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1 Introduction

Relativistic hydrodynamics provides an effective macroscopic description of relativistic matter.
It plays a crucial role in the phenomenology of heavy-ion collisions and the physics of
the quark-gluon plasma [1, 2], and also finds important applications in astrophysics [3-5].
The fundamental equations of relativistic hydrodynamics are the local conservation laws
of energy and momentum, which are compactly expressed as the covariant conservation of
the energy-momentum tensor [6].

Depending on the physical system and the symmetries of the underlying microscopic
theory, additional conservation laws may need to be incorporated into the hydrodynamic
description. For instance, ongoing and upcoming experiments probing the quark-gluon plasma
at finite baryon density — such as those at RHIC [7], NICA [8, 9], and FAIR [10]—especially
in the vicinity of the conjectured critical point of nuclear matter, require the inclusion of the
baryon-number current, which arises due to a global U(1) baryon-number symmetry of the
microscopic theory [5]. Similarly, in magnetohydrodynamics, conservation of magnetic flux
must be accounted for [11], and other symmetries may give rise to further conserved quantities.

Here we are interested in relativistic hydrodynamics of systems which have multiple U(1)
symmetries, for Ny species (flavours) of conserved quantities. An example from subnuclear
matter is hydrodynamics with Ny = 3, corresponding to the conservation of baryon number,
strangeness, and electric charge [12, 13]. An example from astrophysics are two-fluid magneto-
hydrodynamic theories with Ny = 2, corresponding to the conservation of electron and ion
numbers [14]. The example which we will study later in the paper is the A/ = 4 supersymmetric
Yang-Mills theory which has Ny = 3, corresponding to the conservation of three Abelian
R-charges. This theory provides a particularly clean theoretical laboratory, allowing for
analytical derivations of both thermodynamic and hydrodynamic parameters.

The goal of this paper is two-fold: to develop the theory of hydrodynamic modes in
relativistic theories with a global U(1)" symmetry, and to apply the results to strongly coupled
N = 4 supersymmetric Yang-Mills (SYM) theory via its dual holographic description [15].
In doing so, we will elucidate the connection between thermodynamic and hydrodynamic
stability of equilibrium states in field theory. Via the holographic duality, this translates
to the connection between thermodynamic and hydrodynamic stability for charged anti-de
Sitter (AdS) black branes.



Physically, the connection between thermodynamic and dynamical instabilities arises
naturally within the theory of fluctuations [16-21]. Dynamically, instabilities manifest as
perturbations of a gravitational background that grow uncontrollably in time — or, in Fourier
space with dependence ~ e~™! as quasinormal modes whose imaginary part crosses into the
upper half-plane of complex frequency. Thermodynamically, instabilities can be viewed as
growing fluctuations in a system in thermal equilibrium. Recall that the probability of a
fluctuation in a thermodynamic system in thermal equilibrium is given, in the microcanonical

ensemble, by Einstein’s formula [22]:
wp x e (1.1)

where AS = S’ — S is the difference between the entropy S’ of a near-equilibrium state
resulting from the fluctuation and S, the entropy of the system in thermal equilibrium. The
fluctuations are assumed to be characterised by sufficiently long time and large spatial scales
to allow the formation of local thermodynamic equilibrium. Since these are precisely the
conditions under which the hydrodynamic regime is valid, the dynamics of the fluctuations is
governed by hydrodynamic variables. In holography, these hydrodynamic modes correspond
to gapless quasinormal modes of the dual gravitational background. Thus, eq. (1.1) should
allow one to predict which dynamical perturbations of the gravitational background become
unstable, and at what parameter values this occurs.

For small fluctuations characterised by parameters &1, ..., &,, the difference AS can be
expanded in a Taylor series around the equilibrium point & =0, ¢ =1, ..., n, resulting in

1
WA ~ exp{—2z)\ik§i5k}, (1.2)
ik
For a stable thermodynamic equilibrium, the quadratic

where \j, = — (825/6§i8§k) ’5-:0‘

form > A\;rp&;&x must be positive definite. Introducing the thermodynamic variables y; =
ik

(s,n), where s is the entropy density and ny, are the densities of conserved charges,! eq. (1.2)
becomes (see appendix A)

1 d%e
~ o CE Apay, b, 1.3

where ¢ is the internal energy density. The eigenvalues and eigenvectors of the Hessian

B 0%
0y;0y;

€

(1.4)

identify the unstable hydrodynamic modes and the corresponding dual quasinormal modes
of the gravitational background. Our goal is to make this connection precise.

We will start in section 2 by developing hydrodynamics of relativistic theories with Nt
flavours of U(1) currents. Perfect-fluid hydrodynamics requires the equation of state, say,
for the pressure p = p(T, ug), where T is temperature, and p, are the chemical potentials,

1We assume a spatially homogeneous system and normalise all extensive parameters by volume.



a =1...N;. Thermodynamic stability conditions place constraints on the form of the equation
of state which we discuss. Leading-order dissipative hydrodynamics further requires the input
of transport coefficients: shear viscosity 7, bulk viscosity ¢, and the Nt x Nf conductivity
matrix o,, which are all in general functions of 1" and pu,. Positivity of hydrodynamic
entropy produciton places positivity constraints on hydrodynamic transport coefficients [6].
We then proceed to discuss small hydrodynamic perturbations of the thermal equilibrium
state, and obtain dispersion relations of hydrodynamic modes of the form w = w(q), where
w is the frequency, and ¢ is the wave vector. Hydrodynamic stability of equilibrium can be
expressed as Imw(q) < 0 at small real q. The dispersion relations depend on the derivatives
of the pressure p, as well as on 7, , g45. Thus, hydrodynamics provides an explicit relation
between thermodynamic stability conditions (which constrain the derivatives of p) and the
actual dynamic stability of equilibrium.

As a simple example relating thermodynamic and hydrodynamic stability, consider
diffusion of a U(1) charge density n in a charge-neutral state with g = 0. The diffusion
coefficient is D = o/x, where o is the charge conductivity, and x = (9n/0p)u—o is the
static charge susceptibility [23]. In momentum space, diffusion will manifest as a mode with
frequency w(q) = —iDgq? + O(g*). For positive hydrodynamic entropy production (¢ > 0), in
a state which is thermodynamically stable (x > 0), one has Imw(q) < 0 at real g. On the
other hand, a violation of thermodynamic stability (y < 0) together with positive entropy
production (o > 0) gives rise to Imw(q) > 0, a dynamic instability caused by violation of
thermodynamic stability. In section 2, we will generalise this simple Ny = 1, = 0 example
to relativistic hydrodynamics (including shear and sound modes) with Ny > 1, u, # 0. We
will show that in theories where perfect fluids have positive speed of sound squared, and
obey the null energy condition, hydrodynamic instabilities can only appear through negative
diffusion coefficients for the U(1) charges.

We will continue in section 3 with the holographic description of SU(N,), N' =4 SYM
theory at large N, and at strong coupling [24-26]. The SYM theory possesses an SU(4)
R-symmetry group, and Ny = 3 chemical potentials u, can be introduced as grand canonical
variables conjugate to the global charges in the Cartan subalgebra U(1)? of SU(4) [27]. In
the ten-dimensional string theory dual, the corresponding background involves rotating black
three-branes [28-31]. Upon dimensional reduction on S°, rotating black brane solutions in
ten dimensions become charged black brane solutions in five dimensions supported by the
gauge and neutral scalar fields of five-dimensional N' = 8 supergravity [32, 33].

The simplest solution of the reduced five-dimensional theory describing equilibrium states
of N =4 SYM theory at nonzero temperature and three chemical potentials, was discovered
by Behrndt, Cvetic, and Sabra [34] and is known as the STU background. This solution
includes the metric, three U(1) gauge fields, and two independent real scalar fields. In the
special case where all three chemical potentials are equal, the background reduces to the
Reissner-Nordstrom black brane in five dimensions.

The STU background exhibits low-temperature thermodynamic instabilities at finite
non-zero values of p,/T [28-30, 35-41]. The instability persists when all p, are taken equal,
and the Reissner-Nordstrém black brane in the STU truncation is both thermodynamically
and dynamically unstable at low temperature [42].



In this paper, we consider N' =4 SYM in the grand canonical ensemble in Minkowski
space, rather than on a sphere. The latter implies the absence of the Hawking-Page transition
and the equivalence of all ensembles in the thermodynamic limit. Building on the results of
section 2, we discuss the connection between thermodynamic and (hydro)dynamic instabilities
of the STU background, extending our earlier results in ref. [42]. Historically, the equivalence
between thermodynamic and dynamic instabilities for black branes was conjectured by
Gubser and Mitra [35, 36] and subsequently extensively discussed (see, for example [43-45]).
Following the development of real-time correlation functions in holography [46, 47], it became
clear that instabilities of the backgrounds which describe thermal states in dual field theories
manifest themselves as quasinormal modes crossing into the upper half-plane of complex
frequency (at real wave vector).

The equation of state corresponding to the STU background is known analytically [37],
the bulk viscosity ¢ vanishes by conformal symmetry of the SYM theory, and the shear
viscosity is proportional to the entropy density, n = s/4m [37, 48], reflecting the holographic
universality [49-52]. What is not known is the analytic form of the R-charge conductivity
matrix oqp(T, p1, p2, 13). In this paper, we will derive analytic expressions for the conductivity
matrix in several illustrative cases, obtaining oq, (T, 1,0, 0), 0ap (T, ity £, 0), and oap(T, 14, f, ).
With the conductivity matrix at hand, we can find the dispersion relations of hydrodynamic
modes. This is discussed in sections 4, 5, and 6 for the three respective cases. As expected,
we find that R-charge diffusion coefficients become negative at the onset of thermodynamic
instability. Negative diffusion coefficients signify charge clumping for near-equilibrium pertur-
bations in N’ =4 SYM theory at low temperature. In particular, extremal 7' = 0 AdS black
branes in the STU truncation are both thermodynamically and dynamically unstable.

We discuss our results in section 7.

2 Hydrodynamics with several conserved charges

2.1 Thermodynamic stability

We will study field theories with conserved U(1) charges @, of species (flavours) a = 1,..., N,
so that @, are the generators of a global symmetry U(1)¥. We focus on thermodynamic
relations for a system at rest, in volume V in the thermodynamic limit V' — oo, with charge
densities n, = (Q,)/V fixed. The equation of state in the grand canonical ensemble is given
by the pressure, p = p(T, pa), with

dp = sdT + ngdpig - (2.1)
Here T is temperature, ji, are chemical potentials, s = s(7T', p1, . . ., ;) is the entropy density,
and ng = ng(T, 11, ..., pn,) are charge densities. There is an implied summation over the

repeated flavour indices. The equation of state in the micro-canonical ensemble is given by
s = s(€,ng), where € is the density of energy, and

1 a
ds = gde = %dna. (2.2)

Here T =T(€,nq,...,nn;) and pg = pg(€,n1,...,nn;). Equations (2.1) and (2.2) are related
through ¢ + p = T's + pgng.



Thermodynamic stability conditions [53] imply that the matrix of the second derivatives
of entropy density s(e,n®) is negative definite in a stable equilibrium state, reflecting the
maximum of entropy. Similarly, the matrices of the second derivatives of €(s,n,) and of
p(T, 114) are positive definite, reflecting the minimum of energy, and of the grand-canonical free
energy. We define Hessian matrices h¢ = 9%¢/dy;dy;, h? = 8?p/902;0z;, where y; = (s,n4),
and z; = (T, ptg). Thermodynamic relations (2.1) and (2.2) imply h¢ = 0z;/0y;, h¥ = 0y;/0%;,
and thus h? = (h)~!. In particular, in a thermodynamically stable system, T0s/0T =
(0€/0T) — 114(Ong/OT) > 0, and the matrix . = (Ong,/Oup)r of charge susceptibilities
must be positive definite. Passing to variables T and v, = po/7T, we have another useful
susceptibility matrix

(), (), _(T u)( a%ia)(T 0a>. 23)

sy o) o) ) (S

Opa 0T OpaOup
The matrix X is positive-definite because hP is. In the grand canonical ensemble, the proba-

bility distribution is proportional to exp|—(H — pqQq4)/T], where H is the Hamiltonian, thus

( aa:a)T - T(‘ZZ?)V = %(H%mn, (2.5)
(g’;;)T = Qe Qibeonn (2.6)

where the subscript signifies connected averages, (H?)conn = (H?) — (H)? etc. This gives a
more direct perspective on the positive-definiteness of X.

2.2 First-order hydrodynamics

We next consider first-order relativistic hydrodynamics for theories with N¢ flavours of U(1)
charges, in d spatial dimensions. The hydrodynamic equations are the conservation laws for
the energy-momentum tensor 7" and the U(1) currents J¥,

9T =0, 9,J" =0, (2.7)

where a = 1,..., N;. The conservation laws must be supplemented by the constitutive
relations. In the conventions of Landau and Lifshitz [6], these are

TH = eutu” + pA* —nSH — (A yut + O(97)
JH = ngu’ — oy TAM 9,y + O(0%)
with implied summation over the repeated flavour indices. Here u* is the fluid velocity,
AP = gl 4+ uHu? is the projector onto the space orthogonal to the fluid velocity, g"” is
the inverse metric, and S* = AFCAYP(J,up + Ogua — 2gapdru’) is the shear tensor. The
thermodynamic functions e (energy density), p (pressure) and n, (charge densities) are
functions of T" and v, = e /T, whose explicit form is given by the equilibrium equation of



state. The one-derivative transport coefficients n (shear viscosity), ¢ (bulk viscosity) and
oab (charge conductivity matrix) are in general functions of 7" and ~,.

The conductivity matrix o4, in eq. (2.9) is not arbitrary. If the microscopic system
respects time-reversal symmetry (which we will assume), o, will be symmetric by the
Onsager relations. Further, the divergence of the entropy current has an additive contribution
oab A 0,,7,0,vp. Hence, the matrix o, must be positive semi-definite, in order to ensure
non-negative entropy production out of equilibrium [6]. Similarly, non-negative entropy
production demands n > 0, ¢ > 0. Alternatively, linear response theory gives 1, ¢, and
o4 in terms of correlation functions of T and J¥. In relativistic hydrodynamics, the
corresponding Kubo formulae are [23]

1
n= 55 oljlin Grevpey(w,q = 0), (2.10)
1
1

where Go,0,(w,q) denotes the Fourier transform of the symmetrized correlation function
of O1 and O3 in equilibrium. The positivity conditions for 7, {, and o, then follow from
the positivity conditions for the corresponding correlation functions of Hermitean operators
T% and JL.

Let us now work out how derivatives of thermodynamic functions appear in the dispersion
relations of hydrodynamic modes. To do so, consider small fluctuations about the equilibrium
state of the fluid at rest with constant temperature T and chemical potentials ji,. Namely,
we take vt = (1,0) + 6ur, T = T + 6T, 4 = Ja + 074, assume that all fluctuations only
depend on ¢ and z, and linearise. The conservation equations (2.7) for energy, momentum,
and U(1) currents then give linear equations for fluctuations 67, éu’, and §v,. Transverse
velocity fluctuations du’ with ¢ # z decouple from the rest, and satisfy

((e—i—p)@t — 7783) sut =0. (2.13)

Longitudinal velocity fluctuations du® couple to 07" and dv,, and satisfy

Oe Oe
T+T = 2.14
<8T) 00T + (a Q>T 0¢07q + (e—i—p)@z(Su 0, ( )
Op Op 2d -2 9c 2
(e+p) Opou® + (8T) 0,0T + T(@%) 0:07q ( 7 + C) 0i6u* =0, (2.15)
(8"“> 10T + ng 0-6 Z+T(<an“) O — 32)5 =0 (2.16)
oT X t Ng Oz0U 6/”, . t — Oab U, Yo=Y, .

where the coefficients are evaluated in equilibrium, and we omit the bar. Introducing the
vector Vi = (6T /T2, 6u? /T, 67,), these linearised equations can be written in the following
matrix form:

[XABat—l-YABaZ—ZABag Vg =0, (2.17)



where the matrices X, Y, Z are

C 0 v, 0 et+p 0, 0 0 0Oq
X=|0etp 0|, Y=|etp 0 ng|, Z=|0mns 0, |- (2.18)
Vo Oa Xab O ma Ogp 0a Oq Tap
where 7y = 2%7_277 + (. The elements of the matrix X are thermodynamic derivatives:
Oe Oe on, on
CET() , ’UGE() :T( a) , a E( a) . 2.19
or v 8#(1 T or ¥ Xab 8/% T ( )

The matrix X 4p is symmetric; in a stable equilibrium state it is also positive definite,
cf. (2.3). The matrix Yap comes from the fluxes in perfect-fluid hydrodynamics. It has
N vanishing eigenvalues, reflecting Ny diffusion modes which are invisible in perfect-fluid
hydrodynamics. It also has two non-zero eigenvalues, reflecting two sound modes which are
visible in perfect-fluid hydrodynamics. The matrix Zsp comes from one-derivative terms in
the fluxes; it is degenerate, and has one vanishing eigenvalue reflecting the Landau-frame
convention for the constitutive relations.

Next, consider plane-wave fluctuations, with 67", 6u?, and §v proportional to e~*t+iaz,
where ¢ is the component of the three-momentum q along z, g = (0,0, q). The linearised
equations (2.17) then become:

(~wX +qv —ig?Z) V =0. (2.20)
Thus, the eigenfrequencies w(q) can be found by solving the equation
det [—wX gy — z’qQZ} -0, (2.21)

with the above matrices X, Y, Z. In hydrodynamics, we work in the small-q expansion, and
our main interest is the small-¢ behaviour of w(q). We now discuss the hydrodynamic modes
in more detail. In d 4+ 1 spacetime dimensions, there are d + 1 + Nt hydrodynamic modes.

Shear modes. Shear modes are fluctuations of the transverse fluid velocity (or momentum
density). Their dispersion relations follow from eq. (2.13), and are given by

h .1
Wi (q) = —i- +pq2 +n, (2.22)
where i = 2,...,d, reflecting d—1 shear modes with identical frequencies and different polar-

izations. The decoupling of shear modes from the longitudinal fluctuations is a consequence
of rotation symmetry. Both 7 and e+p in eq. (2.22) are in principle functions of 7" and fi,.

Diffusion modes. The diffusion modes are contained in the coupled fluctuations of 67", du?,
and 6v,. There are Ny diffusion modes, whose eigenfrequencies are

wziaif;fusion(q) — _iD(a)QQ + ..., (2.23)

where D(,) are diffusion coefficients. In a neutral state (e = 0,n4, = 0 in equilibrium),
eq. (2.16) implies that dv, decouple from 7', 6u*, and the diffusion coefficients D, are
given by the eigenvalues of the Ny x N diffusion matrix

D=x"lo. (2.24)



In a state with ug, n, non-vanishing in equilibrium, fluctuations §v, couple to 67T, du®.
However, even then, the diffusion modes may be separated from the sound modes at small q.
Denote the N; eigenvectors of Y with zero eigenvalues as W (@),

wl = (n1,0,—(e+p),0,...,0), w® = (n2,0,0,—(e+p),0,...,0), etc, (2.25)

up to W) = (nn;,0,...,0,—(e+p)). These vectors describe diffusive fluctuations to leading
order in the small-q expansion; in other words, the diffusion modes are the fluctuations in which

€E+p—ni
T

€+ p—napo

0T + n1du1 =0, T

0T +nodpe =0,  ete, (2.26)

or linear combinations thereof. For Ny = 1, the single diffusive mode has dp = sdT +ndu = 0,
while for Ny > 1, the diffusive modes have dp # 0 (in a state with all non-vanishing n,). Let
us pass to the basis of W(® and define the following Ny x N; matrices:

(Mx)® =w@.xw®  (M;)® =w@.Z2Ww® (2.27)

with a,b = 1,..., Ng. The N¢ diffusion eigenfrequencies w(,) are again given by eq. (2.23),
where D(,) are eigenvalues of the N x Nt diffusion matrix

D= My'My. (2.28)

In a thermodynamically stable equilibrium state, X is positive definite, and so is Mx. The
matrix My = (e+p)2o is positive semi-definite because the matrix o is. Thus, the matrix D is

positive semi-definite, so its eigenvalues D,y are non-negative. Note that D does not depend

on the viscosities. In a state with n, = 0, the diffusion matrix (2.28) reduces to D = x 0.

Sound modes. The sound modes are also contained in the coupled fluctuations of §7', du?,
and 67,. There are two sound modes, whose eigenfrequencies are

?
WP (g) = Eeslgl - ST¢* + . (2.29)

where ¢, is the speed of sound, and I' is the sound damping coefficient, which depends on
both the viscosities and charge conductivities. The +c¢; in eq. (2.29) are the two non-zero
eigenvalues of X~'Y. Using the two eigenvectors of Y with non-zero eigenvalues,

SU2) = (e4p, £((e4+p)? + nana) 2, n1, ..., 1Ny, (2:30)

one can write ¢2 as

,  det (S(O‘)X*S(ﬁ))
s T Mgl + @5

c (2.31)
This gives 2 in terms of thermodynamic derivatives of the grand canonical equation of state
p = p(T, p1, 2, - - . ). Alternatively, 2 may be written using the matrix My,

1 det M
2 X
c; = ()P D detX (2.32)




A more direct way to obtain the speed of sound is to use the equation of state in the form
p = p(e,n1,ng,...), which gives

ap Ng 8p
2 _ —_—
= (86)na+26+p <8na)e' (2:33)

a

Note that the equation of state p = p(e, ng), while suitable for perfect-fluid hydrodynamics,
can not be used to close the equations of dissipative hydrodynamics because the constitutive
relations of the latter are formulated using T and p,, not € and n,.

The sound damping coefficient is given by the standard perturbation theory as

Z 2V
VidVi V-2V, (2.34)

=2 -
VXV, VXV’

where Vi are eigenvectors of XY with eigenvalues +c¢,. The contributions to I' from
viscosity and the charge conductivity decouple. To see this explicitly, denote the components
of the eigenvectors by Vi = (VE, VI, VE), with Vi =V, Vi = V. The eigenvectors can
be normalized such that VI = +c¢sdet(X). Then we have

%;277 +¢ Vfaabvj:b

I'= .
e+p (e+p) det(X)? 2

(2.35)

In a state with p, = 0, ng = 0, we have V¢ = 0, and I reduces to (2327 + () /(e+p).

2.3 Hydrodynamic stability

We take the conditions of hydrodynamic stability of equilibrium to be
Imw(q) <0, (2.36)

at real g, for all near-equilibrium hydrodynamic modes. It is then clear that hydrodynamic
stability is determined by the thermodynamic susceptibilities and the transport coefficients.
If the transport coefficients are such that the hydrodynamic entropy production is non-
negative (n > 0, ¢ > 0, o4 positive semi-definite), then thermodynamic stability implies
hydrodynamic stability.

Shear modes (2.22) are hydrodynamically stable provided n > 0 and e+p > 0. Sound
modes (2.29) are hydrodynamically stable provided c2 > 0. It is clear from the grand canonical
expressions (2.31), (2.32) that a positive-definite X (thermodynamic stability) implies ¢2 > 0.
The sound damping coefficient must be non-negative for hydrodynamic stability of equilibrium,
I' > 0. For fluids with non-negative hydrodynamic entropy production, eq. (2.35) implies that
sound modes will be stable if e+p > 0 and ¢2 > 0. Diffusion modes (2.23) are stable provided
D, = 0. For fluids with non-negative hydrodynamic entropy production, a positive-definite
X (thermodynamic stability) implies D, > 0.

In general, for fluids with non-negative hydrodynamic entropy production, a violation of
thermodynamic stability conditions (negative eigenvalues of X)) will lead to hydrodynamic
instability of equilibrium caused by one (or several) of the hydrodynamic modes. Which hydro-
dynamic mode is causing the instability is determined by the eigenvectors of X corresponding
to negative eigenvalues. Later in the paper, we will discuss an explicit example of a system
where the susceptibility matrix X has negative eigenvalues with ¢2 > 0, T' > 0, and D, <0.

,10,



2.4 Examples of hydrodynamic dispersion relations

To make the formulae above somewhat more concrete, we now give a few examples. For
definiteness, we will assume that the theory has unbroken charge conjugation symmetry
for each flavour.

Equilibrium with all g, vanishing. Our first example is the “neutral” equilibrium state
with all g, = 0. Charge conjugation symmetry then implies that n, = 0, v, = 0, and
Xab = diag(X (1), X(2) - - - )- Similarly, charge conjugation in the Kubo formula (2.12) implies
that the conductivity matrix is diagonal, o, = diag(a(l),a(g), ...). The speed of sound
squared and the sound damping coefficient are

2d—2
+
L S (2.37)
T (0e/0T) €+p
while the diffusion coefficients are
o
Dy =—2, a=1,.. M. (2.38)
X(a)

The stability of hydrodynamic modes is ensured by the positivity of hydrodynamic entropy
production, and by the positivity of thermodynamic susceptibilities.

Equilibrium with one of p, non-vanishing. Next, consider an equilibrium state with
w1 # 0, with the rest of p, vanishing. Now, nq # 0, v; # 0 with the rest of n,, v, vanishing.
The charge susceptibility matrix is still diagonal: x,, = 0 for b # a by charge conjugation for
the remaining Nt — 1 flavours, hence x,.» = diag(x(1), X(2) - - - )- Similarly, charge conjugation
implies that o4, = diag(o(1),0(2),.-.). The speed of sound squared is

5 Cn? — 2(e+p)nivy + (€+P)2X(1)

5 ) 2.39
() (Cx) — D) (2:39)
where C' = T'(0¢/0T), + p1(0€/0p ), v1 = (0¢/Op1)r. The damping coefficient is
_ BP0t C oy (Cni— (etp)ur)?
I = + . — (2.40)
e+p (etp)z  (Cx(y — vi)
and the diffusion coefficient for the first flavour is
(etp)oq)
D= """ 2.41
W= 2(Cxay — D) (2.41)
The diffusion coefficients for the remaining Ny — 1 flavours are
D=2 a=2... N, (2.42)
X(a)

In general, all D(, in (2.42) depend on ji1. As expected, the sound mode is stable for 2 >0,
while the stability of diffusion modes requires positive susceptibilities in the charge sector [23].
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Equilibrium with N of pu, non-vanishing. A similar discussion applies for equilibrium
states with N < N non-vanishing chemical potentials, ji,<n # 0, with the rest p,~n = 0.
Charge conjugation symmetry for Ny — IV flavours implies that the only off-diagonal elements
of xa which do not vanish are in the N xN upper-left submatrix; the (N;—N) x (Ng—N)
lower-right submatrix is diag(x(n+1),---»X(np))- The conductivity matrix o, has the same
structure as xqp. Further, ni,...,ny and vq,...,vy are in general non-zero, while the rest
Ng>N = 0, vg=ny = 0. Then eq. (2.16) implies that dv1,...,dvn couple to 67 and du?, but
the rest dy,~n decouple. The speed of sound and the damping coefficient are given by the
general expressions (2.31), (2.35), written for the first N flavours. There are N diffusion
modes whose diffusion coefficients are given by the eigenvalues of the diffusion matrix (2.28),
written for the first N flavours. For the Ny— N decoupled diffusive fluctuations év,~y, the
diffusion coefficients are

D(a) = s a:N—l—l,...,Nf. (243)

Again, the diffusion coefficients D(,) in (2.43) in general depend on p1,. .., un.

Equilibrium with equal charges. As our next example, consider a system with Ny = 2,
and equal chemical potentials, y1 = uo = p in equilibrium. We further assume that the
densities are equal, i.e. ny (T, u1=p, po=p) = n2(T, p1=p, po=p) = n, so that vy = ve = v.
Such equality of charge densities can arise as a consequence of an extended symmetry in the
flavour space, as we will discuss later. The current conservation equations (2.16) are two
equations; taking their difference, the terms with 67 and du® drop out, so that

L1107 + L1202 — L2101 — Lagdy2 =0, (2.44)

where Lgp = Xab0r — 0ap0;0" is the diffusion operator. Recall that o, and yqp are symmetric
matrices, so Lis = Lo9;. If the extended symmetry which relates the charges also implies
X11 = X22 and Jg11 = 022, then L11 = LQQ, and eq. (244) becomes

(L11 — L12) (01 — 672) =0, (2.45)

or [(x11—x12)0 — (011—012)9;9] (071—3F72) = 0. In other words, the fluctuation of ~;—72
decouples, and obeys the diffusion equation, with the diffusion coefficient

011 — 012

. 2.46
X11 — X12 ( )

D) =
Recall that x11—x12 is an eigenvalue of 43, and o11—012 is an eigenvalue of o4p. Thus in a
system where off-equilibrium entropy production is non-negative, the numerator of (2.46) is
non-negative. The denominator of (2.46) is positive for a thermodynamically stable system,
but can be negative for a thermodynamically unstable system. The diffusion coefficient for
the second diffusive mode (coupled to sound) is

D _ (e+p)(o11+012)
(1+2) — 5

2(C(xii+xi2) — 202) (2.47)
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The speed of sound squared is

9 2012 — 4(e+p)nv + (e+p)%(x11+X12)

;= 2.48
() (Clxne) — 207 (245)
The sound damping coefficient is
2d—2 2
2 —
S/ +¢ n (c114+012)  (Cn — (e+p)v) (2.49)

€+p (e+p)c  (Clxai+xiz) —202)%2°

As before, a thermodynamically unstable equation of state (X with negative eigenvalues)
gives rise to unstable hydrodynamic modes.

More generally, one may consider a system with N¢ global U(1)’s, and all equal chemical
potentials. If there is a symmetry that ensures that all n,(T, ) are the same, all diagonal
L, are the same, and all off-diagonal L., are the same, then there will be Ny—1 diffusive
modes, where fluctuations §v, — 6,41 decouple from the fluctuations of 67 and du®. All
these Nr—1 modes will have the same diffusion coefficient, given by eq. (2.46).

2.5 Symmetry constraints

Conformal symmetry. If the microscopic theory happens to be conformal, there are addi-
tional constraints on thermodynamics and hydrodynamics. In a conformal theory, scale invari-
ance implies that the grand canonical equation of state is given by p(T, jtq) = T f(pa/T),
with a theory-dependent function f(v1,...,7n;). The thermodynamic derivatives which
appear in matrices X and Y are then related by

C=d(d+1)p, e+p=(d+l)p, vs=dng. (2.50)

Correspondingly, the speed of sound in a conformal theory is ¢s = 1/ Vd. Further, the
charge conductivity contribution to sound damping in eq. (2.34) drops out, as a consequence
of (2.50). Finally, the bulk viscosity ¢ vanishes. As a result, sound dispersion relations in
conformal field theory are simply

d—1
Qq2 +0(¢%) . (2.51)

wsound — iﬂ -3
) Vd d(d+1)p
Conformal symmetry does not impose any relations among the components of the charge

susceptibility matrix yq. Such relations can arise as consequences of a flavour symmetry,
as we discuss next.

Non-abelian flavour symmetry. If the flavour symmetry U(1)™ forms an Abelian sub-
group of a larger global symmetry of the theory, U(1)¥ C SU(N;+1), there are additional
constraints on thermodynamics and hydrodynamics.

The grand canonical partition function is

Z =Trexp[—fH + 7,Q"] = Trexp[—SH + vo(T*) aQaB] , (2.52)

where T are the generators of U(1)Nt ¢ SU(N; + 1). Here, capital Latin indices run from
1 to Ni+1, and lower case Latin indices run from 1 to N;. The partition function Z is
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SU(Nt+1) invariant, and so its dependence on the generators T must come in the form
of traces, tr[(T1)*(T?){(T3)™...]. Such traces of products of the generators are products
of dap’s, dape’s and fqpe’s, with various contractions, where fu;. are the structure constants,
and dgp. are anomaly coefficients.? For the Abelian subalgebra, fu,. = 0. In the partition
function, each T will come accompanied by the corresponding v, = pa/7, so Z will be a
function of d44’s and dgpe’s contracted with p,’s. Correspondingly, the dependence of the
partition function on the chemical potentials will come from invariants such as

mg = Halla , (253)
m3 = dabcﬂaﬂbﬂca (254)
my = dabcdafgﬂbﬂcﬂfﬂga (2.55)

etc.? Hence, the pressure is p = F(T,mg, m3,my,...). This general form of p allows one
to express the charge susceptibility matrix yq.» = 0?p/0u.Opp in terms of the derivatives
of I' and contractions of dgp..

As an example, we take Ny = 3, and choose the basis for the Cartan generators T
so that the coefficients dup. are only non-zero if abc is a permutation of 123. The pressure
is p = F(T, ma, m%, my), where mg appears squared due to charge conjugation invariance.
With only one non-vanishing chemical potential pq, and ps = ps = 0, the susceptibility
matrix takes the following form:

x1i1 0 0
Xab= 1| 0 x22 0 [. (2.56)
0 0 xo2

With p1 = pe, and ps = 0, the susceptibility matrix takes the following form:

x11 x12 0
Xab = | x12 X11 0 | . (2.57)
0 0 xss3

With py = po = ps, the susceptibility matrix takes the following form:

X11 X12 X12
Xab = | X12 X11 X12 | - (2.58)
X12 X12 X11

Correlation functions of conserved flavour currents will have the same structure, and so will the
conductivity matrix, through the Kubo formula (2.12). Given our choice of Cartan generators,
in a state with equal chemical potentials, the SU(N¢+1) symmetry ensures the simplifications
discussed in the last example of section 2.4, leading to the simple expressions (2.46) for
the diffusion coefficients.

2Explicitly, for SU(n) one has T°T" = iéabl + %(dabc +if**)T°, where the generators are normalized
such that tr(T°7°) = %5“1’, and a,b, ¢ run from 1 to n?—1.
3The number of such invariants is equal to Nt (see appendix B for details).
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2.6 All-orders hydrodynamics

Let us return to the argument in the last example of section 2.4 about the decoupling of
Nt — 1 diffusive modes in a state with n; = --- = ny,. In that argument, we have used
linearised relativistic hydrodynamics, to first order in derivatives. However, the decoupling of
Ny — 1 diffusive modes in a symmetric state does not require hydrodynamics to be relativistic,
and can happen to all orders in derivatives, provided there is an extended flavour symmetry
such as SU(NV¢ + 1) discussed above. In order to see that, we write down the linearised
hydrodynamic equations in Fourier space,

—iwdng +iq dJ. =0, (2.59)

where we have taken J? = i, + dn,, expanding about the equilibrium state with constant
charge densities 7,. The constitutive relations for the spatial flux dJ. must be written in
terms of the hydrodynamic variables; we choose the latter as dn, (fluctuations of charge
densities), de (fluctuation of the energy density), and 67’ (fluctuation of momentum density).
Rotation invariance then dictates?

5,]([1 = A 07! + i¢' Byde + iqlCaiqjéﬂ'j —ig' Dapdny, (2.60)

where A,, By, Cy, Dy are scalars under rotation, and are all functions of w, g2, and n,. The
terms A,, B, and C, give rise to the coupling between dn, and de, 6.

We shall take the charges in question to correspond to the Cartan generators of SU(4),
with Ny = 3, as discussed in section 2.5. The index a is then a Lie algebra index, and the
coefficients A,, Bq, Cq, Dy are made out of contractions of n, and the anomaly coeffcients
dape- As dgpe are completely symmetric, in a state with equal charges, ny = no = ng, all A,’s
will be equal to each other, all B,’s will be equal to each other, and all C,’s will be equal to
each other. We can then take pair-wise differences of current conservation equations with
different flavours; the contributions proportional to de and 67 drop out, and we end up with
decoupled equations for dn,, just like we had earlier in eq. (2.44). For three flavours, we have

—iw(énl—énz) + q2(D115n1 + D125n2 + D135n3 - D2157’L1 - D225n2 - D235n3) = 0,

(2.61a)
—iw(éng—éng) + q2(D215n1 + Doodng + Dos3dnsg — D310ng — D3a0ng — D335n3) =0,

(2.61b)
—iw(énl—dng) + q2(D11(5n1 + D196ng + D130n3 — D310ny — D30ng — D335n3) =0.

(2.61c)

The diffusion matrix Dy, will in general be given by a combination of terms such as 71,7y,
dapenc, dacadppgnengngng, etc. We choose the basis for the Cartan generators so that dgp.
are only non-zero if abc is a permutation of 123. Then, in a state with all n, equal, the
diffusion matrix Dy, will have all diagonal elements equal to each other, and all off-diagonal

4Depending on dimension, one can also include tems such as €™ 7y, or € ™gmde. Such terms drop out
of the current conservation equation, and can be ignored in linearised hydrodynamics.
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elements equal to each other, and thus
—iw(dnl—éng) + q2(D11 — Dlg)(énl—éng) 0, (2.62&)
—iw(6na—ong) + q*(D11 — D12)(6na—dng) = 0, (2.62b)
—iw(énl—éng) + qZ(DH — D12)((5n1—5n3) 0. (2.620)

Of the above three equations, only two are independent. Thus we have two idential sets
of modes, whose dispersion relations are determined by

—iw + D11 (w, q®)q? — D1s(w,q?)q® = 0. (2.63)

At small w and q?, each set will give a diffusion mode w = —i(Dy1 — Dlg)qQ.

3 Gravity dual to N/ =4 SYM at finite density

The ten-dimensional gravity dual to N =4 SU(N,.) SYM at T # 0, p, # 0 at infinite N, and
infinite 't Hooft coupling is given by the near-horizon limit of the set of N, rotating black
three-branes [28, 29, 54, 55]. The dimensional reduction on S°® gives a background which is a
Reissner-Nordstrém-type solution of N' = 2 supergravity in five dimensions.® The relevant
part of the five-dimensional Lagrangian density is® [34]

L2

2 a 17 a
L=+y—g (R + 73V = 5 GaFi "’ — Gud, X aﬂxb)

L3V2

+W€MVPU/\CabCFa Fb Ai . (31)

uv+ po

The action contains the metric, three Abelian gauge fields Aj; and three real scalar fields
X,. The symmetric coefficients Cyp. are proportional to the anomaly coefficients of N' = 4
SYM theory. For the STU solution” [34] we discuss below, the scalars are constrained by
X1X2X3 = 1,% the metric on the scalar manifold is given by

1. _ . _
Gap = Sding [(X1) 72, (X7, (X) 2],
and the scalar potential is
S
=23 — .
v 2::1 ~a

When all X = 1, the potential term in (3.1) becomes —2A, where A = —6/L? is the five-
dimensional cosmological constrant expressed in terms of the AdS radius L. Following [29, 34],

A generic construction of D = 5 A" = 2 supergravity can be found in ref. [56], see also [57-59).

5We use normalisation of the gauge fields which is different from the one used e.g. in refs. [29, 34] by a
factor of v/2/L. Accordingly, the coefficients appearing in front of the terms involving gauge fields are different
from the ones in refs. [29, 34].

"The name “STU” stems from the notations X; = S, Xo = T, X3 = U and the prepotential condition
Y =STU =1 [34].

8More generally, the three scalars are constrained by Cape X*X®X¢/6 = 1 [34]. For the STU solution, the
non-vanishing components of Cape (symmetric in all indices) are C123 = 1 and its cyclic permutations.
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we introduce new scalar fields H, via®

X, =Hs/H,, (3.2)

where H = H1HsHj3. In terms of the fields H,, the Lagrangian is

4 1 L2 o3, 1 89, H,0MH,
L= \/Tg<R+ Tzl ) Ho— o H > HZF;FM e — 52 R TTE
a=1 a=1 a=1 a
3
0, H,0"H L
g #HtLH b) + 9{ HVPUACachEVFgaAc (3.3)
a<b a*tb
The equations of motion corresponding to the Lagrangian (3.3) read
1 m) A
Ry =T — ggWT( ) (3.4)
L
() e

\/1?98“[\/_79< ga;IH Za“Hbﬂ:_:gL?HZH” S,

5
5 H"HgFlj‘VF“”a+ 3 S HFD, PP,
b#a

(3.6)

[P~ hi

There is no summation over “a” in the above equations. The right-hand-side of eq. (3.4)
contains the energy-momentum tensor of the scalars and the U(1) fields,

v o T Gy FY o FO P + G0, X0, X"

9V
L2 -

—ggaabapxaaﬂxb + (3.7)

3.1 The STU background

The equations (3.4), (3.5), (3.6) admit a solution known as the STU black brane back-
ground [34] which is dual to N' =4 SU(V;) SYM theory (at infinite V. and infinite t Hooft
coupling) at finite temperature and with three non-vanishing chemical potentials 1, pa,
13, conjugate to the global conserved R-charges in the Cartan subalgebra of SU(4)g. The
metric of the STU background is [29, 34]*

7TyL)?

ds? = g2l (rToL)”
u

2
f(u)dt® + /3! (da:2 +dy® + dz2) +as L Y du?. (3.8)

u

It depends on four integration constants which we denote Ty and kq, with a = 1,2,3. When
all kK, = 0, the metric reduces to that of the AdS-Schwarzschild black brane in five dimensions,

9Note a different notation w.r.t. ref. [37]. The product of all H, was denoted by H there, while we use the
notation H for the same product in this paper and in ref. [42].

19%e use the notations of ref. [37], which are slightly different from the ones in refs. [29, 34]. In particular,
our radial coordinate is compact, u = r3 /r*> and the parameters k, are defined as ko = qa /73 W.r.t. ref. [29].
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with Hawking temperature Ty. The parameters x, are taken to be positive to ensure the
regularity of the background and the positivity of the ADM mass'! [29, 34]. The background
for the scalar fields is

H, =14 Rkqu, (3.9)

hence H(u) = (1 + k1u)(1 + kou)(1l + k3u). The function f(u) in the metric (3.8) is a cubic
polynomial f(u) = H(u) — u?H(1) = (1 —u) (1 + (1 + K1 + K2 + k3)u — k1kaksu?®). The
asymptotic boundary is at v = 0, and the horizon is at v = 1. The background gauge
fields are given by

1 U

A =4t ( _
M(U/) o 1 + Ka Ha(u)
where the integration constant was chosen to set Af(u = 1) = 0.
We identify the temperature T of N'=4 SYM theory with the Hawking temperature of

the black brane metric (3.8), and the chemical potentials u, for the three U(1) R-charges
with the boundary values of the gauge fields (3.10). This gives T and p, as functions of

)WTO\/%\/(1+/¢1)(1+/-{2)(1+/<;3), (3.10)

the four integration constants Ty and kg,

2+ K1+ K2+ K3 — K1K2K3

To, 3.11

2/ (I+r1) A tra) (L thz) (3:11)
V2K

pe = 7T HK“ V1tr1V1+koV1+k;3 . (3.12)
a

Next, we identify the entropy density s of N=4 SYM theory with the Bekenstein-Hawking
entropy of the black brane metric (3.8) per unit three-volume. The equilibrium charge densities
ng for the three U(1) R-charges are identified from the asymptotic “electric” fields via the
Gauss-Ostrogradsky theorem.'? This gives s and n, as functions of the four integration
constants Ty and kg,

1

5= 57r2z\73f[’g’ V1+r1vV1+koV1+Es, (3.13)
1

Ng = ngng’\Ona\/l—Fm\/1+/<;2\/1+/£3 : (3.14)

Given the expressions (3.13) and (3.14) for the entropy density and the densities of charges,
the pressure can be found by integrating the Gibbs-Duhem relation!® dP = sdT +3", na djta ,
with the result
T2N2T4 3
p= Tco [T+ ka). (3.15)

a=1
The energy density is then computed from the Euler relation, e +p =Ts + >_, ftanq , giving
3TN2TE
ezszTco [T +ka). (3.16)

a=1

1 As defined for an asymptotically AdS space by Horowitz and Myers [60].

12First discovered by Joseph Louis Lagrange in 1762 [61, 62].

13 Alternatively, the pressure can be computed holographically from the renormalized on-shell action, either
as the one-point function of the spatial diagonal components of the energy-momentum tensor as in ref. [63], or
via Kubo formulae applied to the corresponding two-point functions [64, 65].

,18,



The result (3.16) implies that the speed of sound squared is ¢> = 1/3 as expected in a
conformal theory. The integration constants 7 and k, can be eliminated from (3.13), (3.14),
and (3.16), leading to the equation of state in the form (see e.g. ref. [37] and ref. [31]):

1/3
3 4z T 8m2n2
AT al;[l I+ : (3.17)

6(57711,”27”3) =

3.2 Thermodynamic stability

In the grand canonical ensemble, a stable thermodynamic equilibrium can be determined
by the following conditions on the potential 2 = wV = —pV:

(092)

T, M fixed

=0, (529>maﬁxed >0, (3.18)

where variations are taken with respect to the parameters (such as € and n,) which at fixed
T and p, (specifying the equilibrium state) can assume non-equilibrium values. Explicitly,

Oe(s,n) Oe(s,n)
(5w)T,/laﬁxed = Os s + 8na (57710, —Tés — ,uaéna = 0, (319)
D%e H%¢ H%e
2 _ve 2 0%
(5 ‘”)T,,mﬁxed = 552 08) 25 5 —dsdng + 5~ dnadny > 0. (3.20)

Introducing the notation y; = (s,n,), the condition (3.20) means that the quadratic form
hijéy;0y; must be positive definite. In turn, this implies that the Hessian

B, = 0%e
7 Oy;0y;

must be positive definite, i.e. its eigenvalues A; should be all positive. Technically, when the

(3.21)

equation of state €(s,n,) is a complicated function, the analysis of thermodynamic stability
is aided by using Sylvester’s criterion according to which a symmetric matrix is positive
definite if and only if all of its leading principal minors are positive (details of analysis for
various thermodynamic potentials can be found e.g. in ref. [66]).
The four eigenvalues of the conveniently normalised Hessian,
TR
8 N

are rather cumbersome functions of x,. In contrast, the four leading principal minors of BEJ-

e (3.22)

are simple, and the conditions of positive-definiteness of Bl?j may be written as

2 — K1 — Ko — K3 + Kikaksg > 0,

3— Kl — Ko — K3 — K1Kg — K1Kk3 — KaKkg + 3K1KoK3 > O,

3 — ko — K3 — Kok > 0,

3—k3y>0.

Inspection of the inequalities (3.23)—(3.26) determines the boundary of the thermodynamic
stability region [42]:

2 — K1 — Ko — K3 + K1KaoKk3 = 0, (3.27)

K1+ Ko + k3 < 3, (3.28)
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K3

Figure 1. The stability region (3.27)—(3.28) (orange solid region) in the three-dimensional space of
the black brane parameters k1, k2, k3. The dashed line marked (a) is the line ko = k3 = 0. The
dashed line marked (b) indicates k3 = 0, k1 = k2. The dashed line marked (c) indicates k1 = kg = K3,
and corresponds to the STU background with all X, = 1, whose geometry is the Reissner-Nordstréom
AdSs black brane. The blue surface in the upper-right corner is the surface T' = 0, determined by
eq. (3.11). The zero-temperature surface lies outside the region of thermodynamic stability.

where the inequality (3.28) indicates which part of the region bounded by the surface (3.27)
is stable.!* The stability region is shown in figure 1 together with the surface corresponding
to the zero-temperature limit of the system. Note that with the equation of state (3.17), one
cannot start in the thermodynamically stable high-temperature region, and cool the system
down to zero temperature without encountering an instability.

3.3 Fluctuations of the STU background

We consider perturbations of the background (3.8), (3.9), (3.10),

G = gf?) + huw (3.29)
a _ pa (0 a

A= A8 4540 (3.30)

H,=H" +6H,, (3.31)

'The condition (3.28) was overlooked in the analysis of ref. [37].

— 20 —



and linearise the equations of motion (3.4), (3.5), (3.6). We choose the gauge hj,, = 0,
0A% = 0, and write the perturbations as

3

§A%Y(u,t, 2) = 7TpV/2 (H (14 Kq 1/2> Ttz a () (3.32)
s |

SA% (u,t, 2) = mToV/?2 <H (14 Kq 1/2> Ttz 8 () (3.33)
=1

6H,(u,t,2) = e~ ™75, (), (3.34)

where the z-axis was chosen to align with the direction of the spatial momentum q = (0, 0, q),
due to the rotational invariance of the background.

Introducing the fields H, via eq. (3.2) leads to a redundancy, which proves useful in
deriving the equations of motion for the fluctuations. This is explained in detail in appendix C.

The rotational invariance of the STU background implies that the fluctuations can be
classified into three channels — scalar, shear, and sound (we follow the standard classification
of refs. [47, 63, 67]). The scalar and shear fluctuations are discussed in ref. [65]. In this
paper, we focus on fluctuations in the sound channel.

The general equations governing sound-channel fluctuations for arbitrary values of k1,
ko2, and k3 are rather cumbersome. For three special cases, namely (K1, k2, k3) = (k,0,0),
(k,k,0), and (k, k, k), we present the corresponding equations of motion in appendices F, G,
and H, respectively.

4 N =4 SYM with a single non-zero chemical potential

We shall now study thermodynamic and dynamic stability in more detail. We start with the
STU background of only one non-vanishing x,, taking (x1, k2, k3) = (k, 0, 0), corresponding to
line (a) in figure 1. According to eq. (3.12), such backgrounds correspond to one non-vanishing
chemical potential in N' = 4 SYM theory, (u1,p2, u3) = (,0,0).

4.1 The STU background and thermodynamics

The STU background in the case of a single chemical potential is given by

(7TT0 )?

2 2
2 9,-2/3 (rToL) 2 1/3 1/3 L 2
ds = —H PP fdr +H (da? + dy? + d=?) + H T’y @)
1—u 2K
1 — (2) — (3) —
Au(u) = A “1+nu 7Ty T Au 0, Au 0. (4.2)
H(u)EHl(u):l-l-/iu, H2:H3:].. (43)

Here, f(u) = 1 —u? + su(1 — u), and the integration constant has been chosen so that A,
vanishes at the horizon. The temperature and the chemical potential can be expressed in
terms of the parameters Ty and k as

24k T mIoV2kK ko V2K

= — m

21+ K 0> # VIi+tr'’ 2T k42

(4.4)



The requirement of thermodynamic stability (3.27), (3.28) implies that 0 < k < 2 (and
therefore m € [0,1/2)). The equilibrium energy density is

_ 67T2NC2(1 + m)3 Tt

4.5
(24 k)4 ’ (4.5)
and the pressure is p = ¢/3. The equilibrium entropy density is
_ATNZ(L+K)? (4.6)
(24 k)3
The equilibrium charge densities are
N2V2k (1 + k)?
o= V2R AR g L, (4.7)

(2+ k)3 ’
The equation (4.4) implies that for each value of the (normalised) chemical potential m we
have two values of the parameter K = Kkt = (1 £ V1 — 4m?)/2m and hence two background
solutions to the equations of motion — see figure 2 (left panel). The Gibbs potentials
corresponding to the two solutions are

0. — Qr (I +ke)?  16w*(1—m® +£V1 - 4m?)
T T Voo (T Re/2)8 141 —4m? ’

where Q) = —pV/, p is the pressure (3.15) and V is the three-volume, pg = 72 N2T*/8 is the
pressure at zero chemical potential. They are shown in the right panel of figure 2. The

(4.8)

potential Q_ < € corresponds to a stable equilibrium and connects smoothly to the physical
value Q_ = —1 at zero chemical potential. The branch Q is unphysical.'®> The two branches
merge at the boundary of thermodynamic stability at m = 1/2 (k = 2) and do not continue
beyond that point. More details can be found in appendix D.

4.2 Thermodynamic stability
For a single non-vanishing chemical potential, the Hessian (3.22) is given by
245k—k2 (r—D)VE 00

2472 (14K)% 327 (14k)2
(k=K 3—K 00

g = | 3Ver(+m)?  30+R) (4.9)

0 0 10

0 0 01

The eigenvalues of ?ng are
A=A =1, (4.10)
2 — 81%(—3 4 k) + 5K — K?
Agq = 4.11
34 4872 (1 + k)2 (4.11)
V96m2(—2 4+ k) (1 + )2 + (—2 4+ 872(=3 + k) + (=5 + £))°

F (4.12)

4872(1 4 k)2 ’

15Some authors treat the branch Q4 as physical yet unstable, and the point x = 2 as the point of a
phase transition [38, 68-71]. We do not share this interpretation since the phase of the theory for k > 2 is
unknown [37], and it may well happen that x = 2 (m = 1/2) is the endpoint of the phase diagram for this
theory. At the same time, computing critical exponents at k — 27 is justified.
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Figure 2. The (normalised) chemical potential m = /27Ty as a function of y/k/2 (left panel). Two
values of k = k1 correspond to each fixed value of the chemical potential m as indicated by the dashed
line. The normalised Gibbs thermodynamic potentials Q4 (eq. (4.8)) as functions of the (normalised)
chemical potential m. The potential £_ (lower curve) corresponds to a stable physical equilibrium
state. The two branches Q4 merge at the boundary of thermodynamic stability at m = 1/2 (k = 2).

and the determinant is
2—kK

det bl = S m)

(4.13)
The eigenvalue A3 is positive for 0 < k < 2, and negative for kK > 2. The eigenvalue A4 is
positive for all £ > 0. Thus the region of thermodynamic stability for (x1, k2, k3) = (k,0,0)
is 0 < Kk < 2, as can be seen from figure 1.

The corresponding eigenvectors are

Vi = (0,0,0,1) , (4.14)
v, = (0,0,1,0) , (4.15)
Vs = (p-(%),1,0,0) (4.16)
Vi = (p+(x),1,0,0) , (4.17)

where py (k) are functions of k whose explicit form we will not need. The eigenvector V3
in (4.16) corresponding to the unstable mode, mixes fluctuations of the entropy density
s and the charge density ny. Accordingly, we expect that in the bulk description of the
unstable mode, fluctuations of the metric couple to the fluctuations of the gauge field. We
will now discuss the hydrodynamic modes.

4.3 The hydrodynamic modes

4.3.1 Shear modes

Dispersion relations for shear modes are given by the standard expression (2.22). The shear
viscosity 7 for the STU background was computed in refs. [37, 48]. As expected, it obeys
the universal relation n/s = 1/4m [49-52]. Given the thermodynamic functions (4.5), (4.6),
the shear mode dispersion relation is

2
shear . 4 2 K 4

= —1— + O . 4.18
w (9) 187TT 1+k (a) ( )
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Using eq. (4.4), this can be expressed in terms of u/T. For spatial momentum in the z-

shear (1) appear in the retarded two-point functions

of shear-channel operators such as G5 e (w0, @), GRli e (w, @), G](f]eft:]f (w,q), Gf]elgf'Tzz (w,q), ete.

direction, shear mode singularities at w = w

4.3.2 Sound modes

Sound mode dispersion relations in a conformal theory are given by the standard expres-
sion (2.51). With the shear viscosity n = s/4m, one has

2 24k

sound _ q . q
@) =+ 8~ T T3 s

W O(q®). (4.19)

Using eq. (4.4), this can be expressed in terms of u/T. For spatial momentum in the z-
direction, sound mode singularities at w = w4 (q) appear in the retarded two-point functions
of stound—channel operators such as G (w, q), Glipe: (W, q), GHLipe: (w, @), 1(}elzt'le (w,q),
G]}‘}th(w,q), ete.

4.3.3 Diffusion modes

There are three diffusion modes (2.23), whose diffusion coefficients are given by eq. (2.41)
and (2.42). Thermodynamic suscetibilities in eqs. (2.41), (2.42) can be evaluated from the
equation of state (3.17), and the relations between s, n, and Tj, 4. For the diffusion mode
which mixes with sound, the diffusion coefficient is

4 2—k

The diffusion coefficients for the two diffusion modes which decouple from sound are

2 (24 k)2

De) = jop 170>

Assuming positive hydrodynamic entropy production (o(1y > 0, () > 0), the first diffusion
mode becomes unstable at £ > 2, due to the thermodynamic instability.

The conductivities o(1) and o (o) are indeed positive and can be computed using standard
holographic methods. In particular, o(1) can be extracted from the results of ref. [37], which
evaluated the two-point retarded correlators of Ji at zero spatial momentum. Applying the
Kubo formula to eq. (4.34) of ref. [37], we find!6

ret. — NC2T(2 + ’%)

1

Substituting into (4.20) gives the diffusion coefficient for the first diffusive mode,

1 4—k?

Dpy=—n— . 4.2
D7 27T 4(1 + k) (423)

At k = 0, this becomes D(;y = 1/27T, the diffusion coefficient for uncharged black branes [67].
The diffusion coefficient (4.23) becomes negative at x > 2, signalling a hydrodynamic

16The conductivity is also computed in appendix E.
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instability of the STU background with (k1, k2, k3) = (k,0,0) at K > 2. Using eq. (4.4),
the diffusion coefficient Dy in (4.23) can be expressed in terms of u/T. We see that the
first R-charge diffusion mode at (1, pe, ps) = (1,0, 0) is unstable, with a negative diffusion
coefficient, for pu > «T.

The conductivities o) and o(3) = o(2) can be evaluated analytically as well (see ap-
pendix E), and one finds

1 N2T 1
qm:—;muﬁgﬂquop:é;2+ﬁ. (4.24)

Substituting into (4.21), we find the diffusion coefficients

1 24+ kK
Dpy=— —— D¢y = D¢y . 4.25
@ orT 2(1+k)” T 7O (4.25)
These are positive for all £k > 0, and the corresponding diffusion modes are stable. Using
eq. (4.4), the diffusion coefficients in (4.25) can be expressed in terms of u/T.

4.4 The unstable quasinormal mode

So far, we have evaluated the diffusion coefficients D(,) in (5.20) by combining the results
for thermodynamic susceptibilities (evaluated from the equation of state) with the results
for charge conductivities (evaluated using the Kubo formulas). Hydrodynamics predicts
that dispersion relations such as (2.22), (2.23), (2.29) appear as singularities in real-time
response functions of the corresponding operators, such as the energy-momentum tensor and
R-currents. In the holographic description, such singularities in response functions manifest
themselves as quasinormal modes of the corresponding bulk fields [47].

Of particular note is the first diffusive mode with w(q) = —iD(1)¢* + .... Hydrodynamic
expectation dictates that the STU background with (k1, k2, k3) = (k,0,0) has an unstable
quasinormal mode when £ > 2, with Im(w) > 0 at small real g. This quasinormal mode arises
from fluctuations of AL coupled to the fluctuations of the metric and of the scalar in the bulk.
This unstable quasinormal mode was analyzed numerically by Buchel in [38] in the vicinity
of kK = 2.7 Our analytic prediction (4.23) near x = 2 gives D(y) = (2 — 5)/(67T) + (2 —
k)2/(72rT) 4 ..., in agreement with numerical results of [38]. The numerical analysis of the
quasinormal spectrum at arbitrary k is technically challenging, and we leave it for future work.

The fluctuations of Ai and Ai decouple from the fluctuations of the metric and of
the scalar (see appendix F). The corresponding quasinormal spectrum contains the (stable)
diffusion mode with diffusion coefficient D ) in eq. (4.25). The analysis of that quasinormal
spectrum is straighforward, and we will not present it here.

!"See also the brief summary in [72]. An earlier attempt [68] to evaluate the diffusion coefficient D1y in
N =4 SYM in a state with (p1, p2, u3) = (p,0,0) was unsuccessful because the authors assumed that Dy
was given by o(1)/x(1), which is not the correct expression for D(yy at u # 0.
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5 N =4 SYM with two equal non-zero chemical potentials

We now focus on the STU background with two equal non-vanishing k,, taking (k1, k2, k3) =
(K, k,0), corresponding to line (b) in figure 1. According to eq. (3.12), such backgrounds
correspond to two equal chemical potentials'® in N = 4 SYM theory, (u1, po, u3) = (1, i1, 0).
5.1 The STU background and thermodynamics

The STU background (3.8), (3.9), (3.10) with (k1, k2, k3) = (k, k,0) is given by

2 _ (7TTOL)2 —4/3 3,2 (WTOL)2 2/3 2 2 2 L 2/3 7.2
1—
4}, = A = 7 ToV2h :u : A =0, (5.2)
H=H =Hy,=1+ku, Hy; =1, (5.3)

where f(u) = (1 —u)[1+ (1+ 2k)u]. The Hawking temperature, the chemical potential
and their ratio are given by

7 K
T — T — T \/2 = — = —. 5.4
0> 2 ™o K, m 2T 2 ( )
Note that the dependence of m on & is monotonic (unlike in the case of a single non-vanishing
chemical potential), and thus each value of i corresponds to a single STU background.
The equilibrium energy density is

3m2N2
¢ = ”8 ©(1+r)2T, (5.5)

and the pressure is p = ¢/3. The equilibrium entropy density is

2N2
8:7T2c(1+f£)T3. (5.6)

The equilibrium charge densities are

7TN02 3
k(1+x)T?, n3=0. 5.7

LAVEQ T (57)

Thermodynamic stability conditions (3.27), (3.28) imply that 0 < k < 1, and so m € [0,/2/2).
The normalised Gibbs potential is

ny = ng =

_ 0 ) o\ 2
OQ=—=—(1 =—(142 5.8
e =~ (L)t == (1 om?) (5:8)
where Q = —pV/, p is the pressure (3.15) and V is the three-volume, pg = 72N2T*/8 is the

pressure at zero chemical potential.

18 Another way to obtain a background with (p1, u2, u3) = (i, it,0) is to take (k1,K2,%3) = (k,1/k,0).
However, such a configuration lies outside of the stability domain in figure 1. See appendix D for more details.
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5.2 Thermodynamic stability

For two equal chemical potentials, (k1, ke, k3) = (k, k,0), the Hessian (3.22) is

143k —VE —VE__
1202(1+k)2  3v2r(14k)2 3v2r(1+k)2
—Vk 3—r 2k 0
B = | 3Van(ixm)?  3(FR)7 B(R)? (5.9)
K VK 2K 3—K 0
3v2r(1+x)2  3(1+k)? 3(1+k)?
0 0 0 1
The first two eigenvalues of this matrix are simple,
1—-k
MN=— o =1 5.10
! (1+k)2’ 2 ’ ( )
whereas A3 4 are unilluminating, with A3 4 > 0. Both the determinant
- 1—k
det A, = (5.11)

1272(1 + k)4’

and the eigenvalue \; change sign at x = 1, implying a thermodynamic instability, whereas
Ao, A3, A4 stay positive for all k > 0. The corresponding eigenvectors are

Vi = (0,-1,1,0) , (5.12)
Va = (0,0,0,1) , (5.13)
Vs = (¢-(r),1,1,0) , (5.14)
Vi = (g(r),1,1,0), (5.15)

where ¢4 (k) are functions of k whose explicit form we will not need. The eigenvector V;
corresponding to the unstable mode suggests that the instability is driven by the density
fluctuation d(n2 — n1). Accordingly, we expect that the bulk description of the unstable
mode is given by the fluctuations of Ai — AL. This will indeed be the case. We now discuss
the hydrodynamic modes.

5.3 The hydrodynamic modes
5.3.1 Shear modes

Dispersion relations for shear modes are given by the standard expression (2.22). The shear
viscosity 7 for the STU background was computed in refs. [37, 48]. As expected, it obeys
the universal relation n/s = 1/4m [49-51]. Given the thermodynamic functions (5.5), (5.6),
the shear mode dispersion relation is

@1
. S
A47T 1+ K

shoar( O(q4) ] (516)

W (q) =

Using eq. (5.4), this can be expressed in terms of /7. For spatial momentum in the z-

shear (

direction, shear mode singularities at w = w q) appear in retarded two-point functions of

shear-channel operators such as G, (w, @), Gilirae (W, ), Gf]e%t-jf (w,q), Gf]elzt-ipm (w,q), ete.
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5.3.2 Sound modes

Sound mode dispersion relations in a conformal theory are given by the standard expres-
sion (2.51). With the shear viscosity n = s/4m, one has
21

V3 6T 1+k

sound(q):i q . q

Wi +0(¢%). (5.17)

Using eq. (5.4), this can be expressed in terms of p/T. For spatial momentum in the z-

sound (

direction, sound mode singularities at w = w q) appear in retarded two-point functions

of sound-channel operators such as G ipu (W, q), Gilige: (W, q), Giftap=z(w, q), f,?;,lz (w,q),

G?'Tm (w,q), etc.

5.3.3 Diffusion modes

There are three diffusion modes (2.23), whose diffusion coefficients can be obtained using
the analysis of section 2. The first diffusion mode describes fluctuations dny + dns which
couple to sound; the diffusion coefficient is given by eq. (2.47). The second diffusion mode
decouples from sound, and describes fluctuations dny — dng; this is the mode which will
become unstable when x > 1, with the diffusion coefficient given by eq. (2.46). The third
diffusion mode describes fluctuations dngs, with the diffusion coefficient given by eq. (2.43).

In the STU background with (k1, ke, k3) = (k,k,0), the charge susceptibility matrix
Xab = 0?p/OpuqOpy takes the general form (2.57), and similarly the conductivity matrix
takes the form

o11 012 0
Oagb — | 012 011 0 . (518)
0 0 o33

In the matrix X p which appears in the linearised hydrodynamic equations (2.17), the
mixed derivatives v, = J¢/0u, are such that v; = vy = v, and v3 = 0. Substituting the
thermodynamic derivatives into (2.47), (2.46), (2.43), we find the diffusion coefficients

8 1—x

N2T? (14)° (5-19)

(c11t+012), Doy = (c11—012), D)

8
~ N272 ~ 227

The conductivity matrix og in eq. (5.18) can be evaluated using the standard holographic
methods (see appendix E). Substituting o, in terms of «, one finds

1 1 D 1 1-x& D 1 1

D — — = — . 5.20
W~ o1+ k° @)~ orT1+k’ @)~ orT1+k (5.20)

As expected, the second diffusion coefficient becomes negative at x > 1, signalling a dynamic
instability of the state with (u1, 2, u3) = (@, p1,0) at u > /27T
5.4 The unstable quasinormal mode

So far, we have evaluated the diffusion coefficients D, in (5.20) by combining the results
for thermodynamic susceptibilities (evaluated from the equation of state) with the results
for charge conductivities (evaluated using the Kubo formulas). Hydrodynamics predicts
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that dispersion relations such as (2.22), (2.23), (2.29) appear as singularities in real-time
response functions of the corresponding operators, such as the energy-momentum tensor and
R-currents. In the holographic description, such singularities in response functions manifest
themselves as quasinormal modes of the corresponding bulk fields [47].

We will focus on the second diffusive mode with w(q) = —iD(Q)q2 + .... Hydrodynamic
expectation dictates that the STU background with (k1, k2, x3) = (k, K,0) has an unstable
hydrodynamic quasinormal mode when £ > 1, with Im(w) > 0 at small real q. This
quasinormal mode arises from fluctuations of Ai — A}L in the bulk.

We consider the fluctuations (3.29), (3.30), (3.31), applied to the background (5.1), (5.2),
(5.3) and linearise the equations of motion (3.4), (3.5), (3.6). The resulting coupled linear
equations are written in appendix G.

Following ref. [47], we also introduce the “electric” field

EY =woal +qoaf, (5.21)

where wo=w /21Ty, qo=q/271y, and by (5.4), oy = w = w/27T, qo = q = q/27T. Naively,
the equations for EY and s, couple to the equations obeyed by the metric perturbations h,,
the so-called “sound channel” of ref. [47]. However, hydrodynamic analysis suggests that
there are decoupled “diffusion channels” in the sound channel.

Indeed, one expects that E2 and s3 decouple from other perturbations, and indeed
they do. The corresponding quasinormal spectrum contains the (stable) diffusion mode
with diffusion coefficient D3y in eq. (5.20). The analysis of the quasinormal spectrum is
straighforward, and we will not present it here.

Metric perturbations couple to the linear combination E! + E2. Naively, the linearised
Einstein equations also couple to & = s + so — 2(1 + ku)s3 and s3, but in fact by taking
linear combinations of the equations, it can be shown that & = 0 (see appendix C). The
corresponding quasinormal spectrum contains sound waves and the (stable) diffusion mode
with diffusion coefficient D(;y in eq. (5.20). The analysis of the quasinormal spectrum is
technically cumbersome, and we will not present it here.

Finally, the combinations

¢ =E! - E2, (5.22)
5§ =85 — S2, (5.23)
decouple from all other perturbations. The corresponding quasinormal spectrum contains

the diffusion mode with diffusion coefficient D(y) in eq. (5.20). The decoupled equations
for & and s are

o (f’ 1 +3f£u> e 26M2(1 + K)2uqo H vy
1 k(1+2k)u  3ku  D(u) 4k(1+k)*ugd
— _ 5= 24
* <u2Hf HF wf e T () 0. 62

€_<H®(u)_®(u)-f>'@+ w S Tupt

m2 / 2 m2
—2\/Eq0<'i of | 2 0)>-5:0, (5.25)

HY HfD(w)  H2D(u
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Figure 3. The case of (k1, ke, k3) = (K, k,0). Left panel: the complex frequency plane showing the
four highest quasinormal modes tv,, = v,,(q%) at q? = 0.025, arising from the system (5.24)—(5.25).
Blue dots correspond to modes at x = 0.9 < k. = 1, while red dots show modes at k = 1.1 > k..
The purely imaginary diffusion modes crosses into the upper half-plane at x = k. = 1, signifying the
onset of an instability. Right panel: the dispersion relation of the diffusion mode with the diffusion
coefficient D(y). For k = 0.9 < k., shown in blue, Im(tvoqi) < 0 for all q%. However, for x = 1.1, there
is a critical region at small real momentum for which Im(toq;g) > 0.

where f(u) = (1 + ru)? — u?(1 + k)%, and we have introduced D (u) = w3(1 + ru)? — g2 f.
Quasinormal spectrum of the system (5.24), (5.25) can be found numerically.

The spectrum in the complex frequency plane for a fixed value of g> = 0.025 and two
values of k (k= 0.9 and x = 1.1) is shown in the left panel of figure 3. The spectrum exhibits
the hydrodynamic diffusion mode on the imaginary axis, crossing into the upper half-plane
for Kk > Kk, = 1, in agreement with the stability analysis prediction of section 5.2.

The dispersion relation of the unstable mode is shown in the right panel of figure 3.
For sufficiently small g2, the dispersion relation is linear in g2, which can be compared with
our analytic result from eq. (5.20),

-k

=—i q-+ (5.26)

m((i2ii;fusion (q)

This comparison is illustrated in the left panel of figure 4.

For sufficiently large g2, the hydrodynamic mode crosses back into the lower half-plane,
and becomes stable again for q? > 2, as shown in the right panel of figure 3. The dependence
of g2 on k is shown in the right panel of figure 4. The value of g2 is an increasing function of k.

6 N =4 SYM with three equal non-zero chemical potentials

Finally, we consider STU backgrounds with three equal non-vanishing x,, taking (K1, k2, k3) =
(K, k, k), corresponding to line (¢) in figure 1. According to eq. (3.12), such backgrounds
correspond to three equal chemical potentials'® in N'= 4 SYM theory, (i1, p2, 3) = (1, i, ).
We have previously considered this case in ref. [42]; here, we will provide additional details.

19As pointed out in ref. [73], another way to obtain the state with (u1,pa,ps3) = (i, p, 1) is to take
(K1, k2, k3) = (K, kK, 1/Kk). However, such a configuration lies outside of the stability domain in figure 1. See
appendix D for more details.
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Dys)(k)

Figure 4. The case of (k1, k2, %3) = (K, k,0). Left panel: the analytic prediction for the diffusion
coefficient D 5y (normalised by 1/27T) in eq. (5.26) as a function of & is shown in blue. Numerical
data are plotted in red, showing agreement. Right panel: the endpoint g2 of the instability domain as
a function of k.

6.1 The STU background and thermodynamics
The STU background (3.8), (3.9), (3.10) for (k1, K2, k3) = (K, k, k) reduces to

ds? = —Wfdﬁ + W(dﬁ +dy* + d2?) + Zciz du? (6.1)
A(w) = Al(u) = A%(u) = AP(u) = Mﬁm/%u R, (6.2)
H(u) = Hy(u) = Ho(u) = Hs(u) = 1+ ku, (6.3)

where f(u) = (1 —u) (14 (1 + 3x)u — x3u?). The Hawking temperature is given by

T — (2—/1)2\/14-/1

The chemical potentials p, = p are related to the parameter s by

Tp. (6.4)

R TE (6.5)

= 1o/ 2k(1 = .
IU/(Z ’/TO Kj( +K’)7 m 27TT 1_5/2

The dependence (6.5) is monotonic for x € [0, 2]; that is, in contrast to the case of a single
non-vanishing chemical potential, and similarly to the case of two equal chemical potentials,
each physical chemical potential corresponds to a unique gravity background.

The equilibrium energy density is

(1+ k)
€ = 67’(’2N02 m 1—‘47 (66)
and the pressure is p = ¢/3. The equilibrium entropy density is
A2 N? 3

The equilibrium charge densities are

9 V2K
ni =ng =ng =m7N

CE T3. (6.8)
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The normalised Gibbs potential is

Q 1+r 16m7(\/1+4m2+m—1>

Q

Vpo  (1-r/2)* (VItdm?2— 1)+

where Q) = —pV/, p is the pressure (3.15) and V is the three-volume, pg = m2N2T*/8 is the
pressure at zero chemical potential.

(6.9)

The metric (6.1) can be written in the standard AdSs-Reissner-Nordstrém form

2 _
dss =

ToL)*(1 . ToL)*(1 L?
ST E) R fype TOLV A0 (g2 g2y oy 2 gz (6.10)
0 0 4fu?
where f = 1 — @?(1 + k) 4 #@°, by making the change of variables @ = uwH (1)/H (u). The
gauge field becomes
v2Q(1 u

Ay = Q(L;’m = pii, (6.11)

and the scalar field is?

1+ &k

M) = )

(6.12)

Formulas (6.4)—(6.5) remain valid, as expected. The parameter x is related to @ and Ty
via k = Q/(rToL?)%.

6.2 Thermodynamic stability

For three equal chemical potentials, the thermodynamic stability condition is k < 1, and we
expect k., = 1 to correspond to the onset of the dynamic instability. The energy Hessian
hi; in eq. (3.22) is given by

245k _ _ Wk VR
2472 (1+k) 3V2r(1+k)  3V2r(14+xk)  3v2r(1+k)
_ VE (3—&)2 ( 2k 7 ( 2K e
7e _ 3v2r(14+k)  3(1+k 3(1+x 3(1+k
hij I VE 2K 3—K 2K : (613)
3vV2r(1+k)  3(1+k)? 3(1+k)2 3(1+k)2
_ VE 2K 2K 3—k
3v2r(1+k) 3(1+k)? 3(1+k)? 3(1+k)2

The eigenvalues of this matrix are

1—k
M == — 6.14
2 + 2472 + 5k F /57671 + 4872(3k — 2) + (5K + 2)2

X34 = (6.15)

’ 4872(1 4 k)
The eigenvalues A; and Ay become negative for x > 1 whereas the eigenvalues A3 4 remain
positive for all 0 < k < 2. Thus, the system is thermodynamically unstable for x > 1,
although the determinant of the Hessian is positive for x > 1.

20Tn the original S° reduction ansatz, the STU fields X, are expressed as exponentials of the two scalars
(see, e.g., ref. [32]). In the case of three equal chemical potentials, we have X; = X, = X3 = 1, and the
background scalar fields are trivial.
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The eigenvectors corresponding to the eigenvalues A 234 are given by?!

where r4 are functions of x whose explicit form we will not need. The eigenvectors Vi o
corresponding to the unstable modes suggest that the instability is driven by the density
fluctuation 6(ng—ny), §(ng—mn1), 6(n3—ns) (only two of which are independent). Accordingly,
the bulk description of the unstable mode will be given by the fluctuations of Ai — A}M
A3 AL A3 A2, )

Alternatively, the eigenvectors of hf; corresponding to the degenerate eigenvalues Aj o
may be chosen as two linear combinations of the three vectors

Wy = (0,2,—1,-1) , (6.20)
Wy = (0,—1,2,—1) , (6.21)
Ws = (0,—1,-1,2) . (6.22)

The eigenvectors Wi 2 3 are not independent, Wi 4+ Wy + W3 = 0. Thus we may also view the
unstable modes as the fluctuations 20n; — dng — dng, 2dns — dnq — dng, 20n3 — dng — dno.
Accordingly, the bulk description of the two unstable modes will be given by the fluctuations
of 2AL — Ai — AZ, QAZ — A}L — Az, QAZ — A}L — AZ. We now discuss the hydrodynamic modes.

6.3 The hydrodynamic modes
6.3.1 Shear modes

Dispersion relations for shear modes are given by the standard expression (2.22). The shear
viscosity 7 for the STU background was computed in refs. [37, 48]. As expected, it obeys
the universal relation n/s = 1/4x [49-51]. Given the thermodynamic functions (6.6), (6.7),
the shear mode dispersion relation is

P 2—k

shear _ 2
v (9) l87rT 1+k

O(q"). (6.23)

Using eq. (6.5), this can be expressed in terms of /7. For spatial momentum in the z-

shear (

direction, shear mode singularities at w = w q) appear in retarded two-point functions of

shear-channel operators such as G%f . (w, q), Gilirae (W, ), Gt}eft;,f (w,q), f,eft'Tm (w,q), ete.
6.3.2 Sound modes

Sound mode dispersion relations in a conformal theory are given by the standard expres-
sion (2.51). With the shear viscosity n = s/4m, one has

2

sound q . q 2-kK
= :l:i —

(@) =+ s~ T 15 s

21The role of the eigenvalues and eigenvectors of the Hessian corresponding to the unstable modes was first
emphasised in ref. [35]. They were identified for the STU model in ref. [39].

O(q®). (6.24)
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Using eq. (6.5), this can be expressed in terms of /7. For spatial momentum in the z-

sound () appear in retarded two-point functions

direction, sound mode singularities at w = w
of sound-channel operators such as Gfiru (w, q), Gilize: (w, @), Gap=:(w, q), Gf]elztjlz (w,q),

folztj,tz (w,q), etc.

6.3.3 Diffusion modes

There are three diffusion modes (2.23), whose diffusion coefficients can be obtained using
the analysis of section 2. The first diffusion mode describes fluctuations dnq + dng + dng
which couple to sound. The second and the third diffusion modes decouple from sound, and
describe (two of the) fluctuations dny — dng, dny — dns, dng — ons; these are the modes which
will become unstable when « > 1, with the diffusion coefficient given by eq. (2.46).

In the STU background with (k1, k2, k3) = (k, K, k), the charge susceptibility matrix
Xab = 0%*p/OpqOuy takes the general form (2.58), and similarly the conductivity matrix
takes the form

011 012 012
Oagb — | 012 011 012 | - (625)

012 012 011

In the matrix X p which appears in the linearised hydrodynamic equations (2.17), the
mixed derivatives v, = 0¢/0u, are such that vy = vy = v3. The three diffusion coefficients
D)y may be obtained as the eigenvalues of the diffusion matrix (2.28). Substituting the
thermodynamic derivatives, we find

Doy = (1+K)(2+ k) (011 + 2012) (6.26)

4
N2T?2
2 (2—k)2(1—k)

Poy=Do) = jop a1 n

(0'11 — 0'12) s (627)

The conductivity matrix o, in eq. (6.25) can be evaluated using the standard holographic
methods (see appendix E). Substituting o, in terms of , one finds

1 4—k2 1 2-r)(1—k)

W= Gr 11k POTPOT oAty (6:28)

As expected, the diffusion coefficients D(y), D3y become negative at x > 1, signalling a
dynamic instability of the state with (u1, pio, p3) = (u, jt, 1) at p > /2277

6.4 The unstable quasinormal mode

So far, we have evaluated the diffusion coefficients D(,) in (6.28) by combining the results
for thermodynamic susceptibilities (evaluated from the equation of state) with the results
for charge conductivities (evaluated using the Kubo formulas). Hydrodynamics predicts
that dispersion relations such as (2.22), (2.23), (2.29) appear as singularities in real-time
response functions of the corresponding operators, such as the energy-momentum tensor and
R-currents. In the holographic description, such singularities in response functions manifest
themselves as quasinormal modes of the corresponding bulk fields [47].
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Figure 5. The case of (ki1,k2,k3) = (k,k,k). The closest to the origin quasinormal modes of
the system (6.31)—(6.32) in the complex frequency plane for Kk = 0.9 < k. = 1 (blue dots) and
k=1.1> Kk, =1 (red squares) at q°> = 0.15 — left panel; the gapless diffusion mode on the imaginary
axis crosses into the upper half-plane at x = k. = 1. The unstable diffusion mode Imtoy;f as a
function of g2 for k = 0.9 (blue curve) and x = 1.1 (red curve) — right panel.

We will focus on the diffusive mode with w(q) = —iD(5¢* 4+ .... Hydrodynamic
expectation dictates that the STU background with (k1, k2, k3) = (K, K, £) has two unstable
hydrodynamic quasinormal mode when x > 1, with Im(w) > 0 at small real q. These
quasinormal modes arise from fluctuations of Ai — A}“ or Az — A}L, or AZ — AZ in the bulk.??

We consider perturbations of the background (6.1), (6.2), (6.3), as in (3.29), (3.30),
and (3.31), where the background values g}f}), AZ © and HC(LO) now correspond to the STU
background with x, = k. We define electric field perturbations E, = (EL, E2 E?) as in
eq. (5.21), and scalar perturbations s = (s1, 2, s3) as in (3.34). We can work either with

pair-wise differences of the perturbations, or with combinations

1 1 1

in = 5(27 _17 _1)'E27 Gg = g(_1727 _1)E27 ng = g(_L _172)'E27 (629)
1 1 1

s1=5(2,-1-1)s, s2=3(-1,2,-1)s, 53 = 5(=1,-1.2)s, (6.30)

reflecting the eigenvectors (6.20)—-(6.22) of the energy Hessian.

The fluctuations €¢ and s, decouple from the general system of fluctuations: the metric
fluctuations couple to (1,1, 1)-E, only, whereas the fluctuations €¢ and s, obey the closed

system of equations (see ref. [42]):

! 2rq2 f D
@a/ 1 1w2(1 3 (f kK ) _ 0/ | gar @a
T+ D7 (1 + Ku) 71t T+ ru Z+uf2 :
2Vkaqo ,  2:M%q0 | (f’ 4K ) ka2 f
. A a=0, 6.31
(1+nu)35“ D O\ f 1+4ku * (14 Kku)* ° (6:31)

22The unstable modes we discuss here were also observed in [39] at zero spatial momentum.
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AT T ) A Py e S C R v

K (f’ 1+ 3ku > _4k(1+ k)3 (1 + ku)utod

y (' 1+3/<cu>, [@ 1+xu  26(14k)3u
5, T

T14ru \f  u(l+ k) Df S
1/2 3
25 (1+ K;la(l + Ku)uqo & — (6.32)

Here, f(u) = (1 + ru)® — (1 + £)3u? and D(u) = (1 + ku)3w3 — g3 f. In the following, it will
be convenient to normalise the frequency and momentum as
W q

o — _ 14 6.33
1= 5 7 (6.33)

onT’

where T is the Hawking temperature of the background (6.4).

At the horizon (u = 1), the exponents of the fluctuations €% and s, are vy = +itv /2, and
we choose v = v_ following the recipe of ref. [46]. At the boundary (u = 0), the exponents of
the scalar s; are (1,1) and those of the U(1) field € are (0,1). For the scalar, this corresponds
to the conformal dimension A, = A_ = 2 of a dual operator.?? At the boundary, the scalar
field fluctuations behave as s, = Aqulogu + --- + Byu + - -+, and the standard recipe to
obtain the poles of the dual retarded correlators implies setting A, = 0. Technically, this
may be inconvenient when solving the system (6.31)—(6.32) numerically. Instead, one can
write an equivalent system for the coupled variables €% and ¢, = (1 — u)?us” as

¢ + Ap€Y + B €l + Cpy, + Dppa = 0, (6.34)
O+ Apl + B ga + Cr€% + D2 = 0, (6.35)

where the coefficients are derived from the system (6.31)—(6.32). The field ¢, has indices
(0,1) at w = 0, and the standard Dirichlet condition ¢,(0) = 0 gives A, = 0. Alternatively,
one can integrate the original system (6.31)—(6.32) from u = 0 and from v = 1 and match
solutions at an intermediate point.

The behaviour of the quasinormal spectrum has been studied numerically in ref. [42]. It
is qualitatively similar to the one discussed in section 5 for the case of (k1, k2, k3) = (K, K, 0)
(see figure 5 and compare with figure 3). The hydrodynamic R-charge diffusion mode is
unstable: it crosses into the upper half-plane for x > 1. The dispersion relations Im twg;g(q?)
for k = 0.9 (blue curve) and x = 1.1 are shown in the right panel of figure 5. For |¢?| < 1,
both curves are clearly linear in g2. The unstable mode initially moves up from the origin
along the imaginary axis with |q?| increasing, but then moves down into the lower half-plane.
In this sense, the instability is an infrared effect, affecting the long-distance scales.

The dispersion relation of the unstable mode is shown in the right panel of figure 5.
For sufficiently small g2, the dispersion relation is linear in g2, and agrees with our analytic
result from eq. (6.28),
diffusion () _ _; 2-r)d-K) , 4. (6.36)

() ey T

2In N = 4 SYM, such (gauge-invariant) operators are the bilinears in scalar fields ®¢, e.g. the operator
0% = Tro'®’ — 167 Tr ®"®" where i = 1,...6 are the indices of the 6 representation of SU(4)g.
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Figure 6. The case of (k1, k2, k3) = (K, K, k). Left panel: the analytic prediction for the diffusion
coefficient D3y = D3y (normalised by 1/27T) in eq. (6.36) as a function of  is shown in blue.
Numerical data are plotted in red, showing agreement. Right panel: the endpoint g2 of the instability
domain as a function of k.

see figure 6, left panel. The instability region q? € [0,q?] in figure 5 corresponds to the red
curve lying above the horizontal axis. The value of g2 depends on k: it increases with x
increasing (see figure 6, right panel). In addition to the hydrodynamic mode, other modes are
also present on the imaginary frequency axis (see figure 5, left panel). These modes move up
the axis as k increases at fixed ¢ and eventually cross into the upper half-plane for sufficiently
large k, within the interval 1 < k < 2, i.e. in the thermodynamically unstable region. Mode
collisions occur in this domain, involving modes that move off the imaginary axis.

7 Discussion

We now summarize our results. We have identified hydrodynamic modes in relativistic
theories with Ny flavours of global U(1) charges, in thermal equilibrium states with Nt
chemical potentials p, for the corresponding charges. The first order hydrodynamic transport
coefficients include shear viscosity 7, bulk viscosity ¢, and a symmetric Ny X Ny conductivity
matrix o,,. We have given explicit expressions for the speed of sound, eq. (2.31), and for
the sound damping coefficient, eq. (2.35).

The diffusive modes at non-zero u, mix the fluctuations of temperature with the fluctua-
tions of the charge densities. The diffusion coefficients D, are given by the eigenvalues of the
N x Ny diffusion matrix (2.28). The expressions for D(,) as eigenvalues of (2.28) generalise
the well-known expression D = o/x for Ny = 1, u = 0, as well as the more complicated
expression for D for Ny = 1, u # 0 [23].

In hydrodynamics, diffusive fluctuations at u, # 0 involve the fluctuations of temperature,
and, as such, they belong to the “sound channel” of near-equilibrium perturbations. However,
flavour symmetry may give rise to separate “diffusion channels” which decouple from the
sound channel to all orders in the derivative expansion. For example, for Ny = 2, an extended
flavour symmetry may give rise to such a decoupled diffusion channel in a state with p; = g,
describing diffusion of charge density difference dny — dns.
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As expected, the shear damping coefficient n/(e+p) in (2.22), the sound damping coeffi-
cient I' in (2.29), and the diffusion coefficients Dy, in (2.23) all have the structure “transport
in the numerator, thermodynamics in the denominator”, analogous to the well-known Ny = 1,
= 0 expression D = o/x. Thus for positive non-equilibrium hydrodynamic entropy pro-
duction, hydrodynamic stability of the equilibrium state is determined by thermodynamic
susceptibilities. See [74] for other examples of thermodynamic vs hydrodynamic instabilities.

We have applied the above hydrodynamic results to strongly coupled A/ = 4 supersym-
metric SU(NV,) Yang-Mills (SYM) theory in 341 dimensions. This theory has Ny = 3, for
U(1)% € SU(4) R-symmetry. In the limit N, — oo, we used the dual classical gravitational
description in terms of the STU supergravity truncation.

The sound dispersion relation in SYM theory is fixed by conformal symmetry to be (2.51),
hence the sound damping coefficient T" in (2.29) is determined by thermodynamics, by virtue
of the general holographic result n = s/47 [49-51], which also holds at non-zero chemical
potential [37, 48]. It is straightforward to obtain I' as a function of T" and p,, using
egs. (3.11), (3.13), (3.16), and (3.12).

On the other hand, obtaining the three diffusion coefficients D, requires doing new cal-
culations, which we have performed in this paper. We have calculated the charge conductivity
matrix oy in three illustrative cases: (u1,p2, pus) = (1, 0,0), (1,2, u3) = (g, 1, 0), and
(1, o, u3) = (p, oy pr). Given the conductivity matrices, the three diffusion coefficients can be
obtained using the formulas in section 2, and expressed as functions of 1" and pu,. The analytic
expressions for the diffusion coefficients are given in eqs. (4.23), (4.25) (single non-vanishing
chemical potential), (5.20) (two equal non-vanishing chemical potentials), and (6.28) (three
equal non-vanishing chemical potentials).

The SYM theory equation of state which is obtained from the STU background has
thermodynamic instabilities when pq > (fg)erit., Where the critical value is equal to an
O(1) number times 277. Thus the extremal 7' — 0 limit of the STU background is always
thermodynamically unstable. The thermodynamic instability manifests through negative
eigenvalues of the susceptibility matrix, which must be positive-definite in thermodynamically
stable states. As expected from hydrodynamics, thermodynamic instabilities give rise to long-
wavelength dynamic instabilities of the equilibrium state. These hydrodynamic instabilities
arise through negative diffusion coefficients for the corresponding modes. For example, in
a state with (u1, ua, us) = (u, i, 1), two eigenvalues of the thermodynamic Hessian matrix
change sign at p = /2277, leading to two negative diffusion coefficients for R-charge
differences at low temperature [42].

In the dual gravitational description, dynamical instabilities appear as unstable quasinor-
mal modes of the charged STU black brane, located in the upper half of the complex frequency
plane at small real spatial momentum ¢q. Consequently, charged five-dimensional STU black
branes are always dynamically unstable as T' — 0. This includes the special case with three
equal chemical potentials, whose dual background is the AdSs-Reissner-Nordstrom black
brane [42]. While this brane is stable within Einstein-Maxwell theory, it becomes unstable at
low temperature when viewed as a special case of the more general STU solution, in this case,
due to fluctuations of gauge fields and neutral scalar fields. Interestingly, the quasinormal
mode that is unstable at small ¢ becomes stable again at large ¢; see figures 3 and 5.
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What do the above instabilities mean physically? On the field theory side, the low-
temperature instability is the clumping of R-charges. The options seem to be: another
(perhaps, inhomogeneous) phase of the SYM theory at low temperature, or the end of the
phase diagram, signifying the breakdown of the grand canonical ensemble at g > (fiq)crit. -
The latter option is realized in both free, and in weakly coupled SYM theory [27]. The
reason is that the scalar fields of the SYM theory are charged under R-symmetry, and the
corresponding scalar potential has flat directions. A chemical potential for charged scalars
amounts to a negative mass squared, and as a result the grand canonical partition function fails
to converge. There’s no a priori reason why an analogous breakdown of the grand canonical
ensemble should not happen in strongly coupled SYM theory. On the dual holographic side,
the fate of the instability may be determined by numerically following the growth of small
perturbations of the STU background. The non-linear dynamical gravitational evolution may
end up in either a new phase, or in a naked singularity. The latter would be interpreted as a
breakdown of the grand canonical ensemble. If the grand canonical description of the strongly
coupled SYM theory indeed breaks down at pq > (fta)erit., the breakdown should be visible
in the microcanonical ensemble, whose gravitational description is given by fixed-charge,
fixed mass large AdS black holes (rather than branes) [55, 75]. Another perspective on the
instability was recently discussed in refs. [73, 76, 77].

Finally, it is important to note the five-dimensional truncation used to study the phase
structure of SYM theory, and the associated instabilities. In this paper, we have used the STU
consistent truncation whose field content includes the metric, three U(1) gauge fields, and
two real scalar fields. In the STU truncation, the stable part of the phase diagram is shown
figure 1. One can ask what would happen in larger consistent truncations which include more
fields, or in ten dimensions?* [79]. In particular, larger truncations which contain charged
complex scalar fields may develop instabilities of the “holographic superconductor” type [80].
This question was addressed in [39], and more recently in [77]. The results of [39] indicate
superconducting phases at somewhat higher temperatures than the STU instability we discuss
here. However, thermodynamics of these phases is not known, and it is not clear whether
they have a lower or a higher free energy compared to the STU phase. Ref. [77] used a
different consistent truncation, and found a superconducting instability below the STU critical
temperature discussed here. The dynamic stability analysis of such superconducting phases is
yet to be performed. Clearly, more work is needed in order to elucidate the low-temperature
behaviour of ' = 4 SYM theory at finite density.

Acknowledgments

We would like to thank Alex Buchel, Blaise Goutéraux, Ben Withers and Laurence G. Yaffe
for helpful discussions, and Andres Anabalon, Oscar Dias, Oscar Henriksson, Carlos Hoyos,
Niko Jokela and Makoto Natsuume for useful correspondence. P.K. and A.O.S. thank the
Galileo Galilei Institute for Theoretical Physics for the hospitality, and the INFN for partial
support during the completion of this work. The work of P.K. was supported in part by the
NSERC of Canada. P.K. would like to thank the Simons Center for Geometry and Physics

24 Hydrodynamics of the spinning Dp branes was recently discussed in ref. [78].

-39 —



for supporting the program “Black hole physics from strongly coupled thermal dynamics”
where part of this work was completed. P.K. would like to thank the Kavli Institute for
Theoretical Physics for supporting the program “Relativistic Plasma Physics: from the Lab
to the Cosmos” during which part of this work was completed. P.K.s research was supported
in part by grant NSF PHY-2309135 to the Kavli Institute for Theoretical Physics (KITP).
A.O.S. is partially supported by the UK STFC grant ST /X000761/1.

A The probability of fluctuations in variables € and n,

The Einstein’s formula (1.1) can be re-written for the internal energy density considered
as a function of the entropy density and densities of charges [18, 19]. Consider a fixed
volume system embedded in a large thermostat. The system is allowed to exchange the
energy & and the charges @, (whose volume densities we will denote by € and n,) with the
thermostat, the exchange being regulated by the temperature T and the chemical potentials
La- Since the global charges in the full system are conserved, for fluctuations Ae and An,
in the small system we have

Ae = —AeT, Ang = —Anl (A1)

a

where the index T denotes the quantities associated with the thermostat. The probability of
a fluctuation in the total system (the small system plus the thermostat) is given by

wp = eAsToT (A.2)

where Asror = Ast + As is the total entropy density. In the thermodynamic limit, the
intensive parameters of the thermostat such as temperature, pressure, chemical potentials
retain their equilibrium values in the presence of fluctuations. Indeed, for example, for
pressure we have

pr = pr (T, nz + An:‘lp) =p(T,n,) + (8}7) AnaT + e (A.3)
8na T

where, in view of (A.1),

AQq AQ AQa|| @
Anl| = |nT =0 | = |pT =22 — |pT =221 <a ) A4
’ a a Qg‘ a Qg‘ a Qa ng ( )
in the thermodynamic limit |QZ/Q,| — oo. This allows us to write
1 1
ASror = — (AaT — ,u:{AnaT) + As = = (—Ae + paAng) + As (A.5)
Tr T
and thus
WA = e—%(Aa—uaAna—TAs) ) (AG)

Choosing y; = (s,n,) as independent thermodynamic parameters, we have
Oe

1 d%e
Ae=S"Z Ay + =5 L5 Apay; +--- AT
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where (0e/0s),, = T and (0e/0ng)s = pq. Substituting this into eq. (A.6), we find the
probability of fluctuations

1 0%e
~expd === 3 =2 Ayiny; b A.

The condition of stable equilibrium requires the quadratic form in the exponent to be
positive definite.

B Cayley-Hamilton theorem

Thermodynamic quantities, such as free energy and its derivatives, will generically depend on
the three chemical potentials in the STU model. The charge operators, Q%, are elements of
the Cartan subalgebra of the R-symmetry group, and so chemical potentials are elements of
the dual space. Since free energy must be a singlet, its dependence on chemical potentials
must come only through symmetric group invariants of SU(4). The purpose of this appendix
is to show that it can be a function only of three invariants me, ms, and my4 defined by
egs. (2.53) in the case of SU(4), or, more generally, a function of Ny invariants in the case
of SU(Ns + 1) global symmetry group.

Let G = SU(N), and let {T*}!_,, where r = rank(G), be a basis for the corresponding

1 N2

Lie algebra, g = su(N). A symmetric invariant tensor, H(i{{) ™. of rank m may be constructed

as the symmetric trace of products of generators.
11..0m (il lm)
K= Te (T i) (B.1)

Such invariant tensors are in one-to-one correspondence with Casimir operators, defined by

Clmy = KT, T .. T, (B.2)
which obey
m)s =0, a. 3
Clmy, T N B

That is, they are invariant under the action of all generators.

We shall now prove that there are only N —1 independent symmetric invariants. Consider
a generic element of g, X = X,T%. Here, the T® are thought of as being N x N matrices
in the defining representation of su(N), i.e. they are anti-Hermitian and traceless, and
X, € C. The Cayley-Hamilton theorem [81] states that there exist {¢;}Y ;' € C such that
the characteristic matrix polynomial obeys

pPx = XN—f—CN,lXNil...‘FClX‘i‘CO]-N:07 (B4)

where, for concreteness, X" = X, ... Xg, - T ... T% . Multiplying this by X, and noticing
that Tr(X) = 0, it is clear that there exists f such that

Tr (XN+1) - f(Tr (XN) ,...,Tr(X2)>. (B.5)

— 41 —



Since multiplication over C is commutative,
Xoy oo Xgy, T ... T =n!- Xy, ... X,, -T@ T, (B.6)

In other words, the symmetric prefactor projects out the antisymmetric part. Taking the
trace of this equation, we find

Tr(X") =nl w5 Xgy .. Xg

) (B.7)

Eq. (B.5) may therefore be understood as stating that an arbitrary linear combination of
symmetric invariant tensors of order n > N may always be expressed as a function of the
‘primitive’ symmetric invariants of lower order, of which there are N — 1 = r. Since the
symmetric invariants are in one-to-one correspondence with Casimirs, the same applies to
these. This is shown explicitly in refs. [82, 83]. It is a general result that for semi-simple
Lie algebras, the number of independent Casimirs is equal to the rank of the group. The
invariants of mgy, ms, and my of eq. (2.53) are of precisely the form above, namely the
Sudbery basis form for symmetric invariant tensors [84]. For the case of SU(4), we have
shown that there exist only these three primitive invariants, and higher-order symmetric
tensors will be built out of them.

C The scalar and redundancy

In the STU model, the scalars X, satisfy the constraint

ﬁ X, =1. (C.1)
a=1

We are interested in computing the equations of motion of perturbations about the STU
background, and it will be convenient to express these in terms of the variations d H, of
the fields H, related to X, via eq. (3.2). We seek to understand the implications of the
constraint above on this variation.

To linear order in perturbations, the constraint becomes

5 <anlxa> = Z <5Xa 11 Xb) =0. (C.2)

1=1 b#a

In terms of the new variables,

H'/3 H'Y3 (16H 6H,
5X“_5<Ha>_ H, <3H_ Ha> (C-3)
16H 6H,
= a<3H‘ H) - (C-4)
Thus,
10H §H,
5Xa-ngb— <3H_ Ha>’ (C.5)
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where we used eq. (C.1). From eq. (C.2), therefore, one finds

3
H,

SH=HY_ iy (C.6)
a=1 Hq

Note that one may perform a rescaling H, — AH,, for A € C, and the physical variable
X, remains unchanged. This can be leveraged to simplify the variational problem. Let
H, — \H, for all a, whereby H — A3H. The expression above becomes

3
SH,
_ )2 a
0H = NHY —°. (C.7)

a=1 @

Since A is arbitrary, one can select A = 0, thereby fixing the redundancy with the constraint
0H = 0. By the same token, this can be used to express the variation of one scalar in terms
of the other two. From eq. (C.6), it is clear that
0H; 6H2)
9

(5H3 = —H3 ( =+

PR (C.8)

since there are really only two scalars in the theory.

D Thermodynamic parameters vs black brane parameters

In this appendix we consider thermodynamics of STU black brane solutions, as described
in section 3.1. The black brane solutions are characterized by four integration constants
(To, k1, k2, k3). The constant T has units of temperature, while x, are dimensionless. The
temperature and the chemical potentials of the dual field theory are expressed in terms of
the four integration constants as

24+ K1 + Ko + K3 — K1Kak3

- 2\/(1+m)(1+@)(1+53)T°’ (D-1)
N \/E1(1+H2)(1+/€3)

[y = V21T, e (D.2)
_ Ve (1 + k1) (1 + K3)

p2 = V21 Ty T (D.3)

g = \/§7TT0 \/H3<1+H1)(1+/€2) (D.4)

V14 k3 )

The integration constants are sign-definite: Ty > 0, kK, > 0. They must satisfy
2+ K1+ Ko + Ky — Kikoks > 0, (D.5)
by positivity of temperature, and

2 — K1 — Ky — K3 + Ki1koks > 0, (D.6)
K1+ Ko+ K3 <3, (D.7)
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by thermodynamic stability [42]. The pressure is

N2 _,
p= ST ) (14 ) (L ) (D.3)

The grand canonical free energy 2 = —pV', where V is the field theory volume, V' — oco. Let
us also introduce the dimensionless free energy density

8 T, pa) 16(1 + x3) (1 + x3)(1 + x3)

Qpa/T) = = — . D.9
(a/T) T N2 VT? (24 K1 + K2 + K3 — K1KaK3)? (D-9)

The map from (Tp, K1, k2, k3) to (T, p1, p2, p3) is not one-to-one: for a given set of physical
thermodynamic parameters (7', i1, pi2, p3), there can be several different sets of (7p, k1, k2, k3)
which give rise to the same (T, pu1, 2, u3). To see this explicitly, let us look at examples.

A single non-zero chemical potential. Consider a state with temperature T, and
(1, 2, u3) = (1,0,0). By the above formulas, this must correspond to a geomerty with
ke = k3 = 0. Next, consider a black brane solution with (7, k1, k2, k3) = (X, 2,0,0), and
another black brane solution with (79, k1, k2, x3) = (Y0,¥,0,0). In order for these two black
brane solutions to give rise to the same 7" and p, we must have

2+2)Xo  2+y)Yo VaXo _ VyYo
2V1+ 2yT+y’ Vi+z J1+y

For given Xy > 0 and = > 0, these are two equations for Yy and y. Clearly, there is a solution
Yy = Xo, y = x. But there is one more: Yy = 3/z(z + 4)Xo/V2? + 5z + 4, y = 4/z. Note
that both Yy and y are positive for Xg > 0, z > 0, and so Yy and y represent a valid black

(D.10)

brane background. Thus, two black brane backgrounds,

Background I: (T, k1, k2, k3) = (10,K,0,0), (D.11)
4 4

Backeround II: (To, k1, K2, Ki3) = VRt 4 o) (D.12)
2VK2 4+ 5k +4 K

both give rise to the same 7', and to the same (pu1, pa, u3) = (1,0,0).

For k < 2, Background I is thermodynamically stable and Background II is thermo-
dynamically unstable. For x > 2, it’s the other way: background I is thermodynamically
unstable, while Background II is thermodynamically stable.

The free energy density (D.9) for the two backgrounds in (D.11), (D.12) is

= 16(1+ k)% - k(4 + k)?

O = —(2(:%)2, Oy = —W. (D.13)
In order to compare Qp to Qpp, we will express them as functions of m = u/(27T). Noting
that m = v2rk/(2 + k), we have k = (1 — 2m? £ /1 —4m?)/m2. This dependence is
illustrated in figure 7. Substituting x(m) into , one finds two branches for each free energy
in eq. (D.13), QO +(m), and Q1 +(m); the corresponding functions are shown in figure 8.
For each 0 < m < %, we have four phases, corresponding to two branches x(m) for each
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Figure 7. Left: the dependence of m = p/(27T) on the parameter & in (K1, ke, K3) = (K, 0,0). Right:
the dependence of k on m is a double-valued function, with the branch corresponding to x > 2 (or to
4/k < 2) shown by a dashed line.
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Figure 8. The dependence of the free energy Q on m = p/(277T) for (1, p2, p3) = (11,0,0). Left:
Ql,i(m), right: Qn)i(m). The solid and dashed lines correspond to the solid and dashed lines in the
right panel of figure 7.
background I and II. Note that

Ql,j: = QH,:F ; (D.14)

and the two phases with the lowest and equal free energy are QL— and QILJ’_- These two
phases are the two STU backgounds with:

(T, K1, K2, K3) = (70, k,0,0), for kK < 2, (D.15)
VE(k+4)19 4

T — | VEETHN 2 00]), forx>2. D.16

(To, K1, K2, K3) (2 2t ontd m or K ( )

Both of the phases in egs. (D.15) and (D.16) are thermodynamically stable. The equal-
ity (D.14) is not a coincidence: note that 7" and m are invariant under

4
S (1Y)
2VKZ +5k+4

hence any physical quantity in Background I which is a (potentially multivalued) function

4
To, K- —, (D.17)
K

of T and m only, when evaluated for Background II, gives the same answer.
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Two equal non-zero chemical potentials. Next, consider states with temperature 7T,
and (u1, po, u3) = (4, 1, 0). By eq. (D.4), this must correspond to a geomerty with k3 = 0.
Following the previous discussion of a single non-zero chemical potential, consider a black brane
solution with (7y, k1, ke, k3) = (Xo, 21, z2,0), and another solution with (79, k1, k2, k3) =
(Yo, y1,42,0). In order for these two black brane solutions to give rise to the same 7" and
1, we must have

Vai(l+ xg) xo(l 4 x1)

T == (D.18)
Vyi(l+y2) _ yo(1+y1) (D.19)
Vv1+y Vitys ’
vzl +a2) Xo  Vip(l+y1) Yo (D.20)
N Vitys '
2+zi+22)Xo 2+ +y2)Y0 (D.21)

VAta)l+a) VO +y)d+y)

The first equation is the condition that p; = s for the first solution. The second equation
is the condition that u; = ps for the second solution. The third equation is the condition
that the chemical potentials are the same between the two backgrounds. The fourth equation
is the condition that the temperatures are the same.

Equation (D.18) has two solutions: x2 = z1, and x9 = 1/z;. Similarly, eq. (D.19) has
two solutions: y2 = y1, and ya = 1/y;. Thus we have four cases:

Background Ta: (To, k1, Ko, k3) = (Xo,x,2,0), (D.22)
Background Ib: (T, k1, k2, k3) = (Xo,x,1/z,0), (D.23)
Background Ila: (To, k1, ko, k3) = (Yo,9,9,0), (D.24)
Background IIb: (To, k1, k2, k3) = (Yo,9,1/y,0). (D.25)

Backgrounds Ib and IIb are thermodynamically unstable because the corresponding x1 2 are
outside the stability region, which is the orange region in figure 1.

Further, note that the pair Ia-Ib can not have the same T and p (except for z = 1), and
similary ITa-ITb can not have the same T and u (except for y = 1). The pair Ia-Ila can have
the same T and p only for Xy = Yy, © = y, thus representing the same background.

Other pairs of backgrounds can have the same 7" and p for a range of x’s. In par-

ticular, backgrounds Ia and IIb (or Ib and IIa) can have the same T and p if egs. (D.20)
and (D.21) hold:

VzXo =Y, (D.26)
1+y

2Xo =
VY

Y. (D.27)
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The solutions are Yy = /2 Xy, and y = (2+2/1 — z —z)/x. The product of the two solutions
for y is 1. Thus, the following backgrounds have the same T and u:

Background Ia: (Tp, k1, k2, k3) = (70, K, K, 0) , (D.28)
242V1-k—K 2—2y1—Kk —
* ~ ,{7 ~ l{70> ’ (D29)
K

K

Background IIb": (T, k1, ko, k3) = <\/E 0,

2-2y1-k—kK 242y/1—Kk—
Background IIb":  (Ty, k1, ko, k3) = <\/E7'0, K /{, i n ’{,0> . (D.30)
K K
Analogously, Ib and IIb will have the same T and g if (D.20) and (D.21) hold:
V1 V1
Ty, = VI Yy (D.32)

v VY

The solutions are Yy = Xo, y = z, or y = 1/x. The first of these gives ITb = Ib. The second
one gives the pair of backgrounds with the same T and pu:

1
Background Ib: (To, k1, K2, K3) = (7’0, K, ,0) , (D.33)
K
1
Background IIb: (To, k1, K2, K3) = (7’0, — K, 0) . (D.34)
K

Now let’s plot the free energy Q as a function of m = u/(27T). For the back-
grounds (D.28), (D.29), (D.30), we have m = ./k/2, which is a monotonic function of
k, with m > 0. Substituting x = 2m? into (D.28), (D.29), (D.30), we find (k1, k2, K3) as
functions of m,

O = —(1+2m?)%, (D.35)
an = —81‘(12 . (D36)

For the backgrounds (D.33) and (D.34), we have m = v/2x/(1 + ) (hence m is restricted to
be less than m, = 1/4/2), and the free energies are Qp, = Qrp, = —8m?2. The free energy () is
plotted in figure 9. The background Ia has a lower free energy than IIb, except for one point
m = m, = 1/4/2 when the two free energies are equal. The background Ia is thermodynamically
stable for m < m.. For m > m,, both Ia and IIb are thermodynamically unstable.

Three equal non-zero chemical potentials. Finally, consider states with temperature 7T,
and (u1, pa, u3) = (@, 1, p). As before, consider a black brane solution with (7p, k1, ke, kK3) =
(Xo, 1,2, x3), and another black brane solution with (Ty, k1, k2, k3) = (Yo, y1,y2,y3). Anal-
ogous to the previous discussion, there are several backgrounds which give rise to the same T'
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Figure 9. The dependence of the free energy Q on m = pu/(2nT) for (uy,po,us) = (u,u,0).
Left: the blue line corresponds to the background (D.28), the orange line corresponds to the back-
grounds (D.29), (D.30) which have the same free energy. The curves touch at m. = 1//2, corresponding
to k = 1, indicated by a dashed line. The thermodynamically unstable background IIb has a higher free
energy that Ia for both m < m., and for m > m.. Right: the free energies for the thermodynamically
unstable backgrounds (D.33), (D.34). The plot is analogous to a degenerate version of figure 8, in
which solid and dashed lines are on top of each other.

and p, studied recently in ref. [73]. An exercise show that the following backgrounds:

Background I: (Ty, k1, ko, k3) = (70, K, K, K) , (D.37)
(2—kK)\v/K(1+EK) K Kk (2—k)?
VEZ =3k +4  (2-kr)? (2—kK)? K >  (D-38)
2—r)Ve(1+K) Kk (2-K)? &
Vil EAP R <2—n>2> (D3
2-r)VE(+r) w  (2-K)? & )
V2 =3k +4 2=k & T(2-K)?)

Background II':  (Tp, k1, k2, K3) = <TO

Background I1":  (Tp, k1, ko, k3) = (7'0

Background I":  (Ty, k1, ko, k3) = <TO

(D.40)

have the same 7" and the same p, = p. Their free energies are shown in figure 10. The
right panel in figure 10 corresponds to figure 1 in ref. [73], where thermodynamics of STU
phases with (k1, k2, k3) = (z,x,x) was compared to thermodynamics of STU phases with
(k1,k2,k3) = (y,9,1/y). Background I is thermodynamically stable for m < m. = /2
(corresponding to k = 1), and thermodynamically unstable for m > m.. Background II is
thermodynamically unstable for all m > 0.

E The conductivity matrix

The conductivity matrix o, can be computed by applying Kubo formula to the two-point
functions of the spatial components of currents J;' at zero spatial momentum,

1
Oab = _; Im GJf‘Jib (OJ, k = O) ) (El)

— 48 —



T
0.0

Qr < Qn

=50 -0.51

(71'4’1'4/;14) Q
|

Q> Qu
Q —10f

~150 - O < Qqu

200 -2.0 [,
L

| | | | L 1 1 h
0.0 0.5 1.0 1.5 2.0 2.5 0.00 0.05 0.10 0.15 0.20 0.25 0.30

m = p/2xT T/n

Figure 10. Left: the dependence of the free energy Q on m = p/(27T) for (pu1, po, p3) = (p, 1, ).
Left: the blue line corresponds to the background (D.37), the orange line corresponds to the back-
grounds (D.38), (D.39), (D.40) which have the same free energy. The curves intersect at m, = /2,
corresponding to k = 1, indicated by a dashed line. Right: the same plot presented in different
variables, showing (7*T*/u*)Q as a function of T'/u, with two branches crossing at T/ = 1/(27v/2),
see ref. [73].

where ¢ = x,y, 2. The correlators in the hydrodynamic approximation are determined by
solving the fluctuation equations for gauge fields at zero spatial momentum and using the
relevant part of the boundary action.

Note that at zero spatial momentum the difference between the sound and shear channels
disappear, and G jo » (w, k = 0) = Grag (w,k =0) =G jap (w,k =0). We borrow the shear
channel equations of motion for the “electric” fields

B, = wo (A +idy),

where
A = _ Ve AS (E.2)
Na(l + Ka)
from ref. [65], setting qo = 0 there (alternatively, they can be obtained from the sound channel
equations of motion with qo = 0). At vanishing spatial momentum, Eg and E’f; satisfy the
same equations, and we use the notation E® for either of the fields. The equations are

B <2H{ H f’)El, N m?)HEl

Hy _ﬁ—i_?

uf?
CYEIG (4 k) (14 r) (B 4 RE? 4 RET) =0, (B3)

Hf
B <2H§ H f’>E2/ N i H 72

Hy _F—'—?

—\/?“L(Hm)(l+/<z)(1+/<3)(\/HE1 + VR E? + /r3E3) = 0, (E.4)

H3f
2HLY  H' f'\ ~y w2H -
I 3 11 >E3 WoH 3
+ ( s T + 7 + uf2
1 )+ ) () (VB VRRE +VREY) <0, (B
3
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The equations (E.3)—(E.5) are coupled, and we were not able to solve them analytically
even in the hydrodynamic approximation. However, in some special cases, an analytic
solution can be found.

The part of the boundary action involving the gauge field fluctuations only is given by [65]

T2 N2T4 3 o, o,
Sreg. shear = Tco(l + k1) (1 + k2)(1 + K3) Z /d4a: (AgAg + AZAZ > . (E.6)

Expressing the chemical potentials via k., we find

N2TO 4 a pa a qa’
- X / di (AmAx —i—AyAy). (B.7)

E.1 The case of (ki1,k2,k3) = (k,0,0)

S reg. shear

In this case, the equations (E.3)—(E.5) read

17 f ) v woH = K(L+K)u =y
EY + —\E Bt VRl = E.
(5% uf? 2 0 (E8)
. f H’) —w | WRH -
E +<f HE+uf2E_O, (E.9)

where a = 1,2, H(u) = 1+ ku and f(u) = (1 — u)(1 4+ u + ku). Their solution to leading
non-trivial order the hydrodynamic approximation can be found following the approach
introduced in refs. [47, 67] (see also appendix C in ref. [85]):

_imo\/m
I 01(1 - u) e ll + %

El(u) - 14+ ku 2

+

)

0oy TF 1 [—(1 = w)k? + (14 #)(2 + wr) In (10 )|
22+ £K)(1+ k) ]

~ _imgVIFR g1+ K 14+u+uk
E23(u) = Cy (1 — T |1 1 ( ) .
() = Cos(l ~u) T nara? T\ 2wk

It is worth emphasising that the equations (E.8)—(E.9) decouple, so the integration constant
in the solution for each field depends solely on the boundary value of that field.

To compute the correlators using the bulk solutions E‘a(u), we write these solutions
in the form

A2, (0) = A%, (6) (E.10)
where A3 (€) are the boundary values of the fields and the normalisation of E%(u) in the
ratio is irrelevant. Then, using the boundary action (E.7) and the recipe of ref. [46], for
any ¢ = x,¥,%z, we have

N212 [ B
Gjagp (w k=0)= - [ = ()

] , (E.11)
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where the square bracket means removing contact terms. We find

 NZTF ivoo(2 + k)

k=0 = E.12
Gy (w k= 0) o~ — (E.12)
N2TZ iw
Grp(wk=0)=Cu(wk=0)=—~0 20 (E.13)
i i 8 1 + K
Grap(w,k=0)=0, a#b. (E.14)

The Kubo formula (E.1) gives the matrix of conductivities for the equilibrium state with
(Hb K2, 53) - (K’a 07 0)

24
NC2T 4 1
ab = ST 0 2%k 0 ; (E15)
1
0 0 24K

where we used the relation Ty = 2v/1+ kT/(2 + k) between the parameter Ty and the
physical temperature 7.

E.2 The case of (k1, K2, k3) = (K, K, 0)

For two equal chemical potentials, the equations (E.3)—(E.5) are

o 2(u— Kk +2uk) -, w3 (1 + uk)? 5
T a—w) (@ +u+2us) V(1 —w)2u(l +u+2uk)?
ur(l + k)2 - -
Ei1+E) =0 E.16
+(17u)(1+um)2(1+u+2um)( 1+ E2) » (E16)
B 2(u— Kk +2uk) -, 3 (1 + uk)? 7
2T M) (I +u+t2un) 2T (T—w)2u(l+u+2uk)?
ur (1 + k)2 - -
FEi+Ey) =0 E.17
+(1—u)(1+um)2(1+u+2un)( L+ ) o )
~ 2u(1 + K)? - (1 2 .
B+ u(l 1 r) B+ (L + ur) B3 =0. (E.18)

(1—w)(1+ur)(1+u+2ukx) (1 —u)?u(l +u+ 2uk)?

The equations (E.16) and (E.17) are coupled. The perturbative solution to (E.16) and (E.17)
is given by

El = ClEN‘fl) + 02E£2) , (Elg)
By = C1EW + CEY (E.20)

where, to linear order in tvg,

-2 ) 2 1+ut2ur
A0 _ g Q-w [ i (201 = w)r2(1 4+ 26) + (1 + 5) In [ H2us])
1 2 K(3+4k)(1 + uk) 2(1 + k) (1 + 2K)2
(E.21)
and
5D = P = (1) |14 10 1+U+2M>
EY=-E"=(1—-u)""2 |1+ 5 In ( 20T . (E.22)
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At the boundary at u = ¢ — 0, we demand E(u) — Efo) and Ey(u) — E’éo). This implies
that the integration constants Cy and C in egs. (E.19)—(E.20) are related to the boundary
values of the fields as

C1 = aB" +7EY,

Cy = BEO + 6B (E.23)

where the coefficients can be found from

aB\ 1 (EP e —ES)(e))
(v 6) ~A (—E@(@ () ) (524
v EM(e) EP(e) P
A = det (Ezl)(e) EEQ) (6)> e + O(1y) . (E.25)

To leading order in tog, the relevant part of the action (E.7) is given by

g N2 - (0) = _(0) ~ o) -
Sreg. shear = ;QE)TK?) 2BV EO @2+ k) + EOEY (24 26+ k2) + BV EL (24 2k 4 £2)
(E.26)
We find the correlators to leading order in tg:
N2TZ ivo(2 + 2k + K2)
GJ}J} (w7k = 0) = C;J?JZ.2 (w7k = 0) = - EGO (1 + :‘Q) ) (E27>
N2T2 ivogk(2 + k)
Gppk=0)=Gpn(wk=0)= i60 Trrn (E.28)
The perturbative solution to (E.18) is given by
i , itog [2(1 = w)r2(1+ 2) + (1 + k) In (Lr2us) |
Es(u) = C(1 —u)"™0/2 [ 14
214+ k)(1 4 2K)?
which gives the correlator
N2T? it
k=0)=—-—¢29 E.2
GJE’JE (wv 0) ] 1+x ’ ( 9)

The Kubo formula (E.1) then leads to the matrix of conductivities for the equilibrium
state with (k1, k2, k3) = (k,k,0):

(2426+K2)  K(2+k) 0

N2T | 2Ude) o 214)
= £(2+K)  (2426+K7)
%= T6x | 2090 204m) ? , (E.30)
0 0

1+k

where we used the relation Ty = T between the parameter Ty and the physical temperature
T in this case.
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E.3 The case of (k1,k2,Kk3) = (K, K, K)

In this case, the equations (E.3)—(E.5) read

B0+ (- e ) Feo

s u)tsj((ll——:-_ Z?ZZ;@ u2k3)2 (1 ﬁﬁi)l(ff);’f(@])?(@ i infig)jﬁg)ﬁ)) =0, (E31)
100+ (e e s )

= u;jg . 3?33%@ u?e3? (1 35 <1+f)ji€1<(ﬁ . 522?_2%@?3@) =0, (E32)
B0+ (o (ot Tt el o) P

N w05 (1 + uk)*E3(u) __ur( R (Ea () + By(w) + By(w) E.33)

(1 —u)?u(l +u+ 3us —u2k3)2 (1 —u)(1 4+ uk)2(—1 + u2k3 — u(l + 3k))
These equations are coupled. To effectively decouple them, we can write equations satisfied
bygl :2E1—EQ—E3, gg ZQEQ—El—Eg and gg :2E3—E1—EQ:
N 3r+3u?k® —2u(1+3k+k7) ) 5 i (1+uk)? 5 _
! THur  (1—u)(—1+u2k3—u(14+3k)) ) " (1—u)2u(l+ut3us—u2k3)2 "

(E.34)
where i = 1,2, 3, as well as the equation for & = E| + Es + Es:
gy [ _F —1+u?k3 —u(1+3k) + (1 —u) (1 + 3k — 2uk?®) o
1+uk (1 —u)(1—u?k3+u(l+3k))
N 3 (1 + uk)? e Suk(l+ k)3 _
(1 —u)2u (1 — u2k3 + u(l + 3k))* (1 —u)(14+ur)? (1 —u?k3 +u(l+3kK))
(E.35)
The perturbative solutions for & and &£ are given by?®
om0 g0y P
_ (70 0 0
E(u) = (ED + ES + EY) o (E.36)
éi(u):(zEQ—EQ—Eg)Fl(“) i k=1,23,i#j#k (E.37)
1 ] F1 (6) ) 2J ) ) b )
where
_ it /l:mo
Fi(u) = (1 —u) @wvier [ 1+ X
(W=0-v ( 2—2 1 rR)VI T+ rvItdr
(1+r)V1+4k
—244k) A th
(—2 + 4k) ArcCo (—1—3m+2un3
—142(-1
+(2 — 4k) ArcTanh < +\/1(+74: K)K)

+V1+ 4k (1n(2 + 3k — k%) — In(1 + u + 3ur — uzlig)) D (E.38)

Z5Note that the variables £ and &; correspond, accordingly, to the “centre of mass” and fluctuations around
it described by the eigenvectors (6.20)—(6.22). See also ref. [42].
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and

F(u) = (1—u) Tovmm] 228 il x
214+ uk)  4(=2+ r)*6(1 + K)3/2(1 + 4K)3/2(1 + uk)
-1- 2ur’
— 2i(=2 4 K)3K(=2 + ur) (=1 + 9% + 12k + 2x%) ArcTanh < e S%)

+V1+4k (54@'(—2 + /)28 — 14k + (4 + u)K? + (=1 4 u)K>)

+21(—2 + uk) (1 + K + 6k2 + 9563 4+ 94k + 9K° + 4k°)

54ik(—4 4 5kK)
(—2+ k)2(1 + 4r)
27 (1 — 3k + 18k2 + 23x3 + 2k + KP)

(=2 + &)* k(1 + 4K)(—2 + uk) ( —

(=24 k)3k
2i(—1 1262 + 23 —1— 2k + 2K*
U1+ 96+ 126 + 26 )ArcTanh Sl omt e —i(1+ &) In(2 + 3k — K%)
(1 + 4k)3/2 V1+4k
+i(=2 4 £)3k(=2 + ur)(1 4 5k + 46%) In(1 + u + 3ur — u* 3)) } . (E.39)
Then, the three components of the “electric” field can be found as
El(u) = % (5 + gl) . (E.40)

Subsituting the solution Fj(u) into the boundary action (E.7), we find the term

= i 1 R (—(BS + E)a(4+ k) + EY(4+ 45 +360)) EY, (B.A1)

and similarly for Ey(u) and E3(u). Correspondingly, the retarded correlators to leading
order in g are given by

N2T iw(4 + 4k + 3K2)

G jaja 0)=— =1,2,3 E.42
JA IS (wa ) 397 (2 — /‘i)(l + /1)2 ) a PRI ( )
N2T  iwk(4 + k)
a = £ b E4
GJZ. Jf (wv O) 39 (2 — ,{1)(1 + K,)Q ) a 7é ) ( 3)

where we used the relation Ty = 27'/(2— k)+/1 + k between the parameter Tj and the physical
temperature T in this case.

Applying the Kubo formula (E.1), we find the matrix of conductivities for the equilibrium
state with (K1, k2, k3) = (K, K, K):

4+4ﬁ+3~22 _ K(4+k) - k(4+kK) ,

2(2—k)(1+k 2(2—k)(14+k 2(2—k)(1+k

- NCQT . ( 5(21(-‘,-;-;) ) 4(—&—4n—)|-(3/£2 ) . ( "9(4)4?"‘6) ) (E 44)

Oab =T | T2ERAZ 2R (ItRE TR '
k(44K) K(4+k) 4+4k+3K2

2(2—k)(1+k)2 2(2—k)(1+k)? 2(2—k)(1+k)2
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F Sound channel fluctuations for (ki, k2, k3) = (K, 0,0)

The notations in this appendix follow the ones used in section 4. In particular, for the
purposes of this section, f = (1 — u)(1 + v + Ku).

a) Scalar equations:

The equation for s; reads

" 1+ 3ku 461V2(1 + R)UH 1y K 26(1+ K)u
s ({cf_u’}-[ )s’l—l— <3f ) alV +3(H{i—H{t)+(3Hf) Hy
H  4s(l+k)u  wW*H—q*f & (1 + 3ku f’)
— — - = =0. F.1
Y2t ey T ur ta\Tuw )| (F-1)
For s; with j # 1, the equations are as follows:
o1 26121+ K)u 1y &
;{+(f_u) SQ—T% T oH (Hj; — Hy)
1 w’H — q?f k(1 + K)u 2k(1+ K)u
— — H =0. F.2
+< T R R v A A T (F.2)

These can be decoupled from s;, and the gauge and gravity sectors, using the variable
S = s9 — s3, which obeys the following simple equation:

! 2 2
1" f 1 / 1 w H — q f
A T . N I F.3
S+<f u>8+<u2f+ o (F.3)
b) Gauge field equations:
The equations involving ag}z) are
n o 2k (1) 9y 1/2 w1/2 q 1 24:3/2
o gt S g (Hl H) = (a0 4 wal?) = S =0,
(F.4)
1/ 1 2620 k2w k/%q
wiaf +afal) + s + T (Hi+ Hu) + o Hi = 0,
(F.5)
1/2
W (B Y g 5 (R )
al +(H+ 7)ol L s (a-af +rwal) = 0.
(F.6)
For j # 1, the gauge fields obey the following equations:
@ 9 (a0 @)Y —
a; o (maz + qa; ) =0, (F.7)
W' af 6y -0 F.8
a’t + mHaZ ? ( * )
v (Y Gy, wH : 9
" 4 (f - H) a0+ 2% (-l + qa?) ~0. (F.9)
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c¢) Einstein equations:

3k 3f 1 sk f AV2(1 4+ K)u qy
Hp+ (- — -+ | H, — 4t — 2 )V Hl + -
“+( ou  3H 2f> “+<2u+3H 2f> i 3f
2% (201 + K)u? oH 2:(1+R)u g _
+3UHf ( 2 + 1) S1 ng (mHn + 2qfltz) + ( 3,H2f - w Htt = 07
(F.10)
Ko 1/k !
(F.11)
H 4+ (FL B 1) H 4 KY2(1 + m)ua(l)/ N o
tz H u tz H z 'LLf aa — Y
(F.12)
! 5k 3f 4621 + K)u 1y
A A f) i <_ ) Jo (1)
tt ) <6H+2f 7,7,+ 67‘[ 2f tt+ 3f ay
2k, 262 4k(1 + K)u? 2K 26(1+K)u
@81 + <,H3 3U,H3f + 3qu S1 + WH“ = 0,
(F.13)
af (1 &
af (Hy — Hgo) + wHH], + o (f - H) Hy
+612(1 + k)u (qaf” + wal)) - ‘;’zfsl —0,
(F.14)
2k f ko1 4kY2(1 4+ K)u )
H// _ = o J H/ = H/ _ H/
aa+< U+3H+f> aa+(3/H u)( 2z tt)+ 3f ag
4k (14 K)u? 2k(1+ K)u w?H — q*f
1 e A Ry Ry
3uMf ( 2 ) 81 SH2[ it uf? aa =0,
(F.15)
3 Kk f K 1
H,/ 2 A J o ! A /o !
=t < 2u * 6H * f>HZZ * <6H 2u> (Haa = Hi)
26Y2(1+ K)u 1y 26 (14 K)u? q°
T a9r -1 — —Huq
Y A T GTE V)= u7
k(1+r)u  q? H
FETRY 9 ) By, + 2 (2qH,, + wH..) = 0.
+< SHZS +uf tt+uf2(qt+m )=0
(F.16)

G Sound channel fluctuations for (kq, k2, k3) = (K, K, 0)

The notations in this appendix correspond to the ones used in section 5. In particular, for
the purposes of this section, f = (1 — u)(1 4+ u + 2ku).
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a) Scalar field equations

s (f 143ku\ , 2:Y2(14k)2uM
st (f Y )5 ! o
D (u) 1 (1+3ku)  Kf  KEBHA+C()Y
* ( I Ty A TE R V) SV VoY )"‘ =0 (1)

/ 1 21/21 H'
o (L 1) 2Oy Iy

[ 3f 6H
2k(1 + K)? 2k(1 + K)u 1 D
—“(SHQ’;) Y, (H(wg? + gt ugf?) 53 =0, (G.2)

It should be noted that substituting for s3 in terms of s; and ss in the above, and
subtracting the result from the sum of the equations for s; and s, one obtains the
constraint s; + so = 0.

b) Gauge field equations

For gauge field perturbations (¥, with ¢ = 1,2, we find the following equations:

o 26 262 R gy 260
ay +Hat oTE +2H2(H + H},) uf(qat +maz) 2 si =0,
(G.3)
o af ay 2k1/2 K1/2 2q
Hag) + Ea,(z) + H S+ N (Hii+Htt+ EHtZ =0,
(G.4)
N 2 H' f i K1/2 (@)
ald” + <H — H+f) al! +7th+? (qat +ma()) =0.
(G.5)
The gauge field perturbation a(® obeys:
o~ T (40 + wal®) =0 (G.6)
t Uf t z ’
mHags), + qfag))/ =0, (G.7)
/oA ey 3) | a®) —
CLZ + (f — H> + ? (qat + toa ) =0. (GS)
Particularly useful are the equations of motion for the difference a,, = af}) - ag):
2K 2k1/2 2k3/2
t+H ;“‘ 13 /_W(qat“‘maz)—wﬁzo, (Gg)
9 1/2
at+£z+ ;3520, (G.10)
/ /
i fH H
L bl L) =0. A1
z+(7_[ 7 H) + fZ(an—ma) 0 (G.11)
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c) Einstein equations

3ff 3 H’)H, (1 H f’)H, 46121 + k)%u_,

H _2 =
tt+(2f 20 3H HEV AT 37 t

o H k(1 + K)%u 2
uf2 (mHm + 2thZ) <(3,H2f) - ’ljf) Htt = Oa
(G.12)

v H f w (H f
H, + —H, (—)H (—)HZ-Z-:
s gHi (- ) Het (T - 5 0,
(G.13)

H 1 K121+ K)%u toq
" a1 / RO T R)U S, g _
HtZ+(H u)HtZ—l- i le—i-ufHaa 0,
(G.14)

1 5H'  3f !

+4,%1/2(1 + k)%u 4,%(1 + k)%u
3f 3H2f

QL;+

H f 3 H 1 26Y2(1 + K)%u
H” +(+—U>H’ +3 (?)H—u) (H., — Hj,) + ——————%,

2 2 2 2942
q q 2k(1+ K)*u 2qH w*H
———H,, — 4+ ———7 | H, ———H;,+ ———H,,=0.
+ <uf + SHZS tt + tz + " 0

Here, we use the following variables:

C(u) = (24 k(4 + 3r))u? ( )
H(u) =1+ ku, ( )
H(u) = (14 ru)?, ( )
s(u) = s1 — s2, (G.22)
ap = ay) —a?, (G.23)
(G.24)

(G.25)

A, = QE}) + al(?) ’
Hii = Hgq + sz .
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H Sound channel fluctuations for (ki, k2, k3) = (K, K, K)

The notations in this section correspond to the ones used in section 6. In particular, for the
purposes of this section, f = (1+xu)3 — (14 x)3u?. In addition, we use the following variables:

s() = 25, — Z 55, (H.1)
JF
) = 200 = Y ), (112
J#
D = w*H - ¢*f, (H.3)
A, = al(}) + aff) + af’) , (H.4)
G =51+ 52+ s3. (H5)

a) Scalar field equations

! 1/2 3. .
5;,+(f 1+3l{u>5i+2/< (1+r)-uH 4

f  uH / i
D H  26(1+k)3u K (f  14+3ku o
+ ?—1-7 7‘[2]0_7'[(](_ Y, >]5z—0- (H.6)

b) Gauge equations

' ' 3 A , 1/2
ol & (f _ “) (@', o (40 + wal?) + Mg —o, (m7)

f H uf? f
0", 26 212 RV d o w wy 2R
o)+ 0 + = s+ >3 (Hii + Hi) of (qat + wal ) i si=0, (H8)

o Wi Gy N 2/@1/%8 N K1/27‘[H N kY2 oH
af af 0 f TP 2qf

Considering linear combinations (H.2), one can show that the fluctuations s; decouple from

(@) ()

gravity. The variables a,”, az’ and s; obey the system of equations:

(Hn’ + Htt) =0. (Hg)

3
O 4 (£ B g O 6L a0 =
al) + (f 7))+ uf? (qat + roal’ )—0, (H.10)
a2k gy 2KM/2 q ; ; K3/2
af? +g“§) + 5gf7(qa§)+mag))— 5 =0, (H.11)
@) qf % 211/2 o
at + m’H3 + 7‘[3 57, - 0 (H12)

Taking the sum of egs. (H.7), (H.8) and (H.9), and noting that >, s; = 0 due to redundancy
in the scalar sector (see appendix C), one obtains the following equations for the “centre
of mass” variables (H.4) and (H.5):

/ 3 1/2 3
A” + (J} - H) A + “f HH{Z + :}{2 (g% +A;) =0,  (H.13)
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21/2 3K1/2 q 213/2

2
2{2’+£2(;+ T & + T (H, + H},) — f(qut+lez) 7 = 6=0, (H14)
2 1/2 3 1/2
A, + q;;gm’ S+ T (Hu—i—Htt—i— thz) (H.15)

c¢) Einstein equations

3 3 1 ' 4k12(1 4 k)3
H$+<__f<+ f>H£t+( +'<_f>H/ LA Ry,

2u 2f 2u  H 2f 3f
tUH3 26(1+k)3u  g? _
uf2 (t'OHu‘i‘Qthz) (,HQf—uf Htt—O,
(H.16)
3 /
wHj; + qHy, + B (; - J}) (v Hy; +2q Hy,) =0,
(H.17)
n (38 1) ROy, Ao
th+(H U th+ Hg Q[Z—i_’u,fHaa_O,
(H.18)
- 1(_% 3f) ( f’) ,
4612 (1 + K)%u 26(1 + k)3u
+ 37 <AL+ 27 “Hy=0,
(H.19)
" 3k w1Y2(1 + k)3u
o+ 3 )+ 3 (f—)H I 2) =
tZ+m’H( tt zz)+2m7_[ 7w tt + oH (g% +rA;) =0,
(H.20)
A (. f’)/ (G-2) 4 AR R,
Haa+ ( +/H+ f Haa+ H (Htt H ) 3f Qlt
Ky 2k(1 4+ K)3u
—Hyo+——5"—H; =0,
+’U,f2 7—[2f tt 0
(H.21)

" _3 L f/> / 1<1_’{> oy
sz+< +2H+f H 9 U rH (Htt Haa)

2621+ k)Pu_, wH> q k(1+K)3u ¢ 2qroH3
—3p 7o zz — T o aa T AaA/0r z —
+ Qlt%—u_nQH -Hao + YR +u" Hy + uf? ——Hi: =0.

(H.22)
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