LECTURE HALL GRAPHS AND THE ASKEY SCHEME
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ABSTRACT. We establish, for every family of orthogonal polynomials in the g-Askey scheme and
the Askey scheme, a combinatorial model for mixed moments and coefficients in terms of paths
on the lecture hall graph. This generalizes the previous results of Corteel and Kim for the little
g-Jacobi polynomials. We build these combinatorial models by bootstrapping, beginning with
polynomials at the bottom and working towards Askey—Wilson polynomials which sit at the top
of the g-Askey scheme. As an application of the theory, we provide the first combinatorial proof
of the symmetries in the parameters of the Askey—Wilson polynomials.

1. INTRODUCTION

Orthogonal polynomials are classical objects that play a central role in a wide range of areas
of mathematics. Since the pioneering work of Flajolet [12] and Viennot [22] 23] in the 1980s,
researchers have found them to possess many interesting combinatorial properties. See [8], 23] 24]
and references therein for more details.

Orthogonal polynomials can be defined as a sequence {p,, () }»>o of polynomials with deg p,,(x) =
n such that there is a linear functional £ satisfying £(py (z)pm (z)) = Kndp, m, where K, # 0. Their
moments {0, }n>0 are defined by

More generally, the mized moments {0, i }n k>0 are defined by

S L")
T Llpk(2)?)
By the orthogonality, we have

n
2" =" onkpk(),
k=0

which can be taken as the definition of the mixed moments. We also define the coefficients (or
dual mized moments) {vn k}nk>0 by

n
pn(z) = Z Vp ra®.
k=0

Viennot [22] 23] found a combinatorial interpretation for o,, 5, using Motzkin paths. To illustrate,
suppose that {p,(z)},>0 is a sequence of monic orthogonal polynomials satisfying the 3-term
recurrence

Pnt1(®) = (= bp)pn(z) — Anpn—1(x).
A Motzkin path is a path on Z? from (a,b) to (c,d) consisting of up steps (1,1), horizontal steps
(1,0), and down steps (1,—1) that never go below the line y = 0. The weight w(p) of a Motzkin
path p is the product of the weights of the steps in p, where the weight of an up step is always 1,
the weight of a horizontal step at height k is bg, and the weight of a down step starting at height
k is A\,. Viennot showed that oy, 1 is the sum of w(p) for all Motzkin paths p from (0, 0) to (n, k).
For example,
031 = b3 + boby + b + A1 + A2
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FIGURE 1. The Motzkin paths from (0, 0) to (3, 1) and their weights. The weights
of horizontal and down steps are indicated.

is the generating function for all Motzkin paths from (0,0) to (3,1) as shown in Figure |1} Using
this combinatorial interpretation for o, ; one can show that the moments of Hermite, Charlier,
and Laguerre polynomials are generating functions for perfect matchings, set partitions, and per-
mutations, respectively. Viennot also found a combinatorial model for v, , using lattice paths
called Favard paths.

There is a natural way to extend univariate orthogonal polynomials to multivariate orthogonal
polynomials using bialternant formulas. In the expansion of the multivariate orthogonal poly-
nomials (resp. Schur polynomials) in terms of Schur polynomials (resp. multivariate orthogonal
polynomials), the coefficients are given as determinants of v, ; (resp. o, ). Therefore one may
ask whether the Lindstrom—Gessel-Viennot (LGV) lemma [I5] (see also [I, Chapter 32]) can be
used to find an interpretation for the Schur coefficients using nonintersecting paths. However,
neither Motzkin paths nor Favard paths give such a model, since their underlying graphs are not
planar. One of the motivations of this paper is to find a planar graph that provides a lattice
path interpretation for the mixed moments, so that it can be extended naturally to multivariate
orthogonal polynomials.

Corteel and Kim [7] introduced the lecture hall graph in which paths are in natural bijection
with lecture hall partitions and anti-lecture hall compositions. Lecture hall partitions with n
nonnegative parts were originally defined in the enumeration of certain affine permutations coming
from the affine Coxeter group C, [B]. They also have many connections with other combinatorial
objects; see [20] for example.

Corteel and Kim [7] found a path model in the lecture hall graph for both mixed moments and
coefficients of the little g-Jacobi polynomials. A nice feature of their combinatorial model is that
it can be extended to give a tableau model for multivariate little g-Jacobi polynomials. Their
discovery of the combinatorial model for little g-Jacobi polynomials, however, was somewhat by
accident, because the coeflicient v, ;, of the little g-Jacobi polynomial happens to be equal to a
formula, previously established in [9], for a generating function for truncated lecture hall partitions.

The goal of this paper is to develop a general interpretation of the mixed moments o, and
the coefficients v, ; of orthogonal polynomials as generating functions for paths in the lecture
hall graph. We show that it is not a coincidence that paths on the lecture hall graph and little
g-Jacobi polynomials are related. In fact, we prove that the relation is much stronger and that
the orthogonal polynomials in the whole ¢-Askey scheme [I8] can be studied this way.

We give a simple algorithm to construct a possible candidate giving a lecture hall path interpre-
tation for both coefficients and mixed moments of orthogonal polynomials. This algorithm allows
us to rediscover the lecture hall path interpretations for the little g-Jacobi polynomials without
any prior knowledge of the generating function for truncated lecture hall partitions.

Our main result may be summarized in the following “meta” theorem. This is deliberately
quite vague for now. The purpose of our manuscript is to develop the tools and results necessary
to make it precise.

Theorem 1.1. For every family of polynomials in the q-Askey scheme and in the Askey scheme,
the mized moments and coefficients have combinatorial models on the lecture hall graph.

For example, Theorem [4.24] gives a combinatorial model for the mixed moments of the Askey—
Wilson polynomials, and Proposition 2.8] together with this provides a model for their coefficients.
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For certain polynomials in the ¢-Askey scheme, we can give different models: some will be just
on the lecture hall graph of finite height; others will be on the graph of infinite height. For the
polynomials in the g-Askey scheme, the models with finite height have the benefit that we can
take the limit ¢ — 1 and those with infinite rows give a combinatorial model for the formal power
series expansion of the mixed moments and the coefficients.

Here are some advantages of our lecture hall graph models. The first advantage of this method
is that it gives a combinatorial model for the mixed moments and the coefficients with the same
graph model, where southeast paths are used for mixed moments and northeast paths without
consecutive east steps are used for coefficients. Note that Viennot’s combinatorial models do not
have this uniform property because Motzkin paths and Favard paths have different underlying
graphs.

The second advantage is that it has a nice relationship with the ¢-Askey scheme. We start with
the Stieltjes—Wigert polynomials and we establish simple lemmas that let us go up in the scheme.
The only family that needs to be treated as a special case is that of the continuous g-Hermite
polynomials.

The third advantage is that, since the lecture hall graph is planar, our combinatorial models can
be naturally extended to study multivariate orthogonal polynomials using the Lindstrom—Gessel-
Viennot lemma, which is not possible for Viennot’s model. This was done in [7] for little g-Jacobi
polynomials and we can now generalize this to the whole ¢-Askey scheme. In a forthcoming
paper, we will give applications of our combinatorial models to multivariate versions of orthogonal
polynomials, total positivity, and random matrix theory.

The last but not least advantage is that it gives a combinatorial model for the mixed moments of
Askey—Wilson polynomials. Using this model we give the first combinatorial proof of the symmetry
of the parameters a, b, ¢, d in the Askey—Wilson polynomials, which until now has been understood
only analytically. We note that there is a combinatorial model, called staircase tableaux, for
moments of Askey—Wilson polynomials with some reparametrization of a,b,c,d to a, 3,7, d; see
[I1] and [I0]. It is known that the new parameters a, 3,7,0 are also symmetric, but finding a
combinatorial proof is still open.

The paper is organized as follows. In Section[2] we define the lecture hall graph and we introduce
mixed moments relative to different bases. In Section[3]we prove useful properties of the lecture hall
graph, which will be used throughout the paper. In Section[d] we find weight systems for the mixed
moments of Stieltjes—Wigert polynomials, g-Bessel polynomials, little g-Jacobi polynomials, big
g-Jacobi polynomials, and Askey—Wilson polynomials, using a bootstrapping method. In Section [f]
we give another bootstrapping method to find a lecture hall graph model for mixed moments of
Askey-Wilson polynomials relative to continuous g-Hermite polynomials. In Section [ we give
another combinatorial model for mixed moments of Askey—Wilson polynomials. Using this model
we give the first combinatorial proof of the symmetry of a, b, ¢,d in Askey—Wilson polynomials.

Finally, we remark that our method can also be applied to all orthogonal polynomials in the
g-Askey scheme and in the Askey scheme. The remaining orthogonal polynomials will be covered
in a forthcoming paper.

2. PRELIMINARIES

In this section we give basic definitions and lemmas on the lecture hall graph. We then define
mixed moments and coefficients of orthogonal polynomials relative to other bases. We will follow
the standard notation of basic hypergeometric series; see for example [14].

2.1. Lecture hall graphs. The lecture hall graph was first introduced by Corteel and Kim [7]
in their study of little g-Jacobi polynomials. It has further been studied in [6] and [5].
For nonnegative integers t,4,j with j < i, we denote

¢ , J
Co=1,t+ - € Z x Q.
v ; (z +z+1> Q
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FIGURE 2. The lecture hall graph G.

Definition 2.1. The lecture hall graph is the (undirected) graph G = (V, E), where

V =A{uv};:t,i,j € Z»0,0 < j <i},

E = {(vf j,vi j41) 1 t,0,] € L>0,0 < j < i} U{(v] ,v41;) : b4, € L0,0 < j < i}
Here, v!,, is defined to be v{}'; see Figure |2 I

We consider three kinds of steps:
e an east step is a directed edge of the form (v} ;, vy i1 4)ing,

e a north step is a directed edge of the form (vj ;, Z fir1) or (vig, v%l),
e a south step is a directed edge of the form (v} ;,v}; ;) or (vf, vi;").
For two vertices u and v in G, a path from u to v is a sequence (vg, v1,...,v,) of vertices of G

such that vg = u, v, = v, and each (v;,v;+1) is an east, north, or south step. We also consider
a path from v € G to v = (a,00), which is a sequence (v, v1,v2,...) of vertices of G such that
vo = U, limy, 00 v, = v, and each (v;, v;41) is an east, north, or south step. Similarly, a path from
u = (a,00) to v € G is a sequence (..., vs,v1,vg) of vertices of G such that vy = v, lim, 0 v, = u,
and each (v;41,v;) is an east, north, or south step.

Let SE(u — v) denote the set of paths from u to v in G consisting of south and east steps.
We also define NE*(u — v) to be the set of paths from u to v in G consisting of north and
east steps with no consecutive east steps. Here, consecutive east steps means a pair (sq, 32) of
steps of the form s, = (v} v}, ;) and sy = (v}, ;,v},,;). For example, in Figure (3| the
path p; € SE((1,00) — (5,0)) has consecutive east steps (v3 4,03 5) and (v3 4, v ,) but the path
p2 € NE*((1,0) — (5,00)) does not have any consecutive east steps.

Paths in SE(u — v) or NE*(u — v) are closely related to lecture hall partitions. To describe
their connection we need some definitions.

A lecture hall partition is a nonnegative integer sequence A = (A1,...,\,) such that
A > A2 > > ﬁ
n _ n-—17 -1
An anti-lecture hall composition is a nonnegative integer sequence o = («, ..., ay,) such that
a1 > @2 > > —
1 = 2 n

As variations of the above objects, we consider the set AL,, ;, of truncated anti-lecture hall com-
positions and the set RL;, , of truncated strict reverse lecture hall partitions defined by

Qp41 > A2 >...> L
k+1 7~ k42 n

Pk+1 Pk+2 Pn
RLnk—{(Pk+17~-~>Pn)i k;l < k'++2 <"'<}.

ALn,k:{(ak+17--~7 )

n
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FIGURE 3. A path p; in SE((1,00) — (5,0)) and a path ps in NE*((1,0) —
(5,00)).

Now we define a map ¢, which sends a path to a sequence of integers. Suppose that p is a path
from (k,a) to (n,b) for some k,n € Z>o and a,b € Z>oU{oo}. For i =k+1,...,n, suppose that
the east step of p between z = ¢ — 1 and x = 7 is the a;th east step among all east steps between
r =1—1 and z =i from the bottom. In other words, if the east step of p between z =7 — 1 and
x=iis (vj_, ;,vi;) in G, then a; = ti + j. We define ¢(p) = (g1, ...,ay). For example, if p;
and py are the paths in Figure |3 then ¢(p1) = (4,5,6,3) and ¢(p2) = (0,1,7,12). This map gives
natural bijections from paths in a lecture hall graph to truncated anti-lecture hall compositions
and truncated reverse lecture hall partitions.

Proposition 2.2. The map ¢ induces the following two bijections:

¢ : SE((k,00) = (n,0)) = ALy, g,
¢ : NE*((k,0) — (n,00)) = RLy, ;.

Proof. Let p € SE((k,00) — (n,0)) and ¢(p) = (g41,.-.,0n). By the construction of ¢, for
i=k+1,...,n,if the east step of p between z =i — 1 and = =i is (vj_; ;, v ;), then a; = ti +j.
Since a;/i = t + j/i is the y-coordinate of the starting point ’Uf_ljj of this east step, we have
T > 5 > > % Thus (agga,- .., an) € ALy . Conversely, for (agi1,...,an) € ALpy,
we can reconstruct p € SE((k,00) — (n,0)) using the relations ¢t = |«;/i] and j = o; — i |a;/1].

This shows the first bijection. The second bijection can be proved similarly. O

Our main goal is to find combinatorial models for mixed moments o, ; and coefficients v, . of
orthogonal polynomials. We will see later in Proposition that a combinatorial model for o, i
using SE(u — v) immediately gives a combinatorial model for v, ; using NE*(u — v), and vice
versa. Hence, in this paper we will mostly consider the set SE(u — v) rather than NE*(u — v).
For brevity, we will write p : u — v to mean p € SE(u — v).

A weight system is a function w that assigns a weight w(s) to each east step s = (vf7j,vf+17j)
in G. We denote

w(t7 Z7.7) = ’LU(’UEJ-, ’U;—&-l,j)'
In other words, w(t;, j) is the weight of the jth east step from the bottom, where the bottommost
one is the Oth step, among the east steps in the region {(z,y) : i <z <i+ 1,t <y <t -+ 1}; see
Figure [4l Given a weight system w, the weight w(p) of a path p is defined to be the product of

the weights of all east steps in p.
The following definition will be used throughout this paper.
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FIGURE 4. An illustration of w(¢;1, j).

Definition 2.3. For a weight system w and two nonnegative integers n and k, we define

k= > w(p),

peSE((k,00)—(n,0))

en k= Z w(p).
pENE*((k,0)—(n,00))

By definition, we have hy', =€, =0ifn <k and hy, = = 1. Note that h;}, and e}
generalize the homogeneous symmetric function
hn(SC(),l‘l,...) = Z l‘iol‘il "'l‘in71

0<ip<i1 < <ip_1
and the elementary symmetric function
en(z0,21,...) = Z TigTiy -+ Ti,
0<ip<i1 < <ip_1
in the following sense: if w is the weight system defined by

if =0

0 otherwise,

then we have
ho(z0, 21,5 ..) = hy) o, en(Z0,21,...) = €3 o
The quantities h;, and e}, are dual to each other in the following sense.

Lemma 2.4. We have the matriz identity

(B )0 = (1) e )2g)

Equivalently, for n > m, we have

Zh )Tl = Gnm-

Proof. The equivalence of the two identities is immediate from the fact that (h; ;)7 —o is lower
triangular. Thus it suffices to prove the second identity. Since this identity is clearly true for
n = m, we assume that n > m. We follow the argument in the proof of [, Proposition 3.5].

By Proposition we can write

Zh )T, = Y Wip,a), (2.1)

r=m (p,a)eX
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where X is the set of pairs (p, ) of nonnegative integer sequences p = (Pm+1, Pm+2,- - -, Pr) and
a = (Qpy1,Qrt2,...,ap), for some 7, such that
Pm+1 M<...<&’ %2@2...2%’ (2.2)
m+1 m+2 r r+1 " r+4+2 n

and W(p, a) is defined by

T n

Wp,a) = (1™ [[ wilesfilsisoi—ilp/i)) T] wllas/i]sisai— i lai/i)).

i=m-+1 i=r+1

We define a sign-reversing involution on X as follows. Suppose that (p,«) € X is given as
in (2.2). If apy1/(r+1) < p./r, then let o = (pr,@rq1,...,an) and p' = (Pmt1,-- -5 Pr—1)s

and otherwise let o' = (apy2,...,a,) and p' = (pm+1,---,Prs@rr1). Then (p/,a) € X and
W(p',o/) = =W (p,a). It is easy to check that the map (p,a) — (p',a’) is a sign-reversing
involution on X with no fixed point if n > m. Thus (2.1)) is equal to 0 and the proof is completed.

U

The following simple lemma will be used frequently in this paper.

Lemma 2.5. Suppose that w and w' are weight systems such that w'(t;4,j) = C; - w(t;4,7) for all
t,i,j € Z>o with 7 <i. Then

’
g,k == Cka+1 e Cn,1 . h% I’

)

Proof. This follows from the observation that

Y= > w'(p)

pESE((k,00)—(n,0))
= > CiCg1 -+ Crno1w(p) = CChp1 - Cry - hY
PESE((k,00)—(n,0))
because every p € SE((k,00) — (n,0)) has exactly one east step between x =i and z =i + 1 for
i=kk+1,...,n—1 O

2.2. Mixed moments relative to other bases. Recall that the mixed moments {0y, k }n k>0 of
orthogonal polynomials {p,(z)}n>0 with respect to a linear functional £ are defined by

L(z"pr(x))

O—Hk = T A oy i
T L(pe(2)?)
or equivalently,

n
2" =" onipr().
k=0

By abuse of terminology, we extend the definition of the mixed moments o, ;; to polynomials that
are not necessarily orthogonal polynomials.

Definition 2.6. Let {p,(x)},>0 be a sequence of polynomials with degp,(z) = n. The mized
moments {0k }n k>0 and the coefficients {vn k}n k>0 of {pn(2)}n>0 are defined by

n n
" = Zgn,kpk(x)a pn(x) = Z Vn,kxk-
k=0 k=0

More generally, we also define mixed moments and coeflicients by choosing a basis other than
{z" }n>0.

Definition 2.7. Let {p,(z)}n>0 and {g,(2)}n>0 be sequences of polynomials with degp,(z) =
degqn(xz) = n. We define the mized moments {on k}nx>0 and the coefficients {vy i tn k>0 of
{pn(2) }n>0 relative to {g,(x)}n>0 by

Qn(x) — ZUn,kpk($)7 pn(m) = Z Vn,qu(m)-
k=0 k=0
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Note that the original mixed moments {oy, k}n x>0 of {pn(2)}n>0 are the mixed moments of
{pn () }rn>0 relative to the standard basis polynomials {"},,>0. Note also that, by definition, the
mixed moments {o, ; }n k>0 and the coeflicients {vy, i n k>0 of {Pn(x) }n>0 relative to {g, () }n>0
are the entries of the change-of-basis matrices between the two bases {p,(x)}n>0 and {g,(x)}n>0
of the space of polynomials. Therefore the two matrices (0, )5 x—o and (Vn k)5 x—o are inverses
of each other. By this fact and Lemma [2.4] we obtain the following proposition.

Proposition 2.8. Let o, and vy, 1 be the mized moments and coefficients of polynomials {pn () }n>0
(with respect to some basis {qn(x)}n>0). If w is a weight system such that

Tk = Ny ks n>k>0, (2.3)
then
Ung = (=1)""Fe n>k>0. (2.4)
Conversely, if w is a weight system satisfying (2.4), then (2.3) also holds.

Proposition implies that if we have a lecture hall graph model for o,, ;, then the same weight
system also gives a lecture hall graph model for (—1)""*v,, , and vice versa. Therefore we will
henceforth only focus on finding a lecture hall graph model for the mixed moments o, j.

By the following lemma with b, (z) = ", we can use the mixed moments {y, x }n k>0 relative
to {gn(z)}n>0 as an intermediate step to study the original mixed moments {oy k }n k>0-

Lemma 2.9. Let {p,(2)}n>0, {gn(®)}n>0, and {b,(z)}n>0 be sequences of polynomials with
degp,(x) = degqn(z) = degb,(z) = n and let

bn(x) = onipr(z),
k=0

bn(x) = ZTn,qu(‘T)v
k=0

() = G rpr(@).
k=0

Then we have
n
On,k = E Tn,'r'&r,lv
r=k

Proof. Observe that

Z Un,kpk(x) = bn(x) - Z Tn,rqr(x) = Z Tn,r Z 5r,kpk($)'
k=0 r=0 k=0

r=0

Since {pn(x)}n>0 is a basis of the polynomial space, we obtain the lemma. O

We note that an equivalent statement of Lemmal2.9} for the case that {p, (z)}n>0 and {gn () }n>0
are orthogonal polynomials and b, (z) = 2™, has been proved in [I7, Proposition 2.2]. Lemma
allows us to find a lecture hall graph model for o, ; using those for 7, ;, and 6, ;. To give a precise
statement we introduce some definitions.

Definition 2.10. The height of a weight system w is the smallest integer £ such that w(¢;i,5) =0
for all ¢ > ¢. If there is no such integer, the height of w is defined to be co. For a weight system
w® of height ¢ < co and any weight system w®, we define w™® 1w to be the weight system
obtained by adding w® on top of w™), that is,

w (54, §) ift < ¢,

O Lw®) (¢4, §) =
(W 0w (5i,) {wwa—z;i,j) ite >
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Lemma 2.11. Let 0y, i, Tn i, and 0,k be given as in Lemma . Suppose that w) is a weight
system of finite height with hﬁf,i) = Ty ond that w® is a weight system with h}l”},? = 0p,k. Then

(D) (2
hg,k w :Un,k-

Proof. Let ¢ be the height of w). Since
w® L@
S =Y @ L))

p:(k,00)—(n,0)

n

Z Z w(Q) (p) Z w(l)(p) = ZTn,ré'r,ky
r==k

r=k \p:(k,00)—(r,0) p:(r,€)—(n,0)

(D)@
we have h%, """ = gy, . O

For a sequence d = (dg,d1,ds, .. .), define
(z|d)" = (x —do)(x —dy) - (x — dp—1).

We will call the mixed moments &, relative to {(x|d)"},>0 the factorial mized moments. In
most cases we will consider the original mixed moments o, i, the factorial mixed moments &, j
for some (x|d),, and the mixed moments relative to the continuous ¢-Hermite polynomials.

3. PROPERTIES OF WEIGHT SYSTEMS

In this section we prove useful properties of weight systems of height 1 and weight systems of
infinite height. Firstly, we consider weight systems of height 1. In this case our lecture hall graph
model is equivalent to a special case of the planar network of Fomin and Zelevinsky [I3]. Using
their result [I3, Lemma 6], given a lower unitriangular matrix (Onk)ok—o> one can deduce that
there is a unique weight system w of height 1 satisfying hy), = oy, k. We give an explicit formula
for the weight system w using minors of the matrix (o k)50

In the case of weight systems of infinite height, there can be many weight systems w satisfying
hy . = on k. We provide a simple algorithm to discover a weight system of infinite height. Although
our algorithm does not always produce a correct weight system, it does provide a valid one for
all orthogonal polynomials in the ¢g-Askey scheme except for the case of the continuous g-Hermite
polynomials. In particular, this algorithm allows us to discover systematically the weight system
for the mixed moments of little g-Jacobi polynomials in 7], which was first discovered “by accident”
when they happened to come across the results in lecture hall partitions [9]. Furthermore, this
algorithm can also be used to discover weight systems for big g-Jacobi polynomials and Askey—
Wilson polynomials in this paper. We also provide various recurrences for weight systems which
can be used to prove that a given weight system w indeed satisfies h, , = o k-

3.1. Weight systems of height 1. In this subsection we will show that weight systems of height
1 are particularly useful because their weights are uniquely determined by h;}, and they can
be used to build other weight systems. Observe that the lecture hall graph of height 1 can be
identified with a staircase grid as shown in Figure [5} This implies that the total number of paths
p: (k1) = (n,0)is (}).

In order to show the uniqueness for a weight system of height 1, we introduce some notation.
Given a matrix A = (a;,;)75_0, let A, (7, j) denote the minor of A with row indices 7,i+1,...,i+r—1
and column indices j, 5+ 1,...,5+7— 1.

Proposition 3.1. Let {a, i }n>k>0 be a triangular array of indeterminates and let A = (an k)n.k>0,
where ank =0 if n < k. Then there is a unique weight system w of height 1 satisfying hy ;. = ank
for all n > k > 0. Moreover, each w(0;1,7) is the rational function in the indeterminates ay, j
given by

Ajt1(i—35+1,0)4,(i —4,0)
Ai(t—j+1,0)4,1:1(i — 7,0)°

w(0;i,5) = (3.1)
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0 1 2 3 4 ) 0o 1 2 3 4 5

FIGURE 5. A path in the lecture hall graph of height 1 and its corresponding
path in the staircase lattice.

0 1 2 3 4 5 6

FIGURE 6. The unique family of nonintersecting paths from (0,1), (1,1),(2,1) to
(4,0), (5,0),(6,0).

Proof. Suppose that w is a weight system of height 1 satisfying h;, = a, for all n > k > 0.
Then, by the LGV lemma,

r—1k—1
A (k,0) = H H w(0;a + b, a), (3.2)
a=0 b=0

because there is only one nonintersecting family of paths from (0, 1), (1,1),...,(r—1,1) to (k,0), (k+
1,0),...,(k+r—1,0). More precisely, for 0 < a < r — 1, the unique path from (a,1) to (k+ a,0)
has the east steps of weights w(0;a,a), w(0;a + 1,a),...,w(0;a + k — 1,a). See Figure |§| for an
example. By substituting into the right-hand side of , we get the left-hand side of
B1). 0

Remark 3.2. Our path model also has a close connection with totally positive matrices. Fomin
and Zelevinsky [I3] showed that a square matrix A is totally positive if and only if every “initial”
minor is positive. Moreover, they showed that in this case there is a unique weight system on a
certain planar graph that gives a combinatorial meaning to the (4, j)-entry of A. Our path model
of height 1 for the mixed moment o, is the unique weight system of Fomin and Zelevinsky for
the lower unitriangular matrix (o, )5 —o- As an application we obtain a total positivity of the
matrix of the mixed moments (and also for the coefficients) of the big ¢-Jacobi polynomials with
some reparametrization. More details will be given in our forthcoming paper.

Remark 3.3. Nakagawa et al. [I9] used a lattice equivalent to a weight system of height 1 in
their study of Macdonald’s ninth variation of Schur functions.

The following proposition shows that given an array {a, }, finding a height 1 weight system w
with hn L = Qn k is equivalent to the same problem with en r = an. - Hence, by Proposition
there is also a unique weight system w of height 1 such that e nk = On,k-

Proposition 3.4. Let w be a weight system of height 1. Define the weight system w of height 1
by w(0;4,7) = w(0;i,i — j) for 0 < j <i. Then

w w W
h k*e ko Cnk = Mn k-
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(k1)
T (n,0)
-
Vkk=1 -
(0

FIGURE 7. The beginning of a path p : (k,1) — (n,0) is drawn as in the first
diagram if it has an east step of maximum height, which has weight w(0; k, k).
Otherwise, p is drawn as in the second diagram.

Proof. By Proposition we have

n—1
W= [ w05, Aisr),

AEX i=k
where X is the set of integer sequences A = (Ag+1,-..,A,) such that
Akl o Akg2 An
1> > > >—2>0.
k+1 " k+2~ — n —
Similarly,
el = Z H (054, prit1),
neyY i=k
where Y is the set of integer sequences u = (fg+1, - - -, fbn) such that
He+1 Hk+2 Hn
0<——< << — <L
“k+1  k+2 n
For A € X, define ¢)(\) = p by p; =4 —1— X;. Tt is straightforward to check that ¢ : X =Y
is a weight-preserving bijection, which implies the desired identity. O

The following two lemmas give recurrences for h;,, which can be used to prove an identity of
the form o, , = hy

Lemma 3.5. Let w be a weight system of height 1. We have
hy e = w(0; kak)hw 1T hn 1k—1
where w'(0;4,7) = w(0;i + 1,7) fori,j € Z>o.
Proof. Since w is of height 1, we have
:ﬁk = Z w(p)
pi(k,1)—(n,0)

Consider a path p: (k,1) — (n,0). If the first east step of p is the kth east step from the bottom,
then p passes through vg 1k Otherwise p passes through v%k_l as shown in Figure |7l Thus,

hpp=wOk k) > w)+ Y w). (3.3)
p:v2+11k—)(n,0) p:vgykilﬂ(n,o)

Now consider a path p : vk x_1 — (n,0). Note that p is determined by its east steps Let
pod k—1 — (n—1,0) be the path obtained from p by replacing each east step (v? i vY, )
of p by an east step (v9_; s ?]) as shown in Figure l By construction, we have w(p) = w'(p’).



12 SYLVIE CORTEEL, BHARGAVI JONNADULA, JONATHAN P. KEATING, AND JANG SOO KIM

(k1)

(n—1,0)

FI1cURE 8. The correspondence between a path p : v%k_l — (n,0) and a path
Py — (n—1,0).

Since the map p — p’ is a bijection from the set of paths p : v27k_1 — (n,0) to the set of paths
p vg_Lk_l — (n—1,0), we have

’

Z w(p) = Z w'(p') = Py 1 -1 (3.4)

PR 1 —(1,0) PRy g —(n—1,0)
The lemma then follows from (3.3) and (3.4). 0

Lemma 3.6. Let w be a weight system of height 1. We have
w w ’UJ+
n,k — (07 n— 17 O)hn—l,k + hn—l,k—h
where w(0;4,5) = w(0;i+ 1,5+ 1) fori,j € Z>o.
Proof. This can be proved similarly as in the proof of Lemma [3.5] except that we consider the last

east step of p: (k,1) — (n,0) instead of the first east step. O

Using Lemma we can prove the following proposition, which states that a weight system for
mixed moments can be obtained from a weight system for factorial mixed moments by adding a
weight system of height 1 at the bottom.

Proposition 3.7. Fiz a polynomial sequence {p, (x)}n>0 with deg(p,(z)) =n. Let op i and G,k
be the mized moments and the factorial mized moments of {pn(x)}n>0, i.e.,

n n
" = Zgn,kpk(x), (zld)" = fon,kpk(ff)-
k=0 k=0
Suppose that &y, ) = hf’k for a weight system w. Then oy = h) ., where w is the weight system

defined by
.. d; ift=0
ti,j) =14 2 ’
w(t:i, J) {w(t—l;z’,j) ift>1.

Proof. By Lemma [2.17] it suffices to show that

o = 3 B (eld), (35)
k=0
where w; is the weight system of height 1 defined by w(0;¢,7) = d;. We will prove this by
induction on n.
If n = 0, then k£ = 0 and both sides of are equal to 1. Let n > 1 and suppose that
holds for n — 1. By Lemma |3.6

+
w1 __ w1 Wy
hn,k - dohnfl,k + hnfl,kfl‘
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Then, by the induction hypothesis,

n n—1 n
Zh:,lk(mld)k :dOZhgllk({Ek}l .T—do Z 1k 1 x|d+)
k=0 k=0 k=1
= do.’L’n71 + (x — do)x -1 = x’ﬂ7
where d* = (dy,ds, ...). Thus (3.5) also holds for n. 0

3.2. Weight systems of infinite height. In this subsection we consider weight systems of
infinite height. To see the difference between weight systems of infinite height and those of height
1, suppose that given a triangular array {a, i }n>k>0 we want to find a weight system w such that
hy . = ank- If wis a weight system of height 1, then it is uniquely determined and we can use the
formula in Proposition to get the weight system. If, on the other hand, w is of infinite height,
the weight w is not uniquely determined in general. How can we find such a weight system then?
We propose the following algorithm to construct a possible candidate w.

Algorithm 1 (Finding a weight system of infinite height). Fix a monomial ordering for the
monomials of the parameters in {ay i }n>k>0. Define a weight system w such that the weight of
the jth east step from the bottom between £ = n — 1 and = n to be the jth term of ay n—1
according to the monomial ordering.

It may seem too optimistic to hope that such a simple algorithm provides a correct weight
system. However, this algorithm gives a valid weight system of infinite height for all orthogonal
polynomials in the ¢-Askey scheme except the continuous g-Hermite polynomials. Once we have
a candidate weight system w explicitly constructed via this algorithm, we can prove the identity
hy . = an,k using recursions such as the one in the following lemma.

Lemma 3.8. For any weight system w and a positive integer £, we have

n

w 72: wp wi
n,k — hn rhrka
r==k

where wy s the weight system of height £ defined by

.. w(t;i,7) ift <,

and w] is the weight system defined by wj (t;i,7) = w(t + £;1, ).

Proof. Consider a path p: (k,00) = (n,0). Let r be the largest integer such that p passes through
(r,€). Then we can decompose p as p = p1ps, where p; : (k,00) — (r,¢) and ps : (r,£) = (n,0),
and po starts with a south step. Thus,

ﬁ,k = Z w(p)

p:(k,00)—(n,0)

=y > wm) > w(p2)

r=Fk p1:(k,00)—(r,0) p2:(r,€)—=(n,0)
p2 starts with a south step

= Z Z w? (p1) Z we(p2)

r=k p1:(k,00)—(r,0) p2:(r,€)—(n,0)
= Z hehl O

If there is a weight system w; of height 1 and a weight system w of infinite height with the
“shifting property”, which is given in (3.6) below, we can construct a weight system of any height.
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Proposition 3.9. Suppose that {0,k }n k>0 satisfies
On,k = h:f,lc = hz,lkz
for a weight system wy of height 1 and a weight system w of infinite height such that
w(t;i, 5) = Ciw(0s1, 5), (3.6)
forallt,i,j € Z>o with j <i. Then, for any integer £ > 1, we have

[©)]
w
On,k = hnyk y

where w'®) is the weight system of height £ given by
iy 0 < —1
SO {6 s i<io
C; rwn (054, 5) ift=0—1.
Proof. Using the notation in Lemma [3.8] with ¢ replaced by ¢ — 1, we have

w Wp—_1 /1
mkuh h,

By (3.6), we have wZ_l(t;i,j) =w(t+0—1;i,5) = C’fﬁlw(t;i,j). Thus, by Lemma and the
assumption, we obtain

+
w/z1

0—1  0—1 b—1pw _ f—1,4—1 l—1ypwr _ pw
h C Ok+1 .Crflh'r,k - Ck Ck+l T C’rflhr,k — rik>

where w' is the weight system of height 1 defined by w'(0;4,5) = C*~'w; (054, 7). Hence,

n, k: - Z hw[ilh’gj;c
On the other hand, applying Lemma to the weight system w(®), we also have
n
W= Db
r=k

Combining the results, we obtain o, ; = hY ok = hwm O

4. A BOOTSTRAPPING METHOD FROM STIELTJES—WIGERT TO ASKEY—WILSON

In this section, we construct lecture hall graph models for the mixed moments of Stieltjes—
Wigert polynomials, g-Bessel polynomials, little g-Jacobi polynomials, big ¢-Jacobi polynomials,
and Askey—Wilson polynomials. We first find a lecture hall graph model of height 1 for the mixed
moments of Stieltjes—Wigert polynomials, and models of height 1 and infinite height for ¢-Bessel
polynomials. We then prove “expanding lemmas” (Lemma and Lemma , which turn
a weight system of height 1 to a weight system of height 2. Using the expanding lemmas, we
obtain lecture hall graph models of height 1 and infinite height for little g-Jacobi polynomials, big
g-Jacobi polynomials, and Askey—Wilson polynomials.

4.1. Stieltjes—Wigert. The monic Stieltjes—Wigert polynomials are defined by

Su(a;q) = (=1)"¢™™ ¢1< On,q, q”“x)-

The mixed moments oy, ;, and the coefficients v, ;. of Stieltjes-Wigert polynomials are given by

On,k = qk27n2+(n;k) |:Z:| )
q

_ 2_p2 n
o= O ]
q
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Hence the mixed moments of Stieltjes—Wigert polynomials are g-binomial coefficients with some
factors. The g-binomial coefficients satisfy the following recurrences:

I R S e i

We begin with two simple weight systems giving ¢g-binomial coefficients with some possible factors.

Lemma 4.1. Let w be the weight system of height 1 defined by w(0;4, ) = ¢’. Then

n,k — .
k q

Proof. Note that the weight w(0;4,j) = ¢’ is independent of i and w(0; k, k) = ¢*. Therefore, by
applying Lemma |[3.5] we obtain the recurrence

h;zu,k = qkhﬁ_l,k + h'ruz)—l,k—l
for 1 <k <n—1, which is the same recurrence as the first one in (4.1). Since Ay, and [Z]q have

the same initial conditions, namely, hi y = h,, = 1, we conclude that kY, = [Z]q. O

o
Lemma 4.2. Let w be the weight system of height 1 defined by w(0;4,j) = ¢*~7. Then
n, k .

Proof. Let w' be the weight system of height 1 defined by w’(0;4,7) = ¢~7. By Lemma
hﬁ:k = [Z]q,l = g Fn=k) mq. Since w(0;14,§) = ¢'w'(0;4, ), by Lemmaﬁ,

ok = qk+(k+1)+m+(n_l)hﬁ:k = q(n;k) {Z] . -
q

We now give a weight system for the mixed moments of Stieltjes—Wigert polynomials.
Proposition 4.3. Let w be the weight system of height 1 defined by w(0;i,5) = ¢~ *=7=1. Then

w
hn,k = On.k-

s

Proof. Let w’ be the weight system of height 1 defined by w’(0;i,j) = ¢*~/. By Lemma
"y

h};’:k = q( ) [Z]q. Since w(0;14,j) = ¢~ 2~ tw’(0;4, §), by Lemma

n,k -

Y — qf(2k+1)7(2k+3)7--»7(2n71)hgy'k _ qk%n%(";’“) {Z] = O 0
q

Since oy, 1 is a polynomial in ¢, we do not consider its weight system of infinite height.

4.2. g-Bessel polynomials. The (monic) g-Bessel polynomials (also known as alternative gq-
Charlier polynomials) are defined by

—n

1 q " —aq".
(—1)”q_(g)(—aq";q)n2¢1 ( 0 e > . (42)

Let o? ,(a;q) and v, (a;q) denote the mixed moments and the dual mixed moments of the g-
Bessel polynomials:

(5 05q) =

n

n
2t =Y op (@ gpr(xaiq),  pa(wiaiq) =Y vh (e q)at.
k=0 k=0

These quantities have simple product formulas.
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Proposition 4.4. We have

by | 1 _[n] (—ag;q)2k
ohaton = ||| e = [ s o
b ol ) — (1 k(") {”} 1 — (_1\yn—k ("3%) {n} (—G;Q)nﬂﬂ. .
vak(a:0) = (=17 k|, (=aq" ™ q)n—k (=" k], (—a;q)2n (4.4)
Proof. By (4.2), we have
1 (" @)e(—aq™; @)k 4

Vo r(a;q) =

)

(—1)"(]7(721)(—(1(]”;(])” (Q; Q)k
which is equivalent to (4.4). To prove (4.3) let a, x and b, ; be the right hand side of (4.3) and
(4.4)), respectively. Then it suffices to show that

m
> bin.jtjn = .
§=0

Since the above sum is 0 if m < n, we may assume m > n. Then

Zb g 0 (—aq; q)2n i(_nm—jq(m;j) {mL [ﬂ M

—a; q)gm i=n ] q (_aqa Q)n+j
(_aa Q)ern m — mon q—m-‘rn’ _aqm-‘rn
= Cadom |n q(—l)m ”q( 2 )2¢1 _agntt 94
_ (—a; Q) mtn [m} (‘Um_”q(m;n) (g~ ) .
(—a;@)2m 0], (*an"“,q)m_n ’

where the following identity [14} (1.5.2)] is used:

N n) . (e/biq)n
2¢>1< o i4cq /b> T

O
We will find several weight systems for afL’ w(a;q). We first give a weight system of height 1.
Proposition 4.5. Let w be the weight system of height 1 defined by
¢’ (1+aq’)
(14 agti)(1 + agititl)’
Then the mized moments of the q-Bessel polynomials are given by
UZ,k(a; q) = h:ﬁk-
Proof. Let us write hy, = h;; (a). By Lemma

W () = w(0; k, k) (@) + hey 4 (a).

Since w’(0;4, j) = w(0;i+1, j), which is equal to w(0; 7, j) with a replaced by ag, we have h}l":k(a) =
hy 1.(aq). Thus

w(0;4,7) =

¢"(1+ag) .,
(14 ag®*+1)(1 + ag?*) "~
By induction, it suffices to show that O’ZJC(G; q) also satisfies the same recurrence, where the
initial conditions are hY ,(a) = 0¥, ,(a;q) = 1if n =k, and b, (a) = o}, ,(a;q) = 0 if n < k. By
. the recurrence we need to establish is

m ((—aq;q)zk ¢ (14 aq®) {n— 1] ( (—aq®; q)2k N {n— 1} ((—aq2§Q)2k—2

kl, ko, (-ad® @)pin—1 [k —1],(=aq* @)n+r—2’

nk(a) = 1x(aq) +hy 1 1 (aq).

—aq; Qntr (1 +ag® 1) (1 + ag?)
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or equivalently,

(1+aq2’“){2] q’“(Haq’“){nk 1L+ (1+aqn+’“)[2:ﬂq~

q
This follows from the two recurrences in (4.1J). O

To find a weight system of infinite height for Uf%k(a; q), we need some lemmas. The following
lemma allows us to find a weight system of infinite height for {oy, k }n k>0 if a certain recurrence
is satisfied.

Lemma 4.6 (Construction of a weight system of infinite height). Suppose that {o,, i }n x>0 satisfy
the following recurrence:

n r—1
§ : w
Un,k = hn,lrahk H CZ‘.
r=k i=k

for some weight system wy of height 1. Then
On,k = hx,kn
where w is the weight system of infinite height defined by
w(t;i, j) = Cjwi(0;1, ).
Proof. Since oy, = hy;,, =1, it suffices to show that h;, satisfy the same recurrence, namely,

n

r—1
w _2 : wy W )
n,k — hn,rhr,k: H CZ'
i=k

r==k
This can be proved similarly as in the proof of Proposition hence we omit the details. O
The mixed moments az, 1 (a; q) satisfy a recurrence of the form in Lemma
Lemma 4.7. We have

r

n
n _ 2 1.2
Ufz,k(‘I?‘J) = Z (—a)’ gk Uf,k(a;Q)-
r=k - -4

Proof. By (4.3)), the identity we need to show is

{Z] q ((—G(J;Q)% _ zn: 7: (7a)r7qu2fk2 {;] q ((—aq; q)2k

—ag; nsr ST, —aq; @)rvk

The above identity can be rewritten as
n—k
ek W (A K U ey
(—ag® i q)n-r = i ], (—ag”**1:q);
This is equivalent to the following form of the ¢-binomial theorem; see [2, p. 77, Exercise 101]:

1 L 1
= ZaquZ |:n:| —_— . D
; k|, (ag; @)k

(e q)n =

We are now ready to give a weight system of infinite height for 05’% «(@;q). Note that this weight
system can be constructed using Algorithm [I] with the monomial ordering defined by ¢ < a. See
Figure [0 for the weight system in the following proposition.

Proposition 4.8. Let w be the weight system defined by

w(t;i,§) = (—ag® )¢

The mized moments of the q-Bessel polynomials satisfy

ai,k(a; q) = hf;,k-
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atqh atqt a4q20
4 aBal?
a~q
3,10 |
—a
) a3q16,
B3P —d3P —a“q”’”
3 212
a2q’ | a~q
a2t
, a2 a2qb azqi'o
4 —aq
—a
q Vm—aq'6
1 —aq | —ag® | —ag®
e
q
q
1 1 1
0
0 1 2 3

FIGURE 9. The weight system for the mixed moments of g-Bessel polynomials.

Proof. Let wy be the weight system of height 1 given by w;(0;i,j) = ¢’ so that hyl = [Z]q by
Lemma L.l We can rewrite the recurrence in Lemma 4.7 as

r—1
Zhn T rk a; q H(ianlJrl).
i=k
Then by Lemma we obtain the desired result. O

Since we have both a weight system w; of height 1 and a weight system w of infinite height for
UZ’ x> We can construct a weight system of any height using Proposition

Corollary 4.9. For a positive integer £, let wy be the weight system of height £ defined by

(t:i.) (—ag>h)tg ift<f-1,
well; 7, = —ag®t Nt gd (14ag’ .
(§+a(f;i+j))(1i¢(ij+ﬂ+l)) ift=1L0—1

Then
Uz,k(a; q) = h:zwk
Proof. The weight system w in Proposition satisfies
w(l = 1, j) = (—ag® )" w(0:4, 7).
Thus the result follows from Proposition Proposition .8} and Proposition [3.9] O

4.3. Expanding weight systems. In this subsection we prove some lemmas which allow us to
expand one row of a weight system to two rows. Here, a row means the part of a weight system
between y = ¢ — 1 and y = ¢ for some £ > 1.

See Figure [10] for the weight systems in the following lemma.

Lemma 4.10 (Expanding lemma 1). Let wy and we be the weight systems defined by

o ¢ ift =0,
1+ bg*)¢? t=0 .

ity gy = 4 AT =00 i iy = dbgti -1,

0 ift>1, 0 >0

1 = 4.
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2
bg? ba’
Al b
b bg?
1 1+b2) L ' ! q2
(14 ba)g i g 7
(1+bq) B
L4b  14bg 1408 1 1
0 + q + bq 0
0 1 2 3 0 1 2 3

F1GURE 10. Two weight systems giving the same generating functions.

Then

Yoo w) = Y wap)
p:(k,2)

p:(k,1)—(n,0) —(n,0)

Proof. Observe that w; is obtained from the weight system in Lemmau by multiplying (1 + bg)
for each step between z = i —1 and z =4 for i > 1. Thus, by Lemma[2.5]and Lemma [£.1] we have

n _
5wl =[] @b ) (15
p:(k,1)—(n,0) q
By Lemma [3.8 with ¢ = 1, we have
n
o w) =) Y. Wwm D W),
p:(k,2)—(n,0) r=k p:(k,1)—(r,0) p:(r,1)—(n,0)

where w’ and w” are the weight systems of height 1 defined by w’(0;4, j) = bg*™ and w” (051, j) =
¢’. By Lemma and Lemma again, we have

S w(p) = bR [Z} ’ > w'(p) = [n] :

p:(k,1)—(r,0) a p:(r,1)—(n,0)
Thus,

- _ _ T n
S = Sptgeos[] [
q q

p:(k,2)—(n,0) r=*k r
n] - r—k n—k
= Zbr_kq( 2 )+k(Tk)|: :|
Lkl = r—Fkj,
= ] +k7'r —k
- . ZV [ }
- 49 r=0 q

-9

where the ¢-binomial theorem is used in the last equality. By (4.5) and the above formula, we
obtain the lemma. (]

For an integer k, let xo(k) = 1 if k is odd and x,(k) = 0 otherwise. Similarly, let x.(k) = 1 if
k is even and x.(k) = 0 otherwise.

Lemma 4.11 (Expanding lemma 2). Let wy and we be the weight systems defined by
wi(t;4,5) = ai (14 bg" )¢,
w2(t; Z7]) = Q4 |t/2] (bqi)Xo(t)qj,
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where a; ; s an arbitrary quantity that depends on i and j. Then

Yoo wm) = ), wlp)

p:(k,00)—(n,0) p:(k,00)—(n,0)

Proof. Consider a path p: (k,00) — (n,0). Let t; > t2 > -+ > t,,, be the integers such that p has
at least one east step in the region {(z,y) : t; <y < ts + 1} for each s. Then the restriction of p
to this region is a path ps : (ks—1,ts + 1) — (ks, ts) starting with a south step, for some integers
k=ky <k <--+<ky=n. Observe that wy(p) = w1(p1) - - - w1(pm). Let pl, : (ks—1,1) — (ks,0)
be the path obtained by translating ps by ts units downwards. By the definition of w;, we have

wl(ps) = aksflxtsaks—1+l7ts e aks_lﬂfswi (p.l9>7

where w) is the weight system of height 1 defined by w/(0;4,j) = (1 + bq*)¢’. Therefore,

!
w1 wy
Z Z Z H H @it knukm. 1h1€m Lkm—z hkhko’ (46)

p:(k,oo)%(mO) m2>0 (t,k) \s=1li=

where the last sum is over all pairs (t,k) of tuples t = (t; > to > --- > t,) and k = (k = ko <
ky < <kpyp=n).

For the weight system ws, we consider a different decomposition of a path p: (k,00) = (n,0).
Let t1 > t3 > --- > t,,, be the integers such that p has at least one east step in the region
{(z,y) : 2ty < y < 2t; + 2} for each s. Then the restriction of p to this region is a path
Ds ¢ (ks—1,2ts + 2) — (ks, 2t5) starting with a south step, for some integers k = kg < k1 < -+ <
km = n, and we have wa(p) = wa(p1) - - - wa(pm). Let p : (ks—1,2) — (ks,0) be the path obtained
by translating ps by 2t; units downwards. By the definition of ws, we have

wQ(pS) = aksflatsa’ks—l"rlis e a’ks_lvtswé(p./s)7

where wj is the weight system of height 2 defined by

¢ if t =0,
wh(tsi,f) = { bgiti it =1,
0 if t > 2.
Therefore, we have
m ks—1

’ ’ /
. Wo Wo . Wo
Z Z Z H H al’ts hkM7km71hkmfl7k1n—2 hkhko’ (4.7)
m=0

p:(k,00)—(n,0) (t,k) \s=li=ks,_1

where the last sum is the same as in

By Lemma 4.10L we have h /k = h > for all n and k. Therefore, the right-hand sides of (| .
and (4.7 are equal, which completes the proof. O

4.4. Little g-Jacobi. Let p,(z;a,b;q) be the monic little g-Jacobi polynomial:
ag; )n ", abg" Tt
Pn(z;a,biq) = (n ) 201 (q u 1 ;q,qx) : (4.8)
(~1)nq~ () (abgn+1; ), q
We denote by Jﬁ) x(a,b;q) and Vf,k(a, b;q) the mixed moments and the dual mixed moments of
the little g-Jacobi polynomials, respectively:

= ok la,bi)pr(wsa,biq),  pa(wiabiq) =Y vk i(a,b;q)z"
k=0

k=0
The following lemma will be used to find formulas for JTLL’k(a, b; q) and I/Tﬁk(a7 b; q).

Lemma 4.12. Let {z;};>0 be a sequence of nonzero quantities. If the inverse of a matriz (a;, ;)

is (bi,j)75=0, then the inverse of the matriz (a; ;2i/zj)55=0 s (bijzi/2)75=0-

[o'e)
1,5=0
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a2b2q4 a2b2q8 a2b2q12

4
e a2bg!
—a bq ,}iizb'qm"
3 —a?bg®  —a?bg®  —abq®
8
abq5 ebq
abq7
5 abg? abg* abg
5
—ag® | —aq
L T —ag® | —ag®
q ks
0 1 1 1
0 1 2 3

FI1GURE 11. The weight system for the mixed moments of little g-Jacobi polyno-
mials.

Proof. Let D be the diagonal matrix with diagonal entries z;. Then
o —1 0o _1\—1 oo — o'}
((ai,jzi/zj)i,jzo) = (D(aid)i,j:OD 1) = D(bi,j)i,g:oD b= (bi,jzi/zj)i,jzo- u

The following result has been proved in [7, Lemma 2.5] using the ¢-Saalschiitz summation
formula. We provide another proof using Lemma because the same technique will be used
later for big g-Jacobi polynomials and Askey—Wilson polynomials.

Proposition 4.13. We have
k+1.
n aq” "5 4q)n—
or (a,b;q) = [ } (( Jnot (4.9)

k|, (abg®**2:q), 1’
k+1.

L . _ n—k "_k) n (aq 7Q)n7k
vE(a,biq) = (~1)"Fq(" H : : (4.10)

k q(abqn+k+17q)n—k

Equivalently,

ok (a,b1q) = (ag"™; ) n—rol 4 (—abg; q), (4.11)
vk e(a,b;q) = (agd" 5 @) n—ivh  (—abg; q), (4.12)

where afL k(a q) and Vn +(a;q) are the mized moments and the coefficients of the q-Bessel polyno-

mials in and .
Proof. By and , we have and ([4.12)). The equlvalence of and ) follows

from Hence we only need to prove (4.11]). Slnce onk —abg; ))nk and( ok ( abq, q))nk
are inverses of each other, we obtain (4.11) by Lemma |4.12] “ and - O

Now we give a weight system of height 1 for ¢77171€((;L7 b; q).

Proposition 4.14. Let wy be the weight system of height 1 defined by

0.0 iy — @ (L—abg (1 —agt)
wl( ,Z,]) = (1 _ abqi+j+1)(1 _ abqi“*?)-

Then the mized moments of the little q-Jacobi polynomials satisfy
or w(a,b;q) = hy.
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Proof. By Proposition [4.5] we have
oy, x(—abg;q) = )

n,k’
where
¢’ (1 - abg™")
1 — abgtit1)(1 — abgiti+2)
Observe that w1 (0;4,5) = (1 —ag"1)w}(0;4,5). Since every path from (k, o) to (n,0) has exactly
one east step between x =7 and x =i+ 1 foreach i =k, k+1,...,n — 1, we obtain

hate = (g™ nrhyy = (6" Qnkol, 1 (—abg; @) = o 1. (a, b5 q),
where (4.11)) is used for the last equality. O

Using the expanding lemma (Lemma [4.10) we obtain a weight system of infinite height for
0'57 x(a,b;q). We note that this is also discoverable by Algorithm || using the monomial ordering
q < a < b. See Figure [T1] for the weight system in the following proposition.

Proposition 4.15. [6] Let w be the weight system defined by
wlt;,3) = (~a) 12 ()12 e

= (abq2i+2)mq-j X {

Then the mized moments of the little q-Jacobi polynomials satisfy

1 if t = 2m,
—aqt ift=2m+1.

Uﬁ,k(av b;q) = hvuf,k-

Proof. By the same argument as in the proof of Proposition we obtain from Proposition

and that
ok (a,biq) = by,
where
w'(t;d,5) = (1 — ag™™)(abg*?)'¢’.
By Lemma we have hﬁ:k = hy \, where

w(tyi,j) = (abq””)“m(—aqi“)%(t)qj = (—a) ft/ﬂ(,b) Lt/2] g+ 1)t+7

as desired. (]
Remark 4.16. Using Corollary [4.9] it is possible to obtain a weight system of any height for

O’TLL’, x(a,b;q). The same method also works for big ¢-Jacobi polynomials and Askey—Wilson poly-
nomials. We omit the details.

4.5. Big ¢-Jacobi. Let p,(x;a,b,c;q) be the monic big ¢g-Jacobi polynomial:
(ag,cq; @)n q ", abg"t x
ca.b.ciq) = ’ . . 4.13
pn(zaav y G5 Q) (abq"+1;q)n3¢2 aq, cq 54,4 ( )

We denote by (77§7,€(a7 b, c; q) and uﬁk(a, b, ¢; q) the mixed moments and the dual mixed moments
of the big ¢-Jacobi polynomials, respectively:

n n
" = Z aﬁk(a, b, c; q)pr(z;a,b,c;q), pn(x50,b,¢;q) = Z Vﬁk(a, b, c; q)zk.
k=0 k=0

We will first consider the factorial mixed moments &f’) k(a, b, ¢; q) and factorial dual mixed moments
751 (a,b,¢;q) defined by

n n
(@la)” =67 (a.b,c;q)pr(z;a,b,¢59),  palwa,bc;q) =D 02 (a,b,¢ ) (x]q)",
k=0 k=0

where q = (1,¢7%,¢72,...) so that
(zl@)" = (z =& —q ") (- g ).
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Proposition 4.17. We have

58 (a.b,c;q) = (~1)"Fq(2)= () [n] (aqHE; Do (45 i (4.14)

k abq®**2;q)n—k
k+1 k+1.
~ —n n aq ,cq yq)n—k
V’f,k(a7 bv & q) = qk(k ) |:I€:| ( (abqn-‘rk-‘rl- q) ) & . (415)
q ) n—
Equivalently,
.
52 (a,b,¢:q) = (~1)" Fq) =6 (eg" Y )0k 4 (a, b ), (4.16)
75 (@b, e q) = (—1)"*q(2) =G (egh Y )i 4 (a, b ), (4.17)

where ULk(a b;q) and Vn L (a,b;q) are the mized and dual mized moments of the little q-Jacobi

polynomials given in and -

Proof. This can be proved similarly as in the proof of Proposition [4.13| By (4.13) and (4.12), we
obtain (4.15) and (4.17). The eqmvalence of (4.14) and (4.16)) follows from (4.11]). Hence, we only
need to prove [£.16). Since (o, (a, b q))n r and (v, L (a,b;q))n are inverses of each other, we

obtain (4.16) by Lemma [4.12] and O

We give a weight system of height 1 and a weight system of infinite height for 55 w(a,b,cq) in
the next two propositions.

Proposition 4.18. Let wy be the weight system of height 1 defined by
. o 7j7i17abi+1 1—a z+1 1762+1
B1(0:, ) = =2 ( ¢ .)E )( i )
(1 — abgitit )(1 — abq”‘H‘ )
Then the factorial mized moments of the big q-Jacobi polynomials satisfy
&ﬁk(a,h cq) = hflk.

Proof. This can be proved similarly as in the proof of Proposition [£.14] using that proposition and
(14.16)). O

See Figure [12| for the weight system in the following proposition.

Proposition 4.19. Let
W(t;i,7) = —(—a)TFD/A(_p) /A (—e)xe ) g+ D[E/2]=i%)

—q! if t = 4m,

cq ift=4m+1,
aq if t =4m + 2,
—acq'™? ift =4m + 3.

_ (abq2i+2)mqj %

Then the factorial mized moments of the big q-Jacobi polynomials satisfy

&,]ik(a, b,c;q) = hik

Proof. By Proposition and (4.16)) we have
&gk(aa b7 [6X q) = hrul},/k7
where
w'(t4,5) = =g~ (1= cq"™) - (—a)[P/2 (<) /2 gl DS,
By Lemma [4.11]) we can replace the weight system w’ by w, where
@(ti,5) = 7(7qu+1)xo(t)(fa)Ht/QJ/QW (fb)LLt/2J/2Jq(i+1)Lt/2J*i+j
— (—a) LD/ () L/4) (pyxo(®) g DIt/2] ik

as desired. O
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4 —abg®  —abg®  —abg?
4 —acqg®
—acq® o
e .
5 —acq® | —acq® —acq*
w0
aq aq aq
2 3
cq? “
cq cq cq
1
1 -1
e
-1 1 2
0 q q
0 1 2 3

FIGURE 12. The lecture hall graph model for the factorial mixed moments of big
g-Jacobi polynomials.

By Proposition we can construct a weight system for 0'5 x(a, b, c;q) from the weight system
@ in Proposition [4.19] by adding one row coming from the factorial basis {(z|q)"},>0 at the
bottom. Miraculoﬁsly, the new row and the bottom row of w cancel each other and the resulting
weight system is w with bottom row removed as described in the next proposition. We note that
this weight system is also discoverable by Algorithm [I| using the monomial ordering ¢ < ¢ < a < b.
See Figure [13] for the weight system in the following proposition.

Proposition 4.20. Let

w(t;i,j) = _(_a)L(t+3)/4J (_b)L(t+1)/4J (_C)xe(t)q(i+1)Lt/2J+j+1
cq if t = 4m,
aq ift=4m+1,
—acq't? ift=4m+2,
—abg'™? ift=4m +3.

= (b2 x

Then the mixed moments of the big q-Jacobi polynomials satisfy

Uf,k(a»@ cq) = hﬁ,k-

Proof. Let w' be the weight system defined by

w(t—1;4,7) ift>1
w/(t;i7j): w( 727;7) ? — )
q’ ift=0,

where w is the weight system in Proposition In other words, w’ is the weight system obtained
from w by adding the weight system w; of height 1 defined by w1 (0;4,7) = ¢~/ at the bottom as
shown in Figure By Proposition and Propositionm, we have Jﬁk(a7 b,c;q) = hg:k. Thus

it suffices to show that h}f:k =hy -
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4 abeq® abeg® abeq”
bat —abq6
_a
q | —abg®
3 —abg®? | —abg® | —abg*
4 *aC‘JG
—ac
9 —acg® | —acg® | —acg®
aq? @ ¢
a
aq aq aq
1
2 cq
cq cq cq
0
0 1 2 3

FI1GURE 13. The weight system for the mixed moments of big g-Jacobi polyno-
mials.

4 —acg® _—acq’  —acq’
aq? GQ3
ag®>
aq aa “
3
2 “
cq “ o
2
: —1
] R
: q q_2
qil q
1 1 -
0
0 1 ? 3

FIGURE 14. The weight system w’ in the proof of Propositionm

Since [(t+1)/2] = [t/2] + 1, comparing the definitions of w(t;i, ) and w(¢;4,5), we have
w(t;i,j) = w(t+ 1;4,j) = w'(t + 2;4,5) for all ¢ > 0. Thus, by Lemma [3.8| with £ = 2, we have

n
7 ’
w hw2 w
n,k — n,r o ko
r=k
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where wj is the weight system of height 2 given by

o w'(t4,5) ift <2,
wé(t;l’j):{o ift>2

Therefore, to prove h:’ k = h,, 1., it suffices to show that hn = On,r-

Let wy be the Welght system of height 1 defined by wl((),z,j) = wy(0;4,7 — j). Observe that
wy(0;4,5) = g7 = wi(054, ) and wh(1;4,j) = —¢/ 7" = —wi(0;i,i — j) = —wi(0;i,5). By
Lemma with ¢ = 1 and Lemma we have

D DY MG Vi
Then, by Proposition [3.4] and Lemma we obtain
hﬁé’ = Z hﬁ,lm(_]‘)m_’,-e%l,r = 571,7“7
m=r

which completes the proof. O

4.6. Askey—Wilson polynomials. The monic Askey—Wilson polynomials py(z;a,b,c,d|q) are
defined by

_ (ab, ac,ad; q),, q ", abedg™ Y, ae® ae=
pn(l’,a,b;cydm) = 2nan(abcdqn—1;q) 4¢3 ab, aC, ad 7q5q I (418)

where x = cosf = (¥ +e~?)/2. Let f = (fo, f1,...) be the sequence given by f; = (ag¢’ +
a~tq77)/2. Then it is easy to check that

(ae”’s (e~ q)i = (~20)"¢() (al ),
We denote by ¢4% (a,b,c,d; q) and v2Y (a,b,c,d;q) the mixed moments and the dual mixed
moments of the Askey Wilson polynomlals respectively:

n n
=Y "otV (a,b,c,diq)pr(wia,boe,dlq),  palziabedlq) = vl (a,b,c,d;q)a"
k=0
As in the case of big g-Jacobi polynomials, we will first consider the factorial mixed moments
&T‘;‘)‘,/CV (a,b,c,d; q) and factorial dual mixed moments Dﬁ}’q‘/(a, b, ¢, d; q) defined by

n

(x| )" Zank (a,b,c,d; q)pi(z;a,b,¢,d|q), pn(x;a,b,c,d|q) :Z

k=0 k=0

(a,b,c,d; q)(z| )k

7

Proposition 4.21. We have

o k geak adok-
)—(2) m (abq”, acq”, adq™; @)n—r. (4.19)
q

~ AW k—n
b,c,d; q) = (—2 G
g k (a7 767 ’q) ( a’) q ]f (abcdq%;q)n k

S AW S — ken kh—ny 7] (abg",acq”, adg; q)n— 3
b,c,d =(2 4.2
n,k (av , C, 4 q) ( (L) q |:I<i:| (abcdq”+k 1’ q)n B ( 0)

Equivalently,
G (a,b,c,d;q) = (2a)" " (adq®; q)n—1rGE i (ab/q, cd/q, ac/q; q), (4.21)
7Y (a,b,¢,d; q) = (2a)F " (adq"; q)n—i72  (ab/q, cd/q, ac/q; q), (4.22)

where 5Bk(ab/q, cd/q,ac/q) and ﬂfk(ab/q, cd/q7 ac/q) are the factorial mized and dual mized mo-
ments of the big q-Jacobi polynomials in and | -

Proof. This can be proved in a similar way to Proposition O

As in the previous subsections, we give a weight system of height 1 for &f};ﬂv(a, b,c,d;q).
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—bed/2  —bedq/2 —bedg? /2 —bedg® /2

2b d. 6 2@ bcdqy/Q
a*bedq® /2 aQC qs/ a*bedg® /2
S abedq’ /2 20470
7 a?bed/2 a*bedg? )2 a*bedq® /2 a®bedq® /2
, —abeq? /2 ,,,_,,,quqZ/Q
—abeq® /2 |~ b P12 —abeg® /2
TS _abegt /2
6 —abc/2 | —abeq/2  —abeg® /2 —abeg® )2
, —abdg* /2 j?bdqgﬂ
—abdq”/2——_ "' | —abdg>/2
L —abdd 2 —gpaat e
5 —abd/2 | —abdq/2 —abdg®/2 —abdg®/2
2 bqg® /2
ba/2 - bq /2 bq2§2
A b/2 b/2 b/2 | b/2
—acdg® /2 Vfacdq°/2
—acdg®/2——— 4 —acdq® /2
T adq]2 —egatyo
3 —acd/2  —acdq/2 —acdq?®/2 —acdq®]2
2 cq’ /2
/2
el T
5 c/2 c/2 ¢/2 | c/2
2 dq’ /2
dq/2  — flg /2 """dqz—éz,,,,,
dQ/ 2 - dg/2—
) d/2 d/2 /2 dj2
~1/(2a) —1/(20)
-1/(2a) — ' |=1/(2aq)
B A G s VD TS
0 —1/(2a) —1/(2aq) —1/(2a¢*) —1/(2ag”)
0 1 2 3 4

FI1GURE 15. The lecture hall graph for the factorial moments of Askey—Wilson
polynomials.

Proposition 4.22. Let

@1(0:4, ) = ¢’ ~'(1 — abg’)(1 — acq’)(1 — adg")(1 — abedg' ")
16 = —2a(1 — abedqi+i=1)(1 — abedgi*i) '

Then the factorial mized moments of the Askey—Wilson polynomials satisfy
&;i‘,;v(a, b,e,d;q) = hf}k.

Proof. This can be proved in a similar way to Proposition using that proposition and (4.21)).
O

Now we give a weight system of infinite height for &;ﬁ‘;v (a,b,c,d;q). This is also discoverable
by Algorithm [I] using the monomial ordering ¢ < d < ¢ < a < b. See Figure for the weight
system in the following proposition.
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Proposition 4.23. Let
@(t51,5) = —(2a) g DL+ 41t
x (—ab/q)LHD/8 (—ed /)18 (—ac/q)xe (112D (—adgt)Xe®
—a"'q7" ift=8m,

d ift =8m+1,

c if t =8m + 2,

_! (abcdq%)mqj X —acdg' ift=8m+3,
2 b if t = 8m + 4,

—abdq* ift=8m+5,
—abeq’ if t =8m + 6,
a’bedg®  ift =8m+ 7.

Then the factorial mized moments of the Askey—Wilson polynomials satisfy
Gk (a,b,e.diq) = byl
Proof. By and Proposition we have
5;?,‘1/@[/(‘17 b,c,d;q) = hg,llw
where w' is the weight system given by
W' (t;4,5) = (2a) "1 (1 — adq?) - (—1)(—ab/q) T2/ (—cd/q) /4 (—ac/q)Xe W i+ VL2 =i%5
By Lemma m hf:k = h;"; x> Where w is the weight system given by
w(t; i, )
= —(2a) " (—adq" )XW (—ab/q) /2T (_ed 1 q) /214 (e fq)xo (172D oG DILE/2] /21 =it)
= —(2a) " (—adg")® (—ab/q)LTHD/B (—cd /q) /8] (—ac ) q)xe (11/2)) g(ADLE+2) /4] =it
as desired. (]

Finally, by Proposition and Proposition we obtain a weight system for the original
mixed moments of Askey—Wilson polynomials. See Figure[I6]for the weight system in the following
theorem.

Theorem 4.24. Let
J “lg79)/2 ift=0
OIS S e A
w(t —1;1,7) ift>1,
where W is the weight system given in Proposition [{.23. Then the mized moments of the Askey-

Wilson polynomials satisfy
o (a,b,c,diq) = Ry

5. ANOTHER BOOTSTRAPPING METHOD FROM CONTINUOUS q-HERMITE POLYNOMIALS

In this section, we provide another bootstrapping method to find a combinatorial model for
mixed moments of Askey—Wilson polynomials relative to the continuous g-Hermite polynomials,
which are one of the most well-studied families of orthogonal polynomials in the ¢g-Askey scheme.
At the end of this section, we give a lecture hall graph model for the mixed moments of the contin-
uous ¢g-Hermite polynomials. As applications of the results in this section, we prove Corollary [6.2]
which establishes the total positivity of the matrix of mixed moments of Askey—Wilson polynomi-
als relative to continuous ¢-Hermite polynomials, and we also give the first combinatorial proof of
the symmetry of a,b,c,d in the Askey—Wilson polynomials in Section [G}

Our results build on those of Kim and Stanton [I7], who used a bootstrapping method to
compute the moments of Askey—Wilson polynomials from continuous ¢-Hermite polynomials.
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—bed/2  —bedq/2 —bedg? /2 —bedg® /2
abedq® /2 ,%?quZ/Q
. s, @ bedgt /2
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a?bed/2  abedq? /2| a?bedg® /2|a?bedq® /2

Va2bcdq3 /2

8

, —abcq4/2 ,,,_,,,quqZ/Q
—abeq” /2" —abeq /2
o abeg /2 gpegiyn
. —abc/2 | —abeq/2  —abeg® /2 —abeg® )2
, —abdq4/2 :gbdq';/Z
—abdg”/2—— "'  —abdg®/2
o ebda2 gty
—abd/2  —abdq/2 —abdq® /2| —abdq®]2

6 bg? /2 bg° /2
ba/2 T gy
5 b/2 b/2 b/2 | b/2
5 . —acdg®/2 ,i?qu:/Z
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e 2 gty
4 —acd/2 | —acdq/2 —acdq®/2 —acdg® )2

2 cq’/2
cq/2 |
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5 c/2 c/2 c/2 /2
dq2/2 qu/Q

) d/2 d/2 /2 dj2
_1/(2a) |2 ';11//(2255),
L YRy p2ag?)
1 —1/(2a) —1/(2aq) —1/(2aq2)—£17(26§<§‘q’)
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F1GURE 16. The lecture hall graph for the moments of Askey—Wilson polynomi-
als. Here, (z+) means z + 2~ 1.

5.1. Definitions. The (monic) continuous g-Hermite polynomials H,(x|q), continuous big q-
Hermite polynomials H,(x; al|q), Al-Salam—Chihara polynomials Q,,(x; a,blq), and continuous dual



30 SYLVIE CORTEEL, BHARGAVI JONNADULA, JONATHAN P. KEATING, AND JANG SOO KIM
q-Hahn polynomials piH (x;a,b,c|q) are defined by

inf

e ¢ ",0 L
H,(xlg) = m( "0 gqre w),
1 7”,0462'0,&671-0 einO ,n,aew L
Hy(x;alq) = W:&% (q 0.0 10,0 ) = 5200 @0 e

) (ab; q)n g ", ae’, ae™
Qn(xaavblq) = n 3¢2 ab,O 34,9 |

(2a)
dH (.. _ (CLb ac; q) 7a619aa6_i0,
Pn (‘/I"v a, b7 le) - (2 ) 3¢2 < (lb, ac 54,49 ) .

Here, z = cosf. Note that these polynomials are special cases of the Askey—Wilson polynomials
pn(x;a,b,c,d|q) defined in (4.18]), namely,

Hy(z|q) = pa(2;0,0,0,0]q),
H,(x;alq) = pn(z;a,0,0,0|q),
Qn(x;a,blq) = pn(z;a,b,0,0]q),
p*H (20,0, ¢|q) = pn(z;a,b,c,0]q).

Let o7} (q) be the mixed moments of the continuous g-Hermite polynomials { H, (z|q)}n>0:

n

Z q)Hy(z[q).

k=0

The Touchard-Riordan-like formula due to Josuat-Verges [16], Proposition 5.1] and Cigler and
Zeng [4, Proposition 15] (see also [I7, (12)]) can be stated as

" 1 n n n (r—k)/2 (('“*k‘)/2+1) r;k
Tnie(4) = on—k Z nor |~ \n-r (=1) ¢ r—k|
r=k 2 2 D)

q

e

where we define (;) = [;]q = 0 unless both ¢ and j are integers.

We denote by O'Z i (a q), 0 Q’ (a,b;q9), o H’ (a,b,¢;q), and a;i‘,/CV’H(a, b, ¢, d; q) the mixed mo-
ments of continuous big ¢- Hermlte polynomlals Al-Salam—Chihara polynomials, continuous dual
g-Hahn polynomials, and Askey—Wilson polynomials relative to the continuous ¢g-Hermite polyno-
mials:

Hy(zlq) = ZabHH (a; ) Hi (w3 alq), (5.1)
H,( Zm a,b; q)Qr(; a,blq),
Ho(xlg) = Zad“ a,b, ¢; q)pi (:a,b, clg),

H,(z|q) = ZUAWH a,b, c,d; q)pr(x; a,b, ¢, d|q).
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5.2. Another bootstrapping method. By re-normalizing the results in [I'7, (8)-(11)], we have

n nl a\"n— k
Ha(alg) = Y | (5) (23alg), (5.2)

k=0 -

“ ] [b
Hy(x;alg) = K, 5 (z;a,blq),

k=0 -7

n ] n—k
Qn(w;a,blg) = f ( ) (abq"; )n—kpi™ (x5 0,b, clq),

k=0 - -

—[n] (d abg®, acg®, beg®; @)
pH (z;a,b, c|q) :Z L <2> ( (abedg®; q) ]z pi(z;a,b,¢,d|q).
L q ) n—

~
Il
=}

We will first find weight systems for the coefficients in the sums of the above equations. Then,
using Lemma we can build a weight system for off’H(a, b,c,d; q) by successively stacking
these weight systems.

See Figures and for the weight systems w(, w®, and w®, respectively in the

following lemma.

Lemma 5.1. Let w®, w®, w® | and w® be the weight systems defined as follows:

72 ift=0
WOt j) = 42 =0, (5.3)
0 ift>1,
bg’/2 ift=0
Wi, g) = {07 T=0
0 ift>1,
cq’ /2 ift=0
w® (84, 5) = { —abeqiti /2 ift =1,
0 ift>2,
@ (3, ) g(abcdq%)Lt/SJ (—beq? Yo (L/4D) (Zaeqiyxe (172D (_ gpgiyxeo(®) g
d if t = 8m,
—abdg’ ift=8m+1,
—acdq’ ift =8m+ 2,
1 a?bedq® ift =8m+3,
= (abcdq ) ¢ x - : L
T2 bedg ift=8m+4,
ab’cdg® ift =8m+5,
abc?dg? ift =8m + 6,
—a?b?cdg®  ift=8m+1.
Then
w  [n] faynk
nk = 5 ; 5.4
=, ) 654
E n—k
@) n b
mk = 5 ; 5.5
n,k k'_ . (2> ( )
w® n| se\n—k k
ok = 5 bq"; @) n—k; 5.6
nk _k_q(Q) (abq™; q)n—r (5.6)
w® _ n] (d nk (abq®, acq®, beqh; q)n—k (5.7)
wh k], \2 (abedg®*;q)n—r '
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1

aq2/2 %aq /2
agz 2 e

‘W/Z | ag/2

0 a/2 a/2 a/2 | a/2

0 1

2 3 4

FIGURE 17. The weight system w(!)

1 3
bg2/2 | bd /2
baj2 / bt 2
S w2 g
0 b/2 b/2 b/2 b2
0 1 2 3 4

FIGURE 18. The weight system w(®

Proof. By Lemma and Lemma we have (5.4]) and (5.5). By Lemma and Lemma m
we have (5.6). To prove (5.7), observe that its right-hand side is

n] (d\""" (abg",acq" beg i q)n i _ (d
k|, \2 B

n—Fk
Y K beq®: Q)i - 08 (—abed/q;
(abedg®*:; q) p_y 2) (abq”, acq”,bcq™; q)n—k Un,k( abed/q; q)

where o, ,(a;¢q) is the mixed moment of ¢-Bessel polynomials in (4.3). Thus, by Proposition
if we define wy (t;4,j) = (abcdg®')tq’, then

w1 __
hnk—a

r(—abed/q; q).
By Lemma if we define wo(t;14, 5)

= (abedg®)tq? (1 — abg")(1 — acq")(1 — beg')d /2, then

n—k
) (2) (abq"®, acq”, beq"; q)ny. - o} 1 (—abed/q; q).

Now by applying Lemma [4.11| to wo(¢;4, j) three times with the factors (1 — beq?), (1 — acq®), and
(1-

i
abq’) in this order, we obtaln that hwzk =h, ,:), which completes the proof of .

U
By Lemma [2.11] and Lemma 5.1} we obtain the following lemma

Lemma 5.2. Let w™"), w® w® and w® be the weight systems given in Lemma Then

bHH
(a3

w®
n k

n,k

)

dH,H b
Ok (a,b,c;q ,
AW, H ) U@ Lw® L@
Unyk ((l, ba ) da Q) = hn,k

0=
o2 abrg) =
)=

hw<1>uw<2>uw<3)

Rewriting hw(1>“w(2)uw(3)uw(4) in Lemma we obtain the following combinatorial model for
AW, H
O—nJg (aﬂ b7 C, d7 q)
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2 6
9 —abeq* /2 —?bcqs/Q
—abeg® /2 —abeg®/2
L —abeq®/2 —abeg* /2
—abc/2 | —abeq/2 —abeg? /2 —abcg®/2
1 cq /2 g’ /2
T R
B B L
0 c/2 c/2 c/2 | ¢/2
0 1 2 3 4

FIGURE 19. The weight system w®.

Theorem 5.3. Let wW'H be the weight system defined by

d . . .
w14, j) = (—a%q")’0 5 (abedg® )T/ (<beg) e LD (—acq!) (2D (—abg') ¥V g!

a ift=8m =0,
—a"lqg7" ift=8m #0,
b ift=8m+1,
c ift =8m+ 2,
= % (abcdqm)m ¢ x { —abeg’ ift =8m+ 3,
d ift =8m+4,
—abdg ift =8m+5,
—acdg ift = 8m + 6,
abecdg®  ift=8m+T.

Then we have A e

ok =0, (a,b,c,d;q).
5.3. A weight system for continuous q—Hermite polynomials. In order to obtain a weight
system for the original mixed moment O’ W(a,b,c,d;q) of Askey-Wilson polynomials from The-
orem we can simply add a weight bybtem for the mixed moment Un,k( ) of continuous ¢-

Hermite polynomials below the weight system wA"W:# . In this subsection we find a weight system
for 05{ x(@). To do this we first consider continuous big g-Hermite polynomials H,,(z;alq).

Let aﬁ{fc(a; q) be the mixed moment of continuous big ¢-Hermite polynomials:

ZZ (a3 q) Hi (3 alq)-

Since H,(x;alq) = pn(z;a,0,0,0|q), setting b = ¢ = d = 0 in Theorem m gives the following
proposition; see Figure [20] for the weight system.
Proposition 5.4. Let wb be the weight system of height 2 defined by
wbH(t; i, ) _ (aqj + ailqij)/2 th = 07
—1/(2a¢"77) ift=1.

Then it
O'Zblg(a q) = hlf,k .

To find a weight system for aﬁk (¢), we compare two polynomials H,(z|q) and H,(z;alqg). See
Figure |21| for the weight system in the following lemma.

Lemma 5.5. Let w' be the weight system of height 1 defined by
aqi’j
7
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| e M0 S
L ) Sy

—1/(2a) —1/(24};)'—1’/(2@2')—’17(2@43)

1 3
(ag*+)/2 (99, )/2
A iy G
0 (a+)/2 | (a+)/2 | (a+)/2  (a+)/2
0 1 2 3 4

F1GURE 20. The lecture hall graph for the mixed moments of continuous big g-
Hermite polynomials. Here, (z+) means x + 2.

1 _a/2 —a/2
—-a/2 —aq/2—
o TP ey
~a/2 | —ag/2 | —ag/2 | —ag*2
0 1 2 3 4

FIGURE 21. The weight system w’ in Lemma

Then "
Hy(z;alq) = Y b Hy(z]g).
k=0

Proof. Let w(?) be the weight system given in (5.3). By (5.1) and Lemma we have

n
w®
Hy(xlq) = > h¥ ), Hy(;alq).

k=0
By Proposition the above equation implies
- n— w(l)
H,(x;alq) = Z(fl) kemk Hi(x|q). (5.8)
k=0
Since w) is a weight system of height 1, by Proposition we have eﬁf; = hﬁ, where
w) is the weight system of height 1 defined by w®(0;4,5) = w®(0;i,i — j) = ag*~7/2. Since
w'(054,5) = —w® (054, 5), (5.8)) is equivalent to the identity in this proposition. O

By Lemma m a weight system for og (@) can be obtained by adding the weight system w’
in Lemma at the top of a weight system of UZ{}’C (a; q). Therefore, by Proposition whH L’
is a weight system for ar‘z +(q). However, since 05{ +(¢) is independent of a, we can replace a by
any number. In particular, if we set a = 1 in the weight system w?" Llw’, we obtain the following
proposition; see Figure [22] for the weight system.

Proposition 5.6. Let w! be the weight system of height 3 defined by
(¢ +q77)/2 ift=0,
wf(t4,5) = § —¢777/2 ift=1,
—q7)2 if t = 2.
Then "
Uﬁ{k(‘]) = h;f,k-

Using Theorem [5.3] and Proposition [5.6] we obtain another weight system for the original mixed

moments aﬁffﬂv(a, b, ¢, d; q) of Askey-Wilson polynomials.
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’ 1/2 —2 751/3
o _ ""—iq%/'/2"i

o | U2 a2 =2 =¢’/2
~1/2 —1/2 '—'1/1(22)
S ) g

S12 0 —1/(20) —1/@¢) —1/(24°)

1 3
(@+)/2  (4,1)/2
AN ERR
0 (1+)/2 | A+)/2  (a+)/2  (1+H)/2
0 1 2 3 4

FIGURE 22. The weight system w’ for the mixed moments of continuous g-
Hermite polynomials. Here, (x+) means x + z~ 1.

Theorem 5.7. Let wW = w# Uw WA where w ™ is the weight system in Theorem/[5.5 and
wH is the weight system in Proposition , Then we have

wAW AW .
nk Un,k (aa b7 C, d7 Q)

6. COMBINATORIAL PROPERTIES OF ASKEY—WILSON POLYNOMIALS

In this section, we study in more detail the weight system w"-# in Theorem for the mixed
AW, H . . . . . .
moment o, of Askey—Wilson polynomials relative to continuous ¢-Hermite polynomials. We

. . . AW,H . . .
then find a more efficient combinatorial model for o, ZV . Using our new combinatorial model we

give the first combinatorial proof of the well-known fact that the mixed moments (and hence the
coefficients as well) of Askey—Wilson polynomials are symmetric in a,b, ¢, d. As applications we
also find some interesting properties of Askey—Wilson polynomials.

6.1. Another combinatorial model for mixed moments. Let &QZV’H(CL, b, c,d; q) be the fol-
lowing rescaled mixed moments of Askey—Wilson polynomials relative to continuous ¢-Hermite
polynomials:

AW, H , 277 AwH
(a’7 ba c, d7 q)

Gk = TE Ok (ia, ib, ic, id; q),

where i is the imaginary number /—1. Using the substitution (a,b,c,d) — (ia,ib,ic,id), we can
restate Theorem [5.3] as follows; see Figure 23] for the weight system.

Theorem 6.1. Let 0" be the weight system defined by

a ift=8m =20,
a~tq7t  ift=8m#0,
b ift =8m+ 1,
c ift =8m+2,
ﬂ)«AW,H(t; i,7) = (abcdq2i)m qj x < abeqt ift=8m+ 3, (6.1)
d ift =8m+4,
abdq’ if t =8m + 5,
acdq’ if t = 8m + 6,
abedg®  ift =8m+ 7.

Then we have
p AW H ~ AW, H
w — k) .
ok =0,k (a,b,c,d;q).
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ab’cd  ab’cdq®  ab’edq®  ab’cd b

9
, | bedgt | bede]
~ bedg bcdq3 - bcdq;
. bed bedg bedg® | bedg®
a2beda® ma‘bcdq”
a*bedg® " Pbed 25 ”azb”cdqj
S a0 a®bedg
7 abed | abedg® | a’bedqt 7d2b’c’d’g6’
, | acdgt | acdd;
M aedgt
6 acd acdq acdg? acdq®
6
, abdq4 ,,,,,,?bdqs
. abdq® — abdq 5 | ab’dq;—
Y T abdgt -
5 abd abdg abdg® | abdg®
P dq®
4 d d d o d
, abeq? ,,C,L,bcq:
~ abeg abcq3 - ab’cqé;—r
S Y abegt
abe abcq abeq®? | abeg®
3 o cq’
L T
c c c -
2 be? bq®
b b b b
1 3
aq? aqz
- aqaq
agq-
0 a a a a
0 1 2 3 4

FIGURE 23. The lecture hall graph for the mixed moments of (rescaled) Askey—
Wilson polynomials relative to continuous ¢g-Hermite moments. Except for the
first row, the rows 2,3,...,9 repeat modulo 8 with an extra factor of abcdg?®® for
every 8 Tows.

Observe that wAW-H (¢;4,7) in (6.1)) is a monomial in a, b, ¢, d, and q. Thus Theorem implies
that 5:}2]’1{(&, b, ¢, d; q) is a formal power series in a, b, ¢, d, ¢ with nonnegative integer coefficients.
More generally, we have the following corollary.

Corollary 6.2. The matriz
o0
(53" (@, b, d: 0))
’ n,k=0
is totally positive. More precisely, every minor of this matriz is a formal power series in a,b, c,d,
and q with nonnegative integer coefficients.
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We will find another combinatorial model for 57‘?7‘2/’}[((1, b, c,d; q) derived from Theorem To

do this, we need some definitions. First, observe that every weight w4"-# (¢;4, j) in Theorem [6.1
is of the form a“b®2ci3d'q’ such that i + is + i3 + 44 is odd and |i, —is] <1 forall 1 <7, s < 4.

Definition 6.3. Let T denote the set of quadruples (¢1, o, t3, t4) of nonnegative integers satisfying
the following conditions:

(1) t1 +ty +t3 +t4 is odd and

(2) |t; —tj] <lforalll<i,j<d4.
We define a total order < on T by

(t17t27t37t4) S (51752753754) if and Only if (t4at3at2a 7t1) Slex (547537527 751)7

where <jex is the lexicographic order. In other words, (t1,t2,ts,t4) < (81, S2, 83, $4) if and only if
ty < 84 OT (t4 = s4 and ts < 53) or (t4 = 84,13 = 83 and ¢ty < 82) or (t4 = 84,13 = 83,12 = S2 and
7t1 S 781).

For example, (3,3,4,3) < (3,3,3,4) and (4,3,3,3) < (2,3,3,3). The motivation of the above
definition is the following lemma, which says that (7, <) is essentially the totally ordered set on
the tuples (t1,ts,t3,14) of the powers of a,b,c,d appearing in the weights wA"W-# (¢;4, j) ordered

by their heights t.

Lemma 6.4. For a nonnegative integer t, define k(t) to be the tuple (t1,t,ts,t4) of integers
satisfying

a ift=8m =20,
a~ ! ift =8m #£ 0,
b ift=8m-+1,
c ift =8m+ 2,
av'2ct3dh = (abed)™ x { abe  if t = 8m + 3,
d ift =8m +4,
abd ift =8m+5,
acd ift =8m +6,
a’bed ift=8m+7.

Then k : Z>o — T is a bijection such that, fort,s € Z>o, we have t < s if and only if k(t) < k(s).
Moreover, if k(t) = (t1,t2,t3,ta), then for alli,j € Z>o with j < i, we have

@AW,H(t; i,7) = at btzctsdt4qi(t1+t2+t3+t4—1)/2 . qj_

Proof. Both statements are immediate from the definition of the totally ordered set 7 and Theo-
rem O

From now on, we will use the parameters a1, as, as, a4 in place of a, b, ¢, d, respectively. For any
quadruple T = (t1,ta,t3,t4) of nonnegative integers, we define
al = al'a?alPal?,
IT| := t1 4 to + t3 + t4.
For integers n > k > 0, let
Tk = {(Th, Tos1, - Tr1) €T F T > Thoy1 > - > Thq )

Note that the set 7, , depends only on the difference n — k. However, we keep both n and k in
the notation 7, ; to emphasize that we index the elements of a tuple (Tx, Tk+1,-- -, Tn-1) € Tk
from k to n — 1.

For T = (T,...,Th-1) € Tnk, the sum s(T) and the multiplicity m(T) of T are defined by

s(T):=Tx+ -+ Tn1,

m(T) := (mq,...,m,),
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where Ty +- - -+ T}, _1 means the component-wise addition and m1, ..., m, are the positive integers
such that m; +---+m, =n — k and

Te = =Thsmi—1> Thsm = = Thmitma—1 >+ > Thomysdm,_, =+ =Tn_1. (6.2)

We will use the following notation:

n—1 .
i(|T;] - 1)
Tl o= D ———,

; 2
i=k

[lc,r:(T)L = {k,ml,é.wmrL GECAE

where m(T) = (mq,...,m;).
We are now ready to state another combinatorial formula for &:zV’H(al, a2, a3, 04;q)-

Theorem 6.5. We have

AW, H DY S(T) I T, n
Onk (01, a2, a3, aq; Q) = T; a q ' [k, m(T)] q.
n,k

Proof. Let w = wA"*H be the weight system in Theorem so that

5:’ZV’H((1, b,c,d;q) = Z w(p).
p:(k,00)—(n,0)
Consider a path p : (k,00) — (n,0). For k <i <n—1, let w(t®?;4,7®) be the weight of the east
step of p between & = i and = i + 1. Then p is determined by the numbers t’s and (s, Let
T, = k(tW) = (t(f), tg), t:(;),tff)) be the tuple defined in Lemma which satisfies

~ N (s (1) (1) () (i) (i) 4 g () 4 4 (8) 4 4 (i) 10)
wAW’H(t(l);’L,j(l)) = gl pt2 cls dta ql(tl iy gty —1)/2 .q] i

Since t*) > ... > =D we have T = (Ty,...,Tn-1) € Tnk- Let m(T) = (my,...,m,). Then
(6.2) is equivalent to

tleo) — o = gla=1) S yplea) — oo plea=1) S o0 s plermn) — 0L = t(cr—l),

where ¢y = k+mq + - - -+ my. Since the y-coordinates of the starting points of the east steps must
be weakly decreasing, this implies that

e > ) > jleetl) > o> gleen=1) > (6.3)

Note that

gleo) o pjlceri=0 | Ce41
E q = )
q

Me4+1
where the sum is over all tuples (j(cf), ..., gleeri=1) satisfying (6.3). Hence, the sum of w(p) for
all paths p : (k,00) — (n,0) corresponding to a fixed tuple T € 7, ;, with m(T) = (mq,...,m,) is
equal to
25(T) {Cl } [C} Tl (6.4)
q q

mi my

Since [;lll]q... [;er]q = [k’mlfu’qu = [kmff(T)]q, summing over all T € 7, gives the
theorem. O

Using Theorem we obtain the following “shifting” property of 5:ZV’H(CL1, as,a3,aq4;q). Here,

[a%] f (a1, ag, a3, as) means the coefficient of a® in f(a1, as,as,ay).

Corollary 6.6. Lets = (s1, 82, 53,84). Then

n+1. .
(|s|=(n—kK))/2 (q ) q)] [as]&i‘;VvH(al’ as,as,aq4; q).

~ AW, H j
[as]an+j,k:+j (a’ly az,as, a4, q) = qJ ( k+1. ) ]
q 54)j
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Proof. By Theorem

s AW, H ) = [ B
(%16, ey (a1, a2, a3, a4 q) = . E gttt {k +iom(T)]
ETn+j,k+j 4
s(T)=s

Since the two sets 7Ty k+; and T, ; are identical, we obtain the desired formula from

- n+1. .
q|T|n+j,k+j[ ntJ ] qj<|s<nk>>/2(‘17q)a,q|T|n,k[ n ] 7
k+3j,m(T)], (¢*+159); k,m(T)],
ntj—1 i(|Ts|-1)

which is straightforward to verify by reindexing | T|n4jk+; = > iy, — 5 viai i’ +j. O

6.2. The symmetry of a, b, ¢,d in mixed moments. As another application of Theorem[6.5] we
give a combinatorial proof of the symmetry of the parameters of a1, as, as, a4 in &;?ZV’H (a1, a2,a3,a4;q).

To this end we introduce some definitions.
For a function f(a1,as,as,as) in the variables aq, as,as, a4 and a permutation 7 € Sy, let

T f(ala az, asg, a4) = f(ar(l)a ar(2); Ar(3), CL.,_(4)).

. - AW,H . . .
Our goal is to show that &, " (a1, a2,as,as;q) is symmetric in ay,as,as,aq, that is, for any

permutation 7 € Sy,

T 52‘,2/711(@1, ag,as,aq;q) = 53,‘;}@V7H(a1,a2,a3,a4; q). (6.5)

Since the simple transpositions generate &y, it suffices to prove (6.5) for the cases 7 = (1,2),
7=1(2,3), and 7 = (3,4).
An interval of T is a subset I of T such that if 71,75 € I and T} < T < Ty, then T € I. For
an interval I of T, we define
Tow() = Top NI = {(Th, Tos1, ..o, Trmr) € I"F 0Ty > Thoiy > -+ > T g}

and
n
I) = 5(T) GIIT [,k . 6.6
Jnvk( ) Z a q k,m(T) ( )
TETn,k(I) q
For two intervals Iy and I of 7 we write Iy < I if T7 < Ty for all Ty € I and Ty € Is.
An increasing interval partition of T is an infinite sequence (Iy, I;,...) of nonempty intervals
Iy < Iy <---in T such that IyUI; U--- = 7. Note that in this case the intervals I;’s are pairwise
disjoint and indeed form a partition of 7.
Lemma 6.7. Let (Ip,I1,...) be an increasing interval partition of T. Then
~ AW, H
Gk (a1,a2,a3,a45q) = Z HUnj,nj+1(Ij)7
n=ng>ni>-->kj=>0
where the sum is over all infinite sequences (ng,n1, ... ) of integers such thatn =ng >ny > -+ > k
and n; =k for all sufficiently large j.

Proof. Let X(ng,n1,...) be the set of tuples T = (T, ...,Ty—1) € Tnk such that the number of
elements of T in [; is n; —n;q1 for all j > 0. Then by Theorem [6.5]

GV (ar,az,a3,009) = Y >, a Mgl Lc m(T)] - &0
n=ng>n1>>k TeX (ng,n1,...) ’ q
Consider T = (Ty,...,Th—1) € X(no,n1,...). For j >0, let

T = (Tu, s Toyor1s - Ty 1)

Then
aS(T)qHTHn,k — H aS(T_j)qHTj llrjimjgq
§>0
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and
n; _ []q! 1 [n] 1 { n }
]-1;[0 |:nj+17m(Tj)]q jl;[o [nj41]q! meln}"rj) mlg!  [Elg! (T [mlg! — [k,m(T)]
Therefore
S(T) ||T||n,k{ } T5) Tl +1[ n; ]
a q a 3" .
q jr>[0 nj+17m(Tj) q

This shows that
Z as(T)qHTHn,k |: :| H Jn],n]H (6.8)
TEX(’ILo,’n.l,...) j=0
By and we obtain the lemma. O

By Lemma in order to prove that O’AW (a1,a2,as,a4;q) is invariant under a permutation

T € By, it suffices to show that there is an 1ncreasing interval partition (Io, I1,...) of T such that
T-0p.5(1;) = 0r,s(I;) for any integers r > s > 0 and j > 0. We will find such an increasing interval
partition of T for the three cases that 7 = (2,3), 7 = (3,4), and 7 = (1, 2) in this order.

First, we consider the simplest case 7 = (2, 3).

Lemma 6.8. LetI = (IOJSF,IJJF,Iff,I:f,Il,IlJr,IlJrJr,I;ﬂ[{,b,[j,];r*7 ...) be the increasing
interval partition of T given by

Iy : —{(t1,t2,t3,t4) Tty =t3 =ty =},
= {(tr,to ts ta) € T ity = t, {ta, b3} = {t,t + 1}},
I o= {(ty, to,ta,ty) € T ity =1, ty =t3 =t +1},
= {(tito,ts,ta) €T 1ty = ¢, {ta,ts} = {t,t — 1}},
It = {(t1 tota, ta) ET tta=1t, ty =ty =1t—1}.

Let 7 = (2,3). Then for all integers n >k >0 and I € I, we have
T-0nik(I) =onr(I).

Proof. By the definition of o,1(I), it suffices to find a bijection 6 : Tpr(I) = Tnr(I)
such that if §(T) = S then 7-a*™ = a*®S)  ||T|,x = [S|ln.x, and m(T) = m(S). To do this
consider a tuple T = (Ty,...,Ty—1) € Tnx(I). For k<i<n-—1,let T; = (tgi),t;i),tgi),tff)) and
define T} = (tgi),téi),tg),ty)). Note that |T;| = |T7| for all i. We define 6(T) to be the weakly
decreasing rearrangement S of (T},...,7,_;) in the total order < on 7. By the construction,
0 : Tnr(I) — Tox(I) is a bijection such that if 6(T) = S then 7-a*™) = a*() and m(T) = m(S).
Thus it remains to show that ||'T|,x = ||S||n.k-

If I is one of I, I;'", or I, ~, then every T € [ satisfies ty = t3, so T’ = T and hence T = S;
in particular |T|[nx = ||S|lnk- If I = I (resp. I = I;), then every element T € I is either
(t,t,t 4+ 1,¢t) or (¢, ¢+ 1,¢,t) (resp. (¢,¢,t —1,t) or (¢,t —1,¢,t)). Hence we always have |T| = |5]
and therefore

=1 3 (Tl -
ISlln.e = Z - = Z = IT[n.1,
i=k i=k
which completes the proof. O

Before finding an increasing interval partition of 7 for 7 = (3,4), we need some definitions.
Let &(07,1%) be the set of words m = 7y - - - w45 consisting of r 0’s and s 1’s. For such a word
T =Ty Tpts, a0 fnversion is a pair (4,7) of integers 1 < i < j < r + s such that m; > m;. Let
inv(7) denote the number of inversions of 7. It is well known [21] 1.7.1 Proposition] that

inv(mw r+s
> g <>:{ ] : (6.9)
r
TeS&(0m,19) q

Now we are ready to consider the case 7 = (3,4).
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Lemma 6.9. Let I = (IO,IS', Il,If', ...) be the increasing interval partition of T given by
I o= {(t1, to, ta, tg) € T : b3 =ty = t},
LT = {(t1, b2, ts,ta) € T : {ta, ta} = {t,t +1}}.
Let 7 = (3,4). Then for all integers n >k >0 and I € I, we have
T-0nik(I) =onr(I).

Proof. The case I = I; can be proved similarly as in the proof of Lemma For the case I = I,',
we investigate the summand in

() = s(T) Tk n )

o ,k:( t ) Z a q k,m(T)
TET k(1) a

Note that It+ has exactly four elements T4, T5, T3, Ty, where

=0+ Lt+1L,tt+1)>Ty=(t,t,t,t+1) >Ts=(t+1,t+ 1, t+1,¢) > Ty = (t,t,t + 1,1).

Therefore, every element T € T, x(I;") is of the form T = (T7", Ty, 13", 1), where T™

means the sequence T}, ..., T; of m; occurrences of T;. Then
a’(T) = a1a2a3a4)("7k)t(a1a2a4)m1aZ”(alagag)m‘*ag“‘,
n—1 k4+mi—1 k4+mi+mao+mz—1
Tl =D i)+ Y i+ > i
i=k i=k i=k+mi+mo

k7m(T) q k7m13m27m33m4 q.
Letting M7 = mq +mo, My = mz+my, and N = my +mg, we can rewrite the above equations
as follows:

a’(T) = (a1a2a3a4)("7k)taivaéva§42 aiwl

)

() - () 43+ () om

Lc, nZL(T)] . [k MT, Mz] . [ﬁf] . [?f] .

Therefore,
onn(LF) = Y f(My, My, N)g(M, My, N), (6.10)
Mi+Mo=n—k
0<N<n—k
where

f(Ml,MQ,N) = (a1a2a3a4)(”_k)taivaévaé%aﬁ/hqzt(G)_(g))*‘kN‘*‘(g) " ,
ka Mlv M2 q

M M-
g(My, My, N) = > g [ml} [mﬂ : (6.11)
(m1,ma,ms,ma)€X (M, Mz,N) 1lgL"31q

and X (M, My, N) is the set of tuples (mq, ma, ms, my) of nonnegative integers such that m; +
me = M1, m3g + my = Ms, and m; +m3 = N.

Since 7 - f(My, M2, N) = f(My, My, N) and 7 - g(My, M2, N) = g(My, M, N), applying 7 to
yields

Toon(I) = > f(My, My, N)g(My, My, N). (6.12)

Mi+Mo=n—k
0<N<n—k
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By (6-10) and (6.12)), in order to show that 7 - 0, x(I;7) = 0, x(I;"), it suffices to verify that
g(My, My, N) = g(Ms, M1, N). More generally, we will prove that g(Mi, M, N) is independent
of My and M, by showing the following claim:

_ inv(r) _ [TV k
g(Mi, M2, N) = > "= [ N ] . (6.13)
TEG(ON 1n—k—N) q
To see this, consider 7 = 7y - -+, € &0V, 1"7*=N). Let my (resp. mso) be the number of

0’s (resp. 1) in 7’ = 7y ---mp, and let mg (resp. my) be the number of 0’s (resp. 1) in 7”7 =
TMy+1°** Tn—k- Then (mq,ma,mg,my) € X(My, Ma, N) and inv(w) = mems + inv(z’) 4+ inv(z").
Hence, the right-hand side of (6.13)) is equal to

Z qm2m3 Z qinv(ﬂ') Z qinv(ﬂ'”) )

(m17m2,m37m4)€X(M1,M27N) TI'/EG(Oml,lmQ) 7T”€G(0m371m4)
By , this is equal to the right-hand side of (6.11]). Therefore the claim (6.13)) holds and the
proof is completed. O

Finally we consider the case 7 = (1,2), which is similar to the case 7 = (3,4).
Lemma 6.10. Let I = (IO,I(;F, Il,IfL, ...) be the increasing interval partition of T given by
I o= {(t1, ta, b3, ta) € T 1 t3 = tg = t},
LM = {(t1,ta,t3,t4) € T : {ta,ta} = {t,t + 1} }.
Let 7 = (1,2). Then for all integers n >k >0 and I € I, we have
T-opk(I) =opnk(I).

Proof. Since every tuple (t1,ts,t3,t4) € Ij satisfies t; = to, the case I = I;r can be proved
similarly as in the proof of Lemma [6.8] To prove the case I = I; we use a similar approach as in
the proof of Lemma [6.9] For ¢ > 1, I; has exactly four elements T, T, T5, Ty, where

Ty= (tt+1,0,8) > Ty = (t— 1, 6,8) > Ty = (t+ 1,6, 6,8) > Ty = (t,t — 1,¢,1).

For t = 0, the tuples T5 and 7, have a negative coordinate and hence do not lie in 7T, so
Iy = {T1,T3}; the analysis below remains valid in this case with the convention ms = my4 = 0.
Therefore, every element T € Ty, (1) is of the form T = (T7"*, 15", 752, T,**) and

a’(T) = (alagay,(m)(”_k)tains_"”ag“_m“7
S
k,m(T) q Lk, ma, ma,ms, my q’
n—1 k4+mi—1 k4+mi+mo+msz—1
ITse =it -1+ > i+ > i.
1=k 1=k i=k+m1+mo

Letting M7 = mq +meo, Ms = m3+my, and N = mj +mg, we can rewrite the above equations
as follows:

as(T) _ (a1a2a3a4)(n—k)taiV—M1 aéV—Mz

[k, v:m] . [k MT, Mz] . {i‘f] . {i‘f] J

Tl = (2t — 1) ((;‘) - (’;)) + kN + (Z) + mams.

Then by the same argument in the proof of Lemma we obtain 7 - oy k(I1) = ok (I1). O

)

By Lemmas [6.8] [6.9] and [6.10] we establish the symmetry of a,b,¢,d in the mixed moments of

Askey—Wilson polynomials. Let V;i ‘,iV’H(a7 b, ¢, d; q) be the coefficient in the expansion

po(m;a,b,c.dlg) = v (a,b, ¢, d; q) Hi(x]q).
k=0
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, - AW,H . I
Theorem 6.11. The rescaled mized moment Ok’ (a1, a9, as,aq; q) is symmetric in a1, as, as, a4.

Equivalently, the mized moment O';?ZV’H((J,,I), ¢,d;q) (and also the coefficient Z/;?ZV’H(CL,Z), ¢, d;q))

relative to continuous q-Hermite polynomials is symmetric in a,b, c,d.
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