More generally, let [J; 2 T 2 T be a sequence of isogenies, so 1 is an mq-

isogeny and ¢y is an mo-isogeny. Then the following diagram commutes

Jilp201] X Ts]h)]

Cpap

o1 xid JUB— (2.39)

€pg

Jalpa] x Ts[¢h)

Remark 2.2.11. The first commutative diagram shows that on J[m] X J[¢] we have
em(D, E) = e (¢(D), E). This shows that if we restrict to J[p] x J|p], then we have
em(DvE) = 690(90(D)7E) = eSD(Oa E) = 1; since D € ‘7[50]

2.2.3 Principally polarised abelian surfaces

Let X be an abelian variety over an algebraically closed field K. Let G = Y"1 | C; be
an effective 1-cycle on X, and let D be an ample divisor on X. Let J; be the Jacobian
of C;. The Albanese variety of a curve C is its Jacobian, 7. Thus, given a curve C
contained in an abelian variety X, the inclusion ¢: C < X and the Abel-Jacobi map
u: C = J induce amap f: J — X. Now let f be the map J(C;) x---x TJ(C,) = X,

with the ith component defined as in the previous sentence for C;.
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We say (X, D, Q) is a Jacobian triple if f is an isomorphism of abelian varieties

and f*D gives a principal polarisation for J(Cy) x --- x J(C,,).

Theorem 2.2.12 (Matsusaka-Ran criterion ([Col84))). Let X be an abelian variety
of dimension g over an algebraically closed field. Let G be an effective 1-cycle that

generates X and let D be an ample divisor on X such that deg(G - D) = g. Then
(X, D, Q) is a Jacobian triple.

Corollary 2.2.13 ([And17]). Let X be a principally polarised abelian surface over an
algebraically closed field. Then either X = J(C) for a genus 2 curve C, or X = E1 X Ey
for elliptic curves Fy, Es.

Proof. Let L = O(D) be the principal polarisation of X. By the Riemann-Roch
theorem for abelian varieties (Theorem 2.2.4), we have x(O(D))? = deg £ = 1, since £
is a principal polarisation. Since O(D) is ample, we conclude that x(O(D)) = 1. Also
by the Riemann-Roch theorem for abelian varieties, we have x(O(D)) = (D9)/g! =
(D-D)/2. Thus (D - D) = 2.

We can now apply the Matsusaka-Ran criterion to the effective 1-cycle D. If D
is irreducible, then D is a smooth curve and X = J(D). Also, ¢(D) = dim J (D) =
dim X = 2, so D has genus 2. If D is reducible, then D = D; + Dy for two smooth
curves Dy, Dy, and we have X = J(D;) x J(D3). Thus dim J(D;) + dim J (D) =
dim X = 2, so dim J(D;) = 1 for i = 1,2. Consequently, the D; are both elliptic
curves, so J(D;) = E; for elliptic curves Ej, Es. O

Remark 2.2.14. The principally polarised abelian varieties that are isomorphic to a
product of elliptic curves form a closed subset. Thus Jacobians of genus 2 curves are

dense in the moduli space of principally polarised abelian surfaces.

Proposition 2.2.15 ([CS86], Proposition 16.8). Let f: A — B be an isogeny of degree
prime to char k, and let \: A — A be a polarisation of A. Then A = f*(\') for some
polarisation N' on B if and only if ker f C ker A and e is trivial on ker f x ker f.

This implies the following useful corollary.

Corollary 2.2.16. Let A be a principally polarised abelian variety, and let ¥ C Alm)].
Then A/ is an abelian variety. If 3 is isotropic for the m-Weil pairing and #3 = m9,
then A/Y is principally polarised.
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Proof. Let A4 be a principal polarisation for A. Consider the polarisation n = A4 0 [m]
of A. If ¥ is isotropic for the m-Weil pairing, then e} is trivial on ¥ x 3. Let
f: A — A/Y be the quotient map. We have ker f = 3 C A[m] = kern and thus by
Proposition 2.2.15, there is a polarisation " on A/X such that n = f*(1/).
Comparing degrees, we have degn = (deg f)?degn’. By assumption, #ker f =
#3 = m?. Also, degn = deg(Aa o [m]) = deg(Aa) deg([m]) = m?, where g = dim A.
This implies degn’ = 1, so that 7 is a principal polarisation on A/¥. [

2.3 Simplicity of Jacobians

Let A be an abelian variety over a field K. We say A is simple if the only abelian
subvarieties of A are 0 and A. Otherwise we say that A is split. By Poincaré’s complete
reducibility theorem (see Theorem 1 in section 19 of [Mum?70]), given an abelian variety
A, there are pairwise non-isogenous abelian varieties Ay, ..., A, and positive integers
n; such that A is isogenous to A7* X --- x A. The A; are unique up to isogeny and
the n; are unique.

We say that A is simple or split over an extension F' of K if the base change Ap is
simple or split, respectively. If A is split over F', then the abelian varieties Ay, ..., A,
and the isogeny A — A}* x---x A are defined over F'. We say that A is geometrically
split (or absolutely split) if A is split over the algebraic closure K, and otherwise say

that A is geometrically simple (or absolutely simple).

2.3.1 The characteristic polynomial of Frobenius

Let X be a scheme over the finite field £ = F,, where char £k = p. We define the
Frobenius endomorphism F' of X to be the identity on the topological space X and
the homomorphism f — f¢ on structure sheaves. If A is an abelian variety over k and
¢ # pis prime, then the Frobenius endomorphism F' of A induces an endomorphism of
the Tate module Ty A. This endomorphism has an associated characteristic polynomial,
which we denote by P4(t). The polynomial P4(t) is monic of degree 2dim A and lies
in Z[t] (see [Mum70], section 19, Theorem 4).

The following theorem of Tate relates abelian subvarieties of an abelian variety to

factors of its characteristic polynomial.

Theorem 2.3.1 ([Tat66], Theorem 1). Let X and Y be abelian varieties defined over
a finite field k. Let Px and Py be the characteristic polynomials of their Frobenius

endomorphisms over k, respectively. Then the following statements are equivalent:
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1. 'Y is isogenous over k to an abelian subvariety of X defined over k;
2. Py divides Px.

Thus if P, is irreducible, then A is simple over k.
Let C be a curve of genus g over a finite field IF,, and let J be the Jacobian of
C. By the Weil conjectures, the characteristic polynomial of Frobenius of J over F,

factors as
g

Py /Fy =[]t - i)t — ) (2.40)

i=1
for some complex numbers «; such that a;a; = g. We can also do this over extensions
of F,, and the Weil conjectures relate Py/F, to Py /F, for n > 1. In particular,

g

Py /Fp =[]t - i)t — ). (2.41)

i=1
That is, the «; in each factor over F, is replaced by af. Note that Py /F, is always
considered as a polynomial over Z[t].

If instead C and J are defined over a number field K, we can consider their re-
duction modulo a good prime p of K. If J/K is split, then we can also reduce the
isogeny that splits it, and see that J/F, is split. In particular, if the Jacobian is
geometrically split, then it must split over a finite extension of the number field K,
which corresponds to a finite extension of F, = O /pOk, given by F,» for some n.
Thus, if for all n > 1 the polynomial Ps/F is irreducible, then J /K is geometrically

simple.

Computing the characteristic polynomial of Frobenius In the following propo-
sition by a nice variety we mean a smooth, projective, geometrically integral variety.

Then a nice curve is a nice variety of dimension one.

Proposition 2.3.2 ([MZ13]). Let C be a nice curve of genus g over F,, and let J be

its Jacobian. Then
Pr(t) =19+ at™ "+ a,iqgt" " +¢°. (2.42)
i=1 i=1

The numbers a; are determined by the following congruence

1t ayt+--agt? = (1—t)(1 — gt) Z(C, ) (2.43)
=(1—-t)(1—qt)exp (Z #C(]Fqn)%) (mod #11). (2.44)
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Thus the point counts #C(F») for n < g determine Py(t) for J/F,.

Example 2.3.3. Let N,, = #C(Fn). For convenience we give the first few terms of
(1 =8)(1 = gt)exp (3,51 Na'y):

1 1
1+ (=q+ Ny — Dt + (—gNy +q + §N12 — N+ §N2)t2
1 1 1 1 1 1 1 9.45

This suffices to compute the characteristic polynomial of Frobenius for a genus 3
curve. The following curve is from the family of genus 3 hyperelliptic curves in [Mes09]
with v = 2,a; = 1,a3 = 2,a3 = 7 (with a; not to be confused with the a; from zeta

functions):
y? = 22° — 52" — 182° 4 502° + 262" — 1152° + 182* + 70z — 28. (2.46)

The point counts for ¢ = 11 are (N1, No, N3) = (14,152,1322). This gives 1 + ayt +
ast? + azt® = 1+ 2t + 17t* + 28t% (mod t*). Thus the characteristic polynomial of

Frobenius of the Jacobian over Fyiq is

Pry(t) =18 +26° + 174 + 28¢% + 17 - 114% + 2 - 11% + 117 (2.47)
=10 4 2t + 17t + 28¢% + 1871 + 242t + 1331. (2.48)

We implement this in zeta_function.m in [Nicl§].

2.3.2 Leprévost’s method

The following proposition of Leprévost uses this idea to provide a criterion for Jaco-

bians of genus 2 curves to be geometrically simple.

Proposition 2.3.4 ([Lep95]). Let C be a curve of genus 2 over Q and let J be its
Jacobian. Let p be a prime of good reduction for C and let C and J denote the
reductions of C and J over the finite field F,. Let P; € Z[z] denote the characteristic
polynomial of Frobenius of J. If the Galois group of P3 is isomorphic to Dg, the
dihedral group on 8 elements, then J/Q is geometrically simple.

Proof. Let K = Q(a), where a is a oot of P . Let L/Q be a Galois closure of K. By
assumption Gal(L/Q) = Dg. If P;  were reducible, then it would have an irreducible
factor of degree at most 3, so the Galois group would have order dividing 6. Therefore
P; , is irreducible, and [K: Q] = 4.
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Suppose that J/Q is geometrically split. Then it must be split over a finite ex-
tension M/Q. If M has degree n, then P; . factors into quadratic factors over the
residue field ky = Oy /pOyy, where p is a prime of Oy lying above p. Thus o™ is a
root of one of the quadratic factors of P; , and so defines a degree 1 or 2 subfield of
K.

Let 3, B denote the other conjugate pair of roots of P;. Then P; . = (22 — A,z +
p") (22 — Byx 4 p"), where A, = o” +a" and B,, = " + B". If the split happens over
M, then 22 — A,z + p™ € Z[z], and so A, € Z. Note also that A; ¢ Q (else the split
happens over Q).

We know that A; € K and that Q(A;) is fixed under conjugation, while Q(«) is
not. Hence Q(A;) # K, and so must be a degree 2 subfield. Moreover, by the Galois
group, K has a unique degree 2 subfield. Hence o™ C Q(A;). But then o is real, and
so p" = a"a™ = o®". Finally, we get o = ¢ /P for some root of unity (.

But then K C Q((, 1/p), which is an abelian field. Thus K/Q is Galois, so L = K.
But this contradicts Gal(L/Q) = Ds, which has size 8, not 4. O

2.3.3 Stoll’s method for absolute simplicity
Stoll also has a method for proving absolute simplicity of Jacobians of genus 2 curves.

Proposition 2.3.5 ([Sto95]). Let C be a genus 2 hyperelliptic curve over Q, and let
J be its Jacobian. Let p be a prime of good reduction for C and let C and J be
the reductions of C and J at p, respectively. Let ay,ao be as in the characteristic

polynomial of Frobenius of J over F,. Define

-2 2 _2a9 — 2 -2

p p p
If Wz, is coprime to the cyclotomic polynomial o, (x) forn € {1,2,3,4,5,6,8,10, 12},
and if P;(t) is irreducible, then J is geometrically simple.

Proof. Let g be a power of a good prime p for C. The characteristic polynomial of

Frobenius of J over T, is
th+ a1t + ast® + arqt + ¢°. (2.50)

Let N, = #C(F,) for 7 = 1,2. Then

CLl:Nl—q—l (251)
1
ag = 5(N2 +a?—q¢*—1). (2.52)
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Suppose that J is isogenous over Q to a product of elliptic curves Ey, Ey. Then we
can replace Q by a finite extension M of Q (the field of definition of the two elliptic
curves and the isogeny). Then consider the characteristic polynomial of Frobenius at

a place p above a good prime p of 7. We find

Pj/p<t) = PEl/p(t>PE2/p(t)' (2.53)

Let p™ be the norm of p, and write

Piep(t) = t* + art® + axt® + aypt + p? (2.54)
=(t—a)t—a)t—p)(t-p) (2.55)
= (t* — At + p)(t* — Bt +p), (2.56)

where A = o +a& and B = 3+ 3. The Weil conjectures imply aa = 33 = p.
Also by the Weil conjectures, the characteristic polynomial of Frobenius for J /p

satisfies

Pg,(t) = (t —a")(t —a")(t = B")(t — B") (2.57)
(1? = Apt + p™)(t* — Byt + p"), (2.58)

where A, = o™ + &" and B, = 3" + ™.

Now, if J factors into a product of elliptic curves over M, then the characteristic
polynomials of Frobenius of the elliptic curves must be the factors in the above. This
is only possible if A, and B, are both rational. Now note that A + B = a; and
AB = ay — 2p (by multiplying out the expression above) are both rational. Hence,
symmetric polynomials in A, B are also rational. In particular, A, + B, is rational
(for example Ay + By = o + a2+ 3%+ 32 = A%+ B? — 4p). Thus A, and B, are both
rational if and only if A, — B, is rational. Let A, = (A, — B,,)?. Then A, and B, are
rational if and only if A, is a square in Q. Note that A, is a symmetric polynomial
in A, B, so is in Q.

The result is that P;  factors only if A, is a square in Q. We can also relate this
to A; by defining g, = (A, — B,)/(A — B), which is a symmetric polynomial in A, B
and thus lies in Q. We have A, = g2A;. Hence A, is a rational square if and only
if Ay is a square or if A, = 0. The first case gives A; is a square so P;  is already
reducible. The second case gives A,, = B,,. Hence the polynomials 22 — A,z + p" and
22 — Bpx + p" are equal, so have the same roots. In particular, o™ = " or o™ = ™.

Hence (a/B8)" =1 or (a/B)" = 1. Thus an nth root of unity satisfies
(z —a/f)(x—a/B)(z — a/B)(z — a/B), (2.59)
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which simplifies to W 7 (z). This is possible if and only if the nth cyclotomic poly-
nomial ®,,(x) divides the polynomial. For degree reasons, this implies n is in the set

{1,2,3,4,5,6,8,10,12}. O

2.3.4 Cassels and Flynn’s criteria

In the other direction, Cassels and Flynn provide the following sufficient conditions

for the Jacobian of a genus 2 curve to be split.

Proposition 2.3.6 ([CF96, Theorem 14.1.1]). Let C be a genus 2 curve. The following

properties of C are equivalent:
(i) the curve is birational to
y? = c32® + cort + 1 2® + ¢, (2.60)
containing only even-degree terms in x;
(i1) the curve is birational to
y* = G1(2)Gy(2)Gs(x), (2.61)
where the quadratics Gi(x) are linearly dependent;
(i1i) the curve is birational to
y? =z(z — 1)(z — a)(x — b)(z — ab), (2.62)
for some a,b.
If one, and thus all, conditions is satisfied, then the Jacobian of C is split.

Remark 2.3.7. Going from (ii) to (i) may require a quadratic extension. Going from
(i1) to (i) requires that we split two of the G;. Going from (i) to (ii) may require a
degree siz extension, since we need c(z?) to split, where degc = 3. Going from (iii) to

(i) is rational.

2.4 Criterion for simplicity of Jacobians

We are interested in finding torsion points on Jacobians of curves, and also in whether
the Jacobians we find are geometrically simple or geometrically split. Given an N-

torsion point on a Jacobian J; and an M-torsion point on a Jacobian [J5, we can
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often glue J; and J; together to form the split abelian variety J; x Jo with an N M-
torsion point. When we find an N-torsion point on the Jacobian of a genus g curve,
therefore, we want to either rule this out (if it is geometrically simple), or understand

the splitting.

Remark 2.4.1. Note that even in the situation of Ji,...,J, with Ny, ..., N, torsion
points, respectively, it is not always possible to define Jy X -+ X J, as a Jacobian
of a curve over the same field. The situation for genus 2 and 3 is well-described in
[HLPOO], and developed further in [Howl4]. For example, even though there is an
elliptic curve with a 7-torsion point and an elliptic curve with an 8-torsion point, it is

not yet known if there is a Jacobian of a genus 2 curve with a 56-torsion point (see

[How1/]).

The papers [PP12a], [PZP13], [Plal4], [Krol5], [Kro17], [Mes09] [Lep95] all discuss
the problem of showing that a Jacobian of a curve is simple. All except for [Mes09]
deal with dimension 2 Jacobians.

The criteria from Section 2.3 apply to Jacobians of genus 2 curves only, while we are
interested in Jacobians of higher genus curves. We now give a new criterion for a given
Jacobian of a curve to be simple, using the characteristic polynomial of Frobenius of
the Jacobian of a curve. Similar arguments appear in e.g. [HZ02] and [MZ13], but this
criterion doesn’t seem to be explicitly stated anywhere. Its main advantage is that it
applies to curves of higher genus, so that we can show some of the genus 3 and genus

4 curves we find have geometrically simple Jacobians.

Proposition 2.4.2. Let C/Q be a curve of genus g and let J be its Jacobian. Let
p be a prime of good reduction for C and let C and J denote the reduction of C and
J modulo p, respectively. Let P3(t) be the characteristic polynomial of Frobenius of
J. Suppose that P is irreducible; let o be a root of Pz, and let K = Q(«). Suppose
all strict subfields of K are totally real. Suppose further that t** — p™ and Pz (t) are
coprime for all n with deg ®,(t) < 2g, where ®,(t) is the nth cyclotomic polynomial.

Then J is geometrically simple.

Proof. Let Pj (t) be the characteristic polynomial of Frobenius for J over Fpn. It
suffices to show that Pj’n(t) is irreducible for each n > 1. For, if 7 splits into a product
of two abelian varieties over Q, then it splits over a finite, say degree n, extension of
Q, and then P;  is reducible.

Recall from the Weil conjectures that if the roots of P are ay, ay, . .., ay, @,4, then

the roots of Pz, (t) are of,af,...,ay,ay. For a polynomial f(t) € Q[t] with root
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B, we have [Q(B): Q] = deg fi(t), where fi(t) is an irreducible factor of f(¢) such
that f1(8) = 0. It always holds that Q(a") C Q(«), and equality holds if and only if
P3 ,(t) is irreducible.

Thus, for J/F,» to be split, we must have Q(a”) # Q(«). Suppose this holds. By
assumption, all strict subfields of Q(«) are real, and hence a" is real. By the Weil
conjectures, ac = p, and hence p" = a"@" = o?". Thus « is a common root of 2" — p"
and P (t). Moreover, o /p is an nth root of unity lying in K. We can thus restrict to
the values of n for which K could have an nth root of unity. Since K has degree 2g,

this is precisely {n: deg®, < deg P;}. This contradicts the assumption that ¢*" — p"

and P; are coprime for all these n. O

Remark 2.4.3. In practice, using the criterion at a range of small primes, we can
often show that Jacobians of curves of genus 2, 3 or 4 are simple. Note that if the

criterion does not hold, this does not imply that the Jacobian is split.

We provide MAGMA code in the file zeta_function.m in [Nicl8§].
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Chapter 3

Large rational torsion

3.1 Torsion on Jacobians of hyperelliptic curves

We now move on to finding large rational torsion points on Jacobians of curves of
higher genus. Let C be a curve over a number field K and let J be its Jacobian. For
a positive integer N, we say that a point D € J(K) is an N-torsion point if ND ~ 0
and we say it has order N if N is the smallest positive integer with this property.

We introduce the notation Jsmple(g, V), Tsplit (95 V), Teither (95 V) to denote the mod-
uli spaces of Jacobians of genus ¢ curves with a rational torsion point of order N that
are, respectively, geometrically simple, geometrically split, or either geometrically sim-
ple or geometrically split.

Mazur’s theorem ([Maz77]) gives a complete description of the orders that can
occur for points on elliptic curves over Q. The only possible orders are 2 < N < 10
and N = 12. For each order, there is also a known family of elliptic curves that have
a point of this order.

In higher genus this problem has only been studied from the direction of producing
torsion points, as opposed to showing that a particular integer N cannot occur as the
order of a point of a Jacobian of a curve of genus at least 2. The problem naturally
divides into geometrically split Jacobians and geometrically simple Jacobians.

In the geometrically split case, one can try and find Jacobians of higher genus
curves that have Jacobians of lower genus curves as factors. In genus 2 and 3 the main
contribution is [HLP0O0], which contains many curves of genus 2 and 3 with torsion
subgroups of large order.

We mainly study the geometrically simple case. In this chapter we study the
values of NV that can occur as the order of a rational divisor on a geometrically simple
Jacobian of a hyperelliptic curve of genus at least 2. This is a well-studied problem,

so we first summarise what is known.

29



3.1.1 What is known already

We first summarise which torsion orders are known to occur, and in which papers to
find them. The following is intended only for reference, and the reader should not feel

the need to read it all. Tables 3.1, 3.2 and 3.3 summarise the discussion.

Torsion points on curves of fixed genus Flynn studies genus 2 curves with
torsion points in [Fly90a] and uses ‘degenerate addition’ to find families in JFeither (2, N)
for N = 11,13. Leprévost finds 1-parameter families in Jeiher (2, N) for N = 17,19, 21,
though he does not discuss the simplicity of their Jacobians ([Lep92]). Ogawa finds a
1-parameter family in Jeitner(2,23) ([Oga94]).

In [Lep95], Leprévost introduces his method for determining whether a Jacobian
of a genus 2 curve is geometrically simple (Proposition 2.3.4), and finds points in
Jsimple(2, N) for N = 22,23,24,26,29. He also finds points in Jyie(2, N) for N =
91, 24,25, 27.

Remark 3.1.1. Note that although Leprévost showed the Jacobian of the genus 2 curve
with an order 25 point is simple over Q, he did not show that the Jacobian was geo-

metrically simple; subsequently, Platonov et al. showed the Jacobian was geometrically

split [PZP13].

Bernard et al. enlarged Flynn’s 1-parameter family of Jacobians of genus 2 curves
with an order 11 point to find 18 curves that are pairwise not isomorphic over Q and
also not Q-isomorphic to any curve in Flynn’s family whose Jacobians have a point of
order 11 ([BLP09)).

Platonov and Petrunin find points in Jample(2, N) for N = 14,18, 28, 33 and points
in Tt (2, N) for N = 28,36, 48 ([PZP13)).

Elkies has a website [Elk18] with some genus 2 curves whose Jacobians have torsion
points of large order. He finds points in Jgmple(2, N) for N = 34,39, 40 and a family
of solutions in Jsimpie(2, 32), though he doesn’t write down the family.

Remark 3.1.2. Elkies mentions an unpublished preprint by Leprévost in which Leprévost
obtains an infinite family of genus 2 curves whose Jacobians have a point of order 30,

but we have been unable to see this family.

Howe studies mainly geometrically split Jacobians in [How14]. He finds a family of
genus 2 curves parametrised by a rank-2 elliptic curve whose Jacobians are geometri-

cally split with a point of order 48. This comes from specialising a family with a point
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of order 24. He also finds a single point in Jsp1i¢(2, 70), a single point in Jgimple(2, 27), as
well as several points in Jeitner(2, N) for N = 27,28 and a single point in Jmple(2, 39).

In the split case in genus 2, Howe et al. find a family of genus 2 curves parametrised
by P? whose Jacobians have a point of order 24; a family parametrised by a positive
rank elliptic curve whose Jacobians have a point of order 35; a family parametrised
by a positive rank elliptic surface whose Jacobians have a point of order 40; a family
parametrised by a positive rank elliptic curve whose Jacobians have a point of order 45;
a family parametrised by a positive rank elliptic curve whose Jacobians have a point
of order 60; and a single curve whose Jacobian has a point of order 63 ([HLPO0O]).

We now discuss genus 3 and 4. Flynn finds a family of solutions in Jeither(4, 29)
([Fly90a]). Kronberg finds single points in Jeither(3,41) and Jeither (4, 71) ([Krol5]). I
checked the Jacobians are geometrically simple using Proposition 2.4.2.

Howe et al. also study geometrically split Jacobians of genus 3 curves. They find
a family of genus 3 hyperelliptic curves parametrised by a positive rank elliptic curve
whose Jacobians have a point of order N for N = 24,30 ([HLPO00]).

Torsion growing with genus A variant of this problem is to find families of curves
with torsion points of order depending on the genus, g. Here we summarise the known
families.

Flynn introduced the idea in ([Fly91]) by finding 1-parameter families of solutions
in Jeither(g, V), depending on the genus, for all N € [2g,3g], where g > 1. He also
found a 1-parameter family of solutions in Jeitner (¢, 29 +2g+1). When g > 2 is even
he found 1-parameter families of solutions in Jeitner(g, V) for all N € [¢? +2g+ 1, g* +
3g + 1]. All of these curves are hyperelliptic.

Leprévost extended this by finding a 1-parameter family of solutions in Jeither (9, 2g%+
29+ 1) and Jeitner (9, 29> +3g +1) ([Lep92]). The first family was already contained in
[Fly91], but Leprévost studied it further. In [Lep97], Leprévost found a 1-parameter
family of solutions in Jeither(g,29(2g + 1)); the curves are hyperelliptic. When g > 2
is even, he found a single point in Juitner(g, 29> + 59 +5). If g > 2 and g =1 (mod 4),
he found a single point in Jeither (9, (2% +5g+5)/4). And if g > 2 and g = 3 (mod 4)
he found a single point in Jeitner (g, (2% + 5g + 5)/2). All of these are Jacobians of

hyperelliptic curves.

Remark 3.1.3. We verified using Proposition 2.4.2 that, when g = 4, one of the

curves in Leprévost’s family with an order 2g(2g + 1) point is geometrically simple.

In [DS18], Daowsud and Schmidt found an infinite family of solutions in Jeither(g, 11)

for each g > 2; their method uses continued fractions.
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3.1.2 Summary of results

Tables 3.1, 3.2 and 3.3 summarise the discussion above, including the families of curves
growing with genus. We also include the curves that we found using the methods
described later in this chapter. To simplify the table, if there is an N-torsion point
later in the table, and if M divides N then we sometimes write * for the entry for M
in the table. We write t to denote that the paper contains a parametrised family of
curves, but this is not exhaustive: if an entry lacks the { the paper may still contain
a parametrised family. The unverified column in the tables means there is a known
curve of that genus whose Jacobian contains an order N point, but the Jacobian has
not been shown to be geometrically simple or geometrically split.

In genus 2, we provide the first known example of a hyperelliptic curve with ge-
ometrically simple Jacobian having a point of order 25 (Example 3.1.7). Depending
on whether the family mentioned by Elkies in Remark 3.1.2 consists of geometrically
simple Jacobians, our example of geometrically simple Jacobian of a genus 2 curve

with a point of order 30 may also be new (Example 3.1.8).

3.1.3 Original method

Flynn ([Fly90a]) introduced the following idea to find large order torsion points on
Jacobians of curves. Suppose a Jacobian has the rational divisors Dy, ..., D, € J(K),
satisfying the relations

n

ZaijDi ~ 0, (31)

i=1
for i = 1,...,m, where a;; € Z. We can express this in matrices as AD ~ 0, where
Aij = ay;, and D = (Dy,...,D,)". Multiplying by the adjoint of A, we find that
(det A)I,D ~ 0, and so (det A)D; ~ 0 for all . Thus each D; has order dividing
det A. We refer to the matrix A as a matriz of relations for the divisors Dy, ..., D,.
It is easiest to first consider the case where the curve has a single point at infinity
oo and where each D; = P, — oo for an affine rational point P; € C. In this case, each

relation (3.1) is of the form

3
3

i=1 i=1
This means there is a function in .Z ((3_7_, a;) 00). The space .Z(noo) is generated

by functions of the form A(x) + B(z)y where 2deg A < n and deg f + 2deg B < n.

32



N Geometrically simple Geometrically split Unverified
* *

g * *

4 * *

5 * *

6 * [Fly90a]

7 *

8 *

9 * [Fly90al

10 * [Fly90a]

11 * [Fly90a] [BLP09] [DS18]

12 *

13 3.1.6 [Fly90a]

14 [PZP13] 3.1.6

15 *

16 3.1.12

17 * [Lep92]

18 [PZP13] 3.1.6

19 3.1.6 [Lep92]

20 3.1.6 [Lep97]

21 3.1.6 [Lep95| [Lep92]

22 [Lep95] 3.1.12

23 [Lep95] 3.1.12 [Oga94]

24 [Lep95] 3.1.6 [Lep95] [HLP0O] [How14]

25 3.1.6 [Lep95|

26 [Lep95] 3.1.12

27 [How14] 3.1.12 [Lep95| [How14]

28 [PZP13] 3.1.12 [PZP13] [How14]

29 [Lep95] 3.3.4

30 3.1.12

31

32 [E1k18] 3.3.10

33 [PZP13] 3.3.4

34 [E1k18] 3.1.12

35 [HLPOO]

36 [PZP13]

37

38

39 [Elk18] [How14] 3.3.4

40 [E1k18] 3.3.12 [HLPOO]

45 [HLPOO]

48 [PZP13] [How14]

60 [HLPOO]

63 [HLPOO]

70 [How14]

Table 3.1: The known orders of torsion points of Jacobians of genus 2 curves.
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N  Geometrically simple Geometrically split Unverified

11 [DSI8]
15 3.1.12

19 [Lep97]
22 3.3.16

24 [HLPOO]

25 3.1.6 1 [Flyo1] +
2% 3.1.6 1

27 3.1.6 1

28 3.1.6 1 [Lep97] t
29 3.1.12

30 3.1.6 [HLPO0]

31 3.1.12

32 316t

33 3.1.6

34 3.1.6

35 3.1.6

36 3.1.12

37 3.1.6 3.3.16

38 3.1.6

39 3.1.12

40 3.1.12

A1 [Krol5] 3.1.6

42 3.1.6 1 [Lep97| t
43 3.1.6

44 3.1.12

48 3.1.6

49 3.1.6

20 3.1.6

52 3.3.10

o4 3.1.12

o6 3.1.12

64 3.3.4

65 3.3.4

72 3.3.4

91 3.34

Table 3.2: The known orders of torsion points of Jacobians of hyperelliptic curves of
genus 3.
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N Geometrically simple Unverified

812 [Flyo1] (1)
19 3.3.2

%5 * [Flyo1]
26 * [Fly91]
27 * [Fly91]
28 3.3.2 [Fly91] (1)
29 i [Flyo1] (1)
32 3.1.12

33 3.1.12

34 3.3.2

35 3.1.12

40 3.3.2

41 3.1.6 [Flyo1] (1)
42 3.1.6

43 3.1.6

44 3.1.6

45 3.1.12 [Lep97] (1)
46 3.1.12

47 3.1.12

48 3.1.12

49 3.1.12

50 3.1.12

ol 3.1.12

92 3.1.12

93 3.1.12

o4 3.1.12

55 3.1.12

57 3.1.12 [Lep97] (1)
o8 3.1.6

99 3.1.12

60 3.1.12

61 3.1.12

62 3.1.12

63 3.1.12

65 3.1.6

66 3.1.6

67 3.1.12

68 3.1.12

71 [Krol5|

72 [Lep97] (1) 3.1.12

74 3.1.12

82 3.1.6

88 3.1.12

Table 3.3: The known orders of torsion points of Jacobians of hyperelliptic curves of
genus 4.
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Since co € C(K), we have y* = f(x) with deg f = 29 + 1. Thus 2deg A < n and
2deg B <n—2g—1.

The following lemma relates this to equations involving polynomials.

Lemma 3.1.4. Let C be an odd degree hyperelliptic curve with equation y* = f(x).
Let Py, ..., P, € C(K), and let z; denote the x-coordinate of P;. If there are nonneg-
ative integers ai, ..., a, such that > .  a;(P; — 0o) ~ 0, then there are polynomials

A(z), B(z) such that

n

A(x)? = B(x)* f(z) = A J(& — @)™ (3.3)

i=1
Conversely, if there are polynomials A(x), B(x) satisfying the above equation, then

there are points P} € C such that Y ., a;P! ~ 0, and z(P]) = ;.

Proof. Suppose divg = > | a;(P, — oo) for some function g(z,y) € K(C). Then
g € Z(Noo), where N = " | a;. This space has basis {A(z) + B(z)y: 2deg A <
N,2deg B + deg f < N}. The affine intersection of g(z,y) = 0 and y? = f(z) is the
divisor Z?Zl a; P;. Since all a; are nonnegative, this imposes zeroes of the function
g along C of multiplicity a; at P;. Thus the resultant of g(z,y) and y* — f(z) with

respect to y must be
Res, (y* — f(2), A(z) + B(2)y) = A(z)* — B(x)*f (=) (3.4)

=A H(x — ;)" (3.5)

where x; = z(P;).

Conversely, suppose A(z)? — B(z)*f(x) = AN[[;—,(x — z;)%. This is the resultant
of g(z,y) = A(x) + B(z)y with y* — f(x), and thus defines the intersections of g(x,y)
with C. But this only describes the z-coordinates of the intersections, so the point
corresponding to (z — z;)* is either P; or «(F;). Thus the intersection of g(x,y) =0
with Cis Y | a;P}. The intersection of g(z,y) = 0 and C in the other coordinate chart

is a multiple of oo and by degree considerations it must be that divg = ", a;P] —
(D24 i) oo u

To get a matrix relation with the divisors D; = P, — oo, we need each relation
in terms of D;, as opposed to t(D;) = 1(P;) — co. Whenever a solution to A(z)? —

B(z)?f(z) = M1, (z —x;)% gives rise to a relation in which ¢«(D;) occurs, we just add
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a multiple of D; 4 «(D;) = div(z — z;) to replace the relation with D;. This replaces
a;t(D;) with —a; D;. Thus a solution to the resultant equation gives

n

> aiD; ~0, (3.6)

i=1
where |a}| = a;.

This basic idea is common to the large torsion literature, originating in [Fly90a]
and further developed by Leprévost and others. The first two methods we describe are
generalisations of these approaches in which we automate the search for large order
torsion points. This lets us search over a large number of relation matrices in genus 2,
3 and 4. In principle we could apply these first two methods to hyperelliptic curves of

any genus to find large order torsion points.

3.1.4 The difference of squares method

Consider the 2 x 2 matrix of relations

(f z> . (3.7)

Assuming p + ¢, 7 + s < 2¢g + 2, this implies the simultaneous equations
A(z)? = f(z) = AaP(z — 1)
B(z)* = f(z) = pa"(z = 1)",

where deg A,deg B < g + 1. There is no multiple on f(x), since we took the degrees

(3.8)

of the right hand side small enough.

Subtracting the second equation from the first, we find
A(x)? = B(x)* = AP (z — 1)? — pa"(x — 1)°. (3.9)
Factorising the difference of squares on the left hand side, we have
(A(z) + B(x))(A(z) — B(z)) = AP (x — 1)? — pa"(z — 1)°. (3.10)

If we factor the right hand side into a product G(z)H (z), we get:

Alx) = 3(Cla) + H(z)
- (3.11)
B(x) = (Glx) ~ H(x)

This gives a solution to the original problem only if deg A,deg B < g + 1.
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The parameters \, ;1 For each matrix of relations we can reduce the pair of param-
eters A, i to a single parameter. Assuming 29 +1 <p+¢q <r+ s < 2g + 2, there are
two cases: 1 +s=2g+ 1, orr+s=2g9+2.

If r + s =2g + 1, then also p + g = 2g + 1, so comparing the %" coefficients of

both equations, we must have A = pu, and we are left to solve the equivalent equations

(3.12)
B(x)? — f(z)

ta"(z — 1)°.
Ifr4+s=29+2, we havedegB =g+ 1 and u = Bgﬂ. Dividing both equations by p
and relabelling, we are left with the equivalent equations
A(x)? = f(2) = taP(z — 1)1
(3.13)
B(z)* — f(x) = 2"(x — 1),
This applies for both p+¢=2¢g+ 1 and p+ q =29 + 2.

An algorithm We now describe an algorithm to find curves of any genus whose

Jacobians have large order torsion points.

Let
Py — 1) — ta"(z — 1)5. i -
R(z) = taP(x — 1)1 — ta" (x 1),.1f7“—|—s 2g+1 (3.14)
teP(x — 1) —2"(x —1)% if r+s=29+2
For each factorisation R(z) = G1(x)Ga(x), let
1
Aw) = LG (@) + Gale)
(3.15)

B(z) = 5(Gi(2) - Gala),

and check if this corresponds to a solution to (3.8).

My main contributions here are the following. Firstly, it often happens that there
are several factorisations of the right hand side into a product; we check all of them.
Secondly, the right hand side may not factor into products that give deg A, deg B of
the correct degree. In this case, we search for rational ¢ up to bounded height for
which R(x) factors further. Finally, we automate this process by searching over all

possible matrix relations with MAGMA.

Example 3.1.5. The genus 3 curve
y? = —8x" +201/42° — 169/22° 4+ 299/4x* — 392 + 51 /42> —5/2x + 1/4  (3.16)
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has an order 41 point on its Jacobian. This is distinct from Kronberg’s example

([Kro15]).

This comes from considering the matriz

(‘f i) , (3.17)

which gives the difference of squares equation
(A+ B)(A—B) =x2(x — 1)(tz° — (z — 1)°), (3.18)

and we need deg A < 3,deg B = 4. This is impossible for general t as the sextic factor
is irreducible over Q(t). After point searching we find that with t = 8 the right hand

side factors as

—z(r — 1)(z* + 1)(z* — 142° + 142 — 62 + 1). (3.19)
Putting G, = —z(z — 1)(2® + 1) and Gy = z* — 142° + 142 — 62 + 1, and letting
A(z) = (G1 + G2)/2, we find f(x) = A* — 8z5(x — 1).
Computation 3.1.6. This method finds rational points in Jsmpie(2, N) for all N in
the set

{14,16, 18,19, 20, 21, 24, 25, 26, 30, 34 }; (3.20)

rational points in Jsmple(3, N) for all N in the set

{26,27,28,29,30, 31, 32, 33, 34, 35, 37, 38, 41, 42, 43, 48, 49, 50} (3.21)

and rational points in Jsmple(4, N) for all N in the set
(25,41, 42, 43, 44, 45, 46, 47, 48,49, 50, 51, 52, 53,

(3.22)
54,55, 57, 58,59, 60, 61, 62, 65, 66, 72, 82}.

Example 3.1.7. There was previously no known point in Jsmpie(2,25), which shows
the effectiveness of the method. Leprévost’s curve with an order 25 point is y?> =
fas1(x) while ours is y* = fo52(x), where
fos1(x) = 3620 — 1562° + 2412* — 1922° + 1022% — 367 + 9 (3.23)
foso(w) = 362° + 1002 — 3002° + 1652% + 90x + 9. (3.24)

Leprévost’s curve has geometrically reducible Jacobian ([PZP13]). We can show that
the Jacobian of y* = faso(x) has geometrically simple Jacobian either with our method

(Proposition 2.4.2) or Leprévost’s method (Proposition 2.3.4), but with p = 11.
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Example 3.1.8. Let

fa0 = 2% — 16/32° +70/92% 4 131/2722 + 16/27x + 64/81.

(3.25)

The Jacobian of the curve y?> = fso(x) is geometrically simple and has a point of

order 30.

Remark 3.1.9. For each matrix of relations, the possible torsion orders are the de-

terminants of the matrices whose entries equal the original matrix up to sign. This

motivates searching over all relation matrices.

Remark 3.1.10. If there is such at for which R(x) factors further, there is sometimes

still a parametrised family of solutions.

The Jacobians of the following curves lie in Jgimpie(4, 82):
y? = —58/3x% + 4777/362° — 2840/927 4 3942° — 842/32°

+967/92* — 40/32° — 42* +8/9x +1/9
y? = —70/32" + 7345/362° — 2216/32" + 13598 /92° — 17714/92°

+ 15445 /92" — 9080/92° + 3484 /92 — 88z + 9.
The Jacobian of the following curve lies in Jeimpie(4, 55):
y? = —1/92° 4 79/812® — 205/812" + 13/32° — 403/812° 4- 277/812*
—17/92% +14/92° —x +1/4

Example 3.1.11. The Jacobian of the following curve lies in Jsmple(2,34):

y? = —1442° + 7932 — 280> 4 31222 + 322 + 16.

It is isomorphic to one of Elkies’ two examples ([Elk18]).
The Jacobians of the following curves lie in Jimpie (3, 43):
y? = —1627 + 409/42° — 2752° + 399z — 3342® + 1602* — 40z + 4
y? = —162" + 393/42° — 23725 + 309z* — 24223 + 11627 — 322 + 4.

3.1.5 The difference of squares method II

(3.26)

(3.27)

(3.28)

(3.29)

Leprévost generalised this method in [Lep92] to allow r + s = 2g + 3,2g + 4. The

resultant equations are then

(3.32)



where deg C' < 1. Leprévost writes C'(z) = x — ¢. As in the previous section, there are
two cases, depending on whether or not {p + ¢, + s} contains an even number. As
before, we can reduce to
(1,t), if p+qiseven
(A ) =< (t,1), ifr+siseven (3.33)
(t,t), otherwise.

Leprévost’s approach is to use the first equation to substitute for f(z) in the second

equation. This gives the difference of squares equation
(B(z) + A(2)C(z))(B(z) — A(2)C(z)) = pa"(x — 1) — \aP(z — 1)2C(z)%.  (3.34)
As before, for each factorisation G;(x)Ga(z) of the right hand side, we put

A@)O(2) = 5(Ga(x) — Gaf))

1 (3.35)

B(z) = 5(Gi(2) + Ga(2)).

This time, however, we need to impose that C(z) divides G(z) — G2(z). Leprévost

uses this idea to find a 1-parameter family of genus 2 curves whose Jacobians have an

order 19 point ([Lep92]). He takes care to solve the system for general ¢, preserving a
1-parameter family.

But different matrices of relations can give complicated systems to solve, so instead
we just search for small ¢ such that the factorisation G;(z)Gy(x) gives B(z) and
A(z)C(x) of the correct degrees. Since C(x) = x — ¢ is linear, the condition that
C(z) divides G1(z) — Go(x) is equivalent to G1(c) — Gia(c) = 0. For any factorisation
G1(z)Gy(x), we find that G1(c) + Ga(c) is linear in ¢, so we can choose t such that this
holds.

The following computation is the result of applying this algorithm to all matrices
of relations with 2g+1<p+¢<2g9+2and 2g+3 <r+ s <29+ 4 and ¢ bounded
in height by 200.

Computation 3.1.12. This method finds rational points in Jsmple(2, N) for all N in
the set

(16,18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 30, 341 (3.36)
rational points in Jsmpie(3, N) for all N in the set

{15,27,29,31,32, 33, 34, 35, 36, 38, 39, 40, 42, 44, 49, 54, 56} (3.37)
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and rational points in Jsmple(4, N) for all N in the set

{32,33,35, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 55
3.38
57,59, 60, 61, 62, 63, 67, 68, 72, 74, 83}.

Remark 3.1.13. Another idea we use is: if we find an f(x) using this method with
a square factor, then we can remove the square factor and should still get a torsion
point. This sometimes helps find large order torsion points. We find 39 and 54 in

genus 3 while searching for genus 4 curves.

Remark 3.1.14. The two geometrically simple Jacobians with an order 34 point are

1somorphic to FElkies’ two examples of 34-torsion points:

y? = 1/92° + 73/12962* — 121/108z° + 155/722* — 7/4x + 9/16 (3.39)
y? = —1125 + 202° + 737/162" — 2095 /42> + 4421 /42 — 6102 + 100. (3.40)

3.2 The point searching method

The methods described so far recover many torsion orders in genus 2, and already give
many new torsion orders in genus 3 and 4. Of the known orders in genus 2, we are
currently missing points in Jsmple(2, V) for N = 29,32, 33,39,40. We will find these
using the techniques described in this section, as well as discover many new orders in
genus 3 and 4.

In the previous section, we used the difference of squares approach to determine

A(z) and B(x) given a pair of equations of the form

(3.41)

Sy
Q)
S

I
-

(2) = pa" (z = 1)°.

Since two such equations already determine A(z) and B(x), we don’t expect to
solve three equations simultaneously in this way. Thus this method on its own doesn’t
generalise well to matrix relations larger than 2 x 2.

Kronberg [Krol5] introduced the idea of setting up the equations as above and
searching for solutions, applying this mostly to genus 2 curves. He set up a 3 by 3
matrix of relations in the genus 2 case, and restricted to a degree 5 model for the
curve. We now describe some new approaches and use them to generate large order

points in higher genus.
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Fix an m x n matrix of relations p;; and polynomials Cy(z), ..., Cy(x), and consider

the resultant equations

Ai(w)® = Bi(x)* f(x) = M [ G, (3.42)
j=1
for i = 1,...,m. We have seen in Lemma 3.1.4 that a solution to such a system of

equations leads to relations between rational divisors. Our main idea is to search for
rational points on the variety defined by these equations.

As in the previous section, we search over many systems of equations, since the
same equations can yield many torsion orders. In particular, the matrix of relations
pi; doesn’t control the sign of the relations between divisors, which can yield large
torsion orders.

We are mainly interested in automatically searching for curves whose Jacobians
are geometrically simple with larger order torsion points. In genus 3 and 4, there are
lots of possible torsion orders, so searching for each one by hand would be tedious. In
this section we thus often just find one curve at a time, rather than families of curves;
in principle it is sometimes possible to find families.

We search for curves by simultaneously solving resultant equations. We impose as
many relations as we have points P; so that the matrix of relations is square, and we

can take its determinant.

3.2.1 Simplifications

We make as many reductions as possible first, to simplify the point searching and to
prevent finding the same curve with different points on the variety.

Any hyperelliptic curve C: y? = f(z) is isomorphic to one where the 2! coefficient

_ Sfn—1
nfn

to C: Y2 = f(X), where f,_; = 0. Note that this can yield coefficients with larger
height.

is zero. Indeed, the linear transformation x = X

y =Y sets up an isomorphism

We also have the coprime degrees trick. If y? = f(z) with deg f odd, then we can
change coordinates so that f, = 1. Explicitly, transform to (x,y) = (f. X, fJY). This
gives the equation Y2f% = fretlxn ... Choose 7,7 such that 25 = ni + 1, which
is possible since n is coprime to 2. Then the new hyperelliptic curve is of the form
Y2 = f(X) where deg f(X) = deg f(x) and f(X) is monic.

We can map z-coordinates of two rational points to 0, 1: if the curve C: y* = f(x)

has two rational points (z1,y;) and (x2, y2), then we can transform via (z,y) = ((z2 —
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21)X 4 x1,y). This defines an isomorphism from C: Y2 = f(X) = f((zy — 21)X + 1)
to C. Note that this has the same degree, which is very helpful.

We can also map z-coordinates of three rational points to 0, 1, 2: if the curve
C: y?> = f(x) has three rational points (z;,1;), ¢ = 1,2,3, with the x; distinct, then
we can use a linear fractional transformation to take them to, e.g., 0,1,2. We first
compute the unique transformation x — L(z) = %IS that takes 0,1,2 to x1, 29, x3,
respectively. Then we pull back the equation y* — f(z) along (x,y) = (L(X),Y). Thus
the equation of C is Y2 = f (gg—jg) = g(X)/(cX + d)4&/ for some g(z) with degg =
deg f. We can put this back in hyperelliptic form by multiplying by (¢X + d)™, where
m = [(deg f)/2]. This gives (Y (cX +d)™)* = (¢X + d)°g(X) for some ¢ € {0,1}.
However, the right hand side has degree deg f or deg f + 1, which complicates the
points at infinity.

Example 3.2.1. Consider the genus 2 case, where deg f = 5. Thenn—2g—1 =n—5.
Taking n =5 gives 0 < a;; <5, and deg B = 0,deg A < 2. We can assume B(z) =1,
which gives g(z,y) = A(x) + y.

Now fix a;j such that Ej a;; = 5. We need two solutions to get a 2 X 2 matriz.

Then search for solutions to
Ay(x)? = f(x) = \a™ (x — 1)™2
Ag(2)? — f(x) = X' (2 — 1)722,

Since each Bi(x) = 1, we can eliminate f(x) by subtracting the two equations, and

(3.43)

leave just one equation

Al (IE)Q — )\1;Ua11 (LU — 1)(112 = A2<$)2 — /\2$a21 (!,I? — 1)(122. (344)

4 1
1 4

Ay(z)? — Nzt (x — 1) = Ay(2)® = Aozt (z — D (3.45)

For example, if (a;;) = ( ), then we get the equations

Let Ai(z) = Apx® + Apx + Ay for i = 1,2. The equations above give equations in
Aj and the coefficients of A;, and we can view this as a variety over the affine space
A(A;j, M\, \2) corresponding to the ideal generated by

Alg — A,

2A10A11 — 2A20 421 + Ag,

2A10A1 + A} — 2450455 — A3 — 4y,

2A11 A1 — 2421 A2y + 6,

Aly — AZy + M — 4)g,

(3.46)

— A+ Ao
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Simultaneous resultant equations define a variety whose rational points correspond
to solutions to the resultant equation. These hopefully give torsion points of order
dividing det(a;;). But not always, since the solutions can define singular curves, and,

if \; =0, we don’t get a solution to the resultant equations.

3.2.2 Strategies to find points on the varieties

Point searching Since the varieties are embedded in high-dimensional space, naive
point searching is often ineffective. The solution space is too big, and this restricts
to searching for solutions where all the variables have small height. Nevertheless,

sometimes a naive point search does discover some solutions.

Specialising to a subvariety We can sometimes transform a curve so that some
of its coefficients have small height (but the others may have large height!). One of
our main innovations is to restrict to subvarieties by imposing conditions on a subset
of variables. Since many examples of curves with rational torsion occur in families,
specialising some of the variables can find curves in the family with small coefficients.
But working over fields that aren’t algebraically closed complicates things; for example,
a variable may be redundant geometrically (so we could assume it equals 1, say), but
not arithmetically. To solve this, we iterate over small values of specialisations to

maximise the chance of finding a solution.

Irreducible components We can speed this process up by first computing the ir-
reducible components of the variety, and discarding the components which obviously
contain no rational points. Sometimes computing irreducible components is too ex-
pensive; we have two options in this case. Firstly, we can specialise variables as above:

if we impose enough conditions then it is quick to compute irreducible components.

Grobner bases The alternative to specialising variables when computing irreducible
components is the following heuristic algorithm to find points on varieties using Grobner
bases.

Sometimes computing irreducible components is too expensive, but we can still
compute the Grobner basis of the ideal of the variety. In this case, work backwards
from the last element in the Grobner basis and find the first reducible element. For
each of its factors, compute the Grobner basis with this factor as an additional ideal

generator. Repeat this process until all elements of all Grobner bases are irreducible.
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Each time we compute a new Grobner basis we are working on a subvariety, and often
we recover irreducible components of the variety. This lets us focus on the interesting
components, and discard components with no solutions (e.g. if we adjoin an irreducible
polynomial in one variable of degree greater than 1). When adjoining factors, we can
often apply specialist techniques to look for rational points, e.g. if the factor is a conic
we can either parametrise its solutions or show it has none. In practice, we discard
irreducible factors if the degree is large (say larger than 2). We can also discard factors
if they give degenerate solutions, e.g. A\; = 0. We can list elements that correspond to
degenerate solutions in an ‘avoid’ set, and check whether the avoid set is contained in
the subvariety.

Combining these approaches makes the technique of imposing rational divisors on
curves with certain relations practical for curves of genus 3 and 4. The following ex-
ample demonstrates the method on the above example. We first look at the irreducible

components, and then do a point search.

Example 3.2.2. Continuing with the example above, the variety has 6 irreducible
components. Two contain the equations \y = Ay = 0, which we ignore.
We examine one of the remaining four irreducible components in more detail. Con-
sider the component corresponding to the ideal generated by
Ayg — As,
Ay 4+ 6A50 — Ago,
Ajg — 6Az + A,
(3.47)
A3y — 1/3A50 A0 — 1/12),,
Ay + A,
AL — Ao
The variables Aig, A11, A12, Aa1 each occur in exactly one equation and are expressed
linearly in terms of Asg, Asy. The equation A3y — 1/3As0As — 1/12X9 = 0 is linear in

Ao, so we can solve it using
Ao = 1243, — 4450 Ag,. (3.48)

This defines Ay in terms of Ayg and Ass also. This gives an arithmetically 2-dimensional
space of curves with an order 15 point.

In this example, point searching on this component also works, giving, amongst
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other solutions,

Ay(z) =1/3 —5/3x + 1/327

Ag(r) =1/3 —1/3x + 1/327 (3.49)
)\1 - )\2 - 8/9,
and thus
f(z) = Ai(z) — M2t (z — 1) (3.50)
= —8/92° + 11/3z* — 50/92° + 35/92% — 10/92 + 1/9. (3.51)

We can check that (0,1/3) — oo has order 15.

3.3 Variations on the method

We found the following variations of the above method. We explain each variation
and give the torsion orders found by the method for genus 2, 3 and 4. To save space,
we don’t write all the curves down in the body of the thesis. All the curves we found

are available in [Nic18]. We give some of the curves in Appendix F.

3.3.1 The odd degree method

The above method can be summarised as follows. Suppose we look for a genus g
hyperelliptic curve. Choose an n x n matrix (a;;) of nonnegative entries such that

each row satisfies 1 < 2;21 a;; < 2g+ 1. Assume that there are n rational points on

the curve, with xz-coordinates 0,1, z3, ..., x,. Look for simultaneous solutions to
Ai()* = flo) = M ] [ (@ = i), (3.52)
j=1

where deg A; < g. Subtracting the equation for i = 1 from all other equations elimi-
nates f(x) and gives n — 1 equations to be satisfied by the coefficients of A;(z) and \;

for i =1,...,n. Use the methods described above to search for points on this variety.

Remark 3.3.1. We can also get odd degree hyperelliptic curves where deg A = g+ 1
by considering solutions to A(z)* — f(x) = AN 11, (z — z;)% where Y ;| e; = 29 + 2.
Here we have to match the leading coefficient of A(x)? with that of the right hand side.
A simple approach is to impose that A(x) is monic and that X = 1.
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Computation 3.3.2. The 2 x 2 method finds rational points in Jsmpre(4, N) for all
N in the set

{19, 28, 34,40, 41, 42, 43, 44, 45, 46, 47, 48,
(3.53)
49,50, 51,52, 53, 54, 58,59, 60, 66, 72}

The 3 x 3 method finds a rational point in Jsimpie(2,40).

3.3.2 Even degree hyperelliptic curves with rational points at
infinity

Suppose C: y*> = f(x). If deg f is even, then C has two points at infinity: oo™, 0o™.
These are rational points if and only if fy,42 is a square. This is the case we focus on
here. Without loss of generality, we can choose co™ to be the base divisor.

As before, the resultant equation A(x)* — B(z)*f(x) = M1, (z — 2;)% (with
a; > 0) implies the function g(z,y) = A(z) + B(z)y intersects the curve at P/ with
multiplicity a;, where x(P/) = x;. The intersection of g(z,y) = 0 and C in the other
chart is more complicated. We have g(z,y) = A(x) + B(z)y = A(1/u) + B(1/u)v/uf.
Choose m so that «™"9A(1/u) and «™B(1/u) are both polynomials in u. Then
g(x,y) = (WAL /u) + vu™B(1/u)) /u™"9, and the intersection with the curve is:
zeroes along {A(u) + vB(u) = 0,v> = u?*2f(1/u)} and a pole of order m + g along
{u=0} =00+ o00".

After adding or subtracting multiples of div(x — ;) = Py + ¢(Py) — co™ — 0o, the

relation is of the form

n

> ajP; ~ acot + foo” (3.54)

1=1

for some integers a, 8, where |a}| = |a;|. Thus

ia;(Pi —oot) ~ (a - icé) oot + foo™. (3.55)

i=1 =1
Since the left hand side has degree zero, so does the right hand side, which implies
that > " , a; = a + /3, and thus the relation is really

n

Za;(Pi —o00t) = B(oo” —o0t) ~ 0. (3.56)

i=1
We view this as a relation on the n+1 divisors: D; = P, —oo™ and D, ; = oo™ —oo™.

We form a square matrix of relations by finding n + 1 relations.
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The last column in the matrix is difficult to compute a priori, since it depends on
how the functions g;(z,y) intersect the curve at infinity. Instead, our idea is to try
all (n 4+ 1) X n matrices with nonnegative entries such that 1 < Z?:1 a;; < 29+ 2,
and such that each row of the matrix is distinct. The last column (the coefficient of
oot — 007) is determined by the solution to the resultant equations.

We require oo™ — oo™ to be rational so that the resultant equations are solved
rationally. This requires oo™, 00~ to be rational points on the curve. Given that
deg f = 2g + 2, there are two cases: deg A; = g+ 1 or deg A; < g + 1. In the second
case, it must be that Zj a;; = 2g + 2. In the first case, if Zj a;; < 29 + 2, then co™
is rational, since the leading coefficient of f is the square of the leading coefficient of

A If Zj a;; = 2g + 2, then we need Aigﬂ + A to be square.

Example 3.3.3. The matrix
0 2
2 1 (3.57)
31

defines the resultant equations

Ay(2)? = f(z) = M(z — 1) (3.58)
As(z)” = f(2) = doa*(z — 1) (3.59)
A3()” = f(@) = Aaz®(z — 1) (3.60)

Since the right hand sides have degree at most 4, and we want deg f = 6, it must be
that deg A; = 3 for each i. Moreover, we need cot,00™ to be rational, which forces
the leading coefficient of f(x) to be a square, and it may as well then be 1. Since each
Ai(x) is defined only up to sign, we can assume each A;(x) is a monic cubic. Now
search for points on the variety defined by Equation (3.58) minus Equation (3.59) and
Fquation (3.58) minus Equation (3.60). We find many solutions, including

Ay(r) =2 —1/22% — 2

Ay(x) =2® —1/22° —x + 1
(3.61)
Ag(x) =2® —1/22° + 2 — 1
()\17)\27)\3) ( )
One can check that this gives
v =a% —2® - 7/4xt + 2 + 227 - 20+ 1, (3.62)

with the 23-torsion point (0,1) —
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Computation 3.3.4. This method finds rational points in Jsmpie(2, N) for all N in
the set

{18, 21,22, 23,24, 26, 27, 28, 29, 30, 33, 34, 39} (3.63)
rational points in Jsmple(3, N) for all N in the set

{64, 65,72,91}. (3.64)

Example 3.3.5. The Jacobian of the following curve lies in Jsimpie(2,33):
y* = 2% — 38/92° + 559/812* — 478 /812> + 79/27x* — 52/81x + 4/81. (3.65)
The Jacobian of the following curve lies in Jsmpie(2,39):
y* = 2% — 102° + 392" — 662° + 532% — 202 + 4. (3.66)

Remark 3.3.6. We just search over all 3 x 2 matrices of relations, with the third
column filled in from the relations between the points at infinity. We can also recover
orders 65 and 91 this way. They appear to come from a family with an order 13 point,

that specialises to get an order 5 and an order 7 point, separately.

Example 3.3.7. The Jacobian of the following curve is a rational point in Jsmpie(3, 72):

y? = 2® — 527 4 55/42°% — 471/202° + 2049/80x* — 135/82°

(3.67)
+ 2439/400$2 — 189/200x + 81/1600
The Jacobian of the following curve is a rational point in Jsmple(3,64):
y? = 2 — 87 4 242°% — 322° + 182 + 8% — 82 + 1. (3.68)

3.3.3 Weierstrass points

In this variation, we impose that f(z) = g(z)h(x) with 1 < degg < 2 and with deg f
odd. Then the divisor (g(z),0) is 2-torsion. We can also assume there are n — 1 other
points and then impose an (n — 1) X n matrix of relations. We get an n X n matrix
of relations by completing it with a row with zeroes everywhere except for a 2 in the
column corresponding to the Weierstrass point. We can assume the x-coordinates of
two of the points are 0, 1, as usual.

We show below that we can recover Elkies’ 32-torsion curve and 34-torsion curve.
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Example 3.3.8 (Elkies’ 34-torsion point). Elkies has the following curve with a 34-

torsion point:
Css: 2 = (10 — 2) (32 4 2)(722* 4 962° + 452 — 38z + 5). (3.69)

We can recover it as follows. First assume that the Weierstrass point has x-
coordinate p, and iterate over possible p of small height. Label the divisors Dy =
(0,71) — 00, Dy = (1,y2) — 00, D3 = (1,0) — 00. To keep Bi(x) =1 and deg f =5, we
iterate over matrices with row-sum either 5 or 6.

One such matrix is (? i) 8), which gives the equations

f(@) = (& = p)g(x)
Ay(2)? = f(z) = 2P (z — 1)° (3.70)
Az(2)* — f(2) = Aoa(z — 1),
with degg = 4,deg A < 2,deg B < 3. Using our method for point searching with
w=—9/16 gives the following curve

y? = 2916002° + 496441z + 2846162° — 383942 — 40824z + 6561. (3.71)

The point (0,81) — oo has order 17 and the Weierstrass divisor (—9/16,0) — 0o has
order 2. Thus we get an order 34 point on its Jacobian. The curve is isomorphic to

Cg4 .

Remark 3.3.9. Note that this has very large coefficients, so would be infeasible to find

wa naie point searching.

311
1 50
rically nonisomorphic curves with a 32-torsion point:

Similarly, the matrix ) and p = 16/15 gives us the following two geomet-

y? = 5760/54983392° + 9049956,/60481729z* — 35880336,/604817292°

(3.72)
+ 4785584 /549833927 — 34168320,/604817292 + 8294400/60481729
y? = —1718857/9101419202° + 377186051369 /4368681216002
— 400896630191/1092170304002* + 71260492321 /121352256002 (3.73)

— 950527921/2275354802 + 19018321 /17065161.

The first is geometrically isomorphic to Elkies’ 32-torsion curve as listed on [Elk18].
Elkies actually finds a 1-parameter family of curves with a 32-torsion point, but refrains

from giving the formula. Thus we don’t know if the second curve is new.
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Computation 3.3.10. This method finds rational points in Jsmple(2, N) for all N in
the set

(32,34); (3.74)
a rational point in Jsmple(3,52), and a rational point in Tgmple(4, 74).

The Jacobian of the following curve lies in Jeimpie(3, 52):

C3y: y? = 362" — 11/252° + 19452/252°
(3.75)
— 26366/252* — 5102° + 16572% — 10502 4 225.

The Jacobian of the following curve lies in Jgmple(4, 74):

Cry: y? = —2” 4+ 12618359905/22684263842° — 3217721621 /2520473762"
+ 330039943 /1600300825 — 149997 /54882° + 39521 /13722

— 239283/109769(:3 + 59049/5488x2 — 59049/19208x + 59049 /153664.
(3.76)

3.3.4 More general B;(x)

In this variation, we allow some of the resultant equations to include a nonconstant
B(z) term. This means the exponents on the right hand side can be larger. This is
similar to difference of squares method II, but we can allow several equations to have
an extra term.

We illustrate this method by recovering Howe’s example of an order 70 point on
the Jacobian of a genus 2 curve ([Howl14]). The original method to find this curve
involves gluing together two elliptic curves: one with a 5-torsion point and one with a

7-torsion point.
Example 3.3.11. Howe has the curve y* = fro(x), where
fro(z) = 222° + 697/144x* — 645/42° + 1045 /42* — 162z + 36. (3.77)

This has the rational points oo, P, = (0,6), P, = (1,11/12), P; = (3/4,27/64). Let
D; =P, — oo fori=1,2,3. MAGMA computes 7T0D; ~ 0,35Dy ~ 0 and 7T0D3 ~ 0.
Given the curve, we can compute the relations 3o, a;D; with 30 |a;| < n, where

we gradually increase n. With n < 8 we find

3 -1 -1\ (/D
2 3 0| |D]|~o. (3.78)
0 2 -6/ \D;
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We can recover Howe’s curve as an odd degree hyperelliptic curve with three rational
points by imposing the conditions f5 = 1,x(P3) = 3/4. We search over 3 x 3 matrices
where two of the rows sum to at most 5 and one row sums to either 7 or 8. The
resultant equation corresponding to the row-sum of 8 has deg B(x) < 2. From the
Grébner bases, we can see there is a solution over Q(v/22). After twisting by 22, we

recover Howe’s curve.

The Jacobian of the following genus 2 curve lies in Jgmple(2,40). It is isomorphic

to Elkies’” order 40 curve ([Elk18]):
y? = —62° + 192" — 222 + 185/162% — 11/4z + 1/4. (3.79)

The Jacobian of the following genus 2 curve lies in Jither(2,40) (I couldn’t show

the Jacobian is geometrically simple):
y? = —48t° + 169t* — 210t + 125¢* — 36t + 4. (3.80)

We record the curve (3.79) in a computation.

Computation 3.3.12. This method finds a rational point in Jsmpie(2,40).

3.3.5 Specialising a family of curves

Given a family of curves whose Jacobians all contain an N-torsion point, we can
look for a specialisation of the family that also has an M-torsion point for some M
coprime to IV, or such that the N-torsion point is a multiple of M. This technique has
been applied in the literature to find, for example, a 48-torsion curve. In particular,
[How14] first finds a family of curves with a 24-torsion point, and then specialises to

get 48-torsion.

Example 3.3.13. We apply this idea to get an order 82 point on the Jacobian of a
genus 4 curve. Flynn has the following 1-parameter family [Fly91] of genus g curves
with an order 2g*> + 2g + 1 point. He defines (x) = 297 — t(x — 1)9 — 29(x — 1) and
then defines the curve by y* = f(x), where

flz) = @ —tad(x — 1)9t1, (3.81)

We check for g = 4 that there is a specialisation for which the curve has geometrically

simple Jacobian. We then search for small values of t and find that f has a root when
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t = 256/3. After clearing denominators of f by multiplying by 36 (which is square),

we obtain the following genus 4 curve:

y? = —30722° + 793692° — 548864x" + 18565122° — 36792322° 3.8
3.82
+ 45890562* — 36700162° + 1835008z% — 524288 + 65536,

giving a point in Jsmple(4, 82).

3.3.6 Curves with small coefficients

We can also search over curves with small coefficients, as in [Howl14]. We searched
for both simple and split Jacobians. For simple Jacobians, we can just search over
all polynomials f(z) of a given degree, with coefficients bounded in height by some
constant. For split Jacobians, we searched for curves of the form y* = f(2?) with
f(x) € Z|z] and deg f = 3. We also searched over curves of the form y? = (z?—a) f(z?)
where a € Z and f(x) € Z[z] such that deg f = 2. Both classes of curves have split
Jacobians by construction, but this reduces the space to search. We searched over all
integral coefficients bounded by 30 in absolute value. We used MAGMA to compute the

torsion subgroup in each case. We find the following curves with small coefficients:

Casp: y® = 2% — 142 + 372 + 12 (3.83)
Cisz: y* = 2° — 562" + 5922% + 768 (3.84)
Cisz: y° = 2% + 422" + 2612% + 1620. (3.85)

The curves are pairwise geometrically nonisomorphic, as can be seen by their Igusa
invariants. The curve Cy5; already appears in [PP12b], but Css 2 and Cyg 3 are geomet-
rically nonisomorphic to the two examples in [PP12b].

Howe gives a 1-parameter family of genus 2 curves whose Jacobians are geomet-
rically split with a point of order 24, and gives a subfamily whose Jacobians have a
point of order 48; the curves in the subfamily correspond to rational points on a rank
2 elliptic curve ([How14]).

We now show that Css9 and Cyg3 do not lie in Howe’s family of curves C; — Al
analogously to the method used in [BLP09]. The curve is geometrically isomorphic to
one lying in the family if and only if there is s € Q such that the Igusa invariants of

Cs equal those of Cyg52 or Cys 3 in weighted projective space. Let

(Oé(S), ﬁ(‘s)» ’7(8)) = <]4/[227 [6/137 ]10/I§> (386)
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denote the normalised Igusa invariants for Cs. Let (ag, f2,72) and (as, f3,73) denote
the normalised Igusa invariants for Csgo and Cug3, respectively. For each ¢ = 2,3,
the condition that («(s), 5(s),v(s)) = (a4, Bi, Vi) € @3 gives three polynomials that s
must satisfy. In each case, we find that there is no s € Q that simultaneously solves
these. The MAGMA file howefamily48.m in [Nic18] verifies this. We have thus shown

the following proposition.

Proposition 3.3.14. The curves Cyz2 and Csg3 are new examples of genus 2 curves

whose Jacobians are split with a rational point of order 48.

Remark 3.3.15. Howe also gives three example curves from the family, which are

geometrically nonisomorphic to my two examples.

We also find the following genus 2 curves whose Jacobians are split with 40-torsion

points. We can see they are split because they only contain even terms in z:

y? = 252° — 102 + 252° + 24 (3.87)
y? = 242° + 252 — 102° + 25 (3.88)
y? = 2% 4+ 102" + 492° + 264 (3.89)
y? = 2% — 102* + 2% + 72. (3.90)

Geometrically simple genus 3 Jacobians We find geometrically simple Jacobians
of genus 3 curves with large order points by searching through curve equations with
small coefficients. To allow us to search with some coefficients being larger, we impose
that some of the coefficients vanish or are equal to one. For example, imposing that
fs = fo=1and f; = f5 = 0, and searching for integral coefficients in the range [—6, 6],
we find the following two genus 3 curves whose Jacobians are geometrically simple.

The first has an order 22 point and the second an order 37 point on its Jacobian:

Ciy:y? = 2® + 220 + 32" — 42® + 62° — 4o + 1 (3.91)
Ciy? =a® — 428 + 2% + 42* —da + 1. (3.92)

Computation 3.3.16. The small coefficients method finds rational points in the space
Tsimple(3, N) for all N in the set

{22,37}. (3.93)
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3.4 In higher genus

3.4.1 Genus 5

Computation 3.4.1. The difference of squares and difference of squares II methods
give rational points in Jsmpie(d, N) for all N in the set
{26, 39,61, 62,63, 64, 65, 66,68, 72,73, 74,

(3.94)
75,76, 77,81, 84, 85,86, 87, 88,92, 110}.

3.4.2 Genus 6

We can do the same computation for the difference of squares and difference of squares
IT method. We give the following examples, neither of which occurs as a known order
in one of the families growing with genus. Neither curve is defined for all ¢ — we have
to search for specialisations on which the right hand side difference of squares splits

into a product of degree 6 factors.

Example 3.4.2. The Jacobian of the following curve lies in Jgmple(6,103):

2 = 1/1282" + 142081/655362 — 22913 /40962 4 40765 /327682°
+ 56155/40962° — 1544433 /655362° + 31283/2048x" + 13755/163842°

(3.95)
— 16693/2048x° + 371727/655362* — 7173/40962° + 6717/327682>

+ 15/4096x + 1/65536.
The Jacobian of the following curve lies in Jgmple(6,113):

y? = 81" 4 11442 — 105702 + 374092 — 762612 + 1007944°
— 8998517 + 216405 /42° — 207432° + 8387/2x* — 51/22° — 615/42%  (3.96)
+27/2x +9/4.

3.5 Examples where our method fails

We found some examples of known torsion orders that our methods cannot immediately
recover. These are interesting to analyse as they may suggest extensions to the methods

that would recover these curves, and hopefully also find new torsion orders.

3.5.1 Order 48

The following is an example where our method fails.
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Example 3.5.1 (Finding 48-torsion). Platonov [PP12b] has the curve
y? = (x —2)(z + 2)(z* — 102 — 3), (3.97)

with the 48-torsion point (0,6) — co™.

First transform so that it has points with x-coordinates 0,1, giving
y? = (x —3/2)(z +1/2)(2* — 22% — 2% + 22 — 3/4). (3.98)

In particular, this has the three rational points (0,3/4),(1,3/4) and (3/2,0). Using
oot as the base point, we define Dy = (0,3/4) — oo™, Dy = (1,3/4) — 00T, D3 =
(3/2,0) — cot. This gives the following matrix of relations:

2 1 -1
1 -1 —4]. (3.99)
1 2 3

To recover the relation Dy — Dy — 4D, = div g, we write

D1 — D2 — 4D4 ~ D1 — D2 + <D2 + LDQ) — 4D4 + 4(D4 -+ LD4) (3100)
= D1 + LDQ + 4LD4 (3101)
— (0,3/4) + (1, —3/4) + 4(3/2,0) — 0o™ — 500~ (3.102)

To see the form of the function g we rewrite in terms of oo™ + oco™. Indeed, we
know that £ (n(co™ + 007)) = {A(x) + B(z)y: degA < n,deg B < n — 3} (since
r € ZL(oot +007) and y € L (300" +3007))). This gives

divg = Dy — Dy — 4D, (3.103)
~ (0,3/4) + (1,—-3/4) + 4(3/2,0) + 400" — 5(c0™ + 00 ™). (3.104)
Thus g(z) = A(z) + B(x)y where deg A < 5,deg B < 2. This is too many coefficients

to search over naively. Similarly, the relation Dy + 2Dy + 3D3 = div h gives too many

coefficients to search over.

Remark 3.5.2. This curve is in fact Cyg 1, which we found using the small coefficients

method in Section 3.5.6.

As usual, we can make the problem tractable by guessing small values for some of
the variables, but when there are so many variables this method is unlikely to find a

solution.
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3.6 Other examples

3.6.1 A parametrised family with Z/47 x 7Z/4Z-torsion

In this subsection we find a one parameter family of genus 2 curves whose Jacobians
have a rational copy of Z/4Z x 7Z/47. The method is also interesting as it allows us
to find relations on a higher genus curve and then try to drop the genus by imposing
a singularity. I believe this idea is novel.

In Chapter 5 we focus on finding subgroups isomorphic to (Z/ nZ)2 for various n,
but via a different method. In that chapter we also impose that the n-Weil pairing
acts trivially on the subgroup, which turns out to be false in this case. We will find

more families of curves admitting Z/47Z x 7 /47 torsion in Chapter 5.

Proposition 3.6.1. Let p(z),q(x) € Klz] be linear and let A\, n € K. Define A(x) +
C(x) = Mple)! - pa(x)* and A(z) — C(x) = 1. Then A(x)? — C(x)? = Aplx)' — pg(z)’,
and we define h(z) = A(x)* — A\p(z)* = C(z)? — uq(x)*. This is a genus 3 curve,
and generically has two independent J-torsion points, given by p(x) = 0,y = A(z) and
q(z) =0,y = C(x).

The idea is to take a general solution to the above proposition and impose that
h(x) has a square factor. This means the genus 3 curve y? = h(z) has a singularity.
We transform the genus 3 curve to a genus 2 curve that also has the torsion property.

If we can write A(z)? — B(z)*f(x) = Ap(z)* and C(z)? — D(x)*f(x) = uq(x)* for
some A, u, A, B,C, D, we should get 2 independent 4-torsion points. Our strategy is

to try and solve
A(z)* = h(z) = Ap(z)*
C(x)* = h(z) = pa()*,

with deg A,degC' < 4. Up to a birational transformation, we can assume p(x) =

(3.105)

x,q(x) = x — 1. Subtracting the two equations gives
A(x)? = C(z)? = \a* — p(x — 1)~ (3.106)

The left hand side factors as (A(x) + C(z))(A(z) — C(z)) and the right hand side
factors as (Az? — p(x — 1)%) - 1.
This gives
1
Ax) = 5()\1:4 —p(z =1+ 1)

2 (3.107)
C(z) = 5()@4 — p(r —1)* = 1).
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Then h(z) = A(z)?— \x? is degree 8. The curve y? = h(z) is generically of genus 3,
and has two independent 4-torsion points. We now find a subfamily that degenerates
down to genus 2.

To impose that h(z) has a square factor, it suffices to impose that disc(h) = 0. We

have
disc(h) = 16\ u* (A — 1) (u — 1)*(\ — p)*

2 2 2 2 2 2 (3'108)
(AT = 20 AT = 207 = 2+ o).

If A\=0or u =0, we find that h(z) factors as the square of a quartic, so we cannot
recover a genus 2 curve. If A = 1 or g = 1, we find that the square factor of h(x) is
(x — 1)% or 2%, This means the resultant equation no longer gives a 4-torsion divisor
on the Jacobian.

If \ = p, then h(x) is degree 6 already, so y*> = h(z) is a genus 2 hyperelliptic

curve. However, in this case, the resultant equations are
A(x)* — h(z) = \a*

3.109
() = Mz — 1)*, ( )

Q

o
o
I

>

where deg A = degC' = 3, and degh = 6. Since the right hand sides are of degree
4, the corresponding relation in divisors for the first equation is 4(0, A(0)) + 2P, —
3(c0™ + 007) ~ 0, where Py, € {oo™, 007}, and similarly for the second equation. In
either case, this does not give a 4-torsion relation.

We are left with the last factor:
N2 — 202 4+ N2 — 2\ — 22 + 2 = 0. (3.110)

As a quadratic in ), its discriminant is 16x®. Thus to have a solution over K, we need
p = t? for some t € K. This gives A = t?/(t + 1)%. Without loss of generality, we put
A =1t2/(t —1)2 since (—t)?/(—t — 1) = t?/(t + 1)%.. The repeated factor of h(x) is
B(x) =tz —t + 1. Dividing out by B(z)? and the leading coefficient of h(x) (which is

square) gives f(x) of degree 6. The resultant equations are now of the form

(3.111)
C(x)* = B(x)* f(x) = p(x — 1)%,

where deg A = degC = 4, degB = 1 and deg f = 6. The first resultant equation
implies that div(A(z) — B(x)y) = 4P} + 4P/, — 4(co™ 4+ 00™), where z(P)) = 0 and

x(P.,) = oo; a similar result holds for the second equation. An explicit computation
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then shows that 4(0, A(0)/B(0)) — P and 4(1, A(1)/B(1)) — Qe are both 4-torsion
divisors, where P.,, Qs € {00™, 007 }.

Specialising f(z) at various ¢, we check its Jacobian is geometrically simple using
Proposition 2.4.2. Thus generically the Jacobian is geometrically simple.

One can also check that there are at least two different curves in the family with
different Igusa invariants, so that the family is not trivial.

This proves the following proposition.

Proposition 3.6.2. Let A = ﬁ and p = t2, fort € K. Let

Ax) = %(/\a:4 —p(r —1D*+1)
2 (3.112)
B(z) = 5()\554 — pu(z —1)* = 1).

Let h(z) = A(x)? =X z*. Then h(x) = B(z)%f(x), where B(z) = '%—_Q)(tx—t—kl) and

20—1)2
f(x) is monic of degree 6. The curve y?> = f(x) has two independent 4-torsion points:

(O, (t;l()f—_(t;)l)) — oot and (1, %) — oo+>. The Jacobian of the generic member of

the family is geometrically simple.

Remark 3.6.3. If we try the same trick to get a parametrised Z/5Z x Z]/5Z then
we find the repeated factor is either p(x) or q(x), which means that we actually get

7./57. x /3.

3.6.2 Large order points over extensions of Q

We have focused on finding large order points on Jacobians of curves over Q. Kronberg
provides examples in [Krol5] of genus 2 curves defined over low-degree number fields
with large order torsion points. In particular, he finds a Jacobian of a genus 2 curve
defined over a cubic number field with a point of order 31, and a Jacobian of a genus 2
curve defined over a quadratic number field with a point of order 37. In this section

we provide two more such examples, also for Jacobians of genus 2 curves.

Order 35 over a quadratic field We first give an example of a Jacobian of a
genus 2 curve over a quadratic field with a point of order 35. There are no known
examples of points of order 35 on a geometrically simple Jacobian of a genus 2 curve
over Q. Howe’s example of a point of order 70 (and thus a point of order 35) is on
a geometrically split Jacobian of a genus 2 curve ([How14]). This therefore provides

the first known example of a geometrically simple Jacobian of a genus 2 curve with an
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order 35 point defined over a quadratic extension. The curve we find is defined over
@, in contrast to Kronberg’s examples, which are defined over the extensions.

We try to solve A% — f = A\z” and B? — f = u(xz — 1)7 with f containing a square
factor. Removing a square factor from such an f gives a lower genus curve. Putting

A=pu=1we get
A(x)* = B(z)* =2" — (z — 1)". (3.113)

Let K = Q(v/—T7), and let - denote the order 2 automorphism in K. Over Q(v/—7),
the polynomial 27 — (z — 1)7 factors as 7g;(x)ga(x), where

s 3HVT 5 14VET VT

g1(z) = (x 5 5 - ), (3.114)

and gs(z) = g1(2).

These factors are conjugate over Q. Thus we can write (A + B)(A — B) =
7g1(x)go(x). For any nonzero u in Q(y/—7), we can put A+ B = Tug,(z), A — B =
go(z)/u and find A = Zg; + g5 and B = gy — 5-go. Let f(z) = A(z)? — 27. The
discriminant of f(z) is zero for u = +1//=7, and f(z) = (z — 1)?h(x) in both cases,
where h(z) = —2° — 22* — 323 + 33/42% — br + 1.

This leaves us with the resultant equations
A(x)? — (z — 1)*h(z) = 2"
(3.115)
B(z)? — (z — 1)*h(z) = (z — 1)".

The first equation gives a 7-torsion point, but the second equation only gives a 5-torsion

point.

Proposition 3.6.4. Let C be the curve y?> = —4x® — 8x* — 1223 + 3322 — 202 + 4, and
let J be its Jacobian. Then J has a 7-torsion point over Q and a 5-torsion point over
Q(/=T7). Thus J has a 35-torsion point over Q(v/—7). The Jacobian is geometrically

simple.

Proof. The Jacobian of this curve has the rational 7-torsion point (0,2)—oo and the 5-
torsion point (1,/—7)— oo defined over Q(v/—7). Twisting by —7 makes the 5-torsion
point rational and the 7-torsion point defined over Q(/—7). ]

Remark 3.6.5. This ezample arose by trying to find a (7,7)-subgroup (see Chapter 5).
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3.6.3 Order 42 over a quartic field

We now give an example of a Jacobian of a genus 2 curve defined over a quartic
extension of QQ with a point of order 42. Consider

A(z)? — h(z) = \a®(x — 1)

B(2)? — h(x) = plz — 1),
with deg A,deg B < 3 and degh = 7. A solution to this would give an order 42 point

(3.116)

on the Jacobian of the genus 3 curve y?> = h(x). We then try to degenerate to get a
genus 2 curve. We find that if A = y, then Az®(z — 1) — pu(x — 1)7 factors as

6A(x —1)(z — 1/2)(2* — 2+ 1)(2® — z + 1/3). (3.117)
We can solve this with the constraints on the degrees of A(z), B(x) by putting

Aw) = 5(Gr(#) + o)
- (3.118)
B(r) = 5(Gi(x) — Ga(a),

where
Gi(x) = 6A(z — 1/2)(2* — 2+ 1/3)
Go(r) = (z — 1)(2* — 2+ 1).
Then define h(z) = A(x)* — Az®(x — 1). This is degree 7, and its discriminant has the

factor

(3.119)

M 443 /903 4 68/243\% — 94/243\ + 1/27, (3.120)

which is an irreducible polynomial in A. A simpler defining polynomial for the quartic
number field Q()\) is

m(t) =t* — 3 — T2+t +0. (3.121)

Let « be a root of m; then A = (10a® — 67a — 63)/27 € Q(«). Let f(x) be the degree

5 polynomial resulting from removing the square factor from h(z). Let

—40® — 5a? 4
18
5 20% — 420 —
P = (1, fo” ~ 2a o a 36) (3.123)

be two points on the curve C: y* = f(z). Let Dy = Py — 0o, D; = P, — co. Then we
find that 7Dy ~ 0 and 6Dy — Dy ~ 0. Consequently, 42Dy ~ 0. A direct calculation
shows that this is the order of D.

This proves the following, in which we have multiplied f by 182 to clear denomi-

nators in the coefficients.
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Proposition 3.6.6. Let « be a root of the quartic (3.121). The Jacobian of the curve
y? = (—1200° + 804a + 756)2°
(—4488a* — 1068a* + 30024 + 32805)z*
(93020 + 2058a% — 62114 — 67356)x°
(—7677a® — 15820° + 51134 + 55125)” (3.124)
(29460° 4 53202 — 195260 — 20862)x

— 42102 — 3402 + 2733 + 2808

has a point of order 42 defined over Q(«).

63



Chapter 4

Kummer coordinates

4.1 Introduction

An explicit embedding of the Kummer variety of a curve provides many tools. For
elliptic curves of the form y* = f(x) where f(xz) is a cubic, the Kummer variety is the
projective line above which the curve is a double cover. This encodes the z-coordinate
of points. For genus 2 curves, the Kummer variety is a surface, which Flynn embedded
into P? using a single quartic equation ([Fly90b]). Recently, Bruin et al. used this
explicit embedding of the Kummer variety of a family of genus 2 curves to do explicit
descent ([BFT14]). They consider the family of genus 2 curves C admitting a rational
copy of Z/3Z x Z/3Z in J(C)[3]. Let ¥ be such a subgroup; then there is an isogeny
o: J — J/%, given by P — P+ X. The quotient J' = J /3 is the Jacobian of
another genus 2 curve, C’, and they find an explicit equation for C’.

To do this, they descend the map ¢ to the Kummer varieties K of J and K’ of
J'. As we will see in Section 5.4.1, the explicit embedding of the Kummer variety of a
genus 2 curve encodes the equation of the curve, up to twist. They then use this to find
the equation of C’ for K, and thus for [7’. Once they have the equation of the curve,
they use the theory in [Sch98] to compute the Selmer groups of specific Jacobians in
the family, and exhibit examples of Jacobians of genus 2 curves with nontrivial 3-part
of III. We discuss this further in Chapter 5 and Chapter 6.

An explicit embedding of the Kummer variety can also give a theory of heights for
Jacobians of curves. This is required to compute the Mordell-Weil group J(K) given
a full rank subgroup. Flynn and Smart compute canonical heights for Jacobians of
genus 2 curves using the Kummer embedding in [FS97].

Stoll derives an explicit embedding of the Kummer variety of genus 3 hyperelliptic
curves and computes the theory of heights in [Sto17]. This improves upon earlier work

by Stubbs in his thesis ([Stu00]) and Miiller ([Miill4]).
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Genus 3 curves are either hyperelliptic or smooth plane quartic. Genus 3 superel-
liptic curves form a subclass of the smooth plane quartics; assuming the characteristic
is not 2 or 3, such curves have a model y3z = f(z,z), where f is homogeneous of
degree four. In the following, we find an explicit embedding of the Kummer variety of

genus 3 superelliptic curves.

4.2 Background

4.2.1 Embedding varieties into projective space

We first review how to embed varieties into projective space using line bundles. Let
X be a variety over a field K, and let £ be a line bundle on X. We say that £ is
globally generated if there are global sections sy, ..., s, € ['(X,.%) such that for every
point p € X, there is at least one s; with s; € m,.Z,,.

Let R be a ring, and let X be an R-scheme. Let .Z be a globally generated
line bundle, and let sq,...,s, be global sections that generate it. There is a unique
morphism ¢: X — P} = Proj R[zo, ..., z,] such that £ = ¢*0(1) and s; = ¢*(z;)
for each 1 =0,...,n.

Conversely, given a morphism X — P% of R-schemes, the pullback . = ¢*0(1)
is a line bundle and globally generated by the sections s; = ¢*(z;) for i = 0,... n.
Thus, morphisms X — P?% are determined by globally generated line bundles. Note
that such morphisms are defined over R. We are interested in morphisms X — P}
that are embeddings. For this, we introduce the concept of a very ample line bundle.

Let X be an scheme over a ring R and let . be a line bundle on X. We say
that £ is very ample relative to R, if there is an embedding ¢: X — P such that
£ = p*(0(1)). We conclude that finding an embedding of a variety V' into projective
space is equivalent to finding a very ample line bundle .Z on V. Let K be a field,
and let X be a K-scheme. If .Z is a subsheaf of the constant sheaf K(X) of rational
functions on X, then we have a simple interpretation of the morphism associated to
. On a nonsingular K-variety, I'(X,.Z) is a finite dimensional vector space. Choose

a basis s, ..., s, of I'(X,.%); then the map to projective space is given by
x> [so(x): -1 sy(x)]. (4.1)

We shall use this theory to embed the Kummer variety of a curve into projective

space. We formally define the Kummer variety of a curve in Section 4.2.3.
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Let V' be a variety and let D be a divisor on V. Then we write .2 (D) for the line
bundle associated to D, and we write L(D) for the space I'(V, Z(D)). We say a line
bundle .Z is ample if £™ is very ample for some positive integer m.

If D is an ample divisor on an abelian variety A, then 3D is very ample (see [Mil,
I1.6]). Moreover, there is an ample divisor, denoted ©, on A. Thus 30 is very ample,
and we can use a basis for I'(J(C), Z(30)) to embed the Jacobian. We discuss this
space in Section 4.2.2.

For the Kummer, it suffices to use a basis for L(20) (see [BL04, Section 4.7], for
example). Thus we must find global sections of .Z(20) to embed the Kummer of a
curve, and global sections of .Z(30) to embed the Jacobian of a curve.

We refer to [Mil] for standard facts about the theta divisor. Firstly, dim L(n©) =
n?. One can see this by using Riemann-Roch for abelian varieties. Let h'(.%) denote
the dimension of the cohomology group H'(A,.#). Then the Euler characteristic is
X(Z) =32, (=1)'h(Z). For an ample divisor £, we have h'(£) = 0 for all i > 0.
Let (L)™ denote the nth self-intersection of L. Then Milne shows that (©)7 = g!. The
Riemann-Roch theorem for abelian varieties (Theorem 2.2.4) implies x (&) = (L)?/g!,
and so we see that dim L(n©) = n9, as required.

To find the explicit embedding corresponding to the line bundle ., we must also
find the relations between the basis of I'(X,.%). In the case of an abelian variety,
the corollary on page 349 of [Mum66] implies that L(40©) is defined by an intersection
of quadrics. This also implies that the elements of L(20) satisfy quartic relations,
since quadratic combinations of elements of L(20) liec in L(40). See [Miill4] for more

detalils.

Example 4.2.1. Let E be an elliptic curve over a field K, given by the equation
y? = 2® + Az + B, and let oo denote the identity point. Then the theta divisor can
be taken as the point co. The global sections of the line bundle £ (20) has K-basis
{1,x}; indeed, 1 is reqular on E, and x has a double pole at co. This agrees with the
description of the Kummer variety being the copy of P! that E is a double cover of.
Moreover, the global sections of the line bundle £ (30) has K-basis {1,z,y}. One can
see that £ (30) is very ample, since there is an embedding y? = x®+ Az + B, in terms
of the global sections.

Note, however, that we must go to £ (40) in order to have the projective embedding
be cut out by quadratic equations. Indeed, T'(E, £ (40)) = {1,x,y,2?}. Denoting these
by 2o, 21, 29, 23, respectively, we see that there is a projective embedding given by the

two equations z2 = 2123 + Az120 + B22 and 22 = z32.
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4.2.2 Divisors on normal varieties

We follow Wamelen ([Wam98]) and Iitaka ([lit82]) for this subsection. Let V be a
normal variety over a field K; that is, the stalks 0y, are integrally closed domains for
all p € V. We define a prime divisor as an irreducible subvariety of V' of codimension 1.
We denote by DivV the abelian group of all finite formal linear combinations of
prime divisors on V. Thus any divisor D € DivV is of the form )y nyY for some
n, € Z, with all but finitely many ny equal to zero. We define the degree of D as
deg D = ), ny, and we write Div" V' C DivV for the subset of degree n divisors of
V. The degree-0 divisors, Div® V' € DivV, are a subgroup.

Since V' is normal, the local ring of a prime divisor is a discrete valuation ring, so
each prime divisor Y comes with a valuation vy. Let K(V') denote the function field

of V. Then we can define the divisor of a function f € K(V') as
div f =Y oy (f)Y, (4.2)
Y

where the sum ranges over all prime divisors Y C V. This sum is finite.

We say that two divisors D, D" are linearly equivalent if D — D' = div f for some
f € K(V); in this case, we write D ~ D'. We say a divisor is principal if it is linearly
equivalent to zero. Fix an algebraic closure K of K; the Galois group Gal(K /K) acts
on Div V| and we define Divg V' as the subgroup (Div V)Gal(F/ K) - Divv consisting
of divisors that are fixed under this action.

We can compute pullbacks of divisors on normal varieties using the following the-
orems from [lit82]. Let ¢: V' — W be a finite map of normal varieties. Let D be a
divisor on W. Write ¢~ 1(D) = ;_, Y; UU;_, Zi, where ¢(Y;) is dense in D for each
i, and p(Z;) is not dense in D for each i.

To each divisor D; we associate a positive integer e; called the ramification index.

These satisty the following theorem.

Theorem 4.2.2. Let p: V — W be as above. Then

r

> eideg(gly,) = degp. (4.3)

=1

We never need to explicitly compute the ramification indices, as they will turn out

to be 1 whenever we compute pullbacks of divisors. The next theorem lets us compute
©* (D).

67



Theorem 4.2.3. For ¢: V — W as above, we have

r

p'(D) = e, (4.4)

=1

where e; are the ramification indices.

Finally, we can compute the order of a function along certain divisors on a product

variety using the following theorem.

Theorem 4.2.4. Let V be a normal variety and let W be a nonsingular variety. Let

wy: VX W =V be the projection to V. If D is a divisor on V and & € K(V), then
ordpyw (m,€) = ordp €. (4.5)

4.2.3 The Kummer variety of a curve

We now consider the situation above where the variety V' is replaced by either a smooth
curve C or the Jacobian J of a smooth curve. We refer to [Har77] for background
material. In particular, by a smooth curve, we mean a noetherian normal integral
separated scheme of dimension one. Divisors on C are finite formal linear combinations
of points on C.

We defined the Jacobian in Section 2.1. We write O for the identity element of
J(C); that is, the class of all principal divisors on C.

Definition 4.2.5. We define the Kummer variety of C as J(C)/(—1); that is, the
quotient of J(C) by negation.

Example 4.2.6. For ezample, on the smooth plane quartic curve C: y3z = a* + 2*
contained in P, we have the degree zero divisor D = (0,1)+(0,w)+(0,w?)—3(0: 1: 0),
where w 1s a primitive cube root of unity.

Then D 1is rational, since it is fized by the absolute Galois group of Q. This s
also the divisor of the function x/z on C, since the points where x equals zero satisfy
2(y* — 2%) = 0, and the points where z = 0 satisfy 2* = 0. This shows ord i) (z) =1
Jori=0,1,2, and ord. 1. 0)(x) = 1, and also ordg. 1. 0)(2) = 4. Thus

div(z/z) = (0,1) + (0,w) + (0,w?) — 300, (4.6)

so D is zero in the Jacobian of C.
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Write g for the genus of C, and let P,, € C(K) be a given point. We define the

theta divisor with respect to the base point P, as

Op, = {gz_:Pi —(g—1)Px: PeC} C JC). (4.7)

i=1
In words, ©p,_ is the subset of all points of J(C) that only require g — 1 points to
represent them with the base divisor (¢ — 1)P,,. We drop the subscript P., and just
write © when the base point is clear.

We refer to [Mil] for basic properties of the theta divisor. Importantly, © is a prime
divisor on the Jacobian; that is, a codimension one irreducible subvariety.

The symmetric group S, acts on the fibre product C"* by permuting the factors.
We define the symmetric product of a curve C as the quotient of C™ by this action.
If K is a perfect field, with algebraic closure K, then the K-points (Sym™ C)(K) are
the formal sums of points Y"1 | P; such that P, € C(K) for each i = 1,...,n and such
that the sum is fixed under the natural action of Gal(K/K).

Let Dy € Div? C be a given divisor. We follow [Wam98] in defining the surjections

¢ 5 sym?!C L J(C), (4.8)

by m: (Pr,...,P) — >7 P, and I: >0 | P — >0 P, — Dy. We also define
¢ = I o7 as the composition C? — J(C).
These maps are important for us, because we will understand functions on J(C)

by pulling them back to functions on Sym? C.

Lemma 4.2.7. Let C be a nonsingular curve over a field K of genus g, and let Py, €
C(K) be a given point. Consider the maps in (4.8) with respect to the base divisor
gPs. The map I is surjective and birational. Consequently degl = 1. Moreover,

degm = g!.

Proof. To see that degm = ¢!, note that if 7, P, € Sym? C is a point in the symmetric
product with P; distinct points in C(K), then there are g! points in CY that map to
7_, P;, each with multiplicity one. The set of such points in the symmetric product

is open, and so the degree of 7 is g!.
For the result on I, we will show that if D is a point in the Jacobian of a nonsingular
curve, then there is a unique effective divisor £ over K of minimal degree 0 < m < g

such that E — mP,, ~ D. This is also shown in [GPS00], but we give the argument
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here for completeness. First note that the Riemann-Roch dimension ¢(D + mP,,) can

increase by either 0 or 1 as m increases by 1. Indeed,
D+ (m+1)Px) — (D + mPy) > 0, (4.9)

and the Riemann-Roch formula gives
((D+ (m+1)Py) —€(D+mPy) =L0k—D— (m+1)Py)
+(m+1)+1—g (4.10)

—lk—D—mPy)—m—1+g
=0k —D—(m+1)Py)

—l(k—D —mPy)+1
<1, (4.12)

(4.11)

since £(k — D — (m+ 1)Py) < l(k — D — mPy).

Since D € Div’C, then ¢(D) > 0 if and only if D is principal: for any f € L(D), we
have div f + D > 0, but then by degrees we see that div f + D = 0, so D is principal.
In this case, we can take my = 0. We may thus assume that D is not principal. The
Riemann-Roch formula shows that ¢(D+gP,,) > 1, and so there must exist a minimal
m such that {(D +mP.) > 0; let mg denote the minimal such m. Let f be a nonzero
element of L(D 4+ myPs), and define E = div(f) + D + moPsx. Then E > 0, and
D ~ E —myP,. By construction, E is the unique divisor of minimal degree with this
property: we already showed ¢(D + mP,,) increases by at most 1 when m increases
by 1, and for m < mg, we have ¢(D + mP,) = 0.

Let D € Div’ C. We have just shown that there is an effective divisor £ € DivC of
degree at most g such that £ — (deg E)Py, ~ D. Thus E + (g — deg E)P,, € Sym?C
maps to D under I. Hence [ is surjective.

Since © is precisely the subset of D € J(C) for which the minimal degree m is at
most g — 1, this shows that points in J(C) \ © have precisely one preimage in Sym? C
(since the effective divisor F is unique). Thus [ is bijective between an open subset of
Sym? C and the open subset J(C) \ © of J(C). O

4.2.4 Functions on J(C)

As noted by Wamelen ([Wam98]), since the map I: Sym?C — J(C) is birational,
the function fields of Sym?C and J(C) are isomorphic, and so to study functions
on J(C) we may instead study functions on Sym?C. Explicitly, I induces the map
K(J(C)) = K(Sym?C) given by pullback: (£: J(C) = K) +— (Eol: Sym?C — K).
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Since it is easier to study functions on Sym? C, it is more helpful to have an explicit

map in the other direction. This is provided by Lemma 4.2.7, which gives a map

I' J(C)\ ©p, — Sym?C

g 4.13
Doy P, (4.13)
=1

where Y 7 | P, is the unique effective divisor of degree ¢g from the lemma such that
D~ 3% | P,—gPs. Since J(C)\ ©p, is an open subset of J(C), this gives a natural
map [": K(Sym?C) — K(J(C)).

Motivated by the discussion at the start of this section, we want to compute L(n©)
on J(C). It is easier, however, to work with functions on Sym? C, so we first determine
what L(n®) corresponds to in K(Sym?C). Write O’ for the divisor I7'(O) on Sym? C.
Every divisor on Sym?C is mapped with degree 1 to a divisor on J(C), except for
@', which is mapped to the point O € J(C). We can thus ignore poles along O’ of
functions on Sym? C when considering them as functions on J(C).

Let £ € K(Sym?C). Then I"™¢ is a function on J(C), and has divisor div ["*{ =
I'*divé. At any divisor D of Sym?C except O, we have "D = ['"Y(D) = I(D).
Thus div [™§ = > npl(D), where np is the order of  along D.

There is also a natural injection K(Sym?C) < K(CY), given by pullback by .
The image of the map consists of functions on CY invariant under the action of the

symmetric group S, on the factors of CY.

Remark 4.2.8. These are also known as multisymmetric functions. In the language
of [Vac05], the function field K(Sym?C) is denoted Ak(g,2).

Suppose that the curve has an affine model f(z,y) = 0, with coordinates z,y. Let
P, = (x;,y;) in (P1,...,P;) € CI(K). Then a function in K(Sym?C) is an element of
K(z1,y1, .-, %g,yy)%.
Example 4.2.9. Let C: y* = f¢(x) be a genus 2 hyperelliptic curve. Then the function
r1 4 29 € K(C?) is invariant under the action of Sa, and so in fact lies in K (Sym?*C).
Note that the symmetric functions on C* are not just generated by the elementary
symmetric functions in x1,To and yi,ys respectively. For example, x1y, + Tays 1S

symmetric, but not a polynomial combination of x1 + x9, x122, Y1 + Yo, Y1Y2-

4.2.5 Computing divisors of functions on J(C)

We now discuss how to compute divisors of functions on J(C), mainly following

[Wam98]. First fix a base divisor Dy € Div/C, so that the map I is given by
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7. P — >7  P,— Dy. Usually, Dy = gP. for some point Py, € C(K). Then
the degree of the first map is g! and the degree of the second is 1. To compute the
order of a divisor on J(C), we compute its order on one of the factors C of the fibre
product CY, and then use the formulas from before. Recall that ¢ is the composition
¢! 5 SymfC L7 (C). We aim to compute ¢*D, for divisors D of J, since then we
will be able to read off the order of our function along ¢*D.

This allows us to compute div(€) for certain functions £ on C9. Let @ € C(K) be a
point, and let 7 : C¢ — C denote projection to the first factor. If D is a divisor on CY
of the form {Q} x C9~!, then ordp(min) = ordg(n), where n € K(C) is any function
such that min = &.

4.2.6 How to compute orde ¢ for a function £ on J(C)

The proof of the following lemma is inspired by the proof of Theorem 4 in [Wam98|.

Lemma 4.2.10. Suppose © is given with respect to the base point P, € C(K), and
that Dy = gP, is the basepoint for I. For eachi=1,...,q, define

T,=Cx -+ X{Pyx} x--xC, (4.14)

— g

where P, appears in the ith factor. Then *(©) =7 | T;.

Proof. The T; are prime divisors on CY and we have T; C ¢~ (©) for each i. Moreover,
©(T;) is dense in © for each i. By Theorem 4.2.3, there are prime divisors Y; on CY

such that ¢(Y;) is dense in ©, such that

g

OIS SN (4.15)

=1

By Theorem 4.2.2,

@

ei(deg olr,) + Y fi(deg ply,) = degp = g!. (4.16)

=1 7

Moreover, deg(¢|r;) = (g — 1)! for each i. Thuse; =1 fori=1,...,9. We conclude

that there are no Y;, and so

()= T (4.17)
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Let £ be a function on J(C). We can compute ordg(§) as follows. Since ¢*(0) =
7 T, it suffices to compute the order of ¢*(§) along ¢*(©). We first compute the
order of p*(§) along T (the order is the same along any T;, by symmetry). For this,
we find a function 7 on C such that 7in = &, where m1: C9 — C is the projection to the
first factor. Thus the problem reduces to finding ordp_ 71, where Py is the basepoint

for ©.

Example 4.2.11. Let C: y?> = f5(x) be a genus 2 hyperelliptic curve. Then oo is a
rational point on C, and we let © denote the theta divisor with base point oo. Let & be
the function y; + v on Sym?C, and by abuse of notation consider it also as a function
on J(C). Let m;: C x C — C denote the projection from the ith factor; then y; = }y.
We use that ¢*© = >"7 | T; as before, and recall that to compute orde £ it suffices to
compute ordrp, £&. Then ordyp, (7fy) = ords(y) = —5. Moreover, ordr, (y2) = 0, and so
ordr, (y1 + y2) = —5, whence orde(y1 + y2) = —5.

The following lemma is useful for computations.

Lemma 4.2.12 (Hyperelliptic odd degree case). Let C: y* = f(x) be a hyperelliptic
curve of genus g, with deg f = 29 — 1. Define the following weight on functions on
Sym? C. Since the functions are symmetric, we need only define w on x1,y;:

w(z1) = orde ()

(4.18)

and extend to monomials additively. Then extend to polynomials as a valuation, and

extend to rational functions by w(g/h) = w(g) —w(h). Then orde(§) = w(§).

Proof. 1t suffices to show that ordg(£) = w(&) for functions in the coordinate ring of
Sym?Y C. These can be written as sums of monomials, and the order of the pole at ©

is simply the order of the pole along T}, which is the weight as described above. [

4.2.7 How to show that a function is regular away from O

Showing that a function is regular away from © is usually straightforward. We give

an example to illustrate this, with this particular idea originating in [Wam98].

Example 4.2.13. Let C: y* = f(x), where deg f = 5 be a genus 2 curve, and consider
the function € = (y1 — y2)/(x1 — x2) on Sym®C. Then C has a unique rational point

at infinity, denoted oo. Consider the theta divisor with base point oo. Then ordg & =
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ordp, &, as before. Since y1 — y2 has a pole of order 5 along © and x1 — x5 has a pole
of order 2 along ©, it follows that & has a pole of order 3 along ©.
The only other possible subset of Sym*C on which & can have a pole is U = { P} +

Py: xy = x9}. This decomposes into two irreducible divisors Dy U Dy, where

Dlz{Pl—f—Pgil’l:l’Q,yl:yQ} (419)
D2 = {P1 + Pgi 1 = T2,Y1 = —yg} (420)

Now, Dy = I71(O) is the inverse image of the identity point of the Jacobian, and so
I(Dy) is not dense in any divisor of J(C). Consequently, considering £ as a function
on the Jacobian, the divisor I(Ds) does not contribute to divE. However, 1(Dy) is a
prime divisor of J(C), and so we do have to show that £ is reqular on I(Dy). Write

ézyl—?ﬁ: yi— s :f(xl)—f(@) 1
T1 — T2 (1 — 22) (1 + 12) T — X2 Y1+ Y2

(4.21)

Now, 1/(y1 + yo) is reqular on Dy, and x1 — xo divides f(x1) — f(x2); thus & is reqular

on Dy, and so also on I(Dy).

4.3 The Kummer embedding in genus 2

Throughout this section, C denotes a genus 2 hyperelliptic curve with a model of the
form y? = f(x), with f(x) degree five or six. We write K for its Kummer surface and

J for its Jacobian.

4.3.1 The Theta divisor

To embed the Kummer and Jacobian we require a basis for £ (20) and Z(40),
respectively. However, © is defined relative to a basepoint, so if C(K) = (), then
© is not rationally defined. Instead, we look for another very ample divisor that is
rationally defined. We write ©F for the theta divisor with base point oo™, and ©~ for
that with base point co™. Then note that ©" + ©~ is defined over K, since it is fixed
by the action of Galois.

Moreover, OT+0~ is ample, and 2(©7+07) is very ample, so we can use £ (2(0F+
©7)) to embed J(C), and Z(OF + ©7) to embed the Kummer. We are reduced
to finding bases for each of these spaces, and then finding the polynomial relations

between them.
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4.3.2 Poles along ©

Lemma 4.3.1. For a hyperelliptic curve C: y* = f(z) of genus g, defined over a field
K, the divisor ©F + O~ is K-rational. Moreover, the order of the pole of the function
£e€ K(C) at ©F + O~ is given by the weight

w(zy) =2
(4.22)
w(y1) = deg f.
This is extended to monomaials, then polynomaials, then rational functions.
Proof. This follows, since
w(x) = —ordee+ () — orde-(z) = 2
(4.23)
w(y) = — ordoe+ (y) — orde-(y) = deg f.
]

4.3.3 Some algorithms for computing with polynomials

The following algorithms for computing relations between polynomials are not believed

to be novel, but we give them for completeness and clarity.

Computing linear relations between polynomials We first give some algo-
rithms for computing relations between polynomials. Let x = (xy, ..., z,) be a vector
of indeterminates, and let K[x] be the polynomial ring over K generated by z1, ..., z,.
Suppose p1(X),...,pn(x) € K[x]. We often want to compute the relations between
these polynomials. For example, the linear relations can be described by v € K™ such
that vipy(x) + - -+ + vpp(x) = 0. This is a subspace of the vector space K™.

Given a set of polynomials p;(x), ..., pn(x), we first list all monomials my, ..., my
occurring in the p;(x). Then form the k-dimensional K-vector space V with basis
mi,...,mg. For a monomial m € Klxy,...,z,], let ¢, K[xq,...,2,] — K be the

function that takes a polynomial p(x) to the coefficient of m in p(x). The monomials

(mq,...,mg) define a map
Oyt K[z, 2] =V
(4.24)
p() = (my (P); - -5 ey (P))-
Given n polynomials p;(x), ..., p,(x), we can form an n x k matrix M with rows the

vectors Qpm,...m, (Pi(z)); we have M;; = ¢, (p;). Any linear combination vip; + - - +

vpPn of the p; contains only the monomials my, ..., my; moreover, vip;+- - +v,p, = 0
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if and only if ¢, (vyp1 + -+ + vapn) = 0 for all ¢ = 1,... k; that is, if and only
if vicm, (p1) + -+ + VnCm,(pn) = 0 for all i = 1,... k. In particular, v = (v1,...,v,)
satisfies vM = 0. Thus the relations between the p; are the vectors in the left nullspace
of M.

Algorithm: Compute linear relations between polynomials

Input: Polynomials p;(x) for i = 1,...,n over a field K.

Output: Basis for the subspace of v € K™ such that vip; + -+ v,p, = 0.
Compute the monomials my, ..., my occurring in p;(x), ..., pp(X)

Foreach 1 <i<n,1<j <k, let M;; = Coefficient(p;, m;)

Compute the left nullspace: v € K™ such that vM =0

Return a basis for the left nullspace

Algorithm 1: Compute linear relations between polynomials

Computing higher degree relations between polynomials To compute all de-
gree d relations between the polynomials p;(X),. .., p,(x), we would first compute all

degree d combinations of the p;, and then compute the linear relations between these.

Example 4.3.2. Let pi(x1,22) = 21 — T2, po(21, 2) = T1 + X2, p3(x1, T2) = x129, and
consider the linear relations between the polynomials py, p2, p3, Pt, P1D2, P1D3; Pas P2D3, Pa-

The monomials occurring are Ty, T3, Ty, T3xa, T2x, 12, 1123, T1T2, and the matriz M is

1 0 -1 000 O O
10 1 000 0 0
0o 0 0 000 0 1
o1 0 001 0 =2
M=10 -1 0 001 0 O (4.25)
o 0 0 010 -1 0
o1 0 001 0 2
o 0 0 010 1 O
o 0 0 100 0 O

=)

We check the left nullspace is 1-dimensional, generated by (0,0,4,1,0,0,—1,0,0). This

corresponds to 4ps + p? — p3 = 0.

Computing relations in function fields We want to apply these algorithms not
just to polynomials but to functions on varieties. We assume such functions have a
representative in a polynomial ring K [x]. If we can define a reduction of such polyno-
mials to a unique element in K[x], then we can simply apply the above algorithms to
the reduced polynomials. If the functions lie in the function field K(x), then we first
multiply all the functions by their least common denominator and instead compute

relations between polynomials.
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On a curve of the form C: y* = f(x), we can reduce any polynomial in Klz,y]
by repeatedly replacing y"™ by f(z) until the maximum degree of y that occurs is at

most n — 1. For functions on the symmetric product Sym? C, we do this to y; for each
i=1,...,g using y!' = f(x;).

Example 4.3.3. Consider the genus 2 hyperelliptic curve C: y* = 2°+1. The function
n=1y®—x+1 reduces toy(x5+1)—x+1:x5y+y_$+1.

Computing the symmetric and antisymmetric subspace Let C: y" = f(x) be
a superelliptic curve, with n > 2. To compute functions on Sym?C we will need to
compute the subspace of symmetric polynomials and the subspace of antisymmetric
polynomials. Recall that the symmetric group S, acts on K{z1,41, ..., 2,4, Yy, by per-
muting the indices of x; and y;; if p € K[z1,y1,..., 24,9, and o € S,, then we write
7p for this action. We say p € K[z1,41,...,%,,Y,] is symmetric if “p = p for all 0 € S,
and that it is antisymmetric if °p = —p for all o € S, where S denotes the subset
of odd permutations in Sj,.

Let V' be the vector space spanned by the monomials my,...,mg. Then the sym-
metric polynomials spanned by my,...,m; are a subspace, which we denote by V¥;
the antisymmetric polynomials spanned by my,...m; are also a subspace, which we
denote by V.

By explicitly computing the action of the permutation o € S; on the monomials,
we can define a linear map on ¢,: V — V. For the symmetric subspace, we require
s(v) = v for all o € S; for the antisymmetric subspace we require ¢,(v) = —v for
all o € 5. Thus

V= () ker(g, —id) (4.26)
0ESy

Vo= (1 ker(g, +id), (4.27)
oeSy

where id denotes the identity map V — V.

See [Nic18] vector_space_polynomials.m for an implementation of this in MAGMA.

4.3.4 Method to find £ (n0O)

We first construct some functions in .Z;(n©) and then show that this gives all func-
tions. Let A = {2P: P € C} C Sym®C and let O’ = {P + «(P): P € C} C Sym*C,
where ¢: C — C is the hyperelliptic involution sending (z,y) to (z,—y). Then A and
O’ are both divisors of Sym?C, but @’ gets blown down to a point on 7.
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Let d = x1 — 9 and consider an arbitrary g € K|z, y1, X2, y2]. If the function g/d™
is symmetric, then it is regular on Sym?C apart from poles along A and O’ of weight
at most m and a pole along © of order n = w(g) — mw(d). This gives an element of
Z;(nO© + mA). We fix the pole along A by imposing that g has a zero along A of
weight at least m. For such a g, we have g/d™ € £Z;(n©). Our strategy is to search

for such g by increasing m until we find the full space.

Lemma 4.3.4. Let d = x; — 29 and let ¢ € L7(nO). Then there is m > 0 and
g € K[x1,y1, 79,12 such that ¢ equals g/d*™ in K(Sym®C) and g has a zero along
A of order at least 2m.

Proof. Let Cy: y* = f(x) denote the affine curve consisting of just the affine coordinate
chart. Then Sym?C, is an open subset of Sym?C and © N Sym?*Cy = (). Functions on
Sym? Cy are precisely symmetric functions in K (x1,y1, T2, v2). Moreover, if a function
on Sym? Cy has no poles, then it is regular, meaning that it lies in K[z, y1, 2o, y2] 2.

Let h represent ¢ on Sym®C; then h € Lgy,n20(n© + kO’) for some k € Z, since O’
gets blown down to a point on J but is a divisor on Sym?*C.

If k > 0, then h potentially has a pole along O’ of order k. Let m = k. Then d*™
is symmetric, and hd*™ € Lg 2 ¢(n© — 2mA) C Lgy,20(n©).

If £ < 0, then h only has poles along O, and is forced to have a zero of order —k
along O'. It follows that h € Lgy,,2¢(n©). In this case we take m = 0.

Thus in either case there is m > 0 such that hd*™ is regular away from © on Sym?C.
Consider the restriction of hd*™ to the affine chart Sym?®C,. Since © N Sym?Cy = 0,
the function hd*™ is regular, and thus has a representative g € K[zy,y1, T2, ya]2.
Moreover, ¢ has a zero of order 2m along A since h is regular along A and d? has a

zero of order 2 along A. O

Remark 4.3.5. To make the above lemma easier to state, we used the denominator
d*™, so that the power of d is always even and d*™ is symmetric. To avoid working
with such large m it is sometimes helpful to use g/d™ where m can be odd; in this case,

g should be symmetric if m s even and antisymmetric if m is odd.

Thus if ¢ € Ly (n©), then p € U,,50{9/d*™: g € Lgym2c(n© —2mA)}. Also recall
dim L 7(n®) = n? for the Jacobian J of the genus 2 curve y? = f(z). We will use this
in Algorithm 2, but we first discuss how to compute the functions ¢ that have a zero

along A of a given order.
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Functions with zeroes along A Let C be the hyperelliptic curve with affine coor-
dinate chart Cy: y*> = f(z). Then Sym?(C, is an open affine subset of Sym?C, and so
functions on Sym? Cy determine functions on Sym?C.

Let w be the weight function w(z) = 2, w(y) = deg f, giving the order of the
pole along O of any polynomial. Let V(w, N) be the vector space of monomials in
x1, Y1, T, Y2 of weight at most N. This is a finite subspace of K|z, 91, x2,y2]. Recall
we can reduce functions in this polynomial ring modulo y* = f(x).

For any finite-dimensional subspace U C K|[z1,y1, T2, y2] and integer N > 0, let
U(—NA) denote the subspace of functions that have a zero of order at least N along
A. We can compute the order of a polynomial g € K[x1,y, za, y2| along A by putting
Ty = 11 + ¢ where ¢ is a formal parameter. Then y, is determined by y3 = f(z3) =
f(z1 + €); we know which root to take for y, since y, is near y; on A. Using Taylor

series, we get

y% = f(&ll) + 8f’(3:1) + gf”(:cl) + - (428)

9 Ef’(m) ng”(fﬁl)
=) T o)

f(@r) 4. (4.29)

Since yp =~ y1, we get

Pl | o)
fla) | 2f(m)

and we finally just use the Taylor series for (1 + 71)'/? to expand the right hand side.

ya(e) =11 +¢ (@) + )2, (4.30)

Then we compute the order of € in g(z1,y1, 21 + €, y2(¢)). We may need many terms
of the Taylor series to compute the order.

We can compute U(—NA) as follows. First take a basis ¢1, ..., g, of functions in
U. Then g;(z1,y1,21 + €,y2(¢)) is a polynomial in K|z, 3]e]. For j =0,..., N — 1,

define g;;(x1,y1) as the coefficient of €/ in g;(x1,y1, 21 + €, y2(2)). The conditions that
gij =0fori=1,...,rand 7 =0,..., N — 1 define a subspace of U.

Computing L(n©) Algorithm 2 computes a basis for L(n©) on the Jacobian of the
genus 2 hyperelliptic curve y* = f(z).

Remark 4.3.6. The algorithm necessarily terminates, because if p1,...,on 1S a basis
of L(n®), then for each ; there is a corresponding g; from Lemma 4.3.4; this arises
from some finite m; in the lemma. Since the basis is finite, the algorithm finds the

basis with m up to the maximum m,;.
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Algorithm: Compute L(n©) for the Jacobian of the genus 2 hyperelliptic
curve % = f(x)

Data: n, a nonnegative integer; a weight function w

Result: A basis for L(n©)

m =10

Initialise empty list b

while len(b) < n? do

Compute V(w,2m + n)

Let V' be the subspace of reduced polynomials

if m odd then

| Let U=V~
else
‘ Let U :=VT
end

Compute a basis b for U(—mA)
m:=m+1

end

Algorithm 2: Computing L(n©)

4.3.5 The Kummer embedding

Algorithm 2 in the case n = 2 gives a basis for L(©7+07), which we give as &, &1, &2, &3
in Proposition 4.3.7 and refer to as the Kummer coordinates. The proposition also
computes the relations between the Kummer coordinates; the coordinates and the sin-

gle quartic equation they satisfy agree with Flynn’s original computation in [Fly90b].

Proposition 4.3.7. Let C: y*> = f(z) be a genus 2 curve and let K be the Kummer
surface of C. The following is a basis for L(©T +©7):

§o =1 (4.31)
§1 =11+ 1 (4.32)
£ = 1122 (4.33)
& = (Fo(1,22) — 25192) /(1 — 22)?, (4.34)
where
Fo(xy,x0) = 2fo + fi(z1 + 22) + 2 fox1ma + f3(x1 + 22)(2122) (4.35)

+ 2f4(z129)? + f5(21 4 22) (0122)* + 2f6(2129) 3.

The coordinates &y, &1, &2, &3 satisfy the quartic equation Q (&, &1,&2,&3) = 0, where
Q(z0, 21, 22, 23) = 23(27 — 42022) + 23P (20, 21, 22) + ¥ (20, 21, 22) = 0, (4.36)
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where

®(Z07 21722) = —4f023 - 2f12321 - 4f2Z§Z2 - 2f3202122

(4.37)
— df1zo7s — 2f52125 — 4 fe2s,
(20, 21, 20) = —4fofazg + fizg — dfofazozr — 2f1f3z020 — Afofazizs
+ 4fofszoz120 — Af1fazgzize — Afofezd 7 + 2115257
— Afafazgzs + f32025 — Afofs202) + 8o fororize .

- 4f1f52’02%2’2 + 4f1f620212§ - 4f2f52021222
— 2fsfs2025 — Afofezy — Afifeziza — Afaforizs
— 4f3f6212§ — 4f4f62’§ + ][5223L

Proof. As discussed in Section 4.2, functions in L(2(©1+07)) satisfy quadratics. Since
quadratic combinations of the Kummer coordinates are elements of L(2(07 + ©7)),
they themselves satisfy quadratics, which give quartics in the original functions. See
[Miil14, Proposition 3.1] for more details.

We compute all quartic combinations of the basis elements and find the relations

between them using the algorithms in Section 4.3.3. O

Remark 4.3.8. In higher genus it is infeasible to find all quartic combinations of the

basis elements since the functions are larger and there are more of them.

4.3.6 The Jacobian embedding

Algorithm 2 also computes a basis for L(2(©" + ©7)). In order to compare with
Flynn’s original embedding in [Fly90b], it is helpful to follow him and introduce the
weights w,, w,, defined on z,y and the coefficients f; in Table 4.1; the equation of the

curve is homogeneous with respect to w, and w,.

Wy | Wy
z;, | 1 0
fil—1] 2

Table 4.1: Weights for functions on Sym?C.

This gives the functions more structure. We write the basis that we find so that all
elements lie in Z[fy, ..., fo|[x1, y1, %2, y2], and are homogeneous with respect to both

weights. We arrive at a slightly different basis to Flynn, but can find the space of
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quadratics spanned by these using the relation finding method between polynomials
as in Section 1. It is 72 dimensional, as originally computed by Flynn ([Fly90b]). See

Appendix E for the Jacobian coordinates.

4.4 Superelliptic genus 3

4.4.1 Superelliptic genus 3 curves

Let K be a field of characteristic p & {2,3}. Let C be a genus 3 curve over K. Then C is
either hyperelliptic or is isomorphic over K to a smooth plane quartic. As discussed in
Section 4.3, over a field of characteristic not equal to 2, hyperelliptic curves of genus g
can be written in the form y*> = f(z), for deg f € {2g + 1,29 + 2}. For genus 3, this
means y? = f(z) with deg f € {7,8}.

On the other hand, a smooth plane quartic is defined by an irreducible homogeneous
quartic F(z,y,2z) = 0 as a subset of P? (see [Vak17, Section 19.7]). The canonical
divisor k¢ is degree 4, and has g = 3 sections. Also, k¢ is base-point-free, so gives a
map to P2, If this is an embedding, then the map embeds C as a degree 4 curve in P?
(since deg ke = 4). If it isn’t an embedding then the curve is hyperelliptic.

The superelliptic curves are a subset of the smooth plane quartics. These have
a model of the form: y* = f(z), where deg f = 4. A nice feature of these curves
is that the homogenisation of the equation is smooth in P3; that is, y32 = F(z, 2),
where F'(z, z) is homogeneous of degree 4 with F(z,1) = f(x). Moreover, they have a
rational point at infinity, given by co = (0: 1: 0). Let I: Sym*®C — J(C) denote the
surjection from Section 4.2 with base point co.

In this section, C denotes the projective curve y3z = F(z, z) in P? and Cy denotes
the affine curve 3® = f(z), where f(x) = F(z,1).

As in the previous section, we will consider functions on the symmetric product
and then relate them to functions on the Jacobian. We first need to know how divisors
on J(C) relate to divisors on Sym®C.

Fix a primitive cube root of unity w. Then C admits the automorphism (z,y) —

(x,wy), which we also denote by w.

Lemma 4.4.1. The inverse images of © and O under I: Sym*C — J(C) are

O)=0"=ALUAg C Sym®C (4.39)

-
I''(0)=0" ={P+w(P)+w*P): PeC}CSym’C, (4.40)
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respectively, where

AOOI{Pl—l-PQ—'—OOZPl,PQEC} (441)
Aaﬁ:{P1+P2+P3Pl,PQ,PgGC\{OO}7 €(500—P1—P2—P3)>0} (442)

Proof. We first consider I71(©). The point P, + P> + P; — 300 € J(C) lies in © if
and only if Py + P, + P3 — 300 ~ Q1 + Q2 — 200 for some Q)1,Q)> € C. This happens
if and only if there is h such that P, + P, + P3 — 300 + divh = Q1 + Q2 — 200.
Equivalently, P, + P, + P3 — oo + divh = @1 + Q2 > 0; that is, if and only if
(P, + P, + P; —o0) > 0. Riemann-Roch with the canonical divisor K = 400 gives
(4oo— Py — Py— P3+00)—{(Pi+ Py+ P3—o0) = 24+1—g = 0. Thus {/(Pi+Py+P3—00) >
0 if and only if (500 — P, — P, — P3) > 0. Since Z(5oo) has basis {1, z,y}, such
functions are lines a + bx + cy = 0 that pass through the points Py, P, P with the
correct multiplicity. Thus P, + P, + P; € Sym® C maps into © if and only if P, P, P;
are the intersection of C with a line with the correct multiplicities.

There are two cases: Pp, Py, P3 € C\{oc}, and P; = oo for some i. These correspond
to P+ P+ P3 € A.g and P, + P, + P; € A, respectively.

Now suppose that P, + P, + P3 € I71(0O). Then P, + P, + P3 — 300 = divg. It
follows that g € £-(300), which is generated by 1,z. Either g = 1 or g = z —a
for some a € K. The first case implies P, = P, = P; = oco. In the second case,
the resultant of y> — f(x) and x — a is y> — f(a), which implies that each P; satisfies
2(B) = a,y(P;)® = f(a). Thus the points must be (xq, yo), (2o, wyo), (To, w?yo) in some
order, where y3 = f(a). Both cases give P, + P, + P3 € O'. O]

Lemma 4.4.2. If g € K(J(C)), then we can ignore poles along N,g and O of I*g €
K(Sym®C).

Proof. First we show that A,g is codimension one inside Sym?® C, and thus is a divisor.
Associate the point (a: b: ¢) € P? with the line £ = az+by+cz = 0. This line intersects
C at the divisor P, + P, + P3 + P4, and any choice of three P; gives P, + Po + P3 € A,g.
Also, Py + P+ P3—300 ~ w(P;)+w?(P;) — 200, by using div(z —x(Py)) = Py+w(Py)+
w?(Py) — 300. Hence I(Auq) lies inside {P + w(P) — 200: P € C} C J(C), which is
dimension 1. Since I(A,g) has codimension 2 inside J(C), it does not correspond to

a divisor. Also, @' maps down to the point O € J(C), which is not a divisor. O

However, A, is a divisor on Sym® C that maps to the divisor © on J(C).
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4.4.2 The space L(nO)

As in Section 4.2, the space L;(n©) is in bijection with functions on Sym® C that have
poles of order at most n along A, and a pole of any order along O or A.g. This
subspace is I* L(n©). We work with the space I*L(n®), since it is easier to write down
functions on Sym® C than on J(C).

Since orde(z) = 3 and ord(y) = 4, we see from the previous section that I*L(n©)
consists of functions on Sym®C that are regular away from A, Aug, O, and which
have weight at most n according to the weight w(z;) = 3,w(y;) = 4, extended as in
Lemma 4.2.12.

4.4.3 Kummer coordinates

We now find a basis for L(20) by generalising Algorithm 2. The minimum weight of
any nonconstant function in K[xy, y1, To, Y2, T3, y3]*? is 3, since w(r) = 3 and w(y) = 4.
Thus, to find functions of weight at most 2, we must use a nontrivial denominator.
Since the only pole we are allowed apart from © is along O or A.g, we focus on
functions whose divisor intersects O or A.g.

Since P, + P, + P3 € A, if and only if P, are affine and lie on the intersection of

a line with C, we consider the condition that three points lie on a line.

Lemma 4.4.3. Let P, = (x;,y;) € A% for i =1,2,3. Then Ps lies on the line spanned
by P, and Ps if and only if

d = 21(y2 — y3) + 22(ys — v1) + 23(y1 — ¥2) (4.43)
equals 0.
Proof. The line spanned by (x1, ;) and (z2,ys) has equation
lio(,y) = (Y2 — y1)T + (21 — T2)y + Toys — T1y2 = 0. (4.44)

The condition that (x3,ys) lies on the line is simply ¢12(x3,y3) = 0. Since d =
l12(x3,y3), the result follows. O

But d = 0 also if two of the three points Py, P, P3 coincide. Let
A={2P+Q: P,Q €C} (4.45)
be this divisor on Sym3 C. Then divd? = 2A + 2A,4 — 80O.

Remark 4.4.4. Ideally we would like to say divd = A+ A.g — 40, but d is not defined

on Sym?C as it is antisymmetric.
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Functions we find easily The first few functions are easy to find:

o5 =1 (4.46)
o6 = (27ys — Tlys — Y175 + y1as + xys — yor3) /d (4.47)
o7 = (r1 — xa) (v — x3) (12 — 23) /d (4.48)
og = (]9 + TTY23 + T173Y3 + T1YoT3 + Y1573 + Y12273) /d. (4.49)

These are the only possibilities for functions of the form g/d. Indeed, the maximum

weight of a monomial in g when m =1 is 2 + w(d) = 6.

Generalising the algorithm As in Algorithm 2, we look for functions g/d™ where
g € Klx1,y1,%9,Y2,73,y3] and m > 0, such that g has a zero of order at least m
along A. To ensure g/d™ is symmetric, we look for g symmetric, if m is even, and
g antisymmetric, if m is odd. To impose the zero along A, we approximate g near

A using Taylor series: write 75 = 1 + ¢ and y, = f(a; +¢)'/3

, and ensure that ™
divides g(x1,y1, 22 + €,y2(€), x3,y3). This ensures that g/d™ € L7(20) as a function
on J.

We fix m > 0, and search for functions ¢ vanishing to order at least m on A such
that g/d™ is symmetric and w(g) < mw(d) + n. If the subspace has too small a
dimension, then we increase m and repeat, knowing when to stop, since dim L(n©) =
n®.

Running the algorithm up to m = 2 finds eight linearly independent functions on
the Kummer variety, 7y, ...,ns, which therefore form the Kummer coordinates. We
then change basis so that the leading terms according to the lexicographical order with

X1 > Y1 > Tg > Yg > T3 > Y3 are
2.3.3..2
2fixirses,
3,.3
2 faxymy,
3.3
2f4$1$293>
3,.3
2 faxiThTs,
" (4.50)
x1y27
3,2
x1y27
3
T1T2Y2,
3
T1T2Y2Y3,

respectively.
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Explicitly, we change basis to

o1 = i(flf4 + fafs)ns — fl%
3

I3
02 = —1)3,
03 = —1g,
1 Ja
e f3772 i fsn?” (4.51)
05 = 17,
06 = —1g,
g7 = 7717
og = 1Js,

where o3, 06, 07, 03 are as in (4.46)-(4.49).

We first introduce some notation to make the exposition more manageable. Let

(9(21, T2, T3, Y1, Y2, Y3)) 55 = Z 9(To1, To2, To3s Yoi s Yo2, Yos) (4.52)
gES3

(9(z1, 22, 3, Y1, Y2, U3)) 5, Z Sign(0)g (o1, To2, To3, Yot Yo2 Yos)- (4.53)
oES3

In this notation, d = <a:1y2)§3, and the functions we already found are

o5 =1 dog = <$%?/2>§3
_ 3 4.54
do; = (x%m)ss dog = <xfx2y3>53 (4.54)

We can now express o1, 09, 03,04 as follows:

d’oy = fi{alasas)s, — fafa(ains)s, + 2fs falainias) s,
+4fofalaiases)s, + (fufs = fafs)(@in) s, — 2fa(iT2y2y3) s,
+ (fufa + fofs)(@imams) s, + 2fo faxiaa)s, — falaiyradys) s,
+ falatyeayasys) s, + folwlviys)s, — fa(ly1yaus)s,

+ (= fofa+ f3){ata523) s + 2fo fa{atases) s,
+ (fofu+ fifs = f3)(af23) sy — 3fa(riwayays)s, (4.55)
+ (= fofa+ fufs + 2f5) (@Twas) 5y + 3 fo fa(aiwa) s,
+ fal@1y129yat3ys) s, + 2 fo(T19109Y0ys) 55 — 4fa(T10072Y3) s,
— filenys) s, + filznyeys) s, + (—fofs + 2f1f2) (T12213) 5,
+ (2fofa + [D)(w12) 55 — 2f1{@193ys) s, + 2fo fr(a1)s,
+ (UTU303) 55 — 3fo(yiya)ss + foltnyays)ss + fo(L)ss
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oy = fulaizd)s, — 2fa(xladns)s, + f3(aind)s, — f3(@iaans)s, — (21v103)s,

+ <x1y1y2y3>53 + f4<931372373>53 + f2<$1332> f2<371372x3>5
(4.56)

+ filafs) s, — (2T95ys) sy + folr)ss — (T19n172y2ys) s,
+ 21 y10293) 55 — J1{T12223) 55 — fo(T122) 8,
d’o3 = fa(aiw3ys)s, — 2fa(xiasesys)s, + falaiqys)s,
— fal@izayats) sy + fulaTynasad)s, + fa(iypaies)s, + falafyizars)s,
+ filatyize) sy — (@1195ys) s, + folaTy)s, — fa(zizsasys)s, (4.57)
+ folaiadys)s, — 2fo(ximayans)s, — fi{aizays)s, + fr{zieays)s,
+ <x1y1x2ygy§>53 — [i{z1y12223) 55, — 2fo(T10122) 55 + folx122Y3) 54
3,2, 2

oy = filziaias)s, — fulaieiad)s, + fs(aladas)s, + folwimans)s,

+ filatee) s, — (295ys) 55 + folad)s, + (7y122y2s) s, (4.58)

— (2ly1way3) s, — fa(xiadad)s, — folwiadas)s, — fi(aizs)s,
+ 2(xTToy013) 55 — 2f0(Tim2) s, — (T1Y179Y0T3Y3) s + folT1T073) s,

The MAGMA file kummer_coordinates/find_kummer_coordinates.m in [Nicl§]

gives the code to compute these, and contains the full expressions.

4.4.4 Finding relations

The eight coordinates o1, ..., 0g define a map K(C) — P7, and we now describe the
image of this map.

As discussed in Section 4.3, the Kummer coordinates satisfy quartic equations.
However, since each o; is already complicated, we first look for lower degree relations.
One can explicitly check there are no quadratic relations between the o;. But there are
eight linearly independent cubic relations. Scaling each cubic relation by oq,..., 0og,
we find 64 linearly independent quartic relations.

To get an upper bound on the dimension of the space of relations, note that if we
specialise the coefficients fy, ..., f4 to constants in the ground field, then any relation
that holds over K (fo,..., f1) still holds for the specialised o;. The curve y3 = z* + 1
gives 70 linearly independent quartic relations among oy, ..., 0s; thus we are missing
at most 6 quartics.

Searching for these naively proved infeasible. Instead, we introduce weights on the
functions o; and coefficients f;, analogously to [Fly90b]. We define the weights w,, w,

on L(20) in Table 4.2. The coordinates o; are homogeneous with respect to both
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yi | 0
fi | =1

Table 4.2: Weights for functions on Sym?C.

co»—xo@S

01
02
03
04
05
o]
o7
08

Aquoowcowwo&@

wwawp&w@@S

Table 4.3: The weights of the functions o;.

weights, as shown in Table 4.3. We can write any homogeneous degree n polynomial
relation between the o; as a Z[fo, ..., fa)-linear combination of monomials of degree
n in the o;. Moreover, using the weights w,,w,, any such relation decomposes into
its homogeneous parts with respect to each weight. We thus reduce to searching for

relations that are homogeneous in both w, and w,,.
Example 4.4.5. For example w,(r122y1f3) =1+140—3=—1.

Define V,,; as the vector space generated by the monomials m = [], £ []; o}’ such
that w,(m) = a and w,(m) = b. Since each relation is homogeneous with respect to
w, and w,, we can search for relations just within V.

Note that the coefficients f; can have nonzero weight. For example, the only
quadratic monomials in o; of weight 3 under w, are 0,04, 0106. However, fio903 is
also weight 3 under w,. In practice, we restrict to monomials with bounded degree
of the fi. Let wy([[; fi* I1; 0;7) = Y., e be the f-degree of the monomial. Let V,p.
be the space generated by the monomials m € V,; such that wy(m) < ¢; this is now
finite-dimensional.

We fix a,b,c and then look for relations in V, ;. using the algorithms in Sec-
tion 4.3.3. Looping over many combinations of a, b, ¢, each time we find a relation, we
check if it is linearly independent with the currently known relations. This method
suffices to compute the six remaining quartic relations. Finally we apply the LLL algo-
rithm ([Len82]) in MAGMA to try to express the relations more simply. The MAGMA file

kummer_coordinates/kummer_relations.m in [Nicl8] gives the 70 quartic relations.
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Remark 4.4.6. Before applying LLL, it turned out that over some specialisations, for
example if fo = 0, the rank of the relations was 69. After applying LLL the rank appears

to be 70 for more specialisations.

4.4.5 Jacobian coordinates

The same approach as in Section 4.4.3 can compute a basis for L(30), which thus
gives the Jacobian coordinates for superelliptic genus 3 curves. For this, we use d? as
the denominator and find functions ¢ of weight at most 2w(d) + 3 = 11 that vanish
to order 2 along A. We find 3% = 27 linearly independent coordinates. We can even
find all quadratic combinations of these, but it proved too computationally intensive
to find relations between these.

We can also compute L(40), to get 43> = 64 coordinates. Again, computing the

quadratic relations naively is infeasible.

Remark 4.4.7. The same method should apply to the hyperelliptic genus 3 case.

4.4.6 Evaluating the Kummer coordinates on points

Recall that a multisymmetric function is an element of K(z1,...,24,v1,...,Yy,) that

is invariant under the action of the symmetric group S, via

Up(gjl, s Tgy Y1y - 7yg) = p(mo(l)a <5 La(g)y Yo (1)s - - - 7ycr(g)>7 (459)

as in Remark 4.2.8.

Let C be the superelliptic curve 3* = f(z), where deg f = 4. The Kummer coordi-
nates of C are multisymmetric functions ¢ € K (21, y1, T2, y2, T3, %3)°?. We now discuss
how to evaluate a multisymmetric function at an element of Sym®C. Let P, + P, + Ps
be an element of Sym®C. If we are willing to move to the field over which each
P; is defined individually, then we can compute each point P; = (z;,%;) in the sum
P, + P, + P; and then easily compute the multisymmetric function. But we want to
work over the ground field. Similarly to Mumford representation of divisors, we can
represent Py + P, + Pj as a pair (a(x),b(z)), where a(z) is monic of degree at most 3,
whose roots are the z-coordinates of P;, P,, P3, and b(x) is a polynomial of degree at

most 2 such that b(z(F;)) = y(F;) for each i = 1,2, 3.

Remark 4.4.8. In the case that one or more of the P; is the point 0o, we let a(x) =
HP#OO(QJ — x(P;)), and let b(z) be the corresponding polynomial, ignoring points at
infinity.
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It is a nontrivial problem to express multisymmetric functions in x1, x2, 3, Y1, Y2, Y3
in terms of a point on Sym®C (Vaccarino studies the generators of the multisym-
metric functions in [Vac05]). We solve this problem by representing the general
point on Sym®C by the pair (a(z),b(z)) where a(z) = (z — x1)(z — 23)(x — x3)
and b(z) = boz? + byx + by, with xy, 25, 23 and by, by, by considered as indetermi-
nates. We then replace each y; by b(x;) in the multisymmetric function ¢. The
function ¢(x1, 9, x3,b(x1),b(z2), b(x3)) is then a symmetric function in xy, x5, x3 over
K (bg, b1, b2). We can now evaluate ¢ in terms of the elementary symmetric polynomials
$1 = x1+To+ T3, S3 = r1T2+ xox3+x3x1 and s3 = x1xox3. We have 51 = —aq, So = ay
and s3 = —ag, which is defined over the same field as a(x).

We can do this for all the Kummer coordinates, and thus are able to evaluate them

on arbitrary divisors.

Example 4.4.9. Recall, d = (1 — x2)ys + (z2 — x3)y1 + (23 — x1)y2. Since d isn’t
symmetric, it doesn’t make sense to evaluate d on (x1,y1) + (z2,92) + (z3,y3) — 300.

But d? is symmetric. Writing (A(z), B(x)) as above, we find

d? = b3 disc(A). (4.60)

4.4.7 Evaluating on inverses of divisors

In the hyperelliptic case, the negation of (x1, 1)+ (%2, y2) —My is the divisor (zq, —y; )+
(2, —y2) — My, so a function is invariant under negation if and only if it is invariant
under the automorphism that the hyperelliptic involution (z,y) — (z,—y) induces
on the Jacobian. The Kummer coordinates constructed in Proposition 4.3.7 are thus
clearly invariant under negation.

Let C be the superelliptic curve y* = f(z), where deg f = 4. In this case, the
negation of a point on the Jacobian is more complicated. If (a(z),b(x)) represents
an element of J(C) then we can write b(x)® — f(x) = Aa(z)c(z) for some polynomial
c(x); generically, a(z) and ¢(x) are cubics. Then (a(x),b(x)) + (c(x),b(x)) is linearly
equivalent to 0, meaning that (c(z),b(z)) is the negation of (a(x),b(x)) in J. The
Kummer coordinates, being invariant under negation on 7, should be projectively
invariant on replacing (A, B) by (C, B). Our construction of the Kummer coordinates
does not make this obvious, and we are yet to find a proof that our Kummer coordinates

are invariant under negation. We give the following example.

Example 4.4.10. Consider the curve y> = —4x* — 423 — 922 + 102 + 8. This has the
rational points (1,1),(—1/2,1),(0,2),(9,—31). Let’s compute the Kummer coordinates
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for the point (1,1) + (=1/2,1) 4+ (0,2) — 300, as well as its inverse. The point is
represented by (A, B) = (x3 — 1/22® — 1/2x, —22% + x + 2). The inverse is (C, B) =
(23 — 2% — 11/4x + 1/2,—22% + © + 2). Indeed, we can compute B(x)® — f(x) =
—8A(z)C(z). The Kummer coordinates evaluated on (A, B) are

(67:3: —2:0:1:1/2:1/2:1). (4.61)

The Kummer coordinates on (C, B) are the same.
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Chapter 5

Isogenies between Jacobians of
genus 2 curves

In this chapter we study (n,n)-isogenies between Jacobians of genus 2 curves over
a field K. These are isogenies ¢: J — J' whose kernel is an (n,n)-subgroup: a
subgroup ¥ C J[n] such that ¥ = (Z/nZ)* over K and such that ¥ is maximally
isotropic with respect to the Weil pairing; that is, the n-Weil pairing restricts to the
trivial pairing on > x X..

In practice, we try to describe (n,n)-isogenies by starting with an (n, n)-subgroup
Y C J[n] and taking the quotient J — J/%. We then hope to explicitly compute
the isogeny, and describe the image. We are interested in the case where J /¥ is
isomorphic to a Jacobian of a curve. Jacobians of genus 2 curves are dense in the
space of principally polarised abelian surfaces (see Corollary 2.2.13); thus if J /% is
principally polarised, we expect it to be the Jacobian [J’ of another genus 2 curve C'.

Many researchers have studied (n, n)-isogenies for small n. The most studied case is
the (2, 2)-isogeny, classically called the Richelot isogeny. This was originally discovered
by Richelot ([Ric37]), and is subsequently well described in [BJF88] and [CF96]. Bruin
et al. study (3, 3)-isogenies in [BFT14]. They determine the space of genus 2 curves
whose Jacobians have a (3, 3)-subgroup with all elements defined over the ground field,
and then compute the corresponding (3, 3)-isogeny explicitly. Smith studies (4,4)-
isogenies in [Smi05] for Jacobians of genus 2 curves, but focuses on the finite field
case. He shows that a (4,4)-isogeny can be written as a composition of two Richelot
isogenies, and determines when a composition of two Richelot isogenies gives a (4, 4)-
isogeny. Bruin and Doerksen study (4,4)-isogenies when the image is a split Jacobian
([BD11]). Flynn studies (5, 5)-isogenies in [Fly15]. He finds a single geometric example
of a genus 2 curve with a (5, 5)-isogeny and computes the isogeny explicitly on Kummer

surfaces.
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In this chapter, we consider (n,n)-isogenies for n = 2,4,5. We rederive the (2,2)-
isogeny using the method due to Bruin et al. ([BFT14]), computing the explicit
projective map the Richelot isogeny induces on Kummer surfaces. We also give the
method of computing the Richelot isogeny due to Flynn ([Fly90b]). We later use this
to compute the full 4-torsion subgroup of a Jacobian over K.

We characterise (4,4)-isogenies for Jacobians of genus 2 curves, and find large
families of curves where the (4,4)-subgroup is defined completely over the ground
field. We generalise Flynn’s example of a (5, 5)-isogeny to infinitely many geometrically
nonisomorphic genus 2 curves, and also compute the isogeny explicitly on Kummer
surfaces, using a similar method to Flynn, with the general idea originating in [BFT14].
We also describe an algorithm to compute the full 4-torsion subgroup of the Jacobian
of a genus 2 curve over K, which we believe is original.

Throughout this chapter J denotes the Jacobian of a genus 2 curve C over a number

field K, unless otherwise stated.

5.1 (n,n)-subgroups and the Weil pairing

We say a subgroup ¥ C J[n] is an (n, n)-subgroup if ¥ 2 (Z/nZ)* over K and if ¥ is
isotropic with respect to the n-Weil pairing; that is, e, restricts to the trivial pairing
on Y. Corollary 2.2.16 shows that J /X is principally polarised if and only if ¥ is

maximally isotropic under the n-Weil pairing.

5.2 The Weil pairing

We first collect a few results about Weil pairings. We say that a subgroup ¥ C J[n](K)
is isotropic under the Weil pairing if the pairing e, restricts to the trivial pairing on
3.

The following proposition appears to be well-known in the literature, but I couldn’t

find a reference for it.

Proposition 5.2.1. Let J be the Jacobian of a genus g curve over a field K, and
let n > 2. Let ¥ C J|n| be isotropic with respect to the e,-Weil pairing. Then X is

mazximally isotropic if and only if #X = n9.

Proof. Let ¥ C J[n| be isotropic with respect to the Weil pairing. We have the
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following commutative diagram

¥ —*— Hom(J[n]/%, pn)
T~ (5.1)
Hom(J [n], ),

where [ is the map S(P)(Q) = en(P,Q), and ¢ is the natural map arising from the
quotient J[n| — J[n]/X. Since ¥ is isotropic, we have e, (P,Q+ R) = e, (P, Q) for all
P, R € ¥ and Q € J|n|; thus g factors through . The Weil pairing is nondegenerate,
which means that if P € J[n] satisfies e,(P,Q) = 1 for all Q € J[n], then P = 0.
This implies that ( is injective, which further implies that « is injective.

We now consider the sizes of the Hom groups. First note that J[n] is isomorphic
to (Z/nZ)* over K. Suppose H is a subgroup of J[n]; then we can write H =
P;_, Z/d;Z for some positive integers d;, such that each d; divides n. We have

Hom(Z/dZ, j1,) = Hom(Z/dZ, 7./nZ) = 7.,/ ged(d, n)Z. (5.2)

Since ged(d;, n) = d; for each i, we have # Hom(H, u,) = #H.
Since « is injective, we thus have #3 < #J[n|/#%, and thus #3 < nY. This
shows that if X is isotropic and #X = nY, then ¥ is maximally isotropic.

Conversely, suppose that ¥ is maximally isotropic. Consider the composition
Jln] % Hom(J [n], jin) < Hom(S, 1), (53)

where 0 is the map that restricts a homomorphism to ¥. The map -y is an isomorphism

since e, is a perfect pairing. We thus get an isomorphism
Jn]/ ker o7 2 im g, (5.4)
which implies
#JT[n] = #im 6 - # ker 6. (5.5)

Suppose ¥ is maximally isotropic. Then we claim ¥ = ker dv. To see this, suppose
P € kerdv; then e,(P,Q) = 1 for all Q € X, so X + (P) is isotropic and contains
Y (since also e, (P, P) = 1), which implies that kerdy C . We already know that
> C ker 4, as X is isotropic.

Consequently #7[n] = # im § - # ker 0+, which implies n? = #im §-#% < (#3)2
Thus if ¥ is maximally isotropic, then #X > nY. Since we know #X < n9 if ¥ is
isotropic, we deduce that #> = n9. O
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Example 5.2.2. A mazimally isotropic subgroup of J[4] is isomorphic to one of
(ZJAZ)?, ZJAT x (Z)27)° or (Z)2Z)*. If ¥ = (Z/2Z)*, then ¥ = J[2]. The corre-
sponding isogeny is multiplication by 2 or -2 on J.

To see that J[2] is a maximal 4- Weil isotropic subgroup of J[4], note that if D, E €
J2], then es(D,E) = ex(2D,E) = e3(0,E) = 1, using compatibility of the Weil

paITing.

Corollary 5.2.3. Let J be the Jacobian of a genus g curve over a field K, and let p
be a prime. If ¥ C J[p|(K) is mazimally isotropic with respect to the e,-Weil pairing,
then ¥ =2 (Z/pZ)? (over K).

The following proposition is from [Fly15] (originally communicated by Ed Schae-
fer).

Proposition 5.2.4 ([Flyl15], Lemma 2). Let m > 2 be an integer. Let K be a field
of characteristic 0, let C/K be a curve of genus at least 2 with C(K) # (). Let J be
the Jacobian of C and let ay, a9 € J[m]; let K(aq,az) denote the minimal field of
definition of ay,as. Then ey (ar, as) C pn(K(ar, az)). If m = p is prime and the
field of definition K of the elements of ¥ does not contain a primitive pth root of unity,

then e, acts trivially on 3.

Proof. Since C(K) # (), we can find degree 0 divisors Dy, Dy with disjoint support such
that «; = [D;]. Their fields of definition are K (o), K (), respectively. Moreover, we
can find functions hq, hy such that divh; = mD;. The Weil pairing is e, (a1, as) =
ho(D1)/h1(Ds), which lies in the field K (ay,as). The Weil pairing also lies in g, (K),

which proves the proposition. O]

We can uniquely represent 2-torsion on the Jacobian of a genus 2 curve as the
divisor classes of w; — w; where w;, ..., ws are the Weierstrass points. These are
uniquely associated to pairs {«, 5} of roots of f(x), where we allow a = oo if deg f = 5.
These in turn correspond to quadratics (x — «)(xz — () dividing f(z), where we allow
the quadratic to be linear if one of the roots is oo.

The following proposition is also well-known, but we give the proof for complete-

ness.

Proposition 5.2.5. Let Gy, G2 be factors of f(z) representing distinct 2-torsion points
Ty, Ty on the Jacobian of y* = f(x). Then

1, if G1, Go have distinct roots

. (5.6)
-1, if G1, Gy have a common root,

62(T1,T2) = {
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where we treat 0o as a root of Gi(x) if Gi(x) has degree 1. If Ty = Ty, then es(Th,Ty) =
1.

Proof. Without loss of generality, we can assume deg f = 6, as otherwise we can
transform to move all Weierstrass points into the affine chart. Under such a transfor-
mation, the factors G;(x) are both taken to quadratics. If G;(x) was linear, then it
now has two roots in the affine chart, with the extra root being the image of co. Thus
we are reduced to showing that if Gy, Gy are distinct quadratic factors of f(z), then
eo(Th,Tz) = 1 if and only if G(x), Ga(x) are coprime (and otherwise ey(7h,T2) = —1).

Let o, f; be the two roots of G, for i = 1,2. Let h;(z,y) = (r — ay)/(x — 5;); then
div h; = 2(c;, 0) — 2(8:,0) = 2T},

Suppose (1, Gy are coprime; this implies a1, 81, as, B2 are pairwise distinct. We

have
ea(T1,T2) = ha((a1,0) — (81,0))/h1((ca, 0) — (B2,0)) (5.7)
= ha((e1,0) = (81,0)) - h1((B2,0) — (2, 0)) (5.8)
- ar — az f1 — o .52—a10é2—51
_011—5251—042 Po— B ag — (5'9)
=1. (5.10)

We now conclude by using the basic properties of the Weil pairing. Since the
Weil pairing is alternating, we have ey(77,7)) = 1; we also have es(77,0) = 1. Let
Ty € J[2], and let ¢; be its quadratic polynomial. There are 6 nontrivial elements of
J[2] whose quadratics are coprime to ¢, and there are 8 nontrivial elements of 2]
whose quadratics have precisely one root in common with ¢;. So far, we have shown
that for 8 of the points T, € J[2], we have ey(71,T2) = 1. But ey is non-degenerate,
so there exists Ty € J[2] such that ey(T,T) # 1. Since ey takes values in {£1}, we
must have eq(77,75) = —1 in this case. Moreover, e, is bilinear, so for any 7" satisfying
ea(Th,T) = 1, we must have ey(Ty, T + T3) = —1. It follows that for the remaining 8
points in J[2] (the ones for which the quadratics have precisely one root in common

with q), we have eq(T7,T) = —1. O

Remark 5.2.6. It is easy to compute the Weil pairing modulo K*?, by replacing the
divisor Ty by a linearly equivalent divisor if it overlaps Ty (see Remark 2.2.9), but if
—1 18 a square in K, then this does not help us. The main issue is that to compute
ho(T1)/h1(T3), we would have to first replace Ty by a linearly equivalent divisor Ty that
has disjoint support from Ty, and then further replace hy by a function hfy such that

div hl, = 2T5. In this case, we find it simpler to just use properties of the Weil pairing.
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5.3 The dual isogeny

Let p: J — J' be an isogeny of Jacobians of curves. Let ¢': J' — J be the dual

isogeny from Section 2.2.1; recall it is defined as the composition
, )\/ ny; Sp\/ v )\71
J =>J" —=J —J, (5.11)

where JV and J'" are the dual abelian varieties, and ¢" is the dual isogeny. We often

abuse notation and refer to ¢ as the dual isogeny.

5.4 Useful structures on the Jacobian of a genus 2
curve

We now explain some useful results on the Jacobian and Kummer surface of a genus 2

curve. These are mostly derived by Flynn in [Fly90b].

5.4.1 The Kummer equation determines the curve up to twist

In this section we show that the Kummer equation of a genus 2 curve determines the
curve up to twist. We use this several times later to find the Kummer equation of the
Jacobian J /¥ for an (n,n)-subgroup 3, and thus to determine the isogenous curve C’

up to twist.

Proposition 5.4.1. Let C: y* = f(x) be a hyperelliptic curve of genus 2 and let K be
its Kummer surface. Let d # 0 and let Cq: y* = df (z) be a twist of C, with Kummer
surface Kq. Let &, &1, &, E3 be the Kummer coordinates for C. The quartic equation of

’C 18 Q(&)aglag?agiﬁ) = 0; where
Q(20, 21, 22, 23) = zg(zf — 4z929) + 23P(20, 21, 22) + V(20, 21, 22), (5.12)

where ® and ¥ are homogeneous of degree 3 and 4, respectively. The corresponding
polynomials for Kq are ®4(z, 21, 22) = d® (20, 21, 22) and Vg(29, 21, 20) = d*V (29, 21, 22).
The map K — Ky given by (zo, 21, 22, 23) — (20, 21, 22, dz3) is an isomorphism. The
Kummer equation Q(zo, 21, 22, 23) is unique up to scaling, and determines the curve

f(z) up to scalar multiple.
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Proof. The first part of the statement is from Proposition 4.3.7. Recall that

‘b(zo, 21, Z2) = —4f023 - 2f12(2)21 - 4f22(2)22 — 2f3202129

(5.13)
— 4f4zoz§ — 2f5zlz§ — 4f62§,
\I’(Zo, 21,22) = —4fof223 + J"11226l - 4f0f32321 - 2f1f32822 - 4f0f42(2)2%
+ 4f0f5z§zlzz — 4f1f4z§zlzg — 4f0f63823 + 2f1f5zgz22
- 4f2f42325 + 322323 — 4fof5202 + 8fofez07i % (5.14)

- 4f1f52’02’%2’2 + 4f1f62’0212’§ - 4f2]%»2/0212’22
— 2fsfs20%8 — Afofori — Afifezize — Afaferizs
- 4f3f6212’§ - 4f4f6v2‘§L + f5223-

Both ® and ¥ are homogeneous in the coefficients f;, of degree 1 and 2, respectively.
Thus ®; = d® and ¥, = d>¥. Further,

d*Q(20, 21, 22, 23) = (dz3)* (27 — 42020) + (dz3)d®(20, 21, 22) + d* U (20, 21, 22)  (5.15)
- Qd(z(]7217227dz3)7 (516)

which shows that the map K — K4 given by (zo, 21, 29, 23) +— (20, 21, 22, dz3) is well-
defined.

The fact that the Kummer equation is unique up to scaling follows from considering
the quartic relations satisfied by the Kummer coordinates, as in Section 4.3.5. There
is a single relation up to scaling, given by Q(zo, 21, 22, 23) as above. We can read off

the coefficients f; from ®. m

5.4.2 Translating by 2-torsion on the Kummer surface

For this section let J be the Jacobian of the genus 2 curve C: y? = g(x)h(z), where
g(x) = gox® + g17 + go is a quadratic and h(z) = hyz* + -+ + hg is a quartic. Let T'
be the 2-torsion point on J corresponding to g(z).

Let D € J, and consider {(D + T'). Cassels and Flynn show we can compute
E(D +T) as a linear function of {(D) and the coefficients g;, h;.

Proposition 5.4.2 ([CF96], Lemma 2.1). Let C: y* = g(z)h(x) as above. Let D € J
and let T' be the 2-torsion divisor corresponding to g(x). Then {(D + T) = WE(D),

where W is the matrix

93ho + gogaha — giha gog2hs — gogiha  g1g2hs — giha + 2g0g2ha g
—gog2h1 — gogihs + 98h3 gého — gog2ha + g§h4 g%lh — g192h2 — goga2hs  —q
—gtho + 2g0g2h0 + gogihr  —g192ho + gogahu —g3ho + gogoho + g5ha g0 |’

w1 w2 w3 Wy
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and
w1 = —ga(gohihs — gogrhohs + gogihiha + 4gogahohs — gogahi — g3 hohs
+ g192hoha)
wy = —2g592h1ha + gogihiha + 4gogigahoha — gogrgahihs — 2gogzhohs
— gthoha + g1 gahohs (5.17)
w3 = —go(gogrhshy + 4gogahahy — 9092]13 - Q%h2h4 — g192h1hy + g192hohs3
+ g5hihs)

Wy = —9§h4 — Gog2ha — ggho-

Proof. See Appendix B.0.1. ]

5.4.3 The local power series

Recall from Section 4.3.6 that there are 16 Jacobian coordinates: ay,...,a;5. Define
s; = a;/ag. Flynn shows in [Fly90b] that the Jacobian of a genus 2 curve admits a
formal group with s, s being the local parameters. In particular, we can express the
other s; as power series in s1, s5. The projective embedding of the Jacobian consists of
72 linearly independent quadratic equations in the a;, of which 13 of them contain aga;
for i = 3,...,15. After dividing through by a3 and rearranging for s;, these equations
express s; in terms of sy, s, and the other s;. We refer to the equation featuring s; as

its base equation.

Remark 5.4.3. There are more than 13 equations which include these terms but we

ignore any equations that contain aga; and aga; for distinct i,j € {3,...,13}.

Example 5.4.4. The base equation for s is

s3 = —siofaf3 — st fofs + 51+ 8fofesasn — sTof3fe — fasi
— fosi + 4550 f1fsfo + 4sTofofafs — s1083f3f5 + 4s1083 f2
+ 8f1fes1054 + f1f551085 + 45Ty fofafs — s10s11.f1f2 + ds10511fof5 o
+ 4s10811f1f1fs + 4fof551250 + 2512810 fo f3 + Os12510.f1 /36
+ 8fofsfes12511 + 4s1as10f0f2fe + 2514510 f0 f3 S5 + 3s1as10.7 fo
+4fof1f6514511 + 2f0f1 /5514512

(5.18)

There are similar equations for the other s;.
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For any s; we obtain a power series in K[[s1, s3]] by recursively substituting the
base equations for any s; that appears. We can then extend these to obtain power
series in K[[s1, so]] for any polynomial in K|so,. .., s15].

We shall need to compute the power series for s; correctly up to a given degree in
$1,S2. In order to make this computation more practical, it is helpful to introduce a

weight on the a; and the f;, as in [Fly90b]. We define w by

w(ag) = 4,
w(ar) = wlag) = 3,
w(as) = w(as) = w(as) = 2. (5.19)
w(ag) = w(ar) = wlas) = w(ag) =1,
w(a) = w(an) = wlaz) = wlas) = w(ars) = wlass) =0,

and w(f;) = 2 for ¢ = 0,...6. Each of the 72 defining equations of the Jacobian
are homogeneous with respect to w. The base equation for s; is of degree w(s;) =
w(a;) —w(ap) and the partial power series derived from recursive substitution are still
homogeneous of weight w(s;). We can use the degree of a monomial with respect to

fo, .-, fe to bound the degree of sq, sy in the monomial. If
sisg [ 147, (5.20)
=0

occurs in the power series expansion of s;, where e; > 0, then, since the weight of the

term is w(s;), we have

6
i+l = 22 e; —w(s;). (5.21)

Jj=0
To expand s; accurately up to terms of degree d in sq, sy, we can recursively sub-

stitute in the base equations and discard terms with Z?:o e; > (w(s;) +d)/2. We

continue until the resulting series contains no s; terms for ¢ > 2.

Example 5.4.5. For example, w(ss) = —2. So to compute s5 accurately up to degree

8 in s1, 89, we can recursively substitute and discard any terms of degree greater than

S—i_wT(ss)Zgl.nfo,...,fb‘.

We give the partial power series in Appendix D, accurate up to the stated degree.
We will use these in the following sections to compute the Kummer equation of the

isogenous curve for the Richelot isogeny.
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5.5 Lifting points from the Kummer to the Jaco-
bian

Let J be the Jacobian of a genus 2 curve, with Kummer surface . Themap x: J — K
sending a point on the Jacobian to its image on the Kummer surface is degree two,
ramified at elements of J[2]. Given a point « € K, the preimage under x is {D, —D}
for some points D € J. Flynn suggested the idea of using the explicit model of the
Jacobian surface in [Fly90b] to compute these preimages explicitly.

Let D have Jacobian coordinates a(D) = (ag: ---a;5) in P¥. Then x(D) has Kum-
mer coordinates £(D) = (ai4: a13: aiz: as) in P3. The Kummer coordinates determine
all even expressions in the a;(D), so we are left to determine the odd expressions; that
is, a;(D) for i = 1,2,6,7,8,9.

Using the 72 quadratic equations in a; defining the Jacobian, we find that the
coordinates ai,as, ag, a7, ag are all expressible in terms of even expressions and ag.

Thus, if ag(D) is K-rational, then so are aq, as, ag, ar, as.

Example 5.5.1. If the Kummer coordinates are K -rational, then y yo is determined
by

F -2
€4 = o(1, 2) leQ’ (5.22)

(21 — 29)?

together with & = 1,&, = x1+x9, & = x129, where Fy(xy, x5) is as in Proposition 4.3.7.

We can determine y; + yo using

2 _ .2
Y1ty = % (5.23)
Y2 — U
_ f(@2) — f(x1) (5.24)
Y2 —
_ f(@2) — f(x1) T2 — Iy (5.25)
Iy — I Y2 — U1
_ planrs) (5.26)
Qg ’ .
where p(x1, ) = % The expression p(xq,x2) is a symmetric polynomial in
X1, xa, since we can use Taylor series to write
g,y 2= @)t
f(x2) — f(z1) = Zf( )(xl)T_f(xl> (5.27)
k=0
deg f k1
(w2 — 71)
= (rg—x1) Y _ ¥ (@)= (5.28)
k=1
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Thus y1 + yo is defined over K (ay).

Consider ag = % We can express
1
Doy — T1Yp = 5 ((y1 — y2) (@1 + 22) + (1 + y2) (22 — 71)).. (5.29)
Thus
ag - (z1+x2)  p(x1,29)
= — . 5.30
s 2 2aq (5.30)

The other expressions ai,as, ag, a7 have similar expressions in terms of ag and the

Kummer coordinates.

One of the 72 quadratic equations defining the Jacobian 7 is

ag = azaiy + foal, + frararz + frais + 3fsa13a12 (5.31)
+ fsaizais + fearaaio + 6 feaioais + 8f6a%2 + f6a%5-

Since ag is defined over K if and only if aZ is square in K, this gives a method to check
whether a point on the Kummer surface lifts to a point on the Jacobian.

We now express the right hand side in terms of the Kummer coordinates. Recall
the a; are only defined projectively, so we can normalise by, e.g. a?, to get well-defined

affine coordinates. Let (§y: &1: &2 &3) be the Kummer coordinates. Then

§1/& = arz/an (5.32)
§2/& = ar2/an (5.33)
&3/&0 = as/ana. (5.34)

In terms of the Kummer coordinates, (5.31) is equivalent to

agal, = &8 + 260 + [36160 + 16160 + 3[56.688 + [561(8§ — 46804

(5.35)
+ f6655 + 6 f6ba(&F — 48260) &0 + 81665E5 + fo(&1 — 4&260)*.

Remark 5.5.2. There are similar expressions for a3, a3, a2, a?, a2, and if a3 = 0 then

we may need to use these instead.
We have proved the following.

Proposition 5.5.3. Let K be the Kummer surface and J the Jacobian of a genus 2
curve over a field K. Then o € K(K) lifts to D € J(K) such that k(D) = « if and
only if a2 is a square in K. Thus D is defined over K(ag).
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Lifting points in practice Suppose ag(D) is K-rational and the Kummer coordi-
nates {(D) are K-rational. Then we can recover D in Mumford notation {(a(z), b(x), d)
as follows. The first three Kummer coordinates are (§5: &1: &) = (1: 1 + 22 x129);
hence a(x) = &ox? — &+ &. We also have b(z)? — f(z) = a(x)c(z) for some b(x), c(x);
in particular, b(z)*> = f(z) (mod a(x)). If a(x) is irreducible over K, then we can
solve this by considering the number field M = K|[T]/a(T); then f(T) = e(T)? for
some e € K[T], and we let b(z) = e(x). If a(z) is reducible then we do this for each
irreducible factor and use the Chinese Remainder Theorem. We know that f(z) is

square modulo a(x), since we assumed ag is K-rational, so D is defined over K.

Example 5.5.4. Let C be the genus 2 curve y> = a° +1 and let J be its Jacobian and

K be its Kummer surface. The Kummer equation is

(&7 — 4€060) &5 — (€3 +26183)& + 463616 — 468 + & (5.36)

We see that o = (1: 2: 2: 0) satisfies the equation, and can compute ai(a) = 4 using
(5.35) with fi = fo=fs=fa=fe6=0,& =0, and a1y = 1. Let D = (a(x),b(x),d) €
J satisfy k(D) = a. The first three Kummer coordinates are (&y: &1: &) = (1: x1 +
Ty: T1T), where D = (x1,y1) + (%9,92) — 00T — 00—, hence a(x) = x* — 2x + 2. Now
f(z) = —4x+1= (22 — 3)? (mod a(x)). Hence D = (x* — 2z + 2,2z — 3,2) € J(K)
satisfies k(D) = (1: 2: 2: 0) € K(K), as does —D.

Twists If o € K(K) is a point on the Kummer with a3(a) not a square in K, then

we can twist the curve by aZ(«) and lift the point on the Kummer to the Jacobian of

y* = ag(@)f(x).

5.6 Computing a basis for the Kummer surface of
the isogenous curve

Let ¢: J — J’' be an (n,n)-isogeny. By Proposition 2.2.16 there is a principal po-
larisation on J’ with theta divisor © 7 such that ¢*(© ) = n©;7. We would like to
understand 20 7/, since this gives a projective embedding of X'. The following method
is based on that used in [BFT14] and [Fly15] to derive the isogenous curves for (3, 3)

and (5, 5)-isogeny on genus 2 curves, respectively.

Remark 5.6.1. Note that 20 4/ is linearly equivalent to @}, +©7,, which is rational.
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First note that ¢*07/(20 ) C 07(2n0 7). Since each s € 07(20 1) is invariant
under the —1 map on J’, and since ¢: J — J' = J /% is the quotient by X, then

s o is invariant by both the —1 map on J and also by translation by elements of .

Lemma 5.6.2. Let ¢: J — J' be an isogeny of Jacobians. Then
0 07 (207) = 07(2n0)" N O 4(2n0)%, (5.37)

where the superscript + denotes functions invariant by —1 and the superscript 33 de-

notes functions invariant by translation by 3.

Proof. 1f s € 07/(20 7/) then s is invariant by —1: J' — J’; since ¢ is an isogeny, sop
is also invariant by —1. Moreover, ¥ = ker ¢, so s o ¢ is invariant under translation
by elements of .

Conversely, any function ¢ in &7(2n0 7)* factors through p: J — J /%, so is of
the form sop for some function s on J'. Any function on 7 that is invariant under the
—1 map descends to a function on the Kummer surface IC, and is therefore expressible
as a homogeneous combination of the Kummer coordinates. In particular, & 7(2n©)
consists of degree n forms in &g, &1, &, &3. Thus, if t = so @ is invariant under —1, then
s is also invariant under —1, so that s is a homogeneous combination of &, &1, &5, &.

But ¢ has degree n, so it is a linear combination. That is, s € €7/(20 7). O

We now have the following strategy for computing the curve C’ such that J /¥ =
J(C'), as well as the isogeny descended to the Kummer surfaces. Consider the com-

mutative diagram
J ——J
| | (5.38)
K —"— K'
We first compute homogeneous degree n forms ¢y, (1, (s, {3 in &y, &1, &o, &3 that are in-
variant under translation by elements in ¥. By Lemma 5.6.2, each homogeneous
n-form ¢; is of the form 7; o ¢, where each 7; is a linear combination of the Kummer
coordinates &/ of C'. We find a basis /, ..., 3 for the space of such 7, and then look
for a change of basis matrix M such that p ok = M{ = k' o ¢ in (5.38).
In practice, we find M by first finding any quartic equation satisfied by £y, ¢1, {5, (3
and then changing coordinates to put it in the same form as the Kummer equation.

We discuss this in more detail in Section 5.7.2.
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5.6.1 Reducing expressions modulo the Kummer equation

We also give Algorithm 3 for computing expressions modulo the Kummer equation,
originally due to Flynn. This lets us reduce polynomial expressions in &g, &y, &2, &3 to
a unique representative modulo the Kummer equation, and can be usefully combined

with the algorithms for finding relations between polynomials in Section 4.3.3.

Algorithm: Reduce expressions modulo the Kummer equation

Input: Homogeneous polynomial ¢ in 2y, 21, 29, 23; degree 5 or 6 polynomial
/()
Compute the Kummer equation Q(z, 21, 22, 23) for y* = f(z)
Let P(z9,21,22,23) = Q — 2923
/* Replace all occurrences of 2727 with the other terms of the
Kummer equation. */
Divide with remainder: ¢ = q(2222) +r
while ¢ # 0 do
p=—qP+r
Divide with remainder: ¢ = q(2%222) +r
end
return ¢

Algorithm 3: Reduce expressions modulo the Kummer equation

5.7 The Richelot isogeny

We now carry out the plan above for the Richelot isogeny. We first determine the
genus 2 curves whose Jacobians admit (2,2)-subgroups. Then we find homogeneous
degree 2 functions on the Kummer surface that are invariant under translation by this
subgroup, and find the quartic relations they satisfy. We use the power series to more
easily compute the quartic relations. We then find the change of basis matrix so that
the invariant functions map onto a Kummer surface, and determine the equation of
the curve up to twist. This gives an explicit projective map between the Kummer
surfaces of the original curve and the Richelot-isogenous curve, all defined over the
ground field.

All of this is well-known, but I hope that the explicit explanation is helpful. We also
use this approach again to derive the (5,5)-isogeny in Section 5.8, so it is worthwhile
to see the simpler case of (2, 2)-isogenies first.

The MAGMA file richelot/derive_richelot_on_kummer.m in [Nicl8] explicitly
derives each step of the following, and gives the projective map. I wasn’t previously

able to find these written in general, so I hope this is a valuable resource.
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5.7.1 (2,2)-subgroups

We first characterise genus 2 curves over a field K whose Jacobians admit a (2, 2)-
subgroup all of whose elements are K-rational. This is well-known (see [CF96],
[Smi05]). The case when the elements are not K-rational is analysed in [BD11].

Let K be a field, and let G1(z), Go(z), G3(x) be polynomials in K [x]. Asin [Smi05],

we define an equivalence relation on K[z] x K[z] x K[z] by
(G1(2), G2(x), G3(x)) ~ (Go1(x), Goa(x), Gos(x)) (5.39)
for all o € S5, and
(G1(2), Go(x), Ga(z)) ~ (1Ga(x), aaGa(x), asGs(x)) (5.40)

for all ay,aq, a3 € K* such that ayasasz = 1. Write [(G1(z), Ga(x), Gs(x))] for the
class of a triple under this equivalence relation.

We can now classify (2, 2)-subgroups of [J[2] whose elements are all K-rational.

Proposition 5.7.1. Let f(x) be a square-free polynomial of degree 5 or 6, and let
J be the Jacobian of the genus 2 curve C: y* = f(x). The (2,2)-subgroups of J
are in one-to-one correspondence with the classes [(G1(x),Ga(x), Gs(x))] such that
G1(2)Go(2)G3(x) = f(z) and deg G; < 2 for each i =1,2,3.

Proof. First note that (2,2)-subgroups of [J[2] whose elements are all defined over K
are generated by two distinct rational 2-torsion points T,75. Each T; corresponds
to a quadratic factor of f(x) (one can be linear if deg f = 5), and since the Weil
pairing acts trivially, the quadratic factors are coprime (see Proposition 5.2.5). Then
T3 = T + T5 corresponds to another quadratic factor G3 and we can scale G, G5, G5
such that f(z) = Gi(x)Ga(x)Gs(x).

Conversely, to every representative triple (Hi(x), Hy(x), H3(x)) in the class, the
H; correspond to 2-torsion points T; that generate a subgroup of [J[2]| isomorphic to
7.)27 X 7] 27 with pairwise trivial Weil pairing. Indeed, since divy = T} + 1o+ T3, we
know that 77 + T, + 15 = 0, and since the factors are coprime, we know ey(7;,7;) =1
for all 4, j (see Proposition 5.2.5). O

Example 5.7.2. The genus 2 curve y* = x(2* — 3)(2® +  + 1) admits a Richelot
isogeny over K = Q with Gy(x) = z,Go(x) = 2* — 3,G3(z) = 2> + x + 1.

The genus 2 curve y*> = (22 — v/2)(2® + v/2)(2® — 3) admits a Richelot isogeny
over K = Q(v/2) with Gi(z) = 2> — v/2,Go(z) = 22 +/2,G3(2) = 2> — 3. Let T,

106



denote the 2-torsion point corresponding to G;. Then ¥ = (11, T3) is Q-rational as a
set. Moreover, the 2-Weil pairing acts trivially, since the factors are coprime. Hence
Y is a (2,2)-subgroup over Q also. See [BD11] for more details on Richelot isogenies
when the (2,2)-subgroup isn’t completely defined over Q.

5.7.2 Computing the Richelot isogeny

In this section we show how to compute the Richelot isogeny: J — J /%, where ¥ is
a (2,2)-subgroup of J[2]. This method is originally due to Flynn ([Fly94]).

Let X be a (2, 2)-subgroup of J[2]. The image of the map J — J /X is a principally
polarised abelian variety, and we expect it to be the Jacobian of another genus 2 curve,
C’. One way to compute the image is to compute the induced map on Kummer surfaces,
and show that it lifts to a map of Jacobians.

The map on Kummer surfaces is defined up to twists of the curves (Proposi-
tion 5.4.1). We can compute the twist for any specific curve C and subgroup > by
mapping a point on 7 to a point on K" and then seeing which twist of f’ has a rational
lift of the Kummer point to the Jacobian [J".

The isogeny can be degenerate. As shown in [CF96], this occurs if and only if
A =0, where

gio 911 912
A=det | g0 go1 22|, (5.41)
930 931 932
where we write each G;(x) = gio + ginx + gir®. Note that A = 0 if and only if
G1,G9, G5 are K-linearly dependent.

Remark 5.7.3. There is another approach to compute J — J /%, using correspon-
dences ([Mes09], [Smi05]). We use the method on Kummer surfaces found in [CF96],
[BFT1}], [Fly15] because it generalises to (4,4)-isogenies and (5, 5)-isogenies.

We also introduce the bracket notation [A(x), B(z)] = A(x)B'(x) — A'(z)B(x) for
polynomials A(z), B(x).

In the next few sections we prove the following theorem.

Theorem 5.7.4. Let C be the genus 2 curve

C:y* = Gi(2)Ga(x)G3(x), (5.42)
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where Gi(x) = ginx® + ginx + gio, and let J denote the Jacobian of C. Fori=1,2,3,
let T; denote the 2-torsion divisor corresponding to G;. Let ¥ = (11, Ts) C J[2]. Then
J' = J/%¥ is the Jacobian of the curve C' given by

C':y? = Li(z)Ly(x) Ls(z), (5.43)

where

(5.44)

with indices interpreted cyclically in {1,2,3}. Here A is the determinant from (5.41).

The induced map on Kummer surfaces K — K' is given by explicit homogeneous

quadmtics in 507 gla §27 53'

Remark 5.7.5. Our definition of L;(x) agrees with [Smi05]. The definition in [CF96]
is Li(x) = [Gis1(x),Giya(z)); that is, not dividing by A. These are equivalent,
but the isogenous curve in the second case is y*> = ALy(x)Ly(x)Ls(z). The ad-
vantage of the definition we use here is that the operation (Gi(x),Ge(z), Gs(x)) —
(Li(x), Lo(x), Ls(x)) is an involution.

Remark 5.7.6. Note that A changes sign with an odd permutation of the G;, but
the product Ly(x)Lo(x)Ls(x) is invariant, which leaves the isogenous curve invariant
under permutations of the G;.

In our characterisation of the (2,2)-subgroups, we do not distinguish the isogeny
J — J/% from its composition with —1. This isn’t a major problem for us, as we
mainly work on the Kummer surface. In [Smi05], Smith distinguishes the isogenies
corresponding to (Gy(x), Go(z), Gs(x)) and (Go1(2), Goa(x), Gos(x)) whenever o € S;
1s an odd permutation; they are related by composing with —1.

We can fix this by determining where to send the coordinate ag on J. Since a3 is
even, it is determined by the Kummer coordinates, and by making a fized choice of ag

we determine either p or —p. We don’t do this here.

5.7.3 Invariant functions for a (2,2)-subgroup

Let ¥ be a (2, 2)-subgroup, corresponding to the splitting (G (z), Go(z), Gs(x)) (with
deg G;(z) < 2). Let T; be the 2-torsion point corresponding to G;(x) for i = 1,2, 3.
Let ¢ be the corresponding Richelot isogeny. A basis for ¢*(07(07, +©7,)) consists

of quadratic forms in &, &1, &9, &3 that are invariant under translation by 77 and Tb
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(see Lemma 5.6.2). For other (n,n)-isogenies it can be more complicated to find such

functions, but in this case the functions
mij = &(D)&(D +Th) + &(D + Th)§; (D), (5.45)
for i,5 € {0,1,2,3} are invariant under translation by 77, up to scaling. Indeed,
Nij(D +T1) = &(D + T1)&;(D + 2T7) + &(D + 21h)&;(D + Th), (5.46)

and the vector of coordinates £(D + 217) is just ¢£(D) for some constant ¢, since the
projective point (§y(D): & (D): &(D): &3(D)) is invariant on replacing D by a linearly
equivalent divisor. Hence n;;(D + 1) = cn;;(D), where the scalar ¢ depends on D.

Similarly, we define
f1ij = &(D)E;(D + To) + &(D + T);(D), (5.47)

which is invariant (up to scaling) under translation by 75. We now take the intersection
of the space spanned by the 7;; and the space spanned by the p;;. If this is four
dimensional then it gives a basis for ¢*07(20 ). To calculate the 7;; and p;; we
need to compute & (D + T') where D is a general divisor and T is a 2-torsion divisor,
which we can do using the matrix Wy for translation-by-7" (see Proposition 5.4.2).

For example, T7 has Kummer coordinates

912

&) = _gfgl , (5.48)

—9%0922932 - 910912(920932 + 921931 + 922930) - 9%2920930

which we can see by computing W;£(0), which just extracts the last column of W
(since £(0) = (0: 0: 0: 1)).

Proposition 5.4.2 explicitly gives the matrix Wr for any 2-torsion point 7. We
multiply by the Kummer coordinates £(D) of D to compute (D + T) = Wr&(D).
Thus we can compute each 7,; and p,;;. Let V' be the K-vector space of quadratic
functions in &, &1, &s, &3.

The MAGMA program richelot/derive_richelot_on_kummer.m in [Nic18] shows
that {n;;: 4,7 € {0,1,2,3}} and {p;;: 4,7 € {0,1,2,3}} each span a 6-dimensional
subspace of V. Their intersection is a 4-dimensional subspace and forms a basis for
¢ (O7(207)).
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We can change basis to one of the form

by =&+ -+~ (5.49)
b =88+ (5.50)
by =83+ -+ (5.51)
b=+ (5.52)

Each ¢; is homogeneous of degree 6 in the gj; and homogeneous of degree 2
in the &;. The expressions are too large to display here, so we refer to the file

richelot/derive_richelot_on_kummer.m in [Nicl8].

5.7.3.1 Computing the Kummer equation of the isogenous curve

Recall that we would like to find the curve C’' such that the Jacobian J’ of C’ is
J =T/, (5.53)

where ¥ is the copy of Z/27Z x 7./27 in J generated by (1, T5).
We have explicit expressions for the map J — J/¥ on the Kummer surface.

Namely,
(Co: &2 & &) = (Lo by Ly: L), (5.54)

The strategy is to compute a quartic equation Q' satisfied by the ¢;, which in this
case means that Q' (¢, {1, ls, {3) is divisible by Q(&o, &1, &2, &3), where @ is the Kummer
equation of L. Unfortunately, the expressions for ¢; are too large to do this naively.
Instead, Flynn suggested to use the local power series. They encode the equation @,
so if ¢; satisfy an equation, then it should also be satisfied when we substitute in the
power series. By computing the power series accurately to a low degree, and looking
at the lowest degree terms of all quartic monomials in ¢;, we can try to find a linear
combination of these which vanishes.

We only need to find the part of the quartic equation of K’ that is linear in /s,
since this gives the cubic form ®'(zg, 21, 22) from which we can read off the curve.

Given a power series h(s1,82) = > 070D i1 g hijsish € K[[s1,5s)], we write h +
O(> n) to denote 7~}
degree at most n — 1 in sq, $o.

We look for an equation of the form A(fy, {1, €2)03 + B({y, l1, l2)ls + C (L, l1, l2)
with A, B, C' homogeneous of degree 2, 3, 4, respectively. The lowest degree terms of

ik hl-jsﬁsg. This is the part of h consisting of terms of
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the ¢; in sq, so are

by = 85 (5.55)
() = 25,55 (5.56)
ly = 5255 (5.57)
(35 = 55 (5.58)

Note that the leading terms of ¢y, {1, {5 are degree 6 in si, S5, while the leading term
of /5 is degree 4 in s1,s,. Thus the lowest degree terms of A, B, C' in terms of sq, s9
are at least 20, 22, 24, respectively. To determine B we work modulo O(> 24), which
allows us to ignore C.

We consider the vector space spanned by the 12 monomials M given by 2722, 292923
and {202} 25231 ig + iy + iy = 3,4; > 0}. For each monomial m € M, we compute
m(lo, 01,0, l3) + O(> 24), and compute the space S of linear relations they satisfy.

We have dim S = 4, but three of those dimensions are spanned by the relations

(30205 — 1400705 = O(> 24) (5.59)
Colrlols — 1/40305 = O(> 24) (5.60)
Colals — 1/402 0405 = O(> 24), (5.61)

which aren’t useful. There is then a unique vector in the nullspace that has no terms of
the form (30503, ol10503, Lol3l3. This gives a putative B(zo, 21, 22). We change variables
to Lo, {1, la, U3+ aply+arly +asls so that our new Bz, 21, 22) is of the expected form for
the cubic in a Kummer equation; that is, has no terms of the form: z;22 for i = 0,1, 2.
We can now read off from the new B(zy, 21, 25) a putative equation for the isogenous

curve, which is a multiple of
f(x) = Ly(x)Lo(x) Ls(2), (5.62)

as in Theorem 5.7.4.

We now suspect that a change of variables ¢y, £1, {5, {3 satisfies the quartic equation
Q' (20, 21, 22, 23) for the Kummer surface of C': y? = f(x) We try ¢35 = l3+boly+ b1 41+
byls for some b; to be determined. We compute Q' (g, ¢4, lo, {5+ boly + b1 £1 + bals) and
then solve for by, by, bs.

We derive this in detail in richelot/derive_richelot_on_kummer.m in [Nicl8].

We don’t derive the correct twist here, since that is well-known in the literature.

But we can now twist the final expression by the correct twist to derive the projective
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map on the Kummer surfaces induced by the Richelot isogeny. We give the explicit
projective map in richelot/richelot_on_kummer.m in [Nicl8]. We verify that the

image lies on ' by checking that Q'(¢, ¢}, ¢}, ¢5) is divisible by Q(&o, &1, &2, &3).

Remark 5.7.7. In summary, it is too computationally expensive to naively compute
the quartic relation satisfied by ¢; with general coefficients g;i. Thus we use the power
series to find a putative curve f and then try to make a minor change of variables to
map into K'. Since we already know the curve f , we could have instead skipped this
step and computed the projective map on the Kummers slightly more easily. But for

the (5,5)-isogeny we don’t know f, so this step is important in that case.

This proves Theorem 5.7.4, up to the twist. Note that with specialised coefficients

gjk, We can compute the twist easily. We will see how to do this in the (5, 5)-case.

5.7.4 Using the W matrices to derive the Richelot isogeny

In this section we give a separate way of deriving the Richelot isogeny, using the Wr
matrices, which was originally given in [Fly94]. We use this later to compute the

4-torsion points that double to a given 2-torsion point.

Proposition 5.7.8. Let f(z) be a degree 5 or 6 polynomial, and let Gy, Gy, G3 be a
Richelot splitting of f(x). Let L;y(x) be defined as above. LetC: y*> = f(z) and C': y* =
Li(2)Lo(x)Ls(z). The map on the Kummer surfaces is of the form & — 05 o 506y,
where 01,6y are invertible linear transformations and s is the map s([vg: vy : vo: v3]) =

[v3: v} v3: V3.
The maps 61, 05 are in general not defined over the ground field.

Remark 5.7.9. There are two Richelot isogenies J — J', with composition with [—1]

taking one to the other. They are both the same map on the Kummer surfaces KK — KC'.

Let 3 be the (2, 2)-subgroup on C: y? = G, (x)Ga(x)G3(x) corresponding to the 2-
torsion points T; = (G;(x),0). Let ¢: J — J’ be the corresponding Richelot isogeny.
Our strategy is to change coordinates to simultaneously diagonalise the matrices
Wrz,. We show that in these coordinates, the coordinate-squaring map s: P? — P?
restricts to a map from K to another variety V' C P3 whose kernel is x(3). We
finally find an isomorphism V' — K’, where K’ is the Kummer surface of the isogenous

Jacobian.
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Recall an n x n matrix M is diagonalisable over K if and only if its minimal
polynomial is a product of distinct linear factors over K. Direct computation shows
that W2 = ¢, where I is the 4 X 4 identity matrix. Hence the minimal polynomial
my of Wy divides 22 — ¢, and since Wy is not a multiple of I, we have mp = 2% — c7.
Thus Wy is diagonalisable if and only if ¢r is square, so is certainly diagonalisable
over K(y/cr). The eigenvectors of Wy are defined over the same extension.

A set of matrices is simultaneously diagonalisable if and only if they commute.
Let W; denote the translation-by-7; matrix. Then an explicit computation shows that
Wi, Wy, W3 commute. If S, T are distinct 2-torsion points with overlapping support,

then their matrices Wy, Wp anticommute.

Remark 5.7.10. Eigenvectors for Wr in A* need not correspond to points on the
Kummer surface. For example, the dimensions of the eigenspaces can be larger than

1, and the Kummer surface does not contain a projective line.

Lemma 5.7.11. Let J be the Jacobian of a genus 2 curve C: y*> = f(x) over a field
K, and let K be its Kummer surface. Let T be a nonzero element of J[2] and let
Wr be the translation-by-T matriz from Proposition 5.4.2. Let D € J(K) and let
v € A? represent the Kummer coordinates £(D) of D from Proposition 4.3.7. Then
[2](D) =T if and only if v is an eigenvector for Wr.

Proof. Consider the translation-by-7" map on J, which is given on I by the matrix
Wr. Let v € A} represent the projective point on the Kummer corresponding to
D € 7J. If v is an eigenvector for Wy, then there is A # 0 such that Wrv = \v.
By Proposition 5.4.2, we know that Wpv = cpu, where u is a vector representing
the projective point £(D + T'), and where ¢y is a nonzero constant. Consequently,
Av = cru in A*, which implies that (D) = £(D + T) on K. Thus one of D =
D+T1T,D=—-(D+T),—D=D+T,—-D = —(D+T) hold. Since T is assumed
nonzero, the only possibility is 2D = =T =1T.

Conversely, if [2](D) = T, then we also have D = —D — T, so that £(D) =
E(D+T)on K C P2 Let v be a vector representing £(D) and consider Wrv. By
Proposition 5.4.2, we have Wrv = u, where w is a vector representing (D + 7). Since

(D) =&(D +T), there is a nonzero A such that Au = v. Thus Wrv = Av. O

Let L = K(\/c1,4/c2) be the field extension such that W, and W, are diagonalis-
able. Since W3 = W; W5, then Wjy is also diagonalisable. Let M be a matrix such that
for all i € {1,2,3}, we have M—'W;M = A, is diagonal.
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Recall Wr&(D) = ar&(D + T) for some nonzero ar. Since W2 = crl, we have
a% = cp. Transforming to the basis n = M~1¢; that is, n;(D) = Z?Zl M;;*&;(D), we
find

ND+T) = M7ED +T) = — M 1Wrg(D) (5.69)
_ a_lTleTan) _ aiTATn(D). (5.64)

Since Arp is diagonal with entries #,/cp, we get n(D + T); = £n(D); for each
i=0,1,2,3. Hence n(D + T)? and n(D)? are projectively equal.

Thus the Richelot map on n(D) is [no: ni: na: n3] — [N3: n2: n3: n3]. More
precisely, this map sends D and D + T to the same points for all D € K and
T € ¥ = (T1,T3). The map J — K — K’ is exactly taking the quotient by —1
and then 3.

Remark 5.7.12. Although it is interesting how we produce the equation of K, in
fact it suffices to check that the map K — K is well-defined and S-invariant with all

coordinates homogeneous of degree 2.

We can then map back to the standard form of the Kummer as described in Sec-
tion 5.7.3.1 in order to express the image as the Kummer surface of a genus 2 curve. On
doing this, we find the image is the Kummer surface of a twist of y?> = L;(x) Lo(z) L3(2),
with the twist being undetectable from the Kummers.

This proves Theorem 5.7.4, apart from finding the correct twist; we don’t deal with
the twist here as it is well-known. Algorithm 4 summarises the above.

The file richelot/derive_richelot_on_kummers_using_WT.m in [Nicl8] imple-

ments Algorithm 4 in MAGMA, and verifies all the calculations in this section.
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Algorithm: Computing the Richelot isogeny on Kummer surfaces

Let W5, W5, W3 be the Wp-matrices for T = 17,15, T
Compute ¢; such that W2 = ¢;I for each i = 1,2, 3
Let L = K(/21, v/ez. v/e3)
Compute 6; such that 91_11/1/2-01 = A, is diagonal for each : = 1,2, 3
Let s denote the map (vg, vy, v9,v3) = (v3,v3, 03, v3)
Compute 1 = 0; ¢
Compute ¢ = s(n)
Apply a linear transformation 6, so that ,(¢?) have leading terms
§184, €284, §384, Eaéa

Compute the quartic equation of 65(¢?) using Algorithm 3 and using the quartic
equation of &; to reduce.
/* It’s important to use a quartic equation that is a quadratic in

&3, so we can’t use the quartic equation that ¢; satisfy. */
The map K, — Ky is £+ £ =0 0500, €.

Algorithm 4: The Richelot isogeny on Kummer surfaces.

5.7.5 The dual isogeny

Let C: y* = G1(x)G2(x)G3(x) be a genus 2 curve admitting a Richelot isogeny, and let
C': y?> = Li(x)Ly(x) L3(x) be the Richelot isogenous curve. Recall from Theorem 5.7.4
that

Li(z) = [Gin1(2), Gisa(x)]/A. (5.65)

Both methods above describe the map K — K’ induced by the Richelot isogeny
o J =T

The splitting (Lq(z), Lo(z), L3(z)) now defines a Richelot isogeny from J’. As
is well-known classically, and computed in [CF96] and [Smi05], this gives an isogeny
J' — J, corresponding to the dual isogeny described in Section 5.3. The composition

¢'op is either [2] or [—2], depending on how we lift the map from the Kummer surfaces.

Proposition 5.7.13. Let ¢: J — J' be a Richelot isogeny, and let ¢’ denote the dual
Richelot isogeny. Then

ker ¢ = o(J[2]). (5.66)

Proof. It T' € J[2], then ¢'(o(T)) = [2)(T) = 0, so ¢(T) € ker¢'. This shows that
o(T[2]) € kerg'. Also, ¢: J[2] — ker¢' induces an isomorphism J[2|/keryp —
o(T2)). Since #kery! = 4 = #T[2)/Hkero = #o(T[2), we have o(T[2]) =
ker ¢'. O
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5.7.6 Finding the correct twist

We can compute the twist for any specific curve by using Section 5.5. We just take
any point on 7, map it through the Kummer surfaces to get its image on X', and then
compute the required twist to lift it to a point on J’. Since we already know the twist

in general, this is straightforward.

5.8 The (5,5)-isogeny
5.8.1 (5,5)-subgroup

In [Fly15], Flynn finds an example of a dimension 2 Jacobian with nontrivial 5-part
of III. He does this by carrying out descent via a (5,5)-isogeny. He first finds a
one-parameter family of genus 2 curves C for which the Jacobian J(C) contains a
copy of Z/5Z x Z/5Z, rational as a set. Flynn’s family consists of a single curve
geometrically. In this section, we generalise Flynn’s family to an infinite family of
curves geometrically.

We construct this as follows, following Flynn (see [Fly15]). Let C: y* = f(x),
where f(z) = Ai(z)* + Bi(z)®, with degA; < 2 and degB; = 1. Let a be the
root of By(xz). Then y — A;(z) meets the curve at (o, A;(«)) with multiplicity 5.
Since C is an odd degree curve, there is a single point at infinity, and so we have
div(y—Ai(z)) = 5((ar, A1 (a)) —00). We look to write f(x) in two distinct ways so that
we get two distinct copies of Z/5Z. We choose Bi(x) to be rational, but allow solutions
for A;(x) over a quadratic extension. This still ensures that the subgroup Z/57Z is
rational as a set. We can assume that f(z) is monic with integer coefficients using
the coprime degrees trick. We can further assume that By (z) = x and By(z) =z — 1,
as in Section 3.2.1. Thus we aim to solve A;(z)* + 2° = Ay(z)? + (z — 1)° for some
Aq(x), Ay(x) defined over a possibly quadratic extension of Q and d € Q*. As in
[Fly15], any twist of a solution also admits a (5, 5)-isogeny.

We use the difference of squares method to write
(Al + AQ)(Al - Ag) = (.23 - 1)5 - 1'5. (567)

Let (5 be a primitive fifth root of unity. The right hand side of (5.67) is an irreducible
quartic over Q but splits over Q(¢5). Over the quadratic subfield Q(v/5) of Q((5), we

have

(217 —2° = —5(z — 2+ (65— VB)(a? -z + %(5 +VE)). (5.68)
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Let w; be the first term in parentheses in (5.68) and let wy be the second, so that
(A1+A2)(A1—A2) = —5w1w2. Letu € Q(\/E)X and define A1+A2 = —5UUJ1, Al—AQ =
%wz. Solving for A;, Ay gives

1

B 1., 1 1 1 1 1
Ay = (=Bu+ —)a® + S (5u— —)a + 4((\f— 5)u + 5(\/5+5)u) (5.69)
B 1 1,5, 1 1 1 1 1
Ay = 2( bu u)x +2(5u+u)x+4((\/_ 5)u 5(\/3+5)u). (5.70)
Let C, denote the curve
Cu: y* = Ai(2)* +2°, (5.71)

where A;(z) is defined in (5.69).

Proposition 5.8.1. Let u € Q(\/5), and define Ay(x), Ay(x) as above. Then A;(x)?
and As(x)? are in Q[z] if and only if uu = £1/5.

Proof. Let = denote conjugation in Q(v/5). Let A(z) € K[z], where K = Q(+v/A) is a
quadratic extension of Q. Then A% € Q[z] if and only if A2 = A% which holds if and
only if (A + A)(A — A) = 0. Thus A% € Q[z] if and only if A = A or A = —A. The
first is equivalent to A € Q[z] and the second is equivalent to A € VA - Q[z]. Given
this, it is straightforward to show that if uz = +1/5 then A;(z)? Ay(z)? € Q[z]. We
are left to show necessity.

We now consider the coefficients of A;(x). There are two cases.

Case 1: the 2?2 coefficient lies in Q. This happens if and only if Ao = A;y; that is,
—5u+ 1 = —5u+ 1. This is equivalent to (@ —u)(5uti + 1) = 0. Hence we either have
u—u=0oruu= —1/5. We only have to eliminate this first possibility. If u € Q,
then the constant coefficient of A (z) is v/5 (u+ &) + (£ —5u). This is rational if
and only if u + % = 0, which is impossible for u € Q.

Case 2: the x? coefficient of A;(z) lies in v/5 - Q. This happens if and only if it
changes sign under ~. This is equivalent to

1
(u + ) (5 - ﬁ> ~0. (5.72)
Hence either v +u = 0 or uu = 1/5. Again, we only have to eliminate v +u = 0. If
u+ @ = 0, one can show that Ay + Ay = 0 only if 5u> + 1 = 0. This is impossible over

Q(V5). 0

We now investigate the u € Q(+/5)* that satisfy Normg,/5),0(u) = £1/5. Since

Normg5)q(v5) = =5 and Normgyg)q((1 + v/5)/2) = —1, we have u = J or

1+v5
2

u= \% for some 3 of norm 1; that is g € ker Normg /5 /0
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I am grateful to the external examiner, Tom Fisher, for suggesting the following
method to compute ker Normg )/, which gives considerably more curves than I

originally found.

Lemma 5.8.2. Let L/K be a finite cyclic extension of fields. Then
ker Normy, /i = {o(a)/a: o € L™, 0 € Gal(L/K)}. (5.73)

Proof. By definition, L/K is a finite Galois extension with Gal(L/K) a cyclic group,
which we denote by G. Fix a generator ¢ of GG and let n be the order of o.
First note that Normy,/x(o(a)/a) = 1, since

n—1

Normy g (o(a)/ar) = Hai(a(a)/a) =o"(a)/a =1, (5.74)

i=0
since the product is telescoping, and ¢" = 1.

It remains to show that elements of ker Normy, /x are in the form o(a)/o for some
a € L*. Suppose € L* has Normy,/k(5) = 1.

Hilbert’s Theorem 90 implies that H'(G, L*) = {0}, so that every l-cocycle is a
1-coboundary. Define the 1-cocycle £ so that & = [. The cocycle condition implies
that &, = H;;t a’(B), so that &, determines £. To check that £ is a 1-cocycle it suffices
to verify that i, = §oi - o'(&,;) for all i, 7, which we do not write out explicitly.

Now ¢ is a 1-cocycle so by Hilbert’s Theorem 90 there is @ € L* such that & =
7(a)/a for all 7 € G. This implies f = £, = o(a)/a, which completes the proof. [

Thus the solutions u € Q(v/5)* to Normg 5 /o(u) = —1/5 are precisely u = \/ig%
for v € Q(v/5)*, where - denotes the nontrivial automorphism of Q(v/5). Writing
v =t+ /5, for t € Q, we find

1t—+5
RRVEI R

(5.75)

is a solution for each t € Q.
Tom Fisher also pointed out that only even powers of u occur in the equation for
Cy, so defining
PR V5
5 2t—14++5
gives a more general family of curves, where u is now defined over Q(v/5, 1) (V2 —t — 1).
We then twist by t> —t — 1 to get u again defined over Q(v/5)(t). Note that the change
to 2t — 1 — /5 instead of t — /5 is to clear denominators later.

(5.76)

We record this in the following proposition.
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Proposition 5.8.3. Define

Ay(z) =5(2* —x) +t+2 (5.77)
Ag(z) = V5((2t — 1) (2 — x) + 1) (5.78)

in Q(v/5)(t). Then
42—t —1)2° + Ay(2)? =4 —t — 1)(z — 1)° + Ay(2)> (5.79)

Let f(z) = 4(t* —t — 1)a® + Ay(x)?. Then C;: y* = f(x) defines a genus 2 curve
over Q with a copy of Z./57 x Z./57 in the Jacobian over Q(v/5). The subgroup is a

(5,5)-subgroup and is Q-rational as a set.

Proof. Let X be the group generated by the two independent order 5 points. It only
remains to show that ¥ is a (5,5)-subgroup. Since ¥ = Z/5Z x 7/57 over Q(+/5),
it suffices to show that the Weil pairing restricts to the trivial pairing on . Propo-
sition 5.2.4 implies this, since ¥ is defined over Q(v/5), which does not contain a
primitive 5th root of unity. 0

Remark 5.8.4. The curve for a given u is a specialisation of the curve over Q(v/5)(u).

Thus since one is geometrically simple, the generic curve is.

Proposition 5.8.5. There are infinitely many pairwise geometrically nonisomorphic

curves among the C;.

Proof. Consider the 1-parameter C; in Proposition 5.8.3. We can compute the Igusa in-
variants of the hyperelliptic curve for general ¢ (defined over Q(v/5)(t)) using MAGMA.
Now consider (a(t), 8(t),y(t)) = (I4/13,Is/13, [1o/I3). MAGMA shows that a(t), 3(t)
and 7(t) are all nontrivial rational functions of ¢, and so they define a rational map
A! — A3, The map takes on infinitely many values and so the theory of Igusa invari-
ants from Section 2.1.5 implies that the family contains infinitely many geometrically

nonisomorphic curves. ]

5.8.2 The (5,5)-isogeny

Let J, be the Jacobian of the curve C, in (5.71). Let ¥ denote the copy of Z/5Z x 7 /5Z
that is rational as a set in J[5]. The map J +— J/% induces a map on Kummer
surfaces. It is given by quintic forms in the &; that are invariant under translation by

points in X.
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5.8.3 Finding invariant functions for an (n,n)-subgroup

The first step in finding the isogenous curve for the (2, 2)-isogeny was to find functions
on the Kummer that were invariant by the (2,2)-subgroup. We now discuss this for
an (n,n)-isogeny. Let C be a genus 2 curve with Jacobian J such that there is an
(n,n)-subgroup 3 C J[n] isomorphic to Z/nZ x Z./nZ. Let Ty, Ty be generators for .
The following method was used in [BFT14] and [Fly15] in the (3,3) and (5,5) cases

respectively.

5.8.4 The biquadratic forms

Let &, &1, &2, &3 be the Kummer coordinates for a genus 2 curve, as in Proposition 4.3.7.
As for the (2, 2)-isogeny, we want to find functions 7;; that are homogeneous degree n
combinations of the &;, that are invariant under translation by % (functions of ; are
automatically invariant under the —1 map). In the (2,2) case we were able to spot
these easily, but here we will describe a more reliable method using the biquadratic
forms from [CF96].

Let T € J[n]. For any i € {0,1,2,3}, the function [[;_, &(D + jT) is a degree
n function in the Kummer coordinates that is invariant under translation by 7. We
can generalise this by allowing more general indices for the &;. Let I be a vector in
{0,1,2,3}", with ¢th entry I(i). We interpret the indices cyclically, so that I(k) = I (k')
whenever £ = k' (mod n). Define the function ¢;(D,T) by

n

a(D,T) =[] &0+ (j — 1T). (5.80)

j=1
Replacing D by D+T takes the term &;¢;)(D+(j—1)T) to £;¢;)(D+47') in the product.
Recall from Section 5.7.3, that the Kummer coordinates &; are projectively equal on

linearly equivalent divisors. Thus if D € 7, then there is a constant ¢, depending on
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D, such that &(D) = ¢&(D + nT) for each i = 0,1,2,3. Thus

(D +T,T) = [[&16)(D + 47T) (5.81)
j=1

n—1
= (H &1)(D + jT)) +&1(n)(D4nT) (5.82)
j=1

= ct(D) [[ &r(D +77) (589
= ][0+ -17) (5.84)
= cqp(D,T), (5.85)

where I'(j) = I(j — 1) for each j = 1,...,n. The symmetric group S,, acts on
{0,1,2,3}" naturally by permuting the entries of a vector: ¢ € S,, acts via (°1I)(j) =
I(o(7)). To get a function symmetric under translation by T, we take the sum of the
qr over the orbit of I under the cyclic subgroup C, C S,,.

The only problem is that it’s hard to compute ¢;(D,T') as defined, since it’s hard
to compute (D + jT) for an n-torsion point 7". For this, we use the biquadratic forms

derived by Cassels and Flynn in [CF96].

Proposition 5.8.6 ([CF96, Theorem 3.4.1]). Let A, B € J(K). There are polynomi-
als B;j, biquadratic in &,(A),&(B), such that

(&i(A+ B)§;(A = B) +&(A - B)§;(A+ B)) = (2B;(4, B)), (5.86)
as projective matrices.

See [CF96, Theorem 3.4.1] for more details. Crucially, given any points A, B € 7,
we can compute B;;(A, B).

We rewrite q;(D,T) using just the biquadratic forms, addition by a point of or-
der 2, and explicit expressions for multiples of the torsion point 7. We split into

two cases. If n is odd, then we can partition the integers 1,2,...,n modulo n into
{0}, {1,—-1},...,{(n—1)/2,(1 —n)/2}. The function

(n—1)/2
(D, T) =&w(D) I Bieisein(D,iT). (5.87)

j=1
is a sum of terms of the form ¢;(D,T) Taking the sum over the orbit of C,, gives a

function symmetric under translation by 7.
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If n is even, then we can partition 1,2, ...,n modulo n into {0}, {1,—1},...,{n/2—

1,1 —n/2},{n/2}. The function

n/2—1
n1(D,T) = &) (D)rmy(D + (n/2)T) [ Brejyreicn(D. 4T) (5.88)

j=1

is also a sum of terms of the form ¢;(D,T). The sum over the orbit of S, is again
symmetric under translation by 7. Note that &;(,)(D + (n/2)T) is computable since
(n/2)T is a 2-torsion point.

Remark 5.8.7. We can also take the orbit under S,,.

Remark 5.8.8. We can distinguish the two functions by whether the length of I is

odd or even.

Example 5.8.9. If n =2, we get n;(D,T) = &0y (D)&12)(D, D+T). Taking the sum
over the orbit of Cy gives the same functions as in the previous section. If n = 3, then

we get £11)(D)Bryis)(D,T). Suppose I = (0,1,2). Then the orbit under Ss is

& (D)B12(D,T) + & (D)Bau (D, T) + &(D) By (D, T)

(5.89)
+ &1(D) By (D, T) + &(D)Bis(D, T) + &(D) B3y (D, T).

If some of the elements of I had been the same, then there would be fewer terms in the

sum.
We now illustrate this for our family of (5,5) curves.

5.8.4.1 Quintics invariant under X

We now find the quintics ¢y, ..., ¢3 that are invariant under translation by points in

Y. Let Th, Ty € J[5] generate ¥ and write £(77),&(T2) for the Kummer coordinates.

Remark 5.8.10. Flynn’s method is to consider the functions
Gijkim (D) = &(D)Bjk(D, T) By (D, 2T). (5.90)
We can compute B;;(D,T) using the Kummer coordinates of D and T'. Let
&ijkim(D) = &(D —2T)&;(D — T)&k(D)&(D + 1), (D + 2T). (5.91)

Then Gijkim (D) consists of four terms in the form & jpim (D).
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We repeat the following process for each of the generators T' = 11,7 = T,. We
compute a set A of Ss-representatives for vectors I C {0,1,2,3}°. For each I € A,
we compute the function 7;(D,T) and take the sum over the orbit of I under Ss.

Using MAGMA, we see that the functions Y _o no;(D,T) over all I € A span a 12-

o€Ss
dimensional space of functions invariant by 7. We then take the intersection of these
spaces for T' =T, and T = T5.

The intersection consists of quintics in &; that are invariant under translation by
both T} and T5. The expected dimension of the space of such quintics is 4, which

MAGMA verifies is the dimension of our subspace. Thus we have found all such func-

tions.

5.8.4.2 The isogenous curve

Let /g, ..., ¢3 denote a basis for the space of quintics that we just found. These are
invariant under translation by 7 and T5. At this point we have defined the isogeny on
the Kummer surfaces. We now want to find the relations between the ¢;. This will give
us the equation satisfied by the Kummer surface of J /¥, and will let us determine
the curve C' such that J/¥ = J(C).

I found it infeasible to use the power series method described in the previous
section. This worked with the (2,2)-isogeny, but working with quintics is too compu-
tationally expensive. I first specialised the ¢; to specific curves u,, and computed the
equations satisfied by the specialised ¢;, which was computationally possible. Flynn
suggested trying to find the equation satisfied by the ¢; using interpolation. Based on

the specialised equations it seemed likely the equation is of the form
(03 — dholy) + 3D (Lo, £y, bs) + U (L, 1, Ls), (5.92)

where the coefficients of the cubic ® and the quartic ¥ are rational functions in u of
degree at most 4 in the numerator and 2 in the denominator. To start, we restrict
to functions where the denominator equals u?. Multiplying through by u?, we try to

solve the following equation
U2€§(£% — 4€0€2) + ggq)(fo, fl, EQ) + \I/(f(), 41, 42), (593)

where the coefficients of ®, U are polynomials of degree at most 4 in w.

We consider the subspace of quartics in £y, ¢1, {5, {3 generated by
A= {203 — dbolo) Y U{lslli0k i+ j+ =3y U {00 i+j+k=4}. (5.94)
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For many fixed choices ug € Q of u, we compute the space of quartics in ¢y, f1, {5, (3
specialised to uy. We only use uq if this space has dimension 1 when using the basis A.
This gives us many quartics Qq,...,Q, € Q(v/5)[lo, {1, s, l3], each giving conditions
on the coefficients of the general quartic. We can then interpolate these conditions to
get the general quartic Q(u) € Q(v/5)(u)[lo, 1, l2, {3].

Finally, we can check that the ¢; actually satisfy this general quartic equation by
substituting in £y, {1, {5, {3 and then reducing using the original Kummer equation.
Then we linearly transform the ¢; so that the quartic equation doesn’t contain the
monomials {205, 305 and (3(5¢5 monomials. This lets us read off the curve from the
Kummer equation, up to twist, as in Section 5.4.1. After moving its Weierstrass point

to infinity, we get the degree 5 form

S5u? 25u2

16 —324/5 — 80 32v5 — 80
+<L 2_|_\/_—>

—z°+ <(10\/5 — 25)u” + ﬂ) zt — 8z + (—E%u2 _ 8 > 7
(5.95)

——=x u
5 25 625u?

We give the code to verify this in five_five/five_five_interpolation.m in

[Nic18].

Finding the correct twist The following method was suggested by Flynn to find
the correct twist. We take a point D € J(Q(v/5)(u)), compute its Kummer coor-
dinates and then compute its image under the (5,5)-isogeny. This gives us Kummer
coordinates ({g, (1,03, 03) € K. To check if this lifts to a point on J'(Q(v/5)(u)), we
just have to check if a2 is a square in Q(v/5)(u), as in Section 5.5.

Let K = Q(v/5). We need to take a point outside the kernel of ¢ to get a meaningful
condition. Since it’s hard to find a rational point that works for all u, we actually just
choose an arbitrary z-coordinate, xy € K, and then twist so that (zg,yo) — oo is
rational on y? = df(x). We take D = (1/2, f(1/2)) — co. We have to twist C by
d = f(1/2) to ensure that D € J (K (u)). We then map this through the (5, 5)-isogeny
on the Kummer and see what twist d’ is required on C’ to get a rational lift. Then d/d’
is the required twist of C’. We find d/d’ is already square, so that we already have the
correct twist. Then we rewrite C’ in degree 5 form, to get the above.

We have written C’ in degree 5 form, but we now want to write it in the same
form as C, in order to derive the dual isogeny. We can do this by looking for scalars s

such that g(z) — (z — s)° is square, where g(z) is the equation of C’. Flynn suggests
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computing the discriminant of g(z) — (z — s)® as a function of s and finding the roots,
since this forces repeated roots. We find that g(z) — (x —s)° is square with s = £2/+/5.
This shows the following.

Proposition 5.8.11. Let u € Q(v/5) satisfy uti = +1/5. Then the curve y* = f(x),
where f(z) = Aj(x)? + 2° = Ay(2)? + (x — 1)°, where Ai(z), As(x) are as in (5.69)
and (5.70), has subgroup Z/57 x 7./57 C J[5](Q) and is rational as a set. Let

(2i(8\/_+ 20)u + =/5)

_ (zi(str 20)u — 15=V/5)
Cy=a"+ 7~ 1(/5+2) , (5.97)
= (105 — 25)u® — 2v/5 — > +5\/5 (5.98)
= (10v/5 — 25)u® + 2v/5 — 525;[ (5.99)
3’1 =2/V5, (5.100)
sh = —2/V/5. (5.101)
Then J /% is the Jacobian of the curve C': y* = g(z), where
g(x) = N|C1(2)* — (z — 8})° = MNyCo(z)? — (7 — s5)°. (5.102)

Remark 5.8.12. Making the same substitution for u® in terms of t as in Proposi-
tion 5.8.3, and then twisting by t*> —t — 1, we derive the isogenous curves for that

family.

The kernel J[p] is generated by

Ty = (0, A,(0)) — 00 (5.103)
Ty = (1, A5(1)) — 00 (5.104)

The kernel J'[¢] is generated by
io[(Gwe(E) ] e
(Gma (&) e

Let K;, Ky denote the fields of definition of 77,75, respectively, and let Ki, K}
denote the fields of definition of 77, Ty, respectively. One of K, Ky equals Q and the
other equals Q(v/5). The fields K/, K} both equal Q((s), since X;, A, are both square
in Q(¢5)(u). We can also see this by using the Weil pairing,.
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5.9 The (4,4)-isogeny

Smith studies compositions of Richelot isogenies over finite fields using correspondences
([Smi05]). In this section, we find a family of genus 2 curves whose Jacobians admit
a (4, 4)-isogeny whose kernel is completely defined over Q. We use the theory from
Section 5.7 instead of correspondences.

Let ¥ C J1[4] be a (4,4)-subgroup. Then ¢: J; — J1/% is a (4,4)-isogeny. As
before, J; /¥ is a principally polarised abelian variety of dimension 2. Since Jacobians
of curves are dense in the space of such abelian varieties, we expect that J;/3 is the
Jacobian of a curve.

Smith shows in [Smi05] that ¢ is a composition of two Richelot isogenies. Firstly,
2% C J1[2] is maximally isotropic under the 2-Weil pairing, so ¢1: J1 — J1/2¥ is a
Richelot isogeny. Let Jo = J1/2% be a Jacobian isomorphic to J;/2%. The quotient
wa: Jo — J2/(3/2%) is also a Richelot isogeny. Let J3 be a Jacobian isomorphic to
Jo/(2/2%). Then J5 is isomorphic to J;/% and so 1 is the composition of the two
Richelot isogenies [J; RN T RN Js. Thus (4, 4)-isogenies are compositions of certain
Richelot isogenies.

But compositions of Richelot isogenies need not be (4, 4)-isogenies. Smith analyses
this in his thesis, and shows that ker o N p1(J1[2]) classifies the composition. The
(4,4)-isogeny is where ker ¢y N p1(J1[2]) = {0}. We record this in the proposition

below, whose statement is equivalent to results in [Smi05].

Proposition 5.9.1. Let J; =5 J, =5 J3 be a composition of Richelot isogenies. Let

Y = ker pop1, and let ¢! denote the dual Richelot isogeny of w1. Then
(1) ker ps = 1(X);
(i) ker gy = o1 (J1[2])-
The composition @s 0 vy s a (4,4)-isogeny if and only if ker po N @1 (J1[2]) = {0}.

Proof. Note that ¢1(X) C ker g, Also, ker p; C X, so ¥/ ker o1 = ¢1(X%). This shows
that #¢1(X) = #X/#kerp; = 4. Thus ¢1(X) = ker o, as they are both order 4.
This shows (i). Proposition 5.7.13 shows (ii).

Suppose now that ¢y o 1 is a (4,4)-isogeny. Let ¥ = ker(yy o ¢1); this is a
(4, 4)-subgroup. Since ker p; C ¥ N J1[2] = 2%, we conclude ker ¢ = 23.

We now show that ker ¢} Nker gy = {0}. Let D € ker ¢} Nkergy. By (i) and (ii),
there exists £ € ¥ and T € J1[2] such that D = ¢1(E) = ¢1(T). Thus T — E €
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kerp; = 2¥. Since E € 3, we see that T € ¥ N J1[2] = 28 = kerp;. Hence
D = ¢i(T) = 0.

Conversely, suppose ker oy N @1 (J1[2]) = {0}. Then let X := ;' (ker p,). Then
#% = (degp1) - # ker pg = 16. Also, if D € 3 then (D) € ker py C J2[2], so that
2D € ker ¢.

Note also that ¥ N J1[2] = ker¢y. For, if D € ¥ N J1[2], then (D) € ker oy N
©1(J1[2]) = {0}. Hence ¥ C J1[4] and ¥ N J1[2] = Z/2Z x 7Z/27Z. This implies that
Y = 7/47 x 7.JAZ (over K). O

If o507 is a (4, 4)-isogeny, then the isogenies and their duals fit into the following

commutative diagram.

T 2] Ts (5.107)

5.9.1 A family of curves admitting a (4,4)-isogeny

We now give a necessary condition for the Jacobian of a genus 2 curve to have a (4,4)-
isogeny with kernel completely defined over K. Smith gives a similar condition in his

thesis ([Smi05]).

Proposition 5.9.2. Let Ci: y* = f(x) be a genus 2 curve over a number field K
and let Jy be its Jacobian. Suppose that Jy admits a (4,4)-isogeny @ with kernel 3
completely defined over K. Then [J; is the image under a Richelot isogeny Jo — Ji
of a Jacobian Jy such that J5[2)(K) = (Z/2Z)".

Proof. We have seen that J; admits a (4, 4)-isogeny if and only if 7; admits a Richelot
isogeny ¢1: J; — J2 such that J, admits a second Richelot isogeny ¢o: Jo — J3
with ker o N ¢1(J1[2]) = {0}. Thus it is necessary that there is a Richelot isogeny
o1: 1 — Ja.
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Let ¥ = (T1,Ts) be the kernel of the (4,4)-isogeny from ;. Then kery; =
(2T}, 2T5) is also completely defined over K. The kernel of the dual isogeny, ker ¢, is
also completely defined over K.

Proposition 5.9.1 implies that ker o = (p1(71), ¢1(T2)), which is thus also defined
completely over K. Moreover, since ¢ is a (4, 4)-isogeny, ker ¢} Nker ¢y = {0}, which
implies that J[2] = ker ¢} @ ker 5. Since both summands are completely defined over
K, the 2-torsion J5[2] is also completely defined over K. O

The condition J5[2](K) = J[2](K) is equivalent to saying J, is the Jacobian
of a hyperelliptic curve y* = Gi(z)Ga(2)G3(z), where (Gi(z),Ga(x),Gs(x)) is a
Richelot splitting of a degree 5 or 6 polynomial, such that each G;(z) splits com-
pletely over K. Then J; is the image under the Richelot isogeny corresponding to
(G1(z), Ga(), G3(x)), so is the Jacobian of the curve y* = f(x) = Li(z)Ly(z)Ls(z),
where L;(x) are defined as in the Richelot isogeny (Theorem 5.7.4).

Using standard transformations of genus 2 curves, we can assume that oo, 0,1 are
Weierstrass points of the curve Co. That is, Cy: y? = da(x — 1)(z — a)(z — b)(z — ¢)
for some a, b, c,d. Indeed, since we assume the curve splits, we can transform so that
one of the roots is 0, and then use the flip map (z,y) — (1/z,y/x?) to get a degree 5
polynomial. Then we can move two of the roots of f(z) to 0, 1.

The possible Richelot isogenies from J> are then in bijection with the classes of
quadratic splittings of z(z—1)(z—a)(z—0b)(z—c). Writing oo for the Weierstrass point
at infinity, the quadratic splittings are in bijection with partitions of 0, 1, a, b, ¢, 0o into
three sets of size 2. There are 15 such partitions. A choice of two partitions determines
two Richelot isogenies J; <g0—/1 TJo 25 J5. The composition oo Ji — Jsisa (4,4)-
isogeny precisely when ker ¢} N ker o3 = {0}.

For each choice of ker ¢}, there are 8 available Richelot isogenies ¢, with this
property: 1 partition has exactly three sets in common with the original partition; 6
partitions have exactly one set in common with the original partition (choose which
of the three sets, then pair the other two sets differently — two ways each). Thus there

are 15 - 7 = 8 partitions with zero sets in common with the original partition.

Remark 5.9.3. Fach quadratic splitting corresponds to two Richelot isogenies in the
sense of [Smi05], since we can compose with [—1] to get another isogeny with the same

kernel.

Example 5.9.4. Let Cy be the hyperelliptic curve y* = z(z—1)(z—a)(z—b)(x—c). Let
oy Jo — Ty be the Richelot isogeny via the splitting (x, (x — 1)(x — a), (x — b)(z — ¢)).

128



Thus Jy is the Jacobian of the curve Cy: y* = Ly(z)Lo(z)L3(x), where
(—a+b+c—1)x? 4+ (2a — 2bc)x + abc — ab — ac + be

Li(x) = p—— (5.108)
—22 + be
L = - 1
)= (5.109)
2 —a
Li(x) = p——— (5.110)

Taking the Richelot isogeny via Yo = ((x — 1), (x — a)(z — b), z(x — ¢)) gives the
map Jo — J3. Here J3 is the Jacobian of Cs: y* = Hy(x)Hy(x)Hs(x), where

(—a — b+ c)z* + 2abx — abc

H = 5.111
1(7) ab—a—b+c ’ ( )
—x2 42 —c¢
H. = 5.112
2(7) ab—a—b+c’ ( )
x> —2x—ab+a+b
H = ) A1
3(7) ab—a—-b+c (5.113)

Hence Jy admits the (4,4)-isogeny Jy — Jo — J3 where @y is given by the Richelot
isogeny corresponding to (Li(x), Ly(x), Ls(x)) and o is given by the Richelot isogeny

corresponding to Y.

5.9.2 Computing 4-torsion points that double to 2-torsion
points

Let C; be the curve in Example 5.9.4, and let X be the kernel of the (4,4)-isogeny.
Then Y is K-rational as a set, but the individual points in X need not be defined over
K. In this section we show how to compute the 4-torsion points that double to a given
2-torsion point on the Jacobian of a genus 2 curve. We use this in Section 5.9.3 to find
conditions under which the invidual points in ¥ are defined over K.

Let J be the Jacobian of a genus 2 curve C. Suppose D is a 4-torsion point on J
such that [2](D) = T. Let v € A* be a vector representing the Kummer coordinates
¢(D). Lemma 5.7.11 implies that v is an eigenvector for Wrp. After a quadratic
extension by ,/cr, the minimal polynomial of Wy splits, so Wy is diagonalisable over
K(y/cr). Let Ay, Ay be the eigenspaces for Wp, one for each eigenvalue \/cr, —/Cr.

We now solve for the eigenvectors that lie on the Kummer surface. Let vq, vy be
a basis for one of the eigenspaces. Then a;vy + asvy lies on the Kummer surface if
and only if it satisfies the Kummer equation Q(zo, 21, 29, 23) (see Theorem 4.3.7). This

gives a homogeneous quartic equation in aq, as:

Q(a1v1 + CYQVQ) =0. (5114)
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Each of the four solutions to the quartic (over K) gives an eigenvector whose image in
projective space lies on the Kummer surface; there are two points on the Jacobian J
above each point, which gives eight 4-torsion points doubling to a given 7' from one
eigenspace. Doing this for both eigenspaces thus gives the 16 4-torsion points D such
that [2](D) =T.

Algorithm 5 expresses this formally as an algorithm.

Algorithm: Computing four torsion points that double to a K-rational

2-torsion point

Data: Input: f of degree 5 or 6, defined over a field K with a quadratic factor

q(x) over K this factor can be linear if deg f = 5.

Result: Points D in J[4](K) such that [2](D) = T, where T is the 2-torsion
point corresponding to g(z) = 0. Here J is the Jacobian of y* = f(z)

FourTorsion

Compute W, the translation by T" matrix

Adjoin a root of its minimal polynomial 22 — ¢

Compute M such that MW M~ = A is diagonal

/* Solve for a solution on the Kummer in each eigenspace. Each

eigenspace is dimension 2, generated by u,v, say */
Solve for Q(aju + ayv) = 0, where @ is the Kummer equation of K
/* Lift each solution on the Kummer to the Jacobian */

For each (& ---&3) on the Kummer, adjoin a square root of a3
Then return the points on the Jacobian with these coordinates

end

Algorithm 5: Computing D € J[4] such that 2D =T

5.9.3 A rational (4,4)-kernel

We can now apply this theory to the family from Example 5.9.4. We want to find
a curve in the family that admits a (4,4)-subgroup all of whose elements are K-
rational. Let T7,T5, T be the nontrivial 2-torsion points in the kernel ¥ of the Richelot
isogeny J; — J2. We can show for curves in the family, the minimal polynomials of
Wi, Wy, W3 split in K, and thus the matrices are diagonalisable over K. Moreover, for
curves in the family, the homogeneous quartics in oy, as for each eigenspace of each
W; (from Equation (5.114)) split into quadratics. More precisely, let E;; denote the
Jjth eigenspace of W;, for i = 1,2,3 and j = 1,2. Let vy, vy be a basis for E;;. That

is, we have
Q(arvi + agvy) = Ujji(aq, az)Uijo(on, as), (5.115)

where each Ui, is a homogeneous quadratic in oy, aa. These quadratics are important,

because if v is an eigenvector that satisfies the Kummer equation, then it lies in one
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1 ‘ disc(ug) disc(uso) disc(u;3) disc(ugq)

1 b ac c ab

2|1 (1=0b)(a=b) a(l—=c)la—c) (1—=c)la—c) a(l—=>)(a—10)
3l (a=c)a=0b) be(1=b)(1—¢c) (1—=0b)(1—¢c) be(a—Db)(a—c)

Table 5.1: The discriminants of the quadratic factors for the eigenspaces.

of the eigenspaces E;; and thus equals o vy + apvy for some o, ap that are a root of
one of the Uj.

We are interested in when the eigenvector is defined over K, and so we are interested
in the roots of the Ujji. Let Dy, Dy be the 4-torsion points in the (4,4)-subgroup X
such that [2](D;) = T; for each i = 1,2, and let D3 = Dy + D,. In order that D; has
rational coordinates on the Kummer surface, it must be that one of the Uj, has a
rational root (for some j, k). Such a rational root exists if and only if the discriminant
of Uik, is a square, which is what we now examine.

In the following we group the two eigenspaces for each W; together, and consider the
roots of all four quadratics U;;;, for each i. To simplify notation, we now relabel these.
Let u;;(ov1, o) denote the four quadratics for the eigenspaces of W; (with j = 1,2, 3,4).

Table 5.1 shows the discriminants of the quadratics. They are given in terms of
the indeterminates a, b, ¢ from Example 5.9.4. The ¢th row is for the quadratics for
the eigenspaces of W;.

The MAGMA file four_four/four_four_classification.m in [Nicl8] verifies the
discriminants in Table 5.1.

If Dy, Dy, D3 are K-rational 4-torsion points such that D, Dy generate a (4,4)-
subgroup, then there is a choice of elements in the table above, one from each row,
that are all square in K. This is because D; is a 4-torsion point lying above the

2-torsion point T;, and because W; is the translation-by-7; matrix.

Remark 5.9.5. I am grateful to the examiners for suggesting that a more careful study
of the eigenspaces from different W; should make it possible to cut down the number

of cases. This would be worth exploring in the future.

We now find a family of genus 2 curves whose Jacobians have a (4, 4)-kernel with all
the elements defined over the ground field. First we consider a particular combination
of discriminants being square, one from each row of Table 5.1. We then compute the
4-torsion points on the Kummer surface corresponding to the eigenvectors. Then we

see which pairs of these 4-torsion points generate a (4, 4)-kernel by mapping across
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to the isogenous Kummer surface. Finally, we impose that the 4-torsion points are

K-rational by imposing that their a3 are equal modulo squares.

Proposition 5.9.6. Let s,t,v € K. Define

2 2—t4 t2 2_2 2—t4 t? -1
yo 5 (s + t%)v (s +1%)v | (5.116)
—s2t(s2 —tt 22 + t

and then define

sE—tt4 2 s —tt+tr
(a,b,c):( - ,u282+1_t2,t>. (5.117)

Let
dy = (8 =t + 13 (s*u® +t* — 2t + 1)
(stu? — s+ st — 0 4 3t — 32 4+ 1), (5.118)
Let Gi(z) = z,Ga(x) = (x — 1)(x — a),G3(x) = (x — b)(x — ¢). Let fi(x) =
dLy(x)Lo(z)Ls(z) be the isogenous curve via the Richelot isogeny corresponding to
(G4, Ga, G3), where d is defined to make fi(x) monic. Let fo(x) = dodG1(2)Ga(2)G3(T).
Then Cy: y* = dafi(x) admits a (4,4)-isogeny with the kernel K -rational pointwise.

Proof. We try to impose that
¢, (1 —=c)(a—c),be(a—b)(a—c) (5.119)

are all square. This implies that each of Wy, W5, W3 has an eigenvector lying on the
Kummer surface. If v is an eigenvector for Wy lying on the Kummer surface, then v
are the Kummer coordinates of a 4-torsion point D such that 2D = T. We then hope
that we can lift these 4-torsion divisors to points on the Jacobian, and that they form
a (4,4)-kernel.

It is necessary that ¢ = t2 for some t € K. Then we look for solutions to

(1 —tH(a —t?) = s (5.120)
b(a —b)(a — t*) = 2% (5.121)

Equation (5.120) determines a as

s —tt 12
= 5.122
We are left to solve equation (5.121), which rearranges to a quadratic in b in terms of

s, 1,2

2 _ 44 42 2 2
9 s7 =1+t 2(1—t%)
b —b( 0 )+ 5 =0 (5.123)
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This is a conic in b, z with the rational point (0,0). We can parametrise the conic as

(b, z) = (bo/wo, z0/wy), where

A — N+

—s2 4ttt 12, 2ttt 2 -1
(bo: z0: wp) = ( = ek T [ T,uz) (5.124)

and (\: p) € PY(K(s,t)). The point u = 0 gives b = 0, which is a degenerate solution
to the original equation. Thus we can set A = u, u = 1, and find the general solution

to (5.119) is

s2—tt+t? S —tt+t2
@b = (ST ), (5.125)

where s,t,u € K. We thus have a 3-parameter family such that each term in (5.119)
is square.

We compute the points on the Kummer surface that are eigenvectors of one of
Wi, Wy, W3 by solving the homogeneous quartic equations for the eigenspaces. For
each such £(D), we compute the image under the Richelot isogeny using the explicit
projective map. In this way we compute all pairs {(D;),&(Ds) such that their image
on Ky corresponds to 2-torsion points in J, that generates a second Richelot isogeny.
In particular, the two points are distinct and have trivial Weil pairing. We require
that the kernel ker 5 of the second Richelot isogeny intersects trivially with the kernel
ker ¢

This determines all pairs of points on the Kummer surface that are the images
of generators of (4,4)-kernels. We now impose that these lift to the Jacobian. This
happens if and only if a2 is square in K(s,t,u) (using Section 5.5). We can actually
impose that their af are equal modulo squares, which means there is a twist of the

curve for which both points lift to the Jacobian. The quotient of their a equals one
of

Ay = (1=t (s® =t +tH)(s%u? — s +t* =26 + 1) (5.126)
Ay = (s* =t + 1) (s%u? — 2 + 1), (5.127)

each occurring in 4 of the 8 pairs. The equation A; = v? is a conic in u, v;. We can solve

the second easily, since it has the point (u,vy) = (1/t,t(s®> — t* + t?)). Parametrising

the conic gives

—82(8?2 =t + N2 = 2(s2 =t + ) A — p?
—s2t(s?2 —th 4+ 12)N2 4 tp? '

u =

(5.128)
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17k a b c

312 e W

313 e 1,1,5_;2“

31| - Jut=b 4 (1) 4 (57— )b
321 | iy ‘-

322 . @

323 A 1_121;_2“

324 e m

331 82-1&-2?54 . %

332 e T

333 . 1—1t7t—2u

334 m

341 | gy |00 = (0= D + (1= s°)b— 1)
342 m m

343 . 1_1,5;_2“2

344 e u?(s212—1)2 442 — 5242

u?(s2t2—1)2—s2t2+41

Table 5.2: The solutions to each condition Aszj;. An ellipsis means the solution is
repeated from above.

The required twist is by a3(D;), recalling that a2(D;) and a3(D,) are equal modulo
squares. This can be taken as dy as stated in the Proposition. With a, b, ¢ given as in
(5.117) with s,t € K free and w in terms of A\, u. But g = 0 implies u = 1/t and then
b = ¢, so we can replace (\: pu) with the parameter v = \/u. This gives the stated
3-parameter family admitting a (4, 4)-isogeny with rational (4, 4)-kernel over the twist

by d2. ]

Remark 5.9.7. We haven't yet been able to solve Ay = v? in general.

5.9.4 Classifying (4,4)-kernels

We denote the condition that disc(uy;), disc(ug;), disc(usy) (see Table 5.1) are all square
by Aijr. By permuting b and ¢ we can assume that the condition from the first row is
either that c is square or that ac is square. Thus we only need to solve Agj, and Asjy,
for all 7, k.

Proposition 5.9.6 solved Agzy, with the solution given in equation (5.117). We solve
the other combinations similarly, and we give their solutions (where parametrisable)

in Table 5.2 and Table 5.3.
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17k a b c
211 | bt (12 — )02 + (1 — £2)b — %2 + 5% = u2 at?
212 uw? =b(b—1)(* — b — s2) (V12 — bt> — b — 512 + 1)
213 o u? =20 — (1 +t2)b — s** + 1
21 o
4252 a?(1-t%)—u
221 t4—12 a(lItQ)
222 a?(1=a?)+1
223 L. l—at“—u
1—at?
2924 - _—a _
1 (1(21(_1222;)2;’_1112
231 | =y T
232 a?(1=a?)+1
233 L. l—at“—u
1—at?
241 | e 21_22“
. u“+s“—1
242 (s2—12)2u2+(s2—12)
243 o u? = (1 — b)(bs? ;45(2 +2)1)(Qb(82 —t?) — s+ 1)
1—t*)+u u®s*(1—t<)4s“—1,
244 | =y A1) s?

Table 5.3: The solutions to each condition Agj;. An ellipsis means the solution is
repeated from above.

More detail The condition Asy is an intersection of conics: a(l — b)(a — b) =
s%,b(a —b)(a —t*) = u*. The first equation determines a in terms of b, s. Substituting
this into the second equation, and ignoring the degenerate solution b = 0, gives another
conic in b, which we can solve similarly.

The condition Aszy is ¢ = 2, a(l — b)(a — ¢) = s* and (a — ¢)(a — b) = u?. The
solution to the second equation in a is a = t*/((b—1)s®*+1). Substituting this into the
third equation gives (after removing square factors) u? = (b—1)(b%s? + b(1 — s%) — t2).

The condition Ayy is an intersection of conics: a(1—b)(a—b) = s2, a(a—b)(1—t?) =

u? (once we substitute ¢ = at?). Multiplying the equations and removing square factors

1—¢2—op?

- Then we

gives (1 — b)(1 — ¢*) = v? for some v, which determines b as b =

determine a via the first equation.

For Ayy3, we first solve for a in s* = a(l — b)(a — b) to get a = b/((b — 1)s* + 1).
Then substitute into (1 — b)(1 — at?) = u? to get the elliptic curve in b,u. Agyy is an
intersection of conics: a(1—0b)(a—b) = s? a*t?b(a—b)(1—1*) = u? (once we substitute
c = at?). Solving b(a — b)(1 — t?) = u? gives a = b+ b(f‘—;), and substituting into

the first equation gives u? + b*(1 — t?)) = s* (after removing square factors). Thus

_ 2us
b= s24t2-1"

We haven’t given the general solution for Asiy, Assr, Aoi11, Aoio, Aois, Aoys, but give
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a single curve for each that parametrises the solutions. Note that A3y and Agy; have

the same elliptic curve, which suggests we may be able to reduce the number of cases.

Classification For each A;j, we have either completely described the space of so-
lutions, or have given the moduli space of genus 2 curves that admit a (4, 4)-isogeny
that have two distinct 4-torsion points whose images on the Kummer surface are K-
rational. But the distinct 4-torsion points on the Kummer surface need not be the
generators for the (4,4)-isogeny. To find a (4, 4)-isogeny whose kernel is elementwise
K-rational on the Jacobian, we further require that the 4-torsion points lift to the Ja-
cobian over the same quadratic extension and also that their 4-Weil pairing is trivial.
What we have shown is that any genus 2 curve admitting a (4, 4)-isogeny whose kernel

is defined elementwise over K satisfies one of the equations above.

Proposition 5.9.8. Let J be the Jacobian of a genus 2 curve C over K admitting a
(4,4)-isogeny . Then C is isomorphic over K to the curve Copeq: y* = dfwe(x), for
some fue(x) from the (4,4)-family and d € K*. If ker ¢ is elementwise K-rational,
then a, b, c satisfy N;;i, for some i, j, k and are thus described by Tables 5.3 and 5.2.

5.9.5 A family of curves where both split

We also found a family of curves that admit a Richelot isogeny such that the curves
in the original family have full 2-torsion and their isogenous curves also have full

2-torsion.

Proposition 5.9.9. Let K be a field and let K(s,t) be the function field in two vari-
ables over K. Let C: y?> = x(x — 1)(x — a)(z — b)(z — ¢), where

2

a=1
b= (51" — s>+ 3t> +1)/(s*t* +3s* —t* + 1) (5.129)
c = bs?,

and let J be the Jacobian of C. Let
(Gi(x),Ga(x),Gs(x)) = (z, (z — 1)(z — a), (x — b)(x — ¢)), (5.130)

and let C': y?> = Li(x)Lo(x)Ls(x) be the Richelot isogenous curve for (Gi,Ga, G3),
and let J' be the Jacobian of C'. Then J[2)(K(s,t)) = (Z/2Z)" and J'[2](K (s,t)) =
(Z)27.)".
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Proof. Start with the curve C: y? = z(z—1)(z—a)(z—b)(z—c) and consider the Riche-
lot isogeny from the splitting (G1(z), Go(x), G3(x) = (z, (x — 1)(z — a), (x — b)(x — ¢)).
The Richelot isogenous curve has equation C': y? = g(z) = Ly(x)La(x)Ls(x). Then
g(x) splits if and only if each L;(x) splits, which happens if and only if the discriminant
of each L;(x) is square. Recall that L;(z) = Gi11(2)Gi(x) — Gipy(2)Giga(x). Vie-
tor Flynn pointed out that the discriminant of L;(x) equals 4 Res(Gjy1(2), Git2(2)),
which can be verified algebraically. Thus g(z) splits if and only if Res(G;(x), Gi41(2))
is square for each i = 1,2,3. Recall that Res([]"_,(z — o), B(z)) = [[}_, B(a;) and
Res(A, B) = (—1)dsAdeBReg(B, A). Consequently, g(z) splits if and only if the

following three quantities are square

Res(G1,G2) = a (5.131)
Res(G2,G3) = (1 = b)(1 —¢)(a —b)(a — ) (5.132)
Res(G3, G1) = be. (5.133)

Equations (5.131) and (5.133) are equivalent to a = t* and ¢ = bs? for s,t € K.

Now we look to solve (5.132), which is equivalent to
y® = (b—1)(bs* — 1)(b — t*)(bs® — t2). (5.134)

On changing variables to b = x + 1 and further putting (u,v) = (1/z,y/x?), we

transform to a genus 1 curve of the form
2 _ 7.3 2
y° = dx’ + cox® + c1x + co, (5.135)

where d = (t* — 1)(s* — 1)(t* — s?). The right hand side isn’t monic, so we change
variables to (x,y) = (dX, d*Y), which gives the equation

Y2:X3+—Q&ﬁ+3§+&??—§ﬁ—2§+¢%¢

5.136
—s4t? 4 35 — 5212 — §2 st ( )
e At

which is an elliptic curve. Tracing back the maps, we find that any solution (X,Y’) to
(5.136) gives a solution b = 1+ - to the original equation (5.134). Since the constant
coefficient of the elliptic curve is square, the point P = (0, fz_z) lies on the curve. This
gives a degenerate solution to (a,b,c), but 2P has X-coordinate
S22 +3s2 -2+ 1
4d(t? — s?) ’

(5.137)
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which corresponds to the solution

a =t (5.138)
b= (51" — s>+ 3t2 +1)/(s*t* + 3 —t* + 1) (5.139)
c = bs®. (5.140)

O

Remark 5.9.10. By choosing different multiples of the point P in the proof above, we
find different solutions. However, specialising at (s,t) = (5,11) gives a rank 1 curve,

generated by the point P with x(P) = 0, so generically the elliptic curve has rank 1.

Remark 5.9.11. Let J and J' be the Jacobians from Proposition 5.9.9. Since J' has
full 2-torsion, J admits a (4,4)-isogeny. FEven though J also has full 2-torsion, this
doesn’t mean that the (4,4)-subgroup is defined over K. It turns out that to find the
4-torsion points lying above the 2-torsion points, which is equivalent to solving for an
eigenvector in one of the eigenspaces (for the translation matriz) to lie on the Kummer

surface, we need the following product to be square:
(8% — % + 32 + 1)(s** + 35> — 12 + 1). (5.141)

The other eigenspace has a similar condition. We would then further need these points

to lift to the Jacobian, which requires a further element to be square.

Remark 5.9.12. The family of curves in Proposition 5.9.9 potentially defines an
(8, 8)-isogeny. Let ps: Jo — J5 be the Richelot isogeny described in the Proposition.
Then define o1: J1 — J2 and p3: J3 — Ji to be the duals of two Richelot isogenies
out of Jo and Js3, respectively. We need to check that the Weil pairing acts trivially

on the kernel.

5.10 Computing J[4](K)

Let J be the Jacobian of a genus 2 hyperelliptic curve y?> = f(x) over a number field
K. The multiplication by n isogeny [n]: J — J has kernel J[n|, the n-torsion points.
We can also do descent by computing J (K)/nJ (K ), which is called complete descent.
One way of doing this is to compute the full n-torsion subgroup of J(K). If n = 2,
then J[2] consists of the 2-torsion points. Assuming deg f = 6, the nontrivial 2-torsion

points are precisely (a;, 0)+ (a;,0) — oot — 0o~ where «;, a; run over all distinct pairs
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of roots of f(z) in K. Since f(z) has distinct roots in K, there are 15 such nontrivial
2-torsion points. They are defined over the splitting field of f(z).

Algorithm 5 shows how to compute the 4-torsion points D that double to a given 2-
torsion point 7" on the Jacobian of a genus 2 curve. Since any 4-torsion point D € J[4]
doubles to 2D € J[2], applying this process to a basis for J[2] recovers a basis for
J4].

We get a basis for J[2](K) by first moving to the splitting field K’ of f(x), over
which all the 2-torsion is defined. Let ay,...,aq be the roots of f(x), where we let
ag = oo if f is degree 5. Then the nontrivial 2-torsion points are the set {T};: 1 <1i <
j < 6}, where T;; = P, — P;. Here P, = (;,0) if a; # 0o and P, = 00 if a; = 00. As
discussed in Section 5.2, T;; corresponds to the quadratic (z — a;)(z — «;), where we
replace (x — ;) by 1 if a; = o0.

This gives us an algorithm to compute J[4](K).
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Chapter 6

Descent methods

6.1 Introduction

Let J be the Jacobian of a curve C defined over a field K. A major question in
number theory is to determine the set of points J(K). The Mordell-Weil theorem
(Theorem 2.2.2) implies that if K is a number field, and J is the Jacobian of a smooth
curve C/K, then J(K) is a finitely generated abelian group. Thus there is an integer
r > 0 and a finite group J (K )iors such that J(K) =2 Z" X J (K )tors- The integer r is
called the rank of J(K), and is of great interest.

For any integer m > 2, we have
J(K)/mJT(K) 2 (Z/mZ)" x J(K )tors/mJ (K )tors- (6.1)

The torsion subgroup J (K )i is straightforward to compute, and so to compute r it
suffices to compute J(K)/mJ(K) for some integer m > 2.

More generally, if ¢: J — J' is an isogeny to another Jacobian [J', with ¢ and J’
also defined over K, then we can try to bound above J'(K)/oJ(K). If ¢+ J' — J is
the dual isogeny (compare Section 2.2.1), which satisfies ¢’ o0 p = [m], we can combine
bounds for J'(K)/pJ(K) and J(K)/¢' J'(K) to get a bound for J(K)/mJ(K).

In this chapter we introduce Schaefer’s method for doing a descent via isogeny
([Sch98]) and then apply it to the (4,4)-isogeny computed in Chapter 5. Schaefer
originally applied this to Jacobians of superelliptic curves of the form y? = f(x).
Such curves admit the automorphism (,: (z,y) — (z,(,y), where (, is a primitive
pth root of unity. Let J denote the Jacobian of such a curve; the map ¢ =1 — ¢,
induces an isogeny J — J, and Schaefer does a descent via ¢-isogeny. Schaefer makes
two assumptions to make his method work. The first is to ensure that elements of

J'(K)/pJ(K) are represented by K-rational divisors on C. The second assumption is
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that the map he calls w is injective; we also call this map w, and discuss this problem
in Section 6.8.

There are a number of technical difficulties in generalising this approach to other
isogenies. Schaefer’s approach notably doesn’t apply to the case where ¢ is the
multiplication-by-2 isogeny, [2], on the Jacobian. Poonen and Schaefer generalised
Schaefer’s approach to this case, at the cost that the map w to be defined is no longer
injective ([PS97]). More recently, Bruin, Poonen and Stoll generalised the approach
further ([BPS14]); they apply their method to a genus 3 nonhyperelliptic curve. We
use the original version of Schaefer’s method in the following.

Our main contributions are: to use the Richelot descent to generate the local points
J'(Ks)/eJ(Ks); to use the (4,4)-isogeny whose kernel is K-rational in Section 5.9.3,
and to explicitly compute it; and to combine the (4,4)-descent and Richelot descent

on the same diagram.

6.2 Background

Local fields and Galois theory Let s be a place of a number field K. Then we
can define the completion K, which is a local field. If s is an archimedean place, then
K, is either R or C; if s is a nonarchimedean place then K is a finite extension of Q,
for some p.

Let O, be the ring of integers of K. There is a unique prime ideal P of O;.
The residue field k, is the field O,/%8. Fix an algebraic closure, K,, of K,. An
automorphism o € Gal(K,/K,) fixes f (since it’s the unique prime ideal) and thus
induces an automorphism of O, /B = k;, fixing O, /p = F,. Thus we have a surjective
map Gal(K,/K,) — Gal(k,/k,). The inertia group, I, is the kernel of this map. We
say that a cocycle £ € H"(K, M) is unramified at s if it is trivial when restricted to
H" (I, M).

The following theorem is key to the proof of the Mordell-Weil theorem, and we

will use it later.

Theorem 6.2.1 ([Sil09]). Let K be a number field and let M be a finite abelian
Gal(K/K)-module. Let S be a finite set of places of K. Then H' (K, M;S) is finite.

Fields of definition Let C be a curve over a number field K. The absolute Galois
group Gx = Gal(K/K) acts on the group of divisors Div(C), and if D € Div(C), we de-

fine the field of definition of D as K(D) = FH(D), where H(D) = {0 € Gx:°D = D}
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is the subgroup of automorphisms that fix D. By the fundamental theorem of Galois
theory in the case of infinite Galois extensions, if H C G, we have Gal(K /K%)= H,
where H is the closure of H in Gg. Also, if L is a field intermediate between K and
K, then FGal(K/L) = L.

Representing elements of J'(K)/pJ(K) The following proposition and proof
are from [Sch98], and give a condition under which we can represent points in the
quotient J'(K)/pJ(K) by K-rational divisors. In the following sections we define
some explicit maps from J'(K)/pJ(K), assuming that we can represent elements of
J'(K)/pJ(K) by K-rational divisors.

Proposition 6.2.2 ([Sch98|, Proposition 2.7). Let ¢: J — J' be an isogeny of degree
q = p*. Suppose that p is prime to

d=gcd{[K': K|: KCK' CK,C'(K') # 0}. (6.2)

Then every element of J'(K)/pJ(K) can be represented by a degree zero divisor class
that is fized under G.

Proof. Let K’ be a degree d’ extension of K such that C'(K") # (). By Proposition 2.1.7,
J'(K) equals the G g-fixed divisors of C'(K’) modulo linear equivalence. Let ¢ denote
the inclusion K — K’ and let N denote the norm K’ — K. Consider the following

commutative diagram

<_
=2
=z

F
=

Div'(C')(K) —— J'(K) — coker.

The composition N o ¢ equals the multiplication by d map. The right column shows
that d’: coker — coker factors through 0, and so multiplication by d’ kills the cokernel.
Thus d, as defined in the statement, kills the cokernel also. The argument for local
fields is similar. See [Sch98]. O

6.3 The Selmer and Tate—Shafarevich groups

We first motivate Schaefer’s construction with some abstract maps. At this point

we don’t need to explicitly compute these maps, but will show how to make this all
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more explicit in the next section. We mainly just need to know how to get long exact
sequences from short exact sequences in Galois cohomology, and that this is functorial.
See Appendix A for an introduction to Galois cohomology.

Let # be an extension of K, and let .# be an algebraic closure. We are mainly
interested in when # /K is a finite extension of number fields, or a completion K of

K at some place s. Consider the short exact sequence in Galois cohomology
0= Jlel(H) > T(H) S T(H) — 0. (6.4)

Then the associated long exact sequence in Galois cohomology gives the exact

sequence

0 — Je|(H) ——s T(H) —2— T'(KH) 7

- (6.5)
Hl(%,j[(p]) —— Hl(‘%/v j) L> Hl(%7\7/)‘
This gives the short exact sequence
0= J'(H) )T (H) S H( A, T[e)) = H' (A, T)lg] — 0. (6.6)

To get this, just note that ker v = §(J' (%)), and 6(J'(H)) = T'(H ) /T (K ), since
ker § = im ¢. Finally, the map ¢ on H'! is surjective onto its image, which equals the
kernel of ¢ on H'.

With JZ being the completions of K, these sequences fit into a commutative dia-

gram

0 —— J'(K)/pJ (K) ——— H'(K,Jlp]) ——— H'(K.J)lg] —— 0

le s ll_[s BS lHS Vs

0 —— [LJ(K.) /e (K.) 2% [T, HY(K,, Tle)) 25 [T HY(K,, 7)) —— o.

(6.7)
Here ay is the inclusion of J(K) into J(K). In general, if h: G' — G is a group
homomorphism and f: A — A’ is a homomorphism of G-modules, then the map
H'(G,A) — H(G",A") is given by £: G — A foloh: G" B ar 5 AL 4.
The maps 3, and 7, both come from the inclusions Gal(K,/K,) — Gal(K/K) and
J(K) C J(K,) for all places s of K.

We can now define the p-Selmer group as

Sel?(J/K) = ker H LsPs, (6.8)

S
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and the Tate-Shafarevich group as

I11(J/K) = ker (H ve: HY(K,J) — H (Ks,j)) (6.9)

The @-part of the Tate-Shafarevich group is

(7 /K)[g] = ker (H% Dlgl = H'(K., J)M) . (6.10)
As can be seen from the diagram above, these fit into the exact sequence
0—>j’(K)/g0j(K)gSel”(J/K)%HI(]/K)[go]%O. (6.11)

Let S be a finite set of places of a number field K, and let M be a G g-module.
Then we define H'(K, M;S) as the subset of £ € H' (K, M) such that £ is unramified
away from S. Milne proves the following proposition in [Mil06], which shows that all

of the intersections above can be taken over just the finite set of primes S.

Proposition 6.3.1 ([Mil06]). Let S be the set of archimedean places, the places above
m = degy and the places of bad reduction for J. The image of J'(K)/pJ(K) lies
inside H' (K, J[¢]; S).

Remark 6.3.2. Let # be an extension of K. We can interpret elements of H (¢, J)
as torsors of J, which are trivial if and only if they have a £ -point. Under this in-
terpretation, elements of (J /K) correspond to torsors that have a point over every
completion K, of K (we say the torsor has points everywhere locally); nontrivial ele-
ments of III(J/K) have points everywhere locally but don’t have points over K. Ele-

ments of Sel?(J /K) correspond to certain torsors that have points everywhere locally.

6.4 Schaefer’s descent method

For Jacobians of curves of genus at least two, it turns out to be difficult to explicitly de-
scribe the torsors, and thus to determine whether they have points everywhere locally.
In this section, we explain Schaefer’s approach to explicitly computing Sel?(J/K)
([Sch9s)).

Fix an isogeny ¢: J — J' of Jacobians of curves 7, J’. Assume that ¢, J,J" are

all defined over a field K. We have the following exact sequence of GG x-modules:
0= TJ(K)/eJ(K)— Sel?(J/K) - (T /K)[p] — 0. (6.12)

144



The middle term, Sel?(J/K) gives an upper bound on J'(K)/eJ (K ), and the sharp-
ness of the bound is measured by (7 /K)[y].
Suppose that J|[p] has exponent m. Then Schaefer constructs the commutative

diagram

T(K) )T (K) ——— H\(K, J[g]; ) —~— L7/
lnsesas lnsesm lnsems (6.13)
[oes T'(K) [T (Ky) o5 T HY (Ko, Tle)) 5 TLocs L/ L2

where L is an explicitly given K-algebra and p is a map defined in terms of ker ; both
L and p need to be explicitly computed for the given isogeny ¢. Let S be the subset
of primes of K consisting of primes of bad reduction for 7 and J’, together with any
primes of K dividing m. The image of the Selmer group in L*/L*™ is
p(Sel?(T/K)) = L(S,m) N ()75 ((ps6:) (T (K) /0T (KL))) (6.14)
seS
where L(S,m) C L*/L*™ is the subgroup generated by elements that are unramified

away from S. We discuss L(S,m) in more detail in Section 6.9.5.
Definition 6.4.1. We write M?(J/K) for p((Sel?(J/K)).

We will see that the maps p, ps are not always injective, but even in that case we
can still get information about Sel?(J/K).

We now explain Schaefer’s construction in [Sch98] in more detail. We first introduce
a K-algebra L/, with a specific Gg-action. We then use the Weil pairing to get a map
from J[p] — pm(L'); this induces a map on Galois cohomology H'(K, J[p]) —
HY (K, pi,,(L)). The Kummer isomorphism gives a map H (K, (L)) — L*/L*™,
where L is the subgroup of Gg-invariants of I'. The composition of these maps with
the inclusion J'(K)/pJ(K) — HY(K,J|p]) is easy to compute, and we can then
work with subgroups of L*/L*™ and their completions, as opposed to elements of

Galois cohomology groups.

6.4.1 The K-algebra L'

Let ¢ be the dual isogeny J' — J as in Section 2.2.1; that is, ¢’ = A7tpV N, where
AT — JYand N: J — J' are the principal polarisations of the Jacobians, and

" denotes the dual isogeny of ¢ in the sense of abelian varieties.

Remark 6.4.2. If ¢ is an (n,n)-isogeny as in Chapter 5, then ¢’ is the isogeny such
that ¢’ o o = [n].
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Let Dy, ..., D, be a Gg-stable spanning set for J'[¢']; that is, { D1, ..., D,} spans
J'[¢'] and the action of G leaves the set invariant. Define the K-algebra L' as
?Zlf, and give L' the following G action: if 0 € Gg, then define ¢ € S, by
i) = j if and only if ?D; = D;. Then for (ay,...,a,) € L', define

e

“(ay,...,a,) = (Paz-11,...%a5-15). (6.15)

This is a well-defined G-action on L'. Note that °D; € {Ds,...,D,}, since the set
is G'g-stable.

If E/K is a field extension contained in K, then define Ly = L’ Gal(K/ E); we write
L for Lk when it is clear. Let E(D;) be the field of definition of D; over E. We first

claim that

Ly C [[ED)). (6.16)

i=1

Since E(D;) = FGal(K/E(Di)), it suffices to show that "(a;) = (a;) for all a € LGB,
But if 7 fixes E(D;), then 7i = i. Writing m; for the ith projection map L' — K,
we have m;("(ay,...,a,)) = Ta;, so that "a; = a; for all @ € Lg. Thus a; € E(D;),
as required. In general, (6.16) is not an equality, since E(D;) X --- x E(D,,) isn’t
necessarily fixed by Gal(L/E); in fact, if D; is in the same Gg-orbit as D;, then q;
determines a; via the Gx-action. The following proposition from [Sch98| describes L

as a product of some of the K(D;).

Proposition 6.4.3 ([Sch98]). Let A C {1,...,n} consist of one representative for each
Gr-orbit of {1,...,n} with Gk acting via &. Let M = [[;., K(D;) be the product of
the fields of definition of D;, one for each orbit. For each orbit, Ey,...,E,, choose
o1,...,00 € Gal(K/K) such that G = [[}_, 0: Gal(K /K (E;)) and °'Ey = E;. Define
the map : K(Ey) — [[i_, K by ¥(m) = ("*m,...,7"m). Combine these across all
the orbits to define a map v: M — L. This is an isomorphism of K-algebras.

Proof. If there is more than one Gk-orbit for {Dy,..., D,} then we can combine the
maps for each orbit into a single map. The proof below is then applied to each orbit.

We first have to show that if o € Gk, then 7(¢)(m)) = ¥(m). Let 0 € Gk and
m € M. Then %¢p(m) = 7(“'m,...,%»m). It suffices to show the ith elements agree.
Temporarily write m; for “m. We want to show that “ms-1; = m,;. Let a(j) = 1.
Then, taking o; ' on both sides, it suffices to show '9%im = m. Thus it suffices to

show that 1 = o; 'oo; € Gal(K/K(Dy)).
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Note that if o € Gk satisfies D = D, then ¢ € Gal(K/K(D)). Consider 7(1).
Firstly, D, = Dj, so that ¢;(1) = j. Also, we defined j such that (j) = i. Hence
7(1) = 1. This means that "D; = D, so that n € Gal(K/K(D;)). Consequently,
(m) € L, the Gk-invariants of L'.

The map M — L is injective, and the map pu: L — M sending ({4,...,4,) —
o17'f, is an inverse. The image of p is in M = K(D;) since (y,...,¢,) € L, so
T1(ly, ... b)) = (b, ..., 0,); thus, 0155;1(1) = /(1. Since “*D; = Dy, we have 71(1) = 1,
and thus 71¢; = /;. O

Remark 6.4.4. The map M — L is not a map of Gg-modules, since M has no

G i -action.

6.4.2 The cohomology group H (K, u,,(L"))
Recall that we write L for L'“%. In this section we show
HY K, pi (L)) = L*/L*™. (6.17)
Consider the exact sequence in Galois cohomology
1= (L) > L 5 L% — 1. (6.18)
The long exact sequence in Galois cohomology gives us an exact sequence
L5 L Em HY(K, (L)) — HY(K, L™), (6.19)

where K, is the connecting homomorphism.
Proposition 6.4.6 shows Hilbert’s Theorem 90 holds in our case. This implies that
the last term in (6.19) is zero, so the map r,,: L* — H' (K, pi,,(L')) is surjective; its

kernel is L*™, so the isomorphism (6.17) follows.

Remark 6.4.5. Our proof is a modified version of the proof in [Ser79]. The original
proof doesn’t apply, since the G -actions differ.

Proposition 6.4.6 (Hilbert’s Theorem 90). Let F//K be a Galois extension of infinite
fields. Let Lp =[], F be the K-algebra defined on the divisors Dy, ..., D, with the
gwen Gal(F/K)-action. Then H'(Gal(F/K), L}) = {0}.

Proof. First recall that if G is a profinite group and U is the collection of open normal

subgroups, and if A is a G-module with the discrete topology, then

HY (G, A) = lim H'(G/N, AY). (6.20)
NeUu
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If G is the Galois group of an infinite Galois extension F'/ K, then the open subgroups of
G are the Galois groups Gal(F'/E) with E//K a finite extension ([Sha]). The open nor-
mal subgroups are Gal(F'/FE) with E/K finite and normal. Thus G/N = Gal(E/K).
Recall Lg = Lgial(F/E). To show that H'(Gal(F/K), L}) is trivial, it suffices to show
that each H'(Gal(E/K), L}) is trivial.

We can now slightly modify the proof of Hilbert’s Theorem 90. Let & be a cocycle
in HY(Gal(E/K), L%). We will show that £ is a coboundary. Consider the map

z: Ly, — Lg given by

2a)= D> &ola) (6.21)

o€Gal(E/K)

Suppose we can find a € L}, such that z(a) € Lj; that is, each component of z(a)

is nonzero. Then, for any 7 € Gal(£/K), we have

T(z(a) = ) T(&)(T0)(a) (6.22)

c€Gal(E/K)

= Y &'o(r0)(a) (6.23)
ceGal(E/K)

=& > &ola) (6.24)
ceGal(E/K)

=¢12(a). (6.25)

The second line follows from the cocycle condition &, = & 7(&,) and the third line
follows by reindexing the sum. Thus we have { = 7y/y is a coboundary, where
y=1/z(a).

It remains to show that we can find such an a € Lg. In particular, we need each
component of z(a) € Lg to be nonzero. To simplify the Gal(E /K )-action, we consider
A(E) ={(a,...,a): a € E} C Ly, and find a € A(E) such that z(a) € L.

We write E' for E(Dy,...,D,), the field of definition of all D; over E. This is a
finite extension of E contained in F. First note that m; o ¢ is a character E* — E'™.

We first show that if 0,7 € Gal(F/K) and 7,0 = m7 as maps E* — E'™ then
o=7. Leta=(q,...,a) € A(F). Then mo(a) = “a, and similarly m;7(a) = "o, so
that “a = "a. This holds for arbitrary a € F, so it follows that o = 7.

Thus the characters m; 0 o: EX — E'* are distinct and so linearly independent
over . Thus if z;(a) = X, cqum/x)(&o)io(a) = 0 for all a € E, then (&); = 0 for
all 0 € Gal(E/K). Consequently, for each i, the kernel of z;: E — E’ is a proper

subspace of the K-vector space E.

148



Over an infinite field, a finite union of proper vector subspaces is a proper subspace.
Thus the union of the kernels ker z; is a proper subspace of E, so there is a € E* such
that for all ¢, z;(«) # 0. That is, with a = (a, ..., a) € A(E), we have

2a)= > &o(a) #0. (6.26)

o€Gal(E/K)
O

6.4.3 The map w

We can now define the map w that was mentioned earlier. Let e, denote the Weil
pairing with respect to our isogeny ¢: J — J'. Since the canonical polarisations A, \'
are isomorphisms, we have that J'"[0"] = J'[¢'], and so we can abuse notation and
write the Weil pairing as a pairing
ep: Tlo] X T'[¢'] = pum(L). (6.27)
Define the map w: J[¢| — pn(L') as
w(D) = (ex(D, Dy),...,ex(D,D,)), (6.28)
where Dy, ..., D, are the divisors spanning J'[¢'].

Remark 6.4.7. To compute e, in practice, we use the compatibility property (see

Section 2.2.2) together with the explicit definition of e, in Proposition 2.2.7.

Proposition 6.4.8 ([Sch98]). The map w: Jlp] — pum(L') is injective and defined
over K. The map w: H'(K, J[p]) = HY (K, um (L)) is thus also defined over K.

Proof. The map w is injective, since the Weil pairing is nondegenerate. Suppose
w(P)=1¢€ pn(L'). Then e, (P, D;) = 1 for each D;. But the D; generate J'[¢], and
s0 e,(P, D) =1 for all D € J'[¢'], which implies P = 0.
We now show that w: J[¢| — (L") is defined over K. Let 0 € Gal(K/K). Then
w(?P) = (e, (" P, Dy))s, (6.29)
while
“w(P) = (ex(P, Ds))i
= (“ee(P, D-1y))s
= (ep("P,” D5-17))i
= (ex(" P, D;));.
Hence w(? P) =7 w(P) for all o € Gal(K/K), which implies that w is defined over K.
Thus the map w: H'(K, J[p]) = H (K, u,(L')) is also defined over K. O

149



6.4.4 The Cassels map

We define the Cassels map to be the composition
O we Fm' rx ) 7m
por T(K) /0T (K) = H'(K, J[g]) = H'(K, (L)) = L*/L™. (6.34)

This is the map p appearing in the commutative diagram (6.13).
The following proposition and proof are from [Sch98]; we give the proof as it is

istructive.

Proposition 6.4.9 ([Sch98]). Let D;...,D, be divisors representing elements of
J'[¢'] € J'|m] such that {Ds,...,D,} is Gk-stable and spans J'|¢']. Let Fy,..., F,

be functions such that div F; = mD;. Then the map k! ow, o d, agrees with the map

T(K)/eJ(K) — L*/L*™ (6.35)
D+ (Fi(D),...,F.(D)). (6.36)

Proof. We first show that it suffices to use the m-Weil pairing instead of the p-Weil
pairing. Let D € J'[m] and E € J'[¢'| C J'[m]. Compatibility of the Weil pairing
implies that e,,(D, E) = e,(¢'(D), E); that is, the following diagram commutes:

J'[m] x J'[¢]
cp’xid\ L (6.37)
Jle] x T'l¢']

Define the map w,,: J'[m] — pm(L') by D — (en(D,D1),...,en(D,D,)). Thus
wy(¢'(D)) = wy (D) for all D € J'[m]. Note that ¢'(D) € J[p]. Note also that w,,
is not necessarily injective, since the D, ..., D, only span J’'[¢'], and not necessarily
J'[m].

We can also apply the long exact sequence in Galois cohomology to the following

commutative diagram:

0 —— J'm — J'(K) "= J(K) —— 0
(6.38)
—_—

@' ¥ 1
o -

0 —— Jlp] —— J(K) —— J(K) 0.
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The boundary maps of the long exact sequence, together with the commutative triangle

that w,, w,, induce on cohomology fit into the following commutative diagram:

J(K)/mJ(K) - HY(K,J'[m])
| o HY(K, p (L)) —2— L*/Lm  (6.39)

J(K) /9] (K) —~— HY(K, J[2))

We want to show that the composition of the lower maps equals the map D —
(Fi(D),...,F,(D)). Since the diagram commutes, it suffices to show that the compo-
sition of the top maps also equals D +— (Fy(D),..., F,(D)).

Let D € Div’C’ represent an element of J'(K)/mJ'(K). Then 4,,(D) is the
cocycle o +— °FE — E, where E € Div’(’ satisfies mE ~ D. Then w,, o 6,,(D) is

represented by
Gal(K/K) = pim(L))

(6.40)
o (en("E —E,Dy)) .

By Proposition 2.2.7, we can compute e,,(?F — F, D;) by finding functions with
the correct divisors. Let ¢ € K(E)(C') have divisor mE — D. Then div(“g/g) =
?(mE — D)—(mE—D) =m°E—mE. We also have div F; = mD, foreachi =1,...,n,
with F; € K(D;)(C"). Thus

op_ppy— BCE—E)
en(°E — E,D;) 79Dy (6.41)
Hence
RCE-E))"
o0 (D)) = (=" 1) .
(oD = (S5 0) (042
Let 5 = (F;(E)/g(D;));_,. Using that F; = F5; and °D; = Dj;, we then get
G ey " F; "
o3 _ gt = ! 6.43
’ (Ug(aDali))i1 (ag(Di))il ( )
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Hence (wy, © 0,,)(D)(c) = 2. The Kummer isomorphism then gives

B
ko wy, 0 d,(D) = ™ (6.44)
= (F(E)"/9(Di)™)izy (6.45)
= (F(mE)/g(mDi)L, (6.46)
= (Fy(mE)/g(div F))I, (6.47)
= (Fi(mE)/F(div g))i_, (6.43)
= (F(mE)/F\(mE — D))._, (6.49)
= (F(D)), (mod L) (6.50)
L]
Since ;' o w, o d, agrees with (Fy,..., F,), we now sometimes write F for the

Cassels map.

Note that d, is injective and £, is an isomorphism, so the composition F' = ;! o
w, 0 0, is injective if w, is injective. Although wy,: J]p] = p,(L') is injective, this
does not imply that the induced map H*(K, J[¢]) — H' (K, ju,,(L')) is injective. We
investigate this in Section 6.8.

Following Schaefer, we have so far constructed the diagram (6.13). We can compute
the group p(Sel?(J/K)) by computing generators for J'(Ky)/oJ (K;) for each s € S,
and then computing the preimage under [], f;. Schaefer uses this diagram in [Sch98§]
to compute the Selmer group for a 2-descent when the curve is of the form y? = f(z)
with deg f = 5.

We now use this theory to do a descent via (4,4)-isogeny, combining this descent

with the Richelot isogeny.

6.5 Example: Richelot descent

We now illustrate this in the case of the Richelot descent. Let f(x) = G (x)G2(x)G5(x)
be a Richelot splitting of a degree 5 or 6 polynomial. Let C: y*> = f(z) be the
corresponding hyperelliptic curve, and let J be the Jacobian of C. Let ¢: J — J’
be the Richelot isogeny corresponding to the splitting, and let ¢': J' — J be the
dual isogeny. Then the isogenous curve is C': y*> = Ly(x)Ly(x)L3(x), where L;(x) are
defined as in Theorem 5.7.4. Let D; = (L;(x),0) for ¢ = 1,2. Then {D;, Ds} is a
spanning set for J'[¢'].
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For each i = 1,2, let h;(x) = L;(z). Then h;(x) satisfies div h; = 2D, for i = 1, 2.
Since the splittings are defined over K, the field of definition for each D; is K. Thus
I'=KxKand L=K x K.

Proposition 6.5.1. Let ¢ be the Richelot isogeny described above. Then the map
H'(K, J[¢|(K) — H' (K, p2(L')) (6.51)
1S 1njective.

Proof. In this case w,, is the map

Tl (K) = pa(L) (6.52)
D+ (e,(D, D), e (D, Ds)). (6.53)

But us(L') = us(K)?, since Dy, Dy are both fixed by Gg. Thus #us(L') = 4. Also
#J[¢)(K) = 4. Since w, is an injective map between finite groups of the same

~

size, it is an isomorphism. Thus w, induces an isomorphism H (K, J[¢](K)) —
HY(K, pa(L)). O

Recall that M¥(J/K) is defined as the group computed by Schaefer’s descent
method in Definition 6.4.1. Since w,, is injective, the -Selmer group Sel?(J/K)
is isomorphic to M?¥ . e can thus compute Se using the followin

ph M?(T/K). W h pute Sel?(J/K) g the foll g
diagram
T'(K) /9 () — K(5,2) x K(S,2)
lnsesas lnées% (6.54)
[aes T/ /0T () =2 TLes 5

HSES K*2 X K*2

Remark 6.5.2. Recall we require that C(K) # 0 to satisfy the assumption that every
point in J(K) is represented by a G i -invariant divisor (as in Section 6.2). This holds
if deg f =5 or if f(x) is monic.

6.6 Higher descents

This section is motivated by the following proposition, which we adapted from the
version for elliptic curves given by Silverman in [Sil09, Chapter 10] (compare also

[Fis16)).
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Proposition 6.6.1. Let J; = Jo 25 Js be a sequence of isogenies. The following

diagram commutes and has exact rows:

Ti(K) 225 Jo(K) —2 Sel#*# () /K) 25 (/K |papr] — 0

lcm lid l«n l«m
To(K) —225 Ty(K) —2— Sel?*(Jo/K) —=2— HI(Jo/K)[ips] — 0.
(6.55)

Thus the following sequence is exact:

0= Fo(K)/paa(K) = 01 (Sel#*#1(J1/K)) = o1 (LK) paipr]) — 0. (6.56)

Proof. The previous section applied to the isogenies @01 and o show that the rows

of (6.55) are exact. The columns come by functoriality and because the diagram below

commutes:
H(EK) =5 Jy(K)
|+ ’ (6.57)
F(K) === Ts5(K).
Lemma 6.6.2, below, shows that (6.56) is exact. O

Lemma 6.6.2. Suppose the following diagram commutes and has exact rows

A1 I, 0"y D s 0

I 059

ALy Lo My > 0.
If B is surjective, then the following sequence is exact
AL B Ly 0) 2 5(D) > 0. (6.59)

Proof. First note that the codomains of each map in (6.59) are valid. Indeed, ¢'(B’) C
v(C), since if i’ € B’, then &/ = ¢(b) for some b € B, and thus ¢'(t/) = ¢'5(b) =
v9(b) € v(C). Similarly, if v(c) € v(C), then h'v(c) = dh(c) € 6(D).

Exactness of (6.59) at B’ follows from exactness of the lower row of (6.58).

Consider the sequence

B(B) L (C) 2 5(D) — 0. (6.60)
We want to show A’ is surjective and ker b’ = im ¢’. Suppose §(d) € (D). Then there
is ¢ € C such that g(c) = d. Hence h'(y(c)) = 0(g(c)), so k' is surjective. We still have
g =0, so it remains to show that ker b’ C im¢’. If h'(v(c)) = 0, then ~v(c) = ¢'(V')
for some V' € B’ = B(B) (since [ is surjective). ]
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The following conjecture is well-known in number theory.

Conjecture 6.6.3. Let J /K be the Jacobian of a smooth curve over a number field
K. Then II(J/K) is finite.

If HI(J/K) is finite, as conjectured for Jacobians over number fields, then there is
a natural number n such that for all i > n, we have III(J/K)[m'] = TI(J/K)[m"].
With ¢y = [m"], pa = [m], the third term in (6.56) is

" JIL(T /K [m" ] = [m"[IL(T /K)[m"] = 0. (6.61)

In this case, the first map in (6.56) is an isomorphism, so the rank bound from
o1 (Sel”*?*(J1/K)) is sharp.

The rank bound from ¢ (Sel”*?*(7;/K)) is at least as good as the bound from
Sel”?(J2/K); if it is better, then we have found nontrivial elements of III( 75/ K)[pa].

6.6.1 Technique to find II( 72/ K)[¢p,]

Let i 25 J 25 T be a sequence of isogenies as in the previous section. As
usual, let M¥ denote the subgroup of L(S,m) computed by the above algorithm (see
Definition 6.4.1), where ¢ is either @yp; or ¢o. We have seen that Sel” surjects onto
M?¥, but that the kernel can be nontrivial. The following proposition shows how we
can still get some information in this case (see [Fis16] for a similar idea in the case of

elliptic curves).
Proposition 6.6.4. Let ¢1,p2 be a sequence of isogenies. We have the following
commutative diagram with exact rows:

1 —— Ker pgyp, — Sel?2#1 (7 /K) 225 ppeeer 5 1

lsm lsm lq (6.62)

1 — kerp,, —— Sel®*(J/K) —225 M# — 1.

We have
# Sel” (J2/ K) _ #I(Ja/ K )| o] > #M? (6.63)
For Sl (J/K)  Fprll(a /K [papn] — Fgdm '
Proof. Recall the exact sequences
0 = Js(K) /2 (K) 2 Sel?*(Fo/ K) & (T, /K)[ip2] = 0 (6.64)
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and

0 = Jo(K)/02Ta(K) 2 1 (Sel?>* (T, /K)) 2 o1 (LL(T1/K)[paien]) = 0 (6.65)

from Proposition 6.6.1. The alternating product of the sizes of the groups is 1 for both
sequences. Dividing the two alternating products, we arrive at the first equation.

For the inequality, apply the snake lemma to the diagram, which gives a long exact
sequence ending with the terms

Sel*(J/K)  M#
©1 Sel¥2#1 (jl/K) (].]\4"02901

(6.66)

Consequently, the first term in (6.66) surjects onto the second, giving the inequality.

]

Thus, if M¥#2/qM®#2#! is nontrivial, then so is III(J2/K)[pa].

6.7 Comparing (4,4)-isogeny and Richelot isogeny

We now combine the (4, 4)-isogeny descent and Richelot descent on the same diagram,
as motivated in Section 6.6. We aim to find examples where a Richelot descent does

not give a sharp bound on the rank and a (4, 4)-descent gives a sharper bound.

Proposition 6.7.1. Let J; 25 Jo 25 Js be a (4, 4)-isogeny, with Ji, Ja, Js and @1, oo
all defined over a number field K. Suppose that Dy, ..., D, € T3¢ ¢ are a G -stable
set that spans Js[¢)@h]. Let L be the K -algebra corresponding to D1, ..., D, as in Sec-
tion 6.4.1, and define the maps Wy, : Jilp2p1](K) — pua(L') and wy,: Jaolpa](K) —
po(L') as in Section 6.4.3, using Dy, ..., D, and 2Dy, ... 2D, respectively. Then the

following diagram of G -module homomorphisms commutes and has exact rows

00— «71[902901](F> e, pa(L') —* 5 cokery — 1

lgm l l (6.67)

0 —— Jafwa](K) e, po(L)) —2— cokery — 1
where qq and qo are the cokernels of the first maps.

Proof. We take the Gg-action on L’ corresponding to Di,..., D, as explained in
Section 6.4.1. This defines the G k-action on py(L'), pe(L') and the cokernels.

Since Dy, ..., D, spans J3[¢|¢h] and is G invariant as a set, then 2Dy, ...,2D,
spans J3[¢5] and is G invariant as a set also. Indeed, 273]¢) 5] C J3[ph] and they
are both order 4, so J3[ph] = 273[¢] %]
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The maps wy,,, and w,, are Gy-equivariant: if D € J[pep1](K) and o € G,
then “wg,y, (D) = Wy,,, (D) by Proposition 6.4.8. If D € Jlps](K) and o € G,

then we have

"w,,(D) = (e0a(D,2D)))", (6.68)
= (“ep,(D.2D51)), (6.69)

= (e,(°D,"2D5-1));_, (6.70)
(6.71)

(6.72)

= (6992 (JDa 2Di))?:1
= w#’z (UD)'

Compatibility of the Weil pairing shows that the left square commutes:
€y (901(D)7 2Di) = Cprp1 (Da 2Di) = Cyrpy (D> Di)Q' (673)

The vertical map -%: py(L') — po(L') is a Gg-module homomorphism since we used
the same G g-action on both modules.

The maps w,,,, and w,, are both injective, since the Weil pairing is nondegenerate
and since Dy, ... D, spans J3[@ ¢5] and 2Dy, ... 2D, spans J3[¢,]. Taking cokernels
thus makes the rows exact. The whole diagram commutes since the left square com-

mutes and cokernels are functorial. O

Remark 6.7.2. We use the same Gg-action on L' in the bottom row of the dia-
gram as for the top row. That is, we use the G-action from Dy, ..., D, rather than
2Dy, ...,2D,,. The field of definition K(2D;) can be a strict subfield of K(D;), but
using the same L' makes the homomorphisms in the diagram G k-equivariant. Un-
fortunately, using the same L' can mean that the lower row of the commutative dia-

gram is not injective, even when it would have been injective with the L' defined for

9Dy,....2D,.

The long exact sequence attached to this commutative diagram gives the following

diagram with exact rows

55&2%1 T Wegey
cokeer —= HY K, Ji[p2p1](K)) —= HY(K, ps(L))

lQ l‘“ l.z (6.74)

coker§ — 22y [L(K, Jolia) (K)) —22 HY(K, pn(1))
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Proposition 6.7.3. Let J; = J» 22 J5 be two Richelot isogenies whose composition

is a (4,4)-isogeny. The following diagram commutes:

K ) Wepgp K * *
B HYK, Tilpapn]) 2 H(K (L)) s Lt/ L

lid Pl P lid (6.75)

6 w K * /T %
DU 2 HA(K, Dolpa]) — s HY(K, (L)) "2 L7/ L7

Proof. Recall the definition of L’ and its Gk-action from Proposition 6.7.1. We have
already shown that the middle square commutes. It remains to show that the left and
right hand squares commute.

The left hand square comes from the following diagram with exact rows

0 —— Jileaer] — D(K) 255 Jo(K) —— 0
l‘ﬂl lﬁol lid (676)
0 —— Blps)] —— RH(K) 25 J(K) —— 0.

The long exact sequence in Galois cohomology attached to this diagram gives the

following commuting square

T (K oa
sow?fﬁ()m — HI(EK Jileren)

lid lm (6.77)

J3(K 6
iy H'(K, Jlpa))

where the horizontal rows come from the connecting homomorphism, and we have
taken the quotient by the image of the last map on H® terms. The Gg-action on all
terms here is induced by the G g-action on the Jacobians and their torsion subgroups,
which is not affected by our modified G g-action on L’.

Let g be the quotient map L*/L** — L*/L*? given by SL* — BL*2. We now

show the right hand square commutes:
HY(K, (1)) —2 Le/1%
l,g lg (6.78)
HY(K, uy(LY)) —2— L*/L*2.
Let &: G — pa(L') € HY (K, uy(L')). Recall that if 3 € L*/L*™, then .} (3)(0) = 077
where v € L' satisfies y™ = . Consequently, k3 (8)(0) = %7 for some v € L' with
vt = . But also £* is the map £: Gg 5 pa(L) 4 po(L'). So if ky(§) = B, then

(o) = (%7)2 _ :i; (6.79)

Thus k9(&%) = (v*)? = BL*?, which equals g(r4(€)). Thus (6.78) commutes. O
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6.8 The kernel of w,

The maps w,,,, and w,, can have nontrivial kernels. Let ¢ be either o0 or ¢y, and
let m be either 4 or 2, respectively. The long exact sequence in Galois cohomology

associated to the short exact sequence (6.67) has the terms
Jn (LY 47 coker®r 22 HY(K, T[0]) 2 HY(K, jum(L')). (6.80)
Exactness at H'(K, J[p]) implies ker w,, = 6, (coker%%). Thus

ker w,, & cokerS* /kerd,, (6.81)
= cokerC% /g (jim (L))9%). (6.82)

Hence we can explicitly compute a group isomorphic to ker w,. Schaefer uses a similar
idea in [Sch98|.

Let D be a divisor representing an element of a Jacobian J /K. We say D satisfies
condition (t) if D is defined over a quadratic extension of K and conjugate to —D.

For the next proposition, recall the Gx-action on L’ as explained in Remark 6.7.2.
Proposition 6.8.1. Let Dy, Dy be generators for Js[¢'¢h].
(i) If Dy and Dy are defined over K, then cokerS™ is trivial;

(i1) if Dy is defined over K, and Dy satisfies (T), then we use the spanning set
Dy, Dy, —Dsy; in this case, # ker w,, = 2;

(111) if both Dy, Dy satisfy (T), then we use the spanning set Dy, —D1y, Dy, —Dy; in
this case # ker wy, = 4.

Proof. We first show (i). Suppose that D; and D, are defined over K. Then we
define L' using Dy and D,. The Galois action on ps(L’) is trivial, since D; and
Dy are fixed by Gk, and so us(L') is also fixed by the Galois action. Moreover,
imw,, : Jo[pe] = p2(L') is an injective map between finite groups of the same size,
and so is also surjective. Thus cokery, = {1}, so ker w,,, which is a quotient of cokerg;K ,
is also trivial.

Next consider (ii). Suppose D; is K-rational, but D, satisfies (}); thus Dy is defined
over a quadratic extension and is conjugate to — D, over this extension. In this case,
we use Dy, Dy, —Ds to define the K-algebra L' and wy,,, and we use 2Dq,2D,, —2D,

to define w, .
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If D e Jafps], then wy, (D) = (ey,(D,2D1), e4,(D,2D3), e,,(D, —2D5)). Since
2D; = —2D;, we have imw,, C A, where A = {(a,b,0): a,b € pa2(L')}. Since wy, is
injective, and #Jalps] = 4 = #A, we have imw,, = A. Also, since po(K) is fixed
by G, pu2(L')9% is the subset of elements fixed under all permutations & for o € G.
Thus po(L)9% = A.

Elements of cokery are thus of the form aA for o € ps(L’). Since “A = A, the
G k-action is “(aA) = “aA. Now consider coker®s. Let aA = (ay, ay,as)A € coker,.
Then a = (1,1, a)A for some a € us(K). Note that G fixes us(K), so the action of
o € Gk on « is by permuting the elements.

Let 0 € Gg. Then “aA = «A if and only if “a/a € A. Thus consider when
7(1,1,a)/(1,1,a) € A. There are two cases to consider: ?Dy = Dy or Dy = —D,. In
the first case, we have (1,1,a)/(1,1,a) = (1,1,1) € A. In the second case, we have
(1,1,a)/(1,a,1) = (1,a,a) € A. Both of these hold with a = 41. Hence cokery”
is of order 2, generated by (1,1, —1)A. Note that kerw,, = cokerS™ /q(us(L))%) =
cokerS® /q(A) = cokerS™ | since g(A) maps to zero in coker§.

Finally we show (iii). Suppose both Dy, D, satisfy (}); then we use Dy, —Dy, Dy, — Do
to define L’ and wy,,, and we use 2D, —2D;,2D,y, —2D, to define w,,. Let A =
{(a,a,b,b): a,b € py(K)}. We find similarly that cokerS™ is of order 4, generated by
(1,—1,1,1)A and (1,1,1, ~1)A. 0

See Section 5.9.3 for an explicit family of curves admitting a (4,4)-isogeny where

both generators are defined over K.

6.9 Explicit explanation of computations

In this section we explain how to perform all the calculations described above.

6.9.1 Some exact sequences

The following lemma is a mild generalisation of Proposition 2.6 in [Sch98]. Recall that
if f: A — B is a homomorphism of groups, then we write A[f] to denote the kernel
ker f.

Lemma 6.9.1. Let R be a ring, and let A 1B % C e homomorphisms of R-modules.

The following is an exact sequence

0— — = — — 0. (6.83)




Proof. Consider the following diagram:

B
0 —— f(Algf]) — Bly] ’ f(A@fD ’
00— f(A) » B » D » 0
, , , (6.84)
0 —— gf(A) » C ey » 0
> 0 ’ 9B " 9(B) a

The middle two rows are exact and commute. Applying the snake lemma gives the
top and bottom rows. The top row consists of the kernels of the vertical maps in the
middle two rows and the bottom row consists of the cokernels.

We first compute the kernels and cokernels of the vertical maps. The left vertical
map, g: f(A) — gf(A), is surjective. Its kernel is {f(a): a € A,gf(a) = 0} =
F(Algf)).

The middle vertical map g: B — C'is the easiest. Its kernel is B[g] and its cokernel
is C'/g(B).

Consider now the right Vertical map, g: B/f(A) — C/gf(A). Its kernel is {b +

f(A): g(b) € gf(A)} = . Indeed, if g(b) € gf(A), then ¢g(b) = gf(a) for some
a € A, and hence b = (b — f( )) + f(a) € Blg] + f(A). By the second isomorphism
theorem, B[Q}TX)(A) = B[gj]gm[?f](A) = f(]fl{z]f])’ since Blg] N f(A) = {f(a): a € A, gf(a) =
0} = f(Agf]). The cokernel of B/f(A) — C/gf(A) is by definition %%Eﬁ%) =

% By the third isomorphism theorem, this is isomorphic to ( B

The snake lemma implies that the right vertical column is exact. Moreover, the

first map in the column is injective and the last map in the column is surjective since

the first map is the inclusion of the kernel of the middle map and the last map is the

map to the cokernel. O
Remark 6.9.2. Note that f(Algf]) = Af] , using the first isomorphism theorem on
the map f: Algf] — f(Algf]). Its kernel is {a € Algf]: f(a) = 0} = A[f]. Thus
4 Blg]  _ #Blg]-#A[f]

f(Algf]) #Algfl -

Corollary 6.9.3. Let i 25 o 2 Js be a sequence of isogenies of Jacobians of
curves defined over a field K. Then the following sequence is exact:

Talp2)(K) Bo(K) ¢ T3(K) J3(K)
o1 (T lp21](K)) - 0171 (K) - o1 J1(K) - o J2(K)

0— —~0.  (6.85)
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Suppose further that the isogenies are J = J' j where ¢’ o = [m]: J — J.
Then

J(K)  #IPIK) - #Tel(K)
mJ (K) #Jm](K)

J'(K)
pJ(K)

J(K)
O J(K)

7t = 7 i (6.86)

Proof. The exact sequence follows from Lemma 6.9.1. The statement about sizes uses
Remark 6.9.2, and also that the alternating product of sizes of groups in an exact

sequence of finite groups is 1. O

This corollary shows how to combine two descents via isogeny to get a rank bound.
Let J(K) = Jios(K) X Z7, where Jiors(K) denotes the torsion subgroup of J(K).
Then for any m > 2, we find

T(K)/mI(K) = Tios(K) /mTrors(K) % (Z/mZ)" . (6.87)
A bound # JJ@ < N thus gives a bound
x7t0rs(K)
"SN/#—— 6.88
T N T () (0:55)

which bounds the rank, r.

6.9.2 Generating local points

Let ¢: J — J’ be an isogeny. To compute the image of the p-Selmer group in
L*/L*™, we need to compute the preimage under ;s of F(J'(K,)/oJ(Ks)) for each
s € S. Thus we need to generate J'(K;)/pJ(Ks). The standard approach is to
compute the size of this group and search for local points in J'(K) until we reach this
size ([CF96]). In practice we actually compute #J'(K;)/p T (K) - #T(Ks) /@' T (Ks)

and search for local points in both groups simultaneously until we reach this size.

The size of J'(K)/oJ(K)

Remark 6.9.4. If K is a local field, then J(K) is not finitely generated. For ezample,

if K =C, and J is an elliptic curve, then J(K) is isomorphic to a complex torus.

Proposition 6.9.5 ([CF96], Theorem 7.5.1). Let J be the Jacobian of a curve of
genus g over a finite extension K of Q,. Let m = {x € Ok: |z| < 1} be the mazimal

ideal of K. Let n be a positive integer. Then
J(K)

#nj( K) #nmg

#JT[n](K). (6.89)
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Proof. Cassels and Flynn show that if K is a finite extension of Q,, then J(K') contains
a subgroup H of finite index such that H = m? (J[CF96, Theorem 7.5.1]). Now consider

the snake lemma diagram

0 > H » J(K) ———— J(K)/H —— 0
\ . . (6.90)
0 . H s J(K) —— J(K)/H —— 0

where ker and coker are the kernel and cokernel of the vertical map J(K)/H —
J(K)/H induced by multiplication by n on the Jacobian. Note that [n|: H — H is
injective, since H = m9. Since H is finite index in J(K), the right column is an exact
sequence of finite groups; thus the alternating product of their sizes is 1, which shows

that # ker = # coker. The snake lemma shows the sequence of finite groups
0— Jn|(K)—ker - H/nH — J(K)/nJ(K) — coker — 0 (6.91)

is exact. The alternating product of their sizes is thus also 1, which gives the statement

in the proposition. O
The following lemma is a standard fact about Q,, but we give it for completeness.

Lemma 6.9.6. Let K = Q, and let m be its mazimal ideal. Let n be a positive integer.
Then

mY

e = [n], ", (6.92)

Proof. Since m9/nm? = (m/nm)Y, it suffices to prove that #m/nm = |n|;1. Write

n = ap” for some r > 0 and a with p{a. Let x € m = pZ,, so we can write

T=aap+-+ap +ap ! (6.93)
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where each a; € {0,...,p— 1} and 2/ € Z,. Since p { a, we have z/p"™! = %ap’”rl =

%pn € pnZ,. Thus
r—ap—---—ap € npl,=nm. (6.94)

This shows that {a1p+---a,p" +npZ,: a; € {0,...,p—1}} is a set of coset represen-

tatives for m/nm. Thus #m/nm = p" = |n|;1. O

Corollary 6.9.7. Let ¢: J — J' be an m-isogeny between Jacobians over a field K,
with ¢ defined as usual. Then

J'(K) J(K) _ 4 J(K)  #TPIEK) - #T[p](K)
pJ(K) "o J(K) ~mJ(K) #J [m](K)

If K = Q, and the curves have genus g, then

# i (6.95)

#T(Qp) /&' T (@) - #T'(Qp) /0T (@) = #T (@) [e] - #T (@) [¢] - Iml,?. (6.96)

Proof. The first follows from Corollary 6.9.3. The second follows by combining Propo-
sition 6.9.5 with Lemma 6.9.6. O

Generators for Richelot isogenies Let ¢: J — J’ be a Richelot isogeny defined
over a local field K. Cassels and Flynn give the following method to find generators for
J (Ks)/eJ(Ks) and J(K)/¢' T (Ks). Equation (6.96) gives the expected size of the
product when K; = Q,. We then simultaneously search for points in J'(Kj)/pJ (K5)
and J(Ks)/¢' J'(Ks) until we reach this expected size. It is easier to check whether
points are independent in L*/L*? than in the quotient of Jacobians. Given points
P,...,P, e J(K) and Q,...,Q, € J'(K), we thus compute

and, since the Richelot Cassels maps Fj, F! are injective, we can check if this equals

the expected size.

Searching for local points For the Jacobian of a genus 2 curve, a simple method
of searching for points is to first search for points on the Kummer surface and then
check if the points lift to the Jacobian using Section 5.5. To search on the Kummer
surface, we iterate over values zg, z1, 2o of bounded height and check whether the
Kummer equation Q(zo, 21, 22,&3) is soluble for &3 (where @) is the Kummer quartic

from equation (4.36)).
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Remark 6.9.8. This is the method currently implemented in MAGMA for searching
for points on a Jacobian of a genus 2 curve over Q; we implement our own version
in [Nic18] for Q,, since the version for local points in MAGMA doesn’t appear to be

accessible to the user.

Generating local points for (4, 4)-isogenies The above approach works well when
the Cassels map F': J'(K)/pJ(K) — L*/L*™ is injective. But when F' is not injec-
tive, we can’t compare sizes. If ¢ is a (4,4)-isogeny, then even when the kernel of ¢
is elementwise K-rational, the kernel of ¢’ won’t be. We now explain our approach to
generating J3(K)/pa01J1(Ks), which is one of our main contributions to make (4, 4)-
descent practical. The basic idea is to use the Richelot isogeny to generate enough
points in J3(K)/p2T2(Ks).

We first prove a lemma relating generators of groups in a short exact sequence.

Lemma 6.9.9. Let AL B % C = 0 be a short exact sequence of groups. Suppose
that c1, ..., ¢, generate C' and suppose that a, ..., an, generate A. Let c),...,c, € B

be such that g(c,) = ¢; for each i = 1,...,n. Then {f(a1),..., f(am),c\,..., ¢}

n

generates B.

Proof. Let b € B. Choose n; such that g(b) = [[, ¢/". Then b][, ;™™ € kerg =im f.

Hence there are m; such that b, ¢, =[], a;". O

Proposition 6.9.10. Let J; 25 Jo =5 Ty be a composition of Richelot isogenies. The
group Ts(K)oxpr (K is generated by Jy(K)/o5(K) and @ (To(K) /1T (K)).

Proof. Apply Lemma 6.9.9 to the exact sequence in (6.85). We don’t need to find
preimages for the generators of J5(K) /w2 Jo(K), since representatives for these already

lie in J3(K). O

We set up the diagram for Schaefer’s descent with divisors F4, Ey that are K-
rational and span J'[¢)]. The corresponding Cassels map is injective, as discussed in

Section 6.5. Algorithm 6 computes generators for J5(K)/pa01 71 (K).
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Algorithm: Computing generators for J3(K)/pap1J(K)
Data: Richelot isogenies 1, g2 such that s 0 ¢y is a (4, 4)-isogeny.
Result: Divisors that generate J3(K)/p2p1J(K).
LocalGeneratorsFourFour

Compute local generators D; for J3(K)/peJo(K)

Compute local generators E; for Jo(K)/p1J(K)

Compute the images ¢,(E;) for each E;

return D;, o(Ej)
end

Algorithm 6: Computing generators for the (4,4)-isogeny

Remark 6.9.11. In fact we compute each po(E;) using the map induced by the Rich-
elot 1sogeny on the Kummer surface, rather than the Richelot isogeny on Jacobians.
Thus we find the image of each po(E;) on the Kummer surface K3, and then lift it
to the Jacobian J5. This gives two points on the Jacobian, of which one is po(Ej);
since the two lifts are related by negation on Js, we can just choose one of them to be

a generator.

Generating local points for complete 4-descent We don’t carry out a complete
4-descent in this thesis, but we note here that we can find generators for J(K)/47 (K)
given generators for J(K)/2J(K). This would be useful for doing a complete 4-
descent as we could generate all the local points just using a complete 2-descent,
analogously to the idea above for generating the local points for a (4, 4)-isogeny just
using Richelot isogenies.

The following lemma shows that generators for J(K)/2J(K) are also generators
for 7(K) /4T (K).

Lemma 6.9.12. Let A be an abelian group. Suppose that ay,...,a, generate A/mA

for some integer m > 2. Then also ay, ..., a, generate A/m"A for alln > 1.

Proof. We prove this by induction, with the case n = 1 holding trivially. Let n > 2,
and assume that ay,...,a, € A generate A/m"!'A. We want to show that ay,...,a,
generate A/m"A.

Let b € A, and write b = uja; + -+ - + uya, (mod m"1A) for some uy, ..., u, € Z.
Thus there exists ¢ € A such that b = uja;+- - -+u,a,+m"tc. Then ¢ = via;+- - v.a,
(mod m™'A) for some vy, ..., v, € Z. Hence me = muvia; + - - - +mu,a, (mod m"A),
and thus b = (u; +muvy)a; +- - -+ (u. + muv,.)a, + m"d, for some d € A. Thus ay, ..., a,
still generate A/m™A. O
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6.9.3 Computing the functions h; for 4-torsion points

Let C be the hyperelliptic curve y? = f(x) over a field K where deg f = 6 and let J be
the Jacobian of C. Let K’ be an extension field of K’; let D be a divisor on Div’ C(K’)
representing a point in J[4](K’). We now compute a function h € K’(C) such that
divh = 4D, where D is a 4-torsion point. When D is one of the generators Dy, D,
of the kernel of a (4,4)-isogeny, the corresponding functions hq, hy define the Cassels
map (compare with Proposition 6.4.9).

In this section we use the notation (a(x),b(x),d) from Section 2.1.4.

We first need the following lemma, which we prove in Appendix C.

Lemma 6.9.13. Let D = (a(x),b(x),d) be a nontrivial divisor on the genus 2 curve
y* = f(x) such that 2D ~ 0. Then b(x) =0 (mod a(z)) and f(x) =0 (mod a(z)).

Proposition 6.9.14. Let D = (a(z),b(x)) represent an element of J[4](K"), where
dega =2, and let T be a divisor representing the class [2D]. Write T = (t(z),0) for
some polynomial t(z). Solve e(x)b(x) =1 (mod a(x)?). Let H(x) be a representative
Jor 1(b(z)+e(z)f(z)) (mod a(x)?) of degree at most 3. Then div((y— H(z))?/t(z)) =
4D.

Proof. Since D = (a(z),b(z)), we have b(z)*> — f(x) = Xa(z)g(z) for some g(x).

Since 2[D] = [T], we have 2D + T ~ 0. Riemann-Roch shows that 2D + T =
div p(x,y) where ¢ is in the K’-vector space spanned by {1,z,y,2% z*}; thus ¢ =
y — H(z) for some H(x) of degree at most 3. Taking the resultant of ¢ and y? — f(z),
we find H(z)? — f(x) = Xa(z)*t(x) for some nonzero A € K'.

Moreover, H(z) = b(z) (mod a(z)), since y — H(x) passes through the points in
D. Thus we can write H(z) = b(x) + a(z)c(x), for some polynomial ¢(z) satisfying
degc(z) < 1. We first derive this ¢(x), and then simplify H(z).

Substituting H(x) = b(x) + a(z)c(z) into H(x)? — f(z) = Aa(x)?*t(x), we find

b(x)? — f(x) + 2a(x)b(x)c(z) + a(z)’c(x)® = Na(z)*t(z). (6.98)

Taking Equation (6.98) modulo a(x)?, we can determine a(x)c(x) modulo a(x)?, and

thus H(x) modulo a(z)?. We have to solve

a(x)b(z)c(x) = = (f(x) — b(x)*) (mod a(x)?). (6.99)

DO | —

At this point we want to find a multiplicative inverse for b(z) modulo a(z)?. Note

that a(z) and b(x) are coprime: if ¢(x) is a common factor, then ¢(x) divides H(z), so
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that ¢(x)? divides H(z)?—M\a(z)?t(z) = f(z). Since f(x) is square-free, this means ¢(z)
is a constant. Thus also a(x) and b(x)? are coprime. Thus there exists a multiplicative
inverse e(z) for b(z) modulo a(x)?, satisfying b(x)e(x) =1 (mod a(z)?), which we can
find using the extended Euclidean algorithm.

Multiplying by e(z) we find that a(z)c(z) = 3(f — b(z)*)e(z) (mod a(z)?). Thus

H(z) = b(z) + a(z)c(xr) (mod a(z)?) (6.100)
= b(x) + %(f(:p) —b(x)}e(r) (mod a(z)?) (6.101)
_ %(b(:c) +e(@)f(z) (mod a(z)?), (6.102)

where we used that b(z)?e(z) = b(z) (mod a(x)?).

Now define H(z) € Klx] as the unique representative of degree at most 3 for
s(b(z)+e(x) f(x)) (mod a(x)?); the above implies that H(x)?— f(z) =0 (mod a(x)?).
Thus H(z)? — f(z) = a(z)?s(z) for some s(z). This equation corresponds to the

relation between divisors
div(y — H(z)) = 2(a(z), H(x)) + (s(z), H(x)). (6.103)

Since H(x) = b(x)
4D + 2(s(z), H(x)
we must have s(x) | H(z). Thus S = (s(x),0) and 2D = S =T, so s(x) and t(z) are

associates. Since divt(z) = 27T, we finally have

div (M) =4D. (6.104)

]

(mod a(z)), we see that (a(x), H(x)) = D. Thus div((y—H (z))?) =
). Consequently, S = (s(z), H(z)) is 2-torsion, so by Lemma 6.9.13

Remark 6.9.15. If a(z) is an irreducible quadratic, then the equations modulo a(x)
make sense in the field K[z]/a(x). Otherwise, a(x) is a product of two linear polynomi-
als, say a(x) = C1(x)le(x). In this case we treat expressions modulo a(x) as expressions

modulo ¢, (x) and ly(x) separately, and solve them separately.

Divisors of other forms Let C be the genus 2 curve y> = f(x), and let D =
(a(x),b(x),d) be a divisor on C. Proposition 6.9.14 deals with the case that deg f =6
and dega(x) = 2. If deg f = 5, then we can first transform to a degree 6 form (see
Section 2.1), compute the function, and then transform back. Thus the only remaining

case is dega = 1 and deg f = 6. In this case, we have D = P — () for some points

168



P.Q € C. If both P and @) are affine points on C, then there is a function ¢ such that
4(P—Q) = div . This implies 4(P—Q)+4(Q+Q—ocot —00™) = div (¢ - (x — 2(Q))*).
Hence we can first find ¢ such that diviy = 4(P + Q — co™ — 0o™) and then we have
divy/(z — 2(Q))* = 4(P — Q). This also deals with D = P — Q where one or both
of the points is at infinity. Indeed, first translate by x so that neither of P, () is an
affine point with z-coordinate 0, and then transform using (u,v) = (1/x,y/z?®). This

results in P’ — Q)" where P, ()" are both affine points.

6.9.4 Computing in K*/K*™

We have to compute in K*/K*™ where K is either a number field or the completion
of a number field. We discuss the number field case in Section 6.9.5.

Suppose K is a finite extension of Q,, and let 7 be a uniformiser (element with
valuation 1). Let o = {z € K: v(z) > 0} denote the ring of integers of K; let
p={x € K:v(x) > 0} denote the maximal ideal. Let kx = o/p denote the residue
field. The group of principal units of K is UM =1 + p.

Proposition 6.9.16 ([Neu99]). The multiplicative group of a p-adic field K is of the

form
K'®2Z®Z/(q—1)ZOL/p"L® L, (6.105)

where d = [K: Q,), ¢ = #kk and a > 0. The torsion submodule of UM s isomorphic

to pipa, which determines a.

Remark 6.9.17. MAGMA can compute the multiplicative group K* of a p-adic field
K wusing UnitGroup(K), and can also compute the quotient K*/K*™ for an integer

m > 2 using quo<U | m * U>.

Remark 6.9.18. MAGMA can construct a finite extension of Q, as follows. First de-
fine Qp := pAdicField(5, 20), say, and then take an irreducible polynomial m(T')
and use the function LocalField(Qp, m). This returns a RnglocA, and we can con-
vert it to a F1dPad by using RamifiedRepresentation (for which more functions are

available).

6.9.5 Computing in K (S5, m)

Let K be a number field and let O be its ring of integers.
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Definition 6.9.19. Let QQ be a prime ideal of O and let v € Og. Then we define
vo(z) as the mazimal integer v such that x € Q. We extend this to K by letting

vo(x/y) = vo(x) —vg(y) for all x,y € Ok.

€1 ... 0)en

The ideal (x) = 2Ok factors uniquely as a product of prime ideals (z) = Qf en
and in fact vg,(x) = e; for each @); in the factorisation. For () not appearing in the
factorisation we have vg(z) = 0.

If R is an integral domain with field of fractions K, then a fractional ideal of R is
an R-submodule [ of K such that there is a nonzero r € R such that v/ C R. The ring
R is a Dedekind domain if and only if every nonzero fractional ideal of R is invertible;
this holds when R is the ring of integers of a number field.

Let S be a finite set of primes of K and let m > 2 be an integer. Then we define
K (S,m) as the following group:

K(S,m)={x € K*/K": vg(z) =0 (mod m) for all prime ideals ) ¢ S}.
(6.106)

We first describe K (S, m) in the simpler case when O is a principal ideal domain.

The case when Ok is a principal ideal domain Suppose O is a principal ideal
domain. Let S = {Py,..., P} be the finite set of primes, and let P; = (a;). Then
x € K(S,m) generates the fractional ideal (z) = xOf, and unique factorisation of
ideals implies that (z) = [[;_, " [[;_, ij for some unique ideals (); and unique
exponents e;, f;. Since x € K(S,m), we have f; = mf; for some f; € Z, for each j.
Write Q; = (8;) for each j. Then (z) = []i_,(af) H;Zl(ﬂjfj)- Let o = []i_, af and
g = H;:1 ﬁjf; . Then there is a unit u such that x = uaf™. This shows the following

proposition.

Proposition 6.9.20. Let K be a number field and suppose that Ok is a principal ideal
domain. Let S = {P,...,P.} be a finite set of prime ideals of Ok, and let P; = ().
Then the map

on ([ 7\
K(S,m)—> O;(m X (ﬁ) ,

(6.107)
x
T = a’ﬁ,el,...,er ,
s an isomorphism, where o, 3,e; are as above.
Proof. The map is an isomorphism, since the inverse is (u, ey, . .., e,) — uas' - - - @S K*™
which has kernel O3 x (Z/mZ)". O
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Dirichlet’s unit theorem describes the units in Ok (see [Neu99] for a good refer-

ence), and we can then compute the quotient Oj /O™

Theorem 6.9.21 (Dirichlet’s unit theorem). Let K be a number field and let Ok be
its ring of integers. Suppose there are r real embeddings K — R and s pairs of complex
embeddings K — C. Lett =r+ s — 1. Then the unit group O} of Ok is isomorphic

to
O = u(K) x 7L, (6.108)
where u(K) is the group of roots of unity of K.

There are fundamental units 7y, ...,n; such that the isomorphism pu(K) x Z' is
explicitly given by (,eq,...,e) — (it -t

We can compute the roots of unity u(K) in K as follows. Suppose ( is a primitive
nth root of unity in K. Then ( satisfies the irreducible polynomial ®,(7T") € Q[T7.
Hence ®,,(T) has a root in K. In particular, we must have p(n) < [K: Q]. This gives
only finitely many ®,,(7") to check.

Remark 6.9.22. MAGMA can compute the unit group of the ring of integers Ok of a
number field using UnitGroup(K). We can compute the valuations e; = vp,(x) using

Valuation(x, P_i).

The general case If Ok is not a principal ideal domain, the problem is harder.
Siksek and Smart give an algorithm to compute generators for K(S,m) when m is
prime in [SS97]. We generalise this here to the case where m is not prime, but the
proofs mostly follow the same structure.

Let Jx denote the group of nonzero fractional ideals of Og. Let C'x denote the class
group of K, which is the multiplicative group Jx modulo the following equivalence
relation: I ~ J if and only if there is & € K* such that I = (a)J. Write [I] for the
equivalence class containing the ideal I C Og. We denote the m-torsion of Cx by
C'k[m]; this consists of ideal classes [I]| such that I is principal.

Consider the map 6: K(S,m) — Jg/JP given by a — (a)Jp*. We trivially have

an exact sequence
1= ker — K(S,m) % im6 — 1, (6.109)

where im0 C Jg /J%. We will show this exact sequence splits, and describe ker § and

im 6 separately, which describes K (S, m) as the direct product.
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Proposition 6.9.23. We have

ker ) = —L x Ck[m). (6.110)

Proof. Let I,..., I, € Jk be representatives for a basis of Cx[m], and let I/ = (5;
for each i = 1,...,r. Suppose z € K* represents an element of ker C K(S,m) C
K*/K*™. Then (z) = I"™ for some ideal I. This implies [I] € Ck[m], so that [[] =
[T, [Z;]® for some vector e with entries in Z. The ideal classes are equal, so there is

v € K* such that I = (v) [[,_, I7*. Thus

i=1"1

r

@ =1 = (ML = o TTE. (6:111)

(2

Thus there is a unit u € O} such that x = uy™ [['_, 87". Let g be the map
g: ker — O3 /O x Cg[m]
g(x) = (u, [I]).
We now define an inverse to ¢g. Consider the map h: O /O3 x Ck[m] — ker6

given by (u,[I]) — w-[[;_, 5", where [I] = [[;_,[Z;]*. This is well-defined, since
the ideal generated by w - [[, 57" is [[_, I;"® € Jj¥. Moreover g and h are mutually

=1 "1

(6.112)

mverse. O

Next we describe im 6.
In the following, if v € Z" is a vector and d € Z we write ged(v, d) for the vector
whose ith element is ged(v;, d). If u € Z%,, we write v (mod u) for the vector whose

ith element is v; (mod w;). For M € M, «n,(Z) and a € Z, define A(M,a) as
AM,a)={veZ":eM=0 (mod a)}; (6.113)
for a vector of integers a € Z™, we extend the definition to
A(M,a) ={ecZ":eM =0 (mod a)}. (6.114)

Both of A(M,a) and A(M,a) are finitely generated Z-modules, so admit a finite ba-
sis according to the main theorem on finitely generated modules over principal ideal
domains.

The following proof is based on the proof in [SS97], but we generalise to the case

where m is not necessarily prime.
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Proposition 6.9.24. Let C,...,C, be representatives for a basis of Ck, and define
s € 79 by s; = ord|[C;]. Suppose S = {Py,...,P,} is a finite set of primes of K,
and let M be the matriz defined by [P] = []_ C;1Mi5 . For e € A(M, ged(s,m)), we

define t € (Z/mZ)"" such that t = eM (mod m). The ideal [[;_, P []]_, C’j_tj is
principal, equal to (o), say, and these (ae) generate im@. Let eV, ... e™ be a basis

for A(M,a). Then
h
im0 = P 7Z/bZ, (6.115)

where b; is the order of € in (Z/mZ)™

Proof. Let J be a fractional ideal representing an element of imé. Then J = (a)I™
for some I € Jk, so that [J] = [I]™ in the class group. Let J =[], P be its unique
prime factorisation, where we assume without loss of generality that 0 < e; < m for
each ¢; if any other prime ideals occur in the factorisation, then their exponents are

divisible by m since z € K (S, m) and thus we can absorb them into I. Then

H H H[Oj]eiMﬁ (6.116)
11

[Cy]%, (6.117)

where t; = > e;M;;. The fact that [J] = [I]™ implies that for each j, we have
[C)]t = [C;]™ for some x;. This holds if and only if t; = mx; + s;y;, which is

soluble if and only if ged(s;, m) divides t;. Thus we have the congruences
t; =0 (mod ged(s;,m)) (6.118)
for each j =1,...,¢g. Equivalently, eM =0 (mod gcd(s,m)); that is,
e € A(M,ged(s,m). (6.119)

For each solution e = (ey,...,e,) to the congruences (6.119), we have [[7_, C’;j €
Ji¢. Let Je be the ideal [[;_, P*. Then J, satisfies [Jo] = [[J_,[C)]%, so that
Je [15-, _t’ = () is principal. Thus JeJi = (ae). There are finitely many solutions
e to the congruences in (Z/mZ)"™. Thus im#@ is generated by all the o, € K*/K*™
corresponding to the solutions e to the congruences (6.119).

If e, ... e™ is a basis for A(M,gcd(s,m)) C (Z/mZ)", and a; = g, then

O(ay),...,0(ay) is a basis for im 6. O
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We can compute A(M, a) as the intersection
MM, a) = (YAGM]: ], ay), (6.120)
j=1

where M][: | j] denotes the jth column of M. Thus, given an algorithm that can
compute A(M,a) for an arbitrary matrix M € M, «n,(Z) and integer a, we can also
compute A(M,a). MAGMA can compute the kernel of a matrix M over Z/aZ using

Kernel.

Corollary 6.9.25. Let K be a number field and let S be a finite set of primes. Let
ai,...,qp be as in Proposition 6.9.24; let By, ..., 53, be as in Proposition 6.9.23. Let
M, .-, be a system of fundamental units for K and let ¢ be a generator for the roots

of unity. Then K(S,m) is isomorphic to the abelian group ker @ x im 6, with basis

Biyeoos Bty ey ey Gy, oy Q. (6.121)

Proof. The elements 0(a), ..., 0(ay) are a basis for im . Thus we can define the map

imé — K(S,m) by 0(c;) — «;. This splits the exact sequence
1 — kerf — K(S,m) —imf — 1. (6.122)

]

Algorithm 7 expresses this more formally.

Algorithm: Computing in K (S, m)
Data: Number field K, finite set of primes S = {P,,..., B, } of K, integer

m > 2.
Compute the class group Cx of K
Compute the m-torsion C[m]; let Ji, ..., J. be the generators

Compute a principal generator (3; for J™ for each ¢

Compute the unit group U of Ok

Compute the matrix M such that [B] = [,[C;]"

Compute a basis e, ... e for A(M,ged(s,m))

Compute a; for e® for each i =1,...,h

return the group generated by «;, 8; and generators for U
Algorithm 7: Computing in K (S, m).

Given x € K*/K*™, we compute its image in K (S, m) as follows. First compute
e(z) by factoring (z) = [[;_, PF'I'"™, where I’ absorbs any prime factors not in S.
Then 6(z) = 0(ae). Write e = Z;’l:l a;e®) for some a; € Z. Let B = H;.Lzl aj’; then
v = x/f € kerf. The image of x in im#@ is (ay,...,an). The image in kerf is the
image of 7, as in the proof of Proposition 6.9.23.
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Example 6.9.26. In the case that m = p is prime, we can compute a basis for the
Selmer congruences more simply, as in [SS97]. First choose a basis [C1],...[Cy] for
Cklp] such that p{s; fori=1,....k andp|s; fori=k+1,...,g9. Compute M;; as

above for P;. Then the congruences are
t;, = ZeiMij =0 (mod p) (6.123)
i=1

forj=k+1,...,g. Then the space of solutions e is the left nullspace of M[: k+1: g]

over IF,,.

We give a program to compute this in four_four/selmer_groups_general.m in

[Nic18].

6.10 Computing the (4,4)-descent

The file descent/four_four_descent.m in [Nicl8| contains the code to carry out a
(4,4)-descent and a Richelot descent simultaneously. The program outputs whether
the image of the (4, 4)-Selmer group in the Richelot Selmer group is smaller than the
Richelot Selmer group. We attempted to find an example of a genus 2 curve admitting
a (4, 4)-isogeny with rational kernel such that the bound from a (4, 4)-descent improves
upon a bound from a Richelot descent. Unfortunately we have not yet been able to
find such an example, and this remains a work in progress. In the rest of this section

we discuss some technical details involved with the computations.

Bad primes for the (4,4)-isogeny The bad primes for the (4, 4)-isogeny are the
union of the bad primes for the two Richelot isogenies. We also have to worry about
the (4, 4)-isogeny degenerating into a different type of composition of Richelot isoge-
nies. We know that Dy, Dy € J[4] generate the kernel of the (4, 4)-isogeny. We have
(Dy, Do) = ZJAZ x 7./AZ, which is preserved under reduction modulo any odd prime
p. This is because the prime-to-p part of Jiops injects into the reduction J (F,). The

property e4(D1, Dy) = 1 is also preserved under reduction modulo any odd prime p.

The (4,4) diagram Let L = K x K. Let 4 be the (4, 4)-Cassels map J;(K) —
L*/L**, given on points by v4((z,y)) = (Fi(z,y), Fa(z,y)), where Fi(z,y) = (y —
H;(x))?/t;(x) as in Section 6.9.3. Let 79 be the Richelot Cassels map J;(K) — L*/L*?
given on points by Y ((z,y)) = (t1(x,y), ta(z,y)) where 1, t5 are as in the (4, 4) section.

In particular, since Fj(x,y) = t;(z,y) (mod K*?), the following diagram commutes:
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J3(K) Y4 Tk x4
90250?\73(1{) » L /L

l lq (6.124)

J3(K) 2 7% %2
WA > L*/L

The vertical maps are induced by the quotients.
Let s be a prime of K. Let Ly = [],. Ls. Since s is a prime of K, and L = K x K,
we have L, = Ky x K. Write 74 5 and 7, 5 for the corresponding local maps, as in the

diagram (6.13). For i = 2,3, and for a prime s of K, let f;,: L*/L* — L} /Ly be

s|s

the localisation maps. We also have the localised commutative diagram:

jd(Ks) V4,5 N * *4
P21 T3(Ks) ’ LS/LS

l lqs (6.125)

J3(Ks) V25 1T %2
paJ2(Ks) ’ LS/LS

Each term in (6.124) maps down to the corresponding term in (6.125) by the

obvious localisation map, and the resulting cube commutes.

Intersecting at p = oo Suppose K = Q. Here we explain how to intersect at
p = oo; that is, the completion R of Q.

We first have to generate the real points for the Richelot isogeny.

Let ¢: J — J' be a Richelot isogeny. Cassels and Flynn show (see [CF96, Chap-
ter 7))

JR) IR _
T® Form ~d (6.126)

We can generate points on J(R) by first generating points on K(Q) and then

i

checking if af > 0. If so, then the Kummer point lifts to the Jacobian over R. We
can then compute the image under the Richelot Cassels map just using the Kummer
coordinates.

If S is a given finite set of rational primes, we have Q(S,m) = (—1) x (S) C
Q*/Q*™. We have

{£1}, if m even

6.127
{1}, if m odd . (6.127)

R*/R*™ = {

This is because the image of -™: R* — R* is R if m is even and R* if m is odd.
The inclusion map Q(S,m) C Q*/Q*™ — R*/R*™ is given by a ~— sign(«) if m is

even, and is the constant map 1 if m is odd.
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Computing the image of the (4,4)-Selmer group in the Richelot Selmer

group. If S is a finite set of primes, let

H4(S) = 5;;(ﬂ86574,5<j1 (Qs)))a

. (6.128)
Hy(S) = B35 (Nsesy2,s(J1(Qs)))
be the (4, 4)-Selmer group and Richelot-Selmer group, respectively. Let
q: L*/L** — L*/L** (6.129)

be the quotient map that reduces an element modulo squares. Since (6.124) and
(6.125) commute, we have q(H,(S)) C Hy(S).
The image of Hy(S) in Hy(S) is the quotient Hy(S)/(Hy(S) N L*?).

Remark 6.10.1. We caution that q(H,(S)) is not equal to Hy(S)/H4(S)*. For ex-
ample, if G = (2,3,5) C Q*/Q* and H = (22,3), then H N G* = (22,32), while
H? = (3?%).

Remark 6.10.2. For the Richelot Cassels map we can replace one of the components
by the product of the other two, since the product of all three is square. This is no

longer possible for the (4,4)-Cassels map as the product of all three components is not

quaranteed to be in K**.

6.10.1 Computing Cassels maps

Consider the Richelot Cassels map. Suppose C: y* = G1(2)G2(2)Gs(x) is a genus 2
curve admitting a Richelot isogeny, and let C': y* = L;(x)La(x) L3(x) be the isogenous
curve, where L;(z) = [Giy1(x), Giza(2)]/A (see Theorem 5.7.4). Then the Cassels
map is

j(K)/gD/j/(K>—)K*/K*ZXK*/K*2XK*/K*2

(6.130)
(z,y) = (G1(x), Ga(z), G3()),

extended linearly to divisors.

Evaluating at points at infinity Lemma 6.10.3 lets us efficiently compute the

Richelot Cassels map using the Kummer coordinates of the point.

Lemma 6.10.3. Let f(z) = G1(x)Ga(x)G3(x) be a Richelot splitting with deg f either
50r6. Let D#0¢e J(K) and let £ € A* be a representative vector for the Kummer
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coordinates of D. Let co € K be defined such that ag(x) = co(§o* — E1x+ &) is monic.
Then the image of D under the Richelot Cassels map is

{(Res(Gl,ag),Res(Gg,ag),Res(Gg,ag)), if degag is even

6.131
(c1 Res(Gh, ag), ca Res(Ga, ag), c3 Res(Gs, a)),  if degag is odd, ( )

where ¢; is the x? coefficient of G;.

Proof. Let m = oo™ + o00” if degf = 6 and m = 200 if deg f = 5. Consider the
point D = P, + P, —m on J. Let a(x) be the polynomial for the z-coordinates of D
in Mumford notation. Then a(x) is proportional to &z? — & + &, where £ are the
Kummer coordinates of D. Our choice of a¢(x) above is the unique monic polynomial
proportional to this.

We can compute the map at points at infinity as follows. Let G(x) be a polynomial
and let d = [deg G/2]; thus G(z) = G242°? + Gagy12°*! + -+ + Gy with at least one

of Gog and G9qy1 being nonzero. Then

G(z) = G(1/u) (6.132)
- Cut UGMHJ G (6.133)

U
= é(u) (mod K*Q), (6.134)

where G = u'G(1/u) is the ‘flip’ polynomial. Let P, be a point at infinity. Then
G(Ps) = G(0) (mod K*?). In particular, G(Ps) = Gaq, the coefficient of 22 in G(z).

In this case, each G;(z) has degree 1 or 2, so d = 1. Thus G;(Px) = ¢; (mod K*?),
where ¢; is the 2% coefficient of G;(z). In particular, G(m) = G3, is square. So we are
reduced to computing G(P; + P,).

If neither of P, P, is at infinity, then degas = 2, and the Cassels map is just
(G1(x1)G1(22), Go(x1)Go(22), G3(x1)G5(x2)). If both of Py, P, are at infinity, then
ag(z) = 1 and the Cassels map is (1,1,1).

If exactly one of Py, P, is at infinity, then D = P— P, for an affine point P and point
at infinity P, and the Cassels map is (G1(x(P))/G24, G2(2(P))/Gaq, Gs(x(P))/G24).

In all cases, our definition agrees with the Cassels map modulo squares. O
Example 6.10.4. Let (G(z),Ga(x),G3(z)) = (2* + = + 1,22 — 1,2% — 5). Consider
C: y* = G1(2)Ga(x)G3(x). The Jacobian J of C has the points

Py = (1,0) + (=1,0) — oot — c0™ ( )
Py =00t — 0™ (6.136)
Py = (1,0) — oo™ ( )
Py = (2* — 5z — 4,292 + 19, 2), ( )
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where Py is given in Mumford notation. We compute the Cassels map for each of these

below. Let p denote the Cassels map J(Q)/¢@'T'(Q) — Q*/Q*2 x Q*/Q*? x Q*/Q*%.

For Py, we have
(G1(1)G1(—1), G2(1)G2(—1), G5(1)G3(—1)) = (3,0,16); (6.139)

we can ignore G;i(co™ 4+ 007), since the proof above shows that G;(co™) = G(00™)
(mod Q*?). Using that the product of the components is square, and replacing the
components modulo squares, we find p(Py) = (3,1,1). For Py, we have p(P;); =
Gi(00™)/Gi(00™) =1 (mod Q*?). For P3, we have

(G1((1,0)), G2((1,0)), G5((1,0))) = (3,0, —4) (6.140)
(G1(00™), Ga(00™), G3(c0™)) = (1,1, 1), (6.141)

since the 2% coefficient of each of G1(z), Ga(z) and Gs(x) is the 2* coefficient, which is
1. Thus p(Ps) = (3,a, —4), where 3-a-—4 =1 (mod Q*?). Thus p(Ps) = (3, -3, —1).

For Py we use the method described by Lemma 6.10.3. We have ag¢(x) is x* —5x —4.
The resultants Res(Gy, ag) fori=1,2,3 are 31, —16, —124, respectively. Thus p(Py) =
(31, -1, —31).

Remark 6.10.5. The bad primes for the splitting above: (z*+z+1,2*—1,2%—5) are
those dividing the discriminant of G1(x)Gy(x)G3(x), together with those dividing the
A from the Richelot isogeny, together with 2. These are 2,3,5,31. As expected, these
are the only prime factors occurring modulo squares in the images under the Cassels

map.

2

The next example highlights the importance of using the z* coefficient of each

G;(z), rather than just the leading coefficient.

Example 6.10.6. Let (G1(1),Go(z),Gs(x)) = (z,22* +  + 1, 2% — 3). In particular,
G1(x) is linear. Consider C: y* = G1(2)G2(2)Gs(x). Then P = (z +1,2,1) € J.
Then p(P); = Res(Gy,x + 1)/c;, where ¢; is the 2% coefficient of Gi(x). Since ¢; =0,
the first component is undefined, but we have Go(—1)/ca =2/2 =1 and G3(—1)/c3 =
—2/1 = =2, respectively. Thus, replacing the first component by the product of the

other two, we have

p(P) = (-2,1,-2). (6.142)
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Remark 6.10.7. We use the definition of the resultant such that

Res(p(z),z — o) = p(). (6.143)
This implies that
Res(p(x), g(x)) = <=7 [ [ p(a). (6.144)

where q(z) = c[[_,(x — a;). However, MAGMA uses a different convention.

Evaluating the (4, 4)-Cassels map at points at infinity Let D € J[4](K), where
J is the Jacobian of C: y* = f(x). We have seen that if deg f = 6, then div F' = 4D,
where F' = (y — H(x))?/t(x) for some polynomials H(z) and ¢(z). We can evaluate F'

at the affine point (z,y) as usual. We can write F' in terms of (u, v)-coordinates as

F(x,y) = F(1/u,v/u?) (6.145)
_ (v—uPH(1/u))?
- (6.146)
_ o HEP - od k), (6.147)

t(u)

where H(u) = u?H(1/u) and t(u) = u?t(1/u). If P, is a point at infinity, then it has

(vo—H3)?

(u, v)-coordinates (0,vp) for some vy, and so F(Pw) =

, where Hs,ty are the
degree 3 and 2 terms of H(z),t(x), respectively.

In particular, F'(m) = (1)(2’243)2, where vy = /fs.
2

Remark 6.10.8. Often when computing Cassels maps we find one of the components
evaluates to zero. To get around this we try computing h(D + E) — h(E) for various
points K. Since h is a homomorphism, this gives the same result, but may have both

components defined.
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Chapter 7

Conclusion

In this chapter we summarise our results and give some ideas for further work.

Torsion Tables 3.1, 3.2 and 3.3 list the torsion orders we found using the methods
discussed in Chapter 3. Of particular note is Example 3.1.7, which provides the first
known example of a geometrically simple Jacobian of a genus 2 curve with a point
of order 25. The previous torsion record for a geometrically simple Jacobian of a
hyperelliptic curve of genus 3 was 41, due to Kronberg ([Krol5]). We found new

examples of such Jacobians containing a point of order N > 41 for N in the set
{42,43, 44, 48,49, 50, 52, 54, 56, 64, 65, 72,91}, (7.1)

as well as many for smaller N (see Table 3.2). The previous torsion record for a geo-
metrically simple Jacobian of a hyperelliptic curve of genus 4 was 72, due to Leprévost
([Lep97]). We found new examples of such Jacobians containing a point of order

N > 72 for N in the set
{74,82, 88}, (7.2)

as well as many new examples for smaller V. Tables F.1, F.2 and F.3 in Appendix F
list more of the curves we found.

For further work, one idea is to analyse other torsion orders known to occur in the
literature that we didn’t manage to recover. We may be able to find generalisations
of our methods that we missed. We don’t currently focus on even degree hyperelliptic
curves where cot, 0o™ are defined over a quadratic extension, or on finding points on
the Jacobian of the form (a(z),b(x),d) with dega(x) > 1.

We could improve the point searching routines so that we can find more curves

with the same methods. For example, we sometimes don’t find rational points on the
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varieties when one of the equations is a conic, which we could sometimes parametrise.
Many of our examples of curves seem to come from 1-parameter families, but we don’t
currently try too hard to find these families.

Another idea is to search for Jacobians where there is a subgroup rational as a
set. This could let us recover Jacobians with a (7,7)-subgroup. The Grobner basis

approach can do this in theory.

Kummer coordinates In Chapter 4, we found an embedding of the Kummer va-
rieties of superelliptic curves of genus 3 into projective space. We saw in Chapter 5,
while computing isogenies between Jacobians of curves of genus 2, how useful an ex-
plicit embedding Kummer variety of a curve can be. We hope that the Kummer
embedding in the superelliptic genus 3 case will be similarly helpful.

One future direction with this work is to compute a theory of heights for the
Jacobians of genus 3 superelliptic curves using the Kummer embedding, analogously
to [Stol7]. We could also try and extend the Kummer embedding to all genus 3
nonhyperelliptic curves.

We also don’t currently have a practical proof of why the Kummer coordinates are
invariant under negation. Although this holds for all examples we checked, it seems

computationally tricky to prove this in general.

Jacobian coordinates We found an explicit basis for the Jacobian coordinates of
superelliptic genus 3 curves in Section 4.4.5, but were unable to compute the quadratic
relations between them. This would give an embedding of the Jacobians of superel-
liptic genus 3 curves. We could potentially do the same for the Jacobian coordinates
of genus 3 hyperelliptic curves. However, the computations may not currently be

computationally feasible.

Isogenies In Chapter 5, we classified the genus 2 curves whose Jacobians admit a
(4, 4)-isogeny. We further provided an infinite family of such Jacobians such that the
kernel of the (4,4)-isogeny was completely defined over the ground field, and gave
explicit conditions under which this can occur. One future direction is to complete
this classification. Our current classification only guarantees that there are 4-torsion
points whose images on the Kummer surface are distinct and K-rational, while we also
need that these 4-torsion points generate a (4, 4)-isogeny and lift to rational points on

the Jacobian.
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We also extended Flynn'’s example of genus 2 curves whose Jacobians admit a (5, 5)-
isogeny to find infinitely many pairwise geometrically nonisomorphic such Jacobians.

A future direction here is to completely classify such curves.

Descent In Chapter 6 we extended Schaefer’s algorithm for computing the Selmer
group of a Jacobian to carry out a (4, 4)-descent on the Jacobians of curves that admit
a (4, 4)-isogeny. We were able to carry out a descent via (4, 4)-isogeny for the Jacobians
of the curves in our family of Jacobians with a rational (4,4)-kernel, but haven’t yet
been able to find an example where the rank from the (4, 4)-descent improves upon the
bound from the Richelot descent. The main issue we encountered is that the curves

in our family have large bad primes, which means the calculations take a long time.
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Appendix A

Group cohomology

Galois cohomology is defined as (profinite) group cohomology with respect to the
Galois group. We define group cohomology and refer to Sharifi’s excellent notes for
the definition of Galois cohomology ([Shal).

Let G be a group, and let M be a G-module. In this section, we write the group
action multiplicatively: if m € M and g € G, we write g - m for the action of g on m.
For each n > 0, we define the n-cochains C"(G, M) as functions ¢: G" — M. The

cochain operator d*: C™ — C™*! is given by

d"()(g1; - gni1) = 91 9(92, - - gnt1)
+ Z(_l)i@(gh o3 9im15 9iGit1s Git2s - - - s Gnt1) (A1)
i=1

+(_1)n+1¢<gl7 s ;gn)

Remark A.0.1. Only the cases n =0 and n =1 are relevant for us.

In particular, C°(G, M) = M, where we interpret elements of M as functions
from the empty product G° to M. To be clear, the Oth cochain map is given by
d°(p)(g1) = g1+ — . Since p € C°(G, M) = M is just an element of M, this implies
d’(m) is the map

d(m): G — M
(A.2)
g g-m—m.
The sequence
oG, M) S v, M) B G2 (G M) s - (A.3)

forms a cochain complex; that is, d***od’ = 0 for each i > 0. We define the cohomology

group H'(G, M) as the cohomology group in the usual way for this cochain complex.

Definition A.0.2. We define the ith cohomology group H'(G, M) as kerd'/im d'~!
for each i > 0.
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The groups H°(G, M) and H'(G, M) The important cohomology groups to un-
derstand for descent are H° and H'.

We have H°(G, M) = kerd’/imd~'. Since d~' = 0, an element of H°(G, M) is
represented by a O-cochain ¢ € C°(G, M) such that d°(¢) = 0. This is an element
m € M such that g -m = m for all ¢ € G. In other words, H*(G, M) = MC: the
elements of M that are fixed under the action of G.

An element of H'(G, M) is represented by a 1-cochain ¢: G — M such that
d'(¢) = 0. Using the explicit description of the cochain differential, we see that

d'(¢) (g1, 92) = g10(g2) — ©(g192) + (1) (A.4)

Thus, d'(¢) = 0 exactly when ¢(g192) = ©(g1) + g1¢(g2) for all g1, gs € G. Moreover,
given m € C°(G, M) = M, we have d°(m)(g) = g - m —m. Thus

imd® = {p: G — M | there is m € M such that ¢(g) = g-m — m}. (A.5)

It follows that

tG = M| p(9192) = ©(91) + q19(92) }
(G, M) {¢: G — M| there is m € M such that ¢(g) =¢g-m —m} (A.6)

The connecting homomorphisms Let 0 — L Iy M % N = 0 be a short exact
sequence in group cohomology. In particular, the maps are homomorphisms of G-
modules, so f(g-x) =g f(x) for all z € M and g € G.

For each i > 0, there are natural G-module homomorphisms C*(G, L) — C*(G, M)
and C'(G, M) — C*(G, N), induced by f and g, respectively. Indeed, given ¢: G* —
L, we get fop: G"— M € C'(G,M). The map C*(G,M) — C*(G, N) is given by

post-composition with g

Gz‘
[N (A7)
/

L — M
Proposition A.0.3. The functor C*(G,-) is exact from the category of G-modules

and G-module homomorphisms to the category of abelian groups and maps of sets.

Proof. Since C*(G, ) is simply Hom(G?, -), it is a left exact functor. Thus we just have
to show that if 0 = A 5 B % ¢ — 0 is an exact sequence, then the induced map
CH(G,B) & C¥(@G, C) is surjective.
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Since the elements of C*(G, B) are just pointwise maps G* — B, we can define a
map as follows. Let p: G* — C be an element of C*(G, C). Then for (g1,...,9) € G*,
define ¥ (g, ..., g;) as any element of B such that g(¢(g1,-..,9:)) = ¢(g1,-..,9); this

is possible as g is surjective. O]

Consider the short exact sequence
0-ALBL o (A.8)

For each ¢ > 0, Proposition A.0.3 gives the following diagram with exact rows

0 —— CUG,A) —L— C{(G,B) —%— C/(G,C) —— 0

ld"A ld"B ldic (A_Q)

0 —— CHY(G, A) —L= C7Y(G, B) —2 C*Y(G,C) —— 0

Applying the snake lemma twice gives a new diagram with exact rows. Explicitly,
the bottom row comes from the sequence of kernels from the snake lemma on the above
diagram at ¢ 4+ 1 instead of ¢, and the top row comes from the sequence of cokernels

from the snake lemma applied to the above diagram at ¢ — 1 instead of 1.

C{(G,A) I CYG,B) g . CYG,0) . 0
im df:l " im dg B " im dicf 1 ’
. . . A.10
b e o

0 — kerd]™* I ker At —2— kerdif!

Applying the snake lemma once more gives a homomorphism ¢°: H(G,C) —

H™(G, A), called the connecting homomorphism. This fits into an exact sequence

H{(G,A) L H(G,B) S HI(G,C)

% HY(G,A) & HYYG,B) S HYYG, O).

These exact sequences splice together to give a long exact sequence in group coho-
mology. The coboundary map §: H'(G,C) — H"'(G, A) can be explicitly defined as
follows. Let ¢ € HY(G,C) be represented by ¢: G* — C. Choose ©: G — B lifting
¢; this is possible by Proposition A.0.3. Then define §(¢) = f~(d5(¢))). A simple

diagram chase shows that this is well-defined.
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Appendix B

Addition by a 2-torsion divisor

The following proposition and proof are due to Cassels and Flynn in [CF96].

Proposition B.0.1 ([CF96|, Lemma 2.1). Let J be the Jacobian of the genus 2 curve
C: y* = g(x)h(x), where g(x) = g2x*+g120+go is a quadratic and h(x) = hyz*+- - -+ hg
is a quartic. Let D € J and let T be the 2-torsion divisor corresponding to g(x). Then
E(D+T)=WED), where W is the matrix

93ho + gogaha — giha gog2hs — gogiha 19203 — giha + 2g0gahs 9o
—gog2h1 — gogihs + 98’13 Qgho — gog2ha + g§h4 g§h1 — g192h2 — gogahs  —g1
—gtho + 2g0g2ho + gogrh1  —g192ho + gogahn —g3ho + gogaho + g3ha g0 |’

wq Wa w3 Wy

and
wy = —ga(gah1hs — gogihohs + gogihiha + 4gogahohs — gogah? — gihohs
+ g192hoh)
wy = —2g592h1hs + gogihiha + 4gogigahoha — gogrgahihs — 2gog3hohs
— gthoha + g3 gahohs (B.1)
ws = —go(gogihsha + 4gogahahs — gogahi — gihaha — g1g2haha + g1gahahs
+ g5l hs)

Wy = —g§h4 — Gog2he — ggho-

Proof. We outline the steps to derive Wy and refer to Lemma 2.1 in [CF96] for more
details. Let f(x) = g(z)h(z). Let my be the divisor

2 if degf =5
mw:{oo, if deg f =5,

B.2
oot + o007, if degf =6, (B2)

as in Equation (2.12). Let D = (21, y1)+ (22, y2) —My and let T = (23,0)+ (24, 0) —m.

To add points on the Jacobian of a genus 2 curve, we find a cubic through the points
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(x1,v1), - - -, (%4, y4), which then intersects C in two further points: (x5, —ys), (z6, —¥s)-
We then have D + T = (z5,y5) + (26, ys) — Moo (the images of the divisors on the
Jacobian are equal).

We first find the quadratic PX? — QX + R with roots x5, z6. Let &), ..., & denote
the Kummer coordinates of D+T'. Then (&), &1, &) = (P, @, R) as projective matrices,
since & /&) = x5 + 16 = Q/P and &,/&) = w5z = R/P. We will then determine &
separately.

We can express the cubic through (z1,v1), (z2,92), (x3,0), (24,0) as

y = g(x)l(z), (B.3)
where y = {(x) is the line through the points (z, ﬁ), (2, %) Explicitly,
rT—T1 N T =Ty Y2
l(x) = ) B.4
(@) xy — a1 9(1) 71— 22 9(22) (B4)
Substituting this cubic into the equation y* = g(z)h(z) of the curve gives
9(@) (9(2)l(x)* = h(z)) =0, (B.5)

which is the resultant of the curve with the cubic. The roots of the resultant are
precisely the z-coordinates of the intersections, counting multiplicities. We aim to
determine the quadratic factor of this expression that has roots x5, x. The factor
g(x) is from the points (z3,0), (x4,0), so we examine the expression in parentheses.

This gives the equation

g(x) (( (z — 1‘1)293 2($ — 1) (7 — T2)11Y2 i (z — 5702)29% 2)

Ty — 11)29(22)2 (22— 11)2g(x1)g(ws) | (21 — 22)2g(w1) (B.6)
— h(xz) =0.

Replacing y? with g(z;)h(z;) for i = 1,2, and clearing denominators, we have the
equation
q(z, 1, 29) — 2(x — x1) (T — 22)g(2) 1192 = O, (B.7)

where

q(z, 1, 22) = g(x) (2 — 21)*h(22) g(21) + (2 — 22)°h(21)g(22))

) (B.8)
— h(x)(r2 — 21)°g(21)g(z2).
Since q(x1,x1, 22) = q(x9, x1,22) = 0, we can write
q(z, 1, 29) = (v — 1) (T — 22)7(x, 21, 23) (B.9)
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for some polynomial 7.

In particular, the z-coordinates of D + T satisfy
r(z,x1,22) — 2g(x)y1y2 = 0. (B.10)

This is the quadratic PX? — QX + R from before, but to ensure that P,Q, R are
functions in €7(07 + ©7) we scale the equation by (z, — 21)?. Thus, define P,Q, R
by the equation

(% Z1, 372) - 29(17)%192

PX2— QX+ R:=" .
(w2 — 21)

, (B.11)

which makes sense since r is quadratic in x. Then the coefficients P,Q, R are in
O7(©% +©7), so are linear combinations of &(D),& (D), & (D), &(D).

We find the coefficients of &, &1, &2, &3 by inspection. First note that the coefficient
of &3 is simply the coefficient of —2y,y,, and then determine the coefficient of & =

z172(T2—71)°
(zo—z1)?

Now we find the fourth row of W. Since W is an involution, W? is a multiple of

, and continue in this way.

the identity, say W? = cI. Squaring the matrix we currently have with fourth row
set to wy, we, ws, wy (to be found), we see that the (2,1),(1,2),(1,3), (1,4) entries are
linear in wy, wq, w3, wy respectively, and so determine the w;. This gives the fourth

row of W as described in the proposition. O]
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Appendix C

Lemmas

In this appendix we prove some lemmas whose details we did not want to include in

the main body of the thesis.

Lemma (Lemma 6.9.13). Let D = (a(x),b(z),d) be a nontrivial divisor on the genus
2 curve y*> = f(x) such that 2D ~ 0. Then b(z) = 0 (mod a(z)) and f(z) = 0
(mod a(z)).

Proof. We first deal with the case deg f = 6. If dega(z) = 1, then D is the divisor
oot — 0o~ or its negation.

Then we must have deg a(x) = 2, and the notation (a(x), b(x),2) means the divisor
(a1, b(a1))+ (o, blag)) —ooT —oo™. If 2D ~ 0, then there is a function ¢ € L(2(co™ +
oo~)) such that divp = 2D (equality of divisors). The Riemann-Roch theorem shows
that ¢ is in the K-vector space spanned by {1,z,z?}. In the affine chart y? = f(z),
the solution to ¢(z) = 0,4> = f(x) is 3oy ((7i,8:) + (i, —0;)), where 71,7, are the
roots of ¢(z) = 0, and 62 = f(v;). Since divy = 2D, the divisors are equal in the

affine chart:

2(an, b(en)) 4 2(a2, b(az)) = (11,01) + (71, —01) + (72, 02) + (72, —d2). (C.1)
Thus there is a relabelling of the indices such that (v;,01) = (a1,b(aq)), and thus
91 = —d1, so 0 = 0. Hence b(ay) = 0 also. Similarly, b(cy) = 0. This shows that a(z)
divides b(x). But also 0 = 67 = f(a;), for i = 1,2, so that a(z) divides f(z) also.

Suppose now that deg f equals 5. The case dega(xr) = 2 is exactly the same as
above. Consider when dega(x) = 1, say a(x) = x — «, without loss of generality.
Then D = («a,5) — oco. Now 2D ~ 0 if and only if there is ¢ € £(200) such that
divy = 2(«, 8) — 200. Thus up to a constant, ¢ = x — 7 for some v € K. Then the
divisor of ¢ in the affine chart is (y,d) + (7, —d), where % = f(7). Since this equals
2P, we have § = —¢ and a = . It follows that a(x) divides f(x) and, since d = b(«),

we have a(x) divides b(z) also. O
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Appendix D

Power series

We defined the local power series in Section 5.4.3. They are given as follows.

s3 =450 fofs — 8 fafs + 288 f7 4+ 8sVso f1 fo + 185185 fofs + s153f1 15

— s1fi+4sissfofs + 2815y fofa + 87+ 285 fofa — safo + O(>7)
s1 = S$ fafo + 4852 fofe + 95185 f1f6 + 5185 faf5 + 20875 fo fo + 35783 f1f5

+ 95753 fofs + sisafifa+ 45153 fofa + s152 + 5 fofs + O(> 7)
s5= 280 f fi + 25152 fofs — sLfs + AsIsifufo + 18528k fofo + s3safifs
+ 85185 fofs + 45 fofs — S5 f1fs + 28515 — s3fa+ 55+ O(>7)
s6 = 651 fofs — 81 fafs + 251 f1 + 13s3sa fi fo + 285safofs — 28080 fsfa
+ 308783 fofs + TsV85 1 fs — 25783 fafa — 87 fa + 185185 fo fs
+ 5155 f1fa + sis2fs + 108785 fofa + 335y f1fs — 25785 f5
4 25353 f + 8% + 65155 fofs — 35185 f1fa + 3stsafi — 45155 fofo
+ 5185 f7 + 3s155f0 + safofi + O(> 8)
s7 = 4555y fofs — 8880 fafs + 25880 f2 + 85253 f1fs + 225155 fofs + 25155 fifs
— s150fa + 108785 fo f5 + 6575 fo fa + sTsa + 28185 fo fs — 25185 f1. o

+ 5155 f1 — 258 fofa + 53 fo + O(> 8)
ss = =281 [ufo + 25580 f3f6 — 28080 fufs + 65785 fofe + 53 fo + 105185 f1 fs

+ s‘l"szfg) + 223?3‘2"f0f6 + 2$§s§f1f5 + 83%33]‘})]@5 + 4slsgf0f4
— 5155 f1 f3 + 25185 f2 — 5185 f2 + 5155 + O(> 8)
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o = s fsfo — 45752 fafe + sis2f2 + 65755 f3f6 — 35753 fufs + 105185 f2 fe
+ 35785 fafs — 25185 f2 4 3sisafs + 185353 fi f + 55 fofs
+ 35353 f5 + 305585 fo fs + T2 85 f1fs — 25285 fofs + 25285 f4 (D.7)
+ 13185 fofs + 28185 [1 fa — 25185 fofs + s155f3 + 65 fofs — s5[1 /3
+255f3 — s3fo+ 55+ O(> 8)
s10 = 851fafo — 251 fsfs + 5s1f7 + 1678 f1 fo + 36503 fofo + 2515 f1 fs
— 288 f4 + 8553 fo fs + 65185 fofs + 514 45785 fofa — 25355 fo (D.8)
+55f0 + O(=9)
s11.= 54 f3fo — 351 fafs + 165\ 52 fofo — 25152 fsf5 + 4sisafi + 325885 f1 fo+
25185 fafs — 25185 fsfa + s f5 + 765755 fo fo + 85755 f1 f5 — 2572 fa
+ 235185 fofs + 5185 f1.f1 — 5185 fof3 + 5155 f3 + 125785 fo fa + 255 s,
— 25285 f1 fo + 5255 f1 + dsish fofa — 25185 fo — sS3fofi + O(>9)
s12 = 351 fafo + 65153 fofs — V85 fafs + 25753 f7 — 80 fo + 125755 f1 f
+ 37s1s3fofe + 25185 f1fs + sisafofs — 5155 fa + 128385 fofs + 65185 fofs (D.10)
— S185f1fs + 25785 f5 — Sisafa + sS85 + 385 fofo — safo+ O(>9)
s13 = =5 fs fo + 4s12fafo — 25753 fufs + 125785 fo fo — 25750 f6 + 235155 f1 fe
+ s180fofs — s185fafa + si53fs + T6s1s3 fofo + 85785 f1fs + 325785 fo fs
+ 25755 f1fa — 25150 o fs + 185 fs + 165180 fo fa — 25153 f1f3 + 4s185 f3
— 25185 f2 + 25185 + S5 fofs — 355 fifa + s5f1 + O(>9)
s14 = 8y fg + 45985 fafe + 65155 f2fo — 25153 fo + 8185 f1 6 + 365155 fo fo
+ 25785 f1 f5 + 165155 fo f5 + 855 fofa — 285 f1f3 + 5s5f3 — 255 f (D.12)
+ 85+ 0(>9)
s15 = —1287 fafo + 12 + 4s]s2 fsfs — 8s{s2fafs + 85755 fafe + 65755 f3 f5
— 8853 f7 + 488 fo + 165755 f1 fo + 85,55 fofs — 45785 f3f1 + 45750 f5
+ 125153 fofs + 185155 f1f5 — 48185 fofa + sisafe + 4sisafy + 165555 fofs
+ 875y f1fs — Asish fofs + 4sisyfs + 8sisy fofa + Gsisy fifs — 8sisyfs
+ 45255 fo + 45158 fofs — 85150 f1fa + 45155 f1 — 1255 fofa + s5f2 + 4sS fy
+0O(>9).

(D.9)

D.11)

D.13)
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Appendix E

The embedding of the Jacobian of

a genus 2 curve

Flynn found the following coordinates for the Jacobian of a genus 2 curve, as well as

72 quadratic equations in the coordinates that embed the Jacobian into P** ([Fly90b]).

Let C: y*> = f(x) be a genus 2 curve. The coordinates are defined for a point on the

Jacobian J of C of the form (x1,y1) + (22,92) — 00t — 00™. We take oot = 0o™ = o0

if deg f = 5. By carefully taking limits, we can also define the coordinates in the case

that one of (z1,y1), (22, 42) equals cot or co™. The following coordinates are given in

[CF96]. Note that they are only defined projectively. Following Flynn, we give them

in reverse order. The functions ais, ..., a9 are symmetric functions in xy, xs:

Q15 = (xl - $2)27
a14 = 17

a13 = T + Ta,

12 = 1122,

ajp = LElIQ(Il + 172),

ajp = (:1:1:152)2.

The functions ag, ..., ag have the denominator x; — xs:
=Y
g = )
T — T2
T2l — T1Y2
ag = )
1 — T2
2 2
oY1 — X7Y2
a7 = ———
Ty — T2
3 3
ToY1 — T1Y2
g = ————.
Ty — 22
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The function as is also equal to the Kummer coordinate &5:

Fo(xhxz) — 2y1y2
(21— 22)? ’

as =

where
Fo(zy,20) = 2f0 + fi(zy + x2) + 2fo(x120) + f3(z122) (21 + 22)
+ 2f4(z129)? + f5(2120)% (21 + 22) + 2f6(z122)>.
We define ay, az as

Fy(w1,29) — (21 + Z2)y132
(z1 — 22)?

a, = )

a3 = T1x205,

where

Fl(l’l, xg) = fo(Il —+ 1’2) + 2f1($11’2) -+ f2(.731l’2>(5131 + xz) + 2f3($1$2)2

+ fa(@122)? (@1 + 22) + 2f5(2122)° + fo(m122)% (21 + 22).
We define as, a; as

G(Ih%)yl - G($2,$1)y2

Qa9 =

(71 — 29)3 ’
an — H($1,$2)y1 - H(932,$1)y2
1 ([L’l . ZL'2)3 Y

where
G(z1,72) = 4fo + fi(xy + 322) + f2(22129 + 223) + f3(32125 + 25)
+ f4(4a:1x§) + f5x1(3:1x§ + 3303) + 2f6:1:1(x1x% + xg)

H(zy,x9) = 2fo(x1 + 22) + frae(3z1 + x2) + 4f2x1x§ + fsﬁlmg(% + 3x9)

+ 2fs0175 (21 + X2) + fsz125(371 + 12) + 4feriTs.

Finally,

ag = ag.

(E.11)

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)

(E.17)

(E.18)

(E.19)

(E.20)

We say that an expression in the coordinates is even if it is invariant under the

map J — J given by D — —D, and odd if it changes sign. The coordinates a; are

even for i = 0,3,4,5,10, 11,12, 13, 14, 15, and odd for i = 1,2,6,7,8, 9.
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Appendix F

Examples of torsion curves

In this section we provide some examples of the curves we found whose Jacobians have
large order torsion points. All of the curves listed here have geometrically simple Ja-
cobians. We also found some torsion orders for which we couldn’t verify the Jacobians
were simple, but don’t list these below.

Each line in the table is a pair (N, f(z)). This denotes that the Jacobian of the
curve y?> = f(x) has a point of order N. We write () next to N for 1-parameter
families of curves. In this case, f(z) is an element of Q(¢)[z] and ¢ is the parameter.

We give one example for each N that we found in the following tables. Table F.1
contains the genus 3 curves and Tables F.2 and F.3 contain the genus 4 curves.

The MAGMA file torsion/found_torsion_curves.m in [Nicl8| contains all of the

curves in the tables.
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Table F.1: Equations for genus 3 curves with large torsion

N f(x)

25(1) —tz" + (1/44> +7/2t + 1/4)2® + (=9/2t — 3/2)2°
+(5/2t + 15/4)2* + (—1/2t — 5)a® + 15/42* — 3/2x + 1/4
26(1) —ta” 4 (2 + 3t + 1/4)2% + (=7/2t — 5/4)2° + (2t + 41/16)2*
+(—1/2t — 11/4)x® + 13/82* — 1/2x + 1/16
27(1) —ta™ + (1/4t2 +5/2t +9/4)2% + (=3t — 9)a® + (2t + 15)z*
+(=1/2t —27/2)2 + Ta? — 22+ 1/4
28(1) —tz” + (1/4t% + 2t + 4)2® + (=3t — 12)2° + (2t + 17)z*
+(=1/2t — 14)2® + T2* — 22 4+ 1/4
29 19227 — 5752° + 61225 + 84a* — 84623 + 90022 — 432z + 81
30 200027 + 912925 — 1502° — 11292 + 19623 — 492% + 22 + 1
31 —648z" + 852125 — 3530425 + 71928z — 8240423 + 544322% — 19440z + 2916
32(1) —ta” + (412 + 3t + 1/4)2® + (—4t% — 5t — 1)2® + (£ + 5t + 7/4)2*
+(=5/2t — 7/4)x® + (1/2t + 17/16)2* — 3/8x + 1/16
33 —3227 + 1132% — 55825 + 12852% — 118823 + 57222 — 144z + 16
34 —1227 +602° — 12425 + 1452* — 1022° + 4322 — 102 + 1
35 12827 4 6252% — 8002° 4 5562t — 24223 + 6822 — 12z + 1
36 —1008x7 + 2229162 — 180548x° + 17681z + 106023 + 307422 + 280z + 49
37  4x" — 162% + 1625 + 122 — 3223 + 242° — 8z + 1
38 61lz” — 112778711/5184002° + 196766153 /259200x° — 51613919/51840x*
+228689 /128023 + 3762053 /512022 — 2109807 /3200x + 301401/1600
39 3364686104641 + 13871582449452° — 3746988201228x° + 2957749220766z
—6269663051962% — 1974168271112% + 44268024528 + 18078415936
40 5z7 +4523081161/138384x°% — 1452727141 /11532x° + 842494611 /38442*
—212383050/96123 4 130569435/9612* — 1509300/31z + 8100
41 322" — 232% — 1962° + 504z — 56023 + 3402* — 112z + 16
42(1) —ta” + (912 + 4t + 1/4)20 + (=27t2 — 21/2t — 1)2°
+(141/4t* 4 35/2t + 2)x* + (=51/2t* — 35/2t — 5/2) 23
+(43/48% + 21/2t + 2)a® + (—5/2t2 — T/2t — V)x + 1 /4> + 1/2t + 1/4
43 642" —392° — 102° — 92t 4+ 122° — 2 — 22 + 1
44 48/25x7 + 217/1002° — 41/52° + 183 /252" — 71 /502 — 17/252>
+6,/252 4+ 9/100
48 115227 + 26922 — 97682° + 7764zt — 84823 — 110422 + 1927 + 64
49 227 +1/425 — 525 +5/22* + 3/223 — 3/42* — 1/22 + 1/4
50 76827 4 341772° + 34502° — 19052 4 36423 + 152% — 62 + 1
52 3627 — 11/252% + 19452/2525 — 26366/252* — 51022 + 165722 — 10502 + 225
54 151227 + 351405725 — 42155862° — 1783652 + 229747423 — 71895522
—285012x + 142884
56 10227 + 1797601 /1625 — 2190009/82° + 4838871 /162" — 751187 /423
+1092687/16x? — 108129 /8x + 17689/16
64 2% — 87 + 2425 — 322° + 182* + 823 — 822 + 1
65 % — 1427 + 5525 — 48x° + 232* — 1423 4 2122 — 122 + 4
72 16002% — 480027 + 108002 — 159202° + 14580z* — 97203
+46362% — 1320z + 225
91 2% —62° + 102° — 2 — 623 + T2 — 22 + 1

Equations for genus 3 curves y? = f(x) with a point of order N.
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Table F.2: Equations for genus 4 curves with large torsion

N f(=)

18(1) —ta® + (9t + 3t + 1/4)x® + (—36t* — 15/2t — 1/4)x" + (78¢* + 10t + 1/16)x°
+(—108t* — 15/2t)x® + (103t? + 3t)z* + (—68t? — 1/2t)x?
+30t%2% — 8t2x + t?
28 1229 — 2728 + 1627 + 342 — 882° + 992 — 682 + 3022 — 8z + 1
29  —122° + 722® — 1842”7 + 2962° — 32825 + 253x* — 13423 + 472% — 102 + 1
30 —1002'° 4+ 5002 — 9752® + 70027 + 8002 — 25302° + 3030z — 214023
+9292% — 230z + 25
31 —35002'° + 140002° — 174002® 4+ 1040027 — 14002 — 16802° + 1120z*
—4202°% + 16122 — 722 + 16
32 —1225002° + 3675002° — 7047528 — 51515027 + 8272752 — 7255702°
+4485052* — 20008023 + 6026422 — 10528z + 784
33 12120 + 2422% + 220027 4 3632° + 102422* — 1987922 + 2200z + 10000
34 12129 + 220028 — 24227 4+ 1000025 + 1212* + 2000022 + 220022 + 10000
35 —52521875002° + 650556036002 — 1447618536007 + 1740156796002
—1369056236802° + 750819591202 — 2908552192022 + 76782443362
—1238608672x + 92236816
40 2% —19/428 + 927 — 9/22° — 102° + 43/22* — 41/223 + 23 /222
—15/4x +9/16
41(1) —ta® + (1/482 +9/2t + 1/4)2® + (=212 — 8t)a" + (7t? + Tt)a"
+(—14¢* — 3t)2® + (35/2t* + 1/2t)x* — 1422 + Tt%2?
—2t%x + 1/4t2
42(1) —ta® + (/482 + 4t + 1)2® + (—13/2t — 7)z" + (11/2t + 85/4) 2"
+(=5/2t — 73/2)x® + (1/2t + 155/4)2* — 262° + 43/42* — 5/2x + 1/4
43(1) —ta® + (/482 + 7/2t +9/4)2® + (=11/2t — 27/2)x" + (5t + 141/4)2°
+(=5/2t — 105/2)a® + (1/2t + 49)x* — 59/22% + 45 /42> — 5/22 + 1/4
44(1) —ta® + (1/48% + 3t + 4)2® + (=5t — 20)z™ + (5t + 45)2°
+(=5/2t — 60)z° + (1/2t + 52)2* — 3023 + 45/42% — 5/2x + 1/4
45(1) —ta® + (25/4t% + 5/2t + 1/4)2® + (=25t — 5t)27 + (50t + 5t )2
+(=125/2t% — 5/2t)x5 + (105/2t? + 1/2t)x* — 30t2x3 + 45 /422>
—5/2t%x + 1 /412
46 —22032z° 4 1585602° — 14376027 + 1731562° — 13224825 + 76060z
—375922° + 1425722 — 3204z + 324
47 18101600z + 447309292® + 329568302 — 3962767525 + 130845502°
—23275002* + 101625023 — 23187522 — 18750z + 15625
48(1) —ta® + (412 + 4t + 1/4)2® + (—41% — 8t — 3/2)2”
+(t? + 10t + 4)2® + (—15/2t — 25/4)2° + (3t + 101/16)x*
+(=1/2t —17/4)x3 +15/82? — 1/2x + 1/16
49 114688z + 13583073292 — 3435958962" + 692298042° — 117731602°
+16199262* — 176008z° + 162682 — 1176z + 49
50 32 — 4a® + 35/42% — 29/22° + 132* — 15/22% + 45/162% — 5/8x + 1/16
51 129392642° + 139313367797772% — 1714477822592z + 63564540820
+2896260642° — 261715222* + 72754242° + 4934822 + 27042 + 169
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Table F.3: Equations for genus 4 curves with large torsion

N f(x)

52 —81000xY + 3525612°% — 702320x" + 8938122° — 7519402° + 4763262
—21212022 + 5980022 — 95002 + 625
53 1316551511808z + 6482046247576652° — 1367676767024550x7
+1411951052218683z° — 821802862194162x° + 276730856522437*
—42969861545628z3 — 468179386202% + 5782386942722 + 21828289536
54(1) —ta® + (92 + 4t + 1/4)2® + (—36t2 — 21/2t — 3/4)27
+(78t% + 35/2t + 13/16)a° 4+ (—108¢* — 35/2t — 3/8)2°
+(103t? + 21/2t + 1/16)x* 4 (—68t> — 7/2t) 2>
+(30t2 4+ 1/2t)x* — 8t2x + t*
55 36x° — 828 — 41227 4 148825 — 27522° + 299221 — 175223
+588z% — 1087 + 9
57 =322 + 21728 — 31627 + 1762° + 42° — 582* + 2823 — 4z + 1
58(1) —ta® + (912 + 4t + 1/4)2® + (=182 — 21 /2t — 5/4)a7
+(27t* + 35/2t + 131/48)x% + (—18t* — 35/2t — 41/12)2°
+(9t% + 21/2t + 97/36)x* + (—7/2t — 11/8)a?
+(1/2t +4/9)2% — 1/122 + 1/144
59 3227 — 312® — 9427 + 16725 — 342° — 992* + 682° + 42% — 162 + 4
60  64x° — 1242® — 427 + 3572% — 6062° + 531wt — 27223 4 8322 — 142 + 1
61 428750002 — 198879975x® + 37923795027 — 31707732525 — 566376802°
+4234527552% — 47323169023 + 27544930922 — 86799580z + 11764900
62  2857682% — 281655x% — 46472427 + 56027425 + 28831225 — 406811z*
—1577802% + 28929622 — 96040z + 9604
63  —15006250002% + 706188122528 — 1362711560027 + 153741116002°
—115872192802° + 6190389520z — 237432832023 + 62679545622
—101110912z + 7529536
65 460829 + 97692 — 3033227 + 862025 + 234402° — 18128z* — 70423
+52482% — 2048z + 256
66 4608z — 5180x® — 8137227 + 3454172° — 6552442° + 721812x*
—493008z3 + 2073282% — 495362 + 5184
67 162° + 5728 — 15827 + 8720 + 382° — 372t — 1423 + 2222 —8x + 1
68  105840z° + 61070164x% — 19810112027 + 3901705482° — 47940620025
+404864209z* — 22628396023 + 758186802% — 134456002 + 960400
72(1) —tx® + (16t + 4t + 1/4)28 + (—48t% — 14t — 1)2”
+(68t2 + 28t + 5/2)a’ + (=56t — 35t — 4)z° + (28 + 28t + 9/2)z*
+(—8t* — 14t — 7/2)x® + (* + 4t + 7/4)x* + (=1/2t — 1/2)x + 1/16
74 330126722% — 3327412728 — 3909408627 + 1200731192° — 9142581225
+16264575x* + 1873948223 — 97027672% — 2870304z + 1937664
82  —840x" + 73452® — 265927 + 543922° — 708562° + 61780x*
—3632023 + 1393622 — 3168z + 324
82  —696z7 + 47772% — 11360x" + 141842° — 1010425 + 3868z*
—480x% — 14422 + 322 + 4
88 104448z — 45884x® + 15391227 — 3315722° — 3522362°
+1012380x* — 89272823 + 46264522 — 131418z + 21609
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