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Nonequilibrium thermochemical processes such as vibrational excitation, chemical dissoci-
ation, and ionization are critical to accurately characterize hypersonic flows. The numerical
modelling of such mechanisms is computationally demanding due to the onerous number of
degrees of freedom and kinetic parameters coupled with wide flow spatio-temporal scales,
resulting in highly non-linear and stiff chemical kinetics. To accelerate computing of reacting
flow simulations without losing fidelity, data-driven strategies, such as Principal Component
Analysis (PCA) and physics-based models, such as Computational Singular Perturbation (CSP),
are typically implemented. In the present work, a novel reduced-order model (ROM) framework
is proposed to combine the two strategies into a surrogate model. First, it is shown that the
equations governing the evolution in space and time of a small disturbance around an equilibrium
state can be formulated as a generalised eigenvalue problem. The solution to this problem can
be used to represent the evolution of disturbances relaxing towards equilibrium downstream of
an initial perturbation, such as a shock. The eigenvectors of the system distinguish between
groups of slow non-equilibrium processes and fast, near-equilibrium processes. The calculation
of the system eigen-basis, however, is the most computationally expensive operation of the
numerical algorithm. This paper proposes the substitution of this operation with non-linear
regression fitting, namely Gaussian Process Regression (GPR), to map the system eigenvalues
and eigenvectors. To reduce the training cost of GPR, a truncated basis of independent variables
is identified using PCA. The method is applied to a two-temperature plasma evolving downstream
of a shock, modelled using Park’s two-temperature model with 11 species for air. The feasibility
and fidelity of the novel ROM framework are presented, demonstrating the viable application
of computational learning methods for eigen-basis prediction.

I. Nomenclature
CSP Computational Singular Perturbation

FDM Finite Difference Method

GPR Gaussian Process Regression

ILDM Intrinsic Low Dimensional Manifold
MMT Modified Marrone-Treanor

OCEAN Oxford Chemical Equilibrium Analysis
PCA Principal Component Analysis

PC  Principal Component

RMSE Root Mean Squared Error

ROM Reduced Order Model
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Matrix of truncated eigenvectors for PCA
Basis functions

Non-linear regression function

Vector of inviscid flux

Total specific enthalpy

Gained or lost specific vibrational energy
Index

First ionization energy

Jacobian matrix

Backwards reactant rate coefficient
Forward reactant rate coefficient

Vector of canonical variables
Left-eigenvector

Number of fast modes

Molar weight

Number of species

Molar rate of ionization

Number of reactions

Number of samples for PCA

Number of state variables

Truncated number of variables using PCA
Pressure

Electron partial pressure

Vector of primitive variables

Mean state vector of primitive variables
Vector of disturbances in primitive variables
Right-eigenvector

Scaling matrix for PCA

Time

Effective temperature

Velocity

Vector of conservative variables

Mass production and destruction term
Electro-vibrational source term

Spatial dimension

Matrix of sampled data for PCA

Matrix of mean value of sampled data for PCA
Matrix of scaled sampled data for PCA

Eigenvalues

Diagonal matrix of eigenvalues
Density

Mole-mass ratio

Square root of error variance
Chemical time-scales

Fast chemical timescales

Relaxation time

Local perturbation in physical space
Local perturbation in eigen-space

Scalar non-linear combination of thermochemical variables

Wavenumber
Angular frequency



II. Introduction

oN-equilibrium phenomena exert a significant influence on the heat transfer, radiative transport properties and
Naerodynamic performance of spacecraft (re-)entering planetary atmospheres. Vibrational excitation, chemical
dissociation and ionization are chemical and kinetic processes characteristic of hypersonic flight that absorb energy,
alter flow compressibility, lower temperature and increase density [[1]. The chemical mechanisms described by such
processes, however, are very complex and require the definition of numerous degrees of freedom and associated
constants, such as reaction rates and relaxation times. While computing the large number of reactive scalar variables
and solving the associated transport equations can be computationally demanding for multi-temperature models [2H5]],
the computational cost may become prohibitive for high-fidelity collisional models, also referred to as state-to-state,
which treat each molecular energy state as a separate pseudo-species, thus requiring hundreds of internal energy states
and thousands of kinetic processes [[6H8]].

In addition to the extensive number of variables and equations to compute, the variety of spatio-temporal scales
inherently coupled through thermochemical and fluid dynamic interactions increases the numerical stiffness of reactive
flow problems [9-11]]. In fact, the complex nonlinear reaction source terms are imparted by the detailed chemical
kinetic mechanisms which involve temporal scales spanning twelve orders of magnitude [12].

To deal with the wide temporal differences between nonequilibrium and transport processes, a common approach
is that of employing an operator splitting strategy in which the chemistry effects are decoupled from the transport
equations. A larger integration step can thus be used for the convective and diffusive scales while the stiff chemical
source terms are solved using a dedicated time integrator. However, such strategies not only are subject to splitting
errors [13]] but also fail to remove the numerical stiffness from the chemical scale spectrum. As a consequence, implicit
integration schemes based on backward differentiation formula [[14] are often used, requiring a large computational
overhead for large Jacobian matrix operations [[15].

To alleviate the stiff kinetics ordinary differential equations integration cost, reduced order models (ROMs) or
similar surrogates are typically proposed in the form of physics-based or data-based strategies [[11]. These models
leverage on the projection of the original flow dynamics onto a transformed basis that is of reduced dimensionality, less
stiff or a combination of both. Among the most established data-based approaches, the principal component analysis
(PCA) produces low-dimensional representation of the thermochemical state by creating linear projections of the input
data that minimize statistical variance [16]. Such reduced representations can then be integrated by means of projected
governing equations [16]. However, PCA does not guarantee stiffness reduction since it has no knowledge of the
temporal dynamics.

Conversely, physics-based surrogates are based on the flow temporal dynamics and have the advantage of
guaranteeing a reduction in the complexity of the chemical system and, most importantly, in its stiffness. Leveraging on
the generalization of the quasi-steady state [[17] and partial-equilibrium assumptions, the Intrinsic Low Dimensional
Manifold (ILDM) [[18H20]], the Computational Singular Perturbation (CSP) [21-24] and its derivative, the G-Scheme
[25. 126], have been successfully applied to complex reactive-flow systems. These techniques construct basis vectors
of the Jacobian matrix of the local chemical source terms such that the ODEs associated to the fast time scales are
replaced with algebraic relations and the reduced system is projected onto the slow invariant manifold. This leads
to the development of an algebraically constrained non-stiff reduced order model that can be solved explicitly with
a much larger time-step, typically of the same order as the fastest of the slow time-scales. Nevertheless, one major
challenge of such physics-based models is that the computational cost associated with the evaluation of the eigenvalues
and eigenvectors of the Jacobian matrix required for the projection basis increases exponentially with larger mechanisms
[27], scaling with the cube of the matrix size as shown in[Figure 13]

To overcome the drawback of the large computational cost for the eigenbasis projection, whilst addressing the need
of reduced complexity and stiffness of chemical kinetics without losing fidelity, this paper aims to develop a new ROM
framework that combines physics-based and data-driven techniques to establish non-linear regression fitting of the
eigenspace as illustrated in The broader applicability of this work is envisioned in advancing numerical
flow simulations for hypersonic vehicles, particularly those requiring increased complexity and fidelity. The eigen-
decomposition of the Jacobian matrix is especially valuable in nonequilibrium reactive flows, where thermochemical
kinetics introduce significant numerical stiffness. By leveraging the eigenbasis, it becomes possible to identify and
separate slow and fast thermochemical processes, thereby reducing numerical stiffness and enabling the selection of
an optimal integration time step. Additionally, the eigenbasis offers insights into the system’s numerical stability and
physical behaviour [29]. However, as the complexity and fidelity of flow simulations increase, the computational cost of
eigen-decomposition also rises. Developing surrogate models for eigenbasis computation is expected to become more
significant as the number of equations and transport variables is increased. Such models could also prove advantageous



Fig. 1 Framework for training of surrogate eigen-basis models for hypersonic vehicle simulations.
Contour plot of ow around re-entry capsule (left) adapted from [28]

in trajectory calculations, where interpolation between di erent ow solutions may be required. The creation of these
surrogate models, however, relies on the availability of high-quality training data, which can be derived from diverse
numerical datasets, each varying in the amount of information captured on the thermochemical processes [30].

To demonstrate the feasibility of the development of surrogate models, a 0D two-temperature post-shock relaxation
problem is presented in this work according to the framework shown in Figure 2. A small-perturbation analysis is
proposed, inspired by the ILDM and G-Scheme approaches. In this analysis, the eigendecomposition of the product of
the inverse inviscid ux Jacobian and the reactive Jacobian is employed. This approach eliminates the need for isobaric
or isochoric assumptions, as the system is fully constrained by the conservation equations. PCA is then employed to
project the state vector onto a truncated basis of principal components that retains most of the statistical variance. This
reduces the number of dependant variables needed for the non-linear regression tting. While the framework may
be adapted to other tting routines, the Gaussian Process Regression (GPR) method is employed for the rst time to
create a non-linear kernel-based tting of the eigenbasis onto the principal components. This paper demonstrates that
the eigen-decomposition of the Jacobian matrix can be replaced by alternative tting strategies to model and simplify
chemical kinetics of hypersonic ow simulations in thermochemical nonequilibrium.

Fig. 2 Schematic of Proposed ROM framework for post-shock eigen-space surrogate



lll. Methodology

A. Governing Equations
The governing equations for a chemically-reacting, inviscid quasi-one dimensional nonequilibrium ow can be
written in conservation form as [31]:
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where the vector quantitigs, L and] are the conservative variable, inviscid ux and source term vectors,
respectively. The detailed expressions for the vectors are given in Equation 2. In the notation aticepeskents the
density of the gas mixtur@&the velocity,? the pressurely the total speci ¢ energy, o the total speci ¢ enthalpye
the speci c vibrational energy, g the individual mole-mass rati®&g the associated mass production and destruction for

each chemical species and, nally, the source term of the electro-vibrational eqBgt{@ad, 32].
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B. Thermochemical Modelling

The governing equations employed in the present work assume that the translational mode of the heavy particles is
fully equilibrated with the rotational mode of molecules such that both modes are represented by a singular temperature
) [32]. At the same time, the distribution of vibrational, electronic and electron translational energies is described by
the vibrational temperatude: [31, 33]. The speci ¢ heats and enthalpies for the relevant gas species are evaluated at
thermal equilibrium using McBride's polynomial expressioBé][and extended to thermal nonequilibrium by assuming
full excitation of the translational-rotational energy modes [31].

The equilibrium thermodynamic composition of the high-enthalpy air mixture, expressed in mole-mass ratios in
Equation 2, along with their corresponding thermodynamic equilibrium properties are evaluated using the in-house
Oxford Chemical Equilibrium ANalysis (OCEAN) code, developed by The University of Oxford Hypersonics Group
based on the minimisation of Gibbs free energ§i[ For air, a 11-species gas mixture is adopted (¢ , N;, O, O,

NGO, NO, N, O, N and Q).

The stoichiometric relations between the reactants and products of a multi-component gasheithical species
andA 2 =Anumber of reactions are given in generic form in Equation 3, whiergand Vg_sare the stoichiometric
coe cients of the reactants and products for each spegigss a chemical species in the uid and;_sand: 1_aare the
forward and backwards reactant rate coe cient for the reaction respectively [36].
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The generation and consumption of the chemical species within the vector of productign rat&guation 1 as a
consequence of nite-rate chemical reactions may therefore be de ned as in Equation 4 in terms of molar concentration:
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Since the reaction rates in Equation 3-4 are a ected by the degree of thermal nonequilibrium in the ow, Park's
model B7] is adopted such that the forward reaction rate coe cients are expressed in the modi ed Arrhenius form as a
function of the e ective temperatuig, 5 5 de ned in Equation 5 as the geometric mean of the rotational-translational and
electron-vibrational temperatures. The backwards reaction rate, on the other hand, is a function of only the translational
temperature [36].
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While the present model applies to any set of reaction rates and chemical reactions, the reactions in Table 4 and the
corresponding rates are taken from Gupta et al. [36] with Park-93 model [2] for air.

The vibration energy source term in Equation 1 can be decomposed into several contributions as illustrated in
Equation 6. The speci ¢ vibrational energy of the diatomic molecules gained or lost at thegrstexpressed by
the variable "z with no preferential dissociation. On the other hand, the electron energy loss due to ionization is
here expressed as the product of the molar rate of ionizaiggand the rst ionization energyg. Additionally, the
relaxation energy exchange between the translational-rotational modes and the electro-vibrational ones is included
using Landau-Teller's modeBB] between two energy statdg and4g. The relaxation time is taken from Millikan and
White's semi-empirical correlatior8Bp], and Park's correctiord0] for temperatures above 8000 K is included. The
work done by the electric eld induced by the electron pressure gradignbDis also encompassed [31].
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C. Finite Di erence Method Solver

To investigate the steady nonequilibrium ow relaxation behind a normal shock wave, a nite-di erence method is
implemented. By studying the problem from the shock wave reference frame, the mathematical problem is reduced to
an initial-value problem41]. The governing equations in Equation 1 are therefore reformulated as a set of ordinary
di erential equations in canonical form:

33,_Vc\;/: QWP WAG=0° =W )

The vector of working variabled/in Equation 7 is conveniently set to equal to the primitive variables in Equation 8,
where) and) g are the translational-rotational and electro-vibrational temperatures respectively according to Park’s

1
model B3, 42]. The vectorQ'WP is equal to %N ] . To solve the rst-order initial-value problem in Equation 7, the
initial conditionW; is derived from the Rankine-Hugoniot jump conditions across a shock by assuming that both the gas
composition and the vibrational temperature remain frozen.
h i
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Solving Equation 7 can be an expensive operation due to the high numerical sti ness caused by the wide range
of time-scales spanned across the chemical processes captured in the source tefm.veciact, when an explicit
integration scheme is adopted, the selection of the integration step is based on the local characteristic time scale. For the
solution to be numerically stable, the slowest chemical time-scale must therefore be utilized to propagate the solution of
all chemical processes. In a more e cient integration strategy, it is desirable to make the fast time-scales disappear from
the problem such that the evolution of the system depends only on the slow modes. This idea is exploited in the CSP
method R1 24] and its derivative, the G-Scheme meth@8,[26], where the fast and slow time scales are separated.
However, all the studies retrieved assume a simpli ed isobaric reactor system. While the assumption may be justi able
for speci c combustion processes, it is not suitable for post-shock relaxation studies. The next section illustrates how
this assumption is removed.

D. Small Perturbation Analysis

To study the nonequilibrium gas dynamics, the state vector of primitive variables is modelled as the sum of its mean
valueWand its uctuating disturbanc@, where the latter is described by an harmonic wave with angular freqliency
and wave numbea according to Equation 9.

W= W> \A\/491IC,aG° (9)

When small perturbations are assumed, the state variables deviate only slightly from equilibrium, therefore justifying
the linearization of the governing equations around the equilibrium state. The mathematical system in Equation 1 is
rewritten in terms of the partial derivatives with respect to the state variables in Equation 10, which is of analogous type



as a generalised homogeneous eigenvalue proble#f/= 1| °» 1P whose right eigenvectors are the perturbations
introduced in the state variabl&s
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In the case of a stationary disturbante= 0), representative of a steady-state problem in which the wavelength
becomes in nite, Equation 10 is reduced to the generalized eigenvalue problem in Equation 11 which is solved
numerically in FORTRAN using the ZGGEVX subroutine within LAPACK. The analytical eigenvalues are shown in
Equation 12 with_ = a 1, where the terms g correspond to non-linear combination of thermochemical variables. In
agreement with the work of Maas and Pog8|[ these eigenvalues correspond to the length-scales of the nonequilibrium
processes that the ow is subject to, including both chemical and vibrational relaxation e ects. Since the problem
is describing a steady-state solution propagating along an open tube with constant cross-sectional area, the chemical
relaxation distances identi ed by the diagonal elements of the mati%= f_gcﬁ#l provide information on the speed of
the dynamic nonequilibrium processes.
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It is noted that Equation 11 is analogous to the linearization of the canonical expression in Equation 7. However,
drawing from the physical interpretation of the eigenvalues, it is now clear that the eigen-decomposition of the combined
Jacobian matri» Yas shown in Equation 13, enables the separation of relaxation scales to remove the sti ness from
the ODE. By de ning the chemical time-scalesgis= % the associated mode contributions can be sorted from the
smallest to the largest in magnitude of the real part of the eigenval[#§. In the notation adopted, the matrix of
right-eigenvectors corresponds to the perturbatiorige »87, A gél and the left-eigenvectors are de ned such that
o YE 3 Yl
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The linearization of the staM/at a given local staté/ such that =W W yields the following linear ODE:

1
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By further mapping the local perturbatiéronto the right-eigenvectors withy = ' é’Zg, Equation 14 is written in
terms of the local perturbations in the eigen-spa@s shown in Equation 15, with initial conditidgg'g = 0° = 0.
3
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Equation 15 reveals that the evolution of each latent variable, de ned by the invariant gpa€eis given by
3%, = 8w o Qiw °3g. These modes yield the maximum degree of time scale decoupling, and it is therefore intuitive
to order the eigenvalues based on their magnitude. Conversely, the evolution of the active mead#sg solved at
third-order accuracy using Taylor's expansion for Equation 15. The solution, shown in Equation 16 in the eigen-space,
can then be mapped back into physical space by using its de njen! sbg.
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The methodology presented allows for the identi cation of the di erent length-scales that the nonequilibrium ow is
subject to. These can be further separated to solve the slow modes and approximate the fast ones. The number of fast
modes" is determined as the large'st that satis es Equation 17 [25, 45], wheteis the number of state variables:
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whereny andny respectively quantify the relative and absolute tolerance on the time integration error introduced by
neglecting the contribution of the fast modes. Hence, the fast modes are identi_gJ(j invhereas the slow modes are
spanned by g 1 [45]. Not solving explicitly for the fast modes introduces the advantage of having a larger integration
pace sinces i g 1 and no initialization overhead is required as opposed to multi-step implicit integration schemes.
Nevertheless, the major drawback of the this methodology is the large computational cost associated with the calculation
of the eigenvalues and eigenvectors of the jacobian mattixwhich scales approximately with3. In fact, given
the non-linearity of the di erential equation determined]by the eigen-basis rotates along the relaxation path thus
requiring the recomputation of the basis at each state. This leads to the novelty of this work which is that of tting the
eigen-system onto the principal component space introduced in the next section.

E. Principal Component Analysis

In line with the objective of this work, which aims to develop a tted mapping of the eigenvector space, PCA o ers
an e cient method for dimensionality reduction in large kinetic mechanisms. By projecting the detailed system onto a
smaller, truncated basis that retains most of the original varidr&e6, 47], PCA simpli es the representation of the
system. Starting with the thermodynamic primitive variable be&iBCA provides a linear transformation into a new
basis de ned by the principal components (PCs)his reduction in the number of independent variables lowers the
complexity of the regression needed to parametrize the eigenspace. Since PCA is a data-driven statistical technique
aimed at identifying correlations among the state variables that linearize the data variability, a set of initial training
data is required. In this work, the initial datasetvis extracted from the numerical solution of the space-marching
di erential equation in Equation 7:
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where» Yhas dimensions=g #©°, containing=g samples, corresponding to the solution at a given spatial-step in
the post-shock region &f state variable®V. The PCA transformation then de nes the PCs as [46]:

AYVE » ) Yabar Yo » Ya 19)

wherex» ¥is the mean value matrix=( #) of each variabl&gin its corresponding rowy Yisa ¢ #) diagonal
matrix containing the scaling factors for eaggand» Yare the orthonormaby{ Y= » ) Y eigenvectors of the
covariance matrix of the centered and scaled eaté= » Ya» Y4 » Y. The least number of principal components
required to retain most amount of variance is investigated using the four scaling criteria outlined in Table 1 as discussed
in the next subsection. Further details on di erent scaling factors can be retrieved from [46].

Table 1 Scaling criteria for multivariate datasets

Scaling Criterion  Scaling Factor

Auto fio0
Pareto pm
Range max(X)-min(X)
Vast f1- 0%




While Equation 19 does not reduce the dimensionality of the chemical kinetics, it does transform the original basis to
the PC basis such that the eigenvalues-dfindicate which eigenvector contain most of the information. By retaining
#| eigenvectors gYassociated to the largest eigenvalues, the dimensionality of the system is reduced [16, 46]:

A Ya' S g » %31/4@1/4 » Yo » Y, (20)

Equation 20 shows thaf g%/contains the PC vectors of si#g . For a strongly attractive manifold in state space it is
found that#[ YY # [48]. Itis highlighted that in this work the utilization of PCA is not advocated to reconstruct or
transport the state variables downstream of the strong shock, but to identify a reduced number of independent variables
su cient to train the regression model, as discussed in the next subsection.

F. Regression Modelling of Eigen-basis

A non-linear regression functiof; is employed to map the eigen-space, encompassing eigenvalues and right-
eigenvectors, oft primitive variables onto a reduced ba#ig such that —X = & 1( °. While the utilization of nonlinear
regression methods is commonly used to map the source terms onto the PCs through a variety of ted®ntgllies [
the mapping of the eigenvector basis has only been recently addressed by Galasgirgtiaing neural networks for
the isobaric ignition of an Kair mixture.

In the present work, the mapping of the eigenvector basis is extended for the rst time using GPR. This is a
non-parametric kernel-based stochastic process that predicts the value of a response variable by modelling a multi-variate
Gaussian$5]. The eigenvalues and eigenvectors obtained from the small perturbation analysis are hence tted using
models of the form shown in Equation 21, whergare the basis functions of the Gaussian processes and 10— f2°,
with f 2 being the error variance. In this work, thggp function in MATLAB is used to estimate the basis functions and
noise variance. The utilization of PCA for reduced dimensionality is desirable in GRP for large amounts of covariant
regressions to ease the computational cost and improve the accuracy of the predictions. Moreover because the model
assumes zero mean, GPR is characterized by its kernel function, which greatly in uences the model's behaviour. The
Automatic Relevance Determination Squared exponential kernel is chosen as it automatically identi es the relevant
features to map.

_s='s= g(°.,n (21)

The number of eigenvalues that need to be mapped can be identi ed from Equation 12 since the conserved laws
associated tog = 0 remain constant throughout the solution. Each eigenvalue is associated to an right-eigenvector.
However, the right-eigenvectors associated to the zero eigenvalues are trivial invariant directions associated to the atomic
conservation and linear combination of the conserved system variables and can be identi ed by retaining the invariant
eigen-basis at any point in the solution. Therefore, one GPR model is needed for eamiizero eigenvalues along
with a total of corresponding GPR models for the associated eigenvectors, each containglgments. However,
the size of the latter can be decreased to 1 by enforcing the normalization condition of the right-eigenvector.

The left-eigenvectors can then be determined by taking the inverse of the right-eigenvector matrix according to their
de nition » Y= » Y4l

IV. Results

A. Veri cation of Finite Di erence Method Solver

To study the relaxing ow behind a strong normal shock wave, the post-shock conditions in Table 2 are used as the
initial conditions to solve Equation 7. The post-shock pressure, temperature and velocity have been determined using
the Rankine-Hugoniot relations assuming frozen vibrational temperature and composition across the shock from the
free-stream conditions corresponding to a re-entry ight at an altitude of 71 km using synthetic air [56].

To verify the correct implementation of the FDM solver, the post-shock solution is compared to the 1D NESS
algorithm, based on the parabolised Navier-Stokes equa&hsihere the viscous contributions are disabled. Both
codes adopt the same thermochemistry library within OCEAN which has been validated in previous work by Clarke
et al. 35. Minor discrepancies are noted in the immediate post-shock production of species due to the di erent
integration schemes implemented in the two algorithm, which are propagated downstream of the strong shock. However,
the evident agreement between the two codes is deemed su cient to establish the correct trends captured by the present
solver such that the FDM solution is used as a reference for the remainder of this work.



Table 2 Free-stream and frozen post-shock thermodynamic properties

Flow State Free-stream Post-Shock

) [KI 205.0 25162.0
)e [K] 205.0 205.0

2 [Pa] 15.0 10960.0
D[m/s] 7198.0 1209.0

(a) Composition

(b) Temperatures (c) Pressure (d) Velocity

Fig. 3 Post-shock ow distribution
, FDM; 4--4--4, NESS

B. Small Perturbation Analysis and Eigen-basis solution

Having established a reference post-shock pro le, the small-perturbation method proposed in this work is compared
with the FDM solution in Figure 4. As expected, the approximate solution of the minor species slightly deviates from
the exact one, as evident from thg and$ > distribution, but is overall found to be highly accurate by retaining all
eigen-modes.

The small-perturbation method yields 9 non-zero eigenvalues out of a 15-equation system, which correspond to
the thermochemical and vibrational relaxation processes. The remaining 6 zero eigenvalues correspond to 3 atomic
conservation laws fob , #, and4 , along with conservation of momentum, total energy and vibrational energy. The
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(a) Composition

(b) Temperatures (c) Pressure (d) Velocity

Fig. 4 Post-shock ow distribution
, FDM;  f--f--f, Small-perturbation Analysis

latter span the conserved subspace as previously shown in Equation 12. In fact, the eigenvectors associated to the
zero-eigenvalues are invariant directions associated with the conservation laws. Since their complete basis must be
conserved across the solution, the eigenvectors associated to the zero eigenvalues are evaluated at a single spatial location
and maintained xed across the iterations as to avoid rotations and swapping of the individual components within
the complete basis. On the contrary, the 9 remaining non-zero directions span the tangent eigen-space representing
variations in the composition mixture allowed within the conservation laws. The spatial evolution of the real component

of the non-zero eigenvalues is shown in Figure 5 on a bi-symmetric logarithmic scale. The number of exhausted modes

is also indicated to separate the e ective number of slow and fast modes that may be retained based on the quasi-steady
state assumption.

The most important observation is that the eigenvalues are continuous functions that vary smoothly. This is a
necessary condition for the hybrid ROM framework proposed in this work since it shows that the evolution of the
eigenvalues can be mapped or parametrized into a more convenient representation. Interestingly, two positive eigenvalues
are observed immediately after the shock, as the vibrational-relaxation e ects become signi cant, which merge into an
eigenvalue with the same real component and a complex conjugate term. The existence of such explosive modes is
well known in the eld of combustion and is often attributable to auto-ignition and chain-branching reaction sequences
[57, 58]. However, the study of these modes in hypersonic ows is mostly unexplored. In the present study, the two

11



positive eigenvalues, which then turn into dissipative modes, are not due to independent chemical processes but are in
fact in uenced by non-chemical processes such as vibrational relaxation. Mathematically, special care must be taken
when treating complex eigenvalue-pairs since the numerical algorithm used to solve the eigenvalue-problem may swap
the conjugate terms and lead to numerical noise in the associated eigenvector directions. A discussion is thus presented
on the ordering of eigenvalues.

Fig. 5 Eigenvalue spectrum across the post-shock relaxation distance
-- -- , Exhausted Modes for length-scale separatiomg=1 10 4, ng =1 10 ©)

According to the ILDM B3] and CSP 23, 24] methodologies, the ordering strategy of the eigenvalues is done
according to the decreasing magnitude of their modulus. However, the condition for continuous function aforementioned
is not uniquely de ned to a single order. The strong nonlinearities inherent to the system in uence the magnitude, and
thus the sorting, of the eigenvalues which may cause pairs of eigenvalues to appear to "switch order" over space. The
identi cation of the original direction spanned by the eigenvalue as smoothly evolving quantities is carried out as a
post-processing step once the complete spatial-history of the eigenvalues is available. This is shown in Figure 6, where
the crossing locations of the eigenvalue-pairs are highlighted with red circles, demonstrating the correct sorting of the
eigenvalues to preserve the original thermochemical processes.

The spatial evolution of the eigenvalues unveils a four phenomena which are relevant to providing insight into the
fundamental thermochemical dynamics as the eigenvalues represent the relaxation length-scales of the nonequilibrium
processes [27]:

1) Merging: two distinct real eigenvalues converge and coalesce into a single pair of complex conjugate eigenvalues.

The transformation is a result to a variation in the stability of the system dynamics with an oscillatory behavior.
A merging event is enlarged in Figure 7 (a) foyand_g.

2) Bifurcation: as opposed to the merging condition, this phenomenon occurs when a pair of complex conjugate
eigenvalues split into two distinct real values. The imaginary part of the original eigenvalues vanishes and the
dynamics return to a non-oscillatory behavior, re ecting a stabilization of the system. This is also illustrated in
Figure 7 (a) for_4 and_g, following a merging event.

3) Crossing two real eigenvalues exchange their relative magnitudes without merging into complex conjugates.
The eigenvalues pass each other and retain their original value. When the eigenvalues are sorted by magnitude,
this condition may lead to their incorrect ordering based on modulus as shown in Figure 6. An example of
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(a) Decreasing order (b) Continuous order

Fig. 6 Sorting strategy of eigenvalues as continuous and smooth thermochemical processes

crossing is provided in Figure 7 (b) fop and_s, after the appropriate order is established.

4) Mis-crossing similarly to the crossing event, two eigenvalues approach each other closely but never merge or
cross. After reaching a point of proximity, they diverge immediately. No swapping of eigenvalues ordering is
thus caused by such events. For instang&gnd_z in Figure 7 (b) mis-cross each other. More proximity events
are visible in the magni ed region of Figure 5.

(a) Merging and Bifurcation (b) Crossing and Mis-crossing

Fig. 7 Observed Eigenvalue phenomena

To demonstrate the physical meaning of the eigenvectors, the eigen-objects of the three slowest thermochemical

processes are plotted in Figure 8. It is noted that only the rst 11 components are plotted, corresponding to the
chemical species, such that the normalization arising from the thermodynamic variables does not in uence the scaling
of the gures. From the slowest eigenvalug in the region spanned 0 2 Y G Y10 ! m, the two dominating
components of the eigenvector along the chosen distance reveal the pseudo-relationshig pf type, where the

exact stoichiometric coe cients correspond to the value of the eigenvector at a given distance from th&giieek

that the scaling does not in uence the overall reaction balance as long as the atomic mass of the reactants and products is
conserved. The pseudo-reaction is in agreement with the relaxation of the ow distribution resulting into the dissociation

of nitrogen molecules post-shock. The in uence of the other minor species may not necessarily be negligible; for
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instance, aG= 10 2 m using the stoichiometric coe cients to 3 decimal places, the pseudo-reactiogigt 0.420#,

+0.225% +0.038#$ +0.103#$ - + 0.002#, + 0.015#- | # +0.2464 +0.368%: which conserves charge

and elemental mass on the two sides of the reactions. The discussion can be extended to the two other eigenvectors in
Figure 8, where the e ect of competing length-scales is more relevant. For instance, the pseudo-reaction at the same
location for' 1 is given as 0.494t, + 0.009#$ + 0.001#% - +0.002#- + 0.0024 ! # +0.011$ which reveals

that the linear combination of reactions'ii clearly corresponding to the ionization of atomic oxygen and dissociation

of molecular nitrogen is "slower" than the pseudo-reactiohijinmainly representing dissociation of nitrogen and nitric

oxide. These combinations are of course a function of distance and the scales given by the competing eigenvalues.
Interestingly, for' , the presence of the mis-crossing at approximaBsty0«0195m leads to a sharp change in the
eigenvectors associated with a change in construction and destruction of species. This dynamic behaviour highlights a
further numerical di culty that is encountered when tting the eigen-basis in the presence of such mis-crossing events.

Fig. 8 Eigenvector dynamics for the three slowest thermochemical eigenvalues

The primary focus of the proposed methodology lies in ensuring the smooth behavior of eigenvectors associated
with the non-zero eigenvalues. Achieving a smooth evolution of these eigenvectors is essential for the regression
tting routine to converge more quickly and yield a more accurate solution. In contrast to the work by Galassi et
al. [27], which uses a reduced Jacobian matrix limited to species conservation and incorporates temperature as a
separate constraint to smooth the eigenvector behavior, this study retains the full Jacobian matrix, comprising 15
terms: 11 species conservation laws, momentum, global continuity, energy, and vibrational energy. Although the raw
right-eigenvector data from LAPACK initially appears noisy, postprocessing ensures smoothness. Speci cally, the sign
of a normalization variable often)—)g— ?or Ddue to the larger values is used to set the eigenvector's direction.
Additionally, by examining the angle variation between successive eigenvectors along the relaxation path, the solution is
further re ned to remove or minimize discontinuities in the eigenvector behaviour, resulting in the desired outcome.
The eigenvectors are shown in Figure 11 along with the predicted tted solution.

C. Principal Components

In this work, the advantage of the reduced dimensionality attainable through PCA is that the tting routine of
eigen-basis may be trained on a reduced number of independent variables, thus reducing computational cost and
over- tting with variables that carry negligible variance. In fact, the state vastisrcomposed of 15 variables that
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would need to be propagated along the post-shock relaxation path. On the contrary, PCA reduces the dimensionality of
the original system from the 15 primitive variables to the truncated number of principal components. To identify the
number of PCs that shall be retained in the truncated PCA-basis whilst maintaining high- delity, the explained and
cumulative variance is plotted in Figure 9 with increasing number of PCs.

The explained variance in Figure 9 (a) shows that it is su cient to retain two PCs using the Vast scaling method
whilst achieving a cumulative variance greater than 99%. This signi es a reduction of 86.6% in variables used to train
the regression tting model. The Pareto criterion would also lead to a similar conclusion, while range and auto would
require between 4 and 5 PCs to capture the desired level of variance. Vast is thus chosen as the scaling criterion, though
choosing Pareto would also be justi able. The distribution of PCs across the post-shock distance is shown in Figure 9
(b) using the Vast scaling method. The selection of two PCs is even more cleaand] » are signi cantly larger than
all other PCs throughout the relaxation. Hence, the two[R@s\d[ , are selected using the Vast scaling method as
independent variables to train the eigen-basis tting method.

(a) Explained and Cumulative (solid lines) variance (b) Spatial distribution of PCs using Vast scaling criterion

Fig. 9 Selection strategy for number of principal components and scaling criterion

D. Reconstruction of Eigen-basis using PCA-GPR

The eigen-basis obtained through the small-perturbation method is used to train the GPR models. Speci cally, the
eigenvalue pro les in Figure 5 and associated eigenvectors are utilized as inputs to the training routindrdp the
routine implemented, the entire data set is by default set for training. Cross-validation data is recommended for future
implementations aimed at interpolating the eigen-basis between di erent trajectory points or initial conditions.

To assess the accuracy of the reconstructed eigen-basis, the Root Mean Square Error (RMSE) is utilized. Table 3
presents the RMSE for each eigenvalue and the corresponding components of the eigenvectors. It is important to note
that zero-eigenvalues and their associated eigenvectors do not need to be predicted, as they represent invariant subspaces
that remain constant throughout the simulation. The RMSE values for each eigenvector component are also plotted in
Figure 10, revealing notable variability across the components. Some eigenvectors exhibit consistently low RMSE
values, such a's; which in this case is more desirable as this eigenvector corresponds to one of the explosive modes in
the post-shock region. In contrast, components associated with chemical species typically show smaller RMSE values
compared to the thermodynamic variableg, | , ?, D. This discrepancy arises because thermodynamic variables
exhibit more abrupt changes, particularly in regions where eigen-modes merge or cross. Furthermore, components
linked to dominant species such#s and$ ; generally have lower RMSE, re ecting a more accurate reconstruction.
Conversely, components corresponding to less dominant speciek$like# » , and$ ;, tend to show higher RMSE,
indicating greater uncertainty. This aligns with the PCA truncation, as these less dominant species contribute less
information and have a smaller impact on the overall delity of the model, making them more challenging to capture
accurately. Overall, RMSE values in the rangd 6f2 to 10 © are obtained, demonstrating a strong correlation between
the training data and the reconstructed data using predictive estimates from the basis functions of &&] fprifp°.

15



Table 3 RMSE For Eigenvalues and Eigenvectors

Componen8 8 '8 '8 '8 s 2 ‘8 g ‘g H
1 5898 10° 7200 10° 3343 104 64114 10° 1685 104 6046 10°5 1081 104 4945 10° 1.736 10+ 1386 104
2 1578 10' 1514 104 3058 104 9476 105 3708 104 1448 104 2625 10* 9684 105 2787 104 1482 104
3 3243 101 7420 105 34829 104 6085 105 6429 10“4 1003 104 4794 10“4 14107 104 2245 10* 14125 10*
4 1145 10" 3065 10° 4588 10° 5119 10° 1396 104 6691 105 3598 105 2.788 106 3223 105 1047 104
5 2119 10° 3448 106 34697 10* 6078 105 1474 105 8576 105 3713 106 1233 10“ 1934 105 9979 10°
6 6022 10° 1451 104 3352 104 7315 105 3768 104 2512 10“ 2453 104 1261 10* 14563 104 14123 104
7 3024 10° 1071 104 74413 105 1009 104 3605 104 1929 104 2793 104 1053 104 2435 104 1325 104
8 2064 10 1015 104 9244 105 8607 105 2324 104 2245 104 1900 104 14184 10* 14893 10“ 1.093 10*
9 1538 10" 3681 10° 1799 104 3208 10° 1295 10“* 4924 105 6516 105 2368 105 1.311 104 1.097 104
10 14194 106 4061 106 64441 105 1506 104 2442 104 1233 104 1815 10* 6270 105 1299 104
11 5642 10° 8013 10° 5008 105 1:309 104 2501 104 14112 10“ 64126 105 1.768 104 1032 10 *
12 1055 102 44126 103 74166 104 6525 103 2033 104 1216 10“ 1049 103 1027 102 6663 104
13 1710 10°% 1828 10°% 66511 104 63811 103 1565 102 2351 102 14442 103 4987 103 7226 104
14 7647 104 24138 104 1500 10 4 5523 103 5838 103 2786 103 44686 104 1+439 103 9003 10°
15 4593 104 2927 104 14056 104 9082 104 3292 103 1+490 103 3945 10“4 6657 104 94906 10 °

Fig. 10 RMSE for Reconstructed Eigenvectors

The training data, corresponding to the correct solution as computed by solving the eigenvalue problem in LAPACK,
and the predicted eigenvalues and eigenvectors are shown in Figure 11. Itis clear that the reconstruction is very accurate
and that the presence of minor errors is only noticeable in the presence of abrupt eigenvector changes in the dominating
variables, such as pressure and temperature. These are also in agreement with the higher RMSE found for these variables,
attributable to the sharp variations coinciding with the eigenvalue phenomena previously discussed. The presence of
merging, splitting, crossing and mis-crossing events is therefore undesirable for the eigenvectors reconstruction.

E. Joint PCA-GPR and Small-Perturbation Analysis ROM

The numerical reconstruction of the solution under the conditions speci ed in Table 2 is depicted in Figure 12 using
the GRP models. This represents the best-case scenario since the surrogate model is reconstructing the solution that was
previously used in the training. Notable inconsistencies in the minor species are observed, highlighting the solution's
sensitivity to the eigenvectors. The immediate post-shock region also presents some discrepancies in the production of
nitric oxide and the charged species. This sensitivity arises because each eigenvector represents a linear combination of
reactions, meaning that even a slight error in one eigenvector a ects the combined production or destruction of species.
This underscores the critical importance of accurately reconstructing the eigen-basis.
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(a) Eigenvalues

(c) Eigenvector 2

(e) Eigenvector 4

(9) Eigenvector 6

(i) Eigenvector 8
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(b) Eigenvector 1

(d) Eigenvector 3

(f) Eigenvector 5

(h) Eigenvector 7

(i) Eigenvector 9

Fig. 11 Eigen-objects of Jacobian matrix decomposition
, Small Perturbation Method; - - -, Reconstructed PCA-GPR
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