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Abstract

Diamond Light Source is the UK’s national synchrotron facility that produces
synchrotron radiation for research. At source points of synchrotron radiation,
the electron beam stability relative to the beam size is critical for the optimal
performance of synchrotrons. The current requirement at Diamond is that variations
in the beam position should not exceed 10 % of the beam size for frequencies up
to 140 Hz. This is guaranteed by the fast orbit feedback that actuates hundreds of
corrector magnets at a sampling rate of 10 kHz to reduce beam vibrations down
to sub-micron levels. For the next-generation upgrade, Diamond-II, the beam
stability requirements will be raised to 3 % up to 1 kHz. Consequently, the sampling
rate will be increased to 100 kHz and an additional array of fast correctors will
be introduced, which precludes the use of the existing controller. This thesis
develops two different control approaches to accommodate the additional array
of fast correctors at Diamond-II: internal model control based on the generalised
singular value decomposition (GSVD) and model predictive control (MPC). In
contrast to existing controllers, the proposed approaches treat the control problem
as a whole and consider both arrays simultaneously. To achieve the sampling rate
of 100 kHz, this thesis proposes to reduce the computational complexity of the
controllers in several ways, such as by exploiting symmetries of the magnetic lattice.
To validate the controllers for Diamond-II, a real-time control system is implemented
on high-performance hardware and integrated in the existing synchrotron. As a
first-of-its-kind application to electron beam stabilisation in synchrotrons, this
thesis presents real-world results from both MPC and GSVD-based controllers,
demonstrating that the proposed approaches meet theoretical expectations with
respect to performance and robustness in practice. The results from this thesis,
and in particular the novel GSVD-based method, were successfully adopted for the
Diamond-II upgrade. This may enable the use of more advanced control systems
in similar large-scale and high-speed applications in the future.
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1
Introduction

A synchrotron light source is a particle accelerator in which electrons travel at rela-

tivistic speeds around a circular path called the storage ring. In most synchrotrons,

the electrons’ trajectories are bent using magnetic fields and synchrotron radiation

is emitted when the electrons are accelerated in a direction perpendicular to their

trajectory [165, Ch. 8.1.1]. The synchrotron radiation spans the electromagnetic

spectrum from infrared to X-rays and is transported in beamlines to experimental

stations, where it is used for various scientific techniques, such as microscopy,

scattering, diffraction and spectroscopy. These techniques find application in

various scientific and industrial fields, such as material science, chemistry, medicine,

biology, molecular and condensed-matter physics [165, Ch. 13.5].

An important figure of merit for synchrotron light sources is the spectral

brightness (or brilliance) [164, Ch. 24.8]. The spectral brightness is proportional

to the electron beam energy and inversely proportional to the (horizontal and

vertical) beam emittance, which is the product of the transverse beam size and

divergence, representing a measure of “spread” of the beam cross-section [165]. To

produce bright photon beams that can be easily manipulated in the beamlines,

synchrotron light sources typically aim at having a low emittance combined with

a high-energy electron beam.

1



2 1.1. Diamond Light Source

(a) Aerial view. (b) Layout.

Figure 1.1: Aerial view of Diamond Light Source (a) and layout (b) showing the linear
accelerator (Linac), booster, storage ring and beamlines. Figures used with permission
from Diamond Light Source.

1.1 Diamond Light Source

Diamond Light Source is the UK’s national synchrotron facility located in Didcot,

Oxfordshire. Diamond currently operates 32 beamlines that are distributed along a

561.6 m circumference storage ring. An aerial view and a simplified layout of the

facility are shown in Fig. 1.1. The electrons are produced by an electron gun and

accelerated in the linear accelerator to an energy of 100 MeV by passing through

a series of accelerating structures [165, Ch. 1.4]. The electrons are then injected

into the booster, which is a 158 m circumference synchrotron that accelerates the

electrons to their final energy of 3 GeV. After extraction from the booster, the

electrons traverse a 68 m long transfer line to the storage ring injector, which uses

a septum magnet and four kicker magnets for injecting bunches of electrons into

the storage ring [25]. To maintain an operating beam current of 300 mA, the

electron beam requires top-up every 10 min.

The left-hand side of Fig. 1.2 shows an overview of the machine components in

the storage ring and the right-hand side the trajectory-based coordinate system.

The electron beam follows a curved path in the horizontal plane and is confined

in an elliptically-shaped vacuum vessel with nominal axes of 52 mm × 24 mm and

an operating pressure of less than 10−9 mbar [47, Ch. 2.4.5]. The storage ring is

built up from 24 cells that consist of straight sections angled together using arc
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sections. Dipole magnets deflect the trajectory of the beam in the longitudinal

direction and quadrupole and sextupole magnets focus the beam in the transverse

direction. The magnets are mounted onto girders and the pattern of bending and

focusing magnets, called lattice, is repeated around the storage ring. The lattice

determines the betatron function, which in turn determines the oscillatory trajectory

of the electrons, the number of oscillations per turn, called the betatron tune, and

the elliptical cross-section of the beam [165, Ch. 3]. At Diamond, the lattice is a

double bend achromat lattice [24, p. 2.2.4], with the exception of one cell that has

been changed to a double-double bend achromat for experimental purposes [10].

In addition to the lattice magnets, each cell contains a regular number of smaller

dipole magnets, referred to as corrector magnets, which are used to correct the

beam trajectory in the horizontal and vertical directions.

The synchrotron radiation is extracted at different points around the storage

ring. For some beamlines, the source point are bending magnets, whereas for other

beamlines, the source points are insertion devices (IDs) that trigger the emission

of synchrotron radiation, such as undulators and wigglers [24, Ch. 3.1.5]. IDs are

magnet structures that cause transverse oscillations and stimulate the emission of

synchrotron radiation, whose intensity can be varied by changing the so-called ID

gap. To compensate for the energy emitted in the form of synchrotron radiation,

the electron beam is re-accelerated in a radio-frequency (RF) cavity at every turn.

1.2 Fast Orbit Feedback

Like most synchrotrons, Diamond uses various feedback systems to control different

beam characteristics and actively compensate for disturbances and instabilities [121].

An overview of the feedback systems in the storage ring is given in Table 1.1. The

transverse and longitudinal multi-bunch feedback systems (TMBF and LMBF) run at

500 MHz and suppress instabilities caused by the interaction of electron bunches [24,

Ch. 7.5.2]. The position of individual bunches is measured using 4 capacitive button

pick-ups (electrodes) surrounding the beam in a vessel cross-section. The transverse

position is corrected using kicker striplines [24, Ch. 7.2.7] and the longitudinal
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Figure 1.2: Overview of machine components in the storage ring adapted from [126]
(left) with cross-sectional coordinate system (right).

Table 1.1: Feedback systems and actuation frequencies in the Diamond Light Source
storage ring with the transverse and longitudinal multi-bunch feedback systems (TMBF
and LMBF), slow and fast orbit feedback (SOFB and FOFB) and the vertical emittance
feedback (VEFB).

Feedback Actuators Feedback Signal Frequency

TMBF [3] Kicker striplines Bunch position 500.0 MHz
LMBF [108] Kicker cavity Bunch position 500.0 MHz
FOFB [65] Correctors Beam position 10.0 kHz
VEFB [102] Skew-quadrupoles Beam size 5.0 Hz
Tune [100] Quadrupoles Tune 1.0 Hz
SOFB [162] Correctors Beam position 0.2 Hz
Dispersion [67] RF frequency Corrector currents 0.1 Hz

position using a kicker cavity [108]. The vertical emittance feedback (VEFB), which

operates at 5 Hz, stabilises the vertical emittance and compensates for perturbations

due to changes in ID gaps or long-term drifts [102]. The tune feedback runs at 1 Hz

and applies corrections to the quadrupoles to maintain the betatron tune [100]. The

dispersion correction feedback runs at 0.1 Hz and minimises disturbances introduced

by the corrector magnets of the (slow or fast) orbit feedback [67].

Even though the electron beam is guided and confined by the magnetic lattices,
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its trajectory is perturbed by disturbances caused by electromagnetic radiation,

girder and machine component vibrations, or by machine operations, such as

injection or ID gap changes [9]. Because the beam stability at source points of

synchrotron radiation is critical for the preservation of low emittance [120], the

orbit feedback attenuates the effect of disturbances onto the beam using position

measurements and corrector magnets. To avoid saturation of the corrector magnets,

the orbit feedback is separated into the slow orbit feedback (SOFB) running at

a (configurable) frequency of 0.2 Hz and the fast orbit feedback (FOFB) running

at 10 kHz [66]. The SOFB is used to reduce the beam displacement below 150 µm,

before activating the FOFB.

The horizontal and vertical beam position is measured using sensors referred to as

beam position monitors (BPMs), which, analogous to the multi-bunch measurements,

consist of 4 capacitive button pick-ups in the vacuum vessel surrounding the electron

beam in the transverse plane [24, Ch. 7.4.2]. The pick-ups sense the electric field

of the beam and the 4 signals are multiplexed and processed to compute the

horizontal and vertical beam positions, which are measured as the deviation from

a pre-defined trajectory [66].

The trajectory of the beam is adjusted by specifying the current through the

corrector magnets, whose magnetic fields deflect the beam in either horizontal or

vertical direction. The coupling between the directions is negligible and horizontal

and vertical directions are treated as two separate control problems [49]. At Diamond,

each of the 24 cells initially contained 7 BPMs and 7 corrector magnets, but some

BPMs and magnets have been added or removed for experimental reasons [10].

At present, the FOFB can use a configurable number of 172 BPMs and 2 × 168

corrector magnets for the vertical and horizontal directions.

The aim of the FOFB is to maintain the root means square (RMS) variation

of the electron beam centroid within a maximum value typically specified as

10 % of the beam size at source points. For Diamond and in the centre of the

insertion devices in the standard straight sections, this implies a maximum RMS

variation of 12.3 µm in the horizontal and 0.6 µm in the vertical plane [124]. These
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specifications exclude long-term disturbances, such as drifts caused by changes

in air temperature and humidity.

1.2.1 Electron Beam Dynamics

In each of the transverse directions, the trajectory of the electrons is a phase and

amplitude modulated oscillation of the form [165, Ch. 3.1]

r(⋅)(Z) ∶= √
β(⋅)(Z)c1 cos(φ(⋅)(Z) + c2) (1.1)

where c1, c2 ∈ R+ are constants, β(⋅) ∶ R↦ R+ the betatron function [165, Ch. 2.1.3],

φ(⋅) ∶ R ↦ R+ the phase advance, (⋅) = {X ,Y} refers to the horizontal and vertical

directions and r(⋅)(Z) to the coordinates in Fig. 1.2. Superimposing the corrector

magnets yields a linear map that describes the instantaneous effect of a corrector

at longitudinal coordinate Z1 onto the beam position at Z2. Evaluating the linear

map at the coordinates of the ny,(⋅) BPMs and nu,(⋅) correctors, where subscripts

y and u refer to outputs and inputs, yields the orbit response matrices (ORM)

RX ∈ Rny,X×nu,X and RY ∈ Rny,Y×nu,Y . Because the horizontal and the vertical

motions are mutually independent, the subscripts X and Y will be dropped in

the following and the ORM denoted by R ∈ Rny×nu .

In practice, a high-level controller computes the corrector setpoints in Amperes

and low-level power supply controllers drive the magnet currents to the desired

setpoints producing a magnetic field in a particular direction. These and additional

dynamics, such as Eddy currents in the vacuum chamber, are modelled to obtain the

actuator model g ∶ C↦ C, which for Diamond is given by the transfer function [52]

g(s) = a(⋅)
s + a(⋅) e−τds, (1.2)

where s ∈ C is the Laplace variable, τd ∶= 900 µs the time delay, aX ∶= 2π × 500 rad s−1

for the horizontal direction and aY ∶= 2π × 700 rad s−1 for the vertical direction [47,

Tab. 2.6]. Combining the actuator models with the ORM yields the electron

beam dynamics:

y(s) = Rg(s)u(s) + d(s), (1.3)
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where u ∶ C↦ Cnu are the magnet setpoints (inputs), y ∶ C↦ Cny the BPM position

measurements (outputs) and d ∶ C ↦ Cny the (unknown) disturbances. In the

form (1.3), the ORM is measured in µm/mA. The aim of the FOFB is to minimise

the effect of the disturbances d(s) onto the beam position y(s) by computing inputs

u(s), while considering slew-rate and amplitude constraints of the corrector magnets.

The disturbances have significant frequency components up to 140 Hz [9] and a

non-zero steady-state value, which requires an integrating controller.

System (1.3) is referred to as a (single-array) cross-directional (CD) system [153].

For CD systems, the controller synthesis can be split into two parts: First, the

design of a static compensator that considers R, and second, a scalar feedback

controller c ∶ C↦ C that is determined from g(s). Other examples of CD systems

are found in strip metal rolling [39], paper making [63], plastic film extrusion [70] and

coating [22]. Such applications often have many inputs and outputs with possibly

varying plant configurations for which optimisation-based synthesis, such as H∞ or

H2 optimal control, can be impractical. Moreover, if the control system is operated

at a high sampling frequency, controllers that involve real-time optimisation are

difficult to realise in practice [50].

The controller design for CD systems can be greatly simplified by substituting

the thin singular value decomposition (SVD) R = UΣV T in (1.3), yielding a

system of the form

y(s) = U
⎡⎢⎢⎢⎢⎢⎣
σ1g(s) ⋱

σnyg(s)
⎤⎥⎥⎥⎥⎥⎦V

Tu(s) + d(s), (1.4)

which can be diagonalised after left-multiplication with UT and redefining variables.

This approach, which is referred to as modal decomposition [61] and used by several

synchrotrons [121], decouples the multi-input multi-output (MIMO) system (1.3)

into a set of independent SISO systems and therefore allows SISO techniques to

be used for the controller design.

For most synchrotrons, the condition number κ(R) ∶= ∥R∥2∥R91∥2 is large,

due to (spatial) oversampling or non-ideal placements of BPMs and correctors in

synchrotrons [16], [117], [149]. In such cases, disturbances aligned with the left
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singular vectors of R that are associated with small singular values will produce

large control inputs. In other words, the gain margins arising from inverting small-

magnitude singular values are small, which makes the resulting control system prone

to modelling uncertainties that can cause instabilities and actuator saturation [129].

To account for the large condition number, a common approach is to substitute

a regularised inverse for the standard (pseudo-)inverse of Σ [55, Ch. 6.1.4], which

results in effective damping of the controller gains for modes associated with

small-magnitude singular values [47].

1.3 Diamond-II Upgrade

Diamond Light Source is a third-generation light source that was inaugurated in

2007. In 2016, the MAX-IV synchrotron facility in Lund, Sweden, initiated the

era of fourth-generation light sources. By reducing the emittance using a new

lattice design, the MAX-IV synchrotron increased the brightness by one to two

orders of magnitude compared to third-generation light sources, which represented

a step-change for beamline technologies and hence for end-users [127].

Like several other synchrotrons, Diamond proposed to upgrade its facility to a

fourth-generation light source and published a conceptual design report in 2019 [4].

This was followed in 2022 by the publication of a technical design report [2], and

Diamond received a £81.5M funding confirmation for the first phase of Diamond-

II [58]. The upgrade will increase the electron beam energy from 3 GeV to 3.5 GeV

and reduce the (horizontal) emittance by a factor of 20, resulting in an increase

of brightness by one to two orders of magnitude.

In order to meet the increased performance requirements of Diamond-II, most

machine components must be redesigned, including the FOFB and interfacing

machine components [2, Ch. 2.11.7]. Due to the lower target emittance and smaller

beam sizes, the increase in performance requirements for the FOFB is substantial

and given in the top half of Table 1.2. In contrast to the 10 % at Diamond, the

RMS deviation must be maintained within 3 % of the beam size at Diamond-II,

which amounts to 0.97 µm in the horizontal and 0.18 µm in the vertical direction
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Table 1.2: Comparison of FOFB specifications and parameters for Diamond [66] and
Diamond-II [2, Ch. 2.6.1]. The absolute RMS values refer to BPMs on standard straights.

Closed-loop
bandwidth (Hz)

Max. relative
RMS (%)

Max. horiz.
RMS (µm)

Max. vertical
RMS (µm)

Diamond 140 10 12.3 0.6
Diamond-II 1000 3 0.97 0.18

Sample/actuation
frequency (kHz)

Time
delay (µs)

Number of
BPMs (-)

Number of
correctors (-)

Diamond 10 700 172 168
Diamond-II 100 100 252 396

on mid straights [2, Tab. 2.6.1]. Because new beamlines are able to resolve beam

motion above 100 Hz, the closed-loop bandwidth is raised to 1 kHz.

In order to meet these new requirements, the FOFB capabilities are raised as

shown in the bottom half of Table 1.2. The number of sensors (BPMs) is increased

from 172 to 252 and the number of correctors from 168 to 396. At the same time,

the time delay is reduced from 700 µs to 100 µs and the sample frequency increased

from 10 kHz to 100 kHz, which requires to upgrade the BPMs [2, Ch. 2.6.2].

To achieve the required closed-loop bandwidth, new corrector magnets and power

supplies will be used for Diamond-II. At Diamond, all correctors are identical and

produce a (medium-strength) magnetic field from 0 Hz to 500 Hz or 700 Hz, which –

considering the time delay – suffices for achieving the 140 Hz closed-loop bandwidth

and a zero steady-state error under persisting disturbances. At Diamond-II, the

correctors will need to respond to frequencies up to 8 kHz to achieve the 1 kHz

closed-loop bandwidth, but designing magnets and magnet power supplies with

a bandwidth ranging from 0 kHz to 8 kHz is technically difficult [69]. First, eddy

currents in the steel walls of the vacuum chamber limit the bandwidth of the

effective magnetic field, which requires using different wall materials for low- and

high-bandwidth correction (and consequently different actuator models). Second,

high-bandwidth power supplies (amplifiers) typically use alternating current as

opposed to direct current required for operating at low frequencies. Finally, the

computing infrastructure for the magnet setpoints needs to support a large range
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of currents, from nA to A, while guaranteeing a sufficiently fine resolution. For

these reasons, Diamond-II will use two separate types of correctors: slow correctors

with strong magnetic fields for low-bandwidth correction and fast correctors with

weak magnetic fields for high-bandwidth correction.

The Diamond-II upgrade has a number of consequences for the FOFB infrastruc-

ture, and, in particular, the control algorithm. Introducing two types of corrector

magnets changes the single-array system (1.3) to a two-array or dual-rate system:

y(s) = Rsgs(s)us(s) +Rfgf(s)uf(s) + d(s), (1.5)

where us ∶ C ↦ Cns and uf ∶ C ↦ Cnf are the inputs for the ns slow and nf fast

correctors, Rs ∈ Rny×ns and Rf ∈ Rny×nf the corresponding ORMs, and gs ∶ C↦ C and

gf ∶ C↦ C the low- hand high-bandwidth actuator models. As for the single-array

case, Rs and Rf are ill-conditioned. The second actuator array in (1.5) precludes

the application of the SVD-based modal decomposition used in the single-array

case (see Chapter 4). Although extensions of the modal decomposition have been

proposed [40], [41], [51], these methods introduce restrictive assumptions on Rs

and Rf or leave the decoupling process unspecified when range(Rs) ⊇ range(Rf),
and cannot be applied at Diamond-II.

Other approaches exist that exploit the bandwidth difference of the two actuator

arrays, but when the slow and fast correctors are driven by two separate feedback

loops that share a common frequency range it has been shown that the two

systems interact and eventually cause instabilities [69]. One approach for two-

array systems therefore introduces a frequency deadband between the slow and fast

feedback systems [131], although this leaves a portion of the disturbance spectrum

uncorrected. Other approaches cascade the loop and introduce a reference signal

for the fast actuators that considers the contribution from the slow actuators, but

these approaches have been shown to be prone to instabilities [69].
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1.4 Aims and Contributions

The aim of this thesis is the design of electron beam stabilisation controllers for

the two-array CD system (1.5) of Diamond-II, for which two control algorithms of

differing complexity are proposed. Theoretical and simulation results are validated

using tests on the existing storage ring and show that the controllers meet the

existing Diamond specifications in terms of disturbance attenuation and computing

speed. The proposed design techniques are used to extrapolate the results to the

Diamond-II case, which provide a basis for the Diamond-II FOFB design and

hardware specifications [2, Ch. 2.11.7].

The first control algorithm is a controller that uses the generalised singular

value decomposition (GSVD) [55, Ch. 6.1.6] to decouple the two-array system (1.5).

Since the GSVD is an extension of the SVD to two matrices, the novel GSVD-

based decoupling can be interpreted as an extension of modal decomposition.

Analogous to the single-array case, the proposed approach compensates for the

ill-conditioned ORMs using static gain matrices. In contrast to existing beam

stabilisation controllers for two-array systems [69], [115], [131], [166], the GSVD-

based approach is a parameter-free method and does not require the two arrays to

be treated as separate control problems. For the controller dynamics, a mid-ranging

approach is proposed [6], but any other controller could be used instead, such as

PID, H2 or H∞ control. This control approach has been adopted for Diamond-II

and included in the Diamond-II technical design report [2, Ch. 2.11.7].

In the early design phase of Diamond-II, a three-array actuator model was

considered that included two types of fast corrector magnets. With the aim of

extending the GSVD-based decomposition to a three-array system, Chapter 5 of

this thesis focuses on the higher-order generalised singular value decomposition

(HO-GSVD) [119], which is an extension of the GSVD to three or more matrices.

Since the original HO-GSVD framework is restricted to matrices with full column

rank, this contribution extends the HO-GSVD to the rank-deficient case, enabling

the application of a HO-GSVD based modal decomposition to multi-array systems.
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The second control algorithm considered in this thesis is model predictive control

(MPC) [46], which is an algorithm that produces control inputs by repeatedly solving

a constrained quadratic program (CQP). MPC is versatile in the sense that it can

cope with an arbitrary number actuator arrays and constraints, but it requires

solving a CQP in real-time and is therefore difficult to implement at 10 kHz for the

large number of inputs and outputs [72]. After comparison with the alternating

direction of multipliers method (ADMM), the CQP is solved using the fast gradient

method [110, Ch. 6.1.3] for a horizon consisting of a single time-step. For larger

horizons, the fast gradient method is combined with Dykstra’s algorithm [21]. The

ill-conditioned plant is accommodated by tuning the MPC to mimic the existing

controller and providing systematic tuning procedures. The MPC algorithm is

tested on the existing storage ring, which represents a first-of-its-kind application

of MPC to the electron beam stabilisation problem.

In addition to the above, the thesis investigates symmetries in the arrangement

of storage ring components that produce ORMs with structural symmetries [164, Ch.

10.2.4, p. 329], which can be used to (block-)diagonalise multi-array CD systems.

In contrast to previous publications that focus on the controller analysis [48], [106],

[167], this thesis focuses on computational advantages and shows how combining

several symmetries can sparsify the gain matrices and significantly increase the

computation speed of the controller. At a sampling frequency of 100 kHz, the time

delay associated with computing the control inputs makes up for 20 % of the total

latency [2, Table 2.11.10] and has a significant impact on the closed-loop bandwidth.

In pactice, most systems do not have exact structural symmetries [28], and

Chapter 3 is devoted to CD systems with approximate structural symmetries.

After fixing the controller structure, this thesis proposes an optimisation-based

approach to find an approximation of the plant that has the structural symmetries

and optimises a robust performance and stability criterion, thereby exploiting the

sparsity of structural decompositions.

Apart from the studies on structural symmetries that are evaluated using

hardware-in-the-loop simulations, the results and outcomes of this thesis have
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been successfully implemented and tested on the existing Diamond Light Source

storage ring under various operating conditions, including moving ID gaps and

Wiggler ramping. For these tests, a new centralised computing device – a Vadatech

AMC540 [152] with Xilinx Virtex-7 FPGA and two digital signal processors (DSPs) –

has been integrated in the existing storage ring. A real-time control system has been

implemented and both control algorithms parallelised on the DSPs in C language.

For the Diamond-II upgrade, it is planned to implement the GSVD-based controller

on a different computing device, but the present implementation is re-used for

additional studies on the existing Diamond storage ring.

In summary, the contributions of this thesis and related publications are:

• Control of two-array CD systems using the GSVD [88] and results from the

Diamond storage ring1.

• Design of a GSVD-based controller for Diamond-II [2]; [86]1.

• The higher-order GSVD for rank-deficient matrices [85].

• MPC using the fast gradient method and Dykstra’s algorithm [84]; [89].

• MPC implementation and results from the Diamond storage ring1.

• Structural symmetries of the Diamond-II ORM for computational efficiency [90].

• Control of CD systems with approximate structural symmetries1.

• ADMM for block-circulant MPC [83].

1.5 Thesis Outline

The following paragraphs summarise the thesis chapters, each of which starts

and ends with separate introductions and conclusions. The last section of this

chapter, Section 1.6, summarises existing results on single-array controllers for

electron beam stabilisation.

Chapter 2 By analysing the periodicity and the reflection properties of the

Diamond-II betatron function, it is shown that the Diamond-II ORM inherits a
1Pre-print/draft.
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block-centrosymmetric and a block-circulant structure. Using hardware-in-the-loop

simulations on the AMC540, it is shown that the structural symmetries can be used

to obtain different computationally efficient decompositions of the controller.

[90] I. Kempf, P. J. Goulart, S. R. Duncan, et al., “Symmetry exploitation in orbit feedback
systems of synchrotrons for computational efficiency,” IEEE Trans. Nucl. Sci., vol. 68, no.
3, pp. 258–269, Mar. 2021

Chapter 3 The structural symmetries of a CD system with approximate sym-

metries are recovered by substituting a structural approximation for the original

plant model, thereby introducing an approximation error. The nominal stability,

performance and robust stability of the closed loop are analysed and it is proposed to

obtain robust structural approximations from semidefinite programming problems.

[87] I. Kempf, P. Goulart, and S. Duncan, Control of cross-directional systems with approximate
symmetries, Jun. 2023. arXiv: 2306.17565 [eess.SY]

Chapter 4 Based on the GSVD, the generalised modal decomposition for two-

array CD systems is defined and a two-array controller developed, which uses static

gain matrices to compensate for ill-conditioned ORMs. The controller is tested on

the existing Diamond storage ring and applied to preliminary Diamond-II data.

[88] I. Kempf, S. R. Duncan, P. J. Goulart, et al., “Multi-array electron beam stabilization
using block-circulant transformation and generalized singular value decomposition,” in
Proc. IEEE Conf. Decis. Contr. (CDC), Jeju Island, Republic of Korea, Dec. 2020,
pp. 3431–3436

[2] M. G. Abbott et al., “Diamond-II technical design report,” Diamond Light Source,
Didcot, UK, Tech. Rep., Aug. 2022. https://www.diamond.ac.uk/Home/News/
LatestNews/2022/14-10-22.html

[86] I. Kempf, Diamond-II fast orbit feedback: Controller design report, Apr. 2023. https:
//github.com/kmpape/DII_controller_design

Chapter 5 The original HO-GSVD framework is modified to accommodate rank-

deficient matrices and the notion of common HO-GSVD subspaces is extended to iso-

lated subspaces. The HO-GSVD is demonstrated on an image classification dataset.

[85] I. Kempf, P. J. Goulart, and S. R. Duncan, “A higher-order generalized singular value
decomposition for rank deficient matrices,” SIAM J. Matrix Anal. Appl., 2023, to appear

Chapter 6 An MPC approach is formulated for the electron beam stabilisation

problem and the corresponding observer and regulator are tuned to match the

performance of the existing single-array CD controller. The fast gradient method is

compared with ADMM and then implemented on the AMC540. The convergence

of the MPC implementation is analysed and the effect of actuator saturation

http://arxiv.org/abs/2306.17565
https://www.diamond.ac.uk/Home/News/LatestNews/2022/14-10-22.html
https://www.diamond.ac.uk/Home/News/LatestNews/2022/14-10-22.html
https://github.com/kmpape/DII_controller_design
https://github.com/kmpape/DII_controller_design
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investigated. MPC is tested on the existing Diamond storage ring for different

tuning parameters and the results are compared with a single-array CD controller.

[83] I. Kempf, P. J. Goulart, and S. R. Duncan, “Alternating direction method of multipliers
for block circulant model predictive control,” in Proc. IEEE Conf. Decis. Contr. (CDC),
Nice, France, Dec. 2019, pp. 4311–4316

[84] I. Kempf, P. J. Goulart, and S. R. Duncan, “Fast gradient method for model predictive
control with input rate and amplitude constraints,” in Proc. IFAC World Congr., Berlin,
Germany, Jul. 2020, pp. 6542–6547

[89] I. Kempf, P. J. Goulart, S. R. Duncan, et al., “Model predictive control for electron beam
stabilization in a synchrotron,” in Proc. Eur. Contr. Conf. (ECC), London, UK, Jul. 2022,
pp. 814–819

Chapter 7 A real-time control system system is implemented on the AMC540,

which is integrated into the existing FOFB infrastructure of the Diamond storage

ring. The control algorithms are parallelised in C language on the TI C6678

DSP [145] and the implementation is optimised to meet the 10 kHz target frequency.

[78] I. Kempf, Jul. 2021. https://github.com/kmpape/fofb-amc540
[79] I. Kempf, Jul. 2021. https://github.com/kmpape/fofb-amc540-codegen
[80] I. Kempf, Nov. 2022. https://github.com/kmpape/fofb-amc540-startup
[81] I. Kempf, Dec. 2022. https://github.com/kmpape/fofb-amc540-hil

1.6 Technical Background
1.6.1 Modal Decomposition

The modal transformation, or modal decomposition, [61] decouples the single-array

CD system (1.3) using the thin SVD of R:

R = UΣV T, U ∈ Rny×ny , V ∈ Rny×nu , Σ = diag(σ1, . . . , σny) ≻ 0, (1.6)

where UTU = I, V TV = I and σ1 ≥ σ2 ≥ . . . σn > 0 assuming that

rank(R) = ny ≤ nu. (1.7)

If rank(R) < ny then the system is uncontrollable, which is not considered further.

Substituting (1.6) in (1.3) and defining the modal variables as

ŷ(s) ∶= UTy(s), û(s) ∶= V Tu(s), d̂(s) ∶= UTd(s), (1.8)

yields the modal representation of (1.3) [62] as

ŷ(s) = Σg(s)û(s) + d̂(s). (1.9)

https://github.com/kmpape/fofb-amc540
https://github.com/kmpape/fofb-amc540-codegen
https://github.com/kmpape/fofb-amc540-startup
https://github.com/kmpape/fofb-amc540-hil
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In modal space, the dynamics are given by a set of uncoupled single-input single-

output (SISO) systems. Because the matrices U and V of the modal transforma-

tion (1.8) are orthonormal, i.e. UTU = I and V TV = I, it holds that [55, Ch. 2.3.5]

∥ŷ(s)∥2 = ∥y(s)∥2, ∥û(s)∥2 = ∥u(s)∥2, (1.10)

and likewise in the time-domain, so that stability properties and 2-norm based

upper bounds on performance and robustness measures of the control loop are

retained when transforming the modal system back to the original space [153].

1.6.2 Internal Model Control

In modal space, the MIMO system reduces to (1.10), which reads component-wise as

ŷi(s) = σig(s)ûi(s) + d̂i(s), (1.11)

for i = 1, . . . , ny and where ŷi(s) denotes component i of ŷ(s). Based on the

decoupled system (1.11), a SISO controller can be designed for each mode sepa-

rately. At most synchrotrons, the mode-by-mode controller is determined using a

proportional-integral-derivative (PID) controller and the standard feedback structure.

Diamond instead uses IMC, which is particularly suitable for systems with large

time delays [45]. The IMC structure used at Diamond is shown in Fig. 1.3a in

modal space, where σig(s) and σ̄iḡ(s) are the plant and the plant model, k̂iq(s) the

mode-by-mode IMC filter and γ̂i a regularisation gain, which is also referred to as

output compensator in the following. If not otherwise noted, it is assumed that the

plant model is accurate, i.e. ḡ(s) = g(s) and R̄ = R so that σ̄i = σi ∀i = 1, . . . , ny.

By fixing the IMC filter structure as k̂iq(s), the dynamic part q(s) is chosen to

be identical for each mode, which yields a computationally advantageous controller

(in original space) of the form “matrix × scalar transfer function”. The static part

of the IMC filter, k̂i, is set to k̂i ∶= 1/σi, and the dynamic part is determined by

q(s) = Tm(s)
g(s) , (1.12)
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k̂iq(s) σig(s) ŷi(s)
d̂i(s)

σ̄iḡ(s)
γ̂i

ûi(s)

+−

++−

(a) Modal space (SISO).

Q(s) P (s) y(s)
d(s)

P̄ (s)
Γ

u(s)

+−

++−

(b) Original space (MIMO).

Figure 1.3: IMC structure in modal space and original space with σig(s) (P (s) =
Rg(s)) and σ̄iḡ(s) (P̄ (s) = R̄ḡ(s)) denoting the plant and the plant model, γ̂i (Γ) the
regularisation gain and k̂iq(s) (Q(s) =Kq(s)) the controller.

where Tm ∶ C↦ C is the complementary sensitivity that includes the non-minimum

phase part of g(s) and is chosen as

Tm(s) ∶= λ

s + λe−τds. (1.13)

Without regularisation (γ̂i = 1) and model uncertainty (σ̄iḡ(s) = σig(s)), the control

law from Fig. 1.3a is obtained as

ûi(s) = −k̂iq(s)(γ̂iy(s) − σig(s)ûi(s))) = −k̂iq(s)d̂i(s), (1.14)

and substituting in (1.11), this yields the closed loop transfer function of each mode

as

ŷi(s) = (1 − Tm(s))d̂i(s) =∶ Sm(s)d̂i(s), (1.15)

where

Sm(s) = 1 − λ

s + λe−τds (1.16)

is the output sensitivity. To avoid large output sensitivity overshoots, the bandwidth

of Tm(s) is chosen as λ = 1/τd [107, Ch. 4.6]. At Diamond the time delay depends

on the storage ring configuration and is either 700 µs or 900 µs (Section 7.1.3),

which results in bandwidth choices of 227 Hz or 177 Hz. Note that as long as

k̂iq(0)σ̄iḡ(0) = 1, the IMC structure implements an integrator guaranteeing that
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Sm(0) = 0. In the process control literature, controllers of the form (1.12)-(1.13)

are referred to as Dahlin or lambda controllers [107, Ch. 4.5].

After designing the mode-by-mode controllers in mode space, the IMC filters

are diagonally concatenated and the modal transformation (1.8) inverted to obtain

the MIMO filter Q ∶ C ↦ Cnu×ny as

Q(s) ∶= V diag(k̂1q(s), . . . , k̂nyq(s))UTq(s) = V Σ91UTq(s), (1.17)

which is embedded in the structure of Fig. 1.3b, where the plant and the plant

model are defined as P (s) ∶= Rg(s) and P̄ (s) ∶= R̄ḡ(s). Because the thin SVD

is used in (1.6), the matrix V Σ91UT =∶ R† corresponds to the Moore-Penrose

pseudoinverse [55, P5.5.2] of R.

The controller design in discrete-time follows the same procedure, but with

g(s) replaced by (6.2) and Tm(s) by

Tm(z) = 1 − bλ
z − bλ z−nd , (1.18)

where bλ = exp(−λTs) is the discrete-time closed-loop pole [66].

1.6.3 Regularisation

The control law (1.14) shows that the mode-by-mode controller gains are propor-

tional to 1/σi. For Diamond, the condition numbers are κ(RX ) = 12,281 and

κ(RY) = 9837, so that disturbances aligned with left singular vectors of R associated

with small σi can cause large actuator inputs. In order to limit the transient

magnitude of these inputs, one approach is to view (1.3) as a static problem in

discrete-time [49] and to find the input uk for each k ∈ Z from

minimise
uk∈Rnu ∥yk +Ruk∥2

2 + µ∥uk∥2
2, (1.19)

where µ ∈ R+ is a regularisation parameter and chosen as µ = 1 at Diamond [54].

Minimising (1.19) with respect to uk yields the solution

uk = −(RTR + µI)91
RTyk, (1.20)
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− Γ ++ Q(s)
P̄ (s)

P (s) + +
d(s)

y(s)
C(s)

u(s)

Figure 1.4: Standard feedback structure in original space (MIMO) obtained from
rearranging Fig. 1.3b.

suggesting the replacement of the pseudo-inverse on the right-hand side of (1.17)

with the regularised pseudo-inverse, which can be achieved by choosing the output

compensator Γ as

Γ ∶= (RRT + µI)91
RRT = U(Σ2 + µI)91Σ2UT, (1.21)

from which the mode-by-mode regularisation gains are obtained as γ̂i ∶= σ2
i /(σ2

i +
µ). According to Fig. 1.3a, the (continuous time) transfer function from ŷi(s)
to ûi(s) becomes

ûi(s) = −γ̂i k̂iq(s)
1 − k̂iq(s)σig(s) ŷi(s) = −

σi
σ2
i + µ

q(s)
1 − Ts(s) ŷi(s), (1.22)

which describes the mode-by-mode controller in standard feedback form and shows

how the output compensator modifies the open-loop gain as a function of the

singular values. For σ2
i ≪ µ, σi/(σ2

i + µ) ≈ 0, so that control action associated

with small σi is effectively damped, whereas for σ2
i ≫ µ, σi/(σ2

i + µ) ≈ 1/σi, i.e. the

controller gain is left unchanged.

1.6.4 Standard Feedback Structure

Even though the controller at Diamond is designed using the IMC structure, it

is implemented using the standard feedback structure from Fig. 1.4, which does

not require explicit computing of the model path output from Fig. 1.3b. The

standard controller C ∶ C ↦ Cnu×ny is obtained as

C(s) ∶= (I −Q(s)P̄ (s))91
Q(s)Γ =Kc(s), (1.23)
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Figure 1.5: Measured IBM on BPM 1 and theoretical sensitivity gains for the existing
controller (vertical direction, τd = 900 µs).

where the static controller gain K ∈ Rnu×ny is given by

K ∶= V diag( σ1

1 + σ2
1
, . . . ,

σny

1 + σ2
ny

)UT = (RTR + µI)91
RT, (1.24)

and the scalar dynamics c ∶ C ↦ C by

c(s) ∶= λ
a

s + a
s + λ(1 − e−sτd) . (1.25)

Note that (1.23) shows that the IMC structure implements integrating behaviour

as long as Q(0)P̄ (0) = I, even for P̄ (s) ≠ P (s).
The performance of the controller is usually measured using the integrated beam

motion (IBM), which is defined as the square root of ∑F
f=0

2
F 2 ∣yi(f)∣2, where yi(f)

is the discrete Fourier transform of BPM signal i and F the number of Fourier

samples used [47, Ch. 3.1]. The IBM measures the maximum displacement that

can occur up to a certain frequency when the corresponding Fourier terms of the

disturbance are in phase. Fig. 1.5 shows the IBM measured at BPM 1 and the

minimum and maximum singular values of the corresponding output sensitivity

S(jω) = I − P (jω)Q(jω) in Fig. 1.5b. Fig. 1.5a also shows the IBM caused by the

disturbance, which is measured when the FOFB is disabled.
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Structural Symmetries

In most synchrotrons the magnetic lattices, the BPMs and the corrector magnets

are placed in repeated patterns around the storage ring [164, Ch. 10.2.4, p. 329].

These repeated sections are usually referred to as superperiods or cells, and their

pattern invokes a circulant symmetry. Often an additional symmetry is introduced

by mirror-reflecting the lattice at the middle of one cell [164, Ch. 10.2.4, p. 331],

which generates a centrosymmetry. The circulant pattern considerably simplifies

the design of the synchrotron, while the mirror-reflection cancels out non-linear

effects introduced by quadrupole and sextupole magnets. Although this symmetry

is intentionally created in the design phase of the synchrotron, it is generally not

considered during the synthesis of the orbit feedback system.

Most orbit feedback systems use modal decomposition to map the dynamics (1.3)

to modal space and synthesise the controller on a mode-by-mode basis, which

results in the control law (Section 1.6)

u(s) = −Kc(s)y(s), (2.1)

where K is pre-computed offline and possibly regularised to account for an ill-

conditioned orbit response matrix (ORM). The modal decomposition is applicable

This chapter is based on [90] I. Kempf, P. J. Goulart, S. R. Duncan, et al., “Symmetry
exploitation in orbit feedback systems of synchrotrons for computational efficiency,” IEEE Trans.
Nucl. Sci., vol. 68, no. 3, pp. 258–269, Mar. 2021.

21
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to any kind of synchrotron but does not exploit the symmetric structure. Moreover, if

actuator limitations such as slew-rate or amplitude constraints are present, then (2.1)

must be extended with an anti-windup scheme [50]. Other control algorithms, such

as model predictive control (MPC), allow optimal handling of actuator constraints

while achieving the same or better trajectory error correction [83]. Such an algorithm,

however, uses real-time optimisation so exploiting symmetry would considerably

reduce the computational complexity. Other approaches exist that neglect the

coupling between different input-output pairs or the small-magnitude singular

values and also benefit the computation speed. For increasing controller gains,

however, these approaches might lead to instabilities of the closed-loop system [135].

As an alternative to the SVD, several approaches have used a Discrete Fourier

Transformation (DFT) to map the dynamics (1.3) to the spatial Fourier domain.

In [167], a feedback system based upon a harmonic analysis of the dynamics

was implemented that aimed at controlling the dominant harmonics of the beam

displacement. This approach only yields speed advantages if the underlying system

has an accurate circulant symmetry, in which case the individual harmonics are

independent, or if a sufficiently large number of harmonics are omitted. A similar

approach was used in [48] to diagonalise the system dynamics (1.3) and concentrate

the betatron tune uncertainty in the Fourier coefficients, which considerably

simplified the subsequent robustness analysis. These results were extended in [105],

[106], which observed the block-circulant property of R. Because the observed

symmetry was only approximate, a circulant approximation was proposed and the

block-circulant transformation – the matrix equivalent of the DFT – subsequently

applied to an approximation of R.

Symmetry is accompanied by redundancies in the mathematical representation

of the system [30], and, most importantly, exploiting symmetry has the potential

to speed up controller computations and reduce memory requirements [83], which

would allow for the use of more complex control algorithms. For the Diamond-II

sampling frequency of 100 kHz, the time associated with the controller computation

represents 20 % of the total latency and has therefore a significant impact on the
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closed-loop bandwidth. In this chapter, the symmetry properties of the betatron

function – a property of the magnetic lattices – are mathematically related to

the (controller) matrices, by showing that R inherits the symmetry properties

of the betatron function.

In practice only a few physical systems have accurate symmetry properties

and applying a symmetric decomposition requires an approximation. This chapter

therefore also addresses the common case of broken symmetry and extends the

results presented in [105]. For each of the block-circulant, centrosymmetric and the

combined-symmetry cases, formulae for structured approximations are derived that

minimise the Frobenius norm error. It is shown how the asymmetry of the ORM

can be concentrated in certain elements of the symmetrical decomposition, which

is used in a subsequent analysis in Chapter 3. The decompositions are illustrated

using the Diamond-II ORM [4] and the approximation error compared to the ESRF-

EBS, MAX IV and ALBA synchrotrons. It is shown that even when the original

matrix is only approximately centrosymmetric, the orbit feedback successfully

reduces the trajectory error. The analysis is concluded by demonstrating the main

advantage of exploiting structural symmetries, which is increased computation-

speed. Using a C-language implementation on the hardware used for feedback

experiments at Diamond (Chapter 7), the standard approach (2.1) is compared

with the different symmetrical decompositions. It is shown that, in exchange

for an insignificant performance decrease of the trajectory error correction, the

computational speed of the controller can be significantly improved. Accelerating the

controller computations allows faster sampling rates to be used or the deployment

of more advanced control algorithms, which is demonstrating by combining MPC

with the results from this chapter in related work [83].

This chapter is structured as follows. In Section 2.1, block-circulant and

centrosymmetric matrices are briefly outlined, with more details included in Ap-

pendix 2.B. Section 2.2 presents the results on the symmetric structure of the ORM

and its decompositions and Section 2.4 addresses the case of broken symmetry.

In Section 2.5, the results are summarised in a case study of the Diamond-II
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synchrotron, in which the controller is simulated using structured approximations,

the nominal stability is verified and the speed advantages of a controller that

exploits the symmetric structures are demonstrated.

2.1 Matrices with Structural Symmetries

In an orbit feedback system, the calculation of optimal set-points for the corrector

magnets at each sampling instant requires a matrix-vector multiplication. It will

be shown that the matrix inherits certain symmetry properties from the storage

ring and that these properties can be used to simplify the computations needed for

the orbit feedback system. The analysis of matrices with structural symmetries

has its origins in group theory and the linear representations of finite groups [94,

Ch. 1], and a characterisation of structural symmetries in terms of permutation

matrices is used here [15, Ch. 5]. A square matrix is Π ∈ Rn×n is a permutation

matrix if exactly one element in each row and column is equal to 1 and all other

elements are zero [68, Ch. 0.9.5]. Among other properties, it follows that ΠTΠ = I
and Πk = I for some k ∈ Z++ [68, Ch. 0.9.5].

Definition 2.1. A set of matrices with a structural symmetry is defined as the

subspace S ∶= {A ∈ Rn×n ∣ AΠ = ΠA} ⊆ Rn×n and associated with a permutation

matrix Π ∈ Rn×n.

Because Π is orthonormal, there exists T ∈ Cn×n with T ∗T = I that diagonalises

Π [55, Ch. 2.5]. It follows that A ∈ S iff T ∗AT is diagonal [68, Thm. 1.3.12].

The matrices in S form a commutative algebra, i.e. A + B ∈ S, AB ∈ S and

AB = BA iff A,B ∈ S. In addition, A91 ∈ S if A ∈ S is invertible, which is

applied to the limit definition of the Moore-Penrose pseudoinverse of A, A† ∶=
limδ→0(ATA + δI)91

AT, in Lemma 2.2.

Lemma 2.2. For A ∈ Rny×nu, A† ∈ S if A ∈ S.
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Proof. Suppose that A ∈ S, so that (ATA + δI)91 ∈ S ∀δ ∈ R. Using the limit

definition of A† [55, P5.5.2]:

A†Π = lim
δ→0

(ATA + δI)91
ATΠ Def. 2.1= Π lim

δ→0
(ATA + δI)91

AT = ΠA†.

Definition 2.3. The orthogonal complement S⊥ of S is defined as

S⊥ ∶= {B ∈ Rn×n ∣ trace(BTA) = 0 ∀A ∈ S}.
From trace(BTA) = trace((T ∗BTT )(T ∗AT )), it follows that B ∈ S⊥ iff T ∗BT is

hollow, i.e. a matrix with zero diagonal elements. Since T ∗BT and B ∈ S⊥ are

similar, it holds that trace(B) = 0.

The concept of structural symmetry can be straightforwardly extended to block

structural symmetry by considering matrices A ∈ Rny×nu that satisfy A(Π⊗ Ibu) =
(Π⊗ Iby)A. The matrices (T ∗ ⊗ Iby)A(T ⊗ Ibu) and (T ∗ ⊗ Iby)B(T ⊗ Ibu) are then

block-diagonal and block-hollow, respectively. In the following, a “scalar” symmetry

from Def. 2.1 will not be distinguished from a block symmetry, e.g. writing R ∈ S
for R ∈ Rny×nu may imply that ∃n, by, bu ∈ Z++ such that n = ny/by = nu/bu and

R(Π ⊗ Ibu) = (Π ⊗ Iby)R with Π ∈ Rn×n being associated with S.

2.1.1 Block-Circulant Matrices

The set of circulant matrices of order n, C(n), is formed by those matrices that

commute with the cyclic shift matrix Ωn ∈ Rn×n,

Ωn ∶= [0 In−1
1 0 ], (2.2)

which satisfies Ωn
n = I. Circulant matrices are extended to block-circulant ma-

trices in Def. 2.4.

Definition 2.4 (Block-circulant matrices). Let BC(n, p,m) ⊂ Rnp×nm denote the

set of block-circulant matrices of order n that have the form

B =
⎡⎢⎢⎢⎢⎢⎢⎢⎣

b0 b1 . . . bn−1
bn−1 b0 . . . bn−2⋮ ⋮ ⋱ ⋮
b1 b2 . . . b0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, bi ∈ Rp×m, (2.3)
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which satisfy [33]

B(Ωn ⊗ Im) = (Ωn ⊗ Ip)B. (2.4)

The Fourier matrix Fn ∈ Cn×n, defined as

Fn ∶= 1√
n

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 1 . . . 1
1 w . . . wn−1⋮ ⋮ ⋮
1 wn−1 . . . w(n−1)(n−1)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (2.5)

with w = ei 2π
n and F ∗

nFn = In, block-diagonalises block-circulant matrices as [33],

B̂ = (F ∗
n ⊗ Ip)B(Fn ⊗ Im) = diag(ν0, . . . , νn−1), (2.6)

where νj ∈ Cp×m and (F ∗
n ⊗ Ip)(Fn ⊗ Ip) = Inp. Equivalently, the block νj can

also be obtained from

νj = n−1∑
k=0

bke−i 2πjk
n . (2.7)

The product Fnx yields the coefficients of the discrete Fourier transformation of

the vector x. Because the Fourier matrix appears in (2.6), the computation speed

of a matrix-vector multiplication Bx can be increased significantly by transforming

it to the Fourier domain, i.e. by computing Bx = (Fn ⊗ Ip)B̂(F ∗
n ⊗ Im)x. The

computational efficiency arises from the possibility to employ m parallel Fast

Fourier Transformations (FFT) for computing products like (F ∗
n ⊗ Im)x and the

fact that B̂ is block-diagonal. For the case that all elements of B are non-zero,

the computation time is reduced by1

O((npm + (p +m)n log2 n)/(n2pm)), (2.8)

which represents the ratio of counts of operations required to perform the product

in the Fourier domain versus original domain.
1Formula (2.8) neither distinguishes between real- or complex-valued operations nor considers

redundancies of complex conjugates in (2.6).
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2.1.2 Centrosymmetric Matrices

Definition 2.5. Let CS(q, t) ⊂ R2q×2t denote the set of centrosymmetric matrices

of the form

R = ⎡⎢⎢⎢⎢⎣
r1 r2

Jqr2Jt Jqr1Jt

⎤⎥⎥⎥⎥⎦, ri ∈ Rq×t, (2.9)

where Jk = ⎡⎢⎢⎢⎢⎣
1⋰

1

⎤⎥⎥⎥⎥⎦ ∈ R
k×k and with RJ2t = J2qR.

A centrosymmetric (CS) matrix is block-diagonalised by [163]

R̂ = TT
q RTt = diag(r1 − r2Jt, r1 + r2Jt), (2.10)

where the centrosymmetric transformation is defined as

Tk ∶= 1√
2
[ Ik Ik−Jk Jk

] ∈ R2k×2k, (2.11)

with TT
k Tk = I2k. As in the case of BC matrices, the computation speed of a

matrix-vector multiplication Rx can be increased significantly by transforming it

to the centrosymmetric domain, and it can be shown that (2.8) holds for n = 2,

p = q and m = t (see Appendix 2.B).

Definition 2.6. Let SCS(q, t) ⊂ R2q×2t denote the set of skew-centrosymmetric

matrices of the form

D = ⎡⎢⎢⎢⎢⎣
d1 d2

−Jqd2Jt −Jqd1Jt

⎤⎥⎥⎥⎥⎦, di ∈ Rq×t, (2.12)

with DJ2t = −J2qD.

In contrast to CS matrices, a skew-centrosymmetric (SCS) matrix is block anti-

diagonalisable by (2.10), i.e.

D̂ = TT
q DTt = [ 0 d1 − d2Jt

d1 + d2Jt 0 ]. (2.13)
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2.2 Properties of the Orbit Response Matrix

The element on row m and column n of R, R(m,n), is characterised by the betatron

function β ∶ R ↦ R+ and given by [167, eq. (2)]

R(m,n) ∶=
√
βBmβ

C
n

2 sin(πQ) cos(πQ − ∣φBm − φCn ∣), (2.14)

where β(⋅)
k ∶= β(`(⋅)k ), φ(⋅)

k ∶= φ(`(⋅)k ) with ` ∈ [0, L] representing the distance around

the storage ring starting from an arbitrary reference point (Z-axis in Fig. 1.2), L

the circumference of the orbit and B and C refer to BPMs and corrector magnets,

respectively. The betatron function is obtained from the solutions of non-linear

differential equations and is a property of the magnetic lattice [165, Ch. 3.4]. The

phase advance φ ∶ R ↦ R+ is defined as

φ(`) ∶= ∫ `

0
β−1(z)dz, (2.15)

and for a stable electron beam, the betatron tune Q ∶= φ(L)/2π is always a non-

integer number [103].

As a prerequisite for the analyis of this chapter, it is assumed that the storage

ring is divided into S sections of equal length L/S and that each section contains

NB BPMs and NC correctors, such as stated in Assumption 2.7.

Assumption 2.7 (Prerequisites for structural symmetry). The storage ring is

divided into S sections of length L/S with each section containing NB BPMs and

NC correctors, which results in an ORM R ∈ RSNB×SNC , S,NB,NC ∈ Z++.

For demonstrating the BC and CS properties of the ORM, it will be assumed

that the β-function is periodic with period L/S and centrosymmetric with respect

to L/2, i.e. β can be mirror-reflected about the middle of the storage ring. For

convenience, it will be assumed that S, the number of corrector magnets per section

and the number of monitors per section, are all even, as it is the case for Diamond-

II. The following decompositions can also be applied to storage rings that have

an odd number of cells and/or monitors and/or corrector magnets, such as the

ESRF-EBS [115]. An odd S results in a different structure of the decomposed BC
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matrix (see Section 2.B), while an odd number of monitors or magnets results in a

different structure of the decomposed CS matrix [163]. The numerical results in

Section 2.5 would not differ substantially in the case of odd S.

Theorem 2.8 (Block-circulant R). Suppose that Assumption 2.7 holds and that

β(`) = β(` +L/S). Suppose that the BPMs and corrector magnets of section k = 1

are placed at ring locations `B1 , . . . , `BNB and `C1 , . . . , `CNC , and that this arrangement

is repeated for sections k = 2,3, . . . , S as `B1 + kL/S, . . . , `BNB + kL/S and `C1 +
kL/S, . . . , `CNC + kL/S. Then R ∈ BC(S,NB,NC).

Proof. See Appendix 2.A.

Theorem 2.9 (Centrosymmetric R). Suppose that Assumption 2.7 holds and that

β(L/2 + `) = β(L/2 − `). In addition, suppose that the position of the monitors

and magnets is reflection-symmetric as well, i.e. for each `
(⋅)
k there is a `

(⋅)
p s.t.

`
(⋅)
p = L − `(⋅)k for (⋅) = {B,C}. Then R ∈ CS(SNB/2, SNC/2).

Proof. See Appendix 2.A.

Theorems 2.8 and 2.9 are intuitive results. If the magnetic lattices, BPMs and

corrector magnets are arranged in a symmetric pattern, then the ORM inherits

the same symmetric pattern. The BC property means that a circulant shift of NB

and NC elements can be applied to the beam displacement y and magnet inputs

u in (1.3) without changing the system behavior, while the CS property means

that each vector can be mirror-reflected about its middle. If Theorems 2.8 and 2.9

simultaneously hold, each superperiod is centrosymmetric and the ORM inherits

additional properties. These additional properties allow the BC decomposition to be

split into real and imaginary parts and will further simplify calculations involving R.

Corollary 2.10 (Centrosymmetric and block-circulant R). Suppose that the con-

ditions in Theorems 2.8 and 2.9 all hold, so that R ∈ BC(S,NB,NC) and R ∈
CS(SNB/2, SNC/2), and let Rk ∈ RNB×NC , k = 0, . . . , S − 1, be the block-circulant

partitioning of R from Def. 2.4. Then:
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2.10a R0,RS/2 ∈ CS(NB/2,NC/2)
2.10b RS/2+kJNC = JNBRS/2−k

Proof. See Appendix 2.A.

2.3 Decompositions from Structural Symmetries

The BC property ensures that R can be block-diagonalised by pre- and post-

multiplication with the discrete Fourier matrix FS given in (2.5). By defining

ŷ(s) ∶= (F ∗
S ⊗ INB)y(s), û(s) ∶= (F ∗

S ⊗ INC)u(s) and d̂(s) ∶= (F ∗
S ⊗ INB)d(s), the

dynamics (1.3) can be mapped into the discrete (spatial) Fourier domain as

ŷ(s) = R̂g(s)û(s) + d̂(s), (2.16)

where R̂ ∶= diag(R̂0, . . . , R̂S−1). When a vector is mapped into the Fourier domain as

in ŷ(s) = (F ∗
S⊗INB)y(s), the Kronecker product between F ∗

S and INB means that the

kth displacements of each superperiod are grouped. The Fourier transform is then

applied to equidistant samples at `Bm + kL, k = 0, . . . , S − 1. This yields the Fourier

coefficients for the spatial frequencies ϑk = 2πk/S. The block-diagonal structure

of R̂ means that the spatial Fourier coefficients of the displacements at frequency

ϑk are not modified by magnetic inputs at frequency ϑj for k ≠ j. The Fourier

coefficients are, however, influenced by other Fourier coefficients of the same spatial

frequency that have a different starting point `Cn for the equidistant samples `Cn +kL.

Analogous to the BC case, the dynamics (1.3) can be mapped to the CS
domain by defining ŷ(s) ∶= TT

SNB/2y(s), û(s) ∶= TT
SNC/2u(s) and d̂(s) ∶= TT

SNB/2d(s).
The resulting R̂ ∶= TT

SNB/2RTSNC/2 is block-diagonal if and only if R is CS. The

transformation ŷ(s) = TT
SNB/2y(s) groups elements k and k + SNB/2 of y(s) and

assigns their sum and differences to ŷ(s). The block-diagonalised R̂ reflects the

fact that the sum (difference) of the displacements, is solely modified by the sum

(difference) of the effects of the magnets.
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When R is both BC and CS, the matrices R̂ and R̂ can both be further

decomposed. For the decomposition of R̂, the complex-valued blocks of the BC
decomposition R̂ are rewritten using (2.7) as

R̂n = R0 + (−1)nRS/2 + S/2−1∑
k=1

(Rke−i 2πnk
S + JNBRkJNCei 2πnk

S ),
where the second part of Theorem 2.10 was used after reformulating it as RS−k =
JNBRkJNC . Separating the real and imaginary parts of R̂n yields

Re(R̂n) = R0 + (−1)nRS/2 + S/2−1∑
k=1

cos(2πnk/S)(Rk + JNBRkJNC),
Im(R̂n) = S/2−1∑

k=1
sin(2πnk/S)(JNBRkJNC −Rk).

A common feature of matrices with symmetric structures, such as BC or CS matrices,

is that they form an algebra (see Appendix 2.B). By pre- and post-multiplying

with JNB and JNC , respectively, it can be shown that Re(R̂n) is CS, while Im(R̂n)
is SCS. Each of the Fourier blocks R̂n can therefore be pre- and post-multiplied

by TT
NB/2 and TNC/2, which will separate the real and imaginary part because CS

matrices are block-diagonalised, while SCS matrices are block anti-diagonalised

by the transformation (2.11).

The decomposition of the CS decomposition R̂ can be found in Appendix 2.B,

where it is shown that if R is BC as well, then each of the blocks of R̂ is CS and

can be decomposed using (2.10). Note that the BC structure is a more stringent

requirement than needed, i.e. the doubly CS decomposition only requires that the

β-function is CS with respect to L/4. Table 2.1 summarises the results from this

section and characterises the BC, CS and their further decompositions by showing

the formulae for block-diagonalisation and the resulting sparsity patterns of the

block-diagonalised matrices. The table also addresses the structured approximations

RFS ∈ S for the case that the ORM is given by R ∶= RFS +∆, where ∆ = R −RFS ∈ S⊥
(Section 2.4.1). In principle, the symmetric decompositions could be applied to

any matrix R /∈ S. The transformed matrix R̂, however, is block-diagonal iff the

original matrix has the corresponding symmetric structure, i.e. R ∈ S.
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Table 2.1: Symmetric decompositions R̂S = T ∗RT for S = 6 and S ∈ {CS,CS −BC,BC,BC − CS}. The table also shows the Frobenius norm approximations RFS and the
sparsity pattern of the approximation error ∆ ∶= T ∗(Rp −RFS)T in symmetric domain.

Centrosymmetric decomposition (S = CS)
Diagonalisation R̂S = TT

SNB/2RTSNC/2
Approximation† RFS = 1

2(Rp + JSNBRpJSNC)
Sparsity patterns
of R̂S and ∆̂S

Decomposition of the CS decomposition (S = CS − BC)
Diagonalisation R̂S = (I2 ⊗ TT

SNB/4)TT
SNB/2RTSNC/2(I2 ⊗ TSNC/4)

Approximation† RFS = 1
2S ∑S−1

k=0 (Ωk
S ⊗ INB)T(Rp + JSNBRpJSNC)(Ωk

S ⊗ INC)
Sparsity patterns
of R̂S and ∆̂S

Block-circulant decomposition (S = BC)
Diagonalisation R̂S = (F ∗

S ⊗ INB)R(FS ⊗ INC)
Approximation† RFS = 1

S ∑S−1
k=0 (Ωk

S ⊗ INB)T
Rp(Ωk

S ⊗ INC)
Sparsity patterns
of R̂S and ∆̂S

Decomposition of the BC decomposition (S = BC − CS)
Diagonalisation R̂S = (IS ⊗ TT

NB/2)(F ∗
S ⊗ INB)R(FS ⊗ INC)(IS ⊗ TNC/2)

Approximation† RFS = 1
2S ∑S−1

k=0 (Ωk
S ⊗ INB)T(Rp + JSNBRpJSNC)(Ωk

S ⊗ INC)
Sparsity patterns
of R̂S and ∆̂S
Light-gray, dark-gray and striped blocks refer to real, purely imaginary and complex-valued
numbers, respectively. †The matrix ΩS is defined in (2.2).

2.4 Broken Symmetry

If the symmetric structure of the synchrotron is to be exploited for the controller,

then the matrix K defined in (1.24) must have the same symmetry properties. If R

is BC and/or CS, the gain matrix K will necessarily have the symmetry properties,

because each of the symmetric structures form an algebra. In practice, the regular

arrangement of magnetic lattices, BPMs and corrector magnets is compromised

by space constraints, e.g. there will be one section where the injection device –

the entry point for the electrons – will need to be fitted. This will lead to an
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asymmetric placement of one or more of the these components or to an asymmetry

of the β-function. Because the symmetry of the ORM is based on the symmetry

of the betatron function as well as on the placement of monitors and magnets,

the ORM R will inherit any asymmetry. In these cases, the symmetry can be

recovered by approximating the ORM. In some synchrotrons, the symmetry is also

broken because additional monitors or magnets are inserted into individual cells,

e.g. due to special requirements of a beamline, which leads to a partial symmetry

of R. Even when R is block-wise symmetric, it is still possible to exploit the

structure of the symmetric block.

2.4.1 Structured Approximation

Given a perturbed ORM R /∈ S that does not satisfy the symmetry conditions, a

matrix RFS ∈ S can be computed that approximates R and has the BC and/or CS
properties. This problem can be formulated as an optimisation problem,

RFS ∶= arg min
X∈S ∥X −R∥2

F, (2.17)

where S ∈ {BC,CS,BC ∩ CS}. The Frobenius norm was used because it leads to

closed-form solutions, which are analysed in more detail in Chapter 3. In [27], a

solution is derived for the circulant symmetry and the approximation is applied

to an orbit correction scheme in [105]. In Appendix 2.C, the proofs are extended

for S ∈ {BC,CS,BC ∩ CS}. The results obtained are summarised in Table 2.1.

They essentially consist of averaging over the sub-blocks of R according to the

corresponding structure of S, e.g. when S = BC the diagonal block RFBC,0 is obtained

from averaging over all sub-blocks of R lying on the diagonal.

2.4.2 Approximation Error

When the gain matrix K is computed using the approximation RFS instead of R,

the stability properties of the resulting closed-loop system might be considerably

affected, i.e. the system might be stable if K is computed using R but unstable when

computed using RFS . To quantify the amount of asymmetry, an approximation error
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is defined as ∆ ∶= R−RFS . For a structured approximation problem, such as (2.17), the

structure of ∆ can be determined by transforming the optimisation (2.17) into the

structural domain S, i.e. by rewriting the norm in (2.17) using the symmetric

transformations TS,l,TS,r as

∥T ∗S,l(X −R)TS,r∥F = ∥X̂ − R̂ − R̂�∥F, (2.18)

where X̂ = T ∗S,lXTS,r, R̂ +R̂� = T ∗S,rRTS,r and where R̂ has the same block-diagonal

structure as X̂ has such that

Re(R̂�) ○Re(R̂ ) = 0, Im(R̂�) ○ Im(R̂ ) = 0. (2.19)

Note that the Frobenius norm is invariant with respect to multiplication by an

orthonormal matrix [55, Ch. 2.3.5] and that (2.19) would not necessarily hold if a

different norm was used in (2.17). From (2.18), it becomes clear that RFS = R̂ and

∆̂ = R̂� and the solution to (2.17) could be found by setting RFS = TS,lR̂FST ∗S,r. The

sparsity patterns of ∆̂ for S ∈ {BC,CS,BC∩CS} are depicted in Table 2.1. Note that

for the doubly CS decomposition (column CS − BC in Table 2.1) the approximation

that yields RFS ∈ BC ∩ CS is used and (2.19) therefore does not hold.

2.4.3 Partial Symmetry

Some synchrotrons, such as the ESRF-EBS or MAX IV 3 GeV synchrotron, insert

additional magnets or monitors into certain cells. In these cases, the number of

monitors or magnets differ between different cells, which prohibits the symmetric

decomposition of the entire ORM. If, for example, the number of additional magnets

is small, it is still possible to exploit the symmetric structure. Let R = [Rsym Rasym]
be the ORM, where Rasym represents the asymmetric part of R associated to

the additional magnets. The input transformation matrix can be redefined as

T̂S,r ∶= diag(TS,r, I), where the dimension of I matches the number of additional

magnets. The ORM is transformed as R̂ = T ∗S,lRT̂S,r = [R̂sym R̂asym], where

R̂sym is block-diagonal and R̂asym is dense. Instead of computing the gain matrix
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Figure 2.1: Diamond-II orbit response matrices with S = 6 sections. The colors represent
the magnitude of the matrix elements of R.

K̂ = (R̂∗R̂ + µI)91
R̂∗, which would not result in a block-diagonal matrix, it is

possible to avoid the pseudo-inversion of R̂ by solving the linear system

([ R̂∗
symR̂sym R̂∗

symR̂asym
R̂∗

asymR̂sym R̂∗
asymR̂asym

] + µI)û = [ R̂∗
sym

R̂∗
asym

]ŷ. (2.20)

The left-hand side matrix is Hermitian and in block-arrowhead form. There exist

efficient and sparsity-preserving methods for solving these types of linear systems [56].

If the dimensions of R̂asym are small compared to R̂sym and the left-hand side

matrix is pre-factorised offline, solving (2.20) is expected to be faster than the

matrix-vector product in (2.1).

2.5 Case Study: Diamond-II
2.5.1 Structured Approximations

The Diamond-II storage ring will be arranged in S = 6 superperiods with NB = 44

BPMs and NC = 66 corrector magnets per superperiod [2, Ch. 2.1.1.2] and for this

case study, the ORM for the vertical plane is used, which is shown in Fig. 2.1b. It can

be seen that the Diamond-II storage ring has an accurate BC pattern. In addition,

the lattices of each cell are mirror-reflected at the centre of each cell, which yields a

β function with a CS pattern [4, Fig. 2.3]. The corrector magnets are realised by

using additional windings in the sextupole magnets [4, Ch. 2.7.3.5] and the monitors

are arranged in a CS pattern. According to Theorems 2.8-2.10, this leads to CS,

BC and BC ∩ CS properties of the ORM. In practice, the BC property is broken
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Table 2.2: Approximation error ∆ = R − RFS relative to R computed as ∥∆∥2/∥R∥2
(2-norm), ∑i,j ∣∆(i,j)∣/∑i,j ∣R(i,j)∣ (mean) and maxi,j ∣∆(i,j)∣/maxi,j ∣R(i,j)∣ (max-norm).

Synchrotron S 2-norm (%) Mean (%) Max-norm (%)

DLS-II
BC 0.006 0.004 0.008CS 7.764 5.083 12.552BC ∩ CS 7.764 5.083 12.553

MAX IV
BC 0.589 0.255 2.337CS 2.646 2.192 3.36BC ∩ CS 2.662 2.243 3.517

ESRF-EBS
BC 4.523 1.072 30.809CS 2.663 1.119 6.386BC ∩ CS 4.692 1.932 30.839

ALBA
BC 2.007 1.957 6.269CS 4.234 2.849 14.998BC ∩ CS 4.339 3.309 15.526

by the injection device, and irregular placements of BPMs and corrector magnets

cause small deviations from the CS pattern in each superperiod [2, Ch. 2.1.1.2].

To recover the advantages of structural symmetries, the ORM is approximated

using the formulae given in Table 2.1.

The first rows of Table 2.2 show the Diamond-II approximation error relative

to R, i.e. ∥R −RFS∥/∥R∥, taking as the matrix norm the standard matrix 2-norm

(maximum singular value), the mean absolute entry, or the maximum absolute entry.

The errors can be compared to the uncertainty introduced during the measurement

of the ORM (see e.g. [47, Fig. 4.8]), which lies between 3 % and 8 %. The BC
errors are 3 orders of magnitude smaller than the measurement uncertainty, which

indicates that BC symmetry is an accurate assumption. Because the BC error is

small, the approximation errors for the CS and BC ∩ CS symmetries are almost

identical. These errors are significantly larger than for the BC symmetry, but

remain within the same order of magnitude as the measurement uncertainty. For

the stability of the controller, it is particularly relevant which modes are affected

by uncertainty [47, Fig. 4.16]. For the CS and the BC ∩ CS approximations, the

approximation error is concentrated in the first 5 low-order modes associated with
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large singular values, which are less prone to instabilities than higher-order modes.

Even though the CS and the BC ∩CS errors seem large in magnitude, the particular

distribution of the error onto the modes suggests that such an error is tolerable

when the system is controlled in a feedback loop.

Table 2.2 also shows the approximation errors for the vertical planes of: the

MAX IV 3 GeV storage ring, which has S = 20 cells and p = m = 10 monitors

and magnets per cell; the ESRF-EBS storage ring with S = 32, p = 10 and m = 9;

the ALBA storage ring with S = 4 and p = m = 22. The MAX IV ring has one

additional monitor that breaks the symmetry and must be included using the

procedure outlined in Section 2.4.3. Compared to Diamond-II, the error of the

MAX IV ring for the BC symmetry is significantly larger, whereas the error for

the CS symmetry is three times smaller. Similar observations can be made for the

ESRF-EBS storage ring, whose symmetry is broken in one of the superperiods. This

causes a 30 % error for the maximum norm of the BC approximation, but the average

error remains at 1 %. These matrices will not be examined further, but preliminary

simulations showed that the trajectory error correction would barely be affected

by the structured approximations. Compared to Diamond-II, the larger number of

cells at ESRF-EBS and MAX IV would also yield larger speed improvements.

2.5.2 Orbit Feedback Controller

As a proof of concept, the following analysis is focused on how the standard

controller (2.1) performs when K is obtained using a structured approximation, i.e.

K = ((RFS)TRFSr + µI)−1(RFS)T, while the process model is given by the asymmetric

Diamond-II ORM R /∈ S. The results are presented for the vertical plane and

are comparable for the horizontal plane.

As opposed to the FOFB at Diamond, the FOFB at Diamond-II will use 252

slow and 144 fast corrector magnets. Even though the locations of the 396 slow

and fast magnets produce an overall ORM R that has an accurate BC symmetry,

the distribution of slow and fast magnets onto these locations and across the S = 6

superperiods is irregular. In other words, after selecting the columns of R to
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obtain Rs and Rf from the two-array system (1.5), the BC symmetry is lost and the

matrices Rs and Rf cannot be separately decomposed any more. For the following

simulations, it is therefore assumed that all corrector magnets are identical and

are modelled by the actuator model (1.2).

The simulation requires the disturbances d(t) as an input. Because no such

measurements are yet available for Diamond-II, measurements from the Diamond

storage ring are used. The disturbance vector is augmented to fit the dimensions of

Diamond-II. Firstly, the 80 = 252 − 172 monitor outputs, which are lying opposite

of the ring-half that contains the injection device, are copied and appended to the

172 measurements. Secondly, the augmented disturbances are transformed into

mode-space using an SVD of the Diamond-II ORM and the power spectrum of

the modes plotted, such as in [47, pp. 68–72]. The disturbance spectrum is then

scaled to obtain a power spectrum comparable to [47, Fig. 3.11], where the modes

associated with large-magnitude singular values show a larger amplitude. The

resulting disturbance profile is depicted in Fig. 2.2a (labeled by Measured, off).

The performance of the controller is measured using the integrated beam motion

(IBM), which is shown in Fig. 2.2. Fig. 2.2a shows the average IBM across all BPMs

of the storage ring for K computed using R and the CS approximation of R. For

clarity, the simulation results for the BC and BC ∩ CS approximations are omitted

in Fig. 2.2a, but are shown in the close-up in Fig. 2.2b. The results show that the

controller performance is only slightly worse when a structured approximation is

used. In Fig. 2.2b, it can be seen that the CS approximation yields a slightly larger

average trajectory error, which is related to the larger approximation error.

The nominal stability of the controller, i.e. when no uncertainty is present,

can be verified by calculating the poles of the closed-loop transfer functions. The

closed-loop transfer functions of the standard feedback structure are given by

y(s) = (I +Rg(s)Kc(s))−1
d(s), (2.21a)

u(s) =Kc(s)(I +Rg(s)Kc(s))−1
d(s). (2.21b)



2. Structural Symmetries 39

101 102 1030

0.5

1

1.5

Frequency (Hz)

IB
M

(µ
m

)
RCS
OFF
ON

(a) CS approximation.

101 1020

0.1

0.2

0.3

Frequency (Hz)

IB
M

(µ
m

)

RCSBCBC ∩ CS

(b) CS, BC and BC∩CS approximations.

Figure 2.2: Comparison of average IBM for disabled/enabled feedback with simulations
of the controller using the CS, BC and BC ∩ CS approximation for the vertical plane.

where Rg(s) is the asymmetric plant. The gain K is given (1.24) and rewritten as

K = (XTX + µI)91
XT, (2.22)

where X = RFS if the Frobenius norm approximation is used and X = R otherwise.

The feedback system is stable if all poles of (2.21a) and (2.21b) have negative real

parts. The poles do not significantly differ in magnitude for K computed using

R as well as using the structured approximations and have negative real parts,

which indicates that all systems are nominally stable.

2.5.3 Performance for Implementation

The Diamond FOFB is implemented on 24 processors, which are distributed around

the storage ring, while for Diamond-II the computations will be centralised and

are tested and performed on a board that features a field programmable gate

array (FPGA) and two DSPs, which are discussed in more detail in Chapter 7.

The following simulation study will be performed on the DSP only. The clock-

frequency of the DSP is 1.4 GHz and the targeted operating frequency of 100 kHz

therefore allows for 14, 000 processor cycles. Without symmetric decomposition, the

controller computations require 396×252 ≈ 100, 000 multiply-accumulate operations,

which equals the number of operations required for the standard approach (2.1).

The dynamic part of the controller c(s) requires 3 × 396 ≈ 2,400 operations and
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these are neglected in the following. To demonstrate the speed advantages of

the symmetric decomposition, the matrix-vector multiplication required by the

controller has been implemented on the processor. When a decomposition is used,

the control input is computed as

u(s) = −TS,l K̂ T TS,r c(s)y(s), (2.23)

where S ∈ {CS,BC,CS 9 BC,BC 9 CS} refers to the decompositions in Table 2.1

and TS,l,TS,r to the corresponding transformation, and K̂ is the decomposed gain

matrix. As for the standard approach (2.1), the gain matrix K̂ is computed using a

regularised inverse, but because the decomposed matrices R̂ are block-diagonal, K̂

will have the same structure. The controller matrices K̂ are pre-computed offline,

while for the symmetric approaches the computation-efficient vector transformations

TS,l and TS,r are applied online.

Fig. 2.3 shows the results that were obtained for the implementation of (2.23) on

a single core of the processor. The performance is measured as 1/t, where t is the time

required to execute one matrix-vector multiplication, and the horizontal gray bars

refer to the theoretical speed-up (2.8) that was calculated relative to the leftmost

timing, which does not use a symmetric decomposition and corresponds the standard

approach. While the BC decomposition speeds up the computations by a factor of 5.5,

the computation frequency for the BC 9CS decomposition is more than eleven times

faster than without symmetric decomposition, which corresponds to a time-delay

reduction of 82µs compared to the standard approach, and exceeds the targeted

operating frequency of 100 kHz. The significant performance difference between

the BC and the BC ∩ CS cases is due to the fact that the BC ∩ CS decomposition

separates the real and imaginary parts and obviates the need for complex arithmetic.

The results also show that for the BC 9 CS decomposition the speed-up of the

implementation is significantly larger than the theoretical prediction. The reason

is that, in addition to the number of operations required, the performance of the

processor is limited by memory operations, e.g. the time needed to transport the

matrix data from the memory to the core. The reduced memory requirements of

the decomposition indirectly benefit the computation time.
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Figure 2.3: Performance measurement of the controller on a single core of the TI C6678
DSP @ 1 GHz. The gray bars refer to the theoretical speed-up. The leftmost measurement
referes to the standard approach (2.1).

2.6 Conclusions

In this chapter, it was shown that the ORM of a synchrotron inherits the mirror-

reflective and periodic properties of the betatron function. The algebra formed

by matrices with structural symmetries guarantees that the gain matrix K of

the SVD-based approach (2.22) inherits the structural symmetries allowing for

K to be decomposed and the control inputs to be computed in the symmetric

domain. The matrix-vector multiplication in the symmetric domain requires far

fewer multiply-accumulate operations than in the original domain. In practice, the

symmetry of the ORM might be broken due to irregular placements of monitors

or magnets. To recover the symmetric structure, an optimisation problem was

formulated in which a matrix was sought that has the corresponding symmetry

properties and approximates the asymmetric ORM.

The chapter was concluded with a case study of the Diamond-II synchrotron.

The Diamond-II ORM was approximated and the approximation error compared

to other synchrotrons. It was shown that, despite larger approximation errors

for the centrosymmetric case, there is only a small difference in trajectory error

correction between the gain matrices computed using the approximations and

using the asymmetric ORM. The case study was completed using a single-core

implementation of the controller computations and compared the standard approach,

which does not take advantage of the symmetry of the storage ring, to controllers

that exploit the symmetry. A significant improvement of the computation-speed
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was demonstrated when the matrix-vector multiplication was carried out in the

symmetric domain. The combination of the block-circulant and centrosymmetric

decompositions was 23 kHz above the targeted operating frequency of 100 kHz and

one order of magnitude faster than the standard approach.

The complexity of the control algorithm is dominated by a matrix-vector

multiplication, which can be implemented on parallel units, but the parallelisation

has not been considered in this study. The processor used at Diamond-II has 8

cores and, without considering the cost of parallelisation, the distribution of the

algorithm onto all cores would lead to a computation frequency of approximately

1 MHz. This could allow for the use of more advanced control algorithms that

involve iterative schemes, such as MPC, which would benefit from executing large

matrix-vector multiplications in the symmetric domain.

While it was shown how structured approximations allow an increase in the

computation speed, the robust stability and performance of the resulting controllers

were not addressed in detail, such as treated in [48], [106], where the closed-loop

system was analysed under the influence of parameter uncertainty. The assumptions

on the symmetric structure of the storage ring raise several questions. How can the

degree of symmetry of a system be appropriately measured and to which extent

can structured approximations be applied to asymmetric systems? For a given

control approach, which level of asymmetry is acceptable before the trajectory

error correction starts to deteriorate? This chapter attempted to measure the

degree of symmetry by computing different norms of the approximation error.

Even though these measures were significantly different for the block-circulant

and centrosymmetric cases, the resulting trajectory error attenuation was almost

identical, which suggests that these norms were not appropriately capturing the

degree of symmetry. It was shown that the structured approximation error has

a particular structure when it is mapped to the symmetric domain, and this

observation will be used in Chapter 3 with the aim of combining the approximation

and controller synthesis problems.
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2.A Proofs

Proof of Theorem 2.8. To show that R ∈ BC(S,NB,NC), partition the first NB rows

of R ∈ RSNB×SNC into NB×NC blocks. Let mod(⋅) denote the modulo operation that

is formulated as mod(n+kNC) = (n+kNC − 1 mod SNC)+ 1. According to the BC
structure (2.3), it must be shown that Rm+kNB ,mod(n+kNC) = Rm,n for k = 1, . . . , S 9 1,

m = 1, . . . ,NB and n = 1, . . . ,NC . From the definition (2.14):

Rm+kNB ,mod(n+kNC) =
√
βB
m+kL/SβCn+kL/S
2 sin(πQ) cos(πQ − ∣φBm+kL/S − φCn+kL∣)

=
√
βBmβ

C
n

2 sin(πQ) cos(πQ − ∣φBm + k2πQ
S/L − (φCn + k2πQ

S/L)∣)
=

√
βBmβ

C
n

2 sin(πQ) cos(πQ − ∣φBm − φCn ∣) = Rm,n,

where it has been used that φ(s + kL) = φ(s) + k 2πQ
L/S for a periodic β, which can be

verified from (2.15).

Proof of Theorem 2.9. To show that R ∈ CS(SNB/2, SNC/2), the top-half of the

matrix must be a vertically and horizontally reflected version of the bottom-

half of the matrix. For the top-left and bottom-right sub-blocks of the matrix,

RSNB/2−n,SNC/2−m must equal RSNB/2+n+1,SNC/2+m+1 for all combinations of n =
0, . . . ,±(SNB/2−1) and m = 0, . . . ,±(SNC/2−1). After setting ŝAk = L/2− `AX+k and

43
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noting that φ(L/2 ± s) = φ(L/2) ± φ(s), one obtains:

RSNB/2−n,SNC/2−m =
√
β(L/2 − ŝBn )β(L/2 − ŝCm)

2 sin(πQ)× cos(πQ − ∣φ(L/2 − ŝBn ) − φ(L/2 − ŝCm)∣),
=

√
β(L/2 + ŝBn )β(L/2 + ŝCm)

2 sin(πQ) cos(πQ − ∣φ(ŝCm) − φ(ŝBn )∣)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=cos(πQ−∣φ(L/2+ŝCm)−φ(L/2+ŝBn )∣)
,

= RSNB/2+n+1,SNC/2+m+1,

and analogously for the top-right and bottom-left sub-blocks.

Proof of Corollary 2.10. To find the algebraic conditions that a simultaneously BC
and CS matrix satisfies, consider the permutation matrix Jn acting on the cyclic

shift matrix Ωn (2.2):

JnΩnJn = [ 0 1
In−1 0] = ΩT

n = Ωn−1
n , (2.24)

where for the rightmost equality it was considered that a cyclic downwards-shift

(ΩT
nx) of a vector of length n equals a cyclic upwards-shift by n − 1 places (Ωn−1

n x).

Using (2.24), one obtains

JΩk
nJ = Ωn−1

n JΩk−1
n J = ⋅ ⋅ ⋅ = Ωkn−k

n = (ΩT
n)k = Ωn−k

n ,

where Ω−1
n = ΩT

n and Ωn
n = In was used. Consider a BC matrix X ∈ BC(n, l,m)

represented as in (2.26). If X is also to be CS, then

n−1∑
k=0

Ωk
n ⊗ xk != Jnl(n−1∑

k=0
Ωk
n ⊗ xk)Jnm = n−1∑

k=0
JnΩk

nJn ⊗ JlxkJm = n−1∑
k=0

Ωn−k
n ⊗ JlxkJm.

Note that Ωj
n has non-zero entries where Ωk

n, k ≠ j, has zero entries and vice-versa.

Equating the terms with the same power of Ωn yields

xn−k = JlxkJm, (2.25)

and in particular x0 = Jlx0Jm and xn/2 = Jlxn/2Jm.
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2.B Properties of Matrices with Structural Sym-
metries

Block-Circulant Matrices From Def. 2.4, it follows that any B ∈ BC(n, p,m)
can be represented as [33]

B = n−1∑
k=0

Ωk
n ⊗ bk. (2.26)

When the BC matrix B in (2.6) is real, the blocks νj possess additional structure

that is inherited from the Fourier matrix Fn. If n is even, ν0 and νn/2 are real while

for i = 1, . . . , n/291 it holds that νi = ν̄n−i. If n is odd, the only real-valued block is ν0

and the latter holds for i = 1, . . . , (n91)/2. The same pattern of complex conjugates

is exploited during a Fast Fourier Transformation and, according to the properties

of νj , only the first n/2 blocks must be considered for a matrix-vector multiplication.

Centrosymmetric and skew-centrosymmetric matrices By reversing the

order of the second half of the rows and columns, a CS matrix can be permuted

into a BC matrix of order 2 [163]:

Lemma 2.11. The permutation matrices Pl = diag(Iq, Jq) and Pr = diag(It, Jt)
permute R ∈ CS(q, t) into a BC matrix of order n = 2:

PlRPr = ⎡⎢⎢⎢⎢⎣
r1 r2Jt

r2Jt r1

⎤⎥⎥⎥⎥⎦ ∈ BC(2, q, t).
Proof. Evaluating the product PlRPr yields the result.

Lemma (2.11) shows that CS matrices and BC matrices are closely related. For

our purpose, it is sufficient to use Lemma (2.11) to show that (2.8) holds for n = 2.

Decomposition of the centrosymmetric decomposition When R is BC
and CS, the CS decomposition R̂ = TT

SNB/2RTSNC/2 can be further decomposed.

Consider the partitioning of R into four equal-sized blocks as in Def. 2.5 such
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that R̂ = diag(R1 −R2JSNC/2,R1 +R2JSNC/2). From the BC structure (2.3), R1

and R2 are obtained as

R1 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

R0 R1 . . . RS
2 91

RS91 R0 . . . RS
2 −2⋮ ⋮ ⋱ ⋮

RS
2 +1 RS

2 +2 . . . R0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, R2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

RS
2
RS

2 +1 . . . RS91

RS
2 91 RS

2
. . . RS−2⋮ ⋮ ⋱ ⋮

R1 R2 . . . RS
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The matrices R1,R2 have the CS blocks R0 and RS/2 on their diagonals. In addition,

the blocks opposite the diagonals are Rk and Rk−1 for R1 and RS/2+k and RS/2−k for

R2, i.e. the opposite blocks satisfy the second part of Theorem 2.10. This entails that

R1,R2 ∈ CS(SNB/4, SNC/4). Note that if R2 is CS, then so is R2JS/2NC . Because

the sum of two CS matrices is also CS, the blocks of R̂ are CS and each one of the

blocks can be further decomposed by pre- and post-multiplication with TT
SNB/4 and

TSNC/4, respectively. In case SNB or SNC are not divisible by 4, the decomposition

is still possible but a different transformation matrix must be used [163].

2.C Frobenius Norm Approxmiations

Block-circulant approximation The BC approximation can be found in [27]

and it is summarised here in support of subsequent results. For approximating

a matrix R ∈ Rnl×nm with a matrix X ∈ BC(n, l,m), the optimisation (2.17) is

reformulated as

minimise
x0,...,xn91∈Rl×m ∥ n−1∑

k=0
Ωk
n ⊗ xk −R∥2

F, (2.27)

where xk ∈ Rl×m, X was partitioned as in (2.3) and the BC representation (2.26)

was used. Because Ωk
n has non-zero elements where Ωj

n, j ≠ k, has zero elements,

i.e. ∑S−1
k=0 Ωk

S = 1n,n, where 1m,n ∈ Rm×n is a matrix of ones, problem (2.27) can

be rewritten as

min{xk}n91
k=0

n−1∑
k=0

∥Ωk
n ⊗ xk − (Ωk

n ⊗ 1l,m) ○R∥2
F. (2.28)

By partitioning R into blocks Ri,j ∈ Rl×m with i, j = 0, . . . , n 9 1, each summand

in (2.28) can be rewritten as
n−1∑
j=0

∥xk −Rj, k+j mod n∥2
F, (2.29)
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for k = 0, . . . , n − 1. Using (2.28) and (2.29), the minimization (2.27) can be

reformulated as

minimise
x0,...,xn91∈Rl×m

n−1∑
k=0

n−1∑
j=0

∥xk −Rj, k+j mod n∥2
F. (2.30)

The minimum of (2.30) is attained where its derivative is zero. This can be

done element-wise for each element of xk which – after reconstructing blocks xk

– yields x⋆k = 1
n ∑n−1

j=0 Rj, k+j mod n. Using the cyclic shift matrix (2.2), the solution

is reconstructed as X⋆ = ∑n−1
k=0(Ωk

n ⊗ Il)T
R(Ωk

n ⊗ Im)/n.

Centrosymmetric approximation For approximating a matrix R ∈ R2q×2t with

a matrix Y ∈ CS(q, t), the optimisation (2.17) is reformulated as

minimise
y1,y3∈Rq×t ∥⎡⎢⎢⎢⎢⎣

y1 Jqy3Jt

y3 Jqy1Jt

⎤⎥⎥⎥⎥⎦ −R∥2
F. (2.31)

If R is partitioned as R = ⎡⎢⎢⎢⎢⎣
R1 R2

R3 R4

⎤⎥⎥⎥⎥⎦ with Ri ∈ Rq×t, the minimization (2.31)

can be reformulated as

minimise
y1,y3∈Rq×t ∥y1 −R1∥2

F + ∥y3 − JqR2Jt∥2
F + ∥y3 −R3∥2

F + ∥y1 − JqR4Jt∥2
F (2.32)

where ∥UXV ∥F = ∥X∥F for orthonormal U,V was used [55, Ch. 2.3.5, p. 75]. The

minimum of (2.32) is attained where its derivative is zero. The minimisers y⋆1
and y⋆3 are obtained as y⋆1 = (R1 + JqR4Jt)/2 and y⋆3 = (R3 + JqR2Jt)/2 and Y ⋆ is

reconstructed as Y ⋆ = (R + J2qRJ2t)/2.

Block-circulant and centrosymmetric approximation For approximating

a matrix R ∈ Rnl×nm, where n, l,m > 1 are even, with a matrix Z ∈ BC(n, l,m) ∩
CS(nl/2, nm/2), the optimisation (2.17) is reformulated as in (2.27) and the blocks
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{zk}n91
k=n/2+1 are substituted using (2.25), which yields

min{zk}n91
k=0

∥In ⊗ z0 +Ωn/2
n ⊗ zn/2 + n/2−1∑

k=1
(Ωk

n ⊗ zk +Ωn−k
n ⊗ JlzkJm) −R∥2

F,

= min{zk}n91
k=0

⎛⎝∥In ⊗ z0 − (In ⊗ 1l,m) ○R∥2
F + ∥Ωn/2

n ⊗ zn/2 − (Ωn/2
n ⊗ 1l,m) ○R∥2

F

+ n/2−1∑
k=1

(∥Ωk
n ⊗ zk − (Ωk

n ⊗ 1l,m) ○R∥2
F

+ ∥Ωn−k
n ⊗ JlzkJm − (Ωn−k

n ⊗ 1l,m) ○R∥2
F)⎞⎠.

(2.33)

As for the BC approximation, the Frobenius norms can be separated for different

powers of Ωn. The terms for z0 and zn/2 can be rewritten as

∥Ωk
n ⊗ zk − (Ωk

n ⊗ 1) ○R∥2
F = n−1∑

j=0
∥zk − ρk,j∥2

F, (2.34)

where k = {0, n/2}, ρk,j ∶= R(j, k+j mod n) with R partitioned as for the BC approx-

imation. According to (2.25), sub-blocks z0 and zn/2 must be CS. Sub-blocks

zk and ρk,j are partitioned as

zk = ⎡⎢⎢⎢⎢⎣
z1
k Jl/2z3

kJm/2
z3
k Jl/2z1

kJm/2
⎤⎥⎥⎥⎥⎦, ρk,j = ⎡⎢⎢⎢⎢⎣

ρ1
k,j ρ2

k,j

ρ3
k,j ρ4

k,j

⎤⎥⎥⎥⎥⎦,
and the right-hand side of (2.34) rewritten as

n−1∑
j=0

(∥z1
k − ρ1

k,j∥2
F + ∥z3

k − Jl/2ρ2
k,jJm/2∥2

F

+ ∥z3
k − ρ3

k,j∥2
F + ∥z1

k − Jl/2ρ4
k,jJm/2∥2

F).
(2.35)

Note the similarity between (2.35) and (2.32). Setting the derivative of (2.35) to

zero, solving for z1
k, z

3
k and reconstructing zk yields for k = {0, n/2}

z⋆k = 1
2n

n−1∑
j=0

(ρk,j + Jlρk,jJm). (2.36)

The summands in (2.33) for k = 1, . . . , n/2 9 1 are rewritten as
n−1∑
j=0

∥zk − ρk,j∥2
F + ∥JlzkJm − ρn−k,j∥2

F´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∥zk−Jlρn−k,jJm∥2
F

.

Setting the derivative to zero yields z⋆k = 1/(2n)∑n−1
j=0 (ρk,j + Jlρn−k,jJm) for k =

1, . . . , n/2 − 1, which is identical to (2.36). After reconstruction, the matrix Z⋆ is

obtained as Z⋆ = 1/(2n)∑n−1
k=0(Ωk

n ⊗ Il)T(R + JnlRJnm)(Ωk
n ⊗ Im).



3
Approximate Structural Symmetries

In Chapter 2, it was shown that the symmetry properties of the betatron function

can produce an ORM R ∈ Rny×nu with ny = nby and nu = nbu that has the structural

symmetry S. A structural symmetry S is associated with a permutation matrix Π,

and any matrix R that satisfies R(Π⊗ Ibu) = (Π⊗ Iby)R can be block-diagonalised

using the transformation matrix T ∈ Rn×n associated with S. As a consequence,

the beam dynamics (1.3), y(s) = Rg(s)u(s) + d(s), can be decoupled into smaller

systems of size by × bu, which simplifies controller synthesis and can increase the

computational performance of the controller implementation.

However, most systems encountered in practice only adhere approximately to a

structural symmetry [28], [106], meaning that for any norm ∥⋅∥ it holds that

∥R(Π⊗ Ibu) − (Π⊗ Iby)R∥ =∶ ε > 0, (3.1)

where R refers to both the plant and the plant model, i.e. R̄ = R in Fig. 1.3b, and

plant uncertainty is considered in Section 3.3. In this case, R̂ = (T ∗⊗ Iby)R(T ⊗ Ibu)
is not block-diagonal, so that the advantages of the transformation into symmetric

domain are lost. To recover the structural symmetry of the beam dynamics (1.3),

This chapter is based on [87] I. Kempf, P. Goulart, and S. Duncan, Control of cross-directional
systems with approximate symmetries, Jun. 2023. arXiv: 2306.17565 [eess.SY].
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Q(s) RSg(s)
RSg(s)

∆Sg(s)
y(s)

d(s)
u(s)

+−
− ++ ++

P (s)

Figure 3.1: IMC structure with structured approximation RS and approximation error
∆S , where P (s) = (RS +∆S)g(s) is known and ∆S artificially introduced through RS .

one possibility is to split R as

R = RS +∆S , (3.2)

with RS ∈ S, thereby artificially introducing an approximation error ∆S ∶= R −
RS ∈ Rnby×nbu . A robust controller Q ∶ C ↦ Cnby×nbu can then be designed using

PS(s) ∶= RSg(s) and used to control the real plant P (s) = Rg(s). Another possibility

is to enforce the constraint Q(s) ∈ S ∀s ∈ C during synthesis, which is analogous

to the design of decentralised controllers [107, Ch. 12]. However, the constraint

Q(s) ∈ S ∀s can lead to a non-convex optimisation problem [71], [123] and this

method is not further considered.

In this chapter, it is assumed that R satisfies (3.1) for some ε > 0, and the

controller structure is fixed to the one from Section 1.6. The first aim is to

analyse (1.3) when the structured approximation RS (3.2) is substituted for R

in (1.17), i.e. when the IMC filter is re-defined as

Q(s) ∶= R†Sq(s) (1.12)= R†STm(s)/g(s), (3.3)

and embedded in the IMC structure from Fig. 3.1. By choosing the controller as

in (3.3), the commutative algebra of the matrices in S allows the structure of only RS
to be constrained, which is then inherited by the controller Q(s). One approximation

that has been used in this setting is the Frobenius norm approximation (2.17) [28],

[106], RFS ∶= arg minX∈S∥X −R∥2
F, which was originally defined as a pre-conditioner

for linear systems [23], but the resulting closed-loop properties have not been



3. Approximate Structural Symmetries 51

analysed in detail and the choice of the Frobenius norm has not been justified. The

second aim of this chapter is to characterise the Frobenius norm approximation.

The final aim of this chapter is to propose alternatives to the Frobenius

approximation. It will be shown that an approximation based on the Frobenius

norm can lead to unstable closed-loop dynamics even when a different structured

approximation yields stable dynamics. For this reason, linear matrix inequali-

ties (LMIs) or bilinear matrix inequalities (BMIs) are derived from the stability,

performance and robustness properties of the system from Fig. 3.1 for a generic

structured approximation RS . The LMIs or BMIs are then embedded in a semi-

definite program (SDP) with the aim of finding a structured approximation that

possibly performs better than the Frobenius norm approximation. The SDP can

be formulated in the symmetric domain, where the optimisation variable is sparse,

which makes this approach suitable for large-scale systems.

This chapter is organised as follows. In Sections 3.1–3.3, the stability, per-

formance and robustness properties for the setting from Fig. 3.1 are analysed.

In each section, the analysis is followed by deriving LMIs and BMIs that can

be embedded in an SDP. In Section 3.4.1, the Frobenius norm approximation is

revisited, before formulating SDPs for alternative approximations in Section 3.4.2.

The chapter is concluded by applying the results to the ALBA synchrotron, for

which it is shown that an alternative approximation yields better results than

the Frobenius norm approximation.

3.1 Nominal Stability

To analyse the nominal stability, the structured approximation RS is substituted

for R in the model path of Fig. 3.1 and Q(s) is formed using (3.3), while assuming

that R and g(s) accurately model the CD process. Compared to the IMC structure

from Fig. 1.3b, the regularisation matrix Γ has been omitted, which would lead to

highly non-convex constraints for the structured approximations from Section 3.4.2.

However, analogous to the approach from Section 1.6, the regularisation matrix

can be included after obtaining a structured approximation.
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Using Fig. 3.1 and defining PS(s) ∶= RSg(s), the transfer function from d(s)
to u(s) is derived as

u(s) = −(I +Q(s)(P (s) − PS(s)))91
Q(s)d(s),

= −Q(s)(I + (P (s) − PS(s))Q(s)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∆SR†STm(s)

)91d(s),
= −Q(s)(I +ΦSTm(s))91

d(s), (3.4)

where the push-through rule was used [130, Ch. 3.2] and the error matrix ΦS ∈
Rny×ny defined as

ΦS ∶= ∆SR†S . (3.5)

After substituting (3.4) in the CD system (1.3), the closed-loop transfer function

from d(s) to y(s) is obtained as

y(s) = (I − P (s)Q(s)(I +ΦSTm(s))91)d(s),
= (I − Tm(s)(RS +∆S)R†S(I +ΦSTm(s))91)d(s),
= (I − Tm(s)(I +ΦS)(I +ΦSTm(s))91)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶S(s)

d(s), (3.6)

where RSR†S = I because ny ≤ nu and S(s) is the output sensitivity. If Q(s) is

formed using (3.3) with RS = R (ΦS = ∆S = 0), then the standard IMC closed-

loop [107, Ch. 4.2] is recovered as

y(s) = (1 − Tm(s))d(s), (3.7)

which is stable if Tm(s) is chosen as in (1.13). It holds that y(0) = 0 in both (3.6)

and (3.7) if Tm(0) = 1, from which it follows that the standard feedback equivalent of

Fig. 3.1 implements ny integrators for any RS . However, substituting the structured

approximation RS for the original R introduces an approximation error ∆S , which in

turn introduces the term (I +ΦSTm(s))91 in (3.6) that can be a source of instability.

This is investigated in Theorem 3.1.
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Theorem 3.1. Suppose that Tm(s) is stable and has no poles on the imaginary axis.

The system from Fig. 3.1 with Q(s) defined as in (3.3) is (internally) stable iff the

Nyquist plot of det(I +ΦSTm(s)) = ∏i(1 + φiTm(s)), where φi are the eigenvalues

of ΦS , does not encircle the origin.

Proof. No pole-zero cancellations with Re(s) > 0 occur when forming the closed-loop

transfer functions (3.4) and (3.6), which are products of stable transfer functions

with (I +ΦSTm(s))91. According to the Nyquist stability criterion [130, Thm. 4.9],

(I +ΦSTm(s))91 is stable iff the Nyquist plot of det(I +ΦSTm(s)) does not encircle

the origin.

Theorem 3.1 allows the stability of the system from Fig. 3.1 to be linked to the eigen-

values of the error matrix ΦS . In Corollary 3.2, Theorem 3.1 is further simplified.

Corollary 3.2. Suppose that Tm(s) is stable and has no poles on the imaginary

axis. Suppose that ΦS = V diag(φ1, . . . , φny)V 91, φi ∈ C and V ∈ Cny×ny . Then the

system from Fig. 3.1 is stable iff for each i = 1, . . . , ny, none of the Nyquist plots of

1 + φiTm(s) encircles the origin.

Proof. The claim follows from diagonalising (I +ΦSTm(s))91 and applying the

Nyquist stability criterion.

If all eigenvalues of ΦS were real, then according to Corollary 3.2, the range of

φi that yields a stable system could be computed from the gain margin of Tm(s).
However, since ΦS ≠ Φ∗S in general, it must be assumed that some φi are complex-

valued. A more tractable but conservative condition than Corollary 3.2 is given

in Corollary 3.3 [130, Thm. 4.11].

Corollary 3.3. The system from Fig. 3.1 is stable if the spectral radius ρ(ΦS) ∶=
maxi∣φi∣ satisfies ρ(ΦS) < 1, where φi are the eigenvalues of ΦS .

Corollary 3.3 could also be obtained from applying standard techniques from robust

control [130, Ch. 8]. Note that Theorem 3.1 and Corollaries 3.2 and 3.3 can also be

formulated in the symmetric domain, i.e. by substituting Φ̂S for ΦS , where

Φ̂S ∶= (T ∗ ⊗ Iby)ΦS(T ⊗ Iby) = ∆̂SR̂†S , (3.8)
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and

∆̂S ∶= (T ∗ ⊗ Iby)∆S(T ⊗ Ibu). (3.9)

3.1.1 Stability Conditions

With the controller Q(s) being fixed as in (3.3), the nominal stability conditions

depend on Tm(s) and the choice of RS . For a given RS , if the system is unstable,

one possibility would be to substitute αTm(s), 0 < α < 1, for Tm(s), i.e. reducing the

gain of Q(s). However, according to (3.6) and (3.7), this would result in y(0) ≠ 0

and therefore introduce an undesirable steady-state error.

Alternatively, the spectral radius of ΦS can be upper-bounded using matrix

inequalities, which can subsequently be used to choose a structured approximation

RS that gives a favourable spectral radius of ΦS . For that purpose, ΦS can

be expanded as

ΦS = ∆SR†S = (R −RS)R†S = RR†S − I, (3.10)

where it is assumed that RSR†S = I because ny ≤ nu. Using (3.10), any upper

bound on ΦS can be formulated in terms of R†S or, after mapping (3.10) to

symmetric domain, in terms of R̂†S .

Upper bound via 2-norm. The spectral radius ρ(ΦS) can be upper-bounded

by [68, Thm. 5.6.14]

ρ(ΦS) ≤ ∥ΦkS∥1/k
2 , k ∈ Z++, (3.11)

with limk→∞∥ΦkS∥1/k
2 = ρ(ΦS). Although (3.11) uses the 2-norm, any other sub-

multiplicative norm, such as the Frobenius norm, could also be used. By choosing

k = 1 in (3.11) and substituting the right-hand side of (3.10), a sufficient condition

for nominal stability is ∥RR†S − I∥2 < 1, which, using the Schur complement [19, Ch.

2], can be reformulated as the following linear matrix inequality (LMI):

[ I RX − I(RX − I)∗ I
] ≻ 0, (NS1)
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where X ∶= R†S ∈ S (cf. Lemma 2.2).

Because ∥A2∥1/2 ≤ ∥A∥, a possibly tighter bound can be obtained by choosing

k = 2 in (3.11), which yields the sufficient stability condition ∥(RX − I)2∥2 < 1,

which can be reformulated as

[ I (RX − I)2((RX − I)2)∗ I
] = [ I RXRX − 2RX + I(. . . )∗ I

] ≻ 0. (NS2)

Constraint (NS2) is a bilinear matrix inequality (BMI) in X that can be solved

using convexifying techniques. One possibility is to use the approach presented

in [35] (Section 3.4.2), which finds a solution to the bilinear matrix inequality

F (X) ≻ 0 by solving a sequence of semidefinite programs. Note that (NS2) is

never more conservative than (NS1).

Lyapunov certificate. The problem of finding X such that ρ(RX−I) < 1 can be

recast using a discrete-time Lyapunov function approach [43, Ch. 1.4.4]. It holds that

ρ(RX −I) < 1 iff there exists P ∈ S++, where S++ is the set of real symmetric positive

definite matrices, such that P − (RX − I)∗P (RX − I) ≻ 0 [43, Ch. 1.4.4]. Applying

the Schur complement to the matrix inequality leads to the following constraint:

[ P 91 RX − I(. . . )∗ P
] ≻ 0, (NS3)

which, after pre- and post-multiplication with diag(I,P 91), can be interpreted

as a BMI in Z ∶= XP 91 and P 91.

In contrast to the constraints (NS1) and (NS2), constraint (NS3) introduces a

dense matrix variable P and eventually becomes difficult to solve for large-scale

matrices. Alternatively, one can fix P to have the same structural symmetry as

X and reformulate (NS3) as

[ P 91S RZS − P 91S(. . . )∗ P 91S ] ≻ 0, (NS4)

where PS ∈ S and ZS ∶=XP 91S ∈ S. Constraint (NS4) is an LMI in ZS and P 91S . Note

that if an X is found that satisfies (NS1), then the same X satisfies (NS3) or (NS4)

with P = PS = I, i.e. (NS3) and (NS4) are less conservative than (NS1).
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3.2 Nominal Performance

In order to measure the impact of a structured approximation RS on the performance,

the output from the system that uses R, y(s), can be compared with yS(s), the

output from the system that uses RS . Subtracting (3.6) from (3.7), the error

e(s) ∶= y(s) − yS(s) is e(s) = E(s)d(s) with

E(s) ∶=Tm(s)((I +ΦS)(I + Tm(s)ΦS)91 − I),
=Tm(s)(1 − Tm(s))ΦS(I + Tm(s)ΦS)91

, (3.12)

where E(0) = limω→0E(jω) = 0. A structured approximation RS that minimises

∥E(s)∥2 yields a similar closed-loop response to a system that uses R.

3.2.1 Performance Conditions

To obtain a more tractable form than (3.12), the term ΦS(I + Tm(s)ΦS)91 is

expanded using the Neumann series [68, Ch. 5.6, P26] as

ΦS(I + Tm(s)ΦS)91 = ΦS
∞∑
k=0

(−Tm(s)ΦS)k = ΦS − Tm(s)Φ2S +O(Φ3S), (3.13)

where it is assumed that ρ(Tm(jω)ΦS) < 1. Combining (3.12) and (3.13), the

magnitude of E(s) can be upper-bounded by

∥E(s)∥2 ≤ ∣Tm(s)(1 − Tm(s))∣∥ΦS − Tm(s)Φ2S∥2 + ∥O(Φ3S)∥2. (3.14)

Ignoring higher-order terms in (3.14), R†S can be chosen to minimise an upper bound√
αω ∈ R++ on ∥ΦS − Tm(jω)Φ2S∥2 = ∥RR†S − I − Tm(jω)(RR†S − I)2∥2 at a particular

frequency ω, which can be formulated using the Schur complement as

[ I RX − I − Tm(jω)(RX − I)2(. . . )∗ αωI
] ⪰ 0, (NP1)

where X = R†S . If (NP1) holds, then ∥E(jω)∥2 ≤ √
αω ∣Tm(jω)(1 − Tm(jω))∣. Note

that (NP1) is a BMI, but in the limit ω → ∞ the following LMI is obtained:

[ I RX − I(. . . )∗ α∞I ] ⪰ 0, (NP2)

which reduces to the nominal stability condition (NS1) for αω = 1.
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3.3 Robust Stability with Additional Uncertainty

When the plant P (s) = Rg(s) is approximated using PS(s) = RSg(s), thereby

artificially introducing the approximation error ∆S (3.2), it is assumed that P (s) is

known, i.e. P̄ (s) = P (s) in Fig. 1.3b. In this section, it is assumed that P̄ (s) ≠ P (s)
with P (s) having an unknown component Θ ∶ C ↦ Cny×nu , i.e.

P (s) ∶= P̄ (s) +Θ(s) = (RS +∆S)g(s) +Θ(s), (3.15)

where P̄ (s) is known and RS is used to obtain the IMC filter Q(s) (3.3).

It is assumed that a given RS yields a stable system for Θ(s) = 0 and that Θ(s)
is stable. Then, for Θ(s) ≠ 0, the system from Fig. 3.2 is stable iff [130, Thm. 8.1]

det(I −M(jω)Θ(jω)) ≠ 0 ∀ω, (3.16)

where M(s) ∶= −Q(s)(I + Tm(s)ΦS)91 is the transfer function from uΘ(s) to yΘ(s)
(which are the auxiliary variables defined in Fig. 3.2) that equals the one from

d(s) to u(s) (3.4). A sufficient condition for (3.16) is

ρ(M(jω)Θ(jω)) < 1 ∀ω, (3.17)

which, analogous to the nominal stability conditions from Section (3.1.1), can be

upper-bounded using the 2-norm to obtain an upper bound on ∥Θ(jω)∥2 as

∥Θ(jω)∥2 < 1∥M(jω)∥2
= 1∣Tm(jω)/g(jω)∣∥R†S(I + Tm(jω)ΦS)91∥2

∀ω. (3.18)

If, for a given uncertainty Θ(s), condition (3.18) is satisfied, then the system

from Fig. 3.2 is stable. Moreover, a small ∥R†S(I + Tm(jω)ΦS)91∥2 allows for a

large uncertainty.

3.3.1 Robust Stability Conditions

To obtain a robustness condition that can be embedded in an optimisation prob-

lem, the right-hand side term of (3.18) is expanded using a Neumann series [68,

Ch. 5.6, P26] as

R†S(I + Tm(s)ΦS)91 = R†S
∞∑
k=0

(−Tm(s)ΦS)k (3.10)= R†S +O((R†S)2). (3.19)
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Q(s) Rg(s)
RSg(s)

Θ(s)
y(s)

d(s)
u(s)

+−
− ++ ++

P (s)
yΘ(s) uΘ(s)

Figure 3.2: IMC structure with unknown uncertainty Θ(s) and known R and g(s). The
model path contains the structured approximation RS that is used to form Q(s).
An approximation RS that yields a robust system therefore tends to make ∥R†S∥2

small, which is equivalent to decreasing the gain of the controller. A robust stability

condition can be formulated as ∥R†S∥2 ≤ √
β for some β ∈ R++, which can be

reformulated using the Schur complement as

[ I X
X∗ βI

] ⪰ 0. (RS)

3.4 Structured Approximations
3.4.1 Frobenius Norm Approximation

Approximations of the form

R
(⋅)S = arg min

X∈S ∥X −R∥2(⋅), (3.20)

where (⋅) = {F, 1,∞}, have been proposed in several applications [27], [28], [31], [105],

[106]. In [105], [106], the Frobenius norm is used and applied to a synchrotron orbit

feedback control problem. In [28], the 1-norm and the Frobenius norm are applied

to obtain structured approximations used in a robust model predictive control

problem. However, in none of the applications has it been noted that considering

∥ΦS∥ ≤ ∥∆S∥∥R†S∥ = ∥R −RS∥∥R†S∥, (3.21)
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where ∥⋅∥ is an arbitrary sub-multiplicative norm, it becomes clear that an approxi-

mation of the form (3.20) minimises the upper bound ∥RS −R∥ on the error matrix

∥ΦS∥. The term ∥RS −R∥ can be interpreted as a first-order approximation of the

nominal stability condition (3.11) and performance bounds (3.13), and the term

∥R†S∥ as a first-order approximation of the robust stability condition (3.18).

Even though the matrix norms (⋅) = {F, 1, 2,∞} are equivalent [55, Ch. 2.3.2], it

is unclear which choice of norm in (3.20) yields the best results. However, when

the Frobenius norm is used the approximation error ∆S inherits a special structure

that is characterised in Lemma 3.4:

Lemma 3.4. If RS is obtained from (3.20) with (⋅) = F, then ∆FS ∶= R −RFS ∈ S⊥
and ∆̂FS ∶= (T ∗ ⊗ Iby)∆FS(T ⊗ Ibu) is (block-)hollow.

Proof. Because the Frobenius norm is invariant to pre- and post-multiplication

with orthogonal matrices [55, Ch. 2.3.5], problem (3.20) can be reformulated for

(⋅) = F as R̂FS = arg minX̂∈T ∗ST ∥T ∗RT − X̂∥F, where X̂ is diagonal. The minimum

is attained when X̂ equals the diagonal part of T ∗RT and according to Def. 2.3,

when ∆̂S ∈ T ∗S⊥T is hollow. The extension to block-structural symmetries is

analogous.

As a consequence of Lemma 3.4 and the block-diagonal property of R̂S , it follows

that Φ̂S = ∆̂SR̂†S is block-hollow too. Suppose that the original matrix R is mapped

to the symmetric domain, giving R̂ = (T ∗ ⊗ Iby)R(T ⊗ Ibu), and then partitioned as

R̂ = R̂FS + ∆̂FS =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

r̂S,1
⋱

r̂S,n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 δ̂12 . . . δ̂1n
δ̂21 0 ⋮⋮ ⋱ δ̂(n91)n
δ̂n1 . . . δ̂n(n91) 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.22)

where r̂S,i, δ̂ij ∈ Cby×bu , then the block-hollow property of Φ̂S can be used to

apply a Geršgorin-circle-type theorem for block-partitioned matrices [44] that

relates (3.22) to the spectral radius ρ(Φ̂S), which, considering that (3.8) is a

similarity transformation, equals ρ(ΦS).
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Theorem 3.5. The spectral radius ρ(Φ̂S) satisfies ρ(Φ̂S) ≤ U , where

U ∶= min
⎧⎪⎪⎨⎪⎪⎩ max
i=1,...,n

n∑
j=1
j≠i

∥δ̂ij r̂†S,i∥, max
j=1,...,n

n∑
i=1
i≠j

∥δ̂ij r̂†S,i∥
⎫⎪⎪⎬⎪⎪⎭,

for block-hollow Φ̂S = ∆̂FS(R̂FS)† ∈ Cny×ny partitioned as in (3.22) and any sub-

multiplicative norm ∥⋅∥.

Proof. Each eigenvalue φk of A ∈ Cny×ny satisfies [44, Thm. 2]

(∥(Aii − φkI)91∥)91 ≤ n∑
j=1
j≠i

∥Aij∥,
where A is partitioned into blocks Aij ∈ Cby×by . If A is block-hollow, Aii = 0 and

(∥(Aii − φkI)91∥)91 = ∣φk∣. It remains to substitute Φ̂S,ij = δ̂ij r̂†S,i for Aij.

Note that the matrices (R̂FS)†∆̂FS and ∆̂FS(R̂FS)† share the same non-zero eigenval-

ues [130, Ch. A.2.1], so that Theorem 3.5 can also be applied to (R̂FS)†∆̂FS . The

following Corollary 3.6 relates Theorem 3.5 to the nominal stability of the closed loop

system through a block-diagonal dominance condition on the partitioning (3.22), and

is in line with similar results on the decoupling of MIMO systems and decentralised

control [130, Ch. 3.6.2]; [98, Ch. 4.6]; [107, Ch. 14.4.3].

Corollary 3.6. The system from Fig. 3.1 is nominally stable if R̂FS + ∆̂FS = P̂ (0) is

strictly column or row block diagonally dominant [44, Def. 1], e.g. if

(∥r̂†S,i∥)91 > n∑
j=1
j≠i

∥δ̂ij∥, (3.23)

for i = 1, . . . , n and any sub-multiplicative norm ∥⋅∥.

Proof. By Corollary 3.3, the system from Fig. 3.1 is nominally stable if ρ(ΦS) =
ρ(Φ̂S) < 1. From Theorem 3.5, ρ(Φ̂S) < 1 if ∑j≠i∥r̂†S,i∥∥δ̂ij∥ < 1. Dividing by ∥r̂†S,i∥
yields the row-wise block-diagonal dominance condition. The proof is analogous for

column diagonal dominance.
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The Frobenius norm R̂FS (3.20) yields a block-hollow ∆̂FS , but it does not

necessarily yield the best possible results in terms of stability of the closed loop

system (3.6). To see this, suppose that the approximation is changed to R̂FS(1 + ϑ)
with corresponding approximation error ∆̂FS − ϑR̂FS for some scalar ϑ ∈ R+. Since

∆̂FS is hollow and R̂FS ⊥ ∆̂FS , it holds that ∥∆̂FS − ϑR̂FS∥F
≥ ∥∆̂FS∥F

, so ∥∆̂FS − ϑR̂FS∥F
is

not optimal in the sense of (3.20). The spectral radius condition becomes

ρ((∆̂FS − ϑR̂FS)(R̂FS(1 + ϑ))†) = ρ( 1
1 + ϑ(∆̂FS(R̂FS)† − ϑI)) < 1.

If φ1 ≥ ⋅ ⋅ ⋅ ≥ φny are the eigenvalues of ∆̂FS(R̂FS)†, then (φi − ϑ)/(1 + ϑ) are the

eigenvalues of (∆̂FS(R̂FS)†−ϑI)/(1+ϑ). The spectral radius induced by the Frobenius

norm approximation can therefore be reduced by choosing a sufficiently small

ϑ satisfying ∣φ1 − ϑ∣ > ∣φny − ϑ∣. Such an ϑ always exists if ∣φ1∣ ≠ ∣φny ∣ and

∣φ1∣ > 1 or ∣φny ∣ > 1.

3.4.2 Semidefinite Programming Problems

In Section 3.4.1, it has been shown that the Frobenius norm approximation is

possibly sub-optimal with respect to the spectral radius condition of Corollary 3.3.

In fact, the Frobenius norm minimises one part of the upper bound (3.21) without

considering ∥R†S∥. However, for ill-conditioned systems ∥R†S∥ might be arbitrarily

large and therefore reduce the upper bound (3.18) on the admissible (unknown)

uncertainty from the robust stability condition.

The stability, performance and robustness conditions from Sections 3.1-3.3,

which are summarised in Table 3.1, can be used to formulate optimisation problems

that lead to alternative approximations. For example, consider combining a convex

objective function f ∶ R+ ×R+ ↦ R+ with the constraints (NS1), (NP2) and (RS)

into the optimisation problem:

minimise
X∈S,

αω , β∈R++
f(αω, β) subject to (NS1), (NP2), (RS), (3.24)

which, if a solution exists, returns an approximation RS =X† that yields a stable

closed-loop satisfying performance and robustness bounds (NP2) and (RS), respec-

tively.



62 3.4. Structured Approximations

Table 3.1: Overview of the programmatical constraints on nominal stability, nominal
performance and robust stability. The second column refers to the equation label.

Type Optimisation
variables Matrix inequality

St
ab

ili
ty

(NS1) LMI X [ I RX − I(. . . )∗ I
] ≻ 0

(NS2) BMI X [ I (RX − I)2(. . . )∗ I
] ≻ 0

(NS3) BMI X,P [ P 91 RX − I(. . . )∗ P
] ≻ 0

(NS4) LMI ZS , P 91S [ P 91S RZS − P 91S(. . . )∗ P 91S ] ≻ 0

Pe
rfo

rm
an

ce (NP1) BMI X,αω [ I RX − I − Tm(jω)(RX − I)2(. . . )∗ αωI
] ⪰ 0

(NP2) LMI X,α∞ [ I RX − I(. . . )∗ α∞I ] ⪰ 0

R
ob

us
tn

es
s

(RS) LMI X,β [ I X
X∗ βI

] ⪰ 0

If the objective function in (3.24) is convex and if the constraints are given by

LMIs, then (3.24) is an SDP that can be solved using standard scientific software

packages [8]. If some of the constraints in (3.24) are bilinear, a sub-optimal solution

can be obtained by lower-bounding the BMIs using LMIs [158]. An approach that

has been applied to the BMI from (NS3) is given in [35] and presented and applied

to the remaining BMIs in the following paragraphs.
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Table 3.2: Summary of the LMIs, F(X)+G(X,Xk) ⪯ 0, that result from upper-bounding
the BMI constraints for nominal stability and performance (Appendix 3.A). In the last
row, R(X) is used as a shorthand for RX − I.

(NS2) [ −I R(2X +XkRXk −XRXk −XkRX) − I(. . . )∗ −I ] ⪯ 0

(NS3) [P 91
k (P − 2Pk)P 91

k −(RX − I)(. . . )∗ −P ] ⪯ 0

(NP1) [ −I R(X) + Tm(jω)((R(Xk))2 −R(Xk)R(X) −R(X)R(Xk))(. . . )∗ −α2
ωI

] ⪯ 0

Convexifying algorithm

Suppose that the optimisation problem is

minimise
X∈Rnu×ny f(X)
subject to X ∈ Ω0,

(3.25)

where f ∶ Cnu×ny ↦ R is a convex and first-order differentiable function bounded

from below and the constraint set Ω0 is given by

Ω0 ∶= {X ∈ S ∣ F(X) ⪯ 0, Fi(X) ⪯ 0, i = 1, . . . ,N }, (3.26)

where F(X) ⪯ 0 is a BMI and Fi(X) ⪯ 0 are LMIs. The following Def. 3.7 introduces

the convexifying potential matrix functional [35] that is used to lower-bound F(X).
Definition 3.7 (Convexifying potential matrix functional [35]). Given a BMI

F(X) ⪯ 0, the convexifying potential matrix functional is a matrix function G(X,Y )
that satisfies (i) G(X,Y ) ⪰ 0, (ii) G(X,X) = 0, and (iii) ∇G(X,X) = 0 ∀X,Y and

is such that F(X) +G(X,Y ) ⪯ 0 is an LMI in X.

For each of the BMI constraints from Table 3.1, convexifying potential matrix

functionals are derived in Appendix 3.A and the resulting LMIs, F(X)+G(X,Y ) ⪯ 0,

are listed in Table 3.2. Note that if the LMI F(X)+G(X,Y ) ⪯ 0 is satisfied for some

X, then according to Def. 3.7, the BMI F(X) ⪯ −G(X,Y ) ⪯ 0 is also satisfied.
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After convexifying the BMIs, the LMIs from Table 3.1 are embedded in the

iterative procedure from Algorithm 3.1 [35, Alg. 1]. Given a feasible X0 ∈ Ω0, Algo-

rithm 3.1 repeatedly solves an SDP on Line 4 to produce iterates Xk+1 ∈ Ωk, where

Ωk ∶= {X ∈ S ∣ F(X) +G(X,Xk) ⪯ 0, Fi(X) ⪯ 0, i = 1, . . . ,N } (3.27)

is updated at every iteration on Line 3, and hence guarantees that the BMI is

satisfied. The algorithm terminates once ∥Xk+1 −Xk∥ < ε, where ε > 0 is fixed. If

F(X) is a concave matrix function, Algorithm 3.1 converges to a local optimum

of (3.25) [35, Thm. 5], which, as shown in Appendix 3.A, is only the case for

the BMI constraint (NS3).

Algorithm 3.1 Convexifying algorithm [35] applied to problem (3.25).
Input: X0 ∈ Ω0
Output: X⋆ ∈ S

1: k = 0
2: while ∥Xk+1 −Xk∥ ≥ ε do
3: Ωk = {X ∈ S ∣ F(X) +G(X,Xk) ⪯ 0, Fi(X) ⪯ 0, i = 1, . . . ,N }
4: Xk+1 = arg minX∈Ωk f(X)
5: k ←[ k + 1
6: end while

If the Frobenius norm approximation yields a stable closed-loop, it can be used to

initialise Algorithm 3.1 as X0 = (RFS)†, but when RFS yields an unstable closed-loop,

an alternative solution is to obtain X0 from the solution to

minimise
X∈S,
P ∈S++,
σ∈R++

σ

subject to [ σP 91 RX − I(. . . )∗ P
] ≻ 0,

(3.28)

which corresponds to the Lyapunov certificate (NS3) with an additional variable

σ ∈ R++ that is an upper-bound to the spectral radius ρ(RX − I) [43, Ch. 1.4.4].

Problem (3.28) includes a BMI that can be convexified using the procedure from

Appendix 3.A:

minimise
X∈S,
P ∈S++,
σ∈R++

σ

subject to [σk(σkP − 2σPk) −Pk(RX − I)(. . . )∗ −P ] ⪯ 0.
(3.29)
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When Algorithm 3.1 is applied to (3.29), it must be initialised using X0 ∈ S,

P0 ∈ S++ and σ0 ∈ R++ that satisfy

[σ0P 91
0 RX0 − I(. . . )∗ P0

] ≻ 0, (3.30)

which can always be satisfied by choosing P0 and σ0 large. If on termination of

Algorithm 3.1 applied to (3.29), a solution with σ > 1 is obtained, meaning that

the approximation yields an unstable closed-loop, Algorithm 3.1 either converged

to a local optimum or the underlying system does not allow for a structured

approximation that yields a stable closed-loop with the present control approach.

In the former case, Algorithm 3.1 could be repeated using a different initialisation

for P0 and σ0.

3.5 Numerical Examples

Consider a circulant system of order n = 3 with R ∈ R3×3 given by

R = F3(R̂FC + ∆̂FC)F ∗
3 = F3

⎛⎜⎜⎝
⎡⎢⎢⎢⎢⎢⎣
r̂1 0 0
0 r̂2 0
0 0 r̂∗2

⎤⎥⎥⎥⎥⎥⎦ +
⎡⎢⎢⎢⎢⎢⎣

0 δ̂1 δ̂∗1
δ̂2 0 0
δ̂∗2 0 0

⎤⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎠F

∗
3 , (3.31)

where δ̂i ∈ C, F3 ∈ C3×3 is the discrete Fourier transformation matrix (2.5) and C
refers to the circulant symmetry. The eigenvalues of Φ̂FC ∶= ∆̂FC(R̂FC )−1 are

φF
1 = 0, φF

2,3 = ±
¿ÁÁÀ δ̂1δ̂2

r̂1r̂2
+ ( δ̂1δ̂2

r̂1r̂2
)∗. (3.32)

For the remainder of Section 3.5, it is assumed that Tm(s) = 1/(s + 1), so that

according to Corollary 3.2, the resulting closed-loop system is stable if ∣φi∣ < 1∀i,
and unstable if Re(φi) ≤ −1 for at least one i.

Unstable Frobenius norm approximation. Choosing the values in (3.31) as

R̂ = R̂FC + ∆̂FC =
⎡⎢⎢⎢⎢⎢⎣
0.1 0 0
0 −2 + j 0
0 0 −2 − j

⎤⎥⎥⎥⎥⎥⎦ +
⎡⎢⎢⎢⎢⎢⎣

0 1 + j0.2 1 − j0.2−4 − j4 0 0−4 + j4 0 0

⎤⎥⎥⎥⎥⎥⎦, (3.33)
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results in φF
3 = −2.5 < −1. Note that R̂ is not diagonally dominant and Corollary 3.6 is

therefore not satisfied. With the aim of obtaining a stable closed-loop, a structured

approximation is obtained from

minimise
X∈C,

α∞, β∈R++
(α∞ + β) subject to (NS3), (NP2), (RS), (3.34)

where constraint (NS3) is a BMI. Problem (3.34) is therefore solved using Algo-

rithm 3.1, which is in turn initialised using (3.29) that results after 6 iterations

in an approximation R̂C = diag(−3.9,−1.1 + j0.5,−1.1 − j0.5). The spectral radius is

ρ(Φ̂C) = 0.87 and the system therefore stable. Using the corresponding Lyapunov

certificate, one could proceed with solving (3.24) to improve performance and

robustness properties of the approximation.

Stable Frobenius norm approximation. Consider again system (3.33), but

divide ∆̂FC by 10, so that

R̂ =
⎡⎢⎢⎢⎢⎢⎣
0.1 0 0
0 −2 + j 0
0 0 −2 − j

⎤⎥⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=R̂FC

+
⎡⎢⎢⎢⎢⎢⎣

0 0.1 + j0.02 0.1 − j0.02−0.4 − j0.4 0 0−0.4 + j0.4 0 0

⎤⎥⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∆̂FC

. (3.35)

Even though R̂ is not diagonally dominant, ρ(Φ̂FC) = 0.25 and the Frobenius norm

approximation is stable. Fig. 3.3 compares the resulting output sensitivity for

Q(s) (3.3) formed using RFC ( ) with the sensitivity for Q(s) (3.3) formed using

the original R ( ), where it can be seen that disturbances are amplified by 12.5 dB

at 100 Hz. To reduce the sensitivity peak, problem (3.24) is initialised using the

Frobenius norm approximation and solved using Algorithm 3.1. After 15 iterations

with constraint (NP1) evaluated at 100 Hz, Algorithm 3.1 produces

R̂ =
⎡⎢⎢⎢⎢⎢⎣
6.8 0 0
0 −1 + j0.5 0
0 0 −1 − j0.5

⎤⎥⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶R̂BMIC

+
⎡⎢⎢⎢⎢⎢⎣

−6.7 0.1 + j0.02 0.1 − j0.02−0.4 − j0.4 −1 + j0.5 0−0.4 + j0.4 0 −1 − j0.5

⎤⎥⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶∆̂BMIC

. (3.36)

The spectral radius is ρ(Φ̂BMIC ) = 0.99 and the structured approximation is therefore

nominally stable. The resulting output sensitivity is shown in Fig. 3.3 ( ),
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Figure 3.3: Maximum and minimum (dashed) output sensitivity gains for the stable
example from Section 3.5.

where it can be seen that the sensitivity peak has been reduced. Note that this

does not happen at the expense of robustness, because 1/∥(R̂BMIC )91∥
2
= 1.13 and

1/∥(R̂FC )91∥2 = 0.1.

3.6 Case Study: ALBA Synchrotron

The ALBA synchrotron is a third-generation light source located in Barcelona,

Spain, that accelerates electrons to 3 GeV [42]. The electrons circulate around a

270 m circumference storage ring that accommodates 8 beamlines. The storage ring

is divided into n = 4 superperiods and each of the four storage ring sections has

by = 22 BPMs and bu = 22 corrector magnets, which amounts to a total of ny = 88

BPMs and nu = 88 correctors. At ALBA, the sample rate of the FOFB is 10 kHz

and based on the standard feedback structure and a PI controller [112], but for the

following developments, it is assumed that the approach from Section 1.6 is used

with the Diamond ORM replaced by the (vertical) ALBA ORM. The plant model

is assumed to be g(s) = aY/(s + aY) with aY = 2π × 700 rad s−1 and for the lamba

controller approach from Section 1.6.2, the complementary closed-loop sensitivity

is chosen as Tm(s) = λ/(s + λ) with λ = 2π × 200 rad s−1.

As shown in Section 2.5.1, the ALBA ORM R ∈ Rny×nu inherits a block-circulant

(BC) symmetry and an approximate block-centrosymmetry (CS) from the storage

ring structure, but both symmetries are approximate in the sense of (3.1). In the

following sections, the Frobenius norm approximation is revisited and compared
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Table 3.3: Comparison of spectral radius ρ(ΦFS) of the Frobenius norm approximation
for the ALBA synchrotron with the approximation error ∆FS = R −RFS from Table 2.2.

S ρ(ΦFS) 2-norm (%) Mean (%) Max-norm (%)
BC 1.3 × 10−6 2.007 1.957 6.269CS 1.5 × 10−1 4.234 2.849 14.998BC ∩ CS 1.5 × 10−1 4.339 3.309 15.526

with alternative approximations obtained using the optimisation program approach

from Section 3.4.2.

3.6.1 Structured Approximations

The Frobenius norm approximation for the ALBA synchrotron is computed according

to Section 2.5.1. Here, the spectral radii of ΦFS are computed for S ∈ {BC,CS,BC∩CS}
and compared with the approximation error in Table 3.3. For all symmetries, the

approximations satisfy ρ(ΦFS) < 1 and are therefore closed-loop stable.

For the remainder of this chapter, the analysis is focused onto the combined

BC∩CS symmetry, which, according to Table 3.3, results in the largest approximation

error and the largest spectral radius. As an alternative to the Frobenius norm approx-

imation RFBC∩CS , two approximations are derived from the SDPs from Section 3.4.2.

The ORM of the ALBA synchrotron has ny × nu = 7744 non-zero elements, which

results in large SDPs. In practice, the following problems are therefore formulated

in symmetric domain, where R̂(⋅)BC∩CS is sparse and has by × bu × (2n − 3)/2 = 1210

non-zero elements that are purely real or purely imaginary. The SDPs are solved

on a desktop computer (Intel i7-7700 CPU @ 3.1 GHz, 8 GB) using MOSEK [8].

Approximation using LMIs. The LMI constraints (NS1), (NP2) and (RS)

from Table 3.1 are combined into the following SDP:

RLMIBC∩CS ∶= arg min
X∈BC∩CS,
α∞,β∈R++

α∞/ᾱ∞ + β/β̄
subject to [ I RX − I(RX − I)∗ α∞I ] ⪰ 0,

α∞ < 1,

[ I X(RX − I)∗ βI
] ⪰ 0,

(3.37)
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where the constraint (NS1) is enforced through (NP2) with α < 1. The objective

function, f(α∞, β) = α∞/ᾱ∞+β/β̄, trades off performance versus robustness, and the

normalising weights ᾱ∞ and β̄ are chosen as ᾱ∞ ∶= ∥ΦFBC∩CS∥2
2 and β̄ ∶= ∥(RFBC∩CS)†∥2

2,

where ΦFBC∩CS and RFBC∩CS stem from the Frobenius norm approximation. When for-

mulated in the symmetric domain, the SDP (3.37) is solved within less than a minute.

Approximation using BMIs. With the aim of improving the LMI approxima-

tion, problem (3.37) is extended with the BMI constraint (NP1) to obtain the

following non-convex optimisation problem1

RBMIBC∩CS ∶= arg min
X∈BC∩CS,

α∞,αω ,β∈R++
α∞/ᾱ∞ + β/β̄ + αω/ᾱω

subject to [ I RX − I(RX − I)∗ α∞I ] ⪰ 0,

α∞ < 1,

[ I X(RX − I)∗ βI
] ⪰ 0,

[ I RX − I − Tm(jω)(RX − I)2(. . . )∗ αωI
] ⪰ 0,

(3.38)

where ᾱω ∶= ∥ΦFBC∩CS − Tm(jω)(ΦFBC∩CS)2∥2
2 and constraint (NP1) is evaluated at ω =

2π × 100 rad s−1, which will be justified in the following sections. After convexifying

the last constraint of (3.38) using Table 3.2, problem (3.38) can be solved using

Algorithm 3.1. For the approximation obtained from (3.38), Algorithm 3.1 was

initialised using RFBC∩CS and executed 60 iterations before reaching the stopping

criteria of Algorithm 3.1 with ε = 1093, which required 2 h of computing time.

3.6.2 Nominal Stability

Because the optimisation programs (3.37) and (3.38) enforce closed-loop stability

and are solved with no constraint violations, the two approximations obtained

from (3.37) and (3.38) both yield stable closed loops. However, in general there

is no guarantee that feasible solutions to (3.37) and (3.38) exist, and because the

constraints from Table 3.1 are only sufficient but not necessary, infeasibility of (3.37)

and (3.38) does not prove that no stabilising structured approximation exists.
1RBMIBC∩CS is in fact obtained from the convexified version of (3.38) and not from (3.38) itself.
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Table 3.4: Comparison of spectral radii ρ(ΦS) and 2-norms of ΦS , R†S and ∆S resulting
from different approximations for the S = BC ∩ CS symmetry at the ALBA synchrotron.

Approximation ρ(Φ(⋅)BC∩CS) ∥∆(⋅)BC∩CS∥2
∥Φ(⋅)BC∩CS∥2

∥(R(⋅)BC∩CS)†∥
2

Frobenius 0.1503 1.1414 0.4736 26.8679
LMI problem 0.5259 9.4590 0.5838 18.9985
BMI problem 0.4156 1.4024 0.4315 17.8677

The spectral radii and additional metrics resulting from (3.37) and (3.38) are

compared with the Frobenius norm approximation RFBC∩CS in Table 3.4, where it

can be seen that the spectral radii ρ(ΦLMIBC∩CS) and ρ(ΦBMIBC∩CS) are smaller than 1,

but over 2 times larger than ρ(ΦFBC∩CS). However, the spectral radius is not a good

measure for robustness, as will be seen in Section 3.6.4.

3.6.3 Nominal Performance

The maximum and minimum (dashed) output sensitivity gains (3.6) of the system

from Fig. 3.1 are shown in Fig. 3.4 for Q(s) formed using the original R ( )

and the structured approximations from Section 3.6.1. For the original R, the

minimum and the maximum sensitivity gains coincide, which is a consequence

of the approach from Section 1.6.2.

Compared to the original system, the closed-loop bandwidth of the systems that

are controlled using structured approximations is lowered by 100 Hz. Measured

by the maximum sensitivity gain, the Frobenius norm approximation RFBC∩CS
( ) performs best and produces a low-frequency attenuation that is roughly

3 dB higher than the low-frequency attenuation of the original system. The

approximation RLMIBC∩CS ( ) performs worse than RFBC∩CS and produces a worst-

case low-frequency disturbance attenuation that is roughly 5 dB higher than the

low-frequency attenuation of the original system.

To reduce the difference in performance associated with RLMIBC∩CS , the prob-

lem (3.37) is extended with the BMI constraint (NP1) evaluated at 100 Hz to obtain

RBMIBC∩CS ( ). In Fig. 3.1, it can be seen that the addition of the BMI constraint

lowers the maximum sensitivity gain by roughly 1 dB at 100 Hz. Additional BMI
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Figure 3.4: Maximum and minimum (dashed) sensitivity gains for the original system
and the BC ∩ CS approximations of the ALBA synchrotron.

constraints at different frequencies could be integrated in (3.38) to further reduce

the performance difference.

All structured approximations also affect the minimum output sensitivity gain,

and according to Fig. 3.4, perform better for certain disturbance directions. However,

the strong directionality of the system also affects the disturbance spectrum, which

is more pronounced for directions associated with large singular values of R, and

a detailed performance analysis therefore requires to consider the disturbance

spectrum at the ALBA synchrotron.

3.6.4 Robust Stability

The robustness of the system is measured by the frequency-dependent upper

bound (3.18) on the unknown additional uncertainty Θ(jω), which is shown in

Fig. 3.5 for the system that uses the original R ( ) and the different structured

approximations from Section 3.6.1.

At low frequencies (ω ≤ 2π × 20 rad s−1), the norm of the admissible unknown

uncertainty is at least −30 dB ≈ 0.03 before the closed-loop system might become

unstable, and this upper bound is of similar magnitude for all systems from Fig. 3.5,

including the one that uses the original R. In the limit ω → 0, the right-hand side

of the upper bound (3.18) becomes 1/∥R†∥2 for the system that uses the original R

and 1/∥(R(⋅)S )†(I +Φ(⋅)S )91∥
2

for the structured approximation. The upper bound is

dominated by 1/∥R†∥2 or 1/∥(R(⋅)S )†∥
2
, which reflects the low-magnitude singular

values of R or R(⋅)S for S = BC ∩ CS, respectively.
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Figure 3.5: Upper bound on unkown uncertainty ∥Θ(jω)∥2 for the original system and
the BC ∩ CS approximations of the ALBA synchrotron.

At high frequencies (ω ≥ 2π × 1 krad s−1), the structured approximations RLMIBC∩CS
( ) and RBMIBC∩CS ( ) yield significantly more robust systems than the systems

that use R and RFBC∩CS . At 1 kHz, the admissible uncertainty is at least 6 dB ≈
2 greater for the RLMIBC∩CS and RBMIBC∩CS approximations, which suggests that the

performance loss from Fig. 3.4 is traded against the gain in robustness from Fig. 3.5.

3.7 Conclusion

In this chapter, the IMC approach from Section 1.6.2 was applied to CD systems

with approximate structural symmetries. After fixing the controller structure and

substituting a generic approximation for the original plant model, the nominal

stability, performance and robustness properties were analysed. Based on this

analysis, conditions on stability, performance and robustness were derived that

can be embedded in an SDP with the aim of finding an approximation that has

exact structural symmetries.

In contrast to SDP-based approximations, the Frobenius norm approximation

benefits from a closed-form solution and a block-hollow structure of the resulting

approximation error. Based on the properties of the approximation error, a simple

block-diagonal dominance condition was derived to verify whether a CD system

is amenable to a Frobenius norm approximation. In general, row or column

block-diagonal dominance of the steady-state gain matrix is sufficient to ensure

closed-loop stability of the symmetric approximation.
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It was also shown that the Frobenius norm approximation can be sub-optimal in

the sense that it can yield an unstable system or a system with poor performance.

In this case, the SDP-based approach can be used to find structured approximations

with improved performance and robustness properties. For the case that the

Frobenius approximation yields an unstable closed loop, it was shown how to define

an optimisation problem that is able to find a stabilising approximation (if it exists).

If the Frobenius norm approximation yields a stable closed loop, it can be used to

initialise alternative optimisation problems that can lead to approximations with

better robustness and performance properties. These optimisation problems can

be solved in the symmetric domain where the matrices are sparse, which allows

for large-scale systems with large optimisation problems to be investigated that

would otherwise be difficult to solve if all matrices were dense.

The asymmetry of the steady-state gain matrix of a CD system has been

investigated, but a possible asymmetry of the actuator dynamics has been ignored.

For systems with asymmetric actuator dynamics, the nominal stability condition,

which is based on evaluating the spectral radius of a static closed-loop matrix,

would need to be evaluated on a frequency-by-frequency basis. It is unclear whether

the block-diagonal dominance condition for stability remains sufficient. Future

research could extend the methods of this chapter to allow for asymmetry in

the actuator dynamics.

Certain CD systems, such as synchrotron light sources, suffer from an ill-

conditioned steady-state gain matrix. In this case, the controller produces large

actuator gains in direction of small-magnitude singular values and the control system

becomes sensitive to modeling errors. In practice, a static regularisation matrix is

added to the IMC structure, which reduces the controller gains in direction of the

small-magnitude singular values. The regularisation gain has been omitted from

this analysis, but could be considered in future research directions.
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Appendix

3.A Bilinear Matrix Inequalities
Convexifying (NS2)

The BMI (NS2) is given as

F(X) = −[ I (RX − I)2(. . . )∗ I
] ⪯ 0.

In [35], a matrix functional F ∶ Rn×n ↦ Rm×m is called “concave” iff F((1 − α)X +
αY ) ⪰ (1−α)F(X) +αF(Y ) for all X,Y ∈ Rn×n and α ∈ [0, 1]. Here, the concavity

condition is evaluated as

F((1 − α)X + αY ) − (1 − α)F(X) − αF(Y )
= (α − α2)[ 0 (RX +RY − 2I)2((RX +RY − 2I)2)∗ 0 ],

which shows that F(X) is not a concave function. For (NS2), Algorithm 3.1 therefore

only generates feasible iterates, without necessarily converging to a local optimum.

The convexifying potential matrix functional G = G(X,Xk) can be chosen as

G(X,Xk) ∶= [I0](RX −RXk)2[0 I] + [0
I
]((RX −RXk)2)∗[I 0]. (3.39)

Note that G(X,Xk) is a quadratic form in X and Xk and therefore satisfies the

assumptions from Def. 3.7. The sum F(X) +G(X,Xk) is obtained as

F(X) +G(X,Xk) = [ −I R(2X +XkRXk −XRXk −XkRX) − I(. . . )∗ −I ], (3.40)

which, after setting F(X) +G(X,Xk) ⪰ 0, gives an LMI in X.

75
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Convexifying (NS3)

The matrix inequality (NS3) is given as

F(X,P ) = −[ P 91 RX − I(RX − I)∗ P
] ≺ 0, (3.41)

which, after pre- and post-multplying with diag(P, I), can be interpretated as

a BMI in X and P . In [35], it is shown that F(X,P ) is a concave matrix

functional and that with

G(P,Pk) ∶= [I0](P 91
k − P 91)∗P (P 91

k − P 91)[I 0], (3.42)

one obtains

F(X,P ) +G(P,Pk) = [P 91
k (P − 2Pk)P 91

k −(RX − I)−(RX − I)∗ −P ] ≺ 0, (3.43)

which, to avoid numerical difficulties with computing P 91
k , can be reformulated as

[ (P − 2Pk) −Pk(RX − I)−(RX − I)∗Pk −P ] ≺ 0. (3.44)

Convexifying (NP1)

To convexify (NP1), the Schur complement is applied to ∥Tm(s)Φ2S −ΦS∥2 ≤ αω.

The matrix inequality (NP1) is then reformulated as

F(X) = [ −I R(X) − Tm(jω)(R(X))2(. . . )∗ −α2
ωI

] ⪯ 0, (3.45)

where R(X) = RX − I. A matrix functional G = G(X,Xk) that convexifies the

BMI is given by

G(X,Xk) ∶= [I0]Tm(jω)(RX −RXk)2[0 I] + [0
I
](. . . )∗[I 0], (3.46)

and the sum F(X) + G(X,Xk) evaluates to the LMI

F(X) +G(X,Xk) =
[ −I R(X) + Tm(jω)((R(Xk))2 −R(Xk)R(X) −R(X)R(Xk))(. . . )∗ −α2

ωI
] ⪯ 0.

(3.47)



4
Dual-Rate Cross-Directional Control

In Chapters 2 and 3, it has been shown that the single-array CD system (1.3),

y(s) = Rg(s)u(s) + d(s), is amenable to symmetric decompositions if the ORM

R ∈ Rny×nu has a structural symmetry S. If each of the matrices Rs ∈ Rny×ns and

Rf ∈ Rny×nf have the (block-)structural symmetry S, the same decompositions also

apply to two-array CD systems of the form

y(s) = Rsgs(s)us(s) +Rfgf(s)uf(s) + d(s), (4.1)

where in view of the Diamond-II upgrade, the subscripts “s” and “f” refer to slow and

fast. Instead of decompositions that are based on structural symmetries, this chapter

focuses on a general two-matrix factorisation and, in particular, on decoupling (4.1)

with the aim of reusing the concepts from single-array CD control [62].

The motivation for considering CD systems with two or more actuator arrays

is twofold. On one hand, the single-array representation (1.3) is often based on

the assumption that multiple actuator arrays are independent and/or all actuator

dynamics within an array are identical [153]. On the other hand, system (1.3) can

be extended with an additional array of actuators to increase the fault tolerance

This chapter is based on [88] I. Kempf, S. R. Duncan, P. J. Goulart, et al., “Multi-array
electron beam stabilization using block-circulant transformation and generalized singular value
decomposition,” in Proc. IEEE Conf. Decis. Contr. (CDC), Jeju Island, Republic of Korea, Dec.
2020, pp. 3431–3436.
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and/or performance of the control system [4]. Analogous to the single-array case,

decoupling (4.1) facilitates the controller synthesis, but the modal decomposition

cannot be applied when two or more actuator arrays are present. To see why,

substitute the standard SVDs Rs =∶ ŪsΣ̄sV̄ T
s and Rf =∶ ŪfΣ̄f V̄ T

f in (4.1) to obtain

y(s) = ŪsΣ̄sV̄
T

s gs(s)us(s) + ŪfΣ̄f V̄
T

f gf(s)uf(s) + d(s). (4.2)

Left-multiplying (4.2) with ŪT
s and defining the variables ȳ(s) ∶= ŪT

s y(s), ūs(s) ∶=
V̄ T

s us(s), ūf(s) ∶= V̄ T
f uf(s) and d̄(s) ∶= ŪT

s d(s) yields

ȳ(s) = Σ̄sgs(s)ūs(s) + ŪT
s ŪfΣ̄fgf(s)ūf(s) + d̄(s), (4.3)

which shows that, using the standard SVDs of Rs and Rf , system (4.1) is decoupled iff

ŪT
s Ūf = I, i.e. the controllable subspaces of Rs and Rf must be entirely overlapping.

Even though extensions of the modal decomposition have been proposed [40],

[41], [51], these methods rely on the analysis of the controllable subspaces of the

slow and fast actuators arrays, which for system (4.1) equal to Ys ∶= range(Rs) ⊆
Rny and Yf ∶= range(Rf) ⊆ Rny . Based on the principal angles between Ys and

Yf , a decoupling matrix is derived that transforms the original system into a

set of single-input, single-output (SISO) and a set of two-inputs, single-output

(TISO) systems, but when the subspace generated by the fast actuators is entirely

contained in the subspace generated by slow actuators (Yf ⊂ Ys), the analysis of

the principal angles becomes redundant and the use of heuristics unavoidable,

leaving the decoupling process unspecified.

Based on the assumption that the bandwidths of gs(s) and gf(s) differ signifi-

cantly, other approaches split the control problem (4.1) into two loops: one feedback

loop for the slow array that is possibly operated at a lower sampling/actuation

frequency; and a separate feedback loop for the fast array. Such a separation

is implemented in most synchrotrons that use a separate sets of slow and fast

correctors [69], [115], [131], but interactions at intermediate frequencies can require

the introduction of a frequency deadband between the slow and fast systems, which
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– depending on the disturbance spectrum – can lead to significant performance

degradation [131].

To avoid introducing a frequency deadband, one solution is to subtract the

predicted effect of the slow array from the feedback signal of the fast array [69].

Another solution is to periodically subtract the DC gain from each fast actuator

(individually) and to import these values into the slow feedback loop, hence shifting

the low-frequency action from the fast actuator array to the slow actuator array [166].

However, this approach neglects the coupling between slow and fast actuators and

relies on a SISO analysis of the combined slow and fast loops. As for the single-

array system (1.3), large condition numbers κ(Rs) and κ(Rf) of the order of 103 to

104 significantly limit the performance, and neglecting the coupling may require

to reduce controller gains further [117]. None of the approaches – the frequency

deadband method [69], the periodic DC method [166], or combinations of those [116],

[117] – provide frameworks that allow (4.1) to be analysed as a whole and investigate

the stability, performance and robustness properties of the combined feedback loops,

which might be prone to instabilities due to large κ(Rs) and κ(Rf).
In this chapter, it is proposed to decouple (4.1) into sets of two-inputs single-

output (TISO) and SISO systems using the generalised singular value decomposition

(GSVD) [55, Ch. 6.1.6]. The GSVD factors Rs and Rf as Rs = XΣsUT
s and

Rf = XΣfUT
f , where X is invertible, Us and Uf are orthogonal and Σs and Σf are

diagonal and possibly padded with zeroes (Theorem 4.2). By substituting the

GSVD in (4.1), each ORM is diagonalised, which is referred to as generalised modal

transformation (Section 4.1). It is shown that the output transformation matrix X is

closely related to the hypothetical modal transformation of (1.3) when R = [Rs Rf].
In contrast to the modal decomposition, the mapping to the generalised modal

space is defined by the non-orthogonal matrix X, so that the performance properties

of the control loop are not retained when transforming the decoupled systems back

to original space. In particular, if Yf ⊂ Ys, the performance of the fast actuator array,

Rfgf(s)uf(s), may degrade for certain disturbance directions and in Section 4.2.1,

it is shown how the GSVD can be used to define an optimal static compensator
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for the case that an identical controller is used for each actuator array. Moreover,

since any feedback signal is multiplied by X91, an ill-conditioned X leads to large

controller gains in disturbance directions aligned with (standard) left singular

vectors of X associated with small-magnitude singular values. The resulting control

system is prone to instabilities caused by uncertainties in R [129] and analogous

to the single-array case [37], it is proposed to balance the controller gains using

a regularised inverse of X (Section 4.2.2).

This chapter is organised as follows. The GSVD and the generalised modal decom-

position are introduced in Section 4.1, followed in Section 4.2 by the definition of the

static pre- and post-compensators that account for the non-normal transformation.

For the decoupled TISO and SISO systems, an internal model control based mid-

ranging design is proposed in Section 4.4.2, which is motivated by the application of

the GSVD-based approach to the Diamond Light Source synchrotron. In Section 4.4,

real-world results from experiments in Diamond’s storage ring of both single- and

two-array controllers are presented that demonstrate the practical feasibility of the

two-array controller for the Diamond-II upgrade. Finally, Section 4.5 summarises

the application of the two-array controller to preliminary Diamond-II data.

4.1 The Generalised Modal Decomposition

To decouple the two-array system (4.1), the original GSVD formulation [55, Ch.

6.1.6] is transposed and applied to Rs and Rf . Throughout this chapter, it is

assumed that the slow actuator array spans the output space and no actuator array

has redundant components, which is summarised in Assumption 4.1.

Assumption 4.1. The ORMs Rs ∈ Rny×ns and Rf ∈ Rny×nf of system (4.1) satisfy

rank(Rs) = ns = ny and rank(Rf) = nf ≤ ny.

Systems with rank(Rs) > ny or rank(Rf) > ny can be reformulated to satisfy As-

sumption 4.1, but systems with rank(Rs) < ny and rank(Rf) < ny are uncontrollable

in the sense of [130, Def. 6.4] and not further considered.
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Theorem 4.2 (GSVD [55, Ch. 6.1.6]). Given Rs ∈ Rny×ns and Rf ∈ Rny×nf satisfying

Assumption 4.1, the GSVD factors Rs and Rf as

Rs =X[Σs 0
0 I

]UT
s , Rf =X[Σf

0 ]UT
f , (4.4)

where X ∈ Rny×ny with det(X) ≠ 0 is the matrix of generalised output modes,

Σ× ∈ Rnf×nf with Σ× = diag(σ×,1, . . . , σ×,nf) ≻ 0 and × = {s, f} are the matrices of

generalised singular values that satisfy σ2
s,i + σ2

f,i = 1, and U× ∈ Rn××n× with UT× U× = I
are the matrices of generalised input modes.

The GSVD from Theorem 4.2 is substituted in (4.1) to obtain

y(s) =X[Σs 0
0 I

]UT
s gs(s)us(s) +X[Σf

0 ]UT
f gf(s)uf(s) + d(s). (4.5)

Left-multiplying (4.5) with X91 and introducing the generalised modal variables

ỹ(s) ∶=X91y(s), ũs(s) ∶= UT
s us(s), ũf(s) ∶= UT

f uf(s), d̃(s) ∶=X91d(s), (4.6)

yields the generalised modal representation of (4.1):

ỹ(s) = [Σs 0
0 I

]gs(s)ũs(s) + [Σf
0 ]gf(s)ũf(s) + d̃(s). (4.7)

Because the matrices Σs and Σf are diagonal, the MIMO representation (4.1) is

decoupled into nf TISO systems and ns − nf SISO systems in (4.7). The separation

between output directions that are affected by TISO systems and those affected

by SISO systems is given by

Ys∩f ∶= Ys ⋂ Yf = span(x1, . . . , xnf), (4.8a)

Ys/f ∶= Ys /Yf = span(xnf+1, . . . , xny), (4.8b)

where xi ∈ Rny are the columns of X and Ys∩f and Ys/f are referred to as TISO

and SISO subspace in the following. Note that (4.8) is a consequence of (4.1) that

cannot be altered by the choice of decomposition, but compared to an arbitrary

factorisation, the output basis provided by Theorem 4.2 is closely related to a

hypothetical single-array system, which is shown in the following lemma.
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Lemma 4.3. Consider the factorisation of Rs and Rf from Theorem 4.2, and let

R ∶= [Rs Rf] ∈ Rny×(ns+nf). Then, the standard singular values and standard left

singular vectors of R equal those of X.

Proof. Note that according to Theorem 4.2, the generalised singular values satisfy

Σ2
s +Σ2

f = I. Express RT using (4.4) and compute RRT =X[Σ2
s +Σ2

f 0
0 I

]XT =XXT,

from which the claim follows.

Lemma 4.3 shows that the decomposition of the two-array system (4.1) through

Theorem 4.2 relates to the modal decomposition of a hypothetical single-array

system (1.3) with nu = ns + nf and R = [Rs Rf] and therefore allows the TISO and

SISO subspaces (4.8) to be related to the standard left singular vectors of R, which

determines the spatial distribution of the disturbance spectrum (Section 4.4.3).

Consider the standard SVD of R as in (1.6), then X can be formed as

X = UΣV T
X (4.9)

where VX with V T
X VX = I is the matrix of standard right singular vectors of X.

The mapping of a vector y ∈ Rny to generalised modal space, X91y = VXΣ91UTy,

therefore consists of mapping y to mode space first, before scaling by Σ91 and finally

multiplying it with V T
X . It remains unclear how VX can be interpreted, but the

following lemma characterises the gain ratio between each actuator array using

a function f ∶ Ys∩f ↦ R≥1, where R≥1 ∶= R ∩ {x ∈ R ∣ x ≥ 1}, that has been used

for a variational formulation of the GSVD [26].

Lemma 4.4. Consider the function f ∶ Ys∩f ↦ R≥1,

f(y) ∶= 1
2(∥yTRs∥2

2∥yTRf∥2
2
+ ∥yTRf∥2

2∥yTRs∥2
2
), (4.10)

and its gradient ∇f ∶ Ys∩f ↦ Rny ,

∇f(y) ∶= 1∥RT
f y∥2

2
(RsR

T
s y − ∥RT

s y∥2
2∥RT

f y∥2
2
RfR

T
f y)+

1∥RT
s y∥2

2
(RfR

T
f y − ∥RT

f y∥2
2∥RT

s y∥2
2
RsR

T
s y).

(4.11)
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It holds that ∇f(y) = 0 at yi ∶= (XXT)91xi, where x1, . . . , xny are the columns of X

from Theorem 4.2. In addition, ∇f(yi) = 0 and f(yi) = 1 if yi is a shared standard

left singular vector for Rs and Rf associated with an identical singular value.

Proof. Suppose that yi = (XXT)91xi and expressR×RT× using (4.4), so thatR×RT×yi =
R×RT× (XXT)91xi = XΣ2×X91xi = σ2×,ixi, where σ2×,i is a generalised singular value

and × = {s, f}. Substituting in the first term on the right-hand side of (4.11) yields

RsR
T
s yi − ∥RT

s yi∥2
2∥RT

f yi∥2
2
RfR

T
f yi = σ2

s,ixi − σ2
s,i

σ2
f,i
σ2

f,ixi = 0,

and similarly for the second term on the right-hand side of (4.11), which follows

that ∇f(yi) = 0.

For the second part of the claim, note that if xi is a shared standard left singular

vector for Rs and Rf , then it must be one for R from Lemma 4.3 and X as well. It

follows that yi = xi/σ̂2
i , where σ̂i is the corresponding standard singular value of R,

and hence ∥yT
i Rs∥2

2 = ∥yT
i Rf∥2

2.

The function f(y) can be interpreted as a measure for the ratio of gains that

are required by each actuator array to produce a correction y. Ignoring the

dependency on the Laplace variable in (4.1), the actuator effort required to produce

a correction is y = Rsus +Rfuf , so that the terms ∥yTRs∥2 ≥ ∥yTRsus∥2/∥us∥2 and

∥yTRf∥2 ≥ ∥yTRfuf∥2/∥uf∥2 can be seen as the relative contribution of each actuator

array. If a vector yi exist that is a shared standard left singular vector associated with

standard singular values σ̂s,i and σ̂f,i for Rs and Rf , then f(yi) = 1
2(σ̂2

s,i/σ̂2
f,i + σ̂2

f,i/σ̂2
s,i).

4.2 Compensators

As in the case of the single-array system (1.3), the IMC structure is used but the

generalised modal decomposition could also be combined with other feedback

structures. The IMC structure is shown in Fig. 4.1, where u(s) = (us(s)
uf(s)),
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Υ Q(s) P (s) y(s)
d(s)

P̄ (s)
Γ

u(s)

+−

++−

Figure 4.1: IMC structure for the two-array system (4.1) with compensators Γ and Υ.

Γ ∈ Rny×ny and

P (s) ∶= [Rsgs(s) Rfgf(s)] ∈ Cny×(ns+nf), (4.12a)

P̄ (s) ∶= [R̄sḡs(s) R̄f ḡf(s)] ∈ Cny×(ns+nf), (4.12b)

Q(s) ∶= diag(Qs(s), Qf(s)) ∈ C(ns+nf)×2ny , (4.12c)

Υ ∶= [Υs
Υf

] ∈ C2ny×ny . (4.12d)

The matrix P̄ (s) is a nominal model of the real plant P (s) and Υ and Γ are

(static) input and output compensators introduced in Sections 4.2.1 and 4.2.2. As

opposed to the standard feedback structure, the main advantage of IMC is that

the closed-loop properties are directly related to the open-loop transfer function

and not to the inverse of the return difference. Other advantages are that the IMC

structure is naturally amenable to plants with time delays [107, Ch. 3.5] and the

feedback signal can be used as an input to a fault detection algorithm [160].

Before considering the input and output compensators, so that Γ = I and Υ =
[I I]T, the feedback laws for the decoupled system (4.7) are assumed to be given by

ũs(s) = −Q̃s(s)d̃(s) ∶= −[Σ91
s 0
0 I

]qs(s)d̃(s), (4.13a)

ũf(s) = −Q̃f(s)d̃(s) ∶= −[Σ91
f 0]qf(s)d̃(s), (4.13b)

where qs ∶ C ↦ C and qf ∶ C ↦ C are stable and realisable transfer functions. The
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filters are recovered in original space as Qs(s) = U(⋅)Q̃(⋅)(s)X91, so that

Qs(s) = Us[Σ91
s 0
0 I

]X91qs(s), (4.14a)

Qf(s) = Uf[Σ91
f 0]X91qf(s), (4.14b)

The structure (4.13a) results in output sensitivities that are identical for each

TISO and each SISO mode, i.e.

Si(s) = Ss∩f(s), i = 1, . . . , nf , Sj(s) = Ss/f(s), j = nf + 1, . . . , ny, (4.15)

where Si ∶ C↦ C is the transfer function from component i of d̃(s) to component i

of ỹ(s) and Ss∩f ∶ C↦ C and Ss/f ∶ C↦ C the TISO and SISO output sensitivities,

respectively. Restricting the controller dynamics to a scalar function as in (4.13a) is

a design constraint commonly accepted for single-array CD control [54]. For the two-

array system, this restriction allows a static (frequency-independent) compensator

to be designed that guarantees identical performance in original and generalised

modal space (Section 4.2.1). To guarantee a zero steady-state for disturbances with

non-zero offsets, it is assumed that the output sensitivities satisfy

Ss∩f(0) = Ss/f(0) = 0, (4.16)

which means for qs(s) and qf(s) that gs(0)qs(0) = 1 and gf(0)qf(0) = 0. Substitute

the inputs (4.13a) in the dynamics (4.7) to obtain the transfer function S̃ ∶ Cny ↦ Cny

from d̃(s) to ỹ(s),
ỹ(s) = (I −Σsgs(s)Q̃s(s) − [Σf

0 ]gf(s)Q̃f(s))d̃(s),
= (I − [I 0

0 I
]gs(s)qs(s) − [I 0

0 0]gf(s)qf(s))d̃(s)
= [Ss∩f(s)I 0

0 Ss/f(s)I]d̃(s)=∶ S̃(s)d̃(s),

(4.17)

and invert the transformations (4.6) to map the output sensitivity back to the

original space:
y(s) =XS̃(s)X91d(s)

= (I − Igs(s)qs(s) −X[I 0
0 0]X91gf(s)qf(s))d(s)

=∶ S(s)d(s).
(4.18)
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From (4.18), it can be seen that if rank(Rs) = rank(Rf) = ny, then

∥S(s)∥2 = ∥S̃(s)∥2 = max{∣Ss∩f(s)∣, ∣Ss/f(s)∣}, (4.19)

but if rank(Rf) < rank(Rs) = ny, ∥S(s)∥2 ≠ ∥S̃(s)∥2 and an upper bound on

∥S(s)∥2 is given by

∥S(s)∥2 ≈ ∥XS̃(s)X91∥2 ≤ κ(X)∥S̃(s)∥2. (4.20)

Hence if R is ill-conditioned, as is the case for synchrotrons, then according

to Lemma 4.3, X is ill-conditioned and the performance of the control system

in original space can be arbitrarily poor. In the following section, the input

compensator Υ is designed that serves to remove the potential performance difference

highlighted in (4.20).

4.2.1 Input Compensator

Consider the output sensitivity in original S(s) space (4.18) and the IMC structure

from Fig. 4.1, where for the remainder of this section it is assumed that Γ = I and

P̄ (s) = P (s). In (4.18), the matrix in the term associated with uf(s) is

X[I 0
0 0]X91 = [X11 0

X21 0]X91 =∶Xs∩fX
91, (4.21)

where X11 ∈ Rnf×nf and X21 ∈ R(ns−nf)×nf . Since (4.21) is responsible for the potential

performance difference, it seems natural to set Υs = I and include Υf in the

control law (4.13a), i.e. ũf(s) = −[Σ91
f 0]Υfqf(s)ỹ(s), so that us(s) and uf(s)

are given in the original space by

us(s) = −Us[Σ91
s 0
0 I

]X91qs(s)d(s), (4.22a)

uf(s) = −Uf[Σ91
f 0]ΥfX

91qf(s)d(s). (4.22b)

To construct Υf , the following Lemma 4.5 is used.

Lemma 4.5. Let A† be the Moore-Penrose pseudoinverse [55, P5.5.2] of A ∈ Rn×n
with rank(A) = r ≤ n. Then AA† is symmetric and has r unity and n − r zero

eigenvalues.
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Proof. Let the standard SVD of A be given as A = U diag(Σ, 0)V T with Σ ∈ Rr×r ≻ 0.

Then, A† = V diag(Σ−1,0)UT and AA† = U diag(I,0)UT with I ∈ Rr×r.

If Υf is chosen as

Υf ∶=X†
s∩fX, (4.23)

the output sensitivity (4.18) becomes

y(s) = (I − Igs(s)qs(s) −Xs∩fX
†
s∩fgf(s)qf(s))d(s). (4.24)

By setting A = Xs∩f with rank(A) = rank(Xs∩f) = nf in Lemma 4.5, it becomes

clear that with Υf defined as in (4.23), the difference between performance of the

original and the generalised modal space vanishes, i.e. ∥S(s)∥2 = ∥S̃(s)∥2. From

the structure of the matrix Xs∩f in (4.21), the structure of X†
s∩f is

X†
s∩f = [Z11 Z12

0 0 ],
where, because the non-zero columns of Xs∩f are linearly independent, the blocks

Z11 ∈ Rnf×nf and Z12 ∈ Rnf×(ns−nf) must satisfy

[Z11 Z12][X11
X21

] = Z11X11 +Z12X21 = I. (4.25)

The nf output directions from Lemma 4.5 that are unaffected by Υf and attenuated

by Ss∩f(s) therefore lie in Ys∩f , whereas there exist ns − nf output directions that

are zeroed out by Υf and attenuated by Ss/f(s).
To see the effect of Υf onto the generalised modes, consider mapping (4.24)

to generalised modal space using (4.6):

ỹ(s) = (I − Igs(s)qs(s) −X91Xs∩fX
†
s∩fXgf(s)qf(s))d̃(s). (4.26)

According to Lemma 4.5, the 2-norm of (4.26) is identical to (4.17). However,

the input compensator has the effect of coupling the TISO modes with the SISO

modes. To see this, define Xs/f ∶=X −Xs∩f , and note that by the definition of the



88 4.2. Compensators

pseudo-inverse, the last ns−nf rows of X†
s∩f are zero. Then, the term X91Xs∩fX

†
s∩fX

from (4.26) can be expanded as

X91Xs∩fX
†
s∩fX =X91Xs∩f +X91Xs∩fX

†
s∩fXs/f = [I 0

0 0] + [I 0
0 0][0 ⋆

0 0] = [I ⋆
0 0],

where ⋆ is a non-zero block given by

[Z11 Z12][X12
X22

] = Z11X12 +Z12X22. (4.27)

4.2.2 Output Compensator

While the performance difference (4.20) has been removed by the input compensator,

it can be seen from (4.22) that the controllers for both arrays are proportional

to X91. According to Lemma 4.3, X has the same condition number as R, so

the disturbance directions associated with small-magnitude singular values of R

therefore cause large input gains for both actuator arrays, which can lead to actuator

saturation. Moreover, if the plant model is inexact, i.e. P̄ (s) ≠ P (s), the resulting

control system is likely to be prone to instabilities [129]. The output compensator

is used to remedy this problem and the following section revisits its design for the

single-array system, before adapting it to the two-array system.

Single-Array Systems

Consider the single-array system (1.3) and the control law in modal space,

û(s) ∶= −Q̂(s)d̂(s) ∶= −Σ91q(s)d̂(s), (4.28)

where q ∶ C ↦ C is such that q(s)g(s) = Tm(s) with Tm(0) = 1, which results in

a complementary output sensitivity T̂ (s) ∶= Tm(s)I that describes the transfer

function from the (zero) reference signal to the output y(s). The standard feedback

equivalent of Q̂(s), Ĉ(s) ∶= (I − Q̂(s)P̂ (s))91
Q̂(s), is given by

Ĉ(s) = Σ91 q(s)
1 − q(s)g(s) = Σ91 q(s)

1 − Tm(s) . (4.29)
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C(s)
Γ Υ Q(s) P (s) y(s)

d(s)

P̄ (s)

u(s)+ + ++−

Figure 4.2: IMC structure from Fig. 4.1 rearranged into the standard feedback structure.

To accommodate systems with κ(R) = κ(Σ) ≫ 1, a matrix Γ̂ ∈ Rny×ny is de-

fined as follows:

Γ̂ ∶= (Σ2 + µI)91Σ2 = diag( σ2
1

σ2
1 + µ, . . . ,

σ2
ny

σ2
ny + µ), (4.30)

where the scalar µ ≥ 0 is the regularisation parameter. Right-multiplying Ĉ(s)
with Γ̂ modifies the controller as

Ĉ(s)Γ̂ = (Σ2 + µI)91Σ q(s)
1 − Tm(s) , (4.31)

i.e. the inverse in (4.29) has been replaced with the regularised inverse (Σ2 + µI)91Σ,

thus attenuating input gains associated with small singular values for µ > 0. With

the controller defined as in (4.31), the diagonal elements of the open-loop L̂(s) ∶=
Σg(s)Ĉ(s)Γ̂ =∶ diag(`1(s), . . . , `ny) become

`i(s) = σ2
i

σ2
i + µ

Tm(s)
1 − Tm(s) . (4.32)

The regularisation parameter µ therefore changes the open-loop bandwidth as well

as the position of the low-frequency asymptote of the Nyquist diagram of `i(s).
Note that for σ2

i ≫ µ, the effect of µ is negligible, whereas for σ2
j ≪ µ, the open-loop

gain and the closed-loop bandwidth are effectively reduced.

Two-Array Systems

Consider rearranging Fig. 4.1 into the standard feedback structure shown in

Fig. 4.2. For Υ = [I I]T and P̄ (s) = P (s), the standard feedback controller
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C(s) = (I −Q(s)P (s))91
Q(s)Γ is obtained as (Appendix 4.A)

C(s) = [Us 0
0 Uf

]
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1−Ss/f(s)
gs(s)Ss∩f(s)Σ91

s 0

0 1−Ss/f(s)
gs(s)Ss/f(s)I

Ss/f(s)−Ss∩f(s)
gf(s)Ss∩f(s) Σ91

f 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
X91Γ, (4.33)

where there inverse of X reappears as in (4.22). To attenuate feedback signals

that are aligned with directions associated with small singular values of X, the

inverse X91 in (4.33) can be replaced by setting

Γ ∶=X(XTWX + µI)91(WX)T, (4.34)

for some µ > 0 and W ∈ S++. With Γ as defined in (4.34), the term X91Γ in (4.33) is

replaced by X91
µ ∶= (XTWX + µI)91(WX)T, which can be interpreted as the factor

matrix obtained from the following regularised least squares problem [55, Ch. 6.1.5]:

minimise
ν∈Rny ∥W 1

2Xν + b∥2
2 + µ∥ν∥2

2.

If W is chosen as W = U diag(w1, . . . ,wny)UT, where U is the matrix of standard left

singular vectors of X, the weights wi can be chosen to prioritize certain (standard)

modes that are particularly affected by disturbances. This follows from Lemma 4.3,

which states that R and X share the same matrix of left singular vectors.

Because the matrix XTWX is positive definite, the 2-norm of X91
µ decreases

as µ increases. Let C0(s) denote the standard controller with Γ = I (µ = 0). The

gain of C(s) for Γ ≠ I can be upper-bounded by

∥C(s)∥2 = ∥C0(s)X91
µ ∥2 ≤ ∥C0(s)∥2∥X91

µ ∥2 ≤ ∥C0(s)∥2,

from which it can be seen that the parameter µ controls the bandwidth of the

open-loop transfer function L(s) ∶= P (s)C(s), which is obtained as (Appendix 4.A)

L(s) =X ⎡⎢⎢⎢⎢⎣
1−Ss∩f(s)
Ss∩f(s) I 0

0 1−Ss/f(s)
Ss/f(s) I

⎤⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶diag(`s∩f(s)I, `s/f(s)I)

X91Γ

=∶ L0(s)Γ.
(4.35)

The following proposition summarises the impact of Γ on the robustness of the

closed-loop system.
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Proposition 4.6. Suppose that the system from Fig. 4.1 is stable for Υ = [I I]T

and Γ = I. Additionally, suppose that Re(det(L0(jω))) ≥ −1/2 ∀ω. For Υ = [I I]T,

the gain margin [130, Ch. 2.4.5] of the control system from Fig. 4.1 increases for

increasing µ.

Proof. By the generalised Nyquist theorem [130, Thm. 4.9], the closed-loop is

stable iff the Nyquist plot of det(L(s)) does not encircle the point −1 + j0. By the

assumptions of Lemma 4.6, the Nyquist plot of det(L0(s)) does not encircle the

point −1 + j0 and is located to the right of the line −1/2 + jx, x ∈ R. The claim

follows from noting that det(L(s)) = det(L0(s))det(Γ) and that 1 > det(Γ) > 0

decreases for increasing µ.

For Υ = [I ΥT
f ]T with Υf as in (4.23), the coupling between TISO and SISO

modes complicates computing L0(s), but L(s) remains proportional to Γ, so that

Proposition 4.6 remains valid.

To see how Γ (4.34) affects the closed-loop poles, consider rearranging the

complementary sensitivity T (s) = (I + L(s))91L(s) for W = I as

T (s) = (I +X[`s∩f(s)I 0
0 `s/f(s)I](XTX + µI)91

XT)91

L(s),
=X9T((XTX)91 + [`s∩f(s)I 0

0 `s/f(s)I](XTX + µI)91)91

X91L(s),
=Xµ([(1 + `s∩f(s))I 0

0 (1 + `s/f(s))I] + µ(XTX)91)91

X91L(s).
(4.36)

The closed-loop poles are therefore those values of s ∈ C for which

det([(1 + `s∩f(s))I 0
0 (1 + `s/f(s))I] + µ(XTX)91) = 0. (4.37)

For µ = 0, the closed-loop poles belong to a subset of πi(Ts∩f) ∪ πi(Ts/f) ∪ {0}
(Proposition 4.6). To examine (4.37) for µ > 0, condition (4.37) is further simplified

by setting ns = nf , so that with `s∩f(s) = `s/f(s) = λ/s (4.37) becomes:

0 = det(s + λ
s

I + µ(XTX)91)
= det(1

s
(λI + s(I + µ(XTX)91)))

= 1
sns

det(I + µ(XTX)91)det(λ(I + µ(XTX)91)91 + sI).
(4.38)
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The closed-loop poles are therefore a subset of the eigenvalues of −λ(I + µ(XTX)91)91,

which can obtained by substituting the SVD of X:

−λ(I + µ(XTX)91)91 = VX diag(−λ σ2
i

σ2
i + µ)V T

X . (4.39)

where σi are the standard singular values of X. The poles are therefore −λσ2
i /(σ2

i +µ),
i = 1, . . . , ny, and vary from −λ for µ = 0 to 0 for µ→∞ without crossing the real axis

(Proposition 4.6). Note that by construction, the root locus of the two-array system

with `s∩f(s) = `s/f(s) = `(s) corresponds to the root locus of the single-array system.

Remark 4.7. The case ny = ns = nf with rank(Rs) = rank(Rf) = ny considerably

simplifies the analysis. In this case, the input compensator Υ becomes redundant,

and the open-loop (4.35) simplifies to L(s) = `s∩f(s)XX91
µ . Using the standard SVD

of X (4.9), the matrix L(s) is further simplified to

L(s) = `s∩f(s)U diag( σ2
1

σ2
1 + µ, . . . ,

σ2
ny

σ2
ny + µ)UT, (4.40)

where σi are the standard singular values of X. The open loop (4.40) corresponds to

the open-loop transfer function of a single-array system designed using the procedure

from Section 1.6. According to Lemma 4.3, the standard singular values equal

those of R = [Rs Rf]. Hence, ignoring model uncertainty, the two-array approach

yields the same closed-loop dynamics as a hypothetical single-array system with

ns + nf actuators, g(s) = gf(s), and possibly with a permuted R = [Rs Rf]. Also,

considering that R has a kernel of dimension nf , this argument can be extended to

single-array systems with ns actuators and R̄ ∈ Rns×ns obtained from the economy-

sized (standard) SVD of R.

4.3 Robust Stability

Suppose that the real plant is given by

P (s) = P̄ (s) + [∆sgs(s) ∆fgf(s)],
=∶ P̄ (s) +∆(s), (4.41)
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where ∆s ∈ Rny×ns and ∆f ∈ Rny×nf model the uncertainty. It is assumed that gs(s)
and gf(s) reflect the actuator dynamics accurately or that any dynamic uncertainties

occur at high frequencies where the controller has a small amplification.

In generalised modal space, the uncertain system is given by

ỹ(s) = ([Σs 0
0 I

] + ∆̃s)gs(s)ũs(s) + ([Σf
0 ] + ∆̃f)gf(s)ũf(s) + d̃(s), (4.42)

where ∆̃s ∶= X91∆sUs and ∆̃f ∶= X91∆fUf . In general, ∆̃s and ∆̃f are not diagonal

and (4.42) shows that any uncertainty couples the modes in generalised modal space.

The IMC structure with uncertainty is shown in Fig. 4.3. For the robust stability

analysis, the transfer function M(s) from u∆(s) to y∆(s) (see Fig. 4.3) is

M(s) ∶= −Q(s)Υ(I + (Γ − I)P (s)Q(s)Υ)91Γ. (4.43)

The system in Fig. 4.3 is stable iff [130, Thm. 8.1]

det(I −M(jω)∆(jω)) ≠ 0 ∀ω. (4.44)

A sufficient condition for (4.44) is

ρ(M(jω)∆(jω)) = ρ(∆(jω)M(jω)) < 1 ∀ω, (4.45)

where ρ(⋅) denotes the spectral radius. The product ∆(s)M(s) can be rearranged as

∆(s)M(s) = [∆s ∆f][Igs(s) 0
0 Igf(s)]M(s). (4.46)

For any square matrix A, the spectral radius can be upper bounded by ρ(A) ≤
∥A∥2 [68, Thm. 5.6.9]. A sufficient condition for robust stability is therefore

∥[∆s ∆f]∥2∥[Igs(jω) 0
0 Igf(jω)]M(jω)∥

2
< 1 ∀ω, (4.47)

from which an upper bound on the admissible uncertainty is obtained:

∥[∆s ∆f]∥2 < ∆max ∶= min
ω

(∥[Igs(jω) 0
0 Igf(jω)]M(jω)∥

2
)91

. (4.48)

Whenever ∥[∆s ∆f]∥2 > ∆max, the control system of Fig. 4.3 can be unstable. The

right-hand side of (4.48) can be plotted against frequency to find the smallest ∆max.
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Υ Q(s) P̄ (s) y(s)
d(s)∆(s)

y∆(s) u∆(s)

P̄ (s)
Γ

+−

++− ++

P (s)

Figure 4.3: IMC structure with plant P (s) = P̄ (s) +∆(s), where P̄ (s) is known and
∆(s) models the unknown uncertainty.

4.4 Fast Orbit Feedback at Diamond Light Source

In parallel to the simulation studies for Diamond-II, the FOFB infrastructure

of the existing Diamond storage ring has been upgraded with a more powerful

and centralised computing node that reflects the technical setup of Diamond-II

(as described in Chapter 7). The enhanced computing node allows new control

algorithms to be tested, and the aim of this section is to apply the GSVD-based

controller to a real-world system and evaluate it in practical circumstances. Since

the Diamond control problem corresponds to a single-array system of the form (1.3),

a subset of inputs and outputs is selected from (1.3) and represented as (4.1).

Although gs(s) = gf(s) = g(s) on the existing storage ring, a subset of the inputs is

selected to represent slow actuators (and cover low frequencies), and the remaining

inputs are selected to represent fast actuators (and cover high frequencies). After

transforming (1.3) using the GSVD, the control effort is distributed onto designated

slow and fast actuators using mid-ranging control [6], [53], which reflects the

situation at Diamond-II. Note that both the Diamond and Diamond-II ORMs

are ill-conditioned and are therefore comparable. The two-array controller is

then benchmarked against a single-array controller, and the real-world results

demonstrate that the GSVD is applicable in practice.
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This section is organised as follows. Subsection 4.4.1 and Subsection 4.4.2 detail

the design parameter of the single-array and two-array controllers, followed by the

analysis of the disturbance in Section 4.4.3. Results from tests on the Diamond

storage ring are presented in Section 4.4.4. If not stated otherwise, the figures and

diagrams correspond to the vertical control direction direction.

4.4.1 Single-Array Controller

At Diamond, the single-array system (1.3) has ny = 173 BPMs and nu = 172

identical magnets and the fast orbit feedback is operated at 10 kHz. In practice,

the synchrotron can be reconfigured, allowing any combination of ny ≤ 173 and

nu ≤ 172 outputs and inputs. The actuator models for the horizontal and vertical

control directions are

g(s) ∶= a

s + ae−τds, (4.49)

where a ∶= 2π × 700 rad s−1 and τd ∶= 900 µs. For the dynamic part of the controller

(Section 1.6.2), the output sensitivity Sm ∶ C ↦ C is chosen to be

Sm(s) = 1 − Tm(s) = 1 − λ

s + λe−τds =∶ 1 − Tm(s), (4.50)

where λ ∶= 1/τd = 2π × 176 rad s−1 is the closed-loop bandwidth, so that the IMC

filter q ∶ C ↦ C is given by

q(s) ∶= Tm(s)
g(s) = λ

a

s + a
s + λ. (4.51)

To account for the large condition number of R, the output compensator Γ = (RTR+
µI)91RT is embedded with µ = 1 (Section 1.6.3), resulting in the overall control law

u(s) = −V diag( σ1

1 + σ2
1
, . . . ,

σny

1 + σ2
ny

)UTc(s)y(s), (4.52)

where the standard feedback filter c(s) is (Section 1.6.4)

c(s) ∶= λ
a

s + a
s + λ(1 − e−sτd) . (4.53)

In practice, the continuous-time transfer function (4.53) is mapped to discrete-

time using zero-order hold (Section 1.6) and implemented as a control law in
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Figure 4.4: Standard and generalised singular values of the Diamond ORMs (vertical
direction). Figure (a) also shows the mode-by-mode closed-loop poles for µ ∈ {0.1,1,10}.

the form ut = −Kc(z91)yt, where K ∈ Rnu×ny is the gain matrix (1.24), z91 is

interpreted as the backwards shift operator and t ∈ Z+ represents the discrete-time

variable. The controller c(s) implements a pole at s = 0 and the inclusion of Γ

effectively reduces the closed-loop bandwidth, which can be seen by computing

the overall complementary sensitivity:

T (s) = Udiag
⎛⎝ σ1k1λe−sτd
s + λ(1−(1−σ1k1)e−sτd) , . . . ,

σnyknyλe−sτd
s + λ(1−(1−σnykny)e−sτd)

⎞⎠UT, (4.54)

where ki ∶= σi/(µ + σ2
i ). Fig. 4.4a compares the standard singular values σi ( ,

left-hand side axis), i = 1, . . . , ny, with the corresponding closed-loop poles πi

for µ ∈ {0.1,1,10} (right-hand side axis). For modes associated with σi ≫ µ,

πi ≈ λ = 2π176 rad s−1, but as the singular values decrease, the closed-loop poles

are slowed down, hence increasing the robustness for modes associated with small

singular values. At Diamond, the choice µ = 1 has proven to be effective. The

controller structure would allow different values of µ to be chosen for different

modes, but previous research has shown that µ = 1 is near-optimal with respect

to some robust performance criterion [54].



4. Dual-Rate Cross-Directional Control 97

4.4.2 Two-Array Controller

To mimic the Diamond-II system, ns = 96 magnets are chosen to represent the

slow actuators, while nf = 64 are chosen to represent the fast actuators. These

nu = ns + nf = 160 magnets are controlling a selection of ny = 96 BPMs. The overall

selection of magnets and BPMs is made based on physical arguments as well as on

Assumption 4.1, which will hold for Diamond-II. The matricesRs andRf are obtained

from extracting the corresponding rows and columns of the Diamond ORM R. To

design the controller, the two-array system (4.1) is mapped to generalised modal

space, which decouples (4.1), as in (4.7). The next paragraph explains the controller

dynamics, which is followed by the design of input and output compensators.

Mid-Ranging Control

For the two-array controller, the output sensitivity Ss∩f(s) = 1 − Ts∩f(s) of the

TISO systems is chosen to be

Ss∩f(s) = 1 − λs∩f

s + λs∩f
e−τds, (4.55)

where for later comparison, λs∩f ∶= 1/τd = 2π × 176 rad s−1 matches the closed-loop

bandwidth of the existing single-array design (4.50). The output sensitivity of the

SISO systems Ss/f(s) = 1 − Ts/f(s) is chosen to be

Ss/f(s) ∶= 1 − λs/f
s + λs/f e−τds, (4.56)

where some of the following experiments use λs/f ∶= 2π × 50 rad s−1 and some λs/f ∶=
2π × 10 rad s−1. With Ss∩f(s) and Ss/f(s) fixed, the IMC filter for the us(s) array is

qs(s) ∶= Ts/f(s)
gs(s) = λs/f

a

s + a
s + λs/f , (4.57)

and the filter for the uf(s) array is

qf(s) ∶= Ts∩f(s) − Ts/f(s)
gf(s) = λs∩f − λs/f

a

s(s + a)(s + λs∩f)(s + λs/f) . (4.58)

The choices (4.55)–(4.58) are also referred to as mid-ranging TISO controllers [6],

[53]. The overall bandwidth is split between the slow and fast actuator arrays,

which will allow for a higher closed-loop bandwidth at Diamond-II.
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Figure 4.5: Bode plots of output sensitivities S(⋅)(s) from (4.55)–(4.56) for the decoupled
TISO (λs∩f = 2π × 176 rad s−1) and SISO (λs/f = 2π × 50 rad s−1) systems. The figure also
shows complementary sensitivities T(⋅)(s) = 1 − S(⋅)(s).

Fig. 4.5 shows the Bode magnitude plots of the output sensitivities, Ss∩f(jω)
( ) and Ss/f(jω) ( ), and the corresponding complementary sensitivities,

Ts∩f(jω) ( ) and Ts/f(jω) ( ) for λs∩f = 2π×176 rad s−1 and λs/f = 2π×50 rad s−1.

Due to the large time delay, the phase lag of Ts∩f(jω) reaches 60° at 100 Hz,

which significantly reduces the bandwidth of Ss∩f(jω). The sensitivity peaks are

∥Ss∩f(jω)∥∞ = 3.4 dB at 290 Hz and ∥Ss/f(jω)∥∞ = 0.4 dB at 113 Hz. In the following

section, the scalar filters qs(s) and qf(s) are embedded in the MIMO system.

Input and Output Compensators

The standard singular values of R are shown in Fig. 4.4a and the squared generalised

singular values of Rs and Rf in Fig. 4.4b. The overall condition number for the

two-array system is κ(R) = κ(X) = 1159, but the corresponding condition numbers

for the generalised singular values are κ(Σs) = 4.3 and κ(Σf) = 4.5, and therefore

allow Σs and Σf in (4.14) to be inverted.

Fig. 4.6a shows the minimum and maximum gains of the output sensitivity (4.18)

( ), σmin(S(jω)) and σmax(S(jω)), for λs/f = 2π × 50 rad s−1 and for the case that

the scalar filters from Section 4.4.2 are embedded in the MIMO system without

input and output compensators (Υ = [I I]T and Γ = I). For orthogonal X, the

magnitude of the sensitivity would be enclosed by the TISO and SISO transfer

functions from Fig. 4.5, but with the ill-conditioned X and nf < ns, some disturbance

directions are amplified for for frequencies ranging from 1 Hz to 5 kHz. The input

compensator Υ = [I ΥT
f ]T from Section 4.2.1 removes the performance difference
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between generalised modal space and original space, so that the “input-compensated”

sensitivity ( , Fig. 4.6a) equals the sensitivity from Fig. 4.5.

The output compensator Γ is designed according to Section 4.2.1 with the choice

µ = 1, which is adopted from the single-array design from Section 4.4.1. Analogous

to the single-array design, the regularisation has the effect of reducing the closed-

loop bandwidth, which can be seen from the “input- and output-compensated”

sensitivity in Fig. 4.6a ( ).

The analysis of the output sensitivity gains is repeated in Fig. 4.6b for λs/f =
2π×10 rad s−1, meaning that the closed-loop bandwidth of the slow actuator array is

reduced by 40 Hz. Compared to Fig. 4.6a, the bandwidth of the maximum sensitivity

gain σmax(S(jω)) is reduced accordingly, while the bandwidth of σmin(S(jω)), which

is determined by the TISO systems, remains the same. Fig. 4.6b also highlights

that for the “input- and output-compensated” sensitivity ( ), some disturbance

directions are amplified between 1 Hz and 100 Hz with a local peak of roughly 1 dB

at 10 Hz, which corresponds to the transition between slow and fast actuators in

mid-ranging control. This peak does not appear for the “uncompensated” sensitivity

( ) and is less pronounced in Fig. 4.6a, and therefore likely to be associated with

the additonal phase lag introduced by the slow actuator array for λs/f = 2π×10 rad s−1.

The effect of the regularisation on the inputs is illustrated in Fig. 4.6c and 4.6d,

which show the maximum gain of the transfer functions from d(s) to u(⋅)(s),
Su,(⋅)(jω), for (⋅) ∈ {s, f}. Without compensators ( ), the control effort is

sustained up to 100 Hz. Moreover, reducing the SISO bandwidth, such as in

Fig. 4.6b and 4.6d, increases the control action of the fast actuator array, which

is a consequence of the mid-ranging approach. With compensators ( ), the

controller gain is reduced by 20 dB at 100 Hz for both actuator arrays in Fig. 4.6c

and 4.6d. Increasing the regularisation parameter µ would have the effect of

decreasing the gains further.
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Figure 4.6: Minimum and maximum singular values S(s) (d(s) ↦ y(s)) and Su,(⋅)(s)
(d(s) ↦ u(⋅)(s)) for λs∩f = 2π × 176 rad s−1, λs/f = 2π × 50 rad s−1 (a and c), λs/f = 2π ×
10 rad s−1 (b and d), and different compensators (vertical direction).

4.4.3 Disturbance Spectrum

For both single- and two-array models, all exogenous effects are lumped into the

(output) disturbance d(s). To understand the characteristic disturbance spectrum

at Diamond, d(s) can be split into an input disturbance du(s) and an output

disturbance dy(s):
d(s) = Rdu(s) + dy(s). (4.59)

The contribution from du(s) is mainly associated with ground vibrations and

vibrating machine components. The vibrations are transmitted to the corrector
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(a) Original space: min. = 10−2.6, max. =
10−0.6 µm/√Hz.

(b) Mode space: min. = 10−2.5, max. = 100.1

µm/√Hz.

Figure 4.7: Measured ASD of the disturbance in original and mode space (vertical
direction).

magnets by the supporting girders, which exhibit structural resonances at particular

frequencies [9], [47]. The corrector magnets eventually transmit these vibrations

to the electron beam producing a disturbance component that is proportional

to R. The contribution from dy(s) is mainly associated with the operation of

beamlines, which can introduce (slow) ramp-shaped beam movement, and with

injection and insertion devices [164, Ch. 16.7].

The (output) disturbance spectrum can be estimated when the feedback is

disabled, i.e. when yt = dt. Fig. 4.7a shows the amplitude spectral density (ASD)

for BPMs i = 1, . . . ,96 from 0.1 Hz to 1 kHz, which is computed from the discrete

Fourier transform [96, Ch. 2.2] of the measured signal dt, t = 0, . . . ,N − 1, as

D(i)(ωk) ∶=
¿ÁÁÀ 2

fs
∣N−1∑
t=0

d(i),te− j2πkt
N ∣2, ωk ∶= 2πkfs

N
, k = 0, . . . ,N − 1, (4.60)

where fs = 10 kHz and N = 100, 000, which corresponds to 1 s of data and results in

a frequency resolution of fs/N = 0.1 Hz. In practice, the ASD (4.60) is computed 10

times for a signal of length 10N and then averaged using Welch’s method [96, Ch.
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6.4]. The horizontal pattern of the ASD in Fig. 4.7a can be associated with girder

resonances [9], such as the peaks at 0.2 Hz, 1 Hz, 20 Hz and 120 Hz. The vertical

pattern is associated with the partitioning of the storage ring, which possesses an

(approximate) 24-fold circulant symmetry [54]. Within each cell, the placement of

BPMs on the girders and the distance to other devices determine the sensitivity

to disturbances; some BPMs, such as those located downstream of an insertion

device, are exposed to larger disturbances than other BPMs.

To demonstrate the importance of (4.59), the disturbance is mapped to mode

space using the orthonormal matrix (1.8). The resulting amplitude spectral density,

D̂i(ω), is shown in Fig. 4.7b, where the vertical axis refers to the ith mode with

i = 1 being associated with the largest (standard) singular value of R. Due to the

orthonormal property of the transformation matrix U , it holds that

∥D(ωk)∥2
2 = ∥D̂(ωk)∥2

2 ∀ωk, (4.61)

where the square in (4.61) is applied element-wise. Compared to Fig. 4.7a, the

circulant pattern disappeared and the ASD is concentrated in the low-order modes

(i ≤ 10) instead. For the single-array system, the concentration of the disturbance

in the low-order modes justifies the output compensator from Section 4.2.2, which

significantly reduces the bandwidth for higher-order modes. Because the disturbance

is concentrated in the low-order modes on which the regularisation has little effect,

it is also expected that the realised output sensitivity will lie closer to the maximum

disturbance attenuation (lower in Fig. 4.6) than to the minimum disturbance

attenuation (upper in Fig. 4.6).

For the two-array case, the ill-conditioned X makes analysing the effect of the

characteristic disturbance spectrum onto the performance more difficult. Fig. 4.8a

shows the ASD of the disturbance in generalised modal space, D̃i(ω), obtained from

mapping the disturbance through (4.6). The vertical axis refers to the generalised

modes and the TISO modes are those associated with i = 1, . . . , 64, which is marked

by the horizontal line in Fig. 4.8. Even though the transformation matrix X is

not orthogonal and hence D̃(ω) ≠ D(ω), Fig. 4.8a shows how the disturbance is
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(a) Without output compensator (Γ = I):
min. = 10−2.5, max. = 10−0.6 µm/√Hz.

(b) With output compensator (Γ ≠ I): min.= 10−3.1, max. = 10−1.5 µm/√Hz.

Figure 4.8: Measured ASD of the disturbance at Diamond mapped to generalised modal
space with (a) and without (b) output compensator. The horizontal line at nf = 64
separates the TISO from the SISO modes.

distributed on SISO and TISO modes. Analogous to the mode space ASD from

Fig. 4.7b, the vertical pattern of Fig. 4.7a disappeared, but the disturbance is

spread onto TISO as well as SISO modes. While the ASD of some TISO modes

(e.g. i = 1, . . . ,24) resembles those of the SISO modes (i = 65, . . . ,96), the ASD of

other TISO modes rapidly decreases for increasing frequency (e.g. i = 40, . . . ,48).

To connect Fig. 4.7b and 4.8a, consider computing the acute angles between xi,

the columns of X, and Uj , the standard left singular vectors of R, for i, j = 1, . . . , ny.

An angle equal to 90° means that standard mode j does not contribute to generalised

mode i, whereas 0° means mode j is parallel to generalised mode i, but its particular

weight depends on X. The angles are computed as acos(∣xT
i Uj ∣/∥xi∥2) and shown

in Fig. 4.9a, where the horizontal axis refers to the ith standard mode and the

vertical axis to the jth generalised mode. Fig. 4.9a shows that most generalised

modes form an angle of less than 30° with the first mode, i.e. the vectors xi are

arranged as a cone of (linearly independent) vectors that is “centred” around U1.

In fact, the first standard left singular vectors of Rs and Rf form an angle of 0.5°
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(a) Angle as acos(∣xT
i Uj ∣/∥xi∥2): min. =

13°, max. = 90°.
(b) Angle as acos(∣xT

µ,iUj ∣/∥xµ,i∥2) min. =
13°, max. = 90°.

Figure 4.9: Acute angles between columns of X and U (a) and Xµ and U (b). The
horizontal line separates TISO from SISO modes.

(∥Rs∥2 = 103 and ∥Rf∥2 = 112), and it turns out that centring the generalised singular

vectors xi around U1 yields stationary points for the function f(y) from Lemma 4.4.

Fig. 4.9a also shows that the higher-order standard modes i = 48, . . . , 96 are almost

orthogonal to the generalised modes; disturbances aligned to these standard modes

require larger gains from all generalised modes when multiplied by X91, which

is readily explained through Lemma 4.3.

4.4.4 Results from the Storage Ring

To validate the controller design for Diamond-II, two versions of the two-array

controller – one with λs/f = 2π × 50 rad s−1 and one with λs/f = 2π × 10 rad s−1 –

have been implemented on a customised IT setup (Chapter 7) and tested on the

Diamond synchrotron. The control systems are implemented in discrete time using

the structure detailed in Appendix 4.B and are capable of producing corrector

setpoints at a rate of > 10 kHz.

The two-array controllers are tuned to a TISO bandwidth λs∩f = 2π × 176 rad s−1

and are compared against a single-array controller with λm = λs∩f that controls
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the same ny = 96 BPMs as the two-array controllers. The single-array controller

uses nu = ns = 96 correctors that are also used by the two-array controllers as slow

correctors, and the two-array controllers use an additional array of nf = 64 fast

correctors. The following results were obtained using a nominal beam current of

300 mA and with all other feedbacks from Table 1.1 disabled.

Outputs

Fig. 4.10 shows the output ASD measured in the first cell of the Diamond storage

ring for disabled feedback ( ), for the single-array controller ( ) and for the

two-array controllers with λs∩f = 2π×50 rad s−1 ( ) and λs∩f = 2π×10 rad s−1 ( ).

The left-hand side of Fig. 4.10 shows the horizontal direction, the right-hand side the

vertical direction, and the first to fourth rows corresponds to BPMs 1, 3, 5 and 7.

To interpret the performance of the single-array controller, consider the Bode

magnitude diagram from Fig. 4.5, which shows the output sensitivity of the TISO

and SISO systems of the two-array controller. Because the TISO systems are

tuned to match the performance of the single-array controller, the TISO output

sensitivity from Fig. 4.5 ( ) corresponds to the expected single-array sensitivity

before including the output compensator Γ. According to Fig. 4.5, an attenuation

of 20 dB = 0.1 and 40 dB = 0.01 is expected at 10 Hz and 1 Hz for disturbances that

are aligned to low-order modes of R. In Fig. 4.10, the same attenuation can be seen

for the horizontal direction of BPM 1, where the disturbance ASD is attenuated

by 20 dB and 40 dB at 10 Hz and 1 Hz. However, the attenuation is worse for other

BPMs, in particular those for which the ASD is small for disabled feedback.

As expected from the controller design, the two-array controllers perform worse

than the single-array controller, because fewer correctors cover the 176 Hz bandwidth.

For frequencies between above 20 Hz, the performance of the two-array controllers

is comparable to the performance of the single-array controller, which suggests

that the disturbances are aligned to directions that correspond to the maximum

attenuation in Fig. 4.6a and 4.6b. Indeed, the disturbance peaks between 20 Hz

to 100 Hz are associated with girder eigenfrequencies and harmonics [9], which are
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proportional to the term Rdu(s) in (4.59) and therefore particularly pronounced in

the direction of the low-order modes. For frequencies below 20 Hz, the two-array

controllers perform worse than the single-array controller, but according to Fig. 4.6a

and 4.6b, remain within the theoretical expectations.

Another performance measure is given by IBM in Fig. 4.11, which is computed

from the ASD (4.60) as

IBM(i)(ωp) =
¿ÁÁÀ∆f

p∑
k=1

(D(i)(ωk))2, (4.62)

where ∆f ∶= fs/N = 0.01 Hz. The IBM has the effect of smoothing out the ASD,

and compared to Fig. 4.10, the performance difference between the single-array

and the two-array controllers largely disappeared. For high frequencies, the two-

array controller with λs∩f = 2π × 50 rad s−1 performs slightly worse (≈ 100 nm)

than the one with λs∩f = 2π × 10 rad s−1, which is due to an increase in IBM

between 50 Hz and 60 Hz.

Inputs

The main reason for augmenting the single-array system (1.3) with an additional

array of actuators is to split the control effort onto two different kinds of corrector

magnets: slow but strong magnets that cover low frequencies where the magnitude

of the disturbance spectrum is large, and fast but weaker magnets that cover high

frequencies where the magnitude of the disturbance spectrum is smaller.

Fig. 4.12 shows the ASD of the inputs (A/√Hz) for the experiments from

Fig. 4.10. The first row of Fig. 4.12 corresponds to the two-array controller with

λs∩f = 2π × 50 rad s−1, the second row to the two-array controller with λs∩f = 2π ×
10 rad s−1 and the third row to the single-array controller. For the two-array

controllers, the first column of Fig. 4.12 corresponds to the slow actuators and

the second column to the fast actuators.

As expected from the mid-ranging approach, the ASD of the slow correctors is

large at low frequencies and rapidly decreases between 10 Hz and 100 Hz. Comparing

Fig. 4.12a with the theoretical transfer functions from d(s) to u(⋅)(s) from Fig. 4.6c,
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Figure 4.10: Measured output ASD in the first cell of the Diamond storage ring for
disabled feedback (OFF), single-array controller (λm) from Section 4.4.1 and two differently
tuned two-array controllers (λs/f) from Section 4.4.2. The ASDs are computed using
Welch’s method and using 100 s of data sampled at 10 kHz.
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Figure 4.11: Measured IBM in the first cell of the Diamond storage ring for disabled
feedback (OFF), single-array controller (λm) from Section 4.4.1 and two differently tuned
two-array controllers (λs/f) from Section 4.4.2.
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the input gain decreases from roughly 0.1 A/√Hz (red) at low frequencies to roughly

0.01 A/√Hz in the 10 Hz to 100 Hz range, which matches the theoretical prediction.

Comparing the first row of Fig. 4.12 with the second row of Fig. 4.12, it can be seen

how lowering the SISO bandwidth from λs∩f = 2π ×50 rad s−1 to λs∩f = 2π ×10 rad s−1

increases the control effort of the fast actuator array. Comparing with the theoretical

magnitude of Su,(⋅)(s) from Fig. 4.6c and 4.6d, it can be seen that at 10 Hz, the

gain of the two-array controller with λs∩f = 2π × 50 rad s−1 is 10 dB ≈ 0.3 lower

than the gain of the two-array controller with λs∩f = 2π × 10 rad s−1, which is

reflected in Fig. 4.12b and 4.12d.

The slow array of the two-array controllers can also be compared to the single-

array controller (Fig. 4.12e), but given that the disturbance spectrum is concentrated

in frequencies lower than 10 Hz, the difference is not very pronounced. For the

single-array controller, it can be seen that a strong control effort is sustained up to

10 Hz, whereas the control effort of slow array of the two-array controllers decreases

at lower frequencies. For frequencies above 100 Hz, the difference between the slow

arrays of the two-array controllers and the single-array controllers is evident.

4.5 Controller Design for Diamond-II

As part of the FOFB design for Diamond-II, the next-generation upgrade of Diamond

Light Source, the GSVD-based control approach of this chapter was adopted in the

technical design report [2, Ch. 2.11.7]. Using Diamond-II ORMs and preliminary

models of the slow and fast actuator dynamics [86], a GSVD-based controller

was designed for Diamond-II and combined with estimates of the disturbance

spectra [101] in simulations to demonstrate that the Diamond-II performance

criteria are met. This also provides additional specifications for the design of the

fast corrector magnets. This section summarises the application of the two-array

controller to the preliminary Diamond-II model with ny = 252 BPMs, ns = 252

slow and nf = 144 fast corrector magnets.

The actuator dynamics are obtained from a low-order approximation of a

composite transfer function that considers several subsystems [86, App. B]. The
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(a) Min.= 10−4.1, max.= 10−0.2 A/√Hz. (b) Min.= 10−4.0, max.= 10−1.7 A/√Hz.

(c) Min.= 10−4.7, max.= 10−0.2 A/√Hz. (d) Min.= 10−3.4, max.= 10−1.3 A/√Hz.

(e) Min.= 10−3.6, max.= 10−0.3 A/√Hz.

Figure 4.12: Measured ASD of inputs. The first row shows a two-array controller
with λs/f = 2π × 50 rad s−1 and λs∩f = 2π × 176 rad s−1, the second row one with λs/f =
2π × 10 Hz and λs∩f = 2π × 176 rad s−1, and the third row a single-array controller with
λs∩f = 2π × 176 rad s−1.
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Figure 4.13: Preliminary actuator models for Diamond-II (a) and minimum and
maximum output sensitivity gains for the horizontal and vertical direction (b).

resulting slow and fast dynamics are shown in Fig. 4.13a and given by

gs(s) = ω2
n,s

s2 + 2ζsωn,ss + ω2
n,s

e−τds, gf(s) = ω2
n,f

s2 + 2ζfωn,fs + ω2
n,f

af

s + af
e−τds, (4.63)

where ωn,s ∶= 1.5 krad s−1, ωn,f ∶= 56.6 krad s−1, ζs ∶= 0.99, ζf ∶= 1, af ∶= 37.4 krad s−1

and τd ∶= 100 µs. In contrast to the existing actuator model (1.2), the slow and fast

transfer functions (4.63) are of order 2 and 3. The TISO and SISO complementary

sensitivity functions are therefore extended with roll-off terms as

Ts∩f(s) = 3∏
k=1

as∩f,k

s + as∩f,k
e−sτd , Ts/f(s) = 3∏

k=1

as/f,k
s + as/f,k e−sτd , (4.64)

where as∩f,1 = 1/τd = 10 krad s−1 and as/f,1 = 0.63 krad s−1 and the roll-off parameters

are chosen as as∩f,2 = 3×as∩f,1, as∩f,3 = 10×as∩f,1, as/f,2 = 5×as/f,1, and as/f,3 = 20×as∩f,1.

Note (4.64) could also be realised using a Butterworth filter [98, p. 109].

Based on Section 4.2, the compensators are designed for the Diamond-II orbit

response matrices (κ(RX ) = 2.4 × 103) and κ(RY) = 4.4 × 103)) with µ = 1, which

results in the sensitivity gains from Fig. 4.13b. With this choice of parameters,

the output sensitivity has a bandwidth of 600 Hz and a peak of 3.7 dB at 2 kHz.

Note that the delay τd and the additional phase lag of the actuator models (4.63)

represent worse-case estimates, which result in worst-case values for the bandwidth

and sensitivity peak in Fig. 4.13b.
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Figure 4.14: Target values (dotted) for Diamond-II, disturbance predictions (dashed)
and resulting IBMs (continuous) for long straights (LS), mid straights (MS) and standard
straights (SS).

Using PSD estimatesDX ,(i)(ω) andDY,(i)(ω) of the Diamond-II disturbances [101],

an upper bound on the expected output PSD is computed as

Y×,(j)(ω) = (ny∑
i=1

∣S×,(j,i)(ω)∣√D×,(i)(ω))2

, (4.65)

where × = {s, f} and S×,(j,i) refers to element on row j and column i of S×(ω). The

resulting IBMs are shown in Fig. 4.14 for enabled and disabled (dashed) FOFB

and BPMs at source points of radiation on long straights (LS), mid straights (MS)

and short straights (SS). As evaluated in [2, Ch. 2.11.7], the IBMs from Fig. 4.14

(continuous) are below the target values (dotted), and the Diamond-II performance

specifications are therefore satisfied.

4.6 Conclusion

In this chapter, the generalised modal decomposition was proposed for the control

of two-array CD systems. The generalised modal decomposition is based on the

GSVD that simultaneously factors the ORMs Rs ∈ Rny×ns and Rf ∈ Rny×nf of each

actuator array. In generalised modal space, the two-array system is decoupled into

a set of TISO systems and a set of SISO systems.

Analogous to the single-array controller, the two-array controller was designed

in generalised modal space using the IMC structure. For systems with nf < ns,
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an input compensator was added to the IMC structure to account for the non-

normal transformation into generalised modal space and remove the performance

difference between original and generalised modal space. It was shown that the

generalised modal decomposition is closely related to the modal decomposition

of a hypothetical system with R = [Rs Rf], and therefore allows ill-conditioned

systems to be treated with regularisation techniques that proved to be efficient for

single-array systems. Analogous to the single-array case, the IMC structure was

augmented with an output compensator that damps the control action in direction

of the small-magnitude singular values of R.

In view of the Diamond-II upgrade that will introduce a two-array system, the

proposed algorithm was simulated on preliminary Diamond-II data and also imple-

mented and tested on the existing Diamond storage ring. For the implementation,

to mimic the Diamond-II situation, the correctors were divided into a slow and a

fast array that were controlling a subset of the BPMs, and the controller dynamics

were designed using mid-ranging control. The two-array controller was compared

against a single-array controller, and the results showed that the single-array and

the two-array controllers perform similarly well. For the two-array controller, the

slow array covered the low frequencies, while the fast array attenuated higher

frequencies as intended for the Diamond-II upgrade.

Even though the real-world results proved the feasibility and applicability of

the proposed control algorithm, several research questions remain. It was shown

that due to the output compensator, certain disturbance directions are amplified at

frequencies at which the control action is transferred from one actuator array to the

other. This amplification does not occur without output compensator, and future

research could focus on modifying the output compensator to avoid disturbance

amplification in this particular frequency range.

For designing the controller dynamics, a mid-ranging approach was used. As

desired for the Diamond-II upgrade, the mid-ranging approach yields integrating

behaviour for the slow actuator array, while the fast actuator array does not

contribute to the steady-state control action. However, the mid-ranging approach
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requires inverting the actuator dynamics gs(s) and gf(s), but for Diamond-II the

dynamics of the fast actuator array may be such that gf(0) = 0. This means that

using a mid-ranging approach would result in undesirable integrating behaviour

for the fast actuator array. To avoid this problem, one solution would be to invert

only parts of gf(s) and quantify the resulting performance loss. Alternatively, one

could combine the generalised modal decomposition with a H2 or H∞ controller

design [130, Ch. 9.3], which would benefit from the sparsity of the system in

generalised modal space.

The performance of the algorithms was compared using amplitude spectral

density and integrated beam motion figures. While these figures are sufficient to

evaluate the performance of a single algorithm, they only allow a partial comparison

of different algorithms as the output is subjected to different disturbances when

testing the algorithms in practice. As an alternative to these figures, the algorithms

could be compared using the output sensitivity, which, in theory, is independent of

the actual disturbance affecting the output during experiments. However, the input-

output signals that are obtained from the experiments are closed-loop measurements

and therefore noise-correlated, which prohibits from applying techniques from

system identification to estimate the output sensitivity [154]. Future research

could focus on introducing a beam position reference signal with the aim of

identifying the complementary sensitivity. The reference signal would need to

cover the whole frequency range during which the control action is significant, as

well as the high-dimensional spatial output space. In addition, reference directions

that are aligned with higher-order modes would need to be treated differently

for ill-conditioned systems.



Appendix

4.A Standard Feedback Controller

By inspecting Fig. 4.1, the transfer function from −y(s) to u(s), i.e. the standard

feedback controller C ∶ Cny ↦ Cns+nf , is obtained for Υ = [I I]T as

C(s) = (I −Q(s)P (s))91
Q(s)Γ = Q(s)(I − P (s)Q(s))91Γ,

where the push-through rule [130, Ch. 3.2] has been used. From the closed-loop

dynamics (4.18), the term (I −Q(s)P (s))91 is

(I − P (s)Q(s))91 =X[I 1
Ss∩f(s) 0

0 I 1
Ss/f(s)]X91,

so that using Q(s) (4.14), the standard feedback controller C(s) is obtained as

C(s) = [Qs(s)
Qf(s)]X[I 1

Ss∩f(s) 0
0 I 1

Ss/f(s)]X91,

= [Us 0
0 Uf

]
⎡⎢⎢⎢⎢⎢⎣
Σ91

s qs(s) 0
0 Iqs(s)

Σ91
f qs(s) 0

⎤⎥⎥⎥⎥⎥⎦[
I 1
Ss∩f(s) 0

0 I 1
Ss/f(s)]X91,

= [Us 0
0 Uf

]
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1−Ss/f(s)
gs(s)Ss∩f(s)Σ91

s 0

0 1−Ss/f(s)
gs(s)Ss/f(s)I

Ss/f(s)−Ss∩f(s)
gf(s)Ss∩f(s) Σ91

f 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
X91Γ.

The open-loop transfer function L(s) = P (s)C(s) is therefore

L(s) =X[Σsgs(s) 0 Σfgf(s)
0 Igs(s) 0 ][Us 0

0 Uf
]T

C(s)
=X⎡⎢⎢⎢⎢⎣

I 1−Ss∩f(s)
Ss∩f(s) 0

0 1−Ss/f(s)
Ss/f(s)

⎤⎥⎥⎥⎥⎦X
91Γ.
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us,t −KsΓ qs(z91) qf(z91) −KfΓ uf,t

+−Γ91R̄sḡ(z91) −Γ91R̄f ḡ(z91)
yt

Figure 4.B.1: Rearranged diagram for the implementation of the two-array controller.

4.B Implementation

For the implementation of the two-array controller, the IMC structure from Fig. 4.1

is mapped to discrete time and rearranged into Fig. 4.B.1, where Ks ∶= R̄†
s ∈ Rns×ny ,

Kf ∶= R̄†
f Υf ∈ Rnf×ny and ḡ(z91) is the zero-order hold discretisation of (1.2). At

time tTs, Ts = 100 µs, the control inputs us,t and uf,t are computed from

us,t = −qs(z91)KsΓ91∆yt, uf,t = −qf(z91)KfΓ91∆yt, (4.66)

where qs(z91) and qf(z91) are the zero-order hold discretisations of (4.57) and (4.58),

respectively, and ∆yt ∶= yt − ȳs,t − ȳf,t with yt ∈ Rny being the BPM measurements.

The signals ȳs,t+1 and ȳf,t+1 are computed as

ȳs,t+1 = −Γ91R̄sgs(z91)us,t, ȳf,t+1 = −Γ91R̄fgf(z91)uf,t. (4.67)

At time (t + 1)Ts, the signals ȳs,t+1 and ȳf,t+1 are used to compute ∆yt+1. The

computational complexity of the control system is dominated by the matrix-vector

multiplications, which require 18 432 floating-point operations for matrices of size

ns×ny and 12 288 for matrices of size ns×ny (ny = ns = 96 and nf = 64). Neglecting the

filter computations, which require roughly 2000 floating-point operations, computing

the control inputs using (4.66)-(4.67) requires 61 440 floating-point operations per

plane for ny = ns = 96 and nf = 64 (0.6 GFLOPS for fs = 10 kHz).



5
The Higher-Order GSVD for

Rank-Deficient Matrices

At some point between the conceptual design phase and the technical design phase

of Diamond-II, it was suggested that the FOFB could be fitted with three different

types of corrector magnets, so that the system dynamics would have been given

by a three-array cross-directional system:

y(s) = Rsgs(s)us(s) +Rf,1gf,1(s)uf,1(s) +Rf,2gf,2(s)uf,2(s) + d(s). (5.1)

Analogous to the single-array and two-array case from Chapter 4, decoupling the

dynamics (5.1) into sets of SISO, TISO, and three-input single-output systems would

simplify the controller design in many ways and allow concepts from single-array

and two-array control to be reused.

The higher-order GSVD (HO-GSVD) [119] is an extension of the GSVD to N ≥ 2

matrices. Given N matrices A1, . . . ,AN , the HO-GSVD decomposes each Ai as

Ai = UiΣiV
T, i = 1, . . . ,N, (5.2)

where Ui ∈ Rmi×n, Σi ∈ Rn×n and V ∈ Rn×n with det(V ) ≠ 0 being shared among all

factorisations. The matrix V is obtained from the eigensystem SπV = V Σ, where
This chapter is based on [85] I. Kempf, P. J. Goulart, and S. R. Duncan, “A higher-order

generalized singular value decomposition for rank deficient matrices,” SIAM J. Matrix Anal. Appl.,
2023, to appear.
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Σ ∶= diag(ς1, . . . , ςn) and Sπ is the arithmetic mean of all pairwise quotients Di,πD91
j,π,

Sπ ∶= 1
N(N − 1)

N∑
i=1

N∑
j=i+1

(Di,πD
91
j,π +Dj,πD

91
i,π), (5.3)

with Di,π defined as

Di,π ∶= AT
i Ai + πATA, π ≥ 0, (5.4)

where A ∶= [AT
1 , . . . ,A

T
N]T. The case π = 0 corresponds to the standard HO-

GSVD framework [119].

One shortcoming of the original HO-GSVD framework [119] is that the arithmetic

mean (5.3) is only well defined for matrices Ai that have full column rank. If

rank(Ai) < n or mi < n for some i, then the inverse (AT
i Ai)91 does not exist and so

S0 in (5.3) is not well defined. In addition, computing (5.3) may be inaccurate when

one or more of the Ai have small singular values. Under the assumption that A has

full column rank, introducing the term πATA with π > 0 will allow the HO-GSVD

to accommodate rank-deficient matrices Ai, such as it would be the case for the

(transposed) response matrices of the three-array cross-directional system (5.1).

Using the factorisation (5.2), the matrices Ai can be rewritten as

Ai = ∑
k∈IN

σi,kui,kv
T
k

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
common

+ ∑
k∈I1

σi,kui,kv
T
k

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
isolated

+ ∑
k∈I⊥

σi,kui,kv
T
k , (5.5)

where IN ∪ I1 ∪ I⊥ = {1, . . . , n} and IN , I1 and I⊥ are mutually disjoint. The

columns ui,k of the matrices Ui are referred to as left basis vectors, and the diagonal

matrices Σi contain the generalised singular values σi,k. The right basis vectors vk
are shared across all Ai. It can be shown that the GSVD is a special case of the

HO-GSVD with N = 2 and that the standard SVD of Aj can be obtained from

setting Ai = I for i ≠ j and N ≥ 2 [119]. For the case π = 0, it was shown in [119]

that the subspace associated with the unit eigenvalues of Sπ forms the common

HO-GSVD subspace (see Section 5.2 and Def. 5.8), which is preserved for π > 0.

This subspace is spanned by the right basis vectors vk, k ∈ IN , for which σi,k = σj,k,
and the associated left generalised singular vectors ui,k are orthogonal to ui,j, j ≠ k.
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The HO-GSVD is a technique that is of particular use in multimodal data

fusion [93], which aims to identify common features across multiple data sets that

describe related phenomena. Many tensor or multi-matrix decompositions are

obtained from extending single-matrix factorisations to multiple matrices, such

as the parallel factor analysis (PARAFAC [59] or PARAFAC2 [60]), multilinear

SVDs [34], multilinear principal component analysis [97], or the higher-order

eigenvalue decomposition [7]. The different extensions preserve some but not all of

the single-matrix factorisation properties [118], such as exactness, orthogonality, or

rank conditions of the factor matrices. Some tensor decompositions require that the

matrices Ai share the same dimensions, e.g., a third-order tensor A = A1×A2×. . .AN
requires that all matrices Ai have dimensions m × n, which imposes constraints on

the data acquisition. In contrast, the HO-GSVD is an exact matrix factorisation

so that Ai = UiΣiV T for i = 1, . . . ,N , and it can accommodate Ai ∈ Rmi×n with

different row dimensions mi, although no constraints, such as orthogonality, can

be imposed on the factor matrices.

Provided that the matrix A of stacked Ai has full rank, introducing the term

πATA in (5.4) with parameter π > 0 has the effect of shifting the eigenvalues of

each Di,π, so that the terms Di,π are guaranteed to be invertible and the HO-

GSVD can be computed for Ai with arbitrary rank. When all Ai have full column

rank, it is shown that Sπ with π > 0 and S0 both capture the common subspaces

of A1, . . . ,AN . The notion of an isolated HO-GSVD subspace is introduced that

accounts for the fact that a rank deficient Ai can have a non-empty (right) nullspace.

The isolated HO-GSVD subspace is spanned by the right basis vectors vk, k ∈ I1,

for which σi,k > 0 and σj,k = 0, j ≠ i. The associated left basis vectors ui,k are

orthogonal to ui,l, l ≠ k, i = 1, . . . ,N .

The GSVD is closely related to the (thin) cosine-sine decomposition (CSD) [55,

Ch. 2.5.4]. In essence, the CSD states that the SVDs of Q1 ∈ Rm1×n and Q2 ∈ Rm2×n
satisfying QT

1Q1 + QT
2Q2 = I share the same matrix of standard right singular

vectors [156]. The GSVD can be obtained from applying a CSD to the matrices Q1
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and Q2 that are obtained from the thin QR factorisation of the stacked matrices

[AT
1 , A

T
2 ]T = QR, where Q is conformably partitioned such that Ai = QiR.

Analogous to the GSVD and the CSD, the HO-GSVD is closely related to

the higher-order CSD (HO-CSD) [157]. The HO-GSVD of N matrices Ai can

be obtained from the HO-CSD of Q1, . . . ,QN that are obtained from the thin

QR factorisation of the stacked matrices [AT
1 , . . . , A

T
N]T. As in the case of the

HO-GSVD, the computation of the HO-CSD proposed in [157] is limited to the

case that all Qi have full rank. In this chapter, it is also proposed to compute

the HO-CSD in a different way, which allows for the factorisation of rank-deficient

Qi satisfying QT
1Q1 + ⋅ ⋅ ⋅ + QT

NQN = I.

This chapter is organised as follows. Section 5.1 presents the HO-CSD and the

HO-GSVD, which are applicable to rank-deficient matrices. In Section 5.2, the notion

of common HO-CSD and HO-GSVD subspaces is extended to rank-deficient matrices.

The effect of the parameter π is investigated in Section 5.3, followed by relating

the rank-deficient HO-GSVD to existing methods in Section 5.4. In Section 5.5, an

algorithm for computing the HO-GSVD and the isolated subspace is proposed. The

chapter is concluded with two example applications of the HO-GSVD in Section 5.6.

5.1 Main Results

Given N matrices Ai ∈ Rmi×n, let A denote the matrix of stacked Ai and QR =
A its thin QR factorisation,

A =
⎡⎢⎢⎢⎢⎢⎣
A1⋮
AN

⎤⎥⎥⎥⎥⎥⎦ = QR =
⎡⎢⎢⎢⎢⎢⎣
Q1⋮
QN

⎤⎥⎥⎥⎥⎥⎦R, Qi ∈ Rmi×n, R ∈ Rn×n, (5.6)

where it holds that

QTQ = N∑
i=1
QT
i Qi = I, ∥Qi∥2 ≤ 1 ∀i = 1, . . . ,N. (5.7)

The matrices Ai = QiR can individually have arbitrary rank, but throughout

the chapter it is assumed that

rank(A) = rank
⎛⎜⎝
A1⋮
AN

⎞⎟⎠ = n, (5.8)
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so that det(R) ≠ 0 and M ∶= ∑n
i=1mi ≥ n. If (5.8) does not hold, the matrix A can

be padded using an additional matrix AN+1 (see Remark 5.16). The quotient terms

Di,π (5.9) of the arithmetic mean Sπ (5.3) can be rewritten as

Di,π = AT
i Ai + πATA = RT(QT

i Qi + πI)R, (5.9)

with parameter π > 0. Since AT
i Ai ⪰ 0 and πATA ≻ 0, the terms Di,π are guaranteed

to be invertible.

Most of the following developments are based on the HO-CSD. Define Tπ as

Tπ ∶= 1
N

N∑
i=1

(QT
i Qi + πI)91

, (5.10)

where it is assumed that (5.7) holds. The eigensystem of Tπ leads to the HO-CSD

of the matrices Qi. It can be shown (Appendix 5.A) that Sπ and Tπ are related by:

R9TSπR
T = 1

N − 1((1 + πN)Tπ − I). (5.11)

Theorem 5.1. Let Tπ be defined by (5.10) and suppose that (5.7) holds. There

exists an orthogonal Z ∈ Rn×n such that

ZTTπZ = diag(τ1, . . . , τn), (5.12)

where the columns of Z are eigenvectors of Tπ and the eigenvalues τi of Tπ satisfy

τi ∈ [τmin, τmax] ∶= [(N 91 + π)91
,
N − 1
N

π91 + 1
N

(1 + π)91].
For the proof of Theorem 5.1, the following lemma is used.

Lemma 5.2. Let P = PT ∈ Rn×n with 0 ⪯ P ⪯ I. For all t ∈ Rn with ∥t∥2 = 1 and

π ≥ 0, it holds that tT(π(1 + π)(πI + P )91)t ≤ tT((1 + π)I − P )t. Moreover, equality

holds iff P has p ≥ 1 eigenvalues λ1, . . . , λp ∈ {0,1} associated with eigenvectors

v1, . . . , vp, and t ∈ span(v1, . . . , vp).

Proof. The inequality tT(π(1 + π)(πI + P )91)t ≤ tT((1 + π)I − P )t holds iff

(1 + π)I − P − π(1 + π)(πI + P )91 ⪰ 0. (5.13)
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Set P = V ΛV T with Λ = diag(λ1, . . . , λn), λi ∈ [0,1], so that (5.13) amounts to

fi(λi) ∶= 1 + π − λi − π(1 + π)
π + λi ≥ 0, i = 1, . . . , n.

Since f ′′i (λi) = −2π(1 + π)/(π + λi)3 < 0 for λi ∈ [0, 1], the function fi(λi) is concave

on λi ∈ [0,1] and hence fi(λi) ≥ min{fi(0), fi(1)} = min{0,0} = 0 ∀i = 1, . . . , n.

Equality therefore holds iff λi ∈ {0,1}.

For the second part of the claim, set t = V a with ∥a∥2 = 1, and pre- and

post-multiply (5.13) with tT and t, respectively, to obtain

n∑
i=1
fi(λi)a2

i ≥ 0. (5.14)

Suppose that t ∈ span(v1, . . . , vp), then ∑n
i=1 fi(λi)a2

i = ∑p
i=1 fi(λi)a2

i = 0. For the

converse, suppose that t /∈ span(v1, . . . , vp) and that equality holds in (5.14). Then

there exists j ∈ {p+1, . . . , n} with a2
j > 0 and fj(λj) > 0, which is a contradiction.

Proof of Theorem 5.1. The existence of a matrix Z ∈ Rn×n, ZTZ = I, that diagonal-

izes Tπ is a consequence of the symmetry in (5.10). For the lower bound, substitute

u = (QT
i Qi + πI) 1

2 t and v = (QT
i Qi + πI)9 1

2 t with ∥t∥2 = 1 in the Cauchy-Schwarz

inequality (uTv)2 ≤ ∥u∥2
2∥v∥2

2 to obtain

tT(QT
i Qi + πI)91

t ≥ (tT(QT
i Qi + πI)t)91

. (5.15)

Using (5.15) and the harmonic-mean arithmetic-mean (HM-AM) inequality [57,

Thm. 16], a lower bound on tTTπt can be established as

tTTπt = 1
N

N∑
i=1
tT(QT

i Qi + πI)91
t ≥ 1

N

N∑
i=1

1
tT(QT

i Qi + πI)t (5.16a)

≥ N

πN +∑N
i=1 t

T(QT
i Qi)t = τmin. (5.16b)

For the upper bound, apply Lemma 5.2 with P = QT
i Qi to each summand of Tπ:

tTTπt ≤ 1
N

N∑
i=1
tT( 1

π
I − 1

π(1 + π)QT
i Qi)t = 1

π
− 1
Nπ(1 + π) = τmax. (5.17)
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Theorem 5.3. Let Sπ be defined by (5.3) and suppose that (5.8) holds. There exists

an invertible V ∈ Rn×n such that

V 91SπV = diag(ς1, . . . , ςn), (5.18)

where the columns of V are eigenvectors of Sπ and the eigenvalues ςi satisfy

ςi ∈ [ςmin, ςmax] ∶= [1, 1 + 1
πN(1 + π)].

Proof. Pre- and post-multiplying (5.11) with ZT and Z from Theorem 5.1 yields

ZTR9TSπR
TZ = 1

N − 1
((1 + πN)ZTTπZ − I).

Since ZTTπZ = diag(τ1, . . . , τn), the matrix ZTR9TSπRTZ is diagonal. Set V ∶=
RTZ, which is invertible because det(R) ≠ 0 and ZTZ = I, then the columns of V

are eigenvectors of Sπ associated with eigenvalues ςi = ((1+πN)τi −1)/(N −1). The

bounds on ςi are obtained from the bounds on τi.

The significance of Theorems 5.1 and 5.3 is that the diagonalizable matrices Tπ
and Sπ have eigenvalues that are both bounded away from zero and contained in

finite intervals, in contrast to the original formulation [119] that requires a full rank

condition and corresponds to π = 0. More precisely, the range of eigenvalues of Sπ
is contracted from [1,∞) for the original formulation to [1,1 + 1/(πN(1 + π))] in

the rank-deficient case, which bounds the spectral condition number as κ(Sπ) ∶=
∥Sπ∥2∥S91

π ∥2 ≤ 1 + 1/(πN(1 + π)).
Before examining the eigenvalues of Sπ and Tπ further, the version of the HO-CSD

and HO-GSVD for rank-deficient matrices is stated. The HO-CSD and HO-GSVD

have already been described in [157] and [119], respectively, but the modified Di,π

from (5.9) allows one to omit the requirements that Ai and Qi be full rank.

Definition 5.4 (HO-CSD). Given Q1, . . . , QN satisfying (5.7) and N ≥ 2, the

HO-CSD of Qi ∈ Rmi×n is given by Qi = UiΣiZT, i = 1, . . . ,N , with Z defined as

in (5.12). The matrices Σi ∈ Rn×n with Σi = diag(σi,1, . . . , σi,n) ⪰ 0 are obtained

from

Bi ∶= QiZ, Bi = [bi,1, . . . , bi,n], σi,k = ∥bi,k∥2,
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and Ui ∈ Rmi×n with Ui = [ui,1, . . . , ui,n] from

ui,k = ⎧⎪⎪⎨⎪⎪⎩
bi,k/σi,k if σi,k > 0
u ∈ Rmi with ∥u∥2 = 1 if σi,k = 0.

The left basis vectors ui,k have unit 2-norm and are, under certain circumstances,

mutually orthogonal, in which case they coincide with certain left generalised singular

vectors of all pair-wise standard GSVD factorisations (see Section 5.2). Because Qi

with rank(Qi) < n are allowed, it is possible that Qizk = 0 for some eigenvector zk

of Tπ, consequently making the corresponding generalised singular value σi,k = 0. In

these cases, the column ui,k can be chosen freely or the corresponding row of Σi

can be dropped. Alternatively, they can be chosen to be orthogonal to all other

columns, such as stated in the following lemma.

Lemma 5.5. Suppose that ri ∶= rank(Qi) < min(mi, n), and let the generalized

singular values be ordered such that σi,k = 0 for k ≤K, and σi,j > 0 for j >K. There

exist mi − ri ≤K mutually orthogonal vectors ui,1, . . . , ui,(mi−ri) such that uT
i,kui,j = 0

∀k ≤mi − ri, j >K.

Proof. Note that span(ui,K+1, . . . , ui,n) = range(Qi). Since ri < min(mi, n), there

exist mi − ri vectors ui,1, . . . , ui,(mi−ri) satisfying span(ui,1, . . . , ui,(mi−ri)) = ker(QT
i )

and uT
i,kui,j = 0 ∀k ≤ mi − ri, j > K, e.g. the last mi − ri columns of the matrix of

standard left singular vectors of Qi.

Definition 5.6 (HO-GSVD). Given A1, . . . ,AN satisfying (5.8) and N ≥ 2, the

HO-GSVD of Ai ∈ Rmi×n is given by Ai = UiΣiV T, with V defined as in (5.18). The

matrices Σi ∈ Rn×n with Σi = diag(σi,1, . . . , σi,n) ⪰ 0 are obtained from

Bi ∶= AiV 9T, Bi = [bi,1, . . . , bi,n], σi,k = ∥bi,k∥2,

and Ui ∈ Rmi×n with Ui = [ui,1, . . . , ui,n] from

ui,k = ⎧⎪⎪⎨⎪⎪⎩
bi,k/σi,k if σi,k > 0
u ∈ Rmi with ∥u∥2 = 1 if σi,k = 0.
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According to Theorem 5.3, Definitions 5.4 and 5.6 are equivalent in the sense

that the HO-GSVD can be obtained from setting V = RTZ:

Bi = AiV 9T = QiRR
91Z = QiZ, (5.19)

where the rightmost term corresponds to Bi as found in Def. 5.4. The matrix

of left basis vectors Ui and the generalised singular values therefore depend only

on the column space Q. However, when the HO-GSVD and the HO-CSD are

computed separately, and Tπ and Sπ have eigenvalues with geometric multiplicity

greater than 1, it is possible that V ≠ RTZ.

Remark 5.7. For rank-deficient Ai, the reader may wonder why the standard formu-

lation of Sπ and Tπ with π = 0 are not adapted by substituting the pseudoinverse for

the inverse in (5.3) and (5.10). The reason is that, in general, A†
i = (QiR)† ≠ R†Q†

i

and using the pseudoinverse, the relationship (5.11) does not hold. However,

relationship (5.11) is fundamental in determining the minimum and maximum

eigenvalue of Sπ that will play an important role in subsequent sections, which is

why pseudoinverses are not considered further.

5.2 Common and Isolated Subspaces

The HO-CSD and HO-GSVD identify directions, corresponding to columns of Z

and V , that, in the sense of (5.5), contribute equally to the factorisations of Qi

and Ai, respectively. The directions are the right basis vectors vi,k associated with

generalised singular values that are identical for each Qi and Ai, i.e. σi,k = σj,k.
These vectors form subspaces [119], [157], which are referred to as the common

HO-CSD and HO-GSVD subspaces, and are defined in the following:

Definition 5.8. The common HO-CSD subspace is defined as

TN{Q1, . . . ,QN} ∶= {z ∈ Rn ∣ Tπz = τminz},
and the common HO-GSVD subspace is defined as

SN{A1, . . . ,AN} ∶= {v ∈ Rn ∣ Sπv = ςminv},
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where τmin and ςmin are the lower bounds on the range of eigenvalues defined in

Theorems 5.1 and 5.3, and N ≥ 2.

Note that for a given set of matrices A1, . . . ,AN , the subspaces TN{Q1, . . . ,QN}
and SN{A1, . . . ,AN} might be empty. By Theorem 5.3, the HO-GSVD and HO-

CSD subspaces are related by

SN{A1, . . . ,AN} = {RTz ∈ Rn ∣ z ∈ TN{Q1, . . . ,QN}}, (5.20)

so that v ∈ SN{A1, . . . ,AN} iff z = R9Tv ∈ TN{Q1, . . . ,QN}. The definition of the

common subspace is complemented in the following theorem.

Theorem 5.9. The following statements are equivalent:

5.9a TN{Q1, . . . ,QN} ≠ ∅.

5.9b There exists ẑ ∈ Rn that is a standard right singular vector for each Qi and

associated with a standard singular value σ̂ = 1/√N for each Qi.

5.9c For each Qi, there is a left basis vector ui,k satisfying uT
i,kui,p = 0 ∀p ≠ k and

the corresponding generalised singular values is σi,k = 1/√N for each Qi.

Proof. The biconditional relationship 5.9a ⇔ 5.9b is a consequence of Theorem 5.1.

Equality holds in (5.15) iff t is an eigenvector of QT
i Qi [57, Thm. 7] or consequently

in (5.16a) iff t is an eigenvector of each QT
i Qi for i = 1, . . . ,N . Equality holds

in (5.16b) iff tT(QT
i Qi + πI)t = tT(QT

j Qj + πI)t for i, j = 1, . . . ,N . It follows that

Tπt = τmint iff t is a standard right singular vector for each Qi and from (5.7)

that 1 = Nσ̂2, where σ̂ = 1/√N is the corresponding standard singular value. To

show 5.9b ⇒ 5.9c, let ûi,k be the corresponding standard left singular vector, then

Qizk = σ̂ûi,k and from the HO-CSD, Qizk = σi,kui,k, so the generalised singular

values satisfy σi,k = σ̂ since ∥ûi,k∥2 = ∥ui,k∥2 = 1. To show that uT
i,kui,p = 0 ∀p ≠ k,

consider the following equations for σi,p ≠ 0:

uT
i,kui,p = bT

i,kbi,p

σi,kσi,p
= zT

kQ
T
i Qizp

σi,kσi,p
= σi,k
σi,p

zT
k zp = 0,
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where bi,k denotes column k of the matrix Bi from Def. 5.4.

To show 5.9c ⇒ 5.9b, suppose that 5.9c holds and let zk be the corresponding

right generalised singular vector. Then, QT
i Qizk = ZΣiUiUT

i ΣiZzk = σ2
i,kzk since

uT
i,kui,p = 0 ∀p ≠ k, hence zk is a shared standard right singular vector associated

with a standard singular value σi,k.

Note that statement 5.9c implies that the corresponding left basis vector ui,k is

an eigenvector for QiQT
i for each i and therefore also a standard left singular

vector for each Qi.

The common HO-GSVD and HO-CSD subspaces are related by (5.20), and

Theorem 5.9 can be adapted for the common HO-GSVD subspace as follows.

Corollary 5.10. The following statements are equivalent:

5.10a SN{A1, . . . ,AN} ≠ ∅.

5.10b For each Ai, there is a left basis vector ui,k satisfying uT
i,kui,p = 0 ∀p ≠ k and

the corresponding generalised singular value is σi,k = 1/√N for each Ai.

5.10c There exists v ∈ Rn that is an eigenvector for each pairwise quotient Di,πD91
j,π

associated with an eigenvalue λi,j = 1.

Proof. The biconditional relationship 5.10a⇔ 5.10b immediately follows from (5.20)

and Theorem 5.9. To show 5.10b ⇒ 5.10c, substitute the HO-GSVD in (5.4) to

obtain

Di,π = V ΣiU
T
i UiΣi´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶Wi

V T + πATA = V (Wi + π N∑
p=1
Wp)V T, (5.21)

so that Di,πD91
j,π = V (Wi+π∑N

p=1Wp)(Wj + π∑N
p=1Wp)91

V 91. Because of 5.10b, each

Wi has the block-diagonal form Wi = diag(Wi, σ2
i,k + π∑N

p=1 σ
2
p,k, Wi), where the

scalar entry is on the kth row of Wi and Wi and Wi are principal submatrices of
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Wi. Again from 5.10b, σi,k = σj,k, so that Di,πD91
j,πv = v. To complete the proof, it

is shown that 5.10c ⇒ 5.10a by right-multiplying Sπ from (5.3) with v from 5.10c:

Sπv = 1
N(N − 1)

N∑
i=1

N∑
j=i+1

(λi,jv + λj,iv) = 2
N(N − 1)

N∑
i=1

N∑
j=i+1

v

= 2
N(N − 1)

N∑
i=1

(N − i)v = 2
N(N − 1)(N2 − N2 +N

2 )v = ςminv.

The “common features” of Ai in (5.5) can therefore be identified by the right

basis vectors associated with eigenvalues of Sπ that equal ςmin. In general, R9Tz is

not an eigenvector for AT
i Ai = RQT

i QiRT, so that statement 5.9b cannot be adapted

to the HO-GSVD subspace, and the corresponding right basis vectors associated

with the common subspace are not orthogonal in general. However, the right basis

vectors spanning SN{A1, . . . ,AN} are eigenvectors of all pairwise quotients Di,πD91
j,π,

which is exploited in [157] to compute the common HO-GSVD subspace using the

standard pairwise GSVD. In addition, one can reformulate Statement 5.10c to show

that there exists a vector ṽ = D91
j,πv = D91

i,πv, v ∈ SN{A1, . . . ,AN}, that solves the

higher-order generalised singular value problem AT
i Aiṽ = µAT

j Aj ṽ with µ = 1.

In contrast to the common subspace, the isolated part of (5.5) that is unique

to a single Ai is identified by the right basis vectors associated with eigenvalues

of Sπ (Tπ) that equal ςmax (τmax).

Definition 5.11. The isolated HO-CSD subspace is defined as

T1{Q1, . . . ,QN} ∶= {z ∈ Rn ∣ Tπz = τmaxz},
and the isolated HO-GSVD subspace is defined as

S1{A1, . . . ,AN} ∶= {v ∈ Rn ∣ Sπv = ςmaxv},
where τmax and ςmax are upper bounds on the range of eigenvalues defined in

Theorems 5.1 and 5.3, and N ≥ 2.

Theorem 5.12. The following statements are equivalent:



5. The Higher-Order GSVD for Rank-Deficient Matrices 129

5.12a T1{Q1, . . . ,QN} ≠ ∅.

5.12b There exists ẑ ∈ Rn that is a standard right singular vector for each Qi and

associated with a standard singular value σ̂j,k = 1 for one Qj and σ̂i,k = 0 for

all other Qi, i ≠ j.
5.12c There is a right basis vector z ∈ Rn associated with a generalized singular value

σj,k = 1 for some Qj, and σi,k = 0 for all other Qi, i ≠ j.
Proof. The biconditional relationship 5.12a ⇔ 5.12b is a consequence of the proof

of Theorem 5.1. According to Lemma 5.2, equality is attained in (5.17) iff for

each summand, t ∈ span(vi1, . . . , vip), where vik are eigenvectors of QT
i Qi associated

with eigenvalues that are equal to either 0 or 1. It remains to consider (5.7). The

relationship 5.12b ⇔ 5.12c follows from Definition 5.4 and (5.7).

Corollary 5.13. If σj,k = 1, then the corresponding left basis vector uj,k satisfies

uT
j,kuj,p = 0 ∀p ≠ k with σj,p ≠ 0. If rank(Qi) < min(mi, n), the left basis vectors ui,k

associated with σi,k = 0 can be chosen such that uT
i,kui,p = 0 ∀p ≠ k with σi,p ≠ 0.

Proof. According to Theorem 5.12, the right basis vector zk associated with σj,k = 1

is also a standard right singular vector of Qj, and the proof of uT
j,kuj,p = 0 ∀p ≠ k

with σj,p ≠ 0 follows the proof of Theorem 5.12. For rank(Qi) < min(mi, n), the left

basis vectors ui,k associated with σi,k = 0 can be chosen according to Lemma 5.5.

Note that for mi ≥ n, the left basis vectors ui,k associated with zero or non-zero

generalized singular values can always chosen to be orthogonal to the remaining

left basis vectors (Lemma 5.5).

By Theorem 5.3, the isolated HO-GSVD and HO-CSD subspaces are related by

S1{A1, . . . ,AN} = {RTz ∈ Rn ∣ z ∈ T1{Q1, . . . ,QN}}, (5.22)

and Theorem 5.12 is reformulated for the HO-GSVD as follows.

Corollary 5.14. The following statements are equivalent:

5.14a S1{A1, . . . ,AN} ≠ ∅.
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5.14b For each Ai, there is a left basis vector ui,k satisfying uT
i,kui,p = 0 ∀p ≠ k, and

the corresponding generalised singular value is σj,k = 1 for one Aj and σi,k = 0

for all other Ai, i ≠ j.
5.14c There exist v ∈ Rn and i ∈ {1, . . . ,N} such that v is an eigenvector for each

pairwise quotient Dp,πD91
j,π associated with eigenvalues λi,j = 1+π

π , λj,i = π
1+π

and λp,j = λj,p = 1 for j = {1, . . . ,N}, p = {1, . . . ,N} and j ≠ p ≠ i.
Proof. The proof follows the proof of Corollary 5.10. To show 5.14a ⇔ 5.14b,

use (5.22) and apply Theorem 5.12. To show 5.14b ⇒ 5.14c, use (5.21) while

considering Corollary 5.13. Finally, to show 5.14c ⇒ 5.14a, compute Sπv and

assume without loss of generality that i = 1:

Sπv = 1
N(N − 1)

N∑
j=2

(λ1,j + λj,1)v + 1
N(N − 1)

N∑
p=2

N∑
j=p+1

(λp,j + λj,p)v
= 1
N(N − 1)

N∑
j=2

(1 + π
π

+ π

1 + π)v + 1
N(N − 1)

N∑
p=2

N∑
j=p+1

2v

= 1
N

(1 + π
π

+ π

1 + π +N − 2)v = ςmaxv.

Note that Corollary 5.13 also applies to the left basis vectors associated with

the isolated subspace of the HO-GSVD.

Statements 5.9c and 5.12c of Theorems 5.9 and 5.12 show that, in certain cases,

the orthogonality of the left factor matrix, which always holds for the standard

SVD and GSVD, is preserved for higher-order datasets (see also Section 5.4). If

the generalised singular values σi,k, the left basis vectors ui,k and the right basis

vectors vk are grouped according to whether they are associated with the common

subspace (k ∈ IN), the isolated subspace (k ∈ I1) or neither of the subspaces

(k ∈ I⊥), Def. 5.6 can be refined as

Ai = [Ui,I1 Ui,I⊥ Ui,IN ]
⎡⎢⎢⎢⎢⎢⎣
Σi,I1

Σi,I⊥
I/√N

⎤⎥⎥⎥⎥⎥⎦
[VI1 VI⊥ VIN ]T

, (5.23)
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where Σi,I1 contains the generalised singular values associated with S1{A1, . . . ,AN}
and Σi,I⊥ ≻ 0. In the notation of (5.23) and for rank(Ai) < min(mi, n), the three

blocks of left basis vectors are mutually orthogonal, e.g. (Ui,IN )T
Ui,I1 = 0, which

follows from statements 5.10b and 5.14b of Corollaries 5.10 and 5.14. Note that

for the HO-GSVD, the right basis vectors are not orthogonal in general.

As can also be concluded from Theorems 5.9 and 5.12, the parameter π does not

alter the common and isolated subspaces, which shows that the standard HO-GSVD

formulation and the present one are equivalent.

Corollary 5.15. The common and isolated HO-GSVD and HO-CSD subspaces are

independent of the value of π.

Proof. For the HO-CSD, the claim follows from statements 5.9b and 5.12b of

Theorems 5.9 and 5.12, which are independent of the value of π. As a consequence

of (5.20) and (5.22), the claim is also true for the HO-GSVD.

Note that Corollary 5.15 ignores potential numerical inaccuracies, which are

treated in Section 5.5. Numerical inaccuracies can also cause rank deficiencies of

the stacked matrix A, and the following Remark 5.16 explains how the HO-GSVD

can be applied even when A does not satisfy (5.8).

Remark 5.16. Suppose that assumption (5.8) does not hold and that rank(A) =
r < n. Then, Sπ is undefined and (5.11) invalid. Let span(v1, . . . , vn−r) = ker(A) be

an orthogonal basis and set AN+1 ∶= [v1, . . . , vn−r]T. The HO-GSVD can be applied

to the augmented dataset A1, . . . ,AN+1, and at least n− r directions of the resulting

isolated HO-GSVD subspace are associated with ker(A).
5.3 The Parameter π

The eigenvectors of Tπ that are in the common or isolated HO-CSD subspaces are

not affected by the choice of π, but other (normalized) eigenvectors can be modified

as π varies. Here, the focus lies on the limits of these eigenvectors as π → 0 and
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π → ∞. Since from (5.10) it holds that limπ→∞ Sπ = I and limπ→∞ Tπ = 0, some

caution is required in determining the limits of the associated eigenvectors.

Semisimple eigenvalues are expected to be associated with the common or

isolated subspaces and therefore not considered further. To examine the remaining

eigenvectors associated with simple eigenvalues, the following result will be used

in both cases:

Theorem 5.17 ([95, Thm. 7 & 8, Ch. 9.3]). Let M(x) be a differentiable square

matrix-valued function of the real variable x. Suppose that M(0) has a simple

eigenvalue m0. Then for x small enough, M(x) has an eigenvalue m(x) that

depends differentiably on x with m(0) = m0 and an eigenvector h(x) of M(x)
pertaining to the eigenvalue m(x) can be chosen such that it depends differentiably

on x.

The case π → ∞:

Lemma 5.18 (Eigenvectors of Tπ for π →∞). Consider the matrix T̃∞,

T̃∞ ∶= 1
N

N∑
i=1

(QT
i Qi)2, (5.24)

and suppose that T̃∞ has a simple eigenvalue τ̃∞ associated with an eigenvector z̃∞.

Then, there exists an eigenvector z(π) of Tπ that depends differentiably on π and

converges to z̃∞ as π →∞.

Proof. Use the Neumann series (I −M)91 = ∑∞
k=0M

k with ∥M∥ < 1 [74, Ch. 1.4] to

expand each of the summands in (5.10) as (QT
i Qi + πI)91 = 1

π ∑∞
k=0(−1

π Q
T
i Qi)k, and

rewrite Tπ as

Tπ = 1
Nπ

N∑
i=1

∞∑
k=0

(−1
π
QT
i Qi)k = 1

π
I − 1

Nπ2 I + N∑
i=1

1
Nπ3 (QT

i Qi)2 +O( 1
π4),

where ∥ 1
πQ

T
i Qi∥ < 1 for π > 1. Set T̃ (π) = π3 (Tπ − Nπ−1

Nπ2 I), which depends

differentiably on π for π > 0 and has the same eigenvectors as Tπ. Neglecting
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higher-order terms O(1/π4), the limit limπ→∞ T̃ (π) = T̃∞ is obtained, where equality

holds element-wise. Finally, defining

M(x) = ⎧⎪⎪⎨⎪⎪⎩
T̃∞ x = 0,
T̃ (1/x), x > 0,

the proof follows from Theorem 5.17.

According to Lemma 5.18, the eigenvectors of Tπ associated with simple eigen-

values can be chosen such that they converge to those of T̃∞ for large π. Suppose

that some Qi has a “dominant” standard right singular vector v̄, in the sense

that v̄TQT
i Qiv̄ ≫ v̄TQT

j Qj v̄ for j ≠ i. In this case, T̃∞ can be rewritten as

T̃∞ = QT
i Qi/N +∆ with ∥∆∥2 ≪ ∥QT

i Qi/N∥2. According to standard perturbation

theory [55, Ch. 7.2.5], Tπ will have an eigenvector v = v̄ + δv with ∥δv∥2 ≪ 1.

By using the orthogonality property ∑N
i=1Q

T
i Qi = I, the matrix T̃∞ defined in

(5.24) can be rewritten as

T̃∞ = 1
N

N∑
i=1
QT
i Qi(I −∑

j≠iQ
T
j Qj)

= 1
N
I − 1

N

N−1∑
i=1

N∑
j=i+1

(QT
i QiQ

T
j Qj +QT

j QjQ
T
i Qi),

(5.25)

where the summands on the second line are referred to as symmetrised products

or Jordan products of QT
i Qi and QT

j Qj [95, Ch. 10]. The form (5.25) shows that

the eigenvectors of Tπ will also converge to those of a “dominant” symmetrised

product for large π.

The case π → 0: For any rank-deficient Qi and π = 0, the corresponding term

QT
i Qi + πI appearing in the definition of Tπ in (5.10) is singular. However, by

using the standard SVD QT
i Qi = Vi diag(σ2

i,1, . . . , σ
2
i,r, 0, . . . , 0)V T

i with r = rank(Qi),
one can show that

lim
π→0

π(QT
i Qi + πI)91 = Vi diag(0, . . . ,0´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

r times

, 1, . . . ,1´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
n−r times

)V T
i ,

where this limit is zero if Qi is instead full rank. The following lemma provides

useful information in the case where some of the Qi are rank-deficient.
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Lemma 5.19 (Eigenvectors of Tπ for π → 0). Suppose that some of the Qi are

rank-deficient. Consider

T̃0 ∶= 1
N

N∑
i=1
Q†
iQi, (5.26)

where Q†
i = limπ→0QT

i (πI +QiQT
i )91 is the Moore-Penrose pseudoinverse of Qi [55,

P5.5.2], and suppose that T̃0 has a simple eigenvalue τ̃0 associated with an eigenvector

z̃0. Then, there exists an eigenvector z(π) of Tπ that depends differentiably on π

and converges to z̃0 as π → 0.

Proof. Use the Woodbury matrix identity [55, Ch. 2.1.4] to rewrite πTπ for π > 0 as

πTπ = 1
N

N∑
i=1

(I −QT
i (πI +QiQ

T
i )91

Qi), (5.27)

with limπ→0 π (Tπ − 1
πI) = −T̃0 (element-wise), where T̃0 and π (Tπ − 1

πI) share the

same eigenspace [55, Ch.2]. Differentiability of the matrix πTπ with respect to π at

0 is easily shown by substitution of the standard SVD of each Qi into (5.27). The

proof then follows from Theorem 5.17.

Note that if all Qi have full column rank, then Q†
iQi = I and T̃0 has no simple

eigenvalues. The matrix Q†
iQi is the orthogonal projector onto range(QT

i ) and

Q†
iQi = I if Qi has full rank. It follows that if some Qj are rank deficient, then the

eigendecomposition of Tπ can be chosen such that it equals the eigendecomposition

of the sum of projectors onto range(QT
j ) (the orthogonal complement of ker(Qj)),

but if all Qi have full rank, then the eigenvectors of limπ→0 Tπ are those of T0,

i.e. (5.10) with π = 0.

The limits for Sπ can be obtained from pre- and post-multiplying T̃0 or T̃∞
with RT and R9T, respectively.

Apart from rotating the eigenvectors, the choice of π also affects the function

fπ ∶ Rn → R++,

fπ(v) = 1
N(N − 1)

N−1∑
i=1

N∑
j=1

(vT(AT
i Ai + πATA)v

vT(AT
j Aj + πATA)v + v

T(AT
j Aj + πATA)v

vT(AT
i Ai + πATA)v ), (5.28)
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where ∥v∥2 = 1 and fπ(v) ≥ 1. The function fπ(v) measures the arithmetic mean of

amplifications in a particular direction v and has been shown to be related to the

(HO-)GSVD [26], [73], [157]. For N = 2, π = 0 and full-rank A1 and A2, the gradient

is zero for vectors that lie in the common HO-GSVD subspace [157], which can

be extended to the isolated HO-GSVD subspace (Appendix 5.C). The parameter

π has the effect of flattening out fπ and, in particular, removing the singularities

of fπ(v) associated with the nullspace of Ai for π > 0 and rank(A) = n, since in

that case vT(AT
i Ai + πATA)v > 0 for v ≠ 0.

5.4 Comparison with Standard HO-GSVD, GSVD
and SVD

When one out of two matrices is the identity matrix, the GSVD reduces to the

standard SVD [155]. The same has been shown for the full-rank HO-GSVD [119].

When N − 1 matrices Ai are identity matrices, then the full-rank HO-GSVD reverts

to the standard SVD of Aj, j ≠ i. Here, this fact is demonstrated for the rank-

deficient HO-GSVD as given in Def. 5.6.

Theorem 5.20. Let A1 be an arbitrary matrix and A2 = ⋅ ⋅ ⋅ = AN = I with N ≥ 2.

The HO-GSVD of A1,A2, . . . ,AN with π > 0 yields the standard SVD of A1.

Proof. Substitute the standard SVD Û1Σ̂1V̂ T
1 = A1 and Aj = I, j = 2, . . . ,N , in (5.4),

so that

V̂ T
1 D1V̂1 = (1 + π)Σ̂T

1 Σ̂1 + π(N − 1)I, V̂ T
1 DjV̂1 = πΣ̂T

1 Σ̂1 + (1 + π(N − 1))I.
The summands Di,πD91

j,π + Dj,πD91
i,π in the definition of Sπ (5.3) are therefore

diagonalized by V̂1, and V = V̂1 is an orthogonal eigenbasis for Sπ. According to

Def. 5.6, the HO-GSVD A1 = U1Σ1V T is obtained from B1 = A1V 9T = A1V̄1 = Ū1Σ̄1,

so that U1 = Û1 and Σ1 = Σ̂1.

The HO-GSVD from Def. 5.6 can also be related to the GSVD. For the special

case that N = 2, A1 ∈ Rm1×n with m1 ≥ n and rank(A1) = n and an arbitrary
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A2 ∈ Rm2×n, it can be shown that the HO-GSVD yields Σi with ΣT
1 Σ1 + ΣT

2 Σ2 =
I and orthogonal U1 and U2.

Theorem 5.21. For N = 2 and π > 0, the HO-CSD from Def. 5.4 yields the

standard CSD and the HO-GSVD from Def. 5.6 yields the standard GSVD.

Proof. Since (QT
i Qi + πI )91 and QT

i Qi with i = 1, 2 and QT
1Q1 +QT

2Q2 = I share the

same eigenspace for any π ∈ R++ [55, Ch. 2], the eigenvectors zk for Tπ can be chosen

such that they are right singular vectors for Q1 and Q2. Let bi,k denote the columns

of Bi = QiZ, then for j ≠ k, bT
i,kbi,j = zT

kQ
T
i Qizj = σ̂2

i,jū
T
i,kûi,j = 0, where σ̂× and

û× denote standard singular values and left singular vectors, respectively. Hence,

from UiΣi = Bi, the columns of Ui are either zero or orthonormal. Substituting

Qi = UiΣiV T in QT
1Q1 + QT

2Q2 = I yields ZΣT
1 Σ1ZT + ZΣT

2 Σ2ZT = I, and from

ZTZ = I, follows ΣT
1 Σ1 + ΣT

2 Σ2 = I. The claim on the HO-GSVD follows from

Theorem 5.21 with V = RTZ.

Remark 5.22. Lemma 5.21 shows that for N = 2 the three matrices, Tπ, QT
1Q1 and

QT
2Q2, share the same eigenspace, but not every eigendecomposition of Tπ yields

eigenvectors that are parallel to those of QT
1Q1 and QT

2Q2. For example, suppose

that dim(ker(Qi)) = 1 and that qi ∈ ker(Qi), i = 1,2, are linearly independent.

From pre- and post-multiplying QT
1Q1 +QT

2Q2 = I with qT
1 and q2, it holds that

qT
1 q2 = 0. It follows that dim(T1) = 2, so that Tπ has a semisimple eigenvalue. When

the associated eigenvectors are computed using numerical software, these will not

necessarily be parallel to q1 and q2, and the HO-CSD will not necessarily yield

orthonormal matrices Ui.

The HO-GSVD from Def. 5.6 can also be compared with the full-rank HO-

GSVD [119]. For N = 2 and full-rank matrices Ai, both HO-GSVDs have been

shown to be equivalent to the GSVD. Both HO-GSVDs have also been shown to

yield the SVD of Aj when Ai = I for i ≠ j. For N > 2, however, the HO-GSVD from

Def. 5.6 and [119] will in general not yield identical factorisations Ai = UiΣiV T,

even when rank(Ai) = n. This can be seen by comparing the eigenspaces of Tπ
from (5.10) for varying π, where π = 0 corresponds to the standard HO-CSD [157].
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For N = 2, the eigenvectors of Tπ are independent of the value of π because its

eigenvectors are fixed by the orthogonality property QT
1Q1 +QT

2Q2 = I, while for

N > 2 this property is lost. From Theorem 5.3, it follows that the same holds

for the HO-GSVD. However, it can be shown that in case the matrices Ai and

Qi have full rank, then the common HO-CSD and HO-GSVD subspaces will be

the same for any value of π (Corollary 5.15) and N > 2. Moreover, it follows

from Theorem 5.17 that in the full-rank case, the eigenvectors of Tπ converge to

those of the standard HO-GSVD as π → 0.

5.5 Computing the HO-GSVD

The early literature on the standard GSVD (N = 2) identified numerical issues for

the case that A from (5.6) and therefore R are ill-conditioned [113], [133], [155].

This problem was resolved by basing the GSVD computation on the CSD, hereby

avoiding computing the inverse of R. To compute the full HO-GSVD (5.2), it is

proposed to use Algorithm 5.1, which is based on the HO-CSD. An experimental

Matlab implementation is provided in [82].

Algorithm 5.1 HO-GSVD Computation
Input: A1, . . . ,AN , π > 0
Output: Factorisations Ai = UiΣiV T, i = 1, . . . ,N

1: Obtain QiR = Ai for i = 1, . . . ,N from (5.6) O(2Mn2)
2: Form Tπ using (5.10) O(Mn2 +Nn3)
3: Obtain the eigenvectors z1, . . . , zn of Tπ O(n3)
4: Determine I1 and align zk, k ∈ I1 O(2Mn2 + n3)
5: for i = 1, . . . ,N and k = 1, . . . , n do
6: if σi,k = ∥Qizk∥2 > 0 then
7: Set ui,k = Qizk/σi,k
8: else
9: Apply Lemma 5.5

10: end if
11: end for O(Mn2)
12: Set V = RT[z1, . . . , zn] O(n3)

Given a dataset A1, . . . ,AN and a parameter π > 0, Algorithm 5.1 starts by

computing the thin QR factorisation (5.6), which enables the use of the HO-CSD
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Figure 5.1: Eigenvalues τmin and τmax of Tπ as a function of π for different N .

to avoid computing the inverse of a potentially ill-conditioned R. Next, the terms

(QT
i Qi + πI)91 are computed to obtain Tπ. Forming the products QT

i Qi may lead

to a loss of accuracy if Qi has small singular values, but the condition number

κ(QT
i Qi + πI) can be controlled by choosing π as follows. Let κmax > 1 and σ̂i,min

and σ̂i,max denote the minimum and maximum standard singular values of Qi,

respectively, then κ(QT
i Qi + πI) ≤ κmax ∀i = 1, . . . ,N , if π is chosen such that

π ≥ min
i∈{1,...,N}

σ̂i,max − κmaxσ̂i,min

κmax − 1 . (5.29)

After obtaining the eigenvectors of Tπ on line 3, the indices associated with

the isolated HO-CSD subspace, I1, are determined by

I1 ∶= {k ∈ {1, . . . , n} ∣ τmax − τk
τmax − τmin

≤ ε}, (5.30)

where τk is the corresponding eigenvalue of Tπ and the scalar ε ≥ 0 is introduced to

account for finite machine precision. Note the trade-off between (5.29) and (5.30):

For increasing π, the difference τmax − τmin rapidly decreases, such as shown in

Fig. 5.1. If the difference τmax − τmin is too small, numerical inaccuracies can lead

to a wrong selection of directions associated with the isolated HO-CSD subspace.

The same problem arises when determining the common HO-CSD subspace.

If dim(T1{Q1, . . . ,QN}) ≥ 1, Tπ has an eigenvalue that is equal to τmax with

geometric multiplicity greater than 1. In this case, the corresponding eigenvectors

of Tπ must be aligned with the shared standard right singular vectors of Q1, . . . ,QN .

Otherwise, it is not guaranteed that the corresponding generalised singular values
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are either 0 or 1. Section 5.5.1 summarises how this can be accomplished by

computing a sequence of standard SVDs.

Finally, the matrices Σi and Ui are computed in the loop starting on line 5.

If σi,k = 0, the algorithm substitutes one of the basis vectors spanning ker(AT).
Note that if rank(Qi) = ri < n, then n − ri generalised singular values are zero and

dim(ker(AT)) = n − ri. On line 12, the shared matrix of right basis vectors V is

obtained without the need for computing the inverse of R.

An upper bound on the algorithm complexity is given by summing the shaded

numbers on the right-hand side of Algorithm 5.1. The algorithm mainly uses

standard routines, such as the QR decomposition or the eigendecomposition,

which require roughly O(Mn2) floating-point operations. However, forming the

matrix Tπ requires N matrix inversions of size n × n or O(Nn3) floating-point

operations. The accumulation of the N inverses can also lead to a non-trivial loss

of accuracy. If the full factorisation (5.2) is not required but only the common or

isolated subspace, alternative algorithms exist that compute the common HO-CSD

subspace from intersecting the pairwise common HO-GSVD subspaces of Qi and

Qi+1 for i = 1, . . .N − 1 [118], [157]. The pairwise subproblems can be solved by the

standard GSVD, which exists as a built-in function in most scientific computing

packages, and specialized algorithms exist for large-scale problems [125]. According

to Theorem 5.21, the common subspace algorithm from [157] can also be adapted

for the isolated HO-CSD subspace.

5.5.1 Computing the Isolated Subspace

It follows from Def. 5.11 and Theorem 5.12 that if

dim(T1{Q1, . . . ,QN}) =∶ niso,

then Tπ has niso eigenvalues equal to τmax and each of the corresponding eigenvectors

can be chosen such that it is a standard right singular vector for each Qi. However,

when niso > 1 the eigendecomposition of Tπ will produce an arbitrary set of orthogonal

vectors that span T1{Q1, . . . ,QN}, but that are not necessarily parallel to the shared
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right standard singular vectors. By Def. 5.4, the eigenvectors of Tπ spanning

T1{Q1, . . . ,QN} must be aligned with the corresponding standard right singular

vectors in order to obtain generalised singular values that are equal to 0 or 1.

Given ZI1 that has been obtained from (5.30) for some ε > 0, one way to align

the columns of ZI1 is to compute the standard SVDs of QiZI1 for each i, and select

those directions associated with standard singular values σ̂i,k that satisfy

I i1 ∶= {k ∈ {1, . . . , n} ∣ σ̂i,k ≥ 1 − ε̃}, i = 1, . . . ,N, (5.31)

for some other ε̃ > 0. However, in the presence of numerical inaccuracies, it is

unclear how to choose ε̃ to obtain exactly niso directions from (5.31), where niso is

determined from (5.30) for a given ε ≥ 0. Since from (5.7), (5.10) and Lemma 5.2

it follows that ∥Tπz∥2 is maximised if z is parallel to the standard right singular

vector of Qi associated with the largest singular value, it appears natural to order

the Qi by magnitude of ∥QiZI1∥2, and then select the standard right singular vector

associated with the largest ∥QiZI1∥2.

Algorithm 5.2 computes a sequence of ever-thinner standard SVDs to obtain

an aligned basis WI1 from ZI1 , where WTI1
WI1 = I and the columns of WI1 span

the same subspace as those of ZI1 . In the first iteration, the algorithm selects the

class i that has the maximum amplification in the subspace spanned by the columns

of ZI1 , i.e. by comparing ∥QiZI1∥2. The corresponding direction ZI1 v̂1 is assigned

to the first column of WI1 . Next, the algorithm selects niso − 1 remaining directions

that are orthogonal to ZI1 v̂1. Since ZI1 is orthogonal and at every iteration v̂1 is

orthogonal to v̂2, . . . , v̂niso−k, the resulting WI1 is orthogonal too. Note that the

size of Xk decreases at every iteration and that line 6 is not executed at the last

iteration. However, given that the first iteration of algorithm Algorithm 5.2 is of

the same worst-case complexity as (5.30), which amounts to O(2Mn2 + n3) floating

point operations. Both methods – Algorithm 5.2 as well as (5.31) – are implemented

in [82], and in Section 5.6, all examples are computed using (5.31).
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Algorithm 5.2 Isolated Subspace Computation
Input: Q1, . . . ,QN , ZI1

Output: Aligned basis WI1

1: Initialize X0 ∶= ZI1

2: for k = 0, . . . , niso − 1 do
3: Select p ∶= arg maxi ∥QiXk∥2
4: Obtain the standard right singular vectors v̂1, . . . , v̂niso−k of QpXk

5: Assign Xkv̂1 to column k + 1 of WI1

6: Update Xk+1 ∶=Xk[v̂2 . . . v̂niso−k]
7: end for

5.6 Applications

The standard (HO-)GSVD has already been applied in various fields such as

bioinformatics [119], [159], medicine [92], acoustics [134] or control theory [88]. In

practice, the HO-GSVD is used to compare N sets of measurements tabulated

in matrices A1, . . . ,AN , where matrix i represents a different organism, class or

experiment, for example. The columns of Ai usually represents a sampled coordinate,

such as time or position, whereas the rows of Ai are class-specific variables that

vary along the sampled coordinate.

In the form of the HO-GSVD factorisation (5.5), row j of Ai is represented as

a linear combination of the right basis vectors v1, . . . , vn, which are also weighted

by the generalised singular values σi,k. In general, the right basis vectors are not

orthogonal. However, suppose A1, . . . ,AN are such that there exists v ∈ Rn such

that AT
i Aiv ≠ 0 for some i and AT

j Ajv = 0 for j ≠ i, i.e. v contributes exclusively to

the rows of Ai, then, according to Corollary 5.14, v will be an eigenvector of Tπ
associated with an eigenvalue equal to τmax. Due to the continuity of the eigenvalues

of Tπ, it also follows that if τk ≈ τmax, the corresponding right basis vector is almost

exclusively used to represent the rows of Ai (see also [118, Ch. 2.3.3]). Similarly, if

there exists ṽ ∈ Rn such that AT
i Aiṽ = AT

j Aj ṽ for i, j = 1, . . . ,N , then according to

Statement 5.10c of Corollary 5.10, D91
j,πṽ will be an eigenvector of Tπ associated with

an eigenvalue equal to τmin. Among other cases, the condition AT
i Aiṽ = AT

j Aj ṽ holds

if A1, . . . ,AN share a singular vector ṽ associated with an identical singular value.
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Table 5.1: Sample matrices extracted from the first batch of the CIFAR-10 dataset. The
rows of each Ai ∈ Rmi×n represent vectorised 32 × 32 pixels large images.

Matrix Class mi rank(Ai) ∣I i1∣ dim(T1{A1, . . . ,A4})
A1 Automobile 974 974 51
A2 Cat 1016 1016 92
A3 Ship 1025 1025 100
A4 Truck 981 981 57
A 3996 3072 300

To examine the effect of certain right basis vectors onto the rows of class i, Ai
can be reconstructed by using a reduced set of right basis vectors, e.g. computing

Ai,iso ∶= ∑
k∈I1

σi,kui,kv
T
k , (5.32)

yields the reconstruction of Ai using the right basis vectors that are, in the sense

of (5.30), exclusively used by class i. To see the effect of the right basis vectors asso-

ciated with the common subspace, Ai can be reconstructed by summing over k ∈ IN .

5.6.1 Image Classification

To illustrate an example application of the HO-GSVD for rank-deficient matrices,

consider the CIFAR-10 dataset, which is a collection of images used to evaluate

machine learning and computer vision algorithms [91]. The CIFAR-10 dataset

provides 6 batches of 10,000 32 × 32 color images in 10 different classes, and here

the rank-deficient HO-GSVD is used to analyse a subset of N = 4 classes shown

in Table 5.1. The following example can be downloaded from [82].

The images are vectorized and grouped in the matrices Ai ∈ Rmi×n, where

n = 32 × 32 × 3 = 3072 and 0 ≤ Ai ≤ 1 (element-wise). Each Ai is such that

ri ∶= rank(Ai) < n, but the stacked A ∈ RM×n satisfies M > n and rank(A) = n. The

first row of Fig. 5.2 displays row ji for each class i as an image1.

Using the HO-GSVD, the image j of class i can be represented as∑k(eT
j ui,k)σi,kvT

k ,

where ej is a standard basis vector and ∣eT
j ui,k∣ ≤ 1. The columns vk of the matrix

1The rows ji for class i are j1 = 16, j2 = 19, j3 = 40 and j4 = 50, and have been selected to yield
an interpretable reconstruction in the isolated subspace.
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Figure 5.2: First row: Example rows of A1, . . . ,A4 (left to right) reshaped into 32 × 32
pixels large images. Second row: Moduli of example rows of A1,iso, . . . ,A4,iso, where Ai,iso
is reconstructed using right basis vectors from the isolated subspace only. Third row:
Moduli of isolated right basis vectors that have the largest weight in each image.

V ∈ Rn×n with det(V ) ≠ 0 can be interpreted as “basis images” for the space of

32 × 32 images, and class i uses ri columns of V to represent its sample images.

Note that the columns of V are not orthogonal, and some right basis vectors can

therefore “cancel out” each other. The third row of Fig. 5.2 visualises right basis

vectors v20, v82, v203 and v278, which are all associated with the isolated subspace

(see the subsequent paragraphs).

To limit κ(QT
i Qi+πI) but retain a large enough difference τmax−τmin (see Fig. 5.1),

the parameter π is chosen as π = 1/N = 0.25, which results in κ(QT
i Qi + πI) ≤ 5,

τmin = 2 and τmax = 3.2. The n = 3072 eigenvalues τk of Tπ are shown in the first row

of Fig. 5.3, where τk is displayed relative to τmin and τmax as (τk − τmin)/(τmax− τmin)
sorted in descending order. It can be seen that most eigenvalues are closer to τmax

than τmin, and that τk ≫ τmin ∀k, i.e. the common HO-GSVD subspace is empty.

Using a tolerance of ε = 10−6, the dimension of the isolated HO-CSD subspace is

estimated as niso = 300. The number of isolated directions per class is computed

from (5.31) with ε̃ = ε, and ∣I i1∣ is shown in Table 5.1 for each class.

The generalised singular values Σi = diag(σi,1, . . . , σi,n) are shown on the second

to fifth row of Fig. 5.3. For indices k ∈ I1 that are associated with the isolated

subspaces, the generalised singular values are either 0 or 1. Due to numerical
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Figure 5.3: Row 1: The n = 3072 eigenvalues of Tπ relative to the bounds τmin and τmax.
Rows 2–5: Corresponding generalised singular values Σi = diag(σi,1, . . . , σi,n) for classes
i = 1, . . . ,4.
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inaccuracies, the separation between σi,k, k ∈ I1, and σi,j , j ∉ I1, is not sharp, i.e. the

generalised singular values of the automobile class soar at index k = 301 ∉ I1 before

decreasing at larger indices. Note that even though some σi,k equal 1/√N = 0.5,

which is the same magnitude as expected for an index k associated with the common

subspace, the common subspace is empty, as can be seen from the first row of Fig. 5.3.

From Fig. 5.3, it becomes clear that each class i uses its own subset of isolated

basis images as well as n − niso = 2072 other columns of V to form its mi samples.

Class i can be reconstructed using (5.32) to obtain Ai,iso, which considers indices

k ∈ I i1 only. The second row of Fig. 5.2 shows row ji of Ai,iso, where some degree

of resemblance between the original and reconstructed image exists. Examples

of right basis vectors are given in the third row of Fig. 5.2 that shows v20, v82,

v203 and v278, each of which is associated with the isolated subspace of classes

i = 1, . . . ,4. The right basis vectors have been selected by determining those k

that maximise ∣eT
ji
ui,k∣ for each image ji, i.e. those right basis vectors have a large

contribution to image ji. As for the second row of Fig. 5.2, it can be seen that

the third row of Fig. 5.2 resembles the original image.

To complement the numerical example, the dataset A is modified in order to

artificially introduce a non-empty common subspace. According to Corollary 5.10,

the common HO-GSVD subspace, S4{A1, . . . ,A4}, is non-empty iff the condition

AT
i Aiṽ = AT

j Aj ṽ holds ∀i, j = 1, . . . ,4 and for some ṽ, which can be written out as

⎛⎜⎜⎝
⎡⎢⎢⎢⎢⎢⎢⎣
aT
i,1ai,1 . . . aT

i,1ai,n⋮ ⋱ ⋮
aT
i,nai,1 . . . aT

i,nai,n

⎤⎥⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎢⎣
aT
j,1aj,1 . . . aT

j,1aj,n⋮ ⋱ ⋮
aT
j,naj,1 . . . aT

j,naj,n

⎤⎥⎥⎥⎥⎥⎥⎦
⎞⎟⎟⎠ṽ = 0, (5.33)

where ai,k ∈ Rmi denotes column k of matrix Ai. If ṽ is chosen as [1 0 . . . 0]T,

condition (5.33) is tantamount to requiring that aT
i,kai,1 = aT

j,kaj,1 ∀i, j = 1, . . . ,4

and for k = 1, . . . , n, i.e. the projection of column k onto the first column of class i

must equal the projection of column k onto the first column of class j. Note that

condition (5.33) is not equivalent to inserting an identical image x ∈ Rn in each Ai,

but a simple way to satisfy (5.33) is to set ai,1 = [1 0 . . . 0]T and zero out the
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Figure 5.4: The n = 3072 eigenvalues of Tπ relative to the bounds τmin and τmax for the
modified dataset, which has a one-dimensional common subspace associated with index
k = 3072 (marked by an asterisk).

first element of ai,k, k = 1, . . . , n, for all classes i = 1, . . . , 4. This way the first image

of each Ai is replaced with a black square that has one red pixel in the left corner.

The eigenvalues of Tπ for the modified dataset are shown in Fig. 5.4. It can

be seen that τk = τmin for k = n, i.e. the modification successfully introduces a

non-empty common subspace. The corresponding generalised singular values (not

shown) equal 1/√N = 0.5 for each class. By construction, the first row (image) of

each Ai is orthogonal to all other rows of Ai, and therefore aligned with a shared

standard right singular vector. The right basis vector associated with the common

subspace, vn, is therefore orthogonal to all other basis vectors, which is not the case

in general. However, for this example it follows that vn contributes equally to each

of the matrices Ai, and for each class i, vn is used to represent the first image only.

5.6.2 Multi-Array Cross-Directional Control

In order to outline its application to multi-array CD systems, the HO-GSVD from

Theorem 5.6 is applied to RT
s ∈ Rns×ny , RT

f,1 ∈ Rnf,1×ny and RT
f,2 ∈ Rnf,2×ny from the

three-array dynamics (5.1) with ny = ns > nf,1 ≥ nf,2. Left-multiplying (5.1) with

X91 and introducing the new variables

ỹ(s) ∶=X91y(s), ũ(⋅)(s) ∶= UT(⋅)u(⋅)(s), d̃(s) ∶=X91d(s), (5.34)

where U(⋅) ∈ Rn(⋅)×ny and (⋅) = {s, “f,1”, “f,2”}, decouples the three-array dy-

namics (5.1) as

ỹ(s) = Σsgs(s)ũs(s) +Σf,1gf,1(s)ũf,1(s) +Σf,2gf,2(s)ũf,2(s) + d̃(s). (5.35)
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Based on (5.35), one could proceed with designing controllers for the decoupled

three-input single-output systems and including them in an IMC structure with the

(static) compensators from Chapter 4. In contrast to the two-array case, the matrices

U(⋅) are not orthonormal and after computing ũ(⋅)(s), the transformation (5.34)

would need to be inverted using u(⋅)(s) = U †(⋅)ũ(⋅)(s). However, this would also

require an additional static compensator to be introduced between the controller

and the plant (e.g. after Q(s) in Fig. 4.1).

5.7 Conclusion

In this chapter, the standard HO-GSVD [119] has been extended to accommodate

column rank-deficient matrices. By adding the term πATA to each of the quotient

terms Di,π = AT
i Ai + πATA, their eigenvalues were shifted and bounded away from

zero. This allowed the full-rank requirement on each Ai to be omitted and to extend

the HO-GSVD with the notion of isolated subspaces.

The choice of adding a multiple of ATA was motivated by the relationship

between Sπ and Tπ, which yielded the same relationship than in [119] for π = 0. The

eigenvalues of Tπ were bounded and it was shown that the extremal eigenvalues

are attained iff the corresponding eigenvectors are standard right singular vectors

for each Qi associated with a particular singular value. This led to the definition

of the common and isolated HO-CSD (HO-GSVD) subspaces. In Appendix 5.B,

it was also shown that if the Qi share a right singular vector v associated with

a zero singular value for P matrices Qi and with an identical singular value for

the other N − P matrices Qj, then Tπ will have a particular eigenvalue τ(P )
associated with the eigenvector v. Future research could investigate whether a

biconditional (“iff ”) connection holds.

The parameter π was assumed to be positive, but otherwise left unspecified. The

common and isolated HO-CSD and HO-GSVD subspaces are identified irrespective

of the value of π, but other right basis vectors can be rotated for increasing values

of π, and the behavior of these vectors has been investigated for π → 0 and π →∞.

For π → 0, the eigenvectors of Tπ are solely determined by the rank-deficient
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Qi, whereas for π → ∞, the eigenvectors of Tπ converge to those of the mean of

symmetrised products of QT
i Qi and QT

j Qj.

In addition, the choice of π also affects the condition number of QT
i Qi+πI, which

must be inverted to obtain Tπ, as well as the range of admissible eigenvalues of Tπ,

τmax − τmin. A large π improves the conditioning of QT
i Qi +πI, but also tightens the

range of eigenvalues, which can lead to a wrong estimate of the common or isolated

subspaces in the presence of numerical errors. The optimal choice of π remains

unclear and future research could investigate the role of the weight π.

Most of the developments were based on the HO-CSD. Using the QR factorisation

of A = [AT
1 , . . . ,A

T
N]T, each Ai was represented as Ai = QiR and the factorisation

was developed for Q1, . . . ,QN , which required A to have full column rank. For

rank-deficient A, it was shown how A can be padded using an additional matrix

AN+1 to guarantee that det(R) ≠ 0. The properties of A1, . . . ,AN were inferred

from the HO-CSD, which made it possible to avoid computing the inverse of a

potentially ill-conditioned R, but a full factorisation still requires inversion of the

terms QT
i Qi + πI, which can lead to significant numerical errors for large-scale

matrices. Future research could focus on finding a possibly iterative algorithm that

finds the eigenvectors of Tπ without the need for inverting the terms QT
i Qi + πI.

For the full-rank case, it has been shown that the common subspace can be found

using a variational approach [157] and that the vectors v spanning the common

subspace are stationary vectors for the function fπ(v) (5.28) with π = 0. It was

shown that the same holds for π > 0. It remains unclear how the right basis vectors,

which are not in the common or isolated subspaces, are related to fπ(v) and whether

an eventual connection would lead to a particular choice of the parameter π.
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5.A Relation between Sπ and Tπ

Let Di,π = AT
i Ai + πATA and define Ki ∶= QT

i Qi + πI. Using (5.9), the matrix

Sπ is written as

Sπ = 1
N(N − 1)

N∑
i=1

N∑
j=i+1

(Di,πD
91
j,π +Dj,πD

91
i,π)

= 1
N(N − 1)RT( N∑

i=1

N∑
j=i+1

KiK
91
j +KjK

91
i )R9T,

so that by considering ∑N
i=1Ki = (1 + πN)I

R9TSπR
T = 1

N(N−1)
N∑
i=1

N∑
j=i+1

KiK
91
j +KjK

91
i = 1

N(N−1)
N∑
i=1
Ki

N∑
j=1
K91
j − 1

N−1I

= 1
N − 1((1 + πN)Tπ − I).

5.B Intermediate Eigenvalues of Tπ

If there exists a vector t with ∥t∥2 = 1 in the nullspace of P matrices Qj, but in

the range of all other Qi with index i ∈ R, then the inequalities (5.16a)-(5.16b)

can be reformulated as

tTTπt = 1
N

N∑
i=1
tT(QT

i Qi + πI)91
t = P

πN
+ 1
N
∑
i∈R t

T(QT
i Qi + πI)91

t

≥ P

πN
+ 1
N
∑
i∈R

1
tT(QT

i Qi + πI)t (5.36a)

≥ P

πN
+ N − P

N

N − P
π(N − P ) + ∑

i∈R t
T(QT

i Qi)t
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=1

= P (1 − πN) + πN2

πN(1 + π(N − P )) . (5.36b)

The term on the right-hand side of (5.36b) corresponds to the minimum and

maximum eigenvalues of Tπ for P = 0 and P = N − 1, respectively. If there exists a
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shared vector t in the nullspace of P matrices Qj, but in the range of all other Qi,

then an eigenvalue of Tπ will be equal to the corresponding value on the right-hand

side of (5.36b). Note that (5.36) does not prove the converse.

5.C The Arithmetic Mean of Amplification Quo-
tients

The HO-GSVD is related to the function fπ(v) (5.28), which can be simplified

using the stacked QR decomposition (5.6) as

gπ(z) = 1
N(N − 1)

N−1∑
i=1

N∑
j=1

( zT(QT
i Qi + πI)z

zT(QT
j Qj + πI)z +

zT(QT
j Qj + πI)z

zT(QT
i Qi + πI)z ) ≥ 1,

where z ∶= Rv. The gradient ∇gπ(z) of gπ(z) is given by

∇gπ(z) = 1
N(N − 1)

N−1∑
i=1

N∑
j=1

( 1
zTWj,πz

(Wi,πz − zTWi,πz

zTWj,πz
Wj,πz)

+ 1
zTWi,πz

(Wj,πz − zTWj,πz

zTWi,πz
Wi,πz)),

where Wi,π ∶= QT
i Qi + πI. To show that ∇gπ(z) = 0 for z ∈ TN{Q1, . . . ,QN} or

z ∈ T1{Q1, . . . ,QN}, note that z must be a right singular vector for each Qi. It

follows that Wi,πz = (σi,1 + π)z and

Wi,πz − zTWi,πz

zTWj,πz
Wj,πz = (σi,1 + π)z − σi,1 + π

σj,1 + π (σj,1 + π)z = 0, (5.37)

so that ∇gπ(z) = 0 if z ∈ TN{Q1, . . . ,QN} or z ∈ T1{Q1, . . . ,QN} for any value of π.

The proof is analogous for the HO-GSVD subspaces.



6
Cross-Directional Control using Model

Predictive Control

In synchrotrons, the corrector magnet inputs are usually constrained by the magnet

power supplies that limit the input amplitude and input rate [50]. When these

limits are reached, the actuators saturate, which can lead to a severe performance

degradation of the control system or even cause instabilities [130, Ch. 6.9]. The

potential for actuator saturation is exacerbated by the ill-conditioned plant [129],

and can be reduced by decreasing controller gains, though this usually comes at

the expense of reducing the closed-loop bandwidth.

As an alternative to reducing controller gains, one solution is to introduce an

anti-windup compensator [130, Ch. 12.4] that takes action when the actuators are

saturating. For the electron beam dynamics (1.3), an anti-windup compensator

has been proposed to account for the performance deterioration caused by rate

constraints [50]. Because the proposed compensator does not consider amplitude

This chapter is based on [84] I. Kempf, P. J. Goulart, and S. R. Duncan, “Fast gradient method
for model predictive control with input rate and amplitude constraints,” in Proc. IFAC World
Congr., Berlin, Germany, Jul. 2020, pp. 6542–6547; [89] I. Kempf, P. J. Goulart, S. R. Duncan,
et al., “Model predictive control for electron beam stabilization in a synchrotron,” in Proc. Eur.
Contr. Conf. (ECC), London, UK, Jul. 2022, pp. 814–819; [83] I. Kempf, P. J. Goulart, and
S. R. Duncan, “Alternating direction method of multipliers for block circulant model predictive
control,” in Proc. IEEE Conf. Decis. Contr. (CDC), Nice, France, Dec. 2019, pp. 4311–4316.
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constraints and is based on the modal decomposition for single-array systems, the

anti-windup compensator still has to be adapted for its application to Diamond-II.

Model predictive control (MPC) is an optimisation-based algorithm that selects

the control inputs based on the future evolution of the system. The advantages

of MPC for constraint handling and feedforward disturbance modelling are widely

recognised [46]. Moreover, MPC does not rely on modal decomposition and can

therefore consider CD system with an arbitrary number of actuator arrays. However,

the applicability of MPC is limited by the requirement to solve optimisation

problems in real-time to compute the control law [47, Ch. 8.2]. This constraint

has inhibited the application of MPC to large-scale and high speed applications.

While some approaches for accelerating the computing speed have focused on

implementing optimisation routines on specialised high-performance hardware [72],

other approaches have exploited the particular symmetric structure encountered

in some classes of large-scale problems [32].

In this chapter, the computational efficiency of the fast gradient method [110,

Ch. 6.1.3] is leveraged to obtain an MPC implementation that does not rely on

structural symmetries nor on highly specialised hardware. By considering input

constraints only, the MPC algorithm is simplified and then parallelised on a general-

purpose DSP (Chapter 7), resulting in an implementation that computes the control

law of an MPC scheme with a horizon consisting of a single time-step in less

than 69 µs (14.4 kHz). Based on the single-array CD controller from Section 1.6,

a tuning procedure is developed to account for the ill-conditioned ORM, which

impacts both the solver convergence and the behaviour of MPC under actuator

saturation. As a first-of-its-kind application to electron beam stabilisation, the

MPC algorithm is tested on the existing Diamond storage ring and compared with

a single-array controller, showing that MPC meets the theoretical expectations

and demonstrating its practical feasibility.

This chapter is organised as follows. The MPC algorithm is formulated in

Section 6.1 followed by introducing optimisation routines – the fast gradient method

and ADMM – in Section 6.2. Section 6.3 addresses the input projection method
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and evaluates the optimisation routines. In Section 6.4, the observer is designed

by reverse engineering the existing Diamond controller from Section 1.6. The

MPC problem is then tuned with respect to actuator saturation and constraints

in Section 6.5. Section 6.6 summarises the implementation and the chapter is

concluded with real-world results from Diamond Light Source in Section 6.7.

6.1 Model Predictive Control
6.1.1 Discrete-Time State-Space Representation

System (1.3) is the Laplace transform of the input-output representation of the

continuous-time dynamics, but the MPC formulation of this chapter uses the

discrete-time state-space representation of the continuous-time system [111, Ch.

3.3]. At Diamond, the controller is implemented using a “sample and hold” mode,

where the input u(t) is held constant for t ∈ [t0, t0 + Ts) with Ts = 100 µs being

the sample time, so that the discrete-time representation with u(kTs) =∶ uk, k ∈ Z,

accurately replicates the continuous-time dynamics [38]. Mapping (1.3) to the

Z domain [111, Ch. 13.3] yields

y(z) = Rg(z)u(z) + d(z), (6.1)

where z is the Z variable (or the forward shift operator: zyk = yk+1) and g(z), the

discrete-time representation of g(s), is defined as

g(z) ∶= 1 − πg
z − πg z−nτ , (6.2)

where πg ∶= exp(−aTs) is the discrete-time pole and nτ the delay in terms of

time steps. The representation (6.2) assumes that τd is an integer multiple of

the sample time Ts, so that nτ ∶= τd/Ts = 9. Otherwise, a discrete-time zero

must be added to g(z) [66], which does not change the developments of this

chapter and is therefore omitted.

To obtain a state-space representation of (6.1), the Z transform is inverted,
yk = Z91{Rg(z)u(z) + d(z)},

= RZ91{g(z)u(z)} + dk,
= Rxk−nτ + dk,

(6.3)
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where xk ∶= Z91{1−πg
z−πgu(z)} ∈ Rnu , the state of the system, can be interpreted as

the current through the correctors:

xk+1 = πgxk + (1 − πg)uk. (6.4)

Equation (6.3) is referred to as the measurement equation and (6.4) as the state-

transition equation, and together they form the state-space representation [111, Ch.

3.3] of the CD system (6.1). After defining the matrices Ax ∶= πgI, Bx ∶= (1 − πg)I
and Cx ∶= R, the state-space system reads as

xk+1 = Axxk +Bxuk, (6.5a)

yk = Cxxk−nτ + dk, (6.5b)

and by augmenting the state as

x̄k ∶= (xT
k xT

k−1 . . . xT
k−nτ )T ∈ Rn̄x , (6.6)

where n̄x ∶= nu(1 + nτ), the state-space system can be rewritten in delay-free form:

x̄k = Ax̄x̄k−1 +Bx̄uk−1, (6.7a)

yk = Cx̄x̄k + dk, (6.7b)

where the matrices Ax̄ ∈ Rn̄x×n̄x , Bx̄ ∈ Rn̄x×n̄x and Cx̄ ∈ Rny×n̄x are given by

Ax̄ ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎣

πgI 0 . . . 0
I ⋮⋱

I 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, Bx̄ ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 − πg
0⋮
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, Cx̄ ∶= [ 0 . . . 0 R ]. (6.8)

6.1.2 Problem Formulation

Given a discrete-time linear dynamical system and an initial condition x(t) at

time t, a standard MPC scheme computes a control law by predicting the future

evolution of the system and minimising a quadratic objective function over some

planning horizon N . This can be achieved via repeated solution of the following
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quadratic program (QP):

minimise
x1,...,xN ∈Rnu
u0,...,uN−1∈Rnu

N−1∑
k=0

∥xk − xsp∥2
Q + ∥uk − usp∥2

Ru + ∥xN − xsp∥2
P ,

subject to xk+1 = Axxk +Bxuk, k = 0, . . . ,N − 1,
x0 = x(t),
(uT

0 . . . uT
N−1)T ∈ U(u(t − 1)),

(6.9)

where ∥xk∥2(⋅) ∶= xT
k (⋅)xk, returning at each step the optimal first input stage u∗0 = u(t)

as a control law. The inputs uk ∈ Rnu are constrained to the closed convex set U(u(t−
1)) ⊂ Rnu , which is determined by the input slew-rate and amplitude constraints

and addressed in Section 6.3. The state estimate x(t) and the setpoints xsp and

usp, which are introduced for offset-free control, are obtained from an observer that

is reverse engineered from the existing Diamond controller in Section 6.4. It is

assumed that no constraints are imposed on the states xk ∈ Rnx . The terminal cost

matrix P = PT ≻ 0 is obtained from the discrete-time algebraic Riccati equation

(DARE) associated to the unconstrained infinite horizon regulator problem [168,

Ch. 21.3]. The QP (6.9) has a unique solution if Ru ≻ 0, Q ⪰ 0 and the pairs

(Ax,Bx) and (Ax,Q 1
2 ) are controllable and observable, respectively [17, Chapter

12]. Note that compared to the state-space system (6.5), the time delay does not

appear in (6.9), but is considered by the observer instead.

By stacking the optimisation variables as

x ∶= (xT
1 . . . xT

N)T
, u ∶= (uT

0 . . . uT
N−1)T

, (6.10)

the state-transition equations xk+1 = Axxk +Bxuk can be rewritten in the form

x = Au +Bx(t), (6.11)

where

A ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 . . . 0
Bx ⋮
AxBx Bx⋮ ⋱ 0
AN−1
x Bx AN−2

x Bx . . . Bx

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, B ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I
Ax
A2
x⋮

ANx

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (6.12)
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By substituting (6.11) in (6.9), the states x1, . . . , xN can be eliminated from the

MPC formulation, producing the equivalent condensed problem

minimise
u∈RNnu

1
2uTJu + (q(x(t)))Tu,

subject to u ∈ U(u(t − 1)), (6.13)

where J, which is referred to as the Hessian, and q(x(t)) are defined as

J ∶= AT((IN ⊗Q) ⊕ P )A + (IN ⊗Ru), (6.14a)

q(x(t)) ∶= AT((IN ⊗Q) ⊕ P )Bx(t) −AT[1N ⊗Q
P

]xsp − (1N ⊗Ru)usp, (6.14b)

with ⊗ and ⊕ denoting the Kronecker product and block-diagonal concatenation,

respectively, IN the identity matrix of size N ×N , 1N a vector of ones of length

N and where J = JT ≻ 0 by the assumptions of the previous paragraphs. Note

that the slew-rate constraints couple the inputs across horizon stages and the set

U(u(t − 1)) depends on the previously calculated input u(t − 1). After finding a

solution to (6.13), the set U(u(t−1)) must therefore be updated as well as the vector

q(x(t)) on the arrival of a new measurement. In the following, the arguments

of U(u(t − 1)) and q(x(t)) will be omitted.

In contrast to (6.9) and (6.13), standard MPC formulations usually include a

terminal constraint, xN ∈ XN ⊂ Rnu , where XN is chosen as a control invariant

set [17, Def. 11.9]. Together with additional assumptions, the terminal constraint

guarantees the stability when (6.9) is operated in closed loop [17, Thm. 13.2]. For the

application at Diamond Light Source, this constraint is omitted as it would yield a

complicated constraint set that would considerably slow down the computing speed.

6.2 Solver

To solve the constrained QP (6.13) associated with the MPC algorithm, two

approaches are commonly used. The first approach uses techniques from multipara-

metric programming to obtain the solutions offline as piecewise affine functions

of the initial conditions [17, Ch. 15]. However, the complexity of this approach

grows exponentially with the number of states and is therefore not applicable to
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the electron beam stabilisation problem at Diamond Light Source1. The second

approach updates the QP (6.13) at every time step and solves it online [17, Ch. 14.2].

For the beam stabilisation problem at Diamond Light Source, the constrained

QP is solved online, for which two first-order methods are considered: ADMM [20]

and the fast gradient method (FGM) [110, Ch. 6.1.3]. For solving the constrained

QP (6.13), both ADMM and FGM require a projection onto the constraint set U .

In the absence of rate constraints, this projection is usually straightforward and

can be computed using a closed-form formula, e.g. projection onto a box-shaped set

of upper and lower actuator limits. However, if slew-rate constraints are included

then the projection is more complicated. The simplicity of the box-projection can

be recovered by introducing an augmented problem form, e.g. one that includes

additional state variables, such as implemented in the ADMM-based solver [132]

for example. While this approach is versatile in the sense that it can cope with

most reasonable sets encountered in practice, the augmentation of decision variables

curtails the computation speed while increasing the memory usage. It also introduces

additional equality constraints to the problem, leading to difficulties in applying

methods such as the FGM. The question arises whether it is actually necessary to

augment the decision variables in the particular case of constraints arising from

input rate and amplitude constraints.

In Section 6.3.3, an approach is suggested that does not require augmenting

the decision variables of the optimisation problem. By combining a closed-form

solution for the projection onto a 2D constraint set with Dykstra’s algorithm [21], it

is shown that the projection of a vector of arbitrary finite dimension onto the space

of rate-constrained signals can be found iteratively, avoiding the need for additional

state or other problem variables. The projection algorithm is then embedded

in a FGM, which has been shown to converge in the presence of a (bounded)

projection error [114, Thm. III.5]. The following subsections summarise ADMM

and FGM, and the performance of these algorithms applied to the constrained

QP (6.13) is compared in Section 6.3.
1Alternatively, approximate explicit MPC [17, Ch. 14] could be used.
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6.2.1 Fast Gradient Method

The FGM belongs to the family of first-order methods that seek solutions of convex

optimisation problems using only the first derivative of the objective function

of (6.13). A formulation of this algorithm using the constant step scheme II [110,

Ch. 2.2] is presented in [72] and repeated in Algorithm 6.1. Lines marked with

circled arrows ( ) denote the number of synchronisation steps in the parallelised

implementation (Section 6.6) and the observer on Line 1 of Algorithm 6.1 is

introduced in Section 6.4.3. The fixed step size β = (√λmax − √
λmin)/(√λmax +√

λmin) is based on the minimum and maximum curvature of the convex objective

function, implying that the objective must be strongly convex. For (6.13), finding

these values amounts to computing the minimum and maximum eigenvalues λmin

and λmax of J ≻ 0, respectively. The projection operator PU for the set U is

analysed in Section 6.3.

In order to reduce the computation effort and complexity, no termination criterion

will be used and the algorithm is instead run for a fixed number of iterations Imax.

Based on the convergence rate results for the FGM, a maximum number of iterations

Imax can be derived that guarantees a certain level of suboptimality for all initial

states x0 = x(t) within a bounded set [122].

Algorithm 6.1 FGM applied to MPC problem (6.13).
Input: Previous input u(t − 1)
Output: u(t) = wImax

1: Update observer 2×
2: Update U and q and set v1 = w1 = 0 1×
3: for i = 0 to Imax − 1 do
4: ti = (I − J/λmax)vi − q/λmax 1×
5: wi+1 = PU(ti)
6: vi+1 = (1 + β)wi+1 − βwi
7: end for 1×

6.2.2 Alternating Direction of Multipliers Method

The ADMM algorithm belongs to the class of augmented Lagrangian methods and

is, like FGM, a first-order method. ADMM algorithms are based on repeatedly
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minimising the augmented Lagrange function w.r.t. the primal variables and

maximising the same function w.r.t. to the dual variables [18, Chapter 5]. Assuming

that the input constraint set U can be represented as a polyhedron, i.e.

U = {u ∈ RNnu ∣ v
¯
≤Ku ≤ v̄} (6.15)

the optimisation problem (6.13) can be reformulated as

minimise
u∈RNnu ,
v∈Rnv

1
2uTJu + qTu,

subject to Ku − v = 0,
v
¯
≤ v ≤ v̄,

(6.16)

where the constraint variables v ∈ Rnv and equality constraints Ku − v = 0 were

introduced. The augmented Lagrangian for (6.16) can be written as

L(u, v, γ) = 1
2uTJu + qTu + ρ2∥Ku − v∥2

2 + γT(Ku − v) + I[v
¯
,v̄](v), (6.17)

where I[v
¯
,v̄] ∶ Rnv ↦ R+ is the indicator function [18, Ex. 3.1] for the set V =

{v ∣ v
¯
≤ v ≤ v̄} and the penalty parameter ρ ∈ R++ and the dual variables γ are

associated with the constraint Ku − v = 0. A standard ADMM scheme solves (6.16)

by repeatedly minimising (6.17) w.r.t. u and v and updating the dual variables γ

using an approximate gradient ascent method. The algorithm is summarised in

Algorithm 6.2, where the saturation function sat[v
¯
,v̄](⋅) was used, which limits its

argument to v
¯

and v̄. Reformulation (6.16) simplifies the projection involved in

the algorithm: Instead of projecting onto the polyhedron U , which might be as

hard as solving (6.13), the projection onto V is given by the saturation function.

The critical distinction between the optimisation problem in the form (6.13) (and

its solution via FGM) and (6.16) (and its solution via ADMM) is that the FGM

form (6.13) has a positive definite J and does not allow for equality constraints.

The ADMM form (6.16) makes neither restriction.
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Algorithm 6.2 ADMM applied to MPC problem (6.9) with constraint set (6.15).
Input: Previous input u(t − 1)
Output: u(t) = vImax

1: Update observer
2: Update v

¯
, v̄ and q and set γ0 = 0

3: for i = 1 to Imax do
4: Solve for ti:(J + ρKTK)ti =KT(ρvi−1 − γi−1) − q
5: vi = sat[v

¯
,v̄]{Kti + ρ−1γi−1}

6: γi = γi−1 + ρ(Kti − vi)
7: end for

6.3 Input Constraint Projection Method

Given a nonempty closed convex set U ⊆ RN , the Euclidean projection u∗ of a point

u○ ∈ RN is defined as the minimiser of the following optimisation problem:

u∗ = arg min
u∈X ∥u − u○∥2

2. (6.18)

By the assumptions on the set U , the optimisation problem (6.18) admits a unique

solution [11, Chapter 3.2]. In the following, the notation u∗ =∶ PU(u○) will be used

as shorthand for projecting a point u○ onto the set U .

6.3.1 Rate and Amplitude Constraint Set

Given a maximum allowable input amplitude ā ∈ Rnu > 0 and rate r̄ ∈ Rnu > 0,

define the amplitude constraint set as

Ak ∶= {u = ⎛⎜⎝
u0⋮
uN−1

⎞⎟⎠ ∈ Rnu(N−1) ∣ ∣uk∣ ≤ ā}, (6.19)

and the rate constraint set as

Rk ∶= {u = ⎛⎜⎝
u0⋮
uN−1

⎞⎟⎠ ∈ Rnu(N−1) ∣ ∣uk − uk−1∣ ≤ r̄ }, (6.20)

for k = 0, . . . ,N − 1 and where the inequalities are applied element-wise. Note that

for k = 0, the set R0 is a function of the input u−1 = u(t−1) that is treated as a fixed

constant stemming from the actual input of the system at time (k−1)Ts. The trivial
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case where Ak is entirely contained in Rk is excluded by assuming that 0 ≤ r̄ ≤ 2ā for

at least one element. The input rate and amplitude constraint set for problem (6.9)

is obtained as the intersection of A ∶= A0 ∩ ⋅ ⋅ ⋅ ∩ AN−1 and R ∶= R0 ∩ ⋅ ⋅ ⋅ ∩ RN−1, i.e.

U ∶= {u = ⎛⎜⎝
u0⋮
uN−1

⎞⎟⎠ ∈ Rnu(N−1) ∣ ∣uk∣ ≤ ā ∀ k = 0, . . . ,N − 1,

∣uk − uk−1∣ ≤ r̄ ∀ k = 0, . . . ,N − 1}.
(6.21)

Because the constraints are not coupled among the elements of uk ∈ Rnu , it will

be assumed that nu = 1 for clarity of exposition. However, the following results

apply in the case that nu > 1.

While the projection onto A is given by saturating the elements of u to ±ā, no

tractable closed-form solution for PR is known to the author (see also [12]) and hence

also not for PU . One approach to obtain PR(u○) or directly PU(u○) is to define a

multi-parametric program [17, Ch. 2] with parameters u○ and u(t − 1). The multi-

parametric solution of the projection results in a piecewise affine function (PWA)

of the parameters u(t − 1) and u○, i.e. n affine functions defined on n disjoint sets.

An explicit solution for larger horizons could be computed using dedicated software,

e.g. [64], but in view of the implementation it is solved graphically in Section 6.3.2.

6.3.2 2-Dimensional Projection

Consider the input rate and amplitude constraint set (6.21) for nu = 1 and N = 2,

which can be represented as

U1 ∶= {u = (u0
u1

) ∈ R2 ∣ a
¯0 ≤ u0 ≤ ā0, ∣u1∣ ≤ ā, ∣u1 − u0∣ ≤ r̄ }, (6.22)

where a
¯0 ∶= max(−ā,−r̄+u(t−1)) and ā0 ∶= min(ā, r̄+u(t−1)). The set is illustrated

in Fig. 6.1, where a coordinate system (νk, νk−1) rotated by 45° and different regions

Ai, Bi and Ci and the corner points ci have been added. When r̄ and ā are fixed,

the shape of set (6.21) depends on parameter u(t − 1). As u(t − 1) changes, the

corner points ci are moved along the rate constraint diagonals until they eventually

stop at an amplitude constraint boundary. In addition, regions Bi might lose their
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Figure 6.1: Input rate and amplitude constraint set for the 2-dimensional projection as
defined in (6.22). The regions Ai, Bi and Ci define different maps used to project onto
the shaded set.

horizontal facet and regions Ai vanish. Assume a point u○ = (u○0
u○1) is to be projected.

The projection consists of two steps: Firstly, determine to which region the point

belongs. Secondly, apply the projection function of that particular region. In other

words, the PWA solution to the problem of projection onto the set U1 is explicitly

identified following the general method of [17, Chapter 2].

After representing u○ in the (νk, νk−1)-basis, the point location problem can be

solved using Fig. 6.1 and by comparing the νk−1-component with the projection

of the corner points ci onto the νk−1-diagonal determined by r̄, ā and u−1. If the

p-component is beyond these limits, the u0- or u1-components can be compared

with the corner points ci to complete the point location problem.

If the point lies in one of the corner regions Ci, then it is mapped to the

corresponding corner ci. If the point lies in one of the diagonal regions Ai, then

it can be represented in terms of the rotated basis (νk, νk−1), its νk-component

saturated to ±r̄/√2 and rotated back. Finally, if the point lies in one of the box-

regions Bi, then the formula for a box-projection can be applied [11, Chapter 28.3]

using limits (a
¯0, ā0) and (a

¯1, ā1) for the u0- and u1-direction, respectively, where
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a
¯1 = max(−ā,−r̄ + a

¯0) and ā1 = min(r̄, r̄ + ā0). A C-language implementation of

the 2-dimensional projection is provided in [75].

6.3.3 Dykstra’s Algorithm

Dykstra’s algorithm [21] was first published in 1983 as an extension to Von

Neumann’s alternating projections method [161], which is suitable for finding a

point lying in the intersection U = U1 ∩ . . . ∩ UN of N closed convex sets Ui by

cyclically projecting onto the sets Ui. While Von Neumann’s algorithm only finds

some point in U , Dykstra’s algorithm determines the Euclidean projection PU(u○)
of u○ onto U . Both algorithms circumvent the potentially complicated projection

PU by iteratively applying the (known) projections PUi .
Dykstra’s algorithm is summarised in Algorithm 6.3 for the case that U = Ue ∩ Uo.

The algorithm is initialised on Line 1 and then proceeds by successively projecting

onto Ue and Uo on Lines 3 and 5. What distinguishes Dykstra’s algorithm from

Von Neumann’s is the choice of variables µi and γi that track the residuals from

projecting onto Ue and Uo [150]. It can be shown that Algorithm 6.3 always converges

to the Euclidean projection onto U , provided that the sets Ue and Uo are closed

convex sets and their intersection is nonempty [11], [21]. However, as Dykstra’s

method will be used in a practical context and therefore run for a finite number

of iterations, the output of Algorithm 6.3 is referred to as P̃U(u○) highlighting a

potential projection error ∥P̃U(u○) − PU(u○)∥2 ≥ 0.

Algorithm 6.3 Dykstra’s Algorithm for two sets and with fixed iteration number.
Input: u○
Output: P̃U(u○) = xi+1

1: Set x0 = u○, µ0 = 0 and γ0 = 0
2: for i = 0 to Imax do
3: yi = PUe(xi + µi)
4: µi+1 = µi + xi − yi
5: xi+1 = PUo(yi + γi)
6: γi+1 = γi + yi − xi+1
7: if ∥xi+1 − xi∥∞ < ε then
8: break
9: end if

10: end for
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Before applying Algorithm 6.3 to the rate and amplitude constraint set (6.21),

it remains to show that the set (6.21) can be formulated as the intersection of

two closed convex sets with known projection operators. In Section 6.3.2, it was

demonstrated how to project onto (6.21) for N = 2 using a geometrical approach.

For horizons N ≥ 2, set (6.21) can be represented as the intersection of N − 1

closed convex sets Uk, where

U1 ∶= {u = ⎛⎜⎝
u0⋮
uN−1

⎞⎟⎠ ∈ Rnu(N−1) ∣ a
¯0 ≤ u0 ≤ ā0, ∣u1∣ ≤ ā, ∣u1 − u0∣ ≤ r̄ }, (6.23a)

Uk ∶= {u = ⎛⎜⎝
u0⋮
uN−1

⎞⎟⎠ ∈ Rnu(N−1) ∣ ∣uk∣ ≤ ā, ∣uk−1∣ ≤ ā, ∣uk − uk−1∣ ≤ r̄ }, (6.23b)

and k = 2, . . . ,N − 1. Let πk denote the 2-dimensional projection from Section

6.3.2 applied element-wise to the nu elements of uk91 and uk, respectively, with

ā0 = −a¯0 = ā for k > 1. Let π1
k and π2

k be the resulting nu projections of uk91 and

uk, respectively. Then PUk ∈ Rnu(N91) can be written as

PUk(u) = (uT
0 uT

1 . . . (π1
k)T (π2

k)T . . . uT
N91)T

, (6.24)

where elements uk91 and uk have been replaced by π1
k and π2

k, respectively. Assume for

the purpose of explanation that N is even and let Ue and Uo denote the intersection

of sets Ui grouped by even and odd indices, respectively. The projections PUe(u○) ∈
Rnu(N91) and PUo(u○) ∈ Rnu(N91) are obtained by combining the corresponding

projections from (6.24) and given by

PUe(u) = ( uT
0 (π1

2)T (π2
2)T (π1

4)T . . . (π2
N92)T uT

N91 )T
, (6.25a)

PUo(u) = ((π1
1)T (π2

1)T (π1
3)T (π2

3)T . . . (π1
N91)T (π2

N91)T)T
. (6.25b)

By using (6.25), Algorithm 6.3 can be applied to project onto the input rate and

amplitude constraint set (6.21). The choice of using a 2-dimensional projection

in combination with Dykstra’s method is mainly motivated by the geometrical

approach of Section 6.3.2. Another possibility would be to compute a formula

for a 3-dimensional projection π̃k onto the set Uk ∩ Uk+1 for nu = 1 using one
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of the methods outlined in Section 6.3.1. Compared to the 2-dimensional case,

fewer π̃k would have to be evaluated at the expense of increased complexity. How

this would affect the computational performance and the convergence rate of the

method is not clear a-priori [21]. Note that as opposed to (6.24), with which

Dykstra’s method would require the sequential execution of PUk , partitioning (6.25)

is suitable for a parallel implementation.

While in [21] it is shown that Dykstra’s method eventually converges to the

Eucledian projection, the convergence rate of the algorithm has not been analysed for

U (6.21) and the partitioning (6.25). The convergence rate is analysed in [36] for the

case that the set U is given as the intersection of r halfspaces Hi. In this case, there

exist constants 0 ≤ c < 1 and ρ > 0 such that [36, Thm. 3.8] ∥xi − PH(x○)∥2 ≤ ρci [36,

Thm. 3.8], but the constant ρ cannot be computed in advance and depends on

x○. In fact, in [13] it is shown that Dykstra’s method can stall for an arbitrary

number of iterations for certain x○, so that ρ → ∞.

Fig. 6.2 compares the output of Algorithm 6.3 applied to the input rate and

amplitude constraint set (6.21) to the solution PU(x0) obtained using an interior-

point method for different horizons N ∈ {2,4,8,16} and u91 = 0. The rate and

amplitude parameters are chosen as r̄ = 1 and ā = 5, which corresponds to the

values of the Diamond application. Fig. 6.2 shows the mean of the relative error
∥xi−PU(x0)∥2∥x0−PU(x0)∥2

, the mean plus or minus the standard deviation (dark shade) and

the minimum/maximum value (light shade) for 100 starting points x0 that were

drawn from a normal distribution N(0,100). While the mean values decreases

proportionally to ci for some constant 0 < c < 1 for all N ∈ {2,4,8,16}, the stalling

of Dykstra’s method is evident in Fig. 6.2c for i = 1, . . . ,18. In Section 6.3.4,

Dykstra’s method is nevertheless combined with the FGM to demonstrate the

performance benefit, bearing in mind that the FGM also converges using an inexact

projection [114, Thm. III.5].
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Figure 6.2: Application of Dykstra’s method to the set (6.21) with r̄ = 1, ā = 5, u91 = 0
and N ∈ {2,4,8,16}. The subfigures show the mean value, the standard deviation
and the minimum/maximum value of the relative error ∥xi−PU(x0)∥2∥x0−PU(x0)∥2

of the iterate xi
of Algorithm 6.3 for 100 starting points x0, which were drawn from a random normal
distribution with zero mean and a standard deviation of 10.

6.3.4 Numerical Studies

For solving the QP (6.13) associated with the MPC formulation, the FGM and

Dykstra’s projection method are combined in Algorithm 6.4 by substituting P̃U
obtained from Algorithm 6.3 for the exact projection PU on Line 5 of Algorithm 6.1.

Compared to the ADMM implementation, Algorithm 6.4 bears several advantages.

Dykstra’s algorithm makes the augmentation of decision variables superfluous.

While the ADMM formulation (6.16) requires 2N − 1 decision variables, Algorithm

6.4 reduces the number of decision variables to N . This not only greatly reduces

the computation time, but also lowers the memory footprint. If it is assumed

that all matrices are dense and neglect the storage of vectors, then Algorithm 6.4



6. Cross-Directional Control using Model Predictive Control 167

reduces the memory footprint by approximately N2/(N2 + (N − 1)2nv/nu), which

tends to a reduction of 50 % for set (6.21) and large N . Dykstra’s algorithm barely

introduces any memory footprint because it only involves Boolean operations and

vector additions. Moreover, arrays allocated by Algorithm 6.1 can be used as

temporary placeholders to execute Dykstra’s method. Note that Algorithms 6.2,

6.1 and 6.4 could be warm-started using the solution computed at time step N − 1,

e.g. setting y1 = u91 = u(t − 1) in Algorithm 6.4.

Algorithm 6.4 FGM and Dykstra’s algorithm applied to MPC problem (6.13)
with set (6.21).
Input: Initial state x(t), previous input u(t − 1)
Output: u(t) = wImax

1: Update observer 2×
2: Update Ue, Uo and q and set v1 = w1 = 0 1×
3: for i = 0 to Imax − 1 do
4: ti = (I − J/λmax)vi − q/λmax 1×
5: wi+1 = P̃U(ti) 20×
6: vi+1 = (1 + β)wi+1 − βwi 1×
7: end for 1×

To show its speed benefits, Algorithm 6.4 is implemented in C [76] and compared

on a desktop computer (Intel i7-7700 CPU @ 3.1 GHz, 8 GB, single-core) against the

Operator Splitting Quadratic Program (OSQP) solver [132], which is a C language

solver that is based on ADMM and uses an augmentation of decision variables

to simplify the projection as in Algorithm 6.2. In order to avoid refactoring the

matrix on the left-hand side of Line 4 of Algorithm 6.2, the benchmark ADMM

implementation uses a constant penalty parameter ρ. Neither of the C programs

includes a non-standard C-library.

Fig. 6.3 compares the average execution times of one iteration of the C-language

implementation of the ADMM ( ) and the FGM ( ) applied to problem (6.13)

with nu = 1 and the input rate and amplitude constraint set U as defined in (6.21)

with r̄ = ā = 1. The OSQP solver uses a matrix-factorisation to solve the linear

system on Line 4 of Algorithm 6.2 and the time for factorising the matrix is

excluded from Fig. 6.3. The problem data (J,q) is randomly generated and the
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Figure 6.3: Comparison of the logarithmically-scaled average execution times of one
iteration of Algorithm 6.2 (ADMM) and Algorithm 6.4 (FGM), respectively, applied to
problem (6.13) with nu = 1, set (6.21) and r̄ = ā = 1. Both algorithms were benchmarked
using a stand-alone C language implementation and using 100 randomly generated
problems per horizon N . The FGM includes Dykstra’s method with a termination check
on every 10th iterate with ε = 10−6.

average execution times are benchmarked over 100 problems per horizon. Fig. 6.3

reveals that the combination of the FGM and Dykstra’s method greatly reduces

the computation time for one solver iteration. The performance gain is due to the

fact that Dykstra’s method makes the augmentation of decision variables (6.16)

unnecessary, which in case of the input rate and amplitude set amounts to tripling

the number of decision variables. Because Dykstra’s method involves only vector

additions and Boolean operations, the projection algorithm only requires a few

processor cycles. The termination criterion for Dykstra’s algorithm is checked

on every 10th iterate with ε = 10−6.

Fig. 6.4 compares the practical convergence behaviour of Algorithm 6.2 (ADMM,

) and Algorithm 6.4 (FGM, ) applied to problem (6.13) with the input rate

and amplitude constraint set as defined in (6.21) with r̄ = ā = 1 and nu = 1. Depicted

is the average distance between a high-accuracy solution u⋆ calculated using an

interior-point method and the solution at iteration i of Algorithm 6.2 and 6.4,

respectively. The problem data (J,q) is randomly generated and the distances are

averaged over 100 problems per horizon N . For Algorithm 6.4, Dykstra’s method

is implemented as follows: An initial verification is applied to avoid executing the

algorithm for vectors ti that lie inside set (6.21). If ti ∉ U , Dykstra’s method is

run for a fixed number of iterations Jmax = 50.
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Figure 6.4: Practical convergence behaviour of Algorithm 6.2 (ADMM) and Algorithm
6.4 (FGM) applied to problem (6.13) with set (6.21) for N = {2, 4, 8, 16}. The figure shows
the distance between the iterates and a solution u∗ computed using an interior-point
method. The problem data is randomly generated and the distances are averaged over
100 problems.

In Fig. 6.4, it can be seen that for horizon N = 4, the FGM and ADMM converge

at the same speed, but as N increases, the convergence behaviour of the FGM

becomes worse. This can be associated with the convergence behaviour of Dykstra’s

method from Fig. 6.2, which shows that the projection error increases for increasing

N . For larger N , the maximum iteration number of Dykstra’s method would need

to be increased to achieve a similar convergence as ADMM.

6.4 Observer and Regulator

As for the existing Diamond controller, the ill-conditioned plant complicates the

design of the MPC algorithm (6.9), i.e. the tuning of the state weights, Q ∈ Rnx×nx ,
the input weights, Ru ∈ Rnu×nu , and the terminal cost matrix, P ∈ Rnx×nx , as well
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as the design of the observer that is required to estimate the initial condition

x(t). Analogous to the IMC algorithm, the MPC algorithm produces large gains

in directions that are difficult to control if the ill-conditioned ORM is not actively

considered for choosing the state and inputs weights and designing the observer.

As a starting point for tuning the MPC algorithm, the Diamond IMC algorithm is

reverse engineered to obtain state and input weights and to design the observer.

This section is organised as follows. Subsection 6.4.1 analyses the Diamond IMC

algorithm and the resulting closed-loop system in discrete-time form. Based on

these results, a linear quadratic regulator (LQR) is designed in Subsection 6.4.2,

which can be interpreted as the unconstrained form of MPC, and combined with an

observer in Subsection 6.4.3. Throughout the remainder of this chapter, it will be

assumed that system (6.1) is square, i.e. ny = nu. This requirement is imposed by

the step-size choice of the FGM (Section 6.2.1), which requires a strongly convex

objective function. In addition, a square system will result in a one-to-one mapping

of the Diamond IMC dynamics to the LQR algorithm.

6.4.1 Discrete-Time Internal Model Control

The discrete-time input-output dynamics (6.1) can be mapped using the SVD of

R ∈ Rny×ny (1.6), R = UΣV T, to modal space, where the system is decoupled as

ỹi(z) = σig(z)ũi(z) + d̃i(z), i = 1, . . . , ny, (6.26)

with the modal variables ỹi ∶ C ↦ C, ũi ∶ C ↦ C and d̃i ∶ C ↦ C defined in (1.8).

Following the continuous-time controller design procedure from Section 1.6, the

control law is obtained in standard negative-feedback form as u(z) = −Kc(z)y(z)
with the gain matrix K ∈ Rny×ny given by

K ∶= V diag(k1, . . . , kn)UT, ki ∶= σi
σ2
i + µ. (6.27)

In discrete-time, the scalar controller c ∶ C ↦ C reads as [49]

c(z) ∶= 1 − πλ
1 − πg znτ (z − πg)

znτ+1 − πλznτ − (1 − πλ) , (6.28)
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where πg is the discrete-time pole of g(z) (6.2), πλ ∶= exp(−2πλTs) the discrete-

time closed-loop pole and λ = 1/(τdTs) = 2π × 176 rad s−1 is the desired closed-loop

bandwidth. Note that c(z) has a pole at z = 1.

With (6.28), the mode-by-mode output sensitivity Si ∶ C ∶↦ C is

Si(z) ∶= 1
1 + kic(z)σig(z) = znτ+1 − πλznτ − (1 − πλ)

znτ+1 − πλznτ − (1 − πλ)(1 − σ2
i

σ2
i +µ)

. (6.29)

By Descartes’ rule of signs [29] and noting that nτ is odd, Si(z) has one positive

real pole π+i that satisfies

(π+i )nτ (π+i − πλ) = (1 − πλ)(1 − 1
1 + µ/σ2

i

), (6.30)

with 1 > π+i > πλ for µ > 0 and the limiting cases π+i = πλ for µ/σ2
i → 0 and π+i = 1

for µ/σ2
i →∞. In addition, Si(z) has one negative real pole and (nτ − 1)/2 pairs of

complex conjugated poles. Fig. 6.5a shows the root locus of all closed-loop poles for

µ/σ2
i = {10−4, 10−3, . . . , 10−2}. For µ/σ2

i → 0, nτ poles are at the origin and gradually

move towards the unit circle as µ/σ2
i → ∞, whereas the real pole π+i moves from

πλ along the real axis towards the point 1 + j0.

At Diamond, the regularisation parameter is fixed to µ = 1. Fig. 6.5b compares

the dominant pole π+i of each mode against the corresponding singular value in the

vertical direction, where it can be seen that the closed-bandwidth decreases with

decreasing singular value. Due to the large condition number of R, the closed-loop

bandwidths range from 176 Hz (µ/σ2
1 = 210) down to 0.03 Hz (µ/σ2

ny = 0.02).

6.4.2 Mode-By-Mode Linear Quadratic Regulator

As in the IMC case, the LQR is designed in mode space where a state-space

representation of the modal system (6.26) is given by

˜̄xk+1,i = Ax̄,i ˜̄xk,i +Bx̄,iũk,i, (6.31a)

ỹk,i = Cx̄,i ˜̄xk,i + d̃k,i, (6.31b)
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Figure 6.5: Left: Root locus of IMC closed loop for µ/σ2
i = {10−4,10−3, . . . ,102} (blue

markers). Right: Singular values σi of R (red) and speed of closed-loop IMC poles π+i
(blue) for µ = 1.

where subscript i = 1, . . . , ny refers to the ith mode, ˜̄x ∶ Z ↦ Rny(nτ+1) is the

delay-augmented state vector (6.6) in mode space (˜̄xi ∶ Z ↦ Rnτ+1) and the state-

space matrices are given by

Ax̄,i ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎣

πg 0 . . . 0
1 0⋱ ⋮

1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, Bx̄,i ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 − πg
0⋮
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, Cx̄,i ∶= [0 . . . 0 σi]. (6.32)

Note that the state-space system (6.31) can be obtained from either applying the

modal transformation (1.8) to the state-space representation (6.7) or from directly

rewriting the input-output representation (6.26).

In contrast to IMC, the standard LQR scheme does not implement an integrator

for g(z) as defined in (6.2) and must be modified to achieve offset-free control. For

that purpose, system (6.31) is augmented with a disturbance model [17, Ch. 13.6] and

the feedback law extended with setpoints. The disturbance dynamics are modelled as

d̃k+1,i = d̃k,i + w̃k,i, (6.33)

where w̃k,i is zero-mean white noise and in practice, d̃k,i may have a non-zero

initial condition, i.e. d̃0,i ≠ 0. For offset-free control, the dynamics (6.31) and the
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disturbance model (6.33) are evaluated for k →∞ and limk→∞E{ỹk,i} = 0. Noting

that limk→∞E{d̃k,i} = d̃0,i and denoting the setpoints for the states and inputs as

x̃sp,i ∶= lim
k→∞E{x̃k,i}, (6.34a)

ũsp,i ∶= lim
k→∞E{ũk,i}, (6.34b)

where x̃sp,i ∈ R is the setpoint for the state in modal space before the augmenta-

tion (6.6) and ˜̄xsp,i ∶= 1x̃sp,i, the setpoints are obtained as

ũsp,i = x̃sp,i = − 1
σi
d̃0,i. (6.35)

Using (6.35), the LQR is designed for the new variables δ ˜̄xk,i ∶= ˜̄xk,i − ˜̄xsp,i and

δũk,i ∶= ũk,i − ũsp,i. According to (6.31a), the state transition of δ ˜̄xk,i is

δ ˜̄xk+1,i = Ax̄,iδ ˜̄xk,i +Bx̄,iδũk,i. (6.36)

Since the delayed components of the augmented state vector ˜̄xk,i bear no new

information, the state feedback is chosen as

δũk,i = −[kc,i 0 . . . 0]δ ˜̄xk,i, (6.37)

so that designing a controller for (6.36) is equivalent to designing a controller

for the single-state system

δx̃k+1,i = πg δx̃k,i + (1 − πg) δũk,i, (6.38a)

δỹk,i = σiδx̃k,i + d̃k,i, (6.38b)

where δx̃k,i ∶= x̃k,i − x̃sp,i and δỹk,i ∶= ỹk,i − σix̃sp,i. Substituting δũk,i = −kc,iδx̃k,i
in (6.38a) yields the closed-loop dynamics for δx̃k,i,

δx̃k+1,i = (πg − kc,i(1 − πg)) δx̃k,i. (6.39)

The gain kc,i is obtained from the corresponding infinite-horizon LQR problem [130,

Ch. 9.2.1], which minimises the expected value of the cost function,

JLQR(x̃0,i) ∶= 1
2

N∑
k=0

qix̃
2
k,i + riũ2

k,i, (6.40)
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for N → ∞ with qi ∈ R++ and ri ∈ R++ being the mode-by-mode state and input

weighting gains, respectively. The LQR gain kc,i is computed as [130, Eq. 9.12]

kc,i ∶= πg(1 − πg)pi
ri + (1 − πg)2pi

, (6.41)

where pi ∈ R++ is obtained from the DARE [130, Eq. 9.13]:

pi = π2
gpi − π2

g(1 − πg)2p2
i

ri + (1 − πg)2pi
+ qi. (6.42)

The solutions of (6.42) Equation (6.42) is a quadratic in pi, which can be solved

for the (unique positive) solution:

pi ∶= 1
2
⎛⎜⎝qi −

1 − π2
g(1 − πg)2 ri +

¿ÁÁÀ(qi − 1 − π2
g(1 − πg)2 ri)

2 + 4(1 − πg)2 qiri
⎞⎟⎠. (6.43)

The solutions of (6.43) characterise the infinite-horizon LQR cost as JLQR(x̃0,i) =
pi(x̃0,i)2 and will be mapped back to original space to obtain the terminal cost matrix

of the MPC formulation (6.9) as P ∶= V diag(p1, . . . , pny)V T. From (6.43), it can be

seen that for qi/ri →∞, pi → qi and kc,i = πg/(1−πg), which – substituted in (6.36) –

results in a deadbeat controller. For positive feedback, i.e. kc,i > 0, the regulator poles

are therefore always faster than the pole of the plant πg. However, the plant is subject

to a large time delay of nτ = 9 steps and, to avoid large amplification of measurement

noise, the closed-loop bandwidth must not be higher than 1/(nτTs) = 2π×176 rad s−1,

which is lower than the plant pole at 700 Hz. With the present structure, the control

system must therefore be slowed down through the observer, so that – in the absence

of input constraints – the choice of state and input weights becomes secondary.

However, in the presence of input constraints and the ill-conditioned ORM R, the

choice of input and state weights is particularly important and will be analysed

in Subsection 6.5. To this end, the setpoint-related transformation from (6.36) is

inverted to obtain the state-feedback law with setpoints as

ũk,i ∶= ũsp,i − [kc,i 0 . . . 0](˜̄xk,i − ˜̄xsp,i),
= − K̃c,i(˜̄xk,i

d̃0,i
), (6.44)

where

K̃c,i ∶= [kc,i 0 . . . 0 1+kc,i
σi

]. (6.45)



6. Cross-Directional Control using Model Predictive Control 175

6.4.3 Observer

In addition to estimating the state ˜̄xk,i and the disturbance d̃0,i required by the state

feedback (6.44), the observer also controls the rate at which the setpoints (6.35)

change. In this section, the dominant pole of the observer is tuned to match the

dominant pole of the existing controller (6.30). Together, the LQR and the observer

are referred to as a linear quadratic Gaussian (LQG) controller.

The dynamics of the filter-form observer [14], i.e. one that uses the measurements

at time kTs to form the a-posteriori estimate ˜̄xk∣k,i, are given by

(˜̄xk+1∣k,i
d̃k+1∣k,i) = Ai(˜̄xk∣k,i

d̃k∣k,i) +Biũk,i, (6.46a)

(˜̄xk∣k,i
d̃k∣k,i) = (˜̄xk∣k−1,i

d̃k∣k−1,i
) + K̃f,i(ỹk,i −Ci(˜̄xk∣k−1,i

d̃k∣k−1,i
)), (6.46b)

for i = 1, . . . , n and where the state model (6.31) and the disturbance model (6.33)

are concatenated as

Ai ∶= [Ax̄,i 0
0 1], Bi ∶= [Bx̄,i

0 ], Ci ∶= [Cx̄,i 1]. (6.47)

Because the state model (6.31a) assumes zero noise for x̄k, the observer gain

K̃f,i ∈ R(nτ+2)×1 is of the form

K̃f,i ∶= [0 . . . 0 kf,i]T
, (6.48)

with nτ + 1 leading zeros and a scalar gain 0 < kf,i < 1 associated with the

disturbance (6.33).

With the observer (6.46), the LQR control law (6.44) becomes

ũk,i = −K̃c,i(˜̄xk∣k,i
d̃k∣k,i), (6.49)

where K̃c,i is the LQR gain (6.45). Substituting (6.49) and (6.46b) in (6.46a) yields

(˜̄xk+1∣k,i
d̃k+1∣k,i) = (Ai −BiK̃c,i)(I − K̃f,iCi)(˜̄xk∣k−1,i

d̃k∣k−1,i
) + (Ai −BiK̃c,i)K̃f,iỹk,i, (6.50)

from which the mode-by-mode LQG controller, cLQG,i ∶ C ↦ C, is obtained as

(Appendix 6.A)

cLQG,i(z) ∶= (1 − πf,i)(1 − πc,i)(z − πg)znτ /(σi(1 − πg))
znτ+1 − znτ (πf,i + πc,i) + znτ−1πf,iπc,i − (1 − πf,i)(1 − πc,i) , (6.51)
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Figure 6.6: Comparison of LQG (qi = ri = 1) and IMC output sensitivities for modes 1,
50 and 100.

where the πc,i and πf,i refer to the regulator and observer poles, respectively,

and are given by

πc,i ∶= πg − (1 − πg)kc,i, (6.52a)

πf,i ∶= 1 − kf,i. (6.52b)

With (6.51), the mode-by-mode output sensitivity SLQG,i ∶ C ↦ C becomes

SLQG,i(z) ∶= 1
1 + cLQG,i(z)σig(z) ,

= 1 − (1 − πf,i)(1 − πc,i)
znτ−1(z − πf,i)(z − πc,i) .

(6.53)

Given a dominant pole π+i from the existing controller (6.30), setting πf,i = π+i
in (6.52b) results in the following observer gain:

kf,i = 1 − π+i . (6.54)

The LQG controller implements one additional pole πc,i (6.52a) that is over 3 times

faster than π+i for kc,i > 0. Fig. 6.6 compares the mode-by-mode LQG output

sensitivity (6.53) with the IMC output sensitivity (6.29) for modes i ∈ {1,50,100}
and ri = qi = 1. For all modes, the choice (6.54) leads to a good match between the

LQG and IMC sensitivity. For lower-order modes that have a high bandwidth, the

additional LQG poles lead to bandwidth reduction of approximately 5 Hz, which

could be accounted for by increasing the observer bandwidth.
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Suppose one were to obtain the observer gain (6.48) with (6.54) through a

Kalman filter formulation. For the steady-state Kalman filter, the gain is computed

as [128, Ch. 7.3]

K̃f,i = Pf,iCT
i (CiPf,iCT

i + rf,i)91
CiPf,iA

T
i +Qf,i, (6.55)

where rf,i refers to the measurement noise variance, Qf,i to the state noise variance

and Pf,i = PT
f,i ⪰ 0 is the solution to the DARE

Pf,i = AiPf,iAT
i −AiPf,iCT

i (CiPf,iCT
i + rf,i)91

CiPf,iA
T
i +Qf,i. (6.56)

By substituting (6.55) in (6.56) and setting Qf,i ∶= diag(0, . . . , 0, qf,i), it can be seen

that Pf,i ∶= diag(0, . . . ,0, pf,i) solves the DARE with

pf,i = qf,i
kf,i

, rf,i = 1 − kf,i
kf,i

qf,i, (6.57)

where kf,i is the observer gain from (6.54) that satisfies 0 < kf,i < 1. The weights

qf,i = 1, rf,i = 1 − kf,i
k2
f,i

= π+i(1 − π+i )2 (6.58)

therefore produce the same gain as in (6.54). Comparing (6.58) with the root locus

(Fig. 6.5a), it can be seen that for higher-order modes, i.e. modes for which µ/σ2
i

is large and therefore π+i ≈ 1, the Kalman filter parameter rf,i is large. Tuning the

Kalman filter to match the dynamics of the regularised IMC controller therefore

requires large measurement noise for higher-order modes to be assumed.

In original space, the MIMO equivalent of the mode-by-mode observer (6.46) is

given by

(x̄k+1∣k
dk+1∣k) = A(x̄k∣k

dk∣k) +Buk, (6.59a)

(x̄k∣k
dk∣k) = (x̄k∣k−1

dk∣k−1
) +Kf(yk −C(x̄k∣k−1

dk∣k−1
)), (6.59b)

where A ∈ R(n̄x+ny)×(n̄x+ny), B ∈ R(n̄x+ny)×nu and C ∈ Rny×(n̄x+ny) are defined as

A ∶= [Ax̄
I
], B ∶= [Bx̄

0 ], C = [Cx̄ I], (6.60)



178 6.5. Tuning Model Predictive Control

0 10 200

5

10

Time (ms)

M
ag

ni
tu

de
(µ

m
) dk ∝ U1

0 10 200

5

10

Time (ms)

M
ag

ni
tu

de
(µ

m
) dk ∝ U50

0 10 20 300

2

4

Time (ms)

M
ag

ni
tu

de
(µ

m
)

dk from
measurements

dk,(1)
dk∣k,(1)

Figure 6.7: First component of the disturbance dk and observer estimate dk∣k for
a disturbance in direction of mode 1 (left) and mode 50 (middle) and for dk from
measurements (right).

with Ax̄, Bx̄ and Cx̄ given in (6.32). The observer gain Kf ∈ R(n̄x+ny)×ny is obtained

from the mode-by-mode gains (6.54) and given by

Kf ∶=
⎡⎢⎢⎢⎢⎢⎣

0⋮
V diag(kf,1, . . . , kf,ny)UT

⎤⎥⎥⎥⎥⎥⎦. (6.61)

In combination with the condensed MPC formulation (6.13), the output (6.59b)

of the MIMO observer is used to set the initial condition x(t) ∶= xk∣k and the

setpoints xsp = usp ∶= −R91dk∣k, which are in turn used to initialise the Hessian

J and the objective function vector q.

Fig. 6.7 shows the first component of the observer estimate dk∣k ( ) for

different disturbances dk ( ). In the first and second column the disturbance is

chosen as dk = 10 µm×Ui/∣U(1,i)∣ +nk, where Ui represents column i of the matrix of

left singular vectors of R (1.6) and nk ∼ N(0, I). According to the dominant poles

from Fig. 6.5b, the first mode is 4 times faster than mode 50, which is reflected

in Fig. 6.7. The last column of Fig. 6.7 shows the observer output for the case

that dk is taken from measurement data.

6.5 Tuning Model Predictive Control

Motivated by the ill-conditioned plant and the large time delay, an LQG controller

was designed to match the dynamics of the existing Diamond closed loop in
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Section 6.4. It was shown that the LQG controller must be slowed down through

the observer, which left the LQR state and input weights that are used in the MPC

formulation (6.9) unspecified. The state and input weights qi and ri are determined

on a mode-by-mode basis and the terminal cost pi is computed from (6.43).

In original space, the matrices are defined as Q ∶= V diag(q1, . . . , qny)V T, Ru ∶=
V diag(r1, . . . , rny)V T and P ∶= V diag(p1, . . . , pny)V T. In this section, the horizon

of the MPC scheme (6.9) is fixed to N = 1 and it is assumed that the MPC

problem is solved using Algorithm 6.1 (FGM). As highlighted in Section 6.2.1, the

convergence of Algorithm 6.1 tends to be slower for large condition numbers of

the Hessian J (6.14a), which for N = 1 is given by

J = BT
x PBx +Ru,

= V diag((1 − πg)2 p1 + r1, . . . , (1 − πg)2 pny + rny)V T.
(6.62)

For fixed πg, the condition number κ(J) therefore depends on ri as well as on pi,

which also depends on qi through (6.43). In the following, the state weights are

fixed as qi = 1∀i = 1, . . . , ny and different input weight choices are compared:

ri = 1, (6.63a)

ri = (µ + σ2
i )/σ2

i , (6.63b)

ri = √
σi, (6.63c)

ri = σi, (6.63d)

from which the mode-by-mode terminal cost pi is computed using (6.43). The choice

ri = (µ + σ2
i )/σ2

i is motivated by the regularisation procedure from Section 1.6.3;

for higher-order modes, i.e. modes associated with σi ≪ 1, the weight r1,i is large

compared to the state weights and the control action therefore reduced. The choices

ri = √
σi and σi are motivated in Section 6.5.1.

The resulting condition numbers κ(P ) and κ(J) are shown in Table 6.1. For

ri = 1, the terminal cost is identical for all modes, so that κ(J) = 1 and Algorithm 6.1

terminates in one step. For ri ≠ 1, the practical convergence of Algorithm 6.1 is

analysed in Fig. 6.8 by measuring the number of iterations requires to solve the
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Table 6.1: Comparison of the condition numbers of the DARE solution P and the
Hessian J of Algorithm 6.1 for different choices of input weights ri. The values are
computed for the vertical control direction.

qi ri κ(Ru) κ(P ) κ(J)
1 1 1 1 1
1 (µ + σ2

i )/σ2
i 2538.8 1.1 2126.4

1 √
σi 102.6 1.36 49.2

1 σi 10 531.0 1.6 1361.9

MPC problem (6.13). For each instance, the algorithm is warm-started using the

previously calculated input u⋆k−1 and in addition to the maximum iteration number

Imax, the stopping criterion (∥wi+1 −wi∥∞ < ε)∨(∥wi+1 −wi∥∞ < ε∥wi∥∞) with ε = 1093

is implemented. As expected from κ(J) in Table 6.1, Algorithm 6.1 requires more

iterations with weights ri = (µ + σ2
i )/σ2

i and ri = σi than with ri = √
σi when Imax =

4000 (Fig. 6.8a). The number of required iterations is particularly volatile for ri = σi.
The second and third column of Fig. 6.8 show the average absolute error (mA) and

relative error (%) that are computed as ∥u⋆FGM − u⋆IP∥∞ and ∥u⋆FGM − u⋆IP∥∞/∥u⋆IP∥∞×
100 %, where u⋆FGM is the solution obtained from Algorithm 6.1 and u⋆IP the solution

obtained from an interior-point method. The solutions are one magnitude order

less accurate for ri = (µ + σ2
i )/σ2

i and ri = σi than for ri = √
σi.

In view of the implementation (Section 6.6), Imax is reduced to Imax = 20 in

Fig. 6.8b making the stopping criterion (∥wi+1 −wi∥∞ < ε)∨(∥wi+1 −wi∥∞ < ε∥wi∥∞)
redundant. Compared to Fig. 6.8a, all errors have been increased by one order

of magnitude, but remain below 0.1 mA and 1 %. The resulting ASD is shown

in Fig. 6.9 for BPM 1 (vertical direction). The controller performs worst for

ri = (µ + σ2
i )/σ2

i and no difference is visible between ri = σi and ri = √
σi, from

which it can be concluded that the solution inaccuracy of the version with ri = σi is

associated with direction aligned with higher-order modes; since the contribution of

higher-order modes to the disturbance spectrum is smaller than low-order modes,

the version with ri = σi produces an equally good performance than the version

with ri = √
σi that has better convergence properties.
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Figure 6.8: Convergence of Algorithm 6.1 for N = 1 and input weights (6.63b)–(6.63d) for
10,000 warm-started MPC instances (6.13). In addition to Imax, Algorithm 6.1 implements
the stopping criterion (∥wi+1 −wi∥∞ < ε) ∨ (∥wi+1 −wi∥∞ < ε∥wi∥∞) with ε = 1093. The
figures show average and standard deviations and the error is computed using the ∞-norm
and against a solution obtained from an interior-point method.
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Figure 6.10: Simulation of LQG under input clipping and with qi = ri = 1.

6.5.1 Saturation of Slew-Rate Constraints

In addition to the solver, the choice of input weights (6.63) impacts the behaviour

of MPC under actuator saturation. To create a situation in which the actuators

saturate under slew-rate constraints, the disturbance dk is chosen in the direction

of mode 100, as dk ∶= U100 × 10 mm∀k ≥ 0, and the MPC algorithm simulated in

closed loop for the different input weights (6.63).

The resulting output is shown in Fig. 6.11 and compared with the LQG controller

(qi = ri = 1) under input clipping in Fig. 6.10, i.e. when the constraints are enforced

after calculating the inputs. The first column of Fig. 6.10 and 6.11 shows all ny

outputs yk, the second column all nu = ny inputs uk and the third column the

slew-rate, which in practice is calculated as the difference between uk and a lowpass-

filtered uk (Chapter 7). Actuator saturation occurs when the slew-rate reaches ±1 A

or when the inputs reach ±5 A. In Fig. 6.10 and 6.11, the actuators start saturating

under slew-rate constraints at 0.05 s. As consequence, the LQG controller produces

the unusual output shown in the first column of Fig. 6.10, whereas the MPC output

diverges for ri = 1 and ri = (µ + σ2
i )/σ2

i with some outputs reaching over 2 mm

beam displacement, before converging again after 0.15 s once the actuators start

desaturating. Note that throughout the simulation, the input computed by the

MPC algorithm are within the constraints (6.21). For ri = √
σi, the beam divergence

seen for ri = 1 and ri = (µ + σ2
i )/σ2

i is reduced and further improved with ri = σi.
The behaviour could be further improved by using ri = ασi, α > 1, or ri = σ2

i at

the expense of increasing the condition number κ(J).
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Figure 6.11: Simulation of MPC under input slew-rate saturation with state weights
qi = 1 and different input weights ri (vertical control direction).

To understand the behaviour from Fig. 6.10 and 6.11, the simulation results are

mapped to modal space using the modal transformation (1.8) and shown in Fig. 6.12,

where the first column shows the LQG controller (qi = ri = 1) and the second and

third column MPC with ri = 1 and ri = σi, respectively. At the beginning of the

simulation, it can be seen that only one output and one input are non-zero, which are

those associated with mode 100. As soon as actuator saturation occurs, the clipping

(in case of LQG) or the projection onto the constraint set (6.21) (in case of MPC)
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Figure 6.12: Simulation of LQG and MPC under input slew-rate saturation in modal
space for the vertical control direction.

creates an input component in direction of other modes. As a consequence, the

output diverges resulting in the output from Fig. 6.11. Under actuator saturation,

the ill-conditioned dynamics therefore require MPC to concentrate the control

action on higher-order modes to avoid producing large displacements in direction

of the lower-order modes.

6.6 Implementation

For the experiments on the Diamond storage ring, the controller is implemented

on a VadaTech AMC540 board that embeds an FPGA and two Texas Instruments

(TI) C6678 DSPs [145] with 8 cores each (Chapter 7). For the tests, Algorithms 6.1

(N = 1) and 6.4 (N = 2) are implemented on the DSPs, which are more flexible

to program, while the FPGA is responsible for signal routing. The data transfer

between FPGA and DSPs takes roughly 5 µs. The DSPs are clocked at 1.4 GHz

and the sampling frequency of 10 kHz therefore allows for 133,000 processor cycles

(95 µs) for computing the control inputs. The control problems for the vertical and

horizontal beam directions are independent and one DSP is used for each direction.

For the gradient step of Algorithms 6.1 and 6.4, an optimised matrix-vector

multiplication routine is implemented that exploits the core architecture and

maximises the cache efficiency, which is elaborated on in detail in Chapter 7.

For N = 1, the algorithm can be implemented as shown in Algorithm 6.1 and all the

problem data, such as the Hessian J, can be saved in L2 memory. The cache efficiency
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for the projection can be increased by permuting the data using a perfect shuffle, so

that the inputs for magnet i and horizon stages 0 and 1 are contiguous in memory.

If the algorithm is run on a single core with Imax = 20, it requires 543 µs for

N = 1 and 3550 µs for N = 2 to compute the control inputs, which is far more than

the desired 100 µs. The most expensive operation is the gradient step, which takes

357 µs for N = 1 and 3017 µs for N = 2. Since the algorithm is dominated by the

matrix-vector multiplication of the gradient step, one would expect the computation

time to quadruple when doubling the problem size. However, the transfer of problem

data across memory level and cache inefficiencies incur substantial overheads.

The single-core implementation is then parallelised using the standard manager-

worker framework from Section 7.2.2, but variable dependencies require core commu-

nication and cache operations that are denoted by circled arrows in Algorithm 6.1.

For the problem size of the MPC problem (6.13), the cost of parallelisation is

not negligible and analysed in detail in Section 7.2.2. Algorithm 6.1 is sliced into

6 × 32 row-blocks with 192 columns each and deployed on 6 worker cores and 1

manager core. The length of the slices must be a multiple of the cache line size

(64 B) and using 7 worker cores would not yield any speed up. The master core

coordinates the various steps of Algorithm 6.1 and communicates with the adjacent

FPGA. A breakdown of the computation time of Algorithm 6.1 with Imax = 20 is

shown in Fig. 6.13. For N = 1, the algorithm uses 69 µs, which is well below the

allowed 100 µs, but for N = 2, the computation time of 272 µs is above the time

limit. The algorithm would therefore have to be implemented on the FPGA for

N = 2. However, the very small performance improvement that is obtained when

increasing N from 1 to 2 [89] may not justify a complex FPGA implementation.

Compared to the single-core implementation, the parallelisation reduces the

computation time by a factor between about 8 and 13. In theory, one would expect

the computation time to be reduced by a factor smaller than nw when deployed

onto nw worker cores. It is suspected that this discrepancy is due to memory and

cache bandwidth limitations on the single core implementation.
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Figure 6.13: Computation times for multi-core implementation.

6.7 Results from the Diamond Storage Ring

In order to validate the MPC design and implementation, the algorithm was tested

experimentally on the Diamond storage ring and compared against the single-

array IMC algorithm from Section 6.4.1. Two versions of the MPC algorithm

are presented: One with input weights ri = (µ + σ2
i )/σ2

i (6.63b) and one with ri =
σi (6.63d). Additional results for ri = √

σi (6.63c) are shown in Appendix 6.B. For

all versions of MPC, the observer is tuned to match the IMC closed-loop dynamics

using the technique from Section 6.4 using a nominal closed-loop bandwidth of

λ = 2π×176 rad s−1. In the horizontal direction, the IMC and MPC algorithms control

ny = nu = 167 BPMs and correctors and in the vertical direction, ny = nu = 165.

The following results were obtained using a nominal beam current of 300 mA and

with all other feedbacks from Table 1.1 disabled.

Outputs

Fig. 6.14 shows the output ASD measured in the first cell of the Diamond storage

ring for disabled feedback ( ), for the IMC algorithm ( ) and for the two

MPC algorithms with ri = (µ + σ2
i )/σi ( ) and ri = σi ( ). The left-hand side

of Fig. 6.14 shows the horizontal direction, the right-hand side the vertical direction,

and the first to seventh rows correspond to BPMs 1–7.

For all algorithms, the disturbance attenuation is in line with the theoretical

expectation from Fig. 6.6 (see also Fig. 4.5). Maximum attenuations of 20 dB = 0.1
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and 40 dB = 0.01 are expected at 10 Hz and 1 Hz, which is reflected in both planes

and in particular for the BPMs 1 and 7. As the MPC closed-loop dynamics are

dominated by the observer, the performance is identical for MPC with ri = (µ+σ2
i )/σ2

i

and ri = σi. According to Section 6.5.1, an eventual performance difference would

appear under actuator saturation, which was not subject of the tests conducted

on the Diamond storage ring because of time restrictions.

In the horizontal direction and between 20 Hz to 50 Hz, the IMC algorithm

performs slightly better than the MPC algorithm, which is better visible in the

IBMs from Fig. 6.15. At BPM 4, for example, the IBM associated with the IMC

algorithm is 0.1 µm lower at 1 kHz. The performance difference is less pronounced

in the vertical direction and it is unclear by what it is caused, but it could be

related to the solver convergence discussed in Section 6.5.

Inputs

Fig. 6.16 shows the input ASD in mA measured in the first cell of the Diamond

storage ring for the IMC algorithm ( ) and for the two MPC algorithms with

ri = (µ + σ2
i )/σi ( ) and ri = σi ( ). The left-hand side of Fig. 6.16 shows

the horizontal direction, the right-hand side the vertical direction, and the first

to seventh rows correspond to correctors 1–7.

As all algorithms are tuned to have the same closed-loop dynamics, the input

ASD is similar for the IMC and the MPC algorithms. For lower frequencies, the only

visible differences occur for corrector 2 in the horizontal direction and correctors

4–6 in the vertical direction, where the input ASD is 0.1 mA/√Hz to 0.2 mA/√Hz

higher for the IMC than for the MPC algorithms. At frequencies higher than

500 Hz, the input ASD for the IMC algorithm is up to two times higher than for

the MPC algorithms. It is unclear what causes this difference in input ASD, which

is not reflected in the output ASD from Fig. 6.14.
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Figure 6.14: Measured output ASD in the first cell of the Diamond storage ring for
disabled feedback (OFF), IMC from Section 6.4.1 and MPC. The ASDs are computed
using Welch’s method and using 100 s of data sampled at 10 kHz.
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Figure 6.15: Measured IBM in the first cell of the Diamond storage ring for disabled
feedback (OFF), IMC from Section 6.4.1 and MPC algorithms with ri = (µ + σ2

i )/σi and
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Figure 6.16: Measured ASD of the inputs in the first cell of the Diamond storage ring
for the IMC and MPC algorithms with ri = (µ + σ2

i )/σ2
i and ri = σi.
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6.8 Conclusion

In this chapter, an MPC algorithm has been designed for the CD dynamics of the

electron beam. For solving the associated convex optimisation problem, an ADMM-

based solver has been compared to an FGM implementation that is combined with

Dykstra’s projection algorithm for horizons N ≥ 2. The FGM-Dykstra algorithm

makes the augmentation of decision variables for the purpose of considering input

constraints superfluous and hence reduces the computational complexity of the MPC

problem. However, simulations have shown that stalling conditions of Dykstra’s

algorithm can occur, in which case Dykstra’s algorithm can produce an arbitrarily

large projection error when run for a fixed number of iterations. Even though

convergence proofs of the FGM under inaccurate projections exist [114], the

possibility of stalling conditions would lead to conservative convergence estimates

of the FGM. To improve convergence estimates, the stalling conditions of Dykstra’s

method must be prevented, which is subject of current research [13]. In [150],

Dykstra’s method is related to a block coordinate descent method and to ADMM.

Based on these relations, one could attempt at introducing varying step sizes

or modifying Dykstra’s algorithm otherwise to prevent stalling. Alternatively,

Dykstra’s method could be interpreted as a distributed optimisation problem, in

which each separate projection is seen as an agents objective. Analogous to the

distributed proximal minimization algorithm [99, Alg. 1], the projected iterates

from Dykstra’s method could be obtained from averaged iterates, but it is unclear

whether Dykstra’s method would still converge to the Eucledian projection.

For horizon N = 1 the projection onto the input constraint set is straightforward

and Dykstra’s method superfluous. In this case, the projections employed in the

FGM (Algorithm 6.1) and ADMM (Algorithm 6.2) are identical. For speeding up

ADMM, the solution of the linear system step could be obtained by inverting the

KKT matrix offline and implementing a matrix-vector multiplication. In contrast to

the matrix-factorisation based forward-backward substitution implemented in [132],

a matrix-vector multiplication would benefit from an efficient parallelisation. As the

numerical results from Section 6.3.4 suggest, the control system would benefit
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from improved convergence properties of ADMM, which is known to be less

susceptible to ill-conditioned Hessians compared to FGM [104]. For the control

system implementation at Diamond, only the FGM has been implemented and

tested for horizon N = 1 and future research could focus on implementing an

ADMM-based solver.

To achieve offset-free control, the observer has been augmented with a distur-

bance model providing one integrator per output. The observer has been designed

in modal space and tuned based on comparing the dominant closed-loop pole

of an IMC algorithm with the dominant closed-loop pole of the resulting LQG

controller. Alternatively, the LQG controller could be determined using “inverse

LQR” techniques [14]. For determining the state and input weights of the MPC (and

LQG) problem, from which the terminal cost matrix is computed using the associated

DARE, several choices of input weights have been analysed with respect to FGM

convergence, closed-loop performance and behaviour under actuator saturation. In

contrast to the regularisation procedure for the standard IMC algorithm which

reduces controller gains in directions associated with higher-order modes, the input

weights of the MPC implementation must be chosen small for higher-order modes

and large for low-order modes. In simulations, it has been shown that this counter-

intuitive choice of weights prevents beam divergence when the actuators saturate,

which is related to the projection onto the input constraints that can produce a

large beam displacement in lower-order modes.

The large beam displacements associated with actuator saturation could be

prevented by including state constraints and a terminal constraint set, which were

excluded to avoid complicating the optimisation problem. However, this could lead

to infeasible optimisation programs, which would need to be treated separately

in practice. Future research could focus on introducing soft state constraints [17,

pp. 272-273] in which case the optimisation problem could be solved using a tailored

ADMM implementation. Alternatively, the optimisation problem could be solved

using FGM and the state constraints could be considered using Dykstra’s method,
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but it is unclear whether the constraint set could be partitioned as in Section 6.3.3

to allow for an efficient parallelisation.

Different versions of the MPC algorithm have been successfully tested on the

Diamond storage ring. The tests have shown that MPC performs as well as the

standard IMC algorithm, even when the FGM uses a limited number of iterations.

Actuator saturation has not been tested on the real system and future research

could focus on evaluating the behaviour of MPC under actuator saturation using

the suggested input weight choices. Actuator saturation could either be artificially

introduced by limiting the input rate further or by steering the beam to an initial

position that is aligned with higher-order modes. The latter could be achieved

using a reference signal that could also be used to identify the closed-loop output

sensitivity, such as suggested in Section 4.6.
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Appendix

6.A Obtaining the LQG Transfer Function

For a particular time delay nτ , the LQG controller transfer function (6.51) can

be obtained using appropriate software. However, the special structure of the

observer matrices allow (6.51) to be obtained for any nτ ∈ Z+. First, substitute the

measurement equation (6.46b) in the state-transition equation (6.46a) to obtain

(˜̄xk+1∣k,i
d̃k+1∣k,i) = ACL,i(˜̄xk∣k−1,i

d̃k∣k−1,i
) + (Ai −BiK̃c,i)K̃f,iỹk,i, (6.64)

where

ACL,i ∶= (Ai −BiK̃c,i)(I − K̃f,iCi). (6.65)

Taking the Z-transform of (6.64) and substituting it in the LQR control law (6.49)

yields the LQG control law as ũi(z) = −cLQG,i(z)ỹi(z) with

cLQG,i(z) ∶= K̃c,i(I − K̃f,iCi)(zI −ACL,i)91(Ai −BiK̃c,i)K̃f,i + K̃c,iK̃f,i. (6.66)

To simplify the notation for the remainder of this section, subscript i is dropped in the

following. The terms A−BK̃c, I − K̃fC ∈ R(nτ+2)×(nτ+2) are computed separately as

A −BKc =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

πc 0 . . . 0 0 (πc − 1)/σ
1 0⋱ ⋮ ⋮

1 0 0
0 . . . 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (6.67a)

I −KfC =
⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0⋱ ⋮
1 0

0 . . . σ(πf − 1) πf

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (6.67b)
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from which zI − ACL is obtained as

zI −ACL =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

z − πc 0 . . . −(πc − 1)(πf − 1) −(πc − 1)πf/σ−1 z 0 0
⋱ ⋱ ⋮ ⋮

−1 z 0
0 . . . 0 −(πf − 1)σ z − πf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (6.68)

Using the LQR gain (6.45), the observer gain (6.48) and the closed-loop ma-

trix (6.68), the terms K̃c(I − K̃fC) and (A −BK̃c)K̃f are computed as

K̃c(I − K̃fC) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

kc
0⋮
0(1 + kc)(πf − 1)

πf(1 + kc)/σ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

, (A −BK̃c)K̃f =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(πc − 1)kf/σ
0⋮
0
kf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (6.69)

The inverse in (6.66) can be computed as

(zI −ACL)91 = 1
det(zI −ACL) adj(zI −ACL), (6.70)

where adj(A) is the classical adjoint or adjugate of A with entry p, k defined as

adj(A)(p,k) ∶= (−1)p+kMk,p, where Mk,p is the (p, k) minor of A [68, Ch. 0.8.2].

Abbreviating the off-diagonal elements of zI − ACL as a2 ∶= (πc − 1)(πf − 1),
a3 ∶= (πc − 1)πf/σ and a4 ∶= (πf − 1)σ, the determinant of zI − ACL is computed

for odd values of nτ as

det(zI −ACL) =(z − πc)det

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

z 0−1 ⋱⋱ z−1 z
0 −a4 z − πf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+ det

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −a2 −a3−1 z⋱ ⋱−1 z 0
0 −a4 z − πf

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦=(z − πc)znτ (z − πf) + (z − πf)(−a2)(−1)nτ−1 − a3(−1)nτa4

=znτ (z − πc)(z − πf) − a2(z − πf) + a3a4.

(6.71)
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Considering the non-zero components in (6.69), the required elements of adj(zI −
ACL,i) are computed as

adj(zI −ACL)(1,1) = znτ (z − πf),
adj(zI −ACL)(1,nτ+1) = znτ−1((z − πf)a2 + a4),
adj(zI −ACL)(1,nτ+2) = znτa3,

adj(zI −ACL)(nτ+1,1) = z − πf ,
adj(zI −ACL)(nτ+2,1) = a4,

adj(zI −ACL)(nτ+2,nτ+2) = znτ (z − πc,i) + a2.

(6.72)

With (6.69)–(6.72), the first term on the right-hand side of (6.66) is obtained as

Kc(I −KfC)(zI −ACL)91(A −BKc)Kf = 1
det(zI −ACL)

⎛⎝
kc(adj(zI −ACL)(1,1) (πc − 1)kf

σ
+ adj(zI −ACL)(1,nτ+2) kf) + (1 + kc)×

(πf − 1)(adj(zI −ACL)(nτ+1,1) (πc − 1)kf
σ

+ adj(zI −ACL)(nτ+1,nτ+2) kf)
+ πf(1 + kc)

σ
(adj(zI −ACL)(nτ+2,1) (πc − 1)kf

σ
+ adj(zI −ACL)(nτ+2,nτ+2) kf)⎞⎠,

which can be simplified using appropriate software to obtain (6.51).

6.B Additional Results

Additional results for MPC with ri = √
σi (6.63c) are shown in Fig. 6.B.1, where

they are compared against ri = σi (6.63d).



198 6.B. Additional Results

10−1 100 101 102 103
0

0.5
1

1.5
2

(µ
m

)
Horizontal IBM

Cell 1 – BPMs 1–7

10−1 100 101 102 103
0

0.5

1

1.5

(µ
m

)

Vertical IBM
Cell 1 – BPMs 1–7

10−1 100 101 102 103
0

0.5
1

1.5
2

(µ
m

)

10−1 100 101 102 103
0

0.5

1

1.5

(µ
m

)

10−1 100 101 102 103
0

0.5
1

1.5
2

(µ
m

)

10−1 100 101 102 103
0

0.5

1

1.5
(µ

m
)

10−1 100 101 102 103
0

0.5
1

1.5
2

(µ
m

)

10−1 100 101 102 103
0

0.5

1

1.5

(µ
m

)

10−1 100 101 102 103
0

0.5
1

1.5
2

(µ
m

)

10−1 100 101 102 103
0

0.5

1

1.5

(µ
m

)

10−1 100 101 102 103
0

0.5
1

1.5
2

(µ
m

)

10−1 100 101 102 103
0

0.5

1

1.5

(µ
m

)

10−1 100 101 102 103
0

0.5
1

1.5
2

Frequency (Hz)

(µ
m

)

10−1 100 101 102 103
0

0.5

1

1.5

Frequency (Hz)

(µ
m

)

OFF MPC with ri = √σi MPC with ri = σi

Figure 6.B.1: Measured IBM in the first cell of the Diamond storage ring for disabled
feedback (OFF), single-array IMC from Section 6.4.1 and MPC algorithms with ri = √σi
and ri = σi.



7
Control System Implementation at

Diamond Light Source

As part of the FOFB design for Diamond-II, the controllers from Chapters 4 and 6

were implemented and validated in practice during experiments on the existing

Diamond storage ring. To enable these experiments, a real-time control system

was implemented on a VadaTech AMC540 – a board combining a Xilinx Virtex-7

FPGA with two Texas Instruments (TI) DSPs [152] – and interfaced with the

communication infrastructure. In contrast to the existing FOFB that distributes

the controller computations onto 24 processors, the experimental setup uses a single

(centralised) computation node, which will also be the case for Diamond-II.

This chapter summarises the experimental setup and the implementation.

Section 7.1 summarises modifications of the FOFB infrastructure, followed by

the DSP in Section 7.2. The real-time control system implementation and its

parallelisation on the DSP are presented in Section 7.3.

7.1 Control System Infrastructure

The existing FOFB uses a configurable number of ny ≤ 173 BPMs and nu ≤ 172

correctors. One Motorola MVME5500 processor [109] (abbreviated as VME in

the following) per cell computes the setpoints for the magnets located in the

199
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(a) AMC540 in cell 22.
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(b) AMC540 communication.

Figure 7.1: Configuration of cell 22 of the Diamond storage ring with fibres (blue), LAN
(pink), JTAG and serial connections (black). The AMC540 is slotted into an µTCA with
integrated eMCH. An additional processor card, an unmanaged ethernet switch and a
USB hub (not shown) provide additional ports.

corresponding cell, where a lower-level power supply controller drives the magnet

currents. The digitalised measurements are broadcast at a rate of 10 kHz over

a fibre network that is coordinated by the Diamond communication controller

(CC) [151]. All signals that are broadcast over the network are recorded by the

fast-acquisition archiver [1].

Fig. 7.1a and 7.1b show the installation of the AMC540 in cell 22 of the Diamond

storage ring. The AMC540 is slotted into a µTCA with integrated eMCH and

connected1 to the fibre network using the 24 fibre pair cables (light blue) on the

left-hand side of Fig. 7.1a. For monitoring and debugging purposes, each device on

the AMC540 – the FPGA and the two DSPs – is connected to the Diamond LAN

network, which requires additional ports that are provided using a processor card

and an unmanaged ethernet switch. The program code is loaded onto the FPGA and

DSPs using two separate JTAG connections. The FPGA is used for signal routing,

whereas the magnet setpoints are computed on the DSPs that are easier to program.

1The fibre cables were connected after the picture was taken.
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Figure 7.2: Communication network topology for Diamond (a) and Diamond-II (b).

7.1.1 Communication Network

Communication nodes The existing Diamond network topology is shown in

Fig. 7.2a, which is also referred to as a torus mesh topology commonly found in

parallel computing environments [151]. In Fig. 7.2a, the light gray circles represent

BPM nodes and the larger nodes, which are numbered from 1 to 24, connect to the

VME processors of each cell, which are referred to as VME nodes in the following.

Each node consists of a Xilinx Virtex-II Pro FPGA on a PCI mezzanine card running

the CC. The AMC540 is attached to the unused input-output ports of BPM 4 in

cell 22. Data packets, such as measurements produced by the BPMs, can be passed

from one node to another in direction of the arrows. When the system in Fig. 7.2a

is started up, all BPMs are synchronised and begin to inject data packets at 10 kHz.

The measurements are broadcast as 32 bit integers in nm together with an ID and

a timestamp. New data packets are passed to neighbouring nodes, but packets that

have already been processed are discarded. During experiments on the AMC540,

the data traffic in the fibre network is roughly doubled, making it necessary to

rearrange Fig. 7.2a to the star topology from Fig. 7.2b. By allowing each node to

forward (or discard) fewer data packets, the data congestion in overloaded nodes is

reduced in the case of the start topology, which will also be used for Diamond-II.
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Time frame

Handle (VME CC)

Process (VME)

100 µs

CC time frame ≈100 µs

55 µs ≈50 µs

Figure 7.3: Timing diagram for network communication from the perspective of a
communication controller (CC) running on a VME node. The arrival of a new BPM
measurement triggers the start of the time frame and the collection period of 55 µs. At the
end of the collection period, the measurements are transferred to the VME for computing
corrector setpoints, which takes up roughly 55 µs [47, Tab. 2.7].

Communication controller In the communication scheme at Diamond, time is

divided into time frames2 of equal length of 100 µs. The communication scheme is

event-based, and the start of the new time frame is determined by the arrival of

new packets broadcast by the BPMs. The timing across the storage ring network is

illustrated in Fig. 7.3 from the perspective of a VME node. The first line refers to

the time frame of the VME node, which is triggered by the arrival of a new BPM

measurement. The start of the time frame on the VME node marks the start of a

collection period of configurable length, which is set to 55 µs in normal operation.

In order to accommodate additional packets injected by the AMC540, the collection

period on the VME node is increased to 75 µs during FOFB tests. Once the collection

period has passed, the BPM nodes are idling until the start of the next time frame,

and the VME nodes transfer the collected packets to the VME processor that

computes the magnet setpoints and transfers them to the power supply controller.

Computing the magnet setpoints on the VME processor takes roughly 50 µs.

7.1.2 Fast Orbit Feedback Code

The existing controller is implemented in C language on a VME processor. After

configuration using a Python script, the following steps are executed every time

new BPM data is received:
2Note that the sampling frequency at Diamond (and throughout the implementation) is in fact

10.072 kHz.
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1. Multiplication with gain matrix and −1

2. Infinite impulse response (IIR) filtering

3. Control input slew-rate verification (max. ±1 A)

In addition to slew-rate verifications, the code also implements orbit (150 µm)

and setpoint (5 A) verifications, and if any of the verification fails, the FOFB is

shut down. Diamond implements several additional security measures, such as

BPM interlocks that independently trigger a beam dump if a BPM measurements

exceeds a particular limit.

After executing steps 1–3, the magnet setpoints are transferred as floating

point numbers to the magnet power supply controllers in Amperes, where the

setpoints are applied using 18 bit fixed-point arithmetic resulting in a granularity

of roughly 40 µA. The following paragraphs summarise the individual components

of the code and the reconfiguration required for FOFB testing. The precise limits

for orbit and input amplitude verification vary depending on BPM and magnet

and can be found under [79].

Configuration When the FOFB is started up, the VMEs are initialised using

various parameters, such as the gain matrix or the IIR filter coefficients. Startup

and configuration of the FOFB is managed by a Python program that has been

modified for FOFB testing [80].

Gain matrix The BPM signals are multiplied with a fixed-size gain matrix

K ∈ R172×173, which is broadcast to the VMEs at startup. To provide a unity

gain, the gain matrix is set to K = [I 0]. By zeroing a row or column of K, the

corresponding magnet or BPM can be disabled.
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IIR filter The (scalar) controller of the IMC algorithm is an IIR filter, IIR(z91) =
b0+b1z91+⋅⋅⋅+bnbz−nb
1+a1z91+⋅⋅⋅+anaz−na , that is implemented in general form as

y[k] =b0u[k] + b1u[k − 1] + ⋅ ⋅ ⋅ + bnbu[k − nb]
− a1y[k − 1] − a2u[k − 2] + ⋅ ⋅ ⋅ + anau[k − na],

where the arrays [b0, . . . , bnb] and [a1, . . . , ana] are initialised during startup. For

the Diamond controller, the IIR filter is defined as

IIR(z91) = (1 − ε)1−λ
1−τ (1 − τz91)

1 − λz91 − (1 − ε)(1 − λ)z−nd−1 ,

and in the Python program, the arrays b and a are initialised as

b = [ (1−ε)(1−λ)
1−τ , −τ(1−ε)(1−λ)

1−τ , 0, . . .]
a = [−λ, 0 × (nd − 1), −(1 − ε)(1 − λ), 0, . . .],

where nd denotes the total time-delay in terms of time steps and the implementation

is such that na, nb ≤ 9. By providing the values b0 = 1 and ai = bi = 0, i ≥ 1, the

filter is bypassed. The parameter λ is defined as λ = exp(−Ts/(ηndTs)), where the

parameter η is used to modify the closed-loop bandwidth.

Slew-rate verification The slew-rate of the computed control signal y[k] is

compared against a lowpass-filtered signal ŷ[k], where

ŷk = al
al + 2/Tsyk + al

al + 2/Tsyk−1 − al − 2/Ts
al + 2/Ts ŷk,

and al = 2 × 2π rad s−1. The feedback is then stopped if ∣yk − ŷk∣ > 1 A. The same

slew-rate constraint is implemented in the MPC algorithm.

Bypassing the existing system The VME nodes recognise BPM packets by

their IDs, which in normal operation range from 1 to 173. For FOFB testing, the

BPMs are renumbered and their IDs shifted to an unused range, such as shown

in Table 7.1. After renumbering, the BPM data packets are ignored by the VME

nodes, but collected by the CC on the AMC540, which passes the packets to the



7. Control System Implementation at Diamond Light Source 205

Table 7.1: Reconfiguration of network IDs for FOFB testing.

Network IDs 0 1–173 174–255 256–428 429–511
Default Mode reserved BPM Misc. Misc. -
AMC540 Mode reserved AMC540 Misc. BPM -

DSPs for computing the magnet setpoints. Upon completion of the DSP processes,

the CC on the AMC540 assigns IDs 1–172 to the magnet setpoints and injects them

back into the network, where they are collected by the VME nodes. By configuring

the FOFB parameters as feed-through on startup, the existing FOFB controller on

the VMEs is bypassed without changing the existing FOFB code. To accommodate

the 32 bit integer packet format, the setpoints are scaled to µA on the DSPs, and

the gain matrix K is used to scale the setpoints back to Amperes on the VMEs.

7.1.3 Latency

In regular operation, the total latency affecting the FOFB is 700 µs. With the

AMC540, the latency is increased by two time steps, which is explained using

the timing diagram from Fig. 7.4. The green path illustrates the path of a data

packet starting with its creation at a BPM node and ending with the transfer to

a power supply controller. After being collected by the CC on the AMC540, the

packet is transferred to the DSP (Process AMC540), where the magnet setpoints are

computed. At the time at which the magnet setpoints become available, the data

collection period of the following time step has already started. In principle, the

setpoints could be injected back into the network (red line). In practice, injecting

the setpoints at the following time step leads to network errors, as the packets are

either getting stuck in a CC queue (when injected at the beginning of the following

time step), or do not reach all nodes by the required time (when injected towards

the end of the following collection period). The CC on the AMC540 has therefore

been modified such that it buffers the setpoints, before injecting them at the start of

the next time frame. With this modification and noting that the latency introduced

by the process on the VMEs remains unchanged, the total latency becomes 900 µs

for FOFB testing compared to 700 µs in normal operation.



206 7.2. C6678 Digital Signal Processor

Time frame

Handle (VME CC)

Process (VME)

Handle (AMC540 CC)

Process (AMC540)

Buffer (AMC540)

200 µs

Figure 7.4: Timing diagram for network communication from the perspectives of the
AMC540 node and a VME node. The green path illustrates the data path, starting
from the communication controller (CC) on the AMC540 node and ending in the VME
processor. Without buffering in the AMC540, the VME node is unable to collect all data
packets (red path) eventually leading to a network error.

7.2 C6678 Digital Signal Processor

The AMC540 embeds two TI C6678 octacore DSPs that are used for computing

the magnet setpoints [145]. One DSP (DSP0) is used for the control problem in

the horizontal direction, and the other DSP (DSP1) for the vertical direction. The

controller is implemented in C, compiled using TI’s software generation tools and

uploaded to the DSP using code composer studio (CCS) [143]. The C6678 is highly

configurable, which is exploited to increase the computational efficiency of the

controller. In particular, memory partitioning and alignment of problem data are

specified to minimise cache and memory transactions; compiler optimisation is

facilitated through preprocessor directives; direct memory access (DMA) engines are

used to speed up data transfer; and interprocessor communication (IPC) overheads

are minimised by implementing an interrupt-free IPC framework.

7.2.1 Memory and Cache

Memory configuration On the AMC540, each C6678 DSP has four (data)

memory levels, L1–L4, with the L1 and L2 levels considered local [145, Ch. 5]. The

L1 and L2 levels can be configured as either cache or SRAM, but using the L2

level as a cache improves the performance of DDR3 memory accesses only [138].
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Without cache, the DSP requires 7 processor cycles for a single read-access to the

L2 memory, 22 to the L3 memory, and 30 to the L3 memory [147, Table 3].

Fig. 7.5a shows the memory configuration used for the control system imple-

mentation. The L1 level is configured as a cache, whereas the L2 memory is used

for core-local data, such as matrices and vectors that are repeatedly used in the

control algorithm. The DDR3 memory is used for initialisation. In the C code,

the linker command file is used to specify the available memory and create custom

memory sections that are allocated to different memory levels [141]. Pre-processor

directives, such as SET DATA SECTION and DATA ALIGN, can be used to place

variables in custom memory sections and align them to cache line boundaries.

On the TI C6678, the shared L3 memory is always cached by the L1 cache.

However, some parts of the C code, such as IPC, are faster if caching of certain

L3 sections is disabled. Fig. 7.5b illustrates the technique used in this project to

create a non-cacheable shared memory section. Using the linker command file, two

new memory levels, NC PHY and NC VIRT, are created, where the address range of

NC PHY coincides with the start of the L3 level, and the address range of NC VIRT

is beyond the physical address range of the DSP memory. During DSP initialisation,

the memory protection and address extension (MPAX) is used to map NC VIRT

section back to NC PHY [145, Ch. 7.3]. In contrast to the shared memory address

range, caching can be disabled for NC VIRT, and certain variables, such as those

used for IPC, are allocated to the non-cacheable NC VIRT section.

Cache configuration The L1 cache is a 32 kB two-way set associative cache and

the two lines per set are replaced using a least-recently-used strategy, meaning

that the most recently used line is kept in the cache. One cache line is 64 B

long and cache operations can only be executed on one or several cache lines.

The cache line size imposes constraints on the parallelisation; For a matrix-vector

multiplication that is distributed onto several cores, the shortest 32 bit array that

can be processed by a single core has length 16.
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CORE0 . . . CORE7

L1 Cache
(2×32 kB)

. . . L1 Cache
(2×32 kB)

L2 SRAM
(512 kB)

. . . L2 SRAM
(512 kB)

L3 Shared Memory (4096 kB)

L4 DDR3 (8 GB)

(a) Memory configuration.

NC PHY

0x0C000000
–

0x0C01FFFF

L3 memory:
always cached

NC VIRT

0xA0000000
–

0xA0020000

Virtual memory:
caching disabled

MPAX

access to
NC VIRT

(b) Non-cacheable access of L3 memory.

Figure 7.5: Memory configuration of each TI C6678 on the AMC540 (a) and non-
cacheable access of L3 memory used in the cIPC framework (b)
.

On the C6678, coherence between the L1 cache and the L3 memory is not

guaranteed. The chip support library (CSL) library provides an interface to interact

with the cache [136, Ch. 2] and force invalidate or write-back operations. As these

instructions operate on entire cache lines, shared variables and arrays must be

aligned to cache line boundaries using pre-processor directives.

The cache is a read-allocate-only cache and will fetch lines only on a read miss.

Before a memory-intensive operation, the cache can be warmed-up to improve its

performance by avoiding non-compulsory cache evictions [138, Ch. 3.4.6], which

is also used for the control system implementation [78, utils/touch.asm]. To

avoid cache conflict misses, which are caused by arrays being mapped to the same

cache sets, arrays and variables can be re-arranged using memory sections. For

the control system implementation, all shared arrays fit into the L1 cache and

arranging the arrays contiguously in memory therefore guarantees that each vector

is mapped to a different cache set [138, Ch. 3.4.4].

7.2.2 Interprocessor Communication

To compute the magnet setpoints at a rate of 10 kHz, the workload of large arithmetic

operations, such as matrix-vector multiplications, is distributed onto several cores
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worker 1

manager

worker 7

...
worker 1

manager

worker 7

...
worker 1

manager

worker 7

...

request work acknowledge

Figure 7.6: Manager-worker scheme used for the control system implementation.

using a manager-worker scheme as depicted in Fig. 7.6. Upon a manager request,

the workers execute a task and upon task completion, the workers notify the

manager. If the parallelised task uses shared data, it is also necessary to trigger

the corresponding cache invalidate or write-back operations.

On the TI C6678, there exist several IPC modules and out of these modules, the

Notify module [142, Ch. 2.7] and the Multicore Navigator [146], which benefits from

its own physical layer, are the most suitable for the manager-worker framework3.

The TI notification schemes are flexible but introduce a considerable delay. Fig. 7.7

shows the time required for executing the sequence from Fig. 7.6 under zero workload

for 1-7 worker cores. For 7 worker cores, it can be seen that the notify and navigator

libraries introduce an overhead of more than 104 cycles, which corresponds to 10 µs

if the processor is clocked at 1 GHz. The 10 kHz sample frequency of the present

application allows for 100 µs (105 processor cycles) and since the control algorithms

require several communication steps, the available modules are too slow.

To reduce the overhead, a fast but minimal IPC framework was implemented,

which is referred to as custom IPC (cIPC) in the following [77]. Next to initialisation

and cache configuration, the cIPC framework consists of the 4 functions shown in

Table 7.2. The four functions modify the integers req i and ack i, i= 1, . . . , nw,

where nw is the number of worker cores. In the code dedicated to the manager core,

the function manager set req is used to place a request, while in the code dedi-

cated to the worker cores, the (blocking) function worker wait req is used to wait

for a request. The function calls to manager set req and worker wait req

must be followed by manager wait ack and worker set ack. If the flags are
3The MessageQ module [142, Ch. 2.3] was also benchmark, but performed worse and is not

further considered.
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Figure 7.7: Comparison of IPC overheads for the manager-worker scheme under zero
workload. If the cores are clocked at 1 GHz, 1000 cycles correspond to 1 µs.

Table 7.2: Modification of flags by custom IPC framework.

Functions Flags
req i ack i

void manager set req(int R) 0Ð→ R
int R = worker wait req() R Ð→ 0
void worker set ack(int A) 0Ð→ A
int A = manager wait ack() AÐ→ 0

initialised to zero and if the correct sequence of requests and acknowledgements

is implemented, the implementation from Table 7.2 guarantees that manager and

workers do not simultaneously modify the flags req i and ack i.

An example usage is shown in Listings 7.1–7.2, which is taken from the MPC

implementation. One Line 2 of Listing 7.2, the workers are polling the flag req i

and waiting for it to be changed from 0 to a non-zero value by the manager core on

Line 1 of Listing 7.2. When the value of req i changes, the workers acknowledge

the receipt of the request on Line 2, before workers and manager proceed with

performing a task, which can contain additional calls of cIPC functions. Note that

if the function call to worker set ack on Line 2 of Listing 7.2 was omitted, the

manager core would indefinitely spin in manager wait ack on Line 2 of Listing 7.1.

The library [77] contains several additional functionalities that are not detailed here.

Three different versions of the cIPC framework were benchmarked and the
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resulting overheads are compared in Fig. 7.7. The three versions differ with respect

to where the flags req i and ack i are placed in memory. For the first cIPC

version, the flags are placed in the shared L3 memory for which caching cannot

be disabled (Section 7.2.1). Compared to the Navigator, the overhead is reduced

by a factor of 2–3 depending on the number of worker cores. For the second cIPC

version, the flags are placed in DDR3 memory for which caching is disabled by

default [138]. Even though read-accesses to the DDR3 memory are more than three

times slower than read-accesses to the L3 memory [147, Table 2.7], the second

version of cIPC is over two times faster than the first version, which suggests that

repeated cache-invalidate operations are introducing a considerable overhead. This

observation led to the third cIPC version, which uses a virtual memory section

that is mapped back to the L3 memory, but for which caching can be disabled.

With the third version, cache operations can be omitted, which further halves the

overhead compared to the second version. The third and final version of the cIPC

framework is over 10 times faster than TI’s Navigator.

Listing 7.1: Custom IPC manager code
used in the function mpc ctr of the
MPC implementation.

1 manager_set_req(restart);
2 manager_wait_ack();
3 // subsequent functions

contain further requests
4 if (restart == RESTART) {
5 obs_reset_manager();
6 fgm_reset_manager();
7 } else {
8 obs_update_manager();
9 fgm_solve_manager();

10 }
11 return fgm_solution();

Listing 7.2: Custom IPC worker code
used in the function mpc ctr worker
of the MPC implementation.

1 while (1) {
2 req_val =

worker_wait_req();
3 worker_set_ack(1);
4 if (req_val == RESTART) {
5 obs_reset_worker();
6 fgm_reset_worker();
7 } else {
8 obs_update_worker();
9 fgm_solve_worker();

10 }
11 }

7.2.3 FPGA-DSP Interface

The AMC540 provides 2 × 4 general purpose input output (GPIO) ports [139], 2 × 2

peripheral component interconnect express (PCIe) lanes (generation 2) and 4 serial
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Time frame
Handle (AMC540 CC)

PCIe (DSP)
Process (DSP)
GPIO1 (FPGA)
GPIO2 (FPGA)
GPIO3 (DSP)

100 µs

Figure 7.8: Timing diagram for DSP-FPGA communication and data transfer for a CC
timeframe of 55 µs. The diagram ignores the additional buffering of outgoing data shown
in Figure 7.4.

rapit input-output (SRIO) ports that interface the FPGA with each DSP [144].

For the control system implementation, three GPIO ports per DSP are used for

communication and two PCIe lanes per DSP for data transfer.

Communication (GPIO) Fig. 7.8 illustrates the communication between one

DSP and the FPGA, where the three GPIO ports GPIO1 and GPIO2 are driven by

the FPGA and GPIO3 by the DSP. Upon arrival of new measurements, the FPGA

changes GPIO1 from low to high. The DSP then sets GPIO3 high and triggers the

data transfer. GPIO3 remains high until the data has been processed and transferred

back to the FPGA, and is then set to low, upon which the FPGA sets GPIO1 low.

GPIO2 serves as a reset signal and is driven by manual intervention. If GPIO2 is

low, the DSP re-initialises the control algorithm and zeroes out the values transferred

back to the FPGA. Because the DSP is unaware of whether the feedback system

is running or not, GPIO2 is required to avoid actuator wind-up during open-loop

operation. Note that the FPGA-DSP interface does not implement any protection

against the case that the DSP process does not finish before new data has arrived.

In that case, the FPGA does not broadcast new values, which eventually leads

to a network error and a shutdown of the FOFB.

Data transfer (PCIe) The PCIe link that connects the DSP to the FPGA

is configured such that it is managed by the DSP, and the FPGA provides the
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addresses of two 1000×32 bit large block RAMs. The data transfer is triggered by

the DSP and executed by the (DSP-local) DMA engine. Using the DMA engine, the

theoretical PCIe (read or write) throughput4 on the C6678 is 6.10 Gbps-6.92 Gbps

depending on the payload size and the DMA configuration [147, Ch. 6]. However,

the throughput realised in practice is roughly 5.5 Gbps [147, Fig. 12–15].

The DMA transfers are configured to read or write 256 32 bit integers between

the FPGA RAM and the L3 memory of the DSP. With this configuration, the data

transfer requires 5.3 µs (7449 cycles), which corresponds to 1.54 Gbps and is roughly

4 times slower than the theoretical throughput [147]. However, for transferring

1024 32 bit integers, the throughput is measured as 5.05 Gbps, which corresponds

to 92 % of the throughput reported in [147]. The difference in throughput was

not investigated further, but is likely to be related to overheads introduced by

the DMA management. The DMA configuration used for this project can be

found under [78, utils/libQDMA.h].

7.3 Implementation

The program code is split into code generation tools [79], which are written in

Matlab, and C code [78], which is tailored to the C6678 DSP. The C code is re-used

in a hardware-in-the-loop (HIL) implementation [81] for the C6678 evaluation

board module that connects through Ethernet to a computer with a Matlab

simulation of the plant model.

7.3.1 Code Generation Tools

The directory trees of the C code and code generation tools are illustrated in

Fig. 7.9, where the folder gsvd refers to the GSVD-based two-array controller. The

repositories [78], [79], [81] also provide implementations of single-array IMC (imc)

and MPC (mpc). The code generation tools are used for producing C files that

change based control algorithm, storage ring configuration and model parameters.
4The theoretical data throughput for 2 lanes with disabled ECRC generation and 8 bit/10 bit

encoding is computed as 64 B/(64 B + 20) × (8/10) × (2 × 5 Gbps) = 6.10 Gbps for 64 B packets and
analogously for 128 B packets.
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fofb-amc540

gsvd

gsvd ctr.h

gsvd gain x.h

gsvd test x.h

gsvd qs x.c
...

fofb config.h

main.c
...

(a) C project [78].

fofb-amc540-codegen

gsvd

out

gsvd gain x.h

gsvd test x.h

gsvd qs x.c
...

codegen gsvd.m

sim gsvd.m
...

(b) Code generation tools [79].

Figure 7.9: Overview of the project structure for the control system implementation.

Fig. 7.9b shows a subset of the files produced for the gsvd algorithm. Based on

an ORM and a storage ring configuration, which specifies which BPMs or magnets are

disabled, the main script, codegen gsvd.m, produces a range of C header files and

functions. In the example from Fig. 7.9b, the header file gsvd gain x.h contains

controller gain matrices for the horizontal control direction that are distributed

onto the local memories of the eight DSP cores for parallelising matrix-vector

multiplications. The header file gsvd test x.h contains simulation results that

are used for unit tests and are produced using the function sim gsvd.m, which

accurately replicates the C implementation and considers practical aspects such as

scaling and rounding of signals. The main script also produces C functions, such

as gsvd qs x.c, which contains an automatically generated IIR filter that has

been optimised for the DSP architecture and only considers non-zero coefficients

of the IIR filter. Note that the C files produced by the Matlab script are re-used

in the C code from Fig. 7.9a.

7.3.2 Program Flow

The C implementation of the controller is tailored to the C6678 DSP and parallelised

using the cIPC framework from Section 7.2.2. The number of worker cores varies

depending on the algorithm and the storage ring configuration and can be set in the
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while(readGPIO(GPIO1)!=1);

setGPIO(GPIO3,1);

re = readGPIO(GPIO2)==0;

float∗ setp = ctr(re)

setGPIO(GPIO3,0);

while(readGPIO(GPIO1)!=0);

trigger DMA read,
convert measurements,

verify limits

convert setpoints,
verify limits,

trigger DMA write

configure GPIO,
PCIe, DMA

Figure 7.10: Program flow for the manager core.

code generation tools as well as in fofb config.h of the C project (see Fig. 7.9a).

The same executable is loaded onto all cores of the DSP and based on the core

ID, the program branches off into manager or worker tasks. One core that is not

used for parallelisation is reserved for communication through LAN.

After initialising the peripherals, the manager core enters an infinite while-loop

shown in Fig. 7.10. As in Fig. 7.6, the GPIO port GPIO1 is driven by the FPGA

and changes from low to high when new measurements arrive. Upon a rising edge of

GPIO1, the manager core sets GPIO3 high, reads and converts the measurements

from the FPGA memory, and reads the restart signal, GPIO2. The setpoints are

computed in ctr, which calls the parallelised and algorithm-specific functions, and

then scaled to µA and transferred back to the FPGA.

7.3.3 Partitioning of Matrix-Vector Multiplications

For parallelising algebraic operations on the 8 cores of the C6678 DSP, an adaptation

of the basic linear algebra subprograms (BLAS) exists for the C6678 DSP, which
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is referred to as the LINALG library [148]. The LINALG library is combined with

TI’s version of the open multiprocessing (OpenMP) toolbox, which builds upon

TI’s Notify library. As shown in Section 7.2.2, the Notify library introduces a

considerable overhead relative to the available computation time, which is why

the LINALG library is too slow for the present project.

All control algorithms tested in this project require matrix-vector multiplications

of the form y = Ax + b, where x ∈ Rn, y, b ∈ Rm and A ∈ Rm×n. The vectors y and x

that are shared between cores are saved in L3 memory and the core-specific problem

data, A and b, is stored in L2 memory, and possibly updated after the execution of

the matrix-vector multiplication. Note that the core-specific problem data does not

fit in L1 memory, which is why the L1 memory is only used as a cache.

The partitioning of the problem data across cores is illustrated on the left-hand

side of Fig. 7.12, where it is assumed that 6 worker cores are used. For the tests on

the Diamond storage ring, the dimensions m × n are equal to 172 × 173 for MPC,

and 96× 96 (slow correctors) or 62× 96 (fast correctors) for dual-rate IMC. With an

L1 cache line size of 64 B and assuming single-precision floating-point arithmetic,

the problem data can be partitioned into blocks of length 16p, where p ∈ Z++. After

preliminary tests, it was decided to zero-pad the MPC problem data from 172× 173

to 196×196 and parallelise the matrix-vector multiplication onto 6 worker cores with

each core processing mworker = 32 elements of y. For dual-rate IMC, the problem

data is zero padded from 96 × 96 to 128 × 128 or from 62 × 96 to 64 × 128, and

the matrix-vector multiplication parallelised onto 4 worker cores with each core

processing mworker = 32 or mworker = 16 elements of y.

7.3.4 Performance

Single-core performance The execution time of algebraic operations on a single

core of the TI C6678 DSP can be reduced by using compiler annotations (pragmas) to

provide the compiler with the necessary information to optimise the execution of the

workload [140]. In addition, single-instruction multiple-data (SIMD) instructions can

be used explicitly as compiler intrinsics in the C code [137], which allow parallelism
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Figure 7.11: Matrix partitioning for parallelisation (left) and single-core kernel (right).

within each core by operating on 64 bit or 128 bit vectors (2 or 4 packed floats).

For the control system implementation, the SIMDs dmpysp and qmpysp were

used, which allow to simultaneously execute 2 or 4 single-precision multiplications,

and daddsp, which allows to simultaneously add 2 floats. For the result of

qmpysp, the lof2 128 and hif2 128 intrinsics were used to extract the upper

or lower 64 bit result. To enable the efficiency of the SIMDs, the problem data

is reorganised such that the operands of the SIMDs are arranged contiguously in

memory enabling double-word loads [137].

Assuming full core-level parallelism and using all available arithmetic units,

one C6678 core running at 1 GHz is capable of carrying out 16 single-precision

multiply-add operations per cycle [5], or 16 giga floating-point operations per second

(16 Gflop/s). However, for the standard SGEMM operation y = AB + αy, the peak

performance of the BLAS library on a C6678 core was reported as 10.3 Gflop/s
for square matrices with 4096 rows [5], which is about 64 % of the maximum core

performance. For matrices with 32 rows, the single-core SGEMM performance is

reported as 2 Gflop/s only, which shows that LINALG is not optimised for the

problem sizes of the control system implementation at Diamond.

According to Section 7.3.3, each core must implement a matrix-vector mul-

tiplication yi = Aix + bi, where yi is of length 16 or 32 and x of length 128

or 196. For performing algebraic operations on the C6678 DSP, a single-core

maths library, DSPLIB, exists [148]. Among the DSPLIB functions, the function
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DSPF sp dotprod, which computes the dot-product from two single-precision

arrays, can be used to perform the matrix-vector multiplication. However, the

following measurements will show that DSPF sp dotprod is too slow for matrix-

vector multiplications.

The right-hand side of Fig. 7.12 shows the partitioning of Ai for the customized

single-core matrix-vector multiplication, yi = Aix + bi. The matrix Ai of size

mworker × n is partitioned into kernels of size mkernel × nkernel, and the multiplication

of a kernel with a nkernel long block of x forms the body of the innermost loop.

The matrix Ai is traversed row-wise and the kernel-multiplication results are

accumulated into a vector of length mkernel, which is chosen small enough to

retain the mkernel values in core registers.

For finding the optimal kernel size, the operation yi = Aix + bi is timed for

different combinations of mkernel × nkernel and different SIMDs. The results are

compared in Fig. 7.12a, where version “32 × n” uses no SIMDs and does not

rearrange the data, versions “32× 1”, “16× 1” and “8× 2” use the dmpy and “8× 4”

the qmpy SIMD instruction. For a single core running at 1 GHz and the operation

yi = Aix + bi, the performance is measured in Gflop/s as 2mworkern divided by the

number of elapsed processor cycles [5]. The results from Fig. 7.12a show that

DSPF sp dotprod ( ) and version “32×n” ( ) attain a peak performance of

2.7 Gflop/s and 2.4 Gflop/s, respectively, which corresponds to 16 % of the maximum

core performance and is comparable to the BLAS results for small matrix sizes [5].

With the partitioning of Ai, the performance is significantly increased, with the 32×1

( ) and 8×4 ( ) kernels reaching peak performances of 6.7 Gflop/s (42 %) and

6.3 Gflop/s (39 %), respectively. Because some of the control algorithms at Diamond

require to perform yi = Aix + bi with Ai having 16 rows, which is not supported by

the 32 × 1 kernel, the control system implementation uses the 8 × 4 kernel.

Multi-core performance The single-core implementations from Fig. 7.12a are

combined with the cIPC scheme from Section 7.2.2 to distribute y = Ax+b, A ∈ R192×n,
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Figure 7.12: Comparison of single- (left) and multi-core (right) matrix-vector
multiplication for different kernel sizes mkernel × nkernel (legend) and column sizes n.
The arrays y, yi and x are located in shared L3 memory, and A,Ai, b and bi in L2 memory.

onto 6 worker cores5. The results are shown in Fig. 7.12b. In contrast to the expected

6 × 6.3 Gflop/s = 37.8 Gflop/s, the 8 × 4 kernel ( ) reaches 27 Gflop/s for n = 192.

The performance loss is associated with the cIPC scheme, which adds roughly 300

processor cycles (15 % of the single-core cycles), and cache invalidate and writeback

operations, which add roughly 400 cycles (20 % of the single-core cycles). Compared

to the single-core case, parallelising the operation y = Ax + b yields a speed-up of

(27 Gflop/s)/(6.3 Gflop/s)= 4.3. The speed-up can be compared to the performance

of the BLAS function SGEMM for square matrices of size 256 [5, Fig. 8]. On a

single core, the BLAS library reaches a performance of 7.2 Gflop/s, whereas on 8

cores, the BLAS library reaches a performance of 24 Gflop/s, which corresponds

to a speed-up of (24 Gflop/s)/(7.2 Gflop/s)= 3.3 and is therefore comparable to

the results from Fig. 7.12b.

7.4 Conclusions

To enable tests of advanced feedback algorithms on the Diamond storage ring, an

AMC540 board was embedded in the existing FOFB infrastructure and a framework
5The manager core does not contribute to the matrix-vector multiplication.
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developed that provides code generation tools [79], a startup interface [80], a real-

time control system [78] and a HIL simulation [81]. The real-time control system is

implemented in C and can be configured to run single-rate IMC, dual-rate IMC or

MPC. Using minor modifications, any other control algorithm can be implemented

and tested with the provided framework.

At the start of the control system implementation, one of the 8 DSP cores was

reserved for UDP communication, but the UDP functionalities were only finalised

for the HIL simulation. For tests on the storage ring, the UDP functionalities

could be a valuable tool for debugging as well as for initialising and modifying

controller parameters. In addition, the UDP communication could be used to

provide a reference signal for the orbit, which could in turn be used for closed-

loop system identification.

The TI C6678 is a high-performance octacore DSP that can reach up to

8×16 Gflop/s. However, the measurements from Sections 7.2.2, 7.2.3 and 7.3.4 have

shown that the computational efficiency of matrix-vector multiplications is limited,

and a performance of 6×4.5 Gflop/s=27 Gflop/s was reached for the control system

implementation, which corresponds to 28 % of the maximum performance only. For

the small matrix sizes of the control problem at Diamond, unavoidable overheads

associated with IPC or cache operations significantly increase the computation time.

The communication between FPGA and DSP was realised using GPIO connec-

tions, and the transfer of BPM measurements and magnet setpoints using PCIe.

While the overhead associated with the GPIO communication is negligible, the

overhead associated with the PCIe transfer is not. For transferring 1024 × 32 bit

values over PCIe, a throughput of 5.05 Gbps was obtained, but for 256 × 32 bit

values, a throughput of 1.54 Gbps was measured, which is 4 times slower than

the theoretical throughput of 6.1 Gbps.

The AMC540 is a high-performance board, and the embedded DSPs are flexible

to program and highly customisable. However, the overhead associated with the

FPGA-DSP data transfer alone already exceeds the sample time of Diamond-II.

While the developed control system achieves the 10 kHz speed requirement of
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Diamond and can be used for testing of the Diamond-II algorithms, the controller

would need to be implemented on the FPGA for achieving the Diamond-II sampling

frequency of 100 kHz.
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8
Conclusions and Future Work

The aim of this thesis to design FOFB controllers for the two-array CD system of

Diamond-II. Compared to the existing FOFB, the number of BPMs and correctors

at Diamond-II is increased from 173 × 172 to 252 × 396 and the sample frequency

from 10 kHz to 100 kHz, significantly raising the computational requirements of the

controller. Two control algorithms were proposed that are applicable to two-array

CD systems: GSVD-based IMC and MPC. After installing a new centralised control

system in the existing Diamond storage ring, both controllers were implemented on

specialised hardware and tested on the real-world system. Based on the theoretical

and practical results of this thesis, the novel GSVD-based controller was adopted

for the Diamond-II upgrade.

While MPC is applicable to an arbitrary number of actuator arrays and can

consider constraints, the results from this thesis have shown that the high sampling

frequency and the large number of inputs and outputs make its application to electron

beam stabilisation difficult. In addition, the ill-conditioned ORM complicates the

tuning process, introduces numerical inaccuracies and reduces the convergence

speed of the solver. Although the FOFB specifications of the existing Diamond

storage ring were met, the parallelised implementation on the octacore TI C6678

DSP demonstrated that even using high-performance hardware, the Diamond-II

sampling frequency of 100 kHz cannot be reached using the TI C6678 DSP alone.
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The novel GSVD-based controller is an extension of the existing single-array

IMC algorithm to two arrays and does not explicitly consider constraints, but

benefits from a computationally efficient controller structure that requires 3 to

4 matrix-vector multiplications only, as opposed to more than 20 for MPC. In

addition, the GSVD facilitates the interpretation of the MIMO dynamics, which are

represented by decoupled SISO and TISO systems in generalised modal space. For

larger control problems, controllers can be particularly difficult to tune, which is

exacerbated by the ill-conditioned ORMs. The (generalised) modal decomposition

allows one to concentrate the control effort in certain output directions, which

was also used for tuning the MPC algorithm.

By considering structural symmetries of the orbit response matrix, it was shown

that the computation time of both the GSVD-based and the MPC algorithm could

be reduced by a factor of 10, which would suffice for the MPC implementation to

meet the Diamond-II specification. However, the order of slow and fast correctors at

Diamond-II will be irregular, breaking the symmetry of the two-array CD system and

prohibiting the application of (frequency-independent) structural decompositions.

A solution was proposed to recover the structural symmetry using a structural

approximation, but the resulting large approximation error would require one

to reduce the controller bandwidth and therefore also the performance in terms

of disturbance attenuation.

To conclude, the following paragraphs address future research directions that

are motivated by the results and conclusions of this thesis.

Structural approximations. The analysis of Chapter 3 focuses on CD systems

that have ORMs with approximate structural symmetries, but assumes that each

actuator has the same dynamics. As opposed to the Frobenius norm approxima-

tion [28], [106], the optimisation-based approaches from Chapter 3 can be extended

to consider asymmetry of the actuator dynamics, yielding SDPs with frequency-

dependent LMIs that could be formulated on a frequency-by-frequency basis. Such

an extension would also allow multi-array CD systems to be analysed.
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GSVD-based control: anti-windup scheme. Analogous to the existing single-

array controller design, the ill-conditioned ORM is accommodated using a (static)

output compensator. Since the Diamond-II FOFB will use slow and fast correctors

with magnetic fields of different strengths, the GSVD-based controller for Diamond-

II could benefit from anti-windup schemes for both slow and fast correctors. Future

research could base an anti-windup scheme on an approach developed for single-array

CD systems with slew-rate constraints [50] and extend it to amplitude constraints

and two-array CD systems.

GSVD-based control: input and output compensators. The input and out-

put compensators accommodate the non-orthonormal output transformation matrix

that produces a performance difference between original and generalised modal space.

For a different number of slow and fast actuators, the combination of input and

output compensators may cause an overshoot of the output sensitivity for frequencies

at which the control effort transitions from slow to fast actuator arrays. To remedy

this problem, future research could consider frequency-dependent compensators or

defining different output compensators for slow and fast actuator arrays.

Dykstra’s method. The results from Chapter 6 show that combining Dykstra’s

method with a fast gradient scheme can significantly reduce the computation time

of MPC for CD systems with input amplitude and slew-rate constraints. While

the convergence properties of the fast gradient method under inaccurate projection

are characterised in the existing literature [114], it has been shown that Dykstra’s

method can stall [13], which prohibits from characterising the convergence properties

of the combined methods. A convergence analysis is particularly important for

practical analysis and future research could focus on solving stalling of Dykstra’s

method, e.g. by using methods from distributed optimisation [99].
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