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1 Introduction

Relativistic hydrodynamics provides an effective macroscopic description of relativistic matter.
It plays a crucial role in the phenomenology of heavy-ion collisions and the physics of
the quark-gluon plasma [1, 2], and also finds important applications in astrophysics [3–5].
The fundamental equations of relativistic hydrodynamics are the local conservation laws
of energy and momentum, which are compactly expressed as the covariant conservation of
the energy-momentum tensor [6].

Depending on the physical system and the symmetries of the underlying microscopic
theory, additional conservation laws may need to be incorporated into the hydrodynamic
description. For instance, ongoing and upcoming experiments probing the quark-gluon plasma
at finite baryon density — such as those at RHIC [7], NICA [8, 9], and FAIR [10]—especially
in the vicinity of the conjectured critical point of nuclear matter, require the inclusion of the
baryon-number current, which arises due to a global U(1) baryon-number symmetry of the
microscopic theory [5]. Similarly, in magnetohydrodynamics, conservation of magnetic flux
must be accounted for [11], and other symmetries may give rise to further conserved quantities.

Here we are interested in relativistic hydrodynamics of systems which have multiple U(1)
symmetries, for Nf species (flavours) of conserved quantities. An example from subnuclear
matter is hydrodynamics with Nf = 3, corresponding to the conservation of baryon number,
strangeness, and electric charge [12, 13]. An example from astrophysics are two-fluid magneto-
hydrodynamic theories with Nf = 2, corresponding to the conservation of electron and ion
numbers [14]. The example which we will study later in the paper is the N = 4 supersymmetric
Yang-Mills theory which has Nf = 3, corresponding to the conservation of three Abelian
R-charges. This theory provides a particularly clean theoretical laboratory, allowing for
analytical derivations of both thermodynamic and hydrodynamic parameters.

The goal of this paper is two-fold: to develop the theory of hydrodynamic modes in
relativistic theories with a global U(1)Nf symmetry, and to apply the results to strongly coupled
N = 4 supersymmetric Yang-Mills (SYM) theory via its dual holographic description [15].
In doing so, we will elucidate the connection between thermodynamic and hydrodynamic
stability of equilibrium states in field theory. Via the holographic duality, this translates
to the connection between thermodynamic and hydrodynamic stability for charged anti-de
Sitter (AdS) black branes.
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Physically, the connection between thermodynamic and dynamical instabilities arises
naturally within the theory of fluctuations [16–21]. Dynamically, instabilities manifest as
perturbations of a gravitational background that grow uncontrollably in time — or, in Fourier
space with dependence ∼ e−iωt, as quasinormal modes whose imaginary part crosses into the
upper half-plane of complex frequency. Thermodynamically, instabilities can be viewed as
growing fluctuations in a system in thermal equilibrium. Recall that the probability of a
fluctuation in a thermodynamic system in thermal equilibrium is given, in the microcanonical
ensemble, by Einstein’s formula [22]:

w∆ ∝ e∆S , (1.1)

where ∆S = S′ − S is the difference between the entropy S′ of a near-equilibrium state
resulting from the fluctuation and S, the entropy of the system in thermal equilibrium. The
fluctuations are assumed to be characterised by sufficiently long time and large spatial scales
to allow the formation of local thermodynamic equilibrium. Since these are precisely the
conditions under which the hydrodynamic regime is valid, the dynamics of the fluctuations is
governed by hydrodynamic variables. In holography, these hydrodynamic modes correspond
to gapless quasinormal modes of the dual gravitational background. Thus, eq. (1.1) should
allow one to predict which dynamical perturbations of the gravitational background become
unstable, and at what parameter values this occurs.

For small fluctuations characterised by parameters ξ1, . . . , ξn, the difference ∆S can be
expanded in a Taylor series around the equilibrium point ξi = 0, i = 1, . . . , n, resulting in

w∆ ∼ exp
{
−1
2
∑
ik

λikξiξk

}
, (1.2)

where λik = −
(
∂2S/∂ξi∂ξk

) ∣∣
ξi=0. For a stable thermodynamic equilibrium, the quadratic

form ∑
ik

λikξiξk must be positive definite. Introducing the thermodynamic variables yi ≡

(s, nk), where s is the entropy density and nk are the densities of conserved charges,1 eq. (1.2)
becomes (see appendix A)

w∆ ∼ exp

− 1
2T

∑
ij

∂2ε

∂yi∂yj
∆yi∆yj

 , (1.3)

where ε is the internal energy density. The eigenvalues and eigenvectors of the Hessian

Hε = ∂2ε

∂yi∂yj
(1.4)

identify the unstable hydrodynamic modes and the corresponding dual quasinormal modes
of the gravitational background. Our goal is to make this connection precise.

We will start in section 2 by developing hydrodynamics of relativistic theories with Nf
flavours of U(1) currents. Perfect-fluid hydrodynamics requires the equation of state, say,
for the pressure p = p(T, µa), where T is temperature, and µa are the chemical potentials,

1We assume a spatially homogeneous system and normalise all extensive parameters by volume.
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a = 1 . . . Nf . Thermodynamic stability conditions place constraints on the form of the equation
of state which we discuss. Leading-order dissipative hydrodynamics further requires the input
of transport coefficients: shear viscosity η, bulk viscosity ζ, and the Nf × Nf conductivity
matrix σab, which are all in general functions of T and µa. Positivity of hydrodynamic
entropy produciton places positivity constraints on hydrodynamic transport coefficients [6].
We then proceed to discuss small hydrodynamic perturbations of the thermal equilibrium
state, and obtain dispersion relations of hydrodynamic modes of the form ω = ω(q), where
ω is the frequency, and q is the wave vector. Hydrodynamic stability of equilibrium can be
expressed as Imω(q) < 0 at small real q. The dispersion relations depend on the derivatives
of the pressure p, as well as on η, ζ, σab. Thus, hydrodynamics provides an explicit relation
between thermodynamic stability conditions (which constrain the derivatives of p) and the
actual dynamic stability of equilibrium.

As a simple example relating thermodynamic and hydrodynamic stability, consider
diffusion of a U(1) charge density n in a charge-neutral state with µ = 0. The diffusion
coefficient is D = σ/χ, where σ is the charge conductivity, and χ = (∂n/∂µ)µ=0 is the
static charge susceptibility [23]. In momentum space, diffusion will manifest as a mode with
frequency ω(q) = −iDq2 + O(q4). For positive hydrodynamic entropy production (σ > 0), in
a state which is thermodynamically stable (χ > 0), one has Imω(q) < 0 at real q. On the
other hand, a violation of thermodynamic stability (χ < 0) together with positive entropy
production (σ > 0) gives rise to Imω(q) > 0, a dynamic instability caused by violation of
thermodynamic stability. In section 2, we will generalise this simple Nf = 1, µ = 0 example
to relativistic hydrodynamics (including shear and sound modes) with Nf > 1, µa ̸= 0. We
will show that in theories where perfect fluids have positive speed of sound squared, and
obey the null energy condition, hydrodynamic instabilities can only appear through negative
diffusion coefficients for the U(1) charges.

We will continue in section 3 with the holographic description of SU(Nc), N = 4 SYM
theory at large Nc and at strong coupling [24–26]. The SYM theory possesses an SU(4)
R-symmetry group, and Nf = 3 chemical potentials µa can be introduced as grand canonical
variables conjugate to the global charges in the Cartan subalgebra U(1)3 of SU(4) [27]. In
the ten-dimensional string theory dual, the corresponding background involves rotating black
three-branes [28–31]. Upon dimensional reduction on S5, rotating black brane solutions in
ten dimensions become charged black brane solutions in five dimensions supported by the
gauge and neutral scalar fields of five-dimensional N = 8 supergravity [32, 33].

The simplest solution of the reduced five-dimensional theory describing equilibrium states
of N = 4 SYM theory at nonzero temperature and three chemical potentials, was discovered
by Behrndt, Cvetic, and Sabra [34] and is known as the STU background. This solution
includes the metric, three U(1) gauge fields, and two independent real scalar fields. In the
special case where all three chemical potentials are equal, the background reduces to the
Reissner-Nordström black brane in five dimensions.

The STU background exhibits low-temperature thermodynamic instabilities at finite
non-zero values of µa/T [28–30, 35–41]. The instability persists when all µa are taken equal,
and the Reissner-Nordström black brane in the STU truncation is both thermodynamically
and dynamically unstable at low temperature [42].
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In this paper, we consider N = 4 SYM in the grand canonical ensemble in Minkowski
space, rather than on a sphere. The latter implies the absence of the Hawking-Page transition
and the equivalence of all ensembles in the thermodynamic limit. Building on the results of
section 2, we discuss the connection between thermodynamic and (hydro)dynamic instabilities
of the STU background, extending our earlier results in ref. [42]. Historically, the equivalence
between thermodynamic and dynamic instabilities for black branes was conjectured by
Gubser and Mitra [35, 36] and subsequently extensively discussed (see, for example [43–45]).
Following the development of real-time correlation functions in holography [46, 47], it became
clear that instabilities of the backgrounds which describe thermal states in dual field theories
manifest themselves as quasinormal modes crossing into the upper half-plane of complex
frequency (at real wave vector).

The equation of state corresponding to the STU background is known analytically [37],
the bulk viscosity ζ vanishes by conformal symmetry of the SYM theory, and the shear
viscosity is proportional to the entropy density, η = s/4π [37, 48], reflecting the holographic
universality [49–52]. What is not known is the analytic form of the R-charge conductivity
matrix σab(T, µ1, µ2, µ3). In this paper, we will derive analytic expressions for the conductivity
matrix in several illustrative cases, obtaining σab(T, µ, 0, 0), σab(T, µ, µ, 0), and σab(T, µ, µ, µ).
With the conductivity matrix at hand, we can find the dispersion relations of hydrodynamic
modes. This is discussed in sections 4, 5, and 6 for the three respective cases. As expected,
we find that R-charge diffusion coefficients become negative at the onset of thermodynamic
instability. Negative diffusion coefficients signify charge clumping for near-equilibrium pertur-
bations in N = 4 SYM theory at low temperature. In particular, extremal T = 0 AdS black
branes in the STU truncation are both thermodynamically and dynamically unstable.

We discuss our results in section 7.

2 Hydrodynamics with several conserved charges

2.1 Thermodynamic stability

We will study field theories with conserved U(1) charges Qa of species (flavours) a = 1, . . . , Nf ,
so that Qa are the generators of a global symmetry U(1)Nf . We focus on thermodynamic
relations for a system at rest, in volume V in the thermodynamic limit V → ∞, with charge
densities na ≡ ⟨Qa⟩/V fixed. The equation of state in the grand canonical ensemble is given
by the pressure, p = p(T, µa), with

dp = sdT + nadµa . (2.1)

Here T is temperature, µa are chemical potentials, s = s(T, µ1, . . . , µNf ) is the entropy density,
and na = na(T, µ1, . . . , µNf ) are charge densities. There is an implied summation over the
repeated flavour indices. The equation of state in the micro-canonical ensemble is given by
s = s(ϵ, na), where ϵ is the density of energy, and

ds = 1
T

dϵ − µa

T
dna . (2.2)

Here T = T (ϵ, n1, . . . , nNf ) and µa = µa(ϵ, n1, . . . , nNf ). Equations (2.1) and (2.2) are related
through ϵ + p = Ts + µana.
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Thermodynamic stability conditions [53] imply that the matrix of the second derivatives
of entropy density s(ϵ, na) is negative definite in a stable equilibrium state, reflecting the
maximum of entropy. Similarly, the matrices of the second derivatives of ϵ(s, na) and of
p(T, µa) are positive definite, reflecting the minimum of energy, and of the grand-canonical free
energy. We define Hessian matrices hϵ ≡ ∂2ϵ/∂yi∂yj , hp ≡ ∂2p/∂zi∂zj , where yi = (s, na),
and zi = (T, µa). Thermodynamic relations (2.1) and (2.2) imply hϵ = ∂zi/∂yj , hp = ∂yi/∂zj ,
and thus hp = (hϵ)−1. In particular, in a thermodynamically stable system, T∂s/∂T =
(∂ϵ/∂T ) − µa(∂na/∂T ) > 0, and the matrix χab ≡ (∂na/∂µb)T of charge susceptibilities
must be positive definite. Passing to variables T and γa ≡ µa/T , we have another useful
susceptibility matrix

X =

T
(

∂ϵ
∂T

)
γ

(
∂ϵ

∂µa

)
T

T
(

∂na
∂T

)
γ

(
∂na
∂µb

)
T

 =
(

T µa

0a 1

) ∂2p
∂T 2

∂2p
∂T ∂µa

∂2p
∂µa∂T

∂2p
∂µa∂µb

(T 0a

µa 1

)
. (2.3)

The matrix X is positive-definite because hp is. In the grand canonical ensemble, the proba-
bility distribution is proportional to exp[−(H − µaQa)/T ], where H is the Hamiltonian, thus

T

(
∂ϵ

∂T

)
γ
= 1

V T
⟨H2⟩conn , (2.4)(

∂ϵ

∂µa

)
T

= T

(
∂na

∂T

)
γ
= 1

V T
⟨HQa⟩conn , (2.5)(

∂na

∂µb

)
T

= 1
V T

⟨QaQb⟩conn , (2.6)

where the subscript signifies connected averages, ⟨H2⟩conn = ⟨H2⟩ − ⟨H⟩2 etc. This gives a
more direct perspective on the positive-definiteness of X .

2.2 First-order hydrodynamics

We next consider first-order relativistic hydrodynamics for theories with Nf flavours of U(1)
charges, in d spatial dimensions. The hydrodynamic equations are the conservation laws for
the energy-momentum tensor T µν and the U(1) currents Jµ

a ,

∂µT µν = 0, ∂µJµ
a = 0 , (2.7)

where a = 1, . . . , Nf . The conservation laws must be supplemented by the constitutive
relations. In the conventions of Landau and Lifshitz [6], these are

T µν = ϵuµuν + p∆µν − ηSµν − ζ∆µν∂λuλ + O(∂2) , (2.8)
Jµ

a = nauµ − σabT∆µν∂νγb + O(∂2) , (2.9)

with implied summation over the repeated flavour indices. Here uµ is the fluid velocity,
∆µν ≡ gµν + uµuν is the projector onto the space orthogonal to the fluid velocity, gµν is
the inverse metric, and Sµν ≡ ∆µα∆νβ(∂αuβ + ∂βuα − 2

dgαβ∂λuλ) is the shear tensor. The
thermodynamic functions ϵ (energy density), p (pressure) and na (charge densities) are
functions of T and γa ≡ µa/T , whose explicit form is given by the equilibrium equation of

– 6 –
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state. The one-derivative transport coefficients η (shear viscosity), ζ (bulk viscosity) and
σab (charge conductivity matrix) are in general functions of T and γa.

The conductivity matrix σab in eq. (2.9) is not arbitrary. If the microscopic system
respects time-reversal symmetry (which we will assume), σab will be symmetric by the
Onsager relations. Further, the divergence of the entropy current has an additive contribution
σab∆µν∂µγa∂νγb. Hence, the matrix σab must be positive semi-definite, in order to ensure
non-negative entropy production out of equilibrium [6]. Similarly, non-negative entropy
production demands η ≥ 0, ζ ≥ 0. Alternatively, linear response theory gives η, ζ, and
σab in terms of correlation functions of T µν and Jµ

a . In relativistic hydrodynamics, the
corresponding Kubo formulae are [23]

η = 1
2T

lim
ω→0

GT xyT xy(ω, q = 0) , (2.10)

ζ = 1
2Td2 lim

ω→0
GT iiT kk(ω, q = 0) , (2.11)

σab =
1

2Td
lim
ω→0

GJi
aJi

b
(ω, q = 0) , (2.12)

where GO1O2(ω, q) denotes the Fourier transform of the symmetrized correlation function
of O1 and O2 in equilibrium. The positivity conditions for η, ζ, and σab then follow from
the positivity conditions for the corresponding correlation functions of Hermitean operators
T ij and J i

a.
Let us now work out how derivatives of thermodynamic functions appear in the dispersion

relations of hydrodynamic modes. To do so, consider small fluctuations about the equilibrium
state of the fluid at rest with constant temperature T̄ and chemical potentials µ̄a. Namely,
we take uλ = (1, 0) + δuλ, T = T̄ + δT , γa = γ̄a + δγa, assume that all fluctuations only
depend on t and z, and linearise. The conservation equations (2.7) for energy, momentum,
and U(1) currents then give linear equations for fluctuations δT , δui, and δγa. Transverse
velocity fluctuations δui with i ≠ z decouple from the rest, and satisfy(

(ϵ+p)∂t − η∂2
z

)
δui = 0 . (2.13)

Longitudinal velocity fluctuations δuz couple to δT and δγa, and satisfy(
∂ϵ

∂T

)
γ

∂tδT + T

(
∂ϵ

∂µa

)
T

∂tδγa + (ϵ+p)∂zδuz = 0 , (2.14)

(ϵ+p) ∂tδuz +
(

∂p

∂T

)
γ

∂zδT + T

(
∂p

∂µa

)
T

∂zδγa −
(2d − 2

d
η + ζ

)
∂2

z δuz = 0 , (2.15)(
∂na

∂T

)
γ

∂tδT + na ∂zδuz + T

((
∂na

∂µb

)
T

∂t − σab ∂2
z

)
δγb = 0 , (2.16)

where the coefficients are evaluated in equilibrium, and we omit the bar. Introducing the
vector VA ≡ (δT/T 2, δuz/T, δγa), these linearised equations can be written in the following
matrix form: [

XAB∂t + YAB∂z − ZAB∂2
z

]
VB = 0 , (2.17)

– 7 –
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where the matrices X, Y , Z are

X =

C 0 υa

0 ϵ+p 0a

υa 0a χab

 , Y =

 0 ϵ+p 0a

ϵ+p 0 na

0a na 0ab

 , Z =

 0 0 0a

0 ηs 0a

0a 0a σab

 . (2.18)

where ηs ≡ 2d−2
d η + ζ. The elements of the matrix X are thermodynamic derivatives:

C ≡ T

(
∂ϵ

∂T

)
γ

, υa ≡
(

∂ϵ

∂µa

)
T

= T

(
∂na

∂T

)
γ

, χab ≡
(

∂na

∂µb

)
T

. (2.19)

The matrix XAB is symmetric; in a stable equilibrium state it is also positive definite,
cf. (2.3). The matrix YAB comes from the fluxes in perfect-fluid hydrodynamics. It has
Nf vanishing eigenvalues, reflecting Nf diffusion modes which are invisible in perfect-fluid
hydrodynamics. It also has two non-zero eigenvalues, reflecting two sound modes which are
visible in perfect-fluid hydrodynamics. The matrix ZAB comes from one-derivative terms in
the fluxes; it is degenerate, and has one vanishing eigenvalue reflecting the Landau-frame
convention for the constitutive relations.

Next, consider plane-wave fluctuations, with δT , δuz, and δγ proportional to e−iωt+iqz,
where q is the component of the three-momentum q along z, q = (0, 0, q). The linearised
equations (2.17) then become:(

−ωX + qY − iq2Z
)

V = 0 . (2.20)

Thus, the eigenfrequencies ω(q) can be found by solving the equation

det
[
−ωX + qY − iq2Z

]
= 0 , (2.21)

with the above matrices X, Y , Z. In hydrodynamics, we work in the small-q expansion, and
our main interest is the small-q behaviour of ω(q). We now discuss the hydrodynamic modes
in more detail. In d + 1 spacetime dimensions, there are d + 1 + Nf hydrodynamic modes.

Shear modes. Shear modes are fluctuations of the transverse fluid velocity (or momentum
density). Their dispersion relations follow from eq. (2.13), and are given by

ωshear
(i) (q) = −i

η

ϵ + p
q2 + . . . , (2.22)

where i = 2, . . . , d, reflecting d−1 shear modes with identical frequencies and different polar-
izations. The decoupling of shear modes from the longitudinal fluctuations is a consequence
of rotation symmetry. Both η and ϵ+p in eq. (2.22) are in principle functions of T and µa.

Diffusion modes. The diffusion modes are contained in the coupled fluctuations of δT , δuz,
and δγa. There are Nf diffusion modes, whose eigenfrequencies are

ωdiffusion
(a) (q) = −iD(a)q

2 + . . . , (2.23)

where D(a) are diffusion coefficients. In a neutral state (µa = 0, na = 0 in equilibrium),
eq. (2.16) implies that δγa decouple from δT , δuz, and the diffusion coefficients D(a) are
given by the eigenvalues of the Nf × Nf diffusion matrix

D = χ−1σ . (2.24)
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In a state with µa, na non-vanishing in equilibrium, fluctuations δγa couple to δT , δuz.
However, even then, the diffusion modes may be separated from the sound modes at small q.
Denote the Nf eigenvectors of Y with zero eigenvalues as W (a),

W (1) = (n1, 0,−(ϵ+p), 0, . . . , 0) , W (2) = (n2, 0, 0,−(ϵ+p), 0, . . . , 0) , etc, (2.25)

up to W (Nf) = (nNf , 0, . . . , 0,−(ϵ+p)). These vectors describe diffusive fluctuations to leading
order in the small-q expansion; in other words, the diffusion modes are the fluctuations in which

ϵ + p − n1µ1
T

δT + n1δµ1 = 0 ,
ϵ + p − n2µ2

T
δT + n2δµ2 = 0 , etc, (2.26)

or linear combinations thereof. For Nf = 1, the single diffusive mode has δp = sδT +nδµ = 0,
while for Nf > 1, the diffusive modes have δp ≠ 0 (in a state with all non-vanishing na). Let
us pass to the basis of W (a), and define the following Nf × Nf matrices:

(MX)ab = W (a)·X·W (b) , (MZ)ab = W (a)·Z·W (b) , (2.27)

with a, b = 1, . . . , Nf . The Nf diffusion eigenfrequencies ω(a) are again given by eq. (2.23),
where D(a) are eigenvalues of the Nf × Nf diffusion matrix

D ≡ M−1
X MZ . (2.28)

In a thermodynamically stable equilibrium state, X is positive definite, and so is MX . The
matrix MZ = (ϵ+p)2σ is positive semi-definite because the matrix σ is. Thus, the matrix D is
positive semi-definite, so its eigenvalues D(a) are non-negative. Note that D does not depend
on the viscosities. In a state with na = 0, the diffusion matrix (2.28) reduces to D = χ−1σ.

Sound modes. The sound modes are also contained in the coupled fluctuations of δT , δuz,
and δγa. There are two sound modes, whose eigenfrequencies are

ωsound
± (q) = ±cs|q| −

i

2Γq2 + . . . , (2.29)

where cs is the speed of sound, and Γ is the sound damping coefficient, which depends on
both the viscosities and charge conductivities. The ±cs in eq. (2.29) are the two non-zero
eigenvalues of X−1Y . Using the two eigenvectors of Y with non-zero eigenvalues,

S(1,2) = (ϵ+p,±((ϵ+p)2 + nana)1/2, n1, . . . , nNf ), (2.30)

one can write c2
s as

c2
s =

det
(
S(α)X−1S(β)

)
S(1)S(1) + S(2)S(2) . (2.31)

This gives c2
s in terms of thermodynamic derivatives of the grand canonical equation of state

p = p(T, µ1, µ2, . . . ). Alternatively, c2
s may be written using the matrix MX ,

c2
s = 1

(ϵ+p)2(Nf−1)
detMX

detX
. (2.32)

– 9 –



J
H
E
P
1
2
(
2
0
2
5
)
1
7
3

A more direct way to obtain the speed of sound is to use the equation of state in the form
p = p(ϵ, n1, n2, . . . ), which gives

c2
s =

(
∂p

∂ϵ

)
na

+
∑

a

na

ϵ + p

(
∂p

∂na

)
ϵ

. (2.33)

Note that the equation of state p = p(ϵ, na), while suitable for perfect-fluid hydrodynamics,
can not be used to close the equations of dissipative hydrodynamics because the constitutive
relations of the latter are formulated using T and µa, not ϵ and na.

The sound damping coefficient is given by the standard perturbation theory as

Γ = 2 V+ZV+
V+XV+

= 2 V−ZV−
V−XV−

, (2.34)

where V± are eigenvectors of X−1Y with eigenvalues ±cs. The contributions to Γ from
viscosity and the charge conductivity decouple. To see this explicitly, denote the components
of the eigenvectors by V± = (V ϵ

±, V π
± , V a

±), with V ϵ
+ = V ϵ

−, V a
+ = V a

−. The eigenvectors can
be normalized such that V π

± = ±cs det(X). Then we have

Γ =
2d−2

d η + ζ

ϵ+p
+ V a

±σabV
b
±

(ϵ+p) det(X)2 c2
s

. (2.35)

In a state with µa = 0, na = 0, we have V a
± = 0, and Γ reduces to (2d−2

d η + ζ)/(ϵ+p).

2.3 Hydrodynamic stability

We take the conditions of hydrodynamic stability of equilibrium to be

Imω(q) ≤ 0 , (2.36)

at real q, for all near-equilibrium hydrodynamic modes. It is then clear that hydrodynamic
stability is determined by the thermodynamic susceptibilities and the transport coefficients.
If the transport coefficients are such that the hydrodynamic entropy production is non-
negative (η ≥ 0, ζ ≥ 0, σab positive semi-definite), then thermodynamic stability implies
hydrodynamic stability.

Shear modes (2.22) are hydrodynamically stable provided η ≥ 0 and ϵ+p > 0. Sound
modes (2.29) are hydrodynamically stable provided c2

s ≥ 0. It is clear from the grand canonical
expressions (2.31), (2.32) that a positive-definite X (thermodynamic stability) implies c2

s > 0.
The sound damping coefficient must be non-negative for hydrodynamic stability of equilibrium,
Γ ≥ 0. For fluids with non-negative hydrodynamic entropy production, eq. (2.35) implies that
sound modes will be stable if ϵ+p > 0 and c2

s > 0. Diffusion modes (2.23) are stable provided
D(a) ≥ 0. For fluids with non-negative hydrodynamic entropy production, a positive-definite
X (thermodynamic stability) implies D(a) ≥ 0.

In general, for fluids with non-negative hydrodynamic entropy production, a violation of
thermodynamic stability conditions (negative eigenvalues of X) will lead to hydrodynamic
instability of equilibrium caused by one (or several) of the hydrodynamic modes. Which hydro-
dynamic mode is causing the instability is determined by the eigenvectors of X corresponding
to negative eigenvalues. Later in the paper, we will discuss an explicit example of a system
where the susceptibility matrix X has negative eigenvalues with c2

s > 0, Γ > 0, and D(a) < 0.
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2.4 Examples of hydrodynamic dispersion relations

To make the formulae above somewhat more concrete, we now give a few examples. For
definiteness, we will assume that the theory has unbroken charge conjugation symmetry
for each flavour.

Equilibrium with all µa vanishing. Our first example is the “neutral” equilibrium state
with all µa = 0. Charge conjugation symmetry then implies that na = 0, υa = 0, and
χab = diag(χ(1), χ(2), . . . ). Similarly, charge conjugation in the Kubo formula (2.12) implies
that the conductivity matrix is diagonal, σab = diag(σ(1), σ(2), . . . ). The speed of sound
squared and the sound damping coefficient are

c2
s = ϵ+p

T (∂ϵ/∂T ) , Γ =
2d−2

d η + ζ

ϵ+p
, (2.37)

while the diffusion coefficients are

D(a) =
σ(a)
χ(a)

, a = 1, . . . , Nf . (2.38)

The stability of hydrodynamic modes is ensured by the positivity of hydrodynamic entropy
production, and by the positivity of thermodynamic susceptibilities.

Equilibrium with one of µa non-vanishing. Next, consider an equilibrium state with
µ1 ̸= 0, with the rest of µa vanishing. Now, n1 ̸= 0, υ1 ̸= 0 with the rest of na, υa vanishing.
The charge susceptibility matrix is still diagonal: χab = 0 for b ≠ a by charge conjugation for
the remaining Nf − 1 flavours, hence χab = diag(χ(1), χ(2), . . . ). Similarly, charge conjugation
implies that σab = diag(σ(1), σ(2), . . . ). The speed of sound squared is

c2
s =

Cn2
1 − 2(ϵ+p)n1υ1 + (ϵ+p)2χ(1)

(ϵ+p)(Cχ(1) − υ2
1)

, (2.39)

where C = T (∂ϵ/∂T )µ + µ1(∂ϵ/∂µ1)T , υ1 = (∂ϵ/∂µ1)T . The damping coefficient is

Γ =
2d−2

d η + ζ

ϵ+p
+

σ(1)
(ϵ+p)c2

s

(Cn1 − (ϵ+p)υ1)2

(Cχ(1) − υ2
1)2 , (2.40)

and the diffusion coefficient for the first flavour is

D(1) =
(ϵ+p)σ(1)

c2
s(Cχ(1) − υ2

1)
. (2.41)

The diffusion coefficients for the remaining Nf − 1 flavours are

D(a) =
σ(a)
χ(a)

, a = 2, . . . , Nf , (2.42)

In general, all D(a) in (2.42) depend on µ1. As expected, the sound mode is stable for c2
s > 0,

while the stability of diffusion modes requires positive susceptibilities in the charge sector [23].
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Equilibrium with N of µa non-vanishing. A similar discussion applies for equilibrium
states with N < Nf non-vanishing chemical potentials, µa≤N ̸= 0, with the rest µa>N = 0.
Charge conjugation symmetry for Nf −N flavours implies that the only off-diagonal elements
of χab which do not vanish are in the N×N upper-left submatrix; the (Nf−N) × (Nf−N)
lower-right submatrix is diag(χ(N+1), . . . , χ(Nf)). The conductivity matrix σab has the same
structure as χab. Further, n1, . . . , nN and υ1, . . . , υN are in general non-zero, while the rest
na>N = 0, υa>N = 0. Then eq. (2.16) implies that δγ1, . . . , δγN couple to δT and δuz, but
the rest δγa>N decouple. The speed of sound and the damping coefficient are given by the
general expressions (2.31), (2.35), written for the first N flavours. There are N diffusion
modes whose diffusion coefficients are given by the eigenvalues of the diffusion matrix (2.28),
written for the first N flavours. For the Nf−N decoupled diffusive fluctuations δγa>N , the
diffusion coefficients are

D(a) =
σ(a)
χ(a)

, a = N+1, . . . , Nf . (2.43)

Again, the diffusion coefficients D(a) in (2.43) in general depend on µ1, . . . , µN .

Equilibrium with equal charges. As our next example, consider a system with Nf = 2,
and equal chemical potentials, µ1 = µ2 = µ in equilibrium. We further assume that the
densities are equal, i.e. n1(T, µ1=µ, µ2=µ) = n2(T, µ1=µ, µ2=µ) = n, so that υ1 = υ2 = υ.
Such equality of charge densities can arise as a consequence of an extended symmetry in the
flavour space, as we will discuss later. The current conservation equations (2.16) are two
equations; taking their difference, the terms with δT and δuz drop out, so that

L11δγ1 + L12δγ2 − L21δγ1 − L22δγ2 = 0 , (2.44)

where Lab = χab∂t − σab∂i∂
i is the diffusion operator. Recall that σab and χab are symmetric

matrices, so L12 = L21. If the extended symmetry which relates the charges also implies
χ11 = χ22 and σ11 = σ22, then L11 = L22, and eq. (2.44) becomes

(L11 − L12) (δγ1 − δγ2) = 0, (2.45)

or
[
(χ11−χ12)∂t − (σ11−σ12)∂i∂

i
]
(δγ1−δγ2) = 0. In other words, the fluctuation of γ1−γ2

decouples, and obeys the diffusion equation, with the diffusion coefficient

D(1−2) =
σ11 − σ12
χ11 − χ12

. (2.46)

Recall that χ11−χ12 is an eigenvalue of χab, and σ11−σ12 is an eigenvalue of σab. Thus in a
system where off-equilibrium entropy production is non-negative, the numerator of (2.46) is
non-negative. The denominator of (2.46) is positive for a thermodynamically stable system,
but can be negative for a thermodynamically unstable system. The diffusion coefficient for
the second diffusive mode (coupled to sound) is

D(1+2) =
(ϵ+p)(σ11+σ12)

c2
s(C(χ11+χ12)− 2υ2) . (2.47)
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The speed of sound squared is

c2
s = 2Cn2 − 4(ϵ+p)nυ + (ϵ+p)2(χ11+χ12)

(ϵ+p) (C(χ11+χ12)− 2υ2) . (2.48)

The sound damping coefficient is

Γ =
2d−2

d η + ζ

ϵ+p
+ 2(σ11+σ12)

(ϵ+p)c2
s

(Cn − (ϵ+p)υ)2

(C(χ11+χ12)− 2υ2)2 . (2.49)

As before, a thermodynamically unstable equation of state (X with negative eigenvalues)
gives rise to unstable hydrodynamic modes.

More generally, one may consider a system with Nf global U(1)’s, and all equal chemical
potentials. If there is a symmetry that ensures that all na(T, µ) are the same, all diagonal
Lab are the same, and all off-diagonal Lab are the same, then there will be Nf−1 diffusive
modes, where fluctuations δγn − δγn+1 decouple from the fluctuations of δT and δuz. All
these Nf−1 modes will have the same diffusion coefficient, given by eq. (2.46).

2.5 Symmetry constraints

Conformal symmetry. If the microscopic theory happens to be conformal, there are addi-
tional constraints on thermodynamics and hydrodynamics. In a conformal theory, scale invari-
ance implies that the grand canonical equation of state is given by p(T, µa) = T d+1f(µa/T ),
with a theory-dependent function f(γ1, . . . , γNf ). The thermodynamic derivatives which
appear in matrices X and Y are then related by

C = d(d+1)p , ϵ + p = (d+1)p , υa = d na . (2.50)

Correspondingly, the speed of sound in a conformal theory is cs = 1/
√

d. Further, the
charge conductivity contribution to sound damping in eq. (2.34) drops out, as a consequence
of (2.50). Finally, the bulk viscosity ζ vanishes. As a result, sound dispersion relations in
conformal field theory are simply

ωsound
± (q) = ± |q|√

d
− i

d−1
d(d+1)

η

p
q2 + O(q3) . (2.51)

Conformal symmetry does not impose any relations among the components of the charge
susceptibility matrix χab. Such relations can arise as consequences of a flavour symmetry,
as we discuss next.

Non-abelian flavour symmetry. If the flavour symmetry U(1)Nf forms an Abelian sub-
group of a larger global symmetry of the theory, U(1)Nf ⊂ SU(Nf+1), there are additional
constraints on thermodynamics and hydrodynamics.

The grand canonical partition function is

Z = Tr exp[−βH + γaQa] = Tr exp[−βH + γa(T a)ABQAB] , (2.52)

where T a are the generators of U(1)Nf ⊂ SU(Nf + 1). Here, capital Latin indices run from
1 to Nf+1, and lower case Latin indices run from 1 to Nf . The partition function Z is
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SU(Nf+1) invariant, and so its dependence on the generators T a must come in the form
of traces, tr[(T 1)k(T 2)l(T 3)m . . . ]. Such traces of products of the generators are products
of δab’s, dabc’s and fabc’s, with various contractions, where fabc are the structure constants,
and dabc are anomaly coefficients.2 For the Abelian subalgebra, fabc = 0. In the partition
function, each T a will come accompanied by the corresponding γa = µa/T , so Z will be a
function of δab’s and dabc’s contracted with µa’s. Correspondingly, the dependence of the
partition function on the chemical potentials will come from invariants such as

m2 = µaµa , (2.53)
m3 = dabcµaµbµc , (2.54)
m4 = dabcdafgµbµcµf µg , (2.55)

etc.3 Hence, the pressure is p = F (T, m2, m3, m4, . . . ). This general form of p allows one
to express the charge susceptibility matrix χab = ∂2p/∂µa∂µb in terms of the derivatives
of F and contractions of dabc.

As an example, we take Nf = 3, and choose the basis for the Cartan generators T a

so that the coefficients dabc are only non-zero if abc is a permutation of 123. The pressure
is p = F (T, m2, m2

3, m4), where m3 appears squared due to charge conjugation invariance.
With only one non-vanishing chemical potential µ1, and µ2 = µ3 = 0, the susceptibility
matrix takes the following form:

χab =

χ11 0 0
0 χ22 0
0 0 χ22

 . (2.56)

With µ1 = µ2, and µ3 = 0, the susceptibility matrix takes the following form:

χab =

χ11 χ12 0
χ12 χ11 0
0 0 χ33

 . (2.57)

With µ1 = µ2 = µ3, the susceptibility matrix takes the following form:

χab =

χ11 χ12 χ12
χ12 χ11 χ12
χ12 χ12 χ11

 . (2.58)

Correlation functions of conserved flavour currents will have the same structure, and so will the
conductivity matrix, through the Kubo formula (2.12). Given our choice of Cartan generators,
in a state with equal chemical potentials, the SU(Nf+1) symmetry ensures the simplifications
discussed in the last example of section 2.4, leading to the simple expressions (2.46) for
the diffusion coefficients.

2Explicitly, for SU(n) one has T aT b = 1
2n

δab1 + 1
2 (dabc + ifabc)T c , where the generators are normalized

such that tr(T aT b) = 1
2 δab, and a, b, c run from 1 to n2−1.

3The number of such invariants is equal to Nf (see appendix B for details).
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2.6 All-orders hydrodynamics

Let us return to the argument in the last example of section 2.4 about the decoupling of
Nf − 1 diffusive modes in a state with n̄1 = · · · = n̄Nf . In that argument, we have used
linearised relativistic hydrodynamics, to first order in derivatives. However, the decoupling of
Nf − 1 diffusive modes in a symmetric state does not require hydrodynamics to be relativistic,
and can happen to all orders in derivatives, provided there is an extended flavour symmetry
such as SU(Nf + 1) discussed above. In order to see that, we write down the linearised
hydrodynamic equations in Fourier space,

−iωδna + iql δJ l
a = 0 , (2.59)

where we have taken J0
a = n̄a + δna, expanding about the equilibrium state with constant

charge densities n̄a. The constitutive relations for the spatial flux δJ i
a must be written in

terms of the hydrodynamic variables; we choose the latter as δna (fluctuations of charge
densities), δϵ (fluctuation of the energy density), and δπi (fluctuation of momentum density).
Rotation invariance then dictates4

δJ l
a = Aaδπl + iqlBaδϵ + iqlCaiqjδπj − iqlDabδnb , (2.60)

where Aa, Ba, Ca, Dab are scalars under rotation, and are all functions of ω, q2, and n̄a. The
terms Aa, Ba and Ca give rise to the coupling between δna and δϵ, δπi.

We shall take the charges in question to correspond to the Cartan generators of SU(4),
with Nf = 3, as discussed in section 2.5. The index a is then a Lie algebra index, and the
coefficients Aa, Ba, Ca, Dab are made out of contractions of n̄a and the anomaly coeffcients
dabc. As dabc are completely symmetric, in a state with equal charges, n̄1 = n̄2 = n̄3, all Aa’s
will be equal to each other, all Ba’s will be equal to each other, and all Ca’s will be equal to
each other. We can then take pair-wise differences of current conservation equations with
different flavours; the contributions proportional to δϵ and δπi drop out, and we end up with
decoupled equations for δna, just like we had earlier in eq. (2.44). For three flavours, we have

−iω(δn1−δn2) + q2(D11δn1 + D12δn2 + D13δn3 − D21δn1 − D22δn2 − D23δn3) = 0,

(2.61a)
−iω(δn2−δn3) + q2(D21δn1 + D22δn2 + D23δn3 − D31δn1 − D32δn2 − D33δn3) = 0,

(2.61b)
−iω(δn1−δn3) + q2(D11δn1 + D12δn2 + D13δn3 − D31δn1 − D32δn2 − D33δn3) = 0.

(2.61c)

The diffusion matrix Dab will in general be given by a combination of terms such as n̄an̄b,
dabcn̄c, dacddbfgn̄cn̄dn̄f n̄g, etc. We choose the basis for the Cartan generators so that dabc

are only non-zero if abc is a permutation of 123. Then, in a state with all n̄a equal, the
diffusion matrix Dab will have all diagonal elements equal to each other, and all off-diagonal

4Depending on dimension, one can also include tems such as εlmnqmδπn, or εlmqmδϵ. Such terms drop out
of the current conservation equation, and can be ignored in linearised hydrodynamics.

– 15 –



J
H
E
P
1
2
(
2
0
2
5
)
1
7
3

elements equal to each other, and thus

−iω(δn1−δn2) + q2(D11 − D12)(δn1−δn2) = 0, (2.62a)
−iω(δn2−δn3) + q2(D11 − D12)(δn2−δn3) = 0, (2.62b)
−iω(δn1−δn3) + q2(D11 − D12)(δn1−δn3) = 0. (2.62c)

Of the above three equations, only two are independent. Thus we have two idential sets
of modes, whose dispersion relations are determined by

−iω + D11(ω, q2)q2 − D12(ω, q2)q2 = 0 . (2.63)

At small ω and q2, each set will give a diffusion mode ω = −i(D11 − D12)q2.

3 Gravity dual to N = 4 SYM at finite density

The ten-dimensional gravity dual to N = 4 SU(Nc) SYM at T ≠ 0, µa ̸= 0 at infinite Nc and
infinite ’t Hooft coupling is given by the near-horizon limit of the set of Nc rotating black
three-branes [28, 29, 54, 55]. The dimensional reduction on S5 gives a background which is a
Reissner-Nordström-type solution of N = 2 supergravity in five dimensions.5 The relevant
part of the five-dimensional Lagrangian density is6 [34]

L =
√
−g

(
R + 2

L2V − L2

4 GabF
a
µνF µν b − Gab∂µXa∂µXb

)
+L3√2

96 εµνρσλCabcF
a
µνF b

ρσAc
λ . (3.1)

The action contains the metric, three Abelian gauge fields Aa
µ and three real scalar fields

Xa. The symmetric coefficients Cabc are proportional to the anomaly coefficients of N = 4
SYM theory. For the STU solution7 [34] we discuss below, the scalars are constrained by
X1X2X3 = 1,8 the metric on the scalar manifold is given by

Gab =
1
2diag

[
(X1)−2, (X2)−2, (X3)−2

]
,

and the scalar potential is

V = 2
3∑

a=1

1
Xa

.

When all Xa = 1, the potential term in (3.1) becomes −2Λ, where Λ = −6/L2 is the five-
dimensional cosmological constrant expressed in terms of the AdS radius L. Following [29, 34],

5A generic construction of D = 5 N = 2 supergravity can be found in ref. [56], see also [57–59].
6We use normalisation of the gauge fields which is different from the one used e.g. in refs. [29, 34] by a

factor of
√

2/L. Accordingly, the coefficients appearing in front of the terms involving gauge fields are different
from the ones in refs. [29, 34].

7The name “STU” stems from the notations X1 = S, X2 = T , X3 = U and the prepotential condition
V = ST U = 1 [34].

8More generally, the three scalars are constrained by CabcXaXbXc/6 = 1 [34]. For the STU solution, the
non-vanishing components of Cabc (symmetric in all indices) are C123 = 1 and its cyclic permutations.
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we introduce new scalar fields Ha via9

Xa = H
1
3 /Ha , (3.2)

where H ≡ H1H2H3. In terms of the fields Ha, the Lagrangian is

L =
√
−g

(
R + 4

L2 H− 1
3

3∑
a=1

Ha − L2

8 H− 2
3

3∑
a=1

H2
aF a

µνF µν a − 1
3

3∑
a=1

∂µHa∂µHa

H2
a

+1
3

3∑
a<b

∂µHa∂µHb

HaHb

)
+ L3√2

96 εµνρσλCabcF
a
µνF b

ρσAc
λ . (3.3)

The equations of motion corresponding to the Lagrangian (3.3) read

Rµν = T (m)
µν − 1

3gµνT
(m)λ
λ , (3.4)

∂ν

(√
−gH− 2

3 H2
aF µνa

)
= L

√
2

16 εµνρσλCabcF
b
ρσF c

νλ , (3.5)

1√
−g

∂µ

[√
−g

(
− 2
3

∂µHa

Ha
+ 1
3
∑
b ̸=a

∂µHb

Hb

)]
=− 4

3L2 H− 1
3
∑
b ̸=a

Hb+
8

3L2 H− 1
3 Ha

− L2

6 H− 2
3 H2

aF a
µνF µνa+ L2

12H− 2
3
∑
b ̸=a

H2
b F b

µνF µν b ,

(3.6)

There is no summation over “a” in the above equations. The right-hand-side of eq. (3.4)
contains the energy-momentum tensor of the scalars and the U(1) fields,

T (m)
µν = L2Gab

2 F a
µρF ρ b

ν − L2gµν

8 GabF
a
ρσF b ρσ + Gab∂µXa∂νXb

−gµν

2 Gab∂ρXa∂ρXb + gµνV
L2 . (3.7)

3.1 The STU background

The equations (3.4), (3.5), (3.6) admit a solution known as the STU black brane back-
ground [34] which is dual to N = 4 SU(Nc) SYM theory (at infinite Nc and infinite ’t Hooft
coupling) at finite temperature and with three non-vanishing chemical potentials µ1, µ2,
µ3, conjugate to the global conserved R-charges in the Cartan subalgebra of SU(4)R. The
metric of the STU background is [29, 34]10

ds2
5 = −H−2/3 (πT0L)2

u
f(u) dt2 + H1/3 (πT0L)2

u

(
dx2 + dy2 + dz2

)
+ H1/3 L2

4fu2 du2 . (3.8)

It depends on four integration constants which we denote T0 and κa, with a = 1, 2, 3. When
all κa = 0, the metric reduces to that of the AdS-Schwarzschild black brane in five dimensions,

9Note a different notation w.r.t. ref. [37]. The product of all Ha was denoted by H there, while we use the
notation H for the same product in this paper and in ref. [42].

10We use the notations of ref. [37], which are slightly different from the ones in refs. [29, 34]. In particular,
our radial coordinate is compact, u = r2

+/r2 and the parameters κa are defined as κa = qa/r2
+ w.r.t. ref. [29].
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with Hawking temperature T0. The parameters κa are taken to be positive to ensure the
regularity of the background and the positivity of the ADM mass11 [29, 34]. The background
for the scalar fields is

Ha = 1 + κau , (3.9)

hence H(u) = (1 + κ1u)(1 + κ2u)(1 + κ3u). The function f(u) in the metric (3.8) is a cubic
polynomial f(u) = H(u) − u2H(1) = (1 − u)

(
1 + (1 + κ1 + κ2 + κ3)u − κ1κ2κ3u2). The

asymptotic boundary is at u = 0, and the horizon is at u = 1. The background gauge
fields are given by

Aa
µ(u) = δt

µ

( 1
1 + κa

− u

Ha(u)

)
πT0

√
2κa

√
(1 + κ1)(1 + κ2)(1 + κ3) , (3.10)

where the integration constant was chosen to set Aa
µ(u = 1) = 0.

We identify the temperature T of N=4 SYM theory with the Hawking temperature of
the black brane metric (3.8), and the chemical potentials µa for the three U(1) R-charges
with the boundary values of the gauge fields (3.10). This gives T and µa as functions of
the four integration constants T0 and κa,

T = 2 + κ1 + κ2 + κ3 − κ1κ2κ3

2
√
(1+κ1)(1+κ2)(1+κ3)

T0 , (3.11)

µa = πT0

√
2κa

1+κa

√
1+κ1

√
1+κ2

√
1+κ3 . (3.12)

Next, we identify the entropy density s of N=4 SYM theory with the Bekenstein-Hawking
entropy of the black brane metric (3.8) per unit three-volume. The equilibrium charge densities
na for the three U(1) R-charges are identified from the asymptotic “electric” fields via the
Gauss-Ostrogradsky theorem.12 This gives s and na as functions of the four integration
constants T0 and κa,

s = 1
2π2N2

c T 3
0
√
1+κ1

√
1+κ2

√
1+κ3 , (3.13)

na = 1
8πN2

c T 3
0
√
2κa

√
1+κ1

√
1+κ2

√
1+κ3 . (3.14)

Given the expressions (3.13) and (3.14) for the entropy density and the densities of charges,
the pressure can be found by integrating the Gibbs-Duhem relation13 dP = s dT +∑a na dµa ,

with the result

p = π2N2
c T 4

0
8

3∏
a=1

(1 + κa) . (3.15)

The energy density is then computed from the Euler relation, ϵ + p = Ts +∑a µana , giving

ϵ = 3p = 3π2N2
c T 4

0
8

3∏
a=1

(1 + κa) . (3.16)

11As defined for an asymptotically AdS space by Horowitz and Myers [60].
12First discovered by Joseph Louis Lagrange in 1762 [61, 62].
13Alternatively, the pressure can be computed holographically from the renormalized on-shell action, either

as the one-point function of the spatial diagonal components of the energy-momentum tensor as in ref. [63], or
via Kubo formulae applied to the corresponding two-point functions [64, 65].
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The result (3.16) implies that the speed of sound squared is c2
s = 1/3 as expected in a

conformal theory. The integration constants T0 and κa can be eliminated from (3.13), (3.14),
and (3.16), leading to the equation of state in the form (see e.g. ref. [37] and ref. [31]):

ϵ(s, n1, n2, n3) =
3

2(2πNc)2/3 s4/3
3∏

a=1

(
1 + 8π2n2

a

s2

)1/3

. (3.17)

3.2 Thermodynamic stability

In the grand canonical ensemble, a stable thermodynamic equilibrium can be determined
by the following conditions on the potential Ω ≡ ωV = −pV :

(δΩ)T,µafixed = 0 ,
(
δ2Ω

)
T,µafixed

> 0 , (3.18)

where variations are taken with respect to the parameters (such as ε and na) which at fixed
T and µa (specifying the equilibrium state) can assume non-equilibrium values. Explicitly,

(δω)T,µafixed = ∂ε(s, n)
∂s

δs + ∂ε(s, n)
∂na

δna − Tδs − µaδna = 0 , (3.19)(
δ2ω

)
T,µafixed

= ∂2ε

∂s2 (δs)2 + 2 ∂2ε

∂s∂na
δsδna + ∂2ε

∂na∂nb
δnaδnb > 0 . (3.20)

Introducing the notation yi = (s, na), the condition (3.20) means that the quadratic form
hijδyiδyj must be positive definite. In turn, this implies that the Hessian

hϵ
ij ≡ ∂2ϵ

∂yi∂yj
(3.21)

must be positive definite, i.e. its eigenvalues λi should be all positive. Technically, when the
equation of state ϵ(s, na) is a complicated function, the analysis of thermodynamic stability
is aided by using Sylvester’s criterion according to which a symmetric matrix is positive
definite if and only if all of its leading principal minors are positive (details of analysis for
various thermodynamic potentials can be found e.g. in ref. [66]).

The four eigenvalues of the conveniently normalised Hessian,

h̄ϵ
ij ≡ N2

c T 2
0

8 hϵ
ij , (3.22)

are rather cumbersome functions of κa. In contrast, the four leading principal minors of h̄ϵ
ij

are simple, and the conditions of positive-definiteness of h̄ϵ
ij may be written as

2− κ1 − κ2 − κ3 + κ1κ2κ3 > 0 , (3.23)
3− κ1 − κ2 − κ3 − κ1κ2 − κ1κ3 − κ2κ3 + 3κ1κ2κ3 > 0 , (3.24)

3− κ2 − κ3 − κ2κ3 > 0 , (3.25)
3− κ3 > 0 . (3.26)

Inspection of the inequalities (3.23)–(3.26) determines the boundary of the thermodynamic
stability region [42]:

2− κ1 − κ2 − κ3 + κ1κ2κ3 = 0 , (3.27)
κ1 + κ2 + κ3 < 3 , (3.28)
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Figure 1. The stability region (3.27)–(3.28) (orange solid region) in the three-dimensional space of
the black brane parameters κ1, κ2, κ3. The dashed line marked (a) is the line κ2 = κ3 = 0. The
dashed line marked (b) indicates κ3 = 0, κ1 = κ2. The dashed line marked (c) indicates κ1 = κ2 = κ3,
and corresponds to the STU background with all Xa = 1, whose geometry is the Reissner-Nordström
AdS5 black brane. The blue surface in the upper-right corner is the surface T = 0, determined by
eq. (3.11). The zero-temperature surface lies outside the region of thermodynamic stability.

where the inequality (3.28) indicates which part of the region bounded by the surface (3.27)
is stable.14 The stability region is shown in figure 1 together with the surface corresponding
to the zero-temperature limit of the system. Note that with the equation of state (3.17), one
cannot start in the thermodynamically stable high-temperature region, and cool the system
down to zero temperature without encountering an instability.

3.3 Fluctuations of the STU background

We consider perturbations of the background (3.8), (3.9), (3.10),

gµν = g(0)
µν + hµν , (3.29)

Aa
µ = Aa (0)

µ + δAa
µ , (3.30)

Ha = H(0)
a + δHa , (3.31)

14The condition (3.28) was overlooked in the analysis of ref. [37].
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and linearise the equations of motion (3.4), (3.5), (3.6). We choose the gauge hµu = 0,
δAa

u = 0, and write the perturbations as

δAa
z(u, t, z) = πT0

√
2
( 3∏

a=1
(1 + κa)1/2

)
e−iωt+iqzaa

z(u) , (3.32)

δAa
t (u, t, z) = πT0

√
2
( 3∏

a=1
(1 + κa)1/2

)
e−iωt+iqzaa

t (u) , (3.33)

δHa(u, t, z) = e−iωt+iqzsa(u) , (3.34)

where the z-axis was chosen to align with the direction of the spatial momentum q = (0, 0, q),
due to the rotational invariance of the background.

Introducing the fields Ha via eq. (3.2) leads to a redundancy, which proves useful in
deriving the equations of motion for the fluctuations. This is explained in detail in appendix C.

The rotational invariance of the STU background implies that the fluctuations can be
classified into three channels — scalar, shear, and sound (we follow the standard classification
of refs. [47, 63, 67]). The scalar and shear fluctuations are discussed in ref. [65]. In this
paper, we focus on fluctuations in the sound channel.

The general equations governing sound-channel fluctuations for arbitrary values of κ1,
κ2, and κ3 are rather cumbersome. For three special cases, namely (κ1, κ2, κ3) = (κ, 0, 0),
(κ, κ, 0), and (κ, κ, κ), we present the corresponding equations of motion in appendices F, G,
and H, respectively.

4 N = 4 SYM with a single non-zero chemical potential

We shall now study thermodynamic and dynamic stability in more detail. We start with the
STU background of only one non-vanishing κa, taking (κ1, κ2, κ3) = (κ, 0, 0), corresponding to
line (a) in figure 1. According to eq. (3.12), such backgrounds correspond to one non-vanishing
chemical potential in N = 4 SYM theory, (µ1, µ2, µ3) = (µ, 0, 0).

4.1 The STU background and thermodynamics

The STU background in the case of a single chemical potential is given by

ds2
5 = −H−2/3 (πT0L)2

u
f dt2 +H1/3 (πT0L)2

u

(
dx2 + dy2 + dz2

)
+H1/3 L2

4fu2 du2 , (4.1)

Aµ(u) ≡ A(1)
µ = δt

µ

1− u

1 + κu
πT0

√
2κ

1 + κ
, A(2)

µ = 0 , A(3)
µ = 0 . (4.2)

H(u) ≡ H1(u) = 1 + κu , H2 = H3 = 1 . (4.3)

Here, f(u) = 1− u2 + κu(1− u), and the integration constant has been chosen so that At

vanishes at the horizon. The temperature and the chemical potential can be expressed in
terms of the parameters T0 and κ as

T = 2 + κ

2
√
1 + κ

T0 , µ = πT0
√
2κ√

1 + κ
, m ≡ µ

2πT
=

√
2κ

κ + 2 . (4.4)
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The requirement of thermodynamic stability (3.27), (3.28) implies that 0 ≤ κ < 2 (and
therefore m ∈ [0, 1/2)). The equilibrium energy density is

ϵ = 6π2N2
c (1 + κ)3

(2 + κ)4 T 4 , (4.5)

and the pressure is p = ϵ/3. The equilibrium entropy density is

s = 4π2N2
c (1 + κ)2

(2 + κ)3 T 3 . (4.6)

The equilibrium charge densities are

n1 = πN2
c

√
2κ (1 + κ)2

(2 + κ)3 T 3 , n2 = n3 = 0. (4.7)

The equation (4.4) implies that for each value of the (normalised) chemical potential m we
have two values of the parameter κ = κ± = (1±

√
1− 4m2)/2m and hence two background

solutions to the equations of motion — see figure 2 (left panel). The Gibbs potentials
corresponding to the two solutions are

Ω̄± ≡ Ω±
V p0

= − (1 + κ±)3

(1 + κ±/2)4 = −16m2(1−m2 ±
√
1− 4m2)

1±
√
1− 4m2

, (4.8)

where Ω = −pV , p is the pressure (3.15) and V is the three-volume, p0 = π2N2
c T 4/8 is the

pressure at zero chemical potential. They are shown in the right panel of figure 2. The
potential Ω̄− < Ω̄+ corresponds to a stable equilibrium and connects smoothly to the physical
value Ω̄− = −1 at zero chemical potential. The branch Ω̄+ is unphysical.15 The two branches
merge at the boundary of thermodynamic stability at m = 1/2 (κ = 2) and do not continue
beyond that point. More details can be found in appendix D.

4.2 Thermodynamic stability

For a single non-vanishing chemical potential, the Hessian (3.22) is given by

h̄ϵ
ij =


2+5κ−κ2

24π2(1+κ)2
(κ−1)

√
κ

3
√

2 π(1+κ)2 0 0
(κ−1)

√
κ

3
√

2π(1+κ)2
3−κ

3(1+κ)2 0 0
0 0 1 0
0 0 0 1

 . (4.9)

The eigenvalues of h̄ϵ
ij are

λ1 = λ2 = 1 , (4.10)

λ3,4 = 2− 8π2(−3 + κ) + 5κ − κ2

48π2(1 + κ)2 (4.11)

∓

√
96π2(−2 + κ)(1 + κ)2 + (−2 + 8π2(−3 + κ) + (−5 + κ)κ)2

48π2(1 + κ)2 , (4.12)

15Some authors treat the branch Ω̄+ as physical yet unstable, and the point κ = 2 as the point of a
phase transition [38, 68–71]. We do not share this interpretation since the phase of the theory for κ > 2 is
unknown [37], and it may well happen that κ = 2 (m = 1/2) is the endpoint of the phase diagram for this
theory. At the same time, computing critical exponents at κ → 2− is justified.
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Figure 2. The (normalised) chemical potential m = µ/2πTH as a function of
√

κ/2 (left panel). Two
values of κ = κ± correspond to each fixed value of the chemical potential m as indicated by the dashed
line. The normalised Gibbs thermodynamic potentials Ω̄± (eq. (4.8)) as functions of the (normalised)
chemical potential m. The potential Ω̄− (lower curve) corresponds to a stable physical equilibrium
state. The two branches Ω̄± merge at the boundary of thermodynamic stability at m = 1/2 (κ = 2).

and the determinant is

det h̄ϵ
ij = 2− κ

24π2(1 + κ)2 . (4.13)

The eigenvalue λ3 is positive for 0 ≤ κ < 2, and negative for κ > 2. The eigenvalue λ4 is
positive for all κ ≥ 0. Thus the region of thermodynamic stability for (κ1, κ2, κ3) = (κ, 0, 0)
is 0 ≤ κ < 2, as can be seen from figure 1.

The corresponding eigenvectors are

V1 = (0, 0, 0, 1) , (4.14)
V2 = (0, 0, 1, 0) , (4.15)
V3 = (p−(κ), 1, 0, 0) , (4.16)
V4 = (p+(κ), 1, 0, 0) , (4.17)

where p±(κ) are functions of κ whose explicit form we will not need. The eigenvector V3
in (4.16) corresponding to the unstable mode, mixes fluctuations of the entropy density
s and the charge density n1. Accordingly, we expect that in the bulk description of the
unstable mode, fluctuations of the metric couple to the fluctuations of the gauge field. We
will now discuss the hydrodynamic modes.

4.3 The hydrodynamic modes

4.3.1 Shear modes

Dispersion relations for shear modes are given by the standard expression (2.22). The shear
viscosity η for the STU background was computed in refs. [37, 48]. As expected, it obeys
the universal relation η/s = 1/4π [49–52]. Given the thermodynamic functions (4.5), (4.6),
the shear mode dispersion relation is

ωshear(q) = −i
q2

8πT

2 + κ

1 + κ
+ O(q4) . (4.18)
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Using eq. (4.4), this can be expressed in terms of µ/T . For spatial momentum in the z-
direction, shear mode singularities at ω = ωshear(q) appear in the retarded two-point functions
of shear-channel operators such as Gret.

T txT tx(ω, q), Gret.
T txT zx(ω, q), Gret.

Jx
1 Jx

1
(ω, q), Gret.

Jx
1 T zx(ω, q), etc.

4.3.2 Sound modes

Sound mode dispersion relations in a conformal theory are given by the standard expres-
sion (2.51). With the shear viscosity η = s/4π, one has

ωsound
± (q) = ± q√

3
− i

q2

12πT

2 + κ

1 + κ
+ O(q3) . (4.19)

Using eq. (4.4), this can be expressed in terms of µ/T . For spatial momentum in the z-
direction, sound mode singularities at ω = ωsound(q) appear in the retarded two-point functions
of sound-channel operators such as Gret.

T ttT tt(ω, q), Gret.
T ttT tz(ω, q), Gret.

T zzT zz(ω, q), Gret.
Jz

1 Jz
1
(ω, q),

Gret.
Jz

1 T tz(ω, q), etc.

4.3.3 Diffusion modes

There are three diffusion modes (2.23), whose diffusion coefficients are given by eq. (2.41)
and (2.42). Thermodynamic suscetibilities in eqs. (2.41), (2.42) can be evaluated from the
equation of state (3.17), and the relations between s, na and T0, κa. For the diffusion mode
which mixes with sound, the diffusion coefficient is

D(1) =
4

N2
c T 2

2− κ

1 + κ
σ(1) . (4.20)

The diffusion coefficients for the two diffusion modes which decouple from sound are

D(2) =
2

N2
c T 2

(2 + κ)2

1 + κ
σ(2) , D(3) = D(2) . (4.21)

Assuming positive hydrodynamic entropy production (σ(1) > 0, σ(2) > 0), the first diffusion
mode becomes unstable at κ > 2, due to the thermodynamic instability.

The conductivities σ(1) and σ(2) are indeed positive and can be computed using standard
holographic methods. In particular, σ(1) can be extracted from the results of ref. [37], which
evaluated the two-point retarded correlators of J i

1 at zero spatial momentum. Applying the
Kubo formula to eq. (4.34) of ref. [37], we find16

σ(1) = − 1
ω

Im Gret.
Jz

1 Jz
1
(ω, q = 0) = N2

c T (2 + κ)
32π

. (4.22)

Substituting into (4.20) gives the diffusion coefficient for the first diffusive mode,

D(1) =
1

2πT

4− κ2

4(1 + κ) . (4.23)

At κ = 0, this becomes D(1) = 1/2πT , the diffusion coefficient for uncharged black branes [67].
The diffusion coefficient (4.23) becomes negative at κ > 2, signalling a hydrodynamic

16The conductivity is also computed in appendix E.
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instability of the STU background with (κ1, κ2, κ3) = (κ, 0, 0) at κ > 2. Using eq. (4.4),
the diffusion coefficient D(1) in (4.23) can be expressed in terms of µ/T . We see that the
first R-charge diffusion mode at (µ1, µ2, µ3) = (µ, 0, 0) is unstable, with a negative diffusion
coefficient, for µ > πT .

The conductivities σ(2) and σ(3) = σ(2) can be evaluated analytically as well (see ap-
pendix E), and one finds

σ(2) = − 1
ω

Im Gret.
Jz

2 Jz
2
(ω, q = 0) = N2

c T

8π

1
2 + κ

. (4.24)

Substituting into (4.21), we find the diffusion coefficients

D(2) =
1

2πT

2 + κ

2(1 + κ) , D(3) = D(2) . (4.25)

These are positive for all κ > 0, and the corresponding diffusion modes are stable. Using
eq. (4.4), the diffusion coefficients in (4.25) can be expressed in terms of µ/T .

4.4 The unstable quasinormal mode

So far, we have evaluated the diffusion coefficients D(a) in (5.20) by combining the results
for thermodynamic susceptibilities (evaluated from the equation of state) with the results
for charge conductivities (evaluated using the Kubo formulas). Hydrodynamics predicts
that dispersion relations such as (2.22), (2.23), (2.29) appear as singularities in real-time
response functions of the corresponding operators, such as the energy-momentum tensor and
R-currents. In the holographic description, such singularities in response functions manifest
themselves as quasinormal modes of the corresponding bulk fields [47].

Of particular note is the first diffusive mode with ω(q) = −iD(1)q
2 + . . . . Hydrodynamic

expectation dictates that the STU background with (κ1, κ2, κ3) = (κ, 0, 0) has an unstable
quasinormal mode when κ > 2, with Im(ω) > 0 at small real q. This quasinormal mode arises
from fluctuations of A1

µ coupled to the fluctuations of the metric and of the scalar in the bulk.
This unstable quasinormal mode was analyzed numerically by Buchel in [38] in the vicinity
of κ = 2.17 Our analytic prediction (4.23) near κ = 2 gives D(1) = (2 − κ)/(6πT ) + (2 −
κ)2/(72πT ) + . . . , in agreement with numerical results of [38]. The numerical analysis of the
quasinormal spectrum at arbitrary κ is technically challenging, and we leave it for future work.

The fluctuations of A2
µ and A3

µ decouple from the fluctuations of the metric and of
the scalar (see appendix F). The corresponding quasinormal spectrum contains the (stable)
diffusion mode with diffusion coefficient D(2) in eq. (4.25). The analysis of that quasinormal
spectrum is straighforward, and we will not present it here.

17See also the brief summary in [72]. An earlier attempt [68] to evaluate the diffusion coefficient D(1) in
N = 4 SYM in a state with (µ1, µ2, µ3) = (µ, 0, 0) was unsuccessful because the authors assumed that D(1)

was given by σ(1)/χ(1), which is not the correct expression for D(1) at µ ̸= 0.

– 25 –



J
H
E
P
1
2
(
2
0
2
5
)
1
7
3

5 N = 4 SYM with two equal non-zero chemical potentials

We now focus on the STU background with two equal non-vanishing κa, taking (κ1, κ2, κ3) =
(κ, κ, 0), corresponding to line (b) in figure 1. According to eq. (3.12), such backgrounds
correspond to two equal chemical potentials18 in N = 4 SYM theory, (µ1, µ2, µ3) = (µ, µ, 0).

5.1 The STU background and thermodynamics

The STU background (3.8), (3.9), (3.10) with (κ1, κ2, κ3) = (κ, κ, 0) is given by

ds2
5 = −(πT0L)2

u
f(u)H−4/3 dt2 + (πT0L)2

u
H2/3

(
dx2+dy2+dz2

)
+ L2

4f(u)u2H
2/3 du2, (5.1)

A1
µ = A2

µ = πT0
√
2κ

1− u

1 + κu
, A3

µ = 0 , (5.2)

H ≡ H1 = H2 = 1 + κu , H3 = 1, (5.3)

where f(u) = (1 − u) [1 + (1 + 2κ)u]. The Hawking temperature, the chemical potential
and their ratio are given by

T = T0 , µ = πT0
√
2κ , m = µ

2πT
=
√

κ

2 . (5.4)

Note that the dependence of m on κ is monotonic (unlike in the case of a single non-vanishing
chemical potential), and thus each value of µ corresponds to a single STU background.

The equilibrium energy density is

ϵ = 3π2N2
c

8 (1 + κ)2 T 4 , (5.5)

and the pressure is p = ϵ/3. The equilibrium entropy density is

s = π2N2
c

2 (1 + κ)T 3 . (5.6)

The equilibrium charge densities are

n1 = n2 = πN2
c

4
√
2
√

κ (1 + κ)T 3 , n3 = 0. (5.7)

Thermodynamic stability conditions (3.27), (3.28) imply that 0 ≤ κ < 1, and so m ∈ [0,
√
2/2).

The normalised Gibbs potential is

Ω̄ ≡ Ω
V p0

= − (1 + κ)2 = −
(
1 + 2m2

)2
, (5.8)

where Ω = −pV , p is the pressure (3.15) and V is the three-volume, p0 = π2N2
c T 4/8 is the

pressure at zero chemical potential.
18Another way to obtain a background with (µ1, µ2, µ3) = (µ, µ, 0) is to take (κ1, κ2, κ3) = (κ, 1/κ, 0).

However, such a configuration lies outside of the stability domain in figure 1. See appendix D for more details.
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5.2 Thermodynamic stability

For two equal chemical potentials, (κ1, κ2, κ3) = (κ, κ, 0), the Hessian (3.22) is

h̄ϵ
ij =



1+3κ
12π2(1+κ)2

−
√

κ

3
√

2π(1+κ)2
−
√

κ

3
√

2π(1+κ)2 0
−
√

κ

3
√

2π(1+κ)2
3−κ

3(1+κ)2
2κ

3(1+κ)2 0
−
√

κ

3
√

2π(1+κ)2
2κ

3(1+κ)2
3−κ

3(1+κ)2 0
0 0 0 1

 . (5.9)

The first two eigenvalues of this matrix are simple,

λ1 = 1− κ

(1 + κ)2 , λ2 = 1 , (5.10)

whereas λ3,4 are unilluminating, with λ3,4 > 0. Both the determinant

det h̄ϵ
ij = 1− κ

12π2(1 + κ)4 , (5.11)

and the eigenvalue λ1 change sign at κ = 1, implying a thermodynamic instability, whereas
λ2, λ3, λ4 stay positive for all κ > 0. The corresponding eigenvectors are

V1 = (0,−1, 1, 0) , (5.12)
V2 = (0, 0, 0, 1) , (5.13)
V3 = (q−(κ), 1, 1, 0) , (5.14)
V4 = (q+(κ), 1, 1, 0) , (5.15)

where q±(κ) are functions of κ whose explicit form we will not need. The eigenvector V1
corresponding to the unstable mode suggests that the instability is driven by the density
fluctuation δ(n2 − n1). Accordingly, we expect that the bulk description of the unstable
mode is given by the fluctuations of A2

µ − A1
µ. This will indeed be the case. We now discuss

the hydrodynamic modes.

5.3 The hydrodynamic modes

5.3.1 Shear modes

Dispersion relations for shear modes are given by the standard expression (2.22). The shear
viscosity η for the STU background was computed in refs. [37, 48]. As expected, it obeys
the universal relation η/s = 1/4π [49–51]. Given the thermodynamic functions (5.5), (5.6),
the shear mode dispersion relation is

ωshear(q) = −i
q2

4πT

1
1 + κ

+ O(q4) . (5.16)

Using eq. (5.4), this can be expressed in terms of µ/T . For spatial momentum in the z-
direction, shear mode singularities at ω = ωshear(q) appear in retarded two-point functions of
shear-channel operators such as Gret.

T txT tx(ω, q), Gret.
T txT zx(ω, q), Gret.

Jx
1 Jx

1
(ω, q), Gret.

Jx
1 T zx(ω, q), etc.
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5.3.2 Sound modes

Sound mode dispersion relations in a conformal theory are given by the standard expres-
sion (2.51). With the shear viscosity η = s/4π, one has

ωsound
± (q) = ± q√

3
− i

q2

6πT

1
1 + κ

+ O(q3) . (5.17)

Using eq. (5.4), this can be expressed in terms of µ/T . For spatial momentum in the z-
direction, sound mode singularities at ω = ωsound(q) appear in retarded two-point functions
of sound-channel operators such as Gret.

T ttT tt(ω, q), Gret.
T ttT tz(ω, q), Gret.

T zzT zz(ω, q), Gret.
Jz

1 Jz
1
(ω, q),

Gret.
Jz

1 T tz(ω, q), etc.

5.3.3 Diffusion modes

There are three diffusion modes (2.23), whose diffusion coefficients can be obtained using
the analysis of section 2. The first diffusion mode describes fluctuations δn1 + δn2 which
couple to sound; the diffusion coefficient is given by eq. (2.47). The second diffusion mode
decouples from sound, and describes fluctuations δn1 − δn2; this is the mode which will
become unstable when κ > 1, with the diffusion coefficient given by eq. (2.46). The third
diffusion mode describes fluctuations δn3, with the diffusion coefficient given by eq. (2.43).

In the STU background with (κ1, κ2, κ3) = (κ, κ, 0), the charge susceptibility matrix
χab ≡ ∂2p/∂µa∂µb takes the general form (2.57), and similarly the conductivity matrix
takes the form

σab =

σ11 σ12 0
σ12 σ11 0
0 0 σ33

 . (5.18)

In the matrix XAB which appears in the linearised hydrodynamic equations (2.17), the
mixed derivatives υa ≡ ∂ϵ/∂µa are such that υ1 = υ2 = υ, and υ3 = 0. Substituting the
thermodynamic derivatives into (2.47), (2.46), (2.43), we find the diffusion coefficients

D(1) =
8

N2
c T 2 (σ11+σ12) , D(2) =

8
N2

c T 2
1−κ

(1+κ)2 (σ11−σ12) , D(3) =
8

N2
c T 2 σ33 . (5.19)

The conductivity matrix σab in eq. (5.18) can be evaluated using the standard holographic
methods (see appendix E). Substituting σab in terms of κ, one finds

D(1) =
1

2πT

1
1 + κ

, D(2) =
1

2πT

1− κ

1 + κ
, D(3) =

1
2πT

1
1 + κ

. (5.20)

As expected, the second diffusion coefficient becomes negative at κ > 1, signalling a dynamic
instability of the state with (µ1, µ2, µ3) = (µ, µ, 0) at µ >

√
2πT .

5.4 The unstable quasinormal mode

So far, we have evaluated the diffusion coefficients D(a) in (5.20) by combining the results
for thermodynamic susceptibilities (evaluated from the equation of state) with the results
for charge conductivities (evaluated using the Kubo formulas). Hydrodynamics predicts
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that dispersion relations such as (2.22), (2.23), (2.29) appear as singularities in real-time
response functions of the corresponding operators, such as the energy-momentum tensor and
R-currents. In the holographic description, such singularities in response functions manifest
themselves as quasinormal modes of the corresponding bulk fields [47].

We will focus on the second diffusive mode with ω(q) = −iD(2)q
2 + . . . . Hydrodynamic

expectation dictates that the STU background with (κ1, κ2, κ3) = (κ, κ, 0) has an unstable
hydrodynamic quasinormal mode when κ > 1, with Im(ω) > 0 at small real q. This
quasinormal mode arises from fluctuations of A2

µ − A1
µ in the bulk.

We consider the fluctuations (3.29), (3.30), (3.31), applied to the background (5.1), (5.2),
(5.3) and linearise the equations of motion (3.4), (3.5), (3.6). The resulting coupled linear
equations are written in appendix G.

Following ref. [47], we also introduce the “electric” field

Ea
z = w0 aa

z + q0 aa
t , (5.21)

where w0≡ω/2πT0, q0≡q/2πT0, and by (5.4), w0 = w ≡ ω/2πT , q0 = q ≡ q/2πT . Naively,
the equations for Ea

z and sa couple to the equations obeyed by the metric perturbations hµν ,
the so-called “sound channel” of ref. [47]. However, hydrodynamic analysis suggests that
there are decoupled “diffusion channels” in the sound channel.

Indeed, one expects that E3
z and s3 decouple from other perturbations, and indeed

they do. The corresponding quasinormal spectrum contains the (stable) diffusion mode
with diffusion coefficient D(3) in eq. (5.20). The analysis of the quasinormal spectrum is
straighforward, and we will not present it here.

Metric perturbations couple to the linear combination E1
z + E2

z . Naively, the linearised
Einstein equations also couple to S ≡ s1 + s2 − 2(1 + κu)s3 and s3, but in fact by taking
linear combinations of the equations, it can be shown that S = 0 (see appendix C). The
corresponding quasinormal spectrum contains sound waves and the (stable) diffusion mode
with diffusion coefficient D(1) in eq. (5.20). The analysis of the quasinormal spectrum is
technically cumbersome, and we will not present it here.

Finally, the combinations

E ≡ E1
z − E2

z , (5.22)
s ≡ s1 − s2 , (5.23)

decouple from all other perturbations. The corresponding quasinormal spectrum contains
the diffusion mode with diffusion coefficient D(2) in eq. (5.20). The decoupled equations
for E and s are

s′′ +
(

f ′

f
− 1 + 3κu

uH

)
· s′ − 2κ1/2(1 + κ)2uq0 H

D(u) · E′

+
(

1
u2Hf

− κ(1 + 2κ)u
Hf

+ 3κu

u2f
+ D(u)

uf2 − 4κ(1 + κ)2u q2
0

H2D(u)

)
· s = 0 , (5.24)

E′′ −
(
2κ q2

0 f

HD(u) −
H2 w2

0 f ′

D(u) · f

)
· E′ + 2

√
κ q0

H3 · s′ + D(u)
u f2 E

−2
√

κ q0

(
κ

H4 − w2
0 f ′

Hf D(u) +
2κw2

0
H2D(u)

)
· s = 0, (5.25)
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Figure 3. The case of (κ1, κ2, κ3) = (κ, κ, 0). Left panel: the complex frequency plane showing the
four highest quasinormal modes wn = wn(q2) at q2 = 0.025, arising from the system (5.24)—(5.25).
Blue dots correspond to modes at κ = 0.9 < κc = 1, while red dots show modes at κ = 1.1 > κc.
The purely imaginary diffusion modes crosses into the upper half-plane at κ = κc = 1, signifying the
onset of an instability. Right panel: the dispersion relation of the diffusion mode with the diffusion
coefficient D(2). For κ = 0.9 < κc, shown in blue, Im(wdiff) < 0 for all q2. However, for κ = 1.1, there
is a critical region at small real momentum for which Im(wdiff) > 0.

where f(u) = (1 + κu)2 − u2(1 + κ)2, and we have introduced D(u) ≡ w2
0(1 + κu)2 − q2

0f .
Quasinormal spectrum of the system (5.24), (5.25) can be found numerically.

The spectrum in the complex frequency plane for a fixed value of q2 = 0.025 and two
values of κ (κ = 0.9 and κ = 1.1) is shown in the left panel of figure 3. The spectrum exhibits
the hydrodynamic diffusion mode on the imaginary axis, crossing into the upper half-plane
for κ > κc = 1, in agreement with the stability analysis prediction of section 5.2.

The dispersion relation of the unstable mode is shown in the right panel of figure 3.
For sufficiently small q2, the dispersion relation is linear in q2, which can be compared with
our analytic result from eq. (5.20),

wdiffusion
(2) (q) = −i

1− κ

1 + κ
q2 + · · · . (5.26)

This comparison is illustrated in the left panel of figure 4.
For sufficiently large q2, the hydrodynamic mode crosses back into the lower half-plane,

and becomes stable again for q2 > q2
∗, as shown in the right panel of figure 3. The dependence

of q2
∗ on κ is shown in the right panel of figure 4. The value of q2

∗ is an increasing function of κ.

6 N = 4 SYM with three equal non-zero chemical potentials

Finally, we consider STU backgrounds with three equal non-vanishing κa, taking (κ1, κ2, κ3) =
(κ, κ, κ), corresponding to line (c) in figure 1. According to eq. (3.12), such backgrounds
correspond to three equal chemical potentials19 in N = 4 SYM theory, (µ1, µ2, µ3) = (µ, µ, µ).
We have previously considered this case in ref. [42]; here, we will provide additional details.

19As pointed out in ref. [73], another way to obtain the state with (µ1, µ2, µ3) = (µ, µ, µ) is to take
(κ1, κ2, κ3) = (κ, κ, 1/κ). However, such a configuration lies outside of the stability domain in figure 1. See
appendix D for more details.

– 30 –



J
H
E
P
1
2
(
2
0
2
5
)
1
7
3

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.0 1.5 2.0 2.5 3.0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Figure 4. The case of (κ1, κ2, κ3) = (κ, κ, 0). Left panel: the analytic prediction for the diffusion
coefficient D(2) (normalised by 1/2πT ) in eq. (5.26) as a function of κ is shown in blue. Numerical
data are plotted in red, showing agreement. Right panel: the endpoint q2

∗ of the instability domain as
a function of κ.

6.1 The STU background and thermodynamics

The STU background (3.8), (3.9), (3.10) for (κ1, κ2, κ3) = (κ, κ, κ) reduces to

ds2
5 = −(πT0L)2

uH2 fdt2 + (πT0L)2H
u

(
dx2 + dy2 + dz2)+ HL2

4fu2 du2 , (6.1)

At(u) ≡ A1
t (u) = A2

t (u) = A3
t (u) =

1− u

H(u)πT0

√
2κ(1 + κ) , (6.2)

H(u) ≡ H1(u) = H2(u) = H3(u) = 1 + κu , (6.3)

where f(u) = (1 − u)
(
1 + (1 + 3κ)u − κ3u2). The Hawking temperature is given by

T = (2− κ)
√
1 + κ

2 T0 . (6.4)

The chemical potentials µa = µ are related to the parameter κ by

µa = πT0

√
2κ(1 + κ) , m ≡ µ

2πT
=

√
κ/2

1− κ/2 . (6.5)

The dependence (6.5) is monotonic for κ ∈ [0, 2]; that is, in contrast to the case of a single
non-vanishing chemical potential, and similarly to the case of two equal chemical potentials,
each physical chemical potential corresponds to a unique gravity background.

The equilibrium energy density is

ϵ = 6π2N2
c

(1 + κ)
(2− κ)4 T 4 , (6.6)

and the pressure is p = ϵ/3. The equilibrium entropy density is

s = 4π2N2
c

(2− κ)3 T 3 . (6.7)

The equilibrium charge densities are

n1 = n2 = n3 = πN2
c

√
2κ

(2− κ)3 T 3 . (6.8)
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The normalised Gibbs potential is

Ω̄ ≡ Ω
V p0

= − 1 + κ

(1− κ/2)4 = −
16m7

(√
1 + 4m2 +m− 1

)
(
√
1 + 4m2 − 1)4

, (6.9)

where Ω = −pV , p is the pressure (3.15) and V is the three-volume, p0 = π2N2
c T 4/8 is the

pressure at zero chemical potential.
The metric (6.1) can be written in the standard AdS5-Reissner-Nordström form

ds2
5 = −(πT0L)2(1 + κ)

ũ
f̃dt2 + (πT0L)2(1 + κ)

ũ
(dx2 + dy2 + dz2) + L2

4f̃ ũ2 dũ2 , (6.10)

where f̃ = 1 − ũ2(1 + κ) + κũ3, by making the change of variables ũ = uH(1)/H(u). The
gauge field becomes

At =
√
2Q(1 + κ)ũ

L2 = µũ , (6.11)

and the scalar field is20

H(ũ) = 1 + κ

1 + κ(1− ũ) . (6.12)

Formulas (6.4)–(6.5) remain valid, as expected. The parameter κ is related to Q and T0
via κ = Q/(πT0L2)2.

6.2 Thermodynamic stability

For three equal chemical potentials, the thermodynamic stability condition is κ < 1, and we
expect κc = 1 to correspond to the onset of the dynamic instability. The energy Hessian
h̄ϵ

ij in eq. (3.22) is given by

h̄ϵ
ij =



2+5κ
24π2(1+κ) −

√
κ

3
√

2π(1+κ) −
√

κ

3
√

2π(1+κ) −
√

κ

3
√

2π(1+κ)
−

√
κ

3
√

2π(1+κ)
3−κ

3(1+κ)2
2κ

3(1+κ)2
2κ

3(1+κ)2

−
√

κ

3
√

2π(1+κ)
2κ

3(1+κ)2
3−κ

3(1+κ)2
2κ

3(1+κ)2

−
√

κ

3
√

2π(1+κ)
2κ

3(1+κ)2
2κ

3(1+κ)2
3−κ

3(1+κ)2

 . (6.13)

The eigenvalues of this matrix are

λ1 = λ2 = 1− κ

(1 + κ)2 , (6.14)

λ3,4 = 2 + 24π2 + 5κ ∓
√
576π4 + 48π2(3κ − 2) + (5κ + 2)2

48π2(1 + κ) . (6.15)

The eigenvalues λ1 and λ2 become negative for κ > 1 whereas the eigenvalues λ3,4 remain
positive for all 0 ≤ κ < 2. Thus, the system is thermodynamically unstable for κ > 1,
although the determinant of the Hessian is positive for κ > 1.

20In the original S5 reduction ansatz, the STU fields Xa are expressed as exponentials of the two scalars
(see, e.g., ref. [32]). In the case of three equal chemical potentials, we have X1 = X2 = X3 = 1, and the
background scalar fields are trivial.
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The eigenvectors corresponding to the eigenvalues λ1,2,3,4 are given by21

V1 = (0,−1, 0, 1) , (6.16)
V2 = (0,−1, 1, 0) , (6.17)
V3 = (r−(κ), 1, 1, 1) , (6.18)
V4 = (r+(κ), 1, 1, 1) , (6.19)

where r± are functions of κ whose explicit form we will not need. The eigenvectors V1,2
corresponding to the unstable modes suggest that the instability is driven by the density
fluctuation δ(n2−n1), δ(n3−n1), δ(n3−n2) (only two of which are independent). Accordingly,
the bulk description of the unstable mode will be given by the fluctuations of A2

µ − A1
µ,

A3
µ − A1

µ, A3
µ − A2

µ.
Alternatively, the eigenvectors of h̄ϵ

ij corresponding to the degenerate eigenvalues λ1,2
may be chosen as two linear combinations of the three vectors

W1 = (0, 2,−1,−1) , (6.20)
W2 = (0,−1, 2,−1) , (6.21)
W3 = (0,−1,−1, 2) . (6.22)

The eigenvectors W1,2,3 are not independent, W1 +W2 +W3 = 0. Thus we may also view the
unstable modes as the fluctuations 2δn1 − δn2 − δn3, 2δn2 − δn1 − δn3, 2δn3 − δn1 − δn2.
Accordingly, the bulk description of the two unstable modes will be given by the fluctuations
of 2A1

µ −A2
µ −A3

µ, 2A2
µ −A1

µ −A3
µ, 2A3

µ −A1
µ −A2

µ. We now discuss the hydrodynamic modes.

6.3 The hydrodynamic modes

6.3.1 Shear modes

Dispersion relations for shear modes are given by the standard expression (2.22). The shear
viscosity η for the STU background was computed in refs. [37, 48]. As expected, it obeys
the universal relation η/s = 1/4π [49–51]. Given the thermodynamic functions (6.6), (6.7),
the shear mode dispersion relation is

ωshear(q) = −i
q2

8πT

2− κ

1 + κ
+ O(q4) . (6.23)

Using eq. (6.5), this can be expressed in terms of µ/T . For spatial momentum in the z-
direction, shear mode singularities at ω = ωshear(q) appear in retarded two-point functions of
shear-channel operators such as Gret.

T txT tx(ω, q), Gret.
T txT zx(ω, q), Gret.

Jx
1 Jx

1
(ω, q), Gret.

Jx
1 T zx(ω, q), etc.

6.3.2 Sound modes

Sound mode dispersion relations in a conformal theory are given by the standard expres-
sion (2.51). With the shear viscosity η = s/4π, one has

ωsound
± (q) = ± q√

3
− i

q2

12πT

2− κ

1 + κ
+ O(q3) . (6.24)

21The role of the eigenvalues and eigenvectors of the Hessian corresponding to the unstable modes was first
emphasised in ref. [35]. They were identified for the STU model in ref. [39].
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Using eq. (6.5), this can be expressed in terms of µ/T . For spatial momentum in the z-
direction, sound mode singularities at ω = ωsound(q) appear in retarded two-point functions
of sound-channel operators such as Gret.

T ttT tt(ω, q), Gret.
T ttT tz(ω, q), Gret.

T zzT zz(ω, q), Gret.
Jz

1 Jz
1
(ω, q),

Gret.
Jz

1 T tz(ω, q), etc.

6.3.3 Diffusion modes

There are three diffusion modes (2.23), whose diffusion coefficients can be obtained using
the analysis of section 2. The first diffusion mode describes fluctuations δn1 + δn2 + δn3
which couple to sound. The second and the third diffusion modes decouple from sound, and
describe (two of the) fluctuations δn1 − δn2, δn1 − δn3, δn2 − δn3; these are the modes which
will become unstable when κ > 1, with the diffusion coefficient given by eq. (2.46).

In the STU background with (κ1, κ2, κ3) = (κ, κ, κ), the charge susceptibility matrix
χab ≡ ∂2p/∂µa∂µb takes the general form (2.58), and similarly the conductivity matrix
takes the form

σab =

σ11 σ12 σ12
σ12 σ11 σ12
σ12 σ12 σ11

 . (6.25)

In the matrix XAB which appears in the linearised hydrodynamic equations (2.17), the
mixed derivatives υa ≡ ∂ϵ/∂µa are such that υ1 = υ2 = υ3. The three diffusion coefficients
D(a) may be obtained as the eigenvalues of the diffusion matrix (2.28). Substituting the
thermodynamic derivatives, we find

D(1) =
4

N2
c T 2 (1 + κ)(2 + κ)(σ11 + 2σ12) , (6.26)

D(2) = D(3) =
2

N2
c T 2

(2− κ)2(1− κ)
(1 + κ) (σ11 − σ12) , (6.27)

The conductivity matrix σab in eq. (6.25) can be evaluated using the standard holographic
methods (see appendix E). Substituting σab in terms of κ, one finds

D(1) =
1

8πT

4− κ2

1 + κ
, D(2) = D(3) =

1
4πT

(2− κ)(1− κ)
(1 + κ) . (6.28)

As expected, the diffusion coefficients D(2), D(3) become negative at κ > 1, signalling a
dynamic instability of the state with (µ1, µ2, µ3) = (µ, µ, µ) at µ >

√
2 2πT .

6.4 The unstable quasinormal mode

So far, we have evaluated the diffusion coefficients D(a) in (6.28) by combining the results
for thermodynamic susceptibilities (evaluated from the equation of state) with the results
for charge conductivities (evaluated using the Kubo formulas). Hydrodynamics predicts
that dispersion relations such as (2.22), (2.23), (2.29) appear as singularities in real-time
response functions of the corresponding operators, such as the energy-momentum tensor and
R-currents. In the holographic description, such singularities in response functions manifest
themselves as quasinormal modes of the corresponding bulk fields [47].
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Figure 5. The case of (κ1, κ2, κ3) = (κ, κ, κ). The closest to the origin quasinormal modes of
the system (6.31)—(6.32) in the complex frequency plane for κ = 0.9 < κc = 1 (blue dots) and
κ = 1.1 > κc = 1 (red squares) at q2 = 0.15 — left panel; the gapless diffusion mode on the imaginary
axis crosses into the upper half-plane at κ = κc = 1. The unstable diffusion mode Imwdiff as a
function of q2 for κ = 0.9 (blue curve) and κ = 1.1 (red curve) — right panel.

We will focus on the diffusive mode with ω(q) = −iD(2)q
2 + . . . . Hydrodynamic

expectation dictates that the STU background with (κ1, κ2, κ3) = (κ, κ, κ) has two unstable
hydrodynamic quasinormal mode when κ > 1, with Im(ω) > 0 at small real q. These
quasinormal modes arise from fluctuations of A2

µ −A1
µ, or A3

µ −A1
µ, or A3

µ −A2
µ in the bulk.22

We consider perturbations of the background (6.1), (6.2), (6.3), as in (3.29), (3.30),
and (3.31), where the background values g

(0)
µν , A

a (0)
µ and H

(0)
a now correspond to the STU

background with κa = κ. We define electric field perturbations Ez = (E1
z , E2

z , E3
z ) as in

eq. (5.21), and scalar perturbations s = (s1, s2, s3) as in (3.34). We can work either with
pair-wise differences of the perturbations, or with combinations

E1
z = 1

3(2,−1,−1)·Ez , E2
z = 1

3(−1, 2,−1)·Ez , E3
z = 1

3(−1,−1, 2)·Ez , (6.29)

s1 = 1
3(2,−1,−1)·s , s2 = 1

3(−1, 2,−1)·s , s3 = 1
3(−1,−1, 2)·s , (6.30)

reflecting the eigenvectors (6.20)–(6.22) of the energy Hessian.
The fluctuations Ea

z and sa decouple from the general system of fluctuations: the metric
fluctuations couple to (1, 1, 1)·Ez only, whereas the fluctuations Ea

z and sa obey the closed
system of equations (see ref. [42]):

Ea
z
′′ +D−1

[
w2

0(1 + κu)3
(

f ′

f
− κ

1 + κu

)
− 2κq2

0f

1 + κu

]
Ea

z
′ + D

uf2E
a
z

+ 2
√

κ q0
(1 + κu)3 s

′
a + 2κ1/2q0

D
·
[
w2

0

(
f ′

f
− 4κ

1 + κu

)
+ κq2

0f

(1 + κu)4

]
sa = 0 , (6.31)

22The unstable modes we discuss here were also observed in [39] at zero spatial momentum.
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s′′a +
(

f ′

f
− 1 + 3κu

u(1 + κu)

)
s′a +

[
D

uf2 + 1 + κu

u2f
+ 2κ(1 + κ)3u

(1 + κu)2f

− κ

1 + κu

(
f ′

f
− 1 + 3κu

u(1 + κu)

)
− 4κ(1 + κ)3(1 + κu)uw2

0
Df

]
sa

−2κ1/2(1 + κ)3(1 + κu)uq0
D

Ea
z
′ = 0. (6.32)

Here, f(u) = (1 + κu)3 − (1 + κ)3u2 and D(u) = (1 + κu)3w2
0 − q2

0f . In the following, it will
be convenient to normalise the frequency and momentum as

w = ω

2πT
, q = q

2πT
, (6.33)

where T is the Hawking temperature of the background (6.4).
At the horizon (u = 1), the exponents of the fluctuations Ea

z and sa are ν± = ±iw/2, and
we choose ν = ν− following the recipe of ref. [46]. At the boundary (u = 0), the exponents of
the scalar si are (1, 1) and those of the U(1) field Ea

z are (0, 1). For the scalar, this corresponds
to the conformal dimension ∆+ = ∆− = 2 of a dual operator.23 At the boundary, the scalar
field fluctuations behave as sa = Aau log u + · · · + Bau + · · · , and the standard recipe to
obtain the poles of the dual retarded correlators implies setting Aa = 0. Technically, this
may be inconvenient when solving the system (6.31)—(6.32) numerically. Instead, one can
write an equivalent system for the coupled variables Ea

z and φa ≡ (1 − u)2 u s′′a as

Ea
z
′′ + AEE

a
z
′ + BE Ea

z + CEφ′
a + DEφa = 0 , (6.34)

φ′′
a + Ahφ′

a + Bh φa + ChE
a
z
′ + DhE

a
z = 0 , (6.35)

where the coefficients are derived from the system (6.31)—(6.32). The field φa has indices
(0, 1) at u = 0, and the standard Dirichlet condition φa(0) = 0 gives Aa = 0. Alternatively,
one can integrate the original system (6.31)—(6.32) from u = 0 and from u = 1 and match
solutions at an intermediate point.

The behaviour of the quasinormal spectrum has been studied numerically in ref. [42]. It
is qualitatively similar to the one discussed in section 5 for the case of (κ1, κ2, κ3) = (κ, κ, 0)
(see figure 5 and compare with figure 3). The hydrodynamic R-charge diffusion mode is
unstable: it crosses into the upper half-plane for κ > 1. The dispersion relations Imwdiff(q2)
for κ = 0.9 (blue curve) and κ = 1.1 are shown in the right panel of figure 5. For |q2| ≪ 1,
both curves are clearly linear in q2. The unstable mode initially moves up from the origin
along the imaginary axis with |q2| increasing, but then moves down into the lower half-plane.
In this sense, the instability is an infrared effect, affecting the long-distance scales.

The dispersion relation of the unstable mode is shown in the right panel of figure 5.
For sufficiently small q2, the dispersion relation is linear in q2, and agrees with our analytic
result from eq. (6.28),

wdiffusion
(2) (q) = −i

(2− κ)(1− κ)
2(1 + κ) q2 + · · · , (6.36)

23In N = 4 SYM, such (gauge-invariant) operators are the bilinears in scalar fields Φi, e.g. the operator
Oij = TrΦiΦj − 1

6 δijTr ΦkΦk, where i = 1, . . . 6 are the indices of the 6 representation of SU(4)R.
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Figure 6. The case of (κ1, κ2, κ3) = (κ, κ, κ). Left panel: the analytic prediction for the diffusion
coefficient D(2) = D(3) (normalised by 1/2πT ) in eq. (6.36) as a function of κ is shown in blue.
Numerical data are plotted in red, showing agreement. Right panel: the endpoint q2

∗ of the instability
domain as a function of κ.

see figure 6, left panel. The instability region q2 ∈ [0, q2
∗] in figure 5 corresponds to the red

curve lying above the horizontal axis. The value of q2
∗ depends on κ: it increases with κ

increasing (see figure 6, right panel). In addition to the hydrodynamic mode, other modes are
also present on the imaginary frequency axis (see figure 5, left panel). These modes move up
the axis as κ increases at fixed q and eventually cross into the upper half-plane for sufficiently
large κ, within the interval 1 < κ < 2, i.e. in the thermodynamically unstable region. Mode
collisions occur in this domain, involving modes that move off the imaginary axis.

7 Discussion

We now summarize our results. We have identified hydrodynamic modes in relativistic
theories with Nf flavours of global U(1) charges, in thermal equilibrium states with Nf
chemical potentials µa for the corresponding charges. The first order hydrodynamic transport
coefficients include shear viscosity η, bulk viscosity ζ, and a symmetric Nf × Nf conductivity
matrix σab. We have given explicit expressions for the speed of sound, eq. (2.31), and for
the sound damping coefficient, eq. (2.35).

The diffusive modes at non-zero µa mix the fluctuations of temperature with the fluctua-
tions of the charge densities. The diffusion coefficients D(a) are given by the eigenvalues of the
Nf × Nf diffusion matrix (2.28). The expressions for D(a) as eigenvalues of (2.28) generalise
the well-known expression D = σ/χ for Nf = 1, µ = 0, as well as the more complicated
expression for D for Nf = 1, µ ≠ 0 [23].

In hydrodynamics, diffusive fluctuations at µa ̸= 0 involve the fluctuations of temperature,
and, as such, they belong to the “sound channel” of near-equilibrium perturbations. However,
flavour symmetry may give rise to separate “diffusion channels” which decouple from the
sound channel to all orders in the derivative expansion. For example, for Nf = 2, an extended
flavour symmetry may give rise to such a decoupled diffusion channel in a state with µ1 = µ2,
describing diffusion of charge density difference δn1 − δn2.
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As expected, the shear damping coefficient η/(ϵ+p) in (2.22), the sound damping coeffi-
cient Γ in (2.29), and the diffusion coefficients D(a) in (2.23) all have the structure “transport
in the numerator, thermodynamics in the denominator”, analogous to the well-known Nf = 1,
µ = 0 expression D = σ/χ. Thus for positive non-equilibrium hydrodynamic entropy pro-
duction, hydrodynamic stability of the equilibrium state is determined by thermodynamic
susceptibilities. See [74] for other examples of thermodynamic vs hydrodynamic instabilities.

We have applied the above hydrodynamic results to strongly coupled N = 4 supersym-
metric SU(Nc) Yang-Mills (SYM) theory in 3+1 dimensions. This theory has Nf = 3, for
U(1)3 ⊂ SU(4) R-symmetry. In the limit Nc → ∞, we used the dual classical gravitational
description in terms of the STU supergravity truncation.

The sound dispersion relation in SYM theory is fixed by conformal symmetry to be (2.51),
hence the sound damping coefficient Γ in (2.29) is determined by thermodynamics, by virtue
of the general holographic result η = s/4π [49–51], which also holds at non-zero chemical
potential [37, 48]. It is straightforward to obtain Γ as a function of T and µa, using
eqs. (3.11), (3.13), (3.16), and (3.12).

On the other hand, obtaining the three diffusion coefficients D(a) requires doing new cal-
culations, which we have performed in this paper. We have calculated the charge conductivity
matrix σab in three illustrative cases: (µ1, µ2, µ3) = (µ, 0, 0), (µ1, µ2, µ3) = (µ, µ, 0), and
(µ1, µ2, µ3) = (µ, µ, µ). Given the conductivity matrices, the three diffusion coefficients can be
obtained using the formulas in section 2, and expressed as functions of T and µa. The analytic
expressions for the diffusion coefficients are given in eqs. (4.23), (4.25) (single non-vanishing
chemical potential), (5.20) (two equal non-vanishing chemical potentials), and (6.28) (three
equal non-vanishing chemical potentials).

The SYM theory equation of state which is obtained from the STU background has
thermodynamic instabilities when µa > (µa)crit., where the critical value is equal to an
O(1) number times 2πT . Thus the extremal T → 0 limit of the STU background is always
thermodynamically unstable. The thermodynamic instability manifests through negative
eigenvalues of the susceptibility matrix, which must be positive-definite in thermodynamically
stable states. As expected from hydrodynamics, thermodynamic instabilities give rise to long-
wavelength dynamic instabilities of the equilibrium state. These hydrodynamic instabilities
arise through negative diffusion coefficients for the corresponding modes. For example, in
a state with (µ1, µ2, µ3) = (µ, µ, µ), two eigenvalues of the thermodynamic Hessian matrix
change sign at µ =

√
2 2πT , leading to two negative diffusion coefficients for R-charge

differences at low temperature [42].
In the dual gravitational description, dynamical instabilities appear as unstable quasinor-

mal modes of the charged STU black brane, located in the upper half of the complex frequency
plane at small real spatial momentum q. Consequently, charged five-dimensional STU black
branes are always dynamically unstable as T → 0. This includes the special case with three
equal chemical potentials, whose dual background is the AdS5-Reissner-Nordström black
brane [42]. While this brane is stable within Einstein-Maxwell theory, it becomes unstable at
low temperature when viewed as a special case of the more general STU solution, in this case,
due to fluctuations of gauge fields and neutral scalar fields. Interestingly, the quasinormal
mode that is unstable at small q becomes stable again at large q; see figures 3 and 5.
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What do the above instabilities mean physically? On the field theory side, the low-
temperature instability is the clumping of R-charges. The options seem to be: another
(perhaps, inhomogeneous) phase of the SYM theory at low temperature, or the end of the
phase diagram, signifying the breakdown of the grand canonical ensemble at µa > (µa)crit..
The latter option is realized in both free, and in weakly coupled SYM theory [27]. The
reason is that the scalar fields of the SYM theory are charged under R-symmetry, and the
corresponding scalar potential has flat directions. A chemical potential for charged scalars
amounts to a negative mass squared, and as a result the grand canonical partition function fails
to converge. There’s no a priori reason why an analogous breakdown of the grand canonical
ensemble should not happen in strongly coupled SYM theory. On the dual holographic side,
the fate of the instability may be determined by numerically following the growth of small
perturbations of the STU background. The non-linear dynamical gravitational evolution may
end up in either a new phase, or in a naked singularity. The latter would be interpreted as a
breakdown of the grand canonical ensemble. If the grand canonical description of the strongly
coupled SYM theory indeed breaks down at µa > (µa)crit., the breakdown should be visible
in the microcanonical ensemble, whose gravitational description is given by fixed-charge,
fixed mass large AdS black holes (rather than branes) [55, 75]. Another perspective on the
instability was recently discussed in refs. [73, 76, 77].

Finally, it is important to note the five-dimensional truncation used to study the phase
structure of SYM theory, and the associated instabilities. In this paper, we have used the STU
consistent truncation whose field content includes the metric, three U(1) gauge fields, and
two real scalar fields. In the STU truncation, the stable part of the phase diagram is shown
figure 1. One can ask what would happen in larger consistent truncations which include more
fields, or in ten dimensions24 [79]. In particular, larger truncations which contain charged
complex scalar fields may develop instabilities of the “holographic superconductor” type [80].
This question was addressed in [39], and more recently in [77]. The results of [39] indicate
superconducting phases at somewhat higher temperatures than the STU instability we discuss
here. However, thermodynamics of these phases is not known, and it is not clear whether
they have a lower or a higher free energy compared to the STU phase. Ref. [77] used a
different consistent truncation, and found a superconducting instability below the STU critical
temperature discussed here. The dynamic stability analysis of such superconducting phases is
yet to be performed. Clearly, more work is needed in order to elucidate the low-temperature
behaviour of N = 4 SYM theory at finite density.
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A The probability of fluctuations in variables ε and na

The Einstein’s formula (1.1) can be re-written for the internal energy density considered
as a function of the entropy density and densities of charges [18, 19]. Consider a fixed
volume system embedded in a large thermostat. The system is allowed to exchange the
energy E and the charges Qa (whose volume densities we will denote by ε and na) with the
thermostat, the exchange being regulated by the temperature T and the chemical potentials
µa. Since the global charges in the full system are conserved, for fluctuations ∆ε and ∆na

in the small system we have

∆ε = −∆εT , ∆na = −∆nT
a , (A.1)

where the index T denotes the quantities associated with the thermostat. The probability of
a fluctuation in the total system (the small system plus the thermostat) is given by

w∆ = e∆sTOT , (A.2)

where ∆sTOT = ∆sT + ∆s is the total entropy density. In the thermodynamic limit, the
intensive parameters of the thermostat such as temperature, pressure, chemical potentials
retain their equilibrium values in the presence of fluctuations. Indeed, for example, for
pressure we have

p′T = pT

(
T, nT

a +∆nT
a

)
= p(T, na) +

(
∂p

∂na

)
T
∆nT

a + · · · , (A.3)

where, in view of (A.1),∣∣∣∣∆nT
a

∣∣∣∣ = ∣∣∣∣nT
a

∆QT
a

QT
a

∣∣∣∣ = ∣∣∣∣nT
a

∆Qa

QT
a

∣∣∣∣ = ∣∣∣∣nT
a

∆Qa

Qa

∣∣∣∣∣∣∣∣Qa

QT
a

∣∣∣∣→ 0 (A.4)

in the thermodynamic limit |QT
a /Qa| → ∞. This allows us to write

∆sTOT = 1
TT

(
∆εT − µT

a ∆nT
a

)
+∆s = 1

T
(−∆ε + µa∆na) + ∆s (A.5)

and thus

w∆ = e−
1
T

(∆ε−µa∆na−T ∆s) . (A.6)

Choosing yi = (s, na) as independent thermodynamic parameters, we have

∆ε =
∑

i

∂ε

∂yi
∆yi +

1
2
∑
ij

∂2ε

∂yi∂yj
∆yi∆yj + · · · , (A.7)
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where (∂ε/∂s)na = T and (∂ε/∂na)s = µa. Substituting this into eq. (A.6), we find the
probability of fluctuations

w∆ ∼ exp

− 1
2T

∑
ij

∂2ε

∂yi∂yj
∆yi∆yj

 . (A.8)

The condition of stable equilibrium requires the quadratic form in the exponent to be
positive definite.

B Cayley-Hamilton theorem

Thermodynamic quantities, such as free energy and its derivatives, will generically depend on
the three chemical potentials in the STU model. The charge operators, Qa, are elements of
the Cartan subalgebra of the R-symmetry group, and so chemical potentials are elements of
the dual space. Since free energy must be a singlet, its dependence on chemical potentials
must come only through symmetric group invariants of SU(4). The purpose of this appendix
is to show that it can be a function only of three invariants m2, m3, and m4 defined by
eqs. (2.53) in the case of SU(4), or, more generally, a function of Nf invariants in the case
of SU(Nf + 1) global symmetry group.

Let G = SU(N), and let {T a}r
a=1, where r = rank(G), be a basis for the corresponding

Lie algebra, g = su(N). A symmetric invariant tensor, κi1...im

(m) , of rank m may be constructed
as the symmetric trace of products of generators.

κi1...im

(m) := Tr
(
T (i1 . . . T im)

)
. (B.1)

Such invariant tensors are in one-to-one correspondence with Casimir operators, defined by

C(m) = κ
(m)
i1...im

T i1 . . . T im , (B.2)

which obey [
C(m), T a

]
= 0, ∀a . (B.3)

That is, they are invariant under the action of all generators.
We shall now prove that there are only N −1 independent symmetric invariants. Consider

a generic element of g, X = XaT a. Here, the T a are thought of as being N × N matrices
in the defining representation of su(N), i.e. they are anti-Hermitian and traceless, and
Xa ∈ C. The Cayley-Hamilton theorem [81] states that there exist {ci}N−1

i=0 ∈ C such that
the characteristic matrix polynomial obeys

pX := XN + cN−1XN−1 . . . + c1X + c01N = 0, (B.4)

where, for concreteness, Xn = Xa1 . . . Xan · T a1 . . . T an . Multiplying this by X, and noticing
that Tr(X) = 0, it is clear that there exists f such that

Tr
(
XN+1

)
= f

(
Tr
(
XN

)
, . . . , Tr

(
X2
))

. (B.5)

– 41 –



J
H
E
P
1
2
(
2
0
2
5
)
1
7
3

Since multiplication over C is commutative,

Xa1 . . . Xan · T a1 . . . T an = n! · Xa1 . . . Xan · T (a1 . . . T an). (B.6)

In other words, the symmetric prefactor projects out the antisymmetric part. Taking the
trace of this equation, we find

Tr (Xn) = n! · κa1...an

(n) · Xa1 . . . Xan . (B.7)

Eq. (B.5) may therefore be understood as stating that an arbitrary linear combination of
symmetric invariant tensors of order n > N may always be expressed as a function of the
‘primitive’ symmetric invariants of lower order, of which there are N − 1 = r. Since the
symmetric invariants are in one-to-one correspondence with Casimirs, the same applies to
these. This is shown explicitly in refs. [82, 83]. It is a general result that for semi-simple
Lie algebras, the number of independent Casimirs is equal to the rank of the group. The
invariants of m2, m3, and m4 of eq. (2.53) are of precisely the form above, namely the
Sudbery basis form for symmetric invariant tensors [84]. For the case of SU(4), we have
shown that there exist only these three primitive invariants, and higher-order symmetric
tensors will be built out of them.

C The scalar and redundancy

In the STU model, the scalars Xa satisfy the constraint

3∏
a=1

Xa = 1. (C.1)

We are interested in computing the equations of motion of perturbations about the STU
background, and it will be convenient to express these in terms of the variations δHa of
the fields Ha related to Xa via eq. (3.2). We seek to understand the implications of the
constraint above on this variation.

To linear order in perturbations, the constraint becomes

δ

(
n∏

a=1
Xa

)
=

3∑
i=1

δXa

∏
b ̸=a

Xb

 = 0. (C.2)

In terms of the new variables,

δXa = δ

(
H1/3

Ha

)
= H1/3

Ha

(1
3

δH

H
− δHa

Ha

)
(C.3)

= Xa

(1
3

δH

H
− δHa

Ha

)
. (C.4)

Thus,
δXa ·

∏
b ̸=a

Xb =
(1
3

δH

H
− δHa

Ha

)
, (C.5)
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where we used eq. (C.1). From eq. (C.2), therefore, one finds

δH = H
3∑

a=1

δHa

Ha
. (C.6)

Note that one may perform a rescaling Ha → λHa, for λ ∈ C, and the physical variable
Xa remains unchanged. This can be leveraged to simplify the variational problem. Let
Ha → λHa for all a, whereby H → λ3H. The expression above becomes

δH = λ2H
3∑

a=1

δHa

Ha
. (C.7)

Since λ is arbitrary, one can select λ = 0, thereby fixing the redundancy with the constraint
δH = 0. By the same token, this can be used to express the variation of one scalar in terms
of the other two. From eq. (C.6), it is clear that

δH3 = −H3

(
δH1
H1

+ δH2
H2

)
, (C.8)

since there are really only two scalars in the theory.

D Thermodynamic parameters vs black brane parameters

In this appendix we consider thermodynamics of STU black brane solutions, as described
in section 3.1. The black brane solutions are characterized by four integration constants
(T0, κ1, κ2, κ3). The constant T0 has units of temperature, while κa are dimensionless. The
temperature and the chemical potentials of the dual field theory are expressed in terms of
the four integration constants as

T = 2 + κ1 + κ2 + κ3 − κ1κ2κ3

2
√
(1 + κ1)(1 + κ2)(1 + κ3)

T0 , (D.1)

µ1 =
√
2πT0

√
κ1(1 + κ2)(1 + κ3)√

1 + κ1
, (D.2)

µ2 =
√
2πT0

√
κ2(1 + κ1)(1 + κ3)√

1 + κ2
, (D.3)

µ3 =
√
2πT0

√
κ3(1 + κ1)(1 + κ2)√

1 + κ3
. (D.4)

The integration constants are sign-definite: T0 > 0, κa ≥ 0. They must satisfy

2 + κ1 + κ2 + κ3 − κ1κ2κ3 > 0 , (D.5)

by positivity of temperature, and

2− κ1 − κ2 − κ3 + κ1κ2κ3 > 0 , (D.6)
κ1 + κ2 + κ3 < 3 , (D.7)
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by thermodynamic stability [42]. The pressure is

p = π2N2
c

8 T 4
0 (1 + κ1)(1 + κ2)(1 + κ3) . (D.8)

The grand canonical free energy Ω = −pV , where V is the field theory volume, V → ∞. Let
us also introduce the dimensionless free energy density

Ω̄(µa/T ) ≡ 8
π2N2

c

Ω(T, µa)
V T 4 = − 16(1 + κ2

1)(1 + κ2
2)(1 + κ2

3)
(2 + κ1 + κ2 + κ3 − κ1κ2κ3)4 . (D.9)

The map from (T0, κ1, κ2, κ3) to (T, µ1, µ2, µ3) is not one-to-one: for a given set of physical
thermodynamic parameters (T, µ1, µ2, µ3), there can be several different sets of (T0, κ1, κ2, κ3)
which give rise to the same (T, µ1, µ2, µ3). To see this explicitly, let us look at examples.

A single non-zero chemical potential. Consider a state with temperature T , and
(µ1, µ2, µ3) = (µ, 0, 0). By the above formulas, this must correspond to a geomerty with
κ2 = κ3 = 0. Next, consider a black brane solution with (T0, κ1, κ2, κ3) = (X0, x, 0, 0), and
another black brane solution with (T0, κ1, κ2, κ3) = (Y0, y, 0, 0). In order for these two black
brane solutions to give rise to the same T and µ, we must have

(2 + x)X0

2
√
1 + x

= (2 + y)Y0
2
√
1 + y

,

√
x X0√
1 + x

=
√

y Y0√
1 + y

. (D.10)

For given X0 > 0 and x ≥ 0, these are two equations for Y0 and y. Clearly, there is a solution
Y0 = X0, y = x. But there is one more: Y0 = 1

2
√

x(x + 4)X0/
√

x2 + 5x + 4, y = 4/x. Note
that both Y0 and y are positive for X0 > 0, x > 0, and so Y0 and y represent a valid black
brane background. Thus, two black brane backgrounds,

Background I: (T0, κ1, κ2, κ3) = (τ0, κ, 0, 0) , (D.11)

Background II: (T0, κ1, κ2, κ3) =
( √

κ(κ + 4)τ0

2
√

κ2 + 5κ + 4
,
4
κ

, 0, 0
)

, (D.12)

both give rise to the same T , and to the same (µ1, µ2, µ3) = (µ, 0, 0).
For κ < 2, Background I is thermodynamically stable and Background II is thermo-

dynamically unstable. For κ > 2, it’s the other way: background I is thermodynamically
unstable, while Background II is thermodynamically stable.

The free energy density (D.9) for the two backgrounds in (D.11), (D.12) is

Ω̄I = −16(1 + κ)3

(2 + κ)4 , Ω̄II = −κ(4 + κ)3

(2 + κ)4 . (D.13)

In order to compare Ω̄I to Ω̄II, we will express them as functions of m ≡ µ/(2πT ). Noting
that m =

√
2κ/(2 + κ), we have κ = (1 − 2m2 ±

√
1− 4m2)/m2. This dependence is

illustrated in figure 7. Substituting κ(m) into Ω̄, one finds two branches for each free energy
in eq. (D.13), Ω̄I,±(m), and Ω̄II,±(m); the corresponding functions are shown in figure 8.
For each 0 < m < 1

2 , we have four phases, corresponding to two branches κ(m) for each
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Figure 7. Left: the dependence of m ≡ µ/(2πT ) on the parameter κ in (κ1, κ2, κ3) = (κ, 0, 0). Right:
the dependence of κ on m is a double-valued function, with the branch corresponding to κ > 2 (or to
4/κ < 2) shown by a dashed line.
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Figure 8. The dependence of the free energy Ω̄ on m ≡ µ/(2πT ) for (µ1, µ2, µ3) = (µ, 0, 0). Left:
Ω̄I,±(m), right: Ω̄II,±(m). The solid and dashed lines correspond to the solid and dashed lines in the
right panel of figure 7.

background I and II. Note that

Ω̄I,± = Ω̄II,∓ , (D.14)

and the two phases with the lowest and equal free energy are Ω̄I,− and Ω̄II,+. These two
phases are the two STU backgounds with:

(T0, κ1, κ2, κ3) = (τ0, κ, 0, 0), for κ < 2, (D.15)

(T0, κ1, κ2, κ3) =
( √

κ(κ + 4)τ0

2
√

κ2 + 5κ + 4
,
4
κ

, 0, 0
)

, for κ > 2 . (D.16)

Both of the phases in eqs. (D.15) and (D.16) are thermodynamically stable. The equal-
ity (D.14) is not a coincidence: note that T and m are invariant under

T0 →
√

κ(κ + 4)
2
√

κ2 + 5κ + 4
T0 , κ → 4

κ
, (D.17)

hence any physical quantity in Background I which is a (potentially multivalued) function
of T and m only, when evaluated for Background II, gives the same answer.
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Two equal non-zero chemical potentials. Next, consider states with temperature T ,
and (µ1, µ2, µ3) = (µ, µ, 0). By eq. (D.4), this must correspond to a geomerty with κ3 = 0.
Following the previous discussion of a single non-zero chemical potential, consider a black brane
solution with (T0, κ1, κ2, κ3) = (X0, x1, x2, 0), and another solution with (T0, κ1, κ2, κ3) =
(Y0, y1, y2, 0). In order for these two black brane solutions to give rise to the same T and
µ, we must have

√
x1(1 + x2)√
1 + x1

=
√

x2(1 + x1)√
1 + x2

, (D.18)√
y1(1 + y2)√
1 + y1

=
√

y2(1 + y1)√
1 + y2

, (D.19)√
x1(1 + x2)X0√

1 + x1
=
√

y2(1 + y1)Y0√
1 + y2

, (D.20)

(2 + x1 + x2)X0√
(1 + x1)(1 + x2)

= (2 + y1 + y2)Y0√
(1 + y1)(1 + y2)

. (D.21)

The first equation is the condition that µ1 = µ2 for the first solution. The second equation
is the condition that µ1 = µ2 for the second solution. The third equation is the condition
that the chemical potentials are the same between the two backgrounds. The fourth equation
is the condition that the temperatures are the same.

Equation (D.18) has two solutions: x2 = x1, and x2 = 1/x1. Similarly, eq. (D.19) has
two solutions: y2 = y1, and y2 = 1/y1. Thus we have four cases:

Background Ia: (T0, κ1, κ2, κ3) = (X0, x, x, 0) , (D.22)
Background Ib: (T0, κ1, κ2, κ3) = (X0, x, 1/x, 0), (D.23)

Background IIa: (T0, κ1, κ2, κ3) = (Y0, y, y, 0) , (D.24)
Background IIb: (T0, κ1, κ2, κ3) = (Y0, y, 1/y, 0). (D.25)

Backgrounds Ib and IIb are thermodynamically unstable because the corresponding κ1,2 are
outside the stability region, which is the orange region in figure 1.

Further, note that the pair Ia-Ib can not have the same T and µ (except for x = 1), and
similary IIa-IIb can not have the same T and µ (except for y = 1). The pair Ia-IIa can have
the same T and µ only for X0 = Y0, x = y, thus representing the same background.

Other pairs of backgrounds can have the same T and µ for a range of κ’s. In par-
ticular, backgrounds Ia and IIb (or Ib and IIa) can have the same T and µ if eqs. (D.20)
and (D.21) hold:

√
xX0 = Y0 , (D.26)

2X0 = 1 + y
√

y
Y0 . (D.27)
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The solutions are Y0 =
√

xX0, and y = (2±2
√
1− x−x)/x. The product of the two solutions

for y is 1. Thus, the following backgrounds have the same T and µ:

Background Ia: (T0, κ1, κ2, κ3) = (τ0, κ, κ, 0) , (D.28)

Background IIb′: (T0, κ1, κ2, κ3) =
(
√

κ τ0,
2 + 2

√
1−κ − κ

κ
,
2− 2

√
1−κ − κ

κ
, 0
)

, (D.29)

Background IIb′′: (T0, κ1, κ2, κ3) =
(
√

κ τ0,
2− 2

√
1−κ − κ

κ
,
2 + 2

√
1−κ − κ

κ
, 0
)

. (D.30)

Analogously, Ib and IIb will have the same T and µ if (D.20) and (D.21) hold:

X0 = Y0 , (D.31)
√
1 + x√

x
X0 =

√
1 + y
√

y
Y0 . (D.32)

The solutions are Y0 = X0, y = x, or y = 1/x. The first of these gives IIb = Ib. The second
one gives the pair of backgrounds with the same T and µ:

Background Ib: (T0, κ1, κ2, κ3) =
(

τ0, κ,
1
κ

, 0
)

, (D.33)

Background IIb: (T0, κ1, κ2, κ3) =
(

τ0,
1
κ

, κ, 0
)

. (D.34)

Now let’s plot the free energy Ω̄ as a function of m ≡ µ/(2πT ). For the back-
grounds (D.28), (D.29), (D.30), we have m =

√
κ/2, which is a monotonic function of

κ, with m > 0. Substituting κ = 2m2 into (D.28), (D.29), (D.30), we find (κ1, κ2, κ3) as
functions of m,

Ω̄Ia = −(1 + 2m2)2 , (D.35)
Ω̄IIb = −8m2 . (D.36)

For the backgrounds (D.33) and (D.34), we have m =
√
2κ/(1 + κ) (hence m is restricted to

be less than mc = 1/
√
2), and the free energies are Ω̄Ib = Ω̄IIb = −8m2. The free energy Ω̄ is

plotted in figure 9. The background Ia has a lower free energy than IIb, except for one point
m = mc = 1/

√
2 when the two free energies are equal. The background Ia is thermodynamically

stable for m < mc. For m > mc, both Ia and IIb are thermodynamically unstable.

Three equal non-zero chemical potentials. Finally, consider states with temperature T ,
and (µ1, µ2, µ3) = (µ, µ, µ). As before, consider a black brane solution with (T0, κ1, κ2, κ3) =
(X0, x1, x2, x3), and another black brane solution with (T0, κ1, κ2, κ3) = (Y0, y1, y2, y3). Anal-
ogous to the previous discussion, there are several backgrounds which give rise to the same T
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Figure 9. The dependence of the free energy Ω̄ on m ≡ µ/(2πT ) for (µ1, µ2, µ3) = (µ, µ, 0).
Left: the blue line corresponds to the background (D.28), the orange line corresponds to the back-
grounds (D.29), (D.30) which have the same free energy. The curves touch at mc = 1/

√
2, corresponding

to κ = 1, indicated by a dashed line. The thermodynamically unstable background IIb has a higher free
energy that Ia for both m < mc, and for m > mc. Right: the free energies for the thermodynamically
unstable backgrounds (D.33), (D.34). The plot is analogous to a degenerate version of figure 8, in
which solid and dashed lines are on top of each other.

and µ, studied recently in ref. [73]. An exercise show that the following backgrounds:

Background I: (T0, κ1, κ2, κ3) = (τ0, κ, κ, κ) , (D.37)

Background II′: (T0, κ1, κ2, κ3) =
(

τ0
(2−κ)

√
κ(1+κ)√

κ2 − 3κ + 4
,

κ

(2−κ)2 ,
κ

(2−κ)2 ,
(2−κ)2

κ

)
, (D.38)

Background II′′: (T0, κ1, κ2, κ3) =
(

τ0
(2−κ)

√
κ(1+κ)√

κ2 − 3κ + 4
,

κ

(2−κ)2 ,
(2−κ)2

κ
,

κ

(2−κ)2

)
, (D.39)

Background II′′′: (T0, κ1, κ2, κ3) =
(

τ0
(2−κ)

√
κ(1+κ)√

κ2 − 3κ + 4
,

κ

(2−κ)2 ,
(2−κ)2

κ
,

κ

(2−κ)2

)
,

(D.40)

have the same T and the same µa = µ. Their free energies are shown in figure 10. The
right panel in figure 10 corresponds to figure 1 in ref. [73], where thermodynamics of STU
phases with (κ1, κ2, κ3) = (x, x, x) was compared to thermodynamics of STU phases with
(κ1, κ2, κ3) = (y, y, 1/y). Background I is thermodynamically stable for m < mc =

√
2

(corresponding to κ = 1), and thermodynamically unstable for m > mc. Background II is
thermodynamically unstable for all m > 0.

E The conductivity matrix

The conductivity matrix σab can be computed by applying Kubo formula to the two-point
functions of the spatial components of currents Ja

i at zero spatial momentum,

σab = − 1
ω

Im GJa
i Jb

i
(ω, k = 0) , (E.1)
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Figure 10. Left: the dependence of the free energy Ω̄ on m ≡ µ/(2πT ) for (µ1, µ2, µ3) = (µ, µ, µ).
Left: the blue line corresponds to the background (D.37), the orange line corresponds to the back-
grounds (D.38), (D.39), (D.40) which have the same free energy. The curves intersect at mc =

√
2,

corresponding to κ = 1, indicated by a dashed line. Right: the same plot presented in different
variables, showing (π4T 4/µ4)Ω̄ as a function of T/µ, with two branches crossing at T/µ = 1/(2π

√
2),

see ref. [73].

where i = x, y, z. The correlators in the hydrodynamic approximation are determined by
solving the fluctuation equations for gauge fields at zero spatial momentum and using the
relevant part of the boundary action.

Note that at zero spatial momentum the difference between the sound and shear channels
disappear, and GJa

x Jb
x
(ω, k = 0) = GJa

y Jb
y
(ω, k = 0) = GJa

z Jb
z
(ω, k = 0). We borrow the shear

channel equations of motion for the “electric” fields

Ẽa
L/R = w0

(
Ãa

x ± iÃa
y

)
,

where
Ãa

x,y =
√

κa

µa(1 + κa)
Aa

x,y , (E.2)

from ref. [65], setting q0 = 0 there (alternatively, they can be obtained from the sound channel
equations of motion with q0 = 0). At vanishing spatial momentum, Ẽa

L and Ẽa
R satisfy the

same equations, and we use the notation Ẽa for either of the fields. The equations are

Ẽ1′′ +
(2H ′

1
H1

− H ′

H
+ f ′

f

)
Ẽ1′ + w2

0H

uf2 Ẽ1

−
√

κ1u

H2
1 f

(1 + κ1)(1 + κ2)(1 + κ3)(
√

κ1Ẽ1 +√
κ2Ẽ2 +√

κ3Ẽ3) = 0 , (E.3)

Ẽ2′′ +
(2H ′

2
H2

− H ′

H
+ f ′

f

)
Ẽ2′ + w2

0H

uf2 Ẽ2

−
√

κ2u

H2
2 f

(1 + κ1)(1 + κ2)(1 + κ3)(
√

κ1Ẽ1 +√
κ2Ẽ2 +√

κ3Ẽ3) = 0 , (E.4)

Ẽ3′′ +
(2H ′

3
H3

− H ′

H
+ f ′

f

)
Ẽ3′ + w2

0H

uf2 Ẽ3

−
√

κ3u

H2
3 f

(1 + κ1)(1 + κ2)(1 + κ3)(
√

κ1Ẽ1 +√
κ2Ẽ2 +√

κ3Ẽ3) = 0 . (E.5)
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The equations (E.3)—(E.5) are coupled, and we were not able to solve them analytically
even in the hydrodynamic approximation. However, in some special cases, an analytic
solution can be found.

The part of the boundary action involving the gauge field fluctuations only is given by [65]

Sreg. shear =
π2N2

c T 4
0

8 (1 + κ1)(1 + κ2)(1 + κ3)
3∑

a=1

∫
d4x

(
Ãa

xÃa′
x + Ãa

yÃa′
y

)
. (E.6)

Expressing the chemical potentials via κa, we find

Sreg. shear =
N2

c T 2
0

16

3∑
a=1

∫
d4x

(
Aa

xAa′
x + Aa

yAa′
y

)
. (E.7)

E.1 The case of (κ1, κ2, κ3) = (κ, 0, 0)

In this case, the equations (E.3)—(E.5) read

Ẽ1′′ +
(

f ′

f
+ H ′

H

)
Ẽ1′ + w2

0H

uf2 Ẽ1 − κ(1 + κ)u
H2f

Ẽ1 = 0 , (E.8)

Ẽa′′ +
(

f ′

f
− H ′

H

)
Ẽa′ + w2

0H

uf2 Ẽa = 0 , (E.9)

where a = 1, 2, H(u) = 1 + κu and f(u) = (1 − u)(1 + u + κu). Their solution to leading
non-trivial order the hydrodynamic approximation can be found following the approach
introduced in refs. [47, 67] (see also appendix C in ref. [85]):

Ẽ1(u) = C1(1− u)−
iw0

√
1+k

2+κ

1 + κu

[
1 + uκ

2

+
iw0

√
1 + κ

[
−(1− u)κ2 + (1 + κ)(2 + uκ) ln

(
1+u+uκ

2+κ

)]
2(2 + κ)(1 + κ)

]
,

Ẽ2,3(u) = C2,3(1− u)−
iw0

√
1+κ

2+κ

[
1 + iw0

√
1 + κ

(2 + κ)(1 + κ)2 ln
(1 + u + uκ

2 + κ

)]
.

It is worth emphasising that the equations (E.8)—(E.9) decouple, so the integration constant
in the solution for each field depends solely on the boundary value of that field.

To compute the correlators using the bulk solutions Ẽa(u), we write these solutions
in the form

Aa
x,y(u) = Aa

x,y(ϵ)
Ẽa(u)
Ẽa(ϵ)

, (E.10)

where Aa
x,y(ϵ) are the boundary values of the fields and the normalisation of Ẽa(u) in the

ratio is irrelevant. Then, using the boundary action (E.7) and the recipe of ref. [46], for
any i = x, y, z, we have

GJa
i Jb

i
(ω, k = 0) = −N2

c T 2
0

8

[
Ẽa′(ϵ)
Ẽa(ϵ)

]
, (E.11)
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where the square bracket means removing contact terms. We find

GJ1
i J1

i
(ω, k = 0) = −N2

c T 2
0

32
iw0(2 + κ)2
√
1 + κ

, (E.12)

GJ2
i J2

i
(ω, k = 0) = GJ3

i J3
i
(ω, k = 0) = −N2

c T 2
0

8
iw0√
1 + κ

, (E.13)

GJa
i Jb

i
(ω, k = 0) = 0 , a ̸= b . (E.14)

The Kubo formula (E.1) gives the matrix of conductivities for the equilibrium state with
(κ1, κ2, κ3) = (κ, 0, 0):

σab =
N2

c T

8π


2+κ

4 0 0
0 1

2+κ 0
0 0 1

2+κ

 , (E.15)

where we used the relation T0 = 2
√
1 + κT/(2 + κ) between the parameter T0 and the

physical temperature T .

E.2 The case of (κ1, κ2, κ3) = (κ, κ, 0)

For two equal chemical potentials, the equations (E.3)—(E.5) are

Ẽ′′
1 + 2(u − κ + 2uκ)

(1− u)(1 + u + 2uκ)Ẽ′
1 +

w2
0(1 + uκ)2

(1− u)2u(1 + u + 2uκ)2 Ẽ1

+ uκ(1 + κ)2

(1− u)(1 + uκ)2(1 + u + 2uκ)(Ẽ1 + Ẽ2) = 0 , (E.16)

Ẽ′′
2 + 2(u − κ + 2uκ)

(1− u)(1 + u + 2uκ)Ẽ′
2 +

w2
0(1 + uκ)2

(1− u)2u(1 + u + 2uκ)2 Ẽ2

+ uκ(1 + κ)2

(1− u)(1 + uκ)2(1 + u + 2uκ)(Ẽ1 + Ẽ2) = 0 , (E.17)

Ẽ′′
3 + 2u(1 + κ)2

(1− u)(1 + uκ)(1 + u + 2uκ) Ẽ′
3 +

w2
0(1 + uκ)2

(1− u)2u(1 + u + 2uκ)2 Ẽ3 = 0 . (E.18)

The equations (E.16) and (E.17) are coupled. The perturbative solution to (E.16) and (E.17)
is given by

Ẽ1 = C1Ẽ
(1)
1 + C2Ẽ

(2)
1 , (E.19)

Ẽ2 = C1Ẽ
(1)
2 + C2Ẽ

(2)
2 , (E.20)

where, to linear order in w0,

Ẽ
(1)
1 = Ẽ

(1)
2 = − (1− u)−

iw0
2

κ(3 + 4κ)(1 + uκ)

[
1 + +

iw0
(
2(1− u)κ2(1 + 2κ) + (1 + κ) ln

[
1+u+2uκ

2(1+κ)

])
2(1 + κ)(1 + 2κ)2

]
(E.21)

and

Ẽ
(2)
1 = −Ẽ

(2)
2 = (1− u)−

iw0
2

[
1 + iw0

2 ln
(1 + u + 2uκ

2(1 + κ)

)]
. (E.22)
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At the boundary at u = ϵ → 0, we demand Ẽ1(u) → Ẽ
(0)
1 and Ẽ2(u) → Ẽ

(0)
2 . This implies

that the integration constants C1 and C2 in eqs. (E.19)—(E.20) are related to the boundary
values of the fields as

C1 = αẼ
(0)
1 + γẼ

(0)
2 ,

C2 = βẼ
(0)
1 + δẼ

(0)
2 , (E.23)

where the coefficients can be found from(
α β

γ δ

)
= 1

∆

(
Ẽ

(2)
2 (ϵ) −Ẽ

(1)
2 (ϵ)

−Ẽ
(2)
1 (ϵ) Ẽ

(1)
1 (ϵ)

)
, (E.24)

with

∆ = det
(

Ẽ
(1)
1 (ϵ) Ẽ

(2)
1 (ϵ)

Ẽ
(1)
2 (ϵ) Ẽ

(2)
2 (ϵ)

)
→ 2

κ(3 + 4κ) + O(w0) . (E.25)

To leading order in w0, the relevant part of the action (E.7) is given by

Sreg. shear =
iw0N2

c T 2
0

32(1 + κ)

[
−2Ẽ

(0)
1 Ẽ

(0)
2 κ(2+κ)+ Ẽ

(0)
1 Ẽ

(0)
1 (2+2κ+κ2)+ Ẽ

(0)
2 Ẽ

(0)
2 (2+2κ+κ2)

]
.

(E.26)
We find the correlators to leading order in w0:

GJ1
i J1

i
(ω, k = 0) = GJ2

i J2
i
(ω, k = 0) = −N2

c T 2
0

16
iw0(2 + 2κ + κ2)

(1 + κ) , (E.27)

GJ1
i J2

i
(ω, k = 0) = GJ2

i J1
i
(ω, k = 0) = N2

c T 2
0

16
iw0κ(2 + κ)

1 + κ
. (E.28)

The perturbative solution to (E.18) is given by

Ẽ3(u) = C(1− u)−iω0/2

1 + iw0
[
2(1− u)κ2(1 + 2κ) + (1 + κ) ln

(
1+u+2uκ

2(1+κ)

)]
2(1 + κ)(1 + 2κ)2


which gives the correlator

GJ3
i J3

i
(ω, k = 0) = −N2

c T 2
0

8
iw0
1 + κ

, (E.29)

with GJ3
i J1

i
(ω, k) = GJ1

i J3
i
(ω, k = 0) = 0 and GJ3

i J2
i
(ω, k) = GJ2

i J3
i
(ω, k = 0) = 0.

The Kubo formula (E.1) then leads to the matrix of conductivities for the equilibrium
state with (κ1, κ2, κ3) = (κ, κ, 0):

σab =
N2

c T

16π


(2+2κ+κ2)

2(1+κ) −κ(2+κ)
2(1+κ) 0

−κ(2+κ)
2(1+κ)

(2+2κ+κ2)
2(1+κ) 0

0 0 1
1+κ

 , (E.30)

where we used the relation T0 = T between the parameter T0 and the physical temperature
T in this case.
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E.3 The case of (κ1, κ2, κ3) = (κ, κ, κ)

In this case, the equations (E.3)—(E.5) read

Ẽ′′
1 (u) +

(
− κ

1 + uκ
+ 3κ + 3u2κ3 − 2u(1 + 3κ + κ3)

(1− u)(−1 + u2κ3 − u(1 + 3κ))

)
Ẽ′

1(u)

+ w2
0(1 + uκ)3Ẽ1(u)

(1− u)2u(1 + u + 3uκ − u2κ3)2 − uκ(1 + κ)3(Ẽ1(u) + Ẽ2(u) + Ẽ3(u))
(1− u)(1 + uκ)2(−1 + u2κ3 − u(1 + 3κ)) = 0 , (E.31)

Ẽ′′
2 (u) +

(
− κ

1 + uκ
+ 3κ + 3u2κ3 − 2u(1 + 3κ + κ3)

(1− u)(−1 + u2κ3 − u(1 + 3κ))

)
Ẽ′

2(u)

+ w2
0(1 + uκ)3Ẽ2(u)

(1− u)2u(1 + u + 3uκ − u2κ3)2 − uκ(1 + κ)3(Ẽ1(u) + Ẽ2(u) + Ẽ3(u))
(1− u)(1 + uκ)2(−1 + u2κ3 − u(1 + 3κ)) = 0 , (E.32)

Ẽ′′
3 (u) +

(
− κ

1 + uκ
+ 3κ + 3u2κ3 − 2u(1 + 3κ + κ3)

(1− u)(−1 + u2κ3 − u(1 + 3κ))

)
Ẽ′

3(u)

+ w2
0(1 + uκ)3Ẽ3(u)

(1− u)2u(1 + u + 3uκ − u2κ3)2 − uκ(1 + κ)3(Ẽ1(u) + Ẽ2(u) + Ẽ3(u))
(1− u)(1 + uκ)2(−1 + u2κ3 − u(1 + 3κ)) = 0 . (E.33)

These equations are coupled. To effectively decouple them, we can write equations satisfied
by Ẽ1 = 2Ẽ1 − Ẽ2 − Ẽ3, Ẽ2 = 2Ẽ2 − Ẽ1 − Ẽ3 and Ẽ3 = 2Ẽ3 − Ẽ1 − Ẽ2:

Ẽ ′′
i +

(
− κ

1+uκ
+ 3κ+3u2κ3−2u(1+3κ+κ3)
(1−u)(−1+u2κ3−u(1+3κ))

)
Ẽ ′

i+
w2

0(1+uκ)3

(1−u)2u(1+u+3uκ−u2κ3)2 Ẽi =0 ,

(E.34)
where i = 1, 2, 3, as well as the equation for E = Ẽ1 + Ẽ2 + Ẽ3:

E ′′ +
(
− κ

1 + uκ
+ −1 + u2κ3 − u(1 + 3κ) + (1− u)

(
1 + 3κ − 2uκ3)

(1− u) (1− u2κ3 + u(1 + 3κ))

)
E ′

+ w2
0(1 + uκ)3

(1− u)2u (1− u2κ3 + u(1 + 3κ))2E − 3uκ(1 + κ)3

(1− u)(1 + uκ)2 (1− u2κ3 + u(1 + 3κ))E = 0 .

(E.35)

The perturbative solutions for Ẽi and E are given by25

E(u) =
(
Ẽ0

1 + Ẽ0
2 + Ẽ0

3

) F (u)
F (ϵ) , (E.36)

Ẽi(u) =
(
2Ẽ0

i − Ẽ0
j − Ẽ0

k

) F1(u)
F1(ϵ)

, i, j, k = 1, 2, 3 , i ̸= j ̸= k , (E.37)

where

Fi(u) = (1− u)−
iw0

(2−κ)
√

1+κ

(
1 + iw0

2(−2 + κ)
√
1 + κ

√
1 + 4κ

×

[
(−2 + 4κ) ArcCoth

(
(1 + κ)

√
1 + 4κ

−1− 3κ + 2uκ3

)

+(2− 4κ) ArcTanh
(−1 + 2(−1 + κ)κ√

1 + 4κ

)

+
√
1 + 4κ

(
ln(2 + 3κ − κ3)− ln(1 + u + 3uκ − u2κ3)

) ])
(E.38)

25Note that the variables E and Ẽi correspond, accordingly, to the “centre of mass” and fluctuations around
it described by the eigenvectors (6.20)—(6.22). See also ref. [42].
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and

F (u) = (1− u)−
iw0

(2−κ)
√

1+κ

{
2− uκ

2(1 + uκ) +
w0

4(−2 + κ)4κ(1 + κ)3/2(1 + 4κ)3/2(1 + uκ)
×

[
− 2i(−2 + κ)3κ(−2 + uκ)(−1 + 9κ + 12κ2 + 2κ3)ArcTanh

(
−1− 3κ + 2uκ3

(1 + κ)
√
1 + 4κ

)

+
√
1 + 4κ

(
54i(−2 + κ)κ2(8− 14κ + (4 + u)κ2 + (−1 + u)κ3)

+2π(−2 + uκ)(1 + κ + 6κ2 + 95κ3 + 94κ4 + 9κ5 + 4κ6)

+(−2 + κ)3κ(1 + 4κ)(−2 + uκ)
(
− 54iκ(−4 + 5κ)

(−2 + κ)2(1 + 4κ)

−2π(1− 3κ + 18κ2 + 23κ3 + 2κ4 + κ5)
(−2 + κ)3κ

+2i(−1 + 9κ + 12κ2 + 2κ3)
(1 + 4κ)3/2 ArcTanh

(
−1− 2κ + 2κ2

√
1 + 4κ

)
− i(1 + κ) ln(2 + 3κ − κ3)

)

+i(−2 + κ)3κ(−2 + uκ)(1 + 5κ + 4κ2) ln(1 + u + 3uκ − u2κ3)
)]}

. (E.39)

Then, the three components of the “electric” field can be found as

Ẽi(u) =
1
3
(
E + Ẽi

)
. (E.40)

Subsituting the solution Ẽ1(u) into the boundary action (E.7), we find the term

S(1) = iN2
c T 2

0 w0
64(1 + κ)3/2

(
−(Ẽ0

2 + Ẽ0
3)κ(4 + κ) + Ẽ0

1(4 + 4κ + 3κ2)
)

Ẽ0
1 , (E.41)

and similarly for Ẽ2(u) and Ẽ3(u). Correspondingly, the retarded correlators to leading
order in w0 are given by

GJa
i Ja

i
(ω, 0) = −N2

c T

32π

iω(4 + 4κ + 3κ2)
(2− κ)(1 + κ)2 , a = 1, 2, 3 , (E.42)

GJa
i Jb

i
(ω, 0) = N2

c T

32π

iωκ(4 + κ)
(2− κ)(1 + κ)2 , a ̸= b , (E.43)

where we used the relation T0 = 2T/(2−κ)
√
1 + κ between the parameter T0 and the physical

temperature T in this case.
Applying the Kubo formula (E.1), we find the matrix of conductivities for the equilibrium

state with (κ1, κ2, κ3) = (κ, κ, κ):

σab =
N2

c T

16π


4+4κ+3κ2

2(2−κ)(1+κ)2 − κ(4+κ)
2(2−κ)(1+κ)2 − κ(4+κ)

2(2−κ)(1+κ)2

− κ(4+κ)
2(2−κ)(1+κ)2

4+4κ+3κ2

2(2−κ)(1+κ)2 − κ(4+κ)
2(2−κ)(1+κ)2

− κ(4+κ)
2(2−κ)(1+κ)2 − κ(4+κ)

2(2−κ)(1+κ)2
4+4κ+3κ2

2(2−κ)(1+κ)2

 . (E.44)
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F Sound channel fluctuations for (κ1, κ2, κ3) = (κ, 0, 0)

The notations in this appendix follow the ones used in section 4. In particular, for the
purposes of this section, f = (1 − u)(1 + u + κu).

a) Scalar equations:

The equation for s1 reads

s′′1 +
(

f ′

f
− 1 + 3κu

uH

)
s′1 +

4κ1/2(1 + κ)uH
3f

a
(1)
t

′
+ κ

3
(
H ′

ii − H ′
tt

)
+ 2κ(1 + κ)u

3Hf
Htt

+
[

H
u2f

+ 4κ(1 + κ)u
3H2f

+ w2H− q2f

uf2 + κ

H

(1 + 3κu

uH
− f ′

f

)]
s1 = 0 . (F.1)

For sj with j ̸= 1, the equations are as follows:

s′′j +
(

f ′

f
− 1

u

)
s′j −

2κ1/2(1 + κ)u
3f

a
(1)
t

′
− κ

6H
(
H ′

ii − H ′
tt

)
+
(

1
u2f

+ w2H− q2f

uf2

)
sj −

κ(1 + κ)u
3H2f

Htt −
2κ(1 + κ)u

3H3f
s1 = 0 . (F.2)

These can be decoupled from s1, and the gauge and gravity sectors, using the variable
S = s2 − s3, which obeys the following simple equation:

S ′′ +
(

f ′

f
− 1

u

)
S ′ +

(
1

u2f
+ w2H− q2f

uf2

)
S = 0 . (F.3)

b) Gauge field equations:

The equations involving a
(1)
t,z are

a
(1)
t

′′
+ 2κ

H
a

(1)
t

′
+ 2κ1/2

H3 s′1 +
κ1/2

2H2
(
H ′

ii + H ′
tt

)
− q

uf

(
qa

(1)
t +wa(1)

z

)
− 2κ3/2

H4 s1 = 0,

(F.4)

wHa
(1)
t

′
+ qfa(1)

z

′ + 2κ1/2w

H2 s1 +
κ1/2w

2H (Hii + Htt) +
κ1/2q

H
Htz = 0,

(F.5)

a(1)
z

′′ +
(

κ

H
+ f ′

f

)
a(1)

z

′ + κ1/2

Hf
H ′

tz +
wH
uf2

(
q · a

(1)
t +wa(1)

z

)
= 0.

(F.6)

For j ̸= 1, the gauge fields obey the following equations:

a
(j)
t

′′
− q

uf

(
wa(j)

z + qa
(j)
t

)
= 0, (F.7)

a
(j)
t

′
+ qf

wH
a(j)

z

′ = 0, (F.8)

a(j)
z

′′ +
(

f ′

f
− κ

H

)
a(j)

z

′ + wH
uf2

(
w · a(j)

z + qa
(j)
t

)
= 0. (F.9)
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c) Einstein equations:

H ′′
tt +

(
− 3
2u

− κ

3H + 3f ′

2f

)
H ′

tt +
( 1
2u

+ κ

3H − f ′

2f

)
H ′

ii +
4κ1/2(1 + κ)u

3f
a

(1)
t

′

+ 2κ

3uHf

(
2(1 + κ)u2

H2 + 1
)

s1 −
wH
uf2 (wHii + 2qHtz) +

(
2κ(1 + κ)u

3H2f
− q2

uf

)
Htt = 0,

(F.10)

wH ′
ii + qH ′

tz +
κw

H2 s1 +
1
2

(
κ

H
− f ′

f

)
(wHii + 2qHtz) = 0,

(F.11)

H ′′
tz +

(
κ

H
− 1

u

)
H ′

tz +
κ1/2(1 + κ)u

H
a(1)

z

′ + qw

uf
Haa = 0,

(F.12)

H ′′
tt − H ′′

ii −
(

κ

6H + f ′

2f

)
H ′

ii +
(
− 5κ

6H + 3f ′

2f

)
H ′

tt +
4κ1/2(1 + κ)u

3f
a

(1)
t

′

− 2κ

H2 s′1 +
(
2κ2

H3 + 4κ(1 + κ)u2

3uH3f
+ 2κ

3uHf

)
s1 +

2κ(1 + κ)u
3H2f

Htt = 0,

(F.13)

qf
(
H ′

tt − H ′
aa

)
+wHH ′

tz +
qf

2

(
f ′

f
− κ

H

)
Htt

+κ1/2(1 + κ)u
(
qa

(1)
t +wa(1)

z

)
− qκf

H2 s1 = 0,

(F.14)

H ′′
aa +

(
−2

u
+ κ

3H + f ′

f

)
H ′

aa +
(

κ

3H − 1
u

) (
H ′

zz − H ′
tt

)
+ 4κ1/2(1 + κ)u

3f
a

(1)
t

′

+ 4κ

3uHf

(
(1 + κ)u2

H2 − 1
)

s1 +
2κ(1 + κ)u

3H2f
Htt +

w2H− q2f

uf2 Haa = 0,

(F.15)

H ′′
zz +

(
− 3
2u

+ κ

6H + f ′

f

)
H ′

zz +
(

κ

6H − 1
2u

) (
H ′

aa − H ′
tt

)
+2κ1/2(1 + κ)u

3f
a

(1)
t

′
+ 2κ

3uHf

(
(1 + κ)u2

H2 − 1)
)

s1 −
q2

uf
Haa

+
(

κ(1 + κ)u
3H2f

+ q2

uf

)
Htt +

wH
uf2 (2qHtz +wHzz) = 0.

(F.16)

G Sound channel fluctuations for (κ1, κ2, κ3) = (κ, κ, 0)

The notations in this appendix correspond to the ones used in section 5. In particular, for
the purposes of this section, f = (1 − u)(1 + u + 2κu).
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a) Scalar field equations

s′′ +
(

f ′

f
− 1 + 3κu

uH

)
s′ + 2κ1/2(1 + κ)2uH

f
a′t

+
(
D(u)
uf2 + 1

u2H2f
+ κ(1 + 3κu)

uH2 − κf ′

Hf
+ κ (3H+ C(u))

uH2f

)
s = 0, (G.1)

s′′3 +
(

f ′

f
− 1

u

)
s′3 −

2κ1/2(1 + κ)2u

3f
A′

t −
H ′

6H

(
H ′

ii − H ′
tt

)
−2κ(1 + κ)2u

3H2f
Htt +

(
2κ(1 + κ)2u

3H2f
+ 1

u2f
+ D(u)

uf2

)
s3 = 0. (G.2)

It should be noted that substituting for s3 in terms of s1 and s2 in the above, and
subtracting the result from the sum of the equations for s1 and s2, one obtains the
constraint s1 + s2 = 0.

b) Gauge field equations

For gauge field perturbations a(i), with i = 1, 2, we find the following equations:

a
(i)
t

′′
+ 2κ

H
a

(i)
t

′
+ 2κ1/2

H3 s′i +
κ1/2

2H2
(
H ′

ii + H ′
tt

)
− q

uf

(
qa

(i)
t +wa(i)

z

)
− 2κ3/2

H4 si = 0,

(G.3)

Ha
(i)
t

′
+ qf

w
a(i)

z

′ + 2κ1/2

H
si +

κ1/2

2

(
Hii + Htt +

2q
w

Htz

)
= 0,

(G.4)

a(i)
z

′′ +
(2κ

H
− H ′

H
+ f ′

f

)
a(i)

z

′ + κ1/2

f
H ′

tz +
wH

uf2

(
q a

(i)
t +w a(i)

z

)
= 0.

(G.5)

The gauge field perturbation a(3) obeys:

a
(3)
t

′′
− q

uf

(
qa

(3)
t +wa(3)

z

)
= 0 , (G.6)

wHa
(3)
t

′
+ qfa(3)

z

′ = 0 , (G.7)

a(3)
z

′′ +
(

f ′

f
− H ′

H

)
a(3)

z

′ + wH

uf2

(
qa

(3)
t +wa(3)

z

)
= 0 . (G.8)

Particularly useful are the equations of motion for the difference aµ = a
(1)
µ − a

(2)
µ :

a′′t + 2κ

H
a′t +

2κ1/2

H3 s′ − q

uf
(qat +waz)−

2κ3/2

H4 s = 0 , (G.9)

a′t +
qf

wH
a′z +

2κ1/2

H3 s = 0 , (G.10)

a′′z +
(2κ

H
+ f ′

f
− H ′

H

)
a′z +

wH

uf2 (qat +waz) = 0 . (G.11)
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c) Einstein equations

H ′′
tt +

(3f ′

2f
− 3

2u
− H ′

3H

)
H ′

tt +
( 1
2u

+ H ′

3H
− f ′

2f

)
H ′

ii +
4κ1/2(1 + κ)2u

3f
A′

t

−wH

uf2 (wHii + 2qHtz) +
(
4κ(1 + κ)2u

3H2f
− q2

uf

)
Htt = 0 ,

(G.12)

H ′
tz +

w

q
H ′

ii +
(

H ′

H
− f ′

f

)
Htz +

w

2q

(
H ′

H
− f ′

f

)
Hii = 0 ,

(G.13)

H ′′
tz +

(
H ′

H
− 1

u

)
H ′

tz +
κ1/2(1 + κ)2u

H
A′

z +
wq

uf
Haa = 0 ,

(G.14)

H ′′
tt − H ′′

ii +
1
2

(
−5H ′

3H
+ 3f ′

f

)
H ′

tt −
1
2

(
H ′

3H
+ f ′

f

)
H ′

ii

+4κ1/2(1 + κ)2u

3f
A′

t +
4κ(1 + κ)2u

3H2f
Htt = 0 ,

(G.15)

H ′
tt − H ′

aa + wH

qf
H ′

tz +
κ1/2(1 + κ)2u

f

(
At +

w

q
Az

)
+ 1

2

(
f ′

f
− H ′

H

)
Htt = 0 ,

(G.16)

H ′′
aa +

(
−2

u
+ H ′

3H
+ f ′

f

)
H ′

aa +
(1

u
− H ′

3H

) (
H ′

tt − H ′
zz

)
+ 4κ1/2(1 + κ)2u

3f
A′

t

+4κ(1 + κ)2u

3H2f
Htt +

D(u)
uf2 Haa = 0 ,

(G.17)

H ′′
zz +

(
H ′

6H
+ f ′

f
− 3

2u

)
H ′

zz +
1
2

(
H ′

3H
− 1

u

) (
H ′

aa − H ′
tt

)
+ 2κ1/2(1 + κ)2u

3f
A′

t

− q2

uf
Haa +

(
q2

uf
+ 2κ(1 + κ)2u

3H2f

)
Htt +

2qwH

uf2 Htz +
w2H2

uf2 Hzz = 0 .

(G.18)

Here, we use the following variables:

C(u) = (2 + κ(4 + 3κ))u2 , (G.19)
H(u) = 1 + κu , (G.20)
H(u) = (1 + κu)2 , (G.21)
s(u) = s1 − s2 , (G.22)
aµ = a(1)

µ − a(2)
µ , (G.23)

Aµ = a(1)
µ + a(2)

µ , (G.24)
Hii = Haa + Hzz . (G.25)
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H Sound channel fluctuations for (κ1, κ2, κ3) = (κ, κ, κ)

The notations in this section correspond to the ones used in section 6. In particular, for the
purposes of this section, f = (1+κu)3−(1+κ)3u2. In addition, we use the following variables:

s(i) = 2si −
∑
j ̸=i

sj , (H.1)

a(i)
µ = 2a(i)

µ −
∑
j ̸=i

a(j)
µ , (H.2)

D = w2H3 − q2f , (H.3)
Aµ = a(1)

µ + a(2)
µ + a(3)

µ , (H.4)
S = s1 + s2 + s3 . (H.5)

a) Scalar field equations

s′′i +
(

f ′

f
− 1 + 3κu

uH

)
si +

2κ1/2(1 + κ)3 · uH
f

a
(i)
t

+
[

D

uf2 + H
u2f

+ 2κ(1 + κ)3u

H2f
− κ

H

(
f ′

f
− 1 + 3κu

uH

)]
si = 0 . (H.6)

b) Gauge equations

a(i)
z

′′ +
(

f ′

f
− κ

H

)
a(i)

z

′ + wH3

uf2

(
qa

(i)
t +wa(i)

z

)
+ κ1/2H

f
H ′

tz = 0 , (H.7)

a
(i)
t

′′
+ 2κ

H
a

(i)
t

′
+ 2κ1/2

H3 s′i +
κ1/2

2H2
(
H ′

ii + H ′
tt

)
− q

uf

(
qa

(i)
t +wa(i)

z

)
− 2κ3/2

H4 si = 0 , (H.8)

a(i)
z

′ + wH3

qf
a

(i)
t

′
+ 2κ1/2w

qf
si +

κ1/2H
f

Htz +
κ1/2wH
2qf

(Hii + Htt) = 0 . (H.9)

Considering linear combinations (H.2), one can show that the fluctuations si decouple from
gravity. The variables a

(i)
t , a(i)

z and si obey the system of equations:

a(i)
z

′′ +
(

f ′

f
− κ

H

)
a(i)

z

′ + wH3

uf2

(
qa

(i)
t +wa(i)

z

)
= 0 , (H.10)

a
(i)
t

′′
+ 2κ

H
a

(i)
t

′
+ 2κ1/2

H3 s′i −
q

uf

(
qa

(i)
t +wa(i)

z

)
− 2κ3/2

H4 si = 0 , (H.11)

a
(i)
t

′
+ qf

wH3 a
(i)
z

′ + 2κ1/2

H3 si = 0 . (H.12)

Taking the sum of eqs. (H.7), (H.8) and (H.9), and noting that ∑i si = 0 due to redundancy
in the scalar sector (see appendix C), one obtains the following equations for the “centre
of mass” variables (H.4) and (H.5):

A′′
z +

(
f ′

f
− κ

H

)
A′

z +
3κ1/2H

f
H ′

tz +
wH3

uf2 (qAt +wAz) = 0 , (H.13)
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A′′
t + 2κ

H
A′

t +
2κ1/2

H3 S′ + 3κ1/2

2H2
(
H ′

ii + H ′
tt

)
− q

uf
(qAt +wAz)−

2κ3/2

H4 S = 0 , (H.14)

A′
t +

qf

wH3A
′
z +

2κ1/2

H3 S+ 3κ1/2

2H2

(
Hii + Htt +

2q
w

Htz

)
= 0 . (H.15)

c) Einstein equations

H ′′
tt +

(
− 3
2u

− κ

H
+ 3f ′

2f

)
H ′

tt +
( 1
2u

+ κ

H
− f ′

2f

)
H ′

ii +
4κ1/2(1 + κ)3u

3f
A′

t

−wH3

uf2 (wHii + 2qHtz) +
(
2κ(1 + κ)3u

H2f
− q2

uf

)
Htt = 0 ,

(H.16)

wH ′
ii + qH ′

tz +
1
2

(3κ

H
− f ′

f

)
(wHii + 2qHtz) = 0 ,

(H.17)

H ′′
tz +

(3κ

H
− 1

u

)
H ′

tz +
κ1/2(1 + κ)3u

H3 A′
z +

qw

uf
Haa = 0 ,

(H.18)

H ′′
tt − H ′′

ii +
1
2

(
−5κ

H
+ 3f ′

f

)
H ′

tt −
1
2

(
κ

H
+ f ′

f

)
H ′

ii

+4κ1/2(1 + κ)3u

3f
· A′

t +
2κ(1 + κ)3u

H2f
Htt = 0 ,

(H.19)

H ′
tz +

qf

wH
(
H ′

tt − H ′
zz

)
+ qf

2wH

(
f ′

f
− 3κ

H

)
Htt +

κ1/2(1 + κ)3u

wH
(qAt +wAz) = 0 ,

(H.20)

H ′′
aa +

(
−2

u
+ κ

H
+ f ′

f

)
H ′

aa +
(1

u
− κ

H

) (
H ′

tt − H ′
zz

)
+ 4κ1/2(1 + κ)3u

3f
A′

t

+ D

uf2 Haa + 2κ(1 + κ)3u

H2f
Htt = 0 ,

(H.21)

H ′′
zz +

(
− 3
2u

+ κ

2H + f ′

f

)
H ′

zz +
1
2

(1
u
− κ

H

) (
H ′

tt − H ′
aa

)
+2κ1/2(1 + κ)3u

3f
A′

t +
wH3

uf2 Hzz −
q2

uf
Haa +

(
κ(1 + κ)3u

H2f
+ q2

uf

)
Htt +

2qwH3

uf2 Htz = 0 .

(H.22)
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