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Abstract

Two aspects of the nuclear physics involved in calculations of the rapid neutron capture process
{or r-process) are studied in an attempt to put the nucleosynthesis predictions on safer and sounder
grounds. In considering the first aspect, we investigate the influence of nuclear mass models on the
r-abundance distribution in the framework of the standard r-process model. Here the first r-process
calculations, making use of a non-droplet type mass formulae, are performmed. The r-abundance
distribution obtained with the mass table based on the microscopic Extended Thomas-Fermi plus
Strutinsky Integral method shows significant differences from the one using a droplet mass formula.
The impact of the nuclear mass model on the final r-abundance profile is analysed in detail.

With the second aspect, another quantity of fundamental importance for the r-process cal-
culations, the nuclear level density, is examined. In the framework of the statistical model, the
analytical approximation to the spin-dependent level density is improved by introducing in a new
way the shell and pairing effects. The semi-classical approximation to the single-particle state
density is used to describe the influence of the nuclear shell structure on the energy dependence
as well as on the spin distribution of the level density. To take the pairing effects on the level
density into account, simple and accurate analytical expressions are derived from the BCS for-
mulation. The new analytical level density formula appears to be in close agreement with both
numerical shell-model calculations and experimental data. To prove the reliability of the adopted
semi-classical shell description, a new formulation of the ground-state shell correction energy and

of the ground-state pairing gaps is proposed and shown to give a good fit to the experimental data.
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Some Nuclear Physics Aspects
of

the r-process Nucleosynthesis

Introduction: The r-process Nucleosynthesis

1. Nucleosynthesis of heavy elements by neutron capture

One of the major question Astrophysics has been trying to answer concerns the interpretation of
the present composition of the Universe and its various constituents. The aim of nucleosynthesis
models is to identify the diverse processes by which the different elements observed in nature could
be synthesized. To that end, nucleosynthesis models have called for two broad classes of nuclear
reactions: non-thermal nuclear transmutations (referred to as spallation reactions) and thermonu-
clear processes. The former are thought to occur in the interstellar medium (through interactions
with galactic cosmic rays) and at the surface or surroundings of stars (through interactions with
stellar energetic particles). Some models also show that spallation reactions could have taken place
at a cosmological or pregalactic level. The thermonuclear processes, on the contrary, are known to
occur inside stars during the galactic era as well as at a "primordial” level (Big Bang). Primordial
nucleosynthesis is generally considered to be responsible for the production of the lightest nuclides,
such as H, D, 3He, ‘He and "Li; while spallation reactions formed °®Li, (most of) "Li, Be and B.
Yet it is now widely recognized that the origin of the vast majority, if not all, of the elements in
nature with mass numbers A > 12 can be explained through thermonuclear processes in stars,
either during their non-explosive evolutionary phases or in supernova explosions. Quiescent as well

as explosive charged-particle nucleosynthesis has succeeded in explaining the production of most




“of the nuclides from 12 to the iron group. Yet it failed to explain the origin of the so-called heavy
p .

: éieﬁlents, i.e. the nuclei more massive than the iron-group nuclei. Because the Coulomb barrier has
i to be overcome, the lifetime of a heavy nucleus against charged-particle reactions increases rapidly
with increasing nuclear charge, soon exceeding the lifetime of the corresponding epoch of stellar
evolution, so that at "moderate” temperatures no nuclear statistical equilibrium can be attained.
At higher temperatures, however, a nuclear equilibrium can be reached, but these temperatures
favor the production of the iron group nuclei characterized by the maximum binding energy per
nucleon and this is more likely to occur either by fusion reactions on light nuclei or by photodisin-

tegration of heavier nuclei. In both cases, however, no elements more massive than the iron-group

nuclei can be produced by means of charged-particle processes.

Nucleosynthesis models, then, predict that the production of nuclei, heavier than the iron-
group, must involve neutron capiure reaction mechanisms for which there is no Coulonib repulsion.
Heavy elements could, indeed, be synthesized at relatively low temperatures by exposing lighter
nuclei to a neutron flux. The patterns of heavy element abundances characteristic of solar sys-
tem matter have substantiated those models thanks to the strong correlation found between the

observed abundance peaks and the nuclear systematics of neutron capture.

More precisely, the abundances of the different nuclear species seem to suggest that two quite
- 'distinct neutron capture processes contribute to the synthesis of heavy elements: the so-called

s-process and the so-called r-process.

The distinction between the s- and r-process is made on the basis of the relative lifetimes for

neutron captures {7} and beta decays (73):

T A third process, known as the p-process, is currently used to explain the origin of the heavy
proton-rich nuclei {known as p-nuclei) observed in the bulk solar system material. The p-nuclei are
on the average a factor of 102-10% less abundant than the s- and r-isotopes. However, this process,

which remains poorly understood will not be discussed in the present work.




" are obtained for neutron densities NV, in the approximate 107cm™® < &, < 10%m™

(@) the s-process

: The s-(for slow) process results from the production of neutrons and their captures by preexisting
(mainly iron, assumed to be formed in previous stellar burning stages) on timescales long

nuclei
compared with the beta-decay lifetimes. If 7, > 73, the S-unstable nuclei near the valley of 3-
stability decay before capturing a neutron. Therefore, the short §-decay timescales—short relative
to the neutron capture timescales-—constrain the flow to the vicinity of the valley of stability, as
shown in Figure 1. For some nuclides, however, neutron capture may compete with 3-decays,
leading to local branches along the main path. The small neutron capture cross-section of closed
shell nuclei at N=50, 82 and 126 forms bottle necks along the s-process path and gives rise to the
pronounced abundance peaks at *3Sr, 13%Ba and 2%*Pb (see Fig. 2). Typical s-process flow paths

3 range.

The discovery of technetium lines in the atmosphere of a red-giant star by Merrill in 1952
(Merrill, 1952) demonstrates conclusively that the formation of heavy elements by neutron capture
occurs in stars and is a continuing process (technetium is an unstable element with a half-life of
less than a million years). However, free neutrons are not normally thought to be abundant in the
major phases of nuclear burning. It now appears that neutrons are liberated mainly by secondary
reactions (i.e. reactions which do not play an important role in the energy generation of the star),
hke 13 C{a, )50 and 22Ne(a,n)?*Mg during the hydrostatic He or C burning phases. The precise
identiﬁcation of the astrophysical sites where these neutron producing reactions can take place is
' the other key aspect of the s-process modeling. Three main astrophysical sites have been shown

to be good candidates for the §-process:
1. central He-burning in massive stars (M > 10Mg) (e.g. Prantzos et al., 1987, 1988);
2. central C-burning in massive stars {(Arcoragi et al., 1991);

3. shell He-burning in highly evolved (asymptotic giant branch) low and intermediate mass
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Figure 1. A section of the chart of nuclides and the s-process path (full line} through the elements
“._in this mass region. The stable nuclei are represented by squares and their s-, r-, or p-character
. is indicated. Neutron-rich isotopes (r} formed by the r-process are bypassed by the s-process path
" which is constrained to the valley of stability. The r-process nuclei are the end products of an isobaric
" B-decay chain—the flow of which is indicated by the dashed arrows—{rom neutron-rich progenitors
- produced in an intense neutron flux (from Rolfs and Rodney, 1988).
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Figure 2. The solar system abundances of the s-, p- and r-nuclei resulting from the splitting of the
solar system composition. The solar system abundances have been derived from Anders and Grevesse
_(1989)- The nuclei which bave a mixed sr-character are not shown. The abundances are normalized
In such a way that the abundance of Si has the value 10° (from Arnould and Rayet, 1990).




(M < 10M) stars (e.g. Howard et al., 1986; Jorissen and Arnould, 1986, 1989).

H.owevefa it has to be emphasized that the astrophysical scenarios underlying the s-process nucle-
.Osynthesis are still quite uncertain and that many uncertainties in the nuclear physics involved also
remain. Despite those difficulties, the s-process is by far the best understood mechanism for the
production of nuclides heavier than iron.

In particular, quite good fits to the solar system s-nuclei abundance curve have been obtained
by means of parametrized models requiring a specific combination of temperatures, densities and
superposition of neutron exposures (e.g. Kiappeler et al., 1989). Even if the astrophysical models
still cannot reproduce the conditions required for achieving such a fit, this parametric approach
has the virtue of enabling a separation between the contribution of the s- and r- processes to the
production of each isotope. After the s-abundance curve has been defined for pure s-process nuclei,
" it can be used to determine the s-process contributions for all other sr-nuclei and consequently to
provide a more or less reliable estimate of the r-process abundance contributions.

Details of the nuclear physics and astrophysics aspects of the s-process can be found in Bao

and Kappeler (1987), Kippeler et al. (1989) or Prantzos (1989).

(ii) the r-process

5 .'In contrast to the s-process, the r-(for rapid) process assumes that neutron captures are more rapid
.'_3._11311 B-decays, so that successive neutron captures will proceed into the neutron-rich regions well
S :Oﬁ‘ the B-valley of stability, before any §-decay can take place. This process encounters nuclei with
: décreasing neutron binding energies. At a certain point, the (y,n) photodisintegration becomes
fast enough to compete with the slowing down (n,y) reactions. In such conditions, a (n,y)-(y,n)
equilibrium (at least in a certain range of values for the temperature and neutron density) will be
reached for each isotopic chain. Once such an isotopic equilibrium is established, the abundance

flow can go from one isotopic chain to the next by §-decays and so drive material to higher and




'}..lighel' 7 values. As in the s-process, the particularly low neutron separation energy 5, just past a

i ﬁeutroﬂ magic number hinders the material flow to proceed to more neutron-rich species, so that
: §.decays drive the material closer to the valley of stability following a path with increasing 7 at
practicaﬂy constant N. Consequently, the 5-decays tend to slow down the nuclear flow and some
material accumulates at nuclei with a magic number of neutrons. However, when the path gets
closer to the stability line, the neutron binding energy finally becomes large enough to allow the
process to break through the bottleneck and to resume the normal sequence of (n,y)-(7,n) events,

until a new neutron magic number is reached and then passed. This accumulation of matter at

neutron closed shell nuclei is held responsible for the observed peaks in the r-nuclei abundance
distribution, as displayed in Fig. 2.

The nuclear flow towards increasing Z values is generally believed to be stopped by neutron-
" induced fission as well as F-delayed fission which lead to a cycling back of a portion of the material
~ to lower Z values. After a certain time 7, the neutron irradiation is thought to disappear rapidly so
that all nuclear reactions are suddenly frozen. At this stage, mainly g-decays, but also spontaneous
and 3-delayed fissions and single or multiple 8-delayed neutron emissions, drive the neutron-rich
* matter towards the valley of stability. A typical 1-process nuclear flow during the pre-freezing
:._: regime is shown in Fig. 3. A schematic post-freezing cascade flow is represented in Fig. 2 by the

;-"_.iSObaJﬂC f-decay chains pouring down to the valley of stability.

The r-process has proved to be an important nucleosynthesis mechanism for a number of

i reasons:
- 1. it is the nucleosynthesis mechanism that produces approximately one half of the A > 60 stable

nuclei observed in nature;

- 1t is held responsible for the production of the long-lived nucleccosmochronometers relevant

in the evaluation of the age of our galaxy, such as 232Th, 37 or ¥ U;
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fission occur (from Rolfs and Rodney, 1988).




3 it provides an interesting probe of the astrophysical conditions in explosive events which
contain highly neutronized matter.

The currently available models for the r-process are, however, far from being firmly established

either from the astrophysical or from the nuclear physics point of view.
2. Astrophysical scenarios proposed for the r-process

| : .U.nlike the s-process, which is usually associated with the earlier, largely hydrostatic phases of
éfeﬁar evolution, the r-process is believed to develop in explosive environments, like supernovae.
o One of the conditions required for the r-process is high neutron densities to drive the heavy seed
ﬁuclei (essentially iron nuclei) into the very neutron rich region of the chart of nuclides, between
: ﬁhe valley of stability and the neutron drip line. The high temperatures as well as the very short
_: '1..;.1:;1.1.3503,168 (typically of the order of 1 second) associated with such high neutron fluxes have for
.s.:ome times suggested an explosive astrophysical origin of the r-process.
Proposed models for r-process nucleosynthesis are usunally grouped into two broad classes:
- those involving the expansion and cooling of neutron rich matter;
- those concerned with the passage of supernova shock waves through the stellar carbon and
helium burning layers.
Qrigina]ly, the r-process was thought to take place at the base of the material ejected during
tYPe IT supernova explosion—i.e. just outside the supernova residue {Burbidge et al., 1957;
Seeger et al., 1965; Hillebrandt et al., 1976). These models are, however, dependent on the still
. :1:1..nzsolved type Il supernova explosion mechanism and are, therefore, at best provisional particularly
-+ because of the uncertainties about the description of the layers located at the mass cut between
the supernova residue and remnant. Oxnly when reliable predictions of the astrophysical conditions
(like terperature, density and initial abundance distribution) at the mass cut can be made, will

it be possible to put the r-process nucleosynthesis calculation in supernovae environment on more




. bie ground Moreover, none of the currently available predictions are yet able to reproduce
a .

the :sola,r systerm r-nuclei abundance under physically plausible conditions.

The problems associated with the supernova models led to other suggestions for r-process
..:-"ét:ena,rios, such as the neutronized ”jets” ejected from the collapse of rotating and/or magnetized
stellar cores {Leblanc and Wilson, 1970; Symbalisty et al., 1985). Rotation of the supernova
.;-_..c'o'l‘e may cause jet-like ejections of neutron-rich material at its pole from the core into the stellar
éﬁirelope. Once again the very large rotation rates, as well as the extremely high magnetic fields
.féq'uired to eject the r-process material from the core, raise the question of the possible efficiency
: of such a mechanism. Furthermore, the actual composition of the ejected matter remains to be
" determined. Recent developments in supernova core-collapse theory have also suggested the so-
: :.cé,Hed hot bubbles as a plausible site for the r-process nucleosynthesis (Mayle and Wilson, 1988).
The interesting scenario of the hot bubbles might lead to the production of heavy elements as well

“as to a successful supernova explosion, via late-time neutrino heating. The modelisation of such

.- sites remains, however, problematic and requires further studies.

More exotic astrophysical sites for the r-process have also been proposed, such as the inter-
o é,ction between a neutron star and a black hole in a close binary system (Lattimer and Schramm,
1974, 1976) or between two neutron stars (Symbalisty and Schramm, 1982). These models suf-
fer from many difficulties and require further investigation to check their validity as sites for the

 T-process.

Because of the numerous difficulties encountered by supernova core models, other environ-
ments have been suggested like the exploding He-rich layers of massive stars (Thiclemann et al.,
1979, for example). As a result of the shock wave, high temperatures and densities can lead to an
important neutron production through (a,n) reactions, such as 22Ne(a,n)?**Mg, ¥ C(a,n)0 or

180(&,1})

*INe. But this so-called He-driven r-process is also problematic. In particular, the neu-




: 11'. flux produced in the He-zone during the explosion is lower than that produced in the classical
tron

-:i;;ocess model (where typically N, 2 10¢m™3). This too low neutron concentration allows
: a competition between 3-decays and neutron captures. The study of the r-process synthesis in
.'such conditions requires techniques which are different from those commonly used in the so-called
" canonical r-process model (see Chapter 1.1). The fuller theoretical understanding of this intermedi-
“ate process, generally called the n-process (because it is characterized by an intermediate neutron
.:.d.e:ﬁsity between the one required for an s-process and an r-process) is impeded not only by astro-
ﬁhysical difficulties but also by nuclear physics input data especially about the neutron-rich region
the reliability of which is far from being established (see Section 4). Moreover, the most consistent
' studies (Thielemann et al., 1979; Cowan et al., 1983) lead to heavy elements abundances that do
not reproduce the solar system distribution, mainly because of the lack of available neutrons to
':i;i;dduce the total solar system content of r-nuclel.

Other similar sites have been proposed, such as C-rich zones of a massive star undergoing a
.:'s'u'pernova, explosion or the He-core of low mass (M < 2My) stars, in which He starts burning more
:61' less violently (He-flash). The production of some r-nuclei in those astrophysical sites cannot

" be excluded, but appears unlikely to account for the bulk solar system r-process, at least at the

‘Present stage of modelisation.

.. In conclusion, the astrophysical sites of the r-process, at least the ones responsible for the bulk

0.1%1' System r-abundances, are still unknown: none of the postulated scenarios are unproblematic.
Atthe Present time, too little is known about the general set of initial conditions (like temperature,
. dénsity, leutron sources, chemical composition) required to produce the r-process nuclei and to
ldcate the r-process at a specific site. The remaining uncertainties on the nuclear physics treatment

of the r-process also hinder a more plausible determination of the astrophysical site(s).




'fhe r-process calculation

'Ide.aﬂy, the 1-process should be considered as a dynamical process, taking place in a specific as-
::_';rophySical environment. A full nucleosynthesis network should, therefore, be coupled with the
S._x.ystem of equations used to describe the astrophysical conditions (mainly the evolution over time
.of the temperature, density and neutron abundance} in which the r-process develops. Yet such a
'.:;:e.'msk is often too complex to be practically feasible and other techniques are generally used.

: One of these technigues separates the dynamical process into two parts. The first one follows
the time dependence of the thermodynamical quantities corresponding to the chosen site as well
'. as the abundances of a few nuclel which will be relevant to a later r-process calculation. This
.includes for example, for an He-driven r-process, a charged-particle network responsible for the
ﬁroduction of neutrons, particularly as a result of (@,n) reactions on light nuclei. Having determined
3 :t:.h.e temperature, total density and neutron density as a function of time, the abundances of the
~ heavy nuclei can be evaluated by means of a second network, as described later. This procedure,
however, does not allow any feedback (Hillebrandt et al., 1976) between the two networks and
might introduce uncertainties concerning the mass conservation or the precise number of neutrons
" captured at any given time. It also assumes that the astrophysical conditions are sufficiently well
* known to be properly modelized.

This technique has been widely used to describe the dynamical r-process during the passage
-*...Of supernova shock waves through the carbon and helium shells (e g. Thielemann et al., 1979).
B More sophisticated calculations have merged the two separate reaction networks in order to couple
stellar evolution to nucleosynthesis (Cowan et al., 1983). Such a procedure, even if more consistent,

still suffers from the numerous astrophysical uncertainties as well as the nuclear physics ones and

still raises the question of its plausibility. These models will not be discussed in the present work.

Since so many unknowns remain, other r-process calculations have performed parametric stud-




410._

y using many different values of the parameters such as temperature, density, chemical com-

s b

"'Po'gition and characteristic timescales. This approach has the advantage of being independent of

: t]l e still inconsistent astrophysical models which are meant to describe the r-process sites and has
.'helped to give information about the plausible astrophysical sites. The range of parameters that
_.repro duced the observed 1-process abundance distribution could be compared with those evaluated
...:“for each of the proposed sites. In so doing, the number of possible sites might be reduced. How-
{r.ér, to explore the large parameter space will require a considerable amount of computer time.
Thls approach, even if still subject to the nuclear physics uncertainties, seems more appropriate
"t:(;the r-process calculation because it is more manageable and because it avoids the remaining
: ;S trophysical difficulties. The range of initial data should, however, be chosen so that the physical

_'(;ﬁditions remain plausible from an astrophysical point of view. Such an approach will be followed

n this work since we want to deal with the nuclear physics uncertainties only.

The problem raised by the r-process calculations clearly appears to be two-sided. On the
“one hand, phenomenological approaches with simple models (like the so-called canonical model)
. -_ha.ve been successful in providing some ideas about the astrophysical conditions most appropriate

fp;' explaining the observed solar system abundance distribution. However, these conditions still

:_i‘emain astrophysically unrealistic because no astrophysical environments that fulfill such optimal
pnd;tions have been found yet. On the other hand, more realistic astrophysical sites which might
lead to r-process nucleosynthesis have been considered, but the agreement between the computed

a d solar abundances is too poor to allow definite conclusions on the validity of such sites.

" A nuclear reaction network described by a system of coupled differential equations is used to
:-:.f calculate the changes in abundance of the heavy nuclei as a result of the r-process. The network
:-. includes alt strong, electromagnetic and weak interactions governing the nuclear transformations

ﬁ:.'._ _.Of all nuclei with Z > Zp and situated between the valley of stability and the neutron drip line.




- 11 —

:e-;é., 7o describes the astrophysical boundary conditions and depends on the site in which the
: 'll(.)cess occurs. Although the liberated neutrons can be captured by any element present in the
:'C;;lsideTEd site, most of them will be captured by the iron-group nuclei, which correspond to the
;'i.;],st major abundance peak synthesized without the aid of neutron capture. Therefore, most of the
j. parametric r-process calculations consider that the seed nuclei are the iron-group nuclei assumed
to have been produced in the previous stellar generations.

; 'The chosen set of nuclear species are coupled by a set of reactions which involves neutron
'zip:tures, photodisintegrations, 3-decays, fissions and 3-delayed processes. The rate of change in

:"t.ﬁé abundance of the nucleus (Z, A) can be written as:

dN(Z, A)

S = NoN(Z,A = 1) < ov>z.am +N(Z, A+ DA+ N(Z - 1A hA (1)

~ N(Z,4) [No < 00 >z,4 #0544 M08 4 MDA 4004 1004 4 004 43¢
Z =A Z _1,A Z ,A —1
+ 3 074, (2, 4) NN (24, Ag) 4 NG TV N (2 — 1, Ag) 4+ NI TN (24,4 - 1)
f

“where N (Z, A) is the number density of the nucleus (Z, A), N, is the neutron number density,

;::{o'v >z,4 is the Maxwellian-averaged (n,y) reaction rate of nucleus (Z, A), )\f,'f is the photodis-

: iﬁﬁegration rate of nucleus (Z, A}, ,\g’A is the -decay rate of nucleus (Z, 4) and )\f,’f is the rate
Uf B-decay followed by the emission of k& delayed neutrons. The last terms reflect the feedback

?_Z_ﬁo fissions of all synthesized heavy elements. The factor gz, A;(Z,A) is the probability for

he: ﬁssioning nucleus (Zy, Ay) at rate )\]Z,"‘c 7 to produce a (Z, A)-fragment; the fission of nucleus

(Zfa Ayf) can also be obtained by delayed fission at rate /\EJ{_I’A" of nucleus (Z; — 1, Ay) or by

'_ﬁe’utron induced fission at rate )\f}’Af ~ of nucleus (Zf, Ay —1). The possible a-decays have been
- meglected in expression (1). Fission of nuclei with Z < 80 does not play any role, so that neutron
" captures

» Photodisintegration and 8-decays are predominant in expression (1) for those nuclei.

The complexity of such a reaction network can be avoided by simplifying assumptions, such as
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't'.ﬁ.e} @ 7)_(7711) equilibrium approximation. It constitutes the simplest form of the r-process model
. ?

(é:ee Chapter I.1). Another approximation, known as the steady flow approximation, has also been
':v.videly used over the last decade (see for example, Cameron et al., 1983a), but will not be discussed

jn this work.

% 4. Nuclear Physics of the r-process

In addition to the astrophysical difficulties, as discussed in Section 2 and 3, there are major nuclear
phyleS problems with the r-process. To describe the neutron capture by the seed nuclei, and the
:';;)nsequent production of heavy nuclei, a detailed reaction network, as given by expression (1) and
.'_'.::'i.ﬁcluding all nuclei from the F-stability valley to the first neutron drip line is required. We are,
':tilerefore, left with the formidable task of providing the required nuclear properties of thousands
of tfﬂbstly unknown) neutron-rich nuclei. Those properties include neutron capture cross-sections,
_.pi.l.o.fodisintegra,tion rates, #-decay half-lives, rates of J-delayed single and multiple neutron emis-
éion, a-decay half-lives, fission barriers and S-delayed as well as neutron-induced fission probabil-
.-.:'ities. Given the lack of experimental data on very heavy neutron-rich nuclei, theoretical studies
of nuclear properties in this region of the nuclides chart are of fundamental importance for the
.:r;process calculations.

i Furthermore, in most of the cases, the nuclear physics models still suffer from many uncer-
: ##ies and sometimes only crude treatments are available. For example, the neutron capture
:S_'é:s'ection calculation of nuclei with small neutron binding energies still raises many difficulties.
_:Cdini)ionlises also have to be made between using the best available theories in all their complex-
iﬁeg and the need to calculate a great number of cases. As already emphasized, the r-process
'éalculations involve some thousands of nuclei. Limitations due to the large amount of computer
time (as well as human time) required to predict theoretically so many nuclear properties often

render some of the most reliable studies of no practical use. Yet we should stress at this point that
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: feliable but complex models, might be of great value as soon as the final results are highly

asitive to the nuclear properties of specific key nuclei. In particular, application of the r-process
e
-c:a;lcula;tion to the evaluation of production ratios of radionuclides of cosmochronological interest

" often requires an accurate knowledge of some of their nuclear properties.

Among the different nuclear models available for practical purposes, the one having the most
.r.:ial'.i'able predictive power far from the stability region is to be preferred. As a matter of fact, it
15 zéssential to be confident about the model’s ability reliably to extrapolate its results to regions
o '{vﬁere no experimental information is available. Clearly, it is the model with the better theoretical
fbundation which should be chosen. However, this statement, which might seem trivial, should not

‘be followed in some cases. Meyer et al. (1989a) have pointed out the importance of computing
| ._}:L'e different nuclear properties consistently within the same model. Since a number of different
_.-(i#antities are needed in the r-process calculations, it is generally not possible to extract all of
f:th.em from one single model. Yet it is of great importance to use a consistent sét of data and
h_ot a mixed set. The use of the best available models without regard to this rule of consisteacy,
has been shown to lead to significant discrepancies (Cowan et al., 1991). In particular, it is well
" '-._k.nown that a quantity of fundamental importance in the r-process calculations is the nuclear
_.lélass. Many nuclear properties have to be deduced from a nuclear mass formula, for example
!_é_utron separation energies, G-decay (J-values or fission barriers. It has been shown (Meyer et
a ._19893) that the use of two mass formulae to evaluate two different quantities, like Qg-values
and fission barrier heights, can have drastic consequences and can, for example, overestimate the
' .ﬂ-dela,yed fission probabilities. Therefore, we want to stress here that the r-process calculatiéns

Tequire to compute the different nuclear quantities, such as ground-state masses, deformations,

fission barriers, 3-strength functions consistently within the same model.

Due to the great difficulties raised by such calculations, simplifying assumptions are generally
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‘made. Inits simplest form, for example, the so-called canonical r-process assumes that temperature,
| density and neutron concentration remain constant over the whole timescale 7 during which the
neutron irradiation and the photodisintegrations occur. Moreover, neutron captures are assumed
to be always faster than §-decays. In such conditions, an (n,y)-(y,n) equilibrium will be attained
for each isotopic chain. Under the assumption of an (n,7)-(y,n) equilibrium, the knowledge of the
peutron capture cross-sections is not required. It does considerably facilitate the calculations and
this is definitely the main reason why the equilibrium condition has been so widely used. Even if in

quite a number of cases this approximation remains valid, this canonical model has been misused

too often.

The numerous remaining inconsigtencies faced by the r-process calculations, on the astrophys-
jcal as well as on the nuclear physics side, call for a much deeper study of each of the input data
before rushing into numerical results. This should be kept in mind especially when applications of
the r-process calculation to cosmochronology are considered. Two aspects of the nuclear physics
imvolved in the r-process calculations have, therefore, been worked out in order to put the nucle-
osynthesis predictions on safer and sounder grounds. The first one investigates the influence of
nuclear masses on the r-abundance distribution in the framework of the canonical model (Part I).
Nuclear masses are known to have the most decisive influence on the distribution of the nuclei
produced by the r-process. All r-process calculations have so far made use of droplet-type mass
iF formulae only, whose reliability along the r-process path (i.e. far off the experimentally known
region) remains very uncertain. A new mass table based on a microscopic theory of the nucleus
is now available for the first time. New r-process calculations have been performed in the frame-
work of the canonical model to analyse the impact of the adopted nuclear mass model on the final

r-abundance profile.

When the often non-valid assumption of an (n,7)-(+y,n) equilibrium is removed, a detailed
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owledge of the nuclear properties like neutron capture cross-sections or photodisintegration rates

ko

.s required. In these conditions, use is generally made of the Hauser-Feshbach statistical model,

: even if its reliability remains sometimes doubtful. Consequently, Part II will be devoted to the
level density prediction which remains so far the weakest point in the current procedure used in
the evaluation of cross-sections. In the framework of the analytical approximation to the statistical
model, we have tried to improve the description of the spin-dependent level density by introducing

in a new way the shell and pairing effects. Such an approach is believed to be more reliable than

the level density models used at present.
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Part 1

The influence of nuclear masses

on

the r-abundance distribution

I".'l.:'i'he canonical r-process model

_Tiie simplest and most widely used form of the r-process model, referred to as the canonical

model, assumes that the neutron density and temperature not only remain constant over the

vhole time scale  of the neutron irradiation, but also that they are high enough, so that strong

and electromagnetic interactions can occur in a much faster time scale than the weak interactions.

Under such conditions, an (n,y)-(y,n) equilibrium can be reached for each isotopic chain, before
: any B-decay can take place. This approximation allows us to neglect the small g-decay rates to
t}ze first order, so that the abundance equation for the nucleus (Z, A) becomes (if we assume that

O_Iﬂy the (n,7) and (v,n) reactions play an important role during the neutron irradiation):

dN(Z, A)

= MOATIN(Z,A+1)— < ov>z4 N(Z,A- 1)N, (2)

AS._._SOOH as the equilibrium is established, % = 0 and the abundance ratio of two isotopes is
3d9_t9rmined by the ratio of the two nuclear rates:

N(Z,A+1) <ov>za
N(Z,A) —  aZpH

Ny (3)

- Expression (3) has the interesting advantage of not requiring a detailed reaction raie calculation. It

< involy : : . . o . . .
: es the ratio of two inverse reactions, which thanks to the principle of time-reversal invariance
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. rewritten in terms of the temperature 7" of the gas and the neutron separation energies S,
e

g. Rolfs and Rodney, 1988)

Sn(Z,A+1
<ov>za  G(Z,A+1) (A+]1 3/ __?Eﬁ., 3/23 : kT+ : (4)
AT T 26(Z,A) A my kT

.._"-‘.'N(ZaA*Fl)_ GZALY) | 1og Ny — 340752 1 (——’LT) 2 5u(2,A41) (5
log =7y~ 8 TGz Ay Tos N 34078 g g { oy ) T Ea(Z A4 ) (B)

_N(Z,4)
'\?t.'.here N(Z)= 2.4 N(Z, A) is the total abundance in the isotopic chain Z.

The abundance flow from one isotopic chain to the next is governed by 3-decays and can be

descri it . - .
._...escnbed’ omitting the fission feedback, by the set of differential equations
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é%gl = N(Z-1)S P(Z - 1,405 - N(2) S P(Z, AND (1)

Ti;is means that instead of solving a system of differential equations for all nuclei involved, it is

sﬁfﬁcient to solve a system which contains only as many equations as the number of Z-chains. This

é,fure constitutes the main reason for the popularity of the waiting peint approximation. It is,

ver, important to stress that this approximation is valid only if either the temperature or the

'-éuirbn number density of the gas is very high (¥, > 10*°cm~3 and/or Ty > 1) (Cameron et al.,

83'b). Otherwise (-decay rates are fast enough to compete with the (n,y) and (y,n) reactions

._an& .steadily to deplete the isotopic chain before an equilibrium can be ensured. A full reaction
.:'ne.igv.\'rork, involving the reaction cross-section calculation is then required (see Part IT).

._ The neutron capture process followed by the -decay is assumed to take place over a time 71,
Whlch if not fixed by a definite astrophysical model, plays the role of a fourth parameter (the three
thers being the temperature, the neutron number density and the initial chemical composition).
After the time 7, the temperature is assumed to fall to zero and the neutron flux is annihilated.
The neutron-rich nuclei then undergo successive §-decays towards the valley of 3-stability. No
_?leutron capture is usually assumed to occur anymore. However, 3-delayed neutron emission has
'to?.i.)e taken into account because of its important influence on the final abundance distribution
Ké(ioma and Takahashi, 1973). It has been shown that the even-odd fluctuations of the mass
bun.&a.mce curve are extremely smoothed out when the possible emission of delayed neutrons is

lnc_h:x.ded in the post-freezing cascade process.

Other nuclear transformations like a-decays (in the A > 210 region}, spontaneous or F-delayed
fissions also contribute to the final abundance distribution and should be included in any calculation

_ which tries to explain the observed solar abundances,
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pfluence of nuclear masses on the nuclear properties of interest for the

r-process calculation

In :order to evaluate the influence of the nuclear masses on the r-abundance distribution, we have
éfformed calculations in the framework of the canonical r-process model. Among the nuclear
pféperties of interest for the r-process, nuclear masses clearly have the most decisive influence.
hey not only determine the position of the neutron drip line, the value of the neutron separation
: 'é%g..ies and the F-decay @-values, but also indirectly modify the rates for fission and §-delayed
'pr%)_cesses. More precisely, equation (5) shows that the position of the r-process path in the (N, Z)

' _ﬁclear chart critically depends on the neutron separation energies. Consequently, the resulting

_ _ab.u.ﬁdance distribution may be strongly affected by the uncertainties of the model used to calculate

he__nﬁclear masses. Since very few (if any) binding energies are actually known along the r-process
ath, all r-process nucleosynthesis calculations have to make use of the available theoretical nuclear
mass formulae.

. The r-process requirements, however, concern the masses of several thousands of nuclei, many

of :Which deformed. Mass predictions for these have nowadays only been obtained through droplet-
: type mass formulae. The droplet model is based on an expansion of the nuclear mass in powers
"Of'.'.f:‘l___i/ % and on the neutron excess I = (N — Z)/A. This average macroscopic contribution to
he;I:Qa,SS originates from the classical liquid drop model (von Weizsicker, 1935) and has further
been corrected by the so-called microscopic term which essentially describes the nuclear shell
.c_‘énfﬂbution to the total nuclear mass. Further parameters have been introduced in the liquid drop
pa.rt, such as the nuclear symmetry energy J, the incompressibility coefficient K, etc. (see Myers
-."fﬂld Swiatecki, 1974) although the droplet model makes no attempt to extract these parameters
_f_l_.om first principles and instead fits them to the experimentally known masses. If an important

ceffect, is not included in the general formula, one hopes that it has been artificially introduced
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r'éﬁgh other parameters. Yet this procedure has the dangerous consequence that extrapolation
to.. the experimentally unknown regions is made very uncertain. The sensitivity of the mass
. fc’;mula to extrapolations away from the valley of stability can be seen in Fig. 4 which shows
'tﬁe difference between the theoretically calculated droplet masses and the experimental ones as
a function of the distance from the valley of stability, i.e. the neutron surplus AN.{ The droplet
-ﬁasses are derived from von Groote et al. (1976) and the purely experimental masses are taken
r;ﬁx"the Wapstra et al. (1988) mass table. These theoretical masses correspond to one of the most
"r_e]iélﬁe fits among the presently available droplet mass formulae and have been extensively used

iﬁ"f-i)rocess calculations. However, Fig. 4 shows the danger of using such a formula, namely that

the theoretical evaluation gets less accurate for nuclei far from stability. Fven if the mean value is

p'p'rbximately' zero, neutron-rich nuclei seem to be essentially too well bound (Meot — Mewp < 0),

ompared with the stable nuclei (i.e. for a neutron surplus AN = 0).

| E;(perimental masses concern nuclei which remain close to the valley of stability, i.e. AN < 20.
Flts to such nuclei do not greatly restrict extrapolations of the mass values to the very neutron-
rzch region. As a matter of fact, two similar droplet-type formulae with the same accuracy of
ﬁt :to experimental values can exhibit a completely different behaviour far away from stability.
An example can be found in the comparison of von Groote et al. (1976) and Hilf et al. (1976)
IﬂESS formulae. Both are based on exactly the same droplet model formula but correspond to two

_Séible minimizations, relative to the parameter set. Their respective parameters lead to very

';S_n_li_l'fl{r root mean square deviations from experimental masses (of 756 and 774 keV, respectively

I the 1440 experimental masses of Wapstra et al. (1988) corresponding to 20 < Z < 100) but

I We define here for each isotopic chain Z, the neutron surplus of a nuclide (Z, 4) by AN =
N ~ N,(Z) where for proton- (neutron-) rich isotopes, N,(Z) denotes the most proton- (neutron-)
. rich stable isotope of the element Z. If there is no stable isotope in the Z-chain, the isotope with

the longest half-life is taken for N (Z).
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to very different predictions for neutron-rich nuclei. The location of the neutron drip line
:ar.t.iculaﬂy affected by this. The neutron-rich region for 20 < Z < 100 includes a 1050 more
cle1 which are stable for neutron emission if use is made of von Groote et al. instead of Hilf et
al. f;rmula. Hilf et al. mass parabola is characterized by a much steeper slope relative to the von
Grc.;_.ote et al. parabola. Extrapolations to neutron-rich regions of the nuclear chart are extremely
asitive to the asymmetry terms and consequently to the so-called nuclear symmetry energy J,
e.Syﬁmetry anharmonicity coefficient M or the effective surface stiffness ). A modification
}ﬁ_s.'..}.)arameter set does not affect significantly the fits to experimental masses but has drastic
e'ct;-'s. on the calculated masses of the very neutron-rich nuclei. Such an effect can be observed in
; g. 5 The two fits agree within 1 MeV for stable nuclei and within § MeV for known unstable
'f;m;#-rich nuclei (AN < 15}. However, they show complete disagreement as soon as predictions

unknown nuclei are concerned. Mass differences as large as 35 MeV appear indeed for nuclei

e to Hlf et al. neutron drip line.

' _The very crucial question of the reliability of such maodels, therefore, remains when predictions
ar away {rom the valley of stability are required. In order to improve the droplet model consistency,

th finite range droplet model (Moller et al., 1988) has been introduced. It corresponds to the

most recent and sophisticated version of the macroscopic-microscopic approach, at the expense of
i lnpreasing number of parameters, which often makes the mass formula extremely cumbersome.

lowever, no complete mass table is available yet in the literature.

'péspite the increasing reliability of the macroscopic-microscopic models, two main criticisms

""_T?_}?lsually brought against these models and are based on

.a.) the danger of a premature truncation in the expansion of the mass in powers of A~1/3 and I.
Dutta et al. (1986a) showed that it could lead to errors as large as 15 MeV or more on the

nuclear mass of the n-drip line nuclei;
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b .:_-_the inconsistent treatment of the macroscopic and microscopic contributions as pointed out
by Dutta et al. {1986b). The shell correction to the total mass constitutes a pure artificial
contribution, which strongly depends on the coefficient adopted for the macroscopic part. The

only link between the two terms results from fits to experimental data, and not from physical

principles. T herefore, extrapolations to unknown regions of the nuclear chart become highly

questio:ﬁabie.

‘Both these uncertainties can be avoided when the nuclear masses are calculated by the Hartree-Fock
-.[- BCS method, which represents the most fundamental approach to the mass formula. In this case,
a;_. .s.il:itable form of the effective nucleon-nucleon force is considered and then fitted to reproduce
thé._"diﬁ'erent nuclear properties like masses and fission barriers. Recent fits with Skyrme-type
o1 'e_s:;f_.have shown that the HF4+BCS method can achieve an accuracy comparable to that of the

plef—model mass formulae (Tondeur, 1978, 1983).

E'ﬁowever, even though the calculation for spherical nuclei can be performed in practice, the
a.rge amount of computer time required to treat deformation with this method prevents a least-
Sqﬁ'é,re fit of the effective force to all nuclei. Moreover, even if the effective interaction were known,
.'thé_.(:zomputa,tion of a complete set of nuclear masses, including the 6000 nuclei lying between the
l?ip; I.i..nes, is so far unrealizable in the HF+BCS formalism. An interesting compromise between the
mpﬁtationaﬂy fast but uncertain droplet model and the complex but highly reliable HF+4+BCS
:Pfo_é;ch can be found in the Extended Thomas-Fermi plus Strutinsky Integral method (ETFSI)

D‘{tfa et al. 1986b; Tondeur et al., 1987). This method is based on the extended Thomas-Fermi

PTinmation to the HF method, using a Skyrme-type effective interaction. The ground state
al.l.ergy Is derived by a minimization of the semi-classical approximation to the energy expressed
as . . . : s .

3_ 3 parametrized functional of the nucleon densities, with respect to variations of the functional

P ?fimeters (Brack et al., 1985). The resulting energy will, however, vary smoothly from one
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3 Figure 5. Difference as a function of the neutron surplus AN between von Groote et al.

(1976) and Hilf et al. (1976} masses for all nuclel with 20 < Z < 100 between the valley
of stability and the Hilf et al. neutron drip line. Both predictions are based on exactly
the same droplet mass formula but are characterized by a different set of parameters.
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icleus to another and should therefore be corrected by shell terms. The shell corrections can
1l

b-e._-ca_lcujated by different methods. One of them, the Strutinsky integral method {Chu et al.,
1@?7), makes use of the single-particle potential obtained by one iteration of an HF calculation,
wi,jch folds the same Skyrme-type force as the one involved in the macroscopic (ETF) part of
:;tile calculation. This technique is thus characterized by a high degree of coherence between the
.-.i;:la.croscopic and microscopic terms, the unifying factor being the Skyrme-type force that underlies

:';bo'th parts. It has been proved to be the only non-ambiguous approach for calculating the shell

correction terms (Pearson et al., 1991).

..".":'..]..)utta, et al. (1986b) and Tondeur et al. (1987) showed that, even out to the neutron drip line,
1.;1_1'.e.E_TFSI method with a unique set of renormalized parameters for the effective interaction, can
yépx_‘.';duce the HF+BCS binding energies to within less than 1 MeV. No other approach approxi-
mates the HF method so well. Moreover, the ETFSI method is an order of magnitude faster than

the HF one and has the additional and very interesting advantage of permitting interpolations.

The ETFSI method expresses the total energy in terms of quantities that vary smoothly with
: #esi)ect to ¥, Z and the deformation parameters. The calculations can therefore be restricted to
.::.]imited number of key nuclei and key deformations. The results can then be interpolated on the
é)f:}iers. This advantage enabled Aboussir et al. (1991) (see also Pearson et al., 1991) to generate for
. t.l_'l:é::ﬁrst time a complete mass table based on a microscopic theory of the nucleus whose parameters
_oﬁégrn only the nucleon-nucleon force. Without this possibility of interpolation, the amount of

Mputer time required to calculate the few thousands of nuclei would have been prohibitive.

-~ Compared with the droplet model, the ETFSI masses give comparable fits to the experimental
‘data (characterized by a root mean square deviation of 714 keV from the same Wapstra et al.

:(1988) purely experimental masses as mentioned above). Yet they extrapolate differently: Fig.

6 shows the deviations of the ETFSI masses from the experimental masses, as a function of the
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eﬁfroﬂ surplus. In comparison with Fig. 4, the ETFSI deviations seem to have a much more
'n"ifform distribution with an average deviation much closer to zero than in the case of the droplet
_ﬁibdel which tended to bind neutron-rich and proton-rich nuclei too strongly. The mass differences
--Eetween the ETFSI and the droplet model (DM) of von Groote et al. is displayed in Fig. 7 for
.:-;11 nuclei with 20 < Z < 100 between the valley of stability and the ETFSI neutron drip line (the
'..ETFSI mass parabola being characterized by a steeper slope). Differences as large as 23 MeV can
be expected out at the n-drip line. Fig. 7 also shows the important effects resulting from the
_'.(i..i.ffe'rences in the shell correction treatment. The droplet shell effects at neutron magic numbers

_apﬁea,r to be clearly underestimated relative to the ETFSI model {except at N=50). The largest

iﬁ'erences observed concern very neutron-rich nuclei. Such differences are worrying since many
;:u.s.eﬁ:ﬂ. properties (like neutron separation energies or 3-decay rates) are related to nuclear masses
n.;:i:'mjght be affected. Yet the effect of such discrepancies might be reduced since nuclear quantities
.}Ih:portance for the r-process calculations generally involve only nuclear mass differences.

Let us discuss briefly the influence of the a,dopted mass formula on two main quantities of

‘importance for the r-process calculations, i.e. the neutron separation energy and the 3-decay rate.

i)} Effect of the mass formula on the neutron separation energy

_The neutron separation energy 5, is a quantity of fundamental importance for r-process cal-
Culations since the ratio of the (n,y) to the (v,n) rate depends exponentially on S, at a given
e:1'1..113'_@1‘ature (see expression (4)). Under the steady flow conditions discussed in Chapter L1, the

I-p .Ocess—path is specified by the equi-neutron-separation-energy contour

3 T
0 = . — " -] T) o
s (34 075 —log N, + 5 logTo | oor (8)

._-This s derived from equation {5) by assuming that for each isotopic chain, N(Z,A+1) = N(Z,A)

at the Waiting point, and by neglecting the term log [(%)3/2 Géf’TAj;)l)] (a typical value being
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Figure 7. Difference as a function of the neutron number N between ETFSI masses
(Aboussir et al., 1991) and DM masses (von Groote et al., 1976) for all nuclei with
20 < Z < 100 between the valley of stability and the DM neutron drip line.
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01) At a given temperature and neutron density, all abundance maxima in each isotopic

haJIl will be characterized by the same neutron separation energy S%. The 1-process path in the

_e#dy flow conditions, as well as the resulting abundance curves, are often classified according to
n..instead of the parameter set (T, N,,). Expression (8) also shows that two sets of parameters
: (Tga N,,) can lead to the same path (and therefore globally to the same abundance distribution)
-aﬂhough the path width might still differ according to the non-equal N,- and Ty-dependences of
- abundance ratio, as given by equation (5).

. Another quantity of interest that we have introduced in our discussion, and which characterizes

“the .r-process path in a similar way, is the even-odd-averaged neutron separation energy

SG(Z,A)ﬂ Sn(ZsA)+§n(Z’A_1) (9)

1_ncé 5.{Z, A) is not affected by the odd-even effects, it is a smooth function of the neutron excess

(N — Z)/A and can be expressed in its simplest droplet form by

1
Su(Z, A) ~ ay — %asA_l'/‘g ~ G + 5 [M,(Z, A~ 2) — M,(Z, 4)] (10)

: yaﬁere M,(Z, A) denotes the microscopic shell correction energy of the (Z, A) nucleus as defined
111 .a macroscopic-microscopic droplet model; and a,, ¢, and ay,, the usual volume, surface and
SYIITTl.metry coefficients, respectively (e.g. Bohr and Mottelson, 1969). Far away from the magic
1.".‘.“’_1:1:1?@1‘8, S.(Z, A) is therefore a linearly decreasing function of 7, which does not show the saw-
.01.1_1.1 feature resulting from the pairing effect.

: “On the r-process path, §,(Z, A) also enables a more accurate determination of the waiting

. Point. Saha equation (5) can be rewritten as

Nza4 _1 A N _a(z,4) 3 5.04
N(Z,A—- 2) - 5 1 (A__ 2) G(Z,A-— 2) +10gNn_34075—§ IOng-l-Tg SG(Z,A)

(11)
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; 'éach isotopic chain at the abundance maxima, 5, takes the value
o 3 Ty
Sa(Z,A) = 53 = (34075 —log Ny + 5 log T | = (12)

'_ 3/2
ore this time 1log [(ﬁ"z‘) @%L-—Z_‘ﬁ)z—j] can be neglected more safely than the corresponding
a&;t.él‘ in expression (8) since it does not show the strong odd-even effects that are sensitively
f;'eéent in the partition function. Yet despite these interesting features of S 2 in comparison with

d_, it should be mentioned that 5% has never been used in previous studies to define the r-process

:. Expression (10) clearly shows the strong dependence of the r-process path on the droplet
.pa:;;‘meters and more precisely on the symmetry coefficient. It still remains quite difficult to
'efé;mjne unambiguously the symmetry energy terms of the droplet mass formula from fits to
xp..eril_nenta.l masses since, in the vicinity of the valley of stability, their contributions are strongly
e ucéci. Different mass formulae generally make use of different symmetry parameters. Therefore
he'j W]]l also lead to significantly different r-process paths. Fig. 8 compares the neutron drip lines
Sn: 0 MeV) and the equi-S? curve (§9 = 3 MeV) corresponding to the droplet extrapolation
Von Groote et al., 1976) and the ETFSI approximation. The softer slope of the droplet mass
'p.a;'.ra.bola is reflected by the fact that for each element a given 5, is encountered for a larger value
fN {except at magic neutron numbers). Consequently the number of nuclei involved in the
_Précess calculation will also differ.

'. _.__.:The 5% = 3 MeV paths for the two nuclear models displayed in Fig. 8 can be readily under-

-t_dq'(i by looking at expression (10). The symmetry coeflicient can be expressed as

Gsym = J + ass ATH3 (13)

' yhere J is the symmetry energy and ags the surface-symmetry coefficient given to first approxi-

Tation by

2L 9.2
=] 22g. — 22— 14
s ( I Qs 49)-85 ( )
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-Figure 8. Comparison in the nuclear chart between the neutron drip line and the equi-
averaged-neutron-separation-energy contour 5% = 3 MeV obtained with the droplet mass
formula of von Groote et al. {1976} (full line) and those derived from the mass table of
‘Aboussir et al, (1991) (dashed line). Black squares correspond to stable nuclei.
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L K and @ are the so-called density symmetry, incompressibility and effective surface
7

. es.'s coefficients, respectively. The factor B; denotes the usual nuclear surface area relative to
1L

The droplet model of von Groote et al. (1976) leads to the parameter set J = 38.2MeV
n d a,s = —170 MeV which are to be compared with the corresponding macroscopic coefficients

e"s. lting from the ETFSI forces: J = 27.0MeV and a,; = —16 MeV (Aboussir et al., 1991). The

gh;ei' ETFSI symmetry coefficient gives rise (for the same deformation) to a faster decrease of
A7 A) as a function of the neutron excess I, i.e. to a r-process developing in a less neutron-rich

e'gi&ﬁ than in the case of the droplet model of von Groote et al. The sudden fall-off of §,(Z, A) at

ﬁiagic number—due to the last term of expression (10)—is, however, strong enough for both
odels to meet condition {(12) at the same magic nucleus.

In summary, even if the accumulation points corresponding to the neutron magic numbers are

ldbally the same for the two mass formulae, the r-process path differs significantly from one mass

formula to the other one,

i)_'E’ﬁ'ect of the mass formula on the 3-decay rates

s._._l.‘:égards the f(-decay rates, the influence of the adopted nuclear mass table might be non-
ﬁegﬁgible. The f3-decay half-lives, particularly for nuclei with magic neutron numbers, also enter
to the calculations of the r-process abundance, and play a crucial role in the prediction of the am-
“de as well as the location and width of the r-process abundance peaks. From the astrophysical

¢1n ._Qf view, they are the quantities which fix the duration of the nucleosynthetic process.

_The B-decay rate X g is given in rough approximation by

5 ar2
Ag < Qp M (15)
W_here Qp is the effective (-decay energy and M? represents the squared matrix element involved

o 't_h:e B-decay (e.g. Rolfs and Rodney, 1988). Since the Qg-values depend on the nuclear masses,
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: ﬁ};a,tion of the latter can affect the (-decay rate significantly. However, the fact that ()5 is
)

45 difference:

Qp=M(Z,A)—M(Z+1,A), (16)

_ulti greatly decrease the influence of the uncertainties inherent to the calculation of individual
seses. We show in Fig. 9 the ratio of the ETFSI @-values to the droplet (von Groote et al.,
6) Q-values as a function of the neutron surplus. The two (Js evaluations appear to agree
h.i'n_. a factor of two. The convergence of this ratio towards unity for very neutron-rich nuclei
OV(.BS: that although the two models extrapolate the nuclear masses quite differently (Fig. 7), the
a_és :diiferences {16} can still be extrapolated in a similar manner. The discrepancies between
'éﬁ—va,lues predicted by the two mass models for nuclei close to the stability valley can be
-pla_Z_ihéd as resulting mainly from the different treatment of the odd-even effects. Close to the
ey of stability, the pairing correlation has a significant impact on the low @ g-values; while, in
.I{eﬁ.tron-rich region, these values are predominantly influenced by the asymmetry effects. As
Xp::ec.ted, the steeper slope of the ETFSI mass parabola gives rise to higher () g-values. The high

ensitivity of the g-decay rate (15) to the @ p-value led us to an evaluation of the ratio of the two

“decay rates instead of the two @ s-values.

The f-decay half-lives have been estimated in the gross theory formalism (Takahashi and
'liiéda, 1969; Takahashi et al., 1973), even if better treatment can be found in the recent quasi-
_'_l‘ti_:cle RPA calculations (Méller and Randrup, 1990; Staudt et al., 1990). Yet the gross theory
ac.{.lilrate enough for our purpose, which is to discuss the influence of nuclear mass formulae. An
6’Ffate evaluation of the absolute 3-decay rates is, however, of great importance when observed
abundances are to be compared or when the time scale of the dynamical r-process synthesis is to
¢ determined. Fig. 10 presents the ratio %E%S)D in the neutron-rich region for all nuclei whose

-d - . . . :
A ._.eca,y might be involved in the r-process, i.e. for which Ag > ﬁ (where Tmqe represents an
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upper limit to the characteristic time scale of the r-process, typically of the order of one minute).
The two different () g-determinations give 8-decay half-lives which agree within a factor of 10 and
as expected from Fig. 9, the ETFSI masses lead to faster §-decays, due to higher Qga-values.
No drastic divergence between the two models can, however, be seen for nuclei lying close to the

neutron drip line.

Therefore, it is clear that the influence of the nuclear mass model on the neutron separation
energies, as well as on the #-decay rates, is far from being negligible. Another quantity which is
also expected to be affected by the choice of the mass formula concerns the fission barriers. In the
macroscopic-microscopic approximation, several methods are used to estimate the fission barriers.

For example, Barashenkov et al. (1973) decomposed the fission barrier By into 3 parts:
B_f :B?—Ags‘}'Asad (17)

where B? describes the liquid drop part and A, and A4 the shell plus pairing correction parts
at the ground state and at the saddle point, respectively. Improvement of the fission barrier
prediction followed improvement of the nuclear mass formula (Meyer et al., 1989b). Yet one of
the main uncertainties in equation (17), as well as in all formulae based on the macroscopic-
microscopic model, comes from the artificial shell correction which, as already discussed, is treated
inconsistently in this approach. Although the reliability of the droplet-type formulae to predict
fission barriers is far from being established, no other methods have been used in the r-process
calculations. As in the case of nuclear masses, Hartree-Fock + BCS calculations can be used to
predict fission barriers. In turn, the ETFSI approximation can give a reliable estimation of the
HF prediction for a large number of nuclei. A complete set of barrier fission energies is now being
generated in the ETFSI formalism (Tondeur, 1991) and should be available in the near future. For
that reason, the comparison between droplet and ETFSI fission barriers will not be discussed in

the present work and will be postponed to a later study.
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1.3 Influence of the nuclear mass model on the r-process abundances

As described in the previous sections, the remaining uncertainties in the nuclear mass models
affect in a non-negligible way the calculated values of the nuclear properties (mainly the neutron
separation energy and the @ g-value) of the neutron-rich nuclei. Here, we attempt to evaluate the
influence of the nuclear masses on the abundances of nuclei produced by the r-process. A schematic
r-process calculation has been performed for this purpose, making use of two nuclear mass models:
- the recently generated mass table of Aboussir et al. {1991) obtained in the ETFSI formalism;
- the droplet model of von Groote et al. (1976), extensively used in r-process calculations (in
the following section, the droplet model (DM} refers to this mass formula).
The astrophysical conditions chosen in the present work correspond to those of the ”canonical”
r-process. The simple (n,y)-(y,n) equilibrium has the advantage of presenting a simplified and
therefore clearer picture of the numerous mechanisms that occur during the r-process. The different
nuclear physics aspects enter the calculation in a quite straightforward way which allows a much
better understanding of the process than more sophisticated models would allow.

Yet the use of such a simple model implies that no premature conclusions concerning the
output should be drawn. At this stage, we do not pretend to perform calculations which could
reproduce the solar system abundance curve (Fig. 2) since our discussion centres strictly on the
influence of the nuclear mass model on the abundance distribution. We will, however, be guided
. by the observed abundance distribution in order to restrict our calculations to a set of plausible
astrophysical conditions.

In the (n,y)-(y,n) equilibrium approximation, the abundances are a function of three main
Parameters (in addition to the initial chemical composition and to the nuclear physics input): the
heutron number density (N,), the temperature (I') and the duration of the process (7). These

Parameters are usually chosen to best reproduce the observed abundances and yet remain not
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.tot&uy unrealistic from the astrophysical point of view. Ultimately, of course, these astrophysical
-.-.Condjtions should be identified with a naturally occurring astrophysical scenario. The adopted set
of parameters should also be checked to ensure that the waiting point approximation remains valid.
An evaluation of this validity domain can be found in Cameron et al. (1983h).

Concerning the initial chemical composition, our calculations have been carried out assuming
iron nuclei to be the only seed nuclei. The choice of iron seems a logical one since it has an
abundance which is by far the largest one among the heavy nuclei which can be synthesized during
- previous stellar generations without the aid of neutron capture processes. Moreover, the relative
isotopic abundances of the elements heavier than the seed nuclei will often be independent of this
choice, since the choice of a starting point at a lower Z value would just modify the time scale of
the process.

As soon as the astrophysical conditions are set, the calculation of the resulting r-nuclei abun-
dances can be performed in the framework of the waiting point approximation. As described in

Chapter 1.1, the problem separates into two parts:

(1) the neutron irradiation during 0 <t <

Over the whole timescale 7 during which the neutron irradiation takes place, the ternperature and
the neutron density number are kept constant. For each isotopic chain Z and at each timestep we
: | .calculate

- the relative isotopic abundances as given by equation (5) and (6).

- the abundance flow of 5-decays resulting from the lower Z —1 isotopic chain and the abundance

flow of the Z-chain towards the Z+1-chain, as given by equation (7).

This procedure enables a fast evaluation of each isotopic abundance N(Z, A) at each time ¢. The
Tuclear physics input data required at this stage includes the partition functions, the neutron

S€paration energies and the S-decay half-lives. If the neutron separation energy depends on the
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" puclear mass formula only, the 8-decay rate evaluation constitutes a new task to be modelled. The
§-decay rates have been calculated by the gross theory of S-decay (Takahashi et al., 1973) with
the use of the ¢)-values from the considered mass formula. Studies (Klapdor and Oda, 1980) have
indicated that for heavy neutron-rich nuclei, the -decay half-lives predicted by the gross theory
were too long. However, the choice of the gross theory, as already explained in Chapter 1.2, should
not influence our conclusions concerning the influence of the mass formula. The absolute value of
the (3-decay rates essentially affects the timescale of the process which is, in any case, considered
here as a free parameter.

The nuclear partition function G(Z, A) appearing in equation (5) is defined by
E;

G(2,A) = (2J;+1)e kT (18)
i

where E; and J; denote the excitation energy and the spin of the i-th nuclear state of the (Z, A)
nucleus and k is the Boltzmann constant. The partition function strongly reflects the pairing, shell
and deformation effects. We used the approximate empirical formula obtained by Kodoma and
Takahashi (1975) for a constant temperature k7 = 200keV. Once again, this approximation is
supposed to be accurate enough for our discussion and remains in any case within the much larger
error bars associated with the estimation of the neutron separation energies and the 3-decay rates.
It must be stressed that no fission has been introduced in our calculations. Normally as the
synthesis advances up to the heavy nuclear mass region (Z 2 80), the neutron-induced fission as
well as the spontaneous and B-delayed fissions recycle back a portion of the material to lower Z
values. Two main considerations led us to neglect the fission processes. First, if fission is a crucial
factor in the production of superheavy elements or elements of cosmochronological interest, its
contribution to the abundances of the classical elements (26 < Z < 83) is much less important.
The process duration r associated with the hydrodynamical timescale is usually thought to be short

enough for the r-process to terminate by the lack of free neutrons rather than by neutron-induced
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01'; ﬂ-delayed) fissions. Second, if fission is included in the calculation, a set of fission barriers
i's.required. The use of droplet fission barriers, even if more realistic than the total neglect of
. ﬁig'sioll processes, would not be consistent with the use of a ETFSI mass table, as discussed in the
introduction (Section 3.). Therefore, it is our view that at this stage and while we are waiting for
the new ETFSI fission barriers, it is reasonable not to include the fission processes in the nuclear

" reaction network.

5 (ﬂ ) the post-freezing phenomena: t > 1

After the time interval 7, the temperature and the neutron density drop to zero, freezing all nu-
: ._ clear reactions suddenly. The neutron-rich nuclei then undergo #~-cascades towards the G-stability
- valley. However, another important process must be included because of its non-negligible contri-
: bution to the final abundance distribution. It concerns the single and multiple 3-delayed neutron
emissions. Without these §-delayed processes, the so-called frozen abundance curve is known to
show very strong odd-even effects, which in turn reflect the zig-zag pattern of the relative abun-
dances in each isotopic chain as given by the neutron separation energy dependence of expression
_ (5). Kodoma and Takahashi (1973) showed the significant effect of the 3-delayed neutron processes
to smooth out the serrated frozen abundance curve.

The one, two and three S-delayed neutron emissions have therefore been introduced in the
-~ Successive decays towards the §-stability region during the post-freezing processes. The emission
: . :Ia.tes have been estimated within the same model than the (-decay rates, i.e. in the gross theory
of Kodoma and Takahashi (1975). For the same reason as explained previously, neutron-induced
fission as well as 3-delayed fission have been neglected. For simplicity, we also assumed that no
leutrons are present any more after ¢ = = and in particular that no emitted [-delayed neutron
would be captured by other nuclei. It should be noticed that the freezing-out of the neutron capture

. Processes would probably not take place so suddenly in a realistic astrophysical site.
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Compam'saﬂ of abundance distributions

‘Figure 11 shows the abundance patterns obtained for the set of parameters (I3 = 1, N, =
.' 1024 ¢cm™? i.e. §7 = 2MeV and 7 = 1s) with the canonical model making use of the von Groote et
al. (full line) and the ETFSI (dashed line) mass formulae. The two abundance distributions show
obvious differences. Although both exhibit the abundance peaks around A=126 and A=182 corre-
5 sponding to the accumulation of material at the neutron shell closures N =82 and N=126, effects

' due to the different value of the neutron separation energies and () g-values are clearly apparent.

As regards the influence of the neutron separation energies, the steeper ETFSI mass parabola
is expected to shift the peaks to a higher A-value. This is verified for the A=126 peak and to a
lesser extent for the A=182 peak. This shift is, however, compensated by the DM underestimate
(relative to the ETFSI approximation) of the shell correction at the magic numbers N=82, 126
and 184. We find, indeed, for these neutron numbers: S,(ETFSI) 2 S5,.(DM), although far away
from closed neutron shells, the inequality should be reversed. This characteristic is well described
:_ by Fig. 12 which shows the two different r-paths, corresponding to the equi-averaged-neutron
separation energy S° = 2 MeV. The stronger ETFSI shell correction has two important effects
~on the abundance distribution and more precisely on the abundance peaks. The first affects the
: widening of the abundance peaks. The ETFSI r-process path extends to regions closer to the valley
.:Of stability before overcoming the barrier due to the neutron shell closure. The abundance peaks
.therefore tend to be not only shifted but also widened to higher A-values. The second effect is
__.:Weil displayed by the long "plateaus” appearing in the ETFSI path of Fig. 12. To such plateaus
- correspond a range of A-values for which nuclei will be very weakly produced after 3-decays to the
valley of stability. At "low” temperature (such as Ty = 1), the r-process path is so strongly centred
on the waiting point that nuclei lying between two distant waiting points might not be produced.

To understand the profile of the abundance distribution, it is of interest to analyse the behaviour
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Figure 11. r-process yield curves for the set of plysical parameters Ty = 1, N,, =
10** em=3 and 7 = 1s obtained in the framework of the canonical model. The full curve
has been obtained making use of the DM mass predictions, while the dashed curve corre-
sponds to the use of the ETFS! masses. Both yields have been obtained with the initial
composition N(3$Fe)=1, where N is a normalized abundance. The top curve corresponds
to the observed solar system r-process abundances from Anders and Grevesse (1989) with
an arbitary normalization.
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Figure 12. r-process paths corresponding to the set of physical parameters Tg = 1, N, =
10 ecm™>, ie. §9 = 2MeV and obtained with the two mass formulae considered. Black
squares correspond to stable nuclei. The closest path to the valley of stability corresponds
to the r-process path when use is made of the ETFS! mass table while the r-process path
corresponding to the DM mass model drives the nuclear matter to a more neutron-rich
region. Both paths are identical at neutron shell closures.
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Z. of the odd-even-averaged neutron separation energy $,(Z,A) within a Z-chain. An example is
| displayed in Fig. 13 for the three isotopic chains corresponding to Z=52, Z7=62 and Z=73. In
the ETFSI case, by the large shell correction, the neutron magic numbers tend to attract strongly
the waiting points. As observed in Fig. 13, the slope of §; as a function of the neutron number
tends to decrease before reaching the magic numbers when a very sharp fall-off begins to appear.
This characteristic of the ETFSI §,-curves just before reaching the shell closures is responsible for
the important underproduction of the elements around A=110 and A=175 (see Fig. 11), which

. corresponds to the two plateaus of Fig. 12 at Z=38 and Z=59, respectively.

In addition, a strong shell effect also implies that if the waiting point is located at a neutron
magic number, the surrounding isotopes might not be produced, as predicted by Saha equation
(5) (or (11)). An example can be found in the ETFSI abundance distribution around A=189.
- The two waiting points (Z, A)=(62,188) and (63,191) will not feed the A=189 element during the
. neutron irradiation because of the sharp shell contribution at N=126 which strongly centres the
- abundance distribution on the waiting points. Such a depletion is, however, not visible on the
: abundance curve (Fig. 11) because of the abundance redistribution by $-delayed neutron emission

. after freezing out.

The different treatment of deformation by the two mass models also plays an important role in
éhe depletion of certain nuclei. In particular, the abundance gap around A=145 (Fig. 11) is clearly
due to an important variation of the nuclear deformation when one passes from the Z=>51 isotopic
chain to the Z=52 one. The emergence of a nuclear deformation increases the S,-value as can be
observed for different isotopes of 53Te, g35m and 73Ta in Fig. 13 and therefore reduces the slope
- of the §,-curve as predicted by expression (14) (B, is indeed equal to unity for spherical nuclei
and is greater than 1 for deformed nuclear shapes). The ETFSI mode! allows all kinds of axially

?Ymmetric deformations, as the DM approach considers small ellipsoidal deformations only. The
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Figure 13. Odd-even-averaged neutron separation energy S,(Z,A) as a function of the
neutron number N and within three isotopic chains Z=>52, Z=62 and Z=73. The full curves
corresponding to the DM prediction are compared with the ETFSI prediction given by
the dashed lines.
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eformation in the DM case is therefore a much slower varying function, so that the §,-curve does
.not encounter fast variations due to the emergence of a new nuclear shape. For that reason, the
DM abundance curve does not present the same strong discontinuities resulting from deformation
effects as the ETFSI curve does around A=145 for example.

When higher S0 values are considered, the r-process paths mave back further from the neutron
- drip line. Effects bred of the strong ETFSI shell correction, relative to the DM prediction, remain
- and still lead to significantly sharper as well as slightly wider abundance peaks, shifted to higher A-
_:' | values. Effects produced by rapidly varying ETFSI deformations are more cumbersome and cannot

be predicted so easily for other astrophysical environments—i.e. characterized by a different set

of astrophysical conditions—since they depend on the precise region encountered by the r-process

" flow.

Differences in the (-decay rates calculated with different nuclear models also have important
effects on the abundance curves. As indicated by Fig. 10, the ETFSI half-lives tend to be shorter
than their DM prediction by a factor less than 10. Yet the ETFSI 1-process path is usually located
- closer to the valley of stability because of the steeper slope and stronger shell effects of its mass
parabola, so that the waiting points are more stable against G-decay than their DM homologues.
_ These two effects tend to compensate each other. For each isotopic chain, we can define the eflective

* timescale against f-decay by

1
Y4 P(Z, N0

Ta(Z) = (19)

where P(Z, A) are the relative isotopic abundances normalized in a given Z-chain as given by
expression (6) and )\g’A the B-decay rate of the nucleus (Z, A). Figure 14 displays the quantity
| 78{Z) for the physical conditions of Figs. 11-12. Even if, for each nucleus (7, A) the ETFSI
Prediction of the B-decay rates are generally larger than the DM approximation, Fig. 14 clearly

- shows that the fact that the ETFSI path is translated to less neutron-rich regions is predominant.
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Figure 14, Effective timescales against f-decay for all isotopic chains, as defined by
expression (19), for the physical parameters Ty = 1, N, = 10* cm™ and for the two
mass models considered: DM {full line} and ETFSI (dashed line). The Z-values for which
73(Z} is maximum correspond to the bottlenecks leading to the abundance peaks of Fig.
11. The values of 73{Z} must be compared to the timescale of the r-process equal to
7 = 1s in the case of the Fig. 11.
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*For most of the isotopic chains, we are left with
ETFSI DM

| This is, however, not always true, especially for the iron-group nuclei. The main consequence of the
large DM value for 75(27) (75(27) = 10~ 's which should be compared to the r-process timescale
7 = 1 s) is that it delays the synthesis of heavier elements. The ETFSI depletion of elements
: .with A < 100 appears to be much more important than in the DM case and, as seen in Fig. 11,
_; more material is driven to the first peak at Z = 43. This characteristic is due to the fact tha,f
contrary to what happens at the other neutron magic numbers, there corresponds at N=50 a DM
' shell correction which is relatively important in comparison with the ETFSI shell correction. This
‘strong DM shell effect compensates for the slowly decreasing DM symmetry term (see expression
' (10)) so that the waiting points corresponding to the iron-group elements are quite similar for the
" two mass formulae. Yet the DM half-lives are predicted to be larger than the ETFSI estimation.
Consequently, the ETFSI model predicts a much faster depletion of the seed nuclei, as observed
on the abundance curve (Fig. 11).

As already stressed, the ETFSI abundance peaks are shifted to a higher Z-(and thus A-)
: value relative to the corresponding DM peaks. Consequently, the ETFSI 3-decay half-lives at the
: .neutron shell closures N =82 and N=126 (i.e. Z=45 and Z=68, respectively, in the case considered)
- Sare larger than their DM homologues since they concern nuclei closer to the stability valley. The
resulting abundance peaks will, therefore, be higher than the DM peaks, at least if the §-decay
::.timesca,les at the accumulation points remain of the s.ame order as the neutron irradiation timescale
: T This is illustrated in Fig. 11 where the first ETFSI abundance peak at A=126 (i.e. N=82)is
| significantly higher.

However, the emergence of a second bottleneck at Z=50 hinders material to be driven to

higher Z-value and this only in the ETFSI case. Once again the strong shell contribution to the




_: ETFSI masses is held responsible for such an increase of 73(Z) at Z=50. The passage by the
| Z=50 isotopic chain significantly slows down the ETFSI flow, a feature that the DM model does
not disclose. This characteristic explains the appearance of a second ETFSI abundance peak at
A=140 as well as the non-significant production of the heavier elements. A timescale larger than
r = 1 s is, indeed, required to synthesize the A 2 150 nuclei and in particular to obtain an

important accumulation of material at the A=182 peak.

When r-process paths are considered for larger 5%, the Z=50 ETFSI abundance peak tends
to feed lower A-elements, i.e. to widen and strengthen the N=82 peak. As a matter of fact, for a
large range of astrophysical parameters corresponding to 3 MeV < 59 < 6 MeV, the Z=50 waiting
point corresponds to the N =82 isotope. From the point of view of timescale, the Z=50 bottleneck
remains of great importance since it significantly slows down the progression of the ETFSI flow.
The synthesis of the A 2 150 elements is consequently affected and requires a much longer neutron

irradiation.

In summary, the calculation performed with the astrophysical conditions (Ty = 1, N, =
W*¥em—3andr =1 s) enables us to predict to some extent the effect of the adopted nuclear mass
model on the r-nuclei abundance distribution, in the framework of the canonical model. Two main
quantities related to the nuclear mass formula appear to have a decisive influence on the yield
:”:.f:urve: the shell effect and the contribution of the symmetry terms. A large shell correction as
We]l as a large symmetry term tend to move the r-process path closer to the valley of stability.
This shift has two main consequences on the abundance pattern. On the one hand its shifts the
"':._'.a.bundance peaks to higher A-value—the peaks can also be expected to become slightly wider at
their top and much sharper on the edges—while, on the other hand, it significantly increases the
time required to overcome the bottlenecks at the shell closures and therefore delays the synthesis

of the post-peak elements. The treatment of deformation is also of importance since it clearly
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| modifies the r-process path and can accidently lead to a significant underproduction of certain
. speciﬁc elements.

Two other characteristic sets of physical parameters, (Ty = 1.5, N, = 1022 cm ™3, 7 = 10s)
and (Te = 3, N, = 10 em™3, r = 45) have been studied in detail. The resulting abundance
distributions are displayed in Figs. 15 and 16, respectively for the two nuclear models considered.
These particular conditions, constraining the r-process paths to a region closer to the valley of

-:; stability (59 ~ 3MeV) are neither more nor less justified from an astrophysical point of view.
. Yet the latter parameter set is of interest since it has been previously considered (Kodoma and
Takahashi, 1975) to reproduce the solar abundance distribution of r-nuclei, by making use of the
Myers and Swiatecki (1966) droplet model mass formula. While for these particular conditions
the DM abundance curve of Fig. 16 appears to reproduce fairly well the position of the observed
abundance peaks, an agreement between the location of the ETFSI and observed peaks can hardly
be claimed. Figs. 15 and 16 clearly show the same characteristic features as Fig. 11. In particular,
the important shift of the first abundance peak can be seen. It should be noted that such modifica-
tions in the abundance distributions, as discussed previously are far from being of no consequence
from the astrophysical point of view. A shift in calculated abundance curves, especially for the
most abundant nuclei, can drastically affect the comparison with the observed data. Alternatively,
- fits to the observed abundances will constraint the parameter set in a domain which might strongly
differ from one nuclear model to the other. For example, it appears that the ETFSI §%-value which
would reproduce the DM abundance distribution might be smaller than the DM $%-value by as
_:_ much as 1 MeV. If a similar temperature T} is considered, then the appropriate N,, values given by
| €xpression (12) differ by («5[51—9) orders of magnitude depending on the adopted mass model, which

™ay be hard to reconcile with astrophysically realistic estimates for N,,.
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Figure 15. Same as Fig. 11 for the set of physical parameters Ty = 1.5, N,, = 10** cm ™3
(le. SY =3.1MeV)and 7 = 10s.
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1.4 Conclusion

This study of the r-process in the framework of the canonical model shows how important the
':' influence of the adopted nuclear mass model on the abundance distribution can be. The use of
two different mass formulae leads to significantly different predictions of the abundance curves.
Moreover, it appears very dangerous to draw conclusions from such r-process calculations about
the astrophysical conditions appropriate for explaining the observed solar system abundance dis-
tribution. It should be stressed that our purpose has not been to judge the quality of the nuclear
mass models, but rather to assess their impact on the prediction of the r-abundance curves. Yet
it can be concluded that previous r-process calculations using a droplet-type mass formula are of
doubtful reliahility. The use of two different droplet formulae leads to mass predictions which are
so different in the very meutron-rich region that drastic discrepancies between the r-abundance
distributions are obtained. As regards the microscopic ETFSI mass table, even if it seems to be

more reliable than the classical droplet-type formulae, it is not free of uncertainties when applied

to r-process calculations. In particular, the ETFSI prediction of neutron separation energies, as
well as (Jg-values, requires further improvements, mainly because of the too strong pairing force
- adopted (as emphasized by Pearson et al. (1991)). The uncertainties related to these quantities
.' strongly affect the r-abundance predictions. It would be of particular interest to compare the
_'I—abunda,nce distribution obtained with the ETFSI mass table with that obtained with the most
Tecent and sophisticated version of the macroscopic-microscopic approach, namely the finite range
- droplet model of Méller et al. (1988). Unfortunately, this last mass table is not available yet for
the whole neutron-rich region, so this discussion will have to be postponed to a later study.

In conclusion, the remaining uncertainties in the prediction of nuclear masses call for improve-
ments of the theoretical models as well as for new experimental data. It should be stressed that

- the chojce among available nuclear models can only be restricted through constraints coming from
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Part 11

Nuclear Level Density Calculation

I1.1 Introduction

11.1.1 The nuclear level density in the r-process calculations

As already emphasized in Part I, some nuclear properties like neutron capture cross-sections,
/3 half-lives,... are of fundamental importance in r-process calculations. As soon as the often
. unrealistic assumption of én (n,7)-(y,n) equilibrium is removed, a detailed knowledge of these
:_ nuclear properties, and in particular of the neutron capture cross-sections, is required. For the vast
: '.Inajority of nuclei along the r-process path no experimental information is available. Therefore,
to determine the neutron cross-sections use is generally made of the Hauser-Feshbach statistical
- model, at least for atomic numbers A 2 20, where in most cases a high density of excited states
in the compound nucleus at the bombarding energy assures the validity of the model. This model
.a,ssumes that for each angular momentum of the projectile, there exists a state in the compound
' nucleus at the bombarding energy with appropriate spin and parity (i.e. a high level density has
t_q be provided). The cross-section for the reaction :#(j, k)I* from the target state ¢* to the excited
sfate I of the final nucleus with centre of mass energy F;; and reduced mass p;; is then given by

"'_'._(e-g. Holmes et al., 1976)

2 TH(E, J,x, B, J¢ a8 YT (E, J,n, EV, JV ab)
Iy, N wh i sy Ly oy Ay k sefy iy Loy gy iy
o-ij (E“J) - Q}LUE K ZW(J) Ttot(E: J-.- 7!') (1)

g

- Where J denotes the spin, I the excitation energy and 7 the parity of excited statesin the compound
‘Muclens (no subscripts), in the target nucleus (subscript ¢) or the final nucleus (subscript ) and

w(J) = mg%(zﬂzwm is the spin degeneracy factor.
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The important ingredients for such calculations are the particle transmission coefficients and

the 7-transmission coefficients T, depending upon whether j and %k denote neutrons, protons,
-é;pha,s or photons. While experiments measure }-, o0 (E;;) summed over all excited states of the
final nucleus with the target in the ground state, target states p in an astrophysical plasma at
. gemperature T are thermally populated, so that the astrophysical cross-section o7y is given by
B

2J + 1)e KT ¥, 0" (Ey;
o5 (Big) = 2,2+ ) E,,E; (Eis) @)

"
Y27 +1)e KT

Such a summation leads to the use of the total transmission coefficients

TW(E, J,7) = iT,;’(E,f,vr,E}’,J,”,vrf’) L[ S TYUE, Jym, Bry Jiy m)p(Bry Jiym)dEr - (3)
v=0 B am

where S5} is the channel separation energy and the summation over excited states above the highest
" .experimenta]ly known state w is changed to an integration over the level density p.

- The quality of the theoretically predicted cross-sections is, therefore, determined both by the
 validity of the statistical model assumption and by the accuracy of the predicted transmission
coefficients and level densities.

As regards the reliability of the statistical model to evaluate the cross-sections, it has to
~be stressed that in many cases of neutron capture along the r-process path, the applicability of
statistical model calculations remains somewhat doubtful. Use of the statistical model restricts
:-'_é:bnSidera,tion to cases for which direct reactions or other non-compound nuclear processes are neg-
! iigible. Such an approximation is generally assumed to be valid if no neutron energies larger than
about 10 MeV are considered. This range includes almost all energies of astrophysical interest
: _'(10 MeV corresponds to a temperature in excess of approximately 101K). However, as already

-~ demonstrated by Mathews et al. (1983), some nuclei of great importance for the r-process nu-

- Cleosynthesis (those at shell closures N=82 and N=126—see Part I} disclose, during the neutron
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: i'lira)diation, a situation which is not observed in the nuclear physics of nuclei near the valley of
: b_stabi]it% i.e. neutron capture by nuclei with closed neutron shells and small (1-3 MeV) neutron
_;'b.inding energies. An example can be found in chapter 1.3, where in the case of a low equi-averaged-
:..neutron—separa,tion-energy 59 the r-process extends to regions close to the neutron drip line before
‘reaching the magic neutron bottlenecks. For example in the special case studied previously, for
:' a temperature 75 = 1 and a neutron density of 10**cm ™2, 135Pry56 appeared to be an important
‘waiting point for the structure of the final abundance peak at A ~ 185. Yet the drip line is situated
::.;),t the isotope *®Pr. In this situation, the level density may be so low that there might be no
'.'compound nuclear states available for the incident neutron. Neutron capture may then be ex-
_Epected to occur predominantly via direct electromagnetic transitions fo a bound final state rather
“than through a compound nuclear intermediary. The direct radiative capture contribution should,
:therefore, be included in the total neutron capture cross-section since, as shown by Mathews et al.
(1983), it can rapidly become comparable to, or even greater than, the statistical component when

- magic nuclei close to the neutron drip line are considered. However, the lack of currently available

‘models has meant that this contribution has been neglected in all nucleosynthesis studies.

Moreover, when use is made of the compound statistical model in order to evaluate the total
eutron capture cross-section, the reliability of the result is still subject to the requirement of a
'ﬁigh level density in the compound nucleus at the interaction energy of interest., This implies
_.l:z.a,t a minimum number of resonances must occur in the range of effective energies contributing
$0 the reaction. A rough estimate of this requirement is that pAE > 10 where p is the total
:- lé‘f'el density in the compound nucleus at the excitation energy of interest and AE is the range of
energies contributing to the reaction rate. In astrophysical sites in which the temperature exceeds
0 keV, this restriction limits consideration to nuclei with A > 70, even if some anomalous cases

f._n?a»r closed shells still give rise to problems, as discussed previously.
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It has been shown (e.g. Thielemann et al., 1986) that the reliability of the simple Hauser-

f‘eshbach calculation is rather high. Many statistical model calculations for astrophysical purposes
_ ila,ve been performed previously (Truran, 1972; Arnould, 1972; Holmes et al., 1976; Woosley et al.,
1987). However, these calculations still suffer from large uncertainties mainly associated with the
level density prediction. As shown by expression (3), the theoretical neutron capture cross-section
depends sensitively on the accuracy of the predicted transmission coefficients and level densities.
| The determination of the particle- and ~y-transmission coeflicients has been described in the above
_.ﬁ.mentioned references and will not be discussed in the present work.

One aim of this work is to improve the level density prediction which remains the weakest
::' point in the current procedures used in the evaluation of cross-sections as required in an r-process
calculation. The fundamental importance of the nuclear level density is not just restricted to the
“statistical estimate of the neutron capture cross-sections. Apart from our practical needs, the
. theoretical study of the nuclear level density also provides a fundamental insight into an important
_. average property of nuclei and how it is affected by the microscopic, i.e. shell-related, aspects of

nucleonic motion. (for a review, see Ericson, 1960).

'11.1.2 The nuclear level density models

Since Bethe’s pioneering work (Bethe, 1936) many studies have been devoted to the evaluation of

he nuclear level density. The so-called partition function method is by far the most widely used
- technique for calculating level densities, particularly in view of its ability to provide simple analyt-
: _l'tal formulae. In the simplest form of the analytical approximation, the level density is evaluated

for a gas of non-interacting fermions confined to the nuclear volume and having equally spaced

 energy levels. This model corresponds to the zeroth order approximation of a Fermi gas model
":_a.nd has the great advantage of offering a simple analytical expression for the nuclear level density.

Althoﬂgh the equidistant model expressions have been widely used because of their simplicity, the




pilysical model on which they are based is fairly unrealistic. In an attempt to improve or even
to achieve the agreement with experimental data, various phenomenological modifications to the
'_ c;riginal formulation have been suggested, in particular to allow for shell, pairing and deformation
c;ffectS. This led first, to the constant temperature formula, then to the popular shifted Fermi gas
model and later to the back-shifted Fermi gas model (Gilbert and Cameron, 1965; Huizenga and
Moretto, 1972). However, drastic approximations are usually made in deriving such level density
formulae and often their shortcomings in matching experimentally known data are overcome by
émpirical parameter adjustments. In some cases, it appears that it is not possible to reconcile
.1.;heory and experiment even with phenomenological corrections. In such conditions, the question
Qf the reliability of these methods is bound to arise when dealing with nuclei far from the stability
__f'_]'jne. It is our opinion that all analytical procedures proposed so far, are rather untrustworthy

and should be greatly improved before being applied to the experimentally unknown region of the

Several of the approximations used to obtain level density expressions in an analytical form
can be avoided by quantitatively taking into account the discrete structure of the single-particle
“spectra associated with realistic average potentials. This approach describes in a natural way, the
~adopted shell structure of the nucleus and can take pairing effects into account more properly.
'- :A_lthough calculations performed in this framework have achieved some success in reproducing
:'e._J.CPerimentai data, they are not free from difficulties and uncertainties. First, they require detailed
: _S:hell model calculations for all nuclei, resulting in a lengthy computational exercise. Although this
.’.éﬁmputational work is not a practical constraint—it can be done rapidly and there are numerous
ingle-particle level schemes currently available in the literature—this has so far been the main
‘Teason for neglecting this approach. Nevertheless, even if this numerical approach of the statistical

Mode] Tepresents an exact result, relative to the approximated analytical formulae, it strongly
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depends on the choice of the adopted potential. As described in Chapter 11.2, the crucial quantity
on which the calculated level density depends is the single-particle level density in the vicinity of
the Fermi energy. This is, however, not a quantity which is reliably adjusted in any shell model
calculation. A normalization procedure is required to ensure the consistency between the shell-
independent part of the calculated level density and its shell-dependent part. In the absence of
such a normalization, the calculated level densities from different single-particle level schemes are
expected to be significantly different (Behkami and Huizenga, 1973; Dgssing and Jensen, 1974).
Moreover, these calculations of level densities are carried out in the independent particle model
approximation. Level density calculations performed with an effective potential generated by
two body interactions show a significantly different energy dependence to those obtained in the

independent particle approximation (French and Ratcliff, 1971; Arnould and Tondeur, 1981).

Very long and cumbersome calculations are also required in the combinatorial model of the
level density discussed by Hillman and Grover (1969} and Ford {1978). French and Ratcliff (1971)
developed the method of spectral distributions in which the lowest moments of the eigenvalue
distribution are calculated from averages and moments of the appropriate operators. This method
has the advantage of being able to include sophisticated residual interactions, but remains limited
to low excitation energies and low mass nuclei. As for the combinatorial method, the spectral
distribution method is of no practical use for astrophysical applications, because of the enormous
computer time required. Indeed, one of the major problems encountered in nuclear astrophysics is
to find some sort of compromise between the requirements of accuracy and of usahility, the latter
being of particular significance in problems implying the simultaneous theoretical evaluation of a
gEreat number of unmeasured nuclear reaction cross-sections, sometimes thousands of them, as is
the case in r-process nucleosynthesis calculations. However, we should stress at this point, that

such models remain of great value when highly reliable results are required and more particularly
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_t"") pucleocosmochronological calculations (Arnould and Takahashi, 1990).

The remaining problems encountered by the numerical approximations of the statistical model
and the inadequacy of the combinatorial and spectral distribution methods to satisfy astrophysical
requirements are such that an improvement in the analytical approximation to the statistical ;}}odel
is necessary. As a matter of fact, most statistical models of nuclear reactions make use of the back-
.s..hifted Fermi gas formula to describe the nuclear level density. However, this treatment remains
'..phenomenological and is far from being reliable especially when experimentally unknown nuclei
é;fe considered. Even for known nuclei, the requirement of fitting experimental data, mainly the
.s-neutron resonance spacings at an excitation energy close to the neutron separation energy, does
5 ﬁot at all ensure the correct energy dependence of the predicted level density. This situation
..J."ésults essentially from the improper treatment of the energy dependence of the shell and pairing

corrections.

In order to introduce the shell effect on the nuclear level density in a non-phenomenological
'way, we have started by removing the equidistant spacing approximation and by substituting more
téalistic shell model approximations for it. Even in the continuous single-particle spectrum approx-
.i_m&tion, it is difficult to keep in an analytical form the exact characteristics of the single-particle
1@'\?’&1 density, if known, because of the numerous integrations needed to evaluate the thermody-
.ﬁ;mical quantities. Therefore, we have developed new methods in order to ensure a description
bf:-' the shell effect on the thermodynamic quantities that is as exhaustive as possible. These ‘cal—
:.C..lz.ﬂ&tions for the total level density will be developed in Chapter I1.2 after a description of the
:_S:émi-cla.ssical approximation to the single-particle level density. As shown by expression (3), the
é‘_iuantity of importance in the statistical model of nuclear reactions corresponds to the spin- and
P_a"ritY-dependent level density. Since the angular momentum plays an essential role, in particu-

lar, in the analysis of the compound nuclear reactions and in the comparison of theoretical level
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“densities with experimental data, the density of nuclear levels with a given value of the angular
* momentum must be determined in an accurate way. In Chapter I1.3, a generalization of the pre-
vious results will, therefore, be presented to take the spin dependence of the nuclear level density
. into accéunt. For both, the total as well as the spin-dependent level densities, the results will
be compared with the exact numerical evaluation, based on a discrete single-particle level scheme
" derived from a Woods-Saxon potential.
To introduce the pairing correlation, analytical expressions for the nuclear level density will be
derived from the BCS formulation. It is shown in Chapter I1.4 how in a very simple and accurate
_f way the pairing interaction can be introduced into the previously derivg\d formulae, without making
new assumptions at the expense of the shell structure description. For such a purpose, a new model
-_: of the average neutron and proton pairing gaps taking the shell structure into account is proposed.
The resulting level density formula, as well as the semi-classical approximation to the level
. density parameters, will be compared to experimental data in Chapter IL.5. To prove the reﬁabiﬁty
“of the adopted semi-classical shell description, a new ground-state shell correction energy will be
:formula,ted and fitted to experimental masses. Similarly, a new analytical expression for the pairing
“gap will be given and fitted to reproduce the experimental odd-even mass differences. Finally, the
: éompa.rison of our theoretical level density formula with experimental data, mainly the s-neutron

Tesonance spacings, will be discussed.




I1.2 The total nuclear level density and

the shell effect

"' 11.2.1 The statistical description of the nucleus

" Let us consider a system of A non-interacting fermions with total energy E. The particles occupy
‘the single particle states ¢, of an average potential. In the independent-particle approximation,

‘we can write

A= Z Tg | (4)
E= Zssns (5)

Where ns are the occupation numbers of the single particle states s, i.e. 0 or 1 for a system of
fermions.
Because of the additive nature of these relations, it is convenient to introduce the grand

-partition function containing all the statistical properties of the system:

Z(a,8) = HOB) = 3 exp(ad’ - E)

ALE

(6)
-y / p(A', ENexp(ad — BE")IE’
AJ

‘where the sum over E' has been replaced by an integral, allowing for the introduction of the con-

tinuous weighting function p(A’, E'), identified with the level density of the system. As described

by expression (6), p(A', E) is the inverse Laplace transform of the partition function Z(a, 8):

pa )= (L) [ [ 2o pesa(-t + pEydods ¢

—100

This integration can be performed approximately by the method of steepest descent (Bohr and

MOttelson, 1969). The integrand being a rapidly varying function of @ and 4, the main contribution
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15;0 the integral comes from a small region around the saddle point (@g,3;), where the integrand is

stationary and defined by the relations

A= +—39g1’ﬂ) (8)
@ ag,80
oMU, 3)

E=-—1 9
aﬂ oo,f0 ( )

The level density is then given by
AE es(acnﬁo) "
p(AE) = 21D : (10)

where

S{o,80) = M ag,Bo) — 0N + So (11)

" is known to represent the nuclear entropy of the system. The independent variables ap and 3, are
also related to the familiar thermodynamical variables T and g by the relations 89 = 1/T and
oo = Boplg, where T is the thermodynamic temperature and p, the chemical potential.

The factor D corresponds to the 2 X 2 determinant of the second derivatives of £} with respect

to the Lagrange multipliers ag and g

920 920
a2 dad
p=| 50 e (12)

0B0a 0B lazwo,p=p0

Thus, the level density can be obtained if the function Q is known as a function of § and p (or a).

COmbining expressions (4), (5) and (6), we get
Qu,B) = Zhl[l +eﬂ(‘””53)] (13)

- The above formulation of the level density problem can easily be generalized for two components,
- Protons and neutrons, in nuclei by introducing the Lagrange multipliers o, and o, to be determined

: by specifying the number of neutrons, protons and the energy of the nucleus. Since the proton




— 52

and neutron contributions to the thermodynamic quantities are additive, we will just refer for the
corresponding equations, to reviews such as Gilbert and Cameron (1965) or Huizenga and Moretto
(1972).

In this statistical approach of nuclear level density, nuclear structure enters only through the
single-particle level states £,. They are distributed according to a distribution function g(¢) which

can be written in terms of §-functions as

g(e) = E 6(e ~25) (14)

The introduction of the distribution function g(e) enables us to rewrite the saddle point equations
(8) and (9) as well as the entropy expression (10) in a way more suitable for describing degenerate

systems (Ericson, 1958):

® 1
A =/0 G e s L (15)

U=~ |t — )+ gla e (146705 (16)
=~ /SF 9(e) (o —e)de + /0 [g{po — &) + g(po + )] Hﬁds (164)
S = (1 - /305%0—> fo [9(0 — €) + g(to + &) In (1 + e—ﬁOE) de (17a)
= fom [9(40 — €) + g(pa + €)] []Jl (1 + e—ﬁoe) + ﬁ} de (17)

where I/ = E — E, defines the excitation energy of the system. Introducing the Fermi energy ¢p,

we can express the total number of particles A and the total ground state energy E, as

A= fEF gle) de
e (18)
E,= f £ g(e) de

The energy scale used here is such that £, > 0 for all states s so that g(¢) = 0 for ¢ < 0. These
eXpressions have been written in a form which particularly stresses the properties of a degenerate

System of independent Fermions, namely to be completely specified by the excitation energy U and
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by the distribution function g(c) in a close energy interval (of width ~ 1/8,) around the chemical
potential. (The chemical potential usually does not deviate appreciably from the Fermi energy, at

least at low temperatures).

This very interesting property originally gave rise to the analytical approximation of the
nuclear level density. An analytical expression for the total level density can be derived if g(c) as
given by expression {(14) is replaced by a mathematically more suitable function, i.e. a continuous
function. This continuous-spectrum approximation is well adapted for treating degenerate systems,
but it is not very suitable for investigating the limitations on the system due to the finiteness of
the number of particles. For example, expressions (15) and (18) require the complete knowledge
of the distribution function on the whole energy range [0,£r] and will, consequently, be described
by the continuous-spectrum approximation in a relatively poor way. Although the level density of
the system can now be described without making use of the expressions (15) and (18), they come
into play when level densities need to be expressed as a function of the particle number A (instead

of the Fermi energy).

The above formulation originally led to the very simple model, in which the one-Fermion levels
are assumed to be equally spaced and non-degenerate. This model corresponds to the zeroth order
approximation of a Fermi gas model as introduced by Bethe in 1936. In this equidistant spacing
approximation a remarkably simple expression for the level density can be obtained. However,
this widely used model gives relatively crude results, especially at low excitation energy and for
systems which have anomalies in the spacing near the Fermi energy, as can be expected from a

more realistic system of nucleons.

It has long been recognized that odd-even and shell effects in actual nuclei give level densities
which are very different from the predictions of the simple Bethe formula. In order to partially

Temove some discrepancies, many phenomenological modifications of the original formula have been
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suggested. In particular, to account for the odd-even effects, a pairing energy has been subtracted
from the excitation energy, leading to the shifted Fermi gas model (Newton, 1956). To include
shell effects, the constant temperature formula has been proposed. Later a composite level density
using the constant temperature model at low energy and a back-shifted Fermi gas model '(Which
in contrast to the shifted Fermi gas model treats the energy shift as a free parameter to account
for both shell and pairing effects) at higher energies appeared to be successful in reproducing the
neutron resonance data (Gilbert and Cameron, 1965). Improvements of the Fermi gas formula
have been attempted by intreducing into the above expressions more realistic single-particle level
densities, i.e. by removing the equidistanf spacing approximation (Ericson, 1956; Kataria et al.,
1978; Jensen and Sandberg, 1978). However, they reduced the shell effect in the distribution
function to a simple periodic function, corresponding to the first term of a Fourier expansion.
Such a procedure remains obscure in many respects. The adopted single-particle level density is
purely phenomenological and, therefore, cannot be related to physical quantities or even be justified
on grounds of nuclear properties. Moreover, in order to carry out integrations (16) and (17) with
these more complex sets of single particle levels, use is made of methods, as developed by Bloch
(1954), which in our opinion are not adequate to describe the temperature dependence of the shell
contribution to thermodynamic quantitigs. These methods are based on a power series expansion
of the single-particle level density, and have the disadvantage of smoothing out the rapidly varying
“behaviour of the oscillating contribution and reducing the effects of shell structure into a simple

- constant energy shift.

Therefore, we have undertaken the removal of the discrepancies related to this phenomeno-
logical treatment of the single-particle level density and the improvement of the methods to deal
with these more complex Tunctions. It should be pointed out that the adopted point of view is

significantly different from the one generally adopted in previous studies. The idea is to describe
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| accurately the single-particle level density and to deduce the thermodynamic quantities without
:.- adversely affecting the characteristics of the adopted single-particle level density. Such an ap-
: proach requires the single-particle level density to be expressed in both a realistic and a éuitable
. way. A compromise between these two requirements can be found for an infinite square well po-
tential, as shown in Section IL1.2.2. Integrations (16) and (17) can then be conducted following
._: some assumptions and the thermodynamic quantities can be determined (Section 11.2.3). A final
comparison with the exact numerical evaluation derived from a Woods-Saxon type single-particle

scheme emphasizes the predictive power of this approach (Section 11.2.4).
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. I1.2.2 The semi-classical approximation to the single-particle level density

The semi-classical methods constitute one of the three classes of approximation (with the pertur-
pation technigues and the variational methods) commonly used in quantum mechanics. In this
particular approximation, the behaviour of wave functions, energy levels, phase shifts, etc. are
studied and analytically described in the limiting case where Planck’s constant k is small in com-
parison with the action functions occurring in the corresponding classical problem. Therefore,
the quantum-mechanical quantities are expressed in a power series in % whose first terms are the
values of the quantities according to classical mechanics. However, the resulting formulae are often
analytically quite complicated, but they have the great merit of describing almost all the physics,
and as a numerical approximation they are often surprisingly accurate (for a review, see Berry and
Mount, 1972).

In the semi-classical approximation, the density of eigenvalues is not evaluated by direct
counting of eigenstates, but through the construction of the Green function for the equation studied.
The distribution of eigenfrequencies can be expressed (Gutzwiller, 1967} by

g(e) =D 8(e —2n)

- (19)

= —%Im/G(r’,r,a) dr

rf sy

where G(r’,r,¢) is the energy-dependent Green function of the problem and ¢, the eigenvalues.
The above approach can lead to an analytical expression of the single-particle level density, if the
Schrodinger equation of the independent particle model is considered. Using a time-independent
Green function method involving a multiple expansion, Balian and Bloch {1970) expressed the
distribution of eigenvalues of the wave function in terms of power expansion in kV1/3 (where
k= \/?R—T_s is the wave number and V the cavity volume} in the case of the wave equation with

generalized Neumann-Dirichlet boundary conditions.
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In the same manner, Balian and Bloch (1972) used the semi-classical methods to give the first

consistent theoretical explanation of the concentrations of levels in regularly distributed bunches.

Based on the quasi-classical solution of the problem of the distribution of eigenfrequencies in a
cavity of arbitrary form, they applied their theory to an infinite spherical potential. The first

results for the wave equation, based on the concept of multiple reflection for the Green’s function

of a problem with reflecting walls, were then extended to the general case of the Schrédinger
equation (Balian and Bloch, 1974; Strutinsky and Magner, 1976). The general quasi-classical ’
solution of the problem was obtained in the framework of the stationary phase method, from the

Feynman path integral for the propagator, from which the Green function is obtained by a simple

Fourier transformation.

The main conclusion of the above studies is that the level bunching in the single-particle
% gpectra is a result of a specific quantization of the single-particle motion along the stationary
classical orbits in the closed volume of the many-dimensional potential well. This result can be
understood through the density expression as described by equation (19). Since g(¢) depends on
G(r',r,e) when r' — r, the semi-classical density of states depends only on the classical paths

which start and end at the same point r. There are two types of paths :

- (a) paths of zero length corresponding to ¥/ = r. This non-trivial case leads to the Thomas-
Fermi formula i.e. the smooth contribution §(e) to the total single-particle level density. It

corresponds to the first term of a formal series expansion of g(¢) in powers of k.

(b) looped paths which involve an excursion away from the point r before returning. These paths
give rise to the oscillatory contribution g¢,s;.(¢) to the single-particle level density. It can
be shown that the main contribution to the looped paths is obtained when the system has
the same momenta, as well as the same coordinates at both ends of its trajectory. This is

the condition of periodic motion. All other kinds of non-closed looping paths give negligible
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contribution to the integration (19) because of destructive interferences. On the other hand,
each periodic orbit contributes an infinite number of terms to g,..{&), corresponding to returns
to r after different numbers of traversal (in both directions). It is the interference between
the waves making these successive circuits that gives rise to sets of quantized energy levels.
In turn, the level bunching in the single-particle spectra (i.e. the shell structure) is a result of
this specific quantization. It can be interpreted as being a generalization to the case of many-
dimensional periodic motion of the familiar Bohr-Sommerfeld one-dimensjonal quantization
rule. In the many-dimensional case the level density is quantized in a manner analogous to the
Bohr-Sommerfeld rule with the action integral evaluated for periodic paths in the potential

well.

In the general iterative expansion for the single-particle Green’s function, the Thomas-Fermi con-
tribution Gp, corresponding to the shortest classical paths between the point r and r/, must be
the principal term of the iterative series in the classical limit. However, the terms of the series
associated with more complicated paths, with one or more reflection points, contain a contribution
of at least the same order in % as Gy. For a Hamiltonian of high symmetry, this contribution to
the Green’s function may even be of lower order in % than the Thomas-Fermi component.

The eigenvalue density finally takes the form (Balian and Bloch, 1974)
g9(e) = 3(€) + ose(e)
. 1 S (20)
= gle) + pre} Ea:[mAa exp(t—ﬁ—)
where the summation in the oscillating function g,s.(c) is carried over all closed periodic trajec-

- tories a; S, is the stationary value of the action along the closed path and A, the corresponding

amplitude.

(i) the smooth contribution to the single-particle level density

The semi-classical approach is well suited to study the smooth contribution () to the total
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density. As a matter of fact, the smooth (or macroscopic) behaviour of the density depends only
upon integrated local geometric properties of the boundary surface: the volume V, the surface S,
the integral of the main curvature C, etc. Expressed as a power series in kV'/3, the two leading
terms, known as the volume and surface terms, correspond to the bulk variation of the level density
and are, therefore, of fundamental importance when the continuous-spectrum approximation is
used. The smooth contribution to the single-particle level density has been the subject of many
controversies (Kataria and Ramamurthy, 1980; Téke and Swiatecki, 1981; Ramamurthy et al.,
1983; Handloser and Stocker, 1985). More particularly the sign of the surface term, as well as its
relative contribution, remain entirely unknown.

In the case of a Woods-Saxon potential of volume V, surface area S, depth V5 and diffuseness

a, an analytical expression g(¢) can be derived (see Appendix A) and is given by:
g(e) = gv(e) + gsle)

D 2m* 2m* T (21)

where m* is the effective nucleonic mass and D is the degeneracy factor taking the spin (D = 2)
or the spin and isospin (D = 4) degeneracy into account. The phase shift Sy s(¢) is a more or less

complicated function of £, a and Vj

o0 o0
— £ - nga\/g - koa.\/f_:
§ =tan~!,/ ~ 3 tan™ =22 42 " tan ™! 22
WS(E) an Vo—¢ £ an ” + pa an n_{_koam ( )

with ko = 2%1;

As shown in Fig. Al (see Appendix A), the surface contribution can be reduced to a monotonic
increasing function of the energy ¢, almost independent of the diffuseness parameter a (because of
the small range of values considered) and slightly varying with the potential depth Vp. It is worth
noting that the Woods-Saxon shape of the potential well influences the single-particle level density
only through the surface correction and that the volume term remains identical to the one derived

for an infinite square well potential.
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As shown by expressions (16) and (17), the statistical approach requires the knowledge of j(e)
for all energies € > 0. This raises the question of the role of the unbound levels for the state density
of a nuclens. The Woods-Saxon potential, as a finite depth well, has no bound levels above the
particle binding energies. Although the main contribution to the thermodynamic quantities comes
from a narrow energy range around the Fermi energy, the influence of the unbound levels on the
nuclear level density remains uncertain, especially for nuclei with low nucleonic binding energy. In
the level density of a compound nucleus, the phase space at high single-particle energies inside the
nucleus is involved. For a thermally equilibrated nucleus to exist, the particles with energies higher
than the binding energy also have to be considered as being confined to the volume of the nucleus
by interactions with the other nucleons. The concept of the compound nucleus holds only as long
as the probability for the nucleon’s leaving the nucleus as a free particle is much smaller than the
probability of its staying inside the nucleus. Schmidt et al. (1982) show that the single-particle
level density in the continuum increases in a similar manner to that in an infinite box, so that we
can also expect expression (21) to describe, in a fairly reliable way, the behaviour of g(¢) in the
continuum. It can be seen in Fig. A3 (see Appendix A) that expression (21) reproduces fairly well

the exact Woods-Saxon result, even at high energies where the unbound levels appear.

(i1} the oscillating contribution to the single-particle level density

In contrast to the smooth gross behaviour of the level density, shell effects appear as oscillations in
the eigenvalue density, which depend in a complicated way on the shape of the boundary surface
as a whole. Therefore, the semi-classical approach can be expected to give rise to complicated
expressions of the oscillation correction g.s.{¢), in the case of realistic potential, like the Woods-
Saxon potential, even for spherical nuclei. Such a description of the shell structure is not suitable
for determining the thermodynamic quantities involved in the statistical model of nuclear level

densities and fails to give an accurate quantitative estimation of the subsequent shell effect.
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However, the special case of the infinite square well potential represents a compromise between
a realistic description of the nuclear shell structure and the ease with which it can be expressed
analytically, as required in the framework of the statistical model. In this case, the Schrédinger
equation is reduced to the wave equation, the quasi-classical solutions of which are now well known
(see Appendix A). In particular, the periodic orbits are given by simple polygons (Fig. A4), each

of them giving rise to a non-negligible contribution to the oscillating level density

Gose(e) = D _ Y go(p,1,¢)

t=1 p=2i (23)
= 3 aulp, ) sin [0, 02 + K(p, 0] + 3 91(p,0) sin [92(p, )62
p>2t p=2t

where the two integers (p,t) characterize the periodic orbits, as shown in Fig. A4. Full details
about the amplitudes g;(p,t), frequencies g2(p,?) and phases K'(p,t) can be found in Appendix A.
It is the constructive interferences between the different polygonal contributions that produce the
gross oscillations around the bunching of eigenvalues. As can be seen in Fig. A5 (see Appendix
A), the semi-classical approximation (23}, instead of predicting positions of specific eigenvalues,
now determines the distribution of maxima of the level density.

It could be argued that the description of the two single-particle level density contributions
derived from two different potential models {the Woods-Saxon for the smooth part and the infinite
square well for the oscillating correction) do not constitute a consistent approach. Yet it should
be remembered that this choice is a consequence of the compromise between a realistic description
of the single-particle spectrum and the usability of such a description for our purposes. Moreover,
the above treatment has the advantage of being based on physical grounds and provides a much
clearer understanding of the effect of the nucleonic motions on the total state density. A general
parametrization of the final nuclear level density can be considered reliable, not only if it gives
good fit to experimental data, but also if it is supported by a sound theoretical base, in contrast

to purely empirical formulations. This statement is of particular importance when extrapolations
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from experimentally known domains are concerned. It will be shown (see Chapter I1.5) how from
such simple models, a more realistic description of the nuclear shell structure (especially taking

the spin-orbit potential, i.e. the exact magic numbers into account) can be derived.
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11.2.3 Determination of the thermodynamic quantities

[n order to extract analytical expressions for the entropy § and the excitation energy U, as well as
to maintain the physical features of the single-particle level density, we have chosen to carry out
the integrals (16a) and (17a) by approximating the integrand functions instead of expanding the
single-particle level density in a power series, as has been done previously. It is shown in Fig. 1

that the universal function
y(z) = —ln (1 + e—m) (24)

can be well reproduced in the domain z > 0 by the mathematically more saitable function
Ya(a) = e~/ % (25)

where o, = -ﬁ";% has been determined to obtain the same area between the curve and the axis,
i.e. such that the leading terms of § and U are evaluated exactly. However, the derivative of
y(z) is slightly underestimated by the derivative of y,(z) in the vicinity of z = 0, so that some
discrepancies can be expected if the quantities calculated with the above approximation mainly
depend on the derivative of y(z) around z = 0.

If we assume that, in the range of temperatures of interest in nuclear reaction analysis, the
effect of the weak temperature dependence of the chemical potential up on the calculation of the
entropy and excitation energy is negligible, pp can be treated as energy-independent in expressions
(16) and (17). The lengthy but straightforward integrations, under the assumption 7' < o then

lead to the following analytical expressions

o 1/4 . 1/2
8§ = 20§(u0)T + ;}2; 20 gijip’ sin(gapy’” + K) T 1+ 72T2)
‘,Ysz

M cos(gapg’* + K) T T+ T2 (26)

p>2i

. 1/2 1
+ p;tQCf gisin(gapy’” + K) T (T‘;W
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Figure 1. Comparison of the function y(z) defined by expression (24) in the text with the
approximate function y,(z) given by expression (25).
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Figure 2. Comparison of the function F(z) given by expression (35) with the two ap-
proximations F,(z) and Fy{z) defined, respectively, by expressions (36) and (37) in the
text.
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_ . 2 - 1— 372
U = ag(po)T? + Z o 91#(1)/4 Sm(QZMI)/ + K) T? 1+ 2T2)2
p>2i
2 3— v T2)’Y
+ g;t 91#0 COS(QZIU’O +K)T 1+ 7§T2)3 (27)
22
: 1/2 3 Y2l
o g8 +K)T° ———
+p§2t m 11'1(.92#0 ) (1 +722T2)2
where a = 20,102 = %2 and v3 = %— ggj{—}g, which is temperature-independent.
0

These analytical expressions show the characteristic features of the equidistant spacing model,

namely

7[.2
S ~ _3_9(’1,0)1" (280.)

2
.
U~ —9(ka )T (28b)

However, the introduction of an oscillation contribution to the single-particle level density leads
directly to a shell correction to the entropy, and to the excitation energy, which is far from being
negligible at low temperatures. Moreover, these formulae agree with the commonly accepted idea
| that the shell effect disappears at high excitation energies. Within the limit of high temperature

 we can write

2
F/
8§~ 5 g(po)T (29a)
rt g
U~ Fg(ﬂg)T 14 (29b)
where the quantity 2

Tq 1 {(30) !
¢ K ;
Sy — 90(pst, o) cot{gapig’” + K) :

:WE 2 90(1)1 11”’0)"'_2

p>2t p>2t

turns out to be the difference between the excitation energy of an equivalent Fermi gas nucleus (i.e.
Wwithout shell effects) and that of the actual nucleus in the asymptotic limit of high temperatures.

ThEIGfore, the quantity éW can be associated with the ground state shell correction energy. Yet




it should be noticed that the calculation of the excitation energy for high temperature raises some
problems, since it strongly depends on the variation of the function y around the Fermi energy, i.e.
on the derivative of y(z) around = = 0. A more accurate evaluation shows that expression (30)
overestimates the shell correction by a factor of 7% /(602) ~ 1.18. This problem is of no consequence
as long as 6W is considered as a parameter. However, if §W is extracted from another expression
than approximation (30), this correction factor has to be considered in the evaluation of the entropy
and excitation energy.

On the other hand, if we assume that the parameter v, is almost independent of the orbit

type, we can approach 5 and U by the expressions

S=2aT+2y6W,  Tiagtew, 2L g (31)
=28 T4 29A (g T+ 29Ws oy
_ 1-— ’)/2T2 (3 _ 72T2)72T2
— 2 2 W- 2 2 W 2

with & = %2 §(p0). This approximation can be made, since the main contribution to the summation

in expressions (26} and (27) comes from the first band ({=1) of polygons, which are characterized
by a fairly constant value of ;, defined as v (see Appendix A). The ¢ > 1 bands can be omitted
since their amplitude values g; will be smaller and their frequency g will be larger, leading to
a much weaker contribution in expressions (26) and (27). Moreover, it will be demonstrated
(see Section I1.5.1) that a more realistic description of the shell effects, based on the semi-classical
approximation (30), leads to the consideration of a fairly constant frequency §,, independent of the
..: contributing orbit type, so that the assumption of the constancy of 4 over the different contributing
orbits appears to be confirmed.

To describe the shell effects on the entropy, it is convenient to introduce in the usual way the

temperature-dependent level density parameter
o(T) = 8(T)/2T

|, o L, W 21 (33)
3 (7T a7 (14 77

=1




Expression (33) shows how the shell correction affects the smooth value of the level density param-
eter @ at low temperatures. Depending on the sign of the ground state shell correction energies,
a(7") will either be larger or smaller than its asymptotic value d. Before estimating the quantitative
influence of the shell term on the total entropy, it should be recalled that the state density (10)
is an exponential function of the a(1')-parameter, so that a small modification of @ can lead to a
drastic effect on the nuclear level density. This property of the state density lies behind the great
difficulties associated with the derivation of a reliable expression for the level density. If the state
density dépeuds mainly on the single-particle level density evaluated at the Fermi energy, it also
requires a very accurate knowledge of that quantity. As a result studies have so far failed to relate
the a-parameter to an analytical approximation of g(uq).

The critical temaperature at which the shell effects disappear is

h

[ %)

1
Y orb

Ty = (34)

where 7., corresponds to the mean period of revolution of the particle along the orbits (p,¢). This
result agrees closely with the evaluation of T, by Strutinsky and Magner (1976). For T > Typ,
the oscillating component of the entropy rapidly vanishes according to equation (31).

In order to test the validity of the approximations used to derive the T-dependence of the
oscillating contribution to the entropy, we have re-evaluated S(T') making use of an alternative

approximating function in expression (16b). In this new approximation the universal even function

F(z) = y(z) - xg%(wi)

, (35)
_ -7 z
=i [1n(1+e )+1+em]

is replaced no longer by
Fo(z) = ya(2) — zy,(z)

— T/, (1 N 3) (36)
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as previously but by a simple Gaussian function
2
Fy(z) = e~ (2/w) (37)

where w = 57‘23171*2“ has been determined in a similar way to o,. These curves, displayed in Fig. 2,
show the interesting feature of being the upper or lower bounds (depending on the z-domain) to
the exact function F(z). the function F,(z) has the disadvantage of underestimating F(z) for low
z-values (z < 3), so that a slight underestimate of S(7’) can be expected at low temperatures. If
Fy(z) is used to evaluate the entropy, an upper bound of S(7T) in the corresponding temperature
range can be obtained . Similarly a lower bound of S(T') at high temperatures can also be estimated.

Integration (17b) has been carried out and related to the first expression of S{T) as given by
equation (26), by introducing the same parameters and in particular the same definition of the
ground state shell correction energies (30). Assuming, as previously, that the parameter , remains
approximately constant (and equal to v) along the different contributing orbits, we are led to the

new analytical expression
4 o ' 4 22
= 2 -7 2 4 o2
S=2aT+2vWy Te +276W2T;~7Te s (38)
As expected, the smooth contribution to the entropy is identical in both evaluations. It corresponds

to the zeroth order term which only depends on the total area of the integrand curve. To compare

the shell term in expression (31) and (38), the shell damping functions, defined by

1 2

a b o

S0 = gy s)(r)=e T (39)
4

(a) 2r? ®) 4 5 R

83 (T) = (1+r2)3 s () = - e 7 (40)

(with r = yT') are shown in Fig. 3. The main oscillating contribution clearly appears to be due
to the §W, term and to disappear quickly at temperatures T > Ty (ie. 7 > 1). This second

approximation (38) allows us to be quite confident about the accuracy of the proposed oscillating
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Figure 3. Comparison of the shell damping functions obtained with the approximate
functions F,(z) and Fy(z). The upper part corresponds to the shell damping functions
in the §W; contribution to the entropy and the lower part to the functions in the 6W;
contribution. The curves are plotted as a function of the reduced temperature 7 = 4T,
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contribution to S(T), since the exact damping function s;1(7) (s2(7)) is now known to lie between
the two approximations .sg”’) and sgb) (sga) and sgb)) and is, therefore, believed to be reproduced
within a few percent by both approximations. Moreover, the error associated with this uncertainty
on the damping function remains much smaller than that involved in the determination of the
energies 6W7 and §W; (see Section I1.5.1}. We have chosen the first approximation to describe the
s;(7) functions (¢=1,2). This approximation has the advantage of making it easier to determine
the relation U(T') as given by expression (32). Also its asymptotic behaviour at high temperatures
~ is more reliable because of the identical z-dependence of the two functions F'(z) and F,(z) for high
z-values, while the more rapidly decreasing function Fy(z) « e“"“72 leads to a too fast cancellation
of the shell effects at high temperatures.

The quantitative influence of the shell term on the total entropy will obviously depend upon
the magnitude of the energies §WW; and §W,. The total ground-state shell correction energy éW
is defined as the sum of these two terms (positive or negative), as given by expression (30). It can
" be proved that §W can be obtained by different, but essentially equivalent ways. In particular,
. Das Gupta and Rhadakant (1974) have already emphasized that any pair of variables can be used
1o estimate §W. We have verified this statement by calculating the ground state shell correction
energy through

oo ~
SW = /0 |$(T) - 3(7)] ar (41)
where § (T) is the asymptotic expression of the total entropy S(T°) for very high temperatures,
" Where the shell structure of the single-particle spectrum is vanishing. Another equivalent repre-

- sentation of the shell energy correction can be found in the expression (Brack et al., 1972)
He
oW = (& — 1o) gosc(€) de (42)
0

- Which leads this time to a §W, contribution larger by a factor of 4, relative to expressions (30) and

(41). Expression (42) also confirms the overestimate of expression (30) by the factor of 7% /(642).
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It can be seen from expression (30) that the amplitude of the §W; energy is smaller than §W; by
- a factor of 2—“6"—;Q = g ,u(l]/ ?, which could justify the total neglect of the éW5 terms in expressions
(31) and (32). However, its magnitude relative to the §W; contribution, as given by equation (30},
may have been underestimated. The technique used for the evaluation of §W; approximates the
function y(z) by a simpler exponential function y,(z). It can be proved that such an approximation
leads to an underestimation of the second order terms. In this case, the §W; contribution may be
more important than suggested by expression (30) and as confirmed by expression (42). Moreover,
:j' at high temperatures (T' > T), the s; damping function becomes relatively more important thaun

~the s function. Therefore, we have not neglected a priori the §Ws contribution.

If we introduce the 7-dependent shell correction energy of the nucleus, § E(T), expression (27}

_ 72T2

1
dE(T) = §W, [1 + W ¥

33— 2T2
2T2} | 6W2 [1 -+ (:l'—_l_“’ylzi;i—)g (’YZTZ)Z] (43)

:It is of interest to see that the shell correction §E(7") tends to disappear at high temperatures,
;'.but not in a monotonic way. At low temperatures, §E(T)/6W; increases with T before vanishing
ompletely at very high temperatures (see Fig. 4). For closed-shell configuration (corresponding to
“astrongly negative value for 8W), an even higher stability (i.e. a decrease of § E(T) or an increase of
. E(T)/6W1) might be found at a low temperatures. As already pointed out by Bohr and Mottelson
:';'(1975), this initial decrease of §E(T) as a function of T, reflects the reduced single-particle level
:énsity in the neighbourhood of the Fermi energy for the closed-shell configuration. For a given

‘temperature , the excitation energy is proportional to the number of elementary excitations with

energies of order 7' (Ericson, 1960), so that the total energy E(T) = E(T) + §E(T) increases less

Tapidly with temperature than does the smooth contribution E (o T2).
Another interesting feature corresponds to the case § = §W,/6W; < -1 /2, where a shell-

eversal effect appears at high temperatures, before the shell energy vanishes completely (see Fig.




Figure 4. Total shell correction energy of the nucleus § E relative to the ground-state
shell energy §W; as a function of the reduced temperature 7 = 47". The shell energies
have been displayed for three values of the ratio g = §W, /6W,.
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4). This case is of particular interest for strongly positive values of §Wy. In fact, the shell damping
shape of expression (43) is qualitatively quite similar to the empirical function introduced by Myers
and Swiatecki (1967) in their liquid drop model of nuclear masses used to describe the way the
ground-state shell energy fades away for increasing deformations. In both cases, before being
annihilated, the shell effect gets reversed (a low single-particle level density at the Fermi energy
becomes important). However, if the deformation acts mainly as a "debuncher” of levels, as
described by Nilsson level diagram, the temperature effect reflects the sensitivity of the particles to
. existing gaps during the excitation process. Yet such behaviour depends on the relative magnitudes

" and signs of §W; and §W; and remains to be confirmed by quantitative results (see Chapter IL5).

Amongst the numerous theoretical works on nuclear level deusity, only two analytical models
have accounted for such energy-dependent shell effects on the thermodynamic quantities. Both
of them relate the shell effects on the level densities to the ground-state shell correction energy
6W The first work (Ignatyuk et al., 1975) corresponds to a purely empirical evaluation of the
énergy dependence of the level density parameter a, by simple comparison with calculations using
..:1;’.[.191‘8 realistic single-particle states. Despite offering a very simple expression, this procedure
__.éuﬂers from many uncertainties and its empirical character makes it highly unreliable. The lack
of experimental data over a large energy range means that a reliable phenomenological evaluation
‘of the parameters is not possible. Moreover, the estimation of the critical energy at which shell

:éﬁects disappear remains highly cumbersome and the universality of the shell damping function

The model of Kataria et al. (1978) uses a phenomenological Fourier expansion to describe the
shell fluctuations of the single-particle level density. The neglect of high harmonics terms finally
Teduces the oscillating contribution g,..(¢) to a simple sine function with a constant amplitude.

:"HOWEVer, such an assumption has not been justified except through comparisons with numerical




shell model calculations. Once again the fundamental frequency of oscillation in g,s.(¢), which
defines the critical temperature, cannot be related to known physical quantities. Nevertheless,
the a(T)-parameter of Kataria et al., even if based on a totally different description of the single-
particle state density, shows a behaviour as a function of the temperature very similar to the first
two terms of our evaluation (33). The éW,-contribution to the entropy is completely absent in
the model of Kataria et al. since this model neglects the -dependence of the amplitude of g,,.(¢)

responsible for the §W; terms.

Calculation of the Determinant factor

Since the main part of the variation of the level density with energy and with irregularities in
the distribution function is due to the change in the entropy S which enters exponentially, the
uncertainty related to determinant factor evaluation (12) has only a small effect on the final level
density. Shell effects, as expressed by correction (23) to the single~pa,xjticle state density, can be
:_ introduced in expression (12) in the same manner as that developed for the calculation of the
thermodynamic quantities. However, we have chosen to restrict ourselves to the main contribution
given by the smooth part, because of the insignificant contribution resulting from the shell effects.

In this case, the determinant factor can be expressed accurately by the simple formula

12

3 a7 (44)

D(T) =

here & = %zg(p,g), as previously.
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11.2.4 Comparison with numerical shell model calculations

- In order to test our analytical expressions for U(T), a(T), S(T) and D(T), we have performed
a numerical evaluation of these quantities, making use of a realistic Woods-Saxon single-particle
scheme. Such a calculation has the advantage of retaining the discrete nature of the single-particle
spectra associated with realistic average potentials. Therefore, the shell effects are automatically
taken into account. The computation of the nuclear level density by this technique remains one
of the most reliable evaluations (despite the remaining inherent problems which are discussed in
:.Section I1.1.2) and so it has been used as a reference since it corresponds to the exact result that the
;a,nalytical approximation tries to reproduce. As a matter of fact, the analytical approach is based
én exactly the same statistical model as the numerical calculations. The only differences are to be
:found in the treatment of the single-particle level density which can be taken either as the discrete
level scheme in an average potential well or as a continuous function of the energy. However,
it should be added that in the numerical calculation the chemical potential is not considered as
'.temperature-independent, but is instead extracted by solving equation (8). Yet the assumption
made in the analytical approach is fairly good even if few shell effects can be expected at low
'fiemperatures and if at high temperatures the chemical potential is known to decrease linearly with
.:ghe excitation energy (e.g. Moretto, 1972a).

The single-particle spectrum required for the numerical level density calculation is derived from

:‘i_i:le eigenstates of a Woods-Saxon potential. Let us, however, emphasize some points of special

Televance or importance which have been adopted in order to enable a meaningful comparison of

ﬂl_e analytical and numerical calculations:
(i) All nuclei are assumed to be spherically symmetric
‘ _ii) The usual spin-orbit term has been added to the Woods-Saxon potential in order to describe

the shell structure realistically. In the proton case, the Coulomb repulsion has been introduced




- 73 -

in the classical electrostatic way (e.g. Bohr and Mottelson, 1969)

(ili) No momentum or energy dependence of the potential has been considered, so that the effective
mass is equal to the nucleonic mass. Calculations with m* < m yield a smaller single-particle
level density around the Fermi energy. Consequently, the gaps which correspond to magic
numbers in the single-particle spectra are larger than when m* = m, leading to an overesti-
mation of the shell effects whenr m* is much smaller than m. A good evaluation of the shell

effects can be obtained only when m* is not too different from m.

8 :Calcula.tions have been performed for neutrons and protons separately because of the introduction
- of the Coulomb and asymimetry potentials. The parametrization of the potential can be found in
! Hodgson (1990) where the parameters have been taken as:

Uy=523+34.6(N —Z)/A MeV central potential

Us; = 8.3 MeV spin-orbit potential
a = 0.67 fm diffuseness parameter
ro = 1.26 fm nuclear radius parameter

where the upper sign in the central potential corresponds to the protons and the lower to the neu-
. f_l'ons. However, it should be noted that since no comparison with experimental data is attempted
ét this stage, the quantitative values of the potential parameters adopted are of no importance.
-.3."_Yet, in order to estimate the relative effect of the shell correction, we have tried to make use of a
Igalistic Woods-Saxon potential.

As soon as the discrete single-particle level spectrum is known, all the statistical quantities
-:'-;éla,ted to the level density can he evaluated numerically. Figures (5)-(10) compare the quantities
U(T), a(T), S(T'} and D(T) as obtained with the Woods-Saxon single-particle level scheme (W-5)
ff‘:‘.’ith expressions (32), (33), (31) and (44) derived by means of the semi-classical approximation

SCA) to the single-particle level density. A separate comparison has been made for both the
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neutron and proton systems of three nuclei: a double magic nucleus (**Pb), a double open-shell
nucleus (1¥2Dy) and '2°Sn characterized by a proton-closed shell and a neutron-open shell.

The analytical evaluation depends on 4 parameters: the asymptotic @ parameter, the shell
damping temperature T, = 1/v and the two contributions to the ground state shell correction
energy 6W; and 6W;. These parameters have been determined for each nucleus (and each nucleonic
system) to give the best fit to the numerical evaluation and are given in Table 1. Yet it should be

stressed that different sets of parameters could lead to the same quality of fit.

Table 1.

Nuclear level density parameters corresponding to the numerical calculation

a 5 Wy W,
(MeV~1) (MeV—!) (MeV) (MeV)
1209 neut. 6.9 0.77 11.6 -6.7
509%7g
prot. 5.5 0.80 -10.1 1.0
1687, neut. 9.1 0.81 14.0 -5.0
66 Y06
prot, 7.0 0.85 7.0 -1.0
208 neut. 11.6 1.00 -14.0 0
g2 I'Dyos
prot. 8.6 1.10 -8.0 0

It is of great interest to estimate the accuracy of the semi-classical approximation in the prediction

of these parameters.

(i} semi-classical prediction of the macroscopic quantities

'Concerning the smooth & parameter, a direct quantitative evaluation is possible thanks to the
: analytical approximation given in Appendix A. In the case of a Woods-Saxon potential, @ can be

approximated by the relation:

. ™ D 2m
=5 17 72 {kFV + (asVo — BsB + 75)5} (45)
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where D = 2 is the spin degeneracy factor, kp = \/2—7_:2”'5}7‘ is the Fermi momentum, V = %WRB is
the potential volume and § = 47 R its surface area. The surface parameters ag, 85 and yg are
given in Appendix A for a diffuseness parameter a=0.67 fm and within a range of value of the
Potential depth Vp and of the last nucleonic separation energy B = Vp — ¢p.

To relate @ to the numerical prediction, we have parametrized expression (45) as a function
of the single-particle potential radius R = roAY/3. The value of ro, a and Vy have been extracted
directly from the numerical calculation (the Coulomb effect has been reduced to a simple decrease
of the potential depth equal to 1.7 Z/A'/3). The Fermi energy (or equivalently the binding energy
B) differs from the Fermi energy resulting from the shell model calculation and must be related to

the distribution function §(e) on condition that the number of particles (protons or neutrons) is

conserved:
EeF
N (or Z) :/ g(e) de (46)
0
The numerical calculation of @, = lim7_, a(7T') is compared with the semi-classical prediction

dscq in Table 2 for the three studied nuclei. Table 2 also displays the equivalent reduced radius 75’

required to fit the numerical value @,,.

Table 2.

Semi-classical prediction of @ for a Woods-Saxon potential

ER Vo ay ag Qsca qu Qo s
(MeV) (MeV) (MeV-1) (MeV~1) (MeV~1) (fm) (MeV—1)
120 neut. 40.6 46.5 5.7 1.0 6.7 1.28 6.9
50 V179
prot. 34.2 40.6 5.2 0.6 5.8 1.24 5.5
1627, neut. 40.9 45.9 7.7 1.2 8.9 1.27 9.1
66 Y96
prot. 32.5 37.9 6.8 0.8 7.4 1.23 7.0
208 p, neut. 40.6 45.0 9.8 1.5 11.3 1.27 11.5
82 L' Dypg
prot. 31.0 35.8 8.5 1.0 9.5 1.22 8.6
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Table 2 shows that in general the & formula (45) is in close agreement with the numerical model,
even if the uncertainty on ro remains one of the weakest points of the semi-classical approach.

However, the discrepancies between @,,s and @s., can be explained.

In the neutron case, the semi-classical approximation leads clearly to an underestimation of @
and therefore requires a higher radius parameter (r¢?) to fit the numerical calculation. This neutron
skin effect can partly be attributed to the total neglect of the curvature term in the series expansion
(45) as well as the approximate character of the adopted surface term. Another uncertain parameter
is the last neutron separation energy or equivalently the Fermi energy. We have adopted the Fermi

energy as given by expression (46), and not the shell model Fermi energy, which is known to lie

somewhere between the last filled level and the first unfilled level. Even if small compared, with
their absolute values, the difference between the two energies modifies significantly the prediction
of @. A higher ¢ value tends to increase the volume term as well as the surface term (through
a decrease of B) in a non-negligible way. On the other hand, the discrepancy between the shell
model calculation and its semi-classical approximation cannot be associated with the spin-orbit
term. The spin-orbit potential mainly modifies the oscillating contribution to the a-parameter, so

that the smooth value @ remains quite insensitive to the amplitude of the spin-orbit correction.

Concerning the proton system, the semi-classical approximation clearly overestimates the a-
parameter (see Table 2). The Coulomb contribution to the total potential can be held responsible
for such an effect. The radial shape of the Coulomb repulsion is very different from the Woods-
Saxon form. It tends to reduce not only the well depth, but also the potentijal radius. Therefore,
the equivalent proton potential will be characterized by a parameter r3? smaller than the 1.26 fm

which corresponds to a pure central potential.

Although the equivalent reduced radius differs from its exact value by only a few percent, it

should be remembered that 7o is by far the most sensitive parameter on which the level density
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parameter @ depends. It occurs in the third power of the volume term. Therefore, the uncertainty of
its exact value casts doubt upon the applicability of an analytical formula, such as expression (45).
A correct choice of 7¢ is much more important for level density than specific shapes of potential.
Unfortunately, this problem is inherent to all models of nuclear level density calculations. How ever
realistic the one-body single-particle potential might be, it cannot be expected to give a correct
estimate of level densities unless the radius parameter of the potential has been chosen carefully.

Table 2 also points out the relative contribution of the volume (@y ) and surface (@s) terms.
The surface contribution, in the order of 10% of the total d-value, appears to be much less important
than suggested by Reisdorf and T6ke (1981). This is partly due to the introduction of the diffuseness
in the potential shape, which tends to decrease the phase shift significantly (see Appendix A).
Therefore, this evaluation does not support (at least for the adopted values of the Woods-Saxon
potential parameters) the empirical introduction of a surface contribution g, which would account
for a half of the so-called experimental level density parameter, as suggested by Toéke and Swiatecki
(1981) and Reisdorf and Téke (1981).

The analysis of the single-particle level density in a Woods-Saxon potential well shows that
there is a complicated interplay of various effects arising from the finite depth of the nuclear poten-
tial, the nucleonic separation energy and the finite diffuseness of the nuclear surface. Therefore, it
seems hazardous to derive a universal A-dependent (where A is the atomic mass number) expres-
sion for the nuclear level density parameter @ which would not take these numerous corrections into
account. This is of particular importance when extrapolation far away from the experimentally

known region is concerned.

(71) semi-classical prediction of the oscillating contribution

In order to achieve the best fit to the numerical evaluation, the shell parameters v, §W; and

0W3 have been adjusted (see Table 1) regardless of their semi-classical prediction. It should be
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remembered that the shell description corresponds to an infinite square well potential, which differs
significantly from the adopted potential in the numerical calculation. In particular, the inclusion
of a spin-orbit term modifies the level bunching drastically. However, it is of interest to see (Figs.

(5)-(10)) how well the fits can be made within reasonable values of the parameters.

The shell damping parameter «y appears to be an increasing function of the number of particles

as predicted by the semi-classical expression
—% « R o« AY? (47)

where g, denotes an average value of the frequency g2(p,t) for the contributing polygons. Since
the proton Fermi energy is lower than the neutron Fermi energy, a higher value of 4 for the proton
system can be justified (see Table 1).

It is of interest to point out the relatively slow disappearance of the shell effect. Temperatures
around 2 MeV must be obtained in order to neglect safely the shell contribution. At these tem-
peratures, the corresponding excitation energies of the nucleus are by far higher than the energies
for which experimental data are available.

Figures (5)—(10) demonstrate the tremendous influence of shell effects on the level density at
low temperatures and emphasize the need to remove the equidistant spacing assumption of the
Fermi gas model. For example, in the extreme case of the double magic nucleus 208ph errors of

several orders of magnitude in the final nuclear level density at low temperatures can be made, if

all shell corrections are neglected. In the context of the statistical model of nuclear reactions this
is of particular importance, since level densities are required mainly at very low excitation energy
(U < §; where 5 is the channel separation energy—see Section I.1.1).

It should be observed that in the case of open-shell nuclei (6W > 0), the amplitude of the
shell effect is greatly reduced by the appearance of deformation. Deformation tends to decrease

the magnitude of the energies §W; and éW; and consequently the shell contribution to the a-
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parameter at low energy. Nevertheless, the example of 162Dy, treated as a spherical nucleus, shows
that the adopted description of the shell structure is well suited for open-shell as well as closed-shell
nuclei, even if a more realistic description must obviously includes the deformation effects. In the
case of the nucleus 12°Sn, the two shell effects (of opposite sign) resulting from the two nucleonic
contributions tend to cancel each other out, so that the total shell effect on the nucleus as a whole

is greatly reduced.

Another interesting feature concerns the role of the §W; contribution, which in certain cases
(for example for *?Dy) is far from being negligible and makes possible a significant improvément of
the fit. The main difficulty related to the shell correction in the analytical approach remains in the
prediction of the ground state shell correction energy éW = §W; +6W; and consequently in the two
separate contributions. This problem is identical to the one encountered in the prediction of nuclear
masses. Unfortunately, no semi-classical expression of this quantity has so far been obtained (the
classical shell correction of Myers and Swiatecki (1966) is of a more phenomenological type), so that
it should still be considered as an artificial quantity without absolute definition. In nuclear mass
models, the shell correction energy is linked to the macroscopic part through fits to experimental
masses only. Consequently, different mass formulae exhibit shell corrections which are themselves
significantly different. Therefore, it would be inconsistent to extract the §W quantity from any
arbitrary mass formula in order to describe the shell corrections to the thermodynamic quantities.
In addition, even if §W is known, splitting it into the two contributions §W; and §W; still remains

to be done.

Expression (30) corresponds to the first semi-classical approximation of the shell correction
energy, although it is limited to the simple case of an infinite square well potential. We postpone
the discussion of the predictability of the semi-classical expression (30) to Section I1.5.1, where

a direct comparison with experimental masses will be carried out and will prove the remarkable
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pI;edictive power of this expression.

In summary, it can be seen that the statistical quantities of relevance in the nuclear level
density calculations can be fairly well described by the analytical expressions derived in Section
11.2.3. The analytical approximation appears to reproduce accurately the numerical calculations
by means of 4 parameters. Providing the 4 parameters can be determined, this new formulation
is expected to be much more powerful than the numerical evaluation based on the a discrete
single-particle level scheme. Not only has it the advantage of offering a realistic and manageable
prescription for the excitation-energy dependence of the shell effects on the level densities, but it
also avoids most of the problems related to the numerical calculations (see Section 11.1.2). However,

the determination of the level density parameters in not free from uncertainties, especially because

of the lack of reliable experimental information, as will be discussed in Chapter IL5.
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I1.3 The spin-dependent level density and
the shell effect

11.3.1 The statistical model and the approximation of small M

In addition to N, Z and the total energy E, there is at least one other good quantum number for

the nucleus: the total angular momentum J. It is, however, well known that it is much simpler

to deal with the total magnetic quantum number M, since it is just the sum of the single-particle
magnetic quantum numbers. The J-dependence of the level density can later on be obtained in a
simple way from its M-dependence. In this case, a nuclear level is defined by the 4 constants:
N =) nns
S
7= Y,
S
(48)
E= Z(nnsgns + npssps)
&

M= Z(nnsmns + npsmps)
S
where nps (nps), €ns (€ps) and mys (Mmyps) are the occupation numbers, energies and magnetic
quantum numbers of the neutrons (protons) single-particle states, respectively. The same technique

as that used in Section I1.2.1 can be applied to the system (48) to deduce the nuclear level density:

S

P(E,N,Z,M)=(2W)—2—‘\/ﬁ

(49)

with the extended definitions of S and D obtained from the grand partition function Q:
-S85=Q—-a,N —a,Z —yM + BE
- D is the 4 x 4 determinant of second derivatives of {2 with respect to the Lagrange multipliers.

- the saddle points are defined by the relations:

0% _n % _m
ooy, 0y (50)
o _, AL

da, ap
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In turn, the J dependence is obtained using the relation (Bethe, 1936):
p(E,N,Z,J)= p(E,Z,N,M = J) - p(E,Z,N,M = J + 1) (51)

In order to simplify the previous equations, we will consider in the subsequent sections only one
type of particle (the neutrons for example). Since the proton and neutron contributions to the
thermodynamic quantities are additive, the results can be directly extended to a system composed
of two non-interacting types of Fermions.

As in the continuous spectrum approximation developed in Section I1.2.1, it is convenient to
introduce the single-particle state density g(e,m), a function this time of both the energy ¢ and
the projection m of the angular momentum on the symmetry axis z. The state density g(e,m) can

be related to the previous single-particle level density g(e) by the normalization

[ atem) dm = g(e) (52)

where the integral is carried out over the whole m-space. Having defined g(e¢,m), the thermo-
dynamic quantities can now be determined by the statistical expressions (Huizenga and Moretto,

1972)

Q= /00O /_:)O g(e,m) In (1 telatym - ﬂg)) dmde (53a)

S = /000 [_-:0 g(e,m) [ln (1 + ola+ym— ﬂe)) _ - :——Ea’yf’y:nﬂi ,35)} dm de (53b)

and the saddle point equations (50) can be rewritten as:

fo’s] + o0 1
= dmd
[e’e] + 00 m
M:/O /_oo g(e,m) (et am = ) dmde (55)
00 “+ 00 €
E:/O Lw glem) ey e (56)

where no assumption concerning the form of the distribution function g(e,m) has been made.
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The approzimation of small angular momenta

Except for extremely large values of M, the parameter v is sufficiently small so that it is a good
approximation to expand the expression in powers of -, keeping only the terms up to v2. Such an
approximation is known to be good till fairly high values of M, which are found only in reactions
with heavy ions (Ignatyuk, 1985). In such conditions, since there is an equal probability for finding

a +m and a —m states at any energy ¢, g(e,m) = g(¢, —m) and the average value of m is obviously

Zero
(oS3 + 00
<m>= / / gle,m)dm de =0 (57)
0 -00

so that only even powers of 7 contribute to the series. This property results directly from time
reversal symmetry or invariance of the one-particle potential with respect to a rotation of = about

an axis perpendicular to the symmetry axis.
The thermodynamic quantities of interest in the framework of the analytical approach can

consequently be reduced to

Q>0+ —% 7a? (58)
~ Byt L L 2o

E_E0+2ﬂ70 (59)

M ~ yo? (60)

S~ S+ % (o — o?) (61)

where the subscript (0) refers to the spin-independent quantity as calculated in Section IL1.2.1, i.e.
corresponding to a zero v value. We have introduced the parameter o2, classically referred to as

the spin cut-off parameter, and two new spin parameters o’ and 0’ defined by

o? = / " mi(e) ) (62)
~Jo [1+e—ﬁ(ﬂ—5)}2

o—B(u—¢) [1 — e B~ 8)]
[1 + =Bk - 5)]3

o =~ /Ooo m?(e) Be de (63)
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e~ B(p—¢) [1 —e—B(n— 5)}

o = [ mi(e) (u~e) ; (64)
0 [1 +e—ﬂ(#—5)]
In turn, we define the energy-dependent variance of the m-distribution
+c0
m?(e) = / g(e,m) m? dm (65)

As in Chapter I1.2, the effect of the weak temperature dependence of the chemical potential will be
ignored here. It can be shown that in the same approximation relation (54)—which corresponds
to the conservation of the particle number—can be rewritten as N ~ Ny, so that the chemical
potential g will be treated as energy- and angular-momentum-independent.

Similarly, in the approximation of small M, the determinant factor must be written as
D = Dqy o? (66)

where Dy is the 2 x 2 determinant given by expression (44).

The equidistant model and the approzimation of the Gaussian distribution

Expressions (58)~(66) have been derived in a very general way making use of the small angular
momenta approximation only and without any restriction on the shape of the distribution function
g(e,m). It should, however, be mentioned that these relations have never been analytically studied
except in the equidistant-model approximation. In this case, the single-particle level density g(e,m)
is assumed to be energy-indep endent and equal to its value at the Fermi energy. Relations (58)~(66)
are consequently greatly simplified, since m?(¢) has now become an energy-independent parameter.

The following equalities are then obtained

+ o0
0,2 — 0'2 — 0_//2 — %/ g(sF,m) m2 dm
- (67)

= %— mz(EF)

so that the introduction of the angular momentum quantum number can be summarized by the

classical excitation-energy-dependent relation

2
S(U,N, M) = S(U,N, M = 0) - é‘% (68)
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which if introduced in the level density expression (49), justifies the usual assumption that the
pucleus spin projections on the quantization axis have a Gaussian distribution with an average
value of zero and a mean square deviation o? as given by expression (67). In such conditions, the

M-dependent level density reduces to

p(E,N,M) = f’(—f\/ﬁ—@ e M*/20° (69)

Such an expression can also be deduced from more physical arguments. Since there is an equality in
the average occupation number 7, for the +m and —m states, the average value of the projection
of the total angular momentum < M > which is obtained by summing all the projections m for
every state multiplied by its probability of occupation 7, must be zero. Therefore, if all occupation
numbers have their exact average values, the system would have a zero total angular momentum.
The occurrence of other angular momenta is consequently ascribed to fluctuations of the occupation

numbers away from their average values.

The probability v, that a Fermion in state s does not have the average occupation number 7

is given by (Ericson, 1960)
e_ﬂ(ll‘ - ES)

vs = (1 —7s) = (70)
[1 + e"ﬂ(” - 58)] ’
Therefore, the resulting average value of m?
o) + 00
<m?>= / / g(e,m) m® dm de (71)
0 —00

will differ from zero and give rise to a non-zero M value. The projection of the angular momentum
M on the z-axis of the system is the sum of the projections of the v excited particles. These
projections can have both different signs and different values. If we apply the idea of random
coupling to this system, so that the distribution of M can be regarded as the result of the random

values of the projections of the v excited particles and holes with the conditions

<m>=0 and <m?>#£0),




— 86 —

the central limit theorem of statistics then implies that the distribution of M-values for large v

asymptotically becomes a Gaussian with a mean square deviation

e_ﬁ(/l’ - 88)
ol =v<m?>= m? 5 72
s Z {1+e—ﬂ(u-—6s)] "

jdentical to expression (62) and leading to the density of states (69).

This derivation of the nuclear state density emphasizes that expression (69) is only an asymp-
totic form valid for large v. Therefore, this approximation might face some problems at low
excitation energies where the number of excited particles is small. Moreover, the Gaussian form
will not be adequate for very large values of M. Because a finite number of particles cannot couple
to give arbitrarily large spin, the distribution function is then exactly zero. Yet it is surprising to
know that in the statistical approach use is almost never made of a different form than the Gaussian
distribution. In the analytical, as well as in the numerical approach, the spin distribution is always
assumed to be given by relation (69). The exact statistical formulation of the spin-dependent
level density (expressions (53)—(56)) leads to calculations which are in general rather complicated
especially if the pairing interaction is included by means of the classical BCS approximation (see
Chapter I1.4). Even the approximate expressions (58)—(61) based on the series expansion in powers
of v have never been used previously. However, despite its simplicity, the Gaussian approximation

? is never taken as a free pa-

can give rise to significant discrepancies since its only parameter o
rameter. Comparisons with experimental data always assume the a priori knowledge of the cut-off
parameter, so that a spurious choice of o2 can, for obvious reasons, not lead to reliable predictions
for the a-parameter. Therefore, it is our opinion that the spin distribution should be studied in
a much more careful way than it has been in the past. It should be recalled that the angular
momentum plays an essential role, in particular in the analysis of experimental neutron resonance

data.

As in Chapter I1.2, we have tried to remove the equidistant spacing approximation, which
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might by its unrealistic character lead to significant discrepancies. All analytical formulae for
the spin-dependent level density have so far been derived under the assumption of a constant
single-particle state density. Such an approach neglects, not only the significant effects of the
shell structure, but also the contribution of the first order term in g(e,m) which appears to affect
the equidistant model results significantly (see Section I1.3.3). In order to improve the analytical
approximation, the knowledge of the single-particle state density g(e,m) is required. We show in
Section II1.3.2 (and Appendix B) how the semi-classical theory described in Appendix A can be
generalized to the case with fixed projection m. In particular, for our purposes the special case
of an infinite square well potential will be studied, since it is able to provide a suitable analytical
expression for g(e,m). As emphasized by expressions (62)—(65), all the information concerning the
m-distribution is contained in the energy-dependent variance m?(g), which will consequently be
estimated with great care.

When the m2-distribution is known, a direct evaluation of the thermodynamic quantities and
more particularly of the spin cut-off parameters is possible (Section 11.3.3). To do so, new methods
will once again be developed in order to retain the exact nature of the shell effect and to relate the
spin-dependent terms to already calculated quantities, such as the entropy or the a-parameter. Our
new formulation of the spin cut-off parameters is finally compared with the numerical predictions

based on a Woods-Saxon single-particle scheme (Section 11.3.4).
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11.3.2 The m-distribution of the single-particle state density

(1) the single-particle state density with fired angular momentum projection

As in Section I1.2.2, the semi-classical methods can be used to extract the distribution of single-
particle states g(e,m) with fixed angular momentum projection m. The quasi-classical theory, as
developed in Appendix A, does not make any restriction on the quantity m and can be generalized
to the case with fixed m. If axially symmetric potentials are considered, the corresponding Green
function G(r’,r,¢) (see equation (A1)) depends on the difference of the angular coordinates 4 =
' — @ (where @ corresponds to the angular coordinate in a cylindrical frame with z as the symmetry
axis). A simple Fourier transformation of the Green function with respect to the variable 1) leads
to the m-dependent Green function, which in turn, if introduced in expression (A1), enables an
evaluation of the state density g(e,m) (see Appendix B)

Making use of a semi-classical approximation for the quantity G, the state density g(e,m) can

be expressed in the form

g(e,m) = G(e,m) + gose(e, m) (73)

where g(e,m) is the smooth part of the state density, known as the Thomas-Fermi term. The
oscillating component g,,.(¢,m) is related to the gross shell effects (Magner et al., 1978) which
appear in the semi-classical approach to be associated with the quasi-classical quantization of
motion in the potential well along the multidimensional periodic orbits.

We will restrict ourselves here to spin-independent central potential only. In this case, the
projections along the z-axis m; and m; of the orbital momentum and of the spin of the nucleons
are independent. Because of the straightforward treatment of the spin distribution (see sub-section
(i1)), we will consider here the orbital contribution only.

In the special case of an infinite square well potential, expression (73) can be reduced to a
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very simple analytical formula, as discussed in detail in Appendix B:

m;+1/2

~ D 1 e 1 1, e 1 -1

(e m) = 1 (m,+2)\/60 bt D (S 4 eos™ T2 | gy
—+1/4
£o

1 g 1/2
gosc(g,ml) = '27 ('g“) gosc(e) (75)
where we have defined the centrifugal energy £¢ by
h2
0= 5—p3 (76)

with R as the radius of the potential well.
The function gosc(€) corresponds to the oscillating contribution to the single-particle level
density as derived in Chapter 1.2 (equation (23)). The constant ¢ (~ 0.6 for the infinite square

well) is an average value of the orbital angular momentum, expressed in terms of the ratio (¢/g9)'/?,

() ™

The smooth contribution §(e,m;) is defined for positive value of m; < m}, where m} corresponds to

over the contributing orbits:

the turning point in the m-space given by ¢ = go mf(my + 1). Similarly, the oscillating component

Gosc(€,my) appears to differ from the known function g,sc(¢) by the factor of 2%—, at least for not too

large m values. Expression (75) has, indeed, been derived under the assumption |m| < lnin S 1

(see Appendix B).

(71) Energy-dependent variance of the m-distribution

In the case of a spin-independent potential, we can write the energy-dependent variance of the

m-distribution as

m?(e) = mi(e) + m3(e) (78)
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Since ms = :i:%, the spin projection contribution can be calculated directly by

mie) = [ o(e,m.) m? dm,
(79)
= 1 9(©)
from the definition of the single-particle level density g(e).

In the heavy nuclei, the contribution of the spin is small compared with the orbital term, since
large orbital momenta occur near the top of the Fermi distribution. Moreover, m2(¢) corresponds
to a correction to m?(¢) in the order of the curvature term, so that in practice its contribution can
be neglected.

Concerning the orbital contribution, with the knowledge of the single-particle state density

g(e, m;) we can know evaluate the second moment of the m-distribution by

mi(€) = i (e) + m o0 (€) (80)

= /f}(s,ml) m? dm + /gosc(a,ml) m; dm (81)

Integration of the smooth contribution using expression (74) leads to

%*

™
mi(e) = 2/0 gle,m;) m? dmy
1/2
= (..E_) _2__1_ lﬂ (.5.) —gcos"l———l—-———i—--' (82)

-(2) [ v+ gase+ ] (59)

€o

~ % (i) ie) (84)

€o

where we have introduced the volume and surface contributions of the single-particle level density
in the case of an infinite well, as derived in Appendix B (see expression (B18)). Although expression
(83) has been obtained in the special case of the infinite square well potential, we can expect it to

be reliable for more general models. As already emphasized, in a Woods-Saxon type potential the




~-91 -

volume term is identical to the one corresponding to the infinite well. Since the surface term leads
to a small correction (at least in the vicinity of the Fermi energy), we can hope that expression
(83) should yield good results if applied to a Woods-Saxon potential.

In order to test the validity of expression (83), we can compare it to the exact quantity

miy.(€) = Y m} §(e —e,) (85)

where the summation is carried over the single-particle state v of a Woods-Saxon potential.
For a more understandable comparison, we have however evaluated the integrated value of m?

with respect to the energy e:

M2 (e) = /0 "R (e) de (86)

Figure 11 displays the exact M?(g) function obtained from a Woods-Saxon single-particle level
scheme for the 126 neutrons of 2%Pb (see Section I1.2.4 for the potential parameters). Superim-
posed is the smooth function as obtained from expression (86) and (83) where use is made of the
semi-classical approximation of the Woods-Saxon single-particle level density (see Appendix A).
We have, however, introduced a scaling factor & = 0.7 to obtain the semi-classical curve of Fig.
11. The origin of the semi-classical overestimate is mainly due to the fact that the state density
g(e,m) has been derived for an infinite square well and not for a Woods-Saxon potential. A similar
scaling factor should be introduced in the semi-classical approximation of the level density g(e) if
the surface term was neglected. The very approximate treatment of the surface contribution can
be held responsible for this discrepancy.

Figure 11 is of particular interest since it shows that the quantity m2(e) is far from being
energy-independent as assumed in the equidistant spacing model. A linear fit to M2(¢) would
lead to a really poor approximation of the Woods-Saxon curve. This statement is of particular

importance when application to the thermodynamic quantity is concerned (see Section I1.3.3).
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Figure 11. Integrated variance M?(¢) of the m-distribution in a Woods-Saxon potential
for the neutron sytem of 228 Pb as a function of the single-particle energy F = ¢~ Vjp, where
Vo = 45MeV is the potential depth. The dashed line corresponds to the semi-classical
prediction taking the volume and surface terms into account. The dotted curve has been
obtained with the ansatz (87) with n = 2.5: m?(¢) = 0.063 2%,
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Moreover, the predicted £3/2 dependence of 2 (¢) appears to reproduce fairly well the gross be-
haviour of the Woods-Saxon estimate, at least if the surface correction, as derived in Appendix A
for a Woods-Saxon potential, is included. It should, however, be noted that if the surface contri-
bution is neglected, the ¢3/2 dependence of m?%(e) becomes too weak. In this case, it can be shown

(see Fig. 11) that a very good fit to M?(¢) can be obtained if use is made of the approximation
m2(e) ~ g™ with 1.5 g n < 3 (87)

which includes the volume as well as the surface contributions. Expression (87) often constitutes
a reliable ansatz to the semi-classical approximation (83) derived for a Woods-Saxon potential
because of the very uncertain surface contribution. If the volume term only is considered and
since to first approximation m?(g) ~ €g(e), it can be seen that the case n = 1.5 corresponds to
the infinite square well potential while the case » = 3 would describe the case of an harmonic
oscillator. Since the smooth single-particle level density in a Woods-Saxon potential is known to
lie between the density in an infinite box and an harmonic oscillator (Schmidt et al., 1982), we
can have some confidence in expression (87). The coefficient n mainly reflects the influence of
the surface contribution (negative at low energies and positive at energies slightly higher than the
Fermi energy), so that a higher n value can be expected for lighter nuclei (their surface correction

being relatively more important).

As regards the oscillating contribution to the variance in the case of an infinite square well, a

similar calculation can be performed which finally leads to

i
mlz,osc(e) =2 /0 gOSC(‘E’ml) ’ITL12 dml

(88)
1 _
= '?: l2 gosc(g)
Since g ~ % i, we can approximate the total energy-dependent variance of an infinite square well
by its semi-classical expression
2 9 2 ¢
m®(e) @ mi(e) = = — g(e) (89)

15 )
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As mentioned above, this result can be generalized to the more realistic case of a Woods-

Saxon potential by introducing the simple scaling factor x and by associating the single-particle
level density with its corresponding semi-classical expression (or by the ansatz g(¢) ~ ¢"~1 if the
volume and surface contributions are enclosed in one single term). The energy-dependent variance

can finally be expressed by

2 ¢

m?(e) =k 5 2 9(g) (90)
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I1.3.3 Determination of the spin parameters

(1) Evaluation of the spin cut-off parameter o?

The main parametef which is believed to influence the spin distribution of the nuclear level density
is known as the spin cut-off parameter 0% and is given in the continuous spectrum approximation
by expression (62). Now that an analytical expression for the energy-dependent variance m?(e)
has been derived, integration (62) can be carried out. Such a calculation could be performed by
expanding the m?(¢) in a power series around the Fermi energy and integrating the different terms.
Yet this procedure is strictly equivalent to the equidistant spacing approach if the leading term only
is retained and has the disadvantage of neglecting the rapidly varying behaviour of the oscillating
contribution as well as the energy dependence of the smooth term.

We have therefore tried to carry out integration (62) in a different way, which does not affect
the analytical form of the m2(¢) function. The technique adopted is based on replacing the universal

integrand function

—z
h(z) =4 6—2 = sech?z /2 (91)
(1+e7%)
by the already known function
1 _an) %
F(o,z) = ™) [ln (1 +e t o T edaﬁ} (92)
where o, = 127312. As can be seen in Fig. 12, F(o4z) is a surprisingly good approximation to

h(z). This substitution can, therefore, be made with total confidence. In addition, the evaluation
of 6% can now be directly related to the calculations performed in Chapter II.2 and more precisely
to already calculated quantities, such as the entropy S or the a-parameter. Expression (62) can

be rewritten as




Figure 12. Comparison of the function h(z) with the function F(o,z), as defined in
the text. The two functions are so similar that they cannot be distinguished on the
figure.
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where (' = o,0. Integration (93) can be carried out in the same manner as integration (17a)

which led to the determination of the entropy S(T). We finally find

o*(T)=a,(T) T (94)
_ .2 1
=K % Too - S(T/oq) (95)
2 6 o
=Ko a(T/aa) T (96)

where S(T') and a(T) are the T-dependent entropy (31) and level density parameter (33), respec-
tively. We introduce, at this point, a new T-dependent parameter a, which in the limit of high
temperatures (i.e. after the washing-out of shell effects) can be related to the quasi-classical ap-
proximation to the moment of inertia. The moment of inertia Z,;, around an axis of the nucleus

considered as a rigid body can be expressed as (Bloch, 1954)

)

; 2 6
'rzg_& “_2

B2 ° 15 (97)

=1

™
c|§

Expression (96) is of particular interest because it constitutes the first proof of the usually adopted
empirical relation between the spin cut-off parameter and the entropy (e.g. Kataria et al., 1978;

Vonach et al., 1988)

mg o) .
a

o*(T) = (98)

which is identical to expression (96) if the a-parameter is calculated at the temperature 7'/,
instead of T'. Such a difference, even if small (o, ~ 1.19), can have a non-negligible influence on
the T-dependence of o%(T). The excitation energy is a quadratic function of the temperature, so
that the critical energy at which shell effects disappear can be shifted to a relatively higher value.

The amplitude of the shell corrections to the spin cut-off parameter appears to be as important
as the one characterizing the a-parameter. Numerical calculations including realistic single-particle
level density have confirmed the influence of shell structure on the spin cut-off parameter (e.g.

Ignatyuk and Stavinskii, 1970). As shown in Section I1.2.4, these shell effects are often far from
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peing negligible and might significantly affect the spin distribution of the total level density though
the influence of the spin cut-off parameter on the nuclear level density is not as drastic as the one
due to an entropy change. Some previous fits to experimental data based on the Back-Shifted
Fermi Gas model (e.g. Dilg et al., 1973) have shown that a decrease of the spin cut-off parameter
by a factor of 2 modifies the prediction of the a-parameter by 10 to 20%. However, this result
is model-dependent and does not take into account the possible unreliability of the Fermi Gas
model for describing the spin distribution. In particular, the parameters o> and ¢/ need to be

evaluated carefully and their influence to be estimated before drawing conclusions about the total

spin distribution. The introduction of these two new parameters not only modifies the value of the
effective spin cut-off parameter, but also questions seriously the generally accepted idea that the

spin cut-off parameter includes all information concerning the spin distribution.

(it) Evaluation of the parameters o'* and o'

While in the constant spacing model, the parameters o' and ¢'? reduce to the same value as the
spin cut-off parameter, now that the variance m?(¢) is considered as energy dependent, differences
can be expected. As a matter of fact, a simple integration by parts of expressions (63) and (64)

leads to

n_ [T dm?(¢) e Bln—2¢)
g’ = /0 [m2 (5) + € = £ ] [1 " e*ﬂ(y’ — 5)} 5 de (99)

o= om0 25 = i)f

(100)

The first term in both integrals corresponds to the already calculated % contribution and leads

2
to the equidistant model prediction which neglects the d":i s(s) contribution to the integrals and

assumes that m? remains constant. However, the semi-classical approximation, as derived in

the previous section, predicts a strong energy dependence of m?(¢), so that the second term in
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expression (99) can give rise to a contribution even larger than the first term. If we use the

analytical approximation (90) to m?(¢), integrating (99) and (100) gives

o = &UT[ (n+ 1)+ f(6Wy,6Wa,7,T) ] (101)

26w, 1

2
o" = a,T |1+ 12 -+ 2L (6w, — 26W4) - (102)
a 2T2 a 2T2
v v
14+ 15 1+ 15
(o34 Oa
426W, AT /a2
o1y — g, W 7T o (103)

= 3
a 22

0.(1
where 1.5 < n < 3. Expressions (102) and (103) have been obtained similarly to o?. The function

F(6W1,6Wy,7,T) describes the shell correction to o2 which can hardly be estimated by the same

technique (see below). At high temperatures, the function f however vanishes.

(#i) Discussion
Before discussing the physical meaning of these numerous parameters, let us relate them first to

the better known thermodynamic quantities. If we introduce the relation vy = M/o? into the

expressions of the energy (59) and the entropy (61), we find

1 M2 JIZ

U = U() + 5 _aU(T) 0_—2 (104)
1 M2 0.112

S:So+§'}“2—'(0_—2—1) (105)

where the excitation energy U is derived from the total energy E by subtracting the ground state
energy of the zero spin nucleus. The quantity E,,; = %%ﬁf;‘;—’; is commonly associated with the
rotational energy. It corresponds to the energy that is expected to go into rotational motion and
has consequently become unavailable for the random or thermodynamic excitation of the system.

At zero temperature, E,,; describes the so-called yrast line corresponding to the lowest energy

for each angular momentum. All the excitation energy is rotational energy and used to generate
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angular momentum. The level density along this line is known to be much lower than the level
density of the zero spin nucleus at the corresponding energy because the rotational energy does
not contribute to what is usually called the intrinsic level density. Since the nucleus is ”cold” in
the yrast region, a high degree of order is expected and therefore shell effects play an important
role.

These new expressions for U(T") and S(T') differ from the ones generally adopted in the ana-
lytical as well as numerical approaches in many respects. In the statistical model, U(T') and S(T')

are usually approximated by

M2

as

U="U+ (106)

[N R

S = S (107)

Moreover, in the analytical approach, a, is generally taken as temperature-independent and equal
to its asymptotic value a@,. Therefore, it appears that in addition to the T-dependence introduced
in the expressions of U and § in order to describe the shell structure of the nucleus, two new
correction factors affect the spin-dependent quantities.

Let us discuss separately the smooth contribution (i.e. the asymptotic behaviour) and the

oscillating correction to the different parameters.

At the limit of high temperatures, the shell correction terms vanish and the excitation energy

(104) and entropy (105) have the asymptotic behaviour

1 M?
U=U+ 7 ——— 108
TR T (108)

S =5 (109)
where the effective moment of inertia is now given by

Ieff_ 1 Irig: 1 &
B2 n+1 p? n+1 ¢

(110)
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If the entropy is not affected asymptotically, as predicted by the classical expression (107), the
rotational energy appears to be increased by a factor of (n + 1) relative to expression (106). Since
(n+ 1) is predicted to lie between 2.5 < (n + 1) < 4, this result is of great importance and is
in total disagreement with the generally adopted expression (106). On the other hand, it agrees
well with the generally accepted fact that the experimental moments of inertia are a factor of 2
to 3 smaller than their rigid body values (e.g. Ring and Schuck, 1980). Yet it should be noted
that expression (110) does not question the rigid body value, but rather its classical relation to
the rotational energy. Such a decrease in the effective moment of inertia by a factor of (n + 1) is
directly due to the energy dependence of the variance 7?%(¢) and consequently of the state density
g(e,m). In contrast to the spin cut-off parameter, the parameter ¢'2 does not depend on the local
mean square value of the level spins close to the Fermi energy, but on the difference between its
value above and below the Fermi surface. At higher excitation energies single-particle levels with
higher spin are found, or equivalently 'particle’ type excitons carry more angular momentum than
"hole’ type excitons. This explains the increase of m?(e) with the energy and consequently the

important effect of its derivative in the evaluation of o'2.

Although the discrepancies between the experimental moments of inertia and their rigid body
values are generally ascribed to the pairing correlation (see Chapter I1.4), we see that even without
the pairing interaction, the semi-classical approximation developed in this section suggests an

effective moment of inertia much smaller than the rigid body value.

As regards the shell effects on the spin parameters, they appear to be basically identical to
those affecting the entropy. In particular, the rotational energy becomes T-dependent. Yet the
shell effects on the spin distribution of the nuclear level density disappear more slowly than they do
in the energy distribution, i.e. in the spin-independent quantities. The critical temperature for the

spin cut-off parameter is given by T, = ‘—7;;1 which is to be compared with T, = % characterizing the
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disappearance of the shell structure in the entropy So or excitation energy Up. This feature can be
explained in the following way: the effects associated with the shell structure of the single-particle
levels vanish when the nucleons are so distributed in the one-particle levels that the equivalent
average distribution of levels can be assimilated to an equidistant spacing distribution. The excited
single-particles responsible for the bulk configuration are then spread in an energy range wide
enough to mask the shell structure. When a given M-value is imposed on the system, a new
constraint on the configuration of excited particles appears, since the occupied states must now
also fulfill the condition M = EV n,m,. A higher energy must therefore be reached in order to
populate levels not only uniformly distributed, but such that > n,m, is equal to the given M-
value. In the approximation of small M, the factor o, of the critical temperature appears to be a

universal constant.

Expression (104) also suggests that the energy E,.; used to generate a certain M projection
is more important if the degree of order is high. For a stable spherical nucleus (characterized by
0W < 0), a,(T) is an increasing function of the temperature so that E,,; decreases when the
temperature increases (for a given M). The increasing temperature tends to break the nuclear

order and to enable an easier rotation of the nucleus.

However, some uncertainties remain concerning the influence of the T-dependent factor o/ /o2,
Unlike all quantities derived so far, the parameter 0> does not depend only on the single-particle
level density in the vicinity of the Fermi energy. The integrand function in expression (63) of o2
turns out to be identically zero at the Fermi energy, positive above it and negative below so that o'2
depends on the difference of the quantity ¢ m?(¢) above and below the Fermi surface. Moreover, the
calculation of o2 requires the knowledge of the kinetic energy distribution of the nucleons, while
in all the other quantities the kinetic energy always enters the calculations relative to the Fermi

energy. It has been stressed in Section II.2.1 that the continuous-spectrum approximation is not
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well adapted for describing this kind of quantity. In particular, the crude oscillatory contribution
to the single-particle state density becomes quickly unreliable when energy levels away from the
Fermi energy are considered. Other models, such as Strutinsky type calculations, might be more

suited to evaluate o'? in the same manner as they can fairly well reproduce the shell correction

energy.

% is much more reliable. This quantity is of

On the contrary, the evaluation of the parameter o
particular interest since in contrast to the currently used models, it shows that the entropy might
be directly affected by the introduction of the new quantum number M. The spin distribution
as described by the Gaussian approximation (69) results from the rotational correction to the
excitation energy only. However, according to expression (105), the shell structure also gives

rise to a "rotational” entropy, which vanishes at high temperatures, but which might affect the

amplitude of the total entropy at low energy.

In summary, the semi-classical approach, as developed in this chapter, leads to significantly
different expressions of the spin parameters to those obtained with the equidistant-model approxi-
mation. Not only have the shell effects been introduced consistently in the rotational energy but it
now appears that two major corrections concerning the amplitude of the rotational energy and of
the rotational entropy might strongly affect the classical Gaussian approximation. An estimation
of the corresponding effective spin cut-off parameter can be obtained by substituting the tempera-
ture as given by expression (104) into the entropy (105), so that the entropy is now expressed as a
function of the intrinsic excitation energy U (see e.g. Gilbert and Cameron, 1965). Under the ap-
proximation of small M, the spin-dependent level density can be expressed to first approximation

(essentially for excitation energies much larger than the rotational energy) as

_(J+1/2)p
p(U,N) 2J +1 o 2Ugff
oV 2ar 2szf

p(U,N,J) = (111)
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The effective spin cut-off parameter is given by

1 1 2 "2
1_1 [12_ _ (Z_é_ _ 1)} (112)
ol 0% |o o

and is expected to exhibit important shell effects resulting from the fluctuations in the m- and
g-distribution of the single-particle levels. In addition, at high temperatures, a reduction by the
factor (n + 1) of the effective moment of inertia relative to the classical spin cut-off parameter is
predicted.

In order to test the validity of the numerous assumptions made in the semi-classical approach,

a comparison with numerical calculations remains to be done.
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I1.3.4 Comparison with numerical shell model calculations

Since the numerical approach of the statistical model making use of a realistic Woods-Saxon single.
particle level scheme must be regarded as the exact result that our analytical approximatioy jg
trying to reproduce, we have compared our analytical results concerning the spin parameters witp,
the numerical predictions. To perform such calculations, the same single-particle spectrum as the
one adopted in Section I1.2.4 has been used. Moreover, we have considered here the neutron anq
proton configurations of the same nuclei (*?°Sn, 62Dy and 2°*Pb) and use the same parameters g,
~, 6W1 and §W; to describe the spin-independent quantities (see Table 1).

The spin cut-off parameter a, = 0/T and the corrective factor (0'"2 Jo? — 1) , as derived from
the semi-classical approach, are displayed in Figs. (13)—(18) as a function of the temperature,
and compared with their numerical evaluation obtained with the Woods-Saxon single-particle level
scheme.

Let us estimate the accuracy of the analytical approach, for the macroscopic contribution as

well as for the oscillating contribution to the spin parameters.

(1) semi-classical prediction of the macroscopic contribution

Figs (13)-(18) have been plotted by identifying the smooth asymptotic value of the spin parameters
with the value resulting from the numerical calculation. Using such a procedure is equivalent to

treating the parameters x and k" defined by

A= 56 o (113)
15 72 £Eo
172
w_ i O (T)
= 14
< = S ()

as free parameters. The parameter s already introduced in Section II.3.2 corresponds to the

correction to the macroscopic quantity @, when the semi-classical approximation to the infinite
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Figure 14. Same as Fig. 13 for the proton system of *Sn.
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square well is extended to the more realistic case of a Woods-Saxon potential. The predictive power
of the semi-classical approach can be tested by evaluating @, = nfzs— %ggfi using the parameters of
Table 2. The corrective factors x required to reproduce the Woods-Saxon value @, are displayed
in Table 3 for each nucleus. As can be seen, the value of « remains fairly constant and equal
to the empirical value of 0.7, already introduced in Section I1.3.2 to fit the variance m2(¢) to
its discrete value in the Woods-Saxon potential. The constancy of the parameter x proves that
the semi-classical prediction is surprisingly good. A way of renormalizing the macroscopic value
i, consists in replacing the chemical potential (assumed to be equal to the Fermi energy and
therefore energy-independent) by its expression as a function of the particle number. If the same

approximation for the single-particle level density is used, the parameter x disappears, and we are

left with the classical expression for the rigid-body value of the moment of inertia

N (115)

This well-known formula has the advantage of being independent of the empirical parameter x and
reproduces relatively well the value predicted by the numerical model, as shown in Table 3. The
small discrepancies between I—T:'gi'- and @, can be explained by the uncertain value of the reduced
radius 79 (see Table 2), as well as by the different energy dependences in the expressions of the
single-particle level density and of the energy-dependent variance. However, it is of interest to see
how the uncertainty inherent in the amplitude of the single-particle level density can be eliminated
by substituting the chemical potential by the particle number. We will come back to this problem
in Chapter I1.5.

The second parameter x” has been introduced to account for the small correction to o'
resulting from the second order terms in expression (100) and which apparently (see Table 3) lead

to a small contribution to the asymptotic value of 0'”>. The value of x" remains, however, close

to the predicted value of unity. Our confidence in the semi-classical prediction is consequently
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increased.

Table 3.
Smooth spin parameters reproducing the numerical evaluation:

as (97), —1%51 (115) and the parameters « (113), &” (114), n + 1 (110)

i, (MeV'l) I—f:gi (MeV"l) K k" n41
neut. 29.8 26.9 0.68 1.20 4.2
183507
prot. 18.6 18.1 0.68 1.10 3.8
166 neut. 47.0 44.1 0.67 1.29 4.0
66 DY 96
prot. 28.8 28.6 0.72 1.23 34
208 neut. 72.0 68.9 0.70 1.08 3.8
33 P Doos
prot. 41.5 41.3 0.74 1.05 3.2

Also given in Table 3, is the value of the factor n + 1. If the shell effects on the spin parameter
o' remain obscure in the analytical approach, the asymptotic value of the ratio o/?/o? is well
determined. The numerical model gives for n+1 the average value of 3.5 which is in close agreement
with the semi-classical prediction. Yet some variations around this average value can be observed,
and, more particularly, it appears that lower values can be ascribed to the proton systems. Such a
result can be related to the role played by the Coulomb repulsion which tends to reduce the effective
potential radius (see Section I1.2.4), and consequently the energy dependence of the single-particle
state density. It must, however, be stressed that in the numerical approach, the evaluation of the
factor n + 1 still suffers from some uncertainties owing to the inaccurate knowledge of the kinetic
energy, or equivalently of the potential depth (especially for the proton potential). The uncertainty
on the factor n + 1, associated with this inaccuracy, has been estimated to be of the order of 20%.

Yet the numerical model clearly confirms the possible increase of the classical rotational energy
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(i.e. a reduction of the effective moment of inertia relative to its rigid body value) by a factor of 2

to 4.

(ii) semi-classical prediction of the oscillating contribution

As regards the oscillating contribution to the spin parameters, the agreement of the analytical
results with the Woods-Saxon predictions are rather good, even if more significant discrepancies
appear in comparison with Figs. (5)-(10) corresponding to the spin-independent quantities for
the same nuclei. It should, however, be stressed that the shell parameters v, §W; and W,
have been determined to reproduce the spin-independent thermodynamic quantities and that more
assumptions have been made to extract the spin parameters. In particular, the shell correction to
the single-particle state density has been described in a relatively crude way.

Despite the numerous approximations, the analytical shell corrections to the spin parameters
reproduce the numerical calculations relatively well. To emphasize the non-negligible effects of
the shell structure, it should be recalled that in the uniform model the parameter a, is taken as
T-independent and equal to the rigid body value of the moment of inertia. Such an approximation
is obviously unrealistic for a nucleus like 2°8Pb which exhibits a very strong shell structure. In
that case, the shell corrections lead at low temperatures to a reduction of a2 by a factor of 5 to 10
relative to the usually adopted value (i.e. the smooth asymptotic value d,)—see Figs. (17)—(18).

The shift of the critical temperature to alarger value (T, = 0,Ts,) also appears to be confirmed
by the numerical calculations. To emphasize that feature, we have displayed in Fig. 19 the ratios
a,(T)/a(T/0,) calculated in the numerical approach for the two nucleonic systems of 2°°Pb. As
can be observed, this ratio remains fairly constant and does not exhibit a strong shell effect (the T-
dependence at very low temperatures is partially due to the T-dependence of the chemical potential
which is taken into account in the numerical calculations). On the contrary, the ratio a,(T)/a(T),

also shown in Fig. 19, has at low temperatures a much more variable behaviour with respect to
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Figure 19. Comparison of the T-dependent ratio a,(T)/a(T/0,) with the ratio
a.(T)/a(T), for the two nucleonic systems of 2Pb.
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the temperature. The comparison of these two ratios favours the introduction of the factor o, in
the shell damping function of the spin parameters, even if the predicted value might have been
slightly underestimated.

Another non-negligible modification brought to the spin distribution can be found in the
correction factor (cr”2 Jo? — 1), i.e to a possible non-zero rotational entropy. Such a correction has
always been neglected so far since asymptotically it is supposed to vanish totally. However, Figs.
(13)—(18) show that at low temperatures its effect can be remarkably important. The semi-classical
approximation appears to be surprisingly good if we remember that it essentially depends on the
“second order terms of the shell corrections to the single-particle level density.

We have finally estimated the total correction factor f. defined from relation (112) by

fc=a—2-‘ﬁ—<£—1) (116)

o2 T o2 o?
The factor f, takes the shell effects as well as the correction factors introduced in the rotational
energy and entropy into account. It remains, however, uncertain because of the difficulties asso-
ciated with the evaluation of the spin parameter o', as mentioned above. We have estimated its
amplitude by means of the Woods-Saxon single-particle level scheme, for the neutron systems of
the three nuclei studied (see Fig. 20). It is unexpected to see that the total reduction factor f, can
be so important, although at very low temperatures the use of expression (116) is known not to
apply (expression (116) can be used only if the excitation energy is much higher than the rotational
energy). If in the limit of high temperatures, we find the average value of 3.5, it appears that at low
temperatures shell effects can lead to a considerable increase of f.. This behaviour is mainly due to
the large amplitude of the spin parameter o'* which can exhibit at low temperatures a very strong
shell effect resulting from fluctuations in the m-distribution of the single-particle levels around the
Fermi energy. It has been emphasized that ¢’ essentially depends on the difference between the

mean square deviation m? (weighted by the kinetic energy) above and below the Fermi surface. In
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Figure 20. Correction factor f. to the spin cut-off parameter as a function of the temper-
ature T for the neutron system of the three nuclei '*°Sn, *2Dy and 2°®Pb. The curves
have been obtained using the Woods-Saxon single-particle level scheme.
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the case of 120Sn for example the neutron Fermi energy lies below the 1h;y/; level and above the
3s1/2 and 2d3;; levels, so that the quantity em? is much higher above than below the Fermi energy
and consequently the factor f. is expected to be relatively important, as confirmed by Fig. 20. On
the contrary, the 152Dy neutrons in the levels 3ps /2 1t13/2 above the Fermi energy do not carry
much more angular momentum than the holes in the levels 2f7,, 1hg ;2 below the Fermi energy,
even if their kinetic energies are also higher. A less important shell effect will consequently affect

the quantity f, in this case.

In summary, it appears that the corrective factor f. is subject to the oscillatory structure
characterizing the energetic distribution of the single-particle levels as well as to the one found in
the angular momentum distribution of the levels. These two effects can lead to an effective spin cut-
off parameter significantly lower (3 to 5 times at high temperatures but in some cases 10 to 20 times
at low temperatures) than the usually adopted value. For light nuclei (N,Z < 50), we can expect
the amplitude of the factor f, to be reduced because of the absence of levels with high angular
momenta. However, the determination of f, remains very uncertain at low temperatures because
of its strong sensitivity to the location of the Fermi level. Different single-particle level schemes,
especially if obtained with a different spin-orbit potential, would inevitably be characterized by
differences in their m-distributions around the Fermi surface and consequently lead to a different
behaviour of f, as a function of the temperature, even if at high temperatures the same behaviour

can globally be expected.

As already stressed, the reduction of the spin cut-off parameter does not have as significant an
impact on the final nuclear level density as the one resulting from an entropy change. Expression
(111) shows the slow varying behaviour of the spin-dependent level density with the effective mo-
ment of inertia. Yet a decrease of the spin cut-off parameter is far from being of no consequence

and can, in particular, strongly modify the quantitative evaluation of the a-parameter which repro-
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duces the experimental neutron spacing data. The so-called experimental a-parameter is generally
deduced from the Back-Shifted Fermi gas formula assuming that the spin cut-off parameter is given
by the rigid body value of the moment of inertia. A decrease in the effective moment of inertia

will consequently lead to a decrease in the "experimental” a-parameter.

The reduction of the effective spin cut-off parameter relative to the usually adopted value
remains to be confirmed. Originally, Newton (1956) and Cameron (1958) noticed that the moment
of inertia could be reduced well below its rigid body value and used a factor f. equal to 8 and 33,
respectively, to fit the experimental data available at that time. Later analysis (Facchini and Saeta
Menichella, 1968; Moretto et al., 1970) of the shell model prediction for the average value < m? >
suggested an increase in the moment of inertia by the factor of 1.5. More recent experimental studies
on light nuclei (20 < A < 40) are however in favour of the classical Gaussian approximation without
a reduction in the moment of inertia (Beckerman, 1977). Yet the experimental determination of
the spin cut-off value remains very difficult. The most direct method of obtaining szf is by
counting the number of known levels with various spins. Attempts have been made (von Egidy,
1986, 1988) to extract this value near the ground state by fitting the theoretical spin distribution
(111) to the experimental spin distribution. However, very large error bars remain and this method
is still unable to predict the energy dependence of the spin cut-off parameter. Therefore, it is our
opinion that the determination of the spin parameters remains very uncertain and requires drastic

improvements.

We would like to stress again that we do not question the value of the spin cut-off parameters.
As shown on Table 3, our analytical prediction of the shell-indep endent moment of inertia agrees
closely with the generally adopted rigid body value. The significant difference is associated with
the so-called rotational energy which could be according to expression (104) strongly increased. If

the associated shell effects remain obscure, the increase of the rotational energy by a factor of 3 to 5
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is confirmed by the shell model calculations. This result should, however, be investigated in much

more detail. Combinatorial calculations of the spin distribution could conmstitute an interesting

tool for evaluating the effective spin cut-off parameter. These calculations are under study.
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II.4 The superconductivity effects in

nuclear level densities

11.4.1 The statistical model and the BCS approximation

The nucleus has been treated so far as an assembly of non-interacting nucleons confined to the
nuclear volume by an average potential. This treatment corresponds to the first approximation
to the behaviour of a system of particles interacting via two-body forces. However, a realistic
description of the statistical nuclear properties should include the correlations amongst the motions

of the particles which inevitably arise from the short range components of the two-body forces.

It is well know that the pairing interaction is the most important residual interaction and that it
was originally introduced to explain certain characteristic properties of low-lying excited nuclear
states. The pairing forces also account for the known differences in the level density between
even, odd-mass and doubly odd nuclei and are known to affect strongly the spin dependence of
the level density. Since the wave functions of two nucleons in the same degenerate orbit have
a large overlap, an additional energy is required to break a pair of nucleons before exciting the
two nucleons into unpaired orbits. In the analytical approach, this effect is generally accounted
for, in a phenomenological way, by subtracting a pairing energy from the excitation energy. Since
these odd-even effects are also found in nuclear masses and nucleon binding energies, the pairing
energy has been associated with the one derived from a semi-empirical mass formula. However, this
phenomenological correction is known to be fairly unrealistic at low energy and to describe poorly
the correlation effects occurring in the low-lying states. More secure techniques have, therefore,

been adopted to take the pairing effects on the statistical nuclear properties into account. In

particular, the microscopic BCS theory (Bardeen, Cooper and Schriffer, 1957) has been applied to

the problem of the nuclear level density and has considerably helped to improve the comparison
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with experimental data (Sano and Yamasaki, 1963; Decowski et al., 1968; Moretto, 1972). Most of
the experimental data on level densities (mainly the neutron resonance spacings and the cumulative
number of known levels) concern the very low energy region (0-10 MeV), so that it can be expected
that the correlation effects in these low-lying states strongly affect the statistical properties of the
nucleus. Consequently, when comparison with experimental data is made, it is of great importance

to include the residual interactions in the description of the level density.

In the BCS theory of superconductivity, the Fermion system can be described in terms of the

classical BCS Hamiltonian which can be expressed in its second quantization form as

H=Y ep(bfibys +bfb,-) =G> bl bl b b (117)
k k,k'

where b}:i and b, are creation and annihilation operators of the particles with opposite spin
projections, respectively, and ¢y is the energy of the k** doubly-degenerate single-particle level of
a nucleon in the nuclear potential. The pairing interaction is characterized by the pairing strength
G which is generally supposed to be independent of k and k', if they lie between given values, and
to vanish outside this k-range.

Such an Hamiltonian can be approximately diagonalized by means of a linear quasi-particle
transformation. In such a description, the excitations are considered to be independent Fermions

whose energy is given by

Ey = \/(Ek o [1,)2 + A2 (118)
where p is the chemical potential and the quantity A or gap parameter is a measure of the pairing

correlation. The sum of states of the Fermions system follows
7z =Tr e PHo (119)

with

Az
Ho=3 (ex—pn—Ex)+ o + D Braf,, (120)
k k,s
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In this last expression, the second summation is carried over both negative and positive values of
the spin projection s, and afc's and a,, denote the creation and annihilation operators, respectively,
of the quasi-particle in the ks state. The logarithm of the grand partition function can finally be

expressed as
2
_ — - —BEy) _ 3B°
Q= 5;(% " Ek)+2;1n(1+e ) 8 (121)
The energy gap A is related to the Lagrange multipliers § = 1/T and p by the so-called gap

equation

=) L tanh 2E, (122)
- 2

2
G By

The first integrals of motion as well as the entropy of the system can then be derived from :

_ kM 1
N = 4 [1 T, tanh QﬂEk] (123)
_ £k — l _ A?
E= Ek €k [1 E, tanh2ﬁEk} < (124)
- Ey
§=2%" | (14 B __f’____] 125
;{ ( e )+1+eﬂEk (123)

where the summations are over doubly degenerate orbitals k. The pairing correlations are mainly
described by the gap parameter A. It can be seen that for A = 0, expressions (123)-(125)
reduce to the respective expressions derived in Chapter II.2 in the uncorrelated conditions. The
gap parameter A given by the gap equation (122) decreases with increasing temperature and
vanishes at a critical temperature T,.. Above this temperature, the pairing correlations ‘disappear
and the system can be described in its so-called normal phase where the only recollection of the
pairing interaction is a shift of the effective ground state. It is to this energy shift that the
phenomenological correction to the excitation energy—as introduced in the classical analytical
models of the nuclear level density—corresponds. However, below the critical temperature, the
nucleus is in the superconducting phase and the pairing effects on the thermodynamic quantities

appear to be much more complex.
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To complete the formalism, the second derivatives of the grand partition function 2, with
respect to the Lagrange multipliers, are to be calculated to evaluate the level density denominator.
Such quantities appear to be rather complicated (see for example, Moretto, 1972), since they also
depend on the derivatives of the pairing gap A with respect to the Lagrange multipliers. However, it

can be seen (e.g. Ignatyuk, 1985) that in the superfluid model, the pairing effects do not drastically

affect the T-dependence of the determinant factor. In such conditions, and taking into account
the minor role played by the determinant factor on the total level density, we have assumed that,
in the scope of the present work, the determinant could be approximated by its expression (66) in

the normal as well as in the superconducting phases.

Since the pairing interaction is assumed to occur between identical nucleons only, the above
expressions can easily be generalized for a two-component system. The behaviour of a paired system
characterized by a fixed angular momentum can also be described in the same formalism (Sano
and Wakai, 1972; Moretto, 1972, 1974). In such models, the BCS parameters, and in particular the
energy gap, are functions of both the excitation energy and the angular momentum. Unfortunately
those models lead to formulae which are in general very complicated, even numerically unless
numerous, and rather crude approximations, are introduced. For this reason, the spin-dependent
level density is generally estimated from the total level density using the classical assumption that
the nucleus spin projections on the quantization axis have a Gaussian distribution with an average

value of zero and a mean square deviation o given in the BCS approximation by
o’ = 12m2 sech? lﬂEk (126)
24k 2

However, it has been shown in Chapter IL.3, that the Gaussian approximation is valid only if
many nucleons are excited, which is not the case for relatively low excitation energies and more
particularly, in the superconducting phase. In the same respect, the Gaussian approximation

predicts a finite level density for any J value, whereas the coupling of a finite number of nucleons
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with finite spin must lead to a level density of zero for angular momenta above some maximum
value (the Yrast level).

Such shortcomings could be avoided by using, in particular, a BCS Hamiltonian in which
the angular momentum is described by means of the Lagrange multiplier approach and where
no approximation, except the approximation of small M, is made. If only low spin values are
considered, the rotational corrections to the thermodynamic quantities are small enough to allow
an approach to be used, similar to the one adopted in Chapter I1.3. As long as the Lagrange
multiplier v, corresponding to the spin projection M is small, it is a good approximation to expand
the thermodynamic quantities in power of 4. Under these conditions, the cut-off parameter (126)
appears to play the same role as it did in absence of pairing interaction. It can be shown that the

saddle point equations and the entropy can be expressed as

M2

1
F~ E() + Efa;m; (127)
M~ 5 o? (128)
S ~ 50 (129)

where the subscript (0) denotes here the spin-independent quantities obtained by including the
pairing interaction. Although the rotational entropy has been neglected, the correction to the
rotational energy has been considered and is included in the factor f,. If in the normal phase the
factor f, is given by the ratio 02 /0? (see expression (104)), more complicated expressions should
be used to describe it in the superconducting phase. However, the evaluation of f, will not be
discussed here, since it already remains highly problematic for the simple case of a non-interacting
system of Fermions.

It should be remembered that the thermodynamic functions, as given by (127)—(129), remain
inadequate to describe effects associated with large angular momenta or with the correlation be-

tween the pairing interaction and the rotational motion. In particular, the pairing gap A is known
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to be a decreasing function of the spin J because of its strong coupling to the rotational motion.
For sufficiently large J, angular momentum tends to destroy pairing. Consequently, the critical
temperature corresponding to the disappearance of the energy gap is also a function of the angular

momentum. These high spin phenomena will not be studied in the present work.

As in the Fermi gas model, analytical expressions for the nuclear level density have been derived
from the BCS formulation, but at the expense of numerous approximations, and in particular by
treating the shell effects in a rather crude way. The derivation of the thermodynamic functions
in an analytical form is so complicated that comparisons with numerical shell model calculations
are usually used to construct a pairing correction empirically. In particular, the latest widely-used
analytical form of the pairing correction has been obtained ”after several guesses and subsequent
comparison with model results” (Jensen and Sandberg, 1978). Therefore, it is clear that none of the
currently available analytical formulae can be regarded as treating the pairing effect realistically.
Such shortcomings can have significant consequences for the description of level densities, mainly
at low energy. In particular, it will be shown in Section II1.4.3, that the critical energy at which
the normal phase follows the superconducting phase is around 8 MeV and consequently that an
important amount of experimental data should be analyzed in the superfluid model. Therefore, we
have tried to improve the analytical description of the superconductivity effects in the nuclear level
density. Since all the information about the pairing interaction is contained in the gap parameter
A, Section I1.4.2 will be devoted to a careful study of the gap equation. More specifically, an
accurate estimation of the ground-state energy gap, taking the shell effects into account, will
be performed before solving the gap equation for all temperatures T < T,.. New analytical
expressions for the gap parameter A(T") will be derived. We will then show in Section I1.4.3 how
the pairing effect can be introduced in the thermodynamic functions as well as in the spin cut-off

parameter in a very simple and accurate way without adversely affecting the quantities calculated
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for the non-interacting Fermions system (and which already include the shell effects). Since the
superconductivity theory formalism describes the behaviour of pairs of particles, the calculations
will be first performed for doubly even nuclei. A generalization to odd-mass and doubly odd
nuclei will follow. We will finally compare in Section I1.4.4 our analytical formula with shell model

calculations including the BCS approximation to the pairing interaction.




- 118 -

11.4.2 The gap equation

Before estimating the gap parameter, it should be stressed that the gap equation, as given by
expression (122), has been derived under the classical assumption that the pairing strength G is 5
constant within an energy interval 2¢, around the Fermi energy and equal to zero otherwise. A
more general description of the pairing interaction can be found by considering a gap matrix G,
the elements of which can be calculated for a given pairing interaction, such as a é-interaction or
a finite range Gaussian interaction. Although the diagonal matrix elements for realistic forces are

systematically larger than the non-diagonal ones and, consequently, the configuration mixing is

weaker than in the constant-G model, the constant-G approximation is known to give fairly good
results, provided that the correct prescription to estimate the effective pairing strength is used
(Moretto and Kataria, 1974; Tondeur, 1979). Moreover, it has been shown (Ignatyuk, 1985) that
the principal characteristics of the thermodynamic quantities in the superconducting phase do not
depend on the assumptions made regarding the form of the matrix elements of the interaction. The
change in its functional dependence, in the energy representation, essentially leads to a renormal-
ization of the constants determining the interrelationship between the critical temperature and the
correlation characteristics of the ground-state of the system. Comparisons of nuclear level density
calculations making use of different pairing models (the constant-G approximation and the pairing
matrix approach on grounds of a d-interaction model) have confirmed the weak influence of the
adopted model on the thermodynamic functions (Arnould and Tondeur, 1981). For these reasons,
we have adopted in the present work the constant-G approximation to describe the pairing inter-
action. In addition, it will be seen that this widely used model allows us to express the different
thermodynamic quantities of relevance in the nuclear level density calculations in a very simple

analytical way.
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i) The ground-state energy gap and the critical temperature
Y gap

At zero temperature, the gap equation (122) can be written as

2

G~ Ek: ex — 1)? + Af (130)
The main contributions to the sum (130) come from the states in the vicinity of the Fermi level.
In the constant pairing force approximation, the pairing force is assumed to be non-negligible only
in a certain energy range 2¢, (commonly referred to as the A-shell and €5 as the energy cut-off)
around the Fermi energy. The sum occurring in equation (130) must be restricted to a finite energy
interval, since the contribution of distant levels would diverge logarithmically. This divergence
results from the assumption of a sharply local pair field and would be removed by taking the finite
range of the effective interactions into account. Therefore, the energy cut-off is directly related to
the prescription used for the constant G-value. In spite of the simplifying assumptions made in
the constant pairing force model, the gap equation can only be solved numerically. However, an
approximate solution can be obtained in the continuous spectrum approximation: if the average
single-particle level spacing is much smaller than the energy gap Ag, the summation (130) can be
approximately replaced by an integration over the energy interval [u — €5, +€5]. Assuming that

the level density of the paired nucleons p(¢) is constant within the A-shell, the ground-state energy

gap can finally be expressed (e.g. Ring and Schuck, 1980) as

Ao= —2— (131)
sinh —

PG

where pg corresponds to the density of doubly-degenerate single-particle levels at the Fermi energy
and can be related to the better known single-particle level density by po = %g(u) or to the a-

parameter (which is known to be an expression of the single-particle level density at the Fermi

t Tt is of interest to note that the restriction of the pairing to the vicinity of the Fermi level is
also the reason for treating the neutrons and protons separately (at least for heavy nuclei). For
heavy nuclei, the neutron excess is important enough to prevent the neutron and proton levels

close to the Fermi energy to overlap, so that the neutron-proton correlation is generally neglected.
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energy) by po ~ ;?ga. This last relation is correct when it concerns the gross behaviour of the
quantities considered. However, it is of great importance to stress that if shell corrections to the
a-parameter are taken into account, this last relation holds only if the quantities po and a (as given
by expression (33)) correspond to the same definition, i.e. to the same averaged value, of the single-
particle level density at the Fermi energy. On the one hand, the a-parameter has been derived
by averaging the single-particle level density around the Fermi energy with the weight-function
F(e/T). The larger the temperature, the wider the energy range contributing to the averaging,
and consequently the less significant the shell effects become. The oscillating contribution to
the level density progressively dies away when larger temperatures are considered. This effect is
reflected in the T-dependence of the a-parameter.

On the other hand, the density distribution p(¢) in expression (130) is averaged around the

Fermi energy by the slowly decreasing function Wy(e,Ap) = \/ETI-FKZ' In this case, the width of
the weight-function Wy is a function of the gap parameter Ag instead of the temperature. The
shell contribution to the quantity pp can consequently be related to the shell correction to the
a-parameter, provided both weight-functions, F(f¢) and Wy(e,Ag), have the same width. If we
define an equivalent temperature Ta, such that this condition is fulfilled (it can be shown that

Ta, =~ ﬁAo), we can write

Tq

1 16
po=59(p) = 5—5 (T =Ta,) (132)
3 - 726W1
* [+ i) 1

Since Ta, is proportional to the gap Ay, introducing (133) in expression (131) leads to an implicit
equation to be solved to determine the gap parameter. However, the factor 72Tf\0 is small and could
be replaced to a good approximation by its smooth contribution only, so that further simplifications

can be made. Such calculations will be developed in Section II.5.1 when dealing with comparison

to experimental pairing energies.
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Despite the numerous approximations made, it appears that the semi-classical approach devel-
ped in Chapter IL.2 enables us to introduce the shell effects in the gap equation in a very simple
way- This new approximation to the gap parameter is of great interest since it is well known
that the experimental pairing energies show significant local variations correlated with the shell
structure. Many studies have been devoted to the prediction of the pairing energies and attempts
have been made to derive analytical formulae to reproduce the experimental data (Nemirovsky
and Adamchuk, 1962; Kennedy, 1966; Zeldes et al., 1967; Madland and Nix, 1988). Although shell
effects are known to play an important role, none of the previous studies have been able to take the
shell corrections into account analytically. Despite the oversimplified treatment of the shell correc-
tions, we will show (see Section I.5.1) that expressions (131) and (133) can significantly improve
the fit to experimental pairing gaps compared with the above-mentioned studies. As regards the
nuclear level density, the introduction of shell effects in the pairing gap is of great importance. The
thermodynamic quantities appear to be highly sensitive to the adopted value of the pairing gap
Ag at low energy, so that an accurate knowledge of Ag is strongly desired for reliable prediction
of the level density. In most of the level density models which do not solve the BCS equations
completely, use is made of a smooth, analytical approximation to Ag. This procedure is fairly
unrealistic when nuclei with a number of nucleons close to a magic number (A¢ = 0 for a magic
number) are considered. The shell correction to the pairing energy also plays an important role
in droplet-type nuclear mass models (Méller et al., 1988), so that expression (131) using the shell
correction (133) can be expected to improve the description of the pairing energy contributing to

the total nuclear mass.

The critical temperature at which the pairing correlation disappears—i.e. such that A(T,) =
0—can be extracted in the same way, making use of the same approximations. Basically, it can be

related to the ground-state energy gap by the BCS formula
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2 Ay

= 3.50 134
T, (134

However, some deviations from the above classical formula as a result of the shell structure of the

nucleus can be expected. The critical temperature is proportional to the single-particle density

averaged around the Fermi energy by the weight-function W.(e,T.,) = ”;” tanh ETE.;' The shell
effects on both the gap parameter A and the critical energy T, would be identical, provided that
the two weight-functions Wy and W, have accurately the same width. Since grossly, Ay is related
to Ter by expression (134), it can be shown that the function Wy is more centred on the Fermi
energy than the function W,. Consequently, shell effects are more significant on Ay than they are
on T,, and the ratio A¢/T., can be expected to deviate from the classical BCS value of 1.75 in
correlation with the shell structure of the nucleus. Yet for the sake of simplicity, we will neglect

the shell effects on the ratio Ag/7.r and consider expression (134) only.

(#i) The temperature-dependent gap parameter

If above the critical temperature the gap energy is identically zero, to find the gap parameter
A(T) at any temperature T < T,,, the gap equation. (122) must be solved. In the continuous
spectrum approximation, the reduced gap 6(T) = A(T')/Aq is known to be a universal function of
the reduced temperature 7 = T/T,, (Rickayzen, 1965). However, no solutions of the T-dependent
gap equation have been derived in an analytical form so far, even if rather crude approximations
to the dependence A(T) have been proposed in the vicinity of the critical temperature or in the
region of low temperatures T' << A (e.g. Ignatyuk, 1985). For that reason, the gap equation is
generally solved numerically.

Since the temperature dependence of the gap parameter is of fundamental importance to
describe the nuclear statistical properties in the superconducting phase, we have reinvestigated the

gap equation in the continuous spectrum approximation. To simplify the gap equation, we have
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made use of the approximation
L tanh E !
FE o J E? + p2

where the quasi-particle energy F is given by expression (118). Such an approximation is fairly

(135)

good if the temperature-dependent parameter p is chosen such that the exact function is reproduced
correctly in the region where it gives rise to its maximum contribution to the gap equation, i.e. in
the vicinity of Fermi energy. Therefore, the parameter p can be derived from the condition that

both functions are identical at the energy E = A(T):
AZ
PP — (136)

. h2 =
sin oT

The approximations corresponding to p = 0 or p = 1 that would come more naturally to mind

differ significantly from that adopted here. As a matter of fact, no good results can be expected if

the exact function (135) is not correctly fitted at the Fermi energy.
If we introduce the approximate function in the gap equation, we are left with an expression
similar to equation (130). A simple integration leads in the continuous spectrum approximation

to the relation

A+ p? = Al (137)

to which correspond the boundary conditions
P(T=0)=0
(138)
PZ(T =Ter) = A(2)
and, in the given model, the critical temperature is related to the ground-state gap parameter by

the expression
1
Tor = 540 (139)
To satisfy the conditions (136)-(139), the reduced gap parameter §(T") can be determined for each

reduced temperature 7 by the implicit relation

(52

= 1- 62 (140)

sinh? —
-
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or equivalently

T, 1494
g = = 141
21111_6 é (141)

This implicit equation has been solved for all temperatures 7 in the range 0 < 7 < 1 and is
compared in Fig. 21 to the exact universal solution obtained numerically (Miihlschegel, 1959).
Expressions (140) or (141) appear to reproduce the exact solution within less than 0.2% over all
the temperature range. Even if expressions (140) or (141) lead to remarkably good results, it is still
necessary to make a numerical evaluation of the temperature dependence of §(T"). A simplification

of these implicit equations can be found if use is made of the approximation

. 26

- (Lt é
1-46

where m is determined to fit 7 in relation (142).

~ (1= 82)Y/m (142)

Finally we can express the temperature dependence of the gap parameter by the very simple

approximation

A(T) = Ag [1 - (]r:’;)m]m (143)

Since §(7) is a universal function, the parameter m can be determined univoquely without regard
of the different quantities such as €4, G or py. An excellent agreement between expression (143)
and the exact function (see Fig. 21) is found for the value m = 3.23 which makes it possible to
approximate A(T)/Ap in the whole superconducting phase within 2%. It should be stressed at this
point that the very simple approximation (143) corresponds to the first analytical approximation
which is able to reproduce the T-dependence of the gap parameter in the whole superconducting
phase (0 < T < T.,). Moreover, this approximation is so good that it can be applied to nuclear

level density calculations with great confidence.
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Figure 21. Ratio A(T)/A as a function of the reduced temperature T/T,,. The full curve
corresponds to the exact numerical evaluation (Miihlschlegel, 1959) and is compared with
the approximations (141) (dotted line) and (143) (dashed line). The approximation (141)
is so good that the dotted line cannot be distinguished from the full curve.
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I1.4.3 Determination of the thermodynamic quantities

It has been shown in Section II.4.1 that the effects of the pairing interaction on the statistical
properties of the nucleus can be considered in a fairly simple way by means of the BCS theory. The
problem reduces to the use of the BCS quasi-particles as the basic non-interacting Fermions. Since
in the BCS theory of superconductivity concerns systems of pairs of particles, the thermodynamic
quantities calculated in the next section will refer to doubly even nuclei. The generalization to the

case of odd-mass and doubly odd nuclei will be discussed in part B of this section.

Al. Ewvaluation of the entropy

In the statistical model of nuclear level density, the entropy (125) of the system at a temperature

T can be expressed as

S(T)=2m2 ) F(E/T) (144)
k

where the function F(z) has already been defined in Section I1.2.3 (see expression (35)) and the
quasi-particle energy Ej is given by (118). An interesting property of the function F'is emphasized

by its Gaussian-like shape (see Fig. 2) and can mathematically be expressed by the relation

F(y/2* + %) > F(z/wr) F(y) (145)

Had the function F(z) been a Gaussian, it would have been trivial to prove the above equality.
Since this is not the case, a correction factor wr to the width of the function F must be introduced.
The factor wg can be determined in order for the left and right terms of expression (145) to cover

the same area with respect to the z-axis. This condition leads to the relation

/00 F(v/z? + y*)dz
wr(y) = = oS (146)
F(y) /0 F(z)dz

6In2 1 >
B — 2 2
=T T ), F(y/2? + y?)dz (147)
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This dependence of the width wp with variations of the y variable is shown in Fig. 22. Also

displayed in Fig. 22 is an arbitrary approximation to expression (147) ia the analytical form:
wr(y) = 1+ uy (1 - e™0Y) (148)

where a fit to the numerical evaluation leads to the choice of the constants u; ~ 0.083 and uy ~ 0.5.

The function F(\/E?-l——y2 ) and its approximation (145) are shown in Fig. 23 for 4 values of
y, namely y =1, 2, 3 and 4. As can be observed, the approximation is remarkably good over the
whole range considered. For y = 0, the approximation is obviously exact, while for increasing value
of y, the approximation tends to become slightly less accurate, even if it remains highly reliable.
However, the absolute amplitude of the function decreases exponentially with y, so that the small
discrepancies arising when very high y-values are considered (y > 10), are of no consequence for
our practical use. If we make use of these approximations in the entropy expression (144), we can

write, in a trivial way:

S(T)=2m2 Y F[+/lex— n)7 + A2] (149)
k
~ 22 F(A/T) Y F [gho(er - )] (150)
k
~ F(A/T) So(wrT) (151)

where Sy is the entropy of the non-interacting Fermions system (A = 0) as derived in Section
11.2.3, and wp = wp(A/T) is a function of the pairing gap given by expressions (147) or (148) with
y=A/T.

Expression (151) shows that the pairing interaction can easily be introduced in the entropy
expression. It is of great interest to point out that this formula has been derived independently
of the model adopted to describe the non-interacting system. Therefore, any analytical expression
for the entropy Sy can be substituted in expression (151). Moreover, a high degree of accuracy can

be expected since the approximations made are very reliable.




Figure 22. Correction wr(y) to the width of the F-function as given by expression (147)
(full line) and by the analytical approximation (148) (dashed line).
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Figure 23. Comparison of the function F(4/z? + y?) (full line) with the approximation
F(z/wr)F(y) (dashed line) as a function of z and for 4 values of the parameter y. The
approximation is so good that the curves can hardly be distinguished
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As described by expression (151), the effects of the pairing forces on the entropy of the system

appear to affect its amplitude as well as its temperature scaling relative to the non-interacting
system. For temperatures T' > T.r, A = 0 and thus, F(A/T,) = 1 and wp = 1, so that
the normal regime is reestablished in its exact form. For decreasing temperatures, the energy gap
A(T) increases and greatly reduces the entropy amplitude by the factor F(A/T'), always lower than
unity as could have been predicted from the second principle of thermodynamics. For temperatures

T < A, the function F vanishes exponentially, and with it the entropy.

A second pairing effect can be found in the wp-factor. At a temperature T < T¢,, the entropy
of the paired system is related to the entropy of the non-interacting system evaluated at a higher
temperature wpT > T. However, the equivalent temperature of the non-interacting system in a
state characterized by the same entropy as the paired system is globally lower (because of the
predominant reduction of the amplitude by the factor F'). This modification of the temperature
scale shows that the emergence of a pairing force tends slightly to broaden the single-particle energy
interval contributing to the statistical properties of the system. As a matter of fact, for A # 0, the
entropy depends on the single-particle energy distribution in an interval of width ~ wpT around
the Fermi energy (which should be compared to the interval of width ~ T in absence of pairing
interaction). This temperature scaling factor has a non-negligible influence on the entropy So
at low temperatures, especially when the nucleus reveals important shell effects. Such an effect

remains, however, minor in comparison with the amplitude reduction resulting from the F-factor.

A2. Evaluation of the excitation energy

Compared with the entropy evaluation, the determination of the excitation energy in the super-
conducting phase is rather complicated and requires a careful study. The excitation energy can be

derived from the total energy of the system by subtracting the ground-state energy (corresponding
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to T = 0) and can be expressed by the relation

1 E AL - A?
’“] + 20 (152)

1
U—;gk({ik—u) I:—E-E'—E—;tanhﬁ G

where the quasi-particle excitation energy Ej is given by (118) and at zero temperature by

EY = \ﬂak — )2 + A2 (153)
It is of importance to recall here that the summation (152) is carried over the energy interval
lex — p| < ea and runs only over half the configuration space. Each index k corresponds to the
state {k,k} where k is the conjugate state of k, connected to k by the operation of time reversal.

To simplify expression (152), use is made of the traditional assumption
A< Ag < e (154)

and of the continuous spectrum approximation, in which the level density available to the paired
nucleons p(¢) = £g(¢) is assumed to remain constant. Under these conditions, expression (152)

can be reduced to

1 1 ., A?
U(T) = 5T S(T) + 5p0A (1 — A—%) (155)

and using the approximation (151) to the entropy of the interacting Fermion system, we finally

obtain
1

—F(A/T) Us(wrT) + 5p0 (83— &) (156)

U(T) ~
where Up(T) is the excitation energy of the non-interacting Fermion system as given in Section
I1.2.3. As can be seen, the expression of the effective excitation energy obtained on the basis of
the BCS model differs considerably from the simple description derived from the Fermi gas model.
Above the critical temperature, A = 0 and the classical BCS approximation to the excitation
energy in the normal phase is obtained (e.g. Sano and Yamasaki, 1963)

Un(T) = U(T) + igoAg (157)

3 ~ A2




where go is the single-particle level density at the Fermi energy averaged, this time, on an energy
interval large enough (of the order of €, ) to assume that the oscillating contribution to go is negli-
gible (see Section I1.4.2). The pairing correlations in the normal phase are consequently reduced to
a simple energy shift equal to £, = f?&Ag, which reflects the lowering of the ground-state energy
resulting from the pairing interaction. On the one hand, it appears that the phenomenological
energy shift adopted in the classical analytical models of nuclear level densities is also predicted
by the BCS theory, at least for temperatures T > T,,. On the other hand, the phenomenological
energy shift generally used differs significantly from the BCS energy E,. The analytical models
generally assume that the ground-states of the even and odd mass nuclei are shifted by an amount
similar to the corresponding odd-even shift in the semi-empirical formula. Following this approach,
the energy correction is linear in Ay, rather than quadratic as suggested by expression (158).

The transition energy U,,, corresponding to the critical energy T,,, is given by
3 .2
Uer = Uo(Ter) + _QFaAO (159)

Expression (159) is of particular interest because it enables us to estimate to first approximation

the critical energy by the relation
=2 3 2
Ucr = aTc,,. + WaAO (160)

If we use the BCS formula Ay = 1.75T,,, the empirical level density parameter ¢ ~ A/8 and the
empirical gap parameter Ay = %MeV, we find a critical energy equal to 8.5 MeV, which appears
to be close to the neutron separation energy §,. Therefore, it is of importance to note that
comparisons of theoretical level densities with experimental data, such as the neutron resonance
spacings or the cumulative number of observed low-lying levels, should be made in the superfluid
model and not in the oversimplified shifted Fermi gas approach. As shown by expression (156),

the pairing effects on the excitation energy in the superconducting phase cannot be reduced to a




simple energy shift. Similar characteristics to those already discussed for the entropy expression
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(151) can be found in the energy relation (156) for temperatures T' < T,.

A38. Evaluation of the spin cut-off parameter

Adopting a method very similar to the one used to derive the effect of pairing interaction on the

entropy, we can rewrite the spin cut-off parameter (126) as

az(T)_—.% S m2 h(Ex/T) (161)
k

where the function i(z) has been defined in Section I1.3.3 (see expression (91)). It has also been

shown (see expression (92)) that an excellent approximation to this function could be found in the
relation h(z) ~ F(o,z). We can consequently generalize the results obtained for the function F(z)

to the function h(z):

h(V/o + 47 = h(a/wn) h(y) (162)
where, similarly to expressions (145)—(148), we define the width w; by

/00 h(v/ 2% + y?)dz
wh(y) = = 5 (163)
b) [ o)t

1 [eo]
= 7 / ER (164)

The function wy, is displayed in Fig. 24. A fit to expression (164) can be found in the analytical

expression

wr(y) ~ 1+ 0y (1 . e—v2y) (165)

with the numerical constants v; ~ 0.11 and vy ~ 0.5 (see Fig. 24). The function h(y/z? + y?) and
its approximation (162) are shown in Fig. 25 for the 4 values of y: y =1, 2, 3 and 4. As can be

seen, the approximation is also remarkably good in the whole range considered.
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Figure 24. Correction wp(y) to the width of the h-function as given by expression (164)
(full line) and by the analytical approximation (165) (dashed line).
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Figure 25. Comparison of the function h(4/#2 4+ y?) (full line) with the approximation
h(z/wh)h(y) (dashed line) as a function of 2 and for 4 values of the parameter y.
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The spin cut-off parameter can finally be written as

o*(T) = % > mih [%\/(ek —p)? + A2] (166)
k

= h(8/1) T mt [glr(en- ) (167)

~ h(A/T) ob(wpT) (168)

where 03(T) is the spin cut-off parameter of the non-interacting Fermions system. In particular, in
the normal phase, A = 0 and thus A = 1 and w;, = 1, so that the pairing effects fade away and the
normal regime as derived in Chapter I1.3 is recovered. For temperatures T < T,,, the spin cut-off
parameter and consequently the moment of inertia {7 = -}-02 appear to be greatly reduced by the
pair correlations. The higher the pairing gap A, the smaller 62 becomes. As already emphasized,
the fact that the moments of inertia are found to be appreciably smaller than their rigid body
values is generally attributed to pair correlations. In the model developed here, the reduction
factor resulting from the pairing correlations is given by h(A/T) which tends exponentially to
zero when the temperature vanishes. The strong dependence of the moment of inertia on the pair

correlation parameter A emphasizes the significant coupling between A and the rotational motion.

B. Generalization to odd-mass and doubly odd nuclei

The calculations performed in the preceding section concerns the evaluation of the thermodynamic
quantities of even-even nuclei only. When dealing with odd-mass and doubly odd nuclei, the so-
called blocking effect has to be taken into account. Following the Pauli principle, the unpaired
particle blocks the level it occupies and prevents the level from participating in the scattering
process of nucleons caused by the pairing correlations. As in the case of an even nucleon number,
blocking is completely ignored in all nuclear excited states. It is generally assumed that the odd
nucleon does not significantly affect the parameters of the nucleus above the ground-state (it gets

"lost” among other excited nucleons).
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Yet blocking cannot be neglected in the description of the ground-state of an odd-nucleon
system. In fact, the ground-state of a nucleus with the odd neutron (or proton) in a state k' (or
k"), which can be assumed to be the level just above the Fermi energy, corresponds to a good
approximation to the state of the neighbouring doubly-even nucleus with the excitation Eox (or

Eok») defined by the excitation energy of the quasi-particle

Eow = /(e — )2 + A (169)

According to the above model, the level density of an odd-N (or Z) or odd-odd nucleus at an
excitation energy U is equal to the level density of the neighbouring even-even nucleus calculated
at the energy U + Eop (or U + Eog) and U + Eopr + Egg, respectively. Such a simple procedure
has been shown to reproduce satisfactorily the results derived from more sophisticated models
including the blocking effects (Kennedy, 1966; Bekhami and Huizenga, 1973). In addition, we will
assume that Egrr ~ Ag. Such an approximation is known to be fairly good for nuclei far away

from closed shells.




I1.4.4 Comparison with numerical shell model calculations

To test the validity and the accuracy of our analytical approximation to the BCS equations, we have
performed shell model calculations using the single-particle levels as already introduced in Sections
I1.2.4 and I1.3.4. The pairing interaction has been included in the framework of the constant-G
model where the prescription of Tondeur (1978) has been considered. The pairing strengths for

neutrons and protons are given by the smooth empirical expressions
G, = 2.25/N°7, Gp = 2.00/2°7 (170)

The contributing levels to the BCS equations include all bound single-particle levels and bound
states up to the energy 2hwy ~ 82 A~'/3MeV. The quantitative values adopted for the pairing
strength and energy cut-off are of no importance at this stage, since no attempt is made to compare
our results to experimental data. However, we have preferred to make use of an already-tested pre-
scription to estimate the relative effect of the pairing interaction on the thermodynamic functions.
The above description has been used by Tondeur (1978) to reproduce the experimental odd-even
mass differences and by Arnould and Tondeur (1981) to evaluate the pairing effects on nuclear
level densities. Moreover, this choice in adopting a smooth empirical expression for G enables us
to take the non-negligible shell effects in the gap parameter into account. This treatment of the
pairing interaction is known to be more realistic than the one making use of a smooth ground-state
gap parameter.

Numerical calculations have been performed for the same nuclei, but since no superconducting
phase exists for magic numbers, only the results for the three systems of particles with non-magic
numbers have been displayed, i.e. the proton and neutron configurations of 12Dy and the neutron
system of 1%°Sn. The analytical thermodynamic quantities U(T), a(T), S(T), and a,(T) are

shown as a function of the temperature in Figs. (26)—(28) and compared with the numerical
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Figure 26. T-dependence of the thermodynamic quantities U(T'), a(T), S(T) and a,(T) for
the neutron system of 120Sn. The full lines correspond to the numerical shell model calculation
(W-5), while the dashed lines have been obtained with the analytical approximation (SCA). At
low temperature (7' < T, ), the system is in the superconducting phase leading to an important
reduction of the different quantities.
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evaluation obtained with the use of the Woods-Saxon single-particle level schemes. As can be
observed, the agreement in both phases—the superconducting phase for T < 7., and the normal
phase for T > T, —is remarkably good. The analytical curves have been obtained making use
of expressions (151), (156) and (168) and the temperature dependence of the gap parameter has
been taken from the approximate relation (143). As regards the ground-state pairing gap Ay, the
critical temperature T, and the ground-state energy shift £, = %poAg, the same values as the

ones obtained in the numerical calculation have been adopted. These values are given in Table 4.

Table 4.

Pairing parameters derived from the numerical evaluation

Ag (MeV) Ter (MeV) E,(MeV)
1206n,, mneut. 1.30 0.73 3.4
188Dyge neut. 1.45 0.84 5.5
prot. 1.12 0.63 2.2

On the one hand, it can be verified that the ratio of the pairing gap to the critical temperature
remains fairly constant and equal to 1.75 as predicted by the BCS formula (134). On the other
hand, the pairing energy E, appears to be twice as important as had been suggested by expression
(157). The origin of this discrepancy remains obscure but can mainly be attributed to the specific
prescription used for the pairing interaction. In particular, the cut-off energy is relatively large,
so that it is a rather poor approximation to assume the single-particle level density constant over
the whole A-shell. The constant spectrum approximation can consequently not be applied to the
above prescription to approximate either the gap equation or the ground-state energy shift E,.

This explains why we have adopted the computed values of these parameters in the comparison of
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our analytical formula with the numerical calculations.

As regards the temperature dependence of the thermodynamic functions, it can be seen how
accurate the fits to the Woods-Saxon quantities are. Below the phase transition, the uncertainties
associated with the shell effects are greatly reduced for two main reasons. First, the effects of
the pairing correlations become predominant, so that the reduction factors F(A/T) or h(A/T)
mask the effects resulting from the shell structure. Although the shell effects in the three systems
studied tend to increase the thermodynamic quantities at low energy (see the corresponding Figs.
(5)-(10) without pairing effects), the reduction resulting from the pairing interaction is by far the
most dominant. Second, the shell effect at a given temperature is reduced relative to the system
without pairing interaction. This feature is reflected by the temperature shifts wpT and w,T in
expressions (151), (156) and (168). The increase of the single-particle energy range contributing
to the averaging of the thermodynamic quantities partially averages out the discrete nature of the
level structure. However, this second effect is relatively minor (if not negligible) in comparison

with the important amplitude reduction of the thermodynamic functions.

The approximations made to derive the pairing effects are more accurate than those made to
take the shell effects into account. The reliability of the analytical formula is consequently higher
with pairing than without it. For that reason, the agreement with the numerical calculations is
closer in the superconducting phase than in the normal phase, where the pairing effects vanish.
Above the critical temperature, the differences between both calculations are slightly more impor-
tant. Yet they are identical to those shown in Figs. (5)-(10) (except for the excitation energy
curves) since, in the normal phase, the only recollection of the pairing correlations results from the

ground-state energy shift.

An interesting feature of the analytical approximation is that all formulae describing the ther-

modynamic quantities are continuous functions of the temperature and that the discontinuities
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observed in the statistical quantities occurring at the phase transition result only from the discon-

tinuity of the gap parameter A(T') at this temperature.

In summary, the introduction of the pairing interaction through the analytical approximation
to the BCS equations—as derived in Section 11.4.3—appears to be in excellent agreement with the
numerical predictions. The analytical approach is not only particularly simple to use, but also
very accurate, in both the superconducting and normal phases. Moreover, the pairing correlations
strongly affect the thermodynamic quantities and cannot be neglected or even treated in the
oversimplified model of an odd-even pairing shift. In particular, the superconducting effects are
significant up to rather high excitation energies (U., ~ 8 MeV) and tend to reduce greatly the

entropy as well as the moment of inertia.
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II.5 Comparison with experimental data

I1.5.1 The semi-classical approximation to the level density parameters

The semi-classical approximation to the single-particle level density, as developed in the present
work, allows us to construct a new analytical formula of nuclear state densities for spherical nuclej
taking the shell and pairing effects into account. Before comparing the level densities predicted
by this new theoretical formulation with experimental data, the different parameters appearing
in the level density expression have to be estimated. It turns out that the level density depends
essentially on 6 quantities:

- the asymptotic d-parameter corresponding to the smooth single-particle level density at the

Fermi energy

the shell parameters: v defining the temperature at which the shell effects disappear and §W;

and §W, corresponding to the two contributions to the ground-state shell correction energy

the rotational correction factor f, taking the possible reduction of the moment of inertia below

the rigid body value into account

the ground-state energy gap Ag (or equivalently the pairing strength G and the energy cut-off

EA)-
These 6 quantities, when not fixed by experimental data, must not be considered as free parameters
since in the semi-classical approach they are strictly defined and can be related to physical quanti-
ties such as the the Fermi energy and the potential properties (radius, depth, surface diffuseness).
Yet the semi-classical approximation derived in the present work might not be accurate enough to
enable a reliable determination of these parameters since it refers to oversimplified nuclear models
such as the infinite square well or the Woods-Saxon potential. These models are known to be

rather crude approximations to the behaviour of a nucleonic system interacting via many-body
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forces, so that significant discrepancies can be expected when comparing with experimental data.
Nevertheless, the semi-classical approach enables a possible parametrization of the above quanti-
ties. In particular, it becomes possible to express them as a function of the particle number and to
estimate the remaining parameters through fits to experimental data. This possible procedure con-
stitutes one major advantage of the semi-classical approach in comparison with previous empirical
approximations. The lack of experimental data on nuclear level densities, especially over a wide
energy range, does not make an empirical parametrization of the unknown quantities possible.
In addition, a reliable formula with sound theoretical basis is of fundamental importance when
extrapolations far away from the known experimental region are concerned. The semi-classical
approach appears qualitatively to be an excellent guide in that respect.

The semi-classical expressions for the above parameters—as they have been given in the pre-
vious sections—depend on the particle number through the N- (or Z-) dependence of the potential
radius R (approximated by R = r0AY/?) and of the chemical potential (which has been assimilated
to the Fermi energy and therefore assumed to be temperature-independent). The knowledge of the
Fermi energy expressed as a function of the particle number requires the relation (for the neutron

system)

N = N(ep,n) = /0 T v (e) + Gs(e)] de (171)

be inverted (and similarly for the proton system). When only the volume term is considered,
the inversion is trivial and constitutes the classical approximation to the Fermi energy. However,
the non-negligible surface contribution to integral (171) gives rise to a complicated equation (see
Appendix A) which cannot be solved so easily. It has been shown in Fig. Al that the surface
term §(¢) leads to a negative contribution to the total density at low energies which then becomes
positive at energies around the Fermi energy. In these conditions, the neglect of the surface term

tends to overestimate the single-particle level density, i.e. to underestimate the Fermi energy (see
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Fig. A3 in Appendix A). A phenomenological way of taking the surface term into account consists
in considering the volume term only in which a reduction factor x is introduced. This technique
has already been used in Section I1.3.2. It should be stressed that this rather crude approximation
to equation (171) corresponds to a compromise between a complicated description of the surface
contribution and an inconsistent use of the volume term only. In this approximation we can then

expressed the neutron Fermi energy as

3 N3
EFn = [ﬂg] (172)
where the volume constant is expressed by (see Appendix A)
D (2m\%/?

A similar expression can be obtained for the proton system. The quantity gy is identical for both
the neutron and proton systems if the the neutron skin effect is neglected.

Strictly speaking, the factor k must be considered as N-dependent. Yet we will assume that
it remains constant (and roughly equal to 0.7) for all values of N. Although this treatment
would require important improvements, it remains more reliable than the ideal degenerate Fermi
gas approximation which takes x = 1. Expressions (172)-(173) lead (for a radius parameter
ro = 1.26fm and a constant & = 0.7) to a Fermi energy equal to ep, ~ 38(1 & %I) MeV in close
agreement to the usually accepted value.t The level density parameters can now be evaluated as

a function of the particle number on the basis of relation (172).

1 In this chapter, the index ¢ will be used to denote either the neutron system (¢ = n) or the
proton system (¢ = p). Similarly, N, will stand either for N or Z. To simplify the relations, the
different quantities can be expressed as a series expansion of the neutron excess I = (N — Z)/A.

When expressions differ for the neutron and proton contributions, the upper sign will always refer

to neutrons and the lower to protons.
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A. Evaluation of the a-parameter

The parameter ¢ = lr;—g(sp) is by far the most decisive parameter affecting the nuclear level
density (because of the exponential dependence of the level density on the entropy). Therefore,
uncertainties in its evaluation have an enormous impact on the prediction of the level density.
Unfortunately, it remains very difficult to obtain, in an analytical form, a reliable evaluation of
d. The oversimplified treatment of the single-particle level density generally leads to unreliable or
inaccurate predictions of d.

As regards the volume contribution to the d-parameter, a straightforward estimation of its

amplitude, taking both the neutron and the proton contributions into account, leads to

. w2 1 \'® 2mr3
iy ~aA=— (3571-2) PS> A (174)

In particular, for £ = 0.7 and 7y = 1.4fm, we find o = 0.11 MeV ™! which agrees with the empirical
value of 0.12MeV ™" (e.g. Bohr and Mottelson, 1969). The value of ry = 1.4fm is somewhat larger
than usual in order to account for the larger effective radius of the single-particle potential at the
Fermi surface compared with the half-value radius. When the surface contribution is included,
the increase of the effective radius is contained in the surface term, so that a lower radius can

be considered. Yet the non-negligible surface contribution appeared to be a complicated function

of the potential depth, the nucleonic separation energy and the surface diffuseness. Therefore, it
seems dangerous to extract a universal A-dependence of the surface contribution. In addition, it
has been shown (Section I1.2.4 and Appendix A) that not only the amplitude but also the sign
of the surface contribution ds depend drastically on the relative values of the potential depth Vj
and the nucleonic separation energy B. If we use the approximate expression (A48) for the surface
contribution and the parameters (A9), derived in the case of a Woods-Saxon potential of surface

diffuseness a=0.67 fm, then the sign of ag is predicted to be

(175)

as <0 if Bz 02V+3.0MeV
as > 0 if B 02Vy+4+3.0 MeV
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where Vg is expressed in MeV. The surface term is consequently expected to be mainly positive (if
we assume the surface diffuseness not to differ significantly from the average value of 0.67 fm).
The amplitude of the surface contribution remains highly uncertain. However, from (A48) we

can approximate its functional dependence for the total nucleus by
as = BA —yZAP (176)

where the two parameters § and 4 are quadratic functions of the radius rq. The second term
corresponds to the effects of the Coulomb interaction which greatly decreases the potential depth
of the proton system. An evaluation of these parameters yields for the parameters of the Woods-
Saxon potential of Hodgson (1990): 8 ~ 0.07MeV ™! and v ~ 0.0014 MeV ™!

The total smooth contribution to the a-parameter can finally be expressed for the total nucleus

including the two nucleonic systems as
a=aA+ LAY —yZAV3 (177)

The quadratic dependence of the d-parameter on the neutron excess I has been neglected because
of its very small contribution (& x (1 — $I?)). Nevertheless, the neutron and proton contributions
individually show a strong linear dependence on the neutron excess: dy, = a1+ 3I)A. If, on
the one hand, the nuclear level densities essentially depend on the total value @, + &,, on the
other hand, the treatment of the pairing interaction, as developed in Chapter II.4, requires the
knowledge of the two nucleonic contributions separately. In that case, the I-dependence of @ cannot
be neglected.

It should be stressed that expression (177) is not expected to predict the level density param-
eter with a high accuracy, because of the numerous approximations made. As already emphasized
in Section 11.2.4, the d@-parameter is highly sensitive to a variation of the uncertain potential radius

To. Yet the parameters o, # and 4 appear to depend quadratically on ry, so that a modification
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of its value affects the 3 parameters in the same way. The functional form of the @-parameter has
been the subject of many controversies in the past and many different formulae have been proposed
to reproduce the experimental data. The major uncertainty lies in the determination of the surface
term. While Kataria et al. (1978), Kataria and Ramamurthy (1980) or Ramamurthy et al. (1983)
required a negative surface contribution to reproduce the experimental data; Toke and Swiatecki
(1981), Prakash et al. (1983) or Handloser and Stocker (1985) claimed a high positive theoretical
value. Yet it has to be remembered that the so-called experimental a-parameter, as derived by
Kataria et al. (1978), is model-dependent and drastically depends on the adopted treatment of
the shell and pairing effects as well as the spin dependence. A modification of the spin cut-off
parameter, for example, leads to different experimental a-parameters and consequently to different
parameter sets in the functional form of @. The discrepancies between the theoretical and experi-
mental a-parameter has raised the question that the present models might have been missing some
important features, either in the evaluation of the a-parameter (as suggested by Ramamurthy et
al., 1983) or more generally in the level densities formulation. The analysis made in the present
work clearly emphasizes the possible variation of the amplitude as well as the sign of the surface
term from one region of the nuclear chart to another one. Yet the semi-classical approximation
to the Woods-Saxon single-particle level density would be in favour of a positive surface term,
even if its quantitative contribution appears to be significantly reduced in comparison with the

above-mentioned works.

B. Evaluation of the ground-state shell correction energies §Wy and §W,

As described in Section I1.2.3, the level density at low temperatures (T < Tyy) is strongly correlated
with the shell correction to the ground-state energy. The problems associated with the ground-state
shell energy have already been discussed in Part I in the context of the droplet-type mass formulae

and are encountered in a similar way when dealing with the shell effects on nuclear level densities.
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The main difficulty lies in the proper definition of the shell energy and more generally in the
interrelationship between the macroscopic and microscopic quantities, as discussed by Strutinsky
(1989). The shell energy, as derived in the literature, must be regarded as a purely artificial
quantity which has been introduced to account for the discrepancies obtained when fitting semi-
classical approximations to quantum quantities. In particular, in nuclear mass models, the shell
corrections to the ground-state energy differ significantly from one mass formula to the other one

since they are defined by
M(Z,A) = Mewp(Z,A) — Mppacro(Z, A) (178)

where M., is the experimental mass defect and M, 4., the theoretical macroscopic term obtained
in the framework of a classical or semi-classical model. Most initial works used the liquid drop model
as the macroscopic model (Myers and Swiatecki, 1966, 1967). Later, the addition of new features
to the liquid drop model led to the development of the droplet model (Hilf et al., 1976; von Groote
et al., 1976) and the finite-range model (Méller et al., 1988). To reproduce experimental masses, all
the above models introduce a microscopic correction to account for the non-uniform distribution
of single-particle levels in the nucleus. Different methods can be found to estimate the microscopic
term, even if basically all the macroscopic-microscopic models use either the phenomenological
correction of Myers and Swiatecki (1966) or Strutinsky’s method (Strutinsky, 1967). In both
cases, the different parameters of the model are estimated from a least-squares adjustment to
experimental ground-states masses. Different models lead inevitably to different contributions to
the macroscopic and microscopic terms and consequently to different shell correction energies.
Even a single mass formula can have two different parameter sets which both fit the experimental
masses with the same accuracy, but lead to drastically different shell energies. An example can be
found in Part I, with the mass formulae of Hilf et al. (1976) and von Groote et al. (1976).

For these reasons, it seems inconsistent to introduce into the level density expression a shell
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correction energy, which has been derived from a given nuclear mass model and linked to an
arbitrary macroscopic term. Ideally, for the level density calculations, the only consistent way of
using the shell energy extracted from an empirical mass formula, is simultaneously to relate the
smooth d-parameter to the macroscopic term of the given mass model. Unfortunately, the semi-
classical approach does not allow a reliable evaluation of the parameters of the droplet contribution
to the nuclear mass. As a matter of fact, the calculation of the ground-state nuclear mass in the
semi-classical approach requires an accurate knowledge of the single-particle level density g(e) in
the whole energy range from the bottom of the potential well up to the Fermi energy. Moreover, the
effects of the nuclear two-body forces have to be taken into account in the evaluation of the nuclear
potential energy. Therefore, this technique cannot be used to link consistently the @-parameter
to the macroscopic contribution to the nuclear mass in the same manner as the shell-dep endent

a-parameter is related to the ground-state shell correction energy.

In addition to the above-mentioned methods, the semi-classical approach developed in Section
I1.2.3 seems to offer a new way of evaluating the ground-state shell correction energy analytically.
It has been shown that the semi-classical approximation to the statistical properties of the nucleus
can predict the spherical shell energy §W of a system of nucleons confined in an infinite square
well (see expression (30)). Yet the resulting expression is a rather complicated function since it
is given by a double infinite sum of oscillating functions. Moreover, expression (30) describes the
shell correction energy in the fairly unrealistic case of an infinite square potential and cannot be

expected to have any reliable predictive power when dealing with more realistic shell models.

Nevertheless, we have tested the semi-classical approximation to éW by trying to generalize
and renormalize its expression to the case of a shell model including a spin-orbit potential. Since
the semi-classical expression (30) is far to complicated for practical purposes and especially for a

simple parametrization of §W, we have replaced the double infinite summation by a more suitable
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phenomenological function. Using the A-dependence of the nuclear radius (R = roA/3) and of the
2/3

Fermi energy (ep,, (—]YA‘-’-) ), we show in Appendix C that the two contributions to the shell

correction energy §W = §W; + §W, can be reduced in the optical diffraction approximation to the

simple expressions

t1
W~ s N2 [1- (179)
L e (N + kl) _
t3
§Wi = sy N6 |1 - (180)
| 1+ sin® (gzN;/S +k2>_

Full details about the calculations and simplifications made to obtain expressions (179)—(180) can
be found in Appendix C. An estimation of the above parameters is also given in Appendix C for
the simple model of an infinite square well potential. Also discussed in Appendix C are the effects
on the shell correction energy resulting from the constructive or destructive interferences in the
nucleonic motions.

Approximations (179) and (180) represent fairly good fits to the semi-classical expression (30).
Better fits can be obtained (see Appendix C), but at the expense of an increase in the number
of parameters. For the sake of simplicity, we have adopted the above expressions to estimate the
shell corrections to the ground-state energy. Since they correspond to the simple model of nucleons
confined in a spherical infinite well, the different quantities s;, t;, 7;, i and k; (s = 1,2) will be
taken as free parameters in an attempt to describe more realistic shell effects. We can hope that
a renormalization of these parameters could reproduce known features of the actual nuclear shell
structure, such as the magic numbers.

Ideally, the different parameters defining the energies §W; and §W; should be determined by
fitting expressions (179) and (180) to experimental nuclear masses. However, the nuclear mass
models, especially in the droplet approach, still suffer from other uncertainties (such as the de-

formation effects) which makes an unambiguous extraction of the nuclear shell correction energies
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impossible. In particular, the error associated with the predicted nuclear masses remains larger
than the amplitude expected for the shell correction §W; (see Appendix C). The energy 6W, cor-
responds to a correction smaller than typically 0.5 MeV to a total energy of the order of a few
hundred MeV. For that reason, we will neglect to a first approximation its contribution to the
total nuclear mass. Moreover, since the extraction of the energy §W, appears ambiguous—fits to
experimental masses still constitute the only method to derive the ground-state shell correction
energies—we have provisionally assumed that its contribution to the nuclear level density could
also be neglected.

If we assume for simplicity that the neutron and proton contributions to the total shell correc-

tion energy are identical, we can finally write the ground-state shell correction energy for spherical

nuclei as
1

(181)
1 4 7sin? (qul/3 +k>

§W, = §Wy, = sN}/? 11—

which requires a knowledge of 5 parameters. However, two of them, namely g and k, should not
be regarded as free parameters, since they are fixed by the requirement of reproducing the magic
numbers. As a matter of fact, the main constraint to any shell function is to exhibit minima at
the shell closures, i.e. at neutron and proton numbers N, =2, 8, 14, 28, 50, 82, 126, 184. Because
of the approximate and spherical nature of the shell function (181), only the four major magic

numbers—N,=28, 50, 82, 126—are considered here. The shell correction energy (181) exhibits

minima at the particle number N7, such that
GNP+ k=nr (182)

where n is an integer. Expression (182) defines the magic numbers. It is of particular interest to
see that the four main magic numbers can approximately be obtained with only two parameters g
and k. We find for the specific values § = 4.74 and k = 1.37, the numbers N;=27.7, 50.1, 82.3,

126.0, which correspond to the magic integers required. Some little deviations around the two

i
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values of § and k are allowed as long as the resulting integer minima correspond exactly to the
magic numbers. It can also be seen from the simple condition (182) that the two other minima,
for the same values of § and k as above, are 13.2 and 182.9, which do not greatly differ from the
known minima at 14 and 184, respectively.

To a first approximation, the consideration of one single frequency g in the oscillating shell
function appears to be able to reproduce the four main magic numbers. This result is of great
importance since it justifies the assumption made in Section II.2.3 about the constancy of the shell
parameter 7. The shell effects on the nuclear level density have been obtained assuming that the
main periodic orbits contributing to the single-particle level density were characterized by a fairly
constant frequency g; ~ g. The fact that the different paths contributing to the shell energy can
be reduced to a single orbit with the average frequency 2g.XV, ; /3 3nd that the shell correction energy
§W depends on the single-particle level density in the same manner as the shell contribution to
the level densities, confirms this assumption made. Moreover, the heavy constraint related to the
exact matching of the magic numbers leads to a well defined value of g, so that the approximation
made is thought to be fairly good.

We have used expression (181) to generate a new shell correction to the droplet nuclear mass

formula. The adopted mass formula consists of the usual terms (e.g. Myers, 1976)
M(N,Z) = M(N,Z,0) + My(N,Z) + Mw(N,Z) + Ms(N, Z,6) (183)

where 0 describes the nuclear deformation dependence of the different mass contributions and M,
M, and My correspond to the smooth droplet energy, the pairing contribution and the Wigner
term, respectively. We have treated these three terms in the classical droplet model formalism

(von Groote et al., 1976). However, the shell correction energy M; is now given by

My(N,Z,0) = [6Wn(N) + 5W,,(Z)] (1-26%) =0 (184)
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where the deformation effects have been introduced by the simple procedure of Myers and Swiatecki
(1967). Although this treatment of the nuclear deformation remains highly uncertain and might
account for other phenomena inherent to the spherical shell function (see Appendix C), it has been
successful in reducing the discrepancies between the theoretical and experimental shell correction
energies for deformed nuclei.

To the first three contributions to the total mass (183) correspond 10 parameters (if the obscure
contribution of the curvature correction and symmetry anharmonicity energy are neglected). Our
shell function depends on three parameters, so that the total mass is finally a function of 13
parameters. These 13 parameters have been adjusted in order to reproduce the 1997 masses of
nuclei with 25 < Z < 109, available in the experimental mass table of Wapstra et al. (1988).t Only
the Z > 25 nuclei have been considered because of the rather poor predictive power of our shell
function for very light nuclei. Fits to lower-Z nuclei would require a more accurate approximation
to the shell energy. The adjustment of the 13 parameters on some 2000 data constitutes a rather
difficult task, so that only a first but promising attempt will be presented here.

For the adjustable parameters of the macroscopic term, we obtained (see von Groote et al.

(1976) for the parametrization):

ro = 1.166 fm Nuclear radius constant
ay = 16.20 MeV Volume energy

as = 20.82MeV Surface energy

J = 38.0MeV Symmetry energy

@ = 17.65MeV Effective-surface stiffness
K =275.0MeV Compressibility

L =200.0MeV Density symmetry

t The estimated masses of Wapstra et al. (1988) derived from systematic trends have also been

included in the fits.
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bo = 0.7fm Diffuseness width
ao/ro = 0.5 Deformation parameter
W = 29.5MeV Wigner constant
A = 12.0 MeV Pairing constant

For the shell function (181), we used the parameters

s = 0.90 MeV

t = 1.50

r = 2.00

g =4.746 |
=1.373

This set of parameters lead to a root mean square (rms) deviation from the 1997 experimental
masses of Wapstra et al. (1988) equal to [21997(Me:1,‘p - Mcal)2/1997]1/2 = 955keV and an
average deviation (defined as usual by the average difference of the calculated masses M., and the
experimental masses Mes;,) equal to —13keV. The resulting theoretical shell correction energies
are displayed in Fig. 29 as a function of the neutron number and compared with the so-called
experimental shell energies as defined by expression (178).

This preliminary fit should be regarded as very promising. To describe the shell function,
we used the simplest expression, neglecting, in particular, the second order term 6W, and the

difference in the neutron-proton contributions. Many improvements to the shell function can be

envisaged to reduce the deviations from the experimental masses. More specifically, a systematic
underestimation of the shell energy can be observed in the vicinity of the magic numbers and can
be ascribed to the too soft shape of the shell function at the minima i.e. to a too small parameter

7. However, the main uncertainties remain related to the deformation dependence of the shell
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Figure 29.(a) Calculated shell correction energies (184) as a function of the neutron number for known
nuclei with Z > 25. The theoretical shell function corresponds to the parametrized semi-classical
approximation to the ground-state shell correction energy (181).

(b) Experimental shell correction energies for the same nuclei obtained by the difference of the exper-
imental masses and the macroscopic droplet masses.

(c) Residual discrepancies between the theoretical and experimental shell correction energies.
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correction.

Our new mass formula appears to be relatively good in comparison with previous works. An
important decrease in the rms deviation is obtained relative to the original mass formula of Myers
and Swiatecki (1966, 1967, 1976) which is around 1.4 MeV. Myers and Swiatecki (1966) derived
an expression for the shell correction (depending on three parameters) by considering it to be
the result of the bunching of an originally smooth distribution of single-particle levels (an ideal
degenerate Fermi gas) into one that consists of groups of levels corresponding to the observed
magic numbers. Although this phenomenological procedure led to the first satisfactory description
of the shell effects on nuclear masses, it clearly corresponds to an idealistic representation of the
bunched levels scheme and remains highly uncertain and arbitrary.

If we compare our new mass formula with the more recent, but also more complicated mass
models, our result in view of its high simplicity can be considered very satisfactory. The mass
formula of von Groote et al. (1976), discussed in detail in Part I, reproduces the same 1997
experimental masses (with Z > 25) with an rms deviation of 803 keV and an average deviation
of —235keV. However, it is accompanied by an increase of the number of free parameters, since
they used 50 parameters, among which 34 describe the shell functions. Yet their shell correction is
basically similar to the shell function of Myers and Swiatecki, in which the contributions of inner
shells have been included. As regards the latest macroscopic-microscopic models of Moéller and
Nix (1988) or Moller et al. (1988), the adjustment of 26 parameters leads to an rms deviation
of around 800 keV. However, they use a Strutinsky-type shell correction which remains far from
being easily accessible.

It should be stressed that, as far as nuclear mass prediction is concerned, we do not pretend
to compete with the most recent and sophisticated mass models. Further investigations and im-

provements of the shell function (181) would be necessary for reliable nuclear mass predictions.}

t The weakest point in the droplet-type mass formulae concerns the treatment of deformation,
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Yet the satisfactory preliminary results obtained with our new shell correction energy in view of
its remarkable simplicity make it very promising. These results also emphasize the great predictive
power of the semi-classical approach. If our new shell function should be regarded as semi-empirical
because of the numerous approximations made to simplify the original semi-classical expression, it
has a sound theoretical base compared with the purely phenomenological approach of Myers and
Swiatecki. Moreover, the semi-classical approach has the advantage of offering a clear insight into
the effects of the nucleonic motions on the nuclear shell structure (see Appendix C).

When dealing with nuclear level densities, the problem associated with the consistency between
the shell-independent and shell-dependent terms remains open. It remains inconsistent to make
use of any shell correction energy to describe the shell effects on the nuclear level density. However,
since no other possibilities are offered so far, we have provisionally assumed that the contributioﬁ
of the §W, energy to the level density expression could be neglected and that the total shell energy
W, could be derived from the microscopic term of an arbitrary mass formula. The use of our
shell function (181) is expected to lead to unsatisfactory results for level densities of magic nuclei
because it tends to underestimate the shell correction energy at shell closures (see Fig. 29). The
choice of the shell function of von Groote et al. (1976) also gives rise to problems. In particular,
the neutron and proton shell functions are significantly different. The proton shell energy appears
to be strongly shifted to positive values: for example, for a symmetric nucleus (N = Z), the proton
shell energy of von Groote et al. at Z = 82 is —0.5MeV while Hilf et al. (1976) predict a value
of —5MeV. This global positive shift is mainly compensated by a negative shift in the neutron
shell energy. If such a difference does not have an important influence on the total ground-state
shell correction energy, it may affects the level density prediction which does not depend on the

shell energy of the total nucleus as a whole. Therefore, it seems dangerous to use the energies of

so that improvement of the shell function requires first a better description of the deformation

effects. Such a study is beyond the scope of the present work.
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von Groote et al. in nuclear level density calculations. Since the shell function of Hilf et al. does
not exhibit such an asymmetry between the neutron and proton energies, we have provisionally
adopted their shell corrections to describe the shell effects on the nuclear level density. Yet it
should be kept in mind that this arbitrary choice remains inconsistent and that improvements of

the shell energy treatment are seriously required.

C. Determination of the shell damping parameter v

The shell damping parameter v corresponds to the inverse of the critical temperature at which

shell effects disappears. It has been defined for an infinite square potential by

1 _ o
Ta= 592 1;2 (185)
€
Fiq
= Ta ar1/3
=g —N 186
g Equ ? ( )
where 0, = 12’;12 ~ 1.19 and g, is an average value of the frequencies g, of the different paths

contributing to the oscillating a-parameter (see Section I1.2.3). In fact, the quantity g can be
related to the frequency g, defined in the above subsection, by g, = 29 51_;’1(1/ 2 qu /3, Making use of

approximation (172) to the Fermi energy, we can rewrite expression (186) as

g =70 (1 = 31,;1) Al (187)
The quantity 7o is independent of the type of nucleons (if the neutron skin effect is not taken
into account) and equal to 0.12 MeV ™! for the parameters: rg = 1.26fm, x = 0.7 and § = 4.74.
Yet the uncertainty associated with these parameters might strongly affect the value of 7. It can
be seen from expression (187) that the parameter 7y for protons is expected to be larger than for
neutrons, as already shown in Section I1.2.4. This nucleonic difference is partially at the origin of
the non-dependence of the level density on the total shell correction energy éW = §W,, + éW,, but
on its two nucleonic contributions, separately. However, the neutron skin effect tends to reduce

the asymmetry between the contribution of the neutron and proton systems.
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D. Adopted value for the rotational correction factor f,

As far as the spin dependence of the level density is concerned, the main uncertainty clearly
lies in the evaluation of the rotational energy. It has been shown that in the approximation of
small angular momenta, a global increase of the rotational energy by an average factor of 3.5 was
predicted by the semi-classical approximation developed in the present work. In addition, the shell
effects appeared to play an important role on the temperature dependence of the parameter f,.
However, the estimation of the factor f, remains highly obscure and is to be confirmed by more
detailed calculations, such as combinatorial calculations. At this stage, we have consequently taken

fo as a free and temperature-independent parameter.

E. Fvaluation of the ground-state pairing gap Ay

The pairing gap Ay is known to exert a strong influence on nuclear ground-state properties. More
particularly, an accurate evaluation of the pairing gap appears to be of fundamental importance
when the odd-even effects on nuclear masses as well as on nuclear level densities are to be taken
into account. We showed in Section I1.4.4 how important the impact of the pairing correlations on
the statistical properties of the nucleus can be. For an accurate nuclear mass formula, a careful
treatment of the pairing energy—generally assimilated to the pairing gap—is also required. The
value of A for a given nucleus has been shown to depend upon both the residual pairing interaction
and the distribution of single-particle levels near the Fermi energy (see expression (131)). Yet simple
analytical expressions are generally adopted to approximate the gross behaviour of the pairing gap
throughout the periodic table. In particular, Bohr and Mottelson (1969) introduced the smoothed
distribution gap parameter

Aon = Ao, = 22 Mev (188)

VA

to fit experimental odd-even mass differences of nuclei close to the valley of § stability. This widely

used formula has then been improved by Vogel et al. (1984) to account for the isospin dependence
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of the average pairing gap. More sophisticated is the formula proposed by Madland and Nix (1988)
which is based on the BCS approximation (131), applied to a distribution of dense, equally spaced
levels. Such a treatment requires the knowledge of the pairing strength G and the energy cut-off
ea- Since the overlap integrals involved in the pairing interactions are inversely proportional to
the nuclear volume (Nilsson et al., 1969), the pairing strength G is generally assumed to depend

inversely upon the mass number A. The usually adopted functional form of G is expressed by

G= 971‘1 (15 oI + g:1%) (189)

As regards the energy cut-off, it has to be stressed that in the constant-G model, the energy cut-off
is closely related to the adopted value of GG, so that it is meaningless not to specify the value
of the energy cut-off used, as often happens in the literature. Since to a first approximation the
product poG in expression (131) is believed to be independent of A, the energy cut-off is sometimes
taken to be proportional to A~1/2, in order to reproduce the overall dependence of the empirical
odd-even mass difference (188) (Nilsson et al., 1969). Another parametrization has been suggested
by Madland and Nix (1988): the number of states n, affected by the interaction is assumed to be
proportional to the surface area of the nucleus. Under this condition, the energy cut-off is given
by
N, B,

EAq

where B, is the usual nuclear surface area relative to the spherical shape and k5 a free parameter.

It is worthwhile noting at this point that unless the BCS equations are solved numerically,
none of the analytical expressions proposed to estimate the pairing gap, takes the shell effects
into account. The shell fluctuations of the pairing gaps are always neglected in the analytical
approximations, although they are known to be fairly important. We showed in Section 11.4.2,
that the semi-classical approximation to the single-particle level density can also constitute an

interesting tool for determining the shell effects on the pairing gap. Expression (133) can be
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simplified by assuming that the equivalent temperature Ta, is proportional to the smooth gap
parameter (188): Tp, = ¢3Ag. If we use for the smooth parameter d, the approximate volume

form G4 = %—aA(l + %I), we can write the gap parameter as

By, _ 2
Bo,g = ka N € [T+ wF] fosc (191)
q

where we have chosen for the smooth trend of Ay the same parametrization as Madland and Nix

(1988):
27?1
_2r 1 192
Y= o (192)
1
v=1U (g1 - g) (193)
1 2
w="u (gf —3n-g+ 5) (194)

and where the oscillating contribution to the single-particle level density is contained in the factor

1

2
14 Jo_ W

Uq [1 + cyﬁ&%] ’

(195)

fosc,q =

If the shell fluctuations are neglected f,;., = 1 and expression (191) reduces to the formulation
of Madland and Nix (1988). Expression (191) with the inclusion of the oscillating factor f,,. cor-
responds to the first analytical expression which takes the shell correction to the pairing gap into
account. For magic nuclei, the shell correction leads to a lowering of the factor poG and conse-
quently of the energy gap. Expressions (191) and (195) raise, once again, the important problem
associated with the link between the macroscopic part @, and the shell energy §W,. The uncer-
tainties related to the arbitrary choice of the ground-state shell correction energies §W;,, and Wiy
have important consequences for the calculation of the shell effects on the pairing gap. Fach nucle-
onic contribution clearly depends solely on its respective shell energy, so that both the neutron and

proton contributions to §W; must be known separately. In particular, the important asymmetries
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found in the literature between the proton and neutron contributions have an important impact
on expression (191). It should be stressed that we do not imply that the two nucleonic energies
must be identical, but that it is very hazardous to extract them from a fitted mass formula. Since
the total shell energy, as defined by expression (178), should already be considered as an arbitrary
quantity, its division into the two nucleonic contributions becomes even more ambiguous.

The different parameters in expression (191) can be adjusted in order to reproduce the experi-
mental odd-even mass differences. A set of experimental data can be extracted by use of measured
ground-state masses in finite-difference equations derived for the pairing gaps from Taylor series
expansions of masses in the neighbourhood of the mass of interest. Madland and Nix (1988) in-
troduced the fourth-order even-odd mass differences A4, defined for the neutron system of an

even-even nucleus by
1
AW = -3 [M(Z,N +2)—4M(Z,N+1)+6M(Z,N)—4M(Z,N — 1)+ M(Z,N —~ 2)] (196)

where M(Z, N) is the experimental mass of the (Z, N) nucleus. For odd-N and even-Z nuclei, the
negative of equation (196) is used. Since for odd-Z nuclei, the residual n—p interaction energy must
be included in the expression of the even-odd mass difference, these nuclei will not be considered
here. A similar expression to (196) can be obtained for the proton pairing gap.

Expression (196) is based on the assumption that nuclear masses are smooth functions of Z
and N except for pairing effects. Yet other physical effects, such as the shell effects, the Wigner
energy singular cusp or the granularity of light nuclei, also lead to additional departures from a
smooth mass surface. Therefore, to obtain unambiguous experimental information on the pairing
gaps, we must exclude the regions of the mass surface where these additional departures from
smoothness occur. To do so, we have followed the prescription of Madland and Nix (1988) in order
to extract the experimental energy gaps from the nuclear masses of Wapstra et al. (1988). It

corresponds for the evaluation of the neutron pairing gap to the omission of the nuclei (Z, N) such

T
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that
-Z,N—-1,N,N +1 equal to one of the magic numbers: 8, 14, 28, 50, 82, 126
-Z=N-1,Z=N,Z=N+1
-Z+N<16

Similar conditions can be obtained for the evaluation of the proton pairing gap. Even so, it is of
importance to keep in mind that the pairing gap remains essentially a quantity whose experimental
evaluation is far from being well defined. In addition, the odd-even mass differences defined by
the above procedure are not strictly identical to the pair correlation constant Ag describing the

pairing of nucleons close to the Fermi surface. The pairing energy calculated by equation (196)

corresponds to the energy +/(ex — p)? + A2, where u is the chemical potential and ¢, the energy
of the last occupied level (see Section I1.4.3). However, far away from shell closures, equation (196)

is believed to give good results.

Unfortunately, we have just shown that this technique cannot be used to obtain experimental
pairing gaps for nuclei near closed shells. Therefore, we are left with the problem that no exper-
imental data are available in the vicinity of shell closures, where the main theoretical corrections
have been brought. Yet we have performed a preliminary fit to the experimental pairing gaps, in
order to estimate the influence of the shell effects on formula (191). The same nuclei as considered

by Madland and Nix (1988) were examined in order to have a direct comparison with their results.

Since the semi-classical shell function derived in sub-section B has the advantage of being
identical for neutrons and protons, it has been used to evaluate the factor f,s. 4. On the one hand,
use of an asymmetric shell correction would require a renormalization of the isospin dependence and
consequently the adjustment of different parameters ky, u, v, and w for each nucleonic contribution.
On the other hand, the weakness of the shell function (181) at magic numbers has no important

consequences for the comparison with experimental data since no experimental pairing gaps are
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available for these nuclei. It should be added that the adjusted shell energies (181) have been
derived for nuclei with Z > 25 only. Though the experimental pairing gaps also concern nuclei
with 18 < Z < 25, no large discrepancies are expected because the shell function (181) still
reproduces fairly well the experimental shell corrections in this mass region.

1/3 (where ¢; = 274 /a), we are left with 6

If we parametrize the ratio v2/d, = ¢1(1 F I)A~
parameters to fit some 700 experimental gaps. In fact, the parameters k, and w both modulate
the amplitude of Ay, so that only 5 parameters are effective. The relative surface energy B is set
to unity, corresponding to a spherical shape. The values of B, rarely exceeds unity by more than

1% at ground-state deformations for nuclei the pairing gaps of which are known experimentally.

The finally adopted parameters are:

kay = 80.0MeV w = 4.40
u = 2.714 ¢ = 0.277 MeV
v=0 78 = 0.03¢ MeV ™!

which lead to a root mean square deviation from the 403 experimental neutron pairing gaps equal
to 167.4keV and from the 318 experimental proton pairing gaps equal to 161.0keV. The rms
deviations appear to be reduced by approximately 20keV compare with the smooth pairing gaps
of Madland and Nix (1988). They obtained an rms deviation from the same experimental data of
184.4keV for the neutron gaps and of 178.0keV for the proton gaps. This reduction in the rms
deviation appears to be fairly small, even if far from being negligible. It should be remembered
that the last results of Madland and Nix did not improve significantly the predictions of Vogel
et al. (1984) and reduced the rms deviation of Bohr and Mottelson (1969) by approximately the
same value of 25keV. The improvements in the agreement between our theoretical prediction and
the experimental data are, in fact, important, mainly if we keep in mind that the main corrections
brought to the pairing model and concerning the nuclei in the vicinity of a magic number, cannot

be tested. Major uncertainties are still related to the derivation of experimental gaps—especially
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for magic nuclei—so that the comparison between the theoretical and experimental shell effects
on the pairing gaps remains problematic. The theoretical neutron pairing gaps are compared with
the experimental data in Fig. 30 (see Fig. 31 for the proton pairing gaps). It can be observed that
the global N- or Z-dependence of the experimental pairing gaps as well as the correlation between
the shell effects are well reproduced by the analytical approximation. The isospin dependence
on the observed odd-even mass differences is also well reproduced by the quadratic dependence
adopted. This result is in close agreement with the results of Vogel et al. (1984) and Madland
and Nix (1988), even if microscopic calculations of the pairing gaps fitted to the odd-even mass
differences show no explicit isospin dependence (Méller and Nix, 1990). It is of interest to see that
the introduction of a linear isospin dependence does not significantly improve the agreement when
shell effects are introduced in formula (191). This linear contribution appeared to be non-negligible
when omitting the shell effects (Madland and Nix, 1988). The isospin dependence of the pairing
gaps is of great importance to allow reliable extrapolations to nuclei far removed from the valley of
3 stability. This concerns the prediction of pairing effects on the nuclear level densities as well as
on nuclear masses. Moreover, the introduction of shell effects in the present model highly increases
the reliability of the pairing gaps predictions to be extrapolated away from the experimentally

known region of the nuclear chart.

If we assume that o = 0.12MeV ™! (see Section 11.5.3), we can deduce from expressions (192)-

(194) the parameters of the pairing interaction

q=2!1 (1 F Ly 1.412) MeV (197)
A 3
£ 80 D2 Mev (198)
Ag =
g N1/3

q

This result is close to the generally adopted value of gy ~ 20MeV derived from microscopic
calculations (Nilsson et al., 1969; Ignatyuk, 1985; Pearson et al., 1991). The value of the pairing

interaction constant go does not depend heavily upon the prescription used to describe the energy
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classical approximation to the single-particle level density. The model parameters are
given in the text.
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cut-off, so that this comparison is not meaningless. On the contrary, the the pairing gap is not very
sensitive to a modification of the energy cut-off. The determination of the energy cut-off remains,
therefore, very uncertain. A smaller energy cut-off can be compensated by a greater matrix elernent
(. For example, with a pairing parameter gy = 27 MeV, we find that to the corresponding energy
cut-off—i.e. reproducing the experimental odd-even mass differences with a similar accuracy—is
reduced by a factor of 2. It should be remembered that in the constant-GG model the pairing
parameters G and g5 have no unique physical meaning and that the parametrization (197)-(198)
is entirely arbitrary.

It can be seen that the semj-classical prediction of the shell parameters ¢; and 273 is in close

V3

agreement with the above result. Since it has been shown in Section I1.4.2 that ez =~ X=, if we use
the semi-classical values of & = 0.12MeV ™! and v = 0.12MeV ™!, we find ¢; = 0.24 MeV~! and
373 = 0.031 MeV ™!, in good agreement with the adjusted values. However, the use of the shell

functions (181) can lead to an overestimate of the pairing gaps at magic numbers.

As regards the condensation energy E, which determines the reduction in the ground-state
energy of the system as a result of the correlation effects, it can be deduced from the gap parameter

and the single-particle level density by the relation
E,=ca & A} (199)

where we introduce a new parameter ¢, theoretically equal to 5;9;—2 However, large deviation from

this value can be expected, as already seen in Section 11.4.4,
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I1.5.2 Summary of the parametrized level density formula

The demnsity of levels with spin J at an excitation energy U in a spherical nucleus (Z, A) is given
by

p(U,7) = p(U, M = J) - p(U, M = ] + 1) (200)
where the M-dependent level density is obtained from the relation

p(U, M) = (277)—1—\/5 S, M) (201)

The entropy as a function of the excitation energy can be derived from its temperature dependence,
provided that the equation defining the excitation energy as a function of the temperature is solved.
Since the function U(7T) exhibits a simple monotonic behaviour, the numerical inversion of that
relation does not raise any problem. The T-dependent entropy taking the pairing and shell effects

into account is given by

S(T)= Y 8,T)

e (202)
= Y 2F(A/T) ay(wpT) wr,T
g=n,p
with
2
. 749W1
a
1 — T
F(a) = — []11 (1 te ) + m] (204)
T \™ 1/2
Bg(T) = Bog |1~ ( = | for T < Tor,q (205)
CT,q
=0 for T > Toryg (206)
A _
Wre(T) =1+ ’Ml"’j—:? (1 —e H’?A?/T) (207)

The excitation energy including the collective rotational motions is given by

UT)= > Wig(T) + Ua o(T)] + Eror(T)

a=n,p

2 [ip (Aa/T)a(woreT) (wreT)" + UA,Q(T)] + Erot(T)

g=mp

(208)

(!
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with
1— 72T2
ap(T) = g + ———L—— v26W, (209) -
¢ P (AT et |
Uao(T) = caiy (A], — Az) for N, even (210)
= eadq (A], — A2) — Ay, for N, odd (211)
1 M2
Epol(T) = = £, T 212
1) =5 fo am T o) (212)
I,‘ a{wp,T Tq
AT = b(A, /1) Tgs anaT100) g @13
a . !
h(z) = sech’z /2 (214) |
A
wng(T) = 1+ v 72 (1 — e—'vzf—\q/T) (215)

and the determinant factor is approximated by the expression

DT =2

- fndyp (@n + @p) [02(T)+ o2(T)] T° (216)

The theoretically known constants are

up = 0.083 Uy = 0.5

v = 0.110 v = 0.5 |
|

m = 3.23 00 = s |

The critical temperature is related to the ground-state pairing gap by the BCS expression

A
cryg = % (217)
The classical expression for the rigid-body value of the moment of inertia is

Zrigg _ 2mR?
h'l 5 hZ

N, (218)

The level density parameters can been expressed, provisionally, by the functionals:

i, = %aA (1 + %I) (219)

Yg = *yOAl/a (1 F %I) (220)
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while we consider at this stage the parameters a, 7o, fs, ca as free parameters to be adjusted to
reproduce experimental data.
The shell correction energies §Wy, have been extracted from the mass formula of Hilf et al.

(1976) and the ground-state pairing gaps Ag, from formula (191).
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I1.5.3 Comparison of the theoretical level density formula with experimental data

In spite of considerable experimental efforts made to derive nuclear level densities, the lack of
reliable data—especially over a wide energy range—constitutes the main problem that the nuclear
level density theories have to face. Yet a large number of analyses of slow neutron resonances and
of cumulative numbers of low energy levels have greatly helped to obtain experimental values of the
level density parameters. Other sources of information have also been suggested, such as analyses
of spectra of evaporated particles and coherence widths of cross-section fluctuations. However,
most of these experimental data are affected by systematic errors resulting from experimental
uncertainties as well as the use of approximate theories. For example, it is well known that a
large number of levels can be missing in neutron resonance data or in the nuclear spectrum at
low energies. It is now also accepted that the only method enabling the determination of level
densities at high excitation energies (around 20 MeV)—i.e. the fluctuation width data—cannot
give reliable information. It has been shown (e.g. Huizenga et al., 1969) that the spacing of zero
spin levels in a compound nucleus can be calculated from differential cross-sections to isolated
levels. This method requires an estimate of the energy dependence of the average width T' which,
in turn, can be calculated only if the level density of the compound nucleus is already known.
Unfortunately, rather inaccurate approximations to the level density are generally used in the
estimation of the experimental data. Moreover, these analyses require the knowledge of the spin
cut-off factor of the compound nucleus, the determination of which remains problematic. The sets
of optical model parameters used in the evaluation of the particle transmission coefficients are
also doubtful (Ivascu et al., 1987). Other methods have been proposed to extract Jevel densities,
but they all remain highly uncertain (for a review, see Huizenga and Moretto, 1972). The nuclear
reaction theories can also be used to test the predictive power of the nuclear level density formulae.

In particular, Avrigeanu and Avrigeanu (1991) stressed the need for realistic nuclear level density
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prescriptions for the study of fast-neutron induced reactions. They showed that reaction cross-
sections obtained in the framework of the generalized Geometry-Dependent Hybrid {GDH) pre-
equilibrium emission model plus Hauser-Feshbach statistical model, are extremely sensitive to
the adopted prescription for the level density. This approach requires the knowledge of both
the nuclear level densities for the statistical model calculations and the exciton state densities
involved in the GDH formalism. These two deunsities can be derived from one single level density
formula, provided that the renormalization factor—defined as the ratio of the two-component
level density to the one-component level density—can be calculated (Akkermans and Gruppelaar,
1985). The excitation-energy-dep endent level density parameters appear to play a crucial role in
the prediction of the reaction cross-sections, so that the large amount of experimental data on
fast-neutron induced reaction cross-sections could be used to test the predictive power of the level
density formulae. However, this new and promising technique is not free from uncertainties. In
particular the renormalization factor remains to be estimated in a consistent way.

For these reasons, we will restrict ourselves essentially to the experimental data concerning
the neutron resonance spacings, which correspond to the most extensive and reliable source of
information on level densities. If this method limits the evaluation of the level density at one specific
enel;gy (equal to the neutron binding energy), it makes possible to investigate the level density in
the entire range of A values throughout the whole periodic table. Moreover, the experimental data
concern excitation energies at which shell and pairing effects are expected to play an important
role. In order to illustrate the energy dependence of the theoretical level density formula, the total

level density of 8°Co will also be studied and compared to the known experimental data.

(i) The s-neutron resonance spacings

From the resonance pattern obtained in neutron capture reactions at a low energy, it is possible to

estimate by direct counting the number of levels of the compound nucleus in a particular neutron
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energy interval and at an excitation energy around the neutron binding energy. The neutron
resonances mostly result at such low energies from s-waves, so that the spin of the excited levels
is either 1/2 if the spin of the target ground state is zero, or J = Jo & 1/2 if the spin of the target
nucleus is Jp. Similarly, the parity of the excited level corresponds to that of the ground state of

the target nucleus. The average resonance spacing I} is thus given by

p(Sn+ IAE Jo + D)+ p(Sn+ TAE Jo - 1) for Jo#0
a 2 2 2 2

5= (221)
th (8. + %AE,% for Jo=0

where 5, is the neutron separation energy of the compound nucleus and AFE the upper boundary

of the neutron energy interval in which D is determined. The factor 2 introduced in the left-hand
side of expression (221) results from the classical assumption of the equipartition of both parities.

Level spacing information has been obtained from slow-neutron-resonance data for about 200
nuclei and can be found in several compilations (Baba, 1970; Dilg et al., 1973; Kataria et al.,
1978; von Egidy et al., 1988; Vonach et al., 1988). To improve the reliability of the most recent
data, mostly extracted from the compilation of neutron resonance data of Mughabghab et al.
(1981), statistical techniques have been developed to estimate the fraction of missed levels in an
experimental sequence and the contamination of spurious p-wave resonances (Vonach et al., 1988).
Yet we have testricted ourselves to the 100 nuclei thought to be spherical and found in Kataria
et al. (1978). The introduction of the deformation as a new parameter will be rapidly discussed
(see Section I1.5.4), but essentially postponed to a later study. The experimental level spacings
have been taken from the above compilations. For several cases there is considerable scatter in the
available values of Demp, so that the most recent data have been used in the least square fitting to
theory.

Since the reduction of the moment of inertia below the rigid body value remains to be con-
firmed, we will discuss at this stage two cases only: f, = 1 corresponding to the classical assump-

tion of a rigid body value for the moment of inertia and f, = 3.5 corresponding to the possible
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average reduction predicted by the semi-classical approximation developed in Chapter I1.3. The
parameters a, o and ca have been adjusted in order to minimize the mean square deviation

>on.(In Dt/ Deyp)? /N (where N, is the number of nuclei included in the fittings). The following

parameters
for f, =1: a=0.118MeV ™1 Yo = 0.34 MeV ™! ca = 0.038
for f, = 3.5; o = 0.106 MeV 1 70 = 0.34 MeV ™! ca = 0.038

lead identically to a minimum mean square deviation equal to 0.24. The ratios Dth/l—jemp for
the nuclei considered are displayed in Fig.32. All experimental spacings appear to be predicted
within a factor of 4 and mostly within a factor of 2. The mean square deviation is also remarkably
low in comparison with previous works. The formula of Kataria et al. {1978) including the shell
effects, but treating the pairing correlations by a simple energy shift, as prescribed by Gilbert and
Cameron (1965), gives a mean square deviation of around 0.4. This difference in the treatment
of the pairing interaction has important consequences for the reliability of the formula. It should
be recalled that the phenomenoclogical pairing energies introduced by Gilbert and Cameron {1965)
have been extracted arbitrarily from the outdated semi-empirical mass formula of Cameron and
Elkin (1965) and should consequently be considered greatly unreliable. If we compare our results
with microscopic calculations based on the same theoretical models (e.g. Arnould and Tondeur,
1981), it can be seen that the deviations from experimental data are greatly reduced relative to
the microscopic results (where deviations up to a factor of 100 are observed). Yet it should be
mentioned that these microscopic results are obtained without any fitting to level density data. In
that respect, our method has the advantage of enabling a simple fitting while the adjustment of
the microscopic parameters on a large body of experimental data remains a difficult task.

Some comments about the values of the adjusted parameters are necessary. As regards ;che
a-parameter, it can be seen that the volume confribution is sufficient to describe the global trend

of @ in the whole periodic table. To study the mass dependence of the @ parameter, it is possible
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to derive the so-called experimental & parameter for each nucleus, deduced from the experimental
spacings by solving equation (221) in which the experimental value Dexp is substituted in the
left-hand side. It is of importance to stress that the resulting d-parameters depends not only on
the theoretical level density model used, but also on the parameters adopted to solve equation
(221). For instance, the experimental @ values are drastically different if use is made of the
parameter f, = 1 or f, = 3.5. The denomination ezperimental is consequently rather excessive.
The so-deduced @ parameters corresponding to the parametrization f, == 1, v5 = 0.34 MeV ™" and
ca = 0.038 are displayed in Fig. 33 and compared with the linear dependence & = 0.1184A MeV ™!,
Yet it should be emphasized that neither the experimental data nor the theoretical level density
formula are accurate enough to impose heavy constraints on the d-parameter. A fit using the same
parameter set (corresponding to f, = 1) is obtained with a similar accuracy in the prediction of
the experimental data, if we use the formula: @ = (0.11440.094%/% —0.00157A4Y%) MeV ™! (where
the A-functional has been derived in Section I1.5.1). Therefore, the remaining uncertainties in the
evaluation of the experimental a-parameter impede the determination of the surface contribution
to the @-parameter from experimental data. In addition, it can be seen from the adjusted « value
that the uncertainty related to the value of the effective moment of inertia affects the prediction
of the @-parameter by around 10%. This reduction factor is far from being negligible because of

the exponential dependence of the nuclear level density on the d-parameter.

The shell effects on the level density appear to be fairly well reproduced by our formula over
the entire A-range considered. No systematic deviations at shell closures are seen in Fig. 32.
However, because of the relatively strong shell effects observed in the experimental level spacings,
an important increase of the shell parameter yo—by a factor of 3 relative to the semi-classical
prediction—has been necessary. Since only one parameter has been used to describe the shell

effects on the a-parameter, the value of 7y takes over all the inaccuracies associated with our
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treatment of the shell structure. In particular, it turns out that the main uncertainties are related
to the amplitude of the ground-state shell correction energy. In addition to the problems inherent
to the use of a semi-empirical shell correction energy §W;, as already discussed in detail, two main
reasons can explain this underestimation of the semi-classical value of v5. First, it has already
been mentioned (see Section I1.2.3) that the approximations made to derive the temperature-
dependent excitation energy lead to an overestimate of the ground-state shell correction energy by
a factor of 1.2. In that case, the shell-dependent contribution to the a-parameter is underestimated
by the same factor. A comparison with the results of Kataria et al. (1978) even suggests an
underestimation of §W; by a factor 72/6. However, this discrepancy remains to be confirmed. A
second problem related to the shell model dependence of the mass correction is bound to arise
when dealing with shell corrections. This problem is also at the origin of the well known lead
anomaly. The semi-empirical or experimental ground-state shell energy of 28 Pb using the droplet
model of Hilf et al. (1976) is AM.,, = —11.0 MeV. Yet a Woods-Saxon potential adjusted to fit
the experimental positions of the single-particle subshells in lead is known to predict a value of
around —20 MeV (see for example Table 1 in Section 11.2.4). Similarly, the calculation of the mass
correction using the experimental single-particle energies leads to a value of around —21 MeV (e.g.
Brack et al., 1972) exceeding largely the so-called experimental mass. The origin of this discrepancy
has been associated with the inaccuracy in the use of an average one-body potential (Brack et al.,
1972). Even for the best possible shell-model potential, i.e. the one deviating the least from the
actual nuclear field, some differences between the shell model energies and the actual single-particle
energies are expected due to non-smooth terms in the real nuclear average potential. Consequently,
if the actual single-particle energies were used in the calculations, then the fluctuating part of the
average potential energy should be taken into account as well. For that reason, the quality of

the shell-model potential is generally judged by its ability to reproduce some important quantities
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related to the single-particle state distribution averaged over the essential shell intervals. When
dealing with level density calculations, special care should be taken of the definition of the different
averaged quantities affecting the level density. In particular,' it could seem more consistent to use
shell-model potential which can reproduce accurately the positions of the individual single-particle
states in real nuclei. In any shell model calculation, the quantity on which the calculated level
density crucially depends is the density of single-particle states at the Fermi energy (especially at
an excitation energy as low as the neutron separation energy). Under these conditions, it should be
required from the shell-model potential to be accurate in reproducing the positions of the individual
single-particle states in real nuclei, rather than quantities averaged over larger energy intervals,
such as the shell correction energy. This corresponds for the special case of **Pb to an increase
of the shell correction energy by a factor of around 2. If the two mentioned corrections to the
amplitude of the shell energy are taken into account by a phenomenological increase of 6Wy by a
factor of 2.4, the shell effects in the experimental level gpacings can be reproduced with the same
accuracy as above with the value of 49 = 0.15MeV ™!, in close agreement with the semi-classical
prediction. Moreover, the introduction of a new parameter modulating the amplitude of the shell

energy is probably more consistent than the use of an overestimated value for ~g.

As regards our treatment of the pairing correlations, it is of interest to see that with the
adopted parameter sets, about 30% of the analysed experimental spacings at the binding energy
appear to be in the superconducting phase. Consequently, even at an energy equal to the binding
energy, the correlation effeéts still affects the level density in a more complicated way than predicted
by the classical energy shift. The parametrization of our pairing treatment has been exclusively
included in the parameter ca. This explains why an important reduction by a factor of 4 relative
to the value of # has been required to reproduce the experimental data. It includes not only the

uncertainties related to the fitted values of the pairing gaps, but also the approximation to the
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superconducting model as a whole. In particular, the blocking effects have been treated in a rather
crude way. Since experimental data mostly concern level densities of odd-mass and doubly odd
nuclei, the simple treatment adopted here might affect the accuracy of the theoretical predictions.
This large reduction in the energy shift is also at the origin of the relatively low value of the
parameter «. if use is made of a larger value of ¢a, a larger value of « is required to reproduce the

experimental data.

(#i) The energy dependence of the level density

A much smaller amount of reliable experimental data is available concerning the energy depen-
dence of the level densities than about the resonance spacings at the neutron separation energy.
They are mainly obtained from cross-section fluctuation measurements, and remain very uncer-
tain, as already discussed. However, in the special case of ®Co, the neutron resonance spacings
are available at the same time as the fluctuation width data (which are obtained at an energy close
to the neutron separation energy: U < 14 MeV). Since the parametrized Back-Shifted Fermi gas
model can be expected to give a reliable eétimate of the level density in a close interval around
the neutron separation energy, the uncertainties in the extraction of the level densities from the
fluctuation width measurements are reduced at the same time. In most of the cases, the two type
of experimental data cannot be obtained simultaneously or concern excitation energies significantly
different, so -that the reliability of the extracted data becomes very doubtful. Fig. 34 shows the
experimental level density of 8®Co resulting from level countings at energies U < 2MeV, neutron
resonance spacings at U = 7.5 MeV and fluctuation width data at energies 9 MeV < U7 < 14 MeV
(Dilg et al., 1973). Fig. 34 also shows our analytical approximation to the total level density
obtained with the parameter set o = 0.118 MeV ™!, f, = 1, 70 = 0.34MeV ™! and ca = 0.038,
i.e. the parameters used to reproduce the neutron resonance spacings data. It can be seen that

the agreement with the experimental data is fairly good. The values used for the level density
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parameters lead to @ = 7.08 MeV ™! and a condensation energy equal to E, = —2.5MeV, which
are close to the classically adopted values of the Back-Shifted Fermi gas parameters reproducing
the level density of ®°Co (e.g. Ivascu et al., 1987). Qur theoretical formulation predicts a critical
energy U, = 4 MeV which can be clearly observed in Fig. 34. The shell effects, resulting from the
proton configuration close to a magic number, also affect the total level density at low energies.
Both the pairing and shell effects introduced in our formulation greatly reduce the level density
at low energies. If at high energies (U 2 15MeV) our analytical model reduces globally to a
Back-Shifted Fermi gas formula, the two models lead to significantly different predictions of the

level density at low energies.
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I1.5.4 Conclusion

The level density formula prescribed in the present chapter appears to reproduce the experimental
level spacings in a very satisfactory way. By using 3 parameters—characterizing the asymptotic
behaviour of the exponential dependence of the level density, and the shell and pairing effects—we
are able to predict the experimental data within a factor of 4 in the whole A range throughout the
periodic table. Comsidering the simplicity of the level density formula and its ability to describe
the shell and pairing effects, this result should be regarded as much more promising and reliable
than both the previous analytical approximations and the lengthy and still problematic microscopic
calculations. Yet it is important to stress that the constraints imposed by the comparison with
experimental data are not sufficiently strict to limit the possible parameter space of the analytical
level density formulae. This problem can result from the theoretical shortcomings of the analytical
approximation to the actual level density and/or from the lack of accurate and reliable experimental
data. The availability of experimental level densities, essentially over a wide energy range, would
be of considerable value in the construction of reliable level density models.

In comparison with previous level density models, our new treatment has the dual advantages
of simplicity and reliability. As far as the simplicity is concerned, the use of an analytical formu-
lation to the level density is of particular significance in certain fields of nuclear astrophysics, such
as in the r-process calculations, where hundreds of nuclear reaction rates, requiring the knowledge
of the level density values, have to be estimated theoretically. The only quantities required for the
computation of the level density are the ground-state shell correction energies (and the nuclear
deformation when deformed nuclei are considered). It has also been shown that the adopted ana-
Iytical approximation to the level density is able to reproduce very accurately the numerical BCS
calculations based on a discrete single-particle level scheme, and more precisely the correspond-

ing shell and pairing effects. However, for completeness, before applying this new level density
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description to the calculation of nuclear reaction cross-sections, two major improvements are re-
quired for the analytical approximation. The first improvement concerns the behaviour of the level
density for excitation energies approaching zero, while the second goal to reach corresponds to a

generalization of the level density formulation for deformed nuclei.

It is well known that for excitation energies U & d (where d is the average spacing between
the one-Fermion levels) the approximation used in the saddle-point method is no longer valid (e.g.
Ericson, 1960). Similarly, the temperature concept has little meaning for excitation energies smaller
than the single Fermion spacing. This shortcoming, inherent to the saddle-point approximation,
is reflected in the divergence of the level density formula at the ground state. Lang and Le
Couteur {1954) improved the original formula of Bethe (1936) by introducing a phenomenological
correction to the level density denominator which removes the singularity at {7 = 0. More recent
‘corrections (Grossjean and Feldmeier, 1985) have been achieved by subtracting the ground-state
contribution before using the saddle-point approximation. This approach, even if more consistent,
leads to a more complicated formulation of the level density. Engelbrecht and Engelbrecht (1991)
reinvestigated the behaviour of the level density at low temperatures on the basis of the truncated
Fermi gas model. In this approach, the finite number of fermions are distributed in a finite number
of levels, unlike the Fermi gas model. A simple quadratic form is proposed to approximate the
energy dependence of the level density at low energies. Such a treatment can easily be added
to our level density formulation by joining smoothly the quadratic form at low energies onto our
level density expression. This corrective behaviour of the level density at very low energies can be
non-negligible in cross-section calculations when the knowledge of the level density down to the

ground state is required.

In the analytical approach developed in the present work, only spherical nuclei have been

considered, so that the effects of nuclear deformation have not yet been taken into account ex-
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plicitly, except through the ground-state shell correction energy (see Section IL.5.1). It is now
accepted that deformed nuclei exhibit a larger level density relative to the spherical case because
of the appearance of coherent effects of a collective nature. The enhanced nuclear level density for
deformed nuclei was originally accounted for by incorporating a constant collective enhancement
factor for rotational and vibrational degrees of freedom (Bjgrnholm et al., 1974). The excitation-
energy dependence of the enhancement factor has also been investigated (Ignatyuk, 1975; Hansen
and Jensen, 1983). Another way to account for the deformation effects is to correct the spherical
level demsity parameters by introducing an explicit dependence on the deformation parameter 8
(e.g. Kataria, 1985). The deformation degree of freedom is expected to affect mainly the quantities
@ and 6W;. The ground-state nuclear deformations are generally determined in the macroscopic-
microscopic model of nuclear masses, where the droplet surface term as well as the shell correction
term depend significantly on the deformation parameter of the nucleus (see Section II.5.1). When
the excitation energy increases, the shell effects on the entropy vanish and all the nuclei are ex-
pected to acquire a spherical shape. Consequently, the enhancement factor of the level density is
believed to result from the deformation effects on both the ground-state shell correction energy
and the deformation energy. Since for deformed nuclei the average deformation ¢ decreases with
the increasing excitation energy, the shell correction energy (184) M,(N, Z,8) becomes more and
more positive and enhances the nuclear level density. In addition, when the excitation energy
increases, the droplet deformation energy follows the decrease of the average deformation, so that
more energy becomes available for internal excitations. This second effect, even if less significant,
also leads to an increase of the nuclear level density. Kataria (1985) showed that the deformation
effects could be taken into account in a relatively simple way by introducing into the spherical
level density expression the explicit dependences G(#) and §W1(#). Such a technique can easily be

applied to our formulation of the level density.
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However, before generalizing the present formulation of the level density for deformed nuclei
and very low energies, it is important to stress that many uncertainties still remain in the de-
scription of spherical nuclei. In particular, the problematic spin distribution and the possibility of
a significant reduction of the moment of inertia below the rigid body value have to be carefully
worked out. The treatment of the shell effects on the level densities as well as on the ground-
state masses or the pairing gaps should also be improved. All these nuclear models based on the
macroscopic-microscopic approach still suffer from severe uncertainties and inconsistencies in the
way they relate the shell-independent and the shell-dependent contributions. For a better un-
derstanding of these different phenomena, the semi-classical approximation to the single-particle
level density appears to be of great value as a means of exploring the effects due to the nuclear
shell structure. In particular, the semi-classical approach provides a fundamental insight into the
microscopic, i.e. shell-related, aspects of nucleonic motion, as already emphasized by Strutinsky
(1989) for the macroscopic and microscopic aspects in nuclear fission. In the case of the level
density calculation (as well as nuclear fission process), the original Fermi gas model corresponds to
the macroscopic level of description. By adding shell corrections we move one step down towards
the microscopic level—the bridge between the two levels being provided by statistical physics. In
this respect, the semi-classical approach enables us to describe the shell structure as a certain
macroscopic property of the single—i)article phase space, and constitutes a remarkable qualitative

as well as quantitative tool for exploring the microscopic aspects of a quantum system.

In spite of the remaining problems, we believe that our method constitutes one of the most
reliable evaluations of the level density for nuclei experimentally not well known. We hope in this
way to put nuclear reaction cross-section calculations, and consequently r-process calculations, on
a more secure basis and to satisfy simultaneously the complementary demands of the nuclear physi-

cists, on one side, and the nuclear astrophysicists, on the other side, which could be summarized,
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respectively, by the dictums: a theory need not be simple, provided it is right and a theory need

not be right, provided it is simple.
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Appendix A: The energy-dependent single-particle level density

As demonstrated by Berry and Mount (1972) and Strutinsky and Magner (1976), the single-particle

level density g(¢) can be related to the Green’s function by the equation

dr (A1)

g(e) = “%I’JR/G(I",I‘,E)

x!/—r
Using the quasi-classical approximation to the Green’s function G, expressed in terms of classical

paths, the level density can then be represented in the form

9(5) = j(s) + 9036(5) (A?)

where §(e) is the smooth contribution to the total level density and corresponds in equation (A1)
to the contribution of the paths of zero length, i.e. the limit of the direct paths as r' — r. On the
other hand, the looped paths—involving an excursion away from the point r before returning—give
rise to the oscillating contribution g,s.(¢). The semi-classical evaluation of g(e} from expression
(A1) leads usually to analytically complicatéd formulae in the case of realistic potentials. However,
it is possible to derive in a quite accurate and simple way the smooth contribution to the single-
particle level distribution in a Woods-Saxon potential. As regards the oscillating part, we must
restrict ourselves to the consideration of more simple nuclear potentials if we want to keep the
usability character of the analytical approximation. In the particular case of the infinite square
well, it becomes possible to obtain an analytically suitable representation of gos.(¢). Let us derive
the semi-classical approximation to the smooth and oscillating single-particle level density for these

two specific models of the average nuclear potential.

A.1 The smooth single-particle level density in a Woods-Saxon potential

It has been shown (Berry and Mount, 1972) that the smooth (or macroscopic) contribution § to

the total single-particle level density resulting from the paths of zero length corresponds to the
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well-known Thomas-Fermi approximation and can be expressed in a relatively simple way by

§(E) = (%)/ = [1B- vy (43)

where E is the absolute energy of the nucleon (of mass m) enclosed in the potential well V(r). The
region R includes only the points r where E > V(r) since in other regions no direct path exists.
When the volume V of the system is sufficiently large for effects associated with the diffuse
surface region to be negligible, the density of eigenstates, as given by expression (A3), is known to
be quasi-continuous and proportional to V. Some simple cases are the infinite box (§(e) ~ Vi/e) or
the harmonic oscillator (§(e} ~ Ve?) if the energy ¢ is measured from the bottom of the potential
well. Yet the smooth single-particle level density in a more realistic potential which includes, for
example, the diffuseness of the nuclear density distribution appears to differ significantly from
those oversimplified models. A number of attempts have been made in the past to introduce finite
size corrections to the Thomas-Fermi relation. Hill and Wheeler (1953) obtained for a system of

Fermions confined in a potential well of volume V and surface area S with infinitely repulsive walls:

§(e) = gv(e) + gs(e)

D 2m
411-2 hZ

(A4)

i

(v —2s+.]

where D is the degeneracy factor taking the spin (D=2) or the spin and isospin (D=4) degeneracy
into account and k = \/%“2’—_5 is the wave number.

The simple model of Hill and Wheeler leads to a negative surface contribution which is in
agreement with the concept of infinitely repulsive walls. However, realistic single-particle potentials
for nucleons in nuclei differ from the idealized Hill-Wheeler box in two respects: it has a finite depth
and a finite surface diffuseness. In addition, the nuclear potential is known to be momentum and
energy dependent, so that an exhaustive description of the single-particle level density should also

take the non-localicity of single-particle potentials into account.
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The distribution of energy eigenstates in a potential box of finite depth has been considered
by Balian and Bloch (1970). To take the finite diffuseness of the surface into account, Siemens
and Sobiczewski (1972) generalized the Balian and Bloch expression. The density of single-particle

states in a thin-skinned potential is finally given by

36 = gy oy [PV + (6= D)8+ -] (45)

where § is the phase shift of the wave function in the one-dimensional potential considered. In
the particular case of a Woods-Saxon potential, it appears possible to express the phase shift § by

(Fligge, 1971)

oo

1 k _q 2ka
6W52ta.11 IE—Z 1 +2Ztan . (AG)

n=1

where a is the thickness of the surface layer and & is defined by

w= /- (47)

where V; is the depth of the Woods-Saxon potential. It is of interest to see that the Woods-Saxon
surface density reduces to the Balian and Bloch expression when a -+ 0 and to Hill and Wheeler
formula when a — 0 and x — co.

Therefore, for a nuclear potential characterized by a Woods-Saxon profile, the surface correc-
tion to the single-particle level density appears to be a rather complicated function of the energy
¢, and of the two parameters Vp and a. The function fws(e) — T is shown in Fig. Al, for a
potential depth of 45 MeV and for three values of the diffuseness parameter a. It can be seen that
around the Fermi energy (a typical value of the Fermi energy is 38 MeV for such a potential depth),
the surface correction §g(e) varies rapidly from negative values to positive values. Consequently,
the sign of the surface contribution to the total single-particle level density at the Fermi energy
strongly depends on the position of the Fermi energy or more precisely of the nucleonic separation

energy B = Vy — ¢p. The strong influence of the diffuseness parameter can also be noticed: an
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Figure Al. Phase shift §(¢) — § for a Woods-Saxon potential as a function of the energy ¢

measured from the bottom of the potential well {equal to Vy = 45MeV). The phase shift is
displayed for three values of the surface diffuseness parameter a.
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Figure A2. Plot of the phase shift §(ep) — Tfora Woods-Saxon potential as a function of the
potential depth V4 and of the nucleonic separation energy B = Vy — ep. The surface diffuseness ;
parameter a is taken equal to 0.67 fm.
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increasing diffuseness tends to reduce the surface contribution at the Fermi energy and can even
change its sign. However, since realistic values of a are known to be confined in the approximate
0.55fm < a £ 0.75fm range (Handloser and Stocker, 1985), the a-dependence of the surface term
is proportionally reduced. Therefore, we have neglected the a-dependence of the single-particle
level density at the Fermi energy and considered an average value of a = 0.67 fm.

Since for nuclear level density calculations, the quantity of fundamental importance concern
the single-particle level density at the Fermi energy, we have plotted in Fig. A2 the phase shift
Sws(er) — T as a function of B and V. Fig. A2 clearly emphasizes the high sensitivity of the
surface contribution §s(e) to these two quantities. The B- and Vp-dependence of the phase shift

can be approximated to a first approximation by the linear interpolation
T
6WS(EF) - E = a’s% - ﬁsB + s (AS)

as suggested by Fig. A2. For the range of values 3MeV < B < 20 MeV and 30 MeV < V3 < 7T0MeV

and for a = 0.67fm and D = 2, a multiple regression fit within 8% can be obtained with the

parameter set:
as = 1.3 107 MeV ™!

B, = 6.6 107 MeV 1 (A9)

vy =2.0 1071

Expression (A8) emphasizes how important the influence of the separation energy B on the surface
contribution to the single-particle level density at the Fermi energy can be. The impact of B on the
surface correction has already been considered by Kataria and Ramamurthy (1980), who suggested
an empirical 1/B-dependence. However, such a relation is not confirmed by our treatment of the
surface term—i.e. by the semi-classical approximation to the Woods-Saxon single-particle level
density—nor has it been by other studies (e.g. Arnould and Tondeur, 1981).

Since it is known that the most general single-particle potential has to be both momentum

and energy dependent, the influence of the non-localicity of the potential should also be considered.
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Handloser and Stocker {1985) generalized expression {A45) to the non-local case. They obtained a
similar expression to relation (A5}, where the nucleonic mass m is simply replaced by the effective
mass m*. While for deeply bound states it is well known that m* < m, it has been shown (e.g.
Hodgson, 1983} that near the Fermi energy m* displays a nariow enhancement reaching a maximum
value close to the bare mass m. Therefore, the introduction of an effective mass m* much smaller
than m, which would reduce both the volume and the surface contributions to the single-particle
level density, is not justified. The influence of the effective mass on the single-particle level density

has also been discussed by Barranco and Treiner {1981) and Ormand et al. (1989).

In order to test the accuracy of expression (A5) to describe the smooth contribution to the

single-particle level density, we have estimated the neutron single-particle number

N(e) = foeg(s) de (Al0)

in a Woods-Saxon potential for 2*®*Pb as a function of the single-particle energy. Fig. A3 compares
the exact value (A10) with the smooth quantity obtained by integrating expression (A5) for the
same potential parameters (the potential parameters can be found in Section 11.2.4). Yet we have
approximated the surface term by a simple quadratic function—fitting expression (A6)—in order
to check the validity of the semi-classical approximation for levels above the neutron separation
energy, i.e. for energies £ = ¢ — V5 > 0. As can be observed in Fig. A3, the agreement is excellent
in the whole energy range. In particular, the surface correction appears to be non-negligible and to
improve significantly the prediction of the single-particle level density (also shown in Fig. A3, is the
approximation including the volume term only). Such a result enables us to put some confidence

in the semi-classical description (A5) of the Woods-Saxon single-particle level density.
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Figure A3. Neutron single-particle number in a Woods-Saxon potential for 2°Pb as a function
of the single-particle energy E = ¢ — Vp (Vp = 45MeV is the potential depth). The dashed
line corresponds to the semi-classical prediction including the volume and surface contributions.
The dash-dot line corresponds to the volume term only. The parameters used are given in the
text.
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A.2 The oscillating single-particle level density in the infinite square well potential

As regards the non-zero length paths, it has been shown {Balian and Bloch, 1972; Berry and Mount,
1972) that only closed orbits (i.e. periodic orbits for which the system has the same momenta as
well as the same coordinates at both ends of its trajectory) with energy ¢ contribute to the function
Gosc(€) in expression (Al). It has been shown (Strutinsky and Magner, 1976) that the amplitude
of the oscillating function g,s., or equivalently the intensity of the shell effect, is determined by the
degree of degeneracy of the family of classical orbits, by the volume in the phase space occupied by
the family of orbits and by some stability characteristics of the orbit. In the particular case of an
infinite square well potential, the periodic orbits correspond to the regular polygons in diametral
planes. Let us analyse the topology of these periodic paths.

Each orbit can be characterized by means of two integers (p,t): the number of vertices p and
the number of turns ¢ which they make around the origin in their plane (see Fig. A4). For p = 2t,
the polygon contracts to a single diameter described ¢ times in each direction, while for p > 2t,
we have normal polygons repeated only once when p and ¢ are prime with respect to each other.
Starting from a basic polygon, described once, we may construct a family of polygons obtained by
describing it n times. Taking R as the radius of the spherical nucleus, the length of the polygon
(p,t) is given by

L{p,t} = 2pRsin ¢ (Al11)

where ¢ = I}—f— is half the angle to the centre of the polygon. Therefore, for a given £, the length
L(p,t) of a polygon tends when p — oo to the limit 27 Rt, corresponding to the perimeter of the
circle covered ¢ times. Thus all polygons with a given f form a family, called a band, in which the
length L tends to a limit. It is also of interest to see that the p = 2¢ and p > 2t polygons must be

treated differently as the stationary polygons p > 2¢ depend on three continuous parameters (the

orientation of the plane and the position of the polygon in the plane), whereas diameters depend on
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Figure A4. Closed orbits in a infinite spherical potential well. The first integer p is the
number of vertices; the second ¢ the number of turns around the centre. (from Balian and
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two parameters only. They will consequently lead to contributions of different orders of magnitude
in expression (A1), as shown by Strutinsky and Magner (1976).
In the case of an infinite spherical potential, it appears possible to express in a simple way the

action integral for each orbit
5(p,t) = ple) L(p, 1) (412)

where p(¢) is the momentum of the particle. Expression (A412) leads to a simple evaluation of the
component of the Green’s function corresponding to the regular polygons. Integrating equation
(A1) finally enables us to express the oscillatory contribution to the density of eigenvalues of an

infinite square well potential as (Balian and Bloch, 1972; Strutinsky and Magner, 1976)

Josc(€) = 2(kR)1/2 sz Z Z sin 2¢ %E?Imexp [iknL(p,t) + iK(p,t,n)]
14

p>2t n=1
21 (A13)
2mR? N1 :
- '—};T ﬂZ__;} %Im exp('a4knR)

where k = ‘/%‘Ele is the wave number and where a factor of 2 has been included to take the spin
degeneracy into account. The phases, also known as the Maslov indices, are given for each orbit
by K(p,t,n) = § — ntw + np%. The final oscillating contribution can, consequently, be rewritten

as

gosc(E) = Z Z go(Paiab‘)

fau] p=2t (A14)
=3 aulp, )V sin [ga(p )P + K(pt)| + Y 1(p,t)sin [ga(p,2)e 2
p>2t p=22

where the first summation is carried over the p > 2¢ periodic orbits and the second one over
the diameter orbits. The amplitude g1(p,t), the frequency gs(p,t) and the phase K{p,t) of each
contributing path depend on the two integers (p,t) characteristic of the path (if we include their

n-dependence by considering multiples of the (p,t) pair) and are given by

2mR? ) s/ 2w [sintx/p

for p>2t: gi(p,t) = ( o7 sin — 4/ —— (A15)
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2mR2)1/2 i

g2(p,t) = 2 ( -3 p sin r (A16)
2mR*\ 1

for P = 2t : Q'1(2t,t) = - (“’“‘gj‘"m) 5‘1}'}' (A.].?)
9 R2 1/2

92(2t,) = 4( n;z ) t (A18)

As regards the frequency g2(p,t)  L{(p,1), it is of interest to emphasize the rapid convergence of

g2 for each band to the constant value of 2 ( 2“;52)1/2 tm. Each band is therefore characterized by
a more or less constant frequency gs.

For the paths p = 2t, characterized by a lower degeneracy, the amplitude ¢1(2¢,t) is smaller
than the amplitude of the p > 2t paths by a factor vkR, so that for practical applications, their
contributions can often be neglected. Moreover, when p — oo, the angle ¢ = tn/p — 0 and it
follows that the series giving the total contribution of a band, obtained by keeping ¢ fixed in (A413)
is convergent since each term is proportional to 1/p®. Similarly, when higher bands are considered,
higher p polygons are concerned, so that the relative contribution of the high bands becomes
rapidly negligible. Another feature which leads to an even lower contribution of the ¢ > 1 bands
relative to the ¢ = 1 band, is contained in the rotating phase factor K(p,t). In each band, two
successive odd-p (or even-p) polygons will be characterized by an approximately identical frequency
g2, but also by an opposite phase and will tend to cancel out, especially for high p-values. This
important factor leads to a much faster convergence of the double summation. Therefore, the main
contribution to the oscillating single-particle level density can be expected to result from orbits of
high degeneracy—i.e. that are not too near the surface—such as the triangle (1,3) and the square
(1,4).

The function g,s.(¢) has been computed in the special case of 2°%Pb, i.e. for a potential radius
R =~ 7.1fm, by considering the contribution of the first 6 polygons of the first 2 bands (f = 1,2

and 2t < p < 2t + 5). The energy dependence of g,s.(¢) is compared in Fig. A5 with the exact

discrete eigenvalues spectrum of the corresponding infinite square well potential. The agreement
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between the maxima of the oscillating function g,,. and the position of the nuclear shells appears
to be relatively good. Instead of predicting the position of specific eigenvalues, the semi-classical
approximation determines now the distribution of maxima of the level density. The first oscillations
at low energy clearly describe individual eigenvalues, whereas at higher energies the oscillations

correspond to the bunching of eigenvalues, i.e. the shell structure of the nucleus.
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Appendix B: The single-particle state density with fixed angular

momentum projection

As described by Magner et al. (1978), the single-particle state density g(e,m) with fixed angu-
lar momentum projection m can be expressed in the case of an axially symmetric potential in
terms of the corresponding Green function G(p'#', pz;e, m) defined as the Fourier transform of the
energy-dependent Green function over the angular variable. In the cylindrical coordinates system
(p, z,p)—where z corresponds to the symmetry axis of the potential—the state density g(e,m) is
given by

1
g(s,m) = w;Im/G(p’z',pz;g,m) p dp dz dy (Bl)

plet—rpz

A semi-classical approximation to G can be written in the form
G = GO + Gos(_' (B2)

where Gy corresponds to the shortest classical trajectory from the point {pz) to (p'z'} without
reflection on the potential wall. Similarly, the oscillating component of the Green function G, is
associated with the more complicated closed orbits (see Appendix A). The state density can then

be expressed in the form

g(e,m) = §(e,m) + gosele,m) (B3)

where §(e, m) is the smooth part of the state density, related to the Green function G and usually
referred to as the Thomas-Fermi term. The oscillating component g,;.(¢,m) corresponds to the
quantity Gosc and is related to the gross shell effects. In the special case of an infinite square well
potential, expression (B1) can be reduced to a very simple analytical formula. Let us derive, in

this simple case, the semi-classical approximations to the two contributions to g(e, ™).
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B.1 The smooth single-particle state density for the infinite square well potential

Berry and Mount (1972) show that in the case of a N-dimensional system governed by the isotropic
Hamiltonian

a)2

N.
) =3 LL v (B4)

where r denotes the generalized coordinates and p the corresponding momenta of the particle
of mass m, the Thomas-Fermi approximation to the spectral distribution—corresponding to the

contribution from the paths of zero length in expression {(B1)—is given by

m

N/ 1 N/2-1
éﬁﬁ) ]R T - Ve (B5)

a8 = (

where the region R includes only the coordinates where E > V(r) since in other regions no direct
path exists.

The discussion will be restricted here to nuclear models involving a spin-independent central
potential V. In this case, the projections along the z-axis m; and m, of the orbital momentum
and of the spin of the nucleons are independent. Because of the straightforward treatment of the
spin contribution to g(e,m), we will consider here the orbital term only.

To derive the smooth contribution to the state density g(e,m;), we have applied expression
(B5) to the case of a particle subject to both a central potential and a centrifugal potential. By
considering the radial wave equation, which is similar to the one-dimensional motion (N=1) of a

particle of mass m in the potential

{1+ 1)R
2mr?

Vie)=V(r)+ (B6)

we can write the spectral distribution for a fixed angular momentum ! as

F(E)=D ( = )1/2 / [E _V(r) - Mﬁ]“l/z dr (B7)

Ix2h2 2mr?
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where D takes the spin degeneracy (D = 2) into account and ry and 7y are the classical turning

points, i.e. 71 is defined by the radius of the potential well B and ry by the relation

{1+ 1)K
E=V(re) + " omr (B3)
In the case of an infinite square well potential, a direct integration leads to
1/2 9y —1/2
=D e - A2
g (8) (27‘.252) € (8 Im 2 (Bg)

where ¢ is the energy accounted from the bottom of the well. The density of states with projection

1 of [ on the z-axis follows

lmax
jle,m)) = / i'(e) dl (B10)

[mi|

£
1/5‘[-1/4

where [ ;4. corresponds to the maximum possible value of [ at a certain energy ¢, i.e.

Tne ~(m1 + 1/2) \/fo— +1/4—(m+1/2)2 + (fﬂ + 1/4) cos

lmax(lmaw + 1)h2

£= S B2 (B11)
and where we have introduced the reduced centrifugal potential energy
h2
0= omR? (B12)

Note that §(z,m;) is defined only for positive values of m;, but also that g(e,m;) = §(e, ~my)
It is of interest to see that this expression can be obtained identically if use is made of the
WKB formula approximating the total number of states for a nucleon with angular momentum !

and energy £ (Bloch, 1954):

Ni(e) =D (—Z—I‘L)m / [s - M]1/2 dr (B13)

T2 hz 2mv?
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The density of states for fixed angular momentum ! can then be obtained from

ng £
dhyxle) = T (B14)
1/2 r p) —-1/2
_ m . I+ Dk
T

which is identical to expression (B7)

However, it is well known that application of the WKB method yields unsatisfactory results for
singular potentials, such as the centrifugal potential (B6). The defects of the WKB approximation,
especially for small /, are usually eliminated by using the Langer substitution I(l14+ 1) — (I + 3)?
(Berry and Mount, 1972). Yet this substitution has a little influence on the distribution function
(e, my) since it leads to the cancellation of the factors 1/4 appearing in expression (B10). At a
high energy ¢ and more particularly at the Fermi energy ep, we have ¢ > &g, so that the factor
1/4 plays a negligible role even at low angular momentum.

Lastly, it can be verified that the smooth level density g{(¢), as defined in Chapter I1.2 and

Appendix A, can be derived from the state density (g, m;) via the relation

my
i) = 2 / (e, ma) dmy — (e, 0) (B16)
0
where m} corresponds to the turning-point in the m-space (defined as ¢ = g0 my(m; + 1)) and
where we have taken into account the fact that the m; = 0 states contribute only once to the total
number of states per level, unlike the |m;| > 0 states.

After integrating expression (B16), we obtain

#ey=gv(e} +gs(e) + -+ (B17)
D 1 |4r [ e\? . 1
= yrchadl i (5) — 27 c08T T —— -~ (B18)

fe
2,/ —+1/4
i €o+/

LD Ufam (N,
T 4r%e5 13 \gg

(B19)
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assuming that /e > 1 (a typical value of gp being ~ 0.5 MeV).
Expression ( B19) is identical to expression (A4}, which was also obtained for an infinite square
well potential. The difference between the surface terms in expressions (B18) and (A44) can be

associated with the inaccurate treatment of integrals (B10} and (B16) for small angular momenta.

B.2 The oscillating single-particle state density for the infinite square well potential

Magner et al. (1978) studied in the framework of the quasi-classical theory the gross-shell effects in
the nuclear single-particle spectrum for states with a fixed value of angular momentum. Using the
semi—classicai approximation of the Green function G, they determined the oscillating component
Gosc(€,my) of the state density in the case of a spherical potential. As suggested by equation
(B1), the oscillating state density receives contributions from the three-dimensional periodic orbits
connecting the points (pz). It has been shown (see Appendix A) that the periodic orbits reduce
to two contributions: the planar orbits (3) and the diameters. It can be shown (Magner et al.,
1978) that the contribution due to the diameter orbits can be neglected when dealing with quasi-
classical accuracy, so that g,s.(¢,m;) can be expressed in terms of the planar orbits and of the

energy-dependent single-particle level density associated with such orbits

1
PRCUNERY o g$(e) (B21)
8

where the guantity ggfg(e) = go(p,%,¢) is given by expression {A13) (see Appendix A}. The sum-
mation includes f-families of planar orbits with angular momentum Ig > |my| only. The orbital

angular momentum for an orbit § is given by
1
lo = 3 [rp X Pg] (B22)

where rg is the distance of the orbit to the centre and pg the linear momentum of the particle on

the orbit 3.
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When the angular momentum projection m; increases, the contributions of orbits B with
minimal angular momentum [l disappear in the sum. Consequently, the quantity gos.(e,m:)
decreases with increasing |m;|. The amplitude of g,s.(£,m;) differs approximately by a factor of
1/215 from gos.(€) at not too large {m;| values. It is of importance to stress that this factor 1/2l5
is not related to the quantum mechanical degeneracy of the individual l-levels in the spherical
potential. It appears in formula { B21) because the full degree of degeneracy of the classical orbits
is lower in the spherical case with a fixed projection m; when compared with the corresponding
problem with a free value of m;. The oscillating component g,s.(£,m;) is averaged over many
quantum mechanical I-states in each gross shell.

We have calculated the quantities Ip in the case of an infinite square well, where the planar
orbits are known to correspond to regular polygons in diametral planes. As already emphasized
in Appendix A, the main contribution to the oscillating function g,s.(¢) and consequently to
Josc(£,my), comes from the first band (¢ = 1) of polygons. The angular momentum relative to the

centre of the orbit is given, for each orbit p, by

lpn = kR cos z
r

(e )1/2 x
=|— cos —
€0 p

It can be seen that the main contribution to gosc(€,m;) is due to the triangle and square orbits, since

(B23)

they are characterized not only by the lowest angular momenta but also by the highest amplitudes
in the gg'zg(e)\function. This justifies the substitution of the 2i factor by the average value 21, taken
over the few contributing orbits only. Considering the angular momentum projections |my;| < lgmin
({3min is the minimal angular momentum for the first band, i.e. Igmin = %kR), we are finally lefi

with the very simple expression

1
gosc(eyml) = 2_.{— Qosc(é) (324)

where the oscillating single-particle level density gosc(¢) is given by expression (A14) (see Appendix
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A). The [ factor can be parametrized by

1/2
- (2)
o

where ¢ = 0.6 is an average value of cos Z over the contributing orbits.

(B25)
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Appendix C: The semi-classical approximation to the ground-state

shell correction energy

The semi-classical approach to the statistical properties of the nucleus enables us to express an-
alytically the ground-state shell correction energy of a system of nucleons confined in an infinite

square potential. It has been shown (see Section I1.2.3) that it could be expressed as
W = éWq 4+ W, (C1)

where the two contributions are given by a double infinite sum carried over the periodic polygons
(p,1) characterizing the closed orbits of the potential well (see Appendix A):

Wi =33 a(p,t)sin|g(p, ) + K(p,2)] (C2)

t=l p=2t

Wy = Z Z az(p,t)cos [g(p, t) + K(p,t)] (C3)

t=1 p=2i+1

The amplitudes for non-diametral paths {(p > 2t) are given, respectively, by

1/4
o (o) e <L/ N
—1/4
o)t el (Y b e
the frequencies by
g(p,t) = go psintm/p =2 (212532 )1/2 el* psintr /p (C6)
and the phases by
K(p,t) = T o trpl (CT)

4 2 ‘
The other quantities appearing in expressions (C'1)-((C7) have been defined in Section I1.2.2 and
Section I1.2.3. For the diametral paths, contributing to the sum (C2), different expressions of the

amplitudes must be derived and can be obtained from Appendix A.
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The energies §W; and §W, can be considered as functions of the particle number because of
their dependences on the potential radius (R o« A!/®) and on the Fermi energy (¢p x (1})2/ 3).

Let us, first, analyse expression (C2), corresponding to the energy §Wi, in detail.

Simplifications of the double infinite sum can be made as a result of the special behaviour
of the amplitudes a1(p,t), frequencies g(p,t) and phases K(p,t), over the different contributing

orbits:
- Neglect of the diametral paths contribution:

The diametral orbits in the potential well are characterized by the two integers ¢t and p = 2t. Tt
can be shown that the amplitudes a1(2t,t) are lower by a factor of VAR (where k is the wave
number of the nucleon) relative to the p > 2t paths (see Appendix A), so that for our practical

applications, their contributions can be neglected.
- Neglect of the £ > 2 bands:

For each band ¢, the main contribution to the sum (C2} comes from the path characterized by
p = 2t + 1. Since ay(p,t) is a rapidly decreasing function of p and t, the t > 1 bands give rise
to a relatively small contribution to expression (C2) relative to the ¢ = 1 band. In addition, the
rotating phase factors K(p,t) also lead to a fast cancellation of the high-p polygons in the ¢ > 1
bands. Since in each band, the frequency g(p,t) rapidly converges to the constant value gotr, two
successive odd-p (or even-p} orbits will be characterized by an approximately identical frequency
and amplitude, but also by an opposite phase K(p,t), so that for increasing p-values the different

contributions tend to cancel each other out, two by two.

Yet the ¢t = 2 band tends to affect the total behaviour of the W, function in a non-negligible
way. Although the amplitude of the ¢ = 2 band is relatively small compare with the t = 1
contribution, the frequencies g(p,2) ~ 2¢(p, 1) have an important effect on the £ = 1 band. As a

matter of fact, the phase difference of the angle 7 between the two bands gives rise to a situation
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where the minima of the { = 1 band correspond to the minima of the ¢ = 2 band, but because
of the double frequency of the t = 2 band, the ¢ = 2 functicn is again at its minimum when the
t = 1 contribution reaches its maximum. Since the ¢ = 1 and f = 2 bands are functions oscillating
around the zero value, the correction due to the t = 2 band leads to a total function §W; which
is not about equally often positive as negative, but mainly negative. This characteristic of the
shell correction energy has been emphasized phenomenologically by Myers and Swiactecki (1966).
It now clearly appears to result from the contribution of the ¢t > 1 bands and consequently to be
associated with the constructive and destructive interferences in the nucleonic motions along the
t =1 and £ = 2 periodic orbits.
- Simplification of the t = 1 band:

As already emphasized, above a value p* of the integer p, the frequency g{p,1) can be considered
as p-independent (and equal to the high-p limit gor), so that the contribution of the polygons in

the t = 1 band with p > p* can be reduced to

3

§W1 T ag 3, €08 [g(p 1)— —] + a,l 8¢ sin [Q(IP 1} - E]

o (c8)

~a s, —= sing(p®,1

1% 57 9@, 1)

where the factors s, and s, corresponds to the summations over odd-p and even-p values, respec-
tively:

EVEN

6 = Z(”‘l)?;_l;:ﬁ cos/p B Z( 1)_ 5/2 cosw/p (9)

sinm/p o Jsinw/p

Since the frequency g(p,t) converges relatively quickly, the above approximation can be expected
to be rather good for a value of p* ~ 15. It can be verified that s, ~ —s,.

However, this accurate and simple expression cannot be easily generalized for the contribution
of the polygons with p < p*. The energy §W, is, in fact, given as an infinite series of oscillating
functions with decreasing amplitudes and characterized by a given phase. This problem is well

known in optical diffraction but is generally found in a simpler context where the phase difference
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between two successive contributions remains constant and the amplitude follows a geometric series.

We can write by analogy

§Wy = Im & % E rPetP? (C10)
p=3

where a good approximation to the p-dependence of the amplitude a(p,1) = & r? is obtained
for r = 0.76. Unfortunately, the phase § = § + gosinn/ pl does not correspond to an additional
constant phase shift obtained after the pth reflection on a surface of reflectivity r. Yet if we sum
the odd and even terms separately, two by two, we are left with a summation of terms in the form
a sin %*3 sin § where the high frequency wave sin § is modulated in amplitude by the low frequency
wave sin %. In addition, if we assume the low frequencies %3 to remain fairly constant, we can
reduce the phase in expression (C10) to § ~ g. The sum (€10} has now become a geometric series

which can easily be estimated. We finally obtain

1

Wy~ ag —————5——
! ad1+psin25/2

(c11)

where the factor ag  af sin % includes all the contributions to the total amplitude. In addition,
if we consider the dependence of the Fermi energy and of the potential radius on the particular
number and if we assume that sin ‘%g r~ %‘1 (i.e. % < 1), the total amplitude appears to be
proportional to N1/2 for the neutrons (or Z/? for the protons)—if we neglect the small isospin
dependence. Similarly, the average frequency ¢ is then proportional to N 1/3 (or Z173 for the
protons; for simplicity, only the case of the neutron system will be discussed here). Finally, if we
take the contribution of the ¢ > 2 bands into account, in a phenomenological way by introducing

in expression (C'11) an over-all negative shift, we can write

t
14 rysin® (GINY3 4+ ky)

Wy = sy N2 |1 = (C12)

In these conditions, the quantity §W; appears to be reduced to a typical diffraction pattern, i.e.

an oscillating wave reinforced at the minima or the maxima. Approximation (C'12) is compared
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in Fig. C1 with the original quantity (C'2) obtained with an amplitude a? = 75N/ MeV and a
frequency go = 4.33 N1/3 (corresponding to an average potential radius 7o = 1.26 fm and a Fermi
energy e = 38MeV). Expression (C'12) fitting the resulting function is characterized by the
parameters: s = 1.5MeV, t; = 1.75, r1 = 2.0, 1 = 5.8 and k; = 0.26. As can be observed, the
approximate function follows the global trend of §W; fairly well in the whole range of N-values

considered.

A similar analysis can be made for the quantity éW>. Expression (C3) defining the shell
energy 6W, differs from expression (C2) corresponding to §W; in two respects:
- the faster decreasing p-dependence of the amplitude a2 (p,t)
- the additional 5 phase in the trigonometric functions.
An equivalent simplification of the amplitudes, frequencies and phases for each orbits contribution
leads to an identical expression, namely

ty
1+ 7 sin® (§2N1/3 + kz)

Wy = ;N6 |1 - (C13)

where the total amplitude is this time proportional to N'/® because of its different dependence
on the potential radius. Figure C2 shows a comparison of expression (C3) and (C13) as a
function of the neutron number N. The function (C3) has been obtained with the parameters
ad = 95N ~1/6 MeV and the frequency go = 4.33N/3 (corresponding to the same potential param-
eters as above; yet the amplitude a has been multiplied by a factor of 5, because of the possible
underestimate of expression (C3), as shown in Section I1.2.3). The fit displayed in Fig. C2 corre-
sponds to the parameter set: s3 = 2MeV, {p = 12,7, = 0.5, 72 = g1 = 5.8 and ky = k1 + T = 1.04.

In spite of the numerous approximations made to derive the phenomenological expressions
(C12) and (C13), the agreement with the original functions (C2) and (C3), respectively is fairly
close. Yet some systematic discrepancies can be observed. In particular, the energy éW; deviates

locally from a smooth oscillating function because of the contributions of the ¢ > 1 bands. These
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irregularities cannot be reproduced accurately by the oversimplified approximation (C12). The
semi-classical expressions also show at high N-values a decrease of the amplitudes, while the
amplitudes of the approximate energies have been assumed to be monotonic increasing functions of
N. This feature of the approximate shell functions results from the assumption made: sin % ~ %3,

which is not confirmed at high N-values, especially in the ¢ > 1 bands.

In order to take the contribution of £ > 1 bands more accurately into account, another fit
can be obtained by separating the ¢ = 1 and ¢ = 2 contributions and fitting both contributions

separately. The t = 1 band appears to be well reproduced by the simple function
6W1(t m 1) = 011N1/6 sin Ag11N1/3 sin <§1N1/3 + kll) (014)

because of the small frequency Agy3 N/ in the range of N-values considered. The uncertainty
associated with Agy; can consequently be compensated by a modification of the amplitude.
The t = 2 band is more difficult to fit because of its double frequency which also doubles the

modulated frequency. The proposed approximation can be expressed as
5W1(t = 2) = a,uNI/S (2 — CO8 Agle/S) sin (2§1N1/3 + k‘lg) (015)

The two contributions (C'14) and (C15) as well as their sum are compared in Fig. €3 with
the respective quantities derived numerically from expression (C'2). As can be observed, the fits
have been significantly improved. However, they are now dependent on 7 parameters, compare
to 5 in the previous approximation. The parameters used to fit expression (C2) with the values
a) = T5NY/6 MeV and gg = 4.33N1/3 are

- for the t = 1 contribution: a;; = 4.1MeV, Agyy = 0.3, 1 = 11.6, kyy = —F

- for the t = 2 contribution: a;; = 0.45MeV, Agys = 3.0, k12 =0

In a completely similar way, the above result can be applied to the evaluation of the sheil energy
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dW,. We can write directly

§Wa(t = 1) = ag N~V sin Agyy N'/3 sin (ggNl/S + kn) (C16)

§Wolt = 2) = aso N~V/8 (2 — cos Agaa N3} sim (25 N3 4 kyy c17
(C17)

the resulting functions are compared in Fig. C4 with the corresponding quantity derived from (C3).
The different contributions to §W, have been obtained with the parameters ¢ = 95N ~1/6 MeV
and go = 4.33N1/3 in expression (C3), while the parametrized approximation reproducing (C'3) is
characterized by the parameters:

- forthet =1 contribution: as; = 2.0MeV, Agyy = 0.3, §o = 11.6, ka1 = I

- for the t = 2 contribution: az; = 0.02MeV, Agyy = 3.0, k22 = 5
It is of interest to note that the frequencies are identical in the semi-classical expression of both
energies §W; and §W;, so that the approximate expressions are characterized by the equalities:
G1 = G2, Agii = Aga and Agyp = Ages. The additional £ phase in the éW; energy relative to the
6W, energy is also reproduced.

This second fit to the energies §W; and §W, emphasizes the important influence of the ¢ > 2
bands on the total shell energy. More specifically, it can be seen in Fig. C3 that the t = 2
band clearly shifts the §W; curve to more negative values. Moreover, it tends to sharpen the
minima and to flatten the maxima. This special feature of the shell function has already been
pointed out by Myers and Swiatecki (1967). Experimentally, it is observed that when positive,
the shell function tends to sag, whereas theoretically it remains arched. This characteristic has
been explained by Myers and Swiatecki (1967) as resulting from the reversal shell effects appearing
when the nuclear deformation increases. The introduction of wiggles in the shell damping function
for increasing deformations (see Section I1.5.1} has been justified by a purely empirical observation
of the debunching of levels with deformation, as schematized by Nilsson’s diagram. However, Fig.

C3(c) suggests that even in the spherical case, there exist wiggles at the maxima of the shell
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(c) same as (a) for the total energy §W;. The parameters used are given in the text.
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function. Consequently, their origin might not be associated with the redistribution of levels when
the deformation increases, but with the destructive interferences in the nucleonic motions along
the t = 1 and £ = 2 periodic orbits.

It should be recalled that the shell energy §W = W, + §W; derived in this appendix corre-
sponds to the simple case of a system of nucleons confined to an infinite square potential. Therefore,
it remains hazardous to draw conclusions about more realistic nuclear models, which, in particular,
would include the effects of the spin-orbit potential. However, this analysis has the advantage of
offering a clear insight into the different effects of the nucleonic motions on the ground-state shell

correction energy of a spherical nucleus.
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