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Abstract

In this thesis we study gauge/gravity duals in the 5d/6d AdS/CFT correspondence. We start with
field theories defined on squashed five-spheres with SU(3) x U(1) symmetry. These five-sphere
backgrounds are continuously connected to the round sphere. We find a one-parameter family
of 3/4 BPS deformations and a two-parameter family of (generically) 1/4 BPS deformations. The
gravity duals are constructed in Euclidean Romans F'(4) gauged supergravity in six dimensions, and
uplift to massive type ITA supergravity. We holographically renormalize the Romans theory, and use
our general result to compute the renormalized on-shell actions for the solutions. The results agree
perfectly with the large NV limit of the dual gauge theory partition function, which we compute using
large IV matrix model techniques. In addition we compute BPS Wilson loops in these backgrounds,
both in supergravity and in the large N matrix model, again finding precise agreement. We
conjecture a general formula for the partition function on any five-sphere background, which for
fixed gauge theory depends only on a certain supersymmetric Killing vector. We then proceed to
study Euclidean Romans supergravity in six dimensions with a non-trivial Abelian R-symmetry
gauge field. We show that supersymmetric solutions are in one-to-one correspondence with solutions
to a set of differential constraints on an SU(2) structure. As an application of our results we (i) show
that this structure reduces at a conformal boundary to the five-dimensional rigid supersymmetric
geometry previously studied, (ii) find a general expression for the holographic dual of the VEV of a
BPS Wilson loop, matching an exact field theory computation, (iii) construct holographic duals to
squashed Sasaki-Einstein backgrounds, again matching to a field theory computation, and (iv) find
new analytic solutions to the squashed five-sphere background. We also analyse the classification

of gravity duals with zero B-field.
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Chapter 1

Introduction

Over the last few years there has been increasing interest in defining and studying supersymmetric
gauge theories on curved backgrounds. Such constructions lead to interesting classes of observables
that can be computed exactly, which may in turn be used to test and explore conjectured dualities.
Here we focus on the case of five-dimensional gauge theories. These have been defined on round
spheres [3, 4, 5, 6, 7], as well as on certain continuous deformations thereof [8, 9], referred to as
squashed five-spheres. The main observable that can be computed exactly in these theories is
the partition function Z, which depends non-trivially on the background geometry. A particular
class of five-dimensional superconformal gauge theories, with gauge group USp(2N) and arising
from a D4 — D8-system, is expected to have a large N description in terms of massive type ITA
supergravity [10, 11, 12]. In [7] the large N limit of the partition function of these theories on the
round sphere was computed and successfully compared to the entanglement entropy of the dual
warped AdSg x S?* supergravity solution.

Here we shall present the first construction of gravity duals to gauge theories on non-conformally
flat backgrounds (starting with certain families of squashed five-spheres). As we shall explain, we
may effectively work in six-dimensional Romans F'(4) supergravity [13], which is a consistent trun-
cation of massive ITA supergravity on S* [14]. In particular the computation of [7] effectively deter-

mines the six-dimensional Newton constant. Having constructed supergravity solutions that have



squashed five-sphere conformal boundaries, we compute the holographic free energy F = —log Z
by holographically renormalizing the on-shell Euclidean action. The holographic renormalization
of the Romans theory is a new result. Due to its exotic character, namely, the presence of a mas-
sive B-field and Chern-Simons terms, the renormalization of this particular supergravity theory
had never been done before. More specifically, we construct families of solutions with different
numbers of preserved supercharges. Two of these families are shown to be dual to the 1/4 BPS
and 3/4 BPS gauge theories defined in [9]. The perturbative partition function for these theories
has been computed in [8] and we explicitly show that the large N limit of these partition functions
is in precise agreement with the holographic free energies of our supergravity solutions. We also
present more general solutions (and in particular a 1/2 BPS solution) which have not previously
been considered from the gauge theory side.

From the Killing spinors of a supersymmetric supergravity solution one can often construct a
certain Killing vector K. For all solutions presented here, the free energy is only sensitive to this
Killing vector F = F(K), and not to other parameters of the solution. It is natural to conjecture
that this is also the case for more general solutions, extending what happens in four dimensions [15].
In addition we compute the expectation values of BPS Wilson loops in these backgrounds, both in
supergravity and in the large N matrix model, finding precise agreement. Again the expectation
value depends only on the Killing vector K.

Rigid supersymmetric gauge theories in five-dimensional curved backgrounds have been con-
structed and studied in a series of papers [3, 4, 5, 6, 8, 9, 16, 17, 18, 19, 20, 21, 22, 23, 24]. In the
approach of [21] these rigid backgrounds are equipped with a transversely holomorphic foliation.
Inspired by the lower-dimensional results of [25, 26] it was conjectured that supersymmetric ob-
servables depend only on this foliation. We then systematically study supersymmetric solutions to
Fuclidean Romans supergravity in six dimensions. Our aim is to compute observables of interest
for gauge/gravity duality, and in particular understand the conjecture of [21] from a holographic

perspective.



We show that real Euclidean supersymmetric solutions to Romans F'(4) gauged supergravity,
with a non-trivial Abelian R-symmetry gauge field, have a canonical SU(2) structure determined
by the Killing spinor. More precisely we show that supersymmetry together with the equations of
motion are equivalent to a set of differential constraints on this SU(2) structure. This geometric
formulation then leads to a number of interesting applications. First, we show that this structure
extends into the bulk the conformal boundary SU(2) structure studied in [21]. This allows for the
construction of gravity duals to families of five-dimensional gauge theories on rigid backgrounds.
As another application we extend several of the previous results ([28, 1]). We extend these results
to new families of solutions, in general with different topology. In particular this includes squashed
Sasaki-Einstein conformal boundaries, together with new analytic solutions. We then take the
B-field to be zero and classify this type of solutions.

This dissertation is organised as follows. In chapter 2, we discuss supersymmetric gauge theories
defined on squashed five-spheres, their exact partition function and the large N limit. In chapter
3, we change focus and describe the Romans F'(4) supergravity theory we will work with. Then
in chapter 4, we present our supergravity solutions dual to the squashed five-sphere backgrounds.
In chapter 5, we apply holographic renormalization to the Romans F'(4) supergravity theory and
use this to compute the holographic free energy of our solutions. Another exact observable that
can be computed both in supersymmetric gauge theories and in supergravity are Wilson loops,
which are the subject of chapter 6. In chapter 7, we examine the supersymmetry conditions which
arise at the conformal boundary for the Romans supergravity theory. Chapter 8 contains a general
analysis of Euclidean supersymmetric solutions to Romans supergravity, recasting the conditions
in terms of a canonical local SU(2) structure. In chapter 9 we present a number of applications
of our formalism. In chapter 10 we present new solutions found using this new set of equations.
Chapter 11 contains the classification of solutions with zero B-field. Our conclusions are presented

in chapter 12. A number of technical details have been included in the appendices.



Chapter 2

Supersymmetric gauge theories on

squashed five-spheres

We begin this chapter by describing supersymmetric gauge theories in five dimensions. We proceed
then to study the squashed five-sphere backgrounds of interest [8]. One can define a supersymmet-
ric gauge theory with general matter content on such a background. The perturbative partition
function was computed in [9] via a twisted reduction of the supersymmetric index in six dimensions.
A particular class of five-dimensional gauge theories, with gauge group USp(2N) and arising from
a D4 — D8 system in massive type ITA string theory, is expected to have a large N limit with a
gravity dual. In section 2.4 we compute the large N limit of the partition function for these theories

using matrix model techniques.

2.1 Supersymmetric gauge theories in five dimensions

In five dimensional supersymmetric gauge theories in flat space, the spinor representation of
S0O(4,1) is four dimensional and pseudoreal. The minimal supersymmetry will contain two su-
percharges, as the vector of SO(4,1) is in the antisymmetric product of two spinors. The two
supercharges are a doublet in the SU(2)r automorphism of the five dimensional SUSY algebra.

In five dimensions it is difficult to construct conformally invariant classical Lagrangians other



than the one for a free theory. This is the only conformally invariant Lagrangian known in five
dimensions at the classical level. Yang-Mills theory is only classically conformally invariant in four
dimensions; in five dimensions the gauge coupling becomes dimensionful, and Yang-Mills is no
longer a classical CFT.

As a result of renormalization, things one can measure depend on the energy scale. How the
dynamics of a system changes once we change the energy scale is investigated by the renormalization
group. This makes sure that one can obtain sensible answers, i.e., that measurements do not depend
on how the theory is renormalized.

The p-function determines how the coupling constant depends on the energy scale. A CFT
always has § = 0. To study interesting quantum field theories, one starts with a free theory and
then adds operators. The renormalization group flow takes care of the constants sitting in front of
the couplings in the Lagrangian, and those will run with the couplings. Given the S-function in the
space of the coupling constants, one hopes to find the surfaces where 8 = 0, i.e., the conformally
invariant part of the theory. This is not always easy, and one can land in a portion of the theory
that is strongly interacting, where computing quantities is quite hard. New localization techniques
were created for that purpose, and allow us to compute the path integral exactly.

The massless representations of the Poincaré group are given by two types of multiplets. For
an arbitrary gauge group, we have a vectormultiplet, composed by a vector A,,, a real scalar o,
a triplet of auxiliary scalars Dyy and a Majorana spinor Aj; and a hypermultiplet, composed by
scalars qr, fermions ¢ and auxiliary scalars F7.

The variations of the fields for each of the representations in the flat five dimensional space are



given as follows [4]. For the vectormultiplet, one has
S¢ A = ie!7¢ TNy
seo =i ey
O¢Ar = =5 U™ €1 Fyn + 781 Do + €5 Dicre”™
0¢Dry = =& DA g + £ D Ap) + (0,61 A 7 + E5A1) (2.1.1)

where D,, is the covariant derivative with respect to m. This vectormultiplet has an invariant

Lagrangian given by
Lsym = tr [AFmn F™ — DypoD™o — LDy DY + i\ T™ DAy — MN[0, 0] - (2.1.2)
And for the hypermultiplet, one has

dqr = =21y,
5 = el ™ Dyngy + il eroqy + M Ep Fp

6Fp = 260 (iT"Dtp + o0 + X Akqr) (2.1.3)
with an invariant Lagrangian given by

L =" (D@ D™qy — q10%qs) — 20T Dyt + o)

— i(j[DIJQJ — 4€IJ’[ZJA[(]J - €I/JIFI/FJ/ . (214)

Changing the background from a flat space to a sphere was not considered until recently,
although studying a gauge theory on a curved space could have been done since the eighties, after
Witten’s work on topological field theories [29]. The first paper analysing supersymmetric gauge
theories on a sphere was written by Pestun, in 2007 [30], considering a sphere in four dimensions.
In 2009, Kapustin et al did the same for a three-sphere [31]. Only in 2012, Kéhlen and Zabzine
analysed Yang-Mills theory on a five-sphere [3]. Although pioneers, the procedure used in these
papers to take a field theory from a flat space to a curved one is rather ad hoc. A more systematic
way for analysing the theory in curved backgrounds was later analysed by Festuccia and Seiberg

32].



2.2 SU(3) x U(1) squashed five-sphere

The squashed S° backgrounds of interest are homogeneous spaces with symmetry SU(3) x U(1).

In particular this is the isometry group of the metric

1 1
dsg = ?(dT + C’)2 +do? + 1 sin? U(dé’2 + sin? 6?ng2)

1
+1 cos® o sin? o (dep 4 cos fdy)? | (2.2.1)

where we have defined the (local) one-form
1.,
C = —5sin o(d + cosOdy) . (2.2.2)

We refer to the parameter s as a squashing parameter, and note that s = 1 is the round sphere.
The coordinates in (2.2.1) realize the five-sphere as the total space of the Hopf circle bundle over
CP?, where 7 is a 27-period coordinate along the circle fibre. The coordinates o, 1,6, are then
coordinates on the base CP?, with ¢ having period 4w, ¢ having period 27, while o € [0, Z],

2

0 € [0, 7]. The local one-form C' in (2.2.2) satisfies
1
dC = 2w = —sinocosodo A (dy + cosfdy) + 5 sin? o sin 0d6 A d, (2.2.3)

where w is the Kéhler two-form on CP2.
In order to preserve supersymmetry one must also turn on other backgrounds fields. In partic-
ular in [8] it was shown that one can define general supersymmetric gauge theories on the above

squashed five-sphere, provided one turns on a background SU(2)r gauge field

(1+QV1—s2)V1—s?
2

S

A = (dr+C) (2.2.4)

where we have embedded U(1)g C SU(2)g. More precisely, writing the SU(2)g ~ SO(3)r gauge
field as a triplet of one-forms A?, i = 1,2,3, we have A' = A% = 0, while A% = A is given by
(2.2.4). For supersymmetric backgrounds the parameter @) takes the values Q = 1 and Q = -3,
which lead to 3/4 BPS and 1/4 BPS solutions, respectively. Notice that the gauge field (2.2.4) is

also invariant under SU(3) x U(1), and is real when |s| < 1 but complex for |s| > 1.

10



A supersymmetric background of course admits an appropriate Killing spinor, which then enters
the supersymmetry transformations of a supersymmetric gauge theory defined on the background.
Recall that a Killing spinor y on the round S® with s = 1, solving V,,,x = —%’me where v, generate
the Clifford algebra Cliff(5,0) in an orthonormal frame, transforms in the 4 of the SU(4) ~ SO(6)
isometry. The squashing breaks this symmetry to SU(3) x U(1), and for @ = 1 the resulting Killing
spinor transforms as 341, while for ¢ = —3 the resulting Killing spinor instead transforms as 1_g.
Similarly, solutions to V,,x = %’me transform in the 4 of SU(4), which is broken to 3_1 and 1,3
in the two cases, respectively.

The corresponding Killing spinor equation for the squashed S was obtained in [8] via a twisted
reduction (described in the next section) of a standard Killing spinor equation in six dimensions.

In order to write this down, we first introduce an orthonormal frame for the metric (2.2.1)

1
(dr+0C), 6%5) = do, 6?5) = isinacos oT3

€ = 5sinomy, 6?5) = §sinaﬁ, (2.2.5)

where 7;, i = 1,2, 3, are left-invariant one-forms on SU(2). These are parametrized in terms of the

Euler angles as
T4in = e ¥(df+isinfdyp) , 13 = dip + cosfdyp . (2.2.6)

The Killing spinor equation then reads

i<1+Qm)

VXt + 5An(0")/xs = - 5% () vmxs
V1-—s?
Y (3vm — ym) X1 (2.2.7)
which is supplemented by the following algebraic equation
QV1—3s2x; = —V1—8yx;—ivV1—3s2(c®), wx; . (2.2.8)

Here 7, I = 1,2, form a doublet under the SU(2)r symmetry, v, generate the Clifford algebra

Cliff(5,0) in the orthonormal frame (2.2.5), and (o?);” denote the Pauli matrices. Recall also

11



that w denotes the Kihler form on CP?, given by (2.2.3), and if « is a p-form we denote ¢ =

Of course in the case at hand we have that the SU(2)r gauge field A’ is only turned on in the
i = 3 direction, with A% = A given by (2.2.4), and we may also write (2.2.7) and (2.2.8) as

i(1+Qvi=#) i

VXt £ 3 Anxse = F 5 YmXet + g (3%m = dhvm) X » (2.2.9)

QV1—s2xy = —V1—-8yxs FivV1l—s20xe, (2.2.10)

where x4+ = x1, X— = X2. Provided the background fields are real, meaning in particular that the
metric and A are real and |s| < 1, then notice that the equations for x_ are simply the charge

conjugates of the x4 equations, where we define the charge conjugate as
x¢ = Csx*, (2.2.11)

and the charge conjugation matrix Cs satisfies C5 YymCs = ~f,. In particular it is then consistent to
impose the symplectic Majorana condition x - = x4, or equivalently ¢ IJ XJ = Cs5x7, as we shall see
below.

Notice that in setting s = 1 to obtain the round sphere one has that (2.2.8) is trivially satisfied,
while the Killing spinor equation (2.2.7) implies that x; and y» transform in the 4 and 4 of the
enhanced SU(4) ~ SO(6) symmetry, respectively. In order to present the general solution to

(2.2.7), (2.2.8) (which is not written in [8]), we first introduce the following basis of Cliff(5,0)

1, 0 0 1o 0 io3
7" = ) T2 = , V3 = )
0 —1 1o 0 —ig? 0
0 io? 0 io!
Yo = ;Y = , (2.2.12)
—ic?2 0 —ict 0

where as above ¢, i = 1,2,3 denote the Pauli matrices, and 15 is the 2 x 2 identity matrix. A

12



choice of the charge conjugation matrix in this basis is

Cs = . (2.2.13)

0 *iO’Q
Then for the 1/4 BPS background we find the general solution to (2.2.7), (2.2.8) (or equivalently

(2.2.9), (2.2.10)) is given by

0 -1
air |1 gir | 0
X+ = cqe 2 , X— = c_e?2 , (2.2.14)
0 0
0 0

where cy are integration constants. In particular then notice that the symplectic Majorana condi-
tion x - = x4 simply imposes c_ = c7.

For the 3/4 BPS background the solution is a little more complicated. One finds
cos o + iy (s)ei% Ssrl) sino

i = ale? : (2.2.15)

iA_(s)sino — ol SELU cos o

—ie_i%S(f)
where
. . 0
Sil) = Sg)(Q,go) = ag)eilg cosg—af)ej”% sini,
S = §P0.0) = o@eFFcost +ale T sy (22.16)

and where we have introduced Ay (s) = (+1 4+ V1 — s2)/s. As expected, the solution depends on

13



three integration constants asrl), a(f), af). Similarly, one finds

0
o coso — i)\+(s)efi% W sin o
X aV 712 : (2.2.17)
—1ei% S(_Q)

(@)

where a'’ are integration constants. One can once again impose the symplectic Majorana condition,

which leads to the relation (a@)* = asz) for i =1,2,3.

2.3 Twisted reduction and the partition function

The backgrounds above may be obtained via a twisted reduction of R x S°, starting from the round
metric on S°. This is important, as the perturbative partition function on the squashed five-spheres
was computed in [9] indirectly, by taking a limit of the supersymmetric index of a corresponding
six-dimensional theory on R x S°.

We thus begin with the product metric on R times the round S°

3
dspugs = A+ [dwl®, (2.3.1)
=1

where the complex coordinates w; on C3 = RS i = 1,2, 3, satisfy the constraint 2:3:1 lw;|? = 1.

We then compactify this space by identifying
(t,w;) ~ (t+ B, eHPwy) | (2.3.2)

where 8 > 0 and the p; are also sometimes referred to as squashing parameters. Notice that (2.3.2)

is an isometry for p; € R. We may then change coordinates
pieli = e ity (2.3.3)

where p; > 0 and the ¢; have period 27. In terms of these new coordinates the identification (2.3.2)

reads (¢, pi, i) ~ (t + B, pi, pi). We then dimensionally reduce along the ¢-direction to obtain the

14



five-dimensional metric

3 2
1
dsg = Z(dpl + pz d()pl) W (Z szl d@z) . (2.3.4)

i=1 i=1 P \i=1
Notice that, via the constraint Z?:l p? = 1, the first term in (2.3.4) is the round metric on S°.

One then makes contact with the previous section by choosing
—p1 = pp = pz = iV1-s?, 3/4 BPS,
W = p2 = pg = —ivV1—s?, 1/4 BPS . (2.3.5)

Notice these are real only if |s| > 1. The metric (2.3.4) then agrees with the metric (2.2.1) on

making the standard polar coordinate identifications

p1 = CosSo, p2 = sinacosi, p3 = sinasini, (2.3.6)
together with
1 1
pro= T w2 =T oS(Wte), w3 = Too(W—9), 3/4BPS,
1 1
Y1 = T, w2 = T_§(¢+(p)7 Y3 = 7—_5(1/]_90)7 1/4 BPS . (237)

The Killing spinor equation (2.2.7) and algebraic equation (2.2.8) were then obtained in [8] by
dimensionally reducing a standard Killing spinor equation on the R x S® background (2.3.1).

In practice the perturbative contribution to the squashed S® partition function, with more
general squashed metric (2.3.4), was computed in [9] by dimensionally reducing the superconformal
index of a corresponding six-dimensional theory on the R x S% background (2.3.1) with twisted
identification (2.3.2), and then taking the limit 8 — 0, so that the radius of the circle we reduced
on to obtain (2.3.4) is sent to zero. For a gauge theory with gauge group G, prepotential .%, which
is a cubic polynomial in the scalar ¢ in the vector multiplet, and matter in the real representation

R @ R of G, the result is

rank G

271') F o (—1
Zpert, = H / dog et (7 L, % (~lodo) | b L (238)
Hp S3 (—lp(U) + 5(()1 + by + bg) ‘ b)

15



Here we have introduced

b = (b1,b2,0b3), where b, = 1+iu; , (2.3.9)

and the prefactor C'(b) in (2.3.8) depends only on (b1, ba, b3), and in particular will not contribute

to the large N limit of interest in the next chapter.!

The perturbative partition function thus
localizes onto field configurations in which the only non-zero field is a constant mode for the scalar
o in the vector multiplet, and this is then integrated over in (2.3.8). As usual in such expressions
the product over « in the numerator is over roots of G, while the product over p in the denominator

is over weights in a weight space decomposition of R. Finally, S3 (z | b) is the triple sine function,

which is a special case of the multiple sine functions defined by

Sn (2| b) = Ta(z | b)~! Ti(bror — 2 | b)Y (2.3.10)
%) N 0 N (=Nt
= ]I [Z nibi+ 2| ] [Z nib; — z] , (2.3.11)
ni,...,na=0 Li=1 ni,....,nny=1 Li=1

where we have written b = (b1,...,bx) and defined by = Zﬁl b;. The function I'y(z | b) is the

so-called Barnes’ multiple gamma function

oo N -1
Fy(z|b) = H [Z nib; + z (2.3.12)

ni,...,nn=0 Li=1

We conclude this chapter by noting from (2.3.5) and (2.3.9) that for the SU(3) x U(1) squashed

five-spheres in chapter 2.2

by, = 1++v1—s2, by = b3 = 1—+/1—352, 3/4BPS,

by = by = by = 1+1—52, 1/4 BPS . (2.3.13)

In particular it is straightforward to see [9] that in the 1/4 BPS case the perturbative partition
function (2.3.8) is independent of the squashing parameter s.
It is interesting to note that (2.3.2) is an isometry of the original six-dimensional R x S°

background only for real p;, which via (2.3.5) one sees corresponds to |s| > 1. On the other hand

!The precise formula for C(b) may be found in [9].

16



from (2.3.13) we see that the parameters b; are real (and then positive) only if |s| < 1. The dual
six-dimensional supergravity backgrounds we shall construct in chapter 4 will correspondingly be

real for |s| < 1.

2.4 The large N limit

The result for the perturbative partition function (2.3.8) in the previous section is valid for a
general supersymmetric gauge theory in five dimensions, but we now focus on a particular class
of theories with gauge group G = USp(2N), that arises from a system of N D4-branes and some
number of D8-branes and orientifold planes in massive type IIA string theory. These theories are
expected to have a large N limit that has a dual description in massive type IIA supergravity
[10, 11, 12]. Indeed, in [7] the large N limit of the partition function of these theories on the
round five-sphere was computed and successfully compared to the entanglement entropy of the dual
warped AdSg x S* supergravity solution. Here the gauge theories flow to a UV superconformal
fixed point, and in particular the localization computation in the IR supersymmetric Yang-Mills
theory coupled to matter theory successfully reproduces the expected N°/2 scaling of the number
of degrees of freedom.

In general one certainly expects non-perturbative contributions to the full partition function Z,
in addition to the perturbative result (2.3.8). In particular in the localization computation of [5]
on the round five-sphere one finds that the gauge multiplet localizes onto instanton configurations
on CP2. There is thus a non-perturbative contribution to Z involving a sum over the instanton
number. For fixed instanton number n # 0 and fixed choice of instanton, in addition to the classical
instanton action there will also be one-loop determinant contributions around that instanton, plus
an integral over the instanton moduli space with fixed n. In general this expression will be very
difficult to evaluate. However, in [7] it was argued that in the large N limit these instanton
contributions should be suppressed. We shall also assume this to be the case on the squashed

five-sphere, although clearly this issue deserves further study. In particular, for general choice of
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the vector b = (by, ba, b3) we expect to find instantons not on CP?, but rather instantons transverse
to the Killing vector K = Z?:1 bi0y,, as in [16]. These contact instantons were discussed in the
latter reference in the context of the partition function on Sasaki-Einstein manifolds. In any case,
we leave this issue open for future investigation.

Our task thus reduces to computing the large N limit of the perturbative result (2.3.8), for the
USp(2N) gauge theories of interest. This may be carried out using the matrix model saddle point
method originally introduced in [33], and subsequently applied to the round S° partition function in
[7]. As in the latter reference, we also set the Chern-Simons level for the theory k& = 0 (thus setting
the cubic terms in the prepotential .% (o) to zero). The quadratic and linear terms of .7 (o) will
only contribute to subleading order in the large N limit. This is because the leading contribution
to the free energy arises from the scaling o = O(N'/2). Such a behaviour for o leads to an O(N?)
contribution for the classical parts in the perturbative partition function (2.3.8). Thus in the limit
of large N we only have to analyse the behaviour of the two one-loop determinants from the vector
and matter multiplets. In particular, for a given theory we will have to find the expansion of the
logarithm of the triple sine function entering (2.3.8).

The USp(2N) gauge theories have Ny matter fields in the fundamental and a single hypermul-
tiplet in the antisymmetric representation of the gauge group. Let us denote an element in the
Cartan subalgebra for USp(2N) as {A1,..., AN}, so that o = diag(A1, ..., An, —A1,...,—An). The
Weyl group acts as A\; — —\; for each i, and also permutes the \;. If the normalized weights of
the fundamental representation are given by +e;, where {ei,...,en} is a basis of RN, then the
antisymmetric representation has weights {e; +¢e;}, £ and the adjoint representation has weights
{eitej}, ;U {:EZei}i]il. Therefore we can write the free energy for this theory as

N
F(\i) = Z Gv(Ai+ X[ b)+Gy(Ai—Aj | b)+Gu(Xi+Aj | b)+Gr(Ai —Aj | b)

i,j=1
i#£]

N
+ Gy (20 | b) + Gv (=2Xi | b) + Ny [G (Ai | b) + G (=Ai | b)] (2.4.1)
i=1

where Gy and G are the logarithms of the triple sine functions in the numerator and denominator
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of (2.3.8) for the vector and the hypermultiplets, respectively. We are interested in their asymptotics
for large A; only, because we assume that the eigenvalues scale with N® for some « > 0. These

asymptotics are explicitly computed in appendix C, and here we simply quote the results:

Gv(z|b)+Gy(—z|b) = —logSs(—iz | b) —log S5 (iz | b)
b2 b1bs + b1bs + bob
T pp - T bbbty +bobs) (2.4.2)
3b1b2b3 6b1b2b3

where we have expanded in the limit |x| — co. Here we have assumed that b; > 0 for each i = 1,2, 3,
as this is the case of interest — see equation (2.3.13) and the discussion after it. Similarly, for the
free energy contribution of the hypermultiplet we obtain

™

 6b1boby

m (b3 + b3 + b3)
24 by bobs

af? - 2, (243)

Gu(xz|b) = logSs (%btot — iz | b) ~

in the asymptotic limit |z| — oo.
Using the Weyl symmetry of USp(2N) we may take \; > 0, and we shall furthermore assume
that these eigenvalues scale as \; = N%x; to leading order in the large N limit, with a > 0. We

next introduce the density

o(z) = ;Za(;ﬂ — ) (2.4.4)

/p(:):)d:r =1, (2.4.5)

once we take N — oo. In that limit, the discrete sums in (2.4.1) become Riemann integrals

1 o
N; —>/O p(z)dx . (2.4.6)

Hence taking the large N limit of (2.4.1), we obtain to leading order

Foa N [T [T o) [Grn@) £X0) [B) + Ga(rw) £ Aw) | )] dyda
o | " () [Gv(2)(2) | b) + Ny G (£A(2) | b)]da (2.4.7)

By assumption we have A\(x) = N%z to leading order in the continuum limit, and hence we may use

the above expansions for the vector and hypermultiplet contributions (2.4.2), (2.4.3) respectively.
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Then the leading order term in the first line of (2.4.7) scales as N2T%, because the cubic terms
in the asymptotic expansion of Gy and Gy cancel. The leading order term of the second line in
(2.4.7) however does not cancel, and is given by N!'*3®  In order to obtain a non-trivial saddle

point, both terms must contribute and we deduce that o = 1/2. Putting everything together we

obtain
F = _NS/Q/x*P(x)/m*P(y) L%“(IfL‘+y|+|ﬂC—yl)
0 0 8b1babs
(8 —Np)m, 5 3/2
S S Ak dydz+O (N . 2.4.8
el |y do + (v72) (2.4.8)

It thus remains to solve a simple variational problem for p(x) extremizing the free energy. We
add a Lagrange multiplier term to impose the constraint (2.4.5), namely p (f;* p(z)dz — 1), and

then solve %—i =0 for p(x). Doing so we find (with Ny < 8)

o) = L, (2.4.9)

inside the interval [0, z,], with p identically zero outside this interval, and where extremizing F

over the end-point x, gives

b2
2 tot

. 2.4.10
Tx 2(8 — l\/f) ( )

We may then evaluate the free energy by substituting these saddle point configurations back into

(2.4.7) to obtain

3
f _ \/ﬁﬂ_btot N5/2 +O (NS/Q) , (2411)

15\/8— Ny bibobs

which may be rewritten as (where recall we have assumed that b; > 0 for each i = 1,2, 3)

(b1 + by + bg)?’

F
27b1 b2b3 Sr50und ’

(2.4.12)

where Fgs is the large N limit of the free energy on the round five-sphere computed in reference

round

[7]

Foo = —— 0 40 (N3/2> . (2.4.13)



We note that the above result has a very similar structure to that obtained in three dimensions
[34]. Also notice that we get the same result, (2.4.12), for the orbifold theories discussed in [7, 12].
We conclude this chapter by noting that for the SU(3) x U(1) squashed five-spheres, with the

vector b = (b1, ba, b3) given by (2.3.13), we obtain the large IV free energies

1 3—-v1-s2)3
( ) Fe N 3/4 BPS |

2
F — 275 1-V1—s2 (2.4.14)
Fgs 1/4 BPS

)
round
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Chapter 3

Romans [I'(4) supergravity

When the USp(2N) superconformal theories discussed in chapter 2 are put on the round S°, they
are conjectured to be dual in the large N limit to the AdSg x S* solution of massive type IIA
supergravity [10, 11, 12]. In order to find gravity duals to the same superconformal theories put on
different background five-manifolds, it is then natural to work in the six-dimenional Romans F'(4)
supergravity theory [13]. The key here is that, as shown in [14], the Romans theory is a consistent
truncation of massive type IIA supergravity on S*. In the next subsection we shall review this

uplift to ten dimensions, and then present the Romans theory in Euclidean signature in section 3.2.

3.1 Uplift to massive type ITA

The Romans theory [13] is a six-dimensional gauged supergravity that admits an AdSg vacuum.
The bosonic fields consist of the metric, a dilaton ¢, a two-form potential B, a one-form potential
A, together with an SU(2) ~ SO(3) gauge field A%, i = 1,2,3. It is convenient to introduce the
scalar field X = exp(—¢/2v/2), and we define the field strengths as H = dB, F = dA + %gB,
F'=dA" — % geijkAj A AF. Here ¢ denotes the gauge coupling constant. Notice that B appears in
the field strength for A.

As shown in [14], this Romans theory is a consistent truncation of massive type ITA supergravity

on S4. This means that any solution to the Romans theory automatically uplifts, via the non-linear
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Kaluza-Klein ansatz of [14] presented in (3.1.1) below, to a solution of massive type ITA. Moreover,
the AdSg x S* solution of the latter is the uplift of the AdSg vacuum of the Romans theory.

We shall later need some details of how the six-dimensional solutions uplift to ten dimensions.

The gauge coupling constant g is related to the ten-dimensional mass parameter by mya = % g,
while the remaining fields uplift via
1 1 3 3 5 3 . .
dsfy = (sin&)2 X% [ASdsg + 29 *ASX?dE® + §g ?A 5 X Teos® €Y (F — gA')?| |
i=1
Fuyy = —%g*331/3c3A’2U d¢é A vols — \/597384/304A72X73 dX A vols
—}—\[29_151/30)(4 «H NdE — %54/3X_2*F + %9_231/30Fihi A d€
— 159 2 PENTIX TR AR A ey
Fig = s*PH+g7's7/3cFndg,
Foy = %82/317 ) e® = OOV XE/M (3.1.1)
where
A = Xcos’¢é+ X 3sin%¢,
U = X 52 -3X22+4X 22 -6X 2. (3.1.2)

Here ds%o is the ten-dimensional metric in Einstein frame, ® is the ten-dimensional dilaton, F3) is
the NS-NS three-form field strength, while F(4y and F{s) are the RR four-form and two-form field
%

~

strengths, respectively. The 7%, i = 1,2, 3, are left-invariant one-forms on a copy of SU(2) = S3.
These are defined precisely as in (2.2.6), except here this S? is in the internal space (hence the hats).
We have also defined h! = 7% — gA?, voly3 = h' A h? AR3, and s = siné and ¢ = cosé. The Hodge
duals in (3.1.1) are computed with respect to the six-dimensional metric ds3. This is defined on
some six-manifold Mg, and the ten-dimensional metric in (3.1.1) then describes a warped product
Mg x S*. More precisely, the solution only describes “half” of a four-sphere, where the coordinate

¢ € (0, 3] is a polar coordinate for which constant € (0, 7) slices are three-spheres, parametrized

by Euler angles on S as in (2.2.6). The solution is smooth at the north pole ¢ = 5, where the S8
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slices of S* collapse to zero size, but singular on the equator ¢ = 0. Nevertheless, it is argued in

[11, 12] that the supergravity solution (3.1.1) can be trusted away from this singularity.

3.2 Euclidean theory

The equations of motion and action for the Romans theory in Lorentz signature appear in [13, 14].
However, the gravity duals to the large N field theories on the squashed five-sphere of chapter
2 will be constructed in Euclidean signature. The corresponding Wick rotation is not entirely
straightforward because the Romans theory contains Chern-Simons-type couplings, that become
purely imaginary in Euclidean signature in order that the theory is gauge invariant. The associated
factors of i are also crucial for supersymmetry in Euclidean signature. The Euclidean equations of

motion for the Romans supergravity fields are

dX2xF) = —iFAH,
D(X72%F) = —iF'AH,
d(X ' %dX) = —?(AX 02X 24 1x%)x1
—AX 2 (FA+F + F'N+F") + 1 X "H N +H . (3.2.1)

Here Dw' = dw’ — g&;, A7 Aw” is the SO(3) covariant derivative, and our convention for the Hodge

duality operator is fixed via

1

aAxf = aam...upﬁm'”“p x 1, (3.2.2)

where a and 8 are p-forms.! The Einstein equation is
Ru = 4X~0,X0,X + g (X0~ 3X2 = 1X%) g, + 1X* (13, — L 7%,0)
FEX2 (B, — L) + 5X 2 ()2, — (Fgu) (323

2 _ 2 _ pPo
where F2, = F,,,F,°, H?, = Hypo 1,

Tn particular this convention differs from that in [14].
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The Euclidean action which gives rise to these field equations is

1
167G N

Iy = — / [ 1= 4X 72X AdX = g2 (3X 70— 5X 72— 2X2) # 1

—IXTP(FA*F + F'A+F") — 1 X H N <H (3.2.4)

—iBA (J4ANAA+EBAAA+ 2B AB+F AF)| .

In particular notice that the final term is a Chern-Simons-type coupling, and is accompanied by
a factor of i. This is required for gauge-invariance in the path integral with Euclidean measure
exp(—Ig). It is also implied by supersymmetry. Indeed, a solution to the above equations of motion

is supersymmetric provided the following Killing spinor equation and dilatino equation hold:

Dyer 4\[ g(X + X7, F761—WX YF (TP — 66,/ T )e; (3.2.5)
—4—8X HUPUI‘”””F#Fﬁ[—i—mX_lFﬁp(F — 60, T"\T7(0") 1 ey,
0 = —iX'9 XF“61+2\1f (X —Xx~ )Ee;—kiXZHWPFWPReI
b x- L T er — —X—lF;;VFWn(o—i)HeJ : (3.2.6)

8v2 8v2

Here €7, I = 1,2, are two Dirac spinors, I, generate the Clifford algebra Cliff (6, 0) in an orthonormal
frame, and we have defined the chirality operator I'y = il'g12345, which satisfies I’ % = 1. The
SO(3) ~ SU(2) gauge field A’ is an R-symmetry gauge field, with the spinor €; transforming in the
two-dimensional representation via the Pauli matrices (¢%);7. Thus the covariant derivative acting
on the spinor is Dye; = Ver + %gAL(O’i)]JEJ.

Returning to the equations of motion (3.2.1), notice that the exterior derivative of the first
equation (the equation of motion for B) implies the second equation on using the Bianchi identities
for F and F*, where note that dF = %gH . This is related to the fact that the theory possesses
a gauge invariance A — A + %g)\, B — B — d\, where X is an arbitrary one-form. Using this
freedom one can then gauge away A = 0, leaving F' = %gB . The kinetic term for F' in the action
(3.2.4) then becomes a mass term for the B-field; that is, the B-field “eats” the U(1) gauge field

A in a Higgs-like mechanism. Notice that there is also a cubic Chern-Simons coupling for B in

(3.2.4), making it a somewhat exotic field. We may also make a simple rescaling of the fields via
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I — g%gw,, B — g%B, A— éA, Al — éA", after which one sees that the coupling constant g only
appears in the action as an overall constant 1/¢g* factor. Thus we may without loss of generality
set g = 1, which we henceforth will do.

In appendix A we compute the integrability conditions for the Killing spinor equation (3.2.5)
and dilatino equation (3.2.6), and show that these are compatible with the equations of motion

(3.2.1), (3.2.3).

3.3 Killing vector bilinear
Given a supersymmetric solution to the Euclidean Romans theory, one can verify that the bilinear
K, = eYeer, e, (3.3.1)

is a Killing one-form. Here C is the charge conjugation matrix, satisfying FZ = C71I',C and in
our conventions is antisymmetric satisfying C?> = —1. If we also impose a symplectic Majorana

condition

Cei = eey, (3.3.2)
then this Killing one-form may be rewritten as

K, = €T, (3.3.3)

which is then manifestly real. In particular we will be able to impose this symplectic Majorana
condition for the solutions we construct in chapter 4. In this “real” case the Killing spinors €;
define an SU(2) structure on Mg. One could similarly analyse the differential conditions on the

corresponding SU(2) structure bilinears, which will be done in chapter 8.
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Chapter 4

Supergravity solutions

In this chapter we present supergravity duals to the SU(3) x U(1) squashed five-sphere back-
grounds of chapter 2. Via the consistent truncation to the Romans theory in the previous chapter,
this effectively becomes a filling problem in six-dimensional gauged supergravity: one seeks a
smooth, asymptotically locally Euclidean AdSg supersymmetric supergravity solution, with confor-
mal boundary data given by the squashed five-sphere background in chapter 2. In particular this
means the bulk supergravity solution is equipped with an SU(2)r doublet of Killing spinors €y,
I =1,2, solving (3.2.5) and (3.2.6), which should suitably approach the boundary Killing spinors
in chapter 2.2. We shall indeed find such fillings for both the 3/4 BPS and 1/4 BPS solutions. In
the process shall extend the 1/4 BPS solution to a two-parameter family of solutions, containing a

one-parameter 1/2 BPS subfamily of new solutions.

4.1 SU(3) x U(1) invariant ansatz

The squashed five-sphere backgrounds of section 2.2 have SU(3) x U(1) symmetry, and one expects
this symmetry to be preserved by the bulk supergravity filling. Indeed, for asymptotically locally

Euclidean AdS solutions of the vacuum Einstein equations this is a theorem [35]. This leads to the
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following ansatz for the Romans supergravity fields

dsi = o®(r)dr?* +¥*(r)(dr + O)* + B%(r) [da2 + isin2 o(d6? + sin® 0dp?)
+i cos® o sin? o (dep + cos Gdgp)ﬂ ,
B = p(r)drA(dr+C)+ %q(r)dC ,
A = fir)dr+0), i = 1,23, (4.1.1)

together with X = X (r). Recall here that we have used the gauge freedom to set the U(1) gauge
field (which is really a Stueckelberg field) to A = 0. The additional coordinate r is a radial
coordinate, and we shall choose a parametrization in which the conformal boundary is at » = oc.
For fixed r, provided «(r) and §(r) are non-zero the constant r surfaces in (4.1.1) are squashed
five-spheres. We shall seek solutions with the topology of a ball, so that r € [rg,00) with r = rg
being the origin. At this point the squashed five-spheres must become round in order that the
metric extends smoothly to the origin of the ball. Similarly, in order for the gauge fields B, A’ in
(4.1.1) to be non-singular at the origin they must tend to zero sufficiently quickly at r = 9. In
writing the ansatz (4.1.1) we have used the fact that the only SU(3) x U(1) invariant one-form on
the squashed five-sphere is the global angular form dr + C for the Hopf fibration S' < $° — CP?,
while the only invariant two-form is the pull-back %dC’ = w of the Kéhler form on CP?.

Substituting the cohomogeneity one ansatz (4.1.1) into the equations of motion (3.2.1) and
Einstein equation (3.2.3) leads to a rather complicated coupled system of ODEs. The equations of
motion for the background SU(2)g gauge field imply f'(r) = x;f(r), i = 1,2,3. The equations for
the other fields then depend only on the SU(2) ~ SO(3) invariant k% + k3 + k2, which we can set to
one by rescaling f(r). The equations of motion then result in the coupled ODEs for the functions
a(r), B(r), v(r), p(r), q(r), f(r), X(r), which can be found in appendix B.1.

Since the solutions we find are continuously connected to Euclidean AdSg, we first present the
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latter in these coordinates:

33 B ~3Verz—1
a(r) = Jorr =1’ B(r) = ~(r) = NG )
p(r) = q(r) = f(r) = 0, X(r) = 1. (4.1.2)

Here only the metric is non-trivial, and (4.1.2) realizes Euclidean AdSg as a hyperbolic ball with
radial coordinate r € [%, 00), with the conformal boundary at infinity » = co. Thus the origin is
at rg = %. Notice in particular that the conformal boundary at » = oo is equipped with a round
metric on S°, which is conformally flat. We would like to find families of solutions that generalize
(4.1.2) by allowing for a squashed five-sphere boundary, keeping the metric asymptotically locally

Euclidean AdS near » = co. That is, near r = oo the metric should approach

9dr2
2r2

ds? ~ + 27r%ds? | (4.1.3)

where ds? is the squashed five-sphere (2.2.1). For such solutions we may thus define the squashing

parameter by

lim 207 _ 3V3 é (4.1.4)

r—00 T
so that s = 1 for the round sphere. Even though we did not manage to find supersymmetric solutions
in closed form using this approach, solutions may nevertheless be given as expansions around
different limits. However, later in this thesis, using the SU(2)-structure to be developed, we show
that there are analytic solutions to this case. In general notice that we can use reparametrization

invariance to set

3v6r2 — 1
\/i )

which we assume henceforth. In particular this fixes the origin of the ball to be at rg = %.

B(r) = (4.1.5)

In the following we summarize the various families of supersymmetric solutions we have con-

structed with the ansatz (4.1.1). Details of the computations may be found in appendix B.
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4.2 3/4 BPS solutions

There is a one-parameter family of 3/4 BPS solutions parametrized by the squashing parameter s.

The solution expanded around the conformal boundary is given by

31 8452 1

") = 3V3 1647571 —1280+1120s° + 24151 1
K s 12/3s3 7 2592+/3s5 rs ’
1-s2-3V1-s21 s2V/1 — 2k 1
X(r) = 1+ 5452 2T =t )
s (-2 VI- )T
i/2(2+3vT=52-1)
p(T) = - 83 ﬁ—i_a
3 (VOVT=s2)  \JEVT= s (552 +9VT =52 —5)
Q(T) - s T+ 353 ;"—,
_epyize 2(242-eVI-)
f(r) = 32 + 957 7“72—1_7“73—1_.“7

where we have computed this expansion up to O(1/r?). The extra parameter  is fixed by requiring
regularity at the origin r = % (see (4.2.3) below). Notice that the SU(2)r gauge field at the
conformal boundary agrees with the gauge field (2.2.4) with @ = 1. We may also expand the

solution around Euclidean AdSg, which has s = 1:

3v/3
a(r) = ———
672 — 1
—5v/64+330v/61r2 —3744r34+16201/6r*+8640r° —7560/6r5+5184/6r8
+( 9v/2r2(6r2—1)°/2 )<1 —8) .
3v6r2 —1
v(r) = NG
2
(55v/2—384+/3r-+1080v/2r2+768v/3r% —5400v/2r4+11232v/2r6 —11664+/2r® )
- 5 (I—s)+...,
6(6r2—1)"/
2 (1 — 2v/6r + 612
X(r) = L (vV2(1-2v6r : ) A
3(6r2—1)
18iv/2 (v/6 — 161 + 12/612 — 12/6r*
p(r) = ( 3 )\/1—s+...,
(6r2 —1)
3iv2 (=4 + 9vV6r — 2472 — 12613 + 3661
q(r) = - ( - )\/1—s+...,
(6r2 —1)
V2 (=3 + 861 — 3612 + 3614
f(r)y = ( (62 1)2 )\/1 —S+.... (4.2.2)
rée —
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In particular one can check that these functions lead to a regular solution at the origin r = %,
although this is not manifest in the formulas presented above. Indeed, we have computed this
expansion up to sixth order, and by comparing the two expansions we find that regularity at the

origin fixes the parameter x in (4.2.1) via

3V3 V2., 1135 25 , 1127 , 35 4
Tk = (06 5 B 6O 4. 4.2.3
1" T3 T30 T’ T’ Tot T (4.2.3)
where we have introduced
2 _ 1
2 = ——1. (4.2.4)
S

The explicit solution €; to the Killing spinor (3.2.5) and dilatino equation (3.2.6) for this solution
may be found in appendix B. In particular there are three independent constants of integration
after imposing the symplectic Majorana condition (3.3.2). Using this solution one can compute
the Killing vector bilinear (3.3.1). Requiring that this Killing vector lies in the Lie algebra of the
maximal torus U(1)3 € SU(3) x U(1) fixes the constants of integration, up to an overall irrelevant

scaling. In this case we obtain
K = bl&pl + bza@z + bg@wg R (4.2.5)
where by = 1+ V1 — 52, by = b3 = 1 — /1 — s2 and the coordinates ¢; are related to 7, ¢ and ¢

via (2.3.7).

4.3 1/4 BPS solutions

We also find a two-parameter family of 1/4 BPS solutions, parametrized by the squashing parameter

s and the background SU(2)p field at the conformal boundary, which is parametrized by fp. The
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solution expanded around the conformal boundary is given by

il—f0282+9(_2+52)_Gfo(_1+52)i+

a(r) = Jr 363 i SRR
o) = BB, 2L 1260 (c14 ) 0 (34281
ne= 12/3s ro
B 18 — 3fy — 1852 + 12fys% — 2f2s 1

X(r) = 1+ 1 0 S

i\/g(—?s + fo) 3+ (=3 + fo)s?) 1
p(r) = S 2

. _ $2

o) = _31\/6(3+(83+fo) ),

LB+ (34 f0)s7) (fos" 49 (1457 —6h (A4s))1 &

61/65s r o r2

f(r) = f0+2(_3—'_9ﬁ))ﬂ):2_|_7%+“_. (4.3.1)

Again, we have found this solution up to O(1/r?). The constants & and & are again fixed by
requiring regularity at the origin.

There are a number of interesting special cases. First, we obtain the one-parameter family of
1/4 BPS squashed five-spheres of section 2.2 by choosing the constant fy so as to reproduce (2.2.4)
with Q = —3. That is, fo = (1 — 3v1 — s2)v/1 — s2/s2. We show explicitly in appendix B that
the supergravity Killing spinor matches onto the five-dimensional spinors in section 2.2. Another
interesting case is fo = 0. In this case the SU(2)r background gauge field is completely switched
off, but the solution is still supersymmetric with a squashed five-sphere at the conformal boundary.
This solution has enhanced supersymmetry — as we show in appendix B it is 1/2 BPS. On the other
hand we may also set s = 1, so that the conformal boundary is the round five-sphere, but keep
the parameter fy. This shows that one can define non-trivial Killing spinors on the round S° by

turning on other fields.
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We may also expand the solution around Euclidean AdSg with s = 1:

3v/3 N V3 (1 = 54r% + 96v/6r® — 3247 + 216r°)

or) = J== 22 62— 1) (I—s)+...,

) = 3\/6\2—_1 N (15 - 48\/67;/; (2637T02r2_—1)554/13r4 + 648r9) Qoo
X@)::1+41‘2f§jfi§4+”%1_@+.“,

p(r) :—Bwﬂﬂ@+wﬁéi€f+mﬁ&®+@ﬂ—$*~’

() = _$04+9¢W—2@;;%i$3+%¢w%w+whl_g+“.,

fr) = (_3+8f2;3?;+3mﬂw(L—@+n“, (4.3.2)

where we have introduced the parameter w via (1 —s)w = fy. As before it can be checked explicitly
that the solution is regular at r = %, and we have checked this up to fourth order in the expansion

variable

1
60 = ——1. 4.3.
: (433

Comparing this expansion with the expansion around the conformal boundary we deduce

i (144 + 98 13w?
b = 264w LTI 13

5
N i (307719 + 209547w + 41094w? + 1282w*) 5

9450

i (26693550 + 21683700w + 6126111w? + 771474w? + 51568w?) 5
623700 o
2 /2 2 (—v6w +2v6w?) ,  (—999v6w — 594v/6w? + 244v/6w?)
& = Zy/-wé— 8% + s
3V3 45 42525
(32724v/6w + 26082v/6w? + 6105v/6w® + 935v/6w?) ,
103305 S (4.3.4)

The explicit solution e; to the dilatino and Killing spinor equation (3.2.6), (3.2.5) for this
solution may also be found in appendix B. In this case there is a single integration constant (for
generic fy, or equivalently w). The Killing vector automatically lies in the Lie algebra of the torus

U(1)® € SU(3) x U(1), and with an appropriate scaling we obtain
K = 0, = b18¥,1 +b2a¢2 +b38¢3 , (4.3.5)
where by = by = bs = 1 and the coordinates ¢; are related to 7, 1 and ¢ via (2.3.7).

33



Chapter 5

Holographic free energy

In this section we describe how the on-shell action for the Euclidean Romans theory detailed in
chapter 3 can be computed, and for asymptotically locally Euclidean AdS solutions holographically
renormalized by adding boundary counterterms [36, 37, 38]. For the supersymmetric solutions
presented in chapter 4 we evaluate the renormalized on-shell action and determine the holographic

free energies.

5.1 Renormalization theory

The AdS/CFT correspondence conjectures an equivalence between gravity theory in a d dimensional
AdS space and a conformal field theory living in its d — 1 dimensional conformal boundary [39].

The correspondence equates generating functions

Z xas(b0i) = Zorr(90,i), (5.1.1)

where ¢ ; have different meanings in each theory. In the supergravity side, ¢¢; are the boundary
values of the bulk fields, while in the field theory, ¢¢; are the external source currents coupled
to operators, so that AdS fields are dual to CFT operators [36]. We shall mainly be concerned

with the partition function, as seen in chapter 2, where we use a saddle point approximation. The
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duality then can more precisely by written as

e Lads(e;) — <ef¢0,i0i> : (5.1.2)
CFT

where I445(¢) is the on-shell gravitational action and O are the CFT dual operators.

One difficulty of this equality is in the fact that the gravity action diverges. As we expect the
dual CFT to have a finite partition function after appropriate regularization, we must be able to
remove the divergences in the supergravity theory. We do this by defining local counterterms on
the boundary.

Consider the Euclidean action given by

1 n(n —1) 1
I=— dntt R - d"zvVhK 5.1.3
167w R /M x\/§ < + l2 > 81G OM x\/> ’ ( )

where the first term is the usual Einstein-Hilbert action, evaluated in the bulk, and the second
term is the Gibbons-Hawking boundary term. The Gibbons-Hawking term is necessary so that
upon variation with the metric fixed at the boundary, the action yields the Einstein equations.
This involves the trace K of the extrinsic curvature of the boundary, and where h is the induced
boundary metric, and also leads to divergences.

In the AdS context, both these terms are divergent, as the first is the volume of M, which is
infinite, and the second is a derivative of the volume in the r direction, which also diverges. But the
divergences arising from this action are all proportional to local integrals of the boundary metric.

We write the gravity metric in the asymptotically locally AdS form
d2—§d2+i (z,z)dz™da" (5.1.4)
7= 42"+ 5 %mn(z, 2)da"da" 1.

where [ is the AdS radius, meaning that the curvature scale is essential in defining the counterterms.
The action is then modified to include the subtraction of a finite set of boundary integrals
involving curvature scalars constructed from the background metric ;;.

The action then becomes

Irenormalized = Ibulk + Sboundary + IGH + Icounterterrns (515)
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where the counterterms will have the form

1

— [ d"avh F(l . 1.
G o, evVh F(l,R,VR) (5.1.6)

1 counterterms —

One may encounter two possible problems when doing this holographic renormalization. For
instance, in odd dimensional supergravities, one finds logarithmic divergences that do not cancel
out. This however can be regarded as a theory check, as they agree with the manifestation of Weyl
anomalies in the CFT. We will discuss this further shortly. It is also interesting to notice that if the
boundary metric becomes degenerate (i.e., the metric is non compact and/or singular), one can no
longer, in general, remove the divergences via counterterm regularization. This is a manifestation
of that the dual CFT does not have a finite partition function in the degenerate limit.

By writing the counterterm action not as I (7vi;), but as I¢(hi;), where h;j = g;j — n;n; is the
induced metric on the cut-off boundary, one automatically picks up the appropriate divergences,
as it becomes much easier to analyse the terms order by order, and the counterterms action can
in fact be expressed as an expansion in powers of the boundary curvature and its derivatives. The
number of terms that contribute grows with the dimension of the space-time (and the number of
fields that are turned on in the theory).

The counterterm action will then take the form of

Li= - [ aavm |2l L Ry e RaR™® — — " _R2) +
TG Jom I "2n—2) " 2n—4)(n-22\"® An—1)

(5.1.7)
These terms are sufficient to cancel out the divergences of the bulk action in dimensions up to
n < 6.

Here we deal with a supergravity in an even dimension, that has no logarithmic contributions
to the renormalized action. Nevertheless, it is interesting to make a comment on what happens
in the odd dimensinal supergravity. The logarithmically divergent contributions in the action do
not get cancelled by the counterterms, in fact, there is no way they could, as the counterterms are

given by a local integral of a polynomial over the boundary of a curvature invariant.
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At first, one may think that this presents a limitation for the counterterms subtraction technique
for asymptotically locally AdS solutions, but instead, it turns out to be a fantastic consistency
check of the AdS/CFT conjecture. The relation between these divergences in the gravity side and
the conformal anomalies in the dual field theory was first spotted by Witten in 1999 [41]. It is
interesting to see that these conformal anomalies in the classically conformally invariant theory are
due to logarithmic UV divergences at the one loop level in the quantum field theory. In fact, this
is a UV/IR relation of the AdS/CFT correspondence, meaning that an infinite volume singularity

in AdS is a reflection of the existence of a UV divergence in the CFT.

5.2 On-shell action

We will now apply this general method to our case. The formalism presented in the previous
section is done for pure gravity, but in principle, the holographic renormalization should work in
the same way for supergravities. Indeed, this technique has been applied to supergravities before
(see [37],[38],[40]), but not to Romans theory, due to its exotic structure.

Romans theory contains a scalar matter field, an Abelian gauge-field A, a SU(2) gauge-field A?
and a B-field. Here we will work in the gauge A = 0. Starting from the Euclidean action (3.2.4)
and using the equations of motion (3.2.1) together with the Einstein equation (3.2.3) and its trace,

we can write the on-shell action defined on a manifold Mg with boundary dMg to be

Ion—shell = Ibulk + Iboundary ) (521)
previously stated. Here
1 . o . .
Thax = AXT2(243XN %1+ IX2FAKF + IBAF A F 5.2.2
pulk 167rGN/M69 (243X *1+ 5 *F + 3 7 (5:2.2)
1 2 (yv—1 1 4
Tvoundary = e /BM6 2(X'%dX)+ 3(BAX*xH). (5.2.3)

Here we have used Stokes’ theorem to write a total derivative as a boundary integral. In particular
this assumes that the potentials B and A’ are globally defined, which is the case for our supergravity

solutions. The Hodge duals in (5.2.3) are defined on Mg, and then restricted to the boundary. The
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on-shell action is divergent due to the infinite volume of Mg and 0Mg, and from divergences in the
supergravity fields as the conformal boundary » — oo is approached. Consequently, Iy should
be understood as integrated up to a finite cut-off which is then sent to infinity only after adding
counterterms which regularize the divergences. In addition, as explained earlier, due to the presence
of boundary terms in the on-shell action, one should add a Gibbons-Hawking term [42]. Hence the

finite on-shell action is

Lienormatized = {on—shell + IGH + Icounterterms - (524)

In the next section we determine the precise form of the counterterms.

5.3 Boundary counterterms

The counterterms needed to regularize the action of the Euclidean Romans F'(4) theory were stated
without derivation in [28]. Here we provide a full account of their construction. We assume a general
expansion of the fields for an asymptotically locally Euclidean AdSg solution. In particular, we take

the metric to be given in Fefferman-Graham form [43]
2 €2 2 1 mj,..n
dsg = ﬁdz + Z—Q’ymn(z, z)dz"dx" | (5.3.1)
where ¢ = 3/\/§ is the AdSg radius, and in turn
Ymn(2:8) = Yon + 2V + 20 + O(2%) (5.3.2)

Here 72, () is the metric induced on the conformal boundary which, due to the radial coordinate

transformation r — %, is now at z = 0. The Gibbons-Hawking term is then

1
Ien = / Z9./deth &z, (5.3.3)
87TGN Mg E

and h,,, = Z%fymn is the induced metric on the boundary.
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The Ricci tensor of the six-dimensional metric (5.3.1) is

R,, = —Z% —% [Tr (y'o2v) - %Tr (v ') — %Tr (v'o7)?|

Ron = —pogimn = g [5027 = 207 = 50907 (0:0) + 1(01)Tx (1710.7)
—(*R(7) — 2*1ZVT1“ (v'0:7) }mn :

Ron = 35y [V Ynpz = Votmne] (5.3.4)

with V being the covariant derivative for v(z, x). We also assume an asymptotic expansion for bulk

scalar and gauge fields, namely

X = 142X 4+22Xo4 -+,
1
B = -b+dzANAg+By+z2zdzAA1+2B1+---,
z
1 1
H=dB = ——dzAb+-db—dzAdAy+dBy+dzABy—zdzANdA; -,
z z
F' = firdeANA)+2dz ANAY +2F +-- - (5.3.5)

The 1/z term appearing in the B-field expansion is non-standard but is justified by being compatible
with the equations of motion as we will see below.

It is useful to establish some formulas. We write (in general)

aAxa = |a|*vol, (5.3.6)
to define the norm || - || of a p-form. The inner product of two p-forms «, 8 is denoted («, 5). First
we compute

sy = —L270 (xy0p) Ndz

L o6
*(dz Aap—1) = 77 P70 %y ap1 (5.3.7)

where «,, represents a general p-form that is orthogonal to d,. Here the volume forms are related

as
¢ ¢ 1 5
volg = = dz Avol, = = dz A y/dety dz* A--- Ada” . (5.3.8)
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We will need the expansion of the determinant and Hodge dual for 7,,,. The former is

Vdety = V/det 0|1+ FTr [12(4")7Y] + 5T [4(4) 7]

— 2T [0+ 2 (T [P0 1)) + o<z5)] , (5.3.9)
whilst the latter may be computed similarly as
w0y = w00+ 27 [ATr [v2(7) 7] %0 ap —p 0 (P o ap)] + O(2Y) . (5.3.10)
Here we have defined the p-form
(0 ey = ()" (O) gy (5.3.11)

and indices are always raised with 7%, so (72),," = (v2)mp(7°)P".
The idea now is to substitute these expansions into the Romans field equations and then on-shell
action. We first look at the lowest order term in z in each of the X, B and Einstein equations. The

leading order term in the X equation of motion dictates
Xy = 0. (5.3.12)

Specifically, the term Z%dz A volyo has a coefficient proportional to X; times a non-zero number,
thus forcing X7 = 0. Next one finds that the leading order term in the B equation of motion, which
is proportional to Z%,dz A #,0b, has a coefficient that is zero if and only if ¢? = 9/2. Similarly, the
leading order term in the mn component of the Einstein equation, which is O(1/22), is satisfied if
and only if /2 = 9/2. We will substitute £ = 3/v/2 from now on.

The first divergence we encounter, which is at order O(1/€) where z = € is the finite cut-off,
comes from expanding the %X -2 (2 +3X 4) x 1 integrand in [,y and the Gibbons-Hawking term.

It is

- 1 1 4+/2
. V2 S (5.3.13)
o1/ oy 3

87TGN€75

and is simply cancelled by adding the counterterm

1 4/2
Igounterterm _ . i Vdeth d°z . (5.3.14)
87TGN 3 OMs
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We write the counterterm action in terms of the induced boundary metric h,,, as the divergences
most naturally appear in this form [44]. There is no divergence at O(1/e?) as a consequence of
X1 = 0. The divergence at O(1/€®) has contributions from each of Iy, Ivoundary, Icu and the

expansion of [§Merterm and is

Vdety9 d°z. (5.3.15)

1 1 4/2
Ile — - Tr 2/.0\—1 b 2
00/ = ZrGy & /8M6 [ 5 0N+ \fH [t

Clearly we will need some control on 72, and this comes from the O(1) term in the mn direction

of the Einstein equation. Carefully expanding we find this fixes

Y

§ 0 1 0y,,0 1 2 i 2 0
5 [R('y )mn 8R(7 )'ymn} + 5bmn 16HbHvo’ymn . (5.3.16)

Here R(g)mn = Ric(g)mn denotes the Ricci tensor of a metric gy, with R(g) the Ricci scalar. The
curvature terms in 72, are standard [36], while the terms involving b are specific to the Romans
theory and boundary conditions we are considering. Taking the trace of (5.3.16), or alternatively

examining the zz component of the Einstein equation at order O(1), gives

. 9 1
Tr [ = = e RON + bl - (5.3.17)

This expression will need to be used extensively due to its appearance in the Hodge dual and metric

determinant. Substituting Tr [72(70)_ ] into the right hand side of I dlz’l /e leads to

1 1 1 1
13 = —— ———R(YY) + ——||p||? det 0 d° 5.3.18
S = s Ly |TavaRO0) * gl VAR S (@)

and the appropriate counterterm is therefore

1 1
Icounterterm — / |:R B :| \/E d5 5.3.19
; el W Pt OB Ll (5:3.19)

A priori there is also an O(1/€?) divergence, but one easily sees from the various expansions
that only the scalar field contributes to it. This term (temporarily reinstating the AdS length scale)

18

1 4¢ 1 1\ 1
7div _ I Xav/det~0 Pz = 0 5.3.20
O(1/€2) 387G <9 D) 6) 2 /QMG 3 ety x 5 ( )



where the first term comes from expanding the bulk integral (5.2.2), while the second (which
cancels it) comes from the boundary X! * dX term in (5.2.3). Thus this potential divergence is
zero, without needing a counterterm or indeed even needing to use any of the equations of motion.

Continuing we find there are many terms that contribute at O(1/¢) including A; and By from
the asymptotic expansion of the B-field. It is prudent to look at higher orders of z in the equations
of motion for simplifications along the lines of X; = 0. Indeed by looking at the z72dz A a3

coefficient of the B-field equation of motion we find

By = 0. (5.3.21)
The 2z tay coefficient similarly implies

A = 0. (5.3.22)

With these simplifications the O(1/¢) divergence becomes

1 V2 e
B0 = ot el —X4 XM [y () + I

1 1 29v2 2
Idl(v = / [\f X2)2 V2 \9[
OMg

L [0 20 + Y2 (0,2 06+ 2L2 s 810 + Y2 b, d )
+4\3[Tr OO - 2\3[T ()7 + \f (Tr [v2(+*)7"))°
/2 v2

R (7)) + LER(O)Tr [12(7°) 7] | V/det 70 dx . (5.3.23)

4 8
We now seek to determine Ay, X4 and 7% in terms of lower order boundary quantities such as b.

Examination of the 272y coefficient of the B-field equation of motion gives

4
d *.0 b = —ib/\ b— 9 *40 Ay, (5.3.24)

which we should regard as fixing Ay in terms of the boundary field b. Specifically, since 2 = 1 on

any form, we solve this as

9
Ag = =%y (d ob—l—l\[b/\b). (5.3.25)

Note we may also write *,0d *,0 b = d,0b in terms of the adjoint d,0 of d with respect to ~%. The
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271dz A a3 coefficient determines B to be
_ . i _ 1 2/, 0y—1 2
B = d*odb bA Ay | +2bX, 2Tr[fy () b+29y7 00, (5.3.26)

which may be rewritten as

9 iv2 2
B = Z>|<,yo [d*,yodb—{—hg[b/\(;,yob—9b/\*70(b/\b) + 20X

1
—iTr V(") b+29%0b . (5.3.27)

The next coefficient we need is Xy, the coefficient of z* in the expansion of X (z,2™) and is

found from the z72dz A vol,o terms in the X field equation

9 B 11 3

X, = —EAVOXQ—XQTI« V(%)™ —f(XQ) +7X2HbH§O
gdb2— Aoll?0 = =(B1,b) + =(b,dA —7@2 5.3.28
+16H 15 H oll5 < 1,b) + < 0) ||f 150 (5.3.28)

Here A,o = 0,0d acting on functions but will not contribute for a compact boundary (after inte-
grating by parts).

We also need ~2,,, which comes from expanding the zz component of the Einstein equation at

0(22)
g 2 ° 2 v 8 7°
buBl ] b7 dilO J ~0 5.3.29

Next we record some intermediate formulae which follow from the expression for 42, in (5.3.16):

11 1
Tr [72(70)*1]2 = Z R(Y")mnR(7%)™ — 6—41%(70)2 + ZTrvob‘l (5.3.30)
75

. 0 0 2 4
—3(Ric(y”) 0 b, b),0 + T%R(v ol50 — 7256||b\| 0
RO )mn(*)™ = =SRO ) mnRO)™ + 72RO + (Rie(r”) 0 b, by

3 0 2
— RO bl

3 1 3 3
2 _ . (A0 4 0\ 1312 4
(v7obb) = —g(Ric(y") 0b,b)yo + 7 Tryob” + T R(Y)BI50 — = l1Bll50

Here we have defined Tr 0b* = by,"b,,Pb,7b,™. Notice that Tr.ob* = 2||b||30, with this notation.
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We now have all that we need to compute the O(1/¢) counterterm. Inserting all our intermediate

results along with the newfound expressions for X4 etc into [ dl(" 1/e) I (5.3.23) leads to

; 1 1 3 15
Ile — / |:_ R 0 mnR mn 02
O(1/e) 87TGN . BMG{ Wi (7)) mnR(Y°) 64f R(v")

1
©)2 4
— ——Tr. 0b +
Hf H ’ 12[ ’YO 192\[

| %50 b+1fbAbH20+

11150 +

IIde?yo

4f I

(b, d80b + 2d[x0b A B])

503 e

_4\!()(2)2 + EG{EWO) ob, b),yo — MR(VO)MH%] \/W A5

1 .
+—4\/§<b, %0 [d 0 db + %b ASb—2b Ak o(bA b)]>} . (5.3.31)

The corresponding counterterm is hence

1 3 15
Icounterterm — / h o R h 2
1 - 8MG{[4 fR< DR = ()

13 1
FY? + —=Tr,B* — B} — —|dB||?
4\[H I7 12\[ 192ﬁ!\ i3 ﬂll i3
O sy B+ 2B AB|2 — —_(B,doyB + “2d «, B A B
+ \/>H *p b+ 3 ”h 4\/§< ,dop b + 3 A *p >h
4 1 9
+‘3[ 1-X)?— ﬁmic(h) oB,B), + MR(h)HBH?L] Vdet hd®z
2i 2
4\[BA d s dB + \ng/\éhB - gBA*h(BAB)” . (5.3.32)

Once again the pure gravity terms found in the first line agree with the literature [36].

A priori the bulk integral in (5.2.2) is logarithmically divergent. Of course a log divergence
should not appear, as the boundary is odd-dimensional and on general grounds one does not
expect local anomalies. In keeping with this argument the equations of motion at even higher
order in z constrain the fields such that the potential log divergence cancels without the need for

a counterterm.
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Collating all the expressions for the counterterms we finally arrive at [2§]

1 4{ 1 1
Icounererms - — ——R(h) — ——= 32
ot 87TGN/3M6H3 S0 = Bl
3 15

+——R(h)mnR(h)™ — ——R(h)?
4\/5 (R)mnR(h) 613 (h)
1 1
F|? + ——Tr,B* — B} — —||dB||?

4\fH 17 12[ 192\@!! (3 \/§H 3
+—Hd*hB+%BAB||i—L<B,d5h3+%d*hBAB>h

8v2 42

42 o 1 9 2]
+—=(1—-X)?> - —(Ric(h) o B,B), + ——=R(h)||B||? | Vdet h A’z

3( ) ﬂ<1() )b 32\@()!\ I3

V2i 2

L palasa+ YEBAs,B- 2B BAB)| b . 3.
Wi A |d*, dB + 3 A dp, 3 A *p(B A )] (5.3.33)

5.4 Free energy of the solutions

The renormalized on-shell action determined in the previous section holds for all Romans super-
gravity solutions which are asymptotically locally AdS. In particular we may use these results to
compute the holographic free energy for the supersymmetric solutions of chapter 4. In order to

present the results, we first split the renormalized action as

= Tpuk + Inon—bulk (5.4.1)

I renormalized

where Ipy, is the bulk integral given by (5.2.2), while

Lon—buk = Iboundary + Igu + lcounterterms » (542)

where Ihoundary is the boundary contribution to the on-shell action (5.2.3), Igu is the Gibbons-

Hawking term, while I.ounterterms 1S the full counterterm (5.3.33). For our SU(3) x U(1) ansatz

(4.1.1), with f1(r) = f2(r) = 0 and f3(r) = f(r), we have in particular

2 A
I = /
36GyN J.— f

L 2472 ()0 (r)y*(r) + 8a®(r) B(r)y*(r) + 36 (r) (f(r))*
AX2(r)a(r)y(r)

[3X2(7")04(7“)/34(7“)7(7") +61f(r) [f(r)p(r) + q(r) f'(r)]

dr | (5.4.3)

where A is the cut-off for the r coordinate.
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3/4 BPS solution

For the one-parameter family of 3/4 BPS solutions in section 4.2 we obtain

2 [6561/3 | 243\/8 (341257 + VT—57)
L = A — A
36G N s 53
2187+/6r (—1 Vs 32) R
_ 5.4.4
% (5.4.4)
27 [\/5 (74 4665t — 141 — 52 — 52 (5 F AT 32))}
+ 2 A
485
815 14678%  66935*  440738°
—243 + —— —13778% — — — — 44828% + O(87
NG 2 2 ok )
1
+0 <A> ,
together with
2 [ oesen/3 o 2a3\/3 (3412974 V- 2)
Tion — A+ A
non—bulk 36GN 83
2187+/6x (—1 n m)
+ A (5.4.5)
8s
27 [1/3 (74+ 665" — 14vT =52 = 5 (54 4VT—2) )|
_ A
485
81/9 (<16 +16vT =52 + 135 (1+3V1=2) ) .
+ - Lo (A> ,

where recall that & is given as a series in ¢ in (4.2.3). Adding the two contributions and taking the

cut-off A — oo, the divergences cancel and we are left with the following finite result

2772 16\f 28{
Irenorma ize - - —5? 4 6 4.
lized 4GN< 5 t oo 27‘S o7 27‘S ) - (546)

where the six-dimensional Newton constant is given by!

15m/S — N
Gy = Vo4 (5.4.7)

4\/§N5/2

The holographic free energy is identified with Il.cnormalized @and agrees precisely with the series

expansion of the large N field theory result (2.4.14)

/1 = ¢2)3
F o= ! (3 Los ) ‘FroundS5 ) (548)
2752 1 —+/1— 2

'This was effectively calculated in [7] by identifying the holographic free energy of Euclidean AdSe with an

entanglement entropy. The N 5/2 scaling of the free energy had previously been predicted in [11].
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where recall that s = 1/(1 + §2).

1/4 BPS Solution

We may similarly compute the holographic free energy of the two-parameter family of 1/4 BPS
solutions in section 4.3. Again we obtain two divergent contributions whose divergences cancel.
The finite piece may be computed as an expansion in § = % — 1 using the series expansions of the

parameters £, & in (4.3.4). Putting everything together we obtain

27m?
Irenormalized = _4GN (1 + 0(55)) . (549)

This again agrees with large N field theory result (2.4.14). Of course the latter field theory result
was computed for a one-parameter subfamily of boundary conditions in chapter 2, while here we

have a more general two-parameter family.
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Chapter 6

Wilson loops

In this chapter we compute the expectation values of certain BPS Wilson loops, both in the large N
matrix model of section 2.4 and also in the supergravity dual solutions of chapter 4. More precisely
it will be important to uplift these solutions to massive type ITA supergravity, where the Wilson
loop in the fundamental representation is dual to a fundamental string. Minus the action of this
string precisely matches the logarithm of the Wilson loop VEV in the large N limit, as a function

of the parameters of the solutions.

6.1 Large N field theory

An interesting observable to consider is the VEV of the Wilson loop in a representation R of the

gauge group G:

(W) = Chrrlﬂ;{<TrRPexp/(ﬂfm:'vm+a|:t|)dt> . (6.1.1)

Here 7 denotes the dynamical gauge field for the gauge group G, o is the scalar in the corresponding
vector multipet, and the worldline is parametrized by =™ (t). It is straightforward to see that (6.1.1)

is invariant under the supersymmetry transformations for the squashed five-sphere (2.3.4) appearing
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in section 3.3 of [8] provided the Wilson loop wraps an orbit of the Killing vector bilinear!
K, = 5UXITC(5)’meJ . (6.1.2)

That is, we take ™ (t) to be an integral curve of K. The supersymmetry variations of the two
terms in (6.1.1) then cancel each other.

The large N limit of (6.1.1) for the USp(2N) gauge theories described in section 2.4 was
computed for the round five-sphere in [45]. It is straightforward to extend this to the more general
squashed sphere matrix model in section 2.4. The key point is that the insertion of the Wilson
loop into the path integral does not affect the leading order saddle point configuration because its
logarithm scales as N/2, while the free energy instead scales as N°/2. The dynamical gauge field
o/ localizes to zero, so only the constant scalar o contributes to the Wilson loop (6.1.1) in the
localization computation. Thus the VEV (6.1.1), for the fundamental representation of USp(2N),

is effectively computed in the large N matrix model as

<qund > = /0 e27r$)\(x) p(x)dx , (613)

where p(z) is the saddle point eigenvalue density (2.4.9), with the eigenvalues supported on [0, ]
with z, given by (2.4.10). We have also denoted by 2m.% = [ |&|d¢ the length of the integral curve
of K that is wrapped by the Wilson loop, and recall that A\(z) = N 124 to leading order. Thus we

find the large N result

log (Wiuna) = (ba +0 + Z)?’)\/iﬂ'z]\fl/2 +o(N'/?) . (6.1.4)

/8- Ny

Relative to the round sphere result we thus have

by + by + b3).Z
IOg < qund> = ( ! 23 3) IOg ( qund >round . (615)

Indeed, recalling that

K = b18¢1 + anQOQ + b38¢3 s (616)

LOf course we have similarly defined a Killing vector K in the six-dimensional bulk as (3.3.1). The latter restricts

to (6.1.2) on the conformal boundary, so this is only a slight abuse of notation.
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in terms of the standard U (1) action on S% C R2 @ R? @ R2, then the orbits of K are always closed
circles at the origins of any two copies of R2. If we call these U(1)? invariant circles S}, i = 1,2, 3,

then .2 = 1/b; and we may write

b1 +ba+0b
log ( qund,Sil ) = (1353) log ( Wrund )round - (6.1.7)

Notice that this formula is invariant under a constant rescaling K — ¢ - K. We now explain how

to reproduce this large N result from the dual supergravity solutions.

6.2 Dual fundamental strings

The supergravity dual of the Wilson loop Wey,q was studied in [45] for the round five-sphere. The
supergravity background is in this case the massive type IIA uplift AdSg x S* of the AdSg vacuum
of the Romans theory of section 3. The Wilson loop maps to a fundamental string sitting at the
north pole { = 7 of the internal 5S4, in the notation of section 3.1. The string then wraps a copy
of R? C AdSg parametrized by the radial direction r in AdS together with the Wilson loop curve
Stc so.

We now generalize this to our supergravity backgrounds in chapter 4. Here the type ITA
background is a warped and fibred product Mg x S*, together with various non-trivial background
fluxes. However, Mg still has the topology of a ball, with a natural radial direction r. Thus the
candidate dual of the Wilson loops computed in the previous section is a fundamental string sitting
at £ = 5 in the internal S4 of (3.1.1), together with the Wilson loop curve S' C Sg’quashed and
the radial direction 7. This is then a copy of Y5 = R? C Mg, and we would like to compute the
regularized action of a fundamental string wrapping this submanifold.

In order to compute the string action we must first convert to the string frame metric in (3.1.1),

®/2

which introduces a factor of e®/#, where ® is the ten-dimensional dilaton. The induced string frame

metric on Mg at the north pole §{ = 5 of S4 is then

ds%wﬁ |§=£,string = X_2de9§, (621)

2
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where ds2 is the Romans supergravity metric. The B-field then uplifts to the type IIA B-field with
curvature F(3) = H = dB via (3.1.1) at the north pole { = 7. In section 3 we have set most of the
physical scaling parameters to specific numerical values — for example the Romans mass is set to
mia = %, while the correctly normalized value for the supergravity dual to the USp(2N) gauge

theories is (8 — Ny)/(2ml;) where £ is the string length. In particular restoring the AdS radius to

its physical value

82N
Lt = ——— (6.2.2)
9(8 — Ny) °
(as in [45]) the string frame action is
N1Y/2/2
_ NPV2 X~2/detyd%z +iB , (6.2.3)

3/ (8 = Ny) Jx,
where 74 is the metric induced on X5 via its embedding into the Romans metric ds% on Mg, and
we have included the usual Wess-Zumino coupling to the ten-dimensional B-field. More precisely,
(6.2.3) is divergent, and as usual one may regularize it by cutting off the r integral at some r = A,
and including a boundary counterterm given by the length of the boundary S' C S® at r = A.

Thus the regularized action reads

N2/2 3
Sitring = —————— X2 /detyd?z +iB) — —=length(9%,)] , 6.2.4
o = Ny L, (XA 0 418) = o (020

where this is understood to mean the limit as one takes the cut-off A — oco. We now compute this

for our various solutions.

1/4 BPS background

We begin with the 1/4 BPS background, as in this case the supersymmetric Killing vector bilinear is
simply K = 0; (up to an irrelevant constant rescaling). Via the SU(3) symmetry of the background
all orbits of K are equivalent, and thus there is effectively only one Wilson loop to compute. This
wraps the 7 and r directions at, say, o = 0 (which is a point on the base CP? of Sll{opf <~ S5 — CP?,

all points being equivalent under SU(3)). The regularized string action (6.2.4) is

N1/29\/27

Ss ring — lim ———
T T AS%e 3,/(8 = Ny) V2

A
/ C[XTE@)alr)y(r) +ip(r)] dr—iW(A) . (6.2.5)
r=7%
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where we have used that 7 has period 27. Evaluating this for the two-parameter family of 1/4 BPS

solutions, as a series in the parameter §, we find

g 3V2n
string — \/m

which agrees precisely with the large N field theory result (6.1.4) since K = 0r = Oy, + O, + O,

N2 408, (6.2.6)

so that b1 :b2 :bg =1.

3/4 BPS background

For the 3/4 BPS solution recall that the supersymmetric Killing vector K has by = 1 + V1 — 2,
by = b3 =1 —+/1 — s2. For generic values of the squashing parameter s the generic orbit of K will
be open. However, the orbits always close over the circles Sil defined in section 6.1, which have

lengths . = 27 /b;. Since by = b these circles give rise to two distinct Wilson loop VEVs:

3—v1—3s2 P
10g<Wf dsl) 3(1+V1_52)’ 7
i I (6.2.7)
log < qund >round
BoVios i =23
[ 3(1—V1I—3s2) T

We may then compare these results to the regularized string action (6.2.4), where for Si1 the
fundamental string wraps the circle o; together with the r direction. More precisely, S} is located
at o = 0 in the coordinates (2.2.1), while S3 is located at {o = %, § = 0}, as one sees from (2.3.6).
The result for Si is the same as that for S} due to the SU(2) C SU(3) symmetry preserved by the
bosonic solution and supersymmetric Killing vector. On the other hand, due to the signs in (2.3.7)

the relevant string actions to compute are then

1/2 p A
N122\/2 !/ [X72(T)Oz(?”)’}/(7“) + ip(T‘)] dr — i’y(A) , (6.2.8)

3v/(8 = Ny) |Jr=2 V2

respectively. Evaluating this for the one-parameter family of 3/4 BPS solutions, as a series in the

parameter ¢ up to sixth order where 6% = % — 1, we find

Ssrin 4v2 2 4
string, S} _ 1_‘!5+§52—5{53+354—1;@55+0.56+... : (6.2.9)

Sstring 6=0
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while

Sstring 521 2\/> 7
i B BT Sl 52+—53+ 54+—55+0 8+ 6.2.10
§=0 3 3v2 244/2 ( )

Sstring

These agree precisely with the series expansions of (6.2.7) computed in field theory.
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Chapter 7

Boundary supersymmetry conditions

In this chapter we determine the form of the Euclidean Romans supersymmetry conditions, given in
section 3, near the five-dimensional conformal boundary. Closely related work has appeared in [46].
Our conventions are the following: we use z# = (r,2™) to denote six-dimensional coordinates, so
that the indices u,v, ... € {0,1,2,3,4,5}. Six-dimensional frame indices are indexed by A, B, ... €
{0,1,2,3,4,5} and five-dimensional frame indices by early Roman letters a,b etc.

We continue to use the Fefferman-Graham coordinates outlined in section 5.3, although com-
pared to that section we change coordinates z — 1/r so that the conformal boundary is now at
r = co. We can then scale the r coordinate r — Ar without changing the position of the conformal
boundary or modifying the five-dimensional boundary metric 4°. After this scaling the asymptotic

six-dimensional metric is now
52
ds? = —er2 + X2r2ypda™da™ | (7.0.1)
T
where

1 1 1 1
Ymn = Yo+ W%%m + Wﬁm + W’ann +0 <7~6> : (7.0.2)

We introduce a six-dimensional vielbein e? such that

dst = eted = Vel + %, (7.0.3)
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If we denote by 6?5) the vielbein for 4%, then the six-dimensional frame components may be written

as
=0, el =0, em(r,z) = Arefs), (z) + -+, (7.0.4)

where the ellipsis denotes subleading powers of r which will not play a part in what follows. The

inverse frame is

66 = — 66”‘ = 07 62 = O7 (egn)il == 6(717’7, == 762’2)0—’_ . (705)

. . ) L A B
The six-dimensional spin connection is given by quB = ¢ev [Aaue,,B} — e”[A&,e”B] — el[, eg]ega” e

and from this expression it is easy to show that

1
w =0 = %, w2 = —Z(sg + ..., W = —wBdbe , (7.0.6)

where w,(f)d)bc is the spin connection associated with the 5d boundary metric 7°.

Incorporating some of the results from the holographic renormalization in section 5.3, the asymp-

totic bulk field expansions in the local six-dimensional coordinates are'

1
X = 1+—2X2+--',
r
2r 2
_ 2 _
F=35B = 3b—3r2dr/\A0+~-,

H=dB = drAb+rdb+---,
F' = fiq...

A = a' .. (7.0.7)

Note that not all the fields appearing on the right hand side are independent. For example f’ =

da’ — %5”’“6& A aF and Ay was found in section 5.3 to be given by

iv/2
Ay = (d*yob—i— {b/\b) . (7.0.8)

'In this section we use a calligraphic font A’ to denote the SU(2) gauge field so that there is no confusion with

other notation.
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However, for simplicity we keep Ay and substitute in terms of b only at the end of our computation.
Converting the bulk field expansions first into the six-dimensional frame and then into the 5d frame

using (7.0.5) we can read off the following components for the asymptotic fields

T 1 T 1
Howp = —o - Hope = —— —
Oab E(AT‘)Q bab + (@) (7’3) ) abce ()\7’)3 (db>abc + (@) <7’4> ;
2 1 2r 1
Foa = _W(AO)G+O (7“3> ) Fop = W%b"‘o (7‘3) )
4 1 4 1
1yv—-3 _ -3 _
X+1ix73 = 3+0<T4>, X-X _ﬁX2+O<7£>,
XX = —2X +0 1 X 19,x = 0~
0 - ETQ 2 TS ’ a - T3 )
ab — ()\T)Qfab+0 <1”3> ) FOa =0 (7‘3) )
i 1 1 i 1
.Aa = ;aa + O (7”3> N ./40 = O (713> . (709)

The full six-dimensional Killing spinor equation for the Euclidean Romans theory, where all

indices are orthonormal frame indices, is

i

_ 1
Daer = 4ﬂ(x + 31Xl 7er — @XQHBCDFBCDFAPW
i
- X Fpo(TAB¢ — 6645179
673 Bc(la AT )er
1 A .
+ mX_lF}BC(I‘ABC — 65417 (0 ey, (7.0.10)

where Daer = Oper + iwABCFBCq + %A%(O’i)jjﬁj. Taking the free index to be A = 0 and

substituting the field components (7.0.9) leads to
s = +-TTyes +0 (= (7.0.11)
rer = 5 Tol'zes ol 0.
Similarly, if we take the free index in the Killing spinor equation to be A = a then we find

A P
Veer = ——1Ty(il7 — To)es — %ag(gl)f’q (7.0.12)

3v2
i

i . 1
— b [ (1 + il — b (14 AT o=
WG bel'a (1 +1il0l'7)er + L’ (14 3T0l7) €7 + <r>’

422

with V, being the covariant derivative with respect to the 5d spin connection.

Now we decompose the six-dimensional gamma matrices and spinors. We take our coordinate
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independent Cliff(6,0) gamma matrices to be

0 14 0 i’Ya
r, = , (7.0.13)

0 —iy, 0

where 7, are a Hermitian basis of Cliff(5,0). The six-dimensional spinor €; is decomposed as

e
(7.0.14)

where ef are 4-component spinors.

With this basis of gamma matrices and splitting of the spinors, the r direction of the Killing

spinor equation (G.0.6), to lowest order in r, is
(97‘6—; ; €;
. (7.0.15)

Ore; —€;
The general solution determines the asymptotic dependence on r:
6;— XI 1 PrI
e (7.0.16)

7 —ix7 iy

where x71, @7 depend only on the boundary coordinates ™. Having found the asymptotic depen-

dence on r for the spinors €; we can then substitute into the remaining components of the Killing

spinor equation (7.0.12). Taking only the lowest terms in r gives two copies of

21 i i i
\V4 = — ——d (N g — ———=b beyr + ———buy 7 - 7.0.17
aX1I 3 VaPI 5 ()17 X TIWG beYa XTI YW abY X1 ( )
This is the five-dimensional boundary Killing spinor equation.
Now recall that the six-dimensional dilatino condition in the frame reads
1 i
0 = —iX'o,Xxr4 — (X -XT — X2H 7 pcTABCT
1 A 61+2\/§( ) 7€1+24 ABC 7€I
(7.0.18)

1 i . .
X 'pupTABe, — XTI TABT (68 e
Wi 'AB I 3v3 \B 7(c")r'€eg
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We may follow precisely the same steps as for the Killing spinor equation to determine the asymp-

totic form of the dilatino equation. Doing so we find the five-dimensional constraint

1 V2 i
0 = ———b, V23 db) upe v
673 Y1 3 2XI+24/\( )abey™ XI+8 bV XT
A .
+ —"bapbeay™xr + ——=fL Nrlxs. 7.0.19
By bbed ¥ X1 8f Y () X ( )

We would prefer to have five-dimensional supersymmetry conditions which are homogeneous in
the spinor y; instead of the current dependence on both x; and ¢;. To remove ¢; we contract

(7.0.17) with 4. This gives

i 3 i,
— __ Y |a@ 5Jva+7az o' J_|_ bc 45b c 5J):|
R v 1L CACRS LR N eC L
i 3
= ———_D/x;. 7.0.20
52 1" XJ ( )
We may then write the boundary Killing spinor equation in the form
= J 1 J
<V1 o= %D )XJ =0, (7.0.21)
where V7, = 6}]Va + %afl(ai)]‘] + 12)\\[191,6( ¢ — 453%)5{. The boundary dilatino constraint
reads
V2 .y Ai
0= — ﬁbaw Dy'x; — 7)\ Xoxr + 24)\(db)abc7 X1 + V babY* X1
A .
+ ——bapbeay ™™g + ——=f Ny 7.0.22
48\/§ b0cd”Y X1 8\/> b7 ( )I XJ ( )

For vanishing b-field, solutions of (7.0.21) are known as charged conformal Killing spinors
(CCKS), or twistor spinors. Within the current context of gauge/gravity duality, CCKS have
been classified for 3-manifolds and 4-manifolds in both Euclidean and Lorentzian signature in
[47, 48, 49, 50]. More recently, solutions in five dimensions (with arbitrary signature) have been
studied in [51]. To our knowledge the more general charged conformal Killing spinor equation,
where the charge is with respect to both the triplet of one-forms a’ and the two-form b, has not
been studied in the literature. It would be interesting to understand the relationship between the
five-dimensional conditions found here from the Romans supergravity theory and the rigid limit of
five-dimensional A/ = 1 Poincaré supergravity [52, 53] studied in [19, 20].
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This equation was studied in [21] and reformulated geometrically. We are able to state the
precise relation between the spinors ¢y and yj for our supersymmetric solutions (for which A\ =

3v/3). For the 3/4 BPS solution we find

3= VI— s 14V1 = §2

= (-1)y)——xr— (1)) ——— , 7.0.23

PI (1) 665 xr = (=1) 665 Y1X1 ( )
and for the two-parameter family of 1/4 BPS solutions
—3)s

wr = 7“0 ) XI - (7.0.24)

6v6

In appendix B we give further details of the explicit six-dimensional Killing spinors and their

relation to the five-dimensional spinors of chapter 2.
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Chapter 8

SU(2) structure and conditions for

supersymmetry

We analyse Euclidean Romans supergravity, reconstructing its supersymmetry conditions in terms

of a canonical local SU(2) structure.

8.1 SU(2) structure

Recall the Killing spinor equation and the dilatino equation presented in chapter 3,

D, er

4%@g(x + LX), Trer — ﬁX*le,}(rM"P — 66,"T")er (8.1.1)
1 1 . .
—4—8X2HVPUF””"FHF761 + mx—lF;p(rﬂ”P —60,"T")T7(0%) ey ,

. | .
X0, XTrer + S50 (X - X73) Tres + iXQHw,pFW”Dq

1 i 4 ,
- X'F T — — XTI P (08 e 8.1.2
8\& Iz I 8\/§ uv 7( )I J ( )

Consider a Dirac spinor € in six dimensions, such that (e1,€2) = (€, €°) solves the equations

above. We may construct the following scalar bilinears

S = €le, S = €Tye, f = €'e. (8.1.3)

Here we have chosen a basis for the gamma matrices in which they are purely imaginary and
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anti-symmetric, with charge conjugation matrix C = —il'7. A short computation reveals that
d(Xf) = —-i(X[f)A. (8.1.4)

The integrability condition for this equation immediately implies 7 = d.A = 0 unless f = 0 (notice
that X is nowhere zero). We will henceforth restrict our analysis to the case f = 0, which is
necessary for a non-trivial R-symmetry gauge field.!

We may then write
€ = €y +e_, (8.1.5)
where —I'7e; = ey, and furthermore the condition f = 0 allows us to introduce [56]

er = VScosdn , e. = VSsindn; . (8.1.6)

Here 11, 12 are two orthogonal unit norm chiral spinors, so that 171171 = 77;72 =1 and 17%171 = 0.

These each define a canonical SU(3) structure, and together determine a canonical SU(2) structure.
Concretely, in six dimensions such a structure is specified by two one-forms K;, Ko and a triplet

of two-forms J;, ¢ = 1,2, 3, given by

) 1
K1 — 1K2 = —iaaﬂngf‘(l)ng y
i
Ji = —§J?ﬁngf(2)nﬂ . (8.1.7)

Here we have introduced the notation I'(,,) = %I‘m...“ndm“l A -+ Adxtn, where z# are local coor-

dinates. We also define
Q = Jo+iJp, J = J3. (8.1.8)

The canonical SU(2) structure is thus determined by (K1, Ko, J, ). We note that K; and Ky are

orthonormal one-forms, and both are orthogonal to J and €, with JA Q =0and 2J AJ = QA Q.

!There are nevertheless interesting solutions for which f # 0. In particular the 1/2 BPS solution constructed in

chapter 4 lies in this class.
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The SU(2) structure (5,9, K1, Ko, J, ) that arises naturally from a supersymmetric solution
is thus related to the canonical SU(2) structure by the square norm S and angle ¥, via (8.1.6). For
completeness we note that S = —S cos 20.

Before proceeding, let us remark that the spinor € is charged under the Abelian R-symmetry
gauge field A, and thus it is rotated by a phase under gauge transformations. The two-form 2 is
then rotated by the square of this phase. As a consequence we more precisely have a U(2) structure,

as explained in [21]. Nevertheless, here we will continue to refer to this as an SU(2) structure.

8.2 Differential constraints
We begin by introducing the one-form bilinear
K = €Tye = Ssin20K; . (8.2.1)

Using the Killing spinor equation and dilatino equation (8.1.2) one can show that K is a Killing
one-form, so that the dual vector field ¢ = K# is a Killing vector. We may hence introduce a local
coordinate 1, so that { = 0y and the metric is independent of ). From (8.2.1) it follows that we

may write
K, = Ssin29(dy +o), (8.2.2)

where L¢o = 0 = i¢o. In fact, as shown in appendix E, all of the supergravity fields and SU(2)
structure are annihilated by L¢, with the exception of the complex two-form €. The spinor € is a
spin® spinor, charged under the Abelian R-symmetry gauge field A, and provided one makes the
gauge choice (8.2.5) below then also L£¢§2 = 0. Thus the vector field £ = 0y, generates a symmetry
of the full solution.

The spinor equations (3.2.5), (3.2.6) impose further constraints on the supergravity fields and
SU(2) structure. A more detailed analysis may be found in appendix E, while here we simply

summarize the results. The B-field and R-symmetry gauge field strength 7 = d.A may be written
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as

3
B = iKjA|——d(XS)+ X 2Ks| + B, 8.2.3
O e S XS) S B (8.23)
V2
F = Kl/\Ssin219d(XSCOS2ﬁ)+}l’ (8.2.4)

where B, and F| have zero interior contraction with . In particular (8.2.4) allows us to write
A = —V2Xcot20K, + A, , (8.2.5)
where i¢ 4| = 0 and we have made a partial gauge choice for 4. We note that
Fi = —V2XScos20do +dA, . (8.2.6)
We may similarly write the component of H = dB perpendicular to £ as

H, = i [%d(XS) + X2 sin 219K2] Ado +dB, . (8.2.7)

S

Given these definitions, the spinor equations (8.1.2) imply the following set of differential con-
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straints on the SU(2) structure (5,4, K1, Ko, J, ):

X282sin?290do = —2—\3/5X*1S cos20 J —iX*Ssin29 Ky oxH |
+v2XS(cos 20 F| + 2iB)) ,
d(X 1Scos20J) = —T%d[(XS)Qda} +iXSdB,

+Y2iX 25 sin 20 [Ky 0xB), — Ky A By]

d(X718J) = —v2Ssin20J A Ky — 55 C0s 20 d[(X S)2do]
+iX S cos20dB,; — %X‘QSsin 20 [Ky2xF| — Ko AFL],
d(Ssin20 JAKy) = 0,
D (X71Ssin20Q) = —V2SQAK,,
S?JAdo = —V2Scos20(X + 2X ) 5T A J + 25K 2+dY
+%X_ISJ A (cos29dA; + %iBL) ,
S*QNdo = —2SdI N Ky AQ+ G5 X TSN (cos20dAL + FiBL) |

0 = X*'Ky d(X3Ssin20) + v25(X% - 2X2)

+5SJ J(FL+ 3icos20 By . (8.2.8)

Here the covariant derivative is D| = d + 14, A, and the interior contraction of a p-form p into a

g-form A (with ¢ > p) is the (¢ — p)-form (p 2 A)p; . py_, PP Ay vy pq—p- Notice that the

1
ol
one-form o effectively determines K7 via (8.2.2), while the supergravity fields enter the equations

via X, A, and B, .

8.3 Sufficiency

In this section we shall argue that (8.2.8) are in fact equivalent to the original spinor equations
(8.1.2), and moreover as shown in appendix G these imply all but one component of the equations
of motion (3.2.1), (3.2.3).

As in equation (8.1.5), we may decompose the Killing spinor as ¢ = €4 + e¢_, where €1 have
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definite chirality under I';. Each of these defines an SU(3) structure in six dimensions, which
is equivalent to specifying the real two-forms Ji = —ielF(Q)ei and complex three-forms Q. =

efTEI’(;)))ei. For each choice of £, there exists a generalized connection with torsion VS_LT) which

preserves the corresponding structure, i.e. Vg:T)ei = 0. One then defines the intrinsic torsion as

T+ = Vf) — V, where V is the Levi-Civita connection. The exterior derivatives of J4+ and 4
determine completely the corresponding intrinsic torsions. One can thus regard the Killing spinor

equation as an equation that relates the exterior derivatives of J+ and Q4, on the left hand side

of (3.2.5), to the supergravity fields on the right hand side. Since

TJr = %S(l:l:cos?ﬁ)(]$K1/\K2)a

Qr = 3S5(1£cos20) QA (FK1 +iKy) , (8.3.1)

our equations (8.2.8) certainly contain this information, as they imply the exterior derivatives of
all k-form bilinears, for & < 3 (this is clear from the analysis in appendix E). In fact they contain
more than this information, as we have also used the dilatino constraint (3.2.6) to further simplify
the equations.

It thus remains to show that (8.2.8) imply the dilatino equation (3.2.6). First we note that
neither €4 nor e_ can be identically zero. For if e1 = 0, respectively, then we in fact have an SU(3)
structure, rather than SU(2) structure, and the bilinear W = eTF(3)e = ()¢ is the corresponding
complex three-form. However, since the left hand side of equation (E.0.8) of appendix E is identi-
cally zero, we would deduce that €2+ = 0 and hence e = 0. Thus on an open dense subset where
€+ are both non-zero, we have that {e+, ' €% } span the positive and negative chirality spin bundles
S*, respectively. In order for the dilatino equation to hold, it is therefore sufficient to check that
the contraction of the right hand side of (3.2.6) with el and €11, is zero. These are equivalent to
two scalar and two one-form equations, respectively, that may be expressed in terms of bilinears.
The corresponding equations may be found in appendix F. It is straightforward, but somewhat
tedious, to show that these are indeed implied by (8.2.8).

We thus conclude that (8.2.8) are in fact necessary and sufficient for the original spinor equations
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(3.2.5), (3.2.6) to hold.

8.4 Summary

We have shown that a real supersymmetric solution to Euclidean Romans supergravity, with
non-trivial Abelian R-symmetry gauge field A, is described by an SU(2) structure (5,9, K; =

S'sin 29(dy + o), Ka, J, ) with corresponding metric

ds? = S%sin?20(dy + 0)? + K3 + gspe) - (8.4.1)
Here we may complete K1, K5 to an orthonormal frame {e?,e® = K1,¢5 = Ko}, a=1,...,4, where
4
gsu) = Z(ea)2 o J =etne+enet, Q= (e +ie?) A(ed +iet) . (8.4.2)
a=1

The vector field £ = 0y, is a Killing vector, and all supergravity fields and the SU(2) structure are

annihilated by L¢ in the gauge for which

A = —V2Xcot20K, + A, . (8.4.3)

The Killing spinor equation and dilatino equation (8.1.2) are then equivalent to imposing the
differential constraints (8.2.8) on this structure, where B, is the component of the B-field with
zero interior contraction with €. Moreover, these imply all of the equations of motion (3.2.1), (3.2.3)

provided we also impose

4
0 = X4SSiH219dJ/\ (KlJ*iHJ_> +d |:Ss)i(n219K1J*d(X_2SSin279K2):|
3
+2B  AB +iF ANF —2X7K J*[d XS +X2K] ) 8.4.4
9PLABL T L AL T ! ﬁssmw() 2 ( )

This is the component of the B-field equation of motion in (3.2.1) that has zero interior contraction

with £, where recall that H, is defined by (8.2.7).
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Chapter 9

Applications of the SU(2) structure

9.1 Expansion at a conformal boundary

In this section we determine the asymptotic form of the SU(2) structure at a conformal boundary.
The aim is to make contact with the results of [21]. A similar holographic approach to constructing
rigid supersymmetric backgrounds in lower dimensions was followed in [47, 50, 48].

Given an asymptotically locally AdS solution we may introduce a radial coordinate r with the

conformal boundary located at r = co. The bosonic fields then admit an expansion of the form

9 dr? 1
ds? = C—o ¥ g+ gl + o [ dada”
1
X = 1+72X2+...’

1
B = rb——er/\A(O)—i-'” ;
r
A = a+---, (9.1.1)
where recall H = dB and F = d.A. The five-dimensional coordinates on the conformal boundary
are denoted x™, with m = 1,2,3,4,5. Some of the terms a priori present in these expansions are

set to zero by the equations of motion.

In order to determine the corresponding expansion of the SU(2) structure, for this section we
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introduce the following explicit basis for Cliff(6, 0):

T,, = . T = R , (9.1.2)

where v, are a Hermitian basis of Cliff(5,0). Notice that (9.1.2) is different to the basis used in

the rest of the thesis (where I', are purely imaginary), but instead coincides with the basis used in

[21]. The asymptotic form of the metric implies the radial expansion of an orthonormal frame is

S — > Em o pemg (9.1.3)

e = \r + — e (9.1.4)
—iy ip

From this, together with S = efe and the definitions in (E.0.1), we deduce the following asymptotic

expansion for the SU(2) structure:

(0)

T
K = K9%@)r+-,
3 dr

Q = Q0@ 4., (9.1.5)

where the ellipses denote subleading terms. Inserting these expansions into (8.2.8) reduces to the
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following independent equations, at leading order in r:

4s©® — @( 0 4 isO (Mb),
Og0)y — __1_gO) O
d(s“Wot) = \[S da,
d(SOKO) = i[zz% 15070 4 5O KO A k(D 4 15Oy — 5O K (xb)] |

dSOKD) = iSOK® b — iSO K Jdog SO,
d(S(O)J(O)) — _\/iKéo) A (S(O)J(O))7

45000y = —1(a—2fz9 O V2Kl ) (@O (9.1.6)

Here * denotes the Hodge duality operator for the boundary metric g(o). We also note that the
flux equation of motion (8.4.4) does not impose an independent constraint at leading order. The
set of equations (9.1.6) is precisely the starting point for the purely field theory analysis of rigid

supersymmetric five-manifold backgrounds carried out in [21].

9.2 BPS Wilson loops

The expectation value of Wilson loops in USp(2N) SCFTs have been computed when the gauge
theory is placed on the round five-sphere [45] or SU(3) x U(1) squashed five-spheres in chapter 6.
Romans supergravity solutions dual to these backgrounds have also been constructed and success-
fully compared with the large N gauge theory results. In this section we compute the regularised
string action dual to the Wilson loops for any Romans solution with ball topology and U(1)3
symmetry, confirming one of the conjectures made previously.

As shown in chapter 6, the relevant string action is

Sstring = g X_2V012 +iB — \%length(aZg) s (921)
2

where the boundary counterterm regularizes the divergence arising from the infinite boundary
length. We begin by writing
B = BINK1+ B . (9.2.2)
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Comparing to (8.2.3) we see that

3
X2Ky = ———— d(XS)+1iB; . 9.2.3
2 V2 sin 20 (X5) ! ( )
It is natural to define the radial coordinate
p = XS. (9.2.4)
Then
3X d
XK, = ——= LB . (9.2.5)
V2sin 209 p

Notice that in general B; has a component in the dp direction, and also dp is not orthogonal to
J and Q. However, we may still consider substituting (9.2.5) into the bilinears, at the expense of
introducing the unknown B;. From the point of view of asymptotically locally AdS solutions this
is natural, since to leading order at large p we see from (9.1.5) that K» is in the dp direction. Let

us next wedge (9.2.5) with K;. This reads

3

X?KyANKy+i(B—B)) =
1 2 ( J_) \/5

dp A (dyp + o) . (9.2.6)

The left hand side is precisely the (unregularized) action of a string wrapping the K;—K» direction,
while the right hand side is exact on the string worldsheet. In appendix H we show that such a

string is supersymmetric. Notice that
|0yl = Ssin29 = pX 'sin29 = p+0(1/p) . (9.2.7)

Here we have used the asymptotic expansions in section 9.1. Since the string wraps the dy, direction,

the boundary length is

length(92) = ||y ] /S v (9.2.8)

Integrating by parts the bulk action in (9.2.1), we see that the boundary counterterm simply cancels

against the bulk contribution at infinity, leaving

3
Sstring = _Eporigin - dw, (929)
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where

Porigin = (XS) ’origin . (9210)

Here p € [porigin, 00). We next claim that for a solution with ball topology and U(1)? isometry

b1 +ba+0b
(XS) |0rigin = % . (9211)
Here we write the supersymmetric Killing vector as
3
0y = Y by, (9.2.12)
i=1

where ¢;, i = 1,2, 3, have period 27, and the orientations (and hence signs) will be fixed shortly.

Combining (9.2.11) with (9.2.9) for a Wilson loop wrapping the ¢; circle we obtain

by + by + b
Sstring = —9w%, (9.2.13)

where [ g1 dyp = 2m/b;. This is precisely the Wilson loop conjecture made in chapter 6
Thus it remains to prove (9.2.11). Geometrically, the b; arise as the skew eigenvalues of the
two-form dK at the origin (recall that K = Ssin2¢ K is a Killing one-form). That is, raising an

index of dK to obtain a skew-symmetric 6 X 6 matrix in an orthonormal frame, at the origin we

have
Ry O 0
0 —-b;
(AK) [origin = 0 Ry O ; R; = : (9.2.14)
b, 0
0 0 Rs

This follows from a simple local calculation. Specifically, at the origin we may introduce three sets

of polar coordinates (p;, p;), i = 1,2,3, and write the leading order flat metric as

3
dshee = > dp} + pide} . (9.2.15)
i=1
One can then compute dK at the origin using this local metric, where K = Z?:l bipgdnpi is the
dual one-form to dy. In the orthonormal frame
€2;—1 = dpi N €9 — pidgoi s 1 = 1,2,3 s (9.2.16)
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at the origin this gives precisely (9.2.14). Our solution is also equipped with a six-dimensional

almost complex structure, which as a two-form reads

J = KiNKy+J. (9.2.17)
In the same frame this reads
e 0 O
0 —1
T = o:z0l. ¢= . (9.2.18)
1 0
0 0 ¢

Thus J(e1) = eq, etc. Notice this fixes the orientations of the ;. Then
J 2dK |origin = 2(b1 + by + b3) . (9.2.19)

Let us now look at computing the same quantity using the bilinear equations. We have

1 1
K, 1dK = — |- X252sin% 2 2XSsin20dX| . 2.2
1 =d 2 Ssin219d( S%sin” 2¢9) + 2X Ssin 29 d (9.2.20)

K has norm S'sin 2¢, which by definition is zero at the origin. Contracting Ko into (9.2.20) and

restricting to the origin we hence find
(Kl A KQ) JdK ’origin = 2Ky Jd(S sin 219) ’0rigin , (9221)

where we have assumed that X is regular at the origin (and we shall make similar regularity

assumptions for other fields in what follows). We next compute
JodK = (Ssin29)*J odo, (9.2.22)

which thus tends to zero at the origin. Finally contracting Ks into (E.0.24), and restricting to the

origin, we find
Ky 1d(Ssin29) |orign = —V2(XS) |origin - (9.2.23)
Combined with (9.2.21), this shows that
J 14K |origin = 2V2(XS) [origin - (9.2.24)
which together with (9.2.19) proves (9.2.11).
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Chapter 10

New Solutions

The system of equations for the SU(2) structure in chapter 8 is too complicated to solve in general;
to find solutions one needs to make some additional assumptions. In this chapter we consider an
ansatz that naturally generalizes the 1/4 BPS solutions (and their 1/2 BPS limit) found in chapter
4, that is, we generalize the CP? to a Kéihler-Einstein base. Following that, we analyze what
happens when we consider as an ansatz a fibration over the product of two Riemann surfaces.
Later in this chapter, we give some details of a new analytic supersymmetric solution to Eu-
clidean six-dimensional Romans supergravity. This corresponds to the 3/4 BPS squashed sphere,
constructed earlier as a perturbation expansion, but that can be obtained in a closed form using

our new set of equations.
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10.1 Squashed Sasaki-Einstein solutions
We begin by making the following ansatz for the supergravity fields'

ds? = (r)dr? +*(r)(dyY + 0)* + B (r)dskg ,
B = p(r)drA(dy+o)+ %q(r)da ,
A = f(r)(dy+o)—3dy,

X = X(r). (10.1.1)

Here we take ds%(E to be a four-dimensional positively curved Kéhler-Einstein metric, so that a
constant r hypersurface is a squashed Sasaki-Einstein five-manifold. Concretely, this means that

dy) + o is a global contact one-form on such a hypersurface, with
do = QLUKE . (10.1.2)

The ansatz (10.1.1) reduces to our earlier one on taking the Kéhler-Einstein metric to be the Fubini-

Study metric on CPP?. Notice also that in writing (10.1.1) we have taken the supersymmetric Killing

vector dy, to coincide with the Reeb vector field of the squashed Sasaki-Einstein manifold.
Comparing to chapter 8, and identifying the four-dimensional SU(2) structure metric in (8.4.1)

with 82(r)ds¥g, allows us to identify
Ssin29 = y(r), Ky = —a(r)dr, Q = B*(r)Qxe, J = —B*(r)wke, (10.1.3)
where Qxp satisfies?
dOkp = —3i0 A QkE - (10.1.4)
We take S = S(r), ¥ = ¥(r). From the remaning supergravity fields, we similarly read off

f(r) = 3—vV2XScos20, F. = 2f(rwkg, Bi = q(r)wgg. (10.1.5)

'Recall that the formula (8.4.3) for the gauge field A requires a specific gauge choice. However, in chapter 4 this

was presented in a different gauge. This accounts for the factor of —3d¢ in (10.1.1).

?We have chosen sign conventions so as to agree with those of [1].
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Substituting these into the differential constraints (8.2.8) and flux equation of motion (8.4.4) then

reduces to the following independent ODEs:

0 =ix? (2p—q’) sin 29 + 2—‘3&@ [iq—l— (9—1—52X_2)c08219] — aXS(3+ cosd?) ,

d
0 = E(XASBZ cos 219) — 3\@XS%(XS) +iXSq
0 = di(X—ls/j2 sin 20) — v2Sa5?
r
0 = —2XS+ 3\/§COS219+1§(] + % (%X_2 —|—X2) B2cos29 — B2Xa ',
0 = — V208 [(3X" +1) 52 + 18X sin 20 + X2 (12X S8 + V2ip8) 3
_ pBtesc20 .o 6/2iS3? cos 20 o2 o2 _
U C I +6V2¢XS —ig® — < +18iX25% — 8li . (10.1.6)

Notice that as a consequence of parametrization invariance one is free to specify the function
B = B(r). Hence (10.1.6) are six coupled ODEs for the six functions (X, S, 9, a, p, q). Furthermore,
notice that they are independent of the choice of Kéahler-Einstein metric, and are thus equivalent
to the equations studied in chapter 4. There we constructed a two-parameter family of 1/4 BPS
solutions, as a series expansion both around the conformal boundary at » = oo, and as an expansion

around Euclidean AdS. Specifically, the parameters are

Jo = f(r)|boundary ) o = m boundary : (10'1'7)

We hence automatically construct new solutions, with an arbitrary squashed Sasaki-Einstein five-
manifold, with squashing parameter s, as conformal boundary. Setting s = 1 and fy = 0, the
conformal boundary is a Sasaki-Einstein manifold with metric ds?; = (d¢) + 0)? + dskp, and in

the bulk the only non-trivial field is the metric, which is a “hyperbolic cone”

d 2
?TZTQ + ’I"QdS%E . (1018)
9

ds? =
When ds%E is the round five-sphere this is simply Euclidean AdSg, while more generally (10.1.8)
has an isolated Calabi-Yau cone singularity at » = 0. The solutions with general s and fp have the

same behaviour near the tip of the cone/origin, and thus in general these supergravity solutions

have a Calabi-Yau singularity. Nevertheless, this singularity does not lead to any UV divergences
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in the holographic free energy or Wilson loop VEVs. Although we were unable to solve the system
(10.1.6) analytically, see the end of section 10.3 for further discussion.

Any solution to Romans F'(4) supergravity uplifts to a solution of massive type ITA supergravity,
as a warped product Mgx S* [14]. For an asymptotically locally AdS solution Mg, these are expected
to be the gravity duals to a certain family of USp(2N) gauge theories, defined on the conformal
boundary of M. The gauge theories arise from a system of N D4-branes, Ny of D8-branes and an

orientifold plane. This data is captured in the six-dimensional effective Newton constant [7]

15m,/S — N
Gy DIVET (10.1.9)

T 42N
Recall that the two-parameter family of solutions constructed in this section reduce to the 1/4 BPS
family in chapter 4 when the Ké&hler-Einstein metric is taken to be the Fubini-Study metric on
CP?. The computation of the holographic free energy then very closely follows that previous one.
The upshot is that

27
fgravity = Jlrenormalized = _47TGN . VO](SE) s (10.1.10)

is independent of the two parameters s and fp. Notice that the volume vol(SE) appearing in
(10.1.10) is that of the Sasaki-Einstein metric, which is the conformal boundary metric when s = 1,

even though (10.1.10) holds for all s.

Comparison to field theory

We would like to compare (10.1.10) with the corresponding large N field theory calculation. This
involves computing the localized partition function of the USp(2N) gauge theories on a squashed
Sasaki-Einstein background, and taking the N — oo limit. In [54] the perturbative partition
function of an arbitrary A" = 1 supersymmetric gauge theory was computed on a general U(1)3-
invariant Sasaki-Einstein five-manifold. For a gauge theory with gauge group G and a matter

hypermultiplet in an arbitrary representation R, the localized perturbative partition function is

SET: &
ZSE — dae=5a HaS3 [IOZ(CL); 5]_» ) 10.1.11
B = faue [T, S5%(ip(a) + 3: &) Ho-L1D
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The integration in a is over the Cartan t of the gauge group. The products are over roots a of GG
and weights p of the representation R, and we have denoted by S the classical action evaluated

on the localization locus. Furthermore SgsE[as; é’ | is a generalized version of the triple-sine function

S5z €] = [[ 0§+ a)(m-§+ € €-a). (10.1.12)

m

Here m = (mj,m2,ms) runs over the charge lattice of holomorphic functions on the Calabi-Yau
cone over the Sasaki-Einstein five-manifold, where m; is the charge under the ith U(1) symmetry.

Furthermore, we have written the supersymmetric (Reeb) vector field as

3
£ = ) &y, . (10.1.13)
i=1
where £ = (€1,&,&3) and 9, generate the U(1)3 isometry. For example, for the round S5 the

Calabi-Yau cone is simply C3, with a basis of holomorphic functions 2] 25" 23"3, where m; € Z>.

In this case, (10.1.12) reduces to the standard triple-sine function.
We are interested in evaluating (10.1.11) for the USp(2N) gauge theories, in the large N limit.

This involves the asymptotics of the hypermultiplet and vectormultiplet contributions computed

in [54):
3
SE[ . 2 B x° 3z vol(SE) x
log S5z ; €] i sgn(Imz) [(6 + 4> 3 +247T;ﬁl ;
= . 3 3z vol(SE x
log S5P[z+ 2 €] ~ irsgn(lmaz) [(6_8> 7(r3 )+ng,] , (10.1.14)
I

Here f3; are certain parameters defined in [54], which will not enter the final result.> We may then
compute the leading contribution to the partition function at large IV using a saddle point method.
One specifies an element of the Cartan subalgebra of USp(2N) by its eigenvalues {\1,...,Ax}. In

the large N saddle point these behave as A, ~ N/22,,. One then introduces an eigenvalue density

o(z) = %Zé(az—xn), (10.1.15)

which has support on a finite interval [0, z,|. Solving the saddle point approximation to the above

3Br is the length of the Ith closed Reeb orbit.
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matrix model, we find

A(8 — Ny)z

x) = , and zy = ———, 10.1.16
which leads to the final result for the large N free energy
2
L W2 ISEIN 4 o). (10.1.17)

]:gaugetheory = 57]'2\/8—7]\[‘}(-

This precisely agrees with (10.1.10).

The field theory computation above is for the Sasaki-Einstein conformal boundary, with s =1
and fo = 0. On the other hand, in [21] we conjectured that the partition function should depend
only on the holomorphic foliation generated by the Killing vector &. Since this is independent of
s and fp, this conjecture implies that (10.1.17) holds for the entire two-parameter family of 1/4
BPS backgrounds. Since (10.1.17) agrees with (10.1.10), this lends credence to the conjecture. We
also regard this as evidence that the 1/4 BPS family of supergravity backgrounds is the correct

holographic dual, in spite of the Calabi-Yau singularity at the origin.

BPS Wilson loops

Finally, let us discuss the computation of the VEV of BPS Wilson loops on both sides of the
correspondence. Following a similar computation to that in [21], in the large N matrix model for

the gauge theory this is given by

(W) = /0 MBI p(2)da (10.1.18)

where f; is the length of the closed Reeb orbit wrapped by the Wilson loop.* At large N one hence

obtains
log (W) = x,8/NY?+40o(NY?). (10.1.19)

On the other hand, in the dual supergravity solution this corresponds to a fundamental string

wrapping the circle of length 5, together with the radial direction r. We find that the regularized

“Recall that the computation of [54] is valid for a U(1)*-invariant Sasaki-Einstein manifold, for which the index T

runs over the rays of the corresponding polyhedral cone.
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action is

3
Sstring = _7ﬁ1N1/2- (10120)

V2,/8— Ny

This should be identified with —log (W) in field theory, and we find perfect agreement.

10.2 Fibration over the product of two Riemann surfaces

After generalizing CP? to a Kihler-Einstein manifold, the next natural generalization is to allow
the four-dimensional base to be a product of two Riemann surfaces with different curvatures. When
the curvature of these two manifolds are the same, we return to the Kéhler-Einstein case.

We start by making the following ansatz for the supergravity fields
ds® = a*(r)dr® +9*(r)(dv +0)* + A1(r)dS} + B3(r)dx3
B = p(r)drA(dY+6)+wq(r),
A = adp+f(r)(dy+o),
X = X(r), (10.2.1)
where d¥? and d¥3 are the metrics on the Riemann surfaces. The one-form o is given by
oc=c 01+cy 09, (10.2.2)

and the other one-forms ¢ and ¢ are also combinations of o1 and o9, such that o; = vols,. As in

the previous case, we use do = 2w. The elements of the SU(2) structure can then be written as
Ssin2¢é = ~(r), Ky = —a(r)dr, (10.2.3)

as the two dimensional fibration over the the four dimensional base stays the same, with S = S(r)

and £ = £(r), and
Q = B(rBa(r)Qrs , J = —Bi(r)Ji —B5(r) s, (10.2.4)
where Qprg is a product of 1 and €y such that each of them respect

dQ; = 1k; o; N, (10.2.5)
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From the supergravity fields, we deduce that

f(r) = —a—+v2SXcos2¢,
Fi = dof(r)—0.f(r)drA(c—07),
B, = wq(r)+plr)drAe—o). (10.2.6)

Substituting these into the differential constraints (8.2.8) and flux equation of motion (8.4.4),
one quickly realizes that 0 = 6 = 6. Then the set of equations reduces to the following system of

independent ODEs:

0 = — 2082 (\@ k1 X2(3 a cos2€ —iq) — 2V2 a cos 28,2 + 3k (cos? 26 + 1) SX3)

3 kp B25in 26 X7 (3V2 (XS + SX') —iq') = 6 ky af;?sin? 265X,
0 = — 2082 (\/5 ks X2(3 a cos2€ —iq) — 2v2 a cos 26B,2 + 3ky (cos? 26 + 1) SX3)

43k By2sin 26 X5 (3\/5 (XS +Sx') — iq’) — 6 ki afy?sin?265X3
0 = 6apiBy’(cos2¢ (X (815 +288]) — f1SX') — 2By sin2¢ SX¢)

ik S B2 (\/5 g o sin2¢ + 3X3 (q’ + 33 (XS + SX’))) Vi ks q S afy?sin 26
0 = 6a BB (cos2 (X (B8 +288h) — foSX') — 2B, sin2¢ SXE)

ik S B2 (\/i g o sin2¢ +3X3 (q’ +3V2i (XS + SX’))) V2 k1 q S aBy?sin2€
0 = asin2eS(V2a (b B = B2 (ke +2 By°X?)) + 2c082¢ SX (r B — k2 B,2) )

+ 8% (20 By (B XS = B SX'+2 SX B7) + iy cos 26 SX° (~3v2 (XS + SX') +id'))
0 = asin2S (\/5 a (ko 8% — Bo% (k1 +2 B2 X?)) +2c0s26 SX (k2 8,2 — ky 522))

+ 5% (20 B2 (B2 X' = B SX'+2 SX ) + ky cos 26 SX° (~3v2 (XS + X') +id'))
0 = S(=X (2 cos2¢ Bifh € +sin2€ BoB] +sin2¢ 18) +sin2 Bifhy X'+ V2 By X?)

— B1f2 sin2¢ XS,
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0 = +Xx° (—6X (2a B%B,% € +a S (k1By? + kafBy?)) + V2i q o (k185° + k2512))
V2 a cos2 a (B8 (2 8% (3 X* +2) — 3k1X?) — 3k28,°X7?) |
0 = —sin2¢ 85X (—4 a 82857 (BX* +2) & +V2i ¢ aX? (k1By® + k2$3y) — 6 a SX* (k8% + /@512))
—iSXP (kB2 + kofBy2) (q’ +3v2i (XS + SX’)) —4a cos2 S (3X° + X) 8,255
+2a cos2 Bifa (B2 (B ((2—3X%) SX' — (3X* +2) XS') — 25 (3X° + X) B))) .
0 = 20826 sin2 S (lksX* (9 (a® + 200526 SX (V2a+cos26 SX)) + ) +4 025,25,
—12v2 a® B8, X2 (XS' + SX') — 18i p sin®2¢ S?X® (k?B," + k2 8,%)
+ 9isin? 2652X3¢" (k, 265" + ky26,%) (10.2.7)
This is a set of ten coupled ODEs for seven functions X, S, &, a, 2, p, ¢, and three constants

c1, c9, and a. We can therefore proceed to try constructing solutions to this system of equations.

An exact solution to this system is given by

. 3V3 _ _3Verr—1 B 1
(r) = Ter 1’ Bi(r) = P2 = — &(r) = arccos<\/6r> ,
p(r) = q(r) = 0, X(r) = 1, S(r) = 3V3r , (10.2.8)

where (1 is chosen due to reparametrization invariance and by is a free parameter associated with

the size of the second Riemann surface. In particular, we notice that

3v6r2 — 1
v(r) = RV and  f(r) =0,

so that only the metric is non-trivial, and this can be realized as a hyperbolic cone with radial
coordinate r € [%,oo), with the conformal boundary at infinity » = oco. One can now look at
series solutions around this hyperbolic cone, which can be done in two ways, as series expansion at
infinity, and as a perturbation of this exact solution, by lineazing the system of ODEs and solving

them order by order in the perturbation parameter 9.
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10.2.1 Expansion around the conformal boundary

Starting from a general series expansion around the conformal boundary at r = co and imposing

the equations above (10.2.7) we find

ki (263 ko' k 13 ko' k)
X(r) = 1+< - ( . 1—b22>—3 ; 1+k1<

72 by? 9 a? 8748a,?
2 kS k2 kP k1 k) 1
S(r)y = +2kjr— 0 1 0 L )-+...
(r) = +2kor <243a02 s "6 )r T
- 54\/§ak1k’027'
Er)y = 2arccos<1458 22 k2 R +...,
31 2 kot ky? k 1)1
afr) = —f==+ V2 kg 21 +— 4 =+,
Var 243 q, 122 22 ) r
3 byl by 1
Bolr) = ber =l mggE T
421 kS k2 1
p(T’) = —ij‘i‘,
aO T
8v2i kS k2 V2 k2 kr ik? | 1
= —2V2i k) 0 1 0 ol Bt
a(r) Vaiko r+< ™9 9 ' 3y3)r
and the constants are given by
_ R bk _
cp = a0 co = 97 ag a = ag .

Notice that the solution has four free parameters ag, ko, k1 and bo.

As it was done earlier, one could now proceed into finding the expansion around the

4374 a2

Oth

— 4.,

(10.2.9)

(10.2.10)

order

solution, and plugging these two expansions into the expressions for the holographic free energy

and for the Wilson loop in order to compute these BPS quantities. An analysis of the behaviour

on the field theory side would also be required in order to check the duality between these two

theories. This is still a work in progress.

10.3 Analytic 3/4 BPS solution

In this section we give some details of a new analytic supersymmetric solution to Euclidean six-

dimensional Romans supergravity. This corresponds to the 3/4 BPS squashed sphere, constructed

earlier as a perturbation expansion. As shown in chapter 4 an interesting family of solutions arises
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by considering the following SU(3) x U(1) symmetric ansatz for the supergravity fields
ds? = a®(r)dr? +~2(r)(dT 4+ C)% + B2(r) [d(f2 + isin2 o(d6? + sin? Ad?)
—i—% cos? o sin® o(dS + cos 0d<p)2} ,
B = p(r)drA(dr+C)+ %q(r)dC ,
At = fir)dr+0), (10.3.1)
where

C —% sin? o(dB + cos 0dyp) , (10.3.2)

together with X = X (r). The equations of motion for the background SU(2)r gauge field imply

Fir) = mif(r). (10.3.3)

The equations for the other fields then depend only on the SU(2) ~ SO(3) invariant x? + k3 + k3,
which we can set to one by rescaling f(r). The set of equations for the fields involved in the
ansatz have been listed in the appendix B. In addition, if the solution is supersymmetric there
exists a Killing spinor. For the case of the 3/4 BPS solution the Killing spinor depends on four
extra functions, denoted k;(r), i = 1,2,3,4, which, together with the fields above, satisfy first
order constraints as a result of supersymmetry. Although, as shown here, these constraints are
equivalent to the original equations of motions (upon supplementing them with one extra second
order equation), we found them more convenient in order to find an analytic form for the solution.

The solution depends on a single parameter s, the squashing parameter, but it is convenient to
parametrize it in terms of by = 1+ /1 — s2 and by = 1 — /1 — 52, introduced in chapter 2. The
high amount of supersymmetry implies a large number of constraints (many of them algebraic)

which can be used to eliminate all the fields in favour of ka(r), k3(r), X (r) and B(r). For instance

ki(r) = ba(by + b2) bzk;i()rlﬁb(:lz:g (r)’
ka4 (T‘) = bl(bl + b2) kagkigTj_ﬁb(:]{):% (7’) ’
ka(r)ks(r)B(r)

v(r) = (br+b2) (10.3.4)

bok3(r) + bik3(r) ’
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while the expressions for the remaining fields are more complicated. As a consequence of reparametriza-
tion invariance we can demand that ks, ks and X depend on r only through £(r). It is then

convenient to introduce a new variable (:

(by + b2)\/biba B(r) = . (10.3.5)

The remaining equations can be used to eliminate further fields and we end up with a single equation
for v(¢) = C2X2(Q):

(b1 + b2)? (b1 + 2b2) + 20(¢)

/ _ 3
VO) = A 3 oy T b) (b1 + 209)0(C) + 302(C)

(10.3.6)

which can be simply solved, for instance, with Mathematica. Equation (10.3.6) has two inequivalent
solutions, each of them depending on a constant of integration. Of those only one has the correct
boundary condition at infinity v(¢) = ¢? 4 ---. The constant of integration can then be fixed by
requiring regularity at the origin for X ({), which implies v(0) = 0. This fixes the solution uniquely.
Although the explicit solution is too cumbersome to be written here, we give the expansion of X (()

for small and large values of (:

B 2(b1 + 2b3) 1/4
X(0) - <3(bl+l)2)> - <1, (10.3.7)
B (b — b2) (b1 + b2)* (b1 + 2bo) 1
X)) = 1+ 1 e
+(l)1 — ba) (b1 + b2)? (b1 + 2b3)? 1 R C>1. (10.3.8)

2v/2 ¢

For instance, these expansions allow us to fix the parameter k. We obtain

CO2V2(3—V1—82)2(1 - s2+ V1 - s2)
ko= N : (10.3.9)

Finally, let us remark that although cumbersome, the solution contains only roots and rational

functions.

Comments on the 1/4 and 1/2 BPS solutions

The 1/4 BPS squashed sphere solution considered previously is much harder to obtain, the reason

being the smaller degree of supersymmetry. More precisely, the Killing spinor now depends on only
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two new functions k1 (r) and k2(r), but the number of constraints is much smaller. A related issue
is that now there are no natural “constants of motion” such as b; and b, to parametrize the solution
with. Proceeding as before one can write two (third order and very cumbersome!) equations for two
of the fields, for instance X (¢) and f(¢). After requiring regularity at the origin this should lead to
a two-parameter family of solutions (s and fj introduced in (10.1.7)). These equations, however, are
very complicated and we haven’t managed to solve them exactly. Before proceeding, two comments
are in order: first, these two equations can be solved in different limits, and reproduce the 1/4 BPS
solution in the limits studied in chapter 4. Furthermore, in order to obtain these two equations it
is necessary to supplement the bilinear equations with (8.4.4). Otherwise, we would obtain only
one equation for two fields. This example shows that the differential constraints (8.2.8) do indeed
need to be supplemented by equation (8.4.4).

We can also consider the special case f(¢) = 0. In this case the 1/4 BPS solution reduces to
the 1/2 BPS solution studied in chapter 4. Although not covered by our analysis in this paper
because the bilinear ¢Te # 0, the 1/2 BPS solution is a limit of the 1/4 BPS solution, where one of
the two parameters, namely fj, vanishes. The final equation for X (), with 8(r) = ( is still rather
involved, but it can be solved analytically in an interesting limit. Denoting X (0) = 2z one can

explicitly check the solution takes the following form

v(() = U0($0C)+%U1($0§)+“' , (10.3.10)
0

where recall v(¢) = ¢(2X?(¢) and vo(y) satisfies a simple equation

oy) = 3’06;?/) _ 6+ v0®)vo)? (10.3.11)

6vo(y)

whose solution with correct boundary conditions is
4
- 72
wly) = 1+W (ye) . (10.3.12)

Here W(z) is the Lambert W function or product logarithm, namely W(z)ew(z) = 2. Hence, as

opposed to the 3/4 BPS solution, this solution contains special functions.
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Chapter 11

Classifying solutions with a zero

B-field

Briefly, the idea is to take Euclidean Romans supergravity theory and set the two-form potential
B to be zero. This will lead us to a simpler set of equations of motion, dilatino and Killing spinor
equations.

We analysed earlier possible solutions to Romans supergravity, and a particular case where
B = 0 was later discussed in [55] by other authors. One can expect, however, to find more possible
solutions to this case. By following the procedure adopted in [56], here we classify these families of

solutions.

11.1 Taking B=0

The idea here is to take the two-form potential B = 0 in (8.2.8) and (8.4.4) and analyse these new

equations.
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Notice that for B = 0 the set of differential constraints become

X258%sin?20do = —%ﬁX_1560520J+ V2XScos20 F, | (11.1.1)
d(X 'Scos20J) = —%d[(XS)Qda] : (11.1.2)

d(x—'sJ) = —ﬂSsinQﬁJ/\Kg—%cos%?d[(XS)zda]
—%X—stmw (K1 0+F| — Ko ANFL], (11.1.3)
d(Ssin20 J AKy) = 0, (11.1.4)
D, (X71Ssin20Q) = —V2SQAK,, (11.1.5)

S?IAdo = —V2Scos20(X + 2X )3T AT + 25K oxdv

+ 5 X 1S Acos20dAL (11.1.6)
S2QANde = —2iSdY A Ky AQ+ %X”SQ Acos20dA, (11.1.7)

0 = X'K d(X?Ssin20) + v29(X? — 2X?)
+5ST S FL (11.1.8)

and
X 20 1

These equations are necessary and sufficient to have a supersymmetric solution to the Euclidean

equations of motion of Romans theory. It is also worth recalling that
Ky = Ssin29(dy + o) ,
where 0y, is the supersymmetric Killing vector that preserves all the structure, and
Fi =—V2XScos20do +dA; . (11.1.10)

In order to analyse these equations, we will need to break the derivatives (and the remaining of
each equation) into components. It is important to make sure we understand what the terms are

“made of”. We start by defining a radial coordinate in the K5 direction, this will given by

p=XS, suchthat dp=d(XS). (11.1.11)
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The exterior derivative can be written as
d= d¢8¢ + dpap =+ d4 R (11.1.12)

i.e., in the K, K5 and M} directions.

Another term that requires attention is the one-form o. For instance, one may consider
o=o04 + opdp, (11.1.13)

where o4 is the o component in the direction that is both perpendicular to K1 and K. Its derivative
is then given by

do =dyos + dp A (0p04) + (daop) Adp. (11.1.14)

Notice however that, if we reparametrise ¢ (that enters in the definition of the one-form K7), one

can make a gauge choice of shifting it in such a way that

Y — - /ap(y, z')dy (11.1.15)
P

which leads to
dyp — dp — o,dp — d4/ap(y,xi)dy . (11.1.16)
P

This way, in writing down dv¢ + o, we have o,dp being cancelled, and it can simply write

dw+a—>dw—|—a4—d4/ap(y,xi)dy , (11.1.17)
p
and make
o4 — d4/0p(y,mi)dy — 04 , (11.1.18)
p

as both terms are in the d4 direction. This way, we are free to make a choice where o = 04. Notice

however that we still have to consider do = d4o4 + dp A (0,04).

11.2 Conditions for a supersymmetric Mg

Notice that once we take the B field to be zero, we immediately get B; = 0, this gives us

3

— d(X9)+X2Ky=0. 11.2.1
V2 sin 209 (X5) 2 ( )
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As we defined, d(XS) = dp (and now confirmed that K is in fact in the dp direction). In fact

Ky = —\/2:;);1219dp (11.2.2)
Notice from (11.1.9), that the first term is zero, and it simply reduces to
FINFL=0. (11.2.3)
Let us reparametrize J and by introducing
J=X?J, and Q=X20Q. (11.2.4)

Equation (11.1.1) may be used to eliminate the flux F| in terms of the SU(2) structure (one

should consider cos 21 = 0 as a separate case)

2 in? 2
g2y (11.2.5)

F o=
L7 3x? V2 cos 209

From equation (11.1.4), one reads

d(JAdp)=0. (11.2.6)
which reads
dyJ =0, (11.2.7)
dypJ =0, (11.2.8)
Next, equation (11.1.2) reads

d (”0;2%) - —\%p dpAdo . (11.2.9)

This is equivalent to
d (Co)s(fﬂ> -0, (11.2.10)

so that we can say cos 29 = X*\(p). We then get an equivalent to equation (2.36) in [56], namely

9,(pA(p)J) = —\2pd4a | (11.2.11)
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Notice that from this equation also follows that d4o has no components proportional to € (but it
still could have an anti-self-dual part).

Similarly, equation (11.1.5) reads

sin 20 . sin 20
and
psin29 A\ 3
0p ( x4 Q> = Sin219Q . (11.2.13)

Here again we have used gauge freedom to remove the part of A, proportional to dp, so that
A; = Ay. These equations imply that the geometry at constant p (and ) is (conformally) Kéhler,
with Kahler metric g4 associated to J and Q. Moreover, since the derivative of {2 in the p direction is
proportional to Q, this shows that the associated complex structure I is independent of p, 8pf = 0.
Since

A =iP A Q, (11.2.14)

where P is the canonical Ricci one-form potential, we identify

PR sin 29

Note that this can be rewritten as

Al =—P —1T-dylogtan2y . (11.2.16)

Next, we turn to equation (11.1.6). Multiplying by X? and substituting from (11.1.10), this
reads

1
X25%5in? 20Q A do = —2iSdY A Ky A Q4+ —=XSQ A cos 20F | . (11.2.17)

V2

Subtracting %9(11.1.1), then gives
1
§p2 sin? 20w A do = —2iSdY A Ko A Q) . (11.2.18)

And therefore

QAdgo =0, (11.2.19)
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and

6v2X14
Qnlo ————idy? ] =0. 11.2.20
<p0+p281n32191 ! ) ( )

This implies that the one-form in brackets is a (1,0)—form, and hence

6v/2X4

0,0 = —
P p? sin® 209

Idy0 . (11.2.21)

Next we turn to equation (11.1.6). One finds that the component of this equation in the
dp direction is precisely equivalent to equation (11.2.21). The remainder of equation (11.1.6) is

equivalent to

2v/2p?% sin 20

1
552 sin? 20 2 dyo = —v/2p cos 20 + 3x

9,9 . (11.2.22)

Finally we turn to the scalar equation (11.1.8). After a computation, one remarkably finds
precisely equation (11.2.22) plus a (generically) non-zero function times d,(pA(p)). One concludes
that

OpPA(P) =0 — Alp) =~ (11.2.23)

where ¢ is an integration constant. We have thus solved for one of the functions in the problem!
One might be suspicious of this, given the cancellations that occur in the above calculation, but
A(p) has nothing to cancel against to give an identity, and one can check that equation (11.2.23)
is indeed true for the four-parameter family of BPS black hole solutions discussed in [55]. This is

a highly non-trivial check. Notice that now one can write
p=cX"sec29 . (11.2.24)

We thus really have only one free function in the problem, and we can take it to be X.

We have now analysed all the content of all the equations, apart from equations (11.1.3) and
(11.1.9). After quite a lengthy calculation, and using many of the equations above, one can show
that the dp component of equation (11.1.3) is precisely equivalent to (11.2.22). Notice that the
anti-self-dual part of Fy enters, which is related to (d4o)~ via (11.2.5), but this combines with d4o,

and in the end only the self-dual part of the it enters, and it is proportional to J, as Q A dqo = 0.
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The remainder of equation (11.1.3) is easier to compute, and one finds an equivalent to (11.2.21).
Thus (11.1.3) is implied by all the other equations, and hence imposes nothing new.

It thus remains only to impose the equation of motion (11.1.9). The two components read

8,0 NFi=0. (11.2.25)
where from (11.2.5), we have
2 psin? 20
Fo=—J+ dyo | 11.2.26
1T 3x2 V2 cos 209 4 ( )
together with the scalar equation
_ 2cos29 | 2psin29 1 /2 4
d = — (=z—X . 11.2.27
I(dse)”] psin®20 | 3X2cos20 © e (3 )] ( )

We conclude by noting that a few equations are redundant. First (11.2.21) is precisely the dp

component of d(11.2.16). Here we have the second equation

2
dA, = —J + L(cos 29 + sec 29)do (11.2.28)

EY CRING
which may be combined with (11.2.25) to obtain Einstein-like equation (involving the Ricci form of
the Kahler metric). To see this, recall that P= %jdg log v/det g. But since also OAQ = 4dvol = 2JAJ

is automatically true, it follows by taking 0, that
J10,J =Q19,Q (11.2.29)

is an identity. Using this, one can check that equations (11.2.11) and (11.2.13) in fact imply

equation (11.2.22). The latter is hence implied by the other equations, and it is redundant.

Summary

We can now collect together the necessary and sufficient conditions to have a supersymmetric
solution. The metric is given

dsg = K7 + K3 + gsu2) - (11.2.30)

where now ggy(2) is a Kéahler manifold. We can rewrite it as

9X8

2 _ yv—2 2 2 2
dS6—X (p S 219(d1/1+0’) +m

dp? + gzjdxidxf> : (11.2.31)
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where § is a one-parameter family of Kahler metrics depending only on p, for which the complex
strucuture I is independent of p. The vector 9y is Killing, and preserves all of the structure. The

functions X and ¥ are related by
p

C

Xt ="Ccos20 (11.2.32)

where c is a non-zero constant, so that we may substitute

2X8
sin?20 = 1 — “—— . (11.2.33)
p
The evolution equations for the Kahler structure are
9,J = ———pd (11.2.34)
_ — o L.
P \@cp 4
and
B (ta 2&(2) S_g (11.2.35)
n = . 2.
P csin 29

Notice that Q A dgo = 0 is consistent with equation (11.2.34) and the fact the J must remain type
(1,1) as the complex structure is independent of p.

From (11.2.16), we have the Einstein-like equation

o ~ 2 . ~
R =P = _ﬁ‘] — %(cos 20 4 sec2¥)dyo — dy - I - dglogtan 29 | (11.2.36)

together with

— T TdyY . (11.2.37)

Finally, we must impose the B-field equation of motion components

2 . psin?209
= 11.2.
0,0 N [3X4J+ ﬁcos2'l9d4a] 0, ( 38)
and
_ 2cos29 | 2psin 29 1 /2 4
d = I+ —(=--X : 11.2.
Idio) I = s [3chos2196p X2 (3 )] (11.2.39)

The norm here is with respect to g4 (rather than g4). The supersymmetry equations above are

almost exactly the same (essentially up to numerical factors) to the equations in [56].
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11.3 Complex Mg (Setting dq = 0)

In [56], remarkably, the equations of this form were solved in closed form, with the additional
assumption of dq = 0, leading to new solutions. It is then natural, due to the similarity of the
system, to make the same assumption here.

In order to have a six-dimensional complex manifold with Hermitian metric, we require the

three-form given by Q3) = Q A (K1 +1K32) to have a derivative given by
dQ@) = AN Q@) + v AQA (K — 1K), (11.3.1)

with v = 0. This restriction will imply that do = d4o, and implies that d4 X = d49 = d45 = 0.
From this one can deduce that

P = A (11.3.2)

Next, we may look at (11.2.36), which reads

R= —%j = \%(COS 29 + sec 2v)d40 . (11.3.3)

The Ricci scalar of the Kéhler metric g4 is R=Ji 7':’,1-]', so that using (11.2.22), we compute

- 4
R = ——— — p(cos 29 + sec 219) < (11.3.4)

2 cos 29 4
3X4

psin? 29 ~ 3X4sin20 OV
Since the right hand side is a function only of p, we deduce that d4R = 0, and g4 is a constant
scalar curvature Kéhler metric (for fixed p).

We may similarly compute ﬁ’ijf%ij = RijRY from equation (11.3.3). Using again (11.2.22) to
compute J2dgo, and (11.2.39) to compute ||(dso) |2, the right hand side is again a function only

of p, and we deduce that

dy(RijR7) = 0. (11.3.5)

It follows that at fixed p, the Ricci tensor Rij has two pairs of constant eigenvalues. It these
eigenvalues are the same, this is a Kéhelr-Einstein metric, while if they are distinct and My is
compact, then the Goldberg conjecture implies that My is locally a product of two Riemann surfaces

of (distinct) constant curvature.
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We shall consider both cases separately.

11.3.1 Kahler-Einstein base solutions

For a Kéhler -Einstein metric R o J, with the constant of proportionality depending only on p.
Thus d4o is also proportional to J. One checks that there are no solutions with d4jo = 0, so,

without loss of generality, we set

dyo=J, J=F(p)J, (11.3.6)

where 8pj = 0. Thus the rescaled Kéhler metric J is independent of p, and the Kéahler-Einstein

conditions reads

R=R=n, (11.3.7)

where k € R is a constant. Solving first equation (11.2.34), we find

2
F(p)=a— 23:%0 , (11.3.8)

where a in an integration constant. Substitutuing this into (11.3.3), and X in (11.2.32), one can

find 9, given by

42
cos(20) = | -1+ L (11.3.9)

3%2 \/ip '

Notice that at this point, all the functions have been completely determined. Next, solving

(11.2.35), we can write a and ¢ in terms of x (where Q = F(p)Q)
a=—-——, c=—F7. (11.3.10)

It follows that X = 1. Finally, notice that (d4o)™ = 0, and one can check that the right hand side
of the equation (11.2.39) is in fact zero. At this point we have solved all the equations.

The final solution is therefore given by

3p° 3k K
Fp=— — — 29) = ——— X=1. 11.3.11
= = (11.3.11)
The six-dimensional metric is
9 K2 3 K2
ds2 = ————dp? 22 ) 2 (pP—-=)g 11.3.12
S6 2(p2_f)p+<p 5 | ([ +o)"+o-(p" =5 ), ( )

95



where do = J, and g is a constant (in p) Kihler-Einstein metric with R = x.J. The gauge field A
has dA = —dR, so that A is a connection on the canonical bundle of Mj.
The p coordinate in the metric (11.3.12) is somewhat peculiar. A better system of coordinates

is set by making the change

[\

r2=p? - % . (11.3.13)
The metric then becomes
ds2 ~ ————dr? + 12 mw+af+~i@ . (11.3.14)
K2 + 212 2K

This is simply the hyperbolic cone over a regular Sasaki-Einstein manifold. Notice that the full
gauge field F = 0. Thus, this solution was known.
11.3.2 Product of two Riemann surfaces base solutions

Analogous to the Kéhler-Einstein solutions, we can consider the metric R o J , where
J = Fi(p)J1 + Fa(p)J2 (11.3.15)
with F(p) and Fy(p) depending only on p. Then we also have d4o given by

dyo = Cljl + ngg , (11.3.16)

with the factors ¢; and co being constants. Here the two-forms jl and jg are such that 8pj1 =
DpJa = 0.

Again the rescaled Kéahler metric is independent of p and we can write

R =kiJy + koo , (11.3.17)
where k; € R are constants.
Solving equation (11.2.34), we find
2 2
Filp) = =22y and Fyp)= -2y, (11.3.18)

2v/2¢ 2v/2¢
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where a and b are integration constants. We can now substitute this into (11.3.3), with X given

by (11.2.32). Notice that we find two equations for ¥. We find

4
cos 20 = ac (11.3.19)

—3k1 p+ \/3p2(3k% —4v/2a ¢ c1)

and a constraint for b, given by

2./2 2 2
b—6 V2t e p + akep . (11.3.20)

2
<3k1 p— \/3p2(3k‘% —4\2a ¢ cl)> 3k1 p — \/3P2(3k% —4V2a cer)

Now solving equation (11.2.35) order by order, one also finds constraints to ¢, a and ¢, namely

k k k
R sk ok (11.3.21)

9 a =
V2e 4

c=—

We then check equation (11.2.39) and confirm that it holds.

The final solution is a function of the parameters left, i.e., k1, k2 and cq, and it is given by:

302 p2 3k1 361 Co ]{?2 p2 3k1 Co
Fi(p) =" - == and Fp) = - 11.3.22
and our starting functions
X=1, and cos2¥ b (11.3.23)
= 5 11 = — . .
V2erp
The six-dimensional metric is
2 2 k’% 2 9 k% - 2
dsz = 1-— d 1-— d
g (1o gi s o+ 50 (1o 50 ) d
36% p2 3k‘1 2 361 C2 ]4}2 ,02 3]{31 (&) 2
— —— | ds“(C — ds“(C 11.3.24
+<2k‘1 4 8(k1)+ 2k1 401 S(kZ)’ ( )

where ds?(Cy,) are the metrics on a torus (Cy = T?), a sphere (C; = S?) and a hyperbolic space
(C_l = H2)

One can reparametrise the metric making ds3 — kids3, so that we get

2 k k2 -1
ds2 = pk (1— b >(d1/)+0)2+29p12<1 L > dp?

2cap 2cp
3c?p? 3K\ . 3cicop? 3K c _
(FE e (Pt et e
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Notice that we can then rewrite the metric as

2 ok KO\
BT 1< 2c1p>(w+g)+292 2ep)
2 2 12 2,2 E2\ k
L(3dr 3K A2(Cr, ) + 3cip” 3 kg 22 482(Cy,) - (11.3.26)
2 4 2 1)k

Notice that the factor % changes the curvature of Cj, to Cj,, what we see therefore is a
reduction back to the case where the base is simply a Kahler-Einstein manifold. We conclude that
a Kahler-Einstein manifold is the most general solution to Romans supergravity with zero B field

(and dqv = 0), completely classifying solutions of this type.
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Chapter 12

Discussion and Conclusions

In this thesis we have constructed supergravity duals to the U Sp(2N) superconformal gauge theories
on various five-dimensional squashed backgrounds. In the case of the SU(3) x U(1) squashed five-
spheres, these constitute a one-parameter family of 3/4 BPS solutions, and a two-parameter family
of generically 1/4 BPS. The latter include new supersymmetric squashed five-sphere geometries
with the background SU(2)g gauge field turned off, and moreover these have enhanced 1/2 BPS
supersymmetry. By holographically renormalizing the Euclidean Romans supergravity theory, we
have computed the holographic free energy for our solutions. We then compared this to the large
N limit of the partition function of the gauge theories, and found perfect agreement. Given a
supersymmetric supergravity solution one can construct the Killing vector K* = ¢!/ G?C"}/“G T
where €7, I = 1,2, is the SU(2)r doublet of Killing spinors. For our solutions the free energy takes

the form

(1b1] + 1b2| + [bs])®

JT_'
27|by bobs|

Fadss (12.0.1)

where we write the supersymmetric Killing vector as K = 2?21 b;0,,, and 0., are standard genera-
tors of U(1)? C SU(3) x U(1) acting on S° C RZ@R?@ R2. Given the corresponding 4d/3d results
of [15, 25], it is then natural to conjecture that (12.0.1) holds for any supersymmetric supergravity
solution with the topology of a six-ball and for which the supersymmetric Killing vector K may be

written as K = Z?:l b;0,,. We chose orientation conventions so that b; > 0 for ¢ = 1,2,3. More
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generally we expect the orientations of J,, to be fixed as in [15], leading to the modulus signs in
(12.0.1). We shall comment further on this below. We also conjecture that any supersymmetric
gauge theory, with finite N, defined on the conformal boundary of such a supergravity solution
depends only on by, bo, bs.

We have also computed certain BPS Wilson loops, both in supergravity and in the large N
gauge theories, again finding agreement. In this case we find that one can write the Wilson loop

VEV as

bu| + [bo| + [b
log (W) = 1 3|>|§-| 5] og (W ) as, (12.0.2)

where the Wilson loop wraps the ¢; circle. Again, it is natural to conjecture that (12.0.2) holds
for general supergravity backgrounds with U(1)% symmetry and the topology of a six-ball. And,
in fact, using the technology developed later, we have computed the VEV of the holographic dual
of a supersymmetric Wilson loop for a general class of solutions, thus proving this conjecture.
The former conjecture, making a prediction for the holographic free energy for the same class of
backgrounds, has a more involved computation than that for the Wilson loop; in particular the
structure of the counterterms is much more complicated. It would, nevertheless, be interesting to
prove this conjecture. A general proof of the analogous formula to (12.0.2) for the Wilson loop
VEV in four dimensions appears in [57].

We have also presented a systematic study of supersymmetric solutions to six-dimensional
Euclidean Romans supergravity. These are characterized by an SU(2) structure. We then used
these results to study a number of different applications.

Our results raise a number of interesting questions and directions for future work. Firstly,
the gravity duals to (squashed) Sasaki-Einstein backgrounds we constructed have isolated Calabi-
Yau singularities. However, as we have seen, the singularity does not contribute additional (UV)
divergences to the free energy and Wilson loop, and moreover the supergravity computations agree
with the gauge theory results. It is thus natural to conjecture that these are the correct gravity

duals. More precisely, although one expects some stringy degrees of freedom to be supported at
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the singularity, we expect that these should not contribute to leading order at large IN. Notice in
any case that the uplift to massive IIA is also singular (along the internal S*), even for Euclidean
AdSg [10, 11].

Finally, it would be interesting to construct further analytic solutions, including solutions with

different topology.
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Appendix A

Integrability conditions

Here we compute the integrability conditions for the Killing spinor equation (3.2.5) and dilatino

equation (3.2.6) of the Euclidean Romans theory.

Recall that a supersymmetric solution must satisfy

i 1
Dyer 4%@g(x + XD res = X2 Hypo TV, rey (A.0.1)
' 1 . .
- 161/§X—1pr(rﬂ”ﬂ — 65,"T")e; + MX_lFlﬁp(FM”p — 66,7 (0%) ey
=0 = XXV e+ g (X = X7 Trer + S X Hyup D" Trey
1 ; ‘ .
—ﬁX’leF’“’e[ - ﬁX*lF;ﬁyrwn(al)ﬂeJ , (A.0.2)

where A is the dilatino field. Let us also record the component form of the Romans field equations
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in (3.2.1) and (3.2.3)

(Eg)y = Ruw —4X729,X0,X —¢° ((5X ° = §X* = 3X %) g

_%X4(HMPUHVPU - %ng"‘”Hpm) - %X_Q(FNPFW - %g,WF”"FpU)

_%X_Q(F/i pFlﬁp - ég,ﬂVFipUF;;a) ’

(BEx) = VAX'9,X)+¢* (3X*-2x2+1ix°% - Lx*wmrH,,

PR X (W B, + FE,)

(EA>M = VV(X_zFVM) - ﬁEMVpUTNFVpHUTH >
(Eg)" = Dy(X2F"H) — LetP ™ F) Hory
(E)" = V (X'H) = 29X 2FH — LePoT™(F o Frp + Fl, FL) . (A.0.3)

The equations of motion are then Egeq = 0. In addition, the gauge fields satisfy Bianchi identities

Btag = 0, where we define

2
(BF)HVp = v[uFup] - §gH/J,Vp 5

(BFi)yyp = D[MF;p]7

(BH)Mypo' = v[/,LHl/pa'] N (AO4)

Taking the commutator of the Killing spinor equation (A.0.1) we find the integrability condition

to be

I,u,l/IJEJ =0, (A05)
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where

I;WIJGJ = iRquJFPUGI + %gFﬁu(ai)IJfJ + | — ﬁg(l - X74)8MXFVF7EI

+ 5 XOuXH T pgr TyTrer + 5 X2V HP7T por Dy Dreg

X720, X Fpd,er +

o7 XV uFpo e

i
16v/2

+—L - X20,XF! J,T7(0") ey — X 'L FL, T, Tr(0") ey

16f T\/i

—HPGX T+ 2X 2 4 XD T er — gy X H P HP7 T 300, T o e
515X P FuoFpo 0 Ty €r + 515 X TP FL g F g 10 TP
+512 wlL podv o €I + 512 wl+ podv po €I
i % g wl 7 por k\ J
—l—mX 5z]kF chrJV JN (O’ )[ €J

_l’_

192i\/§g(X3 + %X—l)HPUT (FVFpUTF/—L — FpgTF,,FH> €
g0 X X + IX ), (FVJ,J’U - Jyf"’ru)rm
g X X 4 X Fl (D0 g + 12T ) (0) e

+o i XF,, HN

o X Fpr (1
(

I O Jf“rwru)rm

XFz H)\wQ

768\f Fawel'y J po — Ju re [ywel )(O-i)IJEJ

e X2 (Fpy Fly — FugFlp) 17 1T (o) ey — (1 y)] , (A.0.6)
and we have defined the Clifford algebra element
J,7 = TWP7 —66,T7 . (A.0.7)

Taking the covariant derivative of the dilatino equation (A.0.2) and contracting with T'* leads

to

DM((s)\]) (X )P75)\[ + 24X HW,,P“”’T75)\I (A08)

ng

+8\i/§X_1FWF“"5)\1+8\1[X LEL T T2 (0") 7 6N

= i(EX)eI—T\l/QX(EA)u 4{ X (Eai),T'T7(0") 17 es + §X 2 (EB),, " Trer
—SLﬁX*1 (BF),u,, T er — SiﬁX*1 (Bpi) ,, THPT7(0") 17 e
+51 X% (BH),ype "7 Trer .
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We may similarly contract ZWIJ ey with I'V. After a very lengthy calculation we find

"L’ ey + AT, 0, DY (6Mr) + 21X 19, X0A; + 2—\1/§g(X — SX T,

~ 16X Hupl"PT70ML + 15 X H P T uypoT70A1 — 5 X FYPTppd

+4\1[ 1F#,,F 5)\1_4\if 1FZ LT (o ) ToNy + f o T wpl7(o Or ToN

= 3(Ex)Tuer —3 (Eg)u [er — *X ?(Bp)" Tupl'rer

— 55X (Ba) e + 525X (Ba), Dr(o")17es = 31X (Bi)*" Lyupor Dres

_43}5X— (BF)quFVPGI_i_ \[ (BFi)HVPF F7( )] €] . (A09)
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Appendix B

Supersymmetric supergravity

solutions

B.1 The equations

The solutions summarized in chapter 4 arise from the following SU(3) x U (1) symmetric ansatz for

the supergravity fields

dsg = o*(r)dr® +4%(r)(dr + C)* + 52(r) [dO‘Q + isin2 o(d6? + sin? Ody?)
—i—% cos® o sin? o (de) + cos 0dcp)2} ,
B — p(r)drA(dr+C)+ %q(r)dC ,
At = fir)dr+0), (B.1.1)

together with X = X (r). The equations of motion for the background SU(2)r gauge field imply

fir) = kif(r) . (B.1.2)

The equations for the other fields then depend only on the SU(2) ~ SO(3) invariant x? + k3 + k3,
which we can set to one by rescaling f(r). Explicitly, one finds that substituting the ansatz (B.1.1)

into the equations of motion (3.2.1) and Einstein equation (3.2.3) leads to following coupled system
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of ODEs:

Ay X4 . ¢ ppt
o = 1f2+1§ + W 5 (B]_?))
My x4\’ , (2\? 2\ % qa
<7a ) = 21ff’+1<3> pq+<3> %, (B.1.4)
B\ dayf .
(20&];(2 ~ s = A, (B.1.5)
o ’Yﬁ4X/ / 1 f/2 8a2f2 2 2 1 p2 a2q2
i ax ) T TsxE\p e ) T\3) sxElr TR
X4)\2 a? 202 a?X?
+ 25 ~ X0 + axZ g (B.1.6)
B B (e (XY X (B.1.7)
B B ay Ioa X 4p4 7 o
B” <’}’I B,> B/ (7/ /) 6042 5
_7+7+7 ——==-3=|—- + — -
s E e\ E) s\ ) T )
442 12 2 £2 2 2 2 2
D S S N L 1 LA WY A S T G R
254 " 2X? 34 3) 2x2\42 B4
_l”+gl_4é’7’+4(a’y)2 ol B 202 B a?X? B X4)\2
v oany By g4 18X6  3X2 2 234
1 f/2 f/2 80[2f2
+2X2 [ 271 (7 (B.1.9)

2\? 1 2 1 /p> 2a
(2) — B = p—+ 4 .
3) 2X2 |42 4\ ~2 I

where we have introduced A = ¢’ — 2p. These are seven equations for seven functions. In addition

one can explicitly check that the equations are invariant under changes in the parametrization
r — p(r).
B.2 General solutions

Before writing the general series solutions to the above coupled system of ODEs, let us present the

solution for Euclidean AdSg in these coordinates:

3v3 3vV6r2 — 1
a(r) = m7 5(T):’Y(T):Ta
p(r) = q(r) = f(r) =0, X(r) = 1. (B.2.1)



Here only the metric is non-trivial, and the above realizes Euclidean AdSg as a hyperbolic ball with

%, 00), with the conformal boundary at infinity » = co. The point r = ==

radial coordinate r € | G

is the origin of the ball, where the transverse copies of S collapse smoothly to zero. Notice in
particular that the conformal boundary at r = oo is equipped with a round metric on S°, which
is conformally flat. We would like to find families of solutions that generalize (B.2.1) by allowing
for a squashed five-sphere boundary, keeping the metric asymptotically locally Euclidean AdS near

r = 0o. We define the squashing parameter by:

lim 207 _ 3f§, (B.2.2)

T—00 T

so that s = 1 for the round sphere. Even though we did not manage to find solutions in closed form,
the solutions can nevertheless be given as expansions around different limits. In general notice that

we can use reparametrization invariance to set
(B.2.3)

which we assume henceforth. In particular we shall only seek solutions with the topology of a ball,

so that from (B.2.3) necessarily r = —= is the origin of the ball. Correspondingly, the fields must

NG
satisfy certain boundary conditions at this point in order that the full solution is smooth at the

origin.

B.2.1 Expansion around the conformal boundary

When finding gravity duals to a given boundary theory, it is natural to perform an expansion around
the conformal boundary at r = co. This also has the advantage that the squashing parameter can

be explicitly seen in the solution. Starting from a general expansion and imposing the equations of
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motion in chapter B.1 we find

31 486+ ¢2s* 1

afr) = ——+—FFF—+...,
(r) V27T 19444/242 13
3v3  —486+ (243 —¢3) s° 1
y(r) = r 4.,
s 3244/3s3 T
X0 = 1+ — 48640 + T2i/6g3s + 486q05° + Tqis® + 5832s%g> 1 PO
11664¢(s2 r2 g3
o 001 VBas) 1
p - 16252 rz 7
_ ®© ., B
q(r) = qor—i-r—i-TQ—i-...,
fo (54— V6igos) 1 f3
= fy— L S B.2.4
f(r) fo 12 St (B.2.4)

In addition to the squashing parameter s, the solution depends on qq, fo, f3, g2, q3, 3 and an extra

parameter as, which appears at higher order in the expansion for a(r). All other coefficients in the

expansion are fixed in terms of these constants. Of course, some of these parameters will be fixed
1

in the full solution by requiring the correct boundary conditions at the origin r = 7 but at this

point they are arbitrary.

B.2.2 Expansion around Euclidean AdS

The family of solutions we seek should approach Euclidean AdSg (B.2.1) as we take the squashing
parameter s — 1. Hence it should be possible to expand the solutions around this limit in terms

of a perturbation parameter . Thus we make the ansatz

3v3

a(r) = 6;[_14—504(1)(7“)—1—52 a@(ry ...,
3v6r2 —1

y(r) = T+57(1)(r)+527(2)(7“)+...,

X(r) = 146 XU +62 X))+ ...,
p(r) = §pM(r)+8pP () +...,
g(r) = 64V +6 D)+,

fr) = 0 fVD@E)+62 fOr)+... . (B.2.5)
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Substituting this expansion into the equations of motion and expanding in powers of §, at each
order we obtain a system of linear differential equations which can be solved in closed form with

some effort. For instance, at first order we find

(1 —54r% +96/6r% — 324r* + 216r°)
V612 (6r2 — 1)7/2
(=5 + 16v/6r — 90r% + 180r* — 216°)

oWy = —¢

9

€] —
) = ¢ ;
( ) Y (67“2 . 1)5/2
‘ (6r2 — 1)2 '
P = o (V6 — 167 + 12v/6r2 — 12v/6r?)
I 3(6r2 —1)° ’
o (=44 9v6r — 24r* — 12613 + 361/6r°)
r) = —c¢ ,
I / 18 (6r2 — 1)
_ _ 2 4
TR (=3 +8v6r 36r2 + 36r) | (B.2.6)
(6r2 —1)

The constants of integration have been partially fixed by requiring regularity at the origin r = %.

In particular we have

al(r) ~ <r—\}6>1/2 . W) ~ (7“_\%)3/2 ’

W) ~ 1~ XD O@) ~ (r= L) ~ O 2.
P (r) 1~ XD, W) ( \/6> FH(r) (B.2.7)

Here p ~ (r — %)1/ 2 is geodesic distance from the origin at p = 0. We can furthermore fix an

extra constant of integration by fixing a relation between ¢ and the squashing parameter s (such

that § — 0 as s — 1). As seen in the next section it will be convenient not to do this uniformly.

B.3 Imposing supersymmetry

We are interested in solutions that preserve some supersymmetry. In order for this to happen, there
should exist non-trivial eight-component Killing spinors €1, €5 solving the Killing spinor equation

(3.2.5) and dilatino equation (3.2.6). We choose the frame

e = a(r)dr, el = y(r)dr+C), € = B(r)do, (B.3.1)

1 1 1
e’ = §B(r)sinac08073, et = §B(r)sina7'2, e = §B(r)sina7'1,
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and the following basis for six-dimensional gamma matrices

0 1 0 ivm
FO = ) Fm = y M = 17 )5 )
14 0 —i’}/m 0
—14 O
r, — , (B.3.2)
0 14

where 14 is the 4 x 4 unit matrix and -y, are the five-dimensional gamma matrices given explicitly
preciously.
The vanishing of the dilatino variation as well as each component of the integrability condition

(A.0.6) for the Killing spinor equation have the following general structure

P61+Q62 = 07

Rey +Sea = 0, (B.3.3)

where P, @, R, S are 8 x 8 matrices, whose components are in general complicated functions of the

fields. After setting f;(r) = ki f(r) we observe the following SU(2)g structure

A+ k3B (K,l — ifiQ)B €1
~ 0, (B.3.4)

(k1 +ik2)B A — k3B €9
in terms of 8 x 8 matrices A, B. We can then diagonalize the block matrix and consider the

equivalent problem

=0, (B.3.5)
0 A—-B €

where we have without loss of generality set k2 +r3+k3 = 1. There are four independent conditions.
One of these arises from the dilatino variation, whose matrices we denote by Ag, By, and the other
three conditions arise from integrability of the Killing spinor equation, whose matrices we denote
by Anr, By with M € {12,13,34} (all other components of the integrability condition (A.0.6) are

equivalent to one of these). The dilatino condition as well as M = 12 and M = 34 have the
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following structure:

A+B = . (B.3.6)

000 x 0 0 0 =

The existence of a non-trivial solution requires, for instance, det(A + B) = 0. The above structure

implies the determinant factorizes into four factors

det(A+B) = FMFhF3F, = 0, (B37)

where the factors F; are complicated functions of the supergravity fields a(r), B(r), v(r), p(r), q(r),
f(r), X(r). Fy and F3 differ only by a change of sign in f(r), and the same happens for F, and

Fy. We find two distinct classes of solutions which we describe in the following.

B.3.1 3/4 BPS solutions

There is a class of solutions that satisfies

FL=F =F =0, F £0. (B.3.8)
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These are a one-parameter family of solutions parametrized by the squashing parameter s. The
solution expanded around the conformal boundary is given by

31 8+4s% 1

olr = — 4+ —+ ..., B.3.9
(r) Jar T 36/as 18 (B.3.9)
3v3  —16+7s21 —1280 + 1120s% + 241s* 1
V(r) = T+ - BT
s 12y/3s3 7 2592+/355 r
1-s2-3V1-s21 V1 —s2 1
X(r) = 1+ s K 372_’_ s S$°K =4 ’
54s (-2 VIo )T
i/2 (2 +3vT—s2 - 1)
p(r) = — 3 ﬁ—i—...,
3 (VOVT—s2)  \JEVT= 5 (552 +9VT =52 —5)
qir) = — . r+ 553 ;4—---,
e yise 2(2eed - eadVI-g)
flr) = = + o7 Sttt

The extra parameter  is fixed by requiring regularity at the origin. The solution expanded around
Euclidean AdSg has ¢y, = 0, hence it is convenient to set the relation between the expansion

parameter and the squashing parameter to be

Loy (B.3.10)

S

With this choice the solution is given by

B 3v3 (—5v/64330v/6r2 —3744r3+16201/6r% +8640r° —7560+/6r0+51841/6r%) 52
ofr) = oz o1 9var2(6r2—1)°/? T
3v6r2 —1
() = —
(55v/2—384+/3r+1080v/2r2+768v/3r% —5400v/2r4+11232v/2r6 —11664v/2r® ) o
_ 1) ...,
2 (1—2V6r + 6r?
Xy = 1o WAoo
3(6r2—1)
18iv/2 (V6 — 167 + 12V/6r% — 12V/6r)
p(r) = PR S4 ...,
) 3iV2 (—4 + 9v6r — 247 — 12673 4 36v/6r°) 54
P = cee
E (6r2 — 1)
2 (=3 + 8V/6r — 3612 + 3674
f(r)y = \[( 3 )(5+... . (B.3.11)
(6r2 —1)

We have computed the solution up to sixth order in §. Comparing this expansion with the expansion

around the conformal boundary we can compute the coefficient x as a series expansion in §. We
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obtain

?’fm =9 ?52 - %53 + 92\%54 + 121828755 + 9?:%56 +... . (B.3.12)
B.3.2 1/4 BPS solutions
There is another class of supersymmetric solutions that satisfies
P, F, F3 # 0, F, =0. (B.3.13)

These are a two-parameter family of solutions and are parametrized by the squashing parameter
s and the background SU(2)g field at the conformal boundary, which is parametrized by fy. The

solution expanded around the conformal boundary is given by

31 f3s*+9(—2+s*) —6fo(—1+5*) 1

C3V3 2fgs? —12fo (—14 ) +9(—3+257) 1
V) = s T 12v/3s o
2 2 2.2
X(r) = |4 18=3f0—18s 51:12f03 —2f2s %jL
iv/2(=3+ fo) (3+ (=34 fo)s?) 1
p(r) = \/; s 2t
. _ 2
o) = 31\/6(3+(S3+f0)s)r
134 (=34 f0)s?) (f3s*+9(-1+s%) —6fo(1+5%))1 &
+ *+*2+...,
61/6s roor
flr) = f0+2(3;f0)f0:2+f§+.... (B.3.14)

The constants &1 and & are fixed by requiring regularity at the origin. Note that a particular case
corresponds to fo = 0. In this case the SU(2) g background field is turned off, but the solution is still
supersymmetric with a squashed five-sphere at the conformal boundary. In this case Fy = I3 = 0,
so we have enhanced supersymmetry; that is, this one-parameter family of solutions with fy = 0 is
1/2 BPS.

As an expansion around Euclidean AdS we parametrize the solution in terms of the expansion

parameter § and an extra parameter w, related to s and f above by

1
S =146, fo = dw. (B.3.15)

S
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With this choice the solution is given by

3v/3 N V3 (1 —54r2 + 96v/6r3 — 324r + 216r5) 5p

alr) = ,
) 6r2 —1 22 (6r2 —1)7/?
3v6r2 —1 (15— 48/6r + 270r? — 540r* + 648r9)
1) = + 7 AR
V2 V2(6r2 —1)
1—2V6r +6r2) (44w
X(r) = 1+( )2( )5+...,
(6r2 —1)
- 18iv2 (—V/3 4 8v2r — 12v/3r? + 12/3r%) (6+w)6+
r = — cee
P (6r2 — 1)
- 31 (=44 9v6r — 24r% — 121673 + 36v/61°) (6 + w) 5t
r = — cee
K (6r2 — 1)
(=3 +8V6r — 36r* + 36rt) w
r) = o+ ... . B.3.16
f( ) (6T2 o 1)2 ( )
As before it can be checked explicitly that the solution is regular at r = -=. We have computed this

V6

solution explicitly up to fourth order in 4. Comparing this expansion with the expansion around

the conformal boundary we deduce

1
G = 2i(6+w)d — i (144 + 98w + 13w?) 6° (B.3.17)
i (307719 + 209547w + 41094w? + 12820w%) 5
* 9450
i (26693550 + 21683700w + 6126111w? + 771474w® + 51568w?) 5y
623700 Y
2 /2 2 (—999v6w — 594v/6w? + 244v/6w?)
- 2. /z I ) 2 52 53
=3 \/;“’5 15 (= Vo +2v0u?) 22+ 42525
32724V/6w + 26082v/6w? 4 6105v/6w® + 935v/6w*
( Vo + \[1:03;:25 V6o +935V/6w )54 . (B.3.18)

B.4 Killing spinors

Having found the above supersymmetric solutions we now proceed to solve the dilatino equation

(3.2.6) and Killing spinor equation (3.2.5) for the Killing spinors €7, [ = 1, 2.
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3/4 BPS solution

For the 3/4 to

where we have introduced

Sgcl) = Sg)(O,go) = aﬁf’)ei‘% Cosg - af)e:Fl% sin§ ,
af)e:‘:lg CcOs 5 + ag)eilg Sin 5
+1+v1-— 52
Ae(s) = ———.

ka(r) [cos o+ig (s)ei% S(j) sin Ui|
0
iks(r) [sin o— i)\+(s)ei% Sg) cos a}
ika(r) Ay (s)e 15 S
—iky(r) [cos o+iX; (s)ei% S(j) sin Ui|
0

K (r) [Sin o—i\y (S)ei% Sgrl) cos a}

ki (r) Ay (s)e 2 5

0
ikq(r) [COS o—i\_(s)e 2 SW sin 0’}
k(A (s) &3 §P
k1 (r) [Sina + i)\_(s)e_i% SW cos a}
0

ka(r) [cos o— i)\(s)e_i% SW sin a}

a
2

iks(r) A_(s)e'z S?

—iks(r) [Sin o+iA_ (s)e_i% SW cos a}
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The Killing spinors contain in total six constants of integration ai), 1 =1,2,3. These constants of
integration are generically complex, but imposing the symplectic Majorana condition Ce} = ¢ ’es
enforces certain reality conditions. The functions k;(r) are functions of the radial coordinate only

and can be expanded either around Euclidean AdS or around the boundary. For instance, expanding

around the conformal boundary we obtain

—14++v1—52 1 1
hi(r) = — Y28 e
s 26 /T

_5\/1—52—3i+
6v6s Vo (B.4.4)

k4(7“) = \/774_—7_'_“_7

X1 1 wYr
€ = = r + — 4o (B.4.5)

€r —ixs lpr
which arises from the general analysis of section 7 and should of course hold for our particular
solution. This allows us to immediately identify the boundary five-dimensional Killing spinor x;

corresponding to our bulk solution. Note that this precisely agrees with (2.2.15).
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1/4 BPS solution

For the 1/4 BPS solution we find

0 ki(r)
ka(r) 0
0 0
, 0 , 0
3ir 3ir
€ = cye 2 , € = —c_e2 . (B.4.6)
0 —ikQ(T)
—ik1(r) 0
0 0
0 0

The solution depends now on two constants of integration c+. The functions of the radial coordinate

admit the following expansion around the conformal boundary

(fo=3)s 1 5(fo—3)5* + 6(4fo — 9) <1>3/ 4

ki(r) = Vr+ 6v6 W+ 132 . ;
—3)s _3)242 _ 3/2
kao(r) = r — (foﬁ\/g’)\}; 53 4;; 6(4/0 = 9) <i> TR (B.4.7)

As before, the corresponding Killing spinors at the boundary can be identified. In this case they
are indeed of the form (2.2.14), as expected. Finally, let us mention that the supersymmetry gets

enhanced for the case fy = 0 (or equivalently w = 0). In this limit the gauge field vanishes and so
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the two Killing spinors €; for I = 1,2 decouple and have the same structure. They read
3ir
2

c?) k1(r)e

3it

cgl) kao(r)e™ 2

€] = ) (B.4.8)

(

where cIj ) for j = 1,2 are the integration constants and where the r-dependent functions k;(r) are
the same as in the 1/4 BPS case, with fo = 0. This solution may thus be referred to as a 1/2 BPS

solution.
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Appendix C

Asymptotics of multiple sine functions

Let us start by defining Barnes’ multiple zeta function,

o
(v (s,w|a) = Z (w4 mias + - -mpran)” (C.0.1)
mi,...,man =0
where a = (ai,...,ay), Rew > 0, Res > N and ay,...,ax > 0. This function is meromorphic
in s, with simple poles at s = 1,...,N. One can then define the Barnes multiple gamma function

Iy (w | a) =exp [¥uy (w | a)], where

Uy (w|a) = %CN(S,M | a) [s=0 - (C.0.2)

In order to compute the asymptotics of the multiple gamma function, and the closely related
multiple sine function, we have to express this function in a more convenient way. In [58], it was

observed that there is an expansion of War(w) of the form

(~DNH I BM Pl
+ Z vk (0) wN TR — N — D+ Ry m(w), (C.0.3)
k=N+1 ‘
where
_ > dt —wt Y X k k—N
Ry m(w) = /O —e [[Ta-e Z k' BNk 0)t : (C.0.4)
j=1 k=0
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and M > N as well as Rew > 0. The functions By a (w) are the so-called multiple Bernoulli

polynomials and can be determined by expanding and solving the following relation

tN—ext _ iﬁg (z) (C.0.5)
Hé’\il (et — 1) - — nl N ’ e

for Barpm (w). It was further shown in [58] that in the asymptotic limit |w| — co and |argw| < 7

the remainder R a(w) behaves as
Ry m(w) = O (wN=M1) (C.0.6)

and hence in the asymptotic limit is suppressed by the first three terms in (C.0.3). Similarly, the

third term in (C.0.3) behaves as

(D
> Bk O uwNFEk-N-1)! = O(w™), (C.0.7)
k=N+1 ’

in the asymptotic limit |w| — co. Hence for our purposes we shall only focus on the asymptotics
of the first two contributions to Ws.
We are interested in the asymptotic expansion of the so-called multiple sine function, which is

defined in terms of the Gamma function as
Sy(w|a) = Ta(w|a)™ Ta(aw: —w | a)=D", (C.0.8)

where aiot = 2{11 a;. To compute the large N limit of the free energy, we are interested in the

asymptotics of the logarithm of these functions
Y
log Sar(w | a) = —Wpr(w]a) — Up(ag —w|a) =" . (C.0.9)

Focusing on the case N' = 3, we find the following Bernoulli polynomials

1
Bzo(z) = ;
aiasas3
x Aot
Bzi(r) = 3 ;
a1aa3 aijaza3
2 2
x Qtot ag, + (a1as + ajas + asas)
33’2 ($) = — rz+ =2 ,
ajasasg a1as2as3 6a1a2a3
3 2
Bys() T 3atot 42 4 Ghot + (ar1a2 + aras + azas)x
3,3 = -
’ aijasaz  2aqiaqas 6aiasas
_atot (@102 + ara3 + asas) (C.0.10)
4a1a2a3 ' o
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We can then compute (C.0.3) and take the asymptotic limit of the logarithm of the triple sine

function to obtain

. im 3 imawt, o 1T (a%ot + ajae +ajas + CLQCLg)
log S3(w | a) = signRew w’ — w
b6ajaqas 4dayaqas 12a1a2a3

iTasot (a1a2 + aras + azas) 1
— @) . C.0.11
24a1a2a3 + (w ) ( )

This procedure generalizes to any choice of N, and gives a straightforward method to obtain the

asymptotics of these functions.
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Appendix D

Useful identities

From the dilatino equation (3.2.6) one can derive the following useful identities

(" X)e'[A T lze = —3 5 (X2 = X72) el [A, Tr]ae + s XPHFPEN[A, T, T7] €
155 B A Tlee — fLaFHel[A Ty e, (D.0.1)
(0" X)el[AT)ze = _2\1/5 (X2 = X72) "[A, Trlpe + H X H"Pe (AT ,,07) 1€
s B (A Tylre — gls P e [A, Ty ] e (D.0.2)
Here A € Cliff(6,0) is an arbitrary element of the Clifford algebra, while |-, -]_ denotes a commu-
tator and [, -]+ denotes an anti-commutator.
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Appendix E

Differential conditions for bilinears

We may introduce the following bilinears in the spinor e:

K = €Tge = Ssin20 K,
K = ieTF(l)F7e = —Ssin29 Ky ,
Y = ieTF(Q)e = S(cos20 K1 ANKy—J),

YV = ieTplre = S(—KiAKa+cos2dJ) ,

Z = €TF(2)F7€ = —Ssin29Q ,
V = ieTF(g)e = —Ssin20 K1 AJ,
VvV = ETF(g)F7€ = —Ssin20 Ko A J,

W = €TF(3)E = S(—cos20 K1 +iK) A,
W = ' Tylre = S(Ki—icos20 Ko) AQ . (E.0.1)
Here (K7, Ks, J, ) is the canonical SU(2) structure defined in section 8.1.

A straightforward but lengthy calculation shows that the Killing spinor equation (3.2.5) and

dilatino equation (3.2.6) imply the following differential constraints on the bilinears in (E.0.1):

Ad(XS) = (X 2K —-iKJB), (E.0.2)
d(xS) = ~ KO F, (E.0.3)
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AX?K) = —B22X7YV —iX'KoxH — V2X(SF —i2SB),  (E.04)

d(X %K) = —iK.H, (E.0.5)
dXTY) = VRV Hi(XSH + X (K +F + FAK), (E.0.6)
AXTY) = i(XS)H +iLX 2(KxB+BAK), (E.0.7)
D(X7'Z) = —iV2w, (E.0.8)

AV = V2X+iX Y +i2X (SxB+ BAY)

X HSHF+FA Y), (E.0.9)

v = o, (E.0.10)

DW = —%X‘l]:/\ Z, (E.0.11)

DW = —V2(X+1X ) +Z-i2X'BAZ, (E.0.12)

dl(X +1x73)« Y} = EHBAV - IXTHAY + LXTIA) AR, (B013)

Here the covariant derivatives are D = d +iA A, and the contraction of a p-form p into a g-form A
(with ¢ > p) is the (g — p)-form (p 24 A) gy, = %p”l"'”p/\,,l...,,pm...uq_p.

In addition to (E.0.2) — (E.0.13) it is also straightforward to show that K is a Killing one-form,
so that the dual vector field ¢ = K7 is a Killing vector. We may hence introduce a local coordinate
1, so that £ = 0y and the metric is independent of . Since K = Ssin 29 K, where K; has unit

length, we may thus write
Ky = Ssin2d(dy+o), (E.0.14)

where L¢o = 0 =i¢o and L¢(Ssin29) = 0.

In order to analyse the equations (E.0.2) — (E.0.13) further we write
B = BiINKi+ B, F = FANKi+F, (E.0.15)

where By, B, Fi,F) are chosen to have zero contraction with Kj;. The bilinear (E.0.2) then

determines

3i
B = ——— d(XS)—-iX 2K, . E.0.16
! J35smag XS —i 2 ( )
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Similarly the bilinear (E.0.3) is equivalent to

V2
Fi = _SsinQﬁd(XSCOS 29) . (E.0.17)

Contracting these last two equations with K7, one concludes that L¢(XS) =0 = L¢). Notice also
that setting A = 1g in (D.0.1) and taking the anti-commutator leads immediately to £ X = 0.
Having imposed (E.0.2), a short computation shows that equation (E.0.5) is equivalent to L¢B = 0.
One can also deduce from (E.0.5) that L K2 = 0, and similarly from (E.0.3) it follows that L¢F = 0.

We may then write
A = —V2Xcot20K, + A . (E.0.18)
Notice here we have made a partial gauge choice for A. Then

Fi. = —V2XScos20do +dA, . (E.0.19)

Next one can show that equation (E.0.4) is equivalent to

X25%sin?20do = —QT‘EXASCOS 20 J —iX*Ssin20 Ky J%H |
+V2XS(cos29 F | + 2iB)) . (E.0.20)

Here we have defined

H = i [%d(XS) + X2Ssin 2191(2] Ado +dB, . (E.0.21)

The contractions of (E.0.6) and (E.0.7) with K imply that £¢J = 0. Equation (E.0.6) is then

equivalent to

d(X718J) = —V2Ssin20J A Ky — 5o C08 20 d[(XS)?do] +iX S cos 29 dB|
—%X‘QS sin20 [K1 2xF| — Ko AF1] . (E.0.22)

Similarly, one can show that (E.0.7) is equivalent to

d(X'Scos29J) = d[(XS)*do] +iXSdB,

_ 3
23
+¥Y2iX255in 20 [K, 1+B| — Ko A B E
3 1d*%D | 2 A\ J_]. (023)
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The contraction of equation (E.0.8) with K7, in the gauge in which A is given by (E.0.18), simply

gives L = 0. Equation (E.0.8) is then equivalent to
D (X71Ssin20Q) = —V2SQAK,, (E.0.24)

where D| =d + 14 A.

Finally we move onto the three-form bilinears. Equation (E.0.10) states
d(Ssin20J ANKy) = 0. (E.0.25)

The contraction of K into (E.0.11) is equivalent to (E.0.24), while the remainder of this equation
turns out to be the integrability condition for (E.0.24). Next one can show that K contracted into

(E.0.9) is implied by (E.0.22) and (E.0.23), while the remainder of this equation reads

~S$%sin?20 J Ado = V2Scos29(X + 2X )T AT - 25K 1xdY

f%X_ISJ A (cos29 F| + 2iB)) . (E.0.26)

Next we find that K contracted into (E.0.12) is implied by (E.0.24). Using (E.0.24) the remainder

of this equation reads

S?sin?20Q Ado = —2iSdY A Ko AQ + \%X_ISQ A (cos20 F| + 2iB)) . (E.0.27)

The contraction of K into (E.0.13) can again be shown to follow from equations derived so far,

while the remaining content of this equation is (on using various other equations) equivalent to

X*Ky 0d(X3Ssin29) + V2S(X? — 2X72) + 755 2 (Fo+ Ficos20B1) = 0. (E.0.28)
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Appendix F

More on the dilatino equation

In the Abelian case of interest, the dilatino equation (3.2.6) may be written as dy = 0, where we

have introduced

Sy = —iX 19, XTFe+ s (X = X7 Tre + 3, X2 H ) T PT 7
_Tlﬁx—lBWrWe— . iﬂX—lfWFWr?e . (F.0.1)

Recall here that Ab = Az = 0, while A, = Ai, with curvature F = dA. The right hand side of
(F.0.1) is an 8-component spinor, and thus dy = 0 comprise 8 algebraic equations for e = e +e_.

We begin by noting that neither of the definite chirality projections e, nor e_ can be identically
zero. For if ex = 0, respectively, then we in fact have an SU(3) structure, rather than SU(2)
structure, and the bilinear W = eTF(3)e = ()¢ is the corresponding complex three-form. However,
since the left hand side of equation (E.0.8) of appendix E is identically zero in this case, we would
deduce that {2+ = 0 and hence ez = 0.

On an open dense subset where €4 are both non-zero, we then have that {e+,I',€} } span the pos-
itive and negative chirality spin bundles ST, respectively. Recall from (8.1.6) that ¢, = V'S cos 9,
€. = \/gsinﬁns , where 77 and 72 have unit norm. In an orthonormal frame (el,... e* e’ =
K1,e® = Ks) in which the canonical SU(2) structure defined by 7, and 79 is given by (8.4.2),
one can easily check that {ey,I'1e,T'se’, I'sef} form a basis for ST, while {e_,I'1e* , T'se* , I'se* }

form a basis for S~. Thus in order for the dilatino equation dx = 0 to hold, it is sufficient to
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check that the contraction of (F.0.1) with el and €11, is zero. These are equivalent to two scalar
and two one-form equations, respectively, that may be expressed in terms of the bilinears (E.0.1).

Specifically, we may take the two scalar contractions to be

oy = —AXTOXK! + 515 (X — X70) S+ X H,, VI

+--X"1B, YY" —

1 uu
5 X L X1F,Y

f

€TF7(SX = X_lauXK“ + 27\1/5 (X - X_3) S — 1 X H,uupijp

+1;ﬁX*1BW?W — X Fw Y™, (F.0.2)
while the two one-form contractions are
€Te0x = §X’HuoeZ" — G X B Wone — gs X TP We
T _ sy —1lap 1+y2 uv
e Iol'7ox = —iX T 0"XZuy — s X (xH) o 2
X B We — G X T W, (F.0.3)

The dilatino equation dx = 0 is thus equivalent to the the right hand sides of (F.0.2) and (F.0.3)
being zero. A tedious, but straightforward, calculation shows that dx = 0 is implied by the

differential constraints (8.2.8).
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Appendix G

Integrability conditions for the SU(2)

structure

For what follows it will be convenient to record the component form of the Romans field equations

in (3.2.1) and (3.2.3):

(éog)w = Ry — 4X*28,,X8VX - (%Xiﬁ - %X2 - %XﬁZ) Guv
_iXLL(HuWHVpa - %QMVHPUTHPUT) - %X_Q(BupBVp - %guVBpUBpU)

_%X72(F;i pFpr - %g/ﬂ’Fing/ga) )

(6x) = VHX 10, X)+ (3X*—2X 2+ 1XO) - L X 'H"PH,,,
+1: X3 (§B" By, + F*™F},)
16 9 24 B/
(Ea)" = V(X 2B") = 33" ByyHory
(Eai) = Dy(X2F"H) — LT F, Hore |
(EB)" = V,(XTHP™) — X °BW — LeP7T5(3Byo Bry + Fl o FL,) . (G.0.1)

The equations of motion are then &gelqg = 0. The field A is the Stueckelberg one-form, that we set

to zero using the gauge symmetry of the theory. Its equation of motion &4 = 0 follows from taking
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the divergence of the B-field equation of motion & = 0. We also introduce

1
(Br)yp = ViuBug — gHqu )
(%Fi)uyp = D[# ;p] 5
(‘%H),uupa = v[uHVpa} . (G.O.Q)

Note that Zgeq vanish automatically as a consequence of the Bianchi identities. For the Abelian
case studied in the main text recall that F; ﬁy =F 31, = 0 while F,, = ng.
In what follows we will show that supersymmetry together with (), = 0 imply the equations

of motion for all the fields. We begin by taking the exterior derivative of (E.0.4) to obtain
0 = —224(X7'V) —1d(X*K 2xH) + 221d[XSB] — vV2F A d(XS). (G.0.3)
Using (E.0.2), (E.0.3) and (E.0.7) then gives
0 = —1d(X*K 2«H)) — $iK 1«B+ sBAN (K B)+ F AN (K JF). (G.0.4)
Since L¢(X?+ H) = 0 it hence follows that K; +&p = 0. Recall that
g = KiN(K126B)+ (€)1 - (G.0.5)

In general it is not true that supersymmetry implies (65); = 0. We henceforth impose this equa-
tion, and continue our analysis by taking the exterior derivative of (E.0.13). After a computation

we find this implies

i[d(X?«B)+iBAH| (XS) - [d(X 2« F)+iFAH|(XS) = 0. (G.0.6)

wino

Since &g = 0 implies &4 = 0, (G.0.6) implies &4 = 0.

To obtain the remaining equations of motion, we may use the integrability conditions for the
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dilatino equation (3.2.6) and Killing spinor equation (3.2.5):

0 = i(&x)er— ﬁx (a), THer — ﬁx (Eai), TFT7(00) g + § X2 (6B),, T Tres

- 121\/§X_1 ('%F),u,yp [HPep — 8\i/§X_1 (%Fi)l“/ﬂ F'LWPF7(0'1')[JEJ

+55. X% (BH) o T Trer (G.0.7)

O = % (é”X) FMGI — % (gg)“y ]._‘VGI — %X72 (éDB)Vp ]._‘;u/pr761

i

—3\/§X (éaA)u €r + %ﬁX (éaAi)M F7(O’i)[‘]6 — i)ﬁa (%H)ypm— Fu,,pg-,-l—‘7€]

—ﬁX_l (%F)/WP IMPer + &X_l (@}ﬁ)uyp FV'OF7(J7;)[J6J . (G.0.8)

Since Bgelq = 0, and given the results above, (G.0.7) immediately implies &x = 0. Using this, and

contracting (G.0.8) with €TV, we deduce the Einstein equation &, = 0.
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Appendix H

Supersymmetry of the fundamental

string

We have seen that it is possible to get the exact Wilson loop and that the computation can be
simplified using the SU(2) structure we set up. In particular, a key formula is the action of the
fundamental string, which can be written in terms of the two form d[X.S(dy + o)].

What we have not shown is that this fundamental string is in fact supersymmetric. This is
quite important, since the Wilson loop is supposed to be a BPS object. Unfortunately, just taking

a fundamental string and putting it in a 2-manifold Yo such that its action can be written as

3
Sstring = X_2V012 +iB — ﬁlength(aEg) R (H()l)
P!

does not imply supersymmetry.

A very concrete calculation was made for a ten-dimensional space of the form AdSg x S* in
[45]. Here the fundamental string is sitting at the pole @ = 7/2. Note that to generalize this to
our case, one has to replace the AdSg for a more generic space M.

In order to show the supersymmetry of the embedding, one needs to take the full ten-dimensional
geometry and show that the projection condition is satisfied, i.e., that the ten-dimensional Killing
spinor satisfies

Pe =0, (H.0.2)
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where (see [59])

1 P
p= 5(1 - %swaiXManNrMN). (H.0.3)

Here I'psy is our Clifford algebra in the ten dimensions and 9; XM 0; X N'is the pull back of the
gamma matrices to the world volume.
Both spinor and gamma matrices can be written as a product of the six-dimensional quantities

with the four-dimensional quantities, i.e.,

€10y = 6(6)®6(4) and (H.O.4)

Loy = Y6 @ p)- (H.0.5)

This way, we can limit ourselves to check the six-dimensional case.

The Clifford algebra in the internal space S* can be written more specifically as

po =0 ® 1o,

pi =03 @ pi, (H.0.6)

where p; are the Pauli matrices, in the S3. The chirality operator here will be given by

P4 = pop1p2ps = —io] ® 1. (H.0.7)

One can then rewrite the gamma matrices in ten dimensions as

L = Ym @ pa (H.0.8)

Ty =15 ® pa. (H.0.9)

Where the p4 in (H.0.8) is necessary so that Iy, and ', anticommute among each other.
One can also write

Tio=iv1...%®po...ps. (HOlO)

The imaginary unit assures that F%O = 1. The spinor in ten dimensions is supposed to be chiral,

ie., €(10) is such that F10€(10) = €(10)
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Now notice that the Wilson loop wraps K; and Ks, that are in the 5 and ~g directions
respectively (if we take in account [56]), that is where our fundamental string is sitting. So that

the projection in ten dimensions can be written as
(1 —ils6)e(10) = 0, (H.0.11)
which is equivalent to
(1 —iy56 ® p4)6(10) =0, (HOIQ)

In [45], one see that the dilatino equation in ten dimensions reduces to a condition involving
only the S* space, namely

€ = [cos al'® — sin al'®"®e. (H.0.13)

Recall that our fundamental string is sitting at the pole a = 7/2, so that this equation reduces to
€ = —pye. (H.0.14)

Note that, since I'jpe = €, this also implies that y7€) = —€). One can then split the equation
(H.0.12) into the four and the six dimensional parts and sneak in a 77 in the six dimensional part.
Le.,

(1 +iy7756 @ pa)e) = 0, (H.0.15)

This can be regarded as the projection condition over our 6d spinor.

Indeed, recall that our 6d spinor can be written as

e=¢€4 +e_, (H.0.16)
where
e, = VScosa n, (H.0.17)
e. = Ssina 5. (H.0.18)
We also have that
Y = = (H.0.19)
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and

Vi = 13-
Considering still [56], one sees that
—Ys5611 = 11
and
—Ys567)2 = 12,
or yet

Y5675 = 113

Putting this all together, one finds that

—iy77Y56€ = €.

So one can write

(1 +iy7ys6)e = 0,

(H.0.20)

(H.0.21)

(H.0.22)

(H.0.23)

(H.0.24)

(H.0.25)

which is our projection condition being satisfied. It is clear then that our fundamental string is

indeed supersymmetric.
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