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In the theory of riemannian holonomy groups, perhaps the most myste-
rious are the two exceptional cases, the holonomy group G5 in 7 dimensions
and the holonomy group Spin(7) in 8 dimensions. In a series of three re-
cent papers [5], [6], [7] the author constructed the first known examples of
compact 7- and 8-manifolds with metrics of holonomy G5 and Spin(7). This
article will give a brief and informal description of the construction.

Our aim is to introduce G and Spin(7), give a little background material,
and help the reader understand the main results of [5]-[7] and a taste of their
proofs. We will not be able to state the results in full, to give any rigorous
proofs, or to give due credit to the many authors on whose work these results
rely. For these we refer the reader to the papers [5]-[7], and to Salamon’s
book [9], which is a good introduction to holonomy groups.

The article is in three sections. Section 1 gives Berger’s classification of
holonomy groups, defines Gy and Spin(7), and explains a little about them.
Section 2 describes the construction of [5]-[7], and Section 3 discusses the
results.

1. Riemannian holonomy groups

Let M be a connected n-dimensional manifold, let g be a riemannian metric
on M, and let V be the Levi-Civita connection of g. Let x,y be points in M
joined by a smooth path . Then parallel transport along v using V defines
an isometry between the tangent spaces T,,M, T, M at x and y.



Definition 1.1 The holonomy group Hol(g) of g is the group of isometries
of T, M generated by parallel transport around closed loops based at x in M.
We consider Hol(g) to be a subgroup of O(n), defined up to conjugation by
elements of O(n). Then Hol(g) is independent of the base point x in M.

The classification of possible holonomy groups was achieved by Berger
[1] in 1955, although Alekseevskii later eliminated the group Spin(9) from
Berger’s list.

Theorem 1.2 [1] Let M be a simply-connected, n-dimensional manifold,
and g an irreducible, nonsymmetric riemannian metric on M. Then either

(i) Hol(g) = SO(n),

)
(i7) n = 2m and Hol(g) = SU(m) or U(m),
(¢4i) n = 4m and Hol(g) = Sp(m) or Sp(m)Sp(1),
(tv) n =17 and Hol(g) = Go, or
(v) n =8 and Hol(g) = Spin(7).

Now G5 and Spin(7) are the exceptional cases in this classification, so they
are called the exceptional holonomy groups. Here is a brief introduction to
Go and Spin(7). All unattributed results can be found in [9, §§11 & 12].

Facts about the holonomy group G,

Let R” have coordinates (z1,...,x7). Define a 3-form ¢y on R” by

Yo = d$1/\d$2/\dl’7 + d.ﬁEl/\d.Tg/\d.TG + dl’l/\dﬂf4/\d$5 + d.ﬁEg/\dl’g/\d.ﬁEg)
—dzoNdrgNdre + drsANdxyNdry + des ANdxgNdzy. (1)

The subgroup of GL(7,R) preserving o is the exceptional Lie group Gs.
This group also preserves the euclidean metric gy = da? + - -+ + da2. It is a
compact, semisimple, 14-dimensional Lie group, a subgroup of SO(7).

A Ga-structure on a 7-manifold M gives rise to a 3-form ¢ and a metric
g on M, such that each tangent space of M admits an isomorphism with R”
identifying ¢ and g with ¢y and gy respectively.

Proposition 1.3 Let M be a 7-manifold and (p,g) a Go-structure on M.
Then the following are equivalent:



(i) Hol(g) C G, and ¢ is the induced 3-form,
(1i) Voo =0 on M, where V is the Levi-Civita connection of g, and
(i13) dp =d*e =0 on M.

The quantity Ve is called the torsion of the Ga-structure (¢, g). If Vi =
0 then the Gy-structure is called torsion-free. If g has holonomy Hol(g) C G,
then g is ricci-flat. Here is a result about compact 7-manifolds with holonomy
Gs, taken from [6, Prop. 1.1.1] and [5, Thm. C].

Proposition 1.4 Let M be a compact 7-manifold, and suppose that (¢, q)
is a torsion-free Gy-structure on M. Then Hol(g) = Gy if and only if 7 (M)
s finite. In this case the moduli space of metrics with holonomy Gs on
M, up to diffeomorphisms isotopic to the identity, is a smooth manifold of
dimension b3(M).

Facts about the holonomy group Spin(7)

Let R® have coordinates (1, ...,g). Define a 4-form Qy on R® by

Qo = o A dxg + *pg, (2)

where ¢ is the 3-form defined in (1), and *¢y is the Hodge star of ¢ using
the euclidean metric on R”. The subgroup of GL(8,R) preserving € is the
holonomy group Spin(7). This group also preserves the orientation on R®
and the euclidean metric gy = dz? + -+ - + dz2. Tt is a compact, semisimple,
21-dimensional Lie group, a subgroup of SO(8).

A Spin(7)- structure on an 8-manifold M gives rise to a 4-form €2 and a
metric g on M, such that each tangent space of M admits an isomorphism
with R® identifying © and g with Qg and gy respectively.

Proposition 1.5 Let M be a compact 8-manifold and (€2, g) a Spin(7)-
structure on M. Then the following are equivalent:

(1) Hol(g) C Spin(7), and 2 is the induced 4-form,
(11) VQ =0 on M, where V is the Levi-Civita connection of g, and
(i13) dQ =0 on M.



Again, VQ is the torsion of the Spin(7)-structure (€2,g), and (£,¢) is
torsion-free if VQ = 0. If g has holonomy Hol(g) C Spin(7), then g is ricci-
flat. Here is a result on compact 8-manifolds with holonomy Spin(7), taken

from [7, Thms C & DJ.

Proposition 1.6 Let M be a compact 8-manifold, and suppose that (2, g)
is a torsion-free Spin(7)-structure on M. Then Hol(g) = Spin(7) if and only
if M is simply-connected, and b*(M) + b3 (M) = b*(M) + 2b% (M) + 25.
In this case the moduli space of metrics with holonomy Spin(7) on M, up
to diffeomorphisms isotopic to the identity, is a smooth manifold of dimen-
sion 1+ b (M).

For some time after Berger’s classification, the holonomy groups G5 and
Spin(7) remained a mystery. In 1987, Bryant [2] used the theory of exterior
differential systems to show that locally there exist many metrics with these
holonomy groups, and gave some explicit, incomplete examples. Then in
1989, Bryant and Salamon [3] found explicit, complete metrics with holonomy
G9 and Spin(7) on noncompact manifolds. Recently, the author constructed
examples of metrics with holonomy G and Spin(7) on compact manifolds [5],
6], [7]. We will now describe this construction.

2. A ‘Kummer construction’ for 7- and 8-manifolds

It is well known that metrics with holonomy SU(2) on the K3 surface can
be obtained by resolving the 16 singularities of the orbifold 7% /Z,, where Zs
acts on 7% with 16 fixed points. This is called the Kummer construction, and
is described in [8]. Our construction is motivated by and modelled on this.
It can be divided into four steps. Here is a summary of each. For simplicity
we will describe the G5 case only, but the Spin(7) case is very similar.

Step 1. Let T7 be the 7-torus. Let (o, go) be a flat Ga-structure on 77,
Choose a finite group I' of isometries of T7 preserving (o, go)-
Then the quotient 77/I is a singular, compact 7-manifold.

Step 2. For certain special groups I' there is a method to resolve the sin-
gularities of T7/I" in a natural way, using complex geometry. We
get a nonsingular, compact 7-manifold M, together with a map
7 : M — T7 /T, the resolving map.



Step 3. On M, we explicitly write down a 1-parameter family of Go-structures
(1, g¢) depending on a real variable t € (0, €). These Go-structures
are not torsion-free, but when t is small, they have small torsion.
As t — 0, the Go-structure (4, g;) converges to the singular G-
structure 7* (g, go)-

Step 4. We prove using analysis that for all sufficiently small ¢, the Gs-
structure (4, g;) on M, with small torsion, can be deformed to a
Go-structure (@, g;), with zero torsion. Finally, we show that g is
a metric with holonomy G5 on the compact 7-manifold M.

We will now explain the steps in greater detail.

Steps 1-2

We begin with an example of a suitable group I'. Let (zy,...,27) be coordi-
nates on 17 = R7/Z", where z; € R/Z. Let (g, go) be the flat Gy-structure
on T7 defined by (1). Let a, 3 and ~ be the involutions of 77 defined by

Oé((xb v 7I7>) = (_'le —T2, —X3, —T4,Ts5, L, .T7), (3>
ﬁ((xla s ,ZE7)) = (_xlv % — T2, X3, Ty, —Ts, _$67x7)a (4)
’7((1.15 s 7$7)) = (% — X1, T2, % — I3,T4, —Ts5, Te, _*7:7)- (5>

By inspection, «, 3 and «y preserve (g, go), because of the careful choice of
exactly which signs to change. Also, a? = 3?2 = 42 = 1, and o, and ~v
commute. Thus they generate a group I' = (o, 3,7) = Z3 of isometries of
T7 preserving the flat Go-structure (g, go). The following Lemma is proved
in [5, §2.1].

Lemma 2.1 The elements 37, ya, af8 and afy of I' have no fized points on
T7. The fized points of o, 3, are each 16 copies of T3. The singular set S
of T7/T is a disjoint union of 12 copies of T3, 4 copies from each of ., [3,7.
FEach component of S is a singularity modelled on that of T® x C?*/{£1}.

Our goal is to resolve the singular set S of T7/T" to get a compact 7-
manifold M with holonomy G5. How can we do this? In general we cannot,



because we have no idea of how to resolve general orbifold singularities with
holonomy G5. However, there is a good theory of how to resolve complex
singularities like C?/G, with holonomy SU(2). Suppose that we find T" such
that S is a disjoint union of connected components, each component is a copy
of T3, and the singularities are each modelled on the product of 7% with a
complez singularity C?/G, for G a finite subgroup of SU(2). (This happens
in the example above, with G = {#1}.) Then there is a natural method for
resolving T7/T".

Let X be the resolution of C*/G coming from algebraic geometry, so
that X has holonomy SU(2) and 7 : X — C2?/G is the resolving map.
For G = {£1}, X is called the Eguchi-Hanson space, with metric given
explicitly in [4]. Each component of S is modelled on the singularity of
T3 x C?/@G, and we resolve by replacing this with 7% x X, using the resolving
map 7 : T3 x X — T? x C?/G to glue in the patches T° x X. In this way
we get a compact, nonsingular 7-manifold M.

Step 3

It turns out that X admits not just one, but a 1-parameter family {h; : ¢ > 0}
of metrics with holonomy SU(2). Let h be the euclidean metric on C?/G,
and r the distance from the origin. Then h; satisfies

he = 7 (h) + O(t*'7*(r)™), (6)

so that h, is asymptotically locally euclidean, and h; is isometric to t?h, after
an automorphism of X. Let hgs be a flat metric on T2. Since SU(2) is a
subgroup of G and Hol(h;) = SU(2), §: = hrs + hy is a metric on 7% x X
with holonomy contained in G5. Let ; be the associated Ga-structure. Then
(¢, g:) is a torsion-free G-structure on 7% x X.

The idea is to make a Gao-structure (¢, g;) on M by gluing together the
torsion-free Gy-structures (¢, §;) on the patches T° x X, and (pg, gg) on
T7/T. The gluing is done using a partition of unity. Naturally, the first
derivative of the partition of unity introduces ‘errors’; so that (¢, g;) is not
torsion-free.

The size of the torsion Vi, depends on the difference ¢; — ¢y in the region
where the partition of unity changes. Using (6) to estimate this, we find that
Vi = O(th). However, as h; is isometric to t?hy, the injectivity radius of h;
is proportional to ¢, and ||R(h;)||co is proportional to t~2. Similar estimates

6



therefore apply to g;. The following result gives the estimates on (¢, g;) that
we need.

Theorem A There is a mathematical construction, which can be written

entirely explicitly in coordinates, that gives a compact 7-manifold M and a

1-parameter family of Gy-structures (¢, g;) on M depending on t € (0, €).
These Gy-structures satisfy the following bounds:

e the torsion Vi satisfies ||Vl < Cit?,

e the injectivity radius §(g;) satisfies §(g;) > Cat,

e the riemann curvature R(g;) satisfies | R(g:)|lqo < Cst™2,
e the volume vol(M) satisfies Cy < vol(M) < 2Cy, and

o the diameter diam(M) satisfies diam(M) < Cs.

Here C, ..., C5 are positive constants independent of t.

Step 4
We prove the following analysis result.

Theorem B Let C,...,C5 be positive constants. Then there exist positive
constants A\, K depending only on Cy,...,Cs, such that for every t € (0, )],
the following is true.

Let M be a compact 7-manifold, and (v, g) a Go-structure on M. Suppose
that dp = 0, that ¢ is a 3-form on M with d*yp = d*p, and that these five
conditions hold:

(@) [lelle= < Cutt,
(77) the injectivity radius §(g) satisfies 6(g) > Cht,
(¢4i) the riemann curvature R(g) of g satisfies | R(g)||co < Cst™2,
(iv) the volume vol(M) satisfies Cy < vol(M) < 2Cy, and
(v) the diameter diam(M) satisfies diam(M) < Cs.

Then there ezists a smooth, torsion-free Go-structure (p,g) on M
with || — o|lco < Kt'/2.

Basically, this result says that if (¢, g) is a Gg-structure on M, and the
torsion Vi is sufficiently small, then we can deform to a nearby Gs-structure
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(p,g) that is torsion-free. Regard v as a first integral of V. Thus the
norm |12 is a measure of the torsion Vi, approximately equal to || Vel|o1.
Then parts (7)-(v) say that the torsion V¢ must be small compared to the
injectivity radius, riemann curvature, volume and diameter of M.

Now the hypotheses of Theorem B are, intentionally, nearly the same as
the conclusions of Theorem A. With a little work we can close the gap be-
tween them. Therefore, applying Theorems A and B together for sufficiently
small ¢, we see that the compact 7-manifold M constructed in Step 2 admits
torsion-free Go-structures (@, g). Applying Proposition 1.4, Hol(g) = Gs if
and only if 7y (M) is finite. In this way we construct compact riemannian
7-manifolds with holonomy Gs.

The proof of Theorem B is not easy, and it represents most of the hard
work in [5]. Here is a sketch, ignoring several technical points. We have a
3-form ¢ with dp = 0 and d*¢ = d*¢), ¥ small, and we wish to construct a
nearby 3-form @ with d@ = 0 and d*¢ = 0. Set ¢ = ¢ + dn, where 7 is a
small 2-form. Then n must satisfy a nonlinear p.d.e., which we write as

d*dn = —d* + d*F(dn), (7)

where F is nonlinear, satisfying F'(dn) = O(|dn|?).
We solve (7) by iteration, introducing a sequence {n;}32, with 1y = 0,
satisfying the inductive equations

d*dnj = —d"y + d*F(dny), d*1)j41 = 0. (8)

If such a sequence exists and converges to 7, then taking the limit in (8) shows
that 7 satisfies (7), giving us the solution we want. The key to proving this is
an inductive estimate: one must show that if 7);, ;41 satisfy (8) and ||n,||p <
C then ||nj11]|p < C, where || . || g is the norm in some suitable Banach space
B, and C is a positive constant. Then by induction the sequence {n;}32, is
bounded in B, and convergence follows by standard techniques.

The inductive estimate we use has two ingredients. The first is

ldnjallze < ([9[]z2 + cst.[[dnyl| 2| dnyll o, 9)

obtained from (8) by taking the L?-inner product with n;4; and integrating
by parts. (The 3-form 1 was introduced solely to achieve this inequality.)
The second is the inequality



ldnjallcrare < estllillcrare + est.[ldnjllcraszlldngllco + est.ldnjsall 2, (10)

which is an elliptic regularity estimate. Here the terms ‘cst.” are positive
constants depending on Cj,...,C5 and t. We show that if £t < A, for A > 0
depending on C4,...,C5, then (9) and (10) combine to give the necessary
inductive estimate, and the remainder of the proof is straightforward. For
the Spin(7) case, the proof is different, and more difficult.

3. Presentation of results

By considering different groups I' acting on 77 and 7%, we are able to find
metrics with holonomy G9 and Spin(7) on many topologically distinct 7- and
8-manifolds. It also happens that the same orbifold 7%/T" can admit several
topologically distinct resolutions, and this increases the number of examples.
Table 1 is a graph of known examples of compact 7-manifolds M with
holonomy Gy, from [5] and [6]. We have plotted b*(M ) against b*(M), as these
are the important betti numbers. The symbols ‘e’, “x” and ‘+’ denote the betti
numbers of one or more 7-manifolds with holonomy Gs5. Here ‘e’ means a
simply-connected manifold, ‘*’ means a non-simply-connected manifold, and
‘+” means both a simply-connected and a non-simply-connected manifold.
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The total number of distinct 7-manifolds known is at least 68.



Similarly, we shall plot a graph of betti numbers b*(M) against b*(M) of
compact 8-manifolds M with holonomy Spin(7), and this appears in Table
2. Such manifolds are always simply-connected. However, we can use the
cup product in cohomology to distinguish 8-manifolds with the same betti
numbers. Therefore, in the graph below, the data points are figures, each
figure being the number of different 8-manifolds with these betti numbers.
All known examples satisfy b2 =103 — b*> + b and b = 39 — b? + b3, but as
far as we know, these are not necessary topological conditions.

0 5 10 15 20 ()
O . .
; 12457775421
11111
10
15 1234555554321
20
b3 (M) Table 2.

The number of distinct 8-manifolds known is at least 95. Although this is
greater than the GG, case, the variety is less, as all these examples are derived
from only 3 groups I', giving the 3 horizontal lines on the graph. It seems to
be harder to find suitable groups I' in the Spin(7) case.

Finally, we consider the connections with physics. After many discus-
sions with C. Vafa, S. Shatashvili, E. Witten and M. Rocek, it appears that
much of the ‘mirror symmetry’ story for holonomy SU(3) also applies to the
holonomy groups G and Spin(7). In particular, Vafa and Shatashvili claim
that the reason that the examples are clustered in families with b? + b% con-
stant in Table 1, and with b®> and 2b® 4+ b* constant in Table 2, is because
the examples in each family are mirrors of each other. Also, compact rie-
mannian 7-manifolds with holonomy G5 may become important in physics if
11-dimensional theories come back into fashion, because they are needed to
reduce the number of observable dimensions to 4.
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