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Abstract

Dual-disk electrodes allow for novel electrochemical investigations, particularly when
used in generator-collector mode. However analytical understanding of how the current
response of each individual electrode is affected by the presence of the neighbouring
electrode is limited. In this article, we derive an approximate analytical solution for the
time-dependent chronoamperometriccurrent response of a pair of electrodes, each sub-
jected to a different initial potential step. The solution is valid when the centre-to-centre
distance between the disks is much larger than the disk radii, and for times such that
the diffusion layers generated at each electrode have started to interact. It accommo-
dates quasi-reversible reactions and unequal diffusion coefficients of the oxidant and
the reductant. The generator-collector system is a specificcase, and we deduce simple
expressions for the time-dependent current and steady-state collection efficiencies at
each electrode. The analytical solution facilitates analysis of shielding and feedback
effects, and shows the explicit dependence of the currents on the underlying electro-
chemical parameters.

Keywords: chronoamperometry, dual-disk, dual-electrode, collector, generator,
microdisk

1. Introduction

The use of dual-electrode systems extends the range of investigative techniques
available for electrochemical analysis. A particularly important application is the gen-
erator -collector mode, whereby a species is oxidised/reduced at one electrode, and the
product is subsequently reduced/oxidised at the neighbouring electrode. A comprehen-
sive review of the many dual-electrode geometries and theiruse as generator-collector
systems can be found in the article by Barnes et al. [1]. They discuss rotating ring-disks,
wall-jet ring-disks and double channel flow electrodes, which exploit forced convection
to transport matter between the electrodes, and other systems, such as parallel planar
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microbands, dual disks, dual hemispheres, and ring-recessed disks, which use only dif-
fusion. They also report many applications, including investigation into the lifetimes
of electro-generated species, detection and characterisation of intermediate species in
electrochemical reactions, detection of sub-micromolar concentrations of analyte, and
many more.

In this article, we consider the general time-dependent behaviour (including the
generator-collector mode) of dual inlaid disk electrode systems in which diffusion is
the only means of mass transport to the electrodes. The system consists of a pair of
neighbouring microdisk electrodes inlaid into an insulating substrate, and retains the
practical advantages of the single inlaid microdisk electrode, namely that it is simple
to fabricate and the distorting influence of ohmic drop and double-layer capacitance
on the Faradaic current is greatly reduced [2–4]. Microdiskelectrodes also enable ac-
curate electrochemical investigations into reactions with fast kinetics, which would be
impossible to resolve at larger electrodes [5]. Dual-disk electrode systems have been
used in the literature to improve selectivity in electrochemical detection [6], and to
perform simultaneous oxidative and reductive detection [7]. However, analysis of the
current response of a dual-disk system is complicated by theeffects of cross-talk be-
tween the electrodes. Figure 1 shows a cartoon of the evolution of the diffusion layers
over time at a dual-disk system where the potentials at each electrode have been set
such that the same species is being oxidised/reduced simultaneously at both electrodes
(i.e. not in generator-collector mode). At very short times, the diffusion layer behaves
as if the diffusion was planar at each electrode as shown in Figure 1 (a); then at in-
termediate times as shown in Figure 1 (b), the electrodes remain independent, but the
diffusion layer at each electrode has grown to be three-dimensional; and finally the
electrodes cease to be independent over time-scales such that the diffusion layers have
begun to overlap, as shown in Figure 1 (c). Competition between the diffusion layers at
this stage causes a reduction in the total current response of a dual-disk system, when
compared with the sum of the currents through two independent single disks. This re-
duction in the current response is known as shielding. For a dual electrode system in
generator-collector mode, the opposite occurs. The current at the generator electrode
is enhanced due to the overlap of the diffusion layers, sincethe reverse reaction at the
collector electrode adds to the diffusion layer around the generator electrode; this effect
is known as feedback. Zhang and Zhou [8] and Matysik [9] fabricated platinum dual-
disk electrodes and investigated the shielding and feedback effects. Baur et al. [10]
also investigated the diffusional interaction in a dual-microdisk system.

Whilst dual-disk systems undoubtedly have many useful applications, theoretical
understanding of the current response, and in particular shielding and feedback effects,
remains limited. The boundary element method has been used to simulate numerically
the steady-state (Fulian et al. [11]) and transient (Qiu andFisher [12]) current response
of a generator-collector system under diffusion control. Baur and Motsegood [13] in-
vestigated the time-dependent chronoamperometric response of dual-disk electrodes
under diffusion control using three-dimensional random walk simulations. Recently,
Cutress et al. [14] used the explicit finite difference method to simulate transient cur-
rent responses for generator-collector systems. Analytical solutions for dual-disk sys-
tems in the literature include that by Strieder [15], which is based on investigations in
potential theory reported in Sneddon [16]. Strieder’s solution is limited to the steady-
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state current when both electrodes are held at potentials inthe diffusion-limited regime,
and allows the shielding effect to be calculated. The analysis assumes that the redox
species have equal diffusion coefficients and that the diskshave equal radii. Phillips and
Stone [17] performed theoretical investigations into the steady-state current response of
collector-generator systems with and without a homogeneous first-order reaction, and
in particular derived an approximate theoretical solutionfor the steady-state collection
efficiency of a dual-disk system; the higher-order correction terms in their solution
require the assumption that the current density on the generator electrode surface is
uniform.

In Section 2 of this article, we use the method of matched asymptotic expansions to
derive an analytical solution for the long-time-dependentchronoamperometric current
through two neighbouring disk electrodes inlaid into an insulating surface. The elec-
trodes are subjected to arbitrary initial potential steps,and we assume that the redox
reaction at each electrode is quasi-reversible. The diffusion coefficients of the oxidant
and reductant,̃DO andD̃R (m s−2), are allowed to be unequal. The solution for the
current response requires that the ratio of the radiiã1, 2 (m) of the electrodes to the
distancẽL (m) separating their centres is small, i.e.

ãj

L̃
≪ 1, j = 1, 2, (1)

and it is valid for long times,̃t, when the electrodes have ceased to behave individually
and their diffusion layers have begun to overlap, as depicted in Figure 1 (c). This occurs
over time-scales of the following order:

t̃ = O

(

max

{

L̃2

D̃O

,
L̃2

D̃R

})

, (2)

whichcorrespondsto diffusion-layerthicknessesof O(L̃).
For the reader less interested in the mathematical details,the theoretical problem is

presented schematically in Figure 2, and the final analytical result for the approximate
long-time-dependent quasi-reversible chronoamperometric current through disk 1 is
presented in expression (60). The equivalent expression for the current through disk 2
can be obtained by interchanging the subscripts 1 and 2 in (60). The analytical solution
allows for explicit quantification of the effects of shielding and feedback in terms of
the parameters of the electrochemical system.

In Section 3, we discuss the implications of our analytical solution, in particular
for the important special cases listed below, along with equation numbers for easy
reference:

• the quasi-reversible steady-state current response (62);

• the time-dependent and steady-state (63) current responses for reversible reac-
tions;

• the diffusion-limited current responses due to extreme polarisation of both elec-
trodes: for a reduction reaction, the time-dependent and steady-state responses
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are given by (64) and (65) respectively, and for an oxidationreaction by (67) and
(68);

• the time-dependent current responses of generator-collector systems: for a re-
duction reaction at the generator, the currents at the generator and collector are
given by (69) and (70) respectively, and, for an oxidation reaction at the gener-
ator, they are given by (71) and (72). A formula for the steady-state collection
efficiency in both cases is presented in expression (73).

For the diffusion-limited currents due to extreme polarisation, we show that our solu-
tion encompasses the steady-state diffusion-limited solution of Strieder [15] for disks
of identical radii. We also compare our expression for the steady-state collection effi-
ciency of a generator-collector system to the expression derived by Phillips and Stone
[17] and to a formula fitted to numerically simulated resultsfor disks of identical radii
derived by Cutress et al. [14]. Finally, we use our solution to illustrate the effects
of shielding and feedback, and demonstrate that unequal diffusion coefficients of the
oxidant and the reductant can have a large impact on the current response.

2. Theory

2.1. Governing equations and non-dimensionalisation

We consider a simple redox reaction between two species, Ox and Red, diffusing in
the half-spacẽz > 0 (tildes indicate dimensional variables), above two disk electrodes
inlaid into the planẽz = 0 with with radii ãj (j = 1, 2) and centres at(−L̃/2, 0, 0) and
(+L̃/2, 0, 0) in the cartesian coordinate system(x̃, ỹ, z̃). It is convenient to define also
two polar coordinate systems(r̃j , z̃, θj) with origin at the centre of diskj (j = 1, 2),
and the anglesθj are measured from the line joining the centres of the disks, as shown
in the schematic of the theoretical problem depicted in Figure 2. To make progress
with this problem, we will assume thatãj/L̃ ≪ 1, so that the distance between the
centres of the disks is very much greater than the radii of thedisks, andwe will look
for asolution for thelong-timetransientcurrentresponse,whentheelectrodediffusion
layersbegin to overlapandthereaction ateachelectrodestartsto influencethereaction
at theotherelectrode,i.e. thesolution will bevalid for time-scalesof theorderdetailed
in expression(2).

We assume that a redox reaction takes place at each electrode, in whichn electrons
are exchanged:

Ox+ n e
k̃f, j

⇋
k̃b, j

Red. (3)

Herek̃f, j andk̃b, j are the forward and backward rate constants for the reaction, which
can be different at each electrodej. We will however assume that the electrodes are
held at a constant potential so thatk̃f, j andk̃b, j do not vary with time.

REMOVED FIRST SENTENCE If we neglect any effects due to migration and
convection, then the concentrations of Ox and Red,C̃O(x̃, ỹ, z̃, t̃) andC̃R(x̃, ỹ, z̃, t̃),
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satisfy the unsteady diffusion equation forz̃ > 0 with constant diffusion coefficients
D̃O andD̃R (m2s−1). Hence

D̃O∇2C̃O =
∂C̃O

∂t̃
, D̃R∇2C̃R =

∂C̃R

∂t̃
, for z̃ > 0. (4a)

Initially the bulk concentrations of each species are constant everywhere:

C̃O(x̃, ỹ, z̃, 0) = C̃∗

O, C̃R(x̃, ỹ, z̃, 0) = C̃∗

R, at t̃ = 0. (4b)

We assume that the bulk concentrations far away from the electrodes remain undis-
turbed as the reaction progresses, so that the far-field boundary conditions are

C̃O → C̃∗

O, C̃R → C̃∗

R, asz̃ → ∞. (4c)

On each electrode surface, the boundary conditions are given by the reaction at the
surface and conservation of matter:

D̃O
∂C̃O

∂z̃
= k̃f, jC̃O − k̃b, jC̃R,

D̃O
∂C̃O

∂z̃
= −D̃R

∂C̃R

∂z̃
,



















for r̃j ≤ ãj , z̃ = 0. (4d)

There is no flux through the remainder of the surface, so that

D̃O
∂C̃O

∂z̃
= D̃R

∂C̃R

∂z̃
= 0, for r̃j > ãj , z̃ = 0. (4e)

The Faradaic current through electrodej is given by

Ĩj(t̃) = −nF̃D̃O

∫ 2π

0

∫ ãj

0

∂C̃O

∂z̃
(r̃j , 0, θj , t̃) r̃j dr̃jdθj , (5)

whereF̃ is Faraday’s constant andn is the number of electrons transferred in the redox
reaction.

We choose the following scalings to non-dimensionalise theproblem:

x̃ = ãx, ỹ = ãy, z̃ = ãz, t̃ =
L̃2

D̃
t, (6a)

ãj = ãaj, D̃O = D̃DO, D̃R = D̃DR, (6b)

C̃O = C̃∗

O − C̃∗CO, C̃R = C̃∗

R − C̃∗CR, Ĩj = nF̃ D̃OC̃
∗ãIj . (6c)

Here ã is the typical size of the radii of the disks̃aj andD̃ is the typical size of the
diffusion coefficientsD̃O andD̃R. We have chosen the time-scale to beL̃2/D̃, since
this represents the time-scale for the species to diffuse from one disk to the other, and
henceis thetime-scaleoverwhichthediffusionlayersof theelectrodesstartto interact;
thesolution derived below is only valid overtime-scalesof this order. On time-scales
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of order less than this, the two disks remain independent. The concentration scaling
C̃∗ is related to the typical size of the bulk concentrationsC̃∗

O andC̃∗

R.
When we defineǫ to be the ratio of the typical electrode radius to the distance

separating their centres:

ǫ =
ã

L̃
≪ 1, (7)

the problem (4) can be written in terms of the non-dimensional variables as:

DO∇2CO = ǫ2
∂CO

∂t
, DR∇2CR = ǫ2

∂CR

∂t
, for z > 0, (8a)

with initial conditions:

CO(x, y, z, 0) = 0, CR(x, y, z, 0) = 0, at t = 0, (8b)

and boundary conditions:

CO → 0, CR → 0, asz → ∞, (8c)

−∂CO

∂z
= kf, jC

∗

O − kb, jC
∗

R − kf, jCO + kb, jCR,

DO
∂CO

∂z
= −DR

∂CR

∂z
,















for rj ≤ aj , z = 0,

(8d)
∂CO

∂z
=

∂CR

∂z
= 0, for rj > aj , z = 0. (8e)

HereC∗

O = C̃∗

O/C̃
∗ andC∗

R = C̃∗

R/C̃
∗, and the non-dimensional rate constants are

given by:

kf, j =
k̃f, j ã

D̃O

, kb, j =
k̃b, j ã

D̃O

. (9)

The non-dimensional Faradaic current through the electrodej is calculated from:

Ij(t) =

∫ 2π

0

∫ aj

0

∂CO

∂z
(rj , 0, θj , t) rj drjdθj . (10)

2.2. Asymptotic solution for the current at each electrode

Sinceǫ ≪ 1, there is an inner region near each disk where the concentrations are
at steady-state to leading order, and an outer region where the concentrations are time-
dependent to leading order. We will find the solutions in bothregions using matched
asymptotics in a similar manner to the single-disk problem descibed in our previous ar-
ticle [18]. In the inner region near diskj, the coordinate system is(rj , z, θj) as defined
above, and variables will beCO, j(rj , z, θj, t) andCR, j(rj , z, θj , t). In the outer re-
gion, we will define the coordinate system in terms of ‘hatted’ variables,(x̂, ŷ, ẑ),
wherex̂ = ǫx, ŷ = ǫy andẑ = ǫz. In terms of the polar coordinate systems centred
at each diskj, the outer coordinate system can be written(r̂j , ẑ, θj), wherer̂j = ǫrj .
Similarly the outer dependent variables will also have hats, i.e. ĈO(x̂, ŷ, ẑ, t) and
ĈR(x̂, ŷ, ẑ, t).
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We expand the inner dependent variables in the following perturbation series:

CO, j = C
(0)
O, j + ǫC

(1)
O, j + ǫ2C

(2)
O, j +O(ǫ3), (11a)

CR, j = C
(0)
R, i + ǫC

(1)
R, j + ǫ2C

(2)
R, j +O(ǫ3), (11b)

and similarly for the outer variables:

ĈO = ǫĈ
(0)
O + ǫ2Ĉ

(1)
O +O(ǫ3), (12a)

ĈR = ǫĈ
(0)
R + ǫ2Ĉ

(1)
R +O(ǫ3). (12b)

We remark in advance that construction of the asymptotic solution reveals that the inner
solutions are axi-symmetric up toO(ǫ), and the outer solutions are radially symmetric
up toO(ǫ2).

2.2.1. Leading-order inner solution
To leading order the inner solution in the vicinity of each disk is axisymmetric and

steady state, so thatC(0)
O, j(rj , z) andC(0)

R, j(rj , z) satisfy the following steady problem:

∇2C
(0)
O, j = 0, ∇2C

(0)
R, j = 0, for z > 0, (13)

with boundary conditions (8c) to (8e). Since the following quantity is conserved:

DOC
(0)
O, j +DRC

(0)
R, j = 0, (14)

C
(0)
R, j can be eliminated to obtain a problem for the single variableC

(0)
O, j :

∇2C
(0)
O, j = 0, z > 0, (15a)

C
(0)
O, j → 0, z → ∞, (15b)

∂C
(0)
O, j

∂z
=

{

0 rj > aj ,

βjC
(0)
O, j − αj rj ≤ aj ,

z = 0, (15c)

where

αj = kf, jC
∗

O − kb, jC
∗

R, (16)

βj = kf, j + kb, j
DO

DR
. (17)

Therefore the solutions forC(0)
O, i andC(0)

R, i can be written as:

C
(0)
O, j(r, z) =

αj

βj
χ

(

ajβj ;
rj
aj

,
z

aj

)

, (18a)

C
(0)
R, j(r, z) = −DOαj

DRβj
χ

(

ajβj;
rj
aj

,
z

aj

)

, (18b)
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whereχ(β; r, z) satisfies the following problem:

∇2χ = 0, z > 0, (19a)

χ → 0, z → ∞, (19b)

∂χ

∂z
= q(β; r) =

{

0 r > 1,

β(χ− 1) r ≤ 1,
z = 0. (19c)

As in [18–20], the solution forχ(β; r, z) can be written in terms of the unknown flux
through the boundary,q(β; r), as:

χ(β; r, z) = − 2

π

∫ 1

0

K

(

4rs

(r + s)2 + z2

)

q(β; s)s ds
√

(r + s)2 + z2
, (20)

whereK(·) denotes a complete elliptic integral of the first kind ([21],p.590, 17.3.1):

K(m) =

∫ π
2

0

1
√

1−m sin2 θ
dθ. (21)

This enables us to write the far-field behaviour ofχ(β; r, z) as:

χ(β; r, z) ∼ − Iss(β)

2π
√
r2 + z2

−
(

r2 − 2z2
)

4 (r2 + z2)
5/2

∫ 1

0

q(β; s)s3 ds+· · · asr2+z2 → ∞,

(22)
which is important for matching to the outer solution. HereIss(β) is given by:

Iss(β) = 2π

∫ 1

0

q(β; r)r dr = 2π

∫ 1

0

∂χ

∂z
(β; r, 0)r dr, (23)

and it can be calculated using Tranter’s method [22] to solve(19) in terms of a series
of Bessel functions, as described in our previous article [18]; in that article, we also
included in the Supplementary Data a working curve forIss(β) for β in the range
0 ≤ β ≤ 500. For values ofβ > 500, Iss(β) can be calculated using the asymptotic
expansion derived by Phillips [23] for largeβ:

Iss(β) = −4
(

1− (πβ)−1 log β + o(β−1 log β)
)

, asβ → ∞. (24)

2.2.2. Leading-order outer solution
We use Van Dyke’s method [24] to find the leading-order impactin the far field

of the leading-order inner solutions at the two disks. Writing the inner solutionsC(0)
O, j

andC(0)
R, j (18) in terms of the outer variableŝrj andẑ, using the far-field behaviour of

χ(β; r, z) given by (22), and lettingǫ tend to zero, we find that

C
(0)
O, j(r̂j , ẑ) = −ǫ

αjaj
βj

Iss(ajβj)

2πρ̂j
+O(ǫ3), (25a)

C
(0)
R, j(r̂j , ẑ) = ǫ

DOαjaj
DRβj

Iss(ajβj)

2πρ̂j
+O(ǫ3), (25b)
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whereρ̂j =
√

r̂2j + ẑ2, and these expressions give the matching conditions for the

outer solutions aŝρj → 0. Then the leading-order outer solutions,Ĉ
(0)
O andĈ(0)

R , are
the sum of contributions from each of the disks:

Ĉ
(0)
O =

2
∑

j=1

Ĉ
(0)
O, j(ρ̂j , t), Ĉ

(0)
R =

2
∑

j=1

Ĉ
(0)
R, j(ρ̂j , t), (26)

where the functionŝC(0)
O, j(ρ̂j , t) andĈ(0)

R, j(ρ̂j , t) satisfy the following problems:

DO

ρ̂j

∂2

∂ρ̂2j

(

ρ̂jĈ
(0)
O, j

)

=
∂Ĉ

(0)
O, j

∂t
, z > 0, (27a)

Ĉ
(0)
O, j = 0, t = 0, (27b)

Ĉ
(0)
O, j → 0, ρ̂j → ∞, (27c)

Ĉ
(0)
O, j ∼ −αjaj

βj

Iss(ajβj)

2πρ̂j
, ρ̂j → 0, (27d)

and

DR

ρ̂j

∂2

∂ρ̂2j

(

ρ̂jĈ
(0)
R, j

)

=
∂Ĉ

(0)
R, j

∂t
, z > 0, (28a)

Ĉ
(0)
R, j = 0, t = 0, (28b)

Ĉ
(0)
R, j → 0, ρ̂j → ∞, (28c)

Ĉ
(0)
R, j ∼

DOαjaj
DRβj

Iss(ajβj)

2πρ̂j
, ρ̂j → 0. (28d)

The solutions to these problems are:

Ĉ
(0)
O, j(ρ̂j , t) = −αjaj

βj

Iss(ajβj)

2πρ̂j
erfc

(

ρ̂j

2
√
DOt

)

, (29a)

Ĉ
(0)
R, j(ρ̂j , t) =

DO

DR

αjaj
βj

Iss(ajβj)

2πρ̂j
erfc

(

ρ̂j

2
√
DRt

)

. (29b)

2.2.3. First-order inner solution near each disk
To apply Van Dyke’s rule again, let us consider the two-term inner expansion

of the one-term outer solutions (26) near disk1. We note thatρ̂1 = ǫρ1, where
ρ1 =

√

r21 + z2, andρ̂2 can be written in terms of the inner variables(r1, z, θ1) as:

ρ̂2 =
(

1− 2ǫr1 cos θ1 + ǫ2(r21 + z2)
)

1

2 . (30)

Therefore, substituting expressions (29) forĈ
(0)
O, j(ρ̂j , t) and Ĉ

(0)
R, j(ρ̂j , t) into (26),

writing (26) in terms of the inner variables, lettingǫ → 0 and finding the two-term
inner expansion near disk 1, we can deduce the boundary conditions asρ1 → ∞ for
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the first-order inner problem near disk 1. This results in thefollowing boundary value
problem forC(1)

O, 1 andC(1)
R, 1:

∇2C
(1)
O, 1 = 0, ∇2C

(1)
R, 1 = 0, for z > 0, (31a)

−
∂C

(1)
O, 1

∂z
= −kf, 1C

(1)
O, 1 + kb, 1C

(1)
R, 1,

−
∂C

(1)
O, 1

∂z
=

DR

DO

∂C
(1)
R, 1

∂z
,























for z = 0, r1 ≤ a1, (31b)

∂C
(1)
O, 1

∂z
=

∂C
(1)
R, 1

∂z
= 0, for z = 0, r1 > a1, (31c)

C
(1)
O, 1 ∼ C

(1),∞
O, 1 (t), C

(1)
R, 1 ∼ −DO

DR
C

(1),∞
R, 1 (t), asρ1 → ∞, (31d)

where

C
(1),∞
O, 1 (t) =

α1a1Iss(a1β1)

2π
3

2β1

√
DOt

− α2a2Iss(a2β2)

2πβ2
erfc

(

1

2
√
DOt

)

, (32a)

C
(1),∞
R, 1 (t) =

α1a1Iss(a1β1)

2π
3

2β1

√
DRt

− α2a2Iss(a2β2)

2πβ2
erfc

(

1

2
√
DRt

)

. (32b)

Since it can be deduced from (31) that

C
(1)
O, 1 +

DR

DO
C

(1)
R, 1 = C

(1),∞
O, 1 (t)− C

(1),∞
R, 1 (t), (33)

it follows thatC(1)
R, 1 can be eliminated from (31) to obtain a single problem forC

(1)
O, 1:

∇2C
(1)
O, 1 = 0, z > 0, (34a)

C
(1)
O, 1 → C

(1),∞
O, 1 (t), ρ1 → ∞, (34b)

∂C
(1)
O, 1

∂z
= β1C

(1)
O, 1 −

kb, 1DO

DR

(

C
(1),∞
O, 1 (t)− C

(1),∞
R, 1 (t)

)

, r1 < a1, z = 0,

(34c)

∂C
(1)
O, 1

∂z
= 0, r1 > a1, z = 0.

(34d)

This can be written in similar form to (19), so that the solutions forC(1)
O, 1 andC(1)

R, 1 are
given by:

C
(1)
O, 1(r1, z, t) = C

(1),∞
O, 1 (t)−

(

kf, 1C
(1),∞
O, 1 (t) +

kb, 1DO

DR
C

(1),∞
R, 1 (t)

β1

)

χ(a1β1;
r1
a1

,
z

a1
), (35a)
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C
(1)
R, 1(r1, z, t) = −DO

DR
C

(1),∞
R, 1 (t)+

DO

DR

(

kf, 1C
(1),∞
O, 1 (t) +

kb, 1DO

DR
C

(1),∞
R, 1 (t)

β1

)

χ(a1β1;
r1
a1

,
z

a1
). (35b)

We note that the first-order solutions in the vicinity of the second disk,C(1)
O, 2 andC(1)

R, 2,
are found by symmetry by interchanging the subscripts 1 and 2in (35).

2.2.4. First-order outer solution
The first-order terms of the outer expansion,Ĉ

(1)
O andĈ(1)

R , contain contributions
from the outer expansions of the inner expansions near disk 1and disk 2, and therefore
have the following forms:

Ĉ
(1)
O =

2
∑

j=1

Ĉ
(1)
O, j(ρ̂j , t), Ĉ

(1)
R =

2
∑

j=1

Ĉ
(1)
R, j(ρ̂j , t). (36)

Further application of Van Dyke’s rule allows us to obtain these first-order terms. Let
us consider the two-term outer expansion of the two-term inner expansion for the ox-
idant near disk 1, i.e. the outer expansion ofC

(0)
O, 1 + ǫC

(1)
O, 1, whereC(0)

O, 1 is given by

(18a) withj = 1, andC(1)
O, 1 is given by (35a). This gives the matching condition for

Ĉ
(1)
O, 1(ρ̂1, t) asρ̂1 → 0, and hencêC(1)

O, 1(ρ̂1, t) must satisfy:

DO

ρ̂1

∂2

∂ρ̂21

(

ρ̂1Ĉ
(1)
O, 1

)

=
∂Ĉ

(1)
O, 1

∂t
, for ẑ > 0, (37a)

Ĉ
(1)
O, 1 = 0, at t = 0, (37b)

Ĉ
(1)
O, 1 ∼ Ĉ

(1), 0
O, 1 (ρ̂1, t), asρ̂1 → 0, (37c)

Ĉ
(1)
O, 1 → 0, asρ̂1 → ∞, (37d)

where

Ĉ
(1), 0
O, 1 (ρ̂1, t) =

(

a1Iss(a1β1)

2πρ̂1

)

×
{

α1a1Iss(a1β1)

2π
3

2β2
1

√
DOt

(

kf, 1 + kb, 1

(

DO

DR

)
3

2

)

− α2a2Iss(a2β2)

2πβ1β2

(

kf, 1erfc

(

1

2
√
DOt

)

+
kb, 1DO

DR
erfc

(

1

2
√
DRt

))

}

. (38)
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Solution by Laplace transform gives:

Ĉ
(1)
O, 1 =

(

a1Iss(a1β1)

2πρ̂1

)

×
{

α1a1Iss(a1β1)

2π
3

2β2
1

√
DOt

(

kf, 1 + kb, 1

(

DO

DR

)
3

2

)

e
−

ρ̂2
1

4DOt−

α2a2Iss(a2β2)

2πβ1β2

(

kf, 1erfc

(

ρ̂1 + 1

2
√
DOt

)

+
kb, 1DO

DR
erfc

(√
DO +

√
DRρ̂1

2
√
DODRt

))

}

,

(39a)

and, by symmetry,̂C(1)
O, 2 is given by

Ĉ
(1)
O, 2 =

(

a2Iss(a2β2)

2πρ̂2

)

×
{

α2a2Iss(a2β2)

2π
3

2β2
2

√
DOt

(

kf, 2 + kb, 2

(

DO

DR

)
3

2

)

e
−

ρ̂2
2

4DOt−

α1a1Iss(a1β1)

2πβ2β1

(

kf, 2erfc

(

ρ̂2 + 1

2
√
DOt

)

+
kb, 2DO

DR
erfc

(√
DO +

√
DRρ̂2

2
√
DODRt

))

}

.

(39b)

Now applying Van Dyke’s rule to the reductant, we find thatĈ
(1)
R, 1(ρ̂1, t) must satisfy:

DR

ρ̂1

∂2

∂ρ̂21

(

ρ̂1Ĉ
(1)
R, 1

)

=
∂Ĉ

(1)
R, 1

∂t
, for ẑ > 0, (40)

Ĉ
(1)
R, 1 = 0, at t = 0, (41)

Ĉ
(1)
R, 1 ∼ Ĉ

(1), 0
R, 1 (ρ̂1, t), asρ̂1 → 0, (42)

Ĉ
(1)
R, 1 → 0, asρ̂1 → ∞, (43)

where

Ĉ
(1), 0
R, 1 (ρ̂1, t) = −

(

a1Iss(a1β1)

2πρ̂1

)

×

DO

DR

{

α1a1Iss(a1β1)

2π
3

2β2
1

√
DOt

(

kf, 1 + kb, 1

(

DO

DR

)
3

2

)

−

α2a2Iss(a2β2)

2πβ1β2

(

kf, 1erfc

(

1

2
√
DOt

)

+
kb, 1DO

DR
erfc

(

1

2
√
DRt

))

}

. (44)
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Using the Laplace transform, this problem has the solution

Ĉ
(1)
R, 1 = −

(

a1Iss(a1β1)

2πρ̂1

)

DO

DR
×

{

α1a1Iss(a1β1)

2π
3

2β2
1

√
DOt

(

kf, 1 + kb, 1

(

DO

DR

)
3

2

)

e
−

ρ̂2
1

4DRt−

α2a2Iss(a2β2)

2πβ1β2

(

kf, 1erfc

(√
DOρ̂1 +

√
DR

2
√
DODRt

)

+
kb, 1DO

DR
erfc

(

ρ̂1 + 1

2
√
DRt

))

}

,

(45a)

and, by symmetry,

Ĉ
(1)
R, 2 = −

(

a2Iss(a2β2)

2πρ̂2

)

DO

DR
×

{

α2a2Iss(a2β2)

2π
3

2β2
2

√
DOt

(

kf, 2 + kb, 2

(

DO

DR

)
3

2

)

e
−

ρ̂2
2

4DRt−

α1a1Iss(a1β1)

2πβ1β2

(

kf, 2erfc

(√
DOρ̂2 +

√
DR

2
√
DODRt

)

+
kb, 2DO

DR
erfc

(

ρ̂2 + 1

2
√
DRt

))

}

.

(45b)

2.2.5. Second-order inner solution
To find the second-order inner solution, let us find the three-term inner expansion

of the two-term outer expansion near disk 1 and apply Van Dyke’s rule. To recap, the
two-term outer expansions for the oxidant and reductant aregiven by

ĈO ∼ ǫ
(

Ĉ
(0)
O, 1(ρ̂1, t) + Ĉ

(0)
O, 2(ρ̂2, t)

)

+ ǫ2
(

Ĉ
(1)
O, 1(ρ̂1, t) + Ĉ

(1)
O, 2(ρ̂2, t)

)

, (46a)

ĈR ∼ ǫ
(

Ĉ
(0)
R, 1(ρ̂1, t) + Ĉ

(0)
R, 2(ρ̂2, t)

)

+ ǫ2
(

Ĉ
(1)
R, 1(ρ̂1, t) + Ĉ

(1)
R, 2(ρ̂2, t)

)

. (46b)

HereĈ(0)
O, j andĈ(0)

R, j are given by (29a) and (29b) respectively;Ĉ
(1)
O, 1 andĈ(1)

O, 2 are

given by (39a) and (39b); and,̂C(1)
R, 1 andĈ(1)

R, 2 are given by (45a) and (45b).
Finding the three-term inner expansions of (46a) and (46b),and using theO(ǫ2)

terms to obtain our matching conditions, we find thatC
(2)
O, 1 andC(2)

R, 1 satisfy the fol-
lowing problem:

DO∇2C
(2)
O, 1 =

∂C
(0)
O, 1

∂t
= 0, DR∇2C

(2)
R, 1 =

∂C
(0)
R, 1

∂t
= 0, (47a)

with boundary conditions:

∂C
(2)
O, 1

∂z
=

∂C
(2)
R, 1

∂z
= 0, for z = 0, r1 > a1, (47b)
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−
∂C

(2)
O, 1

∂z
= −kf, 1C

(2)
O, 1 + kb, 1C

(2)
R, 1,

−
∂C

(2)
O, 1

∂z
=

DR

DO

∂C
(2)
R, 1

∂z
,























for z = 0, r1 ≤ a1, (47c)

C
(2)
O, 1 ∼ C

(2),∞
O, 1 (r1, θ1, t), C

(2)
R, 1 ∼ −DO

DR
C

(2),∞
R, 1 (r1, θ1, t), asρ1 → ∞.

(47d)
The functionsC(2),∞

O, 1 (r1, θ1, t) andC(2),∞
R, 1 (r1, θ1, t) are determined from the match-

ing condition to be:

C
(2),∞
O, 1 (r1, θ1, t) = G∞

O,1(t)− F∞

O,1(t)r1 cos θ1, (48)

C
(2),∞
R, 1 (r1, θ1, t) = G∞

R,1(t)− F∞

R,1(t)r1 cos θ1, (49)

where

F∞

O,1(t) =
α2a2Iss(a2β2)

2πβ2

[

erfc

(

1

2
√
DOt

)

+
e
−

1

4DOt

√
πDOt

]

, (50a)

F∞

R,1(t) =
α2a2Iss(a2β2)

2πβ2

[

erfc

(

1

2
√
DRt

)

+
e
−

1

4DRt

√
πDRt

]

, (50b)

and

G∞

O, 1(t) =
a1a2α2Iss(a1β1)Iss(a2β2)

4π2β1β2

[

kf, 1
e
−

1

4DOt

√
πDOt

+
kb, 1DO

DR

e
−

1

4DRt

√
πDOt

]

−a1a2α1Iss(a1β1)Iss(a2β2)

4π2β1β2

[

kf, 2erfc

(

1√
DOt

)

+
kb, 2DO

DR
erfc

(√
DO +

√
DR

2
√
DRDOt

)]

+
a22α2Iss(a2β2)

2

4π2β2
2

(

kf, 2 + kb, 2

(

DO

DR

)
3

2

)

e
−

1

4DOt

√
πDOt

, (51a)

and

G∞

R, 1(t) =
a1a2α2Iss(a1β1)Iss(a2β2)

4π2β1β2

[

kf, 1
e
−

1

4DOt

√
πDRt

+
kb, 1DO

DR

e
−

1

4DRt

√
πDRt

]

−a1a2α1Iss(a1β1)Iss(a2β2)

4π2β1β2

[

kf, 2erfc

(√
DO +

√
DR

2
√
DRDOt

)

+
kb, 2DO

DR
erfc

(

1√
DRt

)]

+
a22α2Iss(a2β2)

2

4π2β2
2

(

kf, 2 + kb, 2

(

DO

DR

)
3

2

)

e
−

1

4DRt

√
πDOt

. (51b)

Suppose that we let:

C
(2)
O, 1 = GO, 1(r1, z, t)− FO, 1(r1, z, t) cos θ1, (52a)

C
(2)
R, 1 = GR, 1(r1, z, t)− FR, 1(r1, z, t) cos θ1. (52b)
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Then, the solutions forFO, 1 andFR, 1 are unnecessary for the calculation of the cur-
rent, as they do not contribute to the current through the disk, sincecos θ1 integrates to
zero. Therefore it remains to find the solutions forGO, 1 andGR, 1, which solve

∇2GO, 1 = 0, ∇2GR, 1 = 0, (53a)

with boundary conditions:

∂GO, 1

∂z
=

∂GR, 1

∂z
= 0, for z = 0, r1 > a1, (53b)

−∂GO, 1

∂z
= −kf, 1GO, 1 + kb, 1GR, 1,

−∂GO, 1

∂z
=

DR

DO

∂GR, 1

∂z
,















for z = 0, r1 ≤ a1, (53c)

GO, 1 → G∞

O, 1(t), GR, 1 → −DO

DR
G∞

R, 1(t), asρ1 → ∞. (53d)

Again, the following expression must be satisfied:

GO, 1 +
DR

DO
GR, 1 = G∞

O, 1(t)−G∞

R, 1(t), (54)

and the solutions forGO, 1 andGR, 1 are given by

GO, 1(r1, z, t) = G∞

O, 1(t)−
(

kf, 1G
∞

O, 1(t) +
kb, 1DO

DR
G∞

R, 1(t)

β1

)

χ(a1β1;
r1
a1

,
z

a1
), (55)

GR, 1(r1, z, t) = −DO

DR
G∞

R, 1(t)+

DO

DR

(

kf, 1G
∞

O, 1(t) +
kb, 1DO

DR
G∞

R, 1(t)

β1

)

χ(a1β1;
r1
a1

,
z

a1
). (56)

The equivalent solutions forGO, 2 andGR, 2 in the vicinity of disk 2 can be obtained
by interchanging the subscripts 1 and 2.

2.3. Analytical expression for the Faradaic current through each disk

The Faradaic current through disk 1 is given by expression (10) with j = 1, so that:

I1(t) =

∫ 2π

0

∫ a1

0

∂CO, 1

∂z
(r1, 0, θ1, t)r1dr1dθ1, (57a)

=

∫ 2π

0

∫ a1

0

(

∂C
(0)
O, 1

∂z
+ ǫ

∂C
(1)
O, 1

∂z
+ ǫ2

∂C
(2)
O, 1

∂z

)∣

∣

∣

∣

∣

z=0

r1dr1dθ1 +O(ǫ3).

(57b)
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We substitute in the expressions forC
(0)
O, 1, C(1)

O, 1 andC(2)
O, 1 from (18a) (withj = 1),

(35a) and (52a) respectively, and use the fact that (cf. equation (23)):

∫ 2π

0

∫ a1

0

∂χ
(

a1β1;
r1
a1

, z
a1

)

∂z

∣

∣

∣

∣

∣

∣

z=0

r1dr1dθ1 = a1Iss(a1β1). (58)

These steps give:

I1(t) =
a1Iss(a1β1)

β1

{

α1 − ǫ

(

kf, 1C
(1),∞
O, 1 (t) +

kb, 1DO

DR
C

(1),∞
R, 1 (t)

)

− ǫ2
(

kf, 1G
∞

O, 1(t) +
kb, 1DO

DR
G∞

R, 1(t)

)

}

+O(ǫ3), (59)

whereC(1),∞
O, 1 (t), C(1),∞

R, 1 (t), G∞

O, 1(t) andG∞

R, 1(t) are given by (32a), (32b), (51a)
and (51b) respectively.

Converting back into dimensional variables gives the main analytical result of this
article. The dimensional Faradaic current through disk1 is given by:

Ĩ1(t̃) ≈
(

nF̃ D̃Oã1Iss(a1β1)

K̃1

){

C̃∗

O − k̃b, 1

k̃f, 1
C̃∗

R

−
(

C̃
(1),∞
O, 1 (t̃) +

k̃b, 1D̃O

k̃f, 1D̃R

C̃
(1),∞
R, 1 (t̃)

)

−
(

G̃∞

O, 1(t̃) +
k̃b, 1D̃O

k̃f, 1D̃R

G̃∞

R, 1(t̃)

)}

, (60a)

where

C̃
(1),∞
O, 1 (t̃) =

ã1C̃1Iss(a1β1)

2π
3

2 K̃1

√

D̃O t̃
− ã2C̃2Iss(a2β2)

2πK̃2L̃
erfc

(

L̃

2
√

D̃O t̃

)

, (60b)

C̃
(1),∞
R, 1 (t̃) =

ã1C̃1Iss(a1β1)

2π
3

2 K̃1

√

D̃Rt̃
− ã2C̃2Iss(a2β2)

2πK̃2L̃
erfc

(

L̃

2
√

D̃Rt̃

)

, (60c)
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and

G̃∞

O, 1(t̃) =
ã22C̃2Iss(a2β2)

2

4π
5

2 K̃2
2L̃
√

D̃O t̃



1 +
k̃b, 2

k̃f, 2

(

D̃O

D̃R

)
3

2



 e
−

L̃2

4D̃Ot̃

+
ã2ã1C̃2Iss(a1β1)Iss(a2β2)

4π
5

2 K̃1K̃2L̃
√

D̃O t̃

(

e
−

L̃2

4D̃Ot̃ +
k̃b, 1D̃O

k̃f, 1D̃R

e
−

L̃2

4D̃Rt̃

)

− ã1ã2C̃1Iss(a2β2)Iss(a1β1)

4π2K̃2K̃1L̃2

{

erfc

(

L̃
√

D̃O t̃

)

+
k̃b, 2D̃O

k̃f, 2D̃R

erfc

(

L̃
√

D̃O + L̃
√

D̃R

2
√

D̃OD̃Rt̃

)

}

, (60d)

G̃∞

R, 1(t̃) =
ã22C̃2Iss(a2β2)

2

4π
5

2 K̃2
2L̃
√

D̃O t̃



1 +
k̃b, 2

k̃f, 2

(

D̃O

D̃R

)
3

2



 e
−

L̃2

4D̃Rt̃

+
ã2ã1C̃2Iss(a1β1)Iss(a2β2)

4π
5

2 K̃1K̃2L̃
√

D̃Rt̃

(

e
−

L̃2

4D̃Ot̃ +
k̃b, 1D̃O

k̃f, 1D̃R

e
−

L̃2

4D̃Rt̃

)

− ã1ã2C̃1Iss(a2β2)Iss(a1β1)

4π2K̃2K̃1L̃2

{

erfc

(√

D̃OL̃+
√

D̃RL̃

2
√

D̃OD̃Rt̃

)

+
k̃b, 2D̃O

k̃f, 2D̃R

erfc

(

L̃
√

D̃Rt̃

)

}

, (60e)

and

C̃j = C̃∗

O − k̃b, j

k̃f, j
C̃∗

R, (60f)

K̃j = 1 +
k̃b, jD̃O

k̃f, jD̃R

, (60g)

ajβj =
k̃f, j ãj

D̃O

+
k̃b, j ãj

D̃R

. (60h)

The equivalent expression for the current through disk 2 canbe obtained by inter-
changing the subscripts 1 and 2 in (60). We recall that the factor Iss(β) in the above
expressions can be derived for0 ≤ β ≤ 500 from the working curve in the Supplemen-
tary Data to our previous paper [18], and forβ > 500 from the asymptotic expression
(24) derived by Phillips [23]. We also emphasize that the percentage error in expres-
sion (60a) for the current isO(ǫ3), i.e.O

(

(ã/L̃)3
)

, whereã is the typical radius of the
electrodes and̃L is the distance between their centres. For (60a) to be accurate, this
error must be small. In addition, it is only valid for time-scales such that the diffusion
layers of the electrodes have started to interact, i.e. fort̃ such that condition (2) holds.
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3. Results and discussion

In this section, we verify that the solution for the dimensional current (60) encom-
passes the solution derived in our previous paper [18] for a single disk, and we discuss
the quasi-reversible steady state, reversible reactions and diffusion-limited reactions.
In the latter case, we show that our expression reduces to Strieder’s solution in [15] for
the steady-state current response of two disks with identical radii. We also highlight
the particular case of a generator-collector system, for which (60) reduces to simple
expressions for the current through each electrode and the steady-state collection ef-
ficiency. Finally, we illustrate the effects of shielding and feedback on the current
responses, and show that the impact of unequal diffusion coefficients of the oxidant
and reductant can be substantial.

3.1. Single disk response

In the limit that ã2 → 0 in (60), the second disk vanishes and we recover the
time-dependent response of the single disk, namely:

Ĩ1(t̃) ≈ nF̃ ã1D̃OD̃RIss(a1β1)

(

k̃f, 1C̃
∗

O − k̃b, 1C̃
∗

R

k̃f, 1D̃R + k̃b, 1D̃O

)

×
[

1− ã1Iss(a1β1)

2π
3

2

√

D̃OD̃R t̃

(

k̃f, 1D̃
3

2

R + k̃b, 1D̃
3

2

O

k̃f, 1D̃R + k̃b, 1D̃O

)]

, (61)

which agrees with the single-disk response derived in our previous article [18].

3.2. Quasi-reversible steady-state response

Letting t̃ → ∞ in (60) gives the steady-state response, which is equal to:

Ĩ1(∞) ≈
(

nF̃ D̃Oã1Iss(a1β1)

K̃1

){

C̃∗

O − k̃b, 1

k̃f, 1
C̃∗

R

+
ã2C̃2K̃1Iss(a2β2)

2πK̃2L̃
+

ã1ã2C̃1Iss(a2β2)Iss(a1β1)

4π2L̃2

}

. (62)

3.3. Reversible reactions

If the redox reactions at both the electrodes are reversible, then this corresponds
to letting k̃f, j , k̃b, j → ∞ such that̃kb, j/k̃f, j = O(1). SinceIss(ajβj) → −4
asβj → ∞ (cf. (24)), and expression (60) is already written in terms of the ratio
k̃b, j/k̃f, j , the analytical expression for a reversible current is easily obtained by setting
Iss(ajβj) = −4 in (60). The reversible steady-state current has the simpleanalytical
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form:

Ĩ1(∞) ≈ −





4nF̃ D̃OD̃Rã1

D̃R +
k̃b, 1

k̃f, 1

D̃O





{

C̃∗

O − k̃b, 1

k̃f, 1
C̃∗

R

−
2ã2

(

C̃∗

O − k̃b, 2

k̃f, 2

C̃∗

R

)(

1 +
k̃b, 1D̃O

k̃f, 1D̃R

)

π
(

1 +
k̃b, 2D̃O

k̃f, 2D̃R

)

L̃

+
4ã1ã2

(

C̃∗

O − k̃b, 1

k̃f, 1
C̃∗

R

)

π2L̃2

}

. (63)

3.4. Diffusion-limited reactions due to extreme polarisation

For a diffusion-limited reduction reaction, the potentialat both the electrodes is set
to a level such that̃kf, j → ∞ andk̃b, j → 0. From (24), this means thatIss(ajβj) = −4,
and (60) simplifies to:

Ĩ1(t̃) ≈ −4nF̃D̃Oã1C̃
∗

O

{

1 +
2ã1

π
3

2

√

D̃O t̃
− 2ã2

πL̃
erfc

(

L̃

2
√

D̃O t̃

)

− 4ã2(ã2 + ã1)

π
5

2 L̃
√

D̃O t̃
e
−

L̃2

4D̃Ot̃ +
4ã1ã2

π2L̃2
erfc

(

L̃
√

D̃O t̃

)}

, (64)

with corresponding steady state:

Ĩ1(∞) ≈ −4nF̃D̃Oã1C̃
∗

O

{

1− 2ã2

πL̃
+

4ã1ã2

π2L̃2

}

. (65)

For two electrodes with identical radiiã, this steady state simplifies to

Ĩ1(∞) ≈ −4nF̃D̃OãC̃
∗

O

{

1− 2ã

πL̃
+

4ã2

π2L̃2

}

, (66)

which agrees with the first three terms in the solution derived by Strieder [15].
Similarly, for a diffusion-limited oxidation reaction, the potential at both the elec-

trodes is set to a level such thatk̃f, j → 0 and k̃b, j → ∞. This again means that
Iss(ajβj) = −4 and (60) simplifies to:

Ĩ1(t̃) ≈ 4nF̃D̃Rã1C̃
∗

R

{

1 +
2ã1

π
3

2

√

D̃Rt̃
− 2ã2

πL̃
erfc

(

L̃

2
√

D̃Rt̃

)

− 4ã2(ã2 + ã1)

π
5

2 L̃
√

D̃Rt̃
e
−

L̃2

4D̃Rt̃ +
4ã1ã2

π2L̃2
erfc

(

L̃
√

D̃Rt̃

)}

, (67)
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with steady state:

Ĩ1(∞) ≈ 4nF̃D̃Rã1C̃
∗

R

{

1− 2ã2

πL̃
+

4ã1ã2

π2L̃2

}

. (68)

As expected, (67) and (68) are equivalent to (64) and (65) with the sign changed and
C̃∗

O, D̃O replaced byC̃∗

R, D̃R. Also, note that the shielding effects are very apparent
in the expressions for the steady-state currents (65) and (68), corresponding to the
negative second term in the curly brackets.

3.5. Generator-collector systems

A system of two disk electrodes can be set up as a generator-collector system. For
a reduction reaction, we assume that the bulk concentrationof the reductant is zero,
C̃∗

R = 0, so that the bulk solution only contains oxidant,C̃∗

O. The oxidant is reduced
at the generator disk 1, which is set to an extreme polarisation such that the current
is diffusion-limited i.e.k̃f, 1 → ∞ andk̃b, 1 → 0. This produces the reductant which
diffuses to the collector disk 2 to be oxidised, since the collector is set at the opposite
diffusion-limited extreme polarisation, i.e.k̃f, 2 → 0 andk̃b, 2 → ∞. Then the current
through the generator disk 1 simplifies to

Ĩ1(t̃) ≈ −4nF̃D̃Oã1C̃
∗

O

{

1 +
2ã1

π
3

2

√

D̃O t̃
+

4ã1ã2

π2L̃2
erfc

(

L̃
√

D̃O + L̃
√

D̃R

2
√

D̃OD̃R t̃

)}

,

(69)
and that through the collector disk 2:

Ĩ2(t̃) ≈
8nF̃D̃OC̃

∗

Oã1ã2

πL̃

{

erfc

(

L̃

2
√

D̃Rt̃

)

+
2

π
3

2

(

ã1
√

D̃O t̃
+

ã2
√

D̃Rt̃

)

e
−

L̃2

4D̃Rt̃

}

.

(70)
For an oxidation reaction,̃C∗

O = 0 andC̃∗

R 6= 0, and the potential set-up will be the
opposite. Then the current through the generator disk 1 is

Ĩ1(t̃) ≈ 4nF̃D̃Rã1C̃
∗

R

{

1+
2ã1

π
3

2

√

D̃Rt̃
+

4ã1ã2

π2L̃2
erfc

(

L̃
√

D̃O + L̃
√

D̃R

2
√

D̃OD̃Rt̃

)}

, (71)

and the current through the collector disk 2 is:

Ĩ2(t̃) ≈ −8nF̃D̃RC̃
∗

Rã1ã2

πL̃

{

erfc

(

L̃

2
√

D̃O t̃

)

+
2

π
3

2

(

ã1
√

D̃Rt̃
+

ã2
√

D̃O t̃

)

e
−

L̃2

4D̃Ot̃

}

.

(72)
Note the feedback effect in the generator currents, corresponding to the positive erfc
terms in (69) and (71).

The steady-state collection efficiency is given in both cases by the simple formula:

N = − Ĩ2(∞)

Ĩ1(∞)
=

2ã2

πL̃
+O(ǫ3). (73)
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whereǫ = ã/L̃ andã is the typical radius of the electrodes. This agrees with thefirst
term in the series derived by Phillips and Stone [17], who also derived anO(ǫ3) correc-
tion term, under the assumption that current density on the surface of the generator is
uniform, which, although untrue , produces reasonable results. For generator-collector
disks of unequal radii, the series derived by Phillips and Stone [17] is:

N =
2ã2

πL̃
+

3ã21ã2 + 4ã32
12πL̃3

+O(ǫ5). (74)

For disks of equal radii,̃a, expression (73) becomes in non-dimensional terms:

N =
2ǫ

π
+O(ǫ3), (75)

whereǫ = ã/L̃, and that of Phillips and Stone, (74), becomes:

N =
2ǫ

π
+

7ǫ3

12π
+O(ǫ5). (76)

In Figure 3 (a), we plotN as a function of the relative separation distance,L̃/ã = 1/ǫ.
The solid black line represents our expression, (75), and the dashed line is plotted
using the Phillips and Stone [17] expression (76) with theirapproximateO(ǫ3) cor-
rection term. The line with circles is plotted using the steady-state limit of equation
(10) in Cutress at al. [14], which was obtained by fitting to seven numerical simula-
tions at different electrode separation distances up toL̃/ã = 7, and agreed well with
previous simulations performed by Fulian et al. [11]. Figure 3 (b) shows the percent-
age differences between the formula of Cutress at al. and formulae (75) (solid line)
and (76) (dashed line), calculated as100 × (N − NCutress)/NCutress. For L̃/ã . 2.6,
the Phillips and Stone formula (76) matches the Cutress values more closely than our
formula, whilst forL̃/ã & 2.6 the reverse is true. The Phillips and Stone formula (76)
matches the Cutress values to within 10% over the complete range of applicability of
the Cutress formula,2.1 ≤ L̃/ã ≤ 7. We remark that formulae (75) and (76) should
converge to the Cutress formula asL̃/ã increases (and the asymptotic error in (75) and
(76) tends to zero), but the range of applicability of the Cutress forumla is not large
enough to test this; however we can observe that the difference isO(ǫ3) at L̃/ã = 7
as expected. The advantages of formulae (75) and (76) are that they extend the Cutress
formula to larger separation distances, and can be applied to disks of different radii by
using the equivalent forms (73) and (74).

3.6. Further discussion

To illustrate the shielding and feedback effects encountered in a dual-disk system,
we use the non-dimensional expression for the quasi-reversible current given by (59).
For simplicity, we assume that there is only oxidant in the bulk, i.e. C∗

O = 1 and
C∗

R = 0, and we take the diffusion coefficients of the oxidant and thereductant to be
equal,DO = DR = 1. We assume that the disks have equal radii,a1 = a2 = 1,
and that the relative separation of their centres is given by1/ǫ = 10. We let disk 1
be polarised such that the current is near-diffusion-limited (or in generator mode) by
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settingkf, 1 = 104 andkb, 1 = 10−4, and we vary the potential at disk 2 from near-
diffusion-limited (kf, 2 = 104 andkb, 2 = 10−4), through quasi-reversible (kf, 2 = 1
andkb, 2 = 1), to collector mode (kf, 2 = 10−4 andkb, 2 = 104). The results are
shown in Figure 4. When disk 2 is in collector mode (triangles), the current at disk 1
(the generator) is enhanced due to feedback effects, and is greater than its current in
isolation. When the potential at disk 2 is such that the reaction there is quasi-reversible
(squares) or near-diffusion-limited (filled circles), both disks compete for the same
species, and the current at disk 1 is reduced when compared toits current in isolation;
this is the shielding effect, and it becomes greater as the potential at disk 2 approaches
the diffusion-limited regime and competition between the electrodes increases.Figure
4 (c) indicatesthattheshielding effect canbesubstantial; althoughtheseparation dis-
tanceis large(10timesthediskradii), theshieldingeffectapproaches6%asthecurrent
tendstowardssteady-statewhenbothdisksarein thenear-diffusion-limitedregime. In
all cases, Figure 4 (c) shows that the shielding and feedbackeffects have more impact
as time progresses, which is due to the increasing overlap ofthe diffusion layers of the
two disks.

Lastly, we show that it can be important to account for differences in the diffusion
coefficients of the oxidant and the reductant. In Figure 5, weplot the current responses
at disk 1 for varying diffusion coefficients. The potentialsat disk 1 and 2 are identical
and are in the quasi-reversible regime, such thatkf, 1 = kb, 1 = kf, 2 = kb, 2 = 1.
The remaining parameters are the same as above. For these parameters, the graphs in
Figure 5 demonstrate that when the diffusion coefficient of the reductant is half that of
the oxidant (DO = 1 andDR = 0.5), the current is reduced by almost 25%; similarly,
when the diffusion coefficient of the reductant is double that of the oxidant (DO = 1
andDR = 2), the current is increased by almost 20%. Hence the impact ofunequal
diffusion coefficients can be significant.

4. Conclusions

We have derived an approximate asymptotic analytical expression for the time-
dependent chronoamperometric response of two inlaid disk electrodes. The expression
is valid provided that the distance between the centres of the disks is much larger than
their radii, and for long time-scales such that the diffusion layers of the electrodes
interact. The analysis allows the electrodes to have different radii and to be held at
different potentials; it also accommodates quasi-reversible reactions at the electrodes
and different diffusion coefficients for the oxidant and thereductant. In particular,
we have developed simple analytic expressions for the long-time-dependent current
response and the steady-state collection efficiency of generator-collector systems. The
analytical solution facilitates investigation of shielding and feedback effects in terms
of the underlying parameters of the electrochemical system. Future work will be the
extension of this analysis to arrays of inlaid disk electrodes, when understanding of the
cross-talk between electrodes will be vital to predict the total current response.
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(a) Diffusion layer at short times

(b) Diffusion layer at intermediate times

(c) Diffusion layer at longer times

Figure 1: Cartoon depicting the evolution of the diffusion layers (indicated by dashed lines) at neighbouring
disk electrodes (shaded grey) of different sizes. (a) At short times, the disks are independent and the diffusion
is effectively planar. (b) At intermediate times, the disksremain independent but the diffusion layers have
grown to be three-dimensional. (c) Finally, over time-scales such that the species have had time to diffuse
between the electrodes, the diffusion layers interact and impact the resultant current through each electrode.
This is the stage at which the analytical solutions derived in this article are valid.
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D̃O∇2C̃O =
∂C̃O

∂t̃

D̃R∇2C̃R =
∂C̃R

∂t̃

Governing equations, z̃ > 0

z̃ z̃

L̃

θ2θ1

r̃1 r̃2

D̃O

∂C̃O

∂z̃
= k̃f, jC̃O − k̃b, jC̃R

Electrodes,r̃j ≤ ãj, z̃ = 0

D̃O

∂C̃O

∂z̃
= −D̃R

∂C̃R

∂z̃

Insulator, r̃j > ãj, z̃ = 0

D̃O

∂C̃O

∂z̃
= D̃R

∂C̃R

∂z̃
= 0

ã2

C̃O → C̃∗
O, C̃R → C̃∗

R

ã1

Far-field, r̃2 + z̃2 → ∞

Figure 2: Schematic depicting the theoretical problem addressed in this article. An oxidant and a reductant
diffuse with constant diffusion coefficients,̃DO and D̃R (m2 s−1), above two circular disk electrodes
inlaid into an insulating plane at̃z = 0. The concentrations of the species are denoted byC̃O(x̃, ỹ, z̃, t̃)
and C̃R(x̃, ỹ, z̃, t̃) (mol m−3) respectively, and their bulk concentrations,C̃∗

O and C̃∗

R (mol m−3), are
constant in the far-field. The disk electrodes have radiiã1, 2 (m) and their centres are separated by a distance
L̃ (m). At each electrodej = 1, 2, the two species exchangen electrons according to a standard redox
reaction (3) with constant forward and backward reaction rates denoted bỹkf, j andk̃b, j (m s−1). For the
purposes of our analysis it is convenient to introduce two sets of cylindrical polar coordinates(r̃j , z̃, θj),
with origins at the centre of each electrode andθj measured from the line joining the centres as shown in the
diagram.
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Figure 3: Plot (a) shows the collection efficiency,N , of two disk electrodes with equal radii,ã, in generator-
collector mode as a function of the non-dimensional centre-to-centre separation distanceL̃/ã. The solid line
represents the analytical formula (75), whilst the dashed line represents the formula (76) derived by Phillips
and Stone [17] with the approximateO

(

(ã/L̃)3
)

correction term. The line with circles is the steady-state

limit of the formula derived by Cutress et al. [14] by fitting to numerical simulations for2.1 ≤ L̃/ã ≤ 7
(expression (10) in their article). Plot (b) shows the percentage difference between the Cutress formula
and formulae (75) (solid line) and (76) (dashed line). ForL̃/ã . 2.6, the Phillips and Stone formula (76)
matches the Cutress values more closely than our formula (75), whilst for L̃/ã & 2.6 the reverse is true. The
Phillips and Stone formula (76) matches the Cutress formulato within 10% over the range of its applicability
2.1 ≤ L̃/ã ≤ 7.

27



1 10 100 1000 104

-4.1

-4.0

-3.9

-3.8

I 1
(t
)

t

(a) I1(t)

1 10 100 1000 104
-4

-3

-2

-1

0

I 2
(t
)

t

(b) I2(t)

1 10 100 1000 104

95%

96%

97%

98%

99%

100%

P
er

ce
n

ta
g

e
(%

)

t

(c) I1(t)/{I1(t)|a2=0} (%)

Figure 4: Figures (a) and (b) show log-linear plots of the non-dimensional time-dependent currents through
disks 1 and 2,I1(t) andI2(t), calculated from formula (59). The disks have equal radii,a1 = a2 = 1, and
their centre-to-centre separation is given by1/ǫ = 10. The bulk concentrations of oxidant and reductant are
C∗

O
= 1 andC∗

R
= 0, and their diffusion coefficients are equal,DO = DR = 1. The potential at disk 1 is

held in the near-diffusion-limited regime (or generator mode) by settingkf, 1 = 104 andkb, 1 = 10−4. The
different curves in Figures (a) and (b) correspond to varying the potential at disk 2: filled circles are near-
diffusion-limited, kf, 2 = 104 andkb, 2 = 10−4; squares are quasi-reversible,kf, 2 = 1 andkb, 2 = 1;
and, triangles are collector mode,kf, 2 = 10−4 andkb, 2 = 104. The extra curve in Figure (a) with unfilled
circles is the near-diffusion-limited current at disk 1 (kf, 1 = 104 andkb, 1 = 10−4) in the absence of disk
2, I1(t)|a2=0

, obtained by settinga2 = 0 in (59). Figure (c) shows the time-dependent current through disk
1 as a percentage of its value in isolation to illustrate the impact of adding disk 2, which results in shielding
and feedback effects.Note that the shielding effect canbe substantial; althoughthe separation distanceis
large(10 timestheradii), theshielding effect approaches6%asthecurrent tendstowardssteady-statewhen
bothdisksarein thenear-diffusion-limited regime(filled circles).
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Figure 5: Illustration of the substantial impact of unequaldiffusion coefficients on the current response.
Figure (a) shows the non-dimensional current responses through disk 1,I1(t), calculated from formula (59),
when the diffusion coefficients are varied: solid line,DO = 1 andDR = 1; dashed line,DO = 1 and
DR = 2; and, dot-dashed line,DO = 1 andDR = 0.5. The potentials at both electrodes are identical:
kf, 1 = kb, 1 = kf, 2 = kb, 2 = 1. Other parameters areC∗

O = 1, C∗

R = 0, a1 = a2 = 1, andǫ = 0.1.
By symmetry, the chosen parameters imply that the currents through disks 1 and 2 are identical; hence we
only display the current through disk 1. Figure (b) shows thelarge time-dependent absolute percentage
variations from the equal-diffusion-coefficient current response when the diffusion coefficients are unequal.
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