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Abstract

This thesis studies groups whose members disagree about the method
of discounting. In particular, we provide a comprehensive treatment
of discount functions that are given by the weighted average of the
group members’ discount functions. This class of “weighted discount
functions” admits a natural notion of group diversity, which has con-
sequences for behavior. We show that more diverse groups discount
less heavily and make more patient decisions. Within a real options
framework, for example, greater group diversity leads to delayed in-
vestment. Then, we show that well-known behavioral discount func-
tions can be written as a weighted discount function. Therefore, all
results in this thesis find a correspondence in a single agent setting
with non-standard, behavioral time preferences. In particular, we pro-
vide an equilibrium stopping result for individuals who are aware of
their time-inconsistency, but lack commitment. Finally, we propose an
example which shows that the Bellman system for the equilibrium stop-
ping problem may not admit any proper solution and illustrate that the

non-existence is caused by group diversity or decreasing impatience.
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Chapter 1

Introduction

How do firms and public entities make investment decisions? The standard
approach is that “the firm” or “the policy maker” compares investment oppor-
tunities by their net present values (NPVs), i.e., by the sum of their discounted
expected cash flows. This thesis relaxes some of the simplifying assumptions of
this approach.

First, and most importantly, we assume that investment decisions are taken
by a group of people, rather than by a single individual. Even if a single decision
maker owns all the decision power, she may still attach some weight to the opinions
of others when making her decision. CEOs consult with board members, experts,
or friends. In modern societies, the members of a household make important
decisions together. And also presidents collect the opinions of party members,
other advisers — or their spouses.

The second issue we wish to address in this paper is the “perennial dilemma
of what discount rate to use” (Weitzman 2001, abstract). Attempts to resolve
the “discount rate dilemma” go back at least to Ramsey (1928). Knowledge of
the appropriate discount rate is of great practical interest for policy decisions, in

particular for those concerned with the very long run. Examples include measures



1. INTRODUCTION

against climate change, pension reforms, the level of public debt, investment in in-
frastructure, or investment in education; see Gollier (2014) for a recent discussion
of sustainable investment and cost-benefit analysis. Weitzman’s survey evidence
from more than 2000 economists — including 52 Nobel prize winners — shows a
widely dispersed distribution of what discount rate should be used to evaluate
investment.! Our model incorporates this evidence by allowing for group diver-
sity which is reflected by differences in opinion about the appropriate method of
discounting. In addition to group disagreement, we allow for the possibility that
each individual group member has some uncertainty about what discount rate to
use.

Third, we explore the relationship between the marginal behavior of a time
preference and the weighted discounting. We view a discount function as a utility
function of time. This perspective allows us to discuss time preferences within
a well-developed framework. Our discussion is based on the law of diminishing
marginal utility, which is a cornerstone of the utility theory. Besides that an
agent is not sure about what discount rate use, we find another source of weighted
discounting for a single agent.

Fourth, we propose a game theoretic formulation to a time inconsistent stopping
problem, where the time inconsistency comes from non-exponential discounting.
Our setting considered in this thesis is assumed to be a continuous time Markovian
economy. Recently, there is a growing literature devoted to building a general
framework for time inconsistent control problems in continuous time setting (e.g.,
Ekeland and Lazrak 2006; Bjork and Murgoci 2010). This thesis, in the same
line of the above literature, develops a general framework for time inconsistent

stopping problems. In this framework, we derive a Bellman system via a recursive

Frederick et al. (2002) review the experimental literature on time preferences and Falk et al.
(2016) present survey evidence representing 90% of the world population. Both studies report
substantial heterogeneity in discounting behavior.




approach?. Then we verify the Bellman system in the sense that the stopping
rule obtained from the Bellman system is the Nash equilibrium outcome of an
intra-personal game.

Fifth, our model takes into account the value of timing an investment opportu-
nity optimally, as put forward in the real options approach proposed by Brennan
and Schwartz (1985) and McDonald and Siegel (1986). For example, in some sit-
uations it can be beneficial to wait and see, rather than to decide for or against
an investment right away. The real options literature has neither investigated
the investment decisions of groups, nor has it given answers to the discount rate
dilemma. This paper offers a solution to both issues. Our contribution to the
literature on sustainable investment and cost-benefit analysis is, furthermore, to
incorporate insights from the real options literature regarding investment timing.

Finally, we give an example which shows that the Bellman system may not
admit any proper solution, even if the coefficients of the system are smooth.

The starting point of this paper is to provide an in-depth study of group dis-
count functions (Chapter 2). Intuitively, the discount function of a group is given
by a weighted average of the discount functions of its members, where more im-
portant or more valued members receive more weight. For sake of concreteness, we
first suppose that there are finitely many group members who are all exponential
discounters. The group’s weighting distribution F(r) assigns a weight to each mem-
ber or, equivalently, to each (positive) discount rate r. Member i (i = 1,...,n)
favors discount rate r; and thus her discount function is given by e~ ", Letting

f denote the probability mass function of F, the group discount function (also

2The recursive approach is suggested by Strotz (1955) originally and used to derive Bellman
systems for many other time inconsistent problems. For example, see Basak and Chabakauri
(2010) for a mean-variance case.
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weighted discount function) is given by

h(t) = Z flre ™. (1.0.1)

The idea of averaging discount functions to model social or group preferences is
by no means new and goes back to seminal articles such as Marglin (1963) and
Feldstein (1964). This thesis, however, does not model the group dynamics (e.g.,
through negotiation or voting) with the objective to derive the group’s weighting
distribution F. Neither do we make moral arguments as to what the weights of
group members should be. Instead, this paper sets in once the weighting distribu-
tion F' is determined, i.e., we take it as exogenously given. Therefore, our paper
is complementary to the literature on preference aggregation. Our contribution to
that literature is a comprehensive analysis of the class of weighted discount func-
tions by proving a number of results about their importance, prevalence, and other
properties. In particular, we explain how properties of the weighting distribution
F translate into properties of the discount function h, and vice versa.

The first contribution of Chapter 2 is to introduce and characterize a notion
of group diversity, which is naturally suggested by the definition of a weighted
discount function. We define a group as being more diverse if its weighting distri-
bution is more dispersed than that of another group, where dispersion is measured
using a proper notion of stochastic dominance. Intuitively, greater group diversity
means that there are stronger differences of opinions among its members about
what discount rate to use. We then characterize group diversity (a property of the
weighting distribution F') in terms of a property of the weighted discount function
h. We prove that a group is more diverse than another group if and only if, at any
future time, it discounts less heavily. We further clarify the relationship between

group diversity and the important concepts of patience (Quah and Strulovici 2013)




and decreasing impatience (Prelec 2004). Moreover, we show that all weighted dis-
count functions exhibit decreasing impatience as defined by Prelec (2004), which
corroborates Jackson and Yariv’s (2015) important result that a group discount
function as above necessitates a present bias.?

The second contribution of Chapter 2 is to clarify the importance and preva-
lence of weighted discount functions. Note that we may also think of the weighted
discount function in equation (1.0.1) as belonging to a single individual — an ex-
ponential discounter with constant impatience — who is uncertain about what
discount rate to use. Therefore, a weighted discount function may reflect not
only inter-personal (i.e., group) disagreement about what discount rate to use,
but also intra-personal disagreement. One might further wonder whether some
of the commonly used discount functions can be written as a weighted discount
function. That is, for a given, well-known discount function h, does there exist
a distribution of opinions F such that the resulting group discount function is
given by h? This turns out to be true. As will be explained in Chapter 2, it can
even be argued that “all of the commonly used discount functions” are weighted
discount functions. From a mathematical result called Bernstein’s Lemma, we
readily obtain that exponential (Samuelson 1937), hyperbolic (Harvey 1986), pro-
portional (Mazur 1987; Harvey 1995), generalized hyperbolic (Loewenstein and
Prelec 1992), and constant sensitivity (Ebert and Prelec 2007) discount functions
are weighted discount functions. The extension of quasi-hyperbolic discounting
(Phelps and Pollak 1968; Laibson 1997) to continuous time (Harris and Laibson

2013) are likewise weighted discount functions.*

30ur result generalizes and refines Weitzman’s 2001 observation of time-varying discount rates
for the special case where opinions F' are Gamma-distributed. Jackson and Yariv (2015) show
that with any heterogeneity in time preferences, utilitarian aggregation necessitates a present
bias. Gollier and Zeckhauser (2005) have also noted that group heterogeneity results in time-
varying discount rates and time-inconsistency. We are the first to point out a relationship between
group heterogeneity and decreasing impatience as characterized by Prelec (2004).

4Bleichrodt et al. (2009) provide an overview of discount functions used in the literature. The
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With this in mind, consider a group whose members are weighted discoun-
ters (not necessarily exponential) themselves. Note that, the weighted average
of weighted discount functions (being a weighted average of exponential discount
functions) is, still, a weighted average of exponential discount functions, and thus
a weighted discount function. Therefore, for example, the discount function of
a group of hyperbolic discounters (and/ or other weighted discounters) is also a
weighted discount function. This argument shows that the “enormously simplify-
ing” Assumption 1 in Weitzman (2001, pp. 263-264), that groups consist of experts
“thinking in terms exponential discounting” is unnecessary. His approach to re-
solve the discount rate dilemma applies more generally to groups of non-standard
discounters — as long as they belong to our class of weighted discounters.

The third contribution of Chapter 2 is to explore the issue of why a single
agent exhibits weighted discounting. The Bernstein’s Lemma provides a good
opportunity to approach a weighted discount function via the signs of its all order
derivatives. In the well-studied utility theory, the signs of the derivatives of a utility
function are closed related to the risk attitudes (e.g., Eeckhoudt and Schlesinger
(2006); Deck and Schlesinger (2010)). Particularly, Deck and Schlesinger (2010)
propose a simple type of lottery that is used to explain the signs of higher order
derivatives and higher order risk attitudes. Recently, Ebert (2015a) views the
discount functions as the utility functions of random times. In the same line of
Deck and Schlesinger (2010), he introduces the concept prudent and temperate
discounting and discusses the economic meaning of the signs of the third and
fourth order derivatives of a discount function.

Different from the aforementioned literature, which explains the higher order
derivatives of a utility or discount function from the perspective the theory of risk

attitudes, our method is based on the law of diminishing marginal utility. Our

two new discount functions proposed in that paper are also weighted discount functions with
decreasing impatience.




discussion is motivated by the following question.

You will receive two amounts of money: $1000 two days later and $1000 two
years later. You now have to postpone one of them for 100 days. Which one do
you incline to delay?

Our result shows that the time preference of a single agent can be characterized
by a weighted discount function if and only if the agent’s time preference shows
“diminishing marginal impatience” towards a specific sequence of receipts in which
things are only a matter of time.

The fact that weighted discount functions exhibit decreasing impatience consti-
tutes the main challenge in studying a group’s investment decision, which we ap-
proach in Chapter 3. Except for the trivial case where the group consists of a single
member, in which case the weighted discount function is exponential, the decision
problem becomes time-inconsistent (Strotz 1955). For that reason, in our study of
group investment behavior, we find ourselves facing similar difficulties as the be-
havioral literature on timing (or stopping) decisions under time-inconsistency. In
particular, we study the group’s decision problem within the intra-personal game
framework (e.g, Phelps and Pollak 1968; Laibson 1997). When making its decision,
the group takes into account that the group’s future self may not agree with the
planned stopping decision. We thus define equilibrium rules of investment timing
that are not deviated from by the group’s future selves and, given this restriction,
maximize the discounted value of investment. The main result of Chapter 3 is
a theorem that characterizes the equilibrium stopping behavior under weighted
discounting. Equilibrium behavior is obtained as the solution to a system of Bell-
man equations, which offers intuitive interpretations. Its equations reflect the fact
that time-inconsistency is the consequence of inter- or intra-personal uncertainty
about the discount rate. The system involves more constraints on the potential

investment opportunity set the greater this uncertainty is.
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While our results hold for arbitrary payoff or utility functions, and stopping
problems that are not specific to investment, in Section 4.1 we focus on the Bellman
system of the standard irreversible investment problem (as in, e.g., Dixit and
Pindyck 1994). In that case, the investment decision amounts to when to invest,
namely, when to pay a fixed cost in exchange for the receipt of the present value of
some project that evolves according to a geometric Brownian motion. For general
weighted discount functions, we show that investment behavior is characterized
by a threshold strategy. This means that it is desirable to invest once the project
value is at or beyond a certain level, and to wait if it is beneath that value.

We then focus on some special weighted discount functions to obtain various
analytical results. Note that, investment behavior under generalized hyperbolic
discounting (Loewenstein and Prelec 1992) comprises an example of investment
behavior under weighted discounting. This important special case has not been
solved in the literature yet, and thus our results also break new ground in the
behavioral literature. In particular, we are the first to obtain results on invest-
ment behavior under continuously changing levels of impatience, as is implied by
generalized hyperbolic discounting, the constant absolute decreasing impatience
(CADI), or the constant relative decreasing impatience (CRDI) functions defined
in Bleichrodt et al. (2009). The investment threshold for generalized hyperbolic
discounting can be derived in closed form. Moreover, for the discount function
being the one proposed by Harris and Laibson (2013) we recover the results of
Grenadier and Wang (2007) on the investment behavior of a sophisticated en-
trepreneur. In particular, their results correspond to those obtained for a discrete-
uniform weighting distribution F. For the weighted discount function being the
exponential one, our Bellman system for the real options case reduces to a single
Bellman equation — the one studied extensively in Dixit and Pindyck (1994).

In Section 4.2, we study the comparative statics of investment behavior (i.e.,




the level of the threshold). Higher investment cost, expected growth of the project
value, and project value volatility all lead to a higher threshold (i.e., later invest-
ment), which generalizes extant results for exponential discounting to arbitrary
weighted discount functions. Moreover, for the patience ranking of discount func-
tions proposed by Quah and Strulovici (2013), we show that more patient agents
invest later.

Furthermore, we study the comparative statics of investment behavior with
respect to group diversity. The main result is that greater group diversity leads
to delayed investment. Waiting longer with making a decision when disagreement
is strong seems consistent with daily observations. Further, note that delayed
investment is characterized by a higher threshold, and thus comes along with
more risk-taking — a bird in the hand (the current NPV of the project) is worth less
than two in the bush (a potentially higher project NPV). The result that greater
group diversity leads to more risk-tolerant investment may be surprising, because
greater group diversity comes along with stronger decreasing impatience and thus
stronger time-inconsistency. Within the intra-personal game framework, stronger
time-inconsistency comes along with a more restricted set of feasible investment
strategies and thus, usually, with [ess risk-taking. However, the direct effect of
greater group diversity leading to less heavy discounting dominates the effect of
more time-inconsistency. Overall, more diverse groups are more patient in their
investment decisions in the sense that they are willing to wait, looking for a yet
more profitable time to invest.

In chapter 5, we show a solvable example, whose time consistent counterpart
is used to analyze monopoly or oligopoly investment under uncertainty®. In the
conventional time consistent case, the standard solving scheme for obtaining a

solution to a Bellman system for an optimal stopping problem is the so called

®See, for example, Back and Paulsen (2009) and Dixit and Pindyck (1994).
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“value matching + smooth pasting”. And if the coefficients of the Bellman system
are smooth, the solution to the Bellman system exists®. However, by the example

of this chapter, it is to see that

e the result of “value matching + smooth pasting” may neither solve the Bell-

man system nor the equilibrium stopping problem;
e the Bellman system may not admit any proper solution.

Finally, we argue that it is heavy group diversity or decreasing impatience that
results in these sigular phenomena, which are distinct from the time consistent
cases.

Chapter 6 concludes this paper. Additional results are collected in appendices.

6See, for example, Friedman (2010).

10



Chapter 2

Weighted discount functions

In this chapter, we formally define the class of weighted discount functions and
characterize our notion of group diversity. We also illustrate the importance and

prevalence of weighted discounting.

2.1 General definition of weighted discount func-
tions

The following definition extends equation (1.0.1) to distributions of opinions

that may be continuous.

Definition 2.1.1 Let h : [0,00) — (0,1] be strictly decreasing with h(0) = 1. h
is a weighted discount function if there exists a (cumulative) distribution function

F(r) concentrated on [0,00) such that

h(t) = / T e R (r). (2.1.1)

0

F is called the weighting distribution of h.

11



2. WEIGHTED DISCOUNT FUNCTIONS

A weighted discount function is thus defined as a weighted average of exponential

discount functions with different discount rates r.

2.2 Prevalence and examples of weighted discount
functions

As an introductory example, consider the so-called pseudo-exponential discount
function. It is given by h(t) = de™™ + (1 — 8)e "N X > 0,7 > 0,0 < § < 1
(Ekeland and Lazrak 2006; Karp 2007), i.e., it is given by the weighted average of
just two opinions. The corresponding weighting distribution F' in equation (2.1.1)

is a step function and can be written as

0, r<r
F(z) =14 o, r<az<r4\ (2.2.1)
1, xT>r—+ A\

The corresponding probability mass function takes the jump sizes of F, which
are 0 and 1 — 9, as the weights of opinion r and r + A, respectively. Whenever
6 = 1, the pseudo-exponential discount function is reduced to the exponential
discount function, h(t) = e~"*. The weighting distribution of standard exponential
discounting with rate r is thus degenerate, i.e., given by a step function with a
single jump of size 1 at r. Figure 2.1 plots a pseudo-exponential and an exponential
discount function (left panel) as well as their weighting distributions (right panel).

The following well-known theorem is attributed to Bernstein (1928), and pro-
vides a necessary and sufficient condition for a given discount function to be a

weighted discount function.

Theorem 2.2.1 (Bernstein’s Theorem) A discount function h is a weighted

12
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Discount Function
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Figure 2.1: Discount functions and weighting distributions
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Notes. The left panel shows a pseudo-exponential discount function A with parameters
r = 0.025 and A = 0.05 as well as an exponential discount function A¥ with parameter
r = 0.05. The right panel shows the corresponding weighting distributions G and F. The
left panel further illustrates that G has a uniformly larger discount factor than group F,
i.e., h&(t) > h¥(t) for all t > 0. Namely, group G discounts less heavily at any future time

t. In section 2.3 below, we show that this is a consequence of group G being more diverse

than the single-member group F.
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discount function if and only if it is continuous on [0, 00), infinitely differentiable

on (0,00), and satisfies (—1)"h™(t) > 0, for all non-negative integers n and for

allt > 0.

Bernstein’s theorem can be used to verify that the discount functions mentioned

in the introduction are indeed weighted discount function. Brockett and Golden

(1987) refer to the class of increasing utility functions with derivatives that alter-

nate in sign as the class that contains “all commonly used utility functions.” In

analogy, we may just refer to the class of weighted discount functions as the class

that contains “all commonly used discount functions.”

1

'Ebert (2015a) characterizes the derivatives of the discount functions through risk taking-

13



2. WEIGHTED DISCOUNT FUNCTIONS

While every weighting distribution F defines a discount function h¥ — and
while most discount functions are weighted discount functions — both the weighting
distribution and the weighted discount function being available in closed form is
rather the exception than the rule. In particular, it may not be possible to compute
the integral in Definition 2.1.1 explicitly and, likewise, for a given weighted discount
function ¥, it may not be possible to recover the weighting distribution F in closed
form. The results in this paper, however, do not depend on whether a closed form
expression of either the discount function or the weighting distribution is available.
For example, the CADI function in Bleichrodt et al. (2009) may not be obtained
as the group discount function of any nice distribution function F, but we can still
study its implications for investment behavior and draw inference on the diversity
of the group it represents. Likewise, the discount function obtained from a Chi-
Square distribution may not be available in closed-form, but nevertheless we can
study the investment decisions of a group with Chi-square-distributed opinions
over discount rates.

There are also some weighting distributions that lead to nice weighted discount
functions (and vice versa). We already gave the example of the pseudo-exponential
discount function, which corresponds to a binary weighting distribution. This
important example is easily generalized to finitely many group members, whose
opinions are multinomially distributed. Even though not mentioned by Weitzman
(2001), the weighted discount function obtained from the Gamma distribution
(with proper re-parametrization as below) coincides with that of Loewenstein and

Prelec (1992). In particular, the generalized hyperbolic discount function with

behavior over time risks (the risk of something certain happening sooner or later). Since Brockett
and Golden (1987) refer to increasing utility functions with derivatives that alternate in sign as
mized risk averse, Ebert (2015a) calls the discount functions that are decreasing with derivatives
that alternate in sign — i.e., the weighted discount functions — anti-mized risk averse. Ebert
(2015a) does not investigate the weighting representation in Definition 2.1.1, nor does he study
dynamic decisions such as stopping.

14



2.2. PREVALENCE AND EXAMPLES OF WEIGHTED DISCOUNT FUNCTIONS

parameters a > 0, 5 > 0 can be written as (the first expression repeats the original

definition of Loewenstein and Prelec (1992))

1 0o
h(t) = m . A e_rtf(r; g,a)dr (222)
where
rk=le=4
f(rik,0) = BTk (2.2.3)

denotes the density function of the Gamma distribution with parameters k and
¢ and where I'(k) denotes the Gamma function evaluated at k, ie., I'(k) =

o0 .Tk_l

0 e Pdx. A simpler example is given by the discount function studied in

Mazur (1987) and Harvey (1995), which corresponds to the special case of Loewen-
stein and Prelec (1992) where a = /3. In that case, equation (2.2.2) becomes

h(t) = Lo /OOO e "t (1e_ir) dr, (2.2.4)

14+ at o

which shows that the weighting distribution of this hyperbolic discount function
is given by the familiar exponential distribution with mean a.

As a final example, we propose a new discount function, the uniform-uncertainty
discount function, that is obtained from a uniform distribution of opinions over an

interval [r, 7] :

1
dr.

T

1,ift=0 7
ht) = — [
= ift>0 °F

e rt_e Tt
tr—r)

Before we conclude this section, an economically important observation results

from the mathematically simple fact that any weighted average of weighted dis-

15



2. WEIGHTED DISCOUNT FUNCTIONS

count functions is also a weighted discount function. This implies that our results
are not restricted to groups of exponential discounters, each of whom is certain
about what discount rate to use. Instead, we may consider groups with some or
all members being hyperbolic or CADI, because the latter — as just shown — are
also weighted discount functions. Likewise, we may consider groups of individual
discounters, each of whom is uncertain about the discount rate to use. By iterating
the argument it follows that the group discount function of individuals who are
(i) weighted discounters and, in addition, (ii) uncertain about which parameters
to use, is (still) a weighted discount function. We formalize these arguments and

give an example in appendix A.

2.3 Greater group diversity

In this section, we establish a notion of comparative group diversity in time
preferences. The main result is that a group has a uniformly greater discount
factor than another group (i.e., discounts less heavily at any future time) if and
only if it is more diverse. Greater group diversity is captured by a more dispersed
weighting distribution F' of the corresponding weighted discount function hf', and
will be defined formally using stochastic dominance. To avoid technical difficulties,
for our stochastic dominance results we assume that all weighting distributions
have their support contained in [a,b],0 < a < b < oo. Let F°(z) := F(z) and
define F'(x) = [ F*='(t)dt for i > 1. For the definition of stochastic dominance of
arbitrary order and the subsequent, well-known expected utility characterization

theorem, see, e.g., Ingersoll (1987).

Definition 2.3.1 The distribution F' dominates the distribution G in the sense of

Nth-order stochastic dominance, denoted by G <ysp F', if

(i) FN"Y(2) < GNY(x) for alla < x <D,
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2.3. GREATER GROUP DIVERSITY

(ii) Fi(b) < Gi(b) fori=1,2,...,N —2.

Theorem 2.3.2 The following are equivalent:
(i) G Znsp F,

(i) [P u(z)dF(z) > [P u(x)dG(z), for all function u such that sgn u™ (x) = (—1)"+1
form=1,2/...,N and x € [a,b).

Theorem 2.3.2 characterizes stochastic dominance in terms of expected utility pref-
erences. A second-order stochastically dominating distribution is preferred, for ex-
ample, by all decision makers whose utility functions are increasing and concave.
It can be shown that a second-order stochastically dominating distribution must
have a higher mean and a lower variance than the distribution that it dominates,
with at least one of the two inequalities being strict. From Definition 2.3.1, it is
easy to see that G <ysp I’ = G =(vt1sp F. By Theorem 2.3.2, we can define

the “weakest” stochastic dominance order as follows.

Definition 2.3.3 (Infinity-stochastic dominance.) F dominates G via infinity-
stochastic dominance (denoted as G =<oosp F), if [Pu(z)dF(z) > [P u(z)dG(z),

for all function u such that sgn u™ (x) = (—=1)" for any n € N*,z € [a, b].
We are now in the position to introduce our notion of greater group diversity.

Definition 2.3.4 (Greater group diversity.) Let F' and G be weighting distri-
butions of weighted discount functions h and h¢, respectively. We say that h®

(G) is more diverse than h' (F) if G <osp F.

At the first sight, the reader may feel that the “direction” of <,,gp should just
be the other way around. The notation we chose is in line with the one that is
standard in the stochastic dominance literature, where G <,,5p F means that F'is

preferred over G because F has less risk (dispersion) in the stochastic dominance
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2. WEIGHTED DISCOUNT FUNCTIONS

sense. We reinterpret this by saying that G <,sp F' means that group G is more
diverse than group F.

From the definition of oo-stochastic dominance it follows directly that if F
dominates G via stochastic dominance of some order N, then F' dominates G' by
oo-stochastic dominance, i.e., G is more diverse than F. In this sense, the notion of
greater group diversity is weak. In particular, when we later prove a consequence
of greater group diversity, then this consequence will also follow from, say, diversity
in the sense of second-order stochastic dominance. Most importantly, though, our

weak notion of greater group diversity allows for the following characterization.

Theorem 2.3.5 (group diversity and larger discount factors.) Suppose
F and G are weighting distributions with finite support and the corresponding

discount functions are given by h® and h*, respectively. Then:
G =oosp F if and only if h%(t) > hF (t),Vt > 0. (2.3.1)

Proof. Suppose first that G <,sp F. Note that u(x) := —e™*" defines a mixed
risk averse utility function (i.e., is increasing with derivatives that alternate in
sign) on [0, 00) for each fixed ¢t > 0. Therefore, Definition 2.3.3 yields that h'(t) <
hE(t), Vt > 0.

Now suppose that hf(t) < h¢(t) for all t > 0. For any mixed risk averse utility
function? u, the first order derivative of u satisfies the assumptions of Bernstein’s

Theorem (Theorem 2.2.1). Thus, there exists a distribution function F,, such that

2We say a utility function u shows mixed risk averse if sgn(u(™) = (=1)",¥n = 1,2,3,....
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2.3. GREATER GROUP DIVERSITY

u'(t) = [oT e BdF,(s). It follows that

u(z) = /j o' (t)dt 4+ u(a)

_ /m /°° e~ dF,(s)dt + u(a)
/ / ~t3qtdF,(s) + ula)

|72 = e aRs) + ula)

Hence,

/ab _/b/o e~ — ¢ ) dF,(s)dF (z) + u(a)
/oooi - / e " dF (2))dF,(s) + u(a)
[ Lo WP ()R (s) + u(a)

Comparing with the analogous expression for GG, from Theorem 2.3.2 and because
RE(t) < hE(t) for all t > 0 it follows that G <..sp F.

This completes the proof. m

The latter property of a uniformly larger discount factor is central to many
results of this thesis. A larger discount factor implies less discounting, and “uni-
form” means that this is the case at any future time. Graphically, it means that
the discount function of a more diverse group always lies above that of a less
diverse group. Figure 2.1 illustrates this result through the fact that the pseudo-
exponential discount function k¢ lies above the exponential discount function h*
at all times. Indeed, in that example, G is more diverse than F' in the sense of
second-order stochastic dominance. In particular, the binary distribution G is a
mean-preserving spread (Rothschild and Stiglitz 1970) of the degenerate distri-

bution F. The intuition behind the proof for this special case is that exponential
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2. WEIGHTED DISCOUNT FUNCTIONS

functions are convex so that, by Jensen’s inequality, averaging two discount factors
whose discount rates average to 5%, results in a discount factor larger than a single
exponential discount factor with rate 5%. For higher-orders of stochastic domi-
nance, the result follows from Bernstein’s theorem and the stochastic dominance
theorem, Theorem 2.3.2. The result that larger discount factors also necessitate
greater group diversity is more complex and proven in Theorem 2.3.5.

Consider Theorem 2.3.5 for the special case where F' and G are degenerate
so that hf" and hY are exponential discount functions. The equivalence (2.3.1)
then says that group G has a smaller discount rate if and only if it has a larger
discount factor. In other words, in the exponential discounting case, comparing
discount factors is equivalent to comparing discount rates. For general discount
functions, however, comparing discount factors is not equivalent to comparing ex-
pected discount rates. For weighted discount functions, Theorem 2.3.5 establishes
the necessary and sufficient condition for ordering discount factors. Ordering dis-
count factors is equivalent to comparing the weighting distributions in the infinity-
stochastic dominance sense. This further motivates the study of group diversity in
general and its definition in terms of infinity-stochastic dominance in particular.

Theorem 2.3.5 makes the assumption of finite support as is common in the
stochastic dominance literature. While it is merely of a technical nature, the
weighting distributions of several important discount functions do have infinite
support (e.g., hyperbolic discount functions). For that reason, we put the property
of larger discount factors (rather than greater group diversity) in the center of our
mathematical analysis. Greater group diversity should be kept in mind, though,

whenever we speak of larger discount factors.
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2.4. DECREASING IMPATIENCE AND OTHER PROPERTIES OF WEIGHED DISCOUNT FUNCTIONS

2.4 Decreasing impatience and other properties
of weighed discount functions

In this section, we relate greater group diversity (equivalently, the property of
a uniformly larger discount function) to important and well-known properties of

discount functions.

Definition 2.4.1 (Decreasing impatience (Prelec 2004).) A discount func-
tion h satisfies decreasing impatience (DI) if Prelec’s (2004) measure of decreasing

impatience

18 mon-negative.

The following result is similar to Proposition 1 in Jackson and Yariv (2015), who

show that the discount functions of finite groups are present-biased.

Proposition 2.4.2 (Weighted discount functions imply decreasing impa-
tience.) All weighted discount functions imply decreasing impatience, provided

that the Prelec’s measure P ezists®.

Proof. We have to show that P(t) = — ((1112((?)))/,, < 0. First, note that for a weighted

discount function h(t) = [5° e ""dF(r), we have

Wty =~ [ retdr(r)

so that

(Inh(t)) = ’;1((;) <.

31t is easy to see that for a weighted discount function h, P(t),t > 0 exists if and only if

h(t) £ 1.
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2. WEIGHTED DISCOUNT FUNCTIONS

Therefore, it remains to show that —(Inh(t))” = ( h/(t)>/ is non-positive. Let &

~hw ) 18
. fO e~ "tdF(r)

denote a random variable with distribution function F¢(x) = T ar ) Then,
0

(_ h’(t))l _ <f(§>° re_”dF(r))/
h(t) JoT e rtdF (r)
_ Srie " dF (r) (fooo re "'dF(r) ) 2

JoT et dF (1) JoT et dF (1)
~ “ B[ + B[ = —Var(¢) <0,

which concludes the proof. m

Proposition 2.4.2 illustrates the main difficulty that awaits us in Chapter 3
when studying the investment decisions of groups. Due to decreasing impatience,
the group is in general time-inconsistent. The next result is on weighted discount

functions that differ in their degree of decreasing impatience.

Proposition 2.4.3 (Comparative DI and larger discount factors.) Con-
sider weighted discount functions h* and h® with weighting distributions F and G

and measures of decreasing impatience Pr and Pg, respectively. Let the expectation

of F' be no less than that of G. Then,
Pg(t) > Pp(t) for all t > 0 = hC(t) > h¥(t) for all t > 0. (2.4.1)

Proof. Define auxiliary functions g; = —(In h%)’,i = F, G. By the assumption that
group F has a higher expectation about the appropriate discount rate, (k) (0) =
— IS rdE(r) < — [°rdG(r) = (h9)(0), so that

or0) =~ 10 > _BTO o0, (2.42)

Since P, = _% = —(Ing;)',i = F,G, the assumption that F' exhibits less DI than

7
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2.4. DECREASING IMPATIENCE AND OTHER PROPERTIES OF WEIGHED DISCOUNT FUNCTIONS

G, i.e., Pp(t) < Pg(t)Vt > 0, can be restated as

(Ingp(t)) > (Inga(t))'. (2.4.3)

Therefore, (2.4.2) and (2.4.3) together imply that In gr(t) > In gg(t), Vt > 0, which

is equivalent to

gr(t) = ga(t), vt 20, (2.4.4)

Since g; = —(Inh') and h{(0) = 1,i = F,G, we have Inhf(t) < Inh%(t), from
which the result follows. =

The assumption of F' having an equal or larger expectation means that the
weighted average of group F’s discount rates (rather than the group’s discount
factors) is equal or larger for F. Therefore, group F' on average discounts with a
larger discount rate. The link to the discount function is as follows. It is easily
verified that the negative of the expectation of F' can be computed as (h')(0).
Therefore, an equal or larger expectation means that hf" initially decreases more
strongly. If, in addition, k%" is less convex in the sense that its impatience is less
decreasing, then hf" must always lie below h. From Theorem 2.3.5, it follows that
h¢ having more decreasing impatience and G having less or equal expectation
implies greater group diversity.

Finally, we show that greater patience, as defined by Quah and Strulovici

(2013), also implies greater group diversity.*

Definition 2.4.4 (Comparative patience (Quah and Strulovici 2013).)

The discount function h® exhibits more patience than another discount function

4Definition 2.4.4 and the subsequent Proposition 2.4.5 also apply to discount functions that
are not necessarily weighted discount functions.
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2. WEIGHTED DISCOUNT FUNCTIONS

R (denoted by h® =p h¥ ) if

he(t)
hE(t)

1S increasing in t.

Proposition 2.4.5 (More patient groups have larger discount factors.)
Consider weighting distributions F' and G and denote the corresponding weighted

discount functions with h¥ and h¢, respectively. Then we have
hY =p h'" = hC(t) > hP'(t) for all t > 0.

Proof. Since hf <p h® implies that Z—i is increasing, the fact that Zigg; =1

yields the claim. m

2.5 Weighted discounting and diminishing marginal
impatience

In this section, we illustrate why a single agent’s time preference exibits weighted
discounting. To describe the convexity of a discount function we introduce the
“diminishing marginal impatience” and then extend this concept to higher order
derivatives. Our discussion is based on the follwoing question.

You will receive two amounts of money: $1000 two days later and $1000 two
years later. You now have to postpone one of them for 100 days. Which one do

you incline to delay?

2.5.1 Decreasing discount functions

Most of existing discount functions are decreasing. This feature shows that

delay is undesirable when an agent faces a positive future payoff.
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Definition 2.5.1 An agent shows a reqular time preference if and only if her

discount function h is decreasing, i.e.,

h(t)) > h(ts), (2.5.1)

whenever t; < tq.

Particularly, for a smooth function h, it is equivalent to A’ < 0.

2.5.2 Diminishing marginal impatience

Let us go back to the question proposed at the beginning of this section. We
here put it in a more general environment.

You will receive two amounts of money: z dollars ($1000) [ (two) days later
and x dollars ($1000) I 4 I; (two) years later. You now have to postpone one of
them for Iy (100) days. Which one do you incline to delay?

If the agent’s preference is measured by the present value, then she will add

the extra delay on the second one if and only if

h(I+1L)+h(l+1L) <h(l)+h(l+1+1). (2.5.2)

Rearrange (2.5.2), then we have

h(l+ 1) — h(l+ 1 4+ 1) < h(l) = h(L+ ).

Suppose that the agent has a regular time preference, then the above inequality
shows that the dissatisfaction that the extra delay brings decreases with the current
waiting time. This feature is quite similar to the law of diminishing marginal
utility, which is described by the concavity of the utility function. Motivated by

this, we introduce the following definition.
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2. WEIGHTED DISCOUNT FUNCTIONS

Definition 2.5.2 We say an agent’s time preference follows the law of diminishing

marginal impatience, if and only if her discount function h is convez.

Particularly, for a smooth function h, it is equivalent to hA” > 0.

An oft-studied theme in the research of discounting is decreasing impatience
which is described by the decrease of the discount rate —%/. Notice that %/ can
be written as (logh)’. If an agent’s time preference is modelled by log h, then the
decreasing impatience is equivalent to diminishing marginal impatience.

The following proposition and example illustrate the relationship between di-

minishing marginal impatience and decreasing impatience.

Proposition 2.5.3 (DI implies diminishing marginal impatience.) A dis-
count function follows the law of diminishing marginal impatience if it implies

decreasing impatience.

Proof. Suppose the discount function is h, then the result follows the fact that
(—%/)’ <0 implies A" > 0. =
However, it is not difficult to find an example showing that the opposite direc-

tion is not true.

Example 2.5.4 Suppose the discount function h(t) = e =3, then h shows the

diminishing marginal impatience but not the decreasing impatience.

2.5.3 Extension to higher order derivatives

From the monotonic decrease of a discount function (Definition 2.5.1), we know
that delay is “bad”. Hence, from (2.5.2), we observe that an agent whose time
preference follows the law of diminishing marginal impatience tends to postpone
the bad thing. Based on this observation, we will extend the law of diminishing
marginal impatience and discuss the signs of higher order derivatives. Before that,

for sake of convenience, we introduce some notations.
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2.5. WEIGHTED DISCOUNTING AND DIMINISHING MARGINAL IMPATIENCE

Let A be a family of finite sets whose elements are non-negative real numbers.
We intend to let any A € A define a stream of waiting time. Hence we permit
that the elements taking the identical value can appear repeatedly in a set. For
example, we do not view {a, a} as a singleton but a set with two elements.

For any set A € A and a non-negative real number d, we define the “delay” by

the operator @ as follows.

For any A,B € A, AU B means two steams of payoffs that will be received.
One is at the time in A, the other at the time in B, i.e.,

AU B = {{l}iea, {l}ies}-

For a given discount function h, let m" be a function mapping from A to
R+ U {0},
m"(A) =" h(l),

leA
From the definition of m”, it is to see that for any z > 0,4 € A, xm"(A)
describes the present value of a stream of payoffs valued at x at each time [ € A.

In light of this, we define the preference order as follows.

Definition 2.5.5 We say A € A is preferred to B € A (denoted by A = B) under
the discount function h if and only if m"(A) > m"(B).

Define, for all d > 0,1 > 0, Ayh(l) := h(l + d) — h(l) and by induction,
ASK() == h(l), ALh(1) == Agh(l), ATA(]) := AGALTh(D).

In order to explain higher order derivatives of a discount function, we now
introduce a sequence of time sets.

Consider A; = {lI}, By = {l + d}, where [,d € RT U {0}. Since m"(4;) —
mh(By) = h(l) — h(l + d) = —ALh(l), then we have that a discount function h
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exhibits a regular time preference if and only if A; > Bj.

Consider Ay = A; U (By & d), By = (A; &® d) LU By. By simple algebra, we have
mh(Ay) —mh(By) = h(l+2d) —2h(l+d)+h(l) = A2h(l). Then a discount function
h follows the law of diminishing marginal impatience if and only if Ay > Bs.

As stated at the beginning of this part, the construction of Ay (Bs) exhibits
the bahavior of an agent who delays “the bad (good) thing”. Next we continue
to construct A3 and Bs based on this rule. For an agent following the law of
diminishing marginal impatience, As is good and B, is bad, hence we construct
As and Bj as follows.

Consider A3 = Ay U (By @ d), By = (A @ d) U By. Tt is to see that m"(Asz) —
mhM(Bs) = —(h(l 4+ 3d) — 3h(l 4+ 2d) + 3h(l + d) — k(1)) = —A3n(l). If an agent
tends to postpone the bad thing rather than the good one, then she would prefer
As to Bs. ie., m"(Az) —m"(B3) = —A3h(l) > 0. For a smooth function A, this is
equivalent to A" < 0.

By induction, for any | > 0,d > 0,n > 1, we define A, = A, U (B,_1 &
d), B, = (A1 ®d) U B,,_1. The following lemma shows the relationship between
A,, B, and the nth order difference.

Lemma 2.5.6
m"(Ap) —m"(B,) = (—1)"Ajh(l),

foranyn >1,1>0,d > 0.

Hence, A, = B, under h if and only if (—1)"ALh(l) > 0.

Proof. We prove this lemma by induction.

By the discussion above this lemma, Lemma 2.5.6 holds for n = 1.
Suppose that when n = k, m"(A;) — m"(By) = (=1)*Akh(1).
When n =k +1,

mh(AkJrl) = mh(Ak L (Bk @ d)) = mh(Ak) + mh(Bk D d),
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Hence,

m"(Aps1) = m"(Byp1) = m"(Ap) = m"(By) — (m" (A @ d) — m"(By & d))
—1)*Agh(1) = (1) Agh(l + d)
~1FAG(A(1) = h(l + d))
—1)*AG(=Aah(1)
—1)FTEAR (D).

This completes the proof. m

The following theorem tells that an agent’s time preference can be described
by a weighted discount function if and only if she has a regular time preference
and prefers delaying the bad thing to the good one towards the time sets A,,, B,

n > 2.

Theorem 2.5.7 A discount function h is a weighted discount function if and only

if A, = B,, under h, for anyn >1,1>0,d > 0.

Proof. This is an immediate result of Lemma 2.5.6, Theorem 2.2.1 and Caballé
and Pomansky (1996), Corollary 2.3. =

While we believe that our results on weighted discount functions are interesting
in their own right, we will illustrate their usefulness explicitly when studying the
comparative statics of investment behavior in Section 4.2 with respect to group

properties such as patience or diversity.
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Chapter 3

(General framework

In this chapter, we focus on the game theoretic framework for a stopping prob-
lem with weighted discounting. First, to obtain a formal definition of an equilib-
rium stopping rule, we embed our stopping problem into a control framework by
formulating the stopping rule as a binary control. Next, within the game theoretic
framework for time inconsistent control problems (e.g., Bjork and Murgoci (2010)),
we give a definition of an equilibrium stopping rule. Then, following Strotz (1955),
Caplin and Leathy (2006) and many other since, we derive a Bellman system by a
recursive approach for a finite horizon case and illustrate why the weighted repre-
sentation of a discount function plays a key role in taming continuously changing
time preferences for a stopping problem. Finally, we turn to the infinite horizon
case, in which we explain the Bellman system in terms of a decision made by a
group. The main result in this chapter is that the stopping rule obtained by solving
the Bellman system is indeed the equilibrium stopping rule defined in the game

theoretic framework.

31



3. GENERAL FRAMEWORK

3.1 The dynamics

Consider a complete probability space (€2, F,P) which supports a standard
Brownian motion (W;):> with its natural filtration {F;};>¢ after augmentation.

Suppose the underlying process X = {X;}scp, follows

dX;

= = b(Xy)dt + o (X,)dW,. (3.1.1)

where the mean return b and volatility o(> 0) are bounded and continuous func-
tions. X may describe the wealth of an agent gambling in casino, the quality of a
current job offer, the project value in a real options setting, or the value of a stock
or of the underlying of some derivative.

To guuarantee that the differential equation (3.1.1) admits a unique strong
solution, we assume that the functions zb(z) and zo(z) satisfy the global Lipschitz
condition. Moreover, by the standard discussion in stochastic differential equations
(e.g. Karatzas and Shreve 2006, p.306), for Xy = x and any m > 1, we have the
following estimate,

E[max | X,|[™] < C(1 + |z[™)e’", 0<t<T, (3.1.2)

0<s<t

where C' is a positive constant depending on m,T" and the bound of b and o.

3.2 Stopping rules

In time consistent stopping problems, a stopping rule is often formulated as
a stopping time by which an agent can decide when to stop. This stopping time
tells the agent whether to stop not only at the current decision date, but in the

following periods as well.
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However, in time inconsistent cases, since the preferences change over time, the
agent is only able to commit her current behaviour under her current preference.
This implies that the agent is only capable of making the decision of whether to
stop instead of when to stop. Therefore, it seems more natural to introduce a

definition, which is based on whether to stop, to describe a stopping rule.

Definition 3.2.1 A stopping rule is a measureable function of time and the pro-
cess value u : ([0,T] x R*, B0, T] x B(RT)) — ({0,1},2{%1}) where 0 indicates
“continue” and 1 indicates “stop”. Fach stopping rule u defines a sequence of

stopping times 7t € [0, 7] via
h =inf{s > t,u(s, X,) = 1}. (3.2.1)

The so called “stopping rule” is reflected by the definition of stopped process

{Xsart }serr), and the superscript ¢ means that the agent will use the stpping rule

u under the assumption that she has never stopped before the calendar time ¢.
For sake of convenience, similar to the time consistent case, we introduce the

concept of “stopping region” for a stopping rule u
S.={(t,x) €[0,T] x R" : u(t,x) = 1}.

The complement set C, of S, is the continuation region

Co={(t,x) €[0,T] x R" : u(t,z) = 0}.

Then the stopping rule u can be shown as follows.

S
u= | (3.2.2)
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The corresponding stopping time at time ¢ is a hitting time given by

Tt =inf{s > t: (s, X,) € S.}. (3.2.3)

3.3 Game theoretic formulation

Let the continuous functions ¢ and G from R™ into R denote the running profit
and the exercise payoff respectively. At any point (¢,2) € [0,7] x R, we consider

the following performance functional
TATE
J(t,z;u) = E]| / h(s — )e(X,)ds + (T At — G (Xppr )| X, = 2], (3.3.1)
t

In the rest of the paper, we suppose that the running profit ¢ and the exercise
payoff G have the polynomial growth, i.e., there exist constants C' > 0,m > 1,
such that |c¢(z)| + |G(z)| < C(1 4+ |z|™).

In time consistent cases in which h(t) = e~ with r > 0, the agent would like
to search for an optimal stopping rule, which can be formulated as the following
optimization problem,

max J(t, x;u). (3.3.2)

However, for a general discount function h, the time consistency of the optimal
stopping rule may be lost, since the dynamic programming principle does not apply
any more. This implies that the optimal stopping rule is changing as time goes
by. Hence, the concept “optimal stopping rule” may not make a lot of economic
sense, since the agent is looking for a strategy that she will not really follow in the
following periods.

Given the above argument, instead of the “optimal stopping rule”, we are going
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to seek an “equilibrium stopping rule” by the game theoretic approach!. For our
stopping problem, given a stopping rule v and a self ¢ > 0, we can define the

following stopping rule to be used from ¢ on:

u(s,z) ifselft+eT],
uto(s, 1) = a if s et t+e), (3.3.3)

0 otherwise.

where € > 0 and a € {0,1} are fixed. This stopping rule u>* coincides with
the self ¢’s original stopping rule u except for the (short) time interval [t,t + €).

a

On that interval, u“® is either constantly 0 or constantly 1. We call u>%* the

(e, a)-deviation from u at time t.

Definition 3.3.1 (Equilibrium stopping rule) Let @ be a given stopping rule.
Then we say 4 is an equilibrium stopping rule if for any (t,x) € [0,T] x R, a €
{0,1}, we have

>0, (3.3.4)

e—0 €

where ub* is the (e,a) deviation from 4 at time t, i.e.,

u(s, x) if s € t+e€T],
ut (s, z) = a  ifse[tt+e), (3.3.5)

0 otherwise.

with a € {0,1},€ > 0.

!This framework has been already used to model many time inconsistent control problems;
see Ekeland and Pirvu (2008); Bjork et al. (2014).
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3.4 Bellman system

To obtain a Bellman system for the stopping problem defined by Definition
3.3.1, similar to the time consistent case, we introduce the definition of a value

function.

Definition 3.4.1
V(t,x) = J(t,z;0), (3.4.1)

where U is the equilibrium stopping rule defined by Definition 3.3.1.

Now we give a heuristic derivation of the Bellman system which is comprised
of a terminal condition, a differential equation and an auxiliary function. Let us

start with the terminal condition.

e At terminal time 7', suppose the underlying process X7 = x, then the agent
obtains the payoff max{G(z),0} and the equilibrium stopping rule @ is given
by

0 ifG(z) <0,

1 otherwise.

Next, we derive the differential equations that the value function V (¢, ) follows.

At the point (¢,x) € [0,T) x R*, the agent has two options: stop or continue.

o If the agent stops at ¢, i.e., she uses the stopping rule u®!,

then the corresponding performance functional J(¢, z; ut®?) defined by (3.3.1)
Is

J(t, v ubt) = G(z).

e If the agent decides to continue on the infinitesimal interval [t, ¢ + dt), since

her stopping rule has been set up since t + dt, what she actually follows at

36



3.4. BELLMAN SYSTEM

t,dt,0

time t is the stopping rule u . Then her performance functional in this

case is J(t, x; uh0).

Tttt
J(t, oy ub 0y = E[/

t

h(s —t)e(Xs)ds + h(T AT — ) G(Xppora)| Xy = ]

_ E[/fdt h(s — B)e(X.)| X, = ]

Attt
+ E[ Y h(s — (t+dt))e(X,)ds| X, = ]
tdt
TAT£+dt
+ E| " (h(s —t) — h(s — (t +dt)))c(Xs)ds| X = 2]

+ER(T AT — (¢4 dt)G(Xppora)| Xy = 7]
+ E[(h(T VAN Téert - t) — h(T VAN Téert - (t + dt)))G(XTATerdt)lXt = I]

_ E[/fdt h(s — £)e(X4)[ X, = 2]

+E| e (h(s —t) — h(s — (t + dt)))c(X,)ds| X, = x]

t+dt
+E[(R(T AT — 1) — R(T ALY — (8 4 dt))G (X pp evar)| Xy = 7]

+E[V(t + dt, Xerar) | Xy = z].
Therefore,

V(t,2) = ma{E[ | s = De(X)|X, = 4]

+ E[DMT AT — (t + dt))G (X evar)| Xy = 2]

Taritdt

+EJ - " (Dh(s — (t +dt)))e(X,)ds| X, = a]

FE[V(t+ dt, Xpvar)| X, = 2], G(2)}.

where Dh(t) = h(t + dt) — h(t),Vt € [0, T).

Moving V (¢, x) to the right-hand side of the above equality, and dividing it by dt,
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we have

B[ (s — De(X)|X, = 4]

0 = max{ o

E[DR(T A7 — (¢ + dt)G( Xy ovae)| X = 7]

+ U
dt
TAriTdt

E| " (Dh(s — (t +dt)))c(X,)ds| X, = 7]

4 Sttt
dt

E X X, =] —

| EV(t+dr, Hdtzz \t A=V Gy

Here, we use the fact that
max{ad, b} = 0 < max{a,b} = 0,Vd > 0.

Note that for the weighted discount function h(t) = [;° e "*dF(r), the first order
derivative b/ (t) = — [7° re ""dF(r), then we obtain the Bellman system as follows.
Definition 3.4.2 Given the performance functional (3.3.1), the Bellman equation

for the value function V in [0,T) x RT is given by

max{(MV),(z) + c(x) — /OOO rw(t, x;r)dF(r),G(x) = V(t,x)} =0, (3.4.2)

with the terminal condition
V(T,z) = max{G(zx),0}, (3.4.3)

for Vx € RT.

Here, M is the infinitesimal generator for the underlying process X given by
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and the auxiliary function w is defined as
T/\’Té :
w(t,z;r) = E[/ e Ve(X)ds + e "IN G ( Xppr )| Xy = 2] (3.4.4)
t u

The equilibrium stopping rule i is given by

L ifV(t,z) = G(a), (3.4.5)

>
I

0 otherwise.

In particular, the Bellman equation (3.4.2), the terminal condition (3.4.3), the
auxiliary function w and the equilibrium stopping rule 4 together comprise the

Bellman system. The triple (V,w, ) is called the solution to the Bellman system.

We now state the verification theorem. Since the value function of many interesting
stopping problems does not satisfy the C'*? regularity, we consider our problem in

a larger function space W,.?([0,T) x R"), in which the Ito formula still applies?.

Theorem 3.4.3 (Verification Theorem.) Assume that the triple (V,w, ) solves
the Bellman system defined by Definition 3.4.2. Assume that V € WE2([0,T) x
RONC([0, TIxRT) and |V (t, z)| < ki (14|x|™), for some constants ky > 0,m > 1.
Then @ is an equilibrium stopping rule defined by Definition 3.3.1 and V(t,z) =

/Ooow(t,x;r)dF(r).

Proof. First, we show that V is the value of a performance functional valued at
.

At any point (t,z) € Sy, V(t,z) = G(x) = J(t, z;0).

At any point (t,z) € Cg, consider the function w. We show that w has the

2See, for example, Krylov (2008), Chapter 2.
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polynomial growth. Note that ¢, G have the polynomial growth, then we have

(73

T
w(t,z;r) < E/t le(Xs)|ds| Xy = x] + E[|G( X, ar)|| X = 7]
T
= E/t |C(1+ | Xs[™)|ds| Xy = 2] + E[C(1 4 [Xrar|™) | Xe = 2]
T
< IE/ |C(1 + max | X,|™)|ds| X = z] + E[C(1 + max | X|™)|X: = 2]
t t<s<T t<s<T
Then the estimate for E[max;<s<7 | Xs|™] in (3.1.2) implies that w has the polyno-
mial growth, i.e., there exist m > 1, C; > 0 dependent of m,T and the bound of
b, o, such that w(t, z;r) < Ci(1+ |z|™).

We now show that Dynkin’s formula can be used on w. Define the stopping

time 0, = T A7t Ainf{s >t : | X, — 2| > n}, then by Ito formula, we have
E[w(0,, Xy, ;7)|X: = 2] = w(t, z) + E[/ten (Muw)s(Xs)ds| X = x].
By Feynman-Kac formula, before the stopping time 6,,, the function w follows
(Muw)(x) — rw + ¢(x) =0, (3.4.6)
then we have

E[w(@n,Xg

n?

On
)| Xy =z = w(t,x) + ]E[/t rw(s, Xg;r) — c(X)ds| Xy = xl.

Since w, ¢ have the polynomial growth, then together with the estimate for the
E[max;<s<r | Xs|™] in (3.1.2), we can pass the limit in the expectation. Let n — oo,

we have

T/\TE
Elw(T A1k, Xpare;7)| Xe = 2] = w(t, z) + ]E[/ rw(s, Xg;r) — c(Xs)ds| Xy = xl.
E ¢
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Similar to the discussion for w, we also have that Dynkin’s formula can be used

on V, which yields that

BIV(T A Xopg) X = a] = Vita) B[ (MV),(X,)ds]X, = o

TAT! 0o
—V(La) +E[[ (=X + [ ruls, Xy r)dF(r)ds| X, = a
t 0
We now consider the expectation,
TAT 00 o) T/\Té
]E[/ (/ rw(s, Xg;r)dF(r))ds| X, = 2] = / E[/ rw(s, Xg;r)ds| Xy = z]dF(r)
t 0 0 t

By Feynman-Kac formula, before the stopping time 75, the function w follows the

equation (3.4.6). Then we have

B[ ruols, Xer)dsl X = o] B[ (Mw),(X,) + (X.))ds|X, = ]
= E[/tTMﬁ c(Xs)ds| Xy = x] —w(t, x;7)

+ E[w(T A 75, Xpaet;7)| X = 2]
Therefore,

E[V(T Al Xgar )| Xo = 2] = V(1) +/ W(T ATl Xgpgs; 1) X = aldF(r)

—/ w(t, z;r)dF(r).

By the definition of V' and w, it is to see that V(T'A7g, Xpart ) = w(TATE, Xpare; 7).
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It follows that

V(t,z) = /°° (t, 2 7)dF(r)
T/\’T t
= [TE [T e e s + e—'"<Tw—t>G<XW;>|Xt — dF ()
T/\T t
= E| / / AR (r)e(X,)ds +/ T(TATﬂ*t)dF(T)G(XTAT;;)’Xt = 1]

= J(t,z;0).

Second, we prove that the stopping rule 4 satisfies Definition 3.3.1.
For the stpping rule u>*%, if a = 1, then J(¢, z; u"%*) = G(x). Thanks to the
Bellman system, we have V' (t,2) > G(z). This yields (3.3.1).

If @ = 0, similar to the heuristic derivation of the Bellman system, we have
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that

J(t, x;ub0) = E[/;Jre h(s —t)c(X,)| X = 7]

+ E[/;EATU e(h(s —t)—h(s— (t+¢€)))c(Xs)ds| Xy = 2]
+E[(h(T AT —t) — h(T ATE — (t+ €)))G(Xpp +e)| Xy = 7]
+E[V(t+ €, Xiye) | Xy = 7]

t+e
- E[/ hs — 1)e(X,)|X; = 2]
t
T/\T;J'_e %)
L E| ( / ==+ (o= _ 1)dF(r)e(X,)ds| X, = 1]
t+e 0
+E[ T e TN =) (= 1)AF(r)G (X v | X, = 2]
O u
+ ]E[V(t + €, Xt—&—e)‘Xt = ZL’]
t+e
- IE[/ hs — 1)e(X,)|X; = 2]
t
+ E[(/O (€ — Dw(t + & Xope: 7)dF (F)| X, = 2]

4 E[/tHe(MV)S(XS)dﬂXt — 2+ V(L ).

Then by the Bellman system, we have that

J(t, x;ube0) — J(t, z;0)

> (B[ h(s — )e(X,)|X, = 2
+E| /O e = Dt + € Xove; P)AF()| X: = 4]
4 E[/tt“(—c(xs) + [ rwts, X ndF(r)ds|X, = 1))

[ —n-1)
E[+ -

0 e~ _ 1]
+ E[/O € w(s, Xo;r)dF (1) X; = 4]

€

(X)X =

E[/tt“(/om rw(s, X r)dF(r))ds| X, = a]

€

+
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Due to the growth condition on ¢, GG, all variables in the expectation can be domi-
nated by K;(1+maxo<s<r | Xs|™),m > 1, K1 > 0 dependent of T, m and the bound
of b,o. Hence, by the estimate (3.1.2), we can pass the limit into the expectation
by the dominated convergence theorem. Then we have

J(t, x;0) — J(t, z;ub0)
e—0 €

>0

This completes the proof. m

3.5 Discussions

The term — / rw(t,z;r)dF(r) distinguishes the Bellman equation (3.4.2)
0

from the conventiional one. We now define — /Oo rw(t,z;r)dF(r) by f(t,z). By
0

simple calculation, we have that
TATE
F(t,a) = E[/ B (s — t)e(Xs)ds + B'(T AT — D) G(Xpnot )| Xy = 2.
t u

It is to see that f plays the same role as the discounting term in the conventional

Bellman equation for a time consistent stopping problem. Due to the presence of

h' (TATE—t)

the non-constant discount rate B OGED)

, we probably can not find any explicit
relation between f and the value function V. This feature of f, to a large extent,
reflects the essence of time inconsistency, that is, the future preferences vary over
time and thus can not be described by the current value function.

In some papers about time inconsistent control (e.g., Bjork and Murgoci (2010)),

the “dynamics” of f is described as a continuum of differential equations. Turning

to our stopping problem, using the similar idea, we introduce the function

fi(s,z) = E[/STATS W (v —t)e(Xy)dv + D (T A 75 — )G (Xrprs)

X, = zl.
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At Vt < s, the function f* can be viewed as a function of (s, z). Hence the auxiliary
function f(¢,z) can be obtained by solving the following dynamic systems until

s =t, for Vt € [0,T),
(MfHs(x) + R (s —t)e(x) =0, (s,7) € Cy (3.5.1)
with the boundary and terminal conditions given respectively by

fi(s,a)ls, = W' (s = )G ()]s,

fiT,z) = h(T —t)G(x).

In fact, the differential equation (3.5.1) can not be viewed as the dynamics of f,
since it can not describe f(t,x) whenever the agent deviates from time ¢. In other
words, if we had to interpret (3.5.1) as a dynamic system of f, then this dynamic
system would be one that can not go forward dynamically. This fact, in turn,
features continuously changing time preferences, that is, the preferences vary over
time and thus can not be described by a single dynamic system.

A fundamental difference between the auxiliary functions w and f is that the
dynamics of w can be described by a single differential equation but that is not the
case for f. Particularly, for any r, the auxiliary function w(t, x; r) can be obtained

by the following differential equation
(Muw)y(z) — rw + c(x) =0, (t,z) € Cq, (3.5.2)
with the boundary and terminal conditions respectively given by

w(t,z;r) = G(x)ls,, (3.5.3)
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w(T, x;r) = max{G(z),0}. (3.5.4)

The differential equation (3.5.2), the Bellman equation (3.4.2) and Theorem 3.4.3
together allow us to view the time inconsistent stopping problem from a different
perspective. That is, the stopping decision of an agent with weighted discounting
seems to be made by a committee, in which each member is time consistent; and
any deviation from the stopping rule in a infinitesimal time interval would leave the
choices of the agent worse off, see the Bellman equation (3.4.2). We will continue
our discussion in this line in next section.

We close the discussion by the following example, which shows that when the
time preference is modeled by an exponential function, the Bellman system defined

by Definition 3.4.2 goes back to the conventional one.

Example 3.5.1 If h(t) = e " with r > 0, then
T/\T,E :
f(t,z) = —TE[/ e Ve(X)ds 4+ e "IN G(Xpprt )| Xy = 2] = =1V (8, 2),
t u
and the Bellman equation (3.4.2) becomes
max{(MV)(x) —rV(t,z) + c(x),G(x) = V(t,z)} =0, (3.5.5)

which is the classical Bellman equation for pricing an American derivative with

exponential discounting.

3.6 An extension: the infinite horizon case

Many problems in financial economics are modelled by stopping problems with
infinite horizon. In this section, we extend our equilibrium stopping model to the

infinite horizon case. Here, we focus on the stationary stopping rule u, which is
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defined as follows.

Definition 3.6.1 A stationary stopping rule is a measureable function of the pro-

cess value u : (RT,B(R*Y)) — ({0,1},2{%) where 0 indicates “continue” and

1 indicates “stop”. Fach stopping rule u defines a sequence of stopping times

it € [0, 00) via

7t =inf{s > t,u(X,) = 1},

(3.6.1)

Similar to the finite horizon case, we introduce the concept of “stopping region”

S.={r eR" :u(z) =1}.

The complement set C of § is the continuation region

Co={r e R" : u(x) = 0}.

Then the stopping rule v can be shown as follows.

1 if x € S,
0 if v € C,.

The corresponding stopping time at time ¢ is a hitting time given by

1, =inf{s >0: X, € S,}.

(3.6.2)

(3.6.3)
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For any stopping rule, we introduce the performance functional?,

t
Tu

J(t, z;u) = ]E[/ h(s — t)e(Xs)ds + h(r, — )G (X )| Xy = ], (3.6.4)

t

The stationary underlying process yields a time homogeneous performance func-

tional, i.e.,

70

J(t,x;u) = J(0,z,u) = ]E[/O “h(s —t)e(X,)ds + h10)G(X0)| Xo = 2].  (3.6.5)

(3.6.5) implies that each self of the agent encounters the same stopping problem.
This allows us to consider the optimal stopping problem only at time 0. Hence, for
sake of convenience, we abbreviate J(0, z;u) and 70 to J(x;u) and 7, respectively.

We now introduce an equilibrium stopping rule for the infinite horizon case as

follows.

Definition 3.6.2 The stopping rule 4 is an equilibrium stopping rule if

lim inf J(w; @) = Ja;ut

e—0 €

) >0 (3.6.6)

® 4s defined as follows,

where u®

u“t(s,x) = (3.6.7)

with a € {0,1},€ > 0.

Next, we will introduce the Bellman system for the value function V' := J(z;a).

3Here we assume that lim; o h(¢)G(X;) = lims—,o0 h(t)c(Xt) = 0 almost surely. This condi-
tion says that the discounted payoff eventually vanishes as time goes by and ensures that waiting
forever cannot be optimal behavior. A stronger condition, which is specific to exponential dis-
counting and a geometric Brownian motion setting (e.g., Dixit and Pindyck 1994), is that the
drift of the process is smaller than the discount rate.
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Similar to the finite horizon case in last section, we define the Bellman system as

follows.

Definition 3.6.3 Given the performance functional (3.6.5) with weighted discount

function h(t) = / e " dF(r), where the function F is a distribution function of
0

a non-negative random variable, the Bellman equation for the value function V' in

R* is given by

max{(AV)(x) + ¢(z) — /OOO rw(x;r)dF(r) + c(z),G(z) = V(x)} =0, (3.6.8)

Here, A is the infinitesimal generator for the underlying process X given by
A= ia(x) = + b(v)r—
and the auxiliary function w is defined as

w(z;r) = E| /0 " e e(X ) ds + e G(X )| X = 4. (3.6.9)

The equilibrium stopping rule 4 is given by

L ifV(e) = G(x),

>
I

(3.6.10)

0 otherwise.

In particular, the Bellman equation (3.6.8), the auxiliary function w and the equi-
librium stopping rule 4 together comprise the Bellman system. The triple (V,w, @)

is called the solution to the Bellman system.

Parallel to the finite horizon case, we show that the Bellman system defined by

Definition 3.6.3 characterizes the equilibrium stopping rule as follows.

Theorem 3.6.4 (Verification theorem: the stationary case.) Consider a
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stationary stopping rule 4, functions w(xz;r) and V(x) = /Oo w(x;r)dF(r). As-
sume that V.€ W2.(RT) and |V (z)| < ko(1 + |2|™), for gome constants ko >
0,m > 1. If the triple (V,w,u) solves the Bellman system defined by Definition
3.6.3. then 4 is an equilibrium stopping rule defined by Definition 3.6.2 and V is

the corresponding value function.

Proof. The proof is essentially the same as the proof of Theorem 3.4.3, we thus
omit it. m

In the remainder of this section, we explain the intuition behind the Bellman
system and how the assumption of weighted discounting makes its way into the
result. Theorem 3.6.4 tells us how we can obtain an equilibrium stopping rule 4 or,
equivalently, the values of x € §; where the agent will stop and the values x € C;
where she will continue. The function w(z;r) = ]E[/Om e e(Xs)ds+e T G(X,,)]
depends on the equilibrium stopping rule and describes group member r’s expected
discounted payoff in equilibrium when the current value of the process is x. If the
group consists of just one member with discount rate r, then V(x) = w(x;r),
i.e., the value function V' is given by that member’s expected discounted payoff

and equation (3.6.8) becomes the well-known Bellman equation (e.g., Dixit and

Pindyck 1994)
max{AV (z) —rV + ¢(x),G(zx) — V(z)} = 0.

Note that the above equation is independent of & and can be solved once the model
primitives are given. Then, @ is obtained immediately from equation (3.6.10).*

Now consider the case of several group members. Along the equilibrium stop-

4In other words, in that case equation (3.6.10) is decoupled from — and thus not a part of —
the Bellman system. Therefore, we are back to the classical case of a single Bellman equation.
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ping rule @, the value function V(z) can be written as

Vig) =BL[" h(s)e(X)ds + h(r)G(Xs,)| Xo = a]
_ | / / TS (r)e( X,)ds + / T e AR (r)G(X,) | Xo = 4]
/ / “rse(X,)ds + e G(X,, )| Xo = 2]dF(r)

/ w(z;r)dF(r).
(3.6.11)

This calculation shows that the weighted form of the discount function carries
over to the value function. Moreover, it clarifies the motivation behind defining
the function w(z;r). To derive the Bellman equation (3.6.8), we first write down
the differential equation describing w and, then, exploit the relationship between
V and w derived above. More specifically, because w features standard exponential

discounting it satisfies
Aw(z;r) —rw(z;r) + c(z) = 0,2 € Cy

with the boundary condition w(z;r)|s, = G(x)|s,. The latter is the value match-
ing condition. Note that w(x;r) does not satisfy a smooth-pasting condition. This
is because group member r’s discounted expected payoff is not maximized in equi-
librium, but only the value function itself is. Since V' is the weighted average of

the w, by integrating the differential equation of w against F, V' must satisfy

/Ooo (Aw(z;r) — rw(x;r))dF(r) + ¢(x) = 0,2 € Cy
= <.A /OOO w(x; r)dF(r)) — /OOO rw(x;r)dF(r) 4+ c(z) =0,z € Cy

AV (z) — /OOO rw(x;r)dF(r) 4+ c(z) = 0,z € Cq.

Equation (3.6.8) is then obtained by comparing the value of continuation and
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stopping.

We close this section by considering the example of the pseudo-exponential
discount function. In that case, the group consists of two group members with
discount rates r and r + A > r whose weights in the decision process are § and

1—4, respectively; see equation (2.2.1). In that case, we can recover the equilibrium

stopping rule from the following four equations:

max{AV (z)— (drw(z;r) + (1 = §)(r + Nw(z;r + X)) + c(z), G(z) — V(x)} =0,
wiair) = B[ [ e e(X,)ds + TG(X))
w(a;r+\) = E| /0 " ee(X,)ds + eI G(X))],
1 it w(zsr) + (1 — dw(ar + \) = G(z),

0 otherwise,

We note that, in this case, the last equation is indeed coupled with the other ones.
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Chapter 4

Dynamic investment and

comparative statics

4.1 Dynamic investment under weighted discount-

ing

This section applies our general optimal stopping result for weighted discount
functions to a standard irreversible investment problem as in Brennan and Schwartz
(1985), McDonald and Siegel (1986), or Dixit and Pindyck (1994). We derive the

optimal investment strategies for several well-known discount functions explicitly.

4.1.1 Economic setup

Consider the opportunity to invest in a project. The payoff process X of the

underlying project follows a geometric Brownian motion,

X
Oth = bdt + odW,. (4.1.1)

t
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Investment in X can be made at any time ¢ at cost I. The performance functional
of the agent, whose time preferences are described by a weighted discount function

h — being obtained from some weighting distribution F' — is given by

J(z;u) = E [ / Y AP () (X, — 1)

To ensure the well-posedness of the problem, let
b < inf{r € [0,00) : F(r) > 0}. (4.1.2)

When F' is a step function jumping at r = 1 (the exponential discounting case),
condition (4.1.2) is reduced to the standard condition b < 7y (e.g., Dixit and
Pindyck 1994, p.141).1

4.1.2 Investment behavior under weighted discounting

In this subsection, we solve the Bellman system described in Definition 3.6.3
explicitly when X follows a geometric Brownian Motion (so that A4 = %‘723‘32% +
br-L) and when G(z) = z — I, for arbitrary weighted discount functions.

The solving scheme is based on the following economic intuition. First, in
equilibrium each member of the group uses the same stopping rule. This yields
the value matching condition on w(x;r) for all r > 0. Mathematically, denote the

triggering boundary above which investment is optimal by x,. As usual (e.g., Dixit

and Pindyck 1994, p.141), for x < z, it holds that

1
502x2wm(1’; r) + brw,(x;r) — rw(x;r) =0, (4.1.3)

'Economically, the more general condition (4.1.2) ensures that each member in the group has
a non-exploded performance functional, which, in turn, ensures that the performance functional
of the group as a whole does note explode. In Appendix B, we provide a formal result on the
sufficiency and necessity of the well-posedness condition (4.1.2).
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with boundary conditions w(0;r) = 0 and w(z,;r) = =, — I. However, the smooth
pasting condition is not imposed on w but on the value function V; see below.

The solution to the ordinary differential equation (4.1.3) is given by

€T w(r)
w(x;r) = () (e — 1), x < x4
Ty

where u(r) is the positive square root of the fundamental quadratic (e.g., Dixit

and Pindyck 1994, p.142)

—(b—30?) + \/(b — 102)2 4 20%r
5 .

1 1
Eaz/f + (b— 502)/1 —r=0, ie, u(r)=

o
(4.1.4)
Second, the equilibrium stopping rule maximizes the weighted average of the
w(z;r), i.e.,
o] €T u(r)
Vi) = [ <> dF(r)(z. — I). (4.1.5)
0 \T.

Therefore, the smooth-pasting condition is given by [;° wy(x.;7)dF(r) = 1. This
condition is used to identify the triggering threshold z,, i.e.,

[T e - Dl =1

Ty Ty

It follows that
T =——-1, (4.1.6)

where

A= /0 T () dF(r). (4.1.7)

Proposition 4.1.1 (Investment behavior under weighted discounting.) Suppose
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that A defined by (4.1.7) is finite*. With the notation above, the triple

(V(x),w(z;7),0) if v < xy,

(Ve(2), w(;7), 6(a)) = ,
(x—1,x—1,1) otherwise

solves the Bellman system (3.6.8)—(3.6.10) with its boundary condition. Hence, G

is an equilibrium stopping rule and V¢ is the corresponding value function.

Proof. We prove that the triple (V¢(z), w®(x;r), @) defined in Proposition 4.1.1
indeed solves the Bellman system.
On the continuation region (0, z.), since V(z) = [ w(x;r)dF(r) and since
w(x;r) follows the ordinary differential equation (4.1.3), we have that
oo ] o0
/ [202x2wm(x; ) + brw,(z; r)} dF(r) = / rw(z;r)dF(r)
0 0

1
<:>§0'2.132‘/m&(:13) + baV,(x) — / rw(z;r)dF(r) = 0.
0

To obtain the Bellman equation (4.1.3), it remains to check that
V(z)—(x—1)>0 (4.1.8)
on the continuation region (0, z,) as well as that
;UQxQ(x —Dye + bx(x— 1), — /Ooor(x —DNdF(r) <0,

or, equivalently,

/0 S — DadF(r) > /0 T IdF(r) (4.1.9)

on the stopping region [z.,00). As regards inequality (4.1.8), due to condition
(4.1.2), we have that u(r) > 1 and thus V(x) is a convex function. Then, the

2A simple condition that guarantees this assumption is —h/(0) < co.
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4.1. DYNAMIC INVESTMENT UNDER WEIGHTED DISCOUNTING

linearity of the payoff function, together with the value matching and smooth
pasting conditions, yields inequality (4.1.8).

As regards inequality (4.1.9), since b < inf{r € [0,00) : F(r) > 0}, the function
Jo<(r — b)xdF(r) is increasing in x. Therefore, we only need to prove inequality
(4.1.9) at x = z,. If b <0, the fact that u(r) > 1 yields the inequality immediately.
Hence, for the remainder of the proof we can assume that b > 0.

At z = x,, inequality (4.1.9) becomes

< Jo~ u(r)dE(r) >
| =) i dr) <100 2 | rarm.

As 1 is a concave function and because p(r) > 1 for all » > b, we have

> Jo~ m(r)dE(r) oy )
| = T dE ) —T0F ) 2 (= b (4.1.10)

where 7, = [;° rdF(r). Finally, it remains to prove that

(rm — b)m > T, (4.1.11)

which is equavalent to

Tm — bp(ry) > 0.
For any r > b, define f(r) = r — bu(r). A simple calculation yields that

b
\/(b — %0'2)2 + 2027

f=1-

Note that f(b) = 0. Therefore, f(r) > 0, which yields inequality (4.1.11). This

completes the proof. m
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4. DYNAMIC INVESTMENT AND COMPARATIVE STATICS

Let us compare the solution to the standard result under exponential dis-
counting, which is easily recovered from our more general result. In that case,
h(t) = e7™" and the weighted average is trivially A = u(rg), and the triggering

boundary is given by the well-known

(7o)
1i(ro) — i

T, =

A group with with a non-degenerate distribution of opinions F(r) takes a weighted
average of the u(r) as the coefficient A. The coefficient A determines investment
behavior through the triggering boundary x,. Thus, we note that not only the
value function V¢ in the solution (V¢ w®, 4) inherits the weighted representation
of the discount function. In the real options application studied here, also the
important coefficient A takes a weighted form.

We close this section by presenting analytical solutions for real-option invest-
ment under hyperbolic and pseudo-exponential discounting. For the generalized
hyperbolic discount function from equation (2.2.2), the triggering boundary x, is

given by

To the best of our knowledge, our paper is the first to solve a stopping problem with
continuously changing time preferences, as is the case for hyperbolic discounting.
Most of the literature, instead, has employed continuous-time versions of quasi-
hyperbolic discounting. These are also covered by our weighted framework, as
discussed next.

For the pseudo-exponential discount function h(t) = e’ + (1 — §)e"+Nt X >

o8



4.2. COMPARATIVE STATICS OF INVESTMENT BEHAVIOR

0,7 > 0,0 <6 < 1, the triggering boundary x, is given by

o)D)
opu(r) + (1 —=)uA+r)—1"

T4

The representation of the triggering boundary z, for pseudo-exponential discount-
ing is the same as the one obtained by Grenadier and Wang (2007) who considered
an investment timing problem in the context of stochastic quasi-hyperbolic dis-
counting.? Harris and Laibson (2013) noted that the pseudo-exponential discount
function is the expectation of the stochastic quasi-hyperbolic discount function.
They argue that the two types of discount functions lead to the same equilib-
rium in a consumption-savings model. The above example on pseudo-exponential
discounting shows that this intuition carries through to an investment timing prob-

lem.

4.2 Comparative statics of investment behavior

In this section, we study the investment behavior under weighted discounting
in more detail. We generalize some well-known comparative static results to ar-
bitrary weighted discount functions. Then, we obtain new results by turning to
comparative statics with respect to decreasing impatience or group diversity, for

example.

3Grenadier and Wang (2007) employ a continuous-time version of quasi-hyperbolic dis-
counting. In this model, the quasi-hyperbolic discount function takes a stochastic form,
ie., at time ¢t the agent’s self n applies the discount factor D,(t,s) given by D,(t,s) =
e~ (st if 5 € [tn,tni1),
{ de~rls—t) if s € [tny1,00). }
where {t,}n>1 is a sequence of arrival times which follow a Poisson process with intensity A
and which are independent of the payoff process X.
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4. DYNAMIC INVESTMENT AND COMPARATIVE STATICS

4.2.1 The impact of the underlying process and entry cost

on the triggering boundary z,

The triggering boundary z, in equation (4.1.6) depends on the project return
rate and volatility, the entry cost, and the discount function. In particular, the
influence of these economic factors is independent from one another and deter-
mined by the function p(r) in equation (4.1.4), the constant I, and the weighting
distribution F), respectively. This observation allows us to study the impact of
these factors on the investment decision separately. The following proposition lists
several properties of the triggering boundary x, with respect to the entry costs

and payoff process.

Proposition 4.2.1 (Comparative statics for entry cost and project dy-

namics.) Suppose that the factor A defined by equation (4.1.7) is finite. Then,
(1) x, is greater than the entry cost I.
(1i) x. increases with the entry cost I.

(7ii) x. increases with the return rate b and volatility o of the project dynamics.

Proof. Statements (i) and (iz) are trivial, and hence we focus on statement (7).
Since z, is decreasing with respect to A which is the weighted average of p, we
only need to check the monotonicity of ;1 with respect to b and o2

For any fixed r > b, we redefine the function u(r) defined by equation (4.1.4)

as the function of b and ¢ by v(b, 0?). By simple calculation, we have

ov 1 b— %02

= -1+
ob  o? ( \/(b— 12)2 4 202y

1 1 1
61/2 = b\/(b — —02)2 4+ 20%r + —0%b — b — o’ | .
Jo 04\/(1) — 152)2 4 257 2 2

)g()and
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4.2. COMPARATIVE STATICS OF INVESTMENT BEHAVIOR

If b <0, it is easy to see that % <0.1If b> 0, since b > r, after some algebra we

have

1 1 1 1
b\/(b - 502)2 + 20%r + 50219 —b* —o%r < b(b+ 502) + 5026 — v —o*r

=o*(b—r) <0.

This yields that % < 0 and completes the proof. m

4.2.2 The impact of the discount factor on the triggering

boundary z,

We first prove the following result, which combines nicely with the general
results obtained for weighted discount functions in Section 2. The result is strong in

the sense that its assumption is the weakest property that we defined in Section 2.

Proposition 4.2.2 (Larger discount factors imply later investment.) Con-
sider weighted discount functions h' and h® with weighting distributions F and
G. Then,

hE(t) > hF(t) for allt >0 = 2& > o
where x8(xF) is the triggering boundary defined by (4.1.6) with weighting distri-

bution h%(hF).

Proof. We first prove the following lemma, which provides a semi-analytic repre-
sentation of the triggering boundary x, in terms of the weighted discount function

R (rather than in terms of its weighting distribution F, as does equation (4.1.6)).

Lemma 4.2.3 Consider a weighted discount function h¥' with weighting distribu-
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4. DYNAMIC INVESTMENT AND COMPARATIVE STATICS

tion F, which yields the triggering boundary x. in equation (4.1.6). Then

2(b 0' 2)
2023 0y + B
e B, (4.2.1)

max{T,O} +B-1

where

/ 3 ()t (4.2.2)

2ro

After some algebra, the factor A defined by equation (4.1.7) can be written as

_ b _ 1.2 2 %)
A= (0220) + \Z__/ Vr 1 CdF(r), (4.2.3)
0
where C' = ) . Note that v/r + C can be written as
Vr+C = ds +VC. (4.2.4)

N_/\/His

Moreover,
—st
ft; = ) (4.2.5)
\/1 +2 / 2
where f(t; ,2, C) is the density function of the Gamma distribution with shape

parameter 1 and scale parameter o le,

Next, we plug equation (4.2.5) into equation (4.2.4) to obtain

1 r o)
v+ C= ﬁ /0 /0 t_%e_Cte_Stdtds +V C
1 o0 1 r
= — t_ie_Ct/ e Stdsdt + v C
2\/_/ 0
2\/_/ t—* —Ct _Tt)dt—i_ / 7
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and hence

/ VC +rdF(r / 2\/_/ t — e "YdtdF(r) +VC
ey /0 e TdF(r))dt + VT
=2 C4(1 — hF (£))dt + V/C.

5k
v

Finally, we plug the last equality into equation (4.2.3) to obtain

_(ph 1,2 b-1o 2>2
i Ul 0 B il tie (1 — W (1))t
2mo

—2(b — 10?) (b—4o 2)2
= max{ 20 =29 gy i/ t—3 w1 — hE ())dt,
o 2wo Jo

which completes the proof of the lemma.

We now turn to the proof of Proposition 4.2.2. From equation (4.2.2) in
Lemma 4.2.3 it follows, because h' > h® that Bp < Bg with B;,i = F,G
defined in equation (4.2.2). Then, from equation (4.2.1) in Lemma 4.2.3 it follows
that the triggering boundary is decreasing in the factor B, which closes the proof.
]

Note that the triggering boundary z, in equation (4.1.6) is expressed in terms
of the weighting distribution F' — and not in terms of the corresponding weighted
discount function h%. This fact is a natural consequence of our idea to study the
investment behavior represented by the weighting distribution F, which is also cru-
cial for the proofs of this paper. As discussed, even though the relationship between
F and the group discount function A" is one-to-one, the actual correspondence for
each and every case can be quite complicated. Resolving this complication com-
prises the difficulty in the proof of Proposition 4.2.2 above. The proof’s main idea

is to rewrite the intuitive expression for the triggering threshold, equation (4.1.6),
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4. DYNAMIC INVESTMENT AND COMPARATIVE STATICS

through a more complicated and less intuitive expression that, however, involves
the original discount function.

In combination with the results on weighted discount functions obtained in
Section 2, Proposition 4.2.2 readily yields a number of economically interesting
results that we will state explicitly and investigate in some more detail in the

following. First, Proposition 2.4.3 and Proposition 4.2.2 yield the following result.

Proposition 4.2.4 (Decreasing impatience and later investment.) Consider
weighted discount function h* and h® with weighting distributions F' and G and
measures of decreasing impatience Pr and Pg, respectively. Let the expectation of
F be no less than that of G and Pg(t) > Pp(t) YVt > 0. Then ¢ > x| where

* 7

1% (zF) is the triggering boundary defined by (4.1.6) with discount function h®(hF).

*

Proof. As discussed in the main text, the result is an immediate consequence of
Proposition 2.4.3 and Proposition 4.2.2. =
Second, Proposition 2.4.5 implies that more patience implies a larger group

discount factor. Therefore, from Proposition 4.2.2 we obtain the following result.

Proposition 4.2.5 (More patient groups invest later.) For weighted discount

functions h' and h® with weighting distributions F and G we have
hE =p hY = 28 > 2

where x%(x') is the triggering boundary defined by (4.1.6) with discount function

* *
hE(RE).
Proof. As discussed in the main text, Proposition 2.4.5 yields that more pa-
tience implies a larger group discount factor. The claim thus follows from Propo-
sition 4.2.2. m
We will study the impact of group diversity on investment behavior in some

more detail.
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4.2. COMPARATIVE STATICS OF INVESTMENT BEHAVIOR

4.2.3 The impact of group diversity on the triggering bound-
ary

The following result clarifies the impact of the group decomposition (i.e., of
the weighting distribution F') on the investment decision. In particular, it shows
that greater group diversity, as defined in Section 2 via stochastic dominance

deteriorations, leads to later investment.

Proposition 4.2.6 (More diverse groups invest later.) Suppose F' and G are

weighting distributions with finite support. If G <osp F, then 28 > x| where

% (z

*

G (F).

F

*

) is the triggering boundary defined by (4.1.6) with the weighting distribution

Proof. The result follows from Theorem 2.3.5 and Proposition 4.2.2, but here
we give a direct proof which offers more economic intuition. Let X and Y be two
random variables with distributions FX and FY, respectively. Then, the triggering
boundaries can be written as

x _  Elp(X)]

vy = ——1 "2 ] and 2! =

T EX)] -1

E[p(Y)]

Eju(y) 1"

where p is defined by equation (4.1.4). Note that yu satisfies sgn p(™ = (—1)"*!

for all n € N*, i.e. u(r) can be interpreted as a mixed risk averse “utility function
over discount rates”” Then, due to F¥ =<, sp F¥, we have E[u(X)] > E[u(Y))].
This yields the conclusion and completes the proof. m

Note that under greater group diversity it is more difficult to find a consensus
investment strategy. In other words, greater group diversity comes along with
more restrictions on the equilibrium stopping rule. Therefore, as explained in the
introduction, one might have expected that greater group diversity leads to less
risk-taking and thus earlier stopping. However, the fact that greater group diver-

sity leads to a uniformly larger discount factor (Theorem 2.3.5) dominates this
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effect, illustrating once more that Proposition 4.2.2 is a strong result. Since the
proof of Proposition 4.2.2 is technical and unintuitive, in the appendix we give
another, direct proof of Proposition 4.2.6 that illustrates how greater group diver-
sity defined via stochastic dominance connects to the expression of the triggering
threshold (4.1.6).

Next, we illustrate the quantitative impact of the group diversity on the trig-
gering boundaries. To this means, let us consider once more pseudo-exponential
discounting. The decision-making group consists of two members with discount
rates r and 7+ A > r and whose weights in the decision process are 6 and 1 — 4, re-
spectively; see equation (2.2.1). The fact that the weighting distribution is binary
allows for a simple and intuitive characterization of stochastic dominance relation-
ships through statistical moments; see Chiu (2010) and Ebert (2015b) for details.
In particular, the weighting distribution with parameters 9, r, and r + A can be
re-parametrized in terms of its mean M, standard deviation SD, and standardized
skewness S. Moreover, it can be shown that a binary distribution first- (second-
, third-) order dominates another binary distribution with lower mean (greater
variance, lower skewness), given that the other two moments are the same. In the
following, we can thus conduct comparative statics with respect to the moments of
the weighting distribution, rather than having to deal with the iterated integrals
in the original definition of stochastic dominance.

Figure 4.1 plots the value function of the real-option investment problem under
pseudo-exponential discounting with four different weighting distributions which
differ in their first three moments. Table 4.1 shows the parameters for each of
the four scenarios. The weighting distribution of the Benchmark scenario first-
order stochastically dominates that of the F'SD scenario, because it has a larger
expected discount rate, while standard deviation and skewness of the discount

rate distribution are the same. Figure 4.1 shows that the FSD value function
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Table 4.1: Parameters used for the scenarios in Figure 4.1

r A o M SD S

Benchmark | 0.0825 0 1 10.0825 0 0

FSD 0.0525 0 1 10.0525 0 0

SSD 0.03 | 0.045 | 0.5 | 0.0525 | 0.0225 0
TSD 0.0075 | 0.0562 | 0.2 | 0.0525 | 0.0225 | -1.5000

Notes. The table defines the four scenarios denoted by Benchmark, FSD,SSD, and
TSD studied in Figure 4.1. Each scenario is characterized by a different parametrization of
the weighting distribution of a pseudo-exponential discount function as defined in equation
(2.2.1). The parameters of the weighting distribution are shown in the first three columns,
while the remaining three columns show its mean M, standard deviation SD, and standard-
ized skewness S. The scenarios are chosen such that the weighting distribution in scenario
Benchmark is less first-order diverse than scenario F'SD; which in turn is less second-order

diverse than scenario S'SD; which in turn is less third-order diverse than scenario T'SD.

is larger than the Benchmark value function, which implies a larger investment
threshold: x5 > 2B It is not surprising, of course, that a lower discount rate
leads to later investment, but note that this result can be proven (and interpreted)
in terms of our result that greater group diversity leads to later investment: In the
terminology of stochastic dominance, the FSD weighting distribution is first-order
“riskier”, i.e., the group in the FSD scenario is first-order more diverse.

Next, the weighting distribution of the FSD scenario second-order stochasti-
cally dominates that of the SSD scenario. Equivalently, the SSD weighting distri-
bution is second-order more diverse than that of the FSD scenario. This is because
the SSD weighting distribution has a greater standard deviation than the weight-
ing distribution of the FSD scenario, but identical mean and skewness. Greater
second-order diversity also leads to later investment: 2950 > zISP_ Finally, the
figure illustrates that a weighting distribution with lower skewness (increased third-

order diversity) results in later investment: 2°9P > xI"SP This means that if one
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Figure 4.1: The impact of group diversity on investment behavior
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Notes. The figure illustrates that greater group diversity leads to a more risky investment
decision (i.e., to stopping later, at a higher threshold level). % denotes the threshold for
scenario ¢ (¢ = B, F'SD, SSD,TSD) which is defined in Table 4.1). The figure also plots
the value function for each scenario, whose intersection with the payoff schedule determines
the threshold. z8 < 275D means that we have later stopping under exponential discounting
for smaller discount rates (which comprise a first-order stochastic dominance deterioration).
2FSD < 299D means that a group of two individuals who disagree about the discount rate
stops later than a single individual whose discount rate corresponds to the group average.
1390 < TSP jllustrates that a group who is more diverse in the sense that there is one
member with low weight in the decision, but an extremely low opinion about the appropriate
discount rate, stops later than a group whose disagreement is more symmetric. The project

drift and volatility assumed are b = 0.01 and o = 0.2, respectively. The project entry cost
issetto I =1.
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of the group members has small weight d, but a strong opinion in favor of a very
small discount rate, this results in later investment compared to when the weights
on group members are more symmetric — even if the group mean and standard

deviation of the discount rate are the same.

4.2.4 The impact of discount function parameters on the

triggering boundary =z,

Finally, we explain how one can study the impact of discount function param-
eters on investment behavior. For sake of concreteness, we do this with reference
to generalized hyperbolic discounting; see equation (2.2.2). From Prelec (2004,
p.524), we know that the parameter a captures decreasing impatience. To the
best of our knowledge, a clear economic interpretation of the parameter [ has
not yet been proposed?, but we give one here. 3 is equal to the expectation of
the generalized hyperbolic weighting distribution (the Gamma distribution with
parameters as in equation (2.2.2)). That is, § identifies the group’s weighted
mean opinion about the appropriate discount rate. This once more illustrates the
added value that may arise from interpreting discounting behavior through both

the weighted discount function and its weighting distribution, as proposed in this

paper.

Proposition 4.2.7 (Comparative statics for generalized hyperbolic dis-

counting.) Consider the generalized hyperbolic discount function h(t;«,3) =

( 1 Z with a,, B > 0. Then the triggering boundary x. defined by equation (4.1.6)
14+at)a

(1) increases with the degree of decreasing impatience, «.

(ii) decreases with the group weighted mean opinion about the discount rate, [3.

4Loewenstein and Prelec (1992) merely use the parameter for functional flexibility. Prelec
(2004) notes that 8 controls time preference, but this is only true once « has been fixed. In other
words, many different values of 5 can imply same time preference, and vice versa.
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Proof. Noting that
h(t) = e~ Jo ezt

it is easy to see that for § < 3; and a < a; the functions

Ry(t; o, a0, B) = }m and Ry(t; o, By, ) == M

are increasing in t. This yields
h(t;a, B1) 2p h(t; o, B) 2p h(t;ou, B), for B < Bi,a < ay.

Then, the properties of the triggering boundaries (statements (i) and (ii)) follow
from Proposition 4.2.5. m

Figure 4.2 illustrates the quantitative impact of the parameters o and  on the
triggering boundary x,.

We see that greater decreasing impatience leads to later investment (left panel
of Figure 4.2). Since the weighting distribution mean is fixed to 8 = 0.14, Propo-
sition 2.4.3 applies and says that the discount factor, at any date ¢, is increasing
with greater decreasing impatience «. Proposition 4.2.2 then says that larger dis-
count factors lead to later stopping (larger z.). As regards the parameter [, we see
that a greater mean of the weighting distribution leads to earlier stopping (lower
x,). This latter observation is intuitively consistent with our result that less group
diversity (and recall that a first-order stochastic dominance “risk” decrease is an

instance of less group diversity) leads to earlier stopping.
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Figure 4.2: The impact of decreasing impatience, «, and the weighted mean of the
group discount rate, 3, on the triggering boundary under generalized hyperbolic
discounting (Loewenstein and Prelec 1992)
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Notes. The figure plots the variation of the triggering boundary with respect to the degree
of decreasing patience « (left panel) and the weighted mean of the group discount rate
B (right panel). Both graphs use the parameters b = —0.01,0 = 0.2, = 1. In the left
graph, 8 = 0.14. In the right graph, a = 0.22. The parameter range well covers empirical
estimates (e.g., Abdellaoui et al. 2010; Attema et al. forthcoming).
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Chapter 5

An existence (non-existence)

result

In this chapter, we show a solvable example, whose time consistent case is used

to analyze monopoly or oligopoly investment under uncertainty!.

5.1 The model

Let X = {X;}:>0 denote the payoff value process and suppose that its dynamics

is given by
dXt = O'Xtth, XO =X (511)
For a stopping rule u, consider the following cost functional,

J(a;u) = E[/OT" h(t) X,dt + h(7) K], (5.1.2)

1See, for example, Back and Paulsen (2009) and Dixit and Pindyck (1994).
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where h is a weighted discount function defined by Definition 2.1.1 and K is a
positive constant.

Due to the time inconsistency incurred by non-exponential discounting, an
agent who aims to obtain an optimal solution will turn to pursuing an equilibrium

stopping rule given by
Definition 5.1.1 The stopping rule 4 is an equilibrium stopping rule if

limn sup J(x;u) — J(x;us

e—0 €

) <0 (5.1.3)

where u©® is defined as follows,
u“(s,x) = (5.1.4)

with a € {0,1},¢ > 0.
Similarly, we characterize the equilibrium stopping rule as follows.

Proposition 5.1.2 (Equilibrium Characterization) Consider the cost func-

tional (5.1.2) with weighted discount function h(t) = / e ""dF (r), a stopping rule
0

@, and functions w(z;r) = E[/Tu e " Xydt+e " K] and V(z) = /OO w(x;r)dF(r).
0 0

Suppose that V- € W2 .(RT), has polynomial growth and (V,w, @) solves

1 oo
min{502x2Vm +ax— / rw(z;r)dF(r), K —V} =0, (5.1.5)
0
1 ifV=K,
i(z) = (5.1.6)
0 otherwise,

Then, @ is an equilibrium stopping rule and the value function of the problem is

given by V(x), i.e., V(x) = J(z;0).
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Proof. The proof is essentially the same as the proof of Theorem 3.4.3, we thus
omit it. =

We aim to find an equilibrium stopping rule by solving the Bellman system
in Theorem 5.1.2. The solving scheme is based on the so called “value matching
+ smooth pasting”, which is a standard procedure for obtaining a solution to a
Bellman system or an optimal stopping problem. By this example, we aim to show

that

e the result of “value matching + smooth pasting” may neither solve the Bell-

man system nor the equilibrium stopping problem;

e the Bellman system may not admit any proper solution.

5.2 An explicit solution

We now look for a solution to the Bellman system by “value matching 4+ smooth
pasting”.

Suppose that the continuation region C = {x € R" : z < x.}, we now identify
the triggering boundary x, as follows.

First, for any r, w follows

1
5023:210“ —rw+x =0, €C,

with the value matching conditions,

w(zgr) =K,

w(0;r) = 0.
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Then it follows that

where

s02 + /10t + 207
a(r) = : (5.2.1)
Since V is the weighted average of w, then we have

Via) = [ wr)dF(r)

_/ K———— DdF(r +/4%F

Therefore, the smooth pasting condition V. (z,) = 0 yields that

r Zz

AﬂK—m)()ﬂF +/ %F) 0,

then we have

K. (5.2.2)

To make the above integral finite and interchange of Interchange of differentia-
tion and integration valid, we impose the following assumption in the rest of this

chapter.

Assumption 5.2.1

max{/ooo idF(r), /OOO rdF(r)} < oo,
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Proposition 5.2.1 With the notation above, the triple

(VE(x), w(z;7), 0(v)) = { (V(z), w(z;r),0)  if v <, }

(K,K,1) otherwise

solves the Bellman system in Theorem 5.1.2 if and only if

[T atare) > [Trare) [T are) 523)

r

Proof. We begin with showing the sufficiency.
To show the triple (V(x), w(x; ), 4(z)) solves the Bellman system, it remains

to verify
~0%1*Vyy — /OOO rw(z;r)dF(r)+z >0,z > x, (5.2.4)
and

V(z) < K,z < z, (5.2.5)

Let us first verify the inequality (5.2.4).
Since V(z) = w(x;r) = K,z > x,, then (5.2.4) becomes

x> /OoKrdF(r),:c > X,
0

Now we only need to show x, > / KrdF(r), which follows from the condition
0
(5.2.3) immediately.
For (5.2.5), let us consider V,, on (0, z.). Note that

Voo(z) < 0 & / (K- —)o‘(r)a(r)(a(r) ~1)dF(r) <0,
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2r
a(r)(a(r) —1) = =
g
Then we have that
Voo(2) < 0 < /W(TK _ z*)(xﬁ)a“)dF(r) <0.
0 *

Note that both «(r) and rK — x, are increasing functions of r and x < x,, then
the rearangement inequality (e.g., Hardy et al. 1952; Denuit and Dhaene 2003)
yields that

x

/0 0K — 2 ()0 aRr) < /0 T(rK — 2,)dF(r) /O T (I gp )

Ty Ty

Pluging the representation (5.2.2) of x, into above inequality, we have that V,,, < 0
on (0,z,) by condition (5.2.3).

Due to the smooth pasting condition, we have that V is increasing. This fact,
combined with the value matching condition yields that V < K, x < x,.

We now turn to the necessary condition.

If condition (5.2.3) does not hold, then by simple calculation, we have that
Viz(x«—) > 0. Then the smooth pasting condition V,(z,) = 0 and the value
matching condition V(z,) = K yield that V' > K in a left neighborhood of z,,
which shows that the triple (V¢ w, ) does not solve the Bellman system.

This completes the proof. =

Proposition 5.2.2 Suppose that the X follows the dynamics given by (5.1.1) and
the cost functional is given by (5.1.2), then i defined in Proposition 5.2.1 is an
equilibrium stopping rule if and only if (5.2.3) holds.

Proof. The sufficiency is an immediate result of Theorem 5.1.2.

For the necessary condition, from the proof of Proposition 5.2.1, on one hand,
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we have that there exists z € C, such that J(x;4) > K if condition (5.2.3) does
not hold. On the other hand, we have

J(z:0) — J(x: €1 J(x: 1) — K
lim sup (z:) (w5 u®) = lim sup 7@:’ @) =00
e—0 € e—0 €

where 1! is defined in Definition 5.1.4.
This is a contradiction and completes the proof. m
We close this section by presenting a closed form solution in the generalized

hyperbolic case.

Proposition 5.2.3 Suppose that the discount function h is a generalized hyper-

bolic discount function, that is, h(t) = —L—,7 > 0,8 > 0 can be written as
(1+~t)7
B_1 _r
oo Y el
h(t) = / et ¢ eﬂ dr.
0 8
WF(V)

where T'(k) is the Gamma function evaluated at k, i.e., T'(k) = [;° 2% e ®dx.

o2 . . ..
If B < %, then the triggering boundary x. is given by

B_1 _r
/ alr mﬁ eﬁvdr
0 ST(8
T, = 7 5(1) K.
o0 —1ra e
/ a(r) ?“é eﬂ dr
0 ToT()

Proof. It suffices to verify the condition (5.2.3).
/154 2
Note that a(r) — 1= —3 + VAT 27T s concave function, then we have

o

alr) =1 < (a(r) = 1) |—or + a(0) — 1 = 0227:
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Moreover, it is to see that

and

Therefore,
/°° o) =1 g /°° rdF(r) < B2 <1< /°° a(r)dF(r)
0 r 0 — o2 T o '

This completes the proof. m

5.3 A non-existence result

In this section, for sake of convenience, we suppose that any weighting distri-
bution F' has its support in [a,c],0 < a < ¢ < oo. The main result is that the
Bellman system does not admit any proper solution whenever the condition (5.2.3)

does not hold.

Lemma 5.3.1 For any stopping rule u, the cost functional J has linear growth,

1.€.,

0< J(z;u) < Z + K. (5.3.1)
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Proof. This is a result of the following calculation,

0< J(a;u) = E[/T" h(t) X,dt + h(7) K| Xo = 2]
0
< /OO]E[/OO e~ X dt + K| Xo = x)dF(r)
0 0

:/“de(r)+K§§+K.
0o T a

In Theorem 5.1.2, to use Ito formula, we choose W2, (R™) as our working space.
The following proposition shows that whenever the condition (5.2.3) does not hold,
the Bellman system does not admit a solution in W2 _(R™") even though the barrier

function, running cost and coefficients of the differential equations are smooth.

Proposition 5.3.2 Consider the following Bellman system
1 o)
min{502x2Vm +z— / rw(z;r)dF(r), K —V} =0, (5.3.2)
0

b Ve =K, (5.3.3)

>
I

0 otherwise.
w(z;r) = E[/ e Xds + e K| X = 2. (5.3.4)
0

where the underlying process X is defined by (5.1.1) and K > 0.
If the condition (5.2.3) does not hold, i.e.,

/OOO a(r)dF(r) < /OOO rdF(r) /OOO MdF(r),

r

where a(r) is defined by (5.2.1), then the Bellman system does not admit any
solution (V,w, @) such that V(x) = / w(z;r)dF(r) and V € W2.(RT).
0

Proof. Suppsoe that V(z) = /Oow(m;r)dF(r) we show that V & C'(R") D
0
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Wie(RT).

First, we show that there does not exist an open interval (s, s9) C Sz, $1 < $2 <
aK. If not, then V = w = K on (s, s3) and §a2:c2‘/;x+x—/ooo rw(z;r)dF(r) < 0.
This is a contradiction to the Bellam equation (5.3.2).

Second, we show that there does not exist an open inverval (¢y, co) C Cq, where
¢ < ¢y < aK and ¢1,c € S;. If not, then for any r € [a, ¢|, w(x;r) satisfies the

following differential equation

1
—02 2 Wy — Tw + 1 = 0,

2

with the boundary conditions

w(cr;r) =w(eyr) =K

Therefore w,,(co—) = —25(rK —¢3) > 02205 (aK — ¢3) > 0 and hence V. (co—) =
/OOO Wy (co—;7)dF (1) > 0.

On the other hand, from the Bellman equation (5.3.2), we have that V' < K.
Then ¢, is a local maximal point for the function V', which implies that V., (co—) <
0. This is a contradiction.

Based on the above argument, we have that (0,aK) C Cy. Define d = inf{x €
Rt : 2z € S;}. If d < oo, then we can repeat the solving scheme in Section 5.2 and
obtain a solution which is the same as (V¢ w® 4) on (0,d) in Proposition 5.2.1.

However, since condition (5.2.3) does not hold, The solution does not solve the

Bellman system.
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5.3. A NON-EXISTENCE RESULT

If d = 0o, then

V(z) = J(z;0)
— [TEI[ T erXdtXo = aldF ()

= /OOO idF(r)x.

which is contradict to V < K.
This completes the proof.

[ |
In the end of this section, we present an example showing that the non-existence

of the solution in W2,(R™) to the Bellman system is possible.

Proposition 5.3.3 Suppose the discount function h = de™ " 4+ etV 0 < § <
1,7 > 0,\ > 0. Then for any fixed r,d, when X is sufficiently large, the condition
(5.2.3) does not hold, i.e.,

" atare) < [“rare) [T ) =L e,

.
where a(r) is defined by (5.2.1) and F defined by (2.2.1).

Proof. By simple calculation, it is to see that

/O°° () dF(r) = da(r) + (1 — §)a(r + \),

[ rare) [0 A =L ipe) > (1= ) + A2,

0 0 r r

Then the result follows from the growth rate of a(r + \). =
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5.4 Group diversity, decreasing impatience and
non-existence

In this section, we focus on the impact of time preferences on stopping decisions
and non-existence of the solution to the Bellman system. The feature that the
discount function appears in the explicit solution as the form of the weighting
distribution rather than its original form, although reflecting, to some extent,
the importance of introducing the concept of weighted discounting, may cause
some technical inconvenience when we explore the issue of how discounting affects
stopping decisions.

For example, if we write the hyperbolic discount function as its original form

M) = —Ls =eo(- [

ds), it is easy to know the function h increases

(1+at)a 14+ as
with o and decreases with 3. However, if h is written as the LaPlace transform
B_1 _r
oo T« e «
of a Gamma distribution, i.e., h(t) = / e”wdr, the monotonicity of h
0 aal'(2
(0%

with its parameters «, 8 probably becomes challenging.
To address this problem, we develop another representation of the triggering

boundary, in which the original form of the discount function reappears.

Lemma 5.4.1 ForVr > 0,C > 0, we have
Cr+r = /Oo e " f(s;C)ds, (5.4.1)
0

where

f(s;C) = ! (e7C +VrCserf(VCs)), (5.4.2)

3

and erf is the error function, i.e., erf(x) = % I e dt.

84



5.4. GROUP DIVERSITY, DECREASING IMPATIENCE AND NON-EXISTENCE

Proof. It is to see that

C+r CH+r C 1
= = -

r O +r r/O+r C+r

From the standard textbook about LaPlace transform?, we have that

o 6—05

—srds7

b
o —C%—r_\/_/ erf Ye *"ds,

which yields the result. m

Lemma 5.4.2 For the function a(r),r > 0 defined by (5.2.1) and the distribution

function F', we have that

[ e )

r 0 o
where f is defined by (5.4.2) and h™ is the discount function induced by F.

Proof. By the definition of «(r), we have that

ar) =1 SPYr+io’—;

r r

Note that % = / e "*ds, then Lemma 5.4.1 yields that
0

<)_1 \/_/ _S’"fsf )ds—/ow;e_”ds.

2See, for example, Bateman (1954).
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Therefore, by integration by parts, we have that

[0y [ [ g L [ Leagar

: / 2 / b s b - [ v
1

= f(s; gag) — th(s))ds.

This completes the proof. m

Lemma 5.4.3 For the function a(r),r > 0 defined by (5.2.1), consider discount
functions h'' and h® with weighting distributions F' and G. Then

/0°° o) =1 gy < /O°° o) =1 i),

r r
if hE(t) > hY(t),Vt > 0.
Proof. Due to Lemma 5.4.2, it suffices to show that

\ff (s; 202) -

>0

Y

1
2

where f is defined by (5.4.2).

By simple calculation, it is easy to see that

lim ﬁf(s 1(72) Lo 0.

5—=00 8 2

We now show that f is decreasing with s. In fact, for any C' > 0,

fs(5;C) = —e”

1
Cs
<0
28\/TS

This yields the conclusion and completes the proof. =
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Proposition 5.4.4 (Larger discount factors imply later stopping.) Con-
sider discount functions h* and h® with weighting distributions F and G. Suppose
that the corresponding triggering boundaries defined by (5.2.2) are xi,i = F,G re-
spectively. Then

x*G > x*F

Y

if hE(t) < h9(t).

Proof. This is an immediate result of Lemma 4.2.3 and Lemma 5.4.3. =
Combined with the results on weighted discount functions obtained in Sec-
tion 2, Proposition 5.4.4 readily yields a number of economically interesting results

that we will state in the following.

Proposition 5.4.5 (Decreasing impatience and later stopping.) Consider
weighted discount function h* and h® with weighting distributions F' and G and

measures of decreasing impatience Pr and Pg, respectively. Let the expectation of

F be no less than that of G and Pg(t) > Pr(t) ¥Vt > 0. Then ¢ > x| where

* )

x%(xL) is the triggering boundary defined by (5.2.2) with discount function h®(hY).

Proof. The result is an immediate consequence of Proposition 2.4.3 and Proposi-

tion 5.4.4. m

Proposition 5.4.6 (More patient groups stop later.) For weighted discount

functions h' and h® with weighting distributions F' and G we have
hGith:>xfzx*F,

G

*

he (ht).

where x€(zL) is the triggering boundary defined by (5.2.2) with discount function
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Proof. Proposition 2.4.5 yields that more patience implies a larger group discount

factor. The claim thus follows from Proposition 5.4.4. =

Proposition 5.4.7 (More diverse groups stop later.) Suppose F and G are
weighting distributions with finite support. If G <ssp F, then x¢ > xf'| where

x%(xE) is the triggering boundary defined by (4.1.6) with the weighting distribution

*

G (F).

Proof. The result follows from Theorem 2.3.5 and Proposition 5.4.4. m

The above propositions illustrate the relationship between decreasing impa-
tience, group diversity and stopping decisions. Next we show three propositions
showing that group diversity or decreasing impatience results in the non-existence

of the solution to the Bellman system.

Proposition 5.4.8 (Greater discount factors and non-existence.) Con-
sider discount functions h* and hY with weighting distributions F and G. Sup-
pose that /OO rdF(r) = /OO rdG(r) and h¥'(t) < h9(t),Vt > 0. If condition (5.2.3)
holds for Cg(hG), then it (;LOZdS for F(hT).

Proof. This is an immediate result of Lemma 4.2.3 and Lemma 5.4.3. =

Proposition 5.4.9 (Decreasing impatience and non-existence.) Consider
weighted discount function h* and h® with weighting distributions F and G and

measures of decreasing impatience Pr and Pg, respectively. Let the expectation of
F be no less than that of G and Pg(t) > Pr(t) YVt > 0. Then if condition (5.2.3)
holds for G(h%), then it holds for F'(hY).

Proof. This is an immediate result of Proposition 2.4.3 and Proposition 5.4.8. =

Proposition 5.4.10 (Group diversity and non-existence.) Suppose F' and G
are weighting distributions with finite support. If G <.sp F', then if condition
(5.2.3) holds for G, then it holds for F.
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Proof. The result follows from Theorem 2.3.5 and Proposition 5.4.8. m
Proposition 5.4.9 and Proposition 5.4.10 show that more decreasing impatience
or more diversity of a group would lead to more risk of non-existence of the solution
to the Bellman system. On one hand, for a single agent exibiting more decreasing
patience, the current selve of the agent ecounters more constraint on her decisions.
On the other hand, for a group with more dispersed opinions, the consensus is more
difficult to reach. The two propositions tell that if the constraint on a current or
the disagreement among group members is too heavy, the Bellman system and
the so called “value matching” 4+ “smooth pasting” fail to solve the equilibrium

stopping problems.
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Chapter 6

Conclusion

We have introduced and analyzed a new class of discount functions, the class of
weighted discount functions, which includes all of the most commonly used discount
functions. A weighted discount function corresponds to the weighted average of
exponential discount factors with different discount rates. It may thus represent
the discount function of a group whose members have different opinions about the
appropriate discount rate. Likewise, weighted discount functions may reflect the
uncertainty of a single decision maker about what discount rate to use. Following
Weitzman (2001), weighted discounting comprises a natural way to cope with the
discount rate dilemma.

We have shown that weighted discount functions offer a natural notion of group
diversity in time preferences. We have shown that more diverse groups discount
less heavily than less diverse groups. The reverse is also true. If a weighted
discount function uniformly dominates another discount function, its weighting
distribution must be more dispersed.

Group diversity has consequences for investment behavior. Since weighted
discount functions feature decreasing impatience, they induce time-inconsistency.

We provide a general approach to optimal stopping under weighted discounting
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within the intra-personal game framework. We proceed to study investment be-
havior in a real-options framework when the decision is taken by a group of people
rather than by a single individual. Among other things, we show that more di-
verse groups hold the option to invest longer, leading to more patient investment
behavior. Since most “behavioral” discount functions can be written as weighted
discount functions, this paper likewise solves, in great generality, the long-standing
optimal stopping problem under sophistication without commitment. Finally, we
show that the so called “value matching” + “smooth pasting”, which is a standard
solving scheme for conventional time consistent optimal stopping problems, may
not yields the desired solution for a time inconsistent stopping problem and the

corresponding Bellman system may not admit any proper solution.
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Chapter 7

Appendices

A Groups of non-exponential discounters

Consider an individual, ¢, with weighted discount function
h(t;1) :/ e "dF (r;1)
0

where F(r, ) denotes the weighting distribution used to build the discount function
h(t;i). A non-degenerate distribution F(r;i) may reflect his uncertainty about
what discount rate to use. Alternatively, a non-degenerate F'(r;i) may reflect
individual i’s bounded rationality. For example, if F'(r;7) is Gamma-distributed,
we know that individual ¢ is a generalized hyperbolic discounter.

We are interested in the discount function of a group of such individuals. As
before, the group may consist of a finite number or a continuum of individuals.
In either case, we let the indices ¢ referring to the individuals be non-negative.
Let us denote the discount function of this group by h(t). The weights of the
individual group members are given by the weighting distribution G(i). If the

number of individuals is finite, then the probability mass function ¢(i) of G(7)
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gives the percentage weight of group member i, i.e., h(t) = ¥, g(i)h(t;4). In the

general case, we have

h(t) = /0 T h(t:0)dG). (A1)

The following proposition shows that fz(t) belongs also to the class of weighted

discount functions.

Proposition A.1 The group discount functions of weighted discounters are weighted
discount functions. In particular, there exists a distribution F over exponential

discount rates r such that

h(t) = /0 T e AR ().

Moreover, F can be computed as F(r) = [5° F(r;4i)dG (7).

Proof. The result follows from the following computation:

/OOO e "dF(r) = /Ooo e "d (/OOO F(r; Z)dG(Z))
_ / Tt / T AR (r 1) dG)
_/ / Tt (r;)dG (i)

We close this section with a simple example that illustrates the above notation
and analyzes the investment behavior of a group of non-exponential discounters
within the real options framework of Section 4.1. Consider a group of just two
members ¢ = 1,2 who receive weights § € (0,1) and 1 — §, respectively. Therefore,

G in equation (A.1) is the weighting distribution of a pseudo-exponential discount
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function; see equation (2.2.1). Moreover, suppose that both members are hyper-
bolic discounters with the parametrization of Mazur (1987) and Harvey (1995) and

parameters oy and aw, respectively:

1

h(t;i) = h(t; ;) = T ot

From equation (2.2.4), these are weighted discount functions with exponentially
distributed weighting distributions. That is, in the above notation, F(r;i) =
F(rioa) =1— e @ and the corresponding density functions are given by f(r;i) =
flraq) = a%efﬂ%'r. Therefore, by Proposition A.1, the discount function of the

group defined in equation (A.1),

. _ 1
h(t) = h,(t7 aq, Oég) = (51 Tl

+(1-9)

14+ ast’

is also a weighted discount function. For that reason, our results on group in-
vestment behavior in Section 4.1 also apply to this group of behavioral investors.
In order to compute the triggering boundary of this group, we need to know its
weighting distribution F. By Proposition A.1, its cdf is F(r) = F(r;a1, ) =
) (1 — e,(ﬁ) +(1-19) (1 — efé) and the corresponding density function is given
by f(r) = f(riay, as) = 50%16_£T+(1—5)0%26_£T. Therefore, by equations (4.1.6)

and (4.1.7), the triggering threshold is given by
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B On the well-posedness condition (4.1.2)

Proposition B.1 If condition (4.1.2) holds, then Vx € [0, 00),

supE| /O T AR () (X — 1)] < o0

If b > inf{r € [0,00) : F(r) > 0}, then Vx € RT,

supE| / T e AR () (X, — 1)) =

Proof. For the sake of convenience, we denote ry = inf{r € [0,00) : F(r) > 0}.

When b < ry, by standard option pricing theory, we have

0 <supE[e™"(X; —I)] <supEle™™"(X, —I)] < o0
TeT TeT

for Xg =2 € (0,00),r > ro. This yields that,

sup E[/OO e "TdF(r) -] < / sup Ele” — I)|dF(r)
TeT 0 TeT

<supEle (X, - I)] < o0
T€T

Here, the second inequality is because of [;°dF(r) = 1. When b > 7, consider
the case of 7, = oo, then for any r > b, E[e™"™(X,, — I)] > 0; for any r < b,
Ele™"™(X,, — I)] = co. Since when b > ro, F(b—) > 0, then we have

EEEE[/OOOe—”dF( 1) > / e (X, — DdF(r) =

This completes the proof. m
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