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Abstract: Standard cosmological weak lensing analyses using cosmic shear are inevitably
sensitive to small-scale, non-linear clustering from low-redshift structures. The need to
adequately model the clustering of matter on this non-linear regime, accounting for both
gravitational and baryonic effects, adds significant uncertainty to weak lensing studies,
particularly in the context of near-future Stage-IV datasets. In this paper, inspired by
previous work on so-called “nulling” techniques, we present a general method that selects
the linear combinations of a given tomographic cosmic shear dataset that are least sensitive
to small-scale non-linearities, by essentially suppressing the contribution from low-redshift
structures. We apply this method to the latest public cosmic shear data from the Dark
Energy Survey, DES-Y3, that corresponds to 3 years of observation, and show: a) that a large
fraction of the signal is dominated by the single mode that is most affected by non-linear
scales, and b) that removing this mode leads to a ∼ 1σ upwards shift in the preferred
value of S8 ≡ σ8

√
ΩM/0.3, alleviating the tension with current CMB data. However, the

removal of the most contaminated mode also results in a significant increase in the statistical
uncertainties. Taking this into account, we find this shift to be compatible with a random
fluctuation caused by removing this most-contaminated mode at the ∼ 1.4σ level. We also
show that this technique may be used by future Stage-IV surveys to mitigate the sensitivity
of the final constraints to baryonic effects, trading precision for robustness.
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1 Introduction

Weak gravitational lensing, the deflection of photon trajectories from background sources
caused by the gravitational potential of the foreground large-scale structure, is a key cosmo-
logical probe [1–3]. Imaging galaxy surveys are highly sensitive to weak lensing through the
correlated distortion it causes to the shapes of background galaxies, the so-called “cosmic
shear” effect. Since its first detection [4–8], cosmic shear surveys have grown in area and
depth, and are now able to place highly stringent constraints on the cosmological parameters
that govern the evolution of structure at late times.

The latest generation of cosmic shear experiments, consisting of the Dark Energy Sur-
vey (DES) [9], the Hyper Suprime-Cam survey (HSC) [10], and the Kilo-Degree Survey
(KiDS) [11], have been able to measure the “clumping” parameter S8 with a precision of
a few percent (σ(S8) ∼ 0.02). Commonly defined as S8 ≡ σ8

√
ΩM/0.3, where ΩM is the

non-relativistic matter energy fraction, and σ8 is the standard deviation of the linear over-
densities in spheres of 8 h−1Mpc radius, the clumping parameter characterises the level of
inhomogeneity in the matter distribution at late times. Interestingly, current measurements
of S8 seem to consistently lie below the value inferred from observations of the Cosmic
Microwave Background (CMB) at early times, and extrapolated to z = 0 assuming a ΛCDM
cosmology [12–16]. Evidence for a low value of S8 has also been found in other data com-
binations, including cross-correlations between weak lensing measurements and the galaxy
overdensity [17–19], the abundance of massive clusters detected via the thermal Sunyaev-
Zel’dovich (tSZ) effect [20] (although see more recent analyses e.g. [21–23]), and the spectrum
of the tSZ fluctuations themselves [24]. However, the highest-significance evidence of a low S8
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seems to originate from cosmic shear data [14], which is a direct probe of clustering in the late
Universe (z ≲ 0.5), almost free from uncertainties governing the detailed clustering of galaxies.
It is therefore important to dissect current cosmic shear measurements, to understand what
elements of the data show the strongest evidence of tension with the CMB.

Along these lines, it has been recently argued that the origin of the S8 tension could
lie in the presence of strong baryonic feedback effects: highly-energetic outflows driven by
supermassive black holes at the centres of galaxies can eject a large fraction of the gas
content beyond the halo virial radius, thus suppressing the clustering of matter on small
scales [25–27]. If this effect is ignored or underestimated, it leads to a low inferred value of
S8 [15, 25, 26, 28, 29]. The analysis of some probes of the cosmic gas, including the kinematic
Sunyaev-Zel’dovich effect [26], and X-ray observations [30, 31], has shown some evidence that
the strength of baryonic feedback may be larger than predicted by many hydrodynamical
simulations, although this is not entirely clear [16, 32–36], and it may not be enough to
explain the S8 value measured from other observables [37]. It has also been shown that,
irrespective of the impact of baryonic feedback, an inaccurate modelling of the non-linear
matter power spectrum driven by gravity alone can also lead to a significant mis-estimation
of S8 [29, 38]. It is therefore important to highlight that the origin of the S8 discrepancy is
still uncertain. In particular, latest results from KiDS [39] and KiDS+DES [40], have shown
S8 values that are more consistent with CMB-based predictions, suggesting that the tension
may not be solely driven by small-scale or baryonic effects. This reinforces the importance
of developing methods that are robust to small-scale modeling, in order to disentangle true
physical discrepancies from modeling uncertainties.

In general, the impact of small-scale, non-linear effects in cosmic shear observations must
be carefully scrutinised as a potential source of theoretical uncertainties. This is particularly
important for cosmic shear: since the weak lensing of sources at a given redshift is caused by
all of the intervening large-scale structure, the cosmic shear from source galaxies at virtually
any redshift always receives a significant contribution from structures at very low redshifts
which, although physically small in size, subtend relatively large angular scales. Isolating the
contribution from these structures would allow us to explore whether the S8 tension is indeed
driven by small-scale effects at late times. This can in principle be achieved by combining
cosmic shear data from galaxies at different redshifts. Schematically, the cosmic shear of
a given low-redshift source sample is caused by some of the same structure causing the
shear of a higher-redshift sample, and therefore the former can be used to “clean” the latter
from the impact of this low-redshift contribution. This is at the heart of several so-called
“nulling” approaches proposed in the literature [41–47]. In essence, nulling methods perform
a linear transformation to the cosmic shear data from a set of tomographic redshift bins to
isolate the contributions from well-defined redshift ranges. Different approaches have been
used to achieve this. The most common approach studied in the literature is the so-called
“Bernardeau-Nishimichi-Taruya (BNT)” transformation, first proposed by [42]. This linear
transformation aims to produce modified kernels that are compact and as disjoint as possible
in redshift, making it possible to identify angular scale cuts that are more easily associated to
well-motivated physical scale cuts. The method has been exploited to quantify the impact of
small-scale systematics in cosmic shear data, both in real and Fourier space [43, 44, 46, 48].
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In this paper we will use an alternative approach, with the same motivation in mind,
closer in spirit to the method outlined in [41]. Rather than maximising the compactness of
the resulting radial kernels, we will instead use a minimisation framework to rank the different
orthogonal modes of the tomographic data vector by their sensitivity to the small-scale
power, and project out the most contaminated modes. As we will show, mathematically the
method is equivalent to the nulling techniques recently proposed in the context of lensing
from the CMB and line intensity mapping [49–52], in which tracers at different redshifts
are combined to minimise the contribution from low-redshift structures to a given lensing
map. The method is also closely related to general 3D data compression techniques proposed
in the literature [53, 54]. We will apply this methodology to state-of-the-art weak lensing
data from the Dark Energy Survey (DES) Year 3 data release [55], and study the potential
impact of small, non-linear scales on the current S8 constraints. We will also quantify
the potential uses of this approach in the analysis of future Stage-IV surveys, such as the
Rubin Observatory Legacy Survey of Space and Time (LSST) [56, 57], particularly in the
context of baryonic effects.

The paper is structured as follows. Section 2 describes the theoretical background behind
cosmic shear observations, including the most relevant systematic uncertainties caused by
complex small-scale physics, and presents the specific nulling technique proposed here in
detail. Section 3 describes the DES cosmic shear data and the methods used to estimate and
analyse their tomographic two-point statistics. The results obtained applying our nulling
approach to the DES data, and to a synthetic LSST-like data vector, are presented in
section 4, with an emphasis on the impact of small-scale effects on the measurements of
S8. We then conclude in section 5.

2 Methodology

2.1 Theory background

Consider measurements of the cosmic-shear signal in Nt tomographic bins with normalised
redshift distributions pi(z), i ∈ [1, Nt]. Assuming a flat ΛCDM cosmology, the angular power
spectrum of the cosmic shear E-modes of any pair of these bins is given by

Cij
ℓ = G2

ℓ

∫
dχ

χ2 qi(χ)qj(χ)P
(

k = ℓ + 1/2
χ

, z(χ)
)

. (2.1)

Here P (k, z) is the non-linear matter power spectrum at redshift z and wavenumber k,
and χ is the radial comoving distance. The radial lensing kernel of bin i is related to the
redshift distribution via

qi(χ) ≡ 3H2
0 ΩM

2a(χ)c χ

∫ ∞

z(χ)
dz′ pi(z′)

(
1 − χ

χ(z′)

)
, (2.2)

where H0 is the Hubble parameter, and a is the scale factor. Equation (2.1) holds in the
Limber approximation [58], which assumes that the radial kernels involved are much broader
than the distance over which matter fluctuations show significant correlation. Finally, the
prefactor Gℓ ≡

√
(ℓ + 2)!/(ℓ − 2)!/(ℓ + 1/2)2 accounts for the difference between the 3D
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Laplacian of the gravitational potential and the angular Hessian of the corresponding lensing
potential [59], and is negligibly close to 1 beyond ℓ ∼ 10.

An important source of astrophysical systematics in weak lensing measurements is the
presence of intrinsic alignments (IA), i.e., the coherent alignment in the intrinsic shape of
nearby galaxies. The simplest model to describe IA is the so-called Non Linear Alignment
model (NLA, [60]), in which intrinsic galaxy shapes are proportional to the local tidal
field. In this case, IA can be simply described by adding a local contribution to the lensing
kernel with the form

qIA
i (χ) = −AIA(z)pi(z) dz

dχ
, (2.3)

where AIA is the alignment amplitude, with a redshift evolution that is commonly parametrised
as [61]

AIA(z) = AIA,0

( 1 + z

1 + z0

)ηIA 0.0139ΩM
D(z) . (2.4)

Here D(z) is the linear growth factor, and z0 = 0.65. The amplitude at z = 0, AIA,0, and the
evolution parameter ηIA are free parameters of the model that must be constrained by the data.

2.2 Small-scale contaminants in weak lensing

Equation (2.1) shows how the shear angular power spectrum receives contributions from
the underlying matter power spectrum at scales, in principle, infinitely small. In practice,
the lensing kernels select the relative contribution of the different scales. However, for
current galaxy surveys, scales as small as k = 5 h Mpc−1 have a significant contribution [see,
e.g., 16], and even smaller scales will be probed by upcoming surveys. Modelling these
scales is not straightforward for a number of reasons. First, perturbative approaches used
to include nonlinearities to the linear matter power spectrum typically break down at
k ≈ 0.2 h Mpc−1 [62]; N-body simulations can predict the nonlinear matter power spectrum
to smaller scales, and the use of machine-learning based emulators makes these predictions
affordable in the context of bayesian analyses [63–68], thus alleviating this problem. This
comes at the cost of including a theory error accounting for inaccuracies in the simulations and
in the emulators which is nontrivial to calibrate. Second, the growth of matter perturbation
on small scales is strongly affected by baryonic effects, i.e. astrophysical processes that
redistribute the baryonic mass contained in haloes, such as black hole accretion and feedback,
star and galaxy formation, stellar winds and supernova explosions. The details of these
processes are in principle unknown, to the point that different hydrodynamical simulations
that try to simultaneously evolve dark matter perturbations and astrophysical processes
give very different predictions of the effects baryons have on the matter power spectrum —
so different that they are incompatible among each other [69–75]. Finally, even if we were
able to perfectly model the matter power spectrum at small scales, the lensing angular
power spectrum is contaminated by the intrinsic alignment of galaxy shapes induced by
the large-scale structure of the Universe; this signal is mixed with the desired weak lensing
signal, but the details of its origin are not clear. Developing a first-principles model for IA
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is therefore complicated, although the requirements for its accuracy are likely less stringent
than those for the small-scale matter power spectrum [76].

In this work, we use the matter power spectrum emulator baccoemu1 to obtain predictions
down to kmax = 5 h Mpc−1. This version of baccoemu includes an extension of the parameter
space [presented in 29] in which the expected accuracy on the matter power spectrum
can reach ≈ 3% at k = 5 h Mpc−1. This level of accuracy was shown to be enough for
current weak lensing data [16, 29]. However, we still have to deal with the small-scale
contamination induced by baryonic effects. In terms of the matter power spectrum, this is
typically quantified as the ratio between a power spectrum obtained accounting for gravity and
hydrodynamical processes (i.e. a full-physics description of the growth of structures), Pfull, and
its corresponding counterpart in which only the gravitational growth is accounted for, PGrO,

S(k) = Pfull
PGrO

. (2.5)

We will refer to S(k) as the scale-dependent “baryonic boost factor”. Different models exist
for S(k). They include modifications of the halo model [e.g. 70, 77–82], approaches based
on principal component analyses [e.g. 83, 84], corrections applied through machine learning
tools [e.g. 85, 86], or applying Effective Field Theory [87], or even directly interpolating
between hydrodynamical simulation outputs through an emulator [88]. On the other hand, this
effect can be modelled by employing physically motivated displacements of particles belonging
to each halo in N -body simulations, an approach called baryonification or Baryon Correction
Model (BCM) [89–92]. In this work, when creating synthetic data vectors that include
the effects of baryons, we will use the baryonic boost emulator included in the baccoemu
package [65, 93]. This is based on the BCM applied to dark matter-only simulations and has
an accuracy better than 1–2% up to k = 5 h Mpc−1. It has 7 free parameters: Mc controls
the typical halo mass at which haloes have lost half of their gas component, β is the slope of
the dependence of the gas profile on halo mass, Minn, ϑinn, and ϑout define a broken power
law describing the virialised gas profile, η controls the maximum distance reached by the gas
ejected from haloes, and M1,z0,cen controls the typical mass of central galaxies at redshift z = 0.
These parameters in principle evolve with redshift and, therefore, in the absence of a clear
redshift evolution model, should be left free to vary in each different redshift bin. However, for
the sake of simplicity, we will assume the same baryonic parameters at all redshifts, without
losing generality for our results. We contaminate our synthetic data vector by obtaining, with
baccoemu, a matter power spectrum suppression S(k) that reproduces the one found in the
BAHAMAS hydrodynamical simulation [94]. To do so, we use log10[Mc/(h−1M⊙)] = 13.58,
log10[η] = −0.27, log10[β] = −0.33, log10[M1,z0,cen/(h−1M⊙)] = 12.04, log10[ϑout] = 0.25,
log10[ϑinn] = −0.86, and log10[Minn/(h−1M⊙)] = 13.4 [91].

2.3 Nulling transformation and robust lensing

In this section, we introduce the nulling transformation used in this analysis. In particular,
our goal is to isolate the contributions to the cosmic shear signal that come from a specific
low-redshift range or, equivalently, to suppress the contribution from small-scale fluctuations
at very low redshifts.

1https://baccoemu.readthedocs.io/en/latest/.
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Figure 1. Left: lensing kernels associated with three source planes at χ = 1000, 2000, and 3000 Mpc
(red, yellow, purple), and the effective kernel constructed by explicitly nulling (Equation (2.9)) the
contribution of all structure below χ = 1000 Mpc (dashed black). Right: effective kernels found using
the distance-nulling transform described in section 2.3.2 for the same set of source planes. The
first set of “eigenweights” (red) are equivalent to the explicit nulling shown in the left panel. Note
that negative values are shown with dashed lines.

2.3.1 A toy example

Let us start by illustrating the logic behind the nulling transform with an idealised scenario
(see [51]). Consider the case of three tomographic redshift bins with delta-like redshift
distributions, at distances χi, with i ∈ {1, 2, 3}. The radial kernel for the i-th bin is simply

qi(χ) = QL(χ)
(

1 − χ

χi

)
Θ(χ < χi), QL(χ) ≡ 3H2

0 ΩM
2a(χ)c χ, (2.6)

where we have included the Heavyside function Θ to make it explicit that the kernel is exactly
zero for χ > χi. Ignoring the prefactor QL(χ), common to all lensing kernels, the kernels in
this case are simple linear functions of χ, defined by a single coefficient (1/χi). We can thus
construct a linear combination of the two higher-redshift bins with an effective kernel that
is exactly the same as that of the first bin for χ < χ1. Subtracting the first bin from this
combination, the result is a linear combination of the bins in which the kernel at distances
χ < χ1 is exactly zero. Explicitly, consider a linear combination of the last two bins, with
linear coefficients {a2, a3}. To match the kernel of the first bin, we require

a2(1 − χ/χ2) + a3(1 − χ/χ3) = 1 − χ/χ1. (2.7)

Matching coefficients on both sides, we obtain the solution

a2 = 1/χ1 − 1/χ3
1/χ2 − 1/χ3

, a3 = 1/χ2 − 1/χ1
1/χ2 − 1/χ3

. (2.8)

Subtracting the first bin from this combination, we find that the following combination of
kernels will be exactly zero for χ < χ1,2

q̃w(χ) ≡
3∑

i=1
wi qi(χ), w1 = 1 − χ2

χ3
, w2 = χ2

χ3
− χ2

χ1
, w3 = χ2

χ1
− 1. (2.9)

2Note that we applied an additional normalisation factor to the final linear combination to make the
functional form of the weight coefficients wi more appealing.
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The left panel of figure 1 shows the lensing kernels for (χ1, χ2, χ3) = (1000, 2000, 3000)
Mpc, together with the effective kernel for the null combination above which, as expected,
is non-zero only for χ > χ1 = 1000 Mpc.

2.3.2 General low-redshift nulling: distance-nulling case

Let us now consider the more general problem of splitting our data vector into linear
combinations ranked by the contribution to them of structures at low redshifts. Consider
one such combination, characterised by a set of weights w ≡ (w1, · · · , wNt), where Nt is the
number of tomographic redshift bins. The radial kernel associated with this combination
is q̃w(χ) = ∑

i wi qi(χ).
As a measure of how much support q̃w(χ) has at low redshifts, let us consider the

following quantity:

Rw ≡
∫ χL

0
dχ q̃2

w(χ) = wT Rw, (2.10)

where χL is the comoving distance to some low redshift, and we have defined the matrix

Rij ≡
∫ χL

0
dχ qi(χ)qj(χ). (2.11)

It is important to note that R is a symmetric, positive-definite matrix, and, therefore, Rw

is a positive function of the weights bounded from below by 0. We would like to minimise
Rw, while avoiding the trivial solution w = 0. For this, let us impose a normalisation
constraint on w, for example making it unit-normed, via a Lagrange multiplier. We will
then consider minimising the quantity

L(w) ≡ Rw + λ(1 − wT w). (2.12)

Setting the gradient of L(w) to zero, we obtain the eigenvalue equation

Rw = λw, (2.13)

where the weight vectors we are looking for are the eigenvectors w of the matrix R, with
eigenvalues given by the Lagrange multiplier λ. Furthermore, for any eigenvector wa, the
corresponding value of Rwa is given by its associated eigenvalue λa: Rwa = wT

a Rwa =
λawT

a wa = λa, since wT
a wb = δab by construction. These “eigenweights” can be ranked in

order of increasing λa, in which case, the first weight vector wa corresponds to the most
“robust” combination of our data (i.e. the one with the lowest possible contribution from
structures at low redshifts), and all subsequent weight vectors are increasingly less robust.

This simple procedure depends only on the value of the minimum distance χL, and yields
scale-independent weight vectors. We will refer to it in what follows as distance-nulling.
Once the eigenweights have been found, the angular power spectra of their associated weighted
shear maps are related to the full set of tomographic power spectra via

C̃ab
ℓ =

∑
ij

wi
awj

bCij
ℓ . (2.14)
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Figure 2. Left: scale-dependent kernel in the k-nulling transform described in section 2.3.3, for
kmax = 1 Mpc−1 and different values of ℓ. Right: resulting rotated radial kernels. Note that q̃1 is the
same for ℓ ≲ kmaxχ1 = 1000, where χ1 is the distance to the first redshift bin.

Note that the indices {a, b} run over the level of contamination from small-scales, whereas
the indices {i, j} run over the elements of the weight vectors wa. Therefore, we can then
consider including only a limited number of eigenmodes, for example taking only the first few
most robust modes (e.g C̃11

ℓ ), or the most contaminated ones (e.g. C̃NtNt
ℓ ). An interesting

feature of equation (2.14) is that the same weighting scheme can be applied to the data and
the theoretical predictions, reducing the modifications needed to existing analysis pipelines
to a minimum.

Applying this formalism to the toy example described in the previous section (tomographic
bins at three discrete redshifts), with χL = χ1, leads to three modified radial kernels defined
by each of the three eigenweights: q̃a(χ) ≡

∑
i wi

a qi(χ). These are shown in the right panel
of figure 1. We can see that the first kernel, associated with the most robust mode, is
identical to the nulled kernel found explicitly in the previous section (up to an irrelevant
normalisation factor). This is not surprising: we found that this particular linear combination
achieves Rw = 0, which is the lowest possible value this quantity can take, and must therefore
correspond to the lowest eigenvalue of R. Interestingly, we find that the most contaminated
mode has an associated kernel that has a significantly higher amplitude than the first two
modes. Since the weight vectors are normalised to unit norm, this implies that a large
fraction of the cosmic shear signal in our data is concentrated in this mode. We will find this
result consistently in all other cases explored here, and it is a consequence of the dominant
role that small-scale, low-redshift structures play in cosmic shear observations. Minimising
the dependence on these non-linear scales will invariably come at the cost of discarding
a large fraction of the signal.

2.3.3 General small-scale nulling: k-nulling case

The robustness metric introduced in equation (2.10) may be generalised as

Rw ≡
∫

dχ K(χ) q̃2
w(χ) = wiwj

∫
dχ K(χ) qi(χ)qj(χ) ≡ wT Rw, (2.15)
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where K(χ) is a general kernel with support mostly at low redshifts, which can be used to
connect Rw more closely with quantities related to the shear power spectrum we wish to keep
under control. For instance, in the Limber approximation, we can write the contribution
to the Cℓ from physical scales above a given 3D wavenumber kmax as

ℓ2

2π
CSS

ℓ ≡
∫ ℓ/kmax

0

dχ

2π
q̃2

w(χ) ℓ2

χ2 P (ℓ/χ, z(χ)), (2.16)

where SS stands for “small scales”. Thus, a well-motivated kernel is

Kℓ(χ, kmax) =
[
k2P (k) Θ(k > kmax)

]
k=ℓ/χ

. (2.17)

In this case, the resulting eigenweights are scale-dependent: the contributions from different
redshift bins to the weighted shear map associated with one of these weight vectors varies
for different angular multipoles. The ℓ-dependence of the weights must therefore be taken
into account when constructing the angular power spectra of these weighted maps from the
original set of tomographic power spectra (equation (2.14)). In what follows we will refer
to this transformation as k-nulling. This approach is similar in spirit to the k-cut method
of [48], which instead exploits the BNT transform.

The left panel of figure 2 shows the form of K(χ) for different ℓs and a scale cut of
kmax = 1 Mpc−1. As the plot shows, any attempt to minimise the sensitivity to these physical
scales at ℓ ≳ 3000 would involve suppressing structures at distances below χ ∼ 3000 Mpc.
The radial kernels associated with the corresponding eigenweights are shown in the right
panel of the figure. We can see that, as we move to smaller angular scales, more power is
transferred from the first two eigenmodes to the third one (i.e. the most contaminated one),
since suppressing the small-scale dependence becomes more difficult. It is interesting to note
that the first eigenmode is exactly the same for both ℓ = 30 and ℓ = 300, and in fact it is
easy to see that this is the case for all ℓ ≲ kmaxχ1 = 1000, where χ1 is the distance to the
first redshift bin (which is a δ-function in this example).

3 Data analysis

This section describes briefly the dataset used in this analysis, the methods used to measure
cosmic shear power spectra, and the likelihood used to extract cosmological constraints
from these measurements.

3.1 Cosmic shear power spectra from DES-Y3

We use the three-years public data release of the Dark Energy Survey (DES-Y33). The sample
used, and the methods employed to extract power spectrum measurements were described
in detail in [16], and we only provide a short summary here for completeness.

The DES-Y3 dataset includes ∼ 100 million galaxies over 5000 deg2, for an effective num-
ber density of ngal = 5.59 gal/arcmin2. The sample was divided into four broad tomographic
redshift bins in the photometric redshift range zph = [0, 1.5], each having approximately the
same number density of sources. Galaxy shapes were measured via METACALIBRATION [95].

3https://des.ncsa.illinois.edu/releases/y3a2/Y3key-catalogs.
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Figure 3. DES-Y3 lensing kernels as a function of comoving distance. Top left: input DES-Y3
kernels for the four considered bins. Top right: “rotated” version for the distance-nulling case
using χL = 100 Mpc. Bottom panels: lensing kernels rotated according to the k-nulling transform,
shown for two different values of kmax. Negative values are shown as dashed lines, while the black
vertical line marks the comoving distance to the mean redshift of the first tomographic bin.

As in [96], in each tomographic bin we first subtract the mean ellipticity of all sources and
correct for the average multiplicative bias of the sample, m, estimated through the response
tensor R (not to be confused with the nulling metric Rw and associated matrix R, introduced
in section 2.3). Note that in both cases we use the associated galaxy weights wn.4

The lensing kernels, for these tomographic samples, defined in equation (2.2), are displayed
in the top left panel of figure 3. The radial kernels associated with the different eigenmodes
in the distance-nulling are shown in the top-right panel for χL = 1000 Mpc, with the
k-nulling eigenmode kernels for kmax = 1 h Mpc−1 and kmax = 0.3 h Mpc−1 shown in the
bottom left and right panels, respectively, for ℓ = 1032. The vertical lines in the figure
mark the positions of the mean redshifts of the four redshift bins. We can see that the
first eigenmode in the distance-nulling case is effectively insensitive to all structure below
the distance to the first redshift bin of the sample. This is also the case for k-nulling
if kmax = 1 h Mpc−1 at ℓ ∼ 1000. However, trying to suppress the small-scale structure

4For more details see https://github.com/Cosmotheka.
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with a more conservative kmax = 0.3 h Mpc−1 is not possible as the amplitude of the first
kernel becomes significantly suppressed.

The cosmic shear power spectra were measured using the pseudo-Cℓ formalism [97], as
implemented in NaMaster5 [98]. In particular, when generating the cosmic shear maps and
their associated masks, as well as estimating the impact of noise auto-correlation bias, we
followed the methodology described in [99]. Specifically, the shear field in pixel p is estimated
by averaging over the ellipticities of all galaxies in the pixel

γα
p =

∑
n∈p wn eα

n∑
n∈p wn

, (3.1)

where wn represents the shape measurement weight of the n-th galaxy in the pixel, and eα
n is its

α-th ellipticity component (α ∈ {1, 2}). The mask was then selected to be proportional to the
sum of weights in each pixel, mp ∝

∑
n∈p wn, which approximately tracks the inverse variance

of the shear measurement. All maps were generated using a HEALPix6 [100] pixelisation
scheme with a resolution parameter Nside = 4096.

The power spectra were estimated in bandpowers as defined in [16], using only those in
the scale range 30 < ℓ < 2000. As discussed in [99], the noise bias was estimated analytically
and subtracted from the measured spectra. The Gaussian part of the covariance matrix for
the measured spectra was computed with NaMaster using the improved version of the Narrow
Kernel Approximation (NKA [101]) presented in [99], and using the measured power spectra
in the estimation to avoid mis-modeling the signal or noise. We also included the contribution
from super-sample covariance [102], computed with a halo model as described in [103] and
accounting for the variance of the linear density field σ2

B with the angular power spectra of the
masks. Finally, we neglected the connected non-Gaussian covariance, which has a negligible
effect for the scales and noise levels of these data [104]. The method used to estimate both
power spectra and covariances was able to reproduce the official DES measurements presented
in [105] at high precision when using the same band powers and pixelisation scheme.

3.2 Future cosmic shear data

In section 4.2 we will explore the ability of the methods presented here to avoid the difficulties
of modelling the small-scale matter power spectrum in the context of upcoming Stage-
IV surveys. To do so, we generate a synthetic data vector of power spectra mimicking
the measurements that could be achieved for an imaging experiment such as the Vera
Rubin Observatory’s Legacy Survey of Space and Time (LSST). To do so, we follow the
specifications for a 10-year survey outlined in the LSST Dark Energy Science Collaboration
Science Requirements Document [57]. As in [76, 106], the full shear sample, with a total
number density of n̄gal = 26.5 gal/arcmin2 was divided into five redshift bins containing
approximately equal numbers of galaxies. The redshift distribution of each redshift bin was
constructed by combining the model for the full redshift distribution presented in [107] with
a Gaussian photometric redshift error model with standard deviation σz = 0.05(1 + z).

The data vector contained all auto- and cross-correlations between these redshift bins
in the range of multipoles 30 ≤ ℓ ≤ 2000. These were divided in 25 band powers as defined

5https://namaster.readthedocs.io/en/latest/.
6https://healpix.sourceforge.io/.
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Cosmology
As109 U(0.50, 5.0)
ΩM U(0.10, 0.70)
Ωb U(0.03, 0.07)
h U(0.55, 0.91)
ns U(0.87, 1.07)∑

mν [eV] U(0.0559, 0.400)
IA model

AIA U(−5, 5)
ηIA U(−5, 5)

baccoemu
log10(Mc) U(9, 15)
log10(η) U(−0.7, 0.7)
log10(β) U(−1.0, 0.7)
log10(Mz0,cen) U(9, 13)
log10(θinn) U(−2, −0.53)
log10(θout) U(−0.48, 0)
log10(Minn) U(9, 13.5)

DES-Y3 shear calibration
m1 N (−0.0063, 0.0091)
m2 N (−0.0198, 0.0078)
m3 N (−0.0241, 0.0076)
m4 N (−0.0369, 0.0076)

DES-Y3 photo-z
∆z1 N (0.0, 0.018)
∆z2 N (0.0, 0.015)
∆z3 N (0.0, 0.011)
∆z4 N (0.0, 0.017)

LSST photo-z
∆z1 N (0.0, 0.00115)
∆z2 N (0.0, 0.0015)
∆z3 N (0.0, 0.0017)
∆z4 N (0.0, 0.002)
∆z5 N (0.0, 0.0025)

Table 1. Prior distributions for cosmological and nuisance parameters used for the different anal-
yses carried out in this work. U(a, b) and N (a, b) represent a uniform and a Gaussian distribu-
tion respectively. Note that, for brevity, we have omitted the units of some parameters, namely
log10[Mc/(h−1M⊙)], log10[Mz0,cen/(h−1M⊙)], and log10[Minn/(h−1M⊙)].

in [106]. The covariance matrix was calculated including only the Gaussian or “disconnected”
contributions, assuming a shape noise of σe = 0.28 per ellipticity component. This neglects
non-Gaussian contributions, which should be relatively subdominant given the large area
covered by LSST. Furthermore, using optimistic uncertainties allows us to stress-test the
ability of our method to avoid parameter biases due to a mis-modelling of the small-scale
power spectrum, especially in the context of baryonic effects.

To quantify the impact of these effects, we generate two versions of the synthetic data
vector, using two different models for the matter power spectrum. In the first case we use
a “gravity-only” matter power spectrum, which neglects the impact of baryonic effects. In
the second case, we used a matter power spectrum including the impact of baryonic effects
with baccoemu as described in section 2.2.

3.3 Likelihood

To derive constraints on cosmological parameters from the real and synthetic data described
in the previous sections, we make use of a Gaussian likelihood

−2 log p(d|θ⃗) ≡ χ2 + K =
(
t(θ⃗) − d

)T
Cov−1

(
t(θ⃗) − d

)
+ K, (3.2)

with K being an arbitrary constant; d, the data vector containing all estimated power
spectra; t(θ⃗), the theoretical prediction depending on the model parameters θ⃗; and Cov,
the covariance matrix of d.
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Our model depends on a number of free parameters. These include cosmological param-
eters such as the amplitude of the primordial scalar fluctuations As, the spectral index of
the primordial power spectrum ns, the present-day matter and baryon density parameters,
ΩM and Ωb, the dimensionless Hubble parameter h and the total mass of the three active
neutrino species ∑

mν . We also include intrinsic alignment parameters {AIA, ηIA}, as well
as nuisance parameter associated with shape measurement and photometric redshift uncer-
tainties. Specifically, we marginalise over a multiplicative bias parameter mi and a redshift
shift parameter7 ∆zi in each redshift bin. As done in [16], when including baryonic effects
(see section 4.1) we will marginalise over 7 additional parameters

{log10(Mc), log10(η), log10(β), log10(Mz0,cen), log10(θinn), log10(θout), log10(Minn)}, (3.3)

introduced in section 2.2 (here Mc, Mz0,cen and Minn are expressed in units of h−1 M⊙, which
we do not include for brevity). The priors for all parameters used in this analysis are collected
in table 1. Specifically, the priors on the cosmological parameters and baccoemu are taken
from [29]. The priors on mi and ∆zi are the same as those used in [109] for DES-Y3, while
for LSST we adopt the requirements described in [57].

With the scale cuts described in sections 3.1 and 3.2, the total number of data points is
Nd = 240 for DES-Y3 and Nd = 270 for LSST. To sample the parameter space, we make use
of the Cobaya8 code [110], employing its implementation of the Metropolis-Hasting Markov
Chain Monte Carlo (MCMC, [111, 112]) algorithm. We considered parameter chains to have
converged when the Gelman-Rubin metric [113] R reached R − 1 ≤ 0.03. All theoretical
predictions were obtained using the Core Cosmology Library9 [114], with the non-linear
matter power spectrum computed using baccoemu [65, 115].

4 Results

4.1 DES-Y3 analysis

4.1.1 Power spectra

The power spectra measured from the DES-Y3 data are shown in the lower-left panels of
figure 4. The upper right panels of the same figure show the auto- and cross-correlations of the
nulling eigenmodes, defined via distance-nulling with χL = 1000 Mpc, which corresponds
roughly to the median radial distance of the first redshift bin. Solid lines in the panels of the
lower triangle represent the theoretical predictions obtained for the DES-Y3 bins angular
power spectra, derived using the best-fit parameters found using all the data. Similarly,
the solid and dashed lines in the upper triangle correspond to the rotated version of the
theoretical predictions obtained after applying the distance-nulling transformation. From
these measurements we can see clearly that the higher eigenmodes (e.g. λ4 and λ3), which are
the most sensitive to small-scale structures at low redshifts, also have the highest signal-to-
noise ratio. This is as expected, given the relative sizes of the effective radial kernels shown

7This was found to be a reasonable parametrisation to summarise photometric redshift uncertainties in [108],
even in the context of Stage-IV surveys.

8https://cobaya.readthedocs.io/en/latest.
9https://ccl.readthedocs.io/en/latest/.
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Figure 4. Lower triangle: in coloured dots, the estimated power spectra for the DES-Y3 bins. Upper
triangle: in coloured dots, the rotated data vector obtained when applying the distance-nulling for
χL = 1000 Mpc to the input power spectra. In both cases, lines represent the theoretical predictions
obtained with the best fitting parameters of all data and marginalizing over baryonic effects (but
without including IAs). Note that empty dots and dashed lines refer to negative value of the Cℓs. In
each plot, we list the expected signal-to-noise ratio (SNR) from each bin computed with equation (4.1).
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Figure 5. Total signal-to-noise ratio SNR as a function of the number of modes considered in the
analysis for DES-Y3 (left panel) and LSST (right panel).

in the top right panel of figure 3. In each of the panels, we list the signal-to-noise ratio (SNR)
for each individual power spectrum. This was calculated by fitting the measurements to a
theoretical prediction of the form t = b t∗, where b is a free amplitude parameter and t∗ is a
free template (given by the best-fit theory prediction above). The SNR is then given as

SNR ≡ b̂

σb
= tT

∗ Cov−1d√
tT

∗ Cov−1t∗
, (4.1)

where b̂ is the best-fit value of b and σb its standard deviation.10 To further quantify the
amount of signal contained in each eigenmode, we calculate the cumulative SNR for different
sets of eigenmode combinations. This is shown in the left panel of figure 5 as a function of the
number of eigenmodes included in the data, starting with the least contaminated eigenmode
(e.g. for Nmodes = 3 the data vector contains all auto- and cross-correlations between the
first three eigemodes {λ1, λ2, λ3}). We can see that the total SNR is dominated by the most
contaminated mode, and excluding it reduces the SNR by ∼ 70%.

The results for the other distance-nulling and k-nulling combinations explored in
later sections are similar to those presented here for distance-nulling with χL = 1000 Mpc
and we omit them for brevity. The main quantitative differences between them are small and
better discussed in terms of their parameter constraints, which we proceed to describe.

4.1.2 Constraints on cosmological parameters

We have seen that the total cosmic shear signal in the DES-Y3 data is dominated by the most
contaminated mode, λ4. However, figure 5 shows that the shear signal from the remaining 3
modes is still detected above 10σ. It is therefore interesting to consider the impact on the
current cosmological constraints from cosmic shear of removing this mode. To do this, we
perform several MCMC runs, each considering a different combination of modes, and applying
different modelling choices. In all cases we use the same scale cuts and, by default, we ignore

10This method is more appropriate than the standard approximation SNR ≃
√

dT Cov−1d for noise-
dominated datasets, as is the case for the lowest eigenmodes.
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intrinsic alignments (the impact of IA is discussed later), but take into account baryonic
effects, marginalising over all the BCM parameters. When applying the distance-nulling
transformation, we considered distance cuts at χL = [500, 1000, 1500] Mpc to quantify the
sensitivity of our results to the width of the redshift distribution in the first bin. In turn,
for k-nulling we considered scale cuts kmax = [0.3, 1, 3] h Mpc−1, which cover the range
of scales where baryonic effects are most relevant [116].

The left panel of figure 6 presents an example of the cosmological constraints on S8 and ΩM
(the main parameters constrained by cosmic shear data) obtained using the distance-nulling
approach. Results are shown for χL = 500 and 1000 Mpc (we present the results for 1500 Mpc
later on). We consider three different combinations of eigenmodes: the most-contaminated
mode alone, λ4, the first three least contaminated modes (λ1 − λ3), and the combination
of all modes (which, by construction, is equivalent to using the full data vector of cosmic
shear power spectra between all pairs of redshift bins). The figure also shows the CMB
constraints on these parameters from Planck [12]. The constraints found with the full data
vector agree with those presented in [16] when using the same data. In this case, the data
favours a value of S8 that is lower than the CMB value at the 2.6σ level. Repeating the
analysis using only the most contaminated mode leads to ∼ 60% broader constraints on ΩM,
and constraints on S8 that are almost equivalent to the full-data case. This again shows that
this mode dominates the constraining power of the data. It is interesting that the addition
of the (λ1, λ2, λ3) modes mostly improves the constraints on ΩM, with a significantly milder
impact on S8. This may be explained by the fact that, since λ4 dominates the overall SNR of
the data, it is able to maximise the constraining power on the most important amplitude-like
parameter (S8). The additional modes are then necessary to extract information about the
redshift evolution of this amplitude (i.e. the growth of structure), which in turn is governed by
ΩM. Removing the most contaminated mode (i.e. keeping (λ1, λ2, λ3)) leads to significantly
broader constraints on both parameters, as expected given the significant loss of signal
that dropping λ4 entails (see figure 5). As could be expected from figure 3, using a more
conservative χL (i.e. χL = 1000 Mpc instead of χL = 500 Mpc) transfers information from
the least contaminated modes to the most contaminated one, and thus the constraints from
λ4 alone become tighter, while those from λ1 − λ3 become broader.

Interestingly, besides the increase in uncertainties, restricting ourselves to (λ1 − λ3) also
leads to an upwards shift in the preferred value of S8. To understand the significance of this
shift, and the potential evidence of a systematic mis-modelling of the data on small scales
it could entail, we repeat this analysis for different values of χL in the distance-nulling
approach, and different values of kmax for the k-nulling case. To simplify the interpretation
of the result in terms of small-scale modelling, we neglect baryonic effects and IA in this
analysis. The result of this study is shown in figure 7 and table 2. The horizontal bands in
the figure show the constraints on this parameter found by Planck (S8 = 0.832 ± 0.013), and
those obtained from our DES-Y3 data vector when including all modes (S8 = 0.790 ± 0.010).
The constraints obtained using only the most contaminated mode are very similar to the
all-modes case, displaying a similar downwards shift with respect to Planck, with only ∼ 16%
larger error bars. The constraints obtained discarding the most contaminated mode, in
contrast, are shifted upwards by 1σ, displaying a closer agreement with Planck. In the
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Figure 6. Constraints in the S8 and ΩM plane (68% and 95% C.L.) for the distance-nulling case
(left panel) and k-nulling case (right panel) from DES-Y3. In both cases, navy contours show the
results obtained from Planck [12]. Coloured contours show results for the four different number of
eigenmodes and values of χL and kmax, respectively. Contours having the same colour are shown with
two linestyles: dotted lines are results from the runs with the first three eigenmodes (λ1 − λ3) while
solid lines correspond to using the highest mode alone (λ4). The different values of χL and kmax are
listed in each panel. Note that, for this test, we marginalised over all BCM parameters while we did
not include contribution from IAs.

Modes

distance-nulling k-nulling

χL
S8 ΩM

kmax
S8 ΩM

[Mpc] [hMpc−1]

λ1-λ3 500 0.850 ± 0.043 0.355 ± 0.091 0.3 0.864 ± 0.055 0.369 ± 0.105

1000 0.874 ± 0.060 0.383 ± 0.107 1 0.835 ± 0.043 0.333 ± 0.079

1500 0.844 ± 0.074 0.383 ± 0.110 3 0.830 ± 0.035 0.321 ± 0.074

λ4 500 0.793 ± 0.019 0.280 ± 0.056 0.3 0.792 ± 0.019 0.285 ± 0.062

1000 0.796 ± 0.018 0.272 ± 0.055 1 0.799 ± 0.017 0.254 ± 0.046

1500 0.794 ± 0.017 0.285 ± 0.064 3 0.794 ± 0.019 0.269 ± 0.052

Table 2. Constraints on S8 and ΩM from different choices of nulling scheme and small-scale/distance
removal criteria when neglecting intrinsic alignments and baryonic effects. The constraints using all
modes are S8 = 0.790 ± 0.010 and ΩM = 0.258+0.028

−0.052. Note that λ1 − λ3 refers to the combination of
modes given by: λ1 + λ2 + λ3.
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Figure 7. Estimated values of S8 as a function of χL (top panel) and kmax (bottom panel) when
neglecting intrinsic alignments and baryonic effects. The gray band represents the 1σ constraints from
Planck [12]. The purple shadowed area represents the 1σ constraints obtained when considering the
full data vector (i.e. including all eigenmodes, λ1 − λ4), while coloured markers represent constraints
on S8 for different combinations of modes. The pink points show the results found using the first
three least contaminated modes, while the green markers show the results obtained from the most
contaminated mode. A horizontal shift is applied to the green markers to ease the visualisation.

case of distance-nulling, we see a clear increase in uncertainties as we move to more
conservative distance cuts, particularly for χL = 1500 Mpc, which is beyond the distance
to the median redshift of the first DES-Y3 bin. The uncertainties for χL = 500 Mpc are
∼ 3.4 times larger than those obtained using the full data vector, and they grow by an
additional extra factor of ∼ 1.8, resulting in 6.2, for χL = 1500 Mpc. In the case of
k-nulling we observe a similar shift, with a factor ∼ 5.5 increase in uncertainties in the
most conservative case (kmax = 0.3 h Mpc−1), which shrinks to ∼ 3.5 in the least conservative
case (kmax = 3 h Mpc−1).

A priori, it is not obvious whether the shift we observe in S8 when dropping the most
contaminated mode is a statistically significant indication of a modelling systematic on small
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scales. Although the shift is only ∼ 1-2σ away from the value of S8 obtained when using all
the data, both measurements have data in common, and thus their statistical uncertainties are
correlated to some extent. To better quantify this, we carry out the following frequentist test:
we generate 100 simulations of the data vector containing all shear auto- and cross-correlations.
These are generated from a multi-variate Gaussian distribution with a mean given by the
best-fit theory prediction found from the full dataset, and the covariance matrix of our data.
Then, for each of these simulations, we find the best-fit model parameters by maximising
the likelihood of equation 3.2 using the full data vector, and using only the three least-
contaminated eigenmodes. We do so only for the k-nulling case with kmax = 0.3 h Mpc−1,
for simplicity. We then study the distribution of the difference in the value of S8 found in
these two cases ∆S8 ≡ Sλ1-λ3

8 − Sλ1-λ4
8 (where S

λi-λj

8 indicates that we considered the modes
from λi to λj). We find that 17% of all simulations recovered upwards shifts in S8 between
these two cases that are larger the value we find in the data, and that 30% of all simulations
recover larger absolute differences between the two best-fit values of S8, regardless of sign.
Our initial expectation is therefore correct: the shift observed in S8 when removing the most
contaminated mode is only significant at the 1–2σ level, and therefore cannot be interpreted
as a clear indication of systematic mis-modelling of the signal on small scales.

All the results presented thus far were obtained assuming no IA contribution in the model.
To investigate the effect of IA on the cosmological constraints, we run MCMC chains for
the distance-nulling case with χL = 1000 Mpc including the two IA parameters AIA and
ηIA adopting the priors listed in table 1. The general conclusions we draw from the analysis
summarised in figure 7 remain qualitative unchanged after including IA. As a result of
introducing these two additional free parameters, the constraining power is generally reduced,
leading to a degradation in the errorbars of the cosmological parameters. In particular,
comparing with the results found without IA, the inclusion of IA results in an increase S8
estimate up to 27% and 32% for λ1 −λ4 and λ1 −λ3, respectively. When removing the highest
eigenmode, we still observe an upward shift in the S8 constraint and a sigificant increase in
the error bars with respect to the λ1 − λ4 case. In contrast with the results found without
IA, the error bars obtained using only λ4 increase by a factor ∼ 3.7 with respect to the full
dataset. This is because, in the absence of tomographic information, it is not possible to
disentangle the IA and the lensing contributions using their different redshift structure (IA
are local in redshift, whereas lensing is cumulative), making AIA and S8 effectively degenerate.
We discuss this in more detail in the next section.

4.2 Future Stage-IV shear surveys

We performed a similar analysis to the one described in section 4.1.2, using simulated LSST
Y10 data. For this, we use the five redshift bins, number density, and scale cuts described
in section 3.2. To quantify the impact of baryonic effect mis-modelling (as discussed in
section 2.2), we repeat this analysis for two different data vectors of cosmic shear power
spectra, one including the impact of baryonic effects for the fiducial BCM model described
in section 2.2, and one without baryonic effects. To begin with, we study the contribution
to the overall weak lensing signal from different nulling eigenmodes. Figure 8 presents the
rotated angular power spectrum after applying the distance-nulling transformation for
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Figure 8. Same as figure 4, but for the five LSST bins in the baryons case. The figure displays
the measured power spectra (full and empty dots) and theoretical predictions (solid and dashed
lines) after applying the distance-nulling transformation with χL = 1000 Mpc. The input theory
predictions (not shown in this plot) are computed with the best fitting parameters to all data, without
marginalizing over IA nor BCM parameters.
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χL = 1000 Mpc. Unlike in the case of DES-Y3, we can see that, although the mode that
is most sensitive to non-linear scales (λ5) still achieves the highest signal-to-noise ratio,
all modes, including the least contaminated one (λ1), are detected at high significance.
The cumulative SNR for these data is shown in the right hand side of figure 5. The
first (cleanest) eigenmode is detected at ∼ 10σ, with the total SNR raising to ∼ 500
when including all modes. This SNR drops by a factor ∼ 2 after removing the most
contaminated mode.

Using this synthetic data vector, we derive constraints on cosmological parameters from
different subsets of eigenmodes, using the same procedure outlined in section 4.1 for the
DES-Y3 data. For simplicity, we consider only the k-nulling transformation with scale cuts
kmax = [0.3, 1, 3] h Mpc−1, and explore two combinations of modes: (λ1 − λ5), corresponding
to the full data vector, and (λ1 − λ4), where we remove the most contaminated mode. Unlike
the DES-Y3 analysis, we always excluded from the theory predictions the presence of the
baryons when computing the matter power spectrum. This resembles more closely a scenario
in which we wish to be completely agnostic about baryonic physics, and aim to find the
combinations of our data that allow us to forego modelling baryonic effects altogether. We
repeat this analysis on the synthetic data vector containing baryonic effects, and on the one
without them. The lack of baryons in the theory predictions will result in a bias on the
inferred cosmological parameters in the former case.

As in the DES-Y3 analysis, our primary focus is on the constraints on S8, the parameter
that is measured with the highest precision. These constraints are shown in figure 9 as a
function of the considered kmax values. The light blue horizontal band shows the 1σ region
found when analysing the gravity-only data vector. By construction, in this case we are
able to recover the value of S8 from the input cosmology (shown with the dashed grey
line). To further validate our method, we performed a consistency test by applying the
k-nulling transofrmation to the no-baryons case, using only modes λ1–λ4 and λ1–λ3. In
both cases, the recovered S8 values remain unbiased, indicating that the method does not
introduce a systematic shift towards high S8 in the absence of baryonic effects. The green
horizontal band, in turn, shows the constraints obtained when analysing the full data vector
containing baryonic effects. The resulting value of S8 is ∼ 5.6σ lower than the input value,
with uncertainties that are similar to those obtained in the unbiased case. Excluding the
most contaminated mode, λ5, we observe a behaviour similar to that found in section 4.1.2:
the preferred value of S8 (green points with error bars in the figure) experiences an upwards
shift towards the true value of S8, accompanied by an increase in the statistical uncertainties
by a factor of 2.8 for kmax = 0.3 hMpc−1, due to the loss of sensitivity caused by dropping
λ5. Removing the single most contaminated mode thus reduces the bias in S8 from 5.6σ to
≲ 1σ, albeit at the cost of a ∼ 3-fold increase in the statistical uncertainties. Furthermore,
we considered the case where we remove the two most contaminated modes and constrain S8
from the combination of modes λ1 − λ3. This is reasonable, considering that the signal from
these remaining modes is still detected with a high significance for this data vector (∼ 160σ,
see figure 5). Results for this test are shown with red markers in figure 9. The residual ∼ 1σ

bias in S8 present in the 4-mode case now disappears completely, albeit at the cost of an
additional increase of the statistical uncertainties by a factor of 2.1.
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Figure 9. S8 1σ-constraints when analysing a data vector that does not contain baryonic effects
(blue band) or contains them (as described in section 2.2, green band), with a model that neglects
them. The green and red points with error bars show the constraints obtained after discarding the
most contaminated modes (in the case with baryons in the dataset), using the k-nulling framework,
as a function of kmax. The green and blue dashed lines show the mean value of S8 and the gray line,
its input value. In these two cases we are able to reduce the ∼ 5σ bias caused by ignoring baryonic
effects to ∼ 1σ or less. However, this is at the cost of a significant increase in the final statistical
uncertainties. Note that, as in all tests of this section, we did not include baryonic effects in the model
and, for this case, no intrinsic alignments were considered.

As discussed in section 4.1.2, the presence of intrinsic alignments in the theory model
has an impact on the cosmological constraints that depends on the set of modes included in
the analysis. To explore this further, and to better understand the parameter degeneracies of
different data subsets, we study the constraints in the {S8, ΩM, AIA, ηIA} parameter space
obtained from different mode combinations, with and without intrinsic alignments. The
results are shown in figure 10. When considering the full data vector, the inclusion of IA leads
to a relatively small increase in the final statistical uncertainties on S8 and ΩM (dark blue
and green contours in the figure). This is not entirely surprising, given the relatively simple
IA model used in our analysis and the high sensitivity of the simulated data. Future Stage-IV
surveys will likely require more sophisticated IA parametrisations to ensure robustness against
this contamination [76, 117, 118]. Ignoring the impact of IA, it is still possible to constrain
cosmological parameters using either the most contaminated mode, λ5 (light purple contours),
or the remaining modes (pink contours). Interestingly, we find a more pronounce version
of the result found for DES-Y3: the most-contaminated mode is able to constrain S8 at
high precision, but it is significantly less sensitive to ΩM. In turn, the remaining modes
are able to constrain ΩM well, but are ∼ 3 times less sensitive to S8 (as we found in the
DES-Y3 case). The constraints found in these two cases are largely orthogonal to one another,
and their combination results in the highly precise final constraints found for the full data
vector. As we argued in section 4.1.2, λ5 is most sensitive to amplitude parameters, such
as S8, while the combination of all other modes is more sensitive to geometry and structure
growth, and hence to ΩM.
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Figure 10. Constraints on cosmological parameters from the LSST power spectra in the no baryons
case when applying the k-nulling transformation with kmax = 1 hMpc−1. Coloured contours show
outcomes for different combinations of eigenmodes when marginalizing or not over the contribution
of IAs. Note that for these runs, we did not include BCM parameters. Dotted lines mark the input
cosmology and IA parameters for all of the runs.

These results change significantly in the presence of IA. As shown by the gray contours,
λ5 alone loses all constraining power on either S8 or ΩM. This is because, in the absence
of tomography, both amplitude parameters (AIA and S8) are almost completely degenerate,
as shown in the (AIA, S8) sub-panel of the figure. In turn, the constraints found from the
combination of all remaining modes (teal contours) are only mildly degraded (parameter
uncertainties grow by ∼ 18%) by the presence of IA. This is because the availability of
tomographic information in this mode combination allows us to disentangle the IA and
lensing contributions, and to measure both AIA and ηIA with reasonable precision. Combining
this with λ5 breaks the AIA − S8 degeneracy mentioned above, allowing us to measure all
parameters with errors that are only ∼ 7% larger than those found without IA.

5 Conclusions

Weak lensing analyses provide a strong framework to probe the clustering of matter with
statistically powerful samples and test our current cosmological models. However, the difficulty
of modelling small non-linear scales (i.e. because of the effect of non-linear gravitational
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evolution, astrophysical processes, or intrinsic alignments) can introduce large uncertainties
that hinder their robustness. This is even more important for near-future Stage-IV surveys.
In particular, while adopting ad-hoc scale cuts can help reducing these uncertainties, the
contribution of low-redshift structure (probing small, non-linear scales) is more difficult to
mask out of our analyses [116]. One class of methods developed for this purpose are the so
called “nulling” techniques — modifications to weak lensing kernels that make it possible
to define angular scale cuts closely reflecting physical scale cuts.

In this work we generalise these approaches by defining a linear combination of the
tomographic bins of a survey that effectively suppresses the contribution of low-redshift
structures. We identify two ways of achieving this objective: the first one, suppressing the
contribution of structures below a given comoving distance, which we call distance-nulling
(equation (2.10)); the second one, which we call k-nulling, suppressing the contributions
coming from scales smaller than a given wavenumber kmax (equation (2.15)). This second
approach allows us to more directly connect the scales that are excluded from the analysis to
the scales on which current models (for example of the full-physics matter power spectrum)
break down.

We apply this technique to reanalyse state-of-the-art weak lensing datasets and assess
the contribution of small-scale contaminants to the inferred cosmological parameters. We
pay particular attention to the apparent tension between the clumping parameter S8 inferred
from Large-Scale Structure and CMB measurements. Finally, we apply the nulling technique
to synthetic data representing a Stage-IV LSST-like survey to assess the impact of non-linear
scales on upcoming datasets. The main conclusions derived from this analysis are:

• The distance-nulling and k-nulling techniques are effective at creating rotated
lensing kernels with suppress small-scale and low-redshift support. Removing the most
contaminated modes effectively removes all contributions below the chosen comoving
distance (for distance-nulling) or Fourier wavenumber (for k-nulling), as shown in
figure 3.

• The signal-to-noise ratio of cosmic shear data is inevitably dominated by the contribution
of small-scale structures. The total SNR, both for current and future data, is dominated
by the mode that is most affected by small scales and low redshifts (see figure 5), which
are unfortunately the most difficult to accurately model. Thus, reducing the impact
of this contribution inevitably results in significant loss in sensitivity and constraining
power.

• We analyse the data from DES-Y3 (figure 6). When using the full dataset we find
results compatible with [16], corresponding to a 2.6σ shift in S8 with respect to
Planck.11 When only considering the most contaminated mode, we find 60% broader
constraints on ΩM, while the constraints on S8 are similar to those found with the full
dataset. This is because this mode dominates the overall SNR but is not able to recover
tomographic information. If instead we remove this most contaminated mode, both

11Note that [16] report a 1.7σ shift when including both baryonic effects and IA. Our 2.6σ shift is found
ignoring IA, and we recover the 1.7σ shift of [16] when including both effects.
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S8 and ΩM become more loosely constrained. Interestingly, in this case, both with
the distance-nulling and k-nulling cases, S8 shows an upward shift (1-2σ with
respect to the full dataset case, see figure 7), making it more compatible with Planck.
However, we show, through a frequentist analysis of these results, that this shift is
not statistically significant, and cannot be used to robustly conclude that removing
small-scale contamination alleviates the existing S8 tension.

• We find qualitatively the same results with distance-nulling and k-nulling and
with different values of the comoving-distance and wavemode cut; we also find that
leaving the IA parameters free, while decreasing the overall constraining power, does
not change the conclusions of our analysis.

• We assess the impact of small-scale contaminants for future Stage-IV surveys, and
the potential of this method to alleviate uncertainties in their modelling, by analysing
a synthetic LSST Y10-like cosmic shear data vector. Also in this case we find that
constraints on S8 are dominated by the mode most sensitive to low-redshift small-scale
structures, with σ(S8) growing by a factor ∼ 3 if this mode is discarded. Interestingly,
the constraints on ΩM are, in turn, dominated by the four remaining modes, which,
we speculate, are better able to exploit growth information. Ignoring the impact of
baryonic effects in the modelling of these data results in a ≳ 5σ bias on S8, which can
be reduced to the ≲ 1σ level by discarding the most-contaminated mode. Thus, the
method described here may be used by future surveys to reduce their sensitivity to
small-scale modelling uncertainties, albeit at a significant cost in precision. We also
studied the impact of IA on our method, which lead to a huge degradation in the
constraints found from the most contaminated mode, but only have a small impact on
the remaining modes, which are able to exploit tomographic information.

We expect the nulling techniques proposed in this work to provide a fundamental framework
for understanding the impact of small-scale unmodelled physics in weak lensing analyses.
While this method can also be directly used to obtain robust cosmological constraints, this
comes at the cost of substantially reducing the dataset constraining power. For this reason,
accurate modelling non-linear effects remains crucial for near-future surveys.
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