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Abstract

Dual-disk electrodes allow for novel electrochemical stigations, particularly when
used in generator-collector mode. However analytical tstdading of how the current
response of each individual electrode is affected by thegmee of the neighbouring
electrode is limited. In this article, we derive an approaimanalytical solution for the
time-dependent chronoamperometric current responseaif afielectrodes, each sub-
jected to a different initial potential step. The solutisivalid when the centre-to-centre
distance between the disks is much larger than the disk, i for times such that
the diffusion layers generated at each electrode havedttotinteract. It accommo-
dates quasi-reversible reactions and unequal diffusiefficeents of the oxidant and
the reductant. The generator-collector system is a specifie, and we deduce simple
expressions for the time-dependent current and steatly-sttlection efficiencies at
each electrode. The analytical solution facilitates asialpf shielding and feedback
effects, and shows the explicit dependence of the currenth@underlying electro-
chemical parameters.

Keywords: chronoamperometry, dual-disk, dual-electrode, collegtenerator,
microdisk

1. Introduction

The use of dual-electrode systems extends the range oftigage techniques
available for electrochemical analysis. A particularlypiontant application is the gen-
erator -collector mode, whereby a species is oxidisedtrediat one electrode, and the
productis subsequently reduced/oxidised at the neiglibgaltectrode. A comprehen-
sive review of the many dual-electrode geometries and tisgiras generator-collector
systems can be found in the article by Barnes et al. [1]. Theuds rotating ring-disks,
wall-jet ring-disks and double channel flow electrodes chitexploit forced convection
to transport matter between the electrodes, and othemsgswich as parallel planar

*Corresponding author
Email address: bel | @rat hs. ox. ac. uk (Christopher G. Bell)

Preprint submitted to Elsevier September 19, 2012



microbands, dual disks, dual hemispheres, and ring-redetisks, which use only dif-

fusion. They also report many applications, including Btigation into the lifetimes

of electro-generated species, detection and charadterisa# intermediate species in
electrochemical reactions, detection of sub-micromadaicentrations of analyte, and
many more.

In this article, we consider the general time-dependenatehr (including the
generator-collector mode) of dual inlaid disk electrodstegmns in which diffusion is
the only means of mass transport to the electrodes. Thensyziasists of a pair of
neighbouring microdisk electrodes inlaid into an insulgtsubstrate, and retains the
practical advantages of the single inlaid microdisk etat#;, namely that it is simple
to fabricate and the distorting influence of ohmic drop andlde-layer capacitance
on the Faradaic current is greatly reduced [2-4]. Microéisictrodes also enable ac-
curate electrochemical investigations into reaction$ fast kinetics, which would be
impossible to resolve at larger electrodes [5]. Dual-digkteode systems have been
used in the literature to improve selectivity in electratiieal detection [6], and to
perform simultaneous oxidative and reductive detectigniffowever, analysis of the
current response of a dual-disk system is complicated byeffieets of cross-talk be-
tween the electrodes. Figure 1 shows a cartoon of the ewalofithe diffusion layers
over time at a dual-disk system where the potentials at elecdrede have been set
such that the same species is being oxidised/reduced aimeoltisly at both electrodes
(i.e. not in generator-collector mode). At very short timthe diffusion layer behaves
as if the diffusion was planar at each electrode as shownguargil (a); then at in-
termediate times as shown in Figure 1 (b), the electrodeairemdependent, but the
diffusion layer at each electrode has grown to be three-déo@al; and finally the
electrodes cease to be independent over time-scales saidhétdiffusion layers have
begun to overlap, as shown in Figure 1 (c). Competition betvike diffusion layers at
this stage causes a reduction in the total current respdresduml-disk system, when
compared with the sum of the currents through two indepergiegle disks. This re-
duction in the current response is known as shielding. Farad electrode system in
generator-collector mode, the opposite occurs. The cuatethe generator electrode
is enhanced due to the overlap of the diffusion layers, dine@everse reaction at the
collector electrode adds to the diffusion layer around #resgator electrode; this effect
is known as feedback. Zhang and Zhou [8] and Matysik [9] fediad platinum dual-
disk electrodes and investigated the shielding and feddbfiects. Baur et al. [10]
also investigated the diffusional interaction in a duatmdisk system.

Whilst dual-disk systems undoubtedly have many usefulieajibns, theoretical
understanding of the current response, and in particulaidshg and feedback effects,
remains limited. The boundary element method has been as#ahtilate numerically
the steady-state (Fulian et al. [11]) and transient (QiuFisber [12]) current response
of a generator-collector system under diffusion contrauBand Motsegood [13] in-
vestigated the time-dependent chronoamperometric regpohdual-disk electrodes
under diffusion control using three-dimensional randontkvgimulations. Recently,
Cutress et al. [14] used the explicit finite difference methm simulate transient cur-
rent responses for generator-collector systems. Analyimlutions for dual-disk sys-
tems in the literature include that by Strieder [15], whislbased on investigations in
potential theory reported in Sneddon [16]. Strieder’s Sotuis limited to the steady-



state current when both electrodes are held at potentitiie idiffusion-limited regime,
and allows the shielding effect to be calculated. The aimbssumes that the redox
species have equal diffusion coefficients and that the tiiaks equal radii. Phillips and
Stone [17] performed theoretical investigations into tieady-state current response of
collector-generator systems with and without a homogesémt-order reaction, and
in particular derived an approximate theoretical solufamthe steady-state collection
efficiency of a dual-disk system; the higher-order cormttierms in their solution
require the assumption that the current density on the gésreelectrode surface is
uniform.

In Section 2 of this article, we use the method of matched asytic expansions to
derive an analytical solution for the long-time-dependdgmbnoamperometric current
through two neighbouring disk electrodes inlaid into arulasng surface. The elec-
trodes are subjected to arbitrary initial potential steps] we assume that the redox
reaction at each electrode is quasi-reversible. The diffusoefficients of the oxidant
and reductantDo and D (m s~2), are allowed to be unequal. The solution for the
current response requires that the ratio of the radi; (m) of the electrodes to the
distancel. (m) separating their centres is small, i.e.

aj .
= K 1, =1,2, 1
7 J (1)

and it is valid for long timest, when the electrodes have ceased to behave individually
and their diffusion layers have begun to overlap, as degiotigure 1 (c). This occurs
over time-scales of the following order:

f-O(max{ﬁ,ﬁ}), (2)
Do Dg

which coirespond to diffusior-laye: thicknesse of O(L).

For the reader less interested in the mathematical detaéisheoretical problem is
presented schematically in Figure 2, and the final analytésalt for the approximate
long-time-dependent quasi-reversible chronoamperaenatirrent through disk 1 is
presented in expression (60). The equivalent expressiahdacurrent through disk 2
can be obtained by interchanging the subscripts 1 and 2 )n (8@ analytical solution
allows for explicit quantification of the effects of shiatgi and feedback in terms of
the parameters of the electrochemical system.

In Section 3, we discuss the implications of our analyticdligon, in particular
for the important special cases listed below, along withagign numbers for easy
reference:

» the quasi-reversible steady-state current response (62)

* the time-dependent and steady-state (63) current respdosreversible reac-
tions;

* the diffusion-limited current responses due to extremarnsation of both elec-
trodes: for a reduction reaction, the time-dependent agalststate responses



are given by (64) and (65) respectively, and for an oxidatgattion by (67) and
(68);

« the time-dependent current responses of generatoretmilgystems: for a re-
duction reaction at the generator, the currents at the g&reand collector are
given by (69) and (70) respectively, and, for an oxidaticarct®n at the gener-
ator, they are given by (71) and (72). A formula for the steatite collection
efficiency in both cases is presented in expression (73).

For the diffusion-limited currents due to extreme polaitsa we show that our solu-
tion encompasses the steady-state diffusion-limitedtienlwf Strieder [15] for disks
of identical radii. We also compare our expression for tieady-state collection effi-
ciency of a generator-collector system to the expressiomeatéby Phillips and Stone
[17] and to a formula fitted to numerically simulated restdtsdisks of identical radii
derived by Cutress et al. [14]. Finally, we use our solutiorillustrate the effects
of shielding and feedback, and demonstrate that unequdakiih coefficients of the
oxidant and the reductant can have a large impact on thertuagponse.

2. Theory

2.1. Governing equations and non-dimensionalisation

We consider a simple redox reaction between two speciesn@Rad, diffusing in
the half-spaceé > 0 (tildes indicate dimensional variables), above two digicebdes
inlaid into the plane = 0 with with radiia; (j = 1,2) and centres &t-L/2,0,0) and
(+L/2,0,0) in the cartesian coordinate systéin 7, ). Itis convenient to define also
two polar coordinate systents;, z, 6;) with origin at the centre of disk (j = 1,2),
and the angle8; are measured from the line joining the centres of the diskshawn
in the schematic of the theoretical problem depicted in gt To make progress
with this problem, we will assume that /L < 1, so that the distance between the
centres of the disks is very much greater than the radii otltbles, anc we will look
for a sclution for the lonc-time trarsien curren response wher the electrode diffusion
layers begin to ovellag anc the reaction ai eact eledrode start: to influence the reaction
al the othel electrode i.e. the sclution will be valid for time-scale of the ordel detailed
in expressior (2).

We assume that a redox reaction takes place at each eledtrodd@chn electrons
are exchanged:

Rr.s
Ox+ne = Red 3)

kb,j

Herek; ; andk,_; are the forward and backward rate constants for the reactioich
can be different at each electroge We will however assume that the electrodes are
held at a constant potential so tiat ; andk;, ; do not vary with time.

REMOVED FIRST SENTENCE If we neglect any effects due to migration and

convection, then the concentrations of Ox and R&d(z, 7, z, %) andCr(Z, 7, 2, 1)



satisfy the unsteady diffusion equation for> 0 with constant diffusion coefficients
Do andDg (m?s™1). Hence

DoV3Co = 8%, DpV*Cr = 8@%, for z > 0. (4a)

Initially the bulk concentrations of each species are amtsverywhere:
Co(#, 4, 2,0)=Cp, Cr(&, §, 2 0)=Cp, ati=0. (4b)

We assume that the bulk concentrations far away from thdreties remain undis-
turbed as the reaction progresses, so that the far-fielddasyiconditions are

Co—Cy, Cr—Ch, asi— oo (4c)

On each electrode surface, the boundary conditions are diyehe reaction at the
surface and conservation of matter:

- 90 - . - .
Doa—; = ks ;Co—ky ;Cr,
B B for fj < dj, z=0. (4d)
- 9Co = 9Cg
Pogs = Prgs

There is no flux through the remainder of the surface, so that

- 9Co ~ 9Cg .
Do—— 53 =Dp—— 9z =0, for7;>a;, z2=0. (4e)

The Faradaic current through electrgdis given by
2m a;
I;(t) = —nFDO/ / 600 (75, 0, 0;, ) 7; dF;db;, (5)

whereF is Faraday’s constant ands the number of electrons transferred in the redox
reaction.
We choose the following scalings to non-dimensionalisetiodlem:

L2

r=axr, y=ay, ZzZ=az, t=—t, (6a)
D

a; = aaj, Do =DDo, Dgr=DDg, (6b)

éo Zég —C*Co, CR:C'E—@*CR, fj :npboé*dlj. (6C)

Herea is the typical size of the radii of the disks and D is the typical size of the
diffusion coefficientsDo and Dr. We have chosen the time-scale tol5%/ D, since
this represents the time-scale for the species to diffusa fine disk to the oth, and
henciis the time-scal¢ ovel which the diffusior layers of the electrode: star to intelact;
the sclution derivec below is only valid ovel time-scale of this order. On time-scales



of order less than this, the two disks remain independené cdmcentration scaling
C* is related to the typical size of the bulk concentratiGisandC.

When we define to be the ratio of the typical electrode radius to the distanc
separating their centres:

a
e= =K1, 7
7 (7)
the problem (4) can be written in terms of the non-dimendieadables as:

2600 QaCR

2 _ 2 _
DoV<Co =¢ T DrV*Cr =c¢ T forz > 0, (8a)
with initial conditions:
CO(:Ea Y, z, 0) = 07 CR(:Ea Y, z, 0) = 07 att = 01 (8b)
and boundary conditions:
Co—0, Cr—0, asz-— oo, (8c)
oC,
~— = kg ;05— kv ;Ch—ky;Co + k. ;Cr.
forr; <aj, z =0,
D 0Co D OCRr
9 SR
(8d)
dCo 0Cr B
2, ~ 8. =0, forr;>aj,z2=0. (8e)

HereC}, = Cp/C* andCy = Cj/C*, and the non-dimensional rate constants are
given by: ) .
kf ;a kp, ja
kﬁj = j;] s kb, j = 2 (9)
Do Do

The non-dimensional Faradaic current through the eleetfaslcalculated from:

2T a;
Ij(t) :/ / 88&(7’]', O, 93', t) ’I’j dedoj. (10)
0 0 Z

2.2. Asymptotic solution for the current at each electrode

Sincee <« 1, there is an inner region near each disk where the conciemisedre
at steady-state to leading order, and an outer region whereancentrations are time-
dependent to leading order. We will find the solutions in bethions using matched
asymptotics in a similar manner to the single-disk problesoibed in our previous ar-
ticle [18]. In the inner region near digk the coordinate system(s;, z, 6,) as defined
above, and variables will b€ (7}, z,0;, t) andCg ;(r;, 2, 05, t). In the outer re-
gion, we will define the coordinate system in terms of ‘hattetiables, (z, g, 2),
wherez = ex, §y = ey andZ = ez. In terms of the polar coordinate systems centred
at each dislj, the outer coordinate system can be written 2, 6;), where?; = er;.

Similarly the outer dependent variables will also have ha¢s Co (%, 9, 2, t) and
OR(:ia .7;7 27 t)



We expand the inner dependent variables in the followintupeation series:

Co; = C9)+eCH), +C, +0(e), (11a)
Crj = Cy+eCy) +ECT) +0(P), (11b)

and similarly for the outer variables:

Co = V40 +0(), (12a)
Cr = P +ECY +0(). (12b)

We remark in advance that construction of the asymptotigi&wl reveals that the inner
solutions are axi-symmetric up t@(¢), and the outer solutions are radially symmetric
up toO(e?).

2.2.1. Leading-order inner solution
To leading order the inner solution in the vicinity of eachldis axisymmetric and
steady state, so thég)j (rj, 2) andC’}(g)j (rj, z) satisfy the following steady problem:

vl =0, vy, =0, forz>0, (13)

with boundary conditions (8c) to (8e). Since the followingagtity is conserved:
DoCY), + DrCY), =0, (14)

C’}(g)j can be eliminated to obtain a problem for the single variélﬁ)éj:

v2ey) =0, z>0, (15a)
oy, =0, 2z — 00, (15b)
ac® (o o
e P 2=0,  (150)
9z BiCo/; — oy 15 < ay,
where
Q5 = ijOg - kb_’jcl*%, (16)
D
Bi = kpjtkeigo- (17)
R
Therefore the solutions fc@é% andC}(Q)i can be written as:
Cohrz) = 2 <“ﬂ-;ﬁ, i>, 18a
O,]( ) ﬁ]X i} a;’ a; ( )
Doa; ri z
CW (2 = —29% (aﬂ‘;—J, —>7 18b
i 2) Rl Gl et (18b)



wherex(8;r, z) satisfies the following problem:

V2x =0, 2> 0, (19a)
x — 0, z — 00, (19b)
8)( 0 r>1, B

5, = 45; )_{ﬁ(x—l) i z=0. (19c)

As in [18-20], the solution fox (5; r, z) can be written in terms of the unknown flux
through the boundary(g; r), as

_ 2 ! 4rs q(B;s)sds
X(ﬂ’r’z)__;/oK<(r+s)2+22> (r+s)2+ 22 (20)

whereK(-) denotes a complete elliptic integral of the first kind ([31590, 17.3.1):

(21)

:/2;@
0 V1—msin6

This enables us to write the far-field behavioundf; r, z) as:

ISS(ﬁ) . (T2 — 2Z2)

1
x(B;1,2) PP it 22)5/2 /o q(B; s)s® ds+ asr+z° — oo,
(22)
which is important for matching to the outer solution. Hérg(3) is given by:
1 8X
I (B) = 271'/ q(B;r)rdr = 277/ —=(B;r, 0)rdr, (23)
0 0

and it can be calculated using Tranter’s method [22] to s in terms of a series
of Bessel functions, as described in our previous artic8;[ib that article, we also
included in the Supplementary Data a working curve i) for 5 in the range

0 < B8 < 500. For values ofg > 500, Is(8) can be calculated using the asymptotic
expansion derived by Phillips [23] for large

Iis(B) = —4(1 — (nB) ' log B+ o(5™ " log B)), asp — oc. (24)

2.2.2. Leading-order outer solution
We use Van Dyke’s method [24] to find the leading-order impadhe far field
of the leading-order inner solutions at the two disks. Wgtthe inner solutioné?’(o)

andC 0)7 (18) in terms of the outer variablés andz, using the far-field behaviour of
x(B;r, z) given by (22), and letting tend to zero, we find that

e 71552%]) +0(). (25a)
~ ~ DOCY aj lss ﬁ )
i - LR o sy

8



wherep; = 1/732» + 22, and these expressions give the matching conditions for the

outer solutions ag; — 0. Then the leading-order outer solutiolf%?) andé’l(g), are
the sum of contributions from each of the disks:

2 2

~(0 ~(0 ~ 0

(o) = Z ((),)j(pjv )s Z }({)J PJ )s (26)
i=1 =

where the functionég)j (pj, 1) andé’l(g)j (p;, t) satisfy the following problems:

Doa_z(x%m)_%

j 0 27
p; 0p2 \P770. ot 2>0, (27a)
o5 =0, =0, (27b)
Ag)j -0, pj — 00, (27¢)
2(0) aja; Lss(a;B;) )
R M ;=0 27d
O,j Bj 27.{./3]_ ’ p] — ) ( )
and
(0)
Dr 0 (.~ 9Cr)
p;i 0p; (pj R"J) ot z >0 (28a)
C“](%O’)j =0, t=0, (28b)
AE%O,)j =0, pj — 0, (28c)
N D a'a'Iss(a'B') A
Chy~ 2L =l 0. 28d
R.j DRBj 27ij Pi ( )
The solutions to these problems are:
A4(0) (& ajaj Iss(a;B;) ( pj )
(05, t) = — 7~ erfc , 29a
O-,g(pj ) 5; 27h; ovDoi ( )
Do aja; Iss(a;;) pj
O (pint) = 1 2o 855 erfe ). 20b
(pj ) DR B_] 27Tp_] 2 /—DRt ( )

2.2.3. First-order inner solution near each disk

To apply Van Dyke’s rule again, let us consider the two-termer expansion
of the one-term outer solutions (26) near disk We note thatp; = ep;, where
p1 = /7% + 22, andp, can be written in terms of the inner variables, z, 6,) as:

p2 = (1 — 2ery cos by + €*(r7 + 22))% . (30)

Therefore, substituting expressions (29) fbg (pj, 1) andC ©) i (D t) into (26),
writing (26) in terms of the inner variables, Iettlmg—> 0 and f|nd|ng the two-term
inner expansion near disk 1, we can deduce the boundarytammlasp; — oo for



the first-order inner problem near disk 1. This results infttlewing boundary value
problem fong_’)1 andOgy)l:

V2087)1 =0, v2c§§}1 =0, forz>0, (31a)
aC(()l)l 1 1
B (’“)z) =~k 1O(O,)l + Ko, 101(?,,)17
. . forz=0, r <as, (31b)
aCy,  DRroCH)
0z "~ Do 0z’
60(1) ac(l)
80,1 = % =0, forz=0, 7 >ai, (31c¢)
VA VA
oo DO , 00
Coli~ CoR™ (M), Cihi~ =5 2CRi™ (M), asp o0, (31d)
where
o Is(a1p1)  asaslss(asfa) 1
ey — 4 - erfc . (32a
N T 2oi) %2
(1), 00 arar (a1 ) asaslss(azf) < >
C t)y = — erfc . (32b
w0 S S TaDm b o) 2

Since it can be deduced from (31) that
D oo 0o
Cohi+ prCrh = Coi™ 1) = CRE~ (1), (33)

it follows thatCI(é)1 can be eliminated from (31) to obtain a single problerr(f@:)lz

v2CH) =0, z>0, (34a)
05— e, p1 — oo,  (34b)
aC((yl)l 1 ky,1Do 1
s S ), 00 1), oo
7 = Blc(()_’)l — TR (0(071 (t) — 01(%71 (t)) y T1 < ay, 2 = O,
(34c¢)
ac(l)
0’120, ry>ay, 2 =0.
0z
(34d)

This can be written in similar form to (19), so that the salus forC(Olf1 andC](;il_’)1 are
given by:

C((yl_’)l (r, z,t) = C(Ol,)ioo(t)—

kr 10O (1) + 570 Rk ™
2

(t)>x<alﬁl;r—1,i>, (35a)
a1 ap

10



(1), 00 kp, 1Do ~(1), 00
Do [k 1Coi () + =5 2CR (1) rooz
D ( - e x(a1py; =, —). (35b)
ﬁl a; ai

We note that the first-order solutions in the vicinity of tieesnd diskC 0.2 andCR o
are found by symmetry by interchanging the subscripts 1 and35).

2.2.4. First-order outer solution

The first-order terms of the outer expansi(f]ﬁ)l) and(:“g), contain contributions
from the outer expansions of the inner expansions near disikdHisk 2, and therefore
have the following forms:

2
p]v a Z }(%1)_] p] . (36)

\
H'Mm

o =

Further application of Van Dyke’s rule allows us to obtaiegh first-order terms. Let
us consider the two-term outer expansion of the two-termarimxpansion for the ox-

idant near disk 1, i.e. the outer expansiorClﬁ;g,)1 + eC(()l’)l, WhereC’(OOf1 is given by
(18a) withj = 1, andC(()l_’)1 is given by (35a). This gives the matching condition for
OS5, (b1, t) aspy — 0, and henc€l, (p1, t) must satisfy:

Dpf gpf (Alé(oly)l) = 8(:;(2 L for2 > 0, (37a)
Y =0, att =0,  (37b)
C*(l) O(l) 0( 01, t), asp; — 0, (37¢)
C5) — o, asp; — oo,  (37d)
where
850 = ()

3
ara1lss(a Do\ ?
101 2( 151) kf,l-i-kb,l(—o)

22 B7v/ Dot Dpg

aazlss(azf2) ( < 1 ) ky, 1 Do < 1 >)
- = 7 = (ks f z f . 38
271 Ba e\ o pot) T o S\ avDnt (38)

11



Solution by Laplace transform gives:

3
A Iss Iss D 2 — a1
e = (al (?151)) « ] G (a151) kp1+ ko1 (_O> e 1067 _
’ 2mpy 2m2 32y/Dot ' Dr

aoaslss(azf2) (kj 1erfc< p1+1 ) n kv, 1Do erfc<\/DO + \/DRP1>) }7

27‘1’5152 Dot DR 2\/DODRt
(393a)

and, by symmetr)C(()l,)2 is given by

3 R
A _ [ a2lss(azfa) y azazlss(azf) ke o4k Do\ 2 67%_
o2 21y 2nig3vDot \ 70\ D
ararlss(arBr) I p2 +1 ky, 2 Do VDo + vV Dgrp
—————————= | ky,qerfc + erfc .
21 B2 51 2v/ Dot Dpr 2v/DoDgt

(39h)

Now applying Van Dyke’s rule to the reductant, we find tﬁéi)l (p1, t) must satisfy:

(1)
Dr 0% /. ~a) OCR 4 .
== (/1 C = = for 2 > 0, 40
p1 0p2 (pl va) ot i (40)
=0, att =0, (41)
ég)l ~ Cv}({{)lo(ﬁla t)? asﬁl — Oa (42)
R =0, asp; — oo, (43)
where
A . a1lss(arf
k- (525),
3
Do | arailss(aipr) Do\ ?
— = — | Fr1t+ ko1 | = -
Dr | 27282\/Dot Dg
aa2ls5(az2f2) ky,1Do

1 1
5751 s (kf,lerfc<2 —Dot) + Dr erfc(2 —DRt>) } (44)

12



Using the Laplace transform, this problem has the solution

A1) <a1fss(a1ﬁ1)> Do
R1= X
) _k
e DRt _

271 Dr
aoaslss(azB2) (kf,lerfc<\/DOpl + \/DR> N ky,1Do erfc( i+l )) }7

Nlw

ara1lss(arfr) 1 Do

i |t R 5o

272 f7v/ Dot Dg
2731 B2 2vDoDrt Dg

and, by symmetry,

A1) [ a2lss(azB2) | Do
Cry> = ( 27 o Dn .

3 i
OLQCLSQISS(CLQﬂQ) Ky + ko (&) 3 8_45% ~
27T5B§\/Dot ' Dgr
arailss(arfr) (k:f_gerfc(vDOﬁQ + \/DR> n ky,2Do erfc< P2 +1 >) }

27‘1’5152 2\/DODRt DR 2\/DRt
(45b)

2.2.5. Second-order inner solution

To find the second-order inner solution, let us find the thegst inner expansion
of the two-term outer expansion near disk 1 and apply Van Bykg#e. To recap, the
two-term outer expansions for the oxidant and reductangiaen by

Co ~ e (CEL (1) + Ca(pn,t)) + € (CEL (51,1 + CG (02, 1)) . (462)
C ~ € (é§§>1 (h1,1) + C, (P, t)) +e? (é};}l (h1,1) + O, (p, t)) . (46b)

Here Cg)j and Cg)j are given by (29a) and (29b) respective@/(%_?1 and (787)2 are
given by (39a) and (39b); andA‘,I(%l,)1 andCA’}(%)2 are given by (45a) and (45b).
Finding the three-term inner expansions of (46a) and (4&t), using the) ()

terms to obtain our matching conditions, we find tb}g)l andC’}g‘i)1 satisfy the fol-
lowing problem:

BC(O) BC(O)
DoV2Cy), = 8?71 =0, DpV?Cy) = —81;71 =0, (47a)

with boundary conditions:

ocy),  acy),

ER 9, 0, forz=0,r >a, (47b)
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60(2)
— 0L o k1 CS) + aCY,

0
,22 ) forz=0, r, <aq, (47¢)
B ac(().,)l _ Dr ac}(%,)l
0z Do 0z

Do

2 2), 00 2
Coh ~ C5h ™, 61, 1), O ~ =7
R

01(%27)1’00(7"1, 91, t), asp; — oQ.
(47d)
Thefunctionsﬁg)ioo(rl, 01, t) andcg)ioo(rl, 61, t) are determined from the match-

ing condition to be:

Cg)iw(r1, 01,t) = GF,(t) — Fg (t)ri cosby, (48)
O}(;)l)oo(rl’ O, 1) = (l)%o,l(t) - Fg (t)r1 cosby, (49)
where
1
azazlss(azfa) ( 1 ) e~ Dot
Foat) = erfc + ’ 50a
O,l( ) 27T62 2 Dot \/Wot ( )
1
CYZGQISS(GQﬁQ) ( 1 ) e DRt
Frat) = erfc + : 50b
and
1 o
GOO (t) _ al@QOéQIss(alﬁl)Iss(GQBQ) k e 4Dot n kb,lDO e TDgt
N s " VRDot ' Dy VDo
_a1a2a1[ss(a151)fss(a2ﬁ2) [k erfc( 1 ) n ky,2Do erfe (7\/130—1— \/DR>}
47231 2 f2 VDot Dgr 2\/m
2 2 3 __1
asazlss(azfa) <D0>2 o~ D51
Ry el TR LR 7w ——, (5la
4m2 3 22\ py VDol (51a)
and
a1 N
o0 (t) _ al@QOéQIss(alﬁl)Iss(GQBQ) k e Dot N kb,lDO e gt
il 472 31 B2 I /nDrt Dr /nDnt

~arazonlss(a151)Lss (a22) [kf 26I’fC<VDO + \/DR) n ky,2Do erfc( 1 )}

47261 5o 2v/DgrDot Dpr Drt

2 2 2 -5

asaolss(azfa) <Do> 2\ e *Prt
+ === | kro+k — . (61b
A2 33 122\ Dg VrDot (51b)

Suppose that we let:

0(02,)1 =Go,1(r1, 2, t) — Fo,1(r, z, t) cos 01, (52a)
01(?,2,)1 = GR,I("’l, z, t) — FR,l(Th z, t) COS@l. (52b)
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Then, the solutions fofp ; and Fr, ; are unnecessary for the calculation of the cur-
rent, as they do not contribute to the current through thie diacecos 6, integrates to
zero. Therefore it remains to find the solutions s 1 andGg, 1, which solve

VQGO, 1 =0, VQC:R7 1 =0, (53&)
with boundary conditions:
%:%zo, forz =0, ry > a, (53h)
0z 0z
oG
—% = —kr1Go,1+ kv 1GR, 1,
forz=0, r, <ay, (53¢)
0Go,1  DrOGRg 1
0z Do 0z
D
Go,1 = G5 (t), Gria — —D—;G%O,ﬂt)a asp; — 0o. (53d)
Again, the following expression must be satisfied:
Dr o0 o0
Go,1+ D_GR" 1=G5 () — GR1(D), (54)
o

and the solutions fo7o,; andGr, 1 are given by

Go,1(r1, 2, 1) = GF 4 (t)—
0o kp, 1 o
(kfylGO,l(t)'i' beGR,l(t)> N

z

(alﬁl;%, =), (55)

p1

ai
D
GR,I(T17 Z, t) - _D_Z %Ol(t)—’—
0 kv, 1Do oo
Do k.f71GO,1(t)+ Dn GR,l(t) oz
Dn < 3 X(alﬂlva_lv a—l)- (56)

The equivalent solutions fdk o, 2 andGr, 2 in the vicinity of disk 2 can be obtained
by interchanging the subscripts 1 and 2.

2.3. Analytical expression for the Faradaic current through each disk
The Faradaic current through disk 1 is given by expressiopwith ; = 1, so that:

2w ay
Lit)= / / %(7‘1,07 01,t)ridridoy, (57a)
0 0 <

B 0 1 2
_ / 2 / 8O(o,)l n 680(0,)1 e ac((),)l
o Jo 0z 0z 0z

7’1d7’1d91 + 0(63).
2=0

(57Db)
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We substitute in the expressions 10, 0)1, 8)1 and C( , from (18a) (withy = 1),
(35a) and (52a) respectively, and use the fact that (cf tm]uéZS))

2n o O (a1 22, 2 )
/0 /0 0z

These steps give:

rldrldb’l = allss(alﬁl). (58)

z=0

a1lss(a 00 ky 1D 00
Nt = %{al—e(kmcgﬁ (t) + 222 o <t>>

WhereO(Ol)1 (t), C(l) (t), G& 1(t) andG% , () are given by (32a), (32b), (51a)
and (51b) respecuvely

Converting back into dimensional variables gives the mamaical result of this
article. The dimensional Faradaic current through diskgiven by:

jl(l?) ~ (nFDOa1~Iss(alﬂl)> {C«O _ Zb—lcR
f1

kr1Dgr
kp 1D N

—( 51 (0) + == ~OG%‘il<t>> } (60a)

r.1DRr

where

~(1),oo(t~) _ a1C11s(a151) G2C2Iss(a2ﬁ2) erfe L (60b)

o1 271'%]61 iV .Do 277162 24/ Dof
C,}(%l)l,oo({) _ alc;l{ss(GINBI) Gzcﬂss(azﬁz)erfc LN N (60C)

’ 2721/ DRt 27ICo L 2/ Dpgt

16



and

3
~ i a3C Iss 2 k D — ._2 -
G5 () = 2Clml2fe) ) Ra (Do ) o
472 K2 LN/ Dot kj 2 \ Dg
n a2a1Calss(a1 1) SS(GQBQ) (e L2 ky,1Do L—2>

iDot 4 — e A1Dgi
47T5IC1K:2L\/ kf IDR

Glazclfss((l252) ss(alﬁl){e e L
7T2IC2’C1L2 VDO
. fon.2Do orte (L\/Do—l-L\/DR) } (60d)

I; ,QDR 2 D()DRE

3
soo o a2Cal 2 k Do "\ -2
%Ol(t)zw 14 o2 (Do o Dni

’ 432 K20/ Dot kro \ Dr
n a2a1Calss (a1 f1) ss(a2ﬂ2) <e L2 Do L2 )

ibot 4 0 7Y o ubgRi
47T2IC1’C2L\/ kf,lDR

_ a1a201 ss(a252) ss(alﬂl {erfc( V DOE + v DRE>

47—‘—2K:2IC1L2 2 D()DRtN

+]fb 2Doerfc L - }, (60e)
k¢ oDR V/Dgt

and ~
. - kr oo~
G =G — Fod g (60f)
kg,
. ky. i D
Kj=14 =229 (60g)
ks iDr
kria; k. ja;
a;fB; = %JOJ + %RJ (60h)

The equivalent expression for the current through disk 2 lrambtained by inter-
changing the subscripts 1 and 2 in (60). We recall that thefdg,(3) in the above
expressions can be derived foK 5 < 500 from the working curve in the Supplemen-
tary Data to our previous paper [18], and for> 500 from the asymptotic expression
(24) derived by Phillips [23]. We also emphasize that theepetage error in expres-
sion (60a) for the currenti®(e?), i.e. O((d/i)?’), wheread is the typical radius of the
electrodes and is the distance between their centres. For (60a) to be aecuhis
error must be small. In addition, it is only valid for timeades such that the diffusion
layers of the electrodes have started to interact, i.e- $och that condition (2) holds.
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3. Results and discussion

In this section, we verify that the solution for the dimemsibcurrent (60) encom-
passes the solution derived in our previous paper [18] fimglesdisk, and we discuss
the quasi-reversible steady state, reversible reactindsddfusion-limited reactions.
In the latter case, we show that our expression reducesital8tis solution in [15] for
the steady-state current response of two disks with idaintadii. We also highlight
the particular case of a generator-collector system, fdchvf60) reduces to simple
expressions for the current through each electrode andéhéysstate collection ef-
ficiency. Finally, we illustrate the effects of shieldingdafeedback on the current
responses, and show that the impact of unequal diffusiofficieats of the oxidant
and reductant can be substantial.

3.1. Singledisk response

In the limit thatas — 0 in (60), the second disk vanishes and we recover the
time-dependent response of the single disk, namely:

. S ki 1Cl — ky 1C%
Il(t) = TLF&lDoDRISS(alﬁl) ~f’ ! _0Q ~b’ ! i
kf1Dr+ ky,1Do

~ ~ 3 ~ ~ 3
1— &1155(‘1151) kf-, 1D}2% + kb= 1D3 (61)
973/ DoDgt \kj1Dr+ky1Do )|’

which agrees with the single-disk response derived in cenvipus article [18].

3.2. Quasi-reversible steady-state response
Letting? — oo in (60) gives the steady-state response, which is equal to:

fl(oo) ~ (nFDoalfss(a151)> {C'(*) . ]fb—’l(f';‘%

K;l kj'7 1
a2CaK1 155 (as32) n dldQéIIss(aQﬁQ)Iss(alﬂl)}. 62)

21K L 4m2[2

3.3. Reversiblereactions

If the redox reactions at both the electrodes are reverdibén this corresponds
to letting &y, ;, ks, ; — oo such thatky, ;/k;; = O(1). Sincely(a;3;) — —4
asf; — oo (cf. (24)), and expression (60) is already written in termhidhe ratio
ks ; /K. ;, the analytical expression for a reversible currentislgasitained by setting
Is(a;8;) = —41in (60). The reversible steady-state current has the sianmdytical
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- 4nFDoDra k
n O RG1 C’* R, 1OR
Dp+ f’ Do kf1
~ Sy o, 2 A kb 1Do
_ 2 (CO ks, ) ( ky, 1DR)
ky,2Do \ 7
T (1 + —I:?f,QDR) L

ol o,

N 722
3.4. Diffusion-limited reactions due to extreme polarisation

For a diffusion-limited reduction reaction, the potentiaboth the electrodes is set
to alevel suchthdt; ; — oo andk,, ; — 0. From (24), this means thaf, (a;3;) = —4,
and (60) simplifies to:

- 23 23 L
L)~ —4nFDoalCO{1 + L 22 erfe <7>
3 2

\/DO L

m

with corresponding steady state:

. L 2y  Adajas
Il(OO) ~ —471FD06L100{1 - E + 71'2E2 } (65)

For two electrodes with identical radij this steady state simplifies to

. L 26 4a?
I (00) = —4nFDOaC’O{1 iy + 72 }, (66)
which agrees with the first three terms in the solution derlve Strieder [15].
Similarly, for a diffusion-limited oxidation reaction, ¢hpotential at both the elec-
trodes is set to a level such thiat ; — 0 andk;, ; — oo. This again means that
Iss(a;8;) = —4 and (60) simplifies to:

o U 2% 2
L) ~ 4nFDRa10;{1 R S P

~iVDni 7L <2¢_ )
_M8_4&+4&1~&2erf0< L )}, (67)
2

VD =1\ Vb
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with steady state:

(68)

2a0  4aqas
wL n2[2 |’

I~1(OO) I~ 47’LFDR(~116~'}*%{1 - — 4+

As expected, (67) and (68) are equivalent to (64) and (65) thié sign changed and
C%, Do replaced byC%, Dg. Also, note that the shielding effects are very apparent
in the expressions for the steady-state currents (65) a8y ¢(@rresponding to the
negative second term in the curly brackets.

3.5. Generator-collector systems

A system of two disk electrodes can be set up as a generdtecton system. For
a reduction reaction, we assume that the bulk concentrafitime reductant is zero,
C% = 0, so that the bulk solution only contains oxidafi,. The oxidant is reduced
at the generator disk 1, which is set to an extreme polavisatiich that the current
is diffusion-limited i.e.kf ; — oo andk, ; — 0. This produces the reductant which
diffuses to the collector disk 2 to be oxidised, since théecbbr is set at the opposite
diffusion-limited extreme polarisation, i.é,«yz —0 andl?:b,Q — oo. Then the current
through the generator disk 1 simplifies to

2, dindy <E\/Do + E\/DR> }

—— + — —
73\ Dot  w2L? 2/ Do Dgt

L) ~ —4nFDoa1(§g{1 +

and that through the collector disk 2:

- - 8nFDoChHaias L 2 an Qs _ L%
L(t) ————=2—=lerfc| ——— | + = —— + ——— | e *Drt 3,
wL { 2v/ Dpgt w3 vV Dot /Dgt

(70)

For an oxidation reactiorﬁ’g =0 and(:“}; # 0, and the potential set-up will be the
opposite. Then the current through the generator disk 1 is

. R 24 4d1a L/ Do+ LD
Ii(f) ~ AnFDpay Cpd 14+ ——A 4 212 opc 0oL VIR (71)
2/ Do Dpgt

F% \/ DRE 7T2-Z/2

and the current through the collector disk 2 is:

. SnEDrChiyas L 2 ay aso _ 12
Ig(t) ~ ——~R erfc —_— |+ — + — | e Dot &
wL 20v/Dot) 72 \VDri /Dol
(72)
Note the feedback effect in the generator currents, cooretipg to the positive erfc

terms in (69) and (71).
The steady-state collection efficiency is given in both sdsethe simple formula:

fZ(OO) _ @ 3
fl(oo) =7 + O(e”). (73)
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wheree = d/i anda is the typical radius of the electrodes. This agrees witHitse
term in the series derived by Phillips and Stone [17], who dirived arO(€*) correc-
tion term, under the assumption that current density ondhfase of the generator is
uniform, which, although untrue , produces reasonabldtsedtor generator-collector
disks of unequal radii, the series derived by Phillips arah8{17] is:

 2ay  3ad3a, + 4aj

N == -
wL 127 L3

O(€%). (74)

For disks of equal radiiz, expression (73) becomes in non-dimensional terms:

N = 2; + O, (75)

wheree = @/ L, and that of Phillips and Stone, (74), becomes:
N="=+4_—+0(). (76)

In Figure 3 (a), we plofV as a function of the relative separation distarcé = 1/e.
The solid black line represents our expression, (75), arddtshed line is plotted
using the Phillips and Stone [17] expression (76) with tk@iproximateO(e*) cor-
rection term. The line with circles is plotted using the dieatate limit of equation
(10) in Cutress at al. [14], which was obtained by fitting teesenumerical simula-
tions at different electrode separation distances up/@ = 7, and agreed well with
previous simulations performed by Fulian et al. [11]. Fig8r(b) shows the percent-
age differences between the formula of Cutress at al. anduiae (75) (solid line)
and (76) (dashed line), calculated B¥) x (N — Ncuresy/Ncutress Fori/d < 2.6,

the Phillips and Stone formula (76) matches the Cutresssgatwre closely than our
formula, whilst forL /@ > 2.6 the reverse is true. The Phillips and Stone formula (76)
matches the Cutress values to within 10% over the compleggeraf applicability of
the Cutress formul&2.1 < L/a < 7. We remark that formulae (75) and (76) should
converge to the Cutress formulaéﬁd increases (and the asymptotic error in (75) and
(76) tends to zero), but the range of applicability of ther€ss forumla is not large
enough to test this; however we can observe that the differ&O(¢®) at L/a = 7

as expected. The advantages of formulae (75) and (76) arénthyeextend the Cutress
formula to larger separation distances, and can be applidsks of different radii by
using the equivalent forms (73) and (74).

3.6. Further discussion

To illustrate the shielding and feedback effects encoentar a dual-disk system,
we use the non-dimensional expression for the quasi-réeurrent given by (59).
For simplicity, we assume that there is only oxidant in thékpue. C5 = 1 and
C% = 0, and we take the diffusion coefficients of the oxidant andréuictant to be
equal,Dp = Dr = 1. We assume that the disks have equal radii= a; = 1,
and that the relative separation of their centres is givei fey= 10. We let disk 1
be polarised such that the current is near-diffusion-thitor in generator mode) by
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settingky,1 = 10* andk, 1 = 10~%, and we vary the potential at disk 2 from near-
diffusion-limited (¢¢ > = 10* andk;, » = 10~%), through quasi-reversibléf » = 1
andk, » = 1), to collector modek; » = 10=% andk, » = 10%). The results are
shown in Figure 4. When disk 2 is in collector mode (trianplése current at disk 1
(the generator) is enhanced due to feedback effects, amgaseg than its current in
isolation. When the potential at disk 2 is such that the ieadhere is quasi-reversible
(squares) or near-diffusion-limited (filled circles), badisks compete for the same
species, and the current at disk 1 is reduced when compaitsdciarrent in isolation;
this is the shielding effect, and it becomes greater as ttenfial at disk 2 approaches
the diffusion-limited regime and competition between tlee®odes increase Figure

4 (c) indicate: thas the shielcing effeci car be sutstartial; althougt the seferation dis-
tanceis large (1C times the disk radii), the shielcing effect agproache 6% as the cuirent
tend: toward: stead-stat¢ wher bott disks are in the nea-diffusior-limitec regime. In
all cases, Figure 4 (c) shows that the shielding and feedbifetts have more impact
as time progresses, which is due to the increasing overltgedfiffusion layers of the
two disks.

Lastly, we show that it can be important to account for dédfexes in the diffusion
coefficients of the oxidant and the reductant. In Figure 5pleéthe current responses
at disk 1 for varying diffusion coefficients. The potentiatdisk 1 and 2 are identical
and are in the quasi-reversible regime, such that = k1 = kf2 = ky,o = 1.
The remaining parameters are the same as above. For thesegters, the graphs in
Figure 5 demonstrate that when the diffusion coefficienhefreductant is half that of
the oxidant Do = 1 andDg = 0.5), the current is reduced by almost 25%; similarly,
when the diffusion coefficient of the reductant is doubld thfahe oxidant Do = 1
and Dr = 2), the current is increased by almost 20%. Hence the impaghefjual
diffusion coefficients can be significant.

4. Conclusions

We have derived an approximate asymptotic analytical esgiwa for the time-
dependent chronoamperometric response of two inlaid diésitredes. The expression
is valid provided that the distance between the centreseodlitks is much larger than
their radii, and for long time-scales such that the diffusiayers of the electrodes
interact. The analysis allows the electrodes to have differadii and to be held at
different potentials; it also accommodates quasi-relrsieactions at the electrodes
and different diffusion coefficients for the oxidant and tieeluctant. In particular,
we have developed simple analytic expressions for the tong-dependent current
response and the steady-state collection efficiency ofrgésrecollector systems. The
analytical solution facilitates investigation of shigldiand feedback effects in terms
of the underlying parameters of the electrochemical systeature work will be the
extension of this analysis to arrays of inlaid disk electmdvhen understanding of the
cross-talk between electrodes will be vital to predict thtaltcurrent response.
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(a) Diffusion layer at short times
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(b) Diffusion layer at intermediate times
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(c) Diffusion layer at longer times

Figure 1: Cartoon depicting the evolution of the diffusiagérs (indicated by dashed lines) at neighbouring
disk electrodes (shaded grey) of different sizes. (a) Attdiroes, the disks are independent and the diffusion
is effectively planar. (b) At intermediate times, the diskmain independent but the diffusion layers have
grown to be three-dimensional. (c) Finally, over time-esaduch that the species have had time to diffuse
between the electrodes, the diffusion layers interact ammhct the resultant current through each electrode.
This is the stage at which the analytical solutions derivethis article are valid.
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Far-field, 7 + 32 — oo Governing equations, z > 0

C’() — CN'(*), éR — é}*% DOVQC«O _ 8_610
ot

Electrodes,7; < a;, 2 =0

_9C, _
W = /{:f J'C() kb 7CR
- 9Co = Oy
oz o

Figure 2: Schematic depicting the theoretical problem eskixd in this article. An oxidant and a reductant
diffuse with constant diffusion coefficientd)o and Dy (m? s—1), above two circular disk electrodes
inlaid into an insulating plane @& = 0. The concentrations of the species are denote@@ﬁ, ¥, 2, )
andCr(%, §, 2, £) (mol m~3) respectively, and their bulk concentratiors, and C3, (mol m=3), are
constant in the far-field. The disk electrodes have fadih (m) and their centres are separated by a distance
L (m). At each electrodg = 1, 2, the two species exchangeelectrons according to a standard redox
reaction (3) with constant forward and backward reactidesrdenoted by ¢ ; andk;, ; (m s~1). For the
purposes of our analysis it is convenient to introduce twe eécylindrical polar coordinate§’;, z, 6;),

with origins at the centre of each electrode @pdaneasured from the line joining the centres as shown in the
diagram.
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Figure 3: Plot (a) shows the collection efficiendy, of two disk electrodes with equal radi, in generator-
collector mode as a function of the non-dimensional cetutreentre separation distanéga. The solid line
represents the analytical formula (75), whilst the dashegirepresents the formula (76) derived by Phillips
and Stone [17] with the approxima@((a/ﬂ)S) correction term. The line with circles is the steady-state
limit of the formula derived by Cutress et al. [14] by fitting humerical simulations fo2.1 < E/d <7
(expression (10) in their article). Plot (b) shows the petage difference between the Cutress formula
and formulae (75) (solid line) and (76) (dashed line). quﬁ < 2.6, the Phillips and Stone formula (76)
matches the Cutress values more closely than our formu)awHist for L /a > 2.6 the reverse is true. The
Phillips and Stone formula (76) matches the Cutress foroukdthin 10% over the range of its applicability
21<L/a<T.
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Figure 4: Figures (a) and (b) show log-linear plots of the-domensional time-dependent currents through
disks 1 and 2] (t) andiz(t), calculated from formula (59). The disks have equal radii= a2 = 1, and
their centre-to-centre separation is givenlhy = 10. The bulk concentrations of oxidant and reductant are
C} = 1andCy = 0, and their diffusion coefficients are equalo = Dr = 1. The potential at disk 1 is
held in the near-diffusion-limited regime (or generatordepby settingc s ; = 10 andky, 1 = 10—%. The
different curves in Figures (a) and (b) correspond to varyhe potential at disk 2: filled circles are near-
diffusion-limited, ko = 104 andky o = 10—*4; squares are quasi-reversibles o = 1 andky o = 1;
and, triangles are collector mode; 5 = 104 andk, o = 10%. The extra curve in Figure (a) with unfilled
circles is the near-diffusion-limited current at diskils(; = 104 andk, ;| = 10~%) in the absence of disk
2, Il(t)\aFO, obtained by setting> = 0in (59). Figure (c) shows the time-dependent current thinaligk

1 as a percentage of its value in isolation to illustrate theact of adding disk 2, which results in shielding
and feedback effectsNote that the shielcing effect car be sutstartial; althougt the sefaretion distance is
large (10 times the radii), the shielcing effect agproache 6% as the cuirent tend: towards stead-state when
bott disks are in the nea-diffusior-limited regime (filled circles).
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Figure 5: lllustration of the substantial impact of uneqdifusion coefficients on the current response.
Figure (a) shows the non-dimensional current responsesgdhrdisk 1,71 (¢), calculated from formula (59),
when the diffusion coefficients are varied: solid liflep = 1 and Dg = 1; dashed lineDo = 1 and
Dpgr = 2; and, dot-dashed lind)p = 1 and D = 0.5. The potentials at both electrodes are identical:
k1 =ky 1 =Fkpo=ky 2= 1. Other parameters ate}, = 1,C} = 0, a1 = a2 = 1, ande = 0.1.

By symmetry, the chosen parameters imply that the curréntsigh disks 1 and 2 are identical; hence we
only display the current through disk 1. Figure (b) shows Irge time-dependent absolute percentage
variations from the equal-diffusion-coefficient curreesponse when the diffusion coefficients are unequal.
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