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Abstract

Atherosclerosis is a chronic inflammatory condition of the artery wall and

a leading cause of death. A particular danger is the asymptomatic nature

of its early stages of development. These early stages are characterised by

lipid accumulation within immune cells called monocyte-derived macrophages

(MDMs). MDMs ingest extracellular lipids, sourced by low-density lipopro-

tein particles (LDL), and offload them onto high-density lipoprotein (HDL)

particles for clearance. These interactions, together with other microenviron-

mental factors, generate heterogeneity in the lipid content, phenotype and

spatial position of the MDMs. Understanding this heterogeneity is key to

predicting which early lesions will resolve and which will persist to become

life-threatening. In this thesis, we use mathematical modelling to explore how

MDM heterogeneity arises and evolves in early atherosclerotic lesions.

The mathematical models we study are formulated using structured differen-

tial equations that focus on the different facets of MDM heterogeneity. In

Chapter 4, we develop a new lipid-structured model in which the rate of lipid

uptake by MDMs depends on their available capacity We extend this model to

include phenotype resolution in Chapter 5, and spatial resolution in Chapter 6.

MDM phenotype is viewed as a spectrum, ranging from inflammatory (M1)

to resolving (M2) states. Spatial heterogeneity is included via a Cartesian

variable that represents distance into the artery wall. In Chapter 7, we com-

bine the models of Chapters 5 and 6 into a spatially-resolved, phenotype-lipid

structured model.

The model analyses, which include numerical and asymptotic solutions, show

that MDM heterogeneity arises in a manner dependent on blood LDL and

HDL levels. When LDL lipid dominates HDL capacity in the blood, the

distributions of MDM lipid content and phenotype eventually skew towards

maximal capacity and inflammatory states, respectively. MDMs deeper in the

lesion exhibit greater lipid loads and more inflammatory phenotypes. When

instead HDL capacity dominates in the blood, mean MDM lipid content is

lower and mean MDM phenotype is resolving. MDMs deeper in the lesion

exhibit greater lipid loads, but a more resolving phenotype. These results

provide a framework for future model validation using single-cell RNA se-

quencing data, and for the numerical investigation of lipoprotein-modulating

and anti-inflammatory therapies for human atherosclerotic lesions.
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Chapter 1

Introduction

Atherosclerosis is a chronic inflammatory disease of the artery wall that causes approx-

imately 50% of all deaths in Westernised society [1]. A particular danger is the asymp-

tomatic development of its early stages [2]. These early stages are driven by interactions

between fatty compounds called lipids, and a class of immune cells called monocyte-

derived macrophages (MDMs). MDMs ingest extracellular lipids, sourced by the infil-

tration of low-density lipoprotein (LDL) particles, and offload them onto high-density

lipoprotein (HDL) particles for clearance from the lesion. Over time, the sustained in-

flux of lipid and the death of lipid-laden MDMs may cause the lesion to develop into an

atherosclerotic plaque containing a large core of extracellular lipid [3]. Such plaques are

vulnerable to rupture, upon which the lipid core is released into the bloodstream, pro-

moting blood clot formation. In turn, blood clots trigger myocardial infarction or stroke

when they block vessels in the heart and brain respectively. The mechanisms which drive

early atherosclerosis and, consequently, set the stage for such clinical events, are active

areas of research.

MDM heterogeneity is a major obstacle in our understanding of early atherosclerosis.

Specifically, interactions with their microenvironment cause macrophages in atheroscle-

rotic lesions to develop substantial heterogeneity in their lipid content, phenotype and

spatial location. Early observations of cell-to-cell variation in lipid content led to the dis-

tinction of nascent macrophages from lipid-laden ‘foam cells’ in the biological literature;

foam cells are a hallmark of atherosclerotic lesions [4]. This dichotomous classification is,

however, a simplistic representation of lipid content heterogeneity given that lipid load

changes incrementally in response to uptake and efflux events [5]. Similarly, macrophages

in atherosclerotic lesions are seen to adopt both pro-inflammatory and resolving phe-

notypes, which led to the distinction between M1- and M2-like cells respectively [6].

However, macrophages are now understood to adopt a spectrum of phenotypes between

the M1- and M2-polarised states [7]. These macrophage sub-types are non-uniformly dis-

tributed in space; M1-like cells dominate over M2-like cells in the shoulder regions of the

lesion, and foam cells accumulate near the lipid core [8]. Such heterogeneity is a major

obstacle in understanding disease progression; the variation in macrophage heterogene-

ity within lesions and how it is affected by blood LDL and HDL levels remain poorly
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understood.

In this DPhil thesis, we use mathematical modelling to investigate how MDM hetero-

geneity arises and evolves in early atherosclerotic lesions.

1.1 Thesis outline

The thesis consists of two literature review chapters (Chapters 2 and 3), in which we

survey the biological and mathematical modelling literature for atherosclerosis, and four

research chapters (Chapters 4-7), in which we propose new differential equation models for

early atherosclerosis. We derive a lipid-structured model in Chapter 4, a phenotype-lipid

structured model in Chapter 5, a spatially resolved lipid-structured model in Chapter

6, and a spatially resolved phenotype-lipid structured model in Chapter 7. We provide

further details below.

In Chapter 4, we formulate a model for early atherosclerosis in which the MDM

population is structured according to lipid content. The key features of this model are

that MDMs have a finite capacity for lipid and that their rate of lipid uptake depends

on their available capacity. The model analyses, which include time-dependent numerical

solutions and asymptotic analysis of the unique steady state solution, indicate that lesion

composition is sensitive to the influx of LDL lipid relative to HDL capacity. The MDM

lipid distribution evolves in a wave-like manner towards an equilibrium profile. The quali-

tative form of this equilibrium profile depends non-linearly on the LDL and HDL influxes;

in general, lesions with an unhealthy LDL to HDL balance give rise to distributions with

local maxima near the MDM lipid capacity, while distributions with healthy LDL to HDL

balances may be monotone decreasing, quasi-uniform, or attain local maxima at low lipid

loads.

In Chapter 5, we extend the model of Chapter 4 to account for changes in MDM

phenotype. MDM phenotype is incorporated via an additional structure variable/index,

representing the spectrum of values between M1 and M2 polarisation states. We use the

model to investigate the distribution of MDM phenotype, its correlation with MDM lipid

content, and relation to the densities of LDL and HDL in the blood. The model reduces to

a simpler, closed subsystem whose analysis shows how lesion composition becomes more

pathological as the blood density of LDL increases relative to HDL capacity. Steady state

analysis indicates that the MDM phenotype distribution always attains a local maximum,

while the lipid content distribution may be unimodal, adopt a quasi-uniform profile or

decrease monotonically. We also use asymptotic analysis to derive a power law relationship

between MDM phenotype and lipid content at steady-state. This relationship enables us

to understand why, for example, lipid-laden MDMs have a more inflammatory phenotype

than lipid-poor MDMs when blood LDL lipid density greatly exceeds HDL capacity.

In Chapter 6, we extend the lipid-structured model of Chapter 4 to account for

spatial heterogeneity. Motivated by images of macrophages and lipids in human coronary

arteries [9], we introduce a spatially non-uniform LDL retention capacity to capture the
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early retention of LDL deep in the intima, and allow MDM lifespan and mobility to

depend on lipid content. For simplicity, we assume MDMs undergo unbiased random

motion. Our results indicate that if MDM mobility is highly sensitive to lipid content,

and MDM lifespan is insensitive to lipid content, then our model qualitatively reproduces

the densities reported in [9]. Allowing MDM lifespan to decrease with lipid content

results in fewer lipid-laden MDMs in the lesion and a reduced mean MDM infiltration

depth. Allowing MDM mobility to decrease with lipid content also reduces the MDM

infiltration depth, but increases the proportion of lipid-laden MDMs. We find that MDM

lipid content increases with depth in all simulations, regardless of how MDM mobility

and lifespan depend on lipid content.

In Chapter 7, we combine the models from Chapters 5 and 6 to give a spatially-

resolved, phenotype-lipid-structured model. In this setting, the MDM population is cou-

pled to the densities of free LDL lipid, retained LDL lipid, apoptotic lipid, necrotic lipid,

HDL efflux capacity, inflammatory mediators and resolving mediators. We use the model

to investigate how MDM phenotype varies with spatial depth. Numerical simulations

indicate that when LDL lipid dominates HDL capacity in the blood, MDM phenotype

becomes more inflammatory with increasing spatial depth. This trend is consistent with

observations that (inflammatory) M1-like macrophages are found near the necrotic core

in mid-to-late stage lesions.

Chapter 4:

Lipid structured

 𝑚ℓ(𝑡)

Chapter 7:

Phenotype-lipid-spatial structured

 𝑚ℓ
𝜙
(𝑥, 𝑡)

Chapter 5:

Phenotype-lipid structured

 𝑚𝜙,ℓ(𝑡)

Chapter 6:

Lipid-spatial structured

 𝑚ℓ(𝑥, 𝑡)

Figure 1.1: Outline of the research conducted in this thesis.

The thesis concludes in Chapter 8, where we summarise our findings and discuss

directions for further investigation.

• The content of Chapter 4 was published in Mathematical Biosciences [10].

• The content of Chapter 5 was published in the Bulletin of Mathematical Biology

[11].
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• The content of Chapter 6 will be submitted to the Journal of Theoretical Biology,

pending copyright clearance.
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Chapter 2

Atherosclerotic lesion formation

In this chapter we review the biology associated with atherosclerotic lesion formation.

In Sect. 2.1, we explain where atherosclerosis develops and describe the structure of the

artery wall. Then, in Sect. 2.2, we describe the key stages of disease progression. Finally,

in Sect. 2.3, we detail the components and processes involved in early atherosclerosis.

We focus on the role of lipoproteins in the blood, of lipoprotein infiltration and retention

in the artery wall, and of monocytes and monocyte-derived macrophages. At the same

time, we highlight the processes that give rise to macrophage heterogeneity, which are of

particular relevance in this thesis.

2.1 Where do lesions form?

Atherosclerosis can develop in the walls of major arteries throughout the body [12]. The

arterial distribution of atherosclerotic lesions is not random, but, rather, localised to

susceptible sites where there is disturbed blood flow and low wall shear stress [13, 14].

Such regions include the coronary and carotid artery bifurcations in humans, and the

aortic root and arch in mice [15]. Disturbed flow at these sites drives adaptive changes in

the artery wall which promote atherosclerosis.

The artery wall consists of a thin outer lining, called the endothelium, and three

concentric layers: the (tunica) intima, media and adventitia [16]. A schematic is given in

Fig. 2.1. The endothelium is a monolayer of endothelial cells that separates the lumen,

where the blood flows, from the intima. The intima is the innermost layer and highly

relevant to atherosclerosis. It is composed of collagen-rich extracellular matrix (ECM),

and contains a sporadic distribution of smooth muscle cells (SMCs) [17, 18]. The intima

is connected to the media by a fenestrated sheet called the internal elastic lamina (IEL).

The media itself is dense in SMCs, which are embedded circumferentially in the medial

ECM. Finally, the media is separated from the adventitia, the outermost layer, by the

external elastic lamina. The adventitia is a loose connective tissue, dense in collagen and

elastic fibres, that anchors the artery to nearby organs for stability.

Atherosclerosis-susceptible regions of the artery wall that are adjacent to disturbed

blood flow are structurally distinct from regions adjacent to laminar flow. First, the intima

5



Tunica adventitia

Tunica media

Tunica intima

Endothelium

Internal elastic 
membrane

Smooth muscle cells

External elastic 
membrane

Figure 2.1: Structure of the artery wall. The lumen is separated from the artery wall
via a thin monolayer of cells called the endothelium. The tunica intima is the deepest layer
of the wall and is the region most relevant to atherosclerosis. The intima is connected via
the internal elastic membrane to the tunica media, which, in-turn, is supported by the
tunica adventitia. Images modified from [19].

in susceptible regions has an augmented capacity for low-density lipoprotein (LDL) reten-

tion [20]. LDL retention is a key initiating event in the development of atherosclerosis [21].

In mice, an increased LDL retention capacity has been causally linked to disturbed blood

flow via changes to SMC phenotype; disturbed flow up-regulates SMC expression and

post-translational modification of LDL-binding proteoglycans [20]. Susceptible regions

of human arteries also exhibit increased proteoglycan densities in the intima, suggesting

that similar mechanisms are at play [9]. Second, endothelial cells exposed to laminar flow

typically elongate in the direction of flow, forming tight junctions between cells that min-

imise endothelial permeability [22]. By contrast, endothelial cells exposed to disturbed

flow adopt non-uniform orientations, with larger junctions and increased permeability.

The increased permeability increases the rate of LDL influx from the lumen into the in-

tima, promoting LDL accumulation [23]. Experiments in mice indicate, however, that

increased retention capacity rather than endothelial flux is the rate-limiting process for

LDL accumulation in the intima [24]. Finally, human artery walls exposed to disturbed

flow undergo a further adaptation called diffuse intimal thickening (DIT) [25]. DIT refers

to an increase in the size of the intima caused by SMC infiltration from the media prior

to atherosclerosis. Importantly, DIT is absent in small animals including mice, rats and

rabbits [26].

2.2 How do lesions form?

Atherosclerotic lesions form due to the accumulation of lipids and cells in the intima. A

summary of the development of atherosclerosis in humans is provided in Fig. 2.2. Several
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Diffuse intimal 
thickening (DIT)

Fatty streak 
Pathological intimal 

thickening (PIT)
Fibroatheroma

Thin-cap 
fibroatheroma

Reversible lesions Progressive lesions

Lumen Extracellular lipidTunica intima Macrophage

Collagen

Calcified plaqueNecrotic core Cholesterol clefts

Haemorrhage

Range of model validity

LP = lipid pool FC = fibrous capNC = necrotic core

Figure 2.2: Stages of human atherosclerosis. Atherosclerosis-susceptible regions first
undergo diffuse intimal thickening (DIT). DIT is followed by fatty streak onset, which is
characterised by sparse quantities of lipid and macrophages. The lesion then undergoes
pathological intimal thickening (PIT), when it develops a pool of extracellular lipids be-
hind a population of macrophages. Late-stage lesions may be classified as fibroatheroma,
and thin-cap fibroatheroma, which contain a fibrous cap near the lumen and a necrotic
core deep in the intima. The models we develop in this thesis are valid until early PIT,
when intimal thickening beyond DIT becomes substantial. Adapted, with permission, by
combining Fig. 11.1 of [27] and Fig. 2 of [28].
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classification schemes exist for human atherosclerosis. We refer to the Virmani-modified

AHA classification in this thesis. As mentioned above, DIT is present prior to disease

onset. The earliest lesions, called fatty streaks, consist primarily of lipid and MDMs,

although both are present in low densities. The lesion does not protrude into the lumen,

at this stage, and is reversible. The continued accumulation of lipid and MDMs may

cause the lesion to progress to pathological intimal thickening (PIT). PIT, considered the

first irreversible stage of development, is characterised by a pool of extracellular lipid

behind the MDMs. PIT lesions also protrude slightly into the lumen, relative to non-

atherosclerotic DIT. Since the mathematical models we develop in this thesis are defined

on spatial domains of fixed size, we consider PIT to be the limit of their validity. As time

progresses, the lesion may develop into a fibroatheroma. At this stage, SMCs begin to

accumulate near the endothelium, where they form a fibrous cap. The cap protects the

lesion from the blood flow as it protrudes further into the lumen. The intima develops a

necrotic core due to the death of lipid-laden MDMs. Cholesterol clefts and haemorrhages

may also form in the core. Late-stage fibroatheromas may grow large enough to constrict

arterial blood flow. More commonly, however, the fibrous cap begins to thin. Thin-cap

fibroatheromas are vulnerable to ruptures, which cause the necrotic core material to leak

into the lumen where it may cause the blood to produce clots. Blood clots may lead

to severe clinical outcomes, including myocardial infarction or stroke, depending on the

location of the artery.

For the remainder of this chapter, we focus on early atherosclerosis. We emphasise the

processes that give rise to MDM heterogeneity as the lesion develops from DIT, through

fatty streak formation, towards PIT.

2.3 Development of early atherosclerosis

Early atherosclerosis is largely driven by interactions between lipoproteins and MDMs. In

brief: lipoproteins enter and become trapped within the artery wall; lipoprotein retention

triggers a local immune response that attracts monocytes to the lesion from the blood-

stream; recruited monocytes rapidly differentiate into macrophages (i.e., MDMs) upon

entry, which attempt to ingest the excess lipid in the intima and offload/transport it for

clearance. We provide a more detailed picture below.

2.3.1 Lipoproteins in the blood

Lipoproteins are the primary vehicles for lipid transport in the body [29]. They are soluble

particles with a central core of cholesteryl esters, cholesterol and triglycerides. The core

is surrounded by a phospholipid outer shell which contains an embedded apolipoprotein

[30]. Lipoproteins are classed by density: chylomicrons (< 0.95g/mL); very low density

lipoproteins (0.95− 1.006g/mL); intermediate density lipoproteins (1.006− 1.019g/mL);

low density lipoproteins (LDL) (1.019−1.063g/mL); and high density lipoproteins (HDL)
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(1.063−1.210g/mL). These classes are inhomogeneous and represent a traditional discreti-

sation of the particle density continuum [31]. Of particular relevance to atherosclerosis

are LDL and HDL, which, colloquially, carry bad and good cholesterol, respectively.

Data from genetic and clinical studies consistently demonstrates that LDL plays a

causal role in the development of atherosclerosis [34, 35]. International guidelines use

blood LDL cholesterol (LDL-C) levels to assess the risk of atherosclerotic cardiovascular

disease (ASCVD) [36, 37]. Since blood LDL-C levels depend on lifestyle factors, including

diet and exercise [38], there is considerable variation amongst the general population.

Typical LDL-C values range from 40-220 mg/dL, which covers over 98% of the 34415

subjects in a South Korean study [32] (see Fig. 2.3 (a)). Another study by Fernández-

Friera et al. [33] showed that the prevalence of atherosclerosis increases with LDL-C in a

population of 4184 subjects with mean age 45.1 years. The mean number of atherosclerotic

sites increased from zero at 50 − 60 mg/dL to greater than one at 150 − 160 mg/dL.

Motivated by these findings, we use total blood LDL lipid density as a key parameter

in the mathematical models we develop. This metric accounts for LDL-C in addition

to phospholipids on LDL particles, which typically constitute approximately 22% of the

particles by mass [39].

Unlike LDL, HDL is considered protective in the context of atherosclerosis [41]. Early

clinical studies established a strong inverse association between blood HDL cholesterol

(HDL-C) levels and risk of ASCVD that is independent of LDL-C [42, 43]. The protective

effect of HDL is typically attributed to its role in reverse cholesterol transport (RCT) [41].

Surprisingly, recent clinical trials which attempted to manipulate RCT by elevating HDL-

C failed to demonstrate a reduction in ASCVD risk [44–46]. The crux of the issue is the

inconsistent relationship between HDL-C and RCT [46]. The search for a consistent

metric led to the emergence of HDL cholesterol efflux capacity (HDL cholesterol efflux

capacity), which directly measures the ability for HDL particles to promote RCT [47–

49]. In their seminal study [40], Rohatgi et al. showed that HDL cholesterol efflux

capacity was consistently a better predictor of ASCVD than HDL-C in a population-based

cohort of 2416 participants (see Fig. 2.4). HDL cholesterol efflux capacity is typically

a dimensionless readout which serves as a proxy for the total amount of lipid that HDL

particles can accept via RCT. In the mathematical models we develop, this dimensional

HDL lipid capacity is a key parameter.

2.3.2 Lipoproteins in the wall

Lipoproteins enter the artery wall, from the lumen, via the endothelium [50]. They en-

ter either by transcytosis, in which endothelial cells uptake and transport the lipoprotein

across the endothelium, or by diffusion through junctions in regions of disturbed flow. Inti-

mal lipoproteins are subject to numerous modifications that contribute to atherosclerosis.

These include oxidation, acetylation, ethylation, methylation and glycation [51]. LDL

oxidation has long been considered the main atherogenic modification due to its ability
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(𝒂) Population distribution of LDL-C

(𝒃) Relation between LDL-C and atherosclerosis

Figure 2.3: Link between LDL cholesterol (LDL-C) in the population and risk
of atherosclerosis. Plot (a) shows the distribution of LDL cholesterol within a South
Korean cohort of 34415 subjects, reproduced with open access from [32]. Plot (b) shows
how the prevalence of atherosclerosis depends on LDL-C within a Spanish cohort of 4184
subjects with mean age 45.1, reproduced with open access from [33]. Note the approx-
imately linear increase in the mean number of vascular sites affected by atherosclerosis
with LDL-C.
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Figure 2.4: HDL cholesterol efflux capacity is a more consistent predictor of
atherosclerosis than HDL cholesterol (HDL-C). Hazard ratios less than 1 indicate
an association with risk of cardiovascular events. Traditional risk factors include older
age, male sex, hypertension, diabetes, smoking and family history of ASCVD. Note how
the association of cardiovascular events with HDL-C diminished after adjustment for
risk factors and HDL particle concentration, while the association for HDL cholesterol
efflux capacity is robust. Reproduced with permission from [40], Copyright Massachusetts
Medical Society.

to induce SMC apoptosis and activation in both endothelial cells and macrophages [52].

However, a growing body of evidence supports the impact of another form of modification,

namely retention and aggregation [53].

Intimal lipoproteins may bind to ECM proteoglycans [21]. LDL retention by ECM

dominates retention of HDL due to the markedly lower binding affinity of apolipoprotein

E on HDL to apolipoprotein B on LDL [54]. Importantly, ECM-bound LDL is trapped in

the intima and, unlike free lipoproteins, cannot exit the intima by diffusing into the lumen,

or through the IEL into the media [55]. ECM-retained LDL is also highly susceptible to

modification [56]. In particular, LDL is prone to aggregate into ECM-bound lipid droplets

that greatly enhance LDL uptake by macrophages [53, 57].

LDL retention is considered to be the key initial event in atherosclerosis [58, 59].

Although the exact signalling pathways remain unclear, interactions between retained

LDL and tissue-resident cells (e.g., SMCs and endothelial cells) trigger an inflammatory

response that recruits monocytes to the intima from the lumen [60].

2.3.3 Monocytes

Monocytes are a type of white blood cell involved in the innate immune response [61].

They are generated in the bone marrow and released into the circulation when they mature

[62]. Monocytes are recruited to atherosclerotic lesions in response to chemokines, such as

MCP-1, that are produced by the activated endothelium [63]. The attracted monocytes

adhere to and roll across the endothelium in a process mediated by adhesion molecules,

11



including VCAM-1, before eventually migrating through endothelial junctions into the

intima [64].

Once in the intima, monocytes may differentiate into either dendritic cells or macrophages

[65]. The relative frequency of dendritic cell to macrophage differentiation in vivo is un-

known, and depends on the relative amount of macrophage colony stimulating factor to

granulocyte-macrophage colony simulating factor [66]. However, in vitro models tracking

trans-endothelial migration suggest that approximately half of the infiltrating monocytes

differentiate into dendritic cells and emigrate from the sub-endothelial space via the en-

dothelium within two days. Monocytes that remain in the sub-endothelial matrix become

macrophages [67].

2.3.4 Monocyte-derived macrophages (MDMs)

Monocyte-derive macrophages (MDMs) are typically the most numerous immune cell type

in early atherosclerotic lesions [68]. Macrophages are long-lived cells (lifespan of months

to years) that specialise in the uptake of extracellular debris, a process called phagocytosis

[69]. They play a critical and multifaceted role in the development of atherosclerosis [70].

MDMs can play a protective role by ingesting extracellular lipid and removing it from

the lesion [71]. Removal may occur via the RCT pathway in which MDMs offload lipid

onto HDL particles that subsequently ferry the lipid from the lesion [72]. MDMs can

also reduce lesion lipid content by directly emigrating from the intima. In doing so, they

remove the lipid they have ingested and their endogenous lipid content from the lesion.

Emigration can occur via the endothelium in a process called reverse transendothelial

migration [73]. Emigration into the media may be possible in mice [73], but is unlikely to

occur in early human lesions due to limited MDM infiltration depth [26]. Evidence from

swine models indicates that emigration occurs in early lesions but with reduced rates at

later stages [74, 75]. The signal pathways that govern MDM emigration remain poorly

defined [73, 74].

MDMs can play a pathological role if they die in the intima. Although MDM death

may take many forms, including ferroptosis, necroptosis and pyroptosis, the most estab-

lished pathway linked to atherosclerosis is apoptosis followed by secondary necrosis [76].

Apoptosis is a programmed mode of cell death that is considered vital in normal cell

turnover and immune function [77]. In atherosclerotic lesions, MDM apoptosis may be

the endpoint of the cell’s natural lifespan, or, in lipid-laden MDMs, the result of excess

intracellular free cholesterol [78]. Uncleared apoptotic cells undergo secondary necrosis

and spill their content into the extracellular space [79]. In this way, MDMs may contribute

to necrotic core formation [80].

MDMs in atherosclerotic lesions are also highly heterogeneous and plastic [81]. The

functional heterogeneity of lesion MDMs may be partly attributable to diversity in their
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monocyte progenitors [82]. However, research on human monocyte subset-dependent dif-

ferentiation to MDMs is conflicting and without clear consensus [83]. Functional hetero-

geneity of MDMs is known to be driven by interactions with the lesion microenvironment

[7, 84]. In this thesis, we focus on heterogeneity in MDM lipid content, phenotype and

spatial position. The microenvironmental interactions that influence these factors are

detailed below.

2.3.4.1 Lipid uptake and efflux

Early observations of cell-to-cell variation in MDM lipid content led to the distinction

between nascent macrophages and lipid-laden ‘foam cells’ [85, 86]. Foam cells are a hall-

mark of atherosclerotic lesions [4]. While this dichotomous classification is diagnostically

useful, in practice MDMs exhibit a spectrum of lipid contents due to many lipid uptake

and efflux events [74].

MDMs increase their lipid content by ingesting extracellular lipids. The mechanisms of

ingestion depend on the particular form of lipid. First, MDMs uptake free-diffusing native

and modified LDL via fluid-phase pinocytosis [87]. During pinocytosis, macrophages

ingest extracellular fluid and any LDL contained in that fluid in a receptor-independent

manner [88]. MDMs also ingest the aggregated LDL trapped in the intima via receptor-

mediated mechanisms including phagocytosis and patocytosis [89]. Importantly, uptake of

aggregated LDL is much more efficient than uptake of free-diffusing LDL (even when the

latter is oxidised) [57, 90]. MDMs may also ingest lipid-rich cellular debris. This includes

uptake of apoptotic bodies, a process called efferocytosis, and uptake of necrotic debris via

phagocytosis. While efferocytosis of whole apoptotic bodies has been observed in vitro,

studies in vivo often report piecemeal uptake by multiple cells [91]. Efferocytosis is also

known to become defective in atherosclerotic lesions, although the precise mechanisms

remain unclear [92]. Experimental studies nonetheless indicate that uptake of apoptotic

debris is more efficient than uptake of necrotic debris [93]. Finally, experimental studies

show that macrophages in environments with excess debris typically do not engulf material

to the point of lysis. Rather, they adjust their rate of uptake in a manner commensurate

with their available capacity, according to mechanical and biochemical negative feedback

mechanisms [94].

MDMs decrease their lipid content via lipid efflux to HDL particles [95]. MDM lipid

efflux is mediated by the ATP-binding cassette transporters ABCA1 and ABCG1 [96].

ABCA1 and ABCG1 transport phospholipids and cholesterol to lipid domains on the

MDM surface, where they are offloaded onto HDL particles [97]. The expression of

ABCA1/G1 is up-regulated by the activation of liver and retinoid X receptors, which,

in turn is driven by accumulation of intracellular lipid [98].
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2.3.4.2 Phenotypic modulation

Recent studies have demonstrated cell-to-cell variation in MDM phenotype. This has led

to the distinction between inflammatory M1-like and resolving M2-like cells [7]. M1-like

MDMs predominate in progressive lesions, while M2-like cells are enriched in regress-

ing lesions [6]. This dichotomous classification is now considered overly simplistic, and

MDMs are typically understood to reversibly adopt a spectrum of phenotypes between

M1- and M2-polarised states according to the balance of (pro-)inflammatory and resolving

mediators [7, 99].

MDMs modulate towards an M1-polarised state in response to inflammatory medi-

ators. Production of inflammatory mediators is partly driven by interactions between

MDMs and LDL. For example, MDM uptake of oxidised LDL results in secretion of TNF

via a vimentin-NFκB pathway [100], and IL-1 via inflammasome activation [101]. Na-

tive LDL may also induce inflammatory mediator production in MDMs [102]. Secondary

necrosis is another important source of inflammatory mediators [79]. The loss of cell

membrane integrity during this process causes leakage of damage-associated molecular

patterns (DAMPs) that activate MDMs [103]. Finally, M1-like MDMs can sustain in-

flammatory mediator production (even in the absence of stimulants) that can stimulate

neighbour cells [104, 105].

MDMs modulate towards an M2-polarised state in response to resolving mediators.

Production of resolving mediators is partly driven by MDM efferocytosis, which stimulates

the emission of RvD1 and IL-10 among other products [106, 107]. MDM interactions with

HDL also stimulate production of resolving mediators LXB4 and RvE2 [108]. Although

the mechanisms are incompletely understood, the anti-inflammatory effects of HDL on

MDMs are at least partly mediated by lipid efflux [109]. Finally, M2-like MDMs can

maintain resolving mediator production (even in the absence of stimulants) that can

stimulate neighbour cells [104, 105].

2.3.4.3 Spatial movement

MDMs are also heterogeneous in terms of their location in the lesion. The mechanisms

that govern MDM motion in vivo are incompletely understood [68]. Observations in

early human lesions show that MDMs are initially sparsely distributed near the lumen

upon fatty streak onset, and accumulate towards the middle of the intima during PIT

[9]. Images of late PIT and fibroatheroma suggest that MDMs fail to infiltrate into the

media and remain localised to the intima interior [110]. Consistent with these observa-

tions, bead-tracking studies in mice also indicate that MDMs have a limited depth of

infiltration into the intima, and may become largely immobile in both progressing and re-

gressing lesions [68]. Importantly, the role of lipid accumulation and phenotype in MDM

positional dynamics is largely unexplored. Given that MDMs deeper in the intima are

typically lipid-laden [110], and adopt an M1-like phenotype at later stages [111], MDM

lipid content and phenotypic heterogeneity may play a key role in explaining the spatial
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position of lesion MDMs.

Conclusions. In this chapter we have surveyed the biological literature on atheroscle-

rosis. We presented an overview of where lesions form in arteries, the main stages of

disease progression and a detailed summary of the roles of lipoproteins and monocyte-

derived macrophages in early lesions. In the following chapter, we turn instead to the

mathematical literature on atherosclerosis.
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Chapter 3

Mathematical models of
atherosclerosis

In this chapter we survey the current literature on the mathematical modelling of atheroscle-

rosis. We review mechanical models in Sect. 3.1, before discussing well-mixed ODE

models in Sect. 3.2 and spatially-resolved models in Sect. 3.3. Spatially-resolved for-

mulations include reaction-diffusion-taxis PDE models, multiphase mixture PDE models

and stochastic models. Finally, we survey the literature on structured population models

in Sect. 3.4. Due to their relevance to this thesis, we first outline the broader literature

concerning structured modelling before discussing their application to atherosclerosis.

3.1 Mechanical models

The earliest mathematical models related to atherosclerosis focus on blood flow in vulner-

able arterial regions [112–114]. These studies treat blood as a non-Newtonian fluid, using

modified forms of the Navier-Stokes equations to account for its shear rate-dependent vis-

cosity. The arteries are considered rigid and the models are typically solved numerically

with the finite element method (FEM). We highlight the work of Perktold et al. [112],

which predicts the distributions of mechanical stress in human carotid artery bifurcations

under pulsatile flow. These models predict the existence of zones of reversed flow near

arterial bifurcations characterised by low flow velocity gradients, and, consequently, low

wall shear stress. Misra et al. show that analytical progress on small-amplitude wave

propagation in blood is also possible in straight geometries [113]. More recent blood flow

models have considered realistic geometries derived from MRI images of carotid arter-

ies [115, 116]. Their analysis indicates that longitudinal fibrous cap stresses may inform

assessments of plaque vulnerability.

Several fluid mechanical models focus on the deposition of LDL in the artery wall

[117–120]. These models couple blood flow to an advection-diffusion equation for LDL

concentration. The work of Wada et al. [117], which considers only lumenal flow of

LDL, predicts that regions of greater LDL concentration at the lumenal wall (i.e., the

endothelium) generally co-localise with regions of low wall shear stress. Other studies

17



explicitly treat the sub-endothelial transport of LDL by modelling the artery wall as a

porous medium [118–121]. These models consider porosity-dependent inhibition of LDL

movement in the wall to account for collisions between LDL and tissue, but neglect LDL-

proteoglycan binding. We highlight the work of Yang and Vafai, who identified wall

thickness, curvature and lumen area as important factors for LDL accumulation in a

numerical FEM study with pulsatile blood flow [119]. They further derived analytical so-

lutions for a straight arterial geometry where the impact of pulsatile flow can be neglected

[120].

More recent mechanical studies have focused on the response of the artery wall to

atherosclerotic growth [122–124]. These models adopt a morphoelastic approach, decom-

posing the wall stress tensor into a growth component and an elastic component. The

wall is treated as an incompressible and anisotropic hyperelastic solid. Fok first con-

siders a radially symmetric response to intimal growth [122]. The study reproduces the

lumen area-preserving compensatory enlargement observed in human coronary arteries,

known as Glagov remodelling [125]. Fok and Gou subsequently treat asymmetric growth

in a detailed FEM study [123]. Their model predicts that curvature oscillations in the

endothelium are unstable and amplify with growth, and that stresses migrate from the

endothelium to the media, so that the latter eventually bears maximum stress. Thon et

al. attempt a multi-physics treatment in which a morphoelastic model of the artery wall

is coupled to non-Newtonian blood flow [124]. However, their model only permits growth

in the lumenal direction, which is inconsistent with Glagov remodelling.

In general, the detailed treatment of stresses in mechanical models is balanced by a

simplistic treatment of cellular processes. An increasing appreciation of atherosclerosis

as an inflammatory response has stimulated the development of many phenomenologi-

cal models that account for interactions between intimal cell populations, in particular

MDMs, signalling molecules and lipids.

3.2 Well-mixed ODE models

Ordinary differential equations (ODEs) are ubiquitous in mathematical biology due to

their analytical tractability. They have been used to study numerous features of the early

inflammatory response.

Several ODE models focus on MDM recruitment and subsequent lipid accumulation

[126–129]. There are three main approaches which differ in their treatment of MDMs.

The first, introduced by Ougrinovaskaia et al., considers a three compartment model for

the densities of LDL, MDM capacity for LDL, and internalised lipid content [126]. MDM

capacity is sourced in response to LDL accumulation at a basal rate, representing direct

interactions between endothelial cells and LDL, and an additional rate that increases

with existing MDM capacity to account for MDM signalling. Using bifurcation analy-

sis, they conclude that lesion instability is driven primarily via MDM signalling, rather

than increased LDL influx. This model was later extended by Cohen et al. to account
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for MDM emigration and lipid efflux to HDL [128]. Analysis of the more detailed phase

plane indicates that efflux to HDL can stabilise the internalised lipid content in the le-

sion, but emigration is required to stabilise MDM capacity. While the explicit use of

MDM capacity in the above models allows for a natural representation of LDL uptake,

an obvious drawback is that it is difficult to extract information on cell densities in their

formulation. A second approach, taken by Bulelzai et al., avoids this issue by including

separate compartments for MDMs and foam cells [127]. Through numerical simulations,

they show that their model exhibits bistability between a physically realistic state, and a

state of infinite growth if LDL intake is too high. Although cell densities are explicit in

their model, the distinction between MDMs and foam cells is an arbitrary binarisation of

the gradual lipid accumulation that occurs in real lesions. In a recent approach, Lui and

Myerscough consider separate compartments for MDM density and lipid content [129].

Using separation of timescales, they show that necrotic lipid may slowly accumulate even

when MDMs, apoptotic lipid and LDL lipid appear to have reached equilibrium. Their

formulation is a simplification of the lipid-structured population models that we outline

in Sect. 3.4.

An ODE model by Bezyaev et al. accounts for MDM phenotype [130]. The authors

decompose the MDMs into compartments for M1 (inflammatory), M2 (resolving) and

foam cells. While the framework is promising, their results are limited to a phase plane

analysis for an idealised case where most species are zero. Moreover, in contrast to the

biological literature [7, 83, 84], MDM phenotype is assumed to be fixed upon entry to the

lesion and reflective of monocyte class.

We finally note that the majority of ODE models for atherosclerosis are qualitative,

due to the scarcity of in vivo data. An exception is the study of Thon et al. [131]. In this

work, the authors use the method of least squares to fit three sub-models to in vitro data.

The experiments considered LDL modification and uptake, HDL protection against LDL

modification, and intracellular cholesterol processing and RCT. Although an important

step towards quantitative in vivo modelling, their uncertainty analysis is limited to a

local sensitivity calculation. Since parameter values are also likely to vary considerably

between in vitro and in vivo, it is unclear how relevant their estimates are for real lesions.

More work is needed to derive parameter estimates that are relevant to atherosclerotic

progression in vivo. Two structured ODE models based on in vitro data have also been

proposed [132, 133]. We consider them in more detail in Sect. 3.4.

3.3 Spatially-resolved models

Spatially-resolved models of atherosclerosis may be broadly categorised into reaction-

diffusion PDE models, multiphase mixture PDE models and agent-based/PDE hybrid

models. We survey each of these model types below.
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3.3.1 Reaction-diffusion-taxis PDE models

Reaction-diffusion-taxis PDE models are the most common type of mathematical model

for atherosclerosis. They have focused on early stage processes, such as the interaction

between lipids and MDMs [134–143], and mid-to-late stage processes like necrotic core

formation [144, 145].

Reaction-diffusion-taxis models have been posed on a variety of domain geometries.

Several models use a fixed one-dimensional domain which spans the endothelium to the

internal elastic lamina [141, 142, 146]. Other models are defined on a fixed 2-dimensional

domain, which may represent a cross-section of the artery perpendicular to the blood

flow [144] or contain one axis along the direction of flow and another perpendicular to it

(e.g., radial from the lumen centre) [134, 138]. Models posed on a growing 2-dimensional

domain have also been proposed, with models by Hao and Friedman on a cross-sectional

domain perpendicular to blood flow [139, 140], and a model by Calvez et al. with an axial

coordinate [136]. For simplicity, these growing 2-dimensional models only consider the

endothelium to be a free boundary. As a result, model lesions grow inwards and constrict

the lumen at early stages, which is inconsistent with Glagov remodelling [125]. A model

by Thon et al. considers a three-dimensional fixed domain using the FEM [143]. Their

results indicate negligible variation in cell densities along the radial coordinate, presum-

ably because they assume an intima-media thickness of 0.04mm, which is considerably

smaller than estimates of human physiology [9].

Reaction-diffusion-taxis models also vary considerably in their treatment of MDM

movement. Several studies assume that MDM motion is random and can be modelled

using a diffusion term [134, 135, 138, 146]. Other studies assume that MDM motion may

be biased in response to gradients of chemokines (i.e., chemotaxis) [137, 139, 140], or

gradients of modified LDL (modLDL) [141, 142, 144]. We note that MDM taxis towards

modLDL is speculative, but consistent with macrophages chasing live bacteria phagocytic

targets [147]. In a separate study, Calvez et al. view the intima as a porous medium and

assume that MDMs may be advected by sub-endothelial flow [136]. This effect is not

analysed in detail, but is anticipated to transport MDMs along the axial direction in the

intima.

Finally, we note that in reaction-diffusion-taxis models a binary distinction is made

between lipid-poor “macrophages” and lipid-laden foam cells. As a result, loss of MDM

mobility with lipid content is either ignored [139, 140] or incorporated in a simplistic

manner by assuming that foam cells are immobile [141, 142]. Additionally, a binary

distinction is made between (inflammatory) M1 and (resolving) M2 cells [140, 148]. In

Chapters 6 and 7, we relax these assumptions by introducing a more nuanced treatment

of MDM heterogeneity in spatially-resolved settings.
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3.3.2 Multiphase mixture PDE models

A multiphase framework has also been used to develop spatially-resolved PDE models

for atherosclerosis [149–152]. PDEs govern the time evolution of the volume fractions for

each phase. These equations are derived by employing principles of mass conservation,

momentum conservation and other phenomenological or constitutive relations. Although

the multiphase framework provides a means to incorporate mechanical feedback, multi-

phase models of atherosclerosis have focused primarily on cell-ECM interactions [149, 150]

and cell-lipid interactions [151, 152]. Hence, we survey them here instead of in Sect. 3.1.

Recent models by Ahmed et al. consider the role of MDMs in early lesions [151, 152].

Their three-phase model for MDMs, modLDL and dead cellular material, highlights the

importance of efferocytosis in modulating the amount of dead material in the lesion. They

incorporate a free boundary at the internal elastic lamina so that early lesion growth

pushes into the media rather than the lumen, consistent with Glagov remodelling [125].

In their later seven-phase model they distinguish between an MDM phase, m(x, t), and an

intracellular lipid phase, a(x, t) [152]. This distinction allows them to define an MDM lipid

content fraction, a := a/(m+a), which they use to indirectly account for lipid-dependent

MDM death and emigration rates.

Multiphase models have also been developed by Watson et al. to treat fibrous cap

formation in mid-to-late stage lesions [149, 150]. Both models consider a matrix-producing

smooth muscle cell phase, and use net mass-conservative source and sink terms so that

fixed boundary conditions may be imposed.

3.3.3 Stochastic models

Stochastic models for atherosclerotic lesion formation are increasing in number. The lit-

erature includes agent-based modelling [153, 154], hybrid cellular automata/PDE models

[155, 156], and a stochastic PDE model [148].

Of particular relevance is the study by Liu et al., which accounts for MDM phenotype

switching [148]. The authors make a binary M1/M2 distinction between MDM phenotypes

and assume that switching may occur at each timestep with a probability that depends

on the local concentration of oxidised LDL. Higher levels of oxidised LDL increase the

likelihood of switching from M2 to M1 and decrease the probability of switching from

M1 to M2. This approach captures the inflammatory effects of LDL but neglects the

impact of necrosis, HDL and efferocytosis. We consider a more detailed treatment of

MDM phenotype in Chapters 5 and 7, albeit in a deterministic setting.

3.4 Structured population models

Structured population models are a natural means to account for the time-evolution of

heterogeneous populations. As the primary framework for the models we develop in Chap-
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Figure 3.1: Classification of structured population models. Models with a contin-
uous structure variable, a, are formulated in terms of a continuous population density,
n(a, t). They may update in discrete time, as for integral projection models, or continuous
time, as for structured PDE models. Models with a discrete structure index, i, are cast in
terms of a discrete density, ni(t). These may proceed in discrete timesteps, as for matrix
projection models, or in continuous time, as in structured ODE models.

ters 4, 5, 6 and 7, we first survey the broader literature concerning structured modelling

before discussing their application to atherosclerosis.

3.4.1 Discrete vs. continuous structures

Structured population models can be broadly categorised according to their treatment of

structure and time. A summary is provided in Fig. 3.1.

Many structured models update in discrete timesteps (comprehensively reviewed in

[157, 158]). These are called projection models. Early projection models, popularised by

Leslie et al. in their 1945 seminal paper [159], typically use a discrete structure index

to decompose the population into age classes. Although nonlinear [160] and delay [161]

projection models have been considered, the vast majority of projection models are linear

and depend on the current time only [157]. This allows the evolution of the state vector,

n = (n0, n1, . . . )
T , to be computed by repeated multiplication of a (possibly infinite) Leslie

matrix, with components kj,i in the notation of Fig. 3.1. Several recent projection models

consider a continuously structured population instead (reviewed in [158]). Such models

are called integral projection models since the continuous analogue of the Leslie matrix,

assuming linearity, is an integral operator. The integral kernel, k(α, t; a), captures the

contribution of individuals with structure value α at time t to the production of individuals

with structure value a at time t+ 1. Since we do not consider discrete time evolution in

this thesis, we focus the remainder of this review on continuous time structured models.
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Structured population models in continuous time are formulated in terms of differen-

tial equations. Discretely structured models are cast as ODE systems, and continuously

structured models are written as PDEs. In the context of population ageing, discrete

stage-structured models are considerably more popular than continuous age-structured

models [162]. One structured ODE model relevant to atherosclerosis is provided by Cob-

bold et al., who consider LDL oxidation in various in vitro settings [132]. In their most

basic formulation, the authors partition LDL particles into 8 classes according to the

number of non-oxidised vitamin E molecules on each LDL particle (L0(t), . . . , L6(t)), and

whether the LDL particle has been oxidised (Lox(t)). LDL oxidation may only occur once

all vitamin E molecules have been oxidised. The ODEs are given by:

dLox

dt
= ke0RL0, (3.1)

dLi

dt
= keR(Li+1 − Li)− δi,0ke0RL0, for i = 0, . . . , 6, (3.2)

dR

dt
= pr − ke

6∑
i=1

Li − ke0RL0, (3.3)

where L7(t) ≡ 0, δi,0 is the Kronecker delta, and pr is a source of oxidising free radicals,

R(t). The local coupling of Li to the neighbour class Li+1 creates an advective flux that

captures the gradual change as free radicals oxidise the vitamin E molecules and, finally,

lipid core of the LDL particles. A structured ODE model has also been proposed by Ford

et al. to study bead accumulation in macrophages via efferocytosis [133]. The authors

propose the following ODEs:

dϕn

dt
= η

n∑
n′=0

ϕ×
n′ϕn−n′ − ηϕn

∞∑
n′=0

ϕ×
n′ − βϕn, (3.4)

dϕ×
n

dt
= βϕn − ηϕ×

n

∞∑
n′=0

ϕn′ , (3.5)

where ϕn(t) and ϕ
×
n (t) respectively represent the number of live and apoptotic macrophages

carrying n ≥ 0 beads at time t ≥ 0. The constants β and η denote the rates of apoptosis

and efferocytosis, respectively. By contrast to the LDL oxidation model [132], Eqs. (3.4)

and (3.5) exhibit non-local dependence in the structure index, n, due to the treatment

of efferocytosis as a whole-cell engulfment process of the form: ϕn + ϕ×
n′ → ϕn+n′ . This

non-local dependence promotes more rapid formation of highly bead-laden cells.

The earliest continuous time structured model is the age-structured model proposed

by Sharpe and Lotka in 1911 [163]. We note that structured PDE models are seldom

written in the integral form presented in Fig. 3.1, which we introduce for comparison

with integral projection models. Typically, the time-evolution of n(a, t) is governed by a

local dependence on a for which the kernel takes the form:

k(α, t; a) := δ′(α− a)v(α, t)− δ(α− a)β(α, t), for all α, a, t > 0, (3.6)
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where δ is the Dirac-delta distribution, and v(α, t) and β(α, t) are continuous functions.

The kernel (3.6) yields the following advection-type PDE for n(a, t):

∂n

∂t
+

∂

∂a

[
v(a, t)n

]
= −β(a, t)n, for all a, t > 0. (3.7)

The velocity v(a, t) represents the rate at which individuals change their structure value.

It can represent the rate of continuous accretion in mass-structured models, growth in size-

structured models [164] and lipid uptake/efflux in lipid-structured models [10, 165, 166].

For age-structured models we have v(a, t) ≡ 1, since ageing occurs at the rate of time

evolution [163, 167, 168]. The term β(a, t) represents the rate at which individuals of

structure value a leave the system. Eq. (3.7) is typically coupled to a boundary condition

of the form

v(0, t)n(0, t) = µ(t), (3.8)

which represents birth of individuals with age 0 at rate µ(t). We note that Eqs. (3.6)-(3.8)

are not all-encompassing. For instance, non-local dependencies have been introduced to

capture cell division in size and lipid-structured models [10, 164]. Diffusion in the structure

variable is also used to model phenotype change due to random mutations in evolutionary

models [169, 170]. Interestingly, structure diffusion also arises when taking a continuum

limit of a discretely structured model [171].

3.4.2 Multi-structured and spatially-resolved models

Structured population models may be extended to account for multiple structures and

spatial resolution. We discuss these extensions briefly below.

Several models partition the population using multiple structure variables (reviewed

in [172]). The literature includes models with two continuous structure variables [173–

175], a model with one continuous and one discrete structure [176], and a model with two

discrete structures [177]. In these models, the continuous structures are treated using a

mixture of local advection and non-local integral terms, while the discrete structures are

treated using neighbour interactions. We contribute to this literature in Chapters 5 and

7, where we consider a dual-structured MDM population resolved in lipid content and

phenotype. We convert from a discrete formulation to a continuum one for analytical

tractability.

Structured population models may also be spatially resolved [178–183]. Spatial move-

ment is generally treated as it is in reaction-diffusion-taxis models, by including terms

that account for diffusion and directed motion. Movement may be independent of struc-

ture, as in [180], or coupled to the structure variable (e.g., Fiandaca et al. consider

phenotype-dependent cell speeds [179]). We contribute to this literature in Chapters 6

and 7, in which we resolve the MDM population according to spatial distance from the

endothelium, and assume that MDM mobility depends on lipid content.
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3.4.3 Lipid-structured models in atherosclerosis

Several lipid-structured models were developed prior to this thesis to study lipid accumu-

lation in atherosclerotic lesion macrophages [165, 166, 184, 185]. The earliest study, by

Meunier and Muller, focuses on the existence and uniqueness of solutions to a nonlinear

renewal system of the form (3.7)-(3.8) [184]. Their model accounts for LDL uptake, but

neglects efferocytosis, necrotic uptake and efflux to HDL.

The remaining models are more biologically realistic and share a common integro-PDE-

structured framework [165, 166, 185]. They are formulated in terms of a lipid-structured

macrophage population, m(a, t) ≥ 0, apoptotic cell population, p(a, t) ≥ 0, and a variable

for necrotic lipid content, N(t) ≥ 0. The structure variable, a ≥ a0, represents cell

lipid content and is assumed to take values above a minimal value, a0, that represents

macrophage endogenous lipid content. The original model by Ford et al. takes the form

[165]:

∂m

∂t
+

(
λ

M
+ θN

)
∂m

∂a
= η

∫ a−a0

a0

m(a− a′, t)p(a′, t)da′ − ηPm− (β + γ)m, (3.9)

∂p

∂t
= βm− (ηM + ν)p, (3.10)

dN

dt
= ηAP − θMN, (3.11)

with an associated boundary condition to account for macrophage recruitment:(
λ

M
+ θN

)
m(a0, t) = α

AM − a0M

Γ + AM − a0M
. (3.12)

Here M and P denote the total density of live and apoptotic macrophages, respectively:

M(t) :=

∫ ∞

a0

m(a, t) da, P (t) :=

∫ ∞

a0

p(a, t) da, (3.13)

while AM and AP denote the total lipid content in each respective population:

AM(t) :=

∫ ∞

a0

am(a, t) da, AP (t) :=

∫ ∞

a0

ap(a, t) da. (3.14)

The model accounts for continuous changes to macrophage lipid content due to LDL

uptake and HDL efflux (net rate ∝ λ), and necrotic uptake at rate θ. Efferocytosis is

treated via whole cell engulfment at rate η, which gives rise to the non-local convolution

in Eq. (3.9). The model further accounts for apoptosis (rate β), emigration (rate γ) and

secondary necrosis (rate ν). Using time-dependent numerical solutions and analytical

solutions at steady state, Ford et al. demonstrate that the macrophage lipid distribution

may be monotone decreasing or exhibit multiple local maxima, depending on parameter

values. This model was later extended to account for macrophage proliferation, which

introduces another non-local term [166], and lipid content-dependent rates of apoptosis,

emigration and proliferation [185].

Although insightful, the lipid-structured models discussed above are based on assump-

tions that warrant further investigation. We detail these issues below:
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• The treatment of LDL uptake and efflux to HDL. Based on a quasi-steady

approximation of LDL and HDL particle densities in the intima, these processes are

lumped together and assumed to modulate macrophage lipid content at a constant

net rate λ. This makes it difficult to investigate the impact of blood LDL and HDL

levels on lesion composition. For instance, the model yields non-physical solutions

for λ < 0, when the rate of HDL efflux exceeds that of LDL uptake. Mathemati-

cally, this is because the lipid content advection velocity becomes negative, enabling

macrophages to leave the domain through the boundary at a = a0. We address this

issue in Chapter 4, where we introduce a lipid content-dependent treatment of efflux

and explicitly account for blood LDL and HDL content in Chapters 5-7.

• The non-local treatment of efferocytosis via whole-cell engulfment. Al-

though whole cell efferocytosis can be seen in vitro [133], efferocytosis in vivo often

occurs via piecemeal uptake by multiple cells [91, 186]. Moreover, treatment of

whole-cell engulfment requires a structured treatment of the apoptotic cells in the

lesion. Apoptotic debris is rarely seen in vivo due to the rapidity of efferocytosis

and secondary necrosis [187, 188], suggesting that this level of detail may be unnec-

essary. We avoid this issue in our models by assuming that apoptotic and necrotic

lipid are both taken up gradually via “nibbling”.

• The treatment of macrophage recruitment. The above models assume that

the MDM recruitment rate increases with the total amount of ingested lipid in the

macrophage population, AM−a0M (see Eq. (3.12)); this quantity is used as a proxy

for the inflammatory mediator density in the lesion. This formulation is at odds

with in vivo observations that lipid-laden macrophages may be anti-inflammatory

[189] or pro-inflammatory [190], depending on phenotype. We address this issue by

explicitly considering mediator densities in our models, which may arise due to lipid

retention alone (Chapters 4 and 6), or be influenced by MDM phenotype (Chapters

5 and 7).

• The extent of the lipid content structure variable. The lipid-structured

models have been cast on an infinite lipid content domain, a0 ≤ a < ∞, with

uptake rates that are independent of lipid content. This formulation is at odds with

observations that macrophages have a finite capacity for lipid accumulation, and

modulate their uptake rate in a manner commensurate with available capacity [94].

The models we develop in Chapters 4-7 directly account for this effect. To avoid

issues of shock-discontinuities that arise when MDM lipid content velocity becomes

negative, we use a discrete ODE structured approach in our models that naturally

introduces a diffusive effect that regularises the MDM lipid distribution. To do so,

we explicitly consider finite increments of lipid uptake, ∆a > 0, which are assumed

infinitesimally small in the PDE-structured models [165, 166, 185].
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Conclusions. In this chapter we have surveyed the literature on mathematical models

of atherosclerosis. The literature includes mechanical models, well-mixed ODE models,

reaction-diffusion-taxis PDE models, multiphase mixture PDE models, stochastic models

and structured population models. In the following chapters, we contribute to the lit-

erature on structured population models by developing a series of structured models for

MDM populations in early atherosclerotic lesions. These models address the limitations

of current lipid-structured models outlined above and consider the MDM population in

various levels of biological detail.
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Chapter 4

A new lipid-structured model

In this chapter, we develop a new lipid-structured model for MDMs in early atherosclerotic

lesions. The model uses the principle of mass conservation to couple the dynamics of the

lipid-structured MDM population to the densities of extracellular lipid and HDL capacity

in the lesion. The model addresses our critique of existing lipid-structured models, detailed

in Chapter 3, within a minimalist formulation that serves as the foundation for the more

detailed modelling in Chapters 5-7.

4.1 Introduction

MDM lipid content is the product of lipid uptake and efflux events. MDMs increase

their lipid load by clearing the extracellular environment of LDL particles (which become

modified and susceptible to MDM ingestion upon entry [51]) and cellular debris. In

particular, MDMs take up the lipid-rich contents of nearby dead MDMs. This includes

lipid ingested by dead cells during their lifetime and also endogenous lipid contained in the

membranes of cell corpses. MDMs reduce their lipid burden by offloading lipid onto high-

density-lipoprotein (HDL) particles, which also enter the lesion from the bloodstream.

The lipoproteins LDL and HDL (which carry ‘bad’ and ‘good’ cholesterol, respectively)

therefore have opposing effects on MDM lipid content. The impact of blood LDL and

HDL levels on overall lesion composition and the distribution of lipid within the MDM

population are not completely understood.

The efficiency of lipid uptake and efflux by MDMs is modulated by intracellular sig-

nalling [94, 98]. We note first that macrophages have a finite capacity for lipid uptake [94].

More specifically, experimental observations indicate that macrophages surrounded by an

abundance of phagocytic targets dynamically regulate their rate of uptake according to

the available capacity. This behaviour is the result of physical limitations (e.g., finite cell

size) and intracellular biochemical negative feedback signals. Similarly, the efficiency of

lipid efflux is also mediated by intracellular signalling [98]. The accumulation of choles-

terol is known to activate transcription factors (e.g., Lxrα, Lxrβ) that upregulate the

expression of transporters (e.g., ABCA1) which mediate cholesterol efflux to HDL parti-

cles. Taken together, the observations above indicate that, on average, heavily lipid-laden
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macrophages are less efficient at uptake but more efficient at efflux than macrophages with

a lower lipid burden. Many studies also report that macrophage uptake of apoptotic cells

(termed efferocytosis) becomes defective during atherosclerosis ([92, 191]). The extent to

which this defective efferocytosis is attributable to the intrinsic down-regulation of uptake

due to lipid loading is not known.

Motivated by the above biological observations, we investigate the following key ques-

tions in our analysis:

Q1. How do the LDL and HDL influx rates impact the model lesion? Specif-

ically:

a. How do they impact overall lesion composition?

b. How do they impact the distribution of lipid in lesion MDMs?

Q2. Can defective efferocytosis be plausibly attributed to uptake feedback in

MDMs due to high lipid loads?

The model developed in this chapter contributes to the growing body of models that

account for gradual lipid accumulation in macrophages via structured population mod-

elling [165, 166, 184, 185]. By contrast, the majority of existing models for atherosclerosis

that account for MDM lipid uptake do so by introducing a binary distinction between

lipid-poor macrophages and lipid-laden foam cells [127, 136, 141, 142, 192], or by introduc-

ing a population lipid capacity for MDMs without explicit formulation of cell densities

[126, 128]. The model developed in this chapter is novel in that it accounts for lipid

content-dependent rates of lipid uptake and efflux, explicitly tracks the amounts of extra-

cellular lipid and HDL lipid capacity in the lesion, and is based on a discrete structuring of

the MDM population. We nonetheless derive a continuum approximation of the discrete

model to facilitate analysis of the MDM lipid distribution. This approximation replaces

the dynamical equations of the MDM population with an advection-diffusion PDE subject

to appropriate boundary conditions.

The remainder of the chapter is structured as follows. Sect. 4.2 describes the model

development, including the derivation of an ODE subsystem, non-dimensionalisation and

treatment of model parameters. Sect. 4.3 contains the results of our model analysis.

We present time-dependent numerical solutions and a steady state analysis of the ODE

subsystem and MDM lipid distribution. Finally, in Sect. 4.4, we discuss the results in

relation to the above key questions. We also address the limitations of our model and its

relation to Chapters 5-7.

4.2 Model development

In this section we present a lipid-structured model for MDM populations in early atheroscle-

rotic lesions. We first outline our assumptions and formulate the model as a coupled

system of ODEs. We then show that the model admits a closed subsystem that can be
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solved and analysed independently of the full model. Finally we non-dimensionalise the

model and outline our treatment of the dimensionless parameters.

4.2.1 Definitions and model statement

We assume for simplicity that macrophages take up and offload lipid in increments of

mass ∆a, and decompose the MDM population into a series of compartments according

to lipid load. Specifically, we let mℓ(t) ≥ 0 be the number density of lesion MDMs with

lipid content a0 + ℓ∆a at time t ≥ 0. Here a0 is the mass of endogenous lipid that

macrophages contain due to their membrane structure. The index ℓ runs over integer

values ℓ = 0, 1, . . . , ℓmax, where ℓmax > 0 defines the macrophage lipid capacity. It follows

that MDMs have a maximal lipid content, a0 + κ, where κ := ℓmax∆a is the maximal

capacity of ingested lipid. Finally, we denote by L(t) the density of extracellular lipid,

and by H(t) the HDL lipid capacity.

We propose that the MDM population evolves according to the following ODEs:

dm0

dt
= σM

L

Lc + L
− kLℓmaxLm0 + kHHm1 − (β + γ)m0, (4.1)

dmℓ

dt
= kLL

[
(ℓmax − ℓ+ 1)mℓ−1 − (ℓmax − ℓ)mℓ

]
+ kHH

[
(ℓ+ 1)mℓ+1 − ℓmℓ

]
− (β + γ)mℓ, 1 ≤ ℓ ≤ ℓmax − 1,

(4.2)

dmℓmax

dt
= kLLmℓmax−1 − kHℓmaxHmℓmax − (β + γ)mℓmax . (4.3)

Eqs. (4.1)-(4.3) account for lipid uptake and efflux via the Law of Mass Action. Lipid

uptake is modelled via the reaction:

Mℓ +∆a
kL(ℓmax−ℓ)−−−−−−→ Mℓ+1, ℓ = 0, 1, . . . , ℓmax − 1. (4.4)

Here we assume that the rate of lipid uptake decreases linearly with lipid content; it takes

its maximal value kLℓmax when ℓ = 0 and decreases to zero at ℓ = ℓmax so that MDMs

cannot exceed ℓmax units of ingested lipid. Our treatment of lipid uptake is consistent

with current understanding that macrophages have a finite capacity for uptake, and that

uptake is mediated by intracellular feedback that decreases the uptake rate in a manner

commensurate with available capacity [94]. We assume that this decrease in uptake rate

is linear for simplicity. Lipid efflux is modelled via the reaction

Mℓ
kHℓ−−→ Mℓ−1, ℓ = 1, 2, . . . , ℓmax, (4.5)

so that the rate constant for efflux increases linearly from zero at ℓ = 0 to its maximal

value kHℓmax at ℓ = ℓmax. This formulation is consistent with experimental evidence

that intracellular accumulation of lipid leads to the up-regulation of transporters (e.g.,

ABCA1) that mediate the efflux of lipid to HDL particles [98]. We assume that the

increase in offloading rate with lipid load is linear for simplicity.

Eqs. (4.1)-(4.3) also account for MDM recruitment, cell death and emigration. We

assume that the rate at which MDMs are recruited to the lesion from the bloodstream can
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be described via a first-order Hill function in L(t). The maximal recruitment rate is σM

and half-maximal recruitment occurs at the value L = Lc. We assume that newly recruited

MDMs carry only endogenous lipid (corresponding to ℓ = 0). Therefore, the recruitment

source term appears in Eq. (4.1) only. We further assume that MDMs undergo cell death

at rate β > 0 and emigrate from the lesion at rate γ > 0.

We propose that the extracellular lipid dynamics are governed by

dL

dt
= σL + β

ℓmax∑
ℓ=0

(a0 + ℓ∆a)mℓ − kL∆aL
ℓmax∑
ℓ=0

(ℓmax − ℓ)mℓ − δLL. (4.6)

In Eq. (4.6) we assume that extracellular lipid is sourced from the bloodstream at rate

σL, due to LDL particle influx. We assume further that the lipid content of dying MDMs

is transferred to the extracellular space, giving rise to the second source term in Eq.

(4.6). The third term accounts for lipid ingestion by MDMs, at a rate proportional to

kL (see reaction (4.4)). Finally, we assume that extracellular lipid is lost to non-MDM

interactions (e.g., uptake by the self-renewing population of tissue-resident cells [68]) at

a constant rate δL, which we assume to be small.

We model the HDL dynamics via the equation

dH

dt
= σH − kH∆aH

ℓmax∑
ℓ=0

ℓmℓ − δHH. (4.7)

The ODE (4.7) assumes that HDL lipid capacity is sourced at rate σH , due to a con-

stant influx of HDL particles from the bloodstream, and lost to MDM efflux at a rate

proportional to kH (according to the reaction (4.5)). The final term accounts for loss of

HDL capacity to non-MDM interactions (e.g., lipid efflux by tissue-resident cells) at the

constant rate δH , which we assume to be small.

We close Eqs. (4.1)-(4.3), (4.6) and (4.7) by imposing the following initial conditions:

mℓ(0) = 0, ℓ = 0, 1, . . . , ℓmax, L(0) = 0, H(0) = 0. (4.8)

Eqs. (4.8) assume that the lesion is initially devoid of MDMs, extracellular lipid and HDL

lipid capacity. We provide a schematic representation of the model in Fig. 4.1.

4.2.2 An ODE subsystem

A closed ODE subsystem can be derived from Eqs. (4.1)-(4.8) by considering the total

density of lesion MDMs, M(t), and the total density of intracellular lipid, LM(t), where

M(t) :=
ℓmax∑
ℓ=0

mℓ(t), LM(t) :=
ℓmax∑
ℓ=0

(a0 + ℓ∆a)mℓ(t). (4.9)

Summing Eqs. (4.1)-(4.3), we find that M(t) evolves according to the equation

dM

dt
= σM

L

Lc + L
− (β + γ)M. (4.10)

32



Bloodstream

Artery wall 
(tunica intima)

LDL 
particles 

Extracellular 
lipid:
𝐿(𝑡)

MDMs:
𝑚ℓ(𝑡)

Monocytes

Cell death
(𝛽)

LDL influx 
(𝜎𝐿) 

stimulus

Lipid uptake
(𝑘𝐿)

MDM 
recruitment
(∝ 𝜎𝑀)

Lipid content

ℓ = 0 ℓ = ℓmax

Lipid uptake
(𝑘𝐿)

Lipid efflux to HDL
(𝑘𝐻)

Lipid efflux to HDL
(𝑘𝐻)

HDL 
lipid capacity:

𝐻(𝑡)

HDL 
particles 

∅ ∅

Non-MDM 
loss (𝛿𝐿) 

Non-MDM 
loss (𝛿𝐻) 

HDL influx 
(𝜎𝐻) 

Emigration (𝛾)

Figure 4.1: Schematic representation of the model (4.1)-(4.8). We track extracellu-
lar lipid, L(t), the lipid capacity of the HDL particles, H(t), and the number of MDMs,
mℓ(t), with lipid content a0+ℓ∆a (ℓ = 0, 1, . . . , ℓmax). Note the opposing effect of LDL vs.
HDL particle influx on MDM lipid content. LDL influx provides a source of extracellular
lipid and promotes increases to MDM lipid load via lipid uptake. By contrast, the entry
of HDL promotes decreases to MDM lipid content via lipid efflux.
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Eq. (4.10) reflects our assumptions that lesion MDMs are sourced from the bloodstream

at a rate which is an increasing, saturating function of the extracellular lipid load, L(t),

and removed via apoptosis and emigration at constant rates β and γ, respectively. By

multiplying each of Eqs. (4.1)-(4.3) by (a0+ ℓ∆a) for the corresponding index ℓ and then

summing, it is straightforward to show that the dynamics of LM(t) are given by

dLM

dt
= a0σM

L

Lc + L
+ kLL

[
(κ+ a0)M − LM

]
− kHH(LM − a0M)− (β + γ)LM .

(4.11)

Eq. (4.11) shows how intracellular lipid levels increase due to the influx of MDMs from

the bloodstream and uptake of extracellular lipid. The rate of uptake across the MDM

population is proportional to the quantity (κ + a0)M(t) − LM(t), which represents the

lipid capacity of the MDM population at time t. Intracellular lipid is removed by efflux

to HDL, apoptosis and emigration. The rate of lipid efflux across the MDM population

is proportional to LM(t)− a0M(t), which is the total amount of ingested lipid (i.e., non-

endogenous lipid) in the MDM population.

Using definitions (4.9) we simplify Eqs. (4.6) and (4.7) to obtain

dL

dt
= σL + βLM − kLL

[
(κ+ a0)M − LM

]
− δLL, (4.12)

dH

dt
= σH − kHH(LM − a0M)− δHH. (4.13)

We note that Eqs. (4.10)-(4.13) define a closed subsystem for M , LM , L and H, which

we solve subject to the following initial conditions:

M(0) = 0, LM(0) = 0, L(0) = 0, H(0) = 0, (4.14)

that are obtained from Eqs. (4.8).

4.2.3 Non-dimensionalisation

We recast the model in terms of the following dimensionless variables:

t̃ := βt, m̃ℓ(t̃) :=
β

σM
mℓ(t), M̃(t̃) :=

β

σM
M(t),

L̃(t̃) :=
β

a0σM
L(t), L̃M(t̃) :=

β

a0σM
LM(t), H̃(t̃) :=

β

a0σM
H(t).

(4.15)

Under this rescaling, time is measured in units of average MDM lifespan, β−1, and the

MDM densities are normalised with respect to σM

β
, the maximal density of MDMs supplied

to the lesion per MDM lifespan. The lipid densities L(t), LM(t) and the HDL lipid capac-

ity, H(t), are scaled with respect to a0σM/β, which is the maximal density of endogenous

lipid entering the lesion per MDM lifespan.

We also define a number of dimensionless parameters in Table 4.1. The first two

parameters, ℓmax and κ, are ratios of the MDM lipid capacity to the uptake/efflux incre-

ment and endogenous lipid content, respectively. The remaining parameters pertain to
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Table 4.1: Dimensionless parameters in Eqs. (4.16)-(4.21)

.

Parameter Definition Interpretation

ℓmax
κ
∆a MDM lipid capacity per unit uptake/efflux increment

κ̃ κ
a0

MDM lipid capacity per unit endogenous lipid

σ̃L
1

a0σM
σL Influx of LDL lipid relative to max. influx of endogenous lipid

σ̃H
1

a0σM
σH Influx of HDL capacity relative to max. influx of endogenous lipid

k̃L
a0σM
β2 kL Dimensionless lipid uptake rate

k̃H
a0σM
β2 kH Dimensionless lipid efflux rate

γ̃ 1
βγ Dimensionless MDM egress rate

δ̃L
1
β δL Extracellular lipid loss to non-MDM interactions

δ̃H
1
β δH HDL lipid capacity loss to non-MDM interactions

L̃c
β

a0σM
Lc Value of L̃ for half-maximal MDM recruitment

the model kinetics: σ̃L and σ̃H , determine the rates at which LDL lipid and HDL capacity

enter the lesion, respectively; k̃L is the dimensionless uptake rate per unit extracellular

lipid; k̃H is the dimensionless efflux rate per unit HDL capacity; γ̃ is the dimensionless

emigration rate; δ̃L is the dimensionless rate of extracellular lipid loss to non-MDM effects;

δ̃H determines the rate of HDL capacity loss to non-MDM effects; and L̃c is the value of

L̃(t̃) at which MDM recruitment is half-maximal.

By applying the scaling (4.15) and the definitions of Table 4.1, and dropping the

tildes for notational convenience, we obtain the following dimensionless ODEs for the

MDM dynamics:

dm0

dt
=

L

Lc + L
− kLℓmaxLm0 + kHHm1 − (1 + γ)m0, (4.16)

dmℓ

dt
= kLL

[
(ℓmax − ℓ+ 1)mℓ−1 − (ℓmax − ℓ)mℓ

]
+ kHH

[
(ℓ+ 1)mℓ+1 − ℓmℓ

]
− (1 + γ)mℓ, 1 ≤ ℓ ≤ ℓmax − 1,

(4.17)

dmℓmax

dt
= kLLmℓmax−1 − kHHℓmaxmℓmax − (1 + γ)mℓmax , (4.18)

and the following closed subsystem for M , LM , L and H:

dM

dt
=

L

Lc + L
− (1 + γ)M, (4.19)

dLM

dt
=

L

Lc + L
+ kLL

[
(κ+ 1)M − LM

]
− kH(LM −M)H − (1 + γ)LM , (4.20)

dL

dt
= σL + LM − kLL

[
(κ+ 1)M − LM

]
− δLL, (4.21)

dH

dt
= σH − kH(LM −M)H − δHH. (4.22)

The initial conditions used to close Eqs. (4.16)-(4.22) are unchanged and stated here for

completeness:

mℓ(0) = 0, ℓ = 0, 1, . . . , ℓmax, M(0) = LM(0) = L(0) = H(0) = 0. (4.23)

35



In their dimensionless forms, M(t) and LM(t) are related to the functions mℓ(t) via the

summations

M(t) =
ℓmax∑
ℓ=0

mℓ(t), LM(t) =M(t) + κ
ℓmax∑
ℓ=0

(
ℓ

ℓmax

)
mℓ(t). (4.24)

4.2.4 Model parameter estimation

In what follows, unless stated otherwise, we use the following dimensionless parameter

values in our numerical simulations:

κ̃ = 29, ℓmax = 100, k̃L = k̃H = 1, γ̃ = 0.25, L̃c = 1, δ̃L = δ̃H = 0.01. (4.25)

The influx ratios σ̃L and σH are varied over a range of positive values. We briefly justify

these order-of-magnitude estimates below.

The estimate for κ̃ = κ/a0 is based on the experimental results presented in [133]. Ford

et al. measured the rate at which macrophages uptake endogenous lipid from apoptotic

cells and found that, even when extracellular lipid was in abundance, macrophages did

not attain a lipid load exceeding ∼ 30a0.

The average unit of lipid exchange, ∆a, is likely to be much smaller than the macrophage

capacity, κ. Indeed, the largest increment of lipid exchange is likely to be due to apop-

totic cell uptake (efferocytosis) or necrotic cell uptake, processes which are often reported

to occur via piecemeal uptake or via nibbling, respectively [91, 193]. Hence, a possible

upper bound for ∆a in early atherosclerotic lesions is the endogenous lipid content, i.e.,

∆a ≲ a0. In light of our estimate for κ, it follows that ℓ−1
max =

∆a
κ

≲ 0.03.

The estimate for γ̃ = γ/β is based on a macrophage death rate of β = 0.05 h−1 and

an emigration rate of γ = 0.013 h−1. The stated death rate is the half-maximal value of

the apoptosis rate reported in [131], where the authors fit an ODE model to in vitro data

for macrophage lipid uptake. Thon et al. assume that the death rate increases with lipid

content (by contrast, we assume a constant death rate). Since our model distinguishes

between newly recruited and lipid-laden MDMs, we use the half-maximal rate rather

than the maximal rate. The stated emigration rate is intermediate between the 12.6%

transmigration rate reported in [194] and the 20h residence time reported in [195].

The remaining parameters are more difficult to estimate due to the current lack of

quantitative in vivo data. In the absence of such data, we fix k̃L = k̃H = 1. These values

ensure that MDM uptake and efflux are comparable and occur on the same timescale as

the MDM lifespan. We also fix δL = δH = 0.01 so that loss of extracellular lipid and

HDL lipid capacity to non-MDM interactions is small relative to MDM uptake and efflux.

This assumption is consistent with observations that the number of tissue-resident cells

in atherosclerotic lesions is dominated by the number of recruited MDMs [68]. Finally,

we set L̃c = 1 so MDM recruitment also occurs on the t = O(1) macrophage lifespan

timescale. The LDL and HDL influx ratios, σ̃L and σ̃H , are likely to vary significantly

between individuals since blood cholesterol levels depend sensitively on lifestyle factors
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such as diet [38]. Nonetheless, the estimates in [131] indicate that σ̃L and σH are likely

to be O(1) quantities.

4.2.5 Numerical solutions

We use the NDSolve routine in Wolfram Mathematica to generate numerical solutions to

Eqs. (4.16)-(4.23). By default, NDSolve uses an adaptive algorithm which reduces the

computational timestep so that tolerances for absolute error (accuracy) and relative error

(precision) are satisfied. Details on how error tolerances are defined using a scaled∞-norm

can be found in [196]. We find that the default settings of NDsolve yield approximate

solutions to Eqs. (4.16)-(4.23) with residuals less than 10−3 for all t ≥ 0. To further

ensure the validity of numerical solutions in this chapter, we checked that they are robust

to decreases in “MaxStepSize”, increases in “PrecisionGoal” and “AccuracyGoal”, and

consistent with the analytical steady state results in Sects. 4.3.2 and 4.3.4.

4.3 Results

In this section we explore the behaviour of Eqs. (4.16)-(4.23). We present time-dependent

numerical solutions of the full model in Sect. 4.3.1. We then conduct a steady state anal-

ysis of the subsystem (4.19)-(4.22) in Sect. 4.3.2. Finally, in Sect. 4.3.3, we characterise

the MDM lipid distribution by deriving and then exploiting a continuum approximation

of Eqs. (4.16)-(4.18).

4.3.1 Model dynamics

We generate numerical solutions across a range of values of the influx parameters σL and

σH . The dynamics of the ODE subsystem (4.19)-(4.23) are shown in Fig. 4.2. At early

times, t ≲ 0.25 (see insets of Fig. 4.2(d, g)), we observe quasi-linear growth in L(t) and

H(t), which reflects LDL and HDL infiltrating a lesion that is initially devoid of MDMs.

The initial rise in L(t) drives a rapid increase in M(t) and LM(t) as MDMs are recruited

to the lesion from the blood. The growth in L(t) then slows substantially for 0.5 ≲ t ≲ 1

due to MDM uptake. We note that this initial wave of uptake is sufficient to cause L(t)

to decrease in many of the cases shown, which indicates that the uptake rate exceeds

the influx rate of LDL lipid during this period. For 1 ≲ t ≲ 2, growth in H(t) slows,

indicating that at this stage the MDM population has ingested enough lipid for offloading

to substantially impact the HDL capacity in the lesion. Indeed for sufficiently large values

of (σL − σH) (see Fig. 4.2(b, c, e, f, h, i)), intracellular lipid loads are sufficiently large

that offloading causes H(t) to peak and decrease thereafter. We note also that MDM cell

death gives rise to a secondary increase in L(t) in these cases during this time period;

the increase in extracellular lipid due to cell death exceeds the loss due to uptake for

sufficiently large values of σL relative to σH . Finally, we observe that M(t), LM(t), L(t)

and H(t) evolve to nonzero equilibrium values as t→ ∞.

37



In
c
re

a
s
in

g
 H

D
L

 i
n

fl
u

x

Increasing influx of LDL relative to HDL influx

𝝈
𝑯
=
𝟎
.𝟏
𝟓

𝝈
𝑯
=
𝟎
.𝟔

𝝈
𝑯
=
𝟐
.𝟒

𝝈𝑳 − 𝝈𝑯 = 𝟎 𝝈𝑳 − 𝝈𝑯 = 𝟏 𝝈𝑳 − 𝝈𝑯 = 𝟐

(𝒂) (𝒃) (𝒄)

(𝒅) (𝒆) (𝒇)

(𝒈) (𝒉) (𝒊)

Figure 4.2: Series of plots showing how lesion composition evolves with time for
different rates of LDL and HDL entry. The time dynamics of the MDM density, M ,
MDM lipid density, LM , extracellular lipid density, L, and HDL capacity, H, are presented
for a range of values of the parameters σL and σH . We consider the cases σH = 0.15, 0.6
and 2.4 in the bottom, middle and top rows, respectively. From left to right, the LDL
influx, σL, is increased from σH to σH + 1 and σH + 2. The remaining parameter values
are given in Eqs. (4.25).
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Figure 4.3: Dynamics of the MDM lipid distribution for different rates of LDL
and HDL influx. The distribution functions, mℓ(t), ℓ = 0, 1, . . . , ℓmax, are plotted
against ℓ at the time values t = 0.5, 1, 2, 5 and 25 (approximately steady state). We
consider the same values of σL and σH as in Fig. 4.2. The remaining parameters are set
according to Eqs. (4.25).

The numerical solutions suggest that lesion lipid content at equilibrium is more sensi-

tive to the relative influx of LDL lipid to HDL capacity, (σL−σH), than to the individual

influx rates σL and σH . Indeed, when σL − σH = 2 the trajectories of LM(t) and L(t)

are indistinguishable for t ≳ 4 (see Fig. 4.2(c, f, i)). We note further that larger values

of (σL − σH) give rise to larger increases in LM(t) than in L(t) for the parameter values

used in Fig. 4.2. That is, increases to the relative influx of LDL lipid to HDL capacity

yield greater changes in the MDM lipid burden than the amount of extracellular lipid for

these parameter values. These trends will be explored in more detail in Sect. 4.3.2.

The dynamics of the MDM lipid distribution, mℓ(t), ℓ = 0, 1, . . . , ℓmax, are shown in

Fig. 4.3. We see that mℓ(t) evolves in a wave-like manner over time towards a non-zero

equilibrium. The wavefront proceeds from ℓ = 0 at t = 0 to ℓ = ℓc ∈ (0, ℓmax) as t → ∞.

We note, however, that the wavefront may change direction at later times (e.g., Fig.

4.3(a)). This is likely due to offloading to HDL, given the dominance of H(t) for these

parameter values (see Fig. 4.2(a)).

The lipid distribution mℓ adopts several qualitatively distinct profiles at equilibrium.
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The equilibrium profile may be monotone decreasing in ℓ, and may be convex (as in Fig.

4.3(g)) or concave (Fig. 4.3(d, h)); it may have a quasi-uniform profile (Fig. 4.3(e)) or a

peaked profile (Fig. 4.3(a, b, c, f, i)). The simulation results presented in Fig. 4.3 suggest

that the location of the wavefront at steady state is sensitive to the difference (σL − σH).

However, the geometric features of the profile (e.g., existence of a local maximum) seem

to depend on the individual magnitudes of σL and σH . For instance, the spiked profile

can manifest with low (e.g., Fig. 4.3(a)), intermediate (e.g., Fig. 4.3(b)) or high (e.g.,

Fig. 4.3(c)) lipid loads. We study the equilibrium lipid distribution in more depth in

Sect. 4.3.3.

Before proceeding to the steady state analysis, we pause to define two quantities which

help to summarise the model behaviour:

µ(t) :=
LM(t)−M(t)

κM(t)
, f(t) :=

LM(t)

LM(t) + L(t)
. (4.26)

Both variables are normalised such that 0 ≤ µ(t), f(t) ≤ 1. The ratio µ(t) represents the

mean MDM lipid burden, relative to the capacity for ingested lipid. Since

µ = 1− kLL[(κ+ 1)M − LM ]

kLLκM
, (4.27)

we note that another interpretation for µ is the fractional decrease in the uptake rate of

the MDM population due to its lipid load at time t. The ratio f(t) is the fraction of lipid

in the lesion that is contained within the MDM population.

The dynamics of µ(t) and f(t) are shown in Fig. 4.4 for σH = 1 and σL = 0.75, 1.5,

3, 6 and 12. Both variables tend to non-zero steady state values at long times: µ → µ⋆

and f → f ⋆ as t → ∞. We observe that, as σL increases, µ⋆ increases towards µ⋆ → 1−,

which corresponds to a lesion with MDM lipid loads at capacity, and, consequently, 100%

defective uptake. By contrast, f ⋆ depends non-monotonically on σL, attaining its largest

value, f ⋆ ≈ 0.8, when 1.5 ≲ σL ≲ 3. In order to understand these trends and those

described above, we turn now to the steady state analysis.

4.3.2 Steady state analysis of the closed subsystem

Let M⋆, L⋆
M , L⋆ and H⋆ denote the steady values of the corresponding dependent vari-

ables. Expressions for these quantities can be found by setting the time derivatives to

zero in Eqs. (4.19)-(4.22). We find that M⋆, L⋆
M and H⋆ can be expressed in term of L⋆:

M⋆ =
L⋆

(1 + γ)(Lc + L⋆)
, L⋆

M =
kL(κ+ 1)(L⋆)2 − (σL − δLL

⋆)(1 + γ)(L⋆ + Lc)

(1 + γ)(1 + kLL⋆)(L⋆ + Lc)
,

H⋆ =
σH

δH + kH(L⋆
M −M⋆)

,

(4.28)

and that L⋆ solves a quintic equation

c5(L
⋆)5 + c4(L

⋆)4 + c3(L
⋆)3 + c2(L

⋆)2 + c1L
⋆ + c0 = 0. (4.29)
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Figure 4.4: Fractional decrease in uptake rate of MDM population due to lipid
accumulation, µ(t), and proportion of lesion lipid that is intracellular, f(t). The
quantities µ(t) and f(t), defined in Eqs. (4.26), are plotted for the cases σL = 0.75, 1.5, 3, 6
and 12 with σH = 1. We set the remaining parameters according to Eqs. (4.25).

The coefficients ci, i = 1, . . . , 5 are complicated combinations of the model parameters:

c0 := (γ + 1)2L2
cσL(γδH + δH + kH(σH − (γ + 1)σL)), (4.30)

c1 := (γ + 1)Lc

[
(γ + 1)(γ + 2)LcδHkLσL

+ LckH

(
kLσL(σH − σL)− σHδL + 2(γ + 1)δLσL

)
− (γ + 1)LcδHδL + δH

− 2kHσL(−σH + γσL + σL + 1) + 2(γ + 1)δHσL) + kHσH

]
,

(4.31)

c2 := (γ + 1)(kH(−LcσHkL((γ + 1)LcδL + κ− 2)− ((γ + 1)LcδL − 1)2 + σH)

+ LckLσL(2γ(LcδL + σH + κ− 1) + 2LcδL + 2σH + κ− 3)

+ (γ + 1)σL(4(γ + 1)LcδL + σH − 2)− (γ + 1)σ2
L(2LckL + γ + 1)

+ LcδH(−(γ + 1)δL((γ + 2)LckL + 2(γ + 1))− γκkL)− 2(γ + 1)LcσHδL

+ (γ + 1)δHσL(LckL(LckL + 2γ + 4) + γ + 1) + (γ + 1)δH(2LckL + 1)),

(4.32)

c3 := (γ + 1)δH(−(γ + 1)(δL(LckL(LckL + 2γ + 4) + γ + 1)

− kL(LckL + 2))− γκkL(LckL + 1) + (γ + 1)kLσL(2LckL + γ + 2))

+ kH(kL((γ + 1)σL(γ(4LcδL + σH + 2κ− 2) + 4LcδL + σH + κ− 3)

− (γ + 1)σH(2(γ + 1)LcδL + κ− 2)

− (γ + 1)2σ2
L)− (γ + 1)(κ− 1)Lck

2
L(σH − σL)− δL(γ + 1)2(2(γ + 1)LcδL

+ σH − 2(γ + 1)σL − 2))− ((γ + 1)LcδL − 1)(2γκ+ (γ + 1)(LcδL − 2) + κ),

(4.33)

c4 := (γ + 1)δHkL(kL(γ(−2LcδL − κ+ σL + 1)− 2LcδL + σL + 1)

− (γ + 1)(γ + 2)δL)− kH((γ + 1)kLδL(γ(2LcδL + σH + 2κ− 2σL − 2)

+ 2LcδL + σH + κ− 2σL − 3) + (κ− 1)k2L(γ(LcδL + σH + κ− σL − 1)

+ LcδL + σH − σL − 1) + (γ + 1)3δ2L),

(4.34)

c5 := −[(γ + 1)kLδL((γ + 1)δHkL + (γ + 1)kHδL + (κ− 1)kHkL)]. (4.35)

We note that physically realistic steady state solutions must satisfy L⋆
M ≥ M⋆ so that

MDM lipid content is not less than the endogenous lipid content. Re-writing this condition
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Figure 4.5: Identifying and approximating the physical solution, L⋆, of the
polynomial (4.29). The left plot shows the positive solutions of Eq. (4.29) as the
LDL influx, σL, is varied. There is only one physically realistic solution which satisfies
L⋆ ≥ L⋆

min. The right plot shows how the left and right segments of this physical solution
are approximated by the asymptotic solutions, L⋆

1,+ and L⋆
2,+, respectively. We use σH = 1

and set the remaining parameter values according to Eqs. (4.25).

using the expressions for L⋆
M and M⋆ in Eqs. (4.28) supplies the following inequality for

L⋆:

L⋆ ≥ 1

2
(
kLκ+ δL(1 + γ)

)[(1 + (1 + γ)(σL − δLLc)
)

+

√(
1 + (1 + γ)(σL − δLLc)

)2
+ 4
(
kLκ+ δL(1 + γ)

)
(1 + γ)σLLc

]
=: L⋆

min.

(4.36)

Hence, we seek positive solutions of the quintic (4.29) which satisfy inequality (4.36).

We used the Wolfram Mathematica routine NSolve to determine the positive solutions

of Eq. (4.29) as σL varies. The results, presented in Fig. 4.5(a), show that for fixed values

of σL, Eq. (4.29) admits a unique physically realistic solution (with L⋆ ≥ L⋆
min). Further,

L⋆ increases continuously with σL and the solution branch can be decomposed into two

main segments. On the left segment (0 ≤ σL ≲ 0.8 in Fig. 4.5) L⋆ increases slowly

with σL and is well-approximated by L⋆
min. This regime corresponds to an HDL-dominant

lesion where MDM lipid loads are minimal (L⋆
M ≈ M⋆) due to efficient efflux. In this

regime, increasing LDL influx, σL, has little effect on extracellular lipid accumulation

at equilibrium because MDMs rapidly offload the lipid they ingest and, therefore, only

contribute their endogenous lipid content to the extracellular environment upon death.

For large values of σL (σL ≳ 0.8 in Fig. 4.5) L⋆ increases more rapidly with σL. For these

lesions, the LDL influx is sufficiently large to impact the HDL capacity in the lesion at

steady state.

While a closed-form expression for L⋆ does not exist in full generality, we can ap-

proximate the individual segments of L⋆ via asymptotic analysis. Specifically, we seek

approximate solutions to the polynomial (4.29) in the limit δL ∼ δH ≪ 1. Biologically,
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this corresponds to a regime in which loss of extracellular lipid and HDL capacity to non-

MDM interactions is negligible. We note from Eqs. (4.30)-(4.35) that the coefficients scale

as: c0, . . . , c4 = O(1) and c5 = O(δL, δH), so that Eq. (4.29) can be interpreted as a singu-

lar perturbation problem. We first consider the “outer” problem by setting δL, δH → 0 in

Eq. (4.29). By factorising the resulting quartic polynomial into two quadratic equations

for L⋆, we arrive at the following solutions:

L⋆
1,± :=

γσL + σL + 1±
√

4(γ + 1)κLckLσL + (γσL + σL + 1)2

2κkL
, (4.37)

L⋆
2,± :=

−b1 ±
√
b21 − 4b0b2
2b2

, (4.38)

where the constants b0, b1 and b2 of L⋆
2,± are given by

b0 := Lc(1 + γ)
[
(1 + γ)σL − σH

]
,

b1 := (γ + 1)
[
1 + kLLc(σL − σH) + (1 + γ)σL − σH

]
,

b2 := kL
[
(1 + γ)(1 + σL − σH)− γκ

]
.

(4.39)

The remaining root is negative and scales as L⋆
0 = O(δ−1

L , δ−1
H ).

In Fig. 4.5(b) we show how the solutions L⋆
1,+ and L⋆

2,+ change as σL varies. We

note that these expressions are good approximations for the left and right segments of

L⋆, respectively. We note further that L⋆
min reduces to L⋆

1,+ in the limit δL → 0, which

indicates that L⋆
1,+ corresponds to a regime where L⋆

M = M⋆ + O(δL, δH). Substituting

this result into Eqs. (4.28) shows that H⋆ = O(δ−1
L , δ−1

H ) at leading order, confirming that

the slower increase with σL on the left branch L⋆
1,+ is due to rapid lipid efflux to HDL.

The expression for L⋆
2,+ is more complicated and difficult to interpret. However, we note

that the coefficients (4.39) which define L⋆
2,+ only depend on the influx parameters σL

and σH through the combinations σL−σH and (1+γ)σL−σH . This reinforces the notion
that L⋆ is sensitive to the relative influx of LDL lipid and HDL capacity.

In Fig. 4.6, we use the expressions (4.28) with the numerical solution for L⋆ in Eq.

(4.29) to show how lesion composition at equilibrium changes as both σL and σH vary. We

find that M⋆, L⋆
M and L⋆ each increase with σL and decrease with σH . By contrast, H⋆

decreases with σL and increases with σH . We note that the approximately linear contours,

which feature in all four plots, indicate that the dependent variables are sensitive to the

difference: σL − σH . This suggests that the relative influx of LDL lipid to HDL capacity

not only determines L⋆ (as indicated by the asymptotics), but lesion composition more

generally. When σL − σH ≲ 0 (top left in plots of Fig. 4.6), the lesion is HDL-dominant

(H⋆ > 25) with low quantities of lipid, L⋆
M and L⋆), and a small MDM population, M⋆.

For 0 ≲ σL − σH ≲ 5 the lesion contains intermediate amounts of MDMs, lipid and

HDL capacity. Finally, when σL − σH ≳ 5 the lesion is dominated by extracellular lipid

(L⋆ > 25). In this regime, HDL capacity is exhausted (H⋆ ≈ 0) and MDM lipid loads

are near capacity (L⋆
M ≈ (κ + 1)M⋆) so that increases to the LDL lipid influx relative
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Figure 4.6: Lesion composition is sensitive to the influxes of LDL lipid (σL) and
HDL capacity (σH). The steady state values M⋆, L⋆

M , L⋆ and H⋆ are plotted against
σL and σH . Note that the approximately linear contours, which feature in all four plots,
indicate that the dependent variables are sensitive to the difference (σL − σH). That
is, lesion composition is largely determined by the relative influx of LDL lipid to HDL
capacity. Parameter values are set according to Eqs. (4.25).
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Figure 4.7: Equilibrium lesion lipid content as the LDL and HDL influxes are
varied. We plot the normalised quantities µ⋆ and f ⋆, defined by Eqs. (4.26), and the
total lesion lipid, L⋆

M + L⋆, against σL and σH . Note how the fraction of lipid that is
intracellular, f ⋆, is approximately constant in the band 0 ≲ σL − σH ≲ 5, in which
average MDM lipid burden, µ⋆, and total lesion lipid, L⋆

M + L⋆, both vary substantially.
The parameter values are set according to Eqs. (4.25).

to HDL capacity, (σL − σH), directly increase the amount of extracellular lipid at steady

state, L⋆.

We further explore lesion composition in Fig. 4.7 where we focus on the average MDM

lipid burden, µ⋆, the fraction of lesion lipid that is intracellular, f ⋆, and the total lesion

lipid, L⋆
M + L⋆, as σL and σH vary. In contrast to the trends of µ⋆ and L⋆

M + L⋆ (which

both increase with σL and decrease with σH), the fraction f ⋆ exhibits non-monotonic

dependence on both σL and σH . It follows that f ⋆ may be a poor metric for lesion

progression since it can take the same value when lesion lipid content is low or high (e.g.,

f ⋆ ≈ 0.4 at (σL, σH) = (2, 4) or (6, 2)). We note further that f ⋆ is approximately constant

for 0 ≲ σL − σH ≲ 5, while µ⋆ and L⋆
M + L⋆ vary substantially in this interval. This

behaviour probably occurs because, in this region of parameter space, most of the lipid

is contained in the MDM population (compare Figs. 4.6(b,c)), and so the primary source

of extracellular lipid is cell death. Since the amount of lipid entering the extracellular

environment via cell death is exactly the lipid content of the dying MDMs, cell death

equalises any changes in the amounts of intracellular and extracellular lipid. Finally, the

plots confirm that the lesion is dominated by extracellular lipid in the region σL−σH ≳ 5,

where MDM lipid loads are comparable to the maximum lipid capacity.

4.3.3 MDM lipid distribution

It is not straightforward to analyse the lipid distribution, mℓ(t), ℓ = 0, 1, . . . , ℓmax, by

directly considering Eqs. (4.16)-(4.18). Nonetheless, we show below that the steady state

values, m⋆
ℓ , ℓ = 0, 1, . . . ℓmax, can be obtained via the method of generating functions. We

set

g(z, t) :=
ℓmax∑
ℓ=0

mℓ(t) z
ℓ, 0 ≤ z ≤ 1. (4.40)
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By differentiating Eq. (4.40) with respect to t and substituting the ODEs (4.16)-(4.18),

we find that g(z, t) satisfies the following PDE:

∂g

∂t
+ (1− z)

[
kLL

⋆
(
ℓmax g − z

∂g

∂z

)
− kHH

⋆∂g

∂z

]
= 1− (1 + γ)g. (4.41)

Eq. (4.41) is subject to the boundary condition

g(1, t) =M(t). (4.42)

At steady state, Eqs. (4.41) and (4.42) reduce to the following non-autonomous ODE

initial value problem:

(1− z)
[
kLL

⋆
(
ℓmax g − z

dg

dz

)
− kHH

⋆dg

dz

]
= 1− (1 + γ)g. (4.43)

g(1) =M⋆, (4.44)

which can be solved in terms of the hypergeometric function 2F1:

g(z) =M⋆
2F1

(
1,−ℓmax, p+ 2, ac(1− z)

)
, (4.45)

where ac and p are the following parameter groupings:

ac :=
kLL

⋆

kLL⋆ + kHH⋆
, p :=

1 + γ

kLL⋆ + kHH⋆
− 1. (4.46)

Series expansion of the solution (4.45) about z = 0 gives

g(z) =M⋆

ℓmax∑
ℓ=0

(
ℓ∏

k=1

ac(ℓmax − k + 1)

(p+ 1 + k)

)
2F1(ℓ+ 1, ℓ− ℓmax, 2 + ℓ+ p, ac) z

ℓ, (4.47)

where the summation is finite because each contribution for ℓ > ℓmax is zero. Upon

comparison with definition (4.40), we obtain

m⋆
ℓ =M⋆

(
ℓ∏

k=1

ac(ℓmax − k + 1)

(p+ 1 + k)

)
2F1(ℓ+ 1, ℓ− ℓmax, 2 + ℓ+ p, ac),

=M⋆

(
ℓ∏

k=1

ac(ℓmax − k + 1)

(p+ 1 + k)

)
ℓmax−ℓ∑
n=0

(ℓ+ 1)(n)(ℓ− ℓmax)
(n)

(ℓ+ 2 + p)(n)
anc
n!
, 0 ≤ ℓ ≤ ℓmax, (4.48)

where x(n) = x(x+1) · · · (x+n−1) is the n-th rising factorial of x, and the product takes

the value 1 for ℓ = 0. Although the solution (4.48) is exact, the complicated dependence

of m⋆
ℓ on the index ℓ and the model parameters makes it difficult to analyse the geometric

features of the distribution (e.g., the curvature, existence of a local maximum). We show

below how this information can be readily extracted from a continuum approximation of

Eqs. (4.16)-(4.18).
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4.3.3.1 Derivation of continuum approximation

We identify the (dimensionless) discrete lipid distribution, mℓ(t), ℓ = 0, 1, . . . ℓmax, with

the function m(a, t) ≥ 0, which is defined over a continuous structure variable, a. Specif-

ically, we make the identifications

a ∼ ℓ

ℓmax

and m(a, t) ∼ ℓmaxmℓ(t), (4.49)

so that 0 ≤ a ≤ 1 and m(a, t) is proportional to the number density of MDMs with lipid

content a0 +κa at time t. The structure variable is bounded such that a = 0 corresponds

to MDMs containing only endogenous lipid and a = 1 to MDMs whose lipid load is at

maximum capacity. Letting ϵ := ℓ−1
max, we recast the discrete Eqs. (4.17) as the following

non-local equation:

ϵ
∂m

∂t
(a, t) = kLL

[
(1− a+ ϵ)m(a− ϵ, t)− (1− a)m(a, t)

]
+ kHH

[
(a+ ϵ)m(a+ ϵ, t)− am(a, t)

]
− ϵ(1 + γ)m(a, t),

(4.50)

where ϵ ≤ a ≤ 1− ϵ. To derive our continuum model, we expand the terms in Eq. (4.50)

about ϵ = 0 to obtain

(1− a+ ϵ)m(a− ϵ, t)− (1− a)m(a, t) =
[
− ∂

∂a
+
ϵ

2

∂2

∂a2

][
(1− a)m

]
+O(ϵ2), (4.51)

(a+ ϵ)m(a+ ϵ, t)− am(a, t) =
[ ∂
∂a

+
ϵ

2

∂2

∂a2

][
am
]
+O(ϵ2). (4.52)

Substituting Eqs. (4.51) and (4.52) into Eq. (4.50), dividing through by ϵ and retaining

terms of O(ϵ) yields the PDE

∂m

∂t
= kLL

[
− ∂

∂a
+
ϵ

2

∂2

∂a2

][
(1− a)m

]
+ kHH

[ ∂
∂a

+
ϵ

2

∂2

∂a2

][
am
]
− (1 + γ)m. (4.53)

Eq. (4.53) is an advection-diffusion equation. In conservation form, it reads:

∂m

∂t
=

∂

∂a

[
D(a, t)

∂m

∂a
− v(a, t)m

]
− (1 + γ)m, (4.54)

where the lipid content velocity, v, and diffusion coefficient, D, are defined as follows:

v(a, t) := kLL(1− a)− kHHa+
ϵ

2
(kLL− kHH), (4.55)

D(a, t) :=
ϵ

2

(
kLL(1− a) + kHHa

)
. (4.56)

Appropriate boundary conditions are determined by considering the dynamics of the

dimensionless MDM population, M(t), which, in the continuum formulation, we identify

with the integral:

M(t) ∼
∫ 1

0

m(a, t) da. (4.57)

Integrating Eq. (4.54) with respect to a ∈ (0, 1), we deduce that

dM

dt
=
(
D
∂m

∂a
− vm

)∣∣∣a=1

a=0
− (1 + γ)M. (4.58)
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Figure 4.8: Continuum vs. discrete models. The output for the discrete model
(4.16)-(4.23) is compared to that of the continuum model (4.54), (4.59), (4.60), (4.19)-
(4.23) for ϵ = 0.1, 0.05 and 0.01 in the top, middle and bottom rows, respectively. The
distributions are shown at the times t = 0.5, 1 and 25, where the system is approximately
at equilibrium. We let σL = 3, and set the other parameters according to Eqs. (4.25).

To ensure consistency between Eqs. (4.58) and (4.19), we set(
D
∂m

∂a
− vm

)∣∣∣
a=0

= − L

Lc + L
, and

(
D
∂m

∂a
− vm

)∣∣∣
a=1

= 0. (4.59)

The boundary condition at a = 0 ensures that the flux of MDMs at a = 0 is given by the

MDM recruitment rate, while the no-flux condition at a = 1 ensures that MDMs cannot

exceed the maximal lipid load a = 1. We note that the two boundary conditions in Eqs.

(4.59) are sufficient for closure, since Eq. (4.53) is second order in a.

Finally, we impose the initial condition

m(a, 0) = 0, (4.60)

and close the continuum model by coupling the PDE (4.53) to the closed ODE subsystem

(4.19)-(4.22).

4.3.3.2 Comparison of discrete and continuum models

We generate numerical solutions of the continuum model, defined by Eqs. (4.54), (4.59),

(4.60), (4.19)-(4.23), by using the Method of Lines with second-order central differencing
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Figure 4.9: Deviation between the discrete and continuum models. We use Eq.
(4.61) to calculate the mean squared error (MSE) across a number of sample times t and
values of ϵ. The value of the MSE is indicated by the colour of the corresponding sample
point. We use σL = 3 and σH = 1, and set the other parameters according to Eqs. (4.25).

for ∂m
∂a

and ∂2m
∂a2

. The output is compared to that of the discrete model (4.16)-(4.23) in

Fig. 4.8. We find that the discrete and continuum models are in excellent agreement,

with better consistency for smaller values of ϵ and late time points, t. We note that the

value of ϵ affects the sharpness of the wavefront, but not its location, with smaller values

of ϵ yielding sharper wavefronts. These observations are consistent with Eqs. (4.55) and

(4.56), which show that the diffusion coefficient, D(a, t), is proportional to ϵ, while the

velocity, v(a, t), is an O(1) quantity.

We quantify the deviation between the discrete and continuum models at time t by

defining the mean-squared error (MSE):

MSE(t; ϵ) :=
1

ℓmax

ℓmax∑
ℓ=0

(
ℓmaxmℓ(t)−m(ℓ/ℓmax, t)

)2
, (4.61)

where ℓmax = ϵ−1, and mℓ(t) and m(·, t) are the discrete and continuum distributions,

respectively. We plot the MSE in Fig. 4.9 across a number of sample times t and values

of ϵ. The good agreement between the discrete and continuum models is reflected in that

MSE < 2×10−3 for all samples. The largest deviation between the models occurs at early

times 0 < t < 1. This transient difference is suppressed on an O(1) timescale.
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4.3.4 Asymptotic analysis at steady state

Let m⋆(a) = limt→∞m(a, t) denote the steady lipid distribution for the continuum model.

Setting the time derivative to zero in Eq. (4.54) and rearranging, we have that

ϵ

2

[
ac + (1− 2ac)a

]d2m⋆

da2
+
[
(a− ac) + ϵ(1− 2ac)

]dm⋆

da
− pm⋆ = 0, (4.62)

where the constants ac and p are given by

ac :=
kLL

⋆

kLL⋆ + kHH⋆
, p :=

1 + γ

kLL⋆ + kHH⋆
− 1. (4.63)

Recall that L⋆ > 0 and H⋆ > 0 are the steady state values of L(t) and H(t), respectively.

It follows that 0 < ac < 1 and p > −1. We note that ac, p = O(1) as ϵ → 0, since they

are rational expressions of the closed subsystem variables, which are independent of ϵ.

At steady state the boundary conditions (4.59) are

ϵ

2

dm⋆

da
−
[
1 +

ϵ

2

(2ac − 1

ac

)]
m⋆ = −R, at a = 0, (4.64)

ϵ

2

dm⋆

da
+
[
1− ϵ

2

(2ac − 1

1− ac

)]
m⋆ = 0, at a = 1, (4.65)

where R := 1
kL(L⋆+Lc)

is a rescaled recruitment rate. Eqs. (4.62)-(4.65) define a singular

perturbation problem with respect to the small parameter ϵ ≪ 1. We use the method

of matched asymptotics to construct a uniformly valid approximate solution for m⋆(a) in

the limit ϵ→ 0.

By setting ϵ = 0 in Eqs. (4.62), (4.64), (4.65), we deduce that the leading order outer

solutions satisfy

(a− ac)
dm⋆

da
− pm⋆ = 0, (4.66)

and are subject to the Dirichlet conditions

m⋆(0) = R, m⋆(1) = 0. (4.67)

The general solution to Eq. (4.66) is given by

m⋆(a) = K
(
1− a

ac

)p
, (4.68)

where K is a constant of integration. Since we cannot enforce both boundary conditions

(4.67) simultaneously, we deduce that there are two outer solutions:

m⋆
left(a) := R

(
1− a

ac

)p
, m⋆

right(a) := 0. (4.69)

The left solution m⋆
left(a) is well-defined for 0 ≤ a < ac, while m

⋆
right(a) holds in a neigh-

bourhood of a = 1. We form the following composite solution:

m⋆
outer(a) :=

{
R
(
1− a

ac

)p
, 0 ≤ a < ac,

0, ac < a ≤ 1,
(4.70)
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Figure 4.10: Composite outer solution. The outer solution (4.70) is compared with
the numerical solution for m⋆(a) for three values of the LDL influx, σL. The numerical
solution is generated by solving the time-dependent system (4.54),(4.59), (4.60), (4.19)-
(4.23) to t = 200. We use σL = 1.3, 1.845 and 2.5 in cases (a),(b) and (c) respectively.
The red dashed line in cases (b) and (c) indicate the discontinuity of m⋆

outer at a = ac.
We fix σH = 1 and set the remaining parameters according to Eqs. (4.25).

which ensures continuity in m⋆
outer at a = ac for p > 0.

Numerical solutions of the continuum model indicate that m⋆
outer(a) is a good approx-

imation to m⋆(a) away from the critical value a = ac (see Fig. 4.10). For p > 0, as in

Fig. 4.10(a), the outer solution (4.70) is continuous at a = ac, but the numerical solution

has a smoother transition towards the zero solution as a increases. For p = 0, shown in

Fig. 4.10(b), the solution (4.70) is piecewise constant with a discontinuity at a = ac. By

contrast, the numerical solution is continuous for all 0 < a < 1 and takes on a sigmoid

profile. For p < 0, as in Fig. 4.10(c), the solution (4.70) diverges as a → a−c , while the

numerical solution has a local maximum near a = ac in this case.

These observations suggest that we may use p and ac to characterise the solution

m⋆(a) of the full Eq. (4.62). The value of p determines the geometric features of m⋆(a).

For p > 0, the solution is a decreasing function of a. The curvature is determined by

whether p > 1, giving a concave-up m⋆(a) for 0 < a ≲ ac, or 0 < p < 1, where m⋆(a)

is concave-down for 0 < a ≲ ac. If p = 0, then m⋆(a) is a sigmoid and constant away

from a = ac. Finally, if p < 0, then m⋆(a) attains a local maximum near a = ac, with the

sharpness of the peak growing as p→ (−1)+.

We show how p and ac depend on σL and σH in Fig. 4.11. We find that the contours

of constant ac (Fig. 4.11(a)) are approximately linear in (σL, σH) space, and indicate that

ac increases sensitively with (σL − σH). By contrast, the value of p (Fig. 4.11(b)) is non-

monotonic in both σL and σH , and diverges at the origin: p→ ∞ as (σL, σH) → (0, 0). The

critical contours, p = 0 and p = 1, are indicated so that we may partition (σL, σH) space

according to the qualitative behaviour of the steady state profile of m⋆(a). Consistent

with the numerical results of Sect. 4.3.1, we find that m⋆(a) has a peaked profile (p < 0)

when either σL or σH are large enough. Comparison with the corresponding value of ac

reveals that peaked profiles can occur with the local maximum at low or high lipid loads

(location of peak is approximately ac). Furthermore, m⋆(a) only adopts a decreasing and

convex profile when σL and σH are both sufficiently small.
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(𝒂) (𝒃)Wavefront location: 𝑎𝑐 Shape of distribution: 𝑝

Figure 4.11: Characterisation of the equilibrium MDM lipid distribution, m⋆(a),
in terms of LDL influx, σL, and HDL influx, σH. Plot (a) shows the value of ac,
which approximates the lipid content of the most lipid-laden MDMs at equilibrium. Plot
(b) indicates the value of the parameter p, which determines the shape of the distribution
as indicated. Parameter values are set according to Eqs. (4.25).

To attain a uniformly valid approximation for m⋆(a) over 0 < a < 1, we define an

interior variable ã, such that a = ac + ϵn
√

2ac(1− ac) ã where n > 0 is to be specified

and the coefficient of ã is chosen to simplify the interior equation. Under this change of

variables, Eq. (4.62) becomes

ϵ1−2n

2

[
1 + ϵn

1− 2ac
2ac(1− ac)

ã
]d2m⋆

dã2
+
[
ϵ1−n 2ac − 1√

2ac(1− ac)
+ ã
]dm⋆

dã
− pm⋆ = 0, (4.71)

for −∞ < ã < ∞. In order to match to the two outer solutions we choose n such that a

term proportional to d2m⋆

dã2
becomes comparable to the O(1) terms. The smallest value of

n for which this occurs is n = 1
2
, which gives the following equation at leading order:

1

2

d2m⋆

dã2
+ ã

dm⋆

dã
− pm⋆ = 0. (4.72)

The general solution to Eq. (4.72) is

m⋆
interior(ã) = e−ã2

[
K1H−1−p(ã) +K2 1F1

(1 + p

2
,
1

2
, ã2
)]
, (4.73)

where H and 1F1 are the Hermite and Kummer confluent hypergeometric functions, re-

spectively ([197, 198]). The constants of integration, K1 and K2, are determined by

matching m⋆
interior to the outer solutions m⋆

left and m
⋆
right, respectively. We note that Eq.

(4.73) satisfies the following asymptotic relation as ã→ ∞:

m⋆
interior ∼ K2

π1/2

Γ((1 + p)/2)
ãp

= K2
π1/2

Γ((1 + p)/2)
ϵ−p/2(a− ac)

p. (4.74)
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Figure 4.12: The interior solution. The function e−ã2H−1−p(ã) from the interior solu-
tion (4.76) is shown for the values p = −1 (Gaussian limiting case), −1/2, 0 (sigmoid)
and 1.

𝑎 ∼ ℓ/ℓmax

Figure 4.13: Asymptotic solution vs. discrete model output. The asymptotic
solution of the continuum model, defined by Eq. (4.79), is plotted with the discrete
model steady state distribution, ℓmaxm

⋆
ℓ , given by Eq. (4.48). We use σH = 1 and set the

remaining parameter values according to Eqs. (4.25).

Comparing with m⋆
right(a) shows that we must take K2 = 0. As ã→ −∞, we use that

m⋆
interior ∼ −K1π

1/2Γ(−p) sin(pπ)(−ã)p

= −K1π
1/2Γ(−p) sin(pπ)apcϵ−p/2

(
1− a

ac

)p
, (4.75)

and compare with m⋆
left(a) to deduce that the matched interior solution is

m⋆
interior(ã) = K1e

−ã2H−1−p(ã), where K1 =
−R

√
π[2ϵac(1− ac)]

p/2

apcΓ(−p) sin(pπ)
. (4.76)

We note that Γ(−p) sin(pπ) < 0 for all p > −1 and so K1 > 0.

The function m⋆
interior/K1 in Eq. (4.76) is plotted for various values of p in Fig. 4.12.

We divide by K1 since it affects only the vertical scale of the interior solution. The

function becomes increasingly asymmetric as p increases, transitioning from a bell curve
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at p = −1, to a sigmoid at p = 0, and eventually a smoothed corner-like shape for p > 0.

Consistent with these observations, we find that m⋆
interior reduces exactly to a Gaussian in

the limit p→ (−1)+ and a sigmoid at p = 0:

m⋆
interior(ã) → K1e

−a2 , p→ (−1)+; (4.77)

m⋆
interior(ã) =

K1

√
π

2
erf(ã), p = 0. (4.78)

A leading order approximation for m⋆(a) that is uniformly valid over 0 ≤ a ≤ 1 is

obtained by substituting ã = [2ϵac(1− ac)]
−1/2(a− ac) into Eq. (4.76):

m⋆
asymptotic(a) = K1 exp

[
− (a− ac)

2

2ϵac(1− ac)

]
H−1−p

(
a− ac√

2ϵac(1− ac)

)
. (4.79)

We compare the matched solution (4.79) to the analytical solution (4.48) of the discrete

model in Fig. 4.13. The plots show an excellent agreement between the asymptotic

solution and discrete model.

4.4 Discussion

In this chapter, we presented a discretely structured model for MDM lipid accumulation

in early atherosclerotic lesions. The model is formulated in terms of the extracellular

lipid density, L(t), the HDL lipid capacity, H(t), and the MDM population, mℓ(t), which

is structured by an index, ℓ = 0, 1, . . . , ℓmax, according to lipid content. A key feature

of the model is that lipid uptake and efflux events cause a finite change, ∆a, to MDM

lipid content. Our discretely-structured model formulation contrasts with the continuum

approach proposed by Ford et al. [165]. It can also be reduced to a simpler, closed

subsystem of ODEs for L(t), H(t), the total MDM density, M(t), and the total MDM

lipid content, LM(t).

A defining feature of our model is the treatment of MDM lipid uptake and efflux: the

uptake rate is assumed to decrease linearly with lipid content, kL(ℓmax − ℓ), while the

offloading rate increases linearly, according to kHℓ/ℓmax. These assumptions are consis-

tent with current understanding that macrophages have a finite capacity for uptake due

to intracellular negative-feedback signalling [94], and that intracellular cholesterol accu-

mulation promotes the up-regulation of transporters that mediate cholesterol efflux [98].

An important consequence of our model formulation is that MDMs have a maximal lipid

content, ℓ ≤ ℓmax, since the uptake rate decreases to zero at ℓ = ℓmax. By contrast, the

model proposed by Ford et al. [165] assumes that lipid uptake and efflux are independent

of lipid content, and that there is no upper bound on macrophage lipid content. We

further note that our simplifying assumption of linear dependence in ℓ for the uptake and

efflux rates ensures the existence of a closed ODE subsystem: Eqs. (4.21)-(4.23). If the

lipid-dependent rates were nonlinear in ℓ, the dynamics of LM(t) would not be express-

ible in terms of M(t), LM(t), L(t) and H(t), and opportunities for mathematical analysis

would be limited.
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Our model analysis focused on the constants σL and σH which determine the influx

of LDL lipid and HDL capacity, respectively. These parameters are expected to correlate

strongly with blood LDL and HDL particle concentrations. Below, we discuss the key

results in relation to the key questions posed in Sect. 4.1.

Q1.a. How do the LDL and HDL influx rates impact lesion composition?

Time-dependent numerical solutions showed that lesion composition develops through

various stages in a manner that depends on the influx rates σL and σH . At early

times, there is quasi-linear growth in L(t) and H(t) as LDL and HDL enter a lesion

initially devoid of MDMs. The initial accumulation of extracellular lipid, L(t), then

drives an influx of MDMs, M(t), and increases to intracellular lipid, LM(t), due

to uptake. If the influx of LDL lipid relative to HDL capacity is sufficiently large

(σL − σH ≳ 0), the MDM population will accumulate a substantial amount of lipid

and, thereby, cause H(t) to peak and decrease due to efflux. For values σL−σH ≲ 0,

the amount of lipid efflux is insufficient to cause H(t) to decline. At long times,

regardless of the values of σL and σH , the lesion develops to a nonzero equilibrium.

Steady state analysis of the subsystem (4.19)-(4.22) showed that the model has a

unique physically-realistic equilibrium. Analysis of the steady state solutions indi-

cated that the density of MDMs, M⋆, intracellular lipid, L⋆
M , extracellular lipid, L⋆,

and HDL capacity, H⋆, also depend sensitively on the difference (σL−σH); the model

predicts that lesion composition is sensitive to the relative influx of LDL lipid rela-

tive to HDL capacity. More specifically, the steady state plots indicate that (σL, σH)

space can be partitioned into three regions. Regions in which σL − σH ≲ 0 corre-

spond to healthy tissues in which the HDL capacity greatly exceeds the amounts of

ingested and extracellular lipid. Where 0 ≲ σL − σH ≲ 5, the HDL capacity is typi-

cally exhausted and lesions contain intermediate MDM and lipid densities. Finally,

regions in which σL − σH ≳ 5 correspond to unhealthy lesions that are dominated

by extracellular lipid and MDMs with lipid loads near capacity.

Q1.b. How do the LDL and HDL influx rates impact the distribution of lipid

in lesion MDMs?

We analysed the MDM lipid distribution by deriving a continuum limit of the dis-

crete ODEs for mℓ(t), ℓ = 0, 1, . . . , ℓmax. The continuum model casts the MDM

population as a continuous function, m(a, t), where the continuous independent

variable 0 ≤ a ≤ 1 represents lipid content. The distribution m(a, t) is governed by

an advection-diffusion PDE (4.54) with appropriate boundary conditions (4.59).

We used the method of matched asymptotics to construct a leading order approxi-

mation to the equilibrium MDM lipid distribution, m⋆(a), in the limit ϵ = ℓ−1
max → 0.
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We found that m⋆(a) depends on two parameter groupings: 0 < ac < 1 and p > −1,

defined in Eq. (4.63). The constant ac approximates the maximal lipid load at-

tained within the MDM population at equilibrium, and represents the MDM lipid

load where uptake balances efflux. Near a = ac, the advection velocity is O(ϵ) and

comparable to the diffusion terms. The quantity p determines the shape of m⋆(a).

Using the outer solution (4.70) as a guide, we found that m⋆(a) is decreasing and

convex for p > 1, decreasing and concave for 0 < a ≲ ac when 0 < p < 1, quasi-

uniform for p = 0, and unimodal with a local maximum near a = ac for p < 0. We

note that the outer solution is discontinuous at a = ac for p ≤ 0, and in the first

derivative for 0 < p < 1. Analysis within an interior region of O(ϵ1/2) width at

a = ac is needed to construct a uniformly valid approximation for m⋆(a), resulting

in the solution (4.79). These observations highlight the importance of including

second-order terms in the continuum approximation to capture the qualitative be-

haviour of the underlying discrete model. The second-order terms provide a diffusive

effect that smooths the outer solution in the interior region where the advection ve-

locity vanishes at leading order. We note that, overall, we have derived a uniformly

valid asymptotic approximation, m⋆
asymptotic, of the continuum model steady state

lipid distribution, m⋆, which, in turn, is a uniformly valid asymptotic approximation

of the discrete model steady state lipid distribution, m⋆
ℓ , such that

m⋆
asymptotic(ϵℓ) = m⋆(ϵℓ) +O(ϵ) = ϵ−1m⋆

ℓ +O(ϵ) as ϵ = ℓ−1
max → 0, (4.80)

for every ℓ = 0, 1, . . . , ℓmax.

The parameter groupings ac and p are sensitive to the influxes of LDL lipid (σL) and

HDL capacity (σH). Like the steady state values of the reduced subsystem variables,

the constant ac increases with (σL − σH); the higher the influx of LDL lipid rela-

tive to HDL capacity, the higher the lipid load of the most lipid-laden MDMs in the

population. By contrast, the parameter p is non-monotonic in both σL and σH , and,

hence, the shape of the distributionm⋆(a) depends on the individual influxes of LDL

lipid and HDL capacity. In particular, m⋆(a) may adopt a peaked or quasi-uniform

profile at low or high lipid loads. These results suggest that, unlike the maximally

attained lipid load ac, the geometric features of the MDM lipid distribution, such

as its concavity and existence of local maximum, may be poor indicators of lesion

progression.

Q2. Can defective efferocytosis be plausibly attributed to uptake feedback in

MDMs due to high lipid loads?

Our results indicate that the uptake rate of the MDM population may become

substantially diminished over time, even when the difference between the LDL lipid

and HDL capacity influx rates is modest. This is mostly clearly seen in Fig. 4.7,
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where we compute the fractional defect in uptake at steady state, µ⋆; when σL−σH ≳

1 the uptake efficiency drops by at least 50%. Our results further indicate that µ⋆

and the approximate maximal MDM lipid burden, ac, are highly correlated. Noting

that ac ≳ 0.8 for σL−σH ≳ 1, the model suggests that lesion MDMs may experience

a decrease of 50% of more in their population-averaged uptake rate, purely due to

lipid accumulation, if MDMs with lipid content near the capacity value are detected.

These results indicate that uptake feedback (i.e., subcellular signalling that down-

regulates uptake) in MDMs due to high lipid loads is likely to contribute to the

emergence of defective efferocytosis in atherosclerotic lesions.

4.4.1 Limitations and relation to Chapters 5-7

A notable limitation of the lipid-structured model presented in this chapter is its simplistic

treatment of extracellular lipid and HDL capacity. Two aspects of our formulation warrant

further investigation.

• Representation of extracellular lipid as a single species. In practice, there

are multiple sources of extracellular lipid within lesions: extracellular lipid is found

within free-diffusing LDL, retained LDL, apoptotic MDMs, and necrotic debris.

Each lipid species is subject to distinct kinetics, and, in particular, is ingested by

MDMs at different rates. A natural question then arises: what value should be taken

for kL, the uptake rate of a combined extracellular lipid density? For simplicity and

consistency with [10], we assumed that kL = 1 (recall Eqs. (4.25)). By consequence,

the composition of the model lesion is sensitive to the difference (σL − σH). This

dependence holds when the values of kL and kH are comparable. However, when

kL and kH differ markedly, the model lesion composition depends on a weighted

difference; CσL − σH , for some constant C > 0. We comment on this effect in

Chapters 5-7, where we distinguish multiple forms of extracellular lipid, each with

specific uptake rates.

• Implicit treatment of blood LDL and HDL levels. The current model does

not contain blood LDL and HDL levels as explicit parameters. As clinical readouts,

these quantities are desirable as components for mathematical models of atheroscle-

rosis. The issue stems from our simplifying assumption that extracellular lipid and

HDL capacity are sourced at constant rates from the blood. In practice, LDL and

HDL diffuse into the lesion from the blood and may also diffuse back into the lumen

depending on the concentrations on either side of the endothelium. We account for

these effects in Chapters 5-7, where we use blood LDL lipid and HDL capacity as

explicit parameters.

Conclusions. In this chapter we have presented a new lipid-structured model for MDMs

in early atherosclerotic lesions. We showed that the overall lesion composition and dis-

tribution of lipid within the MDM population are highly sensitive to the influxes of LDL
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lipid and HDL capacity. Our results support the notion that lesion lipid content is best

reduced by simultaneously lowering LDL lipid levels and increasing HDL capacity levels

in the blood. We also showed how the MDM lipid distribution may adopt one of several

profiles at steady state. The steady state profile may be monotone decreasing (concave

or convex), quasi-uniform or unimodal, depending on the influxes of LDL lipid and HDL

capacity. In Chapters 5-7, we extend our lipid-structured model to account for MDM

phenotype and spatial heterogeneity. Importantly, these models directly address the lim-

itations outlined in Sect. 4.4.1 above. The models of Chapters 5-7 are formulated under

a common framework that resolves the extracellular lipid into free LDL, retained LDL,

apoptotic lipid and necrotic lipid. The models also share a common set of parameter

values, derived from the biological literature, that includes distinct uptake rates for each

form of extracellular lipid and explicitly accounts for blood LDL and HDL levels.
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Chapter 5

A phenotype-lipid structured model

In this chapter, we extend the model of Chapter 4 to account for variation in both MDM

phenotype and lipid content. The model couples the MDM dynamics to the densities of

free LDL lipid, retained LDL lipid, apoptotic lipid, necrotic lipid and HDL lipid capacity,

in addition to inflammatory and resolving mediators.

5.1 Introduction

MDMs in atherosclerotic lesions exhibit a continuum of inflammatory to resolving phe-

notypes [7]. This view supersedes the traditional dichotomous M1/M2 classification of

macrophage phenotype; M1 and M2 polarisation now typically refer to the inflammatory

and resolving extremes of a phenotype continuum, respectively. MDM phenotype modu-

lation is reversible, and is largely determined by the balance between (pro-)inflammatory

and (pro-)resolving mediators [7, 199]. Following the classification presented in Tabas

et al. [199], inflammatory mediators include cytokines such as TNF and IL-1, that are

secreted by MDMs upon uptake of modLDL [101], and damage associated molecular

patterns (DAMPs) that are released upon the secondary necrosis of apoptotic cells [79].

Resolving mediators include the cytokines IL-10 and IL-13, and specialised pro-resolving

lipid mediators. Resolving mediators are synthesised by MDMs upon apoptotic cell up-

take [106] and interaction with HDL [108]. We note that LDL and HDL promote the

synthesis of opposing mediator types (inflammatory and resolving respectively) and, so,

are likely to induce opposing effects on MDM phenotype. Mediators are also produced

by other cell types (e.g., T cells), but signalling from MDMs is likely to dominate in

atherosclerotic lesions, where they are the most abundant immune cell type [200].

Motivated by the biological observations above, we use our dual-structured model to

address the following questions:

Q1. How do blood LDL and HDL levels impact lesion composition?

a. How do they affect the time-evolution of lesion composition?

b. How do they affect lesion composition at steady state?
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Q2. How are phenotype and lipid content distributed among MDMs?

a. How do MDM phenotype and lipid content evolve over time?

b. Are MDM phenotype and lipid content correlated?

c. What are the qualitative features of the phenotype and lipid content

marginal distributions at steady state?

The model developed in this chapter is unique in its representation of gradual pheno-

type modulation. Existing models of atherosclerosis which incorporate MDM phenotype

do so via binary M1/M2 classification, rather than as a spectrum of values [130, 140, 148].

While these models are insightful in their ability to predict coarse-grained phenotypic fea-

tures (e.g., proportion of M1-like vs. M2-like cells), the lack of intermediate states between

the M1-like and M2-like phenotypes is inconsistent with the diversity of cell states revealed

by single-cell RNA sequencing [190]. Other authors have proposed dual-structured mathe-

matical models (e.g., [173–176], reviewed in [172]). A key difference between these existing

models and ours relates to the time evolution of the structure variables: in most existing

models, the structure variables are independent whereas in our model their time evolution

is coupled.

The remainder of the chapter is structured as follows. Sect. 5.2 details the model

development, including the derivation of a closed subsystem and discussion of parameter

values. Sect. 5.3 contains the results of our model analysis. Key questions 1 and 2 are

addressed in Sects. 5.3.1 and 5.3.2, respectively. Finally, we discuss the results and their

implications in Sect. 5.4.

5.2 Model development

In this section we present a phenotype-lipid dual-structured model for MDM populations

in early atherosclerosis. Model schematics for the MDM dynamics and LDL retention are

given in Figs. 5.1 and 5.2, respectively.

5.2.1 Assumptions and definitions

We assume for simplicity that MDM phenotype and lipid content change by finite incre-

ments, ∆ϕ = 1 and ∆a > 0, respectively. Specifically, we let mϕ,ℓ(t) denote the number

density of MDMs with phenotype ϕ and lipid content a0 + ℓ∆a at time t ≥ 0. The phe-

notype index runs over both positive and negative integer values: ϕ = 0,±1, . . . ,±ϕmax.

MDMs with ϕ > 0 are pro-inflammatory and have an M1-like phenotype; those with ϕ < 0

are resolving and have an M2-like phenotype. The extreme values ϕ = ±ϕmax can be in-

terpreted as complete M1 and M2 polarisation. The lipid index runs over non-negative

values: ℓ = 0, 1, . . . , ℓmax, so that MDM lipid content ranges from their endogenous con-

tent, a0 ≥ 0, to a maximum value, a0 + κ, where κ := ℓmax∆a is the maximum capacity

for ingested lipid.
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Figure 5.1: A schematic of the MDM-lipid dynamics in the model. Processes
represented with blue arrows stimulate the secretion of resolving mediators by MDMs,
while those represented by red arrow stimulate the emission of inflammatory mediators.
The lower half illustrates the discrete phenotype-lipid structure space that underpins the
MDM dynamics. LDL retention and constitutive mediator production by MDMs are not
shown.
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Figure 5.2: Schematic of the LDL kinetics in absence of MDMs. The model
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the tunica intima. We assume in Eqs. (5.7)-(5.8) that the ECM has a finite capacity for
LDL retention, Kr, and that the rate of binding is proportional to the available capacity:
kb(Kr − Lr).
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We also introduce variables to describe the extracellular environment. We denote by

LLDL(t) ≥ 0, Lr(t) ≥ 0, Lap(t) ≥ 0 and Ln(t) ≥ 0 the mass densities of free LDL lipid,

retained LDL lipid, apoptotic lipid and necrotic lipid respectively. We letH(t) be the lipid

capacity of HDL particles in the lesion. Finally, we denote by S+(t) ≥ 0 and S−(t) ≥ 0

the mass densities of inflammatory and resolving mediators respectively.

We note that all dependent variables in the model represent densities within the tunica

intima. This is the innermost region of the artery wall where atherosclerosis develops [7].

As shown in Figs. 5.1 and 5.2, the intimal densities are nonetheless affected by the

bloodstream and tunica media (the next layer of the artery wall) via the flux of cells and

lipids. We assume for simplicity that the contents of the bloodstream and tunica media

are static in the equations below.

5.2.2 Model equations

MDMs. We propose that the MDM population evolves according to the following ODEs:

d

dt
mϕ,ℓ = kL ·L

[
(ℓmax − ℓ+ 1)mϕ,ℓ−1 − (ℓmax − ℓ)mϕ,ℓ

]︸ ︷︷ ︸
lipid uptake

+ kHH
[
(ℓ+ 1)mϕ,ℓ+1 − ℓmϕ,ℓ

]︸ ︷︷ ︸
lipid efflux to HDL

+ kSχS+

[
(ϕmax − ϕ+ 1)mϕ−1,ℓ − (ϕmax − ϕ)mϕ,ℓ

]︸ ︷︷ ︸
inflammatory phenotype modulation

+ kSχS−
[
(ϕmax + ϕ+ 1)mϕ+1,ℓ − (ϕmax + ϕ)mϕ,ℓ

]︸ ︷︷ ︸
resolving phenotype modulation

+ Rϕ,ℓ(t)︸ ︷︷ ︸
recruitment

− (β + γ)mϕ,ℓ︸ ︷︷ ︸
apoptosis and egress

,

(5.1)

and closure conditions:

mϕ,−1 = mϕ,ℓmax+1 = m−ϕmax−1,ℓ = mϕmax+1,ℓ = 0, (5.2)

for every ϕ = 0,±1, . . . ,±ϕmax and ℓ = 0, 1, . . . , ℓmax.

The first term on the right hand side (RHS) of Eqs. (5.1) accounts for lipid uptake.

Following Chapter 4, we model lipid uptake with a mass-action treatment of the following

reactions:

Mϕ,ℓ +∆a
ki(ℓmax−ℓ)−−−−−−→ Mϕ,ℓ+1, (5.3)

for every (ϕ, ℓ) and i ∈ {LDL, r, ap, n}. Reactions (5.3) assume that the rate of lipid

uptake decreases linearly with lipid content in a manner commensurate with available

capacity. For notational brevity in Eqs. (5.1), we introduce vectors for the uptake rates,

kL := (kLDL, kr, kap, kn), and the extracellular lipids, L := (LLDL, Lr, Lap, Ln), so that kL ·
L = kLDLLLDL + krLr + kapLap + knLn.
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The second term of the RHS of Eqs. (5.1) accounts for lipid efflux to HDL. Again,

following Chapter 4, we treat efflux with mass-action kinetics according to the reactions

Mϕ,ℓ
kHℓ−−→ Mϕ,ℓ−1, (5.4)

for every (ϕ, ℓ). The reactions (5.4) assume that the efflux rate increases linearly with

lipid content.

The third and fourth terms of the RHS of Eqs. (5.1) account for MDM phenotype

modulation by inflammatory and resolving mediators [7], S+ and S− respectively. We

model phenotype modulation via the reactions

Mϕ,ℓ +∆s −→

{
Mϕ±1,ℓ with rate p±ϕ := kSχ(ϕmax ∓ ϕ);

Mϕ,ℓ with rate kS(1− p±ϕ ),
(5.5)

for every (ϕ, ℓ). Here kS is the rate of mediator binding to MDM surface receptors and

∆s is the mediator mass bound per interaction. We assume each mediator binding inter-

action stimulates a move to a new phenotype class with probability: p±ϕ = χ(ϕmax ∓ ϕ).

The parameter 0 ≤ χ ≤ (2ϕmax)
−1 which modulates this probability can be interpreted as

the phenotypic plasticity of the MDMs. We assume that p±ϕ decreases linearly to zero as

ϕ→ ±ϕmax, so that it becomes increasingly difficult for MDMs to become more polarised

the more polarised they are. Biologically, this property reflects the saturation of intracel-

lular signalling pathways when macrophages are continually exposed to inflammatory or

resolving mediators.

The final terms on the RHS of Eqs. (5.1) account for MDM recruitment, apoptosis

and egress. We assume that newly recruited MDMs enter the lesion from the bloodstream

carrying only endogenous lipid and with an uncommitted phenotype:

Rϕ,ℓ(t) :=

{
σM

(
S+

S++Sc50
+ +ρS−

)
if (ϕ, ℓ) = (0, 0);

0 if (ϕ, ℓ) ̸= (0, 0).
(5.6)

The recruitment rate is a first-order Hill function of the inflammatory mediator den-

sity, S+, which saturates at the maximum value σM . Resolving mediators, S−, inhibit

recruitment by linearly increasing the threshold for half-maximal recruitment from the

basal value Sc50
+ ; the parameter ρ governs the sensitivity of the recruitment rate to S−.

We assume for simplicity that the rates of MDM apoptosis, β, and egress, γ, are constant.

Extracellular lipids. We assume that the densities of free and retained LDL evolve
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according to the ODEs

dLLDL

dt
= π

(0)
L (L(0) − LLDL)︸ ︷︷ ︸

lumenal flux

− π
(1)
L (LLDL − L(1))︸ ︷︷ ︸
tunica media flux

− kbLLDL(Kr − Lr)︸ ︷︷ ︸
retention via ECM binding

+ k−bLr︸ ︷︷ ︸
unbinding

− kLDL∆aLLDL

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ,ℓ︸ ︷︷ ︸
uptake by MDMs

,

(5.7)

dLr

dt
= + kbLLDL(Kr − Lr) − k−bLr

− kr∆aLr

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ,ℓ.
(5.8)

The first two terms on the RHS of Eq. (5.7) account for the flux of free LDL between

the lesion and the lumen/tunica media. The parameters π
(0)
L and π

(1)
L denote the LDL

exchange rate at the endothelium and internal elastic lamina, respectively. The densities

of free LDL in the lumen, L(0), and tunica media, L(1), are assumed to be non-negative

constants. We assume that free LDL binds to ECM proteoglycans with rate constant kb

in a capacity-limited manner, and unbinds at rate k−b; the maximum capacity for LDL

retention is Kr. The final terms on the RHS of Eqs. (5.7) and (5.8) account for MDM

uptake of free and bound LDL via reactions (5.3).

We propose that the densities of apoptotic and necrotic lipid satisfy

dLap

dt
= β

∑
ϕ,ℓ

(a0 + ℓ∆a)mϕ,ℓ︸ ︷︷ ︸
apoptosis

− νLap − kap∆aLap

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ,ℓ, (5.9)

dLn

dt
= β

∑
(a0 + ℓ∆a)mϕ,ℓ + νLap︸︷︷︸

necrosis

− kn∆aLn

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ,ℓ︸ ︷︷ ︸
uptake by MDMs

. (5.10)

The first term of the RHS of Eq. (5.9) accounts for lipid deposition into the extracellular

space due to MDM apoptosis. We assume that apoptotic cells undergo secondary necrosis

at rate ν, which provide linear sink and source terms in Eqs. (5.9) and (5.10), respectively.

The final terms on the RHS of Eqs. (5.9) and (5.10) describe apoptotic and necrotic lipid

uptake by MDMs.

HDL lipid capacity. We assume that the lipid capacity of the HDL particles in the

lesion evolves according to

dH

dt
= π

(0)
H (H(0) −H)︸ ︷︷ ︸
lumenal flux

− π
(1)
H (H −H(1))︸ ︷︷ ︸
tunica media flux

− kH∆aH
∑
ϕ,ℓ

ℓmϕ,ℓ︸ ︷︷ ︸
lipid efflux by MDMs

. (5.11)
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The first two terms on the RHS of Eq. (5.11) describe the flux of HDL lipid capacity (via

HDL particle diffusion) between the lesion and the lumen/tunica media. For simplicity,

we assume that the diffusivity of HDL particles is independent of their lipid capacity, so

that π
(0)
H and π

(1)
H represent the common permeability of HDL particles and HDL lipid

capacity at the endothelium and internal elastic lamina, respectively. The final term ac-

counts for MDM lipid efflux to HDL particles.

Inflammatory and resolving mediators. We propose that the densities of inflam-

matory and resolving mediators satisfy the following ODEs:

dS+

dt
= αLr︸︷︷︸

resident
signals

+µ
[
(kLDLLLDL + krLr)∆a

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ,ℓ︸ ︷︷ ︸
LDL-stimulated emission

+ νLap︸︷︷︸
DAMPs

]

+ kc
∑
ϕ,ℓ

(
1 +

ϕ

ϕmax

)
mϕ,ℓ︸ ︷︷ ︸

MDM constitutive production

−
[
kS∆s

∑
ϕ,ℓ

mϕ,ℓ + δS

]
S+︸ ︷︷ ︸

MDM binding and decay

,

(5.12)

dS−

dt
= µ

[
kap∆aLap

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ,ℓ︸ ︷︷ ︸
efferocytosis-stimulated emission

+ kH∆aH
∑
ϕ,ℓ

ℓmϕ,ℓ︸ ︷︷ ︸
HDL-stimulated emission

]

+ kc
∑
ϕ,ℓ

(
1− ϕ

ϕmax

)
mϕ,ℓ −

[
kS∆s

∑
ϕ,ℓ

mϕ,ℓ + δS

]
S−.

(5.13)

The first term on the RHS of Eq. (5.12) models the release of inflammatory signals

by resident cells (e.g., smooth muscle cells, tissue-resident macrophages) [68]. The signal

cascades which first stimulate MDM recruitment are currently unknown, but are thought

to be the result of excessive LDL retention [59]. Hence, we assume for simplicity that the

resident cells produce inflammatory mediators at rate proportional to the retained LDL

lipid density.

Eqs. (5.12) and (5.13) also account for mediator production due to lipid activity. This

includes MDM production of inflammatory mediators due to LDL uptake (both native and

modified forms of LDL induce inflammatory responses in macrophages [102, 104]), and

MDM production of resolving mediators upon apoptotic lipid uptake [106] and interaction

with HDL [108]. We also include production of inflammatory DAMPs that are released

by apoptotic bodies upon secondary necrosis [79]. We assume for simplicity that the

magnitude of mediator production is proportional to the amount of lipid involved in each

of the above interactions; the parameter µ represents the mediator mass produced per

unit lipid.

The remaining source terms in Eqs. (5.12) and (5.13) account for constitutive mediator

production by MDMs. Indeed, macrophages are potent cytokine emitters (even in the

absence of stimulants [104]) and exhibit a phenotype-dependent secretion profile [105].

To account for these effects, we assume that MDMs constitutively produce mediators at

the constant rate 2kc per cell, but that the ratio of inflammatory to resolving mediator
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production is skewed linearly according to phenotype. M1-polarised cells with ϕ = ϕmax

secrete only inflammatory mediators while M2-polarised cells with ϕ = −ϕmax emit only

resolving mediators.

We further assume that mediators bind to MDM surface receptors, according to re-

action (5.5), and undergo natural decay at rate δS. We use a common decay rate for

both inflammatory and resolving mediators since experimentally reported half-lives for

inflammatory and resolving cytokines are comparable [201]. Similarly, we use a common

binding rate in the absence of evidence for MDM preferential binding.

Initial conditions. We close Eqs. (5.1), (5.7)-(5.13) by supposing that at t = 0:

mϕ,ℓ = 0 for every (ϕ, ℓ), LLDL = Lr = Lap = Ln = H = S± = 0. (5.14)

The conditions (5.14) assume that the lesion is initially devoid of MDMs, extracellular

lipid, HDL capacity and mediators.

5.2.3 A closed subsystem

We can derive a closed subsystem from Eqs. (5.1), (5.7)-(5.13) by defining the population

variables:

M(t) :=
∑
ϕ,ℓ

mϕ,ℓ(t), (5.15)

Φ̂M(t) :=
1

M(t)

∑
ϕ,ℓ

( ϕ

ϕmax

)
mϕ,ℓ(t), (5.16)

L̂M(t) :=
1

M(t)

∑
ϕ,ℓ

( ℓ

ℓmax

)
mϕ,ℓ(t). (5.17)

Here M(t) ≥ 0 represents the total MDM density. The quantity −1 ≤ Φ̂M(t) ≤ 1 is the

mean MDM phenotype, normalised such that Φ̂M = 1 corresponds to M1-polarisation and

Φ̂M = −1 to M2-polarisation. Finally, 0 ≤ L̂M(t) ≤ 1 is the mean MDM lipid content,

normalised by the maximal capacity.

By differentiating definitions (5.15)-(5.17) with respect to time and substituting from

Eqs. (5.1), we obtain ODEs for M , Φ̂M and L̂M :

dM

dt
=

(
σMS+

S+ + Sc50
+ + ρS−

)
− (β + γ)M, (5.18)

dΦ̂M

dt
= ksχ

[
S+(1− Φ̂M)− S−(1 + Φ̂M)

]
−
(

σMS+

S+ + Sc50
+ + ρS−

)
Φ̂M

M
, (5.19)

dL̂M

dt
= kL ·L (1− L̂M) − kHHL̂M −

(
σMS+

S+ + Sc50
+ + ρS−

)
L̂M

M
. (5.20)

Sink terms arise in Eqs. (5.19) and (5.20) because recruited MDMs enter the lesion with

ϕ = ℓ = 0, reducing the mean (absolute) phenotype and lipid content. We can also rewrite
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Eqs. (5.7)-(5.13) as follows:

dLLDL

dt
= π

(0)
L (L(0) − LLDL)− π

(1)
L (LLDL − L(1))

− kbLLDL(Kr − Lr) + k−bLr − kLDLκLLDLM(1− L̂M),
(5.21)

dLr

dt
= kbLLDL(Kr − Lr) − k−bLr − krκLrM(1− L̂M), (5.22)

dLap

dt
= βM(1 + κL̂M) − νLap − kapκLapM(1− L̂M), (5.23)

dLn

dt
= νLap − knκLnM(1− L̂M), (5.24)

dH

dt
= π

(0)
H (H(0) −H)− π

(1)
L (H −H(1)) − kHκHML̂M , (5.25)

dS+

dt
= αLr + µ

[
(kLDLLLDL + krLr)κM(1− L̂M) + νLap

]
+ kcM(1 + Φ̂M)− (kS∆sM + δS)S+,

(5.26)

dS−

dt
= µ

[
kapκLapM(1− L̂M) + kHκHML̂M

]
+ kcM(1− Φ̂M)− (kS∆sM + δS)S−.

(5.27)

Eqs. (5.18)-(5.27) with the initial conditions (5.14) comprise a closed subsystem that can

be solved independently of Eq. (5.1).

5.2.4 Parameter values

The parameters that appear in Eqs. (5.1),(5.18)-(5.27) are summarised in Table 5.1.

The blood densities of LDL lipid, L(0), and HDL lipid capacity, H(0), are key parame-

ters in our model. Since these quantities are sensitive to modifiable lifestyle factors such

as diet and exercise [38], we explore a range of plausible values in our analysis. The range

for L(0) is based on the human serum LDL cholesterol distribution reported in [32], in

which 99.8% of the subjects had LDL cholesterol below 280mg/dL. We multiply this figure

by 78/50 to account for LDL phospholipid to obtain an upper estimate of 480mg/dL [39].

We take H(0) = 230 mg/dL as a conservative upper bound, which exceeds the highest

recorded HDL cholesterol concentrations (∼193mg/dL) in a sample of 116508 individuals

from the general population [202].

We consider a range of values for the LDL retention capacity, Kr, since it varies be-

tween artery wall sections [24]. As LDL retention is driven by LDL-proteoglycan binding,

we estimate Kr by considering the artery wall proteoglycan density. Artery wall ex-

tracellular matrix prior to atherosclerosis-induced collagen degradation consists of 4%

proteoglycan and 40% collagen [208]. Using 0.01 − 3 mg/mL as an estimate for the

collagen density (0.75 mg/mL is used to replicate the tunica intima in culture models

[210]), we obtain a proteoglycan density of 0.001− 0.3 mg/mL. Assuming each proteogly-

can molecule (est. mass 800 kDa [234]) can support a single aggregate of LDL (typical

diameter 75 nm, corresponding to 0.0002 pg lipid for spherical droplets [209]), we estimate
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Table 5.1: Model parameters

Parameter Interpretation Estimate Source

L(0) Lumen LDL lipid density 0− 440 mg/dL [32, 39]

H(0) Lumen HDL lipid capacity 0− 230 mg/dL [202]

π
(0)
L Endothelial LDL exchange rate 1.5 month−1 [203, 204]

π
(0)
H Endothelial HDL exchange rate 3.0 month−1 [205], ≈ 2π

(0)
L

L(1) Tunica media LDL lipid density 0 mg/dL [206]

H(1) Tunica media HDL lipid capacity 0 mg/dL [206], est.

π
(1)
L Internal elastic lamina LDL ex-

change rate
4.5 month−1 [207], ≈ 3π

(0)
L

π
(1)
H Internal elastic lamina HDL ex-

change rate
9.0 month−1 [207], ≈ 3π

(0)
H

Kr LDL retention capacity 15− 7500 mg/dL [208–210]
kb LDL retention rate 0.008 dL/mg month−1 [206, 211]
k−b LDL unbinding rate 1.8 month−1 [206, 211]
σM Maximum MDM entry rate 17000 mm−3 month−1 [212–214]
β MDM apoptosis rate 1.0 month−1 [68, 215]
γ MDM egress rate 0.2 month−1 [214, 216], est.
ν Secondary necrosis rate 37 month−1 [217]
a0 MDM endogenous lipid 27pg [218, 219]
κ MDM lipid capacity 800pg [133], ≈ 29a0
kLDL LDL lipid uptake rate 0.00034 dL/mg month−1 [90]
kr rLDL lipid uptake rate 0.023 dL/mg month−1 [90]
kap Apoptotic lipid uptake rate 0.060 dL/mg month−1 [220, 221]
kn Necrotic lipid uptake rate 0.015 dL/mg month−1 [222], ≈ kap/4
kH Lipid efflux rate 0.34 dL/mg month−1 [223, 224]
Sc50
+ Mediator density for half-

maximum MDM recruitment
5 ng/mL [225, 226]

ρ Sensitivity of MDM recruitment
to resolving mediators

0.40 [227]

δS Mediator natural decay rate 1600 month−1 [201]
∆s Mediator mass 17 kDa [228]
ks Mediator binding rate to MDM

surface receptors
8800 mL/ng month−1 [229, 230]

kc Constitutive mediator produc-
tion rate by MDMs

1.5 pg month−1 [231]

µ Mediator production per unit
lipid stimulus

0.042 [231]

α Resident inflammatory mediator
production per rLDL lipid

3.5× 10−3 month−1 [68]

χ MDM phenotypic plasticity 6.0× 10−6 [232]
∆a MDM uptake/efflux increment of

lipid
16 pg [91, 233],

∈ (75kDa, a0)
ℓmax Maximum MDM lipid capacity

per uptake/efflux increment
100 = κ/∆a

ϕmax Half the maximum number of
MDM phenotype classes

50 < (2χ)−1
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Kr ≈ 15− 4500 mg/dL.

The values of the remaining parameters are fixed. We provide further details below.

• Exchange rates. The parameters π0
L, π

1
L, π

0
H and π1

H are obtained by dividing

the respective permeabilities by the human coronary artery tunica intima thickness

(∼ 0.4 mm [9]). We note that the intimal thickness in mice is considerably smaller

(∼ 0.025 mm [235, 236]), and so murine exchange rates are higher.

• Maximum MDM entry rate. The parameter σM is based on data from monocyte

transmigration experiments [212]. Specifically, Williams et al. observed that when

human monocytes were placed above stimulated endothelial cells, approximately

20% entered the sub-endothelial layer within 1.5 hours. Multiplying this rate by 350

mm−3, a typical blood monocyte density [213], gives 34000 mm−3 per month. Since

approximately half the incoming monocytes do not differentiate into macrophages

and leave the lesion within 48 hours [214], we estimate σM = 17000 mm−3 per

month.

• Uptake and efflux rates. The uptake and efflux rates are obtained from in vitro

experiments. We note that the free LDL uptake rate, kLDL, is calibrated to data for

native LDL (data for oxidised LDL yields a slightly higher but comparable estimate),

while the larger rLDL uptake rate, kr, is based on aggregated LDL data. This is

reasonable since proteoglycan-bound LDL aggregates into lipid droplets that are

more readily taken up by MDMs in vivo [53]. The apoptotic lipid uptake rate, kap,

has been scaled down from its in vitro estimate by a factor 19 to account for the

19-fold deficiency in efferocytosis measured in human atherosclerotic plaques [221].

• Mediator mass and decay. The mediator mass, ∆s, and natural decay rate, δS,

are based on data for the inflammatory mediator TNF, which has a molecular weight

of 17 kDa in its secreted form as a monomer and a 19 minute half-life [201, 228].

Other mediators have a comparable mass and half-life (e.g., 15 kDa and 20 minutes,

respectively, for the resolving mediator IL-4 [201]).

• Resident mediator production. We estimate the rate of rLDL-stimulated me-

diator production from resident cells, α, using reports that MDMs are observed in

murine atherosclerotic lesions within 2 weeks of high fat diet treatment [68]. The

value α = 3.5 × 10−3 per month ensures that the MDM density in our model is

approximately 350 mm−3 (approximately the blood monocyte concentration) in 2

weeks when L(0) = 750 mg/dL.

• MDM phenotypic plasticity. The parameter χ is calibrated to experiments of

macrophage phenotype modulation in vitro [232]. Tarique et al. observed that
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macrophages exposed to inflammatory and resolving mediators at 20 ng/mL under-

went phenotypic polarisation in 2 days. We fix χ = 6.3 × 10−4 so that phenotype

modulation in our model occurs on this timescale (i.e., Φ̂M(t = 2days) = ±1/2 if

S± = 20ng/mL and Φ̂M(t = 0) = 0).

• Increments of lipid content and phenotype. The lipid uptake/efflux incre-

ment, ∆a, and maximal structure indices, ℓmax and ϕmax, are model abstractions.

In reality, lipid increments vary substantially depending on the specific interaction.

The smallest increment is likely that associated with efflux, given that each HDL

particle can store approximately 75 kDa of cholesterol. The largest increment is

likely that due to apoptotic or necrotic lipid uptake, which we can assume to be

smaller than the endogenous lipid content, a0, since cellular uptake in vivo is typ-

ically piecemeal rather than involving whole cell engulfment [91]. We fix ∆a = 16

pg as a reasonable intermediate value. This choice means that ℓmax = κ/∆a ≈ 100.

The value of ϕmax has an upper bound of (2χ)−1 ≈ 83000 since the phenotype tran-

sition probabilities in Eqs. (5.5) must satisfy p±ϕ ≤ 1. We fix ϕmax = 50 so that

phenotype and lipid content are equally resolved in our model.

5.2.5 Non-dimensionalisation

We recast the model in terms of the following dimensionless variables:

t̃ := βt, m̃ϕ,ℓ(t̃) :=
β

σM
mϕ,ℓ(t), M̃(t̃) :=

β

σM
M(t),

L̃(t̃) :=
β

a0σM
L(t), H̃(t̃) :=

β

a0σM
H(t), S̃±(t̃) :=

1

Sc50
+

S±(t).
(5.28)

This scaling measures time in units of mean MDM lifespan, β−1 ≈ 1month, and MDM

densities relative to the maximum influx per MDM lifespan, σMβ
−1 ≈ 17000 mm−3. We

express the extracellular lipid densities and HDL lipid capacity relative to the maximum

influx of MDM endogenous lipid per MDM lifespan, a0σMβ
−1 ≈ 45 mg/dL. Mediator

densities are measured relative to the density for half-maximal MDM recruitment, Sc50
+ ≈

5 ng/mL. We also introduce a number of dimensionless parameters in Table 5.2.

Applying the non-dimensionalisation (5.28) and definitions of Table 5.2, and dropping

the tildes for notational convenience, we obtain the following dimensionless ODEs for the

MDM population:

d

dt
mϕ,ℓ = kL ·L

[
(ℓmax − ℓ+ 1)mϕ,ℓ−1 − (ℓmax − ℓ)mϕ,ℓ

]
+ kHH

[
(ℓ+ 1)mϕ,ℓ+1 − ℓmϕ,ℓ

]
+ χS+

[
(ϕmax − ϕ+ 1)mϕ−1,ℓ − (ϕmax − ϕ)mϕ,ℓ

]
+ χS−

[
(ϕmax + ϕ+ 1)mϕ+1,ℓ − (ϕmax + ϕ)mϕ,ℓ

]
+Rϕ,ℓ − (1 + γ)mϕ,ℓ,

(5.29)
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Table 5.2: Dimensionless parameters in the rescaled Eqs. (5.29)-(5.41)

.

Parameter Definition Interpretation Estimate

L̃⋆ β
a0σM

L(0) Lumen LDL lipid density 0− 10

H̃⋆ β
a0σM

H(0) Lumen HDL lipid capacity 0− 5

K̃r
β

a0σM
Kr LDL retention capacity 0.3− 100

π̃
(0)
L

1
βπ

(0)
L Endothelial LDL exchange rate 1.5

π̃
(0)
H

1
βπ

(0)
H Endothelial HDL exchange rate 3.0

π̃
(1)
L

1
βπ

(1)
L Internal elastic lamina LDL exchange rate 4.5

π̃
(1)
H

1
βπ

(1)
H Internal elastic lamina HDL exchange rate 9.0

k̃b
a0σM
β2 kb LDL retention rate 2.7

k̃−b
1
βk−b LDL unbinding rate 1.8

γ̃ 1
βγ MDM egress rate 0.2

ν̃ 1
βν Secondary necrosis rate 37

κ̃ 1
a0
κ MDM lipid capacity per unit endogenous lipid 29

k̃LDL
a0σM
β2 kLDL LDL uptake rate 0.016

k̃r
a0σM
β2 kr rLDL uptake rate 1.1

k̃ap
a0σM
β2 kap Apoptotic lipid uptake rate 5.5

k̃n
a0σM
β2 kn Necrotic lipid uptake rate 1.4

k̃H
a0σM
β2 kH Lipid efflux rate 16

ρ̃ ρ MDM influx sensitivity to resolving mediators 0.4

k̃S
σM∆S

β2 kS Mediator binding rate to MDM receptors 47

δ̃S
1
β δS Mediator natural decay rate 1600

k̃c
σM

Sc50
+ β2kc Constitutive MDM mediator production rate 5100

µ̃ a0σM

Sc50
+ β

µ Lipid-stimulated mediator production 9200

α̃ a0σM

Sc50
+ β2α Resident mediator production per rLDL lipid 850

χ̃
kSS

c50
+

σM
χ MDM phenotypic plasticity 0.28

ϕmax ϕmax MDM phenotype resolution 50
ℓmax ℓmax MDM maximum lipid capacity 100
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where

Rϕ,ℓ :=

{
S+

S++1+ρS−
if (ϕ, ℓ) = (0, 0);

0 if (ϕ, ℓ) ̸= (0, 0),
(5.30)

mϕ,−1 = mϕ,ℓmax+1 = m−ϕmax−1,ℓ = mϕmax+1,ℓ = 0, (5.31)

for every ϕ = 0,±1, . . . ,±ϕmax and ℓ = 0, 1, . . . , ℓmax, and kL · L = kLDLLLDL + krLr +

kapLap + knLn. The remaining variables solve the closed subsystem

dM

dt
=

S+

S+ + 1 + ρS−
− (1 + γ)M, (5.32)

dΦ̂M

dt
= χ

[
S+(1− Φ̂M)− S−(1 + Φ̂M)

]
−
( S+

S+ + 1 + ρS−

)Φ̂M

M
, (5.33)

dL̂M

dt
= kL ·L(1− L̂M)− kHHL̂M −

( S+

S+ + 1 + ρS−

) L̂M

M
, (5.34)

dLLDL

dt
= π

(0)
L (L⋆ − LLDL) − π

(1)
L LLDL

− kbLLDL(Kr − Lr) + k−bLr − kLDLκLLDLM(1− L̂M),
(5.35)

dLr

dt
= kbLLDL(Kr − Lr) − k−bLr − krκLrM(1− L̂M), (5.36)

dLap

dt
= M(1 + κL̂M) − νLap − kapκLapM(1− L̂M), (5.37)

dLn

dt
= νLap − knκLnM(1− L̂M), (5.38)

dH

dt
= π

(0)
H (H⋆ −H) − π

(1)
L H − kHκHML̂M , (5.39)

dS+

dt
= αLr + µ

[
(kLDLLLDL + krLr)κM(1− L̂M) + νLap

]
+ kcM(1 + Φ̂M)− (kSM + δS)S+,

(5.40)

dS−

dt
= µ

[
kapκLapM(1− L̂M) + kHκHML̂M

]
+ kcM(1− Φ̂M)− (kSM + δS)S−.

(5.41)

Finally, we assume that at t = 0:

mϕ,ℓ = 0 for every (ϕ, ℓ), LLDL = Lr = Lap = Ln = H = S± = 0. (5.42)

5.2.6 Numerical solutions and timescales

The dimensionless parameters in Table 5.2 span several orders of magnitude. In partic-

ular, the mediator parameters α, δS, kS and µ are considerably larger than the other

constants. Numerical solutions of Eqs. (5.29)-(5.41) consequently require small timesteps

to maintain stability. We address this issue in our numerical solutions, computed with

Wolfram Mathematica, by using the routine NDSolve with the “StiffnessSwitching” op-

tion. To ensure the validity of numerical solutions, we checked that the output of NDSolve

was robust to decreases in “MaxStepSize”, increases in “PrecisionGoal” and “Accuracy-

Goal”, and consistent with the steady state solutions (computed with NSolve) in Sect.

5.3.1.2 and the analytical steady state results in Sect. 5.3.2.4.
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We note that another way to reduce numerical stiffness is to approximate the mediator

dynamics via separation of timescales. With δ−1
S ≪ 1 and assuming that α, kS, µ = O(δS),

it is straightforward to show that S± satisfy the following uniformly-valid quasi-steady

state approximations:

S+ ∼ α̂Lr + µ̂
[
(kLDLLLDL + krLr)κM(1− L̂M) + νLap

]
+ k̂cM(1 + Φ̂M),

(5.43)

S− ∼ µ̂κM
[
kapLap(1− L̂M) + kHHL̂M

]
+ k̂cM(1− Φ̂M), as δ−1

S → 0, (5.44)

where α̂ := α/δS, µ̂ := µ/δS and k̂c := kc/δS. Although approximations (5.43)-(5.44) are

not used for the simulations presented in Sect. 5.3, they reveal that, at leading order, the

mediator densities are proportional to their net rates of production.

5.3 Results

We present the results in two sections. In Sect. 5.3.1 we analyse the subsystem (5.32)-

(5.41) to generate insight into lesion composition. In Sect. 5.3.2 we focus on the MDM

phenotype-lipid distribution.

5.3.1 Lesion composition

We begin our analysis of lesion composition by computing time-dependent solutions of

the subsystem (5.32)-(5.41); the results are presented in Sect. 5.3.1.1. In Sect. 5.3.1.2 we

then analyse the impact of the key parameters: L⋆, H⋆ and Kr on the steady state values.

5.3.1.1 Time evolution

Two typical numerical solutions of the subsystem (5.32)-(5.41) are shown in Fig. 5.3. The

left and right solutions respectively correspond to healthy (L⋆ = 3, H⋆ = 2) and unhealthy

(L⋆ = 4, H⋆ = 0.5) blood levels of LDL lipid and HDL capacity. We set Kr = 25 for both

cases. The quantity L(t) in plots (d) and (i) is the total extracellular lipid density:

L(t) := LLDL(t) + Lr(t) + Lap(t) + Ln(t), (5.45)

whereas plots (e) and (j) show the components of the total lesion lipid content:

Ltot(t) := LLDL(t) + Lr(t) +
[
1 + κL̂M(t)

]
M(t) + Lap(t) + Ln(t), (5.46)

which includes MDM lipid. The model dynamics can be broadly divided into three phases

that we detail below.

The first weeks, 0 < t < 0.5, are characterised by the influx of LDL, HDL and MDMs.

LDL and HDL enter the lesion first at t = 0 (see initial rise in L(t) andH(t) in Figs. 5.3 (d,

i)). The lesion is initially dominated by free LDL for 0 < t < 0.02, due to LDL influx from

the blood, and rLDL for 0.02 < t < 0.1, due to LDL retention to ECM proteoglycans
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Figure 5.3: Time evolution of lesion composition. Plots (a)-(j) show numerical
solutions of Eqs. (5.32)-(5.41) for a case with healthy LDL to HDL balance: L⋆ = 3,
H⋆ = 2 (left), and unhealthy LDL to HDL balance: L⋆ = 4, H⋆ = 0.5 (right). The
system tends to a non-zero steady state as t→ ∞ with values that depend sensitively on
L⋆ and H⋆. We set Kr = 25 for both cases. Note the logarithmic scale for time, t, and
the lipid densities in plots (e) and (j).
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(Figs. 5.3 (e, j)). The increase in rLDL drives an increase in inflammatory mediator

density (Figs. 5.3 (c, h)) that stimulates MDM recruitment; MDMs infiltrate the lesion

in substantial numbers from t > 0.1 (Figs. 5.3 (a, f)). In the initial period following MDM

influx, 0.1 < t < 0.5, there is an increase in MDM lipid content and phenotype (Figs. 5.3

(b, g)), and corresponding increase in MDM lipid relative to rLDL lipid (Figs. 5.3 (e, j)).

These changes are driven by MDM uptake of rLDL and interaction with inflammatory

mediators. We note that rLDL uptake stimulates inflammatory mediator production,

and, consequently, further stimulates inflammatory MDM phenotype modulation.

The period 0.5 < t < 2 is characterised by MDM modulation towards resolving phe-

notypes (Figs. 5.3 (b, g)). This phenotype change is driven by increased production of

resolving mediators, relative to inflammatory mediators (Figs. 5.3 (c, h)). Resolving me-

diator production is partly stimulated by increased HDL efflux during this period; MDMs

have ingested enough lipid by this stage for efflux to cause HDL capacity to decline (Figs.

5.3 (d, i)). Resolving mediators are also produced due to MDM uptake of apoptotic lipid

(i.e., efferocytosis), which first appears during this period due to MDM death.

For 2 < t < ∞, the model tends to a non-zero steady state in a manner sensi-

tive to parameter values. For healthier balances of blood LDL lipid and HDL capacity

(L⋆, H⋆): mean MDM lipid content increases to a small non-zero value and mean MDM

phenotype remains negative (i.e., resolving) (Fig. 5.3(b)), resolving mediators outbalance

inflammatory mediators (Fig. 5.3(c)), extracellular lipid levels are low and comparable

to HDL capacity (Fig. 5.3(d)). Lesion lipid content is less than the blood LDL density:

Ltot(t → ∞) ≈ 2.5 < L⋆ = 3 (Fig. 5.3(e)). By contrast, when L⋆ is sufficiently high

relative to H⋆ (quantified in Sect. 5.3.1.2): MDM densities are greater (Fig. 5.3(f)),

mean MDM lipid content increases to a large value and mean MDM phenotype is positive

(i.e., inflammatory) (Fig. 5.3(g)), inflammatory mediators outbalance resolving mediators

(Fig. 5.3(h)), HDL capacity is largely exhausted while extracellular lipid levels remain

substantial (Fig. 5.3(i)), and lesion lipid densities are greater than blood LDL densities:

Ltot(t→ ∞) ≈ 20 > L⋆ = 4 (Fig. 5.3(j)).

In Fig. 5.4 we show how the LDL retention capacity, Kr, impacts the timescale of

lesion development. The left plot depicts the time to steady state, defined numerically

as the smallest time t for which
√∑

i

(
1
yi

dyi
dt

)2 ≤ 10−8, where the sum is taken over all

subsystem variables: y = (M, Φ̂M , L̂M , H,L, S±). The time to steady state increases

with Kr and is greater for the unhealthy case (L⋆ = 4.0, H⋆ = 0.5) than the healthy case

(L⋆ = 3.0, H⋆ = 2) for all Kr ≤ 100. The right plot shows the time, tM, for MDM lipid

to exceed 450mg/dL (the smallest t satisfying (1 + κL̂M(t))M(t) > 10), which we use as

a proxy for fatty streak onset. We find that increases to Kr yield smaller values of tM;

regions with higher LDL retention capacity develop fatty streaks earlier. Moreover, if Kr

is sufficiently small, the MDM lipid density never exceeds the 450mg/dL threshold; fatty

streaks will not develop in regions of sufficiently low LDL retention capacity.
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(𝒂) (𝒃)

Figure 5.4: LDL retention capacity modulates the timescale of lesion develop-
ment. Plot (a) shows how time to steady state increases with Kr. Plot (b) shows how
the time for MDM lipid to exceed 450mg/dL, a proxy for fatty streak onset, decreases
with Kr.

5.3.1.2 Steady state solutions

The results of Sect. 5.3.1.1 show that the model tends to a non-zero equilibrium as t→ ∞.

Steady state solutions to the subsystem (5.32)-(5.41) are computed numerically via the

Mathematica FindRoot routine.

Fig. 5.5 illustrates how blood levels of LDL lipid, L⋆, and HDL capacity, H⋆, impact

the model lesion at steady state. Lesion composition becomes more pathological as L⋆

increases and H⋆ decreases; MDM density, mean phenotype, lipid content and total lipid

content each monotonically increase with L⋆ and decrease with H⋆, while HDL capacity

monotonically decreases with L⋆ and increases with H⋆. We note that all plots exhibit

regions in which the contours are approximately linear. For the case Kr = 25 shown,

these contours take the form 0.4L⋆ − H⋆ = constant. The greater weighting on H⋆ in

the linear combination reflects the higher value of the dimensionless lipid efflux rate, kH ,

relative to the uptake rates in Table 5.2. Values of (L⋆, H⋆) above the Φ̂M = 0 contour

(0.4L⋆ − H⋆ ≈ 0.4) yield healthy lesions with smaller MDM densities, resolving mean

phenotypes and small mean lipid loads. Lesion lipid content is low and HDL capacity

remains substantial. Values of (L⋆, H⋆) below the Φ̂M = 0 contour yield pathological

lesions with higher MDM densities, inflammatory mean phenotypes and higher mean

lipid loads. Lesion lipid content is also large. These markers of pathology each increase

with 0.4L⋆ −H⋆. By contrast the HDL capacity is exhausted in this region.

Fig. 5.6 shows how the LDL retention capacity, Kr, impacts lesion composition at

steady state. We find that MDM density, MDM mean phenotype and MDM lipid content

increase non-linearly with Kr. These trends are amplified when the values (L⋆, H⋆) are

more pathological (i.e., 0.4L⋆ − H⋆ is larger). HDL capacity instead decreases with Kr.

Moreover, total lesion lipid content increases or decreases with Kr, depending on whether

the values (L⋆, H⋆) are pathological or healthy, respectively. This difference arises be-

cause higher LDL retention capacities give rise to higher MDM densities, due partially to
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Figure 5.5: Lesion composition at steady state depends on the bloodstream
balance of LDL lipid (L⋆) to HDL capacity (H⋆). The plots depict solutions to Eqs.
(5.32)-(5.41) at equilibrium across a uniform grid of values for (L⋆, H⋆). We use a grid
resolution of 0.2× 0.1 and assume Kr = 25. Note that the markers of pathology: M , Φ̂M ,
L̂M and Ltot, each increase with L⋆ and decrease with H⋆.
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Figure 5.6: Lesion composition at steady state varies with LDL retention ca-
pacity (Kr). The plots show solutions to Eqs. (5.32)-(5.41) at steady state across
0.3 ≤ Kr ≤ 100. We show a case with healthy LDL to HDL balance: L⋆ = 3.0, H⋆ = 2.0,
and a case with unhealthy LDL to HDL balance: L⋆ = 4.0, H⋆ = 0.5.
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elevated signalling by resident cells. In healthy cases, HDL capacity remains substantial

so that MDMs provide a net reduction in lesion lipid content by consuming extracellular

lipid and efficiently offloading to HDL. In pathological cases, HDL capacity is exhausted

and lipid taken up by MDMs can only leave the lesion via MDM egress. This makes

MDMs net contributors to lesion lipid content; on average, they remove less lipid from

the lesion than they supply via their endogenous lipid content.

5.3.2 MDM phenotype-lipid distribution

We now turn to Eqs. (5.29) to study how phenotype and lipid content are distributed

amongst lesion MDMs. After presenting numerical solutions for mϕ,ℓ(t) in Sect. 5.3.2.1,

we derive a continuum approximation of Eqs. (5.29) in Sect. 5.3.2.2 to make analytical

progress. In Sect. 5.3.2.3 we show how analysis of the leading-order advective dynamics

enables us to characterise the expected trajectories of MDMs through phenotype-lipid

space. Finally, in Sect. 5.3.2.4 we analyse the MDM distribution at steady state.

5.3.2.1 Time evolution

In Fig. 5.7 we present the dynamics of the MDM phenotype-lipid distribution, mϕ,ℓ(t), for

the cases shown in Fig. 5.3. At early times, 0 ≤ t ≤ 0.2, the distribution evolves in a wave-

like manner, from (ϕ, ℓ) = (0, 0), in the direction of increasing ϕ and ℓ due to the initial

phase of LDL influx and uptake noted in Sect. 5.3.1.1. At later times (0.5 ≤ t ≤ 2), the

distribution moves leftwards, becoming concentrated at lower values of ϕ. This resolving

phenotype modulation reflects greater production of resolving mediators, S−, relative to

inflammatory mediators, S+, in this phase (c.f. Fig. 5.3 (e,h)). At longer times, the

distribution settles to a steady state. In the healthy case, lipid loads increase slightly and

phenotypes remain resolving as the lesion tends to equilibrium. In the unhealthy case,

lipid loads increase substantially and phenotypes become more inflammatory towards

equilibrium.

We note that the MDM distribution, in both cases and at all times, is concentrated

about a central curve which begins at the origin (ϕ, ℓ) = (0, 0) and terminates at an

interior point in (ϕ, ℓ) space. This feature indicates that phenotype and lipid content

are non-linearly correlated. At steady state, this correlation is monotonic but may be

negative (as in case (a)) or positive (as in case (b)) depending on model parameters.

It is not straightforward to understand how the MDM distributions in Fig. 5.7 arise

by directly considering Eqs. (5.29). In order to make progress, we consider a continuum

approximation of Eqs. (5.29) in the analysis below.

5.3.2.2 Continuum approximation

We associate the discretely structured MDM distribution, mϕ,ℓ(t), ϕ = 0,±1, . . . ,±ϕmax,

ℓ = 0, 1, . . . , ℓmax, with a function m(ϕ̃, ℓ̃, t) ≥ 0 of two continuous structure variables, ϕ̃
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Figure 5.7: MDM phenotype-lipid distribution dynamics for two typical sim-
ulations. The plots show numerical solutions of Eqs. (5.29) for mϕ,ℓ(t) for a case with
healthy LDL to HDL balance (a): L⋆ = 3.0, H⋆ = 2.0, and unhealthy LDL to HDL
balance (b): L⋆ = 4.0, H⋆ = 0.5. We use Kr = 25 for both simulations. At steady state
(see t = 100), the distribution may skew towards resolving (case (a)) or inflammatory
(case (b)) phenotypes.
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and ℓ̃, and time t. Specifically, we make the identifications

ϕ̃ ∼ ϕ

ϕmax

, ℓ̃ ∼ ℓ

ℓmax

, m(ϕ̃, ℓ̃, t) ∼ ϕmax ℓmaxmϕ,ℓ(t). (5.47)

Here ϕ̃ ∈ [−1, 1] and ℓ̃ ∈ [0, 1], so that ϕ̃ = −1 corresponds to fully M2-polarised MDMs,

ϕ̃ = 1 to fully M1-polarised MDMs, ℓ̃ = 0 to MDMs with only endogenous lipid, and

ℓ̃ = 1 to MDMs at maximal lipid content. The function m(ϕ̃, ℓ̃, t) can be interpreted as

the number density of MDMs across a continuous phenotype-lipid structure space, with

scaling such that we may identify

M(t) =
∑
ϕ,ℓ

mϕ,ℓ(t) ∼
∫ 1

0

∫ 1

−1

m(ϕ̃, ℓ̃, t) dϕ̃ dℓ̃. (5.48)

We seek an expansion of Eqs. (5.29) in the limit ℓmax ∼ ϕmax → ∞. More precisely,

we set ϵ := ℓ−1
max ≪ 1 and assume that θ := ϕmax/ℓmax = O(1) as ϵ → 0. Substituting

the identifications (5.47) into Eqs. (5.29), Taylor-expanding about ϵ = 0, and neglecting

O(ϵ2) terms, yields the advection-diffusion PDE

∂m

∂t
= ∇ · (D∇m− vm)− (1 + γ)m, (5.49)

where ∇ =
(

∂
∂ϕ̃
, ∂
∂ℓ̃

)T
, and the velocity vector, v, and diffusivity matrix, D, are respec-

tively:

v =

[
χ(S+ − S−)− χ(S+ + S−)ϕ̃

kL ·L− (kL ·L+ kHH)ℓ̃

]
+
ϵ

2

[
θχ(S+ − S−)
kL ·L− kHH

]
, (5.50)

D =
ϵ

2

[
θχ
[
(S+ + S−)− (S+ − S−)ϕ̃

]
0

0 kL ·L− (kL ·L− kHH)ℓ̃

]
. (5.51)

We note that Eq. (5.49) is advection-dominant since v = O(1) and D = O(ϵ).

We derive boundary conditions for Eq. (5.49) by requiring that the dynamics of

the MDM population, M(t), as defined by Eq. (5.32), are consistent with those of the

continuous MDM distribution (5.48). Integrating Eq. (5.49) over (ϕ̃, ℓ̃) ∈ R := [−1, 1]×
[0, 1] and applying the divergence theorem yields

dM

dt
=

∮
∂R

(D∇m− vm) · n ds− (1 + γ)M, (5.52)

where n is the outwards pointing normal vector. We set

(D∇m− vm) · (±1, 0)T = 0 on ϕ̃ = ±1, (5.53)

(D∇m− vm) · (0,+1)T = 0 on ℓ̃ = 1, (5.54)

(D∇m− vm) · (0,−1)T = R0,0 · δ0(ϕ̃) on ℓ̃ = 0. (5.55)

Eqs. (5.53) and (5.54) are no-flux conditions so that MDMs cannot enter or leave the

system by exceeding the phenotype bounds ϕ̃ = ±1 or maximal lipid content ℓ̃ = 1,

respectively. We use the Dirac-delta distribution, δ0, in Eq. (5.55) to ensure that MDMs

enter the lesion at the origin (ϕ̃, ℓ̃) = (0, 0).
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5.3.2.3 Advection at leading order

Eq. (5.49) reduces to a hyperbolic PDE at leading order as ϵ→ 0:

∂m

∂t
+ χ

∂

∂ϕ̃

[(
(S+ − S−)− (S+ + S−)ϕ̃

)
m
]

+
∂

∂ℓ̃

[(
kL ·L− (kL ·L+ kHH)ℓ̃

)
m
]
= −(1 + γ)m.

(5.56)

Eq. (5.56) describes the advection, in (ϕ̃, ℓ̃) space, of MDMs according to a time-dependent

velocity field:

dϕ̃

dt
= χ

[
(S+ − S−)− (S+ + S−)ϕ̃

]
, (5.57)

dℓ̃

dt
= kL ·L− (kL ·L+ kHH)ℓ̃, (5.58)

where the coefficients: S±(t), L(t) and H(t), are time-dependent solutions of the subsys-

tem (5.32)-(5.41).

The dynamics of the velocity field defined by Eqs. (5.57)-(5.58) are illustrated in Fig.

5.8. A striking feature of the plots is that, at all times, the vector field has a single point

(ϕ̃×, ℓ̃×) of zero instantaneous velocity. This time-dependent point represents the target

phenotype and lipid content that MDMs are driven towards by advection. Setting time

derivatives to zero in Eqs. (5.57)-(5.58), and solving for ϕ̃ and ℓ̃ shows that

ϕ̃×(t) : =
S+(t)− S−(t)

S+(t) + S−(t)
, ℓ̃×(t) : =

kL ·L(t)

kL ·L(t) + kHH(t)
. (5.59)

The time-evolution of the zero velocity point, given by Eqs. (5.59), is shown in Fig.

5.8(c). We find that (ϕ̃×, ℓ̃×) first moves from an inflammatory position towards resolv-

ing phenotypes. This initial transition occurs because resolving mediator production by

MDMs opposes the initially pure inflammatory environment due to rLDL-stimulated res-

ident cells. When the LDL to HDL balance is healthy, the target phenotype becomes

resolving and the target lipid content increases towards towards a low steady state value.

When the LDL to HDL balance is unhealthy, the target phenotype remains inflammatory

and the target lipid content increases to a large value as the system evolves to its steady

state. We note further that (ϕ̃×, ℓ̃×) aligns well with the MDM distribution end points

shown in Fig. 5.7.

Since MDMs enter the model lesion with minimal lipid content and a neutral pheno-

type, we are particularly interested in solutions to Eqs. (5.57)-(5.58), which satisfy the

initial conditions

ϕ̃(t⋆) = 0, ℓ̃(t⋆) = 0. (5.60)
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𝑡 = 1.0 𝑡 = 2.0 𝑡 = 100
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(𝒂)

(𝒃)

(𝒄)

Figure 5.8: Dynamics of the MDM phenotype-lipid velocity field. The vector
field plots illustrate the right hand side of Eqs. (5.57)-(5.58) using the numerical solutions
of the subsystem (5.32)-(5.41) shown in Fig. 5.3. The velocity magnitude is indicated by
larger arrows and brighter colours. The point of instantaneous zero velocity is indicated
by a circle at each time point in (a) and (b), and plotted against time in (c). We fix
Kr = 25 and use L⋆ = 4.0, H⋆ = 0.5 for (a) and L⋆ = 3.0, H⋆ = 2.0 for (b).
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Such solutions represent the trajectory of MDMs that enter the lesion at time t = t⋆ in

the limit ϵ→ 0. They can be expressed in terms of the subsystem variables as follows:

ϕ̃(t) = I1(t)
−1

∫ t

t⋆
χ
(
S+(τ)− S−(τ)

)
I1(τ)dτ, (5.61)

ℓ̃(t) = I2(t)
−1

∫ t

t⋆
kL ·L(τ)I2(τ)dτ, t ≥ t⋆, (5.62)

where I1(t) and I2(t) are integrating factors:

I1(t) := e
∫ t
t⋆ χ
(
S+(τ)+S−(τ)

)
dτ , I2(t) := e

∫ t
t⋆

(
kL·L(τ)+kHH(τ)

)
dτ .

We use numerical solutions of the subsystem (5.32)-(5.44) to evaluate Eqs. (5.61)-(5.62)

in Fig. 5.9. As MDMs travel along the trajectories shown, they emigrate from the lesion

and die via apoptosis at the constant rate (1 + γ). The proportion of the MDMs which

enter the lesion at time t = t⋆ that are still alive and in the lesion at time t ≥ t⋆ is given by

e−(1+γ)(t−t⋆). This proportion is represented in Fig. 5.9 by the opacity of the curves. The

plots illustrate that MDMs which enter the lesion early (e.g., at t⋆ = 0.2) can be expected

to first transition from phenotypic neutrality to an inflammatory state, before evolving

to either a resolving phenotype with low lipid load (case (a)), or a milder inflammatory

phenotype with high lipid load (case b). The trajectories of MDMs that enter the lesion

at later times are typically monotonic, in contrast to the looping trajectories of MDMs

that enter at earlier times. We note in particular that trajectories with t⋆ = 100 (near

steady state) align well with the centre line of the MDM distributions (c.f. Fig. 5.7 at

t = 100).

5.3.2.4 Steady state solutions

It is straightforward to show thatm⋆(ϕ̃, ℓ̃), the steady state solution of Eq. (5.49), satisfies

ϵθq

2

∂2

∂ϕ̃2

[
(1−ϕ̃∞ϕ̃)m

⋆
]
+
ϵ

2

∂2

∂ℓ̃2

[(
ℓ̃∞ − (2ℓ̃∞ − 1)ℓ̃

)
m⋆
]

− q(ϕ̃∞ − ϕ̃)
∂m⋆

∂ϕ̃
− (ℓ̃∞ − ℓ̃)

∂m⋆

∂ℓ̃
− (p− q)m⋆ = 0,

(5.63)

where the constants ϕ̃∞, ℓ̃∞, q and p are defined in terms of model parameters and the

equilibrium values of the subsystem variables:

ϕ̃∞ :=
S+ − S−

S+ + S−
, ℓ̃∞ :=

kL ·L
kL ·L+ kHH

,

q :=
χ(S+ + S−)

kL ·L+ kHH
, p := −1 +

1 + γ

kL ·L+ kHH
.

(5.64)

We note that ϕ̃∞ ∈ (−1, 1) and ℓ̃∞ ∈ (0, 1) coincide exactly with the target phenotype

and lipid content, ϕ̃× and ℓ̃×, respectively (c.f. Eqs. (5.59) at steady state). We note also

that p ∈ (−1,∞) and q ∈ (0,∞). The boundary conditions (5.53)-(5.55) become

Jϕ|ϕ̃=−1 = 0, Jϕ|ϕ̃=1 = 0, Jℓ|ℓ̃=1 = 0, Jℓ|ℓ̃=0 =
( ℓ̃∞R0,0

kL ·L

)
· δ0(ϕ̃), (5.65)
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Expected MDM trajectories
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Healthy blood 
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Time of entry:

(𝒂) (𝒃)

Figure 5.9: Expected trajectory through phenotype-lipid space of MDMs that
enter the lesion at time t = t⋆. The curves are numerical solutions to Eqs. (5.57)-
(5.60). The opacity of each point on the curves represents the probability that MDMs
travel through that point before either dying or emigrating from the lesion. Note how
MDMs which enter at later times have simple monotonic trajectories, in contrast to those
that enter earlier.

where the dimensionless fluxes are given by

Jϕ = q(ϕ̃∞ − ϕ̃)m⋆ − ϵθq

2

∂

∂ϕ̃

[
(1− ϕ̃∞ϕ̃)m

⋆
]
, (5.66)

Jℓ = (ℓ̃∞ − ℓ̃)m⋆ − ϵ

2

∂

∂ℓ̃

[(
ℓ̃∞ − (2ℓ̃∞ − 1)ℓ̃

)
m⋆
]
. (5.67)

Rather than searching for a closed-form solutions to Eq. (5.63) in full generality, we

characterise the solutions via asymptotic analysis in the limit ϵ→ 0. More specifically, we

derive equations for the central curve of the MDM distribution and marginal distributions

with respect to lipid content, W (ℓ̃), and phenotype, V (ϕ̃), where

W (ℓ̃) :=

∫ 1

−1

m⋆(ϕ̃, ℓ̃) dϕ̃, V (ϕ̃) :=

∫ 1

0

m⋆(ϕ̃, ℓ̃) dℓ̃. (5.68)

Finally, we consider the impact of the LDL lipid and HDL capacity blood densities, L⋆

and H⋆, respectively. The results are summarised in Figs. 5.10 and 5.11.

Central curve. We determine the curve about which m⋆(ϕ̃, ℓ̃) is centred by considering

Eq. (5.63) at leading order. When ϵ = 0, Eq. (5.63) reduces to a first order hyperbolic

PDE, with characteristics that satisfy the equation

dϕ̃

dℓ̃
=
q(ϕ̃∞ − ϕ̃)

ℓ̃∞ − ℓ̃
. (5.69)
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Figure 5.10: Comparison of continuum analytical results to numerical solutions
for the discrete MDM distribution, mϕ,ℓ, at steady state. Cases (a)-(d) use
the values (L⋆, H⋆) = (3, 2), (1.8, 0.8), (2.5, 0.77) and (4, 0.5) and are ordered roughly
by pathology. The first column overlays Eq. (5.70) for the central curve with mϕ,ℓ

(same colour legend as in Fig. 5.7). The second and third columns compare the exact
solutions for the lipid content and phenotype marginals, given by Eqs. (5.73) and (5.83),
respectively, with the discrete marginals. We set Kr = 25 for all cases.
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Solving Eq. (5.69) subject to ϕ̃(ℓ̃ = 0) = 0 yields

ϕ̃ = ϕ̃c(ℓ̃) := ϕ̃∞

[
1−

(
1− ℓ̃

ℓ̃∞

)q]
. (5.70)

In the first column of Fig. 5.10, the solution (5.70) is superimposed on numerical so-

lutions for mϕ,ℓ at steady state, showing good agreement with the centre of the MDM

distributions.

Eq. (5.70) confirms that, at steady state, phenotype and lipid content are monoton-

ically correlated via a power law. The correlation is positive when ϕ̃∞ > 0 and negative

when ϕ̃∞ < 0. Equivalently, using the first of Eqs. (5.64), if inflammatory mediators dom-

inate resolving ones (S+ > S−) then MDMs with higher lipid loads have a more inflamma-

tory phenotype; if, however, resolving mediators dominate (S+ < S−) then MDMs with

higher lipid loads have a more resolving phenotype. The nonlinearity of the correlation

is determined by the constant q, which measures the relative amount of mediator-MDM

activity to lipid-MDM activity.

Distribution of lipid content: Integrating Eqs. (5.63) and (5.65) with respect to

ϕ̃ ∈ [−1, 1] yields the following ODE for W (ℓ̃):

ϵ

2

d2

dℓ̃2

[(
ℓ̃∞ − (2ℓ̃∞ − 1) ℓ̃

)
W
]
− (ℓ̃∞ − ℓ̃)

dW

dℓ̃
− pW = 0, (5.71)

and the boundary conditions:

− ϵ

2

d

dℓ̃

[(
ℓ̃∞ − (2ℓ̃∞ − 1) ℓ̃

)
W
]
+ (ℓ̃∞ − ℓ̃)W =

{
ℓ̃∞R0,0

kL·L at ℓ̃ = 0,

0 at ℓ̃ = 1.
(5.72)

Eq. (5.71) admits an exact solution (found via the Mathematica DSolve routine):

W (ℓ̃) = e−f(ℓ̃)
[
K1U

2−f(ℓ̃∞)
p (f(ℓ̃)) +K2L1−f(ℓ̃∞)

−p (f(ℓ̃))
]
, (5.73)

where f is the function

f(ℓ̃) :=
2

(1− 2ℓ̃∞)ϵ

[
ℓ̃+

(
ℓ̃∞

1− 2ℓ̃∞

)]
, (5.74)

U b
a(z) is the confluent hypergeometric function and Lb

a(z) the generalised Laguerre poly-

nomial. The constants K1 and K2 are determined by substituting Eq. (5.73) into the

boundary conditions (5.72); exact expressions are readily obtained via the Mathematica

Solve routine, but are too involved to be insightful and so are omitted here for brevity.

We compare the solution (5.73) to numerical solutions of the discrete model in the second

column of Fig. 5.10, showing excellent agreement.

The form of Eq. (5.73) makes it difficult to understand how W (ℓ̃) depends on the

constants defined in Eqs. (5.64). Nonetheless, analysis of the leading order “outer”

solution shows how the qualitative behaviour of W (ℓ̃) depends on p and ℓ̃∞. Here we
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follow the asymptotic analysis in Chapter 4. Setting ϵ = 0 in Eq. (5.71) admits the

following solution:

Wouter(ℓ̃) = K3

(
1− ℓ̃

ℓ̃∞

)p

, (5.75)

where K3 ≥ 0 is a constant of integration. Eq. (5.75) admits three possible behaviours

as ℓ̃ → ℓ̃∞ from below. For p > 0, Wouter decreases monotonically to zero (with non-zero

derivative if p < 2); for p = 0, Wouter is constant; and for p < 0, Wouter diverges to +∞.

The full solution does not exhibit such discontinuities at ℓ̃ = ℓ̃∞ due to the regularising

effects of the second derivative term. The corresponding behaviour for W (ℓ̃) is as follows.

For p > 0, W decreases monotonically and smoothly to zero near ℓ̃ = ℓ̃∞ (Fig. 5.10(b));

for p = 0, W takes a quasi-uniform sigmoidal profile with a rapid decrease to zero near

ℓ̃ = ℓ̃∞ (Fig. 5.10(c)); and for p < 0, W increases monotonically before attaining a local

maximum near ℓ̃ = ℓ̃∞ (Fig. 5.10 (a,d)). In the above, “near ℓ̃ = ℓ̃∞” means an O(ϵ
1
2 )

neighbourhood of ℓ̃ = ℓ̃∞. This scaling can be derived by searching for an inner variable

ℓ̂ = (ℓ̃− ℓ̃∞)/ϵn for some ℓ̂ = O(1) in Eq. (5.71); an exponent n = 1
2
is required to bring

the second derivative into the dominant balance.

Distribution of phenotype: Integrating Eqs. (5.63) and (5.65) with respect to

ℓ̃ ∈ [0, 1] gives the following boundary value problem for V (ϕ̃):

ϵθ

2

d2

dϕ̃2

[
(1− ϕ̃∞ϕ̃)V

]
− (ϕ̃∞ − ϕ̃)

dV

dϕ̃
− rV = − ℓ̃∞R0,0

qkL ·L
· δ0(ϕ̃), (5.76)

−ϵθ
2

∂

∂ϕ̃

[
(1− ϕ̃∞ϕ̃)V

]
+ (ϕ̃∞ − ϕ̃)V = 0 at ϕ̃ = ±1, (5.77)

where r := −1 + p+1
q
. As in the derivation of a Green’s function, we first recast the

Dirac-delta source, which describes MDM recruitment, as a jump condition. That is, we

seek a solution of the form

V (ϕ̃) =

{
V−(ϕ̃), −1 ≤ ϕ̃ ≤ 0;

V+(ϕ̃), 0 ≤ ϕ̃ ≤ 1,
(5.78)

where V± solve the ODE

ϵθ

2

d2

dϕ̃2

[
(1− ϕ̃∞ϕ̃)V±]

]
− (ϕ̃∞ − ϕ̃)

dV±

dϕ̃
− rV± = 0, (5.79)

and satisfy

V−(0) = V+(0) (5.80)

V ′
−(0) = V ′

+(0) +
2ℓ̃∞R0,0

ϵθqkL ·L
(5.81)

−ϵθ
2

[
(1− ϕ̃∞ϕ̃)V±

]′
+ (ϕ̃∞ − ϕ̃)V± = 0 at ϕ̃ = ±1. (5.82)
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The exact solution for Eq. (5.79) can be written as

V±(ϕ̃) = J±,1U
1+g(ϕ̃∞)
−r (g(ϕ̃)) + J±,2Lg(ϕ̃∞)

r (g(ϕ̃)), (5.83)

where

g(ϕ̃) :=
2(ϕ̃∞ϕ̃− 1)

ϵθϕ̃2
∞

. (5.84)

Expressions for the constants J±,1, J±,2 can be found by substituting Eq. (5.83) into

conditions (5.80)-(5.82). As for W (ℓ̃), they are too complicated to be insightful and are

omitted for brevity. The comparison of solutions (5.83) with the discrete model output in

column 3 of Fig. 5.10 shows good agreement. We note that the jump condition amounts

to a small reduction in slope at ϕ̃ = 0 that is almost imperceptible for the parameter

values in Table 5.1.

Following the analysis of W (ℓ̃), we compute the leading order “outer” solution to Eq.

(5.76):

Vouter = J3

(
1− ϕ̃

ϕ̃∞

)r
. (5.85)

Eq. (5.85) is of the same form as Eq. (5.75); ϕ̃∞ and r play the same roles for V as ℓ̃∞

and p play for W . The main difference, as shown in Fig. 5.10, is that only the case r < 0

manifests in numerical solutions. Consequently, V (ϕ̃) always attains a local maximum in

a small (again O(ϵ
1
2 )) neighbourhood of ϕ̃ = ϕ̃∞. This observation is supported by the

numerical results below.

Impact of blood LDL lipid and HDL capacity levels. We conclude our steady

state analysis by examining how the qualitative form of the MDM distribution changes

as L⋆ and H⋆ vary. The results are summarised in Fig. 5.11 where we plot the parameter

groupings in Eqs. (5.64) against L⋆ and H⋆; the four cases shown in Fig. 5.10 are also

indicated. Recall that p and r determine the overall shape (e.g., whether they attain

a local maximum) of the lipid and phenotype marginal distributions, W (ℓ̃) and V (ϕ̃)

respectively, while ϕ̃∞, ℓ̃∞ and q determine the central curve.

We note first how r and p vary with L⋆ andH⋆. The value of r decreases monotonically

with L⋆ and is less sensitive to H⋆. Importantly, we find that r < 0 for all L⋆ ∈ (0, 10)

and H⋆ ∈ (0, 5), indicating that the phenotype marginal attains a local maximum near

ϕ̃ = ϕ̃∞ across the range of physiologically plausible values for blood LDL lipid and

HDL capacity. By contrast, p ≥ 0 for values of (L⋆, H⋆) sufficiently close to the origin.

This suggests that monotone decreasing and sigmoidal lipid marginals only occur when

blood levels of LDL lipid and HDL capacity are both sufficiently low; otherwise the lipid

marginal attains a local maximum near ℓ̃ = ℓ̃∞.

The target phenotype, ϕ̃∞, and lipid content, ℓ̃∞, both increase with L⋆ and decrease

with H⋆. In particular, their plots exhibit the linear contours prominent in Fig. 5.5;
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Figure 5.11: Impact of blood LDL lipid (L⋆) and HDL capacity (H⋆) on the
qualitative features of the MDM distribution. The values were computed by com-
bining the results shown in Fig. 5.5 with the formulae (5.64) and r = −1+ p+1

q
. The four

cases presented in Fig. 5.10 are also indicated: (L⋆, H⋆) = (3, 2), (1.8, 0.8), (2.5, 0.77) and
(4, 0.5).

increases to the relative level of LDL lipid to HDL capacity raise both these markers of

pathology.

Finally, we note that the exponent, q, of the central curve is largest when L⋆ and

H⋆ are comparable. This causes the central curve to appear straighter (i.e., ϕ̃c(ℓ̃) ≈ ϕ̃∞

except for the smallest values of ℓ̃) in cases of intermediate pathology. Indeed, in Fig.

5.10 the intermediate cases (b) and (c) are notably straighter than the unhealthy case

(d).

5.4 Discussion

In this chapter we have developed a mathematical model for early atherosclerosis in which

the MDM population is structured by phenotype, ϕ, and lipid content, ℓ. This framework

allows for incremental changes in phenotype and lipid content, which contrasts their

treatment as binary variables in much of the existing modelling literature. The model

couples the MDM dynamics to the densities of free LDL lipid, LLDL(t), retained LDL lipid,

Lr(t), apoptotic lipid, Lap(t), necrotic lipid, Ln(t), HDL capacity, H(t), inflammatory

mediators, S+(t), and resolving mediators, S−(t). These variables form a closed subsystem

of ODEs when coupled with the MDM density, M(t), mean phenotype, Φ̂M(t), and mean

lipid content, L̂M(t). This subsystem can be solved independently of the structured MDM

population, mϕ,ℓ(t).
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We parameterised the model using data from the biological literature. Where possible,

we used human in vivo data (e.g., blood measurements for L(0) and H(0)) or ex vivo data

(e.g., surgical data for π
(0)
L and postmortem data for L(1) andH(1)). However, the majority

of the model parameters are calibrated to in vitro experiments. We prioritised studies

with human cell lines (e.g., for a0, kLDL, kr, kH , S
c50
+ , ρ), and used data from nonhuman

cell lines when necessary (e.g., murine data for κ, kap and kn). Since the point estimates

in Table 5.1 are likely to carry high degrees of uncertainty, we have cautiously interpreted

the results of the current study by focusing on trends rather than precise quantitative

outputs.

Our model analysis focused on the impact of three dimensionless parameters: L⋆,

H⋆ and Kr. The quantities L⋆ and H⋆ are proportional to the blood densities of LDL

lipid and HDL capacity, respectively. These vary considerably according to genetic and

lifestyle factors. We explored values in the range L⋆ ∈ (0, 10) and H⋆ ∈ (0, 5); the upper

bounds correspond to densities of 450 and 225mg/dL, respectively. The quantity Kr is

proportional to the capacity for LDL lipid retention. This varies according to the specific

region of artery wall under consideration. We explored values Kr ∈ (0.3, 100), which span

athero-resistant regions with capacity 15mg/dL to athero-prone regions with capacity

7500mg/dL.

We discuss our findings below in relation to the key questions posed in Sect. 5.1 .

Q1.a. How do blood LDL and HDL levels affect the time-evolution of lesion

composition? Time-dependent numerical solutions revealed that the model lesion

evolves in three phases. The first phase (approx. 0 < t < 0.5 MDM lifespans) con-

sists of the initial influx of LDL, HDL and, subsequently, MDMs. MDM lipid loads

are small but increasing and the mean MDM phenotype is inflammatory. The second

phase (approx. 0.5 < t < 2 MDM lifespans) is characterised by modulation towards

resolving MDM phenotypes and a slower rise of MDM lipid content. These phases

are consistent with observations of macrophage behaviour during acute inflamma-

tion; macrophages first adopt inflammatory phenotypes and transition to resolving

phenotypes during a phase of inflammatory resolution and tissue repair [237]. To

the best of our knowledge, the present model is the first to capture this transition

as an emergent property of the dynamics. Rather than completely resolving, how-

ever, the model lesion enters a final phase (approx. 2 < t < 100 MDM lifespans)

in which the dynamics tend to a nonzero steady state. If blood LDL lipid is low

relative to HDL capacity, the lesion tends to a healthy state with low lipid burden

and resolving phenotypes. This behaviour suggests that the well-documented spon-

taneous regression of many early atherosclerotic lesions [238] may simply be the

natural and expected progression under a healthy blood lipoprotein balance. By

contrast, when blood LDL lipid is high relative to HDL capacity, MDM lipid loads

increase to equilibrium and the model lesion accumulates necrotic lipid. Overall,
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the three-phase dynamics support the idea that chronic inflammation in atheroscle-

rosis can be understood as an acute inflammatory response to LDL retention with

incomplete resolution [239].

We also studied the impact of LDL retention capacity on the timescale of atheroscle-

rosis development. In particular, we computed the time for MDM lipid to exceed a

density of 450mg/dL; we use this lipid density as a proxy for fatty streak formation,

which is characterised by the appearance of foam cells [27]. Our results indicate that

this time decreases with LDL retention capacity; fatty streak onset in the model le-

sion occurs earlier for regions of high LDL retention. This finding is consistent with

observations of the murine aortic arch in which regions of lower retention capacity

(e.g., central zone of the arch) developed atherosclerosis later than regions of high

retention (e.g., dorsal and ventral zones) [24].

Q1.b. How do blood LDL and HDL levels affect lesion composition at steady

state? Analysis of steady state solutions revealed how equilibrium lesion composi-

tion depends on the parameters L⋆, H⋆ and Kr. The results indicate that the degree

of pathology is largely determined by a linear combination of the form: 0.4L⋆−H⋆;

it is the (weighted) relative value of LDL lipid to HDL capacity in the blood that

matters. The greater weighting on H⋆ in the linear combination reflects the higher

value of the dimensionless lipid efflux rate, kH , relative to the uptake rates in Table

5.2. Hence, the increased amount of lipid efflux promoted by a rise in blood HDL

lipid capacity is greater than the increase in lesion lipid content by an equal rise

in blood LDL lipid density. Overall, the model predicts that early atherosclerotic

lesions regress when blood LDL lipid density decreases or blood HDL capacity in-

creases. The degree of pathology also generally increases with Kr. Regions of higher

LDL retention capacity exhibit greater MDM densities, more inflammatory MDM

phenotypes and higher MDM lipid loads.

Q2.a. How do MDM phenotype and lipid content evolve over time? We analysed

the MDM distribution by deriving a continuum analogue of the discrete Eqs. (5.29)

for mϕ,ℓ(t). Analysis of the continuum model showed that the time-evolution of

phenotype and lipid content for individual MDMs depends on the time of entry into

the lesion. MDMs which enter the lesion at early times typically first transition

from phenotypic neutrality to an inflammatory state, and then to a resolving state

(if the blood LDL to HDL balance is healthy) or to a milder inflammatory state (if

the LDL to HDL balance is unhealthy). The trajectories of MDMs which enter the

lesion at later times are monotonic (in phenotype-lipid structure space) and follow

the central curve of the equilibrium MDM distribution. These results suggest that

MDMs which enter the lesion during early stages of lesion development experience
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a greater amount of phenotype modulation throughout their lifespan than those

entering at later times.

Q2.b. Are MDM phenotype and lipid content correlated? The asymptotic anal-

ysis presented in Sect. 5.3.2.4 showed that MDM phenotype and lipid content are

correlated via a power law at steady state. If LDL lipid density dominates HDL

capacity in the blood, lipid-laden MDMs have a more inflammatory phenotype than

lipid-poor MDMs, while if blood LDL lipid density is sufficiently low, lipid-laden

MDMs have a more resolving phenotype than MDMs with a lower lipid burden. The

non-linearity of the correlation is determined by a constant, q, that measures the

relative amount of lipid activity to mediator activity in the lesion (made precise by

Eq. (5.64)). Although we did not pursue a time-dependent mathematical analysis,

numerical solutions (e.g., Fig. 5.7) demonstrated that the MDM phenotype-lipid

distribution is always concentrated about a central curve, indicating that a mono-

tone correlation between phenotype and lipid content holds for all times. These

findings are consistent with the recent discovery of PLIN2hi/TREM1hi macrophages

in human lesions, for which the transcriptional signatures of lipid loading and in-

flammation are coupled [190].

Q2.c. What are the qualitative features of the phenotype and lipid content

marginal distributions at steady state? Further analysis in Sect. 5.3.2.4

showed that the phenotype marginal distribution always attains a single local maxi-

mum. The location of the maximum, which represents the most common phenotype

in the lesion, is a close approximation to the “target” phenotype that MDMs are

driven towards by the extracellular environment over their lifetime. By contrast,

the lipid marginal distribution varies more in shape as L⋆ and H⋆ are varied; it may

exhibit a local maximum, adopt a quasi-uniform profile, or decrease monotonically

according to the value of p, a constant which quantifies the amount of MDM-lipid

activity in the lesion.

Conclusions. In this chapter we have presented a new mathematical model for early

atherosclerosis in which the MDM population is structured according to phenotype and

lipid content. The model indicates that lesion composition depends sensitively on the

(weighted) relative density of LDL lipid to HDL capacity in the blood, and the LDL re-

tention capacity of the artery wall. Numerical and asymptotic results show that, at steady

state, MDM phenotype and lipid content are monotonically correlated via a power law,

the phenotype marginal distribution is unimodal, and the lipid content distribution may

attain a unimodal, quasi-uniform or decreasing profile. The findings discussed above de-

velop the current understanding of macrophage phenotype and lipid content heterogeneity

in early atherosclerotic lesions. In the following chapter, we consider an additional aspect

of macrophage heterogeneity, namely spatial variation.
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Chapter 6

A spatially-resolved lipid structured
model

In this chapter, we extend the lipid-structured model of Chapter 4 to account for spatial

heterogeneity. The model uses the principle of mass conservation to couple the MDM

dynamics to the densities of free LDL lipid, retained LDL lipid, apoptotic lipid, necrotic

lipid, HDL lipid capacity, in addition to inflammatory mediators.

6.1 Introduction

Understanding the spatial distribution of lipid and MDMs in atherosclerotic lesions is

a topic of current research. Data on spatial variation in early mouse lesions is limited

since murine artery walls do not undergo diffuse intimal thickening; the intima width is

10-20 fold shorter in mice (∼ 0.025mm [235, 236]) compared to humans (∼ 0.25− 50mm

[9, 204]). Nonetheless, murine bead tracking studies have been conducted by Williams et

al. [68], which suggest that MDMs undergo limited spatial movement in both progressing

and regressing lesions. In this chapter, we focus instead on spatial variation within human

lesions.

Spatially resolved data on lipid and MDM accumulation in early human lesions is also

scarce. The only study which presents such data, that we are aware of, is by Nakashima

et al. [9]. Their images of lipid and MDM densities in early human coronary lesions are

shown in Fig. 6.1. Inspection of the lipid densities in Fig. 6.1(b,e,h) shows that lipid first

accumulates deep in the intima, towards the media. Nakashima et al. note that biglycan,

an extracellular matrix proteoglycan, occurs in the same spatial location as the early

distribution of lipids, suggesting that the early deposition profile is due to a non-uniform

LDL retention capacity. The images in Fig. 6.1(k, n, q) show a second wave of lipid

influx that coincides with the later influx of MDMs (c.f. (l, o, r)). The MDM density

remains localised to the intima, with negligible numbers of macrophages near the medial

boundary. More recent work by Nakagawa et al. [110] further supports the hypothesis

that MDMs do not traverse into the media from the intima. We further note that both

the lipid and MDM densities appear to attain a peak within the intima at the “PIT with
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foam cells” stage (see (q) and (r)). This region of greatest lipid density approximately

coincides with that of greatest MDM density. The primary goal of the present study is

to identify mechanisms which may explain how these spatial profiles arise.

Of particular relevance is the impact of lipid ingestion on MDM behaviour. We note

first that lipid-laden MDMs exhibit a decreased lifespan relative to unladen MDMs. This

is due to the cytotoxicity of free cholesterol, which promotes controlled cell death (apop-

tosis) [78]. Lipid-laden MDMs are also less mobile than unladen MDMs, due in part to

cytoskeletal changes [240, 241]. Both effects are likely to impact the spatial distribution

of MDMs (and consequently, lipid) since the distribution of MDM lipid content is unlikely

to be spatially uniform. The impact of these lipid-dependent effects on the MDM and

lipid spatial distributions is presently unknown, and another focus of the present study.

By extending the lipid-structured model of Chapter 4 to account for simultaneous

variation in MDM lipid content and spatial position, we derive a continuum model and

address the following key questions:

Q1. When does our model qualitatively reproduce the densities in Fig. 6.1?

Q2. What are the effects of introducing lipid content-dependence to MDM

lifespan and mobility?

Q3. How does MDM lipid content vary with spatial depth?

The model developed in this chapter contributes to the large literature on spatial PDE

models of atherosclerosis (e.g., [136, 139, 141, 144, 146, 151, 242], reviewed in Chapter

3). With the notable exceptions of Fok [144] and Mirzaei et al. [242], the existing

spatial PDE models have not been compared to available images of lesion formation.

No models have accounted for the Nakashima images shown in Fig. 6.1. Moreover,

existing spatial models that account for MDM lipid uptake use a binary treatment of MDM

lipid content by distinguishing between lipid-poor MDMs, simply called “macrophages”,

and lipid-laden MDMs, called “foam cells”. The existing models that capture gradual

MDM lipid accumulation using a lipid-structured framework are not spatially resolved

[165, 166, 184, 185].

The remainder of this chapter is structured as follows. Sect. 6.2 explains the model

development. Sect. 6.3 contains the results. We consider the model in increasing com-

plexity by introducing lipid content-dependent lifespan and mobility one at a time, and

then simultaneously. Finally, in Sect. 6.4 we discuss the results and how they address the

above questions.

6.2 Model development

In this section we present a spatially-resolved model for lipids and MDMs in early atheroscle-

rosis. The MDM population is further structured according to lipid content. A model

schematic is given in Fig. 6.2.
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Figure 6.1: Early stages of human coronary atherosclerosis. The images show
representative lipid and macrophage densities across six stages of lipid accumulation. The
endothelium is at the top of each image, and corresponds to x = 0 in our model. The
internal elastic lamina (IEL) which separates the tunica intima (labelled “I”) from the
tunica media (labelled “M”) is marked with black arrows, and corresponds to x = X. Note
how lipid first accumulates deep in the tunica intima. The lipid and macrophage densities
eventually both peak within the tunica intima, in plots (q) and (r) respectively. Bars on
the bottom-right represent 0.1mm. Reproduced, with permission, from Nakashima et al.
[9].
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Figure 6.2: Schematic depiction of the model. The spatial domain is the tunica
intima, which is bordered by the bloodstream at the endothelium, x = 0, and the tunica
media at the IEL, x = X. The dependent variables are highlighted in blue. The discrete
lipid-structured MDM population is illustrated in the top-right; MDMs increase their
ℓ-index via lipid uptake, and decrease their ℓ-index via lipid efflux to HDL. Note also
the non-uniform LDL retention capacity due to abundant LDL-retaining proteoglycans
towards the tunica media. We omit the smaller diffusivities of apoptotic and necrotic
lipid, and the lipid-dependence of MDM mobility and apoptosis for legibility.
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6.2.1 Assumptions and definitions

We formulate the model as a system of partial differential equations, with associated

boundary and initial conditions. The equations are defined in one spatial dimension,

0 ≤ x ≤ X, which represents distance from the endothelium (x = 0) to the IEL (x = X).

This Cartesian formulation assumes that the domain is sufficiently far from the edges

of the lesion that net circumferential and axial motions are negligible. We assume for

simplicity that the domain length is fixed. This approximation is reasonable for early

lesions but is unlikely to hold for late-stage plaques.

We further assume that MDMs take up and offload lipid in finite increments of mass

∆a > 0, and structure the MDM population according to lipid content. Specifically, we

let mℓ(x, t) ≥ 0 denote the density of MDMs with lipid content a0+ℓ∆a at position x and

time t ≥ 0. The index ℓ runs over non-negative values: ℓ = 0, 1, . . . , ℓmax, so that MDM

lipid content ranges from a0 ≥ 0, the endogenous content, to a0 +κ, where κ = ℓmax∆a is

the maximum amount of lipid that an MDM can ingest.

We introduce additional dependent variables to describe the extracellular environment.

We denote by LLDL(x, t) ≥ 0, Lr(x, t) ≥ 0, Lap(x, t) ≥ 0 and Ln(x, t) ≥ 0 the mass densities

of free LDL lipid, retained LDL lipid, apoptotic lipid and necrotic lipid respectively. We

let H(x, t) be the lipid capacity of HDL particles in the lesion. Finally, we denote by

S(x, t) ≥ 0 the mass density of inflammatory mediators.

6.2.2 Model equations

MDMs. We propose that the MDM population evolves according to the following PDEs:

∂mℓ

∂t
= DM

[
1− ψD

( ℓ

ℓmax

)]∂2mℓ

∂x2︸ ︷︷ ︸
diffusion

− βmℓ

1− ψβ

(
ℓ

ℓmax

)︸ ︷︷ ︸
apoptosis

+ kL ·L
[
(ℓmax − ℓ+ 1)mℓ−1 − (ℓmax − ℓ)mℓ

]︸ ︷︷ ︸
lipid uptake

+ kHH
[
(ℓ+ 1)mℓ+1 − ℓmℓ

]︸ ︷︷ ︸
lipid efflux to HDL

,

(6.1)

for all 0 ≤ x ≤ 1 and t ≥ 0. Eqs. (6.1) hold for ℓ = 0, 1, . . . , ℓmax, subject to the closure

conditions:

m−1 = mℓmax+1 = 0. (6.2)

The first term on the RHS of Eqs. (6.1) describes MDM transport by random motion.

We assume that MDM mobility decreases linearly with ℓ so that MDMs with low lipid

loads are more mobile than lipid-laden cells; macrophage mobility decreases upon con-

version to foam cells [240]. The parameter 0 ≤ ψD ≤ 1 determines how sensitive MDM

diffusion is to lipid load. If ψD = 0 then there is no lipid-dependence and all MDMs have

diffusion coefficient DM . When ψD > 0, MDM diffusivity decreases from DM at ℓ = 0 to
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DM(1− ψD) at ℓ = ℓmax. When ψD = 1, the MDMs are fully lipid laden and, as a result,

immobile.

The second term on the RHS of Eqs. (6.1) represents MDM apoptosis. We suppose

that the apoptosis rate is an increasing function of ℓ, so that lipid-laden macrophages die

more frequently than those with lower lipid loads, due to the cytotoxicity of free cholesterol

[78]. More specifically, we assume that the mean MDM lifespan decreases linearly with ℓ,

from β−1 when ℓ = 0 to β−1(1−ψβ) when ℓ = ℓmax. The parameter 0 ≤ ψβ ≤ 1 determines

the sensitivity of mean lifespan on lipid content; if ψβ = 0 then all MDMs share a common

mean lifespan, β−1, regardless of their lipid content, whereas if ψβ = 1 then the MDM

mean lifespan decreases to zero at ℓ = ℓmax (MDMs at capacity die instantly, giving

mℓmax = 0). Our formulation assumes that the apoptosis rate increases with ℓ. This

nonlinear dependence is reasonable since lipid handling is a normal macrophage function

and lipid-induced apoptosis is a response to excess lipid accumulation [98]. Therefore,

increases in lower lipid loads are likely to have less of an impact on macrophage viability

than increases in lipid-laden cells.

The third term on the RHS of Eqs. (6.1) accounts for lipid uptake. Following [10], we

model lipid uptake by applying the Law of Mass Action to the following reactions:

Mℓ +∆a
ki(ℓmax−ℓ)−−−−−−→ Mℓ+1, (6.3)

for ℓ = 0, 1, . . . ℓmax and i ∈ {LDL, r, ap, n}. Reactions (6.3) assume that the rate of

lipid uptake decreases linearly with lipid content, at a rate which is proportional to the

available capacity. For notational brevity in Eqs.(6.1), we introduce vectors for the uptake

rates, kL := (kLDL, kr, kap, kn), and the extracellular lipids, L := (LLDL, Lr, Lap, Ln), so that

kL ·L = kLDLLLDL + krLr + kapLap + knLn.

The final term on the RHS of Eqs. (6.1) accounts for lipid efflux to HDL. Again,

following [10], we treat efflux with mass-action kinetics according to the reactions

Mℓ
kHℓ−−→ Mℓ−1, (6.4)

for ℓ = 0, 1, . . . ℓmax. In reactions (6.4), we assume that the efflux rate increases linearly

with lipid content.

We close Eqs. (6.1) by imposing the following boundary conditions for ℓ = 0, 1, . . . , ℓmax:

−DM
∂mℓ

∂x
=

{
R(t)δℓ,0 − γmℓ at x = 0;

γmℓ at x = X,
(6.5)

where δℓ,0 is the Kronecker-Delta. Eqs. (6.5) assume that newly recruited MDMs enter

the lesion at x = 0 with only their endogenous lipid content at rate R(t). The recruitment

rate is a first-order Hill function of the inflammatory mediator density at the endothelium:

R(t) :=
σMS(0, t)

Sc50 + S(0, t)
, (6.6)
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with a maximal recruitment rate of σM and half-maximal recruitment occurring when

S(0, t) = Sc50. Eqs. (6.5) also account for MDM egress through either boundary. More

specifically, we assume that MDMs at x = 0, X exit the lesion at a rate proportional to

their mobility: γ
[
1− ψD

(
ℓ

ℓmax

)]
. Since internal elastic lamina egress rates have not been

measured, to the best of our knowledge, we assume for simplicity that egress rates at

x = 0 and x = X are equal. We state initial conditions for mℓ together with the other

variables later in this section.

Extracellular lipids. We assume the densities of free and retained LDL evolve accord-

ing to the PDEs

∂LLDL

∂t
= DLDL

∂2LLDL

∂x2︸ ︷︷ ︸
diffusion

− kbLLDL[Kr(x)− Lr]︸ ︷︷ ︸
retention via ECM binding

+ k−bLr︸ ︷︷ ︸
unbinding

− kLDL∆aLLDL

ℓmax∑
ℓ=0

(ℓmax − ℓ)mℓ︸ ︷︷ ︸
uptake by MDMs

,
(6.7)

∂Lr

∂t
= kbLLDL[Kr(x)− Lr]− k−bLr − kr∆aLr

ℓmax∑
ℓ=0

(ℓmax − ℓ)mℓ. (6.8)

The first term in Eq. (6.7) accounts for random motion of free LDL, with diffusivity DLDL.

We also assume that free LDL binds to ECM proteoglycans with rate constant kb in a

capacity-limited manner, and unbinds at rate k−b. Motivated by Fig. 6.1, we suppose

that the capacity for LDL retention Kr(x) is a sigmoidal function of position:

Kr(x) := K̄r ·
(

2

1 + eθ(1/2−x/X)

)
, where K̄r =

1

X

∫ X

0

Kr(x)dx. (6.9)

Here K̄r is the mean rLDL capacity in the intima and θ > 0 determines the steepness of

Kr(x) (plots of the functional form for Kr(x)/K̄r are shown in Fig. 6.3). The final terms

in Eqs. (6.7)-(6.8) account for MDM uptake via reactions (6.3).

We close Eq. (6.7) by imposing the following boundary conditions:

−DLDL

∂LLDL

∂x
=

{
P

(0)
L (L⋆ − LLDL) at x = 0;

P
(1)
L (LLDL − 0) at x = X.

(6.10)

Eqs. (6.10) account for the exchange of free LDL between the tunica intima and the

lumen/tunica media. Parameters P
(0)
L and P

(1)
L denote the permeability to free LDL of

the endothelium and internal elastic lamina, respectively. We assume that the blood

density of LDL lipid is given by a constant L⋆. Motivated by human data reported by

Smith et al. [206], we suppose further that the density of LDL lipid in the tunica media

is negligible.
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Figure 6.3: Spatial dependence of the LDL retention capacity, defined in Eq.
(6.9). Higher values of θ increase the sharpness of the step. We choose θ = 10 for our
numerical simulations to mimic the smooth increase in LDL retention with depth seen in
Fig. 6.1(e,h).

We propose that the apoptotic and necrotic lipid densities satisfy

∂Lap

∂t
= Dap

∂2Lap

∂x2︸ ︷︷ ︸
diffusion

+
ℓmax∑
ℓ=0

[
β(a0 + ℓ∆a)

1− ψβ(
ℓ

ℓmax
)︸ ︷︷ ︸

apoptosis

− kap∆aLap(ℓmax − ℓ)︸ ︷︷ ︸
uptake by MDMs

]
mℓ − νLap︸︷︷︸

necrosis

,
(6.11)

∂Ln

∂t
= Dn

∂2Ln

∂x2
+ νLap − kn∆aLn

ℓmax∑
ℓ=0

(ℓmax − ℓ)mℓ. (6.12)

The terms on the first line of the RHS of Eq. (6.11) account for diffusion, lipid deposition

due to MDM apoptosis and uptake by MDMs according to reactions (6.3). We further

assume that apoptotic cells undergo secondary necrosis at rate ν, which provides linear

sink and source terms in Eqs.(6.11) and (6.12), respectively.

We close Eqs. (6.11)-(6.12) by imposing the following boundary conditions:

∂Lap

∂x
=
∂Ln

∂x
= 0 at x = 0, X. (6.13)

Eqs. (6.13) assume for simplicity that the endothelium and internal elastic lamina are

impermeable to both apoptotic and necrotic lipid.

HDL lipid capacity. We assume that the lipid capacity of the HDL particles is

governed by the following PDE:

∂H

∂t
= DH

∂2H

∂x2︸ ︷︷ ︸
diffusion

− kH∆aH
ℓmax∑
ℓ=0

ℓmℓ︸ ︷︷ ︸
lipid efflux by MDMs

. (6.14)

Eq. (6.14) accounts for HDL diffusion and MDM lipid efflux via reactions (6.4).

We close Eq. (6.14) by imposing the following boundary conditions:

−DH
∂H

∂x
=

{
P

(0)
H (H⋆ −H) at x = 0;

P
(1)
H (H − 0) at x = X.

(6.15)
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Eqs. (6.15) describe the flux of HDL lipid capacity between the tunica intima and the

lumen/tunica media. The constants P
(0)
H and P

(1)
H denote the permeability to HDL of the

endothelium and internal elastic lamina, respectively. We assume that the blood density

of HDL lipid capacity is a constant H⋆. Similar to our treatment of LDL lipid, we assume

that the HDL lipid capacity density in the tunica media is negligible.

Inflammatory mediators. Finally, we propose that the density of inflammatory

mediators S evolves according to the following PDE:

∂S

∂t
= DS

∂2S

∂x2︸ ︷︷ ︸
diffusion

+ αLr︸︷︷︸
resident response
to LDL retention

− δSS︸︷︷︸
natural decay

. (6.16)

The first term on the RHS of Eq. (6.16) accounts for mediator diffusion, with diffusion

constant DS. Consistent with the response-to-retention hypothesis, we assume that in-

flammatory mediators are produced by resident cells at a rate proportional to the density

of rLDL; the signal cascades which first stimulate MDM recruitment are, as yet, unknown,

but are thought to be the result of excessive LDL retention [59]. Finally, we assume that

inflammatory mediators undergo natural decay at rate δS.

We close Eq. (6.16) with the boundary conditions

−DS
∂S

∂x
=

{
P

(0)
S (0− S) at x = 0;

P
(1)
S (S − 0) at x = X.

(6.17)

In Eqs. (6.17) we assume, for simplicity, that the mediator densities in the lumen and

tunica media are negligible, and that mediators leave the lesion via the endothelium and

internal elastic lamina with permeabilities P
(0)
S and P

(1)
S respectively.

Initial conditions. We impose the following conditions at t = 0:

mℓ = 0 ∀ℓ = 0, 1, . . . , ℓmax, LLDL = Lr = Lap = Ln = H = S = 0. (6.18)

Eqs. (6.18) assert that the model lesion is initially devoid of MDMs, extracellular lipid,

HDL and inflammatory mediators.

6.2.3 Total MDM density and lipid content

It will be useful, when discussing our results, to define the total MDM density, M(x, t),

and MDM lipid content, LM(x, t):

M(x, t) :=
ℓmax∑
ℓ=0

mℓ(x, t), LM(x, t) :=
ℓmax∑
ℓ=0

(a0 + ℓ∆a)mℓ(x, t). (6.19)
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Differentiating Eqs. (6.19) with respect to t and substituting Eqs. (6.1) gives

∂M

∂t
= DM

∂2

∂x2

[
M − ψD

ℓmax∑
ℓ=0

ℓmℓ

ℓmax

]
− β

[
M + ψβ

ℓmax∑
ℓ=0

ℓmℓ

ℓmax − ψβℓ

]
, (6.20)

∂LM

∂t
= DM

∂2

∂x2

[
LM − ψD

ℓmax∑
ℓ=0

(a0 + ℓ∆a)ℓmℓ

ℓmax

]
+ kL ·L[(κ+ a0)M − LM ]

− β

[
LM + ψβ

ℓmax∑
ℓ=0

(a0 + ℓ∆a)ℓmℓ

ℓmax − ψβℓ

]
− kHH(LM − a0M).

(6.21)

The RHS terms in Eq. (6.20) account for MDM diffusion and apoptosis. The RHS terms

in Eq. (6.21) describe diffusion of MDM lipid, lipid uptake, apoptosis and lipid efflux,

respectively. We may also rewrite Eqs. (6.7), (6.8), (6.11), (6.12), (6.14) and (6.16) as

∂LLDL

∂t
= DLDL

∂2LLDL

∂x2
− kbLLDL[Kr(x)− Lr] + k−bLr − kLDLLLDL[(κ+ a0)M − LM ], (6.22)

∂Lr

∂t
= kbLLDL[Kr(x)− Lr]− k−bLr − krLr[(κ+ a0)M − LM ], (6.23)

∂Lap

∂t
= Dap

∂2Lap

∂x2
+ β

[
LM + ψβ

ℓmax∑
ℓ=0

(a0 + ℓ∆a)ℓmℓ

ℓmax − ψβℓ

]
− νLap − kapLap[(κ+ a0)M − LM ],

(6.24)

∂Ln

∂t
= Dn

∂2Ln

∂x2
+ νLap − knLn[(κ+ a0)M − LM ], (6.25)

∂H

∂t
= DH

∂2H

∂x2
− kHH(LM − a0M), (6.26)

∂S

∂t
= DS

∂2S

∂x2
+ αLr − δSS. (6.27)

Eqs. (6.20)-(6.27) form a closed subsystem when MDM diffusion and apoptosis are

lipid content-independent (ψD = ψβ = 0); otherwise they are coupled to Eqs. (6.1). We

derive boundary conditions for M and LM by differentiating Eqs. (6.19) with respect to

x and substituting Eqs. (6.5):

−DM
∂M

∂x
=

{
R(t)− γM at x = 0;

γM at x = X,
(6.28)

−DM
∂LM

∂x
=

{
a0R(t)− γLM at x = 0;

γLM at x = X.
(6.29)

The boundary conditions (6.10), (6.13), (6.15) and (6.17) for the remaining dependent

variables are unchanged.

6.2.4 Parameter values

The model parameters are summarised in Table 6.1. Parameters above the dotted lines are

in common with, or have direct analogues to, the parameters in Chapter 5. In particular,

we explore a range of plausible values for the lumen blood densities of LDL lipid, L⋆ =
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Table 6.1: Model parameters

Parameter Interpretation Estimate Source

L⋆ Lumen LDL lipid density 0− 440 mg/dL [32, 39]
H⋆ Lumen HDL lipid capacity 0− 230 mg/dL [202]

P
(0)
L Endothelial permeability to LDL 0.37 mm month−1 [203, 204]

P
(0)
H Endothelial permeability to HDL 0.74 mm month−1 [205]

P
(1)
L IEL permeability to LDL 1.1 mm month−1 [207]

P
(1)
H IEL permeability to HDL 2.2 mm month−1 [207]

P
(0)
S Endothelial permeability to mediators 5.0 mm month−1 [243]

P
(1)
S IEL permeability to mediators 15 mm month−1 [207]

Kr Mean LDL retention capacity 1900 mg/dL [208, 210]
kb LDL retention rate 0.008 dL/mg month−1 [206, 211]
k−b LDL unbinding rate 1.8 month−1 [206, 211]
σM Maximum MDM entry rate 6800 mm−2 month−1 [212, 214]
β Unladen MDM apoptosis rate 1.0 month−1 [68, 215]
γ Unladen MDM egress rate 0.08 mm month−1 [214, 216]
ν Secondary necrosis rate 37 month−1 [217]
a0 MDM endogenous lipid 27pg [218, 219]
κ MDM lipid capacity 800pg [133]
kLDL LDL lipid uptake rate 0.00034 dL/mg month−1 [90]
kr rLDL lipid uptake rate 0.023 dL/mg month−1 [90]
kap Apoptotic lipid uptake rate 0.060 dL/mg month−1 [220, 221]
kn Necrotic lipid uptake rate 0.015 dL/mg month−1 [222]
kH Lipid efflux rate 0.34 dL/mg month−1 [223, 224]
Sc50 Mediator density for half-maximum

MDM influx
5 ng/mL [225, 226]

δS Mediator natural decay rate 1600 month−1 [201]
α Resident inflammatory mediator produc-

tion per rLDL lipid
3.5× 10−5 month−1 [68]

∆a MDM uptake/efflux increment of lipid 16 pg [91, 233]
ℓmax MDM lipid capacity per ∆a 100 = κ/∆a

X Tunica intima width 0.40 mm [9]
θ LDL retention profile shape 10 [9]
DM Diffusivity of unladen MDMs 0.02 mm2 month−1 [244]
Dap Diffusivity of apoptotic cells 0.005 mm2 month−1 est.
Dn Diffusivity of necrotic cells 0.005 mm2 month−1 est.
DLDL Diffusivity of free LDL 9.2 mm2 month−1 [143]
DH Diffusivity of HDL 22 mm2 month−1 [143]
DS Diffusivity of mediators 500 mm2 month−1 [245]
ψD MDM mobility sensitivity to lipid load ∈ [0, 1] -
ψβ MDM lifespan sensitivity to lipid load ∈ [0, 1] -
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0 − 440mg/dL, and HDL lipid capacity, H⋆ = 0 − 230mg/dL; their values depend on

lifestyle choices (e.g., diet) and, as such, are modifiable in practice. The parameters

below the dotted lines do not have analogues in Chapter 5. We briefly explain their

estimated values below.

Our estimate of the tunica intima width, X ≈ 0.40mm, is derived from Fig. 6.1.

These images indicate that tunica intima width does not vary substantially during the

early stages of disease progression. Regarding the variation in LDL retention with distance

from the lumen, we further estimate θ = 10 from these images, as this value ensures that

Kr(x) increases smoothly with depth (see Eq. (6.9) and Fig. 6.3).

The diffusivity parameters vary substantially in magnitude. The value for lipid-

unladen MDMs, DM = 0.014 mm2 month−1, derives from data on macrophage migra-

tion paths in [244]. We assume that the diffusivity of apoptotic and necrotic cells,

Dap = Dn = 0.003 mm2 month−1, is smaller than that of MDMs since dead cells do

not move as independent agents. The diffusivities of free LDL, DLDL = 9.2mm2 month−1,

HDL, DH = 22mm2 month−1, and mediators, DS = 500mm2 month−1, are substantially

higher.

6.2.5 Non-dimensionalisation

We define

x̃ :=
x

X
, t̃ := βt, (6.30)

so that spatial depth, 0 ≤ x̃ ≤ 1, is measured relative to the width of the tunica intima,

X ≈ 0.40mm, and time, t̃ ≥ 0, is measured in units of the mean lifespan of lipid-unladen

MDMs, β−1 ≈ 1month. We scale the remaining variables as follows:

m̃ℓ(x̃, t̃) :=
βX

σM
mℓ(x, t), M̃(x̃, t̃) :=

βX

σM
M(x, t),

L̃M(x̃, t̃) :=
βX

a0σM
LM(x, t), L̃(x̃, t̃) :=

βX

a0σM
L(x, t),

H̃(x̃, t̃) :=
βX

a0σM
H(x, t), S̃(x̃, t̃) :=

1

Sc50
S(x, t).

(6.31)

Eqs. (6.31) scale the MDM densities relative to the maximum influx per (lipid-unladen)

MDM lifespan, σMX
−1β−1 ≈ 17000mm−3. The lipid densities and HDL capacity are

measured relative to the maximum influx of MDM endogenous lipid per MDM lifespan,

a0σMX
−1β−1 ≈ 45 mg/dL. The inflammatory mediator density is scaled relative to the

density for half-maximal MDM recruitment, Sc50 ≈ 5 ng/mL. We also introduce a number

of dimensionless parameters in Table 6.2.

Applying the non-dimensionalisation (6.31) and definitions of Table 6.2, and dropping

the tildes for notational convenience, we obtain the following dimensionless PDEs for the
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Table 6.2: Dimensionless parameters in Eqs. (6.32)-(6.50)

.

Parameter Definition Interpretation Estimate

L̃⋆ β
a0σM

L⋆ Lumen LDL lipid density 0− 10

H̃⋆ β
a0σM

H⋆ Lumen HDL lipid capacity 0− 5

K̃r
β

a0σM
Kr Mean LDL retention capacity 25

P̃
(0)
L

1
XβP

(0)
L Endothelial LDL permeability 0.9

P̃
(0)
H

1
XβP

(0)
H Endothelial HDL permeability 1.8

P̃
(0)
S

1
XβP

(0)
S Endothelial mediator permeability 13

P̃
(1)
L

1
XβP

(1)
L Internal elastic lamina LDL permeability 2.7

P̃
(1)
H

1
XβP

(1)
H Internal elastic lamina HDL permeability 5.4

P̃
(1)
S

1
XβP

(1)
S Internal elastic lamina mediator permeability 38

k̃b
a0σM
β2 kb LDL retention rate 2.7

k̃−b
1
βk−b LDL unbinding rate 1.8

γ̃ 1
βγ MDM egress rate 0.2

ν̃ 1
βν Secondary necrosis rate 37

κ̃ 1
a0
κ MDM lipid capacity per unit endogenous lipid 29

k̃LDL
a0σM
β2 kLDL LDL uptake rate 0.016

k̃r
a0σM
β2 kr rLDL uptake rate 1.1

k̃ap
a0σM
β2 kap Apoptotic lipid uptake rate 5.5

k̃n
a0σM
β2 kn Necrotic lipid uptake rate 1.4

k̃H
a0σM
β2 kH Lipid efflux rate 16

δ̃S
1
β δS Mediator natural decay rate 1600∗

α̃ a0σM
Sc50β2α Resident mediator production per rLDL lipid 850∗

ℓmax ℓmax MDM maximum lipid capacity 100

θ̃ θ LDL retention profile shape 10

D̃M
1

βX2DM Diffusivity of unladen MDMs 0.12

Dap
1

βX2Dap Diffusivity of apoptotic cells 0.03

Dn
1

βX2Dn Diffusivity of necrotic cells 0.03

D̃LDL
1

βX2DLDL Diffusivity of free LDL 58

D̃H
1

βX2DH Diffusivity of HDL 140

D̃S
1

βX2DS Diffusivity of mediators 3600∗

ψ̃D ψD Sensitivity of MDM diffusivity to lipid load ∈ [0, 1]

ψ̃β ψD Sensitivity of MDM lifespan to lipid load ∈ [0, 1]
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MDM population:

∂mℓ

∂t
= DM

[
1− ψD

( ℓ

ℓmax

)]∂2mℓ

∂x2
− mℓ

1− ψβ

(
ℓ

ℓmax

)
+ kL ·L

[
(ℓmax − ℓ+ 1)mℓ−1 − (ℓmax − ℓ)mℓ

]
+ kH H

[
(ℓ+ 1)mℓ+1 − ℓmℓ

]
,

(6.32)

where

m−1 = mℓmax+1 = 0, (6.33)

for every ℓ = 0, 1, . . . , ℓmax. The remaining variables satisfy the PDEs

∂M

∂t
= DM

∂2

∂x2

[
M − ψD

ℓmax∑
ℓ=0

ℓ̃mℓ

]
−
[
M + ψβ

ℓmax∑
ℓ=0

ℓ̃mℓ

1− ψβ ℓ̃

]
, (6.34)

∂LM

∂t
= DM

∂2

∂x2

[
LM − ψD

ℓmax∑
ℓ=0

(1 + κℓ̃)ℓ̃mℓ

]
+ kL ·L[(κ+ 1)M − LM ]

−
[
LM + ψβ

ℓmax∑
ℓ=0

(1 + κℓ̃)ℓ̃mℓ

1− ψβ ℓ̃

]
− kH H(LM −M),

(6.35)

∂LLDL

∂t
= DLDL

∂2LLDL

∂x2
− kbLLDL[Kr(x)− Lr] + k−bLr − kLDLLLDL[(κ+ 1)M − LM ], (6.36)

∂Lr

∂t
= kbLLDL[Kr(x)− Lr]− k−bLr − krLr[(κ+ 1)M − LM ], (6.37)

∂Lap

∂t
= Dap

∂2Lap

∂x2
+

[
LM + ψβ

ℓmax∑
ℓ=0

(1 + κℓ̃)ℓ̃mℓ

1− ψβ ℓ̃

]
− νLap − kapLap[(κ+ 1)M − LM ],

(6.38)

∂Ln

∂t
= Dn

∂2Ln

∂x2
+ νLap − knLn[(κ+ 1)M − LM ], (6.39)

∂H

∂t
= DH

∂2H

∂x2
− kHH(LM −M), (6.40)

∂S

∂t
= DS

∂2S

∂x2
+ αLr − δSS, (6.41)

where ℓ̃ := ℓ/ℓmax and

Kr(x) := K̄r ·
(

2

1 + eθ(1/2−x)

)
. (6.42)
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We impose the following boundary conditions:

−DM
∂mℓ

∂x
=

{
S

1+S
· δℓ,0 − γmℓ at x = 0;

γmℓ at x=1,
∀ℓ = 0, 1, . . . ℓmax, (6.43)

−DM
∂M

∂x
=

{
S

1+S
− γM at x = 0;

γM at x=1,
(6.44)

−DM
∂LM

∂x
=

{
S

1+S
− γLM at x = 0;

γLM at x=1,
(6.45)

−DLDL

∂LLDL

∂x
=

{
P

(0)
L (L⋆ − LLDL) at x = 0;

P
(1)
L (LLDL − 0) at x = 1,

(6.46)

∂Lap

∂x
=
∂Ln

∂x
= 0 at x = 0, 1, (6.47)

−DH
∂H

∂x
=

{
P

(0)
H (H⋆ −H) at x = 0;

P
(1)
H (H − 0) at x = 1,

(6.48)

−DS
∂S

∂x
=

{
P

(0)
S (0− S) at x = 0;

P
(1)
S (S − 0) at x = 1,

(6.49)

and close the model with the following initial conditions at t = 0:

mℓ = 0 ∀ℓ = 0, 1, . . . , ℓmax,

M = LM = LLDL = Lr = Lap = Ln = H = S = 0.
(6.50)

6.2.6 Separation of timescales

The parameters in Table 6.2 span several orders of magnitude. In particular, the me-

diator parameters δS, α and DS are substantially larger than the other constants. This

discrepancy means that numerical simulations require small timesteps to maintain stabil-

ity. To improve numerical efficiency and derive analytical insight into model behaviour,

we approximate the mediator dynamics via separation of timescales. Accordingly, we

define

ϵ := δ−1
S = 6.25× 10−4 ≪ 1, α = ϵ−1α̂, DS = ϵ−1D̂S, (6.51)

and consider the limit ϵ→ 0 where α̂, D̂S = O(1) as ϵ→ 0. In this limit, Eqs. (6.41) and

(6.49) become

ϵ
∂S

∂t
= D̂S

∂2S

∂x2
+ α̂Lr − δ̂SS, −D̂S

∂S

∂x
= ϵ

{
P

(0)
S (0− S) at x = 0;

P
(1)
S (S − 0) at x = 1.

(6.52)

Substituting the expansion S = S(0) + ϵS(1) + . . . into Eqs. (6.52) and balancing the

leading order terms gives

0 = D̂S
∂2S(0)

∂x2
+ α̂Lr − δ̂SS

(0),
∂S(0)

∂x
= 0 at x = 0, 1. (6.53)
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Hence, S satisfies a quasi-steady approximation with no-flux boundary conditions at lead-

ing order. Eqs. (6.53) can be solved in terms of Lr(x, t) using variation of parameters:

S(0)(x, t) =
α̂√
D̂S

[ ∫ 1

x

Lr(ξ, t) sinh

(
x− ξ√
D̂S

)
dξ

+ csch
( 1√

D̂S

)
cosh

(
1− x√
D̂S

)∫ 1

0

Lr(ξ, t) cosh

(
ξ√
D̂S

)
dξ

]
.

(6.54)

Since S is only coupled to the model via its value at x = 0 in Eqs. (6.43)-(6.45), we

substitute x = 0 into Eq. (6.54) and simplify to obtain

S(0, t) ∼ α̂√
D̂S sinh

(
1√
D̂S

) ∫ 1

0

Lr(x, t) · cosh
(
1− x√
D̂S

)
dx, as ϵ→ 0. (6.55)

Eq. (6.55) shows that, at leading order, the mediator density at the endothelium is a

weighted integral of the rLDL density across the lesion. The rLDL density closer to x = 0

is weighted more strongly than that near x = 1 to account for the decay of mediators as

they diffuse towards the endothelium.

6.2.7 Numerical scheme

We use the method of lines, with spatial discretisation ∆x = 0.02, to obtain numerical

solutions of the reduced model, which comprises PDEs (6.32)-(6.40), boundary conditions

(6.44)-(6.48), initial conditions (6.50) and expression (6.55) for S(0, t). We approximate

the spatial derivatives with a second-order central finite difference, and the integral in

Eq. (6.55) with the Trapezoidal Rule. We solve the resulting ODE system with the ND-

Solve routine in Wolfram Mathematica. To ensure the validity of numerical solutions, we

checked that the output of NDSolve was robust to decreases in ∆x (i.e. the spatial discreti-

sation), “MaxStepSize” (i.e. the temporal discretisation), increases in “PrecisionGoal”

and “AccuracyGoal”, and consistent with the steady state solutions for ψβ = ψD = 0 in

Sect. 6.3.1.

6.3 Results

We present the results in four sections. We consider the case ψD = ψβ = 0 in Sect.

6.3.1. Our analysis shows that this model, with lipid-independent MDM mobility and

apoptosis, captures the overall time course of lesion development, but does not qualita-

tively reproduce the spatial densities seen in the Nakashima images (Fig. 6.1). We then

examine the impact at steady state of lipid-dependent apoptosis alone, ψβ > 0 = ψD, and

lipid-dependent mobility alone, ψD > 0 = ψβ, in Sects. 6.3.2 and 6.3.3 respectively. Our

results show that lipid-dependent apoptosis alone cannot reproduce the observed spatial

densities, but high sensitivities to lipid-dependent mobility are sufficient. Finally, in Sect.

6.3.4 we consider the model output when both apoptosis and diffusion are lipid-dependent:

ψβ, ψD > 0.
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6.3.1 Lipid-independent MDM kinetics: ψD = ψβ = 0

Results from a typical simulation for the case ψD = ψβ = 0 are presented in Fig. 6.4. We

fix L⋆ = 4 and H⋆ = 0.5 so that LDL lipid dominates HDL capacity in the blood. The

plots in column (a) show the components of the total lipid density:

Ltot(x, t) := LLDL(x, t) + Lr(x, t) + LM(x, t) + Lap(x, t) + Ln(x, t), (6.56)

while the quantities in plot (e) are the mean lipid density and HDL lipid capacity, respec-

tively given by

Ltot(t) :=

∫ 1

0

Ltot(x, t)dx, Htot(t) :=

∫ 1

0

H(x, t)dx. (6.57)

The time evolution of the lipid densities is shown in Fig. 6.4(a). At early times

(t ≤ 1), the lesion accumulates rLDL deep in the wall. This behaviour, consistent with

the Nakashima images (Fig. 6.1), occurs due to the influx of free LDL at x = 0 and its

subsequent binding to ECM proteoglycans. The high diffusivity of free LDL (DLDL = 57),

ensures that spatial variation in free LDL is small and so the spatial profile of rLDL is

dominated by the non-uniform retention capacity, Kr(x), defined in Eq. (6.42). Moreover,

the proportion of free LDL to rLDL is very small due to the large mean retention capacity

(Kr = 25), relative to blood LDL density (L⋆ = 4). In the months following LDL

accumulation (1 ≤ t ≤ 5), the MDM lipid density grows markedly due to rLDL uptake.

The lesion also accumulates apoptotic and necrotic lipid at this stage due to MDM death.

The ratio of apoptotic to necrotic lipid is also small, due mainly to the high secondary

necrosis rate, ν = 37. Finally, the model tends to a nonzero steady state as t→ ∞. The

lesion is approximately at steady state within t = 100 MDM lifespans (see Fig. 6.4(e),

noting the logarithmic scale). The lesion continues to accumulate necrotic lipid deep in

the intima during this final stage. We note that steady state in our model approximately

corresponds to the onset of pathological intimal thickening (PIT) in human lesions, which

follows the establishment of the MDM population during the fatty streak stage (within

which our model dynamics take place).

The time evolution of the MDM density is given in Fig. 6.4(b). The MDM density

grows over time and maintains a monotonically decreasing spatial profile. As expected,

M(x, t) attains its maximum value at x = 0, where MDMs enter the lesion, and fixing

ψD = ψβ = 0 ensures that their movement and death are decoupled from lipid content.

We note that M(x, t) decreases with x sufficiently smoothly that M(1, t) > 0 for t large;

indeed M(1, 100) ≈ 0.1×M(0, 100) for the simulation in Fig. 6.4. Hence, by contrast to

the Nakashima images, the model predicts that a substantial portion of MDMs eventually

emigrate to the tunica media.

The dynamics of the lipid-spatial MDM distribution,mℓ(x, t), are shown in Fig. 6.4(c).

At early times, t ≤ 1, the distribution grows in a wave-like manner from the origin

towards higher values of ℓ and x. This behaviour reflects the early increase in MDM lipid
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Figure 6.4: Time evolution of the model lesion when MDM mobility and apop-
tosis are independent of lipid content: ψD = ψβ = 0. Columns (a), (b) and (c)
respectively show the lipid densities, MDM density and MDM lipid-spatial distribution
at times t = 0.1, 1, 5 and 100. Plot (d) shows the spatial uniformity of HDL capacity.
Finally, plot (e) shows the time-evolution of the mean total lipid density and HDL capac-
ity, as defined by Eqs. (6.57). Note how, in contrast to the Nakashima images, the lipid
density monotonically increases with x, and the MDM density monotonically decreases
with x for all t > 0. We use L⋆ = 4 and H⋆ = 0.5.
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content due to rLDL uptake and concurrent diffusion into the lesion. As t increases, the

distribution stretches towards (x, ℓ/ℓmax) = (1, 1), reflecting a growth in the number of

lipid-laden MDMs deep in the lesion. We note that mℓ(x, t) is concentrated on higher

values of ℓ as x increases; MDMs deeper in the lesion typically contain a higher lipid

content than those nearer the endothelium. For 5 ≤ t ≤ 100 the MDM distribution also

extends towards (x, ℓ/ℓmax) = (0, 1). This behaviour is partially due to the diffusion of

lipid-laden MDMs from deeper in the lesion back towards the endothelium as the model

tends to steady state.

Fig. 6.4(d) shows that the HDL capacity, H(x, t), is approximately spatially uniform

for all t > 0. This is due to the large HDL diffusivity, DH = 140. Indeed, if DH = ϵ−1D̂H

for some D̂H = O(1) as ϵ→ 0 (recall ϵ := δ−1
S ≪ 1 ), then Eqs. (6.40) and (6.48) become

ϵ
∂H

∂t
= D̂H

∂2H

∂x2
− ϵkHH(LM −M) (6.58)

−D̂H
∂H

∂x
= ϵ

{
P

(0)
H (H⋆ −H) at x = 0;

P
(1)
H H at x = 1.

(6.59)

Substituting H = H(0)+ϵH(1)+ . . . into Eqs. (6.58) and (6.59), and balancing the leading

order terms shows that

∂2H(0)

∂x2
= 0,

∂H(0)

∂x

∣∣∣∣
x=0,1

= 0, =⇒ H(0) = H(0)(t). (6.60)

Hence, the HDL lipid capacity is spatially uniform at leading order. To derive the dy-

namics of H(0)(t), we balance the O(ϵ) terms in Eq. (6.58) and integrate with respect to

x ∈ (0, 1). Doing so gives∫ 1

0

∂H(0)

∂t
dx = D̂H

∂H(1)

∂x

∣∣∣∣x=1

x=0

− kHH
(0)

∫ 1

0

(LM −M)dx. (6.61)

Using result Eq. (6.60) to simplify the left-hand side, and Eq. (6.59) at O(ϵ) to evaluate

the boundary terms on the right-hand side, we find that

H(x, t) ∼ H(0)(t) as ϵ→ 0, (6.62)

where

dH(0)

dt
= P

(0)
H (H⋆ −H(0))− P

(1)
H H(0) − kHH

(0)

∫ 1

0

(LM −M)dx. (6.63)

Eqs. (6.62) and (6.63) express that, at leading order, the HDL density is spatially uniform

and evolves according to the rates of exchange with the bloodstream, tunica media and

total efflux by MDMs across the lesion x ∈ (0, 1). These mechanisms give rise to the

non-monotonic dynamics seen in Fig. 6.4(e); HDL capacity initially grows from zero due

to influx from the blood, and decreases once MDMs have ingested enough lipid for the

combined rates of efflux and loss to the tunica media exceed the influx from the blood-

stream. By contrast, the mean lipid density across the lesion increases monotonically with
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t; the lesion becomes more lipid laden with time.

Steady state. Typical steady state solutions when ψD = ψβ = 0 are shown in Fig. 6.5.

Again, we note that the steady state MDM density decreases monotonically with x. We

prove this result by direct calculation. At steady state, Eqs. (6.34) and (6.44) become

0 = DM
d2M

dx2
−M, −DM

dM

dx
=

{
S∞

1+S∞
− γM at x = 0;

γM at x = 1,
(6.64)

where S∞ := limt→∞ S(0, t) is the limiting value of Eq. (6.55). The boundary value

problem (6.64) admits the exact solution

M(x) = A cosh

(
1− x√
DM

)
+B sinh

(
1− x√
DM

)
, (6.65)

where A and B are positive constants:

A =
S∞

1 + S∞
·

√
DM

2γ
√
DM cosh(1/

√
DM) + (DM + γ2) sinh(1/

√
DM)

, (6.66)

B =
γA√
DM

. (6.67)

Differentiating Eq. (6.65) then gives

M ′(x) = − A√
DM

sinh

(
1− x√
DM

)
− B√

DM

cosh

(
1− x√
DM

)
< 0, (6.68)

where the inequality follows from A,B > 0 and 1 − x ≥ 0. Hence, M(x) is monotone

decreasing and, consequently, our model with lipid-independent MDM kinetics ψD = ψβ =

0 cannot qualitatively replicate the MDM densities found in the Nakashima images.

Since we use the results of our model with ψD = ψβ = 0 for comparison in future

sections, we continue to explore its steady state properties. Fig. 6.6 shows how various

summary statistics depend on blood LDL content. Plots (a) and (b) respectively show

the mean total lipid density, Ltot and HDL capacity, H, as defined by Eqs (6.57). As

expected, Ltot increases with L
⋆. By contrast, H decreases with L⋆ due to increased rates

of MDM efflux. Plots (c), (d) and (e) respectively show the mean MDM density, M , lipid

content, LM , and depth, xM , which are defined by

M :=

∫ 1

0

Mdx, LM :=
1

κM

∫ 1

0

(LM −M)dx, xM :=
1

M

∫ 1

0

xMdx. (6.69)

We note that 0 ≤ LM ≤ 1 is normalised such that LM = 0 when all MDMs have no

ingested lipid and LM = 1 when all MDMs are at maximal capacity. Both M and

LM increase with L⋆, whereas xM appears to be independent of L⋆ and H⋆. Indeed,

substituting the exact solution (6.65) into Eq. (6.69) shows that

xM =
D2

M + γ −DM

(
DM cosh(1/DM) + γ sinh(1/DM)

)
γ − γ cosh(1/DM)−DM sinh(1/DM)

. (6.70)

Hence, when ψD = ψβ = 0, the mean MDM depth only depends on the diffusivity, DM ,

and egress rate, γ.
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Figure 6.5: Steady state lesion composition when MDM mobility and apoptosis
are independent of lipid content: ψD = ψβ = 0. The plots depict solutions to the
model equations at steady state for the blood LDL densities L⋆ = 1, 2 and 4, and HDL
capacity H⋆ = 1. The top row depicts the lipid densities; plot (a) is the total lipid density,
and plots (b)-(d) show the densities of the lipid components. The bottom row shows the
MDM densities; plot (e) is the total MDM density, and plots (f)-(h) show the lipid-spatial
MDM distribution, using the same colour scale as in Fig. 6.4. Note how the MDM density
decreases monotonically with x, in contrast to the Nakashima images.
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Figure 6.6: Steady state summary statistics when MDM mobility and apoptosis
are independent of lipid content: ψD = ψβ = 0. Plots (a) and (b) show the mean
total lipid density and HDL capacity, defined in Eqs. (6.57). Plots (c)-(e) show the mean
MDM density, (normalised) lipid content and depth, which are defined in Eqs. (6.69).
Note how mean MDM depth is independent of both L⋆ and H⋆, by contrast to the other
quantities.
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6.3.2 Lipid-dependent apoptosis only: ψD = 0, ψβ > 0

We next investigate whether lipid-dependent MDM apoptosis alone is sufficient to quali-

tatively replicate the Nakashima images. Hence, we set ψβ ≥ 0 and continue to fix ψD = 0

so that MDM mobility is independent of lipid content.
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Figure 6.7: Steady state lesion composition when MDM apoptosis increases
with lipid content: ψβ > 0, ψD = 0. We compute steady state solutions for ψβ =
0, 0.5, 1, with L⋆ = 4, H⋆ = 1. Plot (a) shows the total lipid density and (b)-(d) the
densities of the different lipid sub-types. Plot (e) depicts the density of MDMs and (f)-
(h) the lipid-spatial MDM distribution, using the same colour scale as in Fig. 6.4. Note
how increases in ψβ yield a marked decline in MDM density deep in the lesion.

Fig. 6.7 shows typical steady state solutions for ψβ = 0, 0.5 and 1. Plot (a) illustrates

that increasing ψβ increases the total lipid density, particularly deep in the lesion. By

comparing plots (c) and (d) to (b), we note that the increase in lipid content reflects a

rise in necrotic and rLDL lipid towards x = 1, despite smaller quantities of MDM lipid.

Plot (e) shows that the decline in MDM lipid is not due to low lipid loads, but rather

a reduction in MDM density towards x = 1. Indeed, plots (f)-(h) indicate that MDM

lipid content increases with depth for ψβ = 0, 0.5, 1. Together, these observations suggest

that lipid-dependent MDM apoptosis drives increased rates of MDM death deep in the

lesion, where lipid loads are greatest, causing buildup of necrotic and rLDL lipid. Since

lipid-laden MDMs are more likely to die than nascent MDMs, there is less MDM lipid in

the lesion and, hence, a lower rate of lipid efflux to HDL. The decreased efflux rate means

that more of the lipid which enters the lesion via LDL remains in the lesion, increasing

the total lipid burden.

We further highlight the impact of lipid-dependent apoptosis in Fig. 6.8 where we

compare summary statistics for ψβ = 1 to the lipid-independent case ψβ = 0. Consistent

with Fig. 6.7, plot (a) shows that ψβ = 1 yields a greater mean lipid density, Ltot, than

ψβ = 0 for all L⋆ ∈ (0, 10). Plot (b) shows that mean HDL capacity is also greater when

ψβ = 1, confirming a decline in HDL efflux when apoptosis depends on lipid content.
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Figure 6.8: Steady state summary statistics when MDM apoptosis increases
with lipid content (solid) vs. lipid-independent apoptosis (dashed). Plots
(a) and (b) show how mean lipid density and HDL capacity, defined by Eqs. (6.57), are
higher when ψβ = 1. Plots (c), (d) and (e) respectively depict the reduction in mean
MDM density, lipid content, and depth for ψβ = 1. Note how the differences between the
outputs for ψβ = 1 and ψβ = 0 are greater for higher values of blood LDL content, L⋆,
and lower values of blood HDL capacity, H⋆.

Plots (c)-(e) show that mean MDM density, M , lipid content, LM , and depth, xM , are

all reduced relative to the case of lipid-independent death. The reduction is greater for

high blood LDL densities, L⋆, where MDM lipid loads are greater and consequently rates

of apoptosis.

Importantly, as suggested by Fig. 6.7(e), we note that the MDM densities for ψβ >

0 = ψD cannot exhibit a local maximum at steady state. Indeed, rearranging Eq. (6.34)

at steady state gives

d2M

dx2
=

1

DM

[
M + ψβ

ℓmax∑
ℓ=0

ℓmℓ

ℓmax − ψβℓ

]
≥ 0, (6.71)

where the inequality follows from ψβ < 1 (the summand is non-negative). Hence, M(x)

is concave-up wherever it is nonzero and cannot attain an internal, local maximum. We

conclude that introducing lipid-dependent apoptosis only to the model is not sufficient to

qualitatively reproduce the Nakashima images.

6.3.3 Lipid-dependent mobility only: ψD > 0, ψβ = 0

Here we examine whether introducing lipid-dependent MDM mobility only is sufficient

to qualitatively replicate the Nakashima images. Accordingly, we set ψD > 0 and assume
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Figure 6.9: Steady state lesion composition when MDM mobility decreases with
lipid content: ψD > 0, ψβ = 0. We compute steady state solutions for ψD = 0.0, 0.5, 1.0,
with L⋆ = 4, H⋆ = 1. Plot (a) shows the total lipid density and (b)-(d) the densities of
the lipid sub-types. Plot (e) depicts the density of MDMs and (f)-(h) the lipid-spatial
MDM distribution. Note how increases in ψD yield an accumulation of lipid and MDMs
towards x = 0, with the formation of local maxima in the total lipid and MDM densities
for ψD = 1.

ψβ = 0 so that MDM apoptosis is independent of lipid content.

Fig. 6.9 shows typical steady state solutions for ψD = 0.0, 0.5 and 1.0. Plot (a) shows

that increases in ψD yield greater total lipid densities, primarily closer to the endothelium.

Moreover, the lipid density attains a local maximum at x ≈ 0.4 for ψD = 1. Comparing

plots (c) and (d) to (b) shows that this increase in lipid content and peak formation reflects

an accumulation of MDM lipid for x < 1
2
, with minimal MDM lipid for x > 1

2
. Plot (e)

shows that the MDM density also attains a local maximum at x ≈ 0.4 for ψD = 1, with

a rapid decrease in density with x to the right of the peak. Plots (f)-(h) show that MDM

lipid loads are typically greater deeper in the lesion for all ψD = 0.0, 0.5, 1.0. Comparing

Figs. 6.9(g, h) to Figs. 6.7(g, h) shows that there are considerably more lipid-laden

MDMs deeper in the lesion when ψD = 0.5, 1.0 and ψβ = 0.0 than when ψβ = 0.5, 1.0

and ψD = 0.0. This is because introducing lipid-dependent mobility, ψD > 0, promotes

the retention of lipid-laden MDMs, while introducing lipid-dependent apoptosis, ψβ > 0,

promotes their rapid death.

We compare summary statistics for the model with lipid-dependent mobility, ψD = 1,

to the lipid-independent case, ψD = 0, in Fig. 6.10. Plot (a) shows that mean total

lipid density is higher for ψD = 1. This reflects how MDMs are less able to emigrate

from the lesion. Indeed, by contrast to Figs. 6.8(c,d) for ψβ, Figs. 6.10(c,d) show that

MDM density and mean lipid content are greater when ψD = 1 than when the MDM

kinetics are independent of lipid. The greater amount of MDM lipid for ψD = 1 gives rise

to a higher efflux rate to HDL, which yields the (marginally) lower HDL capacity levels

seen in plot (b). Plot (e) indicates that mean MDM depth is also decreased for ψD = 1
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Figure 6.10: Steady state summary statistics when MDM mobility decreases
with lipid content (solid) vs. lipid-independent mobility (dashed). Plots (a)
and (b) show the mean lipid density and HDL capacity, defined by Eqs. (6.57). Plots
(c), (d) and (e) respectively depict the increase in mean MDM density, lipid content, and
reduction in depth for ψD = 1, particularly for H⋆ = 1. We note again that the differences
between the outputs for ψD = 1 and ψD = 0 are greater for higher values of blood LDL
content, L⋆, and lower values of blood HDL capacity, H⋆.

when H⋆ = 1, with only minimal difference compared to the ψD = 0 case when H⋆ = 4.

In general, the differences between the plots for ψD = 1 and ψD = 0 are greater when

H⋆ = 1 and HDL capacity is exhausted (see plot (b)). The lack of HDL capacity means

that lipid-laden MDMs are retained deep in the lesion since they cannot recover their

mobility by offloading lipid to HDL.

To briefly probe why ψD > 0 allows for the possibility of a local maximum in the

MDM density (and hence, total lipid density), we rearrange Eq. (6.34) at steady state,

assuming only ψβ = 0, to obtain

d2M

dx2
= ψD

ℓmax∑
ℓ=0

(
ℓ

ℓmax

)
d2mℓ

dx2
+

M

DM

=
ψD

κ

d2

dx2
(LM −M) +

M

DM

. (6.72)

Hence M may become concave, d2M
dx2 < 0, if the MDM ingested lipid density, LM −M , is

sufficiently concave:

d2

dx2
(LM −M) < − κM

ψDDM

. (6.73)
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6.3.4 Lipid-dependent mobility and apoptosis: ψD, ψβ > 0

We now suppose that both MDM mobility and apoptosis depend on lipid content: ψD,

ψβ > 0.

Fig. 6.11 shows an example solution for ψD = 1.0, ψβ = 0.1. The model output

provides an improved qualitative match to the Nakashima images (Fig. 6.1) than the case

of lipid-independent MDM kinetics (c.f. Fig. 6.4). Specifically, column (a) shows that the

model captures both the early accumulation of rLDL lipid deep in the lesion (t ≤ 1), and

subsequent formation of a lipid density peak towards the endothelium due to MDM lipid

(t ≥ 5). Column (b) indicates that the MDM density remains concentrated in the lesion

interior for all times, with a negligible quantity of MDMs exiting the lesion at x = 1.

Indeed, M(x, t ≥ 100) ≈ 0 for x > 0.5, with only a slightly larger spatial support at

earlier times (e.g., M(x, 5) ≈ 0 for x > 0.8). Column (c) shows that mean MDM lipid

content increases with depth at all times, consistent with Fig. 6.4(c), albeit with a steeper

rate of increase. Figs. 6.11(d,e) are similar to the case lipid-independent MDM kinetics;

HDL capacity remains spatially uniform with unimodal time evolution, while mean lipid

density increases monotonically with time.

To explore the range of model behaviours as ψD and ψβ vary, we compute steady state

solutions across (ψD, ψβ) ∈ [0, 1]×[0, 1] using a grid resolution of 0.1 for ψD < 0.9 and 0.01

for ψD ≥ 0.9. The results are summarised in Fig. 6.12. We colour the (ψD, ψβ) subspace

according to the qualitative behaviour of the MDM density in plot (a), and lipid density

in plot (b). The results indicate that only a strikingly small region exhibits solutions

with local maxima in M(x) and Ltot(x). In particular, peak formation in both requires

large values of ψD (ψD > 0.92) and sufficiently small values of ψβ (ψβ < 0.6). Imposing

the requirement that the local maxima in M(x) and Ltot(x) are also global maxima,

as suggested by the Nakashima images, further restricts this region to a neighbourhood

of (ψD, ψβ) = (1, 0). This region corresponds to MDM populations for which diffusivity

decreases rapidly with lipid content, and mean lifespan decreases slowly with lipid content.

We further characterise model behaviour in terms of the blood densities of LDL lipid,

L⋆, and HDL capacity, H⋆, in Fig. 6.13. Here we fix ψD = 1 and ψβ = 0.1, to ensure

thatM(x) and Ltot(x) exhibit local maxima that coincide with their global maxima when

L⋆ = 4.5 and H⋆ = 0.5 (see Fig. 6.12). The results represent steady state model output

across the range of plausible values (L⋆, H⋆) ∈ (0, 10]×(0, 5]. Plot (a) indicates thatM(x)

exhibits a local maximum when L⋆ is large enough relative to H⋆. The local maximum

coincides with the global maximum only when the difference is sufficiently large. Plot (b)

shows that Ltot(x) is also monotone unless L⋆ is sufficiently large relative to H⋆, although

the separating curve is nonlinear. In contrast to the behaviour for M(x), the region in

which Ltot(x) is monotonic is adjacent to the region in which it is unimodal and the local

and global maxima coincide. In particular, fixing H⋆ < 2 and increasing L⋆ leads to the

formation of a local maximum in Ltot(x) that coincides with the global maximum when

it exists. By contrast, increasing L⋆ for fixed H⋆ > 2 yields a local maximum whose
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Figure 6.11: Time evolution of the model lesion when MDM mobility and apop-
tosis depend on lipid content: ψD = 1, ψβ = 0.1. Columns (a), (b) and (c) show the
lipid densities, MDM density, and MDM lipid-spatial distribution, respectively, at the
times t = 0.1, 1, 5 and 100. Plot (d) highlights the spatial uniformity of HDL capacity,
as indicated by result (6.62)-(6.63). Plot (e) shows the time evolution of mean total lipid
density, Ltot, and HDL capacity, H, as defined in Eqs. (6.57). Note the peak formation
at later times in columns (a) and (b), consistent with the Nakashima images. We use
L⋆ = 4, H⋆ = 0.5.
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Figure 6.12: The qualitative shape of the MDM (a) and lipid (b) densities as
the sensitivities to lipid content of MDM diffusivity, ψD, and apoptosis, ψβ,
are varied. The results represent steady state solutions across (ψD, ψβ) ∈ [0, 1] × [0, 1]
using a grid resolution of 0.1 for ψD < 0.9 and 0.01 for ψD ≥ 0.9. We fix L⋆ = 4 and
H⋆ = 0.5 and plot only ψD > 0.5 for visibility. Note how only a small neighbourhood
of (ψD, ψβ) = (1, 0) admits solutions for which the MDM and lipid densities attain local
maxima that coincide with their respective global maxima.
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Figure 6.13: The qualitative behaviour of the model with lipid content-
dependent MDM mobility and apoptosis, ψD, ψβ > 0, as blood LDL lipid,
L⋆, and HDL capacity, H⋆, are varied. We fix ψD = 1 and ψβ = 0.1. The results
represent steady state solutions across (L⋆, H⋆) ∈ (0, 10]× (0, 5] using a grid of resolution
0.2× 0.1. Plots (a) and (b) show the qualitative behaviour of M(x) and Ltot(x) at steady
state, respectively, and plot (c) illustrates their intersections. Note how the existence of
maxima in M(x) and Ltot(x) requires L⋆ to be large relative to H⋆. The red region in
(c) depicts the range of values for which the model steady state is qualitatively consistent
with the Nakashima images.
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Figure 6.14: Behaviour of the local maxima at steady state for the MDM and
lipid densities, M(x) and Ltot(x), respectively. Plot (a) shows how their peak
location approximately coincides and decreases in depth for higher blood LDL levels, L⋆.
Plots (b) and (c) show the value of the local maximum in M(x) and Ltot(x), respectively.
Both maxima increase with L⋆. We fix ψD = 1, ψβ = 0.1 and compute solutions for
H⋆ = 0.5 (blue) and H⋆ = 2 (red).

peak value is less than Ltot(1). Plot (c) shows the intersections between plots (a) and

(b). We note that there is a large region for H⋆ < 1 and L⋆ > 2 where both M(x) and

Ltot(x) attain local maxima that coincide with their global maxima, consistent with the

Nakashima images.

Finally, we explore the behaviour of the local maxima in M(x) and Ltot(x) at steady

state in Fig. 6.14. We compute solutions for 0 < L⋆ ≤ 10 with H⋆ = 0.5 (red) and

H⋆ = 2 (blue). Plot (a) shows that the location of the local maxima for M (solid) and

Ltot (dashed) approximately coincide, with better agreement for larger L⋆. The location

of both maxima decreases with L⋆, indicating that higher blood LDL levels push the local

maxima towards the endothelium. Peak location is deeper for H⋆ = 2 than for H⋆ = 0.5,

suggesting that increasing blood HDL capacity has the opposite effect, pushing the peak

towards the tunica media. Plots (b) and (c) show the local maximum value of M(x) and

Ltot(x), respectively. As expected, peak values are greater for higher blood LDL levels,

L⋆, and lower values of HDL capacity, H⋆. Overall, the results presented in Figs. 6.13

and 6.14 show that blood levels of LDL lipid and HDL capacity strongly influence the

qualitative behaviour of the lipid and MDM spatial density profiles.

6.4 Discussion

In this chapter we have developed a spatially-resolved and lipid-structured model for MDM

populations in early human atherosclerosis. We consider a one-dimensional Cartesian

geometry, where 0 ≤ x ≤ X represents depth into the artery wall. Lipid content is treated

using a discrete index, ℓ = 0, 1, . . . , ℓmax, to represent incremental changes to MDM lipid

burden. The model couples the dynamics of the MDMs, mℓ(x, t), to the densities of free
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LDL lipid, LLDL(x, t), retained LDL lipid, Lr(x, t), apoptotic lipid, Lap(x, t), necrotic lipid,

Ln(x, t), HDL lipid capacity, H(x, t), and inflammatory mediators, S(x, t).

Our model development and analysis were guided by the lipid and MDM densities

presented in Nakashima et al. [9], reproduced in Fig. 6.1. Intima growth is minimal

between the images, supporting our assumption of a fixed domain size: X ≈ 0.4mm.

The images exhibit two further features which we aimed to qualitatively replicate in our

model:

1. Lipid first accumulates deep in the intima, towards the tunica media;

2. The lipid and MDM densities both eventually peak within the tunica media, rather

than at the lumenal or medial boundaries.

We accounted for feature 1 by assuming a spatially non-uniform LDL retention capacity,

Kr(x), which increases with x in a step-like manner. The steepness of the step is deter-

mined by a parameter, θ ≈ 10, which we approximate by comparison to Fig. 6.1(e, h).

We note that it is insufficient to assume a spatially uniform LDL retention capacity, or to

omit LDL retention entirely, since LDL enters the lesion from the bloodstream; the LDL

spatial profile would skew towards the endothelium, contrary to Fig. 6.1(e, h). Feature

2 indicates behaviour that should fall within the scope of our model output. Since it

pertains to lipid and MDM densities at the PIT stage, we interpret this feature as a prop-

erty our model should be capable of exhibiting at steady state. This is reasonable since

PIT is the most advanced pre-thrombotic stage prior to fibrous cap formation. Fibrous

cap formation is driven by the later accumulation of smooth muscles cells towards the

endothelium; capturing these dynamics is beyond the scope of our model.

Our model analysis in Sect. 6.3 focused on the impact of two key parameters, ψβ, ψD ∈
[0, 1]. The values of ψβ and ψD respectively determine the sensitivity of MDM lifespan

and MDM mobility to lipid content. These parameters alter how the dependent variables

in our model are coupled to each other. In particular, the extracellular lipid and HDL

densities form a closed subsystem when coupled to the total MDM density, M(x, t), and

lipid content, LM(x, t), when MDM lifespan and mobility are both independent of lipid

content: ψβ = ψD = 0. No such closed subsystem exists if either ψβ or ψD ̸= 0 since

the PDE for LM(x, t) becomes coupled to higher order moments of the lipid distribution,

mℓ(x, t), whose dynamics depend on successively higher order moments. We also explored

the impact of the blood densities of LDL lipid and HDL capacity, L⋆ and H⋆, respectively.

As both L⋆ and H⋆ depend on lifestyle choices, such as diet and exercise, it should be

possible to change their values. We considered their impact across a range of plausible

values: L⋆ ∈ (0, 10) and H⋆ ∈ (0, 5), with upper bounds corresponding to 450mg/dL and

225mg/dL, respectively. We fixed the remaining parameters to the values given in Table

4.1. Since these estimates are likely to carry high degrees of uncertainty, we focus our

analysis on identifying qualitative trends rather than quantitative predictions. We discuss

our findings below in relation to the key questions posed in Sect. 6.1.
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Q1. Under what circumstances does our model qualitatively reproduce the

densities in the Nakashima images, shown in Fig. 6.1?

The results presented in Sect. 6.3.1 suggest that our model cannot reproduce an

internal peak in the lipid or MDM densities when MDM lifespan and mobility are

independent of lipid content (ψβ = ψD = 0). Despite successfully capturing the

early lipid accumulation deep in the intima, the lipid and MDM densities maintain

monotone increasing and decreasing profiles, respectively, as the model tends to

steady state. A key issue is that the MDM density at steady state M(x), decouples

from the lipid densities. We used this to prove that M(x) decreases monotonically

for all parameter values, and that the mean MDM depth is independent of L⋆ and

H⋆.

The steady state results in Sect. 6.3.2 indicate that if only the rate of apoptosis

is lipid-dependent then the model is unable to replicate the Nakashima images.

Although a closed-form analytical solution for M(x) at steady state is not readily

attainable when ψβ > 0 = ψD, we proved that M(x) is concave-up wherever it is

nonzero and, hence, cannot attain an internal global maximum.

By contrast, the steady state results in Sect. 6.3.3 show that if only MDM mobility

is lipid content-dependent then the MDM and lipid densities may attain internal

global maxima. The steady state plots suggest that peak formation only occurs for

ψD sufficiently large.

We confirm this hypothesis in Sect. 6.3.1, where we explore model behaviour in the

case where both MDM lifespan and mobility depend on lipid content: ψD, ψβ > 0.

Our results indicate that the formation of internal global maxima in both the lipid

and MDM densities only occurs when MDM mobility is highly sensitive to lipid

content, ψD > 0.98, and MDM lifespan is comparably insensitive, ψβ < 0.2. A

further parameter sweep across plausible blood densities of LDL lipid, L⋆, and

HDL capacity, H⋆, indicates that the formation of internal global maxima in both

the lipid and MDM densities requires that L⋆ is sufficiently large relative to H⋆.

This finding is unsurprising since higher blood LDL densities promote higher MDM

lipid contents, and so they amplify the impact of lipid content-dependent MDM

lifespan and mobility on the lipid and MDM densities. Low levels of blood LDL

lipid relative to HDL capacity give rise to few lipid-laden MDMs in the lesion,

promoting dynamics qualitatively similar to the case of lipid-independent MDM

kinetics.

We note two apparent discrepancies between our model output and the Nakashima

images in Fig. 6.1. First, comparing Fig. 6.1(i) to Fig. 6.11(b) at t = 1 suggests

that our model overestimates MDM levels at early times. Since our model predicts

lesion behaviour in noiseless conditions, this discrepancy may simply be due to noise

in MDM numbers at early times. Indeed, Fig. 6.1(i) is not completely devoid of
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MDMs. Moreover, the structure of our mathematical model ensures that MDMs

can only enter the lesion after LDL retention, consistent with Fig. 6.1. Hence,

this apparent difference is quantitative in nature and could be rectified by adjust-

ing the recruitment parameter α. Nonetheless, it would be useful to run multiple

simulations using the same parameter values in an equivalent stochastic model to

explore the impact of noise in MDM numbers. Second, our model with lipid content-

dependent MDM lifespan and mobility predicts that the MDM density infiltrates

deeper into the lesion before retreating and forming a peak closer to the endothe-

lium (see Fig. 6.11(b) at t = 5, 100). This behaviour contrasts with the monotone

increase of MDM infiltration depth with time suggested by the Nakashima images

(see Fig. 6.1(i, l, o, r)). A possible explanation is that our model shows a genuine

intermediate stage of deep MDM infiltration, not captured in Fig. 6.1. This would

mean that maximal MDM depth is a poor marker for disease progression, relative to

total lipid density (which monotonically increases with time in our models). Since

MDM levels are low deeper in the lesion, verifying this hypothesis would require

analysis of many sample lesions to eliminate noise. Another possibility is that the

retreat in maximal MDM depth is an artefact of our assumption of linearity in the

decrease of MDM mobility with lipid content. This hypothesis could be explored

via numerical simulations with nonlinear dependence of mobility on lipid content.

Q2. What are the effects of introducing lipid content-dependence to MDM

lifespan and mobility?

The inclusion of lipid content-dependent MDM lifespan and mobility has minimal

impact on model behaviour at early times, relative to the lipid-independent case

(compare Fig. 6.4 and Fig. 6.11 for t ≤ 1). This is because there are few lipid-laden

MDMs early in lesion development. The impact of lipid-dependent MDM lifespan

and mobility are most apparent at later times, as the model tends to steady state.

We explored the impact on the steady state solutions of allowing MDM lifespan to

decrease with lipid content in Sect. 6.3.2. Relative to the constant lifespan case, we

saw increases in the mean total lipid density and mean HDL capacity, and decreases

in mean MDM density, MDM lipid content and depth. The decrease in mean MDM

density and increase in mean lipid density are consistent with the analysis of lipid

content-dependent apoptosis in the spatially-homogeneous model of Watson et al.

[185]. However, their results suggest that mean MDM lipid load is higher in the case

of lipid content-dependent lifespan. This discrepancy is likely due to differences in

the treatment of MDM lipid content; the model in [185] allows for unrestricted lipid

contents, while the present model imposes a maximal capacity for lipid content,

ℓmax. In our formulation, MDMs are less likely to consume lipid if they are already

lipid-laden. Therefore, lipid-laden MDMs are more likely to die than to ingest the
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excess apoptotic and necrotic lipid sourced by the death of nearby MDMs, reducing

mean MDM lipid content overall.

We analysed the effect of lipid content-dependent MDM mobility on the steady state

solutions in Sect. 6.3.3. Relative to the constant mobility case, we saw increases in

mean total lipid density, MDM density and MDM lipid content, and decreases to

mean HDL capacity and MDM depth. The increases in total lipid content, MDM

density and MDM lipid content are consistent with the analysis of lipid content-

dependent emigration in the spatially-homogeneous model of Watson et al. [185].

HDL capacity and spatial depth lack analogues in their model. These results are,

nonetheless, intuitive on theoretical grounds. HDL capacity is lower since MDM

lipid loads are greater and so MDMs offload greater amounts of lipid to HDL. MDM

depth is decreased since MDMs are, on average, less mobile.

Q3. How does MDM lipid content vary with spatial depth?

Our results indicate that mean MDM lipid content increases with spatial depth at

all times. This trend is robust to changes in the sensitivities of MDM lifespan and

mobility to lipid content, ψβ and ψD respectively, and to the blood densities of LDL

lipid and HDL capacity, L⋆ and H⋆ respectively. These findings are unsurprising

since LDL is initially retained deep in the lesion, forming a gradient of extracellular

lipid that promotes higher MDM uptake rates deeper in the intima. Moreover,

MDMs deeper in the intima are likely to be older (in terms of residence time) on

average, than those near the endothelium; deeper MDMs have had more time to

ingest lipid than nascent MDMs.

All generated plots of the MDM lipid-spatial distribution, mℓ(x, t), further suggest

that the spread in MDM lipid content also decreases with depth at all times. This

is also likely to be a consequence of the greater mean residence time of MDMs

deeper in the intima; it is less likely to find nascent, lipid-poor MDMs deeper in

the intima than MDMs which have neared an equilibrium between lipid uptake

and efflux. This hypothesis could be explored more rigorously by computing an

equivalent agent-based model.

Conclusions. In this chapter we have presented a new spatially-resolved and lipid-

structured mathematical model for MDM populations in early human atherosclerotic

lesions. Our model development and analysis are guided by the clinical observations

of Nakashima et al. [9]. Consistent with their findings, the model predicts that lipid

initially accumulates deep in the intima due to a spatially non-uniform LDL retention

capacity. Our model is further capable of qualitatively reproducing their reported lipid

and MDM densities provided that MDM mobility decreases sensitively with lipid content

and MDM lifespan is sufficiently insensitive to lipid content. We further find that MDM

lipid content increases with spatial depth, regardless of blood LDL and HDL content.
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These results develop the current understanding of macrophage heterogeneity in lipid

content and spatial position. In the following chapter, we build upon the current model

to account for MDM phenotype.
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Chapter 7

A spatially-resolved phenotype-lipid
structured model

In this chapter, we combine the models developed in Chapters 5 and 6 so that the MDM

population is spatially resolved and structured by both phenotype and lipid content. We

use the principle of mass conservation to couple the MDM dynamics to the densities of

free LDL lipid, rLDL lipid, apoptotic lipid, necrotic lipid, HDL capacity, inflammatory

mediators and resolving mediators.

7.1 Introduction

Information on the spatial distribution of MDM phenotype in atherosclerotic lesions is

limited. In particular, data on the spatial heterogeneity of MDM phenotype in early

human lesions are not yet available, to the best of our knowledge. In late murine lesions,

macrophages near the necrotic core are predominantly inflammatory M1-like while there

is a balance between M1-like and resolving M2-like macrophages near the fibrous cap [111,

246]. These observations suggest that a spatially-resolved, phenotype gradient emerges

during disease progression, with respect to distance from the endothelium. Whether this

phenotype gradient is a late-stage feature, or is present during early atherosclerosis, is

unknown. The impact of blood LDL and HDL levels on the spatial distribution of MDM

phenotype is also unknown and a focus of this chapter.

A further focus of this chapter is to analyse whether certain results presented in Chap-

ters 5 and 6 are robust to the addition of spatial and phenotype resolution, respectively.

In summary, we use our model to investigate the following key questions:

Q1. How does MDM phenotype vary with spatial depth?

Q2. How does the addition of spatial resolution impact the results concerning

lesion composition from Chapter 5?

Q3. How does the addition of phenotype resolution impact the results con-

cerning lipid-dependent MDM mobility and lifespan from Chapter 6?
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The remainder of the chapter is structured as follows. Sect. 7.2 introduces the full

model and includes a derivation of the related, closed subsystems. Sect. 7.3 contains the

results, which consist entirely of numerical solutions to these closed subsystems; we omit

numerical solutions to the full model in this thesis since they require parallel decompo-

sition of the phenotype-lipid-spatial domain for efficient computation. We first consider

results when MDM mobility and mean lifespan are constant, and later introduce lipid

content-dependence to these processes. Finally, in Sect. 7.4 we discuss the results in the

context of the above questions.

7.2 Model development

In this section, we formulate a spatially-resolved PDE model for early atherosclerosis in

which the MDM population is structured according to phenotype and lipid content.

7.2.1 Assumptions and definitions

We formulate the model as a system of partial differential equations, with associated

boundary and initial conditions. The equations are defined in one Cartesian spatial di-

mension, 0 ≤ x ≤ X, where x represents distance from the endothelium (x = 0) to the

IEL (x = X). We assume for simplicity that the domain length, X, is fixed. This is

reasonable for early lesions but is unlikely to hold for late-stage plaques.

We assume, for simplicity, that MDM phenotype and lipid content change by finite in-

crements, ∆ϕ = 1 and ∆a > 0, respectively, and structure the MDM population according

to phenotype and lipid content. Specifically, we let mϕ
ℓ (x, t) denote the density of MDMs

with lipid content a0+ℓ∆a and phenotype ϕ at position x and time t ≥ 0. The phenotype

index runs over positive and negative integer values: ϕ = 0,±1, . . . ,±ϕmax. MDMs with

ϕ > 0 have a pro-inflammatory, M1-like phenotype; those with ϕ < 0 have a resolving,

M2-like phenotype. The lipid index runs over non-negative values: ℓ = 0, 1, . . . , ℓmax, so

that MDM lipid content ranges from their endogenous content, a0 ≥ 0, to a maximum

value, a0 + κ, where κ := ℓmax∆a is the maximum capacity for ingested lipid.

We introduce additional variables to describe the extracellular environment. We de-

note by LLDL(x, t) ≥ 0, Lr(x, t) ≥ 0, Lap(x, t) ≥ 0 and Ln(x, t) ≥ 0 the mass densities

of free LDL lipid, retained LDL lipid, apoptotic lipid and necrotic lipid, respectively.

We let H(t) be the lipid capacity of HDL particles in the lesion. Finally, we denote by

S+(x, t) ≥ 0 and S−(x, t) ≥ 0 the mass densities of inflammatory and resolving mediators,

respectively.
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7.2.2 Model equations

MDMs. We propose that the MDM population evolves according to the following PDEs:

∂mϕ
ℓ

∂t
= DM

[
1− ψD

( ℓ

ℓmax

)]∂2mϕ
ℓ

∂x2︸ ︷︷ ︸
diffusion

− βmϕ
ℓ

1− ψβ

(
ℓ

ℓmax

)︸ ︷︷ ︸
apoptosis

+ kL ·L
[
(ℓmax − ℓ+ 1)mϕ

ℓ−1 − (ℓmax − ℓ)mϕ
ℓ

]︸ ︷︷ ︸
lipid uptake

+ kHH
[
(ℓ+ 1)mϕ

ℓ+1 − ℓmϕ
ℓ

]︸ ︷︷ ︸
lipid efflux to HDL

,

+ kSχS+

[
(ϕmax − ϕ+ 1)mϕ−1

ℓ − (ϕmax − ϕ)mϕ
ℓ

]︸ ︷︷ ︸
inflammatory phenotype modulation

+ kSχS−
[
(ϕmax + ϕ+ 1)mϕ+1

ℓ − (ϕmax + ϕ)mϕ
ℓ

]︸ ︷︷ ︸
resolving phenotype modulation

(7.1)

for all 0 ≤ x ≤ 1 and t ≥ 0. Eqs. (7.1) hold for all ϕ = 0,±1, . . . ,±ϕmax and ℓ =

0, 1, . . . , ℓmax, and are subject to the closure conditions

mϕ
−1 = mϕ

ℓmax+1 = m−ϕmax−1
ℓ = mϕmax+1

ℓ = 0. (7.2)

We define for notational brevity the vectors kL := (kLDL, kr, kap, kn) andL := (LLDL, Lr, Lap, Ln),

so that kL ·L = kLDLLLDL + krLr + kapLap + knLn.

The first line of the RHS of Eqs. (7.1) describes MDM random motion and apoptosis.

As in Chapter 6, we assume that these processes occur at rates that depend on lipid

content, ℓ. More specifically, we assume that MDM mobility and lifespan decrease linearly

with ℓ with sensitivities 0 ≤ ψD ≤ 1 and 0 ≤ ψβ ≤ 1, respectively. The remaining lines

account for changes to lipid content and phenotype that are modelled using mass-action

kinetics. Specifically, we describe lipid uptake with the reaction

Mϕ
ℓ +∆a

ki(ℓmax−ℓ)−−−−−−→ Mϕ
ℓ+1, (7.3)

for i ∈ {LDL, r, ap, n}, lipid efflux to HDL with the reaction

Mϕ
ℓ

kHℓ−−→ Mϕ
ℓ−1, (7.4)

and phenotype modulation with the reaction

Mϕ,ℓ +∆s −→

{
Mϕ±1,ℓ with rate p±ϕ := kSχ(ϕmax ∓ ϕ);

Mϕ,ℓ with rate kS(1− p±ϕ ),
(7.5)

for ϕ = 0,±1, . . . ,±ϕmax and ℓ = 0, 1, . . . , ℓmax.

We close Eqs. (7.1) by imposing the following boundary conditions:

−DM
∂mϕ

ℓ

∂x
=

{
Rϕ

ℓ (t)− γmϕ
ℓ at x = 0;

γmϕ
ℓ at x = X.

(7.6)
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We assume that newly recruited MDMs enter the lesion at x = 0 carrying only endogenous

lipid and with an uncommitted phenotype:

Rϕ
ℓ (t) :=

σM
(

S+

S++Sc50
+ +ρS−

)∣∣∣∣
x=0

if (ϕ, ℓ) = (0, 0);

0 if (ϕ, ℓ) ̸= (0, 0).

(7.7)

The recruitment rate is a first-order Hill function of the inflammatory mediator density,

S+, which saturates at the maximum value σM . Resolving mediators, S−, inhibit recruit-

ment by linearly increasing the threshold for half-maximal recruitment from the basal

value Sc50
+ ; the parameter ρ governs the sensitivity of the recruitment rate to S−. Eqs.

(7.6) also account for MDM egress through either boundary. More specifically, we as-

sume that MDMs at x = 0, X exit the lesion at a rate proportional to their mobility:

γ
[
1− ψD

(
ℓ

ℓmax

)]
. We specify initial conditions later in this section.

Extracellular lipids. We assume the densities of free and retained LDL evolve accord-

ing to the PDEs

∂LLDL

∂t
= DLDL

∂2LLDL

∂x2︸ ︷︷ ︸
diffusion

− kbLLDL[Kr(x)− Lr]︸ ︷︷ ︸
retention via ECM binding

+ k−bLr︸ ︷︷ ︸
unbinding

− kLDL∆aLLDL

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ
ℓ︸ ︷︷ ︸

uptake by MDMs

,
(7.8)

∂Lr

∂t
= kbLLDL[Kr(x)− Lr]− k−bLr − kr∆aLr

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ
ℓ . (7.9)

The first term in Eq. (7.8) accounts for random motion of free LDL, with diffusivity DLDL.

We also assume that free LDL binds to ECM proteoglycans with rate constant kb in a

capacity-limited manner, and unbinds at rate k−b. Consistent with Chapter 6, we suppose

that the capacity for LDL retention Kr(x) is a sigmoidal function of position:

Kr(x) := K̄r ·
(

2

1 + eθ(1/2−x/X)

)
, where K̄r =

1

X

∫ X

0

Kr(x)dx. (7.10)

Here K̄r is the mean rLDL capacity in the intima and θ > 0 determines the steepness of

Kr(x). The final terms in Eqs. (7.8)-(7.9) account for MDM uptake via reactions (7.3).

We close Eq. (7.8) by imposing the following boundary conditions:

−DLDL

∂LLDL

∂x
=

{
P

(0)
L (L⋆ − LLDL) at x = 0;

P
(1)
L (LLDL − 0) at x = X.

(7.11)

Here P
(0)
L and P

(1)
L denote the permeability to free LDL of the endothelium and IEL,

respectively. We assume that the LDL lipid density is L⋆ > 0 in the blood, and negligible

in the media.
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We propose that the apoptotic and necrotic lipid densities satisfy

∂Lap

∂t
= Dap

∂2Lap

∂x2︸ ︷︷ ︸
diffusion

+
∑
ϕ,ℓ

[
β(a0 + ℓ∆a)

1− ψβ(
ℓ

ℓmax
)︸ ︷︷ ︸

apoptosis

− kap∆aLap(ℓmax − ℓ)︸ ︷︷ ︸
uptake by MDMs

]
mϕ

ℓ − νLap︸︷︷︸
necrosis

,
(7.12)

∂Ln

∂t
= Dn

∂2Ln

∂x2
+ νLap − kn∆aLn

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ
ℓ . (7.13)

The terms on the first line of the RHS of Eq. (7.12) account for diffusion, lipid deposition

due to MDM apoptosis and uptake by MDMs according to reaction (7.3). We further

assume that apoptotic cells undergo secondary necrosis at rate ν, which provides linear

sink and source terms in Eqs. (7.12) and (7.13), respectively. We close Eqs. (7.12)-(7.13)

by imposing the following boundary conditions:

∂Lap

∂x
=
∂Ln

∂x
= 0 at x = 0, X. (7.14)

Eqs. (7.14) assume for simplicity that the endothelium and IEL are impermeable to both

apoptotic and necrotic lipid.

HDL lipid capacity. We assume that the lipid capacity of the HDL particles is

governed by the following PDE:

∂H

∂t
= DH

∂2H

∂x2︸ ︷︷ ︸
diffusion

− kH∆aH
∑
ϕ,ℓ

ℓmϕ
ℓ︸ ︷︷ ︸

lipid efflux by MDMs

. (7.15)

Eq. (7.15) accounts for HDL diffusion and MDM lipid efflux. We close Eq. (7.15) by

imposing the following boundary conditions:

−DH
∂H

∂x
=

{
P

(0)
H (H⋆ −H) at x = 0;

P
(1)
H (H − 0) at x = X.

(7.16)

The constants P
(0)
H and P

(1)
H denote the permeability to HDL of the endothelium and IEL,

respectively. We assume that the density of HDL lipid capacity is H⋆ > 0 in the blood,

and negligible in the tunica media.

Inflammatory and resolving mediators. Finally, we propose that the densities of
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inflammatory and resolving mediators evolve according to the following PDEs:

∂S+

∂t
= DS

∂2S+

∂x2︸ ︷︷ ︸
diffusion

+ αLr︸︷︷︸
resident
signals

+µ
[
(kLDLLLDL + krLr)∆a

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ
ℓ︸ ︷︷ ︸

LDL-stimulated emission

+ νLap︸︷︷︸
DAMPs

]

+ kc
∑
ϕ,ℓ

(
1 +

ϕ

ϕmax

)
mϕ

ℓ︸ ︷︷ ︸
MDM constitutive production

−
[
kS∆s

∑
ϕ,ℓ

mϕ
ℓ + δS

]
S+︸ ︷︷ ︸

MDM binding and decay

,

(7.17)

dS−

dt
= DS

∂2S−

∂x2︸ ︷︷ ︸
diffusion

+µ
[
kap∆aLap

∑
ϕ,ℓ

(ℓmax − ℓ)mϕ
ℓ︸ ︷︷ ︸

efferocytosis-stimulated emission

+ kH∆aH
∑
ϕ,ℓ

ℓmϕ
ℓ︸ ︷︷ ︸

HDL-stimulated emission

]

+ kc
∑
ϕ,ℓ

(
1− ϕ

ϕmax

)
mϕ

ℓ −
[
kS∆s

∑
ϕ,ℓ

mϕ
ℓ + δS

]
S−.

(7.18)

The first terms on the RHS of Eqs. (7.17) and (7.18) account for diffusion. We assume

inflammatory and resolving mediators share a common diffusivity, DS. Consistent with

Chapter 5, we assume that inflammatory mediators are sourced by resident signals in

response to rLDL, MDM uptake of LDL, secondary necrosis and phenotype-dependent

constitutive expression by MDMs. Resolving mediators are sourced by MDM uptake of

apoptotic lipid, lipid efflux to HDL and phenotype-dependent constitutive expression by

MDMs. We assume both inflammatory and resolving mediators are lost to MDM binding

via reactions (7.5) and natural decay at a common rate, δS.

We close Eqs. (7.17) and (7.18) with the boundary conditions

−DS
∂S±

∂x
=

{
P

(0)
S (0− S±) at x = 0;

P
(1)
S (S± − 0) at x = X.

(7.19)

The constants P
(0)
S and P

(1)
S denote the endothelial and IEL mediator permeabilities, re-

spectively. We assume for simplicity that mediator densities in the lumen and media are

negligible.

Initial conditions. We impose the following conditions at t = 0:

mϕ
ℓ = 0 for every (ϕ, ℓ), LLDL = Lr = Lap = Ln = H = S+ = S− = 0. (7.20)

Eqs. (7.20) assert that the model lesion is initially devoid of MDMs, extracellular lipid,

HDL lipid capacity, and inflammatory and resolving mediators.
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7.2.3 MDM population variables and PDE subsystems

We define the following population variables:

M(x, t) :=
∑
ϕ,ℓ

mϕ
ℓ (x, t), (7.21)

LM(x, t) :=
∑
ϕ,ℓ

(a0 + ℓ∆a)mϕ
ℓ (x, t), (7.22)

ΦM(x, t) :=
∑
ϕ,ℓ

(
ϕ

ϕmax

)
mϕ

ℓ (x, t). (7.23)

Here M(x, t) ≥ 0 and LM(x, t) ≥ 0 denote the total MDM density and lipid content,

respectively. The variable ΦM(x, t) is the aggregate MDM phenotype, and may take pos-

itive or negative values depending on whether the MDM population is net inflammatory

or resolving, respectively. Using Eqs. (7.21)-(7.23), we may rewrite the PDEs for the

extracellular variables:

∂LLDL

∂t
= DLDL

∂2LLDL

∂x2
− kbLLDL[Kr(x)− Lr] + k−bLr − kLDLLLDL[(κ+ a0)M − LM ],

∂Lr

∂t
= kbLLDL[Kr(x)− Lr]− k−bLr − krLr[(κ+ a0)M − LM ],

(7.24)

∂Lap

∂t
= Dap

∂2Lap

∂x2
+ β

[
LM + ψβ

∑
ϕ,ℓ

(a0 + ℓ∆a)ℓmϕ
ℓ

ℓmax − ψβℓ

]
− νLap

− kapLap[(κ+ a0)M − LM ],

(7.25)

∂Ln

∂t
= Dn

∂2Ln

∂x2
+ νLap − knLn[(κ+ a0)M − LM ], (7.26)

∂H

∂t
= DH

∂2H

∂x2
− kHH(LM − a0M), (7.27)

∂S+

∂t
= DS

∂2S+

∂x2
+ αLr + µ

[
(kLDLLLDL + krLr)

(
(κ+ a0)M − LM

)
+ νLap

]
+ kc(M + ΦM)− (kS∆sM + δS)S+,

(7.28)

∂S−

∂t
= DS

∂2S−

∂x2
+ µ
[
kapLap

(
(κ+ a0)M − LM

)
+ kHH(LM − a0M)

]
+ kc(M − ΦM)− (kS∆sM + δS)S−.

(7.29)

Eqs. (7.24)-(7.29) with their associated boundary conditions (7.11), (7.14), (7.16) and

(7.19) form a closed system when appropriately coupled to the MDM dynamics. This can

be done by directly coupling to the dual-structured Eqs. (7.1) and (7.6) for mϕ
ℓ (x, t). The

combined system is, however, computationally expensive to solve due to the large number

of variables. We consider other options below.

• Lipid-structured subsystem. One possibility that is also valid for all values of

ψβ and ψD is to introduce the lipid content marginal variables:

mℓ(x, t) :=
∑
ϕ

mϕ
ℓ (x, t), Φℓ(x, t) :=

∑
ϕ

(
ϕ

ϕmax

)
mϕ

ℓ , (7.30)
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for every ℓ = 0, 1, . . . , ℓmax. Here mℓ(x, t) and Φℓ(x, t) denote the total density and

aggregate phenotype, respectively, of the MDMs with lipid content ℓ. By summing

Eqs. (7.1), (7.2) and (7.6) over ϕ = 0,±1, . . . ,±ϕmax, we find that mℓ and Φℓ satisfy

the PDEs

∂mℓ

∂t
= DM

[
1− ψD

( ℓ

ℓmax

)]∂2mℓ

∂x2
− βmℓ

1− ψβ

(
ℓ

ℓmax

)
+ kL ·L

[
(ℓmax − ℓ+ 1)mℓ−1 − (ℓmax − ℓ)mℓ

]
+ kHH

[
(ℓ+ 1)mℓ+1 − ℓmℓ

]
,

(7.31)

∂Φℓ

∂t
= DM

[
1− ψD

( ℓ

ℓmax

)]∂2Φℓ

∂x2
− βΦℓ

1− ψβ

(
ℓ

ℓmax

)
+ kL ·L

[
(ℓmax − ℓ+ 1)Φℓ−1 − (ℓmax − ℓ)Φℓ

]
+ kHH

[
(ℓ+ 1)Φℓ+1 − ℓΦℓ

]
+ kSχ

[
S+(mℓ − Φℓ)− S−(mℓ + Φℓ)

]
,

(7.32)

the closure conditions

m−1 = mℓmax+1 = Φ−1 = Φℓmax+1 = 0, (7.33)

and the boundary conditions

−DM
∂mℓ

∂x
=

{
R0

ℓ − γmℓ at x = 0;

γmℓ at x=X,
−DM

∂Φℓ

∂x
=

{
−γΦℓ at x = 0;

γΦℓ at x=X,
(7.34)

for every ℓ = 0, 1, . . . , ℓmax. Eqs. (7.31)-(7.34) form a closed PDE subsystem for

mℓ, Φℓ, L, H and S± when coupled to Eqs. (7.24)-(7.29), (7.11), (7.14), (7.16)

and (7.19). We use this lipid-structured subsystem for all simulations where ψD or

ψβ ̸= 0.

• Phenotype-structured subsystem for ψD = ψβ = 0. The case of lipid content-

independent MDM mobility and death, ψD = ψβ = 0, admits a subsystem in terms

of the phenotype marginal variables:

mϕ(x, t) :=
∑
ℓ

mϕ
ℓ (x, t), Lϕ(x, t) :=

∑
ℓ

(a0 + ℓ∆a)mϕ
ℓ (x, t). (7.35)

Here mϕ(x, t) and Lϕ(x, t) represent the density and lipid content of MDMs with

phenotype ϕ = 0,±1, . . . ,±ϕmax. Setting ψβ = ψD = 0 and summing Eqs. (7.1),

(7.2) and (7.6) over ℓ = 0, 1, . . . , ℓmax, shows that m
ϕ(x, t) and Lϕ(x, t) satisfy the

PDEs

∂mϕ

∂t
= DM

∂2mϕ

∂x2
− βmϕ + kSχS+

[
(ϕmax − ϕ+ 1)mϕ−1 − (ϕmax − ϕ)mϕ

]
+ kSχS−

[
(ϕmax + ϕ+ 1)mϕ+1 − (ϕmax + ϕ)mϕ

]
,

(7.36)

∂Lϕ

∂t
= DM

∂2Lϕ

∂x2
− βLϕ + kSχS+

[
(ϕmax − ϕ+ 1)Lϕ−1 − (ϕmax − ϕ)Lϕ

]
+ kSχS−

[
(ϕmax + ϕ+ 1)Lϕ+1 − (ϕmax + ϕ)Lϕ

]
,

+ kL ·L
[
(κ+ a0)m

ϕ − Lϕ
]
+ kHH(Lϕ − a0m

ϕ),

(7.37)
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the closure conditions

m−ϕmax−1 = mϕmax+1 = L−ϕmax−1 = Lϕmax+1 = 0, (7.38)

and the boundary conditions

−DM
∂mϕ

∂x
=

{
Rϕ

0 − γmϕ at x = 0;

γmϕ at x = X,
−DM

∂Lϕ

∂x
=

{
a0R

ϕ
0 − γLϕ at x = 0;

γLϕ at x = X,

(7.39)

for every ϕ = 0,±1, . . . ,±ϕmax. Eqs. (7.36)-(7.39) form a closed subsystem for

mϕ, Lϕ, L, H and S± when coupled to Eqs. (7.24)-(7.29), (7.11), (7.14), (7.16)

and (7.19). We use this phenotype-structured subsystem to simulate the MDM

phenotype-spatial distribution in the case of lipid content-independent MDM mo-

bility and death.

• Minimal subsystem for ψD = ψβ = 0. The case ψD = ψβ = 0 also admits a

subsystem in terms of M(x, t), LM(x, t) and ΦM(x, t). Differentiating Eqs. (7.21)-

(7.23) with respect to t and substituting Eqs. (7.1) and (7.6) gives

∂M

∂t
= DM

∂2M

∂x2
− βM, (7.40)

∂LM

∂t
= DM

∂2LM

∂x2
− βLM + kL ·L

[
(κ+ a0)M − LM

]
+ kHH(LM − a0M), (7.41)

∂ΦM

∂t
= DM

∂2ΦM

∂x2
− βΦM + kSχ

[
S+(M − ΦM) + S−(M + ΦM)

]
, (7.42)

and the boundary conditions

−DM
∂M

∂x
=

{
R0

0 − γM at x = 0;

γM at x = X,
(7.43)

−DM
∂LM

∂x
=

{
a0R

0
0 − γLM at x = 0;

γLM at x = X,
(7.44)

−DM
∂ΦM

∂x
=

{
−γΦM at x = 0;

γΦM at x = X.
(7.45)

Eqs. (7.40)-(7.45) form a closed subsystem for M , LM , ΦM , L, H and S± when

coupled to Eqs. (7.24)-(7.29), (7.11), (7.14) and (7.19). We use this minimal sub-

system to efficiently sample the model output over over (L⋆, H⋆) parameter space

in the case of lipid content-independent MDM mobility and death.

7.2.4 Model parameters

The model depends on a large parameter set that is the union of the parameters in

Chapters 5 and 6. We omit a detailed explanation here since we do not introduce any

new parameters in this chapter. For completeness, we list the parameters and estimates

of their values in Table 7.1.
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Table 7.1: Model parameters

Parameter Interpretation Estimate Source

L⋆ Lumen LDL lipid density 0− 440 mg/dL [32, 39]
H⋆ Lumen HDL lipid capacity 0− 230 mg/dL [202]

P
(0)
L Endothelial permeability to LDL 0.37 mm month−1 [203, 204]

P
(0)
H Endothelial permeability to HDL 0.74 mm month−1 [205]

P
(1)
L IEL permeability to LDL 1.1 mm month−1 [207]

P
(1)
H IEL permeability to HDL 2.2 mm month−1 [207]

P
(0)
S Endothelial permeability to mediators 5.0 mm month−1 [243]

P
(1)
S IEL permeability to mediators 15 mm month−1 [207]

Kr Mean LDL retention capacity 1900 mg/dL [208, 210]
kb LDL retention rate 0.008 dL/mg month−1 [206, 211]
k−b LDL unbinding rate 1.8 month−1 [206, 211]
σM Maximum MDM entry rate 6800 mm−2 month−1 [212, 214]
β Unladen MDM apoptosis rate 1.0 month−1 [68, 215]
γ Unladen MDM egress rate 0.08 mm month−1 [214, 216]
ν Secondary necrosis rate 37 month−1 [217]
a0 MDM endogenous lipid 27pg [218, 219]
κ MDM lipid capacity 800pg [133]
kLDL LDL lipid uptake rate 0.00034 dL/mg month−1 [90]
kr rLDL lipid uptake rate 0.023 dL/mg month−1 [90]
kap Apoptotic lipid uptake rate 0.060 dL/mg month−1 [220, 221]
kn Necrotic lipid uptake rate 0.015 dL/mg month−1 [222]
kH Lipid efflux rate 0.34 dL/mg month−1 [223, 224]
Sc50
+ Half-max. MDM influx mediator density 5 ng/mL [225, 226]
ρ MDM influx sensitivity to res. mediators 0.40 [227]
δS Mediator natural decay rate 1600 month−1 [201]
∆s Mediator mass 17 kDa [228]
ks Mediator binding rate to MDMs 8800 mL/ng month−1 [229, 230]
kc MDM constitutive mediator production 1.5 pg month−1 [231]
µ Mediator production per lipid stimulus 0.042 [231]
α Resident inflammatory mediator produc-

tion per rLDL lipid
3.5× 10−3 month−1 [68]

χ MDM phenotypic plasticity 6.0× 10−6 [232]
∆a MDM uptake/efflux increment of lipid 16 pg [91, 233]
X Tunica intima width 0.40 mm [9]
θ LDL retention profile shape 10 [9]
DM Diffusivity of unladen MDMs 0.02 mm2 month−1 [244]
Dap Diffusivity of apoptotic cells 0.005 mm2 month−1 est.
Dn Diffusivity of necrotic cells 0.005 mm2 month−1 est.
DLDL Diffusivity of free LDL 9.2 mm2 month−1 [143]
DH Diffusivity of HDL 22 mm2 month−1 [143]
DS Diffusivity of mediators 500 mm2 month−1 [245]
ψD MDM mobility sensitivity to lipid load ∈ [0, 1] -
ψβ MDM lifespan sensitivity to lipid load ∈ [0, 1] -
ℓmax MDM lipid capacity per ∆a 100 = κ/∆a
ϕmax MDM phenotype resolution 50 -
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7.2.5 Non-dimensionalisation

We define

x̃ :=
x

X
, t̃ := βt, (7.46)

so that spatial depth, 0 ≤ x̃ ≤ 1, is measured relative to the width of the tunica intima,

X ≈ 0.40mm, and time, t̃ ≥ 0, is measured in units of the mean lifespan of lipid-unladen

MDMs, β−1 ≈ 1 month. We scale the remaining variables as follows:

m̃ϕ
ℓ (x̃, t̃) :=

βX

σM
mϕ

ℓ (x, t), m̃ϕ(x̃, t̃) :=
βX

σM
mϕ(x, t), m̃ℓ(x̃, t̃) :=

βX

σM
mℓ(x, t),

M̃(x̃, t̃) :=
βX

σM
M(x, t), Φ̃M(x̃, t̃) :=

βX

σM
M(x, t), Φ̃ℓ(x̃, t̃) :=

βX

σM
Φℓ(x, t),

L̃M(x̃, t̃) :=
βX

a0σM
LM(x, t), L̃ϕ(x̃, t̃) :=

βX

a0σM
Lϕ(x, t), L̃(x̃, t̃) :=

βX

a0σM
L(x, t),

H̃(x̃, t̃) :=
βX

a0σM
H(x, t), S̃+(x̃, t̃) :=

1

Sc50
S+(x, t), S̃−(x̃, t̃) :=

1

Sc50
S−(x, t).

(7.47)

The scaling (7.47) measures the MDM densities relative to the maximum influx per MDM

lifespan, σMX
−1β−1 ≈ 17000mm−3. The aggregate phenotype variables, ΦM and Φℓ, are

also scaled by this factor; they carry dimensions of number density by definitions (7.23)

and (7.30). The lipid densities and HDL capacity are measured relative to the maximum

influx of MDM endogenous lipid per MDM lifespan, a0σMX
−1β−1 ≈ 45 mg/dL. The

mediator densities are scaled relative to the density for half-maximal MDM recruitment,

Sc50 ≈ 5 ng/mL. We also introduce a number of dimensionless parameters in Table 7.2.

Applying the non-dimensionalisation (7.46)-(7.47) and definitions of Table 7.2, and

dropping the tildes for notational convenience, we obtain the following dimensionless

PDEs for the extracellular variables:

∂LLDL

∂t
= DLDL

∂2LLDL

∂x2
− kbLLDL[Kr(x)− Lr] + k−bLr − kLDLLLDL[(κ+ 1)M − LM ],

∂Lr

∂t
= kbLLDL[Kr(x)− Lr]− k−bLr − krLr[(κ+ 1)M − LM ],

(7.48)

∂Lap

∂t
= Dap

∂2Lap

∂x2
+ β

[
LM + ψβ

∑
ϕ,ℓ

(1 + κℓ̃)ℓ̃mϕ
ℓ

1− ψβ ℓ̃

]
− νLap − kapLap[(κ+ 1)M − LM ],

(7.49)

∂Ln

∂t
= Dn

∂2Ln

∂x2
+ νLap − knLn[(κ+ 1)M − LM ], (7.50)

∂H

∂t
= DH

∂2H

∂x2
− kHH(LM −M), (7.51)

∂S+

∂t
= DS

∂2S+

∂x2
+ αLr + µ

[
(kLDLLLDL + krLr)

(
(κ+ 1)M − LM

)
+ νLap

]
+ kc(M + ΦM)− (kSM + δS)S+,

(7.52)

∂S−

∂t
= DS

∂2S−

∂x2
+ µ
[
kapLap

(
(κ+ 1)M − LM

)
+ kHHM(LM −M)

]
+ kc(M − ΦM)− (kSM + δS)S−,

(7.53)
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Table 7.2: Dimensionless parameters in Eqs. (7.48)-(7.77)

.

Parameter Definition Interpretation Estimate

L̃⋆ β
a0σM

L⋆ Lumen LDL lipid density 0− 10

H̃⋆ β
a0σM

H⋆ Lumen HDL lipid capacity 0− 5

K̃r
β

a0σM
Kr Mean LDL retention capacity 25

P̃
(0)
L

1
XβP

(0)
L Endothelial LDL permeability 0.9

P̃
(0)
H

1
XβP

(0)
H Endothelial HDL permeability 1.8

P̃
(0)
S

1
XβP

(0)
S Endothelial mediator permeability 13

P̃
(1)
L

1
XβP

(1)
L IEL LDL permeability 2.7

P̃
(1)
H

1
XβP

(1)
H IEL HDL permeability 5.4

P̃
(1)
S

1
XβP

(1)
S IEL mediator permeability 38

k̃b
a0σM
β2 kb LDL retention rate 2.7

k̃−b
1
βk−b LDL unbinding rate 1.8

γ̃ 1
βX γ MDM egress rate 0.2

ν̃ 1
βν Secondary necrosis rate 37

κ̃ 1
a0
κ MDM lipid capacity per endogenous lipid 29

k̃LDL
a0σM
β2 kLDL LDL uptake rate 0.016

k̃r
a0σM
β2 kr rLDL uptake rate 1.1

k̃ap
a0σM
β2 kap Apoptotic lipid uptake rate 5.5

k̃n
a0σM
β2 kn Necrotic lipid uptake rate 1.4

k̃H
a0σM
β2 kH Lipid efflux rate 16

ρ̃ ρ MDM influx sensitivity to resolving mediators 0.4

k̃S
σM∆S

β2 kS Mediator binding rate to MDM receptors 47

δ̃S
1
β δS Mediator natural decay rate 1600

k̃c
σM

Sc50
+ β2kc Constitutive MDM mediator production rate 5100

µ̃ a0σM

Sc50
+ β

µ Lipid-stimulated mediator production 9200

α̃ a0σM

Sc50
+ β2α Resident mediator production per rLDL lipid 850

χ̃
kSS

c50
+

σM
χ MDM phenotypic plasticity 0.28

θ̃ θ LDL retention profile shape 10

D̃M
1

βX2DM Diffusivity of unladen MDMs 0.12

Dap
1

βX2Dap Diffusivity of apoptotic cells 0.03

Dn
1

βX2Dn Diffusivity of necrotic cells 0.03

D̃LDL
1

βX2DLDL Diffusivity of free LDL 58

D̃H
1

βX2DH Diffusivity of HDL 140

D̃S
1

βX2DS Diffusivity of mediators 3600∗

ψ̃D ψD Sensitivity of MDM diffusivity to lipid load ∈ [0, 1]

ψ̃β ψD Sensitivity of MDM lifespan to lipid load ∈ [0, 1]
ϕmax ϕmax MDM phenotype resolution 50
ℓmax ℓmax MDM maximum lipid capacity 100
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where ℓ̃ := ℓ/ℓmax and

Kr(x) := K̄r ·
(

2

1 + eθ(1/2−x)

)
. (7.54)

We also obtain the corresponding boundary conditions:

−DLDL

∂LLDL

∂x
=

{
P

(0)
L (L⋆ − LLDL) at x = 0;

P
(1)
L (LLDL − 0) at x = 1,

(7.55)

∂Lap

∂x
=
∂Ln

∂x
= 0 at x = 0, 1, (7.56)

−DH
∂H

∂x
=

{
P

(0)
H (H⋆ −H) at x = 0;

P
(1)
H (H − 0) at x = 1,

(7.57)

−DS
∂S±

∂x
=

{
P

(0)
S (0− S±) at x = 0;

P
(1)
S (S± − 0) at x = 1.

(7.58)

Eqs. (7.48)-(7.58) form a closed system when coupled to the MDM dynamics in one of

the following settings:

• The full model consists of the dual-structured PDEs

∂mϕ
ℓ

∂t
= DM

[
1− ψD

( ℓ

ℓmax

)]∂2mϕ
ℓ

∂x2
− βmϕ

ℓ

1− ψβ

(
ℓ

ℓmax

)
+ kL ·L

[
(ℓmax − ℓ+ 1)mϕ

ℓ−1 − (ℓmax − ℓ)mϕ
ℓ

]
+ kHH

[
(ℓ+ 1)mϕ

ℓ+1 − ℓmϕ
ℓ

]
,

+ χS+

[
(ϕmax − ϕ+ 1)mϕ−1

ℓ − (ϕmax − ϕ)mϕ
ℓ

]
+ χS−

[
(ϕmax + ϕ+ 1)mϕ+1

ℓ − (ϕmax + ϕ)mϕ
ℓ

]
,

(7.59)

for ℓ = 0, 1 . . . , ℓmax and ϕ = 0,±1, . . . ,±ϕmax, with closure conditions

mϕ
−1 = mϕ

ℓmax+1 = m−ϕmax−1
ℓ = mϕmax+1

ℓ = 0, (7.60)

and boundary conditions

−DM
∂mϕ

ℓ

∂x
=

{
Rϕ

ℓ (t)− γmϕ
ℓ at x = 0;

γmϕ
ℓ at x = 1,

(7.61)

where

Rϕ
ℓ (t) :=

{(
S+

S++1+ρS−

)∣∣∣
x=0

if (ϕ, ℓ) = (0, 0);

0 if (ϕ, ℓ) ̸= (0, 0);
(7.62)
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• The lipid-structured subsystem consists of the PDEs

∂mℓ

∂t
= DM

[
1− ψD

( ℓ

ℓmax

)]∂2mℓ

∂x2
− mℓ

1− ψβ

(
ℓ

ℓmax

)
+ kL ·L

[
(ℓmax − ℓ+ 1)mℓ−1 − (ℓmax − ℓ)mℓ

]
+ kHH

[
(ℓ+ 1)mℓ+1 − ℓmℓ

]
,

(7.63)

∂Φℓ

∂t
= DM

[
1− ψD

( ℓ

ℓmax

)]∂2Φℓ

∂x2
− Φℓ

1− ψβ

(
ℓ

ℓmax

)
+ kL ·L

[
(ℓmax − ℓ+ 1)Φℓ−1 − (ℓmax − ℓ)Φℓ

]
+ kHH

[
(ℓ+ 1)Φℓ+1 − ℓΦℓ

]
+ χ

[
S+(mℓ − Φℓ)− S−(mℓ + Φℓ)

]
,

(7.64)

the closure conditions

m−1 = mℓmax+1 = Φ−1 = Φℓmax+1 = 0, (7.65)

and the boundary conditions

−DM
∂mℓ

∂x
=

{
R0

ℓ − γmℓ at x = 0;

γmℓ at x=1,
−DM

∂Φℓ

∂x
=

{
−γΦℓ at x = 0;

γΦℓ at x=1;
(7.66)

• The phenotype-structured subsystem for ψD = ψβ = 0 consists of the PDEs

∂mϕ

∂t
= DM

∂2mϕ

∂x2
−mϕ + χS+

[
(ϕmax − ϕ+ 1)mϕ−1 − (ϕmax − ϕ)mϕ

]
+ χS−

[
(ϕmax + ϕ+ 1)mϕ+1 − (ϕmax + ϕ)mϕ

]
,

(7.67)

∂Lϕ

∂t
= DM

∂2Lϕ

∂x2
− Lϕ + χS+

[
(ϕmax − ϕ+ 1)Lϕ−1 − (ϕmax − ϕ)Lϕ

]
+ χS−

[
(ϕmax + ϕ+ 1)Lϕ+1 − (ϕmax + ϕ)Lϕ

]
+ kL ·L

[
(κ+ 1)mϕ − Lϕ

]
− kHH(Lϕ −mϕ),

(7.68)

the closure conditions

m−ϕmax−1 = mϕmax+1 = L−ϕmax−1 = Lϕmax+1 = 0, (7.69)

and the boundary conditions

−DM
∂mϕ

∂x
=

{
Rϕ

0 − γmϕ at x = 0;

γmϕ at x = 1,
−DM

∂Lϕ

∂x
=

{
Rϕ

0 − γLϕ at x = 0;

γLϕ at x = 1;

(7.70)

• The minimal subsystem for ψD = ψβ = 0 consists of the PDEs

∂M

∂t
= DM

∂2M

∂x2
−M, (7.71)

∂LM

∂t
= DM

∂2LM

∂x2
− LM + kL ·L

[
(κ+ 1)M − LM

]
+ kHH(LM −M), (7.72)

∂ΦM

∂t
= DM

∂2ΦM

∂x2
− ΦM + χ

[
S+(M − ΦM) + S−(M + ΦM)

]
, (7.73)
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and the boundary conditions

−DM
∂M

∂x
=

{
R0

0 − γM at x = 0;

γM at x=1,
(7.74)

−DM
∂LM

∂x
=

{
R0

0 − γLM at x = 0;

γLM at x=1,
(7.75)

−DM
∂ΦM

∂x
=

{
−γΦM at x = 0;

γΦM at x=1.
(7.76)

We impose the following initial conditions:

mϕ
ℓ = mϕ = mℓ = Lϕ = Φℓ = 0 ∀(ϕ, ℓ), LLDL = Lr = Lap = Ln = H = S± = 0. (7.77)

7.2.6 Separation of timescales

As in Chapter 6, it is useful to separate the mediator and MDM timescales for numerical

stability. We define

ϵ := δ−1
S = 6.25× 10−4 ≪ 1, α = ϵ−1α̂, DS = ϵ−1D̂S, kc = ϵ−1k̂c, µ = ϵ−1µ̂, (7.78)

and consider the limit ϵ → 0 where α̂, D̂S, k̂c, µ̂ = O(1) as ϵ → 0. In this limit, Eqs.

(7.52) and (7.53) become

ϵ
∂S±

∂t
= D̂S

∂2S±

∂x2
+ F± − (ϵkSM + δ̂S)S±, − D̂S

∂S±

∂x
= ϵ

{
P

(0)
S (0− S±) at x = 0;

P
(1)
S (S± − 0) at x = 1,

(7.79)

where F±(x, t) are the source terms

F+ := α̂Lr + µ̂
[
(kLDLLLDL + krLr)

(
(κ+ 1)M − LM

)
+ νLap

]
+ k̂c(M + ΦM), (7.80)

F− := µ̂
[
kapLap

(
(κ+ 1)M − LM

)
+ kHHM(LM −M)

]
+ k̂c(M − ΦM). (7.81)

Substituting the expansions S± = S
(0)
± + ϵS

(1)
± + . . . into Eqs. (7.79) and balancing the

leading order terms gives

0 = D̂S
∂2S

(0)
±

∂x2
+ F± − δ̂SS

(0)
± ,

∂S
(0)
±

∂x
= 0 at x = 0, 1. (7.82)

Hence, S± satisfy quasi-steady approximations with no-flux boundary conditions at lead-

ing order. Eqs. (7.82) can be solved in terms of F± using variation of parameters. Doing

so gives

S±(x, t) ∼
1√
D̂S

[ ∫ 1

x

F±(ξ, t) sinh

(
x− ξ√
D̂S

)
dξ

+ csch
( 1√

D̂S

)
cosh

(
1− x√
D̂S

)∫ 1

0

F±(ξ, t) cosh

(
ξ√
D̂S

)
dξ

]
as ϵ→ 0.

(7.83)
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7.2.7 Numerical scheme

We use the method of lines with spatial discretisation ∆x = 0.02 to obtain numerical

solutions of Eqs. (7.48)-(7.77) with expression (7.83) for S±(x, t). We approximate the

second-order, spatial derivatives with a second-order central finite difference, and the

integrals in Eqs. (7.83) with the Trapezoidal Rule. We solve the resulting ODE system

with the NDSolve routine in Wolfram Mathematica. To ensure the validity of numerical

solutions, we checked that the output of NDSolve was robust to decreases in ∆x (i.e. the

spatial discretisation), “MaxStepSize” (i.e. the temporal discretisation), and increases in

“PrecisionGoal” and “AccuracyGoal”.

7.3 Results

We present our results in two sections. In Sect. 7.3.1, we analyse numerical solutions

when MDM mobility and lifespan are independent of lipid content: ψD = ψβ = 0. We

then present numerical solutions for ψD, ψβ > 0 in Sect. 7.3.2.

7.3.1 Lipid-independent MDM kinetics: ψD = ψβ = 0

Two typical spatial spatially-resolved numerical solutions are shown in Figs. 7.1 and

7.2. The solutions in Fig. 7.1 correspond to an unhealthy balance of LDL lipid to HDL

capacity (L⋆ = 4, H⋆ = 0.5), while the solutions in Fig. 7.2 assume a healthy balance

(L⋆ = 3, H⋆ = 2). We use numerical solutions to the lipid-structured subsystem (7.48)-

(7.58), (7.63)-(7.66) to compute columns (a)-(c), and the phenotype-structured subsystem

(7.48)-(7.58), (7.67)-(7.70) to compute column (d) in both figures. Column (a) shows the

components of the total lipid density:

Ltot(x, t) := LLDL(x, t) + Lr(x, t) + LM(x, t) + Lap(x, t) + Ln(x, t). (7.84)

The solutions shown in Fig. 7.1 share many features with the equivalent phenotype-

independent solutions in Chapter 6 (c.f. Fig. 6.4). In particular, the solutions of Fig. 7.1

exhibit early retention of LDL deep in the intima, monotone spatial profiles for Ltot(x, t)

andM(x, t), and the same support for the MDM lipid-spatial distribution, mℓ(x, t), which

excludes lipid-poor cells deep in the intima. A notable difference is that the MDM density

is greater in the current model, especially at early times (Fig. 7.1(b,c)). This discrepancy

arises because the early uptake of rLDL by MDMs drives inflammatory phenotype modu-

lation and mediator production, which reinforce the MDM influx rate. We see this initial

inflammatory phenotype modulation in Fig. 7.1(d). At early times (t = 0.1), the distri-

bution mϕ(x, t) is localised at the origin (ϕ, x) = (0, 0), since newly recruited MDMs enter

the lesion at the endothelium with neutral phenotype. At slightly later times (t = 1),

mϕ(x, t) skews towards ϕ > 0 and x = 1. This reflects how MDMs become exposed to

inflammatory mediators, produced by rLDL-induced resident signalling or rLDL uptake

by other MDMs, as they diffuse into the lesion. The variation in ϕ for fixed x is smaller
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towards x = 1, since fewer newly recruited MDMs with ϕ = 0 are present deep in the

lesion. This trend is prominent for t = 1, but is less notable at the later times t = 5, 100

when there is also substantial modulation towards resolving phenotypes.

The solutions in Fig. 7.2 for (L⋆, H⋆) = (3, 2) differ from the unhealthy case in Fig.

7.1 in several aspects. First, we observe substantially smaller lipid densities, Ltot(x, t)

(Fig. 7.2(a)), smaller MDM densities, M(x, t), (Fig. 7.2(b)), and lower MDM lipid loads

(Fig. 7.2(c)). The MDM phenotype-spatial distribution mϕ(x, t), shown in Fig. 7.2(d),

becomes skewed towards ϕ > 0 at t = 1 before transitioning to a distribution centred about

ϕ = 0 at t = 5, 100. This reflects an early period of inflammatory phenotype modulation,

followed by resolution towards a steady state with an even balance of inflammatory to

resolving MDMs. Overall, there is limited spatial variation in MDM phenotype after early

times t > 1.

We further investigate the model dynamics by plotting the spatial averages of the

dependent variables in Fig. 7.3. More specifically, we define the integrals

f(t) :=

∫ 1

0

f(x, t)dx, (7.85)

for f ∈ {M,ΦM , LM , S±,L}. The quantities: Φ̂M and L̂M , that appear in plots (b)

and (g) are the normalised mean phenotype and lipid content across the whole lesion,

respectively:

Φ̂M :=
ΦM

M
, L̂M :=

LM −M

κM
. (7.86)

These are related to the normalised mean phenotype and lipid content at x:

Φ̂M(x, t) :=
ΦM(x, t)

M(x, t)
, L̂M(x, t) :=

L(x, t)−M(x, t)

κM(x, t)
, (7.87)

via the relations

Φ̂M =
1

M

∫ 1

0

M(x, t)Φ̂M(x, t)dx, Φ̂M =
1

M

∫ 1

0

M(x, t)L̂M(x, t)dx. (7.88)

The quantity, L := Ltot − LM , in plots (d) and (i) is the extracellular lipid density. The

solutions for L⋆ = 4, H⋆ = 0.5 are presented in the left column, and the solutions for L⋆ =

3, H⋆ = 2 in the right column. For 0 < t < 0.2, we note from Figs. 7.3(e,f) that the model

lesion undergoes an early phase of LDL infiltration and retention. The dynamics for 0.2 <

t < 2 are characterised by MDM influx (see Fig. 7.3(a,f)), lipid uptake and inflammatory

phenotype modulation (see Fig. 7.3(b,g)). Inflammatory mediators dominate resolving

mediators during this period (Fig. 7.3(c,h)). For t > 2, there is resolving phenotype

modulation as the system tends to steady state, with resolving mediators dominating

inflammatory mediators in the healthy case (see 7.3(c)).

There are several differences between Fig. 7.3 and the equivalent spatially homoge-

neous solutions of Fig. 5.3. First, we note from Figs. 7.3(d,e,i,j) that there is substan-

tially more rLDL in the current model. This occurs because the LDL retention capacity
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Figure 7.1: Spatially-resolved dynamics for unhealthy blood levels of LDL lipid
to HDL capacity: L⋆ = 4, H⋆ = 0.5. We use numerical solutions to the lipid-structured
subsystem (7.48)-(7.58), (7.63)-(7.66) to compute columns (a)-(c), and the phenotype-
structured subsystem (7.48)-(7.58), (7.67)-(7.70) to compute column (d). Plot (a) shows
the components of the total lipid density, Ltot(x, t), defined in Eq. (7.84). Note how
mϕ(x, t) skews to inflammatory phenotypes for t ≥ 1 in column (d).
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Figure 7.2: Spatially-resolved dynamics for healthy blood levels of LDL lipid to
HDL capacity: L⋆ = 3, H⋆ = 2. We use numerical solutions to the lipid-structured
subsystem (7.48)-(7.58), (7.63)-(7.66) to compute columns (a)-(c), and the phenotype-
structured subsystem (7.48)-(7.58), (7.67)-(7.70) to compute column (d). Plot (a) shows
the components of the total lipid density, Ltot(x, t), defined in Eq. (7.84). Note how, in
column(d), mϕ(x, t) skews to inflammatory phenotypes ϕ > 0 at t = 1 before resolving
towards an even balance of inflammatory and resolving MDMs at later times.
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Figure 7.3: Spatially averaged lesion composition dynamics. The plotted quanti-
ties are spatial averages of the model dependent variables, defined in Eq. (7.85). Solutions
for the case (L⋆, H⋆) = (3, 2), representing the model response to healthy blood LDL and
HDL levels, are shown in the left column. Solutions for (L⋆, H⋆) = (4, 0.5), corresponding
to unhealthy blood LDL and HDL levels, are shown in the right column.
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is greater deeper in the lesion (recall Eq. (7.54) for Kr(x)). Since the free LDL diffusivity

exceeds that of MDMs (from Table 7.2: DLDL = 58 > DM = 0.12), fewer MDMs reach

the deeper portions of the intima, where rLDL is most dense. Hence, in terms of spatial

averages, less rLDL is accessible per MDM in the current model than in the spatially

homogeneous model of Chapter 5. Second, the mean MDM density, M(t), is lower in

the current model. This occurs because the density of inflammatory mediators attains its

maximum value deep in the lesion (spatial profile not shown), where the rLDL density

is greatest. A portion of these mediators decay as they diffuse towards the endothelium,

x = 0. The rate of MDM influx is therefore lower than for the spatially homogeneous

model of Chapter 5, where all inflammatory mediators contribute to MDM influx. Third,

Fig. 7.3(e) shows that total lesion lipid content may decrease as the system tends to

steady state. Although the reasons for this are not clear, Fig.7.3(b) shows that the de-

crease in Ltot(t) is accompanied by a reduction in mean lipid load, L̂M(t). Hence, this

effect may arise because most MDMs in the current model do not penetrate deep into the

lesion where lipid levels are greatest, allowing the rate of efflux to eventually exceed that

of uptake in the current model. Finally, Figs. 7.3(b,g) indicate that mean MDM pheno-

type is more inflammatory in the current model. This is likely due to the greater rLDL

density in the current model, and, therefore, increased inflammatory mediator production

by resident signalling. Nonetheless, Fig. 7.3(e) confirms that the phenotype distribution

of Fig. 7.2(d) at t = 100 (near steady state) is resolving on average: Φ̂M < 0.

Steady state. The time-dependent solutions show that the model tends to a steady

state as t → ∞. We discuss below how this steady state changes as the blood densities

of LDL lipid, L⋆, and HDL capacity, H⋆, are varied.

Fig. 7.4 shows how the steady state MDM phenotype-spatial distribution, mϕ(x),

depends on L⋆ and H⋆. The plots show solutions to the phenotype-structured subsys-

tem (7.48)-(7.58), (7.67)-(7.70) at steady state, computed using the FindRoot routine in

Mathematica. We find that the mean phenotype at each position, Φ̂M(x), exhibits three

distinct qualitative behaviours, summarised in Fig. 7.4(e). For sufficiently small L⋆ and

large H⋆, Φ̂M(x) is monotone decreasing; when HDL capacity dominates LDL lipid in the

blood, the MDMs deeper in the lesion are more resolving in phenotype than those near

the endothelium. For intermediate values of L⋆, 0 < L⋆ < 7, and sufficiently large H⋆,

Φ̂M(x) decreases from x = 0, attains a local minimum, and thereafter increases as x→ 1.

We note that, in terms of spatial averages, these non-monotonic profiles are resolving:

Φ̂M < 0. For L⋆ sufficiently large relative to H⋆, Φ̂M(x) is monotone increasing; when

LDL lipid dominates HDL capacity in the blood, the MDMs deeper in the lesion are more

inflammatory than those near the endothelium. An example of each case is shown in Fig.

7.4(a-c). The curve Φ̂M(x) is overlaid on each plot, and shown with smaller scale in Fig.

7.4(d).
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Figure 7.4: MDM phenotype-spatial distribution at steady state. Plots (a)-(c)
show the steady state value of mϕ(x) for (L⋆, H⋆) = (1, 3), (2, 4) and (4, 1), computed by
solving the phenotype-structured subsystem (7.48)-(7.58), (7.67)-(7.70) at steady state.
The mean phenotype at each position, Φ̂(x), is overlaid on plots (a)-(c) and plotted with
smaller scale in (d). Plot (e) shows how the behaviour of Φ̂(x) depends on the blood
densities L⋆ and H⋆.

Fig. 7.5 shows how the spatial averages of the model outputs depend on L⋆ and H⋆.

The plots show solutions to the minimal subsystem (7.48)-(7.58), (7.71)-(7.76) at steady

state, using the FindRoot routine in Mathematica, across a grid of values (L⋆, H⋆) ∈
(0, 10) × (0, 5) with resolution 0.2 × 0.1. As expected, mean MDM density, M , MDM

phenotype, Φ̂M , MDM lipid content, L̂M , and lesion lipid content, Ltot, each increase

with L⋆ and decrease with H⋆. By contrast, mean HDL capacity, H, decreases with L⋆

and increases with H⋆. There are several differences between Fig. 7.5 and the equivalent

steady state results of Fig. 6.13 for the spatially homogeneous model in Chapter 5.

The current model exhibits lower MDM densities, M , due to the decay of inflammatory

mediators as they diffuse towards the endothelium. Total lesion lipid content is also lower

due to the lesser influx of MDM endogenous lipid. A further discrepancy is that the mean

MDM phenotype is greater (i.e., more inflammatory) in the current model. Indeed, the

contour Φ̂M = 0 passes through the origin in Fig. 7.5, whereas in Fig. 5.5 the same

contour passes through (L⋆, H⋆) ≈ (1, 0). To leading order, the dependence on L⋆ and

H⋆ in the current model is approximately linear, of the form 0.66L⋆ − H⋆ = constant;

this dependence is steeper than that in Fig. 5.5, which approximately takes the form

0.4L⋆ −H⋆ = constant.
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Figure 7.5: Steady state lesion composition as blood LDL lipid (L⋆) and HDL
capacity (H⋆) are varied. The plots show solutions to the minimal subsystem (7.48)-
(7.58), (7.71)-(7.76) at steady state across a grid of values (L⋆, H⋆) ∈ (0, 10)× (0, 5) with
resolution 0.2 × 0.1. The plotted quantities are spatial averages, defined by Eq. (7.85).
Note how lesion composition becomes more pathological as L⋆ increases and H⋆ decreases.

7.3.2 Lipid-dependent MDM mobility and lifespan: ψD, ψβ > 0

In this section, we analyse the model behaviour when MDM mobility and lifespan depend

on lipid content. As in Chapter 6, the values of 0 ≤ ψD ≤ 1 and 0 ≤ ψβ ≤ 1, which

determine the sensitivity to lipid content of MDM mobility and lifespan, respectively, are

crucial in producing results that are in good qualitative agreement with the Nakashima

images shown in Fig. 6.1. All simulations presented in this section are solutions of the

lipid-structured subsystem (7.48)-(7.58), (7.63)-(7.66).

Fig. 7.6 shows a time-dependent solution for ψD = 1 and ψβ = 0.1. We assume

L⋆ = 4 and H⋆ = 0.5 so that LDL lipid dominates HDL capacity in the blood. Columns

(a) and (b) show that, as the lesion develops, the lipid and MDM densities eventually

attain internal global maxima. The plots in column (c) show that mean MDM phenotype,

Φ̂M(x, t) and lipid content, L̂M(x, t), increase with x for all times t > 0; MDMs deeper

in the lesion are more lipid-laden and inflammatory. We note that L̂M ≈ 1 for x > 0.5,

indicating that MDMs in the deeper half of the intima are near their capacity for lipid

content. Compared to the equivalent phenotype-independent simulation of Chapter 6,

shown in Fig. 6.11, the current model exhibits greater lipid densities, Ltot(x, t), and

MDM densities, M(x, t), near x = 0, but comparable values near x = 1.

In Fig. 7.7, we show how the qualitative behaviour of M and Ltot at steady state

depends on ψD and ψβ. Again, we set L⋆ = 4 and H⋆ = 0.5 so that LDL lipid dominates

HDL capacity in the blood. Consistent with Fig. 6.12 for the spatial lipid-structured
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Figure 7.6: Model dynamics when MDM mobility and lifespan depend on lipid
content: ψD = 1, ψβ = 0.1. The plots show solutions for L⋆ = 4 and H⋆ = 0.5 of the
lipid-structured subsystem (7.48)-(7.58), (7.63)-(7.66). Note the global internal maxima
in the total lipid density, Ltot(x, t), and MDM density, M(x, t), at t = 100 (near steady
state), consistent with the Nakashima images for PIT with foam cells in Fig. 6.1.
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Figure 7.7: Qualitative behaviour of the steady state MDM density, M(x), and
lesion lipid density, Ltot(x), as the sensitivities ψD and ψβ are varied. The plots
represent steady state solutions for L⋆ = 4 and H⋆ = 0.5 of the lipid-structured subsystem
(7.48)-(7.58), (7.63)-(7.66). Note how the region for which global internal maxima exist
in both M(x) and Ltot(x) is larger than the equivalent region for the model in Chapter 6
without phenotype resolution (c.f. Fig. 6.12).

model in Chapter 6, the current model requires large values of ψD > 0.95 and sufficiently

small values of ψβ < 0.4 to produce internal global maxima in M(x) and Ltot(x). The

regions for which internal global maxima arise are larger in the current model than in

Chapter 6, especially for Ltot(x) (compare Figs. 7.7(b) and 6.12(b)). That is, the current

model qualitatively reproduces the Nakashima images across a wider range of values for

ψD and ψβ.

We conclude this section by exploring how the steady state results in Sect. 7.3.1 for

ψD = ψβ = 0 differ relative to the case ψD = 1, ψβ = 0.1. These values yield global

internal maxima in the MDM and lipid densities at steady state. Fig. 7.8 shows how the

decomposition of (L⋆, H⋆) space according to the qualitative behaviour of mean MDM

phenotype, Φ̂(x), is minimally impacted by the introduction of lipid content-dependence.

This is unsurprising since solutions with decreasing or non-monotonic Φ̂(x) do not exhibit

mean MDM lipid loads near capacity (compare Figs. 7.8(b) and 7.5(c)). Hence, the

decrease in MDM mobility and lifespan, relative to the case ψD = ψβ = 0, is expected to

be small. Interestingly, Fig. 7.8(a) indicates that the solution Φ̂M(x) for (L⋆, H⋆) = (4, 1)

becomes smaller than the ψD = ψβ = 0 case for large x. This likely occurs because,

relative to the ψD = ψβ = 0 case, there are fewer MDMs deeper in the lesion, and so

lesser rLDL-stimulated inflammatory mediator production.

Fig. 7.9 summarises the steady state composition of the model lesion when (ψD, ψβ) =

(1, 0.1). Compared to the case ψD = ψβ = 0 (dashed), the solutions exhibit greater mean
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Figure 7.8: MDM phenotype-spatial distribution at steady state when MDM
mobility and lifespan depend on lipid content: ψD = 1, ψβ = 0.1. The plots show
solutions to the lipid-structured subsystem (7.48)-(7.58), (7.63)-(7.66) at steady state.
The results for ψD = ψβ = 0 in Figs. 7.4(d) and (e) are overlaid with dashed curves in
plots (a) and (b), respectively. These differ minimally from the solutions for ψD = 1,
ψβ = 0.1 (solid).
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Figure 7.9: Steady state lesion composition when MDM mobility and lifespan
depend on lipid content: ψD = 1, ψβ = 0.1. The plots show solutions to the lipid-
structured subsystem (7.48)-(7.58), (7.63)-(7.66) at steady state for H⋆ = 1 (red) and
H⋆ = 4 (blue). Dashed curves represent solutions for (ψD, ψβ) = (0, 0). Note how
introducing lipid content-dependence to MDM mobility and lifespan may decrease MDM
phenotype for large L⋆ when H⋆ = 1.
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MDM densities, M , mean MDM lipid contents, L̂M , and lesion lipid densities, Ltot, and

smaller mean HDL capacities, H. The mean MDM phenotype, Φ̂M , is higher (i.e., more

inflammatory) for L⋆ sufficiently small and is lower (i.e., more resolving) for L⋆ sufficiently

large. The transition occurs at L⋆ ≈ 9.5 for H⋆ = 4 and L⋆ ≈ 4 for H⋆ = 1. This

behaviour is also likely to be due to the reduction in MDM numbers deep in the lesion

and the consequent lesser production of rLDL-stimulated inflammatory mediators.

7.4 Discussion

In this chapter, we have developed a spatially-resolved and phenotype-lipid structured

model for MDM populations in early atherosclerosis. We consider a one-dimensional

Cartesian domain, 0 ≤ x ≤ X, which represents distance from the endothelium. MDM

phenotype and lipid content are treated using discrete indices, ϕ = 0,±1, . . . ,±ϕmax,

and ℓ = 0, 1, . . . , ℓmax, respectively, to allow for incremental changes in MDM internal

state. The model couples the MDM dynamics, mϕ
ℓ (x, t), to the densities of free LDL

lipid, LLDL(x, t), retained LDL lipid, Lr(x, t), apoptotic lipid, Lap(x, t), necrotic lipid,

Ln(x, t), HDL capacity, H(x, t), inflammatory mediators, S+(x, t), and resolving media-

tors, S−(x, t).

The full model is computationally expensive to solve due to the large number of de-

pendent variables. Consequently, our analysis focused exclusively on solutions to closed

subsystems that may be solved independently of the full model. This includes a lipid-

structured subsystem where the extracellular variables above are coupled to the lipid-

structured marginal MDM density,mℓ, and aggregate phenotype, Φℓ. The lipid-structured

subsystem is closed for all parameter values. Two further closed subsystems exist when

MDM mobility and lifespan are independent of lipid content. This includes a phenotype-

structured subsystem where the extracellular variables are coupled to the marginal phenotype-

structured MDM density, mϕ, and aggregate lipid content, Lϕ, and a minimal subsystem

that casts the MDM population in terms of its aggregate density,M , phenotype, ΦM , and

lipid content, LM . We note that the closure of the lipid-structured subsystem depends on

the lack of phenotype dependence in the rates of lipid uptake, lipid efflux, MDM motion

and apoptosis. If these processes are made to depend on ϕ, then the PDE for Lϕ becomes

coupled to higher order moments of mϕ, whose dynamics depend on consecutively higher

order moments.

The model analysis in Sect. 7.3 focused on the impact of two key parameters, L⋆, and

H⋆, which determine the blood densities of LDL lipid and HDL capacity, respectively.

As these values depend on lifestyle choices, such as diet and exercise, we considered their

impact across a range of plausible values: L⋆ ∈ (0, 10) and H⋆ ∈ (0, 5), with upper

bounds corresponding to 450 mg/dL and 225 mg/dL, respectively. We also analysed the

impact of the parameters ψD ∈ [0, 1] and ψβ ∈ [0, 1] which determine the sensitivities of

MDM mobility and mean lifespan to lipid content, respectively. We fixed the remaining
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parameters to the values listed in Table 7.1. Since these estimates carry high degrees

of uncertainty, our analysis focussed on qualitative trends rather than quantitative pre-

dictions. We discuss our findings below in relation to the key questions posed in Sect. 7.1.

Q1. How does MDM phenotype vary with spatial depth?

Time-dependent solutions in Sect. 7.3.1 indicate that the MDM phenotype-spatial

distribution, mϕ(x, t), evolves in a manner sensitive to L⋆ and H⋆. At early times,

most MDMs exhibit a neutral phenotype and are located near the endothelium. As

the MDM population moves deeper into the intima, the MDMs furthest from the

endothelium adopt a phenotype that is, on average, more inflammatory, than the

MDM phenotype near the endothelium. This inflammatory phenotype modulation

is likely due to exposure of MDMs to inflammatory mediators produced in response

to rLDL, including rLDL-stimulated signalling by resident cells and mediator pro-

duction by MDMs upon rLDL uptake. Since rLDL is retained in greater capacity

deeper in the lesion, MDMs furthest from the endothelium are likely to undergo the

highest levels of inflammatory phenotype modulation. At later times, the MDM

population undergoes a period of resolving phenotype modulation as resolving me-

diators begin to accumulate in response to apoptotic lipid uptake and lipid efflux

to HDL. During this time, the lesion develops a more spatially uniform distribu-

tion of phenotype, consisting of inflammatory to neutral cells if the blood LDL to

HDL balance is unhealthy (i.e., L⋆ ≫ H⋆), and an even balance of inflammatory

to resolving cells when the blood LDL to HDL balance is more healthy. Finally,

as the model tends to steady state, lesions with unhealthy LDL to HDL balance

undergo further inflammatory phenotype modulation due to DAMPs released from

secondary necrosis. Although necrosis is more prevalent deep in the lesion, this

effect does not cause a noticeable change to the spatial variation in phenotype.

Steady state analysis indicates that the spatial distribution of the mean MDM phe-

notype at equilibrium, Φ̂M(x), may adopt one of three qualitative behaviours de-

pending on the values of L⋆ and H⋆. When HDL capacity dominates LDL lipid

in the blood (H⋆ ≫ L⋆), Φ̂M(x) is monotone decreasing, which means that MDMs

deeper in the lesion have a more resolving phenotype than those near the endothe-

lium. When L⋆ andH⋆ are comparable there is an intermediate regime where Φ̂M(x)

attains a local minimum. We note that spatial variation of phenotype is limited in

these solutions; MDMs exhibit a similar and mildly resolving mean phenotype at all

positions. Finally, when LDL lipid dominates HDL capacity in the blood (L⋆ ≫ H⋆),

Φ̂M(x) is monotone increasing, and so MDMs deeper in the lesion have a more in-

flammatory phenotype than those near the endothelium. This result is consistent

with reports that late lesions, which presumably develop in response to unhealthy

blood LDL to HDL balances, contain predominantly inflammatory MDMs near the

156



necrotic core and a more even balance of inflammatory and resolving MDMs near

the fibrous cap [111, 246].

The results in Sect. 7.3.2 indicate that the above characterisation of steady state

mean MDM phenotype also holds when MDM mobility and lifespan depend on

lipid content: ψD, ψβ > 0. This is unsurprising since the transitions from monotone

decreasing, non-monotonic and monotone increasing profiles for mean phenotype,

Φ̂M(x), occur in regions of healthy blood LDL to HDL balance (approximately H⋆ >

0.66L⋆) for which MDM lipid contents are low and, consequently, lipid content-

dependent reductions in MDM mobility and lifespan are minimal.

Q2. How does the addition of spatial resolution impact results concerning

lesion composition in Chapter 5?

We compared the time-dependent solutions for lesion composition of Chapter 5

to the time-evolution of the spatial averages of variables in the current model in

Sect. 7.3.1. Our results indicate that the current model undergoes the same overall

dynamical phases. Early times are characterised by the influx and retention of

LDL. The subsequent influx of MDMs and wave of rLDL uptake drives increases

to mean lipid content and modulation to inflammatory phenotypes. A period of

resolving phenotype modulation follows due to resolving mediators produced via

apoptotic lipid uptake and efflux to HDL. Finally, if the blood LDL to HDL balance

is unhealthy, there is an additional phase of inflammatory phenotype modulation

due to secondary necrosis as the lesion tends to steady state. There are, nonetheless,

several differences between the current model output and the results of Chapter 5.

The current model predicts greater amounts of rLDL and fewer MDMs, despite

greater densities of inflammatory mediators relative to resolving mediators. These

discrepancies arise because of the spatial dependence in rLDL retention capacity,

which increases with depth in the lesion. The inflammatory mediators, produced

primarily in the deep lesion due to rLDL stimulation, decay as they diffuse towards

the endothelium and have lesser impact on MDM influx than in the well-mixed

model of Chapter 5. In the healthy blood LDL to HDL case, the current model also

predicts that lesion lipid content decreases towards steady state, in contrast to the

monotone increasing trend found in Chapter 5. This behaviour may arise because

most MDMs do not reach deep into the lesion where lipid levels are greatest. Hence,

the rate of lipid efflux to HDL eventually exceed that of uptake, causing lipid levels

to decrease with time.

The current model also exhibits the same overall qualitative dependence on L⋆ and

H⋆ at steady state as the model of Chapter 5. Specifically, mean MDM density,

MDM phenotype, MDM lipid content and lesion lipid content each increase with

L⋆ and H⋆. By contrast, mean HDL capacity decreases with L⋆ and increases

with H⋆. There are small discrepancies between the current model output and
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equivalent results of Chapter 5. For instance, the current model predicts a more

inflammatory mean MDM phenotype for the same values of L⋆ and H⋆. Further,

the relative dependence on L⋆ and H⋆ in the current model is given by steeper

contours approximately of the form 0.66L⋆ − H⋆ = constant. Although it is not

clear why these difference arise, it is unsurprising that changes to blood LDL lipid

or HDL capacity would impact a spatially-resolved model differently than a spatially

homogeneous model.

Q3. How does the addition of phenotype resolution impact results concerning

lipid-dependent MDM mobility and lifespan in Chapter 6?

The results in Sect. 7.3.2 showed that the impact of introducing lipid content-

dependence to MDM mobility and lifespan has a similar impact to the current

model as to the model in Chapter 6. In particular, the current model can repro-

duce the global internal maxima in the MDM and total lipid densities seen in the

Nakashima images (Fig. 6.1). However, the current model predicts greater MDM

densities at early times compared to equivalent time-dependent solutions in Chap-

ter 6. This is due to increased production of inflammatory mediators in the current

model, which, in addition to resident signalling, accounts for rLDL uptake by MDMs

and phenotype-dependent constitutive production. These inflammatory mediators

promote MDM influx, which leads to further rLDL uptake and inflammatory me-

diator production in a positive feedback loop. The current model also exhibits a

larger region in (ψD, ψβ) space for which global internal maxima exist at steady

state. That is, the phenotype-resolved model qualitatively reproduces the densities

of the Nakashima images across a wider range of sensitivities for MDM mobility

and lifespan than the model of Chapter 6. This is likely to be partially due to

the increased MDM influx in the current model, which promotes accumulation of

endogenous lipid near the endothelium. Finally, we note that introducing high sen-

sitivities of MDM mobility to lipid content, which are necessary for global internal

maxima formation, has a similar impact on steady state lesion composition in the

current model as for the model in Chapter 6. Specifically, solutions for which MDM

lipid content decreases rapidly with lipid content exhibit greater MDM densities,

MDM mean lipid contents and total lipid densities, and lower HDL capacities rela-

tive to solutions for constant MDM mobility. Taken together, these results indicate

that the qualitative observations concerning lipid content-dependent MDM lifespan

and mobility are robust to the inclusion of phenotype resolution.

Conclusions. In this chapter, we have presented a new spatially-resolved and phenotype-

lipid structured mathematical model for MDM populations in early human atherosclerotic

lesions. The model indicates that mean MDM phenotype is more inflammatory deeper

in the lesion at early times, but may adopt one of three qualitative spatial behaviours at
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steady state. When HDL capacity dominates LDL lipid in the blood, mean MDM pheno-

type at steady state is more resolving deeper in the lesion than at the endothelium. When

blood LDL lipid and HDL capacity are comparable, there is an intermediate regime where

mean MDM phenotype depends non-monotonically with spatial depth. However, in these

solutions spatial variation is minimal and the lesion exhibits an approximately uniform

distribution of resolving phenotypes. When blood LDL lipid dominates HDL capacity,

mean phenotype is more inflammatory deeper in the lesion than near the endothelium.

Our results further indicate that trends concerning lesion composition in Chapter 5 and

the impact of lipid content-dependent MDM mobility and mean lifespan in Chapter 6 are

robust to the addition of spatial and phenotype resolution, respectively. Although we used

the model primarily to explore spatial variation of MDM phenotype in this chapter, the

model is readily adapted to explore additional effects, including cross-talk between MDMs

and smooth muscle cells [247] and the impact of resolving mediator therapies [7, 248]. In

the following and final chapter, we discuss these possibilities after summarising the find-

ings of Chapters 4-7.
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Chapter 8

Discussion and conclusions

In this thesis, we have developed a series of increasingly detailed structured population

models to investigate how MDM heterogeneity may arise during early atherosclerosis.

In this final chapter, we discuss how the analysis of these models has contributed to

increasing understanding of lesion formation in early atherosclerosis. We summarise the

key findings in Sect. 8.1, and discuss model limitations and future directions in Sect. 8.2.

8.1 Thesis summary

Atherosclerosis is a leading cause of death around the world [1]. A particular danger of

this chronic inflammatory disease is the asymptomatic development of its early stages [2].

Our understanding of early atherosclerosis is hindered by the emergence of heterogeneity

in lesion MDMs, which clouds their impact on disease development [7, 60]. MDM hetero-

geneity is driven by interactions between MDMs and the lesion microenvironment that

promote cell-to-cell variation in lipid content, phenotype and spatial position. In this

thesis, we have developed four structured population models to analyse the emergence

and impact of MDM heterogeneity in early atherosclerotic lesions. We presented a new

lipid-structured model in Chapter 4. We extended this model to account for phenotype

resolution in Chapter 5, and spatial resolution in Chapter 6. Finally, we combined the

models of Chapters 5 and 6 into a spatially-resolved phenotype-lipid structured model in

Chapter 7. We summarise the contributions of these chapters below.

In Chapter 4, we considered a well-mixed lesion with an MDM population resolved

by lipid content. We formulated the model as a system of ODEs that couples the MDM

population to the densities of extracellular lipid and HDL lipid capacity. A key feature

of the model that distinguishes it from other lipid-structured models in the literature

[165, 166, 185], is the assumption that MDMs have a finite capacity for lipid and that

their rate of lipid uptake depends on their available capacity. This property is consistent

with observations of macrophage uptake in vitro [94]. Our analysis of time-dependent

numerical solutions and asymptotic analysis of steady state solutions indicate that lesion

composition is sensitive to the relative influx of LDL lipid and HDL capacity. The MDM

lipid distribution evolves in a wave-like manner towards a steady state profile whose

161



qualitative form depends on the LDL lipid and HDL influxes. Lesions with unhealthy

LDL to HDL balances give rise to distributions that attain a local maximum near the

MDM lipid capacity, while distributions with healthy LDL to HDL balances may be

monotone decreasing, quasi-uniform, or attain a local maximum at low lipid loads. Time-

dependent solutions also show that the uptake rate of the MDM population diminishes

substantially due to lipid ingestion as the lesion develops, even when the influx of LDL

lipid is comparable to that of HDL capacity. We conclude that uptake feedback in MDMs

due to high lipid loads is likely to contribute to defective efferocytosis in atherosclerotic

lesions. Two aspects of our lipid-structured model warrant further comment.

First, the use of discrete structuring for lipid content is in contrast to the continuous

structuring used in [165, 166, 185]. We use discrete structuring to avoid shock disconti-

nuities that arise in the MDM lipid distribution in the equivalent continuous formulation.

These discontinuities can be seen in the steady state outer solutions shown in Fig. 4.10

at the lipid content a = ac where the rate of lipid uptake equals that of efflux. Such

discontinuities do not arise in earlier lipid-structured models since they assume that lipid

uptake and efflux occur at rates independent of lipid content, but this is at odds with

biological observations of finite MDM lipid capacity [94]. In the model of Chapter 4, dis-

crete structuring contributes a regularising effect that manifests as a diffusion term in the

continuum approximation of the MDM lipid distribution dynamics. The diffusion term

smooths the discontinuity in a small neighbourhood of the critical lipid content a = ac.

Second, the minimalist formulation of the extracellular environment may be overly

simplistic, particularly the treatment of extracellular lipid as a single species. In real

lesions, extracellular lipid is found within free-diffusing LDL, retained LDL, apoptotic

MDMs, and necrotic debris, each with different rates of uptake and effects on MDM

mediator production. The implicit treatment of blood LDL and HDL levels via influx

rates is also noteworthy. As clinical readouts, these quantities are desirable as explicit

model components. Moreover, in practice, LDL and HDL diffuse into the lesion from the

blood and may diffuse back into the lumen depending on their concentrations on either

side of the endothelium. We addressed these issues in Chapters 5-7, where we formulated

mathematical models under a common framework that resolves the above extracellular

lipid species and accounts for blood LDL lipid and HDL capacity as explicit parameters.

In Chapter 5, we considered a well-mixed lesion with an MDM population resolved

by (inflammatory) phenotype and lipid content. We formulated the model as a system of

ODEs that couples the MDM population to the densities of free LDL lipid, retained LDL

lipid, apoptotic lipid, necrotic lipid, HDL capacity, inflammatory mediators and resolving

mediators. MDM phenotype is incorporated via an additional structure index/variable,

representing the spectrum of values between the (inflammatory) M1 and (resolving) M2

polarisation states. We used the model to investigate the distribution of MDM phenotype,

its correlation with MDM lipid content, and relation to the densities of LDL lipid and

HDL capacity in the blood. The model reduces to a simpler, closed subsystem whose
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analysis shows how lesion composition becomes more pathological as blood LDL lipid

increases and HDL capacity decreases. We found that the MDM phenotype distribution

always attains a local maximum, while the lipid content distribution may be unimodal,

quasi-uniform or decrease monotonically. Asymptotic analysis of the MDM phenotype-

lipid distribution showed that MDM phenotype and lipid content are correlated via a

power law at steady state. This power law predicts that the more lipid-laden MDMs have

a more inflammatory phenotype at steady state in lesions where LDL lipid dominates

HDL capacity in the blood, and a more resolving phenotype than lipid-poor MDMs when

HDL capacity dominates LDL lipid in the blood.

In Chapter 6, we considered a spatially resolved lesion with an MDM population

resolved by lipid content only. We formulated the model as a system of PDEs that

couples the MDM population to the densities of free LDL lipid, retained LDL lipid,

apoptotic lipid, necrotic lipid, HDL capacity and inflammatory mediators. We treated

space using a one-dimensional Cartesian variable that ranges from the endothelium to the

internal elastic lamina. Motivated by images of lipid and macrophage densities in early

human coronary artery lesions (Fig. 6.1), we introduced a spatially non-uniform LDL

retention capacity to capture the early retention of LDL deep in the intima. We assumed

for simplicity that MDMs undergo unbiased random motion, but allowed MDM mobility

and mean lifespan to depend on lipid content. We found that the model qualitatively

reproduces the global internal maxima in the Nakashima images (Fig. 6.1) only when

the MDM mobility is sufficiently sensitive to lipid content, and MDM lifespan sufficiently

insensitive. Introducing lipid content-dependence to MDM mobility and mean lifespan

produced minimal impact on model behaviour at early times, but strongly impacted lesion

composition at steady state. Increases in the sensitivity of MDM lifespan to lipid content

yield lesions with fewer MDMs, less total lesion lipid and reduced mean MDM infiltration

depth. Increases in the sensitivity of MDM mobility also reduce the MDM infiltration

depth, but increase the proportion of lipid-laden MDMs. Across all simulations, regardless

of the treatment of MDM mobility and lifespan, we found that mean MDM lipid content

increases with spatial depth.

Finally, in Chapter 7, we considered a spatially resolved lesion with an MDM pop-

ulation resolved by phenotype and lipid content. We formulated the model as a system

of PDEs that couples the MDM population to the densities of free LDL lipid, retained

LDL lipid, apoptotic lipid, necrotic lipid, HDL capacity, inflammatory mediators and re-

solving mediators. We exploited various closed subsystems of the model to investigate

the relationship between MDM phenotype and spatial depth. Time-dependent numerical

solutions showed that mean MDM phenotype is more inflammatory deeper in the lesion

at early times, but may adopt one of three qualitative spatial behaviours at steady state.

When HDL capacity dominates LDL lipid in the blood, mean MDM phenotype at steady

state is more resolving deeper in the lesion than at the endothelium. When blood LDL

lipid and HDL capacity are comparable, there is an intermediate regime where mean
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MDM phenotype depends non-monotonically on spatial depth. However, in these solu-

tions spatial variation is minimal and the lesion exhibits a near-uniform distribution of

resolving phenotypes. When blood LDL lipid dominates HDL capacity, mean phenotype

is more inflammatory deeper in the lesion than near the endothelium, consistent with ob-

servations in late lesions [111, 246]. We also used the model to investigate the robustness

of trends observed in Chapters 5 and 6 to the addition of spatial and phenotype resolution,

respectively. We found that lesion composition depends on blood LDL and HDL levels

in a similar manner to the model of Chapter 5, albeit with more sensitive dependence on

blood LDL lipid relative to HDL capacity. We also found that, consistent with the results

of Chapter 6, sufficiently high sensitivities of MDM mobility and low sensitivities of MDM

lifespan to lipid content are required to produce the global internal maxima observed in

the Nakashima images.

The analyses presented in Chapters 5-7 suggest that MDM lipid content, pheno-

type and spatial depth are not independently distributed in early atherosclerotic lesions.

Rather, these three aspects of MDM heterogeneity are correlated in a manner dependent

on blood LDL and HDL levels. Our findings for lesions at steady state are summarised in

Fig. 8.1. For healthy scenarios where HDL capacity dominates LDL lipid in the blood,

MDMs deeper in the lesion exhibit higher lipid contents and more resolving phenotypes.

For unhealthy scenarios where LDL lipid dominates HDL capacity in the blood, MDMs

deeper in the lesion exhibit higher lipid loads and more inflammatory phenotypes. As

noted in Chapter 5, the correlation between lipid content and phenotype changes depend-

ing on blood LDL and HDL levels; the more lipid laden cells may be more inflammatory

or resolving depending on blood lipoprotein content. Hence, these two aspects of MDM

heterogeneity cannot be used as proxies for each other in a model seeking to account for

both healthy and unhealthy balances of LDL and HDL in the blood. By contrast, (mean)

lipid content increases with spatial depth, regardless of blood LDL and HDL levels.

8.2 Model limitations and future work

Atherosclerosis is a complex process that involves the dynamic coordination of both cellu-

lar and mechanical activity. It was therefore necessary to make many simplifying assump-

tions in the development of the models of Chapters 4-7. We discuss below how several

key assumptions may be relaxed in future work.

• Single cell species. In our models, we focused exclusively on the dynamics of

MDMs and neglected the role of other cell species. There is considerable scope to

include the dynamics of other cell types. In particular, the inclusion of smooth mus-

cle cells (SMCs) would allow us to account for the time evolution of LDL retention

capacity, which we assumed to be static (but spatially non-uniform). In practice,

SMCs contribute to the LDL retention capacity by secreting LDL-binding proteogly-

cans [249]. The inclusion of SMC-mediated growth in LDL retention capacity may
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Figure 8.1: Steady state correlations between the three aspects of MDM hetero-
geneity considered in this thesis. Properties a, b ∈ {x, ϕ, ℓ} are positively correlated
(labelled ‘+’) if MDMs with greater values of property a are more likely to exhibit greater
values of property b (than other MDMs in the lesion) at steady state, and vice-versa. For
instance, MDMs with greater spatial depth x are more likely to have higher lipid contents,
ℓ. Conversely, MDMs with higher lipid loads are more likely to be deeper in the lesion.
Properties a, b ∈ {x, ϕ, ℓ} are negatively correlated (labelled ‘−’) if MDMs with greater
values of property a are more likely to exhibit lower values of property b, and vice-versa.
For instance, in the healthy scenario where HDL capacity dominates LDL lipid in the
blood, MDMs with greater lipid content, ℓ, or spatial depths, x, are likely to exhibit more
resolving phenotypes, ϕ < 0. Conversely, MDMs with a more inflammatory phenotype
exhibit a lower lipid content and spatial depth. Trivial correlations are labelled ‘1’.
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provide a slow timescale that increases the time to attain a steady state. In their

current form, our models attain steady state solutions over timescales that range

from months to years, which is consistent with mouse lesions, but fast compared to

the decades-long development of human coronary atherosclerosis. Given that sev-

eral in vitro studies suggest that SMCs take up excess lipids from macrophages and

adopt a macrophage-like phenotype in response to lipid accumulation [250, 251],

they may be most faithfully included within a lipid-structured setting. The role of

SMCs in fibrous cap formation during mid-to-late stages has been explored using a

multiphase framework by Watson et al. [149, 150]. Their results suggest that inti-

mal SMC populations are primarily sustained by a balance between apoptosis and

local proliferation, with infiltration from the media providing a smaller contribution.

• Negligible local proliferation. The inclusion of (local) proliferation in a lipid-

structured population presents several difficulties. We neglected MDM proliferation

in this thesis for simplicity, justified by observations that proliferation is limited

in aortic macrophage populations [68], and may be more prominent in late rather

than early lesions [252]. Proliferation induces a non-local effect on lipid content

since the ingested lipid of the parent cell is split amongst two (or more) daughter

cells upon division. An example of how proliferation may be incorporated in a

lipid-structured framework is given in [166], where it is assumed that parent cell

lipid content is divided evenly amongst two daughter cells at rate ρ, and that the

additional endogenous lipid, a0, required to produce two daughter cell membranes,

is synthesised rapidly prior to division. In a discrete lipid-structured framework,

the corresponding representation is based upon the reactions

mℓ(x, t)
ρ−→

{
2mℓ/2(x, t) for ℓ = 0, 2, 4, . . . ;

m(ℓ+1)/2(x, t) +m(ℓ−1)/2(x, t) for ℓ = 1, 3, 5, . . . ,
(8.1)

which give rise to differential equations of the form

∂mℓ

∂t
= ρ

[(
2m2ℓ +m2ℓ−1 +m2ℓ+1

)
−mℓ

]
+ . . . , ℓ = 0, 1, . . . . (8.2)

In Eq. (8.2), the source terms account for the division of cells with lipid content

2ℓ − 1, 2ℓ, 2ℓ + 1 contributing daughter cells of lipid content ℓ, and the sink term

accounts for loss of cells with lipid content ℓ due to division. Eqs. (8.1) and (8.2)

are stated on an infinite lipid content domain: ℓ = 0, 1, . . . . On a finite domain,

ℓ = 0, 1, . . . , ℓmax, the source terms in Eq. (8.2) must be set to zero for all 2ℓ+ 1 >

ℓmax for closure. Hence, a lipid-structured model that couples SMC and macrophage

dynamics, according to the paragraph above, may be most simply represented in
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the following form:

∂sℓ
∂t

= ρ
[
(2s2ℓ + s2ℓ−1 + s2ℓ+1)− sℓ

]
+ kSL

( ℓmax∑
ℓ′=0

ℓ′mℓ′

)
(sℓ−1 − sℓ)

− kS→Mℓsℓ + . . . ,

(8.3)

∂mℓ

∂t
= kSL

( ∞∑
ℓ′=0

sℓ′

)[
(ℓ+ 1)mℓ+1 − ℓmℓ

]
+ kS→Mℓsℓ + . . . . (8.4)

In Eqs. (8.3) and (8.4), the SMC population is cast on an infinite domain, s0, s1, . . . ,

and the macrophage population on a finite domain, m0,m1, . . . ,mℓmax . The constant

kSL determines the rate at which macrophages transfer lipid to SMCs, and kS→Mℓ is

the lipid content-dependent rate of (irreversible) transition to a macrophage pheno-

type. Eqs. (8.3) and (8.4) neglect macrophage proliferation, but assume that SMCs

proliferate at rate ρ, independent of lipid content. We will pursue a model of the

above form in a future study.

• Homogeneity of nascent MDMs. Our models also assumed for simplicity that

newly recruited MDMs are homogeneous. Specifically, we assumed that all nascent

MDMs carry only endogenous lipid and have an uncommitted phenotype. Although

evidence in humans lacks consensus, some murine studies indicate that MDM het-

erogeneity may be partly attributable to diversity in monocyte progenitors [82, 83].

This effect could be included in our models by introducing biases to the entry lipid

content or phenotype according to the distribution of monocyte subsets in the blood.

The boundary conditions at the endothelium for the MDM population would take

the form

−DM
∂mϕ

ℓ

∂x

∣∣∣∣
x=0

= Rϕ
ℓ (t)− γmϕ

ℓ , (8.5)

where Rϕ
ℓ (t), the entry rate of MDMs of phenotype ϕ and lipid content ℓ, is nonzero

for (ϕ, ℓ) ̸= (0, 0) according to the blood monocyte distribution.

• Fixed one-dimensional domain. A further assumption in our models is that the

spatial domain remains fixed as time progresses. As seen in the Nakashima images

(Fig. 6.1), this is justified between the late diffuse intimal thickening and early

pathological intimal thickening stages, during which fatty streak formation occurs.

However, the inclusion of moving boundaries in our models would extend their

temporal range of validity. To extend into earlier times (e.g., to account for diffuse

intimal thickening) the position of the endothelium could be fixed and the position

of internal elastic lamina allowed to move, to account for Glagov remodelling (i.e.,

preservation of lumen area with early lesion growth) [125]. To further extend the

validity of our model (e.g., to account for late pathological intimal thickening or

fibrous cap formation) the endothelium should also be allowed to move, to allow for

lumenal narrowing. We may account for free boundaries by recasting our models
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(or appropriately simplified versions) in a morphoelastic or multiphase framework,

such as those developed by Fok [123] or Ahmed et al. [151, 152], respectively.

Following Fok [122], a basic morphoelastic model that accounts for MDM dynamics

may assume that the artery wall is radially symmetric, consisting of concentric

hyperelastic annuli, and that growth only occurs within the intima. The media and

adventitia may be represented as a strain-stiffening material, and the intima as a

neo-Hookean material. Intimal growth may be coupled to the MDM or SMC density

in a lipid content-dependent manner by assuming a growth tensor of the form

Fg := diag(g, g, 1), where
∂g

∂t
= G

[( ∞∑
ℓ=0

(wℓmℓ + vℓsℓ)

)
− c⋆

]
. (8.6)

In Eq. (8.6), G > 0 is a constant that measures the sensitivity of growth to cellular

densities and c⋆ is a critical cell density that produces local growth if exceeded,

and contraction otherwise. The constants wℓ, vℓ > 0 are weights that allow cells of

different lipid contents to influence growth differently (e.g., lipid-loading of SMCs

impairs their ability to synthesise ECM components necessary for lesion growth

[253]).

Following Ahmed et al. [151, 152], a basic lipid-structured multiphase model of early

atherosclerosis may be cast on a domain: x ∈ [0, R(t)], with x = 0 representing the

endothelium and x = R(t) the IEL. We may assume that the IEL boundary is

free to allow for intimal expansion without obstructing the lumen, consistent with

observations by Glagov [125]. The governing PDEs may take the form

∂u

∂t
+

∂

∂x

(
Ju + vu

)
= su, (8.7)

where u ∈ {m0,m1, . . . ,mℓmax , L,H} denotes volume fractions for a lipid-structured

MDM population, extracellular lipid and HDL phases, v is a common mixture ve-

locity, Ju are phase-specific flux terms where we may account for lipid content-

dependent MDM motion, and su are source and sink terms for uptake, efflux and

apoptosis. The common mixture velocity, v, would be determined upon imposing

boundary conditions and appropriate constitutive relations (e.g., a no-voids condi-

tion).

In the models of Chapters 6 and 7, we incorporated spatial variation perpendicular

to the endothelium but neglected parallel variation. Observations in mice [24] and

humans [9, 26, 110] show that various lesion features, in particular the LDL retention

capacity, also vary along the axial and circumferential direction of the artery. We

could account for these effects by introducing a second spatial coordinate (e.g., z

for axial resolution) parallel to the endothelium, and setting Kr = Kr(x, z). In this

framework, we could study the spread of lesion MDMs and lipid parallel to the

endothelium in response to arbitrary forms of Kr. To model an isolated, vulnerable

region of artery wall, we may assume that Kr varies according to a Gaussian in z,
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centred at the lesion centre. It would be interesting, for instance, to explore how

closely the spread of lesion MDMs and lipid follows the spread in Kr along the z

coordinate.

• Phenotype coupling. In the models of Chapters 5 and 7, phenotype influences

the MDM dynamics via its impact on mediator production; macrophage phenotype

is largely characterised by the profile of cytokines and effector molecules produced

by the cell [254]. In practice, phenotype is also correlated with other behaviours,

including: lipid uptake [255], lipid efflux to HDL [256] and mobility [257]. Whether

these effects are fundamentally influenced by phenotype, or determined by the same

processes that alter MDM lipid content is unknown. For instance, is the increased

mobility of M2-like MDMs in progressing atherosclerotic lesions due to their pheno-

type, or because they typically have a lower lipid burden (recall Fig. 8.1) and lipid

content-dependent mobility is fundamental? Nonetheless, assuming phenotype and

lipid content influence these processes independently, we could incorporate these ef-

fects by allowing the rates of lipid uptake (kL), efflux (kH), egress (γ) and diffusivity

(DM) to depend on ϕ.

• Large parameter set. Finally, we note that our models contain a large number

of parameters. Although we calibrated the parameters to data from the biological

literature, their point estimates are likely to carry high degrees of uncertainty. We

have consequently focused our analysis on identifying trends rather than producing

quantitative predictions. There is scope to derive more reliable estimates by fitting

appropriately simplified versions of our models to in vivo data. For instance, the

densities in the Nakashima images (Fig. 6.1) could be quantified and fitted to a

simplified version of the lipid-spatial model of Chapter 6 using the method of least

squares or Bayesian inference. A simplified version of the phenotype-lipid model

of Chapter 5 could also be fitted to appropriately translated phenotype and lipid-

resolved data from recent single cell RNA sequencing in humans [190].

More fundamentally, the varying degrees of biological complexity in the models

of Chapters 4-7 raise issues of parsimony. In particular, it may not be possible

to uniquely resolve all parameter values for a given dataset (e.g., measurements

of the MDM and lipid densities at fixed times); that is, the models may not be

practically identifiable with respect to particular datasets. Non-identifiability may

arise due to noise in the data, or because the underlying models are not structurally

identifiable with respect to certain outputs. For instance, two different parameter

sets of the well-mixed model in Chapter 5 may give rise to the same densities of

MDMs and total lipid at steady state. This is plausible since a reduction in rLDL

uptake may be compensated, for example, by a corresponding decrease in the rate

of lipid efflux to HDL. However, since each extracellular lipid species is subject to

distinct dynamics and spatial variation, we anticipate that the models of Chapters
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5-7 would be structurally identifiable with respect to outputs consisting of lipid and

MDM densities of sufficient temporal or spatial resolution. Regardless, it would

be useful to formally investigate structural identifiability using available software

packages (e.g., SIAN [258] or DAISY [259]). Our models may be simplified to

counter non-identifiability. We note, for instance, that the free LDL and apoptotic

lipid densities in Chapters 5-7 are consistently smaller than the densities of retained

LDL and necrotic lipid. The small free LDL density is due to rapid LDL retention,

while the small apoptotic density is due to rapid uptake and secondary necrosis.

This suggests that, in future models, the free LDL and apoptotic lipid densities

could be represented more simplistically via quasi-steady approximations.

The model of Chapter 7 may also be adapted to explore the impact of ‘SPM ther-

apies’ that aim to treat the lesion via exogenous application of resolving mediators [7].

Resolving mediators cannot be efficiently delivered to the lesion in their natural form due

to their rapid decay timescale. Rather, SPM therapies typically aim to deliver resolv-

ing mediators to lesions within stable nanoparticles that become retained in the lesion

and release their resolving mediator cargo on a timescale of days [248]. To incorporate

nanoparticle-delivered SPM therapy in our model, we could introduce additional vari-

ables, Nf (x, t) and Nb(x, t), for the density of resolving mediators contained within free

and ECM-bound nanoparticles, respectively. The nanoparticle dynamics may be governed

by PDEs and boundary conditions of the form

∂Nf

∂t
= DN

∂2Nf

∂x2
− (kN + r)Nf , −DN

∂Nf

∂x
=

{
P

(0)
N (N⋆(t)−Nf ) at x = 0;

P
(1)
N (Nf − 0) at x = X,

(8.8)

∂Nb

∂t
= kNNf − rNb, (8.9)

where DN is the free nanoparticle diffusivity, kN is the rate of free nanoparticle binding to

ECM (assumed constant, for simplicity), r is the rate of mediator release from nanopar-

ticles, P
(0)
N and P

(1)
N are the endothelial and IEL nanoparticle permeabilities, respectively,

and N⋆(t) is the nanoparticle density in the blood. Mediator release from nanoparticles

contributes a source term in the lesion resolving mediator density dynamics, and may

sustain a non-negligible resolving mediator density in the blood. Hence, the resolving

mediator dynamics may take the form:

∂S−

∂t
= r(Nf +Nb) + . . . , −DS

∂S−

∂x
=

{
P

(0)
S (S⋆

−(t)− S−) at x = 0

P
(1)
S (S− − 0) at x = X.

(8.10)

Here S⋆
−(t) is the density of resolving mediators in the blood. A complication is that

endothelial cell activation is affected by resolving mediators, and so the MDM influx rate,

R0
0 may also depend on S⋆

−. A possible functional form is

R0
0(t) = σM

(
S+

Sc50
+ + S+ + ρ1S⋆

− + ρ2S−

)∣∣∣∣
x=0

, (8.11)
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Figure 8.2: Preliminary results for in silico SPM therapy. The plots above are
solutions to the lipid-structured subsystem (7.48)-(7.58), (7.63)-(7.66), augmented with
Eqs. (8.10)-(8.11). We assume that N⋆(t) = N⋆

∞ Heaviside(t − 100) so that SPM-loaded
nanoparticles are introduced in the blood at t = 100 MDM lifespans, and set S⋆

− = 0 for
simplicity. The remaining parameters are set according to Table 7.1 with: r = 8 days−1,
kN = 4 hours−1, DN = DS, π

(i)
N = π

(i)
S for i = 0, 1, L⋆ = 180 mg/dL and H⋆ = 45 mg/dL.

where ρ1 and ρ2 denote the sensitivities of MDM influx to resolving mediators in the

blood and at x = 0 within the lesion, respectively. In the absence of data, we could take

ρ1 = ρ2 =: ρ
2
so that MDM influx is influenced by the mean density of resolving mediators

on either side of the endothelium. An alternative choice is to neglect the influence of

resolving mediators in the blood, either by assuming S⋆
− ≡ 0, or ρ2 = 0. We will explore

these possibilities in a future study.

Preliminary results are shown in Fig. 8.2. We assume N⋆(t) = N⋆
∞ Heaviside(t−100),

so that SPM-loaded nanoparticles are introduced in the blood at t = 100. For simplicity,

we neglect resolving mediators in the blood so that S⋆
− = 0. The results suggest that SPM

therapies applied to early atherosclerotic lesions would lower the MDM and lipid densities

(Fig. 8.2(a, e)), promote resolving MDM phenotypes (Fig. 8.2(b)) and increase HDL

capacity (Fig. 8.2(d)) in a dose-dependent manner. Fig. 8.2(c) suggests that mean MDM

lipid content is minimally impacted by SPM therapy, probably because the reduction in

the MDM and lipid densities preserves their relative proportions. Nonetheless, since the

absolute MDM density decreases, the lesion under continuous SPM therapy would contain

fewer foam cells. The model response to more realistic (e.g., periodic) treatment protocols

171



requires further investigation.

Finally, we note that the models developed in this thesis may be translated to other ar-

eas of biology. One possibility is to adapt the lipid-structured models of Chapters 4 and 6

to model lipid content heterogeneity in hepatocytes, a major type of liver cell. Hepatocyte

uptake of LDL has been studied by Wattis et al. using a detailed ODE model calibrated

to in vitro data [260]. However, the model does not account for hepatocyte death or

explicitly represent cell-to-cell heterogeneity. Given that intracellular lipid content is a

key determinant for hepatocyte viability in vivo [261], it would be interesting to develop a

lipid-structured model of hepatocytes in vivo with a lipid content-dependent rate of apop-

tosis. Another possibility is to adapt our models to the interactions between adipocytes

and melanoma cells. Adipocytes transfer lipids to nearby melanoma cells, which causes

melanoma cells to transition from proliferative to invasive phenotypes [262]. We could

model this process using a lipid-structured melanoma cell population. Since lipid transfer

is most prominent on the interface between melanoma cells and adipocytes, this process

is best represented in a spatially resolved lipid-structured framework, as in Chapter 6,

albeit adapted to account for lipid uptake at the boundary. If lipid content is insufficient

as a proxy for melanoma cell phenotype, an additional phenotype index/variable could be

included, as in Chapter 7, to model the switch from proliferative to invasive cell states.

In conclusion, the research presented in this thesis shows how mathematical modelling

can increase our understanding of lesion formation during early atherosclerosis. We have

developed a series of increasingly detailed structured population models to show how

MDM heterogeneity arises during early atherosclerosis. Our results provide a framework

for future model validation using data from single-cell RNA sequencing and images of

MDM and lipid densities. The models are readily adapted to explore a range of scenarios

including the interactions between MDMs and smooth muscle cells, and the impact of

SPM therapies on human atherosclerotic lesions.
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